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Abstract

In the past few decades, complexity and operating frequency of microelectronic circuits have
considerably increased and their sizes have shrunk. As a result, EDA simulations for complex
systems have become difficult tasks for two main reasons. One is that their actual physical
models are, sometimes, impossible to obtain. The other reason is that some characteristics of
component are modified under high-frequency operation. In this case, the bottleneck problem
of macromodeling is to develop the accurate analytical model under high frequency
environment. To solve the problems for passive linear systems, frequency-domain S or Y-

parameter data can be obtained at first through measurements or full-wave simulation.

To deal with the frequency-domain measurements, fitting methods (Vector Fitting or
Loewner Matrix method) are applied to obtain the mathematical macromodel. They all can
handle high complexity system, but generate different macromodels for the results. For
example, VF method generates results in pole-residue approximation model; and LM method

generates results in state space matrices model.

From these macromodels above, this thesis proposes several approaches to derive
SPICE level simulation model (or SPICE netlist) when inputting measurements for fitting
methods are Y-parameter. SPICE netlist is in format of components list (resistors, capacitors,
inductors and etc.); so it is convenient for EDA simulation. The ideas of these approaches are
based on properties of MNA equation and reactance theorem. They are proven to generate

accurate results and they can greatly accelerate the macromodeling process in this thesis.

This thesis also provides an open discussion on SPICE netlist generation from
frequency-domain data. Within the development of new or optimized fitting methods, we
always can invent or optimize the corresponding macromodeling methods to better adapt
characteristics of those fitting methods. On the other hand, the best solution for different
problems (or systems), is not fixed. Adopting the method based on the properties of the

system would achieve better efficiency.
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Résumé

Au cours des dernic¢res décennies, la complexité et la fréquence de fonctionnement des
circuits microélectroniques ont considérablement augmenté et leurs tailles ont diminué. En
conséquence, les simulations d’ ACE (I'automatisation de la conception électronique) de
systémes complexes sont devenues des tiches difficiles pour deux raisons principales. La
premiére raison est que leurs modéles physiques réels étaient impossibles a obtenir parfois.
L'autre raison est que certaines caractéristiques du composant étaient modifiées en
fonctionnement a haute fréquence. Dans ce cas, le probléme de la macro- modélisation est le
développement le modele d’une analytique précise dans un environnement a haute fréquence.
Pour résoudre les problémes pour les systémes linéaires passifs, S ou Y-paramétre dans le
domaine fréquentiel peuvent étre obtenus premiérement par des mesures ou par la simulation

d’onde-entiére.

Pour traiter les mesures de domaine de fréquence, les méthodes d'ajustement
(méthodes "Vector Fitting " ou "Loewner Matrix") sont appliquées pour obtenir la macro-
modele mathématique. Tous peuvent gérer les systémes de complexité élevée, mais ils
générent macro-modeles différentes pour les résultats. Par exemple, la méthode VF génere
des résultats dans le modéle d’approximation de pole-résidus; et la méthode LM génére des

résultats dans le modele de matrices de 1'espace d'état.

Selon ces macro-modeéles, cette thése propose plusieurs approches pour tirer modéle
de la simulation au niveau SPICE (ou la netliste SPICE) lorsque les mesures d'entrée pour des
méthodes d'ajustement sont Y-paramétre. La netliste SPICE est au format de la liste des
composants (résistances, condensateurs, inductances et etc.); il est si commode pour la
simulation de I’ACE. Les idées de ces approches sont basées sur les caractéristiques de
I'équation MNA et sur le théoréme de la réactance. Ils sont prouvés de générer des résultats
précis et ils peuvent considérablement accélérer le processus de la macro-modélisation dans

cette these.

Cette these fournit également une discussion ouverte sur la génération de la netlist
SPICE a des données de domaine de fréquence. Dans le développement de nouvelles
méthodes d'ajustement, nous pouvons toujours inventer ou optimiser les méthodes de macro-
modélisation afin de mieux adapter les caractéristiques de ces méthodes d'ajustement. De
l'autre c6té, la meilleure solution pour différents problémes (ou systémes), n’est pas fixe.
L'adoption de la méthode sur la base des caractéristiques du systéme pourrait atteindre une

meilleure efficacité.

il



Acknowledgements

There are so many people I would like to thank for completing this thesis. First and foremost,
I would like to express my deepest and sincerest appreciation to my supervisor, Professor
Roni Khazaka. Without his guidance, support, patience and encouragement during my master
study, I couldn’t accomplish this thesis. In addition, his extensive knowledge and brand new
ideas always impressed me and offered me great passion on researches. As a result, I had

enjoyed my three-year master study in McGill University.

I also would like to thank my colleagues for the assistances on my studies and
researches. Marwan Kanaan helped my setting up the lab workstation and provided
maintenances on computer and printer. During my study of course ‘Circuit Simulation’, he
was the TA and offered me assistances on Matlab programming. Muhammad Kabir provided
me much knowledge on Loewner Matrix method and taught me ANSYS and HFSS. He also
provided me the code for LM method and two examples for simulation. I also would like to
thank all my other colleges, Julian Santorelli, Nassir AbouZiki and Macro Kassis, for sharing
many presentations and having discussions on our research paths. I would like to thank my
other friends in lab McConnell 528, they are Chuansheng Dong, Hangcheng Zhu, Xingchi
Chen and Di Wu. Although we were working for different subjects, we always shared the
knowledge and understanding in field of Electrical Engineering. I would like to thank all

staffs in Electrical Engineering Department of McGill University for the accommodation.

Furthermore, I appreciate the internship opportunities offered from Canada Royalties
Inc and China Railway Siyuan Survery and Design Group. These experiences would be

necessary for my future career.

Finally, I must give greatest appreciation to my parents, Liu Jiancheng and Xie
Zhuoyan, for all the loves, guidance and supports during my life so far. Without their
encouragements and generous supports, I wouldn’t come to Montreal and study at here. All

my successes are established on their patience and devotement.

v



Table of Contents

Chapter 1 INtrOAUCTION. .......cccuiiiiiieciie ettt et e et e e e te e e eaeestee e taeeesbeeessseesssaeesssaenns 1
1.1 Background and MOTIVALION .........cceeveeiirriieerieerieenieeieereereeseeseeeseaessseesseesseesseessnesssenens 1
1.2 ThesiS CONITDULIONS. .....ceeueieiieieeiieitie sttt ettt ettt et ettt e bt e sbte st e sateebeesbeesaeesaeeeaee 3
1.3 Thesis OrganiZation.........ccueeuierieerieenienie ettt ettt ettt ettt e bt e sbeesatesaeeeteesbeesaeesneeeane 5

Chapter 2 Problem Formulation and Background Knowledge...........cccccevevvrcivnieenienienieennn, 7
2.1 General Approaches and Problem Formulation .............cccocceviiniiniiniiiiienienieeieee, 8
2.2 Direct Convolution Method on Y-parameter............ccccvevcvervievieerieereeneenreereeveeeeeenas 12
2.3 Various Fitting methods on time-domain simulation ............cccceevveerienieniieesieeceeeeen, 13
2.4 MNA Formulated Circuit Model..........cccoiiiiiiiiiieeeeeeee e 14
2.5 LIN@AT SUDSECHION ...euvieiieiieiiieeie ettt sttt et ettt e st e st e e teebe e bt e s st e entesabeenbeenseenaeas 17

Chapter 3 LIteTature SUIVEY .....ccceccveecrieciieriierieeseeieesseesseesseesseesseesssessseassessseesssssssesssesssesssenns 19
3.1 Standard Least Square Method...........cccceriiiiiiiiiiiieiesee et 19
3.2 Strictly positive real approximation and Convex Programming method ...................... 24
3.3 Vector Fitting MethOd ........cccveeviiiiiiiiieie ettt sivesveenreens 27

3.3.1 Algorithm implementation .............ccecceerierireieeneeseere et eee e 27
3.3.2 VF method on Y-parameter of multiport SYStem.........c..ccvevveereereereesreeneeieenneens 32
3.4 Loewner Matrix MEthod.........cccoeiiiiiiiiiiiieie ettt st 33
3.5.1 Algorithm implementation ...........cccueevveerreereesiesiesreere et ereereesreeseeesenesrseesseesseens 33
3.5.2 Modified Loewner Matrix Method on multiport System...........ccccceveereerirnieneenne 35

Chapter 4 SPICE Compatible Model from State Space Matrices Model............cceeeveeveannen. 36
4.1 General method to extract SPICE Netlist from State-space matrices...........c.cccveevennen. 36
4.2 Sparse Matrices Algorithm for State Space Matrices from LM method........................ 41

Chapter 5 SPICE Compatible Model from Pole-Residue Model............ccccovveviveiieirienieannenn, 48
5.1 Positive Real property on frequency transfer functions ............coceeeevereeeninienencnnnene. 49
5.2 Equivalent admittance model from Y parameter...........cccoevveeveecriecrienieneenie e e 50
5.3 Foster’s network synthesis and Modified Foster’s Method............cccocceevienienieenieenenn. 52
5.4 BIUNE S PrOCESS . ..eeiuiiiiietieiieeie ettt ettt sttt b e bt st e be et 57
5.5 Foster-Brune Method..........cocoiiiiiiiiiiiiiieeeteeeeetee et 61

Chapter 6 Examples and SImuUlations............cccveiieiieiiiierieeneesee s creere e esreesieesaesrneeveeseens 67
6.1 2-port transmission 1ine SIMUIAION .........cccveiieiiiiiiiiiieciecee ettt ereeveereens 67
6.2 8-port NEtWOTK SIMUIALION ......eevieeiieiieiieriie ettt ettt e e sreebeebeeseeseessnesenesnseenseens 72



Chapter 7 Conclusion and Future Research ............ccocvevievieniiniiciieieeeeeee e 77

7.1 CONCIUSIONS ..ttt ettt ettt ettt e sht e et e e e be e s bt e saeesatesabeembeenbeebeesbtesaeeeneeenteans 77

7.2 FUtUIE RESCATCH.....oueeiiiiiieieii ettt s 79
APPENDX I Transformation between state space matrices and rational approximation .....- 1 -
APPENDX II All the cases for Modified Foster Method...........cccccovvvivciiniieeneenienienieee, -7-
APPENDX III All the cases for Brune’s Method...........ccccevvvviiiiienieniesieciecieeeeeeen, -12-
APPENDX IV PR property check for pole-residue components...........cceeceeeieeieeieeneeennen. -16 -
REFERENCE ...ttt ettt ettt st st e eae e -21-

Vi



List of Figures

Figure 2.1 Current methods for time-domain transient simulation .............ccccoeveeveenieniennenne 8
Figure 2.2 Multiport system in frequency domain and Blackbox simulation ......................... 11
Figure 2.3 Example Circuit for Modified Nodal Analysis .........ccecceerieneenieniieniieiececeen, 16
Figure 2.4 Example Circuit for Linear Lump CirCUit..........cccoeevereireiieeneenienieeie e 17
Figure 3.1 Flowchart of Vector fitting method.............ccoooiiiiiiiiniiiiiie e, 28
Figure 4.1 Examples for embedding state space matrices into MNA equation....................... 37

Figure 4.2 Admittance Equivalent Model from General method for state space matrices...... 40

Figure 4.3 Admittance Equivalent Model from Sparse matrices algorithm............c..ccccceeee.e. 46
Figure 5.1 Flowchart for SPICE netlist Generation by VF method ..........ccccooceiiniininienne. 50
Figure 5.2 Equivalent admittance model of @ 4-port SYStem.........ccceveriereneriienieieeseeene. 51
Figure 5.3 Admittance Equivalent Model from Modified Foster’s method............cccceueeneee. 56
Figure 5.4 Admittance Equivalent Model from Brune’s method...........ccccooeeiiiiniiiinenne. 60
Figure 5.5 Desired properties of Foster-Brune Method ...........ccccooiiiiiiiiiiiniiiieeeee, 61
Figure 5.6 Flowchart of Foster-Brune method............cocoiiriiiiniiiiieeeeeeee e 62
Figure 5.7 Flowchart for fast Grouping Algorithm (step 2) in Foster-Brune method.............. 63
Figure 6.1 Parameters for single transmission lNe............ccoeeeviiriieiiieneenienieeie e 67
Figure 6.2Y11 Comparison between Original, VF and LM data on 2-port network.............. 68
Figure 6.3 Y-paramter rms error Vs. frequency on 2-port network ...........cceecveeevieerienieennennen. 68
Figure 6.4 Transient Analysis For 2-port network from SMA method...........cccccoevveiinenennee. 70
Figure 6.5 Transient Analysis For 2-port network from MFM method............ccccooceeienenennee. 70
Figure 6.6 Comparison at port 2(output) for 2-port NetWork ...........ccceeveevieniieccieereereeeenen, 71
Figure 6.7 Parameters for 8-port NEtWOTK ..........ccceiiiieiiiieieeeeee e 72
Figure 6.8 Y11 Comparison between Original, VF and LM data on 8-port network............ 73
Figure 6.9 Y-paramter rms error Vs. frequency on 8-port network ...........cccecveeevienieieennnennen. 73
Figure 6.10 Transient Analysis For 8-port network from SMA method..........cccooceeierieneeee. 75
Figure 6.11 Transient Analysis For 8-port network from MFM method ............cccoorereneene. 75
Figure 6.12 Transient Analysis For 8-port network at port S(output) .........ccccveeeveeerievreenneennen. 76

vil



List of Tables

Table 2-1 MNA Stamps for ideal circuit COMPONENLS........cccvevverrercrierierierieereereesreereeseens 15
Table 4-1Modified Stamps for MINA @qUALION ........c..ccuvervieriierierieeiiereereesieesieeseeseneeneeseens 39
Table 5-1 Cases and Model Stamps for Modified Foster’s Method (Real Pole)..................... 53
Table 5-2 Cases and Model Stamps for Modified Foster’s Method (Complex Poles)............ 54
Table 5-3 Cases and Model Stamps for Brune’s Process ..........ccceceeveeneenienienieeieeeeeeen, 57
Table 6-1 Comparison between VF and LM method on 2-port network .............cccceevvenuennen. 69
Table 6-2 SPICE netlist generation from different methods for 2-port network..................... 69
Table 6-3 RMS error data for 2-port NetWOrk .........ccoevieiiiiiiiiiiie e, 71
Table 6-4 Comparison between VF and LM method on 8-port network .............ccceevueenennen. 74
Table 6-5 SPICE netlist generation from different methods for 8-port network..................... 74
Table 6-6 RMS error data for 8-port NetWork ..........coeceeiiiiiiiiiiie e, 76

viil



List of Acronyms

EDA Electronic Design Automation
MEMS Microelectromechanical Systems
MNA Modified nodal analysis

MOR Model order reduction

SPICE Simulation Program with Integrated Circuit Emphasis
VF Vector fitting

LM Loewner matrix

LS Least squares

CPU Central Processing Unit

PRIMA Passive Reduced-order Interconnect Macromodeling Algorithm
FFT Fast Fourier Transform

FMM Fast Matrix-Vector Multiplication
FEM Finite element method

KCL Kirchoff’s Current Law

PR positive real

SPR Strictly positive real

AWE Asymptotic Waveform Evaluation
VCCS Voltage controlled current source
ORHP Open Right Half Plane

SMA Sparse Matrices Algorithm

MFM Modified Foster’s Method

FBM Foster-Brune Method


http://en.wikipedia.org/wiki/Finite_element_method

Chapter 1 Introduction

1.1 Background and motivation

In the past few decades, electronic components have become ubiquitous, appearing in
diverse systems from computers to cars, smartphones, TV and other small and large
appliances. This was partially facilitated by lower costs due to manufacturing process as well
as systematic design automation of electronic systems. Such electronic design automation
(EDA) tools have therefore been one of the key enablers of the current digital revolution that
has seen microelectronics integrated in almost every product. However, at the same time the
complexity of microelectronic circuit has considerably increased. It is partially due to
increased system complexity due to higher integration and partially due to more complex
models required for high frequency operation reaching well into the GHz range. It has put a
considerable strain on the EDA tools used for design. In fact EDA tools have now become
one of the key bottlenecks limiting the performance and complexity of modern designs [1, 2].

One of the key requirements for accurate simulation and design automation is an
accurate and efficient model for the circuit components. However, for many complex
components, especially those operate at high frequency, such as transmission lines,
Microelectromechanical systems (MEMS), interconnectors and vias, accurate physics based
models are not easily obtained. In this case, the bottleneck problem is to develop the accurate
analytical time domain models [3] under high frequency environment. However, for passive
linear structures, we can fully characterize their behavior by the frequency domain S- or Y-
parameter data, which can be obtained from measurement or full-wave simulation. The key
challenge is how to include frequency domain data into a linear time domain simulation. This
is the main focus of this thesis.

Throughout all present analytical models, SPICE level simulation models [10] show
superior behavior for complicated high-frequency circuits or networks. Simulation Program
with Integrated Circuit (SPICE) is a typical analog electronic circuit simulator. It directly

describes the integrated circuit structures and is convenient for time domain and frequency



domain analysis. In later part of this thesis, this model will be called as ‘SPICE netlist’,
which indicate the virtual components of the circuit and their connection data between nodes
in the circuit. This thesis will focus on the circuits or networks which have large number of
ports and work under high frequency (=1GHz).

Macromodeling for high frequency simple components, such as a capacitor, can be
achieved through analyzing the physical structures. But for high frequency components, such
as transmission lines, physical structures are very hard to obtain. In this case, frequency
domain measurements are considered as an assistance of macromodeling. Starting from these
measurements, there are usually three approaches to perform a transient time domain
simulation: Direct convolution method, Recursive convolution method and SPICE compatible

Macromodel method. They will be mentioned in Section 2.1.



1.2 Thesis Contributions

In this thesis, a number of macromodeling methods are developed for frequency
measurement data (Y- parameter) of arbitrary system. These methods extend the capability on

complicated applications and improve the efficiency on simulation; they are listed as follow.

1. “Sparse Matrices Algorithm” for state-space matrices from Loewner Matrix Method
(see Section 4.2): state-space matrices of an arbitrary system could be fast generated
from frequency response through SMA method. Since these matrices are usually full
matrices, utilizing them efficiently became another issue. Sparse Matrices Algorithm
analyzes the properties of these state-space matrices; provides a quick way to obtain
the sparsified matrices and then fits them to MNA equation to obtain the SPICE
compatible macromodel. As demonstrated in examples, this proposed algorithm

significantly reduced the complexity of SPICE compatible model.

2. Modified Foster’s Method (see Section 5.3, Appendix II): When Vector Fitting
Method is applied on frequency response of an arbitrary system; the results would be
in pole-residues format. Chapter 5 mainly discusses algorithms which could generate
SPICE compatible models from these pole-residue rational approximations.
Modified Foster’s Method, proposed in Section 5.3, is a method using Foster-like
circuit or Foster’s Reactance theorem [58] to derive the virtual components for a
frequency response. Several prototypes are acclaimed so that rational approximation
of a frequency response can quickly address to different modes. MFM method has
very low time cost to generate SPICE compatible macromodel from rational

approximations.

3. Foster-Brune Method (see Section 5.5): One drawback of Modified Foster’s Method
is that the number of components of final result would be massive when the number
of gussed poles used in VF method is large. To optimize Modified Foster’s Method,
reduction for the number of components is the key point. After having reviewed
Brune’s method, Section 5.5 has proposed “Foster-Brune Method”. This method has
first established a selecting algorithm on all pole-residues rational approximations,
then has extracted, as many as possible, single pole-residue parts and has grouped
them into high-order positive-real rational approximations. The next step is to apply

Brune’s method on these grouped ones and MFM on those ungrouped ones.



4. Positive-real (PR) conditions for pole-residue components (see Appendix IV): For a
frequency response function f(s), this function is PR if and only if Re[f (s)] is
always positive in the right-half plane of the complex plane and f(s) has real value
for real s. This section has considered pole-residue rational function as component,
has sought the PR conditions for the sum of any two components. After analysis and
proof, all conditions are summarized into format of pseudo code so they could be

easily presented in programming.



1.3 Thesis Organization

In Chapter 2, we have introduced three approaches for performing transient analysis
for the multiport system at first, and then we have formulated the problem in Section 2.1.In
later sections, we have introduced background knowledge, such as direct convolution and
various fitting methods. Modified Nodal Analysis and linear subsection are very important for
understanding proposed algorithm (SMA) in Chapter 4. They are discussed in section 2.4 and
2.5.

In Chapter 3, we have summarized some fitting techniques for generating time-
domain macromodels. They are least squares method (LS)[12], Strictly positive
approximation [36-37], Convex programming method [38-39], Vector Fitting method(VF)
and Loewner Matrix method(LM). For VF method, we have analyzed basic algorithm on
single response, and its application on multiport systems. For introducing LM method, the
original method claimed in 2008[54] has been reviewed first. Additionally, several modified
methods [47-48, 50], claimed by my supervisor Roni Khazaka and his students, have been

reviewed later for providing accurate time-domain models for examples.

Chapter 4 focuses on SPICE netlist generation from state-space matrices. At first, the
general method to generate SPICE netlist from state-space matrices have been introduced in
Section 4.1. In Section 4.2, | have proposed “Sparse Matrices Algorithm”, which can
generate SPICE netlist from state-space matrices obtained through LM method. This method,
utilized the properties of LM method, allows SPICE netlist generation fast and accurate. This
method has also already been published in [55], and has been detailedly described in this

section.

Chapter 5 focuses on SPICE netlist generation from rational function (or pole-residue
rational approximation). Section 5.1 has also reviewed positive-real (PR) property of rational
function, which is necessary for generating positive-real component (real world component)
in the netlist. Section 5.2 has described the idea to divide Y-parameter into individual
component. Section 5.3 has first reviewed Foster-Like circuit [58], which can generate RLC
circuits from frequency responses. Then we have made some optimizations and have
proposed “Modified Foster method” for SPICE netlist generation. Furthermore, we have
established several stamps, which allow us to directly generate RLC model from poles-
residue sets of multiport network. In Section 5.4, we have reviewed Brune’s method [57];

however, this method has some fatal drawbacks on dealing with complex systems.



In Section 5.5, we have combined Brune’s method and Modified Foster method and have
proposed a new method, “Foster-Brune method”, which absorbs the advantages of both

methods and avoids their drawbacks.

Chapter 6 is the simulation part of this thesis. Two examples are presented, one is
single transmission line and the other one is an 8-port network. We have first applied VF and
LM method on these examples to obtain numerical macromodels. Then we have applied
Sparse Matrices Algorithm (SMA), Modified Foster method (MFM) and Foster-Brune
method (FBM) on these macromodels. The parameters for the comparison between these
methods include: accuracy (error), reality (real-world components in netlist) and time
consumption. For observing the accuracy for these methods, we have applied Backward Euler

method for transient analysis.

Chapter 7 provides the summary of current work. The goal of this thesis is the
research on most efficient method generate SPICE compatible model (netlist) from frequency

response data. To achieve this goal, some directions of future work are given in the end.



Chapter 2 Problem Formulation and Background
Knowledge

As it mentioned in the first chapter, there are three macromodeling methods for dealing with
frequency data of an unknown system. After formulating the problem for presenting these
methods, it is very necessary to introduce the background knowledge for these methods. They
are direct convolution method for Y-parameter, various fitting methods, Modified Nodal

Analysis (MNA) and linear subsection.



2.1 General Approaches and Problem Formulation

As it mentioned in end of introduction, there are three approaches to perform a

transient time domain simulation from frequency-domain measurements. Their flowcharts are

shown in Figure 2.1.

Unkown
System
vy
Frequency-
domain Data
Y-or S-
Parameters
A
Various Fitting/Optimization Method:
Vector Fitting,Loewner
Matrix, AWE,LS,......
Macromodel
vy A
Direct Convolution Recurswe
Convolution
Method 1: Method 2: Method 3:
Direct Conolution Recursive SPICE Netlist
for Time-domain Conolution for generation;
transient time-domain Main Algorithms in
simulation; transient this thesis
Hard to apply on simulation;
complicated Hard to apply on
system Mutiport system

Figure 2.1 Current methods for time-domain transient simulation



Direct convolution method can solve time domain models from frequency domain
measurements. This method will be introduced in Section 2.2. It works for simple
cases; but for systems which work under high frequency and have large number of
ports, its performance is poor in terms of stability, CPU cost and memory

requirements [67].

Recursive convolution method: This approach is divided into two steps: The first step
is to generate mathematic macromodel by some fitting techniques. In recent years,
numerous algorithms to automatically generate this model are invented and massive
work on improving the accuracy and the efficiency of these algorithms had been done.
The most appealing ones, among these new algorithms, are vector fitting method (VF)
[20] and Loewner matrix method (LM) [43]. Compare to their predecessors, such as
least squares method (LS) [12] and asymptotic waveform evaluation method (AWE)
[14], these new algorithms are robust enough to handle a complex multi-port system
with a large number of ports and with a high bandwidth; they also have many
techniques to reduce the CPU cost. Depend on these methods; results can be in format
of rational approximation, poles and residues pairs, state matrices and others. These
methods will be briefly introduced in Section 2.3 and detailedly mentioned in
literature survey part (Chapter 3). When the complicated system would be broke into
various less complicated components; and then the second step is to apply recursive
convolution on these components for transient analysis. The idea of this method is to
simplify the complicate system into numbers of less complicated systems and then
apply convolution on them; so this method is much more superior on handling
complicated systems comparing to the first approach. However, when the system has
a large number of ports and work under high frequency environment, this method
would generate huge number of components (systems) and the convolution on each

component would be very inefficient.

SPICE compatible macromodel is the last the approach, and it is also the main
method discussed in this thesis. It obtains mathematic macromodel at first; then in the
second step, these results are fitted to the MNA model to generate SPICE netlist.
Modified nodal analysis (MNA) equation is a common analytical model for transient
analysis and it will be introduced in Section 2.4. After the MNA equation is fitted,
SPICE netlist can be obtained through some techniques. So the final simulation result
of the unknown system would be list of components of capacitors, resistors, inductors
and others. This prototype is very clear and can be easily embedded into other

simulation.



However, if the MNA model is directly applied to simulate a complicated system,
matrices would have huge-size [6]. It also would generate massive components in the
SPICE netlist. An example for this result is given in Section 4.1. To avoid difficulty,
we utilize the properties of MNA equation and time-domain macromodels (from VF
and LM method) to create optimized methods which can quickly fit macromodels to
MNA equation; so the process can be accelerated. These methods are acclaimed in

Chapter 4 and 5.

The main purposes of this thesis are to describe these algorithms, to compare their
capabilities and to conclude their advantages and disadvantages. As well, the core parts of this
thesis are the proposed methods (in Chapter 4 and 5), which can efficiently generate SPICE

netlist from time-domain macromodel.

To formulate the problem for the thesis, the left part of Figure 2.2 shows a linear
multi-port linear network and simulation method on this network. To solve the network, we
can treat it as a black box, as it shows on the right part of Figure 2.2. By looking at the
voltages and currents data through their ports, we can ‘guess’ the internal components of the
black box. To achieve this goal, or to establish the analytical time domain macromodel, the
first step is to obtain the frequency response data, Y-parameter. These data can be measured
through several equipments, such as Network Analyzer, or can be generated through full
wave simulation of software, such as HFSS or HFWorks. The data, in frequency domain, can

be represented as

(5 Y(sk) k=12..,n (2.1

Where sy, is the complex frequency and n is the number of frequency points. Y (s;) € CP*P*n
are the Y-parameter matrices at s, P is the number of the ports. To guarantee the availability
of the data, s;, must cover the bandwidth of the signal. Increasing the density of frequency

points improves the accuracy, but also increases the complexity of the simulation.
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Figure 2.2 Multiport system in frequency domain and Blackbox simulation

The following sections of this chapter introduce background knowledge, based on
Figure 2.1, will be introduced in this order: Direct convolution method is introduced in
Section 2.2. Various fitting methods are introduced in Section 2.3. It also mentions the state
space matrice model and pole-residue approximation model, which are two very important
models in the thesis. Their details are given in Appendix I. MNA model will be introduced in
Section 2.4. In Section 2.5, linear subsection is discussed to show that the MNA model of this

system can be embedded into other systems.
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2.2 Direct Convolution Method on Y-parameter

In [34-35, 51], a convolution based approach for the transient analysis of transmission
lines described by S-Parameters is presented. In [67], author summarizes these techniques and
adapts them on Y-parameter. It uses Inverse Fourier Transform to switch Y-parameter to time
domain; Fast Fourier Transform (FFT) or Fast Matrix-Vector Multiplication (FMM) [68, 69]
methods can be applied at this step.

Suppose the voltages of all P port of network in Figure 2.2 are v (t), ..., vp(t), the
current of an arbitrary port q, i,(t) , can be described by the definition of Y-parameter, in

frequency domain [11]:

Iq(s) = 7<,¢l)=1 Y(pq(S)V(p(S) (2.2)

Apply Fourier transform on this equation, and solve it by FFT or FMM:

ig(t) = FT[Eho1 Yoq ()Vp ()] = Xy F 1 [Yqa )V ()]

= X 1 Ygpq () * Ve () = ot [} Vgpq (t — DIVp(E)dr 2.3)

Ygmq 1s the Green’s function of this system and its detail is mentioned in [73]. For the
transient analysis, supposet, = adt, t, = bAt and is the step time, then derive (2.3) from ¢,

tot,:
iq(ta) = Yoy Xemp Vgeq(ta — TAt)vp(t'At) At (2.4)

(2.4) states the result through direct convolution approach; however this approach has
two fatal drawbacks for system has large number of ports. First, the convolution and inverse
Fourier Transform is very expensive on CPU cost, especially for a long time period
simulation; extra memories are also required for storing the time domain signals. With the
increase of number of ports, both CPU and memory are rapidly exhausted. The other
drawback is that inverse Fourier Transform decreases the accuracy when port number
increases, since this algorithm cause aliasing and other problems [67]. For these reasons,
direct transient method on multiport system is inefficient for system with a large number of
ports; it is also the reason that the current approaches for time-domain analysis is focus on the

macromodelling or system identification.
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2.3 Various Fitting methods on time-domain simulation

Starting from measured data of frequency points of a multiport system, there are quite

a few methods to obtain the time-domain macromodel:

Standard Least Square (LS) Method [12-13] is one of the oldest methods. It assumes
the fitting parameter as an approximation of a rational function, and then use iteration to
obtain the approximation. The whole process is time consuming and speed to increase
accuracy is slow. It is seldom used at present but it provides background knowledge for later

method, such as VF method. This method is detailedly introduced in Chapter 3.1.

Strictly positive real (SPR) approximation [32,36-37] also assumes the fitting
parameter as an approximation of a rational function, but use Vandermonde matrix to adapt
the approximations into state space matrices model. Convex Programming method [38-39]
was proposed based on SPR method. It optimizes the state space matrices model by adding
more matrices part, so that the accuracy of approximation has been improved. These two

methods are introduced in Chapter 3.2.

Asymptotic Waveform Evaluation (AWE) method [14-16] use moment matching
techniques to solve the rational approximation function. It expands rational approximation
into Maclarurin series and expands moments in Taylor series; then matches the approximation
and moments to obtain coefficients of approximation. Since AWE method’s results are also in

format of rational approximations, we skip this method in this thesis.

Vector Fitting Method is one of most popular fitting method. It derives the rational
approximation into numbers of pole-residue groups and fit these coefficients recursively to
improve the accuracy of approximation, compare to previous methods, VF method presents

high efficiency. This method is introduced in Chapter 3.3.

Loewner Matrix Method applies, at first, tangential interpolations on original data to
construct Loewner matrix and shifted Loewner Matrix. Then the state space matrices can be
calculated. LM method is very simple and fast. It is also one of most appealing fitting method

at present. It is introduced in Chapter 3.4.

Throughout out all these methods, the results various into two formats: State Space
Matrices Model and Pole-residue Rational Approximation Model. These two formats are

necessary before starting the fitting methods. They are introduced in Appendix I.
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2.4 MNA Formulated Circuit Model

MNA formulated circuit model is based on Modified Nodal Analysis (MNA) circuit equation
and the formulation of this equation is according to Kirchoff’s Current Law (KCL) and
Kirchoft’s Voltage Law (KVL) at the circuit nodes. The MNA equation for a non-linear

system in time domain is:

Gx(t) + Cx(t) + f(x(t)) = b(t) (2.5)

Where

e x(t) € R™ is the vector of voltage nodes, voltage source, short circuits, linear
inductor currents and other non-linear unknown elements.

e G,C € R™™ are matrices stores the circuit information of linear memoryless and
memory elements.

o f (x(t)) € R™ is a vector of scalar function of non-linear components.

flx@®) =[AG) ) = frn(]" (2.6)
e b(t) € R™ is a vector stores independent voltage source and current source.

e m is the total number of unknown variables in this system.
Transfer (2.1) into frequency domain:
Gx+sCx+f(x)=b (2.7)

MNA equations for linear system doesn’t contain component f (x(t)). To construct
(2.7) from an electronic circuit design, all linear components in this design must be written
into the matrices through component stamps, which are list in table 2-1. Conversely,
equivalent circuit components can be extracted through MNA equations [71-72]. Table 2-1

below has given some important stamps for electronic components.

14



Table 2-1 MNA Stamps for ideal circuit components [71]

Element | Symbol Stamp on Matrices in MNA equaiton Equation
Voltage y 1 G: coli colj mewcol b: I=1
source Tow i +1 -1 =1
g row j -1 Vi—Vi=E
new row +1 -1 E
Current B! b: J=1
source row i [—]] —] =1
O rowj |J
Resistor b G: . coli colj (Vi - I/}-)/R =1
. row i [ 1/R —1/R] (_Vi+Vj)/R = Jj
] rowj |-1/R 1/R
Capacitor i i C: coli colj sC(Vi — Vj) = I
c rowi ¢ —C sC(=Vi+V) =1
) J row j [—C C ] ( l J) !
Inductor D5 i C: coli colj mnewcol I =1
>t row i +1 —I,=1
3 . row j -1 V=V, —sLl, =0
d o] new row +1 -1 -L
Open i No change
circuit l
I j
Short i G: coli colj mnewcol =1
circuit ‘ row i +1 -1 =1
j TOWj —1 Vi _ V] =0
new row +1 -1
VCCS i_ 4 j |G coli coli gmV; —=Vy) =1
@— rowj pgm  —gm gm(=V +V;) = I,
rowj l—gm gm

The key advantage of MNA Formulated Circuit Model is that the concept of component

stamps allows computer automatically switch between MNA equation and equivalent circuit.

Other properties are that G and C are sparse matrices and their sizes depend on the number of

voltage nodes and source component. To clearly demonstrate the MNA Circuit Model, an

example is given below:

15




Node 1 Mode 2 Mode 3 Node 4
R1 RZ R3

| Aty Aty 'Ww—‘
IET %‘EE T - G2 + C3
I |

1T
]
|

Figure 2.3 Example Circuit for Modified Nodal Analysis

Figure 2.3 gives an example for MNA equation analysis on linear circuit. In this circuit, there

are 4 nodes, the voltages on for nodes are V; ~V,. Applying KCL at each node, we obtain:

R, _IE:()
V+ 22 =0
2
Vs =0
V,=0
V,=E 2.8)

We use conductance g instead of resistance R. Reformat (2.8) into matrices equation, we can
obtain MNA equation in matrices format:

[ 91 01 0 0 —1Va1 [0
|—91 g1+ 92 +sC; —92 0 0 ||V2| [0]
0 =92 g2 + 93 +sC, —J3 0 ||vs|=0] 2.9
| 0 0 —Js gz +sCs 0|V4 I0I
l 1 0 0 0 0 JlIEJ lEJ

(e)
(e)

[91 —& 0 0 -1
I_gl g1+9. —92 0
| 0 92 92t9s —g3 O
l 0 0 —Y3 93 0

1 0 0 0 0

—

+

)
N

0
0
ol 2.10)
0

)
w
o

R
| 0 olll-lo
| It gl

,__
o O
S O O
o O

i |

Compare (2.10) to the rules in table 2-1, we observe that components match their values in
matrices G and C.

E

SEESE
o
o
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2.5 Linear Subsection

In previous section, we have introduced MNA equations and MNA circuit model

(stamps). At dealing complexity of modelled circuit, MNA matrices are sometimes huge. One

way to simplify the matrices is to use linear multi-port subsection, which is considered in this
section. To illustrate the concept briefly, we have used the example from previous section to
observe the effect of linear subsection. If we see the components in the block as a circuit

subsection, then a new circuit is generated as below:

Mode 1 Mode 2 MNode 3 Mode 4
R1 R3

=
g
3

Node 1 . Node2 MNode 3 -
ode ) R2 -

m
e
Sdm

]
I
]
]
11
[
A
-
|1
1
L]
Fa
-
P

Figure 2.4 Example Circuit for Linear Lump circuit
There are 3 nodes in the new circuit, we rename them to V; ~V5. On the right side, we draw
the internal circuit of the block (lump). At first step, we consider Y-parameter of the lump

circuit on the bottom right, it would give:

[li] _ [3’11 )’12 [ ] [)’11 3’12] [ ]
i5 Y21 Y22 Y21 V22
92(g3+sC3) . —9203 93(g2+sC3) (2.11)

i = .92+g3+5C2'y12 BRCE 92+93+sC;’ Y2z = g2+gs3+sC;
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Insert equations into the MNA equation, we obtain:

gl _gl 0 1 V1 0

=91 91+SCi+y Y12 of|V2] _ |0 (2.12)
0 Y21 SC3 + Y22 0 V3 0 )
1 0 0 0l LIg E

Compare (2.12) to (2.9), we have observed that the order and complexity of MNA
equation has decreased. If the lump is not a simple circuit, but a transmission line or an
interconnector; this step would give significant impact on circuit simulation since all Y-
parameters become frequency-dependent and have imaginary part in most cases. In this case,

macromodelling on the lump is necessary.

Any linear subsection can be completely described in the frequency domain by its
network parameters (e.g. Y, Z or S-Parambers). Here we use the Y-parameters to show how a

linear subsection can be easily stamped in frequency domain MNA equations.

Generally speaking, this thesis observes the problem in Figure 2.4 reversely. From the
frequency measurements of unknown system or subsection, it analyzes different algorithms to

predict the inside components for them.
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Chapter 3 Literature Survey

As can be seen in Figure 2.1, one of the key steps in the generation of a spice compatible
macromodel are the algorithms that start from frequency domain measurements and construct
a numerical macromodel by fitting methods. In this Chapter we review several fitting
methods of generating time-domain or frequency-domain marcomodels from tabulate Y-

parameter data.

3.1 Standard Least Square Method

Standard Least Square (LS) Method obtains the rational approximation model of Y-
parameter from its data [12, 13]. In [33], the author has described the formation of pure-real
matrices equation through this method. (3.1) is a rational approximation for an element in Y-

matrix and N is a guessed order for the rational approximation:

24... N
YU(S) _ N(s) — Qota15+aS"++ans | a,b €ER; Yl](s) eC (31)

D(s) 1+bys+bys2+-+bysN ’

The first step is to separate real part and imaginary part of ¥;;(s) and N(s):
(re) | ., (im) _ NTO4NEm
YO 4 jri™ = = (32)
(re) Em) i
YD + YD = N0 + NO™) (3.3)

Expand equation (3.3) with a and b parameter:

Ylgre)(l + bls + bZSZ + 4 bNSN) +]Yl§lm)(1 + b15 + szZ + -+ bNSN)

=(ap+as?+ )+ (a;s+azs®+-) (3.4)
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Separate the real part and imaginary part on both sides of (3.4):

e Niseven

The real part is:

Yig.re) +jYi5-im)bls + Yig.re)bzsz + -+ Yig.re)bNSN =ay + ays% + -+ ays" (3.5)
The imaginary part is:

jYL.S.im) + Yig.re)bls +le.S.im)b252 + +jYi§.im)szN =a;5+azs®+ - +ay_sV?
(3.6)

e Nisodd
The real part is:

Yig_re) +jYiS-im)b15 + Yig're)bzsz 4ot Yig_re)bNSN =y + ays? + -+ aysN1 (3.7)
The imaginary part is:

jYig-im) + Yig-re)bls +jYi§.im)b252 + - +jYiS.im)szN =a;s+azs3+ -+ ays" (3.8)

Next step is to formulate matrix equation Ax = b from equation (3.5) to (3.7). In this step, all
the Y-parameter and frequency points must be considered; suppose N is an even number,

substitute s = jw to (3.5) and (3.6):

N .
[ao —w?a, + wha, -+ (—1)EwNaN] - [Yig.re) - Yig.”n)wb1 - Yig.re)wzbz 4ot
No@e) N
DYy =0 (3.9)
N . .
[alw - wlaz + wag -+ (—1)(?‘1)w”‘1a1v_1] — [Yiﬁ-‘m) + YD wb, = Y™ w?b, + -+

N (im)
DYy =0 (3.10)

(3.9) and (3.10) are elementary equations for construct Ax = b, to avoid the Null solution,

Y. (.re)

ij and Yig-im) can be moved to the right side of the matrix.

To avoid floating-points overflow for the problem of Figure 2.3, w data must first be curved

by a normalized frequency w;,, where

Wnor = \/wminwmax = \/wlwn; Wi = Wi/ Wnor (3.11)

Then frequency points and Y-data for constructing matrices equation are:
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(wp, Yij(wp)) k=12,..,n (3.12)

Then the matrices equation Ax = b are:

A:

[ 2 LU (im) (re) Ny (re)

1 —wi - (-DZwf O 0 - 0 w1V (Jwi) Y (w) - —(= 1)2w1Y (10)1)

N
1 -0} - (D2 0 0 - 0 wzy("")ow) Y(””(Jw) (D2 )
2 'ﬁ N (tm) 2 (re) : . N N (re) .

1 —Wn (_1)2wn 0 0 0 wny (](‘)n) wnyi]‘ (]wn) _(_1)2wnyij (]wn)
3 (ﬂ—l) N (re) 2y im) N Nylm)

0o 0 - 0 w —wi - D2 Vol -V (er) 0V (w) 0 —(D2w)Y ™ (wy)
3 (E—l) N-1 (re) (im) Ny (im)

o 0o - 0 w, —w; - (D2 Vo) _‘UZY (Jwz) Y (wy) - —(= 1)2w2Y (Jwz)

N: .

o 0~ 0 @ —wd -~ DE Ve —wnY(”)own) Y(””)own) e =(= 1)zw,’¥Y“’”)o wn)

x=[ag a; - ay a azs - ay—q by by - byl”

b=[r ) ¥ = Y ¥ V) P wn]  (313)

While w is the angular frequency, all A and b matrices are real. x contains data of rational
approximation and can be solved from Ax = b. To avoid ill-condition result, matrices
equation (3.13) must be an overdetermined system [68]. A must be overdetermined to satisfy

the overdetermined condition:
AER™CN-D —9on<2N—-1< N<n (3.14)

So the guessed order N must be smaller than the number of frequency samples n:

Then the overdetermined equation can be solved by:
ATAx = ATb
x=(ATA)1ATh  (3.15)
Once de-normalized x is obtain, b parameters are taken to calculate poles of ¥;;; unstable
poles are removed and leave effective poles (pl, Doy s P N'). With these poles, revised b
parameters (bl, b,,..,b N’) can be obtained. When true approximation of D(s) is known, a
parameters (N (s)) can be calculated through a similar process, which:
Y;j(s)D(s) = N(s) = ap + a;5 + as® + - + aN'sN’ (3.16)

Assume N'is even, then
N,
Re{Y;;D(jw)} = ag — w?ay + w*ay -+ (-1 Zw" ay;

N’ '
Im{Y;;D(jw)} = wa; — waz + w®as -+ (—1)(7_1)(1)"’ lay_, (3.17)

The corresponding matrices equation for (3.17) is:
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v
)2 —1N\5 N - Ao T
1 w7 ( 1):2 (02 0 0 0 ay 'Re{YL-jD(jwl)}'
N, : :
1 —w?2 - (D2l o0 0o - 0 ay | _|Re{Y;D(w,)} (3.18)
N , a; | - D(i )
000 0w —af - D ey g | |mERGed)
. ' (E—l) , a :, —Im{YijD(jwn)}_
10 0 0 wy, —a),% (_1) 2 wﬁ’_l_ LN -1

Since N' < N < 2n, (3.18) is also an overdetermined matrices equation. When a parameters
can be solved through (3.15); the rational approximation in (3.1) is obtained.
From effective poles set(pl, D2, s D N'), the pole-residue format of Y;; also can be calculated.

Suppose poles set have a real poles and  complex conjugate pole pairs. Rewrite Y;; as:
s _ N Tt _ Ty a+p 1 e
Yij(s)=c+ thls_;t =c+ Z‘é:ls_;t + Zt=a+1( L+ _—fpt) (3.19)

s—pr S
Then (3.17) becomes:

Re{ﬁj(s)}=c+2j=1Re( ! )rt+

S — Dt

e(ry)Re — m(ry)Im — —
t=at1] O \S—pr S—p; T \s—pr s—pe
~ o 1
Im{Yij(s)] =Z Im( )rt +
t=1 S —

i1 [Re@IM (2o ) + Im(rRe (-~ )| 3.20)

Formulate (3.20) into Ax = b format:

Re(ry41) Re{Y;;(sp)} 391
Im(1.”a+1) Im{Y;;(s1)} (3-21)

Re (7;&+B) -Im{Yi;- (sa)}]
-Im(ra+[3)_
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[ 1 1 1 1 1
1 Re ( ) Re ( ) Re + " Im — —
S1— D1 51 S1 ~ Poat+1 S1 7 Pa+1 S1 = Pa+1 S1 ~ Pat+1
1 1 1 1 1
1 Re ( ) Re ( ) Re + " Im — —
Sn —P1 Sn — Sn — Po+1 Sn Po+1 Sn — Po+1 Sn — Pa+1
1 1 1 1 1
0 Im ( ) Im ( ) Im + " Re — =
S1— D1 51 S1 — Po+1 S1 7 Pa+1 S1 = Pat+1 S1 ~ Pu+1
1 1 1 1 1
0 Im ( ) - Im ( ) Im + " Re — =
L Sn — P1 Sn — Sn —Po+1  Sn — Pa+1 N —Pu+1  Sn — Po+1
1 ) .
: Re{Yij(Sﬂ}
T, :




Above introduces LS method to obtain the rational approximation for one port data,
the advantages are that this method simply formulates real matrices and different initial
guessed order N results only small difference on final order. LS method has two major
drawbacks: the first is poorness for handling the noise from measured data; a sudden pulse
results incorrect or inefficient fitting process [13]. The other drawback is that LS method
solve only one entry of data each time, marcomodeling time for a system with a large number
of ports is extremely long. For these reasons, LS method usually is applied for low order

system. However this method has expanded the ideas for later fitting methods.
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3.2 Strictly positive real approximation and Convex Programming
method

This section will introduce two methods to generate state space model from Y-
parameter. The first one uses strictly positive real (SPR) approximation to generated stable
real models and SPR method is given in [32, 36-37]. The second one, Convex programming
method, is based on the first one, but develops the superior models on improving stability and

passivity [38-39].

Strictly positive real approximation method gives a general method to extract time-
domain model in (2.1) from Y-parameter by using rational approximation. SPR method is
based on a modified version of a standard nonlinear optimization algorithm [32]. It uses, at
first, Levenberg-Marquardt algorithm or LS method to find rational approximation parameter
@ and b, and then uses orthonormal polynomial basis Py (s) to provide a numerical
approximation.

Yij(s) _ Yies @kPi(s)

R(a,b,s) = = n_ bePr(s)’

aeR™beRY,Y;(s)eC (3.22)
Where Py (s) is a polynomial basis of order k satisfies (3.23), and h; ; can be obtained
through Arnoldi process [32]:

sPi_1(s) = X121 hy iPia(s) (3.23)

If Ug..;,, () represents the first m + 1 columns of Vandermonde matrix[69]:

[1 s1 st - s
2 ... m

Upm() = |1 52 S5 SB g
11 Sy S&E e S}J‘J

Rewrite (3.23) to adapt format of state space model:
1ij(s) = (ZR=1 biPr(8)) (ERk1 kP (s)) 7 U(s) = C(sI — A)T'B+ D (3.25)

State space matrices for ports are constructed as:
A=H]— a3 hpepenl@ @]
B =a; hyy1n €n
C=[by - by 0 - 0]
D=0 (3.26)
Where H,, is a n X n upper Hessenberg matrix [32, 69] and e,, is nth column of identity

matrix.
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For a multiport system with j inputs and i inputs that Y (s) € C!, U(s) € €/.(3.25) can be
rewritten into

Y(5) = (-1 BiPe()) (TIy APi(s)) U (s) (327)
Where 4, € R/, B, € R™ and they are the collection of all @ and b. In this case, state

spaces are aggregated with Kronecker product ® [32, 69]:

A=HL®I — hyyyp (€,86)[A7 4, A7'A; - A7'A, 4]
B = hyy1p (€,81))A51

c=[B, -+ B, 0 - 0]

D=0 (3.28)

This method directly extracts stable state space matrices from Y -parameter and provides
strictly positive real (SPR) approximations on time-domain model; it also can handle high
order case which rational approximation has more than 100 poles [32]. The drawback is that
SPR method assumes state space matrix D is 0, and then actual time-domain model becomes:
sX =AX + Bu
y=CX (3.29)
Here D is absorbed by the approximation C, so it requires extra number of poles to provide
model’s accuracy [32]. After [32], a few paper provided optimization method based on this
model. In [36], a convex programming approach was proposed to obtain the non-zero

approximation for D matrix and Y* matrix.

Convex Programming approach takes the approximations of A and B matrices from

(3.28), then use them to calculate C, D and Y™ matrices so that these state space matrices
could form a guaranteed passive stable model. Similar to (3.25), the approximation formula
for a single element 17L j(s) can be derived as:

Y, j(si) = Ci(si] —A)7'Bj + D; ; + 5,7, (3.30)
Construct J matrix that

J(si) = [B] (sl —AT)™' ef spe]| (3.31)
And X; is ith column of

CT
DT
(=)’

Since A and B are already known from last process, J matrix is a known matrix. X contains

X= (3.32)

rest of unknown state space matrices. To calculate X, the weighted least-squares error of the

approximation is used:

SoallZi(s) = Yol <ty (3.33)
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Separate real and imaginary part of J; ; and original data Y; ; and input all frequency data, two

new matrices F and G can be constructed:

Re(Ji(s1)) = Re(ls;(sn)
Fiujt) = [lmui;(sm Iy
Re(Y;(s1)) -~ Re(¥i;(sn)
Gi’f(")z[lm(n;(sl)) s S

Then weighted least-squares error function (3.33) transforms into
- 2
f=all¥ij (i) = Yo G, <ty = [[FiXi = Gl <ty (3.35)
If there is a QR decomposition for F that
Fi,j = Qi,jRi,j (336)

Least-squares error function further transforms to
IFeXi = Goll = (FijXi = 61))' (FiXi = Gi))
= (Ri;X; = QL;6:;) (Ri;X; — Q1;Gy;) + 67,(1 - Q;,;Q1,)Gy
= E]E;; + 8} (3.37)
Finally least constrains (3.35) becomes:
ETE ;+67; <ty; (3.39)
Where
Eij = RijXi = Qi;Gi;;80; = Gi;(I - Q;Qi;)Gi;  (339)

To solve €, D and Y* matrices, the author has used Structure-Exploiting Formulation (SEF)
method, which has proposed in [36,39]. Compare to SPR method, convex programming
method provides better approximation for € and adds approximations for D and Y**; which
improves model’s accuracy. Furthermore, it provides a guaranteed passive stable
approximation. From the simulation, it provides extraordinary result for single-input single-
output system; however, this method only handle small problem. For system with a large
number of ports (N = 40), accumulation of ¢; ; would cause inefficiency and inaccuracy of

the approximation [39].

26



3.3 Vector Fitting Method

Vector Fitting (VF) method is developed by Bj¢rn Gustavsen and Adam Semlyen in
1996 [20-24]. VF algorithm is based on Sanathanan-Keorner method [22]; it estimates and
iteratively refines poles and residues until desired accuracy is achieved. It is also capable to
handle large system (over 100ports). After original algorithm is proposed in [20], several new
modified VF algorithms are invented that gigantically accelerates the speed and improve the

capacity [25-31].

3.3.1 Algorithm implementation

As it mentioned in [20-24], VF method generates poles and residues for rational

approximation, where is

~ ag+a,s+azs?+-+aysV
f( ) - b0+b1S+b252+...+bNSN (340)
With measure data
(Sfp: F(Sfp)) ,fp = 1,2, - k (341)

If (3.61) is written into pole-residue format:

f(&)=3N_ " +d+sh (3.4

1 S—Pn

Then VF method defines a weight function:
T

—Pn

o(s) = ﬁ=1s +1 (3.43)

Weight function o is from our guess; in other words, 7, and p,, are known parameters. If f(s)

is introduced to o (s):

Sfie(S)f(5) = 0ffie(s) = Biea ;o5 + d +sh (3.44)
Thus
~ 0ffit(s)
f(s) = o) (3.45)
If all the parameter in (3.66) are written into pole-zero format [20]:
_ pIN2iG=20) . o oy _ o N2 (=20 _ IN=1(5=2n)
f(S) =h Hﬁ:1(5_pn) ’ folt (S) =h Hrl\ll:1(5_ﬁn) ’ G(S) B Hrl\ll:1(5_ﬁn) (346)

Substitute all equations in (3.46) to (3.45):

 ffit(s) MN21(s=2n) o 5 [In21(s—2n) ~ 5
f6) &= @ MV sy = Py — Pn =50 B47)
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To explain the transformation in (3.46) and (3.47):
*  0ffit(s) has unknown zeros of f(s) as numerator and known poles of g (s) as
denominator;

e 0 (s) has known zeros as numerator and known poles as denominator.

When divided o ff;;(s) by a(s), the known poles of a(s) cancel out and leave f(s) equals to
unknown zeros of f(s) as numerator and known zeros of a(s) as denominator. So unknown

poles of f(s) is found.

Therefore, VF method can be divided into 4 steps. The flowchart for the process is

given in Figure 3.1. The description for each step is followed after the flowchart.

1.Starting poles
identification

Y

2.Weighted
residues <
calculation

3.Zeros (New Update New poles
Poles) calculation as current poles

A

Are errors between ne
poles and current poles
acceptable

4 Final residues
caculation

A 4
Rational
approximation
achieved

Figure 3.1 Flowchart of Vector fitting method
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)]

2)

Starting poles identification

At first, number of the guessed poles N must be determined, larger N increase the

accuracy of the result but highly increase the amount of calculation, or computation time.

Constraints of N will be discussed later in this chapter.

The author of vector fitting algorithm gives some notices for starting poles:

- If the all starting poles are real, the linear problem Ax = b during the calculation will

be ill-conditioned and will result inaccurate solution [20].
- A large difference between the starting poles and correct poles may result a poor

fitting [20]. It will increase the iteration times to obtain the satisfied result.
The authors also recommend a solution for determining the starting poles. The starting
poles are all complex conjugate pairs that [20]:

Pn= —a+ jBnp; Pns1 = —& = jBpp (3.48)
Where
a = frp/100 (3.49)

And p is linearly distributed over the frequency range s¢,, that

Bnp = [Sl + (51’;;;1) np]/Zn , N iseven (3.50)

Weighted residues calculation

Expand (3.44) and reformat the formula:
f() = Bhea -+ d + sh— f(5) s

Write (3.51) into into Ax = b format:

n
- (3.51)

s—

Az[ : L 15 L9 IO [y Ly d b L y]T b = £(s) (3.52)

e Y s—p1  s—pnl’

Apply measured data in (3.41) into matrices equation:

_’r‘l_

L, ) =FGD
[51—251 S1—PN 1 51 e 21 51—17N] d F(Sl)

: . : : : : " : = : 3.53
O S 5110 I YO8
lSk—ﬁ1 Sk=PN LI Sk—ﬁNJ 7”.1

Ty

The size of matrix A is A € C¥*ZN+2) N must be satisfy
2N +2 <k (3.54)
So (3.74) becomes an overderterminated equation and x will not be ill-conditioned.

Solving overderterminated equation by
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3)

(ATA)x = (ATh) (3.55)

[71 ... Ty] can be obtained for the next step.

For a complex system, solving (3.53) could be very complicated. A simple method is
proposed to transform it into a real matrices equation. Since conjugate complex poles-
residues pairs are used, (3.52) can be written as:
i) ) - (=) ) () G559 - (55 G553
X = [Re(ry) Im(ry) ... Re(ry) Im(ry) d h Re(#) Im(7y) ... Re(Fy) Im(#y)]"
b =f(s) (3.56)

Now X becomes a real column, separate real part and imaginary part of A and b so that a

real matrices equation is obtained:
A= Re(A) 5= [Re(b)
Im(A)|’ Im(b)

Where A € R2k*(@N+2) x € R2N+2 | ¢ R2K

],Af =b (3.57)

Zero calculation:
Calculate zeros of weight function Z, in (3.57), the definition of eigenvalue are used.
N _Tn [h=1(5=Zn)
= g — 1 = = .
0(8) = In= 2y + 1= 1 (57, O59)
[20] has given this process as

% = eig(A — BC) (3.59)
A 0 B
Where 4 = [0 Ap]’B = [Bp]’c =[C G

If Py, 7y are real, A, = P, B, = 1,C, = 7.
If Dn, Ty are complex, or Py, and Dn+q are Cornplex conjugate pairs that Pn=a; +
JBi Pny1 = a; — jB;; then

Re(pn Im(py, i i - -
A= —zfi?ﬁb ergﬁ :[—aﬁi i]'Bf[?)]'Cf[Re(rn)Im(Tn)]-

In simulation, sometimes unstable poles are generated in this step, to guarantee the
process is stable. The sign of unstable poles are switched to be stable:

- { Zy if Re(Z,) <0

_Re(z,) + Im(2,) if Re(z,) > 0 00

The rms error between old poles 5, and new poles p,, is

= JEZalpa —5, G6D
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4) Final residues calculation
When satisfied results of p,, are obtained above, the last step is to calculate true value of

1,. Similarly, Ax = b matrices equation is constructed as:

1 1

S17P1 S1—PN
: : T'N =
1 1

Sk—P1 Sk—DN

F(:91)

F(sy)

(3.62)

It also can be transformed into real matrices equation by following the method in (3.56-

37).

Above parts explain the full algorithm for VF method, the rms error of this

approximation is given as [21]:

\/anl

Although VF is a robust method to obtain accurate approximation, its drawbacks

2
(3.63)

( spp+d+5np)—

include convergence and sparse results.
From (3.59), new poles are calculated from Z = eig(A — BC). However, this function would
return the eigen values in an ascending order, which may change the original order of residue
sequence [20]. If the problem is shown graphically:
Di =12 >y
For this reason, convergence can’t be determined since a guessed pole is not guaranteed to
generate the same pole during the process. In [21], the authors suggested two conditions to
stop the iteration:
1) Set the iteration time a significant number.(Normally 20)
2) Compare the difference of old poles and new poles, if the difference (RMS error) is small,
stop the iteration.
Another important drawback of VF method is that the state space matrices generated from
VF method are very sparse and with huge size. Using the example in 3.74, state space matrix
A € R5000%5000 i very sparse that all values are at diagonal block. These sparse matrices

occur because of overestimation properties of VF method.
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3.3.2 VF method on Y-parameter of multiport system

Back to formulated problem in Section 2.3, VF method is applied on P port system.
This section has reviewed VF method on Y-parameter of a multiport system. If Y-parameter

of'a P port system is given in

Yi1(s)  Yia(s) - Yip(s)
Y(s) = Y21:(S) Yzzz(s) YZP:(S) (3.64)
Ypi(s) Ypa(s) -+ Yep(s)
The rational approximation of any Y-parameter is:
(AB)
Yap(s) = gﬂ:ﬁ—p +d“B) 4+ sh(4B); 4 B € [1,P] (3.65)

By following four steps in the flowchart, the method of starting poles and weight function

don’t change. With the measured data in (2.1); Ax = b matrices equation can be constructed

as:

1 1 -Yi1(s —=Y11(51)7

— .. — 1 5 0 0 0 0 - e 11(~1) 11(~1)

S1—P1 S1 = PN 51__171 51__PN

1 R o ' ' ' () “Yals

S (0 | ¥

Sk —P1 Sk —Pn Sk —P1 Sk = Pn

1 1 —Yi2(s —Y12(s

. o o o R HONI O

S1 =P S1 = PN 31_.1’1 S1TPN

A= : H : H H : :

1 1 —Yi2(s —Yi2(s

0 0 0 0 — . — 1 5 - e 12(~k) 12(~k)

Sk —P1 Sk —Pn SkTpl Sk—_PN

T 1 Yepls) V(s

0 0 0 0 0 0 0 0 _ . _ 1 5 PP(}) pp(~1)

S1 = DN S1 = DN 31_.1’1 Sl_.pN

1 1 V() ~Yee(s

0 0 0 0 0 0 0 0 - _ . 1 PP(~I<) PP(Nk)

Sk = PN Sk = PN Sk —P1 Sk —Pn
T

x=[r1(11) r{sll) 4an  pan rl(“) Tzém 4da2  pa . rl(PPJ r}é’”’) aer  peR g fN]
b=1[Y11(s1) Yi1(s2) - Yia(sk) Yia(s1) Yia(s2) = Yia(sk) -+ Yep(s1) Yep(s2) - Yep(sp)]”

(3.66)

Similarly, real matrices equation A% = b can be derived from (3.66). Same process is
followed that 7, is obtained to calculate zeros until satisfied p,, are obtained. To determine the

final residues, equation (3.62) will be repeated for P2 times for all the parameters in Y-matrix.

.. . . P2+P\ . .
In most case, Y-matrix is symmetric, so P? times can be reduced to| —— ) if upper triangle
Y 2 pp g

matrix is considered.

[ ! oL 1 r1(AB)
S1—P1 si—pv 1 51 : Y4p(s1)
A R S N e 2
! 11 s [ 4B | Yap(si)
lSk — D1 Sk — PN th(AB)J
YAB (S) = YBA(S) (367)
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3.4 Loewner Matrix Method

Loewner Matrix (LM) method is a data fitting method which uses tangential
interpolation under the Loewner matrix pencil framework [43-46]. LM method is proposed by
Sanda Lefteriu and Athanasios C. Antoulas in 2008. As a very recent algorithm, the goal of
LM method is to handle high-complexity system. Compare to VF, who overestimates the
problem to achieve the accuracy, LM construct models with less complexity with selectable
level of accuracy. Another important property of LM is that LM method directly generates
state space matrices for time-domain model. Although LM method only has been proposed

from few years, it becomes one of most appealing algorithm in macromodelling.

3.5.1 Algorithm implementation

While most of present algorithms are using least-square approximations; Loewner
matrix method uses tangential interpolation and the Loewner matrix pencil.
At First, tangential interpolation is applied on original data to construct Loewner matrix and
shifted Loewner Matrix [43].
P port system with data (sy,Y(sx)) k= 1,2,..,n are separated into left and right
tangential interpolation. Right tangential interpolation is:
{QA,r,w)lA € Cr e C™ L w, e CP*Li=1,.,1}
A =diag[Ay,-, 4] € CXLR = [ry, -, 1] € CXLW = [wy, -+, w;] € CP*! (3.68)
And left tangential interpolation is:
{(u, ¢, v))|u; € C,¢; € C*P v € €™, j =1, h}
M = diaglpy, -, up] € C0 L = [€7, - £1]" € P,V = [v], -, v]]" € €M (3.69)
In these interpolations, A;, u; € sy are frequency points and
sk = {4, A3 U g, un}, L+ R =k (3.70)
13, £; are tangential direction vectors; w; and v; are tangential vector data and they define the
constrains:
HA)r; = [C(LE—A)" B+ D]lr, =w;
¢iH(uj) = ¢[C(uE —A)7B + D] =v; (3.71)
Author suggests a selection that
{4 = jow; = s, w; = HAPr)l4; € C,ry € €™, w; € €P*Li=1,--+,n},

{([ll = —/11','81' = Ti*,Ul' = T;H(Ai))l‘lli € C, 1?1' (S (Clxp,vi S (Clxm,j = 1,,7’1}(372)
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The Loewner matrix LL and Shifted Loewner matrix oL can be constructed by:

[U1T1—{’1W1 Vlrl—#1WZ'| PV = A1 fawy Bav1T =AWy
U1—24 U1—4 H1—2q H1—4
L= | : : | and oL = : : (3.73)
lth1—f’hW1 Vhrz—fthJ l#thT1—ﬂ1f’hW1 HthTl—llf’thJ
Un—M1 Bn—2 Uh—Aq Br—A

They satisfy two Sylvester equations
LA — ML = LW — VR, and
oA — Mol = LWA — MVR (3.74)
Assume | = h and det(xLL — olL) # 0, x € sy, then state space matrices equal to
E=-LA=—-0LB=V,C=WandD =0.
In [43], authors gave the solution of the rational interpolation problem and recursive

interpolation in the Loewner framework to obtain results.

Later, they give detailed algorithm for guaranteed real implementation in [44] that

A =jo,—jow;# =r,15W=HA)r, HADr; i = 1,-+,n/2} (3.75)
n is even.Correspondingly,

A= diag[jwl' —jw1,, jWny2s —jwn/z] € Ccmm,
R = [T1'7"1"";7"n/2;7”n/2] € ¢/,

W = [HQA)r, HADr - H(Any2 )2 H(Any2)1n/2] € CP*™(3.76)

Left interpolations are
(A = jwisns2 —j®iins2; P = €0, €50 = €;H(u), £:H(uy); i = 1, ,m/2} (3.77)

Construct transformation matrix II:
7 — qi nxn 7 — 1 T —j -1_1 T 1
II = diaglI, ..., 1] € C™", 11 = ﬁ[l j ],17 = x/i[j —j] (3.78)

Apply these transformations to obtain all real Loewner matrix pencils:
A=M0"AILR =RILW =WII,M = I7*MII,
L

~

L=L0V=VHIL=M0"'L0 and oL = T-'6LIT (3.79)
The next step is to extract the regular part of Loewner matrices since pencil becomes singular
while the measurements are too much. This step also reduces the order of all state space
matrices, consider obtained from singular value decomposing (SVD) of

[xL — o] = Y2 X, = V;2, X, x € {y;} U {1;} (3.80)
The rank rk of X, defines the dimension of regular part of [xLL — olL]
The realized state space matrices are:

E=-YTLX;,A=-Y[olLX;,B=Y[V,C=WX;and D = 0 (3.81)

34



Compare to VF method, which also treats system as a black box; Loewner matrix
method doesn’t require a good estimation of starting poles or any extra input data. The state
space matrices have stable size which depends on the input data, while the sizes of those
generated from VF method depend on number of guessed poles. The drawback of LM method
is that this model requires original data cover full bandwidth. For some systems like
transmission lines or distributed systems, low frequency data are hard to achieve and are,
sometimes, incorrect. In the next section, a modified algorithm is introduced to solve

distributed networks.

3.5.2 Modified Loewner Matrix Method on multiport system

As it mention above, LM method, proposed in [47], provide modified LM method for
distributed transmission line networks. From method in previous section, D is zero. At lower
bandwidth system, D is embedded in E, 4, C so that system generates very large instable poles.
LM method extract D, Y matrix for maintaining the stability of the model. It follows these
steps:

1) Input interpolation data to obtain L and oL.
{A=s,—siR=1p,Ip;W =YD, YO}
{4 =si41, =iz L = Ip,Ip; V = YD, YD1 (3.114)
Where i = 1,3,---,n — 1 and Y@ is the conjugate complex value of Y ®.
2) Obtain the rank m from SVD and calculate E, 4, B, C state space matrices from (3.115).
3) From remained values from Y; and X, construct eigenvectors as V; and V.. From these
two eigenvectors, obtain the orthnormal bases Q; and Q,
Q =qr([Re(V)) Im(Vy) O];Q =qr([Re(V;) Im(V) OD. (3.116)
4) Calculate modified state space matrices:
E=QIEQ;A= QA0 B = QB;C = CQ,. (3.117)
5) ExtractD,Y®
D +sY® = avg{C(sE — A)"*B — C(sE — A)~'B}. (3.118)
This proposed algorithm shows significant improvement on distributed network and it
simulation obtains low errors on low frequencies bandwidth. With D, Y, both the stability

and passivity of time-domain model are improved.

35



Chapter 4 SPICE Compatible Model from State Space
Matrices Model

This Chapter proposes “Sparse Matrices Algorithm” that can generate the minimum SPICE
compatible models from Y -parameter using LM method. During the process of LM method,
time-domain model or state space matrices are firstly obtained, which are mentioned in
Section 3.4. This Chapter will introduce rest of this algorithm. Section 4.1 introduced the
general method to extract SPICE compatible model from state space matrices. Section 4.2

proposes Sparse Matrices Algorithm.

4.1 General method to extract SPICE Netlist from State-space

matrices

In Appendix I, we have introduced state space matrices model for some fitting
method. They can be obtained from Loewner matrix method and other fitting system. This
section would present the method which directly generates SPICE compatible netlist from
these matrices. We remember expression of state space matrices model in (4.1).

x(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t) + Y*u(t) (4.1)
In (4.1), u(t) is the vector of port voltages; y(t) is the vector of port current; x(t) is the
vector of internal statement of this system. A4, B, C, D, Y* are state space matrices. Suppose P
is the port number and g is the number of statement; sizes of these matrices are

A € R7%4, B € R7*P,C € RP*4,D € RP*P,Y* € RP*P (4.2)
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Some fitting methods would generate approximation model with D = 0 or Y = 0. It has
little effect on generation of netlist but might influence the accuracy of the model. It would be
proven in later sections.

If Loewner Matrices method is applied, then 4, B, C,D,Y” are full matrices and D, Y™ are
usually positive definite matrices [47].

As it mentioned in Figure 2.1, the next process is to write these matrices into MNA equation.
To demonstrate this process, the example in Section 2.5 is reused here. Figure 4.1represents
the circuit; we suppose that the state space matrices 4, B, C, D, Y™ for this circuit are obtained
through Y-parameter of the block part.

vioomove By P

] & 7

1T
L]
11
1T
L]
[

Figure 4.1 Examples for embedding state space matrices into MNA equation

Review the Section 2.5, the MNA equation for this circuit without regarding the internal

structure of block part is:

gl _gl 0 1 Vl 0 0 0 0 Vl 0
-91 g1 0 0]V 0 ¢, 0 O0f|"; _|=Ip1 43
o 0 o ol|ws|to 0 ¢ of|ve|T =i
1 0 0 olllg 0 0 0 ollkg E

Now we assume some particular data for state space matrices for better explaining the

embedding process. Suppose there are r elements in x(t), so in frequency domain:
x=[x1 x2 = x%]T (4.4)

The block circuit in this circuit is clearly a 2-port system, thus equations in (4.1) can be

rewritten as (4.5) and (4.6):

xl a11 alr x1 b11 b12 V
slil=1: ~ #[|]:i|+]: : VZ] (4.5)
Xy Arp o Q] L by belt3
X1 o) 0
IPl] _[€1 o Gr]f dqq d12] Vz] Y11 J/12] [Vz]
Ipz - [C21 v CZT] [xjr] + d21 dzz V3 +S ygi y;% V3 (4.6)
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To embed equations (4.5) and (4.6) into (4.4), we first substitute (4.6) into Ip; and Ip, in (4.3).
If we move all the parts on the right side, except E, into the left side, we obtain an equation

with parameter x:

Vi Vi [0
¢ -g. 0 1 0 0 52 0o 0 0 00 07|z Igl
—g1 g1+dy dip 0 ¢y Cir 13 0 G +y1i yis 00 of| > _
+s o I|=|E| (4.7
0 dy  dp 0 o Grfly| [0 YA GHyh 00 ol o 4.7)
1 0 0 0 0 ol 0 0 0 0 ol 'l o
|_xTJ ler lOJ

The next step is to complete the equation for parameters in x. We add (4.6) to the bottom of

matrices in (4.7). Now we obtain an integrated MNA equation for whole circuit in Figure 4.1.

[gl —-J1 0 1 0 0 1 A 0 0 0 0 0 - 0¥ [0"

—91 G1+du diy 0 oy ar ||Ve [0 G +y13 Y1z 0 0 - OfV2| O]
0 dy dy 0 cr [|Vs |0 Y31 Cs+ys 0 0 - 0f|Vs 0
1 0 0 0 0 0 |lz]+slo 0 0 0 0 ollIz1=|E]| (4.8)
0 —b, —by, 0 —ay —a, x| o 0 0 0 1 ollx,| |o

| H H H 0 : : “l | : : o “l 0

l 0 —b,qy —-b, 0 —a. arTJleJ [0 0 0 00 O 1“er l()J

This MNA equation is quite simple and direct includes the contents in the block system.

To establish the prototype for this process, we conclude the MNA equation in (4.9), which

only contains the nodes voltage and r statements in x:

v D, D, 07w v
[u] +s|Pyy Py +Y” 0] [u] = []u];
X I.1x 0

0 0
GX +sCx = b. (4.9)

lpvv q’vu 0
Yw Pwut+D C
0 -B -4

In equations (4.9), u is a vector of port voltages of block system; x is a vector of statements
inside block or a vector of voltages of nodes inside the block; v is a vector of voltages of
nodes which are belonged to the system but rather than those in u. So v plus u are the
voltages of all nodes in the circuit. ¥ and @ present the relationships for the whole circuit

without block. J present sources on circuit nodes.

To generate SPICE netlist from MNA equation in (4.9), stamps in Table 2-1 are used to
quickly address the components to the data in &€ matrices. In order to quickly adapt stamp,
we slightly modify some stamps in table 4-1. This table only consider the generation for state

space matrices; since ¥ and @ are generated from existing components of original circuit.
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Table 4-1Modified Stamps for MNA equation
Element Symbol Stamp in MNA equaiton Equation
Resistor R to i G: coli Vi/R =1
ground 4% R rowi [1/R]
Capacitor C ii C: coli sCV; =1;
to ground T¢ rowi [C]
VCCS to 1 ] G: coli gmV; =
ground [=gm V rowj [gm]
= =
To generate the SPICE netlist from G and C, we can follow the rules below:
1) Netlist Generation for G

Components from G are divided into two types:
[}

ground

Each data on the diagonal entry, G;;, would form a resistor from node i to the
[ ]

Each data not on the diagonal entry, G; (@ # j), would form a VCCS between
node i and j to the ground.
2) Netlist Generation for C

C is a sparse matrix; netlist generation for C is divided into two parts:
[ ]

If Y part is not null matrix, it would generate capacitors. Detailed algorithm
[}

refers to the “netlist generation for Y in Section 4.2 part b) .

The rest part of C is an identity matrix I, so they would generate capacitors with
value of 1Farad between corresponding nodes to ground.

For better understanding this method, the example in is used here, pole-residue approximation

can be transferred into state space matrices through methods in Appendix L.

1 s 1+ 1—1i 14
y(s)_s+1 s+14+i s+1—i S
-1 0 0 1

A=|0 -1 -1|,B=]2
0 1 -1 0

,C=[1 1 1],D=[1],Y® =[1] (4.10)
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Then matrices for MNA equations can be constructed based on (4.9) :

1 1 1 1 100 0
_ D Cc1_|-11 0o of-_® 0o1_lo 1 0 0

G_[—B —A]_—Z 0 1 1'6_[0 1]‘0 0o 1 of *ID
0 0 -1 1 000 1

Equivalent circuit can be constructed through components in Table 4-1 and is given in Figure
4.2,

— = e
Node . . . . .
G J_ C2 R2 G
GAIN =1 1F 1 GAIN = -1
c1 R1 | = = = = = =
1F 1
G2 G5
= = @G L R3 e s
GAIN =1 1F 1 GAIN = -2
= = = = GAIN =1 = =
G3 = 7 =

Figure 4.2 Admittance Equivalent Model from General method for state space matrices

From this result, we figure that this method is very complicated and generate so many
VCCS components. The example is compared with those generated from Sparse Matrices

Algorithm, which would be introduced in the next section.

This section described direct netlist generation method for state space matrices.
However, this method would generate a large number of components for complex systems.
From previous Chapters, we have noticed that state space matrices from a certain fitting
method often share some properties. For example, matrix A through VF method is always a
sparse symmetric large matrix; matrix B through VF method is a sparse matrix with value 0, 1
and 2 (refer to Section 3.4.1). State space matrices though LM method are always full
matrices [43]. If we could apply some optimization, based on these properties, to these
matrices before arranging them into MNA equation; then number of components in the result
(netlist) could be significantly reduced and accuracy also could be improved. Section 4.2 will

introduce the optimized algorithm on state space matrices generated from LM method.
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4.2 Sparse Matrices Algorithm for State Space Matrices from LM
method

State space matrices generated from LM method are shown in (4.12), the equations
are in frequency domain and Y is the expression of Y-parameter. P is the port number of Y.
m is the state number generated by Loewner Matrix method. We could find these equations
are slightly different to (4.1). If we multiple E~1 to both side of first equation, then they

would be same.

sEx = Ax + Bu,
y = Cx + Du + sY%u;
Y =C(sE—A)"'B + D + sY*.
E,A € R™™; B € R™*P; C € RF*™; D,Y® € RP*P; x € C™; y,u € CP. (4.12)

These matrices have these properties:

e E, A, B, C have high density (or are full matrices) .
e FE , sometimes, is close to singular [55].

e D,Y* are usually positive definite [47].

If we embed these two equations into an MNA equation, it would be (4.13), similar to (4.9):

2 ¥ou 07V D,y Dy 01v v
Yw PuwutD C [u] +s|®,, P,+Y" 0 [u] = |J.| (4.13)
0 —-B —Altx 0 0 El'x 0

If we apply direct netlist generation method in last section to (4.13); it would resulted a large
number of components, since all state space matrices are full matrices. Furthermore, SPICE
netlist generation for E is very difficult.

In this case, we can apply an algorithm to sparsify these state space matrices so that would
generate fewer components in netlist. The idea of this algorithm is from PRIMA [8]. We
acclaimed this algorithm as Sparse Matrices Algorithm. It can be divided into two steps:
Sparse matrices generation and Netlist generation. They are introduced in the later part of this

section.
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a) Sparse matrices generation:
The goal of this step is to sparsify state space matrices; it would start from equations in
(4.12).
1) Multiple A~ on both sides of first equation, the other one remains unchanged:
sAE)x =x+ (A 'B)y;
y = Cx + Du+ sY®u. (4.14)

2) Sparsification of A™E:
Find eigenvectors and eigenvalues for A™1E, we assume that
AYE=vrv-1;, v,r e cP**. (4.15)
Where V is eigenvectors and I' is square matrix where eigenvalues are organized in
diagonal order. Due to the properties of LM algorithm, elements in I' are always
negative for their real parts. There is an important property for netlist generation part.
Suppose x = VX, then orthogonal projection is applied on (4.15):
sr¥ =%+ (V"'A71B)y,
y = CVX+ Du+sY®u (4.16)

3) Realization of equations:

After the sparsification, (4.16) are complex equations. To transform them to real

CPXP

equations, a transformation matrix P is used. P € is a diagonal matrix

constructed as:

If 'y isreal, P(n,n) = 1.

Ifr,=—-a—-jbandrl',,; = —a+jb, (a = 0,b > 0), are conjugate complex
[ Py Py ] _ [1

j _1]] (4.17)

Pn+1,n Pn+1,n+1

Since

[ Pon  Ppnia ]‘1 _ [0.5 —0.5j

0.5 0.5 ] (4.18)

It would transform the complex part into real part by:

1 17[-a—jb 0 71[05 —05j] [—a —b
[j —j” 0 —a+jb”0.5 0.5 _[b —a](4'19)

In this case, we assume:

Pn+1,n Pn+1,n+1

I =Prpr=1(4.20)

will be a real block diagonal matrix.
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b)

In V matrix, the corresponding eigenvectors for conjugate complex I'y, and I'y, 4 are

[v. v7], since

e wl[gs o] = [Rew) Im@m)]@2n
Then
V=vpl(4.22)

will be a real matrix.

Suppose X = PX , substitute X to (4.16) we obtain:

sTx =x+V 1A 'Bu;
y = CVX + Du + sY®u. (4.23)

Now all matrices in (4.23) are sparse real matrices; rewrite them into format of (4.12):

sEsx = Agx + Bgu;
y = Cgx + Du + sY®u. (4.24)
Where Eg = T, Ag = I, By = V"'A"'B, C, = CV.

E is real sparse matrix with diagonal block values. Ay is an identity matrix. Compare

them to E and A in (4.13), they have achieved excellent simplification.The matrices B

and C are still dense; however, they are the multiplers for u and X; so their sparsities are

less concerned. The matrices D and Y™ are unchanged.

Netlist generation

Before fitting state space matrices in (4.24) into MNA equation, a slight transformation

need to be applied on E so transformed MNA equation can better adapt to capacitor

stamp in later part of this section.

Construct diagonal matrix Q € R™*™ as a transformation matrix:
If Eg(n,n) is not part of diagonal block, Q(n,n) = 1.

E E
nn
If E E
Sn+1,n Sn+1,n+1

0

—a Qn+1,n Qn+1,n+1

Multiple Q to the first equation of (4.18), we obtain new equations:
SQEsx = Qx + QBgu,

y = Cgx + Du + sY®u (4.20)

Snn+1 ]: [—a —b [ Qnn Qnn+1 ]: [—1 0
b 5

43



Write (4.20) into MNA equation we can obtain (4.21), since the diagonal element in E; is

always negative(see (4.19)). This equation is slightly different to (4.13).

L You 01v D,y Dy 0 v v
Yo Puut+tD Cg [u] +s|Pyy, Puu+Y” 0 [u] =J.l;
0 0B, Qllx 0 0 —QE Izl o

Gx+sCx=Db.(4.21)

Now we can start to extract components to form SPICE netlist. Similar to Section 4.1,

only state space matrices are discussed here. The processes are again divided into two

parts: Netlist Generation for G and Netlist Generation for C. The stamps for this method

are resistors, capacitors and VCCS stamps, which are reviewed in Table 2-1 and 4-1.

1) Netlist Generation for G
There are four parts in G: D, Cg, QBg, Q.

1. Q is diagonal matrix contains only +1 and —1. The netlist for this part will

be resistors from corresponding node to ground.

ii.  Matrices QB and C are full matrices and data in each entry are different.

VCCS stamp to ground (Table 4-1) is used so that every value in them
represents a VCCS in SPICE netlist.

iii.  Matrix D is a positive definite; it can be divided into P(P — 1)/2 resistor

stamps between ports and P resistor stamps between port and ground.

An example is given for P = 3:

a d e —-d d 0 —-e 0 e
D(:,:)=[d b f|= —d 0o|+|0 0 o]+
e f c 0 0 o0 e 0 —e
0 0 0 at+d+e 0 0
[0 -f |+ 0 b+d+f 0 (4.22)
0o f -=f 0 0 cte+f

The capacitors are:
C; = —d between port 1 and 2; C, = —e between port 1 and 3; C3 = —f
between port 2 and 3.

C, = a + d + e between port 1 and ground; C, = b + d + f between port 2

and ground; C, = ¢ + e + f between port 3 and ground.
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2) Netlist Generation for C

There are two parts in C: Y, —QE;.

.

ii.

Es =

Similar to matrix D, matrix Y can be decomposed into P(P — 1)/2
capacitor stamps between the ports and P capacitor stamps between port and
ground.

Matrix —QE is combination of diagonal entries, which corresponding to
real eigenvalue, and block diagonal entries which corresponding to complex

conjugate eigenvalues.

For non-zero diagonal entries, capacitor stamp between port to ground
is used.

For block diagonal entries, this block can be divided into three capacitor

stamps:
[ _QESn,n _QESn,n+1 ]: [—a —b]
_QESn+1,n _QESn+1,n+1 ~b a
_[b -=b —a—b 0 0 0
=15 P17 ol aople
So C; = b between node n and n + 1; C, = —a — b between node n

and ground; C3 = a — b between node n + 1 and ground.

If Matrix —E¢ was used instead of —QEj here, the netlist would be much

more complicated.

Sparse Matrices Algorithm is presented above to generate SPICE compatible model (netlist)
from state space matrices. Compare to the method in previous section, this method uses the
properties of state space matrices and create a new approach to achieve fewer components
and better efficiency. The larger number of ports system has, the more superiority on

macromodelling method would present. The result would be shown in the rest in Chapter 6.

To demonstrate this algorithm, the example in last section is reused. At first, we input 4, B, C
into sparse matrices generation (part a) to obtain sparsified matrices (we use E as a rank 3

identity matrix). D and Y don’t change. sparsified matrices are shown below:

-05 =05 0 V2
05 —-05 0|, Bs=[2]Cs= [_‘g _‘/; 1] (4.24)
0 0 -1 -1
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Based on E, transformation matrix Q is

100
Q:[O 1 0] (4.25)

0 0 1
Thus matrices for MNA equations are in (4.26):
V2. 2

[ B
s_[D C_| 2 2
~loB, 04, | -2 1 0 0|'
l 2 1 0J
-1 0 0 1

1 0 0 0

- [¥Y* 0 _ |10 =05 —-05 0

C—[ —QE] “lo —o5 o5 o™ *29
0 0 0 1

The matrix C can be transferred into (4.27) so it generates 4 capacitors:

O 0 0 0 [L 0 00

~ o o5 —05 o] [0 -1 0 o0

C=1o —0s5 05 o/Tlo o o ol**?
o o o ol lo 0 1

The equivalent model is given in Figure 4.3.

GalM = 0707 GAIM =-1.414
G G4
e | ‘ - l c2 ! Rz
N O A R A A |
;|; " ' GAIM = 0707 ’ GAIM =1.414
M1 E “‘
ZAIM = ZAIN =

Figure 4.3 Admittance Equivalent Model from Sparse matrices algorithm
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To comment two methods in this chapter, method from Section 4.1 generates large
number of components, compared to Sparse Matrices Algorithm (SMA). In the simulation

part in Chapter 6, we will further analyze the efficiency and accuracy of SMA.

The drawback of SMA is that there are some negative components, such as -1€ resistors or -
1F capacitors, in the netlists. Since these components don’t exist in real application, they
might have uncertain effects on simulation stability. Several methods are reviewed and

proposed in next chapter to minimize the number of negative components.
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Chapter S SPICE Compatible Model from Pole-Residue
Model

In this chapter, Foster’s network synthesis [59] and Otto Brune’s method [56-58] on transfer
impedance are reviewed. Their ideas provide a new approach for deriving networks based on
transfer functions, which could be pole-residue or rational approximations. Section 5.1
introduces Positive-real (PR) property of function of frequency. Its property is a very
important concept on SPICE netlist macromodeling for rational functions. Section 5.2
describes Equivalent admittance model on Y-parameter, this step divides the multiport system
into numbers of one-port admittance problems. Section 5.3 reviews Foster’s network
synthesis and proposes Modified Foster’s Method based on Foster-like circuit. Section 5.4
reviews Brune’s method. Section 5.5 proposes Foster-Brune Method, which combines
Modified Foster’s Method and Brune’s method. The detailed analysis and proof for these

methods are recored in Appendix II~IV.
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5.1 Positive Real property on frequency transfer functions

Before starting the algorithms, Positive-real (PR) rational functions, an important
property for deriving transfer networks, must be introduced at first. Suppose a function of
frequency:

F(s) =R(o,w) + jX(0o,w),s =0 + jw. (5.1)

F(s) is a Positive-real (PR) function if [69]:
A. F(s) is analytic in the right half plane.
B. Its real part R(o, ) is nonnegative on the j-axis.
C. Any j-axis poles are simple and have nonnegative residues

One testing method for PR function is given in [56]:

Am ST+ a1 S™ M Ay _ps™ 24+ +ay _ P(S) _ Mj+N;
bps™+by_15" " 1+by, s 2+-+bg Q(s)  Mz+N;

F(s) = (5.2)

Where M denotes the real part of P(s) or Q(s), N denotes the imaginary part of P(s) or Q(s),

suppose m is an even number and also for below:
Mi(s) = ag + azs? + -+ 4 ap_ps™ 2 + aps™;
Ny (s) =a;s +azs3+ -+ ap_35™3 +a,_1s™ L (5.3)

Then real part R(o, w) of F(s) is:

54

RelF (jo)] = ( |
s=jw

M1M2-N1Nz)
2_n2
M3 =N,

Condition B can transfer to (5.5):

A(w?) = (MM, — NlNZ)szjw = 0(5.5)
Condition A and C can transfer to P(s) + Q(s) is Hurwitz [56].
In [56], simple testing conditions for (5.2) are introduced as:

e Allay,am-1,+, a9 and by, b,,_4, -+, by are positive real numbers, only
A, Ao, by, bg can be zero.

e All poles and zeros of F(s) lie on left half plane or on imaginary axis of s-plane

In [70], some others theorems are introduced for testing PR property of the function.
Appendix IV has discussed PR conditions of some specific rational functions used in later

sections.
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5.2 Equivalent admittance model from Y parameter

This section introduced method to separate Y -parameter into number of one-port
systems. After having applying VF method on these one-port systems, we could apply
Brune’s method and other methods, proposed in this chapter, on pole-residue set. Figure 5.1
introduces flowchart of the whole process, from Y -parameter to SPICE compatible

macromodel, and we can figure out that this process is the first step of whole method.

Y-parameter
Data at Frequency
Points

4
Equivalent
Admittance Model
for Y-parameter

Numbers of 1port
admittances at
Frequency Points

Vector Fitting
Method on
admittances with
shared poles

4
Pole-residue sets
for 1port
admittances
4 4 A
Modified Foster's , Foster-Brune
Method Brune's Method Method
A 4 A 4 A 4
SPICE SPICE SPICE
Compatible Compatible Compatible
Macromodel Macromodel Macromodel

Figure 5.1 Flowchart for SPICE netlist Generation by VF method

Here we start equivalent admittance model for Y-parameter. Based on the definition
of Y-parameter, port-to-port admittances of an n-port system can be calculated from its Y-

matrix:
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Y11 Y12 Yln Lo .
Y21 YZZ te Yln = B _{Yll +Zl¢jyl_] l'fl :'t]
: : . : 7

.. i,je|l,n] (5.6
-y, ifi = b €Ll G.6)

Ynl Ynz Ynn

For an example, the equivalent model of a 4-port system (n = 4) is given in Figure 5.1:

1- 2-

y11 y22

y12

1+ — 2+

y14 y23

o] ]

y34
3+ — 4+

y33 y44
3- 4-

Figure 5.2 Equivalent admittance model of a 4-port system

From pole-residue model generated from VF method or LM method, the transfer function for

admittance can be derived as:
@) D N ) . N
P s B VL d®) + hDs (5.7)
In this case, SPICE compatible model for a large system are divided into number of
equivalent circuits of 1-port system, which significantly reduce the complexity of modelling.
For deriving equivalent circuit from 1-port system (5.7), Foster’s method and Brune’s method
can be applied.

Later on, Section 5.3 will introduce Modified Foster’s method, which generates
Foster-like circuit based on Foster’s network synthesis technique. Section 5.4 will review
Brune’s method. Section 5.5 will propose a new algorithm that combines Foster’s and

Brune’s method.
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5.3 Foster’s network synthesis and Modified Foster’s Method

In this section, Foster’s network synthesis[58] for admittance function is used to
create Foster-like circuit. This process also works for impedance function through Z-

parameter of the system, but with different circuit prototypes.

Suppose (5.8) is the sum of pole-residue format rational function. Our algorithm is to
write a small part y¢(s) of y(s) at each round. y;(s) usually consists of 1 or 2 individual
rational functions and can generate a Foster-like circuit through “a reactance theorem”[58].
The rest of y(s) would have less components. We acclaim this method as “Modified Foster’s

method” and this method can be implemented as:
Y(s) = ;-4 ¥'(s) = y5(s) + ¥'(5) (5.8)

Since VF method gives all poles on left-half of s-planes, y¢(s) can be divided into real poles
case and complex-conjugate poles case. The stamps for different cases and models are shown
in Table 5-1 and Table 5-2. The detailed values for each component and proof for positivity

see Appendix II.

a. Ifp; isreal, suppose :

L= (5.9)

S—p; s+b

)’f(S) =

We can obtain different pattern of models from checking PR property of
Y5 (s). All possible cases are given in Table 5-1, each case derive a model stamp
which contain several components. There are one PR case, one non PR case and one
limit case. If y¢(s) is PR, then the process will be P.R. case. If y;(s) is non PR, then
the process will be non PR case. Limit case only happens when some parameters in
Y5 (s) is zero (or smaller than tolerance value). Limit cases would generate some
components with negative values; however, they rarely happen in real-world
simulation. Their function is to handle the critical values in simulation or to prevent
the component with 0 or co value.

For non PR and of limit cases, this algorithm sometimes generates a resistor
Go parallelized the model. This resistor G, can switch a non PR. y¢(s) to a PR y;(s)
by:

vr(s) = y(s) + Go; Re[yf(s) + GO] >0 o ys(s)is PR (5.10)
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If resistor G happens in the process, then it will be absorbed by parameter d of y(s)
in (5.7) that
d =d—-G, (5.11)

p; is a complex pole , then p;, p;+1 are conjugate poles pairs. Suppose:

T T ais+ag

yr(s) = (5.12)

*

s=p;  S—p; T s2+bys+bg
There are one PR case, two non PR cases and one four limit cases for this expression.

They are given in Table 5-2.

Table 5-1 Cases and Model Stamps for Modified Foster’s Method (Real Pole)

Case Condition ¥r Model

Case 1: PR case a>0b>0.
yr(s)is P.R. R

Case2nonPRcase | a<0,b > 0.

Y5 (s) is non P.R.

a ,
Gn = ——. y'(s)
0 b

Case 3: Limit Case | b = 0.

L } y'(s)
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Table 5-2 Cases and Model Stamps for Modified Foster’s Method (Complex Poles)

Case

Condition

¥r Model

PR case

a;b, = ay > 0.

yr(s)is P.R.

R
- v(s)
Rp —‘7 Cp

non PR case 1

ag > 0,a:b; < ay.
Y5(s) is non P.R.

Qo—aiby

Gn =

R1 L2
y'(s)
R2p
L1p C2p
Fel T

non PR case 2

Ag < 0.
Y5 (s) is non P.R.

Situation 1:

(arhy — aghy) = £ > 0 ;

1

y'(s)

Go =2, sit. 1
Otherwise,
Situation 2: J
(-ag)—aib
GO — Ob% 1Y1
TC1p
Sit. 2
Limit Case 1 a, #0,a5=0
—_%
/
E y'(s)
Limit Case 2 | a; = 0,ay # 0,
f
GO = —Z—Z y'(s)
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LimitCase3 | a; #0,ay # 0,

b1=0. Rf

GO = ——, y'(s)

Limit Case 4 | a; =0,ay # 0,

— R2

bo‘
L1 3

All cases for Modified Foster Method are given above; MFM algorithm generates all
positive value components for PR cases and non PR cases. For limit cases, some negative
values component might be generated. Since limit cases rarely occurs, their effects can be
neglect and MFM algorithm can guarantee that most of components in the model have
positive value. The inference and proof are in Appendix II. The advantages for MFM

algorithm are fast speed of simulation and simple circuit model.

The drawback is that d’ sometimes results a negative for PR y(s). The reason is that G, is a
parameter to insure a positive y¢(s) in (5.10), it will not break PR property of y(s) if

Go = —mins_j, Re[ys(s)] (5.13)
In our algorithm, the chosen G, is greater or equal to this value. It means when positive d

extract too much large value of G,, d’ cannot be guaranteed to be positive.

To present an example for this method, example in Chapter 4 is used again:

1 1+i 1-i
y(s) T s+l + s+1+i  s+1-i +1+s(G.14)
The first step is to form ration function parts:
1 25+4
Y($) = ¥r1(8) + ¥.2(8) + 1+ 55 y51(8) = 5, ¥p2(8) = 555 (5:15)

®  yr1(s) is real pole PR case, equivalent circuit refers to case 1 in Table 5-1.

11

Yf1(5) =

s+1  LyS+R;

(5.16)
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®  Yr2(s) is complex poles PR case, equivalent circuit refers to case 1 in Table 5-2.

1 s?+2s5+2 1
= =-s+

1 1
Yr2(s) T 2544 2 s+2

Lys +
2 C15+1/R2

Zf,(s) = (5.17)

The rest parts are ending resistor and capacitor. The equivalent circuit is in Figure 5.3.

L2
0.5

Node g
L1
1 e
]
1 1
R1 R2
1 B 0.5

= Ct
1L

Figure 5.3 Admittance Equivalent Model from Modified Foster’s method

Compare to previous methods in Section 4.1 and 4.2, Modified Foster’s method could handle

non PR case and generate less components for the equivalent model.
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5.4 Brune’s Process

Brune’s method has been proposed by Otto Brune in 1931[57]. This classical method
works on PR character of rational function, generates minimum and positive-value
components for a driving-point impedance or admittance. Brune method treat a whole rational
function as (5.18), generate circuit components from a separated small part of this function in
one process and leave the rest with less order for the next. In [62-65], Brune’s process is
concluded into 8 cases; these cases for driving point admittance are reviewed here. Start from

a PR rational function for admittance with a same order of n:

(s) = Ans™+an_1S" an_ps" 24 +ay _ P(s) _ Mj+N;
y bpS™+by_1S" " 14by_,s™2 4.+ bg Q(s) My+N,

(5.18)

Similar to Modified Foster’s method, this algorithm writes models for y,(s) at each process

and leave y'(s) a rational function with less order:

A s+ +ag

V() = y(8) + 7 = Yr(5) + ¥'(s) (5.19)

bl s™+--+b])
The models for each case are listed in Table 5-3. More details, such as component values, are

given in Appendix III.

Table 5-3 Cases and Model Stamps for Brune’s Process

Case Condition ¥r Model

Case0 |y(s) =G

Case 1 b,=0

y'(s)

Case2 |a,=0
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Cas

Case

63 b0:0

W

4 a0:0

y'(s

— &

Case 5 Q(s)|s=ijwp =0,

y(s) has poles on

imaginary axis

-

T y'(s)
L ;3

Case 6 P(s)|5=ijwp =0, "
C
y(s) has zeros on ij
imaginary axis L v
Case7 | R = Re[y()lminls=jw, »@p€l0,)

Situation 1: Wy =

Lo
L
R y'(s)

Situation 2: Wy = 0
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Situation 3: Type 1: Im[y(jw,)] < 0

b
y(jwp) HC
=R+ Im[y(]wp)] R n:1 y(s)

Type 3: Im[y(jwp)] >0
L1 L2
s
y(s)

Cc =

All the cases for Brune’s method are introduced above. Case 0 is the end case; Case 1
to 6 is usually used only in the beginning or near the end of whole process in real world
simulation. If the order n is large, most of time Brune’s method are running case 7. The key
advantage for Brune’s method is that it generates minimum reactive elements. The drawback
is that is method is only applicable for PR case. In real world simulation for n-port system, the
transfer functions, sometimes, are not PR. Then Brune’s method is very limited for handling
them.

Another drawback of Brune’s method is the overflow of limits. Simulation under high
frequency must use curved data to avoid the overflow so that values of a, b will not be over
simulation limits. However, the overflow still would happen when order is high (= 50). In

this case, simulation cannot be completed.

We present the example by Brune’s method here, to compare with the result from MFM in
previous section. Since the example is positive real, we can apply Brune’s method to it. The
whole rational equation is firstly calculated. Based on cases in Table 5-3, the process is:
Step 1, case 1:

s*+4s3+10s%+145+8 _ S s3+652+125+8
s3+352+45+2 a s3+352+45+2

y(s) = = yr1(s) + yP(s) (5.20)

Step 2, case 7 situation 1:

3 2 2
S°+65°+125+8 35“+8s+6 1 1
S)=—7/——— = =1+ =14+4——(5.21
Yfl( ) s3+4352+45+2 53435244542 1 %sz+25+2 + 15 — ( )
It 37y
3 35“+8s5+6
Step 3, case 7 situation 2:
2 2
2 __ 35°+8s+6 __ 25°4+2s 1 1
YO =5 =3+, ——=3+——=3+r——(522)
=s2+425+2 =s2+425+2 13 S——
3 3 + s y@s)
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Step 4, case 3:

25+2

y®(s) = 5= §+ 6= g + y®(s) (5.23)
3

Step 5, case 0 and process is end here:
y®(s) = 6. (5.24)

So the equivalent circuit, based on stamps in Table 5-3, is given in Figure 5.4.

L1

c2
-3
Node 1 0.333 1 1
R1 R2 L2 R3
C1 1 0.333 0.167 0.167
1F

| |
R N . |

Figure 5.4 Admittance Equivalent Model from Brune’s method

In the next section, a new method based on Modified Foster’s method and Brune’s method is
proposed. This method combines Foster’s method and Brune’s method, shares their

advantages and avoids their drawbacks.
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5.5 Foster-Brune Method

In previous sections, we notice that Modified Foster’s Method deals with admittance

y(s) as a number of small parts and Brune’s process treats y(s) as a whole part (rational

function).In this section, a method based on Modified Foster’s method and Brune’s method is

proposed and it can be called “Foster-Brune method”. This method absorbs the advantages

and avoids the disadvantages of both methods. Design purpose is shown in Figure 5.3.

Modified Foster’s
Process

Brune’s Process

Advantages
-Handle all positive
negative real y(s)
-Fast

-Low order

Foster-Brune
Method

Advantages

-Minimum components
in models

-Guaranteed all-positive
components

Disadvantages
-Negative-value
components may
happen

-Limit cases

Disadvantages

-Only work with positive
real y(s)

-Overflow with high order

-Handle all cases of y(s)
-Simple models
-Improvement on
probability on negative-
value components and
component number

Figure 5.5 Desired properties of Foster-Brune Method

In Brune-Foster method, several pole-residue components are chosen to form a low-

order PR rational function and apply Brune process on them, the rest of components are

proceed by Foster process. In another word, we use Modified Foster process for general cases,

but we seek the PR component for Non PR component to form a PR low-order rational

function and use Brune process for these low-order functions. It follows steps below and the

follow chart for FBM algorithm is shown in Figure 5.4.

1. Start from pole-residue format for admittance, separate PR and non PR parts.

S

Apply Brune’s process on these rational functions

Apply Foster’s process on rest pole-residue components

Seek the partner for non PR parts to form low-order PR rational functions
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Poles and
Residues of
an
addmitance

L 4

1.5eperate PR
and non PR part

' ' .

PR real Mon, PR PR complex m;;
poles real polas poles poles

I

2.Seek the Partner
for non PR, parts

¥ ¥

Grouped Ungrouped
components Components
¥ ¥

Low order PR
. Pole-
rauc::nal rasidue sals
functions
¥ ¥
3.Apply Brune's 4_Apply Modified
Method Foster's Method

¥
SPICE SPICE

Compatible Compatible

Macromodel Macromodel

Figure 5.6 Flowchart of Foster-Brune method

For Figure 5.4, it is not difficult to observe that the core part of this algorithm is the second
step. Establishing the grouping method efficiently has become the key. A fast grouping

algorithm method is given below. Its flowchart is proposed in Figure 5.7.
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Step 4 Modified
Foster's Mathod

Foster-Brune
Method
Step 1
|
PR and real poles PR and complex Maon PR and real Mon IPR ar:d
¥ipris).m1 poles Yfpe(s), poles Yinr(s), comel ;Lﬂ;ﬂ Bs
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Figure 5.7 Flowchart for fast Grouping Algorithm (step 2) in Foster-Brune method

Step 3 Brume's
Method
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In real world simulation when number of poles is greater than 20, the results of admittance
usually have more non PR components than PR components. Therefore the algorithm seeks
the best matching non PR. component for every PR component; it will be more efficient than
verse. The most important part for FBM method is in step 2 or the conditions for seeking the

partners.

To explain the selection algorithm in Figure 5.6, the selection (or grouping) process is divided
into three process 2.1~2.3. From previous step, we separate ys(s) into four groups: PR
components with real poles ys,,(s), PR component with complex poles ysp.(s); Non PR
components with real poles ys,,-(s) and non PR component with complex polesyyn.(s).
When we are search components for grouping yr,, (s) and ys,, (s), there are four combinations:

New components for Brune’s process:

Bl

- () = Yrpr(8) + Ypnr(s) = o=+ =
B2 +

: y,S ') = Ypr () + Ypme(®) = 5z F mpan
B3 +

- ) = e V() = e 5

c15+cq a;s+ag
s2+d;s+dy  s2+b;ys+b,

- ) = Yppe(s) + Ype(s) = (5.16)
were separated and we start from these data.

a. Process 2.1: Find minimum real part of all Non PR components min,, Re (yfn(ja))) .

Then sort these components in descending order by value of min,, Re (yfn(ja)))
(SIDO).

1) For real poles group ¥y, (s) = —; then

Re (yfnr(s)) w2 bbz’ min, Re (yfnr(lw)) = Re (yfnr(iwo))Lo -0 = %(5-17)

The reorganized data will be:
{[yfm(s) min,, Re (ngrll)r(s)) 1)] [y;z) (s), min,, Re (yﬁl)r(s)) , wéz)] Lo } (5.18)
The first one has the largest value on min,, Re (yfnr(iw)), or has smallest

absolute value. So it has largest possibility to form group with y,, (s).

a;s+ag

———; then
s2+b,s+by’

2) For complex poles group ysp (s) =

Re (yymelia)) = Re (37ncGD),_,, = vy

where Al = a1b1 - aO;AO = aobo;['l = b12 - 2b0,r0 = bg

(5.19)
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To find min,, Re (yfnc (ja))), we calculate 2, ,

Aot /A%—A0A1r1+/1§r0
!21’2 = ; .01,2 =0 (520)

Ay

If 2, or £, is negative, we remove it since w is a real number.

Compare three values: Re (yfnc (]'.(2))|Q .= ‘;—Z and Re (yfnc (1'.(2))|!2 0 the
= =di1,2

smaller one is ming, Re (yfn(j.Q)) or min, Re (yfn(ja))).
The reorganized data will be:

{[y;:l)c(s), min,, Re (y/f,ll)c(s)) ) wél)] , [y;i)c(s), min,, Re (y]gi)c(s)) , wgz)] Lo } (5.21)

b. Process 2.2: Find the best potential choice for potential grouping by judging the

summation of min,, Re (yfn (ja))) + Re (yfr (ja))).
There are 4 possible combinations; their processing order is referred to (5.16). The

reason will be explained in Process 5.3. Here we use the first combination

Yrpr(S) + Yenr(s) as an example.

Suppose Ygpr(s) components are [y;;)r (s),-, y;;)r (s)], reorganized ysn, ()
com - YD (5), -,y
ponents from previous step are |y, (), =, Y, (S) |-

We start from the first component of yp,,-(s), it contains these information:

€) , ) €
[yfnr (s), mmw:w((]l) Re (yfnr (s)) , Wy ] (5.22)

From w(()l)

, we can calculate Re (yfr (jw)) value for all P.R. components at this

frequency and we can form this expression:

{[Re (o7 (i08”)) + Re (o (o)) - [Re (o7 () ) + Re (v ) I} 5.23)

Suppose the smallest positive value happens at kth component of yz,,,-(s)

[Re (552 (j0”)) + Re (ymr (o) )] (5.24)

then ¢, (s) and Yy (s) are the best potentials for grouping. We need a quick
method to prove their sum PR; this method is mention in Appendix IV. If PR
condition is not satisfied here, the second smallest positive result in (5.23) become the
best potential matching and PR check is applied again until the sum is PR. In most

cases, the PR condition can satisfy for first time attempt of this process.
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When y]g;l (s) and y(rll)r are form a group, these two components will be removed

from original groups and proceed to Process 2.3. Then we seek the partner for the
second component of Yz, (s), or y/grzl)r (s).

D

nr

D

nr

For lth component y; (s), if all values in (5.23) are negatives, then y; (s) can’t be

grouped with any PR component.

Since min,, Re (y;iltl) (s)) < min, Re (ylgl) c (s)), the next component y)g;;l) (s) has

tiny chance to find a partner. We stop this process here and move to next combination.

c. Process 2.3: Collect the components for Brune’s method
When PR and non PR component are grouped, they are removed from their original
groups and saved in this process for step 3.
There is a special case in Process 2.3. If two components are from yy,,(s) and
Yfnr (), their sum is PR and can form a new component in g, (s).

_ ¢ , a _ (a+c)st(ad+bc)
Yror(S) + Ypnr($) = S0+ 75 = strra)stba eV Yrpe(s) (5.25)

For this reason, combination for yg,,.(s) and y¢p,(s) should be firstly executed in
Process 2.2 and grouped components are added into yg,.(s) as a new components.

When all four combinations are done in Process 2.2, Process 2.3 will transfer
the sum of all saved grouped components into a rational function. It will be the output
for Brune’s Method in Step 3. The ungrouped components are outputs for Modified
Foster’s Method in Step 4.

In some cases, there are very few or no PR components in primary data. In these cases, result
of Foster-Brune method would be similar to that of Modified Foster’s Method. Compare all
three methods, the result of Foster-Brune method has less number of components than results
of Foster’s method and more accurate data than results of Brune’s method. Their simulation

results will be given in the next chapter to support the analysis.
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Chapter 6 Examples and Simulations

In this Chapter, two examples are used for simulation. They are applied VF and LM

method to obtain time-domain macromodels at first. The time cost and accuracy are recorded

for these simulations. Then Sparse Matrices Algorithm (SMA), Modified Foster’s Method
(MFM) and Foster-Brune Method (FBM) are applied on them. Number of components and

transient analysis are recorded for comparison. To observe their accuracy, we use Backward

Euler method on original data for transient analysis.

6.1 2-port transmission line simulation

The first example is a 2-port single transmission line, shown in Figure 6.1. Y-
parameter is generated from full-wave simulator. The frequency points for this example are
100 points linearly from OHz to 10GHz. When VF method is applied, 20 guessed poles are
used and iteration times are maximum 10. The code used for simulation is matrix_fitting
_toolbox, which is provided by [74]. The code for LM method is based on [48]. Figure 6.2
and 6.3.also record their results of |Y; ;| and rms error. Comparison of their data is in

Table 6-1.

T ET T E T EEm e Y PEIEJ‘]"[ET:EIS:
! ' Length = Jcm
Port1 &— —2 Port 2 E=3740'm
E L =283 TnH'm
------------------------------------------ : C=84.6pF/m

Figure 6.1 Parameters for single transmission line
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Figure 6.3 Y-paramter rms error Vs. frequency on 2-port network
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Table 6-1 Comparison between VF and LM method on 2-port network

Overall RMS Time cost(s) Order of state Number of
error space matrices pole-residues
VF 1.539 x 107° 0.1276 40 20
LM 1.629 x 10712 0.6105 25 25

After we obtain the time-domain macromodels from VF and LM methods, data are used to

generate SPICE netlist through the following method: Sparse Matrices Algorithm (SMA),
Modified Foster’s method (MFM), Foster and Brune method(FBM). The comparisons of

netlists components are stored in table 6-2.

Table 6-2 SPICE netlist generation from different methods for 2-port network

Method | Resistors | Capacitors | Inductors | VCVS | Trans. | Total | Time(s)
SMA 25 36 0 100 0 161 | 0.0620
MFM | 63 49 46 0 0 158 | 0.0433
FBM 63 49 46 0 0 158 | 0.0667

From table 6-2, we can figure that components from SMA, MFM and FBM are very close.
MFM is faster than SMA. The results of MFM and FBM are same; the reason is that number
of non PR components is limited in this simple example, so grouping components are not

generated.

To apply the transient analysis to netlist, we suppose a step input voltage (V,, = 1V,V; =

0,t, = 0.1ns,ty, = 10ns, t,. = 0.1ns,delay = 1ns) connected to port 1 with 50Q resistor,
then connect another 50Q resistor between port 2 and ground. To test accuracy of each
method, Backward Euler method (BEM) [2] is used. BEM uses the global G and C matrices
of MNA equation in process of full-wave simulation. Simulation software for SPICE netlist
transient analysis is CADENCE Allegro AMS Simulator, and results are shown in Figure 6.4-
6.5. Due to FBM and MFM have exactly same results, FBM are not repeated in this example.
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Figure 6.4 Transient Analysis For 2-port network from SMA method
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Figure 6.5 Transient Analysis For 2-port network from MFM method
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To observe the accuracy of SMA and MFM, we plot the data of output port (port 2) for
different methods in Figure 6.6. In Table 6-3, the rms error for SMA and MFM are recorded,
compared to results of Backward Euler method. We can comment both methods have

excellent accuracy. However, MFM has better accuracy for this example.

TA analysis Comparison at port 2
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—BE

O.S*J‘.J f‘ (7

MFM
0.4

o
@
I

Magnitude(V)

o
N
I

0.1

0.1
0
Time(s)

Figure 6.6 Comparison at port 2(output) for 2-port network

Table 6-3 RMS error data for 2-port network

Method Rms error for V; | Rms error for V,
Sparse Matrices Algortihm 1.20 x 1077 3.44 x 1077
Modified Foster Method 5.28 x 107° 8.13x 107
Foster-Brune Method(same to MFM) | 5.28 x 10~° 8.12x 10~*
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6.2 8-port network simulation

in Figure 6.7. Port 1~4 are input ports, port 5~8 are output ports. There are totally 18

An 8-port network is simulated in this section,. Its structure and parameters are given

transmission lines in this network. Transmission lines T; ~Tq are coupled transmission line, its

parameter RLC per meter will be given in (6.1) in a matrix format. Transmission lines

T10~T;g are single transmission lines.

=

28
8

T8

T17

B
&

Tig

Port 1 : Port 5
= &.4% LT ; é mr  TI0 é Ret 2
= : : 50 50
Rin2 = = = Rout?
Port2 ! ; : Y Port 6
= @4% .+ ; A%Q T 4% o2 0
50 H : %) )
Rin = L= = Routz
Port 3 . ! Port 7
% me 3 : A% a2 J% ez
0 : 5] =
find = L= = Routs
Port4 i - i Port §
25 Ri4 T4 : é R4 Ti3 é -
=0 H 50 ]
T1~T9 Parameters: g s ac T4 Rt il [};EE I_’ara.metars:
Length = 10cm 50 0 o R&E‘E ?; Qacm
RL.C will given in = L= = X = ')ég ';;ﬂr-r[l-
Matrix format : - =283.7nH/'m
Ra Té ; é a0 T15 é s C=84.6pF/m
5 : ) =
T7 : 4% Ti6 j%

Figure 6.7 Parameters for 8-port network

Parameters for coupled transmission line T; ~Tq: Length = 10cm;
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Similarly to previous section, we apply VF and LM method to this example at first. The
frequency points are 40 points from 1to 4GHz. For VF method, we again use 20 guessed
poles and maximum 10 iteration times. The results of VF and LM method are recorded in

Figure 6.8 and 6.9, also in Table 6-4.
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Figure 6.8 |Y{1| Comparison between Original, VF and LM data on 8-port network
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Figure 6.9 Y-paramter rms error Vs. frequency on 8-port network
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Table 6-4 Comparison between VF and LM method on 8-port network

Overall RMS Time cost(s) Order of state Number of
error space matrices pole-residues
VF 4141 x 107* 0.3479 160 20
LM 41346 x 107* | 0.7820 44 44

Similar to previous example, these data are used to generate SPICE netlist. The comparisons

of netlists components are stored in table 6-5.

Table 6-5 SPICE netlist generation from different methods for 8-port network

Method | Resistors | Capacitors | Inductors | VCVS | Trans. | Total | Time(s)
SMA 80 100 0 704 0 884 | 0.0882
MFM | 756 691 665 0 0 2112 | 0.2794
FBM 703 620 623 0 24 1970 | 0.4580

From this result, we can conclude that SMA method is much more robust than Modified

Foster’s method and Foster-Brune method on dealing with complex systems. It has superior

behaviors on both components numbers and time-cost. Compare MFM and FBM, they are a

few component groups are generated for Brune’s method, thus generate some transformers.

However, the optimization number of components is not much (= 10%) and time cost is

significant. For more complex system, this method would show better performance.

To prove their accuracy, we again apply this simulation like previous example. Simulation

results of BEM, SMA, MFM and FBM are plotted in Figure 6.10-6.11 below.
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Figure 6.10 Transient Analysis For 8-port network from SMA method
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To analyze the accuracy of these methods on this example, we record output data at port 5
from different methods in Figure 6.12 and the rms error for each method in Table 6-6. From
the figure, we comment that these data are acceptable. From Table 6-6, we figure that errors

of MFM and FBM are very similar since their SPICE netlists don’t vary much. Compare
these results to that of SMA, they have less errors.

TA analysis comparison at port 5 for 8p
03

BE

SMA
MFM
— FBM

Magnitude

Time(s)

Figure 6.12 Transient Analysis For 8-port network at port S(output)

Table 6-6 RMS error data for 8-port network

Method Ave. Rms er. for V;~V, | Ave. Rms er. for V5~Vg
Sparse Matrices Algorithm 5.22x 107* 2.78 x 1073
Modified Foster Method 7.62x107° 428x107*
Foster-Brune Method(same to MFM) 3.72x107° 3.73x 1074

From two examples, we can comment on SMA, MFM and FBM. In complicated cases, SMA
is superior on netlist generation for less components and fast speed. However, MFM and
FBM are robust on handling stability since they generate very limited number of negative

components. The results from simulation have proven our hypothesis in Chapter 4 and 5.
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Chapter 7 Conclusion and Future Research

7.1 Conclusions

In this thesis, we have described the methods of generating SPICE-compatible
macromodels from Y-parameter of unknown systems. These methods are divided into two
steps, generating numerical macromodels from Y-parameter and generating SPICE
compatible macromodels (SPICE netlist) from numerical macromodels. Chapter 4 focuses on
SPICE netlist generation from state space matrices and Chapter 5 focuses on SPICE netlist
generation from pole-residue macromodels. There are three important methods proposed in
this thesis: Sparse Matrices Algorithm (SMA), Modified Foster’s method (MFM) and
Foster-Brune method (FBM). Compare to other methods in literature survey and

background knowledge, these methods have these key advantages:

1. These are all easy to implement. They use the numerical macromodel generated from
VF and LM method, which have already had available code. As well, the
implementation for Foster’s method and Brune’s method are not complicated, since

they were published a long time ago.

2. All three methods have acceptable accuracy. VF and LM methods are most popular
fitting method recently for simulation and they are proven to be accurate.
In Section 6.1, superiorities of these methods are proven on component numbers and

stability.
3. The efficiency of these methods has been proven in the examples. Comparing SMA

and MFM, Sparse Matrices Algorithm has fewer components on dealing with

complicated network.
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4. Both of MFM and FBM can handle various cases in simulation. They are proved to
generate minimum negative-value components; although this period is time costy. For

simple system macromodeling, MFM are preferred because of time consummation.

5. All these methods have their own advantages; selection through them based on

conditions of simulated system would provide better performance.

This thesis is not only focus on how to generate SPICE-compatible marcomodel
efficiently, but also provide an overview of all possible methods on macromodeling of
unknown system. Section 4.3 provides the sparse model method based on state-space matrices
of vector fitting results, although this method has some drawbacks on massive number of
components. When the idea of Figure 1.1 is established; all possible methods are acceptable
for a trial, although some of them could not give satisfied simulation results. To qualify the
final results (SPICE netlist), there parameters can be taken into account: Accuracy of
macromeodel (netlist), complexity (number of the components) and stability (minimize
negative-value and imaginary components). For different inputting system, the most efficient
method might be different. Within the creation of new fitting methods, more algorithms will
be invented based their characteristics. Maintaining an open-mind on all possible simulation

method is another main idea of this thesis.
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7.2 Future Research

As it mentioned above, this macromodeling problem does not have the only one
solution. The further researches of these methods include three parts: optimizing the existing
method, seeking new possible algorithms and alternating frequency-domain data.

We also can apply sparse model algorithm on VF method; however, the result is not
always stable when port number of unknown system is large (>20). Due to these reasons, we
skip this method in simulation. Possible optimizations can be made to Sparse Model Method
to adapt the state-space matrices from vector fitting method. Moreover, for complicated
systems(over 100ports), both passivity violation and stability violation sometime occur.
Further optimizations on all proposed methods may further increase the accuracy and stability
on large-system simulations.

The second part involves other fitting methods, such as those mentioned in literature
survey or the new methods in the future. Based on the properties of these fitting methods, new
algorithms can be investigated.

The last part is to derive SPICE netlist from frequency-domain data in other formats.
For instance, S-parameter is an alternative choice. The methods to generate SPICE netlist

from S-parameter are very different to those discussed in this thesis. It would be another topic.
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APPENDX I Transformation between state space matrices and rational approximation

This section would introduce the transformation methods between two model patterns:
state space matrices and pole-residue approximation. Before we start the algorithms, it is very

necessary to introduce these two models:

1. State space matrices model

State space time-domain model has similar formulation pattern to MNA
equation; however, this model describes the port relationship. Its form for the black-
box system in Figure 2.3 is given in (2.9).

x(t) = Ax(t) + Bu(t)
y(&) = Cx(t) + Du(t) (D
where
e u(t) is the vector of port voltages, p is the port number.
u(@®) =[v1@®) v2(t) - O] ()
e y(t) is the vector of port current:
y@) =[1(®) @) - O] (3)
e x(t) is the vector of internal statement of this system, q is the number of

statement

x(t) = [x1() x(t) - xq(t)]T- “4)

Matrices A, B, C and D are called state-space variable and their sizes are:
A€ R, B € R17*P,C € RP*1,D € RP*P and q is usually larger than p.
In frequency domain, (2.9) will be:

sX =AX + Bu

y=CX+Du (5)
Y matrix can be solved through flowing algorithm:
Solve X in first equation of (2.18):

X=(sI-—A)"Bu (6)
Then substitute (2.19) into the second equation of (2.18)

y =[C(sI —A)™1B + D]u (7

Since y are port currents and u are port voltages, (2.20) transforms into

Y=C(sI—A)"'B+D (8)



In some algorithms [23, 37], the results have state space matrix D equals to 0.
For better fitting in Loewner Matrix Method, term proportional to s can be included

in transfer function. [47]

Matrix Y* is added into time-domain model and (1) becomes
x(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t) + Y™ u(t) 9

Where Y* is a positive real matrix with size equals to Y [47],
Y=C(sI—A)"1B+D +sY” (10)
There are a few ways to extract state space model in (7) or (10), such as Asymptotic

Waveform Evaluation and Loewner Matrix Method.

Pole-residue Rational Approximation Model

This model uses the concept of Pade approximation to approximate our
desired data [17], the transfer function H for a response can be expressed with
number of its moments:

H(s) = my + mys + mys? + - (11)
Pade approximation fits a rational approximate transfer function to H(s):

ap+tais+azs?+--+apst
1+byS+bys2+--+bpysM’

Where L/M equals to the order of (s) .

H(s) =

abeR (12)

For Y-parameter, the approximation of Y;;(s) can be defined as a numerator N(s)

divided by a denominator D (s) with a same order.

24... N
Yij(s) _ M _ Qg+a;s+azs®+-+ays’ abeER (13)

D(s) - b0+b1$+b252+...+bNSN ,

Equation (13) states the rational function format of the approximation; several other
formats can be derived from this function:
Pole-residue format:

apta;s+a,s?++ays¥ oy T
bo+b S+bys2+---+bysN n=ls_p,

Yii(s) = +d+shr,pdheC (14)

Pole-zeros format:

agtasstazs?++aysy o TIN_q1(s—zp) |
bo+byS+bys2+--+bysN MIN_(s—pn)’

Yii(s) = z,p,h € C (15)



Now we can introduce the transformation algorithms between these two models. At first, we

suppose a P-port system has Y-parameter Y (s):

11(5)

I,(s)

Vi _(s)

Y11_(S) YlP'(S)]
Vz.(S)

I(s)=Y(s)V(s) & [ : . :
Ypi(s) - Ypp(s)

](16)

If we apply VF method (Section 3.3.2) on Y (s), and N guessed poles are used; then the result

would be sets of pole-reisdues parameters:

{pn,r,f”) € C;d), R g ]R};n € [1,N];i,j € [1,P] and

e o [ )]
_ | : : [ (17)
|

[ ﬁlr +d(”1)+sh(”1)] [ ﬁl +d(”’)+sh("")]J

Yi1(s) - Yip(s)

Yor(s) - Ypp(s)

If we apply LM method (Section 3.4.2) on Y (s) and q internal statement is generated through

the process; then the results would be several state space matrices:
{A,B,C,D,E,Y*}; A, E € R7%9; B € R?*P; C € RP*4; D, Y* € RP*P;
SEx = Ax + Bu;y = Cx + Du + sY*u;

Y, 1.(5 ) YlP.(S )

Y(s) = : 3
Ypi(s) - Ypp(s)

= C(SE —A)"'B+D + sY® (18)

In later part, algorithms are given for transformation between {pn, r,,fij ), d), p )} and

{A,B,C,D,E,Y*}. In [23], some clues are given for state space realization; and more details

would be given in this section.

A. Transformation from pole-residue model to state space matrices model
At first we compress the Y (s) of (17) and (18):
[ g 1Tn +d(11) +Sh(11)] . [2 rn +d(1P) +Sh(1P)]

: : =C(sE—A)"'B+D+sY* (19)
[Zn g i d(m) " shU’l)] . [Z Tn d(PP) " sh(PP)]

The next step to extract d and h part on the left side:

( P)

T.,(l]])
ZN= X S| A0 d0P RAD .. paP)

: ]: C(sE—A)"'B+D+sy” (20)

+ H -
hRPL ... p®P)

+s

(Pl) (PP)

0 4D g®P
[Zh=1 2 Zﬂ:lmj



D and Y can be easily identified:

d4an ... 4P Ly . paP)
pD=| : S dewzl : : kﬂ)
d®PD ... 4®P) hPD) ... pPP)
The rest part leaves:
(D N (1P)]
Zn 13 = L=
C(sE—A)"'B= | . |(22)
(Pl) N (PP) |
I_Zn 15 n=1 nan

To derive A, B, C and E matrices, definition of Jordan-canonical[68] is applied,

pllP 0 0
A= 0 Pz.IP 0 A € CNPXNP.

0 0 pNIP

B=[Ip Ip - Ip]",B€R"P*F
QA0 Lopan o an o an)

C=| : : : i |=[r1 T2 - TN],C €CPXNP

pPD L e (o)
E=INP (23)

Where Ip is an identity matrix with size P X P. E is an identity matrix with size

NP X NP.

In this model, A and C are complex matrices; a transformation matrix T is introduced
to transform them into real matrices:

i

__IP

=1
L

i

2

24)

P

1

Ip _ 2
=. T1

[lIP —lIP] l i

> P

Suppose p; and p;, are complex conjugate pole pairs; p; is a real pole, construct

overall transformation matrix T as

[0 ijP 0 0 [ 0 - e 0]
: 0 . 0 ol = [0 Ip O
A=|_ : d ny 0 0,T=|§ 0 0 0l(@25)
: ilp : :
|ls : : 0 pilp 0J| lo (') g g OJ
0 0 0 O 0

Use the equations in (3) to apply realization transformation, E is omitted because of

identity matrix. Suppose £ = Tx:



sx = Ax + Bu = s& = TAT ' + TBu © s% = A% + Bu

y=Cx+Du+sY°u=y=Cx+ Du+ sYu (26)

In new model, 4, B and € are real matrices.

N I 0
0 piIp O 0
i=TaT 1 =|’ 0 0 0 NPXNP.
A=TAT 1 = 0 Rewol, Imols o4ER ,
§ ~m(p)ly ReGOlp |
0 0 0 0
B=TB=[+ Ip - 2Ip 0 --]T,B€RNP*P;
é == CT_l = [ T'] eee Re(rl) Im(rl) .-.]’C € IRPXNP (27)

Therefore, state space matrices transformed from {pn, r,iij ), d@), pu )} are

{A, B,C,D,E, Y°°}, their expressions are in (21) and (27).

. Transformation from state space matrices model to pole-residue model
Start from the state space matrices equation:
sEx = Ax + Bu; y = Cx + Du + sY®u. (28)
Rational approximation for P ports system
H(s) = Y(s) = %,H(s) € CP*P (29)
To obtain H(s), we have to modify (28). Since E is often close to singular[55], we
multiply A~ on both sides of the first equation of (28), then it becomes
SATYEx = x + A"'Bu; y = Cx + Du + sY®u. (30)
Then find eigenvectors and eigenvalues for A~1E, assume that

V-Y(A~E) =T;V,T € R9%4 (31)

Where V is eigenvectors and I" is square matrix where eigenvalues are on diagonal
entry. Suppose x = VX, then (30) is transformed into
SATIE)x=Vi+A 'Bue srx=x+V 'A"1Bu
o x=(sr—-N"W1A1Bu;
y = CVX + Du + sY*u. (32)

In this case, substitute ¥ into y and obtain H(s):
H(s) = % =CV(sIr' =)W 'A"'B+D +sY® =C(sI' —I)"'B + D + sY>;

C=CV;B=V"1A7'B; C € C"*9; B € CI1*P (33)



From the definition of eigenvalues, I' = diag (44, 43, -+, 44). To calculate poles and

residues sets, we suppose a set of parameter A that:

- . 1/4; .
A= (sT =)t = diag(Ay, Ay, -+, Ag); A; = #l € [1,4] 34)
Then substitute A into (33)
B é:11 C~‘1q A1 0 0 511 BlP
H(s)=CAB+D+sy®=]|: S U [+
Cp1 Cpq|| 0 0 Agf[bg bgp
di1 dip Y11 Y1ip
s N E i 1 (35)
dpq dpp Yp1 Ypp

Since C, B are full matrices, expand H(s) into individual component:

o Cubij/A | Ci2bj/Az || Cigbgj/q N o .
i = so1/2, —yry + +—s—1//1q +d;j + sy, i € [1,P],j €[1,P](36)

Now all elements in H has same expression format to the rational approximation of

Y -parameter. Compare (36) to equation (17), we can obtain:

ry ) P U)) ., W) y iy
Hij(S) = + -+ +d(lj)+5h(lj);
S—=P1 S—DP2 S —Pq
1 ij Cinbnj ij i 0, s
Pn = A_’rn(u) = T]’dm) = dij,h(”) =yi5ij € [1,P];n € [1,q] (37)

n

Expression for {pn, r,E” ), d@), p )} are all given in (37); and pole sets are

(1/41,1/25,---,1/24). Since all eigenvalues of A™LE are negative on its real part; all

poles are on the left side of complex-real plane, in another word, they are all stable.



APPENDX II All the cases for Modified Foster Method

To show all the cases of Modified Foster Method, we start from the admittance on 1-

port system of n poles-residue format

T2 + ..+rn_-1_|_ ™n

S—D2 S—Pn-1 S—DPn

y(s) = Sf—;l+ +d+hs (1)

For every step, MFM considers yy(s), and write the components of y(s) to the netlist.

Tx
S—Px

y(s) = +¥'(s) =y,() +y'(s) (2)

If p, is real, then

Vp(8) = 7 Pa T €R, Ty # 0,9 < 0.3)

Assigna =71,b = —p;a,beR,a # 0,b =0, Then

Y (s) = —=(4)

s+b

There are three cases for p, is a real pole, one PR case (y;(s) is PR), one non PR case and

one limit case (some value is 0).

1. CasePR:a>0,b>0

a 1 1

}’f(S) ==

s+b~ 5,07 Ls+R’
a a

1 b
L==R=2 (5

2. CasenonPR:a<0,b>0
In this case, negative values will be generated if we follow method in previous case.
The solution is to add a positive admittance G, to y;(s). Gy will be absorbed by

y(s), or the value of d in (1) changes to

d'=d - Go. (6)
then
' Gos+(bGo+a)
=)+ o=y 6o = B
LetGO ::_'%;Gb >0
/ Gos 1 1
y (S) =_=—b=_,
f s+b %4'6_05 R+§
_.Eg__ __jl _ __2
C=3=—mR=-20



3. CaseLimit: b=0/p=0
In this case, negative values may occur when a<0. However, limit case happens rarely

in real world simulation. So

() =%,L == (9)

If p,, is not real, then

yp(s) = - = Iy (1)

S—Px  S—Px+1 S—Px  S~Dx
Suppose
w=a+jB,p,=—0+j0;(a,p,0,0)€R,c>0,0>0,(a+0)U(B=+0)(1)
Then

a{s+a
() = apsin, (12)
Where

al = Za,ao = Z(QU_BQ),bl = ZO-,bO = 0-2 + 92 (13)

From (13), we also can infer that
bO > 0' bl = 0' (all Ao, bl' bo)fR (14)
In the first chapter of [56], the PR condition for (12) is given:

aobo + (a1b1 - ao)a)z = 0 or a1b1 = agp = 0 OI'#?!| = 2(15)

There are totally seven cases for p, is not a real pole, one PR case (y;(s) is PR), two non PR
cases and four limit cases (some value is 0). The possible limit cases happens when b; = 0
ora; = 0or ay = 0, a; and gy cannot be zero at the same time. However, limit cases
happens very rare in real world simulation that they almost can be neglect. In PR case and

non PR cases, we assume by > 0,b; > 0,a; # 0,ay # 0.

1. CasePR:ayb; =ay >0

a9 20 200
2:(s) = 1 s?+bys+bg _ s (bl_a_l)s+b0 _i_l_(bi_a) bo_(bl_a_l)a_l
f yr(s) ais+ag a; ais+ag a; a; ais+ag
bi—a
be—a (a1 1 0)
=Ly (Bt p - — o s+ R+ —— (16)
aq a,? a;s+ag Cps+1/Ry

So the components are:



a,b;—a a,® a,%bg—aga by +ag?
L:_,R:11 OC 1 :10 ow1Y1 0(17)

a, a12 alzbo—a0a1b1+a02 'P a0a12

To prove all these values are non-negative:
Form a;b; = ay > 0 and b; > 0, we obtaina; > 0.So L > 0
From a;b; —ay = 0, weobtain R = 0
Substitute condition of by in (13) to a;2by — aga by + ay:
a,%by — aga by + ag? = a;%(0? + 02) — aga,(20) + a,?
= (a;20% — 2a¢a,0 + ap?) + a,%0% = (a10 — ag)? + a;26% > 0 (18)

So Cp, Ry > 0, and all the components are non-negative.

When a;b; = ag, the value of components are:

-1 p= —%p b
L= R=0,C, =35 Ry =2(19)

Case non PR case a: ay > 0,a,b; < ag
Similar to non PR case of real pole, we add a positive admittance Gy to ys(s)

a;s+ag 4 Go= Gos?+(ay+b1Gy)s+(ag+byGy)
s2+bys+bg 0~ s2+bys+bg

Y'(s) = yp(s) + Go =
Now there are two situations: ag > 0 and ay < 0, we discuss ay > 0 in case a and

ay < 01in case b.

Go(s2+by) | (ay+b1Gy)s+ag
52+b1$+b0 52+b15+b0

=y"¢(s) +y""(s) (20)

To decide the value of Go, we consider PR condition of y""'¢(s). Similar to PR

y'f(S) =

condition of y(s), the condition is:

(a1 + blco)bl = Ao >0 (21)

. ap—a,b
since ag > 0, 50 Gy = ———,
1

ag—a.b a
If we choose Gy = =2 bzl 1,80 ay +b,Gy = b—° and G, > 0
1 1
Branch 1:
_s 24+bys+bg 1 bs
= =4+ —1r == 22
( )= J”’f(S) Go(s2+by) Gy = Go(s2+by)  Go —+ oo Gbos Gbobso (22)
1 1
Branch 2:
7 (S) _ _s +bls+b0 _ E_l_ bg _ m-l— (23)
o - Ch) - ao %o
ymf(s) bls+a0 ag bls+a0 ag bybg +b0
The components are:
1 GO b1 0
Rl - G_o’ Clp Llp LZ CZp R2p 0- (24)

It is very easy to prove all of them have non-negative values.



3. CasenonPRcaseb:a; <0

(Z—g‘l'Go)(Sz‘l'bo) <—Z—g)52+(a1+blco)5
Sz+b15+b0 Sz+b15+b0

ylf(S) =

PR condition of y"' ¢(s):

=y" () +y"(s) (25)

20 4 Gy = 0 or Gy = =2 (26)
bo bo
PR condition of y" ¢ (s):

(—ag) = 0 and Gy > 22201 (27)

1

Although a; can be numerically positive or negative, the appropriate value of Gy will

be determined by the stronger ones of two conditions:

Go="2>00rGo 2 (“0)—“1”1(28)

0

This results in two choice of G.

Situation 1: G = —b_ao.
0

Then it must satisfy

—Qp (=ap)—a;by

= or alblbo + aobo - a0b1 >0 (29)
by b1

If we assign a new parameter ¢, = (a;by — ayb;); then the condition of this situation

become:
ag)b
CO ( 0) 0 > 0 (30)
Then
_ag\.2 _agby o
y's(s) = o+( il o = (31)
f s2+bys+bg S2+bys+bg
To decompose the equation:
4+%0bo
2 (s) = _ 1 sP4bys+by _ bR 1 s+(ba+ 0)
f 5 (—80)g40 T oy s T (—80)g4l0
y' (S) S ( b )s+b0 Co S ( bo)s+b0
c§+ao(bico+agho)
b3 1 | bo(bico+agby) 2 1 1
=== =—4+R+——(32
o S + c + ( Zg) +Z_g Cs TR+ Rp+1/sLy (32)

The values of components are:

_c bo(byco+agbg) bo(c+agbsco+adby) bo(co +agbsco+asbg)

C==S,R=—"—"5—""L,= 3 Ry, (33)
b§ c§ ¢ (—ag)c?

To prove their values are non-negative:

. C,
SmcecOZO,C=b—220.

0

. —ag)b bo(bicotagh

Since ¢ = ( bO) %, then byco + aghbg = 0. R = w >0
1 0

-10 -



For L, and Ry, condition of b; and b, in (13) are used again:

aoby

Cg + a0b1C0 + a(z)bo = (CO +

)2 + a? [02 +02 — (27")2]

aoby
2

aoby

:(C0+

So Ly, Ry = 0

(CO +

o —ag)-aib
Situation 2: Gy = (ao?)#
1

G0 (=ap)—a;by

The condition is 5 or Gy + % =0

2 )2+a(2)[b0—(%

2 2
2)+a0

)]

62 > 0 (33)

o b? 0
Then
ag 2 _20)s24(_%
y/ (S) — (b0+60)(s +b0) ( bo)s +( bl)s — yu (S) + yIII (S)
f s2+bys+bg s2+bys+by f A
1 s%+bys+by 1 n bys by 1 .
— (ag — (ag ap - (ap+boGo)s, ap+boGp ’
y11g(s) (b—0+60)(s2+b0) (%+GO) (b—O+GO)(sz+b0) ao+boGo Oboglo } "blg 0
1 1  s%+bis+by _ bibg 1_|_ s __ bibg 1+ 1 .
=7 ap ap) ~ (_ " ap apg) ~ (_ " agp ap\ 1’
y’”f(s) N (—%)S"’(—E) ( aO) N (—%)S"'(—E) ( aO) N (—%)'F(—E)—
R _ bo _ a0+b0G0 _ b1
1= a0+b060 ’ 1p - b0b1 ! 1p - a0+b060’
_ (=ap) _ by _ _bo
C2 B bybg ,LZp - (—ao)’RZP - (=ap) (34)

-11 -



APPENDX III All the cases for Brune’s Method

We start again from the admittance on 1-port system of poles-residue format

T2 + .._|_T"_—1_|_ Tn

S=D2 $—Pn-1 S=DPn

y(s) = -+ +d+hs (1)
1

o
Brune process find the sum of all parameters at first:

AnS"Han_1S" M an_ps" 24 +ay 2)
byps™+bp 1S 14by_ps" 24+ by

y(s) =
And then decide
y(s) = yr(s) +¥'(s) 3)
where y(s) is a component parallel to the port and y’(s) is a less order rational function.

There are totally 8 cases for different patterns of y,(s) and y'(s).

Case 0: y(s) =G

When y(s) equals to a constant, an admittance G is added and it is the end of the process.

Case 1: b, = 0, y(s) hasapoleats = oo

__ap1s" May s 24 tag an . _
y(s) == bp1S" 1 4by_ps"24-tby | bpis Y (s) + 4s
o ai—Abi_l i=1,---,n—1_ _ an
% ‘{ a i=0 AT ®
Case2:a, =0, y(s) hasazeroats = o
1 by yS" by s P4t by by 1

= s = + As
y(s)  ap_1s" 14 an_ s+t ay  ap_g y'(s)

A1 S" T an_p s 24 tag A= by, bl = bj—Aa;_; i=1-,n-1
bj_1S"1+b],_,s""2+.4b}’ an-1’ ¢

Soy'(s) =

Case 3: by = 0,y(s) hasapoleats =0

-12 -



a, "1+an15"2+an25"3+ +ar  ag

A
y(s)= nS™ L+ by_S" 2+ by,_,s" 3 + -+ by bys =ye)+g

e R NV ES G

a, i=n ! by’
Case4:a, =0,y(s) hasazeroats =0

1 bps™ 4 by ys" 2+ by_ps" 34+ b; by 1 A

y(s)  ap,svl4a, 1S 2+ a,_,sv 3 ++a; a;s y'(s)

_ﬂ.,_bi—AaH_l l:]. Tl—l
4= ’bi_{ b, i=n )

Case 5: Q(S)|s=+jw, = 0, y(s) has poles on imaginary axis
In this case, (s? + w;) are separated from Q(s) at first:
Q(s) = (s? + Wﬁ)(bn 2824 b s34+ -4+ bis+ b)) (8)

The next step is to find residue of k for s = tjwy,:

7o, ., - ]
QI(S) s=tjwy s=tjwp 2 s=tjwp

2 n-3
ay_,s"2+ay_ss" 3 ++als+al 2ks
y(s) I n-2 ! n-3 4 2 ) (S) I
_2S™24b]_;s""3+.+b]s+b| s24+w

©)

w |
2k 2k's
Case 6: P(s)lszijwp = 0, y(s) has zeros on imaginary axis

Similar to case 5,

P(s) = (s + wZ)(an_ps™ 2+ ap_3s" 3+ +ajs+ap) (10

And residue can be gotten through

_[e® [Mz] _ [&]
p’ ( ) s=tjwp Nl s=tjwp M{ s=tjwp




)

2)

3)

1 by ;5" 2+b; 35" 3+.+b; s+b}/ 2ks 1 1
— =7 _ 7 _ r ! Z = 7 2 (ll)
() an_ps"%4an_3s"3+tajstay, 0 sPtwp YI(S) s Wpi
2k 2k's
Case 7: When y(s) doesn’t fit to other cases, it will be in case 7.
This case involves two steps; the first step is to find:
R = Re[}’(s)]minls=jwp 'wa[O’ ©) (12)

The second step is to substrate y(j a)p) from y(s):

¥p(8) = y(s) — y(jwp)

(13)

Depends on different w,, y,(s) can be applied methods from case 2,4,6.

a

wp = 00 — y(]wp) = b:

y() = y(jwp) =

bys™+by_1S""1+by 55724+ by
an ,
ai——b; i=0-,n-1
= [ 1=
0 i=n

Then the format is same to case 2.

a

0
by

wp =0 = y(jwp) =

Ans"ttan—15" M ay sV 2+ +ag
bpS™+bp_1S™ " 14+by_ps""24-+by

Qo .
ai——b; i=1,-,n
a;:{l by t Y

0 i=0

y(s) = y(jowp) =

Then the format is same to case 4.

p = wp = ¥(jwp) = Re[y(jwp)]

Type 1: Im[y(ja)p)] <0

w +j Im[y(jwp)]

min

ao_

ans"+an_1s" 1 +an_ps" 2+ tag  an _ an_gS" T Mtan_ps" % +tag
bn

bypS™+by_1S™ 144 by

(14)

aps"+ay_;s" 1+ +ais
bpS™+bp_1S""1+4+bg

bo

(15)

, Imly(jw
V()sja, = Re[y(jwp)] + % =A+Bs,A>0,B<0 (16)
_ AnS™ + ap_1S" a5 4+ ag
. = —A+(-B
y() = y(jwp) bpS™ + by_1S™ 1 + by 55" 4 -+ by (=B)s
_ apeis™i+ans™+etaistag  Pi(s)
T bpSMby_ s l44by Q(s) 17

Now P;(s) must have zero pairs at s = tjw,, it matches case 6 that:

-14 -



Pi(s) = (s + wi)(an_1s" P +an_ps" 2+ +as+ay) (18)
1 _Q(S) _ byl _;s"2+b;) 35" 3+-+by s+b{ 2ks (19)
y()-y(jwp) ~ Pi(s)  al_ ;s l+all s 24tals+al | s2+wd

!

"nooon—1, ! n-2 / "
an-1S +ay_»S +--+aj s+ag

" n-2 1" .n-3 nr "
_ ap_3s +ay_5S +--t+aq stag

+Ds=y'(s) + Ds

yi(s) =

b} ,s""2+b)]_ss"3+--+b]'s+b{

b} ,s"2+b, os"=3+--+bi's+by

(20)

So the total transformation for y(s) in this case is:

1

y(s)—A—Bs =

And components are:

1 1
y'(s)+Ds + s W% 1 (21)
2k T2k s

_1 _ p_ Imly(jwp)] _ 1 . 2 I oo
R=3,C=B="20000 = 0 L=, G =D =202
J— — C2 _ Cz+C3
C=Ci+Cn=g2-= /—c1+c2' (22)

Type 2: Im[y(jw,)]| > 0

Y(8)s=jw, = Re[y(jwy)]

Instead of y(s) — y(jwp), we do

ZImbUwp)lWe _ 4 LB 45 0,8 <0 (23)
s s’ ’

.+
min

1 1 _ by s™bfsM 4 bis+by _ (57 +wh)(bn-as" T +bn_ps™ 2+ +b1's+by) (24)
y(s)-A g apst+ay_;sV 1+ +a)) apst+a_;sV 4+ +a])
1 __ 2ks an_os"2+ay_3s" 3+-+ais+ay _ 2ks N 1 (25)
1 1 - — - 1
SOAF s24wl by sPTl4b) s 24e+bl's+b{  s24+w3 o Ps
S
Then components are
R 1 L 1 1 L 1 c 2k
— -, 1 _—— - ) 2 — -, — _2'
A B —Im[y(jwy)] - w, 2k Wp
—-L4L L
Ly=D=—"2n=—="22—— 1 =L;+L,, L, = L,+L; (26
3 L1+L2' /(L1+L2)(L2+L3)’ 1 1 2,2 2 3 ( )
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APPENDX IV PR property check for pole-residue components

This appendix will check the PR property for sum of two pole-residue components
Vn(8) + ¥rp(s), where Yy, (s) is non PR and yg,, (s) is PR. Since each of them has two

possible cases: real case and complex conjugate case. Their sum is divided into three patterns:

A. yrn(s) and yrp (s) are all real case, Yrp (S) + Yrp(s) = Ynr () + Yrpr(s)
yfnr(s)=$,a<0,b20;yfpr(s)=$,c>0,d20 (1)

a ¢ _ (a+c)s+(ad+bc) _  Ags+4y
s+b  s+d  s2+(b+d)s+bd  s2+Iys+l,

yfnr(s) + yfpr(s) = (2)

Based on [70], RR conditions for yr,,-(s) + yspy(s) are:
A, Ao, I, T 20 and A1 = [ 3)
Since
L =b+d=0and; =bd =0 (4)
Then
A =1/ =2 0(5)
To satisfy the rest conditions:
Iy = 0and A7 = I} (6)
Substitute a, b, ¢, d to (6), they become:
ad+bc=>0and (a+c)(b+d)=ad+bc (7)
Simplify the first equation:

ad +bc 2 0 «=>» bc 2 —ad K=» =25 (8)

lal —
Simplify the second equation:

ab+ad+bc+cd=>ad+bcK=>ab+cd=>0«K=>cd=—-ab (9)

c b
=== (10)

la|
The final conditions for case A are:

1) byd#0

B. One of y¢,(s) and yy, (s) is real, the other is complex conjugate. Then

+
yfn(s) = yfnr(s) = ﬁand yfp(s) = ypr(S) = szilljlsiobo ;

a;s+ag
52+b1$+b0

or an(s) = anc(s) = andep(S) = yfpr(s) = ﬁ (11)

These two are similar to each other, and their sum:

-16 -



(a0+C1)SZ+((10d1+b0C1+C0)S+(a0d0+b0C0) _ A252+A1$+A0 _ p(S)

yfn(S) + yfp(S) = 53+(bo+d1)52+(b0d1+d0)5+b0d0 - S3+1"252+1"15+1"0 - q(S) (1 )
Based on [70], if y(s) = % is PR it must satisfy two conditions:

a) p(s) + q(s) has no roots in ORHP
p(s) + q(s) =s3+ (ag + by + ¢; + dy)s? + (agdy + bocy + body + co +
do)s + (agdy + bocy + body) = 3 + P2 +Pis +1y (13)
The condition that p(s) + q(s) has no roots in ORHP are:
Vi 2 0,919, = Po (14)

b) Rely(jw)] =0
Based on Chapter 1 of [56], y(s) can be transformed into:

_ P() _ ma()+n(s) _ (4252 +40)+(415)
qa(s)  ma(s)+ny(s)  (Ips?+Ip)+(s3+1I7s)

y(s) (15)

Then

Re[y(jw)] = mq(s)m,(s)—n4(s)n,(s) (16)

ma(s)?-nz(s)? s=jw
To prove denominator of Re[y(jw)] is positive:
My ()% = ny(5)? ls=jo = (Ips? + [p)? —s%(s* + 11)?

= (—Lw? + I})* + w?(—w? + )? >0 (17)

Seek conditions for divider, we suppose a parameter 2 = w? > 0:

my (s)my(s) — ny(s)n, (S)|s=jw

= (8% + Ag)U38* + ) — Ays(s® + I}s)

= (A5 s* + AyTys? + Aglos? + Agly) — (Ags* + Ay s?)

= (A1 — Aps* + (A;1y + Aol — AT7)s* + Ag Ty

= (A1; — M) w* + (A1 = ATy — Ay L) w? + Aol

= (aghg + c1d; — co)w* + [agho(d? — 2dy) + b§(c1dy — o) + codglw? +
(aghod§ + b§codo)

=0,0% + P 0+ D (18)

The condition for ®,0% + &, + &, = 0 and 2 > 0 are:
@, 20,95 =>0and 2,/PyP, = —P; (19)

Conclude the final conditions for case B:

1) Calculate:
Yo,=a,+by+c+d; Yy =bic+ayd+ bid+ag+ by; Py = boc + agd +
bod;
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Then 1 must satisfy Yo = 0,11 = 0,1, = 0 and Y19, = P,

2) Calculate:
@, = cd + (a;b; — ay); D1 = cd(b? — 2by) + d?(ay by — ag) + agby;
@, = b3cd + aghyd?
Then, then @ must satisfy @, > 0, @y = 0 and 2,/ PP, = — P,

When these conditions are satisfied, then

_ (ag+c1)s?+(agdi+bocs+¢o)s+(agdo+boco)

V() + ypr(s) = (20)

53+(b0+d1)52+(b0d1+d0)s+b0d0

1s PR.

. The last case is that yg, (s) and y¢,,(s) are all complex conjugate. Then suppose

ey

a;s+ag
52+b1$+b0

Cc18+Co
52+d15+d0

yfn(s) = y/‘nc(s) = and y]‘p(s) = }’fpc(s) =

Their sum,

(ai+cq)s3+(ag+co+a,d,+bycqy)s?+(adg+agd, +bocy+byco)s+(agdy+bgcy)
S4+(b1+d1)s3+(b0 +d0 +b1d1)52+(b0d1+b1d0)5+b0d0

(22)

Yn($) + ypp(s) =

_ A3s3+A,8%+A3s+40  p(s) |
s*+Iys3+ps2+s+ly q(s)’

AO = aodo + bOCO;Al = aldo + aodl + b0C1 + b1CO;

AZ = Qq + Co + aldl + blcl;A3 = aq + C1;

110 = bodo;lwl = b0d1 + bldO;I—'Z = bO + do + b1d1;1—13 = bl + dl
_ bGs)

Based on [70], if y(s) = o) is PR it must satisfy two conditions:

a. p(s) + q(s) has no roots in ORHP
p(s) +q(s) = s* + (A3 + [3)s° + (A2 + [)s? + (A + s + (Ao + T)
=s*+ 383 +Pst +Pis+ Py (23)
The condition that p(s) + q(s) has no roots in ORHP are:
Yi 2 0123 = Poi + Y and YF = 4ihg (24)

b. Rely(jw)] =0
Transform y(s) based on [56]:
y(s) =

A3sB+4,52+ A5+ p(s) _ my(s)+ny(s) _  (Az52+40)+(A353+415)
SH4S3 4052405+, q(s)  ma(s)+na(s) — (s*+Ips2+0p)+(R3s3+0ys)

Re[y(]a))] — my(s)m,(s)—n4(s)n,(s) (25)

my(s)2—n,(s)? s=jw

To prove the denominator is positive
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my()? = p(8)?ls=jo = (s* + hs? + [))? — s?(I3s% + [1)?
= (0* — Lw? + I})? + w?(—Gw? + )2 = 0. (26)
Seek conditions for the m; (s)m,(s) — ny(s)n,(s) = 0, we suppose a parameter
N =w?>0:
my ($)ma(s) — 11 ($)n2(8)s=jw
= (A5 + Ag)(s* + 5% + ) — (A353 + A1) (3s® + I;s)
= (A58 + Ay hs* + AyTys? + Ags* + Aglys? + Agly) — (AsD3s® + ALs* + A Tys* + A[s%)
= (Ay — A313)s8 + (A5 + Ag — A3l — A I3)s* + (A1 + Aol — A117)s? + Aol
= (A3l — A)w8 + (A1 + Ay — A3l — M) w* + (A7 — ATy — Agl) w? + Aply
=008+ 0,02+ o N+, . (27)
Based on [70], the condition for @323 + @,0% + &0 + &, = 0 are:
D @3 = 0,0, > 0,0, > 0and &; > —2,/0y®, (28)
1)) ®; = 0,9, = 0 and two conditions holds:
@, > 0and @, > —\/?WT&
Or @2 > 3@, ®; and 2035 — 9D, D, D5 + 27D P2 > 2(PZ — 30, P;)3/?
(29)

Conclude the final conditions for case C:

1)

2)

Calculate:

Yo = agdo + boco + bodo;

Y1 = adg + agdq + bgcy + bicg + bydy + b1dy ;

Y, =ayg+by+cy+dyg+aidy +bic; +bids;
Ys=ar+by+c+dg;

Then ¥ must satisfy:

Yo20,91 20,9, 20,93 20,1993 2 11’011’% +{ and Y3 = 49h,.

Calculate:
@ = agbyd§ + b§cody;
&, = agbyd? + bécid, + a,bidE + b?cody — 2aybydy — 2bycody — bicy —
aods§ ;
@, = (aghg + cody) + 2(agdy + boco) + arb;(df — 2dy) + ¢y dy (bi — 2bg) —
bfco — agd7 ;
P3 = ayby + ¢1dy — ap — ¢o;
Then, then @ must satisfy i) and ii)
a) ©3=0,0,=>0,95=0and ®; = —2,/DPyD,;

b) @3 = 0,9, = 0 and two conditions holds:
(pl 2 0 and(pz = —4/ 3(p1(p3

-19 -



Or @2 > 3@, @3 and 203 — 9P, D, P, + 27D D3 > 2(PZ — 30, B;)3/2.

When these conditions are satisfied, then

y (S) + y (S) — (al+C1)53+(a0+C0+a1d1+b1C1)52+(a1d0+a0d1+b0C1+b1C0)S+(a0d0+b0Co)
fn fp S4+(b1+d1)53+(b0+d0+b1d1)52+(b0d1+b1d0)5+b0d0

(30)

1s PR.
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