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Abstract 

This thesis considers simp1ified decoding for a type of full-rate non-orthogonal comp1ex space­

time b10ck codes (STBCs) over Rayleigh fading channels. More precisely, we propose a decision 

feedback symbo1-by-symbo1 decoding a1gorithm for the Quasi-Orthogonal code fami1y, that com­

prises the Quasi-Orthogonal code and the Improved Quasi-Orthogonal code, by using the QR de­

composition. Compared to optimal joint decoding, this a1gorithm significantly reduces comp1ex­

ity. For performance eva1uations of the simp1ified decoding a1gorithm for the Quasi-Orthogonal 

code fami1y over Rayleigh fading channe1s, we derive upper and 10wer bounds for symbo1 error 

rate. Furthermore, by using high SNR asymptotics we investigate the diversity orders provided 

by different decoding a1gorithms. The ana1ysis shows that because of the relative constellation 

rotation, the diversity order provided by optimal decoding for the Improved Quasi-Orthogonal 

code is 4. A1so, because of the error propagation in the decision feedback, the diversity order 

provided by the simp1ified decoding for the Improved Quasi-Orthogonal code is reduced to 2. 

All ana1ytica1 results match well the associated computer simulations. Finally, we compare the 

performances of the simplified and optimal decoding for the Improved Quasi-Orthogonal code 

over corre1ated Rayleigh fading channe1s by using the "one-ring" channel model. Through com­

puter simulations we show that the relative performance 10ss between the simp1ified and optimal 

decoding decreases as channel correlation increases. Therefore, the simp1ified decoding a1go­

rithm is suitab1e for high1y spatially correlated Rayleigh fading channe1s. 
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Sommaire 

Le sujet proposé dans cette thèse concerne le décodage simplifié d'un type de codes spatio­

temporels en bloc pour des canaux à évanouissements de Rayleigh. Les codes spatio-temporels 

en considération sont complexes, à rendement plein ("full rate") et non orthogonaux. Plus 

précisément, nous proposons un algorithme de décodage symbole-par-symbole de rétroaction 

de décision pour la famille de codes quasi-orthogonaux comprenant le code quasi-orthogonal 

et le code quasi-orthogonal amélioré, et ce en utilisant une décomposition QR. Comparé à un 

décodage conjoint optimal, cet algorithme résulte en une réduction significative de complexité. 

Afin d'évaluer la performance de l'algorithme de décodage simplifié pour la famille de codes 

quasi-orthogonaux pour des canaux à évanouissements de Rayleigh, nous dérivons des bornes 

inférieures et supérieures pour le taux d'erreur par symbole. En outre, nous présentons une 

analyse des ordres de diversité fournis par les différents algorithmes de décodage moyennant 

une étude asymptotique avec un rapport signal-sur-bruit élevé. L'analyse des résultats montre 

qu'à cause de la rotation relative de la constellation, l'ordre de diversité obtenu par décodage 

optimal du code quasi-orthogonal amélioré est de 4. Par ailleurs, à cause de la propagation 

d'erreur dans la rétroaction de décision, l'ordre de diversité obtenu par décodage simplifié du 

code quasi-orthogonal amélioré se réduit à 2. La totalité des résultats analytiques coïncident bien 

avec ceux obtenus par simulations numériques. Finalement, nous comparons la performance des 

algorithmes de décodage simplifié et optimal pour codes quasi-orthogonaux améliorés pour des 

canaux à évanouissements de Rayleigh corrélés utilisant un modéle de canal "one-ring". Les sim­

ulations numériques montrent que la perte de performance relative entre le décodage simplifié 

et optimal diminue lorsque le niveau de corrélations dans le canal augmente. Par conséquent, 

l'algorithme de décodage simplifié est approprié pour les canaux à évanouissements de Rayleigh 

ayant un niveau élevé de corrélations spatiales. 
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Notation 

The following notation is used throughout the thesis. 

·j=H. 

• x* is the complex conjugate of the variable x 

• x* is the complex conjugate of the vector x 

• X* is the complex conjugate of the matrix X 

• Re(x) is the real part of the variable x 

• Im(x) is the imaginary part of the variable x 

• X T is the transpose of the matrix X 

• x T is the transpose of the vector x 

• X H is the conjugate transpose of the matrix X 

• x H is the conjugate transpose of the vector x 

• 1 is the identity matrix 

• 0 is the zero matrix 



Contents 

1 Introduction 

1.1 Literature Review 

1.2 Outline and Main Contributions of This Thesis 

2 Space-Time Block Coding: Background and Rationale 

2.1 Space-Time Block Coding ......... 

2.1.1 System Model and Coding Scheme 

2.1.2 Decoding Scheme with Known Channel . 

2.1.3 Diversity Advantage and Coding Advantage . 

2.2 Orthogonal Designs and Space-Time Block Codes . 

2.2.1 Definitions of Orthogonal Designs . . . . . 

2.2.2 Constructions of Real Orthogonal Designs . 

2.2.3 Constructions of Complex Orthogonal Designs 

2.2.4 Application of Orthogonal Designs to STBCs 

2.2.5 Alamouti's Scheme: A BriefReview ... 

2.3 Existence of Full Code Rate Orthogonal Designs 

3 Simplified Decoding for a Family of Quasi-Orthogonal Codes 

3.1 Code Constructions and Signal Constellations for the Quasi-Orthogonal Code 

v 

1 

1 

5 

7 

7 

7 

10 

11 

11 

11 

12 

13 

14 

22 

24 

27 

Family. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 28 



Contents 

3.2 Sirnplified Decoding Algorithm for the Quasi-Orthogonal Code Farnily 

3.2.1 Step One: Symbol Pair Joint Decoding 

vi 

29 

29 

3.2.2 Step Two: QR-Decornposition . . . . . 39 

3.2.3 Step Three: Joint Decoding vs Syrnbol-by-Syrnbol with Decision Feed-

back Decoding . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 43 

3.3 Performance Evaluations of the Quasi-Orthogonal Code Farnily with Different 

Decoding Schernes . . . . . . . . . 50 

3.3.1 Mathematical Preliminaries 50 

3.3.2 Error Performance of Optimal Decoding for the Quasi-Orthogonal Code 

Family ................................... 53 

3.3.3 Diversity Order Provided by Optimal Decoding for the Quasi-Orthogonal 

Code Family: Asymptotical Approach . . . . . . . . . . . . . . . . . .. 56 

3.3.4 Error Performance for Simplified Decoding ofthe Quasi-Orthogonal Code 

Family ................................... 61 

3.3.5 Analysis of Diversity Loss in the Simplified Decoding for the Improved 

Quasi Orthogonal code . . . . . . . . . . . . . . . . . . 

4 Performance over Spatially Correlated Rayleigh Fading Channels 

4.1 One Ring Model ........................ . 

4.2 Realization of Spatially Correlated Rayleigh Fading Channels in Computer Sim-

4.3 

4.4 

ulations ..................... . 

Performance over Spatially Correlated Channels . 

Conclusion 

5 Conclusion 

A Proofs and Calculations 

74 

80 

80 

83 

84 

85 

89 

91 



Contents 

A.1 Proof of Equation (3.7) 

A.2 Variance of nz in (3.93) . 

A.3 Eigenvalues of A .... 

A.4 Joint Probability Density Function of A and B . 

A.5 Joint Probability Density Function of U and V . 

A.6 Probability Distribution Function of W 

A.7 Moment Generating Function of W .. 

A.8 Ca1culations Associated with Bounds of Decoding 81 When 84 is From Decision 

Feedback .............................. . 

A.8.1 Evaluation of P(84 = z~ 1 84 = z~) When (J2 Approaches 0 . 

A.8.2 Evaluation of P(81 =1= 81184 = Z;; 84 = z~) and P(81 =1= 81184 = Z~; 84 = 

Z~) When (J2 Approaches 0 . . . . . . . . . . . . . . . . . . . . . . 

A.8.3 Evaluation of P(81 =1= 81 1 84 = Z;; 84 = Z~) When (J2 Approaches 0 

A.9 Evaluation ofmin{1 - P2[à + (1 + J3)b > 0] ; P(à + J3b < On 
A.9.1 Mathematical Preliminaries ................ . 

A.9.2 Ca1culation of P[à + (1 + J3)b < 0] and P(à + J3b < 0) . 

B Computer Simulations Software 

B.l Simulation Steps ..... . 

B.l.l Information Source and Encoder . 

vii 

91 

92 

94 

95 

97 

97 

98 

99 

99 

99 

104 

107 

107 

109 

112 

113 

113 

B.l.2 Independent and Spatially Correlated Rayleigh Fading Channels 114 

B.1.3 Additive Complex Gaussian Noise ...... . 

B.l.4 Independence Among the Random Generators 

B.1.5 Optimal Decoding . 

B.1.6 Simplified Decoding 

B.2 Complete Computer Simulation Pro gram 

114 

114 

116 

116 

116 



Contents viii 

C Numerical Evaluation Software 129 

C.l Numerical Evaluation of Error Probability of Decoding 84 129 

C.2 Numerical Evaluation ofError Probability ofDecoding 81 Assuming 84 Has Been 

Decoded Correctly o •••••••••••••••••••••••••••••••• 132 

References 133 



List of Figures 

2.1 Space-Time Block Coding . . . . . . . . . . . . 

2.2 Transmission Mode1 of Space-Time Block Codes 

3.1 QPSK and Rotated QPSK Constellations. . . . . 

ix 

7 

9 

29 

3.2 Gray Mapping for QPSK and Rotated QPSK Constellations. 47 

3.3 Different Decoding Aigorithms for the Quasi-Orthogonal code: Bit Error Rate. 48 

3.4 Different Decoding Aigorithms for the Quasi-Orthogonal code: Symbol Error Rate 49 

3.5 Optimal Decoding for Quasi-Orthogonal code Family: Bit Error Rate .. 58 

3.6 Optimal Decoding for Quasi-Orthogonal code Family: Symbol Error Rate 59 

3.7 Error Performance of Decoding 84 . . . . . . . . . . . . . . . . . . . . . 66 

3.8 Error Performance of Decoding 81 Assuming 84 Has Been Decoded Correctly 70 

3.9 Error Performance of Decoding 81 When 84 is From Decision Feedback . . 73 

3.10 Different Decoding Aigorithms for the Improved Quasi-Orthogonal code: Bit 

Error Rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75 

3.11 Different Decoding Aigorithms for the Improved Quasi-Orthogonal code: Sym-

bol Error Rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 76 

4.1 One-ring Model . 81 

4.2 Different Decoding Aigorithms for the Improved Quasi-Orthogonal code Over 

Independent and Spatially Correlated Channe1s: Bit Error Rate . . . . . . . . .. 86 



List of x 

4.3 Different Decoding Algorithms for the Improved Quasi-Orthogonal code Over 

Independent and Spatially Correlated Channels: Frame Error Rate; Framelength=256 

Information Bits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 87 

A.1 Contour of Integration 108 



xi 

List of Tables 

2.1 Relationship Among N, R(N) and C(N) . . . . . . . . . . . . . . . . . . . .. 26 

4.1 Typical Values of the Distance Between BS and MS . . . . . . . .. 82 

4.2 Correlation Coefficients Between the Adjacent Antennas f = 1.8GHz R = 

lOOÀ rv 200À . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 82 



List of Abbreviations 

BER 

BS 

FER 

iff 

i.i.d 

LMMSE 

MGF 

ML 

MS 

MRRC 

OD 

pdf 

PSK 

QAM 

SEP 

SER 

SNR 

STBC 

STTC 

Bit Error Rate 

Base Station 

Frame Error Rate 

if and only if 

Independent identically distributed 

Least Minimum Mean Square Error 

Moment Generating Function 

Maximum Likelihood 

Mobile Station 

Maximal-Ration Receiver Combining 

Orthogonal Design 

Probability density function 

Phase-Shift Keying 

Quadrature Amplitude Modulation 

Symbol Error Probability 

Symbol Error Rate 

Signal to Noise Ratio 

Space-Time Block Code or Space-Time Block Coding 

Space-Time Trellis Code or Space-Time Trellis Coding 

xii 



1 

Chapter 1 

Introduction 

1.1 Literature Review 

In the past years, the world witnessed a significant progress in wireless communication tech­

nologies [1]-[9]. Among these technologies, space-time coding [5] [7], which provides reliable 

communications over fading channels by using multiple antennas, attracted much research inter­

est [10]-[15]. It has been shown by Telatar [16], Foschini and Gans [17] that in rich scattering 

environments, the capacity of a multi-antenna communication system increases linearly with 

the minimum number of transmit and receive antennas when the signal to noise ratio (SNR) is 

sufficiently large. This indicates the possibility of significant capacity gains for multi-antenna 

systems, when compared to single-antenna systems. Furthermore, it provides the reason for ex­

ploring new channel coding schemes for multi-antenna systems. 

Generally speaking, there are two types of space-time coding schemes, which are termed as 

space-time trellis coding (STTC) [5] and space-time block coding (STBC) [7]. In [5], Tarokh 

et al proposed STTC as an effective anti-fading technique for Rayleigh and Rician fading chan­

nels. Performance criteria, coding and diversity gain, for designing STTC over slow fading and 

frequency non-selective channels were derived in [5]. Alamouti [18] introduced a remarkable 
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simple coding scheme that employs two transmit antennas, and not only achieves full diversity 

gain, but also allows simple symbol-by-symbol maximum likelihood (ML) decoding. A general­

ization of Alamouti's scheme in form of STBCs were presented later in [7]. Using the theory of 

orthogonal designs [19] for code constructions of STBCs, Tarokh et al [7] proposed orthogonal 

STBCs for more than two transmit antennas. For orthogonal STBCs, the transmitted symbols 

can be decoded independently, thus the decoding complexity is comparable to un-coded sys­

tem. For STTCs, the transmitted symbols are estimated jointly at the decoder, which leads to a 

higher decoding complexity when compared to un-coded system. Because of the lower decoding 

complexity at the mobile, we are more interested in code designs of orthogonal STBCs. 

Two classes of orthogonal STBCs have been proposed: real orthogonal STBCs and com­

plex orthogonal STBCs [7]. Real orthogonal STBCs are based on real orthogonal designs. The 

code matrices of real orthogonal STBCs are order N orthogonal designs with entries {±Si' i = 

1, ... , N} taken from real ( one dimensional) constellations such as PAM and BPSK. Complex 

orthogonal STBCs are based on complex orthogonal designs. The code matrices of complex or­

thogonal STBCs are order N orthogonal designs with entries {a, ±Si, i = 1, ... , N} taken from 

complex (two dimensional) constellations such as QAM and MPSK (M > 2) or their conjugates 

{ ±s;, i = 1, ... , N} and products of these indeterminates with j = H. As illustrated in 

[7], orthogonal STBCs have the advantages of providing full code rate, full diversity order and 

simple symbol-by-symbol ML decoding. As far as bandwidth efficiency is concemed, complex 

orthogonal STBCs are more efficient than real STBCs. We define code rate as the ratio of the 

number of information bearing symbols in a codeword to the number of channel usages required 

to transmit a codeword. Complex orthogonal STBCs achieve higher bandwidth efficiency than 

real orthogonal STBCs assuming they have the same code rate. In modem wireless communi­

cations, we are seeking bandwidth efficient technologies, and hence we are more interested in 

complex orthogonal STBCs. 

The existence of code designs for orthogonal STBCs was considered in [7] by using Radon 
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and Hurwitz theorem [21]. According to the theory of existence of complex orthogonal designs, 

a complex orthogonal STBC exists if and only if (iff) the order of the code matrix is 2. In 

other words, Alamouti's scheme is the unique complex orthogonal STBC. In order to explore 

new complex orthogonal STBCs, Tarokh et al [7] introduced coding schemes allowing linear 

processing, with which the entries of code matrix may be the linear combinations of {Si, S; i = 

1, ... , N} or products of these indeterminates with j = .J=I. Later, Ganesan and Stoica [23] 

connected the complex orthogonal STBC designs with the theory of amicable orthogonal designs. 

As proved by [7], a complex orthogonal STBC exists iffthe order of code matrix is 2, i.e., only 

Alamouti's scheme exists. In the design of complex STBC other than Alamouti's scheme, we can 

not satisfy the requirements of full code rate and full orthogonality (which results in full diver­

sity and symbol-by-symbol ML decoding) at the same time. In [24], Tirkkonen et al presented 

novel constructions for STBCs based on multi-modulation techniques that increase bandwidth 

efficiency. Such STBCs were then used as components in concatenated schemes. In [7], Tarokh 

et al introduced generalized complex orthogonal designs, which allow non-square code matrices. 

Furthermore, Tarokh et al [7] extended generalized complex orthogonal designs to generalized 

complex linear processing orthogonal designs, which allow the entries of code matrix to be linear 

combination of {Si, S; i = 1, ... , N} or products ofthese indeterminates with j = .J=I. It has 

been proved by Tarokh et al [7] that there exists full code rate generalized complex linear pro­

cessing orthogonal designs for two transmit antennas. But whether or not there exists full code 

rate generalized complex linear processing orthogonal designs for more than two transmit anten­

nas was unknown. In [25], Liang proved the nonexistence of full code rate complex orthogonal 

designs for more than two transmit antennas. Later, Liang and Xia [26] further demonstrated that 

no such full code rate generalized complex linear processing orthogonal designs exists for more 

than two transmit antennas. Through examples, Tarokh et al [7] proved that for any number of 

transmit antennas code rate 0.5 can be achieved with generalized complex orthogonal designs. 

In [7], by using generalized complex linear processing orthogonal designs, coding schemes for 
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3 and 4 transmit antennas that achieve code rate 3/4 were proposed. Later in [23], Ganesan 

and Stoica, presented another coding scheme achieving code rate 3/4 by employing amicable 

orthogonal designs. 

As aforementioned, if we are going to ensure full code rate in a complex STBC design, 

besides Alamouti's scheme, the feature of full orthogonality must be sacrificed. In an effort 

of keeping full code rate, Tirkkonen et al [27] and Jafarkhani [28] proposed two types of full­

rate and order-four non-orthogonal complex STBCs independently. Both ofthese two codes use 

Alamouti's scheme as construction blocks and provide diversity order oftwo in the one receive 

antenna system with ML decoding. Recently, Sharma and Papadias [29] improved the Quasi­

Orthogonal code [28] through constellation rotations for sorne transmitted symbols. With this 

improvement, the diversity order provided by the code with ML decoding increases to four for 

one receive antenna. 

Because of the loss offull orthogonality, optimal decoding of non-orthogonal complex STBCs 

can not be as simple as symbol-by-symbol decoding. Therefore, reduced-complexity decoding 

schemes for non-orthogonal complex STBCs are worth being developed. In [27], Tirkkonen et al 

proposed an easily implementable decoding scheme. This decoding scheme is based on iterative 

interference cancellation between parts of the code. The decoding scheme also employs a least 

minimum mean square error (LMMSE) technique when it constructs the decorrelation matrix 

inside the decoder. In [30], the sphere decoding algorithm was first introduced as a method for 

finding lattice vectors of short length. In [31], sphere decoding was presented as a near optimum 

method for space-time coded system. In this thesis, we will focus on the decoding of full-rate 

non-orthogonal complex STBC. A technique for simplified decoder will be proposed and the 

corresponding error performance will be analyzed. 
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1.2 Outline and Main Contributions of This Thesis 

The remainder ofthis thesis is organized as follows. 

Chapter 2 presents the background and rationale of space-time block coding. The system 

model, the decoding scheme and diversity criteria, the application of orthogonal designs to space­

time block coding and the existence of complex orthogonal STBCs are addressed in this chapter. 

In chapter 3, we present a simplified decoding scheme for the Quasi-Orthogonal code family [28] 

[29]. Performances of the simplified and optimal decoding are evaluated analytically and are 

verified by computer simulations. In chapter 4, we consider the performances of the simplified 

decoding scheme over spatial-correlated channels by using the one-ring channel model [42]. 

We compare the performances of different decoding schemes over the channels with different 

correlation coefficients by computer simulations. Finally in chapter 5, we present conclusions. 

The main contributions of this thesis are: 

1. We propose a simplified decoding scheme for Quasi-Orthogonal STBC family. By the 

use of the QR decomposition, this simplified decoding scheme realizes symbol-by-symbol with 

decision feedback decoding. The complexity of the simplified decoding, which is measured in 

terms of number of comparisons over aIl possible values after linear combinations, increases 

linearly with the size of modulation constellation size. 

2. We evaluate the performances of simplified and optimal decoding over independent Rayleigh 

fading channels though mathematical analysis and computer simulations. By using asymptoti­

cal mathematical analysis, we proved that the diversity orders provided by optimal decoding of 

Quasi-Orthogonal and Improved Quasi-Orthogonal code are 2 and 4, respectively. The diversity 

orders provided by simplified decoding of Quasi-Orthogonal and Improved Quasi-Orthogonal 

code are both 2. 

3. We compare the performances of different decoding schemes over spatially correlated 

channels by using the "one-ring" channel model [42]. It is shown that the performance gap 
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between optimal and simplified decoding decreases as channel correlation increases. Based on 

the comparisons, we conclude that the simplified decoding scheme is more suitable for the highly 

correlated channels. 
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Chapter 2 

Space-Time Block Coding: Background 

and Rationale 

2.1 Space-Time Block Coding 

2.1.1 System Model and Coding Scheme 

The system model of the STBC system proposed by Tarokh et al [7] is presented in Fig.2.I. 

AlI the descriptions and the analysis in the following chapters are based on this model unless 

specified. As shown in Fig.2.I, the transmitter is equipped with N antennas and the receiver is 

\l 

Space-Time Encoder 
r--

Information +: + '\l Source 
~ • • • • 

• • • • • • • • • • r-

Receiver 

Fig. 2.1 Space-Time Block Coding 
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equipped with M antennas. We assume the duration of each codeword is D channel uses and the 

constellation employed by the space-time encoder is of size 2Y . We also assume each codeword 

is made up of K symbols {SI, ... , S K }, which can be real or complex. The co ding scheme is 

expressed as follows. In each period of D time slots, KY bits enter the space-time encoder and 

select symbols {SI, ... , SK} from the constellation. Using these selected symbols, the space-time 

encoder generates an N x D code matrix 

C1,1 C1,2 C1,D 

c= (2.1) 

For real STBC, the entries of the code matrix of (2.1) are linear combinations of zero and the real 

symbols {SI, ... , SK}. For complex STBC, the entries ofthe code matrix (2.1) are linear combina-

tions ofzero and complex symbols {SI, ... , SK, si, ... , sk} orproducts ofthese with j = v'=1. At 

the tth (t = 1, ... , D) slot, the entries Ci,t 's (i = 1, ... , N) of(2.1) are transmitted simultaneously 

from antennas 1, ... , N. The code rate is defined as (Information Symbols)j(Channel Uses). 

The transmission environment of space-time b10ck codes is modeled as a quasi-static and fiat 

fading wireless channel [7]. As shown in Fig.2.2, the whole system is described by 

R=AC+N (2.2) 

In (2.2), R, A, C and N denote the received signal, the channel coefficients, the code matrix and 

the noise over D time slots corresponding to a frame, respectively. The i th row of C represents the 

symbols transmitted from the i th transmit antenna and the tth column of C represents the symbols 
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Tx IJ....,;::---__ a1
_.

1 ~~-t~ 1 
Cl.t V l.t 

n2.t 

~,t2 J~_~ __ ~----;_a,~_ t :',2 

nM.t 

TXNj ~ tRxM 
~------------------~-~~ r c~ V ~ 

aM.N 

Fig. 2.2 Transmission Model of Space-Time Block Codes 

transmitted at the tth time slot. The channel coefficient matrix A is defined as 

A= (2.3) 

where Œj,i (j = 1, ... , M; i = 1, ... , N) denotes the channel fading coefficient from the i th transmit 

antenna to the ph receive antenna. The wireless channel is assumed to be quasi-static, i.e., the 

channel fading coefficients remain constant over a frame oflength D and vary independently from 

one frame to another. The channel fading coefficients are modeled as i.i.d circularly symmetric 

complex Gaussian with zero mean and variance 0.5 for each component. 

According to the previous definitions , we conc1ude that the received signal matrix R is an 
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Mx Dmatrix 

R= (2.4) 

where the (j, t)lh element ofR represents the signal received by the lh antenna at the tth time slot 

and it is given by 
N 

rj,t = L Œj,iCi,t + nj,t 
i=l 

In (2.5), nj,t denotes the (j, t)th (j = 1, ... , Mi t = 1, ... , D) element of the noise matrix 

N= 

(2.5) 

(2.6) 

and it represents the additive noise affecting the jth receive antenna at the tth time slot. The 

elements of N are modeled as independent samples of circularly symmetric complex Gaussian 

random variables with zero mean and variance No/2 for each component. 

2.1.2 Decoding Scheme with Known Channel 

Assuming that the channel state information is available, i.e., the receiver knows Œl,i (i 

1,2,3,4), by using ML decoding, the decoder computes the decision metric [7] 

D M N 2 

IIR - Aël1 2 
= LL 1 rj,t - LŒj,ici,t 1 (2.7) 

t=l j=l i=l 
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over all possible codewords ë and decides in favor of codeword ê that minimizes (2.7). 

2.1.3 Diversity Advantage and Coding Advantage 

When channel coefficients O!l,i (i = 1,2,3,4) are known at the receiver, the probability that the 

transmitted codeword C is decoded as ê, where ê #- C, over a Rayleigh channel is bounded by 

[5] 
R 

P(C ----+ ê; ê #- C) :::; (II Ài) -M (Es/4No)-RM (2.8) 
i=l 

In (2.8), Ris the rank of the matrix (C - ê)(C - ê)H and {Ài ; i = 1, ... , R} are none-zero 

eigenvalues of the matrix (C - ê) (C - ê)H. By taking the logarithm on both sides of (2.8), we 

get 
R 

log P(C ----+ ê; ê #- C) :::; -RM { log (4~ ) + log (II Àif*} (2.9) 
o i=l 

R 
1 

In (2.9), RM is defined as diversity advantage and (II Àif:R is defined as coding advantage 
i=l 

[5]. Assuming Rmin is the minimum rank of C - ê over any pair of distinct codewords, then 

from (2.9), the STBC achieves a diversity of M Rmin. From (2.9), we know that if we plot the 

decoding error probability curve in logarithm sc ale versus SNR (in dB). The slope of the curve 

indicates the diversity advantage and horizonal shi ft indicates the coding advantage. 

2.2 Orthogonal Designs and Space-Time Block Codes 

2.2.1 Definitions of Orthogonal Designs 

A real orthogonal design [19] of order N and type tl, ... , tL, where t/s are positive integers, is 

an N x N matrix X R with entries from {a, ±Sl, ... , ±SL} satisfying 

L 

XRXR T = XR TXR = (2: tis~)I 
i=l 

(2.10) 
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Altematively, each row or each column of X R has t i entries of ±Si and the rows or columns are 

orthogonal under the Euc1idean inner product. 

A complex orthogonal design Xc of order N and type t 1 , ... , t L is an N x N matrix from 

{ ±Sl, ... , ±s L}, and their conjugates {±si, ... , ±sÎ,} or products of these indeterminates with 

j = yI=I satisfying 
L 

XCXC
H 

= XcHXc = (L til sil 2 )1 
i=l 

(2.11) 

In the following discussions, we will take full code rate orthogonal designs, i.e. L = N, as 

examples unless specified. 

2.2.2 Constructions of Real Orthogonal Designs 

Let {Xi; i = 1, ... , N} be a set of N x N real matrices and let {Si; i = 1, ... , N} be a set of N 

real scalars, then we seek to represent a real orthogonal design X R as 

N 

X R = LXiSi 
i=l 

(2.12) 

by deriving the required properties of {Xi; i = 1, ... , N} to enable such a representation. From 

(2.10) and (2.12), we have 

N T N N N 

( L XiSi) (L X1S1) = L XfX1SiSI = (L tis;)1 (2.13) 
i=l 1=1 i,l=l i=l 

and 
N N T N N 

( L XiSi) ( L X1S1) = L xixf SiSI = (L tis;)1 (2.14) 
i=l 1=1 i,l=l i=l 
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For (2.13) and (2.14) to hold, the Xi 's (i = 1, ... , N) in (2.12) must satisfy 

tJ; Vi=l tiI ; Vi=l 
xixT = and X;Xl = (2.15) 

-XIX;; V i i= l. -XTXi ; V i i= l. 

In other words, if we can find a group of Xi 's satisfying the constraints listed in (2.15), we can 

easily construct a real orthogonal design by using (2.12). The existence of Xi 's will be discussed 

lately by using theorem of Radon. 

2.2.3 Constructions of Complex Orthogonal Designs 

Let Ak 's and Bk 's (k = 1, ... , N) be complex N x N matrices satisfying the requirements that 

will be derived later, we seek to represent a complex orthogonal design Xc as 

N N 

Xc = LAkSk + LBkS~ (2.16) 
k=l k=l 

According to the definition, a complex orthogonal design Xc satisfies 

N 

XcHXc = XCXC
H 

= (L tk lskI 2 )I (2.17) 
k=l 

From (2.16) and (2.17), we have 

XcHXc 
N N H N N 

(LAkSk + LBkS~) (LAlsl + LBls;) 
k=l k=l 1=1 1=1 

N N N 

L (Ar: Al + BfBk)s'ksl + L Ar:Bls'kst + L Br: AlskSI 

k,I=1 k,I=1 k,I=1 
N 

(L tk lskI
2 )I (2.18) 

k=1 
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and 

N N N N H 

(2:AkSk + 2:BkS~) (2:A1S1 + 2: BIs;) 
k=1 k=1 1=1 1=1 

N N N 

2: (AkAf + BlBf) Sk S; + 2: AkBf SkSI + 2: BkAf S~S; 
k,I=1 k,I=1 k,I=1 

N 

(2:tklskI2)I (2.19) 
k=1 

For (2.18) and (2.19) to ho Id, Ak 's and Bk 's in (2.16) must satisfy the following constrains 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

If we have Ak 's and Bk 's satisfying the constraints listed in (2.20)-(2.23), we can construct a 

complex orthogonal design by using (2.16). 

2.2.4 Application of Orthogonal Designs to STBCs 

In [7], Tarokh et al applied orthogonal designs to the constructions of STBCs. In this application, 

the code matrix (2.1) is an orthogonal matrix of order N with entries from {±S1' ... , ±s N } for real 

orthogonal STBC, or an orthogonal matrix of order N with entries from { ±S1, ... , ±s N; ±si, ... , ±SN} 

or products of these with ±j for complex orthogonal STBC. Furthermore, aIl the types ti's were 

assumed to be equal to t. 

In describing the decoding algorithms of orthogonal STBCs, we consider a system with N 

transmit and one receive antenna for simplicity. In the decoding of real orthogonal STBCs, 
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according to (2.2) and (2.12), the received sample vector corresponding to the transmission of 

codeword C is given by 

N 

aTC + nT = L SiaTXi + nT = (SI, ... , SN) 
i=1 

where 

H= 

By taking conjugates ofboth sides of (2.24), we get 

From(2.24) and (2.26), we have 

We can write (2.27) in the form 

where 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

(2.28) 

(2.29) 

(2.30) 
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and 

(2.31) 

The purpose of the operations in (2.27) is to make a preparation for symbol-by-symbol de-

coding. As we will prove later, the realization of symbol-by-symbol decoding depends on the 

construction features of real orthogonal designs as listed in (2.15). According to (2.15), (2.30) 

and (2.31), when the channel coefficients Œl,n 's (n = 1,2,3,4) are known, the (i,j)th element 

ofR is 

R(i,j) aTXi(aTXj)H + aHXi(aTXjf = aT(XiX; + XjXf)a* 
N 

2t L IŒl,nI 2
; \;j i = j 

n=l 

o· , \;j i ::1 j. 

and the covariance matrix of the noise fi is 

E{ (nTHH + nHHT)H (nTHH + nHHT) 1 Œl,n n = 1, ... , N} 
HE{n*nT}HH +H*E{nnH}HT +H*E{nnT}HH +HE{n*nH}HT 

(2.32) 

(2.33) 

We know that the real and the imaginary parts of the elements in n are modeled as independent 

samples of zero-mean Gaussian with variance 0-
2 per complex dimension, so 

(2.34) 
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From (2.33) and (2.34), we have 

E{ (nTHH + nHHT)H (nTHH + nHHT)! Œl,n n = 1, ... , N} 
HE{ n*nT}HH + H* E{ nnH}HT 

N 

4o-2t L IŒl,nI2
; V i = j 

n=1 

o· , V i =1= j. 
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(2.35) 

which is a diagonal matrix with identical diagonal e1ements. So the elements of Ii are i.i.d com-

plex Gaussian. From (2.32) and (2.35), ML decoding ofreal orthogonal STBCs can be decoupled 

into symbol-by-symbol decoding. In decoding the symbol Si (i = 1, ... , N), the receiver chooses 

the value for Si that minimizes 

N 2 

!ri,1 - 2t L IŒl,nI2Si! (2.36) 
n=1 

For complex orthogonal STBCs, we have from (2.2) and (2.16) 

N N 

LSiaT Ai + Ls:aTBi + nT = (SI, ... , SN) + (s~, ... , s;"') 
i=1 i=1 

(2.37) 

where 

(2.38) 
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and 

By conjugating both sides of (2.37), we get 

From (2.37) and (2.40), we let 

From (2.20)-(2.23) and (2.41), the (i, j)th element of He is 

Hc(i,j) aT Ai(aT Aj)H + aHB?(aTBjf = aT(AiAf + BjBf)a* 
N 

t L lal,nI 2
; \;j i = j 

n=l 

o· , \;j i =1= j. 

and the (i,j)th element ofHD is 

HD(i, j) 

o \;j i,j 

18 

(2.39) 

(2.40) 

(2.41) 

(2.42) 

(2.43) 
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AIso, the covariance matrix of ne is 

E{ (nT HA H + nHHBT)H (nTHA H + nHHBT) J Œl,n n = 1, ... , N} 
HAE{ n*nT}HA H + H B * E{ nnH}HBT 

N 

2(]"2t L IŒl,nI 2
; V i = j 

n=l 
o· , V i =1- j. 
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(2.44) 

which is a diagonal matrix with identical diagonal elements, so the elements of ne are i.i.d 

complex Gaussian. From (2.42)-(2.44), ML decoding of complex orthogonal STBCs can be 

decoupled into symbol-by-symbol decoding. In the decoding of symbol Si (i = 1, ... , N), the 

receiver chooses the value for Si that minimizes 

N 2 

Jri'l - t L IŒl,nI 2SiJ (2.45) 
n=l 

as the decoding result. It will be proven later that for complex orthogonal STBCs, the symbol­

by-symbol decoding algorithm presented above is optimal. The analysis of real orthogonal code 

is similar and simpler, and therefore will be omitted. 

Theorem: For Complex Orthogonal STBCs, the Symbol-by-Symbol Decoding Algorithm is 

Optimal 

Prao!" We take the STBC with entries {Si, S;; i = 1, ... , N} or products ofthese indeterminates 

with j = H. Assuming the transmitted codeword is C, from (2.7), an ML receiver selects 

value for ë over all possible codewords that minimizes 

(2.46) 
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We knowthat 

IlrT - aTël1 2 = IlaT(C - ë) + nTW 

aT(C - ë)(c - ë)Ha* + nT n* + aT(C - ë)n* + nT(C - ë)Ha* (2.47) 

From (2.17), we have 

N N 

aT(C - ë)(C - ë)Ha* = (t 2: IŒl,nI 2
) (2: ISk - skl 2

) (2.48) 
n=l k=l 

From (2.37), we have 

(2.49) 

and 

Combining (2.48), (2.49) and (2.50) results in 

N N 

(t 2: IŒl,nI2) (2: ISk - skl 2
) + nTn* + [(8 - sfHA + (8 - s)HHB ]n* 

n=l k=l 

+nT [HA H (8 - s)* + HB
H (8 - s)] (2.51) 

According to (2.45), for complex orthogonal codes, symbol-by-symbol decoding can be con-

sidered as taking the vector § made up of symbols §k (k = 1, ... , N) for s that minimizes the 

metric 

(2.52) 
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as the decoding result. Because 

11(8 - sfHe + neTW 

((8 - s)THe + neT) (He H (8 - s)* + ne *) 
N K N N 

(t L IŒ1,nI2)2 L ISk - skl 2 + t L IŒ1,nI2nT n* + t L IŒ1,nI2(neT(8 - s)* + (8 - sf ne*) 
n=l k=l n=l n=l 
N K N N 

(t L IŒ1,nI2)2 L ISk - skl
2 + t L IŒ1,nI2nT n* + t L IŒ1,n12 ([ (8 - sfHA 

n=l k=l n=l n=l 

+(8 - s)HHB ] n* + nT [HA H (8 - S)* + HB
H (8 - s)]) 

N 

t L IŒ1,nI 2 (llrT 
- aTCW) 

n=l 
(2.53) 

so minimizing the metric (2.52) is equivalent to minimizing the metric (2.46). Then we conclude 

that for complex orthogonal codes, the results obtained from symbol-by-symbol decoding are 

optimal. Q.E.D. 

According to the diversity criterion mentioned in section 2.1.3, in order to achieve maximal 

diversity over the Rayleigh fading channel, the difference matrix of orthogonal design X from 

two distinct groups of symbols as (SI, ... , sN) and (SI, ... , SN) should be non-singular. Because 

X(Sl, ... , sN) - X(Sl, ... , SN) = X(SI - SI, ... , SN - SN) [7] , where X(SI - SI, ... , SN - SN) 

is constructed from X by replacing Si with Si - Si for all i. From the definition of orthogonal 

designs, 

(2.54) 

Accordingly, 

(2.55) 

which is non-zero. That means X( SI - SI, ... , SN - SN) is nonsingular and the maximum diversity 
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order is achieved. 

2.2.5 Alamouti's Scheme: A Brief Review 

In [18], Alamouti proposed a remarkable coding scheme which has been cited frequently for 

its simplicity and good performance. Here, we take a brief review of Alamouti 's scheme as an 

example of complex orthogonal STBC. 

Alamouti's scheme employs two transmit antennas and the code matrix is presented as 

(2.56) 

This scheme also assumes that the channel is quasi-static, i.e., the channel fading coefficients 

remain constant over 2 time slots. We assume that the receiver employs one antenna. The result 

can be easily extended to a multiple receiver antenna system. From (2.2), the system model is 

written as 

(SI S2) (al,l 00) + (si s;) al,2 
sTHE + sHHF + nT (2.57) 

where 

(2.58) 
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and 

(2.59) 

By conjugating both sides of (2.57), we have 

(2.60) 

Then 

2 

(L lal,iI
2
) (81 82) + (atlnl,l + al,2n~,2 a~,2nl,1 - al,lnr,2) 

i=l 

i=l 

The covariance matrix of nA is 

2 

E(nAnA H) = 2a2 L lal,il2I 
i=l 

(2.61) 

(2.62) 

which means the elements ofnA are i.i.d complex Gaussian. From (2.61) and (2.62), we define 

(2.63) 

and re-write (2.61) as 

( 
~Al,l ) 

rA2,1 

2 

o L lal,il
2 

(2.64) i=l 

i=l 



2 Space-Time Block Coding: Background and Rationale 

From (2.64), we have 

and 

2 

rA 1,1 = L IŒl,iI 2S
1 + nA 1,1 

i=l 

2 

rA2,1 = LIŒl,iI 2s2+ n A2,1 

i=l 

By using ML decoding for SI, the receiver chooses the value for si that minimizes 

In decoding S2, the receiver chooses the value for 82 that minimizes 

2.3 Existence of Full Code Rate Orthogonal Designs 

24 

(2.65) 

(2.66) 

(2.67) 

(2.68) 

In discussing the existence of full code rate orthogonal designs, we introduce Hurwitz-Radon 

numbers p( N) detined as follows. 

If N = 2a (2b + 1) and a = 4c + d, where a, b, c, and d are integers with 0 :::; d < 4, then 

p(N) = Sc + 2d . The equivalent and more convenient way to describe Hurwitz-Radon numbers 

IS: 

2a + 1; if a - O(mod4) 

2a; if a - l(mod4) 

p(N) = p[2a (2b + 1)] = (2.69) 

2a; if a = 2(mod4) 

2a + 2; if a - 3(mod4) 

We denote a set of N x N matrices {Mili = 1, ... , K} have the property that the linear 
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combinations 

(2.70) 

with real coefficients K,i are nonsingular matrices except when all coefficients K,i are zeros. We 

also denote R( N) and C (N) as the maximum K for which there exists such a real or complex 

matrix set with the above property, respective1y. 

The following Adams-Lax-Philips Theorem [20] determines the number for R(N) and C(N) 

by using Hurwitz-Radon numbers. 

Adams-Lax-Philips Theorem: We have 

R(N) = p(N) 

C(N) = C[2a (2b + 1)] = 2a + 2 

(2.71) 

(2.72) 

From Adams-Lax-Philips Theorem, we can get the maximal order of real and complex or­

thogonal designs that achieve full code rate. Actually, Adams-Lax-Philips Theorem is based on 

the corollaries obtained by Radon[21] and Hurwitz [22] by using a detail matrix analysis. 

Corollary 1 [21]: The maximum number L with the property that the N x N real matrix expressed 

by 
L 

X R = L:XiSi (2.73) 
i=l 

where X/s are order N real matrices, satisfies (2.10) is R(N) = p(N). 

Corollary 2[22]: The maximum number L with the property that the N x N complex matrix 

expressed by 
L L 

Xc = L:Aisi + L:BiS ; (2.74) 
i=l i=l 

where A/s and B/s are order N complex matrices, satisfies (2.11) is C(N)/2 = a + l. 

From Corollaries 1 and 2, we can see that the nonsingularity, implied by the orthogonality, 
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detennines the maximum number L in the real and complex orthogonal designs of order N. 

With the aid of Corollaries 1 and 2, we generate the table illustrating the relationship among 

N, R(N), and C(N) as the following. From Table.2.1, we can conclude that the full code rate 

N R(N) = p(N) a b c d C(N)/2 = a + 1 
2 2 1 0 0 1 2 
4 4 2 0 0 2 3 
8 8 3 0 0 3 4 
16 9 4 0 1 0 5 

Table 2.1 Relationship Among N, R(N) and C(N) 

real orthogonal design exists when the matrix order is 2, 4 and 8. The full code rate complex 

orthogonal design exists if and only if the matrix order is 2. 



Chapter 3 

Simplified Decoding for a Family of 

Quasi-Orthogonal Codes 
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As we showed previously in section 2.3, a complex orthogonal design of order N exists if and 

only if N = 2. In other words, Alamouti 's scheme is the unique complex orthogonal STBC. 

Besides Alamouti's STBC scheme, full code rate and full orthogonality can not be satisfied at the 

same time. If we choose to keep full code rate, full orthogonality has to be sacrificed. In [28], 

a Quasi-Orthogonal code was introduced as a full-rate, non-orthogonal complex STBC. In [29], 

another full-rate, non-orthogonal complex STBC named Improved Quasi-Orthogonal code was 

presented. The code matrix construction of Improved Quasi-Orthogonal code is the same as that 

of Quasi-Orthogonal code. By employing rotated signal constellations, as will be shown later, 

the Improved Quasi-Orthogonal code provides diversity order of 4 compared to the diversity 

order of 2 provided by the Quasi-Orthogonal code in one receive antenna system employing 

ML decoding. As a result of the 10ss of full orthogonality, ML decoding of these two codes 

cannot be as simple as symbol-by-symbol decoding. We measure the complexity of decoding 

in terms of the number of comparisons among the possible values in the ML detector. Here, 

we consider the decoding of an order four full-rate STBC with MPSK modulation as example. 
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If it is an orthogonal STBC, ML decoding is decoupled into symbol-by-symbol decoding. The 

decoder selects one of the M possible symbols in the MPSK constellation that minimizes the 

decoding metric. Totally, there are 4M comparisons in decoding each codeword. If it is a non-

orthogonal STBC such as Quasi-Orthogonal code or Improved Quasi-Orthogonal code, by using 

ML algorithm, the four information bearing symbols from a codeword are decoded jointly instead 

of independently. Therefore, the number of comparisons in the ML detector is M 4 compared to 

4M comparisons for the orthogonal code. This indicates the need of reducing the decoding 

complexity of non-orthogonal STBC. In the following sections, we will propose a simplified 

decoding algorithm for the family of Quasi-Orthogonal and Improved Quasi-Orthogonal codes. 

The corresponding performance will be evaluated as well. 

3.1 Code Constructions and Signal Constellations for the 

Quasi-Orthogonal Code Family 

Let 

(3.1) 

and The code matrix of the Quasi-Orthogonal code family is constructed as 

81 -8; -8; 84 

( C" -q, ) 82 8* -8: -83 
c= 1 

(3.2) 
C34 G~2 83 -84 8* -82 1 

84 8* 3 8* 2 81 

The difference between the Quasi-Orthogonal code and the Improved Quasi-Orthogonal code 
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lies in the choice of the signal constellations. For the Quasi-Orthogonal code, all symbols are 

o QPSK Constellation 

• Rotated QPSK Constellation 

Fig. 3.1 QPSK and Rotated QPSK Constellations 

taken from a QPSK constellation. For the Improved Quasi-Orthogonal code, 81, 82 are taken 

from a QPSK constellation and 83, 84 are taken from a rotated QPSK constellation specified in 

Fig.3.1, where f3 = ~ denotes the relative rotation angle between the two constellations. 

3.2 Simplified Decoding Algorithm for the Quasi-Orthogonal Code Family 

3.2.1 Step One: Symbol Pair Joint Decoding 

For the Quasi-Orthogonal code family, from (2.2), the one receive antenna system model is de-

scribed by 

81 -8; -8; 84 

82 8* -84 -83 
r T 

= aTC + nT = (Œ1,1, Œ1,2' Œ1,3, Œ1,4) 
1 

+ (n1,1, n1,2, n1,3, n1,4) 
83 -84 8* 1 -82 

84 8* 3 8* 2 81 

(3.3) 



3 Simplified Decoding for a Family of Quasi-Orthogonal Codes 30 

From section 2.1.2, when the channel state is known, the receiver calculates the decision 

metric 

(3.4) 

over aU possible codewords C and decides in favorite of the codeword ê that minimizes (3.4). 

By complex conjugating the second and the third elements ofrT in (3.3), we obtain 

al,l ai2 , ai3 , al,4 

al,2 * * -al,3 
(81,82,83,84) 

-al,l a l ,4 
+ (nl,l, ni,2' ni,3' nl,4) 

al,3 ai,4 -ai 1 , -al,2 

al,4 -ai 3 * al,l , -al ,2 

sTH+npT (3.5) 

where 

al,l * a l ,2 * a l ,3 al,4 

al,2 * ai,4 -al,3 
H= 

-al,1 
(3.6) 

al,3 ai,4 * -al,l -al,2 

al,4 * -al ,3 -ai,2 al,l 

It is shown in Appendix A.1 that 

(3.7) 

and therefore an equivalent ML algorithm to select the codeword matrix C that minimizes (3.4) 
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is to select the vector s made up of 81,82,83 and 84 that minimizes 

(3.8) 

The representation (3.5) leads to symbol pair joint decoding shown later. From (3.6), we have 

A 0 0 B 

HHH= 
0 A -B 0 

(3.9) 
0 -B A 0 

B 0 0 A 

where 

1 0 0 0 ail , 

4 0 1 0 0 ai,2 
A = L lal,il2 

= (al,l, al,2, al,3, al,4) (3.10) 
i=l 0 0 1 0 ai 3 , 

0 0 0 1 ai 4 , 

and 

0 0 0 1 al,l * 

0 0 -1 0 al,2* 
B = 2Re(al,la~,4 - al,2ai,3) = (al,l, al,2, al,3, al,4) (3.11) 

0 -1 0 0 al,3* 

1 0 0 0 al,4* 
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The determinant of HH H is 

(A-B?(A+B? 

[(Re(cxl,d + Re(cxl,4))2 + (Im(cxl,l) + Im(cxl,4))2 

+ (Re(cxl,2) - Re(cxl,3))2 + (Im(cxl,2) - Im(cxl,3))2j2 

+ [(Re(cxl,l) - Re(cxl,4))2 + (Im(cxl,d - Im(cxl,4))2 

+ (Re(cxl,2) + Re(cxl,3))2 + (Im(cxl,2) + Im(cxl,3))2j2 

From (3.12), the determinant ofHHH is equal to zero iff 

[(Re(cxl,l) + Re(cxl,4))2 + (Im(cxl,d + Im(cxl,4))2 
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(3.12) 

+ (Re(cxl,2) - Re(cxl,3))2 + (Im(cxl,2) - Im(cxl,3))2j2 = 0 (3.13) 

and 

[(Re(cxl,l) - Re(cxl,4))2 + (Im(cxl,l) - Im(cxl,4))2 

+ (Re(cxl,2) + Re(cxl,3))2 + (Im(cxl,2) + Im(cxl,3))2j2 = 0 (3.14) 

(3.13) and (3.14) can be satisfied iff 
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and 

(3.18) 

or we can say that the determinant of RRH is equal to zero iff all the channel coefficients a1,i 's 

(i = 1,2,3,4) are equal to zero. From the transmission model, we know that the real parts and 

the imaginary parts of the channel coefficients are continuo us Gaussian random variables. The 

probability that at least one of these random variables is non-zero is 1. Therefore, RRH is a 

non-singular matrix with probability 1. By multiplying both sides of (3.5) by RH we get 

A 0 0 B 

0 A -B 0 
(SI, S2, S3, S4) + (nH1,r,nH2,l,nH3,1,nH4,1) 

0 -B A 0 

B 0 0 A 

(3.19) 

We can naturally decouple (3.19) into 

(
rH1'1) (A B) (SI) + (nH1'1) 
rH 41 B A S4 nH 41 , , 

(3.20) 
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and 

(r
H2,1) (A -B) (82) + (nH2,l) 

rH31 -B A 83 nH31 , , 

(3.21) 

From (3.20) and (3.21), we see that the decoding of 81 and 84 is independent from the decoding of 

82 and 83. The joint decoding of symbols 81, 82, 83 and 84 is equivalent to pairwise joint decoding 

of 81, 84 and 82, 83. The pairwise decoding scheme in each group is described as follows. From 

(3.19), the covariance matrix ofnH is 

(3.22) 

Correspondingly, the correlation matrix of nH 1,1 and nH 4,1 is 

(3.23) 

and the correlation matrix of nH 2,1 and nH 3,1 is 

2 ( A C 2 = 20" 

-B -:) (3.24) 

where 20"2 is the variance of the complex Gaussian noise samples nl,i; (i = 1,2,3,4) in (3.3). In 

order to de-correlate the noise in (3.20) and (3.21), we make the following operations. We denote 
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1 

the Hennitian root ofmatrix Ci as Cl, which is defined by 

1 1 

C · - C2C2 
t - i i 

From (3.25), we re-write (3.20) and (3.21) as 

and 
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(3.25) 

(3.26) 

(3.27) 

where nD 1,1, nD4,1, nD 2,1, nD 3,1 are i.i.d circularly symmetric complex Gaussian with zero mean 
1 1 

and unit variance. By multiplying both sides of (3.20) and (3.21) with C~2 and C;2 respectively, 

we de-corre1ated the noise in (3.20) and (3.21). The results of the operation are expressed as 

1 
- C-2 
- 1 (A B) (SI) + (nD1,1) 

B A S4 nD4,1 
(3.28) 
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and 

(3.29) 

With ML decoding for 81 and 84, the decoder chooses the values for 81 and 84 that minimize 

[(:::::) (;:) (:)rCjJ[ (:::::) (;:) (::)] (3.30) 

AIso, when it decodes 82 and 83, the decoder chooses the values for 82 and 83 that minimize 

[ ( rH2,1) (A -B) (~2)]H C21
[ (rH2,1) (A -B) (~)] 

rH31 -B A 83 rH31 -B A 83 , , 

(3.31) 

Theorem: For Quasi-Orthogonal Code Family, the Symbol Pair Joint Decoding is Optimal 

Proo/: An optimal decoder based on (3.19) selects the value for s that minimizes 

(3.32) 

According to (3.7) and (3.22), 
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_l_(rHT _ sTHHH)(HHH)-1(rHT _ sTHHH)H 
20"2 
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_l_(rpT _ sTH)HH(HHHt1H(rpT _ sTHH)H = _l_(rpT _ sTH) (rpT _ sTHH)H 
20"2 20"2 

-l-llrpT - sTHI12 = -l-llrT - aTCl12 (3.33) 
20"2 20"2 

where rp and rH are defined in (3.5) and (3.19), respectively. 

We see that minimizing (3.32) is equivalent to minimizing (3.4). So the decoding result that 

minimizes (3.32) is optimal. In (3.32) 

A 0 0 -B 

-1 1 0 A B 0 

Co = 20"2(A2 _ B2) (3.34) 
0 B A 0 

-B 0 0 A 

We define 

(3.35) 

then by combining (3.34) and (3.35), (3.32) is re-written as 

A 0 0 -B 

o A B 0 
d* 

o B A 0 

-B 0 0 A 
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( A -B) (d1,1) 
-B A d4,1 

(A B) (d2,1) 
B A d31 , 

[(:::::) (;:) (;:)rC11
[ (:::::) (;:) (;:)l 

+[ (rH2,1) (A -B) (~2)lH C2
1

[ (rH2,1) (A -B) (~2)l 
rH31 -B A 83 rH31 -B A 83 , , 

(3.36) 

According to (3.36), we see that the optimal decoding of 81,82,83,84 can be decoupled into the 

pair-wise decoding of the group made up of 81,84 and the group made up of 82,83. Q.E.D 

Assuming that symbol pair joint decoding algorithm described in section 3.2.1 and MPSK 

modulation are employed, in the decoding of the symbol pair 81 and 84, the decoder chooses the 

pair ofvalues over M 2 pairs ofvalues that minimize the metric (3.30). AIso, in the decoding of the 

symbol pair 82 and 83, the decoder chooses the pair ofvalues over M 2 pair of values that minimize 

the metric (3.31). In decoding a codeword, the decoder makes 2M2 comparisons totally, which 

increases quadratically with M. Compared to the decoding algorithm which makes joint decision 

of 81, 82, 83 and 84 and makes comparisons among M 4 possible values, the complexity of the 

symbol pair joint decoding is much lower. When compared to the complexity of symbol-by­

symbol decoding, which increases linearly with M, there is still the need to reduce the decoding 
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complexity. In order to reduce the decoding complexity further, we propose a symbol-by-symbol 

with decision feedback decoding as described in the following. In decoding each pair of symbols, 

one of the two is decoded by using ML algorithm first and the decoding result is carried back to 

the detection of the second symbol. Then the second symbol is decoded by using ML algorithm. 

This decoding technique requires the QR decomposition [32]. 

3.2.2 Step Two: QR-Decomposition 

QR-decomposition: A square matrix A can be factorized in the form [32] 

A = WT = (WI,1 WI,2) (tl,l t l ,2 ) 

W2 l W22 0 t 22 " , 

(3.37) 

where W is a unitary matrix and T is an upper triangular matrix. 

We write (3.28) and (3.29) in the form 

(3.38) 

In order to realize symbol-by-symbol with decision feedback decoding we need to put (3.38) into 

the form 

ry = Hys+ny (3.39) 

where Hy is an upper-triangular matrix and the elements of the noise vector ny are independent 

complex Gaussian. In order to get the upper-triangular matrix, we employ QR decomposition. 

From (3.37), after making a QR decomposition ofHx . we have 

(3.40) 
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where W' is unitary and Hy is the upper-triangular matrix from (3.39). By comparing (3.40) 

with (3.39), we find the difference between (3.40) and (3.39) is the existence ofW'. In order to 

remove W', we multiply both sides of (3.40) by w' -1 and resulting in 

Let 

and 

'-1 '-1 W rx = Hys + W llx 

, -1 
ry = W rx 

, -1 
lly =W llx 

(3.41) 

(3.42) 

(3.43) 

then (3.41) has the same form as (3.39). We know that W' is a unitary matrix and multiplying 

both sides of (3.40) with w' -1 will not change the distribution of the noise. So, the elements of 

lly in (3.43) are independent. Based on previous description, the requirements of the symbol-by­

symbol with decision feedback decoding are satisfied. 

For applying symbol-by-symbol with decision feedback decoding for the Quasi-Orthogonal 

code family, we re-write (3.28) and (3.29) in the form of (3.38) as 

(3.44) 

and 

/1 /1 1/ 

rD = H 2s +llD (3.45) 
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respectively, where 

() ( ) 
~ 

A B 1 A B 

B A = vl2(72 B A 

1 

2v12(72 ( 
vi A + B + vi A - B vi A + B - vi A - B) = (hl 1,1 

vi A + B - vi A - B vi A + B + vi A - B hl 1,2 

( ) ( ) 
~ 

A -B 1 A-B 

-B A = vl2(72 -B A 

1 

2v12(72 (

vlA+B+vlA-B vlA-B-vlA+B) 

vlA-B-vlA+B vlA+B+vlA-B 

Applying the QR decomposition on Hl and H2' we get 

41 

hll
,2 ) 

hlll , 

(3.46) 

h2l
,2 ) 

h2ll , 

(3.47) 

(3.48) 



3 Simplified Decoding for a Family of Quasi-Orthogonal Codes 

and 

(
li è) H, ~ W,T, ~ (w, W3) 0 j 

where W 1 and W 2 are unitary matrices and 

à = vi hi 1 1 + hi 1 2 , , 

b = 2h11 ,1 h11 ,2 
à 

è = (h112 - ~hll1)2 + (h111 - ~hl12)2 , a' ) a ' 

, vi 2 2 d = h2 1,1 + h21 ,2 

, 2h211 h212 e - , , - li 

j= (h2 1 2 - ~ h2 1 1) 2 + (h2 1 1 - ~ h2 1 2) 2 
, d' 'd' 
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(3.49) 

(3.50) 

(3.51) 

(3.52) 

(3.53) 

(3.54) 

(3.55) 

Since W 1 and W 2 are unitary matrices, multiplying both sides of (3.28) and (3.29) with W 11 

and W;-l will not change the distribution of the noise. We multiply both sides of (3 .28) by W 11 

and both sides of (3.29) by W;-l , which are the same operations as shown in (3.41), and get 

WI1C~~ (r
H1

,1) (r
u1

,1) (à~) (SI) + (n
U1

,1) 
rH 4,1 ru 4,1 0 C S4 nu 4,1 

(3.56) 
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and 

W21C~~ (rH2,1) (rU2 ,1) (d 
rH 3,1 ru 3,1 0 

~ ) ( 82) + ( nu 2,1 ) 

f 83 nU3,1 

(3.57) 

Then nu 1,1) nu 2,1) nu 3,1) nu 4,1 are i.i.d complex Gaussian with zero mean and unit variance. 

3.2.3 Step Three: Joint Decoding vs Symbol-by-Symbol with Decision Feedback Decoding 

After the QR-decomposition, we have two options for decoding, either joint decoding or symbol-

by-symbol with decision feedback decoding. 

Joint Decoding Scheme: From (3.56) and (3.57), in decoding 81 and 84, the receiver chooses 

values for 81 and 84 that minimize 

[ (:: ::: ) (~~) (:.) r [ (:: ::: ) (::) (::) 1 (3.58) 

In decoding 82 and 83, the receiver chooses values for 82 and 83 that minimize 

[ (:: ::: ) (~;) (:,) r [ (:: ::: ) U;) (:,) 1 (3.59) 

Assuming MPSK modulation, from (3.58) and (3.59), in decoding each pair of symbols, the 

decoder makes comparisons among M 2 pairs of possible values. Totally, the decoder makes 2M2 

comparisons. So, the joint decoding algorithm after QR decompositions has the same complexity 

as that of pair-wise decoding algorithm and its decoding results are optimal. 
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Theorem: Decoding Results Obtained from QR Decomposition with Joint Decoding are 

Optimal 

We take the decoding for 81 and 84 as an example. The analysis of the decoding for 82 and 83 

is similar. We re-write (3.28) as 

(3.60) 

where the elements in llD' are i.i.d complex Gaussian with zero mean and unit variance. By using 

ML algorithm, the receiver chooses values for 81 and 84, which are e1ements ofs', that minimize 

(3.61) 

After making a QR-decomposition, we get 

(3.62) 

where QI is unitary and RI is an upper triangular matrix, correspondingly, (3.60) changes to 

(3.63) 

We multiply both sides of (3.63) with QI1 and get 

, -1' , , 
rQ = QI rv = RIS + llQ (3.64) 

Because QI is unitary, multiplying llD' with QI1 does not change the distribution of the e1e­

ments in lln'. If we choose QR decomposition with joint decision decoding algorithm, by ML 
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algorithm, the decoder chooses value for s' that minimizes 

Because 

IlrQ' - R 1s'I1 2 = [(Q11ry')H - s'HRf] [Ql1rv' - RIS'] 

[rv'HQ1 - s'HRf] [Qfry' - RIS'] 

ry'Hry' - s' (Q1R1)Hry' - ry'H Q1R 1S' + S'H (Q1R1)H (Q1R 1)S' 

'H ' -'HH' 'HH -' -'HHHH -' Il ' H -'11 2 ry ry - s 1 ry - ry 1 s + SIl S = ry - 1 S 
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(3.65) 

(3.66) 

which is equivalent to (3.61). According to the analysis, the decoding result obtained from the 

QR decomposition and joint decision is optimal. 

Symbol-by-Symbol with Decision Feedback Decoding Scheme: As we have mentioned, the 

complexity of symbol-by-symbol with decision feedback decoding increases linearly with respect 

to the size of modulation constellation. The corresponding decoding algorithm is described in the 

followings. Based on (3.56) and (3.57), in decoding 84 and 83, the decoder first chooses values 

for 84 and 83 that minimize 

l 
' - 12 ru 4,1 - C84 (3.67) 

and 

(3.68) 

Then the decoder carries the decoding results 84 and 83 back to the decoding of 81 and 82. It 

chooses the values for 81 and 82 that minimize 

(3.69) 
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and 

l
'A d' - 12 ru 2,1 - e83 - 82 (3.70) 

Before compare the error performance of symbol pair joint decoding scheme and symbol-by­

symbol with decision feedback decoding scheme by computer simulations, we present the general 

simulation settings. 

General Computer Simulation Settings: In the computer simulations of different decoding 

schemes, we have the general simulation setting as the following unless specified. The signal to 

noise ratio (SNR) is defined as 

SNR= Eb 
No 

(3.71) 

where Eb stands for signal energy per bit and No stands for the variance of the independent 

samples of additive complex Gaussian noise. We assume the received symbol energy to be one 

and QPSK modulation is employed, then 

(3.72) 

By choosing different values for the variance of the additive complex Gaussian noise, which is 

denoted as 2a2 = No, we get the different SNRlbit. The relation between a 2 and SNRlbit (in dB) 

is expressed as 

lO
-SNRlbit 

2 10 
a =---

4 
(3.73) 

which is also shown in Appendix B.1.3. 

As presented in Appendix B.I.I, information is produced by a binary integer random gener­

ator. By using Gray mapping shown in Fig.3.2, the information bits are mapped to transmitted 

symbols. Then the information-carried symbols are transmitted through a four transmit and one 

receive antenna quasi-static channel simulated by four independent zero-mean and unit variance 

complex Gaussian random generators described in Appendix B.I.2. The additive noise at the 
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receiver is produced by a complex Gaussian random generator with zero-mean and variance 2(j2, 

where (j2 is ca1culated by (3.73). The error performance is measured in terms of bit error rate 

(BER), symbol error rate (SER) or frame error rate (FER) as required. When FER is evaluated, 

each frame contains 256 information bits. The error performances of the symbol pair joint de-

z' 00 
Zl 00 

Z~ 11 

Fig. 3.2 Gray Mapping for QPSK and Rotated QPSK Constellations 

coding scheme and symbol-by-symbol with decision feedback decoding scheme are shown in 

Fig.3.3 and Fig.3.4. The error performance curves are plotted based on the computer simulations 

over 2.24 x 109 information bits, i.e. 8.75 x 106 frames. As illustrated in Fig.3.3 and Fig.3.4, 

the error performance curves of two decoding schemes are paraUe1 with when SNR is sufficiently 

large. The parallelism between the curves indicates that the diversity orders provided by the two 

decoding schemes are exactly the same. Besides this, there is a 1 dB degradation of the symbol-

by-symbol with decision feedback decoding scheme re1ated to the symbol pair joint decoding 

scheme. In the following section, we are going to evaluate the performance analytically. 
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3.3 Performance Evaluations of the Quasi-Orthogonal Code Family with 

Different Decoding Schemes 

In the performance evaluation of the decoding of Quasi-Orthogonal code family, we will take 

the decoding of 81 and 84 as an example. The analysis for the decoding of 82 and 83 is similar. 

In order to keep the summation of the received symbol energy to be one in the four transmit 

antennas system, we set the symbol energy from each transmit antenna to ~. Also, we assume the 

constellations shown in Fig.3.1 are employed, then the value of 81 is chosen from ± Js ± j Js and 

the value of 84 is chosen from (±Js ±j Js)ej !3, where [3 is the relative rotation angle as indicated 

in Fig.3.1. For Quasi-Orthogonal code, [3 is equal to zero. 

3.3.1 Mathematical Preliminaries 

Craig's Formula[40]: The Gaussian probability function Q(x), which is defined as 

1 1+00 

x
2 

Q (x) =!ëL exp ( - 2) dx 
y27f x 

(3.74) 

can be calculated also by 

11~ x
2 

Q (x) = - exp (- . 2 ) de 
7f 0 2 sm e (3.75) 

whenx > o. 
Joint Moment Generating Function of Random Variables in Quadratic Forms 

Lemma [34]: Let x be an N-tuple random vector and 

x = E(x) (3.76) 
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the covariance matrix 

L = E{ (x - x)(x - X)H} (3.77) 

Then the joint moment generating function of the quadratic forms 

(3.78) 

where Qi 's are Hermitian, is 

MVl"",VM (t l ) ... ) tM ) 

M -1 M 11- LtiLQil exp { _xHL-l[l_ (1- LtiLQifl]X} (3.79) 
i=l i=l 

Average Error Probability for Symbol Detection with MPSK Modulation 

When MPSK modulation is employed, from [37] (pp. 198), the average symbol error probability 

IS 

where 

(M-I)11" 

A 1 1-M
- ( Es gPSK ) P(s =1= s) = - exp - --'-2- de 

7r 0 No sm e 

. 2 7r 
gPSK = sm M 

(3.80) 

(3.81) 

For QPSK modulation, the average symbol error rate is evaluated by 

A 1 134

11" (Es 1 ) P (s =1= s) = - exp - T\T • 2 e de 
7r 0 lvo 2ffin 

(3.82) 

orby [37] (pp.197) 

P(s=l=s) 2Q(~) _Q2(~) 
2 ~ Es 1 ~ E - r exp ( - ) de - - r 4 exp ( - ~ 2 ) de (3.83) 
7r Jo 2No sin2 e 7r Jo 2No sm e 
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Evaluation of Definite Integrais of the Form 

(3.84) 

From the derivation included in Appendix 5A of [37] (pp.129-131), we can evaluate the definite 

integrals (3.84) in close form as 

cp T ;cm-l 2k 1 

;= - 7r V 1+c Le) [4(1 + C)]k 
k=O 

-~J c ~ I: (2k) (_l)J+k sin[(2k - 2j)T] 
7r 1 + c k=O j=O j [4(1 + c)]k 2k - 2j 

O~cp~7r (3.85) 

where 

1 _IN 7r[ (l+sgnD) ] T = "2 tan D + 2" 1 - 2 sgnN (3.86) 

with 

N = 2 J c( 1 + c) sin 2cp ; D = (1 + 2c) cos 2cp - 1 (3.87) 

Lebesgue's Dominated Convergence Theorem [38] 

Suppose that {fn} is a sequence of measurable functions, that fn ---7 f, as n ---7 00 , and that 

Ifni ~ 9 for a11 n, where 9 is integrable. Then f is integrable, and 

lim J fn dJ.L = J f dJ.L 
n-too 

(3.88) 
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3.3.2 Error Performance of Optimal Decoding for the Quasi-Orthogonal Code Family 

From (3.46) and (3.60), we have 

(
rv 1,1) Hl (SI) + (nD 1,1) 
rv 4,1 S4 nD 4,1 

( 
yi A + B + yi A - B yi A + B - yi A - B) (SI) + 

4a yi A + B - yi A - B yi A + B + yi A - B S4 (
nD 1,1) 
nD4,1 

(3.89) 

where nD 1,1 and nD 4,1 are i.i.d complex Gaussian with zero mean and variance 0.5 in each 

complex dimension. From(3.60), when the channel coefficients are known, the receiver decodes 

the transmitted symbol vector s~ erroneously as §~ if and only if the Euclidian distance between 

ry' and Hl§~ is less than the Euclidian distance between ry' and Hl§~, where §~ = s~. So the 

pair-wise error probability of optimal decoding is 

p(§~--+§~; i#j 1 Œ1,n n=1,2,3,4) 

p( Ilry' - Hl§~W < Ilry' - Hl§~W) 

p( IIHl(§~ - §~) + nD'W -llnD'W) < 0) 

We denote the difference between §~ and §~ as 

e. ~ (::) 

(3.90) 

(3.91) 
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then (3.90) changes to 

We denote by 

H H 1 nz = 2Re(es Hl nD ) (3.93) 

which is shown in Appendix A.2 to be a Gaussian random variable with zero mean and variance 

P( §: -t §~; i -1- j ) = E{ P( §: -t §~; i -1- j 1 CYI,n n = 1,2,3,4) } 

E{ P( nz < -IIHlesI1 2
)} = E{ Q(IIH~sll)} (3.94) 

where E denotes expectation with respect to channel coefficients {CYI,n; n = 1,2,3, 4}. 

By using Craig's formula, (3.94) changes to 

(3.95) 

H 1 (BA BA) Hl Hl = 2a2 
(3.96) 
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then 

(3.97) 

Let 

(3.98) 

then 

Ci = E(a) = [0,0,0, OlT (3.99) 

and the covariance matrix 

(3.100) 

By substituting for A and B from (3.10) and (3.11) we re-write n in quadratic form as 

IlelW + IIe4W 0 0 2Re(ele4) 

n = a T _
l_ 

0 IIell12 + IIe4112 -2Re(ele4) 0 
a* = aHAa 

2a2 
0 -2Re(ele4) IlelW + IIe4112 0 

2Re(ele4) 0 0 IIell12 + IIe4W 
(3.101) 
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where 

IlelW + II e4W 0 0 2Re(ele~) 

A= _1_ 
0 IlelW + II e4W -2Re(ele~) 0 

(3.102) 
2a2 

0 -2Re(ele~) II ell1
2 + II e4W 0 

2Re(ele~) 0 0 IIell12 + IIe4112 

As derived in Appendix A.3, the eigenvalues of A are 

(3.103) 

(3.104) 

From (3.79), the moment generating function oHl is 

4 

<I>n(s) = II (1 - SÀ~)-l (3.105) 
i=l 

From (3.95) and (3.105) 

3.3.3 Diversity Order Provided by Optimal Decoding for the Quasi-Orthogonal Code 

Family: Asymptotical Approach 

For the Quasi-Orthogonal code, both SI and S4 are taken from the QPSK constellation shown in 

Fig.3.l. For any distinct pair of§~ and §~, either el or e4 in (3.91) could be zero, but they could 
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not be zeros simultaneously. From (3.103), À~ and À~ are zeros if and only if el = e4 = o. 

So, we conc1ude that either À~ or À~ could be zero, but they could not be both zeros. Assuming 

À~ = 0 and À~ i- 0, as the SNR approaches infinity, i.e., (]"2 approaches zero, (3.106) changes to 

(3.107) 

In the calculations of (3.107) and sorne of the following equations, by using Lebesgue's Domi-

nated Convergence Theorem presented in section 3.3.1, we switch the sequence of integral and 

limitation. In (3.107), we know that 

(3.108) 

and 

(3.109) 

which is integrable. Therefore using the Lebesgue's Dominated Convergence Theorem, 

(3.110) 

By taking logarithm on both sides of (3.110), when (]"2 -----+ 0, 

log P ( §: -----+ §~; i =1 j, À~ = 0 ) = - 2 log ~ + log { ( 1 8 1
2 

) 2! f'i sin 4 e de} (3.111) 
(]" el + e4 7r Jo 

According to (3.111), ifwe plot the error probability curve in logarithrn scale versus SNR (in dB), 

the slope of the curve is -2. From section 2.1.3, we know that the slope of error performance 
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curve in the high SNR range indicates the diversity order, thus the diversity order provided by 

optimal decoding of Quasi-Orthogonal code is 2. We know from (3.103) and (3.104) that Àt 
and À~ are zeros if and only if el = -e4. AIso, À~ and À~ are zeros if and only if el = e4. 

10 
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Fig. 3.5 Optimal Decoding for Quasi-Orthogonal code Family: Bit Error Rate 

For Improved Quasi-Orthogonal code, 84 is taken from the rotated QPSK constellation and 81 is 

taken from QPSK constellation as given in Fig.3.1. For any distinct pair ofs~ and s~, el =1= ±e4 

because of the relative rotation of signal constellations. So, none of the eigenvalues À~ 's could 

be zero. As SNR approaches infinity, i.e., (72 approaches zero, by using Lebesgue's Dominated 
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Fig. 3.6 Optimal Decoding for Quasi-Orthogonal code Family: Symbol Error Rate 
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Convergence Theorem, (3.106) changes to 

(3.112) 

By taking logarithm on both sides of (3.112), when (]"2 --+ 0, 

According to (3.113), ifwe plot the error probability curve in logarithm scale versus SNR (in dB), 

the slope of the curve is -4. From section 2.1.3, we know that that the slope of error performance 

curve in the high SNR range indicates the associated diversity order, thus the diversity order 

provided by optimal decoding of Improved Quasi-Orthogonal code is 4. 

Computer simulations of optimal decoding of the Quasi-Orthogonal code and the Improved 

Quasi-Orthogonal code are illustrated in Fig.3.5 and Fig.3.6. The settings of the simulations have 

been presented in section 3.2.3 and the error performance curves are plotted based the computer 

simulations over 2.24 x 109 information bits. As we know, the slopes ofthe performance curves in 

the high SNR range indicate the diversity orders provided by the corresponding coding-decoding 

schemes. From Fig.3.5 and Fig.3.6, we see that the diversity orders provided by optimal decoding 

of Improved Quasi-Orthogonal code and Quasi-Orthogonal are 4 and 2 respectively, which have 

been proven by the analysis previously. 
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3.3.4 Error Performance for Simplified Decoding of the Quasi-Orthogonal Code Family 

Error Performance of Decoding 84 

For decoding 84, we have from (3.56), 

ru 4,1 = è84 + nu 4,1 (3.114) 

From (3.82) and (3.114), when the channel coefficients are known and with QPSK modulation, 

the symbol error probability (SEP) in decoding 84 is 

3" '2 

P(§4 =1= 841 Œl n; n = 1,2,3,4) = ~ { 4 exp ( - ~ 2 ) de 
, 7r Jo 8 sm e (3.115) 

By taking expectation with respect to è, the symbol error probability in decoding 84 is 

P(§4 =1= 84) = E{ P(§4 =1= 841 Œl,n; ; n = 1,2,3,4)} = ~ (: E{ exp (- ~22)} de 
7r Jo 8 sm e 

(3.116) 

From (3.46) and (3.52), we have 

(3.117) 

where A and B are defined in (3.10) and (3.11). We substitute (3.117) into (3.116) and get 

(3.118) 

where E denotes the expectation with respect to A and B. 
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Joint PDF of Random Variables A and B 

From (3.10), (3.11) and (3.98), we re-write A and Bas quadratic forms 

1 0 0 0 

A = aHe1a = aH 
0 1 0 0 

a (3.119) 
0 0 1 0 

0 0 0 1 

and 

0 0 0 1 

B = a He 2a = aH 
0 0 -1 0 

a (3.120) 
0 -1 0 0 

1 0 0 0 

From (3.79), we get the joint characteristic function of A and Bas 

MA,B(t1, t2) It l=jWl,t2=jW2 

[1 - j(Wl - w2)t2[1 - j(Wl + W2)t2 (3.121) 

We take the inverse Fourier transform Of<I>A,B(Wl, W2) as shown in Appendix A.4 to get the joint 

probability density function (pdf) of A and B as 

fA,B(a, b) F-1 ( <I> A,B (Wb W2) ) 

Ha + b)(a - b)e-~e-a2b; a + b > 0 and a - b > 0 
(3.122) 

o otherwise 
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Upper and Lower Bounds for Error Performance of Decoding 84 

In practice, it is hard to evaluate (3.118), and as an alternative, we calculate upper and lower 

bounds. Let 

then 

U=A+B 

V=A-B 

A= u+v 
2 

B = u-v 
2 

!(A_B2)=(A+B)(A-B)= UV 
2 A 2A U + V 

(3.123) 

(3.124) 

From the joint pdf of A and B given in (3.122), we have the joint pdf of U and V as derived in 

Appendix A.5, which is expressed as 

-.!..uve-~e-~· u > 0 and v> 0 
16 ' 

fu,v(u, v) = (3.125) 

0; otherwise. 

and the probability distribution functions of U and V are 

fu(u) = 100 

fu,v(u, v)dv = 
l.uC~· u > 0, 
4 ' 

(3.126) 

O· , otherwise 

and 

fv(v) = 100 

fu,v(u, v)du = 
l.ve-~ . v>O 4 ' 

(3.127) 

O· , otherwise 
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respectively. Since U and V are non-negative, we have 

=? UU~V < min(U, V) (3.128) 

We also have 

uv U ·fU V 
u+v >"2 1 < UV 1 

=? U + V > "2 min(U, V) 

t:v> t:u ifU> V uv v ·fU V u+v >"2 1 > 
(3.129) 

By combining (3.128) and (3.129), we get 

~ min(U, V) < UU~ V < min(U, V) (3.130) 

Let W = min(U, V). From Appendix A.6, we have 

1 1 
f (w) = -we-w + _w2e-w . w > 0 
w 2 4 ' 

(3.131) 

So the moment generating functions ofW, which is calculated in Appendix A.7, is 

1 -2 1 -3 <I>w(s) = -(1 - s) + -(1 - s) 
2 2 

(3.132) 

By using (3.118), (3.124) and (3.130), we get 

1 3; W 1 3; W - r E{exp (- .2 2)}d(}<P(S4#S4)<- r E{exp (- . 2(} 2)}d(} 
7r Jo 8 sm (}a 7r Jo 16 sm a 

(3.133) 
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that can be put in the fonn 

(3.134) 

From (3.132) and (3.134), the lower bound of the symbol error rate in decoding 84 is given by 

and the upper bound of the symbol error rate in decoding 84 is given by 

1 311" 

;;: 14 

<I>w (
8

) 1 s=- 16 sin12 0".2 de 
311" 2 311" 2 

1 14 
( sin e ) 2 1 14 

( sin e ) 3 
- . 2 1 de + - . 2 1 de 
27f 0 sm e + 160-2 27f 0 sm e + 160-2 

(3.136) 

Numerical Evaluations for the Lower and Upper Bounds of Symbol Error Probability of 

Decoding 84 

Each of the two integrals in (3.135) and (3.136) has the [onn shown by (3.84) multiplied by scalar 

!. The difference between evaluations ofupper and lowerbounds is the value of cin (3.84), which 

is 8;2 for the lower bound and 1i0-2 for the upper bound. The relation between a 2 and SNRlbit 

(in dB) is given by (3.73). With the aid of (3.85)-(3.87), we plot in Fig.3.7 the upper and lower 

bounds for SEP of decoding 84 by using the Matlab routine in Pro gram C.I.I in Appendix C.I. 

From Fig.3.7, we can see the upper bound is parallel to the lower bound and there is a 3 dB 

gap between two bounds. Both lower bound and upper bound show a diversity order of 2. The 

simulation result and the lower bound converge at high SNR, and the simulation result and upper 

bound converge at lower SNR. The simulation result of decoding 84 in Fig.3.7 is obtained from 

computer simulations over 2.24 x 109 infonnation bits. 
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Error Performance of Decoding 81 Assuming 84 Has Been Decoded Correctly 

We consider the decoding of 81 assuming 84 has been decoded correctly. From (3.56), we have 

TU 1 1 = à81 + b8 4 + nu 1 1 , , (3.137) 

Assuming 84 has been decoded correctly, which means 84 = 84, then 

1 

TU 1,1 TU 1 1 - b84 = TU 1 1 - b84 = à81 + nu 1 1 , , , (3.138) 

where nu 1,1 is a zero-mean and unit-variance complex Gaussian. From (3.80), the symbol error 

rate of decoding 81 assuming 84 has been decoded correctly and the channel coefficients are 

known is 

By taking expectation with respect to à, the SEP in decoding 81 assuming 84 is known is 

From (3.46) and (3.50), we have 

E{ P(81 f 81184 = 84; Œl,n,n = 1,2,3,4)} 
311" , 2 

! r 4 E { exp (- ~ 2 )} dB 
7r Jo 8sm B 

,rA 
a=Y2di 

where A is defined by (3.10). Substituting (3.141) into (3.140), we get 

(3.140) 

(3.141) 

(3.142) 
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where the expectation is with respect to A. We write A in quadratic form as given by (3.119). 

According to (3.79), the moment generating function of the random variable A is 

(3.143) 

Accordingly, the symbol error rate in decoding 81 assuming 84 has been decoded correctly is 

~ ~ 2 

~ r"4 <p ( 8 ) 1 de = ~ r"4 ( sin e ) 4 de 
7f Jo A S=-16sin12 9a2 7f Jo sin

2 e + 16
1
a 2 

(3.144) 

Numerical Evaluations for the Lower and Upper Bounds of Symbol Error Probability of 

Decoding 84 

(3.144) and (3.136) has the form shown by (3.84) with cp, m and c are replaced by 3;,4 and 16~2 

respectively. The relation between (}2 and SNRlbit (in dB) is given by (3.73). With the aid of 

(3.85)-(3.87), we plot in Fig.3.8 the exact SEP of decoding 81 assuming 84 has been decoded cor­

rectly by using the Matlab routine in Program C.2.1 in Appendix C.2. The associated computer 

simulation over 2.24 x 109 information bits is also inc1uded in Fig 3.8. From Fig.3.8, we see 

that the simulation result matches the analytical result exactly and the diversity order provided by 

decoding 81 assuming has been decoded correctly is 4. 

As the SNR approaches infinity, i.e., (}2 approaches 0, by using Lebesgue 's Dominated Con-

vergence Theorem, (3.135) changes to 
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and (3.136) changes to 

Aiso (3.144) changes to 

(3.147) 

Because as (52 approaches 0, the values of (3.145) and (3.146) are dominated by the first items, 

which are proportional to (54. Ifwe plot the upper and lower bounds in logarithm scale to SNR (in 

dB). The slopes of the curves are -2. According to section 2.1.3, the diversity orders provided 

by the upper and lower bounds of simplified decoding of Quasi Orthogonal code family are 2. 

So the diversity order provided by the simp1ified decoding of Quasi Orthogonal code family is 2. 

F or the same reason, from (3.147), we see that the diversity order of decoding 8} assuming 84 has 

been decoded correctly is 4. This matches the simulation result indicated in Fig. 3.8. 

Error Performance of Decoding 8} When 84 is Obtained From Decision Feedback 

Now, we consider the performance of decoding 8} when 84 is obtained from decision feedback. 

We assume the transmitted symbol for 84 is z~ illustrated in Fig.3.2. When we take the symmet­

rical property ofthe constellations in Fig.3.2 into account, the error probability of decoding 8} is 
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glVen as 

P(8î -1- 81) = P(81 -1- 811 84 = z~) 

P(81 -1- 81 1 8 4 = z~; 84 = Z~)P(84 = Z~ 184 = Z~) 

+ P(81 -1- 81 1 8 4 = Z;; 84 = Z~)P(84 = Z; 1 84 = Z~) 

+ P(81 -1- 81 1 8 4 = Z;; 84 = Z~)P(84 = Z; 1 84 = Z~) 

+ P(81 -1- 81 1 84 = Z~; 84 = Z~)P(84 = Z~ 184 = Z~) 

where z/s and z~'s (i = 1,2,3,4) are indicated in Fig.3.2. 

71 

(3.148) 

Next we investigate the diversity order of decoding 81 when 84 is obtained from decision 

feedback as SNR approaches infinity, i.e., (J2 approaches O. Based on the calculations inc1uded 

in Appendix A.8, as SNR approaches infinity, (3.148) changes to 

P(81 -1- 81 184 = Z~; 84 = Z~) 

P(81 -1- 81 1 8 4 = Z~; 84 = Z~) + P(à + J3b < 0)P(84 = Z; 184 = Z~) 

+ {1 - P2[à + (1 + J3)b > 0]}P(84 = Z; 1 84 = Z~) + P(à + J3b < 0)P(84 = Z~ 1 84 = z~) 

(3.149) 

Because 

(3.150) 

we can form lower and upper bounds to (3.149) as 
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+min{l - P2[à + (1 + V3)b > 0] ; P(à + V3b < Onp(84 = z; 184 = z~) 

+min{l- P2[à + (1 + V3)b > 0] ; P(à + V3b < Onp(84 = z; 1 84 = z~) 

+ min{l - P2[à + (1 + V3)b > 0] ; P(à + V3b < Onp(84 = z~ 1 84 = zd' 

< P(81 =1- 81 1 84 = z~) 

< P(81 =1- 81 1 8 4 = z~; 84 = z~) + P(84 = z; 184 = z~) 

+P(84 = z; 1 84 = z~) +P(84 = z~ 184 = z~) (3.151) 

or in the form 

P(81 =1- 81 1 84 = 84) 

+min{l - P2[à + (1 + V3)b > 0] ; P(à + V3h < On p (84 =1- 84) 

< P(81 =1- 81 1 84 = z~) 

< P(81 =1- 81 1 84 = 84) + P(84 =1- 84) (3.152) 

From the evaluation inAppendixA.9, we have thatmin{1-p2[à+(1+V3)b > 0]; P(à+V3h < 

On = 0.115l. We have aiready derived the analytical upper and lower bounds for decoding 84, 

which is denoted as P(84 =1- 84) in (3.152). We also have derived the analytical result for decoding 

81 assuming 84 has been decoded correctly, which is denoted as P(81 =1- 81 184 = 84) in (3.152). 

According to (3.152), we plot the analyticallower bound expressed as 

(3.153) 

and the analytical upper bound expressed as 

(3.154) 
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in Fig.3.9, as weIl as the analytical approximation expressed as 

(3.155) 

and the result from computer simulations over 2.24 x 109 information bits in Fig.3.9. From the 
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Fig.3.9 Error Perfonnance ofDecoding 81 When §4 is From Decision Feedback 

previous analysis in this section we know that the diversity order provided by decoding 84 is 2 and 

the diversity order provided by decoding 81 assuming 84 has been decoded correctly is 4. From the 

expressionof(3.152), weconc1udethatifmin{1-p2 [à+(1+V3)b < 0]; P(à+V3b > On =1= 0, 
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which has been proven to be true in Appendix A.9, the diversity order of decoding 81 assuming 

84 is from the decision feedback is decided by the diversity order provided by decoding 84, which 

is 2 (3.135) (3.136). From Fig.3.9, we find that the simulation result and upper and lower bounds 

are paralle1 with slope - 2 when SNR is sufficiently large, which implies the diversity order 

of decoding 81 when 84 is from decision feedback is 2. This confirms the conclusion that the 

diversity order of decoding 81 when 84 is from decision feedback is 2 based on (3.152). 

3.3.5 Analysis of Diversity Loss in the Simplified Decoding for the Improved Quasi 

Orthogonal code 

From (3.112), the diversity order provided by the optimal decoding oflmproved Quasi-Orthogonal 

code is 4. However, from section 3.3.4 and the simulation results based on the evaluation over 

2.24 X 109 information bits illustrated in Fig.3.10 and Fig.3.11, we see that when the simplified 

decoding is employed, the diversity order provided by Improved Quasi-Orthogonal code is 2. In 

the following, we analyze this diversity order loss. Assuming MPSK modulation, from (3.80) 

and (3.118), the average symbol error rate in decoding 84 is 

11(M~1)'Ir { sin2 ~ B 2 } - E exp ( - . M [A - -)) de 
1[" 0 80-2 sm2 e A 

1 r(M~l)'Ir { sin2 ~ (A + B)(A - B) } 
-; Jo E exp ( - 40-2 sin2 e [(A + B) + (A _ B))) de 

(M-l)'Ir 

~ 1 M M (A+B)(A-B) (t) 1 sin2 'Ir de 
1[" 0 (A+B)+(A-B) t=- 2 .~ 

40- SIn () 

(3.156) 

where M (A+B)(A-B) (t) denotes the moment generating function ofrandom variable (~A++~~tA-!~). 
(A+B)+(A B) 

From the previous derivation given by (3.126) and (3.127), we know that U = A + Band 

V = A - B are non-negative. So 

1 . (A + B)(A - B) . 
2mm(A - B, A + B) < (A + B) + (A _ B) < mm(A - B, A + B) (3.157) 
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We combine (3.156) and (3.157) and have the lower bound of error probability in decoding 84 as 

(3.158) 

We write A, B in the generalized Hermitian quadratic form as 

(3.159) 

(3.160) 

where Ct is defined by (3.98) and 

(3.161 ) 

According to (3.79), the joint moment generating function of A and B is 

1 

1 

[(1 - a1t1 )(1 - a4tl) - blb4t~] [(1 - a2tl)(1 - a3tl) - b2b3t~] 

(3.162) 

Because 

(3.163) 
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and 

(3.164) 

By combining (3.162), (3.163) and (3.164), we have 

1 

(3.165) 

Ifwe take al = a4, bl = b4, a2 = a3 and b2 = b3 as indicated in (3.161), then (3.165) changes to 

1 
M A-B (t) = -=---------=--=---------=--=-------=--=-------:;-

[1 - (al - bl)t] [1 - (al + bl)t] [1 - (a2 - b2)t] [1 - (a2 + b2)t] 

(3.166) 

From (3.158) and (3.166), when SNR approaches infinity, 

(3.167) 

From (3.167), ifwe plot PC(S4 =1= 84) in logarithm scale versus SNR (in dB), the slope of the curve 

is -4. From section 2.1.3, we know that the lower bound of error probability in decoding 84 is 4. 

However, for Improved Quasi-Orthogonal code, we should take al - bl = 0 and a2 + b2 = 0 as 

indicated in (3.161) into consideration as well. So, when SNR approaches infinity, we evaluate 
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the lower bound of error probability in decoding 84 differently as 

de 

(3.168) 

From (3.168), ifwe plot P.c(84 #- 84) in logarithm scale versus SNR (in dB), the slope of the 

curve is -2. From section 2.1.3, we know that the actuallower bound of error probability in 

decoding 84 is 2. So, the error probability in decoding 84 is 2 at most. By comparing (3.167) and 

(3.168), we know that because of al - bl = 0 and a2 + b2 = 0, the diversity order provided by 

Improved Quasi-Orthogonal code in decoding 84 is reduced from 4 to 2 as shown in Fig.3.l0 and 

Fig.3.11. 



Chapter 4 

Performance over Spatially Correlated 

Rayleigh Fading Channels 

80 

Up to this point, we have only considered the transmissions over independent Rayleigh fading 

channels described in section 2.1.1. However, in real propagation environments, the fading coef­

ficients from different channels are not necessarily independent. For example, in order to realize 

independent fading channe1s for downlinks, a separation of a few wave1engths is required be­

tween two adjacent antennas. In the imp1ementation, this requirement can not be satisfied all 

the time. Insufficient spacing between the transmit antennas results in spatially corre1ated fading 

channels. It is interesting to investigate the performances of the decoding schemes described 

in chapter 3 over correlated Rayleigh fading channels. In this chapter, we consider the perfor­

mances of decoding schemes over correlated Rayleigh fading channe1s by using the "one-ring" 

model [41] [42]. 

4.1 One Ring Model 

The one-ring mode1, which was first mentioned in [41] and extended in [42], is employed to 

determine the correlation coefficients between different fading channels. One-ring model is an 
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appropriate abstract model of the communication system when transmit antennas are elevated 

and unobstructed by local scatters. In the one-ring model, the receive antenna is assumed to be 

surrounded by local scatters. We denote 

• ). as the wave1ength; 

• D as the distance between base station and mobile station; 

• R as the radius of scatters around mobile station; 

• d as the distance between two transmit antennas; 

as indicated in the Fig.4.1. 

d 1- --
----

D 
I~ 

Fig. 4.1 One-ring Madel 

... ... 

~I 

, , , 
\ 

\ 

From [42], the correlation coefficient between the fading processes associated with the two 

transmit antennas is given by 

( 
R 2n ) 

'Y = Jo arcsin (D) ;:d (4.1) 

In (4.1), Jo stands for the first kind Bessel function of the zeroth order. From (4.1), we find that 

the value of the correlation coefficient depends on two factors: dl). and RI D. The factor dl). is 
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determined by the carrier frequency and the antenna array topology of a wireless communication 

system. Once the system is set up, seldom does the ratio dl,\ change. The factor of RI D reflects 

the working environment close to the mobile, which can change with the movement ofthe mobile. 

Typical values of the distance between base station and mobile station are listed in Table 4.1 and 

the typical value of the radius of the scatters ranges from 100,\ to 200'\. 

Suburban Macro Cell Urban Macro Cell Urban Micro Cell 
D 1500m 1500m 500m 

Table 4.1 Typical Values of the Distance Between BS and MS 

From (4.1), we calculate the correlation coefficients based on different combinations of the 

ratio dl,\ and the ratio RI D. The results are listed in Table 4.2. From Table4.2, we have the 

dl,\ 
RID 

D = 1500m 
0.0111 
0.0139 
0.0167 
0.0194 
0.0222 

D = 500m 
0.0333 
0.0417 
0.0500 
0.0583 
0.0667 

0.5 2 

0.9997 0.9951 
0.9995 0.9924 
0.9993 0.9891 
0.9991 0.9851 
0.9988 0.9806 

0.9973 0.9566 
0.9957 0.9326 
0.9938 0.9036 
0.9916 0.8700 
0.9890 0.8319 

5 10 20 

0.9698 0.8818 0.5689 
0.9530 0.8185 0.3717 
0.9326 0.7440 0.1697 
0.9089 0.6602 -0.0200 
0.8818 0.5688 -0.1821 

0.7440 0.1696 -0.3780 
0.6152 -0.1056 -0.0974 
0.4716 -0.3046 0.2208 
0.3204 -0.3972 0.2852 
0.1689 -0.3777 0.0735 

Table 4.2 Correlation Coefficients Between the Adjacent Antennas f 
1.8GHz R = 100,\ rv 200,\ 

following observations. 

1. Considering any row we see that the correlation coefficient decreases as dl ,\ increases. In 

the implementation, when the carrier frequency is fixed, we can decrease the correlation between 



4 Performance over Spatially Correlated Rayleigh Fading Channels 83 

channels by increasing the distance between transmit antennas. 

2. When dl À and Rare fixed, the correlation coefficient decreases as the distance between 

base station (BS) and mobile station (MS) decreases. In the implementation, when carrier fre­

quency and the distance between antennas are fixed, we can decrease the correlation between 

channels by decreasing the distance between BS and MS. 

4.2 Realization of Spatially Correlated Rayleigh Fading Channels in 

Computer Simulations 

In the following sections, we investigate the influence of spatially correlation on the performances 

ofthe optimal and the simplified decoding schemes discussed in chapter 3 by the use of computer 

simulations. 

The general settings of simulations are exactly the same as those described in section 3.2.3 

except the realization of spatially correlated Rayleigh fading channels. The method employed to 

implement the spatially correlated Rayleigh fading channels is presented in the following. The 

correlations among different transmission paths of a four transmit antennas to one receive antenna 

wireless communication system can be described by a 4 x 4 symmetric matrix Cs. The (i, j)th 

and the (j, i)th (1::S: i, j ::s: 4) elements of Cs denote the correlation coefficient between the 

channel from the i th transmit antenna and the channel from the lh transmit antenna. Assuming 

that the transmit antennas form an equally-spaced linear array. From (4.1), the (i, j)lh and (j, i)th 

element of Cs are calculated by 

(4.2) 

where d' denotes the distance between the adjacent antennas. We denote by CR the Hermitian 
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root of Cs, which means 

(4.3) 

We also denote 

(4.4) 

as the independent channel fading coefficients, where al,j (1 ::; j ::; 4) denotes the channel 

fading coefficient from the lh transmit antenna to the receive antenna. The coefficients al,j 's are 

modeled as i.i.d complex Gaussian distributed with zero-me an and variance 0.5 in each complex 

dimension. In order to generate the channel coefficients with correlation matrix Cs, which is 

denoted as al, we left-multiply a with CR, 

(4.5) 

Wehave 

(4.6) 

From (4.2), we know that the diagonal elements of Cs are equal to 1. So, we can conclude that 

generating the channel coefficients by using (4.5) does not change the SNR ofthe system mode!. 

4.3 Performance over Spatially Correlated Channels 

We choose several typical values of correlation coefficients from Table 4.2 corresponding to 

different level of correlation for the computer simulations. The settings of the computation simu-

lations have been presented in section 3.2.3 and section 4.2. The performances of the optimal de-
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coding and the simplified decoding of the Improve Quasi-Orthogonal code over correlated chan­

nels based on the experiments of 2.24 x 109 information bits are shown in FigA.2 and Fig.4.3. 

The performances of the optimal decoding and the simplified decoding of the Improve Quasi­

Orthogonal code over independent channels are also included as the baseline of comparisons. 

As we discussed previously, the slopes of the error performance curves in the high SNR range 

indicate the diversity orders provided by corresponding coding-decoding schemes. For example, 

as shown in FigA.2 and Fig.4.3, the diversity orders provided by the optimal and the simplified 

decoding schemes of the Improved Quasi-Orthogonal code over independent channels ('"'( = 0) 

are 4 and 2, respectively. These are also backed up by the mathematical analysis included in 

chapter 3. As indicated in Fig.4.2 and Fig.4.3, the slopes of the performance curves decrease as 

the correlation coefficient, which is denoted as '"'(, increases. When'"'( = 0.9993, the slopes of the 

curves decrease to the values close to 1. In other words, the diversity gains brought by STBC 

schemes are reduced because of the correlations among the channels. 

The other phenomenon we are interested in is the change of the performance gaps between 

the optimal and the simplified decoding schemes of the Improved Quasi-Orthogonal code. We 

take the measurements in terms of bit error rate shown in FigA.2 as example. For the BER at 

10-4 level, the performance gap between the optimal and the simplified decoding schemes over 

independent channels is about 3.5 dB. When '"'( = 0.7440, the gap decreases to 2.5 dB. As '"'( 

increases to 0.9993, which is corresponding to highly correlated channels, the gap is less than 0.5 

dB. Therefore, the performance gaps between the optimal and the simplified decoding schemes of 

the Improved Quasi-Orthogonal code decrease as the correlations among the channels increase. 

4.4 Conclusion 

In designing a wireless communication system, we seek a technique that achieves better perfor­

mance and lower complexity. When the requirements of performance and complexity can not be 
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Fig. 4.2 Different Decoding Algorithms for the Improved Quasi-Orthogonal code 
Over Independent and Spatially Correlated Channels: Bit Error Rate 
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Fig. 4.3 Different Decoding Algorithms for the Improved Quasi-Orthogonal code 
Over Independent and Spatially Correlated Channels: Frame Error Rate; Frame­
length=256 Information Bits 
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satisfied at the same time, we are going to satisfy either performance or complexity with respect 

to different transmission models. 

As we discussed in chapter 3, the diversity orders provided by the optimal and the simplified 

decoding schemes of the Improved Quasi-Orthogonal code over independent channels are 4 and 

2, respectively. The performance gap between two decoding schemes increases significantly as 

SNR increases. So, over space uncorrelated channels, the simplified decoding scheme is not 

desirable though it provides lower decoding complexity. 

The situation in space correlated channels is different. As we discussed in section 4.3, the 

performance gaps between the optimal and the simplified decoding schemes of the Improved 

Quasi-Orthogonal code decrease as the correlations among the channel increase. When the gaps 

are smaller than a certain amount, the simplified decoding scheme is suitable because of its 

relative lower decoding complexity and tolerable performance loss. 
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Chapter 5 

Conclusion 

In this thesis, we considered simplified and optimal decoding algorithms for the Quasi-Orthogonal 

STBC family that comprises the Quasi-Orthogonal code [28] and the Improved Quasi-Orthogonal 

code [29] over Rayleigh fading channels. A symbol-by-symbol decision feedback decoding al­

gorithm was proposed. The associated performances were evaluated by mathematical analysis 

and were verified through computer simulations. 

A complex orthogonal STBC exists iffthe order of the code matrix is 2 [7], which is Alam­

outi's scheme [18]. For the complex STBCs other than Alamouti's scheme, full rate and full 

orthogonality (which results in full diversity and symbol-by-symbol ML decoding) can not be 

satisfied at the same time. The Quasi-Orthogonal code family [28] [29] is made up of two types 

of full code rate non-orthogonal STBCs. Because the loss of orthogonality, the ML decoding of 

Quasi-Orthogonal code family can not be as simple as symbol-by-symbol decoding. This thesis 

introduced a simplified decoding algorithm for such codes. This simplified decoding decouples 

four information bearing symbols into two groups. In decoding each pair of symbols, by using 

QR decomposition, one of the symbols is decoded first, then the decoding result is carried back 

to the decoding of the second symbol. The decoding complexity, which is measured in terms of 

number of comparisons over all possible linear combinations of transmitted symbols, increases 
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linearly with the size of modulation constellation size, and it is much lower than the decoding 

complexity of optimal decoding, which increases quadratically with the size of modulation con­

stellation. Compared to sphere decoding, there is no need for the simplified decoding algorithm to 

find a initial sphere radius, which contributes to the complexity of the sphere decoding algorithm. 

In addressing the performances of different decoding schemes for the Quasi-Orthogonal code 

family, we provided a mathematical analysis as well as computer simulation results. Through 

mathematical analysis, we showed that 

1. The diversity orders provided by optimal decodings of the Improved Quasi-Orthogonal 

code and the Quasi-Orthogonal code are 4 and 2, respectively. 

2. For the simplified decoding of the Improved Quasi-Orthogonal code, the diversity order 

provided by the decoding of the first symbol in each symbol pair is 2. The diversity order pro­

vided by the decoding of the second symbol in the same symbol pair assuming the first symbol 

has been decoded correctly is 4. However, due to the decoding errors of the first symbol, the 

actual diversity order provided by the decoding of the second symbol in the same symbol pair is 

employed is 2. Therefore the simplified decoding of the Improved Quasi-Orthogonal code yields 

diversity order of 2. 

Finally, we presented the performances of the simplified decoding and optimal decoding over 

correlated Rayleigh fading channels by using the "one-ring" channel model [42]. Through com­

puter simulations, we showed that relative performance loss ofthe simplified decoding to optimal 

decoding decreases as channel correlation increases. Therefore, the simplified decoding scheme 

is suitable for highly spatially correlated Rayleigh fading channels. 
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AppendixA 

Proofs and Calculations 

A.t Proof of Equation (3.7) 

From (3.3) and (3.5), we have 

(A.1) 

and 

(A. 2) 

According to (3.3) and (3.5), we have 

aT(C - ë)(C - ë)H a* = (s - s)THHH (s - s)* 
4 

- AL IISi - 8iW + 2B(Re[(sl - 81)(S4 - 84)*]- Re[(S2 - 82)(S3 - 83)*]) (A.3) 
i=1 
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and 

4 

nTn* = npTnp* = L Ilnl,iW (A.4) 
i=l 

and 

a~,lnl,3(S3 - 33) - a~,2nl,3(S4 - 34) + a~,3nl,3(SI - 31) + a~,4nl,3(S2 - 32) 

+ al,lnl,4(S4 - 34)* - a~,2nl,4(S3 - 33)* - a~,3nl,4(S2 - 32)* + a;,4nl,4(SI - 31)* 

in (A.3), A and B are defined by (3.10) and (3.11), respectively. By combing (A.l)-(A.5), we 

have 

(A. 6) 

Q.E.D 

A.2 Variance of nz in (3.93) 

We denote 

(A. 7) 
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where ehR and ehI denotes the real and imaginary part of eh, respectively. We also denote 

1 '. 1 

llD = llDR + )llDI (A.8) 

where llDR' and llm' denotes the real part and imaginary part ofllD'. So 

H ' ( T . T)( , . ') eh llD = ehR - )ehI llDR + )llDI 

From the definition of nz in (3.93), we know that 

H H' ( T ' T') nz = 2Re( es Hl llD ) = 2 ehR llDR + ehI llm (A. 10) 

Accordingly, the mean of n z is 

(A. 11) 

and the variance of n z is 

(A. 12) 

where n-z denotes the mean of nz. From (A. 10) and section 3.3.2, we know that nz is a Iinear 

combination of i.i.d Gaussian random variables with zero mean. So 

E(nz) = 0 (A. 13) 
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and 

Var(nz) { T' T ')2} 4E (ehR llDR + ehI llm 

T "T T' 'T 4{ehR E(llDR llDR )ehR + ehR E(llDR llm )ehI 

T "T T' 'T } +ehI E(llm llDR )ehR + ehI E(llm llm )ehI 

(A. 14) 

A.3 Eigenvalues of A 

We denote by >..t 's as the eigenvalues of A. From [32], aIl >..t 's satisfy clet(>..tI - A) = 0, i.e., 

>..A_ Il elW+lle411 2 
0 0 t 20- 2 

0 >..A _ Il el11 2+lle4112 Re(ele;ï) 

clet 
t 20-2 0- 2 

0 Re(ele4) >..A _ Ilq112+llq112 
0-2 t 20-2 

Re(ele;) 
0 0 

0-2 

o o 

0 0 

(Re(ele~)) cl >..~ - Ilq112+lle4112 Re(ele.4) + 2 et 
(J' t 20-2 0-2 

Re(ele4) >..A_ IlqW+lle411 2 
0-2 t 20-2 

>..~ -
t 

Re(qe;) 
0-2 

0 

0 

Re(qe~) 

0- 2 

0 

0 

Il elW+lle4W 
20-2 

o 

o 
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(A.15) 

By solving (AI5), we have the eigenvalues of A as the following 

(A.16) 

(A17) 

A.4 Joint Probability Density Function of A and B 

From (3.121), we know that the joint characteristic function of A and B is given as 

(A18) 

So the joint pdf of A and B is the inverse Fourier Fourier transform of (A18) and given as 

(A19) 
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We make the transfonnation as 

(A.20) 

then (A. 19) changes to 

fA,B(a, b) 

(A.21) 

From the equations (3.382-6) and (3.382-7) listed in [39]. 

1+00 exp[-jW3(a;b)] _ 
--------"'---- dW3 -

-00 [1- j W3F 
o otherwise 

( ) 
a-b 

7r a - b e--2 ; a-b>O 
(A.22) 

( ) 
tlQ 

7r a + b e- 2 ; a+b>O 
(A.23) 

o otherwise 

By using (A.22) and (A.23), in (A.21) we have 

1 ( ( ) tlQ a-b 8 a+b) a-be- 2 e--2 ; a + b > 0 and a - b > 0 
(A.24) 

o otherwise 
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A.5 Joint Probability Density Function of U and V 

From (3.123), we have the Jacobian as 

(
au 

J = clet aa 
av 
aa 

au) ab = -2 
av 
ab 

From (3.122) and (3.123), we have the joint pdf of U and V is 

luve-~e-~· u> 0 and v> 0 
16 ' 

0; otherwise. 

A.6 Probability Distribution Function of W 

97 

(A.25) 

(A.26) 

From [36] (pp.195), we have that the probability distribution function of W = min( U, V) is 

given by 

fw(w) = fu(w) + fv(w) - fu(w)Fv(w) - Fu(w)fv(w) (A.27) 

From (3.126) and (3.127), we have that the cumulative probability distribution functions of U 

and V are given by 

Fu(u) = lU fu(u)du = (A.28) 
4 - 4e-~ - 2ue-~; u > 0, 

o· , otherwise 
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and 

Fv(v) = lv 

fv(v)dv = 

4 - 4e-~ - 2ve-~; v> 0, 
(A.29) 

O' , otherwise 

respectively. By substituting (3.126), (3.127), (A.28) and (A.29) into (A.27), we have the the 

probability distribution function of W as 

(A.30) 

A.7 Moment Generating Function of W 

We take the Fourier transform of (3.131) 

From equations (3.351-3) listed in [39], we have the characteristic function of W as 

and the moment generating function of W is 

( ) 
1 

1 ( )-2 1 -3 <I>w s = <I>w (wd· = -2 1 - s + - (1 - s) 
]Wl=S 2 (A.31) 
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A.8 Calculations Associated with Bounds of Decoding 81 Wh en 84 is From 

Decision Feedback 

A.S.I Evaluation of P(84 = z~ 1 84 = z~) When 0'2 Approaches 0 

As evaluated in (3.145) and (3.146), when 0'2 approaches 0, P(84 

bounded by 

and lower bounded by 

z~ 1 84 = z~) is upper 

(A.32) 

By combining (A.32) and (A.33), we conclude that when 0'2 approaches 0, P(84 = z~ 1 84 = z~) 

approaches 1. 

A.S.2 Evaluation of P(81 =1- 81 1 84 = Z;; 84 = z~) and P(81 =1- 81 1 84 = Z~; 84 = Z~) Wh en 0'2 

Approaches 0 

From (3.56), we have 

(A.34) 
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When 84 has been decoded as 84, then 

" b'A , b'( A) 
T U1 ,1 = TU1,1 - 84 = a81 + 84 - 84 + nU1,1 (A.35) 

where nu 1,1 is circularly symmetric complex Gaussian with zero mean and unit variance as 

mentioned in section 3.2.2. So 

and similarly, 
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à b l' '} +P(VS + VS + Re(nul,l) > 0 à + b < O)P(à + b < 0) 

1 - { [1 - Q ( (à + 2v'3b) ) ] P( à + J3b > 0) + Q ( - (à ~ v'3b) ) P( à + J3b < O)} x 

x { [ 1 - Q ( (à ~ b) ) ] P (à + b > 0) + Q ( - ( à 2+ b) ) P (à + b < 0) } (A. 3 7) 

From (3.46), (3.50) and (3.51), we have 

(A.38) 

According to (3.126), we get U = A + B is non-negative with probability 1. And from the 

definition of A in (3.10), A 2: O. Aiso A = 0 iff aIl the channel coefficients Œl/S (i = 1,2,3,4) 

are equal to zero. From channel model given in section 2.1.1, the real and complex parts of Œl,i 's, 

(i= 1,2,3,4) are continuous Gaussian random variables. The probability that at least one of these 

values is not equal to zero is one. Accordingly, A is positive with probability one. Then from 

(A.38) 

P(à + b > 0) = 1 

According to (A.36), (A.37) and (A.39), by using Craig's formula, we have 

P(81 =1= 81 184 = Z;; 84 = Z~; Œl,i; i = 1,2,3,4) 

P(81 =1= 81 1 84 = Z~; 84 = Z~; Œl,i; i = 1,2,3,4) 
te v'3' 2 

1 - P(à + J3b > 0) + 2P(à + J3b > O)~ (2 exp ( _ (à +. 23b) ) de 
7f Jo 8 sm e , 11~ (à+b)2 

+P(à + J3b > 0)- exp ( - . 2 ) d{) 
7f a 8 sm {) 

(A.39) 

+[1 - 2P(à + J3b > O)l~ {~exp ( _ (à +.v'3b)2) de~ {7!x exp ( _ (à ~ b)2) d{) 
7f Jo 8 sm2 e 7f Jo 8 sm2 

{) 

117!x ( (à + v'3b)2) de -- exp-
7f a 8 sin2 e 
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, ,11~ 1 (VA+ V3:)2 
1 - P(à + v'3b > 0) + 2P(à + v'3b > 0)- exp [- -2 . 2,,? ] de 

7[ 0 160- sm 

, 11~ [ 1 (VA + JA)2] 
+P(à + v'3b > 0)- exp - --2 . 2 dfJ 

7[ 0 160- sm fJ 
1 ~ 1 ( VA + V3B)2 ( VA + ..lL )2 

+[1 - 2P(à + v'3b > 0)]7[2 J 1 exp [ - 160-2 ( sin2"? + sin2 ~ )] de dfJ 

11~ [ 1 (VA+1:)2] -- exp - - de (A.40) 
7[ 0 160-2 sin2 e 

where A and B are defined by (3.10) and (3.11), respectively. We know that 

(A.41) 

and 

(A.42) 

where E denotes the expectation with respect to Œl,i; i = 1,2,3,4. From (A.40)-(A.42), we have 

P(81 =1- 81 1 84 = Z;; 84 = Z~) = P(81 =1- 81 184 = Z~; 84 = z~) 

1 - P(à + v'3b > 0) 

, 1 J 1+00 1~ 1 (via + ~n2 +2P(à + v'3b > 0)- exp [- -2 . 2:- ] fA,B(a, b) dedadb 
7[ -00 0 160- sm 

,1J1+001~ 1 (vIa+~)2 
+P(à + v'3b > 0)- exp [- -2 . 2:: ] fA,B(a, b) dfJdadb 

7[ -00 0 160- sm 
+[1 - 2P(à + v'3b > 0)] x 
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In (A.43), fA,B(a, b) denotes the joint pdf of A and B. Because 

(A.44) 

1 ( Va + -Q.-y 
lim {exp [ - --2 . 2 Va ] fA B (a, b)} = 0 

0"2-;0 160- sm iJ ' 
(A.45) 

and 

(A.46) 

Also, 

(A.47) 

(A.48) 

and 

(A.49) 
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where fA,B(a, b) is integrable. According to Lebesgue's Dominated Convergence Theorem, as 

(J2 approaches zero, we switch the sequence of integration and limitation and have 

1 - P(à + v'3b > 0) 

, 1 J 1+00 1~ 1 (va + V3b)2 
+2P(à + v'3b > 0)- lim exp [- -2 . 2 Va ] fA,B(a, b) dedadb 

7r 0-2 ---;0 -00 0 16(J sm e 
, 1 Jl+001~ 1 (va + ~)2 

+P(à + v'3b > 0)- lim exp [- -2 . 2 Va ] fA,B(a, b) drJdadb 
7r 0-

2 ---;0 -00 0 16(J sm rJ 
~' 1 

+[1- 2P(à + v3b > O)l2"x 
7r 

J1+ooJl~ 1 (va + V3b)2 (va + ~)2 
x lim exp [- 16 2 ( . 2: + . 2:: )] fA,B(a, b)dedrJdadb 

0- 2 ---;0 -00 0 (J sIn SIn 

1 J 1+00 1~ 1 (va + V3b)2 
-- lim exp [- 16 2 . 2: ] fA,B(a, b) dedadb 

7r 0-2 ---;0 -00 0 (J SIn 

1 - P(à + v'3b > 0) 

, 1 J 1+00 1~ 1 (va + V3b)2 
+2P(à + v'3b > 0)- lim exp [- -1 2 . 2 Va ] fA,B(a, b) dedadb 

7r -00 0 0-2 ---;0 6(J sm e 
,1Jl+001~ 1 (va+~)2 

+P(à + v'3b > 0)- lim exp [- -2 . 2 Va ] fA,B(a, b) drJdadb 
7r -00 0 0-2 ---;0 16(J sm rJ 

~' 1 
+[1- 2P(à+ v3b > O)l2"x 

7r 

J1+ooJl~ 1 (va+ V3b )2 (va+~)2 
x lim exp [- 16 2 ( . 2: + . 2:: )] fA,B(a, b)dedrJdadb 

-00 0 0-
2 ---;0 (J SIn SIn 

1 J 1+00 1~ 1 (va + V3b)2 
-- lim exp [- 16 2 . 2: ] fA,B(a, b) dedadb 

7r -00 0 0- 2 ---;0 (J SIn 

1 - P(à + v'3b > 0) = P(à + v'3b < 0) (A.50) 

A.8.3 Evaluation of P(81 =1 81 184 = Z;; 84 = Z~) Wh en (J2 Approaches 0 

According to (A.35) 
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à (1 + y'3)6 à (1 + y'3)6 
1 - P(VS + VS + Re(nu 1,1) > O)p( VS + VS + Im(nu 1,1) > 0) 

{
à (1 + v'3)b ~ , ~ , 

- 1- P(VS+ VS +Re(nU1,1»0Ià+(I+v3)b>0)P(à+(I+v3)b>0) 

à (1 + J3)b 1 ~ , ~ , }2 
+P(VS + VS + Re(nu 1,1) > 0 à + (1 + v 3)b < O)P(à + (1 + v 3)b < 0) 

1- {[1- Q((à + (1; J3)b)) ]P(à + (1 + J3)b > 0) + Q(-(à + (1
2
+ J3)b)) x 

xP(à + (1 + v'3)b < 0) } 2 

- 1 - P2(à + (1 + v'3)b > 0) - [2P(à + (1 + v'3)b > 0) - 4p2(à + (1 + v'3)b > 0)] x 

xQ( (à + (1; J3)b)) _ [1 _ 2P(à + (1 + v'3)b > OWQ2 ((à + (1; J3)b)) (A.51) 

From (A.51), by using Craig's formula, we have 

- 1 - P2(à + (1 + v'3)b > 0) - [2P(à + (1 + v'3)b > 0) - 4p2(à + (1 + v'3)b > 0)] x 

11~ ( (à + (1 + J3)b)2) d() x - exp - """'---------'------,,------'----'--
7r 0 8 sin2 

() 

-[1 - 2P(à + (1 + v'3)b > O)f~ {7J; exp ( _ (à + (1 ~2J3)b)2) d() 
7r Jo 8sm () 

- 1 - p2 (à + (1 + v'3)b > 0)-
JI (VA + (1+V3)B)2 

- [2P(à + (1 + v'3)b > 0) - 4p2(à + (1 + v'3)b > O)].!. (2 exp [-~ . 2 VA ] d() 
7r Jo 160- sm () 

, 117J; 1 (VA + (1+V3)B)2 
- [1 - 2P(à + (1 + v'3)b > oW- exp [- -2 . 2 VA ] d() 

7r 0 160- sm () 

then 

P(81 i=- 8 1 1 84 = Z3; 8 4 = Zl) = E{ P(81 i=- 8 1 1 84 = Z3; 8 4 = Zl; Œ1,i i = 1,2,3,4) } 

- 1 - p 2 (à + (1 + v'3) b > 0) 

- [2P(à + (1 + v'3)b > 0) - 4p2(à + (1 + v'3)b > 0)] x 

(A.52) 
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1 {1~ [ 1 (v'A + (1+;i)B)2] } x-E exp - -- de 
1f 0 160-2 sin2 e 

Z': ( vIA + (1+V3)B)2 

- [1 - 2P(à + (1 + V3)b > O)f~-E{ f 4 exp [-~ . 2 VA ] de} 
1f Jo 160- sm e 

1 - P2(à + (1 + V3)b > 0) - [2P(à + (1 + V3)b > 0) - 4p2(à + (1 + V3)b > O)].!. x 
1f +00 Z': 1 (Va + (1+V3)b)2 

x 11 f2 exp [- -2 . 2:- ]fA,B(a, b) dedadb 
-00 Jo 160- sm 

- [1 - 2P(à + (1 + V3)b > oW x 

1 +00 Z': 1 (Va + (1+V3)b)2 

x- 11 f4 exp [- --2 . 2 Va ]fAB(a,b) dedadb 
1f -00 Jo 160- sm e ' 

(A.53) 

From (A.53), by using similar analysis in Appendix A.8.2, according to Lebesgue's Dominated 

Convergence Theorem, we switch the sequence of integration and limitation and have 

lim P(§I #- 81 1 §4 = Z3; 84 = ZI) 
a 2 -tO 

1 - P2(à + (1 + V3)b > 0) - [2P(à + (1 + V3)b > 0) - P2(à + (1 + V3)b > O)].!. x 
1f +00 ~ 1 (Va + (1+V3)b)2 

x lim 11 f exp [- --2 . 2 Va ] fA,B(a, b) dedadb 
a 2 -tO -00 Jo 160- sm e 

- [1- 2P(à + (1 + V3)b > oWx 
1 11+001~ 1 (Va + (1+~)b)2 

x lim - exp [- 16 2 . 2 Va ] fA,B(a, b) dedadb 
a 2-tO 1f -00 0 0- sIn e 

1 - P2(à + (1 + V3)b > 0) - [2P(à + (1 + V3)b > 0) - P2(à + (1 + V3)b > O)].!. x 
1f 

1 1+00 1~ 1 (Va + (1+V3)b)2 

x lim exp [- --2 . 2:- ] fA,B(a, b) dedadb -00 0 a 2 -tO 160- sm 

- [1- 2P(à + (1 + V3)b > 0)]2X 

1 1 1+00 1~ 1 (Va + (1+V3)b)2 
x- hm exp [- --2 . 2 Va ]fA,B(a,b) dedadb 

1f -00 0 a 2 -tO 160- sm e 
1 - p 2 [à + (1 + V3)b > 0] (A. 54) 
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A.9 Evaluation ofmin{l - P2[à + (1 + y'3)b > 0] ; P(à + y'3b < On 
A.9.1 Mathematical Preliminaries 

Consider a random variable G expressed in quadratic form as 

(A.55) 

where a is defined by (3.98) and QG is Hermitian. From (3.79), (3.99) and (3.100), we have the 

characteristic function of G as 

(A.56) 

where .\'s (i = 1,2, ... ,1) are eigenvalues of QG. We know that 

P(G < 0) = [~ !c(g) dg (A.57) 

where !c(g) denotes the pdf of G. Since !c(g) is the inverse Fourier transform of <I>c(w), (A.57) 

changesto 

1 j+oo+j€ <I>c(w) 1 j+oo+j€ 1 
P(G<O)=--.- dw=--.- 1 . dw 

J27r -oo+j€ W J27r -OO+jE IIi=l (1 - JwÀi)w 
(A.58) 

In (A.58), a small positive number E is inserted to avoid the evaluation of integration at the 

singularity point w = O. With the substitution x = jw, (A.58) changes to 

1 j-€+jOO 1 1 j-,+jOO 
P(G < 0) = --. - 1 dx = --. - g(x)dx 

J27r -€-joo IIi=l (1 - xÀi)x J27r -€-joo 
(A.59) 
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where 

1 
g( x) = ----=-1 ---­

I1i=l (1 - xÀi)x 

108 

(A. 60) 

We calculate (A.59) with the aid of the residue theorern [43]. By choosing a counter-clockwise 

contour C as shown in Fig.A.I, (A.59) changes to 

lm 

c 

-ê 
Re 

Fig. A.1 Contour ofIntegration 

P(G < 0) = -~ i g(x)dx = - LRes[g(x)] 
J21f c C 

(A.61) 

where L rneans that only the residues at the poles lying inside the contour C are taken into 
c 

account. According to [43], for the Laurels series ofa function f(z) 

~ n b1 b2 
f(z) = ~an(Z-ZO) +--+ ( )2 + ... 

n=O Z - Zo Z - Zo 
(A. 62) 
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the coefficient hl of the tenu _1_ is called the residue at z = zoo For a pole of order M, the z-zo 

residue at z = Zo is given by 

1 dM - 1 

Resz=zo [f(z)] = (M _ 1)! ;~~o {dZM- 1 [(z - zo)M f(z)]} (A.63) 

Here we only consider the special case we encountered in this thesis. For this case, g(x) has two 

distinct double poles. We re-write g( x) defined in (A.60) in the fonu 

g(x) 
1 

(1 - XÀ1)2(1 - XÀ3)2X (x - 1)2(x - 13)2x 

R1 R2 R3 R4 R5 
X - 11 + (x - 1)2 + X - 13 + (x - 1)2 +-;- (A.64) 

From (A.63) and (A.64), the residues of g(x) are 

. d { 1 2} 3À3Àî - Àr 
R1 = hm -d g(x)(x - "\) = - (À À )3 

x---> }1 X /\1 3 - 1 
(A.65) 

and 

. d{ 1 2} 3À1À~-À~ 
R3 = hm -d g(x)(x - "\) = - (À _ À )3 

x---> ).13 X /\3 1 3 
(A.66) 

A.9.2 Calculation of P[à + (1 + V3)b < 0] and P(à + V3b < 0) 

From (3.46), (3.50) and (3.51), we know that 

P[à + (1 + V3)b < 0] P[y'~(J2 (VA + (1 + V3) ~) < 0] = p(A + (~V3)B < 0) 

P[A + (1 + V3)B < 0] (A.67) 
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and 

P[à+ V3b < 0] 

(A.68) 

According to (3.10) and (3.11), we write A + (1 + V3) B and A + V3B in quadratic forrns 

(A.69) 

and 

(A.70) 

where 

1 0 0 1+V3 

0 1 -(1 + V3) 0 
QGl= (A.71) 

0 -(1 + V3) 1 0 

1+V3 0 0 1 

and 

1 0 0 J3 
0 1 -V3 0 

QG2 = (A. 72) 
0 -V3 1 0 

V3 0 0 1 



A Proofs and Calculations 111 

The eigenvalues of QGl and QG2 are 

(A.73) 

and 

(A.74) 

respectively. In the calculation of P [A + (1 + V3) B < 0] and P [A + V3B < 0], we only 

consider the residues at the poles lying inside the contour indicated in Fig.A.I, which are 

and 

respectively. According to (A.61), 

and 

So 

P[A + (1 + vIs)B < 0] = 0.2377 

P[A + vlsB < 0] = 0.1151 

min{1 - P2[à + (1 + J3)b > 0] ; P(à + J3b < On 
min{1 - (1 - 0.2377)2 ; 0.1151} = 0.1151 

(A.75) 

(A.76) 

(A. 77) 

(A.78) 

(A.79) 
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AppendixB 

Computer Simulations Software 

In this chapter, we present the software used for computer simulations associated with this thesis. 

The parameters required for simulations are: 

• the length of information bit sequence; 

• the frame length; 

• the SNR range for simulation; 

For the spatially correlated channels, further parameters need be specified. 

• the wavelength of carrier À; 

• the distance between base station and mobile R; 

• the radius of scatters around mobile D; 

• the distance between adjacent transmit antennas d'. 
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B.I Simulation Steps 

B.I.I Information Source and Encoder 

The input of the simulation is a sequence of information bits generated by Matlab function 

randintO. By using Gray mapping illustrated in Fig.3.2, every two bits are mapped to an 

information-bearing symbol. With the employment of Quasi-Orthogonal [28] or Improved Quasi­

Orthogonal coding scheme [29], we get the a sequence of codewords with the code matrix (3.2), 

which is denoted as mat.1nputQuOr in the routine. 

program B.I.I Information Source, Gray Mapping and Encoder 
% Constellations for Improved Quasi-Orthogonal code 
% Symbol Energy is 1/4 i Gray Mapping 
vec Costl=[l+j,-l+j,l-j,-l-j] ./(2*sqrt(2)) i 

vec _ CostlRot= [l+j , -l+j , 1- j , -1- j] . *exp (j *pi/ 6) . / (2 * sqrt (2) ) i 

% For Quasi-Orthogonal code 
% vec_CostlRot=[l+j,-l+j,l-j,-l-j] ./(2*sqrt(2)) i 

% Information Bits Sequence 
num_real=2*randint(l,num_length,2)-li 
num_Imag=2*randint(1,num_length,2)-li 
num_Sent(1:2:2*num_length-1)=num_real i 
num_Sent(2:2:2*num_length)=num_Imagi 

% Index of Symbols in Gray Mapping 
num_SentDec=num_real+num_Imag./2+2.5i 

% Sequence of Information Bearing Symbols 
num_Input (1:4:num_length-3) =vec_Costl (num_SentDec(l:4: num_length-3))i 
num_Input (2:4:num_length-2) =vec_Costl (num_SentDec(2:4: num_length-2))i 
num_Input(3:4:num_length-1) =vec_CostlRot (num_SentDec(3 :4:num_length-1))i 
num_Input(4:4:num_length-Q) =vec_CostlRot (num_SentDec(4 :4:num_length-Q)) i 

% Improved Quasi-Orthogonal Encoder 
% Row 1 
mat_InputQuOr(l, 1:4:num_length-3) =num_Input (1:4:num_le ngth-3)i 
mat_InputQuOr(l,2:4:num_length-2)=-conj (num_Input(2:4:num_length-2)) i 

mat_InputQuOr(l, 3:4:num_length-1) =-conj (num_Input(3:4:num_length-1)) i 

mat_InputQuOr(l,4:4:num_length-Q)=num_Input(4:4:num_length-Q)i 
% Row 2 ... Row 3 ... Row 4 ... (Omitted) 
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B.1.2 Independent and Spatially Correlated Rayleigh Fading Channels 

In this work we consider two types of fading channels: independent and spatially correlated 

Rayleigh fading channels. 

For independent Rayleigh fading channels described in section 2.1.1, the real parts and the 

imaginary parts of the elements in channel coefficient matrix, which is denoted as maLFadingG 

in the routine, are simulated by Matlab function randnO with zero mean and variance 0.5. 

In the realization of spatially correlated channels discussed in the chapter 4, we need more 

steps. By using (4.2), we get the correlation matrix among four channels, which is denoted 

as maLCorrelation in the routine. By calling Matlab function sqrtmO, we get the root of 

maLCorrelation, which is denoted as maLRootCorrl in the routine. The product of maLRootCorrl 

and maLFadingG, denoted as maLCorFading, represents the spatially correlated channels we 

simulate. 

B.1.3 Additive Complex Gaussian Noise 

The real part and imaginary part of additive complex Gaussian noise at the receiver are simulated 

by Matlab function rand nO with zero mean and variance a 2
• The relationship between a 2 and 

SNRlbit (in dB) is expressed by (3.73). 

B.1.4 Independence Among the Random Generators 

We know that the Matlab random generators produce pseudo-random numbers, where the se­

quence of numbers generated is determined by the state of the generator. Since Matlab resets the 

state at start-up, the sequence of numbers generated will be the same unless the state is changed. 

We also notice that in the implementation of computer simulations, all the random generators 

are independent. In order to realize the independence among the random generators, a command 

rand( 'state' , sum (100 * dock)) is employed to reset the state each time. 
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program B.1.2 Independent and Correlated Fading Channels 
% 4 Tx antennas 
int_NumberOfTx=4i 
% Distance Between Adjacent Antennas is 5 Lambda 
int_DistanceBetTx=5i 
% asin(R/D) 
int_Delta=asin(lOO*3/18/500) i 

% Matrix Cs 
mat_Correlation=zeros(4,4) i 

for iRow=l:int NumberOfTx 
for iCol=l:int NumberOfTx 
mat_Correlation(iRow,iCol)=besselj (O,int_Delta*2*pi* 

abs(iRow-iCol)*int_DistanceBetTx) i 

end 
end 

% Root of Cs 
mat_RootCorrl=sqrtm(mat_Correlation) i 

% For Independent Channels CR is Identical Matrix as 
% mat_RootCorrl=eye(4) i 

% Fading Channel 
mat_FadingG=randn(4,num_length/4)/sqrt(2) 

+(randn(4,num_length/4)/sqrt(2)) .*ji 
mat_CorFading(l,l:num_length/4)=mat_RootCorrl(l,l)* 

mat_FadingG(l,l:num_length/4)+mat_RootCorrl(l,2)* 
mat FadingG(2,l:num_length/4)+mat_RootCorrl(l,3)* 
mat FadingG(3,l:num_length/4)+mat_RootCorrl(l,4)* 
mat_FadingG(4,l:num_length/4) i 

. .. (Omi tted) 

% quasi-static 
mat_Fading=reshape (repmat (mat_CorFading,4, 1) ,4,num_length) i 

program B.1.3 Additive Complex Gaussian Noise 
% Additive Complex Gaussian Noise 
% Relation Between Variance and SNR 
num_Var=(lO~(-GAMAbforAll(iSNR)/20))/2i 

mat_Received=mat_SumAfterFading+num_Var*randn (l, num_len gth) 
+num_var*randn(l,num_length) .*ji 

115 



B Simulations Software 116 

B.l.5 Optimal Decoding 

From section 3.2.1, optimal decoding can be decoupled into symbol pair joint decoding. In 

decoding symbol pair 81 and 84, the decoder chooses the values for 81 and 84 that minimize 

the metric maLDis14 in the implementation. In decoding symbol pair 82 and 83, the decoder 

chooses the values for 8'2 and 83 that minimize the metric maLDis23 in the implementation. The 

associated routine is inc1uded in the pro gram B.l.4. In the program, the Matlab function minO is 

employed to retum the index of the pair ofsymbols that minimize metrics (3.30) and (3.31). 

B.l.6 Simplified Decoding 

Simplified decoding consists of the following steps: 

Noise Decorrelation: The associated operations have be presented in (3.28) and (3.29). The 

implementation is inc1uded in pro gram B.1.5. 

QR Decomposition: The associated operations have be presented in (3.48) - (3.55). The 

implementation is inc1uded in pro gram B.l.6. 

Symbol-by-Symbol with Decision Feedback Decoding: The implementation is inc1uded in 

program B.1. 7. The Matlab function minO is employed to retum the indexes of the symbols that 

minimize metrics (3.67)-(3.70). 

B.2 Complete Computer Simulation Program 

The complete computer simulation pro gram associated with this thesis is inc1uded in the pro gram 

B.2.1. 
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program B.l.4 Optimal Decoder 
% mat_Di Corresponds to rH_i,l in the Thesis 
mat_Dl=mat_Received(1:4:num_length-3) 

.*(conj (mat_Fading(1,1:4:num_length-3))) 
+ (conj (mat_Received(2:4:num_length-2))) 
.*mat Fading(2,1:4:num_length-3) 
+ (conj (mat_Received(3:4:num_length-l))) 
.*mat_Fading(3,1:4:num_length-3) 
+mat_Received(4:4:num_length-O) 
.*(conj (mat_Fading(4,1:4:num_length-3)))i 

mat D2= .. . 
mat D3= .. . 
mat D4= ... (Omitted) 

for iHex=1:16 
%DI-ASI-BS4 
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mat_M14= mat_Dl-mat_A.*mat_Symbol16(1,iHex)-mat_B.*mat_Symbol16(2,iHex) i 

%D4-BSI-AS4 
mat_N14= mat_D4-mat_B.*mat_Symbol16(1,iHex)-mat_A.*mat_Symbol16(2,iHex) i 

mat_Dis14(iHex, :)=(1/2/(num_Var)~2)*(mat_C14N_ll.*(abs(mat_M14) .~2 
+abs(mat_N14) .~2)+2*mat_C14N_12.*real(conj (mat_M14) .*(mat_N14))) i 

% DI-AS2+BS3 
mat_M23= mat_D2-mat_A.*mat_Symbol16 (1,iHex)+mat_B.*mat_Symbol16 (2 ,iHex) i 

% D4+BS2-AS3 
mat_N23= mat_D3+mat_B.*mat_Symbol16(1,iHex)-mat_A.*mat_Symbol16(2,iHex) i 

mat_Dis23 (iHex, :)=(1/2/(num_Var)~2)*(mat_C14N_ll.*(abs(mat_M23) .~2 
+abs(mat_N23) .~2)-2*mat_C14N_12.*real(conj (mat_M23) .*(mat_N23))) i 

end 

% Index of the Symbol Pair that Minimizes the Metric 
[K,mat_Min14]=min(mat_Dis14, [] ,1) i 

[K,mat_Min23]=min(mat_Dis23, [] ,1) i 

% Convert Index to Information Bit 
mat_Result14=(2*(fliplr(de2bi(mat_Min14-1)))-1).' i 

mat_Result23=(2*(fliplr(de2bi(mat_Min23-1)))-1).' i 
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program B.l.5 Noise Decorrelation 
% Calculation of Cl~{-1/2} and C2~{-1/2} 
% A and B 
mat_A=(abs(mat_Fading(1,1:4:num_length-3))) .~2 

+(abs(mat_Fading(2,1:4:num_length-3))) .~2 
+(abs(mat_Fading(3,1:4:num_length-3))) .~2 
+(abs(mat_Fading(4,1:4:num_length-3))) .~2i 

mat_B=2*real(mat_Fading(l,1:4:num_length-3) 
.*conj (mat_Fading(4,1:4:num_length-3)) 

-mat_Fading(2,1:4:num_length-3) 
.*conj (mat_Fading(3,1:4:num_length-3))) i 

%A~2-B~2 

mat Mo=mat_A.~2-mat_B.~2i 

%Before Considering variance 
mat_C14N_ll=mat_A./mat_Mo i 

mat_C14N_12=-mat_B./mat_Mo i 

% lambdal~(-1/2) 
mat_Lambdal=((mat_A-mat_B) .*(2*num_Var~2)) .~(-1/2) i 

% lambda2~(-1/2) 
mat_Lambda2=((mat_A+mat_B) .*(2*num_Var~2)) .~(-1/2) i 

% Elements of Cl~(-1/2) Cll, C22 
mat_Cll=(mat_Lambdal+mat_Lambda2) .*(1/2) i 

% Elements of Cl~(-1/2) C12, C2l 
mat_C12=(mat_Lambda2-mat_Lambdal) .*(1/2) i 

% Elements of C2~(-1/2) C2ll, C222 
mat_C2ll=mat_Cl1 i 

% Elements of C2~(-1/2) C2l2, C22l 
mat_C2l2=-mat C12i 

% Elements of Hl 
mat hl=mat Cll.*mat_A+mat_C12.*mat_Bi 
mat_h2=mat_C12.*mat_A+mat_Cll.*mat_Bi %% h2 

% Elements of H2 
mat h3=mat C2ll.*mat_A-mat_C2l2.*mat_Bi %% h3 
mat_h4=mat_C2l2.*mat_A-mat_C2ll.*mat_Bi %% h4 

% Decorrelation 
mat_Dlp=mat_Cll.*mat_Dl+mat_C12.*mat_D4 i 

mat_D4p=mat_C12.*mat_Dl+mat_Cll.*mat_D4 i 

mat_D2p=mat_C2ll.*mat_D2+mat_C2l2.*mat_D3 i 
mat_D3p=mat_C2l2.*mat_D2+mat_C211.*mat_D3 i 
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program B.1.6 QR Decomposition 
% QR Decomposition 
mat_a=sqrt«mat_h1.~2+mat_h2.~2» ; 
mat_b=(mat_h1.*mat_h2) .*2./mat_a; 
mat_c=sqrt«mat_h2-(mat_b./(mat_a» .*mat_h1) .~2 

+(mat_h1-(mat_b./(mat_a» .*mat_h2) .~2); 

mat_W1(1,1:2:num_length/2-1)=mat_h1./mat_a; 
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mat_W1 (2,1:2:num_length/2-1) =mat_h2./mat_a; 
mat_W1(1,2:2:num_length/2-0)=(mat_h2-(mat_b./(mat_a» .*mat_h1) ./mat_c; 
mat_W1(2,2:2:num_length/2-0)=(mat_h1-(mat_b./(mat_a» .*mat_h2) ./mat_c; 

% QR Decomposition 
mat_d=sqrt«mat_h3.~2+mat_h4.~2»; 

mat_e=(mat_h3.*mat_h4) .*2./mat_d; 
mat_f=sqrt«mat_h4-(mat_e./(mat_d» .*mat_h3) .~2 

+(mat_h3-(mat e./(mat_d» .*mat_h4) .~2); 

mat_W2(1,1:2:num_length/2-1)=mat_h3./mat_d; 
mat_W2(2,1:2:num_length/2-1)=mat_h4./mat_d; 
mat_W2(1,2:2:num_length/2-0)=(mat_h4-(mat_e./(mat_d» .*mat_h3) ./mat_f; 
mat_W2(2,2:2:num_length/2-0)=(mat_h3-(mat_e./(mat_d» .*mat_h4) ./mat_f; 

program B.I.7 Symbol-by-Symbol with Decision Feedback Decoding 
for iQ34=1:4 
mat_Distance4(iQ34, :)=abs(mat_D4ppp-mat_Symbo14_34 (1,iQ34)*mat_c) .~2; 
mat_Distance3(iQ34, :)=abs(mat_D3ppp-mat_Symbo14_34 (l,iQ34)*mat_f) .~2; 

end 

[K,mat_Min4]=min(mat Distance4, [] ,1); 
[K,mat_Min3]=min(mat_Distance3, [] ,1); 

for iQ12=1:4 
mat_Distance1(iQ12, :)=abs(mat_D1ppp-mat_b.*mat_Symbo14_34 (1,mat_Min4) 

-mat_Symbo14_12 (1,iQ12) *mat_a) .~2; 
mat_Distance2(iQ12, :)=abs(mat_D2ppp-mat_e.*mat_Symbo14_34 (l,mat_Min3) 

-mat_Symbo14_12 (1,iQ12)*mat_d) .~2; 
end 

[K,mat_Min1]=min(mat_Distance1, [] ,1); 
[K,mat_Min2]=min(mat_Distance2, [] ,1); 
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program B.2.1 Complete Computer Simulation Pro gram 
clear aIl; 
% 128 Symbols/Frame 
framelength=128; 
% Number of Symbols for Inner-most Iteration 
num_Iength=framelength*1000; 
GAMAbforAII=[O:2:30] ; 
num_Tx=4; 
num_Rx=lj 

% Constellations for Improved Quasi-Orthogonal code 
% Symbol Energy is 1/4 
% Gray Mapping 
vec_Costl= [l+j, -l+j, 1-j, -l-j] . / (2*sqrt (2)) ; 
vec_CostIRot= [l+j, -l+j, 1-j, -l-j] . *exp (j *pi/6) . / (2*sqrt (2) ) j 

mat_SymboI4_12=[1+j,-1+j,1-j,-1-j] ./(2*sqrt(2)); 
mat_Symbol4 34= [l+j, -l+j, 1-j, -l-j] . *exp (j *pi/6) . / (2*sqrt (2) ) ; 

%% AlI possible combination for two symbols 
mat_Bin(1:16,1:4)=fliplr((de2bi(O:15))) ; 
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mat_Symbol16 (1, :)=vec_Costl(mat_Bin(1:16,1)*2+mat_Bin(1:16,2)+1) j 

mat_SymboI16(2, :) =vec_CostIRot(mat_Bin(1:16,3) *2+mat_Bin(1:16,4)+1) ; 
clear mat_Bin; 

% 4 Tx Antennas 
int_NumberOfTx=4; 
% Distance Between Adjacent Antennas is 5 Lambda 
int_DistanceBetTx=5; 
% asin(R/D) 
int_Delta=asin(lOO*3/18/500) ; 
% Matrix Cs 
mat_Correlation=zeros(4,4); for iRow=l:int NumberOfTx 

for iCol=l:int NumberOfTx 
mat_Correlation(iRow,iCol)=besselj (O,int_Delta*2*pi*abs(iRow-iCol) 

*int_DistanceBetTx); 
end 

end 
% Root of Cs 
mat_RootCorrl=sqrtm(mat_Correlation); mat_RootCorrl=eye(4); 

for m=1:le6 
for n=1:50 
rand('state' ,sum(lOO*clock)); 

% Information Bits Sequence 
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num_real=2*randint(1,num_length,2)-li 
num_Imag=2*randint(1,num_length,2)-li 
num_Sent(1:2:2*num_length-l)=num_real i 
num_Sent(2:2:2*num_length)=num_Imagi 

% Index of Symbols in Gray Mapping 
num_SentDec=num_real+num_Imag./2+2.5i 
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% Sequence of Information Bearing Symbols 
num_Input(1:4:num_length-3)=vec_Costl(num_SentDec(1:4:num_length-3» i 

num_Input (2:4:num_length-2) =vec_Costl (num_SentDec(2:4: num_length-2» i 

num_Input(3:4:num_length-l)=vec_CostlRot(num_SentDec(3:4:num_length-l»i 
num_Input (4:4:num_length-O) =vec_CostlRot (num_SentDec(4 :4:num_length-O» i 

% Improved Quasi-Orthogonal Encoder 
% Row 1 
mat_InputQuOr(l, 1:4:num_length-3) =num_Input (1:4:num_le ngth-3) i 

mat_InputQuOr(1,2:4:num_length-2)=-conj (num_Input(2:4:num_length-2» i 

mat_InputQuOr(1,3:4:num_length-l)=-conj (num_Input(3:4:num_length-l» i 

mat_InputQuOr(1,4:4:num_length-O)=num_Input(4:4:num_length-O)i 

% Row 2 
mat_InputQuOr(2,1:4:num_length-3) = num_I nput (2:4:num_le ngth-2) i 

mat_InputQuOr(2,2:4:num_length-2)=conj (num_Input(1:4:num_length-3» i 

mat_InputQuOr(2,3:4:num_length-l)=-conj (num_Input(4:4:num_length-O» i 

mat_InputQuOr(2,4:4:num_length-O)=-num_Input(3:4:num_1ength-l)i 

% Row 3 
mat_InputQuOr(3,1:4:num_length-3) =num_Input (3:4:num_le ngth-l)i 
mat_InputQuOr(3,2:4:num_length-2)=-conj (num_Input(4:4:num_length-O» i 

mat_InputQuOr(3,3:4:num_length-l)=conj (num_Input(1:4:num_length-3» i 

mat_InputQuOr(3,4:4:num_length-O) =-num_Input (2:4:num_l ength-2) j 

% Row 4 
mat_InputQuOr(4,1:4:num_length-3)=num_Input(4:4:num_length-O)j 
mat_InputQuOr(4,2:4:num_length-2)=conj (num_Input(3:4:num_length-l» j 

mat_InputQuOr(4,3:4:num_length-l)=conj (num_Input(2:4:num_length-2» j 

mat_InputQuOr(4,4:4:num_length-O)=num_Input(1:4:num_length-3)j 

% Fading Channel 
mat_FadingG=randn(4,num_length/4)/sqrt(2) 

+(randn(4,num_length/4)/sqrt(2» .*jj 
mat_CorFading(l, :)=mat_RootCorrl(l,l)*mat_FadingG(l,:) 

+mat_RootCorrl(l,2)*mat_FadingG(2, :) 
+mat_RootCorrl(l,3)*mat FadingG(3,:) 
+mat_RootCorrl(l,4)*mat_FadingG(4,:) j 
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mat_CorFading(2, :)=mat_RootCorrl(2,l)*mat_FadingG(l,:) 
+mat_RootCorrl(2,2)*mat FadingG(2,:) 
+mat_RootCorrl(2,3)*mat FadingG(3,:) 
+mat_RootCorrl(2,4)*mat FadingG(4,:) i 

mat_CorFading(3, :)=mat_RootCorrl (3,1) *mat_FadingG(l, :) 
+mat_RootCorrl(3,2)*mat FadingG(2,:) 
+mat_RootCorrl(3,3)*mat FadingG(3,:) 
+mat_RootCorrl(3,4)*mat FadingG(4,:) i 

mat_CorFading(4, :)=mat_RootCorrl (4,1) *mat_FadingG(l, :) 
+mat_RootCorrl (4,2) *mat_FadingG(2, :) 
+mat_RootCorrl(4,3)*mat_FadingG(3, :) 
+mat_RootCorrl(4,4)*mat_FadingG(4,:) i 

mat_Fading=reshape(repmat(mat_CorFading,4,l),4,num_length) i 

% Fading 
mat_AfterFading=mat_InputQuOr.*mat_Fadingi 
mat_SumAfterFading=mat_AfterFading(l, :)+mat_AfterFading(2,:) 

+mat_AfterFading(3, :)+mat_AfterFading(4,:) i 

% Calculation of C1 A{-1/2} and C2A{-1/2} 
% A and B 
mat_A=(abs(mat_Fading(l,l:4:num_length-3») .A 2 

+(abs(mat_Fading(2,l:4:num_length-3») .A 2 

+(abs(mat_Fading(3,l:4:num_length-3») .A 2 

+(abs(mat_Fading(4,l:4:num_length-3») .A2i 
mat_B=2*real(mat Fading(l,l:4:num_length-3) 

.*conj (mat_Fading(4,l:4:num_length-3» 
-mat Fading(2,l:4:num_length-3) 

.*conj (mat_Fading(3,l:4:num_length-3»)i 
mat_Mo=mat_A. A2-mat_B. A2i 

%Before Considering Variance 
mat_C14N_11=mat_A./mat_Mo i 
mat_C14N_12=-mat_B./mat_Mo i 

for iSNR=l:length(GAMAbforAll) 
% Additive Complex Gaussian Noise 
% Relation Between Variance and SNR 
num_Var=(lOA(-GAMAbforAll(iSNR)/20»/2i 
mat_Received=mat_SumAfterFading+num_Var*randn(l,num_length) 

+num_Var*randn(l,num_length) .*ji 
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% mat_Di Corresponds to rH_i,l in the Thesis 
mat_Dl=mat_Received(1:4:num_length-3) 

.*(conj (mat_Fading(1,1:4:num_length-3))) 
+ (conj (mat_Received(2:4:num_length-2))) 
.*mat_Fading(2,1:4:num_length-3) 
+ (conj (mat_Received(3:4:num_length-l))) 
.*mat Fading(3,1:4:num_length-3) 
+mat_Received(4:4:num_length-O) 
.*(conj (mat_Fading(4,1:4:num_length-3))); 

mat_D2=mat_Received(1:4:num_length-3) 
.*(conj (mat_Fading(2,1:4:num_length-3))) 
-(conj (mat_Received(2:4:num_length-2))) 
.*mat_Fading(1,1:4:num_length-3) 
+ (conj (mat_Received(3:4:num_length-l))) 
.*mat_Fading(4,1:4:num_length-3) 
-mat_Received(4:4:num_length-O) 
.*(conj (mat Fading(3,1:4:num_length-3))); 

mat_D3=mat_Received(1:4:num_length-3) 
.*(conj (mat Fading(3,1:4:num_length-3))) 
+ (conj (mat_Received(2:4:num_length-2))) 
.*mat_Fading(4,1:4:num_length-3) 
-(conj(mat_Received(3:4:num_length-l))) 
.*mat_Fading(1,1:4:num_length-3) 
-mat_Received(4:4:num_length-O) 
.*(conj (mat_Fading(2,1:4:num_length-3))); 

mat_D4=mat_Received(1:4:num_length-3) 
.*(conj (mat_Fading(4,1:4:num_length-3))) 
-(conj(mat_Received(2:4:num_length-2))) 
.*mat_Fading(3,1:4:num_length-3) 
-(conj (mat_Received(3:4:num_length-l))) 
.*mat_Fading(2,1:4:num_length-3) 
+mat_Received(4:4:num_length-O) 
.*(conj (mat_Fading(1,1:4:num_length-3))); 

for iHex=1:16 
%DI-ASI-BS4 
mat_M14=mat_Dl-mat_A.*mat_Symbol16(1,iHex) 

-mat_B.*mat_Symbol16(2,iHex) ; 
%D4-BSI-AS4 
mat_N14=mat_D4-mat_B.*mat_Symbol16(1,iHex) 

-mat_A.*mat_Symbol16(2,iHex); 
mat_Dis14(iHex, :)=(1/2/(num_Var)~2)*(mat_C14N_ll 

.*(abs(mat_M14) .~2+abs(mat_N14) .~2) 
+2*mat_C14N_12.*real(conj(mat_M14) .*(mat_N14))); 

%DI-AS2+BS3 
mat_M23=mat_D2-mat_A.*mat_Symbol16(1,iHex) 

+mat_B.*mat_Symbol16(2,iHex); 
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%D4+BS2-AS3 
mat N23=mat_D3+mat_B.*mat Symbol16 (l,iHex) 

-mat_A.*mat Symbol16 (2,iHex) ; 
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mat_Dis23 (iHex, :)=(1/2/(num_Var)~2)*(mat_C14N_11.*(abs(mat_M23) .~2 
+abs(mat_N23) .~2)-2*mat_C14N_12.*real(conj (mat_M23) .*(mat_N23))); 

end 

clear mat M14 mat N14 mat M23 mat N23 iHex - -
% Index of the Symbol Pair that Minimizes the Metric 
[K,mat_Min14]=min(mat_Dis14, [] ,1); 
[K,mat_Min23]=min(mat_Dis23, [] ,1); 
clear mat Dis14 mat Dis23 

% Convert Index to Information Bit 
mat_Result14=(2*(fliplr(de2bi(mat_Min14-1) ))-1).'; 
mat_Result23=(2*(fliplr(de2bi(mat_Min23-1)))-1).' ; 

mat_Last1234=reshape( [mat_Result14 (1:2, :) ;mat_Result23 
;mat_Result14 (3:4, :)] ,1,2*num_length); 

clear mat Result14 mat Result23 - -
BERNIQOOptN(n,iSNR)=sum((num_Sent-mat_Last1234) .~2)/4/2/num_length; 
SERNIQOOptN(n,iSNR)=sum(sum(reshape(((num_Sent-mat_Last1234) .~2) 

,2,num_length),1)-=O,2)/(num_length); 
FERNIQOOptN(n,iSNR)=sum(sum(reshape(((num_Sent-mat_Last1234) .~2) 

,2*framelength,num_length/framelength),1)-=O,2) 
/(num_length/framelength) ; 

% Lambda1~(-1/2) 
mat Lambda1=((mat~-mat_B) .*(2*num_Var~2)) .~(-1/2); 
% lambda2~(-1/2) 
mat_Lambda2=((mat_A+mat_B) .*(2*num_Var~2)) .~(-1/2); 

% Elements of C1~(-1/2) C11, C22 
mat_C11=(mat_Lambda1+mat_Lambda2) .*(1/2); 
% Elements of C1~(-1/2) C12, C21 
mat_C12=(mat_Lambda2-mat_Lambda1) .*(1/2); 

% Elements of C2~(-1/2) C211, C222 
mat_C211=mat_C11; 
% Elements of C2~(-1/2) C212, C221 
mat_C212=-mat C12i 

% Elements of Hl 
mat h1=mat C11.*mat_A+mat_C12.*mat_B; 
mat_h2=mat C12.*mat_A+mat_C11.*mat_B; %% h2 
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% Elements of H2 
mat h3=mat C2ll.*mat_A-mat_C2l2.*mat_Bi %% h3 
mat_h4=mat_C2l2.*mat_A-mat C2ll.*mat_Bi %% h4 

% Decorrelation 
mat_Dlp=mat_Cll.*mat_Dl+mat_C12.*mat_D4 i 
mat_D4p=mat_C12.*mat_Dl+mat_Cll.*mat_D4 i 
mat_D2p=mat_C2ll.*mat_D2+mat_C2l2.*mat_D3 i 
mat_D3p=mat_C2l2.*mat_D2+mat_C2ll.*mat_D3 i 

mat_a=sqrt((mat_hl. A2+mat_h2. A2)) i 

mat_b= (mat_hl. *mat_h2) .*2./mat_ai 
mat_c=sqrt((mat_h2-(mat_b./(mat_a)) .*mat_hl) .A 2 

+(mat_hl-(mat_b./(mat_a)) .*mat_h2) .A2) i 
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mat_Wl (1,1:2:num_length/2-l) =mat_hl./mat_ai 
mat_Wl(2,1:2:num_length/2-l)=mat_h2./mat_a i 
mat_Wl(1,2:2:num_length/2-0)=(mat_h2-(mat_b./(mat_a)) .*mat_hl) ./mat_ci 
mat_Wl(2,2:2:num_length/2-0)=(mat_hl-(mat_b./(mat_a)) .*mat_h2) ./mat_ci 

% Inverse of Wl 
mat_W1Det(1:num_length/4)=mat_Wl(1,1:2:num_length/2-l) 

.*mat_Wl(2,2:2:num_length/2-0) 
-mat_Wl(1,2:2:num_length/2-0) 
.*mat_Wl(2,1:2:num_length/2-1) i 

mat_W1Inv(1,1:2:num_length/2-l)=mat_Wl(2,2:2:num_length/2-0) 
./mat_W1Det(1:num_length/4) i 

mat_W1Inv(2,1:2:num_length/2-l) =-mat_Wl (2,1:2:num_leng th/2-l) 
./mat_W1Det(1:num_length/4) i 

mat_W1Inv(1,2:2:num_length/2-0)=-mat_Wl(1,2:2:num_length/2-0) 
./mat_W1Det(1:num_length/4) i 

mat_W1Inv(2,2:2:num_length/2-0)=mat_Wl(1,1:2:num_length/2-1) 
./mat_W1Det(1:num_length/4) i 

mat_d=sqrt((mat_h3. A2+mat_h4. A2)) i 

mat_e= (mat_h3. *mat_h4) .*2./mat_di 
mat_f=sqrt((mat_h4-(mat_e./(mat_d)) .*mat_h3) .A2 

+(mat_h3-(mat_e./(mat_d)) .*mat_h4) .A 2 )i 

mat_W2(1,1:2:num_length/2-l)=mat_h3./mat_d i 
mat_W2(2,1:2:num_length/2-l)=mat_h4./mat_d i 
mat_W2(1,2:2:num_length/2-0)=(mat_h4-(mat_e./(mat_d)) .*mat_h3) ./mat_fi 
mat_W2(2,2:2:num_length/2-0)=(mat_h3-(mat_e./(mat_d)) .*mat_h4) ./mat_fi 

% Inverse of W2 
mat_W2Det (1:num_length/4) =mat_W2 (1,1:2:num_length/2-l) 

.*mat_W2(2,2:2:num_length/2-0) 
-mat_W2(1,2:2:num_length/2-0) 
.*mat_W2(2,1:2:num_length/2-l) i 
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mat_W2Inv(1,1:2:num_length/2-1)=mat_W2(2,2:2:num_length/2-0) 
./mat_W2Det(1:num_lengthj4) ; 

mat_W2Inv(2,1:2:num_length/2-1)=-mat_W2(2,1:2:num_length/2-1) 
./mat_W2Det(1:num_lengthj4) ; 

mat_W2Inv(1,2:2:num_length/2-0)=-mat_W2(1,2:2:num_lengthj2-0) 
./mat_W2Det(1:num_lengthj4) ; 

mat_W2Inv(2, 2:2:num_length/2-0) =mat_W2 (1,1:2:num_lengt hj2-1) 
./mat_W2Det(1:num_lengthj4) ; 

% Cancellation of W1 W2 
mat_D1ppp=mat_W1Inv(1,1:2:num_length/2-1) .*mat_D1p 

+mat_W1Inv(1,2:2:num_length/2-0) .*mat_D4p; 
mat_D4ppp=mat_W1Inv(2,1:2:num_length/2-1) .*mat_D1p 

+mat_W1Inv(2,2:2:num_length/2-0) .*mat_D4p; 
mat_D2ppp=mat_W2Inv(1,1:2:num_lengthj2-1) .*mat_D2p 

+mat_W2Inv(1,2:2:num_lengthj2-0) .*mat_D3p; 
mat_D3ppp=mat_W2Inv(2,1:2:num_length/2-1) .*mat_D2p 

+mat_W2Inv(2,2:2:num_length/2-0) .*mat_D3p; 

for iQ34=1:4 
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mat_Distance4(iQ34, :)=abs(mat_D4ppp-mat_Symbo14_34 (1,iQ34)*mat_c) .~2; 
mat_Distance3(iQ34, :)=abs(mat_D3ppp-mat_Symbo14_34 (1,iQ34)*mat_f) .~2; 

end 

[K,mat_Min4]=min(mat_Distance4, [] ,1); 
[K,mat_Min3]=min(mat_Distance3, [] ,1); 

mat_Min4Temp=num_SentDec(4:4:num_length) ; 
mat_Min3Temp=num_SentDec(3:4:num_length-1) ; 

S4ERNlmprQuaOrSubOpt(n,iSNR)=sum((mat_Min4Temp-mat_Min4)-=0) 
/(num_length/4); 

S3ERNlmprQuaOrSubOpt(n,iSNR)=sum((mat_Min3Temp-mat_Min3)-=0) 
/(num_length/4); 

for iQ12=1:4 
mat_Distance1(iQ12, :)=abs(mat_D1ppp-mat_b.*mat_Symbo14_34 (l,mat_Min4) 

-mat_Symbo14_12 (l,iQ12) *mat_a) .~2; 
mat_Distance2(iQ12, :)=abs(mat_D2ppp-mat_e.*mat_Symbo14_34 (l,mat_Min3) 

-mat_Symbo14_12 (l,iQ12) *mat_d) .~2; 
end 

[K,mat_Min1]=min(mat_Distance1, [] ,1); 
[K,mat_Min2]=min(mat_Distance2, [] ,1); 

mat_Min1Temp=num_SentDec(1:4:num_length-3) ; 
mat_Min2Temp=num_SentDec(2:4:num_length-2) ; 
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SlERNlmprQuaOrSubOpt(n,iSNR)=sum((mat_Min1Temp-mat_Min1)-=0) 
/(num_length/4) ; 

S2ERNlmprQuaOrSubOpt(n,iSNR)=sum((mat_Min2Temp-mat_Min2)-=0) 
/(num_length/4); 

% When s 4 s 3 is Known 
for iQ12p=1:4 
mat_Distance1p(iQ12p, :)=abs(mat_D1ppp-mat_b 

.*mat_Symbo14_34 (1,mat_Min4Temp) 
-mat_Symbo14_12 (1,iQ12p)*mat_a) .~2; 

mat_Distance2p(iQ12p, :)=abs(mat_D2ppp-mat_e 
.*mat_Symbo14_34 (1,mat_Min3Temp) 
-mat_Symbo14_12 (1,iQ12p)*mat_d) .~2; 

end 

[K,mat_Min1p]=min(mat_Distance1p, [] ,1); 
[K,mat_Min2p]=min(mat_Distance2p, [] ,1); 

SlpERNlmprQuaOrSubOpt(n,iSNR)=sum((mat_Min1Temp-mat_Min1p)-=O) 
/(num_length/4); 

S2pERNlmprQuaOrSubOpt(n,iSNR)=sum((mat_Min2Temp-mat_Min2p)-=O) 
/(num_length/4) ; 
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mat_QRResult1234=2*reshape(fliplr(de2bi( [mat_Min1; 
mat_Min2;mat_Min3;mat_Min4]-l)).' , 

1,2*num_length)-1; 
BERNlmprQuaOrSubOpt(n,iSNR)=sum((num_Sent-mat_QRResult1234) .~2) 

/8/num_length; 
SERNlmprQuaOrSubOpt(n,iSNR)=sum(sum(reshape(((num_Sent 

-mat_QRResult1234) .~2),2,num_length),l) 
-=0,2)/(num_length) ; 

FERNlmprQuaOrSubOpt(n,iSNR)=sum(sum(reshape(((num_Sent 
-mat_QRResult1234) .~2) ,2*framelength, 
num_length/framelength) ,1)-=0,2) 

/(num_length/framelength) ; 
end 

end 
BERNIQOOptM(m, :)=sum(BERNIQOOptN,l)/n; 
SERNIQOOptM(m, :)=sum(SERNIQOOptN,l)/n; 
FERNIQOOptM(m, :)=sum(FERNIQOOptN,l)/n; 

S4ERM(m, :)=sum(S4ERNlmprQuaOrSubOpt)/n; 
S3ERM(m, :)=sum(S3ERNlmprQuaOrSubOpt)/n; 
S2ERM(m, :)=sum(S2ERNlmprQuaOrSubOpt)/n; 
SlERM(m, :)=sum(SlERNlmprQuaOrSubOpt)/n; 

S2pERM(m, :)=sum(S2pERNlmprQuaOrSubOpt)/n; 
SlpERM(m, :)=sum(SlpERNlmprQuaOrSubOpt)/n; 
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BERMSub(m, :)=sum(BERNlmprQuaOrSubOpt,l)/ni 
SERMSub(m, :)=sum(SERNlmprQuaOrSubOpt,l)/ni 
FERMSub(m, :)=sum(FERNlmprQuaOrSubOpt,l)/ni 

save rsimulOl19.mat m n BERNIQOOptM SERNIQOOptM FERNIQOOptM 
SlERM S2ERM S3ERM S4ERM S2pERM SlpERM BERMSub 
SERMSub FERMSub GAMAbforA11 mat RootCorrl 

end BERNIQOOpt=sum(BERNIQOOptM,l)/mi 
SERNIQOOpt=sum(SERNIQOOptM,l)/mi FERNIQOOpt=sum(FERNIQOOptM,l)/mi 

BERlmprQuaOrSubOpt=sum(BERMSub,l)/mi 
SERlmprQuaOrSubOpt=sum(SERMSub,l)/mi 
FERlmprQuaOrSubOpt=sum(FERMSub,l)/mi 

SERSlp=sum(SlpERM,l)/mi SERS2p=sum(S2pERM,l)/mi 
SERS1=sum(SlERM,l)/mi SERS2=sum(S2ERM,l)/mi SERS4=sum(S4ERM,l)/mi 
SERS3=sum(S3ERM,l)/mi 

% Plot 
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semilogy(GAMAbforAII,BERNIQOOpt,'r' ,GAMAbforAll,BERlmprQuaOrSubOpt,'r', 
GAMAbforAll,FERNIQOOpt,'b' ,GAMAbforAll,FERlmprQuaOrSubOpt,'b', 
GAMAbforAll,SERNIQOOpt,'k' ,GAMAbforAII,SERlmprQuaOrSubOpt,'k') i 

figurei semilogy(GAMAbforAII,SERS1,'r' ,GAMAbforAII,SERS2,'b', 

grid 

GAMAbforAII,SERS3,'k' ,GAMAbforAII,SERS4,'g', 
GAMAbforAll,SERSlp,'c' ,GAMAbforAII,SERS2p,'m') 
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Numerical Evaluation Software 

C.I Numerical Evaluation of Error Probability of Decoding 84 

program C.1.l Numerical Evaluation of Error Probability of Decoding 84 

clear all; 
GAMAb=[O:2:30]; %SNR Range 
% Upper Bound 
for iSNR=l: length (GAMAb) 

M=2; 
phi=pi/2; %Phi 
partl=phi/pi; 
part2=O; 
part3=O; 
var=(lO~(-GAMAb(iSNR)/lO))/4; %sigma~2 

c=1/(16*var); % c 
N=2*sqrt(c*(1+c))*sin(2*phi); % N 
D=(1+2*c)*cos(2*phi)-1; % D 
T=O.5*atan(N/D)+(pi/2)*(1-((1+sign(D))/2)*sign(N)); %T 
for kl=O:M-l 
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part2=part2 
+(factorial(2*kl)/factorial(kl)/factorial(kl))/((4+4*c)~(kl)); 

end 
part2=part2*T*sqrt(c/(1+c))/pi; 
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for k2=1:M-1 
for j=O:k2-1 

part3=part3+(factorial(2*k2)/factorial(2*k2-j)/factorial(j)) 

end 

* (-1) ~ (k2+j) *sin (2*T* (k2 -j) ) / ( (4+4*c) ~ (k1) ) / (2*k2 -2*j) i 

end 
end 
part3=part3*2*sqrt(c/(1+c))/pi i 
EQ(iSNR)=part1-part2-part3 i 
SER11(iSNR)=-EQ(iSNR) .~2+2*EQ(iSNR) i 

for iSNR=l:length(GAMAb) 
M=3i 

phi=pi/2i %Phi 
part1=phi/pii 
part2=Oi 
part3=Oi 
var=(lO~(-GAMAb(iSNR)/lO))/4i %sigma~2 

c=1/(16*var) i % c 
N=2*sqrt(c*(1+c))*sin(2*phi)i % N 
D=(1+2*c)*cos(2*phi)-li % D 
T=O.5*atan(N/D)+(pi/2)*(1-((1+sign(D))/2)*sign(N)) i %T 
for k1=O:M-1 

part2=part2 
+(factorial(2*k1)/factorial(k1)/factorial(k1))/((4+4*c)~(k1)) i 

end 
part2=part2*T*sqrt(c/(1+c))/pi i 

for k2=1:M-1 
for j=O:k2-1 

part3=part3+(factorial (2*k2)/factorial (2*k2-j)/factori al(j)) 
* (-1) ~ (k2+j) *sin (2*T* (k2-j)) / ( (4+4*c) ~ (k1) ) / (2*k2-2*j) i 

end 
end 
part3=part3*2*sqrt(c/(1+c))/pi i 
EQ(iSNR)=part1-part2-part3 i 
SER12(iSNR)=-EQ(iSNR) .~2+2*EQ(iSNR) i 

end SER1=(SER11+SER12)/2i 
% Lower Bound 
for iSNR=l:length(GAMAb) 

M=2i 

phi=pi/2i %Phi 
partl=phi/pi i 
part2=Oi 
part3=Oi 
var=(lO~(-GAMAb(iSNR)/lO))/4i %sigma~2 
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% c 
N=2*sqrt(c*(1+c))*sin(2*phi); % N 
D=(1+2*c)*cos(2*phi)-1; % D 
T=O.5*atan(N/D)+(pi/2)*(1-((1+sign(D))/2)*sign(N)); %T 
for k1=O:M-1 
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part2=part2 
+(factorial(2*k1)/factorial(k1)/factorial(k1))/((4+4*c)~(k1)); 

end 
part2=part2*T*sqrt(c/(1+c))/pi; 
for k2=1:M-1 

end 

for j=O:k2-1 
part3=part3+(factorial(2*k2)/factorial(2*k2-j)/factorial(j)) 

* ( -1) ~ (k2 +j ) * sin (2 *T* (k2 - j ) ) / ( (4+4 *c) ~ (k1) ) / (2 *k2 - 2 * j ) ; 
end 

part3=part3*2*sqrt(c/(1+c))/pi; 
EQ(iSNR)=part1-part2-part3; 
SER21(iSNR)=-EQ(iSNR) .~2+2*EQ(iSNR); 

end for iSNR=l:length(GAMAb) 
M=3; 
phi=pi/2; %Phi 
part1=phi/pi; 
part2=O; 
part3=O; 
var=(lO~(-GAMAb(iSNR)/lO))/4; %sigrna~2 

c=1/(8*var); % c 
N=2*sqrt(c*(1+c))*sin(2*phi); % N 
D=(1+2*c)*cos(2*phi)-1; % D 
T=O.5*atan(N/D)+(pi/2)*(1-((1+sign(D))/2)*sign(N)); %T 

for k1=O:M-1 
part2=part2 

+(factorial(2*k1)/factorial(k1)/factorial(k1))/((4+4*c)~(k1)); 

end 
part2=part2*T*sqrt(c/(1+c))/pi; 
for k2=1:M-1 

for j=O:k2-1 

end 

part3=part3+(factorial (2*k2)/factorial (2*k2-j)/factori al(j)) 
* (-1) ~ (k2+j) *sin(2*T* (k2-j)) / ((4+4*c) ~ (k1)) / (2*k2-2*j); 

end 
part3=part3*2*sqrt(c/(l+c))/pi; 
EQ(iSNR)=part1-part2-part3; 
SER22 (iSNR)=-EQ(iSNR) .~2+2*EQ(iSNR); 

end SER2=(SER21+SER22)/2; 
%Plot 
sernilogy(GAMAb,SER1,GAMAb,SER2) grid 
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C.2 Numerical Evaluation of Error Probability of Decoding 81 Assuming 

84 Has Been Decoded Correctly 

program C.2.1 Numerical Evaluation of Error Probability of Decoding 31 Assuming 34 Has 
Been Decoded Correctly 
clear alli M=4i 

GAMAb=[O:2:30] i %SNR Range 
for iSNR=l:length(GAMAb) 

phi=pi/2i %Phi 
partI=phi/pii 
part2=Oi 
part3=Oi 
var=(lO~(-GAMAb(iSNR)/lO))/4i %sigrna~2 

c=1/(16*var) i % c 
N=2*sqrt(c*(l+c))*sin(2*phi) i % N 
D=(l+2*c)*cos(2*phi)-li % D 
T=O.5*atan(N/D)+(pi/2)*(l-((l+sign(D))/2)*sign(N)) i %T 
for kI=O:M-I 

part2=part2+ 
(factorial(2*kl)/factorial(kl)/factorial(kl))/((4+4*c)~(kI)) i 

end 
part2=part2*T*sqrt(c/(l+c))/pi i 
for k2=1:M-I 

for j=O:k2-I 
part3=part3+(factorial(2*k2)/factorial(2*k2-j) 

/factorial(j))*(-1)~(k2+j) 

*sin (2*T* (k2 -j) ) / ( (4+4*c) ~ (kI) ) / (2*k2-2*j) i 

end 
end 
part3=part3*2*sqrt(c/(l+c))/pi i 
EQ(iSNR)=partI-part2-part3 i 
SER(iSNR)=-EQ(iSNR) .~2+2*EQ(iSNR) i 

end Plot sernilogy(GAMAb,SER,'k') grid 
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