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Abstract

This thesis aims to develop a reliability-based life-cycle cost model for systems of engineering

elements. Acquisition cost, maintenance cost, and energy cost are addressed as three major

categories of the life-cycle cost. The salvage value and the disposal cost are outside of the scope

of this research.

A procedure is proposed for acquisition cost modelling of engineering elements. As

a first step, the influence of resizing, material type, manufacturing process, and duty cycle

(performance) of the element on its reliability is studied. Next, the correlation of the acquisition

cost with the aforementioned parameters is established. Finally, by eliminating the size factor,

a relationship is established between the acquisition cost, the performance, the reliability, and

the material properties of the element. The proposed procedure is used to develop the cost-

performance-reliability (CPR) model of gears, rolling bearings, and electrical insulations. The

gear and bearing CPR models accurately predict the catalog prices of original equipment manu-

facturers for a wide size range. The CPR model of gears and bearings are coupled to develop

the system-level gearbox CPR model, which is used in the cost reduction and the reliability

allocation of a one-speed gearbox. The electric motor CPR model is established by coupling the

component-level CPR models of bearings and insulation.

The failure probability distribution function of an arbitrary element is used as the

kernel for developing a maintenance cost model for the element. The time value of money is

incorporated to calculate the net present value of the maintenance cost. The model is developed
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for a post-failure and two preventive maintenance scenarios. The previous maintenance cost

models are generalized by eliminating their embedded assumptions of high reliability and zero

inflation rate. This extension improves the accuracy of the maintenance cost models for low-

reliability elements in a market where the inflation rate is not negligible. Next, considering a case

where the life-cycle cost is the sum of the acquisition cost and maintenance cost, the CPR models

of gears and bearings, as well as the developed maintenance cost model are used to explore the

design space and reduce the life-cycle cost of gears, bearings, and a one-speed gearbox under

different maintenance strategies.

Finally, the CPR and maintenance cost models developed here are used in the reliability

and the life-cycle cost analysis of the powertrain of a battery electric step van. The powertrain

is composed of a single-speed gearbox, an electric motor, and a battery pack. The design

variables are the size of the gears and bearings of the gearbox, and the electric motor’s bearing

size. The design objective is to reduce the life-cycle cost while meeting specified performance

requirements. The results show that setting component-level reliability constraints on individual

elements rules out some regions of the design space. By relaxing the component-level reliability

constraints, it is possible to find solutions with lower life-cycle cost and higher system-level

reliability. This conclusion suggests a design paradigm shift: component-level reliability should

be considered as a design variable rather than a design objective.



Abrégé

Cette thèse vise à développer un modèle du coût du cycle de vie des systèmes d’éléments

d’ingénierie basé sur la fiabilité. Les coûts d’acquisition, d’entretien et d’énergie sont traités

comme trois catégories principales du coût du cycle de vie. La valeur de récupération et le coût

d’élimination ne sont pas considérés dans cette recherche.

Une procédure est proposée pour la modélisation du coût d’acquisition d’éléments

d’ingénierie. Dans une première étape, nous étudions l’influence de la taille, du type de matériau,

du processus de fabrication et du rapport cyclique (performance) de l’élément sur sa fiabilité.

Ensuite, une corrélation est établie entre le coût d’acquisition et les paramètres mentionnés ci-

haut. Enfin, en éliminant le facteur de la taille, une relation est obtenue entre le coût d’acquisition,

la performance, la fiabilité et les propriétés matérielles de l’élément. La procédure proposée est

utilisée pour développer le modèle coût-performance-fiabilité (CPF) d’engrenages, de roulements

et d’isolation électrique. Les modèles de CPF d’engrenages et de roulements prédisent avec

précision les prix des catalogues des fabricants, et ce, pour une vaste gamme. Le modèle CPF des

engrenages et des roulements est couplé pour développer le modèle CPF pour la boîte de vitesses,

qui est utilisé dans la réduction des coûts et l’estimation de la fiabilité d’une boîte de vitesses. Le

modèle CPF du moteur électrique est établi en couplant les modèles CPF des roulements et de

l’isolation.

La fonction de distribution de probabilité de défaillance d’un élément arbitraire est

utilisée pour développer un modèle du coût d’entretien pour l’élément. La valeur temporelle de



xii

l’argent est incorporée pour calculer la valeur actualisée nette du coût d’entretien. Le modèle est

développé pour un scénario d’entretien post-défaillance et deux scénarios d’entretien préventif.

Les modèles du coût d’entretien précédents sont généralisés en éliminant les hypothèses intégrées

de fiabilité élevée et de taux d’inflation nul. Cette extension améliore la précision des modèles

du coût d’entretien pour les éléments à faible fiabilité dans un marché où le taux d’inflation

n’est pas négligeable. Ensuite, compte tenu que le coût du cycle de vie est la somme du coût

d’acquisition et du coût d’entretien, les modèles d’engrenages et de roulements en CPF, ainsi

que le modèle du coût d’entretien, sont utilisés pour analyser et réduire le coût du cycle de vie

des engrenages, des roulements et d’une boîte de vitesses sous différentes stratégies d’entretien.

Finalement, en tant qu’étude de cas, les modèles de CPF et du coût d’entretien dévelop-

pés ici sont utilisés dans l’analyse de la fiabilité et le coût du cycle de vie du groupe moto-

propulseur d’une camionnette électrique. Le groupe motopropulseur est composé d’une boîte

de vitesses, d’un moteur électrique et d’une batterie. Les variables de conception sont la taille

des engrenages, des roulement de la boîte de vitesses et des roulement du moteur électrique.

L’objectif de conception est de réduire le coût du cycle de vie tout en respectant les exigences

de performance spécifiées. Les résultats montrent que la sélection des contraintes de fiabilité

des éléments individuels exclut certaines régions de l’espace de conception de l’ensemble. Si

les contraintes de fiabilité au niveau des composantes sont affaiblies, il est possible de trouver

des solutions ayant un coût de cycle de vie plus bas et une plus grande fiabilité au niveau du

système. Cette conclusion suggère un changement de paradigme de conception: la fiabilité des

composantes devrait être considérée comme une variable de conception plutôt qu’être un objectif

de conception.



Acronyms and Nomenclature

Symbol Description

AC Acquisition cost

BEV Battery electric vehicle

BOM Bill of material

CAD Canadian Dollar

CPR Cost-performance-reliability

EC Energy cost

EV Electric vehicle

FCV Fuel cell vehicle

FPDF Failure probability distribution function

HEV Hybrid electric vehicle

ICE Internal combustion engine

ICEV Internal combustion engine vehicle

LCC Life-cycle cost

MC Maintenance cost

NPV Net present value

OEM Original equipment manufacturer

OCB Orange County bus cycle

PFM Post-failure maintenance

PrM Preventive maintenance
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ROI Return of investment

rpm Revolutions per minute

USD US Dollar

A,B Quality factors of gears

A1–A4 Constants in stress and strength equations

a Exponent factor for bearing life equation

a1 Bearing reliability factor

B, D, E, F Bearing geometry, mm

b Gear face width

b, b∗ Baseline bearing and scaled bearing

C̄F Discounted expected failure cost

C̄M, ¯̄CM Discounted expected maintenance cost

C∗
M, C∗∗

M Normalized discounted expected maintenance cost

C̄P Discounted expected preventive maintenance cost

Cr Dynamic load rating of bearings

C̄T Discounted expected life-cycle cost

c0 Acquisition cost

c1 – c3 Constant coefficients

c f (t) Cost of a failure at instant t

cp(t) Cost of a preventive maintenance at instant t

c̄k Discounted maintenance cost of exactly k failures

¯̄ck Discounted maintenance cost of k-th failure

c̄ j,k Discounted cost of k failures in interval j

ċk Rate of discounted cost of exactly k failures

c̈k Rate of discounted cost of k-th failure

ċ j,k Rate of discounted cost of k failures in interval j

Dpw Diameter of rollers pitch circle
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Dw Diameter of rolling elements

d Gear pitch diameter or bearing bore diameter

e(t) Discount factor at instant t

f Failure probability density function of multiple failures

fC Bearing geometry, accuracy, and material factor

fθ Bearing’s temperature factor

g, g∗ Baseline gear and scaled gear

h(t) Hazard function

Ko, Kv, KS Overload, dynamic, and size factor of gears

KB, KH Rim thickness and load distributions factors of gears

Lb Bearing’s rating life

Li Insulation’s characteristic life

Lw Length of bearing rollers

M Mass

m Gear module

mG Gear ratio

N Gear’s life

n Number of preventive maintenances

np, ng Number of teeth of pinion and gear

P Equivalent applied load on bearing

p(t) Failure probability density function of one failure

Rb, Ri, Rm Reliability of bearings, insulation, and motors

R(t) Reliability function

S Shaft speed

SF , SH Safety factor against bending and pitting

T Total life cycle

tp Block length or element age before preventive maintenance
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V Linear velocity of gear’s pitch circle

vh, vg Material removal volume in hobbing and grinding

X Motor characteristics

Y , YJ , Yθ Tooth form, geometry, and temperature factors

YN , ZN Bending stress and contact stress cycle factors

YZ Reliability factor

Z Number of rolling elements of bearings

ZE , σFP, σHP Mechanical properties

α0–α3, β0–β4, α ′
2, β ′

2 Factors of gear equations

α5, β5, βh, βg, β ′
5, β ′′

5 Coefficients of cost-mass correlation

α6, β6 Coefficients of cost-characteristics correlation

αθ , Liθ , θmax Insulation life parameters

γ , 1/λ Shape parameter and scale parameter of Weibull distributions

γ1–γ3 Size scaling factors

δ f Downtime of a failure

δp Downtime of a preventive maintenance

θ Temperature

Λ1, Λ2 Factors of stress equations

σ Bending stress

σall. Allowable bending stress

σc Contact stress

σc,all. Allowable contact stress

ς Cash flow

ξ Normalized cost

τ Torque
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Chapter 1

Introduction

The Model T Ford, introduced in 1908, was the first car manufactured to be accessible by

different social classes of the United States. Many stories have been built around the success of

the product. Zoologist Nicolas Humphrey starts his article The Social Function of Intellect with

one such story [1]:

“Henry Ford, it is said, commissioned a survey of the car scrap-yards of America to

find out if there were parts of the Model T Ford which never failed. His inspectors came back

with reports of almost every kind of failure: axles, brakes, pistons– all were liable to go wrong.

But they drew attention to one notable exception, the kingpins of the scrapped cars invariably

had years of life left in them. With ruthless logic Ford concluded that the kingpins on the Model

T were too good for their job and ordered that in future they should be made to an inferior

specification”.

Humphrey uses the story to introduce the concept of efficient resources allocation in

evolution, which states that natural selection does not over-design a part of an organism; different

components of an organism have identical failure rate.
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The truth of the story of Ford and kingpins have been questioned [2]. However, even

if apocryphal, it raises a question of utmost importance: what is efficient when it comes to

resources allocation?

From an engineering design perspective, resources can be design variables such as

component sizes, material type, manufacturing process, and system configuration. Efficient

qualifies the set of design variables which optimizes a specified design objective such as perfor-

mance/characteristics, overall reliability, and life-cycle cost (LCC).

The interplay between design variables and the performance, reliability, and LCC can

be addressed from component-level or system-level viewpoints. In a system of components–

having a larger design space compared to the individual components– changing the design

variables results in a more complex relation between the system’s LCC, performance, and overall

reliability. As three important design objectives, it is necessary to have a good understanding of

their behavior under a variation of the design variables. Establishing cost-performance-reliability

(CPR) models for a component helps engineers understand the cost associated with increasing

the reliability and/or performance of that component. In a system of components, the component-

level CPR models can be coupled to identify the system-level CPR model, which, in turn, can be

used to to optimize each or a combination of design objectives.

The literature on the performance, reliability, and acquisition cost modelling of engi-

neering elements is provided below. Specifically, gears, bearings, electrical insulations, gear-

boxes, electric motors, and batteries are addressed wherever literature is available, as they are the

building blocks of the powertrain of the battery electric step van studies at the end of this thesis.

The maintenance cost and energy cost models are reviewed as well.
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1.1 Reliability and performance

The reliability, R(t), of an element is defined as the probability that the element operates perfectly

up to instant t [3]. The reliability of a component generally depends on its size, material

properties, duty cycle, the total number of loading cycles, and environmental conditions. For

many engineering elements, the reliability models are well-established and extensively verified

by professional associations and are used for decades by engineers/designers.

1.1.1 Gears

The major failure modes of gears are bending and pitting failures. The American Gear Manufac-

turers Association (AGMA) proposes two equations for the performance and reliability analysis

of gears bending failure, and two equations for pitting failure analysis. When the geometry and

micro-geometry parameters of the gear, as well as the speed and applied force/torque are given,

the bending stress equation gives the maximum bending stress on the gear teeth [4, 5]. On the

other hand, the bending strength equation relates the maximum allowable bending stress to the

material property, the number of cycles, the reliability, the safety factor, and the gear temperature

[4, 5]. Setting the maximum bending stress equal to the allowable bending stress gives a relation

between the torque and reliability of the gear and its geometry, material property, life-cycle,

etc. This method, along with numerical methods, is widely used for the gear teeth bending

analysis. Similarly, the contact stress equation gives the maximum contact stress in terms of

the gear geometry and the applied force/torque, whereas the contact strength equation is used

for calculating the allowable contact stress as a function of the material property of the gear

and its mating gear, the safety factor, the gear temperature, the reliability, and the number of

cycles [4, 5]. Setting the maximum contact stress equal to the allowable contact stress yields a

formula that relates the reliability and torque to the gear geometry, the material property, and
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the life-cycle under contact stress. Since bending and pitting are series failure modes, the total

reliability of the gear equals the product of reliability against bending and the reliability against

pitting.

1.1.2 Bearings

The American Bearings Manufacturers Association (ABMA) proposes the life equation for

rolling bearings, which establishes a relationship between the bearing reliability and applied

force to its life-cycle, size, material type (as they are implicit in the load carrying capacity),

bearing type, and operating condition (temperature, lubrication, alignment, etc.) [6, 7].

1.1.3 Gearbox

The failure of any component in gearbox leads to the gearbox failure. Therefore, the overall

reliability equals the product of the reliability of its components. Gear damage, bearing damage,

housing failure, faults in the lubrication system, shaft damage, and sealing are among the most

important failure modes of gearboxes. The gearbox configuration, design details, and duty cycle

can influence the reliability of each component. Sheng [8] reports that 70% of gearbox failures

are due to bearing damage, followed by 26% contribution of gear failure. Ribrant [9] results

show that 63% of failures are bearing related, while 5% is related to gear damage. The rest of

failures are due to oil system and sealing, while no shaft failure is observed [9]. However, bearing

failures are responsible for 62% of the downtime, followed by 30% by gears. This suggests that

bearing and gear failure are key elements in the reliability analysis of gearboxes.
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1.1.4 Electric motors

In different reliability surveys of electric motors, damage to the bearings and winding insulation

are reported to be the major failure modes [10–16]. In a reliability survey on 6312 motors for

41,614 motor-years [10], 31% of failures are bearing related and 26% are insulation related.

In that article, the failed component is not specified in 21% of the cases. If these unspecified

damages are excluded from the analysis, the share of the bearings and insulation failures would be

39% and 33%, respectively. The next dominant failure mode is oil leakage and oil system failure

in nearly 9% of the cases. The rest of specified failures correspond to other motor components

such as the frame, shaft, cage, wedges, cables, etc. An analysis in [11] indicates the share of

38% for bearings failure and 35% for insulation failure in a pool of 4797 motors. In a reliability

survey for the motors in the petroleum and chemical industries [12], by excluding the damages

caused by unspecified or by external sources, the failure rate of the bearings and the insulation is

69% and 22%, respectively. A similar result is reported for the offshore induction motors [13];

among the specified internal failures, 69% are bearing related and 21% are insulation related.

In [14, 15], the results of a reliability survey for electric motors is reported. In total,

1141 motors of 75 plants have been studied, where 360 failures have been reported during 5085

unit-years of operation. These articles consider the influence of many factors, including the

motor speed, the power, the voltage, the enclosure, and the environment, on the failure rate of

the motors. For the motors operating in the nominal power range of 151-373 kW, the average

failure rate is 0.0685 per unit-year, whereas this number is 0.0727 for the motors in the range of

374-3730 kW. The failure rate of the second group is only 6.1% higher than the first group in

this wide range of power. This implies that for the set of motors studied in [14, 15], the rate of

increase of the failure rate is of the order of 1×10−6 failures per unit-year-kW. Within a range

of 100 kW, the difference in the failure rate of the smallest and the largest motor is in the order

of 1×10−4 failures per unit-year, which is neglected.
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The results of [10–13] suggest that on average 80% of the specified damages corre-

sponds to the bearings or insulation failures. In absence of comprehensive reliability models for

the other failure modes of electric motors, it can be assumed that these two major modes are the

only damage sources of the product. Failure of a bearing or the insulation results in the motor

failure. Therefore, the motor reliability equals the product of the reliability of motor bearings

and insulation.

The reliability of bearings are modeled using the method of Section 1.1.2. For insula-

tion, reliability can be modeled as an exponential function of time, where the characteristic time,

i.e. mean time between failures (MTBF), is identified by the insulation class and the insulation

temperature [17, 18].

1.1.5 Battery pack

The battery reliability is modeled using a Weibull function of the time [19–21]. A Weibull

function is characterized by two factors: the shape parameter and the scaling parameter. For

batteries, the shape parameter is usually measured experimentally, as demonstrated by Eom

et al. [19], Herman et al. [20], and Ran et al. [21]. The scale parameter can be measured

experimentally and depends on the battery material and technology, as well as the duty cycle

details such as the depth of discharge, the charging and discharging rates, and the operating

temperature. Having the shape and scale parameters, the expected life of the battery can be

calculated [22]. Alternatively, by knowing the battery expected life from the product datasheet

and the Weibull shape parameter, the scale parameter of the Weibull distribution can be calculated

from the formula for the mean value of Weibull distributions [22].
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1.1.6 Powertrain

The reliability of a system is influenced by its subsystems’ reliability as well as the system

configuration (series, parallel, standby, etc) [23]. For a powertrain consisting of a gearbox, an

electric motor, and a battery pack, where the failure of each subsystem leads to the powertrain

failure, the system reliability equals the product of the reliability of the subsystems.

1.2 Cost analysis

Designers of a product may aim to minimize the product’s acquisition cost (AC) while targeting

specified performance and reliability requirements. In another approach, the target can be to

optimize the total cost of ownership or the life-cycle cost (LCC) of the product, which may be

composed of the acquisition cost (AC), maintenance cost (MC), energy cost (EC), disposal cost,

salvage value, etc.

Generally, a high reliability product has a high AC because of the good quality materials

and processes used in its production, whereas its MC is low during its life cycle. On the other

hand, it is possible to use low quality materials or manufacturing processes to produce a low

reliability, low price product. However, a high MC is expected during its life cycle because

its low reliability leads to frequent failures [24]. As schematically illustrated in Fig. 1.1, if the

AC-reliability and the MC-reliability correlations of a product are available in the design stage, it

is possible to answer an important question: how much must be invested today on the reliability

to save on the MC in the future, such that the sum of AC and MC is optimum. In other words,

which reliability minimizes the LCC?

In the following sections, the literature on the AC and the MC modelling of products

are addressed. Also, the methods for calculating the EC and LCC are discussed.
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Figure 1.1 Schematic of cost-reliability correlation

1.2.1 Acquisition cost

There are different ways of categorizing the cost of a product. One approach categorizes the AC

to direct and indirect costs [25]. Material, labor, and tooling expenses are identified in the direct

cost. Indirect cost includes expenses such as engineering, R&D, general and administrative,

which do not correspond to a specific product, yet are necessary for production. The indirect

cost is generally applied as a lumped overhead factor on the direct costs to give the total cost

associated with the manufacture, sale, and support of the product. The result is the AC of the

product for the manufacturer. Adding the overhead for the factory profit margin on the latter

gives the price or the AC for the customer [25].

At an early design stage, it may not be feasible to accurately estimate the acqusition

cost of a product. Instead, the design team members may use their intuition to predict cost of

each category. Otherwise, an available database on costing of analogous products may be used

by the designers to predict the cost of the new product [26]. A third option is to use some rules

of thumb to estimate the manufacturing and indirect costs in terms of the material cost. As an

example, the 1-3-9 rule states that in a high volume in-house production, the manufacturing cost
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is around three times the material cost, and the selling price is roughly nine times the material

cost. These multipliers, however, highly depend on the industry and the product [27].

As the design process progresses and more details of the product are available, para-

metric cost estimation may be used [26]. In this approach a mathematical relation is established

between the acquisition cost of the product and its mass M or its engineering characteristics

X . The material cost models often consider a linear relation between the AC of a product and

its mass (C0 = α5 +β5M), whereas cost-performance models linearly correlate the AC to X

(C0 = α6 + β6X) [25, 28]. In these relations, β5 and β6 are variable cost which include the

marginal cost of increasing the mass or improve the characteristics of the product. The variable

cost is influenced by the material type, manufacturing and post-manufacturing processes, labor,

etc. The parameters α5 and α6 are the fixed cost which are composed of the rent, administration,

depreciation, etc. Depending on the level of accuracy required for identifying the fixed and

variable costs, the past data may be analyzed using high-low method or the least square regression

method, among other methods broadly used in accounting cost estimation [25, 26, 28].

These linear models are used from either the manufacturer’s or the customer’s point of

view. The reason is that the acquisition cost of a product for a costumer is equal to its acquisition

cost for the manufacturer times the profit margin factor. Some examples of the linear models are

presented in [29] for electric motors, in [29, 30] for batteries, in [31] for the internal combustion

engines and the power electronics, and in [32, 33] for gears. Empirical linear cost-performance

or cost-mass models are common in component-level and system-level AC modelling of electric

vehicles [29, 34–37].

The cost-mass correlations are easy to establish. However, they fail to answer the

following question: what is the interplay between the acquisition cost of a product and its

performance and/or reliability? In the AC-performance models, the effect of reliability is not

taken into account. This question is of utmost importance when engineers target a specific

performance and reliability and shall meet cost considerations. To answer this question, a model
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must indicate how costly it is to increase the reliability of a product at different performance

levels.

Some cost-reliability models are proposed in [24, 38]. These models have three features

in common: (a) cost is monotonically increasing with reliability, (b) it is a convex function, and

(c) it trends to infinity as the reliability tends to unity. Aside from these three mathematical

features, no analytical or experimental validation is provided for these models. These models are

used in reliability allocation and acquisition cost optimization of series systems [38], redundant

systems [39], and series/parallel systems [40, 41].

The models proposed in [24, 38] show significantly different behaviors as the reliability

approaches unity. To find the accurate cost model of a specific product, it is important to assess

the failure mechanisms of the product and study how costly it is to increase the product’s

reliability under a specific performance (or duty cycle) by changing the size, the material type,

the manufacture process, etc. The resulting cost-performance-reliability (CPR) model will

provide a strong tool in cost optimization and reliability allocation problems. This problem has

not been addressed in the literature.

1.2.2 Maintenance cost

The maintenance cost analysis is founded on its reliability function, R(t). The failure probability

distribution function (FPDF) is derived from the reliability. The FPDF is next used to determine

the failure frequency, which could be translated to the maintenance cost of the element [42, 43].

Another important consideration is the type of maintenance practice; Is it a complete repair,

a partial repair (where the repaired part could not be considered as new), or a replacement?

Furthermore, the maintenance strategy plays a role [42, 43]; is the maintenance conducted after

a failure occurs, or is there a preventive maintenance schedule?
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The answers to these questions depend on the type of the element, the role it plays

in the system, the downtime of a preventive maintenance activity versus that of a post-failure

maintenance, and the cost of a preventive maintenance versus the cost of a of a failure [42, 43].

It is challenging to establish a model that answers all of the aforementioned questions. Instead,

most of the present models focus on a specific maintenance type or strategy. A review of the

literature is presented here.

Under a post-failure maintenance (PFM) strategy, the component is either repaired or

replaced by a new one upon failure. This process is repeated as necessary until the end of the

project life target, T [43]. To avoid unscheduled failures which are inherent in PFM strategies, a

preventive maintenance (PrM) strategy may be adopted. Two such strategies are discussed.

The first preventive maintenance strategy, denoted by PrM1, is called a block replace-

ment policy, where a periodic preventive maintenance is scheduled at intervals tp. However, any

failure within a block will force a maintenance event to occur. The second preventive strategy,

PrM2, is an age replacement policy. Here, a preventive maintenance is conducted after a part

operates for a period/cycle tp. This implies that a maintenance shall be conducted if either a

failure occurs or the part reaches the age tp [42].

Note that each block of the PrM1 may be considered as a PFM strategy. If a PFM

model is developed, it may be easily generalized to develop the PrM1 model. If tp = T , no

preventive maintenance is conducted throughout the life of the project and, therefore, the PrM1

strategy reduces to PFM; PFM is a special case of PrM1. Therefore, the rest of this section only

addresses the PrM1 and PrM2 models.

The PrM1 strategy approach provides a formalism for calculating the expected mainte-

nance cost of a block per block length. In this strategy [42, 43], the expected maintenance cost of

a block is cp +H(tp)c f , where tp is the block length, cp is the cost of a preventive maintenance,

c f is the cost of a failure, and H(t) is the expected number of failures up to instant t. Function
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H(t) is determined by the failure probability, which itself depends on the reliability of the part.

The derivation of H(t) is addressed in details in [42, 43]
(
or see Section 5.2.1 here

)
. In this

approach, tp is determined such that the rate of the expected maintenance cost
(
cp+H(tp)c f

)
/tp

is minimized.

For the PrM2 strategy [42, 43], the expected cost per unit time is defined as the ratio

of the expected cost of a cycle to the expected cycle length
(
see Eqn. (5.51) here

)
. Again, tp

is determined such that the rate of the expected maintenance cost is minimized. The PrM1 and

PrM2 models assume no inflation rate. Another underlying assumption of the PrM2 model is

that the project has an infinite horizon [43, 44].

These models have been extensively used in the literature for maintenance schedule

optimization. Lin et al. [45] use the PrM2 strategy for a system with maintainable and nonmain-

tainable failure modes to minimize the rate of the expected maintenance cost. Grall et al. [46]

introduce a condition-based inspection/preventive maintenance model, which extends the PrM2

model of Blischke et al [42] and Jardine et al. [43] by considering the inspection cost. Lhorente

et. al. [47] use the PrM2 model to minimize the cash flow rate of the maintenance of armatures.

Zequeira and Berenguer [48], and Bartholomew-Biggs et. al. [49] modify the PrM1 model by

adding a term to account for imperfect maintenances, where the maintained component is not in

the as new condition. Lim et. al. [50] modify the PrM2 model of [42, 43] to consider the effect

of imperfect maintenance, where after the maintenance event the reliability of the component is

less than unity. In [51] the downtime of failures and preventive maintenances are introduced in

the denominator of the PrM2 model
(
see Eqn. (5.51) here

)
to increase the accuracy of the model.

Tabriz et. al. [52] introduce stochastic shocks to the reliability function and use the PrM2 model

for determining the best maintenance strategy for single as well as parallel units.

Although the cost models in [46–52] slightly differ from those of [42, 43], they all

assume that the inflation rate is zero. This assumption may be justified if tp is not long, if the

inflation rate is negligible, or if the purpose of the cost analysis is just a comparative study
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between different options. However, having a model where the inflation rate is introduced has the

advantage of accurately calculating the net present value (NPV) of the project. The other point

to mention is the implication of the term c f
(
1−R(tp)

)
in the PrM2 model

(
see Section 5.2.3

)
.

The term 1−R(tp) is the probability that the part fails to operate up to tp, with no maintenance

event after the failure. Therefore, c f
(
1−R(tp)

)
represents the maintenance cost of one failure,

neglecting the possibility of failure of the replaced component. Consequently, the numerator of

the PrM2 model
(
see Section 5.2.3

)
gives a lower bound for the expected maintenance cost of

an operating cycle by ignoring the maintenance cost associated with having two or more failures.

The aforementioned assumptions should be dropped to develop reliability-based PFM

and PrM models which take into account the time value of money, consider any possible number

of failures, and introduce the downtime of failures and preventive maintenances.

1.2.3 Energy cost

Having the power and the efficiency of a system identified, energy consumption per cycle of the

system can be calculated. For short run projects, it is possible to assume that the energy source

price is fixed. For long run projects, it is important to consider price fluctuations of the energy

source. Annual Energy Outlooks of the Department of Energy provide projections on the oil and

electricity prices under different market conditions [53].

1.3 Powertrain

As the methods and models developed in this thesis are used in the reliability and LCC analysis

of the powertrain of an electric step van, the literature of this topic is specifically addressed in

more detail here.
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Cost is one of the major factors in market adoption of a new product/technology such

as electric vehicles (EV). EVs benefit from a lower energy consumption compared to the internal

combustion engine vehicles (ICEV), as the efficiency of electric motors is generally much higher

than internal combustion engines (ICE). When decelerating, instead of dissipating the kinetic

energy in the brakes, it can be stored in batteries through regenerative breaking. This further

enhances the efficiency of the system. One drawback of EVs is their high acquisition cost, mainly

due to components such as the electric motor and the battery pack.

Purchasing an EV with a high AC may be justified by its lower energy cost when

compared to ICEV options. To identify the potential economic advantage of EVs over ICEVs, a

comprehensive LCC analysis is necessary, where different cost categories such as the AC, the

MC, the EC, the salvage value of the product, and government incentives (if applicable) are taken

into account.

EVs appear in different concepts/designs/configurations such as hybrid electric vehicles

(HEV), fuel cell vehicles (FCV), and battery electric vehicles (BEV). HEVs couple an electric

motor and a battery pack to the ICE of conventional vehicles. The motor and the engine provide

the power, each operating at its optimum efficiency point to reduce the energy consumption.

Compared to HEVs, BEVs exclude the combustion engine in favor of lowering the number of

components, increasing efficiency, and decreasing the EC. FCVs replace the battery pack with a

fuel cell as the energy storage unit. In general, fuel cells are more expensive, heavier, and less

efficient than Li-ion batteries, and they require more infrastructure for diffusing into the market

[54, 55]. Therefore, the market is more inclined toward HEVs and BEVs.

To get the same performance as HEVs, a BEV deploys a larger electric motor and

battery pack, which results in a high AC. Battery cost is a major expense in the AC and LCC of

electric vehicles [34, 55–57]. In a scenario where the future gasoline price increases and battery

cost declines, HEVs and BEVs can economically compete with ICEVs [58, 59]. Also, when the
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battery cost is a large portion of LCC, the life-cycle cost is very sensitive to the variation of the

battery cost in the market [60]. This sensitivity decreases as the battery prices decline.

From 2007 to 2014, BEV manufacturers expecienced an 8% average annual reduction

in the battery cost, reaching 300 USD/kWh in 2014 [61]. In late 2015, GM announced that the

cost of Li-ion batteries for the company was 145 USD/kWh, and will continue to drop to 100

USD/kWh by 2021 [62]. Tesla projects the same figure of 100 USD/kWh by 2020 [63].

Empirical cost-performance or cost-mass models are common in component-level and

system-level AC modelling of electric vehicles [29, 34–37]. A more detailed AC analysis first

identifies the direct manufacturing cost, including material, labor, and tooling costs. Next, an

overhead factor is applied to the direct manufacturing cost to account for the indirect manufactur-

ing costs such as general and administrative, engineering, and sales expenses. Lastly, the profit

margin is applied to determine the price of the product [25]. If applicable, tax rates should be

included on the price to get the AC of the product.

In the maintenance cost analysis, one method is to express the MC of the product as a

fraction of its AC. Seixas et al. [64] assume that the annual MC is 1% of the capital cost of BEVs.

In another approach, the MC of electric vehicles is estimated using empirical data [65, 66]. A

comparison of FedEx HEV and diesel delivery trucks shows that the maintenance cost of the

HEV options is 0.128 USD/km, whereas the figure is 0.139 USD/km for diesel options [67]. The

difference is not significant, especially noting that the HEV fleet is newer than the diesel fleet;

the average mileage of the diesel options is 73,924 km versus the average mileage of 24,001 km

for the HEVs [67].

The aforementioned methods for estimating MC are easy to implement, but have two

drawbacks. Firstly, they highly depend on drive cycle and operations condition of the vehicle.

Therefore, they can not be reliably used for other drive cycles. Second, they provide the average

over a fleet and, therefore, do not reflect the design details of individual vehicles. A more precise
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approach to the MC analysis is developing a model which reflects the impact of design details of

a product on its maintenance cost. Examples of such a model are presented in [42, 43].

Compared to ICEVs, higher tank-to-wheel efficiency of EVs result in a lower energy

consumption. However, a more accurate comparision must incorporate the total well-to-wheel

consumption of both options. Depending on the electricity source, the well-to-wheel impact of

EVs may or may not have an advantage over ICEVs [68, 69]. Another key consideration is the

range and the driving cycle of the vehicle. For a small range, in spite of their high efficiency, the

energy savings of EVs is not sufficient to pay off their high AC [70]. Frequent stops must be

involved in the drive cycle to leverage the advantage of regenerative braking and reduce energy

consumption when compared to ICEVs.

To address the aforementioned issues, it is important to develop a model which takes

into account the influence of the design details of powertrain of electric vehicles in their LCC.

In designing the powertrain, the variables are the element sizes/types. The requirements are

commonly top speed, gradability, acceleration time, emissions, reliability, etc. The objective

function may be economic indicators such as efficiency, acquisition cost, or life-cycle cost of the

product. Simpson studied the battery sizing of plug-in HEVs on the cost and fuel consumption

of the system [37]. In a work by Fan [71], the objective function was efficiency of a BEV, while

the dynamics of the system is outside of the scope of that research. Morozov et al [72] selected

the gear ratio of the transmission to optimize the energy consumption of a BEV delivery truck.

Study of the literature shows that a framework is required for studying the influence of

the design variables on the powertrain reliability on one side, and on the economic indicators of

the system on the other. The framework must include component-level CPR models, as well as

maintenance cost and energy cost models to equip designers for the LCC analysis of the product.

Throughout the thesis, the SI system of units has been used unless otherwise specified.

The case studies herein are gedanken experiments.
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1.4 Thesis objectives and outline

The goal of the present research is to develop a reliability-based life-cycle cost model for

engineering elements and systems. A part of the motivation is to build a tool to be used by

engineers/designers in the LCC and reliability optimization of engineering systems, although the

focus of this study is not the optimization procedure itself. Whenever optimization is used in the

case studies of this thesis, it refers to finding the best solution(s) among the options available in

the design space of the case study.

The goal of this research will be achieved by meeting the following objectives:

1. Generating a procedure for establishing a relation between the acquisition cost of a product

and its reliability and performance.

2. Developing the CPR model of gears.

3. Deriving the CPR model of rolling bearings.

4. Building the CPR model for gearboxes by combining the CPR models of sub-systems.

5. Establishing the CPR model of electrical insulations.

6. Developing the CPR model of electric motors by combining the CPR models of sub-

systems.

7. Establishing reliability-based cost models for a post-failure strategy and two preventive

maintenance strategies.

8. Conducting the LCC analysis for a system of components for reliability and cost improve-

ment of the system using the CPR models of its components as well as the maintenance

cost models.
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The LCC in this research is composed of the AC, the MC, and the EC, while other cost categories,

such as disposal cost and salvage value are outside of the scope of this thesis. Each of these

objectives will be addressed in separate chapters, specifically:

• In Chapter 2, Objective 1 is addressed. Next, Objective 2 is conducted using the proposed

procedure for CPR modelling. The accuracy of the gears model is validated using the price

catalog of an original equipment manufacturers (OEM).

• In Chapter 3, the CPR modelling procedure is used to meet Objective 3. The bearing model

is validated using the price catalog of an OEM. Next, Objective 4 is tackled by coupling

the gear and bearing models. In a case study, the influence of the gear and bearing size on

the gearbox reliability and acquisition cost is shown.

• Objective 5 is focused on in the first part of Chapter 4. Next, by coupling the bearing and

electrical insulation models, Objective 6 is dealt with. A numerical example is included to

study the interplay between the cost and reliability of an electric motor on one side and its

bearing size and insulation class on the other.

• Chapter 5 is devoted to Objective 7. Cost models are developed for a post-failure and also

two preventive maintenance strategies. The models extend the previous work in literature

to low-reliability situations and non-zero inflation rates. As a case study, the bearing size

and gear size of a conceptual gearbox are determined to reduce the sum of the acquisition

and maintenance costs of the gearbox.

• In Chapter 6, Objective 8 is met by addressing the LCC of the powertrain of a battery

electric step van. The best designs are indicated to improve the reliability and reduce the

LCC of the product while ensuring that the specified performance requirements are met.

• Chapter 7 summarizes the major findings of the research. It also proposes three main

applications where this research can be used for or extended to.
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1.5 Contribution to the knowledge

The followings are the original contributions of the present research to the literature:

1. A novel procedure is proposed for modelling the cost-performance-reliability (CPR)

behavior of engineering elements and systems.

2. The CPR models of gears, rolling bearings, and electrical insulations are developed using

the proposed procedure.

3. The CPR model of gearboxes is built by coupling the CPR models of gears and bearings.

4. The CPR model of electric motors is established using the CPR model of bearings and

electrical insulations.

5. Maintenance cost models are derived for a post-failure and two preventive maintenance

strategies. These models extend the models in the literature to the cases where the inflation

rate is not negligible or the end-of-cycle reliability of the component is not close to unity.

6. The LCC model of the powertrain of single-speed battery electric truck is built using the

developed CPR and maintenance cost models in order to enable engineers/designers to

evaluate the LCC of the powertrain.





Chapter 2

Acquisition Cost-Performance-Reliability

Modelling of Gears

From project economics perspective, it is interesting to quantify the cost of quality of a product.

This includes the investment required to improve the material quality, endurance, size, or type of

the product. The first objective of this chapter is to generate a procedure for cost-performance-

reliability (CPR) modelling of engineering elements. The second objective is to use the proposed

procedure for establishing the CPR model of spur and helical gears.

2.1 Model formulation

The reliability, R(t), of a component is the probability that the component operates properly up

to instant t [3]. Two decisions may be made to improve the reliability and/or the performance

of a mechanical part. The first one is increasing the size of the component. This method is

appropriate wherever the fatigue resistance of the part is improved by size enhancement. The

second method is using higher quality materials or manufacturing processes. Each of these
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decisions result in a higher acquisition cost. In the following section, a systematic approach is

introduced for modelling the influence of these two decisions on the performance, reliability and

the acquisition cost of engineering elements.

2.1.1 Cost-performance-reliability modelling procedure

The following procedure can be used in CPR modelling of engineering elements:

1. A baseline element with a specified material type and geometry is considered. A failure

analysis is conducted to find the relation between the reliability of the element and its size,

material properties, and performance.

2. The size of the baseline element is changed by scaling factors to reach a set of arbitrary

scaled elements. The sizes of the scaled elements are then substituted in the reliability

relation to study how the reliability is influenced by the scaling factor at a specified

performance and material properties. The result is the reliability-performance-size scaling

relation.

3. A simple relation is postulated between the acquisition cost of the element and its size,

which is then translated into the cost-size scaling relation [25, 28].

4. The scaling factor is eliminated from the relations established in steps 2 and 3 to develop

the acquisition cost-performance-reliability (CPR) model of the element. In this relation,

the material properties is also included as a parameter which can be tuned for other types

of materials.

In this procedure, the scaling factor is a continuous design variable whereas the material

type is a discrete one. Mathematically speaking, the outcome of this analysis for each material
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type is a surface in the cost-performance-reliability (CPR) space. The CPR surface of the part

will be shifted by switching from one material to another.

2.1.2 CPR modelling of gears

In the rest of this chapter, the procedure introduced in Section 2.1.1 is used for CPR modelling

of gears. As a well accepted and broadly used method, AGMA stress and strength equations of

gears [4] are used to relate the performance and reliability to other design parameters, including

the mechanical properties, life, safety factor, environment factors, etc. The gear performance is

the applied torque. It is assumed that a cooling system controls the gear’s temperature and there

is no considerable variation in the mechanical properties of the gears as a result of temperature

variation. The SI system of units has been used unless otherwise specified.

Size, performance and reliability

The dominant failure mechanisms of gears are the bending stress failure and the surface pitting

failure [4]. The former is caused by the fatigue of the teeth undergoing cycling bending loads

whereas the latter is a result of the contact stress fatigue. In both cases, size scaling of the gear

affects its fatigue life and, consequently, its reliability. This effect is studied in this section.

For a spur or helical gear, denoted by g, with the module m, the pitch diameter d,

and the face width b that undergoes a throughput torque τ , the AGMA stress equation for the

maximum bending stress is [4]

σ =
2A1KsKvτ

bdmYJ
, (2.1)

where

A1 = KoKHKB. (2.2)
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The overload factor Ko depends on the smoothness of operation of the power source and the

driven machine to add the influence of externally applied loads to the nominal torque. This is a

fixed number when the driving machine and the general features of the driven system are not

changed [4]. The nonuniform distribution of load accross line of contact is accounted for in

the load distribution factor KH , which is dependent to factors such as the gear enclosure, teeth

geometry, and gear mounting on the shaft. The Rim-thickness factor KB adjusts the stress if the

rim thickness is not sufficient to support the tooth root [4]. The gears studied here have sufficient

rim thickness and, therefore, KB = 1. This way, on the right-hand side of Eqn. (2.2), only KH

is influenced by resizing. As shown in Tab. 2.4, the influence of size on KH is not significant.

Therefore, in CPR modelling, it is assumed that A1 is unchanged under size scaling.

The dynamic factor Kv is given by

Kv =
(
1+

√
200V
A

)B
, (2.3)

where V is the pitch circle velocity in m/s, B = 0.25(12−Qv)
2/3, and A = 50+56(1−B). The

AGMA quality number Qv is determined by the surface finishing accuracy [4]. The formulation

derivation here is simplified if Kv is a power-law of V . Therefore, the following alternative

relation is proposed

Kv = α0V β0 ; β0 = 0.045(12−Qv)
0.71 , α0 = 1+0.0024(12−Qv)

2.13. (2.4)

The maximum difference between Eqn. (2.3) and Eqn. (2.4) is 1% when V ≥ 3 m/s, which is the

velocity range addressed in this chapter.

The size factor Ks is given by [4]

Ks = 1.19
(
bm

√
Y
)0.054

. (2.5)
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Table 2.1 Parameters of the approximated relation for geometry factor

Gear ratio 0.75 1.00 1.25 1.33
α ′

1 0.375 0.411 0.439 0.446
β ′

1 0.246 0.232 0.222 0.219
α1 0.164 0.170 0.175 0.178
β1 0.181 0.180 0.277 0.175

The tooth form factor Y is dependent to the gear parameters listed in [73]. Following the

method introduced in AGMA 908-B89 [73], Y is calculated assuming no addendum modification,

pressure angle of 14.5 ◦, zero helix angle, gear thinning of 0.024 mm for backlash, cutting tool

pitch diameter of 5 m, and tool tip radius of 0.25 mm. With this parameters, within less than 1%

error, Y can be approximated by

Y = α ′
1nβ ′

1
g , (2.6)

where ng is the teeth number, and Tab. 2.1 gives the value of α ′
1 and β ′

1.

The bending stress geometry factor YJ depends on ng and the gear ratio [4]. For gears

with the aforementioned parameters, YJ can be approximated with

YJ = α1nβ1
g , (2.7)

where α1 and β1 are given in Tab. 2.1. The maximum difference between Eqn. (2.7) and the

result of AGMA 908-B89 is less than 2%.

The allowable bending stress of the spur and helical gears is given by the AGMA

strength equation [4]

σall. =
A2σFPYN

YZ1
. (2.8)
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where

A2 =
1

SFYθ
. (2.9)

If the oil temperatures is below 120 ◦C [4], which it is considered here, the temperature factor

Yθ = 1.0. The safety factor SF remains unchanged under size scaling as it is often a design

requirement. Therefore, A2 is constant under size scaling. The allowable bending stress is

denoted by σFP and depends on the gear material and post manufacturing processes such as heat

treatment. The stress cycle factor YN is given by

YN = α2N−β2 , (2.10)

where N is the gear’s life in cycles. The constants α2 and β2 depend on the hardness of the gear

teeth and are presented in [4]. The reliability factor YZi is defined by

YZi = α3 −β3Ln(1−Ri), i = 1; against bending , i = 2; against pitting (2.11)

in which Ri is the gear’s end of cycle reliability against the failure mechanisms. The constants

α3 and β3 are [4]

(α3,β3) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(0.658,0.0759) ; 0.5 < Ri < 0.99

(0.500,0.109) ; 0.99 ≤ Ri ≤ 0.9999

(2.12)

Setting the maximum bending stress in Eqn. (2.1) equal to the allowable stress in Eqn. (2.8)

yields an equation with two factors Λ1 and Λ2

Λ2 =
A2

2A1
Λ1, (2.13)

where

Λ2 =
τYZ1

YN
, (2.14)
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contains the performance, the reliability, and the life factor of the gear g, whereas

Λ1 =
bdYJmσFP

Kv
, (2.15)

is composed of the geometry and the mechanical property. Equation (2.13) implies that the ratio

Λ2

Λ1
=

KvτYZ1

bdYNYJmσFP
=

A2

2A1
, (2.16)

is invariant under any change in the size and mechanical properties of a gear. Therefore, for any

other gear g∗, it is possible to write
Λ∗

2
Λ∗

1
=

Λ2

Λ1
, (2.17)

where the parameters with a superscript asterisk correspond to g∗. Rearrangement of Eqn. (2.17)

yields
τ∗

τ
Y ∗

Z1
YZ1

YN

Y ∗
N
=

b∗

b
d∗

d
Y ∗

J
YJ

Kv

K∗
v

m∗

m
σ∗

FP
σFP

. (2.18)

Now consider that the gear g∗ may be geometrically mapped on the gear g by

d∗ = γ1d , b∗ = γ2b , m∗ = γ3m, (2.19)

where γ1, γ2, and γ3 are the radial, axial, and module scaling factors, respectively. The first

scaling relation in Eqn. (2.19) along with Eqn. (2.4) imply

K∗
v = γβ0

1 Kv. (2.20)

The first and third relations in Eqn. (2.19) imply

n∗ =
γ1

γ3
n, (2.21)
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which along with Eqn. (2.5)-(2.7) yields

K∗
s = γ0.027β ′

1
1 γ0.054

2 γ0.054−0.027β ′
1

3 Ks , Y ∗
J = γβ1

1 γ−β1
3 YJ. (2.22)

Since 0.027β ′
1 << 1, the terms γ0.027β ′

1
1 and γ−0.027β ′

1
3 can be approximated by unity, as justified

in Section 2.2.1. With this approximation, Eqn. (2.18)-(2.22) give

τ∗

τ
Y ∗

Z1
YZ1

= γβ1−β0+1
1 γ0.946

2 γ0.946−β1
3

σ∗
FP

σFP

Y ∗
N

YN
, (2.23)

which is the performance-reliability-material (PRM) model against bending failure under a

constant torque. If the applied torque is cycle-dependent, τ(N), Eqn. (2.23) is generalized to

Y ∗
Z1

YZ1
= γβ1−β0+1

1 γ0.946
2 γ0.946−β1

3
σ∗

FP
σFP

∫ N∗
0

dY ∗
N

τ∗(N)∫ N
0

dYN
τ(N)

, (2.24)

where YZ1 is the bending reliability factor after N cycles, and dYN is the differential form of the

stress cycle factor of Eqn. (2.10). If

N∗ = N, τ∗(N) = τ∗ f (N), τ(N) = τ f (N), (2.25)

where f (N) is an arbitrary function, the general PRM model Eqn (2.24) simplifies to

τ∗

τ
Y ∗

Z1
YZ1

= γβ1−β0+1
1 γ0.946

2 γ0.946−β1
3

σ∗
FP

σFP
, (2.26)

The meaning of condition (b) above is that the only difference between τ∗(N) and τ(N) is the

amplitude. This condition is practical when among two gearboxes, one undergoes a heavier torque

while the general pattern or loading cycle is not altered. In the rest of this chapter, conditions

(a) and (b) are considered in model derivation. Note that by setting N∗ = N, Eqn. (2.23) is also

reduced to Eqn. (2.26).
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If the gears have identical material properties, Eqn. (2.26) is reduced to

τ∗

τ
Y ∗

Z1
YZ1

= γβ1−β0+1
1 γ0.946

2 γ0.946−β1
3 . (2.27)

which is the performance-reliability-size (PRS) model of spur and helical gears against bending

failure.

AGMA proposes the following stress equation for calculating the contact stress of spur

and helical gears [4]

σc = ZE

√
2A3KvKsτ

ddwb
, (2.28)

with

A3 =
KoKHZR

ZI
. (2.29)

The elastic coefficient ZE depends on the material type of the gear and its mating gear, and dw is

the pitch diameter of the pinion [4]. ZR is a place holder for the residual stress and plastic effects

on the teeth surface. Until more information is available for such effects, it is set equal to unity

[4]. The geometry factor for pitting resistance is denoted by ZI . For spur gears, it depends on the

gear ratio and the pressure angle, implying that it is fixed under the size scaling of Eqn. (2.19).

For helical gears with 20◦ normal pressure angle, 25◦ helix angle, normal module of 4 mm, gear

ratio of 1.67, and the range of pinion teeth from 24 to 48, a size-independent ZI assumption leads

to a maximum error of 2.1%. This example shows that ZI is weakly influenced by resizing. In

the rest of this analysis, it is assumed that ZI is size-independent for helical gears as well. This

way, under a size scaling, A3 can be treated as a constant.

The AGMA allowable contact stress equation of spur and helical gears is

σc,all. =
A4σHPZN

YZ2
, (2.30)
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where

A4 =
ZW

SHYθ
. (2.31)

The safety factor against pitting SH is often pre-determined by the design requirements and,

thus, is not size-dependent. The hardness ratio ZW depends on the gear ratio and the ratio of the

hardness of the pinion and the gear [4]. For the gear ratio of 2.0, if the hardness ratio changes

from 1.2 to 1.7, ZW varies from 1.003 to 1.007. For the gear ratio of 3.0 and the same range of

hardness ratio, ZW changes from 1.004 to 1.013. For the purpose of the present formulation,

this effect is negligible and ZW is considered as a constant under Eqn. (2.19). Therefore, A4 is

considered size-independent. σHP is the allowable contact stress, and ZN is the stress life cycle

factor given by

ZN = α ′
2N−β ′

2 , (2.32)

in which the constants α ′
2 and β ′

2 depend on the working condition of the gear and are presented

in [4]. YZ2 is the reliability factor against surface pitting failure given by Eqn. (2.11). A similar

arguments that resulted Eqn. (2.23) from Eqn. (2.1) and Eqn. (2.8) yield

τ∗

τ
(
Y ∗

Z2
YZ2

)2 = γ2−β0
1 γ0.946

2 γ−0.054
3

(σ∗
HP

σHP

)2(ZE

Z∗
E

)2
, (2.33)

which is the PRM model for the gears against pitting failure. For the gears of the same material

type, Eqn. (2.33) is simplified to

τ∗

τ
(
Y ∗

Z2
YZ2

)2 = γ2−β0
1 γ0.946

2 γ−0.054
3 . (2.34)

Equations (2.27) and (2.34) establish the interplay between the performance, reliability,

and size scaling of spur and helical gears against bending and pitting failures, respectively.
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Size and cost

The gear AC can be written as [32]

C0 = α5 +β5M+βhvh +βgvg, (2.35)

where M is the gear’s bill of material mass. The marginal cost of increasing the gear mass β5

depends on the material and manufacturing process. The last two terms consider the gear teeth

formation using hobbing/shaping and grinding, where vh is the material removal volume in the

hobbing/shaping, and vg is the volume removed of the tooth grinding [32]. Parameters βh and βg

are the marginal cost per volume of hobbing/shaping and grinding, respectively [32]. If the gear

teeth are formed using casting, there is no hobbing/shaping cost because vh = 0.

The mass M is scaled with d2
a(b+bh), in which da denotes addendum and bh is the

project of the gear hub. Assuming that bh and b have equal scaling factor and assuming that

da can be approximated by d, the mass becomes proportional to d2b. The removal volume of

hobbing/shaping vh is scaled with dbm, and vg is scaled with dbδ , in which δ is the grinding

thickness [32]. If δ is proportional to the teeth size, it is scaled with m. Therefore, vg can be

written in terms of dbm. This way, the last two terms on the right-hand side of Eqn. (2.35) reduce

to one term, which gives

C0 = α5 +β ′
5d2b+β ′′

5 dbm. (2.36)

In Eqn. (2.35) and (2.36), fixed costs and indirect production costs, including adminis-

tration, marketing, depreciation, and R&D and engineering expenses are accounted for by α5

[28]. For a specified heat treatment method and hardness target, the heat treatment expense is

weakly influenced by the gear size, as devised by a specialist [75]. Therefore, its cost is also

reflected in α5. The factors β ′
5 and β ′′

5 implicitly consider the variable cost of the material type,

material property, and gear geometry/micro-geometry.
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The geometry and AC of at least three gears are required to find the three unknowns

α5, β ′
5, and β ′′

5 of Eqn. (2.36). Here, it is proposed that the size-cost model is established using

five data points. The baseline gear is the first data point. Two other data points are gears with

module and face width identical to the baseline; one with a smaller and one with a larger pitch

diameter. The final two gears are with the pitch diameter of the baseline; one with a smaller and

one with a larger module compared to the baseline. This method is used in Section 2.2.

Equations (2.19) and (2.36), along with the definition of normalized cost as

ξ =
C∗

0 −α5

C0 −α5
, (2.37)

yield

ξ =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

γ2
1 +β4γ1

1+β4
; γ2 = γ3 = 1

γ2 ; γ1 = γ3 = 1

γ3 ; γ1 = γ2 = 1

; β4 =
β ′′

5 m
β ′

5d
. (2.38)

In Eqn. (2.38), the first line is a radial scaling. The second line addresses axial scaling when

radial scaling is not allowed due to space limitations. The last line of Eqn. (2.38) is used when

neither radial nor axial scaling is possible because of space constraints. In that situation, the

design is tweaked by scaling the module. When the third line is used, the second term on the

right-hand of Eqn. (2.36) is constant. In this case, α5 is replaced by α5 +β ′
5d2b in Eqn. (2.37).
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Cost-performance-reliability relation

In designing against bending failure, Eqn. (2.27) and Eqn. (2.38) may be used to eliminate the

size scaling factors and derive the CPR model of bending failure

τ∗

τ
Y ∗

Z1
YZ1

=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(√β 2
4

4
+(1+β4)ξ − β4

2

)β1−β0+1
; γ2 = γ3 = 1

ξ 0.946 ; γ1 = γ3 = 1

ξ 0.946−β1 ; γ1 = γ2 = 1

. (2.39)

By eliminating the scaling factors from Eqn. (2.34) and Eqn. (2.38), the CPR model of

pitting failure is achieved

τ∗

τ
(
Y ∗

Z2
YZ2

)2 =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(√β 2
4

4
+(1+β4)ξ − β4

2

)2−β0
; γ2 = γ3 = 1

ξ 0.946 ; γ1 = γ3 = 1

ξ−0.054 ; γ1 = γ2 = 1

. (2.40)

The product of the reliability of each failure mode gives the total reliability [4]

Y ∗
Z = α3 −β3Ln(1−R∗) ; R∗ = R∗

1R∗
2, (2.41)

Substitution of Eqn. (2.11) into Eqn. (2.41) gives

1−R∗ =exp
(α3 −Y ∗

Z1
β3

)
+ exp

(α3 −Y ∗
Z2

β3

)− exp
(α3 −Y ∗

Z1
β3

+
α3 −Y ∗

Z2
β3

)
. (2.42)
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Substitution of Y ∗
Zi from Eqn. (2.39) and (2.40) into Eqn. (2.42) gives the overall CPR model.

The CPR model of radial size scaling is

1−R∗ =

exp
(α3 −YZ1

τ
τ∗
(√β 2

4
4 +(1+β4)ξ − β4

2

)β1−β0+1

β3

)
+

exp
(α3 −YZ2

√
τ
τ∗
(√β 2

4
4 +(1+β4)ξ − β4

2

)1− β0
2

β3

)
−

exp
(α3 −YZ1

τ
τ∗
(√β 2

4
4 +(1+β4)ξ − β4

2

)β1−β0+1

β3
+

α3 −YZ2

√
τ
τ∗
(√β 2

4
4 +(1+β4)ξ − β4

2

)1− β0
2

β3

)
.

(2.43)

For axial scaling, substitution of Eqn. (2.39), (2.40) into (2.42) results

1−R∗ =exp
(α3 −YZ1

τ
τ∗ ξ 0.946

β3

)

+exp
(α3 −YZ2

√
τ
τ∗ ξ 0.473

β3

)

−exp
(α3 −YZ1

τ
τ∗ ξ 0.946

β3
+

α3 −YZ2

√
τ
τ∗ ξ 0.473

β3

)
.

(2.44)

For module scaling, the CPR model becomes

1−R∗ =exp
(α3 −YZ1

τ
τ∗ ξ 0.946−β1

β3

)

+exp
(α3 −YZ2

√
τ
τ∗ ξ−0.027

β3

)

−exp
(α3 −YZ1

τ
τ∗ ξ 0.946−β1

β3
+

α3 −YZ2

√
τ
τ∗ ξ−0.027

β3

)
.

(2.45)
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The factor β0 is determined by the quality level of the gear
(
see Eqn. (2.4)

)
. The value of α3,

β3 are found in [4]. Table 2.1 gives β1. The reliability of the baseline gear, i.e. YZ1 and YZ2

are known from the AGMA reliability analysis. Therefore, to identify Eqn. (2.43)-(2.45), it

is only required to have β4. From customer’s perspective, this factor is determined when the

cost-size relation Eqn. (2.36) is established. From a manufacturer’s perspective, β4 is known

as the manufacturer often has a good understanding of β ′
5 and β ′′

5 in Eqn. (2.38) from past

experience. This implies that the parameters in Eqn. (2.43)–(2.45) correspond to physical or

financial featues of the product and, therefore, these models contain no curve-fitting parameter

from a manufacturer’s point of view. From a customer’s viewpoint, however, since β ′
5 and β ′′

5 are

not identified, a curve-fitting on the cost-size relation Eqn. (2.36) is required to evaluate β4.

The CPR models Eqn. (2.43)-(2.45) each correspond to a specific scaling; among

d∗, b∗ and m∗ of the gear g∗, only one differs from the baseline g. If more than one geometry

parameter are varied, a combination of Eqn. (2.43)-(2.45) must be used. The baseline g can first

be scaled radially from (d, b, m) to (d∗, b, m). Equation. (2.43) is used for CPR modelling. Next,

the (d∗, b, m) gear is mapped to (d∗, b∗, m) by an axial scaling, and Eqn. (2.44) is used for CPR

modelling. Finally, a module scaling takes the (d∗, b, m) gear to the (d∗, b∗, m∗) gear, and CPR

modelling is done with Eqn. (2.45).

2.2 Numerical examples

Equations (2.43)-(2.45) are derived using the assumptions underlying Eqn. (2.2), (2.31), and

(2.36). Three groups of cast iron spur gears by an original equipment manufacturer (OEM) are

assessed to justify the assumptions and validate the CPR models [74]. Table 2.2 lists the material

properties of the gears. The gear geometry and price are given in Tab. 2.3 [74]. The pressure

angle equals 14.5o. At each group, the module and face width of the gears are identical, but

they have different pitch diameters ranging from 203.2 mm to 406.4 mm. The module and face
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Table 2.2 Material properties of the gears

Gear material Hardness (Brinell) σFP (MPa) [4] σHP (MPa) [4]
ASTM A48 class 30 174 60 455

width changes from one group to the other. As a commercial-quality level, it is assumed that the

AGMA quality number is Qv = 6 [4].

2.2.1 Assumption justification

To justify the assumption that A1 is size-indipendent in Eqn. (2.2), the value of A1 is presented

in Tab. 2.4 for the gears of Tab. 2.3 with m = 4.23 mm. For a uniform source of power and a

uniform driven machine, Ko = 1.0 [4]. As the rim thickness of the gears provides enough support

for the teeth, KB = 1.0 [4, 74]. The load distribution factor KH is calculated using the method

given in [4]. To do so, uncrowned teeth, straddle-mounted pinion and gear, and commercial,

enclosed unit conditions are considered. The difference between the value of A1 for the baseline,

which is the 66-teeth gear, and the other gears is negligible, justifying the assumption that A1

is size-independent. The size factor Ks is calculated following the approach given in [4, 73]. It

is considered that the pitch diameter of the cutting tool is 5 m, its tip radius is 0.25 mm, tooth

thining for backlash is 0.024 mm, the addendum modification factors equal zero, the gear ratio is

1.33. The calculations are for highest point of single tooth contact [73]. The results justify the

assumption of neglecting the term γ0.027β ′
1

1 in Eqn. (2.22).

For the gears of Tab. 2.3, five data points are used to establish Eqn. (2.36): the three

66-teeth gears, the 48-teeth gear with m = 4.23 mm, and the 96-teeth gear with m = 4.23 mm,

which results α5 = 93.81 CAD, β ′
5 = 0.0280 CAD/cm3, and β ′′

5 = 1.36 CAD/cm3. The 66-teeth

gear with m = 4.23 mm is the baseline. The result of Eqn. (2.36) and the catalog prices are
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Table 2.3 Geometry and price of the gears

Number d m b Catalog
of teeth (mm) (mm) (mm) price (CAD)

40 203.2 5.08 44.5 207.71
45 228.6 5.08 44.5 231.44
50 254.0 5.08 44.5 255.30
55 279.4 5.08 44.5 279.20
60 304.8 5.08 44.5 298.34
70 355.6 5.08 44.5 367.34
80 406.4 5.08 44.5 436.34
48 203.2 4.23 38.1 178.41
54 228.6 4.23 38.1 195.45
60 254.0 4.23 38.1 229.23
66 279.4 4.23 38.1 238.41
72 304.8 4.23 38.1 255.57
84 355.6 4.23 38.1 298.34
96 406.4 4.23 38.1 357.84
64 203.2 3.18 31.8 158.18
72 228.6 3.18 31.8 172.05
80 254.0 3.18 31.8 189.27
88 279.4 3.18 31.8 205.13
96 304.8 3.18 31.8 227.84
112 355.6 3.18 31.8 257.94
128 406.4 3.18 31.8 298.55

illustrated in Fig. 2.1. Maximum difference between Eqn. (2.36) and catalog prices is 4.7%

for the 60-teeth gear with m = 4.23 mm. Two points can be mentioned as the source of the

difference: (a) Although the scaling factors in Eqn. (2.19) are determined from the pitch diameter

and the gear facewidth, the scaling of some other features of the gears, such as hub, does not

necessarily follow the factors of Eqn. (2.19); and, (b) The gear style, such as web, web with

lightning holes, spoke, etc., has an impact on the gear price by influecing the material removal

volume (or the mold price in case of die casting the gears). In the catalog, the dimensions of the
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Table 2.4 Size factor and load distribution factor versus gear size

Teeth 48 54 60 66 72 84 95
KH 1.18 1.18 1.18 1.18 1.18 1.18 1.18
Ks 1.59 1.60 1.60 1.60 1.60 1.60 1.60

holes of different gear styles are not provided [74]. Here, to eliminate the influence of the gear

style, only spoke style gears (as illustrated in [74]) are addressed.
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Figure 2.1 Acquisition cost versus pitch diameter and module.

2.2.2 Acquisition cost-reliability of spur gears

The reliability for the gears of Tab. 2.3 undergoing τ = 27 Nm and S = 900 rpm is calculated after

10 million revolutions using AGMA equations [4]. None of the simplifying assumptions made

for CPR modelling are used in calculating the reliability. The following values are considered

for the design parameters. The bending and pitting safety factors are 4.0 and 2.0, respectively.
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The baseline is the 66-teeth gear with m = 4.23 mm (diametral pitch is 6 in−1). The gear ratio is

1.0. The factors Ks and Y are calculated using the same parameters as Section 2.2.1.

Figure 2.2 illustrates catalog price versus reliability. To better show the model accuracy,

horizontal axis is Ln
(
1/(1−R)

)
instead of reliability, as the reliability of many gears is close

to unity. The results of Eqn. (2.43)-(2.45) are also plotted for different modules, demonstrating

a good agreement between the cost-reliability data points and the iso-module curves. The

difference between the catalog price and the model is bounded to 4.8%, which corresponds to

the 60-teeth gear with m = 4.23 mm. The main source of this deviation is the error of Eqn. (2.36)

for this gear.

Figure 2.2 suggests that at a specific reliability, AC decreases by switching from

m = 3.18 mm to m = 4.23 mm, while it increases by going from m = 4.23 mm to m = 5.08

mm. This non-monotonic behavior can be explained as follows. At a fixed pitch diameter, the

reliability increases with module. To maintain the reliability level, the pitch diameter must be

reduced. The non-linear cost-size model Eqn. (2.36) suggests that by increasing m and decreasing

d, it is possible to find an m to reduce the cost while a specific reliability target is met. For this

numerical example, the solution is m = 4.23 mm.

In many cases, the pitch diameter is a design input as it is predetermined by system

space constraints. In such a case, an alternative method of varying the reliability and cost is

changing the module. The results of Fig. 2.2 are plotted again in Fig. 2.3, where iso-diameter

curves replace the iso-modules. Each curve identifies the reliability improvement and the increase

in cost by going from m = 3.18 mm to m = 5.08 mm. The maximum difference between the

catalog prices and the model is again 4.8% as the curves are plotted using the same CPR models.

In both iso-module and iso-diameter representations, AC is convex in terms of Ln
(
1/(1−

R)
)
, implying that AC tends to infinity as reliability approaches unity.
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Figure 2.2 Acquisition cost versus reliability; iso-module curves.

2.2.3 Cost-performance-reliability of gears

At different torque levels, the cost-reliability curves of the gears with d = 279.4 mm are illustrated

in Fig. 2.4. At constant torque, the reliability and the cost increase with module. The model

accurately calculates the reliability loss at higher torques. The maximum difference between the

model and the catalog price is 1.6% for m = 3.18 mm.

2.3 Conclusion

In this chapter, a procedure is proposed to develop CPR models of engineering elements. The

procedure, along with the well accepted and broadly used AGMA stress and strength equations

and a linear cost-mass-removal volume relation results in the CPR model for spur and helical

gears. To establish the model, it is sufficient to: (a) identify the cost-size relation using five

gears; and, (b) conduct the AGMA reliability analysis for the baseline gear. The model shows

how costly it is to improve the reliability of a gear in a specified performance. Such a CPR
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Figure 2.4 Acquisition cost versus reliability and torque, d = 279.4 mm.

correlation can be analyzed under radial, axial, or module scaling of the gears. A good agreement

is observed between the model and the catalog prices of a manufacturer for a wide range of gear

sizes modules. The model has the flexibility to address the CPR modelling of different types of

materials and mechanical properties, as well. At constant torque, Eqn. (2.43)–(2.45) imply that
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cost is a typically convex function of reliability and tends to infinity as reliability approaches

unity. The model can be used by gear designers for reliability allocation and cost reduction.

In the current form, the CPR model only considers the expected value of the reliability

function. Therefore, it calculates the cost to reach the expected reliability. To extend the scope

of this work, the reliability distribution details, such as the standard deviation of the reliability

distribution, can be taken into account. This may be helpful to model the standard deviation

of the acquisition cost as well. This is left for a future study. Another interesting aspect to

be included in the model is the influence of the manufacturing tolerances, material variability,

assembly accuracy, and loading uncertainty.

In the following chapter, after developing the CPR model of rolling bearings, the gear

and bearing models are coupled to analyze the CPR behavior of a one-speed gearbox.



Chapter 3

Acquisition Cost-Performance-Reliability

Modelling of Bearings and Gearboxes

Similar to gears, roller bearings are broadly used in industry. Bearing damage due to overloading

or excessive temperature regimes may be avoided by properly selecting the size and type of

the bearing. To quantify the advantage of investing on the acquisition cost of a bearing on its

reliability, a CPR analysis is required.

The first objective of this chapter is to develop the CPR model for deep groove ball

bearings and cylindrical roller bearings using the procedure proposed in Chapter 2. Next, the

CPR model for gearboxes will be established by coupling the bearing model and the gear model

from the previous chapter.
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3.1 Model formulation

The influence of bearing size and material type of rolling bearings on their performance, reliability

and acquisition cost is studied to develop their CPR model. To this end, it is assumed that

bearings with different sizes have similar temperature and lubrication condition and, therefore,

their temperature and lubrication factors are equal. The influence of these two parameters is left

for a future research.

3.1.1 Rolling bearings

For an arbitrary rolling bearing b, Standard ISO 281 proposes the following life equation [7]

Lb = a1 fθ
(Cr

P

)a
, (3.1)

where Lb is the bearing rating life in million revolutions, P is the equivalent applied load in

kN, Cr is the bearing dynamic load rating in kN, a = 3 for ball bearings and a = 10/3 for roller

bearings. The reliability factor, a1, is provided in a table in [7]. The data may also be stated in

the mathematical form as [76]

a1 = 0.05+4.26
(
Ln

1
Rb

)2/3
, (3.2)

in which Rb is the reliability of a bearing after Lb million revolutions. The temperature factor fθ

depends on the bearing speed S (in rpm) and temperature θ . In the SI system, it is given by [6]

fθ =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

600(1.8θ +32)−1.8S0.38 ; S ≥ 15000
d

3500(1.8θ +32)−1.8(
S
fG
)0.2 ; S <

15000
d

(3.3)
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in which d is the bore diameter of the bearing in mm, and fG depends on the geometry of the

bearing and is given by the manufacturer. For practical values of d and S, the first condition of

Eqn. (3.3) often applies.

Eqn. (3.1)-(3.3) are written for constant values of P, S, and θ . However, these quantities

can be time-dependent depending on the application. To generalize Eqn. (3.1) for P(t), S(t), and

θ(t), it may be written in the differential form

S(t)
60×106 dt = da1 fθ (t)(

Cr

P(t)
)a. (3.4)

Some mathematical manipulation and integration yields

a1(t) =
1

60×106Ca
r

∫ t

0

S(s)Pa(s)
fθ (s)

ds. (3.5)

Performance of bearings

The dynamic load rating Cr of rolling bearings depends on the diameter of the rolling element Dw,

its effective length Lw (for cylindrical roller bearings), and the number of the rolling elements

Z [7]. The dynamic load rating equation for single-row deep-groove steel ball bearings and

single-row cylindrical steel roller bearings (zero contact angle) are given by [7]

Cr = 1.3 fcZ2/3D9/5
w , (3.6)

and

Cr = 1.1 fcZ3/4L7/9
w D29/27

w , (3.7)

respectively. The manufacturers use these equations to calculate and report Cr in their catalogs.

The factor fc depends on the bearing type (deep-groove bearing, cylindrical roller bearing,

etc.) and the ratio Dw/Dpw, where Dpw is the diameter of the rollers pitch circle. The value
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of fc is given in [7]. For the range of bearings studied in the numerical examples of Section

3.2, considering that fc is constant leads to a maximum error of 2%. Therefore, this factor is

considered constant in this analysis.

Dimensions of bearings’ rolling elements

Dimensions Dw, Lw, and Z are determined as follows:

1. The number of the rolling elements Z for each bearing is obtained from the drawings of

the bearings [77].

2. The information provided in the bearing catalogs are not sufficient to calculate the diameter

Dw of the rolling elements of the deep groove ball bearings. Knowing Cr from the bearing

catalogs and Z from the bearing drawings, Dw for each bearing may be calculated using

Eqn. (3.6). For the cylindrical roller bearing, from Fig. 3.1(b) [77] it is evident that Dw

equals

Dw =
E −F

2
, (3.8)

where E and F are presented in manufacturers’ catalogs.

3. The bearing catalogs do not provide the effective length of cylindrical rollers Lw. By

substitution of Cr from bearing catalogs, Dw from Eqn. (3.8), and Z from bearing drawings

into Eqn. (3.7), Lw may be calculated.

Size, performance and reliability

Now consider another bearing b∗ of the same type whose geometry parameters are related to

those of b through

D∗
w = γ1Dw , L∗

w = γ2Lw , Z∗ = γ3Z. (3.9)
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Figure 3.1 (a) Deep groove ball bearings, and (b) cylindrical roller bearings [77]

For the roller bearings studied here, it is observed that

B∗ = γ2B, (3.10)

is a good approximation. In other words, the bearing’s width B is closely scaled with the same

scaling factor as the roller’s length Lw. Since Lw is only defined for roller bearings, γ2 for ball

bearings is calculated from Eqn. (3.10).

Rewriting Eqn. (3.5) for the bearing b∗ gives

a∗1(t) =
1

60×106C∗a
r

∫ t

0

S∗(s)P∗a(s)
f ∗θ (s)

ds. (3.11)

For deep-groove ball bearings (i.e. a = 3), Eqn. (3.5), (3.11), (3.9) along with Eqn. (3.6) give the

following relation for two ball bearings b and b∗

a∗1(t)
a1(t)

=

∫ t
0

S∗(s)P∗3(s)
f ∗θ (s)

ds∫ t
0

S(s)P3(s)
fθ (s)

ds
γ−27/5

1 γ−2
3 . (3.12)
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Equation (3.12) is the performance-reliability-size equation of deep-groove ball bear-

ings. For the cylindrical roller bearings (with a = 10/3), Eqn. (3.5), (3.11), (3.9) along with

Eqn. (3.7) yield

a∗1(t)
a1(t)

=

∫ t
0

S∗(s)P∗3(s)
f ∗θ (s)

ds∫ t
0

S(s)P3(s)
fθ (s)

ds
γ−290/81

1 γ−70/27
2 γ−5/2

3 , (3.13)

which is the performance-reliability-size equation of cylindrical roller bearings.

In section 3.2.1 it is shown that

γ2 = γ1, (3.14)

is a good approximation for the bearings studied in this research. Also, in each bearing type a

wide range of bearings have equal number of rolling elements, which implies γ3 = 1. Substitution

of Eqn. (3.14) and γ3 = 1 into Eqn. (3.12) and (3.13) yields

a∗1(t)
a1(t)

=

∫ t
0

S∗(s)P∗3(s)
f ∗θ (s)

ds∫ t
0

S(s)P3(s)
fθ (s)

ds
γ−27/5

1 ; Deep-groove ball bearings, (3.15)

and

a∗1(t)
a1(t)

=

∫ t
0

S∗(s)P∗3(s)
f ∗θ (s)

ds∫ t
0

S(s)P3(s)
fθ (s)

ds
γ−290/81

1 ; Cylindrical roller bearings, (3.16)

which are the simplified size-performance-reliability models.

Size and cost

A linear relation is considered here between the price or the AC of a bearing b and its mass M

c0 = α5 +β5M. (3.17)
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In Eqn. (3.17), β5 depends on the material, bearing type and the manufacturing process, whereas

α5 lumps the non-production costs such as administration, sales, and depreciation [28]. The

validity of this equation is assessed in Section 3.2.1. For bearings b and b∗ of the same type, the

relation between their masses is

M∗ =
D∗2 −d∗2

D2 −d2
B∗

B
M. (3.18)

where d and D are the bore and outer diameter of the bearing, respectively (see Fig. 3.1). In

writing Eqn. (3.18) it is assumed that the bearings have equal apparent density.

Equation (3.10) indicates that B∗/B in Eqn. (3.18) equals γ2. Dimensions D and d

are not necessarily scaled with γ1, which is the scaling factor of Dw. However, since these two

dimensions are scaled in the radial direction, it may be assumed that

D∗2 −d∗2

D2 −d2 = γ2
1 , (3.19)

The validity of Eqn. (3.19) is studied in Section 3.2.1. According to Eqn. (3.19), (3.14) and

(3.10), Eqn. (3.18) may be rewritten as

M∗ = γ3
1 M. (3.20)

By defining normalized cost ξ as

ξ =
c∗0 −α5

c0 −α5
, (3.21)

equations (3.20) and (3.17) yield

ξ =
M∗

M
= γ3

1 , (3.22)

which relates the normalized cost to the size scaling factors.
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Cost-performance-reliability correlation

Substitution of Eqn. (3.22) into Eqn. (3.15) results in

ξ =
(a∗1

a1

)−5/9(∫ t
0

S∗(s)P∗3(s)
f ∗θ (s)

ds∫ t
0

S(s)P3(s)
fθ (s)

ds

)5/3
, (3.23)

which is the CPR model of deep-groove ball bearings. The CPR model of cylindrical roller

bearings is derived by substitution of Eqn. (3.22) to (3.16)

ξ =
(a∗1

a1

)−243/500(∫ t
0

S∗(s)P∗3(s)
f ∗θ (s)

ds∫ t
0

S(s)P3(s)
fθ (s)

ds

)81/50
. (3.24)

Consider the following duty cycles for the bearings b and b∗

P∗(t) = P∗
0 f (t), P(t) = P0 f (t), S∗(t) = S(t), θ ∗(t) = θ(t), (3.25)

where f is an arbitrary function. The last relation of Eqn. (3.25) can be justified by noting that

the energy efficiency (and the heat loss factor) of bearings is almost independent of the bearing

size, which implies that the heat production rate is not significantly influenced by the bearing size.

Moreover, the lubrication/cooling systems of bearings are often equipped with a closed-loop

temperature control unit. This way, even if the heat generation is altered by the bearing size,

it may be assumed that the cooling system manages the bearing temperature. Equation (3.25)

implies that the only difference between the duty cycle of the bearings is the amplitude of the

applied load. An example is when in a gearbox with a specified throughput torque, gear ratio

and shaft speed, the designer considers two different gear sizes. Changing the gear size not only

affects the gear reliability, but also the bearing reliability by varying the force on each bearing.
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The simplified CPR model are achieved by substitution of Eqn. (3.25) into Eqn. (3.23) and (3.24)

ξ =
(a∗1

a1

)−5/9(P∗
0

P0

)5/3
; Ball bearings, (3.26)

ξ =
(a∗1

a1

)−243/500(P∗
0

P0

)81/50
; Roller bearings. (3.27)

These models may be further simplified in the following three scenarios:

1. If the performance of the bearings are identical, i.e. P∗ = P, Eqn. (3.26) and Eqn. (3.27)

will be reduced to the cost-reliability (CR) models

ξ =
(a∗1

a1

)−5/9
; Ball bearings, (3.28)

ξ =
(a∗1

a1

)−243/500
; Roller bearings. (3.29)

The resulting power-law isoperformance curves indicate the incremental cost associated

with increasing the reliability of the bearings.

2. If a specific end-of-cycle reliability is targeted for the bearings, i.e. R∗ = R, the cost-

performance (CP) models will be achieved

ξ =
(P∗

0
P0

)5/3
; Ball bearings, (3.30)

ξ =
(P∗

0
P0

)81/50
; Roller bearings. (3.31)

These isoreliability curves determine the cost of increasing the performance of the bearings

keeping the reliability unchanged.

3. Finally, the performance-reliability (PR) model of a single bearing, i.e. ξ ∗ = ξ , is

(a∗1
a1

)−1(P∗
0

P0

)3
= 1 ; Ball bearings, (3.32)
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(a∗1
a1

)−1(P∗
0

P0

)10/3
= 1 ; Roller bearings. (3.33)

These isocost curves may also be directly derived from Eqn. (3.1).

In Section 3.2, the three approximations Eqn. (3.14), (3.17), and (3.20) are justified.

Furthermore, the validity of the CPR models Eqn. (3.26) and Eqn. (3.27) and the resulting CR,

CP and PR models are assessed for two types of bearings.

3.1.2 Gearboxes

The CPR model of a gearbox can be achieved by coupling the CPR model of its components.

As a case study, a one-speed gearbox is addressed here. The method used in this section can be

applied to any arbitrary gearbox configuration for CPR modelling of the product.

Consider a one-speed gearbox. As illustrated in Fig. 3.2, it is composed of two shafts,

two spur gears, and four bearings. Since no axial force will be transmitted between the spur

gears, four deep groove ball bearings can be selected for this application. On each shaft, the gear

is mounted exactly between the bearings. If the gear pitch diameter on the shaft is d, the force

applied on the shaft bearings is

P =
τ

d cosφn
, (3.34)

where τ is the throughput torque on the pinion, and φn is the pressure angle of the gears. In

writing Eqn. (3.34), the weight of the gears are neglected as they are generally much smaller

than P.

To explore the design space of the gearbox, suppose that: (a) the gears are scaled

radially while the gear ratio is kept constant; and, (b) the size of the bearings are varied. Also,

suppose that the torque and the forces meet the conditions of Eqn. (2.25) and (3.25). Therefore,

the gear CPR model is Eqn. (2.43) and the bearing CPR model is Eqn. (3.26). The CPR model
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Figure 3.2 Schematic of the conceptual one-speed gearbox

of the gearbox will be

c0,GB = c0,p + c0,g +2c0,bi +2c0,bo, RGB = RpRgR2
biR

2
bo, (3.35)

where c0,p and c0,g are the AC of the pinion and the gear, respectively. The terms c0,bi and c0,bo

denote AC of the bearings on the input shaft and the bearings on the output shaft, respectively.

The reliability of the pinion and the gear are denoted by Rp and Rg, while Rbi and Rbo are the

reliability of the bearings on the input shaft and the bearings on the output shaft, respectively.

Except for the gears and the bearings, other features of the gearbox are not reflected in

the CPR model Eqn. (3.35). In other words, the AC of other components are assumed constant

and, therefore, they are not taken into the account from a comparative cost analysis perspective.

Also, only the failure of the gears and bearings are included in Eqn. (3.35) as they are the main

failure modes of gearboxes [8, 9]. When the CPR model of shafts are developed, Eqn. (3.35) can

be extended to

c0,GB = c0,p + c0,g +2c0,bi +2c0,bo + c0,si + c0,so, RGB = RpRgR2
biR

2
boRsiRso, (3.36)

where c0,si and c0,so are the AC of the input and output shafts, and Rsi and Rso are the reliability

of the input and output shafts, respectively. This is left for a future research.
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3.2 Numerical examples

The ABMA equation Eqn. (3.1) is used here to study the effect of bearing size on its performance

or reliability for the 63xx series deep groove ball bearings (hereafter called 63xx) and the

NU3xx-E-TVP2 series cylindrical roller bearings (hereafter called NU3xx), manufactured by

an OEM [77]. The OEM’s price list [78] is consulted for the acquisition cost of the bearings.

The acquisition cost is in Canadian Dollars. Here, the Euro/CAD exchange rate is 1.46 as of

September 2016 [79]. Next, the cost-performance-reliability data set of the bearings is used in

validity assessment of the models Eqn. (3.26) and Eqn. (3.27).

The studied bearings are listed in Tables 3.1 and 3.2 [77]. In each series, the bearing

with d =40 mm is selected as the baseline. The size scaling factors γ1 and γ2 are calculated using

Eqn. (3.9) and Eqn. (3.10) following the argument provided in Section 3.1.1.

Table 3.1 Details of the 63xx series deep groove ball bearings

Part no. Mass d B Dw c0 γ1 γ2
63xx (kg) (mm) (mm) (mm) (CAD) (-) (-)

04 0.15 20 15 9.8 21.83 0.61 0.65

05 0.23 25 17 11.8 27.33 0.74 0.74

06 0.36 30 19 12.8 36.94 0.80 0.83

07 0.47 35 21 14.0 49.49 0.87 0.91

08 0.64 40 23 16.0 70.23 1.00 1.00

09 0.85 45 25 18.0 88.62 1.12 1.09

10 1.10 50 27 19.7 117.38 1.23 1.17

11 1.39 55 29 22.1 147.46 1.38 1.26

12 1.75 60 31 23.0 186.15 1.43 1.35
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Table 3.2 Details of the NU3xx-E-TVP2 series cylindrical roller bearings

Part no. Mass d Lw Dw c0 γ1 γ2
Nu3xx (kg) (mm) (mm) (mm) (CAD) (-) (-)

04 0.153 20 11.2 9.0 88.04 0.64 0.67

05 0.245 25 12.4 10.0 101.03 0.71 0.73

06 0.368 30 13.1 11.0 114.17 0.79 0.78

07 0.486 35 15.4 12.0 133.01 0.86 0.91

08 0.659 40 16.8 14.0 157.68 1.00 1.00

09 0.893 45 18.0 15.0 197.10 1.07 1.07

10 1.16 50 19.3 16.0 233.60 1.14 1.14

11 1.48 55 21.0 18.0 273.02 1.29 1.25

12 1.85 60 22.4 19.0 324.12 1.36 1.33

3.2.1 Validation of assumptions

For the NU3xx bearings, γ2-γ1 data from Table 3.2 is plotted in Fig. 3.3. The linear model in this

figure is γ2 = 1.00 γ1. The same plot may be drawn for the 63xx bearings based on the data of

Table 3.1. In that case, γ2 = 0.97γ1 is the best linear fitting on the data series. Hence, Eqn. (3.14)

may be used as an approximate relation between the size scaling factors.

The acquisition cost of the bearings are plotted versus their mass in Fig. 3.4. For the

linear model Eqn. (3.17) plotted in this figure, α5 = 2.37 CAD for deep groove bearings and

α5 = 66.03 CAD for cylindrical roller bearings.

For the ball bearings in the range of 6300 to 6317, and for the roller bearings in the

range of NU304 to NU322 [77], Fig. 3.5 illustrates the mass-γ1 data points. The 6308 and the

NU308 are selected as the baselines. Note that instead of the nine bearings listed in Tables 3.1

and 3.2, for each bearing type eighteen bearing are included in the analysis. The good agreement

between Eqn. (3.5) and the catalog data justifies the assumptions used to derive Eqn. (3.20).
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3.2.2 Cost-performance of the bearings

In the example of this section, the validity of the present CP model is studied for 63xx and NU3xx

bearings. The reliability of each bearing is 0.99 after one million revolutions. The baseline

bearings are 6308 and NU308. The performance of each bearing is calculated using Eqn. (3.1).

The normalized cost ξ is calculated from Eqn. (3.21) and plotted versus P∗/P in Fig. 3.6. The

predictions of Eqn. (3.30) and Eqn. (3.31) are also plotted in this figure. Fig. 3.7 presents the

same data as Fig. 3.6 where the vertical axis is the acquisition cost instead of ξ . The maximum

deviation of the present model from the catalog prices is 29% in 6304 at P∗/P = 0.37, followed

by a 22% error in 6311 at P∗/P = 1.78. Aside from these two bearings, the model prediction is

close to the catalog data. For all of the NU3xx bearings, the error is bounded to 7%.

As the final point, note that in Fig. 3.6 the CP models of the ball bearings and the

roller bearings are close to each other for the range of P∗/P studied here. Hence, it is possible

to consider reformulating Eqn. (3.30) and Eqn. (3.31) and propose the following form for both
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Figure 3.4 Acquisition cost vs. mass of 63xx and NU3xx bearings

types

ξ =
(P∗

0
P0

)1.65
. (3.37)

3.2.3 Cost-reliability of the bearings

In this example the radial load on the 63xx and NU3xx bearings are 39.2 kN and 83.9 kN,

respectively. The reliability of each bearing is calculated using Eqn. (3.1) after one million revo-

lutions. The acquisition cost is obtained from the manufacturer’s catalog [78]. The normalized

cost-reliability factor points as well as the models Eqn. (3.28) and (3.29) are illustrated in Fig.

3.8. Fig. 3.9 depicts the cost-reliability factor data points as well as the prediction of the present

model. The maximum deviation of the model is 29 % in 6304 bearing at a∗/a=19.5. The cost

versus the reliability of the 63xx and NU3xx bearings are plotted in Fig. 3.10. This CR curve is

of high practical importance as it is the acquisition cost curve of Fig. 1.1 which may be used by

the designers in the LCC analysis of the product.
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Finally, note that in Fig. 3.8, the models Eqn. (3.28) and Eqn. (3.29) are close in the

reliability range studied here. Therefore, they may be replaced by the following simplifying

model for the both types of bearings

ξ =
(a∗1

a1

)−0.5
. (3.38)

Combining Eqn. (3.37) and Eqn. (3.38) gives the simplified CPR model of both the deep groove

ball bearings and the cylindrical roller bearings

ξ =
(P∗

0
P0

)1.65(a∗1
a1

)−0.5
. (3.39)

Rewriting the latter in terms of the acquisition cost yields a two-parameter CPR model

c∗0 = α5 +(c0 −α5)
(P∗

0
P0

)1.65(a∗1
a1

)−0.5
. (3.40)
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Figure 3.6 Normalized cost vs. normalized performance of bearings

3.2.4 Cost-performance-reliability of the bearings

In Sections 3.2.2 and 3.2.3 either the performance or the reliability of the bearings is constant.

In the example of this section, the reliability and performance are variables and the interplay

between the acquisition cost of NU3xx bearings and their performance and reliability is studied.

The performance is treated as a discrete variable with values P = 72 kN, 96 kN, and 144 kN.

The reliability is calculated after one million revolutions under each of the three applied loads.

The span of the CPR results are shown in Fig. 3.11. It should be noted that the iso-cost

points correspond to a specific bearing. As the applied load increases, the CPR curve shifts to

lower reliabilities. Evidently, as the reliability approaches unity, the marginal cost of reliability

improvement increases much faster.

3.2.5 Cost-reliability of a one-speed gearbox

In the example of this section, the cost-reliability correlation of a conceptual one-speed gearbox

is studied. The gearbox is schematically shown in Fig. 3.2. The AGMA equation from [4] and
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Figure 3.7 Acquisition cost vs. normalized performance of bearings

the ABMA equation from [6] are used to calculate the reliability of the gears and the bearings,

respectively. The price of the parts are found in the manufacturers catalogs [78, 74]. The CR

model of gears developed in Chapter 2 and the CPR model of bearings established in this chapter

are then coupled to predict the cost-reliability correlation of the gearbox and the results are

compared with the catalog prices of the manufacturers.

For the gears of an OEM [74], the pressure angle is 14.5o, the module is 4.23 mm

(the diametral pitch is 6 in−1) and the face width is 38.1 mm (1.5 in). The gears are made of

ASTM A576 1117 steel, carburized to reach the hardness of 320 Brinell. Therefore, the bending

and contact fatigue strength will be σFP = 250 MPa and σHP = 920 MPa, respectively [4]. The

density of the gears material is 7.8 g/cm3. In the analysis, the transmission accuracy level number

Qv is 7. On each shaft, two deep groove ball bearings manufactured by an OEM are used, and

the four bearings in the gearbox are identical.

The speed of the input shaft is 1800 rpm (clockwise) and the applied torque is 150 Nm.

The desired gear ratio is 1.33. The required minimum safety factors against bending and wear

are SF = 3.0 and SH = 1.25. The minimum reliability target for each gear and bearing is 0.995
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Figure 3.8 Normalized cost vs. normalized reliability factor of bearings

after 10 million revolutions of the input shaft. The gearbox will operate at room temperature and

the gears and bearings will be lubricated to ensure the safety of the parts during operation. In

absence of information on the mass of the gears, it is assumed that each gear is a uniform disc

with no holes. The weight of the gears is included in the bearing loads. It is assumed that the

mass of the shaft is negligible.

The aforementioned design considerations may be met by selecting the OEM’s NJ30A

gear as pinion (30 teeth) meshed with NJ40A gear (40 teeth) [74], along with deep groove

ball bearings with serial number 6000 [77]. This design is selected as the baseline design. Its

parameters and the result of calculations can be found in the 9th row of Table 3.3.

Next, while keeping the gear ratio in the range of 1.33±0.01, the reliability constraints

are relaxed. This way, it is possible to change the size of gears and bearings and study its

influence on the cost and reliability of the gearbox. Aside from the pair of 30-teeth and 40-teeth

gears, two other pairs of gears are considered. In the first pair, a 29-teeth pinion is meshed with

a 39-teeth gear. The second pair of gears have 31 and 41 teeth. These three sets of gears are

hereafter referred to as (29,39), (30,40), and (31,41). Aside from the baseline bearing 6000, two
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Figure 3.9 Acquisition cost vs. reliability factor of bearings

smaller bearings 608 and 609, and three larger bearings 6001, 6002 and 6003 are considered.

Having three sets of gears and six choices of bearings, eighteen different designs are studied and

reported in Table 3.3.

The rows 1–8 and 10–18 of Table 3.3 are the neighboring design points of the baseline

design (row 9). In these designs, the size of the baseline gears and bearing is varied slightly.

Therefore, it is assumed that it is not necessary to significantly change the size and shape of other

components of the gearbox, e.g. the shafts, the housing, and the lubrication system. Hence, the

presented cost analysis concentrates on the influence of the gears and the bearings on the total

cost, and considers that the cost of other parts of the gearbox is not altered. In that sense, this is

a comparative cost analysis. Furthermore, it is assumed that the only failure modes are that of

gears and bearings. In other words, the reliability of other components of the gearbox is unity.

The reliability of each part calculated using AGMA and ABMA equations is reported

in Table 3.3. Failure of any of the gears and bearings leads to the failure of the whole gearbox,

which implies that these parts operate in series from the reliability analysis viewpoint. Hence,

the total reliability of the gearbox equals the product of the reliabilities of the six parts. The
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Figure 3.10 Cost-reliability correlation of 63xx and NU3xx bearings

acquisition cost of the gearbox is considered to be equal to the sum of the price of the gears and

bearings, which is reported in the last column of Table 3.3.

The gearbox cost-reliability data points, as well as the prediction of the developed

CR model are plotted in Fig. 3.12. The baseline design is the square with RT = 0.974 and

c0 = 368.32 CAD. For each set of gears, the total reliability and the acquisition cost are both

increased by increasing the size of the bearings. If the bearings larger than the 6003 are also used,

it is possible to show that the (29, 39) curve would lie above the (30, 40) curve, and similarly

the (30, 40) curve would go above the (31, 41) curve. As a result, selecting a bearing larger

than the 6003 violates the optimization objectives, which are to reduce the acquisition cost and

improve the reliability. This way, the points on the envelope of the curves shown in Fig. 3.12

are the optimum solutions among the design points studied here. In Table 3.3, the points on the

envelope are shown bold face. Depending on how the designer weights the cost and the reliability

objectives, any of the design points on the envelope may be selected. If the total reliability target

is below 0.985, the gear set (29, 39) minimizes the total acquisition cost of the gearbox. If the

total reliability shall be in the range of 0.986 to 0.990, the acquisition cost is lowest by selecting
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Figure 3.11 Cost-performance-reliability of NU3xx bearings

the (30, 40) gear set. If the reliability target is above 0.990, the designer shall select the (31, 41)

gear set to obtain the lowest acquisition cost for the gearbox.
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Figure 3.12 Cost-reliability of the one-speed gearbox
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3.3 Conclusion

The cost-performance-reliability (CPR) models for the deep groove ball bearings and the cylindri-

cal roller bearings are derived in this chapter. The derivation of the CPR models is based on the

ABMA life equation and a linear cost-mass relation. The model indicates the incremental cost

associated with improving the reliability or the performance of a rolling bearing. The predictions

of the model are in good agreement with the catalog prices of a manufacturer for a wide range of

bearing sizes.

Next, the CPR model of bearings is coupled with the CPR model of gears from

Chapter 2 to study the cost-reliability behavior of a one-speed gearbox. The design space of

the gearbox is two-dimensional, one dimension referring to either the pinion size or the gear

size, and the second dimension as the size of the bearings. This design space leads to a wide

distribution of the cost-reliability points. The result implies that the size of the gears and the

bearings shall be determined based on how the designer weights the system-level reliability and

the total acquisition cost. If reliability can be lower than 0.985, the gearbox cost is lowest by

selecting the smallest bearing, whereas for reliability targets above 0.990, the largest bearing

must be selected to minimize the gearbox cost. If the CPR model of the shafts are developed, the

gearbox CPR model can be extended by including the shafts into the design space. This problem

is left for a future research.

The scope of the CPR modelling may be extended by considering dynamic response of

the components, uncertainty in the material properties, and the assembly variability/accuracy.

This may be a topic for future research.

In the next chapter, the CPR model of electrical insulations are developed first. Next,

bearing and insulation models are used in assessing the CPR of an electric motor.



Chapter 4

Acquisition Cost-Performance-Reliability

Modelling of Electric Motors

As another type of broadly used engineering product, electric motors are addressed in this

chapter. Similar to the gearbox studied in the previous chapter, electric motors are composed of

different components and, therefore, their cost and reliability analysis should be conducted from

a system-level perspective. The first objective here is the CPR modelling of electric insulations.

Next, the insulation model along with the bearing model from Chapter 3 are used for CPR

modelling of electric motors.

4.1 Model formulation

As the bearing and insulation failures are reported as the dominant failure modes of electric

motors [10–16], the CPR model of electric motors are derived by studying the influence of the

design variables of these two elements on reliability, performance and AC of the product.
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4.1.1 Failure modes of electric motors

The broad industrial application of electric motors necessitates having a good understanding of

their reliability. In an extensive reliability survey of the electric machines [10, 11], among the

specified failure modes, the bearing and the insulation damage comprised 72% of the failures;

oil leakage and the oil system failure were responsible for 9% of the failure cases, while the

remaining 19% of failures are caused by the damage of other elements such as the frame, wedges,

cables, shaft, cage, etc [11]. There are thorough reliability models for the failure analysis of the

bearings and the insulation. On the contrary, modelling of other failure mechanisms are not as

deeply addressed. In the absence of such reliability models, only the two dominant failure modes

are taken into account here. In other words, it is assumed that the reliability of other components

of the product equals unity.

Cost-performance-reliability of bearings

The CPR models Eqn. (3.26) and (3.27) are used here for AC analysis of bearings.

Cost-performance-reliability of insulation

Motor winding insulation is used to avoid phase-to-chassis and phase-to-phase short circuits.

The quality of the insulation depends on the insulating material, and is often characterized by the

insulation class, e.g. A, B, F, and H [18]. The insulation reliability is modelled by [17]

Ri(t) = exp(− t
Li
), (4.1)

where the average expected life is

Li = Liθ exp[−αθ (θi −θmax)] (4.2)



4.1 Model formulation 69

For each insulation class, the maximum allowable temperature θmax and exponent factor αθ

are presented in Table 4.1 [17]. In Eqn. (4.2) Liθ =20,000 hours, which is the average life of

the insulation if the hot spot temperature θi equals θmax [18]. As the temperature increases, the

average life of the insulation is reduced because of an increased insulation degradation rate.

Table 4.1 Insulation classes [17]

Class A B F H

θmax (
oC) 105 130 155 180

αθ (1/oC) 0.032 0.073 0.078 0.085

In Eqn. (4.2), it is assumed that θ is time-independent. This results in a constant hazard

function, 1/Li [42]. In practice, the temperature of the insulation may fluctuate considerably

depending on the motor load cycle and the cooling system performance. For time-dependent

temperatures, θi(t), Eqn. (4.2) is rewritten as the hazard function

h(t) =
1

Li(t)
=

1
Liθ

exp
[
αθ

(
θi(t)−θmax

)]
. (4.3)

The reliability is then given by [42]

Ri(t) = exp
(
−

∫ t

0
h(s)ds

)
= exp

(
− 1

Liθ

∫ t

0
exp

[
αθ

(
θi(s)−θmax

)]
ds

)
. (4.4)

In Eqn. (4.4), the insulation performance is the time-dependent temperature. Hence,

this equation couples the performance and the reliability of insulation. Also, θmax and αθ depend

on the insulation material, which itself determines the acquisition cost. Hence, Eqn. (4.4) is the

CPR model of insulation. This model is further discussed in numerical examples of Section

4.2.3.
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4.1.2 Cost-performance-reliability of electric motors

In the CPR modelling of bearings and electrical insulations, the bearing size and the insulation

class are varied keeping other design parameters fixed. This local exploration of the design space

results in a family of motors with the same characteristics as the baseline motor. On the other

hand, in a global exploration, the motor size is varied in search of new characteristics within the

same motor type as the baseline motor.

One approach to the CPR modelling of a global exploration is a component-level

analysis. Such an analysis can be challenging due to the system complexity and the design

non-linearity. In such a case, the performance analysis requires precise motor models and the

cost analysis depends on having a detailed bill of material (BOM). This level of complexity may

be avoided by switching to a system-level analysis. In this approach, the manufacturer catalog is

consulted to understand the interplay between the size of the motor and its characteristics. For

the cost analysis, the simplest model is a linear cost-mass

c0 = α5 +β5M, (4.5)

or a linear cost-characteristic correlation [26, 28]

c0 = α6 +β6X , (4.6)

where X denotes the characteristics of the product, β6 is the marginal variable cost accounting for

the material and manufacturing expenses, whereas α6 is the fixed cost associated with indirect

expenses, e.g. sales, administration, etc. [26, 28]. For electric motors, the validity of Eqn. (4.5)

and Eqn. (4.6) is demonstrated in Sections 4.2.1 and 4.2.2.

As pointed out in the introduction, the results of the motor reliability survey [14,

15] shows that the reliability of the product is not significantly influenced by the motor size.
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Therefore, it is possible to assume that the CPR model of motors reduces to the CP model

Eqn. (4.6). The numerical example of Section 4.2.3 supports this assumption.

4.2 Results and discussion

For the global exploration of the design space, the validity of Eqn. (4.5) and Eqn. (4.6) for

electric motors is presented in Sections 4.2.1 and 4.2.2. To this purpose, the acquisition cost

of the motors is obtained from the list price catalog of two original equipment manufacturers

(OEMs). Furthermore, the BOM cost of another OEM is used for verification of Eqn. (4.5). The

mass and the characteristics of the product are found in the manufacturers’ catalog. Section 4.2.3

studies the local exploration of the design space. To do so, first the CPR models of the bearings

and the insulation are examined. Next, the bearing and insulation models are coupled to build

the CPR model of an electric motor.

4.2.1 Cost–mass relation

For three motors of the same family manufactured by OEM1, Fig. 4.1 illustrates the BOM cost

versus the mass of the motors. The BOM information are provided by OEM1’s engineering team

and the mass is found in OEM1’s website [81]. The motors, here denoted by M20, M35, and

M60, are permanent magnet high-speed machines. The nominal torque range of the motors is

45-90 Nm, and the nominal power span of the motors is 18-45 kW [81]. The results are provided

for a production volume of 5 and 500 machines. The values of the vertical axis is omitted and

the vertical axis is not to scale, as per request of the OEM1. This figure suggests that a linear

cost model is a good approximation for the range of the motors, with a maximum error of 4.4%

for the M35 when the production volume equals five hundred units.



72 Acquisition Cost-Performance-Reliability Modelling of Electric Motors

24 26 28 30 32 34 36 38 40 42
0

500

1000

1500

2000

2500

3000

3500

4000

4500

5000

Mass (kg)

C
0 (

$)

 

 

Volume=5
Volume=500

Figure 4.1 BOM cost vs. mass of permanent magnet motors in different production volumes

The acquisition cost versus the mass of wound rotor induction motors and controllers of

a series manufactured by OEM2 is presented in Fig. 4.2. The price and the mass of the machines

are given in the Pricebook of the OEM2 [82]. It is assumed that the USD/CAD conversion rate is

1.26 as of February 2015 [79]. The power range of the motors is from 112 kW to 597 kW, and

the machines have either four or eight poles. The maximum error of the linear cost models is

11% for the four-pole motor with mass of 2322 kg. The r2 of the linear models is 0.96 for the

four-pole machines, and 0.99 for the eight-pole machines.

Many OEMs provide a list price for induction or doubly-fed syncronous machines. In

contrast, such information is not available for the permanent magnet machines. In absence of

such data from OEMs, it is assumed that the linear BOM cost of Fig. 4.1 extends to a linear

correlation between the mass and the acquisition cost in permanent magnet machines. The reason

is that the BOM expenses are often multiplied by the overhead factors and profit margins to

determine the price of a product [26, 28, 29]. A linear BOM-mass multiplied by constant factors

result in a linear acquisition cost-mass relationship for the product.
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Figure 4.2 Acquisition cost versus mass of induction motors of OEM2

4.2.2 Cost–characteristics correlation

The validity of Eqn. (4.6) is studied for induction motors and controllers by OEM2 and OEM3.

The motors of OEM2 are energy efficient level machines of a specific type with class F insulation

[82]. The motors of OEM3 are also from a similar class, which are high efficiency level motors

with class F insulation [83]. It is assumed that the Euro/CAD conversion rate is 1.42 as of

February 2015 [79]. The motors have either two or eight poles. The price and the rated power of

the motors are given in the OEMs’ catalogs [82, 84]. The cost-rated power results are shown in

Fig. 4.3. The power range is from 18.5 kW to 90 kW for the motors of OEM3, and from 112 kW

to 373 kW for the motors of OEM2. The maximum error of the linear models is 5.1% for the

112 kW motor of OEM2. Figure 4.4 illustrates the linear behavior of the AC with respect to the

rated torque for induction machines of OEM3 with different pole numbers [83, 84].
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Figure 4.3 Acquisition cost vs. rated power of induction motors

4.2.3 Cost–reliability correlation

As pointed out in the introduction and in Section 4.1.2, the reliability survey results of [14–16]

imply that the influence of the size on the reliability of motors of the same type is insignificant

and, therefore, here it is assumed that in a global exploration, the CPR model reduces to a CP

model Eqn. (4.6). On the other hand, in a local exploration the reliability comes into play as

changing the bearing size and the insulation class influences the reliability of the motor.

Motor details

Consider the 1LE1501-3AA4 SIMOTICS induction motor (hereafter called 3AA4) manufactured

by the OEM3 (see Table 4.2). This is a high efficiency (IE2) motor with cast iron housing. The

motor has two poles and runs at 3000 rpm [83].

No data on the temperature of the bearings and the insulation of the 3AA4 motor is

currently available. Instead, the temperature cycles of a motor produced by OEM1 with the

rated power of 155 kW and the speed of 3250 rpm is used [81], assuming that the 3AA4 motor
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Figure 4.4 Acquisition cost vs. rated torque for induction motors of OEM3

Table 4.2 Motor details [83, 84]

Catalog Insulation Bearing Mass Rated Price
number class number (kg) power (kW) (CAD)

1LE1501-3AA2 F 6316 880 132 35074

1LE1501-3AA4 F 6316 930 160 43594

1LE1501-3AA5 F 6316 1130 200 54386

faces similar thermal loads. The temperature of the bearings and the hot spot temperature of the

insulation are shown in Fig. 4.5 for an operation cycle of 4800 seconds. This cycle is repeated

throughout the life of the motor.

Furthermore, it is assumed that the weight of the rotor assembly is equally distributed

on the two bearings of the motor. To estimate the weight of the rotor assembly, the BOM of an

induction motor is consulted [29]. In the BOM, the housing is made of Magnesium with the

density of 1.74 g/cm3. The mass of the rotor assembly comprises 40% of the mass of the motor.

To adjust the BOM of [29] for this example, the magnesium of the housing is replaced by cast
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Figure 4.5 Temperature regime of the motor bearings and insulation

iron with the density of 7.64 g/cm3. Consequently, the mass of the rotor assembly would be 32%

of the adjusted BOM. The weight of the rotor assembly is then multiplied by a load factor of 2.5

to account for the transient electromagnetic and mechanical loads. Therefore, the load on each

bearing is

P0 =
2.5×0.32

2
Mg, (4.7)

where M is the motor mass. For the 3AA4 motor, the bearing load is 3.65 kN.

Bearing model

In the CPR analysis of the bearings, six deep groove ball bearings of 63xx series are studied (see

rows 2 to 7 of Table 4.3). For these bearings, the aforementioned load and temperature cycle

is substituted to the bearing life equation Eqn. (3.5) to calculate the reliability of each bearing

after 60,000 hours, i.e. 45,000 cycles of Fig. 4.5. The list price of the manufacturer is consulted

to report the acquisition cost of the bearings in Table 4.3. Aside from the original temperature

regime θb(t) of Fig. 4.5, the reliability analysis is conducted for two temperature regimes of

θb(t)+10 oC and θb(t)−10 ◦C, as well. The corresponding cost-reliability results, as well as
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the prediction of the CPR model Eqn. (3.23), are plotted in Fig. 4.6. For each of the temperature

regimes, as the bearing size increases from the 6312 bearing to the 6317 bearing, the reliability

is increased. As the temperature is increased, the CR curve shifts towards lower reliabilities

(left). The maximum error of the present CPR model from the catalog prices is 7.9% for the

6313 bearing.

Table 4.3 Deep groove ball bearings [77, 78]

Catalog no. 6312 6313 6314 6315 6316 6317 16016 6016 6216 6416

Bore (mm) 60 65 70 75 80 85 80 80 80 80

Cr (kN) 89 100 115 123 131 141 34 51 77 173

c0 ($) 181.05 251.34 293.93 357.84 421.03 510.49 166.14 164.72 213.71 1124.58
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Figure 4.6 CPR of the bearings

Insulation model

The BOM of the 3AA4 motor is not available to get details on the cost of the insulation. Instead,

the catalog of OEM4 allows the inference that if the insulation class of a motor is switched from
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B to F, its price is increased by 5% [85] . This number is 10% if the class H insulation is used

instead of the class B. Here, it is assumed that the motors of OEM3 follow the same pattern as

the OEM4 motors. Furthermore, it is assumed that by switching from the class B to the class

A, the motor price is reduced by 5%. Although without a BOM it is not possible to conduct an

accurate cost analysis, the suggestion of the OEM4 may be used to perform a comparative cost

analysis for the insulation classes of Table 4.1. To this end, the zero level of the cost is set at

the class F insulation, and the 5% factor is used to evaluate the comparative cost of the other

insulation classes.

The insulation reliability is calculated using Eqn. (4.4) for four temperature regimes;

the original regime of Fig. 4.5, θi(t), as well as θi(t)−20 o C, θi(t)−10 o C, and θi(t)+10 o C.

The reliability is reported after 20,000 hours of operation, which includes 15000 cycles of 4800

seconds (See Fig. 4.5). The result is shown in Fig. 4.7. At each temperature, by going from the

insulation class A to the insulation class H, the reliability increases monotonically. Note that the

iso-cost points are the same insulation class under different temperature regimes. As expected,

increasing the temperature shifts the cost-reliability curve to the left. Except for the class H

insulation, the reliability is significantly affected by the temperature regimes. Furthermore, note

that compared to the class F operating at θi(t)−20 o C, the class H at θi(t)+10 o C has a higher

cost and a lower reliability. This underlines that selecting the optimum insulation class requires a

good understanding of the temperature regime.

Motor model

In the local exploration of the baseline 3AA4 motor, five bearings with the bore of 80 mm

(columns 6 and 8-11 of Table 4.3), and four insulation classes (see Table 4.1) are considered. It

is assumed that none of the bearings violates the space limitations. The baseline motor has the

6316 bearing and the class F insulation. The combination of five bearings and four insulation

classes leads to a family of twenty different solutions.
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Figure 4.7 CPR of the insulation

For each member of the 3AA4 family, the reliability is calculated after 20000 hours of

operation, which includes 15000 cycles of the temperature regimes of Fig. 4.5. The speed of

the motor is 3000 rpm. The load on each bearing is given by Eqn. (4.7). The reliability of the

bearing and the insulation is calculated using Eqn. (3.1) and Eqn. (4.4), respectively. The failure

of a bearing or the insulation leads to the failure of the motor. Therefore, the reliability of the

motor, Rm equals

Rm = R2
bRi. (4.8)

The acquisition cost of the bearings is collected in Table 4.3 [78]. The price of the

6416 bearing is not presented in the price catalog. Instead, for the 64xx series bearings, the price

of the bearings from 6405 to 6412 are given. This data is substituted into Eqn. (4.5) to develop

the cost-mass correlation of the 64xx bearings. This correlation is then used to estimate the price

of the bearing 6416.

The bearings price appear in the BOM of the motor as a material cost. The BOM is

then multiplied by the overhead and the profit margin factors to calculate the acquisition cost of

the product. Here, similar to Cuenca, Gaines, and Vyas [29], it is assumed that these factors are
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1.35 and 1.20, respectively, resulting in a total multiplier of 1.62. Hence, if the bearing 6316 is

replaced by another bearing, the difference of the price of the latter and the former is multiplied

by 1.62, and the result is added to the price of the baseline motor to get the acquisition cost of

the new motor. If the baseline insulation class is changed, the aforementioned “5% insulation

cost" rule is applied to the acquisition cost analysis.

The results of the local exploration of the 3AA4 motor are presented in Fig. 4.8. As

expected, by going from the insulation class A toward H, higher reliability is achieved. In each

insulation class, as the dynamic rating load is increased from the 16016 bearing to the 6416

bearing, the reliability increases. However, switching between the bearings 16016, 6016, and

6216 leads to no significant change in the acquisition cost. Therefore, among these three options,

the 6216 bearing is the best solution. Furthermore, switching from the bearing 6316 to 6416

increases the acquisition cost with no considerable effect on the reliability. The reason is that the

reliability of the bearings 6314 and 6414 are 0.9999 and 1.0000, respectively, which implies that

the system reliability is mainly determined by the insulation. Therefore, it is not reasonable to

invest on increasing the reliability of the bearing by going from the 6316 to the 6416.

It is interesting to compare the baseline motor and the motor with the 6016 and the class

H insulation. The reliability of the two motors equal 0.786 and 0.782, respectively. This implies

that if the reliability target of the motor is around 0.8, the baseline motor is the best solution.

On the other hand, higher levels of reliability are not achievable by the class F insulation. In

that case, the class H insulation and either the 6216 or the 6316 shall be used, depending on the

reliability target and the cost considerations.

In Fig. 4.8, all of the 3AA4 family machines have the same characteristics as the

original. To include the influence of the characteristics, the local exploration procedure is

conducted for the 3AA2 and 3AA5 motors. Figure 4.9 illustrates the span of each family in the

cost-reliability plane.
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Figure 4.8 CR of the 3AA4 motor

Equation (4.4) implies that Ri is independent of the motor size, as long as the temper-

ature regime is not varied. On the other hand, substitution of Eqn. (4.7) into Eqn. (3.26) and

(3.27) results in Rb being reduced when the bearing is mounted on a larger motor. Thus, between

two motors of different families but with identical bearings and insulation class, the larger motor

has a lower reliability. Equation (3.1) implies that increasing the bearing size (or Cr) reduces

the sensitivity of the bearings reliability to the load variation. Therefore, when high reliability

bearings (with large Cr) are used, the influence of the motor size on Rb and, consequently, on Rm

is negligible. As an example, Rm of the 3AA2, 3AA4, and 3AA5 motors with the 6316 bearing

and the class F insulation is 0.786, 0.786, and 0.784, respectively, whereas for the 3AA2, 3AA4,

and 3AA5 motors with the 6016 bearing and the class F insulation, Rm is 0.664, 0.631, and 0.455,

respectively. This validates the assumption that, in practical cases, where the motor elements are

designed for high reliability, the CPR model is reduced to a CP model in a global exploration.

As the final note, the reliability of the motors is calculated assuming that the tempera-

ture and mechanical loads are as given in Fig. 4.5 and Eqn. (4.7). The original product of OEM3

does not necessarily undergo such thermal and mechanical loads. Consequently, depending on
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the application and the applied loads, the reliability of the product may be different from what is

reported here.
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Figure 4.9 CPR of the motors

4.3 Conclusions

This chapter studies the acquisition cost-performance-reliability (CPR) relation of electric motors.

This problem is addressed from two perspectives. In a global exploration perspective, the motor

size is scaled to define new motors with different characteristics. The second approach is a

local exploration where the general features of the motor that affect its characteristics are left

unchanged, whereas its bearing size and insulation class are altered to vary the motor reliability.

This process results in new motors as neighboring design points with the same characteristics as

the original motor.

The motor failure is mainly caused by the damage of the bearings or the electrical

insulation. To derive the CPR model of electric motors, the CPR model of electrical insulations is
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developed first. The insulation model illustrates the sensitivity of the reliability to the temperature

regime, resulting in a wide span of the data points on the cost-reliability plane.

The bearing and the insulation models are next coupled to built up the CPR model

of motors. This model is used in the local exploration of the design space of a motor. The

results indicate that, depending on the system-level reliability target and the duty cycle, either

the original motor or a neighboring design point may have the lowest acquisition cost.

In the global exploration, for different motors of the same type and class, the influence

of the motor size on its acquisition cost, reliability, and characteristics is addressed. The previous

empirical data indicates that the reliability of the motor is not significantly affected by its

size. This implies that in a global exploration, the CPR model of a motor is reduced to a

cost-performance (CP) model. The results of the present cost model is in agreement with the

empirical observation.

In Chapters 2–4, the AC modelling of gears, rolling bearings, gearboxes, and electric

motors are addressed. To add the maintenance cost into the cost analysis, the next chapter is

dedicated to MC modelling of engineering elements.





Chapter 5

Maintenance Cost Modelling and

Life-Cycle Cost Assessment of Engineering

Systems

Chapters 2–4 study the acquisition cost of gears, rolling bearings, electrical insulations, gearboxes

and electric motors. As the next step for the life-cycle cost analysis of the aforementioned

components/systems, it is important to quantify the interplay between their maintenance cost

and their reliability. The objective is to derive cost models for a post-failure and two preventive

maintenance strategies. The models will be generic in the sense that the expected maintenance

cost of an arbitrary component can be calculated by having its reliability function R(t), the

maintenance downtime, the price of spare parts, the downtime cost associated with the loss of

productivity, and the inflation rate. The convergence of the models, as well as the conditions for

selecting one maintenance strategy over the other are addressed. In a case study, the maintenance

cost model as well as the CPR models of previous chapters are used in the life-cycle cost

assessment a one-speed gearbox.
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5.1 Model formulation

The reliability, R(t), of an element is defined as the probability that the element is properly

operational up to instant t [3]. This definition implies that the failure probability between t

and t +Δt equals R(t)−R(t +Δt). If the cost of failure of the element at instant t is c f (t), its

discounted maintenance cost in this interval equals

Discounted maintenance cost =−
(

R(t +Δt)−R(t)
)

c f (t)e(t), (5.1)

where e(t) is the discount factor at instant t, and is applied to calculate the present value of the

maintenance cost. As Δt → 0, the rate of the discounted maintenance cost, ċ, is

ċ = p(t)c f (t)e(t), (5.2)

in which p(t) is the failure probability density function (FPDF) defined by

p(t) =−∂R(t)
∂ t

. (5.3)

By taking the integral of Eqn. (5.2) over the life cycle of the element, its total discounted

maintenance cost is calculated. In other words, the FPDF is the kernel for calculation of

the total maintenance cost of the part throughout its life cycle. This idea will be used in the

following sections to establish the maintenance cost model associated with multiple failures for

three maintenance strategies. The cost models are then used in several component-level and

system-level reliability allocation and cost reduction problems.

5.1.1 Post-failure maintenance

The post-failure maintenance (PFM) strategy has the following properties:

1. The life target for the element is T .
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2. The reliability of the element is given by R(t).

3. A failed element is replaced by a new, identical one.

4. The failure downtime is δ f .

5. The cost of a failure at instant t is c f (t), paid at t.

Equation (5.2) is written for one failure at instant t. To study the cost associated with

multiple failures, this equation is generalized. Consider k failures as shown in Fig. 5.1. The

initial element fails at t1. The downtime is δ f to replace the failed element with a new, identical

one. The operation time of the second element is t2 whereupon it fails. After downtime of δ f ,

the third element operates until it faces failure after t3. This process repeats up to the failure of

the k-th element. The element k+1 will then safely operate up to the end of the life target. The

instant of i-th failure is given by

t̃i =
i

∑
j=1

t j +(i−1)δ f . (5.4)

The FPDF of having exactly k failures is

Figure 5.1 Monetary cash flow of the PFM strategy

fk = p(t1)p(t2) · · · p(tk)R(T − t̃k −δ f ), (5.5)

where p(ti) is the failure probability of i-th failure at t̃i. The term R(T − t̃k −δ f ) ensures that the

(k+1)-th element, which starts operating at t̃k +δ f , faces no failure up to T . The cash flow of
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such event is given by

ςk =
k

∑
i=1

c f (t̃i)e(t̃i). (5.6)

where the term e(t̃i) is added to calculate the net present value (NPV) of the cash flow. Similar to

the idea used in Eqn. (5.2), fk may be used as the kernel to write the rate of the cost of exactly k

failures as

ċk = fkςk, (5.7)

Before proceeding to taking the integral of ċk over the time domain, the limits of the integrals

should be determined. Equation (5.4) may be rewritten as

t̃i+1 = t̃i +δ f + ti+1. (5.8)

Failures happen in the interval (0,T ), implying 0 < t̃i < T for any i. Hence, Eqn. (5.8) determines

the range of ti as 0 < t1 < T and 0 < ti+1 < T − t̃i −δ f for i > 1. The discounted maintenance

cost of exactly k failures, therefore, equals

c̄k =
∫ T

0

∫ T−t̃1−δ f

0
· · ·

∫ T−t̃k−1−δ f

0
ċk dtk · · ·dt2dt1. (5.9)

Summing up the maintenance cost of any possible number of failures gives the total discounted

maintenance cost as

C̄M =
∞

∑
k=1

c̄k. (5.10)

The term ċk and, consequently, the discounted maintenance cost C̄M depends on the

reliability function, R(t), the cost of a failure, c f (t), and the time value of money, e(t). Among

these three parameters, a designer often has no control over the latter two because they are

determined by the market and the economy. Hence, in a PFM strategy the only cost optimization

parameter is the reliability of the part. This cost optimization problem is addressed in Section

5.2.
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Equivalent to the approach that leads to Eqn. (5.5)–(5.10), a second formulation of the

PFM can be derived. To this end, it is useful to define a new FPDF

f̂k = p(t1)p(t2) · · · p(tk), (5.11)

where higher number of failures are not excluded because the term R(T − t̃k −δ f ) is dropped. In

Eqn. (5.7), since both fk and ςk correspond to having exactly k failures, ċk gives the time rate

of only k failures. The definition of f̂k, on the other hand, allows having more than k failures.

Hence, if f̂k is multiplied by c f (t̃k), the result is the time rate of the maintenance cost of the k-th

failure

c̆k = f̂kc f (t̃k). (5.12)

Integration of c̆k over the time domain gives the expected maintenance cost of k-th failure

¯̄ck =
∫ T

0

∫ T−t̃1−δ f

0
· · ·

∫ T−t̃k−1−δ f

0
c̆k dtk · · ·dt2dt1, (5.13)

which calculates the contribution of the k-th failure on the maintenance cost of having k or more

failures. The total maintenance cost equals

¯̄CM =
∞

∑
k=1

¯̄ck. (5.14)

In Section 5.2.1, it is shown that the two formulations Eqn. (5.10) and (5.14) converge

to a single solution. Furthermore, in Section 5.2.1 the convergence of the present PFM model to

the PFM model in [42, 43] is studied to validate the present model. The PFM model of [42, 43]

assumes a zero inflation rate. This implies that the model of [42, 43] is a special case of the work

presented here.

As the final note, in most of practical cases, the downtime δ f is much smaller than the

target life [43]. Hence, a simplification of Eqn. (5.10) is to set δ f = 0 and to lump the capital loss

caused by the downtime in c f . In Section 5.2 it is shown that the influence of this assumption on
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the accuracy of the model is negligible and, therefore, in the following sections this assumption

is used to simplify the preventive maintenance cost models.

5.1.2 Preventive maintenance

In the PFM strategy, the replacement is conducted when a failure occurs. Since the maintenance

activity is unscheduled, the resources required for procedure may not be available. In a preventive

strategy, on the other hand, the maintenance team is ready for the procedure as defined by

the maintenance schedule. Moreover, in some cases it is possible to schedule the preventive

maintenance of several parts of a system at the same time to reduce the system downtime.

Consequently, the cost of a preventive maintenance cp is often lower than that of an unplanned

post-failure maintenance c f . Often, this justifies switching from a PFM strategy to a preventive

one. Next, two preventive maintenance strategies are assessed and the corresponding cost models

are developed.

Strategy 1– Block replacement policy

The first preventive maintenance (PrM1) strategy is defined by:

1. The life target for the element is T .

2. The reliability of the element is given by R(t).

3. The downtime of a preventive maintenance is negligible compared to T , i.e. δp/T → 0.

4. The downtime of a failure is negligible compared to T , i.e. δ f /T → 0.

5. There are n preventive maintenances, dividing the life target into n+1 blocks. The length

of each block is tp = T/(n+1).



5.1 Model formulation 91

6. The j-th preventive maintenance is conducted at instant jtp; j = 1, ...,n. The faulty part is

replaced by a new, identical one.

7. If a part fails at any instant other than jtp, it is replaced by an as new part. The reliability

resets to unity.

8. The cost of the j-th preventive maintenance is cp( jtp), paid at jtp.

9. The cost of a failure is c f (t), paid at t.

The monetary cash flow of this strategy is schematically illustrated in Fig. 5.2. The short thick

arrows indicate the cash flow corresponding to the preventive maintenance at instants jtp, whereas

the long thin arrows refer to the unexpected failures between the preventive maintenances.

Figure 5.2 Monetary cash flow of the PrM1 Strategy

The total maintenance cost of this strategy is composed of two terms. The first term

deals with the cost of the preventive maintenance activities at instants jtp in the form

C̄P =
n

∑
j=1

cp( jtp)e( jtp). (5.15)

The second term considers the direct cost of the failures in the maintenance cost. To develop

the model for the second term, consider the time interval
(
(l −1)tp, ltp

)
, hereafter called block

l. No preventive maintenance is conducted within each block– a PFM strategy is followed and

the model developed in Section 5.1.1 is applicable within each block. To calculate the FPDF of

having k failures at block l, replacing T in Eqn. (5.5) by tp and setting δ f = δp = 0 yields

fk = p(t1)p(t2) · · · p(tk)R(tp − t̃k). (5.16)
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Note that for any block, the FPDF is given by Eqn. (5.16). The reason is that ti, t̃k and

tp are independent of l. Furthermore, it is important to bear in mind that in the PFM strategy the

operation starts at t = 0, whereas at block l the operation starts at t = (l −1)tp. Therefore, for k

failures at block l, Eqn. (5.6) becomes

ςk,l =
k

∑
i=1

c f
(
(l −1)tp + t̃i

)
e
(
(l −1)tp + t̃i

)
. (5.17)

Having the cash flow in hand, the time rate of the cost of k failures at block l is given by

ċk,l = fkςk,l, (5.18)

The limits of the ti are similar to that of the PFM strategy, except that T is replaced by tp.

Integration of Eqn. (5.18) over this time domain gives the discounted maintenance cost of k

failure at block l

c̄k,l =
∫ tp

0

∫ tp−t̃1

0
· · ·

∫ tp−t̃k−1

0
ċk,l dtk · · ·dt2dt1. (5.19)

Summation of Eqn. (5.19) over all possible number of failures and over the n+1 blocks gives

the discounted cost of failure

C̄F =
∞

∑
k=1

n+1

∑
l=1

c̄k,l. (5.20)

The total discounted maintenance cost is the sum of the preventive maintenance cost Eqn. (5.15)

and the failure maintenance cost Eqn. (5.20)

C̄M = C̄P +C̄F . (5.21)

In this maintenance strategy, the cost optimization variables are the reliability function

R(t) and the block length tp. Increasing tp reduces the frequency of the preventive maintenance

and, therefore, decreases the preventive maintenance cost C̄P. On the other hand, a higher tp

results in a higher chance of failure at each block, resulting in a higher failure maintenance cost

C̄F . Hence, tp should be selected such that a trade-off is made between these two cost terms to

minimize the total maintenance cost. Furthermore, investing on the acquisition cost to increase
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the reliability leads to a saving on the maintenance cost, which implies that there is an optimum

reliability at which a trade-off is achieved between the acquisition cost and the maintenance cost.

These problems are addressed in Section 5.2.

One point may be raised about the optimality of the PrM1 strategy. To address this

point, consider two blocks l and l′. Consider that no failure occurs at block l and the part operates

up to tp, where it is replaced by a new one. At block l′, on the other hand, consider a failure at t1.

The failed part is replaced by a new one which operates for tp − t1 until it reaches the preventive

maintenance point. It is reasonable to ask why the age of the part at block l could be tp up to

the preventive maintenance point, whereas the age of the replaced part at block l′ is only tp − t1

when the preventive maintenance is conducted? In other words, it is more economical to let the

replaced part of block l′ operate up to age tp if no failure is observed. This point is the motivation

of switching from a block replacement policy (PrM1) to an age replacement policy. This new

strategy is discussed next.

Strategy 2– Age replacement policy

The second preventive maintenance (PrM2) strategy is qualified by:

1. The life target for the element is T .

2. The reliability of the element is given by R(t).

3. The downtime of a preventive maintenance is negligible compared to T , i.e. δp/T ∼= 0.

4. The downtime of a failure is negligible compared to T , i.e. δ f /T ∼= 0.

5. The element will be replaced at age (i.e. after operating for) tp or upon a failure, whichever

happens first.

6. The replaced part is as new. The reliability is reset to unity.
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7. The cost of a preventive maintenance at instant t is cp(t), paid at t.

8. The cost of an unexpected failure at instant t is c f (t), paid at t.

In the PrM1 case, the preventive maintenance dates are known beforehand (see item 6

of the PrM1 strategy). In contrast, in the PrM2 strategy, after a preventive maintenance event,

the next preventive maintenance date depends on whether a failure occurs before tp or not. If the

element fails before operating for tp, a maintenance is conducted. Next, the item 5 of the PrM2

strategy shall again be consulted to determine the next potential preventive maintenance date. As

a result, the derivation of the PrM2 cost model is not as straightforward as that of PrM1.

Consider that tp is given by T = (n+1)tp. In other words, there will be n preventive

maintenances if no failure occurs, which implies there are at least n replacements throughout

the total operation cycle. Therefore, c̄ j = 0 for j < n, where c̄ j denotes the cost of j preventive

and/or failure replacements.

Next, consider the case that no failures occur and each part safely operates up to tp (Fig.

5.2 with no failures in the blocks). This case is composed of n preventive maintenances at instants

jtp ; j = 1, ..., n. The probability of this event equals R(tp) to the power of n+1 because all of

n+1 elements (the initial element plus n replaced elements) shall properly operate up to t = tp.

Hence, the discounted expected maintenance cost of having only preventive maintenances is

C̄P = Rn+1(tp)
n

∑
j=1

cp( jtp)e( jtp). (5.22)

where the subscript P denotes the case of having only preventive maintenances.

Now consider having k failures as depicted in Fig. 5.3. The term ti denotes the

age of the i-th failed part at the failure point. The first question to address is that besides

the k failure maintenances, how many preventive maintenances, n′, shall be conducted? As

explained in the previous paragraph, the operation duration of n′ elements with no failure is
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(n′+1)tp. The operation duration of the k failed elements equals their accumulated age t̃k
(
see

Eqn. (5.4)
)
. Hence, the total operation duration of such event equals (n′+ 1)tp + t̃k. The life

target is T = (n+ 1)tp. This implies that n′ is the smallest integer that meets the following

condition

(n+1)tp ≤ (n′+1)tp + t̃k. (5.23)

Now the relation 0 ≤ ti < tp and Eqn. (5.4) with δ f = 0 yield 0 ≤ t̃k < ktp. Consider that t̃k is in

the range

(l −1)tp ≤ t̃k < ltp, (5.24)

where l is an integer between 1 and k. Adding (n′+1)tp to relation Eqn. (5.24) gives

(n′+ l)tp ≤ (n′+1)tp + t̃k < (n′+1+ l)tp , l = 1, ..., k. (5.25)

For Eqn. (5.23) to follow from Eqn. (5.25), it is necessary and sufficient to have

(n+1)tp ≤ (n′+ l)tp , l = 1, ..., k, (5.26)

where the smallest answer is n′ = n+1− l; n′ depends on both n and l, which itself is bounded

to k.

Figure 5.3 Monetary cash flow of the PrM2 Strategy with k failures

The second step is determining the FPDF of such an event. In addition to the k failures

in the range (l−1)tp < t̃k < ltp, n− l+1 parts will operate up to tp. This means that the FPDF is

fk,l = Rn−l+1(tp)R(ltp − t̃k)
k

∏
i=1

p(ti), (5.27)
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where R(ltp − t̃k) is the probability that the last element safely operates up to the end of the life

target. Fig. 5.3 illustrates this with the caveat that T − (n′tp + t̃k) = ltp − t̃k.

The last step is determining the cash flow of the event. To this end, it is useful to define

mi as the number of preventive maintenance before i-th failure. According to Fig. 5.3, after m1

preventive maintenances, the next element fails at age t1. The next m2 −m1 parts meet no failure.

The next part fails at age t2. This process continues until mk −mk−1 parts meet a preventive

maintenance right before the k-th failure. The remaining n− l + 1−mk parts face no failure.

Note that 0 ≤ m1 ≤ m2 ≤ ... < mk ≤ n− l. The cash flow of the event, therefore, has the form

ςk,l =
( m1

∑
i=0

−
0

∑
i=0

)
cp(itp)e(itp)+ c f (m1tp + t̃1)e(m1tp + t̃1)

+
( m2

∑
i=0

−
m1

∑
i=0

)
cp(itp + t̃1)e(itp + t̃1)+ c f (m2tp + t̃2)e(m2tp + t̃2)+ ...

+
( mk

∑
i=0

−
mk−1

∑
i=0

)
cp(itp + t̃k−1)e(itp + t̃k−1)+ c f (mktp + t̃k)e(mktp + t̃k)

+
(n−l

∑
i=0

−
mk

∑
i=0

)
cp(itp + t̃k)e(itp + t̃k),

(5.28)

The term ∑
m j
i=0−∑

m j−1
i=0 considers the cash flow of the preventive maintenances between the

( j−1)-th and the j-th failures. It may also be written as ∑
m j
i=m j−1+1. However, the latter is not

well-defined when m j = m j−1. Therefore, the former form is used here. Moreover, in the PrM2

strategy, ςk,l is the cash flow of having k failures when (l −1)tp ≤ t̃k < ltp, whereas in the PrM1

strategy ςk,l is the cash flow of having k failures in block l.

The rate of the cost of k failures is then equal to

ċk,l =
n−l

∑
m1=0

n−l

∑
m2=m1

· · ·
n−l

∑
mk=mk−1

fk,lςk,l, (5.29)
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where the summation over mi’s consider all order combinations of the failures and preventive

maintenances. Integration of Eqn. (5.29) over the corresponding time domain gives

C̄Fk =
k

∑
l=1

∫ tp

0

∫ tp

0
· · ·

∫ tp

0
ċk,l dtk · · ·dt2dt1, (5.30)

where the subscript Fk on the left-hand side refers to having k failures. In Eqn. (5.30) the

numerical value of t̃k and the relation Eqn. (5.24) must be consulted to determine l and the cash

flow and the FPDF which corresponds to l.

Summing the preventive and failure maintenance costs gives the discounted mainte-

nance cost

C̄M = C̄P +
∞

∑
k=1

C̄Fk , (5.31)

adding which to the acquisition cost gives the LCC

C̄T = c0 +C̄M. (5.32)

As pointed out earlier, the PrM2 model proposed in Blischke et. al. [42] and Jardine

et. al. [43] assumes no inflation rate and an infinite horizon for the project. This assumption

significantly simplifies the model. The PrM2 model developed here, on the other hand, has a

more complex formalism since these assumptions are avoided. In Section 5.2.3 the validity of

these assumptions is discussed and the corresponding error associated with the assumptions is

studied to assess the advantage of switching from the models in [42, 43] to the model developed

here. Moreover, the LCC of the PrM1 and PrM2 strategies are compared to assess the advantage

of choosing one over the other.
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5.2 Numerical examples

The developed cost models for the maintenance strategies are studied through five classes of

numerical examples. In the first class, the sensitivity of the cost model to the model parameters is

studied. This analysis is important because it may be difficult to determine the value of some of

the model parameters in the early design stages of a project. The interest rate, the downtime, and

the future price of the part are three examples of such parameters. The second class of examples

examines how many terms should be considered to ensure the convergence of the cost models(
See Eqn. (5.10) and (5.14)

)
. The third class of examples deals with the comparison of the

models developed here with the models presented in Blischke and Murthy [42] and Jardine and

Tsang [43]. The next class of examples deals with comparing the results of the PFM, PrM1, and

PrM2 strategies to select the best maintenance strategy for different case studies. Lastly, the

acquisition cost models developed in Chapters 2 and 3 are coupled with the present cost models

to design a one-speed gearbox with low life-cycle cost such that the overall performance and

reliability requirements are met.

5.2.1 Post-failure maintenance strategy

For the PFM model Eqn. (5.11)-(5.14), the convergence of the model is studied. Next, the

sensitivity of the maintenance cost to the price function c(t), the discount function e(t), and the

downtime δ f is studied. Finally, the behavior of the model is assessed for different reliability

functions.

Convergence of the model

As the first example, the PFM strategy is studied for a part with

R(t) = e−λ t , e(t) = e−rt . (5.33)
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The exponential distribution is important as it is widely used in the reliability modelling of the

electronic and electrical parts [42], where λ is the failure rate of the part. The time value of

money exp(−rt) describes the situation of a constant discount rate r. The total life of the project

is T . It is assumed that the price of the element and the cost of a failure follow

c(t) = c0est , c f (t) = (c0 + c f0)e
st , (5.34)

Eqn. (5.34) describe a market where the prices and the service costs continuously increase with

the constant rate s. The term c0 is the present price of the part, and c f0 takes into account other

expenses associated with the failure, including the labor cost, loss of productivity, costumer

dissatisfaction, etc. Substitution of Eqn. (5.33) and Eqn. (5.34) into Eqn. (5.13) for the first four

failures gives

c∗∗1 =
λ
α
(λeλδ f

α
)0
[
eαT −1

]
, (5.35)

c∗∗2 =
λ
α
(λeλδ f

α
)1
[
eαT

(
αT − eαδ f

)
+ eαδ f

]
, (5.36)

c∗∗3 =
λ
α
(λeλδ f

α
)2
[
eαT

(1
2
(αT )2 − (αδ f + eαδ )αT + e2αδ f

)
− e2αδ f

]
, (5.37)

c∗∗4 =
λ
α
(λeλδ f

α
)3
[
eαT

(1
6
(αT )3 − 1

2
(2αδ f + eαδ f )(αT )2

+(
3
2
(αδ f )

2 +αδ f eαδ f + e2αδ )αT − e3αδ f
)
+ e3αδ f

]
,

(5.38)

where α = s − r − λ . The normalized maintenance cost of exactly k failures, c∗k , and the

normalized maintenance cost of k-th failure, c∗∗k are defined as

c∗k =
c̄k

c0 + c f0
, c∗∗k =

¯̄ck

c0 + c f0
. (5.39)

Furthermore, the normalized expected maintenance costs C∗
M and C∗∗

M are defined as

C∗
M =

C̄M

c0 + c f0
, C∗∗

M =
¯̄CM

c0 + c f0
. (5.40)
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To assess the contribution of each number of failures in the maintenance cost, the first

four terms of c∗∗k are plotted in Fig. 5.4 for

δ f = 0, r = 0.03, s = 0.01, λ = 0.051. (5.41)

This value of λ corresponds to reliability of 95% after one year. It is observed that c∗∗1 = 0.3668,

c∗∗2 = 0.0830, c∗∗3 = 0.0133, and c∗∗4 = 0.0016 after T = 1 year. This implies that if Eqn. (5.14)

is truncated to the first four terms, the contribution of the first failure in the maintenance cost is

78.9%. The contribution falls to 17.9%, 2.9%, and 0.3% for the second, third, and fourth failures,

respectively. Evidently, the contribution of higher numbers of failures to the maintenance cost

decreases rapidly. To study the validity of this conclusion, setting δ f = 0 in the limits of the

integrals of Eqn. (5.13) yields

c∗∗k = (
λ
α
)k
[
eαT

k

∑
j=1

(−1)k− j (αT ) j−1

( j−1)!
+(−1)k

]
, (5.42)

substitution of which into Eqn. (5.14) results in

C∗∗
M =

λ
s− r

(
e(s−r)T −1

)
. (5.43)

or equivalently

C∗∗
M =

λ
s− r

[( 1
R(T )

) s−r
λ −1

]
. (5.44)

For the parameters given in Eqn. (5.41), Fig. 5.5 shows the error of truncating

Eqn. (5.14) to three terms. The error is calculated with respect to the solution Eqn. (5.43).

It is concluded that the cost associated with having four or more failures contribute less than

0.4% to the maintenance cost.
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Figure 5.4 Normalized cost of k-th maintenance versus λ t; 0 ≤ t ≤ T

Sensitivity to the inflation rate and the downtime

In Eqn. (5.35)–(5.38) the parameters s and r do not appear separately, but as s− r. Since s is

the increase rate of the prices and r is the discount rate, the term s− r may be interpreted as the

inflation rate. To study the sensitivity of the maintenance cost to the inflation rate, the solution

Eqn. (5.43) is plotted in Fig. 5.6 for λ = 0.051 and different values of the inflation rate. For the

special case of s− r → 0, Eqn. (5.43) is further simplified to

C∗∗
M = λT, (5.45)

which means that the time rate of the maintenance cost is equal to the failure rate λ , as observed

Fig. 5.6. Note that Eqn. (5.33) and Eqn. (5.34) imply that c f (t)e(t) = (c0 + c f0)exp
(
(s− r)t

)
.

As a result, the net present value of the cost of a maintenance in a positive inflation rate scenario

is higher than that of a no inflation rate one. That is why the positive inflation rate curves lie

above that of s− r = 0 1/year. The same argument justifies the negative inflation rate behaviors.

This figure shows the high sensitivity of the solution to the inflation rate, as for an inflation rate
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Figure 5.5 Error of truncating Eqn. (5.14) to the first three terms versus λ t; 0 ≤ t ≤ T

of 5% at λ t = 0.513, the maintenance cost is 33% higher than that of the case of a zero inflation

rate.

Figures 5.4 to 5.6 are plotted for δ f = 0. Although in many practical cases the downtime

is much smaller than T , it is important to study the sensitivity of the model to δ f . For an element

with λ = 0.051, Fig. 5.7 illustrates that the deviation of Eqn. (5.43) from Eqn. (5.14) for different

values of δ f /T and s− r is less that 1% for most of the range. Assuming a zero downtime leads

to no significant error. Hence, in the rest of model derivation the zero downtime assumption is

used.

Effect of the reliability function

For an exponential reliability function, the analytic solution to Eqn. (5.9) is expressed in

Eqn. (5.35)-(5.38). However, in general it is not possible to provide analytic solutions to

Eqn. (5.9). Instead, it may be calculated numerically.
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Figure 5.6 Normalized maintenance cost versus the inflation rate

The reliability of many mechanical systems is modeled by the Weibull distribution [86]

R(t) = e−(λ t)γ
, 0 ≤ t ≤ T. (5.46)

In the first step the convergence of the PFM strategy is studied for the Weibull distributions.

Table 5.1 collects the contribution of the first four failures on the LCC of different Weibull

distributions. In calculating the LCC, Eqn. (5.14) is truncated to the first four terms. The results

are provided for T = 10 years, R(T ) = 0.60, s− r = −0.02 1/year, and c0 = 3500 CAD. In

this example, three different orders of magnitudes are chosen for the value of c f0 to assess the

influence of this parameter on the convergence of different Weibull distributions. For each value

of c f0 , it is observed that by decreasing γ , the contribution of the first failure decreases, whereas

the contribution of higher number of failures increase. For 1 ≤ γ and the range of c f0 considered

here, the contribution of the fourth failure is at most 1% of the LCC. The maximum value of

c̄4/c̄T is 2.6% for γ = 0.5 and c f0 = 30000 CAD. According to the trends, it is expected that the

contribution of a higher number of failures is bounded to 1%– for the PFM strategy, only four

failures are considered in calculating the LCC.
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Figure 5.7 Deviation of Eqn. (5.43) from Eqn. (5.14) versus δ f /T and the inflation rate

Next, the influence of γ on the maintenance cost of Weibull reliabilities is assessed. Fig.

5.8 illustrates the normalized maintenance cost versus dimensionless time for different values

of γ . In this example λ=0.051 and s = r. Equation (5.45) states that for γ = 1, the normalized

maintenance cost is linearly scaled with time, which agrees with Fig. 5.8. Furthermore, for

γ > 1 the maintenance cost is a concave function which falls below the γ = 1 curve, whereas the

γ < 1 curves are convex, lying above the γ = 1 curve. The reason is that for γ < 1, the reliability

function initially decreases faster than the exponential function, which means that its FPDF

is higher than that of an exponential function for the most of the operation period. The lower

maintenance cost for γ > 1 is because the FDPF of such reliability function is lower than that

of an exponential distribution. Fig. 5.9 shows the same data where the horizontal axis is the

reliability. This behavior is of utmost importance in selecting a preventive maintenance strategy

as will be discussed in Section 5.2.2 and 5.2.3.

Figures 5.8 and 5.9 are plotted for Weibull distributions in a zero inflation rate scenario.

For three Weibull distributions, the influence of the inflation rate on the maintenance cost is

illustrated in Fig. 5.10. The curves are for the maintenance cost after 10 years of operation with
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Table 5.1 Convergence study of the PFM strategy

c f0 (CAD) γ ¯̄c1
c̄T

(%) ¯̄c2
c̄T

(%) ¯̄c3
c̄T

(%) ¯̄c4
c̄T

(%)

1.5 22.7 7.3 0.9 0.1

300 1.0 20.2 10.1 2.5 0.4

0.5 17.3 10.3 3.8 1.0

1.5 31.8 10.3 1.2 0.1

3000 1.0 27.9 14.0 3.4 0.6

0.5 24.1 14.4 5.2 1.5

1.5 58.5 18.9 2.3 0.2

30000 1.0 49.5 24.8 6.1 1.0

0.5 43.1 25.8 9.4 2.6

R(10) = 0.60. For each Weibull function, the normalized maintenance cost is monotonically

increasing with the inflation rate; the higher the inflation rate, the more expensive a maintenance

in future will be. It is observed that the curvature increases with γ . It should be noted that the

curve of each of the Weibull distribution lies above the other curves in some range of the inflation

rate. The results emphasize the high sensitivity of the maintenance cost to the inflation rate,

which indicates the importance of incorporating this parameter in the maintenance model.

Comparison of the two developed PFM model

For three Weibull distributions whose parameters are given in Table 5.2, the normalized main-

tenance cost after one year of operation is calculated using Eqn. (5.10) and Eqn. (5.14). In

this example, each set of Weibull parameters result in R = 0.80 after one year of operation.

The continuous annual inflation rate is 0.03. The deviation of ¯̄CM from C̄M is reported in the
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Figure 5.8 Normalized maintenance cost versus normalized time for Weibull distributions

table. The third column corresponds to the case where only the first term of the summation is

considered in Eqn. (5.10) and Eqn. (5.14), the fourth column reports the deviation of the models

when they are truncated after the second term, and so on. It is observed that as γ decreases, higher

number of terms should be considered to assure the convergence of the two models. Regardless,

in the range of γ studied here, truncating after the fourth term results in less than 1% deviation

between the two models.

Table 5.2 Deviation (%) of ¯̄CM from C̄M for different Weibull distributions

γ λ One term Two terms Three terms Four terms

1.50 0.368 7.0 0.4 0.0 0.0

1.00 0.223 12.0 1.5 0.2 0.1

0.67 0.107 16.5 3.4 1.1 0.8
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Figure 5.9 Normalized maintenance cost versus reliability for Weibull distributions

Comparison of the present PFM model and the previous models

The PFM model presented in Blischke and Murthy [42] and in Jardine and Tsang [43] is

C̄M = (c0 + c f0)H(T ), (5.47)

which gives the expected maintenance cost as the product of the expenses c0 + c f0 times the

expected number of failures H(T ) during a cycle [0,T ]. This solution is valid because it is

assumed that c0 + c f0 is time-independent, as in a zero inflation rate scenario.

Comparing Eqn. (5.40) with Eqn. (5.47) implies that H(t) is equivalent to the concept of

the normalized maintenance cost in the present context. After some mathematical manipulation,

the Laplace transform of H is derived as [42, 43]

L{H}(x) = L{p}(x)
x
(

1−L{p}(x)
) . (5.48)

where L{p}(x) denotes the Laplace transform of the FPDF of one failure p(t). If R(t) is known,

Eqn. (5.3) may be used to calculate p(t). The Laplace transform of p(t) is substituted in
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Figure 5.10 Normalized maintenance cost versus inflation rate for Weibull distributions

Eqn. (5.48) to calculate the Laplace transform of H(t). Then, the inverse Laplace transform is

taken to obtain H(t).

For an exponential reliability function, R(t) = exp(λ t), Jardine and Tsang [43] provide

an analytic solution as H(t) = λ t. This is in agreement with the result of the present model

in Eqn. (5.45). The analytic solution of Eqn. (5.48) may, however, be derived for a limited

number of functions. In Jardine and Tsang [43] a numerical method is proposed for solving this

equation in general. Here, this method is applied to two Weibull distributions with parameters

{γ = 1.5, λ = 0.639}, and {γ = 0.67, λ = 0.367} to calculate H(t). For both distributions, the

reliability is 0.60 after one year of operation. As depicted in Fig. 5.11, the present model is

validated by its good agreement with Blischke and Murthy [42] and Jardine and Tsang [43].

Since Eqn. (5.48) is a zero inflation rate scenario, the present model may be consider as an

extension to the non-zero inflation rate cases.
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Figure 5.11 The present PFM model versus PFM model of Jardine and Tsang [43]

Case study: Gears- LCC at the PFM strategy

The acquisition cost-reliability (CR) model of gears from Chapter 2 and the maintenance cost

model developed here are used to calculate the life-cycle cost of gears. In this example, the goal

is to select a gear that would operate 8 hours a day, 250 days a year with 100 rpm undergoing a

τ = 133 Nm torque. The reliability under bending and wear shall be at least 0.975 after one year.

The safety factor for bending and wear are 2.0 and 4.0, respectively. The gear NJ120B made of

ASTM class 30 cast iron manufactured by the OEM1 [74] meets the reliability requirements
(
see

the second column of Table 5.3
)
. At this point, it is possible to ask if the reliability constraint

is relaxed, is there another solution that minimizes the LCC of the gear? To find the answer,

the NJ120B gear is considered to be the baseline design. Next, its width is scaled with a factor

γ2– not to be mistaken with the Weibull parameter γ– to get a group of gears with similar pitch

diameter but different widths. This example assumes that γ2 can not exceed 1.20 due to space

limitations. The results are collected in Table 5.3. The first column of the table indicates the

scaling factor γ2. For each scaling factor, the reliability of the corresponding gear after one year

is calculated using AGMA equations [4] and reported in the second column. The acquisition cost
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of the scaled gears are presented in the third column, calculated using Eqn. (3.17) and the catalog

prices obtained from the OEM1 [74]. Here, the continuous annual inflation rate is s− r = 0.03

1/year. The LCC is reported in the last three columns for three different orders of magnitude

of c f0 . The lowest value of the maintenance cost for each value of c f0 is emboldened in the

corresponding column. In no cases, does the baseline gear (with γ2 = 1.00) minimize the LCC.

As c f0 increases, a gear with a higher scaling factor shall minimize the LCC because as the cost

of a failure increases, it is more cost effective to improve the reliability by investing on the size

of the gear than to have failures in the future. As the last point on this example, although a

specific γ2 minimizes the LCC of the gear, the LCC may be a flat function in a range of γ2. As

an example, for c f0 = 500 CAD, in the range of 0.90 ≤ γ2 ≤ 1.05 the LCC is affected by less

than 3% compared to the best solution γ2 = 0.95.

Table 5.3 LCC of cast iron spur gears after one year

γ2 R(T ) c0 (CAD) LCC (CAD)

c f0=500 c f0=5000 c f0=50000

0.80 0.807 411.02 620.55 1655.55 12005.55

0.85 0.890 428.16 541.40 1090.40 6580.40

0.90 0.939 445.31 506.94 800.34 3734.34

0.95 0.964 462.46 498.65 667.85 2359.85

1.00 0.978 479.60 501.45 601.80 1605.30

1.05 0.985 496.75 511.80 579.75 1259.25

1.10 0.989 513.89 524.84 573.44 1059.44

1.15 0.992 531.04 539.29 575.29 935.29

1.20 0.994 548.18 554.49 581.58 852.48
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Case study: Bearings- LCC at the PFM strategy

Now consider this scenario. The baseline gear of the previous example is mounted on a shaft

between two NU22xx cylindrical rolling bearings of the OEM. Using the torque of the previous

example, 133 Nm, the force acting on each bearing is 270.4 kN (the weight of the gear and

the shaft is neglected). The minimum desired reliability of each bearing is 0.98 after one year

of operation, 250 days a year, 8 hours a day at 100 rpm (12 million revolutions per year). As

understood from the second column of Table 5.4, the bearing NU2230 meets the reliability

requirement. The designer may select this bearing as the baseline design. At this point, it is

possible to ask how the LCC of the bearing would be affected if the reliability constraint is

relaxed and another bearing is selected? The answer can be found in Table 5.4, where the

calculation is repeated for three other bearings of the same type. The first column is the catalog

number of the bearing. The reliability of each bearing after one year is calculated using the

bearing life equation [6] and is presented in the second column. The price list of the OEM2 is

used to obtain the acquisition cost c0 [78], with the conversion rate of 1.40 Euro/CAD. These

prices are listed in the third column. For three different values of c f0 , the LCC is presented in the

last three columns of the table. The results suggest that for c f0 = 300 CAD and c f0 = 3000 CAD,

switching from the baseline design to the smaller bearing NU2228 reduces the LCC. For the case

of c f0 = 30000 CAD, selecting the baseline bearing over the smallest bearing is an investment

on the acquisition cost that leads to enough savings on the maintenance cost such that the LCC is

reduced.

5.2.2 Preventive maintenance strategy– Block policy

In this strategy, n preventive maintenances are conducted at jtp , j = 1 , ... ,n, where the length

of the block is tp = T/(n+1). The goal is finding n such that the LCC is minimized. In this
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Table 5.4 LCC analysis of NU22xx bearings after one year

Cat. no. R(T ) c0 (CAD) LCC (CAD)

c f0=300 c f0=3000 c f0=30000

NU2228 0.957 3514.00 3680.29 3798.01 4975.21

NU2230 0.982 4074.00 4154.92 4204.87 4704.37

NU2232 0.995 5507.60 5539.31 5554.05 5701.47

NU2234 0.999 6022.80 6031.08 6034.62 6069.99

section, the model developed in Section 5.1.2 is applied on a gear and a bearing to find the best

PrM1 schedule.

For the NJ120B gear with the scaling factor γ2 = 1.20 (see Table 5.3) undergoing the

condition of Table 5.5, for different values of n the LCC is collected in Table 5.6. for T = 10

years is studied as an example. The torque on the gear is τ = 133 Nm for 12 million cycles each

year. The continuous annual inflation rate is 0.02. Similar to Eqn. (5.34), the cost of a preventive

maintenance cp(t) has the form

Table 5.5 Working condition of the NJ120B gear

T τ Cycles s− r

(Y) (Nm) (rev./Y) (1/Y)

10 133 12×106 0.02

cp(t) = (c0 + cp0)e
st , (5.49)

where cp0 lumps all expenses associated with a preventive maintenance, including the labor cost,

loss of productivity, etc. In this case, it is assumed that c f0 = 50000 CAD and cp0 = 5000 CAD,
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which means the cost of a failure is much higher than that of a preventive maintenance. The

results are presented in Table 5.6. As expected, the preventive maintenance cost, C̄P, increases

with n. Therefore, to end up with a convex maintenance cost or LCC, the necessary condition is

that the failure maintenance cost, C̄F , decreases with n. To determine when this condition will be

met, it is useful to study the FPDF of Eqn. (5.46) for one failure

p(t) = γλ γtγ−1exp
(− (λ t)γ). (5.50)

When γ ≤ 1, e.g. for gears, p is monotonically decreasing with t. Furthermore, the term tγ−1

tends to infinity as t → 0. This implies that, after a preventive maintenance, a high failure

maintenance cost shall be expected. If no preventive maintenance is conducted, the FPDF of the

original element keeps decreasing. In other words, for any element with γ < 1, the preventive

maintenance shall be avoided as it increases the LCC. As seen in Table 5.6, for the NJ120B gear

C̄F increases by n, and the LCC is minimum at n = 0.

Table 5.6 LCC of NJ120B gear with γ2=1.20 after ten years

n C̄P (CAD) C̄F (CAD) C̄M (CAD) CT (CAD)

0 0.00 494.36 494.36 1042.54

1 6131.68 889.61 7021.29 7569.47

2 12270.18 1243.52 13513.70 14061.88

3 18410.39 1571.62 19982.01 20530.19

4 24551.28 1886.69 26437.97 26986.15

5 30692.50 2185.79 32878.29 33426.47

6 36833.92 2475.12 39309.04 39857.22

7 42975.46 2758.63 45734.09 46282.27

8 49117.09 3033.07 52150.16 52698.34

9 55258.77 3301.82 58560.59 59108.77

10 61400.48 3568.23 64968.71 65516.89
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For elements with γ ≥ 1, the term tγ−1 assures that p(0) = 0. As t increases, p increases

to reach a maximum, after which decreases monotonically. Since p increases at the start of the

operation, investing on a preventive maintenance which brings the FPDF to zero may be helpful

in saving on the failure maintenance cost. That possibility depends on the value of γ , λ , the cost

of a failure, and the cost of a preventive maintenance. As there is no analytic solution for the

PrM strategies of the Weibull distributions in general, it is not feasible to establish a relation to

determine the behavior of C̄F in terms of the above parameters and, therefore, the problem must

be solved numerically.

The life-cycle cost of the bearing NU2230-M1 versus the number of preventive main-

tenances is presented in Table 5.8 for the working condition of Table 5.7. Similar to the NJ120B

gear, C̄P is monotonically increasing with n. On the other hand, C̄F decreases with n. The reason

is that for bearings γ ≥ 1, which imply that the FPDF is initially small, but increases as time

passes. Hence, conducting a preventive maintenance prevents going to high FPDF regions and

reduces the failure cost compared to the case where no preventive maintenance is conducted.

Having a C̄F that decreases with n is the necessary condition for the possibility of reducing

LCC using a preventive maintenance strategy. In this example, it is observed that the LCC is

minimized for n = 2.

Table 5.7 Working condition of the NU2230-M1 bearing

T Load Cycles s− r c0 c f0 cp0

(Y) (kN) (rev./Y) (1/Y) (CAD) (CAD) (CAD)

10 270.4 12×106 0.02 4074 30000 3000

The PrM1 LCC of the NU2230 bearing, as well as that of NU2228, NU2232, and

NU2234 are presented in Table 5.9. The values of the inflation rate, cp0 , and c f0 are similar to the

example of Table 5.8. The acquisition cost of NU2228, NU2232 and NU2234 are 3514.00 CAD,
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5507.60 CAD, and 6022.80 CAD, respectively [78]. For any of the bearings, the best LCC is

shown in bold letters in the table. Compare to the PFM strategy, selecting the best PrM1 strategy

provides up to 22.1% of savings in case of the NU2230 bearing. The results suggest that, if the

space limitations allows the use of any of the four bearings, selecting NU2234 along with the

PrM1 strategy where n = 1 provides the lowest LCC for the bearing.

Table 5.8 LCC of NU2230-M1 bearing – ten years, PrM1

n C̄P (CAD) C̄F (CAD) C̄M (CAD) CT (CAD)

0 0.00 48691.75 48691.75 52765.75

1 7817.98 34036.64 41854.62 45928.62

2 15644.65 23483.90 39128.55 43202.55

3 23473.48 17759.92 41233.40 45307.40

4 31303.20 14170.98 45474.18 49548.18

5 39133.34 11733.96 50867.30 54941.30

6 46963.74 9984.67 56948.41 61022.41

7 54794.29 8671.99 63466.28 67540.28

8 62624.94 7654.54 70279.48 74353.48

9 70455.66 6841.51 77297.17 81371.17

5.2.3 Preventive maintenance strategy– Age policy

Convergence of the model

For an element with the parameters listed in Table 5.12, the maintenance cost of the first three

failures versus the normalized time are plotted in Fig. 5.12 for 0 < t < T . For these parameters,

R(T ) = 0.60. If Eqn. (5.31) is truncated to three failures, the contribution of the first three

failures on the LCC is 52.8%, 13.8%, and 1.9%, respectively. These results, as well as that of
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Table 5.9 LCC of NU22xx-M1 bearings – ten years, PrM1

n NU2228 NU2230 NU2232 NU2234

0 63805.69 52765.75 37478.64 27697.72

1 58187.99 45928.62 31676.28 24048.12

2 55688.43 43202.55 34555.13 30063.51

3 56389.36 45307.40 40809.82 38459.62

4 59066.23 49548.18 48436.61 47647.91

5 62951.26 54941.30 56725.58 57176.93

6 67629.94 61022.41 65376.68 66873.82

7 72843.89 67540.28 74244.74 76665.21

8 78441.32 74353.48 83251.92 86514.16

9 84314.93 81371.17 92350.86 96401.38

Weibull distributions with γ = 1.0 and γ = 0.5 are presented in Table 5.11. The values of T ,

R(T ), c0, c f0 , and cp0 for the latter two Weibull distributions are the same as that of γ = 1.5.

Similar to the PFM strategy (see Table 5.1), the results show that as γ decreases, the contribution

of the first failure decreases whereas the weight of higher number of failures increases. The trend

for γ = 1.5 suggests that the weight of the maintenance cost of four or more failures is less than

1% of the LCC. However, this share is higher as γ decreases, particularly when less than unity.

This means that for γ ≤ 1, the error of considering up to three failures in Eqn. (5.31) is greater

than 1%. To avoid such an error, higher number of failures should be included in the calculations.

However, as pointed out in the previous section, a preventive maintenance decreases the LCC

only if γ > 1. For this range of γ , it is observed that the error of considering up to three failures

is bounded to 1%. Hence, in the following examples up to three failures are included in the

calculations.
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Table 5.10 PrM2 parameters of the element

T γ λ s− r c0 c f0 cp0

(Y) (-) (1/Y) (1/Y) (CAD) (CAD) (CAD)

10 1.5 0.0639 0.02 3500 30000 3000
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Figure 5.12 First three failure costs of PrM2, γ = 1.5,λ = 0.0639

Comparison of the present PrM2 model and the previous models

The results of the PrM2 model in Blischke and Jardine [42, 43] and the present PrM2 model are

compared. The model in Blischke and Jardine [42, 43] gives the expected replacement cost of a

cycle per expected cycle length as

C(tp) =
cpR(tp)+ c f

(
1−R(tp)

)
tpR(tp)+

∫ tp
0 t p(t)dt

=
C̄M

t̄p
. (5.51)

Next, Blischke and Jardine [42, 43] argue that cpR(tp) is the expected preventive maintenance

cost of a cycle, whereas c f
(
1−R(tp)

)
gives the expected failure cost. Hence, the numerator is the

total expected replacement cost of a cycle C̄M. Also, tpR(tp) is the expected duration of having
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Table 5.11 Convergence study of the PrM2 strategy

γ C̄P
C̄T

(%)
C̄F1
C̄T

(%)
C̄F2
C̄T

(%)
C̄F3
C̄T

(%)

1.5 15.7 52.8 13.8 1.9

1.0 14.6 46.3 21.5 5.6

0.5 10.2 38.4 28.1 13.1

no failures, and
∫ tp

0 t p(t)dt gives the expected life of an element. Therefore, the denominator is

the expected cycle length t̄p. Consequently, Eqn. (5.51) calculates the expected replacement cost

of a cycle per expected cycle length. In Jardine and Tsang [43] this model is used to determine

tp such that C(tp) on the left-hand side of Eqn. (5.51) is optimum.

Before comparing the results of Eqn. (5.51) and the present model, it is important to

raise three points. First, in developing the model, Jardine and Tsang [43] favored the simplicity

of the model: the time value of money is not considered and cp and c f are assumed time-

independent. These assumptions are justified if either the life cycle of the project or the inflation

rates are small enough.

Secondly, 1 − R(tp) is the probability of having only one failure. It implies that

c f
(
1−R(tp)

)
ignores the contribution of higher number of failures to the maintenance cost. This

assumption may be justified if R(tp) is close to unity. In any case, the numerator of Eqn. (5.51)

provides a lower bound for the expected replacement cost of a cycle. As R(tp) decreases, its

deviation from the correct answer is expected to increase.

Thirdly, if the expected cycle length (denominator) is a divisor of T , Eqn. (5.51)

multiplied by T gives the total expected life-cycle maintenance cost. It is important to note that,

in general, the expected cycle length is not a divisor of T . As an example, consider a case where

T = 3.7t̄p. In this case, the replacement cost during 0.7t̄p is not necessarily equal to 0.7C̄M.
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In such situation, minimizing the life-cycle replacement cost is not equivalent to minimizing

Eqn. (5.51). To resolve this problem, instead of minimizing C̄M/t̄p as is the case in Eqn. (5.51),

it is best to minimize the maintenance cost over the life cycle, as is the basic idea of the models

here.

In comparing the PrM2 model presented in Blischke and Jardine [42, 43] and the

present model, in the first step their result is calculated for tp = T . In this scenario, the result

of the PrM2 models should converge to the PFM model because no preventive maintenance

will be conducted. For the roller bearings and the conditions given in Table 5.12, the results

of the analysis are collected in Table 5.13. The bearings are manufacutred by an OEM [77].

The deviation of the previous PrM2 models from the PFM model is 31.0%, 66.1%, and 78.5%

for NU322, NU324, and NU326, respectively. Although the PrM2 model presented in Jardine

and Tsang [43] follows the same LCC reduction trend with R, it considerably overestimates

the LCC. The present model, on the other hand, is in good agreement with the PFM model,

having a maximum deviation of 0.3% in NU322. This deviation is caused by the truncation

of the PFM and the PrM2 models
(
see Eqn. (5.10) and Eqn. (5.31)

)
. The results of this table

indicate that, because of its simplicity, Eqn. (5.51) may lead to considerable errors due to the

three aforementioned points.

Table 5.12 PrM2 parameters for NU3xx bearing

Cat. no. T Load Cycles s− r c0 c f0 cp0

(Y) (kN) (rev./Y) (1/Y) (CAD) (CAD) (CAD)

NU322 1 270.4 12×106 0.00 1478.40 30000 3000

NU324 1 270.4 12×106 0.00 1902.60 30000 3000

NU326 1 270.4 12×106 0.00 2319.80 30000 3000
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Table 5.13 Comparison of the PFM and PrM2 models for bearings with tp = T

Cat. no. Reliability PFM (CAD) PrM2 (CAD) [42, 43] PrM2 (CAD), present

NU322 0.793 8327.88 10913.32 8349.41

NU324 0.928 4227.09 7023.27 4229.48

NU326 0.959 3649.53 6514.88 3650.22

The results of Table 5.13 are for the case of no preventive maintenance. For NU324

undergoing the condition of Table 5.12, the result of different PrM2 models are given in Table

5.14 for different values of n. The deviation of the PrM2 model of Blischke and Jardine [42, 43]

from the present model are presented in this table. As n increases, the difference between the two

models decreases. Since for large n’s the reliability R(tp) tends to unity, it is expected that the

failure maintenance costs, C̄Fk’s, are negligible. In such situations, the LCC is mostly composed

of the acquisition cost and the preventive maintenance costs, which implies the LCC may be

estimated by

C̄T ∼= c0 +n(c0 + cp). (5.52)

The result of Eqn. (5.52) is equal to 41,123.40 CAD for n = 8, and 46,026.00 CAD for n = 9,

which are nearly 1% less than the prediction of the present PrM2 model. This may be a result

of excluding C̄Fk’s from Eqn. (5.52). On the other hand, the difference of the PrM2 model of

Blischke and Jardine [42, 43] is 8.3% and 7.4% for n = 8 and n = 9, respectively.

The results of Tables 5.13 and 5.14 indicate that for n = 0 and for large n’s, the present

model is much more accurate and coherent than the PrM2 model in Blischke and Jardine [42, 43].

Therefore, in the rest of the model formulation, Eqn. (5.32) will be used in the LCC analysis

process.
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Table 5.14 LCC of NU324 bearings, different PrM2 models – one year

n PrM2 (CAD), Jardine PrM2 (CAD), present Deviation (%)

1 11083.29 8216.53 34.9

2 15655.99 12756.61 22.7

3 20377.23 17459.51 16.7

4 25163.31 22233.73 13.2

5 29983.94 27046.02 10.9

6 34825.33 31881.22 9.2

7 39680.26 36731.36 8.0

8 44544.54 41591.82 7.1

9 49415.57 46459.75 6.4

The advantage of the Age policy over the Block policy

For the NU2228 and NU2230 bearings of the OEM2 undergoing 270.4 kN for 12 million

revolutions per year, the present PrM2 model is used to calculate the LCC after ten years. The

saving of the PrM2 over PrM1 is also provided for different values of n. The results are also

shown in Fig. 5.13. As n increases, R(tp) gets closer to unity and the failure probability decreases.

Consequently, it is expected that most of the bearings face no failure and operate up to tp. This

implies that as n increases, the LCC of the PrM2 shall approach that of the PrM1. This behavior

is observed in Table 5.15 and Fig. 5.13, and is another way of validating the present PrM2 model.

For NU2230, this convergence happens at a smaller n because under the same load, the larger

bearing has a higher reliability and a lower failure probability.

As a final point, note that for the NU2228 bearing, by switching from n=2 to n=3, the

LCC increases 2.4%. Such locally flat LCC curves provide a flexibility in selecting n without a

considerable increase in the LCC. Such flexibility would be important in large systems where
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some savings may be achieved when the preventive maintenance of many elements of the system

is conducted at the same time to avoid repetitive system downtimes.

Table 5.15 LCC of NU22xx-M1 bearings – ten years, PrM2

n NU2228 Saving over NU2230 Saving over

PrM2 PrM1 (%) PrM2 PrM1 (%)

1 55646.06 4.6 44734.82 2.7

2 53413.46 4.3 42677.58 1.2

3 54688.54 3.1 44975.35 0.7

4 57782.30 2.2 49334.03 0.4

5 61961.62 1.6 54803.85 0.3

6 66842.88 1.2 60933.30 0.1

7 72204.51 1.0 67483.67 0.1

8 77909.52 0.7 74317.94 0.0

9 83868.65 0.5 81352.27 0.0

5.2.4 System-level life-cycle cost of a one-speed gearbox

The goal of this case study is to explore the design space of a conceptual/hypothetical one-

speed gearbox. The goal is to improve the reliability and reduce the LCC of the gearbox. The

maintenance cost models developed in this chapter as well as the CPR models of the previous

chapters are used to this end.

Consider a one-speed gearbox composed of two spur gears, each on a shaft supported

by two bearings. On each shaft, the gear is located in the middle of the bearings. Since no axial

load is transmitted between the spur gears, deep-groove ball bearings may be selected for the

application.
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Figure 5.13 LCC of NU22xx bearings for the PrM1 and PrM2 strategies

The desired performance requirements and the working condition of the gearbox, as

well as the material type and the geometry of the gears are given in Table 5.16. More details of

the gear set and the bearing are listed in Table 5.17. The gears that are bolded in this table are

not available in the catalog of the OEM1. To estimate their price, a linear cost-mass correlation

Eqn. (3.17) is applied on the price catalog of the gears of NJ and 6HG series of the OEM1 [74].

The component-level reliability target of each gear and bearing is 0.99 at the end of

the life cycle. The shaft shall be designed to meet no failure. To reduce the design space of the

problem, it is assumed that the four bearings are identical.

According to the AGMA equations [4], the performance and reliability targets for the

gears are met by selecting NJ30A (pinion) and 6HG40 (gear) from the catalog of OEM1 [74].

The bearing life equation [6] indicates that the deep groove ball bearing 61905-2Z from the

catalog of the OEM2 [77] meets the performance and reliability targets on both shafts.

The price catalogs of the gears OEM [74] and the bearings OEM [78] are consulted

to obtain the acquisition cost of the gears and bearings. The price of the gears are corrected
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Table 5.16 PrM2 parameters for gears

T Cycles Torque Gear ratio s− r Speed

(Y) (rev./Y) (Nm) (-) (1/Y) (rpm)

5 9.45×106 145 1.33 ± 0.01 0.02 1800

Material Hardness Width Module Pressure angle

– (Brinell) (mm) (mm) (◦)

ASTM A576 320 38.1 4.23 14.5

by adding 3.59 CAD to the catalog prices to consider the cost of heat treatment, as quoted

by Atlantic Heat Treating [75] for a high production volume. The maintenance cost of the

bearings are then calculated using the models presented here. The results are presented in Table

5.18. In the table, (x1,x2,x3) under the second column denotes the number of the pinion teeth

number x1, the gear teeth number x2, and the bearing catalog number x3. In the third column,

(y1,y2,y3,y4,y5) denote the pinion reliability y1, the gear reliability y2, the bearing reliability on

the input shaft y3 and on the output shaft y4, and the system reliability y5. The system fails if

any of the gears or the bearings fail. Hence, these elements operate in series from the reliability

perspective, which implies that the system reliability equals the product of the reliability of the

two gears and four bearings. It is assumed that the reliability of the shafts is unity.

To estimate the cost of a failure of a gearbox, the empirical data provided by a courier

is consulted. The data indicates that the average cost of the downtime plus the labor cost is 2435

CAD [87]. This value may give an estimate for the cost of a failure for the one-speed gearbox.

However, two points should be mentioned before making such estimate. First, the transmissions

of the courier’s trucks are more complicated than the present one-speed gearbox. Second, when a

gear fails, the bearings shall be removed to reach the gear, which makes its maintenance generally
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Table 5.17 Catalog number and acquisition of the gears and bearings

Pinion no. NJ27A NJ29A NJ30A NJ31A NJ33A

Number of teeth 27 29 30 31 33

AC (CAD) 109.92 115.18 122.30 124.93 135.34

Gear no. 6HG36 6HG39 6HG40 6HG41 6HG44

Number of teeth 36 39 40 41 44

AC (CAD) 185.00 196.09 201.00 203.31 214.81

Bearing no. 61903-2Z 61904-2Z 61905-2Z 61906-2Z 61907-2Z
AC (CAD) 35.70 42.77 55.58 71.54 99.82

more time-consuming than the maintenance of a bearing. Hence, in this example it is assumed

that for gears c f0 = 2000 CAD, and for bearings c f0 = 1600 CAD. Moreover, it is assumed that

the downtime of a preventive maintenance is much shorter than that of a failure maintenance.

Therefore, for both gears and bearings it is assumed that cp0 = c f0/4.

The maintenance cost of each gear and bearing in the PFM strategy is presented in

columns seven and eight, respectively, whereas the ninth column presents the maintenance cost of

the bearings in the PrM1 strategy with one preventive maintenance (n=1). The continuous annual

inflation rate of this example is 0.02. As pointed out in Section 5.2.2 under Eqn. (5.50), for gears

the preventive maintenance cost is always higher than that of a PFM. Hence, this example only

studies the PFM strategy for gears. Furthermore, as argued for Fig. 5.13, the PrM1 and PrM2

maintenance costs converge as reliability approaches unity. The same behavior is observed for

the bearings of this example, such that the deviation of the LCC of the two preventive strategies

is less than 0.1%. Hence, for brevity the results of the PrM2 are not reported here.

The last two columns of Table 5.18 compile the LCC of the PFM and PrM1 strategies.

The LCC is the sum of the LCC of the bearings and the gears. The LCC of the shaft is excluded

from the calculations because, as discussed below, the aim of this example is finding a solution



126 Maintenance Cost Modelling and Life-Cycle Cost Assessment of Engineering Systems

for the gears and bearings with lowest LCC of the gearbox. For the set of gears presented in

Table 5.17, the bore of the gears is 28.6 mm (1.125 in). The bore of the bearings of the table

vary from 15 mm to 35 mm. It is assumed that the cost of the filleting process required to fit the

bearings to the shaft is minimal compared to other expenses of the system. Therefore, the cost of

the shaft is treated as a constant which is dropped from the calculations. In other words, the LCC

analysis presented for the gearbox may be viewed as a comparative study between the LCC of

different solutions for the gearbox. Considering this point, we may proceed to the LCC analysis.

The solution presented in row 13 of Table 5.18 may be considered as the baseline

design, where the component-level reliability requirements are met. One reasonable question is:

would component-level considerations necessarily lead to an optimum system-level solution? In

other words, is it possible to reach a solution that is higher in reliability and lower in the LCC on

the system-level by relaxing the component-level reliability requirements?

To answer this question, a set of neighboring points of the baseline design is studied.

To this end, in addition to the gear set and the bearing of the baseline design, four other gear sets

and four other bearings are also examined. In selecting the neighboring gear sets and bearings,

two requirements are set. First, the performance requirements (input torque, gear ratio, etc.)

shall be met. Second, the dimensions of the new gears and bearing shall be close to those of

the baseline design. The latter is quite important when there are space limitations and the final

configuration of the gearbox shall not be overly different from that of the baseline design.

By having five gear sets and five bearings, as listed in Table 5.17, twenty five different

gearboxes can be achieved, including the baseline design. The reliability and LCC analysis

results of each gearbox is reported in Table 5.18. It is observed that the LCC of the PFM strategy

is lower than that of PrM1; the cost of a preventive maintenance cannot be covered by the savings

on the failure maintenance cost. Hence, PFM is the best strategy.
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The results of the PFM strategy is plotted in Fig. 5.14. Design 21 minimizes the LCC

(see Table 5.18), which leads to 17.4% LCC reduction compared to the baseline design. The

second lowest LCC is the design 22, where a 14.7% saving is achieved over the baseline design.

Despite the LCC of the design 22 is only 3.2% higher than that of design 21, the reliability of the

former is 0.969, whereas the reliability of the latter is 0.838. Depending on how the design team

weights the reliability versus the LCC, the optimum solution may be selected among any of the

points on the Pareto front shown in Fig. 5.14. Note that this Pareto front solely identifies the best

solutions among the design points studied here. The goal of this case study is to demonstrate the

applicability of the developed cost models rather than running a full optimization problem. The

latter can be the topic of a future study.
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Figure 5.14 LCC of a one-speed gearbox, PFM

Two important conclusion may be drawn from this example. First, γ > 1 is the

necessary condition to reduce the LCC by switching from PFM to PrM1 or PrM2. It is not a

sufficient condition to get an LCC reduction. Whether a preventive maintenance strategy reduces

the LCC or not depends on all of the inputs of the PrM1 or PrM2 models, as well.
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The second conclusion is that if the component-level reliability constraints are relaxed,

a solution may be achieved that is higher in reliability and lower in LCC from the system-level

perspective. Hence, by changing the design paradigm and considering the component-level

reliability as a design variable rather than a design objective, a new window to LCC optimization

and system-level reliability improvement may be opened.
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5.3 Conclusion

The foundation of the maintenance cost model developed here is deriving the failure distribution

function of the element from its reliability function, and then using it as a kernel to calculate

the expected cost associated with having failures. This procedure is applied on a post-failure

maintenance (PFM) strategy and two preventive maintenance (PrM) strategies. The inputs of

the model are the reliability distribution R(t), the price c0, the cost of a failure c f , the cost of a

preventive maintenance cp, the inflation rate, the downtime of a failure δ f , and the downtime of

a preventive maintenance δp. Having these inputs for any element, the procedure may be applied

to calculate the maintenance cost of the product.

In the model formulation, the downtimes appear in the limits of integrals. The model

can be simplified by neglecting the downtimes in the integral limits. To assess the level of

error associated with such an assumption, a sensitivity analysis of the model to the downtime is

conducted. The result suggests that no significant error should be expected upon applying this

assumption in a wide range of downtimes. However, any cost associated with loss of productivity

because of the downtime shall be lumped into c f or cp.

The convergence of the present models is studied. It is observed that for the life cycle

considered here and for the range of reliability used in applied engineering practice, the models

converge within the error range of 1% by considering the cost of the first four failures. Avoiding

calculation of higher number of failures considerably decreases the calculation time without loss

of accuracy. Hence, the present models are truncated after the fourth failure.

It is shown that the maintenance cost may be significantly sensitive to the inflation

rate. This observation implies the importance of dropping the zero inflation rate assumption

of previous models to improve the accuracy of the LCC analysis. To assure the validity of the

developed PFM model, in zero inflation rate scenario and for different reliability functions, the
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model results are compared with the previous models [42, 43] and a good agreement is observed.

In the previous PrM models, in spite of their simple mathematical form, it is observed that the

accuracy decreases as the end-of-cycle reliability decreases. The results of the PrM model of

[42, 43] and the present PrM model are compared in an example. It is expected that for zero

preventive maintenance (i.e. a post-failure maintenance strategy), they shall converge to the

result of the PFM strategy. In contrast to the present PrM model, the model of [42, 43] fails to

meet this expectation. It is argued that the sources of such deviation for the previous models are

probably their simplifying assumptions. The results suggest that although the present model is

more complicated in form and more expensive to calculate, it offers a much higher accuracy.

In another set of problems, the maintenance cost and LCC behavior of different Weibull

distributions are studied. It is argued that if γ ≤ 1, the LCC of a PFM strategy is always smaller

than the PrM. For Weibull distributions with γ > 1, on the other hand, the LCC of a PrM strategy

may be smaller than the PFM strategy depending on the inflation rate, cost of a failure, and cost

of a preventive maintenance. These inputs determine whether the investments on conducting a

preventive maintenance could be covered by savings on failure cost reduction. This problem is

addressed for bearings, as an example of elements with γ > 1. For deep groove and cylindrical

roller bearings under different working conditions, the best maintenance strategy, as well as the

savings of the PrM strategy over PFM is studied.

The two preventive maintenance strategies developed here (i.e. PrM1 and PrM2) are

compared for ball bearings and roller bearings. The PrM1 strategy is strict in scheduling the

preventive maintenance points. The PrM2 strategy, on the other hand, is more flexible to let an

element continue operation if no failure occurs. Consequently, it is expected that the maintenance

cost of a PrM2 strategy is always lower than a PrM1 strategy. Although the results show this

behavior, it is observed that the difference of the LCC of these strategies is insignificant when

the end-of-duty reliability is above 0.90. In that case, the maintenance team may prefer to select

the PrM1 strategy over PrM2 because it provides the opportunity of scheduling the preventive
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maintenance of many different elements of a system at the same time to reduce the total downtime

of the system.

For gears and bearings, the maintenance cost models of this chapter are coupled with the

acquisition cost models of Chapters 2 and 3 to conduct the LCC analysis of a one-speed gearbox,

which is composed of two gears, two shafts, and four bearing (two on each shaft). A baseline

design for the gears and bearings is selected such that the component-level performance and

reliability requirements are met. Next, the component-level reliability constraints are dropped

and the size of the bearings and gears are changed. The aim is studying whether exploring

neighboring design points of the baseline design would result in a solution that is lower in LCC

and higher in system-level reliability. Interestingly, the answer is positive. The conclusion

suggests that the reliability may be considered as a design variable rather than a design objective.

Such change of paradigm provides the opportunity to extend the design space and explore new

regions in search of increased system-level reliability and lower LCC.

In the formulation of this chapter it is assumed that the reliability function R(t) is

deterministic. However, by considering factors such as loading uncertainty, material variability,

and assembly accuracy, it is possible to include uncertainties in R(t). In such an approach,

in addition to the expected maintenance cost, the resulting model may calculate the standard

deviation of the maintenance cost. The standard deviation provides a tool to manage the

uncertainty in the maintenance and life-cycle cost of a project. This can be a topic for future

work.

Having the CPR model of gearboxes and electric motor, as well as the MC models

established, in the following chapter the LCC of the powertrain of a battery electric step van is

studied.



Chapter 6

Reliability and Life-Cycle Cost Analysis of

Powertrain of Battery Electric Vehicles

At a similar level of performance, when hybrid and electric vehicles are compared with internal

combustion engine vehicles, the former has typically a higher acquisition cost mainly due to the

high price of their battery pack. On the other hand, HEVs and EVs benefit from lower energy

cost. Also, because of having less moving parts compared to ICEVs, a lower maintenance cost is

expected for the HEVs and EVs. Therefore, from a life-cycle perspective, the cost of ownership

of hybrid and electric vehicles may be comparable with or lower than that of an ICEV. Having a

detailed LCC model for electric vehicles may enable the designers to target desired performance

and reliability while optimizing the life-cycle cost of the product. As a step towards this, the

life-cycle cost and reliability of the powertrain of a battery electric step van is addressed as the

sum of the acquisition cost, the maintenance cost, and the energy cost of the powertrain. The

salvage value and the disposal costs are outside of the scope of this evaluation. The design space

is explored in search of optimum system-level reliability and life-cycle cost while ensuring the

specified performance requirements are met.
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6.1 Problem definition

For the powertrain of a class-4 battery electric step van (hereafter called the Van), the influence

of the design variables on its overall reliability and life-cycle cost (LCC) is studied.

6.1.1 System configuration

Morozov et al. [72] studied the performance of a Van. Here, the cost and reliability analysis

is conducted for the powertrain of the single-speed solutions reported by Morozov et al. [72].

The powertrain is composed of a battery pack, an electric motor, and a single-speed gearbox, as

shown in Fig. 6.1.

Figure 6.1 Configuration of the powertrain

Gearbox

Three different powertrain layouts are explored by Morozov et al.: a direct drive, a one-speed

gearbox, and a two-speed gearbox [72]. In the direct drive option, the electric motor is directly

coupled to the final drive differential. In the single/two-speed option, there is a single/two-speed

gearbox between the electric motor and the final drive.
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As suggested in [88], Morozov et al. select the final drive differential ratio of 5.13 to

meet the high pulling performance requirement of the Van [72]. Here, since all of the proposed

solutions in [72] have the same final drive ratio, this element is excluded from the cost and

reliability analysis, as depicted in Fig. 6.1.

The results of Morozov et al. [72] indicate no significant advantage on the energy

consumption for the two-speed gearbox solutions over the single-speed ones. Therefore, the

single-speed gearbox options are selected for the powertrain to reduce the acquisition cost

compared to the two-speed options.

Electric motor

In Morozov et al. [72], four permanent-magnet synchronous motors (PMSM) were designed to

meet power, torque, and efficiency requirements of the Van. The peak power ratings of the four

designed motors were 100 kW, 135 kW, 150 kW, and 200 kW. The design details of the motors

are provided in [72]. The results imply that the motors smaller than 150 kW cannot provide the

specified powertrain performance requirements. Therefore, here, the 150 kW and the 200 kW

motors are considered in cost and reliability analysis of the powertrain. Both options have a class

H insulation.

Battery pack

A 96 kWh Li-ion battery pack is used in the powertrain, in keeping with Morozov et al. [72].

6.1.2 Design objectives and requirements

In Morozov et al. [72], the performance requirements of the Van are the gradability, the top

speed, and the full load acceleration time, as given in Table 6.1. The top speed and the gradibility
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requirements impose higher and lower bounds on the transmission ratio [89, 90]. Here, for the

operation life given in Table 6.1, the reliability of individual elements must be above 0.98. This

reliability constraint is used to select the baseline design.

The acquisition cost (AC) and the maintenance cost (MC) of the Van is outside of the

scope of Morozov et al. [72], leaving the overall energy consumption as the objective function

of the problem. Here, for the solutions provided in Morozov et al. [72], the LCC is selected as

the objective function instead of the energy consumption.

6.1.3 Design variables

In the performance analysis of the Van in Morozov et al. [72], the gear ratio is the design variable.

In the cost and reliability analysis here, three design variables are selected. The first design

variable is the size of the pinion (or the gear). The second variable is the size of the four bearings

of the gearbox. To reduce the size of the design space, it is assumed that the four bearings of the

gearbox are identical. It is possible to avoid such an assumption when a more detailed analysis

is required. The last design variable is the bearing size of the rotor of the electric motor. As

reported in Section 6.3, using these three design variables results in a wide range of solutions in

the cost-reliability space of the powertrain. Such degree of exploration is important in finding

the design with optimum LCC. Here, the motor size and the battery pack size are considered as

performance constraints. They can be added to the design space. However, this larger space does

not add to the understanding of the method, merely its complexity.

Table 6.1 System requirements

Gradability Top speed 0-96.6 km/h Life Operation Range End of life
(%) (km/h) time (s) (Y) (day/Y) (km/day) Reliability
30 105 25 13 250 80 ≥ 0.98
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6.1.4 Driving cycles

Morozov et al. consider six different driving cycles [72]. Three of the driving cycles have lower

maximum and average speeds and more starts and stops, which classifies them as urban cycles.

Two of the cycles have characteristics of high speed highways; with high top speeds and few

stops. One cycle shares the characteristics of the city and highway cycles. Among the six driving

cycles, the analysis here is conducted under the Orange County bus (OCB) cycle [72], as its

velocity profile is closer to that of an urban delivery truck.

6.1.5 Assumptions

The cost analysis conducted here is a comparative study, which means that only the costs that vary

from one design to the other are considered, neglecting all other expenses which are identical in

the different solutions. All of the solutions by Morozov et al. have identical final drives [72].

Therefore, this element is not included in the cost analysis.

Similar to Morozov et al. [72], the energy cost of the powertrain is reported for the

case of no regenerative breaking. This effect will be addressed in a future study.

In the cost analysis here, the net present value (NPV) of the LCC is reported. The

maintenance cost is discounted continuously assuming a constant discount rate throughout the

life cycle of the project.

Lastly, it is assumed that the salvage value of all designs are equal. Therefore, from a

comparative cost analysis perspective, the salvage value is excluded from cost analysis.
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6.2 Methodology

The LCC here denotes the sum of the AC, the NPV of the MC, and the the NPV of EC throughout

the life cycle of the powertrain. For the design points reported in Morozov et al. [72], the three

cost categories are calculated to establish the LCC.

6.2.1 Acquisition cost

The acquisition cost is the sum of the price of the gearbox, the electric motor, and the battery

pack.

Gearbox

For ten gearboxes of different sizes, the OEM provides the price of the spare parts [91]. The

spare parts may be classified into four subsystems: gears, bearing set, casing, and accessories. If

the price of the gears and the bearing set are denoted by x1 and x2, respectively, the price of the

gearbox may be estimated by 2.17x1 + x2, as shown in Table 6.2. The reason is that for the ten

gearboxes, the price of the casing and the accessories are 83% and 34% of the gears, respectively.

The formula given in the last line of this table predicts the gearbox price within an error range of

0.7%.

Table 6.2 Bill of materials of gearbox

Subsystem Price
Gears x1
Casing 0.83x1

Accessories 0.34x1
Bearing set x2

Total 2.17x1 + x2
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It is assumed that the BOM of Table 6.2 may be used for the one-speed gearboxes.

Therefore, by knowing the price of the gears and the bearings from the catalog of the OEMs

[78, 74], the material cost of the gearbox is calculated. Next, as proposed by Argonne National

Laboratory [92], an overhead factor of 2.0 is applied on the material cost to account for the

indirect costs and profit margin. The result is the price of the gearbox. If the price of a specific

part is not provided in the OEM’s catalog, it is estimated using Eqn. (2.36).

Electric motor

For the 150 kW and 200 kW PMSM motors introduced in Morozov et al. [72], the BOM is

given in Table 6.3. The second column of this table collects the estimated price of each material

suggested by an OEM. The material cost of the motor is the sum of the material cost of its

components. Next, an overhead factor of 1.55 and a profit margin of 1.20 is applied on the

material cost [29] to estimate the price of the motor, reported in the last line. The influence of

the price of the bearings on the acquisition of the motor is analyzed using the approach proposed

in Section 4.2.3.

Table 6.3 Bill of materials of the motors

Materia Price Mass (kg)
Type (USD/kg) 150 kW Motor 200 kW Motor

Magnet 112.00 5.9 12.1
Copper 16.00 27.2 51.4
Steel 20.00 38.9 79.9

Material cost (USD) 1874.00 3775.60
Price (USD) 3485.64 7022.62
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Battery pack

As proposed in the literature [61], the price of the battery pack is 250 USD/kWh in 2016.

Also, it is assumed that its price declines 8% annually [61]. The future price is an input of the

maintenance cost model of Chapter 5.

6.2.2 Maintenance cost

Here, the maintenance cost of each component is determined using the method developed in

Chapter 5, which is an extension to the method presented in Blischke and Murthy [42] and

Jardine and Tsang [43]. In this approach, the failure probability density function (FPDF), which

is calculated from the reliability function R(t), is used as kernel to calculate the maintenance

cost. Moreover, the time value of money is incorporated in the MC model to calculate the net

present value (NPV) of the maintenance cost. The inputs of the maintenance cost model are the

reliability function, the time value of money, the price (AC) of the spare part, and the cost of a

failure c f , which accounts for the downtime cost and the shop rate for the maintenance.

Reliability analysis

The reliability analysis of the gears of the gearbox is conducted as instructed in [5]. For the

bearings of the gearbox and the electric motor, the reliability is analyzed using the method of

[6]. The method presented in Gieras and Wing [17] is used to calculate the reliability of the

insulation of the electric motor.

The data sheet of the battery pack is consulted to determine its expected life [93]. Next,

as reported in literature [19–21], the reliability of the battery pack is modeled using a Weibull

distribution. A Weibull distribution is characterized by two factors, namely the shape parameter

and the scaling parameter. Similar to the experimental results of Ran et al., it is assumed that for



6.2 Methodology 141

the battery pack, the Weibull shape parameter is 10.2 [21]. By knowing the expected life and the

Weibull shape parameter, the scale parameter of the Weibull distribution is calculated.

Time value of money

In calculating the NPV of the LCC, as advised by a delivery company [87], it is assumed that

the return of investment (ROI) of the project is 4.0% annually. This value is used as an input

of the MC model of Chapter 5. For other applications with a different ROI, this input will vary

accordingly.

Downtime cost

Here, the downtime cost of the Van is 122.03 USD/hr. The figure is calculated by dividing the

daily revenue of a delivery company by the number of vans in its fleet [94], and applying a

CAD/USD exchange rate of 0.77, as discussed in Section 6.2.4.

Shop rate

In the United States, the average national-wide hourly shop cost is 80.00 USD/hr [95], and the

mean salary of an automobile mechanic is 19.58 USD/hr [96]. Hence, the labor cost is 24.5 %

of the shop cost. In Montreal, Canada, the average wage of an automotive technician is 19.00

CAD/hr [97, 98]. Assuming that the ratio of labor cost to shop cost in Canada is the same as US,

the shop cost in Montreal is 77.63 CAD/hr. Applying an exchange rate of 0.77, the shop hourly

cost of 59.78 USD/hr is reached.

For each element of the powertrain, the average downtime and the average labor time

of a maintenance is given in Table 6.4, as advised by a delivery company [87]. The cost of a
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failure c f is calculated based on the downtime and the shop rate, and collected in the last line of

Table 6.4.

Table 6.4 Downtime, labor time, and cost of a maintenance

Subsystem Gearbox Gearbox Motor Motor Battery
Element Gears Bearings Insulation Bearings –

Downtime (hr) 48 48 48 48 48
Labor time (hr) 13 13 16 13 4

Cost of a failure (CAD) 6634.58 6634.58 6813.92 6634.58 6096.56

Maintenance strategy

A post-failure maintenance (PFM) strategy is selected because in the range of reliabilities studied

here, the LCC of a PFM is smaller than that of a preventive maintenance (PrM) strategy, as

discussed in Chapter 5.

6.2.3 Energy cost

Morozov et al. present the energy consumption for each driving cycle for the different designs

reported in [72]. For each of their solutions, the energy consumption per cycle is used in

calculating NPV of the energy cost of the Van. It is assumed that the consumption per cycle and

the efficiency of the Van does not vary throughout its life.

Present electricity price

It is supposed that the Van operates in Montreal, Quebec, Canada. Each day, the Van leaves the

shipping center in the morning, and returns to the shipping center after finishing the delivery tasks.

It is recharged during the evening to the full state of charge (SOC) for the next day. It is assumed

that the power demand of the shipping center is 100 kW and its monthly consumption is 25000
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kWh. For that scenario, Hydro Quebec states that the price of electricity is 0.106 CAD/kWh [99],

which is used here as the present price of electricity. As discussed in Section 6.2.4, a CAD/USD

exchange rate of 0.77 is applied to get the price of electricity is 0.082 USD/kWh.

Electricity price projection

Annual Energy Outlook 2015 projects the NPV of electricity price in the United States up to

2040 [53]. It is assumed that electricity price in Quebec, Canada follows the same trend as the

US. Among the six scenarios discussed in [53], the reference scenario is selected. The projection

results are reported in Table 6.5.

Table 6.5 Projection of the electricity price

Year 2015 2016 2017 2018 2019 2020 2021
Price (CAD/kWh) 0.082 0.083 0.084 0.083 0.084 0.086 0.086

Year 2022 2023 2024 2025 2026 2027 2028
Price (CAD/kWh) 0.087 0.087 0.087 0.089 0.089 0.090 0.090

6.2.4 Exchange rates

All of the costs and expenses are reported in 2016 USD. For the bearings, the gears, and the

electricity price, where the price is not reported in USD, an exchange rate is applied to convert

the currency.

Exchange rate for bearings

In the price catalog of the OEM of the bearings, the prices are in Euros [78]. As the price catalog

has not been updated, it is assumed that the prices are still valid. The Euro/USD exchange rate is

1.12 as for September 2016; it is used to obtain the prices in USD [79].
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Exchange rate for gears

The price catalog of the gears is published in CAD by the Canadian distributor rather than the

American OEM [74]. To get the prices in USD, the CAD/USD exchange rate of 0.80 is used

referenced to the publication date of the catalog [79]. The assumption is that the OEM has

not significantly changed the prices of their products in USD since the publication date of the

catalog.

Exchange rate for motors

The material price of the motors were proposed by an OEM in February 2015 [100]. To convert

the material cost from CAD to USD, an exchange rate of 0.80 is used as the average exchange

rate in February 2015 [79].

Exchange rate for electricity price and cost of a failure

For the electricity price announced by Hydro Quebec, a CAD/USD exchange rate of 0.77 is used

as of September 2016 [79]. The same exchange rate is used for calculating the cost of a failure

and the labor cost in USD.

6.3 Results

For the OCB cycle, the output speed and the output torque of the gearbox of the Van is shown in

Fig. 6.2. These speed and torque profiles are the inputs to the reliability analysis of the gearbox

and the electric motor (See Chapters 2, 3, and 4).

The powertrain is studied in two rated powers, namely 150 kW and 200 kW, corre-

sponding to the rated power of the electric motor. Morozov et al. report that the energy efficiency
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Figure 6.2 The output speed and torque of the gearbox of the Van for the OCB cycle

of the 150 kW Van is optimum at gear ratio of 2.75, and the optimum gear ratio of the 200 kW

Van is 1.24 [72]. Here, the gears are chosen within 1% accuracy the gear ratios proposed by

Morozov et al. This ensures that the overall design satisfies the performance requirements.

6.3.1 Gearbox

Gear design space

The material type as well as some design details of the gears are given in Table 6.6. The gears

are carburized to reach the hardness of 330 Brinell. The catalog number, pitch diameter, and

acquisition cost of the gears are listed in Table 6.7 [74].

The catalog number of the gears have the form YJxx, where xx shows the number of

the teeth. Hereafter, the gear set (YJxx, YJyy) is denoted by (xx, yy) for brevity.

For the torque and speed profiles of Fig. 6.2, the reliability of the gears are collected in

the last line of Table 6.7 following the method of Section 6.2.2. For the 150 kW powertrain, the
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reliability of the both pinion and gear are above 0.98 for the gearsets (15, 41), (16, 44), and (17,

47). The gearset (15, 41) is the smallest option that meets the reliability requirement. Therefore,

it is selected as the baseline gearset of the 150 kW powertrain. The baseline gearset of the 200

kW powertrain is (24, 30). In Table 6.7, the baseline designs are embolden.

The AC of the gears are also provided in Table 6.7. For the gears that are not provided

in the price catalog of the OEM, the AC is estimated using Eqn. (2.35). Since all gears have

identical module and face width, the term βhvh +βgvg in Eqn. (2.35) is constant and, therefore,

can be taken into α5. This way, Eqn. (2.35) reduces to a linear cost-mass relation. For the gears

studied here, this model is characterized by α5 = 23.66 USD and β5 = 15.30 USD/kg.

Bearing design space

Table 6.8 pesents the catalog number, dynamic load rating Cr, acquisition cost c0 of the deep

groove ball bearings used in the gearbox [77, 78]. For the baseline gearsets of Table 6.7, the

reliabilities of the 6208, 6308, and 6408 bearings on the input shaft and output shaft are reported

in Table 6.8. Although the forces on the bearings of the shafts are identical, the bearings on

the input shaft have a lower reliability. The reason is that the speed of the input shaft is higher

than the output shaft. Therefore, the bearings on the input shaft undergo a higher number of

cycles throughout the lifetime of the gearbox, leading to a lower reliability. For both powertrains,

the reliability target of 0.98 is met for the bearings 6308 and 6408 on both input and output

shafts. Since 6308 is smaller in size, it is selected as the baseline bearing of the gearbox, and is

highlighted in Tab 6.8.

Table 6.6 The design details of gears

Material Hardness Module Width Pressure Safety factor
Type (Brinell) (mm) (mm) angle (o) Bending Pitting

ASTM A576 330 4.23 50.8 20.0 1.50 1.25
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Table 6.7 The reliability of pinions and gears

Powertrain 150 kW
Gear set (13, 36) (14, 39) (15, 41) (16, 44) (17, 47)

Catalog ID (YJ13, YJ36) (YJ14, YJ39) (YJ15, YJ41) (YJ16, YJ44) (YJ17, YJ47)
Diameter (mm) (55.0, 152.4) (59.3, 165.1) (63.5, 173.6) (67.7, 186.3) (72.0, 199.0)

c0 (USD) (38.08, 134.27) (40.39, 153.48) (42.86, 167.13) (45.51, 188.90) (48.32, 212.20)
Reliability (0.913, 0.958) (0.978, 0.983) (0.989, 0.992) (0.994, 0.996) (0.997, 0.998)
Powertrain 200 kW

Gear set (20, 25) (22, 27) (24, 30) (27, 33) (30, 37)
Catalog ID (YJ20, YJ25) (YJ22, YJ27) (YJ24, YJ30) (YJ27, YJ33) (YJ30, YJ37)

Diameter (mm) (84.7, 105.8) (93.1, 114.3) (101.6, 127.0) (114.3, 139.7) (127.0, 156.6)
c0 (USD) (57.80, 77.00) (64.97, 85.88) (72.82, 100.47) (85.88, 116.61) (100.47, 140.50)
Reliability (0.886, 0.909) (0.953, 0.963) (0.985, 0.989) (0.995, 0.996) (0.998, 0.999)

For the 150 kW powertrain, the bearing 6204 is the baseline bearing, whereas the

baseline bearing of the 200 kW motor is 6206.

Table 6.8 Reliability of the bearings for the baseline gearset

Powertrain 150 kW
Subsystem Gearbox (input shaft, output shaft) Electric motor
Bearing no. 6208 6308 6408 6004 6204 6304

Cr (kN) 31.0 45.5 68.0 10.0 13.6 16.9
c0 (USD) 40.32 61.71 155.68 13.56 14.68 19.25
Reliability (0.948, 0.985) (0.993, 0.999) (1.000, 1.000) 0.966 0.993 0.999
Powertrain 200 kW
Subsystem Gearbox (input shaft, output shaft) Electric motor
Bearing no. 6208 6308 6408 6006 6206 6306

Cr (kN) 31.0 45.5 68.0 13.5 20.7 30.5
c0 (USD) 40.32 61.71 155.68 19.28 23.13 32.54
Reliability (0.896, 0.930) (0.984, 0.990) (0.999, 1.000) 0.901 0.988 0.999

Gearbox design space

Having the baseline elements identified, the baseline gearbox and motor are configured. For

the 150 kW powertrain, the baseline gearbox is composed of the (15, 41) gearset and four 6308

bearings. The 150 kW motor has two 6204 bearings. The baseline gearbox of the 200 kW
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powertrain is comprised of the (24, 30) gearset and four 6308 bearings. The 6206 bearing is used

in the electric motor.

For each power rating of the powertrain, aside from the baseline gearbox, fourteen

other gearbox options are developed using the five gearsets and three bearing options given in

Table 6.7. Fig. 6.3 illustrates the LCC of the fifteen 150 kW gearboxes versus their overall

reliability. The LCC of the baseline gearbox is 1,603.42 USD at the reliability of 0.965. In this

case, the LCC of the baseline is lower than the other fourteen options. The second lowest LCC

belongs to the gearbox with the (16, 44) gearset and the 6308 bearings, where reliability is 0.980

with LCC of 1,622.18 USD; 1.2% higher than the LCC of the baseline. Depending on how the

designer weights LCC versus reliability, the baseline or the second lowest LCC option may be

selected.

The LCC versus the reliability of the fifteen 200 kW gearboxes are plotted in Fig.

6.4. For the baseline gearbox, the LCC is 1,661.53 USD and the reliability is 0.924. The best

gearbox consists of the (27, 33) gearset and the 6308 bearing, whose reliability is 0.961 at LCC

of 1,574.49 USD. In this power rating, the investment on the AC and increase in the gear size is

advantageous since there are savings on the MC, such that a lower LCC is achieved.

6.3.2 Motor

For the 150 kW and 200 kW motors coupled to the corresponding baseline gearboxes, the LCC

is given in Table 6.9 for different bearing sizes. In both cases, the results suggest that the best

motor is different from the baseline design; the LCC is the lowest at the largest bearing size.

Table 6.9 Life-cycle cost of the motors coupled to the baseline gearset

150 kW motor 200 kW motor
Bearing no. 6004 6204 6304 6006 6206 6306

LCC (USD) 3824.04 3558.56 3525.89 8018.23 7148.59 7073.02
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6.3.3 Powertrain

The combination of five gearsets, three bearing options for the gearbox, and three bearing options

for the motor leads to a total of forty five powertrain options for each of the 150 kW and 200

kW ratings. For the 150 kW powertrain, the LCC-reliability results are illustrated in Fig. 6.5.

The baseline is made of the (15, 41) gearset, the 6308 bearings for the gearbox, and the 6204

bearings for the motor. The reliability and LCC of this configuration are 0.949 and 41,704.87

USD, respectively. The best powertrain is comprised of the same gearbox, but the 6304 bearings

for the electric motor. The corresponding reliability is 0.959 with the LCC of 41,672.20 USD;

0.1% lower than the baseline. Although the best solution does not achieve a significant saving

over the baseline design, it benefits from a higher overall reliability.

The LCC-reliability data of the 200 kW powertrains is plotted in Fig. 6.6. The baseline

has the (24, 30) gearset, the 6308 bearings for the gearbox, and the 6206 bearings for the electric

motor, where reliability is 0.899 and LCC equals 45,117.67 USD. The best gearbox is composed

of the (27, 33) gearset, the 6308 bearings for the gearbox, and the 6306 bearings for the motor.

Compared to the baseline powertrain, a higher reliability of 0.957 is reached while the LCC is

44,954.78 USD; 0.4% lower than the baseline.

For the 150 kW and 200 kW optimum designs, the contribution of each cost category

in the LCC is illustrated in Fig. 6.7. For both power ratings, the maintenance cost is less than

0.6% of the LCC. The AC of the 200 kW powertrain is 3519.40 USD higher than the 150 kW

option mainly because a more expensive motor is used. This investment is not sound because the

EC of the 200 kW system is only 232.77 USD lower than the 150 kW option. Therefore, the

best solution is the optimum 150 kW design.

As seen in Fig. 6.7, for both power ratings, the AC is the major expense. AC of

the optimum 150 kW solution comprises 69.4% of its LCC. The figure is 72.1% for the 200

kW optimum design. Moreover, the MC and the EC of the two optimum solutions are not
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Figure 6.7 Contribution of each cost category on the LCC

significantly different. Therefore, in minimizing the LCC, lowering the AC plays an important

role. The details of the AC for the individual subsystem are found in Tab. 6.10. The battery

cost is 83.0% of the AC of the 150 kW best solution. This figure is 74.0% for the 200 kW best

powertrain.

Moreover, as given in Tab. 6.10, the reliability of the battery pack is higher than

the other subsystems, which implies that the 96 kWh battery pack is over-designed for this

application. This battery pack is employed because it is the only option available to the authors

which meets the performance requirement and has necessary data for reliability analysis. Using

a smaller battery pack in this application decreases its AC and increase its MC. This implies

the importance of considering the battery size as a design variable to further reduce LCC. This

problem will be addressed in future research.

Table 6.10 AC and reliability of the subsystems

Acquisition cost ($) Reliability
Gearbox Motor Battery Gearbox Motor Battery

150 kW 1405.06 3503.17 24000.00 0.965 0.995 0.999
200 kW 1372.47 7055.16 24000.00 0.961 0.997 0.999
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6.4 Conclusions

For the powertrain of a class-4 step van, Morozov et al. select the gear ratio to optimize its energy

consumption [72]. As an extension to that research, life-cycle cost (LCC) of the powertrain

of the van is studied here. The powertrain is composed of a battery pack, an electric motor,

and a single-speed gearbox. Two power ratings of 150 kW and 200 kW are considered for

the powertrain. The performance requirements are the top speed, the gradability, and the full

load acceleration time from 0 to 96.6 km/hr for the Orange County bus (OCB) cycle [72]. To

minimize the energy consumption of the van, the gear ratio proposed by Morozov et al. [72] is

selected as a design constraint. The objective function is the LCC and the design variables are the

gear size, the bearing size of the gearbox, and the bearing size of the electric motor. The LCC is

composed of the acquisition cost (AC) and the maintenance cost (MC) of the components, as well

as the energy cost (EC) of the powertrain over thirteen years of operation. The gear CPR model

of Chapter 2, bearing CPR model of Chapter 3, electric motor CPR model of Chapter 4, and

the MC model of Chapter 5 are used. These four models establish the influence of the material

type and the size of each element on its reliability and cost. The resulting models establish the

interplay between the cost, the reliability, and the performance of the elements.

For each power rating, first the baseline design is determined by selecting the size

of the gears and bearings such that the reliability of each individual element is at least 0.98

after thirteen years of operation. Next, the reliability constraint is relaxed and the gears and

bearings are resized to explore the design space for reducing the LCC. Employing five gear sizes,

three bearing sizes for the gearbox, and three bearing sizes for the electric motor, 45 powertrain

solutions are achieved, including the baseline design.

By switching from the baseline to the best solution, a higher reliability is achieved with

a slightly lower LCC. For the 150 kW power rating, the LCC of the best solution is 0.1% less

than the baseline, while the reliability increases from 0.949 to 0.959. The LCC of the best 200
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kW solution is 0.4% reduced with respect to the baseline, and its reliability is 0.957 compared to

0.899 for the baseline.

Three points should be considered to understand why the LCC reduction is not signifi-

cant. Firstly, all of the powertrain options have the same battery pack; battery size is not a design

variable. Secondly, the AC of the battery pack contributes to more than 50% of the LCC in both

power ratings. Lastly, the reliability of the battery pack is higher than the other components;

the battery pack is over-designed and its MC is negligible. These three points imply that for all

powertrain options, the LCC of the battery pack is a large, constant portion of the powertrain

LCC and, therefore, diminishes the role of element resizing on LCC reduction. In a comparative

cost analysis where the constant battery cost is excluded, the LCC advantage of the best design

increases; 0.3% LCC improvement for the best 150 kW solution over the baseline, and 0.8%

reduction for the best 200 kW option in comparison with the baseline.

The investment on deploying a 200 kW electric motor leads to savings on the EC, but

the savings do not justify the investment. Therefore, for the present application, the best 150 kW

option has a lower LCC compared to the best 200 kW powertrain.

The size of gears and bearings are considered as the design variables to enhance the

exploration of the design space compared to Morozov et al. [72]. For a future study, the constraint

on the gear ratio can be dropped to add the size of the pinion to the design space. Also, as

discussed in Chapter 4, changing the insulation class of electric motor may reduce the LCC of

this component and, consequently, the LCC of the powertrain. This parameter can be added to

the design space in future research. Furthermore, modelling the cost-performance-reliability of

battery packs provide the necessary tool for considering the battery size as a design variable in

future LCC analysis of BEVs. A significant LCC reduction is expected by resizing the battery

pack. The salvage value of the powertrain is neglected in the present study. Having a better

understanding of this cost category may improve the accuracy of the present cost analysis.



Chapter 7

Conclusions and Recommendations for

Future Work

7.1 Conclusions

The present research aims to establish a reliability-based life-cycle cost (LCC) model for engi-

neering elements and systems. To this end, the following objectives are addressed:

1. Proposing a procedure for correlating the acquisition cost of a product to its reliability and

performance.

2. Acquisition cost-performance-reliability (CPR) modelling of gears.

3. Developing the CPR model of rolling bearings.

4. CPR modelling of gearboxes.

5. Establishing the CPR model of electrical insulations.

6. Building the CPR model of electric motors.
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7. Deriving reliability-based cost models for post-failure and preventive maintenance strate-

gies.

8. Analyzing the LCC of a system of components for reliability improvement and cost

reduction.

These objectives are addressed in separate chapters as specified below.

In Chapter 2, Objective 1 is achieved by generating a procedure for CPR modelling

of engineering elements. This includes studying the influence of design variables, such as size

and material properties, on the acquisition cost and the reliability at a specified performance.

The procedure is used to develop the CPR model of spur and helical gears, as specified in

Objective 2. The reliability analysis is conducted using the AGMA stress and strength formula.

A simple cost-size relation is considered. The resulting CPR model quantifies the marginal cost

of reliability improvement for different throughput torques. The model results are compared with

the catalog prices of a manufacturer for a wide range of gear sizes and different modules. The

difference of the model and the catalog price is bounded to 5%. It is found out that the reliability

is more sensitive to the gear size at higher torques. Under a specified torque profile, the cost is a

typically convex function of reliability, which approaches infinity as reliability tends to unity.

In Chapter 3, the CPR modelling procedure of Chapter 2 as well as the ABMA bearing

life equation and a linear cost-mass relation are used to derive the CPR model of rolling bearings,

as Objective 3 states. The price catalog of a manufacturer is consulted to validate the bearings

CPR model. To meet the requirement of Objective 4, the gears and bearings models are coupled

to build the gearbox CPR model, which is used in cost and reliability analysis of a one-speed

gearbox. It is shown that by changing the gear and bearing sizes, a wide region of the cost-

reliability plane is explored. Among the bearings considered for building the gearbox, the

smallest one should be selected to minimize the gearbox acquisition cost if the gearbox reliability
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target is below 0.985. If the gearbox reliability must be above 0.990, the largest bearing gives

the lowest acquisition cost.

In Chapter 4, Objective 5 is addressed by combining the price and the reliability models

of electrical insulations to develop the CPR model of insulations. Next, to address the Objective 6,

by coupling the CPR model of bearings and electrical insulations, the electric motor CPR model

is derived. The bearings size and insulation class are varied while the overall motor features and

characteristics are kept unchanged. The result is a set of motors with similar characteristics but

different reliability and acquisition cost. The results suggest that depending on the duty cycle

and the reliability target, it is possible to find designs with a lower acquisition cost and a higher

reliability compared to the baseline design.

The post-failure maintenance and preventive maintenance cost models are derived

in Chapter 5 to comply with Objective 7. The foundation of the models is using the failure

probability distribution function as the kernel in determining the maintenance cost (MC). The

inputs of the models are the reliability function of the element, the failure downtime, the

preventive maintenance downtime, the cost of a failure, the cost of a preventive maintenance,

the inflation rate, and the price of the spare part. Having these seven inputs for any arbitrary

element, its MC model can be established. The models in the literature assume that the element

has a high reliability and that the inflation rate is zero. These assumptions are dropped here. The

results show that the MC models may be highly sensitive to the inflation rate, which emphasizes

the importance of including this factor in the model. The numerical examples suggest that

the developed models benefit from a higher accuracy compared to the models in the literature.

The present models converge when the cost of the first four maintenances are considered. For

selecting a preventive maintenance over a post-failure maintenance, it is necessary that the

Weibull shape parameter of the element’s reliability is greater than unity, which is the case

for bearings. Otherwise, the cost of a preventive maintenance will be higher than that of a

post-failure maintenance, which holds for gears. The MC models along with the gears and
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bearings CPR models of Chapters 2 and 3 are used in the LCC analysis of a one-speed gearbox.

The results show that by dropping the component-level reliability targets, it is possible to find

solutions which are higher in reliability and lower in cost compared to the baseline design.

Compared to Chapter 5, Chapter 6 includes the energy cost into the definition of the

LCC. In a case study, the life-cycle cost (LCC) of the powertrain of a battery electric step van

is studied to meet Objective 8. The baseline design is determined to meet the performance and

component-level reliability requirements. Next, keeping the performance fixed, the reliability

constraint is relaxed and the gear and bearing sizes are varied. It is found out that by exploring

the previously excluded regions of the design space, it is possible to find solutions which are

lower in LCC and higher in reliability compared to the baseline designs. The battery pack of

the powertrain is over-designed for this application. As a result, it has a significant contribution

to the LCC. To add the battery size as a design variable in the LCC analysis, it is important to

develop the CPR model of the batteries. This will be an important step towards LCC reduction

and market diffusion of battery electric vehicles.

The main conclusions of this research are:

1. By increasing the size of gears and bearings, the acquisition cost is a typically convex

function of reliability and tends to infinity as the reliability approaches unity. This cost-

reliability behavior is formulated for gears, bearings, and electrical insulations in separate

chapters. A good agreement is observed between the models and the catalog prices of

OEMs, whenever such data was available.

2. When the CPR model of a system is built by combining the CPR models of its sub-systems,

the best component sizing for cost and reliability improvement highly depends on the

inputs of the CPR model and the system configuration.

3. The developed maintenance cost models extend the models in the literature to the case

where the inflation rate is not zero and the reliability of the component is not close to unity.
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The results show that the maintenance cost can be highly sensitive to the inflation rate. In

such a case, the developed models have a higher accuracy than the models in the literature.

4. For gears, where the Weibull shape parameter of the reliability function is smaller than

unity, the post-failure maintenance is the best maintenance strategy. On the other hand,

the Weibull shape parameter of the reliability function of bearings is greater than unity.

Therefore, depending on the downtime and the cost of a failure, either a preventive

maintenance or a post-failure maintenance could be the best strategy for cost minimization.

5. If the component-level reliability constraints are avoided, it is possible to reach a solution

which increases the overall reliability and reduces the life-cycle cost of the system.

6. The battery pack used in the case study of Chapter 6 is over-designed for that application.

To further reduce the LCC of the powertrain, it is important to develop the CPR model of

batteries, which will be used to down-size the battery pack.

7.2 Discussion

The procedure generated in Chapter 2 seems to be applicable to other engineering elements and

systems such as shafts, bolts/nuts, welding, pressure vessels, mills, heat exchangers, compres-

sors, turbines, civil engineering systems (beams, bridges, etc), batteries, electrical components,

and electronic components. Having the CPR models of different engineering elements, engi-

neers/designers may optimize the reliability and life-cycle cost of their products. As an example,

since after the bearings and gears failure, the damage of shafts and lubrication systems are

the major failure modes of gearboxes [8, 9], by having the CPR models of the shafts and the

lubrication systems a more accurate gearbox CPR model can be achieved.

The findings of the gearbox case study of Chapter 5 and the powertrain case study of

Chapter 6 show that the component-level reliability constraints may exclude the design points
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with optimum overall reliability and LCC. This finding suggests a paradigm shift: From a

life-cycle cost and reliability optimization perspective, reliability should be viewed as a design

variable rather than a design objective.

The modelling of this thesis is design and manufacturing-oriented. In the context of

this thesis, the material properties or the size of components can be considered as the design

resources– this research deals with the quality of the resources assuming no limitation on the

quantity of the resources. It is possible to ask about the influence of the quantity of resources on

the models developed here. Factors such as the lack of spare parts, shortage of raw materials, or

the production volume have not been explicitly incorporated into the models. Including them

into the analysis extends the scope of this work.

7.3 Future Work

The present research can be extended to other applications as specified below.

1. The CPR model of other engineering elements and systems such as shafts, pressure vessels,

mills, compressors, turbines, batteries, bridges, bolts, nuts, welding, electric components,

and power electronics can be derived following the procedure introduced in Chapter 2.

Having a rich library of the CPR model of engineering elements enables engineers of

different disciplines and industries to optimize the reliability and life-cycle cost of systems

of elements.

2. By taking into account the standard deviation of the reliability distribution, the CPR

model may be extended to calculate the standard deviation of the acquisition cost and

the maintenance cost. Other factors that can influence the standard deviation of the cost

categories are the material variability, assembly accuracy, and loading uncertainty. The

study of these factors may be a subject of future research.
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3. Although this thesis is focused on engineering elements, the procedure proposed in

Chapter 2 and the maintenance cost models of Chapter 5 can be used in other fields, too.

Health science is an interesting application where the human body can be thought as a

system of components. A similar approach can be used to answer a question like: How

the failure rate of body organs such as heart, kidney, liver, and bones, are influenced by

parameters such as person’s diet, lifestyle, age, wealth, genetics, etc? In the context of this

research, parameters such as diet and lifestyle can be considered as the body performance,

the failure rate is exactly the failure probability distribution of different organs, and the

health care expenses translate to the maintenance cost. Such a model may provide a good

macro-level cost estimation tool which can be of high practical interest to governments

(for health care budgeting), or insurance companies (for announcing better service rates in

a competitive market, while keeping a safe profit margin).

4. The scope of this thesis can be extended by incorporating the distribution aspects of

the product to answer: How may the supply chain parameters such as procurement and

resource management influence the cost models presented here?
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