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Abstract

This experimental investigation into the low-cycle fatigue response
of fiberglass-reinforced polyester laminates considered the effects of vary-
ing test mode (tension/flexure), fiberglass/resin ratio, and minimum stress
level, in an aqueous environment at ambient temperatures. Quasi-static
strength tests, on which a formal factorial analysis of variance was per-
formed, served as reference data. It was established that the energy input
during cyclic testing is more significant than the material properties, and
that longer fatigue lives and less strength degradation are generally appa-
rent in the flexural stressing mode, the higher fiberglass/resin ratio and

the non-zero (20% of ultimate) minimum stress level.
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Low-Cycle Fatigue Study of Fiberglass-Reinforced

Plastic Laminates

1. Introduction

1.1 General

Current uses of composite materials include various military and si-
milar structures such as those in aerospace and deep-submergence structures
(1), transportation vehicle components (2), sub-terranean structures (3) and
buildings (4), (5). The decisive criteria motivating the increased utilization
of composites are their high strength/weight ratios and good corrosive proper-
ties. Furthermore, it is often possible to take advantage of the variety of
matrix and reinforcing materials and the fabrication processes to achieve a
directionally reinforced and particularly shaped composite component to speci-
fically suit the designer's needs. Against the attractive properties of com-
posites, one must consider their relative high cost and sensitivity of mecha-
nical properties to long-term stress and higher temperature exposures. Fiber-
glass-reinforced resins are used most in structural applications and increased
use {s being made of higher strength composites using boron and carbon fibers
(6),(7).

The requirements for design vary with the particular application.
In all cases data is required as to the stiffness of the material, stiffness
variation with orientation of reinforcement, and the behavior of the material
subjected to fatigue, which can be defined generally as a progressive weaken-
ing of a test piece or component with increasing time under load, such that
loads supported satisfactorily at short times produce failure at long times.
The term fatigue can then be qualified by subdivision into two main classes -

static and dynamic, in order to differentiate between the behavior of plastics



subjected to continuous and to cyclic loading. This project examines the be-
havior of a fiberglass-polyester laminate under low-frequency cyclic loads in
a controlled environment (see sec. 1.3).

1.2 Review of Research on Fatigue of FRP's

The following is a brief outline of reséarch carried out on the me-
chanical fatigue properties of plastics reinforced with cloth, filament and
mat fiberglass. Reference to the conclusions drawn from this body of work
which are particularly relevant to this project shall be made in sec. 4 and
sec. 5. Research which has been primarily concerned with relating mechanical
to micro-material behavior of FRP's shall be discussed in sec. 2. It may be
noted that almost all results are empirical, qualitative and specialized, but
can serve to illustrate the approaches to and presentations of fatigue experi-
mentation.

The first extensive investigations of FRP fatigue were conducted by
Boller and his associates Kimball, Stevens, Werren et al (8), (9) at the Fo-
rest Products Laboratory, Wisconsin, between 1952 and 1961. Various resins
and reinforcements, as well as effects of moisture absorption, temperature,
notching of specimens (stress concentrations) and loading variables were stu-
died. Tests were run on standard axial tension specimens cut from laminate
sheets, at a frequency of 900 rpm, reference temperature and humidity general-
ly being 73°P and 50%. 1In all, 53 stress-fatigue 1life (SN) curves were deve-
loped in the 103-107 cycle range, and several master diagrams showing the re-
lationship between mean stress and stress amplitude at different lifetimes
were derived from these. However, Boller himself stated in (8), that "... No
theories are 1ncentionaliy advocated ... the data themselves point to the fa-

tigue characteristics".



In 1951 Lazar (11) presented an accelerated method for predicting
the fatigue limit of plastics using the Prot Progressive Loading technique.
Time savings of about 907% over convéntional methods were obtained. Tests were
carried out in reversed axial (tensile - 0 - compressive) stressing on gear
nylon and two types of glass-cloth-reinforced plastics under different tensile
mean stresses, at a frequency of 1900 rpm on a modified rotator. In all ca-
ses the Prot extrapolated endurance limits agreed very well with the standard
Wohler check tests.

A study of dynamic and static fat{gue was carried out by Thompson
(10) in 1962. Seventy resin formulations were considered and an epoxy rein-
forced with glass fabric was chogen for the aircraft application required.

The program covered three test conditions (unnotched, dry; unnotched, in water
bath; notched, in water bath) and four types of loading (0 - tension, 0 - com-
pression; tension - 0 - compression; between two levels of tensile load). All
tests were at 0° to warp, at a frequency of about 100 cpm, with a maximum

1000 cpm for the lowest load tests. SN curves and master diagrams were deve-
loped and quantitative conclusions drawn.

Carswell and Borwick (12, 1965) conducted creep rupture, tensile and
repeated loading tests on chopped-mat-polyester sheet gpecimens at three
strain rates (0.002, 0.05, 2.0 {pm tension; 0.3, 10, 60 cpm cyclic) to assess
the sensitivity of the material to frequency of cyclic loading. An Instron
machine was used. A microscopic examination was made to reveal similarities
of failure between the static and dynamic tests, and the relation to the creep
rupture failures.

Low-cycle flexural fatigue tests on a thin (3-ply) epoxy laminate
vere carried out by James, Appl and Bert (13). Strain (rather than stress) vs.

cycles-to-failure data were obtained for speeds of 25, 150, 425 cpm.



The British team of Owen, Smith and Dukes conducted fatigue experi-
ments on chopped-strand-mat polyester laminates (14, 15, 1968-9) using a spe-
cially designed pulsator. Glass contents varied between 29-36% by weight for
the two resins used. Test frequency was generally 74 cpm. Stress rupture
tests were used in conjunction with SN diagrams to develop master Goodman
curves. Throughout the program extensive statistical control tests were un-
dertaken to determine effects of specimen batches and different loading
frames. It was suggested that failure be defined as the onset of cracking or
debonding in specimens and that SN curves be correlated to strain at debond-
ing, not only stress (load) at failure.

Dally and Carillo (16, 1969) conducted fluctuating tension fatigue
tests, using a stress ratio of 0.05 and frequency of 600 cpm, on glass-fiber
reinforced thermoplastics to determine the effects of length of discontinuous
fibers and strength elongation characteristics of different matrix materials.
Glass content was 40% by weight in all cases. The classical SN curves were
generated and residual strength vs. cycles endured was also evaluated. Fai-
lure mechanisms were studied by a comprehensive microscopic examination of
fatigued specimens.

Cessna, Levens and Thomson (17, 1969) investigated flexural fatigue
of thermoplastics as a function of cyclic stress level, frequency, viscoelas-
tic polymer parameters, and matrix-to-fiber stress tramsfer capacity. The
effects of dissipative heating of a "working" specimen and efficient stress
transfer mechanisms were emphasized. Test frequencies varied from 100 - 2200
cpm.

Dally and Broutman (18, 1967) carried out a program to determine
the effects of cyclic frequency, in a range of 1-40 cps, on tensile fatigue

characteristics of non-woven glass-fiber-reinforced plastics, using many fi-



ber orientations. Equations were developed to predict temperature distribu-
tions due to hysterisis heating, (using 1 cycle closed-loop tests), the time to
achieve steady state at intermediate points, and steady state surface tempera-
tures. The effect of frequency on fatigue life was also observed. For a
crosspiy laminate and ( Amaxldtﬂx) = 0,46, the difference was about 1500 cy-
cles (4000 to 5500) over the range 1 - 40 cps.

Boller (19, 1965) investigated the effect of pre-cyclic stresses on
the tensile fatigue life of epoxy-glass laminates by measuring fatigue life at
two stress levels after damage had been programmed at either higher or lower
stress levels for 1, 3, or several hundred cycles. The three levels were 807,
60% and 40% of ultimate stremgth. Twenty-five groups of specimens, with dif-
ferent reinforcement orientations and resin formulations, were tested in all,
at 73°F, 507% RH, 900 cpm for continuous and 6 cpm for precyclic stressing. A
statistical analysis led Boller to conclude that GRPs do not obey the usual
damage laws and precycling may even improve life of a laminate if the number
of precycles is smaller compared to life fatigue.

Fatigue characteristics of glass-filament-reinforced plastics were
investigated by Freund and Silvergleit (20, 1966), using unaxial and biaxial
compression and interlaminar shear on short bars and Naval Ordinance Laborato-
ry (NOL) rings, and biaxial compression at 20,000 psi on thick-walled cylin-
ders. The lower limit SN curves developed represented data collected between
1962-65. Very large scatter was observed and no attempt was made to define
variables such as resin content, specimen size and moisture conditions.

An analytical analysis of the effect of combining roving glass cloth
vith mat in polyester laminates was made by Fujif and Mizukawa (21, 1969).
Using both pulsating tension and cantilever bending tests to support the theo-

ry, they concluded that fatigue strength under tensile load is a function of



the layers' relative proportions and glass content, whereas in bending, fa-
tigue strength varies primarily according to the ordering of the layers.

McAbee and Chmura (22, 1961) investigated the effect of loading
rates on tensile properties of polyeQCefs reinforced with mat, woven roving
and cloth glags fibers. The standard ASTM rate of 0.05"/min. of crosshead
separation, producing failure in about two minutes, was compared to a high
rate on special testing equipment, producing failure in 7 - 10 milliseconds.
The stress-strain curves produced showed that high-rate tests exhibit two dis-
tinct linear portions separated by a "knee" and greater strengths, whereas low
rate tests exhibit a linear then non-linear curve. Interlaminar shear values
were also observed to increase with loading rate. It was also noted that slow
rates produced a series of individual minor failures prior to final rupture.
This was not seen in the high rate tests where the stress-strain curves were
smooth rather than "stepped". -

Analytical and empirical correlations between matrix properties and
torsional fatigue life of uni-directional fiber-reinforced polyester and epo-
xles at different temperatures (R.T., 76°% - 196°C) were developed by Laven-
good and Anderson (23, 1969), using NOL ring tests and a frequency of 150 cpm.
Matrix properties were determined by flexural tests on unreinforced rods.

Hagerup (24, 1962) used a modified version of the Prot test and a
Sonntag rotator to evaluate flexural fatigue properties of unsaturated polyes-
ters at resonant frequencies. Glass reinforcement was incorporated as two
layers of fabric corresponding to the outermost plies in a laminate. Plastic,
brittle, and tough resins were characterized depending on their capacity to
dissipate local stress concentrations. The effect of a glass/resin {nterface

as stress raiser was investigated.



Opp, Skinner and Wiktorek (23, 1969) of IBM Systems Development Di-
vision developed an analytical model for predicting the fatigue life of poly-
mers from their stress-strain curves and physical constants. The model is
based on a total hysterisis energy concept, taking into account both mechani-
cal and thermal energy, which is taken as being constant per cycle. Tests on
six polymers, including glass-reinforced nylon, generally support the theory
and show its promise unde; further development and refipement. The theory at
present accounts for effects of frequency of loading, thickness of material,
ambient temperature, stress concentrations, rest periods and type of loading
waveform.

Scop and Argon (26, 1967) presented a statistical approach to the
theory of strength of laminated composites. Unaxial tension tests on a glass-
ribbon composite were used to support the theory, and extensions were made to
include the biaxial tension case also. Laminate strength was completely spe-
cified in terms of distribution of flaw strengths, {.e. number of flaws per
unit area which produce failure at some stress 6 , the number of sheets, di-
mensions of each sheet and glue shear strength.

Gotham (27, 1969) presented a2 unified approach to the problem of
static and dynamic fatigue of thermoplastics by relating static (creep) fatigue
and dynamic (cyclic) fatigue (in the unaxial tension mode) to a common stress-
strain-time-temperature frame of reference. Use of a square waveform in cy-
clic loading permitted easy conversion to "total time elapsed at maximum
stress" for any test. A comprehensive discussion of fallure criteria was gi-
ven. Effects of temperature anq environmental stress cracking were also eva-
luated.

For additional references on FRP fatigue and mechanical properties

in general, (4), (6), (7) may be consulted.



1.3 Project Objectives

The purpose of this experimental project is to establish correlation
between the tensile and flexural modes of fatigue behavior of a common FRP la-
minate under a limited range of material and loading variables, while control-
ling the environmental variables of temperature and wetness exposure. Proper-
ties establighed from quasi-static strength tests in tension and flexure serve
as reference data. Most of the fatigue tests for FRP laminates reported in
the literature are in tension, whereas relatively little data is available on
the flexural fatigue response. Since bending action is predominant in many
structural shapes, such correlation is considered valuable in design. With
these objectives in mind, the testing program was organized as a factorial de-
sign (see sec. 3.1 and sec. 3.4) and correlations are established by a statis-
tical analysis of variance, as well as by more general interpretations of

strength retention characteristics.
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2. Fatigue Behavior of Fiber-Reinforced Plastics

2.1 Influencing Factors

The factors which influence the fatigue behavior of FRPs may be ca-
tegorized into three classes: material properties, environmental variables,
and stress variables. Let us consider them in turn.

2.1a Material Properties

Type of matrix material, i.e. resin, greatly affects fatigue endu-
rance (8), (9). For example, epoxies are stronger but more brittle than poly-
esters, while with a given type the more brittle formulations cause premature
failures (24). Sensitivity of the resin to hysterisis heating at high fre-
quencies will also shorten fatigue life (25). In some cases, elastomeric fil-
lers are added as dispersions to the matrix material, where they act as crack
arresters (40), (41). Low reactivity resins were obgerved to be slightly su-
perior to high reactivity resins under various conditions of mean and alterna-
ting stress (45). The differences are more apparent at high stresses (short
fatigue lives) than at low stresses (long lives).

Type of glass reinforcement also greatly affects fatigue life (8),
(9), (16), (21). Highest strengths are shown by uni-directional filament or
fiber-reinforced laminates where loading is applied parallel to reinforcement.
Fabric and cross-ply laminates exhibit orthotropic properties, while lowest
strengths are shown by mat or chopped-strand laminates which may be considered
isotropic.

Changing glass content has a considerable effect on the ultimate
strength of FRPs. At short lives, the fatigue strength reflects the differ-
ence in UTS, but at long lives the differences tend to disappear (45). Be-

cause of substantial damage to the resin matrix early in a fatigue test, the
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rate of stress transfer to the glass reinforcement is high at the start, and
becomes almost insignificant after a large number of cycles. Thus the glass/
resin ratio is important initially but plays little role in a much fatigued
specimen.

The orientation of reinforcement greatly alters fatigue strength,
depending also on the orientation of loading. Fabric-reinforced materials,
for example, show high strengths at 0° and 90° to warp but significantly lower
strengths at 45°. Filament-wound reinforcements are highly directional and
advantage is taken of this in such applications as pressure vessels and rocket
casings. In low-strength molded applications, however, the isotropy of mat or
chopped filament reinforcement is more desirable.

The b&ndlng agent used between glass/resin layers, curing temperature
and curing time, as well as laminating pressure, contribute to provide an
effective G/R interface, 1.e. effective stress transfer from resin to glass.
The quality of this bond affects endurance under repeated loads inasmuch as it
determines progressive damage at any point. It should be noted that the G/R
interface is a region of high stress concentration since the curing, laminating
and bonding process in fact producestensile forces on the reinforcement (42).
The G/R interface will be discussed further in sec. 2.2.

The effect of surface conditions, whether natural imperfections such
as scratches, or artificial such as notches or holes, is to uniformly lower
fatigue strength (8), (9), (10), (34). Such regions of stress concentration
act as nuclel for the failure mechanisms discussed in sec. 2.2. The shape of
specimens {s specified such that fillets reduce stress concentrations at grip-
ping points, and span/depth ratios for flexural tests are chosen so as to mi-
nimize effect of interlaminar shear on properties measured, i.e. elastic modu-

1i. The thickness of laminates also affects their strength properties.
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Youngs (33) found that maximum strength in tension, compression and flexure
appears to be greatest for thicknesses of 1/16 to 1/8 inch, with an abrupt de-
crease below and gradual decrease above these levels. Modulus of elasticity
was found to be virtually non-sensitive to laminate thickness (32), (33), but
to increase slightly with an increase in space/depth ratio in bending tests,
probably due to decreasing effects of shear (32). Density of cracking was ob-
served to decrease with increasing specimen cross sections by (12). An
approach to laminate strength based on statistical flaw distributions and num-
ber of plies has been developed in (26).

2.1b Environmental Variables

The exposure of.laminates to moisture or wetness has been shown to
have a deleterious effect on strength in reported immersion and boiling tests
(8), (9, (10), (28), (30), (31) for stressed and unstressed conditions, the
effect diminishing with number of cycles sustained. Resin content appears to
have much less effect after long exposures, than in the short-term tests (31).
Modulus of rupture, yield stress, and fiber stress at the proportional limit
have been degraded by as much as 30%, but modulus of elasticity was observed
to decrease only very slightly (28). A comprehensive analysis of the mecha-
nisms of water attack on the glass-resin bond is given in (30). Hydrolysis of
the glass and its protection by the coupling agent, resin swelling and degra-
dation, and composite bond life in boiling water are discussed. Response of
the resin to water depends on its diffusivity, and the swelling may be large
enough to exceed the original thermal shrinkage occurring after cure. The G/R
interface is then subjected to a radial stress which tends to cause debonding
and to accelerate hydrolysis. The resin is also stressed by swelling and may
develop cohesive cracks. Water absorbed between polar groups of polymer

chains tends to plasticize the resin, and it will also hydrolyze the ester



&8

12

links in polyesters leading to serious reductions in cross-link demsity. Fur-
thermore, the acidic degradation products of resins have a catalytic effect on
hydrolysis of other components. The glass surface may be directly hydrolyzed,
implying destruction (at least locally) of the G/R bond. This hydrolysis re-
leases small amounts of Na+ and K+ in E-type glass, which raises the pH At the
interface and further catalyzes hydrolysis of all components, Effects of hy-
drolysis on the coupling agent seem to be linked more to conditions of its
application and curing process than to type, although a carbon chain network
joined to glass by Si-C bonds appears to show greater promise than siioxgne
networks. It is proposed in (30) that G/R debonding in a hot and wet environ-
ment consists of two overlapping stages. First there is swelling of resin due
to absorption, developing a radial stress at the interface. A slower hydroly-
tic degradation then follows in the whole composite until localized cleavage
occurs. Gross physical separations at interfaces do not occur until the ra-
dial compression due to thermal shrinkage has been approximately cancelled by
the absorptive swelling. Thus bond life of the composite consists of the time
for swelling to counterbalance shrinkage plus the time for hydrolysis to re-
duce cross-link density to the point where the interface cannot sustain the
combined effects of swelling and any applied external pressures.

Corrosive non-aqueous liquids or gases may degrade one or more pha-
ses of an FRP composite, depending on the components' chemical resistancg and
surface finish of the laminate. Effects vary in type (e.g. blistering, scaling,
corrosion) and severity. Some useful typical data is presented in (31), and
detailed informatfon is usually available from the manufacturer. The strength
degradation of polyester-fiberglass laminates in an underground enviromment is

discussed in (3).
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The incidence of ultraviolet light, whose main source is the sun,
on unprotected plastics is known to have degrading effects (29) in the range
of 300 - 400 nano-meters wavelength. The potential energy of UV radiation is
very high compared to that of visible and infrared wavelengths and is suffi-
cient to split organic molecules. Complete inhibition of this effect is not
possible, but a proper choice of processing stabilizer; pigmentation and light
stabilizer will enhance the life of a plastic laminate. Generally, UV absorp-
tion will produce similar effects to those of thermal oxidative degradation,
leading to discoloration, embrittlement and a general reduction in desirable
physical properties (29). The UV impingement process of degradation is be-
lieved to promote the initiation of free-radical degradation processes in
polymers. The propagation reactions are believed to involve the reaction of
free radicals with oxygen, peroxide formation, and breakdown into more radi-
cals,coupled with hydrogen extraction from the polymer (29). The process ini-
tiates at the surface and progressively attacks underlying layers.

| Since the polymeric resins used in FRP laminates are viscoelastic
materials, they are temperature sensitive. Elevated temperatures during test-
ing tend to relieve original shrinkage stresses and hasten debonding, but may
also serve to relieve regions of stress concentration. If the heat-distor-
tion temperature is exceeded, flow of resin may occur at highly stressed
points. High temperatures may also relieve water-swelling pressures in an
aqueous medium (30). The hystersisheating of a specimen undergoing cyclic
fatigue has been investigated in (18), where surface temperatures as high as
265°F have been measured. Elevated temperatures also magnify creep and rela-

xation phenomena in FRPs (35).
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2.1c Stress Variables

In a specimen subjected to cyclic fatigue, two parameters are re-
quired ‘to describe its state of stress completely. With the aid of Figure 1
and the accompanying equations, this can readily be seen. For this project

maximum and minimm stresses were used. The most usual representation of the

" effect of stress variables on fatigue life is the Goodman diagram, or a modi-

fied version thereof, in which stress amplitude (or stress range = 2 i stress
amplitude) is plotted against mean stress for several given fatigue lives ex-
pressed in numbers of cycles to failure. A typical Goodman diagram is shown
in Figure 2 (8). Other examples may be found in (9), (10), (14), (15). It is
apparent that at least 4 or 5 combinations of stress variables must be used to
develop sufficient data (SN curves) from which to draw such a master diagram.
When the alternating stress amplitude is zero, the abcissa intercepts are
equal to the steady stress (obtained from stress-rupture tests) which can be
sustained for a period corresponding to the number of cycles for a particular
curve. It should be noted that for the test conditions shown, (unnotched, heat-
resistant polyester resin /181 glags fabric, Volan A finish, SOOOF), the com-
pressive strength is considerably less than the tensile strength and somewhat
higher stress amplitudes can be sustained at low mean stress levels than at
zero mean stress. However, the tensile and compressive strengths are general-
ly similar and it can be seen that the effect of lowering stress amplitude
(for given mean stress) or lowering mean stress (for a given amplitude) will
increase fatigue life.

The effects of frequency of cyclic tests, or rate of straining, have
been examined in (12), (13), (18), (22). In general, significant differences
{n mechanical properties or fatigue life for laminated FRPs are observed only

at differences of several orders of magnitude in frequency or rate of strain,
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(see sec. 1.2).

The influence of a precyclic stress history on fatigue life has been
studied (19), but results did not permit a general rule to be deduced. Both
improvements and losses of endurance were noted, depending on the test condi-
tions and materials, (see sec. 1.2).

The stress distribution over specimen cross-section will also affect
fatigue performance. The most obvious manifestations of this occur when
stress raigers such as artificial defects are introduced to achieve localized
concentrations of stress which are much higher than the maximum stresses due
to the external loading applied, as shown in Figure 3a. Significantly lower
fatigue strengths result (8), (9), (10), (34). The stress distribution can
also be altered, however, by altering the mode of testing. For example, uni-
axial tensile and gimple flexural modes constitute two different stress dis-
tributions over a laminate cross-section of thickness t (see Figures 3b, c).
As will be seen in sec. 2.2, moreover, the stress distribution in flexure
changes with time, {.e. the neutral axis shifts, since progressive damage in
the specimen occurs. If é max (flexure) equals 6max (tension), greater fa-
tigue endurances should be apparent in bending tests. The influence of stress
distributfon may also be noted from the work of Thompson (10) who concluded,
on the basis of testing with four different stress patterns, that the energy
input into the specimen, rather than the maximum stress reached, is the go-
verning factor in fatigue life achieved. The energy concept, of course, is
the most successful basis for theoretical models of fatigue behavior (29).
Finally, it may be possible to evaluate creep and relaxation effects in dyna-
mic fatigue tests by using appropriate waveforms (e.g. square wave, as in
(27}), or by programming the sequence of cycling. As has been pointed out in

{27V, correlation between static and dynamic forms of fatigue is desirable.
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2.2 Progressive Damage and Failure Mechanisms

In contrast to metals and alloys, glass-reinforced plastics develop
extensive cracking very early in their fatigue lives, even at low stress le-
vels, and show marked decreases in strength and stiffness progressively.

While this degradation usually does not impair the structural integrity of an
FRP laminate critically, it may affect serviceability by causing excessive de-
flections or by permitting ingress of water or some other fluid (see sec. 2.1).
Thus the nature, initiation and progression of imternal damage are important
to structural designers using FRPs, and constitute the subject of this section.

Internal microcracks in the resin matrix cause the degradation of
FRPs under load. Minute cohesive failures at localized high stress concentra-
tions multiply and grow in size, ultimately resulting in gross discontinuities
which impair the combi;ed action of the composite (40). Desai and McGarry
(38) proposed a mechanism for the initiation of such cohesive microcracks in
cloth-reinforced FRPs in 1959. 1In a woven fabric, the glass yarns are bent as
they pass over and under each other, rendering the fabric much less stiff than
filamentary glags. Under tension straightening of the yarns occurs, imposing
high tensile and shear strains on the attached matrix. The high local dis-
placements, combined with contraction of the resin due to the Poisson effect,
cause brittle resin to fracture at relatively low stresses. In compressive
loading the resin effectively supports the yarns against local buckling and
also expands against them because of the Poisson action. While 20 - 307% of
ultimate may produce significant damage in tension, Broutman (44) reported
that as much as 80% of ultimate may be required to initiate microcracking in
compression of filament-reinforced specimens. Figure 4 (38) schematically

illustrates the mechanisms involved.
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The formation of microcracks is almost invariably irnitiated at the
glass-resin interface or in the adhesive zone between the two (42), (43), (44),
(46). 1In a photoelastic study of resin "tricornes" enclosed by a "container"
of glags filaments, West and Qutwater (42) have shown that the glass surface
is under severe tension, in the order of several thousands psi, resulting
from thermal shrinkage of the resin surrounded by unyielding glass. In the
case of cloth lay-up FRPs, the resin is believed to be "contained" at the
cross-overs of strands, where the curing pressure would tend to squeeze fiber
plies together around resin interstices. The tension is due to the adhesive
bond between resin and glass, and may be increased disadvantageously by post-
cure. The effects of sizing (a cohesive binder to impart glass-strand inte-
grity in order to improve handling properties of reinforcements) and coupling
agents on the G/R bond was investigated by Throckmorton et al (43) using NOL
rings and a constant deflection fatigue test method. Microphotographs showed
G/R bond separations at about 0.2 micron from the glass surface, i.e. in the
adhesive zone. No cracks were reported originating in bulk-phase resin nor
through fracture of glass filaments. Loss of adhesion between bulk-resin and
the filament surface was cited as the originator of stress failure, indepen-
dent of fault zones caused by resin-lean areas (caused by glass "sized" in ab-
sence of vinyl silane coupling agents). Higher moduli and rigidity under cy-
cling were observed for coupled filaments, but damage still initiated from the
interfacial region. Broutman (44) reached similar conclusions based on com-
pressive, compressive creep and compressive fatigue tests of filament FRP and
tensile fatigue tests of crossply laminates (46).

Microcracking in stressed FRPs is primarily ﬁependent on stress
concentrations in the matrix between adjacent fibers and on resin brittleness.

Kies (47) has shown on simplified composite models that the local strain am-
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plification between fibers is directly proportional to the modulus ratio of
fiber to'matrix and inversely proportional to fiber separation. Cracks are
also most often formed parallel to fibers which are perpendigular to the ten-
sile load direction. Crack planes parallel to the applied force were rarely
obgerved (40). Owen, Dukes, and Smith (45) have defined internal damage in
FRPs as occurring in two stages. The first stage consists of separations of
G/R bonds within fiber strands perpendicular to the load. This effect is in-
tensified by the repetition or increase of the load. In mat or fabric lami-
nates with relatively high resin contents, the next distinct stage is resin
cracking, accompanied by debonding of fibers parallel to the load. In non-
woven glass laminates having relatively high resin contents, the second stage
is delamination at ply interfaces. It may be noted that a numerical analysis
of a square array of fibers in a brittle matrix reported in (45) supports the
conclusions of (43) (47) and (42) in establishing importance of interfacial
stresses and strain-and-stress concentration factors between fibers, as a
function of fiber arrangement and density. The progression of cracking as de-
termined by the direction of reinforcement has also been studied by Broutman
and Sahu (46), using cross-ply epoxy laminates. They observed considerable
cracking forming very early in sections which exposed the ends of fibers per-
pendicular to the load. The crack density increased rapidly, then reached a
saturation value after a few hundred cycles. In sections where fibers paral-
lel to the load were exposed for microscopic examination, cracks did not
appear after one cycle and only traces of cracking were visible after a thou-
sand cycles. After that a continual increase occurred until fatigue life

wag reached. At higher stress levels, cracks in this direction formed earlier.
Thus cracking perpendicular to the applied stress gave little-idea about pro-

gressive damage during fatigue, whereas cracking parallel to the applied
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stress could be used as a quantitative indicator of damage. On the basis of
EM studies at 25,000 X, the crack propagation was characterized. Cracks first
form in plies with fibers perpendicular to load, originating at the G/R inter-
face in regions of high fiber density. The rate of formation and numbers de-
pend 6n the stress level. Once formed these cracks tend to propogate through-
out the width of the ply, extending to adjacent ply interfaces. Then propaga-
tion can continue along the interfaces or into the plies with fibers parallel
to the load, Most of the delamination is observed to occur at a later stage.
It is caused by large shear stresses at crack tips or tensile stress concen-
trations parallel to crack tips, where the cracks from transverse plies have
their "leading edges"at the interface of adjacent longitudinal plies. The
delamination itself, of course, can also initiate cracking (44), (46) due to
transverse stresses cauged in the matrix by load parallel to fibers. The
magnification of such stresses is a function of the difference in Poisson's
ratios of fiber and matrix (46). Fibers and ply interfaces were also observed
to act as crack arresters or deflectors causing bunching of cracks (44). Vi-
sually, crack development may be noticeable in changes in colour of a stressed
specimen. The specimen may become opaque or whitish even at the first appli-
cation of load and this opacity may initially disappear during no-load or
compressive parts of the loading cycle, but it gradually becomes permanent and
intensifies until rupture.

Several techniques may be suggested to reduce or inhibit the forma-
tion of microcracking in FRPs (exclusive of using better coupling G/R agents
or large design safety factors). Resin formulations giving more flexible ma-
trices are a possibility, but the resulting loss of stiffness and very low
moduli usually negate the advantages of using these FRPs. Another feasible

though not often practical method would be to exercise strict control on fila-



-4

20

ment or fiber ply spacing to minimize regions of high stress concentration.
The most promising technique consists of toughening the resin matrix by a dis-
persed inclusion of elastomeric particles (40). This method is based on frac-
ture phenomena in glassy polymers, where it has been observed that cold draw-
ing and molecular orientation accompany the passage of cracks in layers several
Angstroms thick on both fracture surfaces. The energy absorbed by these me-
chanisms is of order 100 X greater than that derived from simple covalent bond
cleavage in the polymers. If fracture surface work (44) is defined as the
amount of work required to create a new surface by the passage of a crack, it
1s apparent that for highly crosslinked epoxies and polyesters fracture sur-
face work is decreased due to reduced mobility of their polymeric chains.

High cross-link density will result in greater temperature resistance and pro-
duce higher moduli, but incurrs the penalty of increased susceptibility to
crack propagation. The inhibiting influence on crack propagation of elastome-
ric particles in a resin matrix is due, therefore, to crazing, cold drawing
and orientation in the adjacent resin phase prior to fracture. This absorbs
considerable mechanical energy and impedes the progress of cracks (44). Tri-
axial stress flelds set up in this way‘in the matrix induce crazing throughout
a significant portion of the matrix volume, instead of confining it to thin
layers on the fractured surfaces. This virtually eliminates the differential
water absorption observed with crack propagation and has been observed to re-
duce modulus degradation by as much as an order of magnitude (41).

Let us now turn from the micro-mechanical to a macro-mechanical
consideration of progressive damage in FRP laminates. McGarry and Willner
(40 reported that {f the fracture area in a stressed specimen becomes of the
order 0.17 or more of the interface area, macroscopic effects can be observed

as the material is mechanically deteriorating. Quantitative measurements of
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internal damage, which would also indicate the structural consequences, in-
clude weight gain immersion tests, monitoring of stiffness properties (modu-
lus, Poisson's ratio) throughout a test, evaluation of mechanical hysterisis
and various acoustical, ultrasonic (48) and X-ray techniques presently under
development.

The early work of Chambers, McGarry and Desai (39), (36), (38) was
bagsed on simple absorption tests and interply strain measurements using bonded
electric foil gages. One-cycle load-unload tests revealed that the tensile
stress-strain curve can be approximated by two straight lines, intersecting at
a point called the "knee", leading to a definition of primary and secondary
moduli for the material. Similar characteristics were obtained by Broutman
(46) for cross-ply laminates and Owen et al (45) for chopped-strand-mat compo-
sites. For cloth-reinforced FRPs Chambers (36) found that in the first ten-
sile unloading, the modulus was less than the initial but greater than the
secondary. No changes in compressive modulus occurred throughout the entire
loading cycle. Hysterisis decreased or disappeared upon subsequent loadings,
however, and both moduli continued to decrease and approach the compressive
modulus in value. One-cycle bending tests showed a strain distribution that
wag approximately linear until the outer 2/6 of beam thickness, where strains
became slightly magnified. It was postulated that partial tensile failure
controls flexural behavior, because as the stiffness of the tensile portion of
the beam was being reduced by increasing or repeating loads, the neutral axis
wag observed to shift towards the compressive face, and exposed an ever-great-
er volume of the beam to tensile strains and stresses. The voluméu;fnmateriﬁl
at a particular stress was also cited by Broutman (44) as an important factor
in compressive strength evaluation. The internal damage appeared to be frre-

versible and hysterisis measurements indicated that most, though not all, of
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the mechanical degradation is accomplished during the first cycle. From water
absorption tests, it became clear that specimens stressed in tension past the
"knee" absorb more water, leading to the conclusion that the internal degrada-
tion consists of fine fractures in the resin or at the G/R interface. This
wag, of course, later elaborated on in more detailed studies (40), (41), (44),
(45), (46), and may be summarized as follows (46). The primary modulus (mea-
sured at the origin of 6-£€ curve) decreases continuously until the end of
fatigue life. Cracks develop during the first cycle if there are fibers
oriented at 90° to the tensile load axis and if the stress is greater than at
the knee of the stress-strain curve. Cracks along fibers parallel to the
stresg direction will form if the stress is much higher, e.g. 75% of ultimate.
These increase very rapidly with the number of cycles, then the rate becomes
constant until the last stage of rapid increase. Crack density in plies at
90° to the stress direction reaches a maximum value approximately during the
first 17 of fatigue life. The residual strength of the FRP under fluctuating
tension decreases with number of cycles until it equals the cyclic fatigue
stress at which time failure occurs. This is shown schematically in Figure 5
(46). The rate of decrease depends on the stress range during the cycle.

When the cyclic stress imposed on an FRP is near or below the knee, then after
any number of cycles, the knee will reappear in a 6-¢ curve, i.e. when the
material is loaded in tension to failure. If a higher stress level is used,
the knee will not appear even after a small number of cycles. Broutman (46)
also measured a slight increase in the secondary modulus during the initial
part of fatigue life, and a similar {ncrease in the primary modulus after a
sharp initfal decrease. Both moduli were then observed to decrease slowly
until failure. This occurred in cases where the knee disappeared from the

original §-£ curve after one cycle so that the secondary modulus after the
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first cycle was actually measured (by interrupting the fatigue test) at the
origin of a b+¢ curve. BrOutmaﬁ offers as a partial explanation for this
phenomenon the saturation with cracks in the direction perpendicular to the
load, if the applied stress is greater than that at the knee, with some reco-
very occurring at the first unloading. Owen et al (45), however, reported
steady degradation of modulus of mat FRPs with repeated loadings, and related
the damage to the loss in modulus quantitatively. Debonding at the G/R in-
terfaces was observed to correspond to about 2.5% loss as measured in simple
tensile tests, and onset of resin cracking (in the bulk phase) to about 8 -
10% loss. These criteria were used to define failure in fatigue tests, and
consequently banded SN diagrams were produced, as shown schematically in Fi-
gure 6 (45). Debonding and cracking regions appear to merge. At the onset
of resin cracking in fatigue, the residual strength is only slightly lower
than the original ultimate tensile strength. Another interesting relationship
showing strength retained as a function of original properties and fatigue
life was proposed by Broutman (46). Plotting (p../éyrg) vs. the remaining
static strength after cycling, i.e. ATIIS/AUI‘S’ on a percentage scale, it
wag found that for various numbers of cycles, expressed as percentages of fa-
tigue life, the relationships were linear and converged at 1007, as shown in
Figure 7 (46). The implication is that one could predict the static strength
after a given 7 of fatigue life (at all stress levels) by testing simply one
specimen for ultimate tensile strength after cycling it for the given 7. of
life at one stress level.

In rigorous analysis, both shear and normal stresses contribute to
total deflection of flexural members. Having discussed the micro and macro
behavior of FRP laminates primarily under uniaxial tensile and compressive

loadings, and having postulated that partial tensile failure controls flexu-
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ral behavior, it is appropriate to consider the effects of shear on flexural
properties also. In an early exploratory paper, Chambers (39) remarked that
if severe shear stresses were imposed on the resin phase of a typical laminate
(by appropriate orientation of load with respect to the arrangement of rein-
forcement) the resin may not be relied upon to fully transfer distortions and
therefore stresses from a given ply to adjacent plies, leading to relative

ply displacements and marked deviation from ideal laminate theory. Under less
contrived conditions and with orthotropic cloth reinforcement in tensile tests,
this effect did not appear to be significant because a relatively large per-
centage of the reinforcement was parallel to the load direction, but a defi-
nite influence of shear on flexural modulus was consistently observed in later
investigations (37). Pure bending was applied to the central portion of lami-
nate beams by quarter-point loading, producing no shear between the points of
load application. This was compared to simple midspan-point loading of simi-
lar beams. The influence of shear on flexural modulus was shown by loss of
beam stiffness as span-depth ratio was decreased, or conversely, as span/depth
ratio was increased, the apparent (simple bending) modulus Eg, asymptotically
approached true.(pure bending - no shear) modulus Egp, which was independent
of the span depth ratio. Values of Egr corresponded to the averages of the
tensile and compressive moduli of the material, provided these were not greatly
different. Shear in simple bending (as per ASTM span/depth specifications)
was obgserved to reduce the flexural modulus measured, the magnitude being de-
pendent on laminate characteristics. For the centrally loaded beams, failures
usually occurred by buckling delamination of compressive fibers near the load-
ing roller. For quarter-point loaded beams (no shear in the central portion)
failures consisted of compressive delaminations of the specimens throughout

the central half-span. The interlaminar shear modulus was observed to be
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essentially that of the resin, leading to the postulate that the stiffness of
the laminate perpendicular to the thickness depends on stiffness of the resin
component as a first approximation, with fabric/resin interaction having an
effect ag yet undetermined. Uniaxial compressive strengths were similar to
flexural strengths in pure bending. Thus the simple calculation of flexural
stresses at failure is open to question on two counts - shift of the neutral
axis due to progressive reduction of the tensile modulus with repeated or in-
creased stresses, and the pronounced effect of the low shear modulus of re-
sins on Epy. Shear may also contribute to the apparently lower moduli ob-
served in tension, as compared to flexure (39). Tractive forces applied to a
tensile specimen through grip friction may also cause significantly higher

gtrains in the outermost fibers.
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3. Experimental Program

3.1 Design of the Experiment

Structural fatigue tests are usually expensive and time-consuming
and, in general, relatively few specimens are tested. It is, therefore, neces-
sary to design the fatigue testing program using standardized specimensin the
most efficient manner to permit extraction of a maximum in meaningful data
with statistically defined confidence. We have already seen the complexity
and multitude of factors affecting the fatigue performance of FRP laminates,
and therefore make a selection of variables consistent with the aims set
forth in sec. 1.3. This project studies the effects of the following on fa-
tigue performance of the FRP laminate chosen for study (see also sec. 3.2):

1. Loading mode:

(a) Unaxial Tension
(b) Simple Flexure (midpoint loading)
2. Percent of fiber reinforcement, by weight:
(a) 567% (nominally 607%)
(b) 427 (nominally 407.)
3. Stress pattern in cyclic loading to 80%, 607% and 407 of

ultimate:

(a) Minimum stress 0

n

(b) Minimum stress 207 of ultimate

Considering the three mentioned variables each at two "levels", the
project may be regarded most efficiently as a 23 factorial experiment (49),
vherein the effects of the factors are investigated simultaneously. The com-

pact factorial approach is particularly advantageous to this subject because

the effects of the factors are not independent of each other. 1In order to



2

conduct an experiment on a single factor, e.g. A, some decision must be made
about the levels of other factors B, C, D, etc. that are to be used in the
experiment. Such a "single-factor" experiment reveals the effects of A on the
desired property, e.g. fatigue life, for this particular combination of B, C,
D, etc., but no information is provided for predicting the effects of A with
any other combination. With a factorial approach, on the other hand, the
effects of any variable, e.g. A, are examined for every combination of B, C,
D, etc. that is included in the experiment. Thus much information is accumu-
lated both about the effects of the factors and their interrelationships or
interactions, by making use of a formal statistical amalysis of variance on
quantitative characterizations of performance taken from experimental data.
This systemized method for the factorial design used is considered in greater
detail in sec. 4. In this section the physical scope of the project is deli-
neated.

The 23 factorial design described above consists of eight fatigue
test series or treatments. Let the integer 1 denote the "lower" (a) level of
all parameters and lower case letters t, f, and s the "higher" (b) levels of
mode, reinforcement and minimum stress respectively. Now if we let products
of 1's and letters represent combinations of test parameters, the eight se-
ries may be conveniently abbreviated as:

Series  Loading Mode 7% fiberglass,bywt.  Minimum stress, 7 ult.

1 Tension 42 0
t Flexure 42 0
8 Tension 42 20
ts Flexure 42 20
f Tension 56 0

tf Flexure 56 0
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Series  Loading Mode % fiberglass, byw.  Minimum stress, % ult.

fs Tension 56 : 20

tfs Flexure 56 20

For each series, several specimens were tested quasi-statically to
determine elastic moduli, Poisson's ratios, and ultimate strengths. These
are, of course, the 1007 of ultimate tests that yielded the stress-strain
and lateral vs. longitudinal strain curves presented in sec. 3.4, They are
analyzed in sec. 4 as a 22 factorial experiment with a replication factor of
two, since the "minimum stress" variable quite naturally has no meaning in
this cage. Each one of the eight fatigue series consisted of running about
five specimens at each of 80% and 60%, and generally one at 407 (due to pro-
hibitively long test times) of the ultimate stremgths to produce the conven-
tional stress vs. logN(cycles-to-failure) curves or so-called SN diagrams.
Straight lines were fitted to the data using a one-degree polynomial regres-
sion program (see sec. 4.2). Monitoring the transverse and longitudinal
strains (see sec. 3.3) for the fatigue tests also enabled moduli and Poisson's
ratios to be plotted against log N to yield information on progressive loss
of strength and stiffness (see sec. 4).

All tests were conducted at room temperature (73°F + SOF) in an air-
conditioned laboratory. To simulate a possibly critical environment, all fa-
tigue tests were run with the specimens submerged in tap water at the ambient
temperature. PEffects of moisture absorption have been discussed in sec. 2.1b.
The water bath can be supposed to have one beneficial effect, however, in
acting as a dissipazing medium for the hysterisis heat generated in cycling.

The effects of the test variables (strain rate, frequency) are discussed in

sec. 3.3.
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3.2 Specimen Manufacture and Preparation

The laminate chosen for the investigation was manufactured by Pano-
mer Ltd. of Montreal. It consists of 16 plies of commercial F-80 polyester
resin and 181-weave fiberglass cloth, prepared as a 3' x 3' sheet by the hand
lay-up process. The required glass/resin ratio was achieved by spreading
weighed quantities of resin between plies of fabric. Sheets thicknesses were
about 0.20 to 0.25 deéending on the composition. The exact compogitions of
the two types of laminates ordered were determined in accordance with A.S.T.M.
specification D2584-D68, "Standard Method of Test for Ignition Loss of Cured
Reinforced Resins". Values of 427 and 56% fiberglass by weight were recorded
for nominal %'s of 407 and 60% respectively.

Tensile specimens with warp direction along the major axis were
formed by a Tensil-Kut (Reg. T.M., USA) machine from strips 3/4" wide cut from
the sheets using a high-speed band saw. The dimensions are in accordance with
A.S.T.M. specification D638-68, "Standard Method of Test for Tensile Proper-
ties of Plastics", producing a central portion 0.50" wide (Type I). The grip
sections were made slightly longer to ensure a good fit into the Instron.
Tensil-Kut is a high speed contour milling machine and achieves machining by
a series of light cuts with a carbide tool rotating at 20,000 RPM. The indi-
vidual depths of cut are adjustable from 0.0005" to 0.250" by a precision mi-
crometer screw and combined with the high RPM achieve a very low chip load
and reduce cutting pressures to a minimum, producing machined edges, within
configuration tolerances of #0.0005", free of distorsion or heat deformation.
Heavier cuts were used for roughing the specimen while light cuts were used
for finishing. The laminate strip was clamped in the master template for
ASTM Tensile Specimen Type I and manually moved across the Tensil-Kut table

for the milling process. The Tensil-Kut machine and templates are shown in
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Figure 8 and the tensile specimen in Figure 9.

Flexural specimens were laminate strips or beams 3/4" wide x 5"
long, for testing flatwise on a 4" span, in the simply-supported, single mid-
gpan-point-load mode. Roller supports and a rounded loading nose were used.
The dimensions of specimens, rollers and nose conform to ASTM specification
D790-66, "Standard Method of Test for Flexural Properties of Plastics". The
strips were cut on a bandsaw and finished on the Tensil-Kut using precision-
machined spacing blocks and bars. The spacers and bars are shown in Figure
8 (bottom) and the flexural test specimen in Figure 9.

Dimensional quality control checks were made on all specimen batches,
based on a +3% deviation from the mean cross-sectional area. This lead to the
rejection of several specimensper batch, the thickness producing the major va-
riation. Quality checks using densities, void contents or ignition loss mea-
surements were not made on a large scale because material properties were ob-
served to be quite consistent in the limited number of such tests that were
performed to determine the compositions.

All specimens were conditioned prior to testing in accordance with
ASTM specification D618, Procedure D. This consisted of soaking the specimens
in distilled water for the 24 hours immediately preceding the test, at a tem-
perature of 2% (i.e. room temperature). Specimens intended for ultimate
strength determinations were lightly wiped of excess moisture and tested in
air.

3.3 Testing Equipment and Procedures

The hydraulic-drive testing machine used for both static and dynamic
tests was the Instron Model TK-50, shown in Figure 10. It has a maximm load
capability of 50 kips in tension, cross-head speeds ranging from 0.0005 to

10.0 inches/min., chart speeds from 1.0 to 50.0 inches/min., a two pen (load
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and strain) recorder of maximum sensitivity 100 1bs. full-scale deflection,
or 10 1bs./inch. The recorder can also be used as an X-Y plotter. The Ins-
tron has cycling controls and counter, and mechanical limit switches for mo-
tion of the crogshead. Cross-head displacement (with respect to a chosen and
preset gage length), specimen strain (measured by a clip-on extensometer con-
nected to one recorder pen), and applied load (tensile or compressive) can
all be cycled between preset limits either manually or automatically using
cams and electric switches in the load-cell activated pen circuit. Of course
not all parameters can be controlled concurrently. Fatigue testing for this
project made use of the load-monitoring facility, i.e. cycling between cons-
tant loads of 0 (or 20%) to 40%, 60%, or 80%s of ultimate. Good accuracy
(about +2% of nominal load) was obtained throughout. For any particular set
of tests, the limits of cycling were calibrated using a dummy specimen to
achieve the required accuracy. The tensile and flexural apparati used for
testing under water are shown in Figures 11 and 12 respectively.

Longitudinal and lateral strains were measured using the Sanborn
320 and Hewlett-Packard 7100B two-channel strip-chart recorders. The latter
is a particularly sensitive instrument, capable of a 5mV full scale deflect-
fon, or 0.5 mV/inch sensitivity, to 100V full scale, or 10V/inch. The 71008
has chart speeds ranging from 1 inch/hr. to 2 inches/sec. The maximum sensi-
tivity of the 320 is 0.5mV/mm, and it has a top chart speed of lmm/sec. Both
vere judged accurate and sensitive enough for the measuremenés required and
only availability dictated use of one or the other. The strain-sensing devi-
ces were polyester-backed electrical-resistance bonded strain gages, manufac-
tured by Tokyo Sokki Kenkyujo Co. Ltd., TML types PL-5 and PS-5, connected to
the bridge circuit, regulated DC power supply and recorder as shown in Figure

13. Eastman 9-10 was the bonding agent used. The gages were effective up to
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about 10,000 cycles maximum at low stress levels. Water proofing the gages
and lead wires with beeswax proved to be an economic and very satisfactory
technique, since not only protection but the ductility requiréd for cyclic
loadings was achieved. The two gages (one longitudinal, one transverse to

the axis of major stress) on the flexural specimen were mounted on the tension
face at the quarter-spans (i.e. one inch on either side of center), rather
than cloge together at midlength as on the tensile specimens. This was done
becaugse it was found that a small offset resulted in the necessity to apply
large (and uncertain) correction factors due to the relatively small span
length. Furthermore, check tests run on five specimens revealed that quarter-
span strain measurements were indeed 0.50 of those at midspan up to about 457
of ultimate, and fell only to about 0.46 near the ultimate strength. Strains
and load were monitored continuously for about 1000 cycles and periodically
thereafter for the 60% and 40% tests and continuously for the short 807% cy-
clic tests. Moduli and Poigson's ratios were calculated directly from the
cyclic load and strain records, rather than from static tests on specimens ta-
ken from interrupted fatigue tests, and hence may be termed "dynamic". From
these data modulus and Poisson's ratio vs. log N plots were generated.

The fixed and limited range of crosshead speeds available produced
certain differences in strain rates for the tensile and flexural tests. The
rates have been calculated for the speeds used from the strain-time recordings
and typical values are as follows:

Crosshead Speed Strain Rate

Static tests: Tension 0.2 ipm 0.015 in/in/min.
F lexure 0.2 ipm 0.012 in/in/min.
Dynamic tests: Tension 5.0 ipm 0.265 in/in/min.

Flexure 10.0 ipm 0.505 in/in/min.
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The 10 ipm was chosen for flexural fatigue tests because it enables low-stress
level tests to be performed in a reasonably short time at a frequency compara-
ble to that in tensile tests at 5.0 ipm. Since the deflection at midspan re-
quired to produce a small strain is relatively large compared to the direct rela-
tionship of extension and strain in tensile tests, the same crosshead speed
for both would have resulted in inordinately long testing times in fléxure.
However, the differences were judged to be insignificant, because the values
were of the same order of magnitude (see sec. 2.lc).

The frequencies in all series were predetermined by both crosshead
gpeed and the desired amplitude of load. The typical ranges presented below
are quite low compared to early US practice (1800, 900 cpm) and common British
values (30 - 724 cpm) but are realistic in terms of structural applications of

loads.

Frequencies, cpm

Stress Range, %'s ult. Tension Flexure
0-80 20 - 25 15 - 25
20 - 80 33-35 30
0-60 30 - 34 20 - 30
20 - 60 55 - 60 47 - 65
0 - 40 47 - 50 37 - 45
20 - 40 54 - 70 5 - 75

*Crosshead speed was reduced to 2.0 ipm in Tension, 5.0 ipm in flex.

The differences were considered insignificant for reasons similar to those

cited in the discussion of strain rates (see sec. 2.lc).
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3.4 Results

In gummary, five curves represent the "untreated" output of each of
the eight series, which include the 23 factorial design of fatigue tests and
the 22 factorial design (with replication 2) of the quasi-static tests.
These relationships are given symbolically as:

1. éimax/ 61u1timate vs. log N (SN curves)*

2. 6 1Vs. 51.(stress-strain curves)

3. tz vs. €1 (Poissons ratio curves)

4, E[B, vs. log N (Modulus retention)

5. p/py vs. log N (Poigson's ratio retention)

The graphs showing these relationships for the series are appended as Figures
14 - 53. In some cases not all experimental points are actually plotted to
avoid congestion and improve clarity. Characteristics for the analysis of va-
riance that follows are taken from relations 2 and 3. Progressive damage and
residual strength are discussed qualitatively in terms of 1, 4 and 5. The in-
vestigation 1s termed low-cycle because low-frequencies have been used for the
fatigue tests and attention is concentrated on the fatigue life range up to

100,000 cycles only.

*Subscript 1 denotes principal stress or strain
Subscript 2 denotes transverse stress or strain

Subscript o denotes original value
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4, Analysis of Experimental Data

4,1 Quasi-static Tests

- The stress-strain curves for the eight test series are shown in
Figures 15, 20, 25, 30, 35, 40, 45, 50, and the strain relationships determi-
ning Poisson's ratios, derived from the same quasi-static tests, are shown in
Figures 16, 21, 26, 31, 36, 41, 46, 51, Data for the four series in which a
minimum stress of 20% of ultimate was imposed during the cyclic tests form an
experimental replicate of the values obtained in the other four series. The

results of the quasi-static tests are conveniently summarized in the Table

below.
Table 1 Quasi-static Test Data
56% fiberglass| 42% fiberglass
Tension|Flexure|Tension|Flexure
Primary modulus, psi x 106 2,50 | 3.10 | 2.00 | 2,10 (replicate 1

2,50 | 2,90 | 2.00 | 2.10 |replicate 2

Secondary modulus, psi x 106 2,04 2.45 1.20 1.80
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It may be observed from the graphs that the two laminates tested (56 and 42%
fiberglass) exhibit the characteristic dual moduli, which are also reflected
in the graphs showing longitudinal vs. lateral strains. The first linear
portion of a typical stress-strain curve representspolyester matrix and fiber-
glass reinforcement acting as a cohesive unit; the "knee" represents the onset
of significant resin cracking; the final linear portion represents a lower
modulus due to the loss of internal structural integrity of the composite
(i.e. loss of binding action by the resin). In this region the glass fibers
may be assumed to carry most of the load and hence determine the materials
response. From Table 1, it is apparent that in the flexural mode both primary
and secondary moduli and ultimate strength are considerably higher, whereas

no definite pattern is discernible for Poisson's ratios.

To define the effects of testing mode and percent reinforcement in a
statistical manner, the data in Table 1 were regarded as a randomized complete
block factorial experiment (2 factors at 2 levels each, the entire experiment
being replicated twice and the order of treatment or factor combination being
randomly chosen (51)). The analysis of variance was performed using the
McGi1l University Computer Center's Scientific Subroutine Package (SSP) pro-
gram ANOVA, with only slight format modifications (see Appendix B). The
printed output of the program for each problem (i.e. primary modulus, second-
ary modulus, etc ... ) included the numbers of levels of each factor (supplied
in {input data), the mean of all data in the set, a list of sources of varia-
tion (main effects and interactions), and the corresponding sums of squares,
degrees of freedom and mean squares. The outputs are summarized in Table 2.
For a detailed account of the theory underlying ANOVA, reference should be
made to (50), (51). To complete the analysis of variance from these standard

tables, it was necessary to pool certain elements (sources of variation) into
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an error variance term., In a randomized complete block, it is assumed that
there 18 no interaction between replicates and treatments, and that any such
interactions are in fact confounded in the error term (51). Thus if the
factors are designated as T (test mode), F (percent fiberglass), S (minimum
stress level) and R (replication), the mean squares from the ANOVA table
which are combined to produce the error variance are T x R, Fx Rand T x F x
R. The degrees of freedom for these interactions must also be added to give
the degrees of freedom of the error term, The mean squares for the other
factors and interactions are then divided by the error term to yield the F va-
lues commonly used in testing statistical significance at given confidence
limits. In this case the reference F values were (50):

10.1 3.1

Fsn,1,3 F1,1,3
Comparing the F values calculated in Table 2 with the ones above, the effects
of the factors T, F and R may be analyzed.

For the primary modulus, only the effect of fiberglass content was
significant at the 17 lavel, but both fiberglass content and test mode became
significant at the 5 level. For the secondary modulus T and F were signifi-
cant at both 17 and 5%, but F much more so. Thus the F factor had a highly
significant effect on the static moduli, a decrease in fiberglass content of
147, leading to an average decrease in moduli of about 30%. The flexural mode
of test (T factor) produced an average increase of 237 {n moduli.

No factors were found significant for the stress at the knee, ex-
pressed as a % of the ultimate stress, for the chosen confidence 1limits, but
based on the calculated F values, test mode had by far the most pronounced

effect at F = 6.95, the tensile tests producing the knee at higher %'s of ul-

timate.



Table 2 ANOVA for Quasi-static Tests

Levels of Factors
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T 2
F 2
R 2
Source of Variation Degrees of Mean Squares | F Values
Freedom
Primary Modulus T 1 0.180 12.00
F 1 0.980 65.33
TF 1 0.080 5.33
R 1 0.005 0.33
TR + FR + TFR 3 0.015 -
Secondary Modulus T 1 0.475 158.33
F 1 1.088 362.67
TF 1 0.008 2.76
R 1 0.007 2.33
TR + FR + TFR 3 0.003 -
Stress at "Knee" T 1 378.13 6.95
F 1 10.13 0.19
TF 1 15.13 0.29
R 1 15.13 0.29
TR + FR + TFR 3 54.38 -
Ultimate Strength T 1 367.20 80.53
F 1 182.40 40.00
TF 1 1.13 0.25
R 1 3.92 0.86
TR + FR + TFR 3 4.56 -
Primary Poisson's T 1 0.00008 2.00
Ratio F 1 0.00026 6.50
TF 1 0.0008 2.00
R 1 0.0002 0.50
TR + FR + TFR 3 0.0004 -
Secondary Poisson's T 1 0.00070 8.75
Ratio F 1 0.00023 2.88
TF 1 0.00007 0.88
R 1 0.00002 0.25
TR + FR + TFR 3 0.00008 -
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Ultimate strength was found to be significantly affected by both
T and F factors at 1% and 5%, test mode being about twice as significant as
fiberglass content. Flexure tests yielded values about 447 higher on average.
Values of Poisson's ratios showed no definite dependence on any of

°

the factors or interactions at both confidence limits.
4.2 Fatigue Tests

The fatigue life or SN curves were developed as described in sec.
3.1. To fit curves to the eight sets of data points values of (énmx/6n11t)
expressed as a percentage were used as Y and log N as X in a SSP library pro-
gram called POLRG (Polynomial Regression) (see Appendix B). This routine
generates powers of an independent variable to calculate polynomials of
successively increasing degrees. If there is no reduction in the residual
sum of squares between two successive degrees of polynomials the problem 1is
terminated before completing the analysis for the highest degree polynomial
specified (up to 10th degree). Following the usual practice of representing
SN data by straight lines on a semi-logarithmic plot, only the first degree
polynomial fit was made. Regression coefficients in such a case are of course
the Y intercept and slope. The eight SN diagrams are shown in Figures 14,
19, 24, 29, 34, 39, 44 and 49. The ratio ( ‘mmx/‘ ult) was now taken as the
allowable stress, % of ultimate, for a life of N cycles. Based on the genera-
ted lines, values were calculated for 10, 102, 103, 104 and 105 cycles and the
results are shown in Table 3.

Since the fatigue life data (23 factorial experiment as described in
sec. 3.1) has a replication factor of only 1, it was not possible to use ANOVA
as was done previously. In a factorial analysis of variance for single repli-

cation all {nteractions are confounded with the error term (51).
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Table 3 Fatigue Life Data

56% fiberglass 427, fiberglass
Tension | Flexure | Tension | Flexure
% reduction 0% min. stress 13.27 12.50 12,98 10.60
per decade of N
(slope of SN) 0% " " 12.85 10.40 12,82 12.52
Allowable stresses, %'s of ultimate, for lives of N
Number of Cy- 0% min. stress| 92.88 94,10 91.71 85.02
cles
10 2% " " 94.86 94,72 94.79 97.72
o " 79.61 81.59 78.73 74.42
102
207, " " 82.01 84,32 81.97 85.20
oz " " 66.34 69.08 65.75 63.82
103
20 " " 69.16 73.92 69.15 72.68
o " " 53.07 56.57 52.71 53.22
10*
20% " 0" 56.31 63.52 56.33 60.16
o " " 39.80 44.06 39.79 42,62
105
200 " " 43.46 53.12 43.51 47.64

In order to obtain an estimate of the error, some independent information may
be used, or higher order interactions must be pooled into the experimental
error variance. For the 23 design used this would require the unfounded
assumption (in the absence of substantiating external data) that no second or-
der interactions exist (51) since the only interactions available are TF, TS,
FS and TFS. This method is thus only appropriate for larger numbers of fac-
tors (say 26 or 25) where the presence of higher order interactions is much
more unlikely, so that it i{s fairly conservative to assume no four-way, five-

way, etc. interactions. Even if these were present, they would be difficult
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to explain in practical terms. For these reasons the data of Table 3 were
analyzed in a quantitative graphical manner as outlined below.

To obgerve the effect of each of the main factors T, F and S on the
values of Table 3, four data sets from the eight available series may be com-
pared for any given factor. For example the test mode difference can be stu-
died using four Flexure/Tension pairings, i.e. for F = 56, S = 20; F = 56,
§=0; F=42,5=20; and F =42, S = 0. The comparisons were made by taking
ratios of the tabulated values for the two levels of the main factors. In the
test mode example, since flexural values were predominantly greater than ten-
sile values, the ratio was (% allowable stress in flexure/% allowable stress
in tension) for a given N, with the other factors F and S being consecutively
those for the four combinations given above. The ratios were then plotted vs.
N to indicate trends in the factor effects. The results of these analyses are
presented in Figures 54, 55 and 56. From the diagrams several general rela-
tionships may be deduced:

(1) The ratio of allowable stress in flexure to allowable stress in ten-
sion was generally > 1.0 (the exception being the F = 42, S = 0 combination
up to 5000 cycles) for a given N. The trend was consistently more pronounced
with increasing N, and the ratio reached a maximum of about 1.22 at 105 cy-
cles. A significant T x S interaction is indicated since the combinations
with 20% of ultimate minimum stress levels yielded higher ratios than those
with the 0% level.

(2) The ratio of allowable stress for the 20% of ultimate minimum level
to that for the 0% minimm level was 2 1.0 in all cases. On the average
this S effect was greater than the T effect discussed in (1), especially in
the medium range of N. Here a likely T x S interaction was again indicated as

the S effect was considerably greater for combinatfons with the flexural mode.
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(3) The fiberglass (F) effect was less pronounced than either the T or
§ effect,the maximum ratios reaching about 1.10. In gemeral, the higher fiber-
glass content produced greater allowable stresses; the differences tended to be
more significant at low values of N, and also greater for the flexural mode,
pointing to the presence of the T x F interaction.

To conclude this section it must be noted that the SN curves showed
the scatter that is to be expected in fatigue testing of brittle materials such
as FRPs, but the differences noted between curves in absolute values were not
very great (l.e. max. ratio ~ 1.20). Hence the trends of the major T, S and
F effects must be regarded in light of the scatter and marginal overlap of da-
ta points. Furthermore the actual 14% difference in fiberglass contents, com-
pared to the 207% based on 40% and 60% contents nominally supplied by the manu-
facturer, may not have been sufficiently large to produce effects coﬁparable
to those of test mode (i.e. stress distribution) and minimum stress level. Fi-
nally,the converging trend of most of the positive ratio curves at large N va-
lues suggests that the interactions present are more effective early in the fa-
tigue life rather than at later stages. This may be due to the decreased im-
portance of the F factor, hence also the TF and FS interactions, with increa-
sing N.

4.3 Changes in Mechanical Properties with Time

The strength retention characteristics of the FRPs tested were de-
rived from monitored stresses and strains as described in sec. 3.3 and sec. 3.4.
The normalized ratios B/Eo (Modulus at N/Initial Modulus) and /LAA% (Poisson's
ratio at N/Initial Poisson's ratio) plotted against N are given in Figures 17,
22, 27, 32, 37, 42, 47, 52 and Figures 18, 23, 28, 33, 38, 43, 48, 53 respect-
ively. All experimental points are not shown in order to improve clarity of

the graphs. The average initial values (for N = 1) are presented in Table 4
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below. Ranges rather than averages are reported for Poisson's ratios dué to
the scatter and overlap observed for this parameter. The approach seems justi-
fied in the light of the significance tests in sec. 4.1.

Table 4 Initial Values of Fatigue Test Moduli and Poisson's Ratios

Moduli, psi x 106

Max. Min. 56% fiberglass 427 fiberglass
Stress Stress
(% ultimate) (% ultimate) Tension | Flexure | Tension | Flexure

40 0 2.86 2.70 2.10 2,09
20 2.85 2,95 2.00 2,02
60 0 2.70 2.70 1.65 2.00
20 2,60 2.95 1.62 1.85
80 0 2.65 2.70 1.45 1.95
20 2,45 2.85 1.45 1.85

Poisson's Ratios

Max. 0 0.160 0.166 0.155 0.185
Value

20 0.174 0.183 0.159 0.166
Min. 0 0.115 0.125 0.088 0.130
Value

20 0.112 0.125 0.087 0.134

With increasing maximum stress, moduli values were perceptably lower in ten-
sion, but little difference was observed in flexure. For 56% fiberglass con-
tent, most values fell well within 107 of the quasi-static moduli values and
for the 427% fiberglass content the correspondence was much closer. No value
of fatigue test modulus fell below the corresponding value of the secondary
quasi-static modulus.

The ratio E/E, may be regarded as the % strength remaining for any

particular N. Based on the experimental curves, the values for 10, 50, 100,
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500, 1000, 5000 and 10,000 cycles(higher N only at lower maximum stresses of
course are shown in Table 5 below. Table 6 presents percentages of Poisson's
Ratio retained for various numbers of cycles, In a few cases extrapolation
was considered reasonable and such values are shown in brackets. Even though
3 to 6 stress-strain recordings, i.e. tests, were run for a given curve, they
were regarded as essential to define with confidence that one curve and cannot
be regarded as true replicates, i.e. repetitions of the entire experiment.
Thus an analysis similar to the one for SN data (see sec. 4.2) wag performed
on the data of Tables 5 and 6. The graphical results for modulus ratios are
presented in Figures 57, 59, 61 for the 407 maximum stress level and in Fi-
gures 58, 60, 62 for the 60% level. Figures 63, 65, 67 and 64, 66, 68 show
the Poisson's ratio graphical analysis for the 40% and 607 levels respectively.
Due to the short 1lives obtained at the 80% level, ratios for this level were
not plotted vs. N, However, it can be seen from the limited data that trends
are similar to those observed at lower levels.

Two general obgervations may be made regarding the E/Eo and‘/14£€ da-
ta. In almost all cases, there is a marked difference between the curves at
40 and 607 of ultimate maximum stress levels and between the 60 and 807 levels,
the degradation (or negative slope) of the curves being progressively accentua-
ted by increasing values of maximum stress. There is some evidence from the
407% plots, however, that after a large number of cycles the rate of degradation
diminishes considerably and that the E/E° and /&LA% ratios may in fact approach
nearly constant values., Secondly, it is obvious from Tables 5 and 6 and the
graphs that the effects of the factors T, F and § are reflected more distinctly
and strongly in the changes in mechanical properties éE and &) than in the

fatigue lives (SN data).



Table 5 Percentages of Modulus Retained for Numbers of Cycles N
Max. stress 407 ulct. Max. stress 607 ult. Max. stress 80% ult.
567 fg. 427, fg. 567 fg. 427 fg. 56% fg. 427 fg.
Min.
Cycles| stress || Tension | Flexure | Tension | Flexure | Tension | Flexure | Tension | Flexure § Tension | Flexure | Tension | Flexure
% ulc.
o 94.0 99.0 96.0 98.0 91.0 95.0 88.0 96.0 86.0 95.0 84.0 95.0
10
20 97.0 99.0 97.0 99.0 96.0 97.0 94.5 97.0 95.0 97.0 92.0 96.5
o) 89.0 97.0 84.0 98.0 81.0 87.0 70.0 92.0 - 87.0 - 86.0
50
20 95.0 98.0 91.0 98.5 92.0 94.0 84.0 93.5 87.0 92.5 77.0 91.0
o 85.0 96.0 77.0 98.0 75.0 80.0 61.0 88.0 - 80.0 - 78.0
100 g
20 93.0 97.5 89.0 98.0 88.0 93.0 77.0 91.0 - 88.0 (67.0) 87.0
o} 70.0 88.0 56.0 94.0 57.0 60.0 (34.0) 66.0 - 60.0 - -
500
20 87.0 96.0 85.0 97 .0 73.0 89.0 43.0 81.0 - 69.0 - 69.0
(o] 60.0 84.0 47 .0 88.0 - 50.0 - - - 50.0 - -
1000
20 84.0 95.0 84.0 96.0 65.0 86.0 - (75.0) - - - -
o 47.0 69.0 (27.0) 67.0
5000
20 75.0 94.0 80.0 94.0 85.0
o 46.5 66.0 - (61.0)
10000
20 68.0 93.0 77.0 93.5

1]



Table 6

Percentages of Poisson's Ratio Retained for Numbers of Cycles N

Max.

stress 407 ult.

Max. stress 607 ult. Max. stress 807 ult.
567. fg. 427 fg. 567 fg. 427 fg. 56% fg. 427 fg.
Min.
Cycles| stress f{ Tension| Flexure| Tension | Flexure | Tension | Flexure | Tension | Flexure [ Tension | Flexure | Tension | Flexure
% ulc.
o 94.5 98.0 90.5 98.0 90.0 97.0 81.5 95.0 87.0 93.5 81.0 93.5
10
20 94.0 98.0 92.5 98.5 94.0 97.0 91.0 96.5 94.0 95.5 83.0 96.5
o} 88.0 96.0 76.5 98.0 78.0 88.0 62.5 88.0 (61.0) 82.5 (63.0) 82.5
50
20 90.0 96.5 85.0 96.5 87.0 92.0 75.0 93.0 80.0 89.0 63.0 92.0
o 83.0 93.5 69.0 97.5 91.0 81.0 53.0 83.0 47 .0 74.0 (40.0) 73.0
100
20 88.0 95.5 83.5 93.5 83.0 89.0 65.0 91.0 70.0 84.0 52.0 87.0
o 63.5 86.0 59.5 93.0 (51.0) 59.0 (27.0) 61.5 - - - -
500
20 83.0 92.0 80.0 83.0 66.5 85.0 39.0 80.0 - (63.0) - 67.5
(o] 54.0 81.0 40.0 87.0 - 47 .0 - (50.0)
1000
20 79.0 89.5 78.5 81.0 58.0 83.5 - 73.5
o 39.0 66.0 ‘(24.5) 68.0
5000
20 69.0 87.0 75.0 80.0 - 80.0 - -
o] (38.0) 60.0 (20.0) (62.0)
10000
20 63.0 86.5 73.0 79.5

9%
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Based on the graphical analysis of the ratios of '7 modulus re-
tained" for the effects of changes in test mode (T), minimum stress level (S)
and fiberglass content (F), the following observations may be made:

(1) For any number of cycles, the % modulus retained in flexure was
greater than that in tension (i.e. less degradation was apparent in flexure).
This difference was more marked at higher values of N, the ratio reaching a
maximum of about 2.5 in the F = 42, S = 0 case at 40% maximm stress and 5000
cycles. At the 407% max. level, the ratios for 0% minimum were consistently
higher than those for the 20% minimm level. At the 60% maximum level, the
tests with the 427 fiberglass material produced higher ratios than the tests
with thg 56% fiberglass content. This suggests the presence of both T x §
and T x F interactions (see Figs. 57 and 58). The effect of amplitude and
interactions will be discussed in sec. 5.

(2) For any number of cycles, the % modulus retained in tests with a
minimum stress of 20% of ultimate was greater than the % retained in the tests
with the 07 minimum stress level. At the 407% max. stress level this effect
was not as apparent as the T effect at low values of N, but it was slightly
more pronounced approaching the 10,000 cycle mark. The T effect was generally
greater than the S effect at the 60% maximum stress level, i.e. when the am-_
plitude increased. At the lesgser amplitude (407 max.) a T x S interaction was
apparent from the tensile tests (i.e. tensile tests yielded much higher ra-
tios), but this trend was not manifested at the 607 maximum level. (See Fi-
gures 59 and 60.)

(3) The effect of fiberglass content was the least pronounced, although
generally higher %'s of modulus were retained for the FRP with more reinforce-
ment. The trends were mixed at the 407 maximum level, but T x F interaction

became apparent from tensile tests in the plots with the 607% maximum stress
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(tensile series again produced consistently higher ratios). (See Figs. 61 and
62.)

From individual stress-strain recordings, it was observed that the
changes in Poisson's ratios were almost entirely a function of the changes in
the longitudinal straing which naturally increased with N. Lateral strains
reached peak values within the first few cycles and remained at almost con-
stant values thereafter. Thus the plots of the T, F, and S effects, as deter-
nined by ratios of % a4 retained for the two levels of thesé factors, reflect
the same basic trends as the analysis for moduli at any particular constant
amplitude of stress, i.e. less degradation is apparent in flexure, at a mini-
mum stress level of 20% of ultimate, and generally for the material with the
higher % of fiberglass reinforcement, all effects being generally greater at
higher N values. In particular the following observations were made:

(1) The 0% minimum stress series produced a much greater T effect than
the 20% minimum levels at the lesser stress amplitude,as was the case with
the T effect on modulus ratios. The T effect was also similarly accentuated
by the lower fiberglass content at the 607 maximum stress, i.e. greater ampli-
tude. (See Figs. 63 and 64.)

(2) The S effect was less significant than the T effect at low N for
both lesser and greater stress amplitudes. It was considerably greater cou-
pled with the tensile mode at 407 maximum stress, and generally greater in
tension at the 607 maximum stress. This parallels the trend in the analysis
of modulus ratios. (See Figs. 65 and 66.)

(3) The 567 fiberglass content generally showed greater 7's of Poissons
ratio retained, but trends were somewhat mixed at the 407 maximum stress le-
vel and only one series produced consistently higher ratios with increasing .

At the 607, max{mm stress level, tensile series ylelded a much greater F
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effect than did the flexural series,and an increase in ratios at higher N va-
lues became more apparent. Again the correspondence to the modulus ratio
graphs is obvious. (See Figs. 67 and 68.)

This concludes the formal analysis of experimental results. The
final chapter examines the observations made in sec. 4 in light of the FRPs
material properties and.fatigue behavior as discussed in sec, 2, and primary
conclusions about the main effects and interactions are made.

4.4 Failure Modes

Figures 69 and 70 show typical failure modes in tension and flexure
respectively, The predominant pattern in tension was that of brittle fracture
more or less at right angles to the longitudinal axis, with gross délamination
and pulling out of fibers being evident in many specimens. The flexural fai-
lures were characterized by local buckling of the layers under the loading
nose and internal delaminations spreading from this region, as evidenced by

development of a very noticeable color change.
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5. Conclugions and Recommendations

5.1 Conclusions

For the FRP laminates tested, and within the limits of the experi-
mental variables, the conclusions supported by the work carried out in this
project may be summarized in the following paragraphs.

(A) Quasi-gtatic properties:

(1) Lowering the percentage of fiberglass reinforcement produced highly
significant reductions of modulus, with the test mode in an important but
secondary role. Introduction of a greater volume of the weaker matrix mate-
rial into a composite material leads to this result since a greater amount of
structural integrity is lost due to microcracking before effective stress
transfer to the reinforcing fabric is completed.

(11) The effect of the test mode on ultimate strength was more signifi-
cant than that of fiberglass content. The flexural stress distribution,
keeping in mind the dimensions of bending specimens relative to tensile speci-
mens, produced higher ultimate strengths because it exposed a relatively lar-
ger volume of material to a lesser average tensile stress, which is the con-
trolling factor in determining flexural behavior. For such a brittle material,
a critical stress is required to initiate or propagate a critical flaw, culmi-
nating in failure.

(1i1) The variations in Poisson's ratios were generally random and may be
caused by local strain amplification in the resin due to fiber spacings or ma-

terial flaws.

(iv) No interactions were found to be significant in the quasi-static

tests.
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(B) Patigue Lives and Allowable Stresses

Whereas material properties generally determined the short-term sta-
tic behavior, fatigue characteristics were predominantly influenced by the
stress or energy input (distribution and amplitude).

(i) In general, the % of ultimate stress allowable in flexure was great-
er than that in tension for any specified life N. The rationale would be si-
milar to the one given in (A)(i1) above. )

(11) The stress allowable when a minimum level of 20% of ultimate was im-
posed was invariably greater than that when cyclic stress alternated between
0 and maximum. This may be related to tﬂ; phenomenon of fracture surface work
discussed in sec. 2.2. A constant positive level of stress in a crazed speci-
men may keep open many of the microcracks, which would act as crack arrestors
and absorb considerable mechanical energy. Furthermore, introducing the mini-
mum stress level reduces the stress amplitude and hence the fluctuating energy
input. This appears to be more significant than the corresponding increase in
static mean stress level.

(111) While the effect of fiberglass content on fatigue properties was
less marked than the effects of the other variables, it was in general more
apparent early in the fatigue life, the greater reinforcement yielding greater
allowable stresses as expected.

(iv) The presence of second-order interactions was noted in sec. 4.
Their influence and interpretation bear further study, but it may be said that
interactions seem more significant at early stages in fatigue life probably
due to the general tendency of the F factor (i.e. the ratio of fiberglass to
resin), and hence the asgociated interactions, to play a lesser role at higher
values of N. This may be expected from the relatively extensive degradation

of the resin fraction early in life and the progressive nature of the mecha-
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nismg which operate to propagate and/or gemerate critical flaws in the fiber-
glags phase (see sec. 2.2).

(v) The influence of the main factors on fatigue life (N cycles to fai-
lure} was notably less than similar effects on mechanical properties in fa-
tigue.

(C) Changes in Mechanical Properties in Fatigue

The strength retention properties, characterized by %'s of modulus
aﬁd Poigson's ratio retained with increasing N, reflect the same basic corre-
lations between flexure/tension, 20%/0% minimum stress and 56%/42% fiberglass
content as do the fatigue life properties discussed in (B). The tendency of
any particular effect to be greater at higher N values was more clearly mani-
fested here than in the fatigue life analysis. This trend may be due partly
to the concept of increased energy input with time (e.g. total time spent at
maximum stress level) and partly to the lessened influence of the F factor
and certain interactions at later stages of fatigue life.

5.2 Recommendations

Recomendations for further research into the fatigue performance
of FRPs should include:

1. Investigation of a wider range of the test variables chosen to esta-
blish trends more clearly.

2. Development of testing equipment, such as a multiple-head unit, that
would enable several specimens to be stressed simultaneously. The consequent
savings in total machine time would permit more replicates to be run, result-
ing in a broader statistical foundation for analysis, and lead to more exten-

sive investigation of important material and test variables.
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FIG.70. Typical

Flexural Failures




FIG.69. Typical Tensile Failures

FIG70. Typical Flexural Failures




Appendix B

Computer Programs



(=N aNal OO0 OOOOO OO0 OO OD

PLRG 10
lC.'l0....'.0!....‘.!0'.....'l.0"0..‘..0l...llOOQQOQOOOOOOUC.O.C!PLRG 20
PLRG 30

SAMPLE MAIN PROGRAM FOR POLYNOMIAL REGRESSION = POLRG PLRG 40
PLRG SO

PURPOSE PLRG 60
(1) READ THE PROBLEM PARAMETER CARD FOR A POLYNOMIAL REGRES-PLRG 70
SIONs {2) CALL SUAROUTINES TO PERFORM THE ANALYSISy (3) PLRG 80
PRINT THE REGRESSION COEFFICIENTS AND ANALYSIS OF VARIANCE PLRG 90
TABLE FOR POLYNOMIALS OF SUCCESSIVELY INCREASING DEGREESs  PLRG 100
AND (4) OPTIONALLY PRINY THE TABLE OF RESIDUALS AND A PLOT PLRG 110

OF Y VALUES AND Y ESTIMATES. PLRG 120
PLRG 130

REMARKS PLRG 140
THE NUMBER OF OBSERVATIONSy Ny tUST BE GREATER THAN Mel, FLRG 150
WHERE M 1S THE HIGHEST DEGREE POLYNOMIAL SPECIFIED. PLRG 160

IF THERE 1S NO REDUCTION IN THE RESIDUAL SUM OF SQUARES PLRG 170
BETWEEN TWO SUCCESSIVE DEGREES OF THE POLYNOMIALSe THE PLRG 180
PROGRAM TERMINATES THE PROBLEM BEFORE COMPLETING THE ANALY- PLRG 190
SIS FOR THE HIGHEST DEGREE POLYNOMIAL SPECIFIED. PLRG 200
PLRG 210

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED PLRG 220
GDATA PLRG 230
ORDER PLRG 240
MINV PLRG 250
MULTR PLRG 260
PLOT (A SPECIAL PLOT SUBROUTINE PROVIOED FOR THE SAMPLE PLRG 270
PROGRAM, } PLRG 280

PLRG 290

METHOD PLRG 300
REFER TO Bo OSTLEy 'STATISTICS IN RESEARCHs THE I0WA STATE PLRG 310
COLLEGE PRESS®s 1954+ CHAPTER 6., . PLR6 320
PLRG 330
‘.....l....000..0.0"..l'l.‘..‘..00l.t00.0'.......0.....l..ll..ll.pLRG 360
PLRG 350

THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE PLRG 360
PRODUCT OF N®(Me1)s WHERE N IS THE NUVWBER OF OBSERVATIONS AND M PLRG 370

1S THE KIGHEST DEGREE POLYNOMIAL SPECIFIED.. PLRG 380
PLRG 390

DIMENSION X(1100) PLRG 400
PLRG 410

THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO THE PLRG 420
PRODUCT OF MeM,, . ! PLRG 430
PLRG 440

OIMENSION OI(100) PLRG 450
PLRG 460

THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO PLRG 470
(Me2)®(Me]) /240 PLRG 480
PLRG 490

OIMENSION 0(66) PLRG 500
PLRG S10

THE FOLLOWING DIMENSIONS MUST BE GREATER THAN OR EQUAL TO M., PLRG S20
PLRG 530

DIMENSION B(10)4E(10)9SB(10)4T(10) PLRG S0
PLRG S50

THE FOLLOWING DIMENSIONS MUST BE GREATER THAN OR EQUAL TO (Mel).e PLRG 560
PLRG S79




OO OOOOOOOON BOOOOO OO0
]

OO ON FOOOO

DIMENSION XBAR(11)+STD(11)9COE(11) 4SUMSQ(11) o ISAVE(1)) " PLRG 580

PLRG 590

THE FOLLOWING DIMENSION MUST BE GREATER THAN OR EQUAL TO 10 PLRG 600
PLRG 610

DIMENSION ANS(10) PLRG 620
PLRG 630

THE FOLLOWING DIMENSION WILL BE USED IF THE PLOT OF OBSERVED DATA PLRG 640
AND ESTIMATES IS DESIRED., THE SIZE OF THE DIMENSIONs IN THIS PLRG 650
CASEs MUST BE GREATER THAN OR EQUAL TO N#3. OTHERWISE, THE SIZE PLRG 660

OF DIMENSION MAY BE SET T0 1. PLRG 670
PLRG 680

OIMENSION P(300) PLRG_690
PLRG 700
0e00000008000800000000000teessseresasssssrsesssssssccessanssesssssPLRG 710
PLRG 720

IF A DOUBLE PRECISION VERSION OF THIS ROUTINE IS DESIREDs THE PLRG 730
C IN COLUMN 1 SHOULD BE REMOVED FROM THE DOUBLE PRECISION PLRG 740

STATEMENT WHICH FOLLOWS, PLRG 750
PLRG 760

DOUBLE PRECISION XeXBAR#STDsDsSUMSQsDToE+B+SBoToANS9DET+COE PLRG 770
PLRG 780

THE € MUST ALSO BE REMOVED FROM DOUBLE PRECISION STATEMENTS  PLRG 790
APPEARING IN OTHER ROUTINES USED IN CONJUNCTION WITH THIS PLRG 800

ROUTINE. PLRG 810
PLRG 820

O.I'l.'...l..l'.....0.."0........l..'.........’....OIOOOCQOOCQPLRG 830

PLRG R40

1 FORMAT (A49A2915912411) PLRG 850
2 FORMAT(2F640) PLRG 860
3 FORMAT (27HIPOLYNOMIAL REGRESSIONeseesrAGeA2/) PLRG 870
4 FORMAT (23HONUMBER OF OBSERVATIONS+16//) PLRG 880
5 FORMAT (32HOPOLYNOMIAL REGRESSION OF DEGREE13) PLRG 890
6 FORMAT(12H0 INTERCEPTE20.7) -~ PLRG 900
7 FORMAT(26H0 REGRESSION COEFFICIENTS/{(6E20.7)) PLRG 910
8 FORMAT (JH0/24X+24HANALYS]S OF VARIANCE FORe14919H DEGREE POLYNOMIPLRG 920
1AL/) PLRG 930

9 FORMAT (1H0 95X+ 19HSOURCE OF VARIATION7X¢GHOEGREE OF +7X+6HSUM OF 19XPLRG 940
1 o4HMEANS10% 9 1HF 19X 20HIMPROVEMENT IN TERMS/33K+ THFREEDOM 98X+ THSQUAPLRG 950

2RES X+ 6HSQUARE ¢ TX ¢« SHVALUE 4 8X9 1 THOF SUM OF SQUARES) PLRG 960
10 FORMAT(20H0 OUE TO REGRESSION¢12Ks164F17:5¢F14450F13454F2045) PLRG 970
1] FORMAT(32H DEVIATION ABOUT REGRESSION  +164F17454F14,5) PLRG 980
12 FORMAT(BX+SHTOTAL+ 19X 164F)7:.5//77) PLRG 990
13 FORMAT(17H0 NO IMPROVEMENT) PLRG1000
14 FORMAT (1H0//27X+1RHTABLE OF RESTOUALS//16H OBSERVATION NO.sSXoTHX PLRG1010

IVALUE ¢ 7Xo THY VALUE 7%+ 10HY ESTIMATE«7X¢8HRESIDUAL/) PLRG1020
1S FORMAT (1H0+3X+164F18,5¢F16450F1745¢F1545) PLRG1030

PLRG1040
0.000‘0.00.00.0.lltl..OOOIODOOIIOOIOODOOOOOOOD'Ol..ll'OIOOOOOJOOIQPLRGIOSO
PLRG1060

READ PROBLEM PARAMETER CARD PLRG1070
PLRG10RO

100 READ (Sel) PRePRI¢NyMeNPLOT PLRG1090
PLRG1100

PRy oo PROBLEM NUMBER (MAY BE ALPHAMERIC) PLRGI110
PR], o sPROBLEM NUMBER (CONTINUED} PLRGY120
NeosossNUMRER OF OBSERVATIONS PLRG1130
MeosooHIGHEST DEGREE POLYNOMIAL SPECIFIED PLRG1140
NPLOT.OPTION CODE FOR PLOTTING PLRG1150




[2 XX 2] OO

(2] OO

(2] OO DO

2 XN o)

110

130
140
150

0 IF PLOT IS NOT DESIRED.
1 IF PLOT IS DESIRED.

PRINT PROBLEM NUMBER -AND No

WRITE (6+3) PRyPR]
WRITE (614) N

READ INPUT DATA
LNy

D0 110 I=1oN
Jaleol

X(1) IS THE INDEPENOENT VARIABLEy AND X(J) IS THE DEPENDENT

VARIABLE.
READ (592) X(I)9X(J)
CALL GDATA (NoMoX+XBAR9STDsDsSUMSQ)

zMe ]
SUM20,0
WTaN=]

B0 200 I=]1oM
ISAVE(D) =]

FORM SUBSET OF CORRELATION COEFFICIENT MATRIX

CALL ORDER (MMyDoMMo T+ ISAVEDIE)

INVERT THE SUBMATRIX OF CORRELATION COEFFICIENTS
CALL MINV (DI+I+DET+84T)

CALL MULTR (NoI4XBAR¢STDsSUMSQeDI4EyISAVE+BeSBs T ANS)
PRINT THE RESULT OF CALCULATION

WRITE (6+5) 1

IF (ANS(T)) 14041304130
SUMIP=ANS (4} =SUM

IF(SUMIP) 1400 140+ 150
WVRITE (6+13)

60 70 210

WRITE (646) ANS(1)

WRITE (6+7) (B(J)edzs D)
WRITE (648) 1

WRITE (649)

SUMEANS (4)

WRITE (60100 ToANS(4)sANS(6) 4ANS (10} /SUMIP
NIxANS (8)

WRITE (6¢11) NIJANS{T7)1ANS{9)
WRITE (6412) NTySUMSQ (M)

SAVE'COEFFICIENTS FOR CALCULATION OF v ESTIMATES

PLRG1160
PLRG1170
PLRG1180
PLRG1190
PLRG1200
PLRG1210
PLRG1220
PLRG1230
PLRG1240
PLRG1250
PLRG1260
PLRG1270
PLRG1280
PLRG1290
PLRG1300
PLRG1310
PLRG1320
PLRGI330
PLRG1340
PLRG1350
PLRG1360
PLRG1370
PLRG1380
PLRG1390
PLRG1400
PLRG1410
PLRG1420
PLRG1430
PLRG1440
PLRG1450
PLRG1460
PLRG1470
PLRG1480
PLRG1490
PLRG1500
PLRG1S10
PLRG1520
PLRG1530
PLRG1540
PLRG1550
PLRG1560
PLRG1570
PLRG1580
PLRG1590
PLRG1400
PLRG1610
PLRG1620
PLRG1630
PLRG1640
PLRG1650
PLRG1660
PLRG1670
PLRG1680
PLRG1690
PLRG1700
PLRG1710
PLRG]T20
PLRG1730




[z XN 21

OO0 OO0

OO

OO OO

160
200

2lo

220

230

240

250

COE (1)=ANS(1) PLRG1740
D0 160 J=lsl PLRG1T50 -
COE(Je1)=B(J) PLRG1760
LAs] PLRG1770
CONTINUE PLRG1780
PLRG1790
TEST WHETHER PLOT IS DESIRED . PLRG1800
PLRG]810
IF(NPLOT) 100y 100, 220 PLRG1820
PLRG1830
CALCULATE ESTIMATES PLRG1840
PLRG1850
NPJ=NeN PLRG1860
00 230 IsliN PLRG1870
NP3aNP3+] PLRG1880
P(NP3)=COE(]) PLRG1890
L=l PLRG1900
00 230 J=1sLA PLRG1910
P(NP3)=P (NP3} #X (L) #COE (Je¢1) PLRG1920
LzLeN PLRG1930
PLRG1940
COPY O0BSERVED DATA PLRG1950
PLRG1960
N2aN PLRG1970
LzNoM PLRG1980
DO 240 I=14N PLRG1990
PLI)3xX(T) PLRG2060
N2aN2+1 PLRG2010
L=Lel PLRG2020
P(N2)ax(L) PLRG2030
PLRG2040
PRINT TABLE OF RESIOUALS PLRG20S0
.PLRG2060
WRITE (6+3) PR4PR] PLRG2070
WRITE (6+S) LA PLRG2080
WRITE (6¢14) PLRG2090
NP2=N PLRG2100
NPJIaNeN PLRG2110
00 250 I=1sN PLRG2120
NP2aNP2¢] PLRG2130
NP3aNP3e] PLRG2140
RES1D=P (NP2) =P (NP3) PLRG2150
WRITE (6+1S) I+P(1)9P(NP2)+P(NP3)4RESTID PLRG2160
PLRG2170
CALL PLOT (LA+PoN+3+0s1) PLRG2180
PLRG2190
GO 70 100 PLRG2200
END PLRG2210
PLOT 10
..OOIQ..l..l..0....l‘.!l.....l..l..00..!00..0'.0‘0..'0l....l‘..l.lPLoT 20
PLOT 20
SUBROUTINE PLOT PLOT 40
PLOT S0
PURPOSE PLOT 60
PLOT SEVERAL CROSS=VARIABLES VERSUS A BASE VARIABLE PLOT 70
PLOT 80
USAGE PLOT 90

CALL PLOT (NO+AsNsMoNLNS)

PLOT 100




O OO OOOHNOOTOOOD

o OO

OO

DESCRIPTION OF PARAMETERS
NO = CHART NUMBER (3 DIGITS MAXIMUM)

PLOT 110
PLOT 120
PLOT 130

A« MATRIX OF DATA TO BE PLOTTED. FIRST COLUMN REPRESENTS PLOT 144
BASE VARIABLE AND SUCCESSIVE COLUMNS ARE THE CROSS-  PLOT 150

VARIABLES (MAXKIMUM IS 9), PLOT 160

N = NUMBER OF ROWS IN MATRIX A PLOT 170

M < NUMBER OF COLUMNS IN MATRIX A (EQUAL TO THE TOTAL PLOT 180

NUMBER OF VARTABLES)e MAXIMUM IS 10. PLOYT 190

NL = NUMBER OF LINES IN THE PLOT. IF 0 IS SPECIFIEDs S0 PLOT 200

LINES ARE USED. PLOT 210

NS = CODE FOR SORTING THE BASE VARIABLE DATA IN ASCENDING  PLOT 220

ORDER PLOT 230

0 SORTING IS NOT NECESSARY (ALREADY IN ASCENDING  PLOT 240

ORDER) o PLOT 250

1 SORTING IS NECESSARY. PLOT 260

PLOT 270

REMARKS PLOT 280

NONE PLOT 290

PLOT 300

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED PLOT 310

NONE PLOT 320

PLOT 330
..l'.l....‘l'...l.....ll..l......l‘.l..'0..'.00...'.'.OOIDUDOQDQCOPLOT 3“0
PLOT 350

SUBROUTINE PLOT (NOsAsNesMoNLINS) PLOT 360
DIMENSION OUT(101)9YPR(11)4ANG(9)sA(1) PLOT 370
PLOT 380

1 FORMAT(1H1160Xs TH CHART 41347/} PLOT 390
2 FORMAT(1H +F114495X9101A1) PLOY 400
3 FORMAT(1H ) PLOT 410
& FORMAT(10H 123456789) PLOT 420
S FORMAT(10A1) - PLOT 430
7 FORMAT(1H 916X0101He . . . . PLOT 440
. . . . o) PLOT 450
8 FORMAT(1H0»9Xe11F1044) PLOT 460
PLOT 470
...l.Illl..l.'l...ll.....llt..l..l...'l....l"...l....OCDDDOOIIC.OPLOt ‘.80
PLOT 490

NLL=NL PLOT 500
PLOT S10

IF(NS) 164 169 10 PLOT 520
PLOT 530

SORT BASE VARIABLE DATA IN ASCENOING ORDER PLOT 540

PLOT 550

10 00 1S Iz]4N PLOT 560
D0 14 JaleN PLOT 570
IF (AT =A(J)) 14y 140 1) PLOT 580
11 L=I-N PLOT 590
LL2J=N PLOT 600
00 12 K=14M PLOT 610
LzLoN PLOT 620
LL=LLeN PLOT 630
FzAll) PLOT 640
AfL)=A(LL) PLOT 650
12 A{LL)=F PLOT 660
14 CONTINUE PLOT 670
15 CONTINUE PLOT 680



(2 X N1 OO0

OO

OO OGO

2 ¥aNg) OO

[aXal

16
18

a0

26
28

30
40

45

50
55

60

TEST NLL

IF(NLL) 209 189 20
NLL=50

PRINT TITLE
WRITE(6+1)NO
DEVELOP BLANK AND DIGITS FOR PRINTING

REWIND 13

WRITE (1344}

REWIND 13

READ (13+S) BLANKe {ANG(I)+Ix]49)
REWIND 13

FIND SCALE FOR BASE VARIABLE
XSCAL=(A(N)=A(1))/(FLOAT(NLL=1))
FIND SCALE FOR CROSS=-VARIABLES

MlaNe¢]

YMIN=A (M])

YMAXzYMIN

M23MeN

D0 40 J=M)yM2
IF(A(J)=YHIN) 28426426
IF(ALJ) =YMAK) 409409430
YMIN=A(J)

60 TO 40

YMAX=A(J)

CONTINUE

YSCAL= (YMAX=YMIN) /10040

FIND BASE VARIABLE PRINT POSITION

XB=A(1)

L=)

HYzM=]

I1=1

Fel=]

XPRaxg+FexSCAL
IF(ALL)=XPR) S0450470

FIND CROSS=VARIABLES

D0 S5 IXzls101

OUT (1X)2BLANK

DO 60 J=l.MY

LL=LeJoN
JP=((A(LL)=YMIN)/YSCAL)*1.0
OUT (JP)=ANG(J)

CONTINUE

PRINT LINE AND CLEARs OR SKIP

PLOT 690
PLOT 700
PLOT 710
PLOT 720
PLOT 730
PLOT 740
PLOT 750
PLOT 760
PLOT 770
PLOT 780
PLOT 790
PLOT 800
PLOT 810
PLOT 820
PLOT 830
PLOT 840
PLOT 8S0
PLOT 860
PLOT 870
PLOT 880
PLOT 890
PLOT 900
PLOT 910
PLOT 920
PLOT 930
PLOT 940
PLOT 950
PLOT 960
PLOT 970
PLOT 980
PLOT 990
PLOT1000

. PLOTI010

PLOT)020
PLOT1030
PLOT)040
PLOT1050
PLOT1060
PLOT1070
PLOT1080
PLOT1090
PLOT1100
PLOT1110
PLOT1120
PLOT1130
PLOT1140
PLOT1150
PLOT1160
PLOT1170
PLOT1180
PLOT1190
PLOT1200
PLOTI210
PLOT)220
PLOTI230
PLOT1240
PLOT1250
PLOT]260



OO

WRITE (692) XPRy {QUT(12)412=141201)
L=Lel
GO T0 80
70 WRITE(693)
80 I=1+]
IF (I=NLL) 4S50 B84y 86
84 XPR=A(N)
GO TO 50

PRINT CROSS=VARIABLES NUMBERS

86 WRITE(697)
YPR(1)=YMIN
DO 90 KN=149

90 YPR(KN#1)=YPR(KN)+YSCAL®10,0
YPR(11)3YMAX
WRITE(6+8) (YPR(IP)4IP=]y1])
RETURN
END

PLOTI270
PLOT1280
PLOT1290

"PLOT1300

PLOTI310
PLOT1320
PLOT1330
PLOT1340
PLOT1350
PLOT1360
PLOT1370
PLOT1380
PLOT1390
PLOT1400
PLOT1410
PLOT1420
PLOT1430
PLOT1440
PLOT1450
PLOT1460




OO

GOAT 10

.0."...‘0.".0..0..'...".l.l‘.i’..l..l........l....l....l'...l..sn‘r 20

GOAT 30
SUBROUTINE GOATA GDAT 40
GDAT 50
PURPOSE GDAT 60

GENERATE INDEPENDENT VARIABLES UP TO THE M=TH POWER (THE GDAT 70
HIGHEST DEGREE POLYNOMIAL SPECIFIED) AND COMPUTE MEANS» GOAT 80
STANDARD DEVIATIONSs AND CORRELATION COEFFICIENTSs THIS GDAT 90
SUBROUTINE IS NORMALLY CALLED BEFORE SUBROUTINES ORDERs GDAT 100

MINV AND MULTR IN THE PERFORMANCE OF A POLYNOMIAL GDAT 110
REGRESSION, GDAT 120
GOAT 130
USAGE GDAT 140
CALL GDATA (NoMsXosXBARsSTD#DsSUMSQ) ‘ . GDAT 150
GDAT 160
DESCRIPTION OF PARAMETERS GDAT 170
N = NUMBER OF OBSERVATIONS. GOAT 180
M = THE HIGHEST DEGREE POLYNOMIAL TO BE FITTED. GOAT 190
X = FAPUT MATRIX (N BY Me1} , WHEN THE SUBROUTINE IS  GDAT 200
CHLEDs DATA FOR THE INDEPENDENT VARIABLE ARE GOAT 210
STORED IN THE FIRST COLUMN OF MATRIX Xo AND DATA FORGDAT 220
W€ DEPENDEMT VARIABLE ARE STORED IN THE LAST GDAT 230
GOUMN OF THE MATRIX. UPON RETURNING TO THE GDAT 240
CKRLING ROUTINEs GENERATED POWERS OF THE INDEPENDENTGDAT 250
g WERIABLE ARE STORED IN COLUMNS 2 THROUGH M, GDAT 260
XBAR = QUTPUT VECTCR OF LENGTH Me] CONTAINING MEANS OF GOAT 270
TAOEPENDENT AND DEPENDENT VARIABLES. GOAT 280

ST0 = GUTPUT VECTOR OF LENGTH M+l CONTAINING STANDARD GOAT 290 .
DEVIATIONS OF INDEPENDENT AND DEPENOENT VARTABLES. GDAT 300
0 = OUTPUT MATRIX (ONLY UPPER TRIANGULAR PORTION OF THE GDAT 310
SYMMETRIC MATRIX OF Me] BY Me1) CONTAINING CORRELA= GDAT 320
TION COEFFICIENTS. (STORAGE MODE OF 1) GDAT 2330
SUMSQ « OUTPUT VECTOR OF LENGTH Me] CONTAINING SUMS OF GDAT 340
PRODUCTS OF DEVIATIONS FROM MEANS OF INDEPENDENT  GOAT 13S0
AND DEPENDENT VARIABLES, GDAT 360
GDAT 370
REMARKS GDAT 280
N MUST BE GREATER THAN He], GDAT 390
1F M IS EQUAL TO S OR GREATER, SINGLE PRECISION MAY NOT BE GDAT 400
SUFFICIENT 10 GIVE SATISFACTORY COMPUTATIONAL RESULTS. GOAT 410
GDAT 420
SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED GOAT 430
NONE GDAT 440
GOAT 450
METHOD GDAT 460
REFER TO B, OSTLEs *STATISTICS IN RESEARCH!s THE IOWA STATE GDAT 470
COLLEGE PRESS+ 1954+ CHAPTER 6. GDAT 480
. GDAT 490
.l.lll.l..'.l"ll0.0.'|0.......0.l...l..000......'.‘......0.‘.0IOQGD‘T Soo
GOAT Sl0
SUBROUTINE GOATA (NeMeXeXBARsSTDDsSUSQ) GDAT 520
DIMENSION X(1)+XBAR(1)+STO(1)4D (1) oSUNSQ(1) . GDAT 530
GDAT Sé40
...C..l...l'..........‘..OQ..'........ll..lOOJOIOC.0.0QCUOOOIOOGOAT SSO
GDAT S60

IF A DOUBLE PRECISION VERSION OF TRIS ROUTINE IS OESIREDy THE GDAT S70




OO

OO0

OO

90

105

110
115

130

150

170

C IN COLUMN 1 SHOULO BE REMOVED FROM THE OOUBLE PRECISION

STATEMENT WHICH FOLLOWS,
DOUBLE PRECISION XoXBAR9STDsDsSUMSQeT19T2

THE C MUST ALSO 8E REMOVED FROM DOUBLE PRECISION STATEMENTS
APPEARING IN OTHER ROUTINES USED IN CONJUNCTION WITH THIS

ROUTINE.

THE DOUBLE PRECISION VERSION OF THIS SUBROUTINE MUST ALSO

CONTAIN DOUBLE PRECISION FORTRAN FUNCTIONS.

SART AND ABS IN

STATEMENT 180 MUST BE CHANGED TO DSQRT AND OABS.

GDAT
GOAT
GDAT
GDAT
GDAT
GOAT
GOAT
GDAT
GOAT
GDAT
GDAT
GDAT
GOAT

580
590
600
610
620
630
640
650
660
670
680
690
100

......ll‘l......l.l.0.l..l.l.C..'.l.l.0....‘..............‘.!OOGDAT 110

GENERATE INDEPENDENT VARIABLES

IF(M=1) 105+ 105y 90
L1=0

D0 100 I324M
LiaL]eN

D0 100 J=1sN

Lalley

KaL=N

X(L)=X{K)#X(J)

CALCULATE MEANS

MM=Me ]

DF=N

Ls0

D0 115 I=]eMM
XBAR(]1)=0,0

DO 110 J=1sN

LezLe]
XBAR(I)3XBAR([)eX(L)
XBAR(1)=XBAR(1)/0F

D0 130 =}k
STO(I)=040

CALCULATE SUMS OF CROSS=PRODUCTS OF DEVIATIONS

Lx((MMe1) OHM) 72
D0 150 I=lsl
D(1)=0,0

00 170 KsleN
L=0

DO 170 Js)loMM
L2aN®(J=]) *K
T22X{L2) =XBAR(J)
STD(J)=STDJ) «T2
DO 170 I=)eJ
L1aN®(]=1) oK
T1aX(L])=XBAR(I)
Lzle]
DIL)=D(L)eT]OT2
L=0

GDAT
GDAT
GDAT
GDAY
GDAT
GDAT
GDAT
GOAT
GOAT
GOAT
GDAY
GDAT
GDAT
GDAT
GDAT
GDAT
GOAT
GDAT
GDAT
GDAT
GOAT
GOAT
GDAY
GDAT
GDAT
GDAT
GOAT
GOAT

720
130
140
150
160
170
180
790
800
810
820
830
840
850
860
870
880
890
900
910
920
930
940
950
960
970
980
990

GDAT1000
GDATI010
GDAT]020
GDATY030
GDAT1040
GDAT10S0
GOAT1060
GDAT1070
GDAT}080
GDAT1090
GDAT1100
GDAT1110
GDAT1120
GDAT1130
GDAT1140
GDATY1S0




D0 175 Jz]sMM
00 175 Islyd
Lzle]
175 D(L)=D(L)=STD(I) #STD (J) /OF
L=0
00 180 I=]1sMM
LzLel
SUMSQ(T)=D(L)
180 STD(I)= SORT( ABS(D{L)))

CALCULATE CORRELATION COEFFICIENTS

(s X X2t

L=0

D0 190 Js] oMM
00 190 I=214J
Lzle)

190 D(L)=D{L)/(STO(1)#STD(J)}
¢
¢ CALCULATE STANDARD DEVIATIONS
c

DF=SQRT (DF~1.0)

DO 200 I=14MM
200 STO(I)=STD(I}/0F

RETURN

END

GDAT1160
GDAT1170
GDAT1180
GOAT1190
GDAT1200
GDATI210
GDAT1220
GDAT1230
GDAT1240
GDAT1250
GDAT1260
GDAT1270
GDAT1280
GDAT1290
GDAT1300
GDAT1310
GDAT1320
GDAT1330
GDAT1340
GDAT1350
GDAT1360
GDAT1370
GDAT1380
GDAT1390
GDAT1400



OO OO ODOOODO

(2 X 2]

ORDE 10

©00000000 00000 000000000000 0tn00ettrsestcecissenstecatsssccereseeseDRDE 20
OROE 30

SUBROUTINE ORDER ORDE 40
ORDE S0

PURPOSE ORDE 60

CONSTRUCT FROM A LARGER MATRIX OF CORRELATION COEFFICIENTS ORDE 70
A SUBSET MATRIX OF INTERCORRELATIONS AMONG INDEPENDENT ORDE 80
VARIABLES AND A VECTOR OF INTERCORRELATIONS OF INDEPENDENT ORDE 90
VARIABLES WITH DEPENDENT VARIABLE. THIS SUBROUTINE IS OROE 100
NORMALLY USED IN THE PERFORMANCE OF MULTIPLE AND POLYNOMIAL ORDE 110

REGRESSION ANALYSES. ORDE 120
ORDE 130

USAGE ORDE 140
CALL ORDER (MsR4NDEP Ky ISAVEIRX9RY) ORDE 150
ORDE 160

DESCRIPTION OF PARAMETERS ORDE 170
M = NUMBER OF VARIABLES AND ORDER OF MATRIX R, ORDE 180

. R = INPUT MATRIX CONTAINING CORRELATION COEFFICIENTS.  ORDE 190
THIS SUBROUTINE EXPECTS ONLY UPPER TRIANGULAR ORDE 200

PORTION OF THE SYMMETRIC MATRIX TO BE STORED (BY  OROE 210

COLUMN) IN R, (STORAGE MODE OF 1) ORDE 220

NDEP -« THE SUBSCRIPT NUMBER OF THE DEPENDENT VARIAALE, ORDE 230

K ~ NUMBER OF INDEPENDENT VARIABLES TO BE INCLUDED ORDE 240

IN THE FORTHCOMING REGRESSIONe K MUST BE GREATER  ORDE 250

THAN OR EQUAL TO 1. ORDE 251

ISAVE = INPUT VECTOR OF LENGTH K+¢] CONTAININGs IN ASCENDING ORDE 260
ORDERs THE SUBSCRIPT NUMBERS OF K INDEPENDENT OROE 270

VARIABLES TO BE INCLUDED IN THE FORTHCOMING REGRES= ORDE 280

SION, OROE 290

UPON RETURNING TO THE CALLING ROUTINEs THIS VECTOR ORDE 300
CONTAINSs IN ADDITIONs THE SUBSCRIPT NUMBER OF ORDE 310
THE DEPENDENT VARIABLE IN Ke] POSITION, ORDE 320
RX = OUTPUT MATRIX (K X K) CONTAINING INTERCORRELATIONS OROE 330
AMONG INDEPENDENT VARIABLES 10 BE USED IN FORTH~ ORDE 340

COMING REGRESSION, OROE 350

RY = QUTPUT VECTOR OF LENGTH K CONTAINING INTERCORRELA= ORDE 360
TIONS OF INDEPENDENT VARIABLES WITH DEPENDENT ORDE 370

VARTABLES. ORDE 380

ORDE 390

REMARKS ORDE 400
NONE ORDE 410
ORDE 420

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED ORDE 430
NONE ORDE 440
ORDE 4S50

METHOD ORDE 460

FROM THE SUBSCRIPT NUMBERS OF THE VARIABLES TO BE INCLUDED ORDE 470
IN THE FORTHCOMING REGRESSIONy THE SUBROUTINE CONSTRUCTS THEORDE 480

HATRIX RX AND THE VECTOR RY, ORDE 490

ORDE S00
01000000loonoolooooanloolocoococotn.ooo...uloll.ououtooooooc.ooonORDE Slo
ORDE S20

SUBROUTINE ORDER (MsRoNDEP 4K+ ISAVE +RX4RY) ORDE 530
DIMENSION R(1)9ISAVE(1)+RX(1)sRY (1) ORDE 540
ORDE 550

.'ll.l.".ll...l..."l'..ll.Olll...l.l..OOlO.‘l.ll.‘ll..llo....onoc 560




STATEMENT WHICH FOLLOWS,
DOUBLE PRECISION RyRXsRY

ROUTENE .,

COPY INTERCORRELATIONS OF INDEPENDENY VARIABLES
WITH DEPENDENT VARIABLE

Bkl )

MM=0

00 130 J=1+K

L2=2ISAVE(J)

IF (NDEP=L2) 122+ 123s 123
122 L=NDEP+ (L2%L2-L2) /2

G0 TO 125
123 L=L2+(NDEP*NDEP=NDEP) /2
125 RY(JI=R(L)

COPY & SUBSET MAARIX OF INTERCORRELATIONS AMONG
INDEPENDENT VARIUBLES

aNnOoe

D0 130 I=]+K
L1=1SAVE(])
IF(L3=L2) 127+ 128+ 128
127 LzLle(L2%.2-L2) /72
60 T0 129
128 LsL2e(L1*L]=L1)/2
129 MMzHMe]
130 RX(MM)=R(L)

PLACE THE SUBSCRIPT NUMBER OF THE DEPENDENT
VARIABLE IN ISAVE(Ke})

OO

ISAVE (K+]) =NDEP
RETURN
END

IF A DQUBLE PRECISION VERSION OF THIS ROUTINE IS DESIREDs THE
C IN COLUMN 1 SHOULD BE REMOVED FROM THE DOUBLE PRECISION

THE C MUST ALSO BE REMOVED FROM DOUBLE PRECISION STATEMENTS
APPEARING IN OTHER ROUTINES USED IN CONJUNCTION WITH THIS

ORDE 570
ORDE 580
OROE 590
ORDE 600
ORDE 610
ORDE 620
ORDE 630
ORDE 640
ORDE 659
ORDE 660
ORDNE 670

.'........l.f..'l..C.l'l.....l.l..Q.'C0...ll....‘i.llll..l....loRDE 680

ORDE 690
ORDE 700
ORDE 710
ORDE 720
ORDE 730
ORDE 740
ORDE 750
ORDE 760
ORDE 770
ORDE 780
OROE 790
ORDE R00
ORDE 810
ORDE 820
ORDE 830
ORDE 840
ORDE 850
ORDE 860
OROE 870
ORDE 880
ORDE 890
ORDE 900
OROE 910
ORDE 920
ORDE 930
OROE 940
ORDE 959
ORDE 960
ORDE 970
ORDE 980
ORDE 990




OO OO0 O0

OO0

MINV 10
I.l..'l.l...'O.l.l...ll...'l...0'.'0.!l"..’..'.'.'.I.OI'........'MI~V zo
MINV 30

SUBROUTINE MINV MINV 40
MINV S0

PURPOSE MINV 60
INVERT A MATRIX MINV 70

MINV 80

USAGE MINV 90
CALL MINV(AsNsDsLoM) MINV 100

MINV 110

DESCRIPTION OF PARAMETERS MINV 120

A = INPUT MATRIXs DESTROYED IN COMPUTATION AND REPLACED BY MINV 130
RESULTANT INVERSE, MINV 140

N = ORDER OF MATRIX A ) MINV 150

D = RESULTANT DETERMINANT MINV 160

L = WORK VECTOR OF LENGTH N MINV 170

M = WORK VECFOR OF LENGTH N MINV 180

MINV 190

REMARKS MINV 200
MATRIX A MUST BE A GENERAL MATRIX MINV 210

MINV 220

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED MINV 230
NONE MINV 240

MINV 250

METHOD MINV 260
THE STANDARD GAUSS=JORDAN METHOD IS USED. THE DETERMINANT ~ MINV 270

IS ALSO CALCULATED. A DETERMINANT OF ZERO INDICATES THAY MINV 280

THE MATRIX IS SINGULAR. MINV 290

MINV 300
.OO.CI...........O'.I.C‘.l......l........l..l..llOOOOUOODOUOOQDOOOHINV 3]0
MINV 320

SUBROUTINE MINV(A¢NeDsL M) MINV 330
DIMENSION A{1)oL(1)4M(1) MINV 340
MINV 350
00.0.0l....0l'll.00....li.lOOIl.l....I..l.ll..o.ll...l........l“luv 360
MINV 370

IF A DOUBLE PRECISION VERSION OF THIS ROUTINE IS DESIPEDy THE MINV 380

C IN COLUMN ] SHOULD BE REMOVED FROM THE DOUBLE PRECISION MINV 390
STATEMENT WHICH FOLLOWS, MINV 400
MINV 410

DOUBLE PRECISION A+D+BIGA/HOLD MINV 420
MINV 430

THE C MUST ALSO BE REMOVED FROM DOUBLE PRECISION STATEMENTS MINV 440
APPEARING IN OTHER ROUTINES USED IN CONJUNCTION WITH THIS MINV 450
ROUTINE, MINV 460
MINV 470

THE DOUBLE PRECISION VERSION OF THIS SURROUTINE MUST ALSO MINV 480
CONTAIN DOUBLE PRECISION FORTRAN FUNCTIONS. ABS IN STATEMENT MINV 490

10 MUST BE CHANGED TO DABS. MINV 500
MINV S10
l..l.lﬂ‘...l..‘l.ll...l.....0.ll.l..lll.‘00.."l..'ll..ll..l.l.ule 520

: MINY S30

SEARCH FOR LARGEST ELEMENT MINV 540
HINY 550

0=].0 MINY S60

NK=N MINYV

570



OO0

OO0

OO

OO0

DO 80 KaloN
NKzNKoN
LK) =K
M(K) =X
KK=NKeK
BIGA=A (KK)
D0 20 J=KsN
12=N*(J=1)
00 20 I3KsN
1921241

10 IF( ABS(BIGA)= ABS(A(IJ))) 15420420

15 BIGA=A(1J)
LK) =]
M(K)=J

20 CONTINUE

INTERCHANGE ROWS

JaL (K)
IF (J=K) 35935425
2% KJ=K=N
D0 30 Isl«N
KI=K1+N
HOLD=z=A (KI)
JI=K=KeJ
ALK =AW
3¢& A(JI) =HOLD

INTERCHANGE COLUMNS

35 I=M(K)
IF(1=K) 4544538
38 JP=Ne{]~1)
D0 40 JsloN
JK=NKeJ
JI=JPeJ
HOLD==A (JK)
A(JK)=A0UD)
40 A(JI) =HOLD

DIVIDE COLUMN BY MINUS PIVOT (VALUE OF PIVOT ELEMENT IS

CONTAINED IN BIGA)

45 IF(BIGA) 48446448
46 D=0.0
RETURN
48 D0 S5 I=1.N
IF{I=K) 50455450
50 IXK=NKe]
A(IK)=a{IK)/ (=BIGA)
S5 CONTINUE

REDUCE MATRIX

D0 65 I3]+N
IKaNKe [
HOLD=A (1K)
1J=1-N

NINY
MINV
MINV
MINV
MINYV
MINV
MINV
MINV

- MINV

MINV
MINV
MINY
MINY
MINV
MINV
MINY
MINV
MINV
MINY
MINV
MINY
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINV
MINY

- MINV

MINY
MINV
MINY
HINV
MINY
MINV
MINV
MINV
MINV

580
590
600
610
620
630
640
650
660
670
680
690
700
710
120
730
140
750
760
170
780
790
800
810
820
830
840
850
860
870
880
890
900
9l0
920
930
940
950
960
970
980
990

HINV]000
HINVIG)O
MINV]020
MINVIO30
HINV]040
MINV]050
MINV1060
MINVIOT7N
HINV1080
HINV1090
HINV1100
MINVIT10
MINVII20
HINV]130
MINV]140
HINV11S0



OO0

OO OO

00 65 J=lsN

[J21JeN

IF(I1=K) 60165460
60 IF(J=K) 62165462
62 KJz1J=1+K

A(1J) =HOLD*A(KJ) *A(1J)
65 CONTINUE

DIVIDE ROW BY PIVOT

KJzK=N

DO 75 J=1uN

KJzKJeN

IF(J=K) 70475470
70 A(KJ)=A(KJ)/BIGA
75 CONTINUE

PRODUCT OF PIVOTS
Dz2D*B1GA
REPLACE PIVOT BY RECIPROCAL

A(KK)=1,0/B1GA
80 CONTINUE

FINAL ROW AND COLUMN INTERCHANGE

KaN
100 K=(Ke])
IF(K) 15091500105
105 IsL(K)
IF(1=K) 120+120+108
108 JO=N*(K=1)
JR=N#(]=1)
DO 110 JslN
JK2JQeJ
HOLD=A (JK)
JIzJReJ
A{JK) s=A(J])
110 A(JI) =HOLD
120 JzM(K)
IF(J=K) 10091004125
125 K]=K=N
00 130 I=}sN
K1=K1eN
HOLD=A(KD)
JIzKl=K+J
AKI) z=A(J])
130 A(JI) =HOLD
60 10 100
150 RETURN
END

MINV1160
MINVI1T70
MINYV1180
MINVI190
MINV1200
MINVI210
MINVI220
MINV1230
MINV]240
MINV]1250
MINVI260
MINV1270
MINV1280
MINVI290
MINV1300
MINV1310
MINV1320
MINV1330
MINV1340
MINV]350
MINVI360
MINVI3T0
MINV1380
MINV1390
MINV1400
MINV]4)0
MINV1420
MINVI430
MINV1440
HINV1450
MINV1460
MINV1470
MINV]1480
MINV]490
MINVIS00
MINVIS10
MINVIS20
MINV1S30
MINVIS40
MINV1S50
MINVI560
MINVIST0
MINV1580
MINV1S90
HINV1600
HINVI610
HINV]620
MINV1630
MINV1640
MINV1650
MINYV1660
MINV16T0
HINV]480
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MULT 10
..l..O.....'.l.00l..ll..Ol......l'll.....’.ll.l'.'..!l.."l.l"..."uLT 20
MULT 30

SUBROUTINE MULTR MULT 40
MULT SO

PURPOSE MULT 60
PERFORM A MULTIPLE LINEAR REGRESSION ANALYSIS FOR A MULT 70

DEPENDENT VARIABLE AND A SET OF INDEPENDENT VARIABLES. THISMULT 80
SUBROUTINE IS NORMALLY USED IN THE PERFORMANCE OF MULTIPLE MULT 90

AND POLYNOMIAL REGRESSION ANALYSES. MULT 100
MULT 110

USAGE MULT 120
CALL MULTR (NsK+XBAR9STD4DsRX9RYs [SAVEsBsSBrT+ANS) MULT 130

. MULT 140

DESCRIPTION OF PARAMETERS MULT 150
N = NUMBER OF OBSERVATIONS. HULT 160

K = NUMBER OF INDEPENDENT VARTABLES IN THIS REGRESSION. MULT 170

XBAR = INPUT VECTCR OF LENGTH M CONTAINING MEANS OF ALL MULT 180
VARIABLES. M IS NUMBER OF VARIABLES IN OBSERVATIONS,.MULT 190
STO = INPUT VECTUR OF LENGTH M CONTAINING STANDARD DEVI- MULT 200

ATIONS OF AL VARIABLES, MULT 210
0 ~ INPUT VECTCR OF LENGTH M CONTAINING THE DIAGONAL OF MULT 220
THE MATRIX. OF SUMS OF CROSS=PRODUCTS OF DEVIATIONS MULT 230
FROM MEANS FOR ALL VARIABLES. MULT 240
RX = INPUT MATRIX (K X X) CONTAINING THE INVERSE OF MULT 250
INTERCORRELATIONS AMONG INDEPENDENT VARIABLES. MULT 260
RY = INPUT VECTZR OF LENGTH K CONTAINING INTERCORRELA=  MULT 270
TIONS OF INDEPENDENT VARIABLES WITH DEPENDENT MULT 280
VARIABLE. MULT 290

ISAVE = INPUT VECTOR OF LENGTH Ke] CONTAINING SUBSCRIPTS OF MULT 300
INDEPENDENT VARIABLES IN ASCENDING ORDER, THE MULT 310
SUBSCRIPT OF THE DEPENDENT VARIABLE IS STORED IN MULT 320

THE LASTs Kely POSITION, MULT 330

8 = OUTPUT VECTOR OF LENGTH K CONTAINING REGRESSION MULT 340
COEFFICIENTS, MULT 350

S8 = OUTPUT VECTOR OF LENGTH K CONTAINING STANDARD MULT 360
DEVIATIONS OF REGRESSION COEFFICIENTS. MULT 370

T = OUTPUT VECTOR OF LENGTH K CONTAINING T-VALUES. MULT 380
ANS  « QUTPUT VECTOR OF LENGTH 10 CONTAINING THE FOLLOWING MULT 390
INFORMATJON, , MULT 400

ANS(1)  INTERCEPT MULT 410

ANS(2) MULTIPLE CORRELATION COEFFICIENT MULT 420

ANS(3) STANDARD ERROR OF ESTIMATE MULT 430

ANS(4) SUM OF SQUARES ATTRIBUTABLE TO REGRES~ MULT 440

SION (SSAR) MULT 450

ANS(S) DEGREES OF FREEDOM ASSOCIATED WITH SSAR MULT 460

ANS(6) MEAN SQUARE OF SSAR MULT 470

ANS(T) SUM OF SQUARES OF DEVIATIONS FROM REGRES=  MULT 480

SION (SSDR) MULT 490

ANS(8) DEGREES OF FREEDOM ASSOCIATED WITH SSOR MULT 500

ANS(9) HEAN SQUARE OF SSOR MULT Slo

ANS(10) F-VALUE MULT 520

MULT S30

REMARKS MULT S40
M MUST BE GREATER THAN Ko}, MULT S50
MULT 560

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED MULT 570
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OO0 OO OO OOON

100

11

OO0

OO0

1

1

NONE
METHOD

THE GAUSS=JORDAN METHOD IS USED IN THE SOLUTION OF THE
NORMAL EQUATIONS, REFER TO W, We COOLEY AND P+ Ro LOHNES
*MULTIVARIATE PROCEDURES FOR THE BEHAVIORAL SCIENCES®
JOHN WILEY AND SONSs 19629 CHAPTER 3+ AND B OSTLE,
¢STATISTICS IN RESEARCH®y THE IOWA STATE COLLEGE PRESSs

1954¢ CHAPTER 8,

MULT
MULT
MULT
MULT
MULT
MULT
MULT
MULT
MULT
MULT

580
590
600
610
620
630
640
650
660
670

.00....‘.l..l.l......l.....ll.lll..l.....'l....0....'.0...‘..llll."uLT 680

SUBROUTINE MULTR (NsK9XBAR9STDsDsRKsRY 9 ISAVE+BeSBsTeANS)
DIMENSION XBAR(1)+STO(1)sD(1)9RX(1)4RY (1) +1SAVE(1)+B(1)+SB(1)y

T(1)oANS (1)

MULT
MULT
MULT
MULT
MULT

0.......l..C0'..00........'0.‘.....‘Ql‘lll0‘.OOIO.COIOQ;ODOOOCOMULT

IF A DOUBLE PRECISION VERSION OF THIS ROUTINE IS DESIREDs THE
C IN CULUMN 1 SHOULD BE REMOVED FROM THE DOUBLE PRECISION

STATEMERT WHICH FOLLOWS,

DOUBLE PRITISION XBARWSTDsDoRXeRY¢B9SB9T+ANSIRM9BOsSSARYSSORISYs
FNeiR 9 SSARMs SSORMF

THE C 1M¥ST ALSO BE REMOVED FROM DOUBLE PRECISION STATEMENTS
APPEARING IN OTHER' ROUTINES USED IN CONJUNCTION WITH THIS

ROUTINE .

THE DOUBLE PRECISION VERSION OF THIS SUBROUTINE MUSY ALSO
CONTAIN DOUBLE PRECISION FORTRAN FUNCTIONS.

SQRT AND ABS IN

MULT
MULT
MULTY
MULT
MULT
MULT
MULT
MULT
MULT
MULT
MULT
MULT
MULT
MULY

STATEMENTS 1229 125+ AND 135 MUST BE CHANGED TO DSQRT AND DABS,MULT

MULT

l'.l........Q.l’.l'll..'...ll.l..0!..ll|QOO..'.'."OIOOQIOQUOJOMULT

MMzKe]
BETA WEIGHTS

D0 100 JsleK
B(J)=0,0

00 110 J=14K

L1aK® (J=1)

D0 110 I=)eK

LzLle]
B(J)28(J) *RY (1) *RX (L)
RMz0,0

B020.0

L12ISAVE (MM)

COEFFICIENT OF DETERMINATION

D0 120 I=14K
RNzRMeB (1) *RY (1)

REGRESSION COEFFICIENTS
L=ISAVE(D)

MULT
MULT
MULT
MULT
HULT
HULT
HULT
NULT

690
700
710
720
730
740
750
760
170
780
790
800
810
820
830
840
850
860
870
880
890
900
910
920
930
940
950
960
970
980
990

MULT1000
MULT1010
HULT1020
MULT1030
MULT1040
MULT1050
HULT1060
HULT1070
MULTE080
MULT1090
HULT1100
MULTII10
MULT1120
MULT1130
MULT1140
MULT11S0




OO

OO [z X2 X2} OO0 [ Xz X2}

OO0

(e X X OO0

OO

B8(I)=B(I)*(STD(LY)/STD(L)) MULT1160

MULT1170

INTERCEPT MULT1180
MULT1190

120 80=B0+8 (1) *XBAR(L) MULT1200
B0xXBAR(L1)=B0 MULT1210
MULT1220

SUM OF SQUARES ATTRIBUTABLE TO REGRESSION MULT1230
MULTI240

SSAR=RHM#D(L1) MULT1250
MULT1260

MULTIPLE CORRELATION COEFFICIENT MULT1270
MULT1280

122 RMs SQRT( ABS(RM)) MULT1290
MULT1300

SUM OF SQUARES OF DEVIATIONS FROM REGRESSION MULT1310
MULT1320

SSOR=D{L1)=SSAR MULT1330
MULT1340

VARIANCE OF ESTIMATE MULT1350
MULT1360

FNzN=K«1 MULT1370
SYaSSOR/FN MULT1380
MULT1390

STANDARD DEVIATIONS OF REGRESSION COEFFICIENTS MULT1400
MULT1410

00 130 J=14K HULT1420
Li=Ke(J=1)eJ MULT1430
LsISAVE{J) MULT1440
125 SB(J)= SQRT( ABS{(RX(L1)/D(L))®SY)) MULT1450
MULT1460

COMPUTED T=-VALUES HULT1470

"~ MULT1480

130 T(J)=8{J)/5B(J) MULT1490
MULT1S00

STANDARD ERROR OF ESTIMATE MULT1S10
MULT1520

135 Sy= SQRT( ABS(SY)) MULT1530
MULTIS40

F VALUE HULT1S50
MULT1560

FKeK MULT1S70
SSARM=SSAR/FK MULT1580
SSORM=SSOR/FN MULT1590
F2SSARK/SSORM MULT1600
MULTI610

ANS(]11=B0 MULT1620
ANS (2) 2RM MULT1630
ANS (3) 2SY MULT1640
ANS (4)2SSAR MULT1650
ANS (5) 3FK MULT1660
ANS (6) =SSARM HULT1670
ANS (7)=SSDR HULT1680
ANS(8)=FN KULT1690
ANS (9) =SSORM MULT1700
ANS(10) =F MULTI710
RETURN MULT1720

END HULT1730
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ANOV 10
.l'..l.'..'...'Oll'.'.ll'.....l.l..Q..'l.ll....;OOOIQQC'OCODOCUQIOANOV 20
ANOV 30

SAMPLE MAIN PROGRAM FOR ANALYSIS OF VARIANCE = ANOVA ANOV 40
ANOV S0

PURPOSE ANOV 60
(1) READ THE PROBLEM PARAMETER CARD FOR ANALYSIS OF VARI=  ANOV 70
ANCEs (2) CALL THE SUBROUTINES FOR THE CALCULATION OF SUMS ANOV 80

OF SQUARESs DEGREES OF FREEDOM AND MEAN SQUAREs AND ANOV 90
(3) PRINT FACTOR LEVELSs GRAND MEAN AND ANALYSIS OF VARI=  ANOV 100
ANCE TABLE, ANOV 110
ANOV 120

REMARKS ANOV 130
THE PROGRAM HANDLES ONLY COMPLETE FACTORTAL DESIGNS, THERE=ANOV 140
FOREs OTHER EXPERIMENTAL DESIGN MUST BE REDUCED TO THIS FORMANOV 150
PRIOR YO THE USE OF THE PROGRAM ANOV 160
ANOV 170

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED ANOV 180
AVDAT ANOV 190
AVCAL ANOV 200
MEANG ANOV 210
ANOV 220

METHOD ANOV 230

THE METHOD IS BASED ON THE TECHNIQUE DISCUSSED BY He 0 ANOV 240
HARTLEY IN *MATHEMATICAL METHODS FOR DIGITAL COMPUTERS®, ANOV 250
ECAED BY Ao RALSTON AND Ho WILFy JOHN WILEY AND SONS» ANOV 260

19tils CHAPTER 20, ANOV 270

ANOV 280
.llO.l....l'.l..'..0...'.0'..".'..ll.".0..0.l..’..'........l."lANov 290
ANOV 300

THE FOLLOWING OIMENSION MUST BE GREATER YHAN OR EQUAL TO THE ANOV 310
CUMULATIVE PRODUCT OF EACH FACTOR LEVEL PLUS ONE (LEVEL(E)el) ANOV 120

FOR I=1 TO Ky WHERE K IS THE NUMBER OF FACTORS., ANOV 330
ANOV 340

DIMENSION X(3000) ANOV 350
ANOV 360

THE FOLLOWING DIMENSIONS MUST BE GREATER THAN OR EQUAL TO THE ANOV 370
NUMBER OF FACTORS., ANOV 380
ANOV 390

DIMENSION HEAD(6) +LEVEL (6) ¢ ISTEP (6) +KOUNT (6) sLASTS (6) ANOV 400
ANOV 410

THE FOLLOWING DIMENSIONS MUST BE GREATER THAN OR EQUAL T0 2 T0O ANOV 420
THE K=TH PONER MINUS 1+ ((2%¢K)=]},, ANOV 430
ANOY 400

DIMENSION SUMSQ(63) +NOF (63) 4 SMEAN(63) ANOV 450
ANOV 460

THE FOLLOWING DIMENSION 1S USED TO PRINT FACTOR LABELS IN ANALYSISANOV 470
OF VARIANCE TABLE AND IS FIXED., ANOV 480
ANOV 490

DIXENSION FMT(15) ANOV S00
0‘l..00....l..'.ll.‘ll..l..l.ll'.‘.l..lll...l.l.l.....l.ll‘.ll..l.ANov slo
ANOV 520

IF A DOUBLE PRECISION VERSION OF THIS ROUTINE IS DESIREDs THE ANOV 530

C IN COLUMN )} SHOULD BE REMOVED FROM THE DOUBLE PRECISION ANOV 540
STATEMENT WHICH FOLLOWS. ANOV S50
ANOY 560

DOUBLE PRECISION XoGMEANsSUMSQeSMEANSUM ANOY ST0
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ANOV 580
THE € MUST ALSO BE REMOVED FROM DOUBLE PRECISION STATEMENTS  ANOV 590
APPEARING IN OTHER ROUTINES USED IN CONJUNCTION WITH THIS ANOV 600

ROUTINE. ANOV 610

ANOV 620

‘...."...........l....‘.'......‘.......'.....'...........l....ANOV 630

ANOV 640

1 FORMAT (A49A2012¢A493X911(A1914)/7(A0T40A19T4sAY0140eA e 140A1014))  ANOV 650
2 FORMAT (26H1ANALYSIS OF VARTANCEsqseoA49A2//) ANOV 660
3 FORMAT(18HOLEVELS OF FACTORS/(3XsAle7Xe14)) ANOV 670
& FORMAT(1H0//11H GRAND MEANF20,5///7) ANOV 680
5 FORMAT (10HOSOURCE OF 18X+ THSUMS OF 10X¢ 1 OHDEGREES OF9X+4HMEAN/10H VAANOV 690
JRTATION18X s THSQUARES]1X 9 THFREEDOM] 0X o THSQUARES/) ANOV 700
6 FORMAT(1H 15A11F2045+10X0164F2045) ANOV 710
7 FORMAT(6H TOTAL10X+F2045910X916) ANOV 720
8 FORMAT(12F640) . ANOV 730
ANOV 740
...'.....'...."...............'........‘......................l..ANov 750
ANOV 760

READ PROBLEM PARAMETER CARD ANOV 770
ANOV 780

1000 READ (Se1) PRAPR14KeBLANK (HEAD (1) oLEVEL (1) 91=14K) ANOV 790
PResosoPROHEM NUMBER (MAY BE ALPHAMERIC) ANOV 800
PR1+4sooPROBREM NUMAER (CONTINUED) ANOV 810
Kosooe o NUNKER OF FACTORS ANOV 820
BLANK+ +BLARK FIELD ANOV 830
HEAD. o o FACTOR LABELS ANOV 840
LEVEL« LEVERS OF FACTORS ANOV 850
ANOV 860

PRINT PROBLEM NUMBER AND LEVELS OF FACTORS ANOV 870
ANOV 880

WRITE (642) PRsPR] ANOV 890
WRITE (643) (HEAD(I)4LEVEL(T)9]214K) ANOV 900
ANOV 910

CALCULATE TOTAL NUMBER OF DATA ANOV 920
ANOY 930

N=LEVEL(]) ANOV 940
D0 102 I=z24K ANOV 950
102 N=N*LEVEL(I) ANOV 960
ANOY 970

READ ALL INPUT DATA ANOV 980
ANOV 990

READ (Se8) (X(I)eI=14N) ANOV1000
ANOV1010

CALL AVDAT (KoLEVELoNsXoLo ISTEP4KOUNT) ANOY1020
CALL AVCAL (KoLEVEL9XoLoISTEP4LASTS) ANOV1030
CALL MEANQ (KoLEVEL »X+GMEAN+ SUMSQ¢NDF o SMEAN+ ISTEP s KOUNT 4LASTS) ANOV1040
ANOV10S0

PRINT GRAND HEAN ANOV1060

: ANOY1070

WRITE (6+4) GHMEAN ANOV]080
ANOV1090

PRINT ANALYSIS OF VARIANCE TABLE ANOV1100

: ANOVIL1O

WRITE (645) ANOV]120
LLx(2¢eK)=] ANOV1130
ISTEP (1) =) ANOV1140

DO 105 Is2+K ANOV] 150




105 ISTEP(I)=0
DO 110 I=1415
110 FMT(1)=BLANK
NNz0
SUMz0,0
120 NN=NNe}
L=0
00 140 Iz1sK
FMT (1) =BLANK
IF(ISTEP(I)) 130y 140+ 130
130 LzLe)
FMT(L)=HEAD(T)
140 CONTINUE
WRITE (696) (FMT(I)9I=1915) +SUMSQ(NN) sNOF (NN) o SMEAN (NN)
SUM=SUM#SUMSQ (NN)
IF(NN=LL) 1455 1704 170
145 DO 160 I=21K
IF(ISTEP(I)) 147y 1504 147
147 ISTEP(1)=0
GO T0 160
150 ISTEP(I)=)
GO T0 120
160 CONTINUE
170 N=Nel
WRITE (6+7) SUMsN
GO 70 100
END

ANOV]160
ANOV1170
ANOV1180
ANOV1190
ANOV1200
ANOV1210
ANOV1220
ANOV1230
ANOV1240
ANOV1250
ANOV1260
ANOV1270
ANOV1280
ANOV1290
ANOV1300
ANOV1310
ANOV1320
ANOV1330
ANOV1340
ANOV1350
ANOV1360
ANOV1370
ANOV1380
ANOV1390
ANOV1400
ANOVi410
ANOV1420
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SUBROUTINE AVOAT AVDA
AVDA

PURPOSE AVDA

PLACE DATA FOR ANALYSIS OF VARIANCE IN PROPERLY DISTRIBUTED AVDA
POSITIONS OF STORAGE., THIS SUBROUTINE IS NORMALLY FOLLOWED AVDA
BY CALLS TO AVCAL AND MEANQ SUBROUTINES IN THE PERFORMANCE AVDA
OF ANALYSIS OF VARIANCE FOR A COMPLETE FACTORIAL DESIGN, AVDA

AVDA
USAGE AVDA
. CALL AVDAT (KoLEVELsNeXoLoISTEP,KOUNT) AVDA
AVOA
DESCRIPTION OF PARAMETERS AVDA

K = NUMBER OF VARIABLES (FACTORS). K MUST BE .GT, ONE, AVDA
LEVEL = INPUT VECTOR OF LENGTH k CONTAINING LEVELS (CATE=  AVDA
GORIES) WITHIN EACH VARIABLE. AVDA
N = TOTAL NUMBER OF DATA POINTS READ IN. AVDA
X = WHEN THE SUBROUTINE IS CALLEDs THIS VECTOR CONTAINS AVDA
DATA IN LOCATIONS X(1) THROUGH X{N)e UPON RETURNINGAVDA
T0 THE CALLING ROUTINEy THE VECTOR CONTAINS THE DATAAVDA
IN PROPERLY REDISTRIBUTED LOCATIONS OF VECTOR X, AVDA
THE LENGTH OF VECTOR X 1S CALCULATED BY (1) ADDING AVDA
ONE TO EACH LEVEL OF VARIABLE AND (2) OBTAINING THE AVDA
CUMULATIVE PRODUCT OF ALL LEVELS. (THE LENGTH OF  AVDA
X = (LEVEL(1)#1)#(LEVEL(2)¢1) %, 4o * (LEVEL(K) +1)4) AVDA
L = OUTPUT VARIABLE CONTAINING THE POSITION IN VECTOR X AVDA
WHERE THE LAST INPUT DATA IS STORED. AVOA
ISTEP = QUTPUT VECTOR OF LENGTH K CONTAINING CONTROL STEPS AVDA
WHICH ARE USED TO LOCATE DATA IN PROPER POSITIONS AVDA

OF VECTOR X. AVDA

KOUNT = WORKING VECTOR OF LENGTH K. AVDA

' AVDA

REMARKS AVDA
INPUT DATA MUST BE ARRANGED IN THE FOLLOWING MANNER, AVDA

CONSIDER THE 3=VARIABLE ANALYSIS OF VARIANCE DESIGNe WHERE AVDA
ONE VARTABLE HAS 3 LEVELS AND THE OTHER TWO VARIABLES HAVE AVDA
2 LEVELS. THE DATA MAY BE REPRESENTED IN THE FORM X(I4JeK)+AVDA
1219243 J=1e2 K=2142, [N ARRANGING DATA. THE INNER AVDA
SUBSCRIPTs NAMELY Iy CHANGES FIRST. WHEN =3y THE NEXT AVDA

INNER SUBSCRIPTy Jo CHANGES AND SO ON UNTIL I=3y J=24 AND  AVDA
K=2, AVDA
AVDA

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED AVDA
NONE AVOA
AVDA

METHOD AVDA

THE METHOD 1S BASED ON THE TECHNIQUE DISCUSSED BY H. 0. AVDA

HARTLEY IN *MATHEMATICAL METHODS FOR DIGITAL COMPUTERS!', AVDA
EDITED BY A. RALSTON AND He WILFy JOHN WILEY AND SONS» AVDA

1962+ CHAPTER 20, AVOA

AVDA
Otolcololl-C|ocutouooo.nocoooooo-oo.lcocoooc0.ooooooccoooooac.ooco‘vul
AVDA

SUBROUTINE AVOAT (KsLEVELsNoXoL+ISTEPKOUNT) AVDA

DIMENSION LEVEL (1) +X(1) o ISTEP{1)4KOUNT (1) AVDA

10

20

30

40

S0

60

70

80

90
100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300
3lo
320
330
340
350
360
370
380
390
400
410
420
430
440
450
460
470
480
499
500
510
520
530
540
550
560
S70
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AVDA 580
.‘I........0.'.0....Cl"....l.0'.OOO..O....‘.......I...OOOOQQOOAVD“ 590
AVDA 600
IF A DOUBLE PRECISION VERSION OF THIS ROUTINE IS DESIREDs THE AVDA 610
C IN COLUMN | SHOULD BE REMOVED FROM THE OOUBLE PRECISION AVDA 620

STATEMENT WHICH FOLLOWS, AVDA 630
AVDA 640

DOUBLE PRECISION X AVDA 650
AVDA 660

THE C MUST ALSO BE REMOVED FROM DOUBLE PRECISION STATEMENTS  AVDA 670
APPEARING IN OTHER ROUTINES USED IN CONJUNCTION WITH THIS AVDA 680

ROUTINE. AVDA 690

AVDA 700

..0.....00..l...l..l.C.0...00......0.....0'0..OOQQCOOCOOQOOOCCIAVDA 710

AVDA 720

CALCULATE TOTAL DATA AREA REQUIRED AVDA 730

' AVDA 740

M=LEVEL (1) ] AVDA 750

00 105 122K AVDA 760

105 MzMS(LEVEL(I)+1) AVDA T70
AVDA 780

MOVE DATA TO THE UPPER PART OF THE ARRAY X AVDA 790
FOR THE PURPOSE OF REARRANGEMENT AVDA 800
AVDA 810

NisMe] AVDA 820
N2aN+) AVDA 830

00 107 IsleN AVDA 840
NlaN]e]l AVDA 850
N2=zN2-1 AVDA 860

107 X{N1)=X(N2) AVDA 870
AVDA 880

CALCULATE MULTIPLIERS TO BE USED IN FINDING STORAGE LOCATIONS FOR AVDA 890
INPUT DATA AVDA 900
AVDA 910

ISTEP(1)3] AVDA 920

DO 110 I=2.K AVDA 930

110 ISTEP(I)=ISTEP(I=1)#(LEVEL(]=]1)¢]) AVDA 940
00 115 I=1sX AVDA 950

115 KOUNT(I) =] AVDA 960
AVDA 970

PLACE DATA IN PROPER LOCATIONS AVDA 980
AVDA 990

NlaNl-] AVDA1000

00 135 I=1eN AVDAL010
L=KOUNT (1) AVDA1020

00 120 J=24K AVDA1030

120 L=LeISTEP(J) ®(KOUNT(J)=1) AVDA1040
N]aN]e} AVDA1050
X{L)=x(N]) AVDA1060

D0 130 JalK : AVDAL0T70

IF (KQUNT(J)=LEVEL (J}) 1240 1254 124 AVDA10R0

124 KOUNT (J)3KOUNT (J) ¢] AVDA1090
G0 70 135 AVDAL100

125 KOUNT (J) =] . AVDAL110
130 CONTINUE AVDA])20
135 CONTINUE AVDAL130
RETURN AVDA]140

END AVDA]150
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SUBROUTINE AVCAL

PURPOSE
PERFORM THE CALCULUS OF A FACTORIAL EXPERIMENT USING
OPERATOR SIGMA AND OPERATOR DELTA. THIS SUBROUTINE IS
PRECEDED BY SURROUTINE ADVAT AND FOLLOWED BY SUBROUTINE
MEANQ IN THE PERFORMANCE OF ANALYSIS OF VARIANCE FOR A
COMPLETE FACTORIAL DESIGN.

USAGE
CALL AVCAL (KyLEVEL#XsLoISTEP,LASTS)

DESCRIPTION OF PARAMETERS

K = NUMBER OF VARIABLES (FACTORS), K MUST BE .GT. ONE,
LEVEL - TINPUT VECTOR OF LENGTH K CONTAINING LEVELS (CATE=-

G0RIES) WITHIN SACH VARTABLE.

AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA

X = INPUT VECTOR CONTAINING DATA. DATA HAVE BEEN PLACEDAVCA

IN VECTOR X BY SUBROUTINE AVDAT. THE LENGTH OF X

IS (LEVEL (1) ¢1)S(LEVEL (2)¢1) %400 ® (LEVEL(K)#1) o

L = THE POSITION It VECTOR X WHERE THE LAST INPUT DATA

IS LOCATED, L HAS BEEN CALCULATED BY SUBROUTINE
AVDAT,

ISTEP = INPUT VECTOR OF LENGTH K CONTAINING STORAGE CONTROL

STEPS WHICH HAVE BEEN CALCULATED B8Y SUBROUTINE
AVDAT,
LASTS = WORKING VECTOR OF LENGTH K.

REMARKS
THIS SUBROUTINE MUST FOLLOW SUBROUTINE AVDAT.

SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
NONE :

METHOD
THE METHOD IS BASED ON THE TECHNIQUE DISCUSSED BY H. O
HARTLEY IN 'MATHEMATICAL METHODS FOR DIGITAL COMPUTERS?®,
EDITED BY Ao RALSTON AND He WILF+ JOHN WILEY AND SONS,
1962+ CHAPTER 20,

AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA

.......'l....l....ll.............'.‘.......'..........‘..........I‘VCA

SUBROUTINE AVCAL (KsLEVELyXeLoISTEP4LASTS)
DIMENSION LEVEL{(1)+X{1) o ISTEP(1}4LASTS(])

AVCA
AVCA
AVCA
AVCA

..l.ll"ll.'.lll.'..l'....llll.'..00Ol.l!..!..l..'.....u..l"..AVCA

IF A DOUBLE PRECISION VERSION OF THIS ROUTINE IS DESIREDs THE

C IN COLUMN | SHOULD BE REMOVED FROM THE DOUBLE PRECISION
STATEMENT WHICH FOLLOXS,

DOUBLE PRECISION XSUM

THE € MUST ALSO 9E REMOYED FROM DOUBLE PRECISION STATEMENTS
APPEARING IN OTHER ROUTINES USED IN CONJUNCTION WITH THIS

AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA
AVCA

10

20

30

40

50

60

70

80

90
100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
380
3%0
400
410
420
430
440
450
460
470
480
490
500
S1o
520
530
540
550
560
570
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ROUTINE.

AVCA 580
AVCA 590

.‘.D..0....00...'.!..0..!‘....0‘0.0'....'l..QOICOU.CIOOC’CDOOOOAVC“ 600

CALCULATE THE LAST DATA POSITION OF EACH FACTOR

LASTS(1)=Le]
00 145 I=24K
145 LASTS(I)=LASTS(I=1)+ISTEP(I)

PERFORM CALCULUS OF OPERATION

150 DO 175 I=1+K
L=1
LL=l
SUM=0,0
NN=LEVEL(T)
FN=NN
INCRE=]STEP (1)}
LASTaLASTS ()

SIGMA OPERATION

-155 00 160 J=1sNN
SUM=SUMX (L)

160 L=L+INCRE
X(L)=SUM

DELTA OPERATION

D0 165 J=11NN
X{LL)=FN¢X(LL)=SUM
165 LL=LLeINCRE
SUM=0,0
IF(L=LAST) 167y 175y 175
167 IF(L=LAST+INCRE) 168+ 168+ 170
168 L=L*INCRE
LL=LL¢INCRE
GO TO 155
170 L=LoINCRE+1=LAST
LL=LLoINCRE+]1=LAST
G0 10 1SS
175 CONTINUE
RETURN
END

AVCA 610
AVCA 620
AVCA 630
AVCA 640
AVCA 650
AVCA 660
AVCA 670
AVCA 680
AVCA 690
AVCA 700
AVCA 710
AVCA 720
AVCA 730
AVCA 740
AVCA 750
AVCA 760
AVCA 770
AVCA 780
AVCA 790
AVCA 800
AVCA 810
AVCA 820
AVCA 830
AVCA 840
AVCA 850
AVCA 860
AVCA 870
AVCA 880
AVCA 890
AVCA 900
AVCA 910
AVCA 920
AVCA 930
AVCA 940
AVCA 950
AVCA 960
AVCA 970
AVCA 980
AVCA 990
AVCA) 000
AVCAlOLO
AVCAl020
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SUBROUTINE MEANQ
PURPOSE

MEAN
MEAN
MEAN
MEAN

COMPUTE SUM OF SQUARESs DEGREES OF FREEDOMs AND MEAN SQUARE MEAN
USING THE MEAN SQUARE OPERATOR., THIS SUBROUTINE NORMALLY  MEAN
FOLLOWS CALLS TO AVDAT AND AVCAL SUBROUTINES IN THE PER- MEAN

FORMANCE OF ANALYSIS OF VARIANCE FOR A COMPLETE FACTORIAL  MEAN
DESIGN. MEAN
MEAN

USAGE MEAN
CALL MEANQ (KoLEVEL 1 XoGMEANsSUMSQoNDF o SMEANIMSTEP JKOUNT, MEAN
LASTS) . MEAN

MEAN

DESCRIPTION OF PARAMETERS MEAN
L = NUMBER OF VARIABLES (FACTORS). K MUST BE .GT, ONE. MEAN

LEVEL = INPUT VECTOR OF LENGTH K CONTAINING LEVELS (CATE~  MEAN
GORIES) WITHIN EACH VARIABLE. MEAN

X « INPUTT VECTOR CONTAINING THE RESULT OF THE SIGMA AND MEAN
DEL!: 74 OPERATORS, THE LENGTH OF X IS MEAN

(LS (1) e 1) #(LEVEL(2)#1) #,, (* (LEVEL (K) ¢1), MEAN

GMEAN = OUYPUT VARIABLE CONTAINING GRAND MEAN. MEAN
SUMSQ = OUTPUT VECTOR CONTAINING SUMS OF SQUARES., THE MEAN
LENGTH OF SUMSQ IS 2 TO THE K=TH POWER MINUS ONEs»  MEAN

(2%5K)=1, MEAN

NDF = OUTPUT VECTOR CONTAINING DEGREES OF FREEDOM, THE  MEAN
LENGTH OF NOF IS 2 TO THE K=TH POWER MINUS ONEs MEAN

(209K) =1, MEAN

SMEAN = OUTPUT VECTOR CONTAINING MEAN SQUARES. THE MEAN
LENGTH OF SMEAN IS 2 TO THE K=TH POWER MINUS ONEs+  MEAN

(248K} =], MEAN

MSTEP = WORKING VECTOR OF LENGTH K. MEAN
KOUNT = WORKING VECTOR OF LENGTH K, MEAN
LASTS = WORKING VECTOR OF LENGTH K. MEAN
MEAN

REMARKS MEAN
THIS SUBROUTINE MUST FOLLOW SUBROUTINE AVCAL HEAN
MEAN

SUBROUTINES AND FUNCTION SUBPROGRAMS REGUIRED MEAN
NONE MEAN
MEAN

METHOD MEAN

THE METHOD 1S BASED ON THE TECHNIQUE DISCUSSED BY H. 0. MEAN

HARTLEY [N YMATHEMATICAL METHODS FOR DIGITAL COMPUTERS',
EDITED BY A, RALSTON AND He WILFy JOHN WILEY AND SONSs

MEAN
MEAN

19629 CHAPTER 20,

MEAN
MEAN

00'0.00.0!00ooot.toi!'oolonoclo|00lol.nnol00000000!000..0..oocl.oo“EAN

MEAN

SUBROUTINE MEANQ (KeLEVEL X +GME AN+ SUHSQoNDF + SHEANMSTEP 4KOUNT ¢ MEAN

LASTS)

1
DIMENSION LEVEL (1) 4X (1) 4SUMSQ(1) oNDF (1) »SMEAN(L) ¢MSTEP (1)

1

KOUNT (1) oLASTS(])

MEAN
MEAN
MEAN
MEAN

90
100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300
310
320
330
340
350
360
370
380
390
400
410
420
430
440
450
460
470
480
490
500
510
520
530
540
550
560

.00’.....l..b'.l.lllo.llll.ll.ll..olll.!‘ll‘!lO'O.lOOOOQIDlI‘I.“E‘N 570

N
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MEAN S80

If A DOUBLE PRECISION VERSION OF THIS ROUTINE IS DESIREDs THE MEAN 590

C IN COLUMN | SHOULD BE REMOVED FROM THE DOUBLE PRECISION MEAN 600
STATEMENT WHICH FOLLOWS, MEAN 610

MEAN 620

DOUBLE PRECISTON X+GMEAN9SUMSQ9SMEANSFN] MEAN 630
MEAN 640

THE ¢ MUST ALSO BE REMOVED FROM DOUBLE PRECISION STATEMENTS MEAN 650
APPEARING IN OTHER ROUTINES USED IN CONJUNCTION WITH THIS MEAN 660
ROUTINE. MEAN 670

MEAN 680

...0..‘...'........0....l....l.l.l.".l'0...0..."0.00..l......"EAN 690

MEAN 700

CALCULATE TOTAL NUMBER OF DATA MEAN 710
MEAN 720

N=LEVEL (1) MEAN 730

00 150 1=24K MEAN 740

150 N=NeLEVEL(D) MEAN 750
MEAN 760

SET UP CONTROL FOR MEAN SQUARE OPERATOR MEAN 770
MEAN 780

LASTS(1)=LEVEL (1) MEAN 790

D0 178 1=24K MEAN 800

178 LASTS(I)SLEVEL(I)e] MEAN 810
NN=1 MEAN 820
MEAN 830

CLEAR THE AREA TO STORE SUMS OF SQUARES MEAN 840
MEAN 850

LL=(29%K) -] MEAN R60
MSTEP(1)=] MEAN 870

DO 180 I=24K MEAN 880

180 MSTEP (1) 3MSTEP(1=1)®2 MEAN 890
00 185 IalslL MEAN 900

185 SUMSQ(1)=040 MEAN 910
MEAN 920

PERFORM MEAN SQUARE OPERATOR MEAN 930
MEAN 940

00 190 I=14K MEAN 950

190 KOUNT([)=0 MEAN 960
200 L=0 MEAN 970
00 260 I=1+K MEAN 980

IF (KOUNT (1) =LASTS{I)) 210y 250, 210 MEAN 990

210 IF(L) 220+ 220+ 240 MEANL000
220 KOUNT (1)=KOUNT (1)1 MEAN1010
IF (KOUNT (1) =LEVEL (1)) 230+ 230+ 250 HMEAN1020

230 LaLeMSTEP(T) MEAN1030
60 T0 260 MEAN] 040

260 IF (KOUNT(I)=LEVEL(I)) 230+ 260+ 230 MEAN]0S0
250 KOUNT(1)=0 MEAN1060
260 CONTINUE MEANY070
IFIL) 285 285+ 270 VEAN1080

270 SUMSO (L) =SUMSQ(L) ¢ X (NN} X (NN) MEAN1090
NNzKNe} MEANT100

GO T0 200 MEANL110
MEAN]120

CALCULATE THE GRAND MEAN MEAN1130
MEAN] 140

285 FN=N VEANL1S0




BIOOOO

GMEAN=X (NN) /FN MEAN]1160
MEAN1170

CALCULATE FIRST DIVISOR REQUIRED TO FORM SUM OF SQUARES AND SECONDMEAN1180
DIVISORy WHICH IS EQUAL TO DEGREES OF FREEDOMs REQUIRED TO FORM  MEAN]1190
MEAN SQUARES MEAN1200
MEAN1210

00 310 I=2K MEAN1220
310 MSTEP(I)=0 MEAN1230
NN=0 MEAN1240
MSTEP(1)a1 MEAN1250

320 ND1=1 MEAN]260
ND2=] MEAN1270

D0 340 I=]14K MEAN]1280
IF(MSTEP(I)) 330+ 340+ 330 MEAN]1290

330 NDL=ND)#LEVEL(ID) MEAN1300
ND2=ND2# (LEVEL (1) =1) MEAN1310
341 CONTINUE MEAN]320
FN1=N#ND] MEAN1330
FN2=ND2 MEAN1340
NNzNNe ] MEAN1350
SUMSQ (NN) =5UMSQ (NN) /FN1 MEAN1360

NOF (NN) =ND72 MEAN1370
SMEAN (NN) == BMSQ(NN) /FN2 MEAN1380

IF (NN=LL) “:¥Ge 3704 370 MEAN1390
34% 00 360 I=K MEAN1400
IF (HSTEP(I}) 347y 3500 347 MEAN]410

340 MSTEP(1)=0 MEAN1420
G0 TO 360 MEAN1430
350) HSTEP (1) =] MEAN]440
60 70 320 MEAN]4S0
360: CONTINVE MEAN]460
370" RETURN MEAN1470
END MEAN1480




