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ABSTRACT )

In the 1light of new studies of physico-chemical anélyiis,
fabric, and particle interaction, the consideration of the
actual constitution of the soil media is required for actual
prediction of the soil media performance undér loads. This
study has been restricted to the prediction of clay
performance under compression loading.

A micromechanics approach has been used in.this research; a
microelement scale has been introduced and a set of
formulations (i.e, stress transfer, fluid flow equation, and
volumetric \constitutive‘equatién) has been developed for
this scale. The passage from the micro%lement to the global
scale has been established\by using %volution equations.
These equations have been solved 5% using numerical

techniques (finite difference and finite element), The

prediction of the developed models is discussed.
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ETUDE PROBABILISTIQUE DES MICROMECHANIQUES DE
CO&PRESSION ET DE LA CONSOLIDATION DE L'ARGILE

%
L

RESUME

A la lumigre de récentes études sur- 1'analyse

physico-chimique, Tla fabrique et 1'interaction des particules, 11
parait’ fondamental de considérer de fagon adéquate la constitution
d'un- sol pour prédire la performance de ce sol sous 1'effet de
charges. La présente étude a été axde sur 1a prédiction de la
pgrformance de 1'argile sous 1'effet de charges de compression.

Dans cette étude, une approche basée sur la microméchanique a
été uti]isée: Une échelle microé€lémentaire a été introduite et une
formulation compléte (transfert de contraintes, équation d'écoulement
des fluides et équation constitutive de volume) a été développée pour

cette échelle. Le passage de 1'échelle microélédmentairé d 1'dchelle

globale a été établi 3 1'aide des équations d'évolution.  Ces

équations ont été résolues en utilisant les techniques de calcul
numérique (éléments finis et différences finies). La prédiction des

modéles développées est discutée.
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INTRODUCTION

1-1 FORWARD:

Today’'s increasing demands for better capability
in design andlanalysis in geotechnical engineering
practices are reflected in corresponding requirements
for more accurate predictions of the performance of
soils under 1load. To respond to these needs Lénd
requirements, soils have to be treated according to
their actual physical constitution;

Actual soil is not really a continuum, but a
collectioh of "particles.’ jInférmation about the
arraﬁqe;ent and the interaction of these particles is
fundamental to describe soil performance. The problem
of soil stability under different boundary conditions
has been considered mainly from the contiﬂuum mechanics

‘point of view. Therefore the difficulty in this
approach is that particle arrangements and interactions
are not expressible in terms of continuum theories.

Soil stability can be defined as the integrity of

-
the soil system against a physical disturbance to
\prevent shear failure or excessive settlement. These

are all tied into the mechanistic picture of the shear
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strength, compressibili@y, and permeability. Different
soil stability problems have been dealt with by

different continuum theories.

Continuum mechanics is based on the idea that all -
‘"material bodies possess continuous mass densities, and
that the laws of motion and the axioms of constitution
are valid for every part of the body regardless of its
“ ‘fize. Continuous media are dense collections.of point
masses; i.e:, concentrated infinitesimal masses devoid

of internal structure.

As a physical theory, continuum mechanics has
found wide acceptance, especially in the geotechnical
engineering discipline. .However, inherent in the
continuumv viewpoint are drastic limitations on the
extent to which continuum descriptions of macroscopic
behaviour can successfully mirror the soil structure.
The limitations become more acute as more refined and
more complete descriptions of soil behaviour and

performances are sought.

Hence, in order to describe and model the physics
of soil- performance under different boundary
C9nditions, geometrical arrangement of the particles
and voids and particle interaction should be included
in ° establishing the mathematical model. In modern
soil mechanics, the geometrical arrangement and the

particle interaction can be put under the heading “soil



structure”. We include the soil structure in

mathematical modelling by using the micromechanics

s

approach.

The term “"micromechanics” for the purposes of the
present _investigation 1s introduced to felate the
observable macroscopic response Dbehaviour of thé
network of the soil system to the microstructural
characteristics of fuch a network. Within the
framework of this mechanics, the system under
consideration is regarded as a discrete ensemble of

microelements.

An attempt to consider the soil structure in the
modelling of soil performance under applied load was
done by Baker, in his tﬁesis (Baker, 1971). He has
modi fied the continuum theory in such a way that it is
capable of including the concept of soil structure.
Baker has used the concept of “directors”™ 1in a
Aegerministic way. He did not solve a part;cular
problem, but he incorporated a body of knowledge on the

&nature of the interparticle forces and the particle

arrangement into continuum theory.

Numerous attempts to develop micromechanics
theories for different materials have been considered
in the literature. For example, the foundat}ons of the
micromechanics of fibers and polycrystal,metals have

been established by Axelrad (1978'and 1984). Bazant and
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his coworkers (Zubelewicz et al. (193?), and Bazant et
al.“(1§85 and 1986)) have introduced differeﬁt
micromechanics concepts for development of congtitutive
equations for geomaterials (such as soils, rocks and
.concrete). Nemat—-Nasser and his coworkers (0Oda (1972
and 1977), and Nemat-Nasser et al. (1980 and 1983))
ahave worked at the microlevel in the mechanics of the
granular mater?als. '
These works and others will be diécussed iﬁ detail
in the following chapters. Further in this study, the
foundations of the micromechanics of-clay soil under
compression loading will be established. 1In this
~chapter, the problem definition, the objective of this

study and the method of approach will be discussed.

1-2 PROBLEM DEFINITION: K

-

The general problem which this work addresses is
the performance of fully saturated clay undeé
coupreésion loading. The compressibility describes the
volumetric response behaviour of the soil mass. It is
not restricted to the volume change due to the
extrusion of pore water but includes the volume chanée
due to the pa;;icle rearrangement and interaction

without measurable water extrusion.

Since Terzaghi developed his consolidation theory,

two global mechanisms of clay performance under applied



-

'load ﬁave‘béen discussed in the literature:

a- Mechanism I (Terzaghi, 1925): The sole cause of
delay in compression is the time required for the water
to be squeezed out, i.e., the permeability of the clay.
-According to this concept clay compression is
divided into three regions; primary compressién,
consolidation, and secondary compression.

Terzaghi’'s theory is the consolidation part of the
compression process. In this mechanism, the
consolidation pericd of soil® layers of various
thicknesses will be proportional to the squares of the

thicknesses of these layers.

b~ Hechanigg II (Taylor and Marchent, 1940): The
total rea}stance' to volume change or clay compreés;on
comes partly from permeability and partly from the
structural resistance of the clay itself, i.e., the
structure of the cla§ itself possesses a time dependent
resistance to compression. According to this concept,
there is no division between consclidation and
secondary compression. The consclidation periods of

.s0il layers with various thicknesses will no longer be

proportiocnal to the squares of the thicknesses of these

layers.

Mechantsm II is realistic in representing the
physics of the compression performance of clay soil
because it includes the internal state of the material,

.i.e., the structural resistance of the clay. Therefore,




-structure.

L

it represents the process of compression as one
comblete process,  without " division between the
consolidékion and secondary compression. This

structural resistance can be represented by the soil

*

A large amount of work has 'been done on
consolidation ané coméression following both
mechanistic routes kMechahism I and Mechamism II).
These developments have been ' mostly in the continuum
direction and ‘for the second mechanism. continuum
rheologigg; models are considered. In the following
seétions, we will discuss the research works which have
attempted to include the soil structure.

“*

De Josselin de Joné (1968) has developea a
consolidation model from twg‘d;eparate models, namely
the concept of the wviscoelastic analysis and ‘cavity_
channel networks. He has shown that both models gave
the same effect of time-delay on compressibility.
However, the definition of the excess pore water
pressure for the cavity channel model 1is not «clear.
Furthermore, an explicit definition of the soil
structure is; also, not clear. On the other hand, using
modern test techniques, for example scanning electron
micfoscopy, Yong and Sheeran (1973), and Yong and
Warkentin (1975) have explained the compression

performance of clay soil through the fabric unit

interaction and rearrangement. This compression is -
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classified in terms of dominant drainage
characteristics which depend on the pore size
distribution. They <classify the flow into two kinds
which are not separable: the flow ﬁhrough the
macropores, and from the micropores into the
macropores. Hence, their description has been from the
mechanics of fluid flow.
\

Meanwhile, by experimentally using elect;on

microscopy and thin section analysis, McConnachie(19;4)

has demonstrated that reorientation of the fabric units

.as well as the changes of the pd}e size are caused by

the applied load. Furthermore, he has found that the
fabric changes 1its size when the load is beyond 0.15
Kg/cmf Ini‘recent work with natural clay, Delage and
Lefebvre (1984) have performed scanning electron
microscopy and mercury porosimetry on samples of
Champlain clay from Quebec. They have demonstrated that
the micropores within the fabric unit and~ the
macropores (interfabric wvoids) contribute 30% and 70%
of the total void ratio respectively. In addition,

during the process of consolidation, the macropores

will close first.

Several works on the probabilistic analysis of
clay consolidation have been introduced in the
literature. These works, ®=p general, support the
concept of iﬁcluding more information about the local
ptoperties of the clay soil 1i.e., soil structure, in

.
{
3




modelling the. clay consolidation and compression. 1In
the following section, we will discuss some of these

works.

Freeze (1977) used a general diffusion equation_to
predict the consolidation of clay soil. However, he
has considered soil properties such as the coefficient
of compressibility, permeability and porosity as random
variables, multivariate ‘normal. He used the Monte
éarlo Simulation to predict the pore pressure and
settlement. This paper has not considered the clay
structure and 1its intrinsic stability. However, its
analysis offe;s some kind of understanding of the
variability‘ of the continuum parameters. This work
supéprts the 1idea of including more information about
the internal properties of the material which can

reflect the variability of the continuum parametgrs and

the heterogeneity of the soil.

Marsal (1965), and Athanasiou-Grivas and Harr
(1978) have considered the compression of the clay
(consolidation part only) from the theory of
probability. They have ;mplemented the simple random
walk for grain particles to advance under compression
loads. They have demonstrated that the final
foriulation is similar to Terzaghi’'s equation. These
papers did not explain the physics of compression.
Furthermore, their approach is a continuum approach and

there were no constitutive laws governing the grain



particle advances: However, this approach provided an:
initial step towards including more information about
the local properties of the soil (i.e., soil

structure).

Chang(1985) has considered the consolidation of
clay soil from Terzaghi's equation for one layer and
for multilayers, but he inputs the soil property
(coefficient of consolidation), as random variable,
specifically, as Gamma di;tribution.. He has
demonstrated that the variability in the coefficient of
consolidation has a high impact on the prediction of

[ ]
the true excess pore water pressure.

Among others, Kitamura (1978, 1981 and 1985) has

considered the local properties of granular materials.

In his analysis, he has proposed the Markov theory to
describe the deformation process of granular materials
under loads. He has also used the generalized
Fokker-Planck equation for the development of the
stress—strain law. The state parameters which are used
in the Fokker—-Planck equation are the direction cosines

of the normals at the contacts between the particles.

Hence, from the above discussion, the fundamental
importance of including the “soil structure”™ in
modelling clay performance under compression loads
becomes clear. This inclusion not only gives a

realistic description and a better prediction of the
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compression process of clay systems than classical
theories, but also solves two fundamental problems.
First, the performance prediction of a highl%
compressible clay system in which its macropores (pores .
between the aggregate of clay particles) contribute
more than 50% of the total pore voids, and therefore,
the description of the collapse state of the
macropores, under applied loads, is essential.
Secondly, when environmental changes can alter the
properties and the status of the material, (i.e., the
status of soil structure), the performance:'of the clay
system under compression loads can change in sympathy

to the environmental changes.

From an engineering point of view, the above two
problems . (i.e., the supportability of highly
compressible clay for 1land development, and the
variation of geotechnical properties of clay soil under
the environmental changes) are facing the geotechnical
.engineer in everyday engineering practice. Hence the
work described in this thesis is the development of the
fundamental aspects of the performance of clay soil

under compression loading. 'S

1-2-1 Objective:
The objective of this resear?h is tq develop a
mathematical model for saturated clay compression and
consolidation,‘in which the concept of soil structure

(the local state of the clay) plays its natural central



role. Such models should be able to give a better

representation of the behaviour of actual soil under
different status of loading and environmental

conditions.

1-3 POINT OF VIEW AND THE BASIC PHILOSOPHY:

The preceding discussion highlights the importance
of 1including the soil structure in modelling clay
compression performance. In this section, we will give
our ‘point of view of the mathematical technique that
can reconcile the acﬁual physics of the compression '

performance.

The probabilistic nature of the properties should
be recognized and accounted for because of 4t§3//
following: 1- the inherent variability of the soil ) |
properties and conditions; 2~ the difficulty in the |
portrayal of the relative importance of a given set of
local parameters which describe these properties and
conditions; 3- our inability to predict global
behaviour when the microelement performance is

developed. .

The basic philosophy of the probabilistic input
- \ *
and response of soil system can be considered in the N
following two conditions:

a-When the emphasis is in the wuncertainty and
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vaxiabiiityfof the system properties, the input should
be put in deterministic form. Therefore, the
consequence of these vwvariabilities can be seen 1in the
output variability. It helps in identifying the
-important parameters of the system that gre essential
in the modelling and prediction of the overall
performance of the system.

b-When the emphasis is in the wvariability 3pd
the uncertéinty of the input, the system properties
should be put in deterministic form. Therefore, the
consequence of these variabilities can be seen in the
output. It{élsg helps in 1identifying the important
parameters for modelling. In our work the emphasisitg
on the variability of the soil system properties, and
theggfpre, the input loads will be put in ;

determiniagic form.

In 9chussing the basic philosophy and the
procedures for the development of the micromechanics
approach, we include two environments, namely; the
deterministic environment (D.E.) and the probabilistic
environment (P.E.). The procedure for working in the

former environment(D.E.) consists of:

#l. Establishing a physical scale (microelement)
for the discrete system.
2.. Development of a mathematical model (state
function) to describe the “law of performance” of

the physical model.

12
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Finally, ‘he latter environment (P.E.) can De

considered by establishing the following two steps:

1.’ Randomness of the state function. If the
randomness of the process is a point in time
and/or space, then the process can be represented
by a random\variable. If the randomness of the
process %s "history” in time and/or space, then it
can be represented by a stochastic process.

2. Passage of the microelement perférmance to the

global (ensemble of microelements). This 1is done

by using an evolution equation.

It should be noted that there is a 1link between
the two environments. This link gives one of the
peculiar features of our micromechanics theory. These

two environments will be discussed in the following

chapters.

¥

1-4 THE PROGRAM STRATEGY AND ACTION PLAN:

The thesis is divided into the following major

portions(see Flow Chart 1):

i

I- Fabric analysis and the physics of clay compression:
the following points will be discussed:
a- The definition of the fabric and geometric

parameters, and the local scale that have meaningful



description and can model the global clay behaviour.

b- The postulation of the mechanism of clay
compression in light of modern soil mechanics of fabric
formation, and the substantiation of this postulate,

through existing experimental test programs.

II- The kinematics of deformation of the clay watex
system:

Once the local scale or microelement from the

above analysis is established, the following points'

will be developed:

a- The kinematics and deformations of the
microelement under applied stress. The concept of the
directors will be employed. -

b- Volumetric-mass relationship. The volume-mass
relationship for the microelement andithe ensemble of
microelements will be discussed as well as how to
develop the void ratio. The water content of the
microelement will be also developed.

c- The fluid movement from the microelement.

Newton’'s law of fluid movement will be applied.

III- Stress-Compressibility relationship: In discussing
the internal stress applied to the microelement, the
foilowing two points will be established:

a- Local stress balance of the microelement, and
its components.

b—- Local stress—-strain relationship.

14



IV- Passage to the continuum:
The passage from clay-water microelement
performance to the global clay-water mpass performance

will be done by using the evolution equation in the

probabilistic sense. To do that, the following two

points will be established:

a- The axiomatic structure of the passage.

b- The concept of the “intrinsic soil structure
variability”.

4
V-An analytical model will be developed for the

overlapped region of the compression time process.

» \ l
The feasibility of application of the developed models

will be discussed.

The thesis is composed of seven chapters, and five
appendices which provide all supporting materials. All

the above parts are divided into four chapters.

15
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CHAPTER 2 /

- FABRIC ANALYSIS AND THE PHYSICS OF CLAY COMPRESSION

2-1 FABRIC ANALYSIS: ‘

In the introductory chapter, we have stated that
in order to develop the compression performance of the

clay system, internal physical parameters which reflect

¥

the physics of the material should be included. These

4
parameters are established from the internal structure

and the fabric of the clay system. Soil' structure as a

property includes two elements, fabric and forces.

A-Fabric: i) the gradation and the arrangement'of
the particles, nd the configpration of this
arrangement; ii) | pore size distribution and the
interpore connections between the individual particles
and particle groups. The clay system 1is viewed as
liguid-in-solid not solid-in-liguid. Hence the solid
material must be sufficiently close to develop the
fabric or geometric system. We assume the fluid is a
continuum substance, i.e., it has no fabric or
structure. But, the dipolar character of the fluid and
the properties of the adsorbed water must be
considered, as they affect the behaviour of the clay

via the interaction forces.

o S



»
B-Forces: 1) the forces which originate £from the*

interaction potential '(intercluster forces and
interp;rticle forces) between the clay particles. These
forces depend on the clay-water-electrolfte system of
‘the pedium. ii) The forces which arise from the
friction and/or the adhesion between the clay
particles. These forces depend on the surface
properties of clay particlesJ:’The forces will be

considered in detail in Chapter 4. >

An assessment of spil structure and fabrlc is
required for proper evaluation of soil performance. It

—

will help in:

1- determination and establishment of the
pertinent soil properties and characteriséics, and
2- formulation of a physical model that can
describe the interaction of the various physical
gomponents, and that can predict the integrity of

the so0il mass system under various stages of

loading that impact on the boundary of the system.
]

2-1-1 Fabric Formation:

For natural soils, the fabric formation and soil
structure depend on a complex interaction of - a large
" number of factors operating at the time of deposition.
Some of these factors are:

w

a- Clay content, organic content and miﬂerology.

4
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b- Silt and sand content, and the shape and.the
"size of the particles.

\
¢- The rate and the mode of sedﬂ%entation, and
facies models (sedimentation modéls) for sabkha
deposits. _
d- State of agitation, depth of water and seasonal’
drying out of the subsoil.
e~ Electrolyte concentration at deposition.

f- The concentration of sediment ,being deposited

(overburden, pressure).

It must be noted that the dynamic equilibrium of soil
structure and fabric at the tim? of formation 1is not

necessarily the same as that at a later date.

2-1-1-1 Review:

The history of development of models for soil
fabric started when Terzaghi(1925) realized that the
interpretation of certain phenomena 1in soil, (the clay
sensitivity and the origin of cohesion), must include
the concegt of fabric. No techniques for observation,
however, were available at that time. As a result,
purely ad-hoc mqgels were devifed and used to interpret
certain clay properties.

L

These types of models included, first, Terzaghi's
concept of a honeycomb structure where the clay
particles stick to epch other at the point of contact

to build up this structure. Second, the Casagrande

19
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model (1932) postulated that the "honeycomb™ structure
_existed in sensitive marine soils (see Fig. la).
Goldschmidt(1926) was of the opinion that the clay
particles in highly sensitive clays were arranged in

unstable "cardhouse" arrangements.

In later years, developments 'were made which
involved-the consideration of the double layer theory.
Lambe (1953,1958) examined the fabric of 1inorganic

soils, and 'he presented clay mineral arrangements

associated with deposition in a range of -

electro-chemical ‘environments from fresh water to
marine (see Fig. lb). Van olphen (1963) summariZed the
various modes of particle ‘'association in clay
suspension edge-to-edge and édge-to-face flocculated

systems,

4
[N

fan (1957) presented'a\schematic\picture of a clay
particle network. He \Phen suggested that the
threejdimensioqal cia§ platelet arrangements were one
~of the contacts between one claylplatelet and the plane

*

of another (see Fig. 1lc).

When the observation of soil fabric\ ha§ been
- examined by using the ’transmission and scanning
electron microscopy, muchiinformation on fabric viewing
has beer obtained: Sge Barden' et al.(1971), Collins and
ﬁcGown (1974), Pusch(1970,1973 a,b,c), Smart(1969),
Yong (1971), Yong and Sheeran (1972) and others,

20



We can conclude, generally, that in natural and
in synthetic clay soil, the single clay particle can be
easily distinguished. lWe note that, by-and-large, the
clay particles tend to form identifiable groups (group
units) or aggregations. These group units can be
identified as fabric units (see Figs. 2 and 3),

§

In this work, the fabric unit'will be considered
as the first order of identification. The geometrical
arfangement of single particles within each fabric unit

will be considered as the second order of

/

From these 1identifications, we can distinguish

identification.

between different types of pore space distribution.

The total arrangement of all particles, fabric units

and voids compose the total fabric of the clay soil * '

system. The fabric features observed can be divided

into two levels of viewing.

2-1-1-2 Identification I:

In this scale of viewing, the fabric unit
arrangements and the pore space between them are
observed. In the case of clays, single particles will
not be distinguishable at this level of viewing. The
fabric units identified consist of several particles or
groups of particles. These fabric units are defined as

clusters, which have definable physical boundaries and

N

a speci %c\?echanical function. They act effectively as

\

21
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Fig. 1-b géucture of Natual Soil
_ambe 1958)

—

Fig: l-¢ Clay Network (Tan 1957)

/ Fig. 1 01d Fabric Models
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large, dense aggregates separated by large voids

Fig2 Schematic clay particle arrangement
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individual units. These clusters can be combined to

form peds (group of clusters). v

The pore space between fabric wunits can be
observed, depending on the shape and the arrangement of
the fabric units. We define this pore space as a
macropore, In 1identifying and characterizing the
network of fabric units, it is necessary to take into
account the fabric unit's pore space.

\
2-1-1-3 Identification IIY

In this scale of viewing, the arrangement of
particles within the fabric unit, and the pore space
between particles within the fabric unit are observed.
Single or individual clay particles can be
distinguished at this level of viewing. The small
fabric' units or the subfabric wunits can also be
obgerved and distinguished at this level of viewing.
Domain units consisting of two or more particles, can
act as one unit. Several domains could combine to form

a cluster.

The pore space within the cluster is defined as a
micropore. The micropore distribution, shape and size
depend on the arrangement of the particles, in
edge~to-edge, edge-to-face and face-to~-face

associations.

Figures 2, 3 and 4 show the schematic and




Fig. 3 Photomicrograph of St. Marcel Clay, on a Vertical Plane
(a, x 3000; b, x 7000; c, x 15,000) on a Horizontal Plane

: (d, x 3000; e, x 7000) (intact sample, natural water
’ content 80%, cluster size = 5 um)

Delage et al. (1984)
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a. Natural Silty Clay Sample (Collins and McGown 1974)

Fig. 4 Photomicrographs of Clay Arrangement
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c. Synthetic Clay (UF) (Turcott 1988)

Fig. 4 Photomicrograph of Clay Arrangement (Cont.)
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photomicrographic view of both identifications.

There is no unigue relationship between the
composition of the soil mass and the fabric of the
system. However, some simple conditions arise from the
compositional analysis: the dispersion " of soil
particles and fabric units ,can be due to low salt
content, high pH, or fresh water depcsition, and a

<flocculated soil system can be due to high salt
content.
"

In order to complete the picture of the fgbric
analysis, a schematic picture of fabric (packing)
formations of different materials is shown in Fig. 5.
Fig. 5a shows a random arrangement of loose sand which
is different from 4an ordered arrangement of sand
system; i.e., it is different from ideal packings of

uniform spheres (simple cubic, cubical tetrahedral,

tetragonal sphenoidal, pyramidal and tetrahedral).

2-1-2 Fabric Scale For Soil Performance Prediction:

The following question is raised: what level of
fabric viewing 1is suitable for soil behaviour
evaluation, analxsis and prediction, specijically, for
clay compression performance? The answer to this

question can be viewed in Flow Chart 2.

Identification II of fabric viewing 1is seen to be

_tied into the analyses concerned with the integrity and

31
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stayility of individual particle arrangement within the
fabric unit. Therefore, the organic and 1inorganic
bonds, and the cement bonding between the particles
should describe the p;operéies of the cluster units and
their connection with each other. Hence, the scale of
Identification II cannot by 1itself give the complete
prediction of the global behaviour of the system.
Therefore, much .larger scales, which should be linked
with Identification 1II wviewing, ought to be used for

50il behaviour prediction.

Y

[

Moreover, not all of the detailed information in

the scale of two or three particle systems is necessary

7’

for soil performance prediction. The scale of
]

Identification I of . fabric viewing can be wused in the

analysis. Therefore, the smallest scale which ought to
be used for analytical and physical modelling, 1is the
cluster unit. This agrees with the suggestion by Yong
(1971) that single plate theory is relevant only to
dilute colloidal -guspensions, and that (natural
consolidaéed clays require consideration of a multiple
piate unit, i.e., Clquji’!E;t.

s
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2-2 THE PHYSICS OF CLAY COMPRESSION:

2—-2-1 Review:
i

Terzaghli was the first to make a serious attempt to

-understand the mechanisms controlling the

3

compressibility of clay. He had previously postulated
the existence of a semi-solid layer of ladsorbed water
on clay surfaces. He had used this hypothesis only to
explain the 1low permeability of ~ clays and their

secondary consolidation.

Leonards and Altschaeffl (1964), and Kenney et al.
(1967), concluded that the resistance against
deformation which a soil exhibits during a
consolidation test, is a manifestation of Qhe shear
resistances. These resistances can be mobilized at the
contacts Dbetween individual particles. Tﬁerefore the
displacements between the particles are controlled by
the bond strength between theml Bolt(1956) explained
and concluded that compressibility \will essentially be
a function of the double layer repulsive force. This
force is primarily dependent on the type of clay and

the electrolyte content of the system. -

'

Olson aet@ al. (1970) have done  several
one—dimensional~consolidation experiments for different
clay minerals with diffeyent chemical solutions. They

have discussed their ex iments qualitatively in terms

of two postulated piodels of behaviour: the mechanical



model, which represents the shape, surface friction and
geometric arrangement of the particles; the
physico-chemical " model, which represents particle
shape, geometric arrangement and chemical variables,
such as adsorbed water, cation, dielectric constant,
etc. One of theié conclusions is that the mechanical

model governs the volume change behaviour of the

kaolinite.

Sridharan et al. (1973,1979) have postulated two
mechanisms for a clay system. In the first mechanism,
the volume change is controlled by the shearing
resistance at* the interparticle 1level. In the second
mechanism, it is controlled primarily by the long range
diffuse double layer repulsive forces. They  have
concluded that the first mechanism primarily governs
the volume change behaviour of ’ non—-expanding
latticestype clays like kaolinite, while the second

mechanism governs that of expanding lattice-type clays

like montmorillonite.

These descriptions of the clay compression

mechanisms do not require that the clay particles form
]

cluster units. These units, however, do have a
4

physical boundary and a mechanical function. Hence, in'

the following,\§e will base the description of the

L ‘ \
mechanism on the modern view of fabric analysis. ~.

I
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2-2-2 The Mechanism:

The mechanism of clay compression which will be
described here, is divided into two descriptions. The
first is under a single fixed 1load, and the
observation of the compression evolution is with time.
" The second is the description under multiple loads,
with the observation on the- compression-stress
evolution.

_ [
2%;;2-1 The Mechanism Of Compression Under a Single
Fixed Load:

The principle of clay compressién can be viewed
in terms of the physical phenomena of the deformation
of the skeleton of the clay system, fluid movement, and
the stress transfer from the fluid to the skeleton
which are acting simultaneously and depend on each

other.

The fluid flow and the clay skeleton deformation
are combined mechanisms and depend on the clay
structure. Some aspects of the structure have a more
significant influence on one of these two mechanisms
than others. These mechanisms depend on the type, the
capacity and the duration of loading as well as the
condition of the soil system. Therefore, the total
resistance to the volume ‘change or clay compression
comes partly from the permeability and partly from the
structural resistance of the clay itself, i;e), the

structure of clay itself possesses a time dependent




‘resistance to compression,

We may postulate that the compression mechani
the clay can be divided into two overlapping regions.
With the compression in the first region, rearrangement
and rebrientation of the clusters will take place, and
the fluid will flow primarily through the

interconnected macropores.

As the compression process ‘takes place with time,
the clusters will start to translate and rotate without
any. significant distortion of these units, and the
volume of the cavities (macropores) which are formed
between the cluster units will decrease. As a result,
the fluid will squeeze out from the cavities and move

through the macropores.

The relative motion of the cluster wunits depends
on three aspects: first, the physico-chemical aspects
of the soil-water system. The chemical variables which
influence the system are: Dielectric constant,
electrolyte concentration, cation exchange capacity and
specific surface area, cation valence, pH value, and
temperature. Secondly, the sliding resistance betweern
the cluster units which is due to friction and/or
viscous action ‘at the contacts. Finally, the surface
features of the cluster units, i.e., the cluster units
may be coated by amorphous materials such as alumina,

*

silica and iron.
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The relative motion of a group of cluster units

can prodﬁce local deformation in the sense of changes
in the geometry and size of macropores. This
deformation can be linked with the local stress acting
on this group of <cluster units through a material

©

modulus. -

Water extrusion from and through the cavities
(macropores) depends on the macropore size distribution:

of the clay system and the excess pore fluid pressure

+in the macropores. The local velocity of fluid

movement from the cavity can be linked with the pore
fluid pressure gradient through a conductivity
operator. As the water is extruded from the cavities
in the compression process, the excess pore fluid
pressure in the cavity will decrease, resulting 1in a
transfer of the applied stress., This can be viewed as

an intercluster force and potential. .

As we can see this first region of compression
represents a consclidation process. Throughout this
study we use the tegn "first region” for this

consolidation part, see Fig.6.

The results of the experimental work of Pusch

(1970 and 1981) and Delage et al. (1984) substantiate

@
this postulate. Pusch made a series of unconfined

,compression tests and creep tests on marine quick clay

and natural Illitic clay, and he made also observations
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using an ultra thin section technique and transmission

electron microscopy. He concluded that aggregates -
(cluster units) behaved as rigid bodies up to a certain
stress level during the shear process. Delage et al.
-concluded +that a collapse of an interaggregate pore
(macropore) will take place first during consolidation

without any significant distortion of the aggregate.

Compression in the overlapped region: Not all the
cavities are equally affected by the load at the same
time, due to, firstly, the position of the macropores,
secondly, the perturbation of the local stresses and
pore water pressure, and thirdly, the random nature of
the 1internal properties of +the material. Therefore,
more orientation of the cluster \units will take place.
These orientations will cause the pore water pressure
to build up in some of the macropores affected, and
hence, an average pore water pressure can be measured
on the boundary of the sample. This measurement of pore
water“/pressure at the surface for this overlapped
region (for fairly large load increment ratios) can be
approximately at a degree of consolidation between 80

. .percent and 100 percent.

On the other hand, the particles within some of
the fabric units which are i+ already oriented in the
first region try to slide at their points of contact.
This sliding can be very small and can occur through a

lubricated surface such as a layer of adsorbed water.



It has characteristics that are different from free

water.

This mechanism of particle movement within the
cluster unit will be explained in the second region of
compression since the overlapped region is the start
portion of the second region, and the end portion of
the first region. The fluid flow |is through
interconnected macropores, and interconnected micro-

and macropores.

For the compression in the second region, no
relative movement of the clusters can take place.
However, more movement of the particles within the
fabric units can take place. This movement is governed
by several resistance forces that exist at the contact

between particles.

The conditions of the contacts depend on, a) the
adsorbed lafer of water and layer of cations which are
responsible for the forces of attraction and repulsion
between particles, These forces depend on the size of
the fabric units and the mode of association of the
particles within the fabric unit, b) amorphous material
within the cluster unit which is responsible for
viscous/friction forces, <c¢) the friction between the

particles which is responsible for friction forces.

It is not clear which of these resistance forces
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contribute more to the bond strength between the
particles. The bond strength can be defined as the
forces. required to resist displacement of the +two
particles at a point of contact with each other. We
believe that all of these forces participate in the
bond strength of the contacts of the particle with its
neighbors. It shogld be noted that at any contact,
there is a weak plane and strong plane of resistance

which depends on the contributing resistance forces and

their directions.

If we assume that these resistance forces are
contributing in an additive way to bond strength, the
physics which generate the variability of ‘the bond
strength within the cluster unit can be modelled as a
Gaussian distribution in terms of forces. Hence, the
integrity of the cluster unit under a stress system
which is transmitted at the contact points with

neighbor cluster units depends on the mean¥and the

variance of the Gaussian distribution. (’

Once the resistance forces are exceeded, sliding
occurs at most of the particles’ contact. The sliding
can resuit in an increase or decrease 1in a particular
bond strength. If the net effect tends toward an
over-all increase in bond strength, sliding will
gradually decay, and this sliding will result in a
volume change of the cluster unit. The change in the

size of a group of cluster units can produce local
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deformation. This deformation can be linked with the
local applied stress on this group through a material

modulus.

The change in the size of the cluster units can

build up pore water pressure inside these units, but

these changes in the size of the cluster units are not -

sufficie?t to build up measurable pore water pressure
in the macropores. The pore water pressure which is
built inside the cluster units cannot be measured at
the surface of the sample, but this excess pore water
pressure is sufficient to drain some of the water to
the macropores through the interconnected micropores

inside these c¢luster units.

The characterigtics of the flow within the cluster
units depend on the particles’ arrangement, orientation
within the fabric units, the interparticle forces, and
potential. Therefore the driving forces for flow must
exceed the force tending to hold water to the soil

particles.

We can conclude that the flow through micropores

5

should be characterized by, first, the strong

interaction between permeant and the soil pérticles,
and second, the geometry of interconnected micropores.
This geometry is not a channel of impermeable
boundaries, but interconnected roots with complei

Y

geometry.




As we can see this second region can be

represented as a creep process, we will use the term
"second region" for this creep process, see Fig.7.
Throughout this study, the term "overlapped region"
will be used for the overlapped part of the

compression.

The occurrence of these two overlapped regions and
their time duration in one specific soil, synthetic or

natural, depend on many factors.

i) Some of them belong to the initial and boundary
conditions sgch as load system, load increment ratio,
drainage condition, etc. For example, undé% light
load, the material may exhibit the behaviour of the

overlapped and the skcond region.

ii) Some other factoxé'belong to the soil syséem such
as the geometrical factors including the depth of the
laye}, and the location of layer in the soil profile
system; also the soil property factor which is
presente@ from the clay type, type of cementations,
érganic matter, and amorphous material. Organic clay

v

soil may exhibit the behaviour of the second region.
\

'

iii) Other factors are environmental; for example,

#

man-made industrial waste disposals and sanitary land

.fills; and natural, geological evolutions over short

spans of time such as sabkha deposition, and fresh
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water leaching of a soil layer. Chemically contaminated
[- 4

soil may exhibit the behaviour of the second region,

In the above physics descFiption, we benefit from
several documented ‘test programs which ga§$ been done
by different investigatogs These inckude Newland et
al. (1960) who studied ;ver~ 100 consolidation tests
under varied conditions on a natural soil to assess the
effect of the load system on the secondar{)fompre§sion.
Wu et al. (1966) have done a consolidatifn test, and a
triaxial creep test in the consoljidated-undrained

condition with pore water presure measurements. Gibson

et al. (1961) and Lo (1961) have performed £fifty

consolidation tests on natural and synthetic ,clay.
Crawford (1964,1965) has pérformed constant rate of
strain tests on natural clay soils. Yong et al., (1970)
have studied the creep test for clay system. SridHaran

et al. (I981) have done several consolidation tests on

/" natural and synthetic clay with difﬁerent £luid

chemistries using eight different chemicals. The
experiments of Delage” et al. (1984) and McConnachie
(1974) are discussed in Chapter 1.
ST
Fig.8 shogs a schematic view of the clay

x Y
compresssion ungsr single fixed load.
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2-2-2-2 The Mechanism Of Compression Under Multiple

Loads:

‘The mechanism of compression depends on the type
of loading appl}ed to the sample, i.e., straip
controlled; stresé controlled, or incremental loading.
For., incremental loading, there are two fundamental
experimental procedures that affect the mechanism:

L3

first, the duration of the 1load and secondly, the load

’

increment ratio.

&
The mechanism of compression of the clay system

under multiple load will follow a seduential pattern as

follows: &\\“‘N

’

a-Rearrangement and reorientation of fabric wunits
(dusters units) which can take place without any
significant distortion of the wunits. This distortion
depends on the 1load applied. 1In case of very 1large

loads the fahric units may collapse. .

s
»

b~Increased 1load application would cause a greater
degree of orientation of fabric units. At this stage,
some pafticle réarrangement within the fabric units can
occur. This rearrangement will de;end on the time

duration of the load.

c-Further loading will cause more orientation of the
fabric wunits and -particles within the fabric units.

When the 1load increment ratio 1is small, the slippage
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between particles within the cluster uniés occurs only
at a limited number of contact points.

drAt high 1oads;wthe sliding of the particles over each
other has a tendency toward overall decrease in the
bond strength. Shear failure of the clusters will
eventually occur causing clusters to fuse together to

f&rm a homogenous soil mas$ system.

Delage et al. (1984) have shown that the
compression under lcad is due to the collapsing of the
structure in a progressive way, the largest
interaggregate pores (macropores) being the first

affected. ‘As the consolidation proceeds, smaller and

smaller pores are affected. For a given pressure,

increment, only the largest existing pores are

affected. ] . %
2-3 SUUMMARY:

In this chapter, we have described in detail tﬁe
physics of saturated clay:-performance under compression
loading. We postulated that the mechanism of <clay
compression under a single fixed load consists of two
ov;rlapped regions. In the first region, the clusters
will move relative to each other and the fluid will
move through macropores. ,In the second region, the
clusters will not move but they will deform and the

flow will be through the micropores. In the overlapped




?
) 51
region, both mechanisms work together.
I

These posfulated mechanisms will be used for é%g

mathematical modelling in the following chapters.
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CHAPTER 3
' ¥
KINEMATICS OF DEFORMATION OF THE CLAY-WATER SISTEM

3-1 OBJECTIVE:

Qur objective in this chépter is to develop the
kinematics of deformation of the first and the second
regions of clay compressign, /fand to establish a

macropore fluié flow—model féf the first region of

compression.

The kinematics of the particulate system is mainly
scribed and modelled in literature, jon the principles
of continuum mechanics. In t%e ness section, we will
descibe the kinematicé of deformation of the
particulate media (granular or clay media) based on the
principles of micromechanics.
5
Furthermore, .we will introduce a new concepts in
kinematics. These concepts will be wused for the

development of the kinematics of deformation of clay

soil under compression loading.

.
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3-2 THE KI TICS OF DEFORMATION OF PARTICULATE

SYSTEM: ’

Kinematics describes the changes that occur with
time in the guantities that déscribe the geometry of
the body. Kinematical analysis in its widest meaning
comprises the recognition and recording of
stress-induced movements of the individual physical
units of a compound material system, and the subsequent
construction of the approriate strain pattern for the
whole system. Therefore, it can be considered as that
branch of fabric analysis which is particularly
interested in stress-induced fabric changes of

microscopical digension.

The deformation\ kinematic is the most essential

aspect of mechanics./ It is not a great surprise that
in classical geotechnical engineering, the kinematics
of soil has been neglected, even from the continuum

point of view (e.g. limit equilibrium).

In the following section, we will consider the

various types of deformation,
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3~2-1 The Types Of Deformations Of Particulate Systems:
According to the mechanics of material, the
deformation of soil media can be classified into three
idealized types: \
i- simple deformation,
ii-constrained generalized deformation,
iii-generalized deformation.

The last two types of deformations (ii and iii) will be
descrjged for the particulate system elther granular
(sands‘-er clay. Hence, the individual units which
describe these types of deformation can be defined as a

particle (sand) or cluster (sand or clay).

i- Simple Deformation:

In this case, \Lhe material of the soil mass is
assumed to be continuous; hence, the deformation 1is
estabiished from the measurement of the boundary >
movement of the soil sample. Non-homogeneous
deformation or shear deformation inﬂnarrow bands within
the soil sample cannot be considered examples of this
type of deformation. The continuum mechanics
principles are applied to this type. This type of -
deformation angs been’ used in soil elasticity and >
plasticity modelling. We will call this type of

N
. deformation type A.



>

ii- Constrained Generalized Deformation:

This type of deformation will be called type B.

In this type, we have two kinds of deformation which’

are:
\

11—-1 First Kind of Deformation Type Bl:
’ The material of ;he solil system is considered from
the physical point of view, which means that the motion
of the individual units is appreciated. These
individual units comprise the material system. The
units move relative to each other, their motion
‘consisting of rotatién and translation, but the Jﬁits
are assumed to be rigid; hence, gross deformation of
the system 1is equal to unit motion with interaction
(rotation and * translation). The physical mechanism of

deformation of this system can be viewed 1in the

following.

ii-1-a Two-Particles (Two—Clustexrs) Unit:
By using the concept of vector analysis, we have

the following vector positions for the <two—particle
'

unit:

r and rlare vectors which decribe the internal
2

~u ~

configuration of the two particles.

r and r are vectors which connect r and r to the
= ~ “n 22

reference frame.

N
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I
r,is the vectur which connects the contact point

with centroid of the particle

r 1s the vector which connects the contact point
\\with the reference frame.'
S and S, are unit vectors. See Fig 9.
. ¢
The choice of . position vectors depends on the two

factors:

1) The shape of the particles (or the clusters):
For example in the spherical shaped system, the vectors
r and r are not significant, but the vector which
connects the contact point with centroid is important.
For a cylindrical shaped system, the vector which
cqnnects the centroid of the two-particle unit to the
centroid of each particle is valuable.

2) The modes of motion of the particles whiéh
depend' on the boundary conditions and the surface
condition of the particles: We will describe these

modes of motion below.

Case(1l) Sliding and Rotation: - In this case, the
particles will slide and rotate simultaneously on top
of each other. The mechanism of deformation can be
viewed from the displacement due to sliding and
rotation. We have two important vectors: one connects

the centroid Qf the two particles, and the second
©

/

-
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vector describes the internal configuration of the

( individual particles. See Fig.9a.

Case(2) Rotation only: In this case, one particle X
will rotate on top of the other particle. The mechanism
of . deformation can be viewed from the displacement due
to rotation only. The vector which describes the
s

internal configuration of the individual particles is

very important. See Fig. 9b.

Case(3) Sliding Without Rotation: In this case,
the particles will slide over each other, and the
mechanism of deformation can ,be established from a
vector connecting the centroid of the two particles.
Therefore, the rotation will be the rotation of this

vector. See Fig. 9c.

For all three cases, when the surface forces
predominate, the interaction between the two particles

\/ and their movements may be relative to each other.

ii-1-b Complete Fabric System: ~ v
Case(l) When the collapse of the pores between the
units occurs, these units will move closer to each
other, but they will stay in the same order as before
deformation. In the deformed state of the system, the
( , coordination number (the number af contacts per
“particle) may be higher than in the wundefdrmed state.

This case can be viewedf(as an ordered state of




a. Case 1

Undeformed State

52 Daformed State

b. Case 2

Fig. 9 The Mechanism of Type B1 Deformation (Two Units)
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deformation.

Case(2) When the col;apse of the pores between the
units occurs, -~ these qnits’will move relative to each
other, but they will not stay in the samei order as
before deformation. This case can be ,viewed as a

disordered state of deformation. See Fig.l0.

ii-l1-c Two-Particle System Ideaiization:

There are several cases when the parficles,
cluster, or group of units can be idealizéd as _two
cylindrical or rodlike elements. For example, in the
case of a group of units which have strong bonds
between them and other bonds that are very weak, this
group can be idealized as a cylindrical shaped system
as shown 1in Fig.lla. For the cylindrical shaped unit
system, the individual units may rotate and translate
under applied load, and the centroid of the system can

1

change.

4

The mechanism of deformation can be established
from the vector position shown in Fig.llb. The

configurations "of the two-particle system are: i)

v

edge-face, 1ii) face-face, or 1iii) edge-edge. vghese
configurations with separations between the units exist
in'cases where the surface forces 'between the units

predominate. The compressible zone between the units
.

can be represented by the vector cross product concept,
’ !

) ) ) \

which will be discussed in later sections. \

i
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ii-2 Second Kind Of Deformation Type 52:

In this kind of deformation, the units are allowed
to deforﬁ:\¥ut they are constrained from rotation and
translation. The physical mechanism of this kind of
deformation is viewed and analyzed by the deformation

of the contact between the two particle units.

From the cases in Fig. 12a, we will illustrate the
fundamental concept of thé type B2 deformation. For
case 1, the amount of deformation 1s egual to A. For
case 2, the amount of deformation 1is equal to 4#4, But
the top particle 1is moved a,distance equalﬂuL to A. This
distance cannot contribute /to the deformation of the
system, i.e., the system deformation must bé equal to
a#p. For case ;, the total system deformation is equal
to a+ara. The top particle is moved a distance equal to

a+A. Again thid distance must not be used for

deformation analysis.

Hence, the type B2 deformation considers only the
>

deformation of the units without their movements. The

movements of the units are caused by other

: I SR
units'deformation which are already accounted for.

The contact deformation depends * on the

. deformability of the particles or clusters. For

instance, a brittle particle (cluster) can undergo
small elastic deformations and fail, and a ductile
i

material can deform into the plastic range., ﬁighly

§
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Deformation (a)

Case 1 (::iji)
. i Fixed

SN I (1 FOL gy 7
Total deformation (a)

>

Case 2 , "o
Deformation (AZ)
——— cEma—e w— —— - — b
) y

Y A VA Y ey .7k .
! v Total defomation a;+s,

Deformation (4,) + Motion (A2+A3)

\ Deformation (a,) + Motion (43)
Case 3 )
. —_—— Deformation (s5) ~__

A YR X I
Total Deformation A1+A2+A3

|
L
. ’ ! a. The definition of the constrained deformation

0‘ Fig. 12 The Definition and the Mechanism of Type B2 Deformation for ‘
Particulate System
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compressible clusters may have a large deformation
under very small load; and in the case of very large
cluster units, these wunits may collapse under a small

load. See Fig.1l2b.

iii- Generalized Deformation:

In this type of deformation, the internal physical
description, soil fabric, and the: structure of the
material are considered. The mechanism of deformation
can consist of the motion of the units relative to each
other (rotation and translation of the units)
simultaneously with deformation of the units
themselves. Hence, the gross deformation is equal to
the units’' motion with interaction (translation and
rotation) plus continuum behaviour of the units. The
two mechanisms of déformation are coupled.

’
The physical mechanism of this type of deformation

is viewed as a particle (sand particle) or cluster

deformation, and this deformation 1is either small

‘elastic or large collapsible. It depends on the

compressibility of the particles, and the types of
their movements relative to each other. This type of

deformation is called type C.

There are many physical situations encountered in
practice which can be explained by type C deformation.
Granular medium where the particlessr tend to group into

clusters is an example. The cluster deformation can be

66

L8

habRacs e

ééf?‘.é:' b



Bk i adtadiand

viewed from the movement of 6 the cluster and 1its
< .

deformation (i.e., type C).

é

Discussion: P ’
The preceding section highlights the following
fundamental points:

Il

, 1- The kinematics of deformation based on the
continuum mechanics cannot describe and model
accurately the deformation process of the

_particulate media.

) 2- The identification and the description of the

modes and the process of deformation ‘are required
for better development of: the analytical models

which are capable of predicting the performance of

M the particulate system.

\ .
\
3- In éhe preceding section, we have introduced
two types of deformations, i.e., type B (Bl &nd
B2) and type C» These types are capable f
describing different deformation processes of
particulate systems. In the following sections,
we will use type B deformation for the development .
of the deformation kinematics of a clay soil“

system. In this case, the individual unit is

represented by the cluster unit.

ey
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3-3 THE CONCEPT “OF THE DIRECTOR THEORY:
In this section, we discuss the director theory
and how we implement it in our kinkematic modelling.

This theory has been given various names by different

‘authors (for example, micropolar by Eringen (1964) and

couple stress.by Toupin (1964), etc.). However, we have
chosen the term “director” over the others as it holds
in its fundamental argument a -director (vector or

tensor).

E. and F. Cfsseraﬁll909) developed the theory‘by
intfoducing the concept of a rigid triad which 1is
amenable to a simple and Dbeautiful geometrical
interpretation of the motion. Therefore, two sets of
kinematic quantities are developed: macro deformation
of the continuum point, and micro rotation of rigid
triad. However, the assumption of, the mathematical
point, 1.e., continuum concept was used in the

development.

More than forty years after Cosserat:s paper, a
revival of interest in this subject- has beéen
demonstrated by authors who have taken different routes
in the development of their theories. However, they
have begun with princiéles which were laid out by the

Cosserat brothers. The kinematics of deformation in‘

.some of these theories will be viewed below.

A ,

h
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Ericksen and Truesdell (1958) ana Kaloni and
Desilva (1970) wused Cosserat's concept, but they
allowed the deformation of the triads (vectors) which
are attached to a point. Thus, they obtained
macromotion which 1is caused by continuum deformation,
and micromotion which is caused by the rotation and
deformation of the vector triad. The former authors
used this theory for rods and sheils, and the latter
authors for idealized behaviour of dilute suspension of

both rigid and deformable substructure units.

Mindlin (1964) extended the vwork of Ericksen et
al. (1958) and formulated a theory for linear elastic
material with microstructure. He also presented
kinematics in terms of macro and micro motion, and
applied the theory for  microwave propagation.?ﬁsﬁi
notion of microstructure 1is represented by aﬁfzubic\

cell,

Eringen et al. (1964, 1966 and 1972) have
advanced two theéries. The first is micropolar theory
which holds that every material point o¢f the polar
medium is phenomenologically equivalent to a rigid
body. Therefore, macromotion is seen as translation,
and micromotion as rotation. The micromotion is

represented by an orthogonal tensor. This theory may

not be dissimilar to Cosserat's original theory.

'E;ingen et al.'s second theory is the micromorphic

L4

69




A,

theory, {n which a micromorphic body is imagined as a

body whose material point consists of small deformable

bodies or particles. Therefore, they have macromotion

as the translation, and micromotion as rotation and
p
\
deformation.

For both theories, Eringen et al. used the concept
of macrovolume and microvolume. Their first theorypﬁas
been applied to shear flow of liquid crystals between
parallel: plates; and the second, for propagation of

surface waves in a microelastic half space.

Although the microvolume concept has  been
introduced, the size of this microvolume has never been
considered as a property in the ﬂllculation. Hence the
microvolume is actually a point which has mass and
density. It simulates the Newton particle which has no
size, but has property of mass. See Kafadar et alﬂ

(1971).

For %ighly deformable microvolume  elements,
nonhomogenous deformation could exist. Therefore,
Eringen et al. chose to use micromorphic theory with
higher grades, Using some properties of the partial
differential equations, they introduced the condition

of strain compatibility £6r simply connected regions.

There are some similarities between the

micromorphic concepts of Eringen and the deformable

70
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triads of Ericksen et al. For example Eringen's

assumption of affine {homogenous) microelement
deformation can be uniquely determined by the motion of
any three linearly independent vectors (director

triad), (Toupin(1964) and Eringen(1971)).

Allen et al. (1967), and Kline and Allen(1971)
presented a theary governing the flow of fluids which
con;ain reqular and irreqgularly shaped, deformable,
susﬁended particles. They took the volume average of
the moment of inertia tensor of the suspended particles
to account for micro structure orientation. The &hanges
in moment of 1inertia were interpreted as a measure of

microelement deformation.

~ Green and Rivl1in(1964) introduced a theory basgd
—

on a generalization of classical continuum concepts.
This theory is known as multipolar continuum mechanics.
The kinematics of this theory 1lies in their postulated
concept of generalized velocities, where (Yﬂ§;L is
introduced as an arbitrary velocity gradient. The
physical gotivation for their theory is the mechanics

of rigid particle theory.

Since 1970, little development has taken place to
test the basic tenets of\ director theory; but rather,
a search for the potential application of the theory to
different fields has been pursued. Some ok the / most

widely pursued fields are: In fluid mechanics,




Nt

~

anisotropic fluid and suspension in fluid; and in solid
mechanics, diffusion of dislocation 1in crystal lattice
and wave propagation in the presence of dispersion

effects,
I4

The application of, the director theory in the
compression and consolidation of clay does not exist,
but a general application of the theory to clay soil as
generalized continuum theory can be found in the wvork
of Baker (1971). He wused the director theory for a
clay system. Three vectors (directors) were used to
describe the configuration state of two clay plates
with respect to their centroid (as one unit). The
éeneralizéd coordinates of the analytical mechanics
were used in the development. Baker's development is
not different from the work of Green and Rivlin (1968).
The application of the director theory to the granular

mgdia can be seen in work of Oshima(l1953), and

Kanatani(1979).

Discussion:
Common concepts in the kinematics of deformation
found in the director theories are:
a- The material points are considered geometrical
points. The geometrical point has no size at all,
but some triads are ascribed to it to charactrize
its degree of freedom in motion and deformation.

-

b- The continuum gﬁpcept: all the director

k\
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theories view the media as a continuum.

Therefore, all the functions are continuous.

c- The ’introduction of at least two sets of
deformation: the macrodeforma‘f}iona which
represents the .motion oﬁal the centre of the
continuum, and the ° microdeformation whicg

represents the micromotion of the media.

Although there are only two sets of dqéprmation
(macro- and micro-deformation), several deformation
gradient measures are adwvanced for the director

theories. They may . or may not have -a physical

relevance.
‘ i
™
The Implementation of the Director Concept:
N The director concept will be used in the following

section. FirsF we will develop our model of kinematics
by establishing the mechanical configuration state of
the physical unit. Secondly, we~will establish the
deformation kinematics, microdeformation gradient, and
microsgrain. Once these parameters are established, ;he
collective deformation of the physical units can be
constructed. Thérefore, the macroécop%c deformation is
the manifestation of the microscopic defofmat;dn of the
physical wunits. Hence, we have only "one set" of
kinematics of deformation, instead of "two sets" of

kinematics of deformation as d%§cribed in director

theories. This is the exact procédure for establishing

1
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the micromechanics approach. .
We also use the director concept for developing
the area of the compression =zone in the clay system;

which is done by director cross product. '

!
H

3-4 MATHEMATICAL MODELLING OF MICROSTRAIN:
. .

In order to develop a mathematical model of the
kinematﬁcs, some basic assumptions will be accepted.
First, the shape of the cluster units are assumed to be '
spherical; secondly, the flﬁid @gs no structure, and
therefore, the mean velocity of flow characterizes the
kinematics of the fluid. Finally, the microelement oé -
tﬁe physical unit which is considered in the modelling
consists of a group of cluster units, and we define

this physical unit as the macrostructural unit (MSU).

By wusing simple: set theory, we can define the
topological structure of the body and the measuring

scale of the clay soil system with different sets. We

“

shall introduce some coherence (geometricél structure)
to the elements of these sets so that these sets can be

orgainized into a space. Thus, these sets are a.

D]

substitute for the mathematical pofnt which is

considereg in classical continuum mechanics., ~ .
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i- Cluster unit

’

SEtA= { ¢ l,2,3oooo.n }
5 . q

s

Set A is a set of pairs of clay particles. Each
member of the set represents a pair of\clay particles.

ii- Structural Unit

Set B={ B, B}
1 Y §

Set B is a closed set of two cluster units.

iii- Macrostructural Unit

<
A
- \

~

. Set C=%B ,B ,B, B ,.......B }
! 1 2 3 4 n Y

Set C is a finite set of cluster units i.e, each
member of the set represents a cluster unit. -

iv- Statistical ensemble J !

-

-

, A
Set M' { C ’ c ’ C 7 C ,ooto‘noc }
. 4

2 3 4 n

Set M is defined\A as a courftable set Tof

L'
macrostructural units. This set is identical to the

Gibbs e\semble and the mesodomain of Axelrad (Axelrad,

.
14

1984) . 8 . * ’ /J
v- Total Domain of the Body .

s

Set p= {E, E,E , E, .o.u...B )}
1 2 3 4 n

o



Set p 1is the union of“disjgint statistical
ensaqples, and represents the macroscopic ' material
body. The body 1is the clay soil medium which 1is
influenced by the boundary conditions, e.g., by the
-stress;;”;;;;on of the cla& soil under structures.

Fig. 13 shows a sehematic view of the topological

structure of the clay soil medium.

We will develop our kinematics of deformation for
the macrostructural unit (set C) as our microelement,
and we can benefit from the structural unit (set B) for
stress evaluation between the clusters. We will employ
seé A for evaluating the integrity of the cluster unit.
Set M 1s used for the passage from the microelement to

the ensemble of‘microelgments.

~ In light of the description of the physics of clay
compression in chapter two, the kinematics of
deformation is divided into‘two ovérlapped regions. 1In
the first region we have relative movement of the
cluster units without physical distortion of the
cluster units. Hence, this region can be simulated by
type Bl deformation which has been described in the

previou$s sections.

In the second region we have deformation of cluster

units due to the small relative movement of the

'particles within these cluster units themselves.
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Fig. 13 Schematic View of the Topological Structure of the
Clay Medium
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" Undeformed state: clay system . : -

* S

¥ Therefore this reg}on can be simulated by type B2

deformation. The overlapped region will be
investigated later on. In the following,t;e will"sta;t
with the deformation of tg; first region.

: , .
3-4-1 The Kinematics of Deformation of the First
Region: :
state of

"In order to describe the configuration

the macrostructural wunit (MSU) and its _ evolution with

time, position vectors of ‘the two phases of clay soil

system will be introduced. These vectors will be

referred to a fixed coordinate system.

[
Lo

o A
The position vector of the clay-water system will

be as foilows:

-

Ty, t)= ¥y, t) + 2(y,£) - ~ | (3.1a)

Diy,t)= Yly,t) - ¥T(y, t) (3.1b)

N y0= 2y, ) - 2ly,t) © (3.10)
Water system: ' \\

Since the water is assumed to have no structure or

fabric, its position vector is represented by the
centre of the macrostructural wunit. The following
equation describes the discrete configuration of the

1]
cavity which encloses the water system.
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j i?y,t)z zzy,t) + g?y,t) (3.1d)
Deformed state: Clay system

e A A s A

y(y,e)= y(y,t) + z(y,t) (3.2a)

- i

ézy,t)= gzy,t) - gfy,t) (3.2b)

is i a — ) .

n A(y:t)z ,Z_QYlt) - Ezy,t) ’&"—(3-2C) -

. “’E‘w’ R \' 1:{
Water system

(v, )= ylg,t) + 2ly,0) (3.24)

W 4

where

A
= the vector joining the. centre of the

e

cluster and the reference frame, and e=1,2,......0n
where n: the number of the cluster units (within the

macrostructural unit(A). !

4

A
Y = the vector joining the cetre of the MSU(A)

and the reference frame. ' -

A
é = the vector joining the centre of the
cluster unit and the centre of the macrostructural

unit.

AT
D = the vector joining the centre of the

M.S.U.{(A) and the centre of the neighbor M.S.U.(r).

fan
N = the vector joining the centre of the

cluster(e¢) with contact(i) ‘in the macrostructural ;



{

unit(A). See Fig. 14.

Note: the tﬁo indices i and should be numbered in the
same‘way, since there is only one director (vector) for
each cluster unit to describe the kinematics of
deformation. ‘ 0
&

Equation 3.1b represents the configuration state
of the +two adjacent macrostructural units. This state
represents the collapsibiliﬁy condition of the adjacent
macrostructural units and the fluid flow between these
two adjacent macrostructural 'units. (See the
discussion in chapter six.) Eq. 3.2c is restficted by
the conditionltiﬁ’\-m;aﬁ the radius of the cluster unit.

Q“- The vector joining the centre of the MSU.
to the point of the contact of the cluster wunits (i:

1,2,3,....m) m is the number of contacts per MSU.

iA
Y = the vector joining the contact and the
reference frame. (Or vector Jjoins the centre of the

structural unit and the reference frame.)

The time rate of change of these position vectors:

. WA - LGA
v (yot)= Py, t) + 20y, t) ‘ (3-3a)
' /

Ar ) . , /
d(y, )= Jiy, t) - ¥(y,t) (3.3Db)
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JOA N AN
B (Y,t)= 2 (¥,8) - & (7,¢) _(3.3¢)

oA A LN |
Y (Y,8)= Y (y,t) + 2 (¥,t) : (3.34)
‘ w

In whiéh the dot denotes a time derivative (dy/dt).

-,
“

~

Eg23.3a represents the velocityi of the clusters
within the macrostructural unit. Eq.,3.%b represents
the rate of the collapsibility of the adjacent
,-macrostructural units. Eq. 3.3d represents the rate of

change of the fluid velocity from the cavity.

The accelerations can be as follows:

WaA A .
¥y, &)= y(y,t) + 2(y.,t)
AT WA Ny
d(y.t)= y{v.t) - yiy.t)
i WA .
By, t)= 2 (7.8) - 3y, t)
coniA A coip
g (Ylt)?;X(Yrt) + 2z {y.t)
When the process is very slow, the acceleration

terms can be dropped; however they can be used for the

dynamic case. o




3-4-1-1 Microstrain Formulation:

We will consider' a structural unit(S.U.) of two
clusters within MSU(A), and we will trace the movement
of these units. The deformations resulting from the
rotation, sliding and displacement &f these wunits can
be seen in their effect on the ngues of the vector
parameters ( iA and EA), because these vectors connect
the cluster unit(es) to the centroid - of the

macrostructural unit,

The procedures for the development of the
microstrain are as follows:
!
i- analysis of the vgf;or positions of the two
states (undeformed and deformed) of the structural
unit with respect to the centroid of the

macrostructural unit(A) by using vector analysis,

and

ii- establishment of the incremental displacement
of the structural unit (two clusters) within the
macrostructural unit(A), by using analytical

mechanics,

iii) establishment of the deformation-.gradient and

the strain of the macrostructural unit(A) by using

»

smoothness assumption and averaging theorem.




& ’

i- Analysis of tﬁe Vectot Positions: g

The result of the motion of the cluster units-will
cause a change in the value of (%3, since ?\cdnnectg
the cluster unit(e)-with centre of the MSU(A). j[Hence,
in terms of 'the total didplacement of the centre of the

‘ cluster ynit, we have the following equation:
oA G A s A ‘
U(t) =z(t) - z(t) , (3.4)

A \
”ﬁ(t) = the total displacement of the centre

- of the cluster unit(e) within MSU(A)

-

e A -
2(t) = the position vector of the cluster
unit(e¢) in undeformed state. It connects the

centre of cluster-to the centre of MSU(A)

A
(t) = the position vector of the cluster

N e

unit(e) in deformed state.

From simple vector analysis,x Eg. 3.4 can take the

-

following general form:

iaa

e A ia ia i
git)= {y(t) - ()} - {n (t)- N

[ 2

- (yle) - 1o}
: (3.5)

(All these symbols are defined 'in the previous

sections, see Fig.l4.)




]

If we consider the displacement of the centre of
the cluster unit(e) with respect to the reference

A . .
~'frame, we get the following expression:
s p

;};\V

Glt) = g(t) - ¥le) (3.6)

From simple vector analysis, Eg. 3.6 can take the

¢ following general form:

A iA iA i i »
gle)= y(t) = ¥(t) = n (t)- N (t) (3.7)

Where:

A,

¥aA
‘O(t)= the displacement -of the cluster unit with

respect to the reference frame, i.e., the displacement v

of the cluster unit(e¢) due to the rigid body motion of

the MSU is included.

aA 7aA
The relation between U(t) and {(t) can be expressed as:

glt) - {ylt) - ¥(t)} (3.8)

The last_term contributes to the rigid body motion of
the macrostructural unit (A). EQt) represepts the
displacement of the cluster unit(e) whigh cadses the
deformatién of the MSU(A), 1i.e., the displacemént of
cluster unit(e) due to.the rigid body motion of the MSU

is excluded.




; iaA . .
» should be held. However, the vector N contributes in

L

. i A -
It should be noted trat the condition léﬂ = ISY\

‘thé displacement of the cluster units by its rotational

mode only. This contribution will be included in our
development of the incremental displacement by
introducing a rotation vector v at right angles with

iaA . - -
vector N. .

[+3

ii- Incremental displacement: ‘ \\\

This can be established by consiéering Thow" the
structural unit changes from the undeformed state to the
defor?ed state. This change is a result of »the

translation and the rotation of the system. Therefore,

. .this inctemental‘displacement consists of displacements

due to displacement of the system, rotation of the
system, sliding of the top cluster, and rotation of the

top cluster. See Fig. 15.

1- The displacement of the system: From Fig. l5a,
we have the following equatién which represents a

simple translation:

. A LA ) ’
Ag = Ag_ - (3.95) N
1 N s . E
\
Where: C : -
A

AU = the incremental displacement of the contact

point, i.e., the displacement of the Structural unit(SU)




O

2- The incremental displacement due , to the

rotation of the Structural wunit: From Fig. 15b, - and

from the analytical mechanics point wview, we get the

following equation:

"A0"= a(urN®) (3.9b)
2

Where:

)

@ = the rotation vector at right angle with plane of
, odaa
motion (i.e., at right angle with N), and it is located

jes

at the contact point, see Fig. 15b.

3~ The incremental displacement due to the
rotation of ;P@ top cluster unit: If the rotation
vector isYat the centre of the bottom cluster upit, the
an
incremental displacement AU has the following form:
[ 3

8 A , Laa R
AU = 2 A(GEN ) (3.9¢)
3 - .

Where:

i

° = rotation vector at right angle with plane of
. ) ¢ .
motion and is located at the centre of the bottom

cluster unit, see Fig. 1l5c. v

4~ The incremental displacement due to the
displacement of the top cluster can be formulated as

simple tranlation as follows:

E

= . N
. 1
R TR N



‘ an N .
2y, - 8" h 7 aieay
Where:

2§"= the displacement of the top cluster(L.C. of U).

This displacement can be expressed from the rotation
vector which is located at the bottom cluster unit. See

Fig. 154.

N

‘ Hence, the resulting incremental deformation is as

follows:
an an an QA aA
AU = AU + AU _+ AU _+ AU 3.10
v "1 -2 -3 ~4 ( )
-
Where:

Aﬁn- the total incremental change of positiop of
the centre of the cluster unit(a.) within MSU(A).

Egq. 3.10 1is the oifiome of the developmené from
the mechanics ~of material point of view. Oda et al.
(1982) have reported experimentally on the last two
terms for granular media i.e., the displgcement
(sliding) of the top cluster (particle) and rotation
(rolling) of the top cluster. (For more details see Oda
et al.(l§82).) Ehe coptribution ofeach one of the
above kinematics (Eg. 3.10) depends on the surface

characteristics and p{Operties of the cluster units at
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a. Displacement of System
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plane of motion
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‘ b. Rotation of the System
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Fig. 15 The Mechanics of Deformation (Type Bl)

-4




I

C. Rotation of the Top Cluster Unit

<A
au,
plane of
motion
= ‘aughs aug” .
‘ d. Sliding of the Top Cluster

¢ *

} Fig. 15 The Mechanics of Deformation (Type B1) (Cont.)




the contacts and the geometrical configuration of the

system.

It is interesting teo note that the slippage line

-crossing over macrostructural units can be the result

of slipping or sliding and rotation of.the contacts on

that line. This slippage represents the shear in the
macrostructural unit, (see Fig.16). It may be noted
also here that when the slippage line is caused by
sliding only without rotation, no dilatancy can take
place in the line of'shear. This slippage lines may be
similar to the De Jong concept of free rotation from
the continuuh analysis point of view, (De Jong(1971)),
and the Ngyat—Nasser concept of microscopic shear
plane, (Nemat—Nasser(1980)). .
iii- Establishing of the deformation g;adient and
strain:

“Strain” is-the key element of the $inematics of
deformation of particulate media. The best criterion
for describing this strain is the deformation gradient.
In qghqggl, the gradient can be defined as the partia1
derivative of a vector function. In our case, we have a
discrete system of the macrostructural unit. Therefore,
we are faéed with the . problem of finding the
deformation gradient. In the followiny, we will

\
describe two methods to find the deformation gradient:

RS-
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1- The method of theory of distribution.
2- The method of smoothness assumption and average

theorem.

Although the second method will be used for its
simplicity, a summary review of the both methods will
be provided. | | -
\

1~ Theory of Distribution: The concept of this
theory arises in mathemtical physics where the ordinary
theory of functions prove inadequate. 1In our case, the
.vector positions 5“01-1,2,...n) cannot be described by
an ordinary function since vectors £A describe
distributed centres of cluster units within the
macrostructural unit. If Qe map all the centres of the
clgster units into a circle of macrostructural unit
diameter, we get the-vectors 2?0-1,2,3,..n) that have
values in digcrete points within the surface of the
circle. Hence, 2?&-1,2,3....n) can be simulated as

impulses over the surface of the circle.

Therefore, ZA should be  represented by a
generalized distribution function. Once the
distribution is described for 561-1,2,3,..n), th%
derivative caﬁ fbe' developed and a generalizeé
microstrain can bé established. The passage of this

generalized microstrain to the global' strain may

require a special mathematical treatment. The complete

3
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treatment of the theory of distpibution is given in
Schwartz(1960) and Gel’fand and Shilov(1958).
'

2- The smoothness assumption and averaging
theoxem: First an ordinary function ofM\Ehe concerned
argument should be considered and then the smoothness
assumption should be implemented. The smoothness
assumption permits the derivative to exist and be
continuous. The advantage of this assumption 1is that
it is possible to get a vgctor gradient which puts the
strain formulation in a simple form. The smoothness
assumption has been used in granular mechanics by
Christofferseﬁ‘et al. (1981), for the total granular

medium. We have applied the smoothness assumption over

the macrostrucural unit for this study.

The average theorem has been introduced by Rice

94

(1971) as an average of a function over a “specific.

region” of the material. Ri¢ce (1971 and 1975) has used
this theorem to find the global plastic strain
increment from the internal state parameters in metal

constitutive modelling.
Implementation of the second method:

If we apply the smoothness assumption to Eq. 3.4,

we get the following equation:

U= 2(t) - 2(t) . (3.11)




. ) ﬂ !
The partial derivatiwe of Eq. 3.1l takes the following

form:
9Z U . ' ‘
E  e— ] (3.12)
oz P YA
¥ Where: .

92/37'= The deformation gradient (Malvern 1969). We
will use ¥ for the deformation gradient.
3U/a7 = The displacement gradient (Malvern 1969).
U = The total displacement of the macrostructrual

unit.

1

Note: the gradients are based on the Lagrangian

coordinate system.

-

The incremental form of Eq.3.12 can be expressed '

as follows:

Az AU ;
= + 1 (3.13)
Al AZ

Eg. 3.13 is considered from Taylor approximation (i.e.,
Az=(92/02) AZ+..). It is called a difference equation

in the parlance of numetical analysts.

P
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By using the average theorem, it may be possible

a‘ to put the displacement gredient in terms of the
average over the macrostructural unit (i.e., the
average over the 1index «¢). Hence, Eg. 3.13 can be
expressed as follows:

a A
Az au
= —> + 1 (3.14)
Al AZ )
From Eq. 3.10, we get the following expression:
e A aA Vi a A aA oA
AU av, aU, AV
(=== {—, + — * =+t = (3.15)
Az Az Az AZ Az
Note: The angular brackets define the mean values of
the enclosed quantities. X
Several strain measures have been used, but we
will wuse the following form which simulates the
" conventional continuum one.
] ) n ny
e(t)= (l/72)( ¢ ¥ - §) (3.16)

19

] )
¥ = the deformation gradient, the superscript m

N

rafers to the.macrostructural unit.

¢
‘ g = two~dimensional Kropecker delta.
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This form of strain is suitable for passade to the
‘ global strain and easy to operate to find the
stress.

The strain of the macrostructrual unit (EgQ.3.16)

¥

can be expressed in terms of the modes of motion of the

cluster units within this-MSU as follows:

[ ¥ ] em sl M 'R
AU AU AU AU )
g(t) = 1/2[—-7 * ] + 172 [ — % m]
N AZ AZ

Az INA
\ (3.17)

Note: the above addition and multiplication should be :
done in terms of vector components.

A}
Eq.3.17 represents the strain—displ%cement‘relationship .
!
for the macrostructural unit. When the total
displacement is very small, the last product term can

be neglected.

The fugdamentgi difference between the
conventional continuum strain and Eg. 3.17 is that the
_strain in Eq.3.17 contains in its argument the inteEna}
state parameter, which is the director &?A where EZA

has bgen described by equation 3.lc.

0



Discussion:

The kinematics of deformation of particulate media
is a hybrid of the kinematics of two fields. The first

field is the kinematics of deformation from continuum

‘mechanics, in which the fundamental concepts are the

strain of two distinct points and the continuum motion.
These two concepts are built on the premises of the
deformation gradient. The second field 1is the
analytical mechanics, in which the fundamental concept
is the motion of rigid particleél This motion is
described by - two modes i.e., rotation and translation

\

in the generalized coordinate system.

Hence, the deformation gradient is the principal
concept for tﬂe development of the kinematics of
deformation of the particulate media. This deformation
gradient is constructed frém the concept of motion of
the rigid particles (Eq.3.17), and therefore the

A

directors N play key roles as internal state parameters

of the deformation gradient.

Rice (1971) and Bishop (1951 a,b) have considered
the internal state parameter for continuum body rather
than for micrcelement. Their state paéameter is derived
from thermodyanmics, and therefore this state parameter
is difficult to reconcile to the actual mechanics cf
the material. 1In the present study, it is represented

from the point of view+« of the mechanics of cluster

motion.
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The difference between our theory and the director
theory 1s that in addition to the introductio; of the
microélement scale, the rotation mode in our theory is
transferred into displacemegt by 1introducing the .

rotation vector. Hence, we have only one set of

deformations.

3-4-2 Kinematics of Deformation of the Second Region:
The deformation of the clusteé is a result of the
rearrangement of the particles within the cluster unit.
We will not considér the kinematics of a two-particle
system since the scale 1is too 'small and a lot of
detailed information can emerge. These details might
not be necessary for the prediction of global
deformation. Hence, we will consider the defbfmation

of the cluster unit as a continuum body.

In the analysis of this deformation. we will
consider\\first the configuration state Which can be
described by the following vector positions, (see

Fig.l17a):

Undeformed state:
aA A 16A
Y(y,t)= Y(y,t) - N (y,t) (3.18)

De formed state: e

aA in iaA
X(Yrt)"' X(Y/t) - I (y.t) (3.19)

Beores T ot e a1



ah
N (y,t) = vector joins the centre of the cluster f

with the contact point(i) within MSU(A).

Note: L,C. of N (i.e., n) represents the deformation
.and not the rotation of this vector (there 1is no
movement of the clusters in type B2 deformation, i.e.,
the cluster movements are accounted for by the
deformation of the other clusters, see the definition

'‘of type B2 deformation in previous sections).

The rate of change of Eq. 3.18 has the following

form:

A X -1OA
iy, )= 7y, - 80y, &) (3.20)

If we take the contact point(i) as a “"reference
point”, i.e., the rate of change of the position vector
of the contact point equal to zerq(§;0), the rate of
~chanqe iﬁ Eq. 3.20 represents the real deformation rate
of the cluster units(x). The real deformation rate is
defined as the deformation rate which accounts for the

deformation of the cluster unit withogt its motion,

since its motion is accounted for by the deformation of
other cluster units. H}nce, the deformation rate of the
clusters is:

¢

LA A
y(y,t)= - n (y,t)

¥ The acceleration, in general, can have the following
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Y=y (t)- o (nt)

\

The cluster deformation can be viewed in terms of

R A . .
the deformability of the vector N without its rotation.

In other words, the deformation of the pair of clusters °

at the contact will be considered. The small
deformations of the <c¢luster uniis do not, mean a small
deformation of the MSU, since the MSU is a collection

of several cluster units,

3-4-2-1 Microstrain Formulaéion:
We define the scalar product of the vectors ﬁ’and
gmfor the MSU(A) (the indices given in ﬁ“are considered

for simplicity in the development, see Fig. 17p) by

RSN § o

1 1 : ‘
where ]NT and INT are given in Fig. 17b,

and 6 is the angle between the two vectors.

After deformation, W will have the value
¥

\

’

We=n. 0=l o] cos?

~The difference is as follows:

/

.
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Fig. 17 Kinematics of Deformation (Type B2)
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Wwe 0. n -8 Nenf |a] cos ® -INT 18] cos o
\ ’ - (3.23)
If ve assume the smoothness field of deformation over
the macrostructural unit, we can expand Eq. 3.20 into
ﬁcLaurin's series at the - contact, i.e,, at the

reference point.

(¢ =)= ¥« 2 A5 5 I IR IR WG U LTS NPty
S A ah.(’

-
, At the reference point, we have gﬁ Y.

Hence;
12 212
»®
nle 32 R . 9o ) ? (3.25a)
- 12 = 12,
aN N

13 )

13 13 13 2 -

n = -a%‘ N + .?f?.; (N ) (3.25b)
3N

LR

If ve substitute Egs. 3.25 a and b in Eq. 3.23, ve
get the fol;ow§ngz
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aN aN* aN aN

{
PN

éxz axa
- n n 12 13
W"' w = —Tz —1_3 - g E H s+ [ ] (3'26)

oN oN

If p (in Fig. 17b) represents a rigid-body motion of
the cluster units of center p, then W will be equal to
W for any choice of a configuration state. Therefore,
this fact suggests that the term in parentheses (Eq.

3.26) 1is a ‘reasonable measure of the deformation

concept for the M.S.U.

Thus the strain measure in this case can have the

same form as for the first region.

elt)s (L7200 4" - ) (3.27)

Where ,} | X

4" = The deformation gradient of the MSU

(second region ), and it is equal to an/aN,

The fundamenta difference between the

conventional continuum strain and Eq. 3.27 is that the

strain in Bg. 3.27 contains in its argument the
IgA
internal state parameter which i4 the director N , in




vhich * its deformation represents the development of

this strain.

Discussion: 0

The following points are important for

developments in the coming chapters:

Va

l+ As can be viewed in Equations 3.17 and 3.27 the
microdeformation gradient and the microstrain are
produced from different elements of kinematics of
deformation. Therefore, the microstrain of
particulate media depends on the types of
deéormation(type B and type C) which are induced

'

in these media. Therefore, the development

procedures of the constitutive equations will

depend on the types of deformation.

2~ In micromechanics of soil, the

L]

microstrain~displacement relation has advantages

over the similar relation 1in continuum mechanics;
the microstrain can be developed from the
displacement which 1is a direct result of the
mechanismy of the local cluster motion or
deformat{on. Therefore, the estaélishment of the
microstrain-displacement relationship requires a
certain experimental program in microlevel of the
clay sample to get the cluster kinematics

behaviour.

L4

Hence, under a specific load the dispt?g@ment of

LS
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- mbftusing the displacement. Further discussion of
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the cluster units can be trace? by an experiment
in the microlevel, and this displacement can be
transferred into mi&sostrain by a computer program

( using Egs. 3.17 and 3.27) built in with test

) : |

. . D . .
The exverimental micromechanics 1is beyond the

data acguisition.

objective of this study. Therefore, in the
following chapters we develop the constitutive

o
equations in terms of the "microstrain”", instead

this point will be given in Chapter 4. J

2 *

3- The consideration of the randomness of the
microstrains over the ensemble  of the

macrostructural units is the subject of Chapter 5.

~

-~

4- In the previous sections we have discussed the
Ykinematics of deformation of partjculate media and

the director concepts, and the developments of the

&microstrains of the first region and the second

region of the clay compression. We can now address
the concept that the kinematics of deformation of
particulate media may EPllow different "viéws and
methodology; than the classical continuum

mechanics aq?_particle dynamics.
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3—-5 VOLUMETRIC AND WEIGHT RELATIONSHIPS:

In the last-section, we developed the microstrain
measures. In this section, we will dﬁyelop the
volumetric and mass pérameters which are essential for

. B
time evolution of vdeformation.
N

o

There are~three_important relationships of volume:
porosity, void ratio, and degree of saturation.
Porosity is the ratio of void volume to total volume;
and void ratio is the ratio of void volume to the solid
volume.

- A

The void ratio represents one of the fundaqsptal
state pérameters in stability analygis. It is one of
the parameters that describes the jinitial state of the
soil media, (loose as opposed to dense condition).
These conditions are fundamental in describi the
mechanical behaviour of the soil system. Void can
be linked with a constitutive operator to—find
stress~-compressibility ‘relations. Moreover, it
centributes to the modelling of the hydraulic
conductivity of the soil system.

% 4

The bulk void ratio has often been related to the
coordination number (the number oﬁ\ the contacts per
particle) for granular media, see Smith et al.(1929),

Field (1963), Gray (1968), and Oda (1972).
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The most useful relationship in terms of weight is
water content which 1is the weight of water divided by
the weight of solid in a soil element. The relationship
between water content and wvoid ratio for the
microelement (MSU) will be given in this section. The
pore space system of the clay:w mass has been divided
into micropores and macropores (intra- and
inter-cluster). Therefore, the void ratio and water
content can be defined for the iﬁter cluster pores and

A

intra cluster pores.

Table 1 sho&s some definitions of the volumetric
and weight relationships for the microelement scale
which is proposed 1in the présent analysis, The phase
diagram which 1is shown in the table indicates in the
left side the volume relations and on the right side

the mass relations. From this table, we can obtain the

following relationships for the MSU.

Vol. of the intercluster pores in MSU
e = (3.28)
) Vol. of the cluster units in MSU

>

5 ¢ \
Se =w ji (3.29)
4 w

For Fully saturated macrostructural unit(S=1),

Eq. 3.29 can be reduced to the following form:
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o.+p. €
p = =2 T ©(3.30)
(m)sat. (14e ) !
m .
' ‘ *
Where ' ?

S = the degree of saturation of the

macrostructural unit,

e = the void ratio of the macrostructural unit
n
based on the macropores, i.e., the 'micropores are
included‘in the volume of the solids. This void ratio

plays an essential role in the present analysis.

» = the saturated density of the MSy

(m)sat,

w = the water content of the macrostructural unit
n

based on the intercluster fluid. The other terms are

dafined in Table 1.

¥

For the cluster unit, the void ratio(q:) has the following

0 'for:m:

wlombs or

3
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Table 1 Volume-weight relationship of the macrostructural unit

Macrostructural unit

| v intercluster

i water LA

: intracluster’ =
| v vater w

s . »

é

| v solid W

E 3 s

|

A S

TR TEIRRE T TR R &

Volume Relationship

V =

V =

volume of water
(intercluster)

volume of water
({intracluster)

Weight Relationship

W,= weight of water

¢ (intercluster)

W= weight of water

(intracluster)

v o= volume of solid W= weight of solid
V. = the viume of the W = the weight of the cluster
cluster
2 -
v, v, W, W,
Qm = = wm' =
v o+ v IV, W+ W, IV,
I = summation over set C
W;+ Q.+ W
. p =
m V, + YV + Vs
h _ W, + W,
p E ]
. V, + ¥
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Vol. of the intracluster (micro) pores
g =— (3.31)
Vol. of the solids within the cluster units

It should be noted here that e and w are local
?arameters which are different frommthe b:lk parameters
e and w. However, the average of e plus the average of
€ can be equal to e (bulk void ratio), i.e., e=<q3+<€?
(as an example, the Champlain clay:  of Quebec at
specific sites has e= 2.28, <ep»= 1.6<8y= .68. These

values are developed from data of Delage et al,.

(1984)).

3-5-1 The concept of "The Compression Zone":
Compressibility as defined in the introduction ﬂé
the volumetric response of the soil system. It depends
on the voids in the solid system. As an example, the
compressibility of a gas 1is . greater than the
compressibility of a liquid, because the voids between
the molecules of ga§es are larger than the voids

between the molecules of ligquids.

SOil is a three-phase system: solid phase, water
phase and air phase, If tihte voids of soil can be filled
either with water or air, the soil will be two-phase
system. Hence, the compression zone of the particulate
system can be defined as the volume of the voids
between particles or fabric units. The shape and the

14
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size of the compression zone depend on the fabric and
the pack of the system. For plate and rodlike particle
(fabric unit) shapes,‘the ;ompression zone depends on
the mode of association of these particles, 1i.e.,

edge-to-edge, face-to-face and edge-to-face.

Bolt(lQSG)ﬁpnd later Sirdaran(1979) have related
the‘sompression zone of the parallel clay particles to
the void ratio of the total system. They consider the
compression zone in terms of the distance between two

clay particles.

In the second chapter, we defined the clay §yst§m
as haviné two different pores: macro- and micro- pores.
These pores have been generated by different solid clay
particle arrangemeﬁts. The macropores are formed by
the cluster units which have idealized spherical shapes.
The micropores are formed by the particle arrangements
within the cluster units. The clay particles have

platelet shapes.

We will consider the compression zone for
different solid shapes. The concept of the director
theory which has been wused for the development of
microstrain 1is used here. One of the advantages of
using the directors for the development of the
compression zone is that'it puts the system change as
material frame indifference, i.e., the volumes and

areas (and their rates) as an objective gQuantities,
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By wutilizing the director product concept, the
directors are vectors vwhich describe the shape of the
compression zone. In the following, we will wuse this
concept for three different shapes: cylindrical
spherical, and platelet. "y
Mathematical developmeht: l
From the concept of cross-product, we get the
following expression: . :
gyx b = 2ay i . (3.32)
where
u = unit vector at right angle to the plane of
the two units.
- a and b = directors which describe the shape of
the compression zone between two units ‘4

A = the area enclosed between the two units
Hence,

| axb | =2A

in which |u]|=1.

If we take the time rate of change of Eqg. 3.32 we get:

L}

axb+axb=2(Auyu+auy)

in which the dot &enotes a time derivative (dy/dt)

-
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From the Schwart:z inequality, we can get:
lexb i+ laxbla |axnegxp|
Hence,
~
l2xb |+ laxplz2Gysag,)
- \
where
U= dx y
w = the angular velocity of the vector which is
at right angles to the plane of the two units.
AN
1fA4e restrict the motion of the clusters in(the~913ﬂe~ﬁt“"“"*W”Af
right angles to the unit vector u, i.e., u=0, we get
|a;xg|+;§x§|=z|z&[ (3.33)
See Fig, below. . f;2>>
§

For volumetric analysis, we have the triad director product,

V=c.|axb | (3.34)

¢ = a vector at right angles with plane of the two

vectors a and b.

’”
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V = the volume enclosed by the triad directors.

The iﬁ}e rate of change of Eq. 3.34 is,

-

av dg | da db
o= % — , laxbh|l+¢.(|~xDb]+ |ax—|) (3.35)
dt dt dt dt

Por restricted motion, we get the following expression:

av dg dAa
| — 2 ( - IAI + g . l"—l ) (3036) ¢
dt dt dat

Table 2 gives the formulations for different
shapes with appropriate director definitions. In light ’ N
of the mechansim of deformation of the first region, we
have the cluster motion (no particle motion, 1i.e.,
rigid clusters)., Hence, the compression zone betwveen
the clusters 1is the one which will be affected under
applied 1load. In fact, the compression zone
formed by the clusters is thes generated cavity in the

MSU.

In light of the mechanism of deformation and the
physics of compression of the second region, _we have
cluster deformation without motion, i.e., particle
displacement within these clusters. The compréssion
zone between the particles is the one which ‘will be
affected under applied load. Therefore, some of these
formulations will be used for the appropriate

deformafion regions in Chapter 4.
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In the last section, we developed the area and
volume of the compression =zone, In the following
section, we will develop a model for the

@

' macrostructural void ratio by using the geometrical

probability.

3-5-2 Void Ratio of the Macrostructural Unit:

The concept of the probability which will be used
here is geometrical probability. This probability is
concerned with random variables which are geometrical
objects taking values in some set of possibilities on
which there is a defined non-negative measure,
satisfying certain required conditions which enable us
to interpret it as a probability.

12

Part of this probability is explained in terms of
intrinsic fabric variability concept (see Chaper 5 for
more detail). The following steps are necessary for

[

the developement of the void ratio:

.
i~ PFinding the cluster diameter from the observed
diameter:

If we cut a test samﬁle, we can observe the
clg??er units and the pores by scanning .electron
microscopy. The probability distribution of the
observed diameter of the cluster units can be found and
called F(y). Hence, from this distribution of diameters,

we can find the actual probability distribution of the

A
5
&
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diameter of clusters.
-

»To do that, we will consider the integral eguation
model which is presented by different authors including
Kendall and Moran(1963), and Tallis(1970). It was
originally dJdeveloped by Wicksell (1925,1926). It
represents one of the fundamental eguations of
geometrical probability. The inteéra; equation can have

the following form:

b
oo
4 g(r) e
f(y)=s — ‘ dr ) . (3.37)
2 2 1712
E(r) (r-y)
Y
where .

f(y) = dF(y)/dy . .

f(y) = probability density function® of tpe
observed radius of sﬁherical cluster

g({r) =  probability density function! of the
calculated radius of the cluster.

E{(r) = the mean value of the radius of the

clusters.

Egq. 3.37 represents relationship between the
observed probability density of the cluster ‘fadiu
£(y), and the calculated probability . density function
of the cluster raéius g(r). In the Appendif A-2, we
have simplified the integration of Eg. 3.37 and have

solved it by using numerical technique.




For equal size spheresY the governing equation is:

\

AN {
Y
£(y) =
2 2 1/2 -7
(r -y )
In the Appendix A-1, we developea the

relationships between the moments of observed and
calculated cluster size distribution. The expressions

for the moments are:

: " E(ﬁ ) )

E(y) = — {3.38)
4 E(r)
2 E(5)

E(y) = — (3.39)
3 E(r)

where

E(r)= The expected value of the radius r.

E(y)= The expected value of the observed radius y.
E(r)= The second moment of the function g(r).
E(r})= The third moment of the function g(r)

(Axelrad (1978) and Benfamin et al. (1971)).

¥

These moments are used for several applications, sugﬁ
as the formulation of the average specific surface
area, the hydraulic radius (R) and the cross sectional
area of the channels(a). The formulation of the last

two parameters (R and a) are considered in chapter six,




o,
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The average specific surface area of the cluster unit

can have the following form (see App. A-1l):

E(r)
B Sv = 3 -—-3) . (3.40)
E(r

Equation 3.40 will be used in Chapter 6.

-

ii- Calculation of the probability distribution of
volume of spheres:
We have a function relationship between the volume

of the cluster and radius of the following form:
vV = g(r)

3
V =(4/3) w r
, 1713
r= ¢ V

Where .
, 173
c= (3 n/4)

Papoulis (1967), Ang et al. (1975) and Benjamin et
al. (1971) present methods for deriving the
distribution of random variables which are functionally
dependent upon random variables whose distributions are
known. In general, one should seek the probability
distribution of the dependent random variable V
(volume). For any particular value V, F(V) is found by

calculating in the sample space of r (radius) the



probability of all those events where g(r) is less than

or egual to v. Hence:

ag - -1
f(v)= |— | £(3)
dv .
c 1/3 -
£E(v) = | | f£(& v ) (3.41)
wApf 3 R
3 v

Once we calculate the distribution of the
diameter, we <can find the probability distribution of

the volume of the cluster from Eq. 3.41.

iii- Void ratio formulation:

The probability distribution of +the number of
cluster units in a macrostructural unft is assumed to
be a poisson distribution. It has the capability to
model the possible occurrences of events at any point

in space and it has the following form:

E(V) n
- ( n ) ©
¢ E(v) E(V)
pr(qr%)g exp - ( n ) (3.42)
n| (v)

where
E(V) = the average volume of the MSU
E(%) = the average volume of the cluster unit
® = average rate of number of cluster units
\

in the macrostrucdtural unit.

n, = the number of the cluster units in the




The macrostructrural void ratio formulation can be
developed from the above steps and from its definition.

Hence, it can have the following form

1
;’:‘.(vc) - n.= v — (3.43a)
1l + e
m
\h -
Y" - E(%) n,
e.* (3.43b)

E(%) n,

Where V = the tota} volume of M.S.U.

The volume of the macrostructural units and the
number of the cluster units(n ) are treated as random
variables according to Egs. 3.41 and 3.42. Hence, the
void ratio of macrostrctural unit will have probability
distribution over the ensemble of the macrostructural
units. Further from this disribution and Eqs7 3.29 and

3.30, we get the probability distributions ofjmﬂandgf

New Fabric Definitions

The void ratio of the macrostructuraﬁ unit is
introduced as a new fabric definition for iclay soil
(and .sand soil). This fabric definition can describe
and model the macropore size distribution an the

arrangements which are essential for the following
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points: | \\L*////

1. To describe the initial state of the system,

i.e., loose state as opposed to dense state. This

description is very important for modelling the

constitutive equation of the soil medium.

2. To describe and model the fluid flow through

the soil medium. Further;‘ the macrostructural

void ratio can be used as a state parameter to
describe and model the stress—deformation equation
of the soil medium. In the present anaylsis, we
will use e for modelling the fluid flow equation.
Fig. 18 shows a schematic view of this new fabric
definition.
i
Calculation Procedures for e, ¥, A;

The steps for calculation of the probability
distribution of the macro;tructural void ratio are as
follows:

1- Calculate the probability distribution of the

radius of clusters and the macrostructural units

by using Eq. 3.37 with input data: observed radius
of the clusters and MSUs 1in distribution form

(from scanning electron microscopy soil samples).

2= Calculate the probability distribution of
velume of the units by wusing Eq. 3.41 where the
input is the calculated probability distribution

of the radius.

»
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Fig. 18 Schematic View of the New Fabric Definition
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3- Calculate the probability distribution of the
number of the «cluster units per MSU by using Eq.
3.42.

4- Calculate the probability distribution of e by
using the above steps. This is done by appling the,
Monte Carlo simulation technique on Eg. 3.43,
where the inputs are the probability distribution
of the number of clusters 'in the MSU, and the
probabilities of volumes of the clusters and the
MSUs. The Monte Carlo technique is explained in

0

the Appendix D.

Once we calculate the probability distribution of
the macrostructual void ratio from Eq. 3.43, we are
able to find the probability distribution of the water
content and density by using Egs. 3.29 and 3.30. It
can be noted, interestingly, that in classical
geotechnical engineering we measure mass, and calculate
water content, and thus calculate the void ratio, and
density (p). However, in the above procedures, we are
doing just the opposite.

\

A computer program was developed to calculate the
probebility distribution of the void ratio, density and
water content of the macrostructual wunit. The flow
chart is given in Fig.19, and the numerical technigque

is discussed in Appendix A.
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Discussion:

The mass-volume relationships represent the basic
relations in the classical geotechnical engineering, we
have extended them to cover the microelement scale,
i.e., the macrostructural unit. The new mass-volume
relationships have the capability to describe the
macropore size distribution and the subregion(MSU)

water content distribution.

The cross groduct of the triad directors has the
capability to 1 the compression zones between the

clusters (or particles).

The macrostructural void ratio is the key
parameter for the description and mogélling of the

fluid flow behaviour which will be discussed next.

3-6 FLUID KINEMATICS AND FLOW BEQUATION:
o N
In the previous sections, we dealt with kinematics
of deformation of the clay skeleton. In this section,
we will develop the fluid kinematics and flow equation.
The fluid flow through soil depends on many
properties and characteristics of the soil and the
permeant. Those which are related t6é soil are the pore
gsize distribution, torturosity (the channel of flow),

fabric and the surface characteristics of the

-
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Input Data

- The probability distribution of the radius
of the cluster units per test section

- The probability distribution of the radius
of the MSU per test section

~ The average number of the cluster units
per MSU

- The density of water, and the density of

solids

First step
Calculation of the probability distribution
of the radius of the clusters and MSUs, the
steps are:
- Divide the region into n strips
- Pind the values of the radius in each strip
- Get the cumulative probability distribution
(CDF) from the above steps by using the
least square method
- Find the probability density function
(pdf) from CDF for the clusters and

MSUs

Second step ‘
Calculation of the probability distribution of
= The volume of the clusters and MSUs Eg.3.41
- The number of the clusters per MSU Eg.3.42

'

Final step
Apply the Monte Carlo simulation technique to
BEgs. 3.43b, 3.29 and 3.30 to find:
- Macrostructural void ratio
- Macrostructural water content
~ Macrostructural saturated density

Pig. 19 Computational flow scheme of probability distribution

of %n' %“and ﬁ]



particles; and those which are related to the p~rmeant
are the viscosity, temperature, density, and its free
energy. In addition, we have the soil-water interaction
factors which depend on the pore fluid chemistry such
as the dielectric constant, pH value, etc.
g

It is di{;ﬁcult to assess the relative importance
of each of the factors, since many of them are
interdependent. The effect of temperatdre on liquid
transfer is not fully known, since temperature affects
both the permeant and clay-water interaction (Yong et

al. (1975)).

Physics of Fluid Flowi

The physical description of clay compression which
is introduced in the'second chapter reveals that in the
first rebion, Ehe fluid will move oﬁt from and through
‘the cavities (macropores). The water volume-which will
be transferred out from the concerned soil mass is
measurable as far as the excess pore water pressure can

be measured,

The excess pore water pressure is measurable until
the macrostructural void ratio reaches a certain value.
We .call this void ratio as the equilibrium void ra:io.
In the overlapped region, not all the macrostructural
units reach equilibrium void ratio. Hence; the fiLid

will move out from thq macrostructural units which have

not reached the equilibrium void ratio. Therefore, some
3
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surface flux of fluid (volume) can be measured.

For the secord region, all macrostructural units
have reached the equilibrium void ratio. Therefore, the
flow from micropores to macropore will be with no
s;rface flux of fluid. For this region,

self-organization of the soil-water system can take

place.

It should be noted that when the macrostructural
"unit reaches the equilibrium value, it does not mean
that the‘ bulk void ratio has reached the equilibrium
void ratio. The equilibrium bulk void ratio has been
defined in the literature as the void ratio at which
100% consolidation of the sample takes place. It
concerns itself with both micropores and macropores.
Therefore, the equilibrium bulk void ratio may cause
confusion, since when it reaches the equilibrium, some
of the micropores will be caused to change, and these
micropores ,do not have a relation with the excess pore
water pressure measurements. Micropores changes cause
small pore water pressure to build up, but it 1is not

significant to be of measurable value.

It is worth noting that our definition of
equilibrium void  ratio indicates that the excess pore
water pressure can be measured  until the

macrostructural unit void ratio reaches its equilibrium

value.
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. We summarized the above discussion in Fig.20 which

‘ ‘\\ shows a schematic view of surface water flux from a
soil mass system; the ordinate représents the volume
change and the abscissa the log time. We will devélop
‘the flow equation for the first region where the

Sk?surface water flux (volume) can be measured.

L3
-y

;—6-:1 Review: * .

From the continuum point of view, a fiow equation
baséd on experiment has been developed by Darcy. This
eduation relates the velocity of the flow with pressure

gradient. This relationship 1is linked with the

have been confirmed ‘the validity of the law, and the
- fundamental factors controlling zhe permeability

s

coefficient. See . for example, Olsen(1965),

Hansbo(1960), and Mesri and Olson(1971b).

Lambe(1954), Michael/ et al.(1954) and Olsen{1962)
have demonstrated that e Kozeny—-Carman equation which
has frequently been used/ to predict permeability is not
suitable for predicting the permeability of

o ; ' finé;grained soils. |

o —

Many empirical relationships QE;; been established

from expérimental data relating the permeability to the

(. [ " void ratio (see Tavenas ef al. (1983),:0lson et al.
(1981) and Juarez-Badillo(1981)). These_;élations can

=

have a-general fu%ction as follows:

coefficient of permeability. Extensive investigations-

~
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K= f(e,§)
vhere
K= the permeability coefficient~
e=bulk void ratio

§ =experimental fitting parameter

In order to use these empiricai formulations,.one
has to be aware of their limitations and applicability.
These formulations may be suitable for a certain types
of soil wunder certain specific fabric conditions. If
two samples from the same soil with same bulk void
ratios are subjected to the same external stimuli, the
prediction from empirical formulations may give the
same results, while +the actual response could give
+different results since the bulk void ratio does not
“nglect the "soil fabric” of the system. In other
~words, for same bulk void ratio a medium\ composed of
numerous sm;ll pores 1is 1likely to exhibit a ;ower
saturated permeab%}ity than a medium composed of fewe£
large pores. Hence, other parameters besides the bulk
void ratio which reflect” the soil fabric should be

considered Yor better representation of the actual

soil-water performance.

From the discrete point of yiew; Leonards(1962)
has developed Hagen-Poiseuille equa;ions for different
equivalent capillary channels model. Scheidegger(1974)
‘ﬁas examined the hydraulic radius ‘of channels model

derivation from the Hagen—Poiseuille equation, and he
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has presented a critique of the model. Further,
Scheidegger has suggested that the preferred model of a
porous medium should be based on probabilistic

concepts.

P

1
i

With the view.- of using pore size distribution to
predict the permeability of siltyclay, Garcia-Bengochea
et al.(1979) have classified different models which are’
inﬁroduced by several investigators (such as Childs and
Collis-George (1950) and Marshall  (1958)) into
capillary models and hydraulic ﬁodeis, all of them
based on the premises of Hagen-Poiseuille equation.(See

also the work of Juang and Holtz(l986».

3-6-2 Flow Equation Development:
Below, we will develop a flow equation which can
take into consideration the materidl characterstics of

the media.

+ The mechanism of flow can be viewed as the flow
through a channel connecting two adjacent
macrostructural units., There are two conditions of flow
between the two adjacent macrostructural units. These
conditions are: a) conduit flow type and b) flow around
a submerged object. These types of flow depend on the
size of the macropores which 1in turn depend on the

local and bulk void ratios™"

L
When the cavities are very large, the conduit type




flow concept will break down. Because the flow will
move around the «cluster wunits, the friction drag
mechanism will represent an increasingly higher poftion
of the resistance to flow as compared with the wviscous
shear mechanism which determines the friction in

4

conduit flow.

The case of flow around submerged object type
relates more to the physics of sedimentation and the
compression of a very high void ratio clay system, and
therefore it will not be considered  in the present
anaf%sé;. Fig. 21 shows the schematic view of the two

cases. In the following pages, we will develop the flow

equation for the second case, 1i.e., the conduit flow

type.

The path of the fluid between two adjacent

macrostructural units is 1likely to be tortuous, the

arrangement of the cluster units would obviously’

determine the degree of tortuosity. Fig. 22 shows
schematic view of different cases of tﬁe channels
between two adjacent macrostructural units.
case 1l: Simple channel connects between two
adjacent MSUsi The generated forces between the
fluid and the channel are the viscous shear

forces.

Case 2 : Simple channel but the existing forces

¥

R
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a-Flow around submerged object type model
{

b-Conduit tiow type model

-

Fig. 21 Geometrical Models for the Flow Equation
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are the physico-chemical forces and viscous shear
forces. The physico-chemical forces are generated
begause of the presence of clay particles in the
perimeter of the channels. These forces and their

interactions with the media are very important in

case of‘Ehemically active fluids. QT\\\\

Case 3: a network of channels connect the two
adjacent macrostructural units. This is
suggesting that the ﬁore geometry is not a channel
of impermeable boundaries, but interconnected
roots with complex geometry. The forces which can
be existed are the physico-chemical forces and

viscous shear forces.

3-6—-2-1 Mathematical Formulation:

The conduit flow type can accommodate the
development of these cases. It should be noted that in
thesg cases the channels’ variabilites and
uncertainties over the ensembie of macrostructural
units can be considered. Thus, the conduit flow type
will be used in the following anaylsis. For simplicity

L4

in development, we will use Case 1.

For the conduit flow, we apply the concept -of
Hagen—Poiseuille which uses the Newton’'s law and force
equilibrium of fluiM element, (see Appendix C-1 for the
development of the equation of the flow). The

formulation can be as follows:
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C R a
S v 4 4
g = — (p - P ) (3.44)
n TA T A
D

\C = shape factof -
o %.-= thé unit weight of water
‘ R = the hydraulic radius
a = the cross sectional area of the channel
§T= the pore water pressure build in the tavity
of MSU A with superscript n

T ’ . . .
%,s the pore water pressure build in the cavity

of MSU r with superscript =

AT
D = the length of the channel connecting the

two MSU
g = the rate of flow per channel

n = coefficient of absolute viscosity.

If we consider the continuity of the fluid flow
for a reference macrostructural unit (r), i.e., the

total quantity of flow in and out from the MSU r, we

get the foldowing form:

C ~» R a
s w i1 " ]
Igeg = _ — (P -P) (3.45)
i net i D i r

Where

q -\tbe rate of flov per channel(i), in or out, of
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the cavity in the MSU r

q = the net of flow stored in the cavity in the MSU
ne !

The summation 3 is performed over the number of the
!
channels connected directly with the  MSU(r). i
w L
represents the number of channels, and P and F are the .

terminals'pressure, see Fig. 23b.

1

>

qmés equal to the time rate of change of volume of

the MSU (V, ).

q = - (1+e) v (3.46)

whefe
L V. = the total volume of clusters in the MSU,/
i,e.,, the summation is performed over the number of the .
cluster units within the MSU.

V = the total volume of the macrostructural unit.

e, L V
- = t‘% - + (1 + q“) (3.47)
s ot at
Hence:
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b. The Channel Connectiorls Between the
Macropores

éig. 23 Schematic View of Channels Connected with
the Macropores
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¥

We will assume as a first approximation that the
rate of change of the number of cluster units within
the macrostructural unit 1is negligibly small. In
actual fact, this is one of the fundamental assumptions
in the development of the finite consolidation theory.

See Monte et al., (1976). Therefore:

net a t n

D
i i
(3.49)
Hence:
3 c R
em Y a T T
.- 2w > = (P-P) (3.50)
ot n ZVC ! D‘

Equation 3.5 1is very general and can be applied
for three-dimensional analysis. However, to
demcnstrate the analysis, the case of one-dimension;l
flow will be considered here ,and will be wused in
subsequent chapters. It should be noted that

6ne-dimensional fluid flow has been recognized

experimentally in some types of clay soil. See Yong et

A I3
!
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4
al. (1975).

Ia

Hence, Eq. 3.50can be simplified in the following form:

1)

n [y
e W [x p"-(x+K)p"+xp] (3.51)
at n LV vt o2 L
- [ )
Where
\& f(r'a )/D
= a -
1 4 i i i L

: | \

K = F(R'a )/D
2 i i i \

The summations(f and t) are performed over the channels
connected from the top to macropore(r) and the channels

connected to its bottom respectively. Fig 23b shows

these definitions.

If the channels parameﬁers/;re similar, we can

assume that KfKi and q = D, Hence:

de C Z,Rza
T n n
) m . 5w LA S ( P,n‘- 2 13 + E,:,,,) (3.52)
ot n LV D *
c - ‘ﬁ,t
( _ The excess pore water pressure ir{xw‘t}e cavities

(j,3-1,j+1) can be represented by three finite

difference nodes, (see Fig. 23b). Hence, Eg. 3.52 can

LAt ¢ o . 4/—‘|
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be simulated as a partial differential equation with
finite difference increment Ax=D. Thus, with some
1Y -

mathematical simplification, we get the following

equation:

. 3 { T a} —— (3.53)°

Eq. 3.53 represents 4 model which describes the

: .
fluid flow £from one macropore to the adjacent ones.
The basic ﬁarameters of the this model are the void

ratio of g¢he MSU, and the excess pore water pressure.

‘Eq. 3.53 by itself cannot describe the law of
performance of the macrostructural unit under
compression loading. It requires an expression to model
the stress transfer, and another expression to model
the compressibility of the clay skeleton (cluster

units). We will try to fulfill these requirements in

the next chapter.

.

5 .
v e . T . .
R AT SR LA 71 L L I S



In this chapter, we have developed several

concepts in the kinematics of deformation of clay—-water.
.system. The summary of these developments are as
follows:
’ ' ~
11§$or soil media, we describeg//éhree types of
deformation, i.e., type A, type B and type C. We
reviewed the literature of the director theory and
modified it to model the kinematics of ;

.. deformation.

2- \%e introduced the microelement(MSU) which.
conéists of a group of cluster units. Furthermore,
we developed the kinematics of deformation of the
first region which is simulateé by type él
deformation, and the kinematics of deformation of
the second region which is simulated by type B2

deformation.

-~ »
1)

-

3- For the macrostructural unit, we develqQped the
weight-volume relationships such as e, w, P. A
computer program has been developed to find the
probability distribution of—--these parameters over
the .ensemble of thé macrostructural units.

a

L4

et W ’

4- We 1introduced the concept of the compression

N
‘>zone which is the volume enclosed betweep two

4
/

J I —




units (clusters or particles).

5- We discussed the physics of fluid movement £from
. cavities and showed that there are two different
types of fluid flow models: ne co&duit flow type
and the flow around submer§:§ object type. We
have used the conduit flow type model and have
established an analytical model for fluid flow

from a given cavity to the adjacent ones.

In Chapter 4, we will use the kinematics of

deformation of the clay systeﬁ and the concept of the

compression zone to develop the constitutive equations

for the first and the second regions. ;
1 )

In Chapter 5, we will “use the analytical model of
the £luid flow (Eqg. 3.53) to link with the constitutive

equation for the establishment of the state function of

the first region. ‘

.
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CHAPTER 4
STRESS-COMPRESSIBILITY RELATIONSHIP

1

4-1 FORWARD:

In order to provide a 1link between the stress
applied and the compression induch in the material,
the constituthe properties of the material should be
studied. In this chapter, a discussion of the streéss
applied to the macrostructural unit will be provided.
koreover, attention will be focused on its components
in terms‘ of the stresses carried by different phases
and —1ocal stress balance. Last but not 1least, a
discussion of the formulation of‘R the
stress-compressibility relationship will be provided.

Before we start the program, the following
question should be raised; is there a coupled stress in

soil media®? The answer to this question will be

discussed in the following section

In our Aicromechanics theory, we have stated and
developed the kinematics of defogﬁation by using the
director concept and we concluded that the kinematics
can be represented by one set of deformation. In the

case of the stress field, there cannot be any coupled

2




" stress existing in the soil media. 1In the following we
will substantiate this idea by describing two major

works in the field of soil mechanics.

Mehrabadi and Nemat-Nasser (1983) stated, for the
stress field which exists in granular media, as
follows:

" Let the sample be divided into a finite number of
subregions (or neighborhoods) (Note this is the same as
our MSU). ,........... Consider a typical subregion
r, and let the “local stress measure’ in this region be

2a...."
(9]

As observed experimentally in the work cf Oda et
al. :(1982), rolling and sliding exist in the granular
media on the microscopic scale. However, the stress

field developed in thesé media has no consideration of

. \
coupled stresses (i.e., the stress A)is Cauchy stress).
i ,

Yong et al.(1985) have not considered the coupleé
stress for anistropic clay. 1In their development, they
consider the orientation of the plate shaped particles
with basal planes aligned in a direction normal ZE the
axis of the major principal formational stress. In
their constitutive development the orientation angle is

presented but the stress is a Cauchy stress (no coupled

stresses).
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We conclude from the above major‘ works in soil

‘:- mechanics (see also works of Bazant et al. (1975 and
1986)) that although the director concept has been

included in the kinematics, the couple stress does not

exist.
4-2 LOCAL STRESS BALANCE:

N Terzaghi was the first engineer who introduced a

stress balance as effective stress principal. The basic
point of the equation is that the applied stress is
taken partly by the fluidpphase and partly by the solid‘
phase.

Several&béIEéce stress equations (Table 3) have
been introduced. They take into account the repulsion
and the aEtraction forces between thé particles. These
equaF'ons have been applied to a scale of assemblage of
particles, mostly of two-particles system.

?

Although the balance equations (see Table .3) are
almost the same, the choice of the part of the stress
which is carried by the solid system is not clear, and
the terminology of wusing the effective stress as

opposed to contact stress is less defined.

‘z: We think that when the distance between the
two-particles is small in the Angstrom scale, the

" behaviour of the joint can be both mechanical and
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Table 3 Different stress balance equations for saturated soils:

= mineral to mineral stress.
= total stress applied.

n® fraction of the total area.
= repulsion force. '

= attraction force.

= pore water pressure.

Author General Eguation Contact stress
. Terzaghi (1925) ¢ =aq + U effective stress
~ . @ = g = U
Lambe(1960) o= 7 a_+ u+R-A effective stress
¢ =e-u=gq a+R~-A
Sridharan(1973) 7= 7 a_ + 0 +R-A effective contact
stress
C=d az o= U-R + A
C =g + ¢
Chattopodhyay g= ¢ + U +R - A true effective normal
(1972) . stress
¢ =g - u - R + A
« Mitchell(1976) ¢ =g +R - A+ u the intergranular
stress
¢ =¢ + A -u-R
{ o




physico~chemical. The , meaning of the mechanical
behaviour is that the i};ce between the particles will
be- filled with cations and adsorbed water, and these
cations and the water will work as a lubricated system
over the two particle surfaces, thus giving viscous
action. At the same time, the cations have positive
charges and the clay surfaces have negative charges.
Therefore, the physico-chemical action and reaction are
responsible for the attraction and the repulsionlforces

between the particles.

. In our work, the local stress balance 1is not .

4

applied for a scale of two-particles system, but it
w§11 be applied for the macrostructural unit scale
(i.e., the cluster size 1is the smallest scale to be
used) for reasons given 1in the second chapter (Flow
Chart 2). The total stress applied to the
macrostructural un}t is taken by tﬂé\(fluid and the

Y
cluster units. The formulation which is pre&osed in the

hpresent analysis can be as follows:

m i P [ 4

o= ¢ + g + P& (4,1)
3 - ~ =
n PR 14

¢ = g + P§

= = =

where !

, n i.p. <
g = g + g (4'2)

m
¢ = The total stress applied to the macrostructural

1Y

150




unit RN

c
g = Thg intercluster stress or the mechanical stress

which can be taken by the intercluster contact.

'pl
= The stress due to electrical interaction

e -

potential between the clusters. This stress is due to

active particles near the contact of the cluster units.

P = Pore water pressure which builds up in the

cavity within the macrostructural unit.

Eq. 4.1 represents the stress field for the

macrostructral unit, see Fig. 24.

The Mechanism of the Stress Balance:
There are various conditions or physical
mechanisms of the 1local stress balance which 1is

.
controlled by the (ép). These mechanisms are:

~ o

»

1~ When é'pé 0. This condition can be reached
either at equilibrium or at the condition of no
interaction potential between the cluster units.
Hence,

c n n

¢ = ¢-P§ (4.3)

=

In such a case, the <condition of material
compressibility is governed by the resistance to shear
displacement at the intercluster contact. This
resistance can be viscous and/or friction with no

interaction potential.
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P
> 0. In this case, the repulsive

na -

2- When

forces will be dominant and the intrrcluster stresses

may take the form: \

\1

.pj _ P'Q ‘ (4.4)

In such a case, the material compressibility
performance can be expressed in a mathematical form by
using the Double Layer tbebry. In addition, the
performancg depends on the separation distance between
the participating particles near the contacts of

neighbor clusters.

i

P
< 0. 1In this case, the attractive

HQ ~

3- When

forces will be dominant and the intercluster stresses

may take the form:

v

gt:= ( gn- ( - ;P)) _ p'g (4'5)

In such a case, the shear resistance at the
intercluster L contacts governs the material
compressibility, and this shear depends on the
direction of the strong plane of resistance at the
contact of the cluster units. This plane is different
for the Case 1 and Case 3. Therefore, the

compressibiiity performance of Case 1 and 3 can be

different.
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The performénce of the clay system for any of the
above cases depends on the type of clay minerals (e.gq.
kaolinite, illite, and montmorillonite), pore water
chemistry, and the size of the cluster units.
Environqental alteration of the pore water chemisgry of
the system which was in case 1, 2 or 3, may cause this

§ystem to behave differently than before alteration.

In the following sections, a demonstration of how
one can find the components of the local stress balance

is given.

P,

4-2-1 Calculation of From the ’ Interaction

ne

Potential:

4-2-1-1 General:

Clay particles have very small size. Therefore,
the specific surface area is very large. Hence, a large
proportién of the total number of atoms making up the
particles form at the surface of the <clay particles.

This makes the clay particles very active electrically.

The atbmic structure of the clay system includes
two types of sheet structure such aé tetrahedal or
silica sheet, and octaheéral or alumina sheet. The
surface can allow isomorphous substitution phenomena to
take place, i.e., substitutién of ions of one kind by

ions of another type, with the same or different
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’ «
valence, but with retention of the same «crystal

structure, The isomorphous substitution and the

imperfection in the crystal lattice may contribute in

causing the clay surface to have a negative charge,

The properties which are responsible for the
fabric formation, its stability, and the performance of
the clay-water systgm\are as follows: -

"

i- for the soil system; they are represented by

base exchange capacity, surface area, amorphous

material, and cementation  bonding material

(organic and inorganic);

ii- for the fluid system; they are ion
concentration (n), cation, wvalence, dielectric
constant, temperature, pH value and dipolar

character of the fluid.

These properties of the clay-water system can
interact to form different modes of particle
associations (i.e., face-to-face, edge-to-edge, and

face-to-edge configurational states). These modes of

associations form a stable or metastable system which

depends on the net potential of the interaction between
the pair of <clay particles as well as on the bond
condition (i.e, cemented or uncemented condition).

4

4

This net potential can be calculated by different
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mathematical models: . The formation of the cluster
units which are ~aggregations of clay particles in
different depositional environments is due to local

thermodynamic equilibrium.

The distance between the clay particles within the
cluster units ranges between 100-250 Z,which gives
a water content range between . 15% _.30% . The
thermodynamic properties of this water are different
from normal ﬁater; it has a high viscosity, and its free
energy 1is less than that of normal water.
Therefore, the particles tend to cluster gogether to

form a configurational state of minimum free energy.

These local equilibria of the configurational
states of the cluster units may not render the total

system equilibrant. Hence, an 1interaction between the

clustér units through their contacts may exist, and tive”

free water in the cavity 1is formed by a number of
cluster wunits. Within each cluster wunit, different
modes of particle association can be developed.

The interaction between the cluster units can be
developed through mechanical behaviour at the region of
contact and through physico-chemical behaviour at the
region near the contacts where the electrical forces of
the interaction can be calculated. It should be noted
here that the joint between the cluster units 1is not

really a physical contact as there is actually a very
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small distance between these units. Fig. 25 shows a
schematic view of the physico-chemical process of the

cluster formation,

4-2-1-2 Mathematical Formulation:
We will first develop the <calculation procedures
of the pair potential. There are two methods to £find

the pair potential:

a- The statistical mechanics approachs
Taylor et al.(1968) Jsed the statistical mechahics ¢

theory of 1liquids and radial distribution function

togethe; with an experimental technique of small angle = &

X-ray diffraction. The results of the X-ray scattering

data are usually interpreted in terms of the average

distance of separation between clay plates. He computed

the pair potential for Na-montmorillonite clay

suspensions.

b~ The Double Layer Theorf:

Clay particle interaction has been considered in
terms of Gouy—Chapmap double layer repulsion and van
der Waals attraction for the case of parallel plates

only. For other particle configurations, Flegmann et

A
al. (1969) resorted to different computational '
procedures to obtain interparticle energies. He

incorporated the measured zeta potential to obtain

—~—

energies for edge-to-edge, face-to-face, and

edge~-to-face configurations.

{
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In the following analysis, the Double Layer theory
will be considered. Extensive details of this theory
are given in Flegmann et al.(1968), Low(£961) and Van
olphen(i963). In geotechnical engineerinéh see Yong et

v

al. (1975 and 1978;.

We assume that at the region near the contact of
the two cluster uhitsA there are N number of clay
particles and that they have pair potential of ¢. This
ontentia} results from surface wférces whiéh emanate
from the élay particles. Yong et- al. (1985) have
calculated the pair potential for different clay
minerals interactions, and they have used them to
explain the #swelling proé;ss of an expansi?e soil. The
total N-body configurig}onal energy which represents
the interaction poteﬁ%ial between the two neighbor

cluster units can be formulated by the sum of

pair-interactions as follows:

s

4 e (1,2,3,4,.0,m) =D eliy) (4.6)
C' Cz i . ,,' . \e )
where )
¢ = The interaction potential between two

c ¢ -
. 1 2 * )
neighbor cluster units.

# = The interaction potenfial between two

-

particles.

/
Eq. 4.6 is an  exact formulation of the
|

interaction. Therefore, the interaction forces between

i
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the two cluster units can be derived\from Eg.4.6 by
differentiating ‘ with respect to distancg (Yvon(1969)
and Hamaker (1937)). It should be noted that it is
very difficult to definé the rate of “~change of the
_ interaction potential(¢) with respect to ther clﬁster
units displacements. Because the relative displgceqent
between the.cluster wunits is larger than the distance

between the pair of'particles, i.e., the particle which

. N . . . . »
is interacted with 1its neighbor will have a new

neighbor after the cluster units displacements. =

¥ . ‘ L /

However, the other method is as‘sg}l wst s
) 1- Find.the interaction'for?ig/béf;;jn the_pair'of
clay’d particles by diff;rentiatgné the pair
interaction potential with respect to the distanc;L
separation between these particles. These
particles are located at  the regiqn of the - two
clusters contact. The calculation-: prgcedures of

these forces are given by Baker (1969) and Yong et

al. (1985).

2~ Make the summation of all the forces generated
at cluster contact region for a "specific" region

‘configuration, i.e.,

(4.7)

)

Where,
f = interaction forces betwgen pair of particles
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4-2-2 Measurements of the Pore Water Pressure:

The po;e water pressure‘ }s a volumetric pressure.
It is very difficult to measure the pore water pressure
g’in 3;ch cavity within the macrostructural unit since
the diameter of the cavity, comgr%sing only a few
micrometers, is so small that the piezometer cannot be
 fitted into the cavity. Conseguently, the measurement

of pore pressure in so 'many cavities is very difficult
if at all possible. Therefore, the piezometer can only
sense some kind of average‘of the pore water pressure
in an ensemble of macrostructural units.

\

This problem has been faced by De Jon§(1968 . He
proposed a  theoretical 1local eéxcess pore water
pressure. This theoretical concept cannot reconcile to
the actual excess pore water 'prégsgre in the
microelement (MSU). In ‘the*follgwing section, we will

demonstrate how, 1in a simply way, the initial excess

pore water pressure can be established.

»

We consider the total soil system profile as shown
in Fig.26, (Tezaghi,1943). This soil system consists of
a clay layer which is buried beneath a bed of highly

permeable sand, and the water 1is located at height (h)

above the clay surface, see Fig. 26a. The water will

rise in a piezometric tube to the height h, and the
static water pressure at any level ZXZ-X egual to the
height (H+h-<2>), where <z> represents the average

height of the ensemble of macrostructural wunits from
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the impérmeable base. The height in the piezometer tube

-

represents the average static pore water pressure of

/

t

N
i -

the ensemble.

1f we apply a uniformly distributed surcharge load .

(Pl)'per unit area of the surface of sand,g the pore
water pressure on each level of the clay system will
increase by “an amount (Pl) which 1is in excess to the
hydrostatic pressure., Hence, ¢t ss hydrostatic
pressure in each cavity is equal t (i.e., ﬁLPI), at
the initial condition (i.e., at t=0.0). Consequently,
the water rises in a piezometric tube to thg height
h2=Pl/7&. A schematic view of A the clay system with the
. piezometric tube is shown in Figs. 26a and 26b. It
should be noted that the assumption of P'= Pl (at t=0)

plays a key role in the present analysis.

Discussion:

The stress which is transmitted to the cl%ster
units as mechanical or physico-chemical forces controls
certain aspects of clay scoil behaviour, notably
compression and strength. In the following section, we
will discuss and modgl the constitutive equation of the

macrostrucutral unit based on this stress which will be

called an effective stress,
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4-3 CONSTITUTIVE MODELLING 6? THE MACROSTRUCTURAL UNIT:

4-3~1 General:

Most of the works 1in the consolidation of «clay
soil which introduce some micromechanics concepts have
not céhsidered in detail the constitutive eqguation of
the soil. They only introduce the elastic constant
and/or viscosity parameter which are not based on

micromechanics modelling.

Materials having 1identical geometry respond
differently to the same external ef%ects. The internal
constitutions of bodies are responsible for this
behaviour. The constitutive characteristics of bodies
are broQght into play by means of the cause and effect

relationships.

For modelling the <clay compression perfqrmance,
the constitutive modelling of the clay system wunder
applied load is essential. And in order to develop the
constitutive equati%n, the procedures for
identification of the ™ clay properties and
characteristics should be viewed.

v

The material properties and characteristics which
' produce the physics phenomena (such as the dilatancy,
the stress and strain history—éependeng, and
timéjdependent, etc:)‘should be identif¥esd by testing a

representative sample in the laboratory or in the field

\ [y
.
+
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under controlled boundary conditions. Hence, the
characterization testing is essential for obtaiming the
material parameters: and factors under different

boundary conditions.

Several continuum analytically predicted models
which exist in the literature ( see the survey by Scott
1985) may not reconcile with the actual physics of the
clay performance. However, they can meet the actual
testing boundary conditions for which they are
modelled. In these models, the working parameters are
only two: the stress and the strain, and the set of
so-called material parameters, which are defined from
the characterization testing. It is sometimes
impossible to attach a clear physical meaning to each
of these material constants because there 1is no
consideration of the internal conditions of the soil

(i.e., the soil structure). Furthermore,

+

micromechanical foundations of these continuum models

are lacking.

o\

It is now widely agreed thht further advances in
the formulation of a realistic and broadly applicable
constitutive equation for soil has to be based on the
micromechanics of deformation and description of the

phfsiqei processes involved in the microlevel.
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4-3-2 Objective and Method of Appéoach:

The ultimate objective of this section 1is to
develop the microconstitutive equation which links the
microstrain with microstress ( the stress applied on
the macrostructural unit). The works of Bazant and his
cowcrkers have the same objective as this section.

Therefore, we will now critically review their works.
?

For concrete materials, Zubelewiz and Bazant
(1987) introduced the concept of the active plane in
order to describe the macrostrain softening of the
concrete due to cracking. They attribute the
macrostrain softening to a decrease of the resisting
area fraction of the material on the active plane. They
developed a microtonstitutive “equation based on the
‘classical elasticity and plasticity theories. Six
constant parameters describe this equatgbn. The
concept of the passage from the microlevel to the
macrolevel of this constitutive equation will be
"discus'sed in the following chapter. |

>

No micromechaniqig experiment has been wused to
identify or verify the parameters of/thf. developed
constitutive equgiion. Further advances of this model ;
are required to clarify the following points: the size
of the active plane area, and the verification of

Drucker's stability postulates on the‘microlevel.

s
.
i
380 b en

For'clay soil, Bazant et al., (1975) developed a




microconstitutive equation (creep in shear) by
modelling a triangular cell of the three straight-line
particles sliding over each other at a rate determi;éd
by activation energy. This 1is done accopding to the
shear force transmitted by the interparticle contact.

Hence, the microconstitutive equation is based on the

rate process theory.

One micromechanics experiment, ZX-ray scatteriﬁg
test, 1is used to. identiny one of the constitutive
parameters (i.e., clay plate orientations). Bazant et
al.(1986) drew attenation to some of the serious
drawbacks of this égdel. One of these drawbacks is that
the traingular <cell implies that every clay particle
slips over its neighbor. This may not be realistic for

clay microdeformation.

~

To overcome the drawbacks of the above model,

Bazant et al. (1986) introduced' the concept of the

microplane. This concept represents an analog of the
earlier slip theory of plasticity (Taylor 1938). Bazant
et al. developed the microconstitufive equation which
is based on the rate process theorz\bhere a derivation
of viscosity tensor is introduced. One of the%y/g;sic
assumptions is that the sliding between the particles
which are at the region of clusters contact is small.
This means that large local felative displacements

cannot be predicted. Although this assumption may be

true for metals at the microlevel, it 1is difficult to
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justify it for clusters displacement (see Pusch 1980),
Furthermores, this model 1is difficult to extend to

a

volumetric strain formulation.

The X-ray scattering is also wused for finding the
orientations of the microplanes. It 1is difficult to
verify a micromechanics model by only using the X-ray
scattering test. However, we feel that the concepts
and the approach which have been wused by Bazant are
promising in that we generally benefit a great deal

from his work in the mechanics of material.

The Fundamental Concept:

We need a certain T"conceptual gauge" to measure
the response of the clay medium under an applied load,
i.e., to measure spatial and/or temporal fabric
changes. This measure can be easily established for a
non-dissipated system. For example, for ideal elastic
material, it_?is the strain and for 1ideal wviscous
material, it 1is the time. However, for a dissipated
system this measure is difficult to establish. As a
starting point, we will introduce the intrinsic time
measure which is similar to the one which is introduced
in the endochronic theory.

»

From this intrinsic time measure, we can develop a

microconstitutive equation which does not require

identification of a yield surface or the definition of

loading and unloading. This feature makes it

S




particularly attractive for a particulate medium which
develops the rearrangement of the fabric units from the

onset of loading.

The endochronic theory which has been developed by
Valanis has been applied to modelling soil behaviour by
Bazant and Krizek(1975), Ans;l et al.‘(l979), Bazant eg;
al. (1982), and Valanis and Read (1979,1982). The
modelling and the application of this theory is based

upon continuum mechanics.

In order to highlight the fundamentals of the
constitutive equation, the intrinsic time measure will

be introduced first. N

Y
4-3-2-1 Intrinsic Time Measure:

The intrinsic time measure is the corner stone for
the constitutive equation. It" may be defined as the
length of the path traced by successive mechanical
states of the material in a wvector space. The
mechanical states represen@ the acgymulation of
microstructural chaqﬁgs as deformation develops.

The reason for uiing intrinsic time measure in our
analysis is because the fundamental concept of the'
intrinsic time measure is to model the local
rearrangement and dislocaticn of the syétem. Hence; by

- using the intrinsic time measure; the first reglon of
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compression, the Qearrangement and reorientation of the
cluster units within the macrostructural unit, can be
considered and the second region, the rearrangements of
the particles within the cluster units, c¢an also be

considered.

However, the intrinsic time méasure which has been

introguced in the literature has several continuum
]

constant parameters. These parameters are obtained by

experimenéal fitting programs as semi—empiricél

functions, Hence, by using these semi-empirical

functions, the essence of wusing “the intrinsic time

measure has been lost,

Mathematical Formulation:

The general equation of the ,intrinsic time measure
considers that 1in the' pFocess of deformation of
microeléments, the succession of strain states traces
two paths namely, one in deviatoric microstrain space
and another, in volumetric microstrain space. A
two-dimensional intrinsic time space is then'dqfined as
one into which the previous spaces are mapped by the‘

transformation:

2 2 2 al*
dz K X de '
D 00 o1 | D
= (4.8)
2 2 2 i 7
dz 4 X de¢
\ H | 10 11 J | H‘ /

—

e
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Where
* » dz = intrinsic time scale (déviatoric)f
dg{; inﬁriﬁ;ic time scale (volumetric)
de =  path length ’in  deviatoric strain
qucekdistortion measure) .
dﬁi = path _length “n  volumetric strain

space(volumetric measure) _

K

| ,material-dependent parameters (i=0,1 -and

i=0,1).

%

Note thdt the form of Eq.4.8 provides the .theory

¥
with the provision for .coupling between the deviatoric
and volumetric components of deformation. In the

present analysis, the volumetric intrinsic time measure

Ve D 8
0 ¢

'will be addressed. Fig. 27 shows an artistic view of
the intrinsic time measure.
4-3-2-2‘The First Region of The’cOmpreaaion:
We Eee that in this region the kinematics ' of
deformation is represented by the mia;ostrain of Eq.
3.17, 1i.e., the mechanicé of clusters motion, As

'discussed in chapter two, the one aspect which causes
“ :

| 3
the time-delay of the compression performance is the-

structural resistance of the clay skeleton. This is the
time required for the cluster units ‘to rearrange
themselves under the imposed load. This rearrangemént

L4

L ' . .
which depends on the:surface condition of cluster units:

_"causes a permanefit deformation. Hence, the volumetric
* —

microstrain space should simulate the above mechanism.
[4

s
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From EqQ. 4.8, we can have the volumetric intrinsic

L4

R Co (
’ time scale as follgws:
' 2 2 2 2 2° a )
, (dz) = «x (d¢ ) + « (d&¢ ) (4.9)
e ). | 10 ] 11 H
C , R .
! ‘ Where, ) .

~ I'd

x,* The material properties which represent the
-

volyme changes due to over all shear (dilatancy)
¢ : \
x,= The material properties which represent the
cavity volume decreases due to shear at the contacts

(overall volume change). .

Eq. 4.9 represents greater generality in the
description of the total phenom;na of volume change.
Since the volume ,changes due to shear and ;6 -
hydrostatic stress have different microstructural

soyrces, the form pﬁ'ﬁnand x,are different.

—

>

. As has been stated in -chapter three, nnly the one ~ #

dimensional behaviour is being considered. Therefore, \\\
v ~ ,
, the coupling can be neglected as a first approximation,
See Fi"g.27a.‘Hence: o ) . .,
H
xk =0
10 - v »
-3
I Hence, ) s '
2 2 '
- s (dz) = x (de ) - . <5(4-10)
- H 11 H .
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As has been discussed, the volumetric microstrain

%
space should simulate the mechanism of the time-delay

of the compression performance. ~Hence, 1in order to
include the permanent deformation in the strain space,

the volumetric measure should be set as equal to the

volymetric strain. 4

! (3

Hence, : ' \\\~

> . .

dé'. 'dCI ' T ) ’
H v 5
dz = x | de | e
H 11 v
/'\-
\

k,represents an adjustment factor for the strain

“~

accumuiag}on in® strain space. The formulation. and the
characterstics of « can, be differené for differént clay
materials. For our *'case, since the mechanics 9f
deformation dictate that the time should implicitly be
\iﬁ the fgrmulations, we will regard k as a time raté

dependent parameter, Hence, the material dependent

1

paramé&ér K, Will be considered as afunction of the

g o\ . .
vclumat}&n time change of the cavity.
AN ' - ~

The correlation of the distance between‘particles

N
A

with system " vpid ratio (Bolt 1956) cannot take into

v .
consideration the presence of dead volume pore space

\

(Mitchell 1976). Hovever, the correlation between the

directors and th&\ volume of the system(MSU) can

\
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consider the presence of dead volume bore space- .
. Therefore, x,function can be established By using the
. / {

concept  of the compression zone., . Hence, the

R

N ) compression zone ‘of the spherical shaped clusters is

N ¢ -~ oA
#

o

\ ILv da I ' !dg . I- ‘dg[ '
— =) — . Jaxal +ag.Jdl—zxal+|ax— 4.11
at e T [ a 'odt l (@40

A}

s

Where,z - The summation over the pumber ‘0f the

compression zones« enclosed between the triad vectorlé

‘wit’hiin the macrostructural unit. ) ’
a,8,a7 The triad vectors (given in Chapter 3).

v = The volume enclosed by the triad yvectors.

It ‘the cavity represents in one case a dead

a "volume,,the time rate of change of 3,8, and ‘gais equal
‘to zero, and hence 3iv/at=0. If Eq. 4.11 is normalized

by dividing it by total solids in the !;lSU (i.e., the <

number of the clusters in MSU), we get:

1 LV se(t) .
= , ' - ) (4-12) B
ZV it at ’ . )
- C ; i . .
. kY )
Hence, .
1 dLv se - )
= Z( ) = 2( - ) - (4.13)




Z(.).= a function of the rate of change of the
macrost?hc;ural void ratio.

' £ = the summation over the nﬁmber of the
éluster units within the macrostructurél unit (it was

defined in Chapter 3).

The rate of change of the volume of the
macrostrucural unit depends on the coﬁdition of the
cluster contacts. In order for the particles which
belong to two cluster wunits 1in the region of the
éontact to move, (i.e., to ‘sl;d and/or rotate), thgx
must overcome an energy barrier., Once the energy
barrier is overcome, and the particles Begin to move
this movement causes the cluster units to displace.
This results in a volumef change of the macrostructural®

unit,

<!

This energy barrier depends on the thermal energy

which is generated at the contact of the particles and

also on the forces which exist at the cluster contacts.
These forces are not constant, i.e., they increase as

the excess pore water pressure decreases.

v

/

The form of the function =(.) depends on the
enérgy barrier generated at the contact region{
Therefore, the rate process theory of Eyring
(Eyring(1941)) can be used to establish the form of
this functibs. Thé application of the rate p}ocess

theory in the geotechnical engineering can be seen in.
, P
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"analysis, we propose the following functioﬁ: w

s
"surface chemistry properties such as Plank’s;constant, -4

.;kc t % / ’ —_ ;f:‘
178
LIPNFEN !

%1 v

. {g’f‘ U
‘the work of Mitchell et al.(1968), Mitchell (1976),
A -

Bazant et al.(1975), and Christensen et al.(1964) and
ax? - ' ‘

Yyalov(1986). o

i /

Although -~ we set the concept of the development

W,

strategy of the rate process theory, we will not pursue
thils development because it would require too many -
details which would detract from the m%inostream of
establishing the micromechanics. of clay, compression:o

pérforﬁange under applied load. Hence, in the present

0
— &

ay &
i

. de
Z(e(t)) = a(— )
dt -

”

a

Where & andi are constants which can be found gy
simple optimization érocedures on experimental. test
data. In actual fact these constants depend on a set of

. ,
Boltzman’'s constant, free energy of activation,
tempe?ature, etc. Eq. 4.14 represents the structural
viscosity of the cluster interaction. The structural
viscosity can be defined as the viscosity which depends

on the fabric changes of the clay system.

The intrinsic time scale can have the following form:




‘ ,_’
it

~ .the volumetric microstrainsspace should simulate the

l

. L
\

s aa s B S :
dz =-4 (des/dt) de, o (4.15)

avo
o0

The behaviour of Eq. 4.15 for a gi{én set
4 and & is given in Fig. 28,° ‘i c

ot ° cT W
. . 0 ) [ <
’ ‘i ! ' {, 0o o \ ‘ ) 3 -
r/"Lz Y \ —_— Loe
4-3~-2-3 The Second Region Of Compression:

We see in this .region that the kinematics. . of

deformation is represented by the microstrain of Eqg.
I@

3,27, i.e., type B2 deformation. The cluster

deformation is exhibited by the relative movement of

thglparticles within this cluster, This motion depends

on the viscous/friction between the particles as well
, g

¥ \ |
as on the stress which 1s transmitted at the cluster

¢ @ .

contacts,

Since at the second region of compressicn the
excess pore water pressure is equal to zero, the

. stresses induced on the clusters are constant. Hence,

mechanism of a creep phenomenon, i.e., the time is the

most essential parameter in this space.

&

From Eq. 4.8, we have the volumetric intrinsic time

scale as follows:

kY

A . T
(dz):= xmide:) + xz(dez) (4.16)
H 10 D 11 R ]
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N
where,

x, = The material properties

dilatancy of the cluster units due to

which 'represent

shear.

the

x, = The material properties which represent

[~}

volumetric changes (change in( the volume of the

4

clusters), see Fig.27b ‘;> | ,

=
L4

'2 ’ . ! ‘ .
‘dz = « ( de ) ) (4.17)

We have already discussed that the volumetric

microstrain space should ' simulate the .time (creep
. ) \

process). Hence, we let the volumetric measure be equal

to the time meagure (o' clock time).
¢

-

Hence : . L e

d¢ = dt T (8.18)

- '
® o~

n“is a function of volumetric time change of the-

¢luster, It is an adjustment factor for the strain
space, (i.e., for the time Qeasure). Similaxt to the
first region, the compression zone doncept will be used
herez However, this compression zone is considered for

plate shapes.
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L)

g v
“

Y - .
v . - :
o= E( et )= Z(&(t) t ) . (4.19)
\'4 ) )
S

gj.) = ., a function of the updated- cluster void

ratio and the real time, )

’
<

V = the volume of solids(plates) within the

cluster uniﬁ,

t i
v = .the volume° of water{intracluster)within

the cluster unit, A
'V =Ty

V = the volume of water enclosed between

@

triad .vectors(see Table 2) for plate shape, .

élt) = the void ratio of the cluster unit (Eq.

, . N
3.31). )

The summétion T is perforﬁed over the number of volumes
which fs. enclosed between thé triad vectors.

When tRe enerdy barrier at the' contacts between
the particles within the cluster unit is overcome these
particles ;ill start moving and these movements will
cause the yolume of the cluster unit to chanée in time

domain (t). Again, this energy barrier depends on the

thermal energy and also on, the forces generated within |

the cluster units. Although the forces transmitted at
~the_ _cluster contacts are constant, the forces which

exisf within the cluster unit are not. This is . so

1
I

| '

a
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because these forces depend on the fluid pressure build

p inside the cluster unit,

£
¢ . . g
Instead of using the rate process theory for the

development of fuqction Z(.), we consider the following

A Y

ol

exponential form: /n ‘ N ; !“5.
Z(&(t)) = sb, exp (sb X &(t) X t) (4.20)
‘ i@ 'ﬁwi)’f
’ 23 N ) ¢
8(t) will be updated for each time increment. The
i
constants, sb, and &b, can be found' from simple
optimization procedures on the experimental data. These
constants depend on the surface chemistr§ of .the
particles. R
The form of the intrinsic time scale is the following:
v
dz= sb,exp( sb x &(t) X t) dt : (4.21)
” e

PN

-

[

BEgs. 4.15 and 4,21 represent the intrinsic time
-gcales of the first region 'and the second region
respectively. In the following section, we will develop

the constitutive equations for both regions.
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4-3-3 chstitutiveaEquation}'”"

For the development of the constitutivé equat%on
for the macrostructural unit, the following pfocéaures
are required (part of them have been established):

Y
F

First, the kinematics of deformations:- We established

the kinematics of defoxmations which are represented by

Eqs. 3.17 and 3.27 for the first and the second regions.

respectively. These two eqUations are generally of a
L) R .

a

three dimensional $train formulation.

Second,. the stress field: We introduced the stress
Eield which- is represented by Eq. 4.1. Since we have

two phase material, i.e., clay and water, _the stress

transfer mechanism is important.

o e
T

Third, the fundamental concept of the constitutive

equation: ﬁe -established the fupdamental concept for
constructing thg’coﬁsiitutive eqpatién. This is done by
introducing‘the intrinsic time measure. This measure
takes care of the fabric changes ,which have ‘beeﬁ
accumulated in the reél time domain.

Finally, the type of ihe cong;itutive equation: In this

séction, we will introduce the type of the constitutive

relation beteween “the sz}ess and the strain for the

macrostructural unit,.
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‘The constitutive equation will take the integral

type equation, This iniegral represéd{s the total

history of the deformation, The physical meaning of

the integration 1is the summation over a sequence of
intervals. In our analysis, this seqguence of intervals
is represented on the intrinsic time scale. Therefore,

the applied stress is related to the history of the

volumetric strain by a fynctional relationship. Hence,

following form:

m r 8% ‘
flz) = |u(z-2) dz (4.22)
9z B
o 4 .-
\4'/} .

Where, f‘ is zero in the referencde configuration,
z=0,
‘q(t) = the applied styffss which is taken by the
solid part of the MSU (effective stress),

¢ = the volumetric strain of the MSU.

The kernel function w(%-%Z) is defined according to fhe

following:

#(2-2) = m exp( v (2-2)

Where, .
m = yolumetric modulus,

1 4 = constant parameter.

- -

‘the volumetric constitutive eguation can have the &
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The basic feature of Eq. 4.22 {s that %he actual
time(t) has been replaced by a variable dependent on
the strain, 1i.e., intrinsic time scale, It should be
noted that the values\gf of m and v will be different
for different regions of compressions. In differential

form, Eg. 4.22 can have the following form:

de, = dz ¢" + — dq (4.23)

In the following, we keep the microstrain as ¢, i.e.,
without putting it in terms of the displacement. Eg.
4.23 will take different forms according to the

compression regions.’

e

¥
a- In the first region of compression, we cast

the volumetric constitutive equation by introducing Eq.
4.15 into Eq. 4.23 and rearranging the terms. Hence, we

get:

de = (2 m+ v 2{ elt) ) ¢ ) de, _ (4.24)
1 1 m .
Let .
v = v Z( e(t) ) ’
1 1 0
and
M= 2m+v Z( elt)) I . ©(4.25)

1 1 1 o
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4
Hence, (_/\
ds = M dc, (4.26)
‘ J

S
Where ‘

m, °= the intial tangent modulus of the
compressfbility of the macrostructural unit,

v = structural viscosity of the M.S.U, it is the
structural viscosity of the cluster unit interaction,

¢" = the stress applied to the cluster units

within the MSU. This stress depends on the pore water
pressure ﬁt built up in the cavity. As ﬁtdecreases,
this stress increases.

1

In EQ.- 4.24, the state of stress is generally a

 function of the current state of strain as well as the

stress path followed to reach that state. Hence, the
stiffness of the clay system increases as the process

proceeds in time., The amount of increase in the

stiffness depends on the level of the stress which is

‘taken by the cluster units within the macrostructural

unit, i.e., §"in M (Eq.4.24). The rate at which this
stiffness increase is considered by the intrinsic time

scale, i.e., dz in M.




b- For the second region of compression, the

. volumetric constitutive equation can have the ‘following
form: 5
/
' . m .
de, = dz ¢ (4.27)
2 m
2
¢
/ " Intrdducing Eq. 4.21 into EgQ. 4.27, and rearranging,
we get:

de v \
—_ = 2 I( &(t),t ) o (4.28)
‘ dt 2 m ¢
2
Let
-~
11 2 -3

Where
v, = structural viécosity of the MSU, it is the
structural viscosity of the particle interaction within
the 6luster units in the MSU,
¢" = the stress (effective) applied to the

cluster “units,

2m, = the initial tangent modulus of the

compressibility of the macrostructural unit.
S Bgq. . 4.28 contains the strucural viscosity
. parameter v, in which y causes the rate of strain to be
path dependent, and it- contributes in decreasing the

deformability of clay as the deformation process goes.

-
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Hence, this microconstitutive equation has the ability
to describe and model the microdeformation of the clay

system in the second region (see Chapter 2).

niscuséion:

In this section, we will discuss the following
fundamental po%nts;

FPirst, in chapter three, we established the state
of the strain in the macrostructural unit (Egs. 3.17
and 3.27). These strains are developed from director
concept. Hence, Eqs. 4.26 and 4.28 can be formulated as

follows:

0 ‘ ie
de =M de( N
v

v I

g &( N-5/dt = (v /2m )z(a(t),t) & (Eq. 4.28)
v 2 e -

2 \4

In the compression performance of the clay system
under locad, the volumetric strain accumulation which
can be viewed fgom mechanics of cluster motion in the
first region Eq. 3.17 (or the mechanics of cluster
deformation in the second region, EqQ. 3.27) can be
found for a given stress applied. This is can be done

by using Egs. 4.26 and 4.28.

Once these strains are found from Egqs. 4.26 and
4.28, we can calculate and assess the mechanics of

cluster motion and deformation by using Egs 3.17 and

-

) (Bq. 4.26)
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3.27 with the help of experimental data. This data

should show the different stages of deformation

observed on a test clay sample in scanning electron

microscopy for a given stress applied.
e

Second, there is a unique relationsBip between the

incremental change of the void ratio(e ) and the

-volumetric strain(c). Therefore, we could use e in
A

formulating Egs. 4.26 and 4.28. However, 1in the

|
~ following chapters we use ¢ for both equations.

5
oA

P

::fThird, from the mechanism of clay compression
performance which is deséribed in chapter two, ana the
constitutive modelling which 1is developed in this
chapter, we can conclude that the structural &iscosity
of the first region will contribute relatively less

than the structural viscosity of the second region in

the total deformation process. This point will be

considered in the following chapters.

4-4¢ SUMMARY:

~

»

We considered the st;ess balance between‘ the
cluster units as opposed to the common practice which
regrades the . stress balance between the particles. At
initial time'%tEO),'uniform excess pore water pressure
is assumed throughout the soil profile system. This

|
assumption permits us to know the initial excess pore

1190 !
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vater pressure in each cavity.

We developed a volumetric constitutive equation

for both regions of compression by using the concept of
the intrinsic . time measure. The total . constant

parameters of the constitutive equations are eight

(four for each region), i.e., N
: First ‘region: a a8 *y  and m,
Second region: 'sb1 sb2 v, and m,
: - -

-

One half of the task which has been set up in
- " chapter one has now been accomplished-——namély the work
n iﬁ fhe'degprministic environments, i.e.,
1= theigstqblishment of. the microelement, and
2- the development of the law of perfbrmance whicp
consists of thféémﬂfnggedients: the stress
’ tfansfer, constitutive equation, and the flow

eguation, .

v

The next half of the task will be accomplished in the

next chapter. .

e 3
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CHAPTER 5
PASSAGE TO THE CONTINUUM (GLOBAL)

£

5-1 GENERAL:

The’ performance prediction’of, the soil system
under appﬁied loads requires a mathematical model, To
have this model reconcile to the actual soil
constigution, the model should be based on
micromechanics \ theory. The  procedures for th;
development ‘$€~ this theory ne;d work in  two
environments (see chaptér one). The formef one consists
of two steé&,’ﬁhich have been accomplished in chapters

three and four. ' )

In this chapter, we will establish the ¢two steps
in the probabilistic environment: the randomness oflthe
law of performance and the passage to the global. It
should be noted that there is a link between the two
énviromnents. This link gives one of the peculiar

features of our micromechanics theory.
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5-2 REVIEW: \

Micromechanics theory is a relatively new field.
?herefore, no standard methd has been _dogumented for
the global passage. In this section, a critical review
of the global passage will be addressed and an
application of one of these approaches to our problem

of clay compression will be demonstrated.,-

There are many poséine approaches to pass to the

Mo

global concept from microelement analysis.k These
approaches depend on the problem to be dealt with and
what mathematical model is governing the behaviour of

the microelement,

In Geomaterials: _ y
- We will -start with the approach which relates the

internal change'of the soil mass to its effects on the

continuum, This approach can utilize the

physico-chemical and blologlcal analyses of a phy51ca1'

unit which consist of two to three clay particles or a

cluster of particles. This utilization can Dbe

considered as a process of alteration of material

properties and/or qualitative analysis.

5

A

A phenomenological test can be performed for the
whole sample” and therefogp, the continuum parameters
of the soil can be measured from this. experiment and

an analysis of the effect of the local alteration on

193




the continuum parameters, Ean be done., See the work of
Yong et al.(1985a,b) and Hoppe (1986) for detailed

discussion of these proceéures.

We will call the phenomenclogical appfoach a
"continuum experimental approach"™. This approach has
the advanéage of being a quick analysis and of
requiring no theoretical modelling . However, a valid
conclusion from this analysis should be based on a
critical review of the éxperiment ‘boundary conditions
and the local gquantitative analysis. Fig.29 shows

schematic view.of this analysis.

’
AN

In granular material; O0da (1972,1977), Oda et
al.(1980,1982 a,b), Nemat-Nasser (1980), have
considered an experimental and theoretical development
of th; éranular material performance under different
types of boundary stress conditions. The fundamental
parameter which 1is considered in_thei; development is
‘the contact normal betiieen the particles. From this
parameter, they infer the so-called fabriz‘éilipsoid,
and they relate this ellipsoid with principle stress
appliéd to the sample. It-is worth mentioning that
this cpncept caﬁ be characterized as an internal state

parameters theory. However, it is a continuum theoty,

and .its parameter is represented by contact normal.

Q

’

Bazant et al, (1975), Bazant et al.(1986) and
Q

Zubelewicz et al. (1987) have wused two concepts for
9

-
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J
the passage to the global, namely:

»

1. the concept of ‘matrix transformation which
répresents an analogue of the finite element
passage from local coordinates to the global
coordinates. |

®

This concept has been used ~for the active plane in

M concrete (see discussion in chapter four). The

disadvantage of this model for our purposes 1s that it

does not discern betweqy local properties and the

*global properties, i.e., the local properties are based

on a piece of continuum material. This is one of the
reasons that there is no need for micromechanics test
for these models. (See our discussion of Zubelewicz et

al. paper in chapter four.)

L

2. The concept of the virtual work is used in the
papers by Bazant et al. (1985 and 1987). It stated
that the ‘work done by the global stresses under
small variational global displacement 1s equal to
the integral of the work done by the ‘local
stresses under variatipnal local displaééments on

the microplanes.

The local parameter which is regquired for this passage
is the -orientation of the micoplanes. Because it |{is
difficult to find the orientation of these planes for

concrete, Bazant et al. have assumed that these planes
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exist in an isotropic conditiom.

On theg-other hand; for clay soil, 't%éy have used
the x;ray scattering test to find'the microplanes’
qrientékions. Hence, The virtual work concept gives the
same disadvantage as the matrix transformation con;ept.
It should be noted that the application of the virtual
work concept to the global formulation had been first
introduced by Hill(1965), and then this procedure was
used by Christoffersen et al.(1981) to find the global
stresses in granular media by using the particle
contact forces.
In Theoretical Mechanics:

-Hill (1965 a,b), Bi§hop(1951,a,b), Batdorf and
Budiansky(L949), Rice(1971), and Coleman  and
Gurtin(1967) have considered a continuum micromechanics

theory in which the fundamental concept is to develop

* the internal state variable parameters. These

parameters represent some physical characteristics of
the material. Theories of macroscopié rate-deﬁen@ency
or rate-independent plasticity can beymodelied by using
the mechanism of slip for metal, with a single crystal

or polycrystal.

Rice considered that the macroscopic yield surface
can be regarded as the inner envelope of an unbounded
numbér of planar yield surfaces representing critical

shear conditions for each slip syszem at each element
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of the material. Coleman et al. have worked out the
therﬁodynamics of the internal state variable models.
. #

From the theoretical mechanics point of view,
Axelrad(1978) has used the concept of probability
theory and functional analysis to develop thei time
eyblution equation of the mechanical state of the
material. This mechanical state is represented by the
stress and strain vector space. This theory has been
used both for polycrystal metal and for fibers. More
detailed .discussion of this theofy is given in two

books by Axelrad (1978,1984)

-

-

Beran and McCoy (1970), Kroner (1976,1580f' and
Mazilu(l1976) have used‘ the concept of statistical
methods in order to formulate continuu; theories for
cénstitutive analysis.  However, all of these authors
have developed their concepts for small strain elastic¢
theory in which the Greepn function plays an essential
rule in their analyses. Furthermore, no microelement
has been considered in these analyses, and for
meaningfyl analysis, the ensemble average mdst be

considered to be equivalent to the volume average.
A :

[
o

~ Ericksen et al.(19§8); Mindlin(1964), Eringen
(1975}, and Toupin(lQék; have passed their systems of
directors to continuum formulations by the assumption
of the continuity of funétiogs, assuming therefore, the

mathemaﬁical point as the essential concept in their
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‘ ) theories.

Alblas (1976) has considered the ensemble theory
for his analysis by introducing the concept of
partition function. His formulation is for field
equatibns only. The fundamental assumptions of the

statistical mechanics are retained in his analysis.

‘ Murdoch (1983,1984) used the volume average and
time average of the qua‘tities which represent’ the
performance of-a cell of size 10 lg. He also developed

. . fiéld equations.

¥

Muncaster (1953,a,b)‘1 has used the im;ariant
. manifolds for the development of relations between what
he called fine theory and coarse theory. In addition,
he applied hi§ theory to the kinetic theorir of gas, as
fine theory and continuum gas dynamics as coarse
(f\th‘eox/'y. The concept of the invariant manifolds is
_cénsidered from a deterministic point of view.
Therefore, the continuity assumption plays.a central
‘role in the relation between thé fine and coarse
theories. /f
Discussion: .. -

In ~mv:zs‘t of the works discussed - above, no
f © microelement, has been established. This has made it

very difficult to consider all °the relevent 1ldécal

P

N ' parameters which are i-esponsible for ° the actual

1

' ¥
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performance of +the material. From the mathematical
point of view, we conclude the finding of the above

authors in the following fundamental points:

a- Authors th used: statistical mechanics have
found it difficult to develop the constitutive
equations. &
b- The use 6f functional .analgsis and measuyre
theory in mathematical development of
micromechanics modéls may limit the engineering

applications of these models.

c- Authors who use internal state parameters
accepte the continuum corcept.
*
All of these authors did not consider the basic ¢
axiomatic relations-of the passage to the globai. This
problem will be discussed next. -

3

5-3 AXIOMATIC RELATIONS FOR THE PASSAGE TO CONTINUUM:

In this section, we will try to establish an
axiomatidAst;ucture which is necessafy for constructing
the prinéiples of the passage from the ~performanc¢ of
the microelement to the performance of the ensemble of
microelements. First, we will outline the basic

requirements for the microelement performance. Second,

g o




we will discuss the basic requirements for the ensemble
of microelements performance. Third, the condition of

the passage to the global will be discussed.

Microelement: ~

We write the evolution equation of the
&
microelement (M S U) as follows:

0(E) = £(r(t)) : (5.1)

where
t er= [0,7]

t = local time

r(t): input to the microelement system (e.g.
stress)

O(t)= response of the microelement system (e.g.
strain)

£ = mapping from _ the input to« the
response (transfer function). é;; Fig. below.

¢ = Denotes element of., T

t

‘ T 0
o s - ~
- St _ ] M t

This mapping can be represented in topol&gical

~

space as follows: --

N
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£ : vt et -~ 0¢ ¢as a function defined on an

open subset. of a Banach space.

Where

fu€ = Q

Y = subset in the Banach space (for the input)

t = subset in the Banach space (for the
response) ,

Q = the total subset in the Banach space

v = denotes union.

We refer to Eg. 5.1 as the motion of the system
(microelement) which the theory is meant to describe, t

,is the local time over which the microelement evolves.
Time invariant

For eachr © ¢ 0 , and At ¢ R

<>
2

there is © e n such that -

0(t+at) = a(t) | (5.2)
e ‘e

Where ,

¢ = an element from the subset # in~ the Banach
séace (e.qg. microstrain at time t).

9 = an element from the subset Q4 in the Banach

., space (e.g. microstraip at timeft+At).




v
5
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For all t and ‘t+At, this condition states that any
family of solutions of local -state must be, invariant

with respect to translations of time:
Ensemble of microelements:

We view the evolution equation of the collective
or ensemble of microelements as follows:

BE)= £(%(E)) ‘ (5.3)

where

et

m

a
n

[6,T} as time interval, global time

the input to the ensemble (e.g. stress)

-4

[ay

g
|

the response of the ensemble (e.g. srain)

(a4
~—
"

!
£ = represents the mapping from the input to

the response (transfer function). See Figu,beléw.

a

P

This mapping can be represented in the topological

_ 4

spice as follows:

£: 7 ¢ Y —~0¢ ¢ bea function defined on an

open subset of a Banach space.

' Where




Yut = n

¥ = subset in the Banach space (for the input)

[ = subset in the Banach space (for the
responéé)

‘s = the total subset in the Banach space.

.
LR

We refer o Eg. 5.3 as thewmotion %f the systenm
which the theory is meant to describe; t is the global-
time over which jfhe ensemble “f the microelements

evolves.

Mapping to the global:
The: mapping means the passage from the 1local to

the global. This mapping can be represented by the

following three cases:

Case 1
s | (5.4)

In this case the input of the microelement is mapped

P

onto the global response of the ensémble.

‘Case 2

.

v =) (5.5)

In 'this case the input of the microelement - is mapped.
onto the global input of the ensemble.
Case 3

£ = n(£)
In this case the transfer function of the microelement

is mapped onto the transfer function of the ensemble.

(5.6)
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n (in Eq. 5.6) is .-the most essential function for
. ‘- the micromechanics development. In actual fact there

are several mapping procedures, see Fig. below.

< ) /-T\‘\

O(t

{
a \ )
g 4
’ ult)

——pe.

In words, with eadﬁlstéte’ of the microelement, we
can identify a state ¢ = n((; in ‘a global sense.
However, to each global state 4 ¢ ¢, generally,
corresponds to many microstates due to the collective
Behaviour,QuGyﬁyﬂﬁ..e(. iThe fnverse mapping(i)
tepresents thé‘ behaviour of one microelement (Q¢¢)
which corresponds to one global behaviour. Therefore,
the inverse mapping is a one-to-~one mapping. "y

/f‘?

Thus the motioﬁ in BEg. 5.1 gengr&ily gives us a
more detailed description of the system than der‘Eq.
5.%¥, Only when a clear distinction between the local
( and global time 1is éstablished, are the two times

considered identidal. See Fig: 30.

|




Initial state:

We have the following condition for mapping:.

For each % € n . .
¢

n{a(o)) = %
’ _

Where

‘cx = the global state corresponding to the initial

state value (subscript refers to the initial time). It
{%E”’Ep/selement from the subset T in the Banach

space{e.g. initial stress),.

This condition suggests that there is no time
delay (at t=0) between the local and global
performaﬁce. It has been applied for the initial excess

pore whter pressure establishment. See &hapter four,

" Final state
We have the following condition for mapping:

4

For each ‘x ¢ [

Cmace)) = - T
£ . - . ‘

Where

4

&'z the .global state corresponding to the final

state value (the subscript f refers to the final time),
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Ensembile of microelements

»

h space o
Banach sp Global mapping

Mapping to thye
microelement
Mapping to the

. ensemble _J | -

Local mapping
Banaech space

One microelement

?

qu-aoScho‘mauc view of the axiomatic structure
) of the passage to continuum .

&




It is an element from the subset @ in the Banach space

‘" (e.qg. final stress).

This condition suggests that there is no time
delay (at t=t) between the local and the global
performance. This condition can be appIiéd on the
first region before the.overlapped region and on the

second region after the overlapped region, i.e., it

cannot be applied for the transitional states as well

as for the failure states.

These conditions and requirements are important

elements in the mapping (passage)- to the global. On the

basis of the  literature review in the preceding

.section, this mapping can be constructed by three

different approaches. These are:

a- Deterministic approach {with or without leccal

scale’).

b~ Statistical approach (with or without local
scale).

c- Probabilis§{5~Fpproach (with or without local

- scale).

These approaches are different 1in their basic

\\’ v , ' .
structures and assumptions. In our analysis, we will
consider the probabilistic approach for reasons which
have been provided in the introduction. Since we shall
adopt the probabilistic approa¢h in this study, a more

detailed discussion is desirable, which now followg.

"
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5~4 PROBABILISTIC APPROACH:

This approach can be considered to be developed in
general by - a stochastic measure theory. This
developmeqt leads to the probabilistic functional
relationship which connects the Vstochastic system
analysis with that of semi-groups. Such mathematical
analyses become so complex that their utility in the

solution of an engineering problem is limited.

In. the present work, we will not pursue this type
of analysis. Instead, we will implement the conditions
and the requirements of the preceding‘section in the
manner which permits the predictipn of the performance

of clay system under compression loads.

In the following pages we will establish the two
steps in the probabilistic environment: the rgndomness
of the law of performénce .and the passageJ to the
global. In order to establish the first step, some
facts about the <concept of probability should be
addressed here. It has been noted that in‘general, the
uncertainty can be classified in three types: the
fundamental or intrinsic uncertainty, spatistigal
unceréainty, and model uncertainty.

The fundamental uncertainty is intrinsic to the
variability of the natural proﬁerties of the soil

media, and cannot be reduced by repeated observation of
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1

those properties. The two types“of variabilites which
can lead to fundamental uncertainty are local
variability and global variability. Most of the
applications of probability to geotechnical engineering
consider only the global variability and not the local
variability. See for example, Lumb (1966,1970 and

\

1975), Whitman (1984), Harr (1977), and others.

In the present analysis, we attribute the local

. variability to the variability in soil structure ,.

s

i.e., "intrinsic soil structure variability". This
intrinsic soil struct;re variability can be divided
into two kinds: the fabric wvariability, and ;he
potential variability

LY

The fabric variability considers the size of
cluster units, thew neighbor distance D, the
.;acrostructural void ratio, the triad vectors which
enclose the  compression zone, and, so on. The
’variability in tﬁese parameters can be viewed from the
perspective of their mean and standardidevéations.
\
The  potential wvariability considers several
forces: the viscous force (mostly shear force) between
clusters/ particles, *and it depends on the viscousity

parameter; the friction force (shear force) between

clusters/particleé; and it depends on the friction .
\

parameter and the normal forces; the ,electrostatic and

electromagnetic forces between clusters/particles, and

h\l

210




they depend on the electrical and magnetical field-

geﬁerated in the region., The existence of all these
forces in a specific clay system depends on the
gxternal applied forces, clay-water-electrolyte systemr
and on the bonds' (between clusters/particlesf
conditions. The wvariability in these parameters
(forces) can be viewed also from their means and
standard deviations. The intrinsic soil structure

variability will be accounted for in the development of

the evolution equations of the stapﬁ?functionsf

It should be noted here that the global

variability is a product of the local variabilites, and
it can be viewed from the law of large numbers. There
are .very few studies which have modelled the local
variability. See 7Yong et al. (1970); and 1in general,
see the work of Axelrad(1984) for other materials.

Due to our impeffect knowledge of  the
érobabilistic laws that govern the natural procésses
wvhich we agree to handle as stochastic, statistical
uncertainty _‘arises from the . limited ‘extent of
statistical Samples. However , this uncertainty can be

reduced by additional observations of either objective

. or Subjective data.

L

”

Model uncertainty arises mainly because of

simplification in physics predication algorithms in

identification parameters of the problem, in model
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analysis proceduress and in the probabilistic models
themselves.
R
Some kinds of model uncertainty can be handled by
modifying the probability distributions. of © some
variables while others have to be accounted for by
tak%ng computed - progabilities as estimates of

imperfectly known "true" probabilities. — =

Y

5-4-1 Evolﬁtion Equation:

The passage frdm one microelement performance to
the ensemble of microelements performance will be
established by constructing the evolution gquation. We
will try to establish this equation from the physics-
point of view to give insight to ‘the equation

* 3

developed. From a pure mathematics point of view, see

Gnedenko (1967). ’ ,\

Let.us consider a system whose configuration 'and
whose mechanical state are completely described by a

set of n variables. /

{/w} = {/w,,w,’w O'lo.lococ,’w} « (5.7)
3 2 3

h -
Examples of such variables are: an excess pore
water pressure, macrostructural void ratio, microstrain

and so on. On a microscopic level of description, the

4
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variables {w} describe the state of the system. A more

"

detailed description takes 1into _.account that the

variables {w} are in fluctuating time dependent

guantities. Thus, {W(t)} forms an n-dimensional random

process. This process may be charactlerized in the usual

way by a set of probability densities.

£C LWt ). £ (Wt L% e ) (5.8)
.3 1 2 3 1& .

~ Y

Where f is the probdbility density for finding:

{Ww(t)}: near {Ww} at the time t=t and so on.

és a firét fundaméntal assumption; we introduce
the Markov property of the random process W(t), which
is -defined by the’ condition given in BEqg. 5.9. The
nytion of a Ma:kov process originated as a
generalization of a sequence of trials connected into a
chain which was studied by A. A. Markov. Unlike

Bernoulli's schenme, Markov studied the case in which

the probability of occurrence of an event 1in a

subsequent trial depends on the outcome of previous .

trials,
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s

f({w}.tv{' }'tvl ....{w}tl - .
-1 =Pr({ w }|{ ¥ 1,t b))
£({"w Fotygeeees [t ht) o . o' vl
) (5.9) '

N
v -

In Eqg. 5.9 the conditional probability density
Pr(.|.) has been introduced. It only "depends on the
variables{ w }, {‘ w '}, and the fwo times ¢t 't From
the markov property Eq. 5.9, it follows immediately
thét the whole hierachy of distribution, (Eg. 5.8), is
given if W and Pr(.|.) are known. This important a
feaure of the Markov theory allows us to describe all
the fln{te-dlmen51ona1 distributions of  the process in
terms of a small number of constructively defined
characteristics and thus allows us to evaluate the
distribution of vario¥s functionals of the process. ot
R

:As a consequence of Eg. 5.9, the. probability
density {W} obeys Egq. 5. 10 which is obtained by

1ntegrat1ng the expressxon for £(.), followxng from qu”

d.9; |

|00

5({ 'w’},;*z) -]{ &'} pr({ w }|{ };t 't ) £1L 'v bot, )

T ° b . (5.10). ~

Eq. 5.10 contains the most important feature of

the Markov process which is the evolutionary character
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©

of its development: that is, the state of the procesé

at the present completely determines its probabilistic

behaviorAin the future. This allows us in our case, by

appropriately extending the W-space of the process, to.

transform it into a Markov process. On the other hand,
the evolutiomary—charaéter of Eg. 5.10 permits us to

derive an evolution equation for the determination of

" the probabilistic characteristics of the process.

\

A  second fundamental, assumption is the

J

stationarity of the random process { W(t) }. This

assumption implies that all external influences on the

system are time independent on the adopted time scale

of description. Owing to the assumption of stationarity

"the conditional distribution Pr(.|.) 1in Egs. 5.9 and

5.10 depends only on the difference of the two times of
[}
its argument.

Eg., 5.10 has been simplified to a differential
equation, see Van Kampén (1961,1983), Kramers (1940)

and Moyal (1849), as follows:

S

s (1) oK ({w}) £({w},t)
B A S T 1
af( {&},tvat -Z
1 s! IV ,O0W LW ,OW .....0VW
L i, i i, i
(5.11)
Where K = the coefficient of the
R W i

differential equation.
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Oving to the appearance of derivatives, it 1is in
most cases too complicated to be solved in this form.
Hence we consider the first and the second term of the
equation. The higher order terms are in fact very small
and add no physical and mathematical insight to the
stochastic physics in general. See: Moyal (1949), Lax

(1960) and Van Kampen (1961,1983)).

We r&arrange the terms in Eg. 5.11 according to
succe&sive’dérivatives of £, Lax (1960) expanded Eq.
5.11 in otders of non-linearity. As a Eirst derivative
approximation - we obtain from Eq. 5511 the following
Taf/et = ok ( {W)) £/0% (5.12)

1 R i

s

equation:

-

Thié equatidn can eagily be solved if the solution of
its charaeteristic equations

aw/at = ké {w}) ‘ (5.13)
are known. Eq. 5.12 describes a drift of f in the
{4}-space along - the characteristic lines given by Eq.
5.13. In this drift appréximation fluctuations are
introduced only by the randomness which is cont§ined in

the initial distribution,

In order to describe a fluctuation motion of the
system, we have to include the second order derivative

terms in Eq. 5.11; this leads to the evolution
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equation:

2f/0ts -ak({W}) £/0% + —ak({W]) £/3% a0 (5.14)
! 12
,.The second order derivatives describe a generalized
diffusion in {w}-space. The diffusion approximation Eg.
*5.14 of Eq. 5.11 is adopted 1in all the following. We

will use Pr(w,t) for f(w,t).and C for k. Hence:

2

aPr(v,t) 3 , B S ,
a= —— C Pr(vw,t) + — —= C Pr (w,t) (5.15)
.ot aw 2 aw .

Eg. 5.I5- represents the evolutionvequation of the
parameters {w}, and C and 5 are the coefficients of
this equation. Moyal (1949) called these coefficients
the derivate moments of’%(t).'They have the followin;

definitions ( Moyal (1949) and Van Kampen (1983))

. Aw :
C= < > Drift coefficient,
At '
L, 2
” (aw)
Co < e > Diffusion coefficient.
At

-

‘\\
Note: the anqular brackets define the mean values

of the enclosed quantities, and A denotes increments,




These coefficients are fundamental for the
evolution to take place. Hence, they are described by
the physics of the process. In the next section, we
introduce a state function; From this function, we can

establish the two coefficients. 7

State Function:

The state function is a collection of parameters
which are responsible for the tran§icion from state i
at time t to state j a} time t+At due to applied load.
Hence, it describes the "law of performance" of the
microelement (the macrostructural unit) in a

7
deterministic environment.

The randomness of the law of performance, as
included in the probabilistic environment in chapter
one, can be “established by wusing the Monte Carls
simulation. This simulation technique has a capability
to handle the variability of the parameters of the
state function. It uses the random number generation in
the computer code. A detailed discussion of the

simulation technique is given in the appendix D.

The  procudures for establishing the, two
coefficients of the evolution equation will be examined

in the following sections.
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5-4-2 Bvolution Equation For the First Region:

There is "a physics—-1link" between the evolution
parameter Pr(w, i) and thé two coefficients(ﬁ,é), This
link can be seen in the formulation of the state
function. Therefore, it 1is essential to choose the
right evolution parameter for the evolution eguation
because this parameter will bring the physics of the
clay-water system into the coefficients of the
evolution equation. In the following, we will cast the

formulation of the state function.

The time rate of the stress balance can be as

following:
~
» I.m 1 ] . s M I.m ,.m o ]
g =g + P § Let ¢ = ¢ g » c e =g + P §
= £ ® = 1° 1% ] 2
Where G, = constant.
Hence
. 7 '.n /.n -
Pé§=(a-~1)c=8%, g =¢ - 1
~ 1 = i~ 1 3

Pwe g% (5.16)

g = constant which relates the rate of change of

" the excess pore water pressure and the rate of change

of the effective stress. Note for classical

consolidation equation g=1, Terzaghi (1925).
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From Eg. 4.26 and Eq. 5.16 , we can develop the

following equation: &
’ ¥
e (1+ ) (1+ e ) 1 P .
—"a = ( ) ©(5.17)
at M M 8 ot
[ 4 b4 1

From Eg. 3.53, we have the following equation:

’ 2 t I
Je C » D ZZ:R a o P
— S oW . (BEq. 3.53)
at n ZV ax? '
Hence .
P’ M Cy D ZR’ apt
9 y a
z S ¥ ! L - 7(5.18)
ot n (1+ e ) E:V X
m c
Lef
M Cvy D 8 ZR’ a
I L 1 { i
¢ = (5.19)
Y (1+ e ) " :E:V
m c
] a
v 2 v
P . P '
— Cv —_— ’ - 3 (5.20) -
st ax - . )

Where




C = the microconsolidation coefficient.
v
o

The state function, Eqg. 5.20, 1is a parabolic
differential equation, It describes the excess pore
water dissipation (in terms of P% with time from the
cavity formed by the macrostructrual unit. This state
function resembles the Terzaghi consolidation equation
since there 1is a corgssponding principle between the
continuum physics and discrete physics. This is 5 gogd
check for our modelling technigue in discrete physiés.

3
Microconsolidation coefficient:

As we see, the microconsolidation coefficient
consists of the soiq structure parameters, i.e., fabric
para@eters and stress-modulus parameters. Hence, the
time delay of the clay compression due to low
permeability can be represented by fabric parameters,
(such as D,R,a,%,eg, and the time delay due to the
structural resistance can be represented . by
stress-modulus parameters (such as M,n). Mlincludes the
structural v{scosity which produces the real time delay
of the clay compression.

The average value of the microconsolidation

coefficient ¢can be equal to the classical consolidation

coefficient. Hence, in mathematical form:
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4
Where C = Terzaghi coefficient of consolidation,

v

The variability of the parameters (M{ e, R, a,
m
MEREE ) of the microconsolidation coefficient will be

examined by using the Monte carlo technigue. In actual .

=

fact, the wvariability of these parameters represents
the intrinsic soil structure wvariability. In modern
probabilistic geotechnical engineering, the global
variability of Terzgghi coefficient of consolidation is

£

considered by Chang(1985). v \

From the law of large numbers, on® can establish
a link between the global variability of C | and the
intrinsic variability of C. This will not be presented
in this research work. However, the microconsolidation
coefficient and its variability will playsa key role in

the present analysis. g

Final Equation:

From Eq. 5.20, we can reveal that the excess pore:
water pressure 1is a very essential parameter for the
evolution equaéion formulation. Therefore, Eg. 5.15

will take the following form:

\

¥ N ‘2 v 2
3Pr(P ,t) 3 AP . 1 3 (AP) .
= — < > Pr(P,t) + — == Comop—> Pr(P,t)
at 3P At 2 P’ At

(5.21)
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~

Ap .
< > = the drift coefficient,
At
r 2
(AP ) .
< > = the diffusion coefficient.
At

-

1f we compare these coefficients with Eg.5.20, we
can see that they include the parameters which are
responsiEle for the physics of clay compression in the
first rzgion. Therefore, theée coefficients are

Ehﬁponsible for the transition of the clay system from
N

stateyi at time t to the state j at time t+dt, i.e., in

”~

time increment dt. See Fig. below, ¢ -

t t+dt time .

v

distance

¢

In order to solve Eq. 5.21 the following poihts
, B
are reguired: 1) the calculation of its two




coefficients, ii)the initial condition of the
probability distribution of the excess pore water
pressure Pr(P7t=0), iii) the boundary conditions, the

position of the clay layer within the soil profile

system, macrodimension (i.e., layer thickness), and

microdimension (i.e., D of MSUs). The last two points

(ii and 1iii) will be examined in the appendix C and
/) .

chapter six. However, the first point will be

discussed in the following section.,

§-4-2-1 Calculation of The Coefficients:

Since the coefficient of the evolution equation
should be found from the state function, the proper
solution of this function must be sought. Thgre are
several methods to find the <coefficients of the
evolution equation. One example is the analytical
method. It gives a close solution, and it can be used
for simple state function. Another example 1is the
éorrel;tion theory in which 1its integral should | be

solved numerically.

In the present analysis, . the finite difference
analysis will be used. The reason for using it lies in
the following:

a~ The nodes of the finite difference <can be

considergd as "physical” nodes ( i.e., they are

not matnématical nodes) and hence the distances

y

between/ the macrostructural units are involved as -
@

A
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node-to-node distances.

b- The finite difference analysis can synchronize
the timé increment of the state function with the
time increment of the evolution equation since

this equation will be solved by finite difference.

c- The finite difference analysis is simple and

manageable in computer programming.

d~ With 'the appropriate time increment , we can

synchronize finite difference and £finite element

analyses in a mixed agplicgtion (this willt be

discussed later).

L}

Finite Differencé'Analgsis:

. For finite difference analysis, we feel that
the control volume concept (Patankar (1980)) is
more appropriate than wusing the Taylor-series
formulation since in the control volume, the

4

calculation domain is divided into a number of non

TR
overlapping control volumes. In our case, these
volumes are the maZrostructural units, such that

S ‘there is one control volume surrounding each node
E point. Hence the nodes are in the centre of the

macrostructural units, and the distance between

@ nodes is equal to (D). The numerical formulation

is given in appendix C.

e
W
33
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Monte Carlo Simulation:

Esgentially the Monte Carlo simulation technique
generates the probability distribution 6f a function of
several variables from the range of probability
Qistributibn of -~ these variables. Each of thes;

©

variablegs is regarded as a stochastic parameter.

For normal probability distribution, the computer

simulation involves the use of an equation of the type:

S

In which Nr is a standardized variate corresponding to

the variable X with mean (Ma) and standard deviation

($.D.). Independent standard uniform variate with range

from 0-1 is used to obtain the standardized
variate(Nr), 1i.e., random number generation. See

Appedix D.

Since there are a correlation among the parameters

of the microconsolidation coefficient, multivariate

N

probability distribution should be considered. We will

assume for these parameters a normal distribution,

Because the occurence of many individual effects and

causes which cannot be treated seprately may lead to

normal distribution.

1f we generalize Eq. D-2-3 into multivariable

form, we get the following:

N,




(R} = {Nrw} {c.F.} + [Ba} .

1 -
-

J

Where‘ﬁggr.} is nxn nptrix w%th constant elements and
is a function of the standard deviation of the
variables and theit corrglation coefficients. {Ba} i; a
column vector with coﬁst?nt‘ elements. The ‘cons@fnt
efements are the mean values of the random variables.
‘The. foIloQing three parameters are Considered
corrélated: The hydraulic radius(R), channel cross
sectional .areaf(a), and the pmacrostructural.void ratio.

[+
The initial tangent modulus, and the effective stress

. are treated as single random variables, i.e., they

follow Eq. D-2-3. Other parameters are considered from ’

their mean values,

The lt;ps for solving the evdlut}on equation are:

1- gind the probability distribution of ' the
microcongolidation‘ ;oeff cient 1in each increment of
time by using Monte Cari simulation on the probaﬁility
distribdiion ;f q,ﬁ,R,a, ' etc.

2- For each incrgment of time, \39&ve' the

-gimultaneous equations which are producéa from Eq. 5.20

(see Appendix C), with probability distribution of Ev.‘/

3- For each increment of time, find the ﬁrobébiliby
distribution of (A;). -

4- Find the average of (AB/AL) and ((Aﬁgaht), for
each increment of time. h

5- Solve the evolution equation by the finite

*
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difference with time increments matching the time
increments of the coefficients.

]

- -
2

These steps are performed by 22 subroutines in the
mainfriye. Pig. . 31 represents the computational flow
A \ ) -
scheme for finding the coefficients and the complete

solution of the evolution equation. 1In the Appendix C,

complete details of the formulation of different

aspects of the coﬁputet - program are given, The
cdomputer .program is called Monte Carlo. Finite

Difference (MFD).

Discussion:

As we can see, the procedures for prediction of
the” excess pore water pressﬁre dissipation in the
micromechanics approach is edtirely different from the
procedures in the classical consolidation approach, The
difference lies in the following -ifems: 1. tHe
introduction of the migroelement and its properties, 2:

the development and the finding of the-consolidation

coefficient.

o 1

-
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Input data

Boundary conditions |Constitutive Behaviour | Computer parameters
~drainage conditions|-stress-strain relation| —time iteration steps
~gtatic applied load|-conductivity operator | -No of Monte Carlo run

!

»

C and M

Apply the Monte Carlo simulation technigue
to find the probability distribution of

No

v

>

Find the mean value

and the satandard deviation

of the excess pore water

pressure and the modulus M,

v

Update the values of
the parameters€ , M

AY

Yes

!

Print microconsolidation
and pore vater presSure
distribution

v

Calculate the coefficents
of the evolution equation

|
v

Solve the evolution
equation

Print:

. void ratio-time

. Stress-time

. probability dist.
of pore water
pressure

. coefficients of the
evolution equation

Fig. 31 Computational flov scheme of Monte Carlo finite

difference analysis (MFD)

s



5-4-3 Evolution Equation Fcr The Total Regions Of
.Compressi;n:

The basic philosophy for developing the total
region of compression is to choose an evolution
parameter which is consistent for both regions.
Furthermore, it‘has engineering applications. 1In the
previous section, the excess pore water pressure was
‘chosen for the first region. In itself it cannot be
used for the development of the total region of
compression since in the second region, the
measureability and the calculation of this parameter
are difficult if at all possible,

. ©

As discussed 1in the previous sections, the state

function can dictate the type of evolution parameter’

which should be wused. The constitutive equation

normally describes the material state changes as the

stress increases (or decreases). Therefore, the.

mechanical state of the material can be defined by the
path of the strain accumulation in time domain (or in
any domain) which corresponds to stress increase or

(decrease).

Hence, the constitutive equations can be used for
the state function formulations. In this section, the
state, functions for both regions will be addressed.
However, the overlapped region will be treated 1in the

next section.
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In the first* region the state function is as

follows:

m m )
- 2 . 4.26
da& MI dev (Eq )

This equation shows that as the stress increases (as
excess pore water pressure decreases) with time, the
strain path accumulation is in the time domain. Hence,
the evolution parameter can be the strain. We will use
the numerical techﬁique, “mixed” finite element and
finite difference, for calculating the two coefficients
from the state function.

The reasons for usiqg tHis mixed numerical
technique are as follows:

a- Since there are two phenomena occurring at the

same time, fluid flow (simulated by excess pore water

pressure dissiﬁation) and skeleton compression

(simulated by strain accumulat£6n in time), the stress
transfer 1is the 1link between these two phenomena.
Hence, the finite difference analysis will be used to
update the excess pore water pressure (Eg. 5.20),.
Therefore, the effective stresc at the nodes can be
calculated at each node and at each time increment
(Eq.4.1). Once this stress is known, the strain can be
calculated at each node and at each time increment by
using finite element analysis (BEq.4.26). It should be

noted here that the time increments of both numerical
!
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technigues are the same. O

b- With the appropriate time- = increment,

synchror(ization among the overlapped region, the first _

region, gnd the second region can be achieved. )

The discussion of the formulation of the finite

-
element code is given in appendix C.

—

In the second region, the state function.is as

follows:
1A
oelt) v N - a
= sb exp(sb x & x t) @ (Eg. 4.28)
at m 2 1 [+ v .

The evolution parameter is the spriin. The finiﬁe

element analysis will be used for calculating the first

and second coefficients of ' the evolution equation from

the state function presented above.

Hence, in general, the evolution equation can have

the following form:

‘ : . a2 3
aPrc, t) 3 Ac, 1 (ac)
== < > Pr(c,t) + — < —>-Pr(e,t)
ot e, At 2 i’ At
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For wusing this equation (Eg. 5.22), an appropriate
strain for each region should be put in it. The finite
difference analysis is ugﬁd to solve Eg. 5.22., 1In the
next section we will g}vé the necessary steps for

solving this egquation for both regions.

5~5 MATHEMATICAL MODELLING OF THE OVERLAPPED REGION:

\

In the previous section, the strain is considered

to be the evolution parameter. Hence, a strain will be

used for the overlapped region in order to be

s + . . . »
consistent in the prediction ©f the: total region of

compression.

The description of the physics of the overlapped
region in chapter two reveals that both mechanisms of
deformation of the first and second region can occur at

the overlapﬁed region. This means that a number of

‘macrostructural units will behave in cone type of

deformation and the rest of the macrostructural units

will behave in the other type of deformation.

AN

The overlapped region will occur between time t=T,

and time t=Tk Before time T, most of the

macrostructural units behave as the mechanism of type

Bl deformation. As the process goes past T, the

" macrostructural units will pass to type B2 mechanism
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until time'g when all the macrostructural units will

behave as the mechanism of type B2.

We would 1like to find the probability law which
°governs the number of the macrostructral units that
will ‘transfer to the mechanism of type B2 as the

process takes place within the overlapped region.

The increasing number of macrostructral units
that behave in type B2 (no. of MéUs which are
transformed to behave into type B2) can be examined in
another way. For example, the increasing number of the
. macrostructural unitz which are stopped to behave in
type Bl may be considered. The term stdﬁ can be

7

equivalent to death. Hence, the process can be
érocess in stochastic  system

regarded as death
analysis.vThus the Markov chain process is the building
block for modelling the overlapped region. See Fig.
below.

fﬁ

type Bl

type B2

¥
/ v v -

time

o3
-3

Consider a sequence of positive numbers {C}. we
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define a pure death process as a Markov process

satisfying the following postulates

i- Probability that the event occurs once=C At + o (At)

°x (5.23)
ii- pPprob. that the event does not occur = 1-C At+o (At)
’ o0k
(5.24)
iii- Prob. that the event occurs more than once= 0
(5.25)

Where g(t) =0(t), t—— 0 is the usual symbolic
wvay of writing the relation lim g(t)/t=0
t— 0

Let x(t) denote the number of survivals in time
interval (O!t) which is equivalent to the number of
macrostructural wunits which still behave as type Bl
deformation mechanism. We define P(t)=Pr{x(t)=n},
assuming x(0)=N. Hence we can define a system of

differential equations satisfied by P(t), t> 0, namely,

P(t) == C P(t) (5.26a)
o 00 0 "

P(t) = - C P(t) + C P(t) n>1 (5.26b)
n on n ¢ a~1l n=-1

Assume that each member \in a population has a
probability C at+o(at) \oivch;nging into B2 in an
interval of time length At (C>0), and in our case we
assume that C =n C. The above system of equations can
be solved with the assumption of the mechanism of the

binomial theory, with help of the identity




(1-x) =Z nent X (5.27)

7 —

and the concept of the generation function.

To obtain the followﬁng stochastic model, see the
stochastic books of Samuel et al. (1981) and Cox and

Smith(1961).

P(t) = (exp- C t; (1- exp-C t)N j (5.28)

-]

With simple mathematical manipulation observing the
properties of Dbinomal distribution, the mean and
variance of the number of the macrostructural units

that still behave in type Bl (X(t)) are as follows:

E(X(t))= N exp- C t (5.29)
Var(X(t)) = N exp(- C t) (l- exp~ C t) ~ (5.30)
where

C : It is an intensity parameter (it is a global

parameter) . In the next section we will géve some
detailed discussion about this parameter. >
N : the total number of macrostructral. units (i.e.,

the number of trials in the binomial distribution),.
/
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j 3+ the number of MSUs which behave as type Bl.
7
Figure 32 shows the plotting of Bq. 5.29 for
different values of the intensity parameter(@). As can
be seen the probability of the death process is very

gensitive to the values of this parameter.

5-5-1 The Intensity Parameter C:

The intensity parameter represents a key role in
the evolution equation modelling of the overlapped
region, It 1is generated from the physics of the
compression process. The following points highlight

some of the aspects of this physics:’

a- The stress transfer which could be considered
as a "physics-link" between the fluid flow (simulated
by excess pore water pressure dissipation) and skeleton
compression (simulated by strain accumulation) depends
on the initial and boundary conditions as well as on

the soil structure,

b- The intrinsic soil structural variability ,of
the system as discussed previously is classified in
two parts: fabric variability and potential
variability. For exg;ple, in fabric variability, when
the neighbor distance (D) is very large( <D> > 20 um),

the clusters are small (<4 > < S5 um) and a large
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motion of the clusters within the MSU will take place
quickly (i.e., collapse’ condition-in short time).
Hence, the éype B2 deformation will take its place in
several MSUs 1in a short time after the process gets
‘started.
15

Another example is that in potential variability,
when the integrity of the cluster units within the MSUs
1s weak compared with the rigidity of contacts (bond
condltions) between these clusters, the type B2
deformatién will take its p;ace in several MSUs in\a

w

short time after the‘process'gets started.
Hence, the intensity parameter(§) links the
consolidatipn process of the clay system on the first

region to the creep process on the second region.

c—- Some geometrical conditions which may have an
effect on accelerating several MSUs to behave as type
Bg are: the position of the macrostructural units in
the clay l;yer, the position of this layer within the
soil profile system, and the thickness of the clay

layer.

‘The concept of C modelling:
On the basis of the above discussion, we can see
that the intensity parameter depends on the fabric

parameters and also on the stress-modulus parameters.
/

i
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Hence, the 4intensity parameter can have the following

form: ‘ -,

=23
o

éc, - C(Drn}rR:en(‘{; rr)

The physical form of the above equation can be
established by using a Dimensional analysis technique
(The II-theorem) Buckingham (1914).

4

Dimensional analysis 1s a méihematical method

useful in determining a convenient 'arrangement of \

variables of a physical relation, Once‘ orderly

7

{‘ «
arrangement of the variable physical quantites has been

established by Dimensional analysis, the experimental

‘data must be used in ,order to obtain the necessary

constants for a complete numerical expression.

~ If we assume that eight parameters are responsible

for. the phenomenon which is described by the infensity
’éaramete;, then we may put the above-equation in the

’following form: .

»

C(Q,D,M,R,e,V, Um,” )"0
L] m €

o

% i T *

TN

From II-theorem, we have the following®

II(I|II2I131£I£)-O B

Therefore, we have five equations to be solved in order

v

T S




to find the exponents of thé parameters. Once the

o
physical form of the equation is established, a

numerical technique should be used on the experimental

data so as to find the final expression. Further

N » t
discussion on the intensity parameter modelling is

given in the next chapter.
§~5-2 Implementation-Bvolution E&uation of the
0verlabped Region:

. As discussed in the previous sections, the key
concept of the gvolutiop eguation is the use of the
state function. Since -the two mechanisms  of
deformation work together 1in this region, its state
funﬁtion is represented partly by the state function of
the first region and partly by the state function of
the second region. -

b

Therefore, as__a first approximation we will use

the followinngé;tulate: the state function of the

first region works in the overlapped region with

probability P(t), and the state function of the second

region works in the overlapped region with probability
. — )

(l-g(t)). Hence, the format of the state function of

the overlapped region can take the following:

ify-\
<ac>= P(t) < Ac > + (1- P(t)) < ac > . (5.31)
ov . 1} v h] v
) “1 i .
vhere " o :

s

N Ac = the increment of volumetric strain of the type

1

0y

241




Bl deformation, the subscript I refers to the first

region. ’
Aﬁfﬁ the increment of volumetric strain of the type
B2 deéormation, the subscript 1I refers to the second
region, : : =
Ac¢ = the increment of volumetric strain of the
ove;lapped region, the subécript ov refers to the

overlapped region.

After substituting Eg. 4.26 and Eq. 4.28 into Eq. 5.31,

we get the following form for the overlapped region:

’
1

<Acn> =< M>< Az > (5.,32)
oV Il v
Where' -

-]

»
-

<A€;= the increment of stress which is. considered in

the overlapped region,

AN
M= P(t) < 1I/M > + (1l=-~P(t)) <M > <él>/<Aa°>
11 b ! I 4 2 V. v
M= ( uvsb/2m ){exp sb e(f) t) dt (see Eq. 4.28)
11 2 2 3 B I ¢ .

-

It should be noted that the value of ¢ in the modulus M,
is updated with time, i.,e., & is not (éonstant.

Meanwhiie, the stress in the second region for the

]

)

-




L2

overlapped part ié'constant, i.e., the exess pore water
pressure is equal to \%erdn Hence, at the end of the
first region the average of ¢ in the modulus M is equal
to fhe,average stress of the second region.

\

Once .the state function is established,- the
coefficient of the. evolution equation can be fougd by
using the numerical technique. The finitg ’element
analésis and the Monte Carlo simulation ,which have

]

Jbeeﬁ used for both regions will be‘*used here. It should

be npoted here that the time step which is wused in the

numerical technique should match the transition time
step of the Markov chain process.

Hence, the procedures for development and
calculation of compression evolution with time for the

overlapped regiaon can be as follows:

a- Find ‘the probability distribution of the number
of the macrostrbctural units that are converted to
behave as type B2 deformation. The most essential
parameter in this step is C.

b- Find the state —fﬁnction by using the
‘probability distribution developed in the first
step together with the state functions developed

in previous sections (Eq.5.31).

_ o
-7 =

c= Find the coefficients of the evolution equation
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and its solution by using numerical techniques,

finite element analysis.

Four simple subroutines have been developed to perform

the above steps.

s

The steps for the total region of fompruusicn
!

prégiction are:

‘.

1- Find the excess pore water pressure by repeating

the same steps of the finite difference analysis for

each increment of time.
2~ Find the probability ditribution of the effective
stress in each node by using the balance equation with

Monte ‘Carlo simulation. & )

N
3- Solve Eg.4.26 by dividing it into two terms, i.e,, -

4
®

a ‘”l o .'
de - de = 2m de, ' (Eq.C-1-1, App. C)

or

n o )
Ad - K% = 2m ac,

=

Where

l/. s
v Z(e(t))Ac,q = the nonlinear term.

The finite element technique is used in such a way that
the nonlinear term is added to each node by using

iteration process within the finite element subroutine,




Note the parameters of this constitutive equation are
random variables, i.e., Monte Carlo simulation should
be performed. For each increment of time, find the

probability distribution of the nodel displacements.

4- For each increment of time, find the average of
Ac/at and (Agf‘/At from the probability d}strisution of
the displacenment. ]

5~ Solve the evolution equation (Eq. 5ﬂ22) by using
finite difference analysis. ) X k

By these above steps, the total deformation process of

the first region can be calculated.

6~ For the second region of compression, solve
Eq.4.28 by ‘using finite element~;nalysis, i.e., f£ind
the ﬁodai displacement. The Monte Carlo analysis shoﬁld
be used to consider the variability of the parameters.
7- Find the average of A¢ / At and (Ag)’ /At for each
inérement of time. |

8- Solve the evolution equation by finite difference

analysis with the time increment matching the time

)
=

increment of the coefficients.

By using the above steps, the total deformation of the
second region can be calculated.

9- The steps for the overlapped region are given in

the previous section.,
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By completing the‘ ahove nine steps, the
compression process of the clay system under applied
load can be predicted. In chapter six, w; will use
these steps for deformation process prediction. Fig.
33 represents the computational flow scheme for finding
the coefficients and the complete solution of the
evolution equation for the total region of compression.
‘These ,steps are _performed by 30 subroutines in the

mainframe. We call this program MFE,

5-6 SUMMARY-THE EVOLUTION EQUATIONS:

Fo? the first region of compressions alone, the
excess pore water pressure has been chosen for the
evolution equation. Finite difference analysis has
been used for finding the two coefficients and also for

finding the solution of this equation.

)

z

For the total region of compression the strain has

-
been chosen for the evolution. equation. In the first
region, the finite difference and the finite element

have been used for finding the two coeffecients. In the

second region, the finite element 1is used, In the

overlapped region, . after finding the probability
distribution of ’the numbér of the imacrostructural
units which behave in type B2, both finite elements and
finite difference have been used for solving the

evolution equations. .

[ Y

e
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Input data

Boundary conditions
-drainage conditions

Constgsutive Behaviour
~-stress—strain relation

Compufer parameters
~time iteration steps
-No of Monte Carlo run

-static applied load|-conductivity operator

l
v

Find the stress in
the nodes using FDE

e’

Find the nodes
displacement using
FEM(first region)

No

]

T —— Yes

y

Update the
| parameters
G M

END |«

A 4

Find the displacement
of the second region |
by using FEM

2

CalJulaQEQE of the
Probability dis.
of the overlapped
region

'

Calculation of the
displacement for the
overlapped region

'

4

Pig. 33 Computational flow scheme for modelling

Print out:

-.probability dis. of

the overlapped region
.the total deformation
process over time

the total region of compression
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Table 4 shows-the two steps in each environment

(deterministic and probabilistic) for

of the micromechanics theory of

saturated clay

the development

soil

performance under compression loading, As we can see

the basic link between the two environments is the
introduction of the _intrinsic soil structure
Jxvariability'which is described in this chapter.
¢ ) - ]
- .

Y
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‘ Tables 4 Summary-Evolution Eguaticns
DETSRMINISTIC ENVIRONMENT:
\

a- Microelement: Macrostructural unit (MSU)

b- Law of performance: the state function of the MSU

e <

i- First Region Alone:
the basic parameter is the excess pore water pressure

. .
. 3P _ap
e T8 C' " , )

ot ax

ii-Total Region of Compression:
‘the basic parameter is the volumetric strain

Frist region, .
- '.f
f;" - ,u . a - LA )
+-. dew M de . ’
- v’ 1 v .. , ’

 Second region,

aelt) v R n -
- 2 sb, exp(sb x & x t) ¢ '

ot m
- H

Overlapped region,

2 . N ., n i
< <Ag(t)> = <M> < Ae > .
[ A4 L v N .




Thbla 4 COnQ.
PROBABILISTIC ENVIRONMENT: d

—

a- Randomness the state function: Monte Carlo-analysis

“ b Passage to the global: Evolution equation
N 'a“;"[

i- Pirst region alone:

| N L ) 2
aPr(P,l& 3 AP 1 1 azﬂ,(AP') "
- < > Pr(P,t) + — pf———> Pr(P,t)
2 P77 At

aP" ' At

at
5~ "
! -
|

; ii-Total region of compressibns )

o

2 2
9Pr(e,t) '3 Ac 1l a (A‘c‘)
At

‘-
. 2
h ot ] <, At 2 3 €
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CHAPTER 6 )

THE FEASIBILITY OF APPLICATION OF THE EVOLUTION
MODELS

6-1 FORWARD:

In the preceding chapters we-have established the
basic principles of micromechanics of so0il and the
predictioi  models £0r soil pgrformance~ under
compression loads. For these models, two large computer
programs which make wuse of the numerical techniques
(finite element and finite - difference analyses), and

-

Monte Carlo simulation have been written.

The experimental _ micromechanics is equally
important. However, no standard test procedurgs have
thus far been established. Moreover, working 1in small
scale samples 1is a very difficult task. It requires
skil{ﬁ and sophisticated equipment. The lack of
standardized procedures of tests can be attributed to

the lack of any link between micromechnics theory and

the industrial applications. , -

It should be noted that the microelement and the
ensemble of microelements scales snhould be the same for

both the theoretical and the experimental developments.
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Establishing the -experimental micromechanics
program is a lengthy process and it is beyond the scope
of this study. Therefore, we ére not going to 6ompare

bepween test data and our mathematical models'

predictions. Instead, ve will demonstrate the

feasibility of the application of these models by using
the experimental data of Turcott (Turcott,1988).
However, the discussion of this application has some
merit in the overall analyses and prediction procedures

in clay-compression solving program.

)
g

6-2 SUMMARY~-EVOLUTION EQUATIONS USED:

In Table 5, the summary of the evolution equations
are given, The parameters which are required for these
evolution models can be divided 7;nto two sets: the

first set can be the geometrical parameters, and the

_second set the stress-modulus parameters. The two sets

actually represent the soil structure, and therefore,
the first set represents the fabric and the sdcond set

represents the forces and. the interaction potential.

Pey

" 6=2-1 Geometrical Parameteérs:

[P

Y

In this sectioh, the list of the geometrical.

parameters will be given. Furthermore, the test
technique used for obtaining these pafémeters is

examined. The parameters are:
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ch . Table 5 Suﬁary-zvclution Bquations

DETERMINISTIC ENVIRONMENT:

: © a= Microelement: Macrostructural unit (MSU)

b~ Law of performance:/ the state function of the MSU
i- Pirst Region Alone:
the basic parameter-is the excess pore water pressure

o
ap _ ap

we— C

= at o oaxt

ii-Total Region of COmpraaaions
the basic parameter is the volumetric strain

- ~ Prist region,

a n
de = M de

Second region,

deft) v . -
= — sb exp(sb x & x t) ¢
Y - m

3

Overlapped region,

v

| . -
<A§(t)> - <M‘? < A¢.>
v

o
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. Table 5 Cont. | =
. . PROBABILISTIC ENVIRONMENT: . ) )

a- Randomness the state function: Monte Carlo analysis ~

b- Passage to the global: Evolution‘equaéion S

i- First region alone:

3 X
IPr(P,t) 3 ap’ 1 1 9 (aP) .
= - = < > Pr(P,t) + = )‘t< ?\Pt‘(?,t)
ot P At 2 ap? at
ii-Total region of compression:
/ 2 1 -
-dPr(e,t) 3 Ac, 1 3 (ac)
a= < > Pr(c,t) + — < > Prlc,t)
it Je, At 2 ¢ at
Macrostfuctural Void Ratio Bguation:
v, - <v> n,
e‘“ﬂ - . \
<vc> nc
[




’

the diameter of the cluster units

4, :

e, : macrostructural void ratio, ¢ e initial
value)

D : the distance between the two neighbo£ MSUs.

£~

f(ybwz the observed radius of the cluster and the

MSUs in probabilistic distribution form
* R :+ the hydraulic radius of the channels

_connecting the neighbor MSUs

/

.the cross-sectional area of the channels

-

the (distance between the centre of the MSU

,.and the centre of the cluster

z' : the distance between the centre of gHe~MSU

and the centre of the two neighbor clusters

N. : the number of cluster units per MSU
"N, + the number of the MSUs within the ensemble
e " the local void-ratio of the cluster unit.

¢
T 4

'
3

@ )

.. ‘There are several experimental techniques used for
‘fabric Parameters identification, These‘are: optical
and scanning el;ctron microscopy, X-ray diffractign,
mercury, intrusion porosimeter, acoustical velocity,
Dielectric dispersion, electrical conductivity, - and

thermal conductivity. _Since each of ‘these techniques

;as its advantages and disadvantages, the combined use

of a couple “of them seems essential to obtain a-

reagonably comﬁrehensive‘ appraisal of the clay fabric

u
e
£l

.analysis. ' : L \ l

*

o

4

'0f the methods listed above, the scanning electron
A

. '
¢
J -
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°

microscopy, Mmercury intrusion porosimeter and ZX-ray

diffraction 6ffer the advan;é@es of getting the
geometrical parameters. Detailed discussion of these
techniﬁues are giveﬁ in Tdvery(1973)iﬂ§ridharan et al.
(1971), Diamond (1970) and Krizek et al.(1973).

The scanning eiectron\ microscopy . provides a
three-dimensionalwimage and allows direct observation
of the clay particles (clusters) and their arrangement
on a surface. From scanning electron microscopy, we
can have the initial values of the above parameters,

For example:

Synthetic clay (UF) —fﬁicrographss from Turcott ° -

+

~ 19W7): bulk void ratio= 2.65, <d>= 4um, <D>= 15um,

a ’ {
<Z>= Tum, <2>= 7um, (note lum= ,00lmm).

/ “

: , .
Natural clay (micrographs from Delage et al. 1984)

0 £ a
bulk vwgid ratio= 2.68, <63= Sum, <D>= 12um, £Z>=
{

- iy

- . -

- 4.55:;.111,‘n<2i>'2= &, Sum.

? @

< P -

-

Howeer, the void ratio of thé macrostructural -unit can
. . b -~ o

be calculated from. the info;matig@QQEVQn by scanning

J

electron microscopy. “The—compdter program GME 'is use&

for these <calculations. The prediction. of the

P

Ynacrostructural void ratio is given in Fig. 34.  And

the parameters R and a can be modelled from the void

ratio (see t§9 derivations in appendix C-2) as follows: ®

¥
% ! s

—
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probabliity
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CHEL 1.40 , 210 2.0  3.50 €,

DATAs
<Vc>

Fig. as

— m - °
= the area of the cluster unit (spherical shape) ™ ~

= the area of the MSU (spherical shape)

» the summation over the number of MSU per ensemble
= the number of MSU,pgr enseéb]e )

= the number of cluster units per MSU
I B

° -
3 . \
v

= 0.35
= 0.000064 mm
%
The Probability Distribution of Macrostructural Void
« Ratio (Photomicrograph fromaTurcott (1988))
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"~ The channel cross-sectional area a(t):

L - ' 258

The hydraulic Radius (R(t)): :
) ‘(/ .
4 1

R(t) = e(t) L (6.)
. S :

v

S, = The specific surface area which s

y -

defined in chapter (3), Eg. 3.40. -

~

e = The void ratio of the macrostructural

m -

unit.

—F

-t

Hence, the mean value:

E(R) =(4/n)( 1/S ) E(e(t)) © (6.2) ©
v m
The standard deviation S »
S.D. =(4/m)( 1/S ) (S.D.) . (6.3)
R v e ‘ o

oy =
] )$ ~

to-

a(t) =e(t) (rdy Co (6.4) .
. m 1 ™ . . :

°

= - .

where N

d = the diameter of the cluster unit,
1 ' - ¥

ﬁence, the mean value:

E(a) = (n di) E(e(t)) * \ (6.5)
. n
/’ N




<

g

and, the standard deviation:

S.D.

a

It should

-(n d:) (§.D.) .

A

{6.6)

]

" be noted that the number of channels

259

has -been considered equal to the number of cluster

both the hydraulic radius and

units. As one can see,

the channel cross—-sectional area are functions of time.

¥ " Hence they will be updated at each increment of time

) during the evolution.

@

’

- 6-2-2 Stress~Modulus Parameters:

\»//’“\\\\ N - ‘\T . .

v

¢ [N

e The stress-modulus parameters of clay performance

| under compression loads are listed as follows:
i 5 . 1]

R ¢ = The stress applied to the macrdsiructural

unit which is " taken by the clusters only

. wm(effective stress),

8

In our theory, each increment
, o \ 1t
decrease of the exess pore water pressure, (P ),
L] * . . + Im
is considered equal to increment increase in (¢ ),

i.e., = 1.

n = Absolute viscosity of the fluid.

»

y. = The structural ‘viscosity modulus of the:

macrostructural wunit when the MSU in the first

region of the compression, i.e., itg is the

. -structural viscosity of the cluster interaction,

\




y, = Struc&ural viscosity modulus of the MSU in

the. second region of the compression, /i.e., it is

the structural "viscosity ~of the particle

interaction within the cluster units in the

/
macrostructural unit. '

m, and m,.= The initial tangent modulus of the

compressibility of the maérostructural unit.

/
e,

a, & = The parameters for E(e}t)}, first region

of the compression.

a2

sq, sb= Tﬁelparameters of E(%}t),h), second region  °

of the compression. !

el
.

Q, = The intensity,K parameter for the ovarlapped

~

4

region. ° 1
A

.

©
\

6-3 APPLICATION-EVOLUTION EQUATIONS:

t

-

In the following, we will demonstrate the
applications of the evolutign equations. For the

first region alone, the excess pore water pressure

is the key parameter (Eg.,5.21). For .the total:

region of compressiolf’ the key parameter is the

volumetric strain (Eq./ .22).
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6-3-1 Calcﬁlation Procedures of the Parameters:
a- Initial tangent modulus of the MSU: At the
initial time, the response of the clay system 'due

to applied load can be represented by the

4wy -
. 0

following equation: - .

e

deyd c;" = 2m

A

\ 5
i.e,, the term é(dﬁ/dt) p

= 0, see Eq. 4.26.

The initial tangent modulus is physically equal to
the stress which produces unit strain. This
strain is a result of "cluster movement" within

the MSU at the instant of loading.

In order to find the value of the 1initial
tangent modulus of the clay soil, we have to

formulate (m) as follows:
m=<m> +m . (6.7)
1 1 1

Where,

<m> = the average initial tangent mod%}us of the
ensemble of MSUs which can be assumed equal to the
average global initial tangent modulus, i.e., <m>
= <m>. And T = the initial tangent modulus of the

"

global test sample.
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nf= The fluctuation over the average which can be

related to the standard deviation of the ensemble

modulus.

Fig. 35 shows the method of finding the initial tangent -
modulus from the experimental test program'én saturated

clay sample%.

b~ The Constant Parameters of the First Reglon:
They have been obtained by using simple optimization
procedures on three compression curves for different

loads. These curves are produced from confined test on

" UF kaolinite clay which were performed by Turcott

(1988). See his work for a detailed description of the
intricate specimen preparation and the testing method,

(see Figs.E-1, E-2, and E-3, App. E). The optimization

.procedures can be described as follovs:

l- Formulate a simple e;ror function,

2- Assume trial values of these parameters.

3~ For three loads, run the computer program FDE
for the first regionv*»ltlshould be noted that C
will be updated each increment of time.

4- Compare the average predicted deformations with
three experimental curves (E-1, E-2, and E-3).

5- If the error is large, select other values for
the parameters 1in such a way as to minimize the
-error function, g

6~ Repeat these steps until the error is
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Fig. 35 Schematic View of the Method of Finding the Initial Tangent Modulus )

of the First Region
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acceptable.

é

This procedure is not very different from the graphical

matching technigue. B

c~- The Constant Parameters of .the Second Region:’

If we take the log. of the both sides of Eq. 4.28 we -

get the following expression:

-

TR

iog(ai:/at) = log(’«r"‘sbz u/2m2) + sb éc(t)m t (6.8)

-~

Fig. 36 shows the plot of Eq. 6.8. From the test data

piotting, we can get the following:

The initial slope = sh (&(t=0))

. The intercept = log(a"sb u/2m).

¥

We get the individual vafues qév}he parameters by using

the optimization procedure which has been described

above,

d- The Intensity Parameter(C): since there is’not

enough experimental data, we will not use the

-

dimensional analysis technique. Instead, since C,
depends on the same parameters of {, we will assume:

»

— g
C=D>bC¢C
o

v

.
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= 7 time

4. The average excess pore water
pressure plot with time
and depth .

. - — e ma -
o = e s ot o —

distance

(m———

-1
[
N

b. The average stratn plot with
time for the total region of
compression

¢. The average strain plot with
time for the second region of
compression

d. The log strain rate plot with

- time for the second region o

T

oo tinﬁ

log ae/at

_’-.[Og t

Fig. 36 The Steps for Finding the Parameters of the .
Second Region of Compression -
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The calculation of the constant b is done by the above
optimization procedures but with condition of Ipsl is
imposed at each increment of time in the two regions.

It should be noted that for the overlapped region, we

“worked backward; i.e, from the end of the first region

n ,
(P=0, at t=T ) to the beginning &6f the second region

t=T, ). Fig. 37 shows a schematic view of the

solution technique for the overlapped region.

The input data for the evolution models-are given
in Table 6, and - - the computer output of the two
programs, (i.e., MFD and MFE), is discussed in.the next

section.
L 3

6-3-2 Discussion: )
The prediction of the evolution models are given
in Pigures 38 and 39, and it-is worth considering their

discussion in the following points:

Rl
~

, a= The evolution models predictions are very
sensitive to the valueé of the neighbor distance
(D), high excess pore water pressure dissipation
and large deformation are caused by the greater
‘value of _this parameter. It is a collapse state

parameter, and it describes the macropore collapse

within the macrostructural unit.

b- The change in the,microconsolidation value,C,,

with time as opposed to the constant value, will

W
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peatl

f”/
g | !
4
b
1) R .
g b+ At . ’
5 )
o T, -4t ' a
w9
b time . -
— ’ -
-nat [y w: 1,2,3,...[number of the time
. increments]
l
L <p™> . _ - average excess pore

water pressure
¥

£
%a .
3 t=0 T
<P>-r.=0 .
average over the %
| tpta] profile -
| . ,
N L a
\ 5| ¥ |
% ) R S
“ 't,o <P>  =<P>
T | T :
b acpr | average over the
| I total profile
| [ -
"’,__r— P = exp - C0 t

-nat>

Fig. 37 Schematic View of the Solution Techmique
’ for the Overlapped Region -
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Table 6§ Values for models pfedictionz .
The paramter Terminology Value Remarks . '
used in - . i
computer
H - H 10.7mm the height of the samg}e
T, b - 180 sec - the time for the first

and the overlapped
region,it is found by
usig MFD program; i.e.,

;- to reach <B> = 0,
T, “ T 120sec.  the ‘test time for
‘ second region .
E(m) \ RM4 2.1 ke
-$.0. of m SGM4 . .042
afu) + ALPH 1.5
a o bi 1.20 : o
‘sb' sb ' 3T - ) -
v(sb)/m SGMH 2.8 ‘
t - ALAMDA .1 (1/sec) . _
L:(e"? . Eo 1.56 the initial vdlue of e
S.D.of e_ < SGMH 5714 .
E(R) RM3 .001344 " P
S.D.of R SM(3,3)  ..0000561 . b
. B(a) R .0000196ma’ L |
S.D.of a-~ SGM(2,2) .000072mm* - . < . o
a1 4 a7 ,004mm o
8 -, BETA ° 1 _
c - - cs - 4 o o g
E(.) = the average value . ' .o .
S.D. of. = the standard deviation of T g




= 4

delay the codnsolidation of the layer, 4i.e., the
’ ! LS . . .
excess pore water pressure dissipation for
v_ariable@v will be slower than " for constant 6;
This has a significant effect on two, K stability

: A\ C ‘ .
calculations: i) the prediction of the effective

stﬂess, and hence the shear.- strength, and ii) the

prediction of the differential settlement between

two columns in a structural system.

( e
c- The randomness in Evh?scg significant effect on
the prediction of the excess pbre water pressure
dissipation which -supports the idea of Chang
(1985) (in the continuum probability concept of
the consolidation of clay, see chapter one). It
should be noted that the intrinsic soil structure
variability is reflected in the variability of the
micrécosolidation coefficient.

d~- Using finite difference aloqe so;;times causes
an overestimation in the prediction of the
settlement of the <clay layer. Hence, "mixed"
finite difference and finite element should ge

considered together. The finite difference can be

‘used for the prediction of the excess pore water

pressure dissipation, and the finite element can
be used, for the calculation of the deformation in

each node; and hence, the settlement.
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\ . ' CHAPTER 7 . .
: o
CONCLUSION, CONTRIBUTION AND RECOMMENDATIONS

7—-1 FOBRWARD:

There is, u§ually, a lag between a development in
theoretical mechanics and its ’ application in 'ghe
engineering discipline. This 1is so especially in
geotechnical engineering. This lag 1is psually due to
the complexity of the model, the difficulty in' doing

experiments to characterize its parameters, the

"position of-4the theoretical mechanics research in open

Jiterature, and 1last but not least, it is due to the
J €

lack of mutual discussion and interaction between the’

researchers in different fields. An example of the
lack gf mutual discussign is that of the hypoelasticity
model of Truesdell (Truesdell (1385%)) which has only
very recently been considered by geotechnical
engineers, (albeit only ih acad?mia), for application

in soil. N

T

For an actﬁhl predic?ion of the soil performance
under loads, the physics process of the soil (such as
the mechanism of deformation, the mechanism of fluid
flow, and the stress—-deformation of the soil system)
should be characterized and assessed. Once this

characterization has been done, an analytical model can

\
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be’ “established under premises clear to  both
Theoreticians whé seek tb ensure that the mathematics
is rigorous, and alsé to the englneers who seek that
the‘ébplicaﬁion of the model is feasible and practical.
We have tried in this research work to follow théyabove
proposition., This leads‘ us naturally to the

micromechanics approach. :

7—-2 SUMMARY: . ) .
. , ] e
/By a, comparison between the program strategy in
the introduction (Flow Chart 1) and the development in
the previous chapters, we can summarize this research

work into the following points (Flow Chart 3):

1. Fabric analysis and . the physics of clay
compressio;z a

We have * reviewed fabric formation and we established
the smallest scale for development of our analytical
models (Table 1, chapter 2{: We postulated that the
mechanism of clay compression consists of  two
overlapped regions. In the first region, the clusters
will move relative to each othei and the fluid will
move through macropores. In the second region, the
clusters will not move but -they will deform and the

flow will be through the micropores. In the overlapped

region, both mechanisms work together. This postiulate

~ has been substantiated by existing experimental
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Two overlapped regions
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Bgs.3.17,27 ' Eq. 4.1
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v

v

v

v

Stress-strain relatgonships
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BEgs. 4.26 and 4.28

Fluid
water

Eqs.

diffusion and pore
pressure changes -
3.53 and 5.20

v

+ )

v

| Eqs. 5.21 and 5.22

Passage to continuum(global)

v

Figs. 38 and 39

Clay compression prediction

_Flow Chart 3 The summary of the program strategy
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programs and has been used for mathematical modf,lling

in different chapters.

2. The Kinemétics’of deformation:

.
M 5
)

2—-a We described: the~types of deformation of the
particulate sz§tem, in general (type A,Bl1,B2, and C).
We reviewed the literature of the director theory and
ﬁodified it to model the kinematics of deformation.
Type B1 which répresents the first region of
compression is_Qeveloped in chapter tw%. Type B2 which

y »
represents the second region of comgression is

developed also in chapter two. y o

2-b A prdbability distribution of the void ratio,

water content and O . were developed and a compyter
oy N

program was writteﬁ,i with input data, on the diadeter.

<o

of the cluster units-and the macrostructural units.

2-c We discussed the physics of fluid movement from
cavities and showed that there are two different types
of fluid: flow models: the conduit flow type and the
flow around submerged object type. We have used the
conduit type model with thg concept of Hagen-
Poiseuille and we established an analytical model for

fluid flow from. a given cavity to the adjacent ones.

3. Stress—Compressibility relationship:
3-a We considered the - stress balance between clusters

as opposed to the common practice which considers the

281



stress balance between particles. The uniform pore

water pressure is assumed throughout the soil profile

(

‘initial excess pore water pressure in each cavity.

ystem (at t=0). This assumption! permits us to know the

/

3-b We developed a volumetric constitutive equation £
both rlgions of compression by using the concept of the

intrinsic time measure.

4- Passage to continuum:

~~

4-a We reviewed the literatur;) which attempts to
construct the passage, and we established an axiomatic
relation for the passage. The concept of intrinsic
soil structural wvariability which consists of fabric

variabilityﬂagg/potential variability is introduced.

4-b The evolution equation was developed for the first
region and its coefficients were found by usip finite
difference analysis. Also, -for both regions, its
coefficients were found by using finite element

analysis and finite difference analysis.

Q:c Stochastic model, binomial distribution, was
developed to describe and  predict the number of
macrostructuyal units that will transfer to the
mechanism of type B2 as _the process takes place within
the averlapped region. a, parameter plays a very

essential role in the modelling of the overlapped

region,
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5~ Computer programs: -

§

We developed three cbmputer programs: \

a) GEM program for the probability distribution of void
ratio, water content and ». '

b) MFD program which describes the Monte Carlo finite
difference program for solving the QvolUtioq>equation
of the first region.

4 :

c) WFE program which describes the Monte Carlo finite
element program for solving the evolution equations of

the total compression region.
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7-3 CONCLUSION:

Besides the discussion which 1is considered in
chapter six, the following conclusions are derived from

this research work:

1. The micromechanics approach holds a promise 1in the
future for solving various geotechnical engfhggring

problems. .

2. The mathematical point of the continuum theory can

be substituted by the set theory in the case of the

microme¢hanics approach,

3. One Kinematic parameter, surface deformation, in

continuum theory may not be sufficient for a discrete

system, and %herefore, it is necessary to identify: i-

the types of deformations (i.e. type B and C), ii- the
development ¢of the micro strain, and iii- the neighbor

distance (D) and director parameters.

4. The identification of the geometrical structure of
the soil medium is essential for a physical description
and a mathematical model of-fluid flow through this
medium. Hence, the two classifications, (i- the conduit
flow type, and 1ii- the flow around a submerged object

type), are assets.

5. The macrostructural void ratio and the parameters of
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the channels (R,D,a) ’connectiné the cavities are
important properties for f£luid movement and are ‘also
important * properties for the degree of the
compressibility of tﬁe claf system.

s

6. The stress balance between the cluster units gives
more realistic representati;}'than the stress balance
between clay particles since the modelling of stress
between particles provides many details which may not

be essential for global soil behaviour.

7. There are two structural viscosities which are

partly reséonsible for time delay of the clay

-

compression:

-~
v, : For the first region
v : For the second region

The v contribution to the time compression delay is

less than wu.

8. The axiomatic relations stated for the passage to

global are essential to clarify the aspects of this
' L

passage. .

4

9. The passage from the microelement to the global

should be done without losing "soil  structure”

paraneters which are essential in global <clay
: N - 2

compression perfermance.

\

10. The overlapped intensity parameter C, plays an

3
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-essential role-in linking the pro¢ess of consolidation
in the first region with the creep effects in the

__second region,

11. The use'of numerical techniques (finite difference
FD and finite e%ement FE) hold a promise in the future
fqr solving problems in a micromechanics approach since
they can be structured in a'“physical way (i.e., the
nodes and the, elemehts of FD and FE can be equivalent

to a single microelement or several microelements).
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is original. -

7-4 CONTRIBUTION:

The following points are believed to be original:,

]

-

¢

1. This is the first time a comprehensive work in
micromechanics, in the field of geotechnical
engineering, has been done to solve a particular
proplem. Furthermore, the problem which is addressed
here is considered to be one of the important problems
in the field of geotechnical engineéring.

2- The description of the ph;sics of <clay performance
under compression loads as a coherent picture of the
entire process of compression ( 1i.e., skeleton

compression, fluid flow process, and stress transfer)

%

P

q -

3. The déveIOpment' of the microstrains for type Bl
and type B2, neighbor distance D, and the compression
'zone are original <contributions not only in soil
mechanics but also in theoretical mechanics.
4..In this research, the macrostructural vdid ratio,

water content ‘and » are developed.

5. The fluid flow equation which considers the local

baramégers of the clay system is developed.

-



~
-~

6. The stress balance of the macrostructural wunit and

simple constitutive eguation -are developed in chapter

four.

7. The development of the microconsolidation
coefficient(§) which is variable in time and random in
space -is an original coptribution in the geotechnical
engineering field.

8. The introduction of axiomatic relations of the

passage is an original <contribution in theoretical

mechanics.

9. The stochastic passage from microelement to

continuum _is essential and original.

10, The introduction of the state function and the
solution of the evolution equations by using finite
element and finite difference are original.

11, ¢, parameter will play an essential role in modern

0
soil mechanics since it provides~§‘ link between the
consolidation and creep performance of the clay system
under compression loads.

" . ) 4
12, Introducing the . concept of the intrinsic soil
structure variability in chapter five is original and
it will offer a new perspective to the school if

probabilistic geotechnical engineering. .
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< 7-5 RECOMMENDATIONS FOR FUTURE RESEARCH:

U

N

~

a. Fabric :analysis and the physics of clay

compression:

A

a-1 An extensive experimental program should be

3 2

¢ considered to: 1) substantiate the postulated

mechanisms for a given "site" dondition, ii) identify
. different geometrical and stress parameters for thg

models given in this research work, 1iii) perfofﬁ

parameters-sensitivity studies for all models.

“  b. Kinematics of Deformation:

b-1 Experimental: i) Simulate the kinematics of
deformation of clusters movement by discrete particles
(balls) and perform a compression test. ii) Simﬁlate
the condition of the clay system by mixing 50% siit

3 with 50% clay, and perform cgeep test postioned in
scanning microscopy equipment. Since the clay particles
will cluster in groups, each cluster will have the same
size of the silt,  and therefore, tracing thé movement
of the silt and clay could be'aone.

b-2 Theoretical; develop a microstrain equation for
type C deformation.,

LB
b-3 fhe flow equation for Case 2 and Case 3, (in

i{} _ Chapter three), can be developed for different chemical

solutions. There can be a test program which

accompanies the development.
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o~

L3
, !’
i

b-4 The submerged object flow type can be developed for

a -sedimentation case.
]

2

c. Stress compressibility relatioﬁsh%p:

é-l The zeta potential analysis and other chemical
tests can be used to develop the interaction potential
between the cluster units and how this potential 1is
significant for overall stress balance analysis,

c-2 The Exténsion of the developed constitutive model
into three dimensional analysis can be done by

identifying the parameters of the matrix in Eg.4.8.

_ d. Passage to the continuum:

d-1 Once the three dimensional constitutive équation
is developed, the passage‘can be done by‘hsing the
three dimensional evolution equation. Hence, the

extension of the MFE program into three dimensional

\

-analysis can be established. . .

d-2 An explicit formulation of C can be developed.
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APPENDIX A

A-1 THE RELATION BETWEEN THE MOMENTS OF OBSERVED AND
CALCULATED CLUSTER SIZE DISTRIBUTION:

From chapter three, we have the following

equation:
q o -~

b4 g(r)
F(y)=" —— —— dr A-1-1 (repeated)

2 2 1/12
E(r) (r -~y )
Y
The n-th moment <can have the following

definitions:

E(r;-hJ/rng(r) dr :
[+] > .

R

Substituting the value of f(y) from Egq. A-1-1

r r

n 1 n g(r) dr ,
E(y)s——ro (y — ) dy
2 2 1/2 .
E(r) (r -y ) -
Y r

~

The solution of the above equation leads to

e *



*?r

ine
E(y) 2.4.6....2n

E(y)=
E(r) 3.5.7....(2n+1) .
< Bly)  1.3.5.....(2m-1) 0
E(y)= — /2

E(r) 2(2.4.6......2n) ]

It follows that: .

2,

E(r)
E(y)= (1/4) ———o .

p E(r) _ ,

. E(rg
E(y)=(2/3) ———nw .
E(r)

For equal size clusters

E(y)= (0/¢) r
E(y)=(2/3) ¢
X b
Where E(y')‘s the n' moment of the function £(y)
n th
E(r)= the n moment of the function g(r)

The average specific surface area:

" If a sample of clay soil contains clusters with
projected diameters 4, &,, ......, 4 and the

corresponding number of the clysters N /N, ,...., N
- . the total surface area can be approxlmated (Harr 1977) by

A

S=WZdN , "
apd-their volume b |
/pd 5 i 3Y
V = T/6 E:d. N ) -
1




-y

—

" Hence, average of the total surface area can be expresseﬁ
. (EoaT N <d> |
whefe'N = the total cluster units. .
And the average of their volume
V> = W6 N <d>

The surface area per unit volume (Harr 1877):

2 3
6 24 N /(3d N)

It follows that
the average specific surface area of the cluster is

s

v

| E(a} E(z) :
s =6 =3 ,
v E(d) E(c)

¢

S = 3/t
v

For equal size clusters
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A-2' NUMERICAL TECHNIQUE FOR SCLVING EQUATION 3.37:

. The integral eguation which is given in Chapter|3, is
o

as follows

2 2 1/1

It should be put in a form suitable €for the
calculation of \the probability distribution of the
diameter of the cluster wunits. Hence, by using
Tonelli's theorem (Tallas(1969)), and some other
integration properties, the solution of the Equation

\

A-2-1 can be written as follows:

2 3 ~-1/2 ? 7 V N
j;(y) (y-y) dy
Gir)= 1 - g2 , A-2-2

y £(y) dy

Given the distribution of observed radius of cluster

units, we .cannot solve equation A-2-2 in close form,

and hence we will solve it numerically.(Where y =
E

observed radius of a given cluster unit),

Let Y ,121,2,3,.....,1 represent the class

boundaries, then G(r) can be calculated as follows:"
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o 2 -1/2
Gza ff(y) (y -~y ) dy
. 7 /
Hence, ‘w
2 (f i{.z- fi;xyi) 11,.‘1
.G,%' Z T Log
i (y - Y ) Y

2 2 1/12 2 2 17132
G-Z ((y -y )-(y-y
3 i ' i’l i a l
(1. - 9
i +21 i
2 3 1/ 2
\f y - £ ¥y y + (y-y )
{ feld {ed { {+1 {1 { -
+ Loq. >
' 2 1 171
(y - y) y + {(y- y¢)
{+12 i i a o i

There are seven subroutines written in Fortran language
for the development of probability distribution of void

ratio, water content and density. :
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APPENDIX B

o |
B~1 THE DEVELOPMENT OF THE CONDUIT FLOW EQUATION:

In this section, we will develop the conduit flow
equation under the basic assumption of viscous flow

mechanism. ¢ -

From Newton's law, we have the following expression:

1S

2
— av C
T = = g B-1-1
dy . .
where - ~ “
n = coefficient of a?solute viscosity
* = the shear streﬁi/arcund fluid element o
v, = the velocity of the fluid in direction
of flow.
7 i The force equilibrium; see Fig, B-1l
v P = gy(P~-P)-2wnxyrax =20 + B=1-2
. H 2 1
( vhere P and'”g are the pressures at the edge of the

element. Introducing Equation 1 into 2, we get
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. dvx
y(P=-P )y +2n Ax = 0
1 b3 v dy
/ _ _
K
PR
dv Ty (p - P )
X » 2 1
a2 - y L
day 2 n Ax
integrating N
' 2
r . (P =P ) Yy
w 2 1 .
AR P p— . + const. B~1-3
x ]
2n 2 Ax

It is assumed that there is no slip along the walls of

the channel (i.e., v =0, y=R)., Introducing the boundary

*
conditions in Eq. 3, we get:

aax

'q=fv dA  =1/2av
X
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q= ( R a)
- Generally, for any cross sectional shape and D=aAX
'dwhere D is the distance between two neigbhor MSUs), we

. have the fol¥owing relation:

q= " ( R a)

AT

where C = shape factor -
]

R = hydraulic radius = area/wetted perimeter

o

2 = cross sectional area of the channel

P = pore water pressure which builds in the
A ’ )

' cavity of MSU A -

1~

P = pore water pressure which builds in the

r
cavity of the MSU T

dx

Fig., B-l Fluid element
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4

B-2 THE DEVELOPMENT OF THE HYDRAULIC RADIUS (R):

From moment analyses(A-l1), we have the following equations

B
E(y)= (/4) : _ B-2~1 ,
E(r) i . ‘
E(7)
E(Y)=(2/3) ——— . B-2-2
E(r) )

The average area E(A) of all the circles appearing

in the macrostructural unit is given by

o .
| 2 ()
E( A) = (nw/8) B(y )= (n/4)(2/3) B-2-3
c - E(r) ) -
and we have
E( A) n = A (l-n) ' " B=2~-¢
< [ t
Where
n = total number of clusters in the MSU
- e
\ A - = total area of the MSU .
t
cross section normal to flow An
s - t
R = =
perimeter normal to flow P
. - Yy’
1[!' J: P is the perimeter of the sectioned voids in the

cross-sectional area and 1is equal to the perimeter of

the sectioned clusters P in the same area A. Hence,



P=P=nr E(y)
4 ¢ K

( Combining Egs B—é-l,2,3,4 and 5, we get:

E(r3

P =(3/2) =« A (l-n )

4 t ]

E(;)

Where n = the poresity of the MSU

n, ¢ B |
R = 7
3 3
1-n_ " 3 (BE(r)/E(r))
n, 4 1
R =
l-n, v s
. v
, Hence,
W 4 1
R = e
¥ %
@ =

i
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APPENDIX C

C-1 THE COMPUTER PROGRAM FOR THE EVOLUTION MODEL OF THE
FIRST REGION: | |

The strategy which is usedlxighdeveloping of the
computer programs is to -put all the calculations and
cyclic updating in several subroutines, and therefore
the main program consiéts of only calling and executing
of these subroutines in DO ioops. We call this program
as MFD. ' .

4
s

The advantages of this strategy is that the

program can be extended by adding other subroutines, _'

generalizing or updating the existing subroutines. For

one reason or another, the main program can be easily

changed into Pascal language and 1linked with the.

Fortran subroutines.

In the following, we will discuss the .theories
supporting these subroutines and the position of these

subroutines in the main program logic. .

- C=1-~1 RBAD DATA:

The data is given in read format statement.
However, the initial excess pore water pressure and the

initial probability distribution are given in the

sucroutine IPP(PRI,ZP,2ZPI).
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PRI : Initial, Probability distribution function of the
C ' excess pore water pressure which can be -represented by

Derac Delt function.

ZP : The initial excess pore water pressure ( B)

b
. ) 4
IPI ¢ The value of this excess pore water pressure in ,

all the cavities. See Fig. C-1 below.

--------- » ZP1I

NS
(o

e e G o - —— - - =
Al

Uniform excess pore
water pressure P

depth

Fig. C-1 The initial excess pore water pressure

)

E
‘
&
%
E
?
;

Skt o3




C-1-2 SUBROUTINE MONTD:

We are using the Monte-Carlo -analysis to find the

1

probability distribution of the microconsolidation’

coefficient ( C ) and the compressibility parameter (M).
wé have considered the parameters of the ( E;) as
normal distribution. Hence R, a and e are dependent
multivarite normal distribution. The Monte-Carlo
simulation is given in Appendix E. The subroutine logic
within the main program is given in the next

subroutine.

C-1-3 SUBROUTINE FINITD:

Subroutine FINITD is using finite difference
method to solve the state function. The concept of
control volume of Patanker (1980) - will be used here.
For more details about this concept and the mathemtical

derivations, see Patanker (1980).

~~

The fully implicit scheme is selected for

discretization of the equation. Hence:
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/ k -
1 i«1 3 jen i+ 3+
({2 - 2 )= (z = 2z + 2 f
A 1 - 2 1+ i {=-1
At “ \)Q (AX)
k - » -
Az Jer p| R % 1 Je1 jea
(2 - 2 ) @@ c— (2 - zZ + z’)
{ S fel 1 {-1
At .. (ax) v
AX 2k ’ k k AX
e+ e i+ ivs
( + -4 ) z = ( ) z +H— ) z +(— ) 2z
{ . -3 . f+1 i
At AX (Ax) r AX At
4
Whence
Jea jeu j+2
az = a zZ o+ a Z + 8 ®
i1 t-1 §-1 1ol el
.
4 - »
T
Where
z = the excess pore water pressure
k = the microconsolidation coefficient
AX 2k
a = + ————
: t
3 At Ax
; B ‘\//\' - '
k . [ ¥
) a = ——
H 101 .
vg Ax - . ~
3
Ax [+]
( f 3 3 3 ©
- J s B cusm— z = a z
| iy { t ]



Y

3

a=a + a + a

i i-1 i+l i
Hence

je2 jer
a(l) z =C(1I) 2(I-1) + b(1)

1

b
A

B R G R e S R SRR S S
' - I R A S

‘(.%+l)+ D(I)

Therefore, the coefficients of the equation are:

-

AX 2k k
a(l)s (= +— ) , C(I)=
At Ax

Gaussian elemention technigue

simultaneous equations.

ax

k AX

ax at

is used for solving n

, b(I)sm——— , D(I)a—— z

i
\
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The logic of the subroutines MONTD.and FINITD within

the main program are given below:-

¥

i

~—————p=| Main program|

- &E é)

The parameters of
the microconsolidation
coefficient

distribution at
different depths

A | 4‘%

out Subroutine
MONTe carlo |-

Pore water pressure i“

in

The microconsolidation
coefficient

) |

in
———-—b—’ - Subroutine

FINITe Difference

' o out

note; the two subroutines are in one Do loop.

Fig €C-2 The Logic of MONT and FINITD
within the Main Program

b
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C-1-4 SUBROUTINE SECMNT:

-

The purpose of this subroutine is to £ind the mean
and the standard deviation of the excess pore water

pressure ﬁt the compression modulus (MR and the

1.

. \
microconsolidation coefficient.

e

o | Main program |

4

[

The second moment
.Pore water pressure

Microconsolidation ' ///"\\\-

.Compressoin modulus(M) P .
coefficient C M
V2

Subroué' -
SECona’ﬁé;:;;1<-E—-

Fig C-3 The Logic of the Subroutine SECMNT -
within the main program
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C-1-5 SUBROUTINE UPDATE:

The routine of this program is to update the
values of the parameters in each increment of time., The
updated values of the parameters of the previous time
étep will be an input to the second increment of time.
It is difficult to input probability distribution, see
the discussion 1in chapter one. Hence, we input the
means and the standard deviations of these parémeters,
and therefore the second moment analysis 1is used to

find the mean and the standard deviation.

Theory:

For a given function y = g({,ﬁ,....,g}, it 1is
possible to find the moments of the dependent variables
in termes: of functions of moments of the independent
variables, Papoulis (1967) and Benjami# et al. (1970).

By using multidimensional Taylor-series expansion, we

can have the following approximation for egquation
c-1-1,
A y-g( X ,x ’x ,.......,X ) * C—l‘l * }
A 1 2 3 n ’
f
. o ) S,
5 | 9
I B(y) =.g(m ,m ,m ,.0000.,Mm ) + 1/2:E: | covix ,x)
. . xl 22 13 zn m i 3

o ax ax.

2 . . :
Where  (3g/ax, axﬂ) is the mixed second partial
m

derivative of 9(ﬁ ,i2,....,xn) with respect to xiand X,




329

evaluated at MM seeeey mi

g T

The first order approximation to the variance of y

is . v
ag g °
var(y) = —] —] covi(x ,x )
iz n iz n i 3 -

i

which, if the x are uncorrelated, is simply
i

ag 2
var(y) = Z(--] ) var( x )
4 X, n

i i

4

To be noted that if any one of the iﬁdependent
variables is deterministic rather than as
probabilistic, it will not contribute in the var}ance
of y. Hence, if all the independent variables are
deterministic, the variance of y equal to zero and

there will be no wuncertainty in the value of the

dependent variable y. -



———-|- Main program |————

/,

The paramters
of the microconsolidation
coefficient; R,a,D,q,...etc.

pressure

e B LT Y R TG S Y TR

Second moment of
the excess grre water

inthe cavtiy

y *

out Subroutine in
. ———| UPDATe

‘e
-

Fig C-4 The Logic of UPDAT within the®

Main Program
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 C-1-6 SUBROUTINE FINPR:' ‘

The routine of this program is to solve the
evolution eguation.  Finite aifference analysis is used
in this subroutine program. The same technique which
has been used in the subroutine FINITD is used here,

The logic is given below, al

| Main program |

o }

Calculation of

———a-| evolution equation

the parameters of the

*  Subroutine
FINat PRobability

Print the data
and the output —-

Fig C-5 The Logic of FINPR in the
Main Program
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C-2 THE COMPUTER PRORRAM FOR THE EVOLUTION MODEL OF
THE TOTAL REGION OF COMPRESSION:

Thg same strategy which is used in previous section
will be used here, we call this program as MFE. In the
folldwing, we will discuss the theory supporting the

FINLEM subroutine.

/
i a*’ ~
C-2-1 READ DATA: -
The data is given in read format statement. Eesiées

the data given from MFD, we have the following data:

m, . ,Sb and sb, = constant parameters

-

¢, . = The intensity parameter for the

-overlapped region

4

C-2-2 SUBROUTINE FINELM:

For the first region, we wupdate the effective
stress at each node, by using the finite difference
analysis program coupled with Monte Carlo technique.
Once we have these stresses, we will use the finite
element anaiysis on the constitutive equation developed
in chapter four.

P

we will consider the grid system 1in one

dimensional form; for the first region, the basic

structure of the finite element analysis will be as
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follows:

d7 - &3 = 2m1d@
. v

-or .
4
m m
Ad = Ad = 21!\1 At
v

where

Aq = the nonlinear term and equal tow 3(§§t)) AcMy
. 1 - v v
Hence, the finite element formulation from strain

energy concept can be casted as follows:

- ) T
Increase in strain energy "jf{;} {aq} /dL

Where
§ = virtual displacement

¢ = virtual strain
dL = incremental length of the bar element

N IR
Additional external work = {3} {AP}

Q ’ ap -[{BT} | {{c} {B-} {Aé}} ar  + f{g} {A'a} dL

- gp=f{g} (a3} dL
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AP - AP = [ {BT} {c} {B} dL {Aa} — o
Hence
AP - AP « [K] A6 | c-2-1 - -

Where

x-f{aT} (¢} {B} dr

and

B= mode shape for bar element = ( 1/2 ;-1/2 ).
C= m, (Bq., 4.25).

Subroutine FINELM is utilizing four subroutines which

" are routines to solve Eq. C.2.1

%




APPENDIX D

D- Monte Carlo Simulation:

Monte carlo: simulation is required for problems
involving randam variables with known probability
distrubtions. This simulation which involves repeating
of operations, uses in each oberation a partjcular set
values of the random variables. These random variables
are generated 1in accordance with the corresponding

probability distribution.

-

One of the main concepts in ‘a Monte Carlo
Simulation is the generation of random numbefs from a
prescribed probability distribution. Hence, first we
will consider the generation of wuniformly distributed
random numbers., Let U a random variable with uniformly

distributed function take the following form:

0 ,u <0
i
Pr(u ). = u ,0 <ux<l D-1
i i {
1 yu>1

i

We consider the generation of such random numbers
(U ) in the range (0,1). An often used formula for the

generation of the "pseudorandom” sequence is given by



the recurrence relation (Lehmer 1963):
U =aU (mod m)
n n-1

This relation 1is called the multiplicative
congruential method for the generation of pseudorandom
numbers. Here m is a large integer determined by the
design of the computer(a large power of two in the case
of binary computers) and a, U are integers between 0
and (m-1). [

r, |

The corresponding pseudorandom numbers U are then |

obtained from the relation:

_The proper choice of the constants a,U and the
starting value of R (seed) is discussed by Hull(1963).
Such a sequence will repeat 1itself after at most m
steps and will, therefore, be periodic. Hence, we must

ensure the period 1is longer than the number of random

numbers required in any single experiment.

The actual program ;sed for generation of random
numbers in (0,1) takes the fo}lowing ;teps:
SUBROUTINE RAN(K,IR,N1,N2)
PI= 3,14
IR=IR*K
IF(IR.LT.O)IR=IR+2*(2%*30~-1)+2
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R=DFLOAT(IR)/2.#*#*31

UL=R

IR=IR*K
IF(IR.LT.0)IR=IR+2%(2%*30-1)+2
R=DFLOAT(IR)/2.%*31

U2=R

RETURN

END ‘

Note the seed chosen in the program was (5**12 and
7*%11). These two seeds are recommended to us by

Professor Bach (1985). ’ y

There are several methods to convert the generated
random numbers in (Q,1) into different probability
distributicns. In the fgllowing, we will consider the

methods which have been used in this research work.
D-1 Inverse Transform Method:

The application.-of the inverse transform method is
most effective, 1if the inverse of the probability
d;stribution of the random variable, X, can be
expressed analytically.

Let F(x) be a probability distribution. Then at

a given probability F(x) = u, the value of x is -

.o



-1
x = P(u) . D-1-1
X

We have, u, is a value of the standard uniform variate,

U, as given before. Hence,

Pr({ X< x ) = Pr[g'%u) < xJ D-1-2
b 4

a Pr [ u<ftF (xﬂ

X

= F [F(x) = F(x)]
ol z z

P

which means that if (q1 (U peeeanee, U ) is a set of
values from g, the corresponding set of values obtained

through Eq.D-4, that is

%

-1
x = F( u ) i’l,2‘|3'00l00
i S i N

-

—

Hence, when the probability distribution has the

following form,

AN
F(x) = a exp- a x D-1-3
} 9 1 2 .
>N
u [
1 i
X 3 = ———— 1N — D-1-4
i ‘ 2
a a °
‘.2 1
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Eq. D-6 has been used in computer program GME
N [

-

D-2 Box and Muller Method: _ , -

D-2-a Normal distribution: l“\
Box and Muller (1958) have shown that if g and U,
are two independent standard uniform variates, then the

following functions

1/2
N= (-21lnU ) cos2 n U D-2-1

1 1 2

. 1/13 .
N=(-21lnU) sin2 » U D-2-2
H 1 )

constitute a pair of statistically independent standard

normal variates. See Box et agl.?i938) for derivation.

Therefore, if "t'.‘l‘ and U,are a pair of independent

'uniformly distributed random numbers, a pair of

independent random variables from a normal distribution

N(u,¢) may be generated by

-

X=pu+Naea ) D-2-3a
1 1 11

XR=pu+N o | D-2-3b
2 2 a2 2 .

. . , | |
These formulations have been used in the computer

)
Py

program MFD and MFE.

D-2~b Multi-Normal Random Distribution: -



,

In this section, we will define the multi-normal

distribution and describe the way ‘to find its

°

distribution. Multivariate normal density function for

trivariate can be defined as follows:

’

-

{ z~z )

L) v-l
f(z) = exp - 1/72 ( z- n ) D-2-4
72 P/
[VT (2 o) '
2 2 K
1 1 '
z= )z | b = ®
y 2 2
7
z B
3 3 Ny
.
2 2 2 ,
a L 4
11 12 13
. . 2 2 2
V= covariance matrix = q ' 4
¢ 21 22 23
e -
2 2 2
¢ 'S ¢
31 32 13

-
-

It is'a symmetric matrix with %i-~the variance and o=

ij
the covariance

The correlation coefficient:

We consider a gene:af' equation of the following

form (see Mooé and Graybill(1963)):




N

2= pu+NS.F . - ' D-2-6

Where S.F 3x3 matrix which is function of mean values
and the covariance matrix and the matrix N is the
standard normal variate. By using the concept of the
ﬁathematical statistics (see Mood and Graybill(1963)),

we can generate the values of Z1,z2 , and %3 from Eq.
\

D~-2-6.
z2: N(g,o) - D-2-7
‘3 3 33
z: N(EB(z |2z2), ¢) D-2-8
a 2 3 z 2z

- 29 &,,m -
. - D-2-9
E(zlg) Ko+ P ; ( z ﬁ;) N
33
1
a = ¢ 1= » D-2-10
q\zz :z‘ 23
z : N(E(z |z ,2 ), o ) D-2-11
1 1 2 3 z.;g,zt -
(p=p & )« .
. _ 12 13 23 23
E(z|z,2) = p + > (z - p)
1 2 3 2 H 3
(1= 2 ) @« (
23 33
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(p=p 2 ) «
13 12 13 11 ..
+ . ( 2 - u) & D-2-?2
H 3 3 .
(1- » ) @ : , -

q “ 1-» - D-2-13

Hence, we can generate the normal variates of % ,% ’

and 2, as same proc%dures as the single normal
variable, i.e., by wusing their means and standard
.deviations (Eqgs.9}10 for z, , Egs. 12, 1} for %).
Therefore if we input the means and standard deviations
of the %3, % , and zZ in BEqs.7,8 and 11 we can define
their normal distribution. These formulations will be

used in the computer programs MFD and MFE,

D-3 Discrete Random Variable:

‘ \
T : .
\ The uniformly distributed random numbers will be
;;E%? used for generating the discrete probability
distribution. The discrete probability distribution can
be developed from the following equation, Abromowizz

(1965) and Ang et al. (1983),




P(x ) < u < F(x ) . D-3-1
r |

_Hence for Poisson-distributed random variable X with

parameter %, we can have the following form:

k3

/\
i (W)

< u < exp(-x) E PO——
: it

D-3-2

(%)

j-1
exp(=-p) E
. i
1
Where Jj is the value of the random variable.

\¢

Thére is another method ( Rubinstein (1981)) for
large z; the Poisson distribution may be approximated

4

by the Normal distribution with mean % - (1/2) and
standard deviation[%. Hence, to generate a poisson,
distributed random variable, a value x mafrfirst be
generatéd from normal distribution N(a-1/2, (&) as
described before and round off x to the nearest
integer, and set Poisson distribution parameter equal

to that integer. We have wused this approximation for

our analysis in computer program GEM.
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E~ EXPERIMENTAL DATA:

We have used the experimental program of -
Turcott(1988) for the models applications, see
Turcétt(1988) for detailed description and discussion
qf this program. However, we will give a very brief -~

account of the experiment.

The clay/used in this study was a kaolinite clay

/
identified as hydrite UF from Georgia Kaolin.

Some of its engineering properties were as follows,
\\\\xl

L.L. : 67.7 %
P.L. : 32.7 %
P.I. : 35.0 %

Size of particles: .2 pm —* .6 Mm.

Equipment: Confined compression (oedometer test)
non—-standard, i.e., it has diameter .of 6.25 mm and:
o heiéht range from 10mm — 1lmm,.
Test condition: Fully saturated sample, double drainge
_(top and Dbottom), and each test runs under constant

load. It should be noted that all three tests were
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w incremented from zero load. ) .

The test output which are represented by bulk

" strain-time are given in Figs. E-1,2, and 3.

A}
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BULK STRAIN

Fig.E-3 Bulk strain versus time
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