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THE INSTITUTION OF CIVIL ENGINEERS.

Secer. II.-.OTHER SELECTED PAPERS.

(Paper No. 3713.)
(Abridged.)
“The Temperature Gradient in De Laval Steam-Nozzles.”
By Cyrin Batno, M.Sc., B.Eng.

THE present Paper describes erried out by the

Author during the year 1906 to determine the temperature
gradient along a steam-turbine nozzle. The experiments, under
the direction of Professor W H. Watkinson, M.Eng., M. Inst. C.E,,
were commenced at the Walker

Engineering Laboratories of the Fig. 1.
University of Liverpool, but some Cl

delay was caused during the i
summer by the failure of the '*"'0',46'4"’

steam supply at the University ;
through the courtesy of Mr. J. A.
Brodie, M.Eng., M. Inst. C.E,,
(City Engineer), however, work
was resumed at one of the
Liverpool Corporation refuse-
destructors.

The De Laval nozzle is of the
form shown in Fig. 1. Steam at
a high pressure but low velocity
enters the nozzle at A, and
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emerges from it at a high S
. i -
velocity but low pressure at C, | e
a portion of its potential energy Al
i

being converted into kinetic
energy. In order to determine
the action experimentally it is necessary to obtain the tempera-
ture, pressure and dryness of the steam at various points within
the nozzle. Previous experimenters, for instance Dr. Stodola!

1 A Stodola, ¢ Steam-Turbines.” London, 1906,
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of Zurich, have determined the pressure-distribution along the axis
of the nozzle, by means of a small central tube having holes bored in
its sides. This method is not very reliable, and the results obtained
depend on the slope of the holes and the character of their edges ;
moreover the tube much increases the resistance to flow. It was
suggested to the writer by Mr. J. H. Grindley, D.Se., Assoc. Inst. C.E,
then lecturer in Applied Mechanics at the University of Liverpool,
that in the case of saturated steam the temperature, and hence the
pressure, along the axis might be determined by means of a thermo-
junction. Precautions had to be taken to prevent the stream -of
vapour from impinging against the junction, which would cause too
high a temperature to be registered, and it appeared that the only

Pig. 2.
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way was to form the junction in a wire stretched along the axis of
the nozzle. The wire had to be of small diameter to minimize the
resistance to the steam, and the junction had to be practically a point
so as to obtain the temperature at one section only; the wires used
in the experiments had a diameter of 0-008 inch, and a point-
junction was obtained by a method which will be described later.
Fig. 2 shows the general arrangement of the apparatus,and Fig. 3
the details of the cylinders, etc.. Steam entered through the pipe
P, to the cylinder C,, its pressure being regulated by means of the
valve V; from there it was discharged through the nozzle N into
the exhaust-chamber C,, and finally passed into the atmosphere by
means of the exhaust-pipe E, which was 1} inch in diameter. *The
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pressure in the supply-chamber C, was measured by means of a
Bourdon pressure-gauge &, whilst a U-tube M, containing mercury,
was used to measure the pressure in the exhaust-chamber C,.

The cylinder C; was of cast-iron 2 inch thick, and was 71 inches
high and of 61 inches internal diameter. Any condensed water
collected in a well W, and was allowed
to escape through a cock F'; this cock also
served as an additional means of regulating
the pressure in C,. The exhaust-chamber 2
consisted of two cast-iron cylinders, 1
each { inch thick and 71} inches high. The .
cast-iron plate P, spigoted into C, and
C,, carried the nozzle N under test, this
being screwed into a central hole.

The measurement of the temperatures
along the nozzle was made by means of a
thermo-junction J (Fiy. 8), the wires
leading from this junction being stretched £,
axially along the nozzle. Another junction
was placed in a bath of cylinder-oil B
(I'2g. 2), and connected to the first by the
wires W, W,, W,; and W,. The circuit
also included an Ayrton-Mather aperiodic
galvanometer G and a mercury key k.

In the earlier experiments platinum
and platinum-iridum wires were used
(001 inch in diameter) welded together in
an oxy-hydrogen flame, but no satisfactory
point-junction, without increased size at
the weld, could be so obtained. The form
finally adopted was a loop-junction formed
of iron and german-silver wires, 0008
inch in diameter, as shown in Fig. 4;
the loop was made as narrow as
possible, and the wires were quite close
together. A point-junction was thus
obtained, offering very little resistance to
the flow of steam. Considerable difficulty
was experienced at first in obtaining a thermo-junction which would
not break after a few minutes’ exposure to steam, and the best
seldom stood more than 5 or 6 hours’ exposure. Much depended
upon the manner of insertion, the wires had to be stretched fairly
tightly, and precautions taken to ensure that an equal tension

!
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was given to the two limbs of each loop. It was noticed that break-
age of the wires generally occurred at nearly the same point relatively
to the nozzle, wherever the junction might be at the
time. This point was in the nozzle and about § inch
below the outlet, which was singular, as it did not appear
that the greatest amplitude of vibration would occur
here. It was thought that a single steel wire might be
used in place of the two loops, the thermo-junction
being formed by annealing the steel up to a known
B point; it was not, however, found possible to anneal
(U the steel uniformly, though by using a specially pre-
pared material the method may yet be successful.

Several methods were tried for supporting the wire
in the nozzle; that finally adopted was as follows:
Two brass tubes, T, and T, (Fig. 3), 2 inch in
diameter and { inch thick, passed through glands
(; and G, in the nozzle-plate, and through easy-fitting
holes in the top cover. They carried two bridge-pieces, B; and B,,
placed 14 inches apart, and carefully set in a direct line with
the axis of the nozzle. The wires passed through }-inch diameter
holes drilled in the centre of these pieces, and were held by
the insulating clamps K, and K,  The
upper wire entered the tube T, through the
rubber plug R, and the lower wire passed
through an insulating gland I into the
tube T,.

A separate view of the insulating gland I
is shown in Fig. 5. It consisted of a brass
plug A screwed into the tube T,, into the
centre of which a hole was bored, and fitted
with a piece of insulating fibie B. The wire
passed through this hole, so as to prevent all
contact with the metal, and was caught be-
tween two pieces of asbestos C, which were
held by a brass plate D fastened to A by
two screws—not shown in the figure. Both
T, and T, were lined with glass tubing
as shown at E. To reduce the vibration
in the unsupported wire between B, and B, a guide V was used,
carried by a brass standard S insulated at the foot. Very slight
but quick vibrations still occurred, but they had the effect of
keeping the junction clean,

To alter the position of the junction in the nozzle, the tubes T, and

Fig. 4.
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T, were slid up and down, being operated by the screw R working
in a collar C. The position of the junction in the nozzle was found
as follows: two holes were bored in the exhaust-cylinder, one
level with the top of the nozzle and the other a little higher. The
junction was adjusted to be exactly on a level with the top
of the nozzle, by sighting through the lower hole, and sliding the
tubes T, and T, up or down until the right position was attained ;
the interior of the cylinder being illuminated by a light applied to
the upper hole. A finger F, screwed to T, and sliding against a
scale S, was then adjusted to the zero of the scale; the junction
could be thus set to any required position in the nozzle. During a
test the two holes in the cylinder were plugged up.

To ascertain whether unequal expansion of the wires and of the
brass tubes affected the position of the junction relatively to the
scale, steam was admitted to the bottom cylinder until the
apparatus was thoroughly heated. Itwas then shut off, and the
position of the junction was examined, but no alteration relative
to the scale was found. This operation was repeated after each
experiment.

The wires leaving the tubes T, and T, were connected with other
wires of the same material to prevent exterior thermo-electric effects.
Thus, the wires W,, W, and W, (Fig. 2) were all of iron, whilst W,
was of german-silver. All these wires were renewed each time a new
junction was put in, and in the later experiments the wires leading
from the tubes T, and T, were in one piece with the wires in the
tubes. The second junction, i.e., the one between W, and W,, was
immersed in an iron cup B, filled with cylinder-oil, and heated by
means of a blow-lamp.

The key % consisted of a porcelain crucible filled with mercury,
into which the wires W, and W, dipped.

Method of Ewxperimenting.—The thermo-junction having been
adjusted, and the cocks T and F (Fig. 2) opened, steam
was turned on and allowed to flow through the apparatus
for some time, until a steady condition was attained, and water
ceased to collect in the well W  The cock F was then shut,
and the pressure in C, was adjusted by means of the valve V
The readings were then taken in the following manner:—The
oil-bath B was heated until the temperature of the thermo-
junction placed in it was higher than that of the junction J, which
was observed by repeatedly closing the circuit at K. The bath was
then allowed to cool, K remaining closed, until the galvanometer
recorded zero deflection ; at this moment the temperature of the
junction in the bath B was equal to that of the junction J, and
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therefore to that of the steam in the nozzle at the point J. The
thermometer in B was then read, as well as the back-pressure
recorded by the mercury-gauge. The pressure and temperature in
C, were of course kept constant during each experiment, and the
pressure in C; had to be regulated very carefully, as even a slight
change caused inaccuracy in the observed temperatures. It really
would have been more satisfactory if a mercury-manometer instead
of the Bourdon gauge had been used.

The first reading was taken when the junction J was in its lowest
position, and subsequent readings as the junction was moved up-
wards towards the mouth. In this way it was possible, under
favourable conditions, to obtain all the readings for one set of
conditions with one heating of the bath B; usually however it
was necessary to heat it several times. Readings could only be
taken whilst the temperature of B was falling, because when rising
the currents in the oil caused deceptive temperatures to be recorded
by the bath thermometer, even though the junction was coiled round
its bulb. Each pair of junctions was calibrated before being placed
in the apparatus.

The first experiments were made with a brass nozzle of the
ordinary De Laval type yp-it—wasan—sebus-turbine-nesse made by
Messrs. Greenwood and Batley. The diameter at the throat was
0-356 inch, and it was designed for an admission pressure of
947 Ibs. per square inch absolute with a final pressure of 16 lbs.
per square inch absolute. As it appeared that the back-pressure
in the cylinder C, was practically 16 lbs. per square inch absolute,
and as a condenser was not available, it was necessary with the
low admission pressures used to have a mnozzle designed for this
back-pressure. Such a one was accordingly designed (Fig. 1) with
a length of 1:945 inchy the throat 0:118 inch from the end was
0+355 inch in diameter, and the bore was a straight taper; the outlet
diameter was 0-464 inch, and the nozzle was highly polished inside.

A large number of experiments were carried out with this nozzle
under the conditions for which it was designed. The readings
agreed in a striking manner, and occasional discrepancies (never
amounting to more than about 2° F.) were explainable by slight
changes in the back-pressure. The mean result of these readings is
shown in Fig. 6.

For reasons which will appear later, it was thought desirable also
to make experiments with a non-conducting nozzle, but considerable
difficulty was experienced in obtaining the correct profile. A porce-
lain nozzle with a glazed bore was first used, but it was found that
the glazing rendered the walls uneven, and conflicting results were
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obtained. It was, however, found possible to grind the inside of the
nozzle by means of a steel lap, turned to the correct profile and
rotated in a lathe; wet sand was used as a grinding material and
the nozzle was pressed on by hand, several laps being used to
obtain the proper taper. The entrance of the nozzle was ground by
means of lead fed with wet sand, lead being used because it
adapted itself to the profile and gave a rounded throat. The nozzle
thus obtained gave fairly satisfactory results, but the friction

Fug. 6.
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loss was high, although the walls were to all appearances quite
smooth. The nozzle was 204 inches long, the throat being 0-187
inch from the entrance; it was 0-425 inch in diameter at the
throat and 0°:556 inch at the end, so that it was of the correct
proportions for the same initial and final pressures as the metul
nozzle, although the weight flow was greater (0-1918 Ib. per second
against 0-138 lb. per second with the metal nozzle). Several com-

plete sets of experiments were made with this nozzle under the
B 3
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correct pressure conditions, and the results are shown in Fig.7.
The readings agreed in a satisfactory manner, the greatest dis-
crepancy from the mean being only 1° F.

It was found that, with the wires and galvanometer used, tempera-
tures could be read to about } of a degree Fahrenheit, which was. a

Fig. 7.
°F
X
coof
\\
2801+
\ \
\
\
\
\
\
\\
260 . P
\\ qu
N> U
\/Ye 4(
NJo

~|
’\\
240 ~_
-~
\\ e
-

220 S

\\‘
2% 02 04 06 08 1110
HADAT FRACTIONAL DISTANCE ALONG AXIS OUTLET

CURVES OBTAINED WITH THE PORCELAIN NOZZLE.

sufficient degree of accuracy for the method of pressure-regulation
adopted.

Theoretical Considerations.—The temperature curves for frictionless
adiabatic flow in the nozzles used were obtained as follows :—

Let p; be the initial pressure in lbs. per square inch absolute.

2 p2 ” ﬁna']‘ b »” bh 2
»w Py  pressureatanyintermediate section having an area S.
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Then the velocity, u, for frictionless adiabatic- flow at the cross
section of area S is given by the equation!

u2
2—g-_

A, being the total heat of 1 lb. of dry saturated steam at the
pressure p; ; ,

I the total heat of 1 1b. of water at temperature corresponding
with p;

! the latent heat of evaporation of 1 lb. of steam at the
pressure p ;

and z the dryness fraction after adiabatic expansion from the

pressure p, to the pressure p, the steam being initially dry.

Ta=-G+a)} (1)

But the weight-flow W is given by

Su
W=y
~V Dbeing the volume of 1 lb. of dry saturated steam at the
pressure p.
S w - So uo‘
Hence W = 2V -V,

the suffix o denoting the conditiors at the throat,

xV u,
O{L'o Vou . . . . ) . (2)

therefore S=8S8

The area of the section at which the pressure p exists is known
in terms of the area of the throat, and « and x, can be found from
the energy chart. Thus a curve may be drawn showing the
pressure or temperature distribution along the axis of the nozzle.

If the actual pressure at the section S is p' instead of p, and if it
is assumed that the only losses in the nozzle are those due to
friction,

u,Z ! ry
then , : %=J{A1—(h + 2’ ')}
Ad
and W=—w'V'
u'2 3 (, .A.’LL’ ’)}
Therefore T J{Al— k +WV’Z; .« (3)

and W for the nozzle may be found from the theoretical equations,

1 A, Stodola, ¢‘ Steam-Turbines,” p. 47.
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which Rateau,® Mr. W. Rosenhain,? and others have proved to be
practically correct. Equation (3) gives the actualvelocity at the section
S, and the efficiency of the flow up to this section is thus equal to

There will be another loss at the end of the nozzle due to the
~udden expansion of the steam to the back-pressure existing in the
exhaust-chamber.

All these calculations assume that no heat-exchanges take place.
If R units of heat are lost through the walls the velocity (1) will be

given by
ltll 2 ( A 21/” N g
— = A, — U . 4
R CEER GRS 0 B C

whilst if R units are added to the stream,

u' 2 u”
;g=J§A1+R—(h'+V*?7V,l')} . (5)
equation (4) will give a lower and equation (5) a higher value than
equation (1).

Discussion of the Results.—The results obtained with the metal nozzle
are plotted as a temperature curve in F'g. 6, together with the
theoretical frictionless adiabatic curve. The curves are only plotted
from the throat to the end of the nozzle, since the entrance was too
short to allow of temperature measurements being taken along it
with any accuracy.

It will be noticed that the experimental temperature at the throat
was only 284 1° F. instead of the theoretical 285:7° F. The actual
temperature-curve drops more quickly than the adiabatic for about
a third of the total length of the nozzle; it then begins to fall less
quickly until, at 0-85 of the length of the nozzle from the throat, it
cuts and rises above it; the actual temperature at the end of the
nozzle being 217-5° F. instead of. the theoretical 216° F. Now the
velocity at the end of the nozzle calculated for adiabatic (not
necessarily frictionless) flow from this final temperature of 217-5° F.
was 2,520 feet per second, while the velocity for frictionless
adiabatic flow in the nozzle was 2,532 feet per second. From this it
would appear that the efficiency of the nozzle was about 99 per cent.—

1 A. Rateau, “ The Flow of Steam through Nozzles and Orifices.” London, 1905.
* ¢ Experiments on Steam-Jets.” Minutes of Proceedings Inst. C.E., vol. exl,

p- 199.
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a very high value. The matter requires closer consideration,
however, and Fig. 8 shows the velocity-curve obtained from the.
experimental temperatures by assuming no heat loss, together with
the velocity-curve for frictionless adiabatic flow ; it will be seen that
the first curve rises above the second at the throat and remains

Fig. 8.
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above it for some distance along the nozzle, But the actual
velocity could not be greater than the velocity for frictionless
adiabatic flow, and must therefore have been obtained from a wrong
assumption ; in short, the actual flow cannot have been adiabatic.
Now if heat were lost from the stewwm, the velocity would be too
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high when calculated for adiabatic flow from the temperature ab
any section; therefore iit would appear that the steam lost heat
along the nozzle. Unfortunately, in this case, the efficiency could
not be arrived at from the experimental results, as there was
no means of calculating the rate of heat-loss. Part of this loss
ob—bhro—theoat might be due to eddies at the entrance of the
nozzle, but the main part must be due to conduction of heat
through the walls.!

It was to obtain further evidence on this point that the
experiments with the porcelain nozzle were carried out. Since
porcelain is practically a non-conductor of heat, no heat exchange
through the walls could take place. The experimental temperature
curve for this nozzle is plotted together with the frictionless adiabatic
temperature-curve in Fig. 7, and in Fig. 8 the actual and theoretical
velocity-curves are plotted. In the former figure it will be seen
that the actual temperature-curve lies above the frictionless adiabatic
curve throughout. At the throat, the actual temperature was
301:5° F. against 286-7° F. for frictionless flow, while at the
mouth it was 234° F. as against 216° F.

If the efficiency at the end is calculated for adiabatic flow it will be
found to be only 60 per cent., while at the throat it is about 67 per
cent. It is to be feared that the frictional loss in this nozzle 1s
higher than in the metal one, and that these efficiencies are unduly
low ; but although this would lessen the value of the comparison
between the two, the experimental curve for the porcelain does
not show any of the effects that have been attributed to heat-
loss in the metal nozzle, as it is entirely above the adiabatic, and
has nowhere a greater slope. Even supposing the friction in the
porcelain nozzle to be three times that of the metal nozzle, the loss
in the latter would be much greater than is apparently shown by
the experimental curves.

Conduction of heat along the wires of the junction itself must be
very small, because of the small diameter of the wires; besides, the
friction of the steam against the junction would aid in equalising
the temperature of the two if any difference existed. Again, if the
conduction were appreciable, the experimental temperatures would
be too high, and the real curve for the metal nozzle would be
still further below the adiabatic.

The temperature registered by the junction might be rather
higher than the mean temperature, owing to the friction of the

! Dr. Grindley has proved that there is such a heat-loss during flow through
an orifice in a thin metal plate. See Proceedings Royal Society, vol, 66,
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steam causing it to be superheated along the wire, but again this
would also cause the real curve of temperature to be below the
actual curve obtained.

Although the transmission of heat between a vapour and a sur-
face probably varies directly as the velocity, the loss of heat will
become less and less as the steam travels towards the end of the
nozzle, because the temperature gradient between the outer wall and
the core decreases. Some heat will travel along the walls of the
nozzle, since the temperature of the walls must be higher at the
throat than at the outlet, and possibly this may be given back to
the steam at the end of the nozzle. But the friction of a vapour
against a surface varies as some power (greater than 1) of the
velocity, therefore the friction increases along the nozzle. It was
thus probable that the friction-effect overcame the conduction-
effect as the end of the nozzle was reached, causing the temperature
curve to rise above the frictionless adiabatic curve, as shown in
Fig. 6. It might be thought that the conduction of heat from the
core of the stream to the walls of the nozzle would be inappreciable
because of the very low conductivity of gases. But it must be
remembered that the velocity of the steam in the nozzle was much
above the critical velocity for steady motion of a gas, and that the
rate of transmission was thereby greatly increased.

The experiments made by Dr. Stodola and others did not show
this dip of the actual temperature curve below the adiabatic, but
their method of experimenting was to measure the pressure gradient
in the nozzle by means of a tube having a hole bored in the side,
and communicating with a pressure-gauge. Besides greatly in-
creasing the friction loss, this method could not be considered so
reliable as the thermo-electric measurement of the temperature,

Fig. 9 shows the results of experiments made with the metal
nozzle with an initial pressure of 64-7 1bs. per square inch absolute,
i.e. less than the 947 lbs. per square inch absolute for which
it was designed ; the frictionless adiabatic curve is also given. It
will be seen that the actual curve is entirely above the latter, and
that it falls continuously along the axis, reaching a temperature
lower than that corresponding with the back-pressure at the end of
the nozzle.

Many experiments made with various initial pressures gave the
same result, which is contrary to that obtained by Dr. Stodola.

Summary.—The chief conclusions to which these experiments
lead are:—

1. It is possible to measure accurately the temperature at various
points in a nozzle by means of a thermo-junction.
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2. It is shown by this method that there is a definite transfer
of heat from the steam in the nozzle to the walls, part of which
travels along the walls and may be given back to the steam at
the end.

3. It is, therefore, incorrect to calculate the efficiency of the
nozzle from the outlet-temperature without considering this heat
loss.

4. With a nozzle of non-conducting material this heat transfer

Fig. 9.
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does not occur, and if the bore can be made smooth enough, such
nozzles would probably prove more efficient in actual practice than
those made of metal.

5. When the initial pressure is less than that for which a nozzle
is designed, the temperature falls continuously along the nozzlé
and reaches a temperature lower than that corresponding with the
back-pressure at the outlet.
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In conclusion, the Author desires to express his indebtedness to
Professor Watkinson and Dr. Grindley for their valuable suggestions
during the progress of the experiments, and to Mr. Okill (Research
Assistant at the Walker Engineering Laboratories), who was
associated with him throughout the experimental part of the work.

The Paper is accompanied by nine drawings from which the
Figures in the text have been prepared.
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224 Batho on the Distribution of Slress

MECHANICAL SECTION.

Chairman—H. H. VAUGHAN.
Vice-Chairman—W. J. FFRANCIS.

A meeting of the Mechanical Section was held on Thursday,
25th April, at 8.15 p.m., Mr. J. M. Shanly in the chair. A paper
on “Distribution of Stress in Certain Tension Members,” by DMr.
Cyril Batho, A.M. Can. Soc. C.E., was read by the author,

PAPER No. 328

THE DISTRIBUTION OF STRESS IN CERTAIN TENSION
MEMBERS.

By C. BatHo, A. M. Can. Scc. C. E.

It is becoming generally recognized among engineers that a
correct knowledge of the strength of structural members cannot
be obtained by breaking tests alone., This is more especially
the case with built up members in which it is probable that, as
soon as some part reaches the elastic limit, the distribution of
the load may change, so that the breaking load and the appear-
ance of the specimen at fracture may not be any true guide to the
action of the parts under working loads.

The most satisfactory way of obtaining a knowledge of the latter
is by measuring the actual strain distribution under working loads,
or, at any rate, at loads within the elastic limit of the parts, by
means of some form of extensometer. Unfortunately, most forms of
extensometers are open to many objections for this kind of work;
some are inaccurate, others only measure the average strain over a
long length, and nearly all are more or less complicated, take up a
great deal of space and cannot be used in positions which are diffi-
cult of access, such as the interior of a built up column or between
two angles. The writer knows of only one form of extensometer
which, when proper precautions are taken, may be said to approach
the ideal for this purpose. This is the Martens Extensometer,
invented by Professor lartens, director of the Konigliche Material
Priifungs Anstalt at Grosse Lichtefelde West, Berlin. This in-
strument is extremely simple in construction, easy to calibrate, and
may be used in the most confined positions. (See Fig. 4.) It does not
appear to have received the attention it deserves, possibly because of
its simplicity, or because of inaccurate results obtained by lack of
certain necessary precautions in its use. Under the conditions of
the experiments described later, it was found to be capable of accur-

ately estimating the strain over a length of 4” to “. The
100,000
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Martens Extensometer was first used in the Testing Laboratory of
McGill University, in 1906, for such work as is here described, but,
owing to the fire of 1907, research work was considerably delayed,
and has only lately been resumed.

The present paper gives an account of experiments made at
McGill University to determine, by means of strain measurements
with the Martens Extensometer, the distribution of stress in single
and double angles with riveted end-plates loaded in tension, and to
compare it with the theoretical distribution under different assump-
tions. Experiments are still in progress on similar members in
compression and on built up members, and it is hoped that the
present paper may be only a first contribution on the subject.

The experiments on built up members indicate that these do not,
in general, act as one solid piece, but that the separate parts must
be considered as eccentrically loaded members subject to constraints.
From this it appears that the only way to build up a satisfactory
theory of the action of such members is to commence with the pro-
blem, which is important in itself, of a uniform piece subjected to an
eccentric load, and to work up gradually to more complicated
members. This preliminary problem, with its application to the
simplest form of compound member made from two angles placed
back to back, is the subject of the present discussion.

Theoretical Considerations.

The method of finding the distribution of stress in a piece of
uniform cross section, subjected to a load which is eccentrically
applied, but which lies in an axis of symmetry of the cross-section,
is well known and need not be considered in detail here. In this
case the resultant stress at any point of the cross-section, the lateral
deflection due to eccentricity being neglected, is given by the
formula

f=%4_—i\;2’ R |

Where N is the normal load, A the area of cross-section, I the
moment of inertia of the cross-section about an axis in its plane
through its centre of gravity and perpendicular to the line of
symmetry on which the load axis lies, ¥ the perpendicular distance
of the given point from this axis, and e the eccentricity of the load,
i. e. the distance of its point of application from the centre of
gravity of the section. The - sign must be taken for points on
that side of the centre of gravity on which the loading axis lies,
and the — sign for points on the other side of the centre of gravity.

The equally, if not more, important case of a load applied
eccentrically, and not in a line of symmetry of the cross-section
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(which includes, for example, the case of a single angle under
tensien riveted by one leg, and probably, as will be seen later, many
cases of built up members where the load is apparently in a plane of
symmetry) seems to be little known in this country, although it has
been investigated thoroughly by many German writers. The
only complete account in English, known to the writer, is in a paper
by L. J. Johnson, Trans. Am. Soc. Civil Eng., Vol. 56, 1906*. The full
development of the formule is considered in Appendix I,
and only an outline of the method and the details of actual calcu-
lation will be given here.

o

kig. 1.

Consider a straight bar of uniform cross-section subjected to a
load 1, parallel to the axis of the bar, but which does not pass
through the centre of gravity of the section. Let K (Fig. 1) be the
loading point and G the centre of gravity of the cross-section. If
KG is an axis of symmetry of the cross-section, the case will be
that considered above, bending will take place about an axis in the
plane perpendicular to KG and the maximum stress will be at a.
If, however, K does not lie on an axis of symmetry, the neutral axis

*See Appendix I.
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will be in some other direction such as nn, and the maximum stress
will occur at b. Choose any convenient rectangular axes Gz, Gy
through the centre of gravity (if the section is a standard one of
which the moments of inertia are tabulated in the hand books, Gz
and Gy should be the axes of the given moments of inertia) and
indicate the angle KGx by A Then the inclination, a«, of the
neutral axis to the axis Gz is given by the equation

]x—j l‘an)\
] —_[yfa]lk ...... ee e e

Where I- is the moment of inertia of the cross-section about Gz, Iy
the moment of inertia about Gy and J, the product of inertia about
Gz, Gy. The only assumption made in deducing this is that the
distribution of stress follows a linear law. Expressing this symboli-
cally, and forming three equations expressing that the total normal
internal force across the section is equal to N, and that the sums of
the moments of the internal forces about Gz and Gy are equal to
the moments of N about Gr and Gy respectively, equation (2) may
be deduced. (See page 23.) In a similar way the equations

1 v—x lan a
f=4\«7 [I_*_j—[y z‘ana.xk:l cee e oo 3
.1 v -« tan a
f:.\ [jffx—j{ana’l'k] " |

giving the stress, f, at any point (z, y) of the cross-section, may be
found. In these equations A4 is the area of the cross-section and zx
and y are the co-ordinates of the load point K. In order to find the
maximum stress, all that is necessary is to substitute for z and ¥ in
(3) or (4) the co-ordinates of the point b furthest away from the
neutral axis. This may usually be determined readily by inspection.
If f be made zero, either (3) or (4) will give the equations of the
neutral axis and thus its position may be found.

The above equations become much simpler if Gz and Gy happen
to be the principal axes of inertia of the cross-section, for in this
case J is equal to zero. The moments of inertia given in the hand
books for standard angle sections, etc., are not taken about the
principal axes. For this and other reasons, it is better to take the
axes for such sections parallel to the legs of the angle and to calcu-

late J, which is
ff ry dr dy

taken over the section. This is usually easy to evaluate, as will be
seen from the example considered later.

A few points in the application of this theory to long members
subjected to tension or compression must now be considered. In

tan a =
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deducing the above equations it is, of course, assumed that the piece
is free to bend in any direction. If it does so, the point K will be
differently situated relatively to the cross-section at different
sections, and this must be taken into account if correct values are
to be obtained for the stresses, especially when near to the central
section of a long member. In practice this will usually be a need-
less refinement, but in attempting to verify the theory by experi-
ment, it must be considered. If the ends of the piece are con-
strained in any way, say for example, by the grips of the testing ma-
chine or the end connecting plate, or by riveted connections in actual
structures, a constraining couple will be introduced, and this will
have the effect of altering the position of the resultant force N¥. One
of the deductions made from the experiments to be described is that
the connecting plate in the case of riveted single angles does not
introduce any considerable fixing couple, except in the plane of the
plate, but, in attempting to build up a correct theory for the double
angle, this constraint must be considered.

As an example of the method of calculation of the position of the
neutral axis and the maximum sfress in the cross-section, the case
of a single angle 3" x3” x2%"” in cross-section, loaded at the middle
point of one of its external faces, will now be worked out in full.
This was the section of the angles used in experiments, and the
results obtained from calculation will be necessary in the discussion
of the experimental results.

A_F

Y

Fig. 2.
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Figure 2 shows the cross-section. The axes Gz and Gy are taken
parallel to the two legs of the angle. The following data are
obtained from the Cambria Steel Handbook.

A —1.44 square inches,

Ix=1;=—1.24 (inch)* units.

Distance of G from the back of the leg=—10.84". It is not very
convenient to calculate J for the axes Gz and @y, but as the calcu-
lation is very easy for the axes B C, B A, it will be made for these
axes first, and then found for the axes through Gz, Gy by means of
the formula

JB=Jc + Ark
where JB is the product of inertia about BC, BA.

J . is the product of inertia about Gz, Gy and (h, k) are the co-
ordinates of G referred to BC, BA. Now, using z° y  for co-
ordinates referred to BC, BA,

JB= ff Xy dx" dy'
3 3 3 I}
= ff x y dx' dy — fj z y dx dy

0 0 0.25 0.25
— 0.28 (inch)* units,
the angle being considered as the difference between two squares.
Hence

JG=0.28 — 1.44 x (0.84)*

——0.74 (inch)* units.

This is correct to the second place of decimals, neglecting the round-

ing of the corners of the angles, etc., which is close enough for most

purposes. It would save a great deal of calculation if the quantity
J were tabulated in the handbooks on steel.*

The angle is supposed to be loaded at the point K. Thus tan X\
KH 1.5 —0.84

his ca alto— — — —
is in this case equ Ha 0.8

= — (0.786
and the inclination of the neutral axis to the axis Gz 1is, from
equation (2), given by
1.24 - 0.74 x 0.786

lana = T3 =1 7T 104 x 0.786
= 2.81
Therefore a = 70° 24,

The maximum stress obviously occurs at A4 and may be obtained

*See end of Appendix I for a simpler method for calculating J.
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from equation (3) or (4). From 3, substituting ¥y — 2.16, x — — 0.84,

2.16 + 0.84 x 2.8l
_ v _ 216 ¢ 0.8 x 281 gy
Jfa=2 [0'69 T o =120 2w ¢ (708 ’]
—1.59 .V

The ratio of the maximum to the mean stress is, therefore,
1.59x 1.44 = 2.29, and thus the stress estimated on the not unusual
assumption that the load is uniformly distributed gives only 4317
of the correct amount.

The eqguation of the neutral axis may be obtained by giving
f the value zero in equation (3) page 4.

0.84
0—=10.69+—— (y—2x X 2.81)
4.71
or y—2.81 xr— 3.87.
It cuts G at the point £ —=1.22 and is shown by the line nn in the

figure.

It will be seen from the above that the calculation, using the
correct theory, is simpler than that assuming a neutral axis per-
pendicular to KG@ and equation (1) for the stress distribution, be-
cause the latter, besides being entirely without rational basis,
would involve the calculation of the moment of inertia of the cross-
section about an axis perpendicular to K@. If bending were in-
correctly assumed to take place about Gy the eccentricity of the
load would be 0.84” and the stress at A would be, from equation (1)

. [ 0.84 < 0.84

1.24
—1.26 N,

-+ 0.69 ] N

which is about 209, too small, whilst if it were assumed to take place
about Gz the eccentricity would be 0.66” and the stress A would be

[0.64 X 2.16

1.24
—1.84 N\,

+ 0.69 ] N

which is approximately 16¢; too great, so that the correct value in
the case of the given angle is approximately the mean of the values
assuming bending about Gz and Gy respectively.

The Experiments.

All the experiments to be described were made in tension on
specimens consisting of 3”x 3” x1” angles having different forms
of end connections. In the first experiments a simple angle was used,
one leg being cut off shor::r than the other, so that the specimens
could be gripped in the machine by the other leg. It was tested
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in tension under different conditions, with the object of verifying
the theory described above. It was found, however, that although
the distribution of stress was planar, the positions of the line of
pull varied with each placing in the machine, and the results are
not thought sufficiently interesting to be published. Experiments
were then made on the two single angle members shown in Fig. 3.
The angles were 4’ 73” long and 3” x 3” x}” cross section, and were
riveted by means of four §” rivets having a pitch of 23” to end
plates 3” and %” thick respectively, different thicknesses of end
plate being used with the object of determining the effect of the
restraint to bending offered by end connections of different stiff-
nesses. The results of the test are given in Tables I, II, and IV.
The remaining experiments were made on the double angle member
shown in Fig. 3. This consisted of two angles placed back to
back and connected at the ends to a loading plate %” thick, by four
§” rivets of 23" pitch.The results of the tests on this angle are
given in Tables III and IV. The machine used was the Emery test-
ing machine in the McGill University Testing Laboratory. This
machine is of the vertical {ype and has a capacity of 150,000 1bs. The
length of the specimens was governed by the limits of the machine.
The Emery type is eminently adapted to this kind of work, because
the line of pull is constant, the load may be very accurately esti-
mated, and there is an entire absence of vibrations which would
make the reading of the extensometer difficult.
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The Extensometers.

The extensometers used were a simplified form of the Martens
type, designed and constructed in the McGill Testing Laboratory,
where they have been in use since 1906, and have been proved
capable of giving very accurate results. Figure 4 shows the prin-

™

N

Fig. 4.

ciple of the instrument, and Figs. b and 6 show it in actual use on
the specimens. It consists essentially of a double knife-edge, K,
which fits between the specimen under test and a V groove in one
end of a steel strip 8, which is in contact with the specimen at A,
and is pressed against it by means of a clip ¢C. A change in the
length of AB causes the knife edge to tilt and the tilt is
measured by means of a telescope and scale, the scale being re-
flected in a mirror M attached to the knife edge. In the actual in-
strument the steel strip is 2” wide, 3” thick, and the length A B is 4”.
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The end A is turned at right angles and brought to a sharp edge so
that it may not slip on the specimen. The knife edge is of hardened
steel about 0.18” by 0.12” by 0.45”, and the mirror is attached by
means of a piece of steel knitting needle. The mirror is held in a
clip of thin sheet steel which is arranged so that it can slide and
rotate on the needle, a thin copper strip protecting its back from
injury. This clip permits of a small amount of lateral adjustment.
The mirror is about 3” square and must be as truly plane as possible,
as otherwise there will be an error introduced when the image of the
scale moves to a different part of its surface, as it must do if the
specimen deflects at all during test. In the original form of
Martens’ Extensometer there was a device for adjusting the mirror
and also a balance weight at the opposite side of the knife-edge, but
these refinements are not only unnecessary but cumbersome, and
make the instrument less adapted to use in restricted positions.
The extensometer is calibrated in a Whitworth Measuring
Machine and a ecalibrating rod is prepared for each instrument,
giving the distance from the scale to the mirror, so that a definite
distance on the scale may correspond to a given extension or com-
pression on the specimen. In the case of the experiments described
below, 3” on the scale, subdivided into ten equal divisions, corre-
sponded to 1 ”, so that the change of length of the specimens was

1000
easily read to 1 ” The length of the rod was about 4’, varying

100,000
with different instruments. The angle turned by the mirror in any
test is so small that there is no appreciable error in using a straight
scale for the readings. This is verified by turning the mirror in the
Whitworth measuring machine through much greater angles than
those through which it turns in the tests. It was also found that
different strips (S) did not affect the calibration, so that a knife-
edge could be used with different lengths of strip without re-cali-
bration. It is estimated that, under the conditions of test, the
instrument reads accurately to ) I
100,000

The kind of telescope used affects greatly the facility with
which readings may be taken., The McGill Testing Laboratory
telescopes were made at Charlottenburg, and are adjustable vertically
and horizontally, besides moving bodily about a vertical axis (See
Fig. 5). The extensometer must be carefully used in order to give
correct results. The mirror should be, in its mean position, parallel
to the scale and the telescope should be opposite to the mirror. The
clip must be arranged so that the knife edge is held quite firmly,
otherwise it will not tilt correctly. The best forms of clips are made
from pieces of copper wire.
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If the direction of A B (Fig. 4) remains unchanged during test,
the difference of the scale reading between two loads will be an accu-
rate measure of the strain of A B for the given load difference, but
if A B alters in direction this will not be the case. If, however, two
readings are taken, one with the extensometer in the position shown,
and the other with the knife-edge at A and the sharp edge of the
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strip at B, the mean of the two will be correct. When any doubt
exists it is always better to do this so as to eliminate possible error.

In the opinion of all who have used these instruments at MeGill
University, they are the most simple, practicable, and accurate
extensometers in use. It will be seen that they may be readily used
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in the most restricted positions, as, for instance, between the two-
angles of the double angle members, where the width is only %".
(Fig. 6.) The photograph shows two extensometers in use simul-
taneously between the angles.

The Tests.

All the tests, with one exception, were made with 4” exten-
someters, and, therefore, the stresses tabulated are mean stresses
over lengths of 4” In the case of the central sections, these stresses
must be very close indeed to the actual intensities of stress at the
middle points of the 4” For the end sections there may be some
error introduced by considering them as such, but it is not likely to
be large. It is only when the stress varies considerably over the
extensometer range, as at the rivets, that the readings cannot be
used to obtain values very close to the actual stresses at any point.

It will be understood then, wherever the reading at a given point
is spoken of, that it was actually taken over 4” range having the
point as centre. The extensometers were always arranged with the
strip parallel to the axis of pull, and, therefore, the stresses de-
duced from them give the distribution of normal stress over the
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cross-section, All the stresses tabulated are for points on the outside
faces of the angles. In the case of the single angles, the readings were
taken at the central section and at a section 3” from the loading
plate. The readings were taken across each section at intervals
of 3” (See Fig. 7). For the double angle, 10 readings with the
mirror at the lower end of the extensometer, and 10 with the mirror
at the upper end were taken at the same intervals across each angle
at the central section, and at two other sections, one B, 7%”, and the
other (. 13” from the loading plate (See Table III). Other readings
were taken at the rivets, but are not, at present, thought sufficiently
interesting for publication, as they do not give a measure of the
actual stress at the rivets.

The procedure of the tests was as follows. The specimen be-
ing placed between the grips of the machine, an initial load of 100
lbs. was applied. When two extensometers had been adjusted in
position, and convenient zeros taken, the load was increased to the
full amount, brought back to 100 lbs. and then again increased,
readings being taken in the case of the single angles at 5,000, 10,000,
15,000, and 20,000 Ibs., and in the case of the double angle at 10,000,
15,000, 20,000, 25,000, and 30,000 1bs. The load was then decreased
and the zero checked. Usually the extensometers returned to zero
and no readings were allowed to pass in which they failed to do so.
All the readings were repeated at least once before the extensometers
were mioved to other points. It was determined early in the course
of the experiments that the readings for all the riveted pieces did
not alter when the piece was taken out of the machine and replaced,
and so this was done whenever the machine was required for other
purposes. Three complete sets of experiments were made at the
sections tabulated, but there was very little variation in the results,
and the Tables are compiled from one complete set. The value of
E (Young’s Modulus) for each specimen was found by cutting
pieces from different parts of the actual sections and testing them
in tension. The mean value of E, which did not differ greatly for
the different specimens, was 28.6 x 10°* 1bs. per square inch, and this
has been used in reducing all the results.

Careful measurements were also made of the lateral bending of
the specimens at different points along them, by means of small
scales graduated in 1 ”, and read through telescopes.

100

The scales were arranged so that the deflections of the points
A and B (Fig. 7) at each cross-section, were obtained in the direc-
tions r and y, and thus the actual twist of AB was found. Table IV
gives the principal results of these tests, which are used in determin-
ing the exact position of the load axis, as will be described later.
Only the mean of the deflections at A and B is given in the table, as
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these were the values used in the reduction of the experimental
results.

The Results.

In Tables I-III the stresses at the given points of the various
cross-sections calculated from the actual extensometer readings
are given. These were obtained by dividing the mean of the exten-
someter readings (with the mirror at upper end and with it at the
lower end respectively) by 4", and multiplying by the mean modulus
of elasticity for the piece, this being obtained by experiment, as de-
scribed above. In Figures 8-13 (Plate 14) the actual mean extensometer
readings are plotted, the mean straight lines being continued so as
to give the maximum strain occurring at each section. The stresses
corresponding to these estimated maximum strains are tabulated in
Tables VI and VII, together with the ratio they bear to the average
stresses over the sections.

It will be noticed, on examining Figs. 8-13 (Plate 14), how very
ciosely the assumption of a linear distribution of stress over the
cross-section is borne out by the experimental results. This is especi-
ally remarkable as the specimens were not elaborately prepared, but
were ordinary shop products. The greater deviations from the mean
occur in Figs. 8 and 10, which are for the unconnected limbs of the
{wo single angle specimens at sections 3” from the loading plate. In
these cases the deviations seem to follow definite curves, which are
not only similar for the same place at different loads, but for the two
different pieces. It is, therefore, probahle that they are due to a
real deviation from the linear law caused by the proximity of the
sections to the rivets. This view is borne out by the results of
experiments made with the object of determining the stress dis-
tribution near the rivets. Figs 9 and 12 also show rather large
deviations, but these must be set down to irregularities of cross-
section. The largest of these, in Fig. 9 (for specimen with 3
plate), is at point 8, for the 20,000 1b. load, and amounts to about
6.6, whilst the largest in Fig 12, for the left side of the double
angle, is about 4.5¢.. In the other figures there is scarcely any
deviation from the straight line. The stresses for the corner of the
angle, obtained by producing the curves for the points 6-10
downwards, and those for 1-5 upwards, also agree in a very striking
manner, as will be noticed from the figures, where the points sur-
rounded by circles on the curves for 1-5 correspond with those
found by producing 6-10.

These results show that the greatest confidence may be placed
in the extensometers used, and that the assumption of a linear law
for the stress distribution is justifiable.
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The truth of this law having been established, the position of
the neutral axis may be found for each load on a given section, and
also the position of the load axis, according to the theory described
above (page 4).

As the method of reduction is similar for all the experiments,
one example will suffice to explain it. Consider the central
section of the single angle member with 3” end plate, for which
the stresses are given in Table 1, and the strains are plotted in Fig.
11 (Plate 14). The constants of the cross-section are given in Table 1.
The line of stress for the points 1-5, at the 20,000 1b. load, inter-
sects the base line at a point distant 1.88” from the corner of the
angle. This is, therefore, the point where the neutral axis cuts the
leg BC of the angle for this load. Its distance from B is called b
(See Table V). If the line of stress for the points 6-10 be produced
until it reaches the base-line, as shown to a different scale by the
small figure (Fig. 11), another point of zero stress may be found.
Its distance from B is 7.5”, and is called ¢ (Table V). The ratio of
a to b gives the tangent of the angle of slope of the neutral axis to the
axis G.r, which is called « in the analysis given above (page 4). In this
case it is equal to 3.99 corresponding to an angle o« —75° 3’ The
neutral axis is thus determined and the loading point (zx, ¥x) may
be found from equations 3 and 4, the axes being taken through the
centre of gravity parallel to the legs. In order to simplify the cal-
culations, the point of zero stress on the leg BC is taken. Thus f
in equations 3 and 4 is equal to zero, whilst the co-ordinates (z, ¥)
are r—1.88—0.85—=1.03, and y——0.85, the distance of the
centre of gravity from the back of the angle. (This is a little
different from the distance for the standard angle, because the
section was slightly heavy. See Table 1.) The values zx and yx,
found in this way, are £—— 0.80, y — 0.59. These are the co-ordin-
ates of the point of action of the resultant load at these sections
referred to axes through the centre of gravity of the section. In
Table IV the deflections of this specimen at different cross-sections
for different loads are given. Considering the centiral section,
taking the mean of the deflections at these points A and B for a
load of 20,000 lbs., and subtracting from these the deflections
similarly taken at the middle of the riveting, a correction may be
found for zx, yx, and, if this is applied, it will be found that the
point of loading referred to the co-ordinates through the centre of
gravity of the section, midway between the extreme rivets at the
ends. is xx ——0.89, yx=—10.63. In a similar manner all the other

figures in Table V have been obtained.

Discussion of the Results—Single Angles.

Consider Figs. 8-11 (Plate 14). If the point of application of the
resultant force remained unchanged relatively to the section during
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loading, the stress lines in each of the figures would intersect at one
point for all loads, 1. e., the distances @ and b would be the same for
different loads on the same section. This is not quite the case, as
will be seen on inspection of the figures and tables. For example,
at the central section of the angle with the %” plate, the point of
application varies from (—0.90, 0.65) at 5,000 1bs. load to
(— 0.80, 0.59) at the 20,000 1b. load. This is largely due to the
lateral bending of the members, and may be corrected from
Table IV. In order to obtain a proper basis for comparison, the load
point should be referred to the sections at which the load enters the
angle. There is, of course, some uncertainty as to the exact position
of this cross-section. It must be somewhere between the end of the
angle and the end of the loading-plate, and it seems most nearly cor-
rect to take it at the mean section of the rivets, i, e., between the two
middle rivets. This has been done in the tables and the resulis
must be close to the correct positions of the loads. It will be seen
that this position is practically constant for the central section of
the angle with the %” plate, and its mean is a point having co-
ordinates (— 0.91”, 0.64”) (referred to the axes through the centre

of gravity) which is 1" away from the centre of the connected

limbs, and .06” within the load plate. For the angle with the
1” plate the results are slightly more variable, their mean being a
point having co-ordinates (0.91”, 0.67”) (referred to the axes through
the centre of gravity) which is 0.02” from the centre of the con-
nected leg, and 0.06” within the load plate. The mean angle of
inclination of the neutral axis to the unconnected leg, for:-the angle
with the §” plate, is 76°, and for the other angle 76° 50’. It appears
from these results that there is a remarkable agreement between
the action of the two angles, notwithstanding the great difference in
the stiffness of their end connections. The results for the sections
near to the ends give for the load points (— 1.01, 0.67) and
(1.04, 0.71) for the specimens with the §” plate and %” plate re-
spectively. These points are 0.16” and 0.20” respectively within the
plate, and are .03” and .07” respectively from the centre of the con-
nected leg. Here also the two different angles behave alike. The
reason for the change in position of the load axis at this position is
probably that some moment is caused here by proximity to the
riveted joint.

Additional evidence that the heavy end plate does not appreciably
restrain the bending of the angle is afforded by the deflections given
in Table IV. It will be seen from these that the mean deflection of
the central section of the connected leg in the direction of x,
measured from the end of the angle, is 0.14” in the case of the g”
end plate, and 0.15” in the case of the %3” end plate, whilst in the



In Certain Tension Members 241

direction of y, the values are 0.04” and 0.06” respectively. The
difference between these values for the plates is small, especially
considering that the first angle is slightly heavier than the other.
In Appendix II a formula is developed for the central deflection of a
piece subjected to an eccentric tensile force. It is shown that, when
applied to a single angle of the dimensions of the specimens, the
deflection of the centre of gravity arrived at is 0.15”. This is in a
direction perpendicular to the neutral axis and assumes the load
axis to be at the middle of the outside face of the connected leg.
When this displacement is resolved parallel to Gr it gives 0.145”,
and parallel to Gy 0.05”, which are close to the experimental values.

Now the constraint offered to bending by the %” end plates is
probably greater than that due to any end connections used in
practice. Thus it will be evident, from the above, that in very
few practical cases can the end of a single angle structural mem-
ber be said to be fixed.

Careful measurements were made of the deflections of the plate
and the angle near to the rivets, which showed that both bent to-
gether. The want of end rigidity must, therefore, be due to the stiffness
of the angle being much greater than the stiffness of the plate, and
not to any yielding of the rivets.

The next question which must be considered, is the position of
the load axis. Evidently, from the above, it will not depend very
much on the stiffness of the end connections. In Table VI the actual
maximum stresses from measurements are given, together with
those obtained from the theory, assuming the load axis as worked
out from the experimental results. It will be seen that the agree-
ment between the two is very close for the angle with the 3" plate.
For the other angle, the calculated results are all 3% or 49 higher
than the extensometer resuits, but a small variation in E would
obviously bring them into agreement, and in any case the differ-
ence is small.

The truth of the theory may thus be said to be verified by the
experimental values, and the stresses given in the second column of
Table VI must be very close indeed to the actual maximum stresses.
Considering the ratios of maximum to mean stress over the section,
given in the last column of Table VI, it will be seen again that the
two different angles behave very similarly, the ratio falling at the
central sections from 2.23, at the lowest load, to about 2.10, at the
highest. This change is, of course, due to the bending of the speci-
mens. In the first column of Table VIII the stresses calculated
from the mean position of the load axis, allowing for bending, are
given, the ratio of maximum to mean stress being 2.16 for each
angle. This may be taken as the mean experimental ratio for both
of the sections. In this table the theoretical maximum stresses for
different assumptions of the load axis, neglecting bending, are also
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given. It will be seen that the assumption which best fits the actual
case is that the load axis is 1” from the centre of gravity, corre-
sponding to a point 0.15” and 0.16” respectively, within the load
plate. (The values of « do not, of course, correspond exactly, be-
cause the deflection has not been considered.) The stresses at the
ends of the piece are somewhat higher and correspond more closely
to a load-axis at the junction of the plate and the angle, and it would
seem that the best practical rule for obtaining the maximum stress
of such a member would be to take the load-axis as along the line
of rivets, and at the junction of the plate and angle, neglecting
deflection. This would give results slightly on the safe side.

The Double Angle.

In figuring a section consisting of two angles placed back to
back, connected by a plate to which the load is applied and riveted
together at intervals, it is usually assumed that the section acts as
one piece, i. e., as a T section, thus bending about a neutral axis
parallel to the unconnected legs of the angles. The load is thus
assumed to act in an axis of symmetry of the cross-section, and the
maximum stress in any given case may be easily calculated from
equation 1 above. Applied to the experimental section, this method
would give the ratio of maximum to mean stress as 2.65. A glance
at Table VII will show how very far such calculated results are from
the actual experimental values. In the actual specimen., the two
angles did not take equal portions of the load, the angle L taking
more than the angle R, but the greatest of the maximum stresses
is only 2.28N at the lowest load, falling to 2.156N at the highest.
The reason for this will be evident from Fig. 12, where the distri-
bution of strain across the central cross-section is plotted for
different loads in exactly the same way as in the case of the single
angles. It will be seen from these figures that the two angles of
the member bend each about its own neutral axis, and that they thus
act like separate angles constrained at their ends, The results were,
therefore, reduced to find the point of loading and the angle of
inclination of the neutral axis, in the same way as for the single
angles, and the results of the analysis are given in Table V. It
will be seen from these that the angle of inclination is 20° 18’ for
the right hand angle, and 18° 48’ for the left hand angle. 'The load
axis for the right hand angle has a mean position (— 0.36, 0.46), and
for the left hand (— 0.43, 0.55), and is constant for all the loads,
except the lowest (10,000 1bs.). The results were not corrected for
lateral bending, although deflections were measured (See Table 1V),
because the deflections were small, and it was recognized that these
results could not, by reason of the unequal distribution of the load
between the two angles, be so closely analysed as the resultg for a
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single angle. Assuming that the angles, if acting separately and
unconstrained at the ends, behaved as in the experiments described
above, the effect of the end constraint, caused by the riveting of the
angles back to back, may be found from the shift of the axis of
loading. This may be assumed at the centre of the connected leg for
separate action, 4. e., at the point (—0.84, 0.66). It has, therefore,
shifted in the case of the angle R through a distance equal to
vV [(0.84—0.36)*4 (0.66—0.46)?] =—=0.52”, and in the case of the
left hand angle through a distance of 0.42”. This means that a
restraining couple of moment 0.52 N inch 1bs. acts on the right hand
angle and a couple of 0.42N inch Ibs. on the left hand angle.
Consider the adjoined figure (Fig. 14), which represents the two

/?,\ Y
!
]
!
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l; x
_____ R B
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& <
Fig. 14.

angles, G, being the centre of gravity of the right hand angie, G,
that of the left hand angle. K, and K, represent the loading points
for separate action, and L, and L, represent the actual axes of load
found as above. The bending moment on the sections acting
separately would be N, X K; G, and N. X K, G, respectively, where
N, and N, are the loads carried by the angles. The actual moment
for the right hand angle is L, G, X N,, and thus the constraining
moment is K, L, X N;,=—0.52 V¥V about an axis perpendicular to
K, L, This may be resolved into moments

N, X K, L, cos 5,=2XN, X 0.52 cos ¢,
N, X K,L, sin o,— N, X 0.52 sin ¢,
parallel to G,y and G,z respectively.
0.66 — 0.46

= 0.417,
0.84 — 0.36

Now, tan ¢,—
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and the constraining moments are thus 0.48 N, about an axis parallel
to G,y and 0.20 N, about an axis parallel to G,z. Similar analysis
for the left hand angle leads to the values tan ,=—=0.27, moment
parallel to G,y = 0.41 &, and parallel to G, —=0.11 N,,

It is thus clear that the experimental angle is subject to im-
perfect constraints in directions parallel to the legs of the angles,
the constraint parallel to the unconnected legs being roughly 50%
of that required for perfect fixing, and the corresponding figure for
the connected legs being 209.. If the load had been applied through
pins in the end plates, the latter restraint would probably have been
almost zero, since it is due to the stiffness of the end connections.
In any actual members, however, there must be a certain fixing
moment in this direction, which is probably never very much
greater than the above experimental value. The length of uncon-
nected angles in this case was 28.5”, which is not greater than
that frequently used in practice, so that the restraining moment
parallel to the connected leg is probably of the same order as
that obtained in practice. It is hoped that other members
with different lengths of unconnected angles, etc., may be
tested in this way. With perfect constraint in both directions the
stress would, of course, be uniformly distributed over the section,
because the fixing moment would entirely counteract the eccen-
tricity. With perfect fixing about the axis parallel to the con-
nected leg and perfect freedom in a direction at right angles to it,
the ordinary theory would be correct, because the line of pull would
then be on G,y at a distance G, N, (Fig. 14). If, on the other hand,
there were no constraint in either direction, the action would be
like that of the single angle. In most practical cases there is prob-
ably imperfect restraint in both directions, as in the experimental
member. It must not be assumed, however, that the greater the
restraint the lower the maximum stress will be, because if, for
example, the angles in a member of the section considered above
acted separately, the ratio of maximum to mean stress would be 2.29,
whilst with perfect constraint against bending of the unconnected
limb, the ideal usually aimed at, it would be 2.65, about 16%
higher. With perfect constraint in the direction at right angles,
the ratio would be only 1.82, and with the actual imperfect
restraints in both directions it is 2.15. From these results it will
be seen that, for a member consisting of equal angles placed back
to back, it is not desirable to stiffen the member so as to make it
act as one single piece; and there must be many other cases of
built up members in practice where extra stiffness given by distance
pieces, diaphragms, etc., is a doubtful advantage. It must be re-
membered that the above figures only hold good for angles having
equal legs. In the case of unequal legged angles connected by the
longer legs, the stress may be much greater if they act separately,
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whilst if they are connected by the shorter legs, the reverse will be
the case.

Remarks on Built Up Members.

A Dbuilt up tension or compression member is one which is made
of two or more simple sections, such as angles or channels, fastened
together by rivets and by tie plates, lattice bars, or other con-
nections, as in the case of a large column. Probably the simplest
form is the double angle considered above. Such a built up member
is usually considered as acting like one piece, and the forces in the
tie plate or lattice connections are found on the assumption that,
if any bending takes place, the whole member bends like a beam.
The above experiments show that this is not true for the specimens
tested, and it would probably be more nearly correct to consider such
a member as an assemblage of simple members each trying to bend
about its own neutral axis, but more or less constrained by the sub-
sidiary latticing, etc. In the opinion of the writer, the only way to
arrive at a correct theo'ry of the action of such structures is to con-
sider the simplest cases first and to approach gradually the more
complex cases by introducing one constraint after the other, and
finding their effect by experiment and analysis. This opens the way
to a large field of research, to which it is hoped that the present
paper may form a first contribution. An example will make this
point clear. Consider a column in the form of a rectangle, built up
of four angles, connected by tie-plates or lattice bars, and loaded
through two loading plates riveted to the angles at the ends. The
ordinary theory would assume that the whole member behaves like
one piece, the tie-plates or lattice bars simply taking up the stress
like the web of a girder. According to the theory advanced here,
the four angles would be regarded as trying to bend about their own
neutral axes in the way a single angle has been shown to behave
above, and the tie-plates would constrain them against twisting, and
so would themselves be under bending stresses, the whole action
being, of course, somewhat complicated. It may be stated here that
actual extensometer experiments on such a column, carried out
under the direction of Professor H., M. Mackay, at McGill
University, entirely bear out this view, the stresses in the tie-plates
being fpund to be tensile on one side and compressive on the other.
It is hoped that these results will be published shortly. The writer
hopes to investigate the theory of this type of member by con-
sidering first the relatively simple case of two angles connected by
tie-plates.



246 Batho on the Distribution of Stress

Summary and Conclusion.

As stated in the introduction, experiments of the kind described
here are still in progress at McGill University. It is hoped to in-
vestigate in a similar manner single angle members in compression,
double angle members with equal and unequal legs in tension and
compression, as well as various forms of built up members. Experi-
ments on some of these are in progress.

The chief conclusions to which the present paper leads are:

(1) That the form of extensometer described is very accurate and
simple in operation, and that it is possible by its means to
obtain very closely the distribution of stress in a piece of
material under load;

(2) That experiments made with these extensometers on tension
specimens of uniform cross-section subjected to eccentric axial
loads not in an axis of symmetry of the cross-section, bear out
very closely the general theory for such a case;

(3) That the point of application of the load for a single angle
member loaded through a plate riveted to one of its legs may be
taken as in the line of rivets and at the common face of the
plate and angles;

(4) That the end plate, under ordinary conditions, offers no appreci-
able restraint to the bending of such a member;

(5) That a member consisting of two angles riveted together
through a connecting plate does not act as one piece, but that
each angle bends about its own neafral axzis, and that it is not
always an alvantage to attempt to make it act as one »niece by
further constraints;

(6) That a built up member should not be regarded as a single
plece bending as a beam, but as several pieces each trying
to bend about its own neutral axis, but restrained from doing
s0 by the subsidiary members, such as the tie-plates, or
latticing,

In conclusion, the writer wishes to thank Professor H. M. Mackay
(at whose suggestion the work was commenced), Professor K.
Brown, and Mr. F. P Shearwood, of the Dominion Bridge Co., for
their personal interest and advice; and Mr. S. D. Macnab, of the
McGill University Testing Laboratory, who was associated with him
throughout in the experimental parts of the work. He is indebted
to the Dominion Bridge Co. for the specimens used in the tests.
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APPENDTX 1.

Theory of the Distribution of Stress in a Uniform Bar subjected
to an eccentric force paraliel to its axis. Wwhich does not lie in an
azis of symmetry of the Cross-scotion.

This theory is to be found in the German text-books on Strength
of Materials, but it seems to have been neglected by most English and
American writers.* It was developed in one form by Mohr (See
“Technische Mechanik,” Otto Mohr, Berlin, 1906, P. 241). This form,
however, although elegant, is not adapted to practical computations.
C. Bach, in his work “Elasticitiat und Festigkeit” (p. 223, 4th edition),
gives the results referred to the principal axes of inertia of the cross-
section, and L. J. Johnson in Proc. Am. Soc. C. E.. Vol. 56, 1906,
works out the results in the form given here, which is that best
suited for calculation.

Fig. 15.

* Since writing this, a brief account of the theory has been published in the
second edition of Morley’s “‘8trength of Materials” (Longman’s).
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Let @ (Fig. 15) be the centre of gravity of the cross-section, K the
point of application of the normal load N, and Gz and Gy any
rectangular axes through G. If the point K coincides with G, the

N
stress over the cross-section will everywhere have the intensity T

where A is the area of the section. If K does not coincide with G,
there will be in addition to this stress bending stresses caused by
the moment M — N.K (¢, which has the axis GB perpendicular to GK.
Consider the effect of this moment acting alone. It would cause the bar
to bend about some neutral axis nn inclined at an angle a to the o —
axis. Let 5 be the perpendicular distance of any element 5, of the
cross-section from nn and let (&, y) be its co-ordinates. By the
ordinary laws of bending

f -1

E R R R R R 1
where E is Young's Modulus, R the radius of curvature of the cross-
section, and f the intensity of stress over da. For equilibrium
the sum of the moments of the stresses about Gz and Gy must be
equal to the components of the bending moments about these axes,

Therefore MsinN = Zfyda ... i 2
Meosh =Z frda ... ciiiiiiel ciiiiia 3
FEn E
But f: Fa =(ycosa — xsin a)k
R
Therefore z Msin\=Zy*dacosa — Z xydasina
=flxcosa — Jsina ... ... 4
and R ] S . < 2 .
E Meos N = Z v yda.cosa — T x* da sin a
=Jcosa — Iysina ........... ... D

Where I:. and Iy are the moments of inertia of the section about Gy
andGz respectively, and J is the product of inertia about (Gz, Gy)
Divide 4 by 5 and obtain

Iycos a— f sina

tan N =
I cosa — Iy sina

2nd on rearranging the terms

fan a = ]—x =/ tan A
S — Iy tan A
which gives the angle of inclination of the neutral axis to Gz. (The
IS

effect of the direct stress Z will be to shift this axis parallel to

itself to a position determined later).
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En
R
M sin N\ (y cos a — x sin a)
Ixcosa — [sina
Ny (y — x tan a) ~
I — J fan e e
and similarly from 1 and 5

From (1) f —

Nap(y — x tan a)
f = J — Iy tan a - 8
Thus the actual stress at any point (xy) will be
N Naxp(v— x tan a) 9

f =4 * J— Iy tana
the positive sign being taken because % was taken positive on the
side of nn on which the point K lies. Putting f—o0 in equation 9,
the equation of the neutral axis may be obtained. Various graphical
and semi-graphical methods have been devised by Mohr and others,
but they do not appear to the writer to have any advantages over
the above.

Note on the Calculation of J.

Let .J be the product of inertia about any rectangular axes,
and /G that about parallel axes through the centre of gravity of the
section. Then, if (x, y) are the co-ordinates of any point of the
cross-section referred to the former axes, (&2'y') those referred to

the parallel axes through the centre of gravity, and (z, f/)the'na):
ordinates of the centre of gravity referred to the first axes

J == xyda over the section
or J =2 +Z)0 +7)da
= I a j’l da + = .’?5/ da + = .?_l’/ da -+ E_;f: A da
=Jc+A4dx7y
because Svda=.47"=o0
and Zf8a = x = o

Prof. L. T. Johnson has called the attention of the author to
a much neater method for calculating J for angle sections, origin-
ally due to Miiller-Breslau.*

Suppose an angle is divided into two areas A, and A, by producing
one of the inner faces until it cuts the outer, and let G, and G, re-
spectively be the centres of gravity of these areas. Draw a line
through G, parallel to the leg bounding the area A. and through
G. parallel to the other leg and let these meet at O. Then J about
axes through the centre of gravity of the angle parallel to the legs
is given by

] A, A, ab
T A T4
where a=—=0G,, b = 0G..

This is a particular case of a more general proposition which
may be easily proved by means of equation 10 above.

*Miiller-Breslau—Graphische Statik der Ban-Constructionen I pp. 43, 44.
L. J. Johnson—*‘The General Case of Flexure,”” Journal of the Assoc. of En-
gineering Soc., YVol. XXVIII, 1902.
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APPENDIX II.

The lateral deflection of a uniform bar under an eccentric tensile
force parallel to the axis, but not in an axis of symmetry of the
cross-section.

Let OA (figure 16) represent the axis of the bar and let N be the
applied force of eccentricity d.

« - O

L

Fig. 16.

If the load were applied in an axis of symmetry the equation for
bending would be

2

dzy B

but since this is not the case, equations 4 and 5 of Appendix I must
be used. Squaring and adding, these give—

d*y 1 M 1
dx? R E 1/ [(Uxcosa — ] sina)? + (] cosa — Iy sin a)?|
Now, at any section M — N multiplied by the distance of the load
point from the centre of gravity.
The bending will be perpendicular to the neutral axis, and thus if
y be the distance of the centre of gravity from its position at the
end o, the eccentricity of any section

= [a’"’ + y* - 2 dy cos{goo -+ a.)}]

In many cases, including the angle section, the last term is
practically equal to 2dy, and the eccentricity then becomes.

(@~ »)
Thus the differential equation of the axis is
d*vy
S =Ry —d) . s 10

dx?
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where
N 1

k* = E VIUlxcos a — Jsin a)? + ([ cos a — Iy sin a)?]

or for the equal legged angle, since Ir—=I,—=—1
A.-\v

' k'_’ = E 'l/'/ tl: +j.2 _ 4 [/SZ.H, o cos a] ....................
Solving (10)

y=d+ Aek* + Be—kx

where A and B are constants.

ay
Now, when r — 0, ¥y =— o0 and when x:a,d—:o
T
Therefore —d=A4+ B
and 0= Aekdr _ Bg-—ka

and (12) becomes

—d e-—ka eka
Y= l-feka+g—kd'ekxh_eka+g—kae-kx

and the central deflection is given by

2
yzd[l_eka+e—ka] ....... .. .. - 13

This result will now be applied to the 3” x3” x 1” angle loaded at
the ends at the mid-point of one of its sides as in the case considered
above (page 228.). In order that the results may apply to the experi-
ments, a has been taken 28.25”, which is the half length of the
experimental angles, and N — 20,000 1lbs.

The value of d is /[ (0.84)% 4 (0.66)*] =1.07"

X

#=E V {2 J* — 4] I sin a cos a]
2= Vo 20,000
28.5 x 10% « 1.8

=0.02"

The deflection at the middle is, therefore, from equation 13

D
y = 107 [1 - e 0:566 + e-—u-sﬁb]
= 0.15"

In the experiments, deflections were measured parallel to the legs
of the angle. The components of the above in these directions are

0.15cose =0.15" « 0.942 = — 0.14

0.1 sina = 0.15" x 0.336 = (.05
which agree very closely with the experimental values. (See
page (17).




TABLE I.—Stresses corresponding to the mean extensometer readings for 3" x 3" x }’ angle with ' end-plate,

Area of cross-section 1.52 ()"

Distance from c. g. to back of angle 0.85"

I = 1.3l (in)* units. J = - 77 (in)*
E = 28.6 x 10°¢ Ibs per ("
» Tension -+

Stress s in Ibs per [ ]

Compression —

CENTRAL
SECTION

SECTION
3/’
FROM
END-PLATE

5,000
10,000
15,000
20,000

2,360
4,000
5,360
6,360

2,860
5,290
7,650
9,650

2 3 4 5 6 7 8 9 10

- 780 710 2,290 3.570 5,710 6.000 6,360 6,790 7,150
- 1,140 1,720 4,650 7,290 | 11,100 | 11,790 [ 12,430 | 13,150 | 13,880
- 1,140 2,790 7,000 | 11,000 | 16,400 | 17,500 | 18,200 | 19,300 | 20,450
- 1,070 4,140 9,360 | 14,370 | 21,400 | 23,200 | 23,880 | 25,400 | 26,950
- 1,220 640 2,070 3,640 6,080 6,290 6,650 6,800 7,080
- 2,430 1,500 4,290 7,360 | 11,900 | 12,300 | 12,950 | 13,300 | 13,880,
- 8,290 2,500 6,650 | 10,930 | 17,600 | 18,380 | 18,730 | 19,720 | 20,400
- 4,080 3,500 8,930 | 14,980 | 23,200 | 23,950 | 25,000 | 25,900 | 26,500

$80.498 Jo woynqQuisIq oY) uo oyvg



TABLE ll.—Stresses corresponding to the mean extensometer readings for 3” x 3" x }” angle with }” end-plate.

Area of cross-section 1.44 []"

Distance from c. g. to back of angle 0.85"

I =1.24(in) * units. ] = — 74 (in) * units.
E = 28.6 x 10° Ibs. per ("

STRESSES IN LBs. PER [ |"—TENSION + COMPRESSION —

Loap

N

(LBS.) 1

5,000 |- 2,430
CENTRAL 10,000 |- 4,360
SECTION

15,000 [ - 6,000

20,000 (— 7,000

5,000 [— 3,280
SEC;;r"ION 10,000 |-~ 5,930

FROM )

END-PLATE 15,000 (- 8,290

20,000 | - 10,300

2 3 4 5 6 7 8 9 10
U i — -
- 720 640 2,290 ! 3,500 5,790 6,080 6,430 6,790 7,510
- 1,280 1,500 5,220 + 7,150 11,400 12,090 12,430 13,300 13,940
- 1,280 2,500 7,430 10,670 16,680 17,800 17,930 19,600 20,600
- 930 3,790 10,000 14,000 21,700 23,300 23,450 95,690 27,100
- 1,360 640 2,430 4,000 6,210 6,430 6,790 7,150 7,440
- 2,500 1,430 4,860 7,720 12,160 12,500 13,150 13,720 14,380
- 3,360 2,430 7,440 11,430; 17,930 18,500 19,300 20,350 21,300
- 4,000 3,430 9,930 15,000 23,500 24,400 25,420 26,900 27,900

SLOQUID T WOISUD T UIDILD)) U]

o
(SF)



Constants for each angle are the same as in table No. II.

TABLE Ill.- -Stresses corresponding to the mean extensometer readings for 2—3" x 3” x 1" angles with £ end-plate.

Loap
SECTION N
(LBS.) 1
10,000 930
& 15,000 1.280
3 20,000 1,790
>, 25,000 2,220
m 30,000 2,780
4
B 10,000 1,290
2 15,000 1,860
b 20,000 2,360
= 25,000 3,070
30,000 3,720
E &
& K 20,000 2,220
m e -
" | § | 20,000| 3,220
= ~
] &
L E K 20,000 3,140
(ST =
o ) 20,000 - 3,720
A -

2

1,070
1,720
2,290
2,930
3,720

1,430
2,220
3,000
3,790
4,710
2,790

3,500

3,140
3,290

1,360
2,150
2,860
3,860
4,580

—..mqo
2,720
3,500
4,360
5,290
3,220

3,930

3,720

4,140

STRESSES IN LBS. PER [

4 5 6 vi 8 9 10

1,720 | 2,070 | 3,360 | 4,080 | 5,070 | 6,000 | 7,000
2640 | 3,290 | 5150| 6,150 | 7,580 | 8,860 | 10,580
3.570 | 4,360 | 7,000 | 83290 | 10,000 | 11,800 | 13,920
4570 | 5650 | 8,790 | 10,380 | 12,500 | 14,650 | 17,420
5430 | 6,710 | 10,430 | 12,430 | 14,930 | 17,500 | 20,740
2,000 | 2,220 | 3,290 | 4,080 | 5,140 | 5710| 6,710
2,030 | 3,430 | 5,210 | 6,50 | 7,500 | 8,500 | 9,650
4,150 | 4,650 | 6,860 | 8210 | 9,900 | 11,430 | 12,880
5070 | 5710 | 8,510 | 10,380 | 12,360 | 14,000 | 15,920
6,200 | 7,080 | 10,200 | 12,430 | 14,910 | 16,800 | 18,920
4,000 | 4,500.| 6,860 | 8,150 | 9,500 | 10,720 | 12,220
4,430 | 4,710 | 6,720 | 8,090 | 9,440 | 10,720 | 12,160
4,140 | 4,200 | 6,430 | 7,720 | 8,720 | 10,140 | 11,300
4430 | 4,860 | 6,570 | 7,870 | 9,200 | 10,300 | 11,330

x For this section, a 2’ extensometer was used.
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In Certain Tension Members

TABLE IV. Mean lateral deflection of the specimens.

I MEAN DEFLECTION OF A B
|
N ‘ With respect to middle ' With respect to end
SPECIMEN SECTION LOAD | of rivets | of angle
(LBS.) 1 X Y \ X Y
1 ALL MEASURED IN INCHES
| I
| 5,000 @ 0.03 0.0l | 0.04 0.01
10,000 0.05 0.02 0.08 0.02
" Central |
= 15,000 0.09 0.03  0.11 0.03
: 3 : 20.000 | 0.10 0.04  0.14 0.04
W & -
c g ‘
NE 5000 | 002 = 00l . 003 | 0.0l
5_-._-)" S from | 10,000 | 0.04 0.01 0.05 0.01
| end-plate ' 15000 | 0.05 0.01 0.08 0.02
20,000 0.07 | 0.02 0.11 0.02
5,000 0.03 0.02 0.05 0.02
. 10,000 0.06 0.03 0.08 0.03
-~ Central
5 15,000 0.08 0.04 0.13 0.04
ES
® {g 20,000 0.10 0.05 0.15 0.06
W o
< - -
o © 5,000 | 0.02 0.00 0.04 0.00
0
£ 2 from 10,000 0.03 0.01 0.07 0.01
end-plate | 150001 0.05 0.01 0.09 0.02
20,000 0.08 0.03 0.12 0.03
~ l
10,000 0.00 0.01 0.00 . 0.02
Central 20,000 0.01 0.02 0.01 0.03
L Left
%" 30,000 0.02 0.04 0.02 0.04
K
‘g 10,000 0.00 0.01 0.00 0.02
a
Central | 55000 | 0.01 0.02 0.01 0.03
Right
30,000 0.02 0.04 0.02 0.04

N.B.—All the deflections in the direction x are negative.
given are the mean of readings taken at A and B.

The values
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TABLE V.—Reduction of experimental results to find load axis.

!‘Ir H Estimated lEi‘t'imated_
e - oading axis
% Posolftzlon t?gringf Point ot li’gffilr'lg da::((las referl'rlgerd to
Neutr g
| Neutral Line | Fines! Zero Siress axes thro' c g‘a;f?ia‘i:dfgvectg
SPECIMEN | SECTION I(S;;s% | ¢ section
! i a b tan a X | v xk _vk; xki
F INCHES ALL MEASURED IN INCHES
|
e | 5,000 6.80 1.75 3.88 0.90|70.8570.90 0.650.93/ 0.66
= lCentral 10,000 7.40 1.80 4.11 0.95(0.85(70.86 0.63/°0.91 0.65
= 15,000 7.50' 1.85 4.06 1.00[°0.8570.82| 0.60,°0.90| 0.63
g 20,000 7.50 1.88 3.99 1.03)70.85/70.80' 0.59,70.89] 0.64
.;-1 = Mean values 4,01 a=76° 0.84/ 0.62 0.91| 0.63
= | - .
] ‘ _ _ i —
< 3 ) . 5,000] 9.07 1.66 5.46 0.81|0.85 0.99, 0.69 1.01 0.70
- 8" from | 10,000/11.86 1.70 6.98 0.85/ 0.850.96 0.65/1.00 0.66
K end-plate | 15,000(12.07 1.70 7.09 0.85 0.85, 0.96/ 0.65 1.01| 0.66
7 20,000[12.45 1.73 7.20 0.8870.85/ 0.94 0.66| 1.01] 0.68
Mean values  6.68 a=81°30' | 0.96{ 0.66] 1.01| 0.67
| |
s 5,000 6.00 1.70 3.53 0. 86/°0.84|0.84| 0.64]0.87 0.66
B Centra] 10,000 8.55 1.74 4.91 0.900.84|°0.90| 0.64/°0.96| 0.67
= 15,000 8.10 1.80| 4.50 0.96,°0.84/70.85| 0.6270.93| 0.66
® oo 20,000 7.87 1.89 4.15 1.05{ 0.84[70.79| 0.66, 0.89| 0.71
2E Mem values | 4.27 a=76°50 |0.84| 0.6470.91| 067
g3 o |
. 2 5,000 9.67 1.60 6.04 ' 0.76| 0.84 1.05 0.73{71.07| 0.73
o 3 from 10,000 9.00 1.63| 5.52 0.79/°0.84 1.0l 0.71, 1.04] 0.72
£ endoplate 13000 9.67 1.67/5.79 0.83)70.84{°0.97 0.681.02 0.70
% P 20,000 9.67 1.71 5.65 | 0.87,70.84/ 0.95/ 0.66|_1.03| 0.69
Mean values 5.75 | a=80°10" | 0.99] 0.69] 1.04| 0.71
| i : |
10000 1.48 4.77] 0.31 | 3.93,°0.84 |
15,000 1.77 4.77) 0.37 | 3.93 0.84 '
Central | 20/0001 1.77 4.77) 0:37 3.93 0.84 ] ol o 46
Right 25,000, 1.77 4.771 0.37  3.93 0.84[ 20 U*0
30,000, 1.77 4.77 0.37 | 3.93 70.84 ;
! B \Ie_an values i 0.37 a:‘ZOolS’ i
10,000 1.47 3.97] 0.37 = 3. 13g 70.84 ;
= Central 15,000 1.42 3.87] 0.37 . 3. 0‘;‘ 0. 84 1
& 20,000 1.41 3.87] 0.37 | 3.03/°0. 84 |
< | Left 25,000 1.24 3.87 0.32 | 3.03, 0. 84[0.43 0.55)
P 30,000 1.15 3.87| 0.30 | 3.03[ 0.84 |
< ’ Mean values 1 0.34 | a 180481 ‘
2 £ S | |
754" from® 20,000 2.35 7.13] 0.35 | 6.29 0.84] 0.24 0.3],
| i
‘ena-pxateag 20,000 2.46' 4.95/ 0.49 | 4.11 0.84) 0.33 0.39
| a ‘ -
| 2! |
3¢ fromg 2.70| 8.95 0.30 | 8.11 0.84| 0.24; 0.31
end-plate §| 20,000| 2.62| 8.65 0.30 | 7.81| 0.84/ 0.24 0.32
I
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TABLE VI.—Maximum Stresses. Single Angles.
Max. Stress
LOAD over section | RATIO lzlax. St;‘ess RATIO
SPECIMEN | SECTION from extenso-| Max. rom CaET 1 Max,
(LBS) meter lated load
. Mean axis Mean
readings
S 5,000 7,500 2.28 7,350 2.23
= Central 10,000 | 14,420 2.20 14,500 2.20
E 15,000 | 21,400 2.17 21,200 2.15
5 = 20,000 ' 28,000 2.13 28,000 2.13
W o _
g
o © , 5,000 7,500 2.28 7,500 2.28
% 3" from | 10,000 | 14,300 2.18 14,400 2.20
g end-plate | 15,000 21,100 2.14 21.600 2.19
« 20,000 | 27,600 2.10 29,400 2.23
T 5,000 7,850 2.26 7,710 2.22
o Central 10,000 '14.500 2.09 15,200 2.19
-‘; 15,000 21,500 2.07 22,350 2.15
o ;3 20,000 28,300 2.04 29,000 2.09
T o
S o
<z | 5,000 | 7,730 2.23 8,100 2.33
= 3" from | 10,000 | 15,000 2.16 15,900 2.29
& end-plate| 15,000 22,150 2.13 23,200 2.23
n 20,000 29,000 2.09 30,600 2.21
N.B.—All stresses are measured in lbs per |’
E=28.6 x 10° Ibs. per [}"
TABLE VIl.—Maximum stresses. Double Angle.
E=28.6 x 10° 1bs. per [_".
Maximum stress from RAI{,IIO
extensometer readings Max.
SECTION I(S;:) ean
Left Right Left Right
10,000 7,930 6,720 2.28 1.94
15,000 11,650 9,600 2.24 1.84
Central 20,000 15,300 12,880 2.21 1.85
25,000 18,930 15,900 2.18 1.83
30,000 22,450 18,930 2.15 1.82
73" from end-plate | 20,000 13,580 13,500 1.95 1.94
i
3,%’ from 20,000 | 12,500 | 12,600 | 1.80 | 1.81
end-plate




TABLE VIll.—Maximum Stresses for different positions of Load Axis.

!

Maximum Stress

calculated from

(a) ANGLE WITH 3 END-PLATE

MAXIMUM STRESSES (THEORETICAL) NEGLECTING BENDING

LOAD l mean experimental | | -‘ T ) T . .
| Joad axis allowing | Load axis having |Load axis at outside Load axis at middle| Load axis at junc- |Load axis at middle} Load axis at inner
(LBS) 1 for bending co-ordinates face of plate | of plate tion of plate & angle; of angle face of angle
(=81, .60) | (~1.00,.65) | (=1.60,.65) | (~1.23, .63) | (-0.85 .65 | (-0.72, .65) | (-0.58, .65)
5,000 7,100 7,100 5,610 6,540 7,480 7,800 8,140
14,000 14,200 14,200 11,220 13,090 14,970 15,600 16,290
15,000 21,600 21,600 16,830 19,630 22,450 23,400 24,430
20,000 28,400 28,400 22,440 26,180 29,940 31,200 32,580
Max-Mean 2.16 2.16 1.70 1.99 2.28 2.37 2.48
a 74° 55 840 3¢/ -760 12 840 H4 720 25 56° 24’ 320 36
(b) ANGLE WITH 3} END-PLATE
Maximum Stress MAXIMUM STRESSES (THEORETICAL) NEGLECTING BENDING
calculated from
LOAD mean experimental VT T |
load axis allowing | Load axis having |Load axis at outside Load axis at middle| Load axis at junc- ‘Load axis at middle| Load axis at inner
(LBS) for bending co-ordinates face of plate ot plate tion of plate & angle of angle face of angle
(—.81, .62) | (-1.00,.66) | (-1.09, .66) | (- .96, .66) | (-0.84, .66) | (-0.72, .66) | (-0.59, .66)
5,000 7,490 7,490 7,250 7,600 7,950 8,300 8,650
10,000 14,980 14,980 14,500 15,200 15.900 16,600 17,300
15,000 22,470 22,470 21,750 22,800 23,850 24,900 25,950
20,000 29,960 29,960 29,000 30,400 31,800 33,200 34,600
Max - Mean 2.16 2.16 2.09 2.19 2.29 2.39 2.49
a 75° 10 720 42 89° 16 81° 18§ 700 24 54° 48 32¢ 21
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(REPRINTED FROM THE JOURNAL OF THE FRANKLIN INSTITUTE,
AUGUST, 1915.)

THE EFFECT OF THE END CONNECTIONS ON THE
DISTRIBUTION OF STRESS IN CERTAIN
TENSION MEMBERS.!

BY

CYRIL BATHO, B.Eng., M.Sc,,
Assistant Professor of Applied Mechanics, McGill University, Montreal, Canada.

INTRODUCTION.

TuEe experimental study of the distribution of stress in
structural members has received considerable attention in recent
years. The experiments of American investigators upon actual
structures are well known. Most of these investigations, how-
ever, have been made with strain gauges, such as the Howard
and Berry, which, while excellently adapted to the more or less
rough determination of average strains in members of actual
structures, are scarcely suited to refined measurement of the dis-
tribution of strain in a member subjected to stresses which vary
considerably over the cross-section. Thus the analysis of the dis-
tribution of stress in single or built-up structural members and its
modification due to different types of end connections has scarcely
received the attention which 1t deserves from its practical im-
portance. The optical determination of complex stress distribu-
tion in transparent materials by the use of polarized light as de-
veloped by Coker, Mesnager, Honigsberg and others,? although
giving accurate results within its range, does not appear to be

! Communicated by Professor H. M. Mackay.
2 See British Association Report, 1914.
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130 CyriL BaTHO. [J.F L

capable of extension to the investigation of built-up members, as
the actual end conditions, connections between the parts, etc., can-
not be correctly imitated in glass or xylonite models. The thermo-
electric method would appear to be more promising, but has not yet
been sufficiently investigated. For the present it would seem as if
reliance must be placed upon measurement with some form of
extensometer. Most extensometers, however, measure only the
average stress over a considerable length, are bulky and incon-
venient, and cannot be used in positions difficult of access, such
as the inner portions of a built-up member.

Some time ago the writer read a paper before the Canadian
Society of Civil Engineers ® in which he described investigations
of the distribution of stress in certain members made with a sim-
plified form of Martens’ mirror extensometer constructed in the
laboratories of McGill University, Montreal. This instrument,
extremely simple in construction and operation, was shown to be
capable, when certain precautions are observed in its use, of
measuring strains accurately to i inch on a length as
small as 2 inches, and of being used in the most confined po-
sitions, such, for example, as the space between two angles placed
back to back and separated by as little as 34 inch. It was thus
proved to be eminently suitable for the laboratory investigation
of strain distribution in built-up members.

In the paper cited above, the distribution of stress in single-
and double-angle tension members riveted to end plates was con-
sidered. It was shown that the assumption of planar distribution
of stress over the cross-section was justified and that the actual
distribution in a single-angle member was closely in accordance
with that given by the theory of eccentric stresses developed by
Bach, Miiller-Breslau and others, and put into workable form by
Professor L. J. Johnson, of Harvard.* It was also shown that a
double-angle member did not act as one piece, but that each angle
bent about its own neutral axis, and thus the correct way of con-
sidering a built-up member was not to regard it as a single piece
bending as a beam, but as several pieces, each trying to bend
about its own neutral axis, but restrained by the subsidiary mem-
bers, such as tie plates or latticing.

Tn these experiments 3 inch x 3 inch x 4 inch angles were

8 Transactions Canadian Soctety of Civil Engineers, vol. xxvi, p. 224.
tSee Trans. Am. Soc. Civ. Eng., 1006, p. 160.
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used, riveted to end plates of the same width, that being the
greatest which would fit into the grips of the testing machine. In
this case the effect of the end constraints was found to be very
little in the case of the single angle, but it was thought advisable
to repeat the experiments with end plates more like the gusset
plates to which such members are usually attached in practice,
To this end special grips were made so that plates of considerable
size could be used, and the results of the experiments to be de-
scribed later show that there must be considerable end restraint
under practical conditions. In the present paper the effect of this
constraint is considered, and also the effect of changing the axis
of pull on the gusset plate, but the chief object is the investigation
ot the effect of lock angles at the ends of the members. In
practice the ends of single- and double-angle members are usually
secured to the gusset plates directly by a row of rivets between
the plate and the angle and indirectly through the medium of a
small angle riveted both to the gusset plate and to the member as
shown in Fig. 5, which represents the experimental specimens.
The function oi this small angle, called a “lock” or “lug”
angle, is supposed to be two-fold. First, by transmitting a pull
through both legs of the angle or angles forming the member,
it is supposed to lessen the eccentricity of connection, so that
often the stress is calculated as though uniformly distributed
over the cross-section: secondly, by allowing more rivets to he
used at the ends of the member, it is supposed to be equivalent to
lengthening the end connections. The writer hopes to show
that both of these claims are to a large extent unfounded; that
lock angles reallv serve verv little useful purpose, and that the
slight effect which they have, helpful or otherwise, cannot be
predetermined.

Before entering upon a discussion of the experiments a brief
account of the theory upon which the analyvsis of the results is
based will be given.

PART I.—THEORETICAL.

§1. The Distribution of Stress in [Lccentrically Loaded 1 emn-
bers of Uniform Cross-section.

A single angle such as is shown in Iig. 3. loaded in tension
or compression through rivets in one leg, is an example of an
eccentrically loaded member in which the load axis does not lie
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in an axis of symmetry of the cross-section. If the ends of the
member are not appreciably restrained from bending by the
end connections, the axis of loading may be said to lie along
the line of rivets and at the common face of the end plate and
the angle. This axis 1s represented by K in Fig. 1, which repre-
sents a cross-section of the member. It will readilv be seen that
the ordinarv theory of eccentric loading, which is true only for
loads applied in an axis of svmmetry of the cross-section, cannot
be applied to this case, and recourse must be had to the gen-
eral theory alreadv mentioned.® For a full account of this
theory the reader is referred to the paper by Professor L. J.
Johnson referred to above or to Appendix I of the paper by
the present writer in the Transactions of the Canadian Society

of Civil Engincers, vol. xxv1, p. 224. .\ brief #ésumé of the
FiG. 1.
A_F
n
K
N[ N
a X
H G
L/ :
/ |
& /n C

theory will be given here, as it is essential to the understanding
of the experimental results. Referring to Fig. 1, let G represent
the centroid of the cross-section and G and Gy be a pair of co-
ordinate axes parallel to the legs of the angle. Then, 1f NV be the
normal force applied at K, the stress at any point of the cross-

section will be equal to N \vhere A4 is the area of the section,

together with a stress arising from the bending moment N.KG to
which the angle is subjected. This moment will cause bending
about a neutral axis nn, which will not, as in the case of loading
in a plane of symmetry, be perpendicular to KG, but at an angle
a to Gx, given by the equation

ton @ — Ix—Jtaﬂ;
= T, tanz ' .. .. (1)

*L. J. Joknson, loc. cit.
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where 7 and I, are the moments of inertia of the section about
Gr and Gy respectively and J is the product of inertia of the
section with respect to the axes G- and Gy,—t.e., the J f rydxdy
with respect to these axes.® The above equation i1s deduced by
equating the sum of the moments of the stresses over the section
about G and Gy respectivelv to the components of the bending
moment \.KG about these axes, assuming that the distribution.
of stress over the section follows a linear law.”™ The stress at any
point (ry) of the section may be shown to be given by either of
the equations ‘

\ v—uxtana
f“\[A T 7 T, tana xk] NG
b I y—xtanea '
“\[A T~ Jtana —‘k] -(3)

where (aw, yx) are the coordinates of the load axis K. In order
to find the maximum stress, it is only necessary to substitute for
(.r1v) the coodrdinates of the point most distant from the neutral
axis. If f be equated to zero in either of the equations (2) or (3),
the equation of the neutral axis nn will be obtained.

$2. The S-Polygon.

The S-polygon, a modification of the \\ -Flache of Land was
first introduced by L. J. Johnson.® It is a figure which gives
at a glance the point of maximum bending stress and the value of
the latter for any given load axis, and, as its use will facilitate
certain deductions to be made later, its construction will be con-
sidered briefly here.

For the bending of ordinarv I sections the steel handbooks

givea quantity called the ““ modulus ” of the section which is equal

to %;f = = where 1/ is the bending moment applied to the section, y

the distaynce of the skin from the neutral axis, f the maximum
stress and / the moment of inertia of the section about the neutral
axis. It may be defined as that quantity by which the bending mo-
ment at any section must be divided in order to give the maximum

®Ix and I, are given in the steel handbooks for all ordinary sections, but
] has to be calculated. For the method of calculation see either of the papers

cited above.
"This was shown to be the case experimentally by the writer, loc. cit.

Loc. cit.
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stress at the section. In the general case of flexure as consid-

ered above there will be a similar quantity which may be termed

the “ flexure modulus 7 (S) of the section. Thus 5:1‘{- The

bending moment on the section is N.KG. The stress due to this

at any point of the section is, from equation (2), given by

y —xtan a - .
fp = —F—— ] ‘ cee .
b T =T, tanc NG cos 7 (4)

Eliminating « between this equation and equation (1), and re-

arranging terms, the section modulus for (xy) is given by

4}[ —_ Ix Iy — J? ‘ ( )
f Bl (.’)’Iy—xf) sin 7+(x_[x__yj) coS 7 ..(5

If the point (xy) remains fixed while A changes, the above is
readily seen to be the polar equation of a straight line, having
FiG. 2.

S=-

A F

ch

radius vector S and angle A. This line may be termed the S-line
for the point (#y). If S-lines be drawn for all points at which
the maximum stress may occur, a polygon, called the S-polygon,
will be obtained. Thus, for example, in the case of the single
angle Fig. 2, the maximum stress mav occur at 4, B, C, D, or F
If G be chosen as the pole and G.r as the initial line, the figure
(ab), (bc), (cd), etc., is the S-polygon drawn with S to the same
scale as the linear dimensions of the figure. Thus for the load
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point K, GL represents .S and the maximum stress occurs at B.

But = % and M = N.KG, therefore f», the bending stress at B,

is equal to
M KG
< =V 16
Thus the total stress at B, which is the maximum stress at the
section, is given by
KG

7= +rv T e (8)

In order that this may be true, it is, of course, necessary that
the scale of the S-polygon should be the same as the linear scale
of the figure and that the origin be G and the initial line Gx.

83. The Construction of the S-Polygon.

. The best method of constructing the S-polygon of an angle
is by locating the apices. Each apex corresponds to a side. It
may be shown by transforming equation (5) into rectilinear co-
ordinates, substituting the coordinates of any two points (#a ya),
(#v y: ), and solving for the apex (ab) of the S-polygon, that

fap — (xa —xp) T — (ya — ) Iy ,

Xayb — XbYa . A7)
(xa —xb)Ix — (ya — ) J
Yab = =
Xa¥Yb —XbYa

If the side considered be parallel to Gx, so that y.=1ys, the
above equation gives

” — b — ,;[x
— Yob = -1 Yob = o
while, if the side be parallel to Gy,
J
= Ay -
Xab = YT 4

Considering, for example, the single-angle specimen I, used in
the experiments to be described later and for which /- =1,=1.37
(in.)*, J =—0.81, and the distance from the centroid to the back
of the angle is 0.85”, the apex of the S-polygon corresponding
to the side AB has the coordinates

= — L = — 1.61 081 0.
Xab = = 0T, yab_085_ 95-

The other apices may be determined in a similar manner, and the
complete polygon is shown in Fig. 2.
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The S-polygon furnishes the simplest method of determining
the ratio of maximum to mean stress when a number of load axes
have to be considered. It may also be used to establish a number
of interesting results. For instance, as the point K moves down
AB, starting from A, the radius vector GL terminates first on
the f line, then on the a line, and finally on the b line, showing
that the point of maximum stress changes from F to A4 and then

to B. The ratio gig also changes considerably It will be shown

later that the S-polygon is of material aid in analyzing the prob-
able effect of a lock angle or a change in the restraining couple.

§4. The Effect of Lateral Deflection and of End Restraints,

The earlier experiments of the writer have shown that in the
case of a single angle loaded in tension and not effectively re-
strained at the ends, the axis K is along the line of rivets and
slightlv within the loading plate. In a long member there will be a
measurable lateral deflection as the load is applied, the centroid
of each section trying to set itself in the load axis. This will
cause a change in the position of K relative to the section and
consequently affect the distribution of stress over the section.
This effect is not usually great enough to be of much practical
importance, but must be considered in reducing experimental
results. Of much greater interest is the effect of the gusset plate
and lock angle in affecting the position of the load axis. A stiff
end connection will introduce constraining couples both in and at
right angles to the plane of the end plate, and these may have
important effects upon the distribution of stress. A lock angle
is often supposed to so constrain the ends that the eccentricity
of pull may be neglected, although how far this is from actually
being the case will be shown later. The chief object of the present
paper is the investigation of these different constraints in the case
of single- and double-angle members.

$3. The Working Loads upon Eccentrically Loaded Members.

In a compression member it is, of course, always unsafe to
allow the stress at any point to exceed the elastic limit of the
material, even though the load which would cause this stress be
well within the theoretical buckling load for a long column.
Experiment has shown, however, that, in the case of a tension
member, a redistribution of stress usually occurs under such con-
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ditions, and that the elastic limit may be considerably exceeded
at certain parts of the section without danger to the structure
as a whole. This would lead to the supposition that, when the
stresses arising from eccentricity are taken into account, higher
working stresses than usual might be used. It would, however,
be unsafe to proceed on this assumption without more experi-
niental evidence as to whether, in such case, the new distribution of
stress persists without alteration after many reloadings. At
present it would seem to be unwise to allow the stress over any
considerable part of the structure to rise above the ordinary
working stress of the material at any point of the cross-section,
especially considering that there are always higher stresses locally
near to the end connections. Thus it would appear that single-
angle members, and to some extent double-angle members, should
always be designed for the maximum stress, allowing for eccen-
tricity,—.e., including what are often termed  secondary”
stresses, although they are frequently quite as large as, or even
larger than, the so-called ““ primary ” or uniform stress, leaving
what may be termed the “ tertiarv ” or local stresses due to the
end connections to be included in the factor of safety.

PART II.—THE EXPERIMENTS.

$1. The Extensometcrs.®

The extensometers used were a simplified form of the Mar-
tens’ type, designed and constructed in the McGill Testing Labo-
ratory, where they have been in use since 1906, and have been
proved capable of giving very accurate results.

The principle of the instrument is shown in Fig. 3. It con-
sists essentially of a double knife-edge, K, which fits between
the specimen under test and a V groove in one end of a steel
strip S which is in contact with the specimen at 4, and is pressed
against it by means of a clip C. A change in the length of the
specimen between 4 and B causes the knife-edge to tilt, and the
tilt is measured by means of a telescope and scale, the scale being
reflected in a mirror 1/ attached to the knife-edge. In the actual
instrument the steel strip is 34 inch wide, % inch thick, the
length 4 B being chosen to suit requirements. The end A4 is
is turned at right angles and brought to a sharp edge so that it may
not slip on the specimen. The knife-edge is of hardened steel

® This section is reprinted from the writer’s earlier paper, loc. cit.
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about 0.18 inch x 0.12 inch x o.45 inch, and the mirror is at-
tached by means of a piece of steel knitting needle. The mirror
is held in a clip of thin sheet steel which is arranged so that it
can slide and rotate on the needle, a thin copper strip protecting
its back from injury. This clip permits of a small amount of
lateral adjustment. The mirror 1s about ¥4 inch square and must
be as truly plane as possible, as otherwise there will be an error
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introduced when the image of the scale moves to a different part
of its surface, as it must do if the specimen deflects at all
during test. In the original form of Martens’ extensometer there
was a device for adjusting the mirror and also a balance weight
at the opposite side of the knife-edge, but these refinements are
not onlv unnecessary but cumbersome, and make the instrument
less adapted to use in restricted positions.

The extensometer is calibrated in a Whitworth measuring
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machine, and a calibrating rod is prepared for each instrument,
giving the distance from the scale to the mirror, so that a definite

FiG. 4.

distance on the scale may correspond to a given extension or com-
pression on the specimen. In the case of the experiments de-
scribed belovs, ¥4 inch on the scale, subdivided into ten equal
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divisions, corresponded to 455 inch, so that the change of length
of the specimens was easily read to —g5500- inch. The length of
the rod was about 4 feet, varying with different instruments.
The angle turned through by the mirror in any test is so small
that there is no appreciable error in using a straight scale for the
readings. This was verified by turning the mirror in the Whit-
worth measuring machine through much greater angles than those
through which 1t turns in the tests. It was also found that dif-
ferent strips (5) did not affect the calibration, so that a knife-
edge could be used with different lengths of strip without recalibra-
tion. It was estimated that, under the conditions of test, the in-
strument reads accurately to —g5g5s 112Ch.

The kind of telescope used affects greatly the facility with
which readings may be taken. The McGill Testing Laboratory
telescopes are adjustable vertically and horizontally, besides mov-
ing bodily about a vertical axis. They are carried on specially-
made stands permitting any kind of adjustment to be made
with ease (see Fig. 4). The extensometer must be carefully used
in order to give correct results. The mirror should be, in its mean
position, parallel to the scale and the telescope should be opposite
to the mirror. The clip must be arranged so that the knife-edge
is held quite firmly, otherwise it will not tilt correctly. The best
clips are made from pieces of copper wire.

If the direction of 4 B remains unchanged during test, the
difference of the scale reading between two loads will be an accu-
rate measure of the strain of A B for the given load difference, but
if A B alters in direction this will not be the case. If, however,
two readings are taken, one with the extensometer in the position
shown, and the other with the knife-edge at 4 and the sharp edge
of the strip at B, the mean of the two will be correct. When any
doubt exists it 1s always better to do this so as to eliminate
possible error.

In the opinion of all who have worked with these instruments
at McGill University they are the most simple, practicable, and
accurate extensometers in use. It will be seen that they may be
readily used in the most restricted positions, as, for instance,
between the two angles of the double-angle members, where the
width is only 3% inch. Fig. 4 shows the general arrangement of
the apparatus.
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§2. The Specimens and the Method of Holding Them.

Experiments were made on the three specimens, two single-
angle members and one double-angle, shown in Fig. 5. All were
ordinary shop products made by the Dominion Bridge Company
of Montreal, and the angles were of uniform section 3 inches x
3 inches x U4 inch. Careful measurements showed that the sec-
tion varied a little in the three specimens, and the actual areas,
moments of inertia, etc., were computed and are given at the
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heads of Tables I, II, and II1, pp. 153—155. The members were of
a uniform length of 5554 inches over all and 3554 inches between
the end plates, and were secured to the latter by means of four
34-inch rivets having a pitch of 274 inches and by lock angles
riveted to the plate by three 34-inch rivets and to the outstanding
leg of the angle by a like number.

In the earlier experiments referred to above, similar angles
were used, without lock angles, riveted to end plates of the same
width, 3 inches, as the angles, secured directly in the grips of the
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testing machine, the distance from the end of the grips to the end
of the angle being about 324 inches. \\ith these end plates it was
found that the restraining couple upon the angle was very small,
and it was thought desirable, in the present tests, to substitute
end connections more nearly similar to those met with in practice,
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1.e., wide plates firmly secured. To this end special grips were
designed to fit on the jaws of the machine. These are shown in
Fig. 6. Theyv were steel castings. The end plates, which were
I foot 2 inches wide and 34 inch thick, were held by steel pins
3 inches in diameter fitting tightlv into bushes in the castings, and
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were restrained from turning by six set screws on each side, as
indicated in Fig. 6. The distance from the end of the angle to
the set screws was approximately 2 inches, so that the ends of
the members were quite as effectively held as in most practical
cases.

The position of the pin with respect to the rivets was made
different in the different specimens. In Specimens I and III it
was in line with the back of the main angle, while in Specimen 11
it was in line with the centroid of the main angle. The object of
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this was to find the effect of a change in the line of pull on the
gusset plate,— i.c., of different eccentricity of end connection.
Further changes were also made during the tests, as will be de-
scribed later. The specimens were also tested with the lock
angles removed in order to study the action of the latter.

The machine used was the Emery testing machine in the Test-
ing Laboratory of McGill University  This machine 1s of the ver-
tical type and has a capacity of 150,000 pounds. It is eminently
suited to this kind of work as the line of pull, suitable means being
taken to steadv the straining head, remains constant. and there
is an entire absence of vibration.
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83. The Tests.

The experiments were directed to a determination of the dis-
tribution of stress under different loads at the central cross-sec-
tions of the specimens and also at sections near to the end plates.
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To this end extensometers were used at these sections with their
distance pieces set parallel to the axis of pull. From the readings
of these the longitudinal strains were found, and these were
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taken as being proportional to the longitudinal stresses, the effect
of the strains perpendicular to the axis being so small as to be
negligible. The distance pieces of the extensometers were 4
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inches long, so that the strains measured were mean strains over
that length. They could be considered as giving the distribution
of stress over the central cross-section of the 4-inch range withou?



148 Cyrir. BaTwHo. [J.F.L

P
W

EXTENSIONS OVER 4~ IN THOUSANDTHS OF AN INOH

F1G. 16.
<+
20000 UBS. ! 3
) Jm—=—- N
1"
Ry 15000 LBS. D S 4
¢ AT
o~ / f/'
e
- / el 60—t
]

W R Se— ISALEES F
C 1 2 Za/{./t

B 6 7 8 9 10 A
P PdSITlON OF EXTENSOMETER
- 4
5’/’4’
-1 A
Ve rd
- 10
e 9
8
7
62|
B54521C

Specimen II. Line of pull in line of rivets. Central section.

Fi1G. 17.
¢
:
5 20000 UBS. < .
('Y
=] 1scQ0WBs. | o o ___ ¢
) — < Y hd
p 4
§
3 10000 UBS. ) - S 4
p q
2
o
"E X 50005+ S
Zz
s
= 6 7 8 9 10 A

l;l POSITION |OF EXTENSOMETER
o
-]
&
2 A
E! 10
5 9

8

T

6

BS54 ¢

Specimen II. Line of pull in line of rivets. End section.

error at the central section, and to a fair degree of approximation
at the ends. Readings of the extensometers were taken at half-
inch intervals over the outside face of the angles, as shown in
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Fig. 7, the extensometers being arranged first with the mirror at
the lower end and then at the upper end and the mean of these
readings taken, so that errors due to bending of the specimen
were eliminated, as described above.

All the tests were carried out in a uniform manner. Two or
more extensometers being set in position, an initial load of 100
pounds was applied to the specimen; the load was increased to its
maximum value several times and then brought back to its
initial value. The zeros of the extensometers were then set and
- readings taken at 5000, 10,000, 135,000, and 20,000 pounds re-
spectively in the case of the single-angles and 15,000, 20,000,
25,000, and 30,000 pounds respectively in the case of the double-
angle. The load was then brought back to its initial value and the
zeros of the extensometers checked. No sets were allowed to pass
in which the extensometers failed to return to their initial readings.
All observations were repeated at least once before the extensom-
eters were removed to other positions.

The uniformity of the results was remarkable. It was found
that the specimen could be taken out of the machine and replaced
without the extensometer readings for a given load being
appreciably altered.

The lateral deflections of the specimens were carefully meas-
ured by means of telescopes and scales reading to 43, inch.
These deflections were allowed for in reducing the results, as
will be explained later.

The Emery machine was calibrated by levers during the pe-
riod of the tests and was found to be reading correctly to within
1 per cent. at all loads.

The sequence of tests was as follows:

(1) Specimen I.—Single, 3 inches x 3 inches x 14 inch angle
with lock angle. Line of pull on end plate in line with
back of main angle,

(2) Same specimen, with lock angle removed.

(3) Specimen II.—Single, 3 inches x 3 inches x 14 inch
angle with lock angle. Line of pull on end plate in
line with centroid of main section.

(1) Same specimen with lock angle removed.

(5) Same specimen with line of pull on end plate changed
so as to be in line with rivets,
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(6) Specimen III.—Double, 3 inches x 3 inches x 14 inch
angle section, space of 3% inch between angles, with
lock angles. Line of pull in line with unconnected
legs of main angles.

(7) Same specimen with lock angles removed.

The stresses corresponding to the extensometer readings are
given in Tables I to I, pp. 153155, the values of £ being calcu-
lated from the readings and the total load, as will be described
later. The curves of stress distribution are shown in Figs. 8 to 21.

PART III.—ANALYSIS OF THE EXPERIMENTAL RESULTS.

$1. The Planar Distribution of Stress.

The theory described in Part I of this paper is based upon
the assumption that the distribution of stress over a cross-section
normal to the axis of load follows a linear law. That this is
true for members of the type considered in this paper has already
been shown by the writer.?® It is also evident from the curves
chown in Figs. 8 to 21. These represent the actual mean ex-
tensometer readings for the various cases, the mean straight
line through the experimental points being drawn and continued
s0 as to give the maximum strains, which occur at one or other
ot the corners of the angles. It will be noticed that in every case
the mean straight lines for readings 1 to 3, on being produced to
the corner of the angle, agree exactly with those for readings
6 to 10. The deviations of the experimental points from the
straight lines are in nearly all cases so small as to be unimportant,
especially considering that the specimens were ordinary shop
products. \Where deviations do occur they are usually regular and
apparentlv denote a slight actual departure from planar distribu-
tion. Thev are most marked at the end sections and are probably
due to warping produced byv the end constraints. In one case
onlyv do they become important,—i.e., at the end of the double-
angle specimen (Figs. 19 and 21). For this section the mean
straight lines could not be drawn and the results have not been
reduced. These deviations, however, entirelv vanish at the cen-
tral section of the same specimen, and are thus probablv due to
the great end constraints in this case.

* L oc. cit.
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§2. The Method of Analysis.

The planar distribution of stress having been established, the
equations of Part I may be applied to determine the position
of the load axis at each section. The details of this analysis
are given in Table IV~ The method, being the same for all cases,
may be illustrated by a single example. Consider the central
section of Specimen I with lock angle at 20,000 pounds load. The
distribution of strain is shown in Fig. 8, and the constants for
the section are given at the head of Table I. The results of the

TaBLE I.

Stresses Corresponding to the Mean Extensometer Readings for Specimen I.

Constants.—Area of cross-section, 1.60 square inches.
Distance from centroid to back of angle, 0.85 inch.
I=1.37 (inch)4. = —0.81 (inch)4.
E =29.1 X10°% pounds per square inch.

Stresses in pounds per square inch. Tension+. Compression— .

- Load t
PN, I 2 3 4 5 6
. (bs.)

(a) Withlock angle.

360| 1,450, 2,080 5,020| 6,180 5,960| 5,520 5,310/ 5,310

3,000 — 2,380 —

Central sec- }|10,000| — 3,420| — 440| 3,060] 6,040 9,810/12,140/11,560{10,980 10,450/10,310
tion 15,000/ — 5,020| — 300| 4,510| 8,040:14,390/17,720|17,000/16,300 15,540/15,280
20,000, — 5,060| — 70| 6,250|11,010'18,810{23,280]22,400 21,440 20,580/ 20,280

I . i
Sectlon 2}/" | 5,000, — 2,470. — 510/ I,3I0| 2,620 4,220 6,400 6,250, 6,110 6,110/ 6,110
om end jro,ooo — 4,870. — o940, 2,480| 5,380} 8,500(12,700|12,420|12,140 12 »140/12,070
rl t 15,000 — 7,000 —1,240| 3,780 8,290'13,000 19,010/18,450(18,170 18, 100(18 100
plate 20,000 — 9,000 —1,450| 5,240|/11,200|17,380/25,210/24,350/24,000 23,700 23,400

™

(b) Without lock angl

5,000, 580 1,380| 2,690! 4,290| 5,750 5,680| 5,600 5,530/ 5,390
10,000
15,000

20,000

2,030 —
3,640| — 730/ 2,760 5,390 8,440/11,490 1I1,490/I1,330/11,200/10,830

Central sec-

tion 4,940 800| 4,290' 8,000 12,420'17,000 17,000/16,880/16,800 16,380

I

1 6,030 730! 5,810 10,600 16,420 22 470 22,400|22,240 22,240'21,780
Sectio 2/,, 5,000/ — 2,690 — 870 65011 2,260 4,290 5,730 5,670/ 5,600 5,5201 5,380
ecrél;ll end {10:000| — 5,390 ~1,060! 1,530 4,510 8,440 12,160 12,220 12,380(12,720'12,720
late 15,000} — 7,930| —2,620| 2,4790| 6,840 12,420 18,180 18,270 18,320(18,920' 18,990
P 20,000/ —10,I00| —3,270 3,640‘ 9,240 16,420 24,210 24,280{24,210 24,850‘25.100

| i

calculation are given in the first line of Table IV Lines through
the centroid of the section parallel to the legs of the angle being
taken as coordinate axes, the point of zero stress in the angle is
seen to have coordinates (1.15, —0.85). This is one point on the
neutral axis. Another may be found by calculating where the
6 — 10 line would cut the x-axis 1f produced. Thus the neutral
axis is found to be inclined to the x-axis at an angle of tan ~!- 6.93.
This is tanae in the notation of Part I. Substituting this value, the
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coordinates of the point of zero stress and f =0 in equations (2)
and (3), the codrdinates (#x, y=) of the load axis are found to be
(—0.76, 0.37). All the values of (&, yx) given in Table IV were
calculated in a similar manner. The coordinates (4%, ye) give
the position of the load axis relative to the cross-section consid-
ered. This depends, to some extent, upon the lateral deflection

TaBLE II.

Stresses Corresponding to the Mean Extensometer Readings for Specimen I1.

Constants.—Area of cross-section, 1.49 square inches.
Distance from centroid to back of angle, 0.85 inch.
I=1.29 (inch)4. J=—0.76 (inch).*
E=31.1 X10°® pounds per square inch.

Stresses in pounds per square inch. Tension+4 Compression—.

| ; \

Load
N.

(lbs.)

(a) Withlock angle.

2,100 — 3I0| I,250] 3,040 4,590/ 6,300| 6,230| 5,0990{ 5,990| 5,920
3,890, — 310| 2,650| 5,920| 9,180/12,380/12,300/12,070 12,070/11,980
5,130 — 1I50| 4,200/ 8,030|13,610|/18,350/18,290(18,120|17,980 17,810
6,850 + 540/ 5,760/11,980{18,130|24,200|24,150|23,900|23,810 23,500

tion 15,000
20,000
|

5,000
Central sec- | 10,000/

I

i
2,340, — 780 780 2,490 4,050! 6,150, 6,150 6,300 6,3005 6,780

: reli 5,000 —
Segﬁ(l)?: i;{’d } 10,000 — 4,5I0{ —I,400{ I,870| 5,370 8,480&12,450 12,370{12,510|12,770,13,210
late |£5,000; — 6.620} —1,870 2,060 8,250|12,830/18,750/18,500 18,750/18,990 19,600
b ;20,000 — 8,560 —2,I00 4,440|11,280|17,280/24,900/24,650|24,750|24,970.25,680

(b) Without lock angle.
l 5,000/ — 2,250/ — 700 930 2,410 4,040: 6,230 6,150| 6,230| 6,230] 6,230

10,000 — 4,050 —I,090 2,020 5,140, 8,100 12,210 12,210(12,380(12,430/12,430
,IS,OOO] — 5,600 —I1,320| 3,270 7,800/12,100 18,220:18,290/18,430 18,600/18,030
— 6,920/ —1,320 4,590 10,500(15,880 23,800 24,100!24,280|24,680/24,820

Central sec-
tion
20,000

5,000| — 2,410;} — 860 700 2,410 3,970 6,150 6,230 6,610{ 6,840| 7,000

Section 214”’) 10,000/ — 4,590 —1,550 1,550 5,000 8,160 12,380 12,780/13,080(13,540{14,220
from end ) 15,000 — 6,620} —2,100/ 2,570 7,780.12,420 18,600.18,980/19,600/20,500|{21,170
plate 20,000| — 8,490 —2,410[ 3.660/10,420 16,720 24,600,25,100/25,900[/26.440]27.700

(c) Load axis on gusset plate changed io line of rivets.
{ 5,000&— 2,880 — 780 1,010 2,490, 4,360 6,300 6,300; 6,300 0,300] 0.300

10,000: — 5,290 —I,400 2,260 5,290 8,640/12,450/12,480/12,480 12,680{12,480
15,000, — 7,160 —1,630 3,660 7,8060/12,820/18,200,18,420|18,502 18,81¢/18,810
2o,ooo| - 8,710 —I,550 5,130 10,670/16,950]23,800(24,250{24,420 24.800/24,980

Section 2%,,[ 5,000| — 3,190 —I,I70 620 2,410 4,5I0| 6,460| 6,460 6,530, 6,530| 6,850

Central sec-
tion

from end {19900 — 6,230 —2,180 1,480 5,060; 9,100/12,900/12,730/12,900'13.130|13,000
plate 15,000 — 8.950 —2,880, 2,640 7,780/13,520{19,120(19,050|10,2I0

| 19,520/20,300
20,000} —II1,280 —3,500 3,680 10,420|18,280{25,200{25,120(25,280

25,750|26,420

of the section, so that, in order to find the position of the load
axis where the load enters the angle, it is necessary to correct
for this deflection. Column (4) of Table IV gives the mean de-
flections of the centroids of the sections under the different loads
measured as described above, and column (5) gives the values
of (wr, yx) referred to the end sections of the specimens taken as
being the middle section of the riveted ends.
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The value of E for each specimen may also be found from the
experimental results. In the case considered above the ratio of
maximum to mean stress for the calculated position of the load
axis computed from equation (2) is 1.945 ' The elongation due

TaBLE III.

Stresses Corresponding to the Mean Extensometer Readings for Specimen 111
(Double-angle).

Constants (Each angle).—Area of cross-section, 1.54 square inches.
Distance from centroid to back of angle, 0.85 inch.
I=1.33 (inch).* J= —0.78 (inch).*
E =30.1 X 10° pounds per square inch.
Stresses in pounds per square inch. Tension+. Compression—.

Load ;
N. 1 2 3 4 5 6 7 8 9 | 10
(1bs.) \ |

(a) T¥4th lock angle.

15,000 5,040 5.100 5.190| §5,II0{ 5,190 4,000| 4,890| 4.810] 4,500 4,210

Central sec- | 20,000 6,700 6,920 6,850, 6,850, 7.070| 6,620, 0,550| 6,400{ 6,250 §,710
tion, left. |:25,000 8,440| 8,660| 8,580 8 .500, 8,660 8,360 8,130| 7,080 7,830 7,220
30,000 10,080 10,300,10,I70(I0, 170 10,470 9,930 9.860{ 9,640| 9,410 8,730

!15.000 4,890 5,040, 5,100| 5,270 5,490 5,190| 4.820| 4,510/ 4,060 3,610

{20,000 6,630, 6,700 6,930{ 7,080 7.310/ 7,000| 6.470| 6.,160| 5.560 4890
25,000 8,210 8.200! 8,660 8960 0,260/ 8,650/ 8,130| 7,750 6,920 6,240
130,000 9,800 0,040/10,380[10 690 10,990 10,38¢ 9,770] 9,250 8,350 7,520

Central sec-
tion, right.

Section 234" 115,000 2,860| 3,690! 4,580| 5,410 5,940 6,310 6,310 5,650 5,560 5,260
from emdl 20,000 3,760/ 5,110 6,090/ 7,300 7.680 8,280 7.900| 7,670 7,230 7,070
25,000 4.800| 6,300/ 7.680| 9,030 0,710 10,390 9,030 0,400| 9,250 8,800

plate, left. 30,000 5,040 7,600| 9,250(10,000 11,580 12,490 I1,0670|11,370/10,5600 £0,600
1

Section 2147 [ 13,000 2,635, 3,610 4,280/ 4,960 5,340 5,710 5,860 5,490/ 5,860 5,560
from end{ 29:000 3,760| 4,890 5,860| 6,690 7,300 7,150 7,450 7,220/ 7,370, 7,300
late, right, | (25:000 4,790 6,240 7.450; 8,270 8,950 9,410 9,180 9,110| 9,180 9,260
p » T1ght. :30,000 5.860! 7,520/ 8,060{10,000 10,680 11,340 11,030/10,800/11,200 11,030

(b) Without lock angle.

15,000 4,220, 4,360 4,600 4,890 5,190 5,340 5,410 5,260/ 5,190! 4,960

Central sec- ) ;20,000 5,650 5,850 0,320 6,470 7,000 7,070 7,150 7,070 7,000 6,760
tion, left. | 25,000 7070‘ 7,380/ 7,830! 8,050 8,650 8,880 8,950, 8,880, 8,800 8,500
/30,000 ,430 8,880! 9,410 9,860 10,390 10,600 10,680 10,600 10,530 10,380

20,000 5.340. 6,020, 6,550/ 6,920 8,280 7,670/ 7,230, 6,920 0,400 6,020

25,000 6,780 7,450, 8,200 8,730 9,480 9,480 9,180 8,580 8,050 7,520

130,000 8,130  8,050; 9,790(10,430 I1,410{II,420/10,990/10,220 9,860 9,180
i |

Central sec-
tion, right.

Jrs ,000 3.990‘ 4,510! 4,890/ 5,260 5,790 5,650 5,490 5,120 4,820 4,440
1
[

\ !
15,000 3.080,’ 4280! 5,420| 6,170 6,620 6,320| 5,640| 4,960 4,580 3,080
20,000 4,290 5720: 7,150, 8,280 8,730: 8,420, 7,680, 6,770 6,000 5,340
25,000 5,340 7,220' 9,180/10,300'10,990 10,460! 9,470! 8,570 7,670 5,600
30,000 6,620‘ 8,740 10,9000.12,490 13,220 12,500/11,500/10,150 9,250 7,060

! |

Sectxon 2/”}
Section 2/"} 15,000 2,860 3,000 5,110/ 5,800 6,250 5,950 5,560 4,060 4,660 4,220

from en
plate, left

from end;} 20,000 3,990 5,490 6,850/ 7,900 8,280 7,900/ 7,370 0,620, 6,170 5,650
plate, right.] 25,000 4,970 6,920 8,650 9,780 10,380 10,000/ 9,260 8,350 7,670 7,070
30,000 6,100 8,280 10.440 11,800 12,490 12,030'11.200 10,090 9,180 8,500

! ‘ : i

BTt would, of course, be incorrect to take the mean height of the plotted
diagrams for a given section as being the mean extension over the section,
since the curves only give the distribution of strain over the outside faces

of the angles.
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TABLE IV.
Reduction of Experimental Results.
|
I 2 3 4 5 6 7
. . Lateral de- .
- Point | Load axis . Load axis ]
Specimen Load Itrilggnoa{ of zero | referred to gee;&lg?dogf referred to Ratio
and ga neutra] | Stress |axes through| ‘(2w o7 | axes throught Max.| of
section (Ibs.) line y= | centroid of e =" 4% iq| mid rivet stlz;ess maxi-
- r” i R p
0.85 section rivet section section lp esr n?tt;m
| $q. in.| mean
tan o x Xk Yk x ’ ¥ Xk Vi stress
(all measured in inches) !
Specimen I. With lock angle.
-] + - | +
5,000 — 6.11 1.05 | 0.85 | 0.40 | 0.04 | 0.01 | 0.80 | 0.4T | 6,480 2.08
Central. ... ]| 10,000/ — 5.73 I.10 | 0.81 | 0.37 | 0.08 | 0.02 | 0.80 | 0.40 [I2.720| 2.05
15,000/ — 6.40 .11 | 0.79 | 0.38 | 0.1T | 0.02 | 0.90 | 0.40 |18,550| 2.00
20,000 — 6.93 1.15 | 0.76 | 0.37 | 0.15 | 0.03 | 0.91 | 0.40 |24.080| 1.04
Mean values 0.90 | 0.40
- |+ - | +
5,000| —15.00 0.95 | 0.02 | 0.50 | 0.03 | 0.00 | 0.95 | 0.50 | 6,550 2.04
End.. ....])|10,000|—20.95 0.95 | 0.92 | 0.5 | 0.05 } 0.0I | 0.97 | 0.52 |12,720| 1.98
15,000| —16.26 0.97 | 0.90 | 0.49 | 0.07 | 0.0I | 0.97 | 0.50 [19,420| 1.98
20,000{ —14.81 0.97 | 0.90 | 0.49 | 0.00 | 0.02 | 0.90 | 0.5I |25,510| 2.00
Mean values 0.97 | 051
Specimen I, Without lock angle.
P = -] +
5,000 —16.§ 0.99 | 0.88 | 0.48 | 0.04 [ 0.0I | 0.92 | 0.49 | 5,000| 1.96
Central. ... }|10,000 —31.6 1.05 | 0.82 | 0.47 | 0.08 | 0.0r | 0.90 | 0.48 i11,640 1.86
15,000 —28.4 I.10 . 0.78 | 0.44 | 0.12 { 0.01 | 0.90 | 0.46 |18,030| I.82
20,000 —52.9 I.1T | 0.77 | 0.45 | 0.15 | 0.02 | 0.92 | 0.47 |22,620] .79
!1 Mean values 0.9I | 0.47
| - + - | +
5,000, 24.30 0.87 | 0.97 | 0.60 | 0.03 | 0.00 | 1.00 | 0.60 | 6,480| 2.04
End.. ....}|10,000] I9.I5 0.87 | 0.97 | 0.60 | 0,05 | 0.00 | 1.02 | 0.6I |13,100] 2.05
15,000{ I5.58 0.87 | 0.96 | 0.61 | 0,07 | 0.01 | 1.03 | 0.62 [19,500! 2.06
20,000 I4.45 0.88 | 0.95 { 0.60 | 0.00 | 0.0I | 1.04 | 0.61 |25,820; 2.07
i Mean values 1.02 | 0.61
Specimen II. With lock angle. o
| -1 + -1 +
5,000 —16.4 1.00 | 0.88  0.48 | 0.03 | 0.00 | 0.91 | 0.48 | 6,300| 1.95
Central, .. 10,000 —41,0 1.07 | 0.81  0.46 | 0.07 | 0.00 | 0.88 | 0.46 |12,450] I.83
15,000 —30,7 I.I0 | 0.79 | 0.45 | 0.10 | 0.0I | 0.89 | 0.46 |18,670| 1.82
20,000 —359.2 I.12 { 0.78 | 0.45 | 0.13 | 0.0 | 0.9 | 0.46 [24,260{ 1.78
1 Mean values 0.90 | 0.46
| - - | +
5,000 0.6 0.90 | 0.93 | 0.61 | 0.02 | 0.00 | 0.95 | 0.60 | 6,920| 2.08
End....... 10,000| 20.4 0.9I | 0.93 | 0.58 | 0.04 | 0.00 | 0.97 | 0.58 [13,520| 2.00
15,000 23.0 0.95 | 0.90 | 0.55 | 0.06 | 0.0I | 0.96 | 0.56 [19,820] 1.06
20,000 42.7 0.98 | 0.88 | 0.53 | 0.08 | 0.0I | 0.96 | 0.54 [26,150| 1.900
Mean values 0.96 | 0.57
Specimen II. Without lock angle.
— 1 + - | +
5,000 ©© 0.90 | 0.96 | 0.57 | 0.04 | 0.00 | 1.00 | 0.57 | 6,220| 1.04
Central.... ] 10,000 87.60 0.93 | 0.03 | 0.55 ’ 0.08 | 0.00 | 1.0 | 0.55 |12,370| 1.03
15,000/ 42,20 0.98 | 0.88 | 0.53 ! 0.12 | 0.01 | 1.00 | 0.54 |18,650{ I.00
| | 20,000 23.30 I1.co | 0.86 | 0.53 ©.14 | 0.0I | 1.00 | 0.54 |25,100| 1.83
Mean values 1.00 | 0.55
-+ - |+
5,000 7.01 0.86 | 0.06 | 0.65 | 0.03 | 0.00 | 0.900 | 0.65 | 7,380] 2,18
End....... 10,000 8.20 0.9I | 0.92 | 0.6I | 0.04 | 0.00 | 0.06 | 0.6I |14,47C} 2.00
15,000 7.94 0.92 | 0.9I | 0.60 | 0.06 | 0.0I | 0.07 | 0.6I |21,600| 2.00
20,000 9.40 0.06 | 0.88 | 0.57 0.08 | 0.01 | 0.06 | 0.58 |28,000| 2.03
AMean values 0.07 | 0.61
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1 2 3 4 5 6 7
S Lateral de- .
| Pomt < Load axis : Load axis ‘
Specimen Load Itrfggr:)a;- ogzerd referred to gfrf:;g?docff . referred to ‘Ratio
and \ lga neatra] - Siress axesthrough, - " 7 axesthrough Max, of
section i (ibs.) line = J= centroid of ?ferred tomid mid rivet |stress' maxi-
—8.85" section | section 1bs. | mum
I ! rivet section ‘
per to
l ~ | sq.in.; mean
tan x Xk Yo i 00X y xx ‘ Va ‘ stress
I j |
(ail measured in mches)
Specimen Il. Load axis changed to line of rivels.
- + - +
5,000 o« 0.900 | 0.96 | 0.57 ) 0.04 | 0.00 | 1.00 | 0.57 | 6,300} 1.04
Central. . 10,000 53.30 0.95 | 0.9 | 0.55 | 0.09 | 0.00 | .00 | 0.54 |I12,820| I.92
15,000 290.20 0.90 | 0.87 ' 0.53 : 0.12 | 0.0I | 0.990 | 0.54 10,110| I1.00
|i20,000 27.35 1.02 | 0.84 | 0.52 : 0.15 | 0.0r | 0.99 | 0.52 i25,260! I.80
: Mean values| 1.00 | 0.54 '
| i
- + | - +
5,000, 30.00 0.81 | 1.05 | 0.64 |.-0.03 | 0.00 | 1.08 | 0.41 6,840, 2.II
End....... 10,000 58.80 0.83 | 1.03 : 0.62 | 0.05 | 0.00 | I.08 | 0.40 13,220, 2.05
15,000 38.60 0.87 | 0.99 ' 0.60 0.07 | 0.00 | 1.07 | 0.41 110,800/ 2.02
20,000, III.30 0.90 | 0.06 | 0.§7 . 0.10 | 0.00 | 1.06 | 0.40 25,740 1.96
' Mean values| 1.07 | 0.40 |
Specimen III Double-angle with lock angles.
1 + —_
15, ooo} — 0.1% ]115 ) 0.02 | 0.05 5,270 I.06
Left angle | 20,000 — o0.12 1153.3 0.02 | o.05 Lateral deflections 6,060 1.00
central 2;,000 — 0.14 [I42.8 0.02 | 0.04 negligible 8,650 1.0§
t30,000! — o 15 '136.6 0.02 | 0.04 10,340 1.05
f ! Mean values | 0.02 | 0.04
15, ooo' 6,240 1.26
Left angle J 20, 1000, Non-planar distributionof stress. ... ............ 8,320 1.26
end 25,000 10,700 1.30
30, oooi 12,720 1.29
) rs,ooo, — 0.30 | 17.90 | 0.03 o0.II ) 5,640 I1.19
Right angle | 20,000 — 0.36 | 190.15 | 0.03 - O.II Lateral deflections 7,520 I1.I0
central 25,000/ — 0.39 | 18.66 | 0.03 ; O.II negligible | 9.410 I1.18
30,000! — 0.40 | 18.75 | 0.02 0.IO jI1,200 1,18
' Mean values | 0.03 | 0.1I |
15,000 o i 5,640 I1.10
Right angle j|20,000;| Non-planar distribution of stress, .. . .. ............ 7,520 I1.19
end 25,000 i 9,410 I.19Q
30,000 11,200 I.14
Specimen III. Double-angle without lock angles.
1 I — + \
15,000, — 4.20 0.51 | 0.08 | 0.0 ) 5,460 I1.1I
Left angle [|20,000,— 4.03 | 9.52 | 0.08 | 0.03 Lateral deflections 7,330 I.II
central 25, ooo\ — 6.61 | 10.05 | 0.08 | 0.04 negligible 0,030 I.10
30,000 — 7.20 | 10.52 | 0.08 | 0.04 10,750 I.00
Mean values | 0.08 | 0.03 |]
Io,ooo\ (| 6.810] 1.39
Left angle ||20,000 l on-planar distribution of stress. ........ ... ... 0. .s 0,100, I.40
25,000! J 11,360 1.38
30.000 13,530| 1.38
15,000 — I1.34 | 7.39 | 0.07 | 0.02 . 5,950 I.22
Right angle ||20,000 — 1.38 | 6.83 0.08 | 0.02 Lateral deflections 7,080| 1.24
central 25,000 — 1.33 { 7.I3 0.07 | 0.02 negligible 0,070 1.23
30,000 — I1.35 | 7.I8 0.07 | 0.02 12,000| 1.23
Mean values 0.07 | 0.02
15,000 ] o ] 6,440 1.32
nght angle J|20,000 | Non-planar distribution of stress. ...  ............ 8,510| 1.32
25,000 [ 10,710| 1.33
30,000 1]12,980| 1.33
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to the maximum stress is, from the curve in Fig. 8, 0.00331 inch.

Thus the mean elongation over a length of 4 inches for a load of
0.00331

| 1.945

a value of E given by E =

=0.0017 inch. This corresponds to
2—10.%%) X 0.0‘217 =20.4 % 10 ¢ pounds per
square inch. Proceeding in this manner, values of E were found
for all the loadings at the central sections of the specimens, and
the mean results are given at the heads of Tables I, II and III.
The variations of E found in this way may be taken as a meas-
ure of the maximum over-all error in observation, measurement
of the loads, calibration of the extensometers, plotting and cal-
culation. and due to variations in the material. For Specimen I
the maximum variation was 3 per cent., but this was in two cases
only, the rest of the readings giving results which did not differ
more than 2 per cent. The results for Specimen II were similar,
while for the double angle, taking a mean of both angles, the devia-
tion was in no case greater than 1 per cent.

20,000 pounds is

$3. Discussion of the Results—General.

If the load axis remained unchanged relatively to the section
as the load increased, all the mean straight lines for any particular
section would pass through the same points and the position of
the neutral axis would be independent of the load. An inspection
of the curves, Figs. 8 to 21, will show that this is not the case,
and the discrepancy is due to the alteration of the load axis owing
to lateral bending of the specimen. When this 1s allowed for by
referring all load axes to the mean section through the end con-
nections, the corrected axis remains practically constant as the
load increases. as mav be seen from the results given in Table
IV, column 5. This is especiallv noticeable at the central sec-
tions. At the end sections there is in every case a slight shift,
as the load increases, awav from the centroid of the section per-
pendicular to the end plate and towards the centroid parallel to
the end plate. This is probablvy due to a change in the fixing
couple at the ends as the load increases.

$4. The Effect of Constraints.

In the case of single angles having long, narrow end plates
the experimentally-determined load axis at the central section cor-
rected for deflection never deviated more than 0.02 inch from the
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line of rivets. In the present tests yx varies from 0.40 inch to
0.57 inch, while the y co6rdinate of the line of rivets is 0.go inch.
Thus the deviation from the line of rivets ranges from 0.33 inch
to 0.50 inch. The reason for this is that the end plates in the
present case are very much stiffer in their own plane than those
used in the earlier experiments. The effect of such end constraints
upon the position of the load axis and on the ratio of maximum
to mean stress will first be considered in general. Let K in Fig. 22

FiG. 22.

r—/"

v, X
o L
/4

represent the position of the load axis when there are no end con-
straints and K, its position as altered due to partial fixing. :As-
suming a normal load N, the bending couple in the former case
would be N.KG and in the latter N.K,G, the restraining couple
being thus N.KK,. This couple mav be resolved into the compo-
nents N.KP and N.K,P respectively parallel and perpendicular to
the end plate. If the end connection consists of a gusset plate
only, the former couple is the restraint due to its stiffness against
bending in its own plane and the latter that due to its stiffness
against bending perpendicular to its plane. It will readily be seen
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that the former must be much greater than the latter for an ordi-
nary thin plate, and thus KK, will be nearly parallel to the con-
nected leg. .\ lock angle may act in two ways. It may restrain
the bending more or less and it may transfer part of the load to
the line of rivets by which it is connected to the main angle (K,).
The latter would cause a movement of the line of pull along KK,,
and the former a somewhat similar motion, so that the two effects
cannot be separated.

The effect of these changes of axis upon the ratio of maximum
to mean stress may be studied by means of the S-polygon. Fig. 2
represents this polvgon for the section of Specimen I (slightly
heavier than the standard 3 inches x 3 inches x 4 inch angle)
calculated as described above. The polygon is drawn to the same

linear scale as the angle, so that the maximum bending stress for

a position K of the load axis is given by N-IL{—g as described in

Part I. The load is applied through one row of rivets 1.75 inch
from B, in the leg AB. Thus if there 1s no restraint due to the
end plate, the position of the load axis will be approximately K.
(The exact position of K perpendicular to the connected leg will
depend to some extent upon the lateral bending, but may, for
purposes of illustration, be taken on the outside face of the
connected leg.) In this case the ratio of maximum to mean
stress will be

I KG A-KG
A(’—A.—-i—L‘G‘) = I‘+‘—LG——=2.82,

and the maximum stress will occur at the corner 4. If, however,
a constraining couple be introduced parallel to 4B, the point of
loading will move from K along AB toward B. As the couple

increases the ratio IL{—g will obviously decrease until the point K,

on the line joining the apex (ab) to G is reached. Thus the re-
straining couple will obviously decrease the ratio of maximum to
mean stress. At the point K this ratio is 1.89, a decrease of 33
per cent., and the stress is constant over AB. From K, to B the

ratio i@G again increases, and thus the ratio of maximum to mean

stress increases. At the point K,, level with the centroid of the
angle, this ratio is 3.18, greater than without constraint. Thus
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the most favorable position of the load axis is on the line joining
the apex (ab) to the centroid. From this it will be seen that an
increase of constraint is not always an advantage.

With the load axis in any of the positions considered it will
be noticed that a constraint perpendicular to the end plate, causing
KG
LG
crease in the ratio of maximum to mean stress. The only effective

way of obtaining such restraint is by having another angle back
to back with the first, i.e., a double-angle section. In this case,
as will be seen later, there is a veryv considerable restraining couple
parallel to BC, causing the stress to be much more evenly dis-
tributed over the section. This is the correct way of considering
such a section, and not as one piece bending about a neutral axis
parallel to BC, as 1s often done. These points will be discussed
when the experimental results upon the double angle are con-
sidered.

The effects of constraints upon the distribution of stress in
other types of section, such as unequal-legged angles, Z-sections,
etc., may be considered in a similar manner by use of the S-

polygon.

K to move inwards, always leads to a decrease of =2, i.e., a de-

§5. Experimental Results. (a) The Restraining Effect of the
End Plates.

The results of the tests on the specimens with the lock angles
removed will first be considered in order to find the restraining
effects due solely to the end plate. The restraining couple per-
pendicular to the end plate,—i.e., in the direction Ox,—is diffi-
cult to ascertain exactly, because it is neither certain where the
load enters the angle nor exactly what is the position of the load
axis through the thickness of the end plate. In Table IV, column
5. the position of aw relative to the mid-section of the rivets is
given, and it may be remarked that it remains practically con-
stant as the load increases in each of the Specimens I and II,
although it 1s not the same for each, the mean being 2x = - 0.91 for
Specimen I and xx =-1.00 for Specimen II. In any case, however,
the effect of this restraint is small and the specimen may be con-
sidered as practicallv free to bend perpendicularly to the end
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plate. This result is in agreement with the earlier experiments
made with narrow end plates. In these it was found that xx=
—0.91 both with an end plate 4 inch thick and with one 34 inch
thick.

The case of the double angle is quite different. The two
angles, back to back, prevent each other from bending perpen-
dicularly to the end plate, and the result is an almost complete
fixing in that direction, considerably decreasing the ratio of max-
imum to mean stress over the section. Again, the effect is prac-
tically independent of the load and is, as might be expected, the
same for each angle. The arms of the fixing couples parallel to
Ox, measured from the back of the main angles, are given in the
annexed table,

TABLE V.

Load \ Left angle Right angle
I5,000......... 0.77 0.77
20,000......... [ 0.77 0.76
25,000 — 0.77 0.77
30,000.... .... | 0.77 0.76
Mean .. t 0.77 0.77

The fixing parallel to the end plate is much more important
for the single angles and of equal importance for the double angle.
The annexed table shows the distance, measured parallel to Oy,
of the actual axis from the line of rivets for each of the specimens
at the central section:

TaBLE VI.
\
‘ 1 Speci- Double angle
Load, |Specimenl, menII [
pounds { inch | inch Load, Left, - Right,
| [ pounds inch J‘ . inch
5,000. . .. 0;41 0.33 15,000. .. 0.87' . 0.88
10,000..." ©0.42 | 0.35 20,000. .. 0.87 - 0.88
I15,000...] 044  0.36 25,000. ., 0.86 = 0.88
20,000...| 043 . 0.36 30,000. ,: 0.86 - 0.88
Mean...| 042 | 035 Mean. . d 0.86 0.88
| 1 | ;

It will be noticed that there is fair agreement between Speci-
men [ and Specimen II, although the line of pull on the end
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plate 1s different in the two cases. The fixing moment of the double
angle, however, is more than twice that of the single angle.

In the earlier experiments on single angles connected to long,
narrow gusset plates the line of pull, as mentioned above, never
deviated more than 0.02 inch from the line of rivets. This shows
the important effect of the type of gusset plate upon the position
of the load axis and hence on the maximum stress in the member.,
The latter, of course, depends upon the lateral bending of the
specimen, and in calculating the figures in column 7, Table IV,
the axis of loading was not corrected for deflection. It will
be noticed that, with a few exceptions, the ratio at the central
sections decreases as the load increases. This 1s due to the altera-
tion of the axis due to lateral bending. In everyv case the ratio is
much less than for a load coinciding with the line of rivets, show-
ing the value of a wide and firmly-connected gusset plate. The
ratios of maximum to mean stress for a line of pull having the
same 1% as that given by the experimental results, but 1% in line
with the rivets, have been found by means of the S-polvgon, as
described above, and are compared with the actual ratios in the
annexed table.

TasLe VII.
Specimen 1 Specimen 11
Load,
pounds . i
Line of pull  Decrease Line of pull  Decrease
Actual in line of due to Actual in line of due to
rivets fixing rivets fixing
Per cent. 5 Per cent.
5,000. ... 1.96 2.62 25.2 1.94 - 2.80 30.7
10,000. . ... | 1.86 2.66 30.0 1.03 . 2.83 31.8
15,000..... | 1.82 2.€9 32.4 1.90 2.86 33.6

20,000..... 1.79 2.70 337 i 1.83 | 2.88 36.5

The average decrease of the ratio of maximum to mean stress
due to the stiffness of the end plate in its own plane is thus about
3z per cent. at the highest load, the load axis (K*, Fig. 2) being
brought almost into its most favorable position as described in the
last section.

At the end sections the ratio of maximum to mean stress is
alwavs greater than at the centre, the percentage increase being
as shown in the annexed table.
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TaBLE VIII.

The Ratio of Maximum to lean Siress at the End Section Compared with that
at the Central Section.

Specimen I Specimen II
Load
pounds | ‘
End Central Per cent. End Central | FPer cent.
mcerease ! mcerease
5,000. . ... \ 2.04 1.96 4.1 2.18 4 1.94 12.4
10,000.. ... ; 2.05 | 1.86 10.2 2.09 ‘ 1.93 8.3
15,000..... 2.06 ! 1.82 13.2 2.09 1.90 10.0
20,000..... 2.07 | 1.79 15.6 2.03 { 1.83 10.9
l Double angle
Left Right
End Central Per cent. End Central Per cent.
, | mcerease lricrease
15,000..... 1.39 I.11 25.2 1.32 1.22 8.2
20,000...,. I.40 I.1I 26.1 1.32 1.2 6.5
25,000..... 1.38 I.10 25.5 1.33 1.23 8.1
30,000.....! 1.38 1.09 26.6 1.33 1.23 8.1

It will be noticed that the percentage increase varies widely,
as might be expected. Tertiary stresses are indicated, ranging
from 4 per cent. to 135 per cent. for the single angles and rising
as high as 26 per cent. for the double angles. The curves for the
latter show that the distribution of stress departed greatly from
the planar. There is probably a readjustment of the longitudinal
variations of stress at the different loads, depending upon the end
connections, so that the results are not so reliable as at the central
section and the exact tertiary stresses are thus indeterminate,
They are local, however, and thus not so important, and may
probably be neglected in designing if ordinary working stresses
are used and the correct variation of stress over the main part of
the member considered.

35. (b) The Effect of Lock Angles.

It is often claimed, as stated in the introduction, that lock
angles considerably reduce the ratio of maximum to mean stress
in the member, some authorities going even so far as to sav that
when a lock angle is used the stress is practically uniformly dis-
tributed. A glance at the adjoined table will show how far this
is from being the truth.
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TasrLeE IX.

The Effect of Lock Angles on the Ratio of Maximum to Mean Stress at the Central
Cross-sections.

Specimen 1 Specimen I1
i Ratio of maximum to Ratio of maximum to
mean stress Per cent. mean stress Per cent.
Loadd, ) | change change
pounds | iy Without dluoecl;o With Without d]%ecﬁo
lock lock lock lock
Increase Decrease
5,000..... 2.08 1.96 6.1 1.95 1.95 0
10,000..... 2.05 1.86 10.2 1.83 | 1.93 5.2
15,000..... 2.00 1.82 9.9 1.82 ﬁ 1.90 4.2
20,000. .... 1.4 1.79 8.4 1.78 ‘ 1.83 2.7
Double Angle, left. Double angle, right.
l ) ¢
) '  Decrease | Decrease
15,000..... 1.06 | I.II | 4.5 I.19 1.22 2.5
20,000. .... 1.o6 ' I.II 4.5 I.19 | 1.24 | 4.0
25,000..... 1.05 1.I10 4.5 I.18 ‘ 1.23 \ 3.2
30,000. .... 1.05 | LIO 4.5 I 1.18 ’ 123 3.2
i [

This table compares the ratio of maximum to mean stress
with the lock angles in position and with them removed. Con-
sidering the single angles first, it will be seen that in the case of
Specimen II the ratio of maximum to mean stress is decreased
about 3 per cent. at working load by the use of the lock angle,
while in Specimen I it is actually greater by about 8.4 per cent.
with the lock angle than without it. In the case of the double
angle the stress in one leg is decreased about 4.5 per cent. and in
the other 3.2 per cent. It is thus evident that the effect of the lock
angle is very small, and that it is practically worthless for the
purpose of distributing the stress more uniformly.

The variabilitv and apparently paradoxical character of these
results will be explained by a consideration of the shift of the load
axis due to the lock angle as displayed by the adjoined table.

It will be seen that in all cases, as might be expected, the lock
angle slightly increases the arms of the restraining couples both
perpendicular to and parallel to the end plate. The change of
ranges from 0.07 inch to 0.09 inch, while that of 4+ 1s 0.10 inch in
all cases except Specimen I, in which it is only o.01 inch. The
agreement between the results in the different cases is remarkable,
especially considering that no care was taken to get uniform work-
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TABLE X.
Change of Load Axis at Central Section Due to Lock Angle.
x
* Shift toward ! Yk Shift toward
‘ - "~ | centroid T - <:€=rlérol<%i
Load, L With produced With produce
pounds ' jock, inches  Without by lock, lock, Without by Ing'
lock. inches inches inches ' lock inches Incnes
Specimen [
— ' — + +
5,000..... 08 | 0.92 0.03 0.41 0.49 0.08
10,000..... 089 | 0.90 0.01 0.40 0.48 0. 8
15,000..... 0.90 0.90 0.00 0.40 0.46 0.06
20,000..... 0.9I 0.92 0.01 0.40 0.47 0.07
Mean displacement. . . o.or Mean displacement. 0.07
Specimen Il o
- | - + I+
5,000..... 0.91 1.00 0.09 0.48 0.57 0.09
10,000..... 0.88 |, I.0I 0.13 0.46 0.55 0.09
15,000..... 08 = 1.00 0.11 0.46 0.54 0.08
20,000..... 0.91 i 1.00 0.09 | 0.46 0.54 0.08
Mean displacement. 0.10 Mean displacement. 0.08
[ Double angle Left 7
i }
‘ + ; — — +
15,000..... 0.02 | o0.08 0.10 | 0.05 0.03 0.08
20,000..... 002 008 | o.10 0.05 0.03 0.08
25,000..... 0.02 | 0.08 | 0.10 0.04 | 0.04 0.08
30,000..... 0.02 ' 0.08 0.I0 | 0.04 ; 0.04 0.08
Mean displacement. . ‘ 0.10 Mean displacement. 0.08
Double angle Right
+ = — —
15,000..... 0.03 0.07 } 0.10 0.11 0.02 0.09
20,000..... 0.03 - 0.08 | 0.1 0.11 0.02 |  0.09
25,000..... 003 007 | 0.0 0.I1 = 0.02 0.09
30,000..... 0.02 0.07 0.09 0.I0 | 0.02 0.08
‘—
- Mean displacement. . ' 0.10  Mean displacement. 0.09

manship in the making of the specimens. It may be said that the
lock angle produces an increase of, roughly, 1/,, inch in the arms
of each of the restraining couples. Now the effect of this depends
upon the position of the load axis due to the stiffness of the end
plate. In Specimen I the displacement of the axis brings the GL
line of the S-polygon from GL’ to GL” (Fig. 2). L thus passes
over from the g line to the b line, and the maximum stress is actu-
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ally increased by the additional restraint. In the other speci-
mens the point L remains on the a line, and thus the restraint
slightly diminishes the maximum stress.

The effect of the lock angle is no more marked at the end
sections than at the central section, the change in the restrain-

ing arm due to its action varying from 0.02 inch to 0.10 inch.

TABLE XI.
The Effect of Lock Angles on the Ratio of Maximum to Mean Stress. End Sections.
Specimen I ~Specimen II
Ratio of maximum to mean stress Ratio of maximum to mean stress
Load, _ N : _
pounds
With Without Decrease With Without Decrease
lock lock " due to lock lock lock due to lock
| |
‘ |
! Per cent. [ Per cent.
5,000..... 2.04 2.04 0.0 2.08 2.18 4.6
10,000..... 1.98 2.05 3.4 2.00 2.09 4.3
15,000..... 1.98 = 2.00 3.9 1.96 | 2.09 6.2
20,000. . 2.00 i 2.07 3.4 1.90 ' 2.03 6.4
i
Double angle
Left Right
15,000..... 1.26 1.39 9.3 1.19 | 1.32 9.9
20,000..... 1.26 1.40 10.0 1.19 1.32 9.9
25,000..... 1.30 1.38 5.8 1.1 1.33 g 10.5
30,000..... 1.29 1.38 6.5 1.14 1 1.33 | 143
TaBLE XII.
Change of Load Axts Due to Lock Angles. End Sections.
i —
' x;, (inches) ' ¥, (inches)
Load, ,
pounds With Without Change due | With Without ' change due
lock lock to lock lock lock to lock
Specimen I »

5,000. .. 0.95 1.00 0.05 ' 0.51 0.61 0.10
10,000. . 0.97 1.02 0.05 0.50 0.62 0.12
15,000. . 0.97 1.03 0.06 0.50 0.61 0.09
20,000.. | 0.97 1.04 0.05 0.51 0.60 0.09

0.05 0.10
Specimen 11 , !

5,000.. 0.95 0.99 0.04 0.60 0.65 0.05
10,000. . 0.91 0.96 0.05 0.58 0.61 0.03
15,000... 0.96 0.97 0.01 0.56 0.61 0.03
20,000... 0.96 0.96 0.00 ’ 0.54 0.58 0.04

|
0.02 | : 0.04
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It produces a slight decrease in the maximum stress, 3 per
cent. to 7 per cent., for the single angles and a little greater, 6 per
cent. to 10 per cent. and in one case 14 per cent., in the double
angles. The results are more variable than at the centre, owing, no
doubt, to the difference in the fixing couples near the rivets in the
different specimens due to the different positions of the line of
loading of the gusset plate.

To sum up, it may be said that neither in the single nor double
angles does the lock angle cause a displacement of more than
1/., inch in the line of pull either parallel or perpendicular to the
end plate, and that this produces only small changes in the max-
imum stress, insignificant in comparison with those arising from
the stiffness of the gusset plate in its own plane. The effect of
the lock angle 1s thus so small as to be practically negligible. It
is also uncertain, since, depending upon the stiffness of the gusset
plate, which is difficult to predict, it may increase or diminish the
maximum stress. The contention that the lock angle increases
the virtual length of attachment of the main angle to the gusset
plate, allowing more rivets to be used, is also seen to be incorrect,
since practically none of the stress is transmitted into the angle
through the rivets in the lock angle, at any rate until the member
is near to the breaking load, when it is of no importance. The
tests of McKibben 2 have shown that the effect of lock angles
upon the breaking load is uncertain and not great in anv case.

It thus appears that lock angles are of verv little practical
value and are unnecessary, expensive and cumbersome additions
to the end connections.

$5. (¢) The Effect of a Change in the Line of Loading of the
Gusset Plate.

In order to obtain some idea of the relative importance of
this factor, the load axis on the end plate of Specimen II was
altered by reboring the pin-hole and adding reinforcing plates,
the change being from a line 0.85 inch from the corner of the
angle.—.e.. in line with the centroid of the section,—to one in
line with the rivets, 1.75 inches from the corner. The effect of
this upon the load axis in the specimen may be seen from the an-
nexed table. There was practicallv no change at the central sec-

¥ Proc. Am. Soc. Test. Mat., vol. 6, p. 267; vol. 8 p. 287.
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tion, but at the end the arm of the fixing couple was decreased
0.10 inch perpendicular to the end plate and increased o.21 inch
parallel to the end plate, Thus only the tertiary stresses were af-
fected Dy the change. A\ comparison of the load axes in Speci-
mens I and II (Table XIV), which were practically similar
(although one was a little heavier than the other), except that the
load axis in Specimen I was in line with the back of the angle
while in Specimen II it was in line with the centroid, as explained
above, reveals a change of 0.08 inch in the arms of the restrain-

TaBLE XIII.
Specimen I1.—Effect of a Change in the Load Axis.

x;, (inches) ¥ (inches)
I.oad,
pounds N A : A T
xis in line xis in line xis in line | Axis in line
‘with centroid of rivets Change | Gith centroid| ~ of rivets Change
Central Section.

5,000_ . ' 1.00 I1.00 0.00 0.57 0.57 0.00
10,000. . I.01 1.00 0.01 0.55 0.55 0.00
15,000....  I1.00 0.99 oo | 0.54 0.54 0.00
20,000. .. 1.00 0.99 ¢oor 054 0.52 0.02

Mean.. . .. o.or | Mean... 0.00
End Section. J l

5,000. . l 0.99 1.08 009 = 0.65 0.40 0.25
10,000...0  0.96 1.08 0.12 | 0.61 0.41 0.20
15,000. .. 0.97 1.07 0.10 0.61 0.40 0.21
20,000. . i 0.96 1.06 0.10 7 0.58 0.41 0.17

| -
, Mean..... 0.10 Mean.... 0.21

ing couples at the central section and a smaller change at the
end. In this case the differences may, of course, have been
partly due to other causes than the difference in position of the
axis, but in both cases they were so small as to make it appear
that the exact position of the load axis on the end plate is not
of very much importance, the distribution of stress being prac-
ticallv fixed by the line of rivets and the stiffness of the gusset
plate. The effect on the tertiary stresses may be greater, but does
not seem worthy of further investigation in view of its smallness
in comparison with that due to the stiffness of the end plate in its

own plane.
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TasLE XIV.
Comparison of the Load Axes in Specimens I and 11.

Load, %, {inches) ¥ (inches)
pounds

Specimen I | Specimen II | Difference Spccimen['| Specimen 1I | Difference
Central Seclz'ojn.

5,000...  0.92 1.00 0.08 0.49 0.57 0.08
10,000. .. 0.90 1.01 0.11 0.48 0.55 0.07
15,000. .. 0.90 1.00 0.10 0.46 0.54 0.08
20,000. .. 0.92 1.00 0.08 0.47 0.54 | 0.07

Mean..... 0.09 Mean..... 0.08
End Section.

5,000. .. 1.00 0.99 0.01 0.60 0.65 0.05
10,000... 1.02 0.96 006 | 0.61 0.61 0.00
15,000... 1.03 0.97 0.06 L 0.62 0.61 —0.01
20,000. .. 1.04 0.96 0.08 | 0.6I 0.58 —0.03

Mean..... 0.05 l Mean.... 0.00
|

§6. Further Remarks on the Double Angle.

It is the usual practice in designing a member, such as Spec-
imen III, made up of two angles back to back, to consider that
bending occurs about a neutral axis parallel to the unconnected
legs, the whole member bending as one piece. It has already
been shown by the writer '3 that this is incorrect and that the only
true way in which to regard this and other similar built-up sec-
tions is to consider that each element of the section tends to bend
about an individual neutral axis, being restrained more or less by
the end or other connections. It is only necessary to remark here
that the present experiments bear out this theory and also show
that a stiff end plate produces such large constraining moments
that almost complete fixing results, the greatest deviation of the
load axes of the two angles from their centroids in Specimen III
being about 0.1 inch. How far this fixing may be relied upon in
any particular case it is difficult to say, and the subject is worthy of
further investigation.

§7. General Conclusions.

The above analysis leads to the conclusion that, with a gusset
plate connection of the usual type, wide and rigidly connected,

B I oc cit,
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the chief factor influencing the distribution of stress over the
cross-section of the member is the stiffness of the end plate in its
own plane. In comparison with this the effect of lock angles is
practically negligible, and a considerable change in the line of
pull on the gusset plate may be made without appreciably alter-
ing the stress distribution.

The bearing of the above upon the design of single- and
double-angle members is obvious, although it is difficult to formu-
late exact rules. It may. however, be definitely stated that lock
angles are of little, if any, value, and this is perhaps the most
important result of the investigation. As to the correct ratio of
maximum to mean stress to be used in designing, the earlier ex-
periments of the writer * have shown that with long, narrow
gusset plates, unconnected at the sides, there is practically no end
restraint, no matter what the thickness, within practical limits, of
the plate may be, and that a fairly good approximation to the
actual distribution of stress may be obtained by considering the
load axis as coinciding with the line of rivets and lying slightly
within the end plate. A broad, stiff connection, however, is gen-
erally advisable, and with this the ratio of maximum to mean
stress is much, say 30 per cent., lower than would be given by the
above rule. It is difficult to estimate exactly, however, and per-
haps the same rule might be used taking a higher value for the
working stress, since the tertiary stresses would also be covered
by it. \ith a narrow plate, however, the ordinary working
stress should be used, since the tertiary stresses are not included.
There remains, of course, the possibility of exceeding the yield
point at certain fibres without danger. This, however, it would
not be safe to rely upon in the present state of experimental knowl-
edge of the subject.

The experiments on double-angle members show that such a
nmember with a stiff end plate is an excellent type in practice, the
stress being almost uniformly distributed at the central section.
but, unfortunately, it seems to be impossible to predict exactly
what the distribution will be in anv particular case.

* Tn the earlier paper (loc. cit.) it was stated that the end plate had little
constraining effect. This should be modified, in the light of the present
experiments, to the statement given above.
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§8. Summary and Conclusion,

The chief conclusions to which the present paper leads are:

1. That the only practicable experimental method at present
available for investigating the distribution of stress in built-up
members is by means of some form of extensometer, and that the
simplified mirror extensometer used in the tests described is very
suitable for this purpose.

2. That the assumption of a planar distribution of stress is jus-
tifiable in such members as are considered here, except perhaps
close to the end connections, and that the ordinary theory may
therefore be applied to an analysis of the distribution of stress
in these members.

3. That in single- and double-angle tension members connected
at their ends by means of rivets to wide and rigidly held gusset
plates the stiffness of the gusset plate in its own plane has a con-
siderable effect on the distribution of stress in the member, there
being in every case a particular stiffness which will give the
least maximum stress in the member for a given load.

4. That in such members lock angles are of very little, if any,
value for the purpose either of giving a more equable distribution
of stress in the member or of increasing the effective length of
end connections.

5. That a slight change in the line of application of the load to
the gusset plates does not materially affect the distribution of
stress in the member, except possibly close to the end connections.

6. That the experiments on double angles bear out the theorv
that such members do not act as a single piece bending as a beam.

7. That the experiments lead to certain rules for design as
formulated in Part III, §7.

In conclusion the writer wishes to thank Professors H. M.
Mackay and E. Brown, of McGill University, for their personal
interest and advice; and Mr. S. D. Macnab, of the McGill Testing
Laboratory, who was associated with him throughout in the
experimental work.

McGrr Untversity, Montreal,
January, 1915.
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TORSION STRESSES IN FRAMED
STRUCTURES.

The Calculation of Torsion Stresses in Framed Structures and Thin-
Walled Prisms.*

By CyriL Batmo, M.Sc., B.Eng., Assistant Professor of Applied
Mechanics, McGill University, Montreal.

§ 1. Ix designing a double-track cantilever bridge with sus-
pended span, it is necessary to consider the stresses arising in the
suspended span due to unsymmetrical live loads on the cantilever
and anchor-arms (see Example II1.)." It is also sometimes of im-
portance to determine the stresses in an ordinary’ truss bridge,
braced arch or other framed structure on four supports, due to
unequal settlement of the supports. Similar problems arise
in connection with erection travellers, etc. The stresses arising
under such conditions may be termed *‘torsion stresses,” since they
correspond to those called into play by two equal and opposite
couples in parallel planes acting at panel points of the structure.
Methods for their calculation in the case of scttlement of supports
have been given by various authorities.t These methods are,
however, long and tedious, and the work may be considerably
shortened by the use of the following theorem, which is also of
interest from a theoretical point of view By its use the stresses
in the lateral system, usually the most important, may be calculated
in a few minutes. whilst the stresses in the main trusses may be
determined by means of an ordinary reciprocal diagram.

§ 2. Theorem.—If a framed struclure consisting of two parallel
trusses—A B C, A" B' C' (Fig. 1), similar in outline and connected
by lateral bracing, be subjecied to equal, opposite, and parallel couples
consisting of unit forces at A, A', C and C' respectively, the shear
S perpendicular to the plane of the trusses is constant throughout the
lateral system and equal to the area of the base of the framework div-
ided by twice the area of one of the trusses—i.e., using the notation of

Fig. 1,

bl
2 X area A B C
* Paper read before Section G of the British Association at Manchester, September, 1915.
1 See Johnson, Bryan,; and Turneaure, ‘‘Modern Framzd Structures,”” vol. ii., page 375.
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Consider the equilibrium of any panel-point m. Since there
is no external force acting at this point, the force perpendicular
to the plane of the truss A B C in the member (m—1)", m must be
equal and opposite to that in the member m m' Similarly, con-
sidering the panel-point m' of the truss A' B' C', the force in m m'
must be equal and opposite to the perpendicular component of the
force in m' (m—+1), etc. Thus thé shear perpendicular to the plane
of the trusses in the panel (m—1)', m of the lateral system is the
same as that in the panel m', (m+1), etc. In a similar manner it
may be proved that for any type of lateral this shear is constant
throughout the system. Let it be denoted by S.

The whole structure may now be considered as consisting of
three parts joined together at the panel-points only, the trusses
A B C, A' B' C' subjected to the unit forces at A, C, A', and C!
respectively, and the lateral system transmitting the shear S. The
chords of the main trusses must be regarded as belonging to both
the truss and lateral systems. Each panel of the lateral system
will transmit a force F to a panel-point of each of the main trusses,
and these will form a system of forces parallel to the chord members
of the trusses, as shown by the heavy arrows in Fig. 2. Thus at
any panel-point m of the truss A B C a force F,, is acting from the
panel m, m~+1 of the lateral system. Considering the eqtilibrium
of this panel, it will be seen that

a
F”’=SZ (1)

where a is the length of the panel, and b the distance between the
main trusses (Fig. 2). 1t is, of course, immaterial whether the
force transmitted by the panel m (m--1) of the laterals be considered
as acting at m or (m-+1) of the main truss. In the former case
the F forces would act as shown, in the latter there would be no
horizontal force at C and no inclined force at A.

For equilibrium of the truss A B C the sum of moments of the
forces shown in Fig. 2 about an axis through A perpendicular to
the plane of the truss must be zero. Thus

1x{—-3(F,. cos 0 v,—F,sinb «,)=0,



the summation extending over all the panel-points. Therefore,
substituting values of sin 8 and cos 6 and using (1)—

a5 g ()]

b l=S 2 (xm—i—l - ym—ym—é—l . xm) (2)

Now twice the area A B C,

or

2 P = E [2 ym (xm+l - xm) + (y;)z+1 ynz) (x7;L+1 xm)]
= E (x r+1 ym —Xn ym—f.-l) - E xn‘z, ym —l_ E xm—i—l ym-l-b

But
2 xm ym = 2 xm—H 3’771 — 1

and therefore
2 P= E (xm-{—l Vo = Xon ym—f—l) (3)

Hence, substituting in (3) from (2),

bl
S= op (4)

and the theorem is proved.

The stresses in the members of the lateral system may be found
at once by considering the shear S as acting on each panel in turn.
In order to find those in the main truss members, the stresses due
to the I forces and the unit forces at A and C must be determined
analytically or graphically. A short graphical method obviating
the calculation of the F forces will be illustrated later (see Example
ITI.). These strésses will be the correct ones for the web members,
but to the chord members must be added the stresses arising from
the lateral system, as in the calculation of wind stresses. These
will be equal to or one half of the F forces, depending upon the type
of lateral system.

§ 3. Extensions of the Theorem:

(a) If the base of the structure be not plane, the theorem still
holds in the form given in equation (4), but b [ is not the area of the
base. Thus equation (4) may be applied to braced arches, erection



travellers, etc.; in fact, to any braced structure having similar
parallel faces and subjected to any pair or pairs of equal, opposite,
parallel couples in the planes of the two faces respectively.

(b) The theorem may be further extended to include any
thin-walled cylindrical or prismatic surface having plane ends per-
pendicular to the surface.

Let Fig. 3 represent such a surface. b in this case represents
the length of the cylinder, and the forces at A and C may be re-

@ 5 p  E T F
Loading used for Stresses in Lalerals.
e ey M———————

Loading used for Stresses in Hain Truss.

(4495.8)

5000 Lbs.per foot
----- 800 Lbs. per foot

garded as making up one couple, and those at A' and C! the other.
Then, using the notation of Fig. 3,

=S 0

=7



Taking moments about an axis through A parallel to the sur-
face of the cylinder for equilibrium of the end’A B C D,

I1x/—3 (Fcosy y—Fsiny x)=0,
and therefore
bl=S3(ydx—x0dy),
the summation extending round the boundary A BCD  Thus:—

bl
" 2xareaABCD

as before.

(c) Inits most general form the theorem may be stated thus:—
If a hollow cylinder or prism, cither continuous-walled or of framework,
and having plane ends perpendicujar to its length, be subjected to a
twisting moment by couples 1n the planes of its ends, the total longitud-
inal shear is everywhere constant and equal io the twisting moment
multiplied by the length of the cylinder, and divided by twice the area
of one of its ends.

§ 4. Examples:

(i.) Bridge having Parallel Chords and Panels of Equal Length.—
Let there be # panels each of length d, and let the height of the
trusses be £ and their distance apart b. Full diagonal bracing is
assumed. Then, if the end posts be vertical, as in a deck bridge,

. area of base _bnd b
" 2% area of one truss 2k nd 2k

If the end posts be inclined, as in-a through bridge,
bnd n b

“2h{(n-2)d+d) n—1 =

These results are in agreement with those given by Johnson,
Bryan, and Turneaure, “Modern Framed Structures,” vol. ii,
page 373.

(ii.) Thin-Walled Rectangular Box.—An interesting verification
of the application of the theorem to a thin-walled prism is the case

of a rectangular box, suchas A BCD E F G H (Fig. 4), to which
forces are applied as shown in the figure.



Considering A H and F C as the ends of the prism, the
shear over the faces E B, AC, D G, and G E parallel to A B is
given by:
ab a
5=9be"2¢ M)

Considering A C and E G as the ends, the shear over E D,
D G, G B and B E parallel to A E is given by:

ab b ,
“2ac=2s - @

It will be noticed that—'=2. which must be the case for equi-

S, &
librium of the face H C.

Suppose the walls are of uniform thickness ¢ throughout,
) : S 1
then the intensity of shear over the faces A C and E G%&Jizécit’
S,

over D E and F C=5—Z¢=2—lc—t and over the faces E B and H C=
a§;= %—t- Thus the shear stress is constant throughout and of
intensit —1—
intensity 5—

In this case the results may be arrived at quite simply from
first principles as follows:—Of the force at A, let m be resisted by
the face A H, and # by the face A C, as indicated in the figure.

Then for equilibrium of the faces A H, A C, and B E, we have
m b=gq c,
n a=p c,
p b=gq ua,
respectively. Thus

m_9 . %_ 4

n p b ’
or half of the force at A is taken by the face A H and half by the
face A C, irrespective of the lengths of the sides of the figure. Also

the intensity of shear over the face A C=cﬁi= z—lc—t, over A H=
m_ 1 g _mb_1 . |
P 2Ctand over B E"’g}f— Thiact which correspond to the

results obtained by the former method.
6



(iii.) Tarsion Stresses in the Suspended Span of a Cantilever
Bridge Due to Unsymmelrical Live Loads.—Fig. 5a is a diagrammatic
plan of a double-track cantilever bridge having piers at B B’
and EE! Thus A B and E F are the anchor-arms, B C and D E
the cantilever arms, and C D is the suspended span. Let it be
supposed that the position of the live load is as shown by the heavy
lines. It will-be seen at once that the suspended span is subjected
to torsion stresses due to the unequal deflections at C and C' and
at D and D*® produced by the live load. The determination of
these will be illustrated by an example taken from practice. Fig.
6 is an elevation of the suspended span of the new Quebec Bridge,

Fig.6
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now in course of erection. The spén is 640 {t. long, and the distance

between the main trusses is 88 ft. The other dimensions are shown

in the figure. The lateral system is shown in plan in Fig. 7, a and

c. The diagonals of this system will be regarded as acting as both
7



ties and struts, and the bending in the portals will be neglected.
Each diagonal of a panel will be regarded as taking one half of the
shear, in accordance with the usual assumption. This applies
also to the central panels of the main trusses. The sub-members
of the main trusses will receive no stresses from the torsional
couples, and thus the only members which need be considered are
those shown in Fig. 70. The lengths of the cantilever and anchor-
arms are shown in Fig. 5a, which is a plan of the whole bridge. The
live load will be assumed as 5,000 Ib. per lineal foot, together with
empty cars weighing 900 1b. per lineal foot.

Any unsymmetrical loading of the cantilever and anchor-arms
will give rise to torsion stresses in the suspended span, but only
those which co-exist with maximum stresses from other causes will
affect the design. In this bridge there is no top lateral system in the
cantilever and anchor-arms, otherwise there would be torsion
stresses in these as well as in the suspended span, but those in the
latter would be somewhat reduced, owing to the greater stiffness
of the cantilever and anchor-arms. Two cases of loading will be
considered here, as shown in Figs. 5a and b respectively; a is the
loading used in calculating the effective torsion stresses in the
laterals, b that used for the main trusses. An exact calculation
would require still other cases to be considered, but the magnitude
of the torsion stresses in the main truss members is not such as to
warrant the extra labour involved.

The first step is to calculate the stresses in the suspended span
due to unit forces at L, L, L', and L', respectively. The
forces will be regarded as downward at C! and D, and-upward at
C and D'. Then, from § 2, the transverse shear due tq these is
given by p

_ _area of base  88X640
" 2Xarea of face = 2X 54,600

Thus, for 1,’000 Ib. at the points L, L, L', and L', the
transverse shear would be 516 Ib.

=(.516.

From this the stresses in the laterals may be calculated im-
mediately. For example, in the panel U, U, of the upper léterals,
each diagonal, being assumed to take one half the shear, will be
subjected to a stress equal to

258 X length of the diagonal _ 258X 118.8

distance between the trusses 88
= 348 Ib.




The stresses in the other members may be calculated in a
similar manner, and are shown in Figs. 7a¢ and c.

In order to find the stresses in the main truss members, the
whole system may be considered as made up of three parts—the
lateral system and the two main- trusses, joined together at the
panel-points only. It will be seen from the discussion in § 2 above
that the front main truss is then in equilibrium under two forces
of 1,000 lb. each, at L, and L,, respectively, together with forces
at each of the panel-points transferred from the lateral system.
The latter forces will act parallel to the members of the top and
bottom chords, as described in § 2 and indicated in Fig. 2. The
force from the panel L, U, of the lateral system will be regarded
as transferred at U, that due to U, U; at U,, etc. It would,
of course, be equally correct to regard the force from L, U, as
transferred at L ,, and that due to U,; U,; at U, etc., and the final
result would be the same. The stresses in the main members due
to these forces may be found by drawing the reciprocal diagram
in the usual manner; but, by a little manipulation, the labour may
be materially lessened. The first step is to determine the F forces
transferred from the lateral system. As an example, consider
panel U, U',,.  This is in equilibrium under the action of the shear
S perpendicular to the main trusses, and the shear transmitted
from the main trusses. Thus S X panel-length=F, X distance
between the trusses. Thus:—

=S><U3U10=

FIO 88

U, U, X 5.87.

It will thus be seen that the F forces are proportional to the
lengths of the main chord members. The force diagram may,
therefore, be constructed in the following manner, without actually
calculating the magnitudes of the F forces:—Draw an outline of
the truss as in Fig. 7b to any convenient scale. Find the scale to
which the length of the chord members in this diagram represents
the F forces by determining one of the latter. Erect the perpen-
dicular L,.a to represznt a force of 1,000 Ib. to this scale, draw a ¢
.parallel to the bottom chord, ¢ b parallel to L, U,, b U, perpendicular
to the bottom chord. A little consideration will show that «
L,, L, L, the top chord to U,, U,b, & ¢ and ¢ @ form the force
diagram. The reciprocal diagram may now be constructed and

9



is shown in the figure. This diagram gives at once the stresses in
the web members. The chord members, however, must be regarded
as belonging to both the main truss and the lateral systems. Re-
garded as part of the lateral system each member, with the exception
of the end posts, is subjected to one-half the F force in its panel,
since the lateral system is stiff. This may be allowed for by
measurement on the diagram. For example, n U, represents the
stress in the member U, U, regarded as part of the main truss
system, U,, U, represents the F force, and, therefore, the actual
force in U, U, will be » U,—% U, U,,, which may be measured
off on the figure. The other chord stresses may be found in a
similar manner, and the final results for the whole system are given
in Figs. 7a, b and c.

The next step i1s to calculate the relutive deflections at the
corners L, L', L,,, L, due to the assumed couples. Knowing
the sections of the members, this may be done in the usual manner

p Ul
*AE |
need not be considered here. The result for the case of the Quebec
Bridge is 0.0067 in. deflection of L, with respect to L', for 1,000
Ib. load, as assumed above. Now the deflection of the point C
with respect to C' (Fig. 5a) due to the loading shown, and assuming
the suspended span to offer no resistance to twisting, was found to
be 2.016 in., whilst the deflection at the point C due to a load of 1,000
Ib. suspended at the point C under the same conditions is 0.00318
in. Hence, if X be the actual force transmitted from the cantilever
arm to the suspended span at L, due to the loading shown in Fig.
da,

by the use of the formula The details of the calculation

0.0067 X=2.061—2 X 0.00318 X,
and
X =157,800 Ib.

Thus the actual value of S for this loading

=0.516 X 157,800 Ib.
=81,500 lb.

For the second case, Fig. 55, X=99,400 1b. and S=51,300 Ib.

The actual torsion stresses may now be found by multiplying
the stresses given in Fig. 7 by 157.8 and 99 4 respectively. For
example, the actual torsion stress co-existing with maximum stresses

10



from other causes in the top lateral member U, U’,, is 157.8 X 348 =

54,900 1b.=3920 lb. per sq. in., the section of the member being
14 sq. in.

§ 5. Conclusion.—The above examples will be sufficient to
show the application of the theorem. The case of stresses due to
unequal settlement of supports is similar to Example I11. but simpler,
as it is not necessary to form an elastic equation in order to determine
X. Further applications are to erection-travellers, three-hinged
arches, etc., unsymmetrically loaded. The form of the theorem
given in § 3 ¢ may also be used to determine the angle of twist,
etc., of any thin-walled prism subjected to a twisting moment
by considering the work stored, and may also be extended to give a
method of dealing with solid shafts of any cross-section.
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THE TORSION OF

SOLID AND HOLLOW PRISMS AND

CYLINDERS.

By CYRIL BATHO, M.Sc., B.Eng., Assistant Professor of Applied Mechanics, McGill

University, Montreal, Canada.

Reprinted from ‘' ENGINEERING,” November 24 and December 1, 19I16.

§l. Introduction.—In a paper read before the |
British Association in 1915 and published in
Exciveering (October 15, 1915, page 392), the!
writer demonstrated that if any thin-walled
cylinder or prism, either continuous-walled or of
framework, is subjected to a twisting moment T,I
the total longitudinal shear 8 is given by the|
expression i

b
2A
where [ is the length of the cylinder and A the area
bounded by the contour of its cross-section (not
the area of actual cross-section). The application
of this to a framed structure was considered in
detail. It is the object of the present paper to |
consider more closely the case of the thin-walled
cylinder or prism having a continuous boundary,
to extend the method to solid and hollow sections, |
to obtain approximate formule for the torsion of |
rolled structural sections, and to ecriticise certain |
formulz in general use for hollow sections.

§2. Thin-walled Cylinders and Prisms.—If the |
walls of a cylinder or prism subjected to torsion are |
thin, equation (1) may be used directly to find the |
distribution of ghearing stress. Denoting the
thickness of the walls by ¢, the average intensity of
shearing stress ¢ over a section of the walls normal
to the contour at any point P, is given by
S AT

2A¢
Thus, if the walls are of uniform thickness, the
average shearing stress intensity is constant, and if
of variable thickness, it varies inversely as the thick-
ness. Since the walls are thin, the actual intensity
of shear at any point is, in general, practically equal
to the average intensity, and is thus given very |
approximately by equation (2). An exception to
this oceurs at the cornmers of a prismatic section. |
At any corner the stress is zero and thus the shear ‘
cannot be uniformly distributed in its immediate
neighbourhood. * .

Equation 2 may thus be applied to find the |
strength of any thin-walled cylinder or prism sub- |
jected to torsion. It appears from this that all |

(1

7 (2).

But
e T
et =io=

Therefore

ot el dVv <

O_4A2Gj £ @)
If ¢ is uniform, this gives
. mry
O =4 imea ®

where P is the perimeter of the section and I the
length over which © is measured.

There seem to be few experimental data
on the torsion of thin-walled tubes, but the
above receives striking confirmation from the
experiments of Mr. Ritchie which were published in
ENGINEERING of January 21 and February 4, 1916.
Mr. Ritchie used three hollow sections of the dimen-
sions shown in Table I. It will be noticed that the
ratio of width to thickness is not very great, so
that the tubes can scarcely be called thin-walled.
The angle of twist over a length of 5 ft. was |
measured for a twisting moment of 50 inch-lb. and
the results are given in column 5. Column 6 gives
the angles of twist calculated from equation (4).

Fig.d.

(#3835 A)

sections of the same material, of the same thickness
and having the same area A, have the same resist- | The modulus of rigidity was not measured experi-
ance under torsion. This does not mean, however, | mentally for these cases, so that its value is some-
that thin tubes of all shapes are equally efficient | .\ pt uncertain. Mr. Ritchie assumed it to be
when used as shafts. The amount of material for | 17 ,, 1081p. per square inch, and this value has been
the same values of A and ¢ obviously varies directly | ;;c0d in calculating column 6.

as the perimeter of the section, and thus the circle

gives the values of G for which the agreement would
be exact. They are within the range of values
given by Mr. Ritchie for those cases in which G
was measured experimentally.

The above seems to show that reliance may be
placed upon the method given for the calculation
of stress and angle of twist even when the walls are
not extremely thin, but further experimental evi-
dence would be useful. Tt is interesting to note
that Mr. Ritchie, applying the ordinary formula
for a hollow elliptic section (Iiq. 27 below) to
the oval tube, obtains a result which is much
too high. This he attributes to the actual section
deviating from the elliptic. This may be so, but,
even if the section were elliptic the formula would
not give correct results, as it applies only to a
section bounded by two similar ellipses and not to
a tube of uniform thickness. This point will be
considered later.

§3. Batension of the Method to Solid Shafts.—The
shearing stress at any point within the cross-section
of a solid shaft is tangential to one of a family of
' curves which may be called the lines of shear for
the section,® the boundary of the section being itself
a member of the family, since the stress at the
contour must be everywhere tangential to the
contour. Let Fig. 1 represent the cross-section,
Gz and Gy being a pair of rectangular axes through

| its centroid G. The equation of the lines of shear
may be taken as

f=N

where { is a function of x and y and X a variable
parameter, constant for any particular line of
shear, the equation of the boundary being given by
=0

The portion of the eylinder or prism bounded by two
neighbouring surfaces of shear, of which the lines
of shear are traces on the plane of the cross-section,
may be called a fube of shear, and the whole shaft
may be considered as made up of such tubes..

Now each tube of shear is under the same condi-
tions of stress as a thin tube subjected to torsion,

| and thus equation (1) may be applied to it. There-
fore,
_ BT
g.dt=g . (5)

where 8 T is the part of the twisting moment, T,
carried by the tube under consideration, a is the

| area of the cross-section of the shaft bounded by the

| tube (not the sectional area of the tube), and 61 is

I : ;
is the most efficient form. For example, a square - TapER 3 2 ) thc.z normal thickness .oi the wa-}l of .the tube at the
tube having the same resistance under torsion as a | i 2 ERIE | T ?  point where the shearing stress is ¢, d.e., the distance
circular tube of the same thickness will contain 1.128 | [ Di(l_m';s“;“ I 7 iz | bl;stween the lines of shear bounding the tube at
i cnes). = . .
times as much material. [ S = A this point. -
The angle of twist may be found from a considera- S 2 fc | E e | The resultant shear ¢ at P (Fig. 1) may be resolved
tion of the work stored. This is equal to Type of 1 | = = | 5 2 ig § into ¢, and g, parallel to Gz and Gy respectively.
2 Seetion. ‘ | £ 5 & & .2,_.5 Thus
S | g |8 & |z . P=at gy,
2 a4l 2285 |2 : 28 |or
| 2 | 2k Sl R % | .
where ¢ is the stress at any element of the volume | = | &| E 5 8 | 8 2 %%’gﬁ ‘ gL
dV, G is the modulus of rigidity of the material and | B st | > | S | q q
the integration is throughout the volume. It is ‘ s ‘ W \ , % 105 e e g
ollow = | o by . 3945103905 | == —="vYand ¥ = -
also equal to ; T O, where T is the applied twisting | jISofansle j0:872) L 43 (OB ‘“ 524503205 1, 73| 10,86 7 T
| 4133.4 (0.296 0.0870/0.0923 6 1.
moment and © the angle of twist. Thus Hotow ]'50011'500\0'05{)‘|ﬂ ¥ |0 208 0.08700.0923 ¢ ml 168 | where § and 8y are the components, parallel to
oval  ...0.8621.7400.045 [19.150.1788 0.3450 0.3665 5.40 1,60 | the axes, of the thickness 8¢ (Fig. la).
9=.?.j)‘i-dv el : _ | Thys
2t It will be noticed that the agreement hetyeen g.0t=g,. 82— qc.0y (6).

columns 5 and 6 is within the range of experimental

* For a fuller discussion of this point, see a letter in | : i
3 error and error in the evaluation of G. Colymn 8

ENGINEERING, March 31, 1916, page 298.

* See Love, ¢“ Theory of Elssticity,” page 309.



But, since ¢ is tangential to the line of shear, I =2,
through P

w01

Iy e
— —=tan.i = —,
o kel
by

where 4+ is the angle of slope of the line of shear
through P. This is satisfied by
e = — K 9 and g, = K 2F
: ?’?fan % L )
where K is a constant.
But, if & n; and {are the displacements, parallel
to Gz, Gy and the axis of the shaft respectively,
of the point P

i (e G .9,??), 3
% ('dz+'oz )
and
4y=G(:E’r‘L+?§). (8b)
oY cz

where G is the modulus of rigidity of the material.
Now under shear the radius GP (Fig. 1) turns
through an angle & 4 which is the same for all

points, and dd? is constant along the shaft.
Thus '

t=—Fkez and n="Ffyz . . (9)

where & is a constant and z is measured along the
axis of the shaft. Differentiating 8« with respect
to y and 8 with respect to « and subtracting
@: _ g
0y o
where ¢ is a constant. Substituting for ¢, and ¢,
wrom equation (7), assuming K constant,

=,

CENE R s S
e ’d§2 a constant . (10).
Thus, if K be constant, f must satisfy (10). This

equation, combined with the condition that f = 0
at the boundary, suffices for the determination of f.
It is now only necessary to find K. Substituting
the values of ¢, and ¢, from (7) in equation (6),

q.ﬁt:K(?ﬂdm#U.dy),
0% dy
or, using (5),
8T
2a
Integrating this over the whole cross-section,
T 2K faydr (11).

But @ is zero at the centroid and f is zero at the
boundary. Thus, integrating by parts,

T=—2Kff.da,.

the integral extending over the whole section.
Thus, if f is obtained from equation (10), K may
be found from equation (12), and the stress at any
point of the section is then known from (7). The
“angle of twist © for a length I may be found, as
in the case of the thin-walled tube, from

1
=t 12
(] GTJ‘q.da, .

the integration extending over the whole section.
§4. Bxamples - (a) The Solid Elliptical Shaft.—
Let the semi-major axis be b and the semi-minor

P T 8

(12)

(13)

axis h. Then the equation of the boundary is
22 72 -
B
Thus a possible value for f is
T
L g =k
This would give
I T
o™ .o ' R

which is a constant. Thus the lines of shear form
a Zamily of similar and similarly situated ellipses,
for which

a2 yz . I
BRI
pplying equation (12) to this case

iRl - a2 | R
T = 21\.-“(32-5—}5_2—1)&&.

But f x* . da and f 4* . d a are the moments of
inertia of the section about the axes Gy and Ga

respectively and ftl a is the area of the section.

— 2

Substituting the values of these in the above
equation,
K= .Tﬁ.
Tbh
Thus the components of stress at any point of the
gection are

3 2Ty
R O el
s 3y T b b3
and 9 o
p = REL 2 E
= i

The maximum shearing stress occurs at the end
of the minor axis and is given by g,, on substituting

= h. Thus
Y 2T

Qumax, = = (14).
Tor a circular shaft of radius r, b = h = r, and
q wax, = £3l;
3

Thus the radius of a circular shaft of equivalent
strength to the elliptical shaft is given by

=%/bn2 (15).
The angle of twist over a length I may be found
from equation (13).

AT
ﬁ—ﬁjq‘i.da
ol T!I 2 y
_GWZbEIABJ(b4 + F)d“
_ T1I b2+ ke
Tar s (18).
o
A
Fig.2.
/ Gl %
!
5
v .
B @sss.a) P T e >"C

For a eircular section of radius » this becomes
.2 :
il Gt
Thus a circular shaft of equivalent stiffness to the
elliptical shaft has a radius*,
r=t /20303
? + 2 :
(b) The Equilateral Triangular Shaft.—Let ABC
(Big. 2) represent an isoceles triangle referred to
axes Go and Gy through the centroid, Ga being
patallel to the base BC. If the length of BC is 6b
and the height 3%, the equation of the boundary is

aff e S NS el =

{6 -tml b =a
Thus the left-hand side of the ahove is a possible
expression for . This satisfies

ot f
ca?

(17).

= E_zf = a consfant,

0y?
if h=./3.0, e, if the triangle is equilateral. Tn
this case the lines of shear will be given by

WA =
((2&. 1) 4b2J(y+;‘a)—?\,
and, applying equation (12),
T~ 9k (95 = S s, 00
_[ mT it T ibB) i

—_— e

*It should be noted that shafts of different shapes
having the same stiffness are not, in general, of the same
strength, and thus the relative strengths of such shafts
cannot be obtained from measurement of the angle of
mﬁt;}lﬂfiﬁs the law of variation of stress is known for
ertel in discussing the results of his experiments
meftioned above. %‘ur example, the column ofpthe table
gﬁi’al’“‘ge 50 (ENGINEERING, January 21, 1916), headed

Diameter of circular section of equivalent torsional
gt.:'gngi_sh, really gives the diameter of a circular section
of @quivalent torsional stiffness.

Mr. Ritchie seems to have fallen into this |

Now

yda =Tg, = 45003,

"

hda =902,

Rda=Ta,=1356h

[ 0
yda=

2y . de.dy+ z22y.da.dy
—h 0 J—n
= — b.4 b3 h2

and [¥*da may be found by integrating in a.
similar manner and is equal to 1.8 bA%.

Substituting these values in (18) and replacing
L by ,\/ 30,

Thus

— 35,

(+55)% a1 5) o
otz atl ]

T = — 24.3 K b3,

T
9 = grogs W2 — 2 /3 yb— ag).

This suffices for the determination of the dis-
tribution of shearing stress along BC, since g, = 0
along this side. The maximum stress occurs at the
mid-point of each side, i.e., at the points of the
contour nearest to the centroid, and is given by

Guax. =20 'g,’ » (19)
where S = 6b = the length of the side.

Thus the radius of a civeular shaft' of equivalent
strength is given by ‘
r= 03178,
and the weight of a triangular shaft is 1.37 times
the weight of a circular shaft of the same material,
length and strength.

At the corner C, v = 3b, ¥y =— h. Thus g, = 0.

The stress parallel to the side AC is also zero.
Thus the stress at the corner is zero. The distri-
bution of stress will, of course, be the same along
each side.

The shape of the lines of shear is indicated in
Fig. 2.

%.‘he angle of twist could be calculated as in
example a, but the analysis, although not difficult,
is too long to be given here.

The above examples will suffice to show the
application of the method. In most of the other
cases [ takes a complicated form and the analysis
is much more difficult. The results obtained are,
of course, the same as those arising from the usual
methods of analysis, but it appears to the writer
that the above method is simpler, the mathematics
| involved more elementary, and the physical condi-
tions kept more in evidence.

§5. The Rectangular Shaft.  Approximate Solu-
tions.—One of the most important cases is that of
the rectangular shaft. Unfortunately the analysis
in this case is complicated. The problem was first.
solved by St. Venant and has since been somewhat
simplified by Goetzke.* Bach has shown that St.
Venant’s value for the maximum stress is given
very approximately by the formula

2:6 i,
max. = 34+ — B p Tl
i ( 0.45 + :) wa

where b is the length of the shorter side and % that
| of the longer side. Bretschneider has verified this
result experimentally.t Approximate solutions have
been given by Bach and others leading to the
formula

1y

“gear

@

|
T
b2 h
which is often used in practice for all ratios of b to 4,
although very far from the truth if % is much
greater than b.
This formula may be obtained by the method of

§3 and §4 by assuming

h2

4 )

B2
= —R piet
e Gl
This is the simplest function which satisfies the
i boundary conditions, but is not correct, since it
does not satisfy equation (10), and so can only give
an approximate solution. Proceeding as in §4, the

Jmax. = 4.5 (21)

* Zeitschrift des Vereines Deutscher Ingenieure, 1909,
page 935.

T Bach, ¢ Elasticitat und Festigkeit,”
page 342,

6th editien,
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maximum stress will be that given by equation (21) | given section by measuring the angle of twist e for
and the stress at the corners will be found to be | s given twisting moment T. Mr. Ritchie, in the
zero. The distribution of stress throughout agrees paper referred to above, reports such measure-
with that assumed by Bach. |ments on a series of I, T, £ and L. sections.

A very approximate solution may be obtained Table IT gives the results of the tests and the
simply if the ratio A/b is large,. In this case the values of ¢ calculated from them by using formula
lines of shear, except at the ends, must be parallel to | (25). Tt will be noticed that all the sections are
the longer side, 7.e., ¢, = 0 if the axis of ¥ is parallel | stiffer than would be expected from the ghove
to the longer side. Thus equation (10) reduces to |theory, i-e, ¢ is less than 3. For the channel
lit is only about 8 per cent. and for the angles 8.2
per cent. less than 3. For the T it is about 9.7
per cent., whilst for the I sections the results are
very variable, the average being 19 per cent. lower
than 3.

i

s 2¢

where ¢ is a constant. Integrating this,
f=ca?+d,

where d is also a constant, ¢, being equal to zero |

when % = 0. Thus the lines of shear, neglecting | for channel and angle sections,

the effect of the ends, are given by much too high for T and T sections,

but gives results
This may

a2 g — be due partly to the conditions of stress at those
At the boundary, portions of the flanges just above the Junction with
il gy the web in the latter sections. A more complete
2 series of tests on larger specimens, carefully graded
and thus as to relative width of flange, relative thickness of
f=c¢ (:nZ - b_z). | webs and flanges, &ec., would probably throw more
This leads to + ;light on this and perhaps lead to a more complete
3T | theory or at least to an empirical formula for these
Ke= i - cases. In the meantime equations (23) and (25) may
Thus ' be considered as giving results a little higher than
S 22 | the actual stress and angle of twist respectively.
Ay Tasrx II.
and is constant over the longer sides. | T i
& J 5 ‘ g | Dimensions in Inches, = ":‘Z’& é |
This agrees with St. Venant’s result if = I 2 ;' ) é;g |
6. Structural Steel |, T, L and T Sections— | f | lg&| 8.8 |24 5055
The result obtained for a thin rectangular section = £ | g (58 5;: :_h e o g
will be very approximately true for a thin section of | o £ & E% (E2 | B2 Ty FHEs
any shape, as, for example, an ordinary angle “| = BB BT RE ] 4 ¢ S
section, provided that, as is usually the case A TN T g Tk | [ )
practice, the inner corners are rounded to prevent| 3 1 501 Sl 808 145 L2
concentrations of stress near to them. This may | 3i I (175 |aze |ossalone (16 | = | 0.2480 235
be seen at once from the fact that the lines of shesy I e ‘I],ﬁg Ll Jll}éﬁa el (200
in such a section must be parallel to the contour all | 6§ T |078 150|016 014 |0.4141 11168 | 2.9470 242
over the section except in the immediate neighbour- é‘lk’l"g’l‘glu?:?‘l%fﬂga el o 2 el o
hood of the ends or corners. Thus for any of the I Angle 20 Lo 0.135‘ —  [0.3363( 11.00 B 276
roll etions ' pratin RN A )
o LA il e S R O S
e e = @ At 28 N.B.—Mr. Ritchie does not give the value of G for specimens

1to 3. The value given here is the mean of those for specimens
4 to 6.

7. Hollow Sections.—Both the inner and outer

where ¢ is
from 3.

a constant which will not differ greatly

The angle of twist is given by ‘ boundaries of the cross-sections of g hollow shaft
g, sl | must be lines of shear. Thus the function f must
Ui g | e 'vanish at the outer boundary and be equal to a

. \ .| constant at the inner boundary. The equation
as in the cases considered above. A any point |
- T=2K / a.df,

distant @ from the centre line of the section,

\

= T 2=z IwiIl be true, but the integration will extend orily
At g from the inner boundary to the outer. Thus, inte-
Thus e grating by parts,
0=t (24). T=2K[e/]-2K [fda

The product a f vanishes at the outer boundary
since f = 0, but is equal to a, at the inner boundary,
A1 being the value of the parameter A which gives
the equation of the inner boundary and a; the area
of the hollow.

Thus

The above assumes that the thickness of the
section is the same throughout. In I, channel and
tee sections the thickness of the flanges is usually
greater than the thickness of the web. Equation
(23) is true for these if ¢ be the least thickness, but
in calculating @ it is necessary to take account of
the difference in stress distribution in the web and
flanges. Tf #, be the thickness of the flanges and
4, of the web, the maximum stress in the flanges
will be

T=2K {an —b/'_f.da} . ol

the integration extending from the inner to the
outer boundary.

t As an example of the method, a hollow elliptical
T A cylinder hounded by two similar ellipses will be
considered. Since the lines of shear of a solid

Thus, raaking the same RSt tons ws befors, elliptical shaft are similar ellipses to the boundary,

$2T]

2 ; i : :
o= T ,: A + 22 Az :l, - (25) zhg;ll_l'l;tmn { will be the same as in example
where A, is the area of the weh, A, the total flange = Z: i ;«g — 1=

area, and A = A, | A,. TIf the web is thicker than
the flanges, A; and A, and {; and £, must be inter-
changed.

The above may be extended to cases in- which the
flanges are of different thicknesses, &c., by adding
terms similar to the last term in the bracket.

¢ may be determined experimentally for any

b and % being the semi-axes of the outer boundary.

Let the semi-axes of the inner boundary be y b
and y kb respectively. Then the equation of the
inner boundary will be
@2 o Y2

%t

= —1=%2—1

\

PRINTED AT THE

Thus the above theory seems to hold fairly well |

. | shear for the solid section.
© | have the same form as in the

| hollow rectangular

{8 This
| ) =Ty Db h
N =21
and
T B 2 gt
2]{_72(7 1)Wb]iﬁj(bz+12 l)da.

This leads to
T
Gkl T e

 Thus the maximum stress occurs, as in the case
of the solid section, at the end of the minor axis
and
[ 2T
b k2 (1 — 74)

This formula is often given in engineering text-
boolks as applying to any hollow elliptical cylinder,
but is, of course, true only when the inner boundary
s a similar ellipse to the outer. No matter how thin
the walls of the cylinder may be, this will not give
a section having uniform thickness of walls, and
so the formula cannot he applied to an ordinary
elliptical tube. This was pointed out by the writer
in a recent letter (ExeiNEERING, March 31, 1916,
page 298) in which it was shown that, for an ellip-
tical tube of uniform thickness equal to 195 of the
semi-minor axis, the ratio of the axes being 3 to 1,
| the correct value of the maximum stress is about
212 per cent. lower than that given by equation (27).
| In most hollow shafts which are used in practice
| the inner boundary is of the same shape as the
| outer, i.e., the walls are of uniform thickness, and
| thus the inner contour is not, in general, a line of
Thus f will not usually
solid shaft of the same
shape and its determination becomes diffeult. This
|is so, for example, in either a hollow triangular or
shaft of uniform thickness. The
formula usually given for the latter is
Th

555 — bgd hy'
where by and /g are the sides of the inner boundary,
the other symbols having the same meaning as in

(27).

Gmax, =

Gmax. = ¢ .

equation (20). This seems to have been arrived at,
by analogy, from the formula for a hollow eircular
shaft :— :
Tr
Gmax. = j—_—-Ju,

where 7 is the external radius and J and Jy the
polar moments of inertia for circles of radii equal
respectively to the outer and inner radius of the
section. Tt thus appears to he based upon two
assumptions :—(1) that the shear stress varies as
the distance from the centroid to the mid-point

of the longer side; (2) that iR — bd B may be
regarded as an equivalent J for the section. Tt has
| been shown by St. Venant that assumption (1) is
|incorrect. Assumption (2) is equivalent to stating
that the inner rectangle is a line of shear for a
'solid rectangular shaft having the same boundary
'as the hollow shaft and that the lines of shear are
|the same as in the solid shaft. It is thus incorrect.
|even when the walls are thin. An actual line of
|shear just within the contour of a solid rectangular
shaft is a continuous curve practically parallel to
the boundary near the centres of the sides but
eurving inwards quickly as it approaches the
|corners, somewhat as the line of shear for the
triangular shaft shown in Fig. 2, page 2.
'Thus the formula cannot be expected to give
|correct results. In the letter already mentioned
|it was shown that for a thin hollow rectangular
of b,

shaft having walls of thickness equal to 2;0

the error is probably about 21 per cent.

No satisfactory formulae have, as far as the writer
|is aware, been given for thick-walled hollow shafts
|of the sections, other than circular, ordinarily used
/in practice. Tf the walls are thin or even of
| moderate thickness, the method of §2 may be
| used with some confidence,

In conclusion, the writer wishes to thank Pro.
| fessor F. Brown for his valuable suggestions and for
| checking the numerical work.

BEDFORD PRESS, 20 AND 21, BEDFORDBURY, STRAND, LONDON, Ww.c.



THE PARTITION OF THE LOAD IN RIVETED JOINTS

BY
CYRIL BATHO, M.Sc,, B. Eng.
Assistant Professor of Applied Mechanics, McGill University, Montreal, Canada

REPRINTED PROM THE JOURNAL OF THE FRANKLIN INSTITUTE
NovEMBER, 1916

PRESS OF

J. B. LIPPINCOTT COMPANY
1916



o _'f .
;4 Ol e
LT =
ks
"r' .4.?""




(REPRINTED FROM THE JOURNAL OF THE FRANKLIN INSTITUTE,
NOVEMBER, 1916.)

THE PARTITION OF THE LOAD IN RIVETED JOINTS.*

BY

CYRIL BATHO, M.Sc., B. Eng,,

Assistant Professor of Applied Mechanics, McGill University, Montreal, Canada.

INTRODUCTION.

RIVETED joints occur in many types of construction, and it
is therefore of considerable practical importance to determine the
exact manner in which they act, in order that a rational basis may
be given for their design. The subject has attracted the atten-
tion of many experimenters, their investigations being mainly
directed to a determination of the resistance of joints to rupture
and of the frictional resistance to slip.! Attempts have also been
made to determine the tension in the body of a rivet due to its con-
traction on cooling,? and Frémont has made an exhaustive study
of the actual process of riveting and its effects upon the strength
of the joint.® None of these experiments, however, have indi-
cated very clearly the action of a riveted joint under working
loads; 1.e., before permanent deformations of the plates or rivets
have occurred. Very few attempts have been made either ex-

* Communicated by the author.

* A short bibliography of the subject up to the year 1009 is given ‘in a
paper by A. N. Talbot and H. F Moore—* Tests of Nickel-steel Riveted
Joints.” University of Illinois Bulletin, No. 49. See also Preuss, Zeit. Ver.
Deut. Ing., 1912, p. 404, and C. Bach and R. Baumann, Ibid., p. 18g0.

?R. Baumann.
®Etude Expérimentale du Rivetage, Paris, 1906.
553
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each the same area of cross-section, and the connection being
made by a single line of rivets of uniform diameter and pitch

(Fig. 1).

Fic. 1.

® @ ©) ® ®

(N ) BT NN B~
I ' o < I—é;
Fe—o7] X, P =X XX K X XX x| % [ F—zx | x [ ] 2
L ) 2 Il 3 K s \—%;
\_/ __J\/x +7\\/x +xw X )\/ 2

2 2

Let a, represent the cross-sectional area of the middle plate,
a, represent the cross-sectional area of each cover plate,
[ represent the pitch of the rivets,
n represent the number of rivets on each side of the junction
of the main plates,
F represent the load, tensile or compressive, carried by the joint,
and .\, represent the load carried by the 1st rivet, X. that carried by the

second rivet, etc.
Then between the first and second rivets the load carried by
the main plate is F — X', and the load carried hv each cover plate

is ggl : between the second and third rivets the load carried by the

main plate is ' — X — X,, and by each cover plate is X‘jXZ ; and

between the (72— 1) and n'™ rivet the load carried by the main

n—1

. not . XX n—1
plate is F — TX and by each cover plate 1s ;" , where Y = X,
I - I
2
+ X, + Xn-1. The distribution of the load for five

rivets is shown in Fig. 1, which represents one-half of the joint.
Now assuming that the stress in any portion of a plate between

two rivets is uniformlyv distributed (see $1), the work stored in
this portion, if the load carried by it is P, is EJZ';E where a is the
cross-sectional area, / the pitch of the rivets,® and E is Young’s
Modulus for the material of the plate. It will be assumed that £
is the same for both cover and middle plates.® The work stored
in the rivets will be assumed to be of the form £X?2, as described

above.

® [ should really be taken a little less than the pitch of the rivets in order to

allow for the portion of the plate cut away for the rivet hole.
*See § 3.
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Then, if ¥/ represents the total work stored in one-half of the
joint,

2EW = -(f— [(F-X0+(F—X1— X224+ (F—X1— X2~ X'+ . +(F—ZX)?]
D

2| (X" [ XX\, (XX X\ X\
+z;[(‘?)+(—5‘—) HEEEE) +(2)}
+h[ X2+ XX AF-ZXxE, ] (1)

where 2X=X+X.+X:+4+.. . X .

In accordance with the Principle of Least Work, the forces
X,,X,, etc., in the above will take the values which will make [/
a minimum.

Thus
oW _ oW _ W __ oW _
X1 VaX, DoXs O Xnm
aw 2]
But oz = — g [(F-X)+(F-Xi—Xi)+ +(F—2X)]
+ L@ . 3]

+ 2k[X,— (F-ZX)).
Thus, equating this to zero and dividing through by —al—

[(n—x)(r + 2“”) + 4’3“°]X1+[(n—z>(1 + 2004 2’;“0])(2

p

+ +|(r+%) e EER e et I
\Writing C—1+—‘ and K= Zkla” » and taking F=1 for
convenience,
[(n—1)CH2K]|X1+[(n—2)C+K][X2+  +[C+K|Xp=(m—1)C+K

Differentiation with respect to X, X, etc., leads to the
equations

[(n—2)C+K]|X1+][(n—2)C+2K|Xo+[(n—3)C+K|Xs+.. .. +[C+K]|X\-
=(n—2)C+K,

[(n—3)C+K]| X+ [(n—3) C+K |Xo+[(n=3)C+2K]|Xs+ ... +[CH+K]X W

=(n—3)CtK,

[C+K]X1+[C+E]X,+[CHK]Ks+ +[C+2K]X na=C+E.
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Thus a set of (7 — 1) linear simultaneous equations has been
established, from which X;, X, . . Xu-; may be found, while
AXn=1-3X. Lor the sake of brevity in what follows, the
above and all similar equations will be written in the abbreviated
form

(n—1)C+2K1(n—2)C+ K (n—3)C+ K' .. C+ K: (n—1)C+K|
(n—2)C+ K¢ (n—2)C4+2K (n—3)C+ K C+ K' (n—2)C+K
;(n 3)C+ K | (ﬂ 3)C+ K (n 3)C+2K C+ K (71 3)C+K | (2)
| cC+K  C+K = C+K ié%zk " C4+K|

It will be noticed that the quantities C and K in the above
have no dimensions, but are simply numbers. C is determined
from the ratio of thickness of cover plate to thickness of main
plate. Thus, if each of the cover plates has half the thickness of
the middle plate C = 2, if each cover plate is of the same thickness
as the middle plate C' =3, etc. K must be determined by experi-
ment in the absence of an exact theoretical estimate of the work
stored in a rivet carrying a given load. This matter will be dis-
cussed later.

It would serve no useful purpose to give a general solution of
the above equations for any number of rivets, as the equations
may be solved easily for any particular case and the results are
similar in form, whatever » may be. In the experiments described
later the number of rivets on each side of the junction was usu-
ally five, so that the solution for # = 5 will be considered in detail.

In this case equations (2) reduce to

1 4C+2K |3C+ K 2C+ K| C+ K| 4(C—1)+K

3C+ K|3C+2K|2C+ K| C+ K 13(C—I)+K (3)
2CH+ KlzC—l— K 2C4+2K|C+ K 2(C—1)4+K}| A3

| C+ K| C+ K| C+ KiC+2K || (C—1)+K

Subtracting the second equation from the first, and the third
from the second,

KXy=(CH+E)Xi—(C—1).. oo i 4)
KX;=CXi+(C+1)Xo—(C—1).... ........ .... (5)

Eliminating X, from the third and fourth equations and sub-
strtuting X, and X, from the above,

= K*4(C—1)10K3+(C2— C)15K2+(C* — (7K +(Ct— C9)
5K*+20CK3+21C?K*+8CiK + C4
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This expression may be used to find .\, for any particular values
of Cand K. X, and X, may then be determined from equations
(4) and (5), X, from the last equation of (3), and
Ny=1-2 4.

It may readily be seen from equation (6) that the assumption
ordinarily made in designing riveted joints, 7.e., that all the rivets
take an equal proportion of the load, would only be true if K = o
in which case X; =X,=X,=X,=X,=14. But this would mean
that the rivets were quite flexible and offered no resistance to dis-
tortion, which would be a practical impossibility. Thus, in any
joint of the type considered in this section, the load must be un-
equally distributed among the rivets.

If the rivets were absolutely rigid, ¢.e., suffered no distortion
when the joint was loaded, K would be equal to zero and

C-—-I,

X1= C

while X, =X,=X,=0and X .= % Thus the first and last
rivets would carry all the load.

If C were equal to 2, i.e., if the cover plates were of the cor-
rect thickness, each one-half of the thickness of the main plate,
these rivets would each take one-half of the load; if the covers
were each equal in thickness to the main plate, the first rivet would
carry two-thirds of the load and the last one-third; and if the
covers were only one-quarter the thickness of the main plate, the
first rivet would carrv one-third of the load and the last two-
thirds.

Actually the rivets are neither infinitely flexible nor infinitely
rigid, but are elastic, and K has some finite value. Fig. 2 shows
the value of X, for all values of K between o and 1.4 when there
are five rivets. This curve will be used later in discussing the
experimental results. The greater the value of K the more
nearly uniform are the loads carried by the rivets, but, from the
actual experimental values found from the specimens tested, it
would appear that in most practical cases the two end rivets carry
by far the greater part of the total load. The greatest experi-
mental value of K was 1.30 for Z4-inch rivets at about one and a
half times the working load. At the working load it was approxi-
mately equal to unity In order to simplify the present discus-
sion this value will be taken in most of the illustrative cases.
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The proportion of the load carried by each rivet when K =1 is
tabulated m Table I for three values of C, while Fig. 3 shows the
results graphically  These three examples will serve to show the
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general manner of distribution in most practical cases. In each
case the end rivets take the greater part of the load, carrying
0.693, 0.736, and 0.793 of the total load when C =1.5, 2, and 3.0
respectively. In no case does the middle rivet carry more than a
very small fraction of the total load. It will be noticed that the dis-
tribution is symmetrical when the cover plates are of the correct
thickness, z.e., when C =2. This is so no matter what value K
may have, and, by taking account of this, the equations may be
simplified by putting X, = X, thus reducing their number by one
equation. When there is a large number of rivets, this shortens
the solution considerably. For example, if #» = 10, the number of

Fic. 4.
0-50
045 ‘
!
|
X, 0.40 0-40
@375 5368 |0-367 |0-366 |0-366
0-35
030
2 3 4 5 6 7 3

NUMBER OF RIVETS

equations may be reduced irom 9 to 6. When the thickness of
each of the cover plates is more than one-half of the thickness
of the main plate, the first rivet receives more than the last, as
shown by the diagram for ¢ =3. On the other hand, when C 1s
less than 2 this condition is reversed, the last rivet receiving more
than the first.

Fig. 4 shows the proportion of the total load taken by the
first rivet for C=2, K =1 for joints having 1-8 rivets on each
side of the junction. It will be noticed that the curve becomes
practically horizontal when the number 5 is reached, so that no
matter how many more rivets may be added, the two end rivets
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get practically the same proportion of the total load as with five
rivets. ‘This means that as the number of rivets increases each
of the other rivets receives a less and less proportion of the load,
and those near to the middle of the joint are practically idle.

§3. LEffect of Factors Neglected in the Above Analysis.
(a) Effect of Non-uniform Distribution of Stress in the Plates.

It wasassumed, in estimating the work stored intheplates, that
the stress is distributed uniformly between any pair of rivets. A
glance at Fig. 9, page 583, will show that this is not so, the stress
varying from a minimum along the centre line of the rivets to
a maximum at the edges of the plate. In addition to this varia-
tion in the free portions of the plates between the rivets there must
be considerable local variations of stress round the rivet holes.*®
It will be necessary to consider the effect of this non-uniform
distribution on the equations (2) given above.

The effect will be equivalent to multiplying every term of the

P

form —— in the expression for the work stored, equation (1),

by some coefficient a which will depend upon the manner of distri-
bution of stress in the portion considered. If the variation of
stress were the same in all portions of all the plates, 7.e., if a were
the same for all the terms, it may easily be seen that the only

effect of this would be to multiply K by the coefficient—. If,

however, a were different in different parts of the plates, as will
usually be the case, the terms of equations (2) would be affected
differently and there would be a modification of the distribution
of load between the rivets. Fortunately the coefficient a cannot
be very different from unity, as the following analysis will show.

Suppose that the stress in a portion of the cover plate between
two rivets varies uniformly from f, at the centre line to f, at the
edges. This is not far from the actual manner of distribution
as shown in Fig. 9, page 383. Let the length of the portion con-
sidered be [, the breadth 2b, and the thickness ¢, a. being 2 bt.

fiths
2

Then the mean stress in the plate is If this were uniformly

10 This variation has been examined for a more or less analogous case
by E. G. Coker, using his polarized light method. See Trans. I. N. A., 1913.



Nov., 1916.] PARTITION OF LOAD IN RIVETED JOINTS. 5603

distributed, as assumed in the analysis of §2, the work stored in
the portion considered would be

Wi=(fi+f2)? %

The actual work stored, however, is

*b
W2=2/ {fnL’c?_bf1 x}?%-dx.
[e]

= 2 Rehherfe

The ratio

W2 4 2 +f 1f2 +f 2

r= = e =

_WTl - 3 (fi+f2)?

c»].p.

ot - o

Now the maximum variation of stress observed in the experi-

ments was about 20 per cent.: i.e. L_5 For this variation
p ) 4

’ fl
r= % {1— g} =1.004 ; I.e., the work stored is about 0.4 per cent.
greater than it would be if the stress were uniformly distributed.
A longitudinal variation of stress of the same amount would give
the same result. Thus no appreciable error is caused by neglect-
ing this factor. The probably intense local variations of stress
in the immediate neighborhood of the rivets are not easy to esti-
mate, but they extend over a small area only and are probably
similar in all the plates, so that they will be included in the experi-
mental estimates of K, as will also be the error due to disregard-
ing the parts of the plate cut away for the rivet holes in estimat-
ing the volume of the plate between a pair of rivets. Neither of
these is likely to have any great effect upon the value of K.

(b) Effect of Unequal Partition of the Load Between the
two Cover Plates.

It was assumed, in the analvsis of §2, that the cover plates
each received one-half of the load transmitted to them by the
rivets. This was not so in most of the experiments described
in Part II.
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Suppose that one cover plate takes % of the load, then the

other takes 1 — % and equation (1) becomes

l l
2BW= ~[(F=X0+ ... |+ - [Xe+ 04X + +(ZX)?]
p c
oy %
+ (152_1 [Xe+E+Xa2+ L EX) 4k [ X2+ L H(F-2X)Y
TABLE .
C | X Xz } X3 X4 : Xs
14 | 0235 = 0086 ' 0.068 0.I151 : 0.460
2 ' 0.368 ' o0.105 0.054 0.105 0.368
3 i 0.528 0.112 0.034 0.061 0.265

| i

On differentiating this with respect to X,,X,, etc., and form-

ing the equations as before, it will be found that the equations take
exactly the same form as in the last section if C be written for

20”—{—2(1—%—!——?—2 ............. e L (8)
p

a

instead of for %@
D
Thus the effect of the non-equipartition of the load is equiva-
lent to a change of C.

+1, as in equations (2).

Suppose, for example, that % = 0.0, the cover plates being of

the correct thickness for which C would be equal to 2 if the load
were equally divided. Then

C=2[o.5+1—1.240.72]

=2.04.

If K =1, the effect of this change of C may be seen from the
annexed table. The load taken by the first rivet is increased
about 2.44 per cent., and the load taken by the last rivet is de-
creased 1.36 per cent.

In practical cases, owing to want of straightness of the plates,
etc., it will often happen that s is not the same throughout. This
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could be allowed for in a similar manner, but, of course, no gen-
eral rule can be given. The effect is not likely to be great in any
case, as may be seen from the above. It should, however, be

allowed for in reducing experimental data to obtain exact values
of K.

TaBLE II.
C X1 } X } X3 X4 Xs
|
2.00 0.368 [ 0.105 l 0.054 0.105 0.368
2.04 0.377 ; 0.106 | 0.052 0.102 0.363
‘ |

(c) Effect of the Main Plate and Cover Plates Having Differ-
ent Moduli of Elasticity.

It often happens that the cover plates, being thinner than the
main plates, have a greater modulus of elasticity. Let E. be the
modulus of the cover plates, £, that of the main plate, and let

5 “ =y It may be shown from equation (1) that the
b

effect of » being different from unity is to change C from 1+

the ratio

2a.
ap
to

C=I+zac.r ... . ... (9)

p

For example, if E.=3I x 10% pounds per square inch and
Er=29x 108 pounds per square inch, »= %, and, if the covers

are each of half the thickness of the main plate,
C=2.069.

The effect is thus similar to that discussed in (b).
Thus factors (b) and (c¢) both tend to increase the load
taken by the first rivet and decrease that taken by the last.

84. Jowmt in Which the Middle Plate 1s of Variable Width, as
wn the Connection of Members to a Gusset Plate.

In this section an analysis will be made of a joint of the type
shown in Fig. 6a, page 573, which consists of two similar plates
of uniform width attached one on each side of a plate of variable
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width. In such a connection there will be no bending of the
plates if the load carried by each of the outer plates is the same.

The analysis will be given for five rivets, but may readily be
extended to any number. The same assumptions will be made
as in §2.

Let ac represent the cross-sectional areas of the outer plates,
a,,a..a, and a, the cross-sectional areas of the gusset plate
mid-wayv between rivets 1 and 2. between rivets 2 and 3, etc,
respectivelv  Then, assuming uniform distribution of stress in
the plates between each pair of rivets, the work stored in each

: . as in $2, but the

outer plate between any pair of rivets is ——
[4

work stored in the middle plate will take a more complicated form
because of the variable width. Consider the portion of the mid-
dle plate between rivets 1 and 2. Then, 1f the load on this por-
tion is P,

2
SEW = v e

pi

pe "1 dx

= — b2

4 b2+ -X.

0
Pl b
= i—b)t B¢,

where b, and b, are the widths of the plate at rivet 1 and rivet 2
respectivelv and ¢ 1s its thickness. If the plate were of uniform

width, bljbz,

2P?]

2E = b
1 2

Thus the ratio
W bi+be b

= "H—/; mloge e e

Thus the work stored in the portions of the middle plate may
Py P2
20,E " 20,E
lated from equation (10). On substituting these values in the

work equation (equation (1), § 2), the first term becomes

be expressed as m » etc., where is a coefficient calcu-

[— (P=X)2+ L (F-X— X+ + Zf (F— EX)2]
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the other terms remaining as before. The method of §2 then
leads to the equations

47 <y 4 | 47 47
4—I—2a02—+2K 3+2a.2—+K | 242a,2—+K | I1+2a.2—+K || 2a,.2—+K
50 39 | 4@ 1@
47 47 | 47 47
3—|—2ac._. +K [3+2a02—+2K 242a.2—+K ‘ 1+2a.2—+K | 2¢.2—+K

50 | Py 3@ ; 4@ 5@

4, 45 4 p ! 45 47
2+2ac._.—— +K | 2+42¢.2—+K | 242¢.2—+2K 1+2a.2—+K || 2a.2—+K
' 3 3¢ 3% | 4% 3¢

45 49 f 4y 47
I—|—2ac._. +K | 14+2a.2—+K | 1+2a.2— +K | 1+2a.2—+2K 2a.2—+K
49 4¢ 4 | 4 lo4°
where
SR AN S
1@ a1 a4y a3 Gy
§l = T4, etc
4 a as
or writing

47
I a

47
B=3+2acz— +Kv
2 a

47
Y =2+20’Cz E +K1

3
&7
6=I+2acu_+K,
49
the equations become
a-|—K} s R 0 |I''a—4
ﬁ'l—K' Y 6 | B—3 7 (11)
| Y iv+K 8 llv—2| o o
a g &5 | 8 0+K || 6—1

These equations are similar in form to those obtained in §2
and the same method of solution may be used. An example is
given in Part I, §5.

§5. Splices with Various Groupings of Rivets.

The joints considered in the former sections contained a
single line of rivets only. When a large number of rivets is
required for a connection, it 1s usual to group the rivets in several
rows, a different number in each row, as, for example, in the
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splice shown in Fig. 5, which contains one rivet in the first row,
two in the second, three in the third, etc. The distribution of
the load between the various rivets of such a splice may be cal-
culated by a similar method to that used in the cases considered
above if the additional assumption is made that all the rivets in
each row take the same load, which is probably nearly true in most

FiG. 5.
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cases, although experimental data are not vet available on this
point,

Let 71 be the number of rivets in the first row, », the number
in the second row, etc., and, for simplicity, consider that there are
only five rows on each side of the junction. Let X, be the
total load taken by the first row of rivets, .\, that taken by the

second row, etc. Then each rivet of the first row will take the

load{ﬁ, each rivet of the second row%ﬁ, etc. The work equa-
1 2

tion will be

2EW = ;, [(F-X)+(F-X\=Xa4 .. +(F—2X)]
D
20 [/ X\ [(X:+Xo\ XY\
[ HEF) +(5)]
+h [nl(i(_:)2+n2(%)2+ "'+”5(F"fX)2] ........ (12)

This leads to the equations

sc+E(La )t 20+ 5 Ctn ot B
‘5C+% 3C+Klgni2+;z§ "2C+”551 | c+% Js(c—r)+%,
2C+ = 2C+ = 2C — 4+ c+=2 i2(C— i
c:}i | cj% | C:K—Igna +n5)c+;€51+l>ziz—i:%
o e s g, s

(13)



Nov, 1916.]  ParTITION OF LOAD IN RIVETED JOINTS. 569

C and K having the same meanings as in §2. The method of
solution is the same as for the equations of the preceding sections.
Similar equations for any number of rows of rivets may be built
up from a consideration of the above.

It will be interesting to consider one or two numerical exam-
ples in order to illustrate the method and to see how far the ordi-
nary assumption of design—that each rivet carries an equal pro-
portion of the load,—is justified. Take first the splice shown in
Fig. 5, having four rows of rivets containing 1, 2, 3 and 4 rivets

respectively. Let C=2,K=1and F=1. Equations (13) reduce
to

i 7.25 | 4.25 | 2.25 3.25
| 425 | 475 | 2.25 || 2.25
2.25 | 2.25 | 2.583 || 1.25
TaBLE TII.
Diameter Thickness : Thickness
Specimen of rivets of middle  of each outer
plate 1 plate
A %11 %H %6”
B %II ! %11 14//
C %II %// ! %H
D %n ‘ %11 %H
E %Il ‘ %// : %u
F and FI 34// %/I I4II
These give

X1=0.339, X :=0.034, X3=0.159, and X ;= 0.468.
These are the total loads carried by each row. Thus

each rivet in the first row takes 0.339,
each rivet in the second row takes 0.017,
each rivet in the third row takes 0.033,
each rivet in the fourth row takes o0.117.

Thus more than one-third of the total force is carried by the
first rivet, while the middle rows take very little load. The load
carried by the first rivet is so great that it will probably fail. If
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this happens, or if the first rivet is removed, the values of X will

become

X .=0.416, Xs=o0.121, X :—0.4063.

and

each rivet of the second row will take 0.208,
each rivet of the third row will take 0.040,
each rivet of the fourth row will take 0.116.

Thus the distribution is somewhat improved, but if the splice
is in tension, the main plate is weakened by two rivet holes.
If the second row of rivets be removed,

Thus

X s=o0.441, X.:=—0.559.

each rivet in the third row takes 0.147,
each rivet in the fourth row takes 0.140,

and the distribution is much more uniform.
Usually in a splice of the type considered the cover plates are

cut away as shown by the dotted lines in Fig. s.
the distribution of stress.

This will alter
Suppose, for example, that the widths

of the cover plates at the first, second, third, and fourth rows

of rivets are in the ratio 1

form

({3 (X

3 +ac2z)%+K(i + —I—)

3y K
2 +ac§;+z

3
T LS
3 a 7Ny

3
2+a022+£
2a M4

3
2+aS7+K( L4 )
2a a2 N4/

3
e84+ X
3* M

3
e Sl

3
37

a "Ny

K

3

3
I +a02%
3

+E(o-+
N3 Ny

:2 13 1 4. The equations will take the

K

(14)

where ac is the area of cross-section of the cover plates when of
the same width as the middle plate.

Substituting numerical values.

n=%loge 2 =1.0397,
- 2=% loge 1.5 =T1.0136,
73=3% loge % =1.007,

and the equations become

9.795 | 5.022 | 2.401
5.022 | 5.522 | 2.401I
2.401 | 2.401 | 2.734

2.25
1.25

3.25 i
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From these

Xi1=o0.225, X.=0.145, X:=0.132, X.:=0.408.
Thus

each rivet in the first row takes 0.223,
each rivet in the second row takes 0.072,
each rivet in the third row takes 0.044,
each rivet in the fourth row takes o.125.

Thus shaping the cover plate decreases the load taken by the
first rivet. If the first rivet be omitted

X:=0.338, X:=o0.160, X, =0.502

and
each rivet in the second row takes 0.169,

each rivet in the third row takes 0.053,
each rivet in the fourth row takes 0.125.

If the second row be also omitted

X3=0.458, X.=o0.542

and
each rivet of the third row takes 0.153,

each rivet of the third row takes 0.135.
-
These illustrations are sufficient to show how the method may
be used to determine the partition of load in any form of splice.
The problem of the best arrangements of rivets in splices will be

deferred until further experiments have been made.

§6. Joints Having Rivets of Different Sizes or for IVhich the
Values of K are Different.

Consider a joint having a single line of rivets, five on each
side of the junction. Let the values of K for the rivets be K, K,
K, K, and K for the first, second, third, fourth, and fifth rivets
respectively. Then the work equation will be similar to that
given in §2, equation (1), but the last term will be

K\ X2+ K X2+ +Ks(F—2X)2.

Thus the equations for this case will be

4C+EKis+K | 3C+Ks 2C+Ks C+Ks 4(C—1)+K;

3C+K5 3C+K2+K5 2C+K5 C+K5 3(C—'I)+K5 (I )

2C+Kj 2C+K; 2C+K;+K; | C+K; 2(C—1)+K; | - IS
C+Ks ' C+K; C+Ki+Ks|] (C—1)+Ks

C+Ks
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$7. Lap Jonts.

In lap joints the loads on the two plates are not in the same
straight line. This causes bending of the plates, and the distri-
bution of stress may be considerably modified by this action.
The rivets are in single shear, and this will affect the value of K.
In view of these factors and in the absence of experimental data,
no attempt will be made in the present contribution to give a com-
plete theory of such joints. If the bending of the plates is neg-
lected, the work equation for a lap joint having a single line of
rivets and connecting two similar plates will be

2EW= al—[(F—X1)2+(F—X1—X2)2+ .. HF-ZXy]
P

+ a—l[X12+(X1+X2)2+ o (EX)
D
+k [X2+X2+ ... H(F-ZX)]

where ap 1s the cross-sectional area of the plates.
Differentiating with respect to X,, and equating the result
to zero,

_%[(F_X1)+(F—X1—Xz)+ o H(F-2X)]

—I—:—Z[X1+(X1+X2)+~-- +(2X)]
4
+ 2k [X1— (F—ZX)] =0

Thus, 1f K= k";”’ the equations are

(r—1)+2K | (n—2)+ K| (n=3)+ K| ... 114+ K| (n—1)+K
(n—2)+ K | (n—2)4+2K | (n—3)+ K- ... |14+ K || (n—2)+K
n=3)+ K| (n=3)+ K| (n—3)+2K 1+ K || (n—3)+K | (16)

Thus the distribution of load is the same as for a butt joint
having C =2, as considered in §2, if the value of K is the same.
The above equations must be considered only as a first approxi-
mation.

PART II—EXPERIMENTAL.

§1. Specimens Used and Method of Experiment.

The experiments described in the following pages were made
with the object of determining the distribution of stress in the
cover plates of a series of riveted butt joints having a single
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line of rivets, and of thus deducing the load transferred from
the main plate to the cover plates by each rivet. In order to
establish the validity of the method, tests were also made on a
specimen of the form shown in Fig. 6a, in which it was possible
to measure the distribution of stress over a great part of the
middle plate in addition to the distribution over the cover plates
(see § 2). The butt joints were all of the form shown in Fig.
6b. The plates were of varying thicknesses and the rivets of
various sizes, but the width of the plate was in every case three
inches, the pitch of the rivets four inches, and the total number
of rivets was ten; i.e., five on each side of the junction. The
annexed table shows the remaining dimensions and the designa-
tion of the specimens.

Specimen A was also tested with the first rivet removed,
leaving four rivets on one side of the junction, and then with the
fifth rivet removed, leaving three rivets.

Specimen F was also tested after the middle plate had been
cut down to a uniform width of 4.09 inches, as shown by the
dotted lines in Fig. 6a. This specimen will be designated by F*

All the specimens were made by the Dominion Bridge Com-
pany, Montreal. The holes were drilled and the riveting was
done by machine. Care was taken to keep the specimens as free
from local bending as possible, but otherwise the joints were
ordinary shop products, and as such were subject to minor irregu-
larities in the position of the holes, etc.

The strains were measured with the simplified form of the
Marten’s Mirror Extensometer developed in the McGill University
Testing Laboratory. This instrument was described fully in a
paper by the present writer which appeared in the JoURNAL oF
THE FRANKLIN INSTITUTE, August, 1915.** The gauge length

was 2 inches and the instrument read accurately to m inch.

All the instruments were carefully calibrated. The extensom-
eters were set between each pair of rivets in positions such as
are indicated in Fig. 7, their length being parallel to the axis
of load. In specimens A and C, readings in five positions were
taken between each pair of rivets; in B, D, E and F, in three
positions only. In every case the instruments were read with the

1 C. Batho, “ The Effect of the End Connections on the Distribution of
Stress in Certain Tension Members,” J. F 1., August, 1915, p. 120.
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knife-edge at each end in turn and the mean of these readings
taken in order to eliminate errors due to bending. The strains
measured in this way may be regarded as proportional to the
stresses, since the strains perpendicular to the axis of load are so
small as to be negligible. Readings taken on the middle plate
below the joint and on the cover plates at the central section
enabled the value of the modulus of elasticity for each plate
to be determined.

The specimens were loaded in the 130,000-pound Emery
testing machine at McGill University ~This machine is of the
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vertical type and is very suitable for extensometer work because
of the entire absence of vibration. The tests were carried out
in a uniform manner. Four, or in some cases two, extensometers
being placed in position and the mirrors set under an initial
load of 100 pounds, the maximum load was applied and removed
several times, the mirrors reset if necessary, and the load was
then run up gradually, readings being taken at the required
loads. The load was then reduced to its initial value. In nearly
all cases the extensometer readings returned to zero. If not, the
process was repeated until they returned satisfactorily. This
latter precaution was, however, seldom necessary
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It will be seen that the success of the method depends upon
the distribution of stress remaining the same after many loadings.
This point was very carefully tested by repeating readings at
intervals. No differences were found that were not within the

range of experimental error; i.e., the readings checked to
I

100,000 : . .

readings on the first loading of the piece. This was found

rather difficult as the ends of the specimen always slip a little
in the grips when the load is applied for the first time, disturbing
the extensometers, so that the loading has to be carried out in
stages, returning to the initial load and resetting the extensom-
eters every time such a motion occurs. The results appeared
to show some minor differences between the distribution of
stress on the first and on subsequent loadings, but these may have
been due to experimental errors. A closer examination of this
matter would be interesting, but outside the scope of the present
investigation, which deals with the distribution of stress in joints
when a stable condition has been reached, and, as stated above,
this distribution remains exactly the same, no matter how many
times the piece has been loaded.

The specimens were loaded in tension. Experiments in com-
pression would be more difficult. because of the tendency for
bending to occur, but would be necessary in order to determine
the value of K for joints in compression.

inch.  An attempt was made in specimen A to obtain

S2. Test of the alidity of the Method.

The object of the experiments, as stated above, was to obtain
the proportion of the load transmitted from the middle plate to
the cover plates by each rivet. Since extensometer measurements
could be taken only on the outer surfaces of the cover plates,
it will be seen that the validity of the method depends upon
whether or no the strains in the cover plates deduced from these
measurements were a true estimate of the mean strains in the
plates. If, for example, the plates were held together mainly
by friction between the plates, the stresses at the inner surfaces
of the plates would probably be much greater than at the outer.
In order to obtain information on this point, experiments were
made on specimen F, in which the middle plate was much wider
than the outer plates, so that measurements could be taken both
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on the cover plates and on the middle plate. The extensometer
positions are shown in Fig. 7. and Table IV gives the sum of
the four extensometer readings on the two sides of the specimen

at each position, one-hundred-thousandth of an inch being taken

TaBLE IV
Sum of the extensometer readings on the two faces of the specimen
Section
I 2 3 4 5 6 7 8 9
Central section of
middle plate 76 | 100 | 113 | 167 | 179 | 162 | 130 | IOI 70

a 103 | IIO | II2 76 67 77 | 126 | 118 | 107
b 122 | 107 | 110 go | 109 | 117 | III
c 119 | 121 | 140 | 114 | 142 | 124 | 126
d 123 | 162 | 150 | 166 | 128
e 279 | 281 | 281

as unit, for a tensile load of 16,000 pounds. The extensions
were measured over a length of 2 inches. Thus, since the readings

1
are correct to —
100,000

about 1 per cent. of the load, is possible in the estimate of the
stress. The error of the sum is probably much less than this.

inch, an error of about 150 pounds, t.e.,

TaBLE V.

E =28.4 X 10° pounds per square inch for middle plate,
=30.4 X 10° pounds per square inch for outer plates.

Mean strain | Mean strain . . Total load
in middle in outer Load carried| Load carried from exten-
Section plate X 4 plate X 4 | by middle by outer ' someter Error
( 1 rr ( 1 )u plate plates | reading
100,000 100,000 Lbs. Lbs. | Lbs.
Per cent.
Central 127.7 Ceee 16000 .. .. 16000 AU
a 112.7 71.7 12320 4100 1 16420 +2.62
b 114.2 99.7 10340 5690 16030 +o0.19
c 122.5 127.5 8800 7260 16060 +0.38
d 125.5 157.0 6650 8940 15560 —2.56
e 280.5 : 16000 16000

The values of E for the plates were determined from the

readings at the central section for the middle plate, and at
section e, below the rivets, for the outer plates. The results are
given at the head of Table V

Columns 1 and 2 in Table V give the mean strains at each
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section determined from the figures in Table IV To obtamn the
mean strains in the outer plates, twice the middle reading was
added to the two outer readings and the result divided by four.
Thus at section @ the mean strain

oo _76+2X67477.

/1.7= 4

The reason for this will be explained in §3. The mean
strains in the inner plate were obtained by taking the average
of the figures given in Table I\"  The loads carried by the outer
and mner plates respectively were calculated by using the values
ot E obtained as explained above and are given in columns 3 and 4
of Table V

At each section the sum of these, if the estimated strains are
the mean strains in the plates, should be 16,000 pounds, the total
load. The actual sums are given in column 5, and it will be
noticed how close they are to this value. The percentage errors
are given in column 6. They are quite negligible at sections b and
¢ and onlyv amount to about 2.6 per cent. at sections a and d.
Thus the validity of the method may be regarded as fully estab-
lished. The agreement of the results will be seen to be remarkably
close when it is considered that the experimental error may
amount to about 1 per cent. and that readings could not be
taken over the parts of the middle plates covered by the outer
plates.

It may occur to the reader that there is also an error due to
the varying width of the middle plate not being taken into account
in reducing the strains to stresses. This error, however, was
estimated and found to be too small to be considered.

To sum up, the above experiment shows that extensometer
measurements on the outside of the outer plates of a riveted
joint are sufficient for the determination of the proportion of the
load carried by each rivet, since they give accurate values for
the mean strains in the plates. It also appears to prove that fric-
tion between the plates cannot play anv part in transferring the
load, except possibly in the parts of the plates close to the rivets.

83. Experimental Results for Specimens A, B and C in Which

the Thickness of Each of the Cover Plates was Omne-half the
Thickness of the Middle Plate.



Nov,, 1916.] PARTITION OF LoAD IN RIVETED JOINTS. 579

The results of the tests on specimens A, B, and C are given
in Table VI, together with their reduction to find the load taken
by each rivet. It has not been considered necessary to tabulate
each individual extensometer reading. The figures in Table VI
are the sums of the four readings at the corresponding positions
on the two cover plates, the sum being given, for convenience,
instead of the mean. Readings were also taken on the middle
plates below the joint for the purpose of determining E for these
plates, but are not tabulated.

The earlier experiments were made on specimens B, D, E and
F, and in these readings were taken in three positions only at
each cross-section, corresponding to 1, 3 and 5, Fig. 7 The
results (see Table VI) showed clearly that the distribution of
strain across the width of the plates was not uniform, the readings
at the central position being always less than at the outer positions.
It was therefore thought to be advisable to take readings at the
intermediate positions, 2 and 4, Fig. 7, in order to study more
closely the actual distribution of strain. This was done in
specimens A and C.

The results for these specimens given in Table VI show
that the distribution of strain is of substantially the same character
at all loads and for each specimen. The strain is always least
at the centre, rising to a maximum at each outer boundary. The
readings for specimen A at the cross-section, between the fourth
and fifth rivets, where the variations are most marked, are plotted
in Fig. 8 It will be noticed that the shape of the curves is the
same at all loads. The ratio of the mean of the readings at 1
and 5 to the reading at 3 has the values

1.15, 1.20, 1.22, 1.23, 1.22, 1.2I

at the loads
5000, 10000, 15000, 20000, 25000, 30000 pounds

respectively It thus remains practically constant for all loads
from 10,000 pounds to 30,000 pounds. It is somewhat less at
the 5,000 pound load, but the readings for this load are too
small to be relied upon. Curves drawn for the other sections
give similar results. Now the maximum load on this specimen,
30,000 pounds, corresponds to an average stress of about 15,280
pounds per square inch of rivet, well above the working stress.
Thus, at any rate when the joint has come to a stable condition
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TABLE VI

Load

A E for middle plates = 30.4 X 106 lbs. per sq. in., E for cover plates = 31.7

2

3

Sum of the four extensometer readings in corresponding positions on the two faces of the specimen

a

b

I 2 3 4 s

I 2 3 4 5

5000
10000
15000
20000
25000
30000

29 28 28 28 31
60 60 55 57 61
85 83 77 80 83
105102 95100103
I24 120112113116
141134123127136

36 36 33 35 36
73 70 65 69 73
108 107 102114111
147 142133 142 145
181 175162 170 176
214209195 201 208

I 2 3 4 s

37 36 34 36 38
75 72 66 70 75
II3100 09108115
IST 148 131 145 154
192185 163 180 194
232222200214 233

d

I 2 3 4 s

42 41 36 40 41
88 82 73 80 87
135125100121 131
182168 145163 175
233211 186 205 221
281 258 226 249 267

I 2 3 4 5

X 108 1bs. per sq. in.

66 68 67 63 61
134 137 134135126
200202200100 102
2722742606263 258
343344330337 329
408 411 402 402 305

A with sth rivet removed.

5000
10000
15000
20000
25000
30000

36 32 32 32 35
62 60 59 59 62
80 83 83 86 o4
100 104 I0OI 104 109
126 119 120 125 129
143 135132143153

40 37 36 35 38
78 71 67 69 73
IIS5I0SI04I051III
ISI 142 137 140140
190177172174 184
228 212 208 211 220

A with 1st and sth rivets removed.

45 39 37 39 43
97 80 73 78 o4
141 I22IIT 120138
101 166 155 163 184
241 209 195 205 235
204 257 239252 281

Mean of the read-
ings at each sec-
tion (obtained as
described on page

B8 )

a b ¢ 4 e

28 35 36 40 63

58 69 70 80133
81108 108122108
I00 I41 147 164 267
116172181 207 338
131204217 252 404

.....

33 36 40..
60 70 81 ..
86106122., ...
104142167 ... ...
123177210 ... ...
140213257 ...

5000
10000
15000
20000
25000
30000

37 34 34 35 35
64 62 62 66 65
95 92 09I 92 92
II6 112 TII2119119
I43 141 137 143 140
164 160 165 160 164

45 39 36 39 42
96 83 69 79 9o
130127105 120135
184 168 143 166 177
238211 183 208 221
286 259229 251 269

35 390 ..

03 81 .. .

02122 ... ...
. 115165 ..
. 141208 .. ..
. 164254 ... ...

Percentage of the total
load taken by tach

and 3.

Mean of 1

|

40J| e
41.710.485
39.60 10.073
38.170.837
36.6 | 1.027
35.01.300

{
44.6 0.273
42.0 0.475
40.9 '0.573
38.2 | 0.900
37.1'1.066
35.5 | 1.380

47.0(0.150
43.3 | 0.450
42.510.545
40.7 | 0.825
40.1 | 0.975
38.911.320

C.

16000
20000
25000
30000
35000

E for middle plate =
I35120I10Q0 I3F 148
167160148 163 180
199 192 180 201 215
220224 204 227 246
258 249 235 261 280

29.4 X 106 Ibs. per sq. in., E for ¢

over-plates = 30.4 X 106 lbs, per sq. in.

161 140 127 147 161
204 180160182 203
253 227 200 229 254
304 273239272304
354319277 310 356

161 1409 132152 161
202 186 164 190 204
255232 205 235 259
3090278 245 284 308
360326 285 335 365

175155135 156182
220197 168 190 230
278 246 215 250 288
345 304 2690 316 359
406 361 320368 425

264 282 200 202 263
335347371 358 340
420439 457 450 423
511529542542 511
595017620635 605

130146 149 156 280
161 181 187 198 350
195227 232 248 438
223272280310 527
254318328 365616

NN
HNoR OO
vhutow
OV~
ENRIARSIS
Lo I e
'O\(.}'lH\lH
O N
O~ O L1
bbb
Srunk
-3 N U1 U

E for middle plate =

30.1 X 108 1bs. per sq. in., E for cover plates = 31.3 X 106 1bs.

per sq. in.

15.4 | 0.225
44.7 | 0.260
44.010.314
41.810.477

41.0 | 0.545

16000
20000
22000
27000
30000
33000

I42 ...1I28...146
173 ...153 .. 179
189 ...160...194
20X ... 205 ... 247
221 ...224.. 276
241 ... 244 .. . 295§

IST ... 136 ... 1I5I
199 ...160 ... 200
217 .. 182 ...222
244 ...220...279
260 ...243 . 313
209 ...269 ... 344

161 .. 130...163
190 ... 167 . 197
2190 .. 182 . 219
257 .. 223 ...280
287 .. 253 ...3I0

320 .. 273 ...344

188 ... 147 ...103
234 ...184 . . 246
265 ...204...276
322 ...250...337
365 ...277 .. 380

406 ...307 .. 425

291 ...277 ... 280
343 . 347 ... 345
378 ...382 ... 370
462 ... 468 .., 464
514 ...522...51I90
563 ..-573 ..572

136143 150 169 276
164 184 182 212 345
180 201 200 237 380
214 241 246 200 465
236 267 276 325 518
256 205 302 361 569
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after a few loadings, the manner of distribution of stress in the
plates remains the same at all loads. This does not mean that the
rivets carry the same proportions of the total load, but that there
is no marked change in the way in which the load is transferred
to the plates by the rivets.

It would require too much space to give all the curves for
specimens A and C, and it is, fortunately, unnecessary, since
they are, as shown above, similar for the same sections at
different loads. Fig. g9 shows the readings at all the sections of
the cover plates in specimens A and C for a load of 30,000
pounds. It will be remembered that the rivets in specimen A are
74 inch diameter and in specimen C are 7% inch diameter, the
thickness of the cover plates being ¥4 inch in specimen A and
e inch in specimen C. In order to make direct comparison
possible the ordinates of the curves for specimen A\ have
been drawn to 94 the scale of the ordinates for specimen C,
thus allowing for the difference in thickness of the plates. The
curve at the central section, ¢, is higher in specimen C than in A,
indicating that the value of E is lower in specimen C than in A.
The actual values are 31.7 x 10 ® pounds per square inch for A and
30.4x 10 % pounds per square inch for C. Thus the ordinates
do not represent the stresses in the two specimens to quite the
same scale. The curves for sections a, b, ¢ and d are very similar
in form in the two specimens, although the load, 30,000 pounds,
corresponds to an average load of about 15,280 pounds per
square inch of nominal rivet section in A and of only #5286 500¢
pounds per square inch in C, showing that the manner of distribu-
tion of stress at a cross-section is substantially the same not only
at different loads, as shown above, but also in different specimens.
All the experimental results show this in an equally striking
manner. The curves are not quite symmetrical about the centre
line. This is probably due to slight irregularities in the con-
struction of the specimens. Most of the curves seem to show a
discontinuity at the centre, position 3. Readings taken close to
the centre might show that the curve is really continuous instead
of coming to a sharp point.

The curves referred to above represent the sum of the readings
in corresponding positions on the two cover plates and thus give
(as shown in §2) the mean strain in the cover plates multiplied
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by four. Fig. 10 shows, to the same scale as Fig. 9, the readings
on the two cover plates for specimen \ at 30,000 pounds load.
Owing to bending in the plates, and slight irregularities in the
placing and action of the rivets, the strain in one cover plate
is at each section higher than in the other, the ratio varying
somewhat at different sections. This has a slight effect upon the
partition of load between the rivets, as was proved i Part I, § 3.
The difference in the value of E for the cover plates and the
middle plates has a similar effect.

The curves given in Fig. g show that the ratio of maximum
to minimum stress, or strain, across the section is least between
the first and second rivets and increases to a maximum between
the fourth and fifth rivets. This fact and the general form of
the curves lend strong support to the view that the rivets are
acting in shear, because, if the plates were, in the neighborhood
of the rivets, held together by friction, it would seem that the
pull transferred by each rivet would give a maximum stress at
the centre line and a minimum at the outer edges. Also, it is
very unlikely that in such a case the strains on the outer faces
of the cover plates would give true values for the mean strains
in the plates.

The area included between the curve for section ¢, the ordi-
nates at its ends, and the horizontal axis is a measure, to some
scale, of the total load on the specimen. The areas under curves
a, b, c and d represent to the same scale the loads at the corre-
sponding sections of the cover plates. Thus the area under a
represents the load transferred to the cover plates by the first
rivet, the area between a and b the load transferred by the second
rivet, etc. It is at once evident that the first and last rivets
transfer the major portion of the load and that the middle rivet
transfers practically nothing. This is in accordance with the
theory given in Part I. In order to obtain the exact loads taken
by each rivet, all that is necessary is to obtain the mean heights
of the curves. This has been done, and the results are given in
Table VI, column 3. Tt was found that the mean corresponding
to the curves could best be determined by using Simpson’s rule
on each side of the centre. Thus, for example, the mean for
specimen A at section d for a load of 30,000 pounds is given by

281 +4X25842X226+4X249+267 _

12
the result being taken to the nearest integer.

252,
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For specimens B, D, E and F, since three readings only were
taken, the mean was considered as the sum of the readings at I
and 3. together with twice the reading at 3, the whole being
divided by 4. Applied to the section of specimen A considered
above, this would give 250 instead of 2352, a difference of about
0.8 per cent. Thus the error from using three readings only
1s unimportant.

The mean strains are proportional to the loads in the cover
plates at the different sections, and the proportion of the load
taken by each rivet may readilv be found from these. For
example, for specimen A at 30,000 pounds load, the mean at
section e 1s jo4, and at section a is 131. Thus the first rivet takes

131 X 100=32.4 per cent.,

10
the second rivet takes

204 —131

X100 =18 per cent.,
404

of the total load, etc.

Column 4, Table VI, gives the percentage of the total load
taken by each rivet for the specimens A, B and C at different
loads, and also for specimen A\ with the fifth rivet removed and
with the first and fifth rivets removed. It will be at once apparent
that the results are in general agreement with the theory given in
Part I. the end rivets taking bv far the greater portion of the
load, the second and fourth rivets much less, and the centre rivet
practically none.

Column 3 gives the mean of the percentages of the load taken
by the two end rivets, and it will be noticed that in every case
this decreases as the load increases, which means that the value
of A increases with the load. This point will be discussed in the
next section. The general distribution is, however, similar at
different loads, and Figs. 11 to 13 show typical results graphically

Figs. 11, 12 and 13 show the partition of the load between
the rivets for specimen .\ at a load of 20,000 pounds with five,
four, and three rivets respectively, and Figs. 14 and 15 show
the same for specimens B and C respectively at a load of 30,000
pounds.
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The heavy ordinates represent the proportions of the total
load taken by each rivet. The tops are joined by lines in order to
display the results more clearly  These lines do not, of course,
mean that interpolations may be made for a different number
of rivets.

The distribution is not quite symmetrical in anv of the

FiG. 11.
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Specimen A. Load 20,000 1bs.

Fic. 12.
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Specimen A (4 rivets). Load 20,000 lbs.

specimens, the last rivet, except for the three highest loads on
specimen A and the two highest on the same specimen with the
fifth rivet removed, taking a little less of the load than the first.
This is, probably, mainly due to the causes discussed in Part T,
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$ 3, L.c., the difference in the values of E for the main plate and
the cover plates and the unequal loads taken by the two cover
plates: but want of straightness and minor irregularities in the
specimens may also playv some part. The difference 1s most

FiG. 13.
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Specimen A (3 rivets). Load of 20,000 lbs.
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A\ y
\ 7
020
LN

RIVET

Specimen B. Load 30,000 1bs.

marked in specimen B, and practically vanishes in specimen C. In
order to determine the value of K best fitting the experimental
results. the mean of the loads taken by the first and last rivets was
used, and from this A was determined, as described in Part I, by
the use of Fig. 2, Part I. The values thus found are given in the
last column of Table VI.
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The dotted lines in Figs. 11 to 15 show the theoretical per-
centages of the load taken by each rivet, obtained by using these
values of K. The agreement between the theoretical and experi-
mental results is very striking, especially if it be remembered that
the specimens were by no means ideal, but ordinary shop products.
The experimental results for the rivets 2, 3 and 4 are somewhat
irregular. This may be partly owing to experimental errors,
since the results depend upon the comparatively small differences
between the means of the readings at consecutive cross-sections
of the plates, but it mayv also arise from taking the value of K as
constant for all rivets. In any case, these rivets take such small
loads that the differences between the theoretical and experi-
mental results may be regarded as unimportant.

Fi1G. 15.
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Specimen C. Load 30,000 lbs.

§ 4. The Value of K.

The values of K given in Table VI, column 6, are plotted in
Figs. 16 to 20. Since a small variation in the percentage of the
load carried by the end rivets causes a fairly large variation of
K, the results cannot be considered as accurate to the third place
of decimals, and the range of error is roughly indicated by the
circles marking the experimental points in the figures. The vari-
ation of K with the load is somewhat irregular, but the points
lie fairly well on straight lines except for specimen C. Probably
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with more carefully made specimens the irregularities would
disappear. In any case the law of variation may be regarded,
for practical purposes, as linear. In order to obtain the mean
straight lines, the method of least squares was used; i.e., if F
represent the abscissa (load), K, the ordinate (K) of any point,
the law of variation was taken as

2F.Kn
K=5rz ¥
The results are given, correct to two figures, in the annexed
Table.

TasLE VII.

Specimen | Diameterol | Laytof variation
C 7% K=o0.15X107*F

B 35" K=0.18X10*F

A 5" K=o0.43X10*F

A (4 rivets) P23 K=0.44X10"*F
A (3 rivets) L' K=0.41 X10¢F

| .

The results differ but little for the three specimens with Y-
inch rivets, although the number of rivets was different. On the
other hand, there is a considerable difference between the values
for the specimens A, B and C, the ratio of K’s for any given
load being

Ka:Kp:Kc=287:1.2:1.

Now the nominal diameters of the rivets in A, B and C are
14 inch, 34 inch, and 74 inch respectively, and the inverse ratio
of their areas is as

3.07 :1.34 : I

Thus the values of K are roughly in inverse proportion to the
nominal areas. A number of rivets were removed from these
specimens, and it was found that the rivets fitted tightly in the
holes, while the holes were somewhat irregular but always greater
in diameter than the nominal diameter of the rivet, the mean
diameters being 0.55 inch for specimen A, 0.83 inch for specimen
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B, and 0.925 inch for specimen C. Thus the inverse ratio of the

actual areas 1s as
283 :1.24 : 1,

which is verv close to the ratio of K’s. It therefore appears that

the values of K vary as ; where F is the total load on the speci-

men and . the area of cross-section of the rivets. This being so,
an empirical formula for K is

aF
K= toviz’
where « is a constant. The values of « given by the experimental
results are 0.102, 0.098, and 0.101 for the specimens with 1%-
inch, 34-inch, and 7g-inch rivets respectively Thus the mean
value is 0.100 and

_ F
100,0004

where A4 is the actual area of cross-section oi the rivets. This
result indicates that in joints similar to the specimens A, B and C
the value of K is the same for the same average load per square
inch of total cross-section of the rivets. For example, at a load of
10,000 pounds per square inch of total cross-section of the rivets
K =1.0. On the other hand, the results for specimen A with the
fifth rivet and with the first and fifth rivets removed show very
little change in the value of K with the number of rivets. The
results of these tests, however, cannot be taken as conclusive,
because the rivets had been previously under stress in the com-
plete specimen.

It will be shown in the next section that the value of K given
by equation (17) gives results in accordance with the experi-
mental results for the remaining specimens. This sayvs much for
the truth of the theory given in Part I, and shows that equation
(17) is correct for specimens such as have been tested. It will
be necessary, however, to make manv more experiments on
specimens in hoth tension and compression having different sizes
and arrangements of rivets and different ratios of width of
cover plate to rivet pitch before general rules can be given for
the determination of K in any type of joint.
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Equation (17) is entirely empirical. It will be interesting
to examine the results theoretically. K, as explained in Part I,
§ 2, is a coefficient given by

20,
K= 7 k-
where % is that quantity which, when multiplied by the square
of the load transferred by a rivet and divided by 2 E, gives the
work stored in the rivet or its equivalent. It is not easy to
determine in exactly what manner work is stored in the rivets.
Possibly the rivets act by giving a frictional hold between the
plates. This does not seem probable, since K follows the same
laws below and above loads at which slip has been shown to occur
by other investigators, and because of other reasons already given.
If, however, the rivets do hold by friction, K must be some func-
tion depending upon the work stored in the portions of the plate

held together without slip by the rivets. If, on the other hand,
kP?
2K
transmitting a load P Now the rivets are so short and so
rigidly held that the work stored in bending must be very small

the rivets are in shear, is the work stored in them when

. . 2 .
and the major portion of % must be the work stored in shear.

This will depend upon the exact manner in which the load comes
upon the rivets. As the load increases the contact between plates
and rivets will become more intimate and thus the value of K will
increase. This is precisely what was found in the experiments.
It is, of course, impossible to say theoretically how the load will
be distributed at any particular stage. Assuming, however, that
a load has been reached which gives a uniform load distribution
over the length of the rivets, the shearing force on the rivet Will

increase uniformly from zero at the head to a maximum of £ at

the junction of the cover and middle plates and will then de—
crease uniformly to zero at the centre of the middle plate. The
intensity of shear, g, at any point of a cross-section over which
the shearing force is S will be given Dy

_ 43 (I_f
"~ 3wR? R?

where R is the radius of the rivet and y the distance of the point
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from an axis through the centre in the plane of the cross-section
and perpendicular to the load.!*> The work stored by shear will
be given by %’”

#

II.S‘:EE'dV)

where G is the modulus of rigidity of the material and dJ an
element of the volume. This, omitting the analysis, gives

_ 5 .t pe
WS— 54G A ‘P !
where t is the thickness of the middle plate, or twice the thickness
of the cover plates.

Thus
and
If b represents the breadth of the cover plate ¢.= and
K=;—7%l£§ ..... (18)

For specimen A, having a middle plate 3 inches wide and
5%-inch thick and ¥5-inch rivets of 4 inches pitch, this would give,

taking the nominal area of the rivets and%: 2.5,
K =0.692.

This is of the same order as the experimental values; in fact, it
is the actual value of A for a load of 16,000 pounds or an average
load of 8150 pounds per square inch of rivet. If the work stored
in bending were considered, the value would be raised somewhat.
The value of A given by equation (18) varies inversely as A, and
this would be true no matter how the load was distributed over
the length of the rivet. This is in accordance with the experi-
mental results. On the other hand, it varies as ¢2 while the
experimental results do not show such a variation. This would
appear to indicate that at a given load per square inch of rivet

 See Morley, ' Strength of Materials,” p. 132. This assumes that the
shear intensity is constant over an elementary slice of the cross-section
perpendicular to the load.
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the load is distributed in the same way and over the same length
of the rivet, no matter what the total length of the rivet may
be. This seems probable, at any rate for fairly short rivets. In

this case K would vary with the ratio %. Further theorizing on

this point, however, would be futile on the experimental evidence
at present available.

To sum up, 1f the rivets act by clamping the plates together
by their initial tension, it is evident from the experimental results
of 2 that this action 1s local, and in this case K will depend
on the way in which work is stored in the parts of the plates thus
held. If, on the other hand, the rivets are in shear, K will depend
principally upon the work stored in shear in the rivets and will
vary at different loads, because the manner of distribution of the

TasLE VIII.

~ Sum of extensometer | Sum of extensometer |

3} readings on the g readings on the

& =z two faces - g g two faces .

D a | 145 119 ' 143 | 132 F | a | 76 67 77 | 72
b 164 138 163 151 b 110 90 109 | 100
c | 173 | 141 166 | 157 c 140 114 142 ' 127
d 176 144 170 | 158 d 162 150 166 | 157
e 195 . I50 197 187 e 279 281 281 | 280

E a 187 170 192 180 F’ a 144 134 150 | I40
b 216 | 183 212 198 b 1753 156 179 166
c 221 184 223 ° 203 c 197 : 157 196 ! 177
d 228 | 191 226 209 d 215 178 227 | 199
e | 280 | 284 281 | 282 e | 280

‘ [

1
x

load on a rivet depends upon the intensity of the load. Theo-
retical considerations and experimental results both appear toshow
that the second hyvpothesis is the correct one, but further experi-
ments are needed. It is, of course, quite possible that the value
of K is not the same for all the rivets in a joint and that the values
given above are only equivalent ones for the whole joint.

§5. The Specimens D, E, F and F’

The experimental results for the specimens D. E, I and F’
under a load of 16,000 pounds are shown in Tables VIII and IX.
The specimen F’ was, as mentioned above, obtained by cutting
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down the middle plate of specimen F to a uniform thickness of
4.096 inches. This, of course, changed the partition of the load
among the rivets, as may be seen by comparing Iigs. 23 and 24.

The specimens D, E, and F’ will be considered first. The
cover plates in specimens D and E were 34 inch and }4 inch thick
respectively, the middle plate being 4 inch thick, and all plates
3 inches wide. All the plates of F’ were 14 inch thick, but the
outer plates were 3 inches wide and the inner plate 4.096 inches.
Thus the values of C in the specimens D, E and F’ were 4, 3 and
2.468 respectively  Now it will be remembered that the theory
given in Part I indicated that, if C were greater than 2, the first
rivet would take a greater percentage of the load than the Iast,

TaBLE IX.
— = 1 ! { Percentage of total load taken by each
i 1 j rivet
Specimen l C K | l ‘ | ‘ 7_4
‘ ‘ I L 2 3 4 5
\ | - - ‘
D ... , {‘ ! e | 707 , 101 | 3.2 0.5 | I5.5
| 4.04 029 | t i 70.5 4.4 0.4 .5 : 23.2
E e .. e 063.8 6.4 1.8 2.1 ‘ 25.9
i‘ 3.02 | 0.29 i t | 6L5 50/ 02 2.9 ' 30.4
F’ N ey @ 1 50.0 9:3 . 39 79 28.9
2468|0291 t | 538 52| 06 3.8 366
F A ... i e 257 | 100 9.6 | 10.7 ' 44.0
12.468 | 0.29 t 28.7 8.0 6.6 . 11.6 45.0
\ I | i !

e =Experimental.
t =Theoretical.

the difference increasing with the value of C. This is entirely
borne out by the experimental results as shown in Table IX, the
percentage taken by the first rivets being respectivelyv 70.7, 63.8,
and 50.0 for the three specimens. The loads taken by the other
rivets also agree in general with the theoretical results.

It was shown in the last section that K for 3/4-inch rivets is
equal to 0.18 x 10* I For a load of 16,000 pounds this gives
K =o0.29. If, as surmised above, a small difference in the length
of the rivets does not alter K, the above value ought to give
figures which agree with the experimental results. The two cover
plates, however, did not in any of the specimens receive exactly
the same loads, and allowance must be made for this, as explained
in §3, Part I. The actual ratio of the loads taken by the two
cover plates was not constant at each section. This could be
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allowed for if necessary, but the effect of the correction is, in any
case, so small that it will be quite sufficient to take mean values.

The mean values of is in D, E, and F were 0.3595, 0.574, and

0.310 respectively  Thus, allowing for these, the values of C
become 4.04 and 3.02 for D and E respectively, remaining prac-
tically unchanged for /By substituting these values in the equa-
tions of Part I and taking K = 0.29, the figures in the rows marked
¢ in Table IX were obtained, and the results are shown with the
experimental results in Figs. 21 to 23. It will be seen that the
agreement is fairly close. It is almost exact for the first rivets,

FiG. 21.

0-70 —

0-60 \

0-50 \

0-40

0-30 \

\ A
020 \ ‘

010 \

RIVET
Specimen D.
which are the most important. The fifth rivets, however, take
less than the theoretical loads in each case, the difference being
distributed among the middle rivets. This may arise from actual
differences in K for the different rivets or from bending, but, con-
sidering the nature of the specimens and the probable irregularities
in setting of the rivets, the agreement may be regarded as satisfac-
tory, especially when it is remembered that the value of K used
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FiG. 22.
\
\
\
\
/
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= ]
1 3 5
RIVET
Specimen E.
FiG. 23.
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SpecimenF”,
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FiG. 24.
0-50 -
0-40 : / .
0-30
\\ /
0-20 X
\ /

0-1 3 T =]

0 N—————

)

1 2 3 4 L)
RIVET

Specimen F.

was obtained from a single set of experiments on another
specimen.

I was the only specimen tested m which the width of the
middle plate was variable. The theoretical equations for this speci-
men are of the tyvpe given in Part I, §4.  #, the coefficient de-
pending upon the variable width of the plates between each pair of
rivets, is so near to unitv that it mav be neglected. The values

of the terms in 22 % are

ay
2a,

2
@ 12.32 =0-487,
20e _2X3 _, 588,
as 10.2
2a¢ — 2_)(3 —0.7
as 8 08 - '/4‘31
20, _2X3 _
4 596 =1.007
Thus
4 a, 4 4. 4 q
2Y =% =2,8253, 23 — =2.338, 22— =1.750
I a 2 a 3
40ac .
and 22 =r1.007, and the equations for the loads taken by the
4

various rivets, Part I, $4, p. 589, taking K = 0.29, become

| 7.405 = 5.628 | 4.040 | 2.297 || 3.115
5.628  5.918 | 4.040 2.297 || 2.628
| 4.040  4.040 ' 4.330 | 2.297 l 2.040
2.297 2.297 | 2.297 | 2.587 \ 1.297
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The solution of these equations gives the results displayed in
Table IX and shown by the dotted lines in Fig. 24. There is
again a remarkable agreement between the theoretical and experi-
mental results,

The two specimens F and F’ are similar to the ordinary types
of end connections of riveted bridge members, and the results
show that the widening of the gusset plate results in far less load
being carried by the first rivet and also increases the proportion
of the load taken by the middle rivets from 21.1 per cent. to 30.3
per cent. of the total load, giving a more even partition of the load.

§6. General Conclusions.

The results of the experiments carried out up to the present
have now been given and analyzed, and it only remains to see
what general conclusions can be drawn from them. In the first
place, all the experiments are in remarkable agreement with the
theory advanced in Part I, especially when it is taken into con-
sideration that the specimens were ordinary shop products, and
show that it is possible to predict, in general, the way in which the
load will be divided among the rivets in any form of joint.

Only the specimen with I4-inch rivets was carried beyond the
workmg load, but the regularity of its action showed that the
partition of load obeyed the same laws at all loads up to that
causing permanent deformation of the plates or rivets. In every
specimen and at all loads the first and fifth rivets took by far the
greater part of the total load, the actual proportion decreasing
gradually as the load increased. For example, in the specimen
with V5-inch rivets, the first and fifth rivets carried 83.5 per cent.
of the total load at a load of 10,000 pounds, and this decreased
to 70.0 per cent. at a load of 30,000 pounds. The latter load cor-
responds to an average stress of about 12,650 pounds per square
inch of actual rivet section, or 13,280 pounds per square inch of
nominal rivet section. This would usually be taken as the shear-
ing stress on all the rivets, but actually the end rivets, if, as there
seems little doubt, the rivets were in shear and not holding by
friction, were each under an average shear stress of 22,150
pounds per square inch, while the third rivet at the same load
took only 3.2 per cent., corresponding to an average shear stress
of only 2020 pounds per square inch. Thus in joints having
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several rows each containing an equal number of rivets and de-
signed in the usual manner, i.c., allowing the average load per
square inch of rivet section to be equal to the working stress in
shear of the rivet material, the rivets in the end rows must carry
stresses far above the allowable working stress. That this will not
be remedied by increasing the number of rows of rivets was
shown in Part I, 2.

The above refers to the specimens in which the cover plates
were of the correct thickness: i.c., each half as thick as the middle
plate. If they are thicker, the first rivet takes an even greater
proportion of the load, the proportion increasing with increased
thickness. This was shown theoretically in Part I and experi-
mentally on the specimens D, E and I’ Specimens B, D, E
and F’ all had the same diameter of rivet. In specimen B, in
which the cover plates were of correct thickness, the first and
fifth rivets took 88.1 per cent. of the load at a load of 16,000
pounds. In specimens D, E and F at the same load they carried
86.2 per cent., 89.7 per cent. and 78.9 per cent. of the total load
respectively, but of these the first rivets carried respectively 70.7
per cent., 63.8 per cent. and 50 per cent. of the total load. Speci-
men F, in which the middle plate was of varying width, illustrated
the action in members riveted to a gusset plate, and it was found
that the varving width of plate resulted in a rather more even dis-
tribution of stress. the first and fifth rivets carrving only 69.7
per cent. of the load. as compared with 78.9 per cent. when the
middle plate was cut down to uniform width.

It must be noted that in all the specimens tested the ratio of
width of cover plate to pitch of rivets was the same, 34. Now it
was shown in ¥4 that K probably varies as the width of cover
plate divided by the pitch of the rivets; thus, with a smaller pitch
or wider plates, K would be increased, and the effect of this would
be to make the partition of the load rather more uniform. But,
as stated above, a large variation of K only causes a compara-
tively small alteration in the percentage of the load carried by the
end rivets. For example, in the specimen A a change of K from
0.485 to 1.3 only altered the load carried by each of these rivets
from 40.7 per cent. to 33 per cent., and the alteration for a given
change becomes less and less as the values of K increase. Thus
the effect of change of pitch or breadth of cover is not likely to be
very great, except possibly in splices containing a number of
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rivets in each row  However, further experiments are needed
in order that a general law may be found for the value of K. \hen
this is determined it will be possible to predetermine the exact
partition of load in any proposed joint, and this will enable the
joint to be designed in the most efficient manner. A very good
approximation, sufficient for most purposes, may, however, be
obtained from the data already given, since the general manner
of partition of load is the same for all values of K. It would
require too much space to illustrate this further here, but the
examples given in Part I show clearly the method of procedure.

The writer has already in hand further experiments on the
variation of K in different types of joints and also experiments
designed to show the part, if anv, played by friction in riveted
joints.

$7 Sununary and Conclusion.

The following is a summary of the principal contents of the
present paper:

1. It is shown that a riveted joint may be considered as a
statically indeterminate structure, and that a series of equations
may be obtained for any joint by means of the Principle of Least
Work, giving the loads carried by each of the rivets in terms of a
quantity K, which depends upon the manner in which work is
stored in, or by the action of, the rivets.

2. This theory is applied to various types of joints, and the
modifying effects of non-uniform distribution of stress in the
plates, unequal partition of the load betweén the two cover plates,
and a difference in the modulus of elasticity of the middle plate
and the cover plates are also considered.

3. It is shown experimentallv that extensometer measure-
ments on the outer surfaces of the cover plates of a riveted joint
are sufficient for the determination of the mean stresses in the
plates, and that the partition of the load among the rivets may be
determined from such measurements. It is also shown that, at
anv rate after the first few loadings, the distribution of strain in
the plates of a joint is not altered by repeated loadings.

4. It appears from 3 that if there is any frictional hold
between the plates, it acts only over those portions in the imme-
diate neighborhood of the rivets. All the experiments tend to
show that friction does not play an important part, but further
experiments are necessary on this point.
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5. Experiments made on a number of specimens having a
single line of rivets and loaded in tension give results in close
agreement with the theoretical considerations. They also show
that the longitudinal stresses in a portion of the cover plate
between two consecutive rivets are a minimum along the line of
rivets, rising to a maximum at the edges of the plates.

6. The experiments show that the value of K for a joint hav-
ing a given ratio of width of cover plate to rivet pitch and a given
number of rivets varies approximately directly as the load and
inversely as the area of the rivets. An empirical rule is given
for its value in joints similar to the experimental specimens, but
a more general rule cannot be given until further experiments
have been made. A theoretical estimate is made of the value
of K for a rivet acting in shear, and the result is shown to be
within the range of the experimental values.

> Both the experimental results and the theoretical deductions
show that :—

(a) in a double-cover butt joint having a single line of
rivets, the two end rivets and the two rivets on
each side of the junction of the middle plates take
by far the greater part of the load at all loads
within that causing permanent deformation of
the plates or rivets, the actual proportion decreasing
slowly as the load increases;

(b) if, in such joints, the total area of cross-section of the
cover plates is equal to that of the middle plates,
these four rivets take equal loads, but if it is greater
the end rivets take greater loads than the others,
the difference increasing as the area of the cross-
section of the cover plates increases;

(¢) if two plates of uniform width and equal thickness are
connected bv a single line of rivets to opposite
sides of a gusset plate of uniform width, the first
and last rivets take the greater part of the load.
but if the gusset plate increases in width from the
first to the last rivets, the partition of load is more
uniform.
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The results already obtained allow the general manner of par-
tition of load in any riveted joint, in which there is no eccentricity
of connection, to be estimated, and it is hoped that, when further
experiments have given general laws for the value of K, it will be
possible to predetermine the exact load that will be carried by
each rivet. The practical value of this is obvious.

In conclusion, the writer wishes to thank Prof. H. M. Mackay
and Prof. E. Brown for their personal interest and advice, and
Mr. S. D. Macnab for his valuable assistance in the experimen-
tal part of the work.

McGill University,
August, 1916
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