NOTE TO USERS

This reproduction is the best copy available.

®

UMI






CALL ADMISSION CONTROL AND ROUTING
CONTROL IN INTEGRATED COMMUNICATION
NETWORKS VIA DYNAMIC PROGRAMMING

Zhongjing Ma,

Department of Electrical and Computer Engineering

McGill University, Montréal

February 2005

A thesis submitted to McGill University
in partial fulfilment of the requirements of the degree of

Master of Engineering

ZHONGJING MaA,



Library and
Archives Canada

Bibliothéque et
* Archives Canada
Direction du
Patrimoine de I'édition

Published Heritage
Branch

395 Wellington Street
Ottawa ON K1A ON4

395, rue Wellington
Ottawa ON K1A ON4

Canada Canada
Your file Votre référence
ISBN: 0-494-12629-9
Our file  Notre référence
ISBN: 0-494-12629-9
NOTICE: AVIS:

L'auteur a accordé une licence non exclusive
permettant a la Bibliothéque et Archives
Canada de reproduire, publier, archiver,
sauvegarder, conserver, transmettre au public
par télécommunication ou par I'Internet, préter,
distribuer et vendre des theses partout dans

le monde, a des fins commerciales ou autres,
sur support microforme, papier, électronique
et/ou autres formats.

The author has granted a non-
exclusive license allowing Library
and Archives Canada to reproduce,
publish, archive, preserve, conserve,
communicate to the public by
telecommunication or on the Internet,
loan, distribute and sell theses
worldwide, for commercial or non-
commercial purposes, in microform,
paper, electronic and/or any other
formats.

L'auteur conserve la propriété du droit d'auteur
et des droits moraux qui protége cette these.
Ni la thése ni des extraits substantiels de
celle-ci ne doivent étre imprimés ou autrement
reproduits sans son autorisation.

The author retains copyright
ownership and moral rights in
this thesis. Neither the thesis
nor substantial extracts from it
may be printed or otherwise
reproduced without the author's
permission.

In compliance with the Canadian Conformément a la loi canadienne

Privacy Act some supporting
forms may have been removed
from this thesis.

While these forms may be included
in the document page count,

their removal does not represent
any loss of content from the

thesis.

Canada

sur la protection de la vie privée,
quelques formulaires secondaires
ont été enlevés de cette thése.

Bien que ces formulaires
aient inclus dans la pagination,
il n'y aura aucun contenu manquant.



ABSTRACT

The problems of Connection-oriented Networking Call Admission Control (CAC) and
Routing Control (RC) in Integrated Networks are formulated as finite and infinite
horizon finite-state Stochastic Dynamic Programs. In particular, Poisson Markovian
communication networks are analysed in detail. Because of the complexity of com-
munication networks and of the operation of some kind of communication networks,
such as the Internet, by multi-agents, it is effectively impossible to obtain the optimal
solutions. Currently it is reasonable to use decentralized aggregation methods to ob-
tain sub-optimal solutions for CAC and RC communication problems. In this thesis,
stochastic dynamic programming methods for the optimal control of such network are
studied. The notion of a doubly stochastic network, which possesses Markovian aggre-
gated dynamics, is introduced, this is exploited in the hierarchical stochastic control

of such hierarchical networks.



RESUME

Les problemes de Contréle d’appels (CAC) des Réseaux du controle de cheminement
(RC) dans les réseaux intégrés sont formulés en tant que programmes dynamiques
stochastiques d’etats finis, finis et infinis. En particulier, les réseaux de transmission
markoviens de Poisson sont analysés en détail. En raison de la complexité des réseaux
de transmission, il est évidemment impossible d’obtenir les solutions optimales. En
pratique, il est raisonnable d’employer des méthodes décentralisées d’agrégation pour
obtenir les solutions suboptimales pour des problemes de CAC et de transmission de
RC. Dans cette these, on étudie des méthodes de programmation dynamiques stochas-
tiques pour la commande optimale d’un tel réseau. En particulier, on présente la
notion d’un réseau doublement stochastique possédant la dynamique agrégée Markovi-
enne; cette notion étant exploiteé dans la commande stochastique hiérarchique de tels

réseaux.

ii
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CHAPTER 1

Introduction

Due to the complexity of communication networks, the Call Admission Control(CAC)
and Routing Control(RC) problems have been formulated as stochastic control prob-
lems for which a large number of suboptimal solutions have been proposed and partially
analyzed ([3],[4],[8]). Indeed, because of the complexity of communication networks, it
is effectively impossible to implement the solutions to the underlying optimal stochas-
tic control problems. Among the recent analyses of interest, Dziong and Mason ([3])
obtained suboptimal solutions by assuming the statistical independence of each link
in the communication network; Marbach et al. ([4]) obtained the approximation re-
sult by the method of neuro-dynamic programming where their method for multi-link

networks is actually an extension of one for the single-link case.

In this thesis, we connect the fundamental optimal control theory of point processes,
which dates back to 1970s ([5],[6],7]), to stochastic communication network control
problems. This work concerns centralized network control depending upon observa-
tions of the entire state of the system. In fact, in practical complex communication
networks, this centralized optimal control method with full state observation cannot
be implemented. Here, we provide a novel hierarchical control mechanism. The theo-

retical and computational consequences of this method are very significant; they lead
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to problems of global state estimation and approximation from local data, and, in
particular, lead to the use of state aggregation methodologies ([4]). In this thesis, we
introduce the doubly hierarchical stochastic networks where the local state processes
are randomized at specific instants, i.e. high level event instants, and the conse-
quential extended high level state processes are Markov processes. Furthermore, the
sub-optimal solutions to the CAC and RC control problems for original networks are
obtained by hierarchical control methods for approximate doubly hierarchical stochas-

tic networks.

The thesis is organized as follows. In Chapter 2, we present a formal definition of a
communication network and formulate the optimal CAC and RC problems; in Chapter
3, we present the construction of tractable Poisson (call request and connection depar-
ture processes) Markovian network models within the general framework of Chapter
2: in Chapter 4, the hierarchical CAC and RC problems in complex communication

networks are established; Chapter 5 concerns the conclusions and future work.



SYMBOLS

Z4{--,-1,0,1,2,---}, i.e. the set of integers.
Z, 2{0,1,2,---}, i.e. the set of positive integers.
N £ {1,2,3,---}, i.e. the set of natural numbers.

N_ £ {-1,-2,---}, i.e. the set of negative natural numbers.



CHAPTER 2

Formulation of CAC and RC

Problems

2.1 Communication Networks

Definition 2.1 A network, or graph, Net(N,L) consists of a set of nodes N' =
{ny,---,ny}, N € N and a set of links £ = {l;,---,I.},L € N, where each link
| € L is an ordered pair (n,m) € N x N of distinct nodes.

A network Net(N, L) with (link) capacities C = {Cs : 1< s < L,C, € Z, }, shall be
denoted by Net(N, L, C).

O
Definition 2.2 A connection, r in the network Net(N, L), connecting a node z € N/
to a node y € N is a finite sequence of nodes r = (my,--- ,m;), such that
my =T, mg =y,
m; #my, for i # 7,
(myymip1) €L, fori=1,--- k- 1.

4
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The set of connections in the network Net(N, L) is denoted by R, and we set R = |R|,
the cardinality of R.

Figure (2.1) is an illustration of connections in a communication network.

Figure 2.1: Three distinct connections in a communication network

Definition 2.3 The state set X (of admissible sets of connections) in R in the network
with capacities Net(NV, L, C), is defined to be

X={a:=(:r,)€Zf: Z z, < Cy, V8,1 <s< L}

reR;l €T

O

We observe that in the definition of X, for each fixed [,, the set of r € R appearing in
the sum is the set of connections each of which contains [, as a link.

Since the connections in R are in one-to-one correspondence with the index of the
components of a vector in Z® C RF, we shall by abuse of notation let 7 € R also

denote the integer indexing the corresponding vector component in R¥.
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Definition 2.4 For the network with capacities Net(N, L, C), the call (request) and

(connection) departure event set, E, is defined as:
E = {Q),e:d,er_; Yo,d € N,o# d,Vr e R},

where e}, € E corresponds to an ordered pair (o, d), origin/destination pair, of distinct

nodes in A" x A/, and e, € E corresponds to a connection r in R.
O

We interpret e}, € E as a call request from 0 € N to d € N, i.e. a request for a
connection in Net(N, L, C) between o and d; e, € E is interpreted as the departure

of a previously established connection r between the initial and terminal nodes of r.

2.2 Stochastic Dynamics and Control

For a network with capacities Net(N, £, C), a mapping z : [0,7] € R, — X consti-

tutes a state process trajectory z; € X forall t,0 <t < T < o0.

2.2.1 Control Set

Definition 2.5 For the network with capacities Net(N, L, C), the control set U is

specified by:
U={0uUtuU  ={0}u{1,; Vr e R} U{-1,; Vr € R},

where, 1, is a vector in the R dimensional space R” with unit entry in the r-th position,

and correspondingly, —1, has an entry —1 in the r-th position.
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For a call (request) event e}, € E, a control action assigning the call to a connection in
{@}UR is a mapping u : E — {0}UU™T € Z&, such that either u = u}; = u(e};) = 1, for
some T € R, where r has initial node o and terminal node d, or u = u('{ = u(e;'d) =0
the former is termed as the (controlled) acceptance and assignment of the call request
e}, to r, and the latter as a (controlled) rejection of the call request e,

Similarly at state ¢ € X, for a (controlled) connection departure event e € E oc-

curence, a control mapping: u : X — U~ € Z%, such that u = —1, where r € z.

We now introduce the stochastic framework for the analysis in this paper and hence-
forth we assume that all stochastic processes shall be defined on the underlying (fil-

tered) probability space (2, F, {Fi }1>0, Fs C Ft,0 < s < t, P).

2.2.2 Event Instants and Event Process

Definition 2.6 We term a sequence of (deterministic or stochastic) instants in R,
D<) <t < <l < gy <+

at which call and departure events occur as a sequence of event instants, t : N, — R,.
O

Before giving the formal definition of the set of state processes = in Net(N, L, C)
we declare that a typical state process in X evolves in the following way: At any
instant tx,k > 1, at which some event e occurs a control action u = u,, € U is
instantaneously selected according to the pre-assigned control law (i.e. set of control
responses) U. Then the state (value) T, is instantaneously transformed into the state
(value) Ty + Uy, It then remains unchanged until the next event occurs at the instant

try1- In particular, this means the state equation is right continuous at the instant ¢.

Definition 2.7 We term a sequence of event instants t(w) in R,

0 < t1(w) < ta(w) < -+ < (W) <t (W) <+, (A F, {Fi}iz0, P)yw € Q
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at which random call request and connection departure events occur as a sequence of
random event instants t : Ny x Q@ — R,. The sequence 7 : N, x Q@ — R, with
T = th(w) — ty_1(w), where to(w) = 0 is defined as the sequence of event intervals

(associated to t(w)).
O

Evidently, we obtain that ¢, = ¥

i1 Ti- We call an instant tx(w) € Ry at which a
call request event occurs as a random call request instant t;'; and similarly, an instant
tx(w) € R, at which a (random) departure occurs a random connection departure

mstant, ty .

Definition 2.8 We define the event process e(t,w) as a stochastic process e : R, x

Q- F.

2.2.3 Control Laws

In this subsection, we will investigate a series of distinct Control Laws we are interested
in. Information state is denoted as wy, t € (s, T'] without further analysis right now, and
in the latter part of this section it will be analysed. Furthermore, {F}* C F;t € [s, T}

denote the sub-o-field of F; generated by the information state process w;,t € R,.

(1) control with full observations of past information;
(2) control with partial observations of past information;

(3) control with full observations of current information.
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Definition 2.9 The set of measurable control laws with full observations of past in-

formation is denoted as U[s,T],s < T < oo,
Us,T) = {u: [s,T] x 2 = U; s.t. w(.) is F;* measurable, t € [s,T]}
Uls, 00) = UrsU[s, T
O
Definition 2.10 The set of measurable control laws with partial observations of past
information is denoted as U%[s, T],s < T < oo, where G, C G, C F¥;s <r <t < T,
U5, T) = {u: [5,T] x @ — U; uy(w) s.t. u(.) is G, measurable, ¢ € [s, 7]}
U[s,00) = UTZSUQ[S,T]
O
Definition 2.11 The set of measurable control laws with full observations of current
information also called Markovian Control denoted as UM (s, T],s < T < oo,
UM[s, T] = {u: [5,T] x Q = U; s.t. u(.) is o(z;, e;) measurable,t € [s, T|}
UM [S, OO) = UTZSUM[S, T]

O

We now specify the controlled stochastic dynamics of a state process z in Net(N, L, C)
subject to (random) call request events, (random) connection departure events, and

subject to some specified control law just defined here, i.e. u € U[s,T] (or U9[s, T},
UM[s, T)).
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2.2.4 State Transition Equation

Definition 2.12 We define the function H,, : R, — {0,1}, where t;,k € N is the

instant at which k-th event occurs, as

1, . <t

H, (t) =3 (2.2.1)
0, t<iy

Definition 2.13 The state response or transition equation, with the control law u €
U[s, T) (or U9[s, T), UM[s, T)), for the evolution of the state process z : [s,T| xQ — X

with initial state z, = £, 0 < s < T < 00, where £ is F}’ measurable, is given by

max{s; t; <t}

=6+ Y, uHy(t) (2.2.2)

k=1

where the event instants satisfy s < t; < -+ < tp_1 <tp <tgy1 <---<T, a.s. and

where the control law

u=1uy,k=1,--- max{i; ¢; <t} satisfy:
W u€{0,1,: r=(my,--- ,m;) € R,m; =o0,m; =d}, ifattse}; € E occurs
1
u = —1,, subject tor € x,, -, if at tx,e; € E occurs

(2) Tty +u € X.

and where in general we say event processes e can be dependent on past information

. . _ t_ t_
history, i.e. e, = e;(zt™,el™)

g

Definition 2.14 We consider Network System with respect to Net(N, L,C) is de-
noted as NS = {Net(N, L, C); S,U}
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We shall write (2.2.2) in state space transition form as z, = z(z,, ut),t € [s, T], where
u € U[s, T) (or US[s, T), UM(s, TY).

The following (E1),(E2) and (E3) are equivalent to Definition (2.13)
(E1)

Ty = Ti— + Uy, Vte [S,T] (223)
er = ezt ,el7) (2.2.4)
(]
(E2)
Ty = Tty + Uty y s Tty = Ts = 5, and tk+1 € [3, 71]7 Vke N (225)
Ty = Ty, tk S t < tk+1 (226)
d

(E3) We can express the state transition equation in term of stochastic differential

equation (SDE) form with event process inputs e;; ¢ € (s, T},

dz; = u(zy-, dey), tes,T) (2.2.7)
with initial state z; = £.
or, in integral form:
¢
=€ +/ u(zy-, dey), telsT) (2.2.8)
O

With some admissible control u € U[s,T] (or U9[s, T}, UM[s,T]), from Definition
(2.13), we get the sample path of state process z;;z; € X,0 < s <t < 00, please see
Figure (2.2).
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x(t)
A
f + : - t
t1 t2 t3 t4 t 5
Figure 2.2: Sample path of state process
Remarks: The states in X = {z,z2,--- ) T| XI} are in one-to-one correspondence
with {1,2,---,|X|}, i.e. in Figure (2.2), z(t) = n,n € {1,2,---,|X|}, just means
z(t) = zp.
Please see Figure (2.3), the state transition process.
o W & o
e 23+ e @82 < . e {32n
E— / i L / . i
n2,. n3 n2 4,03 n2 ‘-Jb ”bna n2 3
or ’ ’ e ) -
e {23+ le_(z,a}u
\ ‘ o .ot
n2, o n2 / }\n3

Figure 2.3: State transition process

From Definition (2.13), it may be seen that the state process r is everywhere right

continuous, ¢.e. continuous from the right and is constant between the countable set
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of jump times ([5],[6]); hence z also has limits from the left everywhere. We shall be
interested in the so-called Markovian control which is a function of the current state

z,- and the event e;.

Since we wish to have a Markovian description of the system in this case, consequently

we introduce the notion of an information state transition form for the system.

2.2.5 Information State Process

Definition 2.15 The information state transition equation with information state
w: [s,T] x @ — (%), consists of the information state w, = ("), where * = 0 if
t is not an event instant {t;} and * = e; at the kth event instant t,. The system

dynamics, with control law u € U[s, T (or U9|s, T|,U™M s, T]), have the representation:

Wy = wtk—1+’ tk—l <t < tk (229)
wy, = (’”;;ck‘ ) (2.2.10)
w o+ = (BN wy, + (18 )uy, (2.2.11)

where the initial condition for the system is wy, = (g)

O
Hence we see that:
Wy = Wy, +, b1 <1 <ty (2.2.12)
wy = (Cer ) = (%) = (78 (2.2.13)
Wyr = (T ) (2.2.14)

Please see Figure (2.4) or Figure (2.5), sample path of information state process.
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state $x(1)$

event Se(t)$ 2 0

instant $t$
Figure 2.4: Sample path of information state process

2.3 Framework for Dynamic Programming

In this paper, we only consider the following situation:

(S1) the (state conditionally) independent interval and event case, that is to say, the

Tk

case where z, and {(e,k ) }:;1 are (state x;, conditionally) independent, and

{a;s, (em), - ,(e?;)}]_[ z,k{(e’;’;;;‘l),---}, keN (2.3.1)

In other words,

P((&) o) o(@),of (&), }) = P((42)|o(en)),  keN  (232)
(&) o@n) o{(2)20a}) = P((E)loar)).  keN  (233)

Lemma 2.1 With assumption (S1), event process {e;} is state conditionally inde-

pendent of past state process, i.e.

P(ey{o(z)}os,) = Plewlo(zy)), b <t <ty
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10"
ot
sl
_— 7.
2z
o 6 ()
L
8 .
.5 5 I ——]
w
E 4 ———  ® o— o
g . .
- 3_0 £ e 0 [ ]
2 ]
1k
° L
0 1 2 3 4 [ 6
instant t

Figure 2.5: Another indication of sample path of information state process

Proof:

Ty = Ty + U, (Ts, €1,) = (€, €1,);
Tty = Ty + Uty (xtl ’ et2) = .’It(f, €t15 et2);

mta = ztz + uta(mtzv ets) = I(§7 etu etzv et3);

Ty, = Ty, + uti(mti—l7 eti) = .'E(E, €t1,€tay """ eti);

P(e {o(zr) ), ey <t <ty
P etkla(mt) mtk 2) te ’U($t2)’a($tl))7

(
(
Pley|o(ze), 0(z(€ e €, et 5))s - 0(T(E e, €0,)), o(2(€  €1,))) s
P(etk|0(xt)) by assumption (S1)

15

O

Theorem 2.1 With assumption (S1), process {z:} and {w;} are Markovian pro-

cesses.
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Proof:

First we consider the control law u € UM|[s, T}, i.e. control u, = u,(w,) is the function
of full observations of current information.

(1) With assumption (S1), {z;} is a Markov process.

Consider any s <t <t+35<T.

First, we suppose tx_) < t+ 8 < t, for some k € N and t;_(;m41) <t < tg_m, for some

m € {0,N},

Ti+s = Tty _,
=Ty, + U (Tt 50 €0 )
=Ty 4 Ut o (Tty g €t p) F Ut (Tep 5 + s ,(Tey 50 €0 5)r €00 1)
= Tt myr) T (Bt i1y L€ Fim1 m)

=+ .’L‘(.’L‘t, {etkii}izly...,m), Tt = Tty (i) tk—(m+1) <t <ti_m
We denote the space 2X as X (X is a o-field of set X), for any I' € X,
P(ss € THo(zn)}:_,)

Plzy + z(z¢, {€y, ,}iz1,..m) € I‘|{a(xr)}i=s)

(
P(act + z(zy, {et,_, tiz1,m) € F|a(zt)), by Lemma(2.1)
(

P05 € F|a(:z:t)>

In the same way, we can prove in the following cases, t,_, < t+ 3§ < ty, for some k € N

and t = t;_,,, for some m € {0, N}
t + 3 = t, for some k € N and tx_(mi1) <t < tg_m, for some m € {0, N}
t+ 35 =t, for some k € N and t = t,_,,,, for some m € {0, N}

P(:::Hg € r|{a(m,)}j=s) - P(zH_,: € Fla(mt))

still holds. That is to say {z:} is Markov process.
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(2) With assumption (S1), {w,} is a Markov process.

Consider any s <t <t+s5<T.

First, we suppose tx_; < t+ 5 < tx, then for some k¥ € N and tx_(m41) <t < tg_m, and

for some m € {0, N},

Wees = wyp
= Awy,_, + Buy, ,(wy,_,)
- A(wp + (e )) + Bu, | (w,, + (e ))

(since wy, , =wp+ (e),))s  tea <P < tecs
= Aw, + Bu, , (wp + (o))
— ur + Bue (1w, + (w0,)) + B, (A + (02,) + Bug_, (wr + (2,))):

. 0
(smce wy, , = wr + (e,k_2 )), tpg <71 < tg_o

= Awq + Butk—a (wq + (etko—a )) + Butk—n (Awq + (etko_z ) + Butk—a (wq + (et;?—s )))

+ Butk_l (Awq + (e‘l:)—l ) + Butk—S (wq + (e‘kO—S ))

+ Butkﬂ (Awq + (ez,?_z ) + Butk-a (wll + (‘3';?—3 )))>

(since Wy 5 = Wq + ( 0 )), g < q <tp_3

€t_3
= Awt + 'U.)(wt, {etkAj }j=1,---,m)7

s<t; < <tpoimyr) <t <tp_m < - <t+35,8 >0 (by induction)
(2.3.4)
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We denote the space 2X*E as W (W is a o-field of set X x E), forany ' € W,

P(wt+§ € F'(U(wr)):=s>
=P(Awt +w(wy, {e,_, }i=1,-m) € F| (U(wr))im)

)
o(xs), r=s
o(wr) = { o(z,), tii<t<t, i=1,--k—(m+1)
o(z,_)Uoley), T=t, i=1---,k—(m+1)
\

=P(Awt + w(wy, {er,_, }i=1,..m) €T (cr(a:s); o(zs)Uo(ey,); o(zn); o(zp)Uo(ey); - ;
O(ZTyk-omt2)); O(Tpk-(m49) U (€44 _(ny1) )i O(Tpk-imin)); 0 (Tpemin)) Ua(etk,m))
where t; < t* < tirt
=P($t + w(wt, {eq,_, }i=1,-m) € T|(o(zs); o(zs) Uo(ey); o(zn); o(zn) Uo(ey,); -+ ;
O(Tpk—(m+2) ); O(Tph—(meny) U 0(61,:4(,,,“)); o(xy); o(x) U U(etk_m)>
(Tk—im+n)) = o(Ty), if, te—(mi1) < =M+ ¢ty
:P(mt + w(ze, {es,_, }j=1,m) € Fla(xt)), by assumption (S1) and by Lemma (2.1)
=P (Aw, + w(w,, {eq, ,}i=1,.-.m) € Tlo(w))
=P(wt+§ € F|0(wt)) (2.3.5)
In the same way, we can prove in the following cases,
ti_1 < t+ 8 < tg, for some k € N and ¢ = t;_,,, for some m € {0, N}
t + § = tx, for some k € N and tx_(m41) <t < tg_m, for some m € {0,N}

t+ § = ty, for some k € N and t = tx_,, for some m € {0, N}
P(wtﬂ« € Fl(a(wr)):) = P(wt+§ € l"|a(wt)>
still holds.

The four equality relations above imply that {w; = (z;-,€;),s < t < T} is a Markov

process.
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2.3.1 Value Functions and their Martingale Properties for

Systems subject to Control Laws in U9[s, T

The CAC and RC problems in the network Net(N, L, C) can be formulated as dynamic
programming problems, which require the specification of (i) the state dynamics and
then (ii) a system loss function covering a given interval [s, T).
For any s € [0,T) and £ : @ — X, £ is F, measurable, state {z;} in the general space
transition form:
T, = (£, ul), s<t<T,uclU9sT),TeR, (2.3.6a)
Ty =&, a.s. (2.3.6b)

and consider the cost function

T
J(s,&u) = E{/ g(t,wt—,ut)dt|gs} (2.3.7)

with control u € U9[s, T], where g : R, x X x U — R, is bounded and measurable
w.rt.(t z, u).

The value function V9(s,£) is defined as

V9(s, &) = uEbl(E[fs . J(s,&;u) (2.3.8)

Let u,v € U9[s,T| and r € [s, T), we define

T
V¥ (u, v, 1) = E{/ g(t,zt-,vt)dt|Gr}, where, z, = z(z(£,ul), vl) (2.3.9)

WY(u,r)= inf o(u,v,r) (2.3.10)

veU9[r,T]

Lemma 2.2 With the initial condition as z; =€, £ : Q@ — X and £ is F, measurable,
the following hold:
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(1) J(5,2(6 ud)iu) = (uw,u,8),  uwelUfs, T}
(2) V9(r,z(& ul)) = W9 (u,r), re (s, T),u¢€ UY(s, T);
(3) V9(s,&) = WY u, s), u € U9s, T).

Proof:
(1)
o T
J(8, (&, ug, €5);u) = E{/ g(t, z-,u)dt|Gs } = (u,u, 3) (2.3.11)
(2)
g T g
W¥(u,r) = vebl({gl[frﬂz/)(u,v,r) = ve&g{fryTlE{/r g(t, 2~ ve)dt|Gr } = VO (r,z(€, ug))
(2.3.12)
(3) In the proof of (ii), let r = s, we get
V9(s, &) = VI(s,z(£,ud)) = W9(u,s) (2.3.13)
U
Lemma 2.3 (1) For s <t, <t, < T and u € U9[s, T},
t2
W9 (u,t1) < E{/ 9(t, T, ue)dt| Gy, } + E{W9(u,t2)|G, } (2.3.14)
t1

(2) Furthermore, u is optimal on [s, T] if and only if for all s <t <, < T, equality
holds in (2.3.14).
Proof: (1)
For Ve > 0, there exists a control v, € U9{ta, T, such that
9(u,ve,t2) < inf 9 (u,v,t
d} (uv Ve, 2) veulg[tz,T] ’d} ('U,, v, 2) + €

= WY (u,ty) +e
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The above inequality implies that

to T
9 (u, (u,v),t) = E{/ g(t, T,- , up)dt +/ gt 7, (ve),)dt |Gy, }
t1

t2

= E{/j g(t, -, ug)dt + E{/: g(t, 74—, (ve),)dt|Ge } |Gu }
(since, E(E(X|G)|F) = (E(X|F), it F C G)

= E{/: g(t, T, up)dt + 9% (u, ve, t2) |Gy, }

< E{/: g(t, zp- ug)dt + W (u,ta) |Gr } + €

So, we get, for all € > 0,

Wowt) = _inf v¥(uv.t)
S ¢g(u7 (U, U6)7 tl)

t2
< B{ / ot 2o u)dt + W(u, 12)[G, ) + e
t1
Hence,
t2
W9 (u,t,) < E{/ g(t, T, u)dt|Ge, } + E{W¥(u,t2)|G, }.
t1

which yields (2.3.14).

(2) (i) Let u be optimal but suppose that, for some t; < t5, t;,t; € [s,T7,
t2
Wg(u,tl) < E{/ g(t,xt—,ut)dt|gt1} + E{Wg(u,t2)|g¢1}
t1
Since u is optimal, by the definition of W9(u, t1), we have

t2 T
E{/ g(t,:vtf,ut)dtigh} + E{/ g(t,zt—,ut)dt|gt1} = Wg(u,tl)
t t2

1

But this implies

T
/ gt, zy  u)dt < W9(u,ty), G,-a.s.

to
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which is a contradiction.
So, according to (2.3.14), we get, for u optimal and for any t; < t,, t1,t2 € [s,T), the

following equality holds,

W9 (u,t,) = E{/tt2 g(t, :L't—,ut)dt|gtl} + E{WQ(U, t2)lgt1}

1

(ii) If for any t; < ty, t1,t2 € [5,T),
t2
WO (u, t1) = E{/ 9t 2o u)dt|Go } + E{WO(u, 2)[Gor } (2.3.15)
t
then for t; = s and t; = T, (2.3.15) yields,
W9 (u,s) = V9s,¢E), with the initial condition z, = ¢
T
= E{/ g(t,x,—,ut)dt‘gs} + E{Wg(u, T)IQS}
T
= E{/ g(t,xt—,ut)dtlgs}, since Wg(u, T)=0.

That means u is optimal.

Theorem 2.2 For any u € U9[0, t], the following process
t
JE =W u,t) + E{/ g(r, -, u,)dr|G, } (2.3.16)
0

is a (G, P) sub-martingale. Furthermore, u € U9(0,t] is optimal if and only if this
process is a G;-martingale, i.e. if and only if j;‘ = E{jt“|gs},\ft >s52>0.
Proof:
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For t, > t;, and any u € U9[0, ],
t2
E{jglgtl} = E{Wg(u,tg) + E{/ 9(r, -, ur)dr| Gy, } |gt1}
0

= E{Wg(’LI,,tQ) + E{/tt2 g(r, xr—,u,)dr|gg2} + E{/Ot1 g(r, :cr,u,)dr|gt2}

G, }

= E{/t ’ g(r, xr-,ur)dr|gn} + E{Wg(u,tz)lgtl} + E{/o 1 g(r, :crf,ur)drlgh}

1

t1
> WY (u,t;) + E{/ g(r, xr,ur)dr|gtl}, Lemma, 2.3
0

Furthermore, by Lemma (2.3), if u is optimal,
~ t1
JE = W9 u,ty) + E{/ g(r, mr-,ur)drlgtl}
0

to t
- E{/ g(r, xr-,ur)drlgtl} + E{Wg(u,t2)|gt1} + E{/ g(r, xr-,ur)drlgtl}
t 0

1
t2

= E{Wg(u,tz) + / g(r, -, u;)dr |gt1}
0

— B{WO(u,t) + B /0 "z u)dr|G, 1, )

= E{J:|G.} (2.3.17)

Since jt‘: = E{J}“2|gtl} holds for all 0 < t; <ty < T, the G;-adapted process {jt“, 0<
t < T} is a G;-martingale.

2.3.2 Value Functions and their Martingale Properties for

Systems subject to Control Laws in UM s, T

This section is parallel with section (2.3.1). In this section, we consider the state

dynamics with Markovian control laws u € UM[s, T).
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The cost function JM (s, &; u) is defined as

JM (s, &u) = E{/T g(t, T4, up)dt|o(ws) }, u € UM(s, T) (2.3.18)

The value function VM (s, €) is defined as

VM(s, &)= inf JM(s,&0) (2.3.19)

u€UM(s,T]
Let u,v € UM[s,T) and r € [s, T, we define

YM(u,v,7) = E{/Tg(t, mt-,vt)dtla(wr)}, where, =, = z(z(£,u}),vt) (2.3.20)

WM(u,r) = eulﬁt[‘ T]¢M(u, v,T) (2.3.21)

Lemma 2.4 With the initial condition as z, = £, £ : 2 — X and £ is F; measurable,
the following hold:

(1) JM(3, z(€,ud);u) = vM(u,u, 8), u € UM(s, T);

(2) VM(r,z(€,ul)) = WM(u,r), r € (s,T),u € UM[s, T);

(3) VM(s,8) = WM(u,s), u € UM[s,T).

Proof:
(1)
) T
JM(3,2(6,ud);u) = E{/ g(t, z-  u)dt|o(ws) } = M (u, u, 3) (2.3.22)
(2)
T
WM(U’ T) = UEI}AI/}{[‘T’T] wM(’u,’ v, ’l") = Ueuilr‘llf[.r”]‘] E{/r g(t, I, ’Ut)dtlU('LUT)} = VIVI (7', l'( , u:))
(2.3.23)
(3) In the proof of (ii), let r = s, we get
VM(s, &) = VM(s,2(€,12)) = WM (u, s) (2.3.24)
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Lemma 2.5 (1) For s <t <t, <T and u € UM[s, T,
tz
WM (u,t,) < E{/ g(t,xt-,ut)dt|a(wtl)} + E{WM(u,tg)‘a(wtl)}
t1

(2) Furthermore, u is optimal if and only if equality holds in (2.3.25).
Proof: (1)
For Ve > 0, there exists a control v, € UM [t,, T], such that
M . M
€ t < f y Uy t
Y, v t2) UEUII\IJI[tQ,T]w (w,0,12) + €
= WM(U, t2) +e€

The above inequality implies that

to T
YM(u, (u,ve), t1) = E{/ g(t, Ty, uy)dt +/ g(t, z-, (ve),)dt | F}
t t

25

(2.3.25)

to T
= E{/ g(t, xt‘vut)dt + E{/ g(tvmt_v (Uf)t)dt‘f?g} l]:tul}}
t1 t2

(since, E(E(X|G)|F) = (E(X|F), if F C G)

t2
= E{/ g(t, T, ug)dt + ™ (u, ve, ty) ‘_7:?1:}
t1
t2
t1
So, we get for all € > 0

WM(u,t;) = inf Mu vt
(u,t1) veulf}{tl,nw (u,v,t)

S 1/)M(Ua (ua Ue), tl)

t2
< E{/ g(t, z-, up)dt + WM (u, t2)|f't’f} + €.
t1

Hence,

WM (4 1)) < E{/ttz gt o u)dt|o(we) } + E{W™ (u, ta) |0 (we)}

which yields (2.3.25).
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(2) (i) Let u be optimal but suppose that, for some t; < t,, t,t, € [s,T],
ta
WM, t,) < E{/ g(t,:ct—,ut)dt|a(wt1)} + E{W"(x, t2)|0(wtl)}
t1

Since u is optimal, by the definition of WM (u,t,), we have

ta T

E{/ g(t, mt-,ut)dtla(wtl)} + E{/ g(t,xt—,ut)dﬂa(wh)} =WM(u,t)

t1 t2

But this implies
T
/ g(t, T, ug)dt < WM(u, ty), o(wy,)-as.
ta

which is a contradiction.

So, according to (2.3.25), we get, for v optimal and for any t; < ¢, t1,t2 € [s,T], the

following equality holds,

WM(u,t)) = E{/t 2 g(t, a:tf,ut)dt|o(wh)} + E{WM(u, t2)|a(wt1)}

(ii) If for any t; < to, t1,t2 € [5,T],
WM (u,t,) = E{/tt2 g(t, xt—,ut)dt|a(wtl)} + E{WM(u, t2)|a(wtl)}, (2.3.26)
then for t; = s and t, = T, (2.3.26) yields,
WM (u,s) = VM(s, &), with the initial condition z, = £
= E{/sTg(t, xt-,ut)dt|a(ws)} + E{WM(u, T)|a(ws)}
= E{/Tg(t, Ty, up)dt|o(wy) }, since WM (u, T) = 0.

That means u is optimal.

Theorem 2.3 For any u € UM[0,#], the following process

t
JE= WMy t) + E{/ g(r, zo—, u, )dr| F} (2.3.27)
0
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is a (F¥, P) sub-martingale. u € UM[0,t] is optimal if and only if this process is a
F¥-martingale, i.e. if and only if J* = E{J¥|F*},vt > s > 0.

Proof:

For t, > t,, and any u € UM[0,],

t2
E{J2| 72} = B{wH(u,t) + E{/O o(r, - u)dr| 7} | 7}

ta t1
= E{WM(u,tg) + E{/ g(r, -, up)dr |73} + E{/ g(r,z,-, ur)dr| 72}
t1 0

7}
ta t1
= E{/ g(r, xr—,u,)dr|.7:;“1’} + E{WM(u tg)lft'f} + E{/ g(r, :crf,ur)drif?f}
t 0
4
> W) + B{ [ gria,u)dr| 7}
0
= Jt’i
Furthermore, by Lemma (2.5), if u is optimal,
~ t1
Jy = WM(u,t,) + E{/ g(r, zrf,ur)dr‘}'t‘f}
0
t2 t1
= E{/ g(r, o, v, )dr | F2} + E{WM(u,tg)LFt‘f} + E{/ g(r, T, u,)dr| FP}
t t2 0
= E{WM(U, to) + / g(r, T,-, u,)dr |f't'f}
0
t2
= E{WM(u,tz) + E{/ g(r, mrf,ur)dr|f;’;’} |.7-';‘;’}
0
= E{J¢|F"} (2.3.28)

Since j}j = E{jt‘;|.7:t’f} holds for all 0 < t; < t; < T, the F*-adapted process
{J*,0 <t < T} is a F-martingale.

2.3.3 Optimal Stochastic Control Problem

Definition 2.16 The Optimal Stochastic Control (OSC) Problem is defined as:

For any s € [0,T) and £ : Q2 — X, £ is F, measurable, we consider the system state
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(2.13) in the space transition form with control law u € Uls, T (or U9[s, T}, UM s, T):

v, =x(6,ut), s<t<T, (2.3.29a)

T, =&, as. (2.3.29b)

and consider the cost functions as

T
J9(s, & u) = E{/ g(t, T4-, ug)dt |gs}, u € U[s, T) (2.3.30)
T
wa(s,ﬁ; u) = E{/ g(t, T—, uy)dt |]—"s’”}, uvel”” [s, T] (2.3.31)
T
JM(s,&u) = E{/ g(t, T, wp)dt |o(w,) }, u e UM(s, T (2.3.32)

where general filtering space {G;;t € [s,T],G: C Fi}, g : [, T] x X xU — Ry is
bounded and measurable w.r.t. (t,z,u).

The optimal stochastic control (OSC) Problem is given by the infimization:

V9(s,&)= inf J%s & u),

u€UY(s,T}]

VF(s,6) = inf  JT(s,&u),

ueldFY¥ [s,T}
VM(s, &)= inf _JM(s,&u),
(s,€) s (s,&u)
where, when it exists, the function V9(s,&) ( V7" (5,6),VM(5,6)) : Ry x X — R,
called the value functions of the OSC problem and, when they exist, an infimizing

function @ € UY[s, T] or (UT" [s, T),UM[s, T]) shall be called an optimal control for the
0S5C problem.

Furthermore, when G, = F*,t € [s,T], then the state-input (z,e) dependent optimal
stochastic control (OSC) problem is given by the infimization:

Vs, &) = Vf:'e(s,ﬁ) = inf  J(s,&u),

u€UF ¢ [s,T)
where, when it exists, the function V(s,£) : R, x X — R, called the value function of
the state-input dependent OSC problem and, when it exists, an infimization function

@ € UT""[s, T) shall be called an optimal control for the state-input dependent OSC

problem.
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O

The inequality parts of Lemmas (2.3, 2.5) and Theorems (2.2, 2.3) do not require
the existence of an optimal control u € U9[s, T] ( or UM[s,T]) as appears in the
second part of each result. However, because the only constraint on the class of
control functions U9[s, T| ( or UM[s, T)) is the specified adapted measurability with
respect to {G;, s <t < T}, an OSC problem in fact always has a value function and a

corresponding optimal control.

The first part of Theorem (2.4) below consists of a statement of the Dynamic Pro-
gramming (DP) Principle for OSC also does not require the existence of an optimal
control. Moreover, while the equality in the statement of the Dynamic Programming
(DP) Problem in the Theorem (2.4) below, it is an important aspect of the state
space system is that it has optimal controls within the class of state-input (adapted)
measurable controls U” " [s, T| C U9[s, T)] as stated in the second part of Theorem

(2.4).

2.3.4 Optimality Principle

Theorem 2.4 For the SOCP (2.16),
(1) For s € [0,T), £ : @ — X, £ is F, measurable, and for all filtering spaces
{{G:}s<t<r; G: C Fi,Vt € [5,T]}, it is the case that
Vo(s,6) = _in B / otz u)dt + VI8 2(6,45,¢9)) |G}, (2.3.33)
ue 3,8 s

(2) For s € [0,T), £ : @ — X, £ is F; measurable,

VM(s,é) = uezyhllf[s,g] E{/s g(t, T4, ug)dt + VM(.§,x(£,u§)) |0(ws)}, (2.3.34)
Proof: (1)
V9(s,6) = inf JY(s,&u) = W(u,s)

u€lS(s,T]



CHAPTER 2. FORMULATION OF CAC AND RC PROBLEMS

If u is optimal, then according to Lemma (2.3), we obtain
V9(s, &) = WY (u, s)
= E{/ég(t,xt—,ut)dﬂgs} + E{W9x,3)|G,}
— E{/ég(t, T, ue)dt|Gs } + E{E{W¥(u, 3)|Gs}|G; }
= E{/ (t, z,- ,ut)dt+Vg(s z( ,u lgs}
If w is not optimal control, then according to Lemma (2.3), we obtain
V(s &) = W9 u, s)
< E{/S g9(t, z-, ue)dt|G, } + E{W®(u, 3)|G,}
= E{/ (¢, z4- ,ut)dt+Vg(s z( ,u |gs}
So,

V9(s,) < inf E{/ (t,xe-, u)dt + VI3, 2(€, 1)) |G}

ueld9 (s,

By definition of V9(s, &), for any € > 0, there exists a u € UY[s, T], such that

V9(s,6) +e > J9(s,&u)
_E{/ (t, z-, w)dt|Gs }
:E{/s (t, Tp—, ug dt+E{/ (t, z,- ,ut)dt|gs

=E{/sg(t,$t—,ut)dt+ J(5,z(& ud);ul) |Gy}

> inf E{/sg(t,xt-,ut)dt—%-J(é,m({,uf);u?) |gs}

u€UY [s,3]

> inf E{/ g(t, x4—,up)dt +  inf J(s‘,:r(,uﬁ);ugT) 1Qs}

u€UY (s, u€lY(3,T)

—  inf E{/sg(t,:vt,ut)dt+Vg(§,z(§,u§)) |G}

u€U9 (s,

30

(2.3.35)



CHAPTER 2. FORMULATION OF CAC AND RC PROBLEMS 31

Since, £ > 0 is arbitrary, we get

V9s, &) > inf E{/sg(t, T, w)dt + VI(3,2(€,40)) |Gs} (2.3.36)

u€UY[s,3|

So, from (2.3.35) and (2.3.36), we get the conclusion.

Proof: (2)
VM(s,6) = inf JM(s,&u) = WM (y,s)

ueldM[s,T)

If u is optimal, then according to Lemma (2.5), we obtain
VM(s, &) = WM (u,s)
— E{ / 5 9(t, ze- ue)dt|o(ws) } + E{W™ (u, 8)|o(ws) }
= E{/:I 9(t, x4 w)dt|o(wy) } + E{W™ (u, 8)|o(ws)}
= E{/sS g(t, zp-, u)dt + VM (5, z(€,ud)) |‘7(ws)}
If u is not optimal control, then according to Lemma (2.5), we obtain
VM(s,6) = WM(u,s)
< E{/s g(t, T, ue)dt|o(ws) } + E{W™(u, 8)|o(ws)}
= E{/: gtz uy)dt + V(5 2(€,ud)) |a(ws)}
So,

VM(s,€) < inf ]E{/sg(t,mt—,ut)dt+VM(é,x(E,uﬁ)) |lo(ws)} (2.3.37)

uelUM(s,$
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By definition of V9(s, £), for any € > 0, there exists a u € UY9[s, T], such that
VM(s, &) +e> JM(s,&u)
=E{/T g(t, z4-, up)dt|o(ws) }
_E{ / (t, 2, w)dH| F2)

=E{/ g(t, x4 ,ut)dt—i-E{/ (t, zs-,

:E{/:g(t, ggt,ut)dtJrE{/é g(t, x(xs, uf),
=] [t it B[ ottty i)

—E{/ (t, 2, ue)dt + JM (3, 2(€,ug)u3) | Fy)

f’s‘”}

7

> inf E{/ g(t, T, ug)dt + J (8, z(€, ud); ul) ‘f;f”}

uelUM|s,3)

> inf E{/ (t,z-,u)dt +  inf  J(5,2(& ud)su]) |F2}

u€UM (s, ueUM (3T

= inf E{/ g(t, zp-, wp)dt + VM (3, z(€,ul)) |a(ws)}

u€UM 3,3

Since, £ > 0 is arbitrary, we get

VM(s,6) > inf E{/ (t, x-, ue)dt + VM (5, z(€, ul)) |o(ws) } (2.3.38)

u€UM (3,3

So, from (2.3.37) and (2.3.38), we get the conclusion.

a

Theorem 2.5 Information state dependent control( i.e. Markovian control) is opti-

mal control, i.e.

T T
mf B [ o(t.ov ulaty e Dt FE} = inf B{ [ g(t o uloie )l F)
uel to uedM to
(2.3.39)
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Proof:
(1) Since UM C U, we got that

inf E{/ (t, 24, xto,eto Ydt| FE } < 1nf E{/ (t, -, up(zy-, €0))dt| F2 }

ueU

(2.3.40)
(2) If for any € > 0, there exists some control @ € UM, such that the following holds,
irelng{/ (t, z-, wi(ay,  ef ))dt| F} + € > E{/ (t, -, Gy, ) )dt| Fo }
(2.3.41)
then we can say
T B T
inf E{/ g(t, T, ez}, , €f,))dt|F2} > inf E{/ g(t, Te-, (-, €,))dt| F )
ueld to ueUM to
(2.3.42)

So, next we show (2.3.41) holds. First suppose there exists the positive finite integer
K, such that K = minen{j; T < t;,a.s.}.
(i) According to the Optimality Principle Theorem (2.4), for any € > 0, there exists

some control 40 € UM , such that the following holds,

+1 ueu K+1

€
V(to, &) + S inf E{/ (t, z-, w(z}, , ef))dt| Fpe

€
K+1

= inf E{/ g(t, zo-,wi(zy,  ef))dt + V (ty, 2| FS ) +

uEu to t1]
ty
> E{ g(t, z-, uoto(mto-,eto))dt + V(t1, :Eh)|f't‘g}

to
t1

=E{ | g(t @15, w0 (z1-,0))dt + V(t1, )| F}

to

t1
= E{/ g(t,xto,@)dt + V(tl,l'tl)lf?g}
to

So, we see that u0 = 0 € UM.

(ii) Similarly, we can get that there exists some control ul e UM , such that the
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following holds,

V(tl,.’lftl) + i

T
1 B €
e L e A R

t2
i - €
= ue}}{fytz] E{/tl g(t, :rr,ut(mio ,eﬁo))dt + V(ts, $t2)|.7:§f} + KTl

to ~
2 E{ g(ta Tt—, ultl (:I:t(ﬂ :L‘tl ) etoa etl))dt + V(t27 "L‘tz)lfzi)}

t1

t2 —
= E{/ g(ta xtl’ultl ($t1”et1))dt + V(t27 xt2)lj h}
t

(iii) In the similar way, we can got that there exists some control w2 € UM, the

following holds,

K_+_1 :‘lzléllgE{/ t Ty— ,Ut(zto,eto

— inf E{/ (b, Tee walal € ))dt + V (g, 20| F2} +

u€U(ta,ta)

V(ta,

t1

K+1
€
K+1

t3
_>_ E{/ g(taxt_vuztz(xtoa xt17 etoa etlaetz))dt + V(t27 :Etz)lf;ul}}

t3
= E{/ t T, U tz(:l:tz—,etz))dt-k V t3,$t3 I }

Since the Markovian property of information state process, given state (z,,e:,), we

observe that t3, 7 = t3 — t, are independent of z,,, e;,, e;,. Furthermore

t3

ts ~
/ g(t, Ltys u2t2 (xtov Tt11€tgy €tys etz))dt = / g(t, zy, )dt
t

2 [2)

(iv) In the same way, we can got that there exists some control uf-1 € UM the

following holds,

T

€ .
V(tK_l’xtK—l) + ?__*__1 = 11‘25 E{ . g(t Tt- ’ut(xto ’eto))dt‘ tk_1

K+1

K-1

= lnf E{/ g(t T- 7ut(xt0 eto))dt‘ tk—1

€
u€ltg_1,T) K+1

T
Z E{/ g(tvxt_vuK—ltK_1(xtow xtl’ Ut 7It1(,27 etl’ etg, e 71"t]\',1))dt|f?f}
tk-1

_E{/ tth 13 K_ltK 1($tK 17 Ctg g )dt‘ ti— 1}
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Since the Markovian property of information state process, given state (z;, ,, €, ,),
we observe that 71 = txk—tx_1 isindependent of Z;y, Ty, =, Tt 5, €41 €tas " " 1 €tp_yp-

Furthermore

T o T
/ g(t’IlK—qu—lthl(mtovxtn' " Tty _g5 €ty Bty " vIt}(q))dt = / g(tvmtk-l)dt
tk-1

tg 1

So, from (i)-(iv), we can get that

(K = 1)e (K - 2)e
V(to,xtO)_‘_—I{T]._ > E{J to,u0)+V(t1,mt1 | }+7—’_—1‘
> E{J(tO,JO) + E{J(tl,ul) + V(te, ze, )| FHFE Y + K — 1)
K —3)e
= E{J(to, u0) + J(t1, ul) + V (tg, z0,)| FE} + (K+ 1)
K-2
>E{;Jt,,u + Vb1, Tepe )| FE K+1
K-1 R
> E{)_ J(t,u)|Fe}
i=0
Furthermore, we get
V(to, ze,) + € > E{J(to, 0)| F*}
where, 4 = (1/[0,1:1,--- U/I-(:) euM
So, according to (1) and (2) we get our conclusion.
O

Definition 2.17 The Infinite Horizon Discounted OSC Problem is defined as:
For any s € [0,00) and £ : @ — X, £ is F; measurable, we consider the system state

(2.13) in the space transition form with control law u € U(s, 0o) (U9[s, 00), UM s, x0)):

o =z(€,ul), s<t<oo, (2.3.43a)

=¢, as. (2.3.43b)
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and consider the cost functions as

J9(s,&u) = E{/oo e Pg(t, z,—, u,)dt |gs}, u € U9s, o0) (2.3.44)
J7 (s, & u) E{/ g(t, ze-, up)dt | FL Y, u € U[s, 00) (2.3.45)
(s,&u) E{/ g(t, T4, uy)dt Io ws) }, u € UM([s, 00) (2.3.46)

respectively, where discounted fact 3 > 0 and general filtering space {G;;t € [s, ), G, C
Fr}, g:[s,00) x X x U — Ry is bounded and measurable w.r.t. (t,z,u).

The infinite horizon discounted OSC Problems are given by the infimizations:

V9(s, ) = . uig[g - J9(s,&u) (2.3.47)
(s, 8) = ueuif:}yf[s - JT (s, & 1) (2.3.48)
VM(s €)= ueuibr}[fs - JM (s, & u) (2.3.49)

respectively, where, when they exist, the functions V9(s,&) ( V7" (s,€), VM(s,€)) :
R, xX — R, called the value functions of the infinite horizon discounted OSC problem
and, when it exists,an infimization function 4 € U9[s, 00) (U™ [s, 00), UM [s, 00)) shall
be called an optimal control for the infinite horizon discounted OSC problem with

respect to control laws U9[s, 0o) (U [s, 00), UM s, 00)), respectively.



CHAPTER 3

Poisson Markovian Network

Systems

3.1 Call Request and Connection Departure Spec-

ifications

In this section, we consider a special but important class of the CAC and RC problems
formulated for a network system N'S; this class will satisfy the following hypotheses.
(S2) We suppose the call request event process from node o to node d is a Poisson
process with parameter Ayq, Aog > 0, equivalently, the interval between call requests
from node o to node d has the exponential distribution with parameter A,y; furthermore
for each distinct pair (0, d) € N'x N, the associated Poisson processes are independent.
(S3) Any call holding time 7(¢,7),t € [s,T],7 € R, has an exponential distribution,
with parameter 7,7 > 0, and the holding times 7(t;,7(1)); 7(t2, 72)); - - - 3 T(fns T(m))s - - -
on all connections initiated at any set of times {t;,t, - ,t,,---} are independent

random variables.

According to the memoryless property of exponential distribution, the assumptions

37
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(S2) and (S3) actually imply assumption (S1) (i.e. the (state conditionally) inde-

pendent interval and event property) enunciated in the previous section.

Lemma 3.1 For NS = {Net(N, L, C); S,U} subject to assumptions (S2) and (S3),
it is the case that:

(1) The interval between call requests in N'S has an exponential distribution with
parameter Z:’d:l; od Nod-

(2) The interval between the instant ¢ at which the system stateis z; = (z},--- ,zF).z, €
R,t € [s,T], and the instant at which the first call connection departure occurs has
an the exponential distribution with parameter Zle xy.

(3) At the instant t (with state z; = (z},---,z8), 2, € R,t € [s,T] ), the in-
terval between the instant t and the instant at which first event (call request or
call connection departure) occurs has an exponential distribution with parameter
Z«I)\,]dzl;o;éd Aot + Y0 75

Proof: (1) We consider {7}; 0,d € N'x N,0 # d} as the set of intervals between
call requests from node o to node d , according to (S2), they are independent ex-
ponential distributions with parameter A,y € R, respectively. So, we see the inter-
val between calls request in Net(NV, L,C) denoted by 7+ is 7+ = min{7}; (0,d) €
N x N, o0 # d}. For convenience, in the next part of this lemma, we arbitrarily order
{r}; 0,d € N x N,0# d}, and denote the reordered sequence of random variables as
{rf;i=1,--+, N(N — 1)}, there have the independent exponential distributions with
parameters {\;} which correspond one-by-one to {\,q} respectively. Correspondingly,

7 =min{r}; (0,d) e N X N,0# d} =min{r;';i=1,--- ,N(N - 1)}
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Firstly, we suppose 7+ = min{r;", 5 }, then,
P(r* < t) = P(min{r, 7} < t)

{m <tyu{r <t})

= P(
P(ri <t)+ P(rff <t) - P({rf <t}n{rf <t})
= P(

T <t)+ P(rf <t) — P(r{ < t)P(rs < t)

(since, 71 and 7,7 are independent)

=1 — e~utda)t (3.1.1)
So, for 7t A min{7{", 75"}, the lemma holds. Next, we suppose 7+ = min{r", -+ , 7%}
satisfies,
P <t)=1— e Ei (3.1.2)
and establish the lemma by induction. Let us define 7+ = min{r",--- , 7%, 7%, }.
then

P(rt <t) = P(min{r]",---7#,,} < 1)
P({min{r{", - ¥} < t}U {1, < t})
P(min{r, -7} <t)+ P(r3,, <)
— P({min{r, .- 7§} <t} n{rg,, <t})

= P(min{r, -7} < t) + P(15,, <t) — P(min{r, -1} <t)P(r{f,, < 1)

- ot + + :
(since, min{7{",---7%} and 757, are independent)

— 1= e (T (3.1.3)

So, we can get the conclusion that 7+( = min{7};(0,d) € N x N,o # d} =
min{7;";i = 1,--- , N(N — 1)}) satisfies an exponential distribution with parameter

N
Zo,d:l;o#d Aod

(2) Similarly, we get the interval, 7~ (z;), between the instant ¢ at which state z, =
(z},--- ,zl),z, € R,t € [s,T] and the instant at which some connection departure

occurs satisfies the exponential distribution with parameter p Zle z;.
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(3) Finally, since the random variables 7+ and 77(z;) are independent and expo-
nentially distributed with parameters Ezl:,ldzl;o 44 Mod and uzle x} respectively, the
interval, 7(z;) = min{7*, 77 (z;)}, between current instant ¢ and the instant at which

first event (call request or connection departure) occurs has an exponential distribution

with parameter Zi’d:l;o#d Xod + R af.

O

So, from the Lemma (3.1), we observe that, with state z,, the rate of next event

Y R
occurrence is » ;.24 Aod + 2 _,—; Tj . Now, we define a constant A by

N
A= > At G (3.1.4)

0,d=1;0#d lel
and
N R
Me)= D Aatpd i, meR (3.1.5)
0,d=1;0#d r=1

So, we can see that since 0 < r; < C} when x; € C), it follows that

We can establish the study of framework for CAC and RC problems for an underlying
network system NS subject to assumptions (S2) and (S3).

3.2 Dynamic Programming for Poisson Markovian

Network Systems

In this section, we consider infinite horizon discounted OSC problems for Poisson

Markovian network systems.
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3.2.1 Uniform Transition Rate Case

We consider the Markovian network system with identical interval, i.e. any interval
between any instant and the instant at which the first event (call request or connection

departure) occurs has an identical exponential distribution.

Lemma 3.2
J(t',z;u) = J(t" z;u),r € X,0< ¥t < oo (3.2.1)

So, we can denote J(t',x;u) as J(z;u), t.e. discounted infinite horizon cost function
J(t,z;u) with initial state 2, = = and control laws u is time invariant.

Proof:

o0
J(t',z;u) = E{/ e P g(z,- , uy)dt}
t/
= E{/ e_ﬁtg(x(t+t’)—’ut+t’)dt}
OOO
o[t
0
(since state trajectory is time invariant with the same control laws)

= J(0,z;u)

= J(t", z;u)
d

Definition 3.1 The Infinite Horizon Discounted OSC Problem for Poisson Marko-
vian Network Systems is defined as:

In Definition (2.17), we consider the Poisson Markovian Network Systems with as-
sumptions (S2) and (S3) and suppose system is time-invariant, then :

(1) Controlled transition probability from state z,- = z € X to state z; = y € X with

control us(z,-) € UM is denoted as Pz, = z,z; = y;u) = P(z,y;u);



CHAPTER 3. POISSON MARKOVIAN NETWORK SYSTEMS 42

(2) Loss function with control u, is g(z,- = z,u) = g(z,u);

(8) Cost function, with control u, J(s,z;u) in Definition (2.17) satisfies J(z;u) =
J(s,z;u) (Lemma (3.2));

(4) Value function is denoted as JO(z;u) = JO(s,z;u) = inf,eym JO(s,z;u), where,
when it exists, an infimization function & € UM shall be called an optimal control
for the infinite discounted OSC problem for Poisson Markovian network system with

respect to the Markovian control laws UM
O

Theorem 3.1 For infinite horizon discounted OSC problems for Poisson Markovian
Network Systems with identical interval distribution with parameter A, for some A > 0,
there exists an equivalent discrete infinite horizon discounted control problems with
discount factor a = 6—1/\’ controlled transition probability P(x,y;u), and loss function
g(z,u) = %%2, for all x € X,u € U. Bellman’s equation for discrete problems is

Jz) = gglr}{g(:c, u) +a Z P(z,y;u)J%(y)}, reX (3.2.2)
y€X

Proof:

Jo(sa%u:o) = E{/ e‘ﬂtg(t,xt_,ut)dt}, B>0
k

M2

tet1
E{/ ' e_ﬁ‘g(t,xr,ut)dt}
¢

k K

0

tett
E{/ e'mg(mk,uk)dt}

122

gk

x
Il
o

(since, Ty, uy are constants for ¢, <t < gy,

we denote them as xy, ug, respectively.)

E{/tthrl e Ptdt} E{g(zk, ux)} (3.2.3)

I
NgE

x>
i

0

(Since, 9(Tk, ug) is constant for tx <t < txy,

tkt1
and also g(zk, ux) is independent of / e dt).

tk
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Furthermore,
E{/tk+l e_mdt} _ E{e=P%}(1 — E{e fm+1})
t B
_ E{e—ﬁ(rl+...+'rk)}(1 — E{e P}
B 5
_ Hf:l E{e—ﬁn‘}(l — E{e_ﬂTk+l})
B
_ (B (1 - Bl
- 5
(since, Ti,4 = 1,--- , k are identical independent

random variables as exponential distribution with

parameter A\. We consider such random variable as T)

_a(1-0)
B
Where, a £ E{e™""} = E [[" e " Ae™dr = 25
Then, we get
E{ / ety = 2 (3.2.4)
te 84+ A

So, from (3.2.3) and (3.2.4), the cost function is transformed into the following form.

(s,y;u g(t, T~ ,ut)dt}

S‘l
4 =

E{g(l‘kauk)}» with 2o =y
k:

akE{g(;I:-Zk)}

M -

o
il

0
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So, Bellman’s equation is obtained as:

T (4o)
=J(to, 2t,)
= uebilr(ltg,n] E{/t:1 e Pt=t0)g(z,  u)dt + ueL}&fm) E{/ —Blt-to) g ut)dt}}
= uel/ilr(ltf),tl] E{/t:1 e Pl g (g, u)dt + ueui&fm) E{/t1 e Alte=Bti—to) (g, ut)dt}}
= uELilx(lt(f),tl] E{g(xs, u(z, €, )) /t:l e Alt-to)gy
e I )

t1
= inf E{g(:cs,u(ms,eh))/ e Pt-t)dt + o inf E{/ Bt g(z,-  uy dt}}
to

uel(to,t1] u€ld(t1,00)
= ue}}gto) {g 2o (0, €2.)) /t:l e Blt—to) gy 4 aueljgf,w) EJ(ty, z¢,; u)}
:ueggto) {g xs’u(ﬂ?s,etl))/t:l e Bl=to)gy 1 ¢ Z uebrgcl J(z¢;u) P (xto;ztl;u(zto))}
=u611]1}£t0)E{g(ms,u(ms,etl))/ e Plt—t)dt + o Z JO(z4,)P(24y, Tey; w (xto))}

IQIEX

t
= inf E{g(:c u(z, etl))/ e_ﬁ(t_“’)dt—}—aZJO(y)P(I,y;u(:E))}, with z,, = z,2,, =

uel(z) to vex

= inf E{/ e Pi=t)gtl E{g(z, u(z, e, ))} +aZJ0 )P(z, y,u(:v))}

uEU(a:)

yeX
. E{g(:c u(:z 0
_uelg{z){ 5 +aY PP yu )} (3.2.5)
yeEX

O

With the stationary control law u = (u(z1),- - ,u{zx|)); u(z;:) € U(x;), i =1,--- | X|:
g(z1, u(z1))

(1) The vector form of loss function e is denoted as gy;

gz xp w(zx))
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J(z1,u(xy))

(2) The vector form of cost function fe is denoted as J;

J(2)x), u(@1x1))
(3) The controlled transition probability matrix

P(zq,z1;u(zy)) P(zy,zo5u(z1)) -+ Pz, zx;u())

is denoted as P,.
P(zix, zi;ul(z)x)) Plzix;, zsu(zix) - Plex), gxp;u(zixg))

O

We implement the infinite horizon discounted OSC problems for Poisson Markovian
network systems with identical interval distribution with parameter A > 0 by policy
iteration algorithm [9)].

(Step 1) Take an initial control u°(z),z € X e.g. a control with which the call request
from node n; € N to node n; € N is accepted if and only if it can be allocated in the
direct connection (n;,n;).

(Step 2) Implement the cost function J with control u*(z),z € X,k € {0, N},

A
Tk = 59:_"/\(1 ~aPp) wherea =y (3.2.6)
(Step 3) A new control u**! is obtained from
k+1 . Gu

= : P,J 3.2.7
u argmin {u ﬂ+)\+a wdur } ( )

if uf*1 = u* then u**! is the optimal control, otherwise return to Step 2.
Ol

3.2.2 Non-Uniform Transition Rate Case

In actual Poisson Markovian network system, call request and connection departure

event (we have analysed in Section 3.1) has transition rate A(z;- = z) = A(z);z € X
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which is time invariant and depends on state z. Nonetheless, we can establish an
equivalent uniform transition rate case problem which we have studied in Section

(3.2.1) for non-uniform transition rate case [9)].

Here we define a new controlled transition probability from state z € X toy € X
with controlled v € U which is related to control transition probability P(z,y;u) in

uniform transition system,

- 22 (g, y; u) ifz#y

P(z,y;u) = (3.2.8)
@P(m,m;u)—i— 1- @ fr=y

Theorem 3.2 For infinite horizon discounted OSC problems for Poisson Markovian
network systems with interval distribution with parameter A(z) > 0, and controlled
transition probability P(z,y;u), there exists an equivalent discrete uniform infinite
horizon discounted control problems with discount factor o = BT/\/\’ controlled transi-

tion probability P(z,y;u) (3.2.8), and loss function §(z,u) = gg’i‘;), forallz € X,ue

U. Furthermore, Bellman’s equation is

J(z) = r&ig{g(x, u) +a Z P(z,y; uw)J(y)}, re X (3.2.9)

yeX

O

From Theorem (3.2) we see implementation of general infinite horizon discounted OSC
problems for Poisson Markovian network systems is just same as the corresponding

uniform problems.
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3.3 A Simple Example

We consider a simple Poisson Markovian network system N'S = {Net(N, L, C); S\ U }
Figure (31), whereN = {nl,ng,n;;}, L= {ll = (nl,n2),lg = (ng,nl),lg = (nl,ng),l4 =
(n3,n1),ls = (n2,n3),le = (n3,n2)} and C={C,=1:1<s<L=6}.

Figure 3.1: A fully connected 3-nodes network
We get the set of connections as

R= { r = (nl,nz),TQ = ("1,"3,712),T3 = (le,m),m = (nz,ns,n1)~
Ts = (Tll,TL3)7T6 = (nlan27 n3),r7 = (nsﬂh), rg = (n3, nz,m),

Tg = ("2,713),7‘10 = (n27n1,n3),7‘11 = (ns,n2),7“12 = (Tls,n1,n2) } (3-3-1)

and the state set is,

0 1 1
0 0 1

X:{Il‘: y T2 = , L3 = 7.“} (332)
0 0 0

Even in this extremely simple network, the problem seems much more complex than

we expected, e.g., for state £ = (10---0), the cardinality of admissible control set
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U(z) is 17,

U(z) = { connection departure allocated at connection (nl,n2);

accept only one of following call requests and allocate it in the direct connection
n2 — n3,n3d — n2,n2 — nl,nl — n3,n3d - nl;

accept only one of following call requests and allocate it in the multi-link connection
n2 — n3,n2 — nl,n3d — nl;

accept only two of following call requests and allocate it in the direct connection
n2 — n3 and n2 — nl, n2 — n3 and nl — n3,
n2 — n3 and n3 — nl, n3 — n2 and n2 — nl,
n3 — n2 and nl — n3, n3 — n2 and n3 — nl,

n2 — nl and nl — n3, n2——>n1andn3—+n1}

In this section we have implemented an optimal CAC and RC problem for a very
simple Poisson Markovian network. From this illustrated simple example we can see
the complexity of the CAC and RC problems in communication networks and it is
actually one of reasons to seek the sub-optimal control laws with so-called decentralized

control methods.



CHAPTER 4

Hierarchical CAC and RC
Problems in Communication

Networks

Because of the great complexity of communication networks, we consider here hierar-
chical stochastic control methods and present the resulting sub-optimal control laws
for the CAC and RC problems introduced in Chapter (2). The hierarchical formu-
lation of the control problems will innovate state aggregation methods and we refer
the readers to ([1], (2], [11], [24], [27]) for related state aggregation methods for routing

problems.

See Figure (4.1) which is an example of this kind of communication networks.

49



CHAPTER 4. HIERARCHICAL CAC AND RC PROBLEMS 50

o.

Figure 4.1: A communication network

4.1 Hierarchical Network

Definition 4.1 A set of local networks with respect to a network Net(N, L,C), de-
noted {Net(N;, £;,C;);i=1,--- K}, is defined as:

NiCN,

NiON; =0,  Yi#jije{l- K},

UL, N =N, (4.1.1)

L;={l=(o,d) € L;0,d € N;}, (4.1.2)

Ci={aeC;le L}, (4.1.3)

Each local network Net; is a connected graph. (4.1.4)
O

Definition 4.2 A High Level Network Nety = Net(Ny,Ly,Cy) with respect to

a network Net(N,L,C) and its set of constituent local networks Ny = {Net; =

Net(N;, L;,Ci);i=1,--- K} is defined as the directed multi-graph, where
Ly={l=(o,d)€L;0€N;;deN;;Vi#3,i,7€{l1,2,--- K}}, (4.1.5)
Cy= {C[ eC;le ﬁH} (4.1.6)
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So we see that the high level network Nety consists of the collection of local net-
works of Net(N,L,C), taken as the nodes of Nety, together with the set of edges
of Net(N, L, C) connecting them and their associated capacities, now viewed as high

level links and capacities.

See Figure (4.2) which is high level network with respect to network shown in Figure

(4.1); Figure (4.3) where bold links indicate information of local network Net(N;, £;, C;).

We say a communication network has a hierarchical networks structure, if it is decom-
posed into a set of local networks as in Definition (4.1), in which case, we obtain the

high level network given in Definition (4.2).

Figure 4.2: High level network

4.2 Stochastic Dynamics and Control for Local Net-

works of Hierarchical Networks

For any local network Net; = Net(N;, L;,C;),i € {1,--- K} of hierarchical network
Net(N, L,C), we denote set of connections, state set and event set as R*, X* and E*

respectively.



CHAPTER 4. HIERARCHICAL CAC AND RC PROBLEMS 52

Figure 4.3: Information of a local network

Definition 4.3 For a local local network Net(N;, £;,C;),i € {1,---, K}, the set of

boundary nodes, N?, is defined as:

Mb = {nl EM7 3In” e-/\/;?] 7é Zv] € {17 *K}’(n,’n”) € ‘C’} (421)

g
Definition 4.4 For a local network Net;,i € {1,---, K}, the call request and con-
nection departure event set, E*, is defined as

Ei — E-H,i U EL,i’
where, Ef" = {0, e, el Vr € R',Vo,d € N,o# d and o ¢ N; or d ¢ N},
EY = {0,e;,el;Vr € RY,Vo,d € Nj, 0 # d} (4.2.2)

ad

The notion of (a) state (process) for a local network Net; is defined in exact analogy

with that of (a) state (process) for Net in Definition (2.13).
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Definition 4.5 For a local network Net(N;, L;, C;), the control set is U, specified
by:

U'={0}U{l;Vre R}U{-1,;Vr e R},

where, 1, is a vector in the |R¢| dimensional space R®'l with unit entry in the r-th

position; correspondingly, —1, has an entry —1 in the r-th position.

Definition 4.6 We term a sequence of event instants ¢'(w) in R,
0 <ti(w) < th(w) < -+ < th(w) <ty (w) <, (L F, {Fi}s0, P),w € Q,

at which random call request and connection departure events occur as a sequence of
random event instants t* : N, x Q@ — R,. The sequence 7° : N, x Q — R, with
7t = i (w) — 8 _,(w), where ti(w) £ 0 is defined as the sequence of event intervals

(associated to t'(w)).

k

Evidently, we obtain that t, =3 7, 7{, 1€ {l,--- K}, t € Ry.

Definition 4.7 We define the event process e'(t,w) as a stochastic process e' : R, x

QO — Et
d

Definition 4.8 The set of measurable control laws with full observations of current

information (Markovian control) is denoted by UM [s, T], where i € {1,--- , K},

UM[s, T) = {u': [5,T) x Q= U; s.t. ui(.) is o(zi-, e!) measurable, t € [s, T},

UM (s, 00) = UrsUMs, T).
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g

We note that the control u*(.) for Net; is a function of the high level event through
the process e! € E* = Ef* U EL¢, which depends upon both high level E#** an local

EL+ events as discussed below.

We now specify the controlled stochastic dynamics of a state process z* in Net(N;, £;, C;)
subject to call request, connection departure events and subject to some specified con-

trol law just defined here, i.e. u € U"M[s, T).

Before giving the formal definition of the set of state processes z* in Net(N;, L;, C;)

we declare that a typical state process in X* evolves in the following way:

e At a local event instant t¢, a local event e € E* occurs:

—if e € Ef* then subject to current local capacity constraints, the call
request is be instantaneously accepted and allocated by a pre-assigned local
control law u* = u; € U**, and the state (value) z}, _ is instantaneously

k k

transformed into the state (value) z?, = :z:; C Uk
k k k

- ife € Ei’i, then the local call request can be accepted or refused by a
pre-assigned local control law u’* = u}; € U, and the state (value) ”c:, _is
k k
instantaneously transformed into the state (value) zf, = =%, - + uf;;
k k k

— if e = eb~ € {Ef:—, EX~}, then the local control law u* = uii = —1, will

be implemented.

e During [t},t},,), the local state will remain constant, i.e. the state trajectory is

piece-wise constant and right continuous.

o At the instant ¢}, the local state evolves in the same way as at instant t}.

Definition 4.9 For the network Net(N;, L;, C;), the state response or transition equa-

tion, with the control law u € U*M [s,T], for the evolution of the state process
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zt: [s,T] x Q — X* with initial state ¢ = £,,0 < s < T < 00, is given by

i Q8 i
T, = Ty + u(zi-, €),
(

, . . e Hy
ute{l,: r=(my,---,mj) E R\, my =o,m; =d}, ifatte =e] €E;" occurs

i+ Li
od € EY occurs

(D) §ui€{0,1,: r=(my,--- ,m;) € R\, my =o,m; =d}, ifattel=ce

ul = —1,, subject tor € zi_, if at t,e; € E* occurs
\

(2) zl- +u} € X"
d
Definition 4.10 Foranyi € {1,--- ,K}, s € [0,T) and &' : @ — X* &' is F, measur-

able, we consider the system state (4.2.3a) in the space transition form with control

law u € UM (s, T):

o=z ul), s<t<T, (4.2.3a)

Tl =& as. (4.2.3b)
and consider the cost function as
T
JM (s, €5 u) = E{/ g'(t, Tt uy)dt |a(w§)}, u € UM[s, T, (4.2.4)

where, g' : [s,T] x X* x U* — R, is bounded and measurable w.r.t. (t.x,u).

4.3 Stochastic Dynamics and Control for High Level

Networks of Hierarchical Networks

For the high level network Net(Ny, Ly, Cy), we denote set of connections, state set

and event set as R¥, X* and E¥ respectively.
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Definition 4.11 For the high level network Net(Ny, Ly, Cy) of the hierarchical net-
work Net(N, L, C), the call request and connection departure event set, EH is defined

as
Ef ={0,e}, e ;Vo,d € Nu,0 # d,Vr € R¥}, (4.3.1)

where, e}, € E¥ corresponding to an ordered pair (o, d) of distinct nodes (local net-

works) in Ny x Ny, and e, € EH corresponds to a connection r in R,
O

For Net(Ny, Ly, Cy), a mapping 7 : [s,T] € Ry — X* constitutes a state process

trajectory 7 € X¥ for allt,5s <t < T < oo.

Definition 4.12 For network Net(Ny, Ly, Cy), the control set is U¥ specified by:
UH = {0} u{l,;vr € RE}U{-1,;¥r € R},

where, 1, is a vector in the |R¥| dimensional space R®"| with unit entry in the r-th

position, and correspondingly, —1, has an entry —1 in the r-th position.

Definition 4.13 We term a sequence of event instants t¥ (w) in R,
0 <ti(w) <t (W) < <tf(w) <t (W) <-- (0 F {F}z0, P),w € Q

at which random call request and connection departure events occur as a sequence of
random event instants t¥ : N. x @ — R,. The sequence 77 : N, x Q@ — R, , with
H = tf(w) — tf  (w), where tff(w) £ 0 is defined as the sequence of event intervals

(associated to t¥ (w)).
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Evidently, we obtain that ¢t = Z§=1 .

Definition 4.14 We define the event process ef(t,w) as a stochastic process ef :

R, x Q — EH,
O

Definition 4.15 For the local network Net(N;, £;,C;),i € {1,---, K}, at an instant
t with local state as z¢, then the feasible connection set from n’ € NP to n” € N?,

denoted by R (z?), is defined as:

RNzl = {r e R, r = (... n),

where nV =0/ n® =p”and ¢, — ) z" >0,Vier}. (4.3.2)
r'el

O

Definition 4.16 For the local network Net; = Net(N;, L;,C;),t € {1,---, K}, sup-
pose at an instant ¢, the local state is z, then we define (feasible connection) capacities

as,
Q™) = |RM) ()], where, n/,n" € N2, n’ #n", (4.3.3)

and
Qe =(Qr,,Q),  where, Q| = N[N — 1]. (4.3.4)

The set of () corresponding to all feasible local network states is denoted by Q.

g

EXAMPLE: We suppose that no local and high level connections are allocated at

an instant ¢ in Nety ,i.e. 2 = 0, in the hierarchical communication network of Figure
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(4.4). Then we get:

R(n“’"“)(mi) = {(n217 N22, Tl24), (n21, n23, 7124)}»

R("”’"”‘)(fvi) = {(nzg, Tl24)}7
and so

gnzl,nz‘l) — |R("21’n24)($?)| =2

k]

Enzz,n%) — |R(n22,n24)($f)| =1.

Clearly, assignments of connections through Net, are not independent, for instance if
a (single) connection (which has capacity 1) is assigned to (nag, n24), then the feasible
connection set becomes R(™2m24) = {§}; R(21m20) = {(ng), nyg, ngq)} (with QL2024 4

Q=) =1 < 3).

Figure 4.4: A hierarchical communication network

Definition 4.17 The set of (measurable) control laws with (current) full observations

(also called Markovian control laws) denoted as UHM([s, T}, is given by:
UEM[s T = {u¥ : [s,T] x Q = U; s.t. uff(.) is o(zf, Q- ef) measurable,t € [s, T}

UTM[s, 00) = Ups UM s, T]
O

We now specify the controlled stochastic dynamics of a state process £ in N et(Nu, Ly, Ch)
subject to call request, connection departure events, and subject to some specified con-

trol law just defined here, i.e. u € UFM[s, T).
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Before giving the formal definition of the set of state processes ! in Net(Ny, Ly, Cy)

we declare that a typical state process in X evolves in the following way:

e Assume that at a high level event instant ¢{, a high level event e € Eff occurs:

— in case e € Ef , then it could be accepted or refused by a pre-assigned high

level control law ufl = uﬁ, € U, and the high level state (value) mﬁ,_ is
k k

instantaneously transformed into the state (value) xfé, = g,_ + ufg,;
— in case e = ¢/'~ € {E"}, then the high level control law v = v/, = —1,
k

will be implemented.

e During [t/,tf,), the high level state will remain constant, i.e. the high level

state equation is right continuous and pairwise constant at instant ¢.

e At instant ¢}/, the high level state evolves in the same way as at instant tf.

Definition 4.18 For the high level network Net(Ny, Ly, Cy), the state response or
transition equation, with the control law u € U*M[s T, for the evolution of the state
process 1 : [s,T] x Q@ — X with initial state 2/ = ¢, 2t =¢' i€ {1,---,K} and

Qs =Q(zl, -, zK) = Q- £K),0< s < T < o0, is given by

H H H/ H H
T, =z +uy (T, Q- e )
{

uf’ € {0,1,: 7= (Net;,, -, Net;,) € ”RH,Netj1 =o, Net;, = d;
Vk >1,3n',n" € Nj, and nM € Nj,_,,n® € N, .,

(1) 4 such that (n(V,n'), (n”,n®) € L and Q("I‘"H)(xg'i) >0,

-
. H _ H+ H
if at t,e; = e ;" € EY occurs

LU{I = —1,, subject tor € X, if at t,e; € EH occurs

2) ol +ul' € XH.
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Definition 4.19 The high level information state transition equation with informa-
tion state w : [s,T] x  — ();QI;), consists of the information state wf = (S{l__ )
where * = 0 if  is not a high level event instant {¢/} and * = efz, at the kth high Ievel
event instant ¢{. The system dynamics, with high level control law u# € Y#M{s, T},

have the representation:

5

wh = ( o ) t <t <l (4.3.5)
t p—

w = ( o ) (4.3.6)
€
ItH

wl, = (ka ) (4.3.7)

d

Definition 4.20 For any s € [0,T) and z¥ = ¢¥ and 2t = ¢'i € {1,--- , K}, €7
and &,i € {1,---, K} are F, measurable, we consider the system state (4.4.1) in the

space transition form with high level control law v € UM (s, T):

ofl = 2(e#,QquMy), s<t<T, (4.3.8a)
e =¢H as. (4.3.8b)
QS =q(_’1,‘;’ 71‘5) =q(§17 v&K)’ (438C)

and consider the cost function as

T
JH’M(SaéHv Qs;u) = E{/ gH(tvxtI-{7Qt_7utH)dt |U(Ifa$;a e 7$f)}a u € uH,M[S’ T]7
S
(4.3.9)

where, gt : [s,T] x X¥ x U — R, is bounded and measurable w.r.t. (t,x,u).
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4.4 Doubly Stochastic Hierarchical Networks

The basic stochastic framework for the stochastic evolution of network connections
developed in previous sections will now be generalized by a randomization phenomena;
this will have the effect of retaining the overall features of the high level connection
process in hierarchical networks, but will permit a crucial Markovian property to hold
for the aggregation which, in turn, will permit a stochastic dynamic programming
analysis in order to find optimal stochastic hierarchical controls for the hierarchical

networks.

The extension of the previous formulation is defined as follows:
It is assumed that the underlying probability space (€2, F, P) is extended so as to carry
all the new random phenomena introduced below; furthermore, parameter ¢ > 0 is

introduced to index the extended process.

e 1 Let t! be a high level event instant as defined in Definition (4.13), where this is

)

a function of a predefined high level state dependent control ug, (ng—’ Q, o €
k k k

which has been defined for each feasible (z¥,Q) € X x Q.

e 2 From t to the instant (¢ + €)™ no event processes are defined and hence no

events occur.

e 3 At (tf+¢), the collection of internal connections of all local networks { Net;, 1 <
i < K}, are randomized within their respective local networks with respect to a
uniform distribution over the set of internal connections, S:f+5 = (xfz,, Qtf)‘l,
which are compatible with the high level information (xfg,, Qtf)- Necessarily
only the information relevant to Net; forms a non-trivial constraint for the ran-
domization process within Net;. The randomization process above results in a
crucial Markovian property for the hierarchical network because, conditioned on

(zf{,, Qtf) Net;, the randomization process within Net; is (1) independent of the
k

process of other local networks {Net;;j # i}, and (2) (by virtue of the uniform
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distribution), independent of all network events at any ¢, s <t < tf + €.

4 From (tf! + ¢) onwards the global event process continous with respect to the
global system state (i.e. complete set of global and internal local connections)
with initial value z,x .. Hence in any given local network Net;, local connections

evolve only according to the ef;d+, et~ € E".

5 At tf.,, when a high level event efd‘+, e~ € E¥ occurs, the high level state

of the network Nety makes an evolution as specified in Definition (4.18).

6 During the subsequent period [t |,/ + €), no events occur.

7 At t{., + ¢, the randomization process re-occurs, etc.

Definition 4.21 For the hierarchical Markovian network Net(N, £, C) with its local
networks Net(N;, L;,Ci),i = 1,--- , K, and its high level network Net(Ny,Ly.Chy),
the state response or transition equation, with high level control law uff € UHM[s T)
and the local control laws u* € U»M[s, T], for the evolution of the state process
(zH 2" - 2H)  [5,T) x @ - XH x X' x --- x XK with initial state 2/ = ¢,

ot =¢&,i€{l,--- ,K},0<s<T < o0, is given by

:rf:,, = Ig,, + ufi, (zfz,_, Qtf-,efg,), (1 high level dynamics and control)
H H( H H
=z + u,n (T -,€ 4.4.1
tH | tkH( tkH_l’Qtf ? tf)’ ( )
i _ o(nH ot i
Tyt 4o = m(wci” Qtf), (3 randomization process over set St{'+e> (4.4.2)
i i (o i C i H H
Ty = mg”+5 + Uy _(mti - €4 )v V]v tkj € [tk + &, tk+1)v
k; k kj kj kJ

(4 local network dynamics and control) (4.4.3)

d

Theorem 4.1 Given any high level event instant ¢, let ¢ > 0 be such that no event

is defined in [t¥ t# + ¢) and assume the randomization process occurs at (t¥ + ¢),
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ie ! = &(zH,, Qi) is a random variable which is uniformly distributed over the

tH e

feasible local network states which satisfy the constraints of the high level state given

by (z;,Qu#). Then
(x{z,,th), s<-<tl<th, < <T, (4.4.4)
is a Markov process, i.e. for s <t <-.. <tfl < T, the following holds:

P((xtIZim’Q‘ﬁm) er| 0(${§,,Qt§1),j =1,---,k) = P((xgz+m,sz+m)) eT| a(zfiﬂ,Qtﬁ{))

(4.4.5)
Proof:
(i) First, we suppose m = 1, then by Definition (4.18),
H H H H H
xt£1+1 o xtf + utf+1 (mtf ’ Qt,’;‘l* ’ et£1+1) (446)

From Lemma (2.1), we can see that,

{etkH}H tH»%H,'" 715{211} (4.4.7)

And from Definition (4.16) we get

Qu - =Q(z}y — -,z -) (4.4.8)
k+1 k+1

k+1

For high level event instants ¢t/ and tkHH, s<tf < k+1 < T, we suppose ti < t <
<ty < ti. | for each local network Net; (J; could be zero, i.e. no local event
occurs in Net; in the period of (tf +¢,tf,,)), then we get

1 § i
th - tH+E + ut: mta tl )

k+1
= x(Iii’+ev eih S ei;-”‘ ), (4.4.9)
1

where, :viH = €' is a random variable which is uniformly distributed over the feasible
k

+e
local network states which satisfy the constraints of the high level state information

(z%,Qtf), and is independent of past information of (zf,Q,),t < tf. And, since,
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conditioned on state mt,, e et, e ei, is independent of past local state information,
JA
we can see that eii S ,e:;-c | is independent of past information of z7, Q,,t < tk

kq i

From (4.4.7) and (4.4.8), we get

(( tH thfﬂ) € Fl U("L‘{;{”Qtf)’j =1,--- 7k) = P(( tH ’Qtfﬂ)) € I_‘| U(:Ctﬂ Qt"))
(4.4.10)

(ii) for m =2,

(( t" th” )€F| ( tH)J—l k)
:ZP mtf+2’ Qt,ﬁ’+2) € FI 0($gjf‘la Qt;’)a] =1, ,k + 1)P((${§+1’Qt£’+1) c FI| g(zfz“@tf))
ZZ P(($%+2’Qtf+2) € Fl 0(${Z1+1,Qtf+l)) (( tH thH ) € FII U(.’E{Z{,Qti{))

k41

=P((zg » Qu,,) € Tl oz, Qu)) (4.4.11)
(iii) Similarily, for any m > 0,m e N,tfl, < T,

P((:Etl-ll'l+m7 Qtf+m) € F‘ 0'($t1-§1, Qtf))] = 17 e ’k) = P((.’I,‘{E[+m, Qthrm)) € F| U(:E{va Qtf))
(4.4.12)

a

We conclude that Doubly Stochastic Hierarchical Networks establish Markovian high
level processes and hence we shall sometimes refer to them as Hierarchical Markovian

Networks.
See Figure (4.5) for an example of a hierarchical Markovian network.

We illustrate the state evolution of the doubly stochastic hierarchical networks with

an example, see Figure (4.6):

o At (tH)~, suppose there exist two high level connections on high level connection
(Nety, Nets, Nets) in Figure (4.6), i.e. a:IL(_Netz Nets:Nets) — 9 and hence we get
Q5 ) =0.Va),_ € X

ty
t” B
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Figure 4.5: A hierarchical Markovian network

o At t! suppose one of two high level connections on (Nets, Nets, Nets) is dropped,

then the high level state evolves into a:H (Net2.Nets.Nets) _ 1 and Q(" m )( ) =1

e From tf to (tf + &)™, no event processes are defined and hence no events occur.

o At (tf +¢), all internal connections of local network Net; are re-assigned uni-
formly over the set of internal connections in Netz which is compatible with

high level state information (:vH (Netz,Neta,Nets) Q(n/ "Nz z}y)) = (1,1) and hence
k

independently of all previous events,

i.e., conditional upon (z a (Netz Nets,Nets) Q("I "H)( ))

4.5 Hierarchical CAC and RC Control for Hierar-

chical Markovian Networks

In sections (4.2,4.3), we have analysed the stochastic dynamics and control for local
networks and high level network of hierarchical networks, respectively. Section 4.4 has
established the hierarchical Markovian networks where the high level state processes

with some feasible control are Markovian process. Here we define a novel hierarchical
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Figure 4.6: An example of randomization process in the local network Nets

CAC and RC control method for hierarchical Markovian networks in this section.

Definition 4.22 For any s € [0,T) and z/ = ¢# and 22 = ¢*,i € {1,--- ,K}, £# and
£,1€ {l,---, K} are F, measurable, we consider the hierarchical state (4.21) in the
space transition form with high level control law v € YHM[s, T] and local control
laws u’ € UM (s, T respectively:
the cost function of hierarchical Markovian network system is defined as
JM(S’Evalv e 7§K;UH7UI’ e ’UK)
:E{ gH(t7_’[;f{’Qt,’u{1)dt |U(£Ha§17"' aEK)}

+ S B{[ st o)} (45.1)

where, g/ : [s,T] x X# x U¥ - R, and ¢*: [s,T] x X* x U* — R, are bounded and

measurable w.r.t. (t,x,u).
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Definition 4.23 The Optimal Hierarchical Stochastic Control (OHSC) Problem is
defined as:

For any s € [0,7) and €7 : Q@ — XH and & : Q — X%, ¢ ¢ ... €K are F,
measurable, consider the hierarchical state and cost function as in Definitions (4.21)

and (4.22), respectively.

The optimal hierarchical stochastic control problem is given by the infimization:

K
VM(s,€%,8% - %) = inf  JHM(s gH gl g u) £ Y T M (s, 6 )
i=1

uH eyt
uleyy:M
WK ik
(4.5.2)
d

Since, the hierarchical stochastic control methods introduced here use the doubly
stochastic version of the network derived from the original model (by the random-
ization procedure) the control laws which are optimal for the hierarchical network will
in general be sub-optimal for the original network. It is important to analyse the

degree of suboptimality.



CHAPTER 5

Conclusion

5.1 Contributions of the Thesis

o Call admission control (i.e. CAC) and routing control (i.e. RC) problems in inte-
grated communication networks have been formulated and analysed via stochas-

tic dynamic programming.

e CAC and RC problems in Poisson communication networks have been formulated

and analysed as discrete-time stochastic control problems.

e Doubly stochastic hierarchical networks have been defined, and CAC and RC

control problems are then formulated as stochastic hierarchical control problems.

5.2 Future Work

e The properties of the doubly stochastic network models of Chapter (4) with
respect to the standard models of Chapter (2) need to be thoroughly analysed.

e Even though a stochastic hierarchical control methodology has been provided

its properties from a stochastic control and complexity viewpoint remain to be
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analysed, as well as its performance in terms of implementation in realistic ex-

amples.

e Many complex networks, e.g. the Internet, are independently operated by many
independent agents who are interested in their own revenues or costs and whose
private information cannot be observed by others. For such communication
networks, the CAC and RC control problems have been considered as game
problems, see (e.g. [10], [12]-[23], [25], [26], [28], [29]). Based upon the models

introduced in this thesis the following work should be undertaken:

— The hierarchical stochastic control methods provided in this thesis should
be generalized to multi-agent network environments and their potential

benefits should be studied.

— The game theoretic issue of simple networks with small group of agents
need to be established; CAC and RC control (via dynamic programming)
and pricing mechanisms for network resource allocation for multi-agent net-
work need to be studied in detail, and Nash and other equilibria should be

analyzed.
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