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Abstract 

This experimental investigation into the low-cycle fatigue response 

of fiberglass-reinforced polyester laminates considered the effects of vary­

ing test mode (tension/flexure), fiberglass/resin ratio, and minimum stress 

level, in an aqueous environment at ambient temperatures. Quasi-static 

strength tests, on which a formaI factorial analysis of variance was per­

formed, served as reference data. It was established that the energy input 

during cyclic testing is more significant than the material properties, and 

that longer fatigue lives and less strength degradation are generally appa­

rent in the flexural stressing mode, the higher fiberglass/resin ratio and 

the non-zero (20% of ultimate) minimum stress level. 
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1. Introduction 

1.1 General 

Low-Cycle Fatigue Study of Fiberglass-Reinforced 

Plastic Laminates 

Current uses of composite materials include various military and si­

milar structures such as those in aerospace and deep-submergence structures 

(1), transportation vehicle components (2), sub-terranean structures (3) and 

buildings (4), (5). The decisive criteria motivating the increased utilization 

of composites are their high strength/weight ratios and good corrosive proper­

ties. Furthermore, it is often possible to take advantage of the variety of 

matrix and reinforcing materials and the fabrication processes to achieve a 

directionally reinforced and particularly shaped composite component to speci­

fically suit the designer's needs. Against the attractive properties of com­

posites, one must consider their relative high cost and sensitivity of mecha­

nical properties to long-term stress and higher temperature exposures. Fiber­

glass-reinforced resins are used most in structural applications and increased 

use is being made of higher strength composites using boron and carbon fibers 

(6),(7). 

The requirements for design vary with the particular application. 

ln aIl cases data is required as to the stiffness of the material, stiffness 

variation with orientation of reinforcement, and the behavior of the material 

subjected to fatigue, which can be defined generally as a progressive weaken­

ing of a test piece or component with increasing time under load, such that 

loads 9upported satisfactorily at short times produce failure at long times. 

The term fatigue can then be qualified by subdivision into two main classes -

statie and dynamie, in order to differentiate betveen the behavior of plastics 
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subjected to continuous and to cyclic loading. This project examines the be-

havior of a fiberglass-polyester lamina te under low-frequency cyclic loads in 

a controlled environment (see sec. 1.3). 

1.2 Reviewof Research on Fatigue of FRP's 

The following is a brief outline of research carried out on the me-

chanical fatigue properties of plastics reinforced with cloth, filament and 

mat fiberglass. Reference to the conclusions drawn from this body of work 

which are particularly relevant to this project shall be made in sec. 4 and 

sec. 5. Research which has been primarily concerned with relating mechanical 

to micro-material behavior of FRP's shall be discussed in sec. 2. It may be 

noted that almost aIl results are empirical, qualitative and specialized, but 

can serve to illustrate the approaches to and presentations of fatigue experi-

mentation. 

The first extensive investigations of FRP fatigue were conducted by 

BolIer and his associates Kimball, Stevens, Werren et al (8), (9) at the Fo-

rest Products Laboratory, Wisconsin, between 1952 and 1961. Various resins 

and reinforcements, as weIl as effects of moisture absorption, temperature, 

notching of specimens (stress concentrations) and loading variables were stu-

died. Tests were run on standard axial tension specimens cut from lamina te 

sheets, at a frequency of 900 rpm, reference temperature and humidity general-

o ly being 73 F and 50%. In aIl, 53 stress-fatigue life (SN) curves were deve-

3 7 loped in the 10 -10 cycle range, and several mas ter diagrams showing the re-

lationship between mean stress and stress amplitude at different lifetimes 

were derived from these. However, Boller himself stated in (8), that " ... No 

theories are intentionally advocated ... the data themselves point to the fa-

J 
tigue characteristics". 
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In 1951 Lazar (11) presented an accelerated method for predicting 

the fatigue limit of plastics using the Prot Progressive Loading technique. 

Time savings of about 9~1. over conventional methods were obtained. Tests were 

carried out in reversed axial (tensile - 0 - compressive) stressing on gear 

nylon and two types of glass-cloth-reinforced plastics under different tensile 

mean stresses, at a frequency of 1900 rpm on a modified rotator. In aIl ca-

ses the Prot extrapolated endurance limits agreed very weIl with the standard 

Wohler check tests. 

A study of d)~amic and static fatigue was carried out by Thompson 

(10) in 1962. Seventy resin formulations were considered and an epoxy rein-

forced with glass fabric was chosen for the aircraft application required. 

The program covered three test conditions (unnotched, dry; unnotched, in water 

bath; notched, in water bath) and four types of loading (0 - tension, 0 - corn-

pression; tension - 0 - compression; between two levels of tensile load). AlI 

o tests were at 0 to warp, at a frequency of about 100 cpm, with a maximum 

1000 cpm for the lowest load tests. SN curves and master diagrams were deve-

loped and quantitative conclusions drawn. 

Carswell and Borwick (12, 1965) conducted creep rupture, tensile and 

repeated loading tests on chopped-mat-polyester sheet specimens at three 

strain rates (0.002, 0.05, 2.0 ipm tension; 0.3, 10, 60 cpm cyclic) toassess 

the sensitivity of the material to frequency of cyclic loading. An Instron 

machine was used. A microscopie examination was made to reveal similarities 

of failure between the static and dynamic tests, and the relation to the creep 

rupture failures. 

Law-cycle flexural fatigue tests on a thin (3-ply) epoxy laminate 

were carried out by James, Appl and Bert (13). Strain (rather than stress) vs. 

cycles-to-failure data were obtained for speeds of 25, ISO, 425 cpm. 
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The British team of Owen, Smith and Dukes conducted fatigue experi­

ments on chopped-strand-mat polyester laminates (14, 15, 1968-9) using a spe­

cially designed pulsator. Glass contents varied between 29-36% by weight for 

the two resins used. Test frequency was generally 74 cpm. Stress rupture 

tests were used in conjunction with SN diagrams to develop master Goodman 

curves. Throughout the program extensive statistical control tests were un­

dertaken to determine effects of specimen batches and different loading 

frames. It was suggested that failure be defined as the onset of cracking or 

debonding in specimens and that SN curves be correlated to strain at debond­

ing, not only stress (load) at failure. 

Dally and Carillo (16, 1969) conducted fluctuating tension fatigue 

tests, usinS a stress ratio of 0.05 and frequency of 600 cpm, on glass-fiber 

reinforced thermoplastics to determine the effects of length of discontinuous 

fibers and strength elongation characteristics of different matrix materials. 

Glass content was 40% by weight in aIl cases. The classical SN curves were 

generated and residual strength vs. cycles endured was also evaluated. Fai­

lure mechanisms were studied by a comprehensive microscopic examination of 

fatigued specimens. 

Cessna, Levens and Thomson (17, 1969) investigated flexural fatigue 

of thermoplastics as a function of cyclic stress level, frequency, viscoelas­

tic polymer parameters, and matrix-to-fiber stress transfer capacity. The 

effects of dissipative heating of a 'vorking" specimen and efficient stress 

transfer mechanisms were emphasized. Test frequencies varied from 100 - 2200 

cpm. 

Dally and Broutman (18, 1967) carried out a program to determine 

the effects of cyclic frequency, in a range of 1-40 cps, on tensile fatigue 

characteristics of non-woven glass-fiber-reinforced plastics, using many fi-
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ber orientations. Equations were developed to predict temperature distribu-

tions due to hysterisis heating, (using 1 cycle closed-loop tests), the tilDe to 

achieve steady state at intermediate points, and steady state surface tempera-

tures. The effect of frequency on fatigue life was also observed. For a 

crossply laminate and (6 / ~ 1 ) = 0.46, the difference was about 1500 cy­max u t 

cles (4000 to 5500) over the range 1 - 40 cps. 

BolIer (19, 1965) investigated the effect of pre-cyclic stresses on 

the tensile fatigue life of epoxy-glass lamina tes by measuring fatigue life at 

two stress levels after damage had been programmed at either higher or lower 

stress levels for l, 3, or several hundred cycles. The three levels were 80%, 

60% and 40% of ultimate strength. Twenty-five groups of specimens, with dif-

ferent reinforcement orientations and resin formulations, were tested in aIl, 

o at 73 F, 50% RH, 900 cpm for continuous and 6 cpm for precyclic stressing. A 

statistical analysis led BolIer to conclude that GRPs do not obey the usual 

damage laws and precycling may even improve life of a laminate if the number 

of precycles is smaller compared to life fatigue. 

Fatigue characteristics of glass-filament-reinforced plastics were 

investigated by Freund and Silvergleit (20, 1966), using unaxial and biaxial 

compression and interlaminar shear on short bars and Naval Ordinance Laborato-

ry (NOL) rings, and biaxial compression at 20,000 psi on thick-walled cylin-

ders. The lover limit SN curves developed represented data col1ected between 

1962-65. Very large scat ter was observed and no attempt was made to define 

variables such as resin content, specimen size and moisture conditions. 

An analytical analysis of the effect of combining roving glass cloth 

with mat in polyester lamina tes was made by Fujii and Hizukawa (21, 1969). 

Using both pulsating tension and cantilever bending tests to support the theo-

rYI they concluded that fatigue strength under tensile load is a function of 
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the layers' relative proportions and glass content, whereas in bending, fa-

tigue strength varies primarily according to the ordering of the layers. 

McAbee and Chmura (22, 1961) investigated the effect of loading 

rates on tensile properties of polyesters reinforced with mat, woven roving 

and c10th glass fibers. The standard ASTM rate of 0.05"/min. of crosshead 

separation, producing failure in about two minutes, was compared to a high 

rate on special testing equipment, producing failure in 7 - 10 milliseconds. 

The stress-strain curves produced showed that high-rate tests exhibit two dis-

tinct linear portions separated by a "knee" and greater strengths, whereas low 

rate tests exhibit a linear then non-linear curve. Interlaminar shear values 

were also observed to increase with loading rate. It was also noted that slow 

rates produced a series of individual minor failures prior to final rupture. 

This was not seen in the high rate tests where the stress-strain curves were 

smooth rather than "stepped". . 

Analytical and empirical correlations between matrix properties and 

torsional fatigue life of uni-directional fiber-reinforced polyester and epo-

o 0 xies at different temperatures (R.T., 76 C - 196 C) were developed by Laven-

good and Anderson (23, 1969), using NOL ring tests and a frequency of 150 cpm. 

Matrix properties were determined by flexural tests on unreinforced rods. 

Hagerup (24, 1962) used a modified version of the Prot test and a 

Sonntag rotator to evaluate flexural fatigue properties of unsaturated polyes-

ters at resonant frequencies. Glass reinforcement was incorporated as two 

l~s of fabric corresponding to the outermost plies in a laminate. Plastic, 

brittle, and tough resins were characterized depending on their capacity to 

dissipate local stress concentrations. The effect of a glass/resin interface 

as stress raiser was investigated. 
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Opp, Skinner and Wiktorek (23, 1969) of IBM Systems Development Di­

vision developed an analytical model for predicting the fatigue life of poly­

mers from their stress-strain curves and physical constants. The model is 

based on a total hysterisis energy concept, taking into account both mechani­

cal and thermal energy, which is taken as being constant per cycle. Tests on 

six polymers, including glass-reinforced nylon, generally support the theory 

and show its promise under further development and refinement. The theory at 

present accounts for effects of frequency of loading, thickness of material, 

ambient temperature, stress concentrations, rest periods and type of loading 

waveform. 

Scop and Argon (26, 1967) presented a statistical approach ta the 

theory of strength of laminated composites. Unaxial tension tests on a glass­

ribbon composite were used to support the theory, and extensions were made ta 

include the biaxial tension case also. Laminate strength was completely spe­

cified in terms of distribution of flaw strengths, i.e. number of flaws per 

unit area which produce failure at some stress 6 , the number of sheets, di­

mensions of each sheet and glue shear strength. 

Gotham (27, 1969) presented a unified approach ta the problem of 

static and dynamic fatigue of thermoplastics by relating static (creep) fatigue 

and dynamic (cyclic) fatigue (in the unaxial tension mode) to a common stress­

strain-time-temperature frame of reference. Use of a square waveform in cy­

clic loading permitted easy conversion to "total time elapsed at maximum 

stress" for any test. A comprehensive discussion of failure criteria was gi­

ven. Effects of temperature and environmental stress cracking were also eva­

luated. 

For additional references on FRP fatigue and mechanical properties 

in genersl, (4), (6), (7) may be consulted. 
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1.3 Project Objectives 

The purpose of this experimental project is to establish correlation 

between the tensile and flexural modes of fatigue behavior of a common FRP la­

mina te under a limited range of material and loading variables, while control­

ling the environmental variables of temperature and wetness exposure. Proper­

ties established from quasi-static strength tests in tension and flexure serve 

as reference data. Most of the fatigue tests for FRP laminates reported in 

the literature are in tension, whereas relatively little data is available on 

the flexural fatigue response. Since bending action is predominant in many 

structural shapes, such correlation is considered valuable in design. With 

these objectives in mind, the testing program was organized as a factorial de­

sign (see sec. 3.1 and sec. 3.4) and correlations are established by a statis­

tical analysis of variance, as weIl as by more general interpretations of 

strength retention characteristics. 
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2. Fatigue Behavior of Fiber-Reinforced Plastics 

2.1 Influencing Factors 

The factors which influence the fatigue behavior of FRPs may be ca-

tegorized into three classes: material properties, environmental variables, 

and stress variables. Let us consider them in turn. 

2.la Material Properties 

Type of matrix material, i.e. resin, greatly affects fatigue endu-

rance (8), (9). For example, epoxies are stronger but more brittle than poly-

es~ers, while with a given type the more brittle formulations cause premature 

failures (24). Sensitivity of the resin to hysterisis heating at high fre-

quencies will also shorten fatigue life (25). In some cases, elastomeric fil-

lers are added as dispersions to the matrix material, where they act as crack 

arresters (40), (41). Low reactivity resins were observed to be slightly su-

perior to high reactivity resins under various conditions of mean and alterna-

ting stress (45). The differences are more apparent at high stresses (short 

fatigue lives) than at low stresses (long lives). 

Type of glass reinforcement also greatly affects fatigue life (8), 

(9), (16), (21). Highest strengths are shawn by uni-directional filament or 

fiber-reinforced laminates where loading is applied parallel to reinforcement. 

Fabric and cross-ply laminates exhibit orthotropic properties, while lawest 

strengths are shawn by mat or chopped-strand lamina tes which may be considered 

isotropic. 

Changing glass content has a considerable effect on the ultimate 

strength of FRPs. At short lives, the fatigue strength reflects the differ-

ence in urs, but at long lives the differences tend to disappear (45). Bc-

l cause of substantial damage to the resin matrix early in a fatigue test, the 



rate of stress transfer to the glass reinforcement is high at the start, and 

becomes almost insignificant after a large number of cycles. Thus the glass/ 

resin ratio is important initially but plays litt le role in a much fatigued 

specimen. 

The orientation of reinforcement greatly alters fatigue strength, 

depending also on the orientation of loading. Fabric-reinforced materi~ls, 

o 0 for example, show high strengths at 0 and 90 to warp but significantly lower 

strengths at 450
. Filament-wound reinforcements are highly directional and 

advantage is taken of this in such applications as pressure vessels and rocket 

casings. In low-strength molded applications, however, the isotropy of mat or 

chopped filament reinforcement is more desirable. 

The bonding agent used between glass/resin layers, curing temperature 

and curing time, as weIl as laminating pressure, contribute to provide an 

effective G/R interface, i.e. effective stress transfer from resin to glass. 

The quality of this bond affects endurance under repeated loads inasmuch as it 

determines progressive damage at any point. It should be noted that the G/R 

interface is a region of high stress concentration since the curing, laminating 

and bonding process in fact producestensile forces on the reinforcement (42). 

The G/R interface will be discussed further in sec. 2.2. 

The effect of surface conditions, whether naturai imperfections such 

as scratches, or artificial such as notches or holes, is to uniformly lower 

fatigue strength (8), (9), (10), (34). Such regions of stress concentration 

act as nuclei for the failure mechanisms discussed in sec. 2.2. The shape of 

specimens is specified such that fil lets reduce stress concentrations at grip-

ping points, and span/depth ratios for flexural tests are chosen 50 as to mi-

nûnize effect of interlaminar shear on properties measured, i.e. elastic modu-

li. The thickness of laminates a1so affects their strength properties. 
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Youngs (33) found that maximum strength in tension, compression and flexure 

appears to be greatest for thicknesses of 1/16 to 1/8 inch, with an abrupt de­

crease below and graduaI decrease above these levels. Modulus of elasticity 

was found to be virtually non-sensitive to laminate thickness (32), (33),' but 

to increase slightly with an increase in space/depth ratio in bending tests, 

probably due to decreasing effects of shear (32). Density of cracking was ob­

served to decrease with increasing specimen cross sections by (12). An 

approach to laminate strength based on statistical flaw distributions and num­

ber of plies has been developed in (26). 

2.lb Environmental Variables 

The exposure of lamina tes to moisture or wetness has been shown to 

have a deleterious effect on strength in reported immersion and boiling tests 

(8), (9), (10), (28), (30), (31) for stressed and unstressed conditions, the 

effect diminishing with number of cycles sustained. Resin content appears to 

have much less effect after long exposures, than in the short-term tests (31). 

Modulus of rupture, yield stress, and fiber stress at the proportional limit 

have been degraded by as much as 30%, but modulus of elasticity was observed 

to decrease only very slightly (28). A comprehensive analysis of the mecha­

nisms of water attack on the glass-resin bond is given in (30). Hydrolysis of 

the glass and its protection by the coupling agent, resin swelling and degra­

dation, and composite bond life in boiling water are discussed. Response of 

the resin to water depends on its diffusivity, and the swelling may be large 

enough to exceed the original thermal shrinkage occurring after cure. The G/R 

interface is then subjected to a radial stress which tends to cause debonding 

and to accelerate hydrolysis. The resin is also stressed by swelling and may 

develop cohesive cracks. Water absorbed between polar groups of polymer 

chains tends to plasticize the resin, and it will also hydrolyze the ester 
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links in polyesters leading to serious reductions in cross-link density. Fur-

thermore, the acidic degradation products of resins have a catalytic effect on 

hydrolysis of other components. The glass surface may be directly hydrolyzed, 

implying destruction (at least locally) of the G/R bond. This hydrolysis re-

+ + . 
leases small amounts of Na and K in E-type glass, which raises the pH at the 

interface and further catalyzes hydrolysis of aIl components. Effects of hy-

drolysis on the coupling agent seem to be linked more to conditions of its 

application and curing process than to type, although a carbon chain network 

joined to glass by Si-C bonds appears to show greater promise than siloxane 

networks. It is proposed in (30) that G/R debonding in a hot and wet environ-

ment consists of two overlapping stages. First there is swelling of resin due 

to absorption, developing a radial stress at the interface. A slower hydroly-

tic degradation then follows in the whole composite until localized cleavage 

occurs. Gross physical separations at interfaces do not occur until the ra-

dial compression due to thermal shrinkage has been approximately cancelled by 

the absorptive swelling. Thus bond life of the composite consists of the time 

for swelling to counterbalance shrinkage plus the time for hydrolysis to re-

duce cross-link density to the point where the interface cannot sustain the 

combined effects of swelling and any applied external pressures. 

Corrosive non-aqueous liquids or gases may degrade one or more pha-

ses of an FR? composite, depending on the components' chemical resistance and 

surface finish of the laminate. Effects vary in type (e.g. blUtering, scaling, 

corrosion) and severity. Sorne useful typical data is presented in (31), and 

detailed information is usually available from the manufacturer. The strength 

degradation of polyester-fiberglass laminates in an underground cnvironment is 

discussed in (3). 
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The incidence of ultraviolet light, whose main source is the sun, 

on unprotected plastics is known to have degrading effects (29) in the range 

of 300 - 400 nano-meters wavelength. The potential energy of UV radiation is 

very high compared to that of visible and infrared wavelengths and is suffi-

cient to split organic molecules. Complete inhibition of this effect is not 

possible, but a proper choice of processing stabilizer, pigmentation and light 

stabilizer will enhance the life of a plastic laminate. Generally, UV absorp-

tion will produce similar effects to those of thermal oxidative degradation, 

leading to discoloration, embrittlement and a general reduction in desirable 

physical properties (29). The UV impingement process of degradation is be-

lieved to promote the initiation of free-radical degradation processes in 

polymers. The propagation reactions are believed to involve the reaction of 

free radicals with oxygen, peroxide formation, and breakdown into more radi-

cals,coupled with hydrogen extraction from the polymer (29). The process ini-

tiates at the surface and progressively attacks underlying layers. 

Since the polymeric resins used in FRP laminates are viscoelastic 

materials, they are temperature sensitive. Elevated temperatures during test-

ing tend to relieve original shrinkage stresses and hasten debonding, but may 

also serve to relieve regions of stress concentration. If the heat-distor-

tion temperature is exceeded, flow of resin may occur at highly stressed 

points. High temperatures may also relieve water-swelling pressures in an 

aqueous medium (30). The hysteIÜdsheating of a specimen undergoing cyclic 

fatigue has been investigated in (18), where surface temperatures as high as 

o 265 F have been measured. Elevated temperatures also magnify creep and rela-

xation phenomena in FRPs (35). 
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2.lc Stress Variables 

In a specimen subjected to cyclic fatigue, two parameters are re-

quired'to describe its state of stress completely. With the aid of Figure 1 

and the accompanying equations, this can readily be seen. For this project 

maximum and minimum stresses were used. The most usual representation of the 

effect of stress variables on fatigue life is the Goodman diagram, or a modi-

fied version thereof, in which stress amplitude (or stress range = 2 x stress 

amplitude) is plotted against me an stress for several given fatigue lives ex-

pressed in numbers of cycles to failure. A typical Goodman diagram is shown 

in Figure 2 (8). Other examples may be found in (9), (la), (14), (15). It is 

apparent that at least 4 or 5 combinat ions of stress variables must be used to 

develop sufficient data (SN curves) from which ta draw such a master diagram. 

When the alternating stress amplitude is zero, the abcissa intercepts are 

equal to the steady stress (obtained from stress-rupture tests) which can be 

sustained for a period corresponding to the number of cycles for a particular 

curve. It should be noted that for the test conditions shown,(unnotched, heat­

resistant polyester resin /181 glass fabric, Volan A finish, 5000F), the com-

press ive strength is considerably less than the tensile strength and somewhat 

higher stress amplitudes can be sustained at low mean stress levels than at 

zero mean stress. However, the tensile and compressive strengths are general-

ly similar and it can be se en that the effect of lowering stress amplitude 

(for given mean stress) or lowering mean stress (for a given amplitude) will 

increase fatigue life. 

The effects of frequency of cyclic tests, or rate of straining, have 

been examined in (12), (13), (18), (22). In general, significant differences 

in mechanical properties or fatigue life for laminated FRPs are observed only 

at differences of several orders of magnitude in frequency or rate of strain, 
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(see sec. 1.2). 

The influence of a precyclic stress history on fatigue life has been 

studied (19), but results did not permit a general rule to be deduced. Both 

improvements and losses of endurance were noted, depending on the test condi­

tions and materials, (see sec. 1.2). 

The stress distribution over specimen cross-section will also affect 

fatigue performance. The most obvious manifestations of this occur when 

stress raisers such as artificial defects are introduced to achieve localized 

concentrations of stress which are much higher than the maximum stresses due 

to the external loading applied, as shown in Figure 3a. Significantly lower 

fatigue strengths result (8), (9), (10), (34). The stress distribution can 

also be altered, however, by altering the mode of testing. For example, uni­

axial tensile and simple flexural modes constitute two different stress dis­

tributions over a laminate cross-section of thickness t (see Figures 3b, c). 

As will be seen in sec. 2.2, moreover, the stress distribution in flexure 

changes with time, i.e. the neutral axis shifts, since progressive damage in 

the specimen occurs. If 6 max (flexure) equals ~max (tension), greater fa­

tigue endurances should be apparent in bending tests. The influence of stress 

distribution may also be noted from the work of Thompson (10) who concluded, 

on the basis of testing with four different stress patterns, that the energy 

input into the specimen, rather than the maximum stress reached, is the go­

verning factor in fatigue life achieved. The energy concept, of course, is 

the most successful basis for theoretical models of fatigue behavior (29). 

Finally, it may be possible to evaluate creep and relaxation effects in dyna­

mie fatigue tests by using appropriate waveforms (e.g. square wave, as in 

(27», or by programming the sequence of cycling. As has been pointed out in 

(27), correlation between static and dynamic forœs of fatigue ia deairable. 
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2.2 Progressive Damage and Failure Mechanisms 

In contrast to metals and alloys, glass-reinforced plastics develop 

extensive cracking very early in their fatigue lives, even at low stress le­

vels, and show marked decreases in strength and stiffness progressively. 

While this degradation usually does not impair the structural integrity of an 

FRP laminate critically, it ma~ affect serviceability by causing excessive de­

flections or by permitting ingress of water or sorne other fluid (see sec. 2.1). 

Thus the nature, initiation and progression of internaI damage are important 

to structural designers using FRPs, and constftute the subject of this section. 

InternaI microcracks in the resin matrix cause the degradation of 

FRPs under load. Minute cohesive failures at localized high stress concentra­

tions multiply and grow in size, ultimately resulting in gross discontinuities 

which impair the combined action of the composite (40). Desai and McGarry 

(38) proposed a mechanism for the initiation of such cohesive microcracks in 

cloth-reinforced FRPs in 1959. In a woven fabric, the glass yarns are bent as 

they pass over and under each other, rendering the fabric much less stiff than 

filamentary glass. Under tension straightening of the yarns occurs, imposing 

high tensile and shear strains on the attached matrix. The high local dis­

placements, cornbined with contraction of the resin due to the Poisson effect, 

cause brlttle resin to fracture at relatively low stresses. ln compressive 

loading the resin effectively supports the yarns against local buckling and 

also expands against them because of the Poisson action. While 20 - 307. of 

ultimate may produce significant damage in tension, Broutman (44) reported 

that as much as 804 of ultimate may be required to initiate microcracking in 

compression of filament-reinforced specimens. Figure 4 (38) schematically 

illustrates the mechanisms involved . 
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The formation of microcracks is almost invariably initiated at the 

glass-resin interface or in the adhesive zone between the two (42), (43), (44), 

(46). In a photoelastic study of resin "tricornes" enclosed by a "container" 

of glass filaments, West and Outwater (42) have shawn that the glass surface 

is under severe tension, in the order of several thousands psi, resulting 

from thermal shrinkage of the resin surrounded by unyielding glass. In the 

case of cloth lay-up FRPs, the resin is believed to be "contained" at the 

cross-overs of strands, where the curing pressure would tend to squeeze fiber 

plies together around resin interstices. The tension is due to the adhesive 

bond between resin and glass, and may be increased disadvantageously by post­

cure. The effects of sizing (a cohesive binder to impart glass-strand inte­

grity in order to improve handling properties of reinforcements) and coupling 

agents on the G/R bond was investigated by Throckmorton et al (43) using NOL 

rings and a constant deflection fatigue test method. Microphotographs showed 

G/R bond separations at about 0.2 micron from the glass surface, i.e. in the 

adhesive zone. No cracks were reported originating in bulk-phase resin nor 

through fracture of glass filaments. Loss of adhesion between bulk-resin and 

the filament surface was cited as the originator of stress failure, indepen­

dent of fault zones caused by resin-lean areas (caused by glass "sized" in ab­

sence of vinyl silane coupling agents). Higher moduli and rigidity under cy­

cling were observed for coupled filaments, but damage still initiated from the 

interfacial region. Broutman (44) reached similar conclusions based on com­

pressive, compressive creep and compressive fatigue tests of filament FRP and 

tensile fatigue tests of crossply laminates (46). 

Microcracking in stressed FRPs is primarily dependent on stress 

concentrations in the matrix between adjacent fibers and on resin brittleness. 

Kies (47) has shawn on simplified composite models that the local strain am-
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plification between fibers is directly proportional to the modulus ratio of 

fiber tO'matrix and inversely proportional to fiber separation. Cracks are 

also most often formed parallel to fibers which are perpendicular to the ten-

sile load direction. Crack planes parallel to the applied force were rarely 

observed (40). Owen, Dukes, and Smith (45) have defined internaI damage in 

FRPs as occurring in two stages. The first stage consists of separations of 

G/R bonds within fiber strands perpendicular to the load. This effect is in-

tensified by the repetition or increase of the load. In mat or fabric lami-

nates with relatively high resin contents, the next distinct stage is resin 

cracking, accompanied by debonding of fibers paraI leI to the load. In non-

woven glass laminates having relatively high resin contents, the second stage 

is delamination at ply interfaces. It may be noted that a numerical analysis 

of a square array of fibers in a brittle matrix reported in (45) supports the 

conclusions of (43) (47) and (42) in establishing importance of inter,facial 

stresses and strain-and-stress concentration factors between fibers, as a 

function of fiber arrangement and density. The progression of cracking as de-

termined by the direction of reinforcement has also been studied by Broutman 

and Sahu (46), using cross-ply epoxy laminates. They observed considerable 

cracking forming very early in sections which exposed the ends of fibers per-

pendicular to the laad. The crack density increased rapidly, then reached a 

saturation value after a few hundred cycles. In sections where fibers paral-

leI to the load were exposed for microscopie examinat ion , cracks did not 

appear after one cycle and only traces of cracking were visible after a thou-

sand cycles. After that a continuaI increase occurred until fatigue life 

W88 reached. At higher stress levels, cracks in this direction formed earlier. 

Thus cracking perpendicular to the applied stress gave little·idea about pro-

gressive damage during fatigue, whereas cracking paraI leI to the applied 
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stress could be used as a quantitative indicator of damage. On the basis of 

EH studies at 25,000 X, the crack propagation was characterized. Cracks first 

form in plies with fibers perpendicular to load, originating at the G/R inter-

face in regions of high fiber density. The rate of formation and numbers de-

pend on the stress level. Once formed these cracks tend to propogate through-

out the width of the ply, extending to adjacent ply interfaces. Then propaga-

tion can continue along the interfaces or into the plies with fibers parallel 

to the load. Most of the delamination is observed to occur at a later stage. 

lt is caused by large shear stresses at crack tips or tensile stress concen-

trations parallel to crack tips, where the cracks from transverse plies have 

their "leading edges" at the interface of adjacent longitudinal plies. The 

delamination itself, of course, can also initiate cracking (44), (46) due to 

transverse stresses cau.sed in the matrix by load parallel to fibers. The 

magnification of such stresses is a function of the difference in Poisson's 

ratios of fiber and matrix (46). Fibers and ply interfaces were also observed 

to act as crack arresters or deflectors causing bunching of cracks (44). Vi-

sually,crack development May be noticeable in changes in colour of a stressed 

specimen. The specimen May become opaque or whitish even at the first appli-

cation of load and this opacity May initially disappear during no-load or 

compressive parts of the loading cycle, but it gradually becomes permanent and 

intensifies until rupture. 

Several techniques May be suggested to reduce or inhibit the forma-

tion of microcracking in FRPs (exclusive of using better coupling G/R agents 

or large design safety factors). Resin formulations giving more flexible ma-

triees are a possibility, but the resulting loss of stiffness and very low 

moduli usually negate the advantages of using these FRPs. Another feasible 

though not often practieal method would be to exercise strict control on fila-
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ment or fiber ply spacing to minimize regions of high stress concentration. 

The most promising technique consists of toughening the resin matrix by a dis-

persed inclusion of elastomeric particles (40). This method is based on frac-

ture phenomena in glassy P?lymers, where it has been observed that cold draw-

ing and molecular orientation accompany the passage of cracks in layers several 

Angstroms thick on both fracture surfaces. The energy absorbed by these me-

chanisms is of order 100 X greater than that derived from simple covalent bond 

cleavage in the polymers. If fracture surface work (44) is defined as the 

amount of work required to create a new surface by the passage of a crack, it 

is apparent that for highly crosslinked epoxies and polyesters fracture sur-

face work is decreased due to reduced mobility of their polymerie chains. 

lIigh cross-link density will result in greater temperature resistance and pro-

duce higher moduli, but incurrs the penalty of increased susceptibility to 

crack propagation. The inhibiting influence on crack propagation of elastome-

rie particles in a resin matrix is due, therefore, to crazing, cold drawing 

and orientation in the adjacent resin phase prior to fracture. This absorbs 

considerable mechanical energy and impedes the progress of cracks (44). Tri-

axial stress fields set up in this way in the matrix induce crazing throughout 

a significant portion of the matrix volume, instead of confining it to thin 

layers on the fractured surfaces. This virtually eliminates the differential 

water absorption observed with crack propagation and has been observed to re-

duce modulus degradation by as much as an order of magnitude (41). 

Let us now tum from the micro-mechanical to a macro-mechanical 

consideration of progressive damage in FRP laminates. McGarry and Willner 

(40) reported that if the fracture area in a stressed specimen becomes of the 

.. order 0.1% or more of the interface area, macroscopic effect5 can be observed 

as the material i5 mechanically deteriorating. Quantitative measurements of 
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internaI damage, which would also indicate the structural consequences, in­

clude weight gain immersion tests, monitoring of stiffness properties (modu­

lus, Poisson's ratio) throughout a test, evaluation of mechanical hysterisis 

and various acoustical, ultrasonic (48) and X-ray techniques presently under 

development. 

The early work of Chambers, McGarry and Desai (39), (36), (38) was 

based on simple absorption tests and interply strain measurements using bonded 

electric foil gages. One-cycle load-unload tests revealed that the tensile 

stress-strain curve can be approximated by two straight lines, intersecting at 

a point called the "knee" , leading to a definition of primary and secondary 

moduli for the material. Similar characteristics were obtained by Broutman 

(46) for cross-ply laminates and Owen et al (45) for chopped-strand-mat compo­

sites. For cloth-reinforced FRPs Chambers (36) found that in the first ten­

sile unloading, the modulus was less than the initial but greater than the 

secondary. No changes in compressive modulus occurred throughout the entire 

loading cycle. Hysterisis decreased or disappeared upon subsequent loadings, 

however, and both moduli continued to decrease and approach the compressive 

modulus in value. One-cycle bending tests showed a strain distribution that 

was approximately linear until the outer 2/6 of beam thickness, where strains 

became slightly magnified. It was postulated that partial tensile failure 

controls flexural behavior, because as the stiffness of the tensile portion of 

the beam was being reduced by increasing or repeating loads, the neutral axis 

was observed to shift towards the compressive face, and exposed an ever-great­

er volume of the beam to tensile strains and stresses. The volume of material 

at a particular stress was also cited by Broutman (44) as an important factor 

in compressive strength evaluation. The internaI damage appeared to be irre­

versible and hysterisis measurements indicated that most, though not aIl, of 
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the mechanical degradation is accomplished during the first cycle. From water 

absorption tests, it became clear that specimens stressed in tension past the 

"knee" absorb more water, leading to the conclusion that the internaI degrada-

tion consists of fine fractures in the resin or at the G/R interface. This 

was, of course, later elaborated on in more detailed studies (40), (41), (44), 

(45), (46), and May be summarized as follows (46). The primary modulus (mea­

sured at the origin of 6· é curve) decreases continuously until the end of 

fatigue life. Cracks develop during the first cycle if there are fibers 

oriented at 900 to the tensile load axis and if the stress is greater than at 

the knee of the stress-strain curve. Cracks along fibers parallel to the 

stress direction will form if the stress is much higher, e.g. 75% of ultimate. 

These increase very rapidly with the number of cycles, then the rate becomes 

constant until the last stage of rapid increase. Crack density in plies at 

o 90 to the stress direction reaches a maximum value approximately during the 

first 1% of fatigue life. The residual strength of the FRP under fluctuating 

tension decreases with number of cycles until it equals the cyclic fatigue 

stress at which time failure occurs. This is shown schematically in Figure 5 

(46). The rate of decrease depends on the stress range during the cycle. 

Wh en the cyclic stress imposed on an FRP is near or belaw the knee, then after 

any number of cycles, the knee will reappear in a 6, f, curve, 1. e. when the 

material is loaded in tension to failure. If a higher stress level is used, 

the knee will not appear even after a small number of cycles. Rroutman (46) 

also measured a slight increase in the secondary modulus during the initial 

part of fatigue life, and a similar increase in the primary modulus after a 

sharp initial decrease. Roth moduli were then observed to decrease slawly 

until failure. This occurred in cases where the knee disappeared from the 

original 6 - (, curve after one cycle so that the secondary modulus after the 



first cycle was actually measured (by interrupting the fatigue test) at the 

origin of a 6 .. E, curve. Broutman offers as a partial explanation for this 

phenomenon the saturation with cracks in the direction perpendicular to the 
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load, if the applied stress is greater than that at the knee, with sorne reco-

very occurring at the first unloading. Owen et al (45), however, reported 

steady degradation of modulus of mat FRPs with repeated loadings, and related 

the damage to the loss in modulus quantitatively. Debonding at the G/R in-

terfaces was observed to correspond to about 2.5% loss as measured in simple 

tensile tests, and onset of resin cracking (in the bulk phase) to about 8 -

10% loss. These criteria were used to define failure in fatigue tests, and 

consequently banded SN diagrams were produced, as shown schematically in Fi-

gure 6 (45). Debonding and cracking regions appear to merge. At the onset 

of resin cracking in fatigue, the residual strength is only slightly lower 

than the original ultimate tensile strength. Another interesting relationship 

showing strength retained as a function of original properties and fatigue 

life .... as proposed by Broutman (46). Plotting (6max/bmS) vs. the remaining 
fi 

static strength after cycling, Le. b ms l 'ms' on a percentage scale, it 

.... as found that for various numbers of cycles, expressed as percentages of fa-

tigue life, the relationships were linear and converged at 100%, as shawn in 

Figure 7 (46). The implication is that one could predict the static strength 

after a given % of fatigue life (at aIl stress levels) by testing simply one 

specimen for ultimate tensile strength after cycling it for the given % of 

life at one stress level. 

ln rigorous analysis, both shear and normal stresses contribute to 

tota 1 deflect ion of flexura 1 members. lIaving d iscussed the micro and macro 

behavior of FRP laminates primarily under uniaxial tensile and compressive 

loadings, and having postulated that partial tensile failure controls flexu-
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raI behavior, it is appropriate to consider the effects of shear on flexural 

properties also. In an early exploratory paper, Chambers (39) remarked that 

if severe shear stresses were imposed on the resin phase of a typical laminate 

(by appropria te orientation of load with respect to the arrangement of rein­

forcement) the resin may not be relied upon to fully transfer distortions and 

therefore stresses from a given ply to adjacent plies, leading to relative 

ply displacements and marked deviation from ideal laminate theory. Under less 

contrived conditions and with orthotropic cloth reinforcement in tensile tests, 

this effect did not appear to be significant because a relatively large per­

centage of the reinforcement was parallel to the load direction, but a defi­

nite influence of shear on flexural modulus was consistently observed in later 

investigations (37). Pure bending was applied to the central portion of lami­

nate beams by quarter-point loading, producing no shear between the points of 

load application. This was compared to simple midspan-point loading of simi­

lar beams. The influence of shear on flexural modulus was shown by loss of 

beam stiffness as span-depth ratio was decreased, or conversely, as span/depth 

ratio was increased, the apparent (simple bending) modulus EBA asymptotically 

approached true (pure bending - no shear) modulus EBT' which was independent 

of the span depth ratio. Values of EBT corresponded to the averages of the 

tensile and compressive moduli of the material, provided these were not greatly 

different. Shear in simple bending (as per ASTM span/depth specifications) 

was observed to reduce the flexural modulus measured, the magnitude being de­

pendent on laminate characteristics. For the centrally loaded beams, failures 

usually occurred by buckling delamination of compressive fibers near the load­

ing roller. For quarter-point loaded beams (no shear in the central portion) 

failures consisted of compressive delaminations of the specimens throughout 

the central half-span. The interlaminar shear modulus was observed to be 
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essentially that of the resin, leading to the postulate that the stiffness of 

the laminate perpendicular to the thickness depends on stiffness of the resin 

component as a first approximation, with fabric/resin interaction having an 

effect as yet undetermined. Uniaxial compressive strengths were similar to 

flexural strengths in pure bending. Thus the simple calculation of flexural 

stresses at failure is open to question on two counts - shift of the neutral 

axis due to progressive reduction of the tensile modulus with repeated or in­

creased stresses, and the pronounced effect of the low shear modulus of re­

sins on EBA' Shear may also contribute to the apparently lower moduli ob­

served in tension, as compared to flexure (39). Tractive forces app1ied to a 

tensi1e specimen through grip friction may a1so cause significantly higher 

strains in the outermost fibers. 
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3. Experimental Program 

3.1 Design of the Experiment 

Structural fatigue tests are usually expensive and time-consuming 

and, in general, relatively few specimens are tested. It is, therefore, neces­

sary to design the fatigue testing program using standardized specimens in the 

most efficient manner to permit extraction of a maximum in meaningful data 

with statistically defined confidence. We have already seen the complexity 

and multitude of factors affecting the fatigue performance of FRP laminates, 

and therefore make a selection of variables consistent with the aims set 

forth in sec. 1.3. This project studies the effects of the following on fa­

tigue performance of the FRP laminate chosen for study (see also sec. 3.2): 

1. Loading mode: 

(a) Unaxial Tension 

(b) Simple Flexure (midpoint loading) 

2. Percent of fiber reinforcement, by weight: 

(a) 56% (nominally 607,) 

(b) 42% (nominally 40%) 

3. Stress pattern in cyclic loading to 807" 60% and 407. of 

ultimate: 

(a) Minimum stress = 0 

(b) Minimum stress = 20% of ultimate 

Considering the three mentioned variables each at two "levels", the 

project may be regarded most efficiently as a 23 factorial experLment (49), 

wherein the effects of the factors are investigated simultaneously. The com­

pact factorial approach is particularly advantageous to this subject because 

the effects of the factors are not independent of each other. ln order to 
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conduct an experiment on a single factor, e.g. A, some decision must be made 

about the levels of other factors B, C, D, etc. that are to be used in the 

experiment. Such a "single-factor" experiment reveals the effects of A on the 

desired property, e.g. fatigue life, for this particular combination of B, C, 

D, etc., but no information is provided for predicting the effects of A with 

any other combination. With a factorial approach, on the other hand, the 

effects of any variable, e.g. A, are examined for every combination of B, C, 

D, etc. that is included in the experiment. Thus much information is accumu-

lated both about the effects of the factors and their interrelationships or 

interactions, by making use of a formaI statistical analysis of variance on 

quantitative characterizations of performance taken from experimental data. 

This systemized method for the factorial design used is considered in greater 

detail in sec. 4. In this section the physica~ scope of the project is del!-

neated. 

3 The 2 factorial design described above consists of eight fatigue 

test series or treatments. Let the integer 1 denote the "lower" (a) level of 

a11 parameters and lower case letters t, f, and s the "higher" (b) levels of 

mode, reinforcement and minimum stress respectively. Now if wc let products 

of l's and letters represent combinations of test parameters, the eight se-

ries may be conveniently abbreviated as: 

Loading Mode % fiberglas8! !!Iwt. Minimum stress! % ult. 

Tension 42 0 

Flexure 42 0 

Tension 42 20 

ts Flexure 42 20 

f Tension 56 0 

tf Flexure 56 0 
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Series Loading Mode % fiberg1ass, ~ lot. Minimum stress, % u1t. 

fs Tension 56 20 

tfs Flexure 56 20 

For each series, severa1 specimens were tested quasi-statica11y to 

determine e1astic modu1i, Poisson's ratios, and u1timate strengths. These 

are, of course, the 100% of u1timate tests that yie1ded the stress-strain 

and 1atera1 vs. longitudinal strain curves presented in sec. 3.4. They are 

2 ana1yzed in sec. 4 as a 2 factoria1 experiment with a rep1ication factor of 

two, since the ''minimum stress" variable quite naturally has no meaning in 

this case. Each one of the eight fatigue series consisted of running about 

five specimens at each of 80% and 60%, and genera11y one at 40% (due to pro-

hibitive1y long test times) of the u1timate strengths to produce the conven­

N tiona1 stress vs. log (cyc1es-to-fai1ure) curves or so-ca11ed SN diagrams. 

Straight 1ines were fitted to the data using a one-degree polynomial regres-

sion program (see sec. 4.2). Monitoring the transverse and longitudinal 

strains (see sec. 3.3) for the fatigue tests a1so enab1ed modu1i and Poisson' s 

ratios to be plotted against log N to yield information on progressive loss 

of strength and stiffness (see sec. 4). 

o 0 AIl tests vere conducted at room temperature (73 F ± 5 F) in an air-

conditioned laboratory. To simu1ate a possibly critical environment, aIl fa-

tigue tests were run with the specimens submerged in tap water at the ambient 

temperature. Effects of moisture absorption have been discussed in sec. 2.lb. 

The water bath can be supposed to have one beneficial effect, however, in 

acting as a dissipating medium for the hysterisis heat generated in cycling. 

The effects of the test variables (strain rate, frequency) are discussed in 

sec. 3.3. 



29 

3.2 Specimen Manufacture and Preparation 

The laminate chosen for the investigation was manufactured by Pano­

mer Ltd. of Montreal. It consists of 16 plies of commercial F-80 polyester 

resin and l8l-weave fiberglass cloth, prepared as a 3' x 3' sheet by the hand 

lay-up process. The required glass/resin ratio was achieved by spreading 

weighed quantities of resin between plies of fabric. Sheets thicknesses were 

about 0.20 to 0.25 depending on the composition. The exact compositions of 

the two types of laminates ordered were determined in accordance with A.S.T.M. 

specification 02584-068, "Standard Method of Test for Ignition Loss of Cured 

Reinforced Resins". Values of 42% anù 567. fiberglass by weight were recorded 

for nominal %'s of 40% and 60% respectively. 

Tensile specimens with warp direction along the major axis were 

formed by a Tensil-Kut (Reg. T .M., USA) machine from strips 3/4" wide eut from 

the sheets using a high-speed band saw. The dimensions are in accordance with 

A. S. LM. specificat ion 0638-68, "Standard Method of Test for Tensile Proper­

ties of Plastics", producing a central portion 0.50" wide (Type 1). The grip 

sections were made slightly longer to ensure a good fit into the Instron. 

Tensil-Kut is a high speed contour milling machine and achieves machining by 

a series of light cuts with a carbide tool rotating at 20,000 RPM. The indi­

vidua 1 depths of eut are adjustable from 0.0005" to 0.250" by a precis ion mi­

crometer screw and combined with the high RPM achieve a very law chip load 

and reduce cutting pressures to a minimum, producing machined edges, within 

configuration tolerances of .:!:(1.0005", free of distorsion or heat deformation. 

lIeavier cuts were used for roughing the specimen while light cuts were used 

for finishing. The laminate strip \las clamped in the master template for 

ASTH Tensile Specimen Type 1 and manually moved across the Tensil-Kut table 

for the milling process. The Tensil-Kut machine and templates are shawn in 
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Figure 8 and the tensile specimen in Figure 9. 

Flexural specimens were laminate strips or beams 3/411 wide x 511 

long, for testing flatwise on a 4" span, in the simply-supported, single mid-

span-point-load mode. Roller supports and a rounded loading nose were used. 

The dûnensions of specimens, rollers and nose conform to ASTM specification 

0790-66, "Standard Method of Test for Flexural Properties of Plastics". The 

strips were cut on a bandsaw and finished on the Tensil-Kut using precision-

machined spacing blocks and bars. The spacers and bars are shown in Figure 

8 (bottom) and the flexural test specimen in Figure 9. 

Oimensional quality control checks were made on aIl specimen batches, 

based on a ±3% deviation from the mean cross-sectional area. This lead to the 

rejection of several specimensper batch, the thickness producing the major va-

dation. Quality checks using densities, void contents or ignition loss mea-

surements were not made on a large scale because material properties were ob-

served to be quite consistent in the limited number of such tests that were 

performed to determine the compositions. 

AlI specimens were conditioned prior to testing in acc6rdance with 

ASTM specification 0618, Procedure O. This consisted of soaking the specimens 

in distilled water for the 24 hours immediately preceding the test, at a tem-

o perature of 23 C (i.e. room temperature). Specimens intended for ultimate 

strength determinations were lightly wiped of excess moisture and tested in 

air. 

3.3 Testing Equipment and Procedures 

The hydraulic-drive testing machine used for both static and dynamic 

tests was the lnstron ~odel TK-50, shown in Figure 10. lt has a Ck1XUnum load 

capability of 50 kips in tension, cross-head speeds ranging from 0.0005 to 

10.0 inches/min., chart speeds from 1.0 to 50.0 inches/min. 1 a two pen (load 
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and strain) recorder of maximum sensitivity 100 lbs. full-scale deflection, 

or 10 lbs./inch. The recorder can also be used as an X-y pIotter. The Ins­

tron has cycling contraIs and counter, and mechanical limit switches for mo­

tion of the crosshead. Cross-head displacement (with respect ta a chosen and 

preset gage length), specimen strain (measured by a clip-on extensometer con­

nected ta one recorder pen), and applied load (tensile or compressive) can 

aIl be cycled between preset limits either manually or automatically using 

cams and electric switches in the load-cell activated pen circuit. Of course 

not aIl parameters can be controlled concurrently. Fatigue testing for this 

project made use of the load-monitoring facility, i.e. cycling between cons­

tant loads of 0 (or 20%) ta 40%, 60%, or 80%s of ultimate. Good accuracy 

(about ±2% of nominal load) was obtained throughout. For any particular set 

of tests, the limits of cycling were calibrated using a dummy specimen ta 

achieve the required accuracy. The tensile and flexural apparati used for 

testing under water are shawn in Figures Il and 12 respectively. 

Longitudinal and lateral strains were measured using the San barn 

320 and lIewlett-Packard 7l00B two-channel strip-chart recorders. The latter 

is a particularly sensitive instrument, capable of a 5mV full scale deflect­

ion, or 0.5 mY/inch sensitivity, ta 100V full scale, or 10V/inch. The 7l00B 

has chart speeds ranging from 1 inch/hr. ta 2 inches/sec. The maximum sensi­

tivity of the 320 is 0.5mV/mm, and it has a top chart speed of lmm/scc. Bath 

were judged accurate and sensitive enough for the measurcments required and 

on1y avai1abi1ity dictated use of one or the other. The strain-scnsing devi­

ces were p01yester-backed e1ectrica1-resistance bonded strain gages, manufac­

tured by Tokyo Sokki Kenkyujo Co. Ltd., TML types PL-5 and PS-5, connected ta 

the bridge circuit, regu1ated OC, power supp1y and recorder as shawn in Figure 

13. Eastman 9-10 was the bonding agent used. The gages were effective up ta 



about 10,000 cycles maximum at low stress levels. Water proofing the gages 

and lead wires with beeswax proved to be an economic and very satisfactory 

technique, since not only protection but the ductility required for cyclic 

loadings was achieved. The two gages (one longitudinal, one transverse to 
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the axis of major stress) on the flexural specimen were mounted on the tension 

face at the quarter-spans (i.e. one inch on either side of center), rather 

than close together at midlength as on the tensile specimens. This was done 

because it was found that a small offset resulted in the necessity to apply 

large (and uncertain) correction factors due to the relatively small span 

length. Furthermore, check tests run on five specimens revealed that quarter­

span strain measurements were indeed 0.50 of those at midspan up to about 45% 

of ultimate, and fell only to about 0.46 near the ultimate strength. Strains 

and load were monitored continuously for about 1000 cycles and periodically 

thereafter for the 60% and 40% tests and continuously for the short 80% cy­

clic tests. Moduli and Poisson's ratios were calculated directly from the 

cyclic load and strain records, rather than from static tests on specimens ta­

ken from interrupted fatigue tests, and hence may he termed "dynamic". From 

these data modulus and poisson's ratio vs. log N plots were generated. 

The fixed and limited range of crosshead speeds available produced 

certain differences in strain rates for the tensile and flexural tests. The 

rates have been calculated for the speeds used from the strain-time recordings 

and typical values are as follows: 

Crosshead Speed Strain Rate 

Static tests: Tension 0.2 ipm 0.015 in/in/min. 

Flexure 0.2 ipm 0.012 in/in/min. 

Dynamic tests: Tension 5.0 ipm 0.265 in/in/min. 

Flexure 10.0 ipm 0.505 in/in/min. 
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The 10 ipm was chosen for flexural fatigue tests because it enables low-stress 

level tests to be performed in a reasonably short time at a frequency compara­

ble to that in tensile tests at 5.0 ipm. Since the deflection at midspan re­

quired to produce a amall strain is relatively large compared to the direct rela­

tionship of extension and strain in tensile tests, the same crosshead speed 

for both would have resulted in inordinately long testing times in flexure. 

However, the differences were judged to be insignificant, because the values 

were of the same order of magnitude (see sec. 2.lc). 

The frequencies in aIl series were predetermined by both crosshead 

speed and the desired amplitude of load. The typical ranges presented below 

are quite low compared to early US practice (1800, 900 cpm) and common British 

values (30 - 724 cpm) but are realistic in terms of structural applications of 

loads. 

Freguencies! c~m 

Stress Range, %'s ult. Tension Flexure 

o - 80 20 - 25 15 - 25 

20 - 80 33 - 35 30 

o - 60 30 - 34 20 - 30 

20 - 60 55 - 60 47 - 65 

o - 40 47 - 50 37 - 45 

20 - 40* 54 - 70 54 - 75 

*Crosshead speed was reduced to 2.0 ipm in Tension, 5.0 ipm in flex. 

The differences were considered insignificant for reasons simi1ar to those 

cited in the discussion of strain rates (see sec. 2.1c). 
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3.4 Results 

In summary, five curves represent the "untreated" output of each of 

3 the eight series, which include the 2 factorial design of fatigue tests and 

2 the 2 factorial design (with replication 2) of the quasi-static tests. 

These relationships are given symbolically as: 

1. ~maxl ~ultimate vs. log N (SN curves)* 

2. dl vs. ~l (stress-strain curves) 

3. Ez vs. E.l (Poissons ratio curves) 

4. E/Eo vs. log N (Modulus retention) 

5. ~/~o vs. log N (Poisson's ratio retention) 

The graphs showing these relationships for the series are appended as Figures 

14 - 53. In some cases not aIl experimental points are actually plotted to 

avoid congestion and improve clarity. Characteristics for the analysis of va-

riance that follows are taken from relations 2 and 3. Progressive damage and 

residual strength are discussed qualitatively in terms of l, 4 and 5. The in-

vestigation is termed low-cycle because low-frequencies have been used for the 

fatigue tests and attention is concentrated on the fatigue life range up to 

100,000 cycles only. 

*Subscript l denotes principal stress or strain 

Subscript 2 denotes transverse stress or strain 

Subscript 0 denotes original value 
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4. Analysis of Experimental Data 

4.1 Quasi-static Tests 

. The stress-strain curves for the eight test series are shawn in 

Figures 15, 20, 25, 30, 35, 40, 45, 50, and the strain relationships determi-

ning poisson's ratios, derived from the same quasi-static tests, are shown in 

Figures 16, 21, 26, 31, 36, 41, 46, 51. Data for the four series in which a 

minimum stress of 20% of ultimate was imposed during the cyclic tests form an 

experimental replicate of the values obtained in the other four series. The 

results of the quasi-static tests are conveniently summarized in the Table 

below. 

Table 1 Quasi-static Test Data 

56% fiberglass 42% fiberg1ass 

Tension Flexure Tension Flexure 

primary modulus, psi x 10 6 2.50 3.10 2.00 2.10 
2.50 2.90 2.00 2.10 

Secondary modulus, psi x 10 6 2.04 2.45 1.20 1.80 
1. 96 2.40 1.20 1.70 

Stress at the "knee", % of ult. 39.0 21.0 40.0 22.0 
28.0 24.0 37.0 22.0 

Ultimate strength, ksi 38.0 51.6 26.7 41.0 
36.0 48.0 26.7 41.0 

Primary poisson's ratio 0.150 0.133 0.150 0.150 
0.140 0.131 0.150 0.150 

Secondary Poisson's ratio 0.087 0.100 0.086 0.110 
0.084 0.097 0.095 0.120 

replicate 1 
replicate 2 

r 1 
r 2 

r 1 
r 2 

r 1 
r 2 

r 1 
r 2 

r 1 
r 2 
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It may be observed from the graphs that the two laminates tested (56 and 42% 

fiberglass) exhibit the characteristic dual moduli, which are a1so reflected 

in the graphs showing longitudinal vs. lateral strains. The first linear 

portion of a typical stress-strain curve represenœpolyester matrix and fiber-

glass reinforcement acting as a cohesive unit; the ''knee'' represents the onset 

of significant resin cracking; the final linear portion represents a lower 

modulus due to the loss of internaI structural integrity of the composite 

(Le. 10ss of binding action by the resin). In this region the glass fibers 
, 

May be assumed to carry MOSt of the load and hence determine the materials 

response. From Table l, it is apparent that in the flexura1 mode both primary 

and secondary moduli and ultimate strength are considerably higher, whereas 

no definite pattern is discernible for Poisson's ratios. 

To define the effects of testing mode and percent reinforcement in a 

statistical manner, the data in Table 1 were regarded as a randomized complete 

block factorial experiment (2 factors at 2 levels each, the entire experiment 

being replicated twice and the order of treatment or factor combinat ion being 

randomly chosen (51». The analysis of variance was performed using the 

McCil1 University Computer Center's Scientific Subroutine Package (SSP) pro-

gram ANOVA, with only slight format modifications (see Appendix B). The 

printed output of the program for each problem (i.e. primary modulus, second-

ary modulus, etc ..• ) included the numbers of leve1s of each factor (supplied 

in input data), the mean of aIl data in the set, a 1ist of sources of varia-

tion (main effects and interactions), and the corresponding sums of squares, 

degrees of freedom and mean squares. The outputs are summarized in Table 2. 

For a detailed account of the theory under1ying ANOVA, reference shou1d be 

made to (50), (51). To complete the analysis of variance from these standard 

tables, it vas necessary to pool certain elements (sources of variation) into 
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an error variance term. In a randomized complete block, it is assumed that 

there is no interaction between replicates and treatments, and that any such 

interactions are in fact confounded in the error term (51). Thus if the 

factors are designated as T (test mode), F (percent fiberglass), S (minimum 

stress level) and R (replication), the mean squares from the ANOVA table 

which are combined to produce the error variance are T x R, F x Rand T x F x 

R. The degrees of freedom for these interactions must also be added to give 

the degrees of freedom of the error term. The mean squares for the other 

factors and interactions are then divided by the error term to yield the F va­

lues commonly used in testing statistical significance at given confidence 

limits. In this case the reference F values were (50): 

F5%,1,3 = 10.1 Fl%,1,3 = 34.1 

Comparing the F values calculated in Table 2 with the ones above, the effects 

of the factors T, F and R may be analyzed. 

For the primary modulus, only the effect of fiberglass content was 

significant at the 1% level, but both fiberglass content and test mode became 

significant at the 5% level. For the secondary modulus T and F were signifi­

cant at both 1% and 5%, but F much more so. Thus the F factor had a highly 

significant effect on the static moduli, a decrease in fiberglass content of 

147. leading to an average decrease in moduli of about 30%. The flexural mode 

of test (T factor) produced an average increase of 23% in moduli. 

No factors were found significant for the stress at the knee, ex­

pressed as a 7. of the ultimate stress, for the chosen confidence limits, but 

based on the calculated F values, test mode had by far the mast pronounced 

effect at F = 6.95, the tensile tests producing the knee at higher 7.'s of ul­

timate. 
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Table 2 ANOVA for Quasi-static Tests 

Leve1s of Factors 

T 2 
F 2 
R 2 

Source of Variation Degrees of Mean Squares F Values Freedom 

Primary Modu1us T 1 0.180 12.00 
F .1 0.980 65.33 
TF 1 0.080 5.33 
R 1 0.005 0.33 

TR + FR + TFR 3 0.015 -

Secondary Modu1us T 1 0.475 158.33 
F 1 1.088 362.67 
TF 1 0.008 2.76 
R 1 0.007 2.33 

TR + FR + TFR 3 0.003 -

Stress at l'Knee" T 1 378.13 6.95 
F 1 10.13 0.19 
TF 1 15.13 0.29 
R 1 15.13 0.29 

TR + FR + TFR 3 54.38 -

Ulttmate Strength T 1 367.20 80.53 
F 1 182.40 40.00 
TF 1 1.13 0.25 
R 1 3.92 0.86 

TR + FR + TFR 3 4.56 -
Primary Poisson's T 1 0.00008 2.00 
Ratio F 1 0.00026 6.50 

TF 1 0.0008 2.00 
R 1 0.0002 0.50 

TR + FR + TFR 3 0.0004 -
Secondary Poisson's T 1 0.00070 8.75 
Ratio F 1 0.00023 2.88 

TF 1 0.00007 0.88 
R 1 0.00002 0.25 

TR + FR + TFR 3 0.00008 -
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Ultimate strength was found to be significantly affected by both 

T and F factors at 1% and 5%, test mode being about twice as significant as 

fiberglass content. Flexure tests yielded values about 44% higher on average. 

Values of Poisson's ratios showed no definite dependence on any of 

the factors or interactions at both confidence limits. 

4.2 Fatigue Tests 

The fatigue life or SN curves were developed as described in sec. 

3.1. To fit curves to the eight sets of data points values of (6 max/ & ult) 

expressed as a percentage were used as Y and log N as X in a SSP library pro-

gram called POLRG (Polynomial Regression) (see Appendix B). This routine 

generates powers of an independent variable to calculate polynomials of 

successively increasing degrees. If there is no reduction in the residual 

sum of squares between two successive degrees of polynomials the problem is 

terminated before completing the analysis for the highest degree polynomial 

specified (up to 10th degree). Following the usual practice of representing 

SN data by straight lines on a semi-logarithmic plot, only the first degree 

polynomial fit was made. Regression coefficients in such a case are of course 

the Y intercept and slope. The eight SN diagrams are shawn in Figures 14, 

19, 24, 29, 34, 39, 44 and 49. The ratio (6 max/& ult) was now taken as the 

allowable stress, 7. of ultimate, for a life of N cycles. Based on the genera-

2 3 4 5 ted lines, values were calculated for 10, 10 , 10 , 10 and 10 cycles and the 

results are shawn in Table 3. 

3 Since the fatigue life data (2 factorial experiment as described in 

sec. 3.1) has a replication factor of only l, it was not possible to use ANOVA 

as vas done previously. In a factorial analysis of variance for single repli-

cation aIl interactions are confounded vith the error term (51). 
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Table 3 Fatigue Life Data 

56% fiberg1ass 42% fiberg1ass 

Tension Flexure Tension Flexure 

% reduction 0% min. stress 13.27 12.50 12.98 10.60 
per decade of N 
(slope of SN) 20% " " 12.85 10.40 12.82 12.52 

A11owab1e stresses, %'s of u1timate, for lives of N 

Number of Cy- 0% min. stress 92.88 94.10 91.71 85.02 
c1es 

10 20% " " 94.86 94.72 94.79 97.72 

0% " " 79.61 81.59 78.73 74.42 
102 

20% " " 82.01 84.32 81. 97 85.20 

0% " " 66.34 69.08 65.75 63.82 
103 

20% " " 69.16 73.92 69.15 72.68 

0% " " 53.07 56.57 52.77 53.22 
104 

20% " " 56.31 63.52 56.33 60.16 

('fi. " " 39.80 44.06 39.79 42.62 
105 

20% " " 43.46 53.12 43.51 47.64 

In order to obtain an estimate of the error, sorne independent information may 

be used, or higher order interactions must be pooled into the experimenta1 

3 error variance. For the 2 design used this wou1d require the unfounded 

assumption (in the absence of substantiating externa1 data) that no second or-

der interactions exist (51) since the only interactions available are TF, TS, 

FS and TFS. This method is thus only appropriate for larger numbers of fac-

4 5 tors (say 2 or 2 ) where the presence of higher arder interactions is much 

more un1ikely, sa that it is fairly conservative ta assume no four-way, five-

way, etc. interactions. Even if these were present, they would be difficult 
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to explain in practical terms. For these reasons the data of Table 3 were 

analyzed in a quantitative graphical manner as outlined below. 

To observe the effect of each of the main factors T, F and S on the 

values of Table 3, four data sets from the eight available series may be com-

pared for any given factor. For example the test mode difference can be stu-

died using four Flexure/Tension pairings, i.e. for F = 56, S = 20; F = 56, 

S = 0; F = 42, S = 20; and F = 42, S = O. The comparisons were made by taking 

ratios of the tabulated values for the two levels of the main factors. In the 

test mode example, since flexural values were predominantly greater than ten-

sile values, the ratio was (% allowable stress in flexure/% allowable stress 

in tension) for a given N, with the other factors F and S being consecutively 

those for the four combinat ions given above. The ratios were then plotted vs. 

N to indicate trends in the factor effects. The results of these analyses are 

presented in Figures 54, 55 and 56. From the diagrams several general rela-

tionships may be deduced: 

(1) The ratio of allowable stress in flexure to allowable stress in ten-

sion was generally > 1.0 (the exception being the F = 42, S = 0 combination 

up to 5000 cycles) for a given N. The trend was consistently more pronounced 

5 with increasing N, and the ratio reached a maximum of about 1.22 at 10 cy-

cles. A significant T x S interaction is indicated since the combinat ions 

with 201. of ultimate minÛDUm stress levels yielded higher ratios than those 

with the 01. level. 

(2) The ratio of allowable stress for the 201. of ultimate minimum 1evel 

to that for the 01. minÛDUm level was > 1.0 in aIl cases. On the average 

this S effect was greater than the T effect discussed in (1), especially in 

the medium range of N. Here a likely T x S interaction was again indicated as 

the S effect was considerab1y greater for combinat ions with the flexural mode. 
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(3) The fiberglass (F) effect was less pronounced than either the T or 

S effect,the maximum ratios reaching about 1.10. In general, the higher fiber-

glass content produced greater allowable stresses; the differences tended to be 

more significant at low values of N, and also greater for the flexural mode, 

pointing to the presence of the T x F interaction. 

To conclude this section it must be noted that the SN curves showed 

the scat ter that is to be expected in fatigue testing of brittle materials such 

as FRPs, but the differences noted between curves in absolute values were not 

very great (i.e. max. ratio ~ 1.20). Hence the trends of the major T, Sand 

F effects must be regarded in light of the scat ter and marginal overlap of da-

ta points. Furthermore the actual 14% difference in fiberglass contents, com-

pared to the 20% based on 40% and 60% contents nominally supplied by the manu-

facturer, May not have been sufficiently large to produce effects comparable 

to .those of test mode (Le. stress distribution) and minimum stress level. Fi-

nally,the converging trend of most of the positive ratio curves at large N va-

lues suggests that the interactions present are more effective early in the fa-

tigue life rather than at later stages. This may be due to the decreased im-

portance of the F factor, hence also the TF and FS interactions, with increa-

1 

sing N. 

4.3 Changes in Mechanical Properties with Time 

The strength retention characteristics of the FRPs tested were de-

rived from monitored stresses and strains as described in sec. 3.3 and sec. 3.4. 

The normaUzed ratios E/E (Modulus at N/Initial Modulus) and}ot ~ (Poisson' s o 0 

ratio at N/Initial poisson's ratio) plotted against N are given in Figures 17, 

22, 27, 32, 37, 42, 47, 52 and Figures 18, 23, 28, 33, 38, 43, 48, 53 respect-

ively. AlI expertmental points are not shawn in order to improve clarity of 

the graphs. The average initial values (for N = 1) are presented in Table 4 
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below. Ranges rather than averages are reported for Poisson' s ratios "due to 

-
the scatter and overlap observed for this parameter. The approach seems justi-

fied in the light of the significance tests in sec. 4.1. 

Table 4 Initial Values of Fatigue Test Moduli and poisson's Ratios 

Moduli, psi x 106 

Max. Min. 56% fiberglass 42% fiberglass 
Stress Stress 

(% ultimate) (% ultimate) Tension Flexure Tension Flexure 

40 0 2.86 2.70 2.10 2.09 

20 2.85 2.95 2.00 2.02 

60 0 2.70 2.70 1.65 2.00 

20 2.60 2.95 1.62 1.85 

80 0 2.65 2.70 1.45 1.95 

20 2.45 2.85 1.45 1.85 

Poisson's Ratios 

Max. 0 0.160 0.166 0.155 0.185 
Value 

20 0.174 0.183 0.159 0.166 

Min. 0 0.115 0.125 0.088 0.130 
Value 

20 0.112 0.125 0.087 0.134 

1 With increasing maximum stress, moduli values were perceptably lower in ten-

sion, but little difference was observed in flexure. For 56% fiberglass con-

tent, most values fell weIl within 107. of the quasi-static moduli values and 

for the 42% fiberglass content the correspondence was much closer. No value 

of fatigue test modulus fell below the corresponding value of the secondary 

quasi-static modulus. 

The ratio E/Eo may he regarded as the % strength remaining for any 

particular N. Based on the experimental curves, the values for 10, 50, 100, 
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500, 1000, 5000 and 10,000 cycles (higher N only at lower maximum stresses of 

cours~ are shown in Table 5 below. Table 6 presents percentages of poisson's 

Ratio retained for various numbers of cycles. In a few cases extrapolation 

was considered reasonable and such values are shown in brackets. Even though 

3 to 6 stress-strain recordings, i.e. tests, were run for a given curve, they 

were regarded as essential to define with confidence that one curve and cannot 

be regarded as true replicates, i.e. repetitions of the entire exper1ment. 

Thus an analysis similar to the one for SN data (see sec. 4.2) was performed 

on the data of Tables 5 and 6. The graphical results for modulus ratios are 

presented in Figures 57, 59, 61 for the 40% maximum stress level and in Fi-

gures 58, 60, 62 for the 60% level. Figures 63, 65, 67 and 64, 66, 68 show 

the Poisson's ratio graphical analysis for the 40% and 60% levels respectively. 

Due to the short lives obtained at the 8~1. level, ratios for this level were 

not plotted vs. N. However, it can be seen from the limited data that trends 

are similar to those observed at lower levels. 

Two general observations may be made regarding the E/E and ~ Ln da-o ro 

ta. In almost all cases, there i5 a marked difference between the curves at 

40 and 60% of ultimate maxtmum stress levels and between the 60 and 80% levels, 

the degradation (or negative slope) of the curves being progressively accentua-

ted by increasing values of maxtmum stress. There ta some evidence frOID the 

407. plots, however, that after a large number of cycles the rate of degradation 

diminishes considerably and thaOt the E/E and,«~. ratios may in fact approach 
o 0 

nearly constant values. Secondly, it is obvious frOID Tables 5 and 6 and the 

graphs that the effects of the factors T, F and Sare reflected more distinctly 

and strongly in the changes in !Dechanical properties (E and}Jo) than in the 

fatigue lives (SN data). 
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Table 5 Percent ages of Modulus Retained for Numbers of Cycles N 

Max. stress 407. ult. Max. stress 60% ult. Max. stress 80% ult. 

567. fg. 427. fg. 56% fg. 42% fg. 56% fg. 42% fg. 

Tension Flexure Tension Flexure Tension Flexure Tension Flexure Tension Flexure Tension Flexure 

94.0 99.0 96.0 98.0 91.0 95.0 88.0 96.0 86.0 95.0 84.0 95.0 

97.0 99.0 97.0 99.0 96.0 97.0 94.5 97.0 95.0 97.0 92.0 96.5 

89.0 97.0 84.0 98.0 81.0 87.0 70.0 92.0 - 87.0 - 86.0 

95.0 98.0 91.0 98.5 92.0 94.0 84.0 93.5 87.0 92.5 77.0 91.0 

85.0 96.0 77.0 98.0 75.0 80.0 61.0 88.0 - 80.0 - 78.0 

93.0 97.5 89.0 98.0 88.0 93.0 77.0 91.0 - 88.0 (67.0) 87.0 

70.0 88.0 56.0 94.0 57.0 60.0 (34.0) 66.0 - 60.0 - -
87.0 96.0 85.0 97.0 73.0 89.0 43.0 81.0 - 69.0 - 69.0 

60.0 84.0 47.0 88.0 - 50.0 - - - 50.0 - -
84.0 95.0 84.0 96.0 65.0 86.0 - (75.0) - - - -
47.0 69.0 (27.0) 67.0 

75.0 94.0 80.0 94.0 85.0 

46.5 66.0 - (61.0) 

68.0 93.0 77.0 93.5 

""'" l.n 
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Table 6 percentages of Po~sson's Rat~o Reta~ned for Numbers of Cycles N 

Hax. stress 407. ult. Hax. stress 60% ult. Hax. stress 80% ult. 

567. fg. 427. fg. 56% fg. 42% fg. 56% fg. 42% fg. 

Tens~on Flexure Tens~on Flexure Tens~on Flexure Tens~on Flexure Tens~on Flexure Tens~on Flexure 

94.5 98.0 90.5 98.0 90.0 97.0 81.5 95.0 87.0 93.5 81.0 93.5 

94.0 98.0 92.5 98.5 94.0 97.0 91.0 96.5 94.0 95.5 83.0 96.5 

88.0 96.0 76.5 98.0 78.0 88.0 62.5 88.0 (61.0) 82.5 (63.0) 82.5 

90.0 96.5 85.0 96.5 87.0 92.0 75.0 93.0 80.0 89.0 63.0 92.0 

83.0 93.5 69.0 97.5 91.0 81.0 53.0 83.0 47.0 74.0 (40.0) 73.0 

88.0 95.5 83.5 93.5 83.0 89.0 65.0 91.0 70.0 84.0 52.0 87.0 

63.5 86.0 59.5 93.0 (51.0) 59.0 (27.0) 61.5 - - - -
83.0 92.0 80.0 83.0 66.5 85.0 39.0 80.0 - (63.0) - 67.5 

54.0 81.0 40.0 87.0 - 47.0 - (50.0) 

79.0 89.5 78.5 81.0 58.0 83.5 - 73.5 

39.0 66.0 '(24.5) 68.0 

69.0 87.0 75.0 80.0 - 80.0 - -
(38.0) 60.0 (20.0) (62.0) 

63.0 86.5 73.0 79.5 

1 

1 

1 

""'" a-
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Based on the graphica1 ana1ysis of the ratios of '7. modu1us re-

tained ll for the effects of changes in test mode (T), minimum stress 1eve1 (8) 

and fiberg1ass content (F), the fo110wing observations may be made: 

(1) For any number of cycles, the % modu1us retained in flexure was 

1 greater than that in tension (i.e. 1ess degradation was apparent in flexure). 
1 

This difference was more marked at higher values of N, the ratio reaching a 

maximum of about 2.5 in the F = 42, 8 = 0 case at 40% maximum stress and 5000 

cycles. At the 40% max. 1eve1, the ratios for ~!. minimum were consistent1y 

higher than those for the 20% minimum 1eve1. At the 60% maximum 1eve1, the 

tests with the 42% fiberg1ass materia1 produced higher ratios than the tests 

with the 56% fiberg1ass content. This suggests the presence of both T x 8 

and T x F interactions (see Figs. 57 and 58). The effect of amplitude and 

interactions will be discussed in sec. 5. 

(2) For any number of cycles, the % modu1us retained in tests with a 

minimum stress of 20% of u1timate was greater than the % retained in the tests 

with the 07. minimum stress 1eve1. At the 407. max. stress level this effect 

was not as apparent as the T effect at low values of N, but it was slightly 

more pronounced approaching the 10,000 cycle mark. The T effect was genera1ly 

greater than the 8 effect at the 60% maximum stress level, i.e. when the am-

plitude increased. At the 1esser amplitude (40% max.) a T x S interaction vas 

apparent from the tensi1e tests (i.e. tensile tests yielded much higher ra-

tios) , but this trend vas not manifested at the 607. maximum leve1. (See Fi-

gures 59 and 60.) 

(3) The effect of fiberg1ass content vas the least pronounced, although 

generally higher ~', of modu1us vere retained for the FRP vith more reinforce-

ment. The trends vere mixed at the 40% maximum level, but T x F interaction 

becsme apparent from tensile tests in the plots vith the 60h maximum stress 
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(tensi1e series again produced consistent1y higher ratios). (See Figs. 61 and 

62.) 

From individua1 stress-strain recordings, it was observed that the 

changes in Poisson's ratios were almost entirely a function of the changes in 

the longitudinal strains which naturally increased with N. Lateral strains 

reached peak values within the first few cycles and remained at almost con­

stant values thereafter. Thus the plots of the T, F, and S effects, as de ter­

mined by ratios of %tA retained for the two levels of these factors, reflect 

the same basic trends as the analysis for moduli at any particular constant 

amplitude of stress, i.e. less degradation is apparent in flexure, at a mini­

mum stress level of 20% of ultimate, and generally for the material with the 

higher % of fiberglass reinforcement, aIl effects being generally greater at 

higher N values. In particular the following observations were made: 

(1) The 07. minimum stress series produced a much greater T effect than 

the 20% minimum levels at the lesser stress amplitude,as was the case with 

the T effect on modulus ratios. The T effect was also similarly accentuated 

by the lower fiberglass content at the 60% maximum stress, i.e. greater ampli­

tude. (See Figs. 63 and 64.) 

(2) The S effect was less significant than the T effect at low N for 

both Iesser and greater stress amplitudes. It was considerably greater cou­

pIed with the tensile mode at 407. maxLmum stress, and generally greater in 

tension at the 60% maximum stress. This paraileis the trend in the analysis 

of modulus ratios. (See Figs. 65 and 66.) 

(3) The 56h fiberglass content generally showed greater 7.'s of Poisson~ 

ratio retained, but trends were somewhat mixed at the 407. maximum stress le­

vel and only one series produced consistently higher ratios with increasing N. 

At the 607. maxLmum stress level, tensile series yielded a much greater F 
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effect than did the flexural series,and an increase in ratios at higher N va­

lues became more apparent. Again the correspondence to the modulus ratio 

graphs is obvious. (See Figs. 67 and 68.) 

This concludes the formaI analysis of experimental results. The 

final chapter examines the observations made in sec. 4 in light of the FRPs 

material properties and fatigue behavior as discussed in sec. 2, and primary 

conclusions about the main effects and interactions are made. 

4.4 Failure Modes 

Figures 69 and 70 show typical failure modes in tension and flexure 

respectively. The predominant pattern in tension was thatof brittle fracture 

more or less at right angles to the longitudinal axis, with gross delamination 

and pulling out of fibers being evident in many spec,imens. The flexural fai­

lures were characterized by local buckling ~f the layers under the loading 

nose and internaI delaminations spreading from this region, as evidenced by 

development of a very noticeable color change. 
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5. Conclusions and Recommendations 

5.1 Conclusions 

For the FRF laminates tested, and within the limits of the experi-

mental variables, the conclusions supported by the work carried out in this 

project May be summarized in the following paragraphs. 

(A) Quasi-static properties: 

(i) Lowering the percentage of fiberglass reinforcement produced highly 

significant reductions of modulus, with the test mode in an important but 

secondary role. Introduction of a greater volume of the weaker matrix mate-

rial into a composite material leads'to this result since a greater amount of 

structural integrity is lost due to microcracking before effective stress 

transfer to the reinforcing fabric is completed. 

(ii) The effect of the test mode on ultimate strength was more signifi-

cant than that of fiberglass content. The flexural stress distribution, 

keeping in mind the dimensions of bending specimens relative to tensile speci-

mens, produced higher ultimate strengths because it exposed a relatively lar-

ger volume of material to a lesser average tensile stress, which is the con-

trolling factor in determining flexural behavior. For su ch a brittle material, 

1 a critical stress 1s required to initiate or propagate a critical flaw, culmi-

. 
nating in failure. 

(iii) The variations in poisson's ratios were generally random and May be 

caused by local strain amplification in the resin due to fiber spacings or ma-

terial flaws. 

(iv) No interactions were found to be significant in the quasi-static 

tests. 



Il 

51 

(B) Fatigue Lives and A110wab1e Stresses 

Whereas materia1 properties genera11y determined the short-term sta­

tic behavior, fatigue characteristics were predominant1y inf1uenced by the 

stress or energy input (distribution and amplitude). 

(i) In genera1, the % of u1timate stress a11owab1e in flexure was great­

er than that in tension for any specified 1ife N. The rationa1e wou1d be si­

milar to the one given in (A)(W a,bove. 

(ii) The stress a110wab1e when a minimum 1eve1 of 20% of u1timate was im­

posed was invariab1y greater than that when cyc1ic stress a1ternated between 

o and maximum. This may be re1ated to the phenomenon of fracture surface work 

discussed in sec. 2.2. A constant positive 1eve1 of stress in a crazed speci­

men May keep open many of the microcracks, which wou1d act as crack arrestors 

and absorb considerable mechanica1 energy. Furthermore, introducing the mini­

mum stress 1eve1 reduces the stress amplitude and hence the f1uctuating energy 

input. This appears to be more significant than the corresponding increase in 

static mean stress 1eve1. 

(iii) Whi1e the effect of' fiberg1ass content on fatigue properties was 

less marked than the effects of the other variables, it was in genera1 more 

apparent ear1y in the fatigue 1ife, the greater reinforcement yie1ding greater 

al1owab1e stresses as expected. 

(iv) The presence of second-order interactions was noted in sec. 4. 

Their influence and interpretation bear further study, but it may be said that 

interactions seem more significant at early stages in fatigue life probably 

due to the general tendency of the F factor (i.e. the ratio of fiberglass to 

resin), and hence the associated interactions, to play a lesser role at higher 

values of N. This may be expected from the relatively extensive degradation 

of the resin fraction early in life and the progressive nature of the macha-
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nisms which operate to propagate and/or generate critical flaws in the fiber­

glass phase (see sec. 2.2). 

(v) The influence of the main factors on fatigue life (N cycles to fai­

lure) was notably less than similar effects on mechanical properties in fa­

tigue. 

(C) Changes in Mechanical Properties in Fatigue 

The strength retention properties, characterized by %'s of modulus 

and poisson's ratio retained with increasing N, reflect the same basic corre­

lations between flexure/tension, 20%/07. minimum stress and 56%/42% fiberglass 

content as do the fatigue life properties discussed in (B). The tendency of 

any particular effect to be greater at higher N values was more clearly mani­

fested here than in the fatigue life analysis. This trend may be due partly 

to the concept of increased energy input with time (e.g. total time spent at 

maximum stress level) and partly to the lessened influence of the F factor 

and certain interactions at later stages of fatigue life. 

5.2 Recommendations 

Recommendations for further research into the fatigue performance 

of FRPs should include: 

1. Investigation of a wider range of the test variables chosen to esta­

blish trends more clearly. 

2. Development of testing equipment, such as a multiple-head unit, that 

wou Id enable several specimens to be stressed simultaneously. The consequent 

savings in total machine time would permit more replicates to be run, result­

ing in a broader statistical foundation for analysis, and lead to more exten­

sive investigation of important material and test variables. 
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Appendix B 

Computer Programs 



.. 

C PLRG 10 
C •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• PLRG 2n 
C PLRG JO 
C SA"PLE HAIN PROGRAM FOR POLYNOMIAL REGRESSION - POLRG PLRG 40 
C PLRG 50 
C PURPOSE PLRG 60 
C (1) RE AD THE PROBLEH PARAMETER CARO FOR A POLYNOMIAL REGRES-PLRG 70 
C SION. (2) CALL SU~ROUTINES TO PERFORM THE ANALYSIS. (J) PLRG 80 
C PRINT THE REGRESSION COEFFICIENTS AND ANALYSIS OF VARIANCE PLRG 90 
C TABLE FOR POLYNOMIALS OF SUCCESSIVELY INCREASING Of GREES. PLRG IGO 
C AND (4) OPTIONALLY PRINT THE TABLE OF RESIDUALS AND A PLOT PLRG 110 
C OF Y VALUES AND Y ESTIMATES. PLRG 120 
C PLRG IJO 
C REMARKS PLRG 140 
C THE NUMBER OF OBSERVATIONS. N. nlST BE GREATER THAN l4th FLRG 150 
C ~HERE 14 15 THE HIGHEST DEGREE POLYNOMIAL SPECIFIED. PLRG 160 
C IF THERE IS NO REDUCTION IN THE RESIDUAL SUM OF SQUARES PLRG 170 
C BETvEEN TWO SUCCESSIVE DEGREE5 OF THE POLYNOMIALS. THE PLRG 180 
C PROGRAM TERMINATES THE PROBLE" BEFORE COMPLETING THE ANALY- PLRG 190 
C SIS FOR THE HIGHEST DEGREE POLYNOMIAL SPECIFIED. PLRG 200 
C PLRG 210 
C SUBROUTINES AND FUNCTION SUBPROGRA~S REQUIRED PLRG 220 
C GDATA PLRG 2JO 
C OROER PLRG 240 
C MINV PLRG 250 
C HUL TR PLRG 260 
C PLOT (A SPECIAL PLOT SUBROUTINE PROVIDED FOR THf 5AMPLE PLRG 270 
C PROGRAM.) PLRG 2BO 
C PLRG 290 
C METHOD PLRG 300 
C REFER TO B. OSTLE. 'STATISTICS IN RESEARCH', THE IO~A STATE PLRG JI0 
C COLLEGE PRESS', 1954, CHAPTER 6. . PLRG J20 
C PLRG 330 
C •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• PLRG 340 
C PLRG 350 
C THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE PLRG 360 
C PRODUCT OF N'IM'I), WHERE N IS THE NU~BER OF OBSERVATIONS AND 14 PLRG 370 
C IS THE HIGHEST DEGREE POLYNOMIAL SPECIFlED.. PLRG 380 
C PLRG 390 

DIMENSION Xll1001 PLRG 400 
C PLRG 410 
C THE FOLLO~ING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE PLRG 420 
C PRODUCT OF H'M.. PLRG 4JO 
C PLRG 440 

DIMENSION 01 (100) PLRG 450 
C PLRG 460 
C THE rOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO PLRG 470 
C (14'2)'114'1112.. PLRG 480 
C PLRG 490 

DIMENSION 0(66) PLRG 500 
C PLRG 510 
C THE FOLLOwING DIMENSIONS MUST BE GREATER THAN OR EQUAL TO H.. PLRG 520 
C PLRG 5JO 

DIMENSION BI10),EI10),SBI10I,TI10) PLRG 540 
C PLRG 550 
C THE rOLLOwING DIMENSIONS MUST BE GREATER THAN OR EQUAL TO 114'11 •• PLRG 560 
C PLRG 570 



c­
c 
C 

C 
C 
C 
C 
C 
C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 
C 
C 

C 
C 
C 
C 
C 
C 

DIMENSION XBARIIII,STDIII),COE'lll.SUMSQ'III,ISAVE'lll 

THE rOLLOWING DIMENSION MUST BE GAEATER THAN OR EQUAL Ta 10 •• 

DIMENSION ANSIIOI 

PLRG 580 
PLRG 590 
PLRG 600 
PLRG 610 
PLRG 620 
PLRG 630 

THE rOLLOWING DIMENSION WILL BE USED IF THE PLOT or OBSERVED DATA PLRG 640 
AND ESTIMATES IS DESIRED. THE SIZE OF THE DIMENSION, IN THIS PLRG 650 
CASE, HUST BE GREATER THAN OR EQUAL TO N'3. OTHERWISE, THE SIZE PLRG 660 
or DIMENSION MAY BE SET TO 1. PLRG 670 

DIMENSION PI3001 
PLRG 680 
PLRG 690 
PLRG-700 

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• PLRG 710 

Ir A DOUBLE PRECISION VERSION OF THIS ROUTINE IS DESIRED. THE 
C IN COLUMN 1 SHOULD BE AEMOvED rROM THE DOUBLE PRECISION 
STATEHENT .WHICH rOLLOWS. 

DOUBLE PRECISION X,XBAR.5TD.D,SUMSQ.OI,E.B,SB,T.ANS,DET,COE 

THE C MUST ALSO BE REMOVEO FROM DOUBLE PRECISION STATEHENTS 
APPEARING IN OTHER ROUTINES USED IN CONJUNCTION WITH THIS 
ROUTINE. 

PLRG 720 
PLRG 730 
PLRG 740 
PLRG 750 
PLRG 760 
PLRG 770 
PLRG 780 
PLRG 790 
PLRG 800 
PLRG RIO 
PLRG 820 

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• PLRG 830 
PLRG R40 

1 FORHATCA4.A2,15.12.lll PLRG 850 
2 FORHAT(2r6.01 PLRG 860 
3 FORHATC27HIPOLYNOHIAL REGRESSION •••••• A4.A2/1 PLRG 870 
4 FORMATI23HONUMBER or OBSERVATIONS.I~/II PLRG 880 
5 FORHATI32HOPOLYNOHIAL REGRESSION OF DEGREE.131 PLRG A90 
6 FORHATI12HO I~TERCEPT.E20.71 PLRG 900 
7 FORMATI26HO REGRESSION COEFFICIE~TS/16E20.711 PLRG 910 
8 FORMATIJHO/24X,24HANALYSIS OF VARIA~CE FOR.I4,J9H DEGREE POLYNOMIPLAG 920 

JALII PLRG 930 
9 FORMATIJHO,5X.19HSOUACE or VARIATION.7X.9HDEGREE or.7x.6H~UH OF.9XPLRG 940 

1.4HHEAN.JOX,lHF.9X.20HIHPROVEHENT IN TERMS/33X.7HFREEDOM.RX,7HSOUAPLRG 950 
2RES,7X,6HSOUAHE.7X.SHVALUE,8X.J7HOF SUH OF SQUARESI PLRG 960 

JO FORMATI20HO DUE TO REGRESSION.12X.16.F17.5.rJ4.5.r13.5.F20.51 PLRG 970 
JI FORHATI32H DEVIATION ABOUT REGAE5~ION .16.F17.S,FJ4.51 PLRG 980 
12 FORHATI8X.5HTOTAL.19X.16.F17.51/11 PLRG 990 
13 FORMATIJ7HO NO IHPROVEMENTI PLRGIOOO 
14 FORHATIJHOI127X.IAHTABLE OF RESIOUAlSI/16H OBSERVATION NO •• 5X.7HX PLRGIOIO 

IVALUE,7x.7HY VALUE.7X,10HY ESTIHATE.7x.8HRESIDUAL/I PLRGI020 
15 FORMATIIHO,3x.16,FI8.5,F14.5.FJ7.S.FJ5.51 PLRGJ030 

PLRGI040 
•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• PLRGIOSO 

READ PROBLEH PARAMETER CARD 

100 REAO 15.11 PR.PR1.N.H.NPlOT 

PR •••• PROBLEM NUMRER IHAY BE ALPHA~ERICI 
PRl ••• PROBlE" NU"BER ICONTINUEO' 
N ••••• NUMRER OF OBSERVATIONS 
M ..... HIGHEST DEGREE POLYIIOMUL SPECIFIED 
NPLOT.OPTION CODE FOR PLOTTING 

PLRGI060 
PLRGI070 
PLRGI080 
PlRGI090 
PLRGII 00 
PLRGll10 
PLRGl120 
PLRGIJ30 
PLRGII40 
PlRG1l50 



l, 

-----,----

C 0 IF PLOT IS NOT DESIRED. 
C 1 IF PLOT IS DESIRED. 
C 
C PRINT PROBLEM NUMBER·AND N. 
C 

C 

VRITE 16,3) PR,PRI 
VRITE 16,4) N 

C READ INPUT DATA 
C 

C 
C 
C 
C 

LzN'M 
DO 110 I-I,N 
.I:ILtl 

XII) IS THE INDEPENDENT VARIABLE, AND XIJ) IS THE DEPENDENT 
VARIABLE. 

110 READ 15,2) XII),XIJ) 
C 

C 

C 

C 

cALL GOATA IN,M,X,XBAR,STO,O,SUHSQ) 

"-Mt 1 
SUH-O.O 
fT-N-1 

JO 200 lal,M 
ISAVE CIl =1 

C fORM SUBSET OF CORRELATION COEFFICIENT HATRIX 
C 

CALL OROER IHM,O,MM,I,ISAVE,OI,E) 
C 
C IHVERT THE SUBMATRIX OF CORRELATION COEFFICIENTS 
C 

CALL MINV 101,I,OET,B,T) 
C 

CALL HULTR IN,I,XBAR,STO,SUMSQ,OI,E,ISAVE,B,SB,T,ANS) 
C 
C PRINT THE RESULT OF CALCULATION 
C 

c 

VRITE 16,5) 1 
IFIANSI711 140,130,130 

130 SUHIP=ANSI41-SU~ 
IFISUHIPI 140, 140. 150 

140 VRITE i6.131 
60 TO 210 

150 VRITE 16.61 ANSIlI 
VRITE 16.71 IBIJltJ"lt Il 
VRITE 16.8) 1 
VRITE 16.91 
SUH-ANSI41 
VRITE 16,101 I,ANSI41,ANSI61,ANSIIOI,SUHIP 
NI-ANSI81 
VRITE 16,111 NI.ANSlll.ANSI91 
VRITE 16,121 NT,SUHSQIHMI 

C SAVE COEFFICIENTS FOR CALCULATION OF y ESTIMATES 
C 

PLRG1l60 
PLRG1l70 
PLRG1l80 
PLRG1190 
PLRGI2110 
PLRG1210 
PLRG1220 
PLRG1230 
PLRGI240 
PLRG1250 
PLRG1260 
PLRG1270 
PLRG1280 
PLRG1290 
PLRGIJOO 
PLRGl3l0 
PLRGIJ20 
PLRGl'330 
PLRG1340 
PLRGIJ50 
PLRG1360 
PLRG1310 
PLRGllM 
PLRG1390 
PLRGI400 
PLRG1410 
PLRG1420 
PLRG1430 
PLRG1440 
PLRG1450 
PLRG1460 
PLRG1470 
PLRG1480 
PLRG1490 
PLRG1500 
PLRG1510 
PLRG1520 
PLRG1530 
PLRG1540 
PLRG1550 
PLRG1560 
PLRG1510 
PLRG1580 
PLRG1590 
PLRGIMO 
PLRG1610 
PLRG1620 
PLRG1630 
PLRG1640 
PLRG1650 
PLRG1660 
PLRG1670 
PLRG1680 
PLRG1690 
PLRGl100 
PLRG11l 0 
PLRGl120 
PLRG1130 



1 

, . 

C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

COE Il) -ANS Il) 
DO 160 JzltI 

160 COEIJtll.BIJI 
Uzi 

200 CONTINUE 

TEST VH~THER PLOT IS DESIRED. 

210 l'INPLOTI 100. 100. 220 

CALCULA TE ESTIHATES 

220 NP3=N.N 
DO 230 laltN 
NP3aNP3.l 
PINP31-COEIlI 
L-I 
DO 230 Jal.U 
PINP31=PINP31·XILI-COEIJt ll 

230 L-LtN 

COPV OBSERVED DATA 

N2aN 
L-N-". 
DO 240 l-l.N 
PIII-X (JI 
H2aN2·1 
L=L·l 

240 PIN2hXILI 

PRINT TABLE OF RESIDUALS 

VRITE 16.31 PR.PRI 
VRITE 16.51 LA 
VRITE 16.141 
NP2aN 
NP3aN.N 
00 250 l-l,N 
HP2aNP2t l 
NPl:rNP3tl 
RESIO-PINP21-PINP31 

250 VRITE 16.151 I.PIII.PINP21,PINP31,RESID 
C 

PLRG1740 
PLRG1750 
PLRG1760 
PLRGI770 
PLRG17BO 
PLRG1790 
PLRG1800 
PLRGlBlO 
PLRG1820 
PLRGlB30 
PLRG1840 
PLRGl850 
PLRGIB60 
PLRGIB70 
PLRGIB80 
PLRGlll90 
PLRGl900 
PLRGl910 
PLRGl920 
PLRGl930 
PLRG1940 
PLRGl950 
PLRG1960 
PLRGl970 
PLRGl9BO 
PLRGl990 
PLRG2e80 
PLRG2010 
PLRG2020 
PLRG2030 
PLRG2040 
PLRG2050 

.PLRG2060 
PLRG21!70 
PLRG20AO 
PLRG2090 
PLRG210n 
PLRG2110 
PLRG2120 
PLRG2130 
PLRG2140 
PLRG2150 
PLRG2160 
PLRG2170 
PLRG2180 
PLRG2190 
PLRG2i?00 
PLRG2210 

C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

CALL PLOT ILA.P,H.),O,11 

GO TO 100 
END 

PLOT 10 
•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• PLOT 20 

SUBROUTINE PLOT 

PUR POSE 
PLOT SEVERAL CROSS-VARIABLES VERSUS A BASE VARIABL! 

PLOT 30 
PLOT 40 
PLOT 50 
PLOT 60 
PLOT 70 
PLOT 80 
PLOT 90 
PLOT 100 

USAGE 
CALL PLOT IHO,A,N.H,NL,NSI 

--------------



l' 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 

C 
C 
C 

C 

C 
C 
C 

DESCRIPTION OF PARAMETERS 
NO - CHART NU~BER 13 DIGITS MAXIMUM) 
A - MATRIX OF DATA TO BE PLOTTED. FIRST COLUMN REPRESENTS 

BASE VARIABLE AND SUCCESSIVE COLUMNS ARE THE CROSS­
VARIABLES IMAXI~UM IS 9). 

N - NUMBER OF ROWS IN HATRIX A 
M - NU~BER OF COLUMNS IN MATRIX A IEQUAL TO THE TOTAL 

NUMBER OF VARIABLES). MAXI~UM IS 10. 
NL - NUMBER OF LINES IN THE PLOT. IF 0 IS SPECIFIED. 50 

LINES ARE USED. 
NS - CODE FOR SORTING THE BASE VARIABLE DATA IN ASCENDING 

OROER 

REMARKS 
NONE 

o SORTING IS NOT NECESSARY IALREADY IN ASCENDING 
OROER) • 

1 SORTING IS NECESSARY. 

SUBROUTINES AND FUNCTION SUBPROGRA~S REQUIRED 
NONE 

PLOT 110 
PLOT 120 
PLOT 130 
PLOT 141) 
PLOT 150 
PLOT 160 
PLOT 170 
PLOT IBO 
PLOT 190 
PLOT 200 
PLOT 210 
PLOT 220 
PLOT 230 
PLOT 240 
PLOT 250 
PLOT 260 
PLOT 270 
PLOT 280 
PLOT 290 
PLOT 300 
PLOT 310 
PLOT 320 
PLOT 330 

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• ••••• PLOT 340 
PLOT 350 

SUBROUTINE PLOTINO.A.N,M,NL,NS) 
DIMENSION OUTII01),YPRI11),ANGI9),AI1) 

1 FORMATIlHlt60X,?H CHART ,13,111 
2 FORMATIIH ,Fll.4,5X,101Al) 
3 FORMATIlH ) 
4 FORMATII0H 123456789) 
5 FORMAT Il OA 11 
7 FORMATIIH ,16X,101H. 
1. • 

8 FORMATIIHO,9X,11FI0.4) 
. ) 

PLOT 360 
PLOT 370 
PLOT 380 
PLOT 390 
PLOT 400 
PLOT 410 
PLOT 420 
PLOT 430 
PLOT 440 
PLOT 450 
PLOT 460 
PLOT 470 

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• PLOT 480 

NLL-NL 

IFINS) 16, 16, 10 

SORT BASE VARIABLE oAT~ IN ASCENolNG OROER 

10 00 15 I-l,N 
DO 14 J:lJ,N 
IF IAIII-AIJII 

11 L=I-N 
Ll-J-N 
00 12 K-J,M 
L-l·N 
Ll-LL'N 
Fdll) 
All)cAILl) 

12 AILu=r 
14 CONTINUE 
15 CONTINUE 

14, 14, 11 

PLOT 490 
PLOT 500 
PLOT 510 
PLOT 520 
PLOT 530 
PLOT 540 
PLOT 550 
PLOT 560 
PLOT 570 
PLOT 580 
PLOT 590 
PLOT 600 
PLOT 610 
PLOT 620 
PLOT 630 
PLOT 640 
PLOT 650 
PLOT 660 
PLOT 670 
PLOT 680 



--------

C PLOT 690 
C TEST NLL PLOT 700 
C PLOT 710 

16 IFINLL) 20, 18, 20 PLOT 720 
18 NLLa50 PLOT 730 

C PLOT 740 
C PRINT TITLE PLOT 750 
C PLOT 760 

20IlRITEI6,IINO PLOT 770 
C PLOT 780 
C DEVELOP BLAN~ AND DIGITS FOR PRINTING PLOT 790 
C PLOT 1100 

REIlIND 13 PLOT 810 
IIRITE 113,4) PLOT 820 
REWIND 13 PLOT 830 
READ 113,5) BLANK.IANGIIJ,Ial,9) PLOT 840 
REWIN[I 13 PLOT IISO 

C PLOT 860 
C FIND SCALE FOR BASE VARIABLE PLOT 870 
C PLOT 880 

XSCALDIAIN)-AIIII/IFLOATINLL-I)1 PLOT 890 
C PLOT 900 
C FIND SCALE FOR CROSS-VARIABLES PLOT 910 
C PLOT 920 

MI:N'I PLOT 930 
YMIN:AIMI) PLOT 940 
YMAX·YMIN PLOT 950 
M2-MIN PLOT 960 
DO 40 J=MI,H2 PLOT 970 
IFIAIJ)-YHIN) 28.26.26 PLOT 980 

26 IFIAIJ)-YMAX) 40,40.30 PLOT 990 
28 YHIN=AIJ) PLOTl 000 

GO TO 40 PLOTlOIO 
30 YHAX=AIJI PLOTl020 
40 CONTINUE PLOTl030 

YSCAL-IYMAX-YMINI/IOO.O PLOTl040 
C PLOTl050 
C FINO BASE VARIABLE PRINT POSITION PLOTl060 
C PLOTl070 

XB-AlII PLOTl 080 
L-I PLOTl090 
HY-M-I PLOT Il 00 
1:11 PLOTlIIO 

45 F=I-l PLOT Il 20 
XPRDXB·FIXSCAL PLOTll30 
IFIAIll-XPRI 50.50.70 PLOT1l40 

C PLOT1I50 
C FINO CROSS-VARIABLES PLOTII60 
C PLOTI170 

50 DO 55 IX=l.lOl PLOTll80 
55 OUTIIX):lBLANK PLOn 190 

DO 60 Jal.MY PLOTJj!OO 
LL=L'JtN PLOnZlO 
JP=IIAILL)-YMIN)/YSCALI·I.0 PLOTIZ20 
OUTIJPldNGIJI PLOTlZ30 

60 CONTINUE PLOTl240 
C PLOTl250 
C PRINT LINE AhO CLEAR. OR SKIP PLOnZ60 

- - ----------- ~- - --- -- ---- --- --_._- ._----~ 



C 

C 

WRITEI6,2IXPR,IOUTIIZI,IZ=1,1011 
L=Ltl 
GO TO 80 

70 IIRITEI6,JI 
80 1=l t l 

IFII-NLL,'45, 84, 86 
84 XPRIIAINI 

GO TO 50 

C PRINT CROSS-VARIABLES NUMBERS 
C 

86 IIRITEI6,71 
YPR III =YMIN 
DO 90 KN.lt9 

90 YPRIKNtll=YPRIKNI.YSCAL'10,O 
YPR III IIlYMAX 
WRITEI6,81IYPRIIPI,IP=1,111 
RETURN 
END 

PLOTl270 
PLOTl280 
PLOTl290 
PLOTlJOO 
PLOTlJI0 
PLOTlJ20 
PLOTlJJO 
PLOTlJ40 
PLOTlJ50 
PLOTlJ60 
PLOTlJ70 
PLOTlJ80 
PLOTlJ90 
PLOTl400 
PLOTl410 
PLOTl420 
PLOTl4JO 
PLOTl440 
PLOTl4S0 
PLOTl460 



c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
C 
C 
C 
C 
C 
c­
C 
f­
t 
t 
C. 
C. 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

c 
c 
C 
C 

GOAT 10 
•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• GDAT 20 

SUBROUTINE GDATA 

PUR POSE 
GENERATE INOEPENDENT VARIABLES UP TO THE M-TH POilER (THE 
HIGHEST DEGREE POLYNOMIAL SPECIFIEDI AND COMPUTE MEANS. 
STANUARD DEVIATIONS. AND CORRELATION COEffiCIENTS. THIS 
SUBROUTINE IS NORMALLY CALlED BEFORE SUBROUTINES OROER. 
MINV AND MULTR IN THE PERfORMANCE OF A POLYNOMIAL 
REGRESSION. 

USAGE 
CAll GDATA (N,M.X.XBAR,STD,0,5UMSQI 

GOAT JO 
GOAT 40 
GOAT 50 
GOAT 60 
GO_T 70 
GO_T 80 
GOU 90 
GOAT 100 
GO_T 110 
GOAT 120 
GO_T IJO 
GOAT 140 
GOAT ISO 
GOAT 160 

DESCRIPTION Of PARAMETERS GOAT 170 
N - NUMBER Of OBSERVATIONS. GO_T 180 
M - Th( HIGHEST DEGREE POLYNOMIAL TO BE FITTEO. GO_T 190 
X - !N'UT MURIX (N BY Mt\l. IIHEN THE SUBROUTINE IS GOAT 200 

atLED, OUA FOR THE INOEPENDENT V_RIABLE ARE GDAT 210 
$TQRED IN THE flRST COLUMN Of MATRIX X, AND DATA FORGOAT 220 
W~ DEPENDE~T VARI_BLE ARE STOREO IN THE LAST GOAT 230 
fIlll.UMN Of lHf MATRIX. UPON RETURNING TO THE GOAT 240 
OIlLlNG ROUlINE, GENERATED POIIERS Of THE INOEPENDENTGOAT 250 
wœAlABLE ARE STORED IN COLUMNS 2 THROUGH M. GOAT 260 

XBAR - mOTPUT VECTOR OF LENGTH Mtl CONTAINING MEANS OF GOAT 270 
fH()EPENOENT A'ID DEPENDENT VARIABLES. GOAT 280 

STD - BifJTPUT VECTOR Of LENGTH Mtl CONTAINING STANOARD GDU 290 

o 
DEVIATIONS Of INDEPENOENT AND DEPENDENT VARIABLES. GOAT 300 

- Ot/TPUT MATRIX (ONLY UPPER TRlANGULAR PORTION OF THE GOAl 310 
SYMMETRIC MATRIX Of 14'1 BY Mtll CONTAINING CORRELA- GDAT 320 
TION COEffICIENTS. (STORAGE MODE Of Il GOAT 330 

SUMSQ - OUTPUT VECTOR OF LENGTH Mtl CONTAINING SUMS Of GD_T 340 
PROOUCTS Of DEVIATIONS FROM MEANS OF INDEPENOENT GOAT 350 
AND DEPENDENT VARIABLES. GOAT 360 

REMARKS 
N MUST BE GREATER THAN Mtl. 
IF M IS EOUAl TO 5 OR GREATER. SINGLE PRECISION MAY NOT BE 
SUFFICIENT TO GIVE SATISFACTORY COMPUTATIONAL RESULTS. 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIREO 
NONE 

GO_T 370 
GO_T 380 
GOAT 390 
GOAT 400 
GOAT 410 
GOAT 420 
GOAT 430 
GOAT 440 
GOAT 450 

METHOD GOAT 460 
REFER TO A. OSTlE. ISTATISTICS IN RESEARCHI, THE IOWA STATE GDAT 470 
COLlEGE PRESS, 1954. CHAPTER 6. GDAT 480 

GOAT 490 
•••••••••••••••••••••• Il ••••••••••••••••••••••••••••••••••••• Il ••• GOAT 500 

SUBROUTINE GDATA IN.M.X.XBAR,STD.O.SuwSOI 
DIMENSION X(II.XBA~(II.STOlll.0111.SU~SOIII 

GOAT 510 
GOAT 520 
GOAT 530 
GOAl 5100 

Il •••••••• Il ••••••••••••••••••••••••••••••••••••••••••••••••••• GOAl 550 
GOAT 560 

IF A DOUBLE PkECISION VERSION or T~IS ROUTINE 15 DESIREO, THE GOAT 570 



----------------------------- -----------

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 

C 

C 
C 
C 

C IN COLUMN 1 SHoULO BE REHoVEO rROM lHE DOUBLE PRECISION 
STATEMENl WHICH rOLLOWS. 

DOUBLE PRECISION X,XBAR,STO,0,SUHSQ,TI,T2 

THE C MUST ALSO BE REHOVEo rROH DOUBLE PRECISION STATEMENTS 
APPEARING IN OlHER ROUTINES USEO IN CONJUNCTION wlTH THIS 
ROUTINE. 

THE DOUBLE PRECISION VERSION OF THIS SUB~OUTINE MUST ALSO 
CONTA IN DOUBLE PRECISION FORTRAN FUNCTIONS. SORT AND ABS IN 
STATEMENT 180 MUST BE CHAtlGEO To OSORT AND OABS. 

GOAT 580 
GOAT 590 
GOAT 600 
GOAT 610 
GOAT 620 
GOAT 630 
GOAT 640 
GOAl 650 
GDAT 660 
GOAT 670 
GOAT 680 
GOAT 690 
GOAT 700 

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• GDAl 710 

GENERATE INOEPENOENT VARIABLES 

IFCM-ll 105, lOS, 90 
90 LlaO 

DO 100 1:l2,H 
LIIlLl·N 
DO 100 JaltN 
L.Ll·J 
K=L-N 

100 XCLI=XCKI.XCJI 

CALCULATE MEANS 

105 HM.M.l 
OraN 
L-O 
DO 115 l·ltMM 
XBARCII=O.O 
DO 110 J-ItN 
L=L·l 

110 XBARCllaXBARCII'XCLI 
115 XBARCII=X8A~CII/OF 

DO 130 I-ItMM 
130 STOCll=O.O 

CALCULA TE SUHS OF CROSS-PROOUCTS OF DEVIATIONS 

L- C CMM' U t"H1/2 
DO 150 I-ItL 

150 OCll-O.O 
DO 170 K·l,N 
L=O 
DO 170 J-1,"M 
L2aNt IJ-ll'l( 
T2aXCL21-XBARCJI 
STOCJI=STOIJloT2 
DO 170 l·l,J 
LI:lNt 1 1-11 0 1( 

T1:1X CLlI-XBAR CIl 
L:Lol 

170 0lLlcDILloTltT2 
L-O 

GOAT 720 
GOAT 730 
GOAl 740 
GOAl 750 
GOAl 760 
GOAl 770 
GOAl 780 
GOAl 790 
GOAl 800 
GOAl 810 
GOAl 820 
GOAl 830 
GOAl 840 
GOAl 850 
GOAl 860 
GOAT 870 
GOAl 880 
GOAl 890 
GOAl 900 
GOAl 910 
GOAl 920 
GOAT 930 
GOAT 940 
GOAT 950 
GOAl 960 
GOAl 970 
GOAT 980 
GOAl 990 
GOATlOOO 
GOATlOIO 
GOATlO20 
GOATl 030 
GOATl 040 
GOATI 050 
GOATl060 
GoATl070 
GOA TlOSO 
GoATl 090 
GoATlIOO 
GOATIU 0 
GOATll20 
GoATlIlO 
GDATI140 
GOATI150 



------------------_._---------

DO 175 JahHH 
00 175 Ial,J 
LaL·1 

115 OILlaDILI-STDIII·STDIJI/DF 
LIIO 
DO 180 IahHH 
LsL·I 
SUHSQ msD IL 1 

180 STDIII: SQRTI ABSIDILIII 
C 
C CALCULATE CORRELATION COEFFICIENTS ,. 
" LaO 

DO 190 JahHH 
DO 190 IlIhJ 
LIIL·1 

190 DILlaOILI/ISTDIII·STOIJII 
C 
C CALCULA TE STANDARD DEVIATIONS 
C 

OFaSQRTlDF-1.01 
DO 200 Ial,HH 

200 STDIIlsSTDIIl/OF 
RETURN 
END 

GDATIl60 
GDAT1l70 
GOAT1180 
GDAT1190 
GOATl200 
GDATl210 
GDATl220 
GDATl2JO 
GDATl241) 
GDATl250 
GDATl260 
G0411270 
GDATl280 
GDATl290 
GDATlJOn 
GDATl310 
GDATlJ20 
GDATl330 
GDATl340 
GDATl350 
GDAT-l360 
GDATl370 
GDATl380 
GDATl390 
GDATl400 



... _---_. __ . 

, 
C OR DE 10 
C •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• ORDE 20 
C ORDE 30 
C SUBROUTINE OROER ORDE 40 
C ORDE 50 
C PURPOSE ORDE 60 
C CONSTRUCT FROM A LARGER MATRIX OF CORRELATION COEFFICIENTS ORDE 70 
C A SUBSET MATRIX OF INTERCORRELATIONS AMONG INDEPENDF.NT ORDE 80 
C VARIABLES AND A VECTOR OF INTERCORRELATIONS OF INDEPENDENT OR DE 90 
C VARIABLES lUTH DEPENDENT VARIABLE. THIS SUBROUTINE IS ORDE 100 

1 
C NORMALLY USED IN THE PERFORMANCE OF MULTIPLE AND POLYNOMIAL OR DE 110 
C REGRESSION ANALYSES. ORDE 120 
C OR DE 130 
C USAGE ORDE 140 
C CALL OROER (M,R,NDEP,K,ISAVE,RX,RYI ORDE 150 
C ORDE 160 
C DESCRIPTION OF PARAMETERS ORDE 170 
C 14 • NUMBER OF VARIABLES AND OROER OF MATRIX R. ORDE 180 
C R • INPUT MATRIX CONTAINING CORRELATION COEFFICIENTS. ORDE 190 
C THIS SUBROUTINE EXPECTS ONLY UPPER TRIANGULAR ORDE 200 
C PORTION OF THE SYMMETRIC MATRIX TO BE STORED IBY ORDE 210 
C COLUMNI IN R. ISTORAGE MODE Of' 11 ORDE 220 , C NDEP .• THE SUBSCRIPT NUMBER OF THE DEPENDENT VARIAIlLE. ORDE 230 
C K - NUMBER OF INDEPENDENT VARIABLES TO BE INCLUDED ORDE 240 
C IN THE FORTHCOMING REGRESSION. K MUST BE GREATER ORDE 250 
C THAN OR EDUAL TO 1. OR DE 251 
C ISAVE - INPUT VECTOR OF LENGTH K.! cONTAINING, IN ASCENDING ORDE 260 
C OROER, THE SUBSCRIPT NUMBERS OF K INDEPENDENT ORDE 270 
C VARIABLES TO BE INCLUDED IN THE FORTHCOMING REGRES- OR DE 280 
C SION. ORDE 290 
C UPON RETURNING TO THE CALLING ROUTINE, THI9 VECTOR ORDE 300 
C CONTAINS, IN ADDITION, THE SUBSCRIPT NUMBER or ORDE 310 
C THE DEPENDENT VARIABLE IN K'I POSITION. OR DE 320 
C RX • OUTPUT MATRIX IK X KI CONTAINING INTERCORRELATIONS ORDE 330 
C A140NG INDEPENDENT VARIABLES TO BE USED IN FORTH- ORDE 340 
C COHING REGRESSION. ORDE 350 
C RY • OUTPUT VECTOR OF LENGTH K CONTAINING INTERCOQRELA- ORDE 360 
C TIONS OF INDEPENDENT VARIABLES WITH DEPENDENT ORDE 370 
C VARIABLES. OR DE 3BO 
C ORDE 390 
C REI4ARKS ORDE 400 
C NONE ORDE 410 
C ORDE 420 
C SUBROUTINES AND FUNCTION SUBPROGRA~S REQUIRED ORDE 430 
C NONE ORDE 440 
C ORDE 450 
C METHOD OR DE 460 
C FROM THE SUBSCRIPT NUMBERS or THE VARIABLES TO BE INCLUDED ORDE 470 
C IN THE FORTHCOMING REGRESSION, THE SUBROUTINE CONSTQUCTS THEORDE 480 
C MATRIX RX AND THE VECTOR RY. OR~E 490 
C OR~E 500 
C ••••••••••••••••••••••••• 1. 1 f" l' 1 ••••• 1 ••••• 1 ••••••• 1 •• 1 ••••••••• ORDE 510 
C ORDE 520 

SUBROUTINE OROER IM,R,NDEP,K,ISAVE,RX,RYI ORDE 530 
DIMENSION Rlll,ISAVEIII,RXIII,RYI11 ORDE 540 

C ORDE 550 
C •••••••••••••••••••••••• 1 •••••••••••••••••••••••••••••••••••• •• ORDE .,60 

--- ------_._-_.- --_._- - -------------------_._---.- . - ------------. - -- ---



C 
C 
C 
C 

, 'C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 
C 

C 
C 
C 
C 

IF A DOUBLE PRECISION VERSION OF THIS ROUTINE IS DESIRED. THE 
C IN COLUMN 1 SHOULD BE REMOVED FROM THE DOUBLE PRECISION 
STATEMENT WHICH FOLLOWS. 

DOUBLE PRECISION R.RX.RY 

THE C "UST AL 50 BE REMOVED FROM DOUBLE PRECISION STATE~ENTS 
APPEARING IN OTHER ROUTINES USED IN CONJUNCTION WITH THIS 
ROUTINE. 

OR DE 570 
ORDE 580 
ORDE 591l 
ORDE 600 
ORDE 610 
ORDE 620 
ORDE 630 
ORDE 640 
ORDE 651) 
ORDE 660 
ORDE 670 

••••••••••• ~t ••••••••••••••••••••••••••••••••••••••••• ••••••••• ORDE 680 

COPY INTERCORRELATIONS OF INDEPENDENT VARIABLES 
WITH DEPENDENT VARIABLE 

MM=O 
DO 130 J=ltK 
LZ:zISAVEIJ) 
IFINQEP-LZI lZZ. lZ3. lZ3 

122 L=NOEP.ILZ·LZ-LZI/Z 
GO TO 125 

123 L=L2'INDEP'NDEP-NOEPI/2 
l25 RYIJI=RIL) 

COPY • SUBSET "'fRIX OF INTERCORRELATIONS AMONG 
INDEPENDENT VARI'SLES 

DO 130 1=I.K 
LlalSAVE III 
IFILI-LZ) lZ7. 128. lZ8 

127 L=Ll'ILZ'L2-LZ)/2 
GO TO 129 

128 L=LZ'ILl'LI-LI1/2 
lZ9 MM=HM'1 
130 RXlMH)=RILI 

PLACE THE SUBSCRIPT NUMBER OF THE DEPENDENT 
VARIABLE IN ISAVEIK'}I 

ISAVEIK'))=NDEP 
RETURN 
END 

.... -- .. _---_ .. -... - _._---_.- --- .-- _ ... - ._. ----

ORDE 690 
ORDE 700 
ORDE 710 
ORDE 7Z0 
OR DE 730 
ORDE 740 
OR DE 750 
ORDE 760 
OR DE 771l 
ORDE 780 
OR DE 790 
OR DE Ron 
ORDE 810 
ORDE ~zn 
OR DE 830 
OR DE 840 
ORDE 850 
ORDE 8110 
ORDE 870 
ORDE 880 
OR DE 890 
OR DE 900 
ORDE 910 
OR DE 9Z0 
ORDE 930 
ORDE 941) 
OR DE 951) 
ORDE 960 
OR DE 970 
ORDE 980 
OR DE 990 



-_ ... _------- .. _._-------_. __ ._--_._---------------

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

MINV 10 
•••••••••••••••••••••••••••••••••••••••••••••••••••••• •••••••••••• ~INV 20 

SUBROUTINE HINV 

PURP05E 
INVERT A IIATRIX 

USAGE 
CALL HINVIA,N,D,L,MI 

DESCRIPTION Of PARAMETERS 
A - INPUT MATRIX, DESTROYED IN COMPUTATION AND REPLACED BY 

RESULTANT INVERSE. 
N - OROER Of MATRIX A ° - RESULTANT DETERMINANT 
L - YORK VECTOR Of LENGTH N 
H - WORK VECTOR Of LENGTH N 

REMARKS 
MATRIX A MUST BE A GENERAL MATRIX 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED 
NONE 

METHOD 
THE STANDARD GAUSS-JORDAN METHOD IS USED. THE DETERMINANT 
IS ALSO CALCULATED. A DETERMINANT OF ZERO INDICATES THAT 
THE MATRIX IS SINGULAR. 

MINV 30 
MINV 40 
MINV 50 
MINV 60 
MINV 70 
MINV 80 
MINV 90 
MINV 100 
MINV 111l 
MINV 120 
MINV 130 
MINV 140 
MINV 150 
MINV 160 
MINV 170 
HINV 180 
MINV 190 
MINV 200 
MINV 210 
MINV 220 
MINV 230 
MINV 240 
MINV 250 
MINV 260 
MINV 270 
MINV 280 
MINV 290 
MINV 300 

••••••• Il' Il •••••••• Il •• It •••••••••••• Il Il Il •• It •••••• It Il ........... JNV 310 

SUBROUTINE HINVIA,N,D.L,MI 
DIMENSION AIII,LIII,MIII 

MINV 320 
MINV 330 
MINV 340 
MINV 351l 

••• It •• It •••••••• Il •••• Il ••••••• Il ••••••• It •• , •••••• It •••• It ••• '4INV 360 

IF A DOUBLE PRECISION VERSION OF THIS ROUTINE 15 DESIPED, THE 
C IN COLUMN 1 sHOUlD BE REMOVED FROM THE DOUBLE PRECISION 
STATEMENT IIHICH FOLlOI/S. 

DOUBLE PRECISION A.D.BIGA,HOlD 

THE C MUST Al 50 BE REMOVED FROM DOUBLE PRECISION STATE~ENTS 
APPEARWG IN OTHER ROUTINES USED IN CONJUNCTION IIITH TIlIS 
ROUTINE. 

THE DOUBLE PRECISION VERSION OF THIS SURROUTINE HUST AlSO 
CONTAIN OOUBlE PRECISION FORTRAN FUNCTIONS. ABS IN sTATEMENT 
10 HUsT BE CHANGED TO DABs. 

MINV 370 
MINV 380 
MINV 391l 
MINV 400 
MINV lolO 
MINV 420 
MINV 430 
MINV 440 
MINV 450 
MINV 460 
MINV 470 
MINV 480 
MINV 490 
MINV 500 
MINV 510 

1.,1 ••• Il ••• It ••• It •••• t ••• Il ••• Il •••••••••••••• It ••• Il. tt ••••• Ir4INV 520 

SE ARCH FOR LARGEST ELEMENT 
MINV 1530 
HINV 540 
HINV 550 
HINV 5'0 
MINV 570 



C 

DO 80 K-I,N 
NK=NK.N 
LIK)=K 
MIK)aK 
KK=NK'K 
BIGAzAIKK) 
DO 20 J=K,N 
IZ=N*IJ-1) 
DO 20 I=K,N 
IJ=IZ'I 

)0 IFI ABSIBIGA)- ,\BSIA(lJ))) 15,20,20 
15 BIGA=A IIJ) 

LIK)=I 
MIK)=J 

20 CONTINuE 

C INTERCHANGE ROWS 
C 

C 

JsLIKI 
IFIJ-K) 35,35,25 

2~ KI=K-N 
DO 30 l=l,N 
KI=Kl'N 
HOlOs-AIKIl 
JI=KI-K.J 
AIKIl=AIJIl 

Ji! A IJIl =HOlO 

C INTERCHANGE COLUMNS 
C 

C 

35 laMIKI 
IFII-KI 45,45,38 

38 JP=N* 1 1-1) 
DO 40 J=I,N 
JK=NK.J 
JI=JP.J 
HOLO·-AIJKI 
AlJKI=A IJI 1 

40 AIJII =HOlO 

C DIVIOE COlUMN BV MINUS PIVOT IVALUE OF PIVOT ELEMENT 15 
C CONTAINEO IN BIGAl 
C 

45 IFIBIGAI 48,46,48 
46 0=0.0 

RETURN 
48 DO 55 1=I,N 

IFII-KI 50.55,50 
50 IK=NK'I 

AIIKI=AIIK)/I-BIGAI 
55 CONTINUE 

C 
C REOUCE MATRIX 
C 

DO 65 1=1.N 
IK=NK·I 
HOLDcAlIKI 
IJ=I-N 

MINV 580 
HINV 590 
HINV 600 
HINV 610 
MINV 620 
MINV 631l 
HINV 640 
HINV 650 
HINV 660 
HINV 670 
HINV 6BO 
MINV 690 
HINV 700 
HINV 71 0 
HINV 720 
HINV 730 
HINV 740 
HINV 750 
HINV 760 
HINV 770 
HINV 780 
HINV 790 
HINV 800 
HINV 810 
HINV 820 
HINV 830 
HINV 1140 
HINV 850 
HINV 1160 
HINV 870 
HINV 880 
HINV ~90 

. HINV 900 
HINV 910 
HINV 920 
HINV 930 
HINV 940 
HINV 950 
HINV 960 
HINV cm 
HINV 980 
MINV 990 
HINVIOOO 
HINVIOIO 
HINVI020 
MINVI030 
MINVI040 
HINVIOSO 
MINV1060 
MINVI070 
MINVI O~O 
MINVI090 
MINVIIOO 
MINVIII 0 
MINVI121l 
MINVI13/l 
MINVI140 
MINVl1S0 



DO 6S J=ltN MINVl160 
IJ-IJtN MINVl170 
IFII-KI 60,6$,60 MINV1180 

60 IFIJ-KI 62,6$.62 MINV1190 
62 KJ=IJ-ItK MINV1200 

AIIJI=HOLO'AIKJI'AIIJI MINV1210 
6S CONTINUE MINV1220 

C MINV1230 
C DIV IDE ROW BV PIVOT MINVI240 
C MINVI2S0 

KJ=K-N MINVI260 
DO 7S J=I,N MINV1270 
KJ=KJ'N MINVI280 
IFIJ-KI 70,75,70 MINV1290 

70 AIKJI=AIKJI/BIGA MINVI300 
75 CONTINUE MINVI310 

C MINYl320 
C PROOUCr OF PIVOTS MINVI330 
C MINVIJ41l 

D=O'BIGA MINVI3S0 
C MINV1360 
C REPLACE PIVOT BV RECIPROCAL MINVI371l 
C MINVIJ80 

AIKKI=loO/BIGA MINVI390 
80 CONTINUE MINVI400 

C MINV1410 
C FINAL ROV AND COLUMN INTERCHANGE MINV1420 
C MINVI430 

KaN MINV1440 
100 K-IK-ll MINV1450 

IFIKI 150,ISO.I05 MINVI460 
IDS I=LlKI MINVI470 

IFII-KI 120,120,108 MINV1480 
108 JQ=N'IK-lI MINV1490 

JR=N f lI-ll MINV1500 
DO 110 Ja1tN MINV1510 
JKaJQ'J MINV1520 
HOLD=AIJKI MINVISJO 
JIaJR'J MINVI540 
AIJKla-AIJII MINV1550 

lU A IJII :HOlO MINVI560 
120 JzMIKI MINVI570 

IFIJ-KI 100,100,125 MINVI580 
125 KI=K-N MINVIS90 

DO 130 lal,N MINV1600 
KI:Kl'N MINVl610 
HOlO:A IKII MINVI620 
JlaKI-K'J MINV1630 
A IKII :-A IJII MINVI640 

130 A IJII :HOlO MINVI650 
GO TO 100 MINV1661) 

ISO RETURN MINVI670 
END MINVl1,80 



C MULT 10 
C •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• MULT 20 
C MULT 3n 
C SUBROUTINE "'ULTR MULT 40 
C MULT 50 
C PURPOSE MULT 60 
C PERFORM A MULTIPLE LINEAR REGRESSION ANALYSIS FOR A MULT 70 
C DEPENDENT VARIABLE AND A SET OF INDEPENDENT VARIABLES. THISMULT 80 
C SUBROUTINE IS NORMALLY USED IN THE PERFORMANCE OF MULTIPLE MULT 90 
C AND POLYNOMIAL REGRESSION ANALYSES. HULT 100 
C HULT 110 
C USAGE HULT 120 
C CALL MULTR IN,K,XBAR,STD,D,RX,RY,ISAVE,B,SB.T,ANSI HULT 130 
C HULT 140 
C DESCRIPTION OF PARAMETERS HULT J50 
C N - NUMBER OF OBSERVATIONS. MULT 160 
C K - HUMBER OF lNDEPENDENT VARIABLES IN THIS REGRESSION. HULT 170 
C XBAR - INPUT VECTCQ OF LENGTH ~ CONTAINING MEANS OF ALL MULT 180 
C VARIABLES. " IS NUMBER OF VARIABLES IN OBSERVATIONS.MULT J90 
C STD - INPUT VECT(~ OF LENGTH fil CONTAINING STANDARD DEVI- MULT 200 
C ATIONS OF AlL VARIABLES. MULT 210 
C 0 - INPUT VECT~ OF LENGTH ~ CONTAINING THE DIAGONAL OF MULT 220 
C THE MATRIX. OF SUMS OF CROSS-PRODUCTS OF DEVIATIONS MULT 230 
C FROM "'EANS FOR ALL VARIABLES. MULT 240 
C RX - INPUT MATR'] IK X KI CONTAINING THE INVERSE OF MULT 250 
C INTERCORRftATIONS AHONG INDEPENDENT VARIABLES. MULT 260 
C RY - INPUT VECT~ OF LENGTH K CONTAINING INTERCORRELA- MULT 270 
C TIONS OF INDEPENDENT VARIABLES WITH DEPENDENT MULT 280 
C VARIABLE. MULT 290 
C ISAVE - INPUT VECTOR OF LENGTH Kt l CONTAINING SUBSCRIPTS OF MULT 300 
C INDEPENDENT VARIABLES IN ASCENDING OROER. THE MULT 310 
C SUBSCRIPT OF THE DEPENDENT VARIABLE IS STORED IN HULT 320 
C THE LAST. Kt" POSITION. MULT 330 
C B - OUTPUT VECTOR OF LENGTH K CONTAINING REGRESSION MULT 340 
C COEFFICIENTS. MULT 350 
C SB - OUTPUT VECTOR OF LENGTH K CONTAINING STANDARD MULT 360 
C DEVIATIONS OF REGRESSION COEFFICIENTS. MULT 370 
C T - OUTPUT VECTOR OF LENGTH K CONTAINING T-VALUES. MULT 380 
C ANS - OUTPUT VECTOR OF LENGTH 10 CONTAINING THE FOLLOWING MULT 390 
C INFORMATION.. HULT 400 
C ANsm INTERCEPT MULT 410 
C ANSllI HULTIPLE CORRELATION COEFFICIENT MULT 420 

. C ANSI31 STANDARD ERROR OF ESTIMATE MULT 430 
C AN5141 5UM OF SOUARES ATTRIBUTABLE TO REGRES- HULT 440 
C SION ISSARI MULT 450 
C AN5151 DEGREES OF FREEOOH ASSOCIATED WITH SSAR HULT 460 
C ANSI61 MEAN SQUARE OF SSAR HULT 470 
C ANSI71 SUM OF SQUARES OF DEVIATIONS FROM REGRES- HULT 480 
C SION ISSDRI HULT 490 
C ANSI81 DEGREES OF FREEDOH ASSOCIATED WITH SSDR MULT 500 
C ANSI91 HEAN SQUARE OF SSDR HULT 510 
C ANSIIOI F-VALUE HULT 520 
C HULT 530 
C REHARKS HULT 540 
C N HUST BE GREATER THAN Ktl. HULT 550 
C HULT 560 
C SUBROUTINES ANO FUNCTION 5UBPROGRA~S REQUIRED HULT 570 



-------------------_._--------

C NONE HULT 580 
C HULT 590 
C HETHOD HULT 600 
C THE GAUSS-JORDAN HETHOD 15 USED IN THE SOLUTION OF THE HULT 610 
C NORMAL EOUATIONS. REFER TO W. W. COOLE Y AND P. R. lOHNES, HULT 620 
C 'MULTIVARIATE PROCEDURES FOR THE BEHAVIORAL SCIENCES', HULl 630 
C JOHN WILEY AND SONS, 1962, CHAPTER J, AND B. OSTLE, HULT 640 
C 'STATISTICS IN RESEARCH', THE IOWA STATE COLLEGE PRESS, HULT 650 
C 1954, CHAPTER B. HULT 660 
C HULT 670 
C •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• MULT 680 
C HULT 690 

SUBROUTINE HULTR I~.K.XBAR,STD.D,RX,RY.ISAVE,B,SB.T.ANSI MULl 700 
DIMENSION XBAR IlI.STD 1 11 ,0 IlI.RX III ,RY Ill, ISAVE III ,B IlI.SB Ill. HULT 710 

1 TIll ,ANS III HULT 720 
C HULT 730 
C •••••••••••••••••••••••••••••••••••••••••••••••••••••• • ~ ••••••• ~ULT 740 
C HULT 750 
C IF A DOIJBLE PRECISION VERSION OF THIS ROUTINE IS DESIRED, THE HULT 760 
C C IN C~UHN 1 SHOULD BE REMOVED FROM THE DOUBLE PRECISION HULT 770 
C STATEME~T WHICH fOlLO~S. HULT 780 
C HULT 790 
C DOUBLE PWtICISION XBAlP..STD.D.Rx,RY .8.SB. T ,ANS.R~,BO,SSAR,SSDR,SY, HULT 1100 

1 C 1 fN.HC,SSARH,SSDRH,F HULT 810 
C HULT 1120 
C THE C IMIST AlSO BE REHOVED FR OH DOUBLE PRECISION STAT!MENTS HULT 1130 
C APPEARJltG IN OTHEA' ROUTINES USED IN CONJUNCTION WITH THIS HULT 840 
C ROUTltE .. HULT 850 
C HULT 860 
C THE DOUBLE PRECISION VERSION Of THIS SU8ROUTINE MUST ALSO MULT 870 
C CONTAIN DOUilLE PRECISION fORTRAN fUNCTIONS. SORT AND ARS IN MULT 1180 
C STATEMENTS 122, 125, AND 135 MUST BE CHANGED TO DSQRT AND DABS,MULT 890 
C HULl 900 
C ••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• '4ULT 910 
C HULl 920 

MM-K-l HULT 930 
C HULT 940 
C BETA IIEIGHTS HULT 950 
C HULl 960 

DO 100 J-ltK HULl 970 
100 BIJI=O.O HUll 980 

DO 110 J-l.K HULl 99t) 
Ll=K·IJ-lI HUL TlOOO 
DO 110 l-l,K HULTlOl0 
L-LI-I HULTt020 

110 BIJI-BIJI-RYllleRXILI HULTl030 
RM-O.O HULTl040 
BO-O.o MULTl050 
Ll=ISAVEIMMI MULTlO60 

C MUL TlO7t) 
C COEffICIENT Of DETERMINATION HUL TI 0110 
C MULTl090 

DO 120 I-I,K MULTII 00 
RM-RM.BllleRYII) MUL Till 0 

C HUL TlI20 
C REGRESSION COEFfICIENTS HULTlIJO 
C HULT1\40 

L-ISAVE III HUL TlI50 

- --"- -- _.~----- -_._ .• -- ---- -~-------_._.-. -----.-... ~ 



C 
C INTERCEPT 
C 

C 

120 BO=BOtBIII*XBARILI 
BO=XBAR ILII-BO 

C SUM OF SQUARES ATTRIBUTABLE TO REGRESSION 
C 

SSAR=RM*D ILlI 
C 
C MULTIPLE CORRELATION COEFFICIENT 
C 

122 RH= SQRTI ABSIR~II 
C 
C SUN OF SQUARES OF DEVIATIONS FROM REGRESSION 
C 

SSDR=O ILlI-SSAR 
C 
C VARIANCE OF ESTIHATE 
C 

C 

FN=N-K-l 
Sy=SSOR/FN 

C STANDARD DEYIATIONS OF REGRESSION COEFFICIENTS 
C 

00 130 J=ltK 
LlaK*IJ-I)tJ 
L=ISAVEIJ) 

125 SBIJ)= SORTI ABSIIRXILl)/DIL))*SY)) 
C 
C COMPUTED T-YALUES 
C 

130 TIJ)=BIJ)/SBIJ) 
C 
C STANDARD ERROR OF ESTIMATE 
C 

135 SV. SORTI ABSISYI) 
C 
C F YALUE 
C 

C 

FK=K 
SSARH=SSAR/FK 
SSDRH=SSDR/FN 
hSSARM/SSDRM 

ANSIII =BO 
ANSIZI=RH 
ANSI31=SY 
ANSI41=SSAR 
ANSI51=FK 
ANSI61=SSARH 
ANSI71=SSOR 
ANSI81=FN 
ANSI91=SSORH 
ANS 1l01=F 
RETURN 
ENO 

MULT1160 
MUL T1170 
MULT1180 
MUL T1190 
MULT1200 
MULT1210 
MUL T1220 
MULTI230 
MULT1240 
MUL T1250 
MUL T1260 
MULT1270 
MUL T1280 
MUL Tl290 
MULTl300 
MULTllla 
MULTlJZO 
MULTlJJO 
MULTlJ40 
MULT1J50 
MULTlJ60 
MULT1J70 
MULTlJ80 
MULTlJ90 
MULTl4GO 
MULT1410 
MUL Tl4Z0 
MUL Tl430 
MULTl440 
MULT1450 
MUL Tl460 
MULTl470 
MUL Tl4BO 
MUL Tl490 
MULTl500 
MUL Tl510 
MULTl520 
MUL Tl530 
MULTl540 
MULTl550 
MULTl560 
MULT1570 
MULTl580 
MULTl590 
MULTl600 
MUL Tl61 0 
MUL Tl6Z0 
MUL Tl (,30 
MULTlr,40 
MUL Tl650 
MULTl660 
MULTl670 
MUL Tl680 
MULTl690 
MUL Tl700 
MUL Tl710 
MUL TI 720 
MUL Tl730 



C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 
C 

C 
C 
C 
C 

C 
C 
C 
C 

C 
C 
C 
C 
C 
C 
C 

ANOV 10 
•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• ANOV 20 

SAMPlE MAIN PROGRAM FOR ANAlYSIS OF VARIANCE - ANDVA 

PURPOSE 
Il' RE AD THE PROBlEH PARAMETEP CARO FOR ANAlYSI! OF VARI­
ANCE. C21 CAlL THE SUBROUTINES FOR THE CAlCUlATION OF SUMS 
OF SQUARES, DEGREES OF FREEDO~ AND MEAN SQUARE. AND 
131 PRINT FACTOR lEVElS, GRAND ~EAN AND ANALYSIS OF VARI-
ANCE TABLE. . 

ANOV 30 
ANOV 40 
ANOV 50 
ANOV 60 
ANOV 70 
ANOV 80 
ANOV 90 
ANOV lOO 
ANOV 110 
ANOV 120 

REMARKS ANOV 130 
THE PROGRAM HANDlES ONlY COMPLETE rACTORIAl DESIGNS. THERE-ANOV 140 
rORE. OTHER EXPERIMENTAL DESIGN MUST BE REDUCED TO THIS rORMANOV 150 
PRIOR TO THE USE or THE PROGRAM. ANOV 160 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED 
AVDNT 
AVCAl 
MEANO 

METHOD 
T~ METHOD IS BASED ON THE TECHNIQUE DISCUSSED BY H. O. 
HAR~LEY IN 'MATHEMATICAl METHDDS FOR DIGITAL COMPUTERS', 
ED~D BY A. RAlSTON AND H. WllF, JOHN WIlEY AND SONS. 
19~1. CHAPTER 20. 

ANOV 170 
ANOV 180 
ANOV 190 
ANOV 200 
ANOV 210 
ANOV 220 
ANOV 230 
ANOV 240 
ANOV 250 
ANOV 260 
ANOV 270 
ANOV 280 

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• ANOV 290 

THE rOllO~ING DIMENSION MUST BE GREATER THAN OR EQUAl TO THE 
CUMULATIVE PRODUCT OF EACH rACTOR LEVEl PLUS ONE ClEVElCII.ll 
FOR 1-1 TO K, WHERE K IS THE NUMBER OF FACTORS •• 

DIMENSION XIJOOOI 

THE FOllOWING DIMENSIONS MUST BE GREATER THAN OR EQUAl TO THE 
NUMBER or FACTORS •• 

DIMENSION HEADI61.lEVElI6I,ISTEPI61.KOUNTI6I,lASTSI61 

THE rOllOWING DIMENSIONS MUST BE GREATER THAN OR EQUAl TO 2 TO 
THE K-TH POWER MINUS 1. 112"KI-II •• 

DI~ENSION SUMSQI631,NDFI631,SMEANI631 

ANOV 300 
ANOV 310 
ANOV 320 
ANOV 330 
ANOV 340 
ANOV 350 
ANOV 360 
ANOV 370 
ANOV 380 
ANOV 390 
ANOV 400 
ANOV 410 
ANOV 420 
ANOV 430 
ANOV 440 
ANOV 450 
ANOV 460 

THE FOllO~ING DIMENSION 15 USED TO PRINT FACTOR lABELS IN ANALYSISANOV 470 
OF VARIANCE TABLE AND IS FIXED.. ANOV 480 

ANOV 490 
ANOV 500 

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• ,ANOV 510 

Ir A DOUBLE PRECISION VERSION OF THIS ROUTINE IS DESI~ED, THE 
C IN COlUMN 1 SHOULD BE REMOVED FROM THE DOUBLE PRECISION 
STATEHENT WHICH FOllOWS. 

DOUBLE PRECISION X,GMEAN,SUMSQ.SMEAN,SUM 

ANOV 520 
ANOV 530 
ANOV 540 
ANOV 550 
ANOV 560 
ANOV 570 



C 
C 
C 
C 
C 
C 
C 

C 
C 
C 
C 
C 

THE C MUST ALSO 8E REMOVED FROMoDOUBLE PRECISION STATEMENTS 
APPEARING IN OTHER ROUTINES USED IN CONJUNCTION IIITH THIS 
ROUTINE. 

ANOV 580 
ANOV 590 
ANOV 600 
ANOV 610 
ANOV 620 

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• ANOy 630 
ANOV 640 

1 FORMAT 1A4,A2,I2,A4,3X, lllAh 1411 lAit 14,Ah 14,Al, 14,Al, 14,Ah 1411 ANOV 650 
2 FORMATI26klANALYSIS OF VARrA~C[ ••••• A4,A211) ANOV 660 
3 FORMATI18HOLEVELS OF FACTORS/IJX,AI,7X,1411 ANOV 670 
4 FORMATIIHOIII1H GRAND HEANF20.511111 ANOV 680 
5 FOR"'AT 110HOSOUI1CE OF 18)(, 7HSUHS onox, 10HDEGREES OF9X,4HMEAN/I0H VAANOV 690 

lRIATION18X,7HSaUARES11X,7HFREEDOMI0x,7HSaUARES/) ANOV 700 
6 FORMATIIH 15Al,F20.5,10X,16,F20.51 ANOV 710 
7 FORMATI6H TOTALIOX,F20.5,10X,161 ANOV 720 
8 FORHATI12F6.0) ANOV 730 

ANOV 740 
•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• ANOy 750 

READ PROBLEM PARAMETER CARO 

llUD READ 15,11 Pr,..,pRltK,BLANK, IHEADUI ,LEVELII),I=hKI 
C PR ••••• PROlillll NUMBER IMAY BE ALPHAMERIC) 

ANOV 760 
ANOV 770 
ANOV 780 
AND V 790 
ANOV 800 
ANOV 810 
ANOV 820 
ANOV 830 
ANOV 840 
ANOV 850 
ANOV 860 
ANOV 870 
ANOV 880 
ANOV 890 
ANOV 900 
ANOV 910 
ANOV 920 
ANOV 930 
ANOV 940 
ANOV 950 
ANOV 960 
ANOV 970 
ANOV 980 
ANOV 990 
ANOV1000 
ANOV10IO 
ANOV1020 
ANOV1G30 
ANOV1040 
ANOVI050 
ANOV1060 
ANOV1070 
ANOV10!!0 
ANOV1090 
ANOVllOO 
ANOV111 0 
ANOVll2n 
ANOVl13n 
ANOV1140 
ANOVI150 

C PRI •••• PROf.llfM NUMBER ICONTINUEDI 
C K •••••• NUI(t(8! OF FACTORS 
C BL ANK •• BLAf1IJ fI EL 0 
C HEAD ••• FAC1'OR LABELS 
C LEVEL •• LEv:-nS OF FACTORS 
C 
C 
C 

C 
C 
C 

C 
C 
C 

'C 

PRINT PROBLEHoNUMBER AND LEVELS OF FACTORS 

WRITE 16,2) PR,PRI 
WRITE 16,3) IHEADIII,LEVELIII,IItI,KI 

CALCULATE TOTAL NUMBER OF DATA 

NltLEVELll1 
DO 102 Ilt2,K 

102 NlINtLEVEL III 

READ ALL INPUT DATA 

READ 15,81 IXIII,I=I,NI 

CALL AVDAT IK,LEVEL,N,X,L,ISTEP,KOUNTI 
CALL AVCAL IK.LEVEL,X,L,ISTEP,LASTSI 
CALL MEANO IK,LEVEL ,X,GMEAN.SUMsa.NOf' .SMEAN, ISTEP.KOUNT ,LASTSI 

C 
C 
C 

C 
C 
C 

PRINT GRAND MEAN 

WRITE 16,41 GMEAN 

PRINT ANALYSIS OF VARIANCE TABLE 

"RITE 16,51 
LLaI2"KI-1 
ISTEP I11a1 
00 105 Ilt2,K 

0 __________ 0__ _0 



lOS ISTEP CII-O 
DO 110 I-lt15 

110 FMTIII=BLANK 
NN-O 
SUMaO.O 

120 NN=NNtl 
L=O 
DO 140 I-l.K 
FMTIII=BLANK 
IFIISTEPIIII 130. 140. 130 

130 LaL'1 
FI4T1LI =HEAD III 

140 CONTINUE 
VRITE 16.61 IFMT Il'' 1=1,151. SUMSQ INNI ,NOf'UIU ,SMEAHINNI 
SUM=SUM'SUMSQINNI 
IFINN-LLI 145, 170, 170 

145 DO 160 I:t1.K 
IF IISTEP Il Il 147. ISO. 147 

147 ISTEPIII=O 
GO TO 160 

150 ISTEPlIl al 
GO TO 120 

160 CONTINUE 
170 N=N-l 

VRITE (6.71 SUM,N 
GO TO 100 
END 

ANOV1l60 
ANOV1170 
ANOV1180 
ANOV1l90 
ANOV12110 
ANOV1210 
ANOV1220 
ANOV1230 
ANOV1240 
ANOV1250 
ANOV1260 
ANOV1270 
ANOV1280 
ANDV1290 
ANOV1300 
ANOV1310 
ANOV1320 
ANOV1330 
ANOV1340 
ANOV1350 
ANOV1360 
ANOV1370 
ANOV1380 
ANOV1390 
ANOV1400 
ANOV1410 
ANOV1420 



c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
C 
C 
C 
C 
C 
C 
C 
C 

.C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

AVOA 10 
•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• AVDA 20 

SUBROUTINE AVoAT 
AVOA JO 
AVOA 40 
AVOA 50 

PURPOSE AVOA 60 
PLACE OATA FOR ANAlYSIS OF VA~IANCE IN PROPERlY OISTRIBUTED AVDA 70 
POSITIONS OF STORAGE. THIS SUBROUTINE IS NORMAllY FOllOWED AVOA 80 
BY CAllS TO AVCAl AND MEANO SU8ROUTINES IN THE PERFORMANCE AV DA 90 
OF ANAlYSIS OF VARIANCE FOR A COMPLETE FACTORIAL DESIGN. AV DA 100 

USAGE 
. CAll AVoAT IK,lEVEl,N,X,L,ISTEP,KOUNT) 

AV DA 110 
AVOA 120 
AVOl 130 
AVOA 140 

DESCRIPTION OF PARAMETERS AVDA 150 
K - NUMBER OF VARIABLES IFACTORSI. K MUST BE .GT. ONE. AVOA 160 
lEVEL - INPUT VECTOR OF LENGTH K CONTAINING lEVElS ICATE- AVOA 170 

N 
X 

l 

GORIESI WITHIN EACH VARIABLE. AVOA 180 
- TOTAL NUMBER OF OATA POINTS REAO IN. AVOA 190 
- WHEN THE SUBROUTINE IS CALLED, THIS VECTOR CONTAINS AVOA 200 

DATA IN lOCATIONS XIII THROUGH ~IN). UPON RETU~NINGAVOA 210 
TO THE CAlLING ROUTINE, THE VECTOR CONTAIN5 THE oATAAVoA 220 
IN PROPERLY REoISTRIBUTEo LOCATIONS OF VECTOR X. AVol 230 
THE lENGTH OF VECTOR X IS C.LCULATEo BY Il) AooING AVol 240 
ONE TO EACH lEVEL OF VARIABLE AND (2) OBTAINING THE AVol 250 
CUMULATIVE PROoUCT OF ALl LEVELS. ITHE LENGTH OF AVoA 260 
X • IlEVELlll+ll t ILEVEL (2) tll'. 01' ILEVEl IK) +11.1 AVoA 270 

- OUTPUT VARIABLE CONTAINING THE POSITION IN VECTOR X AVoA 290 
WHERE THE LAST INPUT DATA IS STOREo. AVoA 290 

ISTEP - OUTPUT VECTOR OF LENGTH K CONTAINING CONTROL STEPS AVoA 300 
IIHICH ARE USEo TO lOCAlE DATA IN PROPER POSITIONS' AVoA 310 
OF VECTOR X. AVoA 320 

KOUNT - WORKING VECTOR OF lENGTH K. AVOA 330 
AVoA 340 

REMARKS AVoA 350 
INPUT oAT. MUST BE ARRANGEo IN THE FOlLOIIING MANNER. AVoA 360 
CONS 10ER THE 3-VARIABLE AN~LYSIS OF VARIANCE DESIGN. IIHERE AVoA 370 
ONE VARIABLE HAS 3 LEVELS AND THE OTHER TIIO VARIABLES HAVE AVDA 380 
2 lEVELS. THE DATA MAY BE REPRESENfEo IN THE FORM XII,J,K),AVoA 390 
1.1,2,3 Jal,Z K~I,2. IN ARRANGING DATA, THE INNE~ AVOA 400 
SUBSCRIPT, NAMELY l, CHANGES FIRST. IIHEN 1=3, THE NEXT AVoA 410 
INNER SUBSCRIPT, J, CHANGES AND SO ON UNTIL 1=3, J=2, AND AVoA 420 
Ka2. AVoA 430 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIREo 
NONE 

METHOo 
THE METHOo IS BASEo ON THE TECHNIQUE DISCUSSEo BV H. O. 
HARTLEY IN 'MATHEMATICAL HETHOoS FOR DIGITAL COMPUTERS', 
EolTEo 8V A. RALSTON AND H. IIILF, JOHN WILEV AND SONS, 
1962, CHAPTER 20. 

AVoA 440 
AVoA 450 
AVoA 460 
AVoA 470 
AVoA 481) 
AVoA 490 
AVoA 5011 
AVOA 510 
AVoA 520 
AVoA 530 

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• AVOA 540 

SUBROUTINE AVoAT IK,LEVEL,N,X,L,ISTEP,KOUNTI 
DIMENSION LEVELlll,XIII,ISTEPIII,KOUNTIII 

AVoA 550 
AVoA 560 
AVoA 570 



C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 
C 

C 
C 
C 
C 

C 
C 
C 

AVOA 1580 
••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• AVDA 590 

Ir A OOUBLE PRECISION VERSION or THIS ROUTINE IS OESIREn. THE 
C IN COLUMN 1 SHOULO BE REMOVEO FROM THE DOUBLE PRECISION 
STATEMENT WHICH FOLLOWS. 

DOUBLE PRECISION X 

THE C MUST _LSO BE REMOYEO rROM DOUBLE PRECISION STATEMENTS 
APPEARING IN OTHER ROUTINES USEO IN CONJUNCTION WITH THIS 
ROUTINE. 

AVOA 600 
AVOA 610 
AVOA 620 
AVOA 630 
AVOA 640 
AVOA 650 
AVOA 660 
AVOA 670 
AVOA 680 
AVOA 690 
AVOA 700 

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• AVDA 710 

CALCULA TE TOTAL DATA AREA REQUIREO 

M.LEVEL (11 01 
00 lOS IcZ.K 

lOS M:rMe(LEVEL 111 011 

MOVE DATA TO THE UPPER PART OF THE ARRAY X 
rOR THE PURPOSE OF RE ARRANGEMENT 

NI-Mol 
NZ-Noi 
00 107 I-hN 
NI-Nl-l 
NZcN2-1 

107 X (Nil-X (NZI 

AVDA 720 
AVOA 730 
AVOA 740 
AVOA 750 
AVOA 760 
AVOA 770 
AVOA 780 
AVOA 790 
AVOA 800 
AVOA 810 
AVOA 820 
AVOA 830 
AVOA 840 
AVOA 850 
AVOA B60 
AVOA B7n 
AVOA BBO 

CALCULATE MULTIPLIERS TO BE USEO IN FINOING STORAGE LOCATIONS FOR AVOA 890 
INPUT DATA AVOA 900 

ISTEP 111-1 
00 110 I-Z.K 

110 ISTEPII 1 -ISTEP 11-1 l'ILEVEL 11-1 1 01 1 
00 115 I=I.K 

liS KOUNT III al 

PLACE DATA IN PROPER LOCATIONS 

NlaNI-1 
00 135 l::rltN 
LDKOUNT III 
00 lZn J:r2.K 

120 L=LoISTEPIJl eIKOUNTIJI-11 
NI::rNI'1 
XILlaXINII 
00 130 JaltK 
IFIKOUNTlJI-LEVELlJII IZ4. 125. 124 

IZ4 KOUNTIJ)::rKOUNTIJ)'1 
GO TO 135 

125 KOUNT IJI-I 
130 CONTII,UE 
135 CONTINuE 

RETURN 
END 

AVOA 910 
AVOA 920 
AVOA 930 
AVOA 940 
AVOA 950 
AYOA 960 
AVOA 970 
AVOA 980 
AVOA 990 
AVOAIOOO 
AVOAIOIO 
AVOAIOZO 
AVOAI030 
AVOAI040 
AYOAIOSO 
AYOAI060 
AVOAI070 
AVOAIOao 
AVOAI090 
AVOAIIOO 
AVOAI1l0 
AYOAIIZO 
AVOAl\ 30 
AVOAI140 
AVOAIISO 



C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

._--------------_ .. _-

AVCA 10 
•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• AveA 20 

SURROUTINE AVCAL 

PURPOSE 
PERFORM THE CALCULUS OF A FACTORIAL EXPERIHENT USING 
OPERATOR SIGMA AND OPERATOR DELTA. THIS SUBROUTINE IS 
PRECEDED BY SURROUTINE ADVAT AND FOLLOI/ED BY SUBROUTINE 
HEANQ IN THE PERFORMANCE OF ANALYSIS OF VARIANCE FOR A 
COMPLETE FACTORIAL DESIGN. 

USAGE 
CALL AVCAL CK,LEVEL,X,L,ISTEP,LASTSI 

AVCA 30 
AVCA 40 
AVCA 50 
AVCA 60 
AVCA 70 
AVCA 80 
AVCA 90 
AVCA 100 
AVCA 110 
AVCA 120 
AVCA 130 
AVCA 140 
AVCA 150 

DESCRIPTION' OF PARAMETERS AVCA 160 
K - HUMBER OF VARIABLES IFACTORSI. K MUST BE .GT. ONE. AVCA 170 
LEVEL - INPUT VECTOR OF LENGTH K CONTAINING LEVELS ICA TE- AVCA 180 

&ORIESI WITHIN !rACH VARIABLE. AVCA 190 
X 

L 

- INPUT VECTOR CONaAINING DATA. DATA HAVE BEEN PLACEDAVCA 200 
IN VECTOR X BY SUBROUTINE AVDAT. THE LENGTH OF X AVCA 210 
15 ILEVELl11+II-CLEVELC21 t ll* ••• *ILEVELCKI+I'. AVCA 220 

-rHE POSITION HI; VECTOR X WhERE ThE LAST INPUT DATA AVCA 230 
IS LOCATED. L ijAS BEEN CALCULATED BY SUBROUTINE AVCA 240 
AVDAT. AVCA 250 

ISTEP - INPUT VECTOR OF LENGTH K CONTAINING STORAGE CONTROL AVCA 260 
STEPS WHICH HAVE BEEN CALCULATED BY SUBROUTINE AVCA 270 
AYDAT. AVCA 280 

LASTS - VORKING VECTOR OF LENGTH K. AVCA 290 

REMARKS 
THIS SUBROUTINE MUST FOLLOW SUBROUTINE AVDAT. 

SUBROUTINES AND FUNCTION SUBPROGRA~S REQUIRED 
NONE 

METHOD 
THE METHOD IS BASED ON THE TECHNIQUE DISCUSSED BY H. O. 
HARTLEY IN 'MATHEHATICAL METHODS FOR DIGITAL COMPUTERS', 
EDITED SY A. RALSTON AND H. WILF, JOHN WILEY AND SONS, 
1962, CHAPTER 20. 

AVCA 300 
AVCA 310 
AVCA 320 
AVCA 330 
AVCA 340 
AVCA 350 
AVCA 360 
AVCA 370 
AVCA 380 
AVCA 390 
AVCA 400 
AVCA 410 
AVCA 420 

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• AveA 430 

SUBROUTINE AVCAL IK,LEVEL,X,L,ISTEP,LASTSI 
DIHENSION LEVELIII,XIII,ISTEPIII,LASTSIII 

AVCA 440 
AVCA 450 
AVCA 460 
AVCA 470 

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• AVCA 480 

IF A DOUBLE PRECISION VERSION OF THIS ROUTWE IS DESIPED, THE 
C IN COLUMN 1 SHOULD BE REHOVED rROM THE DOUBLE PRECISION 
STATEMENT \lHICH FOLLO.S. 

DOUBLE PRECISION X,SUM 

THE C MUST ALSO qE REHOVED FROM DOUBLE PRECISION STATE~ENTS 
APPEARING IN OTHER ROUTWES USED IN CONJUNCTION IIITH THIS 

AVCA 490 
AVCA 500 
AveA 5111 
AVCA 520 
AVCA 530 
AveA 540 
AveA 550 
AveA 560 
AveA 570 



C 
C 
C 
C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

ROUTINE. AVCA 580 
AVCA 590 

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• AVCA 600 

CALCULATE THE LAST DATA POSITION Of EACH fACTOR 

LASTStlI=Lt l 
DO 145 Is:2,K 

145 LASTSIII=LASTSII-ll t ISTEPCII 

PERfORM CALCULUS Of OPERATION 

ISO 00 175 I.l,K 
L=1 
LLs:l 
SUM·O.O 
NN=LEVELIII 
fN=NN 
INCRE=ISTEP(J) 
LAST:oLASTSIII 

SIGMA OPERATION 

155 DO 160 J=I,NN 
SUMs:SUMtX ILl 

160 L=LtINCRE 
X III ~SUM 

DEL TA OPERATION 

DO 165 J=\lNN 
XILLI=fN*XILLI-SUM 

165 LL=LLtINCRE 
SUMs:O.O 
IFIL-LASTI 167, 175, 175 

167 IfIL-LASTtINCREI 168. 168, 170 
168 L=LtINCRE 

LL·LLtJNCRE 
GO TO 155 

170 L=LtINCREtl-LAST 
LL·LLtJNCRE t l-LAST 
GO TO 155 

175 CONTINUE 
RETURN 
END 

AVC", 610 
AVC", 620 
AVCA 630 
AVCA 640 
AVCA 650 
AVCA 660 
AVCA 670 
AVCA 680 
AVCA 690 
AVCA 700 
AVCA 710 
AVCA 720 
AVCA 730 
AVCA 740 
AVCA 750 
AVCA 760 
AVCA 770 
AVCA 780 
AVCA 790 
AVCA 800 
AVCA 810 
AVCA 820 
AVCA B30 
AVCA 840 
AVCA 850 
AVCA 860 
AVCA 870 
AVCA 880 
AVCA 890 
AVCA 900 
AVCA 910 
AVCA 920 
AVCA 930 
AVCA 940 
AVCA 950 
AVCA 9&0 
AVCA 970 
AVCA 9BO 
AVCA 990 
AVCA1000 
AVCAIOI0 
AVCAI020 



C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C' 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

'C 
C 
C 
C 
C 
C 
C 
C 
C 

c 
C 

MEAN 10 
•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• MEAN 20 

SUBROUT INE MEANO 
MEAN 30 
MEAN 40 
MEAN 50 

PUR POSE MEAN 60 
COMPUTE SUM OF SQUARES, DEGREES OF FREEDOM, AND MEAN SQUARE MEAN 70 
USING THE ~EAN SQUARE OPERA TOR. THIS SUBIlOUTlNE NOR"4ALLY MEAN BD 
FOLLOWS CALLS TO AVDAT AND AVCAL SUBROUTINES IN THE PER- MEAN 90 
FORMANCE OF ANALYSIS OF VARIANCE FOR A COMPLETE FACTORIAL MEAN 100 
DESIGN. MEAN 110 

USAGE 
CALL MEANQ (K,LEVEL,X,GMEAN,SUMSQ,NDF,SMEAN,MSTEP,KOUNT, 

LASTSI 

MEAN 120 
MEAN 130 
MEAN 140 
MEAN ISO 
MEAN 160 

DESCRIPTION OF PARAMETERS MEAN 170 
K - NUMBER OF VARIABLES (FACTORSI. K MUST BE .GT. ONE. MEAN IBO 
LEVEL - INPUn VECTOR OF LENGTH ~ CONTAINING LEVELS (CATE- MEAN 190 

GORIESI WITHIN EACH VARIABLE. MEAN 200 
1 - INPlf.\'l' VECTOR CONTAINING THE RESULT OF THE SIGMA AND MEAN 210 

DEh::l' OPERATORS. THE LENGTH OF X IS MEAN 220 
(Llt:'RllI.lI' (LEVEL (21.!I' ... • (LEVELlKI.lI. MEAN 230 

GHEAN - OU1'Pl1il VARIABLE CONTAINING GRAND MEAN. "'EAN 240 
SUMSQ - OU'rpU-T VECTOR CONTAIIHNG SU~S OF SQUARES. THE "4EAN 250 

LENGTH OF SUMSQ IS 2 TO THE K-TH POWER MINUS ONE, MEAN 260 
12u1(')-I. MEAN 270 

NDF - OUTPUT VECTOR CONTAINING DEGREES OF FREEDOM. THE MEAN 280 
LENGTH OF NOF IS 2 TO THE K-TH POWER MINUS ONE, MEAN 290 
12"KI-l. MEAN 300 

SMEAN - OUTPUT VECTOR CONTAINING MEAN SQUARES. THE MEAN 310 
LENGTH OF SMEAN IS 2 TO THE K-TH POWER MINUS ONE, MEAN 320 
(2"KI-I. MEAN 330 

MSTEP - WORKING VECTOR OF LENGTH K. MEAN 340 
KOUNT - WORKING VECTOR OF LENGTH K. MEAN 350 
LASTS - WORKING VECTOR OF LENGTH K. MEAN 360 

REMARKS 
THIS SUBROUTINE MUST FOLLOW SUBROUTINE AVCAL 

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED 
NONE 

METHQO 
THE METHOO IS BASED ON THE TECH~IOUE DISCUSSED BY H. O. 
HARTLEY IN 'MATHE!lATtCAL METHOOS FOR DIGITAL COMPUTERS', 
EDITED BY A. RALSTON AND H. IIILF, JOHN IIlLn AND SONS, 
1962, CHAPTER 20. 

MEAN 370 
MEAN 380 
MEAN 390 
MEAN 400 
MEAN 410 
MEAN 420 
MEAN 430 
MEAN 440 
!lE AN 450 
MEAN 460 
MEAN 4711 
!lEAN 480 
MEAN 490 

Il , ••••••••••••••• " •••• Il •••• Il Il ••••••••••••••••• Il ••• Il •••••••• "'EAN c;on 

SUBROUTINE MEANO (K,LEVEL,x,GHEAN,SUHSO,NOF,SMEAN,MSTEP,KOUNT, 
!lE AN 510 
MEAN 520 
MEAN 530 
!lEAN 5411 
MEAN 550 
MEAN 560 

1 LASTSI 
DIMENSION LEVEL (11 ,x (11 ,SUHSQ( II ,NDF (11 ,SHEAN (II,MSTEP( II, 

1 KDUNT(lI,LASTSIlI 

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• I.1EAN 510 

, ___ , __ , ___ J, 



C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 

C 
C 
C 

C 
C 
C 

c 
C 
C 

------------_. __ ._--------------

If A DOUBLE PRECISION VEP510N OF THIS ROUTINE IS DESIRED, THE 
C IN COLUMN 1 SHOULO BE REMOVED FROM THE DOUBLE PRECISION 
STATEMENT WHICH FOLLOWS. 

DOUBLE PRECISION X,GMEAN,SUHSQ,SHEAN,FN1 

THE C MUST ALSO BE REMOVEO FROM DOUBLE PRECISION STATEMENTS 
APPEARING IN OTHER ROUTINES USEO IN CONJUNCTION WITH THIS 
ROUTINE. . 

MEAN 580 
MEAN 590 
MEAN 600 
MEAN 610 
MEAN 620 
MEAN 630 
MEAN 640 
MEAN 650 
MEAN 660 
MEAN 6711 
MEAN 680 

••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• MEAN 690 
MEAN 700 

CALCULATE TOTAL NUMBER OF DATA 

NsLEVELCl1 
DO 150 1=2,K 

150 N=N·LEVEL III 

SET UP CONTROL FOR MEAN SQUARE oPERA TOR 

LASTSCll=LEVELCl1 
DO 178 I=2,K 

178 LASTSCII=LEVELIII'1 
NNsl 

CLEAR THE AREA TO STORE 5UMS OF SQUARES 

LL=C2"KI-1 
MSTEPCll=1 
00 180 I=2.K 

180 MSTEPCIlsHSTEPCl-11·2 
DO 185 Ia1.LL 

185 SUMSQ CIl =0.0 

PERFORH MEAN SQUARE OPERA TOR 

00 190 I=ltK 
190 KOUNTC 11-0 
200 L=O 

DO 260 I=I,K 
IFCKOUNTCII-LASTSCIII 210, 250, 210 

210 IFCLI 220, 220, 240 
220 KOUNTCII=KOUNTCII'l 

IFCKOUNTCII-LEYELCIII 230. 230, 250 
230 L=L .HSTEP CIl 

GO TO 260 
240 IFCKOUNTC!)-LEYELCI)) 230. 260, 230 
250 KOUNTC!):O 
260 CONTINUE 

IFCL) 285, 285, 270 
270 SUMSOCL)aSUMSOCL)·XCNN)·JI~N) 

HN-NN'1 
GO TO 200 

CALCULATE THE GRAND MEAN 

285 FN=N 

MEAN 710 
MEAN 720 
MEAN 730 
MEAN 740 
MEAN 750 
MEAN 760 
MEAN 770 
MEAN 780 
MEAN 790 
MEAN 800 
MEAN 810 
MEAN 820 
MEAN 830 
MEAN 840 
MEAN 850 
MEAN A60 
MEAN 870 
MEAN 880 
MEAN 990 
ME4N 900 
MEAt! 910 
MEAN 920 
MEAN 930 
MEAN 940 
MEAN 950 
l'EAN 960 
MEAN «170 
MEAt4 980 
MEAN 990 
MEANI000 
MEAHI0I0 
MEAN 1 020 
MEANI030 
IIEA"II040 
MEAN1050 
MEAN1060 
MEAN1070 
Io'EAN1080 
HEAN1090 
IoIEAN1100 
HEAH1110 
MEAN1120 
HEAN1130 
HEAN1140 
Io'EAN11s0 



------------------

GMEAN=XINNI/FN MEANl160 
C MEAN1170 
C CALCULATE FIRST DIVISOR REQUIRED TO FORM SUM OF SQUARES AND SECONDMEANl\80 
C DIV[SOR, WHICH [S EQUAL TO DEGREES OF FREEDOM. REQUIRED TO FORM MEAN\\90 
C MEAN SQUARES MEAN1200 
C MEAN12l0 

DO 310 [=2,K MEAN1220 
310 MSTEPIII=O MEAN1230 

NN-O MEAN1240 
MSTEPIlI=l MEAN1250 

320 NDl=l MEAN1260 
ND2=1 MEAN1270 
DO 340 I=l.K MEAN1280 
[FIMSTEPI[II 330. 340. 330 MEAN1290 

330 NOl=NOl*LEVELIII MEAN1300 
N02=ND2*ILEVELIII-II MEAN13l0 

34110 CONTINUE MEAN1320 
FNl=N*NDl MEAN1330 
FN2=N02 MEAN1340 
NN-NNt\ MEAN\350 
SUMSQINNI=5UMSQINNI/FN\ MEAN1360 
NOFINNI "NO;~ MEAN1370 
SMEAN INNI :.~.9/ofSQINNIIFN2 MEAN1380 
IFfNN-LLI ';.~. 370. 370 MEAN1390 

34~ 00 360 l=hK MEAN1400 
[FfMSTEPIIIII 347. 350, 347 MEAN\410 

JfPI HSTEPIII=O MEAN1420 
GO TO 360 MEAN1430 

35i1l MSTEPIII=l MEAN1440 
GO TO 320 HEAN1450 

360; CONTINUE MEAN1460 
37/r. RETURN MEAN1470 

END MEAN1480 

._-... ---------- ."- ----- _._-.-._--_ .. - - - - ------------- ---


