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Abstract

In this thesis, we study two topics concerning the analytic properties of automorphic
L-functions. First, we study mean values of twisted L-functions of unitary automor-
phic cuspidal forms of GL, over the rational number field and then, the Langlands’
reciprocity law for finite Galois extensions of algebraic number fields. We prove an
asymptotic formula, and a bound of the mean value of L-functions twisted by some
sort of quadratic characters at critical points and at 1/2 respectively. As a corollary
of the asymptotic formula, we prove a nonvanishing result for GL,. We also establish

the Langlands’ reciprocity law for certain Frobenius extensions of algebraic number

fields.

Resumé

Dans cette thése, nous étudions deux sujets concernant les propriétés analytiques
des L-—fonctions automorphiques. D’abord, nous étudions des valeurs moyennes des
L—fonctions tordues de formes cuspitales automorphiques unitaires de GL, sur le
corps rationnel de nombre et ensuite la loi de réciprocité de Langlands pour les ex-
tensions finies de Galois des corps algébriques de nombre. Nous démontrons une
formule asymptotique et une limite de la valeur moyenne des L—fonctions tordues
par un certain genre de caractéres quadratiques aux points critiques et & 1/2 respec-
tivement. Comme un corollaire de la démonstrons un résultat non-trivial pour GL,.
Nous établissons aussi la loi de réciprocité de Langlands pour certaines extensions de

Frobenius des corps algébriques de nombre.



C

Contents
0 Introduction

1 L-Functions of Automorphic Representation of GL,
1.1 Nonarchimedean Local L-Functions and e~ Factors . .. ... ... .
1.2 Archimedian Local L-Functions . ....................
1.3 Global L-Function and e-Factors . . . . ... ..............

1.4 The L-Functions Twisted by Characters . . ..............

2 Mean Value of L-Functions Twisted by Characters
2.1 The Order of Twisted L-Functionsat 1/2 . . . . ... .........
2.2 A Mean Value at the Critical Points. . . . . ..............

23 A Bound of the Mean Valueat 1/2 . ... ... ............

3 Some New Reciprocity Laws

31 ArtinL-Functions . . . ... ....... .. ... .. ... . .. ...

3.2 Base Change and Automorphic Induction. . . .. ... ........
3.3 Reciprocity Law for Some Frobenius Extensions . .. ... ... ...
References

10
17

20

31

31

38

61

61

72



C

0 Introduction

We study the values of the automorphic cuspidal L-functions of GL, twisted by
characters at critical points and the Langlands’ reciprocity law between Galois rep-

resentations and automorphic representations.

The first one was motivated by the so-called non-vanishing problem. Let F be an
algebraic number field, F4 be the ring of adeles of F. Given an irreducible automorphic
cuspidal representation of GL.(Fy), is there a character x of finite order of the idele
class group of F such that

L(1/2,x x x)#0 ?

It is well known that such a nonvanishing problem is closely related to some lifting
problems. For example, Waldspurger found that for a given irreducible unitary au-
tomorphic cuspidal representation 7 of PGL2(F,), the corresponding representation
under the Howe correspondence is an automorphic representation of SL_Q(F‘A_) if and
only if, there is a quadratic character x such that L(1/2,x x x) # 0 with another
hypothesis. For this see [Pia]. In some situations, the non-vanishing result of the L-
function twisted by a Hecke character, not necessarily quadratic, already is enough,

in, for instance, the recent work of Ginzburg and Ash [G-A].

D. Rohrlich [Roh 1] prayed the the following nonvanishing theorem on GL,. Let x
be an irreducible automorphic cuspidal representation of GL; over any number field
F, and s be a complex number. Then there are infinitely many ray class characters
x of F ( of finite order), such that L(so,® X x) # 0. It is natural to ask the two
questions. One is, can we replace characters of finite order in Rohrlich’s theorem by

quadratic characters ? The other one is, can we generalize this theorem from GL; to

GL,?
In the preprint paper [B-R] of Barthel and Ramakrishnan, it was proved that for a
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given irreducible unitary automorphic cuspidal representation x of GL, over F, r >2,
then for any complex number so with Re so € (375, 1 — 5.=5), there are infinitely
many ray class characters x of F such that L(sq, 7 x x) # 0. After the behavior of the
root number and conductor under a twisting by a character is established, the proof
is almost a direct generalization of that of Rohrlich’s. Now how is the nonvanishing
problem of L-functions twisted by quadratic characters 7 At the point 1/2, the center
of the critical strip of L-functions, it was known that the non-vanishing result does
not always hold. In fact, Rohrlich gave some such examples in [Roh 2]. One of
them uses Maass forms f of PGL; for the full modular group SL;(Z) satisfying
f(—2) = —f(2). In this case the L-function twisted by any quadratic character does
vanish at 1/2. The proof for this fact is based on a criteiria due to Waldspurger
which says that for an irre:iucible automorphic cuspidal representation of PG L, over
F, there is a quadratic character x such that L(1/2,7 x x) # 0 if and only if the
following holds: if 7, is a principal series representation for every place v of F, then
€(1/2,7) = 1. However, In [K.Mur], the nonvanishing result of holomorphic modular
form twisted by quadratic charcaters was proved. And D. Bump, S. Friedberg and
J. Hoffstein [D-F-H] proved a version of a non-vanishing theorem of quadratic twist.
Let f be a Maass form of PGL, over the imaginary quadratic field F' = Q(i) such
that f(vz) = f(2) or f(vz) = 0(7)f(2), for any v € PGLy(O), where O is the ring of
integers of F and o is the trivial character which is trivial on the principal congruence
subgroup modulo 1 + i. They proved that for such an f and a complex number s
with Re sp > 1/2, there exist infinitely many quadratic characters x of the idele class
group of F such that L(so;x x x) # 0. And, recently Hoffstein and Friedberg [F-H]
found some sufficient conditions for the nonvanishing theorem of quadratic twist of
the GL; over any number field. Roughly speaking, they proved that if = satisfies one

of the following conditions:



1) m ¢ 7,
2) 7 ~ 7 and there is a quadratic character xo such that €(1/2,7 x xo) = 1,
then there are infinitely many quadratic characters x such that L(1/2,7 x x) # 0.

For general GL,, even over the rational number field, we still do not know if there
is some similar condition on 7 which can ensure the non-vanishing of a quadratic

twist.

In this thesis we consider only these critical points with their real parts bigger
than 1/2, because of the existence of vanishing examples of quadratic twists at 1/2.
Our idea is to get an asymptotic formula of the mean value of twisted L-functions by
some sort of quadratic characters at point w, Re w > 1/r. This is our Theorem 2.3.
Let Ly(s,x) denote the L-function defined originally by the Euler product of the local
L-factors over only finite places.

Theorem 2.3 Let 7 be an irreducible unitary automorphic cuspidal representation

of GL,(Q4), with the trivial central character and the conductor A. Assume that

[ ]

Z _a,,,z(:r) converges absolutely in Res > 1
m=1

o0

$ 2=el)

converges absolutely in Res > 1.
m=1

Then
i) if we assume GRH for every Dirichlet character, then for every w with maz(1/2, 1—-
1) < Re w < 1 we have

Z Li(w,m x xp) =CY + o(Y);
<D<Y

%’s 1(44)

D square free
ii) for r < 2, then for 6(r) < Re w < 1 the asymptotic formula in i) is also true
without GRH, where §(1) = 1/2, 0(2) = 11/16, where

1 1 2 -w -1\~1
C= WA—)@- my,mp amlmé’(”)(mlmz) H (1 +p ) )

plm2
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If the asymptotic constant in the theorem is not zero, then for the complex number
w in the theorem, there are infinitely many quadratic characters such that the twisted
L-functions are non-vanishing at w. But, unfortunately, we have not yet proved the
nonvanishing of the asymptotic constant for r > 2. For r=2, it is not zero. Indeed,
there is a simple connection between this constant and the symmetric square of .
Gelbart -Jacquet’s lifting theorem says that for an irreducible automorphic cuspidal
representation 7 of GL,, the symmetric square L-function of = is the L-function of
an automorphic representation of GLs. Then by the non-vanishing of automorphic
L-functions for Re s > 1, the asymptotic constant in the theorem is nonzero for r=2.
Therefore we can prove a nonvanishing result for r=2, i.e, the following corollary.
Corollary 2.3 Let 7 be an irreducible unitary automorphic cuspidal represention of
GL3(Q4) with the trivial central character. Assume GRH for L-functions associated
to Dirichlet characters. Then for every w with 1/2 < Re w < 1, there are infinitely
many quadratic characters xp such that L(s,x x xp) does not vanish at w.
We should point out that this nonvanishing result for GL, is contained in the result
of [F-H] already. But our proof is different from [F-H]’s and we give the asymptotic

formula here.

The main idea in the proof of Theorem 2.3 is from the paper of [M-M]. That is
for given w, 1/2 < w < 1 we consider the integral

-2—:; 1‘1) Ly(w+ s,x x xp)X*T(s)ds, v>1—w,

where Ls(s,® X xp) is the finite part of L(s,* x xp), X is our parameter evaluated
with respect to Y at the end of the proof to ensure the error term smaller with respect
to the main term. Then we apply the functional equation satisfied by L(s,® x xp)

and move the line of the integral to the left of the origin and pick up the residue at
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the origin. After summing D up to Y we get

Z Ly(w,® x xp) = sum part + integral part,

where

sum part = i:: %exp(—m/z) ) g_:y xp(m).

The main term in the theorem comes from those m in the sum part which essentially
are square. In our estimation on the error terms, two things play the crucial roles.
One is Burgess’ estimation on the mean value of a character. This estimation says
that for a nontrivial Dirichlet character x mod M and any ¢ > 0 we have

| Z X(n)l <. H1,2M3/16+E.

X<n<X+H
The other one is the Ramanujan conjecture on average for an irreducible unitary
automorphic cuspidal representation of GL, which is known by a standard argument

of applying the analytic property of Rankin-Selberg convolution of two cuspidal rep-

resentations of GL, and Landau’s theorem in analytic number theory, see [B-R].

In this theorem we work on those automorphic cuspidal representations with
their central characters trivial. This restriction is to control the root numbers under
the twists which are determined in [B-R]. Among Rohrlich’s vanishing examples of
quadratic twist, all of them have trivial central characters. Up to now we do not
know whether there is a vanishing example of quadratic twists at 1/2, which has a
nontrivial central charcter. [F-H]’s results tell us that for GL, the central character of
7 is trivial or quadratic or not, almost determines the possibility of the nonvanishing
of quadratic twist. Maybe our restriction on trivial central character puts us in a
much more difficult situation for the non-vanishing of quadrétic twist at 1/2 even at

other critical points, while we can control the twisted root numbers.
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At the point 1/2, we prove a bound for the mean value of quadratic twists of
L-functions.

Theorem 2.4 Let © be an irreducible unitary automorphic cuspidal representation

of GL,(Q4) with the trivial central character and conductor A. Assume the same

condition in Theorem 2.3. Then

Y% (logY)? ifr>1

. L;(1/2,1r X xp) €
0<D<LY
=1 4) Y3 logY  ifr=l

D
D square

BIA

This theorem gives an improvement of the corrollary to Theorem 1 of Goldfeld and

Viola in [G-V]. The main difference from the proof of Theorem 2.3 is that instead of
evaluating X at the end of the proof, we let X = AD" before we take the summation

up to Y, where A is the conductor of .

The reason we only work on the rational number field is that for arbitray num-
ber field some basic estimations such as Polya-Vinogradov inequality, and Burgess’

estimation used in our proofs are not yet known to us.

Now let us turn to our second topic, the reciprocity law. We fix a finite Galois
extension E/F of number fields. As one particular example of the vast reciprocity
conjecture made by Langlands, the reciprocity law says that for every irreducible
complex representation p of degree n of Gal(E/F) there corresponds a unitary auto-

morphic cuspidal representation 7(p) of GL,(F,4) such that
L(s,p, E/F) = Ly(s,n(p)),

where the L-function on the left side is the Artin L-function attached to p. It is
known that an irreducible unitary automorphic cuspidal L-function of GL, is an

entire function except for the case of n=1 and the trivial representation. Therefore,
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the reciprocity law implies the Artin conjecture which says that the Artin L-function
of a nontrivial irreducible complex representation of Gal( E/F’) is an entire function.
For n=1, the reciprocity law is exactly the statement of abelian class field theory.
This is why Artin proved his one dimensional reciprocity law. If p is induced from a
one dimensional representation, ( in this case we call p monomial.), then the Artin
conjecture is true for p. In general we only know that the Artin L-functions at
least are meromorphic functions by Brauer’s theorem. This theorem expresses every
irreducible complex representation of a finite group G as a Z-linear combination of
induced representations from one dimensional representations of subgroups of G. If p
is two dimensional and if the image of p(Gal(E/F)) in PGL,(C) is solvable, then the
reciprocity law is true for p by the work of Langlands and Tunnell, see [Lan], [Tun).
In Langlands’ proof there are two important ingredients. The one is the existence of
base change map on GL; proved in [Lan]. The other one is the lifting result from GL,
to GL3 due to Gelbart and Jacquet in [Gel-Jac]. In Tunnell’s proof, the existence
of the base change map on GL, was used, and the base change result on any cubic
extension also played an important role. After Langlands and Tunnell’s work, Arthur
and Clozel obtained the base change map and automorphic induction map on cyclic
extentions for GL, in [A-C]. By this and the analytic property of the Rankin-Selberg
convolution of two automorphic cuspidal representations of GL,, they were able to
prove that the reciprocity law is true for nilpotent extensions. Since every irreducible
representation p of a nilpotent group is monomial, the Artin conjecture is true for p.
Though this does not sa;.y any thing new on Artin’s conjecture, it is really new since
we have not known how to prove the reciprocity law for monomial representations in

general ( if we know, we would be able to prove the reciprocity law in general).

In this thesis we prove a new reciprocity law on some Frobenius extensions, basing

on the results obtained by Langlands, Tunnell, and Arthur and Clozel. For the



definition of a Frobenius group, see section 3. Our result is

Theorem 3.1 Let G=Gal(E/F) be a finite Frobenius group, K be its Frobenius

kernel, H be its Frobenius complement. Let F(H) be the mazimal normal nilpotent
subgroup of H. If H/F(H) is nilpotent then G is automorphic over F.
That is, the reciprocity law holds for E/F.

Let us mention Proposition 3.6 which is used in the proof of Theorem 3.1. It is
actually a combination of the results of Langlands, Tunnell, Arthur and Clozel. Up
to now, as we know, almost all examples for which the reciprocity law holds are not

essentially beyond it.

Throughout this thesis we use the language of representation theory on adele
groups. In section 1 we introduce some definitions of automorphic representations
and their L-functions and Rankin-Selberg convolutions. Meanwhile we record some
properties of L-functions and give some explicit formulas of the L-functions, including
local, global and twisted L-functions which will be used in section 2. In section 2,
Using the explicit formula due to Weil and Mestre, we first prove the two theorems
which are on some bounds of the orders of zeros of twisted L-functions at 1/2, under
the General Riemann Hypothesis and Ramanujan Conjecture on automorphic L-
functions. Then after several lemmas, we prove Theorem 2.3 and Theorem 2.4. In

section 3 we prove Theorem 3.1.



1 L-Functions of Automorphic Representation of

GL,

Let F be a global number field or a local field. If F is a global number field and v is
a place of F, let F, be the completion of F corresponding to v. Let R, C denote the
field of real numbers and the field of complex numbers respectively, unless we give

some specified description.

Denote by GL, or G, the reductive group of the r by r invertible matrices defined
over F, GL,(F) the F rational points of GL,.

Let P(ry,ry,...,ry) be the standard parabolic subgroup of G, of type (r1,...,7n)
i.e. on its diagonal line are the matrices in G,, and its left lower part is zeros. We
denote the unipotent radical of such a parabolic subgroup by N(ry,r, ..., rs) which is
in P(ry,---,rs) and has I,,,i = 1,..,n on its diagonal. Let M(r,, «..sTn) be reductive
part of P(ry,...,rn) which has G,,,i = 1,...,n on its diagonal, its other entries are 0.
If all r;’s are 1, we just write P,, N, and M, for the corresponding parabolic subgroup,
its unipotent radical, and its reductive part respectively. For every P(ryy...,r) we

have the decomposition:

P(ryy.c.,tn) = M(r1, ..y ra) N(ry, ..y 1),

When F is a global n@ber field, the ring F4 of adeles of F is the restricted product
of {F,}, with respect to {O,},, where O, is the integers of F,. Then G, (F4) =
[1, G+ (F,) is the restricted product of groups G,(F,) with respect to {G:(0.)},. The

‘group G (Fj) has its topology inherited from the product topology of the local groups
whose topologies come from the local absolute valuations. For this topology G,(Fy)
is a locally compact group. Let K, = G,(0,) if v is a finite place, K, = O(r, R) if
v is real, K, = U(r,C) if v is complex. And we define K = I1, K,. It is well known
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that every K, defined above is a maximal compact subgroup of G,.(F,), and K is a
maximal compact subgroup of the G,(Fjy).

To give a definition of L-functions of automorphic representations of GL,, we shall
adopt the Zeta -Integral approach called the Tate method which was generalized from
GL, to GL, in [J-L] ,to GL, in [G-J]. Such an approach can give us an explicit form

of the L-functions at ramified local places.

1.1 Nonarchimedean Local L-Functions and ¢— Factors

Let F be a local nonarchimedean field, q be the cardinality of the residue class field

of F, |.| the corresponding absolute value.

A smooth representation (x,V), where V is the complex vector space on which
7 acts, is a representation of G,(F) satisfying the condition that for every v in V
the stabilizer of v in G,(F) is an open subgroup. A smooth representation (7, V) is
called admissible, if for every open subgroup G of G,(0O) the subspace fixed by G is

of finite dimension.

We call an irreducible admissible representation (x, V) unitary, if there is a non-
degenerate positive definite Hermitian form on V which is invariant under the action
of G,(F). It is obvious that a character is unitary if and only if it has the absolute
value 1. If the restriction of * on K = G,(O) contains the trivial representation of

K, we say that 7 is unramified.

Let (7, V) be an admissible representation of G,(F). Then there is an admissible
representation (7, f/) characterized by the property that there is a nondegenerate

bilinear form on V x Vssuch that
(m(g)v,0) = (v,%(¢97")D)

10



for all g € G,(F),v € V,5 € V. We call this representation # the contragredient

representation of 7.

Remarks. 1) = is irreducible or unitary or unramified if and only if # is respectively,
and 7 = 7. 2) For an irreducible admissible representation =, the restriction of the x
on Z is a scalar, if Z is the center of G,(F). We call the character of F* arising by

this scalar the central character of 7, and denote it by w,.

Let H be a closed subgroup of G,(F),(p, W) be a representation of H, we can
define the induced representation from p in the usual sense. Let V be the space of all
functions from G,(F) to W satisfying the conditions:

1) f(hg) = p()f(g) for all h € H, g € G,
2) there is an open compact subgroup G of G, such that

flgg') = f(g) forall g € G,, ¢'€@G.

Then we let G,.(F) act on V by right translations. We denote this representation by
I nd,G,'(g;')p.

For a standard parabolic subgroup P(ry,...,r,) of G,, if o; is a representation of

Gy,(F) i=1,...,n, then the [}, 0; is a representation of M(ry,...,r,)(F). We extend

it to a representation o of the P(ry,...,r,)(F) by letting it trivial on N(ry,...,r,),

then induce o ® 6};’ % to G,(F), where 8p is the modulu function of P. We denote such

an induced representation = by
7 = I(G,, P;01,...,05).

It is known that
1) if every o; is admissible, then x is admissible;

2) # = I(Gy, P; 51, ...y 52).

11



An irreducible admissible representation (7, V) of G,(F) is called absolutely cus-
pidal, if for any maximal parabolic subgroup P of G, and N the unipotent radical of
P, then the integral

dn=0
‘/N(F) m(n)vdn
for everyvin V.

We call a function f on G,(F) a coefficient of «, if f is a linear combination of

(x(g)v, ),
for some v € V,% € V. The function f(9) = f(g7™?) is a coefficient of .

We call an admissible representation = square integrable, if # admits a unitary
central character and all its coefficients are square integrable through the center of
G,(F). If # = m ® |.|* with mo square integrable and t real, we say = is essen-
tially square integrable. Bernstein’s result says that if given the data: r=nj and

P(j,...,3), 00 absolutely ciispidal representation of G;(F), then the representation
I(G,, P;o,...,0,),

where 0; = 0o ® |.['"?, has a unique essentially square integrable component. Con- -

versely every essentially square integrable representation comes in this way.

If we bave P = P(ry,...,r,;) and 7 = I(G,, P;a,...,0,) with every o; square
integrable, we call = tempered. If x# = 7o ® |.|*, xo tempered and t real, we say = is

essentially tempered .
Given P(ry,...,Tn),0:i = 0,0 @ |.|%, with 0;¢ tempered, t; real for i=1,...,n, then
I(GT’ P; 1% PRI an)

has a largest subrepresentation I’, and we denote the irreducible representation 7 =
I/I' by
7 = J(G,, P;01,...,04).

12



Now we can state the main results on irreducible admissible representations by the
following proposition which is the extension of Langlands’ theorem for archimedean

case to the nonarchimedean case.

Proposition 1.1 (Silberger and Wallach) Let x be an irreducible admissible repre-
sentation of G,(F). Then

T = J(Gr, P; 01, ...,Un),

for some P and 0;,i=1,...,n.

With the preparation above we can start to define the local L- functions and

e-factors.

Define the Zeta function of = by

2(5,8,f) = [ ®(o)ldetgl*f(g)ds,

where the ® is a Schwartz-Bruhat function on M,,(F), the r by r matrices which
have their entries in F, f is a coefficient of 7 and the d*g is a Haar measure of G,(F).
It was proved in [G-J] that

i) the Z(s,®, f) converges absolutely in some right half plane;

ii) the integrals are rational functions of ¢, such that they admit a common denom-
inator which does not depend on f and &.

iii) for any nontrivial additive character 1 of F, there is a rational function (s, 7, 9)

of s such that for all f and ® the functional equation holds:

Z( = s+ (r=1)/2,8, ) = 7(s, 7, $)2(5,8, /),

where

¥(z) = [ @ (y)pltr(ye)ldy,

13



f(9) = flg™),
the dy is the self dual measure on M, (F).

Let I(x) be the subvector space of C(¢™*) spanned by all integrals Z(s + (r —
1)/2,®, f). Then since X."I(7r) = I(x) for any integer n, I(x) actually is a frac-
tional ideal of C[X, X~1], where X = ¢q~*. Since C[X, X~1] is PID (note: C[X] is
Euclidean, and C[X, X~!] is the localization of C[X] by X.) and I(r) contains the
constants, I(x) is generated by one such an element P(X)™!, P(X) € C[X] which
can be normalized to P(0) = 1. Then we define

L(s,x) = P(g™")~".

Actually we can chose suitable f,®,% such that L(s,x) is the corresponding zeta
function. Therefore we can think of our local L-factor as the GCD of all zeta integrals
of the x. Furthermore, we define the e— factor by

6(37 x, ¢) = 7(31 T, ¢)L(3’ ”)/L(l -3, i)

Remarks. 1) If 7 is an absolutely cuspidal representation, then L(s,x) = 1 unless
r=1, and 7 = ||, ¢ is a complex number. In the later case L(s,x) = (1 —¢~(t+9))-1,
See [G-J] for this. By this, together with the following proposition, we can compute
the L-function and e-factor precisely.

2) If r=1, G, has no maximal parabolic subgroup. So all characters of F* are abso-
lutely cuspidal representations of F*. Furthermore a character x of F* is unramified
if and only if x = |.|*,u € C. So

otherwise

3) e(s,7,%) = 1, if 7 is unramified. See [G-J].
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Proposition 1.2 ([Jac]) 1) If = = I(G,, P;0y,..,0,), then

L(s,7) = f[ L(s,0;)

=1

e(s, 7, 9) = f[ €(s,0i,9),

i=1

2) If * = J(G,, P;o1,...,0,), then

L(s,x)= f[ L(s,0;)

=1

n

(s, 7, 9) =[] e(s, 01, ¥).

i=1

3) Let r=nj. Ifx is the unique essential square integrable component of I (G, P; o, ..., 05),

where the 0; = 0 ® ||, 0 is a absolutely cuspidal representation of G,(F). Then
L(s,7) = L(s,0).

4) If = is an irreducible unramified representation of G,(F), then it is the unique

unramified component of

T = I(Gr) R‘”‘l, ey /‘r), pi = I-lui’

and

L(s,x) = ﬁ L(s, u;).

i=1
Therefore we can deduce the following

Proposition 1.3 1) for any irreducible admissible representation = of G,(F),

L(s,7) = [](1  a(x)g~)"*

=1
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with v’ < r and all the a;(7) are not zero. If x ts unramified, r' =r.
2) Let L(s,x) be as in 1), then
L(s,7) = [I(1 — a7 '(m)g™*)"
i=1
3) If = is tempered, then all a;(7) have absolute value 1, hence L(s,x) is holomorphic
for Res > 0.

Proof. The first claim is obvious from the propositions above. 2) comes from the two
facts. The one is that the ”contragredient” is symmetric for the properties, absolutely
cuspidal, unramified. The second one is that if x is a character then ¥ = x~'. 3) can

be proved as follows. By definition,
: x = Ind(G,, P;o,...,0,),

where the P has the type (ry,...,rs) and the o; is a square integrable representation

of G,,(F), i=1,...,n. By proposition 1.2,
L(s,7) = HL(s, ;).
Let 7 be the square integrable component of
I(G, P; 11,y .cs Tm),

with 7; = 6 ®|.'~1,5 = 1,...,m, and 7 is absolutely cuspidal. Then, by proposition
1.2, L(s,7) = L(s, 7). The 7 is square integrable if and only if the 7, is. Since a
character is square integrable if and only if it is unitary, we proved 3) by the remarks

just before Proposition 1.2. O
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1.2 Archimedian Local L-Functions

Let F be a local archimedean field.

The definition of an admissible representation of G,(F') is not easy to give here, so
we only use this terminology to figure out its L-functions. Finally we can introduce
the concepts of square integrable, tempered representations analogously as we did in
the local nonarchimidean case. In [G-J], the authors also use Zeta-Integals to define
the local L-factors and e— factors. But an amazing thing is that the reciprocity
map between the semi-simple representations of degree r of the local Weil group Wr
and the irreducible adinissible representations of G,(F') was established in the local

archimedean case.

Proposition 1.4 ([Jac]) There is a bijection A — = between the set of all semi-
simple representations of degree r of the Weil group Wr to the set of irreducible
admissible representations of G.(F) such that
)i :
2)

L(s,x) = L(s, ), L(s,#)= L(s,}),

(s, m,9) = €(s, A, ).

Remark. 1) such a reciprocity was conjectured to be true for all local places by
Langlands.
2) The reciprocity map of degree one is the natural map between the one dimensional

representations of Wr and characters of F*.

This gives much information about the local L-functions and e-factors, since the
irreducible representations and the L-functions e-factors attached to the representa-

tions of Wy are clear to us, see [Tat].

17



Indeed, the Weil group W is F* if F is a complex field, while C* U 3C%, ;2 =

! = ¢, if F is a real field. The ¢ is the complex conjugate of the Galois action

-1 ’ .7 Cj -
of C/R. For F complex , all irreducible representations of Wr are abelian. For F real,
the only nonabelian irreducible representations of Wy are of the form Indw, /w2,

where the A is not invariant under complex conjugation.

If F is complex, the characters of Wy are

x(z) = (z2)°z~N or (zz)°z~N
where a is a complex number, N is a nonnegative integer, and both a and N depend
on x.

If F is real, then the one dimensional representations of Wy are those of Wg/[Wr, W],
where [Wr, W] is the commutator subgroup of Wr. We claim that Wr/[Wr, Wr] is
isomorphic to R*. In fact [Wr, W] is the group of the complex numbers which have
modulus 1. So the map r : Wg/[WFr, W] — RX, r(j) = —1,r(z) = z%, for € C*
gives an isomorphism of Wg/[Wg, W] with R*. The characters of R* are the form:
x(z) = |z|*°z¥,a € C,N =0, 1.

We define the abelian local L- function as Gr(s + a) or G¢(s + a) depending on

the F is real or complex, where
Gr(s) = #*/*T'(s/2), Gec(s) = (27)*~*I(s).

To ensure our L-function is invariant under induction we define the L-function of

Indwgsw,A as L(s,A). This is well defined by the following reasons. Firstly,
IndWR/Wc/\l = Indwn,wc/\g,

if and only if

Ag = /\1, or /\I,

18



where A7 is the complex conjugate of A. Secondly,

L(s,A) = L(s,A").

Proposition 1.5 Let 7 be an irreducible admissible representation of G,(F).
1) If F is real, then
’ ry r2
L(s, 1!‘) = H GR(S + a.-) H Gc(s + b_,‘).
=1 j=1
If F is complez,then
r2
L(s, 1!') = H Gc(s + bj).

i=1
The a;,b; are some complez numbers.

2) If * is tempered then
a; = i, 1 + 1a;,
bj = m,-/2 + iﬂj,

with a;, B; real numbers, m;’s nonnegative integers. And

L(s,#) = ][ (s +a:) Tl Gels +5).

=1 i=1

Proof. Suppose that 7 corresponds to the representation ¢ of Wr. Since ¢ is semisim-

ple we can write

¢ = O\ O pj,

with every ¢; one dimensional, p; irreducible, two dimensional. The expression of

L(s,7) is obvious by the proposition above. If 7 is tempered, then the ), p; are

unitary. If A = |z|°z~" and unitary then Rea — N = 0, i.e. the real part of a is 0 or

1. If p = Indw,/w.£ and unitary then ¢ is unitary also. Suppose é(z) = (zZ)°z~™,m

positive integer. Then 2Rea — m = 0, i.e. the real part of a is a positive half

integer. Since # corresponds to the $ and (Indw,/w.€)~ = I ndw,/w.£', we have

the expression of the L(s, #).
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From this proposition we see that if = is tempered, its local L-function is holomor-
phic in Res > 0, which means that the Ramanujan conjecture is true at this local

place in this case.

1.3 Global L-Function and e-Factors

Let F be a global number field. Let w be a character of F*\FJ, Z the center of G,.

Let A(w) be the complex vector space of the continuous functions f on G,(F)\G,(F4)
satisfying the following conditions:
1) f(zg9) = w(z)f(g), for every z € Z(F,4) and g € G,(F,),
2) certain "K-finite” and ”slowly increasing” conditions defined in [G-J].
Let Ao(w) be the subspace of A(w) which consists of the functions in A(w) satisfying
the cuspidal condition:
f(ng)dn =0,

for the unipotent radical N of every proper parabolic subgroup of G,.

/N (F)\N(F4,)

Now we let G,(F4) act on A(w) by right translaton, we call this representation
p the regular representation of G,(F,) with respect to w, and every irreducible con-
stituent of p an automorphic representation of G,(F,). Since Ag(w) is invariant
under the action of p, we call every irreducible constituent of Ag(w) an automorphic

cuspidal representation of G,(Fjy).

It was proved in [J-L] that every irreducible automorphic representation of G,(Fy)
can be written as a restricted tensor product of local irreducible admissible represen-

tations
®uTy
where 7, is unramified, for almost all v, and the local factors are uniquely determined

by .
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Remark. If an irrducible automorphic representation # occures in .A(w), then the w

is actually the central character of .

Suppose that 7 = ®, is an irreducible automorphic representation of G.(Fy).

And let ¢ be an character of F4/F, 9, its local components. Now we put
L(s,x) =[] L(s, ).

e(s,r) = Hc(s, Tus Pu)-

Remarks. 1) ¢(s, ) is independent of the choice of 3. 2) If d is the absolute norm
of the different of F and Ay is the conductor of the = defined locally in [J-P-S 2], then

(s,7) = Wa(d N(A,))/2-2.

where W, is a nonzero number independent of s. It is called the root number of x.

Proposition 1.6 Suppose 7 is a unitary automorphic representation of GL,(Fy).
Then )

1) the infinite product of local L-functions above converges absolutely in the right half
plane Res> 1, [J-S 1] ;

2) it satisfies the following functional equation:
L(s,7) = e(s,7)L(1 — s,%), [G-J];

3) L(s,7) can be analytically continued to ¢ meromorphic function of the whole plane,
and it has at most finitely many poles, and it is bounded at infinity in every bounded
vertical strip. If = is cuspidal then L(s, =) can be continued to an entire function on
the whole plane, except for the case r =1 and 7 is the trivial representation , [G-J] ;

4) L(s, ) is nonvanishing for Res > 1, [J-S 1].
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Concerning the size of eigenvalues of an automophic cuspidal representation ,
there is the

Ramanujan Conjecture: If 7 is an irreducible unitary automorphic cuspidal represen-

tation of G,(Fy), then =, is tempered for all places v of F.

1.4 The L-Functions Twisted by Characters

The L-functions twisted by characters are the most simple examples of Rankin-
Selberg convolutions. Given 7,0 two irreducible automorphic cuspidal representa-

tions of G.(F4), Gi(F4) respectively, define
: L(s,x xo)=J] L(s,7, x 3,).

For every local place v, the local L-function L(s, 7, x g,) is defined also as the "GCD”
of some kind of zeta integrals which are similar with those used to define the local
L-functions of an automorphic representation, see [J-P-S] for nonarchimedean case,

[J-S 3] for archimedean case.

Firstly we look at the nonarchimedean situation. Let F be a nonarchimedean

local field in the following two propositions.

Proposition 1.7 ([J-P-S]) Suppose x is an irreducible absolutely cuspidal represen-
tation of G:(F) and o is a representation of Whittaker type of G{(F). Then

1) ifr > t, then L(s,x x 0) =1,

2) when r=t, L(s,x x o) = [, L(s,x™?),

where the x are all charagters x = |.|™ such that T @ y ~ 0.

Remark. What we will need is only the fact that any character of F* is of Whittaker
type.
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Proposition 1.8 ([J-P-§]) 1) Let 7,0 be irreducible admissible of G,.(F4),G:(Fa)
respectively. If
r = J(G,, P;my, ...y ®p)

o = J(Gy, Q;01,...,0m),

where P, Q) are some suitable parabolic subgroups of G,,G, respectively, n; = 7;0 ®
|-[“,u1 > uz > .. > up, i = 0i0® .|, 01 > v2 > ... > vy, and 70,00, are tempered.
Then

Lis,mxo)= J[ L(s,m x a;).

1
1

IANIA
IAIA

i<n
i<m

2) Let x,0 be two tempered representations
7 = I(G,, P; 1, ...,75)

o= I(Gt, Q; Oy .eey am),

where x;,0; be square integrable. Then

L(s,# x 0) = II L(s,x; x o;).

3) Let x,0 be square integrable,
x C I(G,, P;®y,...y7p)

oC I(Gh Q; 25 PRI a'm),
where x; = 7o ® |1, 0; = 00 ® |.]'~1, 70, 00 are absolutely cuspidal representations
andt <r.
Then
Lis,mxa)= J[ L(s, 7o x a;).

1<i<m
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4) If ®, o are unramified, and they are the unique unramified components of
I(GnPr;rl,' * '7rr)

and
I(Gy, P01, - o)

respectively, where the m;, o; ’s are unramified characters of F*, then

Ls,xxo)= [ L(s,m xoaj).
1<i<r
1352t

For the archimedean local case, we have [J-S 3]
L(s,x x 0)= L(s,A ® ¢)

(s, x o) =€(s,A ® ¢),

if the A, ¢ are the semisimple representations of the local Weil group corresponding

to 7 and o respectively.

Since the irreducible representation of Wr is one dimensional or induced from a

character, it is easy to write down the expression of the L(s,7 x o), see [Mor].

Now we state the main theorem on the global Rankin-Selberg convolution of two

cuspidal representations.

Proposition 1.9 Let 7,0 be two irreducible unitary cuspidal representations of G,(F,),
G(F4) respectively.

1) the Euler product of the local L-functions of Rankin-Selberg convolutions absolutely
converges in Res > 1, [J-S 1].

2) the L-function satisﬁes' Hm functional equation

L(s,m x ) = ¢(s,x x 0)L(1 — 3,% x &)
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O

see [Sha].

3) L(s,m X o) can be analytically continued to an entire function unless * ~ &, in
which case the L-function has the only simple pole at s=1. [J-S 2] .

4) L(s,m x o) is nonvanishing on the line Res =1, [J-S 1].

5) L(s,7 x o) is bounded at infinity in every bounded vertical strip.

the 3) in this proposition is called the analytic property of Rankin-Selberg con-
volution of two automorphic cuspidal representations. It has some important conse-

quences. One of them is on the Ramanujan conjecture on average.

Proposition 1.10 (/B-R]) Let = be an irreducible unitary cuspidal representation of
G,(F4). Write |

Ly(s,m)= ]I L(sv”)=z‘jr%’

v finite n

where n runs over the integral ideals of F, the N'n is the absolute norm of n. Then

Y lan)? < =

Nn<lz

From now on, we shall concentrate on the = x y, where the = is an irreducible

unitary cuspidal representation of G,(Q4), x is a Dirichlet character mod M.

Lemma 1.1 Let 7 be an irreducible unitary cuspidal representation of G,(Q4), X
a primitive Dirichlet character mod M. Suppose that the conductors of  and x are

coprime, and
Tp

L(s,mp) = [(1 = au(mp)™.
i=1
Then ‘
1) if p does not divide the conductor of x, then
Tp
L(s,m, x xp) = [I(1 — ei(m)x(p)p™*) 7,

=1
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2) if p divides the conductor of X, then

L(s,7p X xp) = 1.

Proof. By the propositions used to compute local L- functions of » and = x x, the
proof is reduced to the situation of ¢ X x,, where the o is an absolutely cuspidal

representation of G (F,). Now the L(s,0 x x,) # 1 if and only if ox, = |.[3, v € C.

So if p does not divide the conductor of yx,
Tp
. L(s,mp) = [I(A = x(p)as(=)p~*) "
=1

If p divides the conductor of x, 7, is unramified, i.e, x, is the unique unramified

component of

I(Grap;“ls"',l‘r)v Hi =-|'|-‘.'

So every p;xp is not of the form |-]#, hence L(s, 7, X x,) = 1. : o
Define
Lys,7)= JI L(s;xy)
p finite
Ly(s,xxo)= [[ L(s,xp xa,).
p finite

Corollary 1.1 Let 7, x be as in the lemma above. If

Lom) = 35 2200,
then
Ly(s,mxx)=)_ &n)‘x(n—).
n=1

Lemma 1.2 Let x be a Dirichlet character mod M. Then if x(—1) = 1 then xo is

trivial; if x(—1) = —1 then xoo(z) = |z|z~1.
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Proof. We are working on the rational number field Q. Take the cycle m = p,. M of
Q. Then the field K = Q(£éar), where &pr is a Mth primitive root of unity, is the ray
class field mod m, Gal(K/Q) = (Z/MZ)*. Let I be the group of ideles of Q. And
let

= {a = (ap) € Ig; a, = 1(mod m) for every p|m }

Under the abelian reciprocity map
(- K/Q): Io/1gQ* — Gal(K/Q),

Io/I™Q* is isomorphic to Gal(K/Q) . And

(K/Q) = H( Ky/Qs),

here p runs over all primes of Q including the infinite place, and
(+ Ko/ Qy) : @3 [NoI K — Gal(K,/Qy)

is the local reciprocity map.

When p = o0, @, is a real field, its nontrivial finite extension is only C/R, the
norm NFC* is the positive numbers. So if we write Gal(C/R) = {1,0}, then

1, ifz>0

o ifz<0

.@wm={

We know that Gal(K,/Q,) is a subgroup of Gal(K/Q), but we have to know how
Gal(K,/Q,) embeds in Gal(K/Q).

Firstly, when M = ¢, q rational prime, then Gal(K/Q) is a cyclic finite group of
even order (unless n=1, q=2), so it has only one element of order 2. Hence the ¢ is

this element of order 2.
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When M = ¢'q;?---qi* then Gal(K/Q) ~ Gal(K1/Q) x Gal(K2/Q) % - -+ X
Gal(K./Q), where K; is the ray class field mod p..g;*. For every o, € Q,, we know
that

(ap, Kp/Qp)|k; = (ap, Kip/Qp)si = 1,2,-+ 1.
Since for p = oo and negative a,, (ap, K;p/Q)p) is the unique element of order 2 in
Gal(K;/Q), the action of this element on & is —1. Since &y = €gmiygma « - - Egne, the
action of (ap, K;/Q,) on €u is also —1. Therefore the action of o on & is —1. Hence
if x(—1) = 1, X0 is the trivial character of R*, if x(—1) = —1, xoo(z) = |z|z~! on
R*. m]

Proposition 1.11 Let 1r.be a cuspidal representation of G,(Qa), x be a Dirichlet
character mod M.

1) If x(—1) =1, then L(8,%0 X Xoo) = L(3,%0).

2) If x(-1) = -1 and

L(s, 7o) = [[Gr(s + @) [[ Go(s +b)
then
L(3, 70 X Xoo) = [[Gr(s + a £ 1) [] Gc(s + b).
Proof. If x(—1) = 1 then x is trivial, by the Lemma above. So L(s, %o X Xoo) =
L(3,7e)-

If x(—1) = —1 then x(z) = |z|z~!, by the Lemma above. Suppose 7, corre-

sponds to the representation ¢ of the Weil group, written as
¢ = O,
with each ¢; irreducible. So
P® X0 = Db ® Xow-
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Now ¢; is one or two dimensional. If it is one dimensional, then ¢(z) = |z]*z~V,a €
C,N =0,1. Hence
|zje+tiz~! f N=0

i © Xoo =
%8 xex(2) {I:I:|"‘l if N=1

Gr(s+a+1) f N=0
Gr(s+a-1) if N=1.

If ¢; is two dimensional, then ¢; = Indw, w £, hence

L(S, ¢i ® Xoo) = {

% ® Xeo = IndWR/Wc€Xoo|Wc-

Under the isomorphism map of Wr/[Wg, Wr] with R*, the image of C* is the positive

numbers. Hence the xo|cx is the trivial representation. Therefore we get
$i ® Xoo = Indwyyw,.

So
L(sa ¢i ® Xoo) = L(31€)'

Corollary 1.2 If n is tempered at infinity and x is a Dirichlet character, then

L(3,%o X Xoo) = [I Gr(s + @) [ Gc(s + b)

with the real parts of a’s, b’s nonnegative numbers, again.

Now we ask how does the ¢ factor behave when a cuspidal representation is

twisted by a character. The following proposition answers this question. Recall first
(s, ) = W,(A,)/?*
€(s,x) = Wx(Ax)l/?—'

€(s,m x x) = W,xx(A,xx)l/2".
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Proposition 1.12 (/B-R]) Let = be a irreducible cuspidal representation of G,(F,)
with the central character w, and conductor A.. Let x be a character of FJ |F*, with
the conductor A,. If their conductors are coprime, then

1) Arxx = AzA};

2) Wexx = we(Ax)X(Ar)WW.
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(B)ﬂg;ﬂm is a bounded function.
Define

®(y) = /°° F(z)e"™dz.
Then

S8 = F(0)log(Cq') ~ 8,(3(3) + #(~3))

1 oI .
—5;/_00 FU/2+it, 7 x x)0(t)dt

00 !
-% / %(1/2 —it, & x x"1)0(t)dt

= 3% X o (x(m)Pllogm) + em(R)x(m) F( logrm)),

where 7 runs over all the points such that L(1/2+iv, 7 xx) =0,0 < Re(1/2+i7) <
3/2, C = AxAr1As2, and the &, is 1 or 0 depending on whether * ~ x~! or not.

Proof. Since 7, is tempered, by Corollary 1.2 we know that I'(s, 7o, X Xoo) is a product
of the gamma fuctions P(a.'x + a) or I'(242) with the real part of a nonnegative. And
by 3) in Proposition 1.9 L(s, 7 x x) is a meromorphic function (having at most one
simple pole at s=1) and which is bounded at infinity in every bounded vertical strip
. So Lj(s,m x x) satisfies all the conditions in the theorem of [Mes|. Hence by the

theorem of [Mes] our result follows. o

Theorem 2.1 Let 7 be an irreducible unitary automorphic cuspidal representation of
GL.(Qa) such that 7, is tempered for every place and the GRH (Generalized Riemann
Hypothesis) is true for all Ly(s, 7 X x),x @ Dirichlet character mod a prime q. Then

r ¢(q))
< L0 (42),
xr%q X 2 (q) logq
where the r, is the order of Ly(s,n X x) at s=1/2 and ¢(q) is the Euler function.

32



Proof. We choose the function F in the proposition as the following

2T - if |z] < 2T
F(I)={ el if el <

0 otherwise

We can check that F(x) satifies the conditions in the proposition and that

() = (2sin7T)2.
7

Since the Generalized Riemann Hypothesis is true for L;(s,7 x x), we know that

if 1/2 + iy is a nontrivial zero of Ly(s, 7 x x) then 4 is real, so the ("";:71)2 is a

nonnegative number.

Let T = 1logz. Then by applying the Propsition 2.1 to L(s, x X x) and summing

over all the characters'mod q, we have that

Y rlogz)? < Y logzlog(Cyq)

xmodg xmodgq

-51— ) / °° l%(1/2 +it, 7 x x)®(t)dt
xxmodq -00

o= ¥ [T 20/2-itE x x a0

H0) T () + en(#))log(a/m).

We first prove the following lemma to deal with the two integrals in the right side

above.

Lemma 2.1 For the function ® in the proposition and F defined as before,

oo TV
/_ F/2+it,7 x )@(t)dt < T
- F(1/2 —it, 7 x x")®(t)dt « T.
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Proof. From the description of the local L-function at the infinite place, the gamma

factor under our consideration is a product of I'(s + a) or T (%‘1), with Rea > 0.

The Stirling formula says that
rr _
() = log(s) + O(1s|™")

when |s| tends to infinity, and —7 + ¢ < args < 7 — e. Therefore there is a U such
that when t > U, %(1/2 + it + a) < Clog|t|, for some constant C. We write the
integal as the following

oo TV , 2sin(tT)\* [UT (U oo
/or(l/2+zt+a)( ; )alt../0 +/1/r+/u'

Since Rea > 0, our gamma factor is bounded on the segment 0 < ¢t < U. Hence
the first two integrals are bounded by T. The last one is O(1). So we proved the

Lemma. O

By the lemma above, we see that the integral parts are € ¢(q)T. Now our
assumption that every =, is tempered implies that |cu(7) + cm(#)| < 2r, so the sum
part is

<wit)) ¥ logasm),

m<z,=1modq

It is clear that

_ log p log p
Y == ) aat 2 = =+0W),

p<z,p=1modg p?<z,p?=1modq

and

logp 2logz
< + 0(1).
p’Sz,pgs:lmodq P ¢(Q) ( )

The number of the primes which are less than x and congruent to 1 modgq is less

than E(q)lifw, for ¢ < z, see [H-R]. So we see

3 logp z/%logz
p<z,p=lmodg PI/Z ¢((I) log(z/Q) ’
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Therefore, by partial summation,

A(m) _ (logz)*y/x
D e o N Toglal0)

Hence when we let z = ¢%(q),
y r ¢(Q))
; rx < z¢(q)+ 0O (—-— .
T s polo+0 (22
So, we finished the proof of the theorem. o

Corollary 2.1 Assume the conditions in the theorem above. Then the average order

of L;(1/2,® X x) is not bigger than r/2.

Before we state the following theorem we define

T w0=(2),

where the right side of above is the Kronecker symbol. If D is a fundamental dis-

criminant, xp is the real character mod |D)|.

Theorem 2.2 Let 7 be an irreducible unitary automorphic cuspidal representation of
G,(Qa) such that every =, is tempered. Suppose that GRH is true for all L(s, 7 X x,)
and Dirichlet L-functions, where p is a prime. Then for any ¢ > 0,

Y1/2+(1/24€)a

1
< (2 — :
S mS@HA T ) wlViLa) + 0y

1(44)

b4
b4

A

where the r, is the order of L(1/2,7 X x,),a = 135, 7(Y;1,44) is the number of
primes not bigger than Y congruent to 1 mod 4A, and the sum Y-, is over all primes

q.
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Corollary 2.2 Let « be the same as in the theorem, and all conditions are the same

as in the theorem. Then the average order of L;(1/2,7 X x,) is not bigger than
C+e+ T, 5)r

Proof of the Theorem 2.2 . Let F(x), ®(y) be the same as in the Theorem 1, and
also T' = § log z. By applying the explicit formula on L(s,7 X x,) we get

Y r(logz)® < Y. logzlog(Cp")

p<Y p<Y
p = 1(44) ? = 1(4A4)
- > o T /2 +it, .0 )lit)t
p<Y T J—o0 r
p = 1(4A4)
1 oI
- = [T (1/2 = it, #oo) Blit)dt
PS; 2% [-oo r ) ( )
p = 1(44)
A(m) .
+— 2 —=(em(7) + cm(7)) log(z/m Xp(m),
-3 i X )
P = 1(4A4)

where the constant C depends only on =.

From the Lemma in the proof of the previous theorem, the two sums involving

integrals are

< logz 7(Y;1,4A).

The first sum in the right side of the inequality above is

rlogz Y. logp<rlogz logY x(Y;1,4A).
o

IHA

P
4

For the last sum in the inequality, we have to estimate the sum

Z Xp(qk),q is a prime.
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For k even,
E x»(¢*) = 7(Y;1,44).
( A)

IIIIA

For k odd,
E xp(a¥) = Z x»(9) < Y'/*(log(qY))*.

(A) PE(A)

In the last step above we used the fact that the GRH for nonprinciple character x

m IA
-
/\

mod q implies
Y- x(#*)logp < z'/(log(qz))?,

prF<=z

for this see [Dav].

Now we break the the sum 3, <, into two parts according to whether k is even

or odd and denote them by S., S, respectively. We see that

Se <2rlogzw(Y;1,4A) ) l_(_)_gm_q.

q2msz

logq logq lo q
y 2=y 24y %

qzmsz q qszllz q q<zl/‘
Since
| 1
gy ¥ Bl log= 3
<zt ¢ 7 2<mgoEE 1
we get
logq logg 1 1
— < —— 4+ = logz ) —
ngéz q qszx’:/’ 1 2 z": ¢
1 1
Therefore

Se < 2rlogzn(Y;1 4A) log:c(1+z )— (logz)2(1+z—-)r7r Y;1,4A).
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For S,. By a similar argument for S, we have

S, < logz(log(xy))zylh(z logg

x/2
o<z
< log z(log(zY))? Y2 log x

= YVY2zY%(log(zY))? logz.

Therefore
Y o< B a4+ 1+ D L) e r(¥i1,44)
p<Y log z 7 4
p = 1(44)

+O(y1/2xl/2w).

log z

Let z =Y*. To get 1/2+a(1/2) < 1, we can chose a = 7}-. Then

Y r<@tetY %) r2(Y;1,44) + O(YY?*/2 1og Y),
q

and the order of the error above is lower than the main term. 0

2.2 A Mean Value at the Critical Points

Let 7(m) be the number of positive divisors of m, p1(m) the Mobius fuction, #(m) the
Euler function, x{™ the principal Dirichlet character mod m. We need the following

lemmas.

Lemma 2.2

Y 1= %2) 10 +57)Y + O(Yir(m)).

plm
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Proof.
X 1= 3 Y
0<D<LY <D<Y &|D
(D,m)=1 ( ,m)=1
D square free
= Y wd ¥ D)
0<dgY1/2 0<D'<Y/d?
= Y wdxVd) X U0
0<d<Y1/2 o<D'<Y/d?
= X U Y Y u)
0<d<Y1/2 0<D'<Y/d? r|(D',m)
= X w@xM@Xur) YT 1
0<d<Y1/2 r|m 0<rD"<Y/d?
= ¥ ﬂ(d)x(""(d)Z#(r)(—+0(1))
0<d<Y1/2 r|m
= ud (e am).
0<d<Y /2 (d,m)=1)
Since
1 _ 5 #d)
((2) ‘zd: &
and
¢(rn)_]:[(l_ ‘l)s
plm

the most right side of the equality above is bounded by

¢(m) | _1 “1y-1 1 Y2
Y= ((2)¢(m)},_,,1,(1+p )7+ w;ﬂ = | +0(r(m)Y'"?)
(n,m)=1
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which is

-1 1/27_m
C(2)}|,1,.(1+” )71+ O(Y V1 (m)).

Lemma 2.3 For nonprincipal character 1 mod m such that (m, {A)=1,

Z ¢'(D) < O(Y% logY m3/16<I>C)‘

0<D<LY

D=1(44

D square

(Dym)=1

Proof.

0<D<LY ¢( )xmodM 0<D<Y
D = 1(44) D square free
D square free

%

For every x mod 4A,

>, ¥(Dx(D) = ¥ Y ¢(D)x(D)u(d?)
%iqlzaéeiffree O<P<Y #1D

D, Hap(d)x(@®) Y HDWXD).

0<d<yY/2 o<D/<Y/d?

Since (m,4A4) =1,

(Z/m4aA)* = (Z/mZ)* x (Z/4AZ)X.
So 1 x is a Dirichlet character mod m4A. Since - y is the principal character if and
only if 4 and x are the principal characters of (Z/mZ)* and (Z/4AZ)*respectively,
¥ x is not the principal character mod m4A. An estimate due to Burgess [Bur] says

that for any nonprincipal character x mod m, then for any € >0

I E X(n)l < H1/2m3/16+€.
X<n<X+H
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Applying such an estimate to the character ¥ - y mod m4A, we see

Y 1/2
> D)< X (3) mlo <Y i(logy) et

0<D<LY 0<dgyY1/2
D square free

Lemma 2.4 If (m,4A) =1, then

1 1
= == [[(1 + p71)7'Y + O(Y/log Y m®/16+¢),
23 'i(fA y $(44) ((2) ;i
D square
(Dm)=1
Proof.
> l=gs > ¥ XD

0<D<Y é( )xmodu 0<D<Y

poic. Pkt

(D m)=1

For the principal character mod 4A, the contribution is the result in Lemma 2.2.

For every nonprincipal character x mod 4A, the contribution is

Y Y xDxDd) = Y mdx@xEN@) T (D)

0<D<Y &2|D 0<d<Y1/2 o<D'<Y/d?

< E (Y/d2)1/2m3/16+¢

0<d<yY1/2

e Y1/2(10g Y) m3/16+¢

Therefore we proved the lemma.
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Lemma 2.5

1
b= IT@a+p )‘ + O(Y'/*+* log Y m™/1%+),
. 5_,%; T, 1L
D :;ua.re free
(Dym)=1

Proof. We are going to use partial summation.

Y
Y pr=pr ¥ o1-f ¥ 1(s-neia

0<D<LY 0<D<Y 0<D<t
D = 1(4A) D=1(44 D = 1(4A)
D square free D square D square free
(D m)=1 (D,m)=1 (D,m)=1

By Lemma 2.4, we know this is

Ty (4,4)((2) I1(1+p7)7" - ¢(4A)((2) [Ia+p™ / (s — 1)t* dt

+O(YV/2+s log Ym3/ 16+¢)

¢(iA) @) m A +p) +O(Y‘/2+' log Ym¥/16+¢),

=Y+ —

(W]

Remark. If we assume the GRH on all Dirichlet L-functions, we can replace the
3/16 in the three lemmas by 0.

Theorem 2.3 Let 7 be an irreducible unitary automorphic cuspidal representation

of GL,(Qa), with the trivial central character and the conductor A. Assume that

[o ]
E a"‘z(‘r) converges absolutely in Res > 1
m=1 ™
[> )
Z O (7 converges absolutely in Res > 1.
m‘
m=1
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Then
i) if we assume GRH for every Dirichlet character, then for every w with maz(1/2, 1—

1) < Rew < 1 we have

> Ly(w,mxxp)=CY +oY);

ii) for r < 2, then for 0(r) < Re w < 1 the asymptotic formula in i) is also true
without GRH, where 6(1) = 1/2 6(2) = 11/16. Here
C = T () ommd)™ [L(1457)
HAA) (D) 2, s e
Proof. For D satisfying D = 1 mod 4A, and D square free, we have xp(—1) =1 and
the conductor of x is D. By Proposition 1.12 and Proposition 1.11,
1) Arxxp = AxD",
2) Wasxp = Wa,
3)

L(8, %00 X XD,c0) = L(8,%e0); L(8,%0 X XD,oo) = L(8,%co).

We can assume w is real, since for non-real critical points, the argument in the proof

is the same, except replacing w by Re w in some estimation.

For given w, 1/2 < w < 1 we consider the integral

1 &
%-/h) Lsy(w+ 8,7 x xp)X°T(s)ds, v>1~—w.

On the one hand, since the Euler product of L(s, 7 x xp) converges absolutely in

Re s > 1, the integral is

[ ]

3 &), (m)ecp(—m/X).

w
m=1 m
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We recall that

L(s,%w) = [IGr(s+a)][Gc(s+1b)

= A, TIT (332) TIT(s +5).

Since
T(s) ~ exp(—=[t|/2)[t|]°~ /3 (2x)"/3,

the I'(—s + a)/T'(s + a'), a,a’ any complex numbers, cancels the exponential factors
of I'(—s + a) and I'(s + a’), so it is asymptotic with a polynomial in any bounded
vertical strip when [t| goes to infinity. Hence
L(1 - 38,%s0)
L(s,7s)

is with polynomial growth in every bounded vertical strip. Therefore, Ly(s,x x xp) s,
at most, with a polynot;lial growth in every bounded vertical strip, by the Phragmen-‘
Lindeldf theorem. |

Therefore on the other hand, since L 7(8,® X xp) is an entire function and the
gamma function is exponentially decreasing in every bounded vertical strip, we can
move the line of the integral to Res = —1, 0 < < 1 and pick up the residue at zero.
By applying the functional equation we see that the integral under our consideration
is .

L(l —w - 3,%o)
L(w+ 3,7)

1 r —W—g
Ly(w, *xxp)~5— /(_ﬂ)(AD Y2y,
Then we let n > w so that 1 —w — 5 > 1. We have that

S Lrxx) =Y " Depcmiz) ¥ xo(m)

0<D<Y 1 0<D<Y
D= 1(14) D =1(44)
D square free D square free

Li(1—w—s,%x3p)X°T(s)ds.



1 1/2-w- L(l —w —s,7)
— ‘W,
+27ri ./(—n),11>w L(w + s, 1r°°)

f: (%) Y. DOy h(m) X T(s)ds.

We write m = m;m; such that every prime divisor of m, is a prime divisor of 4A
and (m,,4A) = 1. So xp(m) = xp(mim;) = xp(m;). We break the sums above into
two parts, the square part and the nonsquare part. The square part is the sum over

m such that m; is a square, the nonsquare part is the sum over the remaining m’s.

Consider the nonsquare part of the integral first. We break the sum under the
integration at the parameter U. By Proposition 1.10 and Lemma 2.3, the integral

part corresponding to the sum over m < U is

L(l —Ww—3, ;roo) a,,,(-)r) v
)ﬂl(l/2 w "))‘*1/2 3/16+¢ logY X°T'(s)ds
< v/(-n) L(w + 3,7) ,,g, ml-w-s g (3)

K 4

< Y'(/2-w)H1/2 105 YU wi3/16+e ‘/( | L(Ill(;':: : ': T;O) Y"'U'X’P(s)ds
g -n sy oo

L(1 —w—s,%w)
L(w + 3,70)

& Y 2-wR/rym o0 yuts/ieterr—n x—n / IT(s)| ds

(-n)

< Yr(l/2-w)+1/2 log YU"'+3/16+‘Y"'U-"X"'.

For the sum with m > U, since 5 > w, the local L- function L(1 —w—s,%) is
holomorphic in the left half plane Re s < —7, we can move the line of the intergal to
Res = —np, with 2 > 73 > w + 3/16 + ¢, with w > 13/16 (if we assume GRH, we
do not need the restriction "w > 13/16”.) and pick up the residue at s = —1 which
comes from the pole of I'(s). The residue at s = —1 is

Res < Z Iam(7")|Yr(1/2—w+1)Y1/2 3/l6+ex-llogy
m>U

45



< Yr(l/2-—w+l)+l/2x—l [~—2+w+3/16+e+1 log Y

— Yr(l/2—w+l)+l/2x-l U—l+|o+3/16+c log Y.

For the integral along the line Re s = 4172, we also have

E ,::;n—(:_)’ z: Dr(l/2—w—a)XD(m) & Yr(l/?-w)+1/2 (log Y) Uw+3/16+ey—"U'.

Therefore we get the same estimate as that of the part corresponding to m < U.

Let U = %(1, we see that the contribution of the integral of nonsquare part is

In <& Yl [247[247r3/164rc X—-w—3/16—c log Y.

Now consider the nonsquare part S, of the sum part. It is

S, < 3" |am(7)|mVezp(—m/ X )Y log Y md/ 10+

mg nonsquare

< YYV?logY 3 |am(x)|mret3/164e
m<X

< Y1/2 (logY) Xl—w+3/16+c.

Now we consider the square parts. Firstly we consider the intergal part which
we denote it by I,. We write I, = I, + I,. where the I,,,, I,. come from the main
term and error term in Lemma 2.5 respectively. Since L(s, %) is holomorphic in

Res > 1/2, see [B-R], we can move the line of the integral to the line Res =
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—v, ¥ =w — 1/2 + ¢. Then we see that

— 1 L 14r/2-rw L L(l -~ w— 3, i'o:>) m;m2
Iam - ¢(4A) ((2) Y W’ 271 _/('_‘y) L(w + s, TN) Z (mlm2)l_w_,

1y-1 X
[Ta+s™" 1+r(1/21_w )(Yr) T'(s)ds

plm2

& Y1+r/2—rwyr'yx-—'y
< Y1+rcx—(w—l/2)—c-
I,. has the same bound as I, has.

So,we have

I= I’m + Ioe + In & Yl+rcx—(w-—l/2)—c + Yl/2+r/2+r3/16+rcx—w—3/16—c logY.

Finally we consider the square part of the sum part denoted by S,. We write
S, = Sm + S., where the S,, and S, come from the main term and the error term

respectively in Lemma 2.5.

Se € YVogY Y [am(x)|mvm3/ 10+
m<X

& Y1/2(10g Y) Xl—w+3/16+e,

where we used the estimate result of Proposition 1.10 in section 1.

Our main term in this theorem will come from the S,,.

S = ¢(4A) C(Z)Y "HZ’M Gnym3 a(w)(mym3)~ P:!';‘[,(l + p ") ezp(—mimi/ X)

@mymg (%) (mam2) ™" T (1 + p7") ' X*T(s)ds.

plm2

N ¢(4A) «2) ori /m e

for any 9 > 0, since }_,, 5";;5—') converges absolutely in Res > 1.
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Since the sum under the integral absolutely converges in Res > —(w — 1/2), the
sum is a holomorphic function there and I'(s) is exponentially decreasing in the strip

-7 < Res <1, 0 <7’ <w—1/2. So we can move the line of the integral to the

line Res = —7' and pick up the residue at zero. Therefore
Sm = —Y Gnym2 (T mym3)~" 1+p7H)?
¢(4A) 4(2) mz;z 1 ( )( 1 2) P:l[’;Iz( )

Oy (%) (mam3) ™" TT (1 +p7) 7' X*T(s)ds

plm2

2”"/( 'l)mlmz

= CY+0(YX™).

Therefore
L(w,x x xp) = CY + Error

0<D<LY

D = 1(4A)

D square free
where

1 1
Cmymg (T)(mam3)™ [T (1 +p7)!
= $AA D) 25, B

Error = Y'/2+r3/16+1/24re y —w-3/16—c + Y2 x1-0+3/164¢ + Ylre x=(w=1/2)-¢

Now we analyse the result of the computation above. Our task is to find a positive
number a such that if X = Y* then the three terms in Error are lower than the main
term Y simultaneously. The last term in the Error has the order lower than Y, since
w > 1/2. So what we shall be concerned with is only the first two terms in the Error.

Firstly we let X = Y"’,’"a > 0, a to be determined. Then the o must satisfy

Ky(€) < a < Ky(e),
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where

r/2+1r3/16 —1/2 + re
w+3/16+¢
1
21-w+3/16+¢)

Kl(ﬁ) =

Kz(ﬁ) =

In the above the K;(€) comes from the first term in the Error, the K3(¢) comes from
the second term in the Error. We will figure out in which range of w the inequality

above has a solution for a.

Consider the ineqeali'ty
K](é) < Kz(e).

Then we get
K(e) <w for small € > 0,
where

(14+3/16+¢€)(r+2r3/16 — 1+ 2re) — 3/16 — ¢
r+2r3/16 + 2re )

If lim,0 K(€) < 1 then for all w satisfying lim..o K(€) < w < 1, we can find a ¢
depending on w such that K(e) < 1, then with this € and w, Ki(eo) < Ki(eo).

K(e) =

Hence we can choose any a satisfying Ki(e) < a < Kj(&). Therefore we get that
the Error is o(Y), whenever w > lim,_o K/(¢).

Now
. _ (1+3/16)(r + 2r 3/16 — 1) — 3/16
lim K(e) = r+2r3/16 '

lime—o K (€) < 1, if and only if r < 524308 = 4.6060....

If we assume the GRH for all the Dirichlet characters, we can replace 3/16 by 0,

S0
r—1

lim K(€) =

-0

<l1

always holds.
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Summarize that as the following:
i) If we assume GRH, then whenever maz(1/2, 1 — 1) < w the Error is o(Y);
ii) For r < 2, whenever 6(r) < w < 13/16, the Error is o(Y) without GRH, where
6(1) = 1/2, 6(2) = 11/16. o

For r=2, since the lifting result of Gelbart and Jacquect [Gel-Jac] says that the
symmetric square L-functions of a cuspidal automorphic representation of G Ly(Fy)
is the L-function of an z:mtomorphic representation of GL3(F,), we can prove the
asymptotic constant C in the Theorem 2.3 is not zero. Therefore we have the following

Corollary. ) v

Corollary 2.3 Let © be an irreducible unitary automorphic cuspidal represention
of GLy(Qa) with the trivial central character. Assume GRH Jor the L-functions
associated to Dirichlet characters. Then for every w with 1/2 < Re w < 1, there are

infinitely many quadratic characters xp such that L(s,x x xp) does not vanish at w.
Let us firstly prove the following lemma.

Lemma 2.6 Let v be an irreducible cuspidal represention of GL2(Q4), with the cen-
tral character w = Quw,. If 7 is unramified at p, then

L(s,Sym?*x,) = g(s,r,)L(2s,w:) '

where

9(s,mp) = 3_ ap(m)p™™.
k20

Proof. Suppose that

.

L(s,m) = (1= byp™) (1= byp™) = 3 aup™,

m=0

50



then

= k1 ks
apk - Z bl b2 .
k1 +ka=k

By definition the local symmetric square L-function of =
L(s, Sym®mp)-= (1 — bjp™*) (1 ~ b3p™*) 7" (1 — babyp™*) .
We can write L(s, Sym?n,) as the following.

Lis, Sym®n;) = (1= Bp™*) (1 - 8p")™ (1 + bibap)(1 - 3p™)"

= G(s, ) L(23,w3),

where the G(s,n,) is the product of the first three factors above. Now we need to

compute the G(s, 7).

G(s,m,) = (Z 2 bf"’bg”’p“"‘) (1 + bibyp~*)

k>0 ky +k=k

- Z z bghbghp—kc +E E bf"""‘bg"’“p‘("“)'
kzo ky+ka=k kzo ky+ka=k

1+ z: E b}h b;kn + Z bgk:-l-l bgkz-l-l p-k:

1y m+ka=k ki+k=k-1
k1, k220 ky k2 >0

=1+ Y e

k21 ri 470 =2k

71,7220
=Y T Bt = Yt
k20 r4+r2 =2k k>0
1,722 0
= g(s,mp).
We proved the lemma. 0
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Proof of the Corollary 2.3. Let

L(s)= 3 amm(m)(mam3)™ [T(1+p71)

mj,mz plm2

We can write L(s) as an infinite product of the local Euler factors

. L(s) =[] Ly(s).
3
Firstly we prove that L,(s) does not vanish for s > 1/2.

If p does not divide 4A, then by the Lemma above we have

4 —2ks
L S = 1 + — E a +1~-
P( ) | 1 (k>l szp 1 1)

P
= 1+ m(g(%) -1),

where the g(s) is the same as in the lemma. Now L,(s) = 0 if and only if

1
9(2s) = s

By the lemma, we write

9(2s) L(2s, Sym*,) L(4s,w} )"

= (=57 (A= 8 p™) (1 +p7%).

In the above, we used the hypothesis that w, is the trivial representation.

So g(2s) = —1 if and only if
P"( P(Pz‘ +1)+ Pz’ - (b:,l + bz,z) )=-1,
hence

lp(P* +1) +p*| = | —p72 + 82, + b2,|.
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Therefore, by [Sha] |b,;| < p'/%, i =1, 2, we have
pe(p+1) <p+p7™ + 25

where @ = Re s. Let (A) denote the inequality above. We will show (A) is not
possible for Res = a > 1/2. We suppose (A) holds for some a > 1/2.

Firstly we fix a = 1/2, then
p? < 295+ p71.

When p = 2,
22<2.22541/2<2-2"241/2<3+1/2,

which is not possible. If we let
flp) =9 - 26" —p7,

then f(2) > 0. Since f(p) is an increasing function, we see that f(p) > 0, for any p.
Therefore, when a = 1/2, the inequality (A) is not true for all prime p.

Secondly we fix p and let
g9(a)=p*(p+1) - p™> -2’ — p.
By the result above, g.(l /2) = 0. Since g(a) is also an increasing function,
g(a) 20, for all a>1/2.

Therefore, for every p and a > 1/2, (A) is not true. Hence we proved that the local

factor is not zero, for p not dividing 4A.

If p divides 4A, then L,(s) = L(s, x,) which are not zero for all s, hence L,(s) # 0
for all s.
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Secondly we can see that the L(s) converges absolutely in Res > 1. We explain

this. L(s) is bounded by

h(s,7) = Z am1m§(7")(mlmg)—‘s

m),m2

since [pjm, (1 + 3)”! < 1. While by the Lemma 2.6, the h(s, ) differs from
Ls(2s, Sym®n)L(4s,w?)
only with the finitely many local factors, where

Ls(s, Sym?*x) = [ L(s, Sym®n,)
p€S

and the S is the set of all primes where 7 is ramified and the infiniteé prime. Since
Ls(s,Sym?r) converges absolutely for Res > 1, h(s,n) converges absolutely for
Res > 1/2.

Therefore when r=2, we do not need the conditions on the series’ convergence in

the Theorem 2.3, and the Asymptotic constant C is not zero. O

2.3 A Bound of the Mean Value at 1/2

Theorem 2.4 Let 7 be an irreducible unitary cuspidal representation of GL.(Q4)
with the trivial central character conductor A. Assume the same conditions in Theo-

~rem 2.3. Then _
Y# (logY)? ifr>1

L;(1/2,1r X XD) <
Y logY  ifr=1

Znl]

Y
4A)
uare free

oge
2 A

Proof. Consider the integral
/( Li{1/2+ 3,7 x Xp)X'T(s)ds > 1/2.
y
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For D =1 mod 4A, and square free, we have

XN an(7T
Ly(1/2,® x xp) = Z l(/z)xp(m)ezp(—m/X)
m=1
1 L(1/2 - s,%o) .. ( X )
rT /(—n) L(1/2+3,1r°°)Lf(1/2 8, X XD) A I'(s)ds,
forany 0 <n < 1.
Welet 1/2 < <1 and X = AD". Then we get
dm(ﬂ') ' d
> Li(1/2,7 x xp) = > Z 7 xp(m) ezp(—m/AD")
0<D<LY 0<D<Y m=l1
D = 1(4A) D= ( )
D square free D square free
1 L(1/2 = 3,%) X am(¥)
- i I'(s)ds=S+1
0o<D<Y 271 /(-,,) L(1/2 + 3,%s) 2;1 1/2-2 (s)ds +
D=1(44
D square
Write

S= + Z z: =Sl+Sg.

0<D<Y m>ADr
D= 1(14) gzl

Also write m = m;m; as we did in the previous theorem . Let S;,, S2,, Sin, S2. be

the parts according as m; is a square or not.

S Y X S0

- Sui) X )y m)

0<D<Y D m < AD"
D = 1(44) m3 not square
: () )
= X ) X > 172 X0 (ma)x P (my)
jyin 0<D'SY/? m<ADPYy
(7,44) =1 D' = j2(44A) m2 nonsquare
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- T W) T

i<y m < AYT
(ra4)=1 m3 nonsquare
> xp(m3)
(m/A)\ "2 < DL Y/s?
D = j2(44)
1/2
' |am(7)[?
< X 2 Y
i<y m < AYT
(i,44) =1 m2 nonsquare
2\ 1/2
1
mgAyr & MR e e p gy
m3 nponsquare D =3 (4A)

Now we need the following lemma to estimate the second factor above.

Lemma 2.7

2
’ L3~ (log(AY")?  ifr>1
) > xp(mz)| <
:zgnAY' (m/AY/T[2 <D <Y/ Y3(logY) 4 if r=1
D = j2(4A) 2F |

Proof of the lemma. The left side of the inequality in the lemma is

> > XD, D;(m2)

m < AY" (m/A))/"{j? < D1,D; < Y/5?
m2 nonsquare D,,D, 51‘2(4,0

< E Z XD,\D, (mz)
0< Dy,D; < Y/? ? < 1"'25 (Di?) A
Dy, D; = 52(44) ma u'omquare

Here j mod 4A is the inverse of j mod 4A.

We break the outer sum into two parts, the square part and the nonsquare part,

. .
according to D, D, is a square or not.



The square part is

z E XDnDz(m2)'

0< Dy,D; <Y/ 0<m<(Di?)A
Dy, D; = j2(44) =12

Dy Dysquare m2 nonsquare
< > 7(D?) > 1
0< D? <Y?/5* 0<m< (Dif?) A
D? = jA(44) i=1,2
m2 nonsguare
(mZv D) =1

« Y (> Y 1
0<D<Y/j? O<m<Y A
(mz,Dy= 1
m3 nonsquare

T

+1
< AY ) r(DH« AY’.K2 log?(Y/5%) < Y.2 log’Y.
0<D<Y/j? J J

In the estimate above we used the fact that

. z(: T(n?) ~ ﬁ z (log z)2.

The nonsquare part is, by Polya-Vinogradov inequality [Dav],

2 > xpo(ma).

0< D1, D;<Y/i® 0<m<D A/?
Dy,D; = J"(4A) my nonsquare
Dy D3 nonsquare

<K Z (D1D2)1/2 log(D1 Dg)
0< DI’DQ S Y/12
Dy, D; = 152(44)
Dy D nonsquare

< (Y/§*)/21og(Y?/j*) Y?/j* < YlogY ~.
J
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Therefore if r > 2,
2

1
2 > xp(ma)| €« Y™ (logY)*—.
m < AY" (m/A)‘/'/jz <Dsy/j2 J
m3 nonsquare D= j2(4A)

We finished the proof of the lemma.

Hence by the lemma we proved just before and Proposition 1.10, if r > 1 then

S €)Y Y'/‘Y’/‘Y‘/’logY}I:

j <y1/2
(Gr4) =1

= Y#lgy I 1
jsyl/ﬁ]
< Y#(logY)?

if r=1 then
Sin € Y3/? logY.
am(7)
S = 0< DE<: Y AEDr m1/? "2 Xp(ma) ezp( ADr )
D= 1(44) z:not square
D square free
am(7)
< 0<D<Y m<Az1;r ml/2 "z Xo(m2)
:D=1(3A)  m; nonsquare
D square free
= S €Y (logY)?
Ss = Sl: + 52.’
= M xp(m2)ezp( mlm?)
my,m2 (rn'lrn'%)ll2 0<DLY 2 ADr
D = 1(44)
D square free



1 / mlmg(ﬂ.)
= 9m —N1/2+s my)(AD")'T(s)ds
27rz ) myma (m1m2)1/2+l o<hey XD( 2)( ) ( )
D= 1(44)
D square free

< Yy,

for any v > 0. We want to have this bound lower than that of Sy, i.e 1 +ry < l‘zﬂ
This is equivalent to the condition v < %% This condition can be satisfied. So

S, < YH.

Therefore we get
< Y+ (logY)? ifr>1
Y¥logY  ifr=1

Now we deal with the integral part.

I = —— - Lg(1/2 - 8,% x xp)T'(s) ds
21 0<D<Y /(-'I) L(1/2 + 3,7c)

D =1(44)

D square free

1 L(1/2 - 8,% ) X ap(7)
= Ta_ E ‘xp(m)l"(s) ds.
2%, hiy /-.,) L(1/2 + 3,%50) 5y m1/?-

D =1(44)

D square free

amlmz(ﬁ) L 1 2__ a.'oo
= oy 2o G > xo(m) Lglfz +::’:°°;F(s)ds

(-n) m=1 <Y
M
Sroane e

<D

UU°

< Y. -

Finally we have the result
Y# (logY)? ifr>1
E Lf(1/2,7r XXD)<<
0
D'= 1(14) Y3%logY  ifr=l
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Remark. This improves the corrollary to Theorem 1 of Goldfeld and Viola in
[G-V].
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3 Some New Reciprocity Laws

3.1 Artin L-Functions

Let E/F be a finite Galois extention of algebraic number fields, G = Gal(E/F),
Irr(G) be the set of irreducible representations of G. Let v, w be nonarchimedean
place of F and E respectively and w|v. Let Gy, T, be the decomposition group and
the inertia group at w respectively, ¢,, be a generator of G,,/T,,. For (p,V) € Irr(G)
the Artin L-function attached to p is defined by

L(s,p, E/F) = [] det(I - p(¢u) 4;% V=)™

where the infinite product is over all nonarchimedean local places of F, V7 is the sub-
space of V fixed by T, the det(I — p(¢w) ¢;*; V7*)~! is the characteristic polynomial
of the operator p(¢,,) on the space V7, evaluated at ¢~.

Remarks. 1) Since G is a finite group, then all eigenvalues of every p(r,,) have

absolute value 1. So the infinite product defining the Artin L-function converges
absolutely for Res > 1. Every local factor is a polynomial in ¢;* with degree < n.
If v is unramified in E and p is unramified at v, then the degree is n.
2) If we let p be the trivial representation of G, then the corresponding Artin L-
function is the Dedekind Zeta function (r. If we let p be the regular representation
of G, then the Artin L-function is (g, since in this case p = Ind¥1 and by the 3) in
the following proposition.

3) It is known that the Artin L-functions satisfy nice functional equations, see [Mar].

Artin L-functions have the following basic properties corresponding to operators

on representations.
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Proposition 3.1 1) If p = p; @ pa, then
L(s,p, E[F) = L(s, p1, E/F)L(s, ps, E[F).
2) If N 4 G and p is a representation of G/N, then
L(s,p,EN/F) = L(s,p,E|F).

where EX is the subfield of E fized by H.
3) Let H be a subgroup of G, £ be a representation of H. then

L(s, IndG¢, E[F) = L(s,¢, E/E¥).

Artin Conjecture: For any representation p of G, the L(s, p, E/F) can be continued
analytically to a meromorphic function on the whole complex plane with only a pole

at s=1 of order < p,1 >, the multiplicity of the trivial representation occurring in p.

If p is one dimensional, then Artin conjecture is true by class field theory. Moreover
if p is monomial, i.e. it is induced from an abelian character of a subgroup of G, then
the Artin conjecture is true, by 3) in the proposition above. It is well known that
all finite supersolvable groups are M-groups, i.e. every irreducible representation of
G is monomial. So th‘{e Artin conjecture is true for finite supersolvable extensions.
In general, Brauer proved that every irreducible representation of a finite group is
a Z-linear combination of induced representations from abelian characters. Hence

Artin L-functions are memomorphic functions.

Langlands gave the following conjecture on higher dimensional Galois representa-
tions.
Reciprocity Law: For a given irreducible complex representation p of dimension n
of Gal(E/F), there is an automorphic cuspidal representation 7(p) of GL,(F,) such
that

Ly(s,7(p)) = L(s, p, E/F).
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We will say that p is automorphic over F, if the reciprocity law holds for p. We
will say that G is automorphic over F, if for any p € Irr(G) the reciprocity law holds
for p.

Since the L-function of an irreducible unitary cuspidal representation of GL,(F,)
is an entire function, (except for n=1 and the trivial reprdsentation) the reciprocity
law and the Hecke’s theorem on the analytic properties of L-fuctions associated to
Groseecharacters implies the Artin conjecture. For two or three dimensional Galois
representations, the Artin conjecture implies the reciprocity law, by the converse
theorem for GL; and GL3. By Brauer’s result, if we can prove the reciprocity law for
monomial representations, we can prove the reciprocity law in general by the method
in the proof of the Proposition 3.5. But unfortunately in general we have not found
much light on the monomial Galois representations. The non-trivial cases in which
the reciprocity law is known true are in the work of Langlands and Tunnell. In fact
Serre proved that the image of Gal(E/F) in PGLy(C) under the composition of an
irreducible two dimensional complex representation with the projective map from
GL3(C) to PGLy(C) is one of the following types:

1) a Dihedral group,

2) the alternative group Ay,

3) the symmetric group S,,

4) As.

For type 1), without loss generality, we can assume that p is faithful. Then G /1Z(G) ~
D, where Z(G) is the center of G and D, is the dihedral group of order 2n. Since
D, is a semi-direct product of two cyclic subgroups, D, is supersolvable. Therefore
G is a M-group. Hence L(s,p, E/F) is entire. So p is automorphic over F. Using the

base change result on GL; which we will discuss later on and the lifting result from
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GL; to GL3, Langlands solved the case of A4. Tunnell solved the S, case using the
existence of the base change for an arbitrary cubic extension. The case of As, the

nonsovable case, remains not known. Therefore the following theorem was proved.

Proposition 3.2 (Langlands, Tunnell) Let E/F be a finite solvable extension of
number fields, and p be a two dimensional irreducible complez representation of

Gal(E[F). Then p is automorphic over F.

3.2 Base Change and Automorphic Induction

To explain the base change and automorphic induction on the automorphic represen-
tations of GL,, we first look at the corresponding restriction and induction operators
on Galois representations. Let G=Gél(E/ F) be a finite Galois extension of num-
ber fields, p be an irreducible complex representation of G of degree n. Let H be a
subgroup of G. Suppose the reciprocity law holds. Then p should correspond to an
automorphic representation x(p) of GL, over F, the restriction p|y of p to H should
correspond to an automorphic representation 7 (p|y) of GL, over E¥. What the
"base change” map concerns is for an automorphic representation = of GL, over F,
and a subextension L of F in E, there would exist an automorphic reprensention II
of GL, over L such that if 7 is an image x(p) of Galois representation p under the
reciprocity law then the II should be the image x(p|x), where H is the subgroup of
G corresponding to L. Therefore "base change” map is the automorphic version of
the restriction map. Now let o be a representation of H. Then the reciprocity law
implies there is an automorphic representation 7(Ind$o) of GL,; over F. Now what
the "automorphic induction” concerns is for an automorphic representation 7 of
GL, over L, then there would exist an automorphic representation 7z of GL,; over F

such that if 7 corresponds to a Galois representation o then 7p should correspond
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to Ind§;o. Therefore we may think as this: if the reciprocity law holds, then it should
be compatable with restriction map and induction map of Galois representations and

the base change map and the automorphic induction map.

We know that an Artin L-function is invariant under induction map, so it is
reasonable to define the automorphic induction map by this property, i.e. let 7z be
automorphic representations of GL,, over E, xr automorphic representation of GL,;

over F, we say 7 is an automorphic induction of = if L(s,7g) = L(s, xF).

How to define the base change map ? By looking at the behavoir of Artin L-
function under the restriction map, firstly we can define the following weak base
change map. Let E/F be a cyclic extension of prime degree [ of number fields. Let
II, = be two automorphic representations of GL,(E,), GLy(F,) respectively. We
say II is a weak base change of «, if f, is the residual degree of E above an unramified
v then for w|v:

th, =t
holds for almost all v.
By this definition, if IT is a weak base change of x then

Lsg(s,II) = fI Ls(s,7 @ n').

=1

where S is the set of places of F such that the above relations hold out of S, Sg is
the places of F over those of S, the 5 is the character of the Ir/NE Ig with order 1.
For the places in S we need a result of [A-C]. Arthur and Clozel [A-C] proved that if

IT is a weak base change of 7 then = is also a strong base change of x, and

1
L(s,IT) = T] L(s, * ® 7).

=1

Here the strong base change means that every local component of II is a local base
change of the corresponding local component of # which is defined in [A-C] by a

equality of the trace of intertwining operator and the trace of the norm of E to F.
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Now we summarize
1) if IT is a base change of x, then
1
L(s,T) = [T L(s,* @ 7');
=1

1) if mF is an automorphic induction of 7g, then

L(s,xf) = L(s,xE).

We say an automorphic representation 7 of GL,(F,) is induced from cuspidal, if
there is a cuspidal unitary representation o of M(F,), where P=MN is an F-parabolic
subgroup of G, such that

' F,
7 = Indy#h o ® 1.

Proposition 8.8 ([A-C]) Let E/F be a Galois ertension of prime degree .

a) Every cuspidal representation of GL,(F4) has a base change lift to GL.(E,) ;

b) A cuspidal representation of GL,(E,) is the base change lift of some x if and only
if it is Galois invariant ;

¢) If * and ©' have the same base change lift to GL,(E4) then there is a character 5
of Ir/F*Ng/r(Ig) such that ¥ =7 @ 7.

Proposition 3.4 ([A-C]) Let E/F be a Galois extension of prime degree .
Then, if Il is a representation of GL,(E4) induced from cuspidal, there ezists unique
automorphic representation * of GL,/(Fa) automorphically induced from II. More-

over 7 is induced from cuspidal.

Using Proposition 3.4, [A-C] proved the reciprocity law in the nilpotent case.

Proposition 3.5 ([A-C]) Let E/F be a nilpotent extension of number fields. Then

the reciprocity law is true.
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Proof. Let G = Gal(E/F) and p € Irr(G). By Brauer’s theorem
p=Y cylndjo;

where the sum runs over subgroups H of G, o; is an abelian character of H, ¢ € Z.

Therefore

L(s,p, E[F)y=T] Ly(s,on, EJEF)".

Since G is nilpotent, every subgroup of G is subnormal in G, i.e. there are subgroups

H = Ny, Nj,---,N; = G such that N; 4 Ni;; and N;y3/N; has a prime order,

t = 1,---,t. By applying finitely many steps of automorphic induction, we can prove
that there are cuspidal representations y,- - -, #, of GLa,(F4) and integers a;,---, a,
such that

L(s,p) = fI Ly(s,m:)™.

i=1
Let
x(v™) = Trp(¢7")
x(v™) = Trty,.
Then
X(o") = ¥ aix(v™),
for any nonarchimedean place v of F whicl: is unramified in E and at which p and all

n; are unramified. On one hand, by Chebotarev density theorem,
Ix(v)P
Y. == =loglogz + O(1).
Nv<z Nv
On the other hand, in our situation the x;’s satisfy the Ramanujan conjecture, hence
the analytic property of the Rankin-Selberg convolution of irreducible unitary cusp-
idal representations of GL, implies

Y aia; Y mi(v);(v) = Za? loglogz + O(1).

i Nvzz Nv
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So
1=ya,

hence i =1, a; = *1. Since the Artin L-functions has trivial zeros, a; = 1. m]

3.3 Reciprocity Law for Some Frobenius Extensions

Proposition 3.6 Let G = Gal(E/F') be a solvable finite eztension of number fields.
If there is a normal subgroup N of G salisfying

1) G/N is nilpotent,

2) every irreducible representation of N has dimension 1 or 2,

then G is automorphic over F.

Proof. We use induction on the order of G. Since G/N is nilpotent and G is solvable,
G is an M-group with respect to N, for this see [Isa]. So for any p € Irr(G), there is
a subgroup H of G, N < H < G such that

p= Indg'ﬁ? PE€ ITT(H), le =4¢.
. +*
If H is not G, we can apply the induction on H, since H satisfies the condition 1) and

2) in the proposition. Hence
L(s,p) = L(s, ¢, E/EH) = L(s,II),

where II is an irreducible cuspidal representation of GL,((E¥)4). Since G/N is
nilpotent, by applying finitely many steps of the automorphic induction, we know
that there is an automorphic representation = of GL,(Fy) induced form cuspidal

such that
L(s,II) = L(s, ).
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Since p is irreducible, the # must be cuspidal by the similar argument in Proposi-
tion 3.6. So we are done if H is not G. If H=G, then p|y € Irr(N). Since every
irreducible representation of N has dimension one or two, p has dimension one or two.

Therefore by the class field theory and Proposition 3.2, p is automorphic over F. O

Corollary 3.1 If G:éal(E/F ') satisfies one of the following conditions
1) every Sylow subgroup is cyclic,

2) both every proper subgroup and quotient are nilpotent,

3) every proper subgroup of G is abelian,

then G is automorphic over F.

Proof. For 1), G is semi-direct product of two cyclic subgroups, see [M.Hal]. So by
the proposition above, G is automorphic over F. For 2) and 3), if G is nilpotent, or
abelian respectively, we are done. If G is not in such a case respectively, we know
that G is a semi-direct product of two abelian subgroups for both 2) and 3). So the

result follows from the proposition above. o

Now we introduce a class of finite groups called Frobenius groups. By definition,
a group G is called a Frobenius group, if there is a subgroup H # 1 of G such that
HNH=1forallge G—H. '
We record some basic properties of Frobenius groups we will use in the following

proposition.

Proposition 3.7 Let G be a finite Frobenius group.

1) G=KH, where K 4,G, K is nilpotent, both K and H are Hall subgroups of G and
(1K1, 18] =1.

2) Every Sylow subgroup of G is a cyclic or generalized quaternion group.

3) Let p € Irr(G). If the kernel of p, Ker(p), does not contain K then p =
Ind§o, o € Irr(K).
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Since for a Frobenius group G, the subgroup K of G stated in the proposition above
is uniquely determined by G, we call K the Frobenius kernel of G. The subgroup
H of G in the proposition is unique up to conjugation in G, we call H a Frobenius

complement of G. For the proof of this, see [Pas].

Theorem 3.1 Let G=Gal(E/F) be a finite Frobenius group, K be its Frobenius ker-
nel, H be its Frobenius complement. Let F(H) be the mazimal normal nilpotent sub-

group of H. If H/F(H) is nilpotent then G is automorphic over F.

Proof. Let p € Irr(G).

If ker(p) does not contain K then, by the 3) in the proposition above, p = Ind$o,
o € Irr(K). So
L(s,p,E[F) = L(s,0, E/E¥X).
Since K is nilpotent, p is automorbhic over EX. Since K is normal in G, EX/F is a
Galois extension and Gal(EX /F) = G/K = H. Since F(H) and H/F(H) are solvable,
H is solvable. So we can apply the automorphic induction finitely many times to get

that p is automorphic over F.

If ker(p) contains K, we can think of p € Irr(H). The result in our theorem
follows from the following lemma which deals with a more general situation than our

case.

Lemma 3.1 Let G=Gal(E/F) be a finite solvable group. Suppose that every Sylow
p-subgroup of G is abelian for p > 2 and every irreducible representation of Sylow 2-
subgroups has dimension one or two. If G/F(G) is nilpotent, then G is automorphic

over F, [l

Proof. We claim that every irreducible representation of F(G) is dimension one or two.

In fact, since F(G) is nilpotent, F(G) is the direct product of its Sylow subgroups,
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¢
hence for p € Irr(F(G)), p is a tensor product of irreducible representations of

the Sylow subgroups of F(G). Since every irreducible representation of the Sylow
p-subgroups has dimension one for p > 2, and dimension one or two for p = 2, every
irreducible representa,t{bn of F(G) has dimension one or two. So we have proved the

claim. By this claim and Proposition 3.6, we proved the lemma. (]

Now for our H, its S.ylow subgroups are cyclic or generalized quaternion group. So
the Sylow p-subgroup of F(H) is cyclicfor p > 2. Since every subgroup of a generalized
quaternion group is a cyclic or a generalized quaternion group, the Sylow 2-subroup of
F(H) is also cyclic or generalized quaternion. Since a generalized quaternion group Q
has a cyclic or abelian normal subgroup of index 2, so every irreducible representation
of Q has dimension one or two, to see this, see [Isa] or compute directly. Therefore

by the lemma we finish the proof of the theorem. D

Remark. In the theorem above if we assume that H is supersolvable then the
commutator subgroup+H’ of H is nilpotent, hence H' < F(H). Therefore H/F(H) is
abelian hence is nilpotent. So this situation is included in the theorem above. And
note that if the order of H is odd then H is supersolvable, so G is automorphic over
F in this case. In particular, if G is a Frobenius group with odd order, then G is

automorphic over F.
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