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Abstract

The standard Hot Big Bang with Inflation is the current standard paradigm of the early

universe. However, there exist different unsolved theoretical issues for the inflation

scenario. The thesis explores a new version of an alternative scenario named Ekpyrosis. It

suggests that by adding an S-brane located after the Ekpyrotic contraction phase, all the

puzzles of the standard Hot Big Bang cosmology and the theoretical inconsistencies of

inflation can be resolved in this new model. Besides, using the methodology of

cosmological perturbation theory connecting between the primordial universe and late-time

cosmological observations, it is shown that the predictions of the model are consistent with

the current constraints. Furthermore, to bridge the phase Ekpyrotic contraction in the very

early universe and Standard Hot Big Bang, a natural process of reheating is studied for

S-brane Ekpyrosis. The result shows that the S-brane efficiently decays into radiation so

that the emergent scenario can be smoothly connected to Hot Big Bang cosmology.

Finally, by studying the entropy of cosmological perturbations, we derive a lower bound on

the reheating temperature after Ekpyrosis.
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Abrégé

Le Hot Big Bang standard avec inflation est le paradigme standard actuel de l’univers

primitif. Cependant, il existe différents problèmes théoriques non résolus pour le scénario

d’inflation. La thèse explore un scénario alternatif nommé Ekpyrosis. Il suggère qu’en

ajoutant une S-brane située après la phase de contraction ekpyrotique, toutes les énigmes

de la cosmologie standard du Hot Big Bang et les incohérences théoriques de l’inflation

peuvent être résolues dans ce nouveau modèle. De plus, en utilisant la méthodologie de la

théorie des perturbations cosmologiques reliant l’univers primordial et les observations

cosmologiques tardives, les prédictions du modèle sont bien cohérentes avec les contraintes

actuelles. De plus, pour combler la contraction ekpyrotique dans le tout premier univers et

le Big Bang chaud standard, un processus naturel de réchauffement est bien étudié pour

l’ekpyrosis S-brane. Le résultat montre que la S-brane se désintègre efficacement en

rayonnement afin que le scénario émergent puisse être connecté en douceur à la cosmologie

du Hot Big Bang. Enfin, en étudiant l’entropie des perturbations cosmologiques, nous

dérivons une borne inférieure sur la température de réchauffage après Ekpyrosis.



iii

Acknowledgements

Firstly, I would like to thank my supervisor Robert Brandenberger. It is difficult to express

how significant his patient instruction and interaction with me have been over the years.

He guides me to focus on my interests and keep critical thinking. He also teaches me how

to become a good educator. I will not forget our first meeting in Beijing when I was an

undergraduate student. Robert encouraged me to finish my undergraduate research project

as a publishable paper. That happened again when I felt frustrated with my research during

my Ph.D. study. It is always essential to accumulate progress step by step and finish the

research with good writing. I also would like to thank my senior collaborators for their

knowledge and understanding of physics and research, among them, prof. Keshav Dasgupta,

prof. Xin-Gang Chen, prof Misao Sasaki, prof. Yuichiro Nakai, prof. Yi Wang and prof.

Yi-Fu Cai.

Studying different topics of high energy physics and quantum field theory always

accompanies my research during my Ph.D. I especially appreciate all the high-energy

physics group professors at McGill University for their patience when I knocked on their



Acknowledgements iv

office door with various questions. For most of the time, my Ph.D. has felt like a trip where

I was lucky enough to have great people along the ride. I wish to thank all of you to have

shared this adventure with me, especially my collaborators: Suddhasattwa Brahma,

Heliudson Bernardo, Disrael Cunha, Bryce Cyr, Elisa Ferreira, Qiuyue Liang, Ryo Namba,

Jerome Quintin, Matthew Muscat, Maxim Emelin, Ioannis Tsiares, Matteo Puel,

Dong-Gang Wang, Hao-Lan Xu and Siyi Zhou.

Last but not least, I will express my appreciation to my families for their support and

love over the years.



v

Contents

1 Progress on Observational Cosmology 3

1.1 Cosmic microwave background and primordial universe . . . . . . . . . . . . 3

1.2 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 Review of primordial cosmology 8

2.1 Homogeneous and isotropic universe . . . . . . . . . . . . . . . . . . . . . . . 8

2.1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.1.2 Puzzles for standard hot big-bang cosmology . . . . . . . . . . . . . . 12

2.2 Inflationary cosmology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2.1 Slor-roll inflation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2.2 Problems of inflation . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3 Alternative Scenarios for the Early Universe 22

3.1 General Criterion for Alternative Scenario . . . . . . . . . . . . . . . . . . . 22

3.2 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24



Contents vi

3.2.1 String gas cosmology . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3.2.2 Matter Bounce . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.2.3 Ekpyrotic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.3 New Ekpyrotic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4 Theory of Cosmological Perturbation 37

4.1 Relativistic cosmological perturbation theory . . . . . . . . . . . . . . . . . . 37

4.1.1 Transformation of different gauges . . . . . . . . . . . . . . . . . . . . 37

4.1.2 Gauge-Invariant Variables . . . . . . . . . . . . . . . . . . . . . . . . 41

4.1.3 Examples of different gauges . . . . . . . . . . . . . . . . . . . . . . . 42

4.2 Calculating the action of curvature perturbation of a scalar field in quadratic

order . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4.2.1 Constraint Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

4.3 Quantization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.3.1 Boundary Conditions and Bunch-Davies Vacuum . . . . . . . . . . . 52

4.3.2 Solution in de Sitter Space . . . . . . . . . . . . . . . . . . . . . . . . 53

4.3.3 Power Spectrum in Quasi-de Sitter . . . . . . . . . . . . . . . . . . . 53

4.3.4 Tensor Mode . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5 Nonsingular Ekpyrotic Cosmology with a Nearly Scale-Invariant Spectrum

of Cosmological Perturbations and Gravitational Waves 58



Contents vii

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

5.2 S-Brane and Nonsingular Bounce . . . . . . . . . . . . . . . . . . . . . . . . 67

5.3 Fluctuations Passing Through the S-Brane Bounce . . . . . . . . . . . . . . 69

5.4 Conclusions and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

6 Ekpyrotic Cosmology with a Zero-Shear S-Brane 84

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

6.2 Curvature Fluctuations in Ekpyrotic Cosmology . . . . . . . . . . . . . . . . 89

6.3 S-Brane and Nonsingular Bounce . . . . . . . . . . . . . . . . . . . . . . . . 96

6.4 Curvature Fluctuations with a Zero Shear S-Brane . . . . . . . . . . . . . . 99

6.5 Conclusions and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

7 Reheating after S-Brane Ekpyrosis 107

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

7.2 S-Brane Bounce . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

7.3 Coupling of Radiation to the S-Brane . . . . . . . . . . . . . . . . . . . . . . 117

7.4 Reheating from S-Brane Decay . . . . . . . . . . . . . . . . . . . . . . . . . 119

7.5 Conclusions and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

8 Entanglement entropy of cosmological perturbations for S-brane Ekpyrotic

scenario 125

8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126



viii

8.2 Description of S-brane ekpyrosis . . . . . . . . . . . . . . . . . . . . . . . . . 129

8.3 States for super-Hubble modes . . . . . . . . . . . . . . . . . . . . . . . . . . 131

8.4 Entanglement entropy for scalar perturbations due to gravitational

non-linearities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

8.5 Entanglement Entropy of scalar perturbations . . . . . . . . . . . . . . . . . 137

8.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

9 Conclusion and Future work 144



ix

List of Figures

1.1 Pillars of anisotropy of CMB temperature fluctuation [1]. . . . . . . . . . . . 5

3.1 Space-time sketch of inflationary cosmology. The vertical axis is time, the

horizontal axis corresponds to physical distance. The solid line labelled k is

the physical length of a fixed comoving fluctuation scale. . . . . . . . . . . . 24

3.2 The temperature (vertical axis) as a function of radius (horizontal axis) of a

gas of closed strings in thermal equilibrium. Note the absence of a temperature

singularity. The range of values of R for which the temperature is close to the

Hagedorn temperature TH depends on the total entropy of the universe. The

upper of the two curves corresponds to a universe with larger entropy [2] . . 25



x

3.3 Space-time diagram (sketch) showing the evolution of fixed co-moving scales in

string gas cosmology. The vertical axis is time, the horizontal axis is physical

distance. The solid curve represents the Einstein frame Hubble radius H−1

which shrinks abruptly to a micro-physical scale at tR and then increases

linearly in time for t > tR. Fixed co-moving scales (the dotted lines labeled

by k1 and k2) which are currently probed in cosmological observations have

wavelengths which are smaller than the Hubble radius before tR. They exit the

Hubble radius at times ti(k) just prior to tR, and propagate with a wavelength

larger than the Hubble radius until they reenter the Hubble radius at times

tf (k) [2]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.4 Space-time sketch of a non-singular Matter Bounce. The vertical axis is

conformal time, the horizontal axis corresponds to comoving spatial

coordinates. The vertical line indicates the wavelength for some fixed

perturbation mode [3]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.5 The potential during ekpyrosis is negative and steeply falling. The contracting

phase involves the motion of φ down the negative exponential form V ∝ −e−cφ

of potential, and the part of the potential to the left of the minimum leads to

bounce [4] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

7.1 The sketch of tachyon potential V (T ) during the bounce phase. . . . . . . . 119



1

Preface

Contributions of the Author.

This manuscript thesis contains four peer-reviewed and published articles that are original

and consist of distinct contributions to knowledge. These are presented in their original

form, due to copyright, in Chapters 5, 6, 7 and 8. The authors are listed in alphabetical

order.

In the paper listed in chapter 5, the main idea is inspired through the discussion

between Prof.Brandenberger and me. We equally shared the calculation of section 5.3 and

of the appendix and I checked all the calculations. The paper writing was mostly done by

Prof.Brandenberger based on our calculation note.

In the paper listed in chapter 6, Prof.Brandenberger raised the idea and led the project.

I contributed most parts of calculation in section 6.4 and the appendix and I checked all the

calculations. The paper was written mostly by Prof.Brandenberger based on our calculation

note.



List of Figures 2

In the paper listed in chapter 7, Prof.Brandenberger, Prof.Dasgupta and I raised the

idea and and I led the project. I contribute all parts of the calculation and all three authors

participated in the discussions. The paper was written by Prof.Brandenberger and me. I

participated in 70% of the writing.

In the paper listed in chapter 8, Prof.Brandenberger, Dr.Brahma and I raised the idea.

I contributed 80% of calculation in section 8.2,8.3,8.4 and half of 8.5 and all three authors

participated in the discussions. The paper was written by Prof.Brandenberger and Dr.

Brahma and me. I participated in 35% of the writing.

Publications not included in this thesis during my Ph.D. study

• Yuichi Nakai, Ryo Namba, Ziwei Wang, Light Dark Photon Dark Matter from Inflation,

arXiv:2004.10743

• Ziwei Wang, Robert Brandenberger, Lavinia Heisenberg, Eternal Inflation, Entropy

Bounds and the Swampland, Eur.Phys.J.C80 (2020) 9 arXiv:1907.08943

• Yi-Fu Cai, Xingang Chen, Mohammad Hossein Namjoo, Misao Sasaki, Dong-Gang

Wang, Ziwei Wang, Revisiting non-Gaussianity from non-attractor inflation models,

JCAP1805, 012(2018) arXiv:1712.09998

• Aditya VarnaIyer,Shi Pi,Yi Wang,Ziwei Wang,Siyi Zhou , Strongly Coupled Quasi-

Single Field Inflation,JCAP1801, 041(2018), arXiv:1710.03054



3

Chapter 1

Progress on Observational Cosmology

1.1 Cosmic microwave background and primordial

universe

The Cosmic Microwave Background (CMB) as a smoking gun for modern observational

cosmology bridges theories of primordial cosmology with data. According to the Big Bang

model the early universe expanded and cooled down as time proceeded. While the universe

was hot and opaque, radiation was scattered from one particle to another. It was still too

hot for electrons to be associated with a particular nucleus; such free electrons are effective

at scattering photons, thus ensuring that no radiation ever got very far in the early universe

without having its path changed. When the temperature had dropped to about 3000 K,

electrons and nuclei managed to combine to form stable atoms of hydrogen and helium. With
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no free electrons to scatter photons, the universe became transparent for the first time in

cosmic history. From this point on, matter and radiation interacted much less frequently; we

say that they decoupled from each other and evolved separately. Suddenly, electromagnetic

radiation could really travel, and it has been traveling through the universe ever since.

First accurate measurements of CMB anisotropies were made with a satellite orbiting

Earth. Named the Cosmic Background Explorer (COBE), it was launched by NASA in

November 1989 and then followed by Wilkinson Microwave Anisotropy Probe (WMAP) from

June 2001 with more accuracy. The data it received quickly showed that the CMB closely

matches that expected from a blackbody with a temperature of 2.73 K. This is exactly the

result expected if the CMB was indeed redshifted radiation emitted by a hot gas that filled

all of space shortly after the universe began [5, 6].

The latest CMB measurement from space was performed by the Planck satellite [1,7,8].

The average temperature of the CMB is measured to be Tcmb = 2.7255 K, and the fluctuations

in temperature of the microwave radiation about the average, with the order of δT
T̄
∼ 10−4 [9],

is displayed in Fig. 1.1.

The observed fluctuations of the CMB represent a picture of the universe at the time

of recombination. Before that occured, the universe went through a radiation dominated

phase during which Big Bang Nucleosynthesis (BBN) happened. After BBN, the universe is

dominated by a plasma of electrons, atomic nucleis and photons. Both statistical mechanics

and gravity played significant roles in how the fluctuations evolved (see, e.g Refs. [10] for
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Figure 1.1: Pillars of anisotropy of CMB temperature fluctuation [1].

reviews). In summary, with well understood physics during the phase of hot Big Bang

cosmology, physicists can perform a reverse process revealing the primordial fluctuations

which yield the origin of currently observed temperature fluctuations of the CMB [11].

The initial conditions for the hot Big Bang may have been created by quantum

fluctuations during a period of inflationary expansion or a period of Ekpyrotic contraction.

These mechanisms predict the statistics of the initial conditions, for instance, fluctuations

in different directions in the sky, rather than the specific value of the temperature

fluctuation in a specific direction. For Gaussian initial conditions, these correlations are

completely specified by the two-point correlation function of the curvature perturbation R

〈R(x)R(x′)〉 = 2π2

k3 PR(k)δ3(k − k′), (1.1)
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where PR(k) is the primordial curvature perturbation power spectrum and k is the

wavenumber of the fluctuations. Observations show that the power spectrum is slightly red

tilted, which is parameterized as follows

PR(k) = As(
k

k∗
)ns−1, (1.2)

where As and ns are the amplitude and the tilt of the power spectrum at pivot scale k∗

Also primordial gravitational waves may be generated during the early universe, which

can contribute to the polarization of the CMB photons. Mathematically the polarization

can be decomposed into two types : the curl-free E-mode component and the divergence-free

B-mode component. Both scalar and tensor perturbations create CMB E-mode but only

tensor perturbations create B-modes. Measuring of the B-B correlation function leads to a

probe of the primordial gravitational waves [12,13].

Like the scalar perturbation spectrum, the primordial tensor power spectrum is usually

parameterized as follows,

Pt(k) = At(
k

k∗
)nt (1.3)

where At is the amplitude and nt is the tilt of the tensor spectrum. Since there is no direct

detection of primordial gravitational wave, only upper bounds on the scalar amplitude are

known. A convenient quantity is the tensor-to-scalar ration which is defined as
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r ≡ Pt
Pζ

(1.4)

where the scalar to tensor ratio r is constrained to be r < 0.069 based on the current CMB

polarization measurements [14]. An early universe model, predicting a tensor-to-scalar ratio

in excess of the observational bound is ruled out.

1.2 Notation

Through the thesis, we try to be consistent in our notation and conventions. Greek indices

indicate spacetime coordinates, µ, ν, · · · ∈ {0, 1, 2, 3}, while Latin indices indate spatial

coordinates, i, j, . . . ,∈ {1, 2, 3}. We use the metric signature, (−,+,+,+). We define the

reduced Planck mass by mpl ≡
√

8πGN, where GN is Newton’s gravitational constant. The

spped of light and reduced Planck constant are set to unity: c = ~ = 1. Derivative with

respect to cosmic time is denoted by an overdot, ˙ ≡ d/dt. And a derivative with respect to

conformal time is denoted by a prime, ′ ≡ d/dτ .
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Chapter 2

Review of primordial cosmology

In the last chapter we introduced a set of cosmological observables that encode information

about the early universe. In this chapter, we will go through the dynamics of the early

universe model : standard Hot Big bang cosmology model as foundation of the rest of the

thesis. This chapter is based on many textbooks, lecture notes, and review articles; we list

Refs. [10, 15–18] for recommendations, but many more exist.

2.1 Homogeneous and isotropic universe

2.1.1 Background

Standard Big Bang cosmology assumes homogeneity and isotropy of space on large scales,

which leads to the Friedmann-Robertson-Walker (FRW) metric for the spacetime of the
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universe:

ds2 = −dt2 + a2(t)
(

dr2

1− kr2 + r2(dθ2 + sin2 θdφ2)
)

(2.1)

Here, the scale factor a(t) characterizes the relative size of a spacelike hypersurfaces Σ at

different times. The curvature parameter k is +1 for positively curved Σ, 0 for flat Σ, and

−1 for negatively curved Σ.

The kinetics of cosmology is determined by General Relativity

Gµν = Rµν + 1
2Rgµν = 8πGTµν (2.2)

where Rµν and R are Ricci tensor and scalar which are derived from the metric gµν ,

Rµν = Γαµν,α − Γαµα,ν + ΓαβαΓβµν − ΓαβνΓβµα, R ≡ gµνRµν (2.3)

Γµαβ ≡
gµν

2 [gαν,β + gβν,α − gαβ,ν ] . (2.4)

For a perfect fluid, the energy momentum tensor on the right hand side of (2.2) is

organized as follows

T µν = gµαTαν = (ρ+ p)uµuν − p δµν (2.5)
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where ρ is the energy density of the fluid, p its pressure and uµ its 4-velocity. Note that ρ

and p are defined in the rest frame of the fluid and they are functions only of time.

Inserting the geometry of an FRW universe (2.1) (2.3) (2.4) and the energy momentum

tensor of perfect fluid (2.5) without dark energy into the Einstein equation (2.2), the

Friedmann equations are derived

H2 ≡
(
ȧ

a

)2
= 1

3ρ−
k

a2 (2.6)

Ḣ +H2 = ä

a
= −1

6(ρ+ 3p) (2.7)

where the Hubble parameter H ≡ ȧ
a

is defined. In an expanding universe H > 0 with matter

consistent with the Strong Energy Condition ρ + 3p ≥ 0 impling ä < 0. This indicates

the existence of a singularity a(t = tbegin) = 0 in the finite past. The conclusion relies on

General Relativity, namely that the Friedmann Equations are applicable, and assumes no

matter violating the Strong Energy Condition We will return to this topic in a later section.

Besides, the continuity equation for perfect fluid from the covariant conservation equation

∇µT
µ
ν = 0, becomes

ρ̇+ 3H(ρ+ p) = 0, (2.8)

where the two Friedmann equations (2.6)(2.7) and the continuity equation (2.8) are not
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independent with each other. To solve the kinetics of the universe from the equations above,

more information about the perfect fluid should be introduced. We define the equation of

state parameter ω ≡ p
ρ

and for most components the equation of state is constant in time.

For a single component universe, the continuity equation (2.8) is integrated as

ρ ∝ a−3(1+w), (2.9)

and together with friedmann equations (2.6)(2.7) the time evolution of the scale factor is

obtained as a characterization of early universe kinetics.

a(t) ∝
{ t2/3(1+w) w 6= −1

eHt w = −1
(2.10)

For non-relativistic matter (w = 0), radiation (w = 1
3) and a cosmological constant

(w = −1), the scale factor grows as a(t) ∝ t2/3, a(t) ∝ t1/2, a(t) ∝ eHt.

For components with different equations of state, the ρ and p are defined as the sum of

the density and pressure contributions from ρi and pi for each component.

ρ ≡
∑
i

ρi , p ≡
∑
i

pi . (2.11)

We define the present ratio of the energy density for each component relative to the critical
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energy density ρcrit ≡ 3H2
0

Ωi ≡
ρi0
ρcrit

, (2.12)

and the corresponding equations of state wi ≡ pi
ρi

Here the subscript ’0’ denotes evaluation

of a quantity at the present time t0. Under normalization of the scale factor such that

a0 = a(t0) ≡ 1, the Friedmann equations(2.6) (2.7) yield

(
H

H0

)2
=
∑
i

Ωia
−3(1+wi) + Ωka

−2, (2.13)

with Ωk ≡ −k/a2
0H

2
0 parameterizing the curvature. Consistently the parameterizing

curvature and all components contributing to the whole energy density yields

Ω ≡
∑
i

Ωi = 1− Ωk . (2.14)

2.1.2 Puzzles for standard hot big-bang cosmology

According to (2.6) (2.7), we may find evolution of parameterized curvature which describes

the relative flatness of the universe.

− Ω ≡ Ω− 1
Ω = k

3H2
0
a1+3w (2.15)

or, as a differential equation
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d|Ω− 1|
dt

= (1 + 3w)Ω|Ω− 1|H (2.16)

From (2.16) it is concluded that an exactly flat Ω = 1 universe remains flat as time evolves.

However, for an expanding universe H > 0 with matter components satisfing w > −1
3 , we

find d|Ω−1|
dlna

> 0 which indicates any small deviation from exact flatness will grow.

According to current observational constraints, deviations from flatness at Big Bang

Nucleosynthesis satisfy the following condition

|Ω(aBBN)− 1| < O(10−16), (2.17)

and for the universe during earlier periods the deviation should be even smaller. Therefore,

the standard hot big bang cosmology inevitable suffers from a fine-tuning problem of the

flatness of the universe.

Another problem concerns the large scale homogeneity in temperature of the CMB. For

thermal equilibrium photons within a volume of at least the size of the observed CMB patch

should be in causal contact in the early universe. The maximum comoving distance light

can propagate between an initial time ti and some later time t is

∆τ = τ − τi =
∫ t

ti

dt

a(t) =
∫ a

0
da

1
Ha2 (2.18)

And we may define the comoving particle horizon to be this maximum distance of
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causality. For a universe consisting of a single component fluid with equation of state ω, we

find that the comoving particle horizon behaves as follows

τ ∝ a
1
2 (1+3w) (2.19)

For a matter and radiation dominated universe with w = 0, 1
3 , the Hubble radius grows

linearly with time, which indicates that large scales inside the horizon currently were outside

the horizon during last scattering. However, the near homogeneity of the CMB indicates

homogeneity of universe in the past. Unless we accept a fine-tuned condition, the framework

of hot big bang cosmology could not explain the homogeneity of the universe. The inflation

scenario is one proposal for resolving puzzles from Hot Big Bang Cosmology

2.2 Inflationary cosmology

In order to solve the flatness and homogeneity problems listed above, we consider a universe

with an early phase during which the scale factor grows exponentially, namely an Inflationary

universe or Inflation.

a(t) ∝ eHt (2.20)

From (2.15) and (2.16), we may use the comoving Hubble radius to express the effective

apparent curvature
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|1− Ω(a)| = 1
(aH)2 (2.21)

For inflation, |1−Ω(a)| decreases exponentially which means driving the universe towards

flatness even with a non-flat initial condition. If inflation lasts enough time, the universe

at the end of inflation is exponentially flat which explains the flatness problem of Hot Big

Bang cosmology.

The comoving particle horizon for inflation is calculated from (2.18) and (2.20)

τ = − 1
aH

(2.22)

A decreasing Hubble radius also means that large scales were inside the Hubble radius

before inflation. Causality before inflation may explain spatial homogeneity.

2.2.1 Slor-roll inflation

The simplest models of inflation involve a single scalar field φ, the inflaton. The dynamics

of a scalar field minimally coupled to gravity is governed by the action

S =
∫
d4x
√
−g

[1
2R + 1

2g
µν∂µφ ∂νφ− V (φ)

]
. (2.23)
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The energy-momentum tensor for the scalar field is

T (φ)
µν ≡ −

2√
−g

δSφ
δgµν

= ∂µφ∂νφ− gµν
(1

2∂
σφ∂σφ+ V (φ)

)
. (2.24)

where V,φ = dV
dφ

. Assuming the FRW metric (2.1) for gµν and a homogeneous field φ(t,x) ≡

φ(t), the scalar energy-momentum tensor takes the form of a perfect fluid with

ρφ = 1
2 φ̇

2 + V (φ) , (2.25)

pφ = 1
2 φ̇

2 − V (φ) , (2.26)

(2.27)

The equation of state of the single field

w =
1
2 φ̇

2 − V (φ)
1
2 φ̇

2 + V (φ)
(2.28)

could lead to phases with accelerated expansion when the potential energy V (φ) dominates

over the kinetic energy 1
2 φ̇

2.

The field equation of motion is

δSφ
δφ

= 1√
−g

∂µ(
√
−g∂µφ) + V,φ = 0 , (2.29)
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and in a homogenous FRW universe, the field equation of motion and the Friedmann equation

becomes

φ̈+ 3Hφ̇+ V,φ = 0, H2 = 1
3

(1
2 φ̇

2 + V (φ)
)
. (2.30)

We define ε as first order slow-roll parameter as follows

ε ≡ − Ḣ

H2 . (2.31)

Accelerated expansion occurs if ε < 1. The de Sitter limit, pφ → −ρφ, corresponds to ε→ 0.

In this case, the potential energy dominates over the kinetic energy yields

φ̇2 � V (φ) . (2.32)

Accelerated expansion will only be sustained for a sufficiently long period of time if the

time derivative of the first slow-roll parameter ε is also small. Rigorously speaking |η| < 1

ensures that the fractional change of ε per e-fold is small.

η ≡ ε̇

Hε
� 1 (2.33)
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which requires smallness of the second time derivative of field φ

|φ̈| � |3Hφ̇| , |V,φ| . (2.34)

The slow-roll conditions are directly related to the derivatives of the potential during

slow-roll inflation.

ε ≈ εV , η ≈ 2ηV − 2εV , (2.35)

where

εv(φ) ≡
M2

pl

2

(
V,φ
V

)2
, ηv(φ) ≡M2

pl
V,φφ
V

. (2.36)

In spite of its successes at providing a solution of some problems of standard Big Bang

cosmology and mechanism for the origin of structure, inflation suffers from a number of

conceptual problems. In the following we discuss one issue which has recently been rasied.

2.2.2 Problems of inflation

While inflation makes several successful predictions, it suffers from a few conceptual issues.

It is believed that most effective field theories containing scalar fields are inconsistent

with a quantum theory of gravity. It has been argued [19] that an effective field theory can

only hold for a finite range of expectation values of φ, the reason being that there is an
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infinite tower of states whose mass scales as m ∼ mple
−α∆φ. Hence, if φ evolves for more

than mpl, these states become low mass and must be included in the effective field theory

analysis. Thus, the range of validity of a fixed effective field theory is constrained by

|∆φ
mpl

| ≤ O(1) (2.37)

Meanwhile it appears to be difficult to construct any de Sitter vacuum with string

constructions of scalar potentials [19]. It is proposed that the potential for scalar fields in

string theory satisfies either,

|∇V
V
| ≥ c

mpl

, (2.38)

or

min(∇i∇jV

V
) ≤ − c′

mpl

, (2.39)

for some constant c, c′ > 0, which are of the order 1. The conjecture can be derived by

combing entropy considerations in de Sitter space and the distance conjecture of string

theory [20,21].

We may assign the entropy of de Sitter spacetime to the logarithm of the dimension of the

Hilbert space associated to the microstates. At large distances in field space towers of states

become light thereby increasing the number of states and the entropy of de Sitter spacetime.

The exponential nature of the tower of states in the distance conjecture corresponds to the

property of the potential that its derivative should be proportional to itself, which gives
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the first condition (2.38). The second condition (2.39) arises including an instability which

implies that the entropy-based argument for the first condition (2.38) breaks down.

Almost all inflation models obeying the observational bound are in modest tension with

the distance conjecture (2.37). More seriously, models with power-law or plateau potential

in which ∇V/V → 0 for some values of φ, are all inconsistent with the de Sitter conjecture

(2.38) [22].

Another problem concerns the origin of fluctuation modes in the modes origins in sub-

Planckian regime. The perturbations that account for the CMB fluctuations at late times

start their evolution deep in the sub-Hubble regime. Specifically, for modes currently inside

the Hubble λ(t0) < H−1
0 , if inflation lasts sufficient long, these modes will be in the sub-

Planckian regime λ(ti) < llp at the beginning of inflation. Modes satisfying both conditions

above are initally inside Trans-Planckian regime, where the semi-classical quantum field

theory in curved spacetime breaks down. The results of predictions from inflation based

on semi-classical quantum field theory can not be trusted for modes in the Trans-Planckian

regime [23].

The trans-Planckian Censorship Conjecture (TCC) states that in models consistent with

quantunm gravity the situation can never arise that an initally trans-Planckian wavelength

of a fluctuation mode grows to be super-Hubble [24,25].

a(t)
a(ti)

llp ≤ H−1(t) , (2.40)
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where the condition must hold for any t > ti. For inflation, we take the t as time of reheating

tR and ti as the beginning of inflation, and thus we have the following TCC condition

a(tR)
a(ti)

llp ≤ H−1(tR) . (2.41)

From the condition one can obtain a strict constraint on the energy scale of inflation

after given some any knowledge or assumption about reheating. For instant reheating,

V
3
4 <
√

3M2
pl(T0Teq) 1

2 (2.42)

where T0 and Teq are temperatures at present and at the time of matter and radiation

equilibrium. Only inflation models with energy scale V 1
4 < 109GeV are consistent with the

TCC conjecture. However, inflation under such low level energy scale predicts an extremely

tiny tensor fluctuation spectrum.

Ph(k) = 2H2

π2Mpl
< 10−40, r < 10−30 (2.43)

Although at the present time we do not have any direct detaction of tensor perturbations,

any discovery of primordial gravitational waves with finite tensor-to scalar ratio r > O(10−30)

would rule out inflation given the TCC.
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Chapter 3

Alternative Scenarios for the Early

Universe

3.1 General Criterion for Alternative Scenario

In previous chapters, it has been shown the inflation scenario can solve the horizon and

flatness problems in a natural way for Hot Big Bang cosmology. Primordial Fluctuations

seed the cosmological perturbation which successfully yield the initial conditions for the large

scale structure. On the other hand, inconsistencies of effective theory modeling inflation and

string theory pushes physicists to search for new possibilities in the extreme early universe,

i.e, see Ref [26,27]. for reviews and details.

Before diving into different examples of alternative scenarios for the early universe, I will
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emphasize general criteria for a successful alternative scenario.

Firstly, scales which we observe today must have started out early at sub-Hubble lengths.

Secondly, the comoving particle horizon during the very early universe should shrink rapidly.

Concerning the second point, sufficient contacts of causality before modes exiting the particle

horizon ensures the homogeneity of the universe on large scale at the time of recombination,

which explains the horizon puzzles. Concerning the first point, in order to have a causal

mechanism for the origin of fluctuations, they must have started from sub-Hubble scales.

Thus, the modes of fluctuations inside the observational windows should exit the Hubble

radius during the early universe and finally re-enter the Hubble in the late time universe.

New scenarios are expected to contain at least one mechanism generating fluctuations for

the initial condition of cosmological perturbations. A nearly scale invariant power spectrum

of the scalar part of perturbations should be generated during the scenario in order to be

consistent with observational constraints for primordial fluctuations. In Fig.3.1, the space-

time sketch of inflationary cosmology are displaced.

Finally, the homogeneous and isotropic solution for the early phase should be an attractor

in initial condition space. In particular, any initial deviation from spatial flatness should be

decreasing in time.1

1As discussed earlier, these criteria are obeyed in the inflationary scenario
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Hubble Radius

λ ∝ 1
k

x

tI

tR

t

Figure 3.1: Space-time sketch of inflationary cosmology. The vertical axis is time, the
horizontal axis corresponds to physical distance. The solid line labelled k is the physical
length of a fixed comoving fluctuation scale.

3.2 Examples

3.2.1 String gas cosmology

String gas cosmology is a model of the very early universe based on coupling a gas of

closed string matter to a background space-time geometry [28–30]. Assuming that all spatial

sections are compact toroidal manifolds, with R denoting the radius of the torus, the degrees

of freedom of closed strings include, in addition to the momentum modes whose energies are

quantized in units of 1/R, and string winding modes whose energies are quantized in units

of R. and oscillatory modes whose energies are independent of R. There is a maximal
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temperature of a gas of strings, the “Hagedorn temperature” TH . The presence of string

winding modes leads to a symmetry of the string mass spectrum under the transformation

R → 1/R. Under this transition, momentum and winding modes are exchanged. This is

part of the T-duality symmetry. In Fig.3.2, the relation between temperature T and torus

radius R are displayed.

Figure 3.2: The temperature (vertical axis) as a function of radius (horizontal axis) of a
gas of closed strings in thermal equilibrium. Note the absence of a temperature singularity.
The range of values of R for which the temperature is close to the Hagedorn temperature
TH depends on the total entropy of the universe. The upper of the two curves corresponds
to a universe with larger entropy [2]

In string gas cosmology, the universe begins close to the Hagedorn temperature TH . This

configuration is a metastable fixed point. A sketch is given in Fig.3.3.

Fixed co-moving scales which are subject of observational cosmology today originate
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Figure 3.3: Space-time diagram (sketch) showing the evolution of fixed co-moving scales
in string gas cosmology. The vertical axis is time, the horizontal axis is physical distance.
The solid curve represents the Einstein frame Hubble radius H−1 which shrinks abruptly to
a micro-physical scale at tR and then increases linearly in time for t > tR. Fixed co-moving
scales (the dotted lines labeled by k1 and k2) which are currently probed in cosmological
observations have wavelengths which are smaller than the Hubble radius before tR. They
exit the Hubble radius at times ti(k) just prior to tR, and propagate with a wavelength larger
than the Hubble radius until they reenter the Hubble radius at times tf (k) [2].
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inside the Hubble radius. Unlike in inflationary cosmology, where the fluctuations are of

quantum vacuum nature because any classical matter is being red-shifted during the pahse

of accelerated expansion, in string gas cosmology the dominant fluctuations are thermal

fluctuations of the dominant matter, namely thermal string fluctuations.From this figure it

is clear how the criteria of a successful early universe cosmology are satisfied: the horizon

is infinite since time runs to −∞, and is hence unrelated to the Hubble radius. Scales of

cosmological interest originate inside the Hubble radius in the Hagedorn phase, allowing for

a causal structure formation scenario. The power spectrum of cosmological fluctuations is

PΦ(k) = T

l2s

1
1− T/TH

(3.1)

where ls is the string length, and T is the temperature when the mode k exits the Hubble

radius at the end of the Hagedorn phase. The values of the spectral tilt and the running are

determined by the details of the transition between the Hagedorn phase and the radiation

phase. Since the temperature is approximately constant during the Hagedorn phase, this

power spectrum is scale-invariant. Taking into account the fact that larger scales exit the

Hubble radius at slightly higher temperatures, one obtains a slight red tilt of the spectrum.

There are still open questions on the topics of String gas cosmology, of which the most

important one is absence of a consistent dynamical description of the Hagedorn phase. The

scenario, however, does not yet naturally explain the origin of spatial flatness [2].
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3.2.2 Matter Bounce

The idea is that instead of originating from a Big Bang singularity, the universe has

emerged from a cosmological bounce with a matter-dominated phase of contraction.

Bouncing cosmology as an alternative paradigm of early universe cosmology not only

addresses some of the conceptual problems of Standard Big Bang cosmology such as the

horizon, flatness and entropy problems, but also can provide a mechanism for generating

the scale invariant power spectrum of primordial fluctuations [3, 31,32].

Figure 3.4: Space-time sketch of a non-singular Matter Bounce. The vertical axis is
conformal time, the horizontal axis corresponds to comoving spatial coordinates. The vertical
line indicates the wavelength for some fixed perturbation mode [3].

The space-time background cosmology which we have in mind has time t running from
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−∞ to ∞. The bounce point can be taken to be 0. For negative times the universe is

contracting. In figure (Fig), fixed comoving scales start out with a wavelength smaller than

the Hubble radius. Only vacuum fluctuations which exit the Hubble radius in a phase of

matter domination will end up with a scale-invariant spectrum, because for the dominant

mode of the curvature fluctuation there is a duality between a phase of exponential expansion

and a phase of matter-dominated contraction [33]. The power spectrum is given by

PR(k, τ) = 1
12πk

3|vk(τ)|2a2(τ) = 1
12πk

3(τH(k)
τ(k) )2|vk(τh)|2 (3.2)

where τH(k) represents the time that modes with comoving wave number k exit the Hubble

during the contracting phase. In a matter dominated contracting phase, substituting the

condition τH ∝ k−1, from (3.2) the matter bounce generates a nearly scale invariant power

spectrum of curvature perturbations.

The bouncing point where the Null Energy Condition is violated needs physics beyond the

Standard Model and matter satisfying the usual energy conditions. Since General Relativity

is a non-renormalizable theory, in any approach to quantum gravity there will be terms in

the action which contain higher derivatives. There are existence proofs of higher derivative

actions which have non-singular cosmological solutions. In addition Horava-Lifshitz gravity

[34], can lead to a non-trivial bounce solution [35].

The main problem of the matter Bounce scenario is the isotropy problem. The energy

density in anisotropies blows us faster than the energy density in cold matter and radiation,
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hence destroying the homogeneity of the bounce. The Ekpyrotic scenario which will be

discussed next nicely avoids this problem.

3.2.3 Ekpyrotic

The Ekpyrotic phase is the central insight that shows how a contracting phase preceding

the big bang can solve the standard cosmological puzzles [4, 36–38]. This is a surprising

statement since one would naively think that a contracting, gravitating system would lead

to large curvatures near a singularity. And we know from the near-flatness of our current

universe that shortly after the big bang the universe must have been extremely flat.

ϕ

V[ϕ]

Figure 3.5: The potential during ekpyrosis is negative and steeply falling. The contracting
phase involves the motion of φ down the negative exponential form V ∝ −e−cφ of potential,
and the part of the potential to the left of the minimum leads to bounce [4]

Consider the Friedmann equation relating the Hubble parameter to the total energy
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density in the universe, which is the sum of kinetic and potential energy. Now suppose that

the scalar φ has a negative exponential potential, as shown in Fig. 3.5,

V (φ) = −V0e
−cφ, (3.3)

where V0 and c are constants. This automatically implies an equation of state ω > 1,.

In a contracting universe, the contribution of anisotropies to the effective energy density

proportional to a−6 comes to dominate the cosmic evolution. However, if there is a matter

component with w > 1, then the component will scale with an even larger negative power of

a, and hence will come to dominate over the anisotropy term in a contracting universe.

In fact it is straightforward to generalize the treatment to having many scalars φi with

potentials Vi(φi)2. Then, in a flat FRW background, the equations of motion become

φ̈i + 3Hφ̇i + Vi,φi = 0 (3.4)

and

H2 = 1
3

[
1
2
∑
i

φ̇ 2
i +

∑
i

Vi(φi)
]
, (3.5)

where Vi,φi = (∂Vi/∂φi) with no summation implied.

If all the fields have negative exponential potentials Vi(φi) = −Vi e−ciφi and if ci � 1 for
2Note that in our work we only use a single scalar field
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all i, then the Einstein-scalar equations admit the scaling solution

a = (−t)p, φi = 2
ci

ln(−
√
c2
iVi/2t), p =

∑
i

2
c2
i

. (3.6)

Thus, we have a very slowly contracting universe with (constant) equation of state

w = 2
3p − 1� 1. (3.7)

The time coordinate is negative during the ekpyrotic phase. The steeply falling scalar fields

act as a very stiff fluid with the condition w � 1 to be the defining feature of Ekpyrosis.

The main consequence is that the extra term in the Friedmann equation (3.5) with w � 1

comes to dominate the cosmic evolution, and once more, the fractional energy densities

Ωκ ∝ a−2H−2 and Ωσ ∝ a−6H−2 quickly decay. Thus, neglecting quantum effects, the

universe is left exponentially flat and isotropic as it approaches the big crunch. The inclusion

of quantum effects superposes small fluctuations on this classical background.

From the higher-dimensional point of view, one of the scalar fields φi determines the

distance between two branes of the size of a compact extra dimension. The potential then

represents a conjectured attractive force between the end-of-the-world branes. The Ekpyrotic

phase causes the branes to become very flat and parallel over large patches by diluting

inhomogeneities in the brane curvature. Thus the homogeneity puzzle is also solved by the

ekpyrotic phase.
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On large scales, the power spectrum for R is given by

PR(k) = k3

2π2
|v|2

z2 ∝ k3−| ε−3
ε−1 |, (3.8)

which means that the spectral index for R is

nR − 1 = 3− |ε− 3
ε− 1 |. (3.9)

In ekpyrotic models, ε is large, and thus the spectrum of the curvature perturbation R is

extremely blue, meaning that there is much more power on smaller scales, in disagreement

with observations.

3.3 New Ekpyrotic

A few works [39, 40] have been done to resolve the problem. One approach [39] is to

introduce multiple fields. Curvature perturbations are converted from scale-invariant

entropy perturbations that may be generated by scalar fields in a contracting universe. As

a simplest example, two fields with negative exponential potential give as a phenomenology

model describing two boundary branes with an attractive force

V = −V1e
−
∫
c1(φ1)dφ1 − V2e

−
∫
c2(φ2)dφ2 (3.10)
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where c1, c2, V1, V2 are positive. The slow roll parameter and trajectory angle θ̇ of the

two fields model is defined as follows

ε ≡3
2(1 + ω) = φ̇2

1 + φ̇2

2H2 (3.11)

θ̇ = φ̇2V,φ1 − φ̇1V,φ2

φ̇2
1 + φ̇2

2
(3.12)

For simplicity, we consider negative exponent potentials and tune the trajectory during

contraction as a straight line.

V = −V e−c
φ1
Mpl − γ2V e−

cφ2
Mplγ (3.13)

In a contracting universe, a growing mode is given by the entropy perturbation δσ, namely

the relative fluctuation in the two fields φ1 and φ2, which is at linear order defined as follows

δσ ≡ φ̇1δφ2 − φ̇2δφ1√
φ̇2

1 + φ̇2
2

(3.14)

The gauge-invariant entropy perturbation represents the perturbation orthogonal to the

background scalar field trajectory. On large scales, at linear order the equation of motion of

entropy field s is derived as
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δ̈σ + 3H ˙δσ + Vssδσ = 0 , (3.15)

where Vss satisfies

Vss = 1√
φ̇2

1 + φ̇2
2

(
φ̇2

1V,φ2φ2 + φ̇2
2V,φ1φ1 − 2φ̇1φ̇2V,φ1φ2

)
. (3.16)

The power spectrum of the σ field which follows from (3.15) is nearly scale invariant.

nσ − 1 = 2
ε
− dε

ε2dN
= 4(1 + γ2)

c2 (3.17)

The mixing between curvature and entropy perturbations relies on a turning trajectory

of the background fields. The converting happens after the Ekpyrotic contraction. At linear

order, a non-zero entropy perturbation combined with a bending θ̇ can source the curvature

perturbation on large scales

ζ̇ ≈ − 1√
2ε
δs (3.18)

For a sharp turning point, the large scale curvature perturbation is dramatically lifted and

its spectrum obtains the features of the entropy perturbation, and a correct tilt is obtained.

In the main part of this thesis, we propose another Ekpyrosis model originating from key

aspects of string theory to generate a nearly scale invariant power spectrum with an S-brane.

However, before we introduce the model, the theory of cosmological perturbation is reviewed
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briefly in the next chapter.
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Chapter 4

Theory of Cosmological Perturbation

The theory of cosmological perturbation plays a significant role in exploring early universe

physics. In the context of General of Relativity and quantum field theory in curved spacetime,

physicists calculate primordial fluctuations during the early universe and predict late-time

observables. A lot of textbooks, lecture notes, and review articles have addressed the topic

well and we take Refs. [17,41–44] as recommendations.

4.1 Relativistic cosmological perturbation theory

4.1.1 Transformation of different gauges

We will work in the context of General Relativity as the theory of space-time and consider

as matter source a scalar field. In this case we define perturbations around the homogeneous
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background solutions for the scalar field φ̄(t) and the general first order perturbation in a

spatial flat FRW metric ḡµν(t),

φ(t,x) = φ̄(t) + δφ(t,x) , gµν(t,x) = ḡµν(t) + δgµν(t,x) , (4.1)

where

ds2 = gµν dx
µdxν

= −(1 + 2Φ)dt2 + 2aBidx
idt+ a2[(1− 2Ψ)δij + Eij]dxidxj . (4.2)

In real space, the scalar-vector tensor (SVT) decomposition of the metric perturbations (4.2)

is

Bi ≡ ∂iB − Si , where ∂iSi = 0 , (4.3)

and

Eij ≡ 2∂ijE + 2∂(iFj) + hij , where ∂iFi = 0 , hii = ∂ihij = 0 . (4.4)

The SVT decomposition in real space corresponds to the distinct transformation properties

of scalars, vectors and tensors on spatial hypersurfaces. The vector perturbations Si and Fi

decay with the expansion of the universe. For this reason we ignore vector perturbations

here. Our focus will be on scalar and tensor fluctuations which are observed as density

fluctuations and gravitational waves in the late universe.
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The association between points in the background spacetime and the perturbed spacetime

is via the coordinate system, which means there are many possible coordinate systems in the

perturbed spacetime, all close to each other. A gauge transformation in General Relativity

perturbation theory describes a coordinate transformation between such coordinate systems

in the perturbed spacetime

Tensor fluctuations are gauge-invariant, which will be discussed in the following

sections, but scalar fluctuations change under a change of coordinates. Consider the gauge

transformation

t → t+ α (4.5)

xi → xi + δijβ,j . (4.6)

where α and βj are small quantities.

Under these coordinate transformations the scalar metric perturbations transform as

Φ → Φ− α̇ (4.7)

B → B + a−1α− aβ̇ (4.8)

E → E − β (4.9)

Ψ → Ψ +Hα . (4.10)
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We assume that in the early universe the energy density of the sclar field matter is the

dominant contribution to the stress-energy of the universe, so that the scalar field

perturbations δφ backreact on the spacetime geometry. This coupling between matter

perturbations and metric perturbations is described by the Einstein Equations .

After the end of the early universe phase, the perturbations to the total stress-energy

tensor of the universe can be modelled as that of a fluid

T 0
0 = −(ρ̄+ δρ) (4.11)

T 0
i = (ρ̄+ p̄) avi (4.12)

T i0 = −(ρ̄+ p̄)(vi −Bi)/a (4.13)

T ij = δij(p̄+ δp) + Σi
j . (4.14)

where ρ and p are energy density and pressure while vi is the peculiar velocity and Σj
i is

the anisotropic stress. The anisotropic stress Σi
j is gauge-invariant while the density, pressure

and momentum density ((δq),i ≡ (ρ̄+ p̄)vi) transform as follows

δρ → δρ− ˙̄ρα (4.15)

δp → δp− ˙̄pα (4.16)

δq → δq + (ρ̄+ p̄)α . (4.17)
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4.1.2 Gauge-Invariant Variables

In Gauge-Invariant formalism, the gauge artifacts cancel within the gauge-invariant

quantities. We can choose combinations of metric and matter perturbations [45] to

construct gauge invariant variables. An important gauge-invariant scalar quantity is the

curvature perturbation on uniform-density hypersurfaces

− ζ ≡ Ψ + H
˙̄ρ δρ . (4.18)

where ζ is the spatial curvature of constant-density hypersurfaces. The variable ζ remains

constant outside the Hubble radius for adiabatic matter perturbations that satisfy

δp−
˙̄p
˙̄ρδρ = 0 (4.19)

In the early universe models with single field, the condition (4.19) is always satisfied, so

the perturbation ζk does not evolve outside the horizon, k � aH.

Another gauge-invariant scalar is the comoving curvature perturbation

R ≡ Ψ− H

ρ̄+ p̄
δq , (4.20)

where δq is the scalar part of the 3-momentum density T 0
i = ∂iδq. In the case of scalar field,
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during inflation T 0
i = − ˙̄φ ∂iδφ and hence

R = Ψ + H
˙̄φ
δφ . (4.21)

Geometrically, R measures the spatial curvature of comoving (or constant-φ) hypersurfaces.

The linearized Einstein equations relate ζ and R in the following

− ζ = R+ k2

(aH)2
2ρ̄

3(ρ̄+ p̄)ΨB , (4.22)

where

ΨB ≡ ψ + a2H(Ė −B/a) , (4.23)

is one of the Bardeen potentials [45]. ζ and R are therefore equal on super-Hubble scales.

The correlation functions of ζ and R are therefore equal at Hubble radius crossing and both

ζ and R are conserved on super-Hubble scales to linear order and in the absence of entropy

fluctuations.

4.1.3 Examples of different gauges

Another method to treat gauge degrees of freedom is simply fixing the gauge. Once the

gauge is fixed, pure gauge artifacts cannot appear. In the following section, we list different

gauges used in cosmology as follows.
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Newtonian Gauge

The Newtonian gauge reduces to Newtonian gravity in the small-scale limit with weak gravity

field. It is defined by

B = E = 0 , (4.24)

and thus

ds2 = −(1 + 2Φ)dt2 + a2(t)(1− 2Ψ)δijdxidxj . (4.25)

The linearized Einstein Equations are

3H(Ψ̇ +HΦ) + k2

a2 Ψ = −4πG δρ (4.26)

Ψ̇ +HΦ = −4πG δq (4.27)

Ψ̈ + 3HΨ̇ +HΦ̇ + (3H2 + 2Ḣ)Φ = 4πG
(
δp− 2

3k
2δΣ

)
(4.28)

Ψ− Φ
a2 = 8πG δΣ . (4.29)

and the continuity equations are

δ̇ρ+ 3H(δρ+ δp) = k2

a2 δq + 3(ρ̄+ p̄)Ψ̇ , (4.30)

δ̇q + 3Hδq = −δp+ 2
3k

2δΣ− (ρ̄+ p̄)Φ . (4.31)
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Comoving gauge

By setting the scalar momentum density as zero, the comoving gauge is defined by

δq = 0 , E = 0 . (4.32)

It is also conventional to define curvature perturbation R ≡ −Ψ in this gauge. Unlike

Newtonian gauge, we prefer describing the perturbation in the large scale. The linearized

Einstein Equations are

3H(−Ṙ+HΦ) + k2

a2 [−R− aHB] = −4πG δρ (4.33)

−Ṙ+HΦ = 0 (4.34)

−R̈ − 3HṘ+HΦ̇ + (3H2 + 2Ḣ)Φ = 4πG
(
δp− 2

3k
2δΣ

)
(4.35)

(∂t + 3H)B/a+ R+ Φ
a2 = −8πG δΣ . (4.36)

The continuity equations are

δ̇ρ+ 3H(δρ+ δp) = (ρ̄+ p̄)[−3Ṙ+ k2B/a] . (4.37)

0 = −δp+ 2
3k

2δΣ− (ρ̄+ p̄)Φ . (4.38)
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Equations (4.38) and (4.34) may be combined into

Φ =
−δp+ 2

3Σ
ρ̄+ p̄

, kB = 4πGa2δρ− k2R
aH

. (4.39)

This comoving gauge is convenient to discuss the super-Hubble scale physics. Gravity

effects accumulate while for adiabatic matter perturbation only, ζ is a conserved quantity

on super-Hubble scale. This gauge provide a connection between the early universe physics

and current observations.

Spatially-flat gauge

Another convenient gauge for computing cosmological perturbation is spatially-flat gauge

Ψ = E = 0 . (4.40)

The Einstein Equations are

3H2Φ + k2

a2 [−aHB)] = −4πG δρ (4.41)

HΦ = −4πG δq (4.42)

HΦ̇ + (3H2 + 2Ḣ)Φ = 4πG
(
δp− 2

3k
2δΣ

)
(4.43)

(∂t + 3H)B/a+ Φ
a2 = −8πG δΣ . (4.44)
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The continuity equations are

δ̇ρ+ 3H(δρ+ δp) = k2

a2 δq + (ρ̄+ p̄)[k2B/a] , (4.45)

δ̇q + 3Hδq = −δp+ 2
3k

2δΣ− (ρ̄+ p̄)Φ . (4.46)

During the early universe phase driven by a scalar field φ, all scalar parts of perturbations

are described by δφ. Because on sub-Hubble scale but not as small as Planck scale, gravity

is weak. Thus it is intuitive to think about gravity as decoupled.

In early universe, in most cases scalar fields contribute to the matter. In then next

section, we will briefly go through the calculation of the curvature perturbation of a scalar

field in quadratic order as an example.

4.2 Calculating the action of curvature perturbation of

a scalar field in quadratic order

We consider models in which matter is described by a canonical scalar field φ minimally

coupled to gravity

S = 1
2

∫
d4x
√
−g

[
M2

plR− (∇φ)2 − 2V (φ)
]
, (4.47)

in units where M−2
pl ≡ 8πG. We will study perturbations of this action due to fluctuations

in the scalar field δφ(t, xi) ≡ φ(t, xi)− φ̄(t) and the metric. We will treat metric fluctuations
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in the Arnowitt-Deser-Misner (ADM) formalism [18].

We consider a flat background metric

ds2 = −dt2 + a(t)2δijdx
idxj = a2(τ)(−dτ 2 + δijdx

idxj) , (4.48)

with scale factor a(t) and Hubble parameter H(t) ≡ ∂t ln a satisfying the Friedmann

Equations

3H2 = 1
2 φ̇

2 + V (φ) , Ḣ = −1
2 φ̇

2 . (4.49)

The scalar field satisfies the Klein-Gordon Equation

φ̈+ 3Hφ̇+ V,φ = 0 . (4.50)

The standard slow-roll parameters are

εv = 1
2

(
V,φ
V

)2
≈ 1

2
φ̇2

M2
plH

2 , ηv = V,φφ
V
≈ − φ̈

Hφ̇
+ 1

2
φ̇2

M2
plH

2 . (4.51)

We treat fluctuations in the ADM formalism [46] where spacetime is sliced into three-

dimensional hypersurfaces

ds2 = −N2dt2 + gij(dxi +N idt)(dxj +N jdt) . (4.52)
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where gij is the three-dimensional metric on slices of constant t. The lapse function N(x)

and the shift function Ni(x) are non-dynamical Lagrange multipliers in the action. We will

solve them as constrains. The action (4.47) becomes

S = 1
2

∫
d4x
√
−g
[
NR(3) − 2NV +N−1(EijEij − E2)+

N−1(φ̇−N i∂iφ)2 −Ngij∂iφ∂jφ− 2V
]
, (4.53)

where

Eij ≡
1
2(ġij −∇iNj −∇jNi) , E = Ei

i . (4.54)

Eij is related to the extrinsic curvature of the three-dimensional spatial slices Kij = N−1Eij.

We choose the following gauge for the dynamical fields gij and φ

δφ = 0 , gij = a2[(1− 2R)δij + hij] , ∂ihij = hii = 0 . (4.55)

In this gauge the matter field is unperturbed and all scalar degrees of freedom are

parameterized by the metric fluctuation R(t,x).
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4.2.1 Constraint Equations

The ADM action (4.53) implies the following constraint equations for the Lagrange

multipliers N and N i

∇i[N−1(Ei
j − δijE)] = 0 , (4.56)

R(3) − 2V −N−2(EijEij − E2)−N−2φ̇2 = 0 . (4.57)

To solve the constraints, we split the shift vector Ni into scalar and vector parts

Ni ≡ ψ,i + Ñi , where Ñi,i = 0 , (4.58)

and define the lapse perturbation as

N ≡ 1 + α . (4.59)

The quantities α, ψ and Ñi then admit expansions in powers of R,

α =α1 + α2 + . . . ,

ψ =ψ1 + ψ2 + . . . ,

Ñi =Ñ (1)
i + Ñ

(2)
i + . . . , (4.60)
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where small parameters satisfy the relation αn = O(Rn). The constraint equations may then

be set to zero order-by-order.

We solve the constrains by orders. At first order (4.57) implies

α1 = Ṙ
H
∂2Ñ

(1)
i = 0 . (4.61)

With an appropriate choice of boundary conditions one may set Ñ (1)
i ≡ 0. At first order

Eqn. (4.56) implies

ψ1 = −R
H
− εv

a2

H
∂−2Ṙ , (4.62)

where ∂−2 is defined via ∂−2(∂2φ) = φ.

Substituting the first-order solutions for N and Ni back into the action, one finds the

following second-order action

S2 = 1
2

∫
d4x a3 φ̇

2

H2

[
Ṙ2 − a−2(∂iR)2

]
(4.63)

We introduce the canonical variable v by v ≡ zR where z ≡
√

2εa. The action then

becomes

S2 = 1
2

∫
dτd3x

[
v′

2 + (∂iv)2 + z′′

z
v2
]
. (4.64)

Then we will use the mode functions from solving the equation of motion derived from (4.64)
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to quantize the perturbation of early universe.

4.3 Quantization

We promote the field v and its conjugate momentum v′ to quantum operators

v → v̂ =
∫ dk3

(2π)3

[
vk(τ)âke

ik·x + v∗k(τ)â†ke−ik·x
]
. (4.65)

Alternatively, the Fourier components vk are promoted to operators and expressed via the

following decomposition

vk → v̂k = vk(τ)âk + v∗−k(τ)â†−k , (4.66)

where the creation and annihilation operators â†−k and âk satisfy the canonical commutation

relation

[âk, âk′ ] , [âk, â
†
k′ ] = (2π)3δ(k− k′) , (4.67)

To manifest the canonical commutation condition for the field operator v̂, the mode

functions are normalized as follows

v∗k
′vk − v∗kv′k = i , (4.68)
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which provides one of the boundary conditions on the solutions. The second boundary

conditions that fixes the mode functions completely comes from vacuum selection.

4.3.1 Boundary Conditions and Bunch-Davies Vacuum

The vacuum state for the fluctuations is defined as

âk|0〉 = 0 , (4.69)

which corresponds to specifying an additional boundary conditions for vk. The standard

choice is the Minkowski vacuum of a comoving observer in the far past, τ → −∞ or |kτ | � 1

or k � aH. In this limit the mode equation (4.64) becomes

v′′k + k2vk = 0 . (4.70)

For this case a unique solution exists if we require the vacuum to be the minimum energy

state. Hence we impose the initial condition

lim
τ→−∞

vk = e−ikτ√
2k

. (4.71)

The boundary conditions (4.68) and (4.71) completely fix the mode functions on all scales.
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4.3.2 Solution in de Sitter Space

In a de Sitter limit ε→ 0, z′′

z
= a′′

a
= 2

τ2 , the mode equation is solved

v′′k +
(
k2 − 2

τ 2

)
vk = 0 . (4.72)

By linear combination of two independent solutions, we give solution to Eqn. (4.72) is

vk = α
e−ikτ√

2k

(
1− i

kτ

)
+ β

eikτ√
2k

(
1 + i

kτ

)
. (4.73)

We may fix the free parameters α and β by considering the quantization condition (4.68)

together with the choice of Bunch-Davies vacuum (4.71). This gives α = 1, β = 0 and leads

to the unique Bunch-Davies mode functions

vk = e−ikτ√
2k

(
1− i

kτ

)
. (4.74)

4.3.3 Power Spectrum in Quasi-de Sitter

The de Sitter result for v allows us to compute the power spectrum of R at Hubble radius

crossing, a(t?)H(t?) = k,

〈Rk(t)Rk′(t)〉 = (2π)3δ(k + k′)H
2
?

2k3
H2
?

φ̇2
?

. (4.75)
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Here, (...)? indicates that a quantity is to be evaluated at Hubble radius. We define power

spectrum P 2
R(k) by

〈RkRk′〉 = (2π)3δ(k + k′)2π2

k3 PR(k) , (4.76)

This gives

PR(k) = H2
?

(2π)2
H2
?

φ̇2
?

= H2

8π2εvMpl
. (4.77)

Since R is a constant on super-Hubble scales, the spectrum at Hubble radius crossing

determines the future spectrum until a given fluctuation mode re-enters the Hubble radius.

The power spectrum does not depend on k at the lowest order. Thus the inflationary

perturbations are nearly scale invariant. However, different modes exit the Hubble as slightly

different times when a?H? has a different value. This fact gives the correct result for the

power spectrum during slow-roll inflation. It is important to consider the small non-scale-

invariant correction to the power spectrum. This correction is called the tilt of the spectrum,

or the spectral index ns defined as

ns − 1 ≡ dlnPR
dlnk = −6εV + 2ηV (4.78)
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4.3.4 Tensor Mode

By expansion of the Einstein-Hilbert action one may obtain the second-order action for

tensor fluctuations

Sh =
M2

pl

8

∫
dτdx3a2

[
(h′ij)2 − (∂lhij)2

]
. (4.79)

where hij is a dimensionless tensor field.

We define the following Fourier expansion

hij =
∫ d3k

(2π)3

∑
s=+,×

εsij(k)hsk(τ)eik·x , (4.80)

where εii = kiεij = 0 and εsij(k)εs′ij(k) = 2δss′ . The tensor action (4.79) becomes

S(2) =
∑
s

∫
dτdk

a2

4 M
2
pl

[
hsk
′hsk
′ − k2hskh

s
k

]
. (4.81)

After fields are canonically normalized as follows

vsk ≡
a

2Mplh
s
k , (4.82)

the action of tensor perturbation in quadratic order is derived as

Sh =
∑
s

1
2

∫
dτd3k

[
(vsk′)2 −

(
k2 − a′′

a

)
(vsk)2

]
, (4.83)
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where
a′′

a
= 2
τ 2 (4.84)

holds in de Sitter space.

Similarly we define the power spectrum of the tensor perturbation just like that of the

scalars. Each polarization of the gravitational wave is therefore just a renormalized massless

field in de Sitter space , the power spectrum for tensor perturbations with two polarizations,

P 2
h = 2

π2
H2
?

M2
pl
. (4.85)

To compare with the scalar power spectrum, a tensor to scalar ratio is defined and

calculated as

r = Ph
PR

= 8
M2

pl

(
dφ

dN

)2

≈ 16ε . (4.86)

It is also interesting to note that, the tensor to scalar ratio is related to the distance

that the inflaton rolled in field space during inflation. The inflaton’s rolling distance per e-

fold isThe total field evolution between the time when CMB fluctuations exited the Hubble

radius. at Ncmb and the end of inflation at Nend can therefore be written as the following

integral
∆φ
Mpl

=
∫ Ncmb

Nend
dN

√
r

8 . (4.87)

During slow-roll evolution, r(N) is approximately a constant, which may obtain the following
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approximate relation [47]
∆φ
Mpl
≈ O(1)×

(
r

0.01

)1/2
, (4.88)

where r(Ncmb) is the tensor-to-scalar ratio on CMB scales. In short, large tensor to scalar

ratio r indicates a longer distance of inflaton’s motion. This relation is known as the Lyth

bound

In the following chapters we will apply the theory of cosmological fluctuations to our new

proposed version of the Ekpyrotic Scenario.
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Chapter 5

Nonsingular Ekpyrotic Cosmology

with a Nearly Scale-Invariant

Spectrum of Cosmological

Perturbations and Gravitational

Waves

We propose a mechanism borrowed from string theory which yields a non-singular

transition from a phase of Ekpyrotic contraction to the expanding phase of Standard Big

Bang cosmology. The same mechanism converts the initial vacuum spectrum of
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cosmological fluctuations before the bounce into a scale-invariant one, and also changes the

spectrum of gravitational waves into an almost scale-invariant one. The scalar and tensor

tilts are predicted to be the same, in contrast to the predictions from the “String Gas

Cosmology” scenario. The amplitude of the gravitational wave spectrum depends on the

ratio of the string scale to the Planck scale and may be in reach of upcoming experiments.

5.1 Introduction

The Inflationary Universe scenario [48–51] has become the standard paradigm of early

universe cosmology. It is based on the assumption that there was a period of almost

exponential expansion during a time period in the very early universe. Inflation provides a

solution of the horizon and flatness problems of Standard Big Bang cosmology, and

provides a causal mechanism for producing cosmological perturbations and microwave

background anisotropies based on the assumption that all fluctuation modes start our in

their vacuum state inside the Hubble radius at early times [52]. The spectrum of curvature

perturbations is predicted to be almost scale-invariant, with a slight red tilt. Inflation also

produces [53] an approximately scale-invariant spectrum of gravitational waves, again with

a slight red tilt.

Inflation is usually obtained by working in the context of Einstein gravity and assuming

that there is a new scalar field, the inflaton field ϕ, whose stress-energy tensor has an equation
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of state

w ≡ p

ρ
' −1 (5.1)

(where p and ρ are pressure and energy density, respectively) which leads to accelerated

expansion.

Recently, however, inflationary cosmology has come under some pressure. First of all,

recall that in order for a scalar field ϕ to serve as an inflaton, its potential energy V (ϕ) has to

be very flat in order that the potential energy dominates over the kinetic energy 1. However,

general arguments from string theory lead to the swampland constraint [55] (see [21] for

reviews)
V ′

V
>

c

mpl

(5.2)

for slowly rolling scalar fields whose energy density dominates the universe, where c is a

constant of the order 1, mpl is the four space-time dimensional Planck mass, and a prime

indicates the derivative with respect to the field ϕ. Effective field theory models which

violate this constraint are said to lie in the swampland and are not consistent with string

theory 2. Single scalar field models of slow-roll inflation are thus [22] in the swampland 3.

A second constraint on inflationary cosmology comes from the recently proposed

Trans-Planckian Censorship conjecture (TCC) [24] which states that during cosmological

evolution no scales whose wavelengths were smaller than the Planck length ever exit the
1Warm inflation [54] provides an avenue of relaxing this constraint.
2These considerations also have implications for scalar field models of Dark Energy [56]
3Once again, models of warm inflation avoid this constraint [57]
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Hubble horizon. This conjecture can be viewed as analogous to Penrose’s Cosmic

Censorship hypothesis [58] which states that timelike singularities must be hidden by

horizons. If the TCC is satisfied, then trans-Planckian modes are hidden from the classical

region 4. The TCC also shields the classical region of cosmology from non-unitarities

associated with setting up quantum field theory in an expanding background [60]. Since

during inflation the physical wavelength of fluctuation modes increases almost

exponentially, while the Hubble radius remains almost constant, the TCC clearly provides

severe constraints on inflationary cosmology. In [25] it was shown that, assuming that the

post-inflationary cosmology is like in Standard Big Bang cosmology, and that the potential

energy during inflation is approximately constant, the potential energy is constrained to

obey the upper bound

V 1/4 < 3× 109Gev , (5.3)

which leads to an upper bound on the tensor-to-scalar ratio r of

r < 10−30 . (5.4)

Even if these constraints are enforced, an initial condition problem remains [25].

In light of these constraints on inflationary cosmology it is interesting to re-consider

some alternative early universe scenarios. Any viable alternative to inflation should produce
4Fluctuation modes oscillate on sub-Hubble scales, but become squeezed states and classicalize on super-

Hubble scales [59] (see [42] for reviews of the theory of cosmological perturbations).
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an approximately scale-invariant spectrum of almost adiabatic cosmological fluctuations on

scales which are being observed today. In this case, as shown in the pioneering papers [61,62],

acoustic oscillations in the angular power spectrum of the Cosmic Microwave Background

(CMB) and baryon acoustic oscillations in the matter power spectrum will be generated.

Two promising classes of alternative scenario (see e.g. [27] for a review and comparison of

these alternatives) are bouncing and emergent cosmologies. In bouncing cosmologies (see

e.g. [63, 64] for reviews) it is assumed that the universe begins in a contracting phase, and

new physics produces a bounce which leads to the current expanding phase of Big Bang

cosmology. Fluctuations are taken to be in their vacuum state in the far past. In the

emergent scenario, it is assumed that the current phase of cosmological expansion starts

after a phase transition from a novel state of space-time-matter. One example is String

Gas Cosmology [28] where it is assumed that the early phase is a hot gas of fundamental

superstrings near the critical temperature of string theory, and thermal fluctuations with

holographic scaling in this hot gas lead to an almost scale-invariant spectrum of curvature

fluctuations [30] with a slight red tilt and an almost scale-invariant spectrum of gravitational

waves [65] with a slight blue tilt. Provided that the energy scale of the bounce or of the

emergent phase is lower than the Planck scale, there are no constraints on the scenarios

resulting from the TCC. Note that in bouncing and emergent scenarios the horizon problem

is trivially solved - the causal horizon is infinite, and there is hence in principle no problem

in explaining the near isotropy of the CMB.
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Among bouncing scenarios, the Ekpyrotic Scenario [4,66] (see also [37,38,67] for a cyclic

version) has a number of attractive features. The Ekpyrotic scenario assumes that the

contracting phase has an equation of state parameter

w � 1 . (5.5)

This can be realized if matter is given by a scalar field ϕ with negative exponential potential

V (ϕ) = −V0e
−
√

2/pϕ/mpl (5.6)

with V0 > 0 and 0 < p � 1, and assuming that ϕ begins at positive values with positive

total energy density. In this case, the scale factor evolves as

a(t) ∼ (−t)p (5.7)

(note that t is negative in the contracting phase) and

w ' 4
3p . (5.8)

Note that negative exponential potentials arise rather generically in string compactifications

(see e.g. [68] for a review). The initial Ekpyrotic model was in fact based on heterotic



5. Nonsingular Ekpyrotic Cosmology with a Nearly Scale-Invariant Spectrum
of Cosmological Perturbations and Gravitational Waves 64

M-theory [69,70] (see also [71]) 5.

A nice feature of the Ekpyrotic scenario is that anisotropies are diluted in the phase

of contraction [36], unlike what happens in a symmetric bounce where the anisotropies

blow up [74]. A further nice feature is that the homogeneous contracting trajectory is a

local attractor in initial condition space. This feature is shared by models of large field

inflation [75–79], but not models of small field inflation [80]. As in inflationary cosmology,

spatial curvature is diluted. Hence, the Ekpyrotic scenario also solves the flatness problem

of Big Bang cosmology 6.

The Ekpyrotic scenario faces two main challenges. The first is how to obtain a

non-singular bounce from the early contracting phase to the late time expanding phase of

Standard Big Bang cosmology. The second is how to obtain a roughly scale-invariant

spectrum of curvature fluctuations. It can be shown that the adiabatic curvature

fluctuations in a phase of Ekpyrotic contraction retain a nearly vacuum spectrum [82,83] in

spite of the fact that the spectrum of fluctuations of the scalar field ϕ obtains a

scale-invariant spectrum [84, 85]. It is possible to obtain a scale-invariant spectrum of

curvature fluctuations making use of en entropy field which acquires a scale-invariant

spectrum [33,39,86–91], and converting the entropy fluctuations to curvature perturbations

7. It has also been shown in [93, 94] that non-trivial matching conditions of fluctuations on
5For newer versions of the Ekpyrotic scenario see e.g. [72, 73]. Our discussion, however, will be based on

the original scenario,
6Note that some of these features are shared by the Pre-Big-Bang scenario [81] which is based on a phase

of contraction with w = 1.
7An almost scale-invariant spectrum can also be obtained [40, 92] by making use of a rapidly changing
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the space-like surface separating the contracting phase from the expanding one can convert

the scale-invariant spectrum of ϕ to that of curvature perturbations 8. The spectrum of

gravitational waves, on the other hand, remains close to vacuum, and hence a negligible

amplitude of such waves on cosmological scales is predicted.

In this paper we suggest a way of simultaneously obtaining a cosmological bounce and

obtaining a scale-invariant spectrum of both curvature fluctuations and gravitational waves

9. Our mechanism is based on the fact that (in the context of string theory), at the string

scale, enhanced symmetries in the low energy effective action are expected to appear (see

e.g. [101, 102]): a tower of string states which has string scale mass in a Minkowski space-

time background becomes massless and has to be included in the low energy effective action

10. In the low energy effective action, there is thus an extra term which appears at the

time t = tB when the density reaches the string scale density. It is a delta function term

localized on the space-like hypersurface t = tB (as will be discussed in Section 3 we are

working in the uniform density gauge), and we hence call this term an S brane. In the same

way that a D-brane has negative pressure (equals positive tension) in the spatial directions

along the brane and vanishing pressure in the normal direction, an S-brane has vanishing

energy density and negative pressure. This is discussed in detail in [103,104] in the context

equation of state before the phase of Ekpyrotic contraction.
8In the case of a singular bounce between an Ekpyrotic contracting phase and an expanding phase the

transfer of fluctuations was studied in [95] (see also [96, 97] for a study of the transfer in a holographic
cosmology setup.)

9See [98–100] for attempts at obtaining a nonsingular Ekpyrotic bounce using a cubic Galileon Lagrangian.
10This is the same physics discussed under the name distance conjecture in the recent superstring literature

[55]



5. Nonsingular Ekpyrotic Cosmology with a Nearly Scale-Invariant Spectrum
of Cosmological Perturbations and Gravitational Waves 66

of a specific string model with thermal duality in the Euclidean temporal direction. The

S-brane hence yields a contribution to the effective energy-momentum tensor which violates

the Null Energy Condition and hence, as shown in [103,104] can meditate a transition from

contraction to expansion. As we show here, the effect of the S-brane on the cosmological

perturbations and gravitational waves converts initial vacuum fluctuations before the bounce

to scale-invariant ones after the bounce.

In the following section we discuss the origin of the S-brane and how this object

mediates the transition between contraction and expansion. Then, in Section 3 we study

the coupling of cosmological perturbations and gravitational waves to the S-brane and

show that the slope of the power spectrum of curvature perturbations changes by a factor

of k−2, k being comoving momentum. Thus, the vacuum power spectrum with a small red

tilt δn produced during the Ekpyrotic phase of contraction is converted into a

scale-invariant one with the same small red tilt δn. The spectrum of gravitational is

enhanced by the same mechanism when passing through the bounce. Thus, unlike in the

other approaches to Ekpyrotic cosmology [33,39,86–91], we obtain a roughly scale-invariant

spectrum of gravitational waves 11.

Our discussion is at the level of an effective field theory, but we have in mind a setting

coming from string theory. We will work in units where the speed of light and the Planck

and Boltzmann constants are set to 1. Space-time indices are denoted by Greek symbols,
11Note that the anamophic scenario of [72] also produces an approximately scale-invariant spectrum of

gravitational waves.
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spatial indices by lower case Latin ones. The cosmological scale factor is denoted by a(t),

and H(t) is the Hubble expansion rate. G is Newton’s gravitational constant, related to the

reduced Planck mass mpl via 8πG = m−2
pl . Since spatial curvature is not important in the

early universe we will set it to zero.

5.2 S-Brane and Nonsingular Bounce

We are working with a four-dimensional effective action S of the form

S =
∫
d4x
√
−g
[
R + 1

2∂µϕ∂
µϕ− V (ϕ)

]
−
∫
d4xκδ(τ − τB)√γ , (5.9)

where R is the Ricci scalar of the four-dimensional space-time metric gµν with determinant

g, ϕ is the scalar field with negative exponential potential V (ϕ) (7.1), γij is the induced

metric on the hypersurface t = tB with determiant γ, and κ is the tension of the S-brane.

One of the conditions on our coordinates (this will be important when studying fluctuations

in the next section) is that the constant t surfaces correspond to constant density. The time

tB is the time when the density reaches the critical value when the extra tower of string

states becomes massless and when hence the S-brane appears.

As discussed in detail in [103, 104], the S-brane induces a localized stress-energy tensor
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with energy density ρB and pressure pB given by

ρB = 0 , (5.10)

pB = −κδ(t− tB) . (5.11)

Integrating the Friedmann equations across the bounce time tB yields the following change

of the Hubble constant:

δH ≡ lim
ε→0

H(tB + ε)−H(tB − ε)

= 4πGκ . (5.12)

Hence, provided that the energy density just before the bounce obeys the constraint

ρ(tB)1/2 <

√
3

2 m−1
pl κ , (5.13)

then the S-brane will induce a cosmological bounce. We expect the S-brane to appear at the

string energy scale ηs, and hence ρ(tB) ∼ η4
s . We expect κ to be given by

κ ∼ Nη3
s , (5.14)

where N is an integer given by the number of string states which become massless at the
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enhanced symmetry point (where the brane appears). Hence, provided that the Nηs is larger

than the Planck mass, the S-brane will induce a cosmological bounce.

We will assume that small-scale interactions between the enhanced symmetry states and

the degrees of freedom of the Standard Model lead to a bath of radiation after the bounce.

This is the analog of the reheating process at the end of inflation. With this assumption, the

bounce will induce a transition between an Ekpyrotic phase of contraction and a radiation

phase of expansion after the bounce.

5.3 Fluctuations Passing Through the S-Brane Bounce

Let us now consider how metric fluctuations couple to the S-brane. In this section it is

convenient to use conformal time τ in terms of which the homogeneous and isotropic

background metric takes the form

ds2 = a2(τ)
(
dτ 2 − dx2

)
. (5.15)

We will consider scalar metric fluctuations and gravitational waves separately 12. The

metric for scalar fluctuations takes the form (see e.g. [42, 105] for reviews of the theory of
12We postpone the discussion of vector modes to a later study.
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cosmological perturbations)

gµν = a2(τ)

1 + 2Φ −B,i

−B,i (1 + 2Ψ)δij + E,ij

 , (5.16)

where the fluctuation variables Φ, Ψ, B and E are functions of space and time. The scalar

field is

ϕ(τ,x) = ϕ0(τ) + δϕ(x, τ) , (5.17)

where ϕ0 is the background scalar field and δϕ is the field fluctuation.

Not all of the fluctuation variables are independent. We will work in comoving gauge

δϕ = 0 in which the scalar field energy density is constant on constant time surfaces (on

large scales where the spatial gradient energy is negligible). We can impose a second gauge

condition and choose it to be E = 0 for computational ease.

We wish to obtain the effects of the S-brane on the equation of motion for the fluctuations.

To this end, we insert the above ansatz for the perturbated metric and perturbed matter into

the full action (7.3) and expand to second order in the fluctuation variables. Note that the

terms linear in the fluctuations vanish if the background satisfies the background equations

of motion. The contribution of the bulk term in the action to the second order action for

scalar fluctuations is

S(2) = 1
2

∫
d4x

[
v′2 − v,iv,i + z′′

z
v2
]
, (5.18)
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where v is the Mukhanov-Sasaki variable [106,107] which is given by

v = zζ , (5.19)

where ζ is the curvature fluctuation in comoving gauge, and

z(τ) ∝ a(τ) (5.20)

if the equation of state of the background is time-independent. A prime in the above

equations denotes a derivative with respect to conformal time.

During the phase of Ekpyrotic contraction we have (see (5.7))

τ(t) = − 1
1− p(−t)1−p , (5.21)

and hence

z(τ) ∼ τ p/(1−p) , (5.22)

from which it follows that
z′′

z
= p(2p− 1)

(1− p)2 τ
−2 , (5.23)

which implies that an initial vacuum spectrum remains almost vaccum on super-Hubble

scales, acquiring only a small red tilt proportional to p. After the bounce in the radiation
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phase of expansion we have
z′′

z
= 0 , (5.24)

as is well known.

In the gauge we are using the induced metric γij is

γij = a2(1 + 2Ψ)δij , (5.25)

and hence the contribution S
(2)
B of the brane term in the action to quadratic order in Ψ is

S
(2)
B =

∫
d4xκa3(1 + 3Ψ + 3

2Ψ2)δ(τ − tτB) . (5.26)

Note that the sum of the terms linear in the fluctuations cancel since we are expanding about

a solution of the background equations.

In the gauge we are using Ψ is proportional to the Sasaki-Mukhanov variable v:

Ψ = z−1v , (5.27)

where z is a function of the background cosmology which depends both on the geometry and

on the matter (its form will be discussed below), and hence the brane contribution to the
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second order action can be re-written as

S
(2)
B = 1

2

∫
d4x

a3

z2 3κδ(τ − τB)v2 , (5.28)

and thus the full second order action for v is

S(2) = 1
2

∫
d4x

[
v′2 − v,iv,i +

(z′′
z

+ 3a
3

z2κδ(τ − τB)
)
v2
]
, (5.29)

and the resulting equation of motion for v is

v′′ +
[
k2 − z′′

z
− 3a

3

z2κδ(τ − τB)
]
v = 0 . (5.30)

Since z′′ = 0 after the bounce and z′′/z is proportional to p and hence very small before the

bounce, we can to first approximation neglect this term.

As shown in the Appendix, the δ function contribution to the mass in the equation of

motion (6.15) leads to an enhancement of the mode functions by a factor

βk = m

k
, (5.31)

where m is the coefficient of the delta function. From (6.15) it follows that

βk = 3κa
(a
z

)2
(τB)k−1 . (5.32)
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This factor leads to a conversion of the vacuum power spectrum of v before the bounce to a

scale-invariant one after the bounce. This is the main result of our analysis. If the spectrum

before the bounce is a vacuum spectrum modulated by a slight red tilt (as it is in the case

of Ekpyrotic contraction), the power spectrum after the bounce will be a scale-invariant one

modulated by the same red tilt.

Let us now study the coupling of gravitational waves to the S-brane. If we consider a

gravitational wave travelling in the x direction, then the induced metric γij is

γij = a2(τ)

1 0

0 1 + hεab

 , (5.33)

where εab is the polarization tensor of gravitational waves in the y/z plane. Hence, to leading

order in the amplitude h2

√
γ = a3

(
1− 1

2h
2
)
. (5.34)

The canonical variable for gravitational waves is

u ≡ ahmpl , (5.35)

where the factor of mpl is important to have the right dimensions. The bulk action for u is

S(2) = 1
2

∫
d4x

[
u′2 − u,iu,i + a′′

a
u2
]
, (5.36)
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and the brane contribution is

S
(2)
B = 1

2

∫
d4xκaδ(τ − τB)u2m−2

pl , (5.37)

Hence, the equation of motion for uk becomes

u′′ +
[
k2 − a′′

a
− κam−2

pl δ(τ − τB)
]
u = 0 . (5.38)

This equation is analogous to the equation for scalar modes, except that the coefficient of

the delta function term is different. In analogy with what was shown above for the scalar

modes, we find that the tensor modes are enhanced by the factor

βk = κam−2
pl k

−1 . (5.39)

Our results (5.32) and (5.39) show that the passage through the S-brane leads to the

conversion of an initial vacuum spectrum for the scalars and tensors to a scale-invariant

one for both scalars and tensors. This is very different from what is obtained in previous

realizations of Ekpyrotic cosmology where the tensors retain their vacuum form.

The tensor to scalar ratio r can be read off of the amplitude ratio of the Bogoliubov
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coefficients βk. To evaluate this ratio, recall [42, 105] that

z(t) = a(t) ϕ̇0

H
, (5.40)

where ϕ0(t) is the background scalar field. For the Ekpyrotic potential of (7.1), this

background is given by

ϕ0(t) =
√

2pmpllog(−
√
V0

mpl

√
p(1− p)

t) , (5.41)

and hence
ϕ̇0

H
=
√

2/pmpl . (5.42)

Hence, comparing (5.39) and (5.32) and making use of (5.42) we find that the tensor to

scalar ratio r becomes

r = 16π
(72
p3

)
∼ 103

p3 . (5.43)

The factor of 16π stems from the different normalizations of the scalar and tensor power

spectrum, the other term is the square of the ratio of the Bogoliubov coefficients (5.39) to

(5.32).

We find that the amplitude of the tensor spectrum is larger than the amplitude of the

scalar spectrum, a result which is obviously inconsistent with observations. This is related to

the fact that the analog of the inflationary slow-roll parameter ε is proportional to 1/p� 1



5. Nonsingular Ekpyrotic Cosmology with a Nearly Scale-Invariant Spectrum
of Cosmological Perturbations and Gravitational Waves 77

in the case of Ekpyrotic contraction. Hence, in our model we need to invoke a separate

mechanism to boost the scalar modes, as considered in previous work on the Ekpyrotic

scenario [33, 39,86–91,93,94]. This will be explored in an upcoming paper.

Let us now consider the corrections to the spectrum due to the z′′/z term in the mode

equation. Since
z′′

z
= −p(1− 2p)

(1− p)2
1
τ 2 ≡ −α(p) 1

τ 2 , (5.44)

the dominant mode in for the v and u modes on super-Hubble wavelengths scales as

v(τ) ∼ τα (5.45)

and similarly for u. Hence we find for the Fourier modes of v and u on super-Hubble lengths

vk(τ) ' vk,0
( τ

τH(k)
)α
, (5.46)

where τH(k) is the time of Hubble radius crossing of the k’th mode and is given by

τH(k) = p

(1− p)k
−1 . (5.47)

If we use vacuum initial conditions then

vk,0 = 1√
2k

. (5.48)
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The dimensionless power spectrum is given by

Pv(k) = k3|vk|2 . (5.49)

According to the definition of the scalar tilt ns we have

P (k) ∼ kns−1 . (5.50)

Combining (5.46, 5.47, 5.48, 5.49) and (5.50) we find that the tilt of the scalar modes before

the bounce is given by

ns = 3 + 2α ' 3 + 2p . (5.51)

Since the passage through the S-brane changes the spectral tilt by -2, the tilt after the bounce

is

ns − 1 = 2α ' 2p . (5.52)

Thus, we predict a blue tilt of the scalar spectrum with the deviation of the tilt from that of

scale-invariance whose magnitude is 2p. The tensor spectrum has the same tilt. Note that

the tensor index nt is defined via

P (k) ∼ knt . (5.53)

Thus, the spectrum aquires a slight blue tilt.
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Our new Ekpyrotic scenario hence predicts roughly scale invariant scalar and tensor

spectra with tilts which obey the consistency relation

nt = ns − 1 . (5.54)

The amplitude of the spectrum of gravitational waves after the bounce can be found from

(5.39). The power spectrum of the canonical variable u is

Pu(k, τ) ' a2κ2m−4
pl

(
kτB)−p/2 , (5.55)

and hence the power spectrum of gravitational waves becomes

Ph(k, τ) ' κ2m−6
pl

(
kτB)−p/2 , (5.56)

Recall from Section 2 that the tension κ is expected to be given by the string scale ηs, and

thus the amplitude A of the power spectrum (dropping the last factor above which represents

the small red tilt) will be

A ' N2
( ηs
mpl

)6
. (5.57)

If the string scale is the one preferred by particle physics considerations in the early textbook
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[108,109] on string theory, namely ηs ∼ 1017GeV, then the amplitude is

A ∼ 10−12 , (5.58)

which, using the observed amplitude of the scalar spectrum, corresponds to

r ∼ 10−3 . (5.59)

Note, however, that this valuie depends sensitively on the ratio between the string scale and

the Planck scale.

5.4 Conclusions and Discussion

It is generally expected that at string energy density scales a new tower of string states

becomes massless. If this is the case, this tower of states has to be included in the low

energy effective action for cosmological evolution. It will appear as a term in the effective

action localized at a particular time, i.e. as an S-brane. This object has zero energy density

and negative pressure, and can hence induce the transition from contraction to expansion.

We have used this S-brane construction to provide a new realization of the Ekpyrotic

scenario. We have shown that the coupling of the S-brane to cosmological fluctuations and

in particular to gravitational waves leads to a change in the spectral index of super-Hubble
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cosmological perturbations of δns = −2. This converts a vacuum spectrum into a scale-

invariant one. Our minimal construction leads to a larger amplitude for the tensor modes

than the scalar modes, and hence has to be supplemented by a separate source of cosmological

perturbations. A natural way to obtain this will be presented in a followup paper.

The amplitude of the power spectrum of gravitational waves depends on the ratio of the

string scale ηs and Planck scale mpl (see (5.57)). The tilt of the gravitational wave spectrum

is predicted to be the same as the tilt of the scalar spectrum. Both tilts are blue.

It is interesting to compare these predictions with those obtained in String Gas Cosmology

[28], an emergent universe scenario motivated by string theory. String Gas Cosmology (SGC)

also yields a roughly scale-invariant spectrum of scalar and tensor modes, and the amplitude

of the power spectrum of cosmological perturbations is given by a combination of the string

scale and the Planck scale, but in this case the fourth power and not the sixth power as here

(see e.g. [29, 110] for detailed discussions). SGC yields two consistency relations between

the four basic cosmological observables. In particular, the tensor tilt is nt = 1 − ns. The

predicted tensor tilt is blue, as it is predicted to be in the scenario studied here. The scalar

tilt, however, is red.

In this paper we have assumed that the state after the bounce is that of radiation, in a

similar way that the state after reheating in inflation is that of radiation. The explicit model

of ultraviolet physics that yields the production of radiation across the bounce remains to

be explored. In future work we plan to study the amplitude of non-Gaussianities generated
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in our scenario.

Appendix

Let us consider the equation of motion

X ′′k(τ) +
[
k2 +mδ(τ − τB)

]
Xk(τ) = 0 . (5.60)

The solutions are plane waves for τ < τB and for τ > τB. If we denote the positive

frequency solutions as fk and the negative frequency ones as f ∗k , where the ∗ indicates

complex conjugation, then the solution which is pure positive frequency before τB can be

written for τ > τB as

Xk = αkfk + βkf
∗
k , (5.61)

where αk and βk are the Bogoliubov mode matching coefficients which obey the relationship

|αk|2 − |βk|2 = 1 . (5.62)

By integrating the equation (5.60) over time τ against a test function (a smooth function

which decays exponentially at τ → ±∞) f(τ) it can be easily shown that

βk = m

k
. (5.63)
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This result implies that the power spectrum of Xk is boosted by a factor of (m/k)2. This

turns a vacuum spectrum into a scale-invariant one.
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Chapter 6

Ekpyrotic Cosmology with a

Zero-Shear S-Brane

In a recent paper [111] we proposed a mechanism for a continuous transition between a

contracting Ekpyrotic phase and the Standard Big Bang phase of expansion: the bounce

is generated by an S-brane which represents the effects of higher mass string states in the

low energy effective field theory. We showed that gravitational waves on cosmological scales

obtain a nearly scale-invariant spectrum. Here, we study the cosmological fluctuations in this

setup, assuming that the S-brane has zero shear. We find a nearly scale-invariant spectrum

of cosmological perturbations with a slight red tilt. The scenario yields two consistency

relations for cosmological observations, the first one relating the tensor to scalar ratio with

the scalar spectral tilt, the second relating the tensor tilt to the scalar tilt. The predicted
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tensor to scalar ratio is within the reach of upcoming CMB observations. The tensor tilt is

blue.

6.1 Introduction

In light of the recent challenges for inflationary cosmology (both the inability to embed

canonical single field slow roll inflation into string theory as a consequence of the

swampland criteria (see [19, 22, 55] for original articles and [21, 112] for reviews) and the

Trans-Planckian Censorship Conjecture [24, 25]) it is of great interest to explore possible

alternatives to inflation and further develop their predictions for cosmological observations.

The Ekpyrotic scenario [4, 66] is a promising alternative to cosmological inflation for

explaining the isotropy of the microwave background and the spatial flatness of today’s

universe. The scenario is based on the assumption that the universe begins in a phase of

slow contraction. In the context of Einstein gravity such a slow contracting phase can be

generated by a scalar matter field ϕ with a negative exponential potential with the exponent

chosen such that the homogeneous scalar field trajectory has an equation of state paramter

w � 1, where w is the ratio between the pressure and energy density, and the scale factor

evolves as

a(t) ∼ (−t)p (t < 0) (6.1)
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with 1

p � 1 . (6.2)

In terms of conformal time τ the scale factor evolves as

a(τ) ∼ (−τ)q (τ < 0) (6.3)

with

q = p

1− p . (6.4)

A nice feature of the Ekpyrotic scenario is the fact that anisotropies and initial

inhomogeneities are diluted in the contracting phase. Thus, the homogeneous and isotropic

contracting phase space trajectory is an attractor in initial condition space [36].

The main challenge for the Ekpyrotic scenario has been to obtain a well-controlled

transition from the contracting Ekpyrotic phase to the expanding phase which is postulated

to evolve as in Standard Big Bang cosmology, i.e. beginning with a radiation-dominated

phase after the transition 2 . A related challenge has been to obtain a robust computation

of the spectrum of cosmological perturbations and gravitational waves, assuming that these

fluctuations begin early in the contracting phase in their vacuum state.
1The Pre-Big-Bang scenario of [81] is the case p = 1 and can be obtained in the context of dilaton gravity.
2In the original paper [4, 66] it was argued that the transition would be singular from the point of view

of an effective field theory coupled to Einstein gravity. More recently, however, there have been a lot of
attempts to realize the Ekpyrotic scenario in the context of a non-singular effective field theory [39, 88, 89].
Note that violations of the Null Energy Condition are required in order to obtain a non-singular bounce.
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In a recent paper, we [111] have proposed a mechanism which yields a nonsingular

transition between contraction and expansion. We argued that, in the context of string

theory, at the string density new stringy degrees of freedom must be included in the

effective action for the background and fluctuations. These terms yield an S-brane, a

space-like hypersurface which is reached when the background density hits the string

density. Since such an S-brane has vanishing energy density and negative pressure, it yields

the violation of the energy conditions required to obtain a transition between contraction

and expansion.

The second main result of [111] was the demonstration that, on super-Hubble scales,

gravitational modes passing through the S-brane experience an enhancement of their

amplitude proportional to k−1, where k is the comoving wavenumber. This amplification is

precisely the correct one required to turn an initial vacuum spectrum into a scale-invariant

one. The same mechanism also changes the spectrum of the canonical curvature fluctuation

variable v, but the amplitude of the enhancement was found to be smaller than the

amplitude of the enhancement of the gravitational waves. It this were the only

amplification mechanism of the scalar spectrum, an unacceptably large tensor to scalar

ratio would result.

However, the evolution of the scalar metric fluctuations is more complicated than that of

the tensor modes. The precise specification of the location of the S-brane is crucial. Here,

we demontrate that, if the S-brane has no shear, then the growing mode of the scalar field
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fluctuation δϕ seeds an approximately scale-invariant spectrum of curvature fluctuations in

the expanding phase. Combined with the results of [111] for the gravitational wave spectrum

we obtain two consistency relations for current observables, the first relating the tensor to

scalar ratio r with the scalar tilt ns, the second relating the tensor tilt nt to the scalar tilt.

The first relation is

r = B(1− ns)2 , (6.5)

where B is a constant of the order one, and the second relation is

nt = (1− ns) . (6.6)

Since the tilt of the scalar spectrum is red, (6.6) represents a blue tilt of the tensor spectrum,

like [28,65] in the case of String Gas Cosmology [113,114].

In the folliowing section we discuss the computation of scalar metric fluctuations in

Ekpyrotic cosmology, reviewing known results and emphasizing the role of the specific

location of the matching surface between the contracting and expanding phases. In Section

3 we review the S-brane scenario introduced in [111]. Section 4 provides a summary of our

calculations, and in Section 5 we discuss some implications of our results. We assume a

spatially flat homogeneous and isotropic background space-time with scale factor a(t),

where t is physical time. It is often convenient to use conformal time τ determined by

dt = a(t)dτ . The Hubble expansion rate is H ≡ ȧ/a, and its inverse is the Hubble radius,



6. Ekpyrotic Cosmology with a Zero-Shear S-Brane 89

the length scale which plays a key role in the evolution of cosmological fluctuations. We

use units in which the speed of light and Planck’s constant are set to 1. Comoving spatial

coordinates are denoted by x, and the corresponding comoving momentum vector is k (its

magnitude is written as k). The reduced Planck mass is denoted by mpl and it is related to

Newton’s gravitational constant G via m−2
pl = 8πG.

6.2 Curvature Fluctuations in Ekpyrotic Cosmology

During a phase of Ekpyrotic contraction (τ < 0), fluctuations of the scalar field ϕ which

start as vacuum perturbations in the far past acquire [4, 66] a nearly scale-invariant power

spectrum Pδϕ(k)

Pδϕ(k) ≡ 1
2π2k

3|δϕk|2 ∼ kns−1 (6.7)

(where δϕk is the Fourier mode of δϕ) with a red tilt given by the spectral index

ns − 1 = −2q , (6.8)

to leading order in q, while the spectrum of gravitational waves (with the same initial

conditions) retains its vacuum form, modulo a small blue tilt given by

δnt = 2q , (6.9)
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again to leading order in q. Note that the tensor tilt of the canonically normalized variable

h̃ ≡ ah , (6.10)

(where h is the amplitude of a particular gravitational wave polarization mode) is defined

via (we are using the conventions from [68])

Ph̃(k) ≡ 1
2π2 |h̃k|

2 ∼ knt (6.11)

(h̃k again denoting the Fourier mode of h̃). The transformation of the spectrum of δϕ is a

consequence of the fact that δϕk has a mode which grows on super-Hubble scales, whereas

h̃k does not have such a growing mode.

On the other hand, as pointed out in [82,83], the canonical fluctuation variable v [106,107]

which describes the amplitude of curvature fluctuations in comoving coordinates, does not

grow on super-Hubble scales. In fact, the dominant mode of vk slightly decreases, like the

leading mode of h̃k. This implies that the spectrum of fluctuations of the comoving gauge

curvature at the end of the contracting phase remains close to vacuum. In fact, it acquires

the same slight blue tilt which the spectrum of gravitational waves does.

The fact that the spectra of δϕ and v have a very different spectral index in the contracting

phase of the Ekpyrotic scenario (they have the same index in the case of single field slow-roll

inflation) implies that great care must be taken to correctly evolve the fluctuations from the



6. Ekpyrotic Cosmology with a Zero-Shear S-Brane 91

end of the contracting phase to the beginning of the expanding phase. In the following we will

review this issue. Note that this ambiguity does not effect the evolution of the gravitational

wave spectrum since gravitational waves are gauge-independent.

Following the notation of [42] (see also [105] for an overview) we will work in longitudinal

gauge, a coordinate system in which the metric (including scalar fluctuations) is diagonal

and given by the line element

ds2 = a(τ)2
[
(1 + 2Φ)dτ 2 − (1− 2Φ)dx2

]
, (6.12)

where Φ(x, τ) is the scalar fluctuations variable, the relativistic generalization of the

Newtonian gravitational potential, and we have assumed the absence of anisotropic matter

stress, an assumption which is satisfied at linear order in the case of a scalar matter field.

The scalar matter field ϕ can be decomposed into its background value ϕ0(τ) and the

fluctuation δϕ(x, τ):

ϕ(x, τ) = ϕ0(τ) + δϕ(x, τ) . (6.13)

The amplitude of the late time anisotropies in the microwave background and of the

inhomogeneities which lead to the observed large-scale structure of the universe are

determined by the spectrum of the curvature fluctuation variable R, the curvature

perturbation in comoving coordinates. This quantity is closely related to the

Sasaki-Mukhanov variable v [106, 107], the variable in terms of which the action for linear
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cosmological perturbations has a canonical kinetic term. This variable is

v = a
(
δϕ+ ϕ̇0

H
Φ
)
, (6.14)

and its Fourier mode obeys the equation

v′′k +
(
k2 − z′′

z

)
vk = 0 , (6.15)

where

z ≡ a
ϕ′0
H
, (6.16)

with a prime denoting a derivative with respect to conformal time and H ≡ a′/a.

In the phase of Ekpyrotic contraction, z and a differ only by a constant, and hence (on

super-Hubble scales where the k2 term is negligible) (6.15) becomes

v′′k + q(1− q)vk = 0 , (6.17)

with a dominant solution

vk ∝ (−τ)q(1−q) ∼ (−τ)q , (6.18)

a solution which is in fact slightly decaying as a function of time. As a consequence, an initial

vacuum spectrum for fluctuations of v does not get transformed into a scale-invariant one.



6. Ekpyrotic Cosmology with a Zero-Shear S-Brane 93

Rather, the spectrum acquires a slight blue tilt ∆ns > 0 compared to a vacuum spectrum:

∆ns = 2q , (6.19)

to leading order in the small parameter q. To derive this relation, note that vk oscillates with

constant amplitude on sub-Hubble scales, and then scales as (−τ)q on super-Hubble scales.

Hence, the total change in amplitude of the mode vk compared to its vacuum value is

vk(τ)
vk(τH(k)) ∼ (−τH(k))−q ∼ kq , (6.20)

where τH(k) is the time when the mode k exits the Hubble radius (see Figure 1). Note that

the canonical variable h̃ for gravitational waves obeys the same equation (6.15).

A different view of the evolution of scalar metric fluctuations in the phase of Ekpyrotic

contraction is obtained by following the relativistic potential Φ, or equivalently the rescaled

variable

u ≡ mpl

H
aΦ . (6.21)

It obeys the mode equation [84,93,94]

u′′k +
(
k2 − 2

a
H2 − a′′

a

)
uk = 0 , (6.22)
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which on super-Hubble scales (and in the case of Ekpyrotic contraction) becomes

u′′k − q(−τ)−2uk = 0 , (6.23)

which leads to a growing mode with

uk ∼ (−τ)−q ∼ a(τ)−1 , (6.24)

and a decaying mode with

uk ∼ (−τ)1+q , (6.25)

always to leading order in q. This implies that in the infrared limit there are two modes for

Φ, a growing mode with

Φk(τ) = A(k)H
a

(τ)a(τH(k))
a(τ) , (6.26)

and a constant mode

Φk(τ) = B(k) , (6.27)

where the coefficients A(k) and B(k) are determined by the vacuum initial conditions which

are 3

limτ→−∞uk = 1
k3/2 e

−ikτ . (6.28)

3Note that the factor k−3/2 comes from the fact that u is related to the canonical fluctuation variable by
a factor which in the ultraviolet scales as k−1, and the canonical variable having vacuum initial conditions
∼ k−1/2.
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It is the factor of k−3/2 in the vacuum normalization of u which leads to the scale-invariance

of the power spectrum of u. In fact, the slight growth of u on super-Hubble scales yields a

red tilt of the spectrum with

ns − 1 = −2q , (6.29)

which should be compared to the tensor tilt of

nt = 2q . (6.30)

Since at the end of the contracting phase the dominant modes of Φ and v have very

different scalings, the key question is which of the variables is continuous when passing

through the S-brane. In the case of single field slow-roll inflation the canonical variable v

is continous while Φ jumps if we treat reheating as instantaneous (see e.g. [115]). In the

case of bouncing cosmologies with a smooth transition from contracting to expansion (which

always requires new physics input), one can often (see e.g. [3, 32, 116–118] for some specific

examples, and [64] for a review) show that it is again the variable v which determines the

spectrum of the dominant mode at late times (however, an example where this is not true

was studied in [119,120]). In our case, the transition is not smooth and happens on a space-

like hypersurface, the S-brane. The transfer of fluctuations across a space-like matching

surface was studied in detail in [93, 94] (see also [121]), generalizing the Israel matching

conditions [122]. It was found that the location of the surface in space-time is crucial in
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order to determine whether Φ or v determine the spectrum of late time fluctuations. It was

found that if the hypersurface is at a constant density surface (as assumed in [111]), then the

dominant mode of Φ in the contracting phase does not couple to the dominant mode in the

expanding phase, while v is continuous, and it is hence the spectrum of v which determines

the amplitude of the late time curvature fluctuations. On the other hand, for any other

matching surface, in particular in the case of a shear-free surface which we will be using in

this paper, then the growing mode of Φ in the contracting phase couples to the dominant

mode of the late time curvature fluctuation variable.

6.3 S-Brane and Nonsingular Bounce

We now briefly review the scenario introduced in [111]. It is based on the assumption that

our Ekpyrotic scenario is embedded in superstring theory. In this context, the scalar field ϕ

is the lightest modulus field of the particular string theory background being considered (e.g.

the radius of the large extra dimension in Horava-Witten theory [69,70], the original setting

of the Ekpyrotic scenario [4,66]). However, as the background energy density increases, the

mass of a large tower of string states no longer becomes negligible. At the string scale, this

tower of states has to be included. The suggestion of [111] (see also [103,104,123] for a similar

proposal in a slightly different setting) is that these degrees of freedom must be included as

an S-brane, a relativistic space-like hypersurface which is located where the density hits the
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string scale ηs. Specifically, the low energy action of the theory is assumed to take the form

S =
∫
d4x
√
−g
[
R + 1

2∂µϕ∂
µϕ− V (ϕ)

]
−
∫
d4xκδ(τ − τB)√γ , (6.31)

where τB is the time when the string density is reached, R is the Ricci scalar of the four-

dimensional space-time metric gµν with determinant g, ϕ is our Ekpyrotic scalar field, γij

is the induced metric on the hypersurface with determiant γ, and κ is the tension of the

S-brane. The tension of the brane is set by the string scale ηs

κ ≡ Nη3
s , (6.32)

where N is a large integer given by the number of new states which become low mass.

Since the S-brane is a space-like relativistic object, its energy density vanishes and it has

negative pressure. This can be understood in analogy with the energy-momentum tensor of

a domain wall which has vanishing pressure in orthogonal direction and negative pressure

(i.e. positive tension) in the parallel directions. Hence, the S-brane leads to a violation of the

null energy condition, such a violation being required to obtain a transition from contraction

to expansion. If we denote the background time at the position of the S-brane by tB, then
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we can integrate the Friedmann equation across the brane and obtain a change

δH ≡ lim
ε→0

H(tB + ε)−H(tB − ε) = 4πGκ . (6.33)

We see that the integer N has to be sufficiently large in order to allow for a transition

from contraction to expansion. We will assume that the bounce is symmetric in the sense

δH = 2|H−| , (6.34)

where H− is the value of H at the end of the contracting phase when the energy density

reaches the string scale. Making use of the Friedmann equation

δH = 2√
3
η2
sm
−1
pl , (6.35)

comparing (6.35) with (6.33) and inserting (6.32) leads to the condition

N = 4√
3
mpl

ηs
. (6.36)

Our model has two free parameters, firstly the ratio of the string scale to the Planck

mass, and secondly the index q. As we will see in the next section, the amplitude of the

scalar spectrum is set by the ratio of the string scale to the Planck mass, and also depends
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on the value of q. The amplitude of the tensor modes depends on N , as shown in [111]. In

this way, two consistency relations for observables result, the first being the relation (6.6)

between the tensor and scalar tilts, and the second a relation between the tensor to scalar

ratio and the scalar tilt which will be derived below.

6.4 Curvature Fluctuations with a Zero Shear S-Brane

In our previous paper we took the S-brane to be located at the surface of constant density.

In this case, as shown in [93, 94], the growing mode of Φ in the contracting phase does

not couple to the dominant mode in the expanding phase. From the point of view of the

dynamics of the S-brane, it is, however, natural to assume that the brane has no shear. In

this case, the brane is located at the surface of constant time in the longitudinal gauge which

we are using.

The matching conditions of both the background and the cosmological fluctuations were

studied in detail in [93,94], and we will make use of the results derived there. The matching

conditions state that firstly the induced metric computed from both sides of the brane is

identical, and the second condition states that the extrinsic curvature jumps by an amount

which is set by the surface tension. For the background, it is this second condition which is

equivalent to the condition (6.33) which we have used above.

Scales we are interested in are in the far infrared compared to the Hubble radius. Hence,

we can focus on the infrared limit of the solutions of the equation of motion for u. In this
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limit, and following the notation of [93, 94], we write the solution of Φ in the contracting

phase as

Φ−(k, τ) = A−(k)H
a2 +B−(k) , (6.37)

where we have absorbed the factor of a(τH(k)) from (6.26) into the coefficient A−.

Analogously, in the expanding phase the solution can be written as

Φ+(k, τ) = A+(k)H
a2 +B+(k) . (6.38)

For a zero shear brane and neglecting fluctuations in the S-brane tension, matching the

induced metric on both sides of the brane, and having the jump in the extrinsic curvature

being given by the surface tension, leads to the following relations between the A and B

coefficients (see [93, 94])

A+ = H−
H+

A− + a2
B

H+
(B− −B+)

B+ =
(H+(H−′/H− −H−)−H+

′ +H+
2

2H+
2 −H+

′

)H−
a2
B

A−

+
(
1 + H−H+ −H+

2

2H+
2 −H+

′

)
B− , (6.39)

where aB is the value of a at the transition surface 4. As is evident from (6.39), the growing

mode of Φ in the contracting phase couples to the dominant mode in the expanding phase.
4We assume that the perturbations in the surface tension are negligible in the infrared limit.
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The effect of the subdominant mode in the contracting phase on B+ is negligible. Making

use of the scaling of H in the contracting phase we obtain

B+(k) ' −H+

a2
B

1
3qA−(k) . (6.40)

The amplitude A−(k) is obtained by matching to the vacuum initial conditions of (6.28)

and yields [93,94]

A−(k) ' 2µΓ(µ)m−1
pl k

−3/2(kτB)−q , (6.41)

where τB is the conformal time when the S-brane arises, Γ stands for the gamma function,

and µ = q + 1/2. Making use of (6.40) we find the following result for the late time power

spectrum of Φ:

PΦ(k) ' 1
2π2 (kτB)−2q

( H+

a2
Bmpl

)2 1
9q2 22µΓ(µ)2 . (6.42)

Making use of the Friedmann equation to solve for H+ we obtain

PΦ(k) ' 1
2π2 (kτB)−2q

( ηs
mpl

)4 1
27q2 22µΓ(µ)2 . (6.43)

We see that the spectrum is approximately scale-invariant with a small red tilt of magnitude

2q.

If we demand that the power spectrum of Φ has the observed valuie 10−9 [14] at the pivot
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scale kC (the scale of the CMB quadrupole), we find

( ηs
mpl

)4
' (2π2)27q22−2µΓ(µ)−2(kCτB)2q10−9 . (6.44)

The amplitude of the power spectrum of gravitational waves obtained from [111] is

Ph(k) ' 1
2π2κ

2m−6
pl (kτB)2q . (6.45)

Hence, the predicted tensor to scalar ratio r (evaluated at the pivot scale kC) is

r ≡ Ph(k)
PΦ(k) (6.46)

' 144(kCτB)4q2−2µΓ(µ)−2q2

which is obtained by combining (6.45) and (6.43) and making use of the expression (6.36)

for N .

Since the value of q is given by the scalar tilt q = (1− ns)/2, (6.46) yields a consistency

relation between the tensor to scalar ratio and the scalar tilt. Its approximate form is

r ∼ 36(kCτB)4q(1− ns)2 . (6.47)
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6.5 Conclusions and Discussion

We have extended our work [111] studying the spectrum of cosmological fluctuations in an

Ekpyrotic model in which the transition from contraction to expansion is mediated by an

S-brane which represents the effects of higher energy string states which enter the effective

action at the string scale. In a previous paper we discovered that the coupling of the

gravitational fluctuations to the S-brane leads to the conversion of an initial vacuum

spectrum to a scale-invariant one. This conversion occurs both for gravitational waves and

also for the Sasaki-Mukhanov variable v representing the cosmological perturbations.

However, this mechanism gives a greater boost to the gravitational waves then to the

variable v. As emphasized in [84, 93, 94], in the case of a transition from contraction to

expansion the variable v does not necessarily carry the full information about the scalar

metric fluctuations. The Newtonian gravitational potential Φ grows in the contracting

phase and obtains a roughly scale-invariant spectrum. Here, we have shown that if the

S-brane has zero shear (instead of being located at the constant density surface), then the

dominant fluctuation mode at late time is strongly coupled to the growing mode in the

contracting phase. Hence, the spectrum of cosmological perturbations at late times is

approximately scale-invariant and obtains an amplitude which is larger than that of the

gravitational wave spectrum.

Our model has two free parameters: the ratio between the string scale and the Planck

scale, and the index q which describes the rate of Ekpyrotic contraction. If we fix these
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two parameters in terms of the observed amplitude and tilt of the spectrum of cosmological

perturbations, we obtain predictions for the tensor to scale ratio r, and for the tensor tilt:

nt = 1− ns (6.48)

r = B(1− ns)2 ,

where B is a number of order one. Note that these consistency relations are different from

those of canonical single field inflation (which always predicts a red tilt of the tensor

spectrum). The relation between the tilts nt and ns is the same as that obtained in String

Gas Cosmology, but the predicted value of r has a different dependence on the parameters

than what is obtained in String Gas Cosmology [30,110].

An important open problem for our scenario is to study the generation of radiation

during the transition through the S-brane. Work on this topic is in progress. It would also

be interesting to study the amplitude and shape of the non-Gaussianities. In inflationary

cosmology the amplitude of the non-Gaussianities is suppressed by the slow-roll parameter

ε. In the Ekpyrotic scenario the analog of the inflationary slow-roll parameter is a large

number, and hence one suppression mechanism of non-Gaussianities disappears. In the New

Ekpyrotic Scenario [33, 39, 86–89], a two field model in which scale-invariant fluctuations of

a second scalar field χ source scale-invariant curvature fluctuations via the induced entropy

fluctuations, it has in fact been shown that the induced non-Gaussianities are larger than
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the current upper bounds [39, 124, 125]. However, since our mechanism of generating scale-

invariant fluctuations is different, the conclusions of [39,124,125] will not apply.

Appendix

In this Appendix we demonstrate that the S-brane does not effect the equation of motion for

the scalar fluctuation variable u discussed in this paper. This contrasts to the large effect

which the S-brane has on the evolution of the v variable and which we discussed in our

previous paper [111].

The starting point of our analysis is the total action (7.3). We insert our ansatz for metric

and matter fluctuations (6.12) and (6.13) into this action and expand to second order in our

metric potential variable Φ. The calculation is explained in detail in [42], and we only quote

the crucial points. We need to focus on the relative normalizations with which Φ enters the

bulk and the brane part of the action. The term in the bulk action quadratic in Φ′ is (see

Eq. (10.35) in [42])

S(2) = 3
8πG

∫
d4xa2

[
−Φ′2 − 4HΦΦ′ − 6H2Φ2 − (∂iΦ)2

]
. (6.49)

On the other hand, the term quadratic iin the brane action is

S
(2)
B = 1

2

∫
d4xκa33Φ2δ(τ − τB) . (6.50)
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The resulting equation of motion for Φ is (in Fourier space)

Φ′′ + 2HΦ′ +
[
k2 + 2H2 − 2H′ − 4πGaκδ(τ − τB)

]
Φ = 0 . (6.51)

We see that the brane contribution is suppressed compared to the bulk contribution by

a factor F which is

F ∼ aκm−2
pl . (6.52)

Note that F has mass dimension one since the brane contribution is multiplied by δ(τ − τB).

The brane thus yields a δ function contribution to the effective mass in the equation of

motion (6.22) for u which becomes

u′′k +
[
k2 − 2

a
H2 − a′′

a
+ Fδ(τ − τB)

]
uk = 0 . (6.53)

We see that, unlike in the case of the equation of motion for the canonical variable v studied

in [111], the contribution of the brane inside the equation of motion for u is suppressed by

a and therefore negligible. Hence, the uk modes do not acquire the infrared enhancement

which the v modes experience.
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Chapter 7

Reheating after S-Brane Ekpyrosis

In recent work, two of us proposed a nonsingular Ekpyrotic cosmology making use of an S-

brane which forms at the end of the phase of Ekpyrotic contraction. This S-Brane mediates

a transition between contraction and expansion. Graviitational waves passing through the

S-Brane acquire a roughly scale-invariant spectrum, and if the S-Brane has zero shear, then

a roughly scale-invariant spectrum of cosmological perturbatiions results. Here, we study

the production of gauge field fluctuations driven by the decay of the S-Brane, and we show

that the reheating process via gauge field production will be efficient, leading to a radiation-

dominated expanding phase.
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7.1 Introduction

Although the inflationary scenario [48–51] has become the standard paradigm of early

universe cosmology, it has recently been challenged from considerations based on

fundamental physics. On one hand, inflation (at least canonical single field slow-roll

inflation) seems hard to realize in string theory based on the swampland

constraints [19, 22, 55, 126] (see e.g. [21, 112] for a review). On the other hand, the effective

field theory description of inflation is subject to the Trans-Planckian Censorship constraint

(TCC) [24] which forces the energy scale of inflation to be many orders of magnitude

smaller than the scale of particle physics Grand Unification (the scale used in the canonical

single field slow-roll models of inflation), leading to a negligible amplitude of primorial

gravitational waves [25] (see, however, [127] for an opposite point of view on this issue).

Inflation is not the only early universe scenario which can explain the current

observational data (see e.g. [27, 128] for a review of some alternative scenarios). Bouncing

cosmologies (see e.g. [64] for a recent review) and emergent scenarios such as String Gas

Cosmology [28, 30] are promising alternatives. However, at the moment none of the

alternatives have been developed to the level of self-consistency that the inflationary

scenario has. However, in light of the conceptual challenges to inflation, there is a great

need to work on improvements of alternative scenarios.

Among bouncing cosmologies, the Ekpyrotic scenario [4, 66] has a preferred status. The

Ekpyrotic scenario is based on the hypothesis that the contracting phase was one of very slow
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contraction. Such a phase can be realized in the context of Einstein gravity by assuming that

matter is dominated by a scalar field ϕ with a negative exponential potential (but positive

total energy density) such that the equation of state is w � 1, where w = p/ρ is the ratio

betwen pressure and energy density. As a consequence of this equation of state, all initial

cold matter, radiation, spatial curvature and anisotropy is suppressed relative to the energy

density in ϕ. Thus, the Ekpyrotic scenario solves the flatness problem of Standard Big

Bang cosmology, and the homogeneous and isotropic contracting trajectory is an attractor

in initial condition space, as first discussed in [36]. In the words of the recent paper [129],

the Ekpyrotic scenario is a super-smoother 1.

In order to yield a successful early universe cosmology, there must be a well-controlled

transition from the contracting Ekpyrotic phase to the radiation phase of Standard Big

Bang Cosmology. In the past, the transition was either assumed to be singular (breakdown

of the effective field theory description [4,66]) or else obtained by invoking matter fields which

violate the Null Energy Condition [33,39,86–89] (see e.g [130] for a review). In a recent work,

two of us have suggested [111] that the transition arises as a consequence of an S-brane which

appears once the background energy density reaches the string scale 2. From the point of

view of string theory, the S-brane represents string degrees of freedom which decouple at low

energy densities but become comparable in energy to the energy scale of the background and
1Note that the homogeneous and isotropic expanding phase in large field inflation is also a local attractor

in initial condition space [75], as recently reviewed in [76]. Large field inflation is, however, in tension with
the swampland criteria and the TCC [25]

2See [103, 104, 123] for previous work on obtaining a non-singular bounce making use of an S-brane in a
string theoretical setting.
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hence have to be included in the low energy effective field theory as a space-filling object

which is localized at a fixed time. Such a brane has vanishing energy energy density, and

negative pressure (positive tension). As such, it can mediate the transition between the

contracting phase and an expanding universe. In [111] it was shown that gravitational waves

passing through the S-brane acquire a scale-invariant spectrum (with a slight blue tilt) if

they begin as vacuum fluctuations early in the contracting phase. In [131] it was then shown

that, assuming that the S-brane has zero shear, the curvature fluctuations similarly obtain

a scale-invariant spectrum (this time with a slight red tilt), and two consistency relations

which related the amplitudes and tilts of the scalar and tensor spectra were derived.

In the works [111, 131] it was assumed that the universe is radiation dominated after

the transition. Here we study the production of radiation during the decay of the S-brane

and show that, indeed, the post S-brane state is dominated by radiation. In analogy to the

reheating which takes place at the end of inflation, where particle production is driven by

the dynamics of the inflaton field [132, 133] (see [134, 135] for reviews), we can speak of the

process of reheating after Ekpyrosis which we analyze here.

In the following section, we review the S-brane bounce mechanism and discuss the string

theoretic setting of the S-brane. In Section 3 we then discuss the coupling of the S-brane to

the Standard Model radiation field and then (in Section 4) estimate the efficiency of radiation

production during the decay of the S-brane. We conclude with a summary and discussion of

our results.
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We assume a spatially flat homogeneous and isotropic background space-time with scale

factor a(t), where t is physical time. It is often convenient to use conformal time τ determined

by dt = a(t)dτ . The Hubble expansion rate is H ≡ ȧ/a, and its inverse is the Hubble radius,

the length scale which plays a key role in the evolution of cosmological fluctuations. We

use units in which the speed of light and Planck’s constant are set to 1. Comoving spatial

coordinates are denoted by x, and the corresponding comoving momentum vector is k (its

magnitude is written as k). The reduced Planck mass is denoted by mpl and it is related to

Newton’s gravitational constant G via m−2
pl = 8πG.

7.2 S-Brane Bounce

The Ekpyrotic scenario is based on an effective field theory involving a canonically normalized

scalar field ϕ with negative exponential potential

V (ϕ) = −V0e
−
√

2/pϕ/mpl (7.1)

with V0 > 0 and 0 < p � 1 coupled to Einstein gravity. The universe is assumed to begin

in a contracting phase at large values of ϕ and positive total energy. The equation of state

of the scalar field matter is

w ≡ p

ρ
= 4

3p � 1 . (7.2)



7. Reheating after S-Brane Ekpyrosis 112

Hence, in the contracting phase, ϕ comes to dominate over all other forms of energy which

might have been present at the initial time.

Negative exponential potentials are ubiquitous in string theory. In fact, the first

realization of the Ekpyrotic scenario [4, 66] was based on the potential of a bulk brane

moving in a Horava-Witten background [69, 70]. In the context of string theory, we know

that as the energy density of the background approaches the string scale, new stringy

degrees of freedom become low mass and have to be included in the low energy effective

action. In [111], we proposed to do this by adding an S-brane [136] to the action to yield

S =
∫
d4x
√
−g

[
R + 1

2∂µϕ∂
µϕ− V (ϕ)

]
−
∫
d4xκδ(t− tB)√γ . (7.3)

The second term is the S-brane. It is localized at the time tB when the background density

reaches the string scale. In the above, R is the Ricci scalar and g is the determinant of the

four-dimensional space-time metric gµν , γ is the determinant of the induced metric on the

S-brane world volume, and κ is the tension of the S-brane, given by the string scale ηs.

As shown in [111], the S-brane mediates a non-singular transition between Ekpyrotic

contraction and expansion. Since the homogeneous and isotropic contracting solution is an

attractor in initial condition space and any pre-existing classical fluctuations at the beginning

of the phase of Ekpyrotic contraction get diluted relative to the contribution of ϕ, it is
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reasonable to assume that both scalar and tensor fluctuations are in their vacuum state

on sub-Hubble scales. It was shown [111] the gravitational waves passing through the S-

brane acquire a scale-invariant spectrum, and in [131] it was shown that, provided that the

S-brane has zero shear, a scale-invariant spectrum of curvature fluctuations is generated.

The scenario leads in fact to two consistency relations between the four basic cosmological

observables [131], namely the amplitudes and tilts of the scalar and tensor spectra.

In [111, 131] it was simply assumed that the state after the cosmological bounce would

be the radiation phase of Standard Big Bang cosmology, analogously to how the Standard

Model radiation phase follows after inflation. In order for this to be the case, there has to

be efficient energy transfer from the S-brane to radiation. In this paper, we show that this

reheating process exists and is indeed very efficient.

In order to be able to study reheating after the S-brane bounce, we need to better

understand the S-brane microphysics. Let us consider, to be specific, Type IIB superstring

theory. In this theory, the gauge fields of the Standard Model of particle physics, including

the photon field, live on the world volume of D-branes. In the context of Type IIB string

theory, our four-dimensional space-time can be considered to be the world volume of a D3

brane (three spatial and one time dimension) which is located at a particular point along

the compactified spatial dimensions.

Similar to what was done in the original Ekpyrotic proposal [4, 66], we assume that ϕ is

a Kähler modulus related to the size of one of the compact dimensions of space. Negative
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exponential potentials for such moduli fields are ubiquitous in string theory (see e.g. [68] for

a review). In line with the setup of the Ekpyrotic scenario, the evolution begins in a phase

of contraction with positive total energy density, the kinetic energy density being slightly

larger than the potential energy density. As the universe contracts, the energy density

increases until it reaches the string scale, which happens at a value of ϕ which we denote

by ϕs. At that point, the kinetic energy density of ϕ is large enough to excite an S-brane.

Similar to what was done in [136], we will model the S-brane by a tachyon condensate. The

tachyon configuration T (x, t) can be viewed as an unstable four brane, the extra spatial

dimension being, for example, the dimension corresponding to ϕ. Since anisotropies and

matter inhomogeneities are smoothed out in the contracting phase, the tachyon configuration

will be homogeneous T (x, t) = T (t) on the three brane of our space-time volume.

Note that the potential of ϕ at ϕs is negative. Its value can be viewed as the magnitude

of the (negative) cosmological constant in the anti-de-Sitter ground state of the string theory.

The tachyon configuration can be described by a positive potential energy density V (T ) on

top of the negative value of the background. We take the potential to have the form

V (T ) =


−1

2λη
2T 2 + 1

2λη
4, − η < T < η

0, |T | > η ,

(7.4)

where we expect η to be given by the string scale. A sketch of this potential is given in

Fig. 1. In order to represent an S-brane, the total energy density Vgrav (tachyon energy plus
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contribution from the cosmological constant) must vanish at T = 0. This forces η to be of

the order of the string energy scale. It is the quantity Vgrav which determines the evolution

of the gravitational background.

The action of a Standard Model gauge field (e.g. the photon field) on the D3 brane has

the Born-Infeld form (see e.g. [137])

SBI =
∫
dtd3xVtotal(T )

√
det(ηµν + Fµν) , (7.5)

where τ is the tension of the D-brane, Vtotal(T ) is the total potential energy of the tachyon,

and Fµν is the field strength of the gauge field Aµ (in string units). The total potential

energy gets a constant contribution from the tension τ of the D3-brane plus the contribution

from the tachyon field:

Vtotal(T ) = τ + V (T ) + f(∂0T, ∂
2
0T, ...) . (7.6)

where f(∂0T, ∂
2
0T, ...) can be ignored for our case [138, 139], and the constant term coming

from the brane tension does not have any effect on the particle production calculation which

we discuss below.

We are interested in the growth of fluctuations of Aµ which start out in their vacuum
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state. Hence, we can expand the square root and keep only the leading term in FµνF
µν

√
det(ηµν + Fµν) ' 1 + 1

4FµνF
µν . (7.7)

In particular, we then recover the usual gauge theory action for |T | > η where Vtotal(T ) is a

non-vanishing constant.

If we choose the gauge A0 = 0, then for a homogeneous tachyon kink K(t) the action for

the gauge fields becomes [137]

S = −
∫
dtd3xK̇2(t)

(1
4FabF

ab − 1
2ȦaȦ

a

)
, (7.8)

where the indices a, b are spatial ones, and we have extracted the terms with time derivatives.

We have also used the on-shell condition in (7.4) to replace Vtotal by K̇(t), ignoring constant

factors. Note that, during passage through the S-brane, the coefficient K̇ depends on time,

and hence gauge field particle production is possible. This is what we study in the following

two sections.
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7.3 Coupling of Radiation to the S-Brane

We have seen that the coupling of the S-brane to the gauge field Aµ is given by [137]

S =
∫
dtd3xK̇2(t)

(1
4FabF

ab − 1
2ȦaȦ

a
)
, (7.9)

where the indices a, b run only over space, and we have used temporal gauge. This action

can be put into canonical form by defining a rescaled gauge field

Ba ≡ K̇Aa (7.10)

with associated field strength tensor F̃ab. In terms of this rescaled gauge field, the action is

given by [137]

S =
∫
dtd3x

[
1
4 F̃abF̃

ab + 1
2Ba

(
− ∂2

∂2t
+ K,ttt

K,t

)
Ba

]
, (7.11)

where K,ttt stands for the third time derivative of K.

The equation of motion for T in the range −η < T < η is

T̈ − λη2T = 0 , (7.12)
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and its solution is

T (t) =



v
√

η4λ
v2 + 1(t+ P )− η, t < −P

v sinh(η
√
λt)

η
√
λ

, − P < t < P

v
√

η4λ
v2 + 1(t− P ) + η, t > P ,

(7.13)

where we have adjusted the time axis such that T is at the top of the potential at time

t = 0, and v is the velocity of the field at the top. The time interval P is the duration of the

bounce, and is determined by when T (P ) = η.

The scenario we have in mind is now the following. During the phase of Ekpyrotic

contraction, ϕ is decreasing from a very large initial positive value. Once the energy density

of ϕ approaches the string density the S-brane forms. The formation of the S-brane is the

process where T increases from T = −η to T = 0. The decay of the S-brane corresponds

to the motion of T from T = 0 to T = η. During the phase of Ekpyrotic contraction, the

total energy density in the ϕ field is slightly positive. This implies that the magnitude of the

kinetic energy is close to (but larger) than the absolute value of the total potential energy

Vtotal. Hence we expect

v ' λ1/2η2 , (7.14)

where v is defined in (7.13). This implies that

P ' λ−1/2η−1 . (7.15)



7. Reheating after S-Brane Ekpyrosis 119

Figure 7.1: The sketch of tachyon potential V (T ) during the bounce phase.

To make contact with the discussion in [137]), we note that in our case the profile function

K(t) is given by the soliton solution of the equation of motion for T (t):

K(t) = T (t) , (7.16)

which implies that
K,ttt

K,t

= λη2 . (7.17)

7.4 Reheating from S-Brane Decay

As discussed in the previous section, the coupling of the rescaled gauge field Bµ to the S-

brane profile function K(t) is given by (7.11). The resulting equation of motion for the gauge

field Bi is

B̈i − ∂a∂aBi − λη2Bi = 0 , (7.18)



7. Reheating after S-Brane Ekpyrosis 120

which is a wave equation with tachyonic mass term. The solution for the Fourier modes is

given by

Bi(k, t) = c1e
t
√
η2λ−k2 + c2e

−t
√
η2λ−k2

, k < kc (7.19)

Bi(k, t) = c1e
it
√
η2λ−k2 + c2e

−it
√
η2λ−k2

, k > kc ,

with kc ≡ λ1/2η. From (7.20) it is not hard to see that the growing mode k → 0 for t > 0

asymptotically scales as eη
√
λt. The corresponding modes of Ai field, however, is a constant

mode. Therefore there is no growing mode for Ai after t = 0.

In terms of the canonical gauge field, the equation of motion becomes (inserting the

expression (7.16) for K(t))

Äi + 2η
√
λ tanh

(
η
√
λt
)
Ȧi + k2Ai = 0 . (7.20)

The solution of this equation can be written as follows

Ai(t, k) = sech
(
η
√
λt
)
×


c̃1e
−t
√
η2λ−k2 + c̃2e

t
√
η2λ−k2

, k < kc = η
√
λ

c̃1e
−it
√
−η2λ+k2 + c̃2e

it
√
−η2λ+k2

, k > kc = η
√
λ

(7.21)
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In the asymptotic regions t→ ±∞, the equation (7.20) has solutions

Ai(k, t→∞) ∼ e−η
√
λt ×


e±
√
η2λ−k2t, k < kc = η

√
λ

e±i(−
√
η2λ+k2)t, k > kc = η

√
λ

(7.22)

and

Ai(k, t→ −∞) ∼ e+η
√
λt ×


e±
√
η2λ−k2t, k < kc = η

√
λ

e±i(−
√
η2λ+k2)t, k > kc = η

√
λ .

(7.23)

During the phase of Ekpyrotic contraction, any pre-existing gauge field fluctuations are

diluted compared to the energy density in ϕ. Hence, the gauge field fluctuations will be in

their ground state when ϕ hits the S-brane. Hence, focusing on modes with k < kc, we can

write the solution for Ai in the form

Ai =



A
(1)
i = e−ikt√

2
√
k

t < −P

A
(2)
i = sech

(
η
√
λt
)(

c1e
−t
√
η2λ−k2 + c2e

t
√
η2λ−k2

)
− P < t < P

A
(3)
i = α e−ikt√

2
√
k

+ β e+ikt
√

2
√
k

t > P ,

(7.24)

where the constants c1, c2, α and β (which are all functions of k) are determined by
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matching Ai and Ȧi at t = −P and t = P , i.e. using the junction conditions


A

(1)
i (−P ) = A

(2)
i (−P ), Ȧ

(1)
i (−P ) = Ȧ

(2)
i (−P )

A
(2)
i (P ) = A

(3)
i (P ), Ȧ

(2)
i (P ) = Ȧ

(3)
i (P ) .

(7.25)

Using (7.24) and (7.25) we can solve for the Bogoliubov mode mixing coefficients β. Notice

that |β|2 − |α|2 = 1 by the requirement of unitarity. The result is

|β|2 = µ2sech4(µP )
16k2(1− k2

µ2 )
(7.26)

(√1− k2

µ2 + 1
)

sinh
(

2µP
(

1−
√

1− k2

µ2

))

+
(√

1− k2

µ2 − 1
)

sinh
(

2µP
(√

1− k2

µ2 + 1
))2

where we introduced the constant µ ≡
√
λη to simplify the expression. In the infrared limit

k � kc we obtain

|β|2 ≈
k2sech4(µP )

(
4Pµ+ sinh(4Pµ)

)2

64µ2
(
1− k2

µ2

) ∼ k2 , (7.27)

while for k ∼ kc we get

|β|2 ≈ −µ
2sech4(µP )(sinh(2µP )− 2µP cosh(2µP ))2

4k2 (7.28)
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Note that for k > kc the Bogoliubov coefficients are suppressed.

Since the particle number density is given by the Bogoliubov mode mixing coefficient,

i.e. n(k) ∼ |β|2, we can use the above results to give an order of magnitude estimate of the

energy density in gauge fields produced during S-brane decay. The energy density in the

gauge fields can be obtained by integrating over the contribution of all modes with k < kc,

making use of the initial vacuum value

Ak(0) = 1√
2k

. (7.29)

Making use of the solution (7.24) we obtain

ρA(P ) ∼
∫ kc

0
dk

k2

2π2
1
2k |βk|

2k2 ∼ 1
32πλ

2η4 . (7.30)

Here, the first factor of k2 comes from the phase space measure, and the second factor of

k2 comes from the gradients (recall that the energy is gradient energy). The integral is

dominated by the upper limit, and, inserting the value for kc and the result (7.28) for the

Bogoliubov coefficients, we obtain

ρA(τ)
V0

∼ 3
16πλ . (7.31)

This is the main result of our analysis. We expect λ ∼ 1, and hence we see that the S-brane
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can very efficiently decay into radiation.

7.5 Conclusions and Discussion

We have studied the embedding of the S-brane bounce scenario proposed in [111] into string

theory. Considering Type IIB superstring theory, our space-time can be viewed as a D3-brane

on which the usual Standard Model fields (including the gauge field of electromagnetism) live.

At the end point of a phase of Ekpyrotic contraction, an unstable D4-brane is excited and

acts gravitationally as an S-brane. This tachyonic brane fills our three spatial dimensions and

is extended in one further direction (e.g. the direction which corresponds to the Ekpyrotic

scalar field ϕ). The tachyon configuration couples to the gauge fields via a Born-Infeld action.

Hence, during the formation and decay of the D4-brane, gauge field production can occur.

We have shown that the process of gauge field production is very effective and can transfer

a fraction of order one of the S-brane energy into radiation. Hence, there is no obstruction

to efficient reheating after the S-brane bounce. The S-brane will automatically mediate not

only the transition between an initial contracting phase and an expanding phase, but in fact

to the expanding radiation phase of Standard Big Bang cosmology.



125

Chapter 8

Entanglement entropy of cosmological

perturbations for S-brane Ekpyrotic

scenario

We calculate the entanglement entropy of scalar perturbations due to gravitational non-

linearities present in any model of canonically-coupled, single-field ekpyrosis. Specifically,

we focus on a recent model of improved ekpyrosis which is able to generate a scale-invariant

power spectrum of curvature perturbations and gravitational waves as well as have a non-

singular bounce due to an S-brane at the end of ekpyrotic contraction. By requiring that

the entanglement entropy remians subdominant to the thermal entropy produced during

reheating, we get an upper bound on the energy scale of the bounce.
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8.1 Introduction

In a recent paper [140] we studied the momentum space entanglement entropy between

sub- and super-Hubble modes generated by the intrinsic gravitational nonlinearities. We

applied the formalism to inflationary cosmology and found that the entanglement entropy

is a growing function of time since the phase space of super-Hubble modes is increasing. By

demanding that the entanglement entropy remain smaller than the thermal entropy after

reheating, we found an upper bound on the duration of inflation which is consistent with

the constraint [25] coming from the trans-Planckian censorship conjecture [24]. In this paper

we will apply the formalism developed in [140] to the new version of the Ekpyrotic scenario

recently proposed by two of us [111]. Once again, the phase space of super-Hubble modes is

an increasing function of time, and hence the entanglement entropy will be increasing. By

demanding that the entanglement entropy at the end of the phase of Ekpyrotic contraction

be smaller than the thermal entropy after the bounce, we find an upper bound on the energy

scale of the bounce.

The Ekpyrotic scenario [4, 66] is a promising alternative to cosmological inflation. The

scenario is based on the assumption that the cosmological scale factor a(t) is decreasing very

slowly

a(t) ∼ tp with 0 < p� 1 (8.1)

as a function of physical time t, where t < 0 in the contracting period. In the context of
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Einstein gravity, this time dependence of the scale factor can be obtained if matter is

dominated by a scalar field with a negative exponential potential. Such potentials are

ubiquitous in string theory compactifications (see e.g. [68]). A contracting universe with

w > 1 leads to a dilution of spatial curvature and of anisotropies [36]. It is also an attractor

in initial space [129]. These are significant advantages compared to other cosmological

models with a contracting phase (see e.g. [64] for a review of bounce scenarios).

Recently, two of us [111] proposed a new version of the Ekpyrotic scenario in which an S-

brane (see e.g. [136]) arising at string densities mediates the non-singular transition between

contraction and expansion. If the S-brane has zero shear, then roughly scale-invariant spectra

of both cosmological perturbations and gravitational waves are generated [131], with two

consistency relations between the four basic cosmological observables (the amplitudes and

tilts of the scalar and tensor spectra). The decay of the S-brane after the bounce naturally

generates [141] the radiation of the post-bounce universe. In this paper we will consider

entropy constraints on this new scenario.

In the following section we briefly review the equations which describe the phase of

Ekpyrotic contraction. In Section III we summarize the framework for computing momentum

space entanglement between sub- and super-Hubble modes developed in [140]. We then

turn to the computation of the entanglement entropy at the end of the phase of Ekpyrotic

contraction, as a function of the Hubble parameter at that time, and derive the resulting

upper bound on the energy scale of the bounce by demanding consistency with the second
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law of thermodynamics for the full time evolution of the model.

We close this section with some general remarks. We already introduced the cosmological

scale factor a(t) which yields the Hubble expansion rate

H(t) = ȧ

a
, (8.2)

where an overdot represents a derivative with respect to time. The inverse of H is the

Hubble radius. The Hubble radius plays a crucial role concerning cosmological perturbations

(see e.g. [42, 105] for reviews): on length scales smaller than the Hubble radius fluctuations

oscillate. On super-Hubble scales the oscillations freeze out, the fluctuations can be squeezed

and classicalize [59]. Both during an expanding inflationary cosmology and during Ekpyrotic

scenario the Hubble radius decreases in comoving coordinates, and in both scenarios a natural

assumption is that fluctuations start as quantum vacuum perturbations on sub-Hubble scales.

The modes we have access to are the ones which have been able to classicalize. Hence, it

is natural to divide the total Hilbert space of fluctuation modes into sub- and super-Hubble

modes, and to study the entanglement entropy between these two sets of modes. Since

the phase space of super-Hubble modes is increasing as a function of time, the resulting

entanglement entropy will also be increasing. In order to be consistent with the entropy in

the expanding radiation phase, the entanglement entropy at the end of the contracting phase

cannot be too large. It is the resulting constraint on the model which we will here explore.
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We will be using natural units in which the speed of light, Planck’s constant and

Boltzmann’s constant are set to 1. We denote the energy density by ρ and the pressure by

P , keeping the symbol p for the exponent appearing in the expression for the time

evolution of the scale factor (to be consistent with the usual notation in papers on the

Ekpyrotic scenario).

8.2 Description of S-brane ekpyrosis

In the usual realizations of the Ekpyrotic scenario, the slow contraction phase is driven by a

scalar field with negative exponential potential [4, 66]

S =
∫
dtd3x

(
− 1

2∂
µϕ∂µϕ+ V0e

−
√

2
p

ϕ
MPl

)
, (8.3)

where MPl is the Planck mass. Since the potential is steep, the field is not slowly rolling

and we can find an approximate solution by ignoring the Hubble parameter H. This

approximation is further justified since during Ekpyrosis the equation of state parameter

w ≡ P
ρ
� 1 and hence the contraction of the universe is very slow. Using this

approximation, we find that the scalar field evolves according to

ϕ(t) =
√

2p MPl log
(
−
√
V0

p

t

MPl

)
. (8.4)
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Further, using the relation ϕ̇2 = −2ḢM2
Pl, we find that

Ḣ = − p
t2
, H = − p

−t
, a = a0(−t)p . (8.5)

One can check the self-consistency of our approximation by calculating the equation of

state

w = P

ρ
= −ρ+ ϕ̇2

ρ
(8.6)

=
−3H2m2

pl − 2Ḣm2
pl

3H2m2
pl

= −1 + 2
3p � 1 .

From the above, the “slow-roll” parameters can be calculated in a straightforward manner.

Note that only the first order slow-roll parameter is non-zero and is given by

ε = − Ḣ

H2 = 1
p
, η ≡ ε̇

Hε
= 0 . (8.7)

It will be beneficial for us later on to rewrite the quantities above in terms of conformal time

τ(t) =
∫ dt

a(t) = − 1
1− p(−t)1−p . (8.8)
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The background quantities are given by

a(τ) = ã0(−τ)
p

1−p ,

H(τ) = p(1− p)−
1

1−p (−τ)−
1

1−p (8.9)

H(τ) ≡ da

adτ
= −

(
p

1− p

)
1
τ
.

In [111] it was suggested that an S-brane (a space-like brane) will be generated once the

background energy density reaches the string scale. The S-brane is an object with vanishing

energy density and negative pressure (since it has positive tension). Hence, it is an object

which violates the NEC (null energy condition) and allows for the nonsingular transition

between the Ekpyrotic contracting phase and a radiation dominated phase of expansion.

8.3 States for super-Hubble modes

In order to study the entanglement entropy due to mode-coupling between cosmological

perturbations, we study linear fluctuations about a spatially flat FLRW metric. In

longitudinal gauge, the metric can be written as [42,105]

ds2 = −a2(τ)
[
dτ 2(1 + 2φ)− (1 + 2ψ)dx2

]
, (8.10)
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where φ and ψ are the metric perturbation variables. A particularly useful variable is the

curvature fluctuation ζ in uniform density gauge which is given by

ζ = −ψ + H

ρ̇
δρ , (8.11)

where ρ is the background energy density and δρ is the density perturbation. If matter is a

single field minimally coupled to Einstein gravity (as is the case in the Ekpyrotic scenario),

the variable in terms of which the action for fluctuations has canonical form is

v(x, τ) ≡ z(τ)ζ(x, τ) , (8.12)

where

z(τ) =
√

2ε a MPlc
−1
s , (8.13)

where c2
s is the speed of sound squared of the matter source. We can expand this field

in Fourier modes and canonically quantize it, introducing mode creation and annihilation

operators a†k and ak, respectively.

The Hamiltonian derived from the quadratic action in momentum space is organized as
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follows (see e.g. [142])

H2 = 1
2

∫ d3k

(2π)3

[
csk(aka

†
k + a−ka

†
−k)

]
−1

2

∫ d3k

(2π)3

[
i

(
z′

z

)
(aka−k − a†ka

†
−k)

]
, (8.14)

where a prime denotes a derivative with respect to conformal time. The second term is

the source of the two-mode squeezing term while the first one is the usual free part of the

quadratic Hamiltonian, as in Minkowski space.

In the Heisenberg picture, the equation for ak is written

dak

dτ
= z′

z
a†k − icskak . (8.15)

In the case of inflation z′

z
= − 1

τ
. Hence, on super-Hubble scales (for which the momentum

term on the right hand side of (8.15) is negligible), the z term results in a highly squeezed

vacuum. In contrast, during a phase of slow Ekpyrotic contraction z′

z
= − p

(1−p)τ for super-

Hubble modes. Since p � 1 the amount of squeezing is very small. In the limit p → 0, the

equation for the annihilation operators becomes the same as in flat spacetime quantum field

theory.

Since the squeezing term is sub-dominant for Ekpyrosis, we can safely ignore the squeezing

entropy which plays a crucial role for inflation, and focus on the entanglement entropy

generated by the leading gravitational nonlinearities, i.e. by the cubic interaction term in
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the Hamitonian. This will be the topic of the following sections.

8.4 Entanglement entropy for scalar perturbations due

to gravitational non-linearities

In this section we turn to the computation of the momentum space entanglement entropy

between super- and sub-Hubble modes generated by the gravitational nonlinearities. In

applications to black hole physics and in the context of the AdS/CFT correspondence,

entanglement entropy is usually considered in terms of position space

entanglement [143–147]. However, when considering the entropy of cosmological

perturbations, it is more natural to consider momentum space entanglement. The reason is

that the basic variables are the momentum modes of the fluctuations. The modes that

classicalize and become accessible to cosmological experiments are the super-Hubble

modes, with the sub-Hubble modes acting as a sea which are not directly accessible.

Hence, it is natural to consider the entanglement between super- and sub-Hubble modes.

In a previous paper [140], momentum space entanglement entropy was studied in the

context of inflation, generalizing the formalism developed in [148] (see also [149–153] for

earlier work on the entropy of cosmological perturbations).

The entanglement entropy due to the mode coupling by the leading order cubic

nonlinear terms can be calculated as follows. First, we break up the Hilbert space of scalar
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perturbations into sub-Hubble and super-Hubble modes, i.e.

H = Hsub ⊗Hsuper . (8.16)

The super-Hubble modes shall be treated as our system which is coupled to the bath of

sub-Hubble modes. We shall carry out this calculation in Fourier space. Since our analysis

is in the framework of an effective field theory, we need to apply MPl as a physical cutoff for

our sub-Hubble modes. The total Hamiltonian can be described as

H = Hsub ⊗ I + I⊗Hsuper + Hint , (8.17)

where Hsub and Hsuper refer to the quadratic Hamiltonian for the scalar modes with momenta

k < aH and k > aH, respectively. Hint refers to the interaction Hamiltonian due to our

cubic non-Gaussian term.

As discussed in [140] (based on [154] and [43]), in terms of the variable ζ, the integrated

interaction Lagrangian is given by

S3 = M2
Pl

∫
dt d3x

[
a3ε2ζζ̇2 + aε2ζ(∂ζ)2

− d
dt

(
a3ε2ζ2ζ̇

)]
(8.18)

where we neglected nonlocal terms and used the fact that ε is constant. Since in the case of
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the Ekpyrotic scenario the dominant mode of ζ is constant, the leading interaction term in

the action is

S3 = M2
Pl

∫
dt d3xaε2ζ(∂ζ)2 . (8.19)

Using conformal time, and in terms of the canonical variable v, this interaction term takes

the form

S3 =
√
ε

2
√

2 aMPl

∫
dτ d3x v (∂v)2 (8.20)

To make contact with the formalism to compute the entanglement entropy developed

in [148] and applied in [140] to the case of inflationary cosmology, we note that the effective

coupling λ is

λ =
√
ε

2
√

2aMPl
, (8.21)

from which we can define a dimensionless interaction parameter, given by

λ̃ =
√
εΛ

2
√

2aMPl
, (8.22)

where Λ is a renormalization scale which we expect to be the Planck scale.
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8.5 Entanglement Entropy of scalar perturbations

As a consequence of the nonlinearities, an initial vacuum state of both system and bath

modes gets excited. At time t the state |Ω〉 becomes

|Ω〉(t) = |0, 0〉 +
∑
n6=0

An(t)|n, 0〉+
∑
n6=0

BN(t)|0, N〉

+
∑

n,N 6=0
Cn,N(t)|n,N〉 , (8.23)

where |n〉 denotes an n-particle state of the system (in fact, a product state over all super-

Hubble k modes), and |N〉 is the corresponding state for the bath. At the initial time, the

coefficients An, BN and Cn,N all vanish, and they build up gradually over time due to the

gravitational interactions.

As shown in [148] and generalized in [140] in the case of a time-dependent background,

the induced entanglement entropy between the super- and sub-Hubble modes is induced by

the interaction coefficients Cn,N in the following way

Sent = −λ2 log
(
λ̃2
) ∑
n,N 6=0

|C̃n,N |2 . (8.24)

For an infinite set of modes labelled by a continuous index k, the summation becomes a

momentum space integral. We use the dimensionless effective coupling as the argument of

the logarithm to make this term well-defined. However, in the end, this term will not be too
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important for our purposes as we shall ignore the logarithm term to focus only on the rest

of the factors to get an order of magnitude estimate for the bound on the energy scale of the

bounce.

We follow the analyses of [140] in order to calculate the entanglement entropy in this case.

For the contracting phase in Ekpyrosis, the squeezing of the state of fluctuations on super-

Hubble scale is negligible and we can set rk(η) ∼ 0 for the calculation. Hence, the general

formula (62) of [140] simplifies to yield the following expression for the induced entanglement

entropy density per comoving volume (please see the Appendix for details)

s = (2π)3λ2 log
(
λ̃2
) ∫ aH

kI
d3p3

∫ aMPl

aH
d3p2

∫ aMPl

aH
d3p1 δ

3(p1 + p2 + p3) 1
(p1 + p2 + p3)2

(
p1p2

p3

)

(8.25)

=− λ2 log
(
λ̃2
) ∫ aH

kI

d3p3

(2π)3

∫ aMpl

aH

d3p2

(2π)3

(
p2

√
p2

2 + p2
3 + 2p2p3 cos θ
p3

)
1

(
√
p2

2 + p2
3 + 2p2p3 cos θ + p2 + p3)2

Notice that the super-Hubble mode p3 gets an infrared cut-off by kI while the sub-Hubble

mode p2 has a natural, physical UV-cutoff given by aMpl. The meaning of the IR cut-off can

be thought of as follows: If there is a phase prior to Ekpyrosis, then we shall only consider

super-Hubble modes generated during Ekpyrosis for our calculations. However, note that

unlike in the case of inflation, we are free to take the limit kI → 0 for our integral without
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encountering any divergences. Generally we take p3 � p2 when (8.25) is evaluated. Thus,

we obtain

s ≈
λ2 log

(
λ̃2
)

4π4

∫ aH

kI
dp3 p

2
3

∫ aMPl

aH
dp2 p

2
2

1
4p3

≈
λ2 log

(
λ̃2
)

48π4

[
(aH)2 − k2

I

]
·
[
(aMPl)3 − (aH)3

]

∼ 1
192π4p

log
(

1
2
√

2pa

)
a3MPlH

2 . (8.26)

In the last line, we have replaced the slow-roll parameter ε by the small number p and

set Λ = MPl. Dividing by the factor a3 we obtain the the entropy density per physical

volume element. We see that the entanglement entropy (per unit physical volume) grows

logarithmically as a function of time in the contracting phase, ignoring the time-dependence

of H.

If we interpret entanglement entropy as a contribution to the entropy which should obey

the second law of thermodynamics, then we can obtain an upper bound on the energy scale

of the bounce (or equivalently on the value of H just before the bounce) by demanding

that the entanglement entropy (8.26) be smaller than the thermal entropy density after the

bounce which is calculated as follows

s

V0
= 4

3
( 30
π2g

)1/4
ρ1/4 = 4

3
( 90
π2g

)1/4
H3/2M

3/2
pl (8.27)
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where g is the number of effective spin degrees of freedom in the thermal bath after the

bounce. From (8.27) and (8.26) we obtain the condition

(
H

MPl

)1/2
< 256π7/2

(90
g

)1/4
p . (8.28)

This sets an upper bound on the string scale, the energy scale where the S-brane will

occur. It is not a very stringent bound. Assuming that the S-brane arises at string energy

density, then the above equation yields the corresponding bound on the string energy scale

in Planck units.

8.6 Conclusions

We have computed the entanglement entropy between sub- and super-Hubble modes during

a phase of Ekpyrotic contraction. We found that this entropy grows logarithmically with

decreasing scale factor. Demanding that the entanglement entropy at the end of the phase

of contraction does not exceed the thermal entropy after the bounce, we obtain an upper

bound on the energy scale of the bounce.
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Appendix: Calculation of entanglement entropy

In order to explicitly calculate the entanglement entropy, we first need to evaluate the matrix

elements, given by

Cn,N := −i
∫ τ

τ0
dτ ′ ei(p1+p2+p3)τ ′ 〈n,N |Hint(τ ′) |0, 0〉 . (8.29)

Note that the interaction Hamiltonian can be derived from (8.20) and is given by

λ(τ)Hint = λ(τ)
∫

∆

√k2k3

k1

(
c†−k1

c†−k2
c†−k3

+ ck1c
†
−k2

c†−k3
+ . . .

)
+
√
k2k1

k3

(
c†−k1

c†−k2
c†−k3

+ . . .
)

+
√
k1k3

k2

(
c†−k1

c†−k2
c†−k3

+ . . .
) , (8.30)

where λ is given by (8.21) and we have defined
∫

∆ :=
∫ d3k1

(2π)3
d3k2
(2π)3

d3k3
(2π)3 (2π)3 δ3(k1 + k2 + k3)

and the ‘dots’ are permutations.

Since the squeezing is negligible for Ekpyrosis, both the sub- and super-Hubble modes

are in the Minkowski vacuum. This makes the evaluation of 〈n,N |Hint(τ ′) |0, 0〉 relatively

simpler compared to the case for inflation, and we need to only consider terms in Hint of

the form c†−kc
†
−kc

†
−k, where two of the modes can be sub-Hubble and one super-Hubble or

the other way around. Once again, since the vacuum state is the same for both sub- and

super-Hubble modes, the dominant contribution is going to be from the case where there are
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two super Hubble modes. We find:

〈n,N |Hint(τ ′) |0, 0〉 ∼
√
p1p2

p3
, (8.31)

where p1, p2 are sub-Hubble and p3 is the super-Hubble mode. (The other terms proportional

to
√
p1p3/p2 and

√
p2p3/p1 are sub-dominant in this case.) Plugging this into the expression

for the matrix element (8.29), we find

Cn,N = −i
∫ η

τ0
dτ ′ ei(p1+p2+p3)τ ′

√
p1p2

p3
. (8.32)

This is where the negligible squeezing for Ekpyrosis plays a crucial role so that we can

evaluate the matrix elements as if for time-independent perturbation theory. Using this, one

can calculate the entanglement entropy as

Sent ∼ (2π)3
∫ aH

H

d3p3

(2π)3

∫ aMPl

aH

d3p2

(2π)3

∫ aMPl

aH

d3p1

(2π)3 δ
3(p1 + p2 + p3)

(
p1p2

p3

)
×∣∣∣∣∫ τ

τ0
dτ ′ ei(p1+p2+p3)η′

∣∣∣∣2 λ2(τ ′) log
(
λ̃2(τ ′)

)
. (8.33)

The time-dependence of the coupling parameter λ(τ) is extremely weak in Ekpyrosis

since it is only due to the presence of the scale factor a(τ), which itself changes very slowly

in conformal time. Therefore, one can pull the λ2 log
(
λ̃2
)

term outside the integral and
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then one arrives at the result given in (8.24), with C̃n,N being the time-independent matrix

elements. As shown in this Appendix, in the case of Ekpyrosis, one can easily work with the

time-independent matrix elements (due to the weak dependence of the interaction parameter

on conformal time and having an usual flat vacuum for the super-Hubble modes) and we

recover the results discussed in the main body of the text.
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Chapter 9

Conclusion and Future work

In this thesis, I propose a new mechanism generating Ekpyrosis as an alternative scenario to

inflation, which can successfully solve the puzzles of the Hot Big Bang Universe and avoid

other theoretical inconsistencies of inflation.

In chapter 5, we propose an Ekpyrotic model with an S-brane located at the bouncing

point and show that this results in a nearly scale-invariant tensor power spectrum which

is different from results of other Ekpyrotic models, which generally predict a highly blue

tilted vacuum spectrum. In chapter 6, the matching conditions at the matching surface are

discussed in detail. By carefully choosing the matching condition on a zero-shear surface, a

slightly red tilted scalar power spectrum is obtained with the correct amplitude. All of the

results from chapters 5 and 6 are either consistent with current cosmological observation or

waiting for future tests.
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In chapter 7, a reheating mechanism after the Ekpyrotic contraction phase is studied.

We illustrate that the decaying process of the S-brane into radiation fields is efficient enough

to generate matter to support Hot Big Bang Cosmology. In chapter 8, the entropy of

cosmological fluctuations during the contracting phase is calculated. The result provides a

theoretical lower bound on the reheating temperature after the bounce.

Current cosmological observations measures non-gaussianities at higher precision in the

past, which can be a powerful tool to distinguish or falsify different early universe models.

By studying the non-gaussianities of cosmological fluctuations from S-brane Ekpyrosis, the

parameters space of the model couble be constrained more. Besides, as mentioned in chapter

4, the ekpyrotic contraction is an attractor towards spatial flatness. It is promising to explore

whether the existence of the S-brane will break the solution. These are topics for further

research.
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