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ABSTRACT

Abstract

Many complex systems are hybrid in the sense that: (i) the state set possesses contin-
uous and discrete components and (ii) system evolution may occur in both continuous
and discrete time. One important class of hybrid systems is that characterized by a
feedback configuration of a set of continuous controlled low level systems and a high
level discrete controller; such systems appear frequently in engineering and are par-
ticularly evident when a system is required to operate in a number of distinct modes.
Other classes of hybrid systems are found in such diverse areas as (i) air traffic man-
agement systems, (ii) chemical process control, (iii) automotive engine-transmission
systems, and (iv) intelligent vehicle-highway systems.

In this thesis we first formulate a class of hybrid optimal control problems (HOCPs)
for systems with controlled and autonomous location transitions -and then present
necessary conditions for hybrid system trajectory optimality. These necessary con-
ditions constitute generalizations of the standard Minimum Principle (MP) and are
presented for the cases of open bounded control value sets and compact control value
sets. These conditions give information about the behaviour of the Hamiltonian and
the adjoint process at both autonomous and controlled switching times.

Such proofs of the necessary conditions for hybrid systems optimality which can
be found in the literatﬁre are sufficiently complex that they are difficult to verify
and use; in contrast, the formulation of the HOCP given in Chapter 2 of this thesis,
together with the use of (i) classical variational methods and more recent needle

variation techniques, and (ii) a local controllability condition, called the small time
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ABSTRACT

tubular fountain (STTF) condition, make the proofs in that chapter comparatively
accessible. 'We note that the STTF condition is used to establish the adjoint and
Hamiltonian jump conditions in the autonomous switchings case.

A hybrid Dynamic Programming Principle (HDPP) generalizing the standard
dynamic programming principle to hybrid systems is also derived and this leads to
hybrid Hamilton-Jacobi-Bellman (HJB) equation which is then used to establish a
verification theorem within this framework.

The necessary conditions for optimality expressed in the Hybrid Minimum Princi-
ple (HMP) form the foundation for the general, effective hybrid system optimization
algorithms called HMP algorithms. HMP algorithms appear to be more efficient
than any of the recently proposed hybrid optimization algorithms and have been im-
plemented on complex non-linear systems. Using results from the theory of penalty
function methods and Ekeland’s variational principle we show the convergence of these
algorithms under reasonable assumptions. Furthermore, we show that the HMP algo-
rithm class can be exténded combinatorically with discrete search algorithms which,
by repeated runs of HMP, find locally optimal location sequence and their associated
switching times. This combinatoric search is possible due to the efficacy of HMP
algorithms but faces the intrinsic complexity of an exponential explosion of alternate
possible cases.

The problem of finding the optimal location switching sequence from among all
the permutations of distinct modes of operation gives rise to the notion of optimality
zones. These zones are regions in the switching time-state space and are associated
with switching sequences. They have a simple topblogical and geometric structure,
and once they have been computed (or approximated) they may be employed in
the algorithm HMP[Z] which is essentially a zone dependent version of the HMP
algorithm. The algorithm HMP([Z] permits one to reach the global optimum in a
single run of the (zone dependent version of) HMP algorithm. The complexity cost
of the method is essentially that of the cost of (approximately) mapping the optimality

zones in ]R”Jfl, where n is the dimension of the state space, plus the cost of one run of
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the standard HMP algorithm. The efficacy of the proposed algorithms is illustrated

via computational examples.
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RESUME

Résumeé

Beaucoup de systémes complexes sont hybride dans le sens: (i) qu’ils possédent des
composants continus et discrets et (ii) que I’évolution du systéme peut se passer en
temps continu et en temps discret. Une classe importante de systémes hybrides est
caractérisée par une configuration asservie d’une série de systémes continus de bas
niveau et d’un contréleur discret de niveau supérieur. De tels systémes apparais-
sent fréquemment en ingénierie et sont particulierement évidents quand un systéme
doit opérer en plusieurs modes distincts. Les autres classes de systémes hybrides
sont trouvées dans divers domaines tels que (i) les systémes‘ de gestion de trafic
aérien, (ii) le contréle de procédés chimiques, (iii) les systémes de transmission-moteur
d’automobiles, et (iv) les systémes d’autoroutes intelligentes pour véhicules.

Dans cette these nous formulons, dans un premier temps, la classe de problémes
associés aux commandes optimales hybrides (HOCP) pour les systémes avec des
transitions d’emplacement controlées et autonomes, puis nous présentons des con-
ditions nécessaires pour optimiser la trajectoire des systémes hybrides. Ces con-
ditions nécessaires constituent des généralisations du Principe Minimum (MP) stan-
dard. Elles sont présentées pour le cas d’un ensemble borné ouvert de la commande et
pour un ensemble compact de la commande. Ces conditjons donnent de 'information
sur le comportement de '’hamiltonien et du procédé adjoint pour deux cas possibles:
lorsque les temps de commutation sont autonomes et lorsqu’ils sont controlés.

De telles preuves des conditions nécessaires pour ’'optimalité des systémes hy-

brides qui peuvent étre trouvées dans la littérature sont suffisamment complexes



RESUME

qu’elles sont difficiles a vérifier et a utiliser; par opposition, la formulation de HOCP
donnée au Chapitre 2 de cette theése, avec l'usage (i) des méthodes de variations
classiques et plus récentes techniques de variation d’aiguille, et (ii) d’une condition
de controlabilité locale, soit la condition “Small Time Tubular Fountain (STTF)”
rendent nos preuves comparativement accessibles.

Nous notons que la condition STTF est utilisée pour établir les conditions ad-
jointes et les conditions hamiltoniennes de sauts dans les cas de commutations au-
tonomes.

Un Principe de Programmation Dynamique Hybride (HDPP) généralisant le
principe de programmation dynamique standard aux systéemes hybrides est aussi
dérivé et ceci meéne & l’équation Hamilton-Jacobi-Bellman (HJB) hybride qui est
utilisée pour établir un théoreme de vérification.

Les conditions nécessaires d’optimisation exprimées comme le Principe Minimum
Hybride (HMP) forment la fondation pour les algorithmes d’optimisation de systémes
hybrides appelés algorithmes HMP. Les algorithmes HMP semblent étre plus efficaces
que n’importe quel autre algorithme hybride d’optimisation récemment proposé. De
plus, ils sont implémentés pour des systémes complexes non-linéaires. Utilisant les
résultats de la théorie pour la méthode de la fonction de pénalité et du principe de
variation d’Ekeland, nous montrons la convergence de ces algorithmes sous des hy-
potheses raisonnables. De plus, nous montrons que la classe d’algorithmes HMP peut
étre étendue de maniere combinatoire avec des algorithmes discrets de recherche qui,
par passes répétées du HMP, trouve la séquence d’emplacement localement optimale
et les temps de commutation associés. Cette recherche combinatoire est possible grace
a lefficacité des algorithmes HMPs mais elle fait face & la complexité intrinseque d’'une
explosion exponentielle des cas possibles alternatifs.

Le probléme de trouver la séquence d’emplacement localement optimale parmi
toutes les permutations de modes distincts d’opération engendre la notion de zones
d’optimisation. Ces zones sont des régions dans ’espace de temps-état de commu-

tation et sont associées & des séquences de commutation. Elles ont une structure
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topologique et géométrique bien simple, et une fois qu’elles ont été calculées (ou
approximées), elles peuvent étre employées dans ’algorithme HMP[Z] qui est es-
sentiellement une version zonée de l'algorithme HMP. L’algorithme HMP[Z] permet
d’atteindre le maximum global en une seule passe de la version zonée de ’algorithme
HMP. Le coit de complexité de la méthode est essentiellement celui d’associer (ap-
proximativement) la zone d’optimisation & R™*! ol n est la dimension de I'espace
d’état, plus le cotit d’une seule éxécution de I'algorithme HMP standard. L’efficacité

des algorithmes proposés est illustrée a I’aide d’exemples numériques.
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CLAIMS OF ORIGINALITY

Claims of Originality

The following original results are reported in this thesis:
e Rigorous formulation of the hybrid optimal control problem (HOCP).
We formulate a general optimal control problem for hybrid systems with nonlin-
ear dynamics in each location (i.e. discrete state value) and with (i) controlled

switchings, and (ii) autonomous switchings occurring on switching manifolds.

o Development of necessary conditions, or Minimum Principle, for hybrid opti-
mality in the case of compact control value sets.
We use the needle variation technique to establish the Minimum Principle in
the case where the continuous control takes values in a compact set and there

are no autonomous switchings.

o Development of necessary conditions, or Minimum Principle, for hybrid opti-
mality in the case of open bounded control value sets.
We give a proof using the classical smooth variations technique for the case of
hybrid systems where both controlled switchings and autonomous switchings on
time invariant switching manifolds are permitted. The proof of the result em-
ploys a controllability condition called the small time tubular fountain (STTF)

condition.
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CLAIMS OF ORIGINALITY

o Derivation of the Hybrid Dynamic Programming Principle (HDPP) and the Hy-
brid Verification Theorem.
Within the hybrid systems framework of this thesis, we develop a Dynamic Pro-
gramming Principle for hybrid systems. The HDPP leads to a hybrid Hamilton-
Jacobi-Bellman (HJB) equation which is used to establish a Hybrid Verification

Theorem.

o Development of efficient hybrid optimization algorithms along with their proofs
of convergence.
We propose and analyze a new class of so-called Hybrid Minimum Principle
(HMP) algorithms for the solution of hybrid optimal control problems. We pro-
vide convergence results for the optimization algorithms in the case of hybrid
systems with both autonomous switchings on switching manifolds and controlled

switchings.

o Introduction of optimality zones and development of aséociated algorithms.
We define the notion of optimality zones and investigate some of their topological
properties. Based on the optimality zones construction we develop optimization
algorithms whose complexity is linear in the number of locations N at the cost

of an initial computational investment.

N.B. Almost all of the work above appears in articles which have been published or
submitted for publication; see page x. In particular, Chapters 2 and 3, and

Chapters 4 and 5, respectively, correspond to the submitted papers S1 and S2.
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CHAPTER 1. INTRODUCTION

CHAPTER 1

Introduction

Over the last few years, the notion of a hybrid control system with continuous and
discrete states and dynamics has crystallized and classes of optimal control problems
for such systerns have been formalized (see for example (48, 47, 44, 45, 46, 43, 7, 6,
5,13, 14, 24, 25, 27, 28, 33, 32, 36, 37, 30, 29, 53, 55, 40, 58, 59, 60, 20, 62]).
In particular, Sussmann [55] and Riedinger et al. [40], among other authors, have
given versions of the Hybrid Minimum Principle (HMP) with indications of proof
methods. The Hybrid Minimum Principle constitutes a set of necessary conditions for
optimality; these conditions give information about the behaviour of the Hamiltonian
and the adjoint trajectories at the switching time and are referred to in the classical
literature as “jump conditions”.

Jump conditions have been studied at least since the time of Weierstrass and in
the calculus of variations they are known as Weierstrass-Erdmann corner conditions
[31], corners being the points of non-differentiability of extremals. In the context
of optimal control theory, similar conditions arose in the study of problems with
bounded state values. These problems were studied, for example, by Pontryagin
et al. [38] and Berkovitz [10]. The necessary conditions given in [38, pp. 311]
and [10] at the state and time instant where an optimal trajectory passes from the
interior to the boundary of a state constraint set, are similar to those derived in this

thesis in the case of autonomous switchings. In [38], Pontryagin et al. also give
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necessary conditions satisfied by the adjoint trajectory at an autonomous switching
time. They use the terms “junction point” and “junction time” for switching state
and switching time respectively. Witsenhausen [56] also gives the HMP necessary
conditions and outlines a proof of these conditions. He framework is close in spirit to
the modern hybrid control systems literature and his proof uses a system of needle
variations and geometric arguments similar to those in employed in [38]. Bryson and
Ho [16] obtain jump conditions using classical variational methods; they mention
that a controllability condition is required for the derivation but do not specify the
exact nature of the controllability. Recently, Xu and Antsaklis [57, 60] have derived
the jump conditions using the standard calculus of variations techniques without the
controllability hypothesis.

Several authors have proposed modeling frameworks for hybrid control systems.
In [13] Branicky et al. proposed a unified framework for modeling hybrid control
systems with controlled and autonomous vector field switchings as well as controlled
and autonomous impulses, impulse being a discontinuity (jump) in the continuous
state. Their model subsumes many of the previously proposed hybrid system models.
In Chapter 2 we first present a general hybrid system model which is similar to but
less general than the Branicky’s model in the sense that we take the continuous state
to be continuous at switching times. We then give the assumptions which allow
us to establish the conditions for the existence and uniqueness of hybrid execution.
A related results on the existence and uniqueness of hybrid execution for hybrid
automata is given in [34].

We then formulate a class of optimal control problems for general hybrid sys-
tems with nonlinear dynamics in each location and with autonomous and controlled
switchings and present a set of necessary conditions for hybrid system optimality
in two cases: (i) where the optimal control takes values in a compact control value
set, and (ii) where the control value set is an open bounded set. The proofs of the
necessary conditions found in the literature are so complicated that they are difficult

to verify and use. The accessible proofs in this thesis use recent needle variation
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techniques and classical variational methods. We give the precise controllability con-
dition, called the small time tubular fountain (STTF) property, that is required to
establish the adjoint and Hamiltonian jump conditions in the autonomous switching
case. We follow the approach of de la Barriére [22] and Zabczyk [61] who obtained
the necessary conditions of the MP using a single needle variation rather than a com-
plicated system of variations and geometric arguments as in [38]. It is seen that the
conditions involving controlled switchings can be obtained using mild assumptions
whereas those involving autonomous switchings require stronger assumptions.

Since the Minimum Principle is a collection of necessary conditions for optimality,
a control function obtained by using this principle is not necessarily optimal. In the
standard optimal control theory one uses the Minimum Principle to obtain a candi-
date control function and then one tests (or verifies) the optimality of this candidate
using verification theorem. In Chapter 3 we extend this approach of verification of
candidate optimal controls to hybrid systems by presenting a hybrid Dynamic Pro-
gramming Principle (HDPP). HDPP is a generalization of the standard Dynamic
Programming Principle for differentiable control systems [4, 61, 52] and leads to
the hybrid Hamilton-Jacobi-Bellman (HJB) equation which is a generalization of the
standard HJB equation. The hybrid HJB equation is then used to establish a verifica-
tion theorem for hybrid systems. In this context, Branicky et al. [13] have generalized
the quasi-variational inequalities of impulse control framework [8] to the hybrid sys-
tems case. They also give a verification theorem for optimal control problems with
discounted cost on semi-infinite intervals. Hedlund and Rantzer [29, 30] have applied
the Dynamic Programming Principle to a class of hybrid systems to obtain a “hybrid
Bellman inequality” which gives a lower bound on the value function. This inequality
is then used, via discretization and convex optimization, to compute and approximate

feedback control laws.
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In Chapter 4 we employ the necessary conditions developed in Chapter 2 to
propose and analyze a new class of so-called Hybrid Minimum Principle (HMP) al-
gorithms for the solution of optimal control problems. We provide convergence re-
sults for an optimization algorithm (denoted HMP[MAS]) with multiple autonomous
switchings (MAS) on switching manifolds. Our convergence proofs are based on re-
sults from the theory of the penalty function methods [3] and Ekeland’s variational
principle [26]. We then present an algorithm for the case of multiple controlled
switching (MCS) times (denoted HMP[MCS]) which invokes (i.e. calls) HMP[MAS]
and computes optimal switching times for a given location sequence. The efficacy of
these algorithms is illustrated via several computational examples.

The HMP algorithms class is then embedded in the so-called HMP[Comb] (see
[45, 46]) algorithms class; this extends the HMP class with combinatoric search ak
gorithms which find (combinatorially local) optimal location sequences and their as-
sociated locally optimal switching times and control inputs. HMP[Comb)] algorithms
generate a list of Hamming distance (< k) sequences from an initial sequence, execute
the multiple controlled switchings algorithm (HMP[MCS]; see [44, 45, 46]) on each
one of them, and finds the best locally k-optimal sequence from among them. We
note that other recently proposed hybrid optimization algorithms, for example those
of [58, 60, 24, 25, 54], can be extended to perform combinatorially k-optimal se-
quence from among them. We note that other recently proposed hybrid optimization
algorithms, for example those of [58, 60, 24, 25, 54], can be extended to perform
combinatoric search, with an associated exponential increase in the computational
cost.

The computational examples of Chapter 2, in addition to illustrating the efficacy
of Algorithm HMP[Comb], also serve to show that a global optimization of loca-
tion sequences and the associated HOCPs will be overwhelmed by the combinatorial
complexity engendered by even moderate problem sizes. In Chapter 5 we introduce
a new notion of optimality zones, give their precise definition and present some of

their topological properties. The properties of optimality zones lead to a new class
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of algorithms (called HMP[Z] algorithms) whose complexity is linear in the number
of locations N at the cost of an initial computational investment. In particular, we
give examples for the case of linear dynamics with quadratic cost criteria where these
zones have a geometrically simple form. The notion of optimality zones must be dis-
tinguished from the so-called “switching regions” presented in [27, 28, 7, 6, 5]. The
switching regions partition the continuous state space of the hybrid system where as
the optimality zones partition the switching time-state space. The optimal control
problem considered in those papers have autonomous linear time-invariant dynam-
ics, quadratic loss function in each location and a fixed sequence of finite number of
location. We consider non-linear dynamics and the general hybrid optimal control
problem (HOCP) described in Chapter 2.

Finally, suggestions for possible future research, related to the topics treated in

this thesis, are given in Chapter 6.
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CHAPTER 2

Necessary Conditions for Hybrid
Optimality

2.1. Optimal Control of Hybrid Systems
2.1.1. Hybrid System. Within the standard overall framework (see e.g.

[13], [15]) we define a hybrid control system as:

DEFINITION 2.1. A hybrid control system H is a 5-tuple
HA{HAQxR"IAXxUFT, M}, (2.1)

where the symbols in the expression above are defined below. O

2.1.2. Standing Assumptions (A0-A3).
A0 @ ={1,2,...,|Q|} is a finite set of discrete states (called control locations);

H is the (hybrid) state space of H;

U C R"is the set of admissible input control values where U is an open (respectively
compact) set in R*. The set of admissible input control functions is either U° A
L{((}, Loo(]0,Ty)), (respectively UP* A U(UP, Loo([0,T))), the set of all bounded
measurable functions on some interval [0,7%), T, < oo, taking values in the open

set Uo' (respectively the compact set UP*);
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Y = 2,UX.U{id} is a finite set of distinct autonomous (uncontrolled) and con-

trolled transition labels extended with the identity element {id};
I AXY xU is the set of system input values;

F is an indexed collection of vector fields { f;};eq, such that f; : R" xU — R"is a
vector field assigned to each control location and f; € CF(R™ x U;R"), k > 1, and
such that a uniform Lipschitz condition holds, i.e. there exists Ly < oo such that

1fi(z1,w) = fi(ma, )|l < Lyllwy — 22|, 71,22 € R* we U, j € Q;
[': Hx X — Q is a time independent (partially defined) discrete transition map;

M={mk:ae€QxQkeZ.}is a collection of switching manifold subcompo-

nents, also called guard subcomponents, such that, for the ordered pair o = (p, q),

k

k is a smooth codimension 1 submanifold of R, possibly with boundary dmk,

m
described locally by 7l = {z : mf(z) = 0}. It is assumed that mk Nml = 0, for
all o, € Q@ X Q, a# 0, k,l € Z,, except in those cases where, for all k,l, o is

identified with its reverse ordered version j giving mk = rhg

A switching manifold (component) mk , = Uks1<i<ni) ki, is the union of subcom-

ponents m’;fq, possibly with boundary, where,

(i) mki is a manifold (i.e. guard) subcomponent (as defined above).

(ii) = € My, is such that = € k%, Ny, ki # k;, if and only if 2 € 9k N d,,

ki # k;.

(iii) If Ok N Oy, # 0 then Ok, 0y, is a piecewise C' codimension 2 sub-
manifold of R™ (possibly with boundary).
A1 The initial state (hg A z(tg), o) € H is such that ﬁzfjoqj (xo) # 0, for all k € Z,,
g € Q.
Remark: Switching manifolds will function as follows: whenever a trajectory

governed by the controlled vector field f, (respectively f;) meets the guard rm,,
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transversally there is an autonomous switching to the controlled vector field f, (re-
spectively f,) as described in Definition 2.4 below. We note that in our formula-
tion switching manifolds do not depend upon time since the proof techniques we
employ only permit the derivation of the Hamiltonian continuity property at time
independent manifolds for (i) controlled switchings in Theorem 2.2, and (ii) con-
trolled and autonomous switchings in Theorem 2.3. In particular, the Hamilton-
ian discontinuity property for autonomous switchings at time dependent manifolds
(H(t;+) = H(t;—) + pj Vemjn lt:tj) found in [16, 40] is not derived here; this
property is assumed in Chapter 4 on hybrid system optimization algorithms.
Remark:

(i) We note that the autonomous and controlled discrete dynamics (2.3) and
(2.4) with inputs 05, 1 < 4,5 < |Q|, consist of necessarily discontinuous
(in time) transitions of the discrete state component ¢(t) € @, t € [to, T);
moreover, for controlled transitions, for any pair ¢;,¢;, 1 <1,j < |Q)|, there
exists 0;; such that I'(g;, 0i;) = g;.

(ii) We note that no transition of the continuous state component z(-) of the
hybrid state h(-) = (z(-),q(-)) occurs at the instant of a discrete state
transition; furthermore, the hybrid system axioms (A0-A3) imply that the
trajectory z(-) of the continuous state component of a hybrid state execu-

tion (i.e. trajectory) is continuous in ¢ for all ¢ € [to, 7.

DEFINITION 2.2. A hybrid (system) time trajectory s a strictly increasing (finite
or infinite) sequence of times T = (tg,t1,ta,...) or equivalently, a sequence of non-
empty half open intervals T = ([to, t1), [t1, t2),- . ).

A hybrid (system) switching (event) sequence is a (finite or infinite) sequence S A
(1,0) = ((to,00), (t1,01),--..) of pairs of times and discrete input events where T is
a hybrid time trajectory, oo = id, 0; € ¥, i > 1, and where o is called a location
schedule.

A hybrid (system) input is a triple I A (7,0,u) defined on a half open interval
[t,T), T < 00, (1,0) is a hybrid switching sequence and u € U. O
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DEFINITION 2.3. A hybrid state trajectory is a triple (7,q,x) consisting of a
hybrid time trajectory T = (to,t1,t2,...), an associated sequence of discrete states

q=(90,q1,92,---), and a sequence T(-) = (Tgy (), Tqy (+), Tgy (+), - - ) of absolutely con-

tinuous functions x4, : [t;,t;41) — R™ O

DEFINITION 2.4. A hybrid system execution eg = (7,0,u,q,x) for the hybrid
system H satisfying A0 and A1 is a hybrid input (1,0, u), together with a hybrid state
tragectory (7,q,x) defined over [ty, T), T < oo, such that (1,0, u,q,x) satisfies

(i) (continuous dynamics)

x 18 a continuous function satisfying

d
CS: g (t) = fuy(wg(),u(t),  ae.t € [t,t51), Tlte) = 70, j € 2o, (22)

i.e. x is an absolutely continuous function satisfying the initial condition, x(to) =

Tgo(to) = o, and such that each xy,(-) satisfies
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00 () = 3 (6) + [ fylen(9)u)ds, 1€ ltyti), S E L

lim Lg; (t) = Tgi 41 (tj-l—l)v .7 € Z+'
tTtj41

(#1) (autonomous discrete dynamics)
An autonomous discrete transition from q;_1 to g; occurs at the autonomous switch-

ing time t;, j € Zy, if x*(t;) A limgyy; xq;_, () and t; satisfy
DSU Mg;_1,q;(T*(t5)) = 0, (2.3)

where my,_, o.(z) = 0 defines a (gj-1,q;) switching manifold. Such a transition,

denoted by I'y, corresponds to an element o; € %,,.

(#1) (controlled discrete dynamics)
A controlled discrete transition occurs at the controlled switching time ¢;, 7 € Z;,
if t; is not an autonomous switching time and if there exists a discrete control input

0; € X, for which

DSC: Te(gj-1,0i(t;)) =Telgj1,05) = g5, (t5,05) € (1,0), g1 # 5. (2.4)

O

We note that the hybrid time trajectory as defined in Definition 2.2 may de-
pend upon the continuous state since an autonomous switching time occurs when the

continuous state satisfies a switching manifold constraint (2.3).

THEOREM 2.1. ([17], see also [34]) Given an initial hybrid state (qo, zo) a hybrid
system H satisfying Assumptions A0 and A1 possesses a unique hybrid execution,
passing through (qo, o), up to the least of:

(1) T. < oo, where [ty,T,) is the temporal domain of the definition of the hybrid

system,

10
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(1) the instant of a tangential meeting of the continuous trajectory z,, with a switch-

ing manifold subcomponent boundary Brh’;iqj,

(111) a Zeno time, i.e. an accumulation point of autonomous or controlled switching

times.

PROOF. The proof consists in the iterative construction of an execution along the
hybrid input trajectory I = (7,0,u) over [tg,Ti), T« > 0, through the hybrid initial
state.

For simplicity we assume that T, = oo and hence exclude a priori the alternative
of solutions being undefined due to the absence of defined inputs.

Initial trajectory segment: initial condition

Consider a trajectory starting at the admissible hybrid initial condition (qo, zo)
at the instant ¢g.

By assumption Al, the initial state zq lies in the complement of m = UT;’L’;,(I.
Since 7 is relatively closed in R™! there is a neighbourhood Nz € R™! of
(to, To) such that m N Ny 20y = 0.

Hence, by continuity, if a solution to the controlled ODE exits it must not intersect
any switching manifold component over some non-empty time interval [to, ).

Inatial trajectory segment: existence and uniqueness

We now utilize the standard results on existence of solutions in the sense of
Carathéodory [21, pp. 43-49] and the on existence and uniqueness of solutions to
ODEs with inputs [52, pp. 347-354].

Since fg,(x, u) is continuously differentiable (and hence continuous) in (z,u) and
since u(-) € U is measurable with respect to t, f,, (z,u(t)) is measurable in ¢ for fixed .
By Assumption A0, f,.(z,u), g¢; € Q is globally Lipschitz in x for fixed u € U. These
two conditions guarantee the existence of a unique solution to the ODE ¢ = f, (z,u),
through the given hybrid initial condition (qo,zy,) over the interval [to, T) [52, pp.
347-354]. Furthermore, since by the assumptions on vector fields (A0) the solution is

11
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bounded on bounded sets in R, either (a) T = T, = oo, or (b) T is the first controlled
or autonomous discontinuous transition event time in (7,0, u), i.e. T = t;.
Continuation of execution through t,, et. seq.

Case (a) above is conclusion (i) of the theorem and hence only case (b) is of
interest.

By the definition of controlled switching at t; we must have exactly one of either
a controlled or an uncontrolled discontinuous transition.

Consider the controlled jump alternative first; in this case the discontinuous tran-
sition

@ =Te(g,01(t1)), (tr,01) € (7,0),
is defined with q¢ # ¢;.

In the second case of an uncontrolled hybrid state jump at ¢;, with zj A
limyyy, @q,(t) satisfying mg,q, (t1,7;,) = 0 the same arguments show that the tra-
jectory may be continued from the new hybrid state over a positive half open time
interval. The uncontrolled discrete state jump is well defined since by Assumption
AQ the switching manifolds are non-intersecting.

Hence in either controlled or uncontrolled discrete state transition a hybrid state
(g1, zq, (1)) results such that, together, the hybrid trajectory segment 7 = (to, 1), an
associated location sequence ¢ = (go,q1) and a sequence T = (4, T, ) of piecewise
C' functions of time z, : [t;,t;41) — R™, j = 0,1, all exist and satisfy the definition
of a hybrid execution passing through the initial hybrid state.

Evidently the argument on the first and second intervals of the hybrid switching
sequence (7, 0) may be iterated a countable number of times with the only method of
termination on the assumed finite intervals [tx, tx+1), 0 < k, being (i) or (iii) specified
by the theorem. |
Zeno times

If (i) or (ii) do not occur, then there exists a finite upper limit T to the overall

period of existence and uniqueness. This case corresponds to the existence of a finite

12



2.1 OPTIMAL CONTROL OF HYBRID SYSTEMS

accumulation point of discrete autonomous switching times, in other words a Zeno
time at the instant 7'

In addition, it may happen that a sequence of controlled jump times {¢,} is such
that for a Zeno time T: lim,_,oo t, = T, limp—,co 2(t,) = z*(T) and m(T,z*(T)) = 0,
for some m(-,-). In any case, there exists a unique hybrid execution over the interval

[to, T)- ‘ O

2.1.3. The Hybrid Optimal Control Problem (HOCP). Let {l,;};c0,
l; € CKR™ x U;Ry), k > 1, be a family of loss functions satisfying:
A2 There exist K; < co and 1 <« < oo such that |[;(z,u)| < Ki(1 + ||z]|7), z € R,
uwelU, 7€Q.
Let g € C*(R™;R,), k > 1 denote a terminal cost function satisfying the following
assumption.
A3 There exist K; < 0o and 1 < § < oo such that |g(z)| < K, (1 + ||z]|°), z € R™.
Consider the initial time ¢, final time t; < oo, initial hybrid state hy = (go, z0),

and L < oo. Let

S = ((to, 00), (t1,01), .., (tr, o1)),
or equivalently

St = ((to, ), 1, 1), - -+, (tr, qz)),

be a hybrid switching sequence and let I zy A (Sp,u), u € U, where U = U°
or U = U, [ < oo, be a hybrid input trajectory which subject to A0 and Al
results in a (necessarily unique) hybrid execution and is such that L < L controlled
and autonomous switchings occur on the time interval [to, T'(I)], where T'(IL) > t;.
Further let the collection of such inputs be denoted {Ij)}. We define the hybrid
cost function as:

i LAY Ly,
J: J(t0>tf7h0;IL7L’u) A Z/ lqz‘(zqz‘(s)’u(‘s» ds+g(xQL(tf))7 (2'5)
t;

=0

13
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where

Zg,(t) = fo,(xq, (1), u(t)), ae.t€ [titi1), t=0,1,...,L,
u(t) € U C R™, where in case Y =UP", U = 5,

u(-) € Leo(U),

ho = (g0, T4, (t0)) = (g0, 7o),

Tgp, (Lig1) = t%itgrll z,(t), 1=0,1,...,L, and

try1 =ty <oo, L<L<oo.

DEFINITION 2.5. (Hybrid Optimal Control Problem (HOCP)) Given the system
H with continuous dynamics (CS) and discrete dynamics (DSU, DSC), loss functions
{lg, ¢ € Q}, initial and final times, to,ts, the initial hybrid state hg = (qo, o), and
an upper bound on the number of switchings L < oo, the hybrid optimal control
problem (HOCP(to,ts,zo, L,U)), where U = U° or U = U, is to find the infimum
J%(to, s, ho, L,U) of the hybrid cost function J(to,ts, ho; Iy, L,U) over the family of
input trajectories {Iy )} If a hybrid input trajectory Ijoy exists which realizes
J%(to, ts, ho, L,U) it is called a hybrid optimal control for the HOCP(ty,ts, o, L,U).
1

The HOCP can have the usual variations of fixed or free initial or terminal state,

fixed or free initial or terminal location, free terminal time etc. We adopt the notation

HOCP(X) to indicate a HOCP where X is the given data.

DEFINITION 2.6. ([18], Small Time Tubular Fountain (STTF) Condition) A con-
tinuous state z(t) € R™, t € [to, t5), z(t) € H(u?) A {x(S,ﬂUo,Uﬁo,s]);to < s <t} i
said to be a positive small time tubular fountain with respect to the trajectory ¢(u®)
of the system (CS) if for all sufficiently small v > 0, v’ > 0 and v" > 0 there ezists
t <t < ty, such that for all ¥, t < t' < t*, there exist 0 < o(t,t',v,7,7") < v
and 0 < €(t,t',v,7,7") <" such that: (i) for all 7 € (t' — €, +¢€), and (ii) for all
z € By(z(t')), where x(t') = ¢(t/, x(t),u‘[’;’t,]), there exists up,(-) € U such that

14
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(0) $UDyepr 1u(s) — w(5)| < 7

(6) ll$(s, (1), upr) = $(5,2(t), uf gl <7, s € [t,7];

(c) ¢(1,x(t),upn) = 2z € By(z(t')); and

(d) o and € are continuous in their argumentst, t', v, ¥, and v".

Furthermore, a continuous state z(t) € R™, t € (to, t;], z(t) € p(u?),

d(u?) A {:c(s,xg,u‘[‘io’s]);to < s < t5} is said to be a negative small time tubular
fountain with respect to the trajectory ¢, (u®) of the system (CS) if for all sufficiently
smally > 0,9 > 0 andy” > 0 there exists ty < t. < t such that for allt”, t. < t" <,
there exist 0 < o(t,t",v,7,7") < v and 0 < €(t,t",v,7,v") <" such that: (i) for
allT € (" —¢,t"+¢€) C (to, ty), and (ii) for all z € B, (z(t")), z(t) = ¢(t,x(t”),u‘[’i,,,t]),
there exists up-q(-) € U such that

(@) supyepr g lu(s) — u®(s)| < ';

(V) 16(s, 2(7), uprs)) = B, 2(7), ufy Pl <, s € [r8];

() o(t, z,upry) = z(t); and

(d') o and € are continuous in their arguments t, t’, v, v and v".
A continuous state x which is negative and positive small time tubular fountain with
respect to a trajectory is called a small time tubular fountain (STTF) with respect to
that trajectory; if all the states on a trajectory ¢ are STTFs with respect to ¢ we say
that the STTF condition is satisfied on ¢. ]

We observe that for the negative STTF condition one considers the set of points
coaccessible to the state z(t) as opposed to the positive STTF condition where the
one is interested in the set of points accessible from z(¢). We also observe that using
the standard techniques (employed for instance in [18]) we may verify that the states
on a trajectory ¢ which has a uniformly controllable linearization along any segment

of ¢ satisfies the STTF condition there.

2.2. Controls in Compact Value Sets

In this section we establish Theorem 2.2, the first of the two HMP results of this

chapter. In Chapter 4 we use these results to devise a set of conceptual algorithms

15
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for computing the switching times, states and the associated control functions which
satisfy (at least) these necessary conditions in a fixed location sequence.

The proof technique follows an approach first used by de la Barriére in [22] (see
also [61]) where it was shown that when the control values are allowed to lie in a
compact set, the Hamiltonian maximization condition of the maximum principle can
be obtained by using single needle variations. This methodology is more suitable for
the HOCP in the Mayer formulation, i.e. with only a terminal cost. This involves no
loss of generality since it is well known that under Assumptions A0, A2, A3 the Bolza
problem is equivalent to the Mayer problem in the sense that (i) a problem in Bolza
form can be transformed into the Mayer form and vice-versa, and (ii) if a solution
of problem in one form exists then a solution of the transformed problem also exists
[11]. Using the usual state augmentation technique this equivalence can be shown to
exist between the hybrid Bolza and the hybrid Mayer problems as well.

The statement and the proof in the case of open control value sets is given in the
second form in Theorem 2.3 below. A shortcoming of the open value set condition is
that the optimal control is required to take values in the interior of the value set. This
rules out, for example, “bang-bang” optimal controls taking values on the boundary
of the value set. Furthermore, the small time tubular fountain condition of Theorem
2.3 is not required for Theorem 2.2. However, the stronger set of conditions permits
us to obtain, in addition to the results of Theorem 2.2, the Hamiltonian continuity
conditions at autonomous switching times; beyond their intrinsic interest, these are
crucial for the computational algorithms of Chapter 4.

We say that a continuous state trajectory z(-) resulting from a continuous control
u(-) meets a switching manifold subcomponent 7, , transversally at z* = z(¢*) if (tak-
ing limit through Lebesgue points) limge fp(2(t), u(t)) is transversal to the tangent

space Ty q and limgpe fo(z(t), u(t)) is transversal to the tangent space Ty 4.

THEOREM 2.2. Consider a hybrid system H satisfying Assumptions A0, A1, and
the

16
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HOCP(ty,ts, 20, L,UP) satisfying A3, and define
Hy(z,\u) = )\qu(:c, u), T,AER™ u E[}, q€ Q.
1) Let J%to,ts, ho,UP) = infyr, .y JO(to, ts, ho, I, L,UP) be realized at a mini-
mizing control and trajectory Igo( Ly (2%, ¢%).

2) Let Igo(]:) have L, controlled switchings and L, autonomous switchings, and let

Lo+ L. = L°(L).

3) Let ty, ty, ..., tro, denote the switching times along the optimal trajectory
(z°,4°).

4) Assume that z° meets = (J 1k , transversally and does not meet Ok o,
fOT any k’i7 kjap’ q.

5) Assume that either (a) L < oo and L°(L) = Ly + L, +2 < L, or (b) L = oo
and LO(L) < oo.
Then

(i) There exists a (continuous to the right), piecewise absolutely continuous adjoint

process \° satisfying

_qu(j)

A0 =
ox

(2% X% u%), ae. te(tjtip), 7€{0,1,2,...,L°, (2.6)

where troy1 =ty and where the following boundary value conditions hold with \°(to)

free:

(a) X(tr) = Vag(2°(ts)).

(b) If t; is a controlled switching time, then

A=) = X)) = X0 (+), j€{0,1,2,..., L%} (2.7)

17
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(c) If t; is an autonomous switching time satisfying m; j11(x(t;)) = 0, then

A(tj=) = X(t;) = X(t+) + 9 Vemggaa |y, 2 ER. (2.8)

(i) The Hamiltonian minimization conditions are satisfied, i.e.
(a)

Hygjy (°(£), \°(2), u(t)) < Hygy(2°(2), \°(2), ), (2.9)

ae t € [tjtiy), YoeU j€{0,12,...,L%.
(b1) If L < 00 and L°(L) = LY+ L8 +2 < L, then
 Hygy(2°(2), 2°(8), u(8) < Hi(a"(t), A°(8), u(2)), (2.10)
a.e. t € [tj,tin1), J€{0,1,2,...,L%, VkeqQ.
(b2) If L = oo and L°(L) < oo, then

Hygjy(2(8), X°(t), u(t)) < Hi(a(£), \°(t), u" (1)), (2.11)

a.e. t € {tj7t]'+1), _] € {0, 1,2, Ceey LO}, Vk € Q

(it1) If t; is a controlled switching time then the following Hamiltonian continuity

condition holds at t =t;

H(tj—) = Hyj—1)(ti—) = Hoj—1)(t5) = Ho()(t;) = Hypy(t;+) = H(t;+),

je{1,2,...,L%.

Remark: In order to prove the Hamiltonian minimization w.r.t. the discrete
location we will need to perform “Q-needle variation” where the systems switches to

location k € () at time ¢ — ¢; and switches back to location j at the Lebesgue point ¢

18
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such that [t — €;,t] C (tj_1,¢;). This is possible in case (ii)(bl) since, by assumption,
L° +2 < L, and it clearly holds in (ii)(b2) with L = oo.

PROOF. The theorem will be proved in several steps. Let the optimal location
sequence have m = L° + 1 locations labeled 1,2, --- ,m and let the optimal switching
times be ty,t2, - ,tm—1 = tro. We first do a needle variation in the m-th location to
derive the adjoint equation, adjoint boundary condition and Hamiltonian minimiza-
tion condition in that location. Next we will do a variation in the m — 1-st location
to derive an equation satisfied by A,,_1, to obtain the adjoint transversality condition
at the switching time t,,_; and to obtain the Hamiltonian minimization condition
there. This derivation is then extended to the location j. In the next step we will do
variations of the optimal switching times in either direction to obtain the Hamiltonian
continuity condition in the controlled switchings case. Finally, the Hamiltonian min-
imization condition with respect to discrete locations will be established by inserting
two controlled switchings in the time period of any existing location.

In the rest of the proof we let {€;}32, be a monotonically decreasing sequence of
real numbers such that ¢; < oo, ¢; > 0, for all ¢ and lim;_, ., ¢; = 0.

Step 1: We first derive the Hamiltonian minimization condition in the last lo-
cation and show the existence of an adjoint process there by deriving a differential
equation and boundary condition satisfied by it.

For some v € U and (¢t — €1,t) C (tm-1,ts] consider a needle variation of the

optimal input in the interval [t,,_,tf],
uO(r) if 0<7<t—¢g
u(T) =< v if t—g<7<t
u(r) if t <7 <ty

with the corresponding state response z;(7),7 € [0,¢;], The variation and the per-

turbed trajectories are shown in Figure 2.3.
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z0(ts)

- \/ vilts)

JJO (tm..z)

t, o tm—1 t—€ t 7

FIGURE 2.3. Variation in u° causes variation in z°.

The difference dz;(7) A z:(7) — 2°(7) is caused by the following two types of
perturbations:
(i) Input perturbation: We note that du(r) A u;(1) — u®(7) =0,
T € [0, — &) U[t, t5], and dz;(7) = 0, 7 € [0,t — ¢;]; while

6xi(t) = z;(t) —2°(t) = zi(t—e) + fmlzi(7),v) dr

t—e;

e /t_ Sm(@®(7), 0 (7)) dr
= /t— ‘[fm(xi(T),U) - fm(x0(7)7u0(7_))] ir. (2.12)

Equation (2.12) gives dz;(t) exactly. However, for small €, the following approxi-

mation to dz;(7), T € [t — €;,t), holds,

d afm

—0i(7) = 2= (@ (7), w(7))dzi(7)

f’"(xO(T) W()su(r) +ole), TEf—ent)  (213)
(5.’121(15 — 61') =0.
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2.2 CONTROLS IN COMPACT VALUE SETS

In the rest of the proof ®;(r, 7p) will denote the the state transition matrix corre-

sponding to the system

La(r) = Q’f’-(x (1), u%(7))2(7), i.e. ®;(r,70) satisfies
%Qj(T) TO) = %( O(T) (T))(I)j(T, ’7‘0)7 (I)j(To,To) =1. (214)
Hence

dz;(1) = /tj | (T, ) O fm (:1:0(3) O(s))ou(s)ds + oe;), T € [t — e, t). (2.15)

(ii) Initial condition perturbation: Since du(r) = 0, 7 € [t,tf), a linearization similar

to the previous case yields

0z,(7) = O(7,t)0z;(t) + o(e;), T € [t,ty]. (2.16)

Now dividing (2.12) by ¢; and adding and subtracting fn,(z°(7),v) from the in-

tegrand we obtain

Lo = L[ 10,0~ 1nls0), 001 b5
+5li — _[fm(xi(7)7 ’U) - fm($0(7)7v] dr

The following lemma establishes that in the limit as ¢ — oo the second term on
the right hand side vanishes. Then, since almost every point of a bounded measurable

function is a Lebesgue point, see [41, pp. 158], we obtain:

lim édwi(t) Fnl@®(8),0) = Ful@(0),00), 0. t € (bmor,ty).

LEMMA 2.1. Under Assumption A0,

lim l/t_ Un((),) = fn(a(r), 0)]dr =0,

fort € (tmo1,t5) and allv € U. O
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2.2 CONTROLS IN COMPACT VALUE SETS
PROOF. According to Assumption AQ,
| fn(i(7), 0) = fn(@(7), 0)|| < Lyllzi(r) = 2®(7)l, 0 < Ly < oo

Hence we have

| a0 = ule@odr| < [ fnledn) o) = a0 ar

—€;

IA

[ Lyllzi(r) — 2°()|| dr

—€;

/t Lyll6z:(7)]| dr. (2.17)

—€;

Let

sup [[@(r,3)] - sup | 2 (a0 () a(r)

TE[t—€4,t] TE[t—e€i,t]

sup ||ou(r)|| € K1 KXK3 = K,

TE [t——éi ,t]

Then (2.15) yields
oz (M)|| < Ko(r — (tr — €)) +o(e;), T € [t—e€,t].

Hence (2.17) gives

IN

| a0 = fule@odr| < [ Liolr =t = e)dr +ofe)

—€;

1
= ELfoe’tz + O(Ei).

Dividing by ¢; and letting i — oo the desired result follows from the properties

of {&}. O

Now let y;(t) = Eliéxi(t) so that z;(t) = z°(¢) + €;4:(t) and lim;_oo wi(t) A y(t) =
fm(@(t),v) = fn(2°(2), wO(1)).
By (2.16),

(Sl’i(tf) = (I)m(tf, t)é.’El(t) + O(Ei).
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2.2 CONTROLS IN COMPACT VALUE SETS
Dividing by ¢; and letting ¢ — oo we obtain

1 1
hm *5l‘i(tf) = (I)m(tf,t) hm —5$i(t)
100 €; 1—00 €

= On(ty, t)y(t)

= (I)M(tf’ t)[fm(xo(t)v v) — fm(ajo(t% uo(t))]
Setting é[xi(tf) — 2%(ts)] = yi(ts) so that z;(t;) = 2°(¢s) + €;yi(ty), we see that

y(ty) A lim g;(ts) = O (ty, 1) [fm(2°(2),v) = fn(2°(2), w*(2))]

0

Now since z° is an optimal trajectory g(z;(ts)) > g(z°(¢s)) or equivalently g(z°(ts) +

eyi(ts)) — g(z°(ts)) > 0. Dividing by ¢; and passing to the limit we obtain

tim {o(a%(t5) + ei(t7) — 9(a°(t))] 2 0 (218)

We use the following fact to simplify the above expression. Let {b;}32, be a sequence
such that b; € R™ and b; — b € R™ as i — c0. Let a € R™ be a fixed vector. Then by
the continuous differentiability of g we can define the directional derivative of g at a

in the direction of b as

lim — (g(a+ &) — 9(a)) = (Vag(a))" .

i—00 €;

Using this fact (2.18) turns into

(Vaa(®(t))) y(ts)

= (Vag @) Bmltr, Ofm(@(8),0) = fn(@®(®),u°)] 20 (2.19)

or

(ng(xO(tf)))T (I)m(tﬁ t)fm(xo(t)’ ’U) 2 (vmg(xo(tf)))T (I)m(tfv t)fm(xo(t)> uo(t))'
(2.20)
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2.2 CONTROLS IN COMPACT VALUE SETS

/z‘l//"'—L‘ 2(tj41)

L) zi(tj+1)

i

«—1—— Switching mianifold

VAN \_M u® (tj) 0

ti—1 t—¢; t tj — 6; t; tiv1

FIGURE 2.4. Autonomous switching case: variation in u°

switching time and state.

causes change in

Setting AT (t) = (Vog(z°(ts)))" @m(ts,t), t € [tm-1,%s] we obtain
Am(ts) V29(z°(t5)), | (2.21)

nt) = = (Z20)) (e 095(01)

= — <%”—(x°(t))>T)\m(t)‘ (2.22)

Noting that in this case the Hamiltonian H,,(z, A, u) = AL f,.(x, u), the inequality
(2.20) is seen to be equivalent to the minimization of the Hamiltonian in location m.
Step 2: The next step is to determine how the variation in location j is propa-
gated to the switching time ¢;;;. The result obtained here will be used later to derive
general expressions for propagation of perturbation in location j to the final time ¢.
As in Step 1 we define a “needle” perturbation in the optimal control in location
J. This causes a change in the switching time as the perturbed trajectory does not
necessarily intersect the switching manifold at time ¢;. Let the control values be held

constant at an arbitrary value v € U over the interval [t —¢;, t) and at u°(¢;) over the
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2.2 CONTROLS IN COMPACT VALUE SETS

interval [t; — 0},1;).

4

UO(T) if tj—l <r<t—g¢g
v if t—¢g <1<t
u;(t) = j ul(r) i t<r<t;— (5;

u(t;) if t; =6 <7<y

u(r) it <7 <t

The new switching time is ¢, — 6%,_, where {8 _;}%°, is a sequence of positive
numbers (the case of §2,_; < 0 can be handled similarly).
Since dz;(t — €;) = 0, we have
t
i) = [ (flar)v) = £, (0) dr (223)
t—e;
We use the same procedure as in Step 1 to deduce that

y(6) A lim () = Jim ~6,(2) = £,(z"(0),v) ~ f(2°(), w7(8).

(2
Notice that in this case du(r) =0, 7 € [tj_1,t — &) U [t,t; — 65) U [t;, t;11]. Then the

following sequence of equations is clear
Jiﬂi(tj - (5;) = (I)j (t]’ - 5;, t)é.’]lz(t) + O(Gi),

bzs(ty) = oxi(t; — 0) + / ’ [frar(ma(r), u’(t5)) — fi(2°(7), u’(7))] dr,

;3
8zi(tj41) = jua (i, t) @s(t; — 6, 8)04(2)
+@j11(tj41,15) /t:y‘ i1 (@a(7), u’(t;)) — f3(2°(7), u°(7))] dT + oes),

where we recall that @ is the state transition matrix corresponding to the location
k as defined in Equation (2.14).

By the definition of the switching manifold, m(t;, 2°(t;)) = 0 and m(t; — 0}, z;(t;—
d)) = 0, but m(t;, z;(t;)) does not necessarily vanish unless the perturbed trajectory

undergoes an autonomous switch again at time ¢;. In either case, there exists p§ eR
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2.2 CONTROLS IN COMPACT VALUE SETS

such that
pi[m(ty, zi(t5)) — m(ts, 2°(t;))] = pymty, ws(ts)) = 0.
or
pim(t;, 2°(t;) + eit;)) > 0

Let lim;_, p% = p; € R (by picking a subsequence, if necessary). Dividing by ¢; and

letting ¢ — oo we obtain
T
p; (Vam(t;, 2°(1))) y(t;—) > 0. (2.24)

The vectors y(t;—) and y(t;41—) are computed next.

y(tj—-) = lim 1(5:172(1‘,1)

1—00 €;

= lim L&t - 8, 8)6zi(t)

1—00 E’i
t;

tlim = [ (i), (t)) — £, ud(r)] dr

1—00 ei tj 5t
2

= q)j(tj’t)}ir?oglf‘smi(t)
Fhim = (7 (), a(t)) — £5@0(r), ()] dr

1200 € Sy,
3

= (I)j (tj’ t)y(t)

+ lim + st [fiaa(i(r),w0(t5)) — fi(2°(r), u®(7))]) dr.

i—00 €; t;

The second term on the RHS above is independent of t. The optimal control
u®(-) is measurable by assumption. But u°(t), t € [t;_1,t;) can be replaced by 4°(t),
t € [tj_1,t;) such that 4°(-) is left continuous and p{t € [t;_1,t;) : u?(t) # 4°(t)} = 0,
where 4 is Lebesgue measure. This leaves the optimal cost fttj’_l 1i(z%(s),u’(s)) ds
unchanged. Assuming that u°(-) has been replaced by 4°(-), if we let t — t;, we see
that since ®;(t;,t;) =1,

ty

im = [ (i), () — f(20(), u(n)] dr = 0. (2.25)

i—00 € t; 9%
J
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2.2 CONTROLS IN COMPACT VALUE SETS

Hence

y(t—) = @;(t;, )y (t) = @5(t;, 1) f5(2°(t),v) — f3(2°(2), v’ (1)), (2.26)

Similarly we compute y(t;41—) as follows,

o1
y(tj—) = lim —6x(t;41)

i—00 €;

1 i
= lim =@y (ti41,5) (85 — 65, 1)0:(2)

.1t
+®;541(t541,85) im 6—/ [ (aa(r), w(ty)) = f3(2°(2), u(7))] dr
o0 €4 ts
= Djpaltjn, t5)P;(t5,1)y(t)
= B (tjr, 1) 2;(t, )[f5 (2°(2), v) — f3(a°(1), w°(1))]. (2.27)
Before proceeding to the general case, we show how the equations describing A
and the minimization of Hamiltonian in each location can be obtained in a single
switching time two locations case.

Set j =1 and ¢;41 =t = t; in (2.26) and (2.27) above. Then

y(tl~) = (I)l(tlv t)y(t) = q)l(th t)[fl(xo(t)7 1)) - fl(xo(t)a uo(t))]7

and
y(ts) = y(ta) = Pa(ta, t1)P1(tr, 1) [ f1(2°(t),v) — f(z(t), u*(t))].

Combining (2.19) and (2.24) yields

(Vag@ ) ylty) +p (Vemia(ts, 2°(0)) w(ti—) >0, (2.28)
where p = 0 if ¢; is a controlled switching time.

Substituting the values of y(¢t;—) and y(¢y), inequality (2.28) becomes

(Vag(2°(ts)) " ®alty 1)1 (tr, ) fi(2°(2), v) — f2(2°(1), (1))

+p (Varn(ty, 2°(1)))" @1(t, B[ f1(z°(t),v) = fi(z°(t), u’(t))] = 0.
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2.2 CONTROLS IN COMPACT VALUE SETS
or
T
(7 (t1, 1) [®3 (8, 81)Vag(2®(ts)) + p Vomi(ty, 2" (t1))])" f1(2°(1), v)

> (@ (t1,1) (83 t7, ) Vag(o(t)) + p Vam(ts, 2 ())])” fi(a®(8),0°(0).

(2.29)

Setting A\ (t) = ®T (t1,t) [®F (t7,11)VLg(2°(t)) + p Vam(t, 2°(t))], t € [0,81)

we obtain

M=) = 87 (s, 11)Vag(2°(t)) +p Vom(ty, 2°(t1))

= )\2(t1)+pvmm(t1,$0(t1)), (230)
i) = = (L6 0)) 8000 (05,0 V00() +p Tamer,2(0)]
- —<%(m°(t))) Ar(t). (2.31)

Noting that in this case Hy(x, A\, u) = AT fi (z, u) the inequality (2.29) is equivalent

to the Hamiltonian minimization in location 1.

2.2.1. Detailed Calculation of the Adjoint Variable Evolution.  The
derivation of the equations describing A and the minimization of Hamiltonian in each
location is now generalized to more than two locations case. In order to derive the
adjoint equation in a location j € {1,2,--- ,m}, we perform a needle variation at a
Lebesgue point ¢ € (t;_1,t;), where ¢, = t;, and compute the the deviation of the
- perturbed trajectory from the optimal trajectory at the final time, i.e. dz;(ts) (see

Figure 2.5).

i) = [ (@6, 000) = H(:), () ds

dzi(t;) = @,(t; — 5;,t)5xi(t) +/t]_ ' (fj+1(xi(s),u°(s)) - fj(xo(s),uo(s))) ds + o(e;),

. (]
]6]’
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2.2 CONTROLS IN COMPACT VALUE SETS

For brevity we write f® for f(z;(s),u%(s)) and f© for f(z°(s),u’(s)). Then

. ] tiv1
0zi(tiv1) = Pjp(tin “5;'+1»tj)5xi(tj)+/ (9, = £ ds + o(e)
t

j+1—0; 41
= @j1(tin = 641, ) @5ty — 65, 8)0:(2)
; RGO
+Pj41(tj1 — 5§+1,tj)/t i (i — 1) ds

7Y%

tiy1 Q)
+/t' . (fj+2 f]+1) ds + o(e;).

J+1=65 41

In general, if 7 + k # m then

k—
6xi(tjrk) = H k1 J+k—l—5;‘+k—l7tj+k—l—l)} ®;(t; — &5, t)02(t)
1=0
T - | re (0)
+ H(I)j+lc—l j+k—l“5;'+k—latj+k—l—1) / ,(f;+1 f )
_ tj— ;
Fk -2 i tit1 .
; 0
+ H(I)Hk l J+k = 5j+lc——l)tj+k——l—-1) / ) (f](l)z—ffﬁ) ds
ti+1=85 41
itk )
T (= 1) ds o)
ti+h =04k
or
k-1
6zi(tjn) = {H Djrk—i J+k—l_6;'+k—l>tj+k—l—1)} D;(t; — 65, t)0xi(t)
1=0
k r
+Y < [H Djik—i(tjrr—t — 5j+k—latj+k—l—1)}
r=1 =0 .

x /:f“‘i i’ (fJ—H" - f ) d )

j+r—1 6_7+r—1

itk o
+/ . (fy+k+1 fiok) ds + ofe;).

L
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Myj 41 Mjt1,5+2

fin i

T fi five ] a:O(tf)
0\“~ ﬂ

to tj-1 T t T t T i1 ty =tm
:

t—¢ tj—é;- tj+1—6j+1
FIGURE 2.5. Autonomous switching case: variation in u°
switching times and states and is carried forward to t;.

causes change in

In case j + k = m, the last integral above is zero and

m—j—1

6$z(tf) = 5~T'L(tm) = [ H (I)m—-l(tm—l - (5:,1_1, tm—l——l)] (I)j(tj — (S;, t)éxz(t)
=0

m—j m—j—r -
+ Z ( { H (I)m—l(tm—l - (5;71_1’ tm—lwl)“
r=1 =0

tjtr—1 )
i 0
x /t (f;er — ](+)r_1) ds) + o(&).

J+T‘1_6;+r—1

As before, we now divide both sides by ¢; and let : — oo.
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2.2 CONTROLS IN COMPACT VALUE SETS

y(tr) = 9(tw) A lim ~62i(tm)

=00 E.L'

m—j—1
I @m_t(tm_l,tm_l_l)} ®;(t;,t) lim L - i(t)
=0

1—00 €;

| m—j [m—j-—r
+z1—1+r£loe (Z I: H q)m l 2 6m l)tm—l—l):l

r=1

titr—1
/t . (f]-H‘ - f(+r 1) 5) . (232)

j+r—1_6§+r—1

or

y(tm) = |: 1 q)m—l(tm—l)tm-l-—l):l ij(t],t)y(t)

4
+Z (lr i_[ q)m l m - — 6m latm—l—l)]

r=1
im 2 [ (59 yds.) (239
x lim — — 2.33
i—00 €;' bipro1—8iy, ) J+r J+r 1
As we saw in equation (2.25) above,
B R ©)
11_1{210 6_1 , (f]+r f]+r 1) =0.

bjr—1—0 4

Hence we have

y(tf) = y(tm) - |: ]—j (I)m—l(tm—l)tm—l—l):l (I)j(tj,t)y(t)- (234)
=0
(Vag@¢N) vt + Y P (Vammerimer s (bmrs 2°(tm—))) Y(tmr—) > 0.
- (2.35)
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Substituting (2.34) and a similar expression for y(ty,_,—) into (2.35), we obtain

m—j—1

(Vao@t))" | T1 @m-z(tm~z,tm~l—1)] D;(t;, t)y(t)
=0

m—j
4 Z (pm—r (vxmm—r,m—-r+1(tm—r: z° (tm—-r)))T
r=1

m—r—j—1
X { H q)m—r—l(tm—r—l;tm—r—l—l):l )q)J(tjvt)y(t) 2 0.
=0
If we set

\Il(maj) ‘ _A_ (Vzg(xo(tf)))T { i—I_ (I)m—l(tm—l;tm——l—l):|
=+ Z_: ( m—r (mem—r,m—r+1(tm—-r, xo(tm—r)))T

- [m—r—j—1
X I: H (I)m—r—l(tm——r—l) tm——r—l——l):l )>
=0

then the above inequality can be written compactly as
W(m, j)®;(t;, 8)y(t) = U(m, 1)®;(t;, )[f;(@°(t),v) = F(=° (), w" ()] 2 0. (2.36)

Now setting A'(t) = ¥(m,j)®;(t;,1), t € [t;,t;41), and Hj(z, A\, u) = A] f;(z,u),
t € [tj—1,t5), j =1,2,-- ,m, yields the following relationships
)
X Ol (@),0) = £5(2° (1), (¥)] 2 0,
or

AT(6) £5(2°(2), v) > AT () £;(2°(2), u(8)],

which shows the minimization of Hamiltonian in location j.
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2.2 CONTROLS IN COMPACT VALUE SETS

(i) Differentiating A;(t) = ®7(t;,¢)¥”(m, j) yields

M) = (% ”) @5 (8, )T (m, )
_ (31‘] )Tw
_ ~-3—5(AT< ) £5(2°(8), w(2))
8H

= —5 —L(2%(t), M(t),u’(t), t€ [tj, tje1)

(iii) In the final location m,

)‘m(t) = q)g(tfat)vzg(wo(tf)% te[tm—latf]:

nit) = = (@) ¥, 0720 e)

or
Am(ts) = Vaeg(2®(ty)).

_ (%(;ﬁ(ﬂ)) Am(t),  t € [tm-1,ts],

(iv) In order to derive the A-transversality at the switching timet;, j =1,2,---

1, we compute the following expressions

AT (=) — A (ty) = ¥(m, j) — ¥(m,j + 1) Qju1(tj41, t5)-

, M —
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U(m,j 4+ 1)®j41(tjs, t5)

= (Vag(2"(ts))" { H @m—z(tm—z’tm—z-l)} D1t t5)

m—3—1

T
+ Z ( m-—7 a:mm—r,m—r-f-l(tm—r;xo(tm—r)))
|: H m r— l m r— latm T 1)} )¢j+1(tj+17tj)
=0
or

¥(m,j+ 1)(1)]-1-1( ]+1’tj)

= (Vzg(xo(tf)))Tl i—[_ q)m—l(tm—l;tm—l—-l)jl
=0

—j—
Z V My — r,m— r+1(tm T)xo(tm_r)))

m—r—j—1
X ! H @m—r—l(tm—r—latm—r—l—l)] )
=0

T
+p; (Vam; 41 (t, 2°t))) " = p; (Vemyyan (b, 2°)) ",

T

34



2.2 CONTROLS IN COMPACT VALUE SETS

- 2%(tj)
20 (tj-1) \_,/A/\ zi(tj+1)

>
tj—1 tj — € t; tj+1

FIGURE 2.6. Controlled switching case: variation in the switching time.

or
U(m, j + 1)(I)J+1( J+1’tj) = (ng(xo(tf)))T ! H @m—l(tm—latm—l—l)}

T

+me T( V 2 Mm—r,m— r+1(tm T7x0(tm T)))

m—r—j—1

li H (I)m—r—-l m~r-l»tm~r—l—1)}>
=0

—p; (Ve j41(t;, 2°(5))) "

= U(m, ) — p; (Vamjm(t;, ()"

Hence
N(t=) = M) = Tlm, ) — (m,5) +p; (Vemyin(ts, 2°(8;)))"
T
= DPj (mej,jﬂ(tj,xo(tj))) .

If ¢; is a controlled switching time then p, = 0.
Step 3: In this step we show the continuity of Hamiltonian in the controlled

switching case. Let the optimal switching time t; be shifted to t; — ¢; (as shown in
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Figure 2.6) and let the control input over the interval [0,¢s] be given by

W(r) if 0<7<tj—¢g
ui(T) = Qul(t;) if tj—e <7<t
uw(r) if t; <7 <ty

Then

tj
zi(t;) = @ity — &) + fi(zi(7),v) dr,
t;—ei
and
tj

20(t;) = 2°(t; — &) + fi=1(2°(7), u’(7)) dr.

ti—e€;

Then .
o) = [ ((@()0) = a0t ar.

€ e

Adding and subtracting f;(z°(7),v) and then using Lemma 2.1 we obtain, as in Step
1

y(t;—=) A lim yi(t;) = fi(t;,2°(t5), v) = fi-1(t5,2°(85), w'(t)-
Then éz;(t) = ®,(tys,t;)0z;(t;) and

y(ty) = lim 5xz(tf) ®;(ts, t5)[fi (s, 2°(t5),v) — fima(ty, 2°(25), u’(t5))].

1—00 €;

Again since z° is optimal g(z;(t5)) — g(z;(t5)) = g(z°(ts) + evi(ts)) — g(=mi(ts)) > 0.
Dividing by ¢; and taking the limit as before we obtain

(Vog(2°(t)))" w(ts)
= (Vag(@®(t)) " ®(ts, 1) [f3(t5,2°(t5), 0) — f3-1(t;, 2°(85), w(t))] > 0.

Using the definition of \; from Step 1 and setting v = u%(¢;) the above inequality can

be written as

AT (85) F(t5, 20(t5), u®(t5)) = AT (t5) Fia (b5, 2°(25), u’(85)).
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FIGURE 2.7. Q-needle variation.

_ I LIS
~x\xi(tf)

If we specialize the result of Step 2 to the controlled switching case we get A\;_1(t;) = ‘

A;(t;). so that the above inequality can be written as

AT () Fi(5,2°(85), u®(t5)) = ATy (85) fi—1(t;, 2°(25), v’ (85)).

A similar derivation with the switching time shifted to other side i.e. to t; + ¢;
gives the inequality in the opposite direction. Hence at a controlled switching time

we must have

AT (8) fi(t, 2 (t5), u® () = ATy (5) fi-1(t;, 2°(t;), u® (t5))-

Step 4: We now establish the minimization of the Hamiltonian w.r.t. the discrete
locations.

Consider a Lebesgue point ¢t € (¢;_1, t;) in location j. We introduce two controlled
switchings so that the systems switches to location k € @) at time ¢t — ¢; and switches
back to location j at time ¢ such that [t — €;,t] C (tj_1,%;). This is possible since
LY+2<L.

37



2.2 CONTROLS IN COMPACT VALUE SETS

Let the control input be held constant during the interval [t — ¢;,¢]. Then

u(r) if ;1 <7<t—g¢
w(t) = ul(t) if t—-g<T<t
u(r) if t <7<t
Then .
z(t) = 7t — &) + /t Fo(zi(r), u(2)) dr,

and

22(t) =2%(t — &) + fi (2°(7),u%(7)) dr.

t—e¢;
Then

w(®) A Zdni(t) = 1[ Fel@(r), () — £5((r), w(r)] dr.

Adding and subtractmg fk( %(7),u’(%)) to the integrand above we obtain
w) = 2 [ (Aanae) - 566,00

+nwvmmm—nwvmmm)m

- 1[ (o), 60(0)) — £3((r), u(r))) dr

€

41 /t_ , (fk(xi(v'),ﬂﬂ(t)) — fi(z°(7),u°(t))) dr.

1

By Lemma 2.1 the second integral vanishes as ¢ — 0, as in Step 1, yielding

y(t) A Jim yi(t) = fua(t), w0 (1)) — f(°(2), u°(0).

Next we notice that if we mimic the derivation in Step 2 we see that Equation (2.36)

holds in this case as well, with the appropriate expression for y(t) substituted. Hence

T(m, j)@;(t;, )fe(@"(2), v) = f3(2°(#),u°(£)] 2 0
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2.3 CONTROLS IN OPEN VALUE SETS

Or, as before, if we set AT(t) = U(m, /)®;(t;,1), ¢ € [t5,¢;41), and Hy(w, Au) =
A fi(z,u), t € [tjo1,t;), 5 =1,2,--+ ,m, then

N (@) fi(2°(1), w0 (1) > AT (8) £3(2°(2), w°(2)),

or

Hi(a"(2), A5(8), u(2)) = Hy(2(8), Ay (t), w(6)).

2.3. Controls in Open Value Sets

THEOREM 2.3. Consider a hybrid system H satisfying Assumptions A0-A3, and
the HOCP (ty,ts, 10, L,U°) and define

Hy(z, M\, u) = )\qu(x,u) +l(z,u), z,A€R", u E[}, q € Q.

1) Let J%(to, ts, ho,U°) = infir, ;3 J°(tos ts, ho, 11, L,U°) be realized at a minimizing

control I and trajectory (z°,¢°).

2) Let Igo@) have L. controlled switchings and L, autonomous switchings, and let

Lo+ L = L°(L).

3) Let ti, ta, ..., tro denote the switching times along the optimal trajectory
(2°,4°).
4) Assume that z° meets m = |J ﬁz’;,q transversally and does not meet 8ﬁ1§jq N 8771’;{,,

fOT' any kia kj7p7 q.

5) Assume that either (a) L < oo and L°(L) = Ly + L. +2 < L or, (b) L = o0
and L°(L) < oo.
Then the conclusions of Theorem 2.2 hold.
If, in addition,
6) almost every continuous state x on the optimal trajectory z°(-) is a small time

tubular fountain with respect to z°(-).
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2.3 CONTROLS IN OPEN VALUE SETS

Then the following Hamiltonian continuity condition holds at a (controlled or au-

~tonomous) switching time t = t;

H(tj—) = Hyj—1y(tj—) = Hy-1)(t;) = Hyy(t5) = Hy)(t5+) = H(t;+),

je{1,2,...,L°.

O

Remark: The difference between Theorem 2.2 and Theorem 2.3 is that subject
to the stronger condition of U open and subject to the small time tubular fountain
condition Theorem 2.3 gives the Hamiltonian continuity condition at autonomous
switching times.

Remark: When (i) the control value set U is compact but has nonempty interior
U , (i) the continuous optimal control takes values in U , and (iii) the small time
tubular fountain condition holds, then all the results of Theorem 2.2 hold together
with the Hamiltonian continuity at an autonomous switching time. To obtain this
necessary condition result it is sufficient to consider control input variations (around
the hypothesized bounded measurable optimal control u°) which themselves fall in

the more restricted class of piecewise continuous controls.

ProoOF. To simplify the notation consider the case of two locations, 1 and 2, and
a single autonomous switch at t;. In an obvious notation consider the optimal cost
function J°

I = J(u0,t,) = /

to

ts ‘ tf
ll(aco,uo)dt—l—/ lo(z% u®) dt + g(2°(t)).
ts

Let the function A(-) be defined to be any absolutely continuous function which sat-

isfies
; H; ,
A\ = —%;(a:o, A,u%), ae tetyty], i€{l,2}, (2.37)
Aty) = Vag(2°(tf)), (2.38)
A(ts—) = A(ts) = A(ts+) + pVaman |, (2.39)
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2.3 CONTROLS IN OPEN VALUE SETS

along the optimal trajectory. Also let Aq(t) A A(t),t < ts and Aa(t) A A(¢),t > t,.
Since z satisfies the respective ODEs in the respective locations over the intervals
(to,ts) and (ts,tf) and since the switching constraint is satisfied at ¢t = ¢, we have

ts

J(@® t,) = pm(z®(t,)) + / : (ll(xo, u®) + M T (f1 (2% u0) - j:o)) dt

+/t " (a2, ) + MT (fala®, u®) — 3%)) dt + g(2°(t)),

for p € R, where in the rest of the proof m; ; will be written simply as m.

We now perturb the optimal input u® € U to u® + du® € U such that
ess supyy 7y [6u’| < &, where § will later be taken to be sufficiently small for the required
estimates to hold.

Denote the shifted switching time resulting from the new space-time intersection
point with the manifold m by ¢, + 6¢, and the associated state values by z° + §z°.
We note that by (i) the differentiability of m and (ii) the continuity of the solutions
to the system equations with respect to the initial (respectively, terminal) conditions
and with respect to perturbations in u (with respect to the Ly, norm), it follows that

dt; = O(6) and 6z° = O(8). We obtain:

J(u® +6ul t, + 6t,) = p m((2° + 62°) (¢, + 6t,)) .

ts+0ts
+/ <11 (2% 4 6%, u® + 6u®) + T (f1(2® + 62°, u® + du) — 0 — 53’50)) dt
to

tf )
+/ (12(;60 + 6%, u® + 6u®) 4+ AT (fo(2® + 62°, u® + 6ul) — 20 — (53'c°)>dt
ts+0ts

+9((=° + 82%) (),

where we note that the definition of A\;(-) on [ts, ts + 0ts), the definition of As(+) only
on [t; + dt,, t¢] is obtained by redefining A(-) with the ODE (2.37) and the boundary
conditions (2.38) and (2.39) given on the adjusted intervals.
In the above equation 6z° has the following precise definition: with z(-) generated
by the ODE
z = f(z,u), z(0) = o, (2.40)
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2.3 CONTROLS IN OPEN VALUE SETS

let z°(-) be generated by the ODE
i° = f(2°,u+ du) = f(x + 0z, u + du), 2%(0) = z8 = o + 62(0),

where 6z(t) A 2°(t) — z(t) and correspondingly §4(t) A &°(t) — #(¢). This yields

d d d
a<5:::(t) = %x‘s(t)—%x(t)

= () — () = 63(2)

= f(«®,u+du) — f(z,u), 6z(0) = x5 — zo. (2.41)
Hence with §z(-) generated by (2.41) above:

0461 = f((a:o)(s, u® + §u°)

= f(a® +62°,u® + §uf).

If we linearize (2.41) about (z(-),u(:)) as in Equation (2.40) then we have

S P 01 (o it O(F
i = dtém(t) =5 (xz,u)dz + au(m,u)5u+0(5 ),

with the initial condition 6z(0) = z§ — zo. Clearly, in general, it is not the case that

62 = L6z(t) = L (z,u)dz + 5L (z, u)du.
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2.3 CONTROLS IN OPEN VALUE SETS

By the assumption of the optimality of u® we have the following classical varia-

tional inequalities:

0<AJY =

J (0 + 8u0, t, + 8t,) — J(u0, t,)
p m(ts + 6ty, (2° + 62°)(t, + 6t,))
ts+0ts
* / (1 (e + 82, u” + du”)
to
AT (F1(2® + 62°%,u® + du’) — 3° — 62°%))dt
ty
+/ (la(2® + 02°, u® + 6u°)
ts+0ts
42T (fo(2® + 620, u® + 6u®) — 4° — 5io))dt

—p m(ts, °(ts)) — / | (ll(xo, u®) + AT (fi (20, u®) — 550)) dt

to

_ /t " (12, 4®) + 2T (fo(a®, u) — &%) dt.
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2.3 CONTROLS IN OPEN VALUE SETS
0<AJ® = p(mlts + 0ty (2° + 02°) (¢, + 0t,)) — m(ts, 2°(85)))
+ /tta (Li(z® + 62, u® + du?)
| 0 +AT (f1(2® + 62°, u® + 6u®) — 2% — 62°))dt
— /tts (L(2% u®) + AT (f1(2®, u®) — 2°))dt
0

tatdts
-l-/ (L(z® + 62, u® + 6u’)
ts
+A] (fi(2® + 62°,u® + 6u®) — 2° — 62°))at
tf
+/ (lo(z® + 62°, u® + du’)
to+ét,

+A2T (f2(z° + 02%, u® + 6u’) — 20 — §27))dt

B /tf (l(z°,u®) + X" (f2(2°, u’) — 2°))dt
o+t

ts+dts
lz .’17 ’LL +)\2 (fz(IEO,UO) — IEO))dt

((:v +082°)(t)) — 9(=°(t))-

Next we use the Taylor series expansion of m(ts + 8ts, (z° +z°)(ts +6t4)), L;(z° +
6%, u® + 6u®), fi(z° +62°, u + 6u°) and g((x° + 62°)(tf)) about m(z°(t,)), li(x°, u),
fi(z%u), i = 1,2, and g(z°(t;)), respectively, to obtain
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2.3 CONTROLS IN OPEN VALUE SETS

0<AJ = pVgom|,_, 5% + pVym|,_, 0t

ol ol df1 df1 u? — 539
+/t0<605° 805 + M7 (605 +305 — 6z dt

bkt ol ol
+/t (ll(q:,u) + a—xloéa:? + 57;165“(1)
T(fl(a;,u)+8f;6 +-§£6 7 ‘1—6:i:‘{)>dt

ty 6[2 3l2 an an 0
2 . .
+/ts+6ts <3w°6. 2 5uo U+ X (8 5075 + Fg00t2 >>

to-+0ts
[ e ) + 2Tl ) - ) e
ts
T
+(Vag(23(ty))) 03(ts) + O(6%).
Rearranging terms we obtain,

: aly af1
0< AJY = pvzomh:ts 520 + thm[t:ts Ot +A) (m + )\IT@) 51'(1) dt

ol rOf1 o /ff ol 7 0fs 0
— 4N oul dt —= 4 AT =2 ) 520 dt
+/t0 (6 g 6u°) M J e N80 T 300 ) 072

i 612 8f2) ts ty
+/ + X722 ) dud dt — / )\T&rodt——/ AT 820 dt
/ts+6ts <8U0 * ouf to ' ! to+0ts 2

ts+0ts

+/t (L(2°u®) + M7 (f1(2% u) — 2°)) de
sts+t5ta

- / (I (2%, u®) + X" (fa(z®,u®) — &%) dt

tatdts azl azl 8f1 af1 -

+ (Vag(5(t ))) 5w2(tf)+0(52)

Now recognizing that 6i° = £(6x°),02%(to) = 0, integrating ftts M T629 dt and

ts s, A\yT 823 dt by parts, rearranging terms and noting that the last integral is O(6?),

we obtain
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2.3 CONTROLS IN OPEN VALUE SETS

ol of
0<AJ = pVeom|,_, 5z° + pVim|,_, 6t +/t (8_10 + )\1T5x—2)> 8z dt
4]

(9[1 Tafl 0 /tf - 3l2 Tafg 0
+/to (5’6 -+ )\1 au ) 511,1 dt + vt 6:50 + /\2 (9:170 (5332 dt

tf alz Tan 0 T 0 ts . o
+/ts+m <3u + 5;;0) ug dt — (A 5$1)|t=t8+/t0 A 6addt

Ly .
()\QT(S.TQ 1t ts ()\QT(S.’EQ |t =t, -+t -—/ , )\2 (Sil?g dt
ts+dts

ts+0ts
+ / (1 (2, u®) + M T (fu(2°, u0) — 2°)) dt
ts

te+6ts
_ /t (la(2®, 1) + AT (fo(a®, u®) — 3%)) dt
+ (Vag(a3(ts)) " 0aS(ts) + O(8).

Setting H; = I; + /\?T fiyt = 1,2, approximating the last two integrals and rear-

ranging terms we obtain

tf
0< A = /t (%_I{Ol_,.,\l )6x(1)dt+/t+6t (%gg+/\2 >5xgdt

+ 0ty - Vaalab(e) 6t + [ (Gt ) e

4 (0H, T T
+/t‘ (8’u0>5 dt‘_' (/\1 5.’1:1 lt t ()\2 6.’1:2 lt ts+(5ts

s +0ts
+pVgomnl,_,, 02° + (Hy — M), 0t — (Ha — A" 2)|,_, 5. Ots
+0(6?).
Since A;,i = 1,2 is generated by the ODE N o= —gfg and since Ay(ty) =

V.9(x3(ts)), the first three terms in the above expression vanish.
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(9 + 625, u + dul)

523|= 823 (t, + 6t,)
Perturbed trajectory

@+ 020+ 80) 7 g0 = 4e(e) o ba”
(w3, u3)
l a5(ts Ji 8t,) ot,
Optimal trajectory ¥~ Switching manifold
(1, u9) {m(z) =0}
ts t,+ dt,

0 0

FIGURE 2.8. Autonomous switching case: variation in u
and ¢,.

causes change z

ts (OH ts OH.
0 __ 1 0 2
0 S AJ = [0 (EL—O-) 5U1 dt“f- /ts—Hsts <W) 6ug dt + (Hllt:ts — HQ[t:ts+5ts) (Sts
=T (t,) (629 () + 23(ts) 6t,)
+XoT (s + 6t5) (623 (ts + 6t5) + 39(ts + Ots) 6t,)

+ pVaeml,_, 02° + O(8%).
Since §z° is the total space-time variation in z, and since
m(l)(ts) = z5(ts),
(29 + 629) (¢, + 0t5) = (x5 + 529) (¢, + 6t,),
630 = (x5 + 0x9) (¢, + ot,) — 20(t,),
829 (ts) = (a1 + 623)(ts) — 20(ts),
8x9(ts + 6ts) = (x5 + 029)(ts + 6t,) — 29(t, + 6t,),

we have the following relationships: (i) §2° = 5i?(ts) + 29(t5) 6t, + O(6?), and (ii)
6x° = 63 (ts + Ots) + 5(ts + dt,) 6t + O(62), as shown in Figure 2.8.
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2.3 CONTROLS IN OPEN VALUE SETS

Using these relations the expression for AJ? becomes

3H1 t BHZ
<AJY = Sud dt Suddt + (H — H,|,_ ot
0<AJ /to (é?u > +/ts+6t3 (8u > +( 1= ts 2|t_ts+5ts)

+ (=MT(ts) + AT (5 + 0ts) + pVoem) 62° + O(6).

Since ét; = O(6) the second to last term in the above expression is O(6%) by the

boundary conditions on A; and As, and so the expression reduces to

OSAJO:/ (";H;)a dt+ / (‘2&)5 O dt+ (Hiley, — Hal,y,,) 0t 0(6%).
to U ts u?

The variations du® and ét, are not in general independent since 6¢, depends upon
du® via the equations describing the switching surface. We now invoke the small time
tubular fountain (STTF) property (Definition 2.6) to generate a variation éu® which
shows that the coefficient of §t, in the above expression vanishes whenever u° and ¢,
are optimal. To see this we split each of the two integrals over the intervals [to, t;]

and [ts,ts] as follows (see Figure 2.8):

0H, = /OH, te (OH,
< 0 — 0
0<AJ /t (auo)a dt + /t <8u0>5 dt + /t (8())5 dt

 (OH.
" /t (ﬁ) oudt + (Hiley, = Holpey, ) 8ts + O(57), (2.42)

for any t,,t. such that ¢ty <t, <t, <t. <ty.
Control Variations via the Small Time Tubular Fountain (STTF) Condition

For economy of notation define y = 2% + §2° and v = u® + 6u’. Suppose the
coeflicient of 0, in (2.42) above is negative. We wish to show that there exists a
control perturbation du’ such that du’(t) = 0, t € [to,t,] U [tc, ty], where t, = t;, — &
and t. = t; + 4, and such that u® + §u® € U steers the system trajectory so that it
intersects the switching manifold m for the first time in [t,, t.] at some ¢, + ¢, where
0 < 6t, < 4, and then steers it back to the unperturbed trajectory at time ¢, (see
Figure 2.9).

Identify +' in Definition 2.6 with ¢ and henceforth take ¢ sufficiently small that

2°(-) intersects m only once in [t,,%.]. This is possible by (i) the continuity of z°(-),
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2.3 CONTROLS IN OPEN VALUE SETS

(ii) the smoothness of m(-,-), and (iii) the transversality hypothesis (Hypothesis 4).
Consider the set T} A Uy <r<y,Bu(2°(7)) where p and ¢ are such that T} N {z :
m(ts,z) = 0} = 0. Let v = 5. By the positive STTF conditions (b), (c) and (d)
there exist ¢y, € > 0 and v'(-) such that:

(i) to <ty <t < tg,

(ii) [16(s,2°(ta), vy, ) — B(5,2°(ta), ufy, DI <7, 8 € [ta, ti], and

(iil) ¢t — € 2°(ta), v}y, 4_q) = (8, 2°(ta), U]y, 4))-

Now consider the set T;; A Uy, <r<i, By (2°(7)) where y and t, are such that T;N{z :
m(ts, ) = 0} = 0. Let v = £. By the negative STTF (b'), (¢') and (d’) there exist
te, € > 0 and v7(+) such that:

(i) ts <t <te <t

(i) llg(s, 2°(tr), v, ) — ¢(s,2°(tr), up )l <7, s € [ty tc], and

(1) $ter 2%t — €), 0], _o)) = Bltes 2%t — ), . ).
Early arrival case

The continuous dynamics in each location are time-invariant. Consequently, if
the perturbed control input over the interval [t; — ¢, t, — €] C [to, to] is chosen so that
v(s) =ul(s+e),ty,—e<s<t —¢ then: (i) {y(s) : ti—e<s<t, —e} = {2%0):
tt < s <t} and (ii) y(-) takes the same amount of time to traverse the optimal
path from z°(#;) to z°(¢,) as does z°(-). Furthermore, y(-) intersects the switching
manifold only once in the interval [¢,,t.] (see Figure 2.9). Set t; = t; — €,to =, — ¢;
then |t; — 1| = |t — ] < |t — ta| < |tc — ta] < 26.

In (2.42), by the construction of Ju°, the first and the fourth integrals are zero and
the second and third integrals are O(6?) since |t,—t,| = O(§). This causes the integral
terms to be of second order .(0(52)) but renders AJ° negative to first order (O(d)).
Since this is impossible by the optimality of «° and t,, the term (H1|t:ts — Hglt:ta+)
must be zero.

Late arrival case
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<4— Switching manifold
m(z) =0
20(t,) {m(z) = 0}

FIGURE 2.9. Early and late arrival variations using STTF.

Now suppose the coefficient of dt, in (2.42) is positive. It is clear from Definition
2.6 that a similar construction can be done where v(-) and the resulting trajectory y(-)
are such that: (i) v(s) = u(s—¢€), ti+e < s <t +e (i) {y(s)  ti+e < s <t +e€} =
{2%(s) : t; < s < t,}, (iii) y(-) takes the same amount of time to traverse the optimal
path from z°(#;) to z°(¢,) as does zo(-),vand (1v) y(+) intersects the switching manifold
only once in the interval [t,,?.] (see Figure 2.9). As in the negative coefficient case,
this again leads to the conclusion that the term (H|,_, — Ha|,_, ,) must be zero.

An appropriate variation {6u° to < ¢ < t;} now shows that % =0 and %% =0
on [t,ts) and [t,, 5] respectively.

The proof of Hamiltonian minimization with respect to the discrete locations is

similar to that in Theorem 2.2. O

2.4. Examples

EXAMPLE 2.1. In this example we show how the Weierstrass-Erdmann corner

conditions of caleulus of variations [31] can be recovered from the hybrid mazimum
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principle. First we briefly recall these conditions. Consider the class £ of all con-
tinuous functions, z : [a,b] — R", with fized end points, z(a) = z(b) = 0, pos-
sessing piecewise continuous derivative &(t), t € [a,b] in a bounded open set. Let

f:]a,b] x R* x R* — R be of class C?. Then the integral

b
— [ fats)ats
is well defined for x € £.
Suppose that for some 1° € &, I(2°%) < I(z), for all x € £. Then the following
necessary conditions are satisfied:

(1) z° satisfies the Euler-Lagrange equations:
d (0 0
7 (Gre0.20) = Few.a).

(ii) The Weierstrass E-function:

r9f

E(w,2,w) A f(2(t), w) = f2(t),2(t) = (w = 3(t))" 5-(a(t), 4(t)), weR,
is positive along z°.
(111) The functions
of of

fl@(®),2(8) = &7 (1) = (2(0),2(1))  end  ==(2(1), (1)),

are continuous along x° and hence at each corner point (point of non-differentiability)
of ©°.

Conditions (i) and (ii) can be obtained as consequences of the Minimum Principle
(see [11], for exzample). Here we demonstrate how condition (1i1) can be recovered from
the Hybrid Minimum Principle. We transform thé above problem into an optimal
control problem as follows. Set & = u so that I(x f f(z s)ds. Let z° have

one corner at t; € (a,b) (the generalization to a ﬁmte number of corners is similar).
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{(z,y) e R?:y =0}

FIGURE 2.10. Snell’s Law.

Then by the HMP the Hamiltonian and the adjoint process are continuous at t, i.e.
H(z,\u) =y + f(z,u).

Minimization of H with respect to u implies

oH of of e
T30 = T3, =0 = M) =g () ult)) = -5 (2(t), £(2)).
Hence

H(t) = H(z(t), A1), u(t)) = f(a(t),u(?)) —UT(t)%(w(t),U(t))

= Flale), 5(6)) — 47 (0) (a0, £(0).

And we get W-E corner conditions as a result of the continuity of H(t) and A(t)
along z°(t). Notice that the positivity of the Weierstrass E-function is equivalent to

minimization of Hamailtonian. O

EXAMPLE 2.2. Let a ray of light pass from a medium, in which its velocity is v,
to another medium, in which its velocity is vy, in such a way as to minimize the time
of travel (Fermat’s Principle), as shown in Figure 2.10. The initial and final times

are 0 and ty respectively and the time at which it enters medium 2 150 < t, <t;. The
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boundary (switching manifold) between two media is M = {(z,y) € R? : m(t,z,y) =
y = 0}. In the rest of this example the subscripts 1 and 2 refer to media 1 and 2
respectively. At each time along its trajectory let the ray form angles 6,(t) and G,(t)
with the normal to §. Further, let =% < 6,(t) <%, 0 <t <y, and —F < 6(t) < 7,
t1 <t < tp, Then the horizontal and vertical components of velocities v; vy can be

written as:

i‘l = Uy sin 91 (t), .’i‘z = V2 sin 02(15),

¥1 = vy cos By (¢), Ua = Vg €08 O2(t).

The objective is to minimize:

ts tf
J(61,05) = / dt + / dt.
0 ts

The Hamaltonian in each medium is given by:
Hi =1+ )\i'Ui sin Hl(t) + H;U; COS Hi(t), 1= 1, 2,

where A; and p; are variables adjoint to x; and y;, © = 1,2, respectively. Since 0; and

0 take values in an open set (—%,Z) if 67 is optimal then

OH;
90; ;=69

= A\;V; COS 0? — L;v; sin 9? = 0,

and so tan 69 = %L

In the sequel we drop the superscript on 6;, ¢ = 1,2, as all 8; will be optimal.

Along the optimal trajectory,

O0H; . O0H; .
— =0 d p;=— =0, =1,2.
oz, and [ ;i 0, = 2

i =

which shows that A and p; are constant and hence 6;, i = 1,2, are constant. So the

the path of light ray in each medium is a straight line.
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Next, applying the Hamiltonian and adjoint transversality conditions at the switch-

ing time ty we obtain:

Hi(t;—) = 1+ A\v;siné; + pivgcosby
= 14 /\2’()2 sin 02 ~+ HoUg COS 92 +0 = Hg(ts) +thm,

or

A0y 8in 0y + pyvy cos 0y = Aqvs sin By + pov, cos By, (2.43)

AM=X+pV;m
or
AL = Ao and  p1 = pa +pVym = pu; +p.
In light of the above equations (2.48) can be written as
Agvy 8in 0) + (pe + p)vg cos By = Agvg sin by + fiov, cos By,
But since \; = p;tan6;, we have
o = Ao cot By and Mo +p = py = Ay cot by = Ay cot by

Hence if Xy # 0 then

vy (sin 0y + cot 61 cosb;) = vy (sin B, + cot O3 cos 65)

vy sinf;

vy  sinf,
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3.1 HYBRID DYNAMIC PROGRAMMING

CHAPTER 3

Sufficient Conditions for Hybrid
Optimality

3.1. Hybrid Dynamic Programming

In this section we present a hybrid Dynamic Programming Principle (HDPP)
which is a generalization of the standard Dynamic Programming Principle for differ-
entiable control systems [4, 61, 52]. This results in a generalization of the standard
Hamilton-Jacobi-Bellman (HJB) equation. This hybrid HIB equation is then used
to establish a sufficient condition for the optimality of a candidate hybrid control. In
contrast, Branicky et al. [13] generalize the quasi-variational inequalities (QVIs) of
impulse control framework [8] to hybrid systems. They consider optimizaﬁioﬁ of dis-
counted cost over semi-infinite intervals and use the QVIs to establish a verification
theorem.

Let {I} be the set of all possible hybrid input trajectories with fixed initial time
and hybrid state (%o, ko), having finite number of switchings and satisfying Assump-
tions AQ and Al. Then the value function, at (to, ho), for HOCP(to, £, ho,U), such
that A2 and A3 hold, is defined to be:

tz+1
v(to, ho) = I:gfl I (to, ho3 1) = = ot (Z / g (g, (s (8))d8+9(%(tf))>,
(3.1)
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3.1 HYBRID DYNAMIC PROGRAMMING

where L is the number of switchings and L < L = oco.

If I =(r,0,u) = ((to, 00, ulto, t1)), (t1, 01, u[t1,£2)), . ..), where u[t;, t;41) denotes
the restriction of u(-) to the half open interval [¢;, ¢;41), then the restriction of I to
the interval [t',t") C [to,T), where t;, <t < tgy1, & <t < ti41, k < I, is denoted
If¢ R ) and defined by:

((tla Ok, U[t,, tk—}—l))a (tk—i—la Ok+1, U[tk+1, tk+2)) trey (tla gy, U’[tla t”)) if ¢ = tka

((tl, id, u[t’, tk—H)); (tk+1, Tk+1, u[tk+1, tk+2), caey (tl, gy, u[tl, t")) if t, > tk.

I[t’, t”) é

Let h(t; ho, I1[to,t]) denote the hybrid state at time ¢ in a hybrid execution ey, re-
sulting from the hybrid input Iy [te,t], where I [to,t] is the restriction of I; to the

interval [to, t].

THEOREM 3.1. ([42] after [2]) (Hybrid Dynamic Programming Principle) Con-
sider the
HOCP (to,tf, ho, L,U) with L = oo and L°(L) < oo. Let ty < t' <t < t; and let t
and t; be switching times such that t;; <t <tpyr, tp <t <ty and 0 < k <1 where,
{t:;}\_s, and k and | all depend upon I. Let {I[t',t;]} denote the input sequences in
the class {I} restricted to the time interval [t',ts]. Then under Assumptions A0-AS3,

thy1 -1 tig1
oy .
ottik)= i ([ teanuon s+ 3 [T hteuohuonas

+/t L (24,(3),u(s)) ds + v(t, h(t; h',I[t’,t]))) ,
U(tf7h) = g(a:), Vh = (an) €Q xR,

If either of | or k equals L then in the intervals of definition of t' and t the right end
point is taken to be ty. ’ O
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3.1 HYBRID DYNAMIC PROGRAMMING

PROOF. We prove the theorem by showing the inequality in both directions. Fix
I, € {I}. Then as in equation (2.5)

st = [t dst S0 [ b (a9 u(6) ds + oo 1)

i=k+1

s 8

t=k+1

/t - llh' (zQi(8)7 “(3)) ds
+[@MM¢mmm+[mmwaawmw

+ Z /tiiJrl l‘]i(x(h(s)? u(s)) ds + g(a:qL (tf)).

i={+1

or
tet1 -1 tit1
mwm>z/ @m@mmw+2/'@w@mmw
¢ i=k+17 b

+ tthl (zq,(8),u(s)) ds + v(t, h(t; K, I [t t])).
.
Taking infimum over {I} on both sides we get the inequality “>”.

In ofder to obtain the inequality in the other direction we fix I, € {I[t',t)} such
that ¢ is not a switching time, fix € > 0, and set h = h(¢t; 4/, I;/). By the definition
of infimum there is I'[t,t;] € {I[t,t7]} such that v(t,h) + € > J(¢, h, I'[t, tf]). Let
I;, be the hybrid input sequence formed by the concatenation of the input sequences

It t) and I'[t,t5]. Then we have
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3.1 HYBRID DYNAMIC PROGRAMMING

o, R < J(, K1)

£ / (@0 (), u(s)) ds + 9(zay (1))

i=l417?
thga tz+1

= [ a9 u) s+ Z | o) ue) ds
tl

+ [ ta(ea(s) uls)) ds

t

+J(t, h,I')

IA

tk+1 tz+1
JRRERORTE ds+2 | tawate) ue)ds
t’

t
+ [ gy (xq(s),u(s))ds+v(t,h) + €
L2
Hence

v(t',h') < _inf (/t’t“l Lo, (g, (8),u(s)) ds + Z /:HL1 Lo (g, (8), u(s)) ds

I e{r}
t
+/ ly(zq (s), u(s)) ds +v(t, ht; W, IL/))> + €.
t; i
Since € > 0 is arbitrary we have the desired inequality.
Finally, v(ts, h A (¢, z)) = g(x) follows from the definition of v (Equation (3.1)).
(I

Before presenting Theorem 3.2 we quote the following results on the continuity of
executions of hybrid systems with respect to initial conditions and times. We assume

that there exists Ky < oo such that maxgeq supycy || f4(0,%)|| < Ky.
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3.1 HYBRID DYNAMIC PROGRAMMING

LEMMA 3.1. ([2]) (Dependence on Initial Conditions) For the ODE ¢(t) = f(z(t), u(t)),
let x} A z(t;z1,t1,u) and z2 A z(t; 29,12, u) denote the states at time t with initial
conditions x1 and xo at times t; and ty respectively and with input w. Then under

Assumption A0

Iz — 2% < (|21 = zol| + Kylts — tof) ebrE01VE2),

PROOF. Assume, without loss of generality, that ¢; < ¢,.

Since z(t; xo, to, u) = T + fti f(z(s; o, to, u),u(s)) ds

Izt =22l = |a(t;z1,t1,u) - 2(t; 22, b2, u)|
t

Ty — 2o+ /t flx(s;zy, ty,u),u(s))ds — | f(z(s;ze,ta,u),u(s))ds
t1 t2

IA

lz1 — 22| +

/t : fx(s;z1,t1,u),uls))ds

-+

/t (F(a(s; 22, b0, 0), uls)) — F(2(5; 2, 1), u(s))) ds

< oy -z + / 1 (s 01, b, ), u(s)) | ds

+ / 17 (55 20, 1, w), w(s)) — f(a(s; T2, ta, ), u(s)) | ds

t2
< |z -zl + [ Kfds
t1

¢
+/ L¢ ||z(s; 21, t1, w), u(s) — z(s; 2, t2, u), u(s)|| ds
ta

= ||z — zaf| + Kyt — t2]

t
+Lf/ lz(s;x1,t1,u), u(s) — x(s; xa,ta, u), u(s)|| ds.
t2

An application of the Bellman-Gronwall Lemma now yields the desired inequality. 0O
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3.1 HYBRID DYNAMIC PROGRAMMING

Lemma 3.1 extends to hybrid executions using the results of Theorem 2.1. Assume
that ¢; is not a switching time in a hybrid execution ey and that (gi(¢1),z1(¢1)) is
the hybrid state at ¢;. Then as in the proof of Theorem 2.1, there exists ¢ > 0 such
that no switching is defined over the interval [¢;,t’) in the execution ey. In this case

Lemma 3.1 generalizes as follows.

LEMMA 3.2. (Dependence on Initial Conditions (Hybrid)) Suppose that the time
t1 along a hybrid ezecution ew is not a switching time and that (qi(t1),z1(t1)) s
the initial hybrid state at t;. Let (qi(t),z}) be the hybrid state in the exzecution e,
with input I, at time t > t; where t is not a switching time either. Then there
exist a neighbourhood Ny, 5,y of (t1,21) € R x R™ such that if (t2,22) € Ny, )
(assume without loss of generality ty > t1) then (qa(t), z2) = h(t; (to, T2),I) satisfies
02(t) = q(t) € Q and

ot — 22| < (||z1 — 22| + Ks|t; — to]) eFsEtaVea),
t t f

THEOREM 3.2. ([42] after [2])
(1) v(t, h) is bounded on [to,tf] X @ x R,

(1) if there exists Ly < oo such that |lj(z1,u) — (22, )| < Lijjz1 — 22|, 21,22 €
R*, w €U, j€Q and there exists L, < oo such that |g(z1) — g(za)| < Lyljzy —
xall, 1,22 € R™, and if t is not a switching time, then v(t, h) is continuous at
(t,h) € [to, t5] x Q x R™.

(]

PROOF. (i) Boundedness
Fix I, € {I}, with L < co. Then

e < [T el u)lds+ S

i=k+1

[ " Vs (as(s), ()] ds + |g(zay (£1))]-
(3.2)
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3.1 HYBRID DYNAMIC PROGRAMMING

Take, without loss of generality, A and ¢ in Assumptions A2 and A3 to be integers.
Let 2o A z4,(t0), Ky A max{Ly, maxeqsup,cy fo(0,%)}. Then using Assumptions
A0, A2 and A3 and employing Bellman-Gronwall Lemma we obtain following bounds

on the terms in (3.2)

(i)

[ " gy (Ean (5), ()] ds < Koltirs — 1)

”y

N o
w803 (7)™ (ionrs = ersston 0 4 oyt L)
i=0 M Y

where p;(-) is a j-th order polynomial such that p;(0) = (~1)j(7—K%. Let us
define
) !
Bi(r) Ay (M) + (1) e

(nyf)J-i-l :
Then 3(0) = 0.
(i)
| o utolds < Kattn =80+ 503 (7)illanl " Bties — 0
ti =0 J
(i)

4
) ; . .
9w (¢ < Ko+ Ky ) (j)K}onlP-JKf(tf — 1)ttt

J=0

Using the above bounds and taking the infimum over {I} in (3.2) we get an upper
bound on v(t, h).
(i) Continuity
Fix ¢ € Q, I € {I}, € > 0 such that v(ts, hy) > J(t2, h2,I) — €. Then

'U(tl,hl) —_ ’U(tg, hz) S J(tl,hl,]) — J(tz,hz,]) -+ €,
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3.1 HYBRID DYNAMIC PROGRAMMING

or

wmmywmmgg‘/mh@wgmm@

t1
L

#3070, u(e)) ds + gl (29)
i=k+1" b :

[ o, e as

t2

= > [ e o) ue)) ds - gl e) + e

Assume again without loss of generality that ¢; < ¢3. Then, dropping the subscripts

on z for brevity, we obtain

oltuhe) = ot ba)l < [l (6)uls) ds + | ), uts)

Lo (@) uleDlds+ 3 [ (e (),ul)
i=k+17 b
—lg, (2" (5),u(s))| ds + |g(2'(ts)) — g(z" (tf))] + €
~ (v j y—j —
< Kyt =) + K, jgo (j)Kf”%H Bty — t1)

+@lﬂmﬂg—ﬂ@m@

+I1, Z / i |(2'(s) — z"(s))|| ds + Lgllz'(ts) — 2" (t5)]| + .

i=k+17 b

Next, we use Lemma 3.1, define

Y

C.Y(tQ — tl) _A_ Kl(tg — t1) + Kl Z (Z) K}|l$(t1)”7_]6(t2 -— tl),

=0
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3.1 HYBRID DYNAMIC PROGRAMMING

and note that «(0) = 0. This yields

(28]
vt ) —vlte, he)] < alta =) + L’/ (lz1 = 2|l + Kjlts = ta]) 77" ds

t2

tig1
+h Z / (lz1 — |l + Kjltr — ta]) e"707%) ds

i=k+1
+L, (|21 — m|| + Kflt; — t5]) e 712) 4 ¢

= afty —t1) + (|lz1 — 22|| + Kyt — t2])

L
x (z]lil_ <6Lf(tk+1~t2) — 1+ Z (eLf(tiH—tz) _ 1))
f i=k+1

+L, eLf(tf,‘t2)> +€

L
= alty = 1) + 7 (o = 2ol + Kslts — )
f

L
: <Z (eLf(ti+1—t2) __1) + Lng eLf(tf—t2)> + €.

i=k

THEOREM 3.3. ([42] after [2]) Assume A0-AS8 hold. Let v(t,x) be a value func-
tion for the HOCP(ty,ts, ho, L,U) with L = oo and L°(L) < co. If v(t,x) is contin-
vously differentiable on [ty,ts] x R™ for each fized ¢ € Q and if t is not a switching
time then v satisfies the following HJB equation:

dv f Ov T ; B
gt—(t,a;) + selnf (Ba: (t, x)) folz,u) + U (z,u) | =0,
v(ty,z) = g(z), VzreR".
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ProoF. The boundary condition follows immediately from the Hybrid Dynamic
Programming Principle. In order to derive the HJB equation we write the HDPP as

-1

0 = inf (/ﬂt:m Lo (T, (8),u(s)) ds + Z

Tre
Tellt' tf] i—kt+1

+/ Ly (zq, (), u(s)) ds + v(t, h(t; W, I[t, 1)) — v(t, h')) :

t

/titm lg.(2q.(5), u(s)) ds

Since t is not a switching time, there exits a ¢, > t such that there is no switching
time in the interval [t,¢,). Let ¢ € (¢,¢.) so that ¢’ — ¢ > 0. In this case the above

equation becomes

qEQuel

0= inf (/t/t l(z(s),u(s)) ds + v(t,x) — v(t',x')) :

Next, we divide both sides by ¢ — ¢’ and let ¢’ approach t to obtain

_ . 1 _ rot
0= qeg,ler (tlfl—rgt——t’/l t'—nt—t’ (wit,) v(t,x)))
=it (@®,00) + S x))
, v v T d,

~ Lt (w(t) ) + 50+ (Gta)) E)

it (0.u0) + 260+ (L0 im0

= i (2 (t), 5 (b7 EM UL o(zq4(t), u ,
or, since ‘g‘t’ is independent of (u, g),

20w+ it (L) + (L) foun) =0 (63

8t z qeézr,lueU q z » U am » L Q(mQ( )7“( ) ) ( . )
which is the required HJB equation. | ]

The HJB equation can be used to establish a sufficiency condition for a candidate
control (we use the term control to mean continuous control function and switching

sequence; control value at time ¢ would be the pair (u(t),¢(t))) to be optimal. It is a
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generalization of well known result in optimal control theory and calculus of variations

known as the verification theorem.

THEOREM 3.4. (Hybrid Verification Theorem)
(1) Let (4(z,w),q) be such that

li(z, Wz, w)) + w” f3(z, 4(z, w)) = eéner (lo(z,u) + wT fo(z,u)), VweR"
q ,U

(1) Suppose there is an admissible control (u°(-),q%(-)) resulting in the hybrid tra-
gectory hO(-) = (2°(-),¢°(-)) such that hi(te) = (zgp(to), ¢° (o)) = (%o, 90)-

(11i) Assume that there is a solution v(t,z) of the HIB equation (3.3) such that
(a) v(ts,z) = g(x), VheQ xR and

(b) u®(t) = a(z°(t), 32(t,2°(1))), w°(-) € U° or uO(:) € U,
Then v(t, x) is the value function for the HOCP and the control (u°, ¢°) is an optimal

control.

Proor. By the hypotheses of the theorem we have

50,0+ (52005) ) frliia(e), 00) + b ), =0

Hence for a.e. t € [to, ]

dv . i )
%(t, ) + Lo (z0 (1), u(t)) = 0.

We integrate the above equation to obtain

b dv b 0 0
/ E(S’x) ds+/ lo(zg0(8),u"(s)) ds = 0,
¢ ¢
or

ot 2(t;)) — vt 7) = — /t o (&% (s), w(s)) ds.
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Now since by boundary condition (iii) (a) v(ts,z(ts)) = g(z(ts))
tf
v(t, z) = : Lo (zg0(5), u’(5)) ds + g(x(ty)),
which shows that v(t, ) is the cost of transferring (¢, z) to (¢7, z(ts)) along the trajec-
tory generated by (u°, ¢°). The following analysis will show that (u°, ¢°) achieves this
transfer optimally, i.e. (u’,¢°) is an optimal control and v(¢, z) is the value function.
Let (11(), d(-)) be an arbitrary control resulting in the hybrid trajectory h(-) =
(2(-),4(:)). Then, by assumption (i) of the theorem, if (¢,2) € R x R" is not a
switching time-state

lq(a}(t),a(t))+(%(t,x)> fi(E@),a(t)) > lo(z(#),u’(t) +

or

l;(Z(t),a(t)) + (—g%(t, a:)) fa(Z(t),a(t)) + %(t, z) > 0. (3.4)

Notice that along the two trajectories generated by the controls (4@(-),g(:)) and

(u0(-), ¢°(-)) we have respectively
z= fs(Z,a), Z(t) = z, and i = fo(z° ), °(t) = .
Now inequality (3.4) can be written as
120, 1) +
Integrating both sides from ¢ to ¢; yields

/t ' 15(2(s), u(s)) ds + /t ' %g(s,x) ds >0,

or

/t f l5(2(s),u(s)) ds + v(ts, Z(ts)) — v(t,z) > 0,
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or
o(t,r) < [ 13(E(s),@(s)) ds + g(E(ty),

t
which shows that (u%(-),¢%(-)) is the optimal control and v(-,-) is the value function.

O
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CHAPTER 4

Hybrid Optimality Algorithms

4.1. Introduction

4.1.1. General Introduction. In Chapter 2 a class of hybrid optimal con-
trol problems is formulated for general hybrid systems with nonlinear dynamics in
each location (i.e. discrete state) and with autonomous and controlled switchings.
Employing these conditions, we propose and analyze a new class of so-called Hybrid
Minimum Principle (HMP) algorithms for the solution of hybrid optimal control prob-
lems (HOCP). We provide convergence results for the optimization algorithm called
HMP[MAS] which treats HOCPs where multiple autonomous switchings (MAS) oc-
cur, that is to say, where the location switches whenever the continuous state passes
through specified switching manifolds. Our convergence proofs are based on results
from the theory of penalty function methods [3] and Ekeland’s variational principle
[26]. The HMP[MAS] algorithm extends directly to multiple controlled switchings
(MCSs) when the location sequence is fixed; for this case, we present an algorithm
called HMP[MCS] which invokes (i.e. calls) HMP[MAS] and hence computes a se-
quence of optimal switching times and states for a given HOCP. The efficacy of these
algorithms is illustrated via several computational examples.

The class of HMP algorithms may be embedded in the so-called HMP[Comb)]
(see [45, 46]) algorithm class; this extends the HMP class with combinatoric search

67



4.1 INTRODUCTION

algorithms which find (combinatorially local) optimal location sequences and their as-
sociated locally optimal switching times and control inputs. HMP[Comb] algorithms
generate a list of Hamming distance (< k) sequences from an initial sequence, and
finds the optimal sequence by executing the HMP[MCS] on each one of them (see
[44, 45, 46]). Other recently proposed hybrid optimization algorithms, for example
those of [58, 60, 24, 25, 54], can be extended to perform combinatoric search, with
an associated exponential increase in the computational cost.

Next we present the notion of optimality zones and the associated HMP[Z] al-
gorithms; it is shown that knowledge of these zones permits one to reach the global
optimum in a single run of the HMP[MCS)] algorithm. In particular, we give examples
for the case of linear dynamics with quadratic cost criteria where these zones have
a geometrically simple form. The notion of optimality zones must be distinguished
from the so-called “switching regions” presented in [27, 28, 7, 6, 5]; switching re-
gions partition the continuous state space of autonomous (steady state) hybrid sys-
tems whereas optimality zones partition the time-state space of finite horizon HOCPs.
The optimal control problems considered in [27, 28, 7, 6, 5] have autonomous linear
time-invariant dynamics, quadratic loss function in each location and a fixed finite

sequence of locations.

4.1.2. Theoretical Framework for the Optimization Algorithms. The
results of this chapter derive from the inter-relationship of the following:

(i) The Hybrid Optimal Control Problem (HOCP). The HOCP is formulated in Chap-

ter 2 where necessary conditions are presented which are satisfied by locally (and

hence also by globally) optimal solutions to HOCP.

(ii) The Hybrid Optimization Algorithm HMP[MAS]. An optimization algorithm for
multiple autonomous switchings called HMP[MAS] is presénted in Section 4.2.1.
This algorithm uses an iteration based upon the necessary conditions and the
associated boundary conditions presented in Chapter 2 to compute a sequence of

control inputs and switching time-state pairs {u*, ¥, z¥}4cz., .
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(iii) Penalty Function Convergence Analysis. Let us assume the global solution to
HOCP is unique and no distinct local optimal solutions exist. We shall denote the
necessary conditions of Chapter 2 by the highly abbreviated equations n = 0, A=
—H,, H = Hy(z, A\ u), where 7 = 0 represents the necessary conditions satisfied
by the Hamiltonian, the adjoint variable and the switching manifold constraint at
the optimal switching time, A is the adjoint variable whose left and right limits
at'a switching time £, are denoted A/ ~, and H is the Hamiltonian of the system.
The global solution (which must satisfy the necessary conditions, n = 0, N=—H,,
and the associated boundary conditi‘ons of Chapter 2 is identical to the (t;, x5, u)
projection of the (assumed unique) (ts,zs, u, A) solution to:

J* = tinxt; (ir&fJ(:c(u),u;ts,xs) (b, e, AF ) =08 — Hy = 0; A+ H, = 0) . (4.1)
By applying the penalty function methods of Section 4.2.2, any {(¢;, ;). } solution
sequence to (4.2) below (where the differential constraints on z and A are not
displayed) is shown to have a sub-sequential limit which is a solution (t, z,)* to

(4.1), where

r—=oo \ i5,Ts

J, = lim (inf (ir;f J(z(u), u;ts, z5) + rn(ts,xs,)\j/_))> , (4.2)

for which moreover it is proven that J* = Jj.

(iv) Association of the Algorithm HMP[MAS] with (4.2). Now let us assume that the
constraints and iterations of Algorithm HMP[MAS] correspond to the infimization
of (4.2). This is in the sense that (see [A5] below) for any required level of accuracy
€ > 0 and corresponding choices of parameters in the Algorithm HMP[MAS], each
of the limit (i.e. halting) points (¢X,zK) of the Algorithm and the generated
values (Alg)™ are within € of the limit point of a sub-sequence {(ts, z;)r, } and its

associated values (J;),k respectively, where the latter are generated by (4.2) for all

sufficiently large v where 7y is a multiplier of the penalty term n(ts, z,, A ).

69
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(v) Resulting Convergence of the Algorithm. Hence, if we assume that the entire set of
sub-sequential limits of solutions to (4.2) consists exactly of the solutions to (4.1),
we may conclude that (for suitably chosen parameters) the halting points and
value of the Algorithm are within the arbitrary specified ¢ of the global solution
to HOCP.

(In Section 4.2.3 below, the solutions to (4.2) for increasing {ry} are simply iden-
tified with the values generated by the Algorithm HMP[MAS] at successive itera-

tions.)

4.2. Hybrid Trajectory Optimization Algorithms

Based on the necessary conditions of Chapter 2 (and the assumed generaliza-
tion with respect to time varying switching manifolds) we formulate the following
algorithm for optimizing the location switching times 7 and associated continuous

controls u for a given location location sequence o.

4.2.1. HMP[MAS] (Multiple Autonomous Switchings) Conceptual Al-
gorithm. For simplicity. we present the single autonomous switching case (see
Comment 2 below). .

0. Algorithm Initialization: Fix 0 < ¢ K 1, 0 < & <€ 1, 0 < ¢ K
land 0 < g < 1. Let (t;,z;) be a nominal switching time-state pair
such that ty < t; < t;. Set the iteration counter k£ = 0. Set tf =t,
and. zf¥ =z,. Compute the optimal control functions uk(t), 0 <t <t
and uf(t), t; <t <t;. Compute the associated state and costate
trajectories and Hamiltonians over the two intervals [0,t*] and [t¥,¢/],

with the terminal state pairs (zo,z%) and (z%,z;) respectively.

Also compute the new total cost J*(tf z*).

1. Increment k by 1. Compute V,m(t*"!,z*7!) and V,m(tF-1 1),
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2. Set
2
HE(t1) — HE(57) Vem(th=1, 2k ,
A - pr|| +[m(E 2]
Ms(¢E1) — NE(#5Y) Vom(th1, z51)
Set

‘ vtm(t,sc_la xf—l)
Qr A
me(tf—l> xlsc—l)

and compute the unique minimizing argument p* € R of 7 given by

R HY(t5™) — Hy(t57")
A58 — AT

3. Set
Bt e (HEE) — BEE) = Vam(d1, o))
— @ Vem(ti k) m(ti 287,
4. Set
ge =27 = e (M) = AT ~ Vem(t; T 75 p")

— & Vom(t L 2 )y m(t1 g5 ).

5. Compute the optimal control functions uf(t), 0 < t < t, and uk(t), t, <
t <ty. Compute the associated state and costate trajectories and
Hamiltonians over the two intervals [0,t*] and [tF,#;] with the terminal
state pairs (zo,2%) and (z%,7) respectively. Next, compute the new

total cost JH(tk, k).
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6. If p(JE1(th-1 z51) — JR(t%, 2%)) + (1 — u)mk < €5 then STOP;
else go to Step 1.
Comments on HMP[MAS].

1. Since there is no switching cost, the function J(t,,z,) is continuous but not nec-
essarily differentiable at (t2P*, z9P*) (see Chapter 3).
Concerning the relationship between the various necessary conditions, we note that
(see [9])
(", 23P) =0

oJ oJ
opt ty - opt opty __ opt opty __
= (m(tP, 2P =0) A (5&:@3 , %Pt = 0) A (8—%(@ , TP = 0) .
The expressions

(HY (™) = Hy(t57") = Vam(ts™, 2571)p")

8

and

(M) = A& = Varn(t,™, 2071)pF)

. opt - . opt _ _ . . .
approximate 225 (t5=1 z5=1) and 20 (tk=1 zk=1), respectively, in the neighbour-

hood of (t%P*, 2%P%) where m(t2P*, z%%) = 0 (see [9]) Hence their use in Steps 3

Jopt 6Jopt
Oz and ot

and 4 where we note that on {m(t,z) = 0} their approximation of 2

guarantees that the steps in 3, 4 are in the correct direction.

2. Algorithm 4.2.1 can be generalized to the multiple autonomous switchings case in
a straightforward manner. This is possible because of assumption A0 of Chapter
2 that switching manifolds never intersect. The algorithm can also be specialized
to the controlled switchings case by skipping Step 2 and setting p* = 0 in Steps 3
and 4.

3. We observe that, as for HMP[MAS], the recently proposed hybrid control algo-
rithms of [58, 59, 60] repeatedly compute the optimal control functions in each

location.
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oty ty — 5 Hf(t5™h) — Hy(t5™1)
4. Let 62 A = and v A . As-
0} zy — oy A5 = AT
sume that at iteration k (*=1, £5~!) is in the switching manifold, i.e. m(t¥=1, z%-1) =
0. Then by use of a Taylor series expansion:
m(th,2%) = Vum(th, aF )6tk 4 (Vom(th, 241" 62k + o([|825))
= Qidzh +o(||6z5]))- (4.3)

We assume that @y, is nonzero. The update equations in Steps 2, 3, 4 (setting ¢; =
€z = €) are 8z = —e(7,—Qrp*). The analytic minimization of 7, with respect to p*
yields p* = (QTQx)'QF v and this implies that QT 2% = —eQT (¢ — Qip*) = 0.
(This corresponds to the fact that the vector difference of 7, and its orthogonal
projection on the span Sp(Qy) of the columns of @, i.e: the normals to the

switching manifold {m = 0}, is orthogonal to Sp(Q%).) Hence Equation 4.3 implies:

LEMMA 4.1. Let ¢; = €y = €. At any iteration k in the Algorithm HMP[MAS], if
(tE=1 251} is such that m(tF=1, z%"1) = 0 then m(tk, z%) is of o(||62¥|)), 1.e. to first

s S §I1¥s

order, 62* lies in the tangent space Qi to the switching manifold {m = 0}. O

6. One of the objectives of Algorithm HMP[MAS] is to drive the vector 7 in Step 2

to zero so as to satisfy the conditions of the Hybrid Minimum Principle of Chapter

2 This is not sufficient to ensure optimality but in the following we will give con-

ditions under which (at least a reasonable mathematical model of ) the conceptual

algorithm generates values which converge to values satisfying sufficient conditions
for optimality.

We state the convergence properties of the algorithm HMP[MAS] in Proposition

4.1 below whose proof mimics that of the convergence of the interior penalty method

for equality constrained finite dimensional optimization problems [3].
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4.2.2. General Results for Penalty Function Methods.  Penalty Func-
tion Methods cah be used to convert an optimization problem involving a cost function
.and equality constraints into a sequence of unconstrained optimization problems. We
note the following associations:

(i) The cost function J*, computed in Steps 0 and 5 of Algorithm HMP|MAS], is

generally a function of the input trajectories wp;,) and uy, ) over the two time

tf
intervals [0, ;) and [t,,t/] respectively and the switching time-state pair z;. Since
Ufo,t,) and ug, ¢ ;) are computed to be optimal in their respective locations

Jk(zs) = inf Jk(zs,u[o,ts),u[ts,tf]).

Ulo,t5) U [ts ty]

Hence J* is associated with the cost function of a finite-dimensional optimization

problem.

(i) Similarly, n in Step 2 of Algorithm is a function of z, only and is associated to
the equality constraints in a finite-dimensional optimization problem.

Given a fixed initial state z(0) = =z, assumption AO implies that ||z(¢)|| <
(llzoll + Kyts) €™t 0 < ¢ < t;. Hence if ¢ is finite then the set S A {(t,z) € [0,¢/] x
R : llall < (ool + Kpty) et} = [0,¢7]  {z € B : [lal] < (ool + Kpty) €7} is
compact and convex. Let us set z A (t,z) and let S" A cl{z € S: m(z) = m(t,z) =
0}. Notice that if (¢s,z5) € S’ then z(zg,t;) = z,. Clearly all switching time-state
pairs lie in S’; so assuming a switching time exists in the interval [0,%s], S’ is a
nonempty compact set and S’ can be made a complete metric space by endowing it
with the metric d(z1, 22) A ||z1 — 22|

Define a penalty function

R(ze,7) A J(2) +7n(z,)
= J(z) + r(17(z5) = Q(z)p(z)II? + Im(z:)[1?)
= J(z) +r(17(25) = (Q(2)Q@(2) " Q" (za) V()12 + I m(zs)12),

74



4.2 HYBRID TRAJECTORY OPTIMIZATION ALGORITHMS

where 2; A (ts, ), 7 is defined above and J, v and @ are computed at 2z, as in Steps
2 and 3 of the Algorithm HMP[MAS].

To discuss general penalty function methods we consider the continuous functions
J,n: R* — R and the compact set S. (J,7,S in this section need not be identified
with J,n,S in Section 4.2.1.)

Define a function ¥ (r) A inf,cs{J(z) + rn(z)}. Then in view of the compactness
of S and the continuity of J(-), and n(-) it is clear that for each r there exists z, in S
such that ¥(r) = inf,cs{J(2) + rn(2)} = J(2:) + rn(z,).

LEMMA 4.2. ([3]) For the continuous functions J,n : R* — R defined over a
compact set S and ¥(r) A inf,es{J(2) +rn(2)} = J(z) + rn(2,): (¢) inf,es{J(2) :
W(z) = O} Z SuprZO Qr/)(r);

(1) (a) n(zr) is a decreasing function of r, (b) J(2:) is an increasing function of r,

(c) ¥(r) is an increasing function of r. O

THEOREM 4.1. ([3]) For the continuous functions J,n : R* — R defined over a

compact set S and Y(r) = inf,es{J(2) + rn(2)}:

nf{J(2) : n(z) = 0} = il;}gw(r) = lim 9(7).

4.2.3. Convergence Analysis of Algorithm HMP[MAS]. Theorem 4.1
above is not immediately applicable to the convergence analysis of the Algorithm

HMP[MAS]. In order to make such an application, we first recall that

k - : k .
J¥z) = inf  J%(2s,ujot,), Yitet]);
U[0,¢5)1%[ts,t f]

then the missing link is provided by the following key assumptions, where we associate
J(zx) here with J*(z¥) in Step 5 of the algorithm.

A4 There is a unique optimizing switching time-state pair 22 A (¢%,2%) € .
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A5’ At the kth iteration, at Steps 3, 4 and 5, the Algorithm HMP[MAS] computes
2, = arg min,es{J(2) +rxn(z)}, where the sequence {r;}32, is a strictly increasing
sequence of positive numbers such that limy_,o, 7% = 00.

The assumptions A4 and A5’ permit us to apply Theorem 4.1 to the Algorithm.
HMP[MAS] to obtain:

PROPOSITION 4.1. Under the standing assumptions and assumptions A4, AY,
the Algorithm HMP[MAS] generates a sequence {zy, : k > 1} which converges to 20.
(]

It is seen that assumption A5’ may be too restrictive for applications since it is
unlikely that HMP[MAS] minimizes J(zx) + mxn(2x) at iteration k. We replace A5’
by the weaker assumption A5 as follows:

A5 23, J(zx) computed by Steps 3, 4 and 5 of Algorithm HMP[MAS] at iteration k
are such that: J(zi) + ren(zi) < inf,es{J(2) + ren(2)} + ok, where {ax }rez is a

sequence of positive numbers such that limy_,., ax = 0.

PRrOPOSITION 4.2. Under the standing assumptions and assumptions A4, AJ,
Algorithm HMP[MAS] generates a sequence {2z : k > 1} which converges to zJ

satisfying:

J(22) = inf{J(2) : n(z) =0} = zlélsf, J(z) =supy(r) = im 9¥(r).

2€S r>0 00

]

PROOF. The first equality follows by the continuity of J(-) and assumption A.

By assumption A5 the point computed at iteration k, z; in S, is such that

J(ze) + ren(e) < inf{J(2) +rin(2)} + a. -

Hence the hypotheses of Ekeland’s theorem [26] are satisfied and so there is 2§ in S
such that at each iteration k, ||z, — || < \/or and z; minimizes G(z;) = J(zx) +
.1 (26) + v/ || 2 — 27, ||. Hence as k goes to infinity, the sequences /oy and ||z — 2|

approach zero and by Theorem 4.1 the desired convergence result follows. g
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State and Input Trajectories

(M), uft)

FiGURe 4.1. Convergence to the Optimal Trajectory in Example 4.1: A
Single Autonomous Switching Case

ExAMPLE 4.1. To illustrate the Algorithm HMP[MAS] we conéider a system
which successively occupies the locations ¢, and g and which has one switching man-
ifold defined by m(x,t) =z —et =0 (e = 2.7183...). The dynamics in q1, q2 are given
by: t =z +zu, T=-z+zu, t, =0ty =2, z(0)=1, z(2) =1. The cost
function to be minimized is: J(u) = —;—/02 u?(s) ds.

Starting with the initial guess t; = 0.5, x5 = 2, Figure 4.1 shows the convergence
of {t¥,z% }%2,, to the unique optimal switching time t, = 1 and state 3 = e. The
unique optimal control in this case is u® = 0 resulting in optimal cost J° = 0. The
computation was performed using Matlab 6.0 on a Pentium III 550MHz machine
with 128MB of SDRAM running a Redhat Linuz 6.2 operating system. It took 105.98

seconds of CPU time. O

EXAMPLE 4.2. In this example we apply Algorithm HMP[MAS] to the system
of Ezample 3 in [60]. The system consists of two discrete modes q; and g, and
switches from q, to g when the state trajectory intersects the linear manifold defined

by m(z) = x1 + x2 — 7= 0. The linear dynamics in each location are given by:

77



4.2 HYBRID TRAJECTORY OPTIMIZATION ALGORITHMS

Control Trajectory
T T

FIGURE 4.2. Example 4.2: Optimal Input trajectory

. 15 0 1
q : = |. T+ u,
0 1 1
. 0.5 0.866 1
ga: T = T+ U,
0.866 0.5 1

t() == O, tf = 2, Ty = [1 I]T
The cost function to be minimized is:

T() = (@ (2) - 107 + L@a(2) — 6 + : /0 W2(s) ds.

Starting with the initial guess ty; = 1.5, z; = [4.5  2.5]F, the algorithm converges
to the switching time t, = 1.1621 and state z, = [4.5556 2.4444]7 yielding the
boptimal cost J = 0.1132. The corresponding figures obtaz’ned in [60] are: switching
time t, = 1.1624, optimal cost J = 0.1130. The control and state trajectories are
shown in Figures 4.2 and 4.3 respectively, and are essentially identical to those in

[60].
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State Trajectory
T
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FI1GURE 4.3. Example 4.2: Optimal State trajectory

The computation was performed using Matlab 6.5.1 on a Pentium III 550MHz
machine with 128MB of SDRAM running a Redhat Linux 6.2 operating system, it
took 29.58 seconds of CPU time. The computation time in [60] was 34 minutes on a

faster machine. O

4.2.4. HMP[MCS] (Multiple Controlled Switchings, Fixed Schedule)

Conceptual Algorithm.

0. (Algorithm Initialization: Fix the H-tolerance 0 < h <K 1,
A-tolerance 0 <! <« 1, minimum location residence time 0 <7, <« 1,
0<e <1, 0<e < 1. Set the iteration counter k to 0. Let SN’
be
a given location sequence and %’ a nominal control resulting in a

nominal trajectory Z°. Set the total cost JU(SM° 7% = co.

k

1. Increment k£ by 1. Compute the optimal controls U,

(-), the resulting
state % (), the resulting costate AF(-) and the Hamiltonian functions

H(t) = Mo (t) fou (2% (2), w5 (t)) + lg,(2%(t), in each location for
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i=0,1,...,|S"|, where |S™°| denotes the cardinality of the set SV’.
Also compute the cost in each location JF. If J* = }:IS 'J’i > Jk-l
then STOP.

2. Compute the difference of Hamiltonians Hj(t%) — HE  (ti) at each
switching time t% .

3. If k> 1 then

For i€ {1,2,...,|S"| -1}

If [HE(th) — HE,, (t5)] > h and

gi+1

(HE(¢h) — HE  (tR)(HE'(t571) — HE1(t571)) > 0 then

qi+1 Qi+l

ty, =ty — e(Hy,(t5) — Hy,, (8));

else tf =th=1.

4. If k> 1 then
For each i€ {1,2,...,|SV°| -1}

I A, () = M()] > 1 and
(A';m( ) — )\{;i(t’ji)) (/\’;+1( ) - )\’;i(t’;i)) > 0 then
AR G B CYIRCA LGN

else zf(tk) = z5-1(t5-1),

5. If all the switching time differences satisfy tf  —tf > T, then
accept the new switching times; else, if t’;i is such that
th, —tk <T,, then compute the costs ftt:f“ Lo, (2% (2), uk(t))dt

and f w1 (2R(8), uk(8)dt, i€ {1,2,...,|SY°|~ 1}, in locations ¢;,_; and

Qi+1 respectively and replace the location ¢; by whichever location on
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either side gives lower cost and by either location whenever they

give an equal cost.

6. If the criteria in Steps 3, 4, 5 all fail then STOP;

else go to Step 1.

4.2.5. Convergence Analysis of Algorithm HMP[MCS]. An analysis
very similar to the one for algorithm HMP[MAS] can be performed to show the
convergence of algorithm HMP[MCS]. Assume a location sequence with N controlled

switching times. Let the sequence of switching time-state pairs be denoted

ERYAN {Zsuzsw - ?ZSN} = {(tsﬂxsl)’ (t32>x52)7 SR (tSN7x5N)}'

Then z,~ can be thought of as a vector in N x (n + 1) dimensional Euclidean space.
If we identify the vector z,» with the vector z, in Section 4.2.1 and define a compact
set Sy € RV gimilarly to the set S € R*! in Section 4.2.1 then we see that the
analysis of Sections 4.2.1-4.2.3 carries over to the case of multiple controlled switchings
without much difficulty. Hence under assumptions similar to Assumptions A4 and

A5 of Sections 4.2.2-4.2.3 we have the following result

PROPOSITION 4.3. Let the sequence of points generated by the Algorithm
HMP[MCS] be denoted {zF}2 A {(t5 , 2%), (t5,, 2% ), . L (tE a2y Then {2k},
converges to the optimal point 20 A {(¢2, 22 ), (3,,23,),... (¢%,, 22 )} O

EXAMPLE 4.3. To illustrate the Algorithm HMP[MCS] we consider a system
which successively occupies the locations ¢, qo and g3 and which has two controlled
switchings. The dynamics in qi, g2, q3 are given by:

T=z+zu, T=-r+3U, T=x+u, t =0 t;=3 =(0)=1, z(3)=ce. The
cost function to be minimized is: J(u) = %/03 u?(s) ds.

Starting with the initial guess t;, = 0.8, z(ts,) = 2.5, t5, = 2.2, z(ts,) = 0.8,
Figure 4.4 shows the convergence of {zfz},‘?:l.: {(tk ,z8), (tF  x '

51? 81 Sz’

¥ )}e2, to the unique

optimal switching times t;, = 1, t;, = 2 and states x;, = e and z,, = 1. The
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State and input Trajectories

x{t), u(t)

FIGURE 4.4. Convergence to the Optimal Trajectory in Example 4.3: Mul-
tiple Controlled Switchings Case

unique optimal control in this case is u® = 0 resulting in optimal cost J® = 0. The
computation was performed using Matlab 6.0 on a Pentium III 550MHz machine
with 128MB of SDRAM running a Redhat Linuz 6.2 operating system. It took 152.43
seconds of CPU time. ]

EXAMPLE 4.4. In this ezample we apply Algorithm HMP[MCS] to the system of
Ezample 2 in [60]. The system consists of two discrete modes q; and go with one

controlled switching time t; € (0,2). The linear dynamics in each location are given

by:
0.6 1.2 1
q1 T = T+ U,
—-0.8 34 1
. 4 3 2
Q@ T= z+ u,
-1 0 -1

tOZO, tf:2, To :[O 2]T
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Control Trajectory
T T T

T T T T T T
oL ]
N . ]
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FIGURE 4.5. Example 4.4: Optimal Input trajectory

The cost function to be minimized is:

J(u) = %(:1:1(2) —4)? + %(x2(2) - 2)% + %/0 ((:@(2) -2+ uz(s)) ds.

Starting with the initial guess t, = 1, the algorithm converges to the switching time
ts = 0.18876 and state t, = [-1.5626 1.3231)7 yielding the optimal cost J = 9.7666.
The corresponding figures obtained in [60] are: switching time t, = 0.1897, optimal
cost J = 9.7667. The contfol and state trajectories are shown in Figures 4.5 and 4.6
respectively, and are essentially identical to those in [60)].

The computation was performed using Matlab 6.5.1 on a Pentium III 550MHz
machine with 128MB of SDRAM running a Redhat Linuz 6.2 operating system, it
took 69.52 seconds of CPU time. The‘computation time in [60] was 30.75 seconds on

a faster machine. ]

4.3. Combinatoric Search for Locally Optimal Schedules

In the worst case, combinatoric search has exponential time complexity (see e.g.

[35]); however, the efficiency of HMP|MCS] permits us to define local heuristic search
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State Trajectory
T T

FIGURE 4.6. Example 4.4: Optimal State trajectory

methods which can find a (combinatorially local) hybrid optimal control law and its
associated cost which are not achievable by other available methods. This is achieved
by embedding the Algorithm HMP[MCS] in the so-called HMP[Comb] class which
extends the HMP class with a combinatorial search algorithm.

Let @ = {1,2,..., M} be a list of locations. Let sy = (qo,4q1,--.,qn-1), Where
Go,q1, - - -,qn—1 are not necessarily distinct, be an ordered list of locations from Q.
Then a k-neighbourhood boundary of s¢, denoted Ni(s¢), for some k < N, is defined
to be the set of all lists S A {(po,p1,-..,08v-1) :pi € Q,1 =0,1,..., N — 1} which
differ from sq in exactly k places, i.e. they have a Hamming distance k from sg.

Define a k-neighbourhood of so, Neg(s0) A -y Ni(so). Then given an initial
sequence sg, a locally k-optimal solution is the one that is best among all N<x(so)

sequences. We note that the following results are evident facts,
k

O eoraitoo) = ()0 =15 eardVaen = 3 () e -1,

=0

(ii) given a list so of length NV, all lists of length N from alphabet of locations @ are

N N
given by U Ny (s0), and clearly, card(N<y(so)) = Z (N) (M - 1)t = MV,
k=0 B im0 \'
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The algorithm (HMP[Comb]) repeatedly calls the algorithm HMP[MCS] to find a
locally optimal solution N<,(sg), where s, is some initial sequence; it clearly extends

to the case of Nck(so) for k > 2.

4.3.1. HMP[Comb] (HMP Combinatoric Search) Conceptual Algorithm.

We first give a brief description of the algorithm: Given an initial location sequence
so and a size of the discrete neighbourhood N, we define a matrix S of appropriate
dimension such that each row of S holds: (i) the sequence of locations s; € N<y(so),
(ii) initial switching times 7;, and (iii) the cost J; associated with (7;,s;) which is
initially set to zero. The Algorithm progresses by executing HMP[MCS] on each row
and finally picking the row with the lowest J; and the corresponding (7;, s;).
0. Algorithm Initialization: Let so = {(¢0, ), (t1,q1),---,(tN-1,qn-1)} be an

initial switching sequence. Set iter to 1. Let S be a matrix of

dimension

N(N

(1 +N(M —1) + —5;1)(M - 1)2> x (2N + 1),

each of whose rows has the form

(s,J5) = ((to, %), (b1, @1), - - -, (En-1,qv—1), J3)-

Initialize S to a matrix of zeros.

1. Execute Algorithm HMP[MCS] on s;. Store s, and the cost returned '
by HMP[MCS] in the first row of the matrix S.

2. For each 1 =1,2,...,N

3. For each ¢ in {Q} — {¢}

4. Increment iter by 1. Obtain a new list s(iter) by replacing ¢;
by ¢ in s;. Execute Algorithm HMP[MCS] on s(iter); store s(iter)

and the cost returned by HMP[MCS] in row number iter of the

matrix S.
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5. For each j=1+1,1+2,...,N
6. For each ¢' in {@} — {4}

7. For each ¢ in {Q} — {¢;}

8. Increment iter by 1. Obtain a new list s(iter) by replacing
¢ by ¢ and ¢; by ¢ in sy. Execute Algorithm HMP[MCS] on
s(iter); store s(iter) and the cost returned by HMP[MCS] in

row number iter of the matrix S.

9. Find the the row of matrix S with minimum cost. Return the cost

and the corresponding switching sequence.

4.3.2. Illustrative Application of HMP[Comb].

EXAMPLE 4.5. In an application of HMP[Comb] to a combinatoric extension of
Ezample 4.8 we consider the case of three locations, i.e. Q@ = {1,2,3}, and modify
the cost function to include a terminal cost g (to illustrate the case A = grad(g) at
the terminal time).

J(u) = %(z(5) EE % /0 "2 (s) ds.
Now consider the following two cases:
(i) Starting with
sp = {(to, 90)s (t1, @), - - -, (tv—1,9v-1)} = {(0,1),(1,1),(2,1),(3,1), (4, 1)}
the algorithm generates 3 -, (3)2¢ = 51 sequences in No(s}) and executes HMP[MCS]
on each one of them. Figure 4.7 shows the execution of Algorithm HMP[MCS] on
the locally optimal sequence. The initial state trajectory is the top one and the final

state trajectory is the bottom one.

(ii) In this case, starting with
s¢ ={(0,1),(0.5,1),(1,1),(1.5,1),(2,1),(2.5,1), (3,1), (3.5,1), (4, 1), (4.5,1)}
the algorithm generates S o, ()2 = 201 sequences in No(s2) and ezecutes

HMP[MCS] on each one of them as shown in Figure 4.8.
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State and Input Trajectories
v T T

x(t), u(t)

1 1 i
0 05 1 15 2 25 3 35 4 45 5
t

|
-

FiGURE 4.7. Example 4.5: State and Input Trajectories for Locally 2-opt
Sequence (2,1,1,2,1). '

For the purpose of illustration, each string in No(sh), ¢ = 1,2, is converted to a
unique corresponding ternary number as follows: if s = (qo, q1,.-.,qn_1) where ¢; €
{1,2,3},i=0,1,...N — 1, then its ternary representation is Z;V:_Ol(qj —1)3W=1-9),
For this example these numbers have been normalized and are plotted against the
corresponding costs as shown in Figures 4.9 and 4.10.

We note the stability of the overall procedure in the sense that locally optimal
10-time slot location sequence (Figure /.7) consists simply of lengthened segments of

the locally optimal 5-time slot sequence (Figure 4.8). O

In addition to illustrating the efficacy of Algorithm HMP[Comb)], the examples
above also serve to show that a global optimization of location sequences and the
associated HOCPs will be overwhelmed by the combinatorial complexity engendered
by even moderate values of |@| and N. The next chapter introduces a method whose

complexity is linear in /N at the cost of an initial computational investment.
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State and input Trajectories
T T

3 T T T =T

(1), uft)

0.5F

n L ' L . . 1
0 0.5 1 1.5 2 25 3 35 4 45
t

FI1GURE 4.8. Example 4.5: State and Input Trajectories for Locally 2-opt

Sequence (2,1,1,1,1,1,2,1,1,1).

Cost vs Schedule
25 T T T T T
2k
1.5
k7]
Q
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1t
05|
0 ' L L 1 L L L L n
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09

Mod |Qf order of Schedule

FIGURE 4.9. Example 4.5: Costs in Np(1,1,1,1,1).
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Cost vs Schedule

il | ﬂ(\ﬂ i

1.6

08

0.6 4

0.4 1 1 1 i 1 L 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Schedule

FIGURE 4.10. Example 4.5: Costs in No(1,1,1,1,1,1,1,1,1,1).
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51 OPTIMALITY ZONES AND LOCATION SEQUENCES

CHAPTER 5

Optimality Zones

5.1. Optimality Zones and Location Sequences

Fundamental Implication of the Dynamic Programming Principle for
Optimal Location Sequences. Along an optimal hybrid trajectory (I2,2°) the
Dynamic Programming Principle implies that the part of the continuous and discrete
input I? (and correspondingly the trajectory (¢% z°)) from the j-th switching time-

state pair to the j + 1-st switching time-state pair, (¢2,29); — (2, 2%),41, is optimal.

FIGURE 5.1. Relationship between inbound/outbound zones and optimality zones.

90



5.1 OPTIMALITY ZONES AND LOCATION SEQUENCES

Hence, in particular, q;’ must be an optimal location for the trajectory from (¢2, z%);
to (£3,29)j+1-

The implication of this for location sequence HOCP computation is that
(uft; t;11]> 45) generates a candidate optimal HOCP trajectory segment between any
candidate pair of switching time-states {(¢3,3);, (t2,2%);41} only if (ug, ...}, ¢;) is
optimal between (¢, z%); and (¢9,2%);4;. For each ¢ = q((t2,2%);, (t%,2%);11) € Q this
optimization is a standard (non-hybrid) optimal control problem; hence the set-up
cost of a search over a set @) of such optimizations to find the optimal
¢°((t%, 29);, (%, 29);11) is proportional to |@Q| and is not linked to an analogous opti-
mization over any other interval.

Let the executions of HMP[MCS] be modified so that, after each iterative shift of
the vector of switching time-state pairs (Z,, z5)*! to (t,, z,)F+1 in RE(+1) | the location

[k+1] (k+1] t[-k+1] (k+1] [k+1]

g;  on the interval [t ", ¢;7]") is optimal for trajectories from Ty, 1O Ty, and

is assumed to have been generated in the set-up computations.

Then the modified HMP[MCS] algorithm (which shall be called the HMP[Z] al-
gorithm) reaches an equilibrium with respect to all possible iterative shifts of the
REH1) vector (t,,z,) and of the associated control inputs I(,, z,) only if the neces-
sary conditions for HOCP optimality are satisfied.

Let us adopt the assumptions that (i) the switching times may be restricted to
a set of L intervals ...[;, [;41... and (ii) for any ¢ < ¢’ in adjacent intervals, the
continuity property holds that space-time grids with |G|? points in R+ permit
computation of the dependence of the optimal ¢° = ¢°((t,z), (¢, z')) with respect to
((t,z), (t',2")) varying over I; x R* x I;11 X R™.

Then the set-up cost for the determination of the optimality zones (see below) in
R2("+1) gpecifying the optimal locations is O(|G)? - |Q] - (L + 1)); hence the resulting
HMP[Z] algorithm computes (i) the optimal continuous variables and controls, and
(ii) the optimal discrete location sequence for the HOCP with an overall complexity

cost of O(|G|? - |@Q| - (L + 1)) + const. This general methodology will be analyzed
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5.1 OPTIMALITY ZONES AND LOCATION SEQUENCES

in future work (following from this thesis), while in this chapter the optimality zones

are precisely defined and the HMP[Z] is applied to certain specific cases.

Definition of the Optimality Zones.  Throughout this section the HOCPs
under consideration do not have any autonomous switchings defined, in other words
the collection of autonomous switching manifold sets is empty.

According to Theorem 3.2, under the assumptions generating the class of hybrid
systems H (and the associated HOCP (see Definition 2.5) the value function J°(t, z, q)
of HOCP is bounded and continuous in (¢,z) for each ¢ € . Then it is possible to
define regions Z, ¢ € @, of points (¢,z) in the space R x R* for which a specific
location ¢ € @) corresponds to the optimal hybrid system trajectory starting at (¢, z)
and terminating at (¢;,zy), when no controlled switchings are permitted and when
autonomous switchings are undefined for the HOCP in question.

Similarly regions Z; can be defined for analogous HOCP with initial condition
(0, z0) and terminal condition (¢,z) and, furthermore, regions Z,y in (R x R*)? for
the corresponding HOCP with two free end points in (time ordered) (R x R*)2.

The regions Z;, Z} and Zgy have a well defined geometrical structure and once
they have been computed (or approximated) they permit the exponential O(|Q|Y)
complexity search for optimal location sequences (of length N) to be reduced to the
complexity of a single run of the Algorithm HMP[MCS]. The algorithm HMP[Z] which
performs this optimization is essentially a minor modification of the HMP algorithm.

We .adopt the convention that if (¢, z) is not accessible from (0, zo) and similarly if
(t, ) is not co-accessible to (s, zs)) then J((0, z0), (¢, z)) = oo and JI((t, z), (t,zy)) =

Q.

DEFINITION 5.1. Consider the case of one switching time and state (t,z). The
inbound optimality zone Z;, corresponding to a location q € @, 1is the subset of

(0,t5) x R™ given by
Z; A{(t,2) € (0,t7) x R : J)((0, 20), (t, 7)) < I3 ((0,20), (t,2)), Vq' € Q}.
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5.1 OPTIMALITY ZONES AND LOCATION SEQUENCES
Similarly, the outbound optimality zone Z is given by
Z;- é. {(ta .’L‘) € (Oatf) x R : Jg((trm)) (tfazf)) < J(?/((t,x), (tf’mf))’ vq, € Q}
Further, we have subsets of Z; and Z('I* given by

I(Z]) A{(t,z) € (0,t5) x R* : Jg((O,mo), (t,z)) < J(?,((O,xo), (t,z)),

Ve € Q, ¢ #4q},

B(Z7)A{(t,z) € (0,t) xR* : 3¢ €Q, ¢ #4q,
T2, o), (t,2)) = JS(0,20), ()}

Similarly I(Z}) and B(Z}) can be defined with respect to ((, ), (ts,7s))-
(The subscript denotes location, whereas the superscripts, +, —, denote respec-

tively whether the final or initial point is fized.) O

Notice that the sets I(Z}) and B(Z}) (respectively I(Z;

., ) and B(Z)) are not

the topological interior and topological boundary of ZF (respectively Z;) unless
additional conditions are satisfied (see below).

In the case of two switchings, the space of switching times and states is the
product (0,tf) x R* x (0,t;) x R* and the middle location in the switching sequence
has variable end points at both ends; this gives rise to the so-called internal zones

defined as follows.
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5.1 OPTIMALITY ZONES AND LOCATION SEQUENCES

DEFINITION 5.2. The internal zone Z\™ and the subsets I(Z™) and B(Z™) are
given by
zZ8 A Aty o), (tz,xz)) ((0,5) x R")?:
T ((tr, 1), (2, 2)) < J((tr,21), (t2,22)), 01 < by, Vg’ € QY
I(Z™) A {((t1,z1), (t2,22)) € ((0,27) x R")*:
T ((t, 1), (2, 22)) < T ((t1,21), (t2,22)), t1 < b2, V4" € Q, ¢ # g},
B(Z) A {((t1,21), (t2, 22)) € ((0,27) x R*)?
3 € Q, ¢ # ¢, I, ((tr, 21), (2, 22)) = Jg ((tr, 71), (t2, 72)), t1 < t2}.
O

Definitions 5.1 and 5.2 generalize to the case of M switchings where there are
inbound and outbound zones corresponding to the two end locations and M — 1
internal zones corresponding to the intermediate locations.

Consider a location sequences with M switchings where the sequence of (not nec-
essarily distinct) locations-and the switching times and states are {¢M} A (g0, 1, .-, qnr)
and z A {(t;, )}, 0 < t; <ty < --- < tpr < ty, respectively. Let II(g}) denote
the (M + 1)! possible permutations of any {¢}} € QM.

DEFINITION 5.3. An optimality zone, Z, M corresponding to the location sequence

{ad"} is a region in the space of M-fold product ((0,tf) x R*)M
Zqéw = Zqoqr"qM é {Z (= ((O,tf) X Rn)M : (tl,'xl) (S Z';

/\((t1,$1)7(t2,$2 Gth/\ /\ tar-1, 2nm-1), (tar, Tar)) € Z%

/\(tM,$M)€Z;~M, O<t1<t2<"'<tM<tf}.
Or, equivalently,
Zgr Bz € ((0,19) X RO J0(2) < T2 (2), g € (g,
Z = {(ti,:ci)}ij‘il,O < <ty < - <ty < tf},
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5.1 OPTIMALITY ZONES AND LOCATION SEQUENCES

where JSM (2) denotes the optimal cost incurred with respect to all choices of control
0

inputs subject to the constraint that the location sequence is fized at the value pM and

the switching time and state sequence is fized at z = {(t;, 7))}, (i.e. ng (2) is the

optimal value for HOCP subject to the constraints {¢}, z}). O

We note that the chaining condition of common initial and end point switching
times and states for consecutive internal zones Zfl’“ in the definition of Zx above is
necessarily satisfied for Jggl(z).

Figure 5.1 shows the relationship between inbound/outbound zones, Z;;, Z4,, and
the optimality zone Z,,, at a fixed switching time ¢, where Q = {q0, ¢1} Noﬁice that
for any ¢ € Q, Py(Z™) = Z} and Pyp(Zi™) = Z°, where Pyy) denotes projection of
a set in ((0,%7) x R*)? on the first n + 1 coordinates corresponding to (0,%7) x R,
and analogously for Pyy. '

In the case of two locations the optimality zones can be simply related to the
level sets of the optimal value functions as follows. Let L§ and L§ denote the c-level

sets of the optimal value functions JY((¢, z), (t7,z)) and J3((¢,z), (t7,zy)), for some
¢ € Ry, respectively, i.e.

L = {(t,z) : J{((t,2), (t5,21)) = c)}

and
Ly = {(t,2) : J3((t,2), (s, 25)) = c)}.
Then
U {Li N Lg} = {(tv ‘T) : J{)((tv :L‘), (tf7mf)) = JS((t’ 'T)’ (tf>$f))} = Zf‘ n Z;'

The Topology of Optimality Zones. ~ We now introduce the basic assumptions
concerning the geometry of the zones associated with an HOCP.
A6 Nonempty optimality zones corresponding to two distinct location sequences have

disjoint topological interiors.
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51 OPTIMALITY ZONES AND LOCATION SEQUENCES

A7 An optimality zone corresponding to a location sequence {qo,q, ..., qar} is either
empty or is a finite union of C*,1 < k < oo or k = w, M(n + 1)-dimensional

manifolds with boundary.

A8 Zonal topological boundaries are either (i) empty or (ii) piecewise C*,1 < k < oo
or k =w, M(n + 1) — 1-dimensional manifolds with boundary.

Optimality zones satisfying assumptions A6, A7 and A8 are called regular zones.

LEMMA 5.1. If an optimality zone Zom satisfies A6 and A7, then

(i) Zy is a closed set, and
(1) Zgp = I(Zpa) &) B(Z 1),

where |3} denotes disjoint union, and

I(Zp) A {ze((0,t)) xRYM: Tgu (2) < Jow (2),
Vo' € (") — {0}

z={(ti )}, 0 <ty <ty < <ty < ts},

B(Zp) A {z€((0,t5) x RYM : 3py’ € T(gy") — {ad"},

T (2) = T (2),

'h) Py

= {(thxl)}zM:UO < tl < t2 <o < tM < tf}

Furthermore,
(ii1) B(Zu) = 8Z, the topological boundary of Zgu, and

(v) 1(Zgp) :éqéw, the topological interior of Zyu .
In case M =1,

o —

Lo = {Z € (07 tf) x R : (t1,$1) €7

q0

o+
/\(t1,$1) €Zy, 2= (t1,71), 0 <ty < tf},
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0Zge = {@FeQ:Jy=J) N <JF Vo€ Q q#a)}
Ul <7 VaeQa#a) N@reQ:Jf =7h},

where
Jq_ = J(?((O’ 1170), (ta .’1?)), J; = Jg((t’ :E)’ (tfv ilif)), etc.

Equivalently, 0Z4,q, = (Z;N0Z})\J(0Z,NZ}), where O0Z] (respectively 02 )
is the topological boundary of Z} (respectively Z ). ]

PROOF. First, Z is closed by assumption A7.

Second, by definition, I(Z) C Zgp, B(Zyy) C Zgpa, 1(Zgpa) N B(Zgpe) = 0 and
I(Zqéu) U B(Zqéw) = Zqéw. Hence Zqéw = I(Zq(z)u) W B(Zqéu).

Third, letvz € I(Zp) C Zya. Then since hgau(2) é Jggl(z) — ng(z) for
any pM € II(Sg) — ¢{* is continuous and |II(Sg)| < oo, z has an open neighbourhood
contained in I(Z). Hence I(Zgy) is open and I(Z ) Céqé\/{. Now let 2 € B(Z,um) C
Zgpt be such that Jo(2) = Jou(2) for some pfi(z) € II(q)7), pg" # q. Then

0 0
z € Zgm N Zyu and by assumption A6 z can only be in the topological boundary
of Z. Hence B(Zq(z)w) C 0Zpi. Now let z € 0Z,u; then z ¢§qéw and, since Zgu
is closed, z € Zyu. Since I(Zy) Céqéu, z ¢ I(Zyu). Hence by the second claim,
z € B(Zg). This shows that 0Z C B(Zm) and so 8Z = B(Z,), and further,
I(Zg) = Zgu — B(Zyp) = Zqéw =02 :éqéw, which are the third and fourth claims
respectively.

The M = 1 case follows from the Definitions 5.1 and 5.3. g

In the rest of this chapter all optimality zones will be assumed to be regular.

5.2. Single Pass Schedule Optimization: The Algorithms
HMP|[Z]
We recall the fundamental implication of the Dynamic Programming Principle

as given in the beginning to Section 5.1: Given that the zonal boundaries divide the

(t,z)-space into a finite number of pre-computed connected zones, one may run the
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Algorithm HMP[MCS] with the modification that location switchings occur as the
values of (¢, ;) cross the boundaries 9Z,u; this is the key feature which makes the
class of HMP[Z] algorithms linear in the number of locations.

We now present the conceptual algorithms called HMP[Z]S and HMP[Z]V (S:
scalar, V: vector). The particular case of this Algorithm HMP[Z]S uses the fact that
corresponding to each switching time-state pair there is an optimality zone as shown
in Figure 5.1. Hence there is a sequence of zones {Z,_,,}M, corresponding to a
location sequence with M switchings. Algorithm HMP[Z]V executes on the zones as
given in Definition 5.3.

We assume that HMP[MCS] returns the updated values (tf,xf) so that the Al-

gorithm may employ these values at each iteration.

Zonal Algorithm HMP[Z]S.
1. Initialization: Set k=0, switch=0. Let S be an initial
switching sequence, {({;,,Zs;)}4, be initial switching time-state
‘pairs and {Z,_,,}, be the initial sequence of zones corresponding

to S.

2. Increment k by 1.
For each je {1,2,...,M}

Execute a single switch version of HMP[MCS] to adjust (tf,z}).

If (t&H,a5t!) lies in a zone distinct from {Z4,_.q;} then

set {Z,

,_15;] equal to the zone that (t§',z¥'') belongs to and set

Sj

S equal to the sequence corresponding to the zonal sequence

{Zqi—llh'}i]\il and set switch =1.

3. If switch =1 then go to Step 2
else execute Algorithm HMP[MCS] with S, {({,,T;,)}}, as initial data.
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Optimality Zones
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FIGURE 5.2. Optimality Zones in Example 5.1: LQ Case with Free Terminal

State. 0:(q2,q1), +:(q2,q2)-

Zonal Algorithm HMP[Z]V.

Let S be an initial switching sequence,

Set £k=0.

1. Initialization:

1 be initial switching time-state pairs.

Bais o) HE

{(
2. Increment k£ by 1.

3 Ts,) }znil as

Execute Algorithm HMP[MCS] with S, {(%,,,

initial data.

)} lies in

k+1
Si

, X

i

tk+&

3. If HMP[MCS] stops then STOP; else check whether {{(

If yes, then set S equal to the location

a zone distinct from Zs.

)} belongs.

k+1
S

, T

k+1
Si

- sequence corresponding to the zone to which {(¢

; and go to Step 2.

RS o) o

{@
A convergence analysis of the HMP[Z] algorithms can be performed by considering

the fact that HMP[Z] (S or V) executes HMP[MCS] a finite number of times in the

)}fv:[1 =

Si) l‘si

t

Set {(

inner loop.

5.3. Linear Quadratic Regulator (LQR) Case

Again for simplicity we consider the case

5.3.1. Free Terminal State Case.

{q1, g2}, with a single controlled switch at (¢, z;), fixed initial

of two locations, @)
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and final times, 0 and t; respectively, and fixed initial state zo. The final state x; is

free. Let the dynamics in each location be of the form:
j?ZAi$+Biu, 1€ {1,2},

and let the costs associated with the locations @ = {¢1,¢2} in the intervals [0, ¢,],
[ts,tf] be:

ts
J1:((0, 20), (ts, z5)) = -;—/ (:IITQix + uTRiu) dt,
0

and
1 [
Toal(te ), (tr,2) = 5 / (a7 Qs + uT Row) dt,
ts

where A;, B;, @;, R;, i € {1,2}, are constant matrices of appropriate dimensions and
R;, i € {1, 2}, are positive and Q;, 7 € {1, 2}, are nonnegative.

The optimal location costs on the time interval [t,, tf] are given by

1
T (65, 5), (81, 29)) = 525 Bilts)s,

where the matrices P;(t) are solutions to the corresponding matrix Riccati differential
equations with P;(t;) = 0. Hence, in this case, the optimality zones are separated by

boundaries defined by:
{(t,z) : 2T P (t)x = 2T Py(t)z}.
Assuming ¢ fixed at an arbitrary ¢, these boundaries are given by:
{z: 2T (Pu(t,) — Pa(ts))z = 0}.

In particular, in the case of a 2-dimensional system where P;(t,) — P»(t,) can be di-

A20
agonalized by a coordinate transformation to a matrix of the form ! E the
boundaries are two straight lines, A\;z; = A2x2 and A\jz; = —\yx, intersecting at the

origin. Example 5.1 illustrates this situation via numerical computation. Here, due

to the nature of solutions to the Riccati equation, the optimal (outbound, inbound
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and internal) performance indices are quadratic functions of z and are smooth tran-
scendental functions of ¢; hence the zones are regular, that is to say conditions A6,

A7 and A8 hold, and the zonal boundaries are in principle computable.

5.3.2. Terminal State Cost Case. The LQ case becomes more complicated
when either there is a terminal cost term in the cost index or the terminal state is
fixed.

We first consider the case where the cost indices are modified to include a terminal

cost term:
Til(0,20), () = 5(0(t) = 2) Nila(t,) - 22)
+% /0 * (O + o Rou) dt, (5.1)
and

Jai((ts, z4), (tr,7f)) = ‘;‘(x(tf) —z) " Ny(z(ts) — =)

1[4 ‘
+§ / (LETQ,CE -+ ’LLTR,U) dt, (52)
t

where N; is positive.
For definiteness, we consider the second time interval [t;,¢;] and drop-the sub-
script ¢ from A;, B;, Q;, R;, N;, in the following derivation.

Next, we introduce the augmented system:

r

d|z—zs | | Av+Bu | | Alz—zy)+ Azs + Bu
dt | g 0 0
A A T —Tf B
= —+ u
0 0 Ey 0

Correspondingly, we write the cost index (5.2) as:

101
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Toil (b2, b)) = 5 ((aley) = 7))

t —
41 / ' (z —zp)"z) g Z ’ N Y +u” Ru) dt.
ts _ f

Employing the well-known LQR state feedback solution [1] in this case yields:

L t) —
w(t) = —R'BTP(t) olt) = o . tE [ts, tf],
Ty

where~denotes the augmented matrices and P satisfies the matrix Riccati differential

equation:
_p=ATP+PA+(O— PBRBTP,  B(t;) =N,
= = | PP . .
If we partition P as P = we can write the optimal control and the value
P, Pj

function as:
u'(t) = —R7'BTP(t)(2(t) — x;) — RTBTPy(t)zy,  t € [ts, ts],
and

P(t3), trep) = (=2 Bz - 2p)

1 1
+§(x — ) Ptz + 5:c:ng(t)acf, t € [ts,ts]. (5.3)

Hence the zonal boundaries in this case are defined by expressions of the form:

{(t,2) : J((t,2), (1, 27)) = L (8, 2), (1, 24))}-

In general, the solutions to these equations for the zonal boundaries are not linear
manifolds as they are in the case of a free terminal state. In fact, the case of fixed
terminal states is obtained by letting the matrix /N tend to infinity in the cost index

(5.2). In the limit, the time dependent matrices determining the regular zones in this
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5.3 LINEAR QUADRATIC REGULATOR (LQR) CASE

case are given by:

d__ _ _ IR _ _
s L= P 1AT+AP1 '+ QP - BR'BT,  Prl(t) =0.

while P, and P; are given by the following differential equations:

—Py=ATP + PLA+Q - PBR'BTP,  Pyty) =0,
and

—Py=ATPT + LA+ Q- P,BR'BTFL,  P(t;) =0.

EXAMPLE 5.1. We consider a system with two locations q; and qq, linear dynam-

ics and quadratic cost criteria in each location. The system and weighting matrices

are:
1 -1 2 1
A = , Ay = , Bu =By = Q1 = (2 = R = Ry =
0 2 0 —1
10
01
The initial and final times and states are: tg =0, t; =2, 1o = , Tf free.
4

For any given fized t, the corresponding optimality zones in Figure 5.2 are, nat-
urally, infinite triangular regions whose vertices lie at the origin and hence they give

rise to regular optimality zones. N

EXAMPLE 5.2. We consider a system with two locations ¢, and qo, linear dynam-

ics and quadratic cost criteria in each location. The system and weighting matrices

are:
1 -1 2 1 1 0
Al: )AZ: ;BlzBQZQIIQQZRIZ )
0 2 0 -1 01
1 0
Ry=1.6
01
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x S
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FiGURE 5.3. Optimality Zones in Example 5.2: LQ Case with Fixed Ter-

minal State. x:(q1,q1), *:(q1,92), 0:(g2,q1)-

The initial and final times and states are: tgy

1. It also displays a sequence of values {:Ufs} generated by an execution of the

Figure 5.3 shows an R? (space) slice of the three dimensional space-time R? x R
Algorithm HMP[Z]V (with ¢, fixed at the value 1).

ExAMPLE 5.3. Consider system with two locations q; and ¢o, linear dynamics

(space) slices of R? x R corresponding to these same example at the fixed switching
times: t, = 0.9,1.0,1.1; each slice intersects the (g;, g;)-indexed regular optimality

which corresponds to the HOCP in Example 5.2 at the particular switching time
and quadratic cost criteria in each location. The system and weighting matrices are:

ts

zones in the indicated connected regions.
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53 LINEAR QUADRATIC REGULATOR (LQR) CASE

Optimality Zones

ey

i
i
e

FIGURE 5.4. Optimality Zones in Example 5.2: LQ Case with Fixed Ter-
minal State. 2-D Slices of the Zones at the Set of Switching Times:
ts=09,1,1.1. X:(QI)QI)7 *:(Qh(I?)a 01(‘12,‘11)-

1 00
Bi=By=@Qi=Q2=R =01 0|,

001
R, = 1.6R1

The initial and final times and states are:
2 1
to=0,t;=220= |4 |,z;=1|1|.
| 2 1

The corresponding regular optimality zones for fized t; = 1 are display in Figure
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FI1GURE 5.5. Optimality Zones in Example 5.3: LQ Case with Fixed Ter-
minal State. +:(q1,q1), 0:(q1, ¢2)-
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6.1 HYBRID MINIMUM PRINCIPLE

CHAPTER 6

Conclusion and Future Research

The work reported in this thesis can be extended in several directions. Suggestions

for research related to topics treated here are outlines below.

6.1. Hybrid Minimum Principle

o The Extension to time varying dynamics and time varying manifolds.
In Chapter 2 we presented the necessary conditions for hybrid system optimality in
two cases: (i) where the optimal control takes values in a compact control value set,
and (ii) where the control value set is an open bounded set. It was seen that the
needle variations technique furnished the adjoint transversality conditions in case
of controlled and autonomous switching, and Hamiltonian continuity condition
in case of controlled switching. The switching manifold was taken to be time
invariant. In this context, it is of immediate interest to extend the results to
time varying switching manifolds. The Hamiltonian transversality property for

autonomous switchings at time varying manifolds found in [16, 40] has the form:
H(tj+) = H(t;=) + p; Vemyga |y, »
and its derivation may require a suitable local controllability condition.

The above remark about time varying manifolds applies in the case of smooth

variations technique as well, and it is conjectured that the small time tubular
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6.2 HYBRID DYNAMIC PROGRAMMING

fountain (STTF) condition along with an assumption about a bound on ||V,m; j41]|

should furnish the proof.

FEztension to jumps in continuous state (1mpulses).

Many hybrid systems modeling frameworks found in the literature (see, for exam-
ple [12, 13, 39]) provide for discrete jumps in the continuous state at switching
times. This is generally achieved by defining a set of state reset functions n; €
C*(R™;R"), k > 1, so that if ¢; is a switching time then z(t;+) = n;(t;, z(t;—));
necessary conditions in this case are given in [39] without proof. Inspiration for
further investigations in this direction can also be found in the extensive work on

impulse control [8, 61].

6.2. Hybrid Dynamic Programming

Relationship between the Hybrid Minimum Principle and Hybrid Dynamic Pro-
grammanyg.

It is well known that under suitable differentiability conditions on the value func-
tion of a standard optimal control problem, the adjoint variable vector (A) of the
Minimum Principle is the same as gradient of the value function (V,v) [9]. This

can be extended to the case of hybrid optimal control problems by showing that:
(i) Vv satisfies the same differential equation as A in each location,
(ii) Vv satisfies the same boundary condition as A, and
(ili) V v satisfies the same transversality conditions as ) at switching times.

Dreyfus [23] gives a heuristic derivation of the transversality conditions Vv and
they are similar to the A-transversality conditions derived in Chapter 2 of this

thesis.
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6.4 OPTIMALITY ZONES

6.3. Numerical Algorithms

e Extension to other gradient based search methods.
Within the HMP Algorithms of Chapter 4 we employed a simple gradient based
search with fixed step size to find the optimal switching time-state pair. In finite-
dimensional optimization problems the most commonly used steepest descent al-
gorithm solves a subproblem at each iteration step to determine the optimal step
size. Further investigations need to be carried out to devise efficient methods for

determining optimal step sizes for HMP Algorithms.

e Hybrid Hierarchically Accelerated Dynamic Programming (HHADP).

It is proposed to construct an algorithm called the Hybrid Hierarchically Accel-
erated Dynamic Programming (HHADP) Algorithm which would constitute an
effective procedure for finding suboptimal solutions, with estimates of suboptimal-
ity, for the standard optimal control problems appearing in the HMP Algorithms
of Chapter 4; this algorithm extends the Hierarchically Accelerated Dynamic Pro-
gramming (HADP) methodology of [50, 49, 51] to the continuous control systems
case. A preliminary investigation of HHADP can be found in [19].

6.4. Optimality Zones

e Topological and geometric properties of optimality zones.
Some elementary topological properties of optimality zones were presented in
Chapter 5, but ih order to develop a more complete theory of optimality zones
and their use in hybrid optimization algorithms further topological and geometric

investigations need to be carried out.

o Efficient computation (or estimation) of zones.
A major component of the overall computational cost of Algorithm HMP[Z] of
Chapter 5 is the computation of optimality zones. Hence it is of intrinsic interest
to find efficient methods of computing (or estimating) the optimality zones for a

given HOCP. These zones have a simple topological structure in the case of linear
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6.4 OPTIMALITY ZONES

quadratic (LQ) problems as was pointed out in Chapter 5; but more work needs to

be carried out to characterize the optimality zones in the case of general HOCPs.
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APPENDIX A

Bellman-Gronwall Lemma

LEMMA Al (12]) Let 1,k € C([a,b],Ry). Let h € C'([a,b],Ry.) with h(t) > 0,
€ la,b]. If

r(t) < h(t) +/ k(s)r(s)ds, t € la,bl], (A1)

then
r(t) < h(t)ela ¥ ¢ ¢ [q,b]. (A.2)
a

PROOF. Let R(t) = h(t) + [ k(s)r(s)ds, t € [a,b]. Then R(a) = h(a) and
R(t) = h(t) + k(t)r(t). By (A.1), 0 < r(t) < R(t). Hence R(t) < h(t) + k(t)R(¢),
or R(t) — k(t)R(t) < h(t). Multiplying both sides by the integrating factor 0 <

e~ Ju K(s)ds < 1 we obtain
R(t)e Jik(s)ds _ k(t)R(t)e ks ds < h(t)e” Jik(s)ds,
or, since A(t) > 0 and 0 < e~ Jak(9)ds <
R(t)e M) — k() R(t)e e ¥4 < (),

or

d ¢ .
el — [, k(s)ds
= (R ) < ko).
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Integrating both sides from a to t we obtain
R(t)e™ Je k&4 _ R(a) < h(t) — h(a),

or

r(t) < R(t) < h(t)els k@4 ¢ e [q,b).
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APPENDIX B

Sténdard Results from the Theory of
Penalty Function Methods

LEmmA B.1. ([3]) Let J,n : R* ——) R be continuous functions defined over a
compact set S and let Y(r) A inf,es{J(z) + rn(2)} = J(2r) + rn(2,). Then
(1) infres{J(2) : n(2) = 0} = sup,o9(r);

(ii)(a) n(z,) is a decreasing function of r,
(b) J(z) is an increasing function of r,

(¢) ¥(r) is an increasing function of r.

PROOF. Let w € S be such that P(w) = 0. Then
T(w) = J(w) +rPw) > E(J() +rP(z)) = B(r)
which implies (i).
To prove (ii) let 0 < 7y < r5. Then by definition of z, and z, we have
J(2p,) +11P(2,) 2 J(20,) +11P(21,) (B.1)

J(20)) +12P(2r) 2 J(2ry) + 12P(2,) (B.2)



APPENDIX B. STANDARD RESULTS FROM THE THEORY OF PENALTY FUNCTION METHODS
Adding inequalities (B.1) and (B.2), we get (ro — 71)[P(2,,) — P(2,)] > 0, which

implies P(z,,) > P(z,,). Hence P(z,) is a decreasing function of r, i.e. (ii)(a) holds.

In view of the inequality P(z,,) > P(z,), inequality (B.1) yields
I(2ry) +11P(27,) > J(20y) +11P(20)) 2 I (20)) + 11P(21,) = J(20,) = T (2r,).

Hence J is an increasing function of  and so (ii)(b) holds.

Next, adding and subtracting roP(2,,) on the left hand side of (B.1) we obtain
J(zry) +71P(2r,) = J(2r,) +71P (20,) +72P(2r,) =12 P(24,) > J(20)+711P(27;) = (1)
or
Y(ro)+(r1—r2)P(2r,) = (J(2r,)+72P(2r,))+(r1=72) P(2r,) > J(2r,)+11P(2r,) = ¥(r1),

since (r; — r2) P(2r,) < 0, 9(re) > 9(r1) as required. O

THEOREM B.1. ([3]) Let J,n: R* — R be continuous functions defined over a
compact set S and let Y(r) A inf,cs{J(2) + rn(2)}. Then

inf{J(z) : n(z) =0} = sup(r) = rli)r?o ¥(r).

z€S r>0

PROOF. Sinbce ¥(r) is an increasing function of r, sup, 5, ¥ (r) = lim,_, ¥(r).

We next show that lim,_,., 7(2,) = 0 by showing that for every ¢ > 0 there is
re € R such that, for all r > 7., n(z) < e. Let 2y € S be a feasible point, i.e.
n(20) = 0 and let € > 0. Further, for r = 1, let 2; = argmin,_¢{J(2) + n(2)} (ie.
in this case r = 1). Finally take r to be such that » > 1|J(z1) — J(2)| + 2. Then,
since 7 > 1, by Lemma B.1 (ii)(b), J(2,) > J(21). In order to obtain a contradiction,
assume that 7(z,) > e. Then rn(z,) > re > |J(21) — J(2)| + 2¢. Then by Lemma
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inf{J(z) : n(z) = 0}

z€S
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which is a contradiction. Hence n(z,) < € for such an r. Since € is arbitrary, this
shows that lim,_, n(z.) = 0.
Let {r; : | € Z:} be a sequence tending to oo, and let {2, } be a convergent
subsequence of the infinite sequence {2z, } C S. Let {, } converge to Z € S. Then
Sup(r) = (re) = J(zn,) + rin(an) 2 J(an),
T_
which by continuity of J implies that sup, .o %(r) > J(2).
Similarly, continuity of n implies that lim,, o, 7(2,,) = 7(Z) = 0. This shows
that Z is feasible. Again from Lemma B.1

inf{J(z) : n(z) = 0} Zb sup(r) > sup (J(zr,) +7en(2r,)) = J(Z).

z€S ‘ rZO T —00
However, since inf,cs{J(z) : n(z) = 0} < J(Z) we must have equality throughout
in the above expression and hence J(Z) = sup,»q¥(r) = lim,, 9(r). Also since

0 < ren(zr,) < sup,5o (1) — J(2r,) and since lim,, o (sup, 5 () = J(2,)) = J(2) —

J(Z) = 0 we must have lim,, 00 7%7(2r,) = 0. O
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APPENDIX C

Ekeland’s Variational Principle

THEOREM C.1. ([26]) Let V be a complete metric space with metric d(-,-). Let
F:V — RU{+00} be a lower semicontinuous function which is lower bounded and

not identically +oo. If u € V' is such that for e > 0:
<
F(u) _;Iel‘f/F(x)—i-e
then there exists v € V' such that
du,v) < Ve
and v minimizes G(w) = F(w) + /€ d(v, w). O

PROOF. See [26]. O
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