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Abstract

In force sensing, optomechanics, and quantum motion experiments, it is typically advanta-
geous to create lightweight, compliant mechanical elements with the lowest possible force
noise. Here we report wafer-scale batch fabrication and characterization of nanogram-scale
mechanical SizgN, trampoline resonators having room temperature quality factors above
4 x 107 and ringdown times exceeding five minutes (1 mHz linewidth). We measure a ther-
mally limited force noise sensitivity of 16.2+0.8 aN/ Hz'/? at room temperature, with a spring
constant (~ 1 N/m) 2-5 orders of magnitude larger than those of competing technologies.
We also characterize the compatibility of these devices with a high-finesse cavity and their
suitability for optomechanics applications, finding no evidence of surface or bulk optical losses
from the processed nitride in a cavity achieving finesse 40,000. These parameters provide ac-
cess to a single-photon cooperativity Cy ~ 8 in the resolved-sideband limit, wherein a variety
of outstanding optomechanics goals become feasible.

A characteristic of optomechanical systems with high cooperativities (e.g. Cy = 1) is, that
they respond sensitively to smallest amounts of incident light. While generally desirable, this
behavior poses certain technical challenges, most notably preventing our initial attempts to
stabilize a laser’s frequency to that of the cavity using traditional feedback techniques. This
motivated developing a robust sideband laser locking technique ideally suited for applications
requiring low probe power and heterodyne readout. By feeding back to a high-bandwidth
voltage-controlled oscillator, we lock a first-order phase-modulation sideband to a high-finesse
Fabry-Perot cavity in ambient conditions, achieving a closed-loop bandwidth of 3.5 MHz
(with a single integrator) limited fundamentally by the signal delay. The measured transfer
function of the closed loop agrees with a simple model based on ideal system components,
and from this we suggest a modified design that should achieve a bandwidth exceeding 6 MHz
with a near-causally limited feedback gain as high as 4 x 107 at 1 kHz. The off-resonance
optical carrier enables alignment-free heterodyne readout, alleviating the need for additional

lasers or optical modulators.
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Abrégé

Dans les domaines de la détection de force, de 'optomécanique, et des expériences de mou-
vement quantique, il est typiquement avantageux de créer des éléments mécaniques légers et
flexibles possédant un bruit de force minimal. Nous rapportons ici un procédé de fabrication
a ’échelle d’une gaufrette, ot des résonateurs mécaniques de type trampoline de SizNy de
quelques nanogrammes sont fabriqués en lot, et la caractérisation de ces derniers montrant des
facteurs de qualité de plus de 4 x 107 & température ambiante et des temps d’amortissement
dépassant cinq minutes (largeur de résonance de 1 mHz). Nous mesurons une sensibilité du
bruit de force de 16.24+0.8 aN/Hzl/2, limitée par le bruit thermique & température ambiante,
avec une raideur (~ 1 N/m) 2-5 ordres de grandeur plus élevée que celles des technologies
concurrentes. Nous caractérisons également la compatibilité de ces dispositifs avec une cavité
haute-finesse ainsi que leurs applications en optomécanique, ne trouvant aucune preuve de
perte optique reliée & la surface ou au volume du nitrure traité en salle blanche, dans une
cavité dont la finesse s’éléve a 40, 000. Ces paramétres donnent accés a une coopérativité a
photon-unique Cj ~ 8 dans le régime "sideband-resolved", oli une variété d’objectics courants
du domaine de I'optomécanique deviennent réalisables.

Une des caractéristiques des systémes optomécaniques & haute coopérativité (Cy > 1)
est qu’ils répondent sensiblement & de minuscules quantités de lumiére incidente. Bien que
généralement souhaitable, ce comportement pose certains défis techniques, empéchant notam-
ment nos tentatives initiales de stabiliser la fréquence d’un laser a celle d’une cavité optique
en utilisant des techniques de rétroaction traditionnelles. Cela a motivé le développement
d’une technique robuste de rétroaction de la bande latérale d’un laser (sideband laser lock-
ing), idéale pour les applications nécessitant une faible puissance optique et une détection
hétérodyne. En renvoyant a un oscillateur controlé par tension électrique avec une haute
bande passante, on stabilise une bande latérale de modulation de phase de premier ordre a
une cavité Fabry-Pérot haute-finesse dans des conditions ambiantes, atteignant une bande
passante en boucle fermée de 3.5 MHz (avec un seul intégrateur), limitée fondamentalement
par le retard du signal. La fonction de transfert mesurée en boucle fermée est en accord avec
un modeéle simple basé sur un systéme comprenant uniquement des composantes idéales.

Nous proposons une modification qui devrait permettre d’atteindre une bande passante dé-
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passant 6 MHz avec un gain de rétroaction quasiment causalement limité & 4 x 107 at 1 kHz.
Le porteur optique hors resonance permet la détection hétérodyne sans alignement, enlevant

ainsi la nécessité de lasers ou de modulateurs optiques supplémentaires
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Chapter 1

Introduction & Overview

Advances in nanofabrication over the past decades have enabled the growth and patterning
of pristine materials, and the creation of mechanical sensors of extraordinary quality [3].
Cantilevers sensitive to attonewton forces' at room temperature have been fabricated from
silicon (e.g. 50aN/Hz"? [4]) and diamond (26 aN/Hz"? [5]) using “top-down” techniques,

1/2 at room

while “bottom-up” fabricated devices can in principle achieve below 10aN/Hz
temperature (e.g. approaching ~ 5aN/Hz'/? for silicon nanowires [6] or carbon nanotubes
[7]), and 12zN/Hz"/? at low temperatures (nanotubes [8]). These complementary approaches
carry with them an important trade-off: on one hand, bottom-up techniques can assemble
fewer atoms into smaller, more sensitive structures, but the technology is comparatively
young, and it is more difficult to incorporate additional structures and/or probes. These low-
mass objects also tend to have very low spring constants (i.e. below ~ 10 mN/m), making
them highly susceptible to van der Waals “sticking” forces at short distances. On the other
hand, top-down devices are currently not as sensitive at low temperature (e.g. ~ 500 ZN/HZ1/2
for diamond at 93 mK [5]), but are reliably fabricated, are compatible with a wide variety
of probes, and naturally integrate with other on-chip systems. Some of their remarkable

achievements to date include detection of a single electron spin [9], nanoscale clusters of

nuclei [10], persistent currents in normal metal rings [11], and the force noise associated

IThe force sensitivity, here specified in units of force per square root of frequency, indicates for how long
the trajectory of a mechanical resonator has to be measured, in order to resolve a force of a certain magnitude
acting on the resonator. For example, a force sensitivity of 10aN/ Hz'/? indicates, that a measurement time
of 1 s is required in order to resolve a force of 10 aN (assuming the force acts on the mechanical resonator at
a frequency within the detection bandwidth.)



with the quantized nature of light [12]. Further, integrating with quantum electronics and /
or optical cavities has provided (among other things) access to a regime in which quantum
effects play a central role in the mechanical element’s motion [13, 14, 15, 16, 17, 18, 19, 20].

The control of nano- and micro-mechanical resonators by means of the electromagnetic
field of an optical cavity or a superconducting L.C circuit is studied in the field of cavity op-
tomechanics [21]. Pioneering work, carried out in the context of interferometric gravitational
wave detectors (1960s), showed, that laser light incident on an oscillating mirror applies a
frictional force to the mirror and thereby damps its motion [22]. This effect is coined op-
tomechanical cooling, as the incident laser light effectively lowers the mirror’s temperature
by removing phonons from its oscillatory motion. It was shown that this effect is strongly
enhanced for the end mirrors of a Fabry-Perot cavity, interacting with the intra-cavity field,
and that it can be reversed, thereby resulting in anti-damping of the mirror’s motion [22].
More recently cavity optomechanics has found widespread interest since it provides a means
of controlling the motion of nano- and micro-mechanical resonators, down to the quantum
level. For example, exploiting optomechanical cooling in conjunction with conventional re-
frigeration techniques has enabled cooling of a (MHz to GHz) mechanical resonator into its
quantum ground state of motion [14, 15] and, more recently, to [23], and beyond [24] the
quantum back action limit. At this point, the resonator’s base temperature is fundamen-
tally limited by quantum noise in the cooling laser field. Other milestone experiments have
shown, that optomechanics can be exploited to generate optomechanically induced trans-
parency [25, 26|, to provide a coherent interface for the conversion between photons of vastly
different frequencies, e.g. optical to optical |27, 28|, optical to microwave |29, 30| or optical to
radio-frequency [31], to create squeezed states of light [32, 33] or mechanical motion [34], and
to establish non-reciprocal transport of mechanical energy [35] or light [36]. Furthermore,
integrating optomechanical systems with quantum systems, such as an atomic ensemble, pro-
vides additional quantum-compatible means to manipulate the mechanical resonator. This
approach has enabled, e.g., enhanced cooling of a nanomechanical resonator, beyond what
is possible with conventional optomechanical sideband cooling alone [37]|, and back-action-

evading measurement of its motion [38].
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Figure 1.1: Optomechanical “membrane-in-the-middle” (MIM) setup with trampoline res-
onator. (a) A silicon nitride (Si3N4) trampoline resonator is incorporated close to the center
of a Fabry-Perot cavity, formed by two mirrors facing each other. The trampoline comprises
a central pad which is suspended by four tethers from a silicon (Si) substrate. The setup
is probed by a laser. (Image courtesy of Jack Sankey) (b, upper) Photo of fabricated SizNy
trampoline resonator with a window size of w = 3mm, a central pad width of d = 100 pm,
and four tethers, each with width of @ = 2.1 um (released nitride appears pale yellow and ni-
tride on silicon appears blue, due to optical interference). (b, lower) Schematic of trampoline
chip’s anisotropically etched cross section with SizNy device layer thickness of 80 nm.

This dissertation deals with the construction and characterization of an optomechanical
setup in which a pristine mechanical force sensor is incorporated close to the center of a
Fabry-Perot cavity. A schematic of the setup is shown in Fig. 1.1(a), where the cavity is
formed by two mirrors facing each other and a silicon nitride (SizN4) “trampoline resonator”
resembles the mechanical sensor. The trampoline can be seen as a square membrane from
which four identical triangularly-shaped areas are cut-out, thereby creating a central pad
which is suspended by four tethers from a silicon (Si) chip. The filleted shapes in the cen-
ter and at the outer corners help to reduce mechanical dissipation by eliminating regions
of highly concentrated stress, thereby allowing us to achieve extraordinarily low force noise
sensitivity. Figure. 1.1(b, upper) shows a photo of a Si3N, trampoline resonator, fabricated
and characterized in the course of this dissertation (released nitride appears pale yellow and
nitride on silicon appears blue, as a consequence of optical interference). Its dimensions are

given by window size w = 3 mm, central pad width d = 100 gm, and tether width a = 2.1 pym.



Figure 1.1(b, lower) shows a schematic of the trampoline chip’s cross section. The angled
sidewalls of the silicon chip (gray) and the knife edge in the middle of the chip are conse-
quences of an anisotropic, silicon etch (by means of potassium hydroxide) from the bottom
and top side of the chip. This device [1], together with Ref. [39] (submitted simultaneously),

1/2 at room temperature (293 K).

consistently achieve an intrinsic force noise below 20 aN/Hz
Our measured value 16.2 £+ 0.8 zauN/Hzl/2 is similar to what is in principle possible using a
single layer of graphene [40] and represents the highest force sensitivity (to our knowledge)
for “top-down” batch-fabricated mechanical sensors. Furthermore, this low noise is accom-
panied by spring constants ~ 1N /m that are ~2 — 5 orders of magnitude higher than those
of competing devices [3, 4, 5, 6, 7, 40|, and the ~ 100 x 100 pm? surface area is compatible
with the incorporation of additional structures [1, 39].

Our setup (see Fig. 1.1(a)) resembles a variation of the “membrane-in-the-middle” (MIM)
geometry, in which, “most commonly”, instead of a trampoline resonator an extended mem-
brane is installed close to the cavity center. After its introduction in 2008 [41], this setup
was quickly adopted by other research groups and has since produced a variety of impres-
sive results in the field [12, 30, 33, 35, 37, 38, 42, 43]. The membrane resonator employed
in these studies is made out of silicon nitride, most commonly SizNy4, due to the material’s
exceptionally-low mechanical and optical dissipation [42, 43|. State of the art MIM experi-
ments rely on further decreasing mechanical dissipation in the membrane, on the one hand
by operating the experiments at cryogenic temperatures [44, 45| and on the other hand by
fabricating membrane resonator’s with optimized design [46, 47, 48|. Besides of reducing
mechanical dissipation, an additional objective for fabricating specifically-tailored devices
has been to increase the optomechanical coupling strength, e.g. by increasing the resonator’s
reflectivity (the fraction of incident light that is reflected) and/or its mechanical compliance
[1, 39, 49, 50, 51, 52, 53, 54, 55, 56]. The former can be achieved by depositing a dielectric
mirror coating onto the mechanical element [49, 50, 51|. Since this approach comes at the
expense of increased resonator mass (and dissipation, due to the extra layers), an alternative
method has been object to recent studies; patterning a photonic crystal in the form of a
periodic array of either holes or stripes into the membrane |39, 52, 53, 54, 55, 56] furnishes

it with optical resonances that strongly increase its reflectivity. The second objective, of en-



hancing the resonator’s mechanical compliance, requires adjusting its geometry in a way that
reduces its weight and/or its mechanical resonance frequency. These considerations resulted
in (among others) the trampoline geometry [51] discussed in this dissertation (see Fig. 1.1).
Creating increasingly optimized device geometries is an ongoing endeavor in the field and
has recently lead to a new class of devices in which the mechanical resonator is formed by
a geometrical defect in a periodically patterned SisN, membrane [57]. The defect is located
in the center of the membrane and the surrounding periodic pattern (forming a phononic
crystal) isolates it from mechanical dissipation channels. The result is an unprecedented de-
gree of suppressed mechanical dissipation and promising prospects for cooling a mechanical
resonator into its ground state of motion without cryogenicially pre-cooling it (together with

Ref. [39]).
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Figure 1.2: Schematic of experimental “membrane-in-the-middle” (MIM) setup. (a) Laser
light is phase modulated and coupled to an optical cavity, formed by an input mirror and a
backstop mirror, with trampoline resonator incorporated close to its center. The MIM cavity
is installed into a vacuum chamber. Upon interaction with the MIM setup, the laser light is
routed by a beam splitter towards a photodiode. Processing the detected signal with analog
electronics and feeding it back to the phase modulator enables frequency stabilization of the
incident laser with respect to the cavity resonance.

Ultimately, we wish to position a trampoline within a high finesse optical cavity and con-
trol its motion with laser light. For these sensitive systems, one cannot simply set the laser
to the cavity frequency with a knob, however. In practice, ambient mechanical noise of the

cavity and classical noise of the laser prevent the laser from remaining at a fixed frequency



relative to the cavity resonance, and so one must stabilize them with respect to one another.
Figure 1.2 shows a basic schematic of our desired setup; an incident laser beam (at telecom
wavelength 1550 nm) is phase modulated, passes through a beam splitter and is coupled
to a MIM cavity, formed by an input mirror, a backstop mirror, and a SizN, trampoline
resonator installed in the cavity center. The MIM cavity is situated in a vacuum chamber to
prevent collisions with surrounding air molecules from diminishing the trampoline’s mechan-
ical performance. The light reflected from the cavity, comprising the portions leaving the
cavity and the one promptly reflected from the input mirror, is routed by a beamsplitter to
a photodiode. The detected signal is processed by analog feedback electronics and applied to
the phase modulator. Here the phase modulator is used to dither the light, probing the dif-
ference in frequency between the laser and the cavity. In the traditional Pound-Drever-Hall
technique [58], this information is sent back to the laser frequency or the cavity length, but
for our highly sensitive systems, this type of feedback cannot sufficiently stabilize the laser to
prevent mechanical instabilities driven by fluctuations. Hence, we have developed a modified
Pound-Drever-Hall setup, where instead of the laser carrier a first-order phase modulation
sideband is locked to the cavity resonance [2].

The structure of this dissertation is as follows: In Chapter 2 we introduce the formal
framework to describe the experimental results presented in subsequent chapters. Here we
introduce the theory to express the thermally-limited force sensitivity of a mechanical sensor
and provide a model for the optical resonances of a Fabry-Perot cavity with incorporated
trampoline resonator. To illustrate optomechanical coupling between the intra-cavity field
and the trampoline’s motion, we give expressions for the radiation force acting on the tram-
poline resonator and the corresponding optical spring constant. In anticipation of future
optomechanics experiments with our setup, we outline the theory of optomechanical side-
band cooling and briefly discuss its quantum limits, for a cooling laser beam described by a
coherent state of light.

In Chapter 3 we discuss the fabrication and mechanical characterization of high-aspect-
ratio, nanogram-scale SigN, “trampoline” resonators. We give details of the trampoline’s
wafer-scale batch fabrication procedure and discuss its geometrical features. To characterize

mechanical resonances of the fabricated structures, we measure their motion in a Fabry-Perot



fiber interferometer. We describe this setup and perform an optical analysis to calibrate the
trampolines’ displacement amplitude. We identify mechanical resonances with frequencies in
the range of 40—570 kHz and mechanical ringdown times up to ~ 6 minutes (1 mHz linewidth)
at room temperature (corresponding to a mechanical quality factor up to ~ 5 x 107). By
investigating the trampoline’s thermally driven motion we measure a force sensitivity of
Sp =162 £ 0.8 aN/Hzl/Q. Finally, in a first step of integrating our devices in a compact
cryogenic fiber cavity setup (performed by our collaborators from the Harris Lab at Yale
University), we investigate how gluing a trampoline chip (at three spots) to a metal mount
affects Q,,. With the result of a modest decrease by 13 %.

In Chapter 4 we describe the construction of the vacuum MIM setup and its optical
characterization. To demonstrate the trampoline’s suitability for sensitive interferometric
readout and optomechanics applications we position an extended membrane (fabricated by
the same means) within the cavity of finesse 20, 000, finding no evidence of additional bulk or
surface optical losses from the processed nitride at telecom wavelength (1550 nm), consistent
with literature |59, 43|. In fact, for certain membrane positions, the cavity finesse is increased
to 40,000, as expected for a lossless dielectric slab in a single-port cavity. Finally, to set an
approximate upper bound on the size of the cavity field required for high-finesse applications,
we position a trampoline in a cavity field wide enough that 0.045% of the light falls outside
the structure. Consistent with recent simulations [60], we find that the majority of this
“clipped” light is in many cases recovered by the cavity.

In Chapter 5, motivated by challenges encountered in initial attempts of locking our tram-
poline MIM cavity, we present the development and characterization of a simple, low-power,
high-bandwidth, post-emission laser locking technique with built-in heterodyne readout. Our
setup is based on the Pound-Drever-Hall technique [58] and employs a voltage controlled oscil-
lator in combination with a phase modulator as frequency actuator, thereby enabling locking
of a first order phase modulation sideband to the cavity resonance. After outlining basic
feedback theory we briefly describe our technique and the resulting dynamic response of the
feedback loop. We then present the experimental apparatus and discuss measurements of its

closed-loop transfer function and noise spectrum.



Chapter 2

Theoretical Concepts

Statement of contribution: Vincent Dumont provided Eq. 2.79 and contributed to Sec. 2.2.6

with discussions.

At the heart of this dissertation lies a Fabry-Perot cavity with incorporated mechanical
membrane resonator. Our eventual goal is to conduct experiments in which the membrane’s
motion is strongly controlled by the light in the cavity; hereby, our central concerns are
the mechanical resonator’s decoupling from the thermal environment (a source of noise and
decoherence), and the optomechanical coupling strength. In the following, we outline the
theoretical concepts employed throughout the later chapters to characterize the mechanical
and optical properties of this setup.

In Sec. 2.1 we introduce the model of a one-dimensional damped harmonic oscillator,
which is driven by the thermal excitations in its environment. While in reality we are dealing
with an essentially two-dimensional mechanical membrane resonator in our experiment, this
one-dimensional model is a useful tool in describing the behavior of a single normal mode.
In Sec. 2.2 we focus on the optical characterization of, first, a Fabry-Perot (FP) cavity, and,
second, the combined setup of a FP cavity with incorporated mechanical membrane resonator.
We apply a transfer matrix model to describe the propagation of an optical field in these
systems, which enables to understand their optical resonances. With regard to possible
optomechanics experiments with our system, we briefly discuss the steady state optical force,

with resulting spring constant acting on the incorporated membrane, and summarize key



aspects of optically damping (laser cooling) the membrane’s motion by means of the intra-

cavity light field.

2.1  One-Dimensional Harmonic Oscillator

Here we discuss a harmonic oscillator which is dissipatively coupled to its thermal environ-
ment. To maintain thermal equilibrium, this coupling provides a means for the thermal
environment to randomly inject energy, which can be modeled as stochastic "thermal force
noise" exerted upon the oscillator [61, 62]. This imposes a fundamental limit on the oscil-
lator’s sensitivity to external forces. Of particular interest to this work are two kinds of
dissipative coupling; the first one is “gas damping”’, which describes energy loss due to the
resonator’s interaction with surrounding gas molecules, and the second one is “structural
damping”, wherein the oscillator’s motion transfers mechanical energy to internal degrees of
freedom. In Sec. 3.3.1, we provide evidence that the dissipation of our resonators is influenced
by both. As these two mechanisms are characterized by a different frequency dependency of
the oscillator’s response to a force acting on it (see Sec. 2.1.2.2), one could in principle mea-
sure this dependency to discern between the two damping mechanisms. Such an investigation
was recently presented by another research group [63]. To achieve a measurement sensitiv-
ity sufficient to resolve the difference between the aforementioned damping mechanisms, the
experiment presented in Ref. |63] relied on interferometrically measuring the mechanical res-
onator’s position by means of an optical cavity (see Sec. 2.2.2). The sensitivity provided by
our comparatively simple measurement setup (see Sec. 3.2) is not sufficient to resolve the
difference between structural damping and gas damping.

In Sec. 2.1.1 we briefly review the harmonic oscillator’s equation of motion and its
transient solution with characteristic ring-down time and corresponding quality factor. In
Sec. 2.1.2 we discuss the stationary solution of the thermally driven harmonic oscillator and
derive the magnitude of the thermal force noise and displacement power spectral densities

relevant to this work.



2.1.1 Simple Harmonic Oscillator Model and Definitions

The equations of motion for a harmonic oscillator of mass m and frequency ¢2,, for the cases

of gas damping and structural damping are given by [62]

mi +ml & +mQ2 = Fy, (gas damping) (2.1)

mi +mQ2 [1+i®,,)z = F, (structural damping), (2.2)

where z = z(t) is the displacement from equilibrium, T',, (®,,) is the gas damping rate
(structural "loss angle"), and Fy, = Fy,(t) is the fluctuating thermal force. The latter is an
inevitable consequence of the presence of damping in the equation of motion, as required to
maintain the equipartition theorem (with thermal energy of 1/2kgT per degree of freedom) in
thermal equilibrium. The gas damping model introduces dissipation by means of a velocity-
dependent frictional force. In the case of structural damping, energy loss results from a
phase lag, commonly referred to as loss angle [64, 62|, between restoring force and oscillator’s
displacement.

We get the transient solutions (Fy, = 0) to the above given equations of motion (Eqs. 2.1-
2.2), by plugging in a test function of the form x(t) = x¢exp (iAt). The resulting trajectories

are given by the real part of

xoei‘/Qzﬂ_F?’l/M_rmtm ~ xoeithe—Fmt/z (gas damping)
z(t) = (2.3)
xoetmVi+i®mt ~~ zoe'tmte=tmPmt/2 (structural damping).

The approximation applies in the case of a significantly underdamped oscillator (T, < Q,,,
®,, < 1), which is the case for the mechanical resonators studied throughout this disserta-

tion. By defining the mechanical ring-down time

2/, gas damping
S L ( ) (2.4)

2/ (Qp®,,)  (structural damping),

both of the approximated solutions (Eq. 2.3) can be expressed as
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z(t) = zoe” ™ cos (Unt) . (2.5)

The transient solution (Eq. 2.3) describes the response of the oscillator when an external
driving force is instantaneously switched off. Then the oscillator’s performs an exponential
decay.

A commonly employed figure of merit for the isolation of a mechanical oscillator from its

thermal environment, is the mechanical quality factor, defined as [65]

Un,
Om = 2m 57 (2.6)

Here U, is the average energy per cycle of oscillation stored in the oscillator and AU, is the
energy lost per cycle of oscillation. The total energy of a harmonic oscillator is given by the

sum of kinetic and potential energy

1 1
E,, = —mi* + —mQ2 2% (2.7)
2 2
Plugging in the transient solution (Eq. 2.3) in the previous expression and averaging over

one cycle of oscillation (for which the amplitude decay is negligible) gives

1
Up = §m§272n(17(2) (2.8)

The dissipated energy per cycle of oscillation is equivalent to the work done by the damping

force Fljqmp during one cycle of oscillation:

27 /Qm
AUm = %ddeamp == / dtj,’Fdamp. (29)
0

Substituting the gas damping force (Eq. 2.1, 2nd term) together with the transient solution
(Eq. 2.3) yields the energy lost per cycle of oscillation in the case of gas damping’

27T/Qm 27"/Qm 1—‘
AUES =mT,, / dt [Re (&))* = mI,, Q2 22 / dt sin® (Q,t) = 27TQ—mUm
0 0 m

!Since we assume low dissipation, e.g. I',,, < Q,,, ®,, < 1, the amplitude decay in Eq. 2.3 is negligible

during one cycle of oscillation. Furthermore we make use of fOQW/Q'" dt sin® (Qpt) = 7/ Q.
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and similarly for the structural damping force (Eq. 2.2, 2nd term) we have
27 /Qm, 27 /Qm
Aystructural :men(I)m/ dtRe () Re (iz) = me’n@mxS/ dt sin? (Q,t) = 27®,,U,,.
0 0
Together with Eq. 2.6 and Eq. 2.8) follows

Q,/T,  (gas damping
Qm = / ) (2.10)
1/, (structural damping).

By substituting Eq. 2.4 we have the common expression

Qm = QT /2, (2.11)

which, regardless of the particular damping mechanism, relates the mechanical quality factor

to the oscillator’s resonance frequency and ring-down time.

2.1.2 Thermal Noise

In this section we discuss the stationary solution as the oscillator’s response to the random
thermal driving force from the environment. The environment typically can be modeled as
a large reservoir of degrees of freedom, which, due to their coupling to the oscillator, provide
energy loss channels [66]. This reservoir is characterized by a broad energy distribution,
whereby its density of states depends on the nature of its constituents (we will see that there
is a difference, e.g., between internal degrees of freedom and those provided by surrounding
gas molecules). The degrees of freedom in the reservoir are themselves in thermal equilib-
rium (i.e. randomly gyrating), thereby exerting a random “thermal force” on the oscillator,
which drives it to thermal equilibrium [62]. This phenomenon is known as thermal noise or
Brownian motion, where the latter terminology is motivated by similarities to the random
motion of microscopic particles in a fluid [67]. Due to the large number of degrees of free-
dom in the thermal environment, the time-dependent noise-driven motion of the oscillator is
characterized by a time-dependent amplitude.

In Sec. 2.1.2.1 we introduce the power spectral density (PSD) as commonly employed

12



means to describe the frequency spectrum of a time-dependent noisy signal, and discuss
some of its properties. In Sec. 2.1.2.2 we present a description of a thermally driven harmonic
oscillator in terms of PSDs. Hereby, we derive the displacement and force noise PSDs for the

cases of structural and gas damping (see also Sec. 2.1.1).

2.1.2.1 Power Spectral Density Basics

We closely follow [66] to introduce a few key concepts for the spectral analysis of a clas-
sical signal. The signal is assumed to be stationary so that its statistical properties are
time-independent, in the sense that sampling the signal “long enough” (clarified below) at
different times will reveal the same statistical properties (e.g., mean value). A commonly-
used expression for the spectrum or “frequency content” of a continuous signal z(t) is the
power spectral density (PSD), which is a measure for the amount of power carried by a cer-
tain frequency range of the signal. The PSD S,.(w) is defined by means of the windowed

Fourier transform

w =L [ weeta (212)
zr(w) = — dte ' z(t). 2.12
N
as
Sez(w) 1 = lim |3(:T(w)|2
T—o00
L [T ' T2
= lim —/ dte_“"tx(t)/ dt' et z*(t'), (2.13)
T—)OOT —T/2 —T/2

where T is the time over which the signal is measured (obtaining a reliable estimate of S, (w)
experimentally requires an ensemble average over many individual observations). Practically,
the limit 7" — oo can be expressed as T' > 7., with 7. being a characteristic time scale on
which z(t) changes. In the case of a harmonic oscillator coupled to a classical thermal bath,
7. is represented by the mechanical ring-down time 7, (Sec. 2.1.1), as this is the time it
takes to reach steady state when conditions change.. The normalization factor 1/ VT of the
windowed Fourier transform assures that z7(w) becomes independent of T" for T' > 7.. This
basically says that the power associated with the signal is quadratic in its magnitude, as is

the case, e.g., for a harmonic oscillator (Sec. 2.1.1).
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In the following we employ the Fourier transform (denoted by operator .#) and its inverse

[66]

F [2(t)] =2(w) = /_ " dteta(t) (2.14)
T [o(w)] =a(t) = /_ h Z—: et ()

to realize an alternative expression of the PSD; the inverse Fourier transform of Eq. 2.13

gives (where we drop the ensemble average for simplicity)

> d T/2 T/2 % g , /
/ —wSm(w) Wr — lim —/ dt dt'z(t ’)/ _we—zw(t—t —7)
—0o0 27T T—)oo T/2 T/2 . 27_‘_
T/2 T/2
= lim — / dt dt’z(t)x*(t")o(t —t' — 7)
T—oo T T/2 —1/2
T/2
= lim — *(p
TI—IEO T /;T/Q dt&}(t)qj (t T)

(w(t)z*(t = 7)),

where we have made use of a definition of the delta function 6(t—¢'—7) and the autocorrelation
function (x(t)x*(t — 7)) with time average denoted by (...) [68]. Fourier transforming both

sides of the previous expression results in the Wiener-Khinchin theorem [66]

Spa(w) = /_OO dre ™ (x(t)a*(t — 7)), (2.15)

[e.e]

which says that the PSD of a signal is given by the Fourier transform of its autcorrelation

function. The special case 7 = 0 yields Parseval’s theorem

GwUN5==/WD%§Sw, (2.16)

which relates the mean square of the signal to the area under the PSD.
The PSD S, (w), as defined above, is commonly referred to as “double-sided” PSD which
highlights the fact that it distributes the signal content over positive and negative w. For clas-

sical signals (i.e. not complex, such as cos(wt) = ("' + e~*") /2) however, this distribution
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is symmetric with respect to w =0

Sx:c(_w) = Sxﬂc(w)v (217)

Sp(w) = 28 (w), (2.18)

which is defined only for positive frequencies, with a corresponding Parseval relationship

(Jz(®)*) = /OOO Z—:Sg;. (2.19)

2.1.2.2 Thermal Noise Power Spectral Density

In the following we apply the concepts presented in Sec. 2.1.2.1 to express the stationary
solution of a thermally-driven harmonic oscillator in terms of power spectral densities (PSDs).
Performing a Fourier transform (Eq. 2.14) on the oscillator’s equations of motion (Eqs. 2.1-

2.2) gives’

m [(Q2, — w?) +ilw] z(w) = Fp(w) (gas damping)

m [(QF, — w?) +iP,, 0] 2(w) = Fip(w) (structural damping)

The frequency-dependent oscillator response, the mechanical susceptibility x,,(w), is defined

as

(W) = Xm(w)Fip(w) (2.20)

m (02, — w?) +ilpw] " (gas damping)
Xm(w) = (2.21)
m (02 — w?) +i®,02]"  (structural damping)

From this, combined with the displacement PSD (Eq. 2.13) and the definition of a single-sided

*Making use of .F [L-x(t)] = (iw)" z(w)
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spectrum (Eq. 2.18), it follows that

Sa(w) = [Xm(W)[* Sr(w), (2.22)

where Sp(w) is the single-sided force noise PSD. For the system under consideration, the

general expression for the thermal force noise PSD is given by [61]

_ 4kgT

Sr (w) Im [x;." (w)] . (2.23)

Then, applying linear time-dependent perturbation theory gives the previous expression.

With the above given susceptibilities (Eq. 2.21) follows

AmkgTT,, gas damping
S (w) = b ( ) (2.24)

4mkpT®,,Q2 /w  (structural damping)

and with Eq. 2.22 we find the oscillator’s response to the external drive

( 4kaTFm ( as da | )
s dampin
m[(Q%@_MQ)z_kF%@wg} & ping
s (w) _ (2.25)
4kpT®,, 02
B o (structural damping)
(mQ [(22, —w?) + 92,04

In the case of low dissipation (I';, < Q,, ®,, < 1) and frequencies close to the resonance

(w = ), both of the previous expressions can be approximated by a “Lorentzian”

2T, k5T
Sp () ~ — — (2.26)
mQ2, [14 (w— Q)" 72]

were we have made use of expressions 2.4 to substitute I',, and ®,, by 7,,. In a similar

fashion, for (w ~ Q,,), we can approximate both expressions 2.24 by

Sp = 8mkpT /7. (2.27)
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Figure 2.1 shows a plot of the three different expressions given for S, (w) (Eqs. 2.25-
2.26) (plot parameters ,, = 41.36 kHz, m = 2.3 ng, 7, = 285 s, I';, = 7 mHz, &, =
2.7 x 1078, corresponding to a typical trampoline device discussed in Chapters 3-4). The
blue curve corresponds to gas damping, the red curve describes structural damping and the
approximated PSD is plotted in green. In vicinity of a few kHz around §2,,/27, the curves
are indistinguishable on the plotted scale. Outside this range clear deviations are apparent;
The structural model, due to a thermal driving force < 1/w (Eq. 2.24), goes to infinity for
w — 0 (may be seen as an indication that the model is not applicable in that range). In
contrast, the gas damping model converges to a constant value, as a consequence of the
frequency-independent (“white”) force noise (Eq. 2.24). For w — oo the parameters within
both models go to 0, where, by the same reasoning as for w — 0, the structural model decays
faster than the gas damping model. The approximated PSD becomes meaningless further
away from resonance.

101, : :
1072E
—~ 1013}

?f\:l 10-14 ;_
€ 107°L

Structural

— 1076 ]
< 10-17} Approximation
» 10—18?_
10—195_
1000
10 10* 10° 106
Q/27 (Hz)

Figure 2.1: Displacement power spectral densities of a thermally driven harmonic oscillator
with structural damping (blue) or velocity damping (red) (Eq. 2.25, upper and lower).
The green curve represents a Lorentzian approximation (Eq. 2.26) valid for both models
in the case of low dissipation (I',, < €,,, ®,, < 1) and frequencies close to the resonance
(w = Q). The plot parameters are €2, = 41.36 kHz, m = 2.3 ng, 7, = 285 s, I';;, = 7 mHz,
and @, = 2.7 x 1078,

For the approximate case, we can provide a sanity-check for this solution by applying

Parseval’s theorem (Eq. 2.19) to expression 2.26 to obtain the mean square amplitude of the
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thermally excited oscillator. By substituting

Y= (w—Qn)Tm dw = — (2.28)
Tm
we have
* dw 2kgT 1 [~ 1
2 B
t pr— —_— x = - d
(*(t)) /0 21 m2,2r | o . P
kgT 1 oo
= m?)?n; arctan(y)‘_ﬂmm
kT
 omQ2
This result is in agreement with the equipartition theorem [69]
OH
<x8—> = (mQ2,2%(t)) = kT, (2.29)
x

where we have substituted the system’s Hamiltonian H by the oscillator’s total energy (2.7).

The root mean square (rms) displacement is then

| kT
Lyms — W, (230)

which represents the average amplitude of oscillation for a thermally driven harmonic os-
cillator with either gas damping or structural damping (in the latter case a small enough
bandwidth of observation is required so that the peak around €2, (see Fig. 2.1) provides the
main power of the signal). This result equally applies when considering the oscillation of a
three-dimensional object along one spatial direction, i.e. when considering a single degree of
freedom, as is the case in the experimental studies of our fabricated mechanical resonators

(see Sec. 3.3.1).
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2.2 Optical Resonances of Fabry-Perot Cavity
with Incorporated Membrane

Throughout this thesis we employ different kinds of optical interferometers such as free-space
Fabry-Perot cavities, with or without incorporated membrane, and a fiber interferometer.
These setups are probed by a monochromatic laser beam with Gaussian intensity profile at
near infrared wavelength A = 1550 nm. Here we provide a one-dimensional plane wave de-
scription of this interaction in which the electromagnetic field only depends on the location
along its direction of propagation and is uniform in the lateral directions. This simplified
treatment enables fundamental insight in the underlying interference phenomena, and pro-
vides quantitative models for observables, such as the system’s optical resonance frequencies,
reflected, transmitted, and internal optical fields, and the storage time of the light inside
the system. Mathematically, the combined system (comprising an input mirror, free space,
a membrane / trampoline, free space, and a second mirror) can be described by a trans-
fer matrix [70] (or similarly a characteristic matrix [71]), and the optical field propagating
through the system can be expressed in terms of the transfer matrix elements and the in-
cident field(s). In Sec. 2.2.1 we pedagogically review basic properties of electromagnetic
waves (following Ref. [72]) and introduce elementary transfer matrices describing propaga-
tion through a homogenous medium (i.e., free space or a dielectric), an interface between
two dielectrics, a freestanding dielectric membrane (e.g., a trampoline), and a distributed
Bragg reflector (DBR). In Sec. 2.2.2 we apply the transfer matrix method to a Fabry-Perot
cavity, consisting of two DBRs and an intermediate air/vacuum layer, to derive expressions
for the resonance frequency spectrum, reflected, transmitted, and circulating optical fields,
and the cavity finesse (unitless quantity proportional to storage time of light inside cavity).
We discuss how the intra-cavity field gives rise to a mechanical force acting on the mirrors.
Thereby, we introduce the concept of linear optomechanical coupling. Sec. 2.2.3 is similar
to Sec. 2.2.2 but for a Fabry-Perot cavity with incorporated membrane. In Sec. 2.2.4 we
examine the steady state optical force acting on the membrane inside the cavity and the
optical spring effect resulting from positioning the membrane at a field antinode (in a lat-

ter chapter (Sec. 4.3) we investigate the prospects for exploiting this effect to increase the
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mechanical quality factor of our trampoline resonator’s (see Sec. 3.1.1)). In Sec. 2.2.5 we
briefly discuss how the optical resonance’s dependence on the membrane displacement along
the cavity axis gives rise to linear and quadratic optomechanical coupling. With regard to
studying the quantum motion of one of our trampolines in a future experiment, in Sec. 2.2.6
we outline the method of cavity-assisted laser cooling and its quantum limits. Hereby we
identify the single photon cooperativity as a figure of merit for controlling the membrane’s
trajectory with small amounts of light (which is ~ 10 in our system, as presented in a later

chapter (Sec. 4.2.2)).

2.2.1 Optical Transfer Matrix Method

An optical transfer matrix (TM) represents a component of a stratified optical medium, such
as an interface or an individual layer, and relates the optical fields on the left and right
side of the component to each other. The field at any location z; in the stratified medium
constitutes a right traveling wave and a left traveling wave® with field amplitudes A; and B;

and wavenumber k, such that the total (complex) field is given by

The propagation is taken to be along the direction of stratification, which is set as the z-
direction. In the above given expression we omitted the time dependency; the real electric
field at location x and time ¢ is given by Re [F (z) e ™!]. The wavenumber k is related to the
optical angular frequency w by the dispersion relation w = ck, where c is the speed of light.
Both ¢ and k depend on the refractive index n of the medium in which the light propagates;
if ¢g and kg are the values in vacuum, then inside the medium they are given by ¢ = ¢o/n and
k = nko (in general n is complex valued, where the imaginary part describes optical loss).
The corresponding dispersion relation w = ck = cyky highlights that it is the frequency that

remains constant for the waves propagating in different media (as long as n is independent

For a monochromatic plane wave given by Re [Eoe®™**~#!] its direction of propagation becomes evident
from tracking a wave front, which is a plane of constant phase. For propagation by distance Ax in time
interval At, the constant phase requires +kx — ket = kx £ kAx — ket — kcAt and therefore Ax = +cAt,
where the plus (minus) sign corresponds to a right (left) traveling wave.
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of E). The wavenumber is related to the wavelength by k = n27/\.
Let us consider the propagation of light described by Eq. 2.31 in a uniform medium. A

schematic of this situation is shown in Table 2.1(a), where the field at location x; is given by
E) = Aje*™ 4 Bie 1, (2.32)
and the field at location zo = x1 + Az is given by

E2 :Alezkwg + Ble—zkzg

:Aleik(mlJrAx) + Blefik(:p1+Am)

:lAQGkal + Bge_lkxl .

The relation between the field amplitudes at x; and x5 is given by

A2 :AleikAx
B2 :Ble_ikAx,
and written in a TM representation
A2 eikAx 0 Al
= | . (2.33)
32 0 efzkA:Jc Bl

We now consider a more general case, where the outgoing fields (B, A) are a linear

superposition of the incoming fields (A;, Bs):

By =ri3A; + t21 By (2.34)

A2 :t12A1 + 7'2132, (235)

with directional reflection and transmission coefficients 115, 797 and tio, t2;. In the case

of lossless propagation, energy conservation requires (see Appendix A.4) |A> + |Bs|* =
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|B1|> 4 |As)?, which, together with Eqs. 2.34-2.35, results in the conditions

’7“12|2 + |t12‘2 = |ra|* + |7521’2 =1 (2.36)

’f’lgtzl = — t127”>2kl. (237)

The first expression represents conservation of optical energy. The second relation constraints
the phase relation between the reflection and transmission coefficients. We convert Eqs. 2.34-
2.35 into a TM representation by solving the first equation for By and replacing B, in the

second equation by this expression, resulting in

A tortis — ro1rn T A
2 | _ 15 21t12 — 121712 T21 ] (2.38)
B —T12 1 By
(a) Propagation (b)  Interface (©) Slab (d) DBR
L Ax +d+
A A,y A, A, A, A, A, A,
—>, —>, —> —> —> —> —> —>
N : n; n,
-« - -— / -— -« -« - -«

ethonae 0 =1 L —r 1 —e™Pry| i1 =L =
0 e~ tkonAw 2\ = 1 d —|rqg] 1 ro 1

Table 2.1: Transfer matrices for optical plane wave propagation in a stratified medium. (a)
Propagation of length Az in a homogeneous medium with refractive index n. (b) Propagation
through the interface between two dielectric media with Fresnel coefficients rio, to1 (Eqgs. 2.39-
2.40) depending on refractive indices ny; and ny. (¢) Propagation through a dielectric slab
(thickness d, refractive index n) with reflection (transmission) coefficient r4 (t4) (Eqgs. 2.41-
2.42), which is surrounded by air/vacuum (refractive index 1). Reflection coefficient is written
in terms of amplitude and phase 74 = |r4| €'®". (d) Propagation through a distributed Bragg
reflector (DBR) with transmission (¢) and reflection (r) coefficients (both assumed real and
positive for convenience; see Appendix A.2 for details).

In the following, we discuss a few special cases of the general TM (Eq. 2.38), which will
be applied in later chapters. We start with the basic example of an interface formed by

two dielectric media with refractive indices nq, no. A schematic of this situation is shown in
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Table 2.1(b). Here, reflection and transmission coefficients are given by Fresnel coefficients

71

Mg — Ny
= 2.39
Fab Ng + Ny ( )
2n
tap = = , 2.40
b Ng + Ny ( )

with (a,b) € {(1,2), (2,1)}. For these coefficients to1t12 — ro1712 = 1, so that only the off-
diagonal matrix elements in Eq. 2.38 are different from 1, resulting in the interface TM given
in Table 2.1(3rd row, 2nd column).

Another special case of Eq. 2.38 describes the situation of a freestanding dielectric slab
surrounded by air/vacuum. A corresponding schematic is shown in Table 2.1(c) where a
dielectric slab with thickness d and refractive index n is surrounded by air/vacuum with
refractive index 1. The symmetry of this configuration requires rio = 19y = r4 and t1o =

ta1 = tq with complex-value reflection and transmission coefficients r,4, t4 given by

(1 — n?)sin (knd)
(n? 4+ 1) sin (knd) + i2n cos (knd)
2in
(n? 4 1) sin (knd) + i2n cos (knd)’

rq = (2.41)

tqg = (2.42)

(see Appendix A.1 for derivation). Then the upper left TM element (Eq. 2.38) can be written

2 ,i26 2200 — 20 (|t4]* 2@ _ |py|?) = —ei20, (2.43)

t5— 5= |tal — |r4]

where we have expressed the reflection and transmission coefficients in terms of their mag-
nitude |ry4|, |tq| and phase ¢,, ¢;. In the last step we applied Eqs. 2.36-2.37, which yield
the phase relation ¢; — ¢, = £ (2¢+ 1)7/2 with ¢ € N (see Fig. A.1) and consequently
¢?(@=9r) = —1. The resulting TM is given in Table 2.1 (3rd row, 3rd column).

Finally, we introduce the TM of a lossless distributed Bragg reflector (DBR). The DBR
reflection and transmission coefficients are given by ris = r9; = —r and t19 = t9; = it
with r, t € [0, 1] (see Appendix A.2 for details and derivation of reflection and transmission

coefficients). The resulting TM is shown in Table 2.1 (3rd row, 4th column).
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Up to now we introduced TMs that describe individual optical elements (see Table 2.1).
In the following two sections - and in later chapters - we employ the introduced TMs to model
systems that comprise several of the individual elements discussed here. The entire system
is described by the matrix resulting from multiplying the individual TMs of each component
together: Let us consider a stratified medium formed by N individual components, where
component i is represented by transfer matrix M; with ¢ € {1,2,.., N}. Then the transfer

matrix of the entire system is given by

M =My, M. M,M, = [ /" /2

Ho1  U22

and the optical fields on the left and right side of the system are related by

AN _ Hi1  Hi2 Al ’ (2.44)

By H21  H22 B,

where we have written M in terms of its elements p,, with a,b € {1,2}. At this point, we’ve
reduced a system of 2N +2 fields to a system of two equations. If one specifies the input fields
(A; and By), for example, one can now quickly calculate the transmission and reflection of
the entire system by solving this system for Ay and B, respectively®.

Similarly, we can relate the fields to the left of component j to the fields on the left of

the entire system
Aj _ lzn lzm Ay (2.45)
B; H21  H22 B

where fi,, are the elements of matrix M;_;...M;M,. By means of Eq. 2.44 we can replace

the outgoing field By by the incoming fields A;, By

_ By — M21A1
22

B (2.46)

which yields the following relation of the “internal fields” A; and B; to the input fields A,

4 Additionally, n copies of this system would be described by a matrix M, a trick that can dramatically
increase computation speed for DBR’s. See Appendix A.2.
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and By

Aj = (/711 - /712@) A+ P2y (2.47)
H22 K22

Bj = </721 - /722@) A+ @BN- (2.48)
H22 K22

Reflection from and transmission through the complete stack is obtained for fig, — flap-

2.2.2 Optical Resonances of a Fabry-Perot Cavity

Here we employ the transfer matrix (TM) method introduced in the previous section to
characterize the optical resonances of a Fabry-Perot cavity. A schematic of the setup is
shown in Fig. 2.2, where two mirrors face each other at a distance L.. Each mirror is
characterized by a reflection coefficient (ry, ro respectively) and a transmission coefficient
(t1, to respectively). Note that both 7, ¢; (i € {1,2}) are real valued for convenience (see
also previous section). Incoming light with amplitude E;, and wavenumber k is partially
reflected at the input mirror and partially coupled to the right and left traveling intra-cavity
fields £ and E,,.. Light reflected from and transmitted through the cavity is denoted by E.
and FE; respectively. Note that we have adopted a different nomenclature here with respect
to the previous section; since there are only five field components of interest, we have chosen
more intuitive symbols, e.g., E; for the transmitted field instead of A3. Furthermore, with
regard to an analytical calculation of the circulating optical power inside the cavity we only
consider intra-cavity field components E.,. (right-moving) and E, (left-moving), located at
the interface between left mirror and cavity. The field components at other locations within

the cavity are characterized by the same amplitude but different phase.
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Figure 2.2: Schematic of a one-dimensional Fabry-Perot cavity. The cavity is formed by two
mirrors facing each other at a distance set by the cavity length L.. Right (Left) mirror is
characterized by its reflection coefficient r; (r9) and transmission coefficient t; (¢2). Incident
light with amplitude E;, is partially reflected at the input mirror and partially coupled to
the intra-cavity fields F, and E,... Light reflected from and transmitted through the cavity
is denoted by F, and E; respectively.

The fields on the right and left side of the cavity are related by

“) =ML, e , (2.49)

0 E, fo1 o2 E,

with the cavity’s TM Mgy, given by a product of a left mirror TM, a propagation TM, and
a right mirror TM (see Table 2.1)

M. _.i -1 —r ethle 0 i -1 —n
ltg o 1 0 e—z’k;Lc Ztl r1 1
1 o—ikLep po _ ikLe  g—ikLey  _ gikLe,
- " - ! (2.50)
tltg eszc,rz o e—szc,rl eszcrl,’ﬁQ o e—szc
The reflected field follows from Eq. 2.48 (with By = 0)
Er _ 2ik L.
_ M T Re (2.51)
Ein foo  —1 4 rirge?ikle
and the corresponding fractional reflected power is given by
B, |? i +73 —2rrycos (2kL) (2.52)
Eim| 14733 — 2rirycos (2kL,) '
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The optical power with unit Watt is given by multiplying the previous expression by cegnJ /2,
with speed of light ¢, dielectric permittivity ey, refractive index n, and cross-sectional area
of optical field 7. In the following, by “power” we refer just to the absolute square of the
complex field amplitude.

Transmitted field and power follow from Eq. 2.47 (with By = 0)

E tatgere
t _ fay — Hizflo1 102€ — (2.53)
E; o2 —1 4 ryrgehte
E |’ £33
2 , (2.54)
E; 1+ rfri — 2riry cos (2kL.)
With Eq. 2.47 also follows the right traveling intra-cavity field and power (By = 0)
Ecr ~ ~  HM21 _Ztl
— NSl : 2.55
E@' lull #12/,622 _1 +7’1’I"2€27'kLC ( )
E. |’ t3
= — ! : (2.56)
E; L+ r3rs — 2ryrycos (2k L)

where fig (a,b € {1,2}) correspond to matrix elements of left mirror TM. The left traveling
cavity field is given by E, = ryFE,.. In the case of a highly reflective end mirror, left and
right traveling cavity fields are roughly identical, e.g. r5 > 0.99 results in a deviation < 1%,
so that one refers to either of them as the circulating field E. = F,.,. ~ E,. With this choice
of end mirror coefficients, the circulating power P, o |E,|> (Eq. 2.56) is maximal when the
resonance condition

kv=Nz  (NeN) (2.57)

C

is fulfilled, or, in terms of the wavelength

A
Ly=N7. (2.58)

This expression coincides with the resonance condition for clamped boundary conditions.
The integer N represents the longitudinal mode order. Multiplying the previous expression

by ¢ yields the resonance frequencies

Wy = NZ—C —: Nuwrsg, (2.59)

C
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where in the last step we have defined the free spectral range wrsr as increment, between sub-
sequent longitudinal modes. The previous expression tells us which frequency or wavelength
AN = 27me/wy is required for light incident on the cavity in order to meet the resonance
condition. Alternatively, the resonance condition for incident light of fixed A can be met by
adjusting L.; from ky = 27/ X together with Eq. 2.57 follows the expression for the resonance
cavity length.

w—wy)/2m (Ghz)
0

Reflected

Relative Optical Power
[63)

Transmitted

—1000 =500 0 500 1000
L.,—Ly (nm)

Figure 2.3: Resonance spectrum of a Fabry-Perot cavity with mirror reflectivities r, =
ro = 0.9 and cavity length L. ~ 5 cm, which is probed by laser light with frequency w ~
271 x 1.94 x 10'* Hz corresponding to wavelength A ~ 1550 nm. Blue, green, and red curves
correspond to reflected, transmitted, and intra-cavity power (all three relative to input power,
given by Eqs. 2.52, 2.54, 2.56 respectively) versus cavity length L. and optical frequency w.
Lower axis describes the situation in which cavity length is changed around a resonance length
Ly (Eq. 2.58, longitudinal mode number N = 64516) for incident light with wavelength
A = 1550 nm. Neighboring peaks are separated by A/2. Upper axis describes frequency
detuning of light incident on a cavity with fixed L. = 5 c¢m, with respect to cavity resonance
frequency wy (Eq. 2.59, N = 64516). The spacing between consecutive modes is given by
free spectral range wpsg = 27 X 3 GHz. Resonance linewidth x = 27 x 0.2 GHz corresponds
to full width at half maximum of peaks. Gray dashed curve shows Lorentzian approximation
of central resonance (Eq. 2.60).

Figure 2.3 shows the resonance spectrum of a Fabry-Perot cavity with r;, = r, = 0.9 and
L. ~ 5 ¢cm, which is probed by light with frequency w & 27 x 1.94 x 10! Hz (A ~ 1550 nm).

Blue, green, and red curves correspond to reflected, transmitted, and intra-cavity power
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(all three normalized with respect to input power), given respectively by Eqs. 2.52, 2.54,
2.56. The lower horizontal axis represents the situation in which the incident laser has a
fixed frequency and the cavity length is changed within few A/2 around a resonance length
Ly = 5 cm (Eq. 2.58, N = 64516). The upper horizontal axis applies to the case of fixed
cavity length L. = 5 cm and incident light is tuned to within a few free spectral ranges
wrsr = 2mx 3 GHz around a cavity resonance wy =~ 27 x1.94x 10 Hz (Eq. 2.59, N = 64516).
When the resonance condition (Eqs. 2.58, 2.59) is satisfied, the intra-cavity field builds up.
As a consequence the transmitted power approaches one and the reflected power goes to zero.
The latter results from destructive interference between the promptly reflected light from the
input mirror and the intra-cavity light that is transmitted through the input mirror. The
resonance linewidth of the resulting peaks/dips is defined as the full width at half maximum
(FWHM) k = 27 x 0.2 GHz.

A single cavity resonance, for r1, r, & 1, can be approximated by a Lorentzian; for small
detuning A = w; — wy between an incident laser with frequency w; and a cavity resonance
wn, we can expand the cosine in Eq. 2.56. This yields °
(tic/2L.)°

ab it (2.60)

E 2
‘Ez‘

which represents a Lorentzian with FWHM &k (gray dashed curve in Fig. 2.3). Similarly
to a harmonic oscillator, - which has a frequency spectrum characterized by a Lorentzian
resonance (see Sec. 2.1) - is the inverse of the FWHM associated with a decay time 7, = k™!,
representing the time scale on which the intra-cavity field responds to a change in its operating
conditions, e.g., 7. is the characteristic time scale for the exponential decay of the intra-cavity
power when an incident laser is switched off.

A measure for the enhancement of the intra-cavity power with respect to the incident

power is provided by the cavity finesse, defined as

Fosm__ow 261
K 2 arcsin (%)

By A small we consider A < wpsr: cos(2kL.) = cos(2wL./c) = cos[2(wn +A)L./c] =
cos (2AL./c) = cos (2mA/wrsr)-
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(see Appendix A.3 for derivation of k). In the case of highly-reflective mirrors (1, ro ~ 1)

the previous expression can be approximated as

2
N —— (2.62)

~ ~ 2 2"
1—1riry 2—r{—r;5

Comparing this expression to the circulating power (Eq. 2.56) in a symmetric cavity (r = 73)

yields P./Py = F/m (Eq. 2.56, 2.62). Alternatively, we can express F in terms of the cavity

ring-down time 7, = k!

TCT,

F = . 2.63
- (2:63)
<
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Figure 2.4: Electric field amplitude distribution |A + B| (relative to input FE;,), with am-
plitude of right and left traveling field respectively given by A and B, inside a Fabry-Perot
cavity (see text for details). Cavity is formed by two distributed Bragg reflectors (DBRs, see
Appendix A.2 for details) each comprising six and a half layer pairs of material a (light blue,
refractive index 2.10, e.g. Ta;O5) and material b (light green, refractive index 1.47, e.g. SiO,)
corresponding to 1 = 19 = 0.991 (Eq. A.9, with refractive index of substrate n, = 1.47) and
F =175 (Eq. 2.62). Optical length (physical length times refractive index) of each layer is
A/4 with wavelength A = 1550 nm. The mirrors are separated by 5\ corresponding to mode
order N =10 (Eq. 2.58).

Figure 2.4 shows the electric field amplitude distribution |A + B| / E;, inside a Fabry-Perot
cavity, designed for light with wavelength A = 1550 nm, where A and B are the position-
dependent right and left traveling field amplitudes. The cavity is formed by two identical
distributed Bragg reflectors (DBRs). Each DBR is composed of six and a half layer pairs of
material a (light blue, refractive index 2.10, e.g. TayO5) and material b (light green, refractive
index 1.47, e.g. SiOy). The optical length (physical length times refractive index) of each
layer is A/4 with A = 1550 nm. These parameters correspond to r; = ro = 0.991 (Eq. A.9)
and F = 175 (Eq. 2.61). The mirrors are separated by 5\ corresponding to longitudinal
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mode order N = 10 (Eq. 2.58). Field amplitudes A and B are calculated numerically; TM
of depicted cavity is a product of TMs describing individual layers and interfaces (given in
Table 2.1). The electric field at each position z within the cavity and DBRs is of the form
E (z) = Ae™* + Be~**(see Sec. 2.2.1), where right (left) traveling field amplitude A (B) is
given by Eq. 2.47 (Eq. 2.48). The intra-cavity field decays exponentially towards the outer
sides of the DBR, where it is one.

The intra-cavity field causes a mechanical force (see Appendix A.2 for a classical deriva-

tion)

P
F.=+2-¢ (2.64)
&

to act on the cavity mirrors (a photon of energy F = hck, with reduced Planck constant
h, transfers a momentum of p = 2hk to an object upon reflection from it, it follows p/E =
F/P = 2/¢, with force F' and power P of the photon). The positive (negative) sign holds
for the right (left) mirror, which means that the intra-cavity field tends to push the mirrors
apart. Generally, the radiation force depends on the detuning from resonance; e.g. when
detuned by x/2, P. (and therefore the force F.) depends approximately linearly on L. (see
Fig. 2.4).

If we consider this point as equilibrium position (e.g. radiation force balanced by structural
forces), and if one changes the cavity length slowly enough to allow the cavity field to remain
in steady state, then the cavity mirrors experience a force +Kx (positive/negative sign holds
for left/right side of resonance) for small elongations = from the equilibrium position, with
optical spring constant IC. The case with a negative sign resembles Hook’s law (Sec. 2.1.1),
consequently it is referred to as optical spring effect. In the case of a positive sign, one speaks
of the optical anti-spring effect [21]. For an oscillating cavity mirror the radiation force gives
rise to dynamical effects, which occur as a consequence of the delayed response (by 7.) of P,
to a change in the cavity configuration (L.). In Sec. 2.2.6 we briefly discuss how this effect
can be used to damp or amplify mechanical vibrations of the mirror (e.g. Brownian motion,
see Sec. 2.1.2.2), which is of central interest in the field of cavity optomechanics [21]. A key
parameter for optomechanics applications is the dispersive frequency shift G := dw./0x with

small elongation from resonance x and z-dependent cavity resonance frequency w, (z). In the
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present case of a Fabry-Perot cavity, we have for the cavity resonance frequency (Eq. 2.59)

We = NLZTfrx ~ wy (1 —x/L.) and the dispersive coupling G = —wy/L,.

Depending on which property of the intra-cavity field is altered by the mirror displacement
x, one distinguishes between different kinds of optomechanical coupling. The case discussed
in the previous paragraph, where the cavity resonance frequency is a function of the mirror
displacement, is referred to as “dispersive” optomechanical coupling [21]. Other examples
are dissipative optomechanical coupling |73, 74, 75, 76, 77| and optomechanical mode field
coupling [78]. The former is characterized by a x—dependent cavity decay rate x(x). The

latter concerns the mode field distribution; displacement z of the cavity boundaries causes

the optical field to appear/disappear in certain areas of the cavity.

2.2.3 Optical Resonances of a Fabry-Perot Cavity with Incorpo-

rated Membrane

In this section we characterize the optical resonances of a membrane in the middle (MIM)
setup by means of the transfer matrix (TM) method (Sec. 2.2.1). The here presented analysis
expands upon the treatment presented in Ref. [79] (which is based on a scattering matrix
formalism). Figure 2.5 shows a sketch of a one-dimensional MIM setup which comprises a
Fabry-Perot cavity (see Sec. 2.2.2) with dielectric membrane incorporated close to its center.
Mirrors and membrane are characterized by reflection (transmission) coefficients 1, rq4, ro (t1,
tq, to) respectively (left to right). The mirrors are separated by the cavity length L. and the
membrane displacement from the cavity center x is small, so that x < L./2. Incident light
E;, is partially reflected at the input mirror and partially coupled to the intra-cavity fields
Ey,., By, E,..,and E,;. Light reflected from and transmitted through the cavity is denoted by
E, and FE; respectively. Note, that similarly to the previous section, we here adopt a different
nomenclature with respect to the one employed in the general introduction of the transfer
matrix formalism (Sec. 2.2.1); e.g., the transmitted field is denoted by E; instead of A,.
Furthermore, with regard to an analytical calculation of the circulating optical power inside
the cavity, either on the left or right side of the membrane, we only consider intra-cavity

field components Ej,. (right-moving), Ej; (left-moving), located at the interface between left
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mirror and left cavity side, and E,, (right-moving), E,; (left-moving), located at the interface
between membrane and right cavity side. The field components at other locations within the

same cavity side are characterized by the same amplitude but different phase.

It Tala b
Eln Elr Err Et
e e e e
< <— <—
Er Ell Erl

Figure 2.5: Schematic of a one-dimensional Fabry-Perot cavity with membrane incorporated
close to its center. The cavity is formed by two mirrors facing each other at a distance set
by the cavity length L.. Each mirror is characterized by its reflection coefficient rq, ro
respectively and transmission coefficient t;, t5 respectively. The membrane, with reflection
(transmission) coefficient r4 (t4), is located close to the cavity center, with displacement from
the center x < L./2. Incident light E;, is partially reflected at the input mirror and partially
coupled to the intra-cavity fields Fj,., Ey, E,., and E,;. Light reflected from and transmitted
through the cavity is denoted by E, and E; respectively.

The transfer matrix of the MIM setup is given by a product of five individual matrices

(see Sec. 2.2.1)

Mmim:‘i —1 —ry\ (e 0 1 =€ rgl\[e®+ 0 1{-1 —nr
ZtQ

ry 1 0 e -t —|rqg] 1 0 e+ Jiti\ ¢ 1

which represent (right to left): left cavity mirror, propagation from left mirror to membrane,
membrane, propagation from membrane to right mirror, and right cavity mirror. The phase
accumulated upon propagation from a mirror to the membrane, or vice versa, is given by
0+ = k(z £ L./2), where the positive (negative) sign holds for the left (right) mirror. The
membrane’s reflection coefficient is expressed in terms of amplitude and phase ry = |ry| €.

The reflected, transmitted, and intra-cavity optical powers follow from the above given TM
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and Eqgs. 2.47-2.48 for a single input E;, from the left

. : . o2
Er 2 B r [ez(kLc—l-Qqu) 4 TdT’262Zkz} + Tge_ZkLc 4 Tde_Qka (2 66)
Eip, - 7"1 [r2€i(kLc+2¢r) i rde%’“] + e—tkLe 4 pyroe—2ike .

. . 2
E tity (=13 + e2i9r) eik(Let2a) .
E., - ty {TdeikLc (7”2 _|_T164ikz) + ryroe2ilk(Leta)+ér] 4 e2ika:} ( . )

. . 2
Elr 2 B Ztl (T,Qrdelklzc + 622km) (2 68)
Ein o TdeikLc (7"2 + r1€4ikw) + r1r262i[kz(Lc+x)+¢r] + e2ikz .
By | - ity e (Let2) [ ilkLet20r) 4 gikay. ] 2 )60
Ein - rqetkle (7’2 4 rle4ik:p) 4 r17~262i[k(Lc+x)+¢>r] 1+ g2tk ( . )
) , 2

E.|" ity (=12 4 e2i9r) eihlLe+2e) 2.70)
E;, - ty {,rdez'kLc (r2 + r1€4ikx) i T1r2e2i[k(Lc+x)+¢r] 4 eQikm} .

. . 2
Eq| itiry (—13 + e9r) gih(Let2a) (2.71)
Ein - ty {TdeikLc (7’2 + Tle4ilm) + ryroe2ilk(Leta)+ér] 4 €2ikx} .

In principle, one could determine the values k(z) (L. fixed) or L.(z) (k fixed) for which
incident light is on resonance with the cavity, by finding the extrema of one of the previous
expressions. Instead, we take an approximate route by considering a closed cavity with mirror

reflection coefficients r; = o = 1. The transfer matrix in this case reduces to

M id— 0 1 [ —e2¢r g o+ 0 1 _gilkLet2¢r) rde_”’“
0 e - ta —ry 1 0 e i+ tim _Tdei2kx e—ikLe
(2.72)
with
Err e Elr
= Muim : (2.73)
E, Ey

For perfectly reflective mirrors Ey; = —E),., E,; = —E,, and together with Eqgs. 2.72-2.73 we

have
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B, tg
B, 1 2k —ikL

—— [pyeihe 4 pmikLe 2.74
B L [rde +e } , ( )

from which follows the resonance condition
_ez(kLc+¢r) N ’rd’ e—z?kx _ |Td| €z2k:x + e—z(kLc+¢r)

—cos (kL. + ¢,) = |rq| cos (2kx) . (2.75)

We assume the membrane causes a small perturbation Aky of the empty cavity resonance

ky = Nm/L.(N € N) (Eq. 2.57), and write the resonance wavenumber as
kvan = kn + Aky. (2.76)

Plugging this into Eq. 2.75 and making use of the identity cos(a + b) = cos(a)cos(b) —

sin(a) sin(b) gives

—cos(knL.) cos(Aky L. + &) + sin(ky L) sin(Aky L, + ¢,.) =|rq| cos [2ky (1 + Aky/kn) x]
()N cos(Aky Lo + ¢,) = |ra| cos (2knz),

where in the last step we have approximated 1 + Aky/k. =~ 1. The resonance wavenumber

detuning with respect to ky is given by

— ¢, + arccos |(—=1) N |ry| cos(2k.x)

Aky = I (N €N). (2.77)

Instead of tuning the incident light on resonance, e.g. by detuning its wavelength
(Aky = 2w /AMy), one can change the cavity length; following the same procedure as for the

wavenumber detuning, we find for the length detuning

— ¢, + arccos | (—=1) N |ry| cos(2k.x)

ALy = ?

(N €N). (2.78)
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The resonance MIM cavity lengths are given by Lyiv,ny = Ly + ALy, with resonance lengths
of empty cavity Ly (Eq. 2.58). Note that the expression for ALy, opposed to the expression
for Aky, does not require an approximation and therefore applies to any membrane position
x within the cavity.

In order to determine the cavity finesse Fyv = wrsr/kumm, we calculate the rate kg

at which optical energy Enmv leaves the cavity

d&nmu
dt

= —kuméumn = — (P + 65P,) (2.79)

with optical power P, (P,) in the left (right) half of the cavity given by Eq. 2.68 (Eq. 2.70).

For the total energy inside the cavity we have

(L. +2x) P, + (L. — 2x) P,

Evmm = : (2.80)

Combining the previous two expression yields the cavity decay rate

t1P, + 3P,
= 2.81
KkMIM c{(Lc%-QfE)PH-(LC—Qf)Pr ( )
Dividing wgsgr = m¢/ L. by kv yields the finesse
(1+2x/L.) P+ (1—2x/L.) P,

Fuim = , 2.82
MIM = T [ t%Pz +t§PT ( )

where P, and P, are given by Eqs. 2.68, 2.70. In the case of highly reflective mirrors we
can simplify this expression by dividing both numerator and denominator by F;, thereby
expressing Fymy in terms of the power ratio P./P,, for with an approximation is given by

the absolute square of Eq. 2.74

i . 1+ |7’d|2 + 2 |Td| COS [kMIM (LC + 2[1)) + 9257«]

) 2.83
Pl |td|2 ( )

For mirror reflectivites ry, ro = 0.99, this expression deviates by less than 2 % from the exact
expression, given by Eqs. 2.68, 2.70.

In the case of a bare Fabry-Perot cavity (previous section), we have discussed that the
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cavity finesse divided by 7 corresponds to the enhancement factor of the circulating power
inside the cavity with respect to the incident power. In the present case of a MIM cavity,
the average circulating power is given by

L. '

Py = (2.84)

In the next paragraph we discuss (among other things) the relation between Fyyv and Pe -
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Figure 2.6: Optical resonances of a cavity with membrane (thickness d = 100 nm, refractive
index ng = 2.0, reflection coefficient r4 = 0.48 exp (1 2.49rad) (Eq. A.3)) incorporated close
to its center. Wavelength of incident light A = 1550 nm. (a, upper) Reflected power (relative
to input power, Eq. 2.66) for a symmetric cavity (mirror reflectivities r; = ro = 0.9) versus
membrane displacement z (from cavity center) and cavity length L. (Ly = 5 cm). Gray
dashed lines indicate empty cavity resonances of order N = 64517 and N = 64518 (bottom
to top, Eq. 2.58). White dotted curves show resonance length detuning (Eq. 2.78). (a,
center) Green solid curve shows scaled circulating power 7FP.yiuv (Eq. 2.84) for mode of
order N = 64517 for a symmetric cavity (mirror reflectivities r; = ro = 0.991). Gray dashed
line shows corresponding cavity finesse (Eq. 2.82). (a, lower) Normalized right traveling
electric field amplitudes on left (blue) and right (red) side of membrane (Eqs. 2.68-2.70, N,
r1, To same as in (a, center)). (b, upper) Same as (a, upper) but for an asymmetric cavity
with mirror reflectivities 1 = 0.85, 7o = 0.99. (b, center & lower) Same as (a, center &
lower) but for an asymmetric cavity with mirror reflectivities 71 = 0.991, r, = 0.999.
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Figure 2.6(a, upper) shows the reflected optical power (Eq. 2.66) from a MIM cavity versus
membrane displacement x and cavity length change AL, with respect to L. = 5cm. Note
that we consider symmetric lengthening of the cavity, whereby both cavity mirrors move
apart from each other by the same amount. This leaves the relative positioning between
optical field nodes and membrane unchanged as the cavity length is altered. We implement
this approach experimentally with the measurement presented in Sec. 4.2.2. The mirror
reflection coefficients considered in Fig. 2.6(a, upper) are r; = ro = 0.9, corresponding to a
symmetric cavity. The membrane thickness d = 100 nm and refractive index 2.0 result in
a reflection coefficient rq = 0.48 exp (i 2.49rad) (Eq. A.3). The plot shows two resonances
(blue areas), which are periodic in x with period \/2. The periodicity is a consequence of
the field distribution inside the cavity (see also Fig. 2.7); if the membrane is located at a
field antinode, the optical resonance is maximally altered from the empty cavity resonance
(gray dashed line, Eq. 2.58). This is because a significant part of the field is located inside
a medium with a refractive index different from the one of the surrounding cavity (in our
case they are different by a factor of 2). In the opposite case, when the membrane is located
at a field node, the interaction between light and membrane is minimized and so is the
effect on the optical resonance. The described behavior is consistent with the mode orders
N = 64517 and N = 64518 (bottom to top, Eq. 2.58) of the shown resonances, where N
odd (even) corresponds to a field antinode (node) at the cavity center (z = 0). As a result,
consecutive resonances are horizontally shifted by A/4. The white dotted curves represent
the cavity resonance lengths NA/2+ ALy (Eq. 2.78). Figure 2.6(a, center) shows the scaled
circulating power mFP.ymv (green curve, Eq. 2.84) together with the finesse Fymv (dashed
gray line, Eq. 2.82) for a MIM cavity with = ro = 0.991 and r; as given above. Here
Fuvmv/m represents the mean value of P.ymv(z), whereas in the case of a bare symmetric
cavity (r1,m2 = 1) F/m =~ P., see Sec. 2.2.2). Blue and red curves in Fig. 2.6(a, lower)
show respectively left and right cavity field amplitudes (for the same cavity as in Fig. 2.6(a,
center)). The amplitude of the field variation on the left is eight times bigger than the one
on the right, because the presence of the membrane decreases the efficiency of pumping the
field on the right. The left field amplitude is periodic in x with period \/2 and the right field
amplitude has periodicity A/4.
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Figure 2.6(b) shows the same plots as Figure 2.6(a) but for an asymmetric cavity. In
Fig 2.6(b, upper) the mirror reflectivities are r; = 0.85 and ro = 0.99. As a consequence of the
asymmetry, the reflected power depends on whether the slope of the resonance is positive or
negative. This can be understood by regarding the back mirror together with the membrane
as a compound mirror, with an “effective reflectivity” depending on the relative distance
between membrane and mirror. If the effective reflectivity is lower (higher) a smaller (bigger)
fraction of the intra-cavity light exits the cavity through the front mirror, resulting in a higher
(lower) relative reflected power from the cavity (formed by interference of light promptly
reflected from input mirror and light leaving the cavity) for the given cavity configuration.

The mirror reflectivities for Fig. 2.6(a, center & lower) are r; = 0.991 and ro = 0.999.
Opposed to the symmetric case (Fig. 2.6(a, center)), Fymv depends on the membrane position
and modulates together with P.ymv(z) with a period of /2 (see Fig. 2.6(a, center)). The
dependency of Fyy on x is referred to as dissipative optomechanical coupling |73, 74, 75, 76,
77]. Figure 2.6(b, lower) shows the circulating field amplitudes inside the left and right half
of the cavity. In contrast to the symmetric case (Fig. 2.6(a, lower)), the right cavity power
varies more strongly than the left cavity power with variation amplitudes three times higher.
Both components are periodic in x with period A/2. This is also contrary to the symmetric
case where only the left field is periodic with A/2 and the right field is periodic with \/4.
Consistent with ry > rq, the finesse is maximized when most of the light is located between

membrane and right cavity mirror which has higher reflectivity rs.
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Figure 2.7:  Electric field amplitude distribution |A + B| (relative to input Ej,), with am-
plitude of left and right traveling field respectively given by A and B, inside a Fabry-Perot
cavity with membrane (gray, thickness d = 100 nm, refractive index ng = 2.0, reflection
coefficient rq = 0.48 exp (i 2.49rad) (Eq. A.3)) incorporated +\/8 away from cavity center;
positive (negative) sign holds for upper (lower) plot. Cavity is formed by two distributed
Bragg reflectors (DBRs, see Sec. A.2 for details) each comprising six and a half layer pairs of
material a (light blue, refractive index 2.10, e.g. TayO5) and material b (light green, refractive
index 1.47, e.g. SiOy) corresponding to 1 = ro = 0.991 (Eq. A.9, with refractive index of
substrate (not shown) ny = 1.47). Optical length (physical length times refractive index)
of each layer is A\/4 with wavelength A = 1550 nm. The mirrors are separated by ~ 5.5),
corresponding to mode order N = 11 (Eq. 2.58).

Figure 2.7 shows the electric field amplitude distribution |A + B| / E;, inside a MIM setup
deigned for light with wavelength A\ = 1550nm. The cavity is formed by two identical
distributed Bragg reflectors (DBRs, see Sec. A.2 for details). Each DBR comprises six and
a half layer pairs of material a (light blue, refractive index 2.10, e.g. TasO5) and material b
(light green, refractive index 1.47, e.g. SiO,) corresponding to r; = 7o = 0.991 (Eq. A.9, with
refractive index of substrate (not shown) ny = 1.47). Optical length (physical length times
refractive index) of each layer is A/4. The mirrors are separated by ~ 5.5\, corresponding
to longitudinal mode order N = 11 (Eq. 2.58). The membrane (gray) with thickness d =
100 nm, refractive index ngy = 2.0, and resulting reflection coefficient r, = 0.48 exp (7 2.49 rad)
(Eq. A.3) is located +)/8 (Fig. 2.7(upper)) or —\/8 (Fig. 2.7(lower)) away from the cavity

center. Field amplitudes A and B are calculated numerically; TM of depicted cavity is a
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product of TMs describing individual layers and interfaces (given in Table 2.1). The electric
field at each position = within the cavity, DBRs, and membrane is of the form E (z) =
Ae™® + Be™*(see Sec. 2.2.1), where right (left) traveling field amplitude A (B) is given by
Eq. 2.47 (Eq. 2.48). The field amplitude on the right side of the cavity is identical for both
membrane positions, whereas the left cavity field amplitude reaches its minimal (maximal)
value for membrane displacement +A/8 (—\/8) (see also Fig. 2.6(c)). This illustrates that, for
the same amount of incident light, the amount of intra-cavity light depends on the membrane
position. The intra-cavity light decays exponentially towards the outside of the DBRs. Both
reflected and transmitted powers for the field distributions shown in Fig. 2.7(upper & lower)
are identical. Identical transmission for + = +\/8 and z = —\/8 follows from identical
field amplitudes on the right cavity side for both of these configurations. The fact that the
reflected cavity power is equal for both configurations can be understood by considering the
destructive interference of the field leaving the cavity to the left Ej..,. with the field promptly
reflected from the input mirror r; E;,; the reflected cavity power is given by |E; — rlEm]2,
with r E;, ~ 1, for the given cavity configuration. This implies the for values of Ej..,. which
are either smaller or bigger than 1 by the same amount, the resulting reflected power is the
same. This is the case for the two configurations presented in Fig. 2.7, where for z = +)\/8

we have Ejeqpe = 0.52 and for x = —\/8 we have Ej. = 1.48.

2.2.4 Steady State Optical Forces

In the previous section we have examined how optical resonance frequency, field distribution,
and finesse of a cavity with incorporated membrane depend on the membrane position. Here
we show, that the optical field inside the cavity causes a force to act on the membrane and
that positioning the membrane at a field antinode results in a steady state “optical spring”.
This effect is of interest to this work, as it shows promise for increasing the mechanical
quality factor of our trampoline resonators (see Sec. 3.1.1) beyond the limits posed by their
intrinsic dissipation mechanisms. Inspired by previous studies of similar systems [80, 60, 81|,
in Sec. 4.3 we present a finite-element simulation of an optical spring acting on a trampoline

resonator, with the result of an increase in its mechanical quality factor.
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Figure 2.8: Optical force and optical spring constant for a membrane (thickness 100 nm,
refractive index 2.0) situated close to the center of a Fabry-Perot cavity (both mirrors with
reflection coefficient 0.9). Wavelength of intra-cavity light A = 1550 nm. (left) Optical force
(Eq. 2.85) versus membrane displacement x and cavity length L. (Lg = 5 cm). Dashed
black lines represent empty cavity resonances of order N = 64517 and N = 64518 (Eq.
2.58). Dashed gray curves show resonance lengths for cavity with incorporated membrane
(Eq. 2.78). (right) Similar to left but for derivative of optical force with respect to x, which
corresponds to optical spring constant.

Figure 2.8(left) shows the optical force acting on the membrane in a MIM setup (pa-
rameters are identical to that of Fig. 2.6(a)) versus membrane displacement = (from cavity

center) and cavity length (with respect to Ly = 5cm). The optical force can be calculated

2) , (2.85)

with incident power P, and normalized intra-cavity powers (Eqs. 2.68-2.71). Dashed black

from momentum conservation (see Appendix A.4) and is given by

-Pin Elr
r —
RP, MIM c ( ‘ E2

? 'Eu

> | B
E;

2 Erl
E;

E;

lines show the empty cavity resonance lengths for modes of order N = 64517 and N = 64518
(Eq. 2.58). Dashed gray curves show the corresponding MIM resonance lengths (Eq. 2.78).
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For values of  and L, in vicinity of a resonance, there is a force acting on the membrane. If
the membrane is located at a field node or antinode, corresponding to maximum or minimum
of cavity resonance curve, the force vanishes as a consequence of the optical powers on each
cavity side being equal. In the case of an antinode this results in a stable equilibrium, since
the force acts to push the membrane back toward the antinode.. Conversely, in vicinity of a
field node, the forces tend to push the membrane away, resulting in an unstable equilibrium.
Figure 2.8(right) shows the optical spring constant —d/dz Frp yvum (Eq. 2.85). Similar to
the case of an empty Fabry-Perot cavity (Sec. 2.2.2), slight z—detuning to the right (left)
from resonance results in an optical spring (anti-spring). Similar to the optical force, the
spring effect is more pronounced for cavity configurations which maximize the field on the
left cavity side (see Fig. 2.6(a)). The force and spring constant discussed here, describe the
situation in which x or L. are changed on a time scale much longer than the cavity ringdown
time Ty = 1/kvm- On the contrary, if, e.g., the membrane oscillates at a frequency which
is comparable to my, the optical force will have an additional dynamic component. This
is a consequence of the delayed response (by myu) of the intra-cavity field with respect to a
change in = (or L.). In Sec. 2.2.6 we briefly discuss how this dynamic effect can be used to
damp (or antidamp) the membrane’s motion (e.g. Brownian motion, see Sec. 2.1.2.2), which
is of central interest in the field of cavity optomechanics [21].

In the following, we analytically calculate the optical spring constant at a field antinode,
which represents a stable equilibrium position (see previous paragraph). In the case of highly

reflective cavity mirrors (rq, ro = 1), we can express the optical force (Eq. 2.85) as

B

Frp, v = - (1-P1/h), (2.86)

with P, (P,) optical power on the left (right) cavity side. Substituting Eq. 2.83 for P,/ P, and
taking the derivative with respect to = yields the spring constant
dFRP,MIM 4/<,'Pl |7”d| sin [/{ (LC + 2:[}) + ¢r]

K =— = . 2.87
MIM dr s |td’2 (2.87)

At equilibrium we have Frp viv = 0 so that from Eq. 2.86 together with Eq. 2.83 follows
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cos [k (Le + 2x) + ¢r] = — |14

sin [k (L, 4 2x) + ¢,] =v/1 — cos? [k (L. + 22) + ¢,] = |t4]

and for the spring constant

4]€Pl |Td‘

v 2.88

]CMIM =

(equivalently, expressing Ky in terms of circulating power instead of P, requires additional

factor of 2 [81]).

2.2.5 Linear and Quadratic Dispersive Frequency Shift

In the previous section we have shown that positioning a dielectric membrane at an antinode
of the optical field inside a Fabry-Perot cavity causes a steady state optical spring to act
on it. The designation “steady state” highlights the fact, that the cavity is not required to
realize this effect, and that it equally can be achieved by positioning the membrane at the
antinode of an optical standing wave resulting from, e.g., reflecting a laser beam of a mirror
[81]. In the following section we give a brief outlook on dynamical optical forces, which
result specifically from the interaction of an intra-cavity field with a mechanical resonator.
In preparation for this treatment, we here briefly discuss the “dispersive” shift of the optical
resonance frequency as a consequence of the mechanical resonator’s displacement, which is
involved in the mathematical description of the dynamical optical forces (following section).

The linear dispersive frequency shift is defined as G = dw,./0x, with mechanical resonator
elongation x and z-dependent cavity resonance frequency w. (z). For our “membrane-in-
the-middle” (MIM) setup (see Sec. 2.2.3), the cavity resonance frequencies are given by
wyvim = wy + ¢Aky, with empty cavity resonance frequency wy (Eq. 2.59) and (membrane-

induced) resonance frequency detuning Awy = cAky (Eq. 2.77). The linear dispersive
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frequency shift follows as

0Awn ke (—1) NV |ry| sin (2knz)
or | PSR 2 '
V1= Iraf? cos? (k)

(2.89)

An additional feature of the MIM setup compared to the empty Fabry-Perot cavity (see end

of Sec. 2.2.2), is a pronounced quadratic dispersive frequency shift

0?Awn 4k2 (=) g (|7“d|2 — 1) cos (2knz)
g owN SR _

(2.90)
& [1— |raf’ cos2(2kN:c)}3/2
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Figure 2.9: Resonance frequency detuning, linear, and quadratic dispersive frequency shifts
for a cavity with membrane incorporated close to its center, all three relative to free spectral
range wrsr (Eq. 2.59). Blue, red , and green curves correspond to membranes with thickness
d = {30,80, 194} nm and refractive index ngy = 2.0 (e.g. Si3sN4 at A = 1550 nm), resulting in
reflection coefficients ry = {0.18 exp (¢ 1.87rad), 0.41exp (¢ 2.32rad), 0.60 exp (i 3.14rad)}.
Gray dashed curves correspond to an infinitely thin membrane with r4 = 0.995. (top)
Resonance frequency detuning Awy = cAky with speed of light ¢ and resonance wavenumber
detuning Aky (Eq. 2.77, N = 2qg + 1 with ¢ € N). (center) Linear dispersive frequency shift
0,Aw (shorthand for 0/0zAwy, Eq. 2.89). (lower) Quadratic dispersive frequency shift
92Awy (shorthand for 9?/0z*Awy, Eq. 2.90) (subscript N is omitted in all y—axis labels).

Figure 2.9 shows a plot of Awy, dAwy/dz, and §?Awy/Idz* (mode order N odd)
relative to wpsg. Blue, red, and green curves correspond to membranes with thickness
d ={30,80, 194} nm and refractive index ng = 2.0 (e.g. SizNy at A = 1550 nm), resulting in
reflection coefficients 74 = {0.18 exp (i 1.87rad), 0.41 exp (i2.32rad), 0.60 exp (¢ 3.14rad)}.
Gray dashed curves show behavior of an infinitely thin membrane with r4 = 0.995. Mem-

branes with d = {30, 80, 194} nm achieve {18, 41, 60} % of the maximal linear dispersive
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frequency shift. For the present case of a membrane with n = 2.0, r4 reaches its maximal
value at d = 194 nm (see Fig. A.1). A common strategy to enhance linear and quadratic
dispersive shifts is to increase the membrane’s reflectivity by fabricating a photonic crystal
reflector (PCR) into it [82, 39, 56, 55, 52]. A PCR is a periodic structure (e.g., an array
of cut-out stripes or holes) with periodicity ~ A. Matching A of incident light to certain
optical resonances of the PCR results in an interference which suppresses transmission of
light through the PCR while enhancing reflection of incident light. Depending on the design
parameters, this enables membrane reflectivities > 99 %. A second strategy to enhance dis-
persive optomechanical coupling aims at reducing the cavity length L. (see Eqgs. 2.89-2.90 with
wrsr X 1/L., Eq. 2.59); Fabry-Perot cavities with L. of a few 10 ym to 100 gum and incorpo-
rated mechanical resonator, e.g. a carbon-based nanorod [83] or a SizN, membrane[84, 85|,

have been implemented based on fiber cavities.

2.2.6 Dynamical Optical Forces and Laser Cooling

One of the long term goals with our optomechanical (OM) system (see Chapter. 1) is to
control the trampoline’s trajectory with a precision down to the quantum level, e.g., to
measure the quantized nature of its motional energy. In a proposal of such a measurement
[86], for a system similar to ours, the mechanical resonator needs to be cooled to a degree
where thermal noise is precluded from dominating over the quantum nature of its motion. In
the case of our trampoline resonators, with mechanical resonance frequencies up to ~ 0.5 MHz
(see Chapter 3), this can not be achieved with conventional refrigeration techniques alone and
requires additional means of cooling®. Therefore, in this section we discuss cavity-assisted
laser cooling as a possible route of cooling a mechanical resonator (with resonance frequencies
significantly smaller than ~ 1 GHz) into a regime where less than one thermally-excited
quantum of energy occupies the resonator [14, 15].

In the previous sections we have seen how the optical field amplitude (Sec. 2.2.3) and the

optical resonance frequency (Sec. 2.2.5) of a cavity with incorporated membrane depend on

6State-of-the-art dilution refrigerators achieve temperatures T ~ 10mK. From the equipartition theorem
(see end of Sec. 2.1.2.2) follows that this temperature corresponds to a thermal energy equal to one quantum
of energy of a harmonic oscillator with a resonance frequency kgT/h = 1.3 GHz, with Boltzmann constant
kp and reduced Planck constant A.
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the membrane position along the cavity axis. In the following, we discuss how the interplay
between membrane motion and intra-cavity field results in a dynamical back action |87, 88,
21], where a displacement of membrane (or cavity mirror(s)) causes a change in the optical
resonance which acts back on the moving object by a change in the radiation force. In general,
this interaction is governed by a set of coupled non-linear differential equations [21] (as a
consequence of non-linear dependency of, e.g., optical resonance frequency on displacement
(see Fig. 2.9)). In the following, we briefly summarize the realm of linearized optomechanics,
in which the intra-cavity field is described by a superposition of a coherent steady state
component and a fluctuating part, where the latter is much smaller than the former [21].
A mechanical resonator with mass m linearly coupled to an optical mode will experience
a shift in frequency 2, and damping rate T',,, such that the susceptibility (Eq. 2.21) becomes
21)
Nom (W) = m [Q2 4 2000 — w? + 1w (D + Topt)] (2.91)

where the otpomechanical frequency shift 0€2,,, and damping rate I'yp are given by

00pt =GoNeay { +2 + 5 } (2.92)
(A+Qn)" + K24 (A—=Qun)" +rK2/4

Fopt =G2ncar . - . } , 2.93

pt o™t [(A O R2d (A= Qn)P 1 r2/d (2:93)

with optomechanical single-photon coupling strength gy = Gxzpr, dispersive frequency shift
G = 0w, /0 (see Fig. 2.9), quantum zero point fluctuation xzpr = /h/2mQ,, (quantum
mechanical uncertainty of oscillator position in ground state), n.,, average number of intra-
cavity photons, A = w; — w, is the detuning between incident laser frequency w; and cavity
resonance frequency w. (Eq. 2.59), and cavity decay rate x (rate at which intra-cavity photons
leave cavity). Note that Eqgs. 2.91-2.93 rely on xk > Ty, + I'ope and high mechanical quality
factor (Qn, > 1).

The frequency shift is referred to as optomechanical spring effect and the change in the
mechanical damping rate is known as optomechanical damping/anti-damping rate [21|. The
latter is of particular interest in quantum optomechanics, since it provides a means of ex-

tracting thermal energy from the resonator, to a degree that quantum mechanical effects
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dominate the resonator’s trajectory |14, 15]. That the presence of I'opy enables cooling (heat-
ing) of the resonator can be seen by executing an analysis similar to the one presented at
the end of Sec. 2.1.2.2, to calculate the mean square oscillation amplitude of the thermally
driven oscillator: in vicinity of the mechanical resonance (2 ~ €2,) and for small frequency

shifts (0Q2pt < ), the displacement power spectral density (see Sec. 2.1.2.2) is given by

4kgTT,,

mO2, (T + Copt)? [4 (D + 0Q0pt — w)? / (T + Tope)* + 1]
(2.94)

Sz (W) = [Xom (w)\2 AkpTT,, =

with Boltzmann constant kg = 1.38 x 10723 m?kgs 2K !, and temperature of environment 7.
By applying Parseval’s theorem (Eq. 2.19) and substituting y = 2 (Q,,, + 0Q0pt — w) / (T'm + Topt)
and dw = dy (I'y, + Topt) /2 we have

s %sT T 1 [ 1 kT T
2(¢ :/ rg, =B m —/ d — B m____ . (2.95
(@) . om mQ2, (T + Lope) 27 J,, V1241 mQ2, (T + Do) (2.95)

A comparison with the equipartition theorem (Eq. 2.29) shows, that this expression corre-
sponds to a harmonic oscillator connected to a thermal environment with effective tempera-

ture
'y

Tyg=T—"—""7—/¥—.
. (Fm + 1—‘opt)

(2.96)

For T'opt > 0 (< 0) the OM interaction causes cooling (heating) of the resonator by reduc-
ing (increasing) Teg. From Eq. 2.93 follows that OM cooling (heating) requires red (blue)
detuning of the incident laser beam with respect to the cavity resonance, with A < 0 (> 0).
For reasons that will be elucidated further below, this type of OM cooling is sometimes re-
ferred to as sideband cooling. Other types of OM cooling require the use of active feedback
[49, 89| or the existence of dissipative OM coupling, wherein motion adjusts the power in
the cavity through its loss rate x(z) (see Fig. 2.6(b) for an example of dissipative coupling
F (z) (oc k7)) [73, T4, 75, 76, 77|
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Figure 2.10:  Schematic of optomechanical sideband cooling showing the optical power
spectral density as a function of detuning § between an incident laser and an optical cavity
resonance (similar to Fig. 1(a) in Ref. [24]). Green arrow represents a laser with frequency wy
which is red-detuned from an optical cavity resonance (gray curve, representing the cavity’s
density of states (DoS)) with frequency w,, so that A = w; — w. < 0. The cavity comprises a
mechanical resonator (e.g. moving end mirror or flexible membrane in between end mirrors)
which oscillates at its resonance frequency €2, and thereby scatters laser light into a red
(blue) sideband, located at —€, (+€,) with respect to incident laser. Scattering light
into red (blue) sideband transfers energy from light (mechanical resonator) to mechanical
resonator (light) and happens at a rate proportional to the optomechanical anti-damping
(damping) rate I'_ (T'y) given by second (first) term of Eq. 2.93. Depending on detuning
A and cavity linewidth  (full width at half maximum) the cavity response suppresses one
sideband more than the other, which for A < 0 (> 0) results in effective cooling (heating) of
the mechanical element.

Figure 2.10 shows a schematic of optical sideband cooling. An incident laser with fre-
quency w is scattered by the mechanical resonator into a red (blue) sideband (with lineshape
corresponding to a mechanical resonator (see Fig. 2.1) of linewidth I'y, +Topt ), located at —y,
(+4) with respect to w;’. Scattering light into red (blue) sideband transfers energy from
light (mechanical resonator) to mechanical resonator (light). Depending on detuning A and
cavity linewidth  (full width at half maximum) the cavity response (density of states) sup-
presses one sideband more than the other, which for A < 0 (> 0) results in effective cooling

(heating) of the mechanical element. This process is most efficient in the resolved-sideband

"In a classical picture, the mechanical resonator phase modulates the intra-cavity field, given by real part
of E.eiwittiasin(@mt) with field amplitude F. and small modulation amplitude a < 1. Taylor expanding
gives Eetwittiasin(@ut) ~ [ eiwit [1 4 jasin (Qnt)] = Eo [e1f 4 Zel@rtm)t — geilwi—2u)t] - where second
and third term correspond to red and blue sideband. In a quantum picture, intra-cavity photons can be
scattered by resonator phonons. Hereby, a photon (w;) can create or absorb a phonon (2,) while being
scattered to w; + Qy or w; — Q.
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regime (Qy, ~ k) where the red sideband is strongly suppressed while blue is strongly en-
hanced. Equation 2.96 suggests, that cooling to arbitrarily low temperatures is feasible by
continuously increasing I'o,¢. In the case of sideband cooling with a coherent state of light,
an achievable minimum value for T, arises as a consequence of the quantum mechanical
properties of the OM interaction. The cooling and heating rates can be calculated from lin-
ear time-dependent perturbation theory (Fermi’s golden rule) and are respectively given by
[ing and ' (ny, + 1) [21], where T'y (') corresponds to the first (second) term of Eq. 2.93,
and ny, is the (current) average number of phonons in the mechanical resonator mode. Now,
as one cools the resonator, thereby reducing n,,, an equilibrium between heating and cooling

Iingo=T_(nnmo+ 1) will be reached eventually, which sets the lower bound

. R2+4(A0+ Q)
r,-r_ 1620 '

(2.97)

Nmo =

The second expression, with Ay = —M/Q, follows from Eqs. 2.92-2.93 and mini-
mizing with respect to A. The fact that a minimum value for the resonator’s occupation
nm,o exists is a consequence of the inherent asymmetry in cooling rate (x ny,) and heating
rate (o< ny + 1). To establish this limit we assumed the resonator to be not connected to a
(mechanical) thermal environment and that OM cooling and heating were the only processes
to change the resonator’s occupation.

We now move on to include the resonator’s connection to a thermal environment (modeled
as an infinite set of mechanical oscillators [66]). The net cooling and heating rates are modified
by a purely mechanical component (o I'y,), which describes the connection to the thermal
environment with phonon occupation at resonance frequency ny, ¢, = kg7'/hSdy, (consequence
of equipartition theorem, see end of Sec. 2.1.2.2). In equilibrium we have (I'y + A1) Ny min =
(I_ + A_) (Nmmin + 1), with mechanical cooling and heating rates respectively given by A, =
Fy(Mmen + 1) and A- = 'y (men)- In the case of optimal detuning A, and with Eq. 2.97,

the minimum value for the resonator’s phonon occupation follows as

Nm,min = anm,th + Fopt (AO) fom,0 . (298)
1—‘m + Fopt (AO)

Even in the case of strong OM cooling (I'opt (Ag) > I'yinmn) the minimum value npy, i, is

22



ultimately bounded by np, o.

In the (deep) resolved sideband regime (€2, > k) the optimal cooling rate is given by
I (—Quw) ~ 4negi/k. (2.99)
This motivates the definition of the single photon cooperativity
Co = 493/ (Tur) (2.100)

which represents the ratio of cooling/damping rate for an average cavity occupancy of a
single photon (at the optimal detuning) to intrinsic damping of the mechanical element.
For Cy = 1 a single intra-cavity photon (on average) provides a cooling rate equal to the
intrinsic thermal damping rate (Eqs. 2.99-2.100). For the setup studied in this dissertation,
formed by a Fabry-Perot cavity with incorporated trampoline resonator (see Sec. 2.2.3), we
can express Cy by substituting I, = 2/7,,, (Eq. 2.4), k = wc/ (FL.) (see Sec. 2.2.2) and
go = \/h/ZTQmawc/(% with dw./0z given by Eq. 2.89, into Eq. 2.100, resulting in

o Amche |rq|* T F
O NLamQ,

(2.101)

with phonon lifetime 7,,,, speed of light ¢, cavity finesse F, cavity length L., optical wavelength

A, and reflection coefficient of trampoline ry.
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Chapter 3

Fabrication & Mechanical
Characterization of Si3N, Trampoline

Resonators

Statement of contribution: Alexandre Bourassa built the vacuum chamber and a previous
version of the fiber interferometer that is employed in this chapter. For the presented mea-
surements, I upgraded the fiber interferometer (replaced a homebuilt two-azis stage with a
commercial one (closed-loop), assisted in interfacing it (python ctypes), designed and built a
new support structure for the stage, replaced a fiber optical circulator with a four port fiber
coupler, and added a preamplifier before the lock-in amplifier. Yishu Zhou, Vikramaditya
Mathkar, and Chris McNally assisted by independently testing the setup and coding). Mat-
tieu Nannini, Don Berry, Jun Li, Lino Fugene, Simon Bernard, and Scott Hoch contributed
with discussions on nanofabrication. Raphael St-Gelais contributed to Sec. 3.2.3 with dis-
cussions on the angular spectrum method. Abeer Barasheed and Bogdan Piciu contributed
with discussions on the finite-element model (COMSOL) used to simulate eigenfrequencies
and mode profiles of fabricated trampoline resonators. My main contributions were: develop-
ment of the silicon nitride trampoline resonator fabrication protocol, design and fabrication
of all investigated trampolines, measurement and data analysis of the results presented in
Sec. 3.3.1-5.5.2. The measurement presented in Sec. 3.3.3 was performed by Alexey Shkarin
at the Harris Lab, Yale University, on devices that I fabricated. Aashish Clerk, Peter Griitter,
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Christian Degen, and Gary Steele contributed with discussions.

Mechanical resonators fabricated from silicon nitride, particularly the stoichiometric form
SizNy, have attracted widespread interest over the past decade. This has lead to rapid im-
provements in their performance and increased understanding of the mechanisms limiting its
optical and mechanical performance. By now, these combined efforts have resulted in fab-
ricated devices with unprescedented mechanical figures of merit, namely mechanical quality
factors @, (for resonator masses meg ~ fg —ng and frequencies f,, ~ 10kHz — 100 MHz),
products @Q,, fm, and (among “top-down” batch-fabricated mechanical sensors) force sensitiv-
ities' (see Sec. 2.1.2.2)

Sr = 8MegkpT /T, (3.1)

with effective mass® meg, Boltzmann constant kg, temperature 7', and mechanical ringdown
time 7,,. Due to the way in which they are grown, most high-performance Si3N, resonators
have a quasi one- or two-dimensional design with a SizN4 layer thickness in the range of
10nm — 400 nm and lateral extents in the range of 1pum —5cm, as well as a high tensile
(in-plane) stress on the order of 1 GPa. To give an everyday example, this amount of tensile
stress would be created in a letter size paper (thickness 100 pm), oriented upright, if a weight
of two metric tons was hung from its bottom edge (given the material strength would permit
it).

The dependency of mechanical performance parameters on material properties and device
geometry of SizN,4 resonators has been systematically investigated by various groups. These
independently executed studies were primarily carried out on doubly-clamped string/beam
resonators and extended two-dimensional membranes. The common finding was, that Q,,,
Qm fm, and Sg benefit from higher film stress [91, 92|, larger lateral resonator dimensions (e.g.

beam /string length and membrane area) [91, 93, 94, 59, 92, 95|, and smaller film thickness

! The force sensitivity S in units of force per square root of frequency, indicates for how long the trajectory
of a mechanical resonator has to be measured, in order to resolve a force of a certain magnitude acting on
the resonator. For example, a force sensitivity of 10 aN/Hzl/ 2 indicates, that a measurement time of 1 s
is required in order to resolve a force of 10 aN (assuming the force acts on the mechanical resonator at a
frequency within the detection bandwidth.)

2The effective mass is given by meg = pm [ dV (? (z,y) /¢3 [90] with material density p,,, trampoline
volume V', trampoline displacement amplitude ¢ (z,y) from its equilibrium configuration (in xy—plane), and
maximum displacement (p.
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[94, 59, 92, 39, 57|. Furthermore, maximal @Q,, f,, is typically obtained for higher order modes
for both, strings /beams and membranes, with highest measured Q,y, f,, values of ~ 10'3 for the
former [39, 96] and ~ 10 for the latter [92, 57]. A characteristic of string/beam resonators is
that their mechanical performance degrades for beam widths exceeding few pm [94]. Whereas
higher @, f,, values have been achieved for membranes compared to strings/beams (partially
owing to the bigger lateral extent of the former in the referenced studies), string/beam-based
structures been shown to provide higher force sensitivity [97, 1, 39]. This is because they
offer a mechanical performance comparable to that of membranes at orders-of-magnitude-
lower mass (Eq. 3.1).

The exact scaling of performance parameters with respect to in-plane stress and device
geometry, roughly outlined above, depends on the particular mechanism that limits the
mechanical performance. A recent review [98| summarizes the current state of knowledge
about the underpinnings of mechanical energy dissipation in SisN, resonators. By now it
is understood that the mechanical performance is fundamentally limited by “clamping” and
“bending” losses. The former describes energy dissipation by radiation of phonons into the
substrate (can be reduced by using thicker chip substrates [59, 39|, as this increases the
mechanical impedance mismatch at the clamps). The latter assumes coupling of bending
induced strain fields to internal defects in the material. This loss is a sum of contributions
from bending in the clamp areas and bending at modal antinodes. The exact details are still
subject of an ongoing discussion but accumulating evidence points at two-level defect states

as the prime suspect of dissipating bending energy [99, 98|.
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Figure 3.1: Fabricated SizN, trampoline resonator with redistributed in-plane stress upon
release. (a) Optical image of fabricated device with a window size of w = 1.5 mm, central
pad diameter d = 400 ym, and tether width a = 1.7 um (released SizN, appears white, Si3Ny
on Si substrate appears blue). (b) Finite element simulation (COMSOL) of in-plane stress
for device of (a), with material parameters: density 2700 kg/m?, Young’s modulus 250 GPa,
Poisson ratio 0.23, and internal stress 0.95 GPa.

In recent years, based on the insights gained with SizN, resonators of the fundamen-
tal string/beam and membrane geometries (see above), a variety of specifically-engineered
devices has emerged. Hereby, the objectives have been to circumvent certain limitations
encountered in strings/beams or membranes and to improve specific features. For example,
it had repeatedly been reported [42, 98, 92| that mounting conditions of resonator chips can
have a severe impact on the device performance. In these studies, particularly lower-order
membrane modes benefited strongly from minimal contact with the structure supporting the
chip, where gluing the chip at several spots to its support decreased @), by a factor up to
~ 102 [42]. This finding motivated patterning the Si substrate surrounding the membrane
into a periodic structure, with the intent to suppress propagation of phonons at certain
membrane resonance frequencies in the substrate, thereby increasing the membrane’s isola-
tion from its environment [46, 47|. A trampoline resonator is another type of device which is
specifically tailored, here with regards to its application in optomechanics [51|. Figure 3.1(a)
shows a fabricated trampoline comprising a central pad, to interact with an incident laser
beam, that is weakly suspended by four tethers. This geometry increases the mechanical

compliance with respect to an unpatterned membrane and thereby enhances the resonator’s
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susceptibility to the force of incident light. Trampoline resonators have been demonstrated
to provide low force noise v/Sp ~ 15aN/v/Hz [1, 39] and high Q,,f, = 10 [39]. Achiev-
ing this high performance is partially attributed to a stress redistribution in the fabricated
devices. Figure 3.1(b) shows a finite element simulation of the stress distribution for the
trampoline of Fig. 3.1(a). The tethers provide only a small force compared to the large area
pad, causing the pad to contract while the tethers are stretched. As a result, the central
pad is completely stress-relieved, with a tensile stress level of 10 MPa while, while the stress
level in the tethers is 2.2 GPa, which represents an increase by more than two times with
respect to the residual film stress of the Si3N, device layer. A similar approach of “stress
engineering” was reported for beam resonators [100]; instead of directly clamping a beam of
uniform thickness at the substrate, it is connected to the substrate via a wider nitride area,
which upon release contracts and thereby increases the beam stress. A recent benchmark
for Si3N,4 resonators was obtained with periodically-patterned membranes featuring a cen-
tral defect [57]; the defect modes provide both highly reduced clamping and bending losses
compared to any other geometry realized so far. This is by virtue of the confinement of the
defect mode to the central area of the membrane, which results in greatly reduced oscillation
amplitudes at the clamp, thereby reducing clamping loss. Furthermore, by replacing strong
bending at the clamps with soft clamping in areas where the geometrical defect transitions
into the periodically patterned part of the membrane, bending-induced dissipation is strongly
reduced. These features have enabled resonators with @,, > 10® at f,, = 1 MHz and resulting
Qufom 2 101 [57].

In this chapter we present the fabrication and mechanical characterization of SigNy tram-
poline resonators. In Sec. 3.1 we discuss the geometrical features of a fabricated trampoline
and detail its fabrication procedure. In Sec. 3.2 we present the vacuum fiber interferometer
setup, used to measure the trampoline’s mechanical resonances, and discuss the calibration
procedure to express the trampoline’s oscillation amplitude in terms of length units. This
calibration relies on a one-dimensional optical model, which agrees with a more involved
two-dimensional model within 10 % (see Sec. 3.2.3). Since the latter is more complicated
to apply to the experimental data we employ the former, justified by the modest deviation.

In Sec. 3.3 we identify mechanical resonances of a trampolines resonator, which agree with
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a finite element simulation (COMSOL) within 1 %. By measuring the mechanical ringdown
time, after switching off a resonant piezo drive, we extract (), of the identified modes, which
all have values > 107. The highest value was measured for the fundamental resonance with
Q. = 4.5 x 107. We measure the thermal displacement spectrum (at room temperature) of
this resonance and extract a thermal force noise of 16.2 aN/HzY2. With regard to future
integration of the trampolines, e.g. in an optical cavity, we cleave them (post release) into
individual device chips and glue them at three spots to metal support, resulting in a mod-
erate ~ 10 % reduction of @), for the fundamental resonance (note this result is for smaller,

570 kHz devices having bare Q,,’s of 5 x 10°).

3.1 Si3Ny Trampoline Resonator Fabrication

High aspect ratio Si3sN, mechanical resonators find widespread use, e.g. in cavity optome-
chanics experiments [21] or as cantilever in atomic force microscopy [101], as they combine
exceptional mechanical performance (see introduction to this chapter) with low optical loss.
Devices made out of SizN, are typically fabricated on an Si substrate, oriented such that a
(100) crystal plane is parallel to the resonator. This geometry enables one to define sharp
terminating edges in the substrate at the resonator’s clamping areas by wet releasing in potas-
sium hydroxide solution (due to high etch selectivity with respect to crystal planes; etch rate
along |100] crystal direction about a factor ~ 10? bigger than along |111]). Improving the
mechanical performance by virtue of this wet-release comes at the expense of dealing with
additional technical challenges, as it exposes the highly-fragile (once released) SizNy struc-
tures to forces exerted by the liquid (all the more, as it requires additional cleaning steps in
which the released resonator has to be transferred between different chemical baths). There-
fore, in the course of developing our trampoline fabrication protocol we soon identified chip
handling as a factor with crucial impact on device breaking and cleanliness. To circumvent
the encountered limitations, we designed a sample carrier which protects the chips against
flow in the chemical baths and minimizes tweezer-based chip handling. By virtue of this
carrier, we achieved an overall fabrication yield of ~ 50 % (up to 100 % on individual chips)

for the trampoline resonators mechanically-characterized in later sections of this chapter.
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In Sec. 3.1.1 we present optical and scanning electron microscope pictures of a fabri-
cated trampoline resonator and discuss its geometric features and design considerations. In
Sec. 3.1.2 we discuss the Si3N, trampoline resonator fabrication protocol and give details on

the employed machines, tools, and recipes.
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3.1.1 Fabricated Trampoline Resonator

Drawing inspiration from similar structures [102|, those having embedded Bragg mirrors
[50, 51|, and high-@,, nitride strings [91], we pattern single-layer resonators suitable for a

“membrane-in-the-middle” [41] optomechanical geometry.

(b)

Figure 3.2:  Fabricated SizN4 “trampoline” resonators. (a) Optical image of the released
structure with a window size of w = 3mm (upper) and a schematic of its KOH-etched cross-
section (lower). Right-hand images show (i) an optical image of the d = 100 um-wide central
pad, (ii) a scanning electron microscope (SEM) image of the a = 2.1 pm-wide tether (near the
pad), and (iii) an SEM image of the 4.6-pum-wide overhanging SisN,. Left from the overhang
is the angled, KOH-etched silicon substrate showing typical roughness and residues. (b)
Optical image of chip with eight trampoline resonators and optical fiber aligned on one of
the trampolines for characterization of mechanical motion (see Sec. 3.2.1).

We fabricated and tested SigNy trampoline resonator ranging from 250 pum to 3000 pum
window size, 40 pm to 400 pm pad diameter, and 1.4 pm to 3.5 pm tether width. The
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most successful device (in terms of force noise sensitivity) is shown in Fig. 3.2(a), comprising
(i) an 80-nm-thick, 100-um-wide central pad suspended by (ii) 2.1-um-wide tethers. These
devices are suspended from a 675-pum-thick, (single-side-polished) silicon wafer, upon which
100 nm of stoichiometric SisN, was commercially deposited via low-pressure chemical vapor
deposition.? Nitride on silicon appears blue, and suspended nitride appears yellow. The
filleted shapes [91] of the central nitride pad and corner clamping points ensure that all
suspended structures are held flat by the nitride’s internal stress (nominally ~ 1 GPa), and
that regions of concentrated strain in the structure’s normal modes are minimized. The fillets
are nominally circular; on the central pad their radius defines the pad diameter d and the
corner fillets are defined to have a quarter of this radius, to reduce their relative mass. The
tethers are long (2.1 mm) to simultaneously increase the mechanical quality factor @Q,, [94]
and decrease the mechanical frequency ,,", thereby maximizing the mechanical ringdown
time 7., = 2Q,/Qm (see Sec. 2.4) without contributing too much mass. This in turn benefits
the thermal force noise (Eq. 3.1). The cross section of the wafer (lower image of Fig. 3.2(a),
also faintly visible from above) results from the minimum anisotropic KOH etch required to
cut a clear-shot window through the silicon. This choice minimizes the region of overhanging
SigNy (iii), a known source of mechanical dissipation [81, 94]. The size of the square window
on the back side of the chip is chosen (on photolithograpy mask (see following section)) so
that etching the Si substrate just from the back would yield sidewalls flush (up to overhang)
with the outer boundaries of trampoline. In the present case of double side etching, this
causes the top and back etch profile to be offset with respect to each other, resulting in a
sharp edge half way along the substrate thickness. The angle of the etched silicon associated
with the anisotropic etch also serves to further increase the rigidity of the supporting frame

at the clamping points.

3Note SizN,-coated wafers purchased from University Wafer and Addison Engineering produce similar
results.

4Resonance frequencies of a highly-stressed doubly-clamped beam are given by ¢ \/o/p/ (21;) [103, 91|, with
mode index ¢ € N, tensile stress o, material density p, and beam length [;. For a trampoline with a, d < I}
this expression provides an estimate for the trend of its (lower order) resonance frequencies, whereby the
increased mass, with respect to the beam, due to the central pad, can be described by an increased p.
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3.1.2 Fabrication Protocol

Here we discuss details of our fabrication protocol for Si3N4 trampoline resonators (see pre-
vious section). Fig. 3.3 shows an illustration of the process flow, based on vertical cross
sections and names of employed chemicals for each process step. In Tables 3.1-3.2 we list
details of the employed tools, machines, and fabrication recipe parameters. In the following
we briefly describe the essential steps carried out during fabrication and refer the reader to

the aforementioned figure and tables for specifics.
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Figure 3.3: Schematic of trampoline cross section at different stages in fabrication process
(see Tables 3.1-3.2 for recipe details). From top to bottom and left to right: silicon (Si) wafer
(@ = 6inch), coated on top and back side with 100 nm thick layer of SizNy, is vapor primed
with hexamethyldisilazane (HMDS) and spin coated with 1.5 pm thick layer of photoresist
(Microposit S1813). Trampoline geometry is transferred into photoresist by means of pho-
tolithography and resist development (Microposit MF-319). Residues are washed off with
deionized (DI) water. Trampoline is written into top SizNy layer by magnetically-enhanced
reactive ion etch, with plasma comprising Argon (Ar), Fluoroform (CHF3), and Tetraflu-
oromethane (CF4). Previous steps (except priming) are repeated on backside to write a
square window into SizN, layer. Additional backside alignment is required to overlay square
window and trampoline. Wafer is manually cleaved (using diamond scribe and wafer pliers)
into chips of 15 mm x 15mm. Photoresist is stripped (Microposit Remover 1165). Individual
cases require additional cleaning in piranha solution (mixture of sulfuric acid and hydrogen
peroxide) to remove excess photoresist. Chips are dipped in hydrofluoric acid (HF), rinsed in
DI water and transferred to potassium hydroxide solution (SI etch). Chips are rinsed first in
DI water then isopropanol followed by HF surface treatment, DI water rinse, and methanol
rinse. Trampoline chips are dried on hotplate. (i) Optical image of tether (blue) on silicon
(peach) showing “hard-to-remove” excess photoresist after stripping.
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Fabrication begins by lithographically defining a 1.5-pum-thick photoresist mask in the
shape of a trampoline on the top surface and transferring it to the nitride with a CF, /CHF3
reactive ion etch. The remaining resist is left as a protective layer while an array of square
openings is patterned into the backside nitride using the same technique. The wafer is then
diced into chips of 15mm x 15mm for handling, each hosting 8 identical devices and one
unpatterned “reference” membrane (see Fig. 3.2(b); reference membrane can be fully etched
if desired), and mounted in a chemically-resistant Polytetrafluoroethylene (PTFE) carrier.
Figure 3.4(a) shows a photo of this carrier with chips rigidly held in a vertical orientation,
while allowing liquid to slowly enter and drain via slits in the bottom; we find it plays a
crucial role in device survival during wet chemical processing. The photoresist is stripped in
Microposit Remover 1156 at 80°C (initially we used acetone, but switched to Remover 1156
since it can be heated up to significantly higher temperatures). This process takes typically
1-2 hours, until there are no more photoresist residues visible with a microscope (Olympus
MX 40). Hereby, it takes longest to strip resist of the tethers, with increasing stripping time
for decreasing tether width.” Inset (i) shows an optical microscope image of a tether (blue,
width 2 ym) on Si (peach), displaying a typical example of “hard-to-remove” photoresist. If
we encounter these residues after ~ 2 hours of stripping, we perform a Piranha clean (see
Table 3.2, 1% Clean) on the chips, which removes all the remaining residues. During this
process the device chips are rigidly clamped to the PTFE carrier to avoid them floating out of
their slots. A CAD drawing of the chips clamped to the carrier is shown in Fig. 3.4(b), where
additional crossbars (polypropylene) are installed onto the carrier with screws (not shown,
fixed through holes indicated by red dashed lines). Each chip is clamped to the carrier with
a screw through a hole in the crossbar. We move on to remove the newly-exposed silicon’s
native oxide with a l-minute 10:1 Hydroflouric (HF) acid dip at room temperature. To
release the trampolines, the chips are briefly rinsed in DI water and then transferred to a
45 % potassium hydroxide (KOH) solution at 60°C, where the silicon is etched at a rate

of 18 pum/hr for 19 hours. This removes the requisite 340 pum from both sides of the wafer,

5 A possible reason for the “hard-to-remove” photoresist residues on the tethers might be, that the resist
in these areas was baked harder compared to, e.g., the central pad. We suspect that this might be related to
a geometry-dependent heat transfer during RIE. To examine this we reduced the etch power from 500 W to
200 W with no measurable effect on the duration of the resist stripping process. Note that the 200 W RIE
recipe requires a 5 times longer etch time compared to the 500 W recipe (see Table 3.2).
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resulting in the profile shown on the bottom right of Fig. 3.3. Faster etches could be achieved
at higher temperatures (e.g. ~ 30 pm/hr at 75°C, but we find this significantly reduces device
yield, likely due to increased Hy bubble formation [104]. We suspect the rising bubbles break
the tethers by either directly exposing them to surface tension forces and pressure variations,
or by violently shaking the chip (if loosely mounted), thereby dragging the pad (a.k.a. “the
giant sail”) through the solution. While keeping the released devices submerged, the KOH
solution is then diluted to 0.1 % of its original strength by iteratively removing existing
solution, without exposing the devices to air, and refilling with DI water. This dilution
process is repeated with isopropanol to further clean and reduce surface tension. The chips
are then transferred to a 10:1 HF solution for 10 min, which gently etches ~ 10 nm of nitride
(from all exposed surfaces) along with any lingering residues [105]. Finally the chips are
transferred to DI water and then methanol for a final rinse before removing and drying on
a hotplate at 85°C. With this protocol, 6 of the 8 devices in Fig. 3.2(b) survived, consistent

with a survival rate of ~ 50 % for all device types discussed in this dissertation.

<——Cr‘c}ssbar

. . =L
: Chips 1 - § 4

PTFE Carrier
dem

Figure 3.4: Chip carrier made out of Polytetrafluoroethylene (PTFE) for wet chemistry steps
in Si3N, trampoline fabrication. (a) Photo of carrier with device chips mounted vertically in
v-grooves. Handle is made out of polypropylene. (b) CAD drawing of carrier with crossbars
(polypropylene, fixed to carrier by means of screws (polypropylene or stainless steel, not
shown) thorough holes indicated by red dashed lines). Chip is clamped by means of screw
(polypropylene or stainless steel) through crossbar.
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Process Step \ Process Information
: Yield Engineering Systems (YES) 310
: thumbwheel set to “27”
: hexamethyldisilazane (HMDS)
: 22 min (25 min)
: temperature in oven is set to 150°C
: Laurell WS-400-6NPP-LITE
: program “C”
: Microposit S1813
: (10 min)
: spreading at 500 rpm for 5 s, spinning at 4000 rpm for 30 s
: hotplate (Electronic Micro Systems Ltd 1000-1)
: 1 min
: bake wafer at 115°C for 1 min
: EVG620
: “TopSide-7inMask-6in-1.4um”, “BackSide-7inMask-6in-1.4um”
: (20 min (top side), 30 min (back side))
Top Side Back Side
Process: | Manual Top Side | Manual Bottom Side
Process Mode: Transparent Overlay
Exposure Mode: | Constant Dose Constant Dose
Contact Mode: Hard Contact Soft Contact
mask, substrate size: 7 in, 6 in, separation: 50 ym, Dose: 65 mJ/cm?
thickness mask, substrate, resist: 3.06 mm, 0.68 mm, 1.4 ym

Priming

Spin Coating

Soft Bake

CxHZ204d200343200%

UV Exposure

=

C: Microposit MF-319
Developing | D: 45 s (10 min)
N: After developing rinse in deionized water
T: Applied Materials Precision 5000
R: “O2 CLEAN”
Oy Clean C: Oy (45 scc)
(during rampdown only Ar (70 scc))
D: (10 min)
Stabilization Etch Rampdown
Step Time: 15 s 180 s 10 s
N: Pressure: | 150 mTorr | 150 mTorr | fully open
RF Power: 0w 500 W 50 W
Magnet Field: 0 Gauss 70 Gauss 0 Gauss

Table 3.1:  Trampoline fabrication tools and recipes (part 1). Process parameter abbre-
viations stand for T: tool/equipment name, R: recipe name or settings, C: name of used
chemicals, D: duration of recipe (time given in paranthesis is optimistic estimate for total
duration of fabrication step, including preparation and cleaning of tool, equipment and/or
workspace), N: additional notes and details.
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Process Step \

Process Information

SizNy Etching

OO

=

: Applied Materials Precision 5000

: “Si3N4 ETCH SH”, “SI3N4 CHRISTOPH”
: Ar (70 scc), CHF3 (30 scc), CF4 (7 scc)

: (10 min)

Stabilization

Etch

Rampdown

Step Time:
Pressure:
RF Power:

15 s
30 mTorr
0w
0 Gauss

45 s (240 s)
30 mTorr
500 W (200 W)

15 s
fully open
20 W
0 Gauss

Magnet Field: 70 Gauss (60 Gauss)

Cleaving

Z =

: diamond scribe & Fletcher wafer pliers
: make scratch (1-2 mm) on both ends of cleave line,

center pliers on a scratch, and apply very little pressure only

Stripping

: Crest Ultrasonics (solvent bench)

: time: 1-2 hr, temperature: 85°C, sonication power level 5 (out of 10)
: Microposit Remover 1165, TPA and DI water rinse

: 1-2 hours

: hardest to strip resist from tethers — inspect carefully (microscope)

15t Clean

zoHlZ00m 3

: acid wet bench, HF wet bench

HF 10:1, HySOy4: HyO4 2:1 mixture (piranha), DI water rinse

: HF dip (1 min), if excess photoresist — piranha (20 min), then HF

optional piranha procedure: preheat HySO,4 (35°C) then add HyO,

Si Etching

O=z0H4

: Si etch bench, hotplate, syringe with tubing

: KOH 45 % solution

: Fill 500 ml of KOH (45 %) in 800 ml Pyrex beaker,
: (20M100-150hr)

cover beaker with PTFE lid, etch at 60°C for 19 hr

optional: place beaker in water bath (glass bowl) on hotplate
when etch done pump out KOH (chips barely submerged),
refill beaker with DI water (repeat two times),

pump out DI water and refill 200 ml of TPA

2nd (Clean

Z Q-

: HF wet bench, solvent bench
: HF 10:1, DI water, methanol
: Transfer chips from IPA to HE (PP beaker, for 10 min)

transfer to beaker with DI water (200 ml)
transfer to beaker with methanol (200 ml)

Drying

T:
N:

hotplate (Fisher Scientific Isotemp)
cover hotplate at 85°C with wipe
take chips out of methanol and place on hotplate

Table 3.2:

Trampoline fabrication tools and recipes (part 2). Process parameter abbre-

viations stand for T: tool/equipment name, R: recipe name or settings, C: name of used
chemicals, D: duration of recipe (time given in paranthesis is optimistic estimate for total
duration of fabrication step, including preparation and cleaning of tool, equipment and/or
workspace), N: additional notes and details. Other abbreviations stand for IPA: isopropanol,
DI: deionized, PP: polypropylene.
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3.2 Fiber Interferometer for Measuring Nanomechanical

Motion

Optical interferometry is a widely-employed high-precision method for measurig the distance
between two objects. The measurement principle relies on interference of two portions of
light, which have a relative phase difference dependent on the displacement of interest. This
phase difference is translated into a corresponding level of optical power and read out with a
photodetector. This method resembles an omnipresent tool in different branches of physics,
such as gravitational wave detection with few-km-long free-space optical interferometers [106]
or nanomechanical motion measurements in a ~ pm-long fiber interferometer [101].

Here we describe the interferometric measurement that we carry out to characterize the
mechanical resonances of our trampoline resonators. In Sec. 3.2.1 we present the employed
Fabry-Perot fiber interferometer, describe its optical, electronic, and vacuum components
and give a brief overview over its measurement principle. In Sec. 3.2.2 we present our cali-
bration procedure, which is based on an optical plane wave model, to convert the measured
voltage into a displacement amplitude. As this model neglects divergence of the light beam
propagating in the interferometer, in Sec. 3.2.3 we test its applicability by comparing it to a
two-dimensional model which includes beam divergence. We find a mutual deviation of up to
10 % between plane-wave model and diverging-beam model and therefore employ the former

in our calibration procedure, due to its ease.

3.2.1 Design

To assure that the mechanical performance of our SizN, trampoline resonators (see Sec. 3.1.1)
is not limited by air damping (see Appendix B.2) we characterize their mechanical resonances
in a vacuum chamber at a pressure below 107 Torr.® Figure 3.5(a) shows a view inside the

chamber where the central pad of a trampoline is aligned with respect to an optical fiber at

6 After pumping down from ambient conditions to pressures ~ 107 Torr with a turbo pumping station
(Pfeiffer HiCube ECO), we cross over to an ion pump (Duniway DSD-05005125-M), to prevent vibrations
from the turbo pump to corrupt our nanomechanical motion measurements. A gauge inside the ion pump
measures a pressure of ~ 1077 Torr. The trampoline is installed in the middle of a six-inch vacuum cube
which is connected to the pump via a vacuum tee with connection length of 15inch and diameter of 2—5 inch.
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a distance of 50 - 100 pm. To measure the trampoline’s motion, laser light is directed along
the fiber towards a cleaved tip, and the interference between reflections from the cleave and

trampoline records the instantaneous displacement.

R

' Z-Stéé -~ -
(b) Isolator y . (tj @)
Laser |[-{=> T IFiber - . -
=g oapy 2
Split 4 p - N - e il
Trampoline jDevice =
PD 2 in vacuum chip xy-stage Post
PD1 | == Eﬁlﬂ =
> | SRR
SLC17500ws-+
In__ | Aux — #
Lock-In Bottom plate

Figure 3.5:  Vacuum fiber interferometer setup (pressure below 107¢ Torr). (a) Optical
image of a chip with eight trampoline resonators inside a vacuum chamber. An optical fiber
is aligned within a distance of 50 - 100 um from a central pad of a trampoline resonator.
(b) Schematic of the complete measurement setup. Yellow (black) curves represent optical
fibers (electronic cables). A fiber coupled laser (wavelength A = 1550 nm) passes through an
isolator and a splitter. Ten percent of the incident light is routed to the fiber interferometer
towards cleaved tip of fiber and 90 % are directed to photodiode 1 (PD 1). Reflected light from
fiber interferometer, made up by partial reflections at fiber cleave and trampoline resonator,
is split so that 90 % land on photodiode 2 (PD 2) and 10 % are blocked by the isolator.
Voltage from PD 1 is measured on auxiliary input (Aux, acts as voltmeter) of a lock-in
amplifier. Voltage from PD 2 is amplified x50 by a low-noise preamplifier and subsequently
split. Oscillatory component is measured by means of lock-in detection and DC component
is measured on auxiliary input. (c) Optical image of fiber interferometer with device chip
and nanopositioning stages in vacuum chamber. A support structure, comprising a bottom
plate, two posts, and a crossbar is employed for mounting a xy-stage and z-stage. Fiber is
fixed to z-stage by means of a fiber clamp. A piezo actuator is installed on xy-stage. Inset
(i) shows piezo, electrically contacted by means of a copper (Cu) wire, glued to a washer.

Figure 3.5(b) shows a schematic of the combined optical and electronic measurement

setup. All optical components are fiber coupled, with optical fibers represented by yellow
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curves. Electronic cables are drawn as black curves. A fiber coupled laser diode (Thorlabs
SFL1550P7), with wavelength 1550 nm and output power 40 mW, is connected to an isolator
(Thorlabs 10-H-1550APC), two attenuators (Thorlabs FA05T-APC and FA10T-APC, not
shown) with combined attenuation of 15 dB, and a 90:10 splitter (Thorlabs 10202A-90-
APC), which routes 90 % of the incident optical power to a photodiode (PD 1, Thorlabs
PDA10CF) and 10 % towards the fiber cleave inside the vacuum chamber. The optical
power measured right at the fiber cleave is 50 pW (in agreement with laser diode output
power and nominal attenuation from optical components). The back-reflected light from
the fiber interferometer is routed by the splitter so that 90 % land on a photodiode (PD
2, Thorlabs PDAI0CF) and 10 % are blocked by the isolator. The voltage from PD 1 is
measured on the auxiliary input (Aux) of our lock-in amplifier (Zurich Instruments HF2),
which acts as a voltmeter. By monitoring this signal up to several hours we have confirmed
that the laser diode’s output power is stable over this time span. The voltage from PD 2
is amplified by a low-noise preamplifier (Stanford Research Systems SR560 with additional
50 Q2 resistor installed parallel to 100 MS2 input resistance) by a factor of 50 and subsequently
split. The AC component, oscillating at the trampoline’s mechanical resonance frequency
(see next section for details), is demodulated® on the lock-in amplifiers input (In). The DC
component of the signal (used to calibrate trampoline’s oscillation signal in length units, see
following section) is measured on Aux.

Figure 3.5(c) shows a photo of the fiber interferometer installed inside a vacuum chamber.
We use a single mode fiber (SM980-5.8-125), which is stripped down to the cladding (& =
125 um) and cleaved to provide an optically smooth surface. The refractive index of the fiber
core is 1.45 at our operating wavelength of 1550 nm [personal communication with Thorlabs
employee, June 9, 2017|. Vacuum-compatible pass through of the fiber inside the vacuum

chamber is achieved by using a polytetrafluoroethylene (PTFE) fiber ferrule installed in a

"we now recommend using a Redfern Integrated Optics Orion system instead, as that laser/controller

combination has significantly lower amplitude noise over these frequencies.

8The following description of lock-in detection is taken from Ref. [107]. Measured signal voltage
us(t) = Ascos(wst+ @), with amplitude Ag, frequency w,/2m, and phase ¢, is multiplied (with elec-
tronic mixer) by reference signal u,.(t) = v/2exp (iw,t), with frequency w,/27. This results in us(t)u,(t) =
Ag/V2{exp i (ws —wy)t + @] +exp[i (ws +w,) t + ¢]}. Subsequent low-pass filtering (filter transfer func-
tion F (w)) yields F (ws — wy) As/v2exp[i (ws — w,)t + ¢]. Choosing w, as close as possible to ws and the
low pass as selective as possible to the resulting signal, realizes a measurement which highly suppresses signals
oscillating at frequencies different from w, /27, resulting in a highly increased signal to noise ratio.
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21/8 inch tube Swagelok compression fitting [108]. The fiber is fixed to a linear stage “z-
stage” (Micronix PP-20, 12 mm travel range, 1 nm resolution) by means of a PTFE clamp.
We use the z-stage to set the distance between fiber and trampoline. Typically, we aim for
a separation in the range of 50 — 100 um (estimated based on fiber thickness) as a trade-off
between readout sensitivity (see Sec. 3.2.3) and practical considerations, such as the ability
to optically resolve the fiber-trampoline separation. Here we employ two Califone CM1-USB
cameras, with resolution ~ 10 um, to observe fiber and membrane chip during alignment.
These cameras are pointed at vacuum viewports (roughly oriented along z— and y—axis)
from outside the chamber to verify alignment along all three spatial directions. For respective
alignment of fiber and trampoline in the xy—plane we rest the trampoline chip on a 2—axis
stage (Smaract SLC-17, 31 mm travel range, 1 nm resolution). In order to resonantly excite
the trampoline’s motion, we have installed a piezo actuator (Noliac CSAP01) onto this stage.
Inset (i) of Fig. 3.5(c) shows the piezo glued to a washer, which is screwed onto the top plate
of the xy—stage (see. Fig. 3.5(c)). By connecting this piezo to the lock-in amplifier’s output,
we can drive mechanical resonances up to 2MHz (examined by Simon Bernard, [personal

communication, July 3, 2017]).

3.2.2 Displacement Calibration Based on Optical Plane Wave Model

The fiber interferometer discussed in the previous section converts the trampoline’s (see
Sec. 3.1) oscillation amplitude into a voltage signal, which is read out with a lock-in amplifier.
In this section we describe our calibration procedure to extract the displacement amplitude
from the measured voltage. Our method relies on an optical plane wave model, in which
the electromagnetic field depends only on the location along its axis of propagation. In
the following section we present a two-dimensional model, in which the light is treated as a
diverging Gaussian beam. Comparison of the two models shows a deviation of at most 10 %
for all the trampolines studied in this dissertation. This justifies using the “simpler-to-apply”

1D model in our calibration procedure.
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Figure 3.6: Optical plane wave propagation in fiber interferometer, resulting interference
fringe, and experimentally observed fringe drift. (a) Schematic of fiber interferometer with
optical fiber (blue, refractive index ny) separated by distance L from trampoline resonator
(gray, refractive index ng). Reflected light E, results from interference of partial reflections
of incident light E;, (wavelength A = 1550 nm) at fiber-vacuum interface (reflection and
transmission coefficients ry and ¢;) and trampoline (reflection and transmission coefficients
rq and tg). (b, upper) Blue curve shows Airy function describing normalized reflected signal
Uy [uin (Eq. 3.3 with u, o< E?, uy, o< E?)) versus fiber-membrane separation L/\. Red curve
shows sinusoidal fringe (Eq. 3.4). Gray line indicates minimum (maximum) fringe values
Umin/Win (Umaz/Uin). Green circle indicates fringe center (Umin + Umaz) /2Uin. (b, lower)
same as (b, upper) but for slope of fringe du,/dL x \/u;,. Green circle is at same L/\
value as in (b, upper) and indicates maximum value for slope of sinusoidal fringe. (¢) Green
curve shows offset voltage ug versus time. Solid gray line shows minimum (maximum) fringe
voltages Umin (Umaz). Dashed gray line shows fringe center (tmin + Umaz) /2-

Figure 3.6(a) shows a schematic for optical plane wave propagation in the fiber interferom-
eter. An optical fiber (blue) is separated by distance 50 um < L < 100 gm from a trampoline
resonator (gray). Light Ej, is incident from the left, with wavelength A = 1550 nm and
wavenumber k = 27 /. Reflected light E, results from interference of partial reflections from
cleaved fiber tip and trampoline. Reflection and transmission at the cleave are governed by
Fresnel coefficients ry = (ny —1)/(ny+1) and t; = 2ns/ (ny+ 1) (Egs. 2.39-2.40), with
refractive index of fiber ny = 1.45 (see Sec. 3.2.1 for details). Trampoline reflection and

transmission coefficients ry = |ryq| e (written in terms of magnitude |ry| and phase ¢,) and
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tqy are given by Eqs. A.3-A.4, with membrane thickness d = 100 nm and refractive index
ng = 2.0 (SizNy at 1550 nm). The optical transfer matrix (TM, see Sec 2.2 for details),
describing propagation of light through this setup, is a product of a TM governing (from
left to right) reflection at the trampoline (modeled as a dielectric slab, see Appendix A.1),
propagation in between fiber and trampoline, and reflection at the fiber-vacuum interface

(see Table 2.1)

1 [ —e*r |r et 0 1 1 —r
My = — ral = . (3.2)
tq _ |Td| 1 0 e—sz tf —ry 1
The reflected optical power is given by (Eq. 2.48)
2 2,2 _ 29
P.(L)=PF,,|—| =P, |1 3.3
() H22 - L+ 77r7 + 2rqry cos(2kL) (3:3)

with incident power Py, o |Ei|* (see Appendix A.4) and lower left (lower right) matrix
element 191 (p20) of Mg. Equation 3.3 resembles an Airy function, similar to the one obtained
for the reflected optical power of a Fabry-Perot cavity (Eq. 2.52). This is consistent with the
picture that the fiber interferometer sketched in Fig. 3.6(a) resembles a Fabry-Perot cavity for
which the fiber-vacuum interface represents the input mirror and the trampoline acts as back
mirror. In the present parameter regime (|rq|” = 0.228, |r;|* = 0.034, both small compared
to high-finesse cavity mirror reflectivities > 0.99), the L—dependent reflected optical power
from the fiber interferometer features a smooth modulation (see following paragraph) in
contrast to sharp resonances, as for the Fabry-Perot cavities studied in theory in Sec. 2.2.2
and investigated experimentally in Sec. 4.2.1.

With our experimental setup (see Sec. 3.2.1) we measure a voltage proportional to the
reflected optical power u, o< P. (Eq. 3.3). The blue curve in Fig. 3.6(b, upper) represents
the normalized reflected signal w, /u;, = P,/ P, (Eq. 3.3), with u;, o< P;,, versus normalized
fiber-trampoline separation L/A. This so-called interference fringe varies periodically with L
and period A/2. The blue curve in Fig. 3.6(b, lower) represents the displacement sensitivity
du, /dL, normalized with respect to input signal and wavelength.

Equation 3.3 establishes a relation between the trampoline’s displacement and reflected
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signal. This suggests, that based on the knowledge of ny, ng, and X one can convert the
measured voltage into a displacement amplitude. In the following section we present an
optical model in which the light exiting the fiber is more precisely described as a diverging
Gaussian beam (see Sec. C.1) instead of a plane wave. The main consequence of beam
divergence is that the fringe extent decreases for increasing L, resulting in convergence of
minimum and maximum fringe value, denoted respectively by t,,;, and ., (indicated by
solid gray lines in Fig. 3.6(b, upper)). For our typical fiber-trampoline separation in the range
of 50 — 100 um (see Sec. 3.2.1), the fringe extent, taking into account beam divergence, is
significantly smaller than the one predicted by Eq. 3.3 (see Fig. 3.7). We therefore perform the
following calibration procedure: First, we coarsely align the fiber on top of the trampoline’s
central pad, with L = 50 — 100 um (see Sec. 3.2.1). Subsequently, we change L in steps of
~ 10nm with the goal of recording w,,;, and u,,,,. Based on these parameters and k we

define the sinusoidal calibration function

Ur (L) = Ugmp sin (2kL) + Uma, (3.4)

with fringe amplitude u,,,, and center u,,;; given respectively by

Uamp = (umam - umm) /2

Umid = (umaz + umzn) /2

The red curves in Fig. 3.6(b) represent u,/u;, (Fig. 3.6(b, upper)) and du,/dL x X\ u,
(Fig. 3.6(b, lower)). The displacement sensitivity of u, (L) is maximized at locations L,y
where U, (Lypiq) = Umiq (indicated by green circles in Fig. 3.6). Therefore, after scanning
the fringe for w,,;, and u,,.., we move the fiber to an offset value Ly within ~ 50 nm to
L4, indicated by an offset voltage ug = u,,;4q- This is the initial situation for performing
measurements of the trampoline’s motion. Note that the relative difference between slope of
sine and Airy function at L,,;q is =~ 3 %.

For a trampoline resonator oscillating around its equilibrium position Lg (), the displace-
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ment between fiber and membrane at time ¢ is given by

L(t)=Lo(t) +a(t). (3.5)

The second term describes the trampoline’s oscillatory motion z (t) o< sin (€2,,£), with me-
chanical resonance frequency €,,/27. The time dependency of Lg (t) is due to intrinsic
changes in the fiber-membrane separation through, e.g., thermal drift. The green curve in
Fig. 3.6(c) shows a typical ug(t) trace. Over a time span of 290 minutes, ug(t) drifts within
0.08 V around ;g = 0.85 V, corresponding to a drift in Lg (¢) of 74 nm.

Assuming that x (t) < A, the reflected signal can be approximated as
du,

dL Lot

u(t) ~ uo(t) + (t) = up(t) + U(t). (3.6)

With the measurement setup described in Sec. 3.2.1, we read out uy(t) and u(t) separately.

As a first step, we extract Lo (t) from uo(t); with Eq. 3.4 we have

Up(t) = Uamyp sin [2k Lo ()] + Umia. (3.7)
Solving for Ly (t) yields
1 t) — mi
Ly(t) = o arcsin {%} . (3.8)

Substituting this expression in the derivative in Eq. 3.6 gives

dNT t) — mi
Y =2kUqmyp cOS 4 arcsin M
dL | Lo@) Uamp

2
t) — mi
:2kuamp\/1 - |:—UO( ) v d:|
uamp

From this expression finally follows the calibrated oscillation amplitude

(3.9)
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3.2.3 Diverging Beam Effects

In Section 3.2.2 we treated the optical field propagating in between fiber and membrane by a
one-dimensional transfer matrix model, thereby assuming the wavefronts to be planes. More
precisely, the light exiting the single-mode fiber is approximately described by a Gaussian
beam [109], which is laterally confined and diverging after the exit of the cleaved fiber end
(i.e. the location of the waist). As a consequence, the amount of light coupled back into the
fiber, after multiple reflections between fiber and trampoline, is reduced for increasing beam
propagation length. In the following, we estimate the effect of beam divergence on the fiber
interferometer’s displacement sensitivity.

Figure 3.7(a, inset(i)) shows a schematic of the low-finesse cavity formed by fiber tip
and trampoline (thickness d), separated by distance L. The lateral mode profile (in zy-
plane) of the incident optical field inside the single-mode fiber (Sec. 3.2.1) is approximately
described by a Gaussian function [109] (mode field diameter 2wy = 10.4 pm at 1550 nm, see

Appendix C.1)
Ein (x7 y) - \l 7T_UJ(2) exp |:_ wg ) (310)

which is normalized so that P, = [~ dwdyEZ (z,y) = 1. The field exiting the fiber is

described by a Gaussian beam Eg(x, y, z), which is reflected multiple times between fiber and
membrane and slightly distorted upon each reflection at either trampoline or fiber-vacuum
interface, as discussed in detail in the following.

Propagation of the Gaussian beam in the fiber interferometer can be described with a
transfer matrix method, as carried out for optical plane waves in the previous section. As a
first step, this requires us to represent the incident field (Eq. 3.10) by its plane wave spectrum,
also referred to as angular spectrum [110, 111]. This is done by means of the two-dimensional
spatial Fourier transform [112]

~ 1

Ez’n (kma ky) :27'(' / / dxdyEz’n (.77, y) €xp [_Z (kacx + kyy)] 3

—00 —O0
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which yields the incident Gaussian Fourier spectrum’

™

This function represents the distribution of plane waves with lateral wave numbers k, and

k,, forming the Gaussian beam. Therefore, similarly to the case of a single plane wave
(Sec. 3.2.2), we can describe propagation, reflection or transmission of this spectrum by
multiplying an “optical transfer function”, which generally depends on k,, k, (equivalently,
angle of propagation with respect to z-axis): Propagation along the z-axis is described by

multiplying a phase factor

E (ky, ky; 2) = E (ky, ky; 2 = 0) exp (ik,2), (3.12)

where the wave vector along the direction of propagation is given by

K2+ k2
— 2 2 2~y z y
b= R =R Rk (3.13)

with absolute wave number k = 27 /. The approximation is applicable in the paraxial limit

which requires k;,k, < k, as is the case for a Gaussian beam [109]. Reflection from or
transmission through the interface between fiber (refractive index ny = 1.45 (see Sec. 3.2.1))
and vacuum/air (refractive index ng = 1.0 ) (see Fig. 3.7) is described by multiplication with

Fresnel coefficients (see Appendix A.1)

S S klZ - kOZ
TlO - - TOI = kl + kQ

s _kOZ - 2k,

10 7]{;12 10 — klz + koza

with k10, = knqo — (/{i + k;) / (anl/o) . The superscript s denotes perpendicular polar-
ization, describing the electric field component that points in the direction perpendicular to

the plane of incidence. The opposite case is parallel or p polarization, describing the electric

Making use of the relation [~ dx exp (—az? + bx) = /T exp (b*/4a). Note that the Fourier transform is

unitary (by choice of its prefactor), therefore preserving the normalization P;, = ffooo dkydky EZ, (kg ky) = 1.
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field component that is parallel to the plane of incidence. We found that the results of the
following analysis differ only by ~ 1% between s- and p-polarization, and therefore present
only the former case.

The reflection coefficient of the trampoline (modeled as dielectric slab with refractive index
ne = 2.0 (see Sec. 3.2.2), thickness d = 50 nm, 100 nm) is given by [113] (see Appendix A.1

for derivation)

(kos + ka2)* — (kos — Koz )” exp (i2knod)

s

The intra-cavity field E.4y in between fiber and trampoline can be calculated by multiplying
the incident field with the sum over all possible paths inside the cavity. We multiply t;¢ for
initial transmission from fiber into cavity, r4 (r19) for each reflection at membrane (fiber tip),

and exp (ik,2L) for each round-trip

o

E.uw = tio7y exp (ik,2L) Z (14710 €XP (z’kz2L)}j E;,
=1
_ tiprgexp (ik.2L)  ~
1 —rgrigexp (ik,2L)

(note that E-fields and Fresnel coefficients depend on k,, k,). The field which is generated

inside the fiber by the intra-cavity field can be calculated by projecting Ecav on Em [114]

Frogos (L) =ty / / AR dR, Eoay (Ko Ky DY EL (Ko ) B, Ky

—00 —00

=t 27 / k), k) Eeoy (k) LYEL, (k) Eia (k).
0

where in the last step we have exploited circular symmetry of the fields around the z-axis'’

The overall reflected field is a superposition of the promptly reflected light at the fiber-vacuum

"OWe set k2 = k2 + k7 and carry out the integration in polar coordinates, thereby treating k, as radial
wave number component.
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interface and the portion of the intra-cavity field which is coupled back into the fiber
ET (kp; L) = rlDEin (kp) + Ecav,f (kp; L) . (314)

The reflected intensity is given by

p 2
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Figure 3.7: Interference fringe and displacement sensitivity for diverging Gaussian beam.
(a, inset(i)) Schematic of low-finesse cavity formed by fiber (refractive index n; = 1.45) tip
and trampoline (thickness d, refractive index ny = 2.00), separated by distance L. Lateral
field envelope (zy-plane) inside fiber (red) is described by a Gaussian function (mode field
diameter 2wy = 10.4 pm at wavelength A = 1550 nm). Field propagating in between fiber
and trampoline (red) resembles diverging Gaussian beam. Transmission through (reflection
from) fiber-vacuum interface is governed by Fresnel coefficients to1, t19 (701, 710). Reflection
coefficient of trampoline is given by r4. (a) Theoretical prediction for extent of interference
fringe P, (L) /P;, for d = 50 nm (blue area) and d = 100 nm (red area). The distance
between upper and lower bound of the fringe is given by a(L). Dashed blue (red) lines
mark extent of interference fringe, predicted by plane wave model (Fig. 3.6), for d = 50 nm
(d = 100 nm). Gray dashed line indicates Rayleigh range zg = 54.8 pm. (b) Similar to
(a), but for displacement sensitivity d [P, (L) /P;,] /dL. The solid blue (red) curves show
the sinusoidal slope 27a (L) /A for d = 50 nm (d = 100 nm). (inset ii) Red (blue) curves
represent ratio of predicted sensitivity (outer bounds of colored areas) and sinusoidal slope
(solid curves) for d = 50 nm (d = 100 nm).

Figure 3.7(a) shows the extent of the interference fringe P, (L) /P, (colored areas) for a
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fiber interferometer with a 50 nm (blue area) or 100 nm (red area) thick trampoline''. Figure
3.7(b) similarly shows the extent of the fringe’s derivative d [P, (L) / P;,] /dL, where the outer
edges mark the maximum displacement sensitivity for a given fiber trampoline separation.
Dashed horizontal lines indicate the extent of P, (L) /P, (Fig. 3.7(a)) and d [P, (L) /P;,) /dL
(Fig. 3.7(b)) predicted by the plane wave model (see Sec. 3.2.2) for d = 50 nm (blue) and
d = 100 nm (red) thick trampoline. For L exceeding a few pm, plane wave and Gaussian beam
model clearly deviate from each other; while for sufficiently small L, the fiber-coupled intra-
cavity light outweighs the promptly reflected light, causes beam divergence the two portions
to be matched eventually. At this point (L ~ 60 pm (L ~ 120 ym) for d = 50 nm (d = 100 nm)
thick trampoline), the lower boundary of the fringe reaches zero. When further increasing
L, the promptly reflected light becomes the predominant contribution to P. (L) /P;,. The
dashed vertical line indicates the Rayleigh range of Foy(z,y,2). In a similar fashion to the
fringe extent, the displacement sensitivity (Fig. 3.7(b)) is clearly reduced with respect to the
1D model, already within zg.

In the following we discuss the implications of the 2D model on our calibration procedure
(Sec. 3.2.3). In our calibration procedure, we measure the difference between minimum and
maximum value of the fringe a(L) and employ a (L) sin(4wL/)X)/2 (up to an offset) as calibra-
tion function. The solid blue (red) curves in Fig. 3.7(b) represent the maximum/minimum
slope +27a (L) /X of this calibration function in the case of a d = 50 nm (d = 100 nm) tram-
poline. Due to the sinusoidal nature of the calibration function, these lines mark a symmetric
area with respect to the x-axis, thereby highlighting the asymmetry in the displacement sen-
sitivity arising in the Gaussian beam model. Inset (ii) shows the relative deviation between
sinusoidal slope and 2D model for d = 50 nm (blue curves) and d = 100 nm (red curves). In
the former case, the relative deviation converges to within +6%. In the latter case, to within
+9%. For L ~ 0 the interference fringe is given by an Airy function (see Sec. 3.2.2)

In this section and the previous section we have applied two different optical models
to describe the propagation of light in our Fabry-Perot fiber interferometer. The goal of

this investigation was, to establish a calibration procedure which enables quantifying the

' The device thicknesses d = 50nm, 100nm are chosen based on the specs of our fabricated devices;
d = 100 nm resembles the maximally achievable thickness with our fabrication protocol. The thinnest device
characterized in the following section has d = 44 nm.
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trampoline’s displacement amplitude. Our analysis showed that the reflected signal from the
fiber interferometer, in dependence on the fiber-trampoline separation, can be approximately
described by a sine with period A/2 and an amplitude that is readily measured. The precision
provided by this calibration function, with respect to the exact solutions of the employed
optical plane wave model (Sec. 3.2.2) and Gaussian beam model (this section), is within

10 % for all devices experimentally characterized in the following section.

3.3 Characterization of Mechanical Resonances

In the following we characterize the mechanical resonances of our SigN, trampoline resonators
(see Sec. 3.1.1). This characterization is based on measuring the trampoline’s nanomechanical
oscillations by means of interferometric readout and lock-in demodulation (see Sec. 3.2.1).
In Sec. 3.3.1 we identify resonances by applying an oscillatory mechanical drive of swept
frequency to the trampoline. The measured resonance frequencies (in the range of 40 —
280 kHz) agree to those predicted by a finite-element simulation (COMSOL) within 1 %.
We measure the mechanical ringdown times 7, of the mode amplitudes corresponding to
these resonances and obtain values up to 7, ~ 6 min for the fundamental out-of-plane mode,
corresponding to a mechanical quality factor @,, ~ 5 x 10". In Sec. 3.3.2 we study the
trampoline’s thermally driven motion at room temperature and measure a thermal force
noise of 16.2 +0.8aN/y/Hz. The measurements presented in Secs. 3.3.1-3.3.2 are carried out
on chips containing 8 trampolines (practical chip size for fabrication, see Sec. 3.1.2). With
regard to future integration of the trampolines in a compact cryogenic setup, in Sec. 3.3.3 we
cleave chips hosting eight released trampolines into individual devices and subsequently glue
the “single-device-chip” at three spots onto a metal mount. We find that @, of the glued

devices is reduced up to 13 % compared to the values measured before cleaving.

3.3.1 Identifying Mechanical Resonances and Measuring (),,

In an initial step of characterization, we apply an external drive to the trampoline resonator
to excite its mechanical resonances. Hereby, the trampoline chip rests on a metal plate, to

which a piezo actuator is installed (see Fig. 3.5). Applying a voltage of swept frequency to
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the piezo permits measuring the trampoline’s mechanical resonance spectrum.
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Figure 3.8:  Mechanical modes of a trampoline (window size of w = 3mm, central pad
width of d = 100 pm, tether width of @ = 2.1 um, and thickness of 80 nm, see Fig. 3.2)
measured with a fiber interferometer operating at wavelength 1550 nm and power 220 pW.
(a) Approximate response to piezo drive, showing first nine resonances (thin blue line). Pink
line shows the response of the Si frame. Simulated resonance frequencies (dashed gray lines)
agree to within 1 % of measured values with SizN, parameters density 2700 kg/m3, Young’s
modulus 250 GPa, Poisson ratio 0.23, and internal stress 0.95 GPa. Inset shows a “typical”
ringdown for the fundamental (“symmetric” s1) mode with fit (red curve) having functional
form \/(zge~t/™m)2 + 22, where z¢, T,,, and x; are allowed to float. Black line shows the
ringdown extrapolated from the early data, and gray dashed line shows z; (run-to-run vari-
ation by a factor of ~ 2). The ringdown time 7, = 350 4+ 15 s (error represents statisti-
cal fluctuations of multiple measurements) corresponds to a room temperature force noise
VSp = 19.540.5aN/Hz"/2.(b) Simulated displacement profiles for the “symmetric” (s;), “tor-
sional” (¢;) and “antisymmetric” (a;) modes labeled in (a). (¢) Measured frequency €2,,/27
(kHz), simulated frequency Qg /27 (kHz), ringdown time 7, (s), quality factor @Q,,, mass
mess (ng), spring constant K.y, (N/m) and force noise v/Sp (aN/Hz'/2) for the first 9 modes.
The mass has a ~ 10 % systematic error due to uncertainty in the thickness and density of
the nitride.

Figure 3.8(a) shows the amplitude of driven oscillations as a function of frequency for
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the fiber positioned over the nitride pad (blue) and silicon frame (pink). Both curves con-
tain many peaks, and several very strong resonances (labeled) emerge whenever the tip is
positioned over the pad. There are a few ways to convincingly identify these as trampoline
modes, aside from noting their large response. First, they uniformly exhibit significantly
larger quality factors @,, > 107 (measured by ringdown; see below), whereas supporting
frame resonances exhibit low-amplitude peaks of Q,, < 10°. Second, we compare the ob-
served frequencies with those predicted by a finite-element simulation (COMSOL) of our
geometry. We simulate the volume of the released nitride in the membrane limit'?, and ap-
ply perfectly-clamped boundary conditions along the outer edges of the overhanging nitride.
The nitride itself is modeled using the material parameters listed in the caption, and we set
its internal stress to 0.95 GPa. The resulting normal mode frequencies are indicated with
dashed lines in Fig. 3.8(a), and the corresponding mode shapes are illustrated in Fig. 3.8(b).
These parameters reproduce all 9 frequencies of the high-@Q),, resonances (i.e. the 7 labeled
in Fig. 3.8(a), with twofold degeneracies for the “torsional” modes t; and ¢2) to within 1 %
of the observed values. It is worth noting that some peaks in Fig. 3.8(a) appear artificially
small because we did not let the drive dwell on resonance long enough for the mode to ring
up; this requires > 10 minutes per point, and small temperature drifts shift the resonance by
more than the (sub-mHz) linewidth during this time.

To determine @),,, we instead perform a mechanical ringdown by suddenly switching off
a near-resonant drive and monitoring the amplitude decay. A “typical’ ringdown is shown in
Fig. 3.8(a, inset), along with an exponential fit (red) for the 40.9-kHz fundamental (“sym-
metric” s1) mode. Due to the thermally-driven noise of the mode (visible at the end of the
ringdown and discussed in the following section) repeated fit values span 7, = 350 £+ 15

seconds, corresponding to @Q,, = 45 &2 x 10°. We apply Eq. 3.1 to infer the thermal force
noise /Sy = 19.5 + 0.5aN/Hz"/2,

2In the membrane model, the mechanical resonator is treated as two-dimensional sheet in which the elastic
restoring force is a sole consequence of in-plane tensile stress o; the structure doesn’t have any bending

stiffness. The governing equation of motion is the two-dimensional wave equation o (% + g%lg) = pd%,

with out-of-plane displacement ¢, mass density p, and membrane thickness d [103, 115].
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w d a Qm/QW Tm Qm Meyy Keff SF
375 100 1.4 196.3 8 5x10% 2.5 3.8 101.8
750 100 1.6 1019 25 8x10° 3.0 1.2 62.3
2400 90 2.0 51.5 238 39x10° 3.7 0.4 224
3000 100 2.1 409 350 45x 105 4.0 0.3 195

Table 3.3: Frequency Q,,/27 (kHz), ringdown time 7, (s), quality factor @Q,, effective mass
mess (ng), spring constant Keg (N/m), and force noise Sp (aN/Hz!/2) for the fundamental
(s1) mechanical resonance of trampolines having varied window size w (um), pad diameter
d (pm), and tether width a (pum).

The fit values for the higher-order mechanical modes are listed in Fig. 3.8(c). Of note, the
first “torsional” mode t; achieves a marginally lower force noise, and may in fact be more useful
for some of the classical sensing geometries suggested in Chapter 6. The second “torsional”
mode t5 achieves the highest value of Q,, fn = Q. /2m = 5.8 x 10'2. This is in agreement
with the finding that @Q,, f,, of a beam resonator typically is maximal for a higher-order mode
[116, 96]. For reference, Table 3.3 also lists the properties of the fundamental modes of other
trampolines having similar pad diameters d and tether widths a but different window sizes
w (see Ref. [39] for additional parameter variations). In agreement with independent studies
of beam resonators [94, 91] and trampolines [39], we find larger @Q,, for longer tethers.

It is interesting to note that an estimation, presented in Appendix B.2 suggests, that the
Qs presented here might be partially limited by air damping. A direct measurement of the

pressure dependency of @), is planed to be carried on future devices.

3.3.2 Thermal Noise Measurement

In the previous section we have measured the trampoline’s oscillation in response to an
external drive. From the measured mechanical resonance frequency €,,/27 and ringdown
time 7,, we inferred the thermal force noise\/Sp. Here, we directly measure the thermal
force noise, by analyzing the trampoline’s thermally-driven motion. This measurement is
performed on a device similar to the one of the previous section, having the same lateral
dimensions as that of Fig. 3.2 and Fig. 3.8, but with a reduced thickness of 44 nm, owing to
a more aggressive HF etch (see Sec. 3.1.2). The fundamental mode frequency Q,, = 2m x

41.4kHz, mass meg = 2.3ng, and ringdown time 7,,, = 285 seconds (measurement described in
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Sec. 3.3.1) of this device correspond to a thermal force noise of /S = 16.2aN/Hz/? (Eq. 3.1)

and root-mean-squared displacement zryvs = \/2kpT/ (meyrQ2,) = 161 pm (see Sec. B.1),
with Boltzmann constant kg = 1.38 x 1072 m?kg s 2K~! and temperature T = 293 K.

X
Tm

I\Uf\(\MM“Ml\f\nnnM\ﬂMMMI\/\/\AMMMMMMMMMA %M
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Figure 3.9: Schematic of a mechanical resonator’s thermally excited motion (similar to [21]).
The resonator oscillates at its resonance frequency €2,,/27 while its amplitude and phase
fluctuate on a time scale set by the mechanical ring-down time 7,, (typically 7,,, > Q,,), with
mean amplitude o< /T at temperature 7.

Figure 3.9 qualitatively shows the thermally excited oscillation of a mechanical resonator.

The trajectory is given by [117]

() = 2o (t) cos [t + ¢ (£)] | (3.16)

which represents harmonic oscillation at resonance frequency €, /27 with fluctuating ampli-
tude x(t) and phase ¢ (t). These fluctuations happen on a time scale set by the mechanical
ringdown time 7, and resemble the random nature of the resonator’s interaction with its ther-
mal environment (see also Sec. 2.1.2.2). For a resonator at temperature 7', the mean value
of xy(t) is given by z,ns (Eq. B.5). For pristine nanomechanical resonators, the harmonic
oscillation happens at vastly shorter time scales than the fluctuations, e.g. ,,7,, ~ 107 for
the trampoline resonator studied here. The thermally driven motion in this case resembles a

harmonic oscillation with slowly varying amplitude.
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Figure 3.10: Force noise measurement for the s; mode of a 44 nm-thick trampoline. (a)

Inset shows the displacement noise spectrum g2

wobs (blue) observed for a laser power of

50 W, along with the spectrum expected for the measured device parameters Si/Q (red)
and the displacement noise floor of the interferometer (dashed, 509 & 44 fm/Hz'/?). Main
panel shows the force noise spectrum S}fbs = (Sx,O]DSSF/SI)1/2 (blue), consistent (within a
~ 5% systematic calibration error) with the expected 16.2 & 0.8 aN/Hz!'/? (red) over many
thousands of linewidths. Dark blue line is the same data “coarsened” by averaging together
points within 10% of each other. Dashed line again indicates the displacement noise floor.
(b) Same as (a) but with compensation of frequency drift (see text).

Experimentally we characterize the trampoline’s thermally driven motion by means of
interferometric readout and lock-in demodulation (see Sec. 3.2.1). As a result we obtain the

in-phase and quadrature components, respectively given by (see Sec. B.1 for details)

X () /V2 =wo(t) cos [ (1)] / V2, (3.17)
Xo(t)/V2 =x0(t) sin [¢ ()] /V2. (3.18)

Letting the system evolve without drive for 38 hours (56 Hz sampling rate, 25Hz mea-

surement bandwidth) we observe Tymsons = /(X7 (t) + X2 (t)) /2 = 165 £ 5 pm (from
Eqgs. B.7-B.8), which agrees with the expected value z,,s = 161 pm (from Eq. B.5). Fig-
ure 3.10(a, inset) shows the displacement noise spectrum Si2 = Sil/é (Eq. B.3), with

x,0bs

Y = [X, (t) +iX, (t)] /V/2, for this data (blue data), which follows the expected form [62]

(see Sec. 2.1.2.2 ),

2T kT
S, = 3.19
Megw?, [1 4+ (W — wiy)?72] ( )
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(red curve, not a fit), before the displacement noise floor dominates above ~ 4 Hz from
resonance. Since the displacement noise spectrum S, is just the (white) force noise spectrum
Sr (see beginning of this section) “filtered” by the harmonic oscillator susceptibility, we can
extract the force noise spectrum Spobs by multiplying S, ops by the ratio Sp/S,, the result
of which is plotted in the main panel. Note in this plot, we are demodulating just below
the mean frequency to show the majority of the power spectrum. Near resonance (within
300 mHz), the noise is limited by drift in the mechanical frequency, and above 300 mHz,
we observe a noise floor consistent with Sr over more than thousand mechanical linewidths.
This illustrates that these trampolines should present no surprising technical challenges in
achieving the inferred sensitivities.'® Figure 3.10(b) shows the same as Figure 3.10(a) but
with manually compensated frequency drift: We obtain S, ops from X (¢) and X5 (¢) by means
of a windowed Fourier transform in which we split up the time traces X; (¢) and X5 (¢) into N
“windows” with 131072 data points (corresponding to 40 min sampling duration) each. For
these windows we calculate S, ,, with window index ¢ € {1,2,...N}, (see Sec. B.1) and obtain
Sz.obs Dy averaging over all windows S, obs = Z(]f:l Sz.q/N. Over the duration (740 min) of
a window, we typically observe a monotonically increasing or decreasing phase drift. In
the case of frequency compensation (Fig. 3.10(b)), we adjust the demodulation frequency
post-acquisition by centering the spectrum on the frequency with the largest power at the
beginning of each window. This results in reduced frequency drift compared to Fig. 3.10(a)

and an increase of 17 % in the frequency range over which Sp s is consistent with Sp.

3.3.3 @, of Cleaved and Glued Trampoline

With our fabrication protocol presented in Sec. 3.1, we obtain chips of 15mm x 15 mm,
each hosting eight identical trampoline resonators and an unpatterned area of equal size (see
Fig. 3.2). This “9-chip” represents a 3 x 3 grid of 9 individual “I-chips” of 5mm x 5mm,
hosting and individual trampoline or membrane. Whereas the dimensions of the 9-chip are
practical for handling during fabrication, is it often desirable to have a 1-chip for installation

in an experimental setup. For example, when installing a trampoline chip inside a compact

13Note that our fiber interferometer was constructed without any consideration to thermal stability or
vibration isolation: devices rest on a piezo stage fixed to a stainless plate; this rests directly on a vacuum
flange, and the whole chamber is supported by metal blocks on a work bench (see Sec. 3.2.1).
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fiber cavity operated at cryogenic temperatures in a dilution refrigerator. On a first attempt,
we manually cleaved a 9-chip, by making scratches (few mm long) with a diamond scribe
at both ends of the 9-chip and subsequently applying a torque to the chip to break of a
column of three 1-chips from the 9-chip. Both of these steps generated flakes from the chip
which contaminated the trampolines, as was observed with an optical microscope. Despite
the contamination, none of the devices broke during the cleave, even trampolines with a
window size w = 3mm (see Fig. 3.2(a)), comparable to the chip size of 5 mm. In order
to avoid contamination, we now cover the trampolines with Kapton tape before cleaving.
Figure 3.11(a) shows a schematic of this procedure for a chip formed by two 1-chips (left).
As a first step, we attach strips of Kapton tape along the 4 outer edges of each trampoline
(center). Secondly, we lay a square of Kapton tape across the trampoline, which is attached
to the elevated strips, and therefore does not touch the trampoline. After cleaving along the

line indicated by “cleave line” (Fig. 3.11), the tape is (readily) peeled off with tweezers.

Measuring (), of glued trampoline chip, finding modest reduction

(@) Trampoline

Individual
trampoline
chip

of

Figure 3.11:  Cleaving and gluing of trampoline chips. (a) Left to right: Schematic of
chip with two trampolines. Four Kapton tape strips are attached parallel to outer edges of
each trampoline. Kapton squares are attached to strips to cover trampolines. (b) Individual
trampoline chip (window size w = 250 um) glued at three spots to a copper mount (image
courtesy of Alexey Shkarin, Harris Lab, Yale University).

Figure 3.11(b) shows a 1-chip (w = 250 um) glued at three spots (black areas, glue:
Stycast 2850) to a copper mount.
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Dimensions 9-chip 1-chip 1-chip glued
w | d] a | Q27| Qn (10° | Q,/27 | Qn (10°) | Q. /27 | Qp (109)

565.4 4.6 564.2 4.6 J/ J/

250 | 40 | 1.5 | 566.1 4.8 565.4 4.5 564.5 3.9

/ J/ 564.3 5.3 564.1 4.8

343.5 2.6 343.4 5.6 J/ J/

500 1 40 ) 3.5 343.8 5.0 343.8 5.3 / J/

Table 3.4:  Frequency Q,,/27 (kHz) and quality factor @Q,, for the fundamental out of plane
(s1, see Fig. 3.8) mechanical resonance of trampolines of varied window size w (um), pad
diameter d (pum), and tether width a (um). (data courtesy of Alexey Shkarin, Harris Lab,
Yale University)

In previous studies [42, 94, 59, 92| of the mechanical performance of SisN, membrane and
string resonators, it was found that @),,,, particularly of the fundamental and consecutive low-
order modes, significantly degrades (up to ~ 10? times [42]) when the resonator chip is glued
at multiple spots to a support structure. It has been suggested that this might be related
to strain introduced in the glued chip [59] or the fact that rigidly connecting the chip to a
supporting structure changes the mechanical density of states in such a way, that coupling
of the resonator’s high-@),, resonance to lower-(),, resonance in its environment is enhanced
[94]. Motivated by these findings, we investigate the change in @Q,, of the fundamental out-
of-plane (s, see Fig. 3.8) trampoline resonance as a consequence of cleaving a 9-chip into a
1-chip and subsequent gluing of the 1-chip at three points to a metal mount. Table 3.4 shows
measured 2, /27 and @, values (see Sec. for measurement details) for uncleaved (“9-chip”),
cleaved (“1-chip”), and glued individual chip (“1-chip glued”) devices with varied dimensions
of window w, pad d, and tether a (see Fig. 3.2). The Q,,values for 1-chip and 9-chip stay the
same in two cases (linel, line4) and change by —6 % (line 2) or +6 % (line 5) respectively in
one case. The measured @), values for the glued trampolines show a decrease of 10 % (line
3) and 13 % (line 2) with respect to the unglued value.

In conclusion, the 9-chips can readily be split up into 1-chips of 5mm x 5mm without
a significant change in @),,. Gluing of the chips at three spots to a metal mount, results in
a decrease of the Q,, by up to 13%, a moderate loss compared to the 100-times decrease

reported for the fundamental mode of a SizN4 membrane [59].
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Chapter 4

Vacuum Fabry-Perot Cavity with
Incorporated SigN, Trampoline

Resonator

Statement of contribution: Tina Miller, assisted in building the vacuum Fabry-Perot cavity
setup, which I designed. Furthermore, she incorporated the trampoline into the cavity and

took the data presented in Sec. 4.2.2 which was analyzed by both of us.

After its introduction in 2008 [41], the configuration of a Fabry-Perot cavity with a mem-
brane (~ 10...100 nm thickness) incorporated close to its center quickly became a generic
optomechanical setup [42, 43, 12, 33, 30]. The membrane material of choice, typically, is
high-stress Si3Ny due to its exceptionally-low mechanical and optical dissipation [42, 43].
While commercially available square membranes (available at, e.g., Norcada, Inc.) have been
employed “most commonly”, are more recent efforts aimed toward highly engineered devices
with the goal of improving the mechanical performance and increasing the optomechanical
coupling strength [49, 50, 51, 52, 53, 54, 1, 39, 55, 56]. In that regard, trampoline resonators
(see Sec. 3.1.1) are promising since they offer a mass m which is reduced by orders of magni-
tudes compared to a square membrane with the same oscillation frequency, thereby enabling
increased optomechanical coupling strength (go < 1/4/m, see Sec.2.2.6).

In this chapter we examine the feasibility of employing a SizN, trampoline resonator in-

91



stead of a square membrane in a “membrane-in-the-middle” (MIM) optomechanical setup.
In order to suppress a decrease in the trampoline’s mechanical quality factor resulting form
its interaction with surrounding gas molecules, our cavity is installed in a vacuum chamber.
In Sec. 4.1 we discuss the construction of our vacuum Fabry-Perot cavity with incorporated
trampoline and provide details on the trampoline alignment structure. In Sec. 4.2 we charac-
terize the optical resonances of the empty cavity and measure a bare cavity finesse of 20, 000.
To confirm that our fabrication protocol doesn’t introduce additional optical losses, we incor-
porate one of our fabricated square membranes in the cavity. We find that, depending on its
position, the presence of the membrane increases the measured finesse up 40, 000, as expected
for a lossless dielectric slab in a single-port cavity. Finally, we incorporate a trampoline into
our cavity for which 0.045% of the light extend over the trampoline’s sidewalls. Consistent
with recent simulations [60], we find that the majority of this “clipped” light is, for many

trampoline positions along the cavity axis, recovered by the cavity.

4.1 Vacuum Cavity Setup with Trampoline Alignment
Structure

Implementations of the “membrane in the middle” (MIM) configuration range from using fiber
optical cavities with length L, ~ 10 pum [84][118] to free-space optical cavities with L. of a few
cm [43, 119]. Here we present the construction (Sec. 4.1.1 ) of a 5-cm-long vacuum-compatible
Fabry-Pérot cavity comprising two piezo-actuator-controlled mirror mounts, which enables
in-situ alignment and length change of the cavity while under vacuum. In Sec. 4.1.2 we
discuss how to align the SisN, trampoline with respect to the optical intra-cavity field by
means of a manual 5-axis stage and subsequent gluing of the chip into the cavity. In Sec. 4.1.3

we describe the vacuum chamber setup into which the cavity is incorporated.

4.1.1 Cavity Support Structure

Here we present the construction of a vacuum-compatible “membrane in the middle” (MIM)

cavity support structure. As this structure is the first of its kind in our lab, we are aiming
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for flexibility with regard to achievable cavity lengths, SisN, structure positions, and de-
ployable mirror substrate diameters. A particular requirement is that, among the possible
configurations, should be a cavity with length L. ~ 5 cm. This request has two reasons:
First, a few-cm-long cavity together with the trampolines’ mechanical resonance frequency
fm ~ 10 kHz...100 kHz (see Sec. 3.3.1) and an anticipated cavity finesse of a few 10,000 (see
Sec. C.2) enables operation in the resolved-sideband limit (see Sec. 2.2.6). Second, we aim for
a small optical mode field diameter (MFD) (see Appendix C.1) to avoid scattering losses of
the optical field from the trampoline sidewalls (see Sec. 4.2.2). To achieve small cavity waists
(few 10s of pum) with cm-long cavities requires working near the spherical limit R. ~ L./2,
with mirror radius of curvature R.. At the time (2012) we bought our mirrors (see Sec. C.2
for details), the smallest available (to our knowledge) radius of curvature was R, = 2.5 cm,

hence demanding L. ~ 5 cm for the spherical limit.
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Figure 4.1: Design of vacuum compatible “membrane in the middle” cavity. (a, upper) CAD
drawing of the cavity formed by two mirrors, each mounted to a tip-tilt stage (stainless steel
and titanium, Janssen Precision Engineering B.V. (JPE) PFOM1) by means of an adapter
(stainless steel, outer @ = 1 in). Three “piezo knobs” control the tip-tilt of the mirror mount
by pushing a drive screw against the spring-loaded mount (spring anchored in mount (Am)
and base (Ab)). The base of each tip-tilt stage is fixed to the bottom and side support plates
(invar, see (b) for details). This requires the use of spacers (stainless steel) since the piezo
knobs extend over the base. In the center of the cavity is a Si-SizN4 mechanical resonator chip
aligned with respect to the optical axis (see Sec. 4.1.2) and glued to a holding fixture (see
(c) for details). (a, lower) Piezo knobs (JPE CLA2601) comprise a torque pulse generator
which performs stick-slip based rotation of a drive screw. (b) Back view of the invar support
plates showing colored arrays of through holes (yellow) and counterbores of through holes
(blue, red, green, gray); invar side support (4.20 in x 3.65 in x 1.25 in) and bottom support
(4.20 in x 1.45 in x 2.50 in) are screwed together through green, chip holder is fixed through
red and tip-tilt stages are mounted through blue. The bottom support is screwed from the
top (yellow) to the vacuum chamber (see Sec. 4.1.3). (c¢) Two-parts chip holder comprising
a chip support (0.30 in x 1.02 in x 1.60 in) and a chip adapter (0.30 in x 0.60 in x 1.16 in)
which are connected through turquoise holes. The chip support is mounted through red
holes (vented by violet holes) to the invar support plates (see (b)). Semicircular clearance
(& = 0.16 in) is centered around intra-cavity optical axis.

Figure 4.1(a, upper) shows a CAD drawing of our cavity design, which at its heart has two
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piezo-controlled tip-tilt stages (stainless steel and titanium, Janssen Precision Engineering
B.V. (JPE) PFOM1). Each of the stages comprises a mirror mount a base and three piezo
knobs (JPE CLA2601). The mirror mount is spring-loaded with respect to the base by two
springs that are anchored in the mirror mount (Am) and in the base (Ab). The tip-tilt is
adjusted by three piezo knobs, each pushing a drive screw against the mirror mount. The
smallest step size at room temperature is specified by JPE to be 5—25 nm and the maximum
travel range as 1.2 cm. This gives us the possibility to both align the cavity and change its
length (within ~ 2.4 cm) by means of an electronic controller (JPE CPSC with CADM,
MCM). We make use of this functionality mainly when the cavity is under vacuum (see Sec.
4.1.3), while under ambient conditions we typically rotate the piezo knobs by hand.

The mirror mounts are designed for @ = 1 inch mirror substrates which enabled us
to build cavities from mirrors with substrate sizes ranging from @ = 1 inch (Newport
10CVOOSR.70F, Layertec 109501') to @ = 0.3 inch ,0.5 inch (Advanced Thin Films, see
Sec. C.2). To install @ < 1 inch mirrors we use adapters (stainless steel, machined in the
McGill physics department machine shop based on Thorlabs AD1?).

Each of the two tip-tilt stages is mounted by its base to a bottom and a side support plate
(invar). This requires the use of spacers (stainless steel, 0.1 in thickness) in between base and
bottom support, since the piezo knobs laterally (perpendicular to optical axis) extend over
the base®. Halfway in between the tip-tilt stages is a holding fixture installed to the support
plates to which the Si-SizN, resonator chip is glued. Figure 4.1.1(b) shows a back view of the
support structure with color coded mounting through-holes; they are used for (according to
sequence of assembly): Connecting side to bottom support plate (green), mounting tip-tilt
stages (blue), mounting chip holder (red), and installing assembled cavity to vacuum chamber
(vellow, see Sec. 4.1.3). Here green, blue, and red are counterbores (screw is inserted from
depicted side) whereas yellow is just the through-hole (screw is inserted from the cavity side,

see Fig. 4.2). When connecting the support plates we tighten the six screws iteratively, since

Inot recommended due to optical losses

2To increase stability, we recommend using a "clamp" style adapter and / or epoxy to more rigidly fix
the mirror in place.

3Note this is a prototyping cavity. For a real adjustable cavity (once the desired length is known), we
recommend machining extra space into the invar support to accommodate the knobs, removing the need for
these spacers.
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they over-constrain the connection. Equally we tighten the screws iteratively when installing
the tip-tilt stages and the chip holder. The eight slots in the support structure for both the
tip-tilt stages and the chip holder enable a variety of cavity lengths ranging from ~ 10 cm
(requires reversing tip-tilt stages so that piezo knobs point toward chip) to submillimeter
(requires specifically designed mirror adapters).

The bottom plate (dimensions 4.2 in x 2.5 in x 1.45 in) and the side plate (dimensions
4.2 in x 1.25 in x 3.65 in) (machined in the machine shop of the McGill Physics department)
are made out of invar, which features a ~ 10 times lower thermal expansion coefficient than
common stainless steels, such as type 304 or 316, thereby reducing cavity length changes due
to temperature drift.

Figure 4.1(c) shows the chip holding fixture comprising a chip support (dimensions
0.30 in x 1.02 in x 1.60 in) and a chip adapter (dimensions 0.30 in x 0.60 in x 1.16 in)
(both stainless steel) which are screwed together (turquoise holes). The chip support is
mounted to the invar support (red holes, vented by violet holes). The structure is designed
so that the optical axis goes through the center of the semicircular clearance (& = 0.16 in) on
top of both components. After alignment with the optical intra-cavity field (see Sec. 4.1.2)
the chip is glued to the chip adapter. The two-parts construction provides flexibility with
regard to exchanging the chip or changing the chip position within the cavity, both of which
can be readily conducted by exchanging the chip adapter without the need to take out the

cavity of the vacuum chamber to exchange the chip support.
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Figure 4.2: Vacuum “membrane in the middle” cavity as built in our lab. (a) In addition to
the components described in Fig. 4.1, there is a piezo actuator (Noliac NAC2002) positioned
between one drive screw and contact point of each mirror mount. This enables us to measure
the cavity photon lifetime based on rapidly sweeping the cavity length [120] (see Sec. 4.2).
The Si-SizN, mechanical resonator chip is glued to a piezo actuator (Noliac NAC2002) which
in turn is glued to the chip adapter (see (b) for details). The piezo moves the chip along the
optical axis to characterize the SigN, structure dependent optical cavity resonances (see Sec.
4.2.2). The three piezo actuators and the 6 piezo knobs are contacted by copper wires. (b)
Sketch of the interconnection between chip adapter and Si-SigNy chip (not to scale). The
connections between chip, alumina sheet, piezo and chip adapter are made with vacuum
compatible, electrically non-conducting epoxy (Lesker Torr Seal). We electrically contact the
piezo by means of two copper wires and silver epoxy (Epo-Tek H20E).

Figure 4.2(a) shows the assembled cavity (based on design presented in Fig. 4.1). In addi-
tion to the components shown in Fig. 4.1 we have installed a piezo actuator (Noliac NAC2002)
between one drive screw and contact point of each mirror mount. The maximum free stroke
of these piezos is specified by Noliac to be 3 um and their unloaded resonance frequency
as > 486 kHz. We use these piezos to measure the cavity lifetime by rapidly sweeping the
cavity length [120] (see Sec. 4.2.1). The piezo knobs’ specified (by JPE) maximum velocity of
15 um/s is not sufficient since we require a sweep velocity of 44 pm/s in our photon lifetime
measurements (see Sec. 4.2.1). We glue the mechanical resonator chip to the same kind of
piezo (Noliac NAC2002), which is attached to the chip adapter; moving the chip along the
optical axis enables us to characterize the dependency of the optical cavity resonances on

the SigN, structure position within the cavity (see Sec. 4.2.2). The three piezo actuators
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and six piezo knobs are each electrically contacted by a pair of twisted copper wires which
are connected by means of electrically conducting, vacuum-compatible silver epoxy (Epo-Tek
H20E). A schematic of the interconnection between mechanical resonator chip, piezo and chip
adapter is shown in Fig. 4.2(b); all components are glued together by means of electrically
non-conducting, vacuum-compatible epoxy (Lesker Torr Seal). The twisted copper wires are
glued (Epo-Tek H20E) to the electrical contacts of the piezo, which are located on the sides

parallel to the stroke direction.

4.1.2 Trampoline Alignment Structure

A crucial step in assembling a membrane in the middle (MIM) setup is the alignment of
the membrane with respect to the intra-cavity optical field. Two main goals, hereby, are
to avoid optical mode mixing, caused, e.g., by a tilt of the membrane with respect to the
wavefronts [43, 80|, and to optimize optomechanical coupling by maximizing the overlap
of optical intensity profile (TEM00 with Gaussian mode profile, see Appendix C.1) and
mechanical displacement mode profile. In the present case, where a trampoline resonator is
aligned inside the cavity, we wish to achieve maximal overlap of the optical mode with the
fundamental out-of-plane mechanical mode (see Fig. 3.8). This requires laterally (normal
to cavity axis) centering the intra-cavity mode profile on the trampoline’s central pad (see
Fig. 3.2). Aligning the trampoline parallel to the wavefronts inside the cavity relies on control
over its position along the cavity axis, to place it within a few wavelengths (1550 nm) of the
cavity waist, where the wavefronts are planar. Furthermore, this requires the ability to

directly adjust the trampoline, tilt with respect to the wavefronts.
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Figure 4.3: Cavity inside vacuum chamber with chip alignment structure. (a) CAD drawing
showing the cavity setup (see Fig. 4.1) installed on the bottom flange of a vacuum cube
(stainless steel, edge lenth 8 in, LDS Vacuum Products, Inc. Conflat Cube). We mount
and align a mechanical resonator chip into the cavity by means of a manual five axis stage
(Newport 9081) in combination with a temporary chip holder (aluminum). The five axis
stage is connected to the cube by a horizontal support plate and two vertical mounting plates
(both aluminum). Turning both X (Y) screws equal amounts in the same direction results
in translation along the z-axis (y-axis). Turning the X (Y) screws in opposite directions tilts
the stage around the y-axis (z-axis). Turning the Z screw causes translation along the optical
axis. (b) Close-up of cavity and alignment structure inside the cube. During alignment, a
beryllium copper fingerstock clamps down the mechanical resonator chip to a piezo (Noliac
NAC2002) which is a part of the temporary chip holder. With this piezo we move the Si3Ny
structure along the optical axis to verify its alignment with respect to the optical intra-cavity
field (see Sec. 4.2.2). Once aligned the chip is glued (Lesker Torr Seal) to the piezo (Noliac
NAC2002) of the cavity chip support (see Fig. 4.2(b)).

Figure 4.3(a) shows a CAD drawing of the cavity (see Sec. 4.1.1) inside a vacuum cube
(stainless steel, edge lenth 8 in, LDS Vacuum Products, Inc. Conflat Cube) together with
the chip alignment structure. In order to align the trampoline chip we use a manual five-axis
stage (Newport 9081) with a temporary chip holder (similar to chip support, see Fig. 4.1.1).
The stage allows translation along x, y, and z with a travel range of 3 mm and rotation
around x and y with an angular range of 8°. The stage is adjusted by manually turning its
five set screws: Turning both X (Y) screws equal amounts in the same direction results in
translation along z (y). Turning the X (Y) screws in opposite directions tilts the stage around

y (). Turning the Z screw causes translation along the optical axis (z). To incorporate the
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stage into the cube we first install a horizontal support plate by means of two mounting
plates to the left and the right side of the cube. Then we hang the stage upside-down from
the horizontal support plate.

Figure 4.3(b) shows a close-up of the five-axis stage installed above the cavity. During
alignment the mechanical resonator chip is clamped by fingerstock down to a piezo (Noliac
NAC2002) which is attached to the temporary chip holder (similar to Fig. 4.2(b)). The piezo
perpetually moves the trampoline back and forth along the optical axis while we monitor
the optical cavity resonance spectrum in real time (see Sec. 4.2.2). Comparing the observed
spectrum with the theoretically predicted one allows for the identification and compensation
of tilt between trampoline and optical axis. Similarly we analyze and adjust the centering of
the trampoline’s central pad with the optical field. Once the trampoline is aligned, we glue
(Lesker Torr Seal) the chip to the chip adapter’s piezo. Subsequently, we let the glue cure
under ambient conditions for a few days. When the curing is completed we dismantle the
chip alignment structure in the following way: As a first step we remove the fingerstock and
retract the five-axis stage with temporary chip support. As a second step we take out the
five axis stage of the cube. Finally, we remove the five-axis stage support and the mounting
plates from the cube. At this point, the trampoline is aligned and mounted inside the cavity
and the vacuum chamber can be closed (see following section). Fine adjustments to the tip
and tilt of the cavity mode (relative to the trampoline) can then be made in situ with the

mirror mounts.

4.1.3 Vacuum Chamber

In Sec. 2.2.6 we have introduced the single-photon cooperativity C as a figure of merit for
controlling the trajectory of, e.g., one of our SizN, trampoline resonators, with extremely
small amounts of light, on the order of a single cavity photon (on average). In order to
enable high Cj (figure of merit for optomechanical interaction, see Sec. 2.2.6) we need to
install our cavity with incorporated trampoline into a vacuum chamber. This is because the
interaction of the trampoline with surrounding gas molecules damps its mechanical motion
(see Appendix B.2) and causes a decrease of its mechanical quality factor @,,, where Cy < Q,,

(from Eqs. 2.101, 2.11).
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Cavity vacuum chamber installed on optical table. At the heart of the vacuum chamber is
a conflat cube (stainless steel, edge length 8 in) in which the cavity (inset (i)) is attached
to the bottom conflat flange (inset (ii)). The cavity is optically addressed through two
anti-reflection-coated (designed for A = 1550 nm) vacuum viewports by means of an optical
probing setup (beam path shown, see Sec. 4.2.1 for details). The cavity mirror mounts and
piezo actuators (see Sec. 4.1) are electrically contacted through a D-subminiature feedthrough
(25 gold-plated pins). Inset (ii) shows the cube fixed to the optical table by means of a
connector plate (aluminum): First, we fix the connector plate through the bottom flange
to the cube (violet screw). Second, we install the connector plate to the optical table (red
screw). We evacuate the chamber by means of a turbo pump with integrated roughing pump
(Pfeiffer HiCube ECO) and an ion pump (Varian RVA-140-DD-M). Both pumps are linked
to the cube via a cross and each can be connected or disconnected by opening or closing a
gate valve. The ion pump stands on the optical table, supported by legs (aluminum) and
leveling mounts (steel, rubber). The turbo pump stands on the floor and is connected to the
gate valve (see inset (iii)) through a KF 40 flange and a vacuum bellows.

In view of future optomechanics experiments, we constructed the vacuum chamber pre-
sented in Fig. 4.1.3, where the cavity is installed into a conflat cube (inset (i), Sec. 4.1.1).
The cube is fixed to an optical table (inset (ii)) by means of a connector plate (aluminum)
in two steps: first, the connector plate is attached to the cube through the bottom flange
(violet screw); second, the connector plate with cube is mounted to the optical table (red

screw). Furthermore, the vacuum system comprises an ion pump (Varian RVA-140-DD-M)
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which is connected to the cube through a conflat cross (8 inch) and a gate valve (8 inch).
The ion pump stands on the optical table, supported by legs (aluminum) and leveling mounts
(McMaster-Carr 6167K19). The leveling mounts are screwed into the legs and permit fine ad-
justment of the ion pump’s height before installing it to the cross. We connect a turbo pump
with integrated roughing pump (Pfeiffer HiCube ECO) to the second gate valve installed
to the cross through a KF 40 flange (see inset (iii)) and a stainless vacuum bellows (length
1 m); the turbo pump typically stands on the lab floor. In order to estabslish vacuum in the
chamber we first pump down with the turbo pump until a pressure < 107° Torr (measured at
the input of the turbo pump) is reached, which takes about 12 hours. At this point we turn
on the ion pump (or open its gate valve if it is already running and under vacuum) and subse-
quently disconnect the turbo pump from the chamber by closing its gate valve and switching
it off. This is the “vacuum operation mode” which after a few days of operation reaches a
base pressure of typically ~ 107® Torr (measured at the ion pump with the Ultek 60-154
ion pump controller). This base pressure is achieved without baking the chamber or any of
the cavity constituents. Our main precautions with respect to achieving a low base pressure
are the use of vacuum compatible materials, mainly stainless steel (type 304, type 316) and
invar (see Sec. 4.1.1), and thorough cleaning of the components prior to their installation
in the vacuum chamber. Components bought from vacuum product retailers/manufacturers
(LDS Vacuum Products, Kurt J. Lesker Company) are wiped down with acetone and iso-
propanol. Custom parts that were specifically machined (McGill physics department machine
shop, Proto Labs) are cleaned according to the following sequence: washing with water and
soap, wiping down with acetone and isopropanol; sonication in acetone bath, rinsing with
acetone and isopropanol, cleaning threaded holes with cleanroom compatible swabs soaked
in acetone /isopropanol, final wipe-down with acetone then isopropanol.

Installed on the left and the right side of the cube are two custom-made conflat flanges
(8 inch, Accu-Glass Products), both featuring an anti-reflection-coated vacuum viewport
which provides optical access to the cavity (beam path of optical probing setup shown, see
Sec. 4.2.1 for details). Additionally, installed to the right flange is an electrical feedthrough
(D-subminiature, 25 gold-plated pins) through which we connect the electronic cavity com-

ponents (see Sec. 4.1.1).
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4.2 Optical Characterization

Here we characterize the optical resonances of a Fabry-Perot cavity with incorporated tram-
poline resonator. With regard to realizing a high single-photon cooperativity Cy (a figure
of merit for how strongly light on single-photon level affects the mechanical resonator’s tra-
jectory, see Sec. 2.2.6), we investigate how the presence of the trampoline affects the cavity
finesse F (Cp x F , Eq. 2.101).

In Sec. 4.2.2 we discuss the optical components of our Fabry-Perot cavity setup and
the measurement of the empty cavity’s finesse, with a resulting value of F = 20,000. To
verify whether our fabrication protocol introduces additional optical loss, in Sec. 4.2.2 we
incorporate one of our fabricated extended membranes into the cavity. Depending on the
membrane’s position we measure a finesse up to 40,000, which agrees with the predictions
of a lossless optical model. Finally, to set an approximate upper bound on the size of the
cavity field required for high-finesse applications, we position a trampoline in a cavity field
wide enough that 0.045 % of the light falls outside the structure. Consistent with recent
simulations [60], we find that the majority of this “clipped” light is, in many cases, recovered

by the cavity.

4.2.1 Optical Setup & Empty Cavity Finesse Measurement

The most sensitive way to estimate small optical losses associated with our fabricated struc-
tures is to position them inside a cavity and measure their effect on the finesse. Figure 4.4
shows a schematic of the cavity setup: two high-reflectivity mirrors (2.5 e¢m radius of cur-
vature) form a Fabry-Pérot cavity of length L. = 4.7 ¢m, which, at our operating wave-
length A\ = 1550 nm, yields a fundamental transverse electromagnetic mode (TEMg, see
Appendix C.1 for details on cavity eigenmodes) diameter 2wy = 110 um and a free spectral
range FSR = 3.2 GHz. The input mirror (left-hand) is designed (see Appendix C.2 for a
description of how we tune a mirror’s reflectivity by etching away layers from its dielectric
coating) to have a “modest” reflectivity of ~ 0.9997 while the “backstop” (right-hand) mirror
reflectivity exceeds 0.999993, forcing the majority of cavity light to exit through the input

mirror. We probe the cavity by shining laser light on the input mirror and measuring the op-
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tical signals reflected and transmitted by the cavity. Efficient coupling of the incoming laser
beam to the TEMgq cavity mode is realized by means of a collecting lens, a diffusing lens,
and two adjustable silver mirrors (see caption of Fig. 4.4 for details). We sweep the cavity
length L. to scan for optical resonances by applying a 45 ms linear voltage ramp V.(¢) from
0 to 60 V to a piezo actuator positioned between one drive screw and contact point of each
mirror mount. This compresses the cavity symmetrically about the waist by AL, ~ 2 um
corresponding to roughly ~ 2.5 free spectral ranges. Note this actuation method tilts the
end mirrors by ~ 0.01 degrees over the full sweep range, corresponding to a ~ 4 um shift in
the location of the cavity waist for this radius of curvature. The piezo voltage V, is supplied
by a data acquisition (DAQ) module (National Instruments PXI-6115) in combination with

a homemade inverting voltage amplifier (x — 20).
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Figure 4.4: Light from a fiber coupled laser (wavelength 1550 nm, power 40 mW, linewidth ~
200 Hz) is collimated (1/e? intensity beam diameter 3 mm) and passes through an adjustable
neutral density (ND) filter, a 50:50 beam splitter (BS), mode-matching lenses L1, L2 (-10
cm and 15 cm focal length, separated by 19 e¢m) mirrors M, and an anti-reflection-coated
vacuum viewport (VP) before landing on a cavity formed by an input mirror (32 cm from
L2) of reflectivity |r;|> ~ 0.9997 and a “backstop” mirror of reflectivity |r,|> > 0.999993. The
radius of curvature of both mirrors is R. = 2.5 cm. Light reflected from the cavity passes
through an optical isolator and is focused on a photodiode (PD, 150 MHz bandwidth) by a
3 c¢m focal length lens. The transmitted light passes through an anti-reflection-coated vacuum
viewport and is focused on a photodiode (150 MHz bandwidth) by a 3 cm focal length lens.
The PD voltages are monitored on an oscilloscope and the reflected light is recorded on a
data acquisition (DAQ) module. The cavity length L. is swept symmetrically about the waist
by applying a voltage to the mirror piezo actuators (P) which compresses the cavity by AL..
The voltages are generated by the DAQ module and amplified by a low-noise, high-voltage
amplifier (designs available upon request) of voltage gain ~ —20.

Figure 4.5(a) shows the reflected optical power from the cavity, recorded by the DAQ
module and normalized with respect to the off-resonance value (corresponding to all light
being promptly reflected by the input mirror), for a typical cavity length sweep of a reasonably
well-aligned empty cavity. The data (solid blue line) shows a pattern of dips repeated three
times, once for each free spectral range. When well-aligned, the largest dip is the TEMg,
mode, as verified by an image of its spatial profile viewed on the transmission side by an

infrared camera (not shown). We can also corroborate these observations by predicting the
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locations of the TEM resonances AV, = aALj,, + b, where

1

V2R /L. —1

are the expected resonance lengths of our cavity! (see Appendix C.1 for derivation) which

A
ALppn = Py Im+2(m+n+1)arctan (4.1)
7r

are transformed to voltages by coefficients a and b. The dashed lines in Fig. 4.5(a) represent
the expected peak positions AV, for cavity parameters R, = 2.5 cm, L, = 4.87 ¢cm, mode
orders [ = 0...5 (relative to Iy ~ 63,000), m +n = 0...4, and coefficients a = —27.1 V/um,
b=127.0V.

The slight mismatch between observed and expected resonance positions is most likely a
consequence of piezo nonlinearities, which result in a nonlinear relation between cavity length
change and piezo voltage AL, (V,). We determine AL.(V,) (see Fig. 4.5(b)) by fitting a fourth
order polynomial to the measured resonance voltages under the condition that TEM modes
of consecutive transverse order m + n are separated by a constant value and consecutive
longitudinal modes are separated by A\/2 =775 nm (see Eq. 4.1). The dashed gray line is
plotted to illustrate the deviation of the measured piezo expansion from ideal linear behavior.
The fit residuals are randomly distributed between —4 nm and 4 nm which is ~ 10 times

higher than the RMS L, noise observed in a similar cavity of fixed length® [2].

4For perfectly circular (and non-birefringent) cavity mirrors, the resonance spectrum is degenerate in m, n.
In practice this degeneracy is usually lifted due to slightly elliptic cavity mirrors and / or birefringence in the
mirror or cavity materials, resulting in a small splitting between the TEM,,,, and TEM,,,,, modes (typically
a fraction of the splitting between neighboring TEM modes for a cavity of our dimension [43]). Therefore,
another way to discern the TEMyy, modes from higher order TEM,,,,, modes is to zoom in on the peaks in
Fig. 4.5 and check for a splitting.

5The sawtooth voltage ramp applied to sweep the cavity length is composed of a spectrum of sinusoidal
tones that act as mechanical drive on the mirror mounts; the increased L. noise is consistent with result-
ing mirror oscillations. For sensitive sweeps, we now recommend driving with a continuous sine, so that
there is exactly one frequency applied to the mounts and a steady state can be achieved. For the cavity
characterization presented in the following sections the demonstrated L. stability of 5 nm is sufficient.
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Figure 4.5: Characterization of empty cavity resonances. (a) Reflected optical power from
the cavity (normalized by the off-resonance signal) as a function of the voltage (45 ms linear
voltage ramp V.(¢) from 0 to 60 V) applied to the mirror piezo actuators. Dashed lines
represent expected resonance positions of TEM modes of longitudinal mode order [ = 0...5
(relative to [y ~ 63,000 ) and transverse mode order m+n=0...4 for mirror radius of curvature
R, = 2.5 cm and cavity length L. = 4.87 cm. (b, lower) Cavity length change AL, as a
function of the voltage applied to the mirror piezos. The red curve is obtained by requiring
that all transverse modes within a subset are equally spaced and that adjacent transverse
modes of the same order are separated by A/2=775 nm. (b, upper) Fit residuals representing
the difference between measured positions and the fitted curve show no obvious signs of
systematics. (c) Ringdown of the cavity’s reflected power (normalized by the off-resonance
value): After passing through resonance, light exiting the cavity beats with the prompt
reflection, resulting in power fluctuations [120] ae=*/?% cos [(wq + bt) t + ¢] for fit (red curve)
parameters a, wo, b, ¢, and power ringdown time 7. = 1.00 4+ 0.05 us (finesse F = 20, 100 £
1,000; error represents statistical fluctuations of multiple measurements).

In view of future optomechanics experiments we are interested in the time the photons
spend inside the cavity, the so called “photon lifetime” 7., which is proportional to the cavity
finesse F = met,./ L. (see Sec. 2.2.2). We measure 7, by sweeping through the resonance faster
than its lifetime [120] resulting in the sinusoidal ringdown signal presented in Fig. 4.5(b) for
the TEMyy mode.
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The signal beats at the frequency difference between the promptly reflected light from the
cavity input mirror and the light exiting the cavity which was Doppler shifted in frequency
as a consequence of multiple reflections from the moving cavity mirrors. The extracted bare
cavity photon lifetime is 7, = 1.00 4= 0.05 us corresponding to F = 20,000 £ 1,000. Note that
the mirrors, as purchased, nominally achieve finesse ~ 1,000,000 (see Sec. C.2 for details on

tuning the mirror reflectivity).

4.2.2 Cayvity with Incorporated Trampoline

While the high mechanical performance of the trampolines presented in Chapter 3 makes
them excellent candidates for mechanical sensing and dissipation studies, we also wish to
use them for precision interferometry and optomechanics experiments. To this end we char-
acterize their optical performance by measuring their effect on the cavity characterized in

Sec. 4.2.1.
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Figure 4.6: Simplified Fabry-Pérot cavity setup with incorporated SizNy structure and tram-
poline positioning with respect to the incident laser beam during alignment. (a) Incident laser
light (wavelength 1550 nm, power ~ 10 mW, linewidth ~ 200 Hz) lands on a cavity formed
by an input mirror (M) and a “backstop” mirror (see Fig. 4.4 for details) with trampoline
resonator (or extended membrane) positioned near the waist. Light reflected from the cavity
passes through a 50:50 beam splitter (BS) and is detected by a photodiode (PD, 150 MHz
bandwidth). The PD voltage is recorded on a data acquisition (DAQ) module. The cavity
length L. is swept symmetrically about the SizNy structure (AL.) by applying a voltage to
the mirror piezo actuators (P) and the Si3N, structure can be moved along the optical axis
by applying a voltage to its piezo actuator, resulting in a displacement Az. The voltages are
generated by the DAQ module and amplified by low-noise, high-voltage amplifiers (designs
available upon request) of voltage gain ~ —20. (b) Typical sequence of trampoline (mem-
brane) positioning with respect to the incident laser beam during alignment. First, the beam
is retroreflected from area I, where unpatterned SizN, (thickness 90-100 nm) sits on top of a
Si substrate (thickness ~ 675 pum). Second, the chip is moved to position IT where the laser
partially overlaps with area I and the region of suspended SizN, where the Si substrate is
completely removed. Third, we move the chip along a line until we reach III which is the
same as II but on the opposite site of the “window area”. Four, we go to position IV by
covering half the distance back toward II.

Figure 4.6(a) shows the simplified cavity setup formed by an incident laser beam, an input
mirror (M), a backstop mirror, a trampoline (or membrane) aligned close to the waist, all
three mounted to piezo actuators (P), a beam splitter (BS), a photodidode (PD) and a data
acquisition module that records the photodiode voltage and supplies voltages to the mirror
and membrane/trampoline piezos, in combination with low-noise, high-voltage amplifiers of

voltage gain ~ —20 (see Fig. 4.4 for details) .
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To test whether our fabrication protocol introduces additional bulk absorption or surface
losses, we first align an extended membrane, fabricated similarly to the trampolines, near the
cavity waist. Unpatterned SizN, membranes fabricated elsewhere have been shown to exhibit
very little optical loss [43, 42], and, in particular, the bound placed on the imaginary index
Im[n] < 1.5 x 107® [43] would in principle make these structures compatible with a cavity
finesse F ~ 10°, even when positioned at an antinode of the intracavity field. Furthermore,
we incorporate a trampoline in the cavity to investigate scattering and diffraction losses due
to overlap of the TEMgq cavity mode with the trampoline sidewalls.

The alignment of either a square membrane or a trampoline inside our cavity starts
with a partially disassembled cavity comprising only the “backstop” mirror and a pinhole
replacing the input mirror. In a first step, we make sure the incident laser is properly
retroreflected from the “backstop” mirror, guided back through the pinhole and landing on
the photodiode. We then clamp the membrane or trampoline chip by means of fingerstock
onto a piezo actuator that is glued to the temporary chip support of a manual five axis stage
(see Fig. 4.3). Figure 4.6(b) shows how the SizN, structure is consecutively positioned with
respect to the incident laser beam during the alignment procedure. We start by aiming the
laser at a region away from the released structure where unpatterned SisN, (refractive index
2 for A = 1550 nm) sits on top of the Si (refractive index 3.7 for A = 1550 nm) substrate
(position I). The chip’s tilt is aligned so that the beam is again retroreflected through the
pinhole. We then center the laser on the released SizN, structure by moving the stage lateral
to the optical axis. We roughly hit the center of the structure (position IV) by counting
the screw turns from leaving the chip area on, e.g., the left side (position II) to reaching the
chip area on the right side (position III) of the membrane or trampoline and consecutively
going back by half the amount of turns. Hereby, leaving (or reaching) the chip area is usually
obvious from a change in reflected intensity landing on the photodiode. At this point the
SigN, structure is roughly centered and perpendicular with respect to the cavity axis and
we move on to install and align the input mirror so that the incident light is retroreflected,
which typically results in a coarsely aligned cavity. If successful, higher-order TEM modes
are now visible in the reflection spectrum. Fine alignment can then be achieved by adjusting

the trampoline’s position and tilt, with the goal of increasing the size of the reflection dips

110



while reducing their number®.
The resonance lengths for a cavity with one of our SizNy structures aligned close to its

waist are given by

1 1

~ A
ALppp = — I+ 2 (m+n+1)tan ™ | ———
2m 2R _ 1

— ¢, + cos ™! {— 7| cos (%Am + lﬂ'):|

(4.2)
The first two terms describe TEM resonances of the empty cavity (see Sec. 4.2.1) with length
L., and mirror radius of curvature R.. The third and fourth terms represent the modification
in the resonance length caused by the presence of the SizNy structure (see Sec. 2.2.3) with
membrane reflection coefficient r = |r|exp (i¢,) and relative position Az along the optical
axis. Figure 4.7(a, left) shows a plot of the power reflected from the cavity as a function of
cavity length and membrane position. This data was taken by ramping the cavity mirror
piezos (as in Sec. 4.2.1) and stepping the membrane piezo’s voltage from 0 to 60 V (0.3 V
steps) in between each ramp. For each pair of cavity and chip piezo voltages we normalize
by the off-resonance value (corresponding to all incident light being promptly reflected by

the cavity). The dark regions occur when the laser is resonant with the cavity.

6Note this is not always the best "goal" for a low-loss, single-port (over-coupled) cavity, since the reflected
power should ideally remain constant, even though a lot of light builds up inside the cavity.
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Figure 4.7: Reflection signal (normalized by off-resonance value) of a cavity having either a
membrane or trampoline aligned close to its waist. (a, left) Reflected intensity from a cavity
with an extended membrane as a function of the voltage applied to the mirror piezos and
the membrane piezo. The cavity length L. is rapidly swept (45 ms linear voltage ramp V(t)
from 0 to 60 V) and the membrane position is stepped (voltage increase by AV, = 0.3V
up to 60 V) after the L. sweep. Colored curves show expected cavity resonances for A =
1550 nm, L. = 4.80 cm, cavity mirror radius of curvature R. = 2.5 cm, absolute|r| = 0.48
and phase ¢, = —0.65 of membrane reflection coefficient, longituidnal mode order [ = 0...4
(relative to [y ~ 62,000), and transverse mode order m + n = 0...4 transformed to voltages
by coefficients a = —18.3V/um and b = 102.8 V. The dashed line indicates a single L. sweep
(Vi = 51.7 V) which is shown in (a, middle). Consecutive fundamental transverse electric
resonances (TEM,,) are labeled by (i)-(iii) for which respective power ringdown data are
shown in (a, right). (b) Same as (a) but for a patterned trampoline of width d = 200 pm.
Colored curves show expected cavity resonances for A = 1550 nm, R, = 2.5cm, L. = 4.75cm,
|r| = 0.37, ¢, = —0.89, | = 1...3 (relative to [y ~ 61,000), and m+n = 0...2, a = —23.0V /um,
and b=1129V.
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The periodicity ~ A\/2 (up to Gouy phase shift, see Appendix C.1) of the resonances in Az
is a consequence of the intra-cavity optical intensity profile. Along the vertical axis is a
pattern (spanning =~ 15 V) of dips repeated three times (once for each free spectral range)
present, where the lowest resonance corresponds to the TEMgyy mode (see. Sec. 4.2.1) and
the weaker resonances (separated by AV, ~ 3 V) originate from higher order TEM,,,,,>1
modes. Due to piezo nonlinearities and hysteresis, the resonances are distorted along the
horizontal and the vertical axis (see Sec. 4.2.1). We identify the transverse mode orders
by plotting the expected resonances A%mn = aAZlmn + b (colored curves) with Azlmn
(Eq. 4.2) for A = 1550 nm, R, = 2.5 cm, L, = 4.80 cm, |r| = 0.48, ¢, = —0.65, [ = 0...4
(relative to ly ~ 62,000), and m + n = 0...4 transformed to voltages by a = —18.3 V/um
and b = 102.8 V. Resonances of consecutive transverse order are shifted horizontally by
0.3V due to a membrane displacement Az slightly away from the cavity waist, where modes
of different transverse order have slightly different Gouy phases (see Appendix C.1). The
vertical dashed line indicates a single L. sweep, taken for V,, = 51.7 V, which is plotted in
Fig. 4.7(a, middle) where the three TEMo resonances are indicated by (i)-(iii). Their swept
ringdown signal (see Sec. 4.2.1) is plotted in Fig. 4.7(a, right) from which we extract F (see
Sec. 4.2.1 for details). Figure 4.7(b) is similar to Fig. 4.7(a) but the data is taken with the
trampoline instead of the membrane, and the expected resonances A\Zmn (colored curves)
are plotted for A = 1550 nm, R, = 2.5cm, L. = 4.75 cm, |r| = 0.37, ¢, = —0.89, l = 1...3
(relative to Iy ~ 61,000), and m +n =0...2, a = —23.0 V/um, and b = 112.9 V.

The resonance scans presented in Fig. 4.7(a, left) and Fig. 4.7 (b,left) are smoothly dis-
torted and slightly sheered due to piezo nonlinearity and creep, combined with tempera-
ture drift. Figure 4.8(a, top) and Fig. 4.8(b, top) show two consecutive TEMgo resonances
(white cuves) where these nonidealities are eliminated by simultaneously fitting the resonant
values to their known functional dependence (Eq. 4.2) incorporating fourth-order polyno-
mial distortion (see Sec. 4.2.1) and linear sheer correction terms. Doing so allows us to
extract the cavity detunings induced by the membrane, along with the membrane’s reflec-
tivity |r,| = 0.38 £ 0.01. Using a lower-order polynomial does not significantly change our
result, but minor systematics do eventually become visible. Note this value of |r,,| corre-

sponds to that expected for a SizNy (refractive index 2.0) slab of thickness 72 + 2 nm, which
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is smaller than the nominal value of 80 nm. However, this scheme is known for its systematic
underestimate of |r,,| [43], which is attributed to slight misalignment of the membrane and /

or level repulsion between the TEMg and higher-order transverse modes of the cavity, both

of which tend to flatten the sinusoidal perturbation.
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Figure 4.8: Finesse characterization of a cavity containing either a membrane or trampoline
aligned close to its waist. (a, upper) Finesse and cavity mode detuning versus the displace-
ment of an extended membrane. White curves show fit (see text), and solid dashed lines
show the approximate empty cavity resonance frequencies. Inset shows qualitative sketch of
left and right cavity modes (a, lower) Comparison of finesse (from the topmost resonance)
with prediction for a lossless membrane (red). Dashed line indicates empty cavity finesse
F ~ 20,000. (b) Same as (a) but for a patterned trampoline of width d = 200 pum, in this
case, the trampoline’s effective reflectivity is |r;] = 0.31 £ 0.01. Inset shows a qualitative
sketch of the cavity cross-section at the trampoline.

The finesse (color scale and lower plot of Fig. 4.8(a)) is found to oscillate with position,
in fact exceeding the bare cavity finesse F ~ 20,000 (dashed line in lower plot of Fig. 4.8(a))
measured in Sec. 4.2.1. This can be readily understood by viewing the membrane as “one more
dielectric layer” of the input mirror that, with the proper air-gap, enhances its reflectivity. A
transfer matrix theory [79] assuming zero optical loss in the membrane (red curve, zero free

parameters) reproduces the oscillations. This implies that, so long as the optical mode waist
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2wy is sufficiently small compared to the diameter d of the pad, it should readily achieve
a cavity finesse of 40,000 or higher. Note, as observed previously [43], the error bar on
individual finesse measurements is significantly smaller than the fluctuations in Fig. 4.8; the
larger, non-statistical variations are known to arise from membrane-mediated hybridization
between the TEMgy mode and higher-order modes of the cavity (each having its own value
of finesse) whenever they approach degeneracy.

Finally, in an effort to place an approximate upper bound on the cavity mode diameter
required to achieve this finesse with a patterned device, we replace the membrane with a
trampoline having a pad diameter d = 200 um, such that ~ 0.045% of the cavity light (mode
diameter 2wy = 110 pm) does not land on the structure. If we naively assume this light is
lost from the cavity, the finesse would be limited to 7,000. However, simulations of a similar
geometry [60] suggest higher value, since the end mirrors can collect and recycle some of the
scattered light. As shown in Fig. 4.8(b), despite these “clipping” losses, a finesse equal to the
empty-cavity value of 20,000 is achievable within a short distance of any trampoline position,
even near the antinodes of the intracavity field. Clipping effects are still evident, however:
the regions of boosted finesse have vanished, and the rapid finesse variations dip to much
lower values. This is consistent with an intuition that sidewall scattering further breaks the
symmetry of the cavity, increasing the TEMgy mode’s coupling to even higher-order, lossier
transverse modes.

In the context of optomechanical sideband cooling (see Sec. 2.2.6), we have introduced
the single photon cooperativity Cy as a figure of merit, which is proportional to the optome-

chanical cooling rate and can be written

Amche |rq|* T F
Co =
A2LomSQ,

) (4.3)

for our geometry. The demonstrated optical parameters (L. = 4.7 cm, .# = 40,000, A = 1550
nm, 7, = 0.4) together with the trampoline’s mechanical characteristics (effective mass
meg = 4.0 ng, ringdown time 7, = 6.0 min, and resonance frequency €2, = 27 x 40.9 kHz,
see Sec. 3.3.1) correspond to a single-photon cooperativity Cy ~ 8 in the resolved-sideband

limit (“resolved” in the sense that the back-action-limited cooling would result in an average
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phonon occupancy nymin = 0.2 < 1 (Eq. 2.98)). In Sec. 2.2.6 we have discussed, that
for Cy = 1 a cooling laser (in the resolved-sideband limit) having an average intensity of
a single photon doubles the dissipation rate of the bare mechanical element. So with our
value Cy ~ 8, we are in the regime wherein the mechanical trajectory will be significantly
altered when the apparatus contains a single photon on average. Indeed, our initial attempts
to frequency stabilize an external laser to the cavity with incorporated trampoline failed,
because the trampoline’s oscillation was strongly anti-damped by by the fluctuations of the
incident laser (as soon as the trampoline is antidamped, it rings up and the system is unusable
for minutes). This motivated the development and characterization of our sideband locking

technique, presented in Chapter 5.

4.3 Simulation of (),,-Increase Through Optical Trapping

Optically levitated mechanical sensors can be isolated from classical noise sources so that
the momentum imparted by single photons becomes the dominant noise source [121]. This
approach typically involves subwavelength-scale dielectric nanoparticles which are optically
trapped inside a Fabry-Perot cavity ([121], and references cited therein). Patterned dielec-
tric membranes can be designed to benefit from partial optical levitation, where an optical
trapping potential provides a restoring force acting in conjunction with the elastic restoring
force of the membrane material [60]. In an experimental implementation of this scheme [81],
the mechanical quality (Q.) factor of a Si pendulum was increased 50-fold when aligned
in an optical standing wave (few Watts incident power). Theoretical treatments [60, 122]
have proposed that partial levitation can yield a @Q,-increase of more than three orders of
magnitude.

In the following, we adopt the approach presented in [60, 122, 123] to simulate the effect
of a strong optical trap on the 80-nm-thick trampoline of Fiig. 3.2. Hereby, we are particularly
interested in the achievable enhancement of the mechanical quality (Qy,) factor. The finite-
element simulation is carried out in COMSOL Multiphysics.

Inset (i) in Fig. 4.9 shows the fundamental (s;) trampoline mode (see also Fig. 3.8) with
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an optical trapping beam applied to the central pad. We model the optical trap as external

force

-Ftrap - meﬁw‘?rapf (l’, y) C (l’, y) ) (44)

acting along the direction of the trampoline’s out-of-plane displacement ( (x,y) (see Fig. 4.9,
inset (1)). Here meg = pm [ dV ¢ (z,y) / is the effective mass [90] of the mechanical mode,
with material density p,,, maximum trampoline displacement at the center (y, and volume of
the resting trampoline V. The optical trap strength wfrap f (z,y) is parametrized by means
of trap frequency wiyap = \/m, with optical spring constant Ky given by Eq. 2.88,
and a function f (x,y) describing the optical intensity profile. According to the parameters
of our experimental cavity setup (Sec. 4.2.2) we set f (z,y) = exp[—2 (2 + y?) /wo] with
2wy = 110 pm, which represents the Gaussian beam profile of the TEMy, cavity mode.
We assume that the optical force, together with the tensile stress (see Sec. 3.1.1), act in
a linear fashion on the trampoline, so that its mechanical response can be described by
linearly superimposing the effects of the two forces [124]. In this case, the total mechanical
energy of the trapped trampoline is given by the sum of the intrinsic mechanical (tensile)
energy and the additional optical trapping potential Uit = U + Usrap. By assuming that
the optical potential contributes no mechanical dissipation channel [60, 122], the definition

of the mechanical quality factor (Eq. 2.6) yields

Un + Usra Utra
Qrot = QWTW = Qm (1 + %) (4.5)

for the total quality factor of the trapped trampoline, where AU, is the dissipated mechanical
energy per cycle of oscillation, and Q,, = 27U,,/AU,, is the intrinsic mechanical quality

factor. Alternatively, we can express Qo in terms of Uy as

@m

th B 1— []traup/U’tot7

(4.6)

with energies (see Sec. 2.1.1)

1
Ui = iy // dady C (2,y) (4.7)
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1
Utrap = §pmdwt2rap // d.Tdy CQ (.CE, y) f (.CE, y) ) (48)

and their ratio

Utrap _ thrap ff dl’d’y Cz ($7 y) f (.f, y)
Utot wgot; ff dxdy C2 (ZL’, y)

Here, the second term represents the normalized overlap of the mechanical displacement

(4.9)

squared with the optical intensity profile, which in the present case is biggest for the trampo-
lines symmetric out-of-plane modes (indicated by s;, with mode index i, in Fig. 3.8), making
them primary candidates for (),,-increase through optical trapping.

In the case of uniform trap strength across the trampoline (f (x,y) = 1), the ratio of the
integrals in Eq. 4.9 is one and the maximally achievable energy ratio would mainly be limited
by the amount of optical power the system can handle. The trapped mechanical frequency
in this case is wi, = QF + wf,,, with mechanical resonance frequency Qy,, which, together

with Eq. 4.9, permits to rewrite Eq. 4.6 as

wt2rap
Qtot = @m <1 + = ) : (4.10)
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Figure 4.9: Response of a SigN, trampoline resonator (see Fig. 3.2 for device dimensions) to
an optical trap with Gaussian intensity profile (mode field diameter 2wy = 110 ym). Inset (i)
shows the trapped s; mode profile (for wiyap, = 400 kHz) with applied trapping beam. When
at rest, the trampoline lies in the zy-plane, from which it is perpendicularly displaced by & for
out of plane modes. (a) Colored circles show mechanical resonance frequencies of optically-
trapped “symmetric” (s;), “torsional” (¢;) and “antisymmetric” (a;) modes wio; (mode index i,
see Fig. 3.8 for plotted mode profiles) versus trap frequency wi.p. The gray lines correspond
to modes of the overhanging SizN, frame (dashed lines, see Fig. 3.2), in-plane modes (solid
lines), and torsional tether modes (dot-dashed lines) for which the tethers twist around their
longitudinal axis. The orange line shows the case of constant trapping force across the whole
mode profile wep, = (Q2, + wtzrap)l/ g (b) Response of the total mechanical quality factor Qo
(upper), effective mass m{ (center), and force noise 1/S%" (lower) to the optical trap for
the fundamental (s;) trampoline mode . The orange line (upper) represents the case of a
constant trapping force across the whole mode profile Qop = Qum (1 + wi,,/QZ) -

Figure 4.9(a) shows the response of the trampoline’s six lowest mechanical out-of-plane
resonances (colored circles), to an optical trap with Gaussian beam profile and trap frequency
Wirap- Most strongly affected are the symmetric modes (sy, s2), in agreement with the dis-
cussion of Eq. 4.9. Their frequency is increased until they hybridize with the above-lying
antisymmetric (aj, as) and torsional modes (t1, t5), which also hybridize with each other.
This hybridization is a consequence of the trap’s confinement to the central pad, which, for

increasing strength, progressively clamps it down until merely the tethers are free to oscil-
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late. This behavior contrasts the effect of a uniform trap (shown for s;, Fig. 4.9(a) orange
curve), for which the mode symmetry remains unchanged, theoretically enabling an arbitrary
resonance frequency increase’. The gray lines in Fig. 4.9(a) represent resonances which are
unaffected by the optical trap, due to a vanishing overlap integral in Eq. 4.9. We distinguish
between modes of the overhanging SizN, frame (dashed lines, see Fig. 3.2), in-plane modes
(solid lines), and torsional tether modes (dot-dashed lines) for which the tethers twist around
their longitudinal axis. Potentially counterproductive are crossings of these resonances with
the trapped mode since they provide additional dissipation channels due to mode hybridiza-
tion.

Figure 4.9(b) shows the response of the total mechanical quality factor Q. effective
mass m'% (center), and force noise /S (lower) to the optical trap for s;. The inital
values {th, meer, \/STF‘“} = {4.5 x 107, 4.5ng, 19.5 aN/\/E} are chosen according

to the experimental parameters of Sec. 3.3.1. The orange line (upper) represents the case of a

Wtrap:0

constant trapping force across the whole mode profile (Eq. 4.10). The maximum value of Q.
is realized at the point of inflection of wi.;, where the mode hybridization comes into play.
From this point Q)¢ decays back to the untrapped value, due to the increasing hybridization
to tether modes (assumed to have the same initial quality factor for simplicity), which are
unaffected by the optical trap. The effective mass (Fig. 4.9(b, center)) slightly increases until
the “hybridization point”, which agrees with the intuition, that the onsetting trap mainly
reduces the maximum displacement &, while for stronger traps, the mass of the central pad
tot

is more and more excluded from contributing to mjy due to hybridization, causing it to

approach the tether mass. The effect on the force noise combines the previously discussed

aspects according to \/S}i’t = \/4mg%twtothT/Qtot (see Sec. 2.1.2.2). Initially the force noise
is improved ~ 15 %. Ultimately, the increase in wyo, outweighs the reduction in m %, causing
the force noise to increase up to 18 %.

Although our trampoline resonator is not particularly designed to benefit from optical

trapping, our simulation (based on experimental parameters) predicts that its @, can be

"Ultimately, the achievable increase is limited by residual optical absorption which will cause the resonator
structure to fracture when the incident optical power reaches the damage threshold. In an experimental
trapping attempt of a similar device as the one discussed here, a damage threshold of ~ 10 W was found
[102].
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increased by a factor of 2.8 resulting in Qu; = 1.3 x 10% at resonance frequency wio /27 =
82kHz. This corresponds to Quor X wior/2m = 103, which meets the requirements for laser
cooling to the quantum mechanical ground state [87, 88|. The maximum value of Qo is
realized for wy., = 160kHz. For the optical single-mode spring discussed in Sec. 2.2.3,
this would require an optical trapping power ~ 100 W. This value would be reduced to ~
1 W when employing an optimized configuration [122|, which exploits the increased trapping
efficiency provided by the avoided crossing of the TEMyy, and TEM o or TEMy; cavity mode.

Similar to previous studies |81, 122], we find that mode-hybridization in consequence of a
non-uniform trapping potential is the limiting factor for Q)i¢. In principle, one could enhance
the trap uniformity, by increasing the cavities MFD (e.g. shortening the cavity length), to
further increase (). In that regard, the results presented in Sec. 4.2.2 show promise that an
overlap of the optical intra-cavity field with the trampoline sidewalls is not detrimental to the
cavity finesse. Eventually, the maximum obtainable @),, increase might involve a trade-off
between the trap uniformity and the reduction in cavity finesse associated with diffraction

from the trampoline sidewalls (Sec. 4.2.2).
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Chapter 5

Simple Delay-Limited Sideband Locking
with Heterodyne Readout

Statement of contribution: Tina Miller implemented an initial version of the feedback loop,
which she operated together with the “membrane-in-the-middle” cavity setup presented in
Chapter 4. For the characterization presented in this chapter and a journal article on this
topic, I built a new Fabry-Perot cavity setup, added the heterodyne readout capability and
adjustable attenuator to the original feedback circuit, and recorded and analyzed all the data.
Erika Janitz, Mazimilian Ruf, Alexandre Bourassa, Simon Bernard, Abeer Barasheed, and

Vincent Dumont contributed with discussions.

A common goal in precision optics is to employ feedback [125] to stabilize (lock) the frequency
of a continuous-wave (CW) laser to that of an external system, such as a Fabry-Perot optical
cavity [58] or atomic transition [126, 127]. This can be used to stabilize the laser itself, or to
continuously monitor the dynamics of the external system. For example, by locking a laser to
a sufficiently stable cavity, it is possible to produce extraordinarily coherent light [128|, which
can then be applied to the precision control and spectroscopy of trapped atoms [129], high-
accuracy optical clocks [130, 131], or interferometric detection of passing gravitational waves
[106]. Alternatively, a locked laser can be used to probe atomic or molecular absorption within
the cavity [132], or to resolve the quantum zero-point motion of an embedded mechanical

element [17, 18] (see also [16]). Within the latter context (optomechanics [21]), a stable, low-
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power lock is particularly important for systems combining a lightweight, highly compliant,
ultrahigh-@,,, mechanical system [1, 39, 57| (see also Sec. 3.1.1) with a high-finesse cavity,
wherein the radiation pressure from an average cavity occupancy of one photon should in
principle profoundly alter the mechanical trajectory [1]. Indeed, our failed attempts to lock
the combined system of cavity with incorporated trampoline investigated in Sec. 4.2.2 and
Ref. [1] (using traditional methods) is precisely what motivated the present work.

As reviewed in Sec. 5.1 below, all feedback schemes aim to simultaneously achieve the
largest possible closed-loop gain (the degree to which noise can be suppressed) and sufficient
dynamic range (headroom) to compensate all fluctuations. The closed-loop gain is ultimately
limited by the speed with which corrections can be applied (the bandwidth), which itself is
fundamentally limited by the delay of the signal propagating through the loop [125]. In many
situations, however, the achievable gain is practically limited by other system nonidealities.
For example, one means of tuning a laser’s emission frequency is to mechanically stretch an
internal optical path, and the bandwidth is then practically limited by the structure’s me-
chanical resonances. For this reason, low-noise, mechanically tuned lasers (e.g. commercial
Nd:YAG lasers) are typically limited to control bandwidths of ~ 100 kHz. Faster feedback
can be achieved by controlling the laser’s pump, and commercial diode lasers (e.g.) routinely
achieve sufficient pump modulation bandwidth that feedback is limited by other loop non-
idealities; as such, using the pump to stabilize against an external cavity is often employed
as a first stage to reduce their comparatively large noise [133]. The control bandwidth of the
combined system, however, is then limited by the external cavity’s mechanical resonances.
Cavity mirror actuation has improved in recent years, achieving 180 kHz with short-travel
piezo actuation [134] and now up to ~ 700 kHz with the incorporation of photothermal tuning
[135].

An alternative, laser-independent technique is to shift the light’s frequency after emis-
sion. For visible wavelengths, this is usually accomplished with an acousto-optical modulator
(AOM), achieving ~ 200 kHz closed-loop bandwidth [128] with ~MHz-scale headroom on its
own, and up to 2 MHz bandwidth when combined with an electro-optical modulator (EOM)
to correct the high-frequency noise in parallel [136|. At near-infrared (telecom) wavelengths,

low-cost fiber modulators are more commonly employed: using serrodyne techniques, wherein
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a voltage-controlled oscillator (VCO), nonlinear transmission line (NLTL), and EOM gener-
ate a saw-tooth phase that effectively shifts the carrier frequency [137, 138], or single-sideband
modulation (SSM), wherein a VCO and Mach-Zehnder interferometer shift a small portion
of the carrier [139], it is routine to achieve several-MHz feedback bandwidth and well over
100 MHz headroom.

A second common goal in precision optics is to perform heterodyne readout [140], wherein
a weak “signal” beam is overlapped with a strong local oscillator (LO) beam detuned by an
electronically measurable frequency. Landing on a photodiode, the beating between these two
beams produces an amplified electronic signal with a spectrum shifted to the LO detuning,
thereby providing simultaneous access to the signal’s amplitude and phase quadratures (or,
equivalently, to its double-sided spectrum). In addition to spectroscopy, polarimetry, laser
radar (and lidar), microscopy, and other applications [140], heterodyne readout enables a
continuous, self-calibrating measurement of mechanical temperatures in the quantum regime
of motion [17, 18].

Here we present and characterize a simple, low-power, high-bandwidth, post-emission
laser locking technique with built-in heterodyne readout. This approach employs a high-
speed VCO and a single EOM to control the signal beam frequency, and can be implemented
with any laser. In contrast to serrodyne systems, it does not require a precise NLUTL-generated
saw-tooth waveform (or the extra EOM bandwidth to handle it), and, similar to SSM, shifts
only a fraction of the laser light. In contrast to both, the carrier is exploited as an optical LO
for heterodyne readout, and no alignment or relative path stabilization is required. Using
the test ports of our chosen electronics, we directly measure the frequency-dependence of
the closed-loop gain, demonstrating a delay-limited feedback bandwidth of 3.5 MHz (one
integrator) and excellent agreement with a simple model based on ideal components. From
this we propose a modified setup that should realistically achieve a gain of 4 x 107 at 1 kHz
(6.6 MHz bandwidth, two integrators). The headroom allowed by these components exceeds
500 MHz, limited only by a 10 V ceiling on the VCO programming voltage imposed by our
amplifier (~1 GHz should be possible with this VCO/EOM combination, at the expense
of added amplitude noise). Section 5.1 briefly reviews requisite concepts in laser feedback.

Section 5.2 then introduces the “Pound-Drever-Hall” method for generating an error signal
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[141, 58, 142| (including a derivation of its dynamical response) and a simple electronics
modification enabling heterodyne readout. We then present the technical details of our
“proof-of-concept” system in Sec. 5.3, characterize its performance in Sec. 5.4, and conclude

in Sec. 5.5.

5.1 A Brief Review of Laser Feedback

All laser frequency stabilization schemes rely on (i) generation of an “error” signal proportional
to the frequency difference (detuning) 6 between the laser and an external system, and (ii)
processing and routing of this signal to a port that adjusts § to compensate [125]. 5.1(a)
shows a conceptual diagram of a feedback loop for locking a laser to a cavity resonance.
Cavity vibrations and laser frequency noise together introduce a nominal detuning 4, (note
these noise sources appear on equal footing, and only the difference ¢ will be stabilized) that
is converted to an electronic signal by a photodiode “D”, amplified and filtered by assorted
electronics “—A”, and sent to a “feedback” port “F” to adjust 0. This correction is added to
the original noise (e.g., by tuning the laser frequency, cavity length, or both), resulting in a
relationship for the net detuning 6 = 6, — CDAFJ, where C, D, —A, and F' are complex,
frequency-dependent gains (transfer functions) for the cavity, diode, electronics, and feedback

port. Solving for ¢ yields
On

0= 1+ CDAF

(5.1)

This immediately highlights the central concerns for stabilization. First, it is desirable
to make the “closed-loop gain” G = CDAF as large as possible, to maximally cancel the
noise. For |G| > 1, the overall phase ¢¢ does not matter, but if G approaches —1 at a
some “bad” frequency, then the noise at that frequency is amplified. This places unavoidable
limits on G for the following reasons: (i) any delay ¢4 in the signal path introduces a phase
factor e~™'_forcing ¢ = —n at finite frequencies, regardless of what electronics are chosen
for A, (ii) stability concerns impose that the magnitude of the gain at the lowest of these
frequencies w_, should be less than 1, and (iii) causality places an upper bound |G| < w? _/w?

on how much the gain can increase below this frequency [125]. Since most noise occurs at

low frequencies, it is therefore desirable to make w_, large, and to engineer a feedback circuit
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such that G increases as rapidly as possible with decreasing frequency.

On
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Figure 5.1: Feedback stabilization. (a) Generic control loop for stabilizing a laser’s detuning
0 from the resonance of an optical cavity. Noise §,, enters, is converted to an optical signal by
the cavity (transfer function C'), collected by a diode (D), manipulated by electronics (—A)
and sent to a “feedback” port (F'). (b) Practical implementation using Pound-Drever-Hall
readout. Straight red lines represent optical paths, straight black lines represent electrical
paths, and dashed gray lines show potential feedback paths. The laser is phase-modulated,
lands on a beam splitter (BS) and interacts with the cavity, which converts phase to amplitude
modulation. This is recorded with a photodiode and mixed (demodulated) with a local
oscillator. Inset shows the resulting steady-state voltage Vy-(§), with a red dot indicating a
stable lock point. The manipulated signal can be fed back to (i) the cavity length or (ii) the
laser frequency. Feeding back to (iii) the oscillator frequency only adjusts the sidebands.

A readout of § (the error signal) can be obtained by several methods. A high-finesse
optical cavity of length L, input mirror field transmission coefficient ¢; and power ringdown
time 7 has an overall field reflection coefficient (see Appendix A)

2
r(6) ~ tyre/L

~ — .2
144276 (5-2)

The reflected power (oc |r|?) therefore follows a Lorentzian line shape. On resonance (6 =
0), the reflected power cannot on its own be used for feedback since it does not provide

information about the sign of §. One can generate a bipolar error signal by tuning the laser
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away from resonance [143|, but this technique couples laser power fluctuations to detuning
errors. However, the phase of r(§) does vary linearly on resonance, and can be extracted
via phase modulation [58|, heterodyne [140, 144], and homodyne [145] schemes, wherein the
mode of interest interferes with one or more reference beams having different frequency or
phase. Other techniques employ a second cavity mode as a reference, for example a mode of
different polarization [146] or a higher order spatial mode [147, 148]. The powerful “Pound-

Drever-Hall” technique [58] is discussed in the following section.

5.2 Modified Pound-Drever-Hall Readout and Dynami-
cal Response

A ubiquitous method for on-resonance laser stabilization is the “Pound-Drever-Hall” (PDH)
technique [141, 58], a diagram of which is drawn in Fig. 5.1(b). Stated briefly, this technique
effectively amounts to dithering the laser frequency with an electro-optical modulator (EOM)
and measuring the induced modulation in the reflected power to infer the slope of |r(d)|?
(or Im|r]) [142]. The resulting error signal (inset blue curve, near red dot) can then be
manipulated with electronics (—A) and fed back to either (i) the cavity length or (ii) the
laser frequency, as described above. Feeding back to a voltage-controlled oscillator (VCO, iii)
will not adjust the carrier frequency (or 0) in this configuration, but can be used to lock a
sideband as discussed in Sec. 5.3. An elegant, pedagogical derivation of the steady-state error
signal (V4 in Fig. 5.1(b)) for this system can be found in [142]. This accurately captures
the system’s ability to convert low-frequency detuning noise into an error signal, but breaks
down when the detuning 0(¢) contains frequencies comparable to the cavity’s linewidth 1/7.
A straightforward means of deriving the dynamic response [149] is to propagate a small
laser “noise” component through an EOM, cavity, diode, and demodulation (mixer) circuit
in Fig. 5.1(b) to extract a combined transfer function, as follows (see Appendix B for more
details). Suppose there exists a laser frequency noise component at frequency w that is
the real part of Q(t) = O,e™t where ), is a constant amplitude. This corresponds to

phase modulation ¢(t) = ¢, sin(wt), where ¢, = Q,,/w. If this light is fed through a phase
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modulator (EOM) driven by voltage Vs = V. sin(wet), the field landing on the cavity is
E = Ejcos (wit + ¢ sinwet + ¢, sinwt) (5.3)

where Fj is a constant amplitude and ¢. o V. according to the efficiency of the EOM.
Assuming all modulations are small (¢, ¢, < 1), Eq. (5.3) can be written as the sum of a
“carrier” at frequency wy, four first-order sidebands (w; +w, and w;+w) and eight second-order
sidebands (w; + 2we, w; + 2w, w; + we + w, and w; +w, Fw). If we also assume the modulator
frequency is large compared to the cavity linewidth and noise frequency (w, > 1/7,w), and
the carrier is on resonance, only five beams (w;, w; + w, and w; + 2w) acquire a significant
change in magnitude and phase upon reflection, as per Eq. (5.2). When the 13 reflected
beams land on a photodiode, they produce a time-averaged photocurrent oc (E?) containing
all frequencies within the photodiode’s bandwidth (< w;). If this signal is then mixed
with the original oscillator voltage V., the output is proportional to (E?)sin(w.t), and an
appropriately chosen low-pass filter can eliminate all terms except those having frequency
near w. After some bookkeeping (Appendix B), the complete transfer function for converting

a frequency noise 2 to a (complex) error signal Vi is found to be

Vv 20.E2Br?

— = 5.4
O 1+ 2iTw (5:4)

where the constant prefactor § includes a combination of cavity parameters and the con-
version efficiencies of the diode and mixer (note our chosen diode and mixers have large
bandwidths, and are assumed here to have frequency-independent efficiencies for simplicity;
this assumption is validated by the agreement with the measurement in Sec. 5.4). The in-
terpretation of this result is straightforward. Assuming ¢,, < 1 restricts V() to the region
of linear response (i.e. near the red dot in Fig. 5.1(b)). The resulting transfer function sen-
sibly scales with the laser power and dither amplitude [58, 142|, and the cavity’s amplitude
ringdown time 27 imposes a low-pass filter on the readout [149]. Interestingly (as alluded
to before [58, 142]), despite the round-trip time of light circulating within the cavity, this
transfer function does not contain a delay-like factor; the phase tends to a constant value at

high frequency.
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This motivates the use of a “proportional-integral” (PI) amplifier for the conditioning

electronics (A in Fig. 5.1). A PI amplifier has a transfer function

1+iW/wp[

App = Gg——tPL
P Ol/g—l—iw/wpl

(5.5)

where G is an overall scaling factor, wp; is a “PI corner” frequency, above which the re-
sponse changes from integrator-like to proportional, and ¢ is a gain limit at low frequen-
cies. Often (especially while locked) the gain limit is removed (1/g — 0), in which case
Apr — Go (1 —4“EL); when combined with the readout transfer function (Eq. (5.4)), the
choice wp; = 1/27 then results in a partial-loop transfer function

‘73/ ¢eEz257'2G0

EAPI - (56)

1TW

The total system behaves like an integrator over all frequencies, with increasing gain at low
frequencies. The overall phase is far from —m, preventing the system’s overall delay factor
e~ from forcing the closed-loop gain below 1 at a low frequency. This phase margin fur-
thermore provides “wiggle room” for loop nonidealities such as indirectly driven resonances
that can cause a temporary excursion in phase (see, e.g., [134]). However, even if the band-
width of the feedback port F is effectively infinite and / or we have precisely compensated for
all of its artifacts, the ultimate gain is limited by the signal delay t; — in this case from the
output of the EOM to the cavity, back to the diode, through the electronics, and through the
feedback port — which forces the closed-loop gain to be less than 1 at frequency w_, < 7/4t4
for this choice of electronics.

It is also possible to lock the first-order sidebands (w + w.) to the cavity. Following the
same analysis for the case of either sideband resonant with the cavity produces a transfer

function _
Vy+ -~ </5eEz2 Br?

QO 1+ 2itw (5.7)

which is inverted and half as large as the carrier-resonant case (Eq. (5.4)), consistent with
the slope of the steady state solution (Vi in 5.1(b)) at § = tw, [58, 142].

Finally, similarly propagating an amplitude noise component through this system (i.e.,
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setting E; — (1 + Rele]) E;, where €(t) = ¢,e™" with constant ¢, < 1) has no impact on Vy
or Vyi. However, introducing a relative 7/2 phase shift between the mixer’s LO and signal
ports provides access to a similar readout of the laser’s amplitude noise \N/X with an overall

transfer function

‘7Xﬂ: 9, 14iTw
—— X Fo b T ———— 5.8
€ o 167—1 + 21Tw (58)

for the upper or lower sidebands on resonance, respectively. We note that, in contrast to the
“phase quadrature” Vy 1, the “amplitude quadrature” Vx 4 s influenced by the off-resonance
sideband. Equation 5.8 illustrates that the addition of a second, phase-shifted mixer (or using
an 1Q mixer) enables heterodyne readout with no additional lasers, optical modulators, or
alignment. Conveniently, the steady-state form of this quadrature, discussed below and
shown in Fig. 5.2, also provides a simple means of verifying which sideband is locked to the

cavity (along with an independent estimate of how well it is locked).
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5.3 Apparatus for Sideband Locking with Heterodyne Read-

out
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Figure 5.2: Sideband locking with heterodyne readout. Many parts from Thorlabs (TL),
Newport (NP) and Minicircuits (MC). (a) A VCO (MC ZX95-1600W-S+) signal is split (MC
7X-10-2-20-S+) and amplified (MC ZX60-4016E-S-) feeding an EOM (TL LN65-10-P-A-A-
BNL-Kr with shortened output fiber) and the LO (“L”) ports of two mixers (MC ZFM-5X-S)
for quadrature readout. Laser (KKoheras Adjustik E15) feeds a 14.2-dBm (26.3 mW) carrier
through the EOM, producing a 10.8 dBm carrier and -2.2 dBm (5%) sidebands, set by a
variable attenuator (MC ZX73-2500-S+, ~15 dB) leading to the EOM. Once collimated (TL
F260APC-1550), the beam passes through a beam splitter (BS, TL BS018 50:50), mode-
matching lenses (-5 cm and 10 cm focal length, see (b)), and steering mirrors (M) before
landing on a cavity comprising a flat (NP 10CMO0SR.70F) and curved (NP 10CV00SR.70F)
supermirror, the second of whose position is swept by a piezo mirror mount (TL K1PZ). The
transmitted beam is focused on a photodiode (PD, TL PDA10CF), while the reflected beam
is rerouted by the BS, passes through an isolator (TL 10-2.5-1550-VLP), and is focused upon
a 2-GHz photodiode (PD, Femto HSA-X-S-2G-IN). Low-frequencies signals (< 20 MHz) are
eliminated with a high-pass (MC SHP-20-+), before amplification (MC ZX60-P105LN-+) and
splitting by a 7/2 splitter (MC ZX10Q-2-13-S+). The phase-shifted signals are fed to the
mixers’ RF (R) ports and demodulated to the IF (I) ports. The “phase” quadrature (Vy) is
fed to a PI amplifier (—A, NP LB1005) for feedback to the VCO. Inset shows the steady-state
voltage of the “amplitude” quadrature Vx(4). (b) Photograph of optics. (c¢) Simultaneously
acquired Vx and Vi, for three different VCO controls: 0 V (lightest), 0.8 V, and 1.8 V
(darkest).
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Figure 5.2(a) shows our test setup for locking a first order sideband (at w; + w,) to a Fabry-
Perot cavity resonance. Sidebands are created with a fiber EOM driven at w, by a VCO with
90 MHz modulation bandwidth and 0.65-1.75 GHz tuning range. Light from the EOM passes
through a beam splitter (BS) and mode-matching optics (shown in (b)), reflects from the
cavity, and is collected by a high-bandwidth photodiode. The resulting signal is filtered and
amplified before passing through a power splitter that produces a phase shift of 0 and 7/2 at
its outputs. These two signals are separately mixed with that of the VCO to produce Vx and
Vy. The VCO output is split prior to the EOM, delayed, and used as the electronic LO for
both mixers. In order to maintain a fixed phase between the mixers’ LO and signal ports over
the full range of VCO frequencies w,, the delay between the two signal paths must match.
Any difference Aty produces a relative phase w.At; that must remain small compared to 7/2
at the highest VCO frequency. Here this imposes that Aty < m/2w, ~ 1 ns, corresponding to
a free-space path difference < 30 cm, which is mostly compensated for with a combination
of cables and extension adapters (Fig. 5.2(a)), with mm-scale fine-tuning of the photodiode’s
position. The higher precision required for larger-w, systems can be easily implemented with
the diode optics mounted on a translation stage.

Fig. 5.2(b) shows a photograph of the optical path; the electronics are mounted on a
nearby platform. The detuning 6 between the laser and cavity can be widely adjusted with
long-travel piezos in the second mirror mount (“Piezo M”). Fig. 5.2(c) shows a diagnostic
measurement of Vi () and Vx(J) recorded during cavity length sweeps for a few values of
we. Each sweep was performed “quickly” (16 ms over the full range) to reduce run-to-run
variations from the ambient vibrations of the test cavity. The insensitivity of the quadrature
readout to w, indicates the delay is matched (see Appendix C for a larger range). The
cavity has a power ringdown time 7 = 1.2 + 0.1 us (finesse 4700+400), and so these fast
sweeps produce a transient response [150] resulting in a measured Vi (top plot of (c)) that
is consistently not symmetric about Vi = 0, and a measured Vx (bottom plot of (c¢)) that
deviates from a simple peak. This artifact can be highly misleading when tuning the relative
delay, and so rather than trying to symmetrize V3, we recommend slowly modulating w,
while quickly sweeping the cavity, and adjusting At; to produce a signal shape that does not

vary with w,.
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The error signal Vy is then fed through a tunable PI amplifier having the transfer function
of Eq. (5.5), with wp; = 110 kHz and g = 105 = 40 dB (measured) before finally being fed
back to the VCO. Due to the sidebands’ opposed frequency response, one sideband is always
stabilized by this feedback and the other is always destabilized; here we (arbitrarily) lock
the upper sideband (verified by the negative value of V). Despite the open-air design and
flagrant disregard for vibration isolation, this system readily locks and remains so indefinitely
(it is impervious to chair scoots, door slams, claps, and shrieks, but fails if the table surface

is tapped with a wrench).

5.4 Performance

Once locked, we increase the feedback gain Gy until the system rings (at ~3 MHz for this
implementation), indicating that the gain at w_, ~ 3 MHz has exceeded unity. We then
reduce GGy until the remaining noise in Vy- is minimized. The most sensitive estimate of V- is
achieved by referring the PI amplifier’s output back to its input using its known (measured)
transfer function; together with an independent measurement of the error signal slope on
resonance 21 X JsVy = 388 £+ 40 mV/MHz, we estimate that the stabilized RMS detuning
noise dgryps/2m is below 70 Hz (0.0005 cavity resonance full-widths). This is a factor of 3000
lower than the pre-stabilized value of 240 kHz (1.6 fullwidths, corresponding to 0.3 nm RMS
cavity length noise), as estimated directly from the PI output and the VCO specifications
(52 MHz/V). Figure 5.3(a) shows the power spectral densities of these two inferred detuning
signals. The square root of their ratio provides a basic estimate of the closed-loop gain
magnitude |G(w)| ~ 1000 at w/27 = 1 kHz. We note that this estimate of the pre-stabilized
noise is made while the system is locked — the cavity’s inherent mechanical noise and narrow
linewidth together preclude an open-loop estimate — and so this data mainly serves as a
consistency check for the closed-loop gain measurement below and our assumptions about
the other system components.

To directly measure G(w), we inject a small amount of “noise” into the locked system and
observe how it is suppressed. The PI amplifier provides a second (inverted) input, and an

isolated monitor of the in-loop error signal. Using a lock-in amplifier, we apply an oscillatory
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signal V,, of frequency w to this input and record both quadratures of the error signal V- at w
(correcting for the transfer functions between the input and error monitor, as well as the lock-
in and its measurement cables). Using the same analysis of Fig. 5.1(a) with CDAF — G,
op — V,, and § — Vi, we solve for the closed-loop gain G = V,,/Vy — 1, which is plotted in
Fig. 5.3(b) (blue). Importantly, the observed gain smoothly decreases with w (approximately
as 1/w), and the phase crosses —m at w/2m = 3.5 MHz, where |G| < 1, consistent with the
observed ringing frequency. The measurement noise increases at low frequencies due to the
reduced signal at high gain. It is worth pointing out that, despite the addition of sidebands
to the VCO output (at w. + w), the measured transfer function through the EOM, cavity,
diode, and mixer is identical to that of laser frequency noise (this can be seen by tracking

these extra sidebands through a calculation similar to that of Appendix B).
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Figure 5.3: (a) Detuning noise power spectral density (PSD) before and after lock, recorded
while locked. The pre-feedback noise (red) is inferred from the proportional-integral (PI)
amplifier output and the VCO conversion factor 52 MHz/V, while the post-feedback noise
(blue) is inferred from the PI output referred back to its input and the independently mea-
sured slope of the error function (388 +40 mV /MHz) at the lock point. (b) Measured (blue)
and modeled (red) closed-loop transfer function. The model includes the cavity (green, ring-
down time 7 = 1.1 us), PT amplifier (yellow, wp;=110 kHz, and g=105), and a delay (brown,
70 ns, 52 ns from the PI amplifier). Transfer functions of other components are assumed to
be “flat” on this scale. The gray dashed line shows a closed-loop gain that could be achieved
with optimizations: replacement of the PI amplifier and further delay reductions to 10 ns and
two PI filters, one with wp;/27 = 70 kHz, 1/¢g = 0), and the other with wp;/27 = 15 MHz
and g = 10°. 135



The red line in Figs. 5.3(b)-5.3(c) represents a simple model for G(w) comprising the
product of (i) the PI transfer function (Eq. (5.5)) with measured wp;=110 kHz and g=105,
(i) the cavity transfer function (Eq. (5.7)) with 7 = 1.1pus (i.e. one standard deviation
below the measured value), (iii) a closed-loop delay t; = 70 ns, and (iv) an overall scaling
factor chosen to match the measured G(w). The yellow and green curves show the modeled
PI and cavity transfer functions alone for reference, and the brown curve shows the phase
contribution from the delay. The employed value of ¢4 is consistent with the signal travel
time of the loop, independently estimated to be approximately 68 ns from the signal path of
the lower VCO loop in Fig. 5.2(a): a combined cable and component length of 127" traversed
at 2/3 the speed of light (16 ns) plus the measured internal delay of the PI amplifier (52 ns).
The agreement between the model and measurement suggests that the chosen components
exhibit no important nonidealities up to ~10 MHz, and that the other components (the
EOM, optics, diode, filters, mixers, amplifiers, attenuators, splitters, and connectors) can be
assumed to have a flat response, adding a combined delay on the order of nanoseconds at
most.

The phase plot of Fig. 5.3(b) highlights that the achieved bandwidth is limited primarily
by the delay. Without it, the phase would remain above —7/2 to a significantly higher
frequency, allowing for larger Gy. The PI amplifier accounts for 75% of the delay, implying
the greatest gains can be made by replacing it with a faster (albeit less flexible) integrated
circuit. Modern amplifiers routinely achieve sub-nanosecond delays, and the requisite PI
filters can be realized with passives (capacitors and resistors). It is also straightforward to
reduce the optical and electronic lengths: using compact mode-matching optics and shorter
cables alone can reduce the delay to ~10 ns. Furthermore, replacing the existing PI filter
with two — one having wp;/2m = 70 kHz and 1/g — 0 and the other having wp; /27 = 15 MHz
and g = 10° — for example, would produce a bandwidth of 6.6 MHz and (more importantly)
a near-causality limited gain |G (27 x 1 kHz)| ~ 4 x 107 (Fig. 5.3(b), dashed line). This
optimization will be the subject of future work.

To estimate the headroom, we change the cavity length L while locked and monitor the
output voltage of the PI amplifier; the system remains locked over the full ~100 MHz tuning

range presented in Fig. 5.2(b), in this case limited by the cavity’s small free spectral range:
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the lower sideband of an adjacent mode eventually becomes degenerate with the locked
sideband, spoiling the error signal. Performing the same test on a 5-cm cavity, we find a
headroom of 550 MHz, limited instead by the maximum output voltage of the PI amplifier
(10 V), which covers only half the tuning range of the VCO. A headroom exceeding 1 GHz
is in principle possible with these components; however, while more headroom is certainly
useful for tracking large fluctuations, the frequency-dependencies of the VCO output, EOM,
and other electronics will eventually couple these fluctuations to the amplitude of the optical
signal and LO beams (see Appendix C). Further engineering effort is therefore best spent

reducing the system’s inherent noise.

5.5 Conclusion

We have demonstrated a simple technique for locking a first order laser sideband to an optical
cavity with a delay-limited feedback bandwidth of 3.5 MHz with a single integrator, and a
headroom exceeding 500 MHz. We directly measured the closed-loop gain, finding excellent
agreement with a model based on ideal components, and suggest simple modifications for real-
izing a gain exceeding 107 at 1 kHz. Finally, we note that, by implementing an appropriately
weighted sum of Vx and Vy (or otherwise shifting the relative phase of the mixers’ electronic
LO and signal ports), it should be possible to create an amplitude-insensitive locking point

— a zero crossing in the resulting error signal — at arbitrary detuning.
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Chapter 6

Conclusion & Outlook

In this dissertation we have presented the wafer-scale batch fabrication and characterization
of high-aspect-ratio, nanogram-scale SizN, trampoline resonators. Our fabricated devices
have resonance frequencies in the range of 40 — 570kHz and mechanical ringdown times
up to ~ 6 minutes (~ 1 mHz linewidth) with corresponding mechanical quality factors up
to ~ 5 x 107 at room temperature. We have measured the trampolines’ thermally limited
force sensitivity and the resulting value of 16.24+0.8 aN/Hzl/2 (at room temperature), paired
with high spring constants (~ 1N/m), and compatibility with low-loss optics, renders them
well suited for classical sensing applications. With regard to future integration, e.g., in a
compact cryogenic setup, we have investigated how gluing a trampoline chip to a metal
mount affects the quality factor (measurements performed by our collaborators from the
Harris Lab at Yale University), finding a modest reduction up to 13%. With the goal
of employing our devices in a “membrane-in-the middle” optomechanical geometry [41], we
have built a high-vacuum Fabry-Perot cavity setup, and incorporated a trampoline close
to the cavity center. To set an approximate upper bound on the size of the cavity field
required for high-finesse applications, we have chosen the trampoline size so that 0.045 % of
the light falls outside the structure. Consistent with recent simulations [60], we find that the
majority of this “clipped” light is retained by the cavity and that the empty cavity finesse
of 20,000 is, in many cases, recovered. The measured mechanical and optical parameters
of our optomechanical setup, correspond to a single photon cooperativity Cy ~ 8 in the

resolved-sideband limit (“resolved” in the sense that the back-action-limited cooling would
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result in an average phonon occupancy nmymim = 0.2 < 1 (Eq. 2.98)). Motivated by failed
attempts of frequency stabilizing an external laser to the cavity with incorporated trampoline,
with standard methods, we have developed and characterized a robust sideband laser locking
technique ideally suited for applications requiring low probe power and heterodyne readout.
We have measured the transfer function of the locked feedback loop, which revealed a feedback
bandwidth of 3.5 MHz (with a single integrator). Our data agrees with a simple model based
on ideal components, which shows that the bandwidth is fundamentally limited by the signal
delay. From this we suggested a modified design that should achieve a bandwidth exceeding
6 MHz with a near-causally limited feedback gain up to 4 x 107 at 1 kHz.

The low dissipation rates of our trampolines make them excellent candidates for studies of
dissipation mechanisms. Although there was considerable gain in the understanding of limit-
ing factors in high-Q,, SizNy4 resonators over recent years [151, 152, 93, 153, 92, 98, 57|, there
are open questions remaining. Among them is the relative contribution of bulk and surface
defects to overall defect-induced losses [98, 57]. Also the influence of surface roughness, e.g.
on the etched sidewalls of the devices, on @), is not fully understood; it has repeatedly been
reported [105, 100, 1] (also this work) that subjecting patterned SizN, resonators to hydroflu-
oric acid solution, thereby removing few nanometers of material from all exposed surfaces,
results in enhanced mechanical and optical quality factors. The underpinnings of this effect
are yet unclear and it is speculated whether it is the removal of structural defects or chemical
surface contaminants, e.g. oxygen or carbon [94], which causes the improvement. A possible
route to diminishing surface roughness would be to optimize the dry etch process, used to
write the trampoline shape into the SizN, device layer. This can be done by systematically
investigating the sidewall roughness (e.g., with a scanning electron microscope) in depen-
dency of etch parameters. To reduce surface contamination one could follow an approach
described for silicon surfaces [154]. Here, a detailed surface analysis by means of X-ray photo-
electron spectroscopy enabled identification of the contaminant (silicon dioxide) and surface
passivation with an accordingly-chosen chemical (short-chain alkynes) significantly reduced
contamination on newly-fabricated devices.

With regard to employing the trampolines in classical sensing applications, we envision

in the simplest case capacitive [30, 155] or fiber [156] readout from within the silicon etch pit,
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and a sharp tip (or other probe) fabricated upon the top surface. Alternatively, if high-finesse
readout is required, one could position a probe at the edge of the central pad or upon the
tethers, far from any light fields, employ a fiber cavity [157], and / or exploit the second
order trampoline mode (where trampoline’s central pad twists around two resting (diagonal)
tethers while the other two tethers oscillate out of phase, see Fig. 3.8(b)), which has the
same force sensitivity but a larger tether displacement and spring constant. Furthermore, if
@, follows the trend for nitride, namely increasing by a factor of 10-100 at low temperature
[158, 155, 159], these devices could in principle achieve ~ 14 zN/Hz'/? at 14 mK [155], a
value approaching that of a carbon nanotube [160, 8|, but with a significantly larger, stiffer
platform amenable to the incorporation of additional circuitry and probes.

The compatibility of our trampolines with high-finesse optics, together with the long ring-
down time of the fundamental trampoline mode, also provides access to parameter regimes
of central interest in the field of optomechanics. Our measured parameters corresponds to
a single-photon cooperativity Cy ~ 8, which renders outstanding goals in the field feasible.
For example, if the trampoline is simultaneously laser cooled to the back-action limit [23]
and mechanically driven to an amplitude of ~5 nm (i.e. as in Fig. 3.8(a)), even the gentle
quadratic optomechanical coupling found at a node or antinode [41] would be sufficient to
perform a quantum nondemolition (QND) readout of the trampoline’s phonon shot noise [86]
with a signal-to-noise ratio of ~ 170. Importantly, such a scheme is inherently compatible
with a single-port optical cavity such as the one employed in this work (see Sec. 4.2.2), as
required by the theory [86]. This avoids the need to find clever ways to catch and recycle
cavity light from one of the two ports found in other systems such as avoided crossings (43|,
wherein the requirements are significantly more stringent [161]. Finally, though these devices
are not optimized to benefit from the @,,-enhancement of partial levitation [81, 60, 80|, the
finite-element simulation of Sec. 4.3 predicts that @),, can be boosted by a factor of ~ 2.5
when trapped to €, ~ 27 x 100 kHz, thereby achieving Q),,, > 108. In this case, there would
be an average of n,,, = kgT/hY,, ~ 6 X 107 thermal phonons in the mode at room temper-
ature. This meets the requirement n,, < @,, for laser cooling to the quantum mechanical
ground state |88, 87|.

A next step towards performing an optomechanics experiment with our setup would be to
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achieve a stable frequency “lock” between an external laser and the cavity with incorporated
trampoline. This would require optimizing our frequency stabilization technique, e.g., by
implementing the suggested modifications to the feedback electronics (see Sec. 5.4), reducing
the power of the incident laser, or locking to a cavity resonance with lower finesse. An
interesting feature of our setup is, that the mechanical resonance frequency (40 kHz) is
well within the feedback bandwidth (3.5 MHz), as this causes the feedback action to play
an active role in the interaction between oscillating trampoline and electromagnetic cavity
field. Recently it was demonstrated that exploiting this additional means of control in an
optomechanical sideband cooling scheme enables cooling 7.5 dB beyond what is possible with
sideband cooling alone [162|. Achieving a stable cavity lock for the setup discussed in this
work would also be useful for employing more complex mechanical resonators comprising an
array of coupled trampolines, e.g., to perform an experiment recently proposed by our group,
where the geometry of the trampoline array, represented by its mechanical mode profile, is
controlled by means of its interaction with the intra-cavity field [123].

Another aspect of future work could be the optimization of our setup with regard to
enhanced cooperativity Cy (Eq. 2.101). A strightforward approach would be to reduce the
cavity length L. (Cy oc L!) by incorporating a trampoline into one of our fiber cavities [163]
(L. ~ 100 pm), instead of the free-space cavity (L. ~ 5cm) presented in Sec. Sec. 4.2.2. This
would enable Cy ~ 1000. Although striking, this increase would happen at the expense of
operating in the “bad cavity limit”, where the optomechanical sidebands are located within the
cavity resonance, thereby precluding efficient sideband cooling schemes. Increasing C, while
remaining in the sideband-resolved regime could be realized by modifying the trampoline
design; for example, using thinner trampolines would benefit C, directly by reducing mass
m (Co oc m™'), and indirectly through an enhancement of the mechanical ringdown time 7,
(Co < 7,) [39]. This approach comes with a trade-off, since devices much thinner than ~100
nm suffer from reduced reflectivity |r|” (Co ox ]rdlz). This reduction can be compensated
for by incorporating a photonic crystal reflector [52, 53, 54, 39, 55, 56| into the trampoline.
Though, in order to achieve reflectivities > 99 %, the nitride layer would have to be ~ 200 nm
thick [39]. Therefore, in order to simultaneously optimize the trampoline’s mechanical an

optical performance, one could follow the approach presented in [39], where the tethers are
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thinned down with respect to the central pad, thereby optimizing mechanical and optical
performance. In Addition, a photonic crystal reflector can significantly boost the quadratic
optomechanical coupling [119] (Eq. 2.90) while still in principle maintaining a single-port
cavity. This provides a promising route toward resolving individual quantum jumps between
the phonon number states of the trampoline [41] at the expense of added optical losses that

might limit the achievable finesse [119].
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Appendix A

Theoretical Concepts

A.1 Reflection and Transmission Coefficient of a One-
Dimensional Slab

We derive the reflection and transmission coefficient of a one-dimensional slab characterized
by its thickness d and refractive index no, which is surrounded by a medium with refractive

index n;. The transfer matrix of the system is given by

1 I 7 giknad 0 1 I —rp
My =— ' _
t12 T12 1 0 G_anQd t21 —T12 1
1 eihnad _ g=iknadp = 9ir ., sin (kngd)
. . )
tiatar 2irigsin (knod) e thn2d _ iknady2
with wave number k, Fresnel coefficient r15 (191 = —r12) describing reflection when light

impinges from the surrounding (slab) on the slab (surrounding), and Fresnel transmission
coefficients t15 (t21) describing light transmission from surrounding (slab) to slab (surround-
ing). Assuming light impinges only from one side, the reflection and transmission coefficients
of the slab are given by (from Eqs. 2.47-2.48)

(Ma)y; _ 712 (_1 + ei%nzd)

Ty = — = , Al
! (Md)22 -1+ 7“%2612%2‘1 ( )

143



2 _ikn
(Md)u (Md)m _ (@2 —1)"e hnad

tg = (M — = - .
a = (Ma)y, (Ma)sy tiatar (—1 + riyei2hnzd)

(A.2)

In the case of a dielectric slab in air (ny = 1, ny = n) with normal incidence and lossless
propagation of light in both materials, the Fresnel coefficients are given by (from Eqs. 2.39-
2.40)

1—n
T g
12 1+n
b 2
12_1+n
P 2n
21_1+n'

For the slab’s reflection and transmission coefficients follows

(1 — n?) sin (knd)
n? + 1) sin (knd) + i2n cos (knd)
2in
n? + 1) sin (knd) + i2n cos (knd)

TalL Z(

tar =
(
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Figure A.1: Reflection and transmission coefficients 74, t4 (Eqs. 2.39-2.40) of a dielectric slab
with refractive index 2 (e.g. SigNy at wavelength 1550 nm) surrounded by air/vacuum with
refractive index 1 as a function of slab thickness d. Respectively shown in blue and red are
magnitudes |r4|, |t4| and phases ¢,., ¢;. Gray dashed curve represents ¢;—¢, = £ (2g + 1) 7/2
with ¢ € N.

Figure A.1 shows reflection and transmission coefficients 74, t5 (Eqs. 2.39-2.40) of a
dielectric slab with refractive index 2 (e.g., Si3Ny at wavelength 1550 nm) surrounded by
air/vacuum with refractive index 1 as a function of slab thickness d. Respectively plotted
in blue and red are magnitudes |r4|, |t4] and phases ¢,, ¢;. Gray dashed curve represents
o1 — ¢r, which, as a consequence of energy conservation is restricted to £ (2¢ + 1) 7/2 with
q € N (Eq. 2.43).

In the general case of oblique incidence, the reflection and transmission at an interface be-
tween two media depend on the polarization of the light. Typically, one distinguishes between
perpendicular and parallel polarization, which are denoted in the following by superscripts s
and p. In the former case, the electric field points in the direction perpendicular to the plane
of incidence. In the latter case, the electric field is parallel to the plane of incidence. The

polarization-dependent Fresnel coefficients describe reflection (r) and transmission (t) at the
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interface between two media with refractive indices ny, ny |70, 113|

s _nicosth —mngcosty ki — ko,

2 nicosty + ngcosbly ki, + ko,
2n4 cos 04 2k1,

ts pu— pu—
2 cos b +nycosby ki, + ko
_nycosfy —mngcosfy  niks. —n3ky.

P
rv = =
12
ngcosfy +njcosy  niky, + nik.
tp 272,1 COS 91 2711712]{312
12 =

N cos By + nycosly  niky, +niky,’

where 6; and 6y are respectively the angles of incidence and refraction. The wave vector

components along the direction of propagation are given by

klz :\/kg — k‘% — kZ = k?l COSQl = konl COS01
k?Qz :\/k% — k’% — ]{/’32/ = k?g COSQQ = k0n2 COSQQ.

For both directions of polarization follows

e = —T21

1 =t1ato1 — 112721

We get the angle-dependent slab reflection coefficients by substituting r12 — 75, or 115 — 775,

in rg:

(k2. — K3,) (1 — e?m27)
(klz + k22)2 - (klz - kZz)z eianQd
(144, — ) (1 — e

(1 + 13ky.)” — (n2hs. — By, e

r

QU ®

=<
ISHS]

which correspond to expressions (15a) and (16a) in Ref. [113].
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A.2 Reflection and Transmission Coefficient of a DBR

An optical distributed Bragg reflector (DBR) is typically composed of a glass substrate with
refractive index n, and a coating formed by alternating dielectric layers with refractive indices
ny and ns. This configuration acts as an efficient mirror for light with wavelength A, if the
portions reflected at each interface interfere constructively with each other. This is the case
if the optical thickness (physical thickness multiplied with refractive index) of each layer is
A/4. The transfer matrix (TM) describing propagation through such a layer is given by (from
TM in Table 2.1(column 1, row 3))

Mp— | . (A.5)

The transfer matrix describing reflection and transmission at the interface between layer a
and b with a, b € {1,2} is given by (see Sec. 2.2.1)
1 1 —Tab
Mab - t_ . (A6)
ba —Tab 1
We start to assemble the transfer matrix describing the propagation through a DBR
mirror Mpgr by writing down the matrix for a layer pair consisting of on layer made out of

material 1 and one layer made out of material 2

1 —m—n2 _moym
J— _ n2 ni n2 ni
Mpr, = MayMpMi2Mp = . (A7)
2\ _mgne _m_m
no ni no ni

For N consecutive double layers we have

g = () () ) () a9

NGy ) (o)
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and for a DBR where the coating starts and ends with material 1 follows

Mppr =M sMpMp; Mo

n2 ni

C2mn 2 ni \ N ng \ N 2 ni\ N
s\ —ni (=1, +ng (=5 —ni{—u, —ng | —2

i n3 <—ﬂ> N 4 n, (—@ N2 <—ﬂ N _pg(—n2

Here My, describes the propagation from air (refractive index ny ~ 1) to the outer coating

layer and M, describes the propagation from the substrate to the adjacent coating layer.

The reflection coefficient is given by (from Eq. 2.48)

2N+2 2N
. (Mppr)12 —m + nsno
DBR = — =
(MppR)22 ny2N+2 + nong?V

and the transmission coefficient is given by (from Eq. 2.47)

(Mpgr)12(MpBR )21 - i2niv+1név

- 9
(MpBR)22 n2N+2 4+ nong2NV

toer = (Mppr)11 —
with properties
tpBr = 1 [tpBR|

and for n; > no, n,

TDBR = — |7"DBR| .

For a lossless stack we have

\7”D13R|2 + N ‘tDBR’2 =1,

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

where the transmission is scaled by ng accounting for the change in intensity of an electro-

magnetic wave entering the stack from air and exiting it to the mirror substrate.

A.3 Derivation of Cavity Finesse

In Sec. 2.2.2 we have discussed, that in order for light to be amplified by a Fabry-Perot cavity

with length L., its frequency needs to fulfill the resonance condition
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Wy = N% — Nwpsp (N €Ny), (A.14)

with speed of light ¢, and free spectral range wrsgr. A commonly used figure of merit for the

intra-cavity power enhancement is the cavity finesse, defined as

WEFSR
F = . A1l
Aw (A.15)

The cavity linewidth Aw is defined as the full width at half maximum

|E. (Aw/2)|* = %max (|EC|2) . (A.16)

Plugging in the expression for the circulating field inside the cavity E. (Eq. 2.56) yields
1+ 72r5 — 2rirycos (2kL) = 2 + 2r2r — 4ryry. (A.17)

By making use of the dispersion relation w = ck, with wavenumber k, we express the phase
factor ascos (2kL)=cos (2wL/c). With w = w.+Aw/2 follows 2wL/c = N2n+AwL/c and ap-
plying the identity cos (z + y) = cos (z) cos (y) —sin (z) sin (y) gives cos (2kL) = cos (AwL/c).
Plugging this into Eq. A.17 gives

1+ 7rir3 — 2rirgcos (AwL/c) =2 + 2rrs — 4riry
2r115 cos (AwL/c) = — 1 — riry + 4riry
2r11y [1 — 2s8in® (AwL/2c)] = — 1 — 1373 + dri1y

2 (1—rira)”
sin® (AwL/2¢) =———

Y

47’1 T2

with cavity mirror reflection coefficients r1, ro. We apply definitions Eq. A.14-A.15 to the

previous expression and get for the finesse

™ ™

: 1-ri7o 1-— 179 .
2 arcsin (—2m>

f:

(A.18)

The approximation, made in the last step, applies to the case of highly reflective cavity
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mirrors rq, o &~ 1. Taylor expanding the denominator 1 — 7y yields F ~ 27/ (2 — r? — r2).

A.4 Maxwell Stress Tensor

The classical coupling between an object containing charges and light is a consequence of the

Lorentz force

ﬁ:q<ﬁ+ﬁxé>, (A.19)
with charge ¢, velocity of charge v, electric field E, and magnetic field B. By applying
Maxwell’s equations [72] one can replace ¢ and ¢ in the Lorentz force in terms of E andé,

resulting in the expression

[+ eo,uo 815 V? (A.20)

where fis the Lorentz force per unit volume, S =EFE x é/ug is the momentum per unit

volume carried by the electromagnetic field, known as Poynting vector, and

T —cBoBt L BoB (0B + i) T (A.21)

Mo

DO | —

is the Maxwell stress tensor, with vacuum permittivity €y and vacuum permeability po. The
double arrow indicates a second order tensor, which can be represented by a 3 x 3 matrix.
? corresponds to the identity matrix.

The mechanical force exerted by an electromagnetic field on a volume V' of a medium

follows from integrating Eq. A.20 over V

F= /dV v'T —50u0/d\/aa—f. (A.22)

v v
For a plane electromagnetic wave of the form
E, =Re [Eye*ro1)] (A.23)

B, =Re [Bye'*Fr=1)] | (A.24)
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with wavenumber k, frequency w, direction of propagation along the r—axis, and time ¢ we

have for the average force per cycle of oscillation
(F) = /dV <v?> - ygds <?> 7, (A.25)
\% J

where the second expression follows from Stokes’ theorem. The surface enclosing V' is denoted
by J, which is characterized by its normal vector 7. The cycle average for the second term

in Eq. A.22 vanishes. Expressing ? (Eq. A.21) element-wise

1 1 1
T’ij = &g (EZEj — §5Z]E2) -+ % (BZBJ — 5@32) (A26)

and substituting the plane wave expressions (Eq. A.23-A.24) gives

1 2 1 o
From Faraday’s law [72]
)
VXE=—— A28
X 5 (A.28)
together with the dispersion relation w = ck follows
B() = :tEo/C, (A29)

where positive (negative) sign holds for right (left) traveling wave. In the case of a stratified

medium (see Sec. 2.2.1), the electromagnetic field at location z is given by

Ey —Re [(Aezkx + Befik:p) e*'iwt}
B, =Re [(Ae““C — Be_“’“) e_m] /c.
Here B, follows from E, by applying Eq. A.29. Plugging these expressions in Eq. A.27 and

time averaging gives
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(Tpe) = —= (A + B?), (A.30)

where we have made use of ¢ = 1/,/E¢fto. The mixed terms vanish due to the different signs
of the left traveling components x B.

Let us consider the case of a dielectric membrane inside a cavity (see Sec. 2.2.3), where
A and B are the right and left traveling field amplitudes on the left side of the membrane.
Similarly, C' and D are the right and left traveling field amplitudes on the right side of the

membrane. The force acting on the membrane in this case is given by (from Eqs. A.25, A.30)

J
or in terms of optical power by
1
(Fz) (Pa+ Pp— FPc— Pp) (A.32)

C

with Py = ceqJ A?/2 and so on.
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Appendix B

Fabrication & Mechanical
Characterization of Si3N, Trampoline

Resonators

B.1 Power Spectral Density Measurement with a Lock-In
Amplifier

Here we present the analysis behind the spectral density measurement of a thermally driven

trampoline resonator discussed in Sec. 3.3.2. The resonator’s trajectory is given by [117, 164]

x (t) =xo(t) cos [t + ¢ (1))
x (t) =zo(t) cos [ (t)] cos (Qnt) — xo(t) sin [¢ (¢)] sin (1)
z (t) =X (t) cos (Qnt) — Xo(t) sin (Qnt) , (B.1)

with time dependent amplitude z((t) and phase ¢ (¢), and oscillation frequency €2,,,. When
measuring this signal with our lock-in amplifier (Zurich Instruments HF2, see Sec. 3.2), the

output (once calibrated, see Sec. 3.2.2) are the two root-mean-square quadrature time traces

X1 (t) /v/2 and X,(t)/v/2, with
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X (t) =x0(t) cos [ (t)]
Xo(t) =wo(t)sin[o (t)] .

In order to see how we can extract the signal’s power spectral density (PSD) from these two

quantities, we evaluate the general expression of the double-sided PSD (see Sec. 2.1.2.1)

Suu(Q) = / T dr e () (E— 7)) (B.2)

—00

for the above given signal z (¢). Hereby, we make use of abbreviations

Sy :=sin (Qnt)
Cy :=cos (Qnt)

and trigonometric identities

1

SaSb 25 (Ca—b - Ca-l—b)
1

CaCb :i (Cafb + Ca+b)
1

SaCb 25 (Sa—b + Sa+b) )

with times a, b. For the autocorrelation function follows

(@)™ (t = 7)) = (X1 (1) Co = Xo (1) S [X1 (t = 7) Crr = Xo (£ = 7) S17])
1

= 5 (Xi () Xh(t—7)+Xo(t) Xo(t —17)) C
+ % (X1 ()Xo (t = 7) = X1 (t —7) X2 (1)) S

Terms proportional to Sy, Co . don’t contribute since their time average is zero. This

is because Q,, > I',,, (see Sec. 3.3.2 ), where 1/T',, is the timescale on which X (¢), Xa(t)
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change. For the double-sided PSD follows

S, (Q) = i / T (6007 4 =i (X (£) Xy (t— 7) + X (£) Xa (t — 7))

—00

B %’ /_ S [e7# (@) U] (X (1) X (t— 1) — Xy (E—7) Xa (£))

o0

1 /_ Tl [T 4 oSO (X, (1) 4 X (0)] (X (1 — 7) — iXa(t — 7))

o0

and for the single-sided PSD

S () 1 /OO dr e "I ([X (1) + i X (0] [X (t —7) — iXo(t —7)]) .

—00

By defining Y = [X, (t) +iX5 ()] /v/2 we have
So(Q) = Syy (2= Q). (B.3)

From Parseval’s theorem (Eq. 2.19)

() = [~ s = [~ Dsw@-a) = (YO, B4

—00

follows the root mean square (rms) displacement, which is a measure for the average dis-

placement amplitude

s =\ (2()) = /(X (1) + X3 () /2. (B.5)

Alternatively, we can directly calculate this value based on its definition [68]

T/2
1
2 g b 2
Tpps 1= %EEOT / dt |x(t)]”. (B.6)
—T/2
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Applying this to the signal given by Eq. B.1 yields

T/2
1
2 = lim — / dt [ X7 (t) cos® (Qnt) + X5 (t) sin® (Qt)] (B.7)
T—oo T
~T/2
where the term o< 2cos (€,,t)sin (,,t) = sin (2Q,,t) was omitted, since its time aver-

age is zero. We can further evaluate the integral by exploiting the fact that the ampli-
tudes X (t), X5 (t) change on vastly different time scales compared to the oscillatory terms
sin (Qnt) , cos (2nt) (see Sec. 3.3.2); the former change on a characteristic time scale set by
the mechanical ring-down time 7,, = 285 s, and the latter oscillate with period 1/, = 4 us.
Therefore, we can divide the time traces into shorter subsets of length At = T'/N, with
1/Q,, < At < 7, during which the amplitudes are assumed to be constant. Applying this

to the first integral in the above given expression yields

T/2 N T/2—(N—i)At
/ dtX7 (t) cos® (Qut) =Y X7 (t:) dt cos? (Qpt)
~T/2 =1 —T/2+(i—1)At

|
=3 Z X7 (t;) At
=1
/2

_% / dt X3 (t)

~T/2

An equivalent relation holds for the second term in Eq. B.7, so that we have

T/2
1. 1 1
Ph= 3 dm [ @ [XE0+X30] = 5 (X0 + X2 0). (B3
—T/2

which is the same as Eq. B.5.
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B.2 Gas Damping

At ambient pressure the mechanical performance (see Sec. 3.3.1) of our trampoline resonators
is limited by gas damping. Here we give an estimate for the pressure dependent quality
factor @, based on a model including drag force gas damping [165, 166] and squeeze film
gas damping [167, 168]. The former is a consequence of a pressure gradient created by the
resonator in its environment while it oscillates'. The latter occurs if the resonator’s perimeter
is comparable to its distance from a near by surface; in this case, the resonator might do work
on the surrounding gas in two different ways: First, by compressing the gas and second, by
shuttling gas in and out of the “thin film” area between resonator and neighboring surface.
The estimation presented in the following, applies to the free molecular flow regime, where
the gas mean free path? Agas €xceeds the characteristic length scale of the resonator b, by

~ 10 [166, 169]. The ratio of these two length scales is known as the Knudsen number

Aws  kpT
bc B bc\/iO'P’

Kn = (B.9)

with Boltzmann constant kg, temperature 7', scattering cross section of gas molecules o, and
gas pressure P.

Similar to the analysis presented in Sec. 2.1.1 for the intrinsic mechanical quality factor,
we will estimate the quality factor resulting from gas damping. The mechanical energy of

the resonator (average over cycle of oscillation o cos (2,,t)) is given by (Sec. 2.1.1)

1

with resonator material density p,, mechanical resonance frequency 2y, /27, resonator thick-
ness d, and trampoline out-of-plane displacement ( (x,y). The gas drag force per unit area
is given by [166]

f(x,y) = knPC (2,9) % cos (Q,t) (B.11)

! Alternatively, this can be seen as consequence of the different relative velocities between gas molecules
and cantilever for the resonator side that moves towards the gas molecules and the side that moves away
from them.

2To give an example, the man free path of air with an ambient pressure of ~1 Torr is ~ 10 cm.
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where under the assumption of elastic reflection of the gas molecules from the resonator and

equal temperatures of gas and vacuum chamber wall, the damping coefficient is given by

4.2 m
e = =42, ]85 B.12
Vgas Qk'BT ( )

with mean gas velocity vg.s and gas mass mg,s. The prefactor of 4.2 is a consequence of
the rectangular cross section and a small thickness compared to the lateral extent of the
resonator [166]. The work done by the resonator on the gas per cycle of oscillation® is given

by

AUy = Tk P // dady ¢ (x,y) . (B.13)

For the quality factor purely limited by drag force gas damping we have

Un  puQnd
AUy~ kuP

Qar = 2 (B.14)

The quality factor, purely limited by squeeze film damping is related to the previous
expression by [167, 168]

Qsq = 167 (%) Qar, (B.15)

where h is the distance between resonator and neighboring surface and u is the resonator’s
perimeter.
In the absence of gas damping the resonator is limited by its intrinsic quality factor Q.
Therefore, we have for the overall mechanical quality factor
1 1 1 1

m:@_Fer—i—qu'

3Integrating the time dependency over one cycle of oscillation gives fOQﬂ/ @

(B.16)

™ dt [4 cos (th)]2 = 7Q-
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Qm (107)

10° 10® 107 10°® 10° 10*
P (Torr)

Figure B.1: Mechanical quality factor (),, as a function of air pressure P for a trampoline
resonator (see text for parameters). Gray curve shows an assumed intrinsic quality factor
Qo = 5.5x 107 (absence of gas molecules). Green and blue curves show an estimate for respec-
tively, @, purely limited by either squeeze film gas damping (), or drag force gas damping
Qa:r- Red curve shows the resulting mechanical quality factor Q,, = 1/ (Q(}l + Q5 + Qs_ql).

Figure B.1 shows @, (red curve) versus P (Eq. B.16) for a trampoline resonator (see
Fig. 3.2) with window size [ = 3000 pum, pad diameter d = 100 pm, tether width a =
2.1 pm, thickness d = 80 nm, resonance frequency 2,/ (27) = 40.8 kHz (fundamental out
of plane mode), SizN, density p,, = 2700 kg/m?, trampoline perimeter u ~ 4 (\/ﬁl + d)7 and
separation between trampoline and underlying support plate A = 675 ym. Furthermore, we
consider temperature 7' = 293 K, mass of air molecules mg,s = 48.1 x 10727 kg [166], and
scattering cross section of air molecules o = 1.76 x 107! m? [166]. The threshold set for the
Qm increase by the drag force gas damping (blue curve) and squeeze film gas damping (green
curve) differ by less than a factor of two. In combination they cause @, to transition from
0 to an assumed intrinsic value Qo = 5.5 x 107 in the range of 10~* Torr < P < 10~ Torr.
Note that Kn > 10 over the entire P range plotted in Fig. B.1, regardless of employing either
d or a as critical dimension b, in Eq. B.9.

The estimate presented in Fig. B.1 suggests, that the mechanical performance of the
trampoline resonators presented in Sec. 3.3 might be limited by gas damping. In previous

studies [169, 63, 96], similar models have been applied to successfully describe the measured
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Qm versus P dependency for SizN, nanobeam resonators with €2,/ (27) of a few MHz and
Qm ~ 10°. In these studies Q,, was limited by gas damping down to pressures of 1074 — 1073
Torr. The difference of 10* for the limiting pressure between these studies and the here
presented estimation is consistent with the trampoline’s lower €2,/ (27), larger @, and
larger u. Studies of similar resonators as the one considered here [39, 57|, mention slight

influence of gas damping at P ~ 107 Torr.
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Appendix C

Vacuum Fabry-Perot Cavity with
Incorporated SigN, Trampoline

Resonator

C.1 Transverse Electromagnetic Cavity Modes

A symmetric spherical cavity formed by two spherical mirrors with identical radii of curvature
R. can stably confine light if the cavity length L. < 2R.. The resonant spectrum of complex

electric field amplitudes in this case is given by the Hermite-Gaussian modes [109]

Epn(r,z) = EO%Hm (ﬁ;) H, (ﬁ;) exp {_w;(z)] exp [—JQmn (1, 2)] (C.1)
with phase )
Omn (1, 2) = kz + k#(z) +(m+n+1)¢(2) (C.2)
and

161



wy =1/ — (mode waist)
7r
2\ 2

w(2) =wey/1+ (z_) (mode radius)

R

2
R(z)==z {1 + <Z?R> } (mode radius of curvature)
¢ (z) = arctan <zi) (Gouy phase)

R

The indices m,n € N represent the transverse mode order which is equal to the number of
field nodes along the two directions orthogonal to the cavity axis: x and .

The Rayleigh range 2z can be calculated from the boundary condition

R, L % [1 n (22“3)2] , (C.3)

resulting in

and the cavity waist

=2y (r- %), ©5

The cavity resonance condition requires that ,,, (r, z) is constant across the mirror sur-
faces and that the wave is invariant under translations of 2L, (cavity roundtrip) which can

be expressed as

L !
gpmn(O,z):2kLc+4(m+n+1)((?C) =1 x27 (C.6)

where [ € N is the longitudinal mode order giving the number of field antinodes along the

cavity axis. With the above found expression for zz follows

1 1
Lippn == [Im+2(m+n+1)arctan | —— C.7
s ()] e
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which resembles the spectrum of cavity resonance lengths. To characterize the modes of our
cavity (see Sec. 4.2) we periodically compress its length by a small amount AL, which enables
us to observe modes of a few consecutive longitudinal mode orders. In the identification of
these modes we are interested only in the relative change of [ with respect to its initial value
lo = Round (kL./7) =: kLo/m. By replacing | — Iy + | we can write Ljn, = Lo — ALy
where ALy, is given by Eq. C.7. For a homogeneous and isotropic cavity the spectrum is
degenerate in m,n and we can replace ALy, — ALjy,., where only a change in the added
transverse mode indices results in a length change. This degeneracy is lifted for example in

the case of slightly elliptic cavity mirrors or birefringent mirror or cavity materials [43].

Beam Diameter

The beam diameter is defined as the diameter where the optical power is reduced to 1/e?

from its peak level. For a Gaussian beam (TEMg) with intensity distribution

I(r,2) = B2 wZ"(§Z> exp [—wZL(;} (C.8)

the beam diameter is therefore given by 2w (z).

C.2 Cayvity Finesse Tuning by Mirror Etching

Mirrors formed by a thin metal (e.g. silver) film deposited onto a glass slab or polished
substrate, are omnipresent in everyday life and an important constituent of optical setups.
When it comes to precisely engineered reflection and transmission spectra in combination with
low optical losses (as required for optical cavities), the component of choice commonly is a
dielectric distributed Bragg reflector (DBR). The typical composition of a DBR is sketched
in Fig. C.1(a) where alternating layers of two different dielectric materials (here TayO5 and
SiOq) are deposited on top of a glass substrate. This structure forms an efficient mirror for
light of wavelength A if the following requirements are met: the optical thickness (physical
thickness multiplied by the material’s refractive index n) of each layer equals \/4, which

results in constructive interference between the portions of light reflected at each interface.
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Here the reflected fraction is bigger for higher contrast in the materials’ refractive indices.
The overall reflection increases for a larger number of dielectric layers. Furthermore, the
penetration depth of light into the mirror is reduced when the stack is terminated with the
high index material, which in turn minimizes optical loss. The expression for the DBR’s

reflectivity in this case is given by (see Appendix A.2)

(C.9)

2
_n12N+2 + nsn22N)

n12N+2 + nsn22N

Ry = \TDBR\z = (

where nq, ny (with ny > ny) are the refractive indices of the dielectrics, n, is the refractive
index of the glass substrate and N is the number of dielectric double layers. Two additional
and important requisites are low optical material losses and low scattering losses at interfaces
and at the DBR surface, which demand good material quality, a deposition process that yields
smooth layers, and a superpolished substrate (roughness ~ 0.1 nm). The DBRs forming our
cavity (designed for A =1550 nm) are manufactured by Advanced Thin Films (ATFilms) and
comprise N=20 double layers of Ta;Oj5 (n; = 2.10, thickness 184.5 nm) and SiO, (ny = 1.47,
thickness 263.6 nm) and an additional TayOj5 layer (which terminates the stack). During
fabrication the dielectric layers are deposited by ion beam sputtering onto a fused silica
substrate (2=0.3 inch) which was previously superpolished [170]. The resulting optical losses
per mirror are specified by ATFilms to be 2 ppm.
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Si0,~ layers
Ta,05,~™

(a) }
: N double

Mirror substrate Kapton tape
(double sided)

Kapton ape
(single sided)

Si wafer (6 inch)

Si wafer (6 inch)

Figure C.1: Schematic layer structure of a distributed Bragg reflector (DBR) and mounting
of a DBR on a 6 inch Si wafer for reactive ion etching. (a) Sketch of a DBR comprising N
alternating double layers of Ta;O5; and SiO, and an additional Ta;O5 layer deposited onto a
glass substrate. The optical thickness of each layer (physical thickness times the material’s
refractive index) is A/4 which causes the portions of light reflected at each interface to interfere
constructively. (b) A DBR is attached to a Si wafer by double sided Kapton tape for loading
into a reactive ion etch chamber. (¢) Etch rate estimation on a test mirror by covering most
of the mirror surface by Kapton tape and exposing only a stripe of ~ 200 ym width to the
etch plasma. This enables measuring the etched profile by a contact profilometer.

In an initial step of characterization, we assembled a cavity from two of the above de-
scribed mirrors with radius of curvature R, = 2.5 c¢m, cavity length L. = 3 cm, resulting
TEMgg mode field diameter at the cavity center 2wy = 156 pm, and mode diameter at each
mirror 2w, = 246 pum. Right after the assembly we measured a ringdown time 7. = 29 us
corresponding to cavity finesse F = mwer./L. = 910,000 (see Sec. 4.2.1 for method), which,
over a few days, dropped to F = 470,000, where it remained until the disassembly of the
cavity'.

While higher finesse enables stronger interaction between photons and objects, such as one
of our SigNy structures, it entails more challenging working conditions. This is mainly due to

the reduced resonance linewidth (see Sec. A.3) which makes it both harder to align the cavity?

IThe cavity was not encapsulated for periods of time (minutes to hours) and exposed to the ambient lab
environment. This might have caused a single or multiple dust particle(s) to stuck to the mirrors in the
region of the cavity mode.

2During alignment we sweep the cavity length to scan for optical resonances (see Sec. 4.2.1). Hereby, the
sweep rate should be slow enough to enable a measurable amount of light to be transferred to the cavity mode.
For a narrower resonance this requires a slower sweep rate. This in turn results in an increased exposure of
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and to permanently stabilize (or lock) the laser frequency and the cavity resonance with
respect to each other (see Chapter 5). For a cavity formed by two mirrors with reflectivities
Ry and Rj the finesse is given by F = 27/(2 — Ry — Ry) (lossless case, see Sec. (Sec. A.3)).
Together with Eq. C.9 this suggests to reduce the number of dielectric layer pairs N as a
means to reduce F. This is realized by etching away dielectric layers from the cavity DBR’s
[171].

Similar to the method presented in Ref. [171] we remove one double layer from the dielec-
tric coating by starting with reactive ion etching (RIE) of the TayOj5 layer and then removing
the SiOy layer in hydrofluoric acid (HF). This approach is well suited since the TayO5 acts as
etch stop material for the HF etch and therefore enables the controlled removal of individual
layer pairs.

Before etching the DBR in the reactive ion etcher (Applied Precision 5000) of the McGill
Nanotool - Microfab cleanroom we perfom an O plasma clean of the etch chamber (see
Table. 3.1 for recipe). Figure C.1(b) shows the DBR attached by double-sided Kapton tape
to a 6 inch silicon wafer (necessary in order to insert the mirror into the etch chamber). Due
to the overall thickness of 4.2 mm the Si wafer with attached DBR can not be loaded from a
cassette through the front of our RIE machine (as is standard procedure), instead it has to
be inserted manually into the loadlock chamber by opening the chamber’s top®. From there,
the wafer is transferred automatically to the etch chamber (a bigger mirror of thickness 6.4
mm didn’t fit through the loading port of the etch chamber) and etched.

Figure C.1(b) shows a DBR, similarly mounted as described in the previous paragraph,
which is mostly covered by Kapton tape except a ~ 200 um wide strip that is exposed to the
etch plasma. This enables us to determine the etch rate by means of a mechanical profiler
(Ambios XP-200) that we use to scan across the etch profile. Our RIE recipe (based on
Ref. [172]), wet etch recipe, and measured etch rates are presented in Table C.1. Here it can
be seen that the RIE etches the SiO5 about four times faster than the Ta,O5. We accordingly

chose an etch time of 11 min, which removes all the Ta;O5; and ~ 20 nm of the underlying

the system to environmental noise (e.g. mechanical vibrations, thermal drift), which is more pronounced on
longer time scales and causes fluctuations in the resonance length of the cavity. Therefore, it is harder to
meet the resonance condition of a higher finesse/narrower linewidth cavity. In addition, the amount of light
reflected from and transmitted through the cavity is more sensitive to optical loss.

3Thanks to Don Berry for doing this over and over and over again!
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SiO, layer. Subsequently, we rinse the mirror in DI water and transfer it to HF 10:1 where
we leave it for 6 min. This ensures complete removal of the SiO,. We transfer the mirror to
a beaker filled with DI water, from which we take it out while rinsing first with isopropanol
then methanol. Finally, we dry the mirror in a stream of nitrogen. The procedure is then

repeated until the desired mirror reflectivity and cavity finesse is realized.

RIE recipe Wet etch recipe
Ar 25 scem
CHF3 25 scem
CF4 15 scem HF 10:1

RF Power 200 W
Pressure 30 mtorr

Etch time 11 min 6 min
TasO5 etch rate 18 nm/min X
SiO4 etch rate 65 nm/min > 43 nm/min

Table C.1: Etch recipes and etch rates for reactive ion etching [172] and wet etching of
dielectric mirror layers.

Table C.2 shows parameters for 4 cavity configurations which are formed by mirrors that
have different numbers of dielectric layers (N;: input mirror layer number, Ns: output mirror

layer number) in consequence of repeated etching.

‘ Cavity 1 ‘ Cavity 2 ‘ Cavity 3 ‘ Cavity 4

Ny 20 17 15 14
Ny 20 17 15 19
F | 470,000 86,000 24,000 20,000
L. 3 cm 3 cm 3 cm 4.7 cm

R, 2.5 cm 2.5 cm 2.5 cm 2.5 cm
2wgp | 156pm 156pm | 156 pm | 110 pum
2w, | 246 pm | 246pum 246pm | 446 pm

Table C.2: Parameters of cavities comprising DBR mirrors with different number of dielectric
layer pairs as a result of etching: Number of double layers of input and backstop mirror V;
and N,, measured cavity finesse F, cavity length L., radius of curvature of cavity mirrors
R., TEMy, mode field diameter at the cavity center 2wy , and TEMgg mode field diameter
on the mirror surface w,.

The cavity finesse characterization presented in the following two sections employs a

“single port cavity” (Table C.2, Cavity 4) where mainly the reflectivity of the input mirror is
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reduced, resulting in &~ 98 % of light exiting through to input mirror which, e.g., can benefit

the detection efficiency in the context of quantum limited sensing.
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Appendix D

Simple Delay-Limited Sideband Locking
with Heterodyne Readout

D.1 Reflection from an Asymmetric Cavity

Consider a cavity of length L with mirrors that are not identical, having field transmission
coefficients it; and ity and reflection coefficients —r; and —ry (where ¢; and r; are real
positive and [t;|* + |r;|* < 1). If the first mirror is driven by a field of amplitude E;, and
angular frequency w, the steady-state reflected field — a sum of the prompt reflection and
all subsequent paths leaking from the input mirror — can be calculated from the resulting

geometric series:

= —r+ t%?"ge_ZiwL/c + t%?"ge_QiWL/c (T1T2€_2iwL/C) (Dl)

2 . —2iwL —2iwL/c\ 2
+ tiree /e (7‘17"26 " /C) + ...

t%,r,Qe—szL/c

1— T’1T26_2iWL/C

= —In + (D2)
In the high-finesse limit, this can be expanded in terms of the small transmission ¢; < 1 and

loss p; = /1 — r? < 1, such that the overall reflection coefficient

E. _ tire/L

r(0) = E, 1+i2r0
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2L/c

s is the power ringdown time and § = w — w, is the detuning from the n'®
1 2

where 7 =

resonance frequency w, = nc/2L (0 is also assumed small compared to the mode spacing
c/2L).
D.2 Transfer Function from Laser Noise to Error Signal

D.2.1 Shorthand Notation

To save space and avoid typos, we adopt the following shorthand notation.

Cas Sa

cos (wqt) , sin (wyt)

Cailﬂ Saib

Coatbips Satb cos (wqt & (wpt + 1)) , sin (wat £ (wWpt + ©))

(

oS (wat = wpt) , sin (w,t £ wpt)
(
(

—~ I~/
e
e RS T
~— ~— e

Coas by s Sat2by 08 (wat £ (2wt + 1)), sin (wat = (2wpt + 1))

The diode and mixer steps discussed below involve nonlinear operations, and so (as a matter

of algebraic taste) we save complex notation for the end of the calculation.

D.2.2 Propagating Laser Noise Through the Readout System

We proceed by adding a small “noise” term to the field from a laser, and then propagate
this through the electro-optical modulator (EOM), cavity, photodiode, and mixers to deter-
mine the readout’s overall transfer function. Suppose the laser has a “noise” component at

frequency w, with amplitude and frequency modulation

€(t) = e, cos(wt) (D.8)
Q(t) = Q,cos(wt) (D.9)

for constants €, and €2,,. In this case, the field (nominally of the noiseless form /P, cos(w;t) for

laser frequency w; and power F}) is E(t) = v/ B/(1+¢€,C,,) cos(wit + ¢, Sy ), where ¢, = Q, /w is

the phase modulation amplitude. If this passes through an electro-optical modulator (EOM)
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driven by a voltage-controlled oscillator (VCO) output of the form Vi ¢o(t) = V. sin(w.t) (for

constant V, and frequency w,), E is further modified to
E(t) =/ BP(1+ €,C,, + €.5¢) cos(wit + 0,5y + deSe), (D.10)

where ¢. = nponVivco is the phase excursion for a “flat” EOM conversion efficiency ngoas
(units of rad/V), and we have included a small amount of “accidental” amplitude modulation
€. due to imperfections in the EOM optics for generality. If we assume the modulations are
small (€, €c, On, ® < 1), the field can be expanded to second order and rewritten in terms

of a carrier at w; plus 12 sidebands:

B(t) 1,1
N (1 — Zﬁbg — Zﬁzﬁ) C (D.11)

1 1
_'_5671 (Cl+7z + len) + §¢n (Cl+n - len)

1 1
+§€e (SH—e - Sl—e) + §¢e (Cl-i-e - Cl—e)

1 1
+§¢i (Cl+2n + 017271) + Zgbnen (ClJrQn - Cl72n>

1 1
+§¢5 (Cl—i-Qe + Cl—2e) + _¢e€e (_QSl + Sl+2e + Sl—Ze)

4
1
+Z¢e¢n (Cl+c+n - Cl+efn — Cl—e—l—n + Cl—e—n)
1
+Z¢n€e (Sl+e+n - Sl+efn - Sl—e—i—n + Sl—e—n)
1
+Z¢e€n (Cl—i-e—i-n + CZ+E—TL - Ol—e—i—n - Cl—e—n) .

Now suppose these beams land on a cavity with either a resonance “A” tuned to the
carrier at w; or a resonance “B” tuned to the upper sideband at w; + w, (we track both
options through the calculation, allowing the choice of scenarios afterward). In the limit
of “large” VCO frequency (w. > w,1/7), only the red terms in Eq. (D.11) interact with

resonance A and only the blue terms interact with resonance B, so the field reflected from
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the cavity becomes

;15\7/% = (1 ~ }Lgbg ~ iqsi) paoCi (D.12)
-I—%Gn (PAnClinyy + PanClny,) + %an (PanClinps — PanClonyp,)
"‘%Ge (PBOSIHe — AS—¢) + %% (pB0Cie — aCie)
+%¢i (Pa20Criangs + Pa20Clo2np,s)
+}l¢n€n (pa2nCriong, — PA20Cloons,)
+%¢§ (Cryae + Crze) + ;L¢e€e (=25 + Siyoe + Si-2¢)
+}l¢>e¢n (PBnCirernis — PBnClie—nyp — WC1-cyn + aCl_c—n)
+}l¢n€€ (PBnStyetnps = PBRSite—mps — WSi—etn + QS|_c—p)
+}L¢e€n (PBnCitesnyn + PBnCire—nyy — @C—en — aCle—n) .

where we define

(o) = 19T (D.13)
pvo = pn(0) (D.14)
pan = |pn (W) (D.15)
vy = argp(w)] = —arg [p(-w)] (D.16)
pron = |pn(2w))] (D.17)
on = arg[p(2w)] = —arg [p(—2w)] (D.18)

for cavity resonance N € (A, B), and we have attached a prefactor « = 1 to the lower
sidebands to track their effect on the demodulated signal (see below).

When all of this light lands on a photodiode, the resulting signal comprises all frequencies
generated by the quantity E?(t) that are within the diode’s electronic bandwidth (a few
GHz in our case), which includes many frequency components. Anticipating the subsequent

demodulation at w. and our eventual interest in the noise term at w, we can ignore the
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vast majority, however. Assuming a constant photodiode conversion efficiency npp (units
of V/W) and again keeping only terms up to second order in €,, €., ¢y, ¢e, the photodiode’s

output Vpp(t) is then given by

4Vpp(t
PD2< ) ~ ..+ pAo¢e¢n (,OBnCe+n¢B — anOe—m/;B + OéOe+n — aCe_n) (D19)
npprib
+,0A0€e¢n (anSeer/JB - anSefm/;B + OéSefn - aSeJrn)
+pA0¢e€n (anCe-l—an + anCe—an - aCe—n - ace—i—n)
+/0Anee€n (pBO + Oé) (Se—m/)A + Se-l—m/)A)
+pAn¢e€n (pBO — Oé) (Oe—m/JA + Ce—l—'m,[)A)
+,0An€e¢n (pBO - Oé) (SefmbA - SeJrnwA)

+pAn¢e¢n (pBO + Oé) (Oe—m/;A - Ce-i-mﬁA)

At this point, we can demodulate this signal with the VCO output o sin(w.t) to produce the
“classic” Pound-Drever-Hall (PDH) error signal quadrature V3, and we can simultaneously
demodulate with a phase-shifted VCO output o cos(w,t) to produce the other quadrature
Vx. Assuming a “flat” mixer efficiency ny, (i.e. Vi = nyVpepSe and Vx = nyVppCe) and

keeping only terms at w, the two quadratures simplify to

4Vy (t
;()2 _¢e¢npAO (anSm[)B + asn) + ¢e¢n (pBO + 04) pAnSmZ;A (DQO)
nunppri Bl
tec€n (PB0 + @) PanChry s
AV (t
;(g €cPnp a0 (PBrn — ) Snyy + Pe€npao (PBRCnyy — aCh) (D.21)
77M77PD7"1PZ

+¢e€npAn (pBO - Oé) Cm/;A - eeganOAn (pBO - Oé) Sm/;A-

These expressions can be applied to many situations, and we now consider those relevant to

the main text.
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D.2.3 Case 1: Frequency Noise only, Ideal EOM, Cavity Resonant

with Carrier

If we consider only frequency noise, an ideal EOM, and the cavity resonant with the carrier,
€c > 0, €, = 0, pg, — 1, ppo — 1 and ¥ — 0, so the quadratures (Egs. (D.20)—(D.21))

become

PP,
18 NnppTi0n (L4 @) (PAnSnps — Pa0Sk) (D.22)

Vy(t) —

where we have used Eq. (D.11) to rewrite the power in each EOM-driven sideband /P, ~

%qube. The “amplitude” quadrature Vy is zero to lowest order, which is sensible considering
the laser is exactly on resonance and we are only modulating its frequency. With both
sidebands present (« = 1), the “phase” quadrature V3 also provides the dynamic response of

the classic PDH error signal

PP

V=15

NuNPDTrPn (P anSnp s — Pa0Sn) - (D.24)

If the lower sideband is not present, the signal is simply a factor of 2 smaller; the “classic”
PDH error signal receives a contribution from both sidebands in proportion to the frequency
noise.

Now that all the nonlinear operations (photodiode, mixer) are complete, we have a linear
mapping from the original noise €(¢) to the error signal Vi. We can convert this into a
complex transfer function by noting that €2 is the real part of Q= Q,e™“!, and that Vy is the

real part of

e : PP@ iw w
W = —iy/ l2 NunepTién (pa(w)e™ — pa(0)e™*). (D.25)

The complex transfer function is then the ratio

Vy _ V2P Pamepriticr?/L _ 26.E}pr (D.26)
5 - 1+ 27w T 142w '

where we have used the definitions of ¢, = Q,/w and ps (Eq. (D.13)) and defined the
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constant 3 = nynppr?tic/2L. The cavity acts as a low-pass filter.

D.2.4 Case 2: Frequency Noise only, Ideal EOM, Cavity Resonant
with Upper Sideband

If the cavity is instead resonant with the upper sideband, pa, — 1, pao — 1 and ¥4 — 0,

and the quadratures (Egs. (D.20)-(D.21)) become

PP,
8
Vx(t) — 0. (D.28)

W(t) — - NnepTsGn (PBrSnes — PBOSK) (D.27)

Following the same analysis as Case 1,

% _\/mnwpwﬁr%ﬁ/ L_ _¢Eipr (D.29)
o V2 ixizre 1t .

The error signal behaves exactly the same, but is half as large and inverted. The lower

sideband does not play a role.

D.2.5 Case 3: Amplitude Noise only, Ideal EOM, Cavity Resonant

with Carrier

If we now consider only amplitude noise, an ideal EOM, and the cavity resonant with the
carrier, €., ¢, — 0, ppn — 1, pgo — 1, ¥ — 0, and the quadratures (Eqs. (D.20)-(D.21))

become

VWw(t) — 0 (D.30)

| PP,
Vx (t) — lTnMnPDr%en(l - O‘) (pAUCn + pAnlem) (D'31)

The “phase” quadrature Vy is zero, as expected, regardless of the presence of the lower
sideband; this is consistent with the notion that changing the laser’s amplitude will not

affect location of the error signal’s zero-crossing. Following the analysis of the previous cases,
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Vy PP, 9 ert? (1 +iTw
— = 1-— 1-— . D.32
e =\ g mmeori(l—a) ( L \1+i2rw (D-32)

This signal is only nonzero if the lower sideband is either missing or is otherwise not identical

to the upper sideband (i.e. a # 1 and/or the EOM is not ideal).

D.2.6 Case 4: Amplitude noise only, ideal EOM, cavity resonant
with upper sideband

If the cavity is instead resonant with the upper sideband, €., ¢, — 0, pan — 1,pa0 — 1,

L/JA — 0, and

W() — 0 (D.33)
PP 2
VX (t) 3 NMNPDT€n (anCm/,B + pBOCn — 20éCn) (D34)
meaning B
Vx PP, 2 crt? (1417w
LS , 1l—a— D.35
5 o 'MIPDTY ( T U+i2nw (D-35)

with an overall offset determined by the lower sideband «. The presence of the lower sideband

(aw = 1) produces a PI-like behavior (see Eq. 5.5).

NX 2 1 1TW
VX _ _yomar (1T D.36
€ G L 0T (1 + 2270.1) ( )

D.3 Error Signal for Wider Range of VCO Outputs

Figure D.1 shows the two quadrature amplitudes of the photodiode signal, taken with a
shorter cavity of L = 5 cm and for a wider range of VCO tune voltages than that of Fig. 5.2(c)
in the main text. Over this range, the non-ideal response of the system components is visible.
Note in particular the peaks of Vx(d), systematically vary with w, by a factor of ~2, arising
from a combination of VCO and EOM nonidealities (they are not “flat”). Large frequency
noise will therefore produce amplitude noise even if it is perfectly tracked by a sideband,

highlighting the fact that, while a large headroom is desirable to remain locked in the presence
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of large fluctuations, it is always preferable to engineer a stable, vibration-isolated cavity.
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Figure D.1: Quadrature amplitudes of the photodiode signal for 11 different VCO voltages.
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