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US'l'RAC'r 

"In the li~ht of nev studies of physico-chemical amilysis, 

fabric, and particle interaction, the consideration of the 

actual constitution of the soil media is required for actual 

prediction of the soil media performance under loads. This 

study has been restricted to the prediction of clay 

performance under compression loading. 

h micromechanics ~pproach has been used in this research; a 

microelement scale has been introduced and a set of 

formul~tions (i.e, stress transfert fluid flow equation, and 

volumetrie ,constitutive "equation) has been developed for 
1 

this scale. The passage from the micro,lement to the global 

scale has been established\ by using 1volution equations. 
• These equations have been solved î 

b~ using numerical 

techniques (finite difference and finite element). The 

prediction of the developed models is discussed. 
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ETUDE PROBABILISTIQUE DES MICROMECHANIQUES 

COMPRESSION ET DE LA CONSOLIDATION DE L'ARGILE 

RESUME 

lumi ère de récentes études sur, l'analyse 

physico-chimique, la fabrique et l'interaction des particules, il 

para it • fondamenta 1 de cons; dérer de façon adéquate 1 a cons t itut i on 

d'un' sol pour prédire la performance de ce sol sous l'effet de 

charges. La présente étude a été axée sur la prédiction de la 

performance de l'argile sous l'effet de charges de compression. 

Dans cette étude, une approche baséé sur la microméchanique a 

été utilisée. Une échelle micrctélémentaire a été introduite et une 

formulation complète (transfert de contraintes, équation d'écoulement 

des fluides et équation constitutive de volume) a été développée pour 

cette échelle. Le passage de l'échelle microélémentairé"à l'échelle 

globale a été établi à l'aide des équations d'évolution. Ces 

équations ont été résolues en utilisant les techniques de calcul . 
numérique (éléments finis et différences finies). La prédiction des 

modèles développées est discutée. 
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1-1 rOKWAlU> s 

Today's increas1ng demands fo~ better capability 

in design and analys1s in geotechnical engineerin~ 

practices are reflected in corresponding requirements 

for more accurate predictions of the performance of 
, 

s011s under load. To respond to these needs ~.nd 

requirernents, soils have ta be treated according to 
u 1 

their actual physica1 cODstitut~on. 

. \. 

Actual soi1 is not really a continuum, but a 

collection of 1 partic1es.· . Information about the 

arranqement and the interaction of these particles is ) 

fundamental to describe soi1 performance. The problem 

of sail stability under different boundary conditions 

has been considered mainly from the continuum mechanics 

. point of view. Therefore the difficul ty in this 

approach is that particle arrangements and interactions 

are not expressible in terms of continuum theories. 

Soil stability can be defined as the integrity of 

the soil system against a physical disturbance ta 

\ prevent shear failure or excessive settlement. These 

are aIl tied into the mechanistic picture of the shear 

l 
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strength, compressibi1i!y, and permeabillty. Different 

soi1 stability problems have 

different continuum theories. 

been dea1t with ,by 

Continuum mechanics is based on the idea that aIl 

'materia1 bodies possess continuous mass densities, and 

that the 1aws of motion and the axioms of constitution 

are valid for every part of the body regardless of its 

.. ( size. Continuous media are dense collections of point .. 
, 

masses; i.e., concentrated infinitesimal masses devoid 

of internaI structure. 

As a phtsical theory, continuUm mechanics has 

found wide acceptance, especia11y in the geotechnica1 

engineer'ing discipline. , However, inherent in the 

continuum viewpoint are drastic " limitations on the 

extent to which continuum descriptions of macroscopic 

behaviour can succe~sfully mirror the soi1 structure. 

\ The limitations become more acute as more refined and 

more complete descriptions of soi1 behaviour and 

performances are sought. 

Hence, in or der to describe and model th~ physics 

of soil- perfo~ance un der different boundary 

conditions, 
;; 

geometrical arrangement of the particles 

and voids and particle interaction should be inc1uded 

in' establishing ~he mathematica1 Modele In modern 

soil mechanics, the geometrical arrangement and the 

particle interaction can be put under the heading ·soil 
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structure" . We include the, sail 

using the 

structure in 

mathematical modelling by micromechanics 

approach. 

The term -micromechanics· for 
- ~ 

the pürposes of the 

present _investigation is introduced to relate the 

observable macroscopic response behaviour of the 

network of the soil system to the microstructural 

characteristies of puch a network. Within the 

framework of this méchanies, the system under 

consideration is regarded as a discrete ensemble of 

microelements. 

An attempt to consider the soil structure in the 

modelling of soil performance un der applied load ~as 
o 

done by Baker, in his thes~s (Baker, 1971). He has 

modified the continuum theory in such a way that it is 

capable of including the concept of soil structure. 
- ' 

Baker has used the 

de~erndnistie way. 

concept of Ndirectors· in a 
\ 

He did not solve a partieular 

problem, but he ineorporated a body of knowledge on the 

~nature of the interpa;ticle forces and the particle 

arrangement into continuum theory. 

Numerous attempts to develop micr9mechanics 

theories for different materials have been eonsidered 

in the 1iterature. For examp1e, the foundations of the 

mlcromeehanics of fibers and polycrysta1/metals have 

been established by Axelrad (1978 and 1984). Bazant and 

3 
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his coworkers (Zubelewicz eL al. (1987), and Bazant et . . 
al. (1985 and 1986) ) have introduced different 

micromechanics concepts for development of constitutive 

equations for geomaterials (such as soils, rocks and 

·concrete). Nemat-Nasser and his coworkers (Oda (1972 

and 1977), and Nemat-Nasser et al. (1980 and 1983» 

have worked at the microleve1 in the mechanies of the 

granular materials. 

These works and others wtll be discussed in deta11 

in the following chapters. Further in this study, the 

foundations of the micromechanics of~clay soil urtder 
l ,! 

compression loading will be established. In this 

chapter, the problem definition, the objective of this 

study and the method of approach will be discussed. 

1-2 PROBLEM DEFIRXTIOBs \ 
\ 
\ 
1 

The general prob~em whlch thls work addresses ls 
1 

the performance of fully saturated clay under 

ca.pression load±ng. The compressibility describes the 

volumetrie response behaviour of the soil mass. It is 
-not . restricted to the volume change due to the 

extrusion, of pore water but includes the volume change 
, 

due to the •• partic'le rearrangement and interaction 

without measurable water extrusion. 

Since Terzaghi developed his consolidation theory, 

two global mechanisms of c~ay performance under applled 
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'load have~~en discussed in the literature: 
'1 

a- Mechauism l (Terzaghi, 1925): The sole cause of 

delay in compression islthe time required for the water 

to be squ~ezed out, i.e., the permeability of the clay. 

:According to this concept clay compression is 

divided into three regions; primary compression, 

consolidation, and secondary compression. 

Terzaghi '"s theory is the consolidation part of the 

compression process. In this mechanism, the 

cons~lidation period of soil. layers of various 

5 

thicknesses will be proportional to t~e squares of the ______ -~ 

thicknesses of these layers. 

b- Mechanism II (Taylor ëlJ;ld Marchent, 1940): The 

total re~istance' to volume change or clay compress~on , 

cornes partly from permeability and partly fr~m the 

structural resistance of the clay itself, i.e., the 

structure of the clay itself passesses a time dependent 

resistance to compression. According to this concept, 

there is no division between consolidation and 

secondary compression. The consolidation periods of 

,soil layers with various thicknesses will no longer be 

proportiônal te the squares of the thicknesses of these 

layers. 

Mechanism II 1s realistic in representing the 

physics of the compression performance of clay sail 

because it includes the internaI state of the material, 

,i.e., the structural resistance of the clay. Therefore, 
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it represents the process of compression as one 
. 

complete process" without division between the 
... 

consolidation and secondary compression. This 

structural resistance can be represented by the soil 

-structure. 
, 

A large amount of work has 'been done on --

consolidation coJression following both 

mechanistic routes '(Mecha'nism land Mechan-ism II). 
, 

These developments have been 'mostly in the continuum 

direction and 'for the second mechanism- continuum 

rheologi9~1 models are considered. In the fol).owing 
---sections, we will discuss the research works which have 

attempted to include the soil structure. 

De Josselin de Jong (1968) has developed a 
• 41 

consolidation model from two separate models, namely 

the concept of the viscoelastic analysis and cavit~ 

channel networks. He has shown that both mode1s gave 

the same effect of time-delay on compressibility. 

However, the definition of the excess pore water 

pressure for the cavity channel model is not clear. 

Furthermore, an explicit definition of the soil 

st~ucture is, also, not clear. On the other hand, using 

modern test techniques, for example scanning electron 

micrt.>scopy, Yong and Sheeran (1973), and Yong and 

Warkentin ( 1975) have explained the compression 

performance of clay soil through the fabric unit 

interaction and rearrangement. This compression is 

6 
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classified in terms of dominant drainage 

characteristics which depend on the pore size 

distribution. They classify the flow into tw~ kinds 

which are not separable: the flow through the 

macropores, and from the micropores into the 

macropores. Hence, their description has been from the 

mechanics of fluid flow. 

Meanwhile, by experimentally using electron 
'c 

microscopy and thin section analysis, McConnachie(1974) 

has demonstrated that reorientation of the fabric units' 

.as well as the changes of the pore size are caused by 

the applied load. Furthermore, he has found that the 

fabric changes its size when the load is beyond 0.15 
, 1 

Kg/cm: Inl recent work with natural clay, Delage and 

Lefebvre (1984) have performed scanning electron 

microscopy and Mercury porosimetry on samples of 

Champlain clay from Quebec. They have demonstrated that 

the micropores within the fabric unit and the 

macropores (interfabric voids) contribute 30% and 70% 

of the total void ratio respectively. In addition, 

during the process of consolidation, the macropores 
it 

will close first. 

Several works on the probabilistic analysis of 

clay consolidation have been introduced in the 

literature. These works, ~ general, support the 

concept of including more information about the local 

ptoperties of the clay sail i.e., sail ~tructure, in 

7 
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mode11ing the clay consolidation and compression. In 

the following section, we will discuss some of these 

works. 

Freeze (1977) used a general diffusion equation to 

predict the consolidation of clay soi1. However, he 

has considered soil properties such as the coefficient 

of compressibility, permeability and porosity as random 

variables, multivariate normal. He used the Monte 

Carlo Simulation to predict the pore pressure and 

settlement. This paper has not considered the clay 

structure and its intrinsic stability. However, its 

analysis offers sorne kind of understanding of the 

variability of the continuum parameters. This work 

supports the idea of including more information about 

the InternaI properties of the material which can 

reflect the variability of the continuum paramet~rs and 

the heterogeneity of the soil. 

Marsal (1965), and Athanasiou-Grivas and Harr 

(1978) have considered the compression of the clay 

(consolidation part only) from the theory of 

probability. They have implemented the simple random 

walk for grain particles to advance under compression 

loads. They have demonstrated that the final 

for.'lUlation is similar to Terzagh.:f.· s equation. These 

papers did not explain the physics of compression. 

Furthermore, their approach is a continuum approach and 

there were no constitutive laws governing the grain 

8 
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particle advances. However, this approach provided an· 

initial step towards including more information about 

the local properties of the soil (i.e., soil 

structure). 

Chang(1985) has considered the consolidation of 

clay soil from Terzaghi's equation for one layer and 

for multilayers, but ,he inputs the soil property 

(coefficient of- consolidation), as random variable, 

specifically, as Gamma distribution .. He has 

demonstrated that the variability in the coefficient of 

consolidation has a high impact on the prediction of 
• 

the true excess pore water pressure. 

Among others, Kitamura (1978, 1981 and 1985) has 

considered the local properties of granular materials. 

In his analysis, he has proposed the Markov theory to 

describe the deformation process of granular materials 

under loads. He has also use~ the generalized 

Fokker-Planck equation for the development of the 

stress-strain law. The state parameters which are used 

in the Fokker-Planck equation are the direction cosines 

of the normals at the contacts between the particles. 

Hence f from the above discussion, the fundamental 

importance of including the ·soil structure· in 

modelling clay performance under compression loads 

becomes clear. This inclusion not only gives a 

realistic description and a better prediction of the 

9 
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compression process of clay systems than classical 

theories, but also solves two fundamental problems. 

First, the performance prediction of a highly 

compressible clay system, in which its macropores (pores_ 

between the aggregate of clay particles) contribute 

more than 50% of the total pore voids, and therefore, 

the description of the collapse 

applied loads, 

state of the 

macropores, under is essential. 

Secondly, when environmental changes can alter the 

properties and the status of the material, (i.e., the 

status of soil structure), the performance'of the clay 

system under compression loads can change in sympathy 

to the environmental changes. 

From an engineering point of view, the above two 

problems _ (i.e., the supportability of highly 

compressible clay for land development, and the 

variation of geotechnical properties of clay soil under 

the environmental changes) are facing the geotechnical 

,engineer in everyday engineering practice. Hence the 

work described in this ~hesis ls the developmest of the 

fundamental aspects of the performance of clay so11 

under compression loading. 

1-2-1 Objective: 

The objective of this researCh is to develop a 

mathematical model for saturated clay compression and 

consolidation, in which the concept of soil structure 

(the local state of the clay) plays its natural central 

';~ ,;:;: 
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role. Such models should be able to give a better 

representation of the behaviour of actual soil un der 

different status of loading and environmental 

conditions . 

1-3 PO:Iln OF VIEW ABD THE BASIC PHILOSOPBY: 

The preceding discussion highlights the importance 

of including the soil structure in modelling clay 

compression performance. In this section, we will give 

our-point of view of the mat~ical technique that 

can reconcile the actual physics of the compression 

performance. 

The probabilistic nature of the properties Shourd~ 
for because of th~ be recognized and accoun ted 

following: 1- the inherent variability of the ~oil' 

properties and conditions; 2- the difficulty in the 

portrayal of the relative importance of a given set of 

local parameters which describe" these properties and 

conditions; 3- our inability to predict global 

behaviour when the microelement performance is 

developed. 

The basic philosophy of the probabilistic input 
, 

11 

and response of soil system can be considered in the 

"'" foll:0wing two conditions: 

a-When the emphasis is in the uncertainty and 
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variability of the sfstem propert:l.es, the input should 

be put in deterministic form. Therefore, the 

consequence of these variabilities can be seen in the 

output variability~ It helps in identifying the 

·important parameters of the system that ~re essential 

in the modelling and prediction of the overall 

performance of the system. 

b-When the emphasis is in the variability ~nd 

the uncertàinty of the input, the system properties 

should be put in deterministic form. Therefore, the 

consequence of these variabilities can be seen in the 

output. 
, .... 

Itialso helps in identifying the important 

parameters for modelling. In ,our work the emPhasis~ 
on the variability of the soil system properties, and 

therefore, the 
" ' 

input loads will be put in a 

determini~C ferro. 

In '~SCUSSing the basic philesophy and the 

procedures for the development of the micromechanics 

approach, we include two environments, namely; the 

deterministic environment (D.E.) and the probabilistic 

environment (P.E.). The procedure for working in the 

former environment(D.E.) consists of: 

rI. Establishing a physical scale (microelement) ., 

for the discrete system . 

2·, Development of a mathematical model (state 

function) to describe the Hlaw of performance H of 

the physical model. 

12 
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Finally, ~he latter environment (P.E.) can be 

considered by establishing the following two steps: 

1. 1 Randomness of the state function. If the 

randomness of the process is a point in time 

and/or space, then the process can be represented: 
1 

by a random,variable. If the randornness of the 

process is ·history· in time and/or space, then it 
~ r 

can be represented by a stochastic process. 

2. Passage of the microelement performance to the 

global (ensemble of microelements). This is done 

~ using an evolution equation. 

It should be noted that there is a link between 

the two environments. This link gives one of the 

peculiar features of our micromechanics theory. These 

two environments will be discussed in the following 

chapters. 

1-4 T.BE PROGRAM STRATEGY AND ACTION PLANs 

The thesis is divided into the fOllowing major 

portions(see Flow Chart 1): 

7- Fabric analysis and the physics of clay compression: / 
c -

the following points will be discussed: 

a- The definition of the fabric and geometric 

parameters, and the local sc ale that have meaningful 



o 
description and can model the global clay behaviour. 

b- The postulation of the mechanism of clay 

compression in light of modern soi1 mechanies of fabric 

formation, and the iubstantiation of this postu1ate, 

.through existing experimental test programs. 

11- The kinematics of deformation of the clay water 

system: 

Once the local sc ale or microe1ement from the 

above ana1ysis is estab1ished, the fo11owing points' '. 

will be deve1oped: 

a- The kinematics and deformations of the 

microe1ement under applied stress. The concept of the 

directors will be employed. 

b- Vo1umetric-mass relationship. The volume-mass 

re1ationship for the microe1ement and the ensemble of 

microe1ements will be discussed' as we11 as how to 

deve10p the void ratio. The water content of the 

microe1ement will be a1so developed. 

c- The fluid movement from the microelement. 

Newton's law of fluid movement will be app1ied. 

111- Stress-Compressibi1ity re1ationship: In discussing 

the internal stress applied to the microe1ernent, the 

fo~lowing two points will be estab1ished: 

a- Local stress balance of the microelement, and 

its components. 

b- Local stress-strain relationship. 

14 
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rv- Passage to the ContiDU1UIU 

The passage from clay-water microelement 

performance to the global clay-water ~ss performance 

will be done by using the evolution equation in the 

.probabilistic sense. To do that, the following two 

points will be established: 

a- The axiomatic structure of the passage. 

b- The concept of the -intrinsic soil structure 

variabili ty" . 

J 

V-An anal.ytica1 Ilodel will be developed for the 

overlapped region of the compression time process. 

\ 

~e feasibility of application of the developed models 

will be discussed. 

The thesis is composed of seven chapters, and five 

appendices which provide all supporting materials. AlI 

the above parts are divided into four chapters. 

15 
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Deformation 
kinematics of 
the microelement 
Chapter 3 

Fabric identification 
- particles 
- clusters 
- pores (micro and' 

macro) 
Chapter 2 

Physics of clay compression 
Chapter 2 

intercluster 
stress & potential 

Chapter , 

Fluid 
flow 

16 

Chapter 3 

+-----y ---+ 
Stress-strain relationships 
of the microelement 

Fluid diffusion and pore 
water pressure changes 

Chaptera 3'5 Chapter , 

+-------+ 
Passage to continuum(global} 
Chapter 5 

Clay compression prediction 
numerical analysis 

- finite difference 
- mixed finite dif. & 

finite element 
Chapter 5 " 6 ' 

• 
Plow Chart 1 The program atrategy 



( 

CHAPTBR 2 J 

. FABRIC ANALYSIS AND THE PHYSICS OP CLAY COMPRESSION 

2-1 PABRIC ANALYSIS, 

, 
In the introductory chapter, we have stated that 

_Jn order to develop the compression performance of the t 

clay system, internal physical parameters which reflect:.... 

the physics of the material should be included. These 
.. .. 

parameters are established from the internal structure 

and the fabric of the clay system. Soir structure as a 

property includes two elements, fabric and forces. 

A-Fabric: i) the gradation and the arrangement of 

the part ic les, (nd the conf iguration of this 

arrangement; ii) pore size distribution ana the 

interpore connections between the individual particles 

and particle groups. The clay system i9 viewed as 

liquid-in-solid Jot solid-in-liquid. Hence the solid 

material must be sufficiently close to develop the 

fabric or geometric system. We assume the fluid is a 

continuum substance, i . e. 1 i t ha 5 no fabric or 

structure. But, the dipolar character of the fluid and 

the properties of the adsorbed water must be 

.. considered, as they affect the behaviour of the clay 

via the interaction forces. 

17 
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B-Forces: i) the forces which originate from the' 

interaction potential (intercluster forces and 

interpartic1e forces) between the clay particles. These 
, 

forces depend on the clay-water-electrolyte system of 

-the medium. ii) The forces which arise from the 

friction and/or the adhesion between the clay 

particles. These forces depend on the surface 

properties of clay particles .=- The 
,1 

forces will be 

considered in detai1 in Chapter 4. 

An assessment of soi1 structure and"fabr!c ls 

required for proper evaluation of soi1 performance. It 

will help in: 

1- determination and establishment of the 
o 

pertinent sail properties and characteristics, and 

2- formulation of a physical model that can 

describe the inte~action of the vario~s physica1 \ 

;omponents, and that can predict the inteqrity of ) 

the soil mass system under various stages of 

loading that impact on the boundary of the system. , 

2-1-1 ràbric Formation: 

For natural soils, the fabric formation and sail 

structure depend on a complex interaction of - a large 

. number of factors operating at ~e time of deposition. 

Some of these factors are: 

a- Clay content, organic content and minerology. 
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b- Silt: and sand content, and the shape and,the 

size of the part ic les. 
\ 
-J 

c- The rate and the mode of sedimentation, a.nd 

facies models (sedimentation models) for sabkha 

deposits. 

d- State of agitation, depth of water and seasonal~ 

drying out of the subsoil. 

e- Electrolyte concentration at deposition. 
1 

f- The concentration of sediment )being deposited 

(overburden, pressure). 

It must be noted that the dynamic equilibrium of soil 

structure and fabr ic at the timT of formation is not 

necessarily the same as that at a later date. 

2-1-1-1 Review: 

The history of development of models for soil 

fabric started when Terzaghi(192S) realized that the 

interpretation of certain phenomena in soil, (the clay 

sensitivity and the origin of cohesion), must include 

• the concept of fabric. No techniques for observation, 

however, were available at that time. As a result, 

purely ad-hoc models were devised and used to interpret 
'" .~ 

certain clay properties. 

These types of models included, first, Terzaghi' s 
• 

concept of a honeycomb structure where the clay 

part"icles stick to ~,ch other 
.< • 

at the point of contact 

to build up this structure. Second., the Casagrande 

19 
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model (1932) postulated that the "honeycomb" structure 

existed in sensitive marine soils (see Fig. la) . 

Goldschmidt(1926) was of the opinion that the clay 

~ particles in highly sensitive clays were arranged in 

unstable "cardhouse" arrangements. 

In later years, developments 'were made which 

involved~the consideration of the double layer theory. 

Lambe (l953,1958) examined the fabric of inorganic 

soils, and' he presented clay mineraI arrangements 

assoc i,ated with deposition in a range of 

electro-chemical 'environments from fresh water to 

marine (see F'ig. lb). Van olphen (1963) summarizèd the 

various modes of particle 'association in clay 

suspension edge-to-edge and edge-to-face flocculated 

systems. 

.. 
Tan (1957) presented' a,schematic picture of a clay 

1. 

pauticle network. He then suggested that the ...... 
, , 

three-dimensio~a,l clay pla telet arrangements were one 

of the contacts between on~ clay plate let and the plane 

0: another (see Fig. lc). 

When the observation of soil fabric has been 

using the transmission and scann i ng 

electr,"n mi,croscopy, much information on fabric vi~~ing 

has beer. obtained: See Barden'et a1.(1971), Collins and 

McGown (1974), Pusch(1970,l973 a,b,c), Smart(1969), 

Yong (1971), Yong and Sheeran (1972) and others. 

20 
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We can conclude, generally, that in natural and 

in synthetic clay soil, the single clay particle can be 

easily distinguished. We note that, by-and-Iarge, the 

clay particles tend to form identifiable groups (group 

units) or aggregations. These group units can be 

identified as fabric units (see Figs. 2 and 3). 

In this work, the fab~ic unit will be considered 

as the first order of identification. The geometrical 

arrangement of single particles within each fabric unit 

will be con,sidered as the second order of 

identification. 

1 
From these identifications, we can distinguish 

between different types of pore space distribution. 

The total arrangement of aIr particles, fabric units 

and voids compose the total fabric of the clay soil ' 

system. The fabric features observed can be divided 

into two levels of viewing. 

2-1-1-2 Identification I: 

In this scale of viewing, the fabric unit 

arrangements and the pore space between them are 

observed. In the case of clays, single particles will 

not be distinguishable at this level of viewing. The 

fabric units identified consist of several particles or 

, groups of particles. These fabric units are defined as 

elu.tera, which have definable 

a speCi~"~~eChanical function. 

\ '\ 

\ )) 

physical boundaries and 

They act effectively as 

21 
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Fig. l-a The Honeycomb Structure 4~ 

! 

j 

Fig. I-b S~ueture of Natual Soil 
( ambe 1958) 

Fig. I-e Clay Network (Tan 1957) 

Fig. 1 01 d F abri e Mode 1 s 
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FIg. 2-. Clay dapoa.ted ln freeh wate, 
(Puech, 1973) 

Fig. 2-b MI,lne clay wlth 

o large, den •• a9gre9ata. separatad by large yold. 
(Pu.ch, 1973) 

FI92 Schematlc clay partleta arrangement 
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Identification U . 

Cluster .. 

Particles. 

Fig. 2-c Schematic View of Clay Identification 
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individual units. These clusters can be combined to 

form peds (group of cl uster s) . 

The pore space between fabric units can be 

observed, depending on the shape and the arrangement of 

the fabric units. We define this pore space as a 

macropore. In ident i fying and characterizing the 

network of fabric units, it is necessary to take into 

account the fabric unit's pore space. 

2-1-1-3 Identification II'' 

In this scale o~ viewing, the arrangement of 

particles within the fabric unit, and the pore space 

between particles within the fabric unit are observed. 

Single or ind i vidua l clay particles can be 

distinguished at this level of viewing. The small 

fabric units or the subfabric units can also be 

observed and distinguished at this level of viewing. 

Domain units consisting of two or more particles, can 

act as one unit. Several domains could combine to form 

a cluster. 

The pore space within the cluster i5 defined as a 

micropore. The micropore distribution, shape and size 

depend on the arrangement of the particles, in 

edge-to-edge, edge-to-face and face-to-face 

assoc iations. 

Figures 2, 3 and 4 show the schema tic and 
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Fig. 3 Photomicrograph of St. Marcel Clay, on a Vertical Plane 
(a, x 3000; b, x 7000; c, x 15,000) on a Horizontal Plane 
(d, x 3000; e, x 7000) (intact sample, natural water 
content 80%, cluster size • 5 ~m) 

Delage et al. (1984) 

1 
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AGGREGAT'O~ 

, 

a. Natural Silty Clay Samp1e (Collins and McGown 1974) 

Fig. 4 Photomicrographs of Clay Arrangement 
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b. Synthetic Clay (UF) (Turcott 1988) 

Fig. 4 Photomicrographs of Clay Arrangement (Cont.) 

o 
1 ~ 
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c. Synthetic Clay (UF) (Turcott 1988) 

Fig. 4 Photomicrograph of Clay Arrangement (Cont.) 
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d. $ynthet1c Clay (UF) (Turcott 1988) 

fig. 4 Photom1crographs of Clay Arrangement 
1 

.. 

, p 30 

..-

(Cont. ) 



c 

c 

photomicrographie view of both identifications. 

There is no unique relationship between the 

composition of the soil mass and the fabric of the 

system. However, sorne simple conditions arise from the 

compositional analysis: the dispersion of sail 

particles and fabric units. can be due to low salt 

content, high pH, or fresh water deposition, and a 

~flocculated soil system can be due to high salt 

content. 

In order to complete the picture of the fabric 

analysis, a schematic picture of fabric (packing) 

formations of differ~nt materials is shown in Fig. 5. 

Fig. Sa shows a random arrangement of loose sand which 

i s di f ferent from ,ln ordered arrangement of s'and 

system; i.e., it is different from ideal packings of 

uniform spheres (simple cubic, cubical tetrahedral, 

tetragonal sphenoidal, pyramidal and tetrahedral). 

2-1-2 pabric Scale ~or Soil Performance Prediction: 

The following question is raised: what level of 

fabric viewing lS suitab1e for soi1 behaviour 

evaluation, analysis and prediction, specifically, for 
1 ~ 

clay compression performance? The answer to this 

question can be viewed in Flow Chart 2. 

Identification II of fabric viewing is seen to be 

tied into the analyses concerned with the integrity and 

31 
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Stable sand partlele\ 
(Thr •• or more 

\ 

support'ng partie'.,) J , 
--------------- ------_....::-. 

Large porel 

a. Random fabric of sand system 

Snow partiel •• 
Chain of snow partlel.s 

~mall pore 

Cluster 
Chain of snow partlel.s 

large pore 

--- -- - ------------- ..... - .... -

b. Fabric of soft snow system 

Fig. 5 Schematic View of Particulate System 
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stability of indivirual particle arrangement within the 

fabric unit. therefore, the organic and inorganic 

bonds, and the cement bonding between the particles 

should describe the properties of t~e cluster units and 

their connection wi th- each other. Hence, thé scale of 

Identification II cannot by itself give the complete 

prediction of the global behaviour of the system. 

Therefore, ~uch ,larger scales, whic~ should be linked 

w~th Identification II viewing, ought to be used for 

~oil behaviour prediction. 

More~ver, not all of the detailed information in 

the scale of two or three particle systems is necessary 

for soil performance prediction. The scale of 

Identification l of , fabric viewing can be used in the 

analysis. Therefore, the smallest scale which ought to 

be used for analytical and physical modelling, is the 

clulter unit. This agrees with the suggestion by Yong 

(1971 ) that single th~ory is relevant 

dilute colloidal - uspensions, and that 

consolidated clays uire consideration of a 

plate unit, i.e., clu ter,~it • 
......./' 

only to 

natural 

multiple 
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2-2 ~ PBYSICS OF CLAY COMPRESSION, 

2-2-1 Review: 
o Terzaghi was the first to make a serious attempt to 

·understand the mechanisms controlling the 

compressibility of clay. He had previously postulated 

the existence of a semi-solid lay~r of adsorbed water 

on clay surfaces. He had used this hypothesis only to 

explain the low permeability of ... clays and their 

secondary consolidation. 

Leonards and Altschaeffl (1964), and Kenney et al. 

(1967), concluded that the resistance against 

deformation which a soil exhibits during a 

consolidation test, is a manifestation of the shear 

resistances. These resistances can be mobilized at the 

contacts between individual particles. Therefore the 

displacements between the particles are controlled by 

the bond strength between them. Bolt(1956) explained 

and concluded that compressibi1ity will essentia11y be 
\ 

a function of the double layer repulsiv~ force. This 

force is primari1y dependent on the type of clay and 

the elect~olyte content of the system. 

01son et' al. (1970) have do ne several , 
--' 

one-dimensiona~-éonsolidation experiments for different 

clay minerals ent'chemical solutions. They 

have discussed iments qualitatively in terms 

of two postulated 

) 
behaviour: the mechanical 
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model, which represents the shape, surface friction and 

geometric arrangement of the particles; the 

physico-chemical . model, which represents particle 

shape, geometric arrangement and chemical variables, 

such as adsorbed water, cation, dielectric constant, 
, 

etc. One of 
\ 

their conclusions is that the mechanical 

model governs the volume change behaviour of the 

kaolinite. 

Sridharan et al. (1973,1979) have postulated two 

mechanisms for a clay system. In the first mechanism, 

the volume change is contro11ed by the shearing 
. . 

resistance at the interparticle level. In the second 

mechanism, it is controlled,primarily by the long range 

diffuse double layer repulsive forces. They ;have 

concluded that the first mechanism primarily governs 
1 • 

the volume change behaviour of non-expanding 

lattice7type clays like kaolinite, while the seco?d 

mechanism governs that of expanding lattice-type clays 

like montmorillonite. 

These descriptions of the clay compression 

mechanisms do not require that the clay particles form 
,. 

cluster units. These units, however, do have a 
i 

physical boundary apd a mechanical fUIlction. Hence, in 1 

the 
~\ 

wi.11 base the description of the f011owing, we 
l, ~ \ 

mechanism on the modern view of ~ fabric analysis. ,1 

1 
1 
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c 2-2-2 The Mechanism: 

The mechanism of clay compression which will be 

described here, is divided into two descriptions. The 

first is under a single fixed load, and the 

observation of the compression evolution is with time. 
< 

The second is the description under multiple loads, 

with the observation on the~ compression-stress 

evolution. 

1 
'. ' 

~-2-l The Mechanism Of Compression Onder a Single · 

pixed Load: 

The principle of clay compression can be viewed 

in terms of the physical phenomena of the deformation 

of the skeleton of the clay system, fluid movement, and 

the stress transfer from the fluid to the skeleton 

which are acting simultaneously and depend on each 

other. 

The fluid flow and the clay skeleton deformatlon 

are combined mechanisms and depend on the clay 

structure. Some aspects of the structure have a more 

significant influence on one of these two mechanisms 

than others. These mechanisms depend on the type, the 

capacity and the duration of loadin~ as weIl as the 

cbndition ot the soil system. Therefore, the total 

resistance to the volume ~hange or clay compression 

comes partly from the permeability and partly from the 

structural resistance of the clay itself, Le.', the 

structure of clay itself possesses a time dependent 

~I 
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'resistance to compression • 

We may postulate that the compression 

the clay can be divided into two overlapping regions. 

With the compression in the first region, rearrangement 

and rebrientation of the clusters will take place, and 

the fluid will flow primarily through th~ 

interconnected macropores. 

As the compression process takes place with time, 

the clusters will start to translate and rotate without 

any_ significant distortion of these units, and the 

volume of the cavities (macropores) which are formed 

between the cluster units will decrease. As a result, 

the fluid will squeeze out from the cavities and move 

through the macropores. 

The relative motion of the cluster units depends 

on three aspects: first, the physico-chemical aspects 

of the soil-water system. The chemical variables which 

influence the system are: Dielectric constant, 

electrolyte concentration, cation exchange capacity and 

specifie surface area, cation valence, pH value, and 

temperature. Secondly, the sliding resistance betweert 

the cluster units which is due to friction and/or 

ViSCOU5 action at the contacts. Finally, the surface 

features of the cluster units, i.e~, the cluster units 

may be coated by amorphous materials such as alumina, 

silica and irone 
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The relative motion of a group of c1uster units 

can produce local deformation in the sense of changes 

in the geometry and size of maéropores. This 

deformation can be linked with the local stress acting 

on this group of cluster units through a material 

modulus. 

Water extrusion from and through the cavities 

(macropores) depends on the macropore size di~tribution' 

of the clay system and the excess pore f1uià pressure 

,in the macropores. The local velocity of fluid 

movement from the cavity can be linked with the pore 

f1uid pressure gradient through a conductivity 

operator. As the water is extruded from the cavities 

in the compression process, the excess pore fluid 

pressure in the cavity will decrease, resu1ting in a 

transfer of the app1ied stress. This can be viewed as 

an intercluster force and potential. 

AS we can see this tirst region of compression 

represents a consolidation process. Throughout this 

study we use the te~ "first region" for this 

consolidation part, see Fig.6. 

The resu1ts of the experimental work of Pusch 

(1970 and 1981) and Delage et al. (1984) substantiate 

this postu1ate. Pusch made a series of unconfined 
, 

/compression tests and creep tests on marine quick clay 

and natural Illitic clay, and he made also observations 
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Fig. 6 

Cl uster Unit 

Skeleton compression due 
ta rigid cluster motion 

Fluid 1s extruded from 
the macro pores 

Stress transfer from the 
fluid ta the cluster units , 

Schematic View of the Consolidation Process 
of the Fi rst Regi on · 
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using an ultra thin sectiqn technique and transmission 

electron microscopy. He concluded that aggregates, 

(cluster units) behaved as rigid bodies up to a certain 

stress leve! during the shear process. Delage et al. 

·concluded that a collapse of an interaggregate pore 

(macropore) will take place first during consolidation 

without any significant distortion of the aggregate. 

Compression in the over1apped region: Not aIl the 

cavities are equally affected br the load at the same 

time, due to, firstly, the position of the macropores, 

secondly, the perturbation of the local stresses and 

pore water pressure, and thirdly, the random nature of 

the internaI properties of the material. Therefore, 

more orientation of the cluster \units will take place. 

These orientations will cause-the pore water pressure 

to build up in some of the macropores affected, and 

hence, an average pore water pressure can be measured 

on the boundary of the sample. This measurement of pore 

----water pressure at the surface for this overlapped 

region (for fairly large load increment ratios) can be 

approximately at a degree of consolidation between 80 

.p~rcent and 100 percent. 

On the other hand, the particles within some of 

the fabric uni ts which are 1 already oriented in the 

first region try to slide at their points of contact. 

This sliding can be very small and can occur through a 

lubricated surface such as a layer of adsorbed water. 
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It has characterlstics that are different from free 

water. 

This mechanism of particle movement within the 

cluster unit will be explained in the second region of 

compression since the overlapped region is the start 

portion of the second region, and the end portion of 

the fil;st region. The fluid flow is through 

interconnected macropores, and interconnected micro­

and macropores. 

For the compression in the second region, no 

relative movement of the clusters can take place. 

However, more movement of the particles within the 

fabric units can take place. This movement is governed 

by several resistance forces that exist at the contact 

between particles. 

The conditions of the contacts depend on, a) the 

adsorbed layer of water and layer of cations which are 

responsible for the foroes of attraction and repulsion 

between particles. These forces depend on the size of 

the fabric units and the mode of association of the 

particles within the fabric unit, b) amorphous material 
. 

within the cluster unit which is responsible for 

viscousjfriction forces, c) the friction between the 

particles which is responsible for friction forces. 

It is not clear which of these resistance forces 

\ 
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contribute more to the bond strength betlfeen the 

particles. The bond strength can be defined as the 

forces required to resist displacement of the two 

particles at a point of contact with each other. We 

believe that aIl of these forces participate in the 

bond strength of the contacts of the particle with its 

neighbors. It sho~ be noted that at any contact, 

there is a weak plane and strong plane of resistance 

which depends on the contributing resistance forces ~nd 

their directions. 

If we assume that these resistance forces are 

contributing in an additive way to bond strength, the 

physics which generate the variability ofPthe bond 

strength within the cluster unit can be modelled as a 

Gaussian distribution in terms of forces. Hence, the 

integrity of the cluster unit under a stress system 

which is transmitted at the contact points with 

neighbor cluster units depends on the mean~~nd the 

variance of the Gaussian distribution. r 
Once the resistance forces are exceeded, sliding 

occurs at most of the particles' contact. The sliding 

can result in an increase or decrease in a particular 

bond strength. If the net effect tends toward an 

over-all increase in bond strength, sliding will 

gradually decay, and this sliding will result in a 

volume change of the cluster unit. The change in the 

size of a group of cluster units can produce local 
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deformation. This deformation can be linked with the 

local applied stress on this group through a material 

modulus. 

The change in the size of the cluster units can' 

build up pore water pressure inside these units, but 

these changes in the size of the cluster units are not -

sufficiept to build up measurable pore water pressure 

~ in the macropores. The pore water pressure which is 

built inside the cluster units cannot be measured at 

the surface of the sample, but this excess pore water 

pressure is sufficient ta drain sorne of the water to 

the macropores through the interconnected micropores 

inside these cluster units. 

The characterlitics of the flow within the cluster 

units depend on the particles' arrangement, orientation 

within the fabric units, the interparticle forces, and 

potential. Therefore the driving forces for flow must 

exceed the force tending ta hold water ta the sail 

particles. 

We can conclude that the flow through micropores 
~; 

should be characterized by, first, the strong 

interaction between permeant and the sail particle5, 

and second, the geometry of interconnected micropores. 

This geometry i5 not a channel of impermeable 

boundaries, but interconnected roots with complex 

geometry. 
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As we can see this second region can be 

represented as a creep process, we will use the term 

"second region" for this creep process, see Fig.7. 

Throughout this study, the term "overlapped region" 

will be used for the overlapped part of the 

compression. 

The occurrence of these two overlapped regions and 

their time duration in one specifie soil, synthetic or 

natural, depend on many factors. 

i) Sorne of them belong to the initial and boundary 

conditions such as load system, load increment ratio, 

drainage condition, etc. For example, undet light 

load, the material may exhibit the behaviour of the 

overlapped and the s~cond region. 

.. 
ii) Sorne other facto,rs belong to the soil system such 

as the geometrical factors including the depth of the 
, 

layer, and the location of layer'in the soil profile 

system; also the soil property factor which is 

presented from the clay type, type of cementations, 

organic matter, and amorphous material. Organic clay 

soil may exhibit the behël~iour of the second region. 

i~i) Other factors are environmental; for example, 

man-made inpustrial waste disposaIs and sanitary land 

"fills; and na~ural, geological evolutions over short 

spans of time such as sabkha deposition, and fresh 
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ta cluster deformation 
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~luid is extruded from 
the èluster unit 

No measurable excess 
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$chematic View of the Creep Process of the 
Second Region 
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water leaching of a soil layer. Chemically contaminated 
- .. 

soil may exhibit the behaviour of the second cegion. 

In the above physics description, we benefit trom 

several documented "test programs which ~e been done 

by dit ferent invest igato~5" Thèse i ncLde NeWland et 

al. (1960) who studied over ' 100 consolida t ion tests 

under varied conditions on a natural soil to assess the 

effect of the load system on the seCOndary~Ompre~Sion. 

Wu et al. (1966) have done a conSOlidfai n test, and a 

triaxial creep test in the conso idated-undrained 

condition with pore water presure meas rements. Gibson 

et al. (1961) and Lo (1961) have performed fi fty 

consolidation tests on natura1 and synthetic ,clay. 
~ 

Crawford (1964,1965) has performed constant rate of 

strain tests on natural clay soils. Yong et al. (1970) 

have studied the creep test for clay system. Sridtiaran 

et al. (r981) have do ne several consolidation tests on 
/ . 

J natural and synthetic clay wi th different fluid' 

chemistries using eight different chemica1s. The 

experiments of Delage et al. (1984) and McConnachie 
1 

-" ,(1974) are discussed in Chapter 1. 

Fig.S 

compresssion 

sho".s 
~'-

" under ., 

, / 

a schematic view 

single fixed load. 

of clay 
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2-2-2-2 The Mechaniam Of Compression Onder Multiple 

Loads: 

The mechanism of compression depends on the type 

01 loading applied to the sample, 
A 

i.e., strain 

controlled, stress controlled, or incremental loading. 

For incremental loading, there are two fundamental 

experimental p~ocedures that affect the mechanism: 

first, the duration pf the load and secondly, the load 

increment ratio. 

The mechanism of compression of the clay system 

under multiple load will follow a sequential pattern a~ 

follows: 

a-Rearrangement and reorientation of fabric units 

(diusters units) which can take place without any 

significant distortion of the units. This distortion 

depends on the load applied. In case of very large 

loads the fahric units may collapse. 

b-Increased load application would cause a greater 

degree of orientation of fabric units. At this stage; 

sorne particle rearrangement within the fabric units can , 
occur. This rearrangement will depend on the time 

duration of the load. 

c-Further loading will cause more orientation of the 

fabric units and oparticles within the fabric units. 

When the load increment ratio is small, the slippage 
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between particl~s within the cluster units occurs only 

at a limited number of contact points. 

',' 

d\At high loads, the sliding of the particles over each 

o,ther has a tendency toward overall decrease in the 

bond strength. Shear failure of the c lusters will 

eventually occur causing clusters to fuse together to 

f~rm a homogenous soil masS system. 

Delage et al. (1984) have shown that the 

compression under load i s due to the collapsing of the 

structure in a progressive the largest 

interaggregate pores (macropores) being the first 

affected. 'As the consolidation proce~ds, smal1er and 

smalier, pores are affected. For a given pressure, 

incremenb.1 only the largest ex i sting pores are 

affected. 

2-3 S1JMMARY: 

In this chapter, we have described in detail the 

physics of saturated clay~performance under compression 

loading. We postulated that the mechanism of clay 

compression under a single fixed load consists of two 
!\. ., 

overlapped regions. In the first region, the clusters 

will move relative to each other and the fluid will 

move through macropores. ,..In the second reqion, the 

clusters will not move but they will deform and the 

flow will be through the micropores. In the overlapped 

i i 
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region, both mechanisms work together. 
J 

These pos,~uiated mechanisms will be used for tte 

mathematical modelling in the following chapters. 

-
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KnlEMATICS OF DEI'OllMA'1;IOH or THE CLAY-WATER SYSTEM 

3-1 OBJECTIVE: 

Our objective in this chapter is to develop the 

kinematics of deformation of the first and the second 

regions of 

macropore 

clay compreSSi~ 

fluid flow model for the 

to establish a 

first regibn of 

compression. 

The kinematics of the particulate system is mainly 

modelled in literature,~on the principles 

mechanics. In the neM- section, we will 

descibe the kinematics of deformation of the 

particulate media (granular or clay media) based on the 

principles of micromechanics. 

• 

Furthermore,_we will introduce a new concepts in 

kinematics. These concepts will be used for the 

development of the kinematics of deformation of clay 

~oil under compression loading. 
~ 
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3-2 THE OP' DEP'ORMATION or PARTICOLATE 

SYSTEM, 

Kinematics describes the changes that occur with 

time in the quantities that describe the geometry of 

the body. Kinematical analysis in its widest meaning 

comprises the t"ecognition and recording of 

stress-induced movements of the individual physical 

units of a compound material system, and the subsequent 

construction of the approriate strain pattern for the 

whole system. Therefore, i t can be considered as that 

branch of fabric analysis which is particularly 

in terested in stress-induced fabric changes of 

microscopical di 

kinematic is the most essential 

aspect of It is not a great surprise that 

in classical, geotechnical engineering, the kinematics 

of soil has been neglected, even from the continuum 

point of view (e.g. limit equilibrium). 

In 

various 

the following sectio\we 

types of deformation. 

will consider the 

S3 
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3-2-1 The Types Of Deformations Of Particu1ate Systems: 

According to the mechanics of mater ia1, the 

deformation of soi1 media can be classified into three 

idealized types: '\ 

i- ,s~mple deformation, 

ii-constrained generalized deformation~ 

iii-genera1ized deformation. 

Th~ last two types of deformations (ii and Iii) will be 

descdbed for 
1 

the particulate 
., 

system elther granular 

(sandY- -or clay. Hence, the individual units which 

describe these types of deformation can be defined as a 

particle (sand) or cluster (sand or clay). 

i- Simple Deformation: 

In this case, ~e material of the soil mass is 

assumed to be continuous; hence, the deformation is 
• established from the measurement of the boundary 

movement of the soil sample. Non-homogeneous 

deformation or shear ~eformation in narrow bands within 

the soil sample cannot be considered examples of this 

type of deformation. The continuum mechanics 

54 

principles are applied to this type. This type of ~ 

deformat i on ~s been used in soil elasticity and 

plastici ty modelling. We will calI this type of 
• 

deformat ion type A. 
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ii- Constrained Generalized Deformations 

This type of deformation will be called type B. 

In this type, we have two kinds of deformation which . 

are: --...... 
.. 

ii-l First Kind of Deformation Type Bl: 

The material of the soil system is considered from 

the physical point of view, which means that the motion 

of the individual units is appreciated. These 

individual units comprise the material system. The 

units move relative to each other, their motion 

"" consisting of rotation and translation, but the units 

are assumed to be rigid; hence, gross deformation of 

the system is equal to unit motion with interaction 

(rotation and' translation). The physical mechanism of 

deformation of this system can be vi~wed in the 

following. 

ii-1-a Two-Particles (Two-Clusters) Unit: 

By using the concept of,vector analysis, we have 

the following vector positions for the two-particle 
f 

unit: 

rand rare vectors which decribe the internaI 

configuration of the two particles. 

rand rare vectors which connect rand r to the 
~, -z -" '*"2, 

reference frame. 

55 



• 

o 

f~is the vectur which connects the contact point 

with centroid of the particle 

~ is the vector which connects the contact point 

,with the reference frame.' 

§.and §tare unit vectors. See Fig 9. 

The choice of. position vectors depends on the two 

factot's: 

1) The shape of the particles (or the clusters): 

For example in the spherical shaped system, the vectors 

rand rare not significant, but the vector which 

connects the contact point with centroid is important. 

For a cylindrical shaped system, the vector which 

connects the centroid of the two-particle unit to the 

centroid of each particle is valuable. 

2) The modes of motion of the particles which 

depend on the boundary conditions and the surface 

\ condition of the particles: We will describe these 

modes of motion below. 

Case(l) S1iding and Rotation: . In this case, the 

particles will slide and rotate simultaneously on top 

of each other. The mechanism of deformation can be 

viewed from the displacement due ta sliding and 

rotation. We have two important vectors: one connects 
, 

the centroid o,f the two particles, and the second 

/ 
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vector describes the internaI configuration of the 

individual particles. See Fig.9a. 

Case(2) Rotation only: In this case, one particle 

~ill rotate ori top of the other particle. The mechanism 

of~deformation can be viewed from the displacement due 

to rotation only. The vector which describes the 
/' 

internal configuration of the individual particles is 

very important. See Fig. 9b. 

Case(3) Sliding Without Rotation: In this case, 

the particles will slide over each other, and the 

mechanism of deformation can ~be established from a 

vector connecting the centroid of the two particles. 

Therefore, the rotation will be the rotation of this 

vector. See Fig. 9c. 

For all three cases, when the surface forces 

predominate, the interaction between the two particles 

and their movements may be relative to each other. 

ii-l-b Complete Fabric System: 

Case(l) When the collapse of the pore~ between the 

units occurs, these units will move closer to each 

other, but they will stay in the same order as before 

deformation. In the deformed state of the system, the 

coordination number (the number 

-particle) may be higher than in the 

Thi s case can be vi ewed (as an 

af contacts per 

undef~med state. 

ordered state of 
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b. Case 2 

Fig. 9 The Mechanism of Type Bl Deformation (Two Units) 
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deformation. 

Case(2) When the collapse of the pores ~etween the 

units occurs, .' these u.nits ,will move relative to each 

other, but they will not stay in the same) order as 
t, 

before deformation. This case can be ,viewed as a 

disordered state of deformation. See Fig.lO. 

-~ 

ii-l-c Two-Particle System Idealizationl 

There are severa! cases when the particles, 

cluster, or group of units can be idealized as .two 

cylindrical or rodlike elements. For example, in the 

case of a group of units which have strong bonds 

between them and other bonds that are very weak, this 

group can be idealized as a cylindrical shaped system 

as ·shown in Fig.lla. For the cylindrical shaped unit 

system, the individual units may rotate and translate 

under applied load, and the centroid of the system can 
~ 

change. 

The mechanism of deformation can be established 

from the vector position shown 
\ 

in Fig.llb. The 

configurations of the two-particle system are: i) 

edge- face, li) face-fac-e, or i i i) edge-edge. 

configurations with separations between the units exist 

in' ca ses where the S1,lr face forçes 'between the un i ts 
r 

predominate. The compressible zone between the units 

can be re~~esented by the vector cross product 

which will be discussed in later sections. 

concePtr, 
\ 
\ 

\ 
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ii-2 Second Kind Of Deformation Type B2: 

In this kind of deformation, the units are allowed 

to deform~ut they are constrained from rotation and 

translation. The physical mechanisrn of this kind of 

deformation is viewed and analyzed by the deformation 

of the contact between the two particle units. 

From the cases in Fig. l2a, we will illustrate the 

fundamental concept of the type B2 deforrnation. For 

case l, the amount of deformation is eqùal to ~. For 

case 2, the amount of deformation is equal to ~tAt but 

the top particle is moved a distance equal to~. This 

distance cannot contri~o the deforma~ion of the 

system, i.e., the system deformation must be equal to 

~+~. For case 3, the total system deformation is equal 
, 2 , 

to ~+A+~. The top particle is moved a distance equal to 
123 

A+A. Again thi~ 
2 3 

distance used for not be must 

deformation analysis. 

Hence, the type B2 deformation considers only the 

deformation of the units without their movements. The 

movernents of the units are caused by other 
, l, 

units'deflJr'ffiatiori wi1ich are already accounted for. 

The contact deformation depends < on the 

"deformability of tJle particles or clusters. For 

instance, a brittle particle (cluster) can undergo 

amaii elastic deformations and fail, and a 

materiai can deform into the plastic range., 
\ 

dpctile 
~ 

~ighly 
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Case 1 

Deformation (6' 
Q---~--

Fixed 
Total deformation (6) 

CasJ! 2 

-
Total defQmation 6 1+6 2 

......... -- ..... --
Case 3 

a. The definition of the constrained deformation 

Fig: 12 The Definition and the Mechanism of Type B2 Deformation for 
Particulate Syst~m 
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compressible clusters may hav.e a large deformation 

under very small load; and ln the case of very large 

cluster units, these units may collapse under a small 

load. See Fig.12b. 

iii- Generalized Deformation: 

In this type of deformation, the internal physical 

description, soil fabric, and the' structure ot the 

material are considered. The mechanism of deformation 

can consist of the motion of the units relative to each 

other (rotation and tr.anslation of the units) 

simultaneously vith deformation of the units 

themselves. Hence, the gross deformation is equal to 

the units' motion with interaction (translation and 

rotation) plus continuum behaviour of the units. The 

two mechanisms of deformation are coupled. 

1 

The physical mechanism of this type of daformation 

is viewed as a particle (sand particle) or clus~er 

deformation, and this deformation is either small 

'elastic or large collapsible. It depends on the 

compressibility of the particles, and the types of 

their movements relative to each other. This type of 

deformation is called type C. 

There are many physical situations encountered in 

practice which can be explained by type C deformation. 

Granular medium where the particle~ tend to group into 

clusters is an example. The cluster deformation can be 

" sg 't" 
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viewed from the movement of. the cluster and i ts 
Q 

deformation (i.e., type C). 

~ 
Discussion: , 

The preceding section highlights the following 

ofundamental points: 

1- The kinematics of deformation based on the 

continuum mechanics cannot de'scribe and model 

accurate1y the deformation process of the 

,particulate media. 

2- The identification and the description of the 

modes and the process of deformation 'are required 

for better development of· the analytical models 

which are capable of predicting the performance of 

~ the particulate system. 

\ 

\ 
; 

3- In the preceding section, we have 

two types of deformations, i.e., type B '(Bl 

B2) and type Ci These types are capable 

describing different deformation processes of 

particulate systems. In the following sections, 

we will use type B deformation for the' development 

of the deformation kinematics of a clay soi1 

system. In this case, the individual unit is 

represented by the cluster unit. 
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)-) THE CONCEPT~F THE DIRECTOR TBEORY: 

In this section, we discuss the director theory 

and how we implement it in our kin~matic modeliing. 

This theory has been giveh various names by different 

'authors (for example, micropolar by Eringen (1964) and 
. 

couple stress by Toupin (1964), etc.). However, we have 

chosen the term Hdirector H over the others as it holds 

in its fundamental argument a ~director (vector or 

tensor) . 

~ 

E. and F. Cosserat( 1909) developedl the theory by 
~ 

introducing the concept of a rigid triad which is 

amen able to a simple and beautiful geometrical 

interpretation of the motion. Therefore, two sets of 

kinematic quantities are developed: macro deformation 

of the continuum point, and micro rotation of rigid 

~ triad. However, the assumption of the mathematical 

point, '" 1.. e. , the in continuum concept was used 

~ development. 

More than fort y years after Cosserat's paper, a ... 
r~vival of interest in this subject has beèn 

demonstrated by authors who have taken different routes 

in the development of their theories. However, they 

have begun with principles which were laid out by the 

Cosserat brothers. The kinematics of deformation in 

·some of these theories will be viewed below. 
~ 
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Eri~ksen and Truesdell (1958) and Kafoni and 

DeSilva (1970) used Cosserat's concept, but the~ 

allowed the deformation of the triads (vectors) which 

are attached to a point. Thus, they obtained 

macromotion which is caused by continuum deformation, 

and micromotion which is caused by the rotation and 

deformation of the vectQr triade The former authors 

used this theory for rods and she1ls, and the latter 

authors for idealized behaviour of dilute suspension of 

both rigid and deformable substructure units. 

Mindlin (1964) extended the work of Ericksen et 

al. (1958) and formulated a theory for linear e1astic 

material with microstructure. He a Iso presen ted 

kinematics ln terms of macro and micro motion, and 

app1ied 

69 

the theory for' microwave propagation .. ~ 

of microstructu~e is represented by ~~Ubic~ notion 

cell. 

Eringen 

V advanced two 

et al. (1964, 1966 
1 

theories. The first is 

and 1972) have 

micropolar theory 

which holds that every material point of the polar 

medium is phenomenologically equivalent to a rigid 
" 

body. Therefore, macromotion is seen as translation, 

and micromotion as rotation. The micromotion is 

represented by an orthogonal tensor. This theory may 
r 

not be dissimilar to Cosserat's ori~inaI theory. 

tiringen et al.'s second theory is the micromorphic 
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1 

theory, {n which a micromorphic body i5 imagined as a 

body whose,material point consists of small deformable 

bodies or particles. Therefore, they have macromotion 

as the translation, and micromotion as rotation and 

deformation. 

For both theories, Eringen et al. used the concept 
~ 

of macrovolume and microvolume. Their first theory has 
P, 

been applied to shear flow of liquid crystals between 

parallel' plates; and the second, for propagation of 

surface waves in a microe1astic half space. 

Alth0l:\gh the microvolume concept has been 

introduced, the size of this microvolume has never been 

consi-dered as a property in the .1culat ion. Hence the 

microvolume is actually a point which has mass and 

density. It simulates the Newton partic1e which has no 
! 

size, but has property of masse See Kafadar et al. 

(1971). 

For _ighly deformable microvolume elements, 

nonhomogenous deformation could exist. Therefore, 

Eringen et al. chose to use micromorphic theory with 

higher grades. Using some properties of the partial 

di fferential equat ions, they introduced the condi t ion 

of strain compatibility f6r simply connected regions. 

There are sorne simi lari t ies between the 

micromorphic concepts of Eringen a~d the deformable 
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triads of Ericksen et al. For example Eringen's 

assumption of affine (homogenous) microelement 

deformation can be uniquely determined by the motion of 

any three linearly independent vectors (director 

triad), (Toupin(1964) and Eringen(1971)). 

Allen et al. (1967), and Kline and Allen(1971) 

presented a theQçy governing the flow of fluids which 

contain regular and irregularly shaped, deformable, 

suspended particles. They took the volume average of 

the moment of inertia tensor of the suspended particles 

to account for micro structure orientation. The ~hanges 

in moment of inertia were interpreted as a measure of 

microelement deformation. 

, Green and Rivlin(1964) introduced a theory ba~$d 

on a generalization of classical continuum concepts. 

This theory is known as multipolar continuum mechanics. 4 

The kinematics of this theory lies in their postulated 

concept of generalized velocities, where 

introduced as an arbitrary velociti gradient. The 

physical motivation for their theory is the mechanics 

of rigid particle theory. 

Since 1970, little development has taken place to 

test the basic tenets of, director theory; but rather, 

a search for the potential application of' the theory to 

different fields has been pursued. Sorne 01 the: most 

widely pursued fields are: In fluid mechanics, 
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anisotropie fluid and suspension in fluid; and in solid 

mechanics, diffusion of dislocation in crystal lattice 

and wave propagation in the presence of dispersion 

) effects. 
1 

( 

1 

The application Of~ th~ director theory in the 

compression and consolidation of clay does nct exist, 

bu~ a general application of the theory to clay soil as 

generalized continuum theory can be found in the work 

of Baker (1971). He used the director theory for a 

clay system. Three vectors (directors) were used to 

describe the configuration state of two clay plates 

with respect to their centroid (as one unit). The 

generalized coordinates of the analytical mechanics 
/ 

were used in the development. Baker' s ' development is 

not different from the work of Green and Rivlin (1968). 

The application of the director theory to the granular 

m~dia can be seen in 

Kanatani (1979) . 

work of Oshima(1953), and 

Discussion: 

Common concepts in the kinematics of deformation 

found in the director theories are: 
". 

a- The material points are considered geometrical 

points. The geometrical point has no size at all, 

but sorne triads are ascribed to it to charactri 4 e 

its degree of freedom in motion and deformation. 

b- The continuum <\'ncept: all the director 

ï 
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theories view the media as a cont inuum. 

Therefore, aIl the functions are continuous. 

c- The introductlon of at least two sets of 

deformatioQ: 
l " 

macrodeformaJion which the 

represents the .motion o~ the centre of the 

continuum, and the' microdeformation 

represents the micromotion of the media. 

) 

which 

Although there are only two sets of deyrmation 

(mac ro- and micro-deformation), several deformation 

gradient measures are advanced for the director 

theories. They may " 
,II 

or may not have ta physic~l 

relevance. 

~ 

The Implementation of the Director Concept: 

\ The director concept will be used in the following 

section. First wè will develop our model of kinematics 
\ 

by establishing the mechanical configuration state of 

the physical unit. Secondly, we/"will establish the 

deformation kinematics, microdeformation gradient, and 
, 

micros~Tain. Once these parameters are established, the 

collective deformation of the physical units can be 

constructed. Thérefore, the macroscopic deformation is 

the manifestation of the microscopie deformat~n of the 

physical units. Hence, we have on1y "one set" of 

kinematic,s of deformation, instead of "two sets" of 

kinematics ~f deformation as d~scribed in director 

theories. This is the exact procedure for establishing 
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the micromechanics approach. 

We also use the director concept for developing 

the area of the compression zone in the clay system; 

which is done by director cross product. 

3-4 MA~TlCAL MODELLING OP MICROSTRAINz 

'f' 

~ 

In order to develop a mathematical model of the 

kinemati\cs, sorne basic assumptions will be accepted. 

First, the shape of the cluster units are assumed to be 

spherical; secondly, the fluid has no structure, and 

therefore, the mean velocity of flow characterizes the 

kinematics of the f~uid. Finally, the microelement or 
~ 

the physical unit which is considered in the modelling 

consists of a group of cluster units, and we define 

this physical unit as ~he macrostructural unit (MSU). 

By using simple' set theory, we can define the 

topological structure of the body and the measuring 

scale of the clay ~o~l system with different sets. We 

shall introduce sorne coherence (geometrical structurè) 

to the elements of these sets so that these sets can ,be 

orgainized into a space. Thus, these sets are a 
" substitute for the mathematical point which is 

considered in classical continuum mechanics. 
1 
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i- Cluste·r unit 

Set A 11: { 1,2,3 ••••• n } 

Set A is a set of pairs 'Of clay partie,les. Each 

member of the set represents a pair oftelay partieles • ... 

il- Structural Unit 

\ 
Set B = { B , B } 

1 2 

Set B is a elosed set of two cluster units. 

iii- Maarostructural Unit , , 
1 

Se t C =,., B , B , B , B , ••••••• B } 
, 1 2 3 4 n 

Set C is a finite set of eluster units i.e, each 

member of the set represents a eluster unit. 

1v- Statiltical en •• mble 
c 

" Set M- { C , C , C , C , •••• ' •• C } 
! a l 4 • 

Set M is defined. as a 
.' ~ ~ 

macrostructural units. This set 

countable 

is identioal 

1 

se.t -of 
<\v 

to the 

Gibbs e\semble and the mesodomain ofAxelrad (Axelrad, 

1984) • 

v- Total Domain of the Body 

Set p- { E , 
1 

., 

E , E , E ,. 
a' 3 4 

, 
••••••• E } 

1\ 

" 

7S \ 
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Set p is 

ensembles, and 
~ 

the union 

represen'ts 

of disjoint statistical -the macroscopic" material 

body. The body i9 the clay soil medium which is 

influenced by the boundary conditions, e.g., by the 

·stressed region of the clay soil under structures. 

Fig. 13 shows a schematic view,of the topological 

structure of the clay soil mediUm. 

~e will develop our kinematics of deformation for 

the macrostructura1 unit (set C) as our microelement, 

and we can benefit from the structural unit (set B) for 

stress evaluation between the clusters. We will employ 

set A for evaluating the integrity of the cluster unit. 

Set M is used for the passage from the microelement to 

the ensemble of 'lllicroel~ents. 

, IQ light of the description of the physics of clay 

compression in chapter two, _the kinematics of 

, deformation is divided into two ovèrlapped regions. In 

the firet region we have relative movemènt of the 

cluster units without physical distortion of the 

cluster units. Hence, this region can be simulated by 

type B1 deformation which has been described in the 

previous sections. 

In the second region we have deformation of cluster 

units due to the small relative movement of the 

particles within these cluster units thernselves. 
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Cl uster Unit 
Set A 

Stressed Clay Medium 
Set M 

j 

... 

Structural Unit 
Set B 

,$ 

- .. 

Macrostructural Unit 
(MSU) Set C 

.. 

~. J ,. 

MSU 

Ensemb 1 e~ of MSUs 
Set E 

Fig. 13 Schematic View of the rcpological Structure of the 
Clay Medium 
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~ Therefore this r~ion can be simulated by type B2 

. .' 

. '. 

deformation. The overlapped region will be 

invest i ga ted la ter on. In the f ollow i n9 1 we wi Il -start 
? 

with the deformation of the first region. 

3-4-1 The Kinematics of 

Reqion: 

(1 
Deformation 

, 
of the First 

v In order to dascribe the configuration state of 

the macrostructural unit {MSU} and its ~ evolution with 
~ 

time, position vectors of the two phases of clay ~oil 

system will be introduced. These vectQr5 will be 

referred to a fixed coordinate system. 
, . \ 

1 

.. \ 
The posit~on vector of the ~lay-wa~er system will 

, 

be as follows: 
~, . 

Ondeformed state: clay system .~ 

" " 
,> 

." A . " !(y,t)- !(y,t) + ~(Y/t) (3.la) 

" r " r 
Q(y,t)= X(y,t) - ~(y,t) (3.1b) 

i • A 1 A GA 

tj (y,t)= ~(y,t) ~(y,t) (3.le) 

J1ater system: 

Since the water is assumed to have no structure or 

fabric, its position vector i5 repre5ented by the 

centre of the macrostructural unit. The following 

equation describes the disçrete configuration of the 

" cavity which encloses the water system. 
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i A A i .0\ 

!(y,t)= !(y,t) + ~(y,t) 

Deformed state: Clay system 

r 
GA .0\ GA 
y(y,t)= y(y,t) + z(y,t) ... -
A r Ar· 
g(y,t)= X(y,t) - ~(y,t) 

i GAi A 
Il (y, t) = ~ ( y , t ) 

G A 

;(y,t) 

Wat~r ~ystem 
.,. 

i A A i A 

l(y,t)= y(y,t) + ;(y,t) 

where 

GA 

(Ç{ 11144 

" ( 

.! a the vector joining th~ centre of the 

(3.1d) 

(3.2a) 

(3.2b) 

(3.2d) 

cluster and the reference frame, and ~·1,2, •.•.•• n 

where n: the number of the cluster units' \within the 

macrostructural unit(A). 1 

yA. the vector joining the cetre of t\e MSU(A} 

and the reference frame. 

Il A 

Z • the vector joining the centre of the 

cluster unit and the centre of the macrostructural 

unit. 

A r 
g • the vector joining the centre of the 

M.S.U.(A) and the centre of the neighbor M.S.U.(r). 

i Il A 

~ • the vector joining the centre of the 

cluster(c) with contact(i) -in the macrostructural 
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unit(~). See Fig. 14. 

Note: the two indices 1 and should be numbered in the 

same way, since there ls only one director (vector) for 

each cluster unit to describe the kinematics of 

deformation. 

Equation 3.lb represents the configuration state 

of the two adjacent macrostructural unlts. This state 
, 

represents the collapsibility condition of the adjacent 

macrostructural units and the f1uid flow between these 

two adjacent macrostructural units. (See the 

Aiscussion in chapter six.) Eq. 3.2c is restricted by 
;0./1 ta" 

the conditionlNI- ln' - the radius of the cluster unit. 

1" 
~ - The vector joining the centre of the, MSU. 

~ the point of the contact of the cluster units (i: 

1,2,3, .... m) m is the number of contacts per MSU. 

j" 
~ - the vector joining the contact and the 

reference frame. (Or vector joins the centre of the 

structural unit and the reference frame.) 

The time rate of change of these.position vectors: 

.QA ." . .oA 
Y (f;t)- y(y,t) + z(y,tl 

l'r .11 _r 
a(y,t)- y(y,t) - y(y,t) 

(3-. 3a) 

/ 
/ 
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:\0/<1 .. ft. • d.I\. 
B (y,t)·; (y,t) - ~ (y,t) (3. 3e) 

• LiA • A • (/\ Y (y,t)· Y (y,t) + ~ (y,t) (3.3d) 

r-
, 

·In whieh the dot denotes a time deri v~ ti ve ( dy/dt) . 

-", 

Ei.3.3a represents the velocity of the clusters 

wi thin the macrostructural unit. Eq. ,3. 3b represents -
the rate of the collapsibility of the adj acent 

,.macrostructural units. Eq. 3.3d represents the rate of 

change of the fluid velocity from the cavity. 

The accelerations can be as follows: 

•• 0'\ .. ft •• (IA 
y(y,t)· y(y,t) + ;(y,t) 

.. ,.r .. fI. .. r 
~<y,t)- y(y,t) - y(~,t) 

JQ" .. 1" .. 011 
~ (y,t)· ~ (y,t) - ~ (y,t) 

c .. l.A. .. /1 
y (y,t)~. y(y,t) + - ... ~ -., 

•. i"( t) 
~ '1 y, 

When the process is very slow, the aeceleration 

ter.ms can be dropped; however they can be used for the 

dynamic case. 

/ 
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3-4-1-1 Microstrain Formulation. , 

We will consider' a structural unit(S.U.) of two -, 

clusters within MSU(A), and we will trace the movement 

of these units. The deformations resulting from the 

rotation, sliding and displacement of these units can 

be seen in their effect on the ". values of the vector 

parameters ( i" and Z"), because these vectors connect 

the cluster unit(cs) to the centroid ' of the .. 

macrostructural unit. 

The procedures for the development of the 

microstrain are as follows: 

1 
i- analysis of the vec~or positions of the two 

states (undeformed and deformed) of the structural 

unit with respect to the centroid of the 

macrostructural unit(A) by using vector analysis, 

and 

1 • 

ii- establlshment of the incremental displacement 

of the st ructural un i t (two c lusters) wi thi n the 

macrostructural unit(A), by us ing analytical 

mechanics, 

iii) estaç~shment of the deformation.gradient and 

the strain of the macrostructural unit(A) by using 

smoothness assumption and averaging theorem. 
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i- Analysis of the Vector positions: 

The result of the motion of the cluster units·will 

cause a change in the value 
a<\ CI-', '3 

of (~)7 since Z connects 

the cluster unit(~)·with centre of the MSU(A). JHence, • 
i.n terms of 'the total dis'placement of the ce~tre of the 

cluster 4nit, we have the following equation: 

oA oA al. 
Q( t) .=-' ; ( t ) - ~(t) (3.4) 

~,' 

Where: 

al. \ , q( t) • the total displacement of t,he centre 

of the cluster unit(~) within MSU(A) 

.1. 

~(t) • the position vector of the cluster 

unit(~) in undeformed state. It connects the 

centre of cluster ,·to the centre of MSU( /1.) 

sA 
~(t) • the position vector of the cluster , 

unit(~) in deformed state. 

From' simple vector a~alys i S,J Eq. 3.4 can take the 

following general form: 

sA i A i A i • A i .. A II A 
y( t)- {y (t) - !.(t)} - {Il (t) - tl (t)} - {X (t) - !(t)} 

( 3.5) 

(All these symbols are" defined ' . the previous ln 

sections, see Fig.l4.) 

2 , ' .~ 

84 Ji' • 
, , " 



o 

o 

\ 

. If we consider the displacement of the centre of 

the cluster unit(e) with respec.t to the referen'ce 
:... ,-.fi' 

':\.. frame, we get the following expression: 
'"\! , 

t.J j r" 

(3.6) 

From simple vector analysis, ~g. 3.6 can take the 
'r 

d;' following general form: 

.11 lA lA iesA i.A 

'U ( t ). y ( t) - ! ( t) - Q (t) - ~ (t) -, - (3.7) 

Where: 

lO 
~-,/a." 

Q(t)- the displacement 'of the cluster unit with 

respect to the reference frame, i.e., the displacement 

of the cluster unit(e) due to the rigid body motion' of 

the MSU is included. 

lIA '4" 
The relation between y(t) and Q(t) can be expressed as: 

esA .,.A Il Il 

Q(t)= g(t) - {y(t) - !(t)} ( 3 ... 8 ) 

The last term contributes to the rigid body motion of 
ait. 

the macrostructural un i t ( A ) • y ( t ) represef1ts the 

displacem~nt of the cluster unit(e) which causes the 
c 

deformation of the MSU(A), i.e., the displacement of 

cluster unit(e) due to. the rigid .body motion of the MSU 

is excluded. 
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It should be noted trat 
I~A "DA 

the condi~ion IMI a Ibl 
should be heid. However, the 

laA 
vector ~ contributes in 

'thè displacement of the cluster units' oy-its rotational 

mode only. This contribution will be included in our 

~evelopment of the incremental displacement by 

introducing a rotation vector y at right angles with 
iaA 

vector N. 

il- Incremental displacementa \ 
This can be established by considering '...!'.how" the 

structu~al unit chan~esfrom the unde~ormed state to the 

deforied state. This change is a result of ·the 

translatipn and the' rotation of the system. Therefore, 

,this in~emental'displacement consists of displacements 

due to displacement of the system, rotation of the 

system, sliding of the top cluster, and r~tation of the 

top c1uster. See Fig. 15. 

1- The displacem~nt 

we have the following 

simple translation: 

.., 
.A i A 

Ag • Ag 
1 

Where: 

i A 

of the system: 

equation which 

\ 

-~ "'~ 

From Fig. l5a, 

represents 

(3.9a) 

• .. 

a 

AU = the incre~ental displacement of_the èontact 

point, i.e., the displacement of the Structural unit(SU) 
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2- The incremental dispIaeement due to the 

rotation-of the Structural unit: From Fig. lSb, and 

from the analytical mechanies point view, we get the 

following equation: 

, ." i Il A 
Ag • A( 1o)Xl! ,) 

:l 

(J. 9b) 

Where: 
1 

~ • the rotation vector at right angle witb plane of . 
IctA 

motion (i.e., at riqht angle with ~), and it is loeated 
:;.> • 

at the contact point, see Fig. l5b. 

3- The incremental displaeement due to the 

rotation of t~e top cluster un i t: If the rotation 

vector is\at the centre of the bottom eluster u?it, the 
a", 

incremental displacement AU has the following form: 

\ 
ô , 

• " , i. " 
ô.g • 2 ô. (Q~ ) (l.ge) 

!I 

Where: 

~ • rotation vector at right angle with plane of 

.'. . \ motlon ~d 15 loeated at the centre of the bot tom 

cluster unit, see Fig. ISc. 

~ The incremental displacement 

dis~cement ot the top cluster can be 
~ 

simple tranlation as follows: 

due to the 

formulated as 
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( 

0.(\ Il 

AU - ~8 
~4 

Where: 

Q 

l ' 

(3-.9d) 

a~ , 
~~ - the displacement of the top cluster(L.C. of(U). 

This displacement can be expressed from the rotation 

vector which is located at the bottom cluster unit. See 

Fig. lSd. 

Hence, the resu1ting incrementa1 deformation is as 

fol1ows: 

ail ClfI at\ 01\ at\ 

Ay - AU + 
~1 

.6U + -2 AU + ~u ( 3 .10) 
-3 "'4 

.. 

Where: 

01\ 
Ag - the total incremental change of position of 

the centre of the c1uster unit (ct-) within MSU(A). 

Eq. 3.10 is the outcome of the development from 
\ 

the mechanics of material point of view. Oda et al. 

(1982) have reported experimentally on the last two 

terms for granular media 1. e. 1 the dis.plâPement 

(sliding) of the top cluster (particle) and rotation 

(rolling) of the top cluster. (For more details see Oda 
J 

et al. (1982).) The coptribution of~ach one of the 

above kinematics (Eg. 3.10) depends on the surface 
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.' Fig- 15 The Mechanics 'of Deformation (Type BI) 
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plane of motion 

c. Rotation of the Top Cluster Unit 

pl ane of 
motion t 

.. 
d. Sliding of the Top Cluster 

• 
Fig. 15 The Mechanics of Deformat1on-(Type BI) (Cdnt.) 
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the eontac~s and the geometrical configuration of the 

system. 

It is interesting to note that the slippage line 

·crossing over macrostructural units can be the result 

of slipping or sliding and rotation of. the contacts on 

that line. This 5lippage represents the shear in the 

macrostructural unit, (see Fig.16)'. It may be noted 

also here that when the slippage line is caused by 

sliding only without rotation, no dilatancy can take 

place in the line of shear. This slippage lines may be 

similar to the De Jong concept of free r9tation from 

the continu~ analysis point of view, (De JOng(197l), 

and the Nemat-Nasser concept of microscopie shear 

--plane, (Nemat-Nasser(l980». 

" 
ii.i - Establishing of the defol:Jlation gradient and 

strains 

·Strain· is-the key element of the kinematics of 
~ 

deformation of particulate media. The best criterion 

for describing this strain i5 the deformation gradient . .. 
In ~n~~~l, the gradient can be defined as the partial 

derivative of a vector function. In our case, we have a 
\ . 

discrete system of the macrostructural unit. Therefore, 

we are faced with the problem of finding the 

defonnation gradient. In the fOllowing, we will 
\ 

descr lbe two methods to find the deformation gradient: 

• 1 

1 
1 
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1- The method of theory of distribution. 

2- The method of smoothness assumption and average 

theorem. 

Although the second method will be used for its 

simplicity, a summary review of the both methods will 

be provided. 

1- Theory of Distribution: The concept of th1s 

theory arises in mathemtical physics where the ordinary 

theory of functions prove inadequate. In our case, the 
0./\ 

.vector positions ~ (a-l,2, ... n) cannot be described by 
ail 

an ordinary function since vectors Z descr1be 

distributed centres of cluster ~nits with1n the 

macrostructural unit. If we map aIl the centres of the 

cluster units into a circle of macrostructural unit 
• 

M 
diameter, we get the vectors ~(a-l,2,3, .. n) that have 

values in ài~crete points within the surface of the 
0.11 

circle. Hence, ~(a-l,2,3 ... . n) can be simulated as 

impulses over the surface of thè circle. 

or-. 
Therefore, ~ should b.e represented by a 

generalized distribution function. Once the 
al\ 

distribution is described for ~(a-l,2,3, .. n), the 

derivative can' -'be .. developed 
, . 

micros train can bé established. 

generalized microstrain to the 

(\ 

and a generalized 

The ~age of th1s 

global' strain may 

require a special mathematical treatment. The complete 
\ 
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treatment of the theory of dist~ibution is given in 

Schwartz(1960) and Gel'fand and Shilov(1958). 

2- The slDootbness assomption and averaging 
'-'" 

·tbeoremr First an ordinary function of the concerned 

argument should be considered and then the smoothness 

assumption should be implemented. The smoothness 

assumption permits the derivative to exist and be 

continuous. The advantage of this assumption is that 

it is possible to get a vector gradient which puts the 

strain formulation in a simple forme The srnoothness 

assurnption has been used in granular mechanics by 

Christoffersen et al. (1981), for the total granular 

medium. We have applied the smoothness assumption over 

the macrostrucural unit for this study. 

The average theorem has been introduced by Rice 

(1971) as an average of a function over a - specifie" 

region- of the material. Rice (1971 and 1975) has used 

this theorem ta find the global plastic strain 

increment from the internal state parameters in metal 

constitutive modelling. 

Implementation of the second method: 

If we apply the smoothness assumption ta Eq. 3.4, 

we get the following equation: 

U - Z(t) - Z(t) (3.11) 
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The partial deriva~e of Eq. 3.11 takes the following 

form: 

az au 
+ l (3.12) 

aZ 

." Where: 

az/az'· The deformation gradient (Malvern 1969). We 

will use i for the deformation gradient. 

au/az = The displacement gradient (Malvern 1969). 

g = The total displacement of the macrostructrual 

unit. 

Note: the gradients are 

coordinate system. 

based on the Lagrangian 

The incremental form of Eq.3.12 can be expressed 

as follows: 

-- + 1 (3.13) 

Eq. 3.13 is considered from Taylor approximation (i.e., 

Az-(az/aZ) ~Z+ .• ). It is called a difference equation 

in the par~ance of numetical anal:ysts. 



c 

By using the average theorem, 

to put the displacement gredient 

average over the macrostructural 

average over the index ct). Hence, 

~xpressed as fol1ows: 

AZ 
,. <---) + 

AZ
II 

1 

it may be possible 

in t"!rms of the 

unit (Le., the 

Bq. 3.13 can be 

(3.14) 

From Bq. 3.10, we get the fo11owing expression: 

--;r- + 
AZ 

(3.15) 

Note: The angular brackets define the mean values of 

the enclosed quantities. 

Several strain measures have been used, but we 

will use the following form which simulates the 

conventional continuum one. 

• III 1111 

C ( t ),. (1/2)(.. t 
'T 

6 ) .,. (3.16) 

. " 
Il 

t • the deformation qradient, the superscript m 

refers to the.macrostructural unit. 

6 • two-dimensional Kro~ecker delta. 
2: 
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This form of strain is suitable for passage to the 

global strain and easy to operate to find the 

stress. 

The strain of th~ macrostructrual unit (Eq.3.16) 

can be expressed in terms of the modes of motion of t~ 

cluster units within this-MSU as follows: 

... ... .11 

+ ~Um J + 1/2 
~Z [ 

~Um 
~z 

~ AU
m

] 

AZ 
(3.17) 

Note: the above addition and multiplication should b~ 

done in terms of vector components. 

\ 

Eq.3.17 represents the strain-displ\cement ,relationship ~ 
l 

for the macrostructural unit. When the total 

displacement is very small, the last product term can 

be neglected •. 

The fundamental difference between the 

conventional continuum strain and,Eq. 3.17 is that the 
-' 

strain in Eq.3.17 contains in its argument the internaI . 
IQ.A 

statp parame ter , 
• 

which is the director M, where 

has b~en described by equation 3.lc. 
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Discussions 

The kinematics of deformation of particulate media 

is a hybrid of the kinematics of two fields. The first 

field is the kinematics of deformation from continuum 

'mechanics, in which the fundamental concepts are the 

strain of two dis~inct points and the continuum motion. 

These two concepts are built on the premises of the 

deformation gradient. The second field is the 

analytical mechanics, in which the fundamentai concept 

is the motion of rigid particles. This motion is 

described by . two modes i. e., rotation and translation 

in the generalized coordinate system. 

Hence, the deformation gradient is the principal 

concept for the ,development of the kinematics of 

deformation of the particulate media. This deformation 

gradient is constructed from the concept of motion of 

the rigid particies (Eq.3.17), and therefore the 
tot'" 

directors ~ play key roles as internaI state parameters 

of the deformation gradient. 

Rice (1971) and Bishop (1951 a,b) have considered 

the internaI state parameter for continuum body rather 
! 

than for microelement. Their ~tate parameter is derived 

from thermodyanmics, and therefore this state paramet'er 

is difficuit to reconcile to the actuai mechanics of 

the materiai. In the present study, it is represented 

from the point of view;' of the mechanics of cluster 

motion. 

98 
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The difference between our theory and the director 

theory is that in addition to the introduction of the 

mlcroelement scale, the rotation mode in our theory is 

transferred into 
\ 

tlisplacement by introducing the 

rotation vector. Hence, we have only one set of 

deformations. 

, 3-4-2 Kinematics of Deformation o~ the Second Region: 

The deforma~ion of the cluster is a result of the 

rearrangement of the particles wlthin the cluster unit. 

We will not considér the kinematics of a two-particle 

system since the scale ls too ·small and a lot of 

detailed information can emerge. ~hese detalls might' 

not be necessary for the prediction of global 

deformation. Hence, we will consider the deformation 

of the cluster unit as a continuum body. 

In the analysis of this deformation. we will 

consider\.first the configuration state which can be 

described by the following vector positions, (see 

Fig .17a) : 

Undeformed state: 

a~ i~ \O~ 
~(y,t)- r(y,t) - ~ (y,t) (3.18 ) 

~ formed state: 

aA ~ ~A 
y(y,t)- y(y,t) - n (y,t) (3.19) 
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, t ;; 

iar-
N (y,t) - vector joins the centre of the cluster 1 

with the contact point(i} within MSU(A). 

Note: L.C. of N (i.e., ~) represents the deformatioo 

-and not the rotation of this vector (there i9 00 

movement of the clusters in type B2 deformation, i.e., 

the cluster movements are accounted for by the 

deformation of the other clusters, see the definition 

lof type B2 deformation in pr~vious sections). 

The rate ,Of change of Eg. 3.18 has the foll.owing 

.111\ .iA .i4A 
1(y/t)· y(y,t) - n (y,t) (3.20) 

If we take the contact point(i) as a -reference 

point H
, i.e., the rate of change of the position vector 

of the contact point equal 
.,.. 

to zero(y·O), the rate of 
-
chan~e in Eg. 3.20 represents the real deformation rate 

of the cluster units(~). The real deformation rate is 

defined as the deformatioo rate which accounts for the \ 

deformation of the cluster unit without its motion, ... 

since its motion is accounted for by the deformation of 

other cluster units. H,nce, the deformation ~ate of the 

clusters is: 

• (]A .i-'lA 
y{y,t)· - n (y/t) (3.21) 

The acceleration, in general, can have the following 
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form: ~ 

'-UII " i" '. i /1 Il X ( y, t)· l (y, t) - Q (y, t ) 
. '. 

The cluster deformation can be viewed in terms of 

~h~ deformability of the vector ~Awithout its rotation. 

In other words, the deformation of the pair of clusters 

at the cgntact wi Il be considered. The small 

deformations of the cluster units do no~ mean a small 

deformation of the MSU, since the MSO i5 a collection 

of several cluster units. 

3-4-2-1 Microstrain Formu1ationa 
12 

We define the scalar product of the vectors H and 
13 tIlA M for the MSO(A) (the indices given in H are considered 

for simplicity in the development, see Fi9. 17p) by 

12 13 li 
W • ~ • N '" I~I cos t 

li ' q 
where INI and INI are given in Fig. l7b, 

and e i5 the angle between the two ve~tor5. 

, 
After ~~formation, w will have the value 

~ 

, 12 

W • D • 
1 3 1 i 1 ~ 
!! -In Inl 

, 
cos e 

~The difference is as follows: 

(3.22) 

1 t 
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Fig. 17 Kinematics of Deformatl0n (Type 82) 
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i 12 
W-W- n. • 

1 , 1.2 /' 1 a 1 f 1 f , 2. f 1 f n - H\I • .. ! -In_ In_1 COS, -IN IN cos e 
\ " - - (3.23) 

If ve assume the smoothness field of deformation over 

the macrostructural uni t, we can e.xpand Eq. 3.20 into 

McLaurin's series at the' contact, i.e., 

~eference point. 

1 12 1 

(1 -n ). ! + ,. - ~ 
... 

12 
a 1 12 

(y -N -
2 - - t ) : 1 12 '/ 2 

(1 -H - 1 )'--
a~ 

1 - i At the reference point, we have 1- J. 
Hence: 

12 
12 an 12 
n -..:. N 

1:l -
al;! 

• 

and similarly for other vec;or, 

11 a (H ) 

at the 

(3. 24)'-

(3.25a) 

(3.25b) 

If we substitute ~s. 3.25 a and b ,in Bq. 3.23, we 

qet the fol~owin91 

. , 
, 
1 



'C 

< 

, 
W - W 

w- w = 

{ 12 . ag 12 

1% ~ 
a~ 

12 
dU 

12 

a~ 

+ 

1 3 
au 

13 
ali 

212 
aD 

12 .. 
a~r 

.. J( a~' -2'0 ) l 3 an 13 2 12 13 
(~) ï3 ~ + - (N) - t! N 

13 -
a~ a~2 

\ 

(3.26) 
l 2 13 
N ~_+ 

If P (in Fig. l7b) represel)ts a rigid-body motion of 

the cluster units of center p, then W will be equal to 

W for any choice of a configuzation state. Therefore, 

this fact suggests that the term in parentheses (Eq. 

3.26) is a reasonable measure of the deformation 

concept for the M.S.U. 

Thus the strain measure in this case can have the 

same form as for the first region • 

• ID ,."IIT 
~ ( t ) .. (1/2) ~ .... - § (3.27) 

Where ) 
~ Il 
.. • The deformation gradient of the MSU 

(second region ), and it i5 equal to an/aN. • 

The fundament~ difference between the 

conventional continuum strain and Eq. 3.27 ls that the 

strain in Bq. 3.27 contains in its argument the 

internaI state parame ter which i~ the director 
ietA 
H , in 
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which its deformation represents the development of 

this strain. 

Discussions 

The following points are important for 

developments in the coming chapters: 

1-0 As can be viewed in Equations 3.17 and 3.27 the 

microdeformation gradient and the microstrain are 

produced from different elements of kinematics of 

deformation. Therefore, the microstrain of 

particulate media 

delormation(type B 
- , 

depends on the 

and type C) which 

in these media.' Therefore, the 

types of 

are induced 

development 

procedures of the constitutive equations will 

depend on the types 0' deformation. 

2- In mic romechan ic s of soi l, the 
, . 

microstrain-displacement relation has advantages 

over the similar relation in continuum mechanics; 

the microstraip can be developed from the 

displacement which is a direct result of the 

mechanism of the local cluster motion or 

deformation. Therefore, the e~tablishment of the 

microstrain-displacement relationship requires a 

certain experimental program in microlevel of the 
" 

clay sample to get the cluster k inemat ics 

behaviour. 
< 
tl 

Hence, under a specifie load the displ~ent of 

;t 
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the cluster units can be trace1 by an experiment 

in the microlevel, and this displacement can be 

transferred into mi'\:ostrain by a computer program 

(using Eqs. 3.17 and 3.27) built in with test 

data acquisition. 

) 
The e~gerimenta1 micromecha~ics is beyond the 

objective of this study. Therefore, in the 

following chapters we develop the constitutive 
.. 

equations in terms of the "rnicrostrain", instead 
, 

""', , of ,using the displacement. Further discussion of 

this point will be given in Chapter 4. 

) 
• 

3- The consideration of the randomn~s of the 

the mic:rostrains over the ensemble of 

macr6structural units ls the subject of Chapter 5.' 

4- In the previous sections we have discussed the 

~kinem~tics of deformation of part~culate media and 

the director concepts, and the developments of the 
,. . . f 

mlcrostralns 0 the first region and the second 

region of the clay compression. We can now address 

the concept that the kinematics of deformation of 

particulate media may follow different "views and 
, 

methodology" than the classical continuum 

mechanics and particle dynarnics. r;;- , , 

• 

, 
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3-5 VOLUMETRIe AND WEIGHT RELATIONSBIPS: 

In the last.secti~n, we devel?ped the microstrain 

measures. In , this section, we will deve10p the 
.... 

volumetrie and mass parameters which are essentia1 for . 

time evo1ution of : Je,forma..é.on . ' 
,,' 

There are three important re1ationships of volume: 

porosity, void ratio, and degree of saturation. 

Porosity i~ the ratio of void volume to total volume; 

and void ratio is the ratio of void volume to the solid 

volume. 

The vDid ratio represents one of the fundamental 
4111' 

state parameters in stability analysis. It is one of 
1 

ûhe parameters that describes the initial state of the 

sail media, (loose as opposed to dense condition). 

These conditions are fundamental in describ~ the 

mechanica1 behaviour of the soi1 system. Void ~~can 

be linked with a constitutive operator to find 

stress-compressibi1ity relations. Moreover, it 

contributes to the modelling of the hydraulic 

conductivity of the soil system. 

" The bulk void ratio has often been re1ated to the 

coordination 

partic1e) for 

number (the number of the contacts per 

" granular media, see Smith et al.(1929), 

Field (1963), Gray (1968), and Oda (1972). 

.. 
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The most use fuI relationship in terms of weight is 

water content which is the weight of water divided by 

the weight of solid in a soil element. The relationship 

between water content and void ratio for the 

microelement (MSU) will be given in this section. The 
,-

pore space system of the clay mass has been divided 

into micropores and macropores (intra- and 

inter-cluster). Therefore, the void ratio pnd water 

content can~be defined for the inter cluster pares and 

intra cluster pores. 

Table l sho~s sorne definitions of the volumetric 

and weight relationships for the microelement scale 

which is proposed in the present analysis. The phase 

diagram which is shown in the table indicates in the 

left side the volume relations and on the right side 

the mass relations. From this table, we can obtain the 

following relationships for the MSU. 

Vol. of the interc l uster pores in MSU 
e =- (3.28 ) m Vol. of the cluster units in MSU 

and 
.. 

-P , 
S e - w ..§.. (3.29 ) 
~ • Il Pw 

For Fully saturated macrostructural unit(S-l), 

Eg. 3.29 can be reduced to the following form: 
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W 

~ 
and the following expression for the saturated density: 

p • 
(1I).at. 

• 

Where 

s .. the degree of saturation of the 

macrostructural unit. 

e • the void ratio of the macrostructural unit 
III 

basad on the macropores, i.e., the micropores are 

included in the volume of the solids. This void ratio 
'* 

plays an essential role in the present analysis. 

p • the saturated density of the MSU 
(1I).at. 

• 

w • the water content of the macrostructural unit 
Il 

based on the intercluster fluide The other terms are 

dafined in Table 1. 

.. 
For the cluster unit, the void ratio(êc ) has the following 

form: 
! 

o , 

.' 
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Table l Volume-veiqht relationship of the macrostructural unit 

Macrostructural unit 

e 

v intercluster • water 

intracluster 
V water • 

V solid 
5 

Volume Relationship 

11\ 

V. • volume of water 
( intercluster) 

V • vol ume of wa ter 
• (intracluster) 

V - volume of so+id c 

~ . the vlUlle of the c 
cluster 

V V • • • • 
V. + V s t~ 

l • summation over set 

p • 
/II 

p -

C 

w 

W • -
W • 

w 
5 

Weight Relationshlp 

W •• weight of .water 
o (intercluster) 

w· weighf of water 
• (intracluster) 

w • weight of solid s 

w • c the weight of the 

W W. • w • • 11\ 

W + W tW • s c 

+ W + • • Ws 

V. + V. + Vs 

W + • Ws 

V. + V, 

cluster 

.. 

.. 
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$j if H t 2 $, t filA 4it?H 
\ '" ~ .... t.t,"'-.~'''~ 

Vol. of the intracluster (micro) pores ... e D __________________________________________ ___ 

C Vol. of the solids within the eluster units 
(3.31) 

It should be noted here that e and w are local 
III III 

parameters whieh are different from the bulk parameters 
~ 

e and w. However, the average of e plus the average of 
"' 

êccan be equal to e (bulk void ratio), Le., e-<e ')+<~> 
m C 

(as an example, the Champlain clay' of Quebec at 

specifie sites has e- 2.28, <.e~ 1.6,<êc"'" .68. These 

values are developed from data of Delage et al. 

(1984». 

3-5-1 The co~cept of wThe Compression Zone-, 

Compressibility as defined in the introduction vt 
~e volumetrie response of the soil system. It depends 

on the voids in the solid system. As an example, the 

compressibi 1 i ty of a gas i s . grea ter than the 

compressibility of a liquid, because the voids between 

the moleeules of gases are larger than the voids 

between the molecules of liquids. 

Soil is a three-phase system: solid phase, water 

phase and air phase. If the voids of soil can be filled 

either with water or air, the soil will be two-phase 

system. Hence, the compression zone of the particulate 

system can be def ined as the volume of the voids 

between particles or fabric units. The shape and the 

.:~ 
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size of ~he compression zone depend on the fabric and 

the pack of the system. For plate and rodlike particle 

(fabric unit) shapes, the compression zone depends on 

the mode of association of these particles, i.e., 

edge-to-edge, face-to-face and edge-to-face. 

Bolt(1956)~nd later Sirdaran(1979) have related 
J 

the ,compression zone of the parallel clay particles to 

the void ratio of the total system. They consider the 

compression zone in terms of the distance between two 

clay particles. 

In the second chapter, we defined the clay systim 
. 

as having two different pores: macro- and micro- pores. 

These pores have been generated by different solid clay 

particle arrangements. The macropores are formed by 

the cluster units which have idealized spherical shapes. 

The micropores are formed by the particle arrangements 

within the cluster units. The clay particles have 

p'1atelet shapes. 
'-

We wi Il consïder the compression zone for 

different solid shapes. The concept of the director 

theory which has been used for the development of 

microstrain is used here. One of the advantages of 

using the directors for the development of the 

compress ion zone i s that' i t puts the system change as • 

material frame indifference, i.e., the volumes and 

areas (and their rates) as an objective quantities. 

112 



o 

o 

By utilizing the director product concept, the 

directors are vectors which describe the shape of the 

compression zone. In the fOllowing, we will use this 

concept for three different shapes: cylindrical 

spherical, apd platelet. 

Mathema~ièal development: 

From the concept of cross-product, we get the 

following expression: 

! x 2 - 2A~ 

where 

... . 

(3.32) 

u - unit vector at right angle te the plane of 

the two units. 

a and b • directors which describe the shape of 

the compression zone between two units 

A ,. the area enclosed between the two units 

Menee, 

! x 2 1 ,. 2A 

in which Iyl-l. 

If we take the time rate of change of Eq. 3.32 ve get: 

à x b + a x b • 2 (Â u + A u) 
~ - ~...., - .... 

in which the dot ~notes a time derivative (dy/dt) 
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From the Schwartz inequality, we can get: 

1 
. 

1 1 1 1 s x b + ~ x E ~ ~ x 12 + ~ x ç 
Hence, 

1 ~ x 9 1 + 1 ~ x !2 1 ~ 2 (A 1:! + A ~ 
where \ 

. • y =- wX \l 
.. 
w- the angular velocity of the veetor which is 

at right angles to the plane of the two uni ts. 

If-"'e restriet \ " the motion of the clusters in-theplan-e--at--- ~ _____ ~: 

rlght angles to the unit vector y, i.e., ~.O, we get 

! x Q 1 + 1 ~ x ~ 1 = 2 lAI (3.33) 

See Fig. below. 

For volumetrie analysis, we have the triad director product, 

(3.34) 

ç • a vector at right angles with plane of the two 

vec'tors é! and Q. 
, 
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v - the volume enclosed by the triad directors. 

The ~e rate of change of Bq. 3.34 is, 

dV de do dg 
'.- -- I~ x QI + ~ • ( 1- x el + I! x -1) • 

dt dt dt dt 
(3.35) 

Por restricted motion, we get the followinq expression: . 

dV dç dA 
• lAI + ~ • 1-1 ) 

dt dt 
(3.36) - - 2 ( 

dt 

Table 2 gives the formulations for different 

shapes with appropriate director definitions. In light 

of the mechansim of deformation of the first region, we 

have the cluster motion (no particle motion, i.e., 

riqid clusters). Hence, the compression zone between 

the clusters is the one which will be affected under 

applied load. In faet, the compression zone 

formed by the clusters is the generated cavity in the 

MSO. 

In light of the mechanism of deformation and the 

physics of compression of the second region, ~we have 

cluster deformation wi thout motion 1 1. e., partiele' 

displaeement within these clusters. The compré$sion 

zone between the partieles is the one whieh will he 

affected under applied load. Therefore, some of these 

formulations will be used for the appropriate 
. 

deformation regions in Chapter 4. 
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In the la st section, we d~veloped the area and 

volume of the compression zone. In the follow ing 

section, we will develop a model for the 

macrostructural void ratio by using the geometrical 

probabi l i ty. 

3-5-2 Void Ratio of the Macrostructural Unitl 

The concept of the probability which will be used 

here is geometrical probability. This probability is 

concerned with random variables which are geometrical 

objects taking values in sorne set of possibilities on 

which there is a defined non-negative measure, 

satisfying certain required conditions which enable us 

to interpret i t as a probabi lit y. 

Part of this probability is explained in terms of 

intrinsic fabric variability concept (see Chaper ~ for 

more detail). The following steps are necessary for 
... 

the developement of the void ratio: 
1. 

i- rindinq the cluster diameter from the observed 

diameter 1 

If we cut a test sample, we can observe the 

cluster units and the pores by scanning .electron 
\1' 

micro~copyv. The probability distr ibut ion of the 

observed diameter of the cluster units can be found and 

ca lIed F ( y). Hence, f rom thi s di str ibut ion of diameters, 

we can find the actual probability distribution of the 
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diameter of clusters. 

'"' 

.To do that, we will consider the integral' equation 

model which is presented by different authors including 

Kendall and Moran(1963), and Tallis(1970). It was 

oriqinally developed by 

represents one of the 

Wicksell (1925,1926). 

fundamenta1 equations 

It 

of 

geometrica1 probabi1ity. The integra~ equation can have 

the fol10wing for~: 

y g(r) 
f (v). - dr (3.37) .. • 

2 2 1/2 
E(r) (r-y) 

y 

where 

f (y) • dF(y)/dy 

f(y) • probability density function' of the 
~ 

observed radius of spherical cluster 

g(r) • ,probability density function of the 

ealculated radius of the cluster. 

E(r) • the mean value of the radius of the 

clusters. 

Eg. 3.31 represents relationship between the 

.;,' 
118"" 

. . 

observed probabilit,y density of the cluster radiu.s..-­
" 

.f (y), and the calculated probabili ty, . densi ty funct ion 

of the cluster radius g(r). In the Appendi~ A-2, we 

4C: have simplified the integration of ,Eq. 3.31 and have 

solved it by us!ng numerical technique. 

r 
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For equa1 size sphere~ the governing equation is: 
\ 

\ 

y 
f{y) • 

--2 2 1/2 
(r - y ) 

In the Appendix A-l, we developed the 

of observed and re1ationships between the moments 

calculated cluster size distribution. The expressions 

for the moments are: 

E{y) • -
4 E(r) 

2 
E(y) • 

3 E(r) 

wheIle 

E(r}- The expected value of 

E(y}- The expected value of 

E( r~= The second moment of 

E( r~ ... The third moment 

(Axelrad (1978) and Benjamin et 

~ 

the 

the 

the 

of 

al. 

1 

These moments are used for several 

{3. 38) 

" 

(3.39) 

radius r. 

observed radius y. 

function g{ r). 

the function g(r) 

(1971». 

If 
applications, such 

as the formulation of the average sp~cific surface 

area, the hydraulic radius (R) and the cross sectional 

ar~a of the channels{a). The formulation of the last 

two parameters (R and a) are considered in chapter six. 
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The average sp~cific surface area of the cluster unit 

can have the following form (see App. A~l): 

s 
v 

la 3 (3.40) 

Equation 3.40 will be used in Chaptef 6. 

ii- Calculat~on of the probability distribution of 

volume of spheresz 

We have a function relationship between the volume 

of the cluster and radius of the following form: 

v -= g(r) 

3 

V • (4/3) • r 

1/3 
r- é V 

Where 

C. (3 1f/4) 
1/3 

Papoulis (1967), Ang et al. (1975) and Benjamin et 

al. (1971) present methods for der i ving the 

distribution of random variables which are functionally 

dependent upon random variables whose distributions are 

known. In general, one should seek the probab i 1 i ty 

distribution of the dependent random variable V 
" 

(volume). For any part icular value V, F ( V) is found by 

calculating in the sample space of r (radius) the 
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probability of all those events where g(r) is less than 

or e-Efual to v. Hence: 

- 1 
dg -1 

f ( V) = 1-1 f (g ) 
dv .,. 

"'c 1/3 
f ( V ) = 1-1 f(c v ) ( 3.41) 
v '-'W 3 R 

3 v 

Once we calc\illate the distribution of the 

diameter, we can find the probability distribution of 

the volume of the c1uster from Eq. 3.41. 

iii- Void ratio formulation, 

The probability distribution of the number of 

cluster units in 
.\ 

a macrostructural unlt is assumed to 

be a poisson distribution. It has the capability to 

model the possible occurrences of events at any point 

in space and it has the fo1lowing form: 

./ 
(' 

Pr (N-n) • 
c c 

where 

E(V) 
m 

E(v) c 

n 
) c 

E(~) 
exp - ( JI. ---

E (V) • the average volume of the Ms.u 
ft! 

(3.42 ) 

E(~) • the average volume of the cluster unit 

• average rate of number of cluster units 

in the macrostruëtural unit. 

n • the number of the cluster units in tn, c 
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·_--_._--~ ... _.-

MSU. 

The macrostructrural void ratio formulation can be 

developed from the above steps and from its definition. 

~ence, it can have the following form 

1 
E(v) . n = V . c e m (3.43a) 

l + e 
Il 

v - E ("c) n m e 
e • III 

E(v) ne e 
(3.43b) 

Where V • the total volume of M.S.U. 
Il 

\ 

The volume of the macrostructural units and the 

number of the cluster uni ts (ne) are treated as random 

variables according to Eqs. 3.41 and 3.42. Hence, the 

void ratio of macrostrctural unit will have probability 

distribution over the ensemble of the macrostructural 

units. Further from this disribution and Eqs. 3.29 and 
1 

1 

3.30, we get the probability distributions of 1 wmand~. 

New Pabric Definition, 

The void ratio 

introduced as a new 

of the macrostructurat unit is 

fabric definition for blay soil 

(and .sand soil). This fabric definition can 

and model the macropore size distribution 

arrangements which are essential for the 

~scribe 

an~ the 

following 
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points: ~ 
1. To describe the initial state of the system, 

i.e., 100se state as opposed to dense state. This 

description is very important for modelling the 

constitutive equation of the soil medium. 

2. To describe and model the fluid flow through 

the soil medium. '\ Further, the macrostructural 

void ratio can be used as astate parameter to 

describe and mode1 the stress-deformation equ~tion 

of the soil medium. In the present anaylsis, we 

will use e for modelling 

Fig. 18 shows a schematic 

det in i t ion. 

the fluid flow equation. 

view of this new fabric 

.. 

calculation Procedures for ~, ~ P,J 

The steps for calculation of the probabillty 

distribution of the macrostructural void ratio are as 

follows: 

1- Calculate the probability distribution of the 

radius of clusters and the macrostructural units 

by using Eq. 3.37 with input data: observed radius 

of the clusters and MSUs in distribution form 

(from scanning electron microscopy soil samples). 

~- Calculate the probability distribution of 

vc-lume of the uni ts by using Eq. 3.41 where the 

input is the calculated probability distribution 

of the radius. 
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3- Calculate the probability distribution of the 

number of the cluster units per MSU by using Eq. 

3.42. 

4- Calculate the probability distribution of emby 

using the above steps. This is done by appling the, 

"Monte Carlo simulation technique on Eq. 3.43, 

where the inputs are the probability distribution 

of the number of clusters "in the MSU, and the 

probabilities of volumes of the clusters and the 

MSUs. The Monte Carlo technique i5 explained in 

the Appendix D. 

Once we calculate the probability distribution of 

the macrostructual void ratio from Eq. 3.43, we are 

able to find the probability distribution of the water 

content and density by using Eqs. 3.29 and 3.30. It 

can be noted, interestingly, that in classical 

geotechnlcal engineering we measure mass, and calculate 

water content, and thus calculate the void ratio, and 

density (p). However, in the above procedures, we are 

doing just the opposite. 

\. 

A computer program was developed to ealculate the 

probebility distribution of ~he void ratio, density and 

water content of the macrostructuai unit. The flow 

chart is given in Fig.l9, and the numerical technique 

is discu~sed in Appendix A. 

125 

l ' 



c 

( 

Discu.sion 1 

The mass-volume relationships represent the basic 

relations in the classical geotechnical engineering, we 

have extended them to cover the microelement scale, 

i.e., the macrostructural unit. The new mass-volume 

relationships have the capability to describé the 

macropore size distribution and the subregion(MSU) 

water content distribution. 

The cross product of the triad directors has the 

capability to kedel the compression zones between the 

clusters (or particles). 

The 

parameter 

macrostructural void 

for the desdription 

ratio is the 

and mot~lling of 

fluid flow behaviour which will be discwssed next. 

3-6 rLUID KINBMATICS AND FLOW SQUATIONs 

" 

key 

the 

In the previous sections, we dealt with kinematics 

of deformation o( the clay skeleton. In this section, 

we will develop the fluid kinematics and flov equation. 

The fluid flow through soil depends on many 
. 

properties and characteristics of the soil and the 

permeant. Those which are re1ated t~ soi1 are the pore 

size distribution, torturosity (the channel of f low), 

fabric and the surface characteristics of the 
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Input Data 

- The probability distribution of the radius 
of the ~luster units per test section 

- The probability distribution of the radius 
of the MSO per test section 

- The average number of the cluster units 
per MSU 

- The density of water, and the density of 
solids 

First step 
Calculation of the probability distribution 
of the radius of the clusters and MSUs. the 
steps are: 
- Oivide the reglon into n strips 
- Find the values of the radius in each strip 
- Get the cumulative probability distribution 

(CDF) from the above steps by using the 
least square method 

r)J - Find the probability density function 
(pdf) from CDF for the clusters and 
MSUs 

Second step ( 

127 

Calculation of the probability distribution of 
- The volume of the clusters and MSOs !q.3.41 
- The number of the clusters per MSU Eq.3.42 

r 

Final step 
Apply the Monte Carlo simulation technique te 
Eqs. 3.43b, 3.29 and 3.30 te find: 
- Macrostructural void ratio 
- Macrostructural water coqtent 
- Macrostructural saturated density 

"i~ " , 

1 

j 
~ 1 

Pige 19 COmputational flo. scheme of ·probabilitl distr1butl0. 
of em, "mand ~ 
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particles; and those which are related to the p~rmeant 

are the viscosity," temperature,. density, and its free 

energy. In addition, we have the soil-water interaction 

factors which depend on the pore fluid chemistry such 

as the dielectric constant, pH value, etc. 

If i5 dif;ïcult to aS5ess the relative importance 

of each of the facto,rs, since many of them are 

interdependent~ The effect of temperature on liquid 

transfer is not fully known, since temperature affects 

both the permeant and clay-water interaction (Yong et 

al. (1975»). 

Physic8 of rluid rlowt 

The physical description of clay compression which 
, 

is introduced in the second chapter reveals that in the 

first region, the fluid will move out from and through 

the cavities (macropores). The water volume,which will 

be transferred out from the concerned soil mass is 

measurable as far as the excess pore water pressure can 

be mea5ured. 

The excess pore water pressure is measurable until 

the macrostructural void ratio reaches a certain valve. 

We,call this void ratio as the equilibrium void ratio. 

In the overlapped region, not aIl the macrostructurpl 

units reach equilibrium void ratio. Hence, the fluid 

will move out from th~ macrostructural units which have 

not reached the equilibrium void ratio. Therefore, sorne 
~ 
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surface flux of f1uid (volume) can be measured. 

For the secor.d region, aIl macrostructural units 

have reached the equilibrium void ratio. Therefore, the 

flow from micropores to macrcpore will be with no 

surface flux of fluide For this region, 

self-organization of the soil-water system can take 

place. ' 

It should be noted that when the macrostructural 

. unit reaches the equilibrium value, it does not mean 

that the bu1k void ratio has reached the equilibrium 

void ratio. Irhe equilibrium bulk void ratio has been 

defined in the literature as the void ratio at which 

129 

100 Ofo con sol idat i on of the sample takes place. l t 

concerns itself with both micropores and macropores. 

Therefor~, the equilibrium bu1k void ratio may cause ~ 

confusion, since when it reaches the equi1ibrium, some 

of the micropores will b~ caused to change, and these 

micropores.do not have a relation with the excess pore 

water pressure measurements. Micropores changes cause 

small pore water pressure to build up, but it is not 

significant to be of measurable value. 

l t is worth noting that our definition of 

equilibrium void ~ratio indicates that the excess pore 

water pressure can be measured until the 

macrostructural unit void ratio reaches its equilibrium 

value. 

L 
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We summarized the above discussion in Fig.20 whic~ 

shows a schematic view of surface water flux from a 

soil mass system; the ordinate reprèsents the volume 

change and the abscissa the Jog time. We will develop 

~.the flow equation for the first region 

\!J surface water flux (volume) ck be rneasured. 

where the 

, .., 

3-6-1 lleview: 

From the continuum point of view, a flow equation -
basèd on experiment has been developed by Darcy. This­

equation relates the velocity of the flow with pressure 

gradient. This relationship is linked with the 

130 

coefficient of permeability. Extensive investigations'­

have been confirrned ~he validity of the law, and the 

- fundamental factors controlling ..:he 

coefficient. See for example, 

Hansbo(1960), and Mesri and Olson(1971b). 

permeability 

Olsen (1965) , 

Lambe(1954), Michael et al.(1954) and Olsen~1962~ 

have demonstrated that e Kozeny-Carman equation which 

has frequen1;:ly ta predict permeqbi1ity is not 

suitable for predicting the perrneability of 
w 

fine-grained soils. 

-./""-
Many empirical relationshi~~ have been established 

from experimental data relating the perrneability ta the 

void ratio (see Tavenas e~ al. (1983), ~Olson et al. 

(1981') and Juarez-Badillo(1981». These J:'èla tians can 

have a-general fu~ction as follows: 

l' 
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where 

K- the permeability coefficient 

e-bulk void ratio 

ç -experimental fitting parameter 

In order ta use these empiricai formulations,. one 

has ta be aware of their limitations and applicability. 

These formulations may be suitable for a certain types 

of soil under certain specifie fabric conditions. If 

two samples from the same soil with same bulk void 

ratios are subjected to the same external stimuli, the 

prediction from empirical formulations may give the 

same results, while the actual response cou1d give 

, different results since the bulk void ratio does not 
. 

~" reflect the W soi1 fabric W of the system. In other .. 
words, for same bulk void ratio a medium compased of 

numerous small pores is likely to exhibit a lower 

saturated permeability than a medium composed of fewer 
"-

large pores. Hence, other parameters besides the bulk 

void ratio which ref~he soil fabric should be 

considered 10r better representation of the actual 

soil-water performance. 

From the discrete point of viewi Leonards(1962) 
'\,0 

has developed Hagen-Poiseuille equations for different 

equivalent capillary channel~ model. Scheidegger(1974) 
. , 

has examined the hydraulic radius lof channels model 

derivation from the Hagen-Poiseuille equation, and he 
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has presented a critique of the model. Further, 

Scheidegger has suggested that the preferred model of a 

porous medi um should be based on probabilistic 

concepts. 

With the view- of using pore size distribution to 

predict the permeability of siltyclay, Garcia-Bengochea 

et al.(1979) have classified different models which are' 

introduced by sev~ investigators (such as Childs and 

Collis-George (1950) and Marshall (1958)) into 
-capillary models and hydraulic models, all of them 

based on the premises of Hagen-Poiseuille equation. ~ee . 
also the work of Juang and Holtz(1986~. 

3-6-2 Flow Equation De~elopment: 

Below, we will develop a flow equation which can 

take into consideration the materi~.tic. of 

the media. 

• The mechanism of f low can be viewed as the f low 

through a channél connecting two adjacent 

macrostructural units. There are two conditions of frow 

between the two adjacent macrostructural units. These 

conditions are: a) conduit flow type and b) flow around 

a submerged object. These types of flow depend on the 

size of the macropores which in turn depend on the 

local and bulk void ratios;\l" 

• When the cavities are very large, the conduit type 

133 
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flow concept will break down. Because the flow will 

move around the cluster units, the friction drag 

mechanism will represent an increasingly higher portion 

of the resistance to flow as compared with the viscous 

shear mechanism which determines the friction in 

conduit flow. 

The case of flow around submerged object type 

relates more to the physics of sedimentation and the 

compression of a very high void ratio clay system, and 

therefore i twill not be considered" in the present 
"'tIl ' 

analys~s. Fig. 21 shows the schematic view of the two 
" ' 

cases. In the following pages, we will develop the flow 

equation for the second case, i.e., the conduit flow 

type. 

The path of the fluid between two adjacent 

macrostructural units 1S likely to be tortuous, the 

arrangement of the cluster units would obviously' 

determine the degree of tortuosity. Fig. 22 shows 

schematic view of different cases of the channels 

between two adjacent macrostructural units. 

case 1: Simple channel connects between two 

adjacent MSUs. The generated forces between the 

fluid and the channel are the viscous shear 

forces. 

case 2 : Simple channel but the existing forces 
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a-Flow around lubmerged obJect type mode' 

b-Condu't flow type mode' 

'. 

Fig. 21 Geometrical Models for the Flow Equation 
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are the physico-chemical forces and viscous shear 

forces. The physico-chemical forces are generated 

beqause of the presence of clay particles in the 

perirneter of the channels. These forces anrl their 

interactions with the media are very important in 

case of chemically active fluids. 

Case 3: a network of channels connect the two 

adjacent macrostructural units. This is 

suggesting that the pore geometry is not a channel 

of imperm~able boundaries, but interconnected 

roots with complex geometry. The forces which can 

be existed are the physico-chemical forces and 

viscous shear forces. 

3-6-2-1 Mathematical Formulation: 

The conduit flow type can acconunodate the 

development of these cases. It should be noted that in 

these cases the channels' variabilites and 

uncertainties over the ensemble of rnacrostructural 

units can be considered. Thus, the conduit flow type 

will be used in the following anaylsis. For sirnplicity 

in development, we will use Case 1. 
1 

For the conduit flow, we apply the concept 'of 

Hagen-Poiseuille which uses the Newton's law and force 
\ 

equilibriurn of flui~element, (see Appendix C-1 for the 

development of the equation of the flow) . The 

formulation can be as follows: 

, l, 
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a 
C ., R a 

s w 11' 11' 

q .. (P - P ) 
'77 rA r A 

D 

Where 

\~ .. shape facto~ 
t-- thê uni t weight of water 

~ .. the hydraulic radius 

(3.44) 

a • the cross sectional area of the channel 
1(" 
P = the pore water pressure build in the cavity 
1\ 

of MSU\ 1\ with superscript If 

7r 
• Pr = the pore wa ter pressure bui Id in the cav i ty 

of MSU r with superscript 11' 

,..\' 
D = the length of the channel connecting the 

two MSU 

q = the rate of flow per channel 

~ • coefficient of absolute viscosity. 

If we consider the pontinuity of the fluid flow 

for a reference macrostructural unit (r), i.e., the 
.J 

total quantity of flow in and out trom the MSU r f we 

get the fo~owing form: 

a 
C ., R a 

s w E i i 11' 11' 

tq • q .. p - p ) (3.45) 
net TI 0 r 

1 

Where 

q • the ~ate of flow per channel(i), in or out, of 
1 
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the cavity in the MSU r 

q • the net of flow stored in the cavity in the MSU 
net 

r. 

The summation L: is performed over the number of the 
( 

channels connected directly with the MSU(r). i 
7f' 11" 

represents the number of channels, and ~ and ~ are the 
1 

terminals'pressure, see Fig. 23b. 

q is equal to the time rate of change of volume of 
net 

the MSU (Vm ). 

-- (3.46) 
~t 

whefe 

t ~ - the total volume of clusters in the MSU, 

i.e., the summation is performed over the number of the 

cluster units within the MSU. 

v • the total volume of the macrostructural unit. m 

q • r V 
net C 

~ 
at 

Hence: 

+ (1 + e ) 
m 

cll: V c 

clt 
(3.47) 
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(3.48 ) 

We will assume as a first approximation that the 

rate of c?ange of the number of cluster units within 

the macrostructural unit is negligibly small. In 

actual fact, this is one of the fundamental assumptions 

in the development of the finite consolidation th~ory. 

See Monte et al. (1976). Therefore: 

Hence: 

--at 

c ., 
s w 

TI t~ 

TI 

2 

L: R a 
1 j -
D 

i j 

7r 1r 

P - P 
j r 

7r 7r 
P - P ) 

j r 

(3.49) 

{3.50) 

Equation 3.5 is very general and can be applied 

for three-dimensional analysis. However, to 

demC'nstrata the analysis, the case of one-dimensional 

flow will be considered here and will be used in 

subsequent chapters. It should be noted that 
, 

one-dimensional fluid flow has been recognized 

experimentally in some types of clay soil. See Yong et 
., 

J 
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al. (1975). 

Hence, Eq. 3 .. 50 can be simplified in the fo11owing form: 

Tl rv 
.". 

P -
1 

K + K ) p"" + K pR] 
1 2 2 2 

(3.51) -= 

Where 

, 2 

~ • fJ-R a )/0 
1 i i i 

+ 

;, 2 
K .. r (R a )!D 

2 i i i 

The summations(r and "'t) are performed over the channe1s 
\ 

connected from the top to macropore(r) and the channels 

connected to its bottom respectively. Fig 23b shows 

these definitions. 

If the channels 

assume that K=K. and 
1 % 

j 

parameters ire 
o = D. Henc~e: 

1 

~em C ., LRj:aj n s w p. ---
~t . " r V 

e 

The excess pore 

(j,j-1~j+1) can be 

D J-l 

wa ter pressure 

represen ted 

. 
similar, we can 

n n 
(3.52) 2 P. + ~ .. 1 ) J 

cavities 

finite 

difference nodes, (see Fig. 23b). Hence, Eq. 3.52 can 
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be simulated as a partial differential equation with 

finite difference increment àx-D. Thus, with some 

mathematical simplification, we 

equation: 

--clt 

C., D 
s w 

ax 

get the following 

2 
( 3 .53) , 

, 
Eq. 3.'53 represents -a model which descrioes the 

fluid flow from one macropore to the adjacent ones. 

The basic parameters of the this model are the void 

ratio of t~e MSU, and the excess pore water pressure. 

Eq. 3.53 by itself cannot describe the law of 

performance of the macrostructural unit under 

compression loading. It requires an expression to model' 

the stress transfer, and another expression to model 

the compressibility of the clay skeleton (cluster 

units). We will try to fulfil1 these requirements in 

the next chapter. 
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3-7 SUMMAKY: 

In this chapter, we have dev~loped several 

concep,ts in the kinematics of deformation of clay-water 

.system. The summary of these developments are as 

follows: 

I---f0r soil media, we describep~three types of 

deformation, i.e., type A, type B and type C. We 

revie,wed the literature of the d'irector theory and 

modi:(ied it to 

,> deformation. 

2- ~e introduced 
\ 

\ 

model the kinematics of 

the microelement(MSU) which, 

consists of a group of cluster units. Furthermore, 

we developed the kinematics of deformation of the 

first region which is simulated by type BI 

deforrnatioD, and the kinernatics of deforrnation of 

the second region which is sirnulated by type B2 

deformation. 

. 
3- For the rnacrostructural unit, we develqped the 

/ wei~ht-volurne relationships such as e, w, p. A 

"\ 

j 

./ 
1 

J 

computer progr.am has been developed to find the 

probabili ty distribution oi-- ·<t~hese parameters over 

the~ensemble of the rnacrostructural units. 

4- We introduced the concept of the compression 
, 

~zone which is the volume 
J 

enclosed betwee~ two 
/ 
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units (cluster~ or ~articles). 

5- We discussed the physics of fluid. movement from 

cavities and showed that there are two different 

types of fluid flow models: ,he conduit flow type 

and the flow around submerged object type. We 

have used the conduit flow type model and have 

established an analytical ~odel for fluid flow 

from a given cavity to the adjacent ones. 

In Chapter 4, we will use the kinematics ot 

deformation of the clay system and the concept of the 

compression zone to develop the constitutive equations 

for the first and th~ second regions. 

6l 

In Chapter 5, we will use the ana~ytical model of 

the fluid flow (Eq. 3.53) to link with the constitutive 

equation for the establishment of the state function of 

the first region • 

.... 

\ 



c· 

c 

CBAPTEll .. 

STRBSS-COMPRESSIBILITY EELATIOBSHIP , 

•• 1 .. 

> • 

In order to provide a 

appli~d and the compression 

link ,çetween the stress 

induc~ in the material, 
1 

the constitutive properties of the material should be 

studied. In this chapter, a discussion of the stréss 

applied te the macrostructural ~nit will be provided. 

Moreover, attention will be focused on its components 

in terms of the stresses carried by different phases 

and local stress balance. Last but not least, a 

discussion of the formulation of the 

stress-compressibility relationship will be provided . 

• 

Before we start the p~ogram, the following 

question should be raised; is there a coupled stress in 

soil media? The answer to this question will he 

discussed in the fQllowing section 

In our mlcromech~nics theory, we have 
CIl? 

developed the kinematics of deformation by 

stated and 

using the 

director concept and We concluded that the kinematics 

cao he represented by one set of deformation. In the 

case of the stress,field, there cannot be any coupled 

145 

• 



o 

" 

o 

stress existing in the soil media. In the fOllowing we 

will substantiate this idea by describ1ng two major 

works in the field of s011 mechanics. 

Mehrabadi and Nemat-Nasser (1983 ) stated, for the 

stress field which exists in granular media, as 

follows: 

• Let the sample be divided into a finite number of 

subregions (or neighborhoods) (Note this i5 the same as 

our MSU). • " ••• - •••• Il • Consider a typical subregion 

r, and let the 'local stress measure' in this' region be 

2A ..••• ,. 
l) 

As pbser~ed experimentally in the work cf Oda et 

al. 1 (1982), rolling and sliding ex1st in the granular 

media on the microscopie scale. However, the stress 

f1eld developed in thesé media has no çonsideration of 
\ 

coupled stresses (i.e., bhe stress A is Cauchy stress). 
\) 

Yong et al.(1985) have not considered the coupled 

stress for anistropic clay. In their development, they 

consider the orientation of the plate shaped particles 

with basal planes aligned in a direction normal to the 

axis of the major principal formational stress. In 

their constitutive development the orientation angle 1s 

presented but the stress ls a Cauchy stress (no coupled 

stresses) . 
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We conclude from the above major works in soil 

~echanics (see also works of Bazant et al. (1975 and 

1986» that although the director concept has been 

included in the kinemati~s, the couple stress does not 

.exist. 

4-2 LOCAL STRESS BAI.J\HCE: 

Terzaghi was the first engineer who introduced a 

stress balance as effective stress principal. The basic 

point of the equation ls that tpe applied stress is 

taken partly by the fluid phase and partly by the solid 
r 

phase. 

, 
/ 

several~ce stress equations (Table 3) have 

been introduced. They take into account the repulsion 

and \~ a-t;traction forces between th'e particles. These 

equat;kns have been applied to a scale of assemblage of , 

particles, mostly of two-particles system. 

Although the balance equations (see Table _~~ are 

almost the same, the choice of the part of the stress 

which is carried by the solid system is not clear, and 

the terminology of using the effective stress as 

opposed to contact stress is less defined. 

We think that whep the distance between thè 

two-particles is small in the Angstrom scale, the 

behaviour of the joint can be both mechanical and 
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Table 3 Different stress balance ~tion. for •• turated .oi181 

~ - mineraI to mineraI stress. 
~ - total stress applied. 
a - fraction of the total area. m 
R - repulsion force. . 
A • attraction force. 
u • pore water pressure. 

Author General Equation 

.. Terzaghi (1925) 
.-

tI • tI + U 
'--... 

Lambe ( 1960 ) 
:: 

ti- ti a + u + R - A 
m 

... == Sridharan (1973) ti- ti a + u + R - A 
m 

Chattopodhyay 
, 

u +R - A ti- ti + 
(1972) , m 

'\. 

• Mi tche11 (1976) tI • tI + R - A ... u 
1 0 

/ 
J 

Contact stress 

effective stress 
, tI • tI - u 

effective stress 

0- -tl 
= -u -tI a + R - A 

m - , 
effective contact 

stress 
~ ... ü-R + A C-tl a- tI-_ ~m ... 
C • tI 

+ tI 

true ef fecti ve normal 
stress 

, 0 

• • tI - U - R + A 
m 

the intergranular 
stress 

~ 
• tI + Jo - u - R 

1 0 
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phy"sico-chemical. The, meaning of the mechanical 

behaviour is that the ,~ce between the particles will 

be· filled ~ith cations and adsorbed water, and these 

~ations and the water wi\1 work as a Iubricated system 

over the two particle surfaces, thus giving viscous 

action. At the same time, the cations have positive 

charges and the clay surfaces have negative charges. 

Therefore, the physico-chemical action and reaction are 
1 

responsible for the attraction and the repulsion forces 

between the partic les • 

. In our work, the local stress balance is nct 

applied for a scale of two-particles system, but it 

vill be applied for the macrostructural unit scale 

(i.e., tpe cluster size is the smallest scale to be 

used) for reasons given in the second chapter (Flow 

Chart 2) • The total stress applied to the 

macrostruC't urai un i t i s taken by thè\ f l uid and the 

cluster units. The formulation which is ~~~osed in the 

~re'sent analysis can be as follows: 

/ 

III 

tr = 
~ 

Il 

tr • 

where 

, Il 

tr = 

i . p. 

g + 

, III 

tr 
" 

+ 

i . p. 
t1 + 
::: 

c • 
tr + P 6 (4.1 ) 
::. :; 

• 
P 6 • 

(4.2) 

Il 

tr • The total stress applied to the macrostructural 
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\, 

~c _ ThJ intercluster stress or the mechanical stress 
• 

which can be taken by the intercluster contact. 

i , " , 
g = The stress due to electrical interaction 

potential between the clusters. This stress is due to 

active particles near the contact of the cluster units . 

• P = Pore water pressure which builds up in the 

cavity within the macrostructural unit. 

Eq. the stress field for the 

macrostructral unit, see Fig. 24. 

The Mechanism of the Stress Balancez 

There are various conditions or physica1 

mechanisms of the local stress balance which i5 .' contro11ed by the (~p). These mechanisms are: 
'" 

i , p , 
1- When f = O. This condition can be reached 

either at equilibrium or at the condition of no 

interaction potential between the cluster units. 

Hence, 
c DI n 

~ = ~ - P 6 
:: ,.. 

'" 
(4.3) 

In such a case, the condition of materia1 

compressibility is governed by the resistance to shear 

di splacement at the interc1uster contact. This 

resistance cao be viscous and/or friction with no 

interaction potential. 
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for the MSU Fig. 24 The Stress Balance 
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1 • P • 
2- When { > o. In this case, the repulsive 

forces will be dominant and the intrCluster stresses 

may tpke the form: 
\ 
\ 

c m i . P . • (4.4) 
~ = ( ~ ~ ) - p ~ "'" :. 

In such a case, the material compressibility 

performance can be expressed in a mathematical form by 

using the Double Layer t~eory. In addition, the 

performance depends on the separation distance between 

the participating particles near the contacts of 

neighbor clusters. 

1 • P • 
3- When g < o. In this case, the attractive 

forces will be dominant and the intercluster stresses 

may take the form: 

Il i . P. • 
~ - ( - ~ » - P 6 
~ ~ . (4.5) 

r,n such a case, the shear resistance at the 

intercluster 1 contacts 

compressibilityL and this 

governS 

shear 

the 

depends 

material 

on the 

direction of the strong plane of resistance at the 

contact of the cluster units. This plane is different 

for the Case 1 and Case 3. Therefore, the 

compressibility. performance of Case 1 and 3 can be 

different. 



The performance of the clay system for any of the 

above cases depends on the type of clay mineraIs (e.g. 

kaolinit~, illite, and montmorillonite), pore water 

chemistry, and the size of the cluster units. 

Environmental alteration of the pore water chemistry of , 

the system which was in case l, 2 or 3, may cause this 

system to behave differently than before alteration. 

In the following sections, a demonstration of how 

one can find the components of the local stress balance 

is given. 

4-2-1 Calculation of , ! .P. From the Interaction 

Potentials 

4-2-1-1 Generals 

Clay particles have very small slze. Therefore, 

the specific surface area is very targe. Hence, a largp. 

proportion of the total number of atoms making up the 

particles form at the surface of the clay particles. 

This makes the clay particles very active electrically. 

The at~mic structure of the clay system includes 

two types of sheet structure such as tetrahedal or 

silica sheet, and octahedrai or alumina sheet. The 

surface can ailow isomorphous substitution phenomena to 
1 

take place, i.e., substitution of ions of o~e kind by 

ions of another type, with the same or different 
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valence, but with retent~on of the same crystal 

structure. The isomorphous substitution and the 

imperfection in the crystal 1attice may contribute in 

causing the clay surface to have a negative charge. 

The properties which are responsible for the 

fabric formation, its stability, and the performance of 

the clay-water syst~m are as follows: 
.. 

i- for the soil system; they are represented by 

base exchange capacity, surface area, amorphous 

material, and cementation' bonding material 

(organic and inorganic); 

ii- for the fluid system: they are ion , 

concentration (n), cation, valence, dielectric 

constant, temperature, pH value and dipolar 

character of the fluid. 

These properties of the clay-water system can 

interact to form differel~t modes of part ic le 

associations (i.e., face-to-face, edge-to-edge, and 

face-to-edge configurational states). These modes of 

associations form a stable or metastab1e system which 

depends on the net potential of the interaction between 

the pair of clay particles as well as on the bond 

condition (i.e, cemented or uncemented condition). 

/ 

This net potential can be calculated by different . 
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mathematical models, ,The formation of the eluster 

units which are aggregations of clay partieles in 
.,. 

different depositional environments is due to local 

thermodynamic equilibrium. 

The distance between the clay particles within the 
o 

cluster units rangesbetween 100-250 A,which gives 

a water content range between 1 15% _ 30 %. The 

thermodynamic properties of this water are different 

from normal wateri it has a high viscosity, and its free 

energy i s less than that of normal water. 

Therefore, the particles tend to cluster 
\, ~\ 
together to 

form a configurational state of minimum free energy. 

These local equilibria of the configurational 

states of the cluster units may not render the total 

system equilibrant. Hence, an interaction between the 

clust~r units through their contacts may exist, and ~~., 

free water in the cavity is formed by a number of 

cluster units. Within each cluster unit, different 

modes of partiele association can be developed. 

The interaction between the cluster un i ts can be 

developed through mechanical behaviour at the region of 

contact and through physico-chemical behaviour at the 

region near the contacts where the electrical forces of 

the interaction can be calculated. lt should be noted 

here that the joint between the cluster units is not 

really a physical contact as there is actually a very 

, 
, , 
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small distance between these units. P'ig. 25 shows a 

schematic view of the physico-chemica1 process of the 

cluster formation . 

• -2-1-2 Mathe~tical rormulation: 

We will first develop the calculation procedures 

of the pair potential. There are two methods to find 

the pair potential: 

a- The statistica~ mechanics approacha 

Taylor et al.(1968} Jsed the statistical mechanics 

theory of liquids and radial distribution functi~n 

together with an experimental technique of small angle - ~ 
1 

X-ray diffraction. The results of the X-ray scattering 

data are usually interpr~~ed in terms of the average 

distance of separation between clay plates. He computed 

the pair potential for Na-montmorillonite clay 

suspensions. 

b- The Double Layer Theoryz 

Clay particle interaction has been considered in 

terms of Gouy-Chapman double layer repulsion and van 

der Waals attraction for the case of parallel plates 

only. For other particle 

al. (1969) resorted to 

proc1edures 
\ 

to obtain 

configurations, Flegmann et 
) 

dif~e~ent computational 

interparticle energies. He 

incorporated the measured zeta potential to obtain 

energies for edge-to-edge, face-to-face, and 

edge-to-face configurations. 



.,' .. "( 
~ {~ 
~- . ..-~ 

el 

? 

lonl (aRlon,,_ catlonl)o 

~ ( 

• 

,0 

o. 

" 
• !1 

4 

'.. .. 

lv · 
Alumina-aillee structure 

F' 

_. 
~ 

Amorphous materlal 

~ 

Clay partlcle 

~~ 

Hydratlon shell 

Alumina 
SlIIea . 
Jron 

Free water 

Normal water 

1 

Clay partlele 

> 

Clay partlcle"wate"r-elecholyle system 

,.. 
Water-eleetro'yte system 

Two clusters 

Fig. 25 Fabrlc Formation 
P 
1... 

.' 

" .. 

fJ 

<>":J 

J 

" 

-' 

,/-

'" 
" J 

~ 
tn 
(X) 



o 

, 

o 

Cl 

~\ 

In the following analysis, the Double Layer theory 

will be considered. Extensive details of this theory 

are given in Flegmann et al.(1969), Low(1961) and Van 

olphen(1963). ln geotechnical engineering~ see Yong et 

" ~1.(1975 and 1978). 

We assume that at the region near the contact of 
. ~ 

the two cluster uni ts . there are N number of clay 
• 

particles and that they have pair potentia1 of _. This 

potential results from surface forces which emanate 
\ 1 

from the c l a y pa r tic les. Yo n 9 et· aL ( 1985 ) ha v e 

calculated the pair potential for different clay 

mineraIs interactions, and they have used the~. to 

explain the tlswellirrg proce,ss of an expansive soil. Tqe 

total N-body configurational energy which 
.~ 'J 

-/ \-
interaction potential between the two 

c1uster 
1 • 

unlts can be formulated by' the 

pair-interactions as follows: 
1 

• (1,2,3,4, •••• ,n) • 
Cf c2 

where 

represents 

neighbor 

sum of 

(4.6 ) 

• :' The interact~on potential between two 

1 neighbor c1c~~ster units. 

/ 

particles. 

Eq. 

z The interaction pot~ntial betweën two 

1 

4.6 is an exact formulation of the 

interaction. Therefore, the interaction forces between 
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the two cluster units can be derived from Eq.4.6 by 

differentiating 1 with respect l' 
to distancé (Yvon(1969) 

and Hamaker (1937». rt should be noted th.t it is ~ 

very difficult to define che rate of - change of the 

interaction potential(+} with respect to the cluster 

units displacements. Because the relative dllPl~ce~ent 

between the-cluster units is larger than the dista~e 
A ~ 

between the pair of'particles, i.e., the particle which 
T 

is interacted with its neighbor will " hav.e a new 

160 
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neighbor after the cluster units displacements. 

~ 
/ ... /~ ... 

Howev~r .. , th~ other met'hod i s as .f~~.w-$: 

1- Find the interaction'forces~ween the pair' of 

l -.J ", l b d·.,Iil/f//· ~. h c ay partl~ es y ~~ erentlatlng t e pair 

" irtteraction potential with respect to the distance 

separat ion between these particles. These 
.k 

particl~s are located at the region of the ·two 

clusters contact. The ca1culation' procedures of 
• 

these forces are given by Baker (1969) and Yong et 

al. (1985). 

2- Make the summation of aIl the forces generated 

at cluster contact region for a "specifie" region 

"configuration, i.e., 

i . p. 
F = 

t 

Where, 

(4.7) 

f - interaction forces betwlen pair of particles 
~ 

F - interactiqn f~s between two adjacent clusters. 
, 1 1 
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4-2-2 Measurements of the Pore Water Pressure: 

The po;e water pressure' ~s a volumetrie pressure. 

It is very diffi€u1t to measure the pore water pressure 

~ in i'Ch cavity within the macrostructural unit since 

the diameter of the cgvity, com~r~sing only a few 

micrometers, i5 50 small that the piezometer cannot be 

fitted into the cavity. çon5equently, the measure~ent 

of pore pressure in 50 many cavities i5.very difficult 

if at aIl possible. Therefore, the piezometer can only 

sense sorne kind of average of the pore water pressure 

in an ensemble of macrostructural units. 

\ 

This problem has been faced by De 

proposed a theoretical local 

pressure. This theoretical concept 

the actuai excess pore water 

exc::ess poré water 

canmot reconcile to 

pr"ssure in the 

microelement(MSU). In the following section, we will 

demonstra te how, in a simply way, 'the" in i t iai excess 

pore water pressure can be established . 
. ' 

We consider the total soil system profile as shown 

in ·Fig.26, (Tezaghi,1943). This soil system consists of 

a clay layer which is buried' beneath a bed of highly 

permeable sand, and the water 1S located at helght (h) 
o 

above the clay surface, see Fig. 26a. The water will 

rise in a piezometrie tube to the height h, and the 

static water pressure at any level x-x equal to the 

height (H+h-<z>Y, 
o 

where <z> represents the avera~ 

height of the ensemble of macrostructural units fro~ 
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the Impermeable base. The height in the piezometer tube 

represents the "average static pore water pressure of 

the ensemble. 

If we apply a uniformly distributed surcharge load ' 

(Pl) per unit area of the surface of o sand,. the pore 

water pressure on each level of the clay system will 

fncrease by an amount (Pl) which is in excess to the 

hydrostatic pressure. Hence, t 

pressure in each cavity is equal 

the initial condition (Le., at 

ss hydrostatic 

(Lie., !=Pl), at 

Consequently, ~ 

the water rises in a piezometrie tube to the height 

h2=Pl/\r. A schemat ic view of , the clay system wi th the 

. piezometrie tupe is shown in Figs. 26a and 26b. It 

shoùld be noted that the assumption, of p
rr

= Pl (at t=Q) 

plays a key role in the present analysis. 

Discussion 1 

The stress which is transmitted to the cl~ster 

units as mechanical or physico-chemical forces controis 

certain aspects of clay so-i 1 behaviour, notably 

compression and strength. In the following section, we 

will discuss and model the constitutive equation of the 

macrostrucutral unit based on this stress which will be 

called an eff~ctive stress. 

et e 5 fi 
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4-3 CONSTITUTIVE MODBLLING or THE MACROSTROCTORAL UNIT: 

4-3-1 General: 

Most of the works in the conso~idation of clay 

soil which introduce sorne micromechanics ~oncepts have 
-. 

not considered 

the sOi\. 'l'hey 

in detail the constitutive equation of 

only introduce the elastic constant 

and/or viscosity parameter which are not based on 

micromechanics modelling. 

Materials having identical geometry respond 

differently to the same external effects. The internaI 

constitutions of bodies are responsible for this 

behaviour. The constitutive characteristics of bodies 

are bro~ht into play by means of the cause and effect 

relationships. 

For modelling the clay compression performance, 

the constitutive modelling of the clay system under 
, 

applied load is essential. And in order to develop the 

'" constitutive equation, the 

identification of the .... clay 

characteristics should be viewed. 

procedures 

propertiès 

for 

and 

The material properties and charac~eristics:which 

produce the physics phenomena (such as the dilatancy, 

history-dependent, 
~ 

strain and and the stress 

time-dependent, etc.) -should be identi~by testing a 

representative sample in the laboratory or in the field 

$hO 
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under controlled boundary conditions. Hence, the 

characterization testing is essential for obtal,lning the 

material Parameters' and 
~ 

factors under different 

boundary conditions. 

Several continuum analytically predicted models 

which exist in the literature ( see the survey by Scott 

1985) may not reconcile with the actual physics of the 

clay performance. However, they can meet the actual 

testing boundary conditions for which they are 

modelled. In these models, the working parameters are 

only two: the stress and the strain, and the set of 

so-called material parameters, which are defined from 

the characterization testing. It is sometimes 

impossible to attach a clear physical meaning to each 

of these material constants because there is no 

consideration of the internaI conditions of the soil 

(Le., the sail structure) • Furthermore, 

micromechanical foundations of these continuum models 

are lacking. 

It is now widely agreed t~t further advances in 

the formulation of a reali~tic and broadly applicable 

constitutive equation for soil has to be based on the 

micromechanics of dèformation and description of the 
, . 

physicfl pro~esses involved in the microlevel. 
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4-3-2 Objective and Method of Approach: 

The ultimate objective of this section is to 

develop the microconstitutive equation which links the 

microstrain with microstress the stress applied on 

the macrostructural unit). The works of Bazant and his 

coworkers have the same objective as this sectioA. 

Therefore, we will now critically review their works. 

, 
For concrete materials, Zubelewiz and Bazant 1 

~ (1987) introduced the concept of the active plane in 

order to describe the macrostrain sOftening of the 

concrete due to cracking. They ,attribute the 

macrostrain softening to a decrease of the resisting 

area fraction of the material on the active plane. They 

developed a microconstitutive 'equation based on the 

'classical elasticity and plasticity theories. Six 

constant parameters describe this equat1t>n . The 

concept of the passage from the microlevel to the 

macrolevel of this constitutive equation will be 

discussed in the following chapter. 

No micromechani1t2 

identify or verify the 

constitutive equ/tion. 

experiment has been used to 

parameters ofjthe developed 
" ) 

Further advances ôf this model 

are required to clarify the following points: the size 

of the active plane area, and the verification of 
() 

Drucker 1 s stability postulates on the mie rolevel. 

For clay loil, Bazant et al. (1975) developed a 

, UA; L 
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microconstitutive equation (creep in shear) by 

modelling a triangular celi of the three straight-line 
'" 

particles sliding over each other at a rate determined 

by activation energy. This is done according to the 

shear force transmitted by the interparticle contact. 

Hence, the microconstitutive equation is based on the 

rate process theory. 

One micromechanics experiment, X-ray scattering 

test, is used to, identify one of the constitutive 

parameters {i.e., clay plate orientations}. Bazant et 

al.(1986) drew attenation ta sorne of the serious 
... 

drawbacks of this model. 6ne of these drawbacks is that 

the traingular cell implies that every clay particle 

slips over its neighbor. This may not be reali~tic for 

clay microdeformation . 

.... 

Ta overcome the drawbacks of the above model, 

Bazant et al. (1986) introduced' the concept of the 

microplane. This concept represents an ~nalog of the 

eariier slip theory of plasticity (Taylor 19~B). Bazant 

et al. developed the microconstitù~ve equation which 

ls based on the rate process theory ~ere a derivation 

of viscosity tensor is introduced. One of thei~sic 
assumptions is that the sliding between the particies 

which are at the region of clusters contact is small. 

This means that large local relative displacements 

cannot be predicted. Al~hough this assumption may be 

true for metals at the microlevel, it is difficult to 
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justify it for c1usters disp1acement (see Pusch 1980). 
. 

Furthermores, tnis model i5 difficult to extend to 

volumetric strain formulation. 

The X-ray scattering is a1so used for finding the 

orientations of the microplanes. It is difficùlt to 

verify a micromechanics model by only using the X-ray 

5cattering test. However, we feel that the concepts 

and the approach which have been used by Bazant are 

promising in that we generally benefit a great deal 

from his work in the mechanics of material. 

The Fundamental Conceptz 
/ 

We need a certain "conceptual gauge" to measure 

the response of the clay medium under an applied 1oad, 

i.e., te measure spatial and/or temporal fabric 

changes. This measure can be easily established for a 

non-dissipated system. For example, for ideal elastic 

material, it is the strain and for ideal viscous 

material, it is the time. However, for a dissipated 

system this measure i5 difficult to establish. As a 

starting point, we will intreduce the intrinsic time 

measure which ls similar to the one which is introduced 

in the endochronic theory. 

From this intrinsic time measure, we can develop a 

microconstitutive equation which does not require 

identification of a yield surface or the definition of 

loading and unloading. This feature makes it 

" '4 , ~ 
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particularly attractive for a particulate medium which 

develops the rearrangement of the fabric units from the 

onset of loading. 

The endochronic theory which has been developed by 

Valanis has been applied to modelling soil behaviour by) 
\ 1 

Bazant and Kt'izek (1975), Ansal et al. (1979), Bazant et 

al. (1982), and Valanis and Read (1979,1982). The 

modelling ~nd the application of this theory is based 

upon continuum mechanics. 

In order to highlight the fundamentals of the 

constitutive equation, the intrinsic time measure will 

be introduced first. 

/ 

4-3-2-1 Intttinsic Time Measurel 

The intr~nsic time measure is the corner stone for 

the constitutive equation. It- may be defined as
l 

the ,) 

length of the path traced by successive mechanical 

states of the material in a vector space. The 
/' 

mechanical states represen~ the acc~ulation of 

microstructural chan~s as deformation develops. 

The reason for using int'rinsic time measure in our 
} 

analysis is because the fundamental concept of the' 

intrinsic time measure 1S to mode l the local 

rearr~n~ement and dislocation of the system. Hence, by 

using the intrinsic time measure; the first reglon of 

MW 

J 

1 

1 
) 
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compression, the rearrangement and reorientation of the 

cluster units within the maerostruetural unit, can be 

considered and the second region, the rearrangements of 

the particles within the cluster units, can also be 'r 

cpnsidered. 

However, the intrinsic time measure which hds been 
"1 

introduced in the literature has several continuum 

constant parameters. These parameters are obtained by 

experimen~al fitting programs as 
• •• 1 seml-emplrlcal 

funct ions. Hence, by using these semi-empirical 

functions, the essence of using (·~the intrinsic time 

measure has been lost. 

Mathematical Formulation, 

The general equation of the jntrinsic time measure 

considers that in the Pjocess of deformation of 
, 

~ microelements, the succession of strain states traces 

two paths namely, one in deviatoric microstrain space 

and another, in volumetrie microstrain space. A 

two-dimensional intrinsic time space is then d~fined as 

one into which the previous spaces are mapped by the 

transformation: 

1 l 1 2 "-

dz l 1 de ' , 

0 00 01 D 

• (4.8) 

• 1 
J 
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Where 

., .. dz 2 intrinsic time scale (deviatoric) o ... 
dz ~ inerinsic time scale (volumetrie) H • 

" 

d~ == ,path 
o length :in deviatoric 

s~ce(distortion measure) 

de = path. length ~n 
li 

space(volumetric measure) 

volumetrié 

strain 

ICI] = ~material-dependent parameters (i-O,1 -and 

j=O,l). 

Note thi,t the 
f· 
JI\~ 

form of Eq. 4. B provides the ·theory 
f 

with the provision for .coupling between the deviatoric 

and volumetrie components of deformation. In the 

p~esent analysis, the volumetrie intrinsic time measure 
o 

"will be addressed. Fig. 27 shows an artistic 

the intrinsic time measure • 

view of 

. 
4-3-2-2 The rirst Region of The Compression 1 

.. 

\ 
We see that in this reglon the kinematicA « of 

deforma~ion i5 repreSen1!-e.cl by the microstrain of Eq. 

3.17, Le., the mechanics of clusters motion. As 

'di5cussed in chapter 

the time-delay of the 

two, the one aspect which causes , 
ta 

compression performance 15 the-

structural resista·nce of the clay skeleton. This ls the' 

time required for the cluster units 'to rearrange 

themselves under the imposed load. ... This rearrangement 
1.. • • 

which depends on th~ !s~rface. condition of cluster units~ 
1 

causes a permanerlt deformation. Hence(, the vol umetric . ,-

microst~ain space should simulate the above mechanism. 

, , 
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. 
From Eq. 4.8, we can have thè volum€tric intrinsic , 

> . 
time scale as foll~ws: 

:z 
(dz) =­

H 

Where 1 

2 a 
K (d~ ) 
10 0 

a 2-" 
+ te (d~ ) 

11 H 

( 

.' 

(4.9) 

It,o:l The ,mate.r;al, properties which ,represent the 
. .. 

~iolwne changes due to over aIl shear (~ilatancy) 

It = The material properties which represent the 
11 ' 

cavity votume decreases due to shear at the contacts 

(overall volume change). 

Eq. 4.9 represents greater generality in the 

description of the total phenomena o~ volume change. 

Since the volume ,changes due to . shear and to 

hydrostatic stress have different microstructurel 

so~rces, the form p~'~oand ~,are different. 

AS has been stated in ~hapter three, only the one 

dimensional behaviour 15 being considered. Therefore, 
\ ,f-

the coupling can be neglected as a first approximation, 

see Flg.27a. Hence: 
.a 

Hence, 

2' 
i) (dz) < 

K 

2 2 
=- It (d~ ) 

11 H 

• 

Zj (4.10) 
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As has been discussed, the volumetrie microstrain 
tJ 

space' shou1d simulate the meehanism of the time-de1ay 

of the compression performance. -~Hence, in order to 

include the permanent deformation in the strain space, 

~he volumetrie measure should be set as equal ~o the 
, ~ , 

volumetrie strain. 
1 

Hence, 

)-

d~ .• 
K 

de 1 
y 

d% .!- 1 de 1 
H 11' y 

~­
\ 

.r 
,of 

" 

'. 

~1represents an adjustment factor fb~ the strain 

accumulation in~ strain space. The.formulation, and the 

cha-cacterst ies of K
11 

can, be di f ferent for di f ferent c 1ay 

materials. For our fcase, since the mechanics of 

deformation dictat~ that the tim~ ~bou1d implicitly be 

'ln the formulations, 

depandent parameter. 

we will regard K a$ a time rate 
11 -

Hence, the materia~ dependent 
< 

param~~r K'1 will be consiàered as a~ function of the 

'~oliime't:~'~ t ime' change of the cavi ty. 
~', , .. 

.. 
The correlation of the 

, 
distance between partic1es 

wi th system"~ "void ratio (Bol t 1956) cannot take into 
\ ' 

considerat ion\ 'the presence of dead v9lume pore space 

(Mi tche1l 1976)' ~\ \,'However, the correlation betweep the 
a \\ 

and th~ volume of the system(MSU) can directors 

( 
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consider the presence of 

Ther~~ore, ~,function can be 

dead volume pore 

established by using the , 
concept of the compression zone. , Rence, the 

compression zone 'of the spherical shaped clusters is .... 

" ' ..: 
~"~' \ 

" 
where'L • T-he summation over the number 'of the 

compression zones enclosed between the " triad vectors 
" " , ,l'Ii t'hin the macrostructural unit. 

, 

~'~t9: The triad vectors (given in Chapt r 3). 

v D The volume enclosed by the triad 

If the cavity represents in one case a dead 

volume, . the time rate of change of §1'92 and 

'tQ zero, and hence clEv/clt=O. If Eq. 4.11 is 

by dividing it by total solids in the MSU 

number of the clusters in MSU), we get: 

l 

Hence, 

Jt. !( 
11 

where 

cl Ev 

clt 

l 

D 

~eJ t) 

at 
j 

aEv ~e 
) • Z( ....; ) 

at tlt 

,~ , 

~3 i9 equal 

normalized 

( i . e -. , the 

(4: 12) 

, -
{4.13} 
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!(.).~ a function of the rate of change of the 

" macrostèüctural void ratio. 

r = the summation over the number of the 

xl ~luster units within the macrostructural unit 

~ ~efined in Chapter 3). 

The rate of change _ of the volume 
-'-

macrostrucural unit depends on the condition 

( i t was 

of the 

of the 

cl usttt.r contacts. In order for . the' par.t)icles which 

belong to two clu5ter units in the region of the 

contact 1;0 move, (i.e., to slid and/or rotate), theX 

must overcome an energy barrier. Once the energy 

barrier is overcome, and the particles Begin to move 

this movement causes the cluster units to displace. 

This results in a volume" change of the m~crostructurar 

uni t. 

This energy barrier depends on the thermal energy 

which is 'generated at the contact of the particles and 

a1so on the forces which exist at the cluster contacts. 

These forces are not constant, i.e., they increase as 

the~xcess pore water pressure decreases. 

The form of the function E(.) depends on 

energy barrier generated at the contact region. 

Therefore, the rate process theory of Ey~ing 

(Eyring(1941» can be used to establish the form of 

this functi~n~ The application of the rate 

~heory in the geotechnical engineering can be 
/'---

process 

seen in· 

. ! 
• 1 

1 

/ 
1 

/ 

.' 

b 

/ 
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1 

the work of Mitchell et al.(1968), Mitchell (1976), 
\ 

Bazant et ,àl.(1975), and ~hristensen et al.(1964) and 
'<:5,;; # 

• 
~alov( 1986) .. 

/ 
Al thouglï - we set the c9ncept of the development 

strategy of the rate process theory,' we will not pursue 

this development because, it would require too many" 
• 

details which would detract from the main stream of 

establ'ishing the 
, ~ 

micromechanics. of clay, compression_ 

performance under applied load. Hence, in the pre",nt 
.. ',) 

" analysis, we propose the following function: '),0':-

'ai 

de ,. 
;:(e(t» _ à (" _ )8 

dt 

Where li and ~ are constants which can be found by 

simple optirnization procedures on experirnental~ test 

data. In actual fact these constants depend on a set of 
, .. 

'surface chemistry properties such as Plank's\constant, 

Bol tzrnan ' s constant, free energy of activation, 

temperature, etc. Eq. 4.14 represents the structural 

viscosity of the cluster interaction. The structural 

viscosity can be defined as the viscosity which dependp 

on the fabric changes of the clay system. 

The intrinsic time scale cao have the following form: 

. 
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" 
\ 'r ~:, ,~:o J; 

» 'c 

. ' 

, " 

I? 

dz a·à 
H 

â (dé/dt) de: 
m V 

" ' 

The behaviour of Eq. 4.15 for ~ given 
00 ' ~ 

~QCl 
à and 1: is given in Fig. 20'. 

, 0 

1 , , 
, " 

'1 
1 _ 

, ~ l "1"1 

'; o( ~ JI,' 
I, : \\ ,\ 

\ ~ Il 

:' 

i,; 

, 1 

Il 
1'\ 
Il 
·1 
1 

, 

(4.15 ) 

set \\O"f values of 
~ 

". -.. 

The Second Region Of C9mpressiona 
1(, 

1" 
We see in this "region that the kinematics-, of 

deformation is represented by the microstrain of Eg. 

3.27, i.e., type B2 de forma t i on . The cluster 

deformation is exhibited by the relative movement of 

t~ particles within this cluster. This motion depends 

on the viscous/friction bétween the particles as well 
Il'' 

as on the stress which is transmitted at the cluster 
i,;') 

contacts. 

Sinee at the second region of eompressidn the 

excess pore water press~re 1S equal to zero, the 

o stresses induced on the .clusters are constant. Hence, 
,,' 

-othe volumetric microstralnuspac~ should simulate the 

meehanism of a creep phenomenon, i.e., the time is the 

most essential parameter in this space. ' 

From Eg. 4.8, we have the volumetrie intrinsic time 

scale as follows: 

a 11/ 2 Z a 
(dz). IC (d~ ) + IC (d( ) (4.16) 

H 10 0 11 K 
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1; .. 
where, ~ 

"'0 • The material properties which 'represent 
• 

~ 

dilatancy of the cluster units d~e to shear; 

JC. =-
11 

volumetrie 

The material properties which represent the 

changes (change in( the volume of the 
~ 

c'lusters) 1 see Fig.27b .) 
/ 

'" 
,.1' , 

a , 
L~t II: • 0 

10 

. . 
:a 2' 2 

-dz • le ( d~ ) 
, 

( 4 .17) 
H 11 H 

We have ~~ready discussed that the ~olumetri~ . 
mierostra in sp~ee should' - simulate the, t ime (creep 

\ 

process). Hence, we let the volumetrie measure be equal 
, -

to the time mes$ure (0' clock time). 
f 

Hence 

d~ • dt~ 
H 

" 

(4.18) 

II: is a function of volumetrie time ehànge of the-
11 

éluster. It is an adjustment factor for the strain 

space; (i.e., for the time measure). Similar to the 
l' 

first region, the compression zone ~oncept will be used 

here. However, this compression zone is considered for • 
plate shapes. 

'181: ... ' 

1 
1 • , 

. .-



,. 

• 

• 

, ' , 11 ': 
- , 

\:- :,,:~:: ) 

ftence.( 

.Je = :;( 1, 

" 

, 
tv 

~ .. 
:V 

, 
1 

1 
1 

s 

, , , 

t 

" .. 
,~ .. 

"." " , 

0; , 
~~~ 

," -~ .... ~ .... 

"'" 
'd> 

~?,- ,; 

)- .:: (êc<" t ), t ) (4.19,) 

U .) 1:1 • a function of the update.d - cluster void-
, . , 

ratio and the real time, 

v :1 the 
s . 

clust.er unit, 
1 

t 1 

V, = 
1 

.the 

the cl-uster' un i t, 
t ' 
V :1 ''T,V , 

volume 

volume 

of sol ids.( pla tes) within the 

of water(intracluster)within 

v = t~e volume of water enclosed b~twe~n 

triad .vectors{see Table 2) for plate shape! ' 

~(t) = ~he void ratio of the cluster unit (Eq. 

3.31) • 

The summation ~ is performed over the number of volumes 

which ~~_enclosed between the t~iad vectors. ----

When t~e energy barrier at the' contacts between 

the particles within the cluster unit is overcome these 
. , 

particles will start moving and \th'ese movements will 

cause the vo~ume of the cluster unit to change in time 
• 

domain (t). Again, this energ7 bar~ier depends on the 

ther~al energy and aiso on, the forçes generated withi~ 

the cluster units. Although the forces tr~nsmitted at 
.' 

they~cluster contacts are constant, th~ forces which 

exist within the cluster unie are note This is . so . 

, M, 
"~'~I 
1",', 

L, 

'1.82 

,,1 

.. 
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, . 

, ' 

~ ~ 

because thes~ forces depend on the fluid pressure buil~ 

~ 
up inside the cluster unit. 

#! 
f 
In$tead of using the rate pro~éss the~ry for the 

}~evelopment of -function 'Z<.), we considèr the following , . . 
\ . 

exponential form: r ~ !'-. ,-
,i ,~_ 

'= ( a ( t ) ) 
- c • 9bz exp (sb

1 
x êc{t) x t) (4.20) 

• j i fi' 

.. 
will be updated for each ~ime increment. ,The 

1 

constants. sb, and 15b
2 

can ,be found" from simple 

optimization procedures on the experimental data. These . 
constants depend on ... ti)e ~urfacé chemistry of ,the 

particles. o 

<t!t·?,~ 
l· 

The form ~'f the intrinsic tîme scale is the fOllo,wing: 

'. 

(4.21) 

Sqs. 4.15 and 4~21 represent the intrinsic time 

- scales of t·he first region and the second regior't 

respecti vely'. In the following' section, we will develop 

the eonsti tutive equations for both regions. 

(. 

~ 
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4-~-3 Consti tutive :&quationl --

L , , 
- '!z .. 

~. 

For the development of the constitutive equation 

for the macrostruct~ra1 unit, the- following proceaures 

~re required (part Ot them have been established): 

tirst, . the Idnematics of deformationst c 'We established 

the kinematics o'f defoE:.mations which are ~epresented by 

Eqs. 3.17 and 3.27 'for the first and the second regions-

respective1y. These two equations are generally of a 
:- ~ 

three dimensional '~trai~ formulation • 

Second" the stress fielda We introduced the stres~ 

field which, is<represented by Eq. 4.1. Sinee we have 
K 

t~o phase material, i.e., clay and water, /the stress 

transfer meéhanism is important. 

_-r~." -"'-
,.,.-.... ~5'-

Third, the fundamental concept of the constitut~v. 
1 

equationt We --established the fundamental concèpt for 
\ 

constructing th~'constitutive equation. This i5 done by 

introducing the intrinsic time measure. This measure 
( 

takes care of the fabric changes .which have been 

accumulated in the real time domaine 

rinally, the type of the constitutive equation-, In this 
/ . 

section, we will introduce the type of the constitutive 
. 

sd.ess relation beteween the and the strain for the' 

macrostructural unit. 
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'The constitutive equation will take the integral 

type equation. This integral represè~s the total 

history of the deformation. The physical meaning of ( 

the integration is the summation over a sequence of 

~ntervals. In our analysis, this sequence of intervals 

is represented on the intrinsic time scale. Therefore, 

the applied stress is related to the history of the 

volumetrie strain by a D~netional relationship. Hence, 

,the volumetrie constitutive equation can have the.e; 

following form: 

00 , II' (z,-z) 

III 

ac 
~m( z) v 

dz ... 
y 

az 
(4.22) 

0 ! 

./ 
) 

--.' 

Where, ,m is tI 
v zero in the referende configuration, 

zaO, 

'~(t) • the applied st...tss which is taken by the 

so!id part of the MSU (effective stress), 
\.-

cm,. the volumetrie' strain of the MSU. 
v 

The kernel function p.(z,-z) is defined according to fhe 
/ 

following: 

~ (z,-z) • m exp( al (z,-i) 

Where, 

m • volumetrie modulus, 

v ,. constant parameter. 
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o 
The basic feature of", Eq. 4.22 :. s' that the aC!tual 

time(t) has been replaced by a variable dependent on 

the strain, i.e., intrinsic time scale. It should be 

noted that the values of of m and v will be different 
\ 

for ~Hfferent regions of compressions. In differential 

forro, Eq. 4.22 can have the following forro: 

m 
de = y 

v 

2 m 
dz ~m + 

1 

2 m 
(4.23 ) 

In the fotlowing, we keep the microstrain as fi, i.e., 

without putting it in terrns of the displacement. Eq • 

4.23 will take different forms according to the 

compression regions. 

---~-- -- ---- ---- ----~------

f 

a- In the first region of compression, we cast 

the_,volumetric constitutive equation by introducing Eq ... 

4.15 into Eq. 4.23 and rearranging the terms. Hence, we 

get: 

,III 

der = (2 
v 

Let 

m + 
l 

Il :::( e(t) 
l III 

Il • " ::( e(t) 
t 1 III 

and 
f 

M :II 2 ur+ ., =:( e (t) ) 
t l 1. ... • 

Il Il 

cf ) de 
v 

( 4.24) 

,11 
( (4.25 ) 

~ 
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(4,26 ) 

) 
Where l 

m, the in'.(:ia1 tangent modulus of the 

compressibility of the macros~ructural unit, 

v • structural viscosity of the M,S.U, it is the Q 
1 6. 

structural viscoslty of the cluster unit interaction, 
lm 
tI • the stress applied to the cluster units 

within the MSU. This stress depends on the pore water 
n 

cavity. 
n 

pressure P built up in the ~s P decreases, 

this stress increases. 

In Eq.. 4.24, the state of stress i s . generally a 

. function of the current state of strain as weIl as the 

stress path followed to reach that state. Hence, the 

stiffness of the clay system increases as the p~ocess 

proceeds in time. The amount of increase in the 

stiffness depends on the level of the stress which is 

taken by the cluster units within the macrostructural 

unit, . 'm. 
l • e ., (] ln MI (Eq.4 • 24 ). The rate at which this 

stiffness increase is cgnsidered by the intrinsic time 

sc ale, i. e., dz in M. 
1 

.. 
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b- For the second region of compression, the 

volumetrie constitutive equation can hafe the ~ollowin9 

form: 
/ 

DI 

dé = y 

v - ,lit 

dz ~ (4.27) 
2 m 

2 

, Introducing Eg. 4.21 into Eq. 4.27, and rearrangi-ng, 
we get: ~ 

11\ 

dé 
v 

dt 

Let 

" z =-
2 m 

2 

flA 

E( ê(t),t ) 4
m 

c 

" = " E( ê(t); t) 
112 c 

(4.28) 

Wh~re 

" - structural vi scosi ty of the MSU, i t i s the 
Il 

structural viscosity of the particle interaction within 

the cluster units in the MSU, 

o-m _ the stress (effective) applied to the 

cluster "units, 

• the initial tangent modulu. of the 

compressibility of the macrostructural unit. 

Eg. . 4.28 contains the strucural viscosi ty 

parameter ~,I in which v" causes the rate of strain to be 

path dependent, and it/contributes in decrèasing the 

deformability of clay as the deformation process goes. 
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Hen_ce, this microconstitut ive equation has the abili ty 

to deser.ibe and model the microdeformation of the clay 

system in the second region (see Chapter 2). 

Discussion. 

In this section, we will discuss the following 

fundamental po~nts; 1 . 

rirst, in chapter three, we established the state 

of the strain in the maerostructural unit (Eqs. 3.17 ... 

and 3.27), These strains are develope~ from director 

conc~pt. Hence, Eqs. 4, 2§ and 4.28 can be f ormuia ted as 

follows: 

i 0 DI 

d ,1: ( ti ) d.r Il,. M (Eq.4.26) 
v r v 

laID ,DI 

d é ( ~ ) /dt • (v /2m ):: (ê (t ) , t) ~ (Eq. 4.28) 
V 2 2 c v 

In the compression performance of the clay system 

under load, the volumetrie strain aceumulation- which 

can 'be viewed from mechanies of cluster motion in the 

first region Eq. 3.17 (or the mechanics of cluster 

deformation in the second region, Eq. 

found for a given stress ap~lied. Thls ls 

by using Eqs. 4.26 and 4.28. 

3.27) can çe 

can be done 

Once these strains are found from Eqs. 4.26 and 

'.28, we can calculate and assess the mechanics of 

cluster motion and deformation by using Eqs 3.17 and 
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3.27 with the help of experimental data. This data 

should show the different stages of deformation 

observed on a test clay sample in scanning electron 

mic roscopy for a given stress applied. 
.;" 

,_0) 

! -' 
Second, there is a un ique re la t ionship between the 

incremental change of the void ratio(e ) m and- the 

_volumetric strain(c}. Therefore, we c'ould use e in'~ 
v - ._--') ~ 

formulating Eqs. 4.26 and 4.28,. However 1 in the 
\ 

following chapters we use Cv for both equations. 
, 
."---Ilf. ~-

\ < ').~ 

,-" Third, from the mechanism of clay compression 

performance whi'ch is described in chapter two, and the 

constitutive modelling which is developed in this 

chapter, we can conclude' that the structural visco.s i ty 

of the first region will contribute relatively less 

than the structural viscosi ty of the second r,egion in 

the total deformation process. This point will be 

considered in the following chapters. 

We considered the stress balance between thé 

cluster units as opposed to the common practice wnich 
, 

règ~ades the : ~tresS balance between the particles. At 

initial tim~·~t·::.O)/uniform excess pore water pressure 

is assumed throughout the soil profile system. This 
\ 

assumpti~n permits us to know the initial excess pore 
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• 

water'pressure in'each cavity. 

We d~'yeloped a volumetrie constitutive equation' 

for both regions of compression by using ,the concept of 
~he intrinsic ,t ime measure. The total . constant 

parameters of the constitutive equation,s are eight 

(four for each region), i. e. , _____ 

rirst 're9 ion : 'a 

Second reg ion: 'sb , 
~'" 1 

'" 2 

and m, 

and 

One half of the task which has been set,up in 

chapter one h~~ now been accomplisped---namely the work 

in the 'deierministic environments, Le., 

l~ 1;.he -establishment of. the microelement, and , 

2- the development of th~ law of perf'ormance which 
\ 

c'onsist's of -t-h-r-éê ------ingredients: the stress 

transfer, co~nstitutive, equation, and the flow 

eq·uation • . 

The next half of the task will be accomplished in the 

neX't cllapter. 
_...-'~-~ 

- < 

\ " 

l, 
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Clj/'.PTER 5 

l , 

PASSAGE ~ TH! CON'l'XN01JM (GLOBAL) 

5-1 GENERALs 

The performance prediction 'of, the soil system 

under applied loads requires a mathematical model, To 

have this model reconci le to the actual soil 

eonsti,ution, the model should be based on 

micromeehan ies theory. The procedures for the 
... ~. 

development ~{..- this theory need work in two 

environments (see chapter one). The former one consists 
\ 

" 0 

of two ste~ l 'whieh have, been aceomplished in chapters 

t~ree and four. 

In this ehapter, we will establish the two steps 

in the probabilistic environment: the randomness of the 

law of perform,ance and the passage to 'the global.' l t 

should be noted that there is a link between the two 

enviromnents. This link give,s one of the peculiar 

features of our micromechanics theory. 

1 

! 
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5-2 RBVI!W: 

Micro~echanics theory is a relatively new field • 
• 

Therefore, no standard met~od has been doçumented for , 
the global passage. In this section, a critical review 

of 'the global passage will be addressed and an 

application of one of these approaches to our problem 

of clay compression will be demonstrated." 

~-

There are many possible approaches to pass to the 
\ 

""" global concept from microelemen~ analysis. These 

approaches depend on the problem to be dealt with and 

what mathematical model is governing the behavioûr of 

the mieroelement. 

In Geometerials 1 .. 
- We will 'start with the apprQach which relates the 

1 
internal change of the soil mass to its effects on the 

continùum. This approach can utilize the 

physieo-chemical and biologieal analyses of a physieal 
t 

unit which eonsist of two to three clay p~rtieles or a 

cluster of part ie les. This utilization ean be 

considered as a process of Alteration of material 

PFoperties an?!pr qualitative analysis. 

c\ 

A phenomenological test can be performed for the 

whole sample"'; and therefor"e, the continuum parameters 

of the soil can be measured from this. experiment and 

an arialysis of the effect of the local alteration on 

~ 
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the continuum parameters, can be' done. See the work of 

Yong et a1.{1985a,b) and Hoppe (1986) fOr detailed 

discussion of these proce~ures. 

We will calI the phenomenological approach a 

"continuum ex'perimental approach". This approach has 

the advantage of being' a quick ana1ysis and 9f 

requiring no theoretica1 mode11ing • However, a valid 

conclusion from this analysis should be based on a 

critica1 review of the experiment boundary conditions 

and the local quant i tat ive an'alys i s. 

schematic view.of this analysis. 

Fig.29 shows 

1 

In granular material; Oda (1972,1977), Oda et 

al. (1980,1982 a, b) , Nema t -Na"sse r (1980), have 

con'sidered an experimental and theoretical development 
, ~ 

o~ the granular matârial performance under different 

types of bo~ndary stress conditions~ The fundamenta1 

parameter which is considered in their development is 

the cootact normal bet~een the particles. From this 
'~"..... 

parameter, !;hey infer ëfie so-called fabriè' ~'llipsoid, 

and they relate this ellipsoid with princlple stress 

applied to the sample. It, is worth mentioning that 
. , 

this concept can be characterized as an internaI staté 

parameters theory. However, it 15 a continuum theory, 

and,.i ts parameter is represented b,y contact normal • 

Bazant et al. (1975) 1 Bazant et al. (1986) and 
Cl 

Zubelewicz et al. (1987) have used two concepts for 
-} 
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/ 
the passage to the global, "namely: 

1. the \ concept of matrix transformation which 

represents an anaiogue of the finite element 

passage from local coordinates to the global 

coordina tes. 

This concept has been used . for the active plane in 

'- concrete ( see discussion in chapter four) . The 

disadvantage of this model for our purposes is that it 

does not discern betwe~f local properties and the 

'global properties, i.e., the iocal properties are based 

on a piece of continuum material. This is one of the 

reasons that there is no need.for micromechanics test 

for these models. (See our discussion of Zubelewi~z et 

al. paper in chapter four.) 

2. The concept of the virtual work is used in the 

papers by Bazant et al. (1985 and 1987). It stated 

that the ~ork done by the global stresses under -

small variational global displacement ls equal to 

the integral of the work done by the local 

stresses under variatlonal local displacemen'ts on 

the microplanes. 

The local parameter whlch 18 requlred for this passage 

is the -~rientation of the micoplanes. Because,it 18 

difficuit to find the orientation of these planes for 

concrete, Bazant et al. have assumed that these planes 
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exist in an isotropic conditio~. 

tl'}e 

On th~other hand, for-clay soil, 

X-ray scattering test to find the 

t'bey have used 
1 mlcroplanes' 

qrientations. Hence, The virtual work concept Qjves the 

same disadvantage as the matrix transformation ~oncept. 

It should be noted that the appl(cation of the virtual 

work concept to the global formulation had been first 

introduced by Hill(l965), and then this procedure was 

used by Christoffersen et al.(1981) to find the global 

stresses in granular media by using the particle 

contact forces. 

In Theoretieal Mechanies. 

_ 'Hill (1965 a,b), Bi~hop(195l,a,b), Batdorf and 

Budian sky (1949) , Rice{197l) , and Coleman and 

Gurtin(1967) have considered a continuum micromechanics 

theory in which the fundamental concept i~ to develop 

the inte~nai state variable parameter S • These 

parameters represent sorne physical cha;acteristics of 
, , 

the material. Theories of macroscopic rate-dependency 

or rate-independent pIast ici t'y can be ;nodelled by using 

the mechanism of slip for matal, with a single crysta~ 

or polycrystal. 

Rice cçnsidered that the macroscopie yield surface 

can be regarded as the inner envelope of an unbounded 

number of p1anar yield surfaces representing cr.itieal 
" shear conditions for each slip system at each element 
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of the mate~ia~. Coleman et al. have worked out the 

therJodynamics of the internal state variable models. 

From the theoretical mechanics point of view, " 

Axelrad(1978) has used the concept of probability 
( 

analysis to dev:,elop the, time theory and ·functional 
, 

evolution equation of the mechanical state of the 

material. This mechanical state is represented by the 

stre,ss and strain vector space. This theory has been . 

used both for polycrystal metal and for fibers. More 
, 

detailed .discussion of this theory is given in two 

books by Axelrad (1978,1984) 

Beran and McCoy (1970) , Kroner (1976,1980 ).. and 

Mazilu(1976) have used the 
1 

concept of statistièal 
• f> 

methods in order to formulate continuum theories for 

constitutive analysis.' However, aIl of these authors 

have deve10ped their concep~s for small strain elastiè 

theory in whièh the Gree~ function plays an essential 

rule in their analyses. Furthermore, no microelement 

has been considered in thes~ analyses, and for 

meaningf~l analysis, the ensemble average must be 

considered to be equivalent te the volume average. 
,.f 

Ericksen et al.(1958), Mindlin(1964), Eringen 

(l~72), and 

directors to 

.i 

Toupin(196~) have passed their systems of 

continuum formulations by the assumption 

of the continùity of functions, assuming therefore, the 
" 

mathematical point as the- essential concept in their 
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theories. 

Alblas (1976) has considered the ensemble theory 

for. his analysis by introducing the concept of 

partition function. His formulation is for field 

equations only. The fundamental assumptions of the 

statistical mechanics are retained in his analysis. 

Murdoch (1983,1984) used the volume average and 

time average of the qu~ities which represent the 
o 

pe,rforman'ce of·a cell of size 10 A. He also developed 

field equations. 

Muncaster ( 1983, a, br'. has used the inv~riant 

manifolds for the development of relations between what ~ 

he called fine theory and coarse theory. In addition, 

he applied his theory to the kinetic theory of gasa as 

fine theory and continuum gas dynamics as coarse 
(( , / , 
l.theory. The conc~pt of the inv:ariant manifolds is 

. 
considered from a determiniStic point of view. 

Therefore, the continuity assumption plays a central 

'role in the relation between thè fine and. coarse 

theories. 

Di.cu •• ion: -----

In most of the works discussed ab ove , no 
1 

mic,roeleme!!.~/ has been established. This has m.ade it 
d 

very difficult to consider aIl Othe relevent local 
, 

parameter~ which are responsible for' the actual 
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performance of the mat~r-ial. From the mathematical 

point of view, we conclude the finding of the above 

authors in the following fundamental points: 

a- Authors who used' statistical mechanics have 

fou~d it difficult to develop the constitutive 

equations. 

b- The us~ of functional analysis and meas\lre 

theory in mathematical developm~nt of 

micromechanics models may limit the engineering 

applications of these models. 

c- Authors who use internaI stat.e parameters 

accepte the continuum co~cept. 

-All of these authors did not consider the basic 

axiomatic relations,of the passage to the global. This 

problem will be discussed next. 

5-3 AX:tOMAT:tC llELATIOlfS FOR THE PASSAGE TO CORT:IlfD'VMJ 

In this section, we will try to establish an 

axiomatic structure which is neces$ary. for constructing 
, 

the princip les of the passage from the ·performance of 

the microelement to the performance of the ensemble of 

microelements. First, we will outline the basic 

requirements <for the microelement performance. secbnd, 

200 



... 

• 

• 

we will diseuss the basic requirements for the ensemble 

of microelements performance. Third, the condition of 

the passage to the global will be discussed. 

Microelement 1 

We write the evolution equation of the 
ffi 

microelement (M S U) as follows: 

(5.1) 

where 
, 
tER • [O,Tl 

1 

t • local t ime 

T(t)- input to the microelement system (e.g. 

stress) 

Q(t). response of the microelement system (e.g. 

strain) 

- mapp1ng 'from the input to, the 
,.., ~-

response (transfer function). See Fi9~ below • 

• Denotes element of • 

""", --":"'--t-.. 8-___ L ___ ..,,, •• 8 
This mapping can be represented in 

àpace as follows: 

t 

; 

topological 
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r. : T E 1 - Q E (as a function defined on an 

open subset of a Banach space. 

Where 

tu ( = n 

1 = subset in the Banach space (for the input) 

= subset in the Banach space (for the 

response) 

(} = the total subset in the Banach space 

u = denotes union. 

We refer to Eq. 5.1 as ~he motion of the system 

(microelement) which the theory is meant to des~ibe, t 
,is the local time over which the microelement evolves. 

Time invariant 

, 
For each- e E a , and .6.t E R 

there is ~ E n such that 

Q(t+At) =- Q(t) ( 5.2) 
8 '8 

Where 

e • an element from the subset 1'1 iri- ,the l'anach 
~-~ 

space (e.g. microstrain at time t) • 

'e • an ele~ent from the) subset n in the Banach 

space (e.g. microstraip at time t+At). 
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For all t and ~+6t, this condition states that any 

family -of solutions of local ·-state must be~ invariant 

with respect to translations of time: 

~n8emble of microelements& 

We view the evolution equation of the collective 

or ensemble of microelements as follows: 

ù(t)- t(',,(t» (5.3) 

where 
, 

t ( R • (O,T] as time interval, global time 

~(t) • the input to the ensemble (e.g. stress) 

--- ù(t) • the response of the ensemble (e.g. srai'n) 

~ • represents the mapping from the input to 

-the responvse (transfèr function). See Fig~ below. 

ù 

• t 

This mapping can be represented in the topological 
// 

s~ce as follows: 
,. 

, 
!: T E 1 ~ Ù E ( be a function defined'on an 

open subset of a Banach space. 

Where 
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l , 

tu( .. t2 

, 
'f = S-ubset in the Banach space (for the inp!:1t ') 

'( = subset in the Banach space '( for the 
1 

, . 
respons·e) 

" ln = the total subset ln the Banach space. 

We refer .. to 
, \:\ 

Eq. 5.3 as the motion of the,system 

which the theory is meant ~o describe; t i5 the global­

time over which ~he ensemble bf the microelements 

evolves. 

Mapping to the global a 

The' mapping mean5 the passage from the local to 

the global. This mappinç can be represented by the 
. 

following three cases: 

Case 1 

~ =- fi, ( 'f ) (5.4 ) 

In this case the input of 
* 

the microelement i9 mapped 
r 

~.-"" -
onto the global response of the ensemble. 

'case 2 --
"'f Il n

2
( .,} 

r" 

'5.5) 

In'this case the input of the microelement- is mapped_ ' 

onto the global input of the ensemble. 

case 3 

~ .. O(f) 
3 

(5.6) 

In this case the transfer function of the microe~ement 

is mapped onto the transfer function of the ensemble. 
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fi (in Eq. 5.6) i s \·the most essent ial func t ion for 

~he micromechanics development. In actual fact there 

are several mapping procedures, see Fig. ,below. 

In words, with ead'Î state of the microelement, we 

can identify astate 
, 
t = net) in a global sense. 

However, to each global state Ù E ~, generally, 

corresponds to many microstates due to the collective 
'r .1 

behaviour,ûuûuûuû ••• Et. 
1 2 3 14 

The inverse mapping (n) . , 
tepresents the behaviour of one microelement (Det) 

!hich corresponds to one global behaviour. Therefore, 

the inverse mapping is a one-to-one mapping. 

Thus the motion in Eq. 5.1 generally gives us a 
\ more detailed description of the system than does Eq. 

5.~. Only when a clear distinction between the local 

and global time is establisfied, are the two times 

considered identical. See Fig~ 30. 
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Ini tial state: 

We have the following condition for mapping:, 

For each 
, 
x E 0 
1 

1 

~ " 
n(û(O} } = l'x 

1 ,0 

• 
Where 

~ ~ the global state corresponding to the inJtial 

1tate v)lue (subsc,ript refers to the, initial time). It 

~element from the subset n in the Banach 

space(e.g. initial stress}. 

This condition suggests that there i5 no time 

delay (at t=O) between the local and global 
". 

performance. It has been applied for the initial excess 
-

pore "'ter pressure establ i shmen t • S~e chagter four. 

, Final state 

We have the following condition for mappingr 

For each 

Where 

, 
lX E n 

f 

'x. the. global 5tate corresponding to the final 
f 

state value (the 5ubscript f refers to the final time). 
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Enaemble or mlcroelementa 

. Mapplng ta the ... 

Loc.' R 

Loca' ma,plng 

One mJcroeJement 

Mapplng to' th,. 
m'croeremani 

., 1 

1 
FIg.ao8chematic vlaw of th. ax'omatle structur. 

ot th. passage to c~ntlnuum 

\. 
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It i5 an element from the sub5et n in the Banach space 

" (e. g'. fin a l s't r e s s ) • 

delay 

This condition 5uggests that there i~ no time 

(at t-t) between 
f 

the local and the global 

performance. This condition can be appfied on the 

first region before the overlapped region and on the 

second region after the overlappep. region, i.~., it 

cannot be applied for the transitional states as well 

as for the failure states. 

These condi tions and requi remen_,ts are important 

elements in the mapping (passage)7to the global. On the 
!...J' _ t 

basis of the literature review in the preceding 

,section, this mapping can be constructed by three 

different approaches. These are: 

a- Deterministic approach (with or without l~cal 

scale·) • 

b- Statistical approach (w;th or without local 

scale) • 

c- Probabilistic approach (with or without local 
.",> ~~ \- ...... 

scale) • 

These approac~~~ are different in their basic 
" , 

structures and assumptions .. ln our analysis, we' will 

consider the probabilistic approach for reasons which 

have been provided in the introduction. Sine! we shall 

adopt the probabilistic approach in this study, a more 

detailed discussion is desirable, which now follo~. 
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5-4 PROBABILISTIC APPROACH, 

Thls approach can be considered to be developed in 

general by , a stochastic measure theory. This 

development leads to the probabilistic functional 

relationship which connects the stochastic system 

analysis with that of semi-groups. Such mathematical 

analyses become 50 complex that their utility in the 

solution of an engineering problem is limited. 

Inothe present work, we will not pursue this type 

of 8nalysi9. Instead, we will imple~~nt the conditions 

and the requirements of the preceding section in the 

manner which permits the prediction of the performance 

of clay system under compression loads. 

, In the following pages we will establish the two 

steps in the probabilistic . ' enVlronment: the randomness 

of the law of performance ~and the passage to the 

global. In order to establish the first step, sorne 

facts about the concept of probability should be 

addressed here. It has been noted that in general, the 

uncertainty can be classified in three ~pes: the 

fundamental or intrinsic uncertainty, statisticaI 
t 

uncertainty, and model uncertainty. 

The fundamental uncertainty i5 intrinsic to the 

variability of the natural propertie5 of the soil 

media, and cannot be reduced by repeated observation of 
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those properties. The two types of variabilites which 

can lead to fundamental uncertainty are local 

variability and global variability. Most of tb~ 

applications of probability to geo~echnical engineerin~ 

~onsider only the global variability and not the local 

variability. See for example, Lumb (1966,1970 and 
\ 

1975), ~hitman ~1984), Harr (1977), and others. 

In the present analysis, we attribute the local 

variabiiity to the variability in sail structure , -
i.e., "intrinsic sail structure variability". This 

intrinsic soil structure variability can be divided 

into two kinds: the fabric variability, and ~he 

potential v~riability 

The fabric variability consi~ers the size of 

cluster units, 

• macrostructural 

the neighbor 

void ratio" the 

enclose the' compression zone, 

distance D, 

triad vectors 

and" 50 on. 

the 

which 

The 

variability in these parameters can be viewed from the 

perspective of their mean and standard deviations. 

\ 

The potential variability considers several 
D 

forces: the viscous force (mostly shear force) between 

fJ 

clusters/ particles, ·and it depends on the viscousity ~ 

parameter; the friction force (shear force) between 

clusters/particles, and it depends on the f~iction 
\ 

parameter and the normal forces; the/electrostatic and 

electromagnetic forces between ,c1usters/pa,rticles, and 
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they depend on the electrical and m~gnetieal field­

generated in the region. The existence of aIl these 

forces in a spec if ie c 1ay system depends on the 

external applied forces, clay-water-electrolyte system( 
% 

and on the bonds' (between c lusters/part ic les) 

conditions. The variability in these parameters 

(forces) can be view~d also from their means and 

standard deviations. The intrinsic soil structure 

variability will he accounted for in the development of 

the evolution equations of the sta~i- functions . 
.. ," 

It should be noted here that the glopal 

variability is a product of the local variabilites, and 

it can be viewed from the law of large numbers. There 

are ,very few studies which nave modelled the local 

varjabi l i ty. See Yong et al. (1970); and in general, 

see the work of Axelrad(l984) for other materials. 

Oue to our imperfect knowledge of the 

probabilistic laws that' govern the natural processes 

which we agree to handle as stochastic, statistical 
, " 

uncertainty , 'arises ,from the - limi ted -extent of 

statistical samples. H~weveri this uncertainty can be 

reduced by additional observations of either objective 

. or subjective data. 

" Model uncertainty ar ises mainly because of 

simplification in physics predicat,ion algorithms in 

identification parameters of the problem, in model 
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analysis procedures, and in the probabilistic models 

themselves. 

.,. 

Sorne kinds of model uncertainty can be handled by 

modi fying the probabil i ty distributions of' sorne 

variables while others have to be accounted for by 

taking computed ' probabilities as estimates of 

imperfectly known "true" probabilities. 

5-4-1 Evo~~ion Equationt 
..... 

The passage from one microelement performance to 

the ensemble of microelements performance will be 

established by constructing the evolution equation. We 

will try to establish this equation from the physics' 

point of view to give insight to 'the equation 

developed. From a pure mathematics point of view, see 

Gnedenko (1967). 

Let .'us consider a system whose configuration 'and 

whose mechanical state are completely described by a 

set of n variables. 

• 
={/W,"W,'W "-} •••••••••• , W (5.7) 

,1 1 , n 

Examples of such variables are: an excess pore 

water pressure, macrostructural void ratio, microstrain 
" 

and so on. On a microscopie level of description, the 

.• 1 li 
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variables {~} describe the state cf the system. A more 
~ 

detailed description takes into -account that the 

variables (w} are in fluctuating t ime dependerit 

quantities. " Thus, {W(t)} forms an n-dimensional random 

proeess.'This process may be cha~a~t~rized in the usual 

way by a set of probability densities. 

1 1. " 2 , 1} 
, 

f( { w }, t ) , f( { w },t ; { w "t } (5.8) 
1 l a a l~ 

':: 

. 
Where f i5 the probability density for f inding , 

{w ( t ) } : {w} 
. 

near at the time, t-t and so on. 

~s a' f i,rst fundamental assumpt ion, we introduee 

the Markov pr~perty of the random process W(t}, whieh 

i8 ·defined by the condition given in Bq. 5.9. The 

notion , of a Ma~kov process or i9ina te.d as a 

generalization of a sequence of trials connected into a 

chain which was studied by A. A. Markov. Unlike 
, 

Bernoulli's scherne, Markov studied the case in whi~h 
l ' 

the probaaility of oee~rence of an event in a 
, 

subseQu~.t:tt trial depends on the outcome of previous 

trials. 

\ 
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(5.9) 

In Eq. 5.9 the conditionàl probability density 
-

Pr(.I.) has been introduced. It only 'depends on the 
d 

variables{ .; }, { W"_'} , and the two times t ,t . 
'f 'f_I 

From 

the markov property Eq. 5.9, it follows immediately 

that the whole hierachy of d~stribution, (Eq. 5.8), iD 

given if V and Pr(. 1.) are known. This important 

feaure of the Markov theory allows us to describe al1 

the finl ~e-dimensiona;<- di stribut i ons of ,the process ~n 
.. 

terms of a small number of constructively defined 

characteristics and thus allows us to evaluate the 

distribution of various functionals of the process. 
~ 

\. 

- As a consequence of Eq. 5.9, th~ probability 

density {w} obeys Eg. 5.10 which is obtained by 

~nte9rating the expression for f(.), following from !q--, 
~ .& 
~.9; 

2 , l} { 1 
Pt ({ 'w } H w 1 t , ' ta) f;< v} ,t, ) 

(5.10). -

Eg. 5.10 contains,the Most import~nt feature of 

the Markov process which 15 the evolutfonary -character 
'té 

'-, 
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of its development: that is/ the state of the process 

at the present completely determines i ts probabilistic 

behavior in the future. This aliows us in our case, by 
.-

appropriately extending the W-space of the process, to 
" 

transfotm i t into a Markov proeess. On the other hand, 

the evo!utionaty "Charaèt~~~ of Eg. 5.10 permits us to 

derive an evolution equation for the determination of 

the probabi list ie character i st ies .of the process. 

A second fundamental, assumption is the 
tI 

stationÇlrity of the random process { W( t ) }. This 

assumption implies that all ~xternal influences on the 

system are time independent on the adopted time scale 

of description. Owing to the assumption of stationarity 
" > 

'the conditional distribution Pr( .1.) in Eqs. 5.9 and 

5.10 depends only on the differenée of the two times of 
.... J._ _ \ 

i ts argument. 

Bq', 5.10 has been simplified to a differential 

eQuation, see Van Rampen (1961,1983), Kramers (1940) 

and Moyal (1949), as follows: 

s 
(-1 ) ~'K ( {w}) f ({ w }, t ) 

l,i,i, ... i 1 
1 2 3 S 

s 

U( {1},t}/at -2:--
1 5 ! 

Where K • the coefficient of the 

differential equation. 
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,Owing to the appearance of derivatives, it is in 

most cases too complicated~-to be solved in this forme 

Hence ~e consider the first and the second term of the 

equa,tion. The higher order terms are in fact very small 

and add no p~ysicar and mathematical insight to the 

stochastic physics in general. See: Moyal (1949l, Lax 

(1960) and Van Kampen (1961,1983». 

We rtarrange the terms in Eg. 5.11 according to 

succe,ssiv-é' derivatives of f. Lax (1960) 'expanded Eg. 

5.:p in oi"ders of non-lineari~y. As a first derivative 

approximation' we obtain from Eq. 5'.11 the following 

equation: 

. 
;' , 

(5.12) 

This equation can easily be solved if the solution of 

its characteristic equations 

a W / cl t = k ( {'w}) (5.13 ) 
'1 

are known. Eq. 5.12 describes a drift of f, in the 

" {w}-space a10n9 . the characteristic lines given by Eq. 

5.13. In this 'drift approx imat i on f1uctu'ations are 
i' 

introduced only by the randomness which lS contained in 

the initial distribution • 

In order to describe a fluctuation motion of the 

system, we have to include the second order derivative 

terms in Eq. 5.11; this leads to the evolution 
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equat ion: 

, 
af/at:s -ak({w}) f/aw + -ak({W}) f/aw aw 

'1 1\ " 
12 

(5 .14) 

1 "The second order deri va t ives desc'r ibe a generalized 

diffusion in {w}-space. The diffusion approximation Eg. 

, 5.14 of Eq. 5.11 is adopted in aIl the following. THe 

will use Pr(w,t) for f(w,t) ..and C for k. Hence: 

1 
aPr(w,t) a 

.- - ë 
1 

.at aw 

1 

Pr (w, t ) 

2 
1 a 

+--
.. 1 

C Pr (w, t) (5.15 ) 

Eg. s:J:-s- represents the evo"lution eguation of the 
.... 

parameters {w}, and ë and ë are the coef f icients of 

this eguation. Moyal (1949) ca11ed these coefficients . / 

the derivate moments of W( t). They have the following 

definitions ( Moyal... (1949) and Van Rampen (1983) 

"" 
1 

~w 

c= <--- > Drift coefficient. 
~t 

'% c· < ---> Diffusion coefficient. 
~t 

~ ~ 

Note: the angu1ar brackets define the mean values 

of the enclosed quantities, and ~ denQtes increments. 
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These coefficients are fundamental for the 

evolution to take place. Hence, they are descr ibed by 

the physics of the process. In the next sect ion, we 

introduce a state function. From this function, we can 

~stablish the two coefficients. 

1 
State P'unction: 

The state function is a collection of parameters 

which are responsible for the transition from 
1 

state i 

at time t to state j at time t+.:lt due to applied load. 

Hence, it describes the "law of performance" of the 

microelement (the mac rostructural un i t) in a 

deterministic environment. 

The randomness of the law of performance, as 

included in the probabilistic environment in chapte r 

one, can be . established by using the Monte Carl.::. 

simulation. This simulation technique has a capability 

to handle the variability of the parameters of the 

state function. lt uses the random number generation in 

the computei code. A detailed discussion of the 

simulation technique is given in the appendix D. 

The procudures for establ i shing the. two 

coefficients of ,the evolution equation will be examined 

in the following sections • 

\ 
1 
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5-4-2 Evolution Equation For the First Region: 

There is "a physics-link" between the evolution 

Pr {'W , 
if 

parametet" t ) and the two coefficients(C,é). This 

link can be seen in the formulat i on of the state 

function. Therefore, it is essential to choose the 

right evolution parametet" for the evolution equation 

because this parameter will bring the physics of the 

clay-water system into the coefficients of the • 

, evolution equation. In the following, we will cast the 

formulation of the state function. 

The time rate of 

fo11owing: 

• III 
" III • ,III 

g ." ~ + P 6 Let ~ 
/( :G t;: 

Where (J': constant. , 

Hence 

• III • 1\ 

the 

.: ~ 

'g • , "'! , 
1~ 

stress balance 

/. 11\ 

~ > 
1 -

" m / • 11\ 
(J ~ = ~ 

1't 
~ 

~ .~ - l 
1 l 

can be as 

, , 
... P 6 

1:: 

Th the applied volumetrie stress on the MSU: 
\ 

\ , / 

.\ .11\ 
( 5 . 16) 

p '" 
, "ft 

\ 1 v 
\ 

~ Il , constant which the rate of change of 

the excess pore water and the rate of change 

of the effective Note for classical 

consolidation equation p,=l, , Terzaghi (1925). 
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• From Eg. 4.26 and Eq. 5.16 t wa can develop the 

fo11owing eguation. 

• Ile (1+ e
rn 

) (1+ e') l .P 
m ,.m III 

_li: (f Il 
V 

at 'M M 1 H 
(5.17) 

, 1 l 
~ 

From Eq. 3.53, we have the following'equation: 

2: 2 , • 
!lem Cs "w 0 RI al ~ J? 

_li: (2q. 3.53) 
at n 2:v axa 

c 
.', 

d' 

Hence • 
• 2:R,' 

2 '1 

c1P MI Cs '>'w D ~ a
t 

i} P 
-II: ;(5.18) 

at TI (l+e LV .x2 

m c 

Le\: 

M C ., ·0 IJ L R
: 

a 
1 ") . w 1 i 

AI 

, C~ :. LV (5.19) 
(1+ e ) " Il C 

'1 2 '1 

c1P a p ,.., 
(S.20) _CI C - " l 

" 2 

•• ~t c1x 

Where 
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,.. 
c • the microconsolidation coefficient. 

v 

The state function, Eq. 5.20, is a parabolic 

differential equation. It describes the excess pore 
n 

water dissipation (in terms of P) with time from the 

cavity formed by the macrostructrual unit. This state ~ 

function resembles the Terzaghi consolidation equation 

since there is a cot{esponding principle between the 
'\, 

continuum physics and discrete physics. This is a good 
t 

check for our modelling technique in discrete physics. 

Microconsolidation coefficient: 

As we see, the mie roconsoi ida t ion coef f ic ient 

cons i sts of the so 1'1 structure parameters, i. e. 1 fabr ic 
\ 

parameters and stre~s-modulus parameters. Hence, the 

t ime delay of the. clay compression due to low 

permeability can be represented by fabric parameters, 

(such as D,Rfa/v,e), 
C m 

structutal resistance 

and the time delay, due to the 

can be represented . by 

stress-modulus parameters (such as M,n). M includes the 
1 1 

structural viscosity which produces the real time delay 

of the clay compression. 

The average value of the microconsolidation 

coefficient Can be equal to the classical consolidation 

coefficient. Hence, in mathematical [orm: 

-c • < c > 
y v 
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Where C = Terzaghi coefficient of consolidation. 
v 

The variability of the parameters (M, 
1 

e, R, 
m 

a, 

Vi •••• ) of the microconsolidation coefficient will be c 

éxarnined by using the Monte carlo technique. In actual 1 

fact, the variability of these parameters represents 

the intrinsic soil structure variability. In modern 

probabilistic geotechnical engineering, the global 

variability of Terzaghi coeffitient of consolidation lS 

considered by Chang(1985). 

From the Law of large numbers, on~ can establish 

a link global variability and the between the of C 
• 

intrinsic variability of ê. This will not be presented 
v 

in this research work. However, the microconsolidation 

coefficient and its variability will playpa key role in 

the present analysis. 

Pinal Equàtion: 

From Eq. 5.20, we can reveal that the excess por~ 

water pressure is a very essential parameter for the 

evolution equation formulation. Therefore, Eq. 5.15 

will take the following forrn: 

• 
~Pr(P ,t) 
-----=-
Ilt 

• 
~P n 

<-> Pr{P,t) 
~t 

, 2 2 
l ~ (AP ) ft 

+ -- --n < , > Pr(P,t) 
2 clp2 At 

(S.2l) 
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• 
AP 

> • the drift' coefficient, < 
At 

• 2 
(AP ) 

< > • the diffusion coefficient. 
At 

If we compare these coefficients with Eq.5.20, we 

can see that they include the parameters which are 

responsible for the physic~ of 
..... "\ 

clay compression in the 

first region. Therefore, these coefficients are 

r~sponsible for the transition of the clay system from 
'\. 

'. 
state)i at time t te the state j at time t+dt, i.e., in 

time increment dt. See Fig. below. . ~ 

t 
( 

distance 

0, ' 

In order to solve Eg. 

are requi'red: i) the 

t+dt 
( 

J 
l' 
l, 
" 1 

time 

5.21 the following poihts 
"""f 

calculation of its tyO 
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coefficients, i i) the initial condition of the 

probability distribution of the excess pore water 
n 

pressure Pr (P, t=O), i ii) the boundary condi t ions 1 the 

position of the clay layer within the soil profile 

~ystem, macrodimension (i.e., layer thickness), and 
., 

microdimension (i.e., 0 of MSUs). The last two points 

(ii and iii) will be examined in the appendix C and 
f' . 

chapter six. However, the -first point will be 

discussed in the following section. 

5-4-2-1 Ca1cu1ation of The Coefficientss 

Since the coefficient of the evolution equation 

should be found from the state function, the proper 

solution of this function must be sought. There are 

several methods to find the coefficients of the 

evolution equation. One example is the analytical 

method. It gives a close solution, and it can be used 

for simple state function. Another example is the 

correlation theory in which its integral should be .. 
solved numerically. 

In the present analysi s, ' the fin i te di f ference 

analysis will be used: The reason for using it lies in 

f7 the following: 

a- The nodes of the finite difference can be 

considered as "physical" nodes ( i.e., 
l-

I 

not matryematical nodes) and hence the 
l' 

they are , . 
distances 

between.l the macrostructural units are involved as ~ 
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node-to-node distances. 

b- The finite difference ~nalysis can synchronize 

the timê increment of the state function with the 

time increment of the evolution equation since 

this equation will be solved by finite difference. 

q- The finite difference analysis is simple and 

manageable in computer programming. 

d- With 'the appropriate time increment, we can 

synchronize finite difference and finite element 

analyses in a mixed application (this willt be 

discussed later). 

Pinite Difference Analysis: 

For finite difference analysis, we feel that 

the control volume concept (Patankar (1980)) is 

more appropriate than using the Taylor-series 

formulation since in the cont'rol volume, the 

calculation domain is divided into a number of non 

overlapping control volumes. In our case, these 
'J) 

volumes are the macrostructural units, such that 

there is one control volume surrounding each node 

point. lience the nodes are in the centre of the 

macrostructural units, and the distance between 

nodes is equal to (D). The numerical formulation 

is given in appendix C. 
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Monte Carlo Simulation, 

EStentially the Monte Carlo simulation technique 

generates the probability distribution of a function of 

several variables frp~ the range of probabil i ty 
, 

distribution of"" these variables. Each of these 

variables is regarded as a stochastic parameter. 

For normal probability distribution, the computer 

simulation involves the use of an equation of the type: 

X -Ma + Nr (S. o. ) (Eq.D-2-3, App, 0) 

, \ 

In which ~r is a standardized v~riate corresponding to " 
" 

the vatiab1e X with mean (Ma) and standard deviation 

(S.D.). Independent standard uniform variate with range 

from 0-1 15 used to obtain the standardized 

variate(Nr), i.e., random 'number generat~on. See 

Appedix D. 

Since there are a correlation among the pa~ameters 

of the microconsolidation coefficient, multivariate 

,probability distribution should be considered. We will 

assume for these parameters a normal distribution. 

Because the occurence of many individual effects and 

causes which cannot be treated sepra~ely may lead to 

normal distribution • 

, 
If we generalize Eg. 0-2-3 into multi~ariable 

form, we get the following: 
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" 

{X}. {Nr}{C.F.} + (Sa} 
, 

/ . 

Where %'.} 15 nxn ·matrix wi th constant elements and , 

la a function of the standard deviation of the . ) 

~ariables and thèit cO'rr~lation coeff.icients. {Ba} is a 
. 

col.umn vector with constant' elements. The 'constant 

elements are th.e- mean values of the random variables. 

• The. fol'lowing three parameter~ are éonsidered 

corrélated: The hydraulic raaiuS(R), channel cross 

sectional,area(a), and the ~acrostructural.void ratio. 
() 

The initial tangent modulus, and the effective stress 
, _ . 

.-0- are trea ted as single random var iamle.s, i. e. , they 

follow Eg. D-2-3: Other paraœeters are considered f~om 

their mean values. 

Th. atepa for lolving the evôlut~on equation arel 

1- find the probabi1i ty distribution of' the 

microconsolidation coeff cient in each incremént of 
, 

time by using.Monte Carl simulation on the probabi1it1 

distt'ibution of l1,em'R,a, ,~, etc. 

2- For each of time, ~ the 
(' 

'simul taneous eq,uat ions which are produC'èd from Eq. 5.20 

- ,1 (see Appendix C), with probahility distribution of C .' 
v 

3- For each inerement of time,' find the probâbili"ty 
n 

distribution of (~p). 

4- Find' the average of 

each increment of time. 

n n2 
(AP/~t) ~nd «~P)/At), for 

5- Solve the evolution equation hy ,the finite 
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differerrce with time Increments the time 

jncrements of the coefficients. 

. . 
These steps aré performed by 22 subroutines in the 

mainframe. f'ig., 31 represents the computational flow 
• "'''- 1 

scheme for findlng the coefficients and the complete 

solution of the. evolûtion equation. In the Appendix C, 

complete details of the formul~tion of different 

aspects of the computer . program are gi ven. The 

éomputer ".program is called Monte Carlo, Fin i te -

Difference (MrD). 

Discussion 1 

As we -can see, the procedures for prediction of 

the' excess pore water pressure dissipation in the 

micromechanics approach ls entirely different from the 

procedures in the classical consoliüation approach. The 

diffê·rence. lies in the following <i.t:.ms: 1. tHe 

introduction of the mi~roelement ànd its properties, 2. 

the development and the finding of the' consolidation 

coefficient. 

, 
. * 

/ 

J 
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Input data 

loundary conditions Constitutive Behaviour Computer parameters 
-drainage conditions -stress-strain relation -time iteration steps 
-static applied load -conductivity operator -No of Monte Carlo run 

Apply the Monte Carlo simulation technique 
to find the probability distribution of 
C and M 

NO 

.~ 
Find the mean value 
and the satandard deviation 
of the excess pore water 
pressure and the modul us MI 

~ 
-

Upda te the values of 
the parameters ~v' MI 

• ~~ Yes 
~---------.~ 

Print microconsolidation 
and pore water pressure 
di str i bution 

Calculate the coefficents 
of the evolution equation 

1 
T 

Solve the evolution 
equation 

Print: 
void ratio-time 

• stress-time 
probability dist. 
of pore wa ter 
pressure 

• coefficients of the 
evolution equation 

Pig. 31 Computational flow scbem_ of Monte carlo finit. 
difference anallsis (Mr.D) 
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,-
5-4-3 Evolution Equation Fe"!:' The Total Reqions Of 

. Compression: 

The basic philosophy for developing the total 

region of compression is to choose an evolution 

p'arameter which is consistent for 
\ 

both regions. 

Furthermore, it has engineering applications. In the 

previ ous sec t ion, the exc~ss pore wa ter pressure wa s 

. chosen for the fi rst region. In i tself i t cannet be 

used for the develepment of the total region of 

compression sinee in thé second region, the 

measureability and the calculation of this parameter 

are difficult if at all possible. 

As discussed in the prev i ous sec t ions, the state 

fUAction can dictate the type of evolution parameter 

which should be used. The constitutive equation 

normally describes the material state changes as the 

stress increases (or decreases). Therefbre, the. 

mechanical state of the material can be defined by the 

path of the strain accumulation in time domain (or in 

any domain) which corresponds ta stress increase or 

(deerease) . 

Hence t , the constitutive equations can be used for 

the state function formulations. In this section, the 

state, functions for both regions will be addressed • 

However 1 the overlapped region will be treated in the 

next section. 
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~ the :first~ region the sta'te function is as 

follows: 

m 
da • v 

m 
M dé 

l v 
(Eq. 4.26) 

This equation shows that as the stress increases (as 

excess pore water pressure decreases) with time, the 

strain path accumulation is in the time domain. Hence, 

the evolution parameter can be the strain. We will use 

the numerical technique, "mixed" f!'nite element and 

finite difference, for calculating the two coefficients 

~rorn the state function. 
~ 

The reasons for using tliis mixed numer.ical 

technique are as follows: 

a- Since there are two phenomena occurring at the 

sarne tirne, fluid flow (simulated by excess pore water 
, . 

pressure dissipation) and skeleton compression 

(sirnulated by strain accumulation in time), the stress 

transfer is the link between these two phenomena. 

Hence, the finite difference analysis will be used to 

update the excess pore water pressure (Eq. 5.20).; 

Therefore, the effective stres~ at the nodes can be 

calculated at each node and at each time increment 

('Eq. 4 .1). Once this stress is known, the strain can be 

calculated at each node and at each tirne increment by 

using finite element analysis (Eq.4.26). It should be 

noted here that the time increments of bath numerical 

t 
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techniques are the same. . 1 

the appropria t!e tim~ - increment, b- Wi th 

Synehro~;~tio.n 
regiOn)nd the 

among the overlapped reglon, tha first 

second reglon can be achieved. 

The discussion of the formulation of the finite 

element code is given in appendix C. 

In the second reglon, the state function· ... is as 

follows: 

.,. 

~ é ( t) &1 
y li sb exp(sb x 1\ t) .. III (EQ. 4.28) = ec x tI 

2 t " at m 
2 

The evolution parameter is the strain. The finiée 

element analysis will be used for calculating the fir$t 

and second coefficients of 1 the evolution eQuation from 

the state function presented above. 

Hence, in general, the evolution equation can have 

the following form: 

- ' 

2 2 

clt 

Ac l a (Ac: ) 
v 

> pr (cI t) -< 
v 

'!L Pr ( cI t ). < + -
At 2 a c2 .ô.t 

v 

• 
(5.22) 
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For using this equation (Eq. 5.22), an appropriate 

strain for each region should be put in it. The finite 

difference analysls 15 us,d to solve Eq. 5.22. In the 

'" /' neJt section we ~ill give the necessary steps for 

s,olving this equation for both regions. 

5-5 MA~TlCAL MODÉLLING or THE OVERLAPPED REGIONa 

In the previous section, the strain is conside~ed 

to be the evolution parameter. Hènce, a strain will be 

used for the overlapped region in order to be 

\consistent in the prediction -of the· tbtal region of 

compression. 

The description of the physics or the overlapped 
, 

region in chapter two reveals that both mechanisms of 

deformation of the first and second region can occur at 
( 

the overlapwed region. This means that a number of 

macrostructural units will behave in ~one type of 

deformation and the rest of the macrostructural units 

will behave in the other type of deformation. 

The over lapped region will occur between time t=T 
' . 

and time t=T. Before time T, most of the 
b a 

macrostructural units behave as the mechanism of type 

BI deformation. As the process goes past T" the 
a 

macrost ructural units will pass to type B2 mechanism 
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until time Tb when all the macrostructural units will 

behave as the mechanism of type ~2. 

We would like to find the probability law which 

~overns the number of the macrostructral units that 

will transfer to the mechanism of type B2 as the 

process takes place within the overlapped region. 

The increasing number of macrostructral units 

that behave in type B2 (no. of MSUs which a~e 

transformed to behave into type B2) can be examined in 

another way. For example, the increasing number of the 

macrostructural unit~ which are stopped to behave in 

type BI may be considered. The term stop can be 

equivalent to 

regarded as 

dea th. J Hence 1 

death 'Process in 

the process 

stochast ic 

can be 
/ 

system 

analysis. Thus the Markov chain process is the building 

block for modelling the overlapped region. See Fig. 

below. 

type al 

type B2 

.. ., 

T T time 
• b ~ 

Consider a sequence of positive numbers lé). We 
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define a pure death process as a Markov process 

satisfying the following postula~es 

i- Probab i 1 i ty that the event occurs once=C ~t + 0 U~t ) 
olt ( 5 .23) 

ii- Prob. that the event does nct occur = l-C ~t+o U~t ) 
ok 

( 5 .24 ) 

iii- Prob. that the event occurs more than once= 0 
( 5 .25) 

Where g( t) lIIo( t), t ~ 0 is the usual symbolic 
way of writing the relation lim -g(t)/t=O 

t- 0 ' 

Let x(t) denote the number of survivaIs in time 

interval (O,t) which lS equivalent to the number of 

macrostructural units which still behave as type BI 

deformation mechanism. We define P(t)=Pr{x(t)=n}, 

assuming x(O)=N. Hence we can define a system of 

differential equations satisfied by P(t), t> 0, namely, 

,P ( t) .- C P ( t ) (5.26a) 
o 00 0 

P(t) • - c p(t) + C p( t) n>l (5.26b) 
n on n o n-1 n-1 

Assume that each member l,in a population has a 
\ 
) 

probabili ty Con At+O(At} '- of- --changing into B2 in an 

interval of time length At (C>O), on and in our case we 

assume that C -n C. The above system of equations can on 0 

be solved wi th the assumpt.ion of the mechanism of the 

binomial theory, with help of the identi ty 
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- N "" (l-x) = L..J 
11\ 

x 

and the concept of the generation function. 

To obtain the follow!ing stochastic model, see the 

stochastic books of Samuel et al. (1981) and Cox and 

Smith(1961') , 

p( t) = 
j 

N 

j 

~ N - j 
(exp- é t) (1- exp-ë t) (5.28) 

o o 

With simple mathematical manipulation observing the 

properties of binoma1 distribution, the mean and 

variance of the number of the macrostructural units 

that still behave in type BI (X(t» are as follows: 

E(X(t»= N exp- C t (5.29) 
0 

Var(X(t» :: N exp(- C t) (1- exp- C t) (5.30) 
... 0 0 

where 
- (it c . It 15 an intens 1 ty parame ter is a global . 

0 

parameter). In the next section we will give 
• 

some 

detailed discussion about this parameter. 

N : the total number of macrostructral. uni ts (i. e. , 

the number of trlals in the binomial distribution), 
1 

& 
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j the number of MSUs which behave as type BI. 

Figure 32 shows the plotting of Eq. 5.29 for 

different values of the intensity parameter(é>. As can 
!' 

be seen the probability of the death process i5 very 

sensitive to the values of this parameter . 

.-
'-5-1 The Intensity Parameter CI o 

The intensity parameter represents a key role in 

the evolution equation modelling of the overlapped 

region. It is gene'rated from the physics of the 

compression process. The following points highlight 

some of the aspects of this physics:· 

a- The stress transfer which could be considered 

as a "physics-link" between the fluid flow (simulated 

by excess pore water pressure dissipation) and skeleton 

compression (simulated by strain accumulation) depends 

on the initial and boundary conditions as weIl as on 

the soil structure. 

b- The intrinsic soil structural variability of 

the ~ystem as discussed previously is classified in 

two parts: fabric variability and potential 

variability. For r 
example, in fabric variability, when 

the neighbor distance (0) is very large( <0> > 20 ~m), 

the clusters are small «d > < 5 ,um) 
t 

and a large 
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c motion of the clusters within the MSU will take place 

quicJc:Iy (i.e., collapse condition-in short time). 

Hence, the type B2 deformation will take its place in 

several MSUs in a short time after the process gets 

·started. 

Another example is that in potentiai variability, 

when the integrity of the cluster units within the MSUs 

is weaJc: compared with the rigidity of contacts (bond 

conditions) between these clusters, the type B2 

deformation will take i ts place iSl severai MSUs in a 

short time after the process gets started. 

Hence, the intensity parameter(~) links the 

consolidatipn process of the clay system on the first 

region to the creep process on the second region. 

c- Sorne geometrical conditions which may have an 

effect on accelerating severai MSUs to behave as type , 
B2 are: the position of the rnacrostructural units in 

the clay layer, the position of this layer within the 

soil profile system, and the thickness of the clay 

layer. 

'The concept of ëo lDodell1ng: 

On the basis of the above discussion, we can see 

that the intensity parameter depends on the fabric 

parameters and also on the stress-modulus parameters. 
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Hence, the ~ntensity parameter can have the following 

The physical form of the above equation c~n be 

established by using a Dime~sional analysis technique 

(The II-theorem) Buckingham (19l4). 

Dimensional analysis ia a m~thematical me~hod 

useful in determining a convenient 'arrangement of 

variables of a physical relation. Once orderly 
; ---

arrangement of the variable phy~ical quant1tes has b~en 

establi~hed by Dimensional analysis, the experimental 

data must be used in ,or der to obtain the necessary 

constants for a complete numerical expression. 

If we assume that eight parameters are respons1b~e 

for-the phenomenon which ls described by the in~nsity 

parameter, then we may put the above-equation in the 

followinq form: 

- 11'1 C(C,D,m:,R,e,v,CT'11 )-0 
o • /Tl c:. 

-.;- - -----. -
:/...-----. 

From II-theorem, we have the followin9~ 

II{I,I,I,I,I)-O 
1 2 3 It 5 

Therefore, we have five equations to be solved in order 

'-~i -' ~ .. ;'. 



e~ 

.. 
!' 

to find the exponents of thè parameter~. Once the 
~ 

physi~al form of the equation is established, a 

numerical technique should be used on the experimental 

data so as to find the final expression. 
,p. 

Further 
'-- , t 

~is~ussion on the intensity parameter modelling is 

givén tn the next chapter. 

&-5-2 Implementation-àvolution Equation of the 

OVeTlapped Region. 

As dis~ussed in the previous sections, the key 

concept of the ~volution equation i5 the use of the 

state function. Since -the two mechanisms of 

deformation work together in this region, its state 

function is represented partly by the state function of 

the first region and partly by the state function of 

the second region. 

Therefore, as _ first approximation we will use 
_ ~f"" , 

the following postulate: the state function of the 

first region works in the overlapped region with 

probability ~(t), and the state function of the second 
J 

reglon works in the overlapped region with probability 
oP ,r---' 

(l-~ (t) }. Hence, the format of the sta t'è-- function of 

the overlapped region can take the following: 

• \ '" D 
<Ac>- P(t) < Ac > + (1- P(t)'} < Ac > (5.31) 

0., . j ., j V 
-/ " 

yhere 
d_ 

m the increment of volutnetric strain of the 
~ Ac • type 

'# 
t 

~ 
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Bl deformation, the subs~ript 1 refers to t~e first 

r~9ion • 

AC: ~ the increment of volumetrie strain of the type 

" B2 deformation, the subseript II refers to th~ seco~d 

'- . . reglon. 
• -

b.c = the increment of volumetrie stra'in of the 
Oy 

overlapped region, the suoscript ov rafers to the 

overlapped region. 

After suostituting Eq. 4.26 and Eq. 4.28 into Eg. 5.31, 

we get the following form for the overlapped regions 

Il D 

<A c > = < M > < Ad > (5.32) 
ov 1 l v 

Q 

m 
<A4>= the increment of stress which is. considered in 

v 

the overlapped region. 
o ~ , 

\ 
,. Il 

M • P ( t) < 1/M > + (l- .... op ( t ) < M > <~ > / <AG- > 
II ::1 j 2- v. v 

M • 
1 1 

A ~ .. 

~ sb/2m )(exp sb e(t) t) dt (see EQ. 4.28) 
z % Z 1 c 

It shou11 be, noted that the v~~ue of ~m in the modulus M, 

is updated with ti"me, i. e. , , .. '" is 
, 

not constant. 

Meanwhile, the stress in the second region for the 

/. 

; 
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, 
overlapped pa~t is'constant, i.e., the exess pore water 

pressure is equal to fero". Hence, at the end of the 

f irst region the avet"age of ~m in the modulus M is equal 
1 

• to the ,average stress of the second region. 

Once .the state function is established,' the 

coefficient of the~ evolution equation can be found by 

using the numerical technique. The finite element 

analysis and the Monte Carlo simulation ,which have 

~een used for both regions will be·used here. It should 

be npted here that the time step which is used in the 

numerical technique should match the transition time 

step of the Markov chain proc~ss. 

Hence 1 the procedure~ for development and 

calculation of compression evolution with time for the 

overlappe~e9ionican be as follows: 

. -

a- Find 'the probability distrib,ution of the number 
~ . 

of the macrostructural units that are converted to 

oehave as type B2 defor~ation. The most essential 

-paramet~r in this ~tep is ~. 
J' t 

, 
b- P'ind the state function by using thè 

probability distri~utio.n developed in the first 

st,e.P together wi th the state functions developed 

in previous sections (Eq.S.3l) • 

c·' Find the coefficients of the evolution equation 
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~nd its solution by using numerical techniques, 

finite e1ement ana1ysis~ 

Four simple subroutines have been developed to perform 

the above steps. 

The' steps for the 

pr~diction arez 
, 1 

total region of compr ••• ion 
î',\ 

.. 
1- Find the excess pore water pressure by repeating 

the same steps of the finite difference ana~ysis for 

each Increment of time. 

2- Findi the probabili ty di tribution of the effective 

stress in each /pode bR using the balance equa.tion with 

Monte\Carlo·simulation. ('--
\. 

3- Solve Eq.4.26 by dividing it into two terms,' Le., 

8 .6 8 Il 

d.Cf' - dd • 2m, dt y (Eq.C-l-l,. App. Cl 

or 

Where 

Il,.8 
" ~ (e (t) )Ac .cf.. the nonlinear term. 

, tft V 

The finite element technique i5 used in such a way that 
. 

the nonlinear term i5 added to each node by using 

Iteration process within the finite element subroutine. 
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Note the parameters of this constitutive equation are 

random variables, i.e., Monte Carlo simulation should , 

be performed.> For each increment of time, find the 

probability distribution of the nodel displacements. 
~ 

4- For each increment of time, find the average of 
2 

~c/At and (Ac) lAt from the probability distribution of 
v v 

the displacement. 
~ 

5- Solve the evolution equation (Eq. 5.22) by using 

finite difference analysis. 

. 
By ~hese above steps, the 

~ . 
total deformatlon process o~ 

the first region can be calculated • 

6- For the second region of compression, solve 
Q -Eq.4.28 by using finite element analysis, i.e., find 

the ~odai displacement. The Monte C~rl0 analysis should 

be used to consider the variability of the parameters. 

7- Find the average 

Increment of time. 

of ~é / ~t and (~é)2 /~t for each v y 

a- Solve the evolution equation by finite difference 

analysis with the time increment matching the time 

Increment of the coefficients. 

By using the above steps, the total deformation of the 

second region can be calculated. 

9- The steps for the overlapped region are given_jn 

the previous section. 
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• By complet ing the above nine steps, the 

compression process of the clay system under applied 
\ 1 

load can be predicted. In chapter six, we wi 11 use 

these steps for deformatdon process prediction. Fig. 

33 represents the computational flow scheme for finding 

the coefficieRts and the complete solution of the 

evolution equation for the total region of compression. 

'These steps are ,.-performed by 30 subroutines in the 

mainframe. We call this program MFE. 

5-6 SUMMARt-TH! EVOLUTION EQUATIONS, 

For the first region of compressions alone" the 

excess pore water pressure has been chosen for the 

evolution equation. Finite di ffererice analysis has 

been used for finding the t~o coef f ie ien'ts and also for 

finding the solution of this equation. 

• 
Fo~ the total region of compression the strain has 

• been chosen for the evolutiod~ equation. In the first 

region, the finite difference and the finite element 

have been use~ for finding the two coeffecients. In the 

second region, the finite element i8 used. In thé-

overlapped region~ - after finding the p1"obability 

distribution of the number of the Imacrostruetural 

units which behave in type B2, both finite elements and 

finite difference have been used for s01ving the 

evolution equations. 
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Input data 

Boundary conditions Const~utive Behaviour Computer parameters 
-drainage conditions -stress-strain relation -time iteration steps 
-static'applied load -conductivity operator -No of Monte Carlo rUl1 

\ 

1 

No 

Opdate the 
P!rameters 

Cv' MI 

" 

... 
Find the $tress in 
the nodes using FDE 

Find the nodes 
displacement using 
FEM( first region) 

-'-""'- Yes 
:!~ 

• 
Find the displacement 
of the secon? region 

using by FEM 

r-,,~ 
Ca l ula t'\r-oh of the 
Probability dis. 
of the overlapped 
region 

Calculation of the 
displacement for the 
overlapped region . 

Print out: 

~~~~-----------------

'.probability dis. of 
the overlapped region 
.the total deformation 
process over time 

1 
1 

Pige 33 Computational flo. scheme for modelling 
the total ragion of compression 
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Table 4 shows-the two steps in each enviropment 

(deterministic and probabilistic) for the development 

of the micromechanics theory of saturated clay soil 

performance under compression loading. As we can see 

the basic link between the two environments is the 

introduction of the intrinsic soil structure 

variability which is described in this chapter • 

. ' 

€l' 

/ 

248 



/ 
/ 

Table 4 summa~-Eyolution Eçuaticns 

DE'l'D."!INI S'rI C L'lVIRONME!fl': 

-------

J ' . ; 

a- Microelement: Macrostructural unit (MSU) 
'" b- Law of pe~fo~mance: the state function of the MSü 

i- rirst Region Alone: 
the basic parameter is the excess po~e water pressura 

11 1 r 
. ai' a P --

ii-Tctal Reqicn of Compression: 
1:he basic: parameter i 5 the volumetr ic: st~ain __ 

Frist region, 

, • Il 

dO'. M de , 1 

Second reglon, 

v 
• --!... 

al 
a 

sb a 

Overlapped region, 

• \ • Il 
.<Ac(t»'. <M> < À~ > 

Oy \\ 
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Table , Con;:_ 

PROBABILI~IC BNVlRONMBN'l't .r 

a- Randomness the state function: Monte Car~o-analysis 

>.~ b- Passage to the global: Evolution equatiQn 

i- Pirst region alone. 

ilPr(P; J) -----... -
... 

~ AP ft 
--- <:-----> Pr(p,t} 
ipn \ At 

.. ii~'1'otal reglon of cOlJIPr ••• ion. 

dPr ( CL t) __ .... v~_._ 

\ 

, , 

, , 

" 
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c CHAPTER 6 

THE rBASIBILITY OF APPLICATION OF THE BvOtOTION 

MODELS 

6-1 rORWARD,-

In the preceding chapters we-havè established the 

basic principles of micromechanics of soil and the 

prediction models soil performance- under 

eompression -ioads. For these models, two large computer 

programs which make use of the numerical techniques 

(finite element and finite- difference analyses), and v 

Monte Carlo simulation have been written. 

The experimental mic romechan ics is equally 

important. However, no standard test procedures have 

thus far been established. Moreover, working in small 

scale sample5 is a very difficult task. It requires 
. 

&kil15 and sophisticated equipment. The lack of . /' 

standardized procedures of tests can be attributed to 
" 

the lack of any link between micromechnics tqeor~,and 

the industrial applications. 

It should be noted that the microelement and the 

ensemble of microelements scales snould be the same for 
-

both the theoretical and the experimental developments. 

251 

\ 
\ 



• 

, 
1 

/ 

,-~, --.-,-------~----.... !!1! .• ;;.--I11!1------,.,JI 

Establ i shing the ,experimental micromechanics 

program i9 a lengthy proce99 and it 19 beyond the scope 

of this study. Therefore, we are nct 90in9 to compare 

between test data and our mathematical models' 
"J: . ....:..~. 

p'redictions. l nstead, we ,will demonstrate the 

feasibility of the application of these models by using 

the experimental data of Turcott (Turcott,1988). 

However f the discussion of this appllcation- ha's sorne 

merit in the overall ~nalyses and prediction procedures 

in clay-compression solving pr~gram. 

6-2 SOMMARY-aVOLOTION, EQUATIONS USED 1 

In Table S, the summary of the evolution equations 

are given. The parameters which are required for these 

evolution models can be divided into two sets: the 

first set can be the geometrical parameters, and the 

~second set the s~ress-modulus parameters. ,The two sets 

actually represent the soil structure, and therefore, 

the first set represents the fabric and the second set 

represents the 'forces and. the ~nteraction potential. 

, 6-2-1 Geometrical Parametèrs & 

. 
In this section, the list of the geometrica1· 

parameters will be given. Furthermore, the t~st 

technique used for obtaining these parameters is 

examined. The parameters are: 
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" . 

~~ Tabl. 5 Summary-Ivolution Equations 

Dl1IœMIHISTIC INVlRONMBNTs 
:.~/ 

a- Microelement: Macrostructural unit (MSU) 
/" 

b- Law of performance: the state function of the MSU 

i- rir.t Region Alone: 
the basic parameter- is the excess pore water pressure 

, 2 r 
4lP 4l P -. 
4lt 

ii-To'tal Region of Compre.lionl 
the basic parameter i5 the volumetrie strain 

P'rist region, 

, Il Il 

der. M de ~I 
v 1 - \f 

SJ(:ond region, 

Il 1ft 

• ....!.. sb exp ( sb, x êc x t) ~v m 2 

2 

Overlapped reglon, 

• ,II 

<Af!t) • <N? < A~y> 
~. /.! 

::."-
, 
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'l'able 5 Cont • 

PROBABIIaI S'rIe BNVIRONNBR'r 1 

a- Randomness_ the state function: Monte Carl'o analyais . 
1 

b- Passage to the global: Evolution equation 

i- rirst region alane • 

• • clPr (P, t) 

dt 
=-

cl AP n 
--- <-----> Pr(P,t) + 
apn At 

... 

ii-Total regtan af compressiona 

2 2 
l ~ (-Ac.) 

+ - - <-_Y_> Pr( cylt) 
2 cl c2 At 

cl Acy 
- <-> pr( Cv' t') 
cl Cv At 

Macro8ttuctural Void ~tio ~tion, 

e''II 8 

v - <v> n 
m -c C 

<v> n c c 

y 

.1 
, ' 
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d, the diameter of the eluster units 

e", macrostructural void ratio. initial 

value) 

D thé distance between the two neighbor MSUs. 

f(y) : the obse(ved ra~ius of the cluster and the 
If, 

MSOs in probabilistic distribution'form 
1 

R the hydraul ic radius of the channels 
" 

~connecting~ the neighbor MSUs 

, . 

a . l' . the cross-sec t ional area of the channels 

.p : the distance between the centre of the MSU 

and the centre of the cluster 
'1 

Z : the distance between the centre of ~he-MSU . 
and the centre of the two 

0 

neighbor clusters 

Ne . the number of cluster units per MSU . 
'-, 

of the MSUs wi thin thé ensemble Nm :' th~ number • 
"l' 

1 

ee ,1 the local void-ratio of the cluster unit. 
~ 

-

~ .' 
, 0 There are several _experimental techniques used for 

fabric parameters identification. These are: opticaL 
~ 

and sc~nnLng el~ctron microscopy, X-ray diffraction, 
• 

mercurYc-' int rusion po'ros irne~er , acoust ical veloe i ty, 

Dielectric dispersion, electrical conductivity,' and 

thermal conductivity. - Sinee each of these techniques 
~ ~; , 

'lhas" 'i ts aovanta'"ges and disadvantages, ,the cornblned use' 
1 

of a couple 0 of them seems essent ia1 to obta in à' 
• 

realionably comprehensïve .ppraisal -O~ the clay fabric 

.analysis. 

, 'ot tq, methods listed above, the scannin~ electron 

A 
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microscopy 1 mercury intru!iion porosimeter and X-ray 
/ 

diffraction of fer the advantages of getting the 
" 

geometrical parameters. Detailed discussion ;f these 
1 

technique~ are given in Tdvery(1?73>: ~ridharan ~t al. 

(;1971), Diamond (1970) and Rrizek et al.(1973). 
\ 

" 

The scanning electron microscopy _ pr,ovides a 

three-dimensional image and allows direct observ~tion 

of the c la,y part ie les (e l uster s) and theï r arrangement 

on a surface. From scanning electron microscopy, we 

can have the ini tlal values of the abovè parameters. 
, 

For exa~ple: 

Synthetic cla~ (OF') ~icro9raphs\. from JTurcott ~, 

191'7): bulk void ratio= 2.65, <d>- 4,um, <D>- lS,um, , 
a ' 1 

<Z>= 7,um, <Z>= 7,um, (note l,um= .OOlmm). 
, , 

1 
t 

Natural clay (micrograph~ from,Delage et al. 1984) 

bulk vC)id ratio= 

.... - -

How~;~r, the void ratio of ~hé macEostructural'u:it can 

'" be ealeulated from - the 
, 

infoFmati~ 9%ven by scannin9 

electron microscopy. The -computer program GME "i5 usea-

f·or these calculations. The prediction. of the 

.-~-.. tmacrostructural vo.id ratio is given in Fig. 34. And 

the parameters R and a can be modelled from the void 

ratio (see th! derivat;ons in appendix C-2) as follows: \ 
1 ,;-

f 
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, . 

::... -.... --.G 
ca 
.G. 
0 
lot 
c:. 

0 
, 

.70 1.40 1 2.10-'.- 2.80 3.50 ~m 
~ 

1 <A > f 
* n 1 

} 
C 

l' • - {L 'Ai . Nm f e 
m 

, 

A • e the area of the cluster unit (spneri cal shaRe) ~. =~ 
.. 

A • m the a~ea of the MSU (spherical shape) 
0 

E • the summation over the number of MSU per ensemble 
! 

• Nm • the ~umber of MSU. par ensemble 

rie • the number of cluster units per MSU 

DATA: ~\ ,; 

\ Fig.34 

~ • 0.35 

<v ) • 0.000064 mm3 
c 

The Probability Distribution of Macrostructural Void 
~ Ra.ti 0 (Photomi crograph from ""Turcott (1988)) 
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• The hydraulic Radius (Ret»: 

/' 
4 1 

R(t) = e(t) 
m 

( 6.1) 
• 11' 

where: 

S = The specifie surface area whic~ is 
v~ 

" defined in chapter (3), Bq, 3.40. 

e III The void ratio of the macrostructural 
m-

unit. 

~ , 

Hence, the mean value: 

E (R) 1& (4/11'){ 1/5 E (e (t ) ) (6.2) \) 
V III 

The standard deviation 

S.D. 111(4/11',> ( 1/5 ) (5.0.) (6.3) 
R v e 

'f 

Tpe channel cross-sectional area a(t):' 
Ct) 

" -

( ,,-' 2 
( 6 • -4-) a(t) • e( t) d ) 

DI 1 '). 

"'" é 

wh.ere _, .... f). 

d 1& the diameter of tbe cluster unit. 
1 

1 
1 

. 1 
Hence, the 'mean value: , 

• -\ 

Z 
(6.5) E (a) = ( 11' d ) E(e(t» 

/ 
1 Il 

" 



c 

) 

~." 

v 

and, the standa;:c;i' deviation: 

2 
S.D • • (n d ) (S.O.) (6.6) 

4 1 e 

, , 

l t should be noted that the number of channels 

has ,been considered equal to the number of cluster 

units. As one can see, both the hydraulic radius and 

the chann,el cross-sectional area are functions of time. 

Hence they will be updated at each increment of time 

during the evolution. 

~ 6-2-2 StresS-Modulus~~~ramet~~s& 
- ~ r' -

. ' , 
The stress-modului parameters of clay performance 

\ under compression loads are listed as follows'; 
1 ~ lm 

d • The stress applied to the macrostructural 

uni t which i s' taken by the clusters only 

~(effective stress). In our theory, each increment 

d f th t , (ptt) , eerease 0 e exess pore wa er pres~ure, 
,m 

is consiàered ~qual to increment increase in (d ), 

Le., ~= l. 
1 

~ • Absolute vi~cosity of the fluide 

.. 
U \ 

1 
• The structural'viscosity modulus 

m~crostructural unit when the MSU in the 
. of the compression, i . e. 1 it reglon 

~ 

of the' 

first 

is the 

- -structural viscosity of the cluster iriteraction. 

le 
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• v II: Structural viscosity modulus of the MSU in 
Il 

the, second reg ion of the compress ion, ) (.e. 1 i t is 

the structural ~ viscosity - of the particle 

interaction within the cluster unit7 in the 

macrostructural unit. 

m, and ma- = Th~ initial tangent modulus of the 
-, 

compress ibil-i ty of the' "maè'rostructural ,unit. 

" a, a • The parameters for !(e(t)), 
m ) 

f~rst region 

of the com~ression. 

of i (êc( t) l 't), s,econd region 
1 

sb, sb- The_parameters , a 

of the compression. f 

1 - , , - i,ntensity. C II: The 
0 

parameter for the ov~rlapped 

region: 

. 
6-3 APPLlCATION-EVOLUT~N EQUATIONS. 

In the following, ~e will demonstrate the 

applications of the evolutiQn equations. For the 

first region alone~ the exeess pore water pressure 

is t~e key parameter 17 (Eg. ~5.21). For ,the 

region of compressio~', the key parameter is 

volumetrie strain (Eq.\. 22) • 

total: 

the 
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6-3-1 Calculation frocedures of the farameters: 

8,- Initial tangent modulus of the MSU: At the 

initial time, the response of 
1 the clay system aue 

to ,applied load can be represented by the 

following equation: 

" 

, . . --­. , 

-\ 

i. e. , 
,1 a ~ m 

the term a(de/dt) ~ = 0, see Eg. 4.26. 
m 

Thé initial tangent modulus is physically equal to 
( 

the stress which produces unit strain. This 

strain i5 a result of "cluster movement" within 

the MSU at the instant of loading. 

In order to find the value of the initial 

tangent modulus of the clay soil, we have to 

formulate (m
t
) as foll,ows: 

* m .. <m> + m 
1 t 1 

Where, 

(6.7) 

<m? .. the, average ini tial tangel)t modutus of the 

ensemble of MSUs which can be assumed equal to the 

average global initial tangent modulus, i. e. 1 <m> 
1 

• <m>. And ID = the in i t ial, ta!ngent modul us of the 

global test sample. 
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* m = The fluctuation over the a\'erag,e which can be 
1 

related to the standard deviation, of the ensemble 

modulus. 

~ig; 35 shows the method of finding the initi~l tançent 
~ 

modulus from the experimental test ,program 'on saturated 
, 

clay samples. 

b- The Constant Parameters of the First Region. 

They have been obtained by using simple optimization 

procedures on three compression curves for different 

l~ads. These curves are produGed from confined test on 

UF kaolinite clay which were performed by Turcott 

(1988). See his work for a detailed description of the 

intricate specimen preparation and the testing method, 

(s.ee Figs.E-I, E-2, and E-3, App. E). The optimization 

.procedures can he described as follow~: 

l~ Formu1ate a simple error funetion. 

2- Assume trial values of these parameters. 

3- For three loads, run the computer program FDE 

for the fi r st reg i on\:'" l t sheuld pe noced tha t C 

will be updated each increment of time. \ 

4- Compare the average predicted defermations with 

three exper imental curves (lE-l, E-2 , and E-3). 

5- If the errer is large, select ether values for 

the parameters in such a way as to minimize the 

-error function. 
" 6- Repeat these s~eps until the error is 
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acceptable. 

This procedure is not very different from the graphical 

matching technigue. , , 

c- The Constant Parameters of ,the Second Region,' 

If we take the log. of the both sides of Eq: 4.28 we ,~ 

get the following expression: 

~ ~ 

log(clé/clt) = log(c,M sb2 v/2m
2
) + sb, \(t) t (6.8) 

. ~ ! _ • .::J. 

Fig. 36 shows the plot of ~q. 6.8. From the test ~ata 

plotting, we can get the followingL 

The initial slope .. s~ (êJt=O» 

The intercept .. log ( d MSb u/2m \ . 
2 2 'i 

• 

We get the individual vafues o~the parameter~ by using 

the optimization procedure which has been described 

above. 

d- The Intensity Parameter(é) 1 r,ince there iS'not 
o 

enough experimental 

dimensionai analysis 

data, we will nct 

technique. Instead, 

use thé 

sinee Co 

depends on the same parameters of CI we will assume: 
w. 

" .-C .. b C 
o " 
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Fig. 36 The Steps for F1nd1ng the Parameters of the 
Second Region of Compression 
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The calculation of the constant b is done by the _bove 

opt,imization procedures· bùt with condition of tp-;l is 

imposed at each increm:ht of ti~e in the two regions. 

lt should be n6ted that for the overlappe9 region, we 

-wor..ked backward; i.e,' from the end of the first region 
n 

(P=O, at t=T ) to the beginning of the second region 
b 

(at 0 t=;T. ). Fig. 37 shows a schematic view of the 

solution technique for the overlapped region. 

The input data for the evolution models/are given 
;? 

in Ta~le 6, and' the computer output -of the two 
-, 

programs, (Le., MFD and MFE),. is discussed in.tne next 

section • 
• 

6-3-2 Discussions 

The prediction of the evolution models are given 

in Figures 38 and 3g'"; and it/is worth considering their 

discussion in the following poi.nts: 

a- The èvolution models predictions are very 

sensitive to the values of the néighbor distance 

(D), high excess pore water prêssure dissipation 

and large deformation are caused by the greater 

·value of _this parameter. lt is a collapse ~tate 

parameter, and it describes the macropore collapse 

within the macrostructural unit • 

b- The change in the/micçoconsolidation value,Ev , 

with time as opposed to the constant value, will 
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; "_Créments] 

1 1 
1 .. 

,t " 

- f 
l, ..-..w-.....;..;u:;~--....... ;- average excess pore 

, water pressure 

~ 1 

1 
" 1 ---....... i~ 

, 1 
" 

l' 

l­

I 
1 

1 
1 t·O 

b 
T , 

1 ~p~ 1 

1 1 
1 -
~ p_:II exp 

, , 
. Tb 

, 

1 

t=O 11' ' 

• 1T 

<p '>,.~ = 0 
average over the 
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= '(P) 

-- C t o 

average over the 
total profil e 

F'ig_ 37 Schematic View of the Solution Techn'ique_ 
for the Overlapped Region 
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Table 6 Values for modela prediction • 

The paramter 

H 
, 

Tt 

Ta 

E(m) 
/ \ 

, 1 

, S.D. of m 
1 

a(u) 
, 1 

a 

s~ 

LI (sb)/m 
222 

l ' 

C 
k~e) 

m '\ 

S-.D.o.f e " m 

E(R) 

S.D.of ~ 

Terminology 
used in 

computer 

H 

T 

T 

RH4 

SGM4 

ALPH 

bi 

sb 

SGMH 

ALAMDA 

So 

SGMH .. 
RM3 

SGM;(3,3) 

J 

Value 

10.7mm 

180 'sec ,,-

120sec 

2.11Cg/ mm2 

.042 

1'.15 

1.20 

• 3 . 

2.5 

.1 -(l/sec) 

1.56 

."5714 

.001344 

ç'~ 00~0561 

1 ; ,L. " 
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Remarks, 

the height of the sample 
'"'-

'the time for the first 
and the over13pped 
region,it is found by 
us i9 MFD grograml i,. e. , 

to reach <~ • O" 

the 'test time for 
second region 

~ 

.. 

the initial v4lue ~f e 
.. ""Q mG 

f 

1 

0 

E(a) RNA • 0000196mm~ 
J 

S.p.of 8' 

dl f 

-. 
1 

0 

C 

SGM(2,2) 

-dl , 

BETA 

CS . 

• 000072mm:& 

.004mm 

l 

.4 

E(.} • the average value , 
5.0. of. • the standard deviation of 

. i 

• 1 

• / e. 1 o:v.ls 
.~, 



J 

,;<, '. 

delay the c6ns~lidation of the layer" i.e., the 
1 

excess 
/ ..,.-

pore water for pressure dissipation 

v..ariable,ê will be slower than . for constant' c. 
v v 

This has a signi~icant effect on, two stabili ty 

. . . ') calcu1atlons: l the predict i on of the effective 

stress, and hence the shear- strength, and i,i) the 
) .. 

ppediction of the di ff e rent ial set t lement between 

two columns- in a structural system. 
( 

c- The randomness in ê has@ significant effect on 
v {t. _ 

the prediction of the excess pore water pressure 

dissipation which 'supports the idea of Chang 

(1985) (in the continuum probability concept of 

the consolidation of clay, see chapter one). It 

should be noted that the intrinsic soil structure 

variab i li ty i s re f lected in t he var i abi 1 i ty of the 

microcosolidation coefficient. 

d- Usi~g finite difference alone sometimes causes 

an overestimation in the predic t ion of the 

settlement of the clay. layer. Hence, "mixed" 
'<v 

finite difference and finite element should be 

considered together. The fin i f'e di f ference can be 

used for the prediction of the excess pore water 

pressure dissipation, and the finite element can 

be usedp for the calculat i on of the deforma t ion in 

each node; and henca, the settlement. 
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CONCLUSION, CONTRIBUTION AND RECOMMERDAœIONS 

7-1 FORWARD: 

There is, usually, ~ lag between a development in 

theoretical mechanics and its application in the 

en~ineering discipline. This is so especially -in 

geotechnical engineering. This lag is usually due to 

the complexity of the model, the difficulty in' doing 

experiments to characterize its parameters, the 

. position "of~1:.he 1;.heoretical mechanics research in open 
. 
Iiterature, and last but not least, it is due to the 

) 

lack of mutual discussion and interaction between the 

researchers in different fields. An examp+e of the 

lack of mutual discussion is that of the hypoelasticity 

mOdel' of Truesdell (Truesdell ( l.~ » which has only 

very recently been considered by geotechnical . 

engineers, (albeit only in academia), for application 

in soil. 

, 
\, 

For an act~al prediction of the soil performance 
" 

under loads, the physics process·of the soil (such as 

the mèchanism ofodeformation, the mechanism of fluid 

flow, and the stress-deformation of the soil system) 

should be characterized and assessed. Once this 

characterization has been done, an analytical model can 
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be' Àestablished under pz:~mises clear te both 

Theoreticians who seek to ensure that the mathematics 

ls rigorous, and also to the engineers who seek that 

the application of the model is'feasible and pr~cticai. 
- . . ~ 

We have tried in this ~esearch work to fotlow t~ above 

proposi tion .. This leads us naturally to the 

micromechanics approach. 

7-2 SUMMARY: 

, é 

By a comparison between the program strategy in 

the introduction (Flow Chart 1) and the devel9pment in 

the previous chapters, we can summarize this research 

worW ioto the fbllowing points (Flow Chart 3): 

1. Fabric ana1ysis and, the physics of c1ay 

compression: 

We have . reviewed fabric formation and we established 

the smallest scale for development of our analytical 

models (Table l, chapter 2). We postulated that the 

mechanism of clay compression consists of two 

overlapped regions. In the first region, the clusters 

will move relative to each other and the fluid will 

move through macropores. In the second region, the 

clusters will not move but-they will deform and the 

flow will b& through the micropores. In the overlapped 

region, both mechanisms work together. This postulate 

- has been substantiated by existing experimental 
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Deformation 
kinematics 
Bqs.3.17,27 

Fabric identificatio~ 
- particles ~ 
- clusters 
- pores 

Identification l , II 

Physics of clay compression 
Tvo o~~laJPPed regions 

intercluster 
stress & potential 
Bq. 4.1 

" 
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Fluid 
flow 

Bq. 3.53 

y-----+ y--_. 
Stress-strain relatlonships 
of the microelement 

mq •• 4.26 and 4.28 

Fluid diffusion and pore 
water pressure changes . 
Bqs. 3.53 and 5.20 

y-------+ 

Passage to continuum(global) 
Bqs. 5.21 and 5.22 

Clay compression prediction. 
Plg8. 38 and --39 

.1'10. Chart 3 The summary of the program s~rat.9! 
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programs and has been used for 

in different chapters. 

mathematical mOdfliDg ? 

, 
, 2. The Kinemetics 'of deformation: 

2-a We described' the . .,types of de formation. of the 

particulate system, in general (type A,Bl,B2, and C). 
r 

We reviewed the literature of the director theory and 

modified it to model the kinematiqs of deformation . 
• 

Type BI which represen ts the first region of 
"-

compression is.developed in chapter two. Type"B2 which 
U ~ 

represents the second region 'of compression is 

developed ?lso in chapter two. " 

2-b A probabili ty distribution of the void ratio, 

water content and P , were developed and a comP\\~er 
<'1 

program was written, with input data, on the 
,..i""\ 

diameter. 
0 

of the cluster units·and the macrostructural units. 

2-c We discussed the physics of fluid movement frpm 

cavities and showed that there are two different types 

of fluid' flow models: the conduit flow type and the 
-

flow around subm.erged obj ect type. We have used the 

conduit type model with the concept of Hagen-

Poiseuille and we established an analytical model for 

fluid flow from. a given cavity to the adjacent ones. 

3. stress-Compressibi1ity relationship: 

3-a We considered the· stress, balance between clusters 

as opposed to the common practice which considers the 
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l
t ess balance between particles. ~he uniform pore 

w er pressure is assumed throughout the sail profile 

( ystem (at t~O). This assumptio~ perrnits us ta know the 

'initial excess pore water pressure in each cavity. 

, ) l 
3-b We developed a volumetrie constitutive equation f~ 

bath r~ions of compression by using the concept of the 

intrinsic tirne measure. 

4- Passage to continuum: 

( 4-a We reviewed the literature') which attempts to 

construct the passage, and we established an axiomatic 

relation for the passage. The concept of intrinsic 

sail structural variabi11ty which consists of fabric 

vari.ability- .... a.nd potential variability is introduced. 
~-../ 

4-b The evolution equation was developed for the first 

region and its coefficients were found by USi~ finite 
• differen"ce ana'lysis. Also, - for both regions, its 

coefficients were found by using finite element 

analysis and finite difference analysis. 

4-c Stochast ie model, binomial distribution, was 

• developed to describe and predict the number of 

macrostructu~al units 
t 

that will transfer to the 

mechan i sm of type B2 a~ _ the erocess ~akes place wi thin 

the overlapped region. ~ parameter plays a ve~y 

essential role in the modelling of the overlapped 

region. ;' 
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o 5- Computer programs: 

We developed three computer programs: \ 
a) GEM program for the probability distribution of void 

ratio, water content and P. 
1. 

b) MFD program which describes the Monte Carlo finite 

difference program for solving the evolution equation 
, '-

of the first region. 

1 
c) ~E program which describes the Monte Carlo finite 

" 
element program for solving the evolution equations of 

the total compression region. 

, 

C • 
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7-3 COtJCLUSION: 

Besides the discussion which is considered in 

chapter six, the following conclusions are derived from 

this research work: 

1. The micromeçhaniès approach holds a promise in the 

future for sol v ing var i ous geotechn ical eng.i\-Le.ering 

problem5. , 

2. The mathematical point of the continuum theory can 

be substituted by the set theory in the case of the 

micromeéhanics approach. 

3. One Kinematic parameter, surface deformation, in 

continuum theory may not be sufficient for a discrete 

system, and ~refore, i t i 5 necessary to ident i fy: i-

the types of deformations (i.e. type Band C), ii- the 

development of the micro strain, and iii- the neighbor 

distance (0) and director parameters. 

4. Th~ identification of the geometrical structure of 

the soil medium is essential for a physical description 
~ 

and a mathematical model o~-fluid flow through this 

medium. Hence, the two classifications, (i- the conduit 

flow type, and ii- the flow around a submerged objec~ 

, type), are assets. 

5. The macrostructural void ratio and the parameters of 
( 
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the channels (R,D,a) connecting the cavities are 

important properties for fluid movement and are ·also 

important' properties for the degree of the 

compressibility of the clay system. 
:/ 

6. The stress 

more realistic 

balance between the cluster units gives 

representat io') than the stress balance 

between clay particles since the modelling of stress 

between particles provides many details which may not 

be essential for global soil bebaviour. 

, 

7. There are two structural viscosities which are 

partly responsible for time 

compression: 

1J 
1 

,j/iII.; 

For the first region 

del-ay of 

1J For the second reg i on 
" 

the clay 

The ~ contribution to the time compression delay i~ 

less than v. 
" 

8. The axiomatic relations stated for the passage t.o 
\ . ~ 

") r ... .)~ \ 
global are essential to clarify the' aspects of this 

L 
passê\ge .. 
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9. The passage from the microelement to the globaI 

should be done wi thout 

paran'eters which are 

compression performance. 

losing "soil _structure" 

essential in global 
'\ 

clay 

10. The overlapped intensity parameter ~ pIafs an 

\ 

... ~·<-·ï~l 

.. 

, 
\ 

, 



( 
·essential role ·ih linki.ng the proéess of conso,lidation 

in the first region with the creep effects in the 

~_second region. 

11. The use of numerical techniques (finite 5ifference 

FD and finite e~ement FE) hold a promise in the future 

for sOlving problems in a micromechanics approach since 

they can be structured in a physical way (i.e., the 

nodes and the. elements of FD and FE can be equivalent 

to a single microelement or several microelements). 

S.SSi-,., FT ,- ~l S'III 
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7-4 CONTRIBUTION: 

The following points are believed to be original:. 
~ 

1. This is the first time a. comprehensive work in 

micromechanic s, in the field of geotechnical 

engineering, has been done to solve a particular 

problem. Furthermore, the problem which is addressed 

here is considered to be one of the important problems 

in the field of geotechnicàl engineering. 

2- The d~scription of the physics of clay performance 

under compression loads as a coherent picture of the 

en tire process of compress i on { Le., skeleton 

compression, fluid flow process, and stre~s t~ansfer) 

is -original. 

~ 

3: The development, of the microstrains for type BI 

and type B2, neighbor. distance D, and the compression 

"zone are original contributions not only in soil 

~chanics but also in theoretic~ mechanics. 

4 •. In this research, the macrostructural void ratio; 

water content ~nd pare developed. 

5. The fluid flow equation which considers th~ local 

paramet,er$ of the clay system is deveJ/oped. 

... ;,:~, . ~~ 
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6. 1he stress balance of the macrostructural unit and' 

simple constitutive eguation "are developed in chapter 

fopr. 

7,. The development of the microconsoliqation 

coefficient(C) which is variable in time and random in 
v 

space-is an original c~~tribution in the geot~chnical 

engineering field. 

8. The introduction ofaxiomatic relations of the 

passage is an original contribut'ion in theoretical 

mechanics. 

9. The ~ stochastic passage from microelement 

continuuLi s -e~ssent fai and origi nal. 

to 

10. The introduction of the state function and the 

solution of the evolution equations by using finite 

element and finite differe~e are ori9i~al. 

-Il, ~ parameter will play an essential role in mode~n 

soil mechanics since it provides a link between the 

~onsolidation and cre~p performance of the clay system 

under compression loads. 

12. Introducing the" concept of the intrinsic sail 

structure variability in chapter five i5 original and 
1> 

it will cffer a new perspective ta the school of 

probabi 1 i st ic geotechn ical engi neer ing. -
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7 - 5 RECOMMENDATIONS FOR POTORE RESEARCH: 

a. Fabric analysis and the physics of clay 

compression: 
, 

'a-l An extensive experimental program should be 
, 
considered to: i) substantiaté the postulated 

rnechanisms for a given "site" condition, ii) identify 

different geometrical and stress parameters for the 

rnodels given in this research work, iii) perform 

parameters-sensitivity studies for all models. 

• 
L 

b. Kinematics of Deformation: 

b-l Experimental: i) Simulate the kinematics of 

deformation of clusters movement by discrete particles 

(balls) and perform a compression test. i i) S imulate 

the condition of the clay system by mixing 50% silt 

with 50% clay, and perform creep test postionèd in 

scanning rnicroscopy equipment. Since the clay partic~es 

will cluster in groups, each clu5ter will have the sarne 

size 0f the silt,' and therefore; tracing the rnovernent 

of the silt and clay could be done. 

b-2 Theoretic'al; develop a microstrain equation for 

type C deforrnation., 

.' ~ ., 
b-3 The flow equation for Case 2 and Case 3, (in 

Chapter three), can be developed for different chemical 

solutions. There can be a test program which 

accompanies the development. 
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b-4 The subme~ged object f10w type can be d~veloped fo! 

a -sedimentation case • .. 

.. 
c. Stress compressibility relationshipz 

c-1 The zeta potential analysis and other chemical 

tests can be used to develop the interaction potential 

between the cluster units and how this potential is 

significant for overall stress balan~e analysis • 

. 
c-2 The Extension of the developed constitutive model 

intO' three dimensional analysis can be don-e by 

identifying the para~eters of the matrix in Eq.4.8. 

d. Passage to the continuum: 

d-l Once the three dimensional constitutive equation 
-

is developed, the passage can be done by using the 

three dimensional evolut ion eqvation. Hence, the 

extension of the MFE program into three dimensional 
\ 

, analysis can be established. 

d-2 An explicit formulation of ~can be developed. 
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A-l THE RELATION BE'l'WEEN '1'HB MOMENTS or OBSERVEI) AND 

CAL~T!D CLOSTBR SIZB DISTRIBUTION: 

From chapter three, we have the following 

equat ion: 
00 

Y g(r) " 

F(y)·~ - dr A-l-l (repeated) 
2 2 1/2 

(r - y ) 
y 

The n-th moment can have the following 

de fin i t ion s : 

r 

E(Y;' ~;:f(Y) ~Y 
o 

,~ . ., -

E ( r ~'. J r • 9 ( r) dr 

o 

Substituting the va-lue of f(y) from Eq. A-l-l 
r r 

n 1 n g(r) dr 
E(y):w y ) di 

..a 2 1/2 
E:(r) (r - y ) 

y r 

.... 

The solution of the above equa tion leads to 
'tr . ' 

..: 
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( '~'? ~ 1 Pt 'eWWiiar"', riSf !...,.~t lPli'M 

2n+1 
E(y) 2.4.6 •••• 2n 

E(r) 3.5.7 •••• (2n+1} 

ln 
~ E(y) 

E(y) • 
1 • 3.5 ..••• ( 2n-1 ) --

E(r) 2 ( 2.4 .. 6 •••••• 2n) 

It fo1lows that: 

E( r~) 
c..J 

E(y) • (1f/4~ 

1 
E(r) 

3 

E (l):= (2/3) 
E(r) 

E (r) 

For equal' size c1usters 

B(y):z (11/4) r 

BCY'>. (2/3) " 1 r 

" 

n th 
Where E(y) :& the n . moment of the funct ion f(y) 

n th 
E(r)- the n moment of the funétion g(r) 

'-. 

The averagè specifie surface areat 

. If a sample of clay soi1 contains clusters with 
projected diameters d, , ~, •••••• , ~ and the 
,corresponding number of the cll,lsters. NI ,N

2 
, •••• ,Nk 

o ,the total surface area can be approxlmated (Harr 1977) by 
k 2 

S :a1f' L: d N , , 
VI .. 

1 

~,-th_eir volume by 
Il 

V • 7r/6 2: d3 
N 

1 1 
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o 

Hence, average of the total surface area can be expressed 
_ 2 

<5>7. '!! N <d> 

where· N • the total cluster units. 

And the average of their volum~ 
3 

<V> • 11"/6 N <d> 

The -e.rea per- UR-it -v.olume (Harr 1977): 

- " 2 ~ 3 S" = 6 -L. d, N, / (L"dj NI) . 

It foll s that 

• 

the av rage spec i f ic surface a.rea of the cluster 1s 

2 2 
E(d) E (-If) 

5 • 6 • 3, 
" E(d'1 E(~) . 

For equal size clusters 
S • 3/r . 

~ . ., 

. , 

," 1 
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A-2' Ht1MDICAL 'l'BCHNIQtJB POR SOLVIHG EQUATION 3.371 

The integr~l equation which is given in Chapter 3, i5 

as follows 

y g(r} 
F (y) .• dr A-2-1 

z 2. 1/1 
E(r) (r - y ) 

y 

l t should be put in a form sui table for the.' 

calcula t ion of the probabili ty distribution of the 

diameter of the cluster units. Hence, by usirig 

Tonelli's theorem (Tallas(l969), and some other 

integration properties, the solution of the Equation 

A-2-1 can be written as follows: 

Z 2. --1/2 

G(r)- l -
Y. - y) dy 

A-2-2 

fi 

Given the distribution of observed radius of cluster 

units, we cannot solve equation A-2-2 in close form, 

and hence we will solve it numerically.(Where ~ ~ 

observed radius of a- given cluster unit). 

Let y ,i=1,2,3, ••••. ,n represent the class 
1 

boundaries, then G(r) can be calculated as follows:-

• 

-
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1 

1 

o 

00 

G • ff{y) 
, ~ 

2 2 -1/2 
(y - y) dy 

• 
Y. 1 

Hence, 

" (~ -

y f y) 
I: 

i + 1 1 .. 1 i 

G " j -
• 1 

i { Y Y } 
1+1 i 

ri 
( 7 .. 1 f) 

G -2: 2 
{ ( y 

2 j 

(1.. 1) 
i .. 1 

+ 
( _\~_Y_i +_1 __ f_i .. _l_

Y i_) 
( Y Y ) 

i .. 1 i 

'.,. 
y-
i .. 1 

Log -
Y 

i 

2 1/2 "2 2 1/2 
y ) - ( y - y) ) 
i a i 

2 2 1/2 
y + ( Y - Y ) 
i .. 1 i .. 1 1. 

Log<------------------~ 

y 
i 

+ 
2 2 1/2 

( Y - y) 
• .. i 

Ther~ are seven subroutines written in Fortran language 

for the development of proba~ili ty di'stribution of void 

ratio, water content and density. 
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APPBNDIX B 

f 

~"'l THB œVzr.oPMlN'l' O~ THB CONDOI'l' FLOW IQUA'l'IOlh 

In this section, we will 4evelop the conduit flow 

equation under the basic assumptJon of viscous flow 

mechanism. 

From Newton's law, we have the following expression: 

where 

dv 
Je 

dy 
13-1-1 

~ • coefficient of abso1ute viscosity 
- { 

1 

T • the shear stre.a/around fluid element 
,1 

~ • the ve10city of the f1uid in direction 

of flow. 

The force equi1ibriun\'; see Fig. B-1 

F • l' Y (P - P ) - 2 • Y .f- AX • a ' B-1-2 
If 2 l 

wnere P ancr~ are the pressures at the edge of the 
1 

, 

element. Introducing Equation l into 2, we get 
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- dv 
(P - P ) .ft 2 

x 
0 

0 
y " " ÂX -Z l ., dy 

) 1 
~ - " ,., 1 

/ 

dv " (P P ) 
X 

" 2 1 

• - y L 
"dy 2 11 Ax 

integt:~ting 

z 

" (P - P ) y 
" 2 1 

V -- + const. B-l-3 
z 

21'1 2 Ax 

It is assumed that there is no slip along the wall! of 

the channel (i.e., v -0, y-R), Introducing the boundary 

conditions in Eq. 3, we get: • 

" (p -. p ) 
• 1 2 2 2 -

V - (R Y 
z /.) .... 

2" ÂX .. 

., (p P ) ) 
• l 2 Z 

V - ( R) .-
•• z 

4 " 

q • fv dA • 1/2 a v 
le •• 'z \ 

0 
-~:!. 

r 



-( 

" 

.' ,,-

c 

II -

• 
q • 

B 1'1 

p ) 
2 2 

R a) 
( , 

Generally, for any cross sectional shape and D-AX 
~., 

(Iwhere 0 i5 the distance between two nelgbhor MSUs), we 

have the fol~wing relation: 

/ 

è ., 
1 • a .. 

q • R a) 
Ar 

" o 

where C. shape factor 

, 

s 

R • hydraulic radius • area/wetted perimeter . ' 

a • cross secti~nal area of the c~annel 

pR. pore water ~ressure which builds in the 
A 

, ca,vi ty of MSU " 
ft 

P • pore water pressure whieh builds in the 
r' 

eavity of the MSU r 

..-.......... .--- -----~ -
IR YL IL x 

.-...,. .--. ~ -- -
~-:. ~. 

,. , dx 

Fig. B-l Fluid element 
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B-2 '1'HB 'DBVBLOPMBH'l' or THB HtImAOLIC RADIOS (R) 1 

From moment ana1yses(A-1}, we have the fo11owing equations 

E(y). (./4) 
\ 

.. 8-2-2 ' , 
E( r) 

The average area E(A) of al1 the circle! appearinq 

in the macrostructura1 unit is given br 

2 Ef~ 
E{ A ) • (w/4) E( y ) • (./4)(2/3) 8-2-3 

c E (r) 

and we have 

E( A} n • A (l-n) . ·B-:2-4 
c c 

Where 
n • total number of clusters in the MSU 

A • total area of the MSO 

cross section normal to f10w A n 
t 

R • ------------------------------ . perimeter normal to flow p 

~ , . 
P is th. perlmeter of the sectioned voids in the 
y 

cross-sectional area and is equal to the perimeter of 

the sectioned clusters P in the same area A. Hence, 
C t 

, 



C 

'1: ' 

- ------ ~--~-

p • p • n • E(y) 
't c c 

. 
Combining Eqs B-2-1,2,3,4 and 

E(r) 
P -(3/2) r A (l-n ) 

r 't Il 
:1 

E(r} 

5, 

Where n • the poresity of the MSU 
• 

n 4 l 
R • 

1'/1 -~ 
" 

2 3 
I-n If 

l'II 
3 ( E ( r )/E ( r » 

n 4 l 
R ,-

m, 

I-n 
l'II s' ., 

Hence, 

4 l 
R • e -,m 

Sv • 
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APPIlmIX C 

C-l 'rHB COMPC'rU PROGDM POR 'l'HB BVOLO'1'ION J«mltt OP _ 

PIU'l' DGIOH 1 

The strategy which is used in developing of the 

computer programs is to-put all the calculations and 
~ ~ . 

subroutiries, and therefore cyelic updating in several 
'. 

the main program consists of only calling and èxecuting 

of these subroutines in DO loops. We eall this program 

as MFD. / 

The advantages of this strategy is that the 

program can be extended by adding other subroutines, 

.generalizing or updating the existing subroutines. For 

one reason or another, the main program can be easily 

changed into Pascal language and linked with the~ 

Fort~an subroutines. 

In the following, we will diseuss the .theories 

supporting these subroutines and the position of the se 

subroutines in the maJn-program logic. _ 

C-l-l RIAD DA'l'A. 

1/ 
The data is given in read format statement. 

However, the initial excess pore water pressure and the 

initial probability distribution are given in the 

su~routine IPP(PRI,ZP,ZPI}. 
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PRt : tnitia~ Probability distribution function of the , 

excess pore water pressure which can be-represented by 

Derac Delt function. 

ZP 

ZPI 

all 

: The initial exeess pore water pressure ( i) 
b 

1: .. The value of this exeess pore water pressure in ! 

the eavities. See Fig. C-l below. 

ZPI 

- --- ~ - --- --- -----...,..'----------

depth 

Uniform exeess pore 
7Z water pressure P 

Fig. C-l The initial exeess pore water pressure 

) 

-
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C-l~2 SOBROO'l'INB MONT th 

We are using the Monte-Carlo '.nalysi5 to find the 

probability distribution of the microconsolidation 1 

coefficient ( êy > and the compressibil.ity parameter<",>. 

We have considered the par'ameters of the ( ëy ) as 

normal distribution. Hence R, a and emare dependent 

multivarite normal distribution. The Monte-Carlo 

simulation is given in Appendix E. The'subroutine logic 

vithin the main program is given in the next 

subrQutine. 

C-1-3 SOBROOTINB rINITDa 

Subroutine FINITD is using finite difference 

method to solve the state function. The concept of 

control volume of Patanker (1980) - will be used here. 

For more details about this concept and the mathemtical 

derivations, see Patanker (1980). 

The fully implicit scheme i5 selected for 

discretization of the equation. Hence: 

/ 

, ~'.: .. :-~~I~.:~~ 
323 . ,;,~ 
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P, 324 

/ j k 

(. l j+l j j.1 j"'l i+) ( % - % ) • Z 2% + 
fi 1 

2 1 ... 1 i 1-1 
~t 

/.!"',...-. 

(AX) 

~ 
k ~ ..... 

AI j+l j j~1 j +1 j • 1 ( Z Z ) -- z 2z + z ) 
i 1 1.1 1 i - 1 

At .. (Ax) '" 

AX 2k k k AX 
hl 

-(- ) 
j ... 1 

+( 
j"'l j ... l -.. /- + --10 ) Z Z z +(- ) z 1. 1-1 1 ... 1 1. 

At ÂX (Ax) J" A.X At 

Whence 

j ... 1 j ... 1 j+l 
a z - a z + a z + S ,. 
1. 1 i - 1 i - 1 1 .1 1. + 1 

(' 

r 

Where 't 

z • the excess pore water pressure 

k • the microconsQlidation coefficient 

. ~x 2k 
a • + -l 

At A.X 

. 
" 

-....../"--- , 

k 
,a • -1..1 

r A.X .. 
"-~ ~ 

..... 

<> 

.C 
AX 

j j j 
D r 5 • - Z :r- a z 

1 • .1 1 .f 
At 

" 



• 

~. 

j 
a-a + a + a 
1 1-1 1+1 i 

Hence 

" , ' .. '" , ~ ~/ '\ 

1 

) 

j + 1 j + 1 j +'1 
a(1) z = C(I) z(I-1) + b(I) z(I+1)+ D(I) 

Therefore, the coefficients of the equation are: 

aD)· (----
2k k 

+ -- ) 1 C(I)-----
k ~ i 

, b(I)-:-- 1 D(I)-- z 
At Ax ~x ~ At 

Gaussian elemention technique i5 used for 501ving n 
. JI 
5imu1taneoU5 equation~. 

. . 

• 

• 
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The logfc of the subroutines MONTD,and FINITD within 

the main program are given below:- ---

. . 

----t ... ~1 Main programl-------, 

326 

Pore water pressure 
distribution at 
different depths 

The parameters of 

out 

the microconsolidation 
coefficient 

in Subroutine 1 
MONTe carlo ' ...... -------

1 
The microconsolidation 

coefficient 

~ 

in 
- Subroutine 1 

FINITe Di fference 
out 

note; the two subroutines are in one Do loop. 
, . 

Fig C-2 The Logic of MONT and FINITD 

within the Main program 

" 
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._---------------- - -

C-l-' StmROO'1'INI SBCMN'l'1 

The purpose of this subroutine is to find the mean 

and the standard deviation of the excess pore water 

Ptt, pressure the compression 
'1 ' 

microconsolidation coefficient. 

mO,dulus 

Main program 1-----

The second moment 
.Pore water pressur,e 
.Compressoin modulus(~) 
.Microconsolidation 
coefficient 

1 
sUbrou~1 

-------- SEConaMomeNT .. 

Fig C-3 The Logic of the Subroutine SECMNT 
within the main program 

:----- -
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The routine of this program is to update the 

values of the parameters in each increment of time. The 

updat~d values of the parameters of the previous time 

step will be an input to the second increment of time. 

It is difficult to input probability distribution, see 

the discussion in chapter one. Hence, we input the 

means and the standard deviations of these parameters, 

and therefore the second moment analysis is used to 

find the mean and the standard deviation. 

'l'heorYI 

For a given function y • g(x,x, ••.• ,x), it 
1 f. n 

is 

possible to find the moments of the dependent variables 

in termes' of functions of moments of the independent 

variables, Papoulis (1967) and BenjamiJ et al. (1970). 

By u~in9 ruultidimensional Taylor-series expansion, we 

can have the following approximation for equation 

C-1-1. 

y • g( x ,x IX , ••••••• ,X ) 
1 2 ~ n 

E(y) ., g(m ,m ,m , •• •••• ,m ) + 
zl I~ 13 zn 

. 2 

~ ag 
1/2L..J -

;) 
~X. ix. 

- 1 J 

III 

C-l-1 

cov(x ,X ) 
i j 

Where 
2 

(ag/ax. ax.l) is the mixed 
1 Jm 

second part ial 

derivative of 9(x IX , •••• ,x ) with respect to X'I and x
J
' 

1 2 n 
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1 

i 

eval ua ted atm" .. , m~, •••• , 
"")1 

m. 
"n 

The'fir5t order approximation to the variance of y 

i5 

2: 
ag 

var (y) • ----1 
lx Il 

ag '" 
----1 cov(x IX ) . x. 1. j 

i j 

which, if the x are uncorrelated, i5 simply 
i 

var(y) • var( x ) 
l 

-; 

To be noted that if any one of the independent 

variables is deterministic rather than as 

probabilistic, it will not contribute in the variance 

of y. Hence, if, all the independent variables are 
-' 

deterministic, the variance of y equal to zero and 

there will be no uncertainty in the value of the 

dependent variable y. 1 

, -, 
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c ---; ........ 1- Main program 

/' 

The paramters 
of the microconsolidation 
coefficient; R,a,D,~, ••• etc. 

out 
'. 

Subroutine 
OPDATe 

330 

Second moment of 
the eXCèSS ore water / 
pressure in the cavtiy 

1~ in 

Fig C-4 The Logic of UPD~T within the' 
Main program 

/ 
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C-1-6 SOBRO'O'rINB rINPRa ' 

The routine of thi5 program i5 to solve the 

evolution equation. _ Finite difference analysis is used 

in this subroutine program. Th,e same technique which 

has been used in the subroutine FINITD is used here. 

The logic i5 given below. 

! 

Main program 1 

Calculat iOI'L ,of 
the parameters of the 

----~ .. ~ evolution equation 

1
· Subrout i ne 1 

FINat PRobability ~ 

Print the data 
and the output I~ 

Fig C-5 The Logic of FINPR in the 
Main Program 
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C-2 '1'HB COMPUTU PRORRAM POR 'l'HlI BVOI.O'l'ION MODBL OP 

'l'HB '1'O'l'AL REGION OP COMPRESSION. 

The same strateqy which is used in previous section 

will be used 'here, we call this proqram as MFE. In the 

followinq, we will discuss the theo~y supporting the 

FINLEM subroutine. 

1 

C-2-1 RBAD DATA. 

The data is given in read format statement. Besides 

the data given from MFD, we have the following data: 

~,V2 ' sbl and sb2 • constant paramet~rs 
.w 

Co • The intensity parameter for the 

-overlapped region 

C-2-2 SOBROOTIHB FI~I 

For the first region, we update the effective 

332 

stress at each node, by using the finite difference ' 

analysis program coupled with Monte Carlo technique. 

Once we have these stresses, we will use the finite 

element analysis on the constitutive equation developed 

in chapter four. 

we will consider the qrid system in one 

dimensional form; for the first region, the basic 

structure of the finite element analysis will be as 

, 

ms_ 



.--------------~---~ - - ~--

o 
follo"s: 

~ ~+ • 2m1 d'2 - tt 
- " 

-or 

~"J. * m - ~tt =- 2m ~c 
1 ., 

/ 

where 
.... 

Att • the nonlinear term and equal tou S{e(t» Acmtt 
, 1 C _ .,,, 

Hence, the finite element formulation from strain 

energy concept can be casted as follows: 

. · f !~r Increase in strain energy {~tt} I dL 

• fit} faT} I{e} {AC} + {~~H 
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.èlL 

. fi6T
} ~T} 1 {e} {B} {~6} .+ {A~}I 

Where • 6 • virtual displacement 

ê :01 virtual strain 

dL :II incremental length of the bar element 

Additional external work :01 {6}T {iP} 

0 ~p · J {B
T
} t} { B-} {A6}} dL + f~} {~;} dL 

'" -fi;J /:,.P [~~} dL 

dL 



C. 

c 

. .. 
tJ.P - AP • J{J} {c} {B} dL {A6} 

Henee 

AP '-

and 

... 

• AP • [K] A6 C-2-1 

Where 

{e} {B} dL 

s- mode shape for bar e1ement • ( 1/2 ;-1/2 ). 

e - m
1 

(Eq. 4.25). 

Sub;outine FINELM is utilizing four subroutines which 

are routines to solve Eq.C.2.1 

, , 
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D- Monte carlo Simulationt 

Monte carlo· simulation is required for problems 

involving randam variables with known probability 

distrubtions. This simulation which involves repeating 

of operations, uses in each operation a part,icular set 

values of the random variables. These random variables 

are generated in accordance with the corresponding 

probability distribution. 

"", 
One of the main concepts in a Monte Carlo 

simulation is the generation of random numbers from a 

prescribe~ probability distribution. H~nce, firet we 

will consider the generation of uniformly distributed 

random numbers. Let U a random variable with uniformly 

distributed function tak~ the following form: 

0 ,u <0 
'" i 

Pr (u ) . - u ,0 < u < 1 D-1 -i i 1 

1 ,u > 1 
l 

We consider the generat.ion of such random numbers 

(O ) in the range (0,1). An often used formula for the 

generation of the "pseudorandom" sequence is given by 

- , ' 
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( 

.. 

( 

the reeurrence relation (Lehmer 1963): 

o • a U (mod m) 
n n-1 

This relation is called the 

- 1 

multiplicativ~ 

congruential method for the generation of pseudorandom 

numbers. Here m is a large integer determined by the 

de~i9n of the computer(a large power of two in ~he case 

of binary computers) and a, U are integers between 0 

and (m-l). 

( 

The corresponding pseudorandom numbers U are then 

obtained from the relation: 

u -
1 

R 
i 

ID 

1 

D-2 

The proper choice of the constants a,O and the 

starting value of R (seed) is discussed by Hull(l963). 

Such a sequence will repeat itself after at most m 

steps and will, therefore, be periodic. Hence, we must 

ensure the period is longer than the number of random 

numbers required in any single experiment. 

The actual program used for generation of random 
- .._-

numbers in (0,1) takes the following steps: 

SUBROUTINE RAN(K,IR,Nl,N2) 

PI- 3.14 

" IR-IR*K 

IF(IR.LT.0)IR-IR+2*(2**30-1)+2 
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e:r . " 
1 

1 

1 
1 

R-OFLOAT(IR)/2.**31 

01-R 
" 

IR-IR*K 

IF(IR.LT.O)IR-IR+2*(2**30-1)+2 

R-DFLOAT(IR)/2.**31 

RETURN 

END 

Note the seed chosen in the program was (5**12 and 

7**11). These two seeds are recommended to us -by 

Professor Bach (l985). 

There are sèveral methods te convert the generated 

random numbers in (Q,l) into different probability 

distributions. In the follewing, we will consider the 
• 

methods which have been used in this research work. 

D-1 Inverse Transform Methodl 

The application-of the inverse transform method is 

most effective, if the inv~rse of the probability 

distribution of the random variable, X, can be 

expressed analytically. 

~et F(x) be a probability distribution. Then at 
. 

a given probability F(x) • u, the value of x is 

. " 
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, 
~. 

( 

... 

, . . . 
:~ .. . \ 

1> , 
, . 
" · 1 . 

1 

'" · 
,~ 

, , • 

· ( , 
• .. , 
r 

• 0 • • 

': 

'" 

) 

----

-1 
X • F(u) 

1 
D-1-1 

We have, u, is a value of the standard uniform variate, 

U, as given before. Hence, 

Pd X < x ) • pr [ F! u) < xJ D-1-2 

Il Pr [ u < F 1 ( X)] 

which means that if (u
1 

,u
2

, ••••••• , un ) is a set of 

values from U, the corresponding set of values obtained 
( 

through Eq.D-4, that 1S 

,-
-1 

X • F{ u ) 
i x i 

1 -1,2 1,3, ••.•• 

Hence, when the probability 

fo11owing form, 

F(x) ~ a exp- a x 
1 1 2 

U 
1 i 

X =- - ln 

a a 
2 1 

~ 

distribution has the 

D-1-3 

D-1-4 
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Eq. 0-6 has been used in computer program GME 

D-2 Boz and Muller Methods 

D-2-a Normal distributions 

Box and Muller (1958) have shown that if ~ and U
2 

are two independent standard uniform variates, then the 

following functions 

1/1 
N ,. (-2 ln U ) cos 2 11' 0 
111 

1/1 
N ~ (.: 2 ln 0 ) sin 2 11' 0 
111 

0-2-l 

" 

0-2-2 

constitute a pair of statistically independent standard 

normal variates. 
a ' 

See Box et ~l.(1938) for derivation. 

Therefore, if U
1 

and u
2

are a pair of independent 

un i formly vdi str i buted random numbers, a pai r of 

independent random variables from a normal di,stribution 

N(~,d) may be generated by 

D-2-3a 

D-2-3b 

These formulations 1 have been used in the compuoter 

program MFD and MFE. 

D-2-b Mult!-Hormal Random Distributions 
/ 



c 

:. 

,c-

In this section, we will define the multi-normal 

distribution and describe the way to find its 

distribution. Multivari'ate normal density function for 

trivariaté can be defined as fol1ows: . 

.-

" 
0 

.1 ... 
f(z) • e»-p - 1/2 

t/2 
IV (2 

Pla 
ff ) 

z ~ JI. 
1 l 

z • z JI. • JI. 
2 2 

Z JI. 
~ 3 

" '" 

V· covariance matrix 
<' 
f 

• 

It is' a sylI1Ù1etric matrix with 

the covariance 

The correlation" coefficient: 

P 
ik 

.~ 2 2 
<fi tr 

jj kit 0 

v-l 
( z- n ) ( z-p. ) D-2-4 

.t 

~ 

a 2 2 
~ ~ tr 

11 12 13 

a 2 2 
~ ~ tr 

21 22 23 

2 2 2 
~ ~ fi 

31 32 33 

tT., ·,the variance and ~-
Il i; 

D-2-5 
J 

We consider a gene:al equation of the following 

form (see Mood and Graybill(1963»: 

fa 

340 

\ 

t~lrv.f~ 



tt 

z • " + N S.F D-2-6 

Where S.F 3x3 matrix which is function of Mean values , -

and the covariance matrix and the matrix N is the 

standard normal variate. By using the concept of the 

mathematical statistics (see Mood and Graybill(1963», 

we can generate the values 
\ 

D-2-6. 

z: N( '" ,fi 
3 3 3 3 

z: N( E(z 1 z ), d ) 
2 2 3 JI JI 

fi 
23 

E(~I~) • "'% + ~ ---
fi 
33 

z N(E(z Iz ,z ), fi 

of Z ,Z ,and Z f rom Eq. 
1 2 3 

0-2-7 

0-2-8 

0-2-9 

D-2-l0 

D-2-l1 
l 1 2 3 zra,z, 

1 l 

(p ::" P fJ ) d 
12 13 2 3 23 

E(z!z,z) • p. + jj;1 ( Z - p.) 
l 2 3 2 :& 2 

(1- p ) fi ( 
23 3 3 
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C 

t 

(p - p fJ ) ~ 
12 12 23 11 

+ ( z - p.) 
a 3 3 

(1- p ) ~ 

:U 23 3.3 

~ - ~ _\I,Z 11 
1 2. 3 

2 
1- p -

13 

Hence, we 

and Z3 as 

2 
(1- P 

can generate the normal 

same proc~dures as 

~. D-2-12 

1 

0-2-13 

23 

variates of Z ,Z, 
1 2 

the s ing!e normal 

variable, Le., - by usihg their means and standard 

deviations (Eqs. 9~lO Eqs. 12, l~ for Z). 
3 

Therefore if we input the means and standard deviations 

of the Z , Z , and- Z in Eqs. 7 ,8 and 11 we can define 
3 2 1 

their normal distribution. These formulations will be 

used in the computer programs MFD and MFE. 

D~3 Discrete Random Variables 
\ 

(-
\.",,_ The uniformly distributed random numbers will be 

al~()'7 used for generating the discrete probabilitf 

distribution. The discrete probability distribution can 

be developed from the following equation, Abromowizz 

(1965) and Ang et al. (1983). 
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- --~--- -~~----,-------------------~~ 

\ 

P'(x ) < u 
% j-l 

< F(x ) 
1 j 

D-3-1 

_Renee for Poisson-distributed random variable X with , 

parameter~, we ean have the following form: 

(1,L)i i 
j .1 i t"~) 

exp(-,,) L: < u < exp( .... }') }: . , il 1. 

D-3-2 

Where j ls the value of the random variable • 

.. 
Thère is another method (Rubinstein (1981») for 

large 'p.; the Poisson distribut ion may be approximated 

by the Normal distribution with mean "p. - (1/2) and 

standard .. -dévlatlonJ"p.. Henee, to generate a poisson 
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i 

distributed random variable, a value x may first be 

generat~d from normal distribution N'~-1/2, ~) as 

deseribed before and round off x to the nearest * 
integer, and set Poisson distribution parameter equa1 

to that integer. We have used this approximation for 

our ana1ysis in computer program GEM. 

- q 
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APPENDIX E 

( 

·E- EXPERIMENTAL DATA: 

We have used the experimental program 

Turcott( 1988) for the models applications, see 

Turcott(1988) for detailed description and discussion , 

of this program. However, we will give a very brief 

account of the experirnent. 

The clay used in this study was a kaolinite clay 
1 

1 
identified as hydrite UF from Georgia Kaolin. 

Equipment: Confined compression ( oedometer test) 

non-standard, i. e., i t has diameter _ of 6.25 mm and' . 
" height range tram lOrnm - Ilmm. 

, 
Test condi. ti.on: Fully saturated sample, double drainge 

~ 

, (top and ôottom/) , and 
1 

jlnder ea'ch test runs constant 

load. It should be noted that aIl thrJ:e tests were 



incremented from zero load. 

The test output whicIl are represented by bulk 

strain-time are given in Figs. E-l,2, and 3. 

1 
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