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Abstract

The work in this thesis is dedicated to creating and manipulating topological states
of matter in condensed matter systems through the use of external fields. In particular, the
research in this dissertation is focused on topological superconductors and topological insu-
lators. These states of matter are of interest because of their unique edge-states. In a topo-
logical superconductor the edge-states are Majorana modes and have potential applications
in quantum computation. Meanwhile, in a topological insulator the edge-states amount to
counter propagating, helical channels with interesting transport and photo-voltaic proper-
ties. Topological states of matter are also of interest for more fundamental reasons. This
is because they represent a strong departure from our standard understanding of states of
matter.

The ability to tune a topological state of matter is of vital importance to both isolat-
ing these states in the laboratory, and to utilizing the properties of these states in physical
applications. The work in this document begins by focusing on creating a topological su-
perconductor by using an externally applied (and therefore tunable) magnetic field. The
remainder of the thesis will be dedicated to using externally applied electromagnetic radi-
ation to create and manipulate the properties of a topological insulating state.
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Résumé

Les travaux de cette these sont consacrés a la création et la manipulation des états
topologiques de la matiere dans les systemes de matiere condensée par 1’utilisation de
champs extérieurs. En particulier, la recherche dans cette these se concentre sur les supra-
conducteurs topologiques et les isolants topologiques. Ces états de la matiere sont d’intért
en raison de leurs états de bord uniques qui peuvent tre utiles pour des applications tech-
nologiques. Dans un supraconducteur topologique, les états de bord sont des modes de
Majorana et ont des applications potentielles dans le calcul quantique. Par ailleurs, dans
un isolant topologique, les états de bord sont des canaux hélicoidaux qui propagent dans
le sens inverse avec des propriétés photovoltaiques et de transports intéressants. Les états
topologiques de la matiere sont également intéressants pour des raisons plus fondamen-
tales. En effet, ils dévient énormément de notre compréhension standard des états de la
matiere.

La capacité de manipuler un état topologique de la matiere est importante pour isoler
ces €tats dans un laboratoire et pour utiliser les propriétés de ces €tats dans des applica-
tions physiques. Ce document commence en décrivant la création d’un supraconducteur
topologique en utilisant un champ magnétique appliqué. Le reste de la these sera consacré
a I'utilisation du rayonnement €lectromagnétique pour créer et manipuler les propriétés

d’un état isolant topologique.
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Introduction

1.1 Topological States of Matter

The last several years of research in the field of condensed matter physics have seen rapid
expansion in, and unrelenting excitement about, topological states of matter. This enthu-
siasm is rooted not only in the important potential applications of these states, but also in
the deep shift in our fundamental understanding of matter that they represent. This the-
sis contains a collection of manuscripts that all share the common goal of creating and

manipulating topological states of matter through the use of applied fields.

As stated above, topological phases of matter represent a paradigm shift in our under-
standing of states of matter. This is rooted in the fact that until recently it was believed
that all quantum states of matter could be classified using the principle of spontaneous
symmetry breaking[1]]. As an example of this classification scheme, consider a crystalline
solid. The solid is made up of atomic centers whose interactions are translational invariant.
Nonetheless, the solid breaks this translational symmetry; its atomic centers occupy fixed

points in space.

The paradigm of classifying a quantum state of matter only in terms of its spontaneously

1
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broken symmetries has recently been disrupted. Physicists have begun to appreciate that
two states with the same broken symmetry properties can have significantly different phys-
ical properties. These differences can be understood by allowing for another distinguishing

characteristic between the states, their topology.

The notion of topological classification is borrowed from mathematics. Mathematicians
originally introduced the concept of topological invariance to classify different geometrical
objects into broad categories. The simplest example of this scheme is 2D surfaces. These
surfaces are classified by the number of holes in them, a measure called the genus of the
surface. Surfaces that can be transformed into one another without creating new holes are
said to be topologically equivalent. This leads to the famous example that a coffee cup is
topologically equivalent to a doughnut; these two surfaces can be smoothly deformed into

one another without creating any new holes.

In order to understand the topological classification of quantum states of matter one
must generalize the concepts of a smooth deformation and therefore what it means to create
holes. Systems that can be connected to one another without creating holes can then be said

to belong to the same topological class.

In a quantum system these concepts are defined in relation to the Hamiltonian. In a
many-particle system we consider a Hamiltonian with an energy gap separating the ground
state and the excited states. The available deformations are then all of the ways in which
we can change this Hamiltonian. The analogue of creating a hole is closing the energy gap
in this Hamiltonian. Smooth deformations are then all of the changes that we can make
to the Hamiltonian that do not close the energy gap. In this way two quantum mechanical
states that are connected through changes to the Hamiltonian that leave the gap intact are
said to be topologically equivalent [2} 3]]. The above understanding leads to the conclusion
that two states of matter that both spontaneously break the same symmetries can still be

topologically distinct and therefore have different properties. This is possible if the two
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states have Hamiltonians that are not connected through smooth deformations.

The implication of a state’s topology are most profound when studying its boundary.
When two states in a different topological class are put in contact with one another nature
must find a way to accommodate for the change in topology in moving from one state to
another. This is done by closing the quantum mechanical gap only on the boundary between
the systems, giving rise to edge or surface states whose energies lie within the (bulk) gap
of the system. Depending on the system of interest, these edge-states can have very rich
physical properties. One ubiquitous property is their robustness. These states exist because
of a difference in topology between two systems. As long as this difference in topology
exists the states will persist. The difference in topology will of course be maintained so
long as only smooth deformations are made to the Hamiltonians of the respective systems.
Therefore making changes to the system of interest (e.g. adding disorder or applying a
field) will not destroy the edge states unless these changes are drastic enough to close the

gap in the system.

It has become common to call certain states topological states of matter. In keeping
with the discussion above, this designation can be thought of as being short-hand for states
that belong to a different topological class than the vacuum. Thus the natural boundary of

the materials in these states play host to interesting edge physics.

Topological states of matter come in several flavours depending on how they are re-
lated to their trivial counterparts[4]]. Topological states that are only different from their
trivial counterpart because a symmetry that forbids deformations that would change the
topological system into the trivial system are called symmetry-protected topological states.
Such states will be the focus of this work. Specifically, this thesis will be concerned with
two such topological materials: topological superconductors, protected by particle-hole
symmetry, and topological insulators, protected by time-reversal symmetry. The following

two sections will introduce the key features of these states, outline present challenges and
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discuss the problems addressed in this thesis.

1.2 Externally Induced Topological Superconductivity

The first topological state this thesis will focus on will be a topological superconductor.
As discussed in the previous section, this topological state will play host to edge-states.
In the case of a topological superconductor these edge-states are very special, as they are

predicted to be Majorana modes.

To understand why Majorana modes are special we must first make a brief digression
into the field of particle physics, and in particular the Dirac equation. Complex valued
solutions to Dirac’s equation provide a description of relativistic, spin—% particles, such as
electrons and protons. These complex valued solutions provide a description of particles
that have unique anti-particles.

Shortly after Dirac proposed his now famous relativistic wave-equation an Italian physi-
cist known as Ettore Majorana proposed a modification to the Dirac equation which would
lead to purely real solutions [S]. These real valued solutions, since termed Majorana
fermions, have the novel property that they describe spin-1/2 particles (i.e. fermions) that
are their own anti-particles. After Majorana published his findings in 1937, experimental-
ists became interested in the possible existence of a Majorana fermion and began searching
for a fundamental particle having these unique properties. Despite these effort, all fun-
damental fermions discovered to date (perhaps excepting the neutrino) have had unique
anti-particles.

In addition to being elusive and fundamentally interesting, Majorana fermions are of
interest for more practical reasons. In a condensed matter context the analogue of these
particles may be created as quasiparticle excitations, these quasiparticles can then bind

to a defect at zero energy to create an object known as a Majorana mode. These Majo-
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rana modes are expected to belong to a group of particles known as non-abelian anyons|6,
7]]. Non-abelian anyons have non-trivial exchange statistics; the exchange of two of these
particles changes the ground state of the system by more than just a phase. Moreover,
the exchange of non-abelian anyons is non-commutative. Owing to these properties, non-
abelian anyons (e.g. Majorana modes) are largely believed to be important components in
the design of quantum computers; as the exchange of these particles can be used to store

information in a many-body system [/7].

Moving back towards topological superconductors, these materials are believed to be a
promising route for realizing Majorana modes. This is because in superconductors Gauge
symmetry is spontaneously broken and as a result particle number is not conserved. In
such a system the fundamental excitations of interest are a superposition of particles and
holes. In condensed matter systems, holes can be thought of as antiparticles and therefore
the excitations in a superconductor are a superposition of particles and anti-particles. One
can imagine that an equal superposition of particle and hole would then result in a particle
that is its own antiparticle, and therefore potentially a Majorana fermion and eventually a

Majorana mode.

Unfortunately typical superconductors, i.e. spin-singlet superconductors, are described
by a superposition of electrons and holes with opposite spin and therefore do not provide
the proper superposition to constitute a Majorana fermion. The proper conditions for this
superposition are met in a topological, spin-triplet p, + ip, superconductor. Alas, with
a few unverified exceptions[8]], there are currently no naturally occurring materials with
topological p-wave pairing. Nonetheless, many proposals have focused on indirect routes
to creating this important type of pairing [9-18]. Understanding these proposals will be the

prerequisite to the first manuscript in this thesis.

The pioneering proposal for how one can create an effective p+ip-wave superconductor

was made by Fu and Kane[9]. Their proposal showed that a three dimensional topologi-
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cal insulator placed near a conventional s-wave superconductor will develop topological
superconductivity. One can understand this phenomenon at a high level by realizing that
the topological insulator already has non-trivial topology, and the pairing necessary for

superconductivity is induced by its proximity to the superconductor.

The proposal of Fu and Kane has been continually refined by several groups [12-
18]. The most relevant for understanding the work in this thesis are the proposals of Sau,
Lutchyn, Tewari [10] and Das Sarma, and also the work of Alicea [[11]]. Sau and cowork-
ers envisioned a two-dimmensional electron gas (2DEG) with Rashba spin-orbit coupling.
They then imagined connecting one side of this system to a ferromagnetic insulator and
the other to a conventional s-wave superconductor. The combination of these three puzzle
pieces creates a topological p-wave superconductor without the need for the potentially dif-

ficult to work with topological insulator involved in the original proposal of Fu and Kane.

Shortly after the work of Sau et al, Alicea set out to further simplify this set-up[11]. The
main success of Alicea’s work was the elimination of the ferromagnetic insulating layer in
favour of an external, and therefore tunable, magnetic field. This was accomplished by

considering a 2DEG with a mix of Dresselhaus and Rashba spin-orbit coupling.

The ability to add tunability to a potentially topological system is one of the two main
themes of this thesis. In the case of topological superconductors our main inspiration comes
from Alicea’s work. The principle goal of the first manuscript in this thesis will be to further

simplify the process of inducing a p-wave superconductor.

The key features of creating an effective topological state in the proposals discussed in
the last several paragraphs is the proper combination of spin-orbit coupling and Zeeman
field. We are interested in determining if the need for the superconducting layer can be
alleviated by allowing for the spin-orbit coupled, two-dimensional electrons to interact
with each other. The motivation for this work is to find a material that is either a trivial

superconductor or in some other phase to start with. The hope is then that by properly
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applying a Zeeman field (either via a magnetic field or some other effective means) we can

induce a topological superconducting phase.

The groundwork for this problem has been laid in a collection of preliminary papers
written during the author’s Master of Science study[19-21]. These preliminary studies
take a relatively simple approach to the problem in order to establish proof-of-principle.
The manuscript presented in Chapter 2 of this thesis should be considered a rigorous and
culminating work on this problem. It reviews these earlier studies as well as providing a
detailed description of the proposals for topological superconductivity surveyed at a high
level in this introduction. It then dives deep into the problem of interest by analyzing the
system from a Renormalization Group point of view. This analysis concludes that topolog-
ical superconductivity induced by an applied field is possible in a system with interaction
driven superconductivity. Such a set-up represents the opportunity to drive and manipulate
a topological state with an externally applied mechanism without the need for the additional

superconducting layer.

The study of topological superconductivity outlined above constitutes the first part of
this thesis. The second part will focus on the driving and manipulation of a topological insu-
lator (TI). Here our drive of interest will be a time-periodic perturbation, typically assumed
to be electromagnetic radiation. The two main experimental tools that have historically
been used to probe topological insulators are transport measurements and angle-resolved
photoemission spectroscopy (ARPES). We study how the expected results of both of these
methods change in the presence of time-periodic modulations. A more detailed introduc-

tion to this system will be the central point of the next section.
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1.3 Non-equilibrium Topological Insulators

1.3.1 Introduction

The beginning of the story of topological insulators can probably be placed at the discovery
of the quantum Hall effect (QHE) in 1980[22]. A quantum Hall state is realized in a 2DEG
with an applied magnetic field. In the quantum Hall state the bulk of the two-dimensional
system is insulating, but nonetheless the edge plays host to a unidirectional current. This
unidirectional current is topologically protected (see the first section of this introduction)

and gives rise to a precise quantization of the Hall conductance in the sample[23, [24]].

In the two decades following the discovery of the QHE a great deal of effort was put into
finding a new state of matter with similar conduction properties to the QHE, but without
the presence of the applied magnetic field, i.e. a system with time-reversal (TR) invariance
[25528]]. This search ultimately led to the discovery of topological insulators.

In a topological insulator time-reversal invariance is maintained and so there is no ap-
plied magnetic field. An essential component in topological insulators (at least up until the
time of writing) has been the role of spin-orbit coupling (SOC). Spin-orbit coupling can be
thought of as playing the same role as the applied field in the QHE. The crucial difference
in a TI is that the effective magnetic field felt by electrons in the presence of SOC has a
different direction depending on the spin of the electrons. That is to say, if a spin-up elec-
tron sees an effective field in the z-direction, then a spin-down electron will see an effective
field in the negative z-direction. This feature not only maintains TR-invariance, but also
permits the transport properties of a T1 to be thought about as two copies of a QH state. In
these copies, spin-up electrons have a unidirectional flow in one direction while spin-down

electrons flow in the opposite direction. This state is commonly called the spin-QHE.

The discussion so far has been focused on 2D systems, however three dimensional gen-

eralizations of topological insulators also exist[29} [30]. Both 2D and 3D TIs demonstrate
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Dirac-like, in-gap, spectra along their edges. Depending on the dimensionality of the TI,
there are different experimental signatures of the topological state that are easiest to observe
experimentally. In a 2D system the topologically robust transport properties of the system
are easiest to observe[31]], meanwhile in a 3D dimensionality the spectral properties of the
edge-states are the signature that is looked for. These experiments will be the central focus
of the second part of this thesis and we will briefly outline them here before introducing

the notion of driven topological insulators.

We will first focus on the transport properties of topological insulators. Here we will
give a general overview of these properties, a detailed description can be found in the excel-
lent review article [2]. First, we will discuss two-terminal transport in these systems. This
involves biasing the left and right edges of a sample relative to each other and measuring
the resulting conductance. In a TI the bulk is insulating and provided the bias lies in the
bulk gap charge can only be carried by the edge modes. As discussed above, these edge
modes amount to spin-up electrons circulating in one direction, while spin-down electrons
circulate in the opposite direction, see Fig. [[.I] In the absence of magnetic impurities
these edge states do not interact with each other and therefore amount to two copies of
1D channels that carry charge from a source to a drain. Each 1D edge channel comes
with a conductance of €?/h and so Tls are expected to have a two-terminal conductance of

2¢? /h[2,26]]. This robust conductance signature has been measured for a 2D TI[31].

To close this subsection we will quickly discuss a second experimental confirmation of
the properties found in topological insulators. This signature comes from ARPES experi-
ments conducted on 3D TIs. ARPES experiments have been able to confirm the 3D in-gap,

Dirac cone structure of the surface states in these materials [[30].
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Figure 1.1: Edge channels in a two-terminal conduction set-up in a 2D topological insulator.

1.3.2 Floquet Topological Insulators

Despite the numerous experimental successes surrounding the discovery of TIs, there are
still numerous challenges surrounding these materials. One of the central challenges in-
volves isolating a TI. Finding a material with the correct properties to support a topological
band-structure relies to a great degree on good fortune. The tunability of these devices, both
in the sense of creating the topological state and manipulating it, remains an experimental
hurdle.

In addition, the topological states of matter discussed so far have been limited to time-
independent, or equilibrium, systems. An interesting question is how the topological prop-
erties of the system will behave in a time-dependent scenario. One can imagine both trying
to understand how these topological properties can be manipulated using a time-dependent
perturbation, and also if the time-dependent perturbation can be used to create new topo-
logical properties of the system.

In an effort to begin to explore both of the avenues outlined above, the group of Refael
et al [32]] proposed a way to start with a trivial (in the topological sense) material and

drive this material into a topological state using a time-periodic external field. Topological
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insulators created in this way have been named Floquet Topological Insulators (FTI).

This proposal to create a topological state using a time-periodic perturbation has great
experimental potential. That fact notwithstanding, the manner in which the experimental
signatures of a topological insulator generalize to a FTT must be established. This task is
the focus of the second, third, and fourth manuscripts of this thesis.

In the second and third manuscripts we address the problem of transport in FTIs. We
begin with an understanding of the transport behaviour of an equilibrium TI under a pe-
riodic perturbation. This involves generalizing a sum rule established previously in the
context of a topological superconductor[33]. We then use this intuition, and sum rule, to
build an understanding of transport in a FT1. In the end, we find that the time-periodic
perturbation can be used to manipulate the signature two-terminal conductance of 2¢2/h to
take on significantly smaller values. In spite of this reduction in the signature conductiv-
ity, we establish that by using a sum rule, which sums the conductance over several bias
voltages, we can recover the signature conductivity value of 2¢2/h.

The fourth manuscript of this work builds on the physical understanding established in
manuscripts 2 and 3 in order to build a theory of ARPES in TIs in the presence of a time-
periodic perturbation. With this work in place we are able to make connection to recent

experimental time-resolve ARPES work|[34].

1.4 OQOutline of this Thesis

The remainder of this manuscript based thesis is organized as follows. Chapter 2 contains
a Renormalization Group Flow calculation in a spin-orbit coupled 2D system of interaction
electrons. The focus of this study is to establish whether an applied Zeeman field can be
used to drive and manipulate a topological superconducting state. Chapter 3 begins the

second focus of this thesis, which is the use of electromagnetic radiation to drive and/or
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manipulate a topological insulating state. Chapter 3 itself begins the first step of this study
by delving into how a time-periodic perturbation may be used to manipulate the now fa-
mous transport properties of a 2D topological insulator. Chapter 4 continues this work, but
shifts gears to a system where the topological state itself only exists because of the applied,
time-periodic field. Chapter 5 remains focused on the manipulation of a topological insu-
lator with applied electromagnetic radiation. Unlike the previous two chapters, this chapter
focuses on 3D topological insulators. Chapter 5 explores how a time-periodic perturba-
tion changes the edge-states of a 3D TI and makes connection with recent time-resolved
ARPES experiments. Finally, Chapter 6 closes this thesis with a summary and concluding
remarks.

Before moving on to the first manuscript of this thesis, some remarks on organization
are in order. Each of the four manuscripts is written to be both self-contained but also to
provide a natural progression in the theme of this work. In an effort to make the manuscripts
self-contained, each work has its own bibliography and appendices. To aid in the flow of the
thesis, each chapter contains a preface which sets the stage for the manuscript by providing

context to the work, and by connecting it to preceding and proceeding chapters.
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Preface to Chapter 2

The first manuscript of this thesis is concerned with driving a topological superconducting
state in a system of interacting, spin-orbit coupled electrons. This work builds on the
previous work in [[1] which was done in the mean field context. This opening manuscript
employs renormalization group (RG) methods to provide a more rigorous treatment of the
problem. This RG approach establishes that an externally applied Zeeman field may be

used to drive, and manipulate, a topological superconducting state.
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Abstract

The hope to realize Majorana fermions at the vortex core of a two dimensional topologi-
cal superconductor has led to a variety of proposals for devices which exhibit topological
superconductivity. Many of these include superconductivity through the proximity effect
and therefore require a layer of a conventional superconductor deposited on top of another
system, which lends its topological properties. The necessity of the superconducting layer
poses some technical complications and, in particular, makes it harder to probe the Ma-
jorana state. In this work we propose to replace the proximity effect pairing by an innate
tendency for pairing, mediated by interactions. We use a model system with spin orbit cou-
pling and on-site repulsion and apply renormalization group to the interaction vertex. With-
out a Zeeman field this model exhibits pairing instabilities in different channels depending
on the tuning of parameters. Once a Zeeman field is introduced the model favors topologi-
cal superconductivity where the order parameter winds an odd number of times around the
Fermi surface. This suggests that certain superconductors, with strong spin-orbit coupling,

may go through a topological phase transition as a function of applied magnetic field.
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2.1 Introduction

Majorana fermions, interesting in their own right, are desirable components of topological,
fault tolerant, quantum computations. In order to perform such computations it is necessary
to move Majorana fermions and in particular exchange their position in a braiding fashion.
While it is probably easiest to achieve Majorana fermions in one dimensional systems[2-
4]], controlling their motion seems more natural in two dimensions. This reason and others
inspire the search for two dimensional topological superconductors which are known to
support Majorana fermions at their vortex cores|3, 6].

Some of the prominent ideas for two dimensional topological superconductivity include
a multi-layer heterostructure[/7-14]. In the proposed structures one or more layers provide
the topological properties, i.e, a winding of the electron spin around the Brillouin zone
while another layer provides the tendency for pairing through the proximity effect. For
example, in a heterostructure of spin-orbit coupled semiconductors in proximity to a simple
s-wave superconductor topological superconductivity arises as the pairing gap inherits the
winding of the spins and forms a p, +ip, state. Besides SOC and pairing, a key ingredient in
the above proposal is a Zeeman field. The importance of the Zeeman field is in ensuring that
only one Fermi surface with spin-momentum locking participates in the pairing. Without
the Zeeman field there are two spin-orbit coupled bands with opposite spin chirality in each
energy. This leads to an overall cancelation of the topology which is manifested in a trivial
Z invariant.

Inspired by the above proposals we set out to answer the following question. Can the
combined effect of spin-orbit coupling and electron-electron interaction lead to topological
superconductivity? Our study suggests that the answer is affirmative with the help of a
Zeeman field. Similarly to the semiconductor proposals, in our system the Zeeman field
ensures that only one spin orbit coupled band is paired, producing a topological supercon-

ductor. We therefore speculate that there may exist a spin-orbit coupled superconductor
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whose topology is trivial due to the multiplicity of Fermi surfaces[15, |16]. This super-
conductor can be rendered topological by the application of a magnetic field. Of course
one may worry that the magnetic field has an orbital effect which ultimately leads to the
suppression of superconductivity. We therefore look at interaction driven superconductors
which has the potential for a high critical field such that a topological superconductor phase

may appear before superconductivity is completely turned off.

The model we use is an extension of the Hubbard model on the square lattice with
Rashba spin orbit coupling (SOC). Without SOC this model leads to a d-wave supercon-
ductor when treated in the strong coupling limit away from half filling[17-19]]. In the
presence of SOC coupling there are various phases depending on parameters. While we
have recently analyzed a similar model in weak[1]] and strong coupling[20], in this paper
we focus on its continuum analogue and find the possible pairing channels in an RG anal-
ysis. We find that when the Fermi level cuts only one of the spin-orbit coupled bands the
interaction induces topological superconductivity. This superconductor is of either f-wave
or p-wave symmetry, depending on the direction of the Zeeman field relative to the spin
winding. This type of pairing comes about as a combination of two effects. Without SOC
the preferred channel of pairing is a spin-singlet d-wave. The SOC couples the two spin
directions and produces two bands in which the spin winds by 27 as one encircles the Bril-
louin zone mid point. This winding is superimposed on the +47 phase winding of the
d-wave order parameter and leads to either a 27 (p-wave) or a 67 (f-wave) winding of the
order parameter as seen by the band electrons. Our renormalization group analysis shows

that the above topological channels are dominant when there is a single Fermi surface.

This paper is laid out as follows. In Section [2.2] we discuss and review past heterostruc-
ture devices. In particular, we highlight the necessity for a description of the problem in a
band basis. In this case the wave function of Cooper pairs is a mixture of singlet and triplet

pairing[21]]. This section aims to frame the results we present in relation to the current
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literature on this problem. It also gives an overview of our main results. Section [2.3|defines
the model we study and reviews the basics of the RG method we will employ. We then
begin discussing our results in Section [2.4] by first looking at the general problem and then
specializing to systems with a single Fermi surface. After finding the potential for topolog-
ical superconductivity in Section [2.4{ we follow up in Section by developing a simple
mean-field model from our RG results and showing that for the correct combinations of
parameters we get a topological superconductor. We close the main text in Section [2.6|with
some concluding remarks. A detailed appendix gives an overview of more technical details

of our RG analysis.

2.2 Preliminary Discussion

2.2.1 Superconductivity with lifted spin degeneracy

As discussed in the introduction the goal of this paper is to address interaction driven su-
perconductivity in a system of spin-orbit coupled electrons. We would first like to acquaint
the reader with superconductivity in systems with a “lifted spin degeneracy”. Without spin-
orbit coupling (and Zeeman field) the model we will use in this work simplifies to a tight
binding model with spin-degenerate bands. Such a dispersion is typical in the studies of
superconductivity with which most readers are familiar. In this case it is natural to discuss
the formulation of Cooper pairs in singlet or triplet spin configurations.

Once spin-orbit coupling is introduced the two-fold spin-degeneracy of the bands is
lifted and singlet and triplet pairings become mixed in the wave function of the Cooper
pairs[21]]. Put another way, once spin-orbit coupling is considered the z projection of the
electron spins is no longer a good quantum number. Instead we are left with what will
be referred to as a band index. We can then see Cooper pairs form between two electrons

in the same band (intraband pairing) or between electrons in different bands (interband
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pairing). These two types of pairs can, of course, be thought of as superpositions of the

more traditional singlet and triplet pairs.

A clear illustration of this was given by Alicea in Ref. [8]. If one considers a system of
spin-orbit coupled electrons, in this case a quantum well system, placed in proximity to an
s-wave (singlet) superconductor an interpretation of such a system in terms of interband and
intraband pairs is as follows. Proximity effect forces the electrons to pair in a spin-singlet
state, symbolically we can think of this as adding a term A, [ dk (1/J$(k)1/)1(—k) + h.c.)
to the Hamiltonian. However, in the quantum well the states (k, o) (where o =7 or |) are
no longer good states and one must instead describe the system in a “band” basis. Quantita-
tively this amounts to transforming the operators ] (k) into operators creating/destroying
electrons in each band which we denote as 1. (k). Carrying out this transformation the

superconducting contribution to the Hamiltonian becomes (schematically)

Hge = / dk(A L (k)Y (k)wh (—k) (2.2.1)

£ A (0 ()T (—k) + A ()] ()6 (—K) + hie)

The functions A, (k), A__(k), and A, _(k) play the role of the superconducting order
parameter for, respectively, intraband pairing between two electrons in the upper band, two
electrons in the lower band, and inter band pairing between one electron in the upper band

and one in the lower band.

One additional, important observation when dealing with superconductivity with lifted
spin degeneracy is that the symmetry of the pairing in the spin basis is not generally the
same as the symmetry in the band basis. For the example above, Alicea begins with a
system that has simple s-wave pairing in the spin basis; however, this pairing drives band
Cooper pairs to form with the order parameters A, , (k), A__(k), and A, (k) which are

non-trivial functions of k. In particular, A, ; (k) and A__ (k) are odd under k — —k while
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A, (k) is even.

2.2.2 Spinless p-wave Pairing in the band basis

Superconductivity with p + ip pairing is highly desirable as it is the canonical example
of a topological superconductor[5]. The example above can be argued to be a spinless
p — ip superconductor. In order to review this argument let us first quickly review the band
structure of these systems. One begins with two, spin degenerate, quadratic bands. When
spin-orbit coupling is added these bands are split and the degeneracy is lifted. If the bands
are parabolic they cross at k = 0. When a Zeeman field is applied the crossing is avoided
and a gap is opened around k = 0. Therefore, for any energy within this k = 0 gap there is
a single circular contour of constant energy on which the spin is locked to the momentum
direction. Please note that when we discuss a Zeeman field opening a gap in the rest of
this paper we are referring to this scenario. An example of this type of band structure
can be seen in Fig. 2.1} If the chemical potential of the system is tuned so that the Fermi
surface lies in this gap, and superconductivity is not strong enough to induce transitions
between bands (through A, _(k)) then the upper band of the problem plays no role and can

be projected out. This leaves only a Hamiltonian

Hopp = / dk(e_(K)Y! (k)y_ (k) (2.2.2)
+ A__(K)U ()Y (—k) + A (K)y_(=k)y_(k))

where e_ (k) is some dispersion. This is exactly a spinless p — ip superconductor.

While the above idea was proposed for a system with s-wave pairing the same principle
can be applied for other singlet superconductors. Of interest for the current work is that
d =+ id-wave singlet pairing leads to f + ¢f and p — ¢p intraband pairing which are both

topologically non-trivial[1, [22]]. That is, as in the example of Alicea[8] above, one begins
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with a d £ ¢d-wave superconductor in the traditional sense. We can think of this schemat-
ically as a term in the Hamiltonian of the form Hg "¢ = <Ad(k)¢l(k)wj(—k) + h.c>
where A4(k) has either d +id or d — id-wave symmetry. Once spin-orbit coupling is added
the hamiltonian is no longer diagonal in the usual Nambu space and we should transform
the states to describe them in the band basis discussed above. Projecting onto a band basis
yields a superconducting contribution of the form of Eq. (2.2.1)). During this projection the
phase e coming from the spin-orbit coupling is attached to the original A4(k) to give
A__(k) ~ e Ay(k) and A (k) ~ e <A, (k), meanwhile A, _ (k) is just proportional
to Ay(k). Similar to the s-wave case, when the chemical potential lies in the gap one can
focus on the lower energy band and the problem is mapped to a spinless superconductor
with the sole order parameter A__ (k). If we begin with d —id symmetry then A__ (k) will
have p — ip symmetry while beginning with A,(k) being a d + id-wave order parameter

leads to a A__ (k) with symmetry f +if.

The approach taken in this paper, although highly motivated by the above discussion,
works in the opposite direction. Instead of inducing pairing via proximity effect we look
at driving pairing by interactions. Rather than forcing pairs to develop in, say, the s-wave
singlet channel as the heterostructure devices above do, we utilize renormalization group
methods to look at instability for pairing between band electrons. We focus on the topo-
logically relevant band structure discussed above, that is not just a spin-orbit split band

structure but one with a gap opened via a some sort of mass (Zeeman) term.

It has been shown in Refs. [[15} [16] that spin-orbit coupling in an otherwise quadratic
band structure leads to enhancement of superconductivity. These works find an instability
towards pairing with the symmetry of the order parameter (or at least the dominant term)
dependent on how the relative strength of the spin-orbit coupling and fermi energy are
tuned. Here we follow a similar program but with the introduction of a mass term into

the model. This term opens a gap between the spin-orbit split bands in the non-interacting
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band structure and we focus on what happens when the chemical potential is tuned to lie
in the gap. For this choice of parameters there is only a single Fermi surface and we find
that the pairing that develops has either p — ip or f + ¢ f symmetry depending on the sign
of the Zeeman mass term. In either case we expect the superconductivity that develops to

be topological in nature, i.e., to support Majorana fermions in its vortex cores.

2.3 Model and Method

2.3.1 Model
Definition

Here we would like to introduce our model and the language of a band basis that the rest of

this work will be framed in. Our initial focus is on the Hamiltonian studied in [1]] and [20]:
H=H+ H;; (2.3.1)

where Hy = Hy g+ Hgo is a quadratic Hamiltonian and H;,,; contains interactions effects.

For H, we take the following model

Hy =Y o, (bap+di Fap)cup (2.3.2)
k,a,8

where & = ex — 1 with e, = —2t(cos(k,) + cos(k,)) and dx = (dy(k), d2(k), d3(k)) =
(Asink,, Asin k,, 2B(cos k, +cos k, —2) + M) where t, A, B, M, ji are material parame-
ters giving the strength of the hopping amplitude, in plane spin-orbit coupling, out-of-plane
spin-orbit coupling, Zeeman field and chemical potential respectively. Above & is a vector
of Pauli matrices and « and [ are spin labels.

The model above has been chosen for the sake of versatility. We have discussed numer-
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ous possible applications in past work[23]], they include cold atomic systems with synthetic
gauge fields, transition-metal oxides (e.g. pyrochlore iridates), quantum wells, and insu-
lating oxide interfaces (e.g. the interface of LaAlO3 and SrTiO3). From this point of view
the parameters A and B could come from traditional spin-orbit coupling such as Rashba or
Dresselhaus, they could find their origins in systems like quantum wells[24], or they could
be created in a cold atomic system. Further, the parameter M could also have numerous
origins, here we outline only a few possible sources. An applied magnetic field is perhaps
the most obvious choice. In this case one must be dealing with a system where orbital
effects are small so as to minimize the suppression of superconductivity. Additionally, this
Zeeman field may come from a band gap, which would be the case if we are dealing with
quantum well like structures[24]]. In the case of a band gap the orbital effects are avoided
altogether. Finally, this term may come from proximity to a FM insulator, similar to het-

erostructure proposals in the past[9] .

To account for interactions we take a simple on-site coulomb repulsion given by

Hu = ) D Otk (2.3.3)

ki,ka k3 kg a1,02,03,04

T T
X Ua17a27a3,a4 (kh k27 k37 k4)ck1,a1ck2,a2 Cks,0i3 Cky,0n
where

Uay0n,05,01 (K1, K2, K, k) = (2.3.4)
U o, . i

4N (0-(1170125041704450427043 - gag,a15027a450¢17a3) .

Note that it is enough to take a repulsive interaction since it leads to pairing in a strong
coupling treatment (in contrast to Ref. [1] where near-neighbor attraction was introduced

to mimic this effect in the weak coupling treatment).
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Transformation to the Band Basis

We now diagonalize H; in order to recast our problem in terms of band electrons. This is

done by making the unitary transformation

Gt | _ ‘f+1(k) f—1(k) b+ (2.3.5)
k.| e f (k) —e%fi(k) b —
where the +1, —1 label a band and we have defined the following
. k) +idy(k
Vi (k)? + da(k)?
d + \d3
k pumy
Aalk) 2d
where A = 1 and d = |dy|. Written in the new basis,
Hy =) Eyabj \bica (2.3.7)

K\

where by, are annihilation operators in the band A and L y = {x + Ad labels the energy of

the bands relative to the Fermi energy p.

Before we move on to the RG calculations we express H;,,; in terms of band electrons.
This requires some tedious manipulation which we defer to the Appendix. After some work

we obtain:

Hu = > Y Okikoketks (23.8)

ki,ko,k3, ks A1,A2,A3,A4
i T
X Wiuasaen (Kas kg, ko, ki), o Oy bie 2o big o
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where

U
W>\4,/\3,>\2,>\1 <k4, k37 k27 kl) = —mw,\4,)\3 (k4, k3>

X wy, », (kg ki) (2.3.9)

where wy, y, (ki, k;) = Nie < Fj; — Nje " Fyj with Fiy = fy (ki) -y, (k;). We see
that in the band basis electrons in bands A5 and A; can scatter to bands A3 and A4, that is to
say there is no “band conserving condition”. The d-function ensures that the momentum is

conserved.

Partition Function

We can now recast our model in the language of coherent state path integral. First we define

the quadratic part of the action as

s )
Sy = / dr ) b\ (7) (E + Em) b (T) (2.3.10)
0 k)

with Grassman variables by ,(7) and by \(7) and inverse temperature 3. The interaction
part is:

Sint = > V(4,3,2, 1) (4)0" (3)b(2)b(1) (2.3.11)

1,2,3,4

where we simplified the notation by defining i = (\;, k;, 7;) and

U [° -
V(4,3,2,1) = —m ; dT (H(S(T—@-)) 5k1+k2,k3+k4
j=1

X Wayxs (K, ka)wf\%,\l(km k). (2.3.12)
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The partition function is given by:

7 = / D(b}(7), ba(1))e S0 Simt (2.3.13)

2.3.2 Renormalization Group Approach

We now take the standard steps in finding the renormalization group flow of our model[25].

We begin by separating the Grassman variables into fast and slow modes:

bk’A(T) = Q(A/S_‘Ek,)\Db]i)\(T) (2314)

+ O(A — | B a)O(| Excn| — A/s)bi 5 (7)

where A is our energy cut-off and s is a flow-parameter. While fast and slow modes are

decoupled in Sy, they are coupled in .S;,,;
S =50+ Sint = So(<) + So(>) + Sine(<, >) (2.3.15)
Integrating over all of the fast modes gives
7 = / D(be, bt )e™ 075 (2.3.16)

where —5,,(<) = In [{(e™%m(<>))q _ ] where the average is over fast modes with respect

int

to e~%(>), We can obtain an approximation of S/ , by performing a cumulant expansion:

int

g

wnt

(>) = —(Sime(<,>))o> (2.3.17)

((Sine (< >))o> = (Sime(<,>))5.5)

((S54(< > Mo + 77 {(Shu(<,>o>

|;_\[\D|b—‘

w

!
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where the double angled brackets denote, respectively, the third and fourth order cumulants

—50(>)). Using the above perturbative expression we calculate a

of Siu+ (with respect to e
new effective interaction for the slow modes of the theory. We would like to point out that
all of the results we derive are perturbative only in the interaction strength U, while ¢, A,
B, M and [i are not assumed small in any way.

We use Feynman diagrams in order to evaluate the above expression[25[]. The relevant

Feynman rules are as follows:

* Each vertex diagram contains 4 external lines, two incoming and two outgoing. All

other lines will be referred to as internal.

* Label every line with a momentum k, a band index A and a Matsubara frequency
Wy,

1
twm—Ey \°

* For every internal line write a bare propagator Gy (iw,,) =

» Every vertex in the diagram has a factor of

U(/\46_i9k4 F374—)\36_i9k3 F4’3> (}\QeiekQ Flyg—/\lewkl F271>
4N

V)\4,>\37/\2,)\1 (k4, k37 k2> kl) = -
where the numbers 1 through 4 must be assigned in the following way: For propaga-
tors coming into the vertex, the one from the left is 1 and the one from the right is 2,

for propagators leaving the vertex the one to the left is 3 and to the right is 4.
* Conserve total momenta and frequency at each vertex.
* Sum over all internal frequencies %3 D o
¢ Sum over all internal momenta, with the restriction that these are fast modes Zk7>.
* Sum over all internal band indices.

* Determine the overall multiplicative factor by multiplying by how many independent

ways there are of drawing a specific diagram and for n** order diagrams divide by n!.
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* Multiply by the appropriate sign in the cumulant expansion and determine the sign

coming from the contractions required to draw a given diagram

Once the above steps have been completed we have a general expansion. We focus on
the “BCS” (pairing) channel by setting the incoming external momenta to +k’ and band
indices to \" and the outgoing external momenta to +k and band indices to A\. We focus
solely on the BCS pairing channel for several reasons. First, as mentioned before, we have
studied the same model outlined above in a mean field context[ 1] and have found that there
is an instability to superconductivity over much of parameter space. There is one excep-
tion to this where an antiferromagnet is found but only for larger B and large interaction
strength. Second, in models similar to ours without spin-orbit coupling it is known[26] that
for weak, repulsive interactions the Cooper instability is the only generic instability un-
less model parameters are fine-tuned. Finally, from a practical point of view our goal is to
establish that topological superconductivity could possibly be driven by repulsive electron-

electron interactions. Thus we focus only on this problem.

Further, here we are interested in only intraband pairing and so we set both incoming
external band indices to \" and the outgoing ones to \. In mean-field this describes pairing
between electrons in the same band index (intraband pairing) whereas setting band indices
to £ on the incoming (or outgoing) electrons would represent interband pairing. We focus
only on intraband pairing both because it is the interesting pairing from a topological stand-
point and because we expect interband pairing to be suppressed relative to its interband
counterpart. For example, for the BCS diagram (see the appendix of this paper) we find a
relative suppression of <AL];> ’ when comparing interband pairing to intraband pairing. The
calculation is also further simplified by only considering diagrams that contain logarithmic

divergences as s — oo[|15} 16|, as these dominate the vertex function.
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2.4 Summary of RG Analysis

2.4.1 General Results

Here we discuss the results of our analysis. We will only include details where it is abso-
lutely essential; a full treatment and discussion of our analysis is included in the appendix.
We have calculated diagrams up to fourth order in the interaction parameter U and with
logarithmic divergences for our lattice model. The need to go to 3-loops in our calculation
is rooted in the flow the interaction channels. Our goal is to find a pairing instability in this
system, we therefore look for couplings which flow to large negative values. At one-loop
and at two-loop we find couplings that are only marginal, or marginally irrelevant[25]]. It is

not until 3-loop that we find marginally relevant flow, and therefore instability.

Although we have successfully obtained an expression of the renormalized interaction
up to this order it is rather intractable to work with this form. In order to make analytic
progress we take the continuum limit by replacing sin k; — k;, cos k; — 1 — k2 /2. Taking
the continuum limit not only makes our mathematical expressions analytically tractable
but also makes the dispersion a function of k£ = |k| only, such that the contours of constant
Ey » are circular in k-space. This enables two simplifications[|16, 25]: (1) We can set all
external momenta to lie on the Fermi surface (or Fermi surfaces) as any other external
momenta correspond to processes that are irrelevant under RG flow and (2) due to the
circular symmetry the coupling function in the BCS channel can be a function of ¢ =
Ox — Oy only.

When considering the BCS channel we can think of the RG procedure as renormalizing
the interaction as H// = Y Vv (k K, S)CLACT_k)\C,k/’ xCi,v. In the continuum

limit the interaction takes the form

i

e
V)(,)\’(k7 kla S) = V/<,>\’(¢a S) = WUS\,/\’(gbv S) (241)
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Where we have used primed variables to distinguish renormalized parameters from the
non-primed bare variables. The indices A and )\’ label the Fermi surface of the outgoing

and incoming band electrons.

Using this symmetry of the coupling allows us to decouple the interaction into angular

momentum channels:

vf\’/\, (p,s) = g eimz%f\’)\, (m, s) (2.4.2)
12 2 )
/ —1my /
V\y(mz,s) = by e %A’/\,((ﬁ, s)
0

We now address the question of how does the function v} ,,(m., s) flow as the RG
parameter s is tuned and calculate its beta-function. In our full expression for v} ), (m., s)
(see the appendix of this paper) the matrix entries for different \’s are coupled. Fortunately
we can obtain a simple beta function by following a method proposed by Raghu er al[26]

and further employed by Vafek and Wang[/15, 16]. To this end we define the ¢’ matrix

Gou(8,m2) = /N, N, ,(s,m2) (2.4.3)

In this definition N, is the density of states at the Fermi energy for the band ;1. We then

obtain the following beta function for the eigenvalues of each ¢’-matrix

A" (s)
dlIn(s)

= —2(A\"(s))? (2.4.4)

where \["*(s) is the i*" eigenvalue of g/, , (s, m.). With the above beta-function,

() — ()

14207 (1) In(s)” 243)

From this solution we see that if \]*(1) < 0 the renormalized coupling diverges at s =
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1

e "M Thus for any i or m., if A7*(1) < 0 superconductivity will develop in this chan-

nel[[16] with a superposition of intraband pairing given by the eigenvector corresponding
to A"#(1). The temperature scale at which it will develop is given by the value of the lower

1

cut-off A /s at which the above solution diverges, namely [15, (16, 26] T, ~ Ae® "™, Al-

though this argument does not allow us to quantitatively determine 7. due to the lack of a
proportionality constant, it does allow us to compare the transition temperatures of different
channels (i and m,) for a given set of parameters. The more negative the eigenvalue \;"*(1)
the higher 7. will be. Therefore we can think of \[**(1) as a measure of the instability of
a particular channel. For a given set of parameters, the value of m_ and ¢ with the most
negative A\!"*(1) is the dominant superconductivity channel.

In addition to the above it is worth noting that our results, like those of Refs. [[15,|16],
show a BCS instability that is enhanced by the presence of spin-orbit coupling. Namely, in
a purely parabolic system repulsive interactions cannot create an instability at second order
in U, but such an instability occurs in the presence of spin-orbit coupling. Therefore this
system falls in the line of reasoning of Ref. [27] where it has been shown that perturbations
can significantly enhance superconductivity. Owing to this we note that, as proposed in Ref.
[15], the spin-orbit coupling results in stronger superconductivity than would otherwise be
present.

The above discussion is general for intraband pairing for any choice of parameters in

the model. Let us now specialize to the case of interest, a single Fermi surface.

2.4.2 Pairing on a Single Fermi Surface

First let us describe the two band dispersion €y 1;. The upper band A = +1 is a mono-
tonically increasing function of % and parabolic like. For A = —1 there are two possible
functional forms depending on parameters. The first is a parabolic-like, monotonically in-

creasing function of k. The second has a Mexican hat shape with a value of —|M|atk =0
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\
v

> A

—HC

k

Figure 2.1: Schematic picture of our linearized bands. The different horizontal lines correspond to
values of the chemical potential creating a single Fermi surface (1 4) and to two Fermi surfaces (1 p

and pc).

&

and a minimum at some finite momentum k = k,,;,,. Above this value of % the band energy

is monotonically increasing. A schematic plot of € +; is shown in Fig. 2.1}

Regardless of the functional form of €, _; the two bands are separated at £ = 0 by an
energy 2|M|. The interesting regime is when |u| < |M]|. In this regime there is a single
fermi surface, marked by the line 114 in Fig. For || > |M| we have either two or zero

Fermi surfaces; these regimes are marked by the lines ;15 and p¢ in Fig.

Here we focus on the region || < |M| where there is a single, circular Fermi surface
with radius & = kp. For this band structure slow modes must belong to the A\ = —1
band. We thus focus on intra-band pairing of electrons in the A = —1 band. This is the
interacting analogue of the intraband pairing discussed in Refs. [8, 9]]. Note that our RG
description naturally dispenses with interband pairing for this choice of parameters, i.e the
Fermi surface contains only A = —1 electrons and so we do not expect any interesting flow

between electrons in opposite bands. In the language developed in Section [2.2] this would
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seem to suggest we would not expect to see A _ (k) type pairings. Additionally, for similar

reasons we do not expect to see A, (k) type pairings either.

For this particular choice of parameters N;; = 0 as there are no states in the band +1
inside the Fermi surface. The matrix g reduces to a scalar which is obtained by setting
A=XN=—-1land

U2
)\mz(l) = ngl’U,L,l(mz). (246)

Where v_; _1(m;) is a numerical constant for a given set of material parameters and
is defined in the appendix. From the above we see that the channel m, with the most
negative value of v_; _1(m,) will be the dominant channel for pairing, as [2]—62N_1 is a
positive constant. The corresponding critical temperature can be roughly estimated as

25
U2N_qv_q1 _1(mz)
T.~e¢ . .

As shown in the appendix v_; _1(m,) is a complicated integral. Setting B = 0.0 for
both simplicity and to make a closer analogy with the work in [9], we have evaluated

v_1 —1(m.) numerically over the range of values, A < ¢,

M| < .3t and |pu| < |M|. For
the parameters we have looked at, we find quite generally that for M > 0 the dominant
angular momentum channel is m, = 2 while for M < 0 itis m, = —2. As an example
of the data we have plotted v_; _1(m,) as a function of A in Fig. We note that in the
absence of the mass term )/ there is a degeneracy between v_; _;(m,) and v_; _;(—m,),
quite simply v_y _1(m.) = v_; _1(—m,) for all parameter values||16]. This means that for
M = 0 the m, channel and the —m_ channel are equally favorable. When we allow for
a finite M this degeneracy lifts. For the choice of parameters in Fig. there is a large
difference between the m, and —m,, couplings and there is only a single dominant channel.

Looking back at the original pairing function V5 (¢, s) = %U& v (®, s) and replacing

v} v (9, s) with its most dominant m, = +2 component we see that for [M| > 0 our
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Figure 2.2: Plot of the integral v(m,) = v_; _1(m;) as a function of A. Above we have set
B =0, M = —0.3t and x = 0. We note that for the range of parameters chosen the m, = —2
channel is by far the most negative channel.

RG analysis gives an attractive interaction with f-wave (p-wave) symmetry. Owing to the
extra phase factor in this basis, this leads, in a mean field description (discussed in the next
section) to an order parameter A__ (k) with f-wave or p-wave symmetry. In Section
we argued that a p-wave (and later an f-wave) A__ (k) intraband order parameter with the
chemical potential tuned in the gap should constitute a spinless topological superconductor.
Here the same argument holds and we have found, within our analysis, that neither A, , (k)

nor A, _ (k) type pairing develops.

Another encouraging comparison comes from connecting our RG calculation with the
earlier mean-field work on the same model in [1]. The dominant m, = +2, representing
f-wave or p-wave band pairing leads to d F id-wave spin-singlet pairing and p + ip and
f +1f-wave spin-triplet pairing when transformed back to the usual spin basis. Therefore,

as we’ve seen in Section [2.2] once spin degeneracy is broken superconductivity may be
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a superpositions of spin-singlet and spin-triplet. The connection to Ref. [1]] comes from
noting that in this study d + id singlet pairing was found using a variational mean field
theory technique. That study did not include p- or f- triplet pairing in the variational wave

function and therefore those were not obtained.

2.5 Mean Field Topological Classification

In order to gain more intuition and allow a simple evaluation of the topological invariant
we resort to an effective mean field theory. The RG analysis above points to the important
component of the interaction and we therefore include only this component in the effective
model. To this end, we dispense with any interactions between A\ = +1 band electrons
and furthermore only consider the dominant m, = m%" interaction channel between our

A = —1 band electrons. We therefore write the following dominant channel Hamiltonian,

Hepp = Z(fk + Ady — M)bLAbk,A (2.5.1)

k,\
+ Z Veff(¢)b1T(,—1bT—k,—1b—k’,—1bk’,—1
k. k’

where V. ;¢(¢) represents the part of the interaction which favors superconductivity in the

Pinye

dominant channel, denoted by m, = m%" = +2 and therefore V¢ (¢) ~ “"i(szve £p(maPt
We perform a mean-field decoupling of the interaction term:
Hepparr = Y Geablsbie (2.52)
K\
1 .
Kk

+ A0€i(m2+1)6kb—k,—1bk,—1)
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where we have dropped the ‘opt’ superscript on m., defined {x » = ex + Adx — p, and the

parameter Ay must be determined self-consistently through the equation

E
|~ Yerr(m”) tanh <2k§T)
o N - Ex

(2.5.3)

where Fy = , /512{’71 + A3. The wave function of the above is also of interest. For y set
in the gap in the spin-orbit split bands we have a vacuum of by particles, as all possible
‘+’ states lie above j;, meanwhile we have a superconducting condensate of by _ particles.
These two observations give rise to the ground state

) = T <uk,, +exp (—i(m. + 1)f) v b, b k,_l) 10) where |0) is the vacuum of

Byt Fi—€x _
band electrons, uy — = M%‘:l and v _ = 1/%‘:1

To obtain a description in terms of traditional spin states we transform H, ¢ yrr back to

a spin basis by inverting the transformation in Eq. (2.3.5)) and arrive at
1
- = ¥
Heppmr = 5 Ek (NG ARTON (2.5.4)

where Q/Jk = (Cva, Ck, |, CT—k,U —CT_k’T)T and

h A
T . 25.5)

~

AL —oyh_xo,
with i, 5 = (e — )05 + d(K) - o5 and

A, —A]

D>
e
I

(2.5.6)
AF A,
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where

A, = %(%) e~ im=ti (2.5.7)

Al = %(d_dd?’) e im0 (2.5.8)
Ao (d+d .

Al = —70( +d3) e~ Hm=—1)0k (2.5.9)

where d and d3 are functions of & = |k|. From this we can see that for m, = +2 we get

d F i1d-wave singlet pairing and f F ¢ f and p &+ ip-wave triplet pairing.

We now calculate the Chern number of this effective mean field Hamiltonian. The
BdG Hamiltonian Hy has particle-hole symmetry which greatly simplifies the evaluation

as noted by Ghosh et al[28]. We define

Q(k) = —sgn (Pf(HyI)) (2.5.10)

where I' = 0, ® 7, and ‘Pf’ stands for the Pfaffian of the matrix argument. The Chern
number is a function of Q) (k) evaluated at the time reversal invariant momenta (TRIM) and

in the square lattice this amounts to

(2.5.11)

where in the logarithm we have taken a branch such that In(—1) = iw. We can easily

calculate () and find

Q(k) = sgn (|As(k)[* + (e — p)* — dg) (2.5.12)

Evaluating this at the TRIM points we note the following interesting observations. The first

is that Q(0, ) = Q(m,0) and so the denominator in Eq. (2.5.11) does not contribute to C}.
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Second, at the point (7, 7) we can make a similar argument to that made in Ref. [28]. In
units of the lattice constant, if 7> > M, B, /Ay, 1 then we can focus only on the k* term in
Q(m, ). This term is simply ¢* — B2, Finally we have Q(0,0) = u? — M? leading to our
result for Cy

C, = i Insgn [(£* — B?)(p* — M?)] (2.5.13)

(x

If | B| < t then the topology of the system is entirely determined by whether or not y falls
in the gap in the spin-orbit split bands opened by M. If |u| < |M| (Fermi surface in the
gap) then C; = 1 and the system has non-trivial topology. Note that A, is not technically
defined at (0, 0), this is likely an artifact of our continuum theory and we have replaced it
with its limiting value here. We have checked our observations here using the numerical

formula for the calculation of C'; given in Eq. (11) of Ref. [1]].

The parameter range | M| > |u| is of course the type of system we have considered in
our renormalization group approach in the previous section. Thus any superconductivity

that develops in the system for this range of parameters will have non-trivial topology.

Although we have performed our calculation on a clean system, we expect our results
to be robust against disorder. Our confidence in this comes from our finding that C' is
non-zero for the relevant parameter regime. A topological system is, by its nature, resilient
to disorder[29, 30]. In addition to this, the state we find is a fully gapped superconductor

and should therefore be robust to defects for this reason as well.

The effect of temperature has also not been studied here and is left for subsequent
studies. We expect that the above topological superconductor be stable at temperatures

lower than the mean field gap scale.
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2.6 Conclusion

We have studied a model of interacting, spin-orbit coupled electrons using renormalization
group methods. After simplifying the model of Ref. [1] by taking the continuum limit,
we have applied the methods developed in Refs. [15],[16[,[26],[27] to our model and
focused on a system with a single Fermi surface. Our analysis shows that for this range of
parameters the most dominant angular momentum pairing channel under RG has p-wave or
f-wave symmetry depending on the sign of the Zeeman parameter M. Such an interaction
should lead to a superconductor with intraband Cooper pairs and a p-wave or f-wave order

parameter.

To verify the topology of the state we simplified our model to include only the dominant
interaction channel and performed a mean field analysis of the resultant effective Hamil-

tonian. This analysis shows that the system develops topological superconductivity. The

B| < t, is that |u| < |M

condition for non-trivial topology in the physical case, , that is
that the Fermi surface must lie in the gap in the spin-orbit split bands opened by M. This
is similar to the condition discussed by Sau[9]] and Alicea[8]] in the context of spin-orbit
coupled bands in proximity to a superconductor. Thus the results here provide added jus-
tification to the case that interactions, rather than proximity effect, may be used to obtain
topological superconductivity[1}, 20, 31]. Moreover, we see the potential for the following
physical scenario. In a topologically trivial superconductor with spin-orbit coupling the
topology may change to a non-trivial one upon applying a Zeeman field. This occurs since

the Zeeman field provides the necessary gapping of one of the bands, leaving one band

whose electron spins are locked to the momentum direction.
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2.A Interaction Vertex in the Band Basis

We now write the interaction Hamiltonian in terms of the new band operators. We note that

our unitary transformation can be written as

Ck,a = Z WOL,)\(k)bk,)\ (2A1)
A

where W, (k) = exp ((1—;3,(1) 0k> fgg’a,\(k)ﬂqx with 7, ~ = —1 and 7, for all other

combinations of a and \. Meanwhile we have

Cho =D Wik, (2.A.2)
A
Making use of the above we then have the interaction contribution

Hiy = Y > bktkekstia (2.A.3)

ki ,ko,ks,ka A1,A2,A3,M4

T T
X Vx\l,/\z,)\s,/\4 (kh k. ks, k4)bk1,>\1bk2,)\2 bks)\s bk4,/\4
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where

Vaess (ki ko, ks, ky) = Z Uaransasos (K1, Ko, ks, ky) (2.A4)

a1,02,a3,004

1,1 (kl) 2,2 (kZ)WOé:sJ@ (k3)WOc47>\4 (k4)

The above describes scattering events between electrons in the two bands; electrons in
eigenstates (ky, \s) and (ks, \3) scatter to states (ks, \2) and (ki, A1) with some associ-
ated interaction strength V), 1, x, ., (K1, ko, ks, ky) which depends on momenta and band
index. Finally the delta function conserves momentum in this scattering process. A more

convenient form for the interaction strength V' is given by

‘7>\1,)\2,)\3,>\4 (k17 k27 k37 k4) = Z ai )\1 kl Otl Ao (k2)

X Wdl,As (k3)Way i (Ka) (2.A.5)

where we have used a bar symbol, & to indicate the compliment to spin «v. Writing out the

sum over o explicitly and defining F ; = f),(k;) f-»,(k;) we then obtain

Vi o e (K1, Ko, kg, ky) = (2.A.6)
U ()\26761(2 FLQ — )\16791‘1 F271> ()\3691‘3 F4’3 — )\4691‘4 F374)
AN

We see that V' is antisymmetric under the exchange of either indices 1 and 2 or 3 and 4 and

symmetric under the exchange of both.



CHAPTER 2. ZEEMAN FIELD INDUCED NON-TRIVIAL TOPOLOGY IN A
45 SPIN-ORBIT COUPLED SUPERCONDUCTOR

(-k,A) (k, \) (—k, \) (k, \)

|
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K, N) (=K, X) (K, \) (=K, N) (K, N (=K', \)
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(k,./\l) (*k/,/\l) (k/, )\/) (—k,, /\/)

Figure 2.3: Diagrams contributing to the renormalization of the BCS coupling function up to one-
loop.

2.B Three-Loop Expansion for S/ , on the Lattice

2.B.1 Tree Level and One-Loop

We now give expressions for the first few terms in the cumulant expansion for S}, ,. Here
we give general expressions in terms of unsolved integrals and later on we make some
simplifying specializations in order to perform these integrals approximately. As we are
interested in superconductivity in this model we will be invested in how the BCS channel
of the original interacting action evolves under renormalization. This channel is specified
by ky = —k3 =k, A\3 = Ay = A\, k; = —ky, = k' and Ay = A\; = )\ in the original (bare)

interaction S;,,;. To this end we will set all external momenta accordingly.

Let us begin our discussion with the effective interaction up to one-loop, afterwards we

will extend this to three-loops. The diagrams contributing to this effective action are shown
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in Fig.[2.3] We have

fne = 0S4 sSoneloon (2.B.1)

nt nt
B

= [ar > AR+ VLK)
0 Kk AN

X bfc,A,<(T)bik)\,<(T)b—k’7)\’,<(T)bk’,)\’7<(7—)

where the tree level term gives the contribution V5 (k, k') = O =0 ANy (k, k) Fy v (K, K')

Z|<

and the one-loop contribution is

2
V/\O,r;_loop(k, k/) — GZN (H(_k7 k/) — H(k, k/))
% e (1, K) P(A, 5) (2:B.2)

In the above we have defined the following integral

Ep s = Epikikne

d2 n E —nNn E /
H)\,)\/(k,k/) = Z/ (27:;2( F(Eps) F(Epiiik ,A6)>
Az, A6 Y7

X Gawasas (kK p) (2.B.3)

with the function

Giaxosns (K, p) = 16wy, (P, kK)wy (=K' k+k +p)
X wrga(k+k +p, —k)w}, ,, (K, p)

(2.B.4)

and the > on the p integral is to remind us that the integral must be performed over the

regions of p-space satisfying both A/s < |E, 5| < Aand A/s < Epiiqw e < A We
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have also defined the momentum independent integral P

d2p 1— nF(E A ) — TLF<E \ )
P(A — P,A5 P,A6
wa = 3 [ o (R

As,A6
2
X |was e (=P, P)| (2.B.5)
where np(€) = {755 is the usual Fermi distribution function.

2.B.2 Two-Loop

We now move on to higher our diagrams of which we keep only diagrams with logarithmic
divergences. The diagrams we sum are essentially the same as the diagrams used in Refs.

[15,/16]] and we do not redraw them here.

As a two-loop contribution to our interaction we obtain

B
0

wnt
kK AN
X bik(,/\,<(T)b*—k,A,<(T)b—k’,k’7<(7)bk’,x\’7<(T)

where we have defined

-loo U3 ]
VP (k) = —4N)\Xel(9k”0k)FM(k,k)Fx,\/(k/,k/)P2(A73)
U? .
— o Ve P (K K) 1 (k) (2.B.7)

4+ de < Fy, (K, k) (T#(K, V)Y



2.B. THREE-LOOP EXPANSION FOR S}y ON THE LATTICE 48

where we have the integral

P = Y / (1 — 1y (Ep ) = nf(Epm)) (2B8)

11,42 EpHu'Q + Ep,/l,l
Wpg,pq p, - )(H)\ ni ,u2< k, p) - HA,,ul,MQ(k7 p))

A d’p n ) ne(Ep, i A
HA,u1,u2(kaP) _ Z/ 2 ( f p Ms) f( p2+p+k,p )>G,\,m...u4(k,P,P2)

13,414 p2 13 Ep2+p+k,u4

G)\,m...,uz; (k7 P, p2) = G/\,Hhus,/m (k7 | o3 p2>5#1#2 + é/\,m,us,m (k7 | o3 p2)0z1,u2

where G\ i, 5. (K, P, P2) is defined above and

G (KK, p) = 16wy, 5 (p, k) 2.B.9)
X wy (K, k+k +p)

x wyr(k+k +p, —k)w}, », k', p)

2.B.3 Three-Loop

We now finally move on to fourth order. Their contribution is as follows

5 S;};rtee—loop _ / dr Z V;h}r\?e loop k k/)

kK AN
X bk,)\,<< )bik,)\7<<7)b—k’,A’,< (T)bk/)\/7< (7’) (2B10)
where we have defined
U0 By, (K, k) Py (K k) P(A, s)
three-loo A A 3 )
Viv Pk K) = 23 P (Aa8)+T
1P(A . A
; s 28(N’ ) (2N e Fyx (K K (k, A) 4 2Xe™ "% Py, (k, k) (1K', X))
+ v — (kK A\ N) (2.B.11)

2N
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where we have the new integrals

IM(k, K\, X) _ Z / (1 - ”f(Epm) - nf(EP:PH)) (2.B.12)

01,442 Ep K2 + Ep”u,l
X (H)\ M1 ,u2 k p) HA SH M2( k, p))(Hi/,ug,ul (k/’ _p) - Hf\’,,ug,m <_k,7 _p)>

- d2p dp d*p:
P(A,)S) = Z/ : : / (27T)32wu2,u1(Pl, —p1)w;,. ,..(P3, —P3)
>

P16

" (1 - nf(Eplm) - nf(Epl,m)) (1 — 1y (Bpy i) — nf(Eps,,us))

Ep1,#2 + Epluul EPS,HB + EP37M5

« (nf(Epz,M) — nf(Ep2+P1+P3,#4)
Epz,m - Ep2+p1+p3,,u4

) le...HG (pla P2, p3)

~

gm...ue <p17 P2, p3) = 5#5,#6GH5,#1H2#3M4(p37 Pi, pz) + 5#1 129 s, HGG/*H 115143 u4(p1,p3, p2)(5‘u1,u2
+ U§5,060i17u26#5/—’417ﬂ37ﬂ4 (P3, P1, P2) (2.B.13)
where
Gryvosne(k K, p) = 16wy, 1\(p, k) (2.B.14)

X w*_)\/7>\6(_k/,k+k,+p)

X

wyg,-A(k + kK +p, —k)w} . (K, p)

Using the above expressions for the diagrams up to fourth order in U and logarithmi-

cally enhanced we have the effective BCS channel coupling

Vivk K, A s) = %eiwk'—@k)wFM(k k) Py v (K K) (2.B.15)
U U2, Us Us
U i¥) ! U 3¢ /
+ ! (k, k') + gy ! (k, K\ N)
U3

58N (Ve Fyy (K, K)I*(k, A) + de " Fy (k, k) (I2(K, \)*) (1= UP(A, s))
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where I'(k, k') = (II(—k, k') — II(k, k')).

2.C Continuum Limit

2.C.1 Dispersions

The integrals involved in the discussion above are formidable and do not allow any further
analytic progress. To make progress we focus on the continuum limit of the model above

by sending sin k; — k;, cosk; — 1 — k?/2. This gives the dispersion

By = th* — ji — 4t + M/ (A2 — 2BM)k2? + M?2 4 B2k* (2.C.1)

where k = /kZ + k. To make connection with standard conventions we redefine param-

eters as follows and 1 = i + 4¢. Then we have

Ex, = th—/L+)\\/(A2—ZBM)k2+M2+B2k4

= €\ M= E,\(k) (2.C.2)

where e, = tk? + A\\/(A2 —2BM)k2 + M2 + B2k*. In this limit we have the new

definitions

el — M (2.C.3)

f) = fikh) =100

where d = /(A% — 2BM)k? + M? + B2k*. At B = 0 this is precisely the band structure

considered in the work by Sau ef al.
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2.C.2 Rotational Invariance

As discussed in the main text in the continuum limit we obtain a theory which depends only
on the angle between given wave vectors on the Fermi surface. In developing this result it

is incredibly useful to realize that

DYk K. s) = DY (kK ¢,s) (2.C.4)
[fe(k,s) = e’iekfff(k,s)

BNk K, s) = =B (kK. ¢,s)

where ¢ = 6 — fy. The manipulations required to show this is identical to that outlined
in [16]. We will give results here for /'*(k,k’, s) first. We begin by noting the following

result

Mv(~k k) =

3 / d*p [ np(Ex () — ne(Ex (/P 4+ Q% — 2pQ cos (0, — 0q)))
o) 2n)? Ex;(p) — Ex(v/P? + Q2 — 2pQ cos (6, — 0q))
X 1611))\5,)\([), —k)wf\,)\b,(—k’, P— Q)wAW\(p — Q, k)wi,,)\s (k/, p) (2C5)

where Q = k — k’. By making use of the identity

ket — et

VEZ 4 k3 — 2k1kg cos(0, — Oi,)

eiekl —ky —

(2.C.6)

shifting 0, — 0p + Oq and then using

) Ok _ 1. 100
el — (%) (2.C.7)
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one can show using some straightforward but tedious manipulations that if we define

16 ,
‘FN1~~~M6(k7 kl? P, ¢) = q2 (:u5€ 0 ngM,Hs (k7p) + :ule FN5 Ml( k)) (2C8)

X (M3FM5 #3( k) _:u5ei9pg F#a us(k/ap))
X (_:“4un6#4( ') + 169" QF s s (K, ) — pieg*e® FM%(/{:,(]))

X (Mﬁeiwgeiwpme,uﬁ(k? q) - :u6eii¢gQFu2,#6 (ka q) - NQQFHG,#2 (q7 k))

where ¢ = \/p + Q% —2Qpcos(Op), ¢ = O — Oy, Q = \/k2 k'? — 2k’ cos(¢) and

ket —k'

9="g" then it follows that

k) = 3 [, (e O00)

A5,06

X ‘FN)\,X,X,)\&)@U@ K’ » Py ¢) = ewv)\,)\,)\’,)\’(ka kl, ¢) 2.C.9

Following the exact same analysis one can show that

ﬂAM’W(_k’k/):emzf (dzp (nF(EA5(p))—nF(EA6(Q))) (2.C.10)

s (2m)? Exs(p) = Exe(q)
X F)\)\ul 12,5, )\6<k klupu ¢) = eid)V)\)\Ml “2(]{? k, ¢)

o) =03 [ 8 (2B Pl

X ‘FN57H6:M17N27)\57)\6 (klu k’ | oF ¢) = 61¢VN57#6:N17N2 (k/> k? ¢)

These three results have immediate implications for the 1™ terms. First IY(k, k', s) =
eI (kK| ¢, 5) where T (k, K, ¢, 5) = Vaw (k, K, &, 8)+Vau (k, K, ¢+, 5) and Vi y (k, K, ¢) =
Viaww(k, k', ¢). Next we have for 1%

i d’p (1 —np(Epy,) = ns(Epyu)
I%(k,)\,S) = ¢ ekZ/ (271')2( EPI:::_EPM = |w#2#1(p7_p>|

1,42

(V)\,/\,ul,ug (kapv ep - ek) + V)\,)\,ul,uz(kapa ep - 91( + ﬂ')) (2C11)

X
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shifting 0, — 6, + 0y above then gives I**(k, \, s) = e~ [3*(k, s). Finally we have

2
[3£<k, kl, )\, )\/’ S) — _e’i(eklfek) Z / (;Z p (1 — nf(EanfQ) B nf(Ep,.“‘l>>(2Cl2)
>

2
s 7T) Ep s + Ep

X (VA,MM,M (kvpv ep - Hk) + VA,A,m,uz (k‘,p, gp — b + 7))

X (Vanpas (K0, 0p — Or) + Var yr o (K0, 0p — O +1))"

Shifting 6, — 6,0 above then immediately gives I*/(k, k', A\, X', s) = —e' G =0 I3 (kK| ¢, 5).
By using the above results we can obtain a simplified continuum limit version of Eq.

(2.B.15) which is given as follows

Viv(k K, o,A s) = %ew)\)\’F,\A(k:, k)Fy o (K K) (2.C.13)
2 3 3 .
« (1 _ %P(A, 5) + %P?(A, 5) — %P:”(A, 5) — (6]—4P(A, s))
o e (N Eyx (K KNI (k) + AP (k, k) (IY (K)*) (1 = UP(A, s))
198N MR, A MR, N ) S
Uz, Ut
+ e Do (kK 9) = S R (k. )

We see that V'’ depends only on the relative angle ¢, as is to be expected. We proceed to

write V3, (k, k', ¢, A, s) = SXU0) o (k. K, ¢, A, 5).

2.C.3 Evaluation of Integrals

We now work to evaluate, or approximately evaluate, the integrals above. The first integral

we focus on is P(A, s). We have

R R YIRS
7 > (271-)2 Ep,)\g, + EP,)\G

As5,A6
X |was (=P, P)I? (2.C.14)
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where the ‘>’ means both E, ,, and E,, ,, must lie in the fast mode range A /s < |E,(p)| <
A. We set \¢ = A5 in the above for the following reason. The p integral is limited to
values in p-space where both bands lie in the fast mode range. For two different bands, i.e.
A5 # Ag the small window of p values for which E}, 5, and E, ,, are in the fast range will in
general be different. To simplify our calculation we assume that there is no overlap between
these two regions and thus set A\¢ = A5. The next simplification we make has to do with
what part of the above integral we are interested in. We are interested in terms that diverge
as we send s — 00[26]]. The term |wy, . (—p, p)|* is regular as p approaches a Fermi wave
vector and so in order to simplify matters we set |wy, x, (=P, P)|* = |wi, (7%, k%) ? =

(2X5F); 5)* = FX. where we have defined F); = 25 F), »,. This leaves

d2p 1-— QHF(E 7)\5)
P(A,s) = ZFi/ e ( ST > (2.C.15)
s > P:As

Now using the usual set of approximations for integrals of this type we set |- S

d2p 1—2nF(Ep’)\5) o
(2m)2 2Ep A, -

Ny, f> dE (%) = N,, In(s) where N,, is the density of states at the Fermi surface.

Thus
P(A,s) = Y F} Ny In(s)=pln(s) (2.C.16)
As

where p = 3, F} N,,. Next we work on simplifying I**(k, A, s). It is given by

Li(kys) = /> (CQl;;z (1 = 7l Bon) — nf(Ep”“)) | Wy (P, —PYR.C.17)

1,142 EPHUQ + Ep,,u1
(V)\,)\,m,uz (kap> 9p> 3) + V)\,)\,m,m(kapa ‘9p +, 3))

X

Again we argue that because of the restriction on the states £, ., and Ey, ,, to be fast modes

we must set ;1 = po. Further, only considering the part of the integral divergent as s — oo
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while setting all other values of p to lie on the Fermi surface gives

R(k,s) = In(s)> F,N, (2.C.18)

2
dbp 11,
X A g]/\’#(k,k?,é’p,s)
Taking the same steps with / ff\,(k;, k' ¢,s) gives us

2m d&
By (k K ¢,s) = ZN /0 —r (2.C.19)

Iifu(k:, KOs+ ¢, 8) (I (K Ky Oy, 5))"

In order to simplify the above it becomes useful to Fourier transform / /{i(k, k', 0) as fol-

lows

LYk K0, s) Zemze ek, K, 5) (2.C.20)

Then I3(k,s) = In(s) 3_, FuN,R ,(k, K, s) and also

LY (kK 6,s) = In(s) Y €™ N, o (k, k%, ) (v (K, kY, )" (2.C.21)

MMz
Finally we work at simplifying P (A, s). Making our usual set of simplifying assumptions

we have

21
P(A,s) = —e%n’(s)y " N,F,N,F, / (2.C.22)
0

v

db,, [*" db ,
ﬁ /0 2;3 V"”’Uf?’ kf,0p, — bp, — . 5)
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If we redefine the angles © = (0, + 0,)/2 and 6 = 0, — 6, we immediately obtain

A 1 .
P(A,s) = —iel<9kf*9k>1n2(s) (2.C.23)

X Y N,F,N,Ff (K K, s)

2l

Reflecting on the above we see that all of the integrals of interest in our 3-loop expan-
sion of the effective interaction simplify to terms involving the single integral v;’; (k, ', 5).

The expression for this term is as follows

mz ! o d¢ —zm ¢ d2p
(k, k', Z / / &) (2.C.24)

(nF(EA5 (p)) — nr(Ex(q))
Ex(p) — Ex(q)

) fu,u,)\5,/\6(k7 klv P, ¢)

where Fy x a6 (K, ' Dy @) = Faa v s (ks k', P, ¢). The above function is normal as
we let s — oo and so for our purposes it is sufficient to replace it with it’s s — oo counter-
part[15] 16, 26, 27]]. Further as we are only interested in incoming/outgoing momenta on
the Fermi surface(s) we set k and k' appropriately. Defining v}z = vz (K}, k7, s — oo)we

have

27 d d2
Z / 99 —im.o / # (2.C.25)

(nF(EAS (p)) — nr(Ex(9))
E)\5 (p) - E)\G (Q>

) Fp,y,)\5,)\5(k}t7 k?? b, ¢)

where the restriction on the integral in V" has been dropped because as s — oo all momenta

satisfy A/s < |Ey;(p)] < A.
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2.C4 Flow Equations

By using the above results we can write the following

UF/\F)\/ Up U2p2

3p3 F\Fy
Vo(5,6) = (1= Finte) + T - Tl ) + T S N,

4 4 8

JIR%

U
— %ln(s) (F)\ E FuN,vp) 5+ Fy E U?\#FMN!L) (2—Upln(s))
p o

) U4 )

imzp, my imz¢ Mz, My
+ — ) ey, 1n(s)—211 E e N OV
my MMz

where in the above m, denotes an integer value, k} is the Fermi wave vector magnitude for

the ) band, and we recall that we have defined Fy = 2\F) \(k},k}),andp = 3° N, F7.

We first consider the RG flow of the m, # 0 channel which is given by

vy a(s,m.) = av/\vi, - ln(s)ﬁ Z NS00 (2.C.27)
"

To obtain a beta function from the above expression we follow the method proposed by
Raghu et al[26] and further employed by Vafek and Wang|[15, [16]]. To this end we define
the g matrix g, (s, m,) = g—;x /N,N,v,,(s, m,) from which we obtain

Gw(s,mz) = gywv(m.) (2.C.28)

— 2In(s) > gau(mz)gun(m.)

m

We note that the couplings of a certain angular momentum channel is renormalized only
by couplings in the same angular momentum channel. This behaviour is exact within our
treatment of the continuum limit and keeping only the most divergent terms. This is rooted

in the fact that our continuum limit approximation leads to an interaction term which is only
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a function of the angle between the incoming and outgoing momenta (namely ¢ = 0y, —6y/).
After summing up diagrams we obtain only terms that are independent of ¢, terms that only
depend on one power of a function of ¢ or a convolution of functions of ¢. This leads to a

beta-function whose most divergent terms decouple in this way[ 15, 25-27].

The matrix v, (s, m.) is Hermitian (as we will show an a later section of this appendix)

and thus so is g. We can then diagonalize g as follows

Guu(mz) = A= ()47 b (2.C.29)

1

where \'(1) are the eigenvalues of g, ,(m.) and 1); , is a vector whose columns are the

(complete and orthonormal) eigenvectors of g. Using this in the above we then have
Gha(smz) = Y w5, (A1) = 21n(s) (A7 (1))?) thix (2.C.30)

The above tells that g} (8, m;) is also diagonalized by this transformation and we obtain

the result for the evolution of the eigenvalues of g} ,, (1) under renormalization
A= (s) = A" (1) — 21In(s) (A= (1))? (2.C.31)

The beta function for )\; is now obtained[/15, 16, |26]] by taking the derivative of the above
with respect to In(s) which gives

A" (s)

() = 2N =200 () (2.C.32)

where the second equality holds up to O(U*). The solution to the above beta function is
then

(2.C.33)

ma (o) _ A= (1)
A = T (1) In(s)
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Next we move on to the flow of the m . = 0 channel. The equation for the renormalized
v}y (s, m; = 0) is much more complicated than its m. # 0 counterpart. In order to obtain
a flow equation one defines the matrix gy »/(0) = v/NyNy <% + g—jv,\,,\/(s, 0)) along
with g} ,/(s,0) = v/ NxNyvj 5 (s,0) in order to find the following result which is valid up
to O(U*)

Gin(5.0) = gax(0) = 21n(s) " 93,(0)gx(0) (2.C.34)
o
+ 410°(5) > 9au(0)90(0)gux(0)
[TRY

- 8 lng(S) Z gA,p(O)QM,V(O)gu,p(O)gp,A’(0)

HV,p

We now diagonalize g, x(0) and find that in the new basis g} (s, 0) is diagonal as well.

This gives the result for the eigenvalues

Nls) = A1) Y (—2In(s) (AP (L))" (2.C35)

A(0)
1+ 22(0) In(s)

12

Taking the derivative of the above gives the beta function

dX)(s) _ 0 2
—dln(s) = —2(\(s)) (2.C.36)

the same as that for the m_ # 0 result but with a different initial condition[ 15, |16].
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2.C.5 Hermiticity of v, ,(s,m.)

It is tedious but straightforward to show that 7% | \ | (K%, k%, P, &) = Founs e (K7, K P, — ).

From this property it follows that

2 d d2
(o) = > / 99 yim= / ﬁ (2.C.37)

A5,06

(nF<E>\5 (p)) — nr(Ex(q))
E/\5 (p) - E)\s (Q)

X

) «Fl/,u,/\s,)\e,(k;a k?a b, _¢)

We can then send ¢ — —¢ and then, as everything in the integrand depends on ¢ through
either e’? or cos(¢) we can shift ¢ — ¢ + 2. From this we immediately obtain (v/;)* =
. This is important because it ensures that v;’: and thus the ¢'s defined above can be

diagonalized by a unitary transformation.
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Preface to Chapter 3

The previous manuscript concludes our study of driving a topological superconducting
state. It has established that a Zeeman field may be used to create Majorana modes in a
system of interacting, spin-orbit coupled electrons. We now move on to the second system
of interest in this thesis, topological insulators. In particular, we take aim at topological
insulators in the presence of time-periodic perturbations.

The primary motivation for this line of work comes from Lindner et al [1] who estab-
lished that time-periodic perturbations may be used to drive a topological insulating state
in a system where this phase is not occurring in equilibrium. This represents the creation
of a topological state with an external field.

Our work was started by an interest in understanding how the properties of edge-states
created by a time-periodic drive differ from those that occur in an equilibrium system. To
begin this investigation we decided to first determine how time-periodic perturbations can
be used to manipulate the edge-states in an equilibrium topological insulator. This question

is the primary focus of the following manuscript.
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Abstract

Here we provide a picture of transport in quantum well heterostructures with a periodic
driving field in terms of a probabilistic occupation of the topologically protected edge states
in the system. This is done by generalizing methods from the field of photon assisted tun-
neling. We show that the time dependent field dresses the underlying Hamiltonian of the
heterostructure and splits the system into side-bands. Each of these sidebands is occupied
with a certain probability which depends on the drive frequency and strength. This leads to
a reduction in the topological transport signatures of the system because of the probability
to absorb/emit a photon. Therefore when the voltage is tuned to the bulk gap the conduc-
tance is smaller than the expected 2¢%/h. We refer to this as photon inhibited topological
transport. Nevertheless, the edge modes reveal their topological origin in the robustness
of the edge conductance to disorder and changes in model parameters. In this work the
analogy with photon assisted tunneling allows us to interpret the calculated conductivity

and explain the sum rule observed by previous authors[?2]
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3.1 Introduction

Topological states of matter are currently at the forefront of research in condensed matter
physics. From the quantum hall effect to topological superconductors, these states are of
interest for a variety of reasons. In topological insulators the in-gap edge states are of
primary interest. These states are topologically protected, meaning they are insensitive
to deformations of the Hamiltonian’s parameters that leave the topological gap intact and
the effects of disorder. The existence of such states provides a physical signature of the
topology in the charge and spin conductance.

Recently, there has been a growing amount of attention paid to the generation and/or
manipulation of topological states of matter through the application of a time-periodic per-
turbation[1-20]. Experimental progress in this direction has been made in both photonic
crystals[21] and in a solid-state context in BiySes[22]. In the Letter we study how a time-
periodic perturbation can be used to manipulate the transport properties of a quantum spin
Hall insulator. For example: such a system is expected to have a two terminal conductivity
of 2¢%/h in equilibrium. With the application of a time-periodic field, we find that this
value may be reduced significantly. Despite this reduction and a deviation from quantized
units of e?/h, we find that this conductivity is still topological in the sense that it is robust to
disorder, system size changes, and gap-conserving deformations of the Hamiltonian. Fur-
thermore, we describe a method to predict the degree of these deviations quantitatively, and
their dependence on the drive strength and frequency.

To understand how this reduction in the conductivity can be tuned and why it appears to
be topologically robust, we have developed an understanding by generalizing the viewpoint
of photon assisted tunneling[23, [24]]. We find that the periodic perturbation has a two-
pronged effect. First, it “dresses” the original static Hamiltonian and second, it causes
the edge conductance channels to only be occupied probabilistically upon the injection of a

lead electron. This is because electrons tunneling into the system can absorb/emit a photon.
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In this sense, the presence of the photons inhibit the topological transport properties of the
system. This description not only accounts for the reduction of the conductivity, but also
explains why its values are topological in nature. This interpretation will be important for
transport experiments in Floquet topological insulators. It provides an explanation of why
the conductivity isn’t quantized as well as shows that the conductivity can potentially be

tuned predictably in the lab.

3.2 Methods

As a model system we take the quantum well heterostructures that play host to the quantum
spin Hall effect. We apply a time dependent field and allow for on-site disorder. Our

Hamiltonian is as follows

HS - HQW + Hdisorder + Hext(t) (321)

H(k)

where How = >, ol . where ¢! is a four component creation

0 H*(—k)

operator for electrons at momenta k in state m; = (1/2,3/2,—1/2,—3/2) of the clean
heterostructure and H (k) = o0+ d(k) - o, with o being a vector of Pauli matrices. In the
typical language of these structures[25, 26]], we take d(k) = (Asink,, Asink,, M —4B +
2B(cos k, + cosk,)) and ex = C'—2D(2 — cos k, — cos k). In order to focus on transport
without additional complications we follow Lindner and coworkers[1]] and set C' = D = 0,
A = B = 0.2|M|. All energies are in units of M. As we are interested in a “topological”
system we take M = 1 so that sgn(M/B) = 1]1,25] .

Next, H..:(t) = 2(V - o) cos Qt is an electromagnetic field polarized in the direction
V1,12, 27, 28]. For concreteness, we will take V = V,,, 2; although this is not necessary

for what follows. In short, the main results of this chapter hold regardless of the direction
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-

Figure 3.1: The two device geometries considered in this work. Left is a two-terminal device
labeled with leads left (‘L), and right (‘R’). On the right is a six terminal device labeled with leads
Ithrough 6 . The sites coupled to leads have a solid rectangle around them.

we take for V; it is the effective Hamiltonian that will be modified. Note H.,;(t) obeys the
periodic generalization of time-reversal invariance[1] 7 Hep: ()7 1 = Hop(—t + 7) for
some 7 and 7 is the time-reversal operator. Finally, Hyisorder = — Y i wiwia%a ( with
%T the Fourier transform of 1/111). This corresponds to charge impurities (disorder) changing
the chemical potential on each site by w;. We draw the {w;} randomly from an evenly
distributed sample between —W/2 and W/2. We call W the disorder strength.

Our numerical study employs the Floquet-Landauer formalism[2, [7, 29, 30]. Here we
imagine the system attached to a series of leads. The coupling strength of each lead to the
system is characterized by a lead coupling I'y where A\ labels the lead. These couplings
have a two-fold effect: (1) They add an imaginary self-energy I'/2 = %Z 4 I'a to the
system, and (2) the quantitatively determine the tunneling amplitude to/from the respective
leads. Similar to Ref. [[7], we consider two different device geometries ( see Fig. [3.1).
First, we consider a two-terminal device with the left and right end of the system attached
to leads whose Fermi level lies at the "lead energy” E with a slight offset bias between the
two leads [31]. In this set-up the quantity of interest is o(£), the differential conductivity
given that the chemical potential of the leads is at energy F. For a spin Hall insulator

(e.g. our model above) in equilibrium when the lead energy E in a two-terminal device
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is tuned to lie in the gap (i.e. on the edge states), a value o(E) = 2¢2/h is expected[11}
34]. This is the first signature in which we are interested. For convenience, we define
orr = o(V =~ 0)h/e?. Secondly, we consider a six-terminal device. This device allows us
to probe whether the current is carried by bulk or edge modes[7), 35, |36]. In equilibrium,
it is found that the only non-zero values of the transmission elements between leads A and
N, Ty x(€) (with € in the gap), come from tunneling between adjacent leads in the device.
Thus 7y (er) = 0, unless A = X £ 1 (where 6 + 1 — 1). Moreover, it is argued that
That1(erp) = 1 as, because of the helical edge states, a quasiparticle originating at lead
A must tunnel to one of the neighbouring leads. Later in this Letter we look for similar
properties in the non-equilibrium system.

Before proceeding we comment on recent criticisms of Floquet states in periodically
driven systems|[37-40]]. Floquet states are often thought of as the steady-states of a time-
periodic system[41]]. Refs. [37, 39, 40] argue that the long time evolution of an isolated,
periodically driven system leads to an effectively infinite temperature state for some driving
periods. Our formalism for calculating transport properties attaches leads to the system (i.e.
it is not isolated anymore) and only makes assumptions about the state of the leads in the
distant past, namely that the leads are in thermal equilibrium. No assumptions on the state
of the system[31]] in the distant past have been made. This assumption provides the state of

the system at the present time and does not rely on “evolving” any particular Floquet state.

3.3 Transport Results

We begin with a clean system (/W = 0) in a two terminal geometry. We fix {2 = 2.3|M|,
and tune V,,;. We plot opr for V., = 0|M|...|M| in Fig. As V... is increased from
zero, the quantization of opp is lost. For moderately strong V.,;, we see that it reaches

opr ~ 1.5. This shows that for a quantum spin Hall insulator, the (bare) conductivity is
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Figure 3.2: Plots of the differential two-terminal conductivity as a function of V.. Left: results
for various disorder strengths, right: various values of the system size (L) and the lead coupling
parameter (I").

not, in general, quantized to the traditional equilibrium value under the application of a
periodic perturbation.

Looking again at Fig. [3.2] we see that these values are robust to the strength of the
disorder potential. The deviation from the clean limit is insignificant, even up to disorder
strengths of M /2. Additionally, these values are insensitive to the coupling strength of the
system to the leads[31]], I', and the system size. We have changed the coupling I' over a
range of values from [' ~ 0.05 to I' ~ 1. Breakdown on the lower bound can be attributed
to the inability of electrons to enter the system from the leads, whereas breakdown at the
higher bound adds a large self-energy to the system and causes a broadening of the edge-
states into the bulk.

The robustness described above leaves the impression that despite the deviation of the
conductivity from opp = 2, the values it takes appear to be topologically protected. Our
six-terminal calculations provide additional evidence of topological, edge conductance.
With the lead energy set in the gap of the system, we find that 7} y» = 0, except the off-
diagonal elements 7} 541 and 7)1 ). In contrast to equilibrium, we find that 7T 11 =

Th4+1» < 1. In spite of this, we observe that the conduction takes place only between
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adjacent leads suggesting that the current is only flowing on the edges.

To explain the above behavior, we borrow insight from the field of photon assisted
tunneling (PAT). PAT, as first proposed by Tien and Gordon[23]], was originally used to
describe a superconducting-insulator-superconductor tunnel junction. When a periodic AC
voltage V. is applied to one of the leads, the energy eigenstates of these leads split into
sidebands at energy F +nhS) for integer n and driving frequency {2 = 27 /T". The probabil-
ity that each one of these side bands is occupied is given by J2(«a), where o = €V,../hS), and
J,, is the n'" Bessel function of the first kind. The consequence of this sideband splitting
is that when a lead energy F, is applied across the tunnel junction, the electrons can tunnel
into the system not just at energy E, but at ' + nh{) with a probability of J(«/). One in-
terprets this as the electrons absorbing (n > 0) or emitting (n < 0) |n| photons. As a result
the conductivity in the driven system is given by opar(E) = > JZ(a)oo(E + nhQ)[23]

24]. Here o (F) is the conductivity of the junction in the absence of the AC voltage.

Here we do not have a simple periodic modulation of the sample system, rather the
modulation itself has some internal structure given by V - ¢. The result of this is that the
system is not simply split into side-bands. The fact that H.,;(¢) does not commute with the
static Hamiltonian, leads to interesting effects. In the case of off-resonant light (light where
h$) does not connect parts of the clean, static spectrum), we can make some simplifying
assumptions to obtain an effective description in line with PAT. We describe this simpler
case here and leave the discussion of on-resonant light, where more care must be taken, for

later[42]].

In the field of Floquet topological insulators [2, [13-15, |30] with off-resonant light, it
is known that one can think of the periodic perturbation as“dressing” the static system by
modifying its underlying physical parameters to produce a new, effective static Hamilto-
nian. However, this approach is incomplete from a transport point of view. One must take

into account the splitting of the states of this effective Hamiltonian into side-bands. Thus
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off-resonant light has a two-sided effect: First, it dresses the static Hamiltonian to produce
a new effective static Hamiltonian. Second, the eigenstates of this effective Hamiltonian
are split into side-bands in a process analogous to PAT. This picture is not specific to the
illustrative system we have chosen here, it is more general. It may be used, for example, to
describe transport calculations in analogous systems like illuminated graphene.

To motivate this consider writing [¢)(t)) = Uy (¢)|¢)(t)) where ihL Uy (t) = Hew(t)Uy (8).
This transforms our problem into a new problem with the Hamiltonian A (t) = U\ (t) HUy (t),
where H is the Hamiltonian in the absence of the time-dependent field. If [H.,.(t), H] = 0
then H(t) = H leading to an analogue of traditional PAT. Here [H..;(t), H] # 0 in general
and the transformation Uy (t) leads to a new, time-dependent Hamiltonian. However, pro-
vided the mixing between bands is weak (off-resonant), it is possible to approximate H (t)
by its time-averaged value. In the language of Floquet theory this amounts to the leading
order term[30] in H () of the Floquet Hamiltonian Hp = ~ log [T (e*ifoT dtHl (t)>], T(")
denoting time ordering.

One can study the transport properties of this new effective Hamiltonian. This, how-
ever, will miss the unitary transformation that we have performed to get this Hamiltonian.
Accounting for this transformation in a full transport calculation, in the approximation de-
scribed above, we arrive at the following expression for the two-terminal conductivity of

this system([31]]

o(B)=Y_J2 (27‘;{;) op(E + mhs) (3.3.1)

where o (F) is the static differential conductivity of the dressed system described by Hp.
For our current model, we have a finite band width and have not taken into account higher
(or lower) energy bands. We assume the bands near the Fermi level are separated in energy
from the other bands by a sufficient amount so that they can be neglected. Experimental
validation of this comes from Ref. [22] where the experimental results can be understood by

using only the bands near the Fermi level. As a result we have o (E +mh§) = op(V)dm0
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for £ ~ 0; no states exist at mhS). Therefore, we have

o(E) = J? (2;/5) or(E) (E ~0) (3.3.2)

Thus with an off resonant driving frequency, we describe the underlying system with an ef-
fective static Hamiltonian which may give rise to the signature transport properties. In the
present case, we are interested in a Hamiltonian showcasing the quantum spin Hall effect.
This state should have a two-terminal conductance of 2¢? /h, and six-terminal transmis-
sion elements as described above. In the presence of a driving field, the in-gap edge states
are only occupied with a certain probability due to the prospect of absorption/emission
of photons. Thus, the transport property we are interested in only shows up with a cer-

tain probability. In the present case we expect or(V) = 2¢2/h, and so the actual con-

2Vezt

ductivity we measure will be o(E) = 2= J2 (2

). Plotting this against our numerical
data produces excellent agreement (see Fig. [3.2). One may look at this expression as
a correction to the quantized value of 2¢?/h. One can show for in-gap energies E that

2 . . . . .
o(E) ~ 22 (1 — (Yeat) ), i.e. this correction is second order in V. /h2.

This explains our observation in the opening of this section. Despite the fact that we
do not obtain the values o0 = 2¢> /h, or T\ ,4+1 = 1, the values that we do see are robust
in the same way as the equilibrium values. The underlying system is topological in nature,
with helical edge states that give rise to 2¢2 /h conductance and T), ,4+1 = 1. However there
is only a certain probability that the electrons tunneling from the leads are at the correct
energy to take advantage of these channels. Thus, the presence of these photons in the

system inhibits the ability of these edge channels to transport charge.

Our discussion so far has not relied on the fact that the original Hamiltonian is topolog-
ical in nature, rather it is enough that the effective Hamiltonian be topological. In other sys-

tems, it is possible to drive topological states in otherwise trivial systems with off-resonant
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Figure 3.3: Disorder averaged summed conductivity, Eq. (3.4.1). The inset shows a zoomed in
picture of the first area of conductivity quantization. Note some error bars in the insets are too small
to see.

light. The most prevalent example of this is graphene, where the light produces an effec-
tive Hamiltonian with a topological mass. Thus the suppression described above may also
apply to these other systems. [3-7, |11, [30]. In the present system of interest the driving
of a trivial equilibrium system (i.e. M = —1 in our current language) can be driven into a
topological phase. This, however, relies on the light being on resonance|1]. A description
of this scenario inline with the discussion above is possible, but subtle and we leave it to a

future communication[[42]].

3.4 Connection to Floquet Sum Rule

We now connect our work to a sum rule proposed recently by Kundu and Seradjeh in the
context of a system with Floquet Majorana modes[2]. Similar to the current work, these
authors find that in the presence of a periodic perturbation, a system with Majorana modes
will not showcase the expected zero-bias quantized conductance of 2¢?/h. Instead, the

quantized conductivity is found in the sum

7(E) =Y o(E+nhQ). (3.4.1)

n
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Physically, the above corresponds to performing measurements of o(F) not just at an in
gap energy F, but for lead energies placed any number of /{)’s above or below this. The
results of these measurements are than summed up. Let us apply this sum rule to our

system. Using Eq. (3.3.1)) we have

G(E)=)_J}, (Q;Qt) or(E + (m+n)h). (3.4.2)

Shifting n — n—m, using the off resonance light conductivity ,op(E+mhQ) = 05 (E)dm0
and the Bessel functions property > J2(z) = 1 leads to 6(E) = op(FE). Therefore, if

or(E) is quantized to 2¢%/h, then 5(E) should be as well.

The above result is intuitive from a PAT point of view. At a two-terminal lead energy
E ~ nhf) the electrons must emit n photons to enter the quantized conductance channel
and thus enter it with probability P_,,, the probability to emit n photons. This gives a
conductance of oz (0) P_,,. Summing over all the lead energies is then effectively summing
over all of the probabilities as 6(0) = op(0) ), P, = or(0), i.e. the sum rule recovers

the underlying conductance.

The above derivation can be generalized to on-resonant driving under certain condi-
tions[42]. In particular, one expects the sum rule to hold when edge states are visible in the
so-called ”quasi-energy” spectrum. Nonetheless, the derivation presented here contains all

of the intuition required to understand the sum rule.

In Fig. we show G(FE) at £ = 0 for various different disorder strengths as well
as or(F). Firstly, our data for the clean system is in excellent agreement with op(FE).
Secondly, the system shows noticeable deviations from ¢(FE ~ 0) = 2¢?/h in two regimes
of V., and occur in both the clean and disordered systems. Here the bulk gap in the
effective Hamiltonian closes, and the topological edge states becoming washed out by bulk

conduction states. This is most obvious when looking at the disorder averaged data where
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the regions with G(E) = 2¢?/h are insensitive to disorder, while the peaks are sensitive
to disorder, as bulk conduction states should be. This result is interesting from a PAT
perspective. Not only has the periodic field split the system into side bands, but it has
modified the underlying system in a non-trivial way. In a traditional PAT context only the

sideband splitting would take place.

3.5 Conclusions

We have developed an analogue of PAT to describe the transport signatures of topologically
protected edge states in the quantum well heterostructures. Our picture entails electrons
only accessing the topological edge states of the system probabilistically. The probabil-
ity of the electrons to absorb/emit a photon reduces the traditional values associated with
transport measurements in these systems. These reduced values are, however, still insensi-
tive to disorder and other deformations. We refer to this phenomenon as “photon inhibited
topological transport”.

By using this picture we related our system to a Floquet sum rule proposed before[2].
Our picture of PAT is able to offer a physical description of why one would expect such
a rule to hold. Namely, the sum rule is adding up all of the probabilities of accessing the
edge state which, by itself, should have the traditional transport signatures. This sum then

reveals the underlying transport properties.
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3.A Floquet-Landauer Formula for Transport

We begin by reviewing results for transport in a system with a time-periodic field. We
review the technical aspects of deriving the Floquet-Landauer formula for the current. For
additional details of this calculation we recommend Ref. [29]. We begin with a generic

Hamiltonian which is given by
H=Hg(t)+ H,+ He B.A.1)

where

Hs(t) = c'Hs(t)e (3.A.2)

is the Hamiltonian of the sample where ¢/ = (cic},) 1s a vector containing creation

operators for each of the N degrees of freedom in the sample and Hg(t) is a Ny x Nj
matrix coupling these degrees of freedom. This matrix contains both the static properties

of the sample as well as the time dependent effects of the periodic field. Next,
Hy =Y b{Hpab (3.A.3)
A

is the Hamiltonian of all of the leads where bf\ = (bi /\....bﬁ\, ,) is a vector containing
) L
creation operators for each of the N; degrees of freedom in the lead A and H,;  is a IV} \ X

N, matrix coupling these degrees of freedom. Finally,

Ho=Y (bLICAc + h.c.) (3.A.4)
A

is the Hamiltonian coupling the sample to each of the leads. K, is the N,y x N, matrix
that describes these coupling strengths. The above model is completely general and makes

no specification of band structure or dimension of the system.
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The program for the derivation of a formula for the time averaged current, I, proceeds
as follows. One writes the Heisenberg equations of motions for the sample and lead op-
erators. The term Hq of course couples these equations. One proceeds by solving the
equations for the lead operators, this can be written in terms of sample operators and the

lead operators by () where ¢, is some time in the distant past.

This solution for the lead operators is now plugged into the equation for the sample

operators which can, after some work, be written as

(mdz(tt) _ Mg (0)et) + i / T - t’)é(t/)dt’)

to

— ihf(t) (3.A.5)
Where we have defined

&(1) = =KL agst = to)ba(to). (B.A6)

with £(t) = >, £,\(t) and also and

1
Ia(t) = #CTL,,\QA,L@)/CL,,\ (3.A.7)

and I'(t) = Y, T'»(¢). In the above we have also defined g, 1, (t—t') = exp [—+H \(t — )],
which is the temporal Green function of the isolated leads. We see that upon integrating
out the leads we generate two contributions to the dynamics of the system. The first comes
from I'(¢) which acts as an imaginary self-energy in the system and will thus introduce
finite lifetimes to our eigenstates. The second is to introduce the operator valued noise
function £(¢). The statistics of this noise is determined by the state of the leads at a time in

the distant past, t = t.

The above integro-differential equation is linear in the operators ¢(¢) and so it can be
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solved via a Green function method. If we define the partial transform of this Green func-

tion

G(t, V) = / ﬁe*““*”/hG(t €) (3.A.8)

’ 2mh ’ o
Also if we define the FT’s
o) = [aeen) g = [ e (3.A9)
2mh

then we can write

e(t) = ZL / dee "G (t, €)€(€) (3.A.10)

T

where G (t, €) satisfies, upon taking ¢ty — —oo
_d
<Zhﬁ te— Hs(t)) G(t,e) (3.A.11)
—|—i/ MGt — 7, €)dT = In. .
0

where [y, , 1S a unit matrix.

The net charge current flowing across the contact A into the wire is given by the rate of
change of the number of electrons in this lead, this is [*(t) = e%. In other words
et

Mt = - [Hs(t) + Hr, + He, Ny (t) (3.A.12)

Calculation of this commutator and using our Green function solution above shows that the
current can be written entirely in terms of the noise term &(¢) which is related to by (to).
We then take the thermal average of I*(t) assuming that the leads begin their lives at t, —
—oo in thermal equilibrium at some inverse temperature /3. This gives a general (albeit
complicated) formula for (I*(t)) in terms of the G (¢, €). This formula is exact for any time

dependence.
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At this point we now use the fact that for a time-periodic system G(t, ) should also be

time periodic. We then define

IR
G (e) = = / UGt €)dt (3.A.13)
T Jo
where 2 = 27/T. Writing the current formula in terms of this Floquet Green func-

tion shows that the current should also be periodic in 7. Defining the average [, =

L [V dt(I*(t)) we then obtain the result

- e
L=ty / de (T () fr(€) = Tua()f2(6)) (3.A14)
)\/
where f)(€) = m and we have defined the transmission matrices
Tyx(e) =Y Tr [Da(e + hnQ)G™ (e)Tx (e)(G™(e))T] . (3.A.15)

The above expression has the form of the usual Landauer conductance except that the
current is time averaged and the transmission matrices T - are defined through the above
summation. Physically, the Greens function Gf[;), (€) describes the amplitude of an electron
in the sample to propagate from ¢’ to ¢ at energy ¢ while absorbing (n > 0) or emitting
(n < 0) |n| photons. Using Floquet theory[41]], this object may be expressed in terms of
Floquet states[30]. Floquet states are the extension of stationary states to time-periodic
systems. In the system we choose it is possible to write GZZ),(G) in terms of a matrix

continued fraction expression[30} 32, 33]]

In this paper we will work to simplify our discussion by employing the “wide-band”
approximation. In this approximation one assumes that the density of states of the leads
is constant over the energy scales in which we are interested. This amounts to assuming

the lead operators, I'y(¢€), are independent of ¢, I'y(¢) ~ I'y. Moreover, we make the
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assumption of identical leads so that (I'y); ; = I'0; ;0; x, Where x, are the set of all sample

degrees of freedom connected to lead .

We are interested in devices with two different geometries. The first of these is a two-
terminal device; a sample with leads attached to its left and right edges. For this type of
device we label these leads as L for left and R for right. By conservation of current we
must have I, = —1I, since the current entering the right lead must be equal to the current
leaving the left lead. It is then sufficient to think only of /. We now imagine biasing our
sample so that we have a voltage V' on the left lead and a voltage O on the right lead. We

then define the (differential) conductance as

o dI_R 62

A

Tr(eV) (3.A.16)

Thus for this geometry we have the simple result that the conductivity is simply given
by the total transmission coefficient from the left lead to the right lead. For a spin Hall
insulator in equilibrium when the bias voltage V' is tuned to lie in the gap (i.e. on the edge

states) the value o (V') = 2¢2/h is expected([ 11} [34].

The second type of device we are interested in is a Hall bar. This type of geometry
allows us to probe whether the current is carried by bulk or edge states[7, 35, [36]. In
equilibrium it is found that the only non-zero values of the transmission matrices 7 y (¢)
(with € in the gap) come from tunneling between adjacent leads. That is to say T y/(ep) = 0
unless A = ) 4 1 where 6 + 1 is periodically identified to 1. Moreover, it is argued that
Tha+1(erp) = 1 as, because of the helical edge states, a quasiparticle originating at lead A

must tunnel to one of the neighboring leads.
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3.B Effective Hamiltonian

Our discussion above shows that calculating the transmission elements above relies on
knowledge of G(™(¢). This Green’s function can be found by solving (in the wide-band

approximation) the following equation of motion

d .
(ihd—t +e—Hs(t) + %F) G(t,e) =1 (3.B.1)
and then calculating
IR
G (e) = - / dte™¥G(t, €) (3.B.2)
0

This task is simplified by considering instead the auxiliary equation

(ih% +e—Hg(t) + %F) Ggt,t'e)=0(t—1t) (3.B.3)
and then noting that
Glt, e) = / Gt € (3B.4)

We will now focus on Eq. 1! By writing Hs(t) — %F = Ho+ H,,+(t) and introducing

the rotating frame picture
G(t, ', €)= Uy(t)G(t, 1, e)US(t) (3.B.5)
where iR Uy (t) = Hey(t)Uy (t). Then it follow that G(¢, ¥, €) is a solution to

<m% te— 7%3@)) G(t,t,e) =d(t—1) (3.B.6)

with Hg(t) = Uy (t)"HsUy (t) If the external, periodic potential were some potential with

no internal structure coupling the degrees of freedom of the system then we would have
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Hg(t) = Hg as H.y(t) would commute with all other terms. This would immediately lead

to a static system and a direct analogue of photon assisted tunneling.

For this particular problem H.,;(t) commutes with itself at different times. As a result

Uy (t+T) = Uy(t) and it is useful to define

T
Uy(n) = = / dte™ Uy (t) (3.B.7)

Using all of these ingredients we then have

T
G (e) = % / dte™ / dt'Uy (H)G(t, ', e) UL (t) (3.B.8)
0

Our task becomes to solve Eq. (3.B.6). We do so by defining
- 1 . et =
/ o —inQt _1mQt
G(t.t' e) = fZe NG, o (e) (3.B.9)
which reduces Eq. to the difference equation
(671(2 te— 7%(0)) Grm(€) = 3 Hs(l = 1)Grm(€) = 6um (3.B.10)
n#l

All of the Fourier expansions above when used with Eqgs. and then give

GM(e) =" Uy(n—0)Gom(e)U(—m) (3.B.11)

We now make note of a symmetry in the difference equation for g@m(e). Namely we note
that simultaneously shifting ¢ — ¢ — k, m — m — k and € — € + khS) for any integer k

in Eq. (3.B.10) shows that if Qvg,m(e) is a solution than so is Qvg,k,m,k(e + khQ), we thus
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identify[32]]
Grm(€) = Grpmr(€+ khQ) (3.B.12)

From the above one can conclude that all of the relevant information is contained in gvm (e) =

Ggf) (€). The operator Ggf) (€) solves the equation
(em Yoo 7%5(0)) GOe) = 3" sl — )G (e) = 6 (3.B.13)
We can then write Gy, (€) = Ggf_m) (€ + mhQ2). Plugging this in above yields
G™(e) =Y Uy(n— OGY ™ (e + mhQ)U(—m) (3.B.14)
¢m
sending m — —m and then ¢ — ¢ — m then gives main result of this discussion

G™(e) =Y Uy(n+m— 0OGY (e — mhQ)U}(m) (3.B.15)

Lm

We will use the above to find an approximate formula for the conductivity. We will develop

a few other necessary relations

3.B.1 Solution for Gg)(e)

Let us now further develop the difference equation for G%f) (€). To make the notation more
compact let us define H, = ’}:Lg(ﬁ) for / # 0 and Hy, = 0. Besides being less cumber-
some, this convention allows us to drop the restrictions on the sums and eventually employ

Einstein summation convention. We note that we may write it as

() ’ -
GO(e) = (mQ te— ”HS(O)> 500 (3.B.16)

+ Y (EHQ te— 7%5(0)) T H G

n
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~ -1
Let us note that gp(e) = (e - 7—[5(0)> is the Green’s function of the static system with

Hamiltonian #5(0). Therefore

G\ (€) = gr(€)dno + > _ gr(e + (hQ)H,_ ;G () (3.B.17)

J

We now iterate this equation. To do this let us introduce some notation to extract the useful
part of the above. First, we use implied summation over repeated indices that are not /.

Second, we define g; = gr (e + ih€2). This gives
G\ (€) = godeo + geHugo + geHo—jg;H;—y G (€) (3.B.18)
Repeated iteration of the above difference equation allows us to write

G (e) = gobug (3.B.19)
+ gi(Hy+ Hy_jg;H; + Hy_jg;H;_jrgj Hjo
+ HpjgiHj—jgyHj—ogaH,

+ HyjgiHj gy Hy-agatla-595Hs-09oHo + -..) g0
Or
GP(e) = gr(€)dro + gr(e + 0hQ) Dy(e)gr(e) (3.B.20)
Where

Dg(E) = He + Hffjgj[:[j + ﬁ@*jngjfj/gj’Hj’ (3B21)
+ Hy jg;H; jigyHj—agoHa

+ HyjgiH; gy HyoagoHo pgpHs ogoHs + ...



CHAPTER 3. PHOTON INHIBITED TOPOLOGICAL TRANSPORT IN QUANTUM
87 WELL HETEROSTRUCTURES

The above series can in turn be generated by (restoring the summation symbols)

Di(e) = He+ Y Hejg;Hj (3.B.22)

J
+ > HijgiH;jigyDy(e)
Iy
Let us consider the physical implications of Eq. . The Greens function Ggf) (€)
is described by all possible processes starting at energy e (indicated by amplitude gz (¢))
where the electrons absorb/emit a net number of photons ¢ (indicated by amplitude D;(¢))
and then end up at an energy eigenstate € + (A2 (hence gr(e + ¢hS2)). For a driving
frequency € such that there are no states in the model system at € + ¢h€) no scattering can

occur and we can make the approximation
Gl (€) = gr(€)deo (3.B.23)

This is precisely the case for off-resonant light.

3.B.2 Transmission Matrices

So far our discussion has been general with the only assumption being that [H.;(t), He.(t')] =
0,V(t,t') (a more general treatment in the absence of this restriction is currently a work in
progress [42]). At this point we specialize to the quantum well system which has been dis-
cussed in the main text. Out first task is to define the operators Uy (m). We are interested in
Hewt(t) = 2V cos(2t) where V,,y = Voo, ® I, I is the identity operator on the lattice
and o, acts on spin. This operator commutes with itself at different times and is diagonal in

“spin-lattice” space. This allows us to easily define the time evolution operator as follows

st ’ 2
Uy (t) = e~ Mo @ Heat®) — oxpy —ih—‘;; sin(Qt)o, ® I, (3.B.24)



3.B. EFFECTIVE HAMILTONIAN 88

note that no time ordering is required in the exponential because [He.(t), Hezt(t')] = 0.
Finding the Fourier series of the above periodic function is made possible by the identity
e~iwsin(Q) = N ] (2)e~ "™ where J,,,(-) is the Bessel function of the first kind of order

m. We thus have

2‘/5 —1Qm
Uy (t) = ; I <maz ® [L> e HImt (3.B.25)
We can then read off
2V, 2V,
2‘/61't
- .B.2
Jm( 0 ) (3.B.26)

where S,, = o0 if m is even and o, of m is odd. The second relation above comes from
the Bessel function property J,,,(—z) = (—1)™.J,,(x). The third relation, J,, (2yt) is a

compact form which will be useful in a derivation of the transmission elements.

With an explicit formula of Uy (m) in hand we proceed to plug Eq. (3.B.15) for the

Green’s function into the formula for T}, \/(€¢) which gives

2Ver 2Ver
T)\,X(E) - Z Z Tr |:Jn+m’—€’ (ﬁ) Jn+m_e (h—Qt) (3B27)

ndm Ll m’

4 2‘/633 2‘/696 VA4 /
T\G\ (e — mhQ) J,, ( th) NN ( mt) (G (e —m hQ))T]

where we have used the fact that the lead self energies commute with V., (the leads make
no distinction between different spins of particles). The sum over Bessel functions gives a

delta function. After some index relabelling we are left with
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2‘/6:5 2‘/6(2 ! /
Toad) = 32 T [1aG e = m+ 0B (56t ) e () (GFe = -+ 300
£ m

(3.B.28)

For the driving frequency we have chosen we are dealing with off-resonant light, thus
to a good approximation we take Ggf)(e) = gr(€)dpo. Plugging into the transmission

coefficient gives

Ty ( ZJQ (

Tr [F,\gp(e — mhQ)Cygh (e — th)}

) (3.B.29)

Note the significance of this. The second term (the trace) is the static transmission of a
dressed Hamitonian s(0). The pre-factor describes how this conductivity is distributed
amongst different bias voltages. Thus even for off-resonant light replacement of the system
Hamiltonian with an associated Floquet Hamiltonian is insufficient, one must also include

the Bessel function pre-factor.

If we define

T\ (e, Vo) = Tr [Tagr(e)Txgh(e) (3.B.30)

which looks like the static transmission matrix of a system described by the static Hamil-

tonian 7:[5(0) (which itself depends on V,) then we can write

Ty ( ZJ? < )TA (e —mhQ, V) (3.B.31)
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3.B.3 Expression for the Effective Hamiltonian

We close with an expression for a derivation of the effective Hamiltonian. Recall that

~

Hs(t) = Ul (t)HsUy(t) and that Hg(n) = %fOT e™¥ [](t), then by using the Fourier

decomposition of Uy (t) we can write

Hs(n) = UL (m)HsUy (m +n) (3.B.32)

m

If we now recall the relation for the Uy, operators derived above, then it immediately follows

that

A 2V, 2V,
Hs(n) = Zm: . (h—Q) Jontn (h—Q) (3.B.33)

X Sm ® [L/}:[SSern ® IL

Now let us write

Hs =Y Hapoa @ Ry (3.B.34)
a7/3
where R is a complete set of operators in the space of the lattice. Then, defining ¢ = %,

noting that for « = 1 or 2 one can show that S,,04,5,1m = (—1)"0,S5, whereas for « = 0

or @ = 3 they do nothing, and using the Bessel function identities > [/, (¢) Jimtn (¢)] =
On0 and 3, [T (C) (=1)™ mnin (O] = 22, [Jm (O) Toman (O] = Ju (2€) we have

Hs(m) = 6uo > Hap(oa) ® Ry (3.B.35)

a=0,3,3
+ Jn(20) D Hap(0aSs) ® Ry

a=1,2,8

It is most convenient to write this as

Hs(m) = dnoHos + Jn (2¢) Hiz(n) (3.B.36)
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Thus the field does not touch terms in 7:[5 proportional to o or o3 and “dresses” the o, and
o, terms. Note that had we chosen the polarization V, # 0 or V,, # 0 the o3 component
of the Hamiltonian would have been renormalized as well. For this chapter this is the only
difference choosing a different polarization makes.

The Green’s function gr and the transmission matrix elements T/€ y are the result of
calculating the Greens function and the transport properties of a system described by a static
Hamiltonian ?:[5(0). Such a Hamiltonian looks similar to our original static Hamiltonian

(before periodic perturbation) but with #, renormalized by the Bessel function .J; (2¢).
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Preface to Chapter 4

The main conclusion of the previous manuscript is that the edge-states of a topological
insulator are split into side-bands by an applied time-periodic perturbation. The transport
through these states was understood by developing an analogue of photon-assisted tunnel-
ing. This involves envisaging the electrons entering the sample through the leads are only
accessing the topologically protected edge states of the system probabilistically. This be-
haviour thereby reduces the traditional values associated with transport measurement in a
topological insulator.

The previous manuscript has offered a deep understanding of topological edge-states in
the presence of a periodic drive. The present manuscript is now in a position to build on
this understanding in order to treat a system where the edge-states are created by the time-
periodic drive in the first place. This work will show that the intuition and tools developed
in the previous manuscript are directly applicable to the strictly non-equilibrium states of

the so-called Floquet topological insulator.
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Abstract

Floquet topological insulators are systems in which the topology emerges only when a time
periodic perturbation is applied. In these systems one can define quasi-energy states which
replace the equilibrium stationary states. The system exhibits its non-trivial topology by
developing edge localized quasi-energy states which lie in a gap of the quasi energy spec-
trum. These states represent a non-equilibrium analogue of the topologically protected
edge-states in equilibrium topological insulators which exhibit edge conductance of 2¢2 /h.
Here we explore the transport properties of the edge-states in a Floquet topological insu-
lator. In stark contrast to the equilibrium result, we find that the two terminal conductivity
of these edge states is significantly different from 2¢2/h. This fact notwithstanding, we
find that for certain external potential strengths the conductivity is smaller than 2¢? /h and
robust to the effects of disorder and smooth changes to the Hamiltonian’s parameters. This
robustness is reminiscent of the robustness found in equilibrium topological insulators. We
provide an intuitive understanding of the reduction of the conductivity in terms of a picture
where electrons in edge states are scattered by photons. We also consider Floquet sum
rule[[1] which was proposed in a different context. The summed conductivity recovers the
equilibrium value of 2¢?/h whenever edge states are present. We show that this sum rule

holds in our system using both numerical and analytic techniques.
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4.1 Introduction.

Over the past decade topological insulators have become well known for their novel trans-
port properties. The hallmark of these systems is their linearly dispersing, in-gap states.
These states correspond to counter-propagating, helical edge modes. In a two dimensional
geometry these edge modes represent one dimensional channels and lead to specific trans-
port properties.

One example is a two-terminal device, where a source and drain are attached to the left
and right of a sample and a bias voltage is applied across these terminals. The conductivity
when these Fermi energies placed in the gap (where the edge states live) is o = 2¢?/h[2-
4]. In a six-terminal, or Hall-bar, geometry specific values of multi-terminal resistances are
expected[2-4]] and these resistances are unique to counter-propagating, helical edge modes.

Although the number of confirmed topological insulators is ever increasing, materials
with the correct physical parameters to support this state of matter are hard to come by. This
has led many authors to consider ways in which to drive a material without any topological
properties into a topological state. When a time-periodic potential is used to accomplish
this task the resulting non-equilibrium topological state is called a Floquet topological in-
sulator.

The field of Floquet topological insulators (and Floquet topological superconductors)
has produced many interesting results of late[1}, 5H22]]. The introduction of a time-periodic
potential into the system breaks continuous time-translational invariance and so one must
dispense with the notion of an energy spectrum. A time-periodic field does have discrete
time-translational invariance and therefore one has the ability to define an analogous con-
cept called the “quasi-energy” spectrum[23]. In Floquet topological insulators one uses
an externally applied time-periodic field of carefully chosen parameters to drive the sys-
tem into its topological phase. The topology is manifest in in-gap, edge modes which are

created in the quasi-energy spectrum. Such a system then represents a non-equilibrium
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analogue of topological insulators, but with the added flexibility of an external periodic

potential.

In this work we study the transport properties of Floquet edge-states. Our goal is to
test whether transport through the edge modes of a two dimensional Floquet topological
insulator is quantized and robust as in the case of equilibrium topological insulators. We
initially focus on a two-terminal geometry and then move on to consider a six-terminal
set-up. We expect the results and intuition developed here to be readily generalizable to
other geometries. In general we find that the two-terminal conductivity of the Floquet
edge-states is significantly different from the typical equilibrium value of 2¢%/h and can
be either larger or smaller than this distinctive value depending on how the strength of the
external field is tuned. The same holds true for the resistance measurements typical of a

topological insulator in a six-terminal set-up.

The main results of this paper may be summarized as follows. The existence of quasi-
energy edge states in the Floquet topological insulator is accompanied by a conductivity
of ¢ < 2¢2?/h, when the chemical potential lies in the quasi-energy gap. In addition,
the value of 2¢%/h is obtained as a sum rule when the conductivity is summed over all
‘side bands’, i.e, over all energies which differ from a particular energy in the gap by an
integer number of photon energies. Physically, the result ¢ < 2¢?/h for non-equilibrium
edge states corresponds to the presence of photons inhibiting access to the topologically

protected edge states of the system.[24]

Moreover, in regions where the conductivity is smaller than 2¢? /h, we find that the cal-
culated values are robust to the effects of disorder, system size and changes to the Hamilto-
nian that maintain the energy gap. Such behavior is reminiscent of topologically protected
edge states in equilibrium topological insulators and we indeed find that for the external
potential strengths where we see this robustness there exist linearly dispersing, in-gap edge

states in the quasi-energy spectrum. In regions where the conductivity is larger than 2¢2/h
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no robustness exists and the gap is closed, hence we are probing bulk effects.

The reduction of the topologically protected conductivity away from 2¢? /h can be intu-
itively understood by borrowing some machinery from the field of photon assisted tunnel-
ing (PAT)[25]. Namely, an electron that would normally tunnel into the edge-states of the
system has a finite probability of absorbing/emitting a photon and being scattered out of the
edge state. From the viewpoint of quasi-energy states this comes from understanding that
the definite energy states of the leads do not perfectly overlap with the quasi-energy states
of the Floquet topological insulator[15]. The heuristic description in terms of scattering
of electrons by photons can be applied to observe a so-called “Floquet sum rule”[1]]. In
short, the sum rule recovers all of the conductivity lost from PAT by summing over lead
energies separated by photon energies h{2, () being the frequency of the driving field. We

have confirmed this sum rule using both numerics and an approximate analytic approach.

4.2 Model.

Our model Hamiltonian is that of a quantum well heterostructure[2] irradiated by linearly

polarized light and subjected to a disorder potential. It is given as follows

k,t) 0

H
Hg=> ] ( Y — Y with] g (4.2.1)
k [NeY

0 H*(-kt)

where %T( is a four component creation operator for electrons at momenta k in angular
momentum state m; = (1/2,3/2,—1/2, —3/2) and ¢! is its Fourier transform. The first
term above is the Hamiltonian of the clean, irradiated heterostructure and we have used
H(k) = exo + d(k) - 0 + 2(V - o) cos Qt. The second term takes into account disorder.
We have used the standard definitions d(k) = (Asink,, Asink,, M — 4B + 2B(cos k, +

cosk,)) and ¢, = C' — 2D(2 — cos k, — cos k) and draw the disorder parameters, {w;},
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randomly from an evenly distributed sample between —1//2 and W/2.

Following Lindner and coworkers[5], we set C = D = 0, A = B = 0.2|M] and set
|M| = 1 throughout (i.e. all energies are in units of |A/]). To simulate a trivial system we
set M = —1 so that sgn(M/B) = —1[2,5]. We take V = V,,;Z for concreteness. We
note that the V, component of V is the important component from the point of view of
creating Floquet edge states. It is this component that allows a gap to open and edge-states
to stabilize[S]]. The other components of V lead to a renormalization of other components
in the Hamiltonian. For a description of this renormalization see Chapter 3. Note that the
field we consider here, and our subsequent observations in this paper, is assumed to always
be “on”. We consider a field that was turned on in the distant past and is not switched off

throughout the duration of our calculations. Furthermore, from this point forward we fix

hQ = 2.3| M.

The goal of this paper will be to understand the transport properties of the non-equilibrium
system described above. In order to accomplish this we must couple the system to leads/electrodes.
We leave the specifics of this process to the appendix of this paper and here only discuss the
matter at a high-level. We model the leads as being static (in time), i.e. the time-dependent
field abruptly turns off at the leads. Ultimately the leads result in the system experienc-
ing a self-energy proportional to I'(t)/2 = >, I'\(t)/2, where I')(¢) is the contribution
of lead \. In this paper we will work to simplify our discussion by employing the “wide-
band” approximation. This phenomenological approach assumes that the density of states
of the leads is constant over the energy scales in which we are interested. This amounts
to assuming the Fourier transform of the lead operators, I")(¢), are independent of e, i.e.

F)\<€) ~ F)\.

In the work in Ref. [24] we have studied a system with sgn(M/B) > 0. In other
words, the system we were concerned with was a topological insulator, more specifically

a quantum spin-Hall insulator, before any periodic perturbation was applied. Our work



CHAPTER 4. EDGE STATE TRANSPORT IN FLOQUET TOPOLOGICAL
103 INSULATORS

was interested in observing the behavior of the topological edge-states in this system in the
presence of a time-periodic drive. In contrast, our work here is focused on a system with
trivial topology in equilibrium; there are no edge-states without the time-dependence. The
system is a true Floquet topological insulator in the sense that its edge-states only develop
after a time-periodic perturbation is applied. These edge-states rely crucially on band-
mixing that comes from the periodic perturbation being on-resonancel5], i.e. the quantity
h$2 connects different parts of the band structure. The work in Ref. [24] only considers
off-resonant light, where h{) does not join any existing eigenstates. This is in contrast
to other systems, for example graphene[6-10, [26]], where the Floquet topological insulator

can be driven using an off-resonant perturbation[26].

Our understanding relies primarily on Floquet states[23]. Floquet states are the ex-
tension of stationary states to time-periodic systems. In a time-periodic system one deals
with (Floquet) states that solve the Schrodinger equation and are characterized by a defi-
nite quasi-energy. These states are traditionally written as |1;()) = e~""/"|$:(t)), which
leads to the eigenvalue equation (H (t) — iho,) |¢5(t)) = 7|¢;(t)) where H(t) is the full
Hamiltonian of the system, 7] are the quasi-energies and |¢;(t + 1')) = |¢5(t)). We note
that if |¢;(¢)) is an eigenstate with quasi-energy 7, then e™¥|¢;(t)) is also an eigenstate
but with quasi-energy 7 + h{2. Therefore the quasi-energy spectrum is only unique up to
integer multiples of hS2. This allows us to define a “Brillouin zone” for the quasi-energies,
we will call this the Floquet zone. For this work we consider 0 < 1 < hf2, we will use the
convention 7) to denote quasi-energies confined to this zone while 7) above is unconfined.
This reflects the fact that energy in a time periodic system is only conserved modulo Af;

an electron in a quasi-energy state |¢,(t)) can always absorb or emit a photon.
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Figure 4.1: Two geometries considered in this work. On the left we have the two-terminal set-up
with a bias voltage V/e offsetting the two Fermi energies ¢;, and €. On the right we have the six
terminal set-up with a current I being driven between leads 1 and 4

4.3 'Two Terminal Conductivity.

Let us begin with our results for the two-terminal conductivity of this system. We calculate
the conductivity numerically using Floquet-Landauer theory[10, 26|]. In this two-terminal
setup, shown in Fig. 4.1}, we consider the leads to be kept at a voltage such that the Fermi
level of both leads, which we will refer to as the lead energies, takes a value £. We then
apply a (vanishingly) small bias voltage V'/e so that the Fermi energies of the two leads are
e, = £+ V and eg = E. We study the differential conductivity at a lead energy of & =
2/2 which is where the edge states are expected to be found[5]. Referring to our results
in Fig. we see that, with the exception of a small area near V,,; = 0.3| M|, the two-
terminal conductivity generally decreases with V.., in the range of parameters considered.
We note that nowhere do we see a saturation to a value of 0 = 2¢?/h, nor any other
constant value. This fact notwithstanding, our results do have the striking feature that after
a certain value of V,,,; the conductivity becomes insensitive to the effects of disorder; in that
region all of the curves overlap. In Fig. we see that in this same region our results are
insensitive to system length L and to the parameter I' which describes the strength of the

coupling to the leads. Thus we note our second result, for some values of V.., the calculated
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Figure 4.2: Two terminal conductivity in units of €2 /h. The left shows the conductivity at E = /2
in a two terminal set up as a function of external potential strength for various disorder strengths W
and system size L = 20. The right is the conductivity for various values of the system size, L, and
the lead coupling parameter I' over a region where edge states are present.

conductivity is robust in the same way as for an equilibrium topological insulator.

The robustness in the conductivity coexists with the presence of edge-states in the quasi-
energy spectrum. To show this we consider the system in the absence of leads and in a
semi-infinite cylindrical geometry. By semi-infinite geometry we mean a system with open
boundary conditions in the y direction and periodic boundary conditions in the x direction
The quasi-energy for our model appears in Fig. 4.3] for several values of the external po-
tential strength V,,;. For small driving strength the gap remains closed, but as the strength
is increased the gap opens up leaving linearly dispersing states. Further inspection of these
states reveals that they reside on the edge of the system[5]. In general we have found that
when this gap is open and large enough to withstand the effects of disorder or coupling to
the leads, the value calculated for the conductivity is robust in the same sense as edge states

in a topological insulator.
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Figure 4.3: Quasi-energy spectrum of a topologically trivial sample at different driving amplitudes
in a semi-infinite cylindrical geometry. The left plot is for Vg,; = 0.1|M]|, the middle Vo, =
0.3|M |, and the right V,; = 0.9|M|.

4.4 Photon Inhibited Transport and Floquet Sum Rule.

Thus far we have shown that when this system plays host to edge states the conductivity
we find appears to be topologically robust. We now address the question of why it does
not have the hallmark value of 2¢2/h. For this we further generalize a technique inspired
by photon-assisted tunnelling[25, 27] and used in Ref. [24]]. In this work it was shown that
for a topological heterostructure the presence of an external time-periodic field reduces
the conductivity away from 2¢?/h. This reduction and other subsequent results can be
accounted for by understanding that the external potential not only “dresses” the quantum
well Hamiltonian, but also splits this dressed system into side-bands[25, 27]. The splitting
means that the edge states of the system are only populated probabilistically, accounting
for the reduction in the standard transport quantities. The specific application of Ref. [24]
relied crucially on the driving potential being off-resonance, i.e. that it did not mix portions
of the equilibrium band structure. The current system requires on-resonance light in order
to drive the system into a topological state. In spite of this, our results are conducive to a
similar interpretation in that we see topologically robust results in Fig. [4.2]that are different
from 2¢2 /.

To put this discussion on more general grounds we appeal to Floquet theory. As dis-
cussed previously, in a time-periodic system the states of interest are the steady state so-

lutions |10, (t)) = e~"/"|¢, (t)), where 7) is the quasi-energy and (H (t) — ihd,) |¢,(t)) =
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n|¢y(t)). For periodic dependence in ¢ we are free to define the following decomposition

|6 () = e "¢y 4.4.1)

In the literature the states |¢,,) are commonly called sideband states[28]] and are determined
as solutions to the eigenvalue equation ) Hyonldm) = (7 + nhQ)|p,) where H, ,, =
L F dteitr=mt [ (t),

We now calculate the time-averaged expectation value of the energy in the steady state
|1, (t)) which we define as £ = %fOT dt (i, (t)| H (t)|1,(t)). Using the side-band de-
composition in equation (4.4.1) and the fact that |¢,(¢)) solves the Schrodingier equation

immediately gives

E =Y "(n+ hQn)(¢nlén) (4.4.2)

n

Noting that (¢, |¢,) > 0and ) (¢,|¢,) = 1 (the latter property follows from the normal-
ization of |¢,(¢))) allows us to interpret the above average as follows. In the quantum state

|, (t)) the energies ) 4+ h{dn occur with probability (¢, |¢,).

We now tie the above statistical interpretation to our observations of the transport in the
Floquet topological insulators. For the system of interest one can calculate the appropriate
quasi-energies 0 < 7 < h{) and their corresponding wave functions |¢,(t)), these are the
steady states of our sample. Now, when electrons from the lead are injected into the system
at some definite energy F, as opposed to an equilibrium case, only a portion of the sample
state overlaps with the definite energy lead state[15]]. Physically, we envision this in terms
of electrons being able to absorb or emit photons once they enter the sample. For lead
electrons at an energy E2 = 1 + NAS) there is only a probability (¢x|¢n) that the electron
will absorb/emit enough photons to access the sample state with quasi energy 1. This quasi-
energy spectrum may contain topologically protected edge states[12-16]. Now, when we

try to access these states from a charge transport point of view we can only access the
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state at a certain probability, because of the possibility to absorb/emit photons. Therefore
expected signatures of these edge states, e.g. ¢ = 2¢*/h conductance, are probabilistically

suppressed.

Note that this argument does not rely on the periodic perturbation being on or off reso-
nance, it is simply a consequence of the discrete time-translational invariance. Therefore,
when one is dealing with Floquet edge-states it should be kept in mind that the weight of
these edge states is distributed into sidebands as discussed above. Indeed in the current
system one can approximately obtain a description of the conductivity at specific lead en-
ergies F/ + nh{) (where the edge-states live). Quoting only the result here (for a detailed

derivation please see the appendix)

1 2Ves 2Ves

X 5(E, Vig) (4.4.3)

where the relevant energy E is chosen to be in the vicinity of /{2/2 where the localized
quasi-energy states appear. (F, V,,;) is a complicated function of the model parameters
and, interestingly, cannot be thought of as the conductivity of some effective static system.
We find numerically that 6(FE, V,,;) ~ 2¢?/h when edge-states are present in the quasi-
energy spectrum. The important implication of the above formula is that the conductivity
can be thought of as an overall probabilistic factor times a conductivity expression. The
above approximate result compares very well to our numerical calculations. A plot of this

function appears in Fig. 4.2b.

With the intuition for why the conductivity is suppressed in Floquet topological edge-
states, let us move on to present results for how the value of 2¢?/h can be recovered. In
short, by setting lead energies at {2/2 + nhf) and summing over all n we should be able

to recollect the lost statistical weight from the photon scattering. Towards this end we
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consider the quantity[1]

G(E,Veat) = > 0(E 4 nhQ) = 6(E, Vear). (4.4.4)

n

We calculate o (E ~ /2) for various different values of V,,; and also at different disorder
strengths. Our results are presented in Fig. 4.4l What we see is quite satisfying: for a
window of V,,; values we see that @ = 2¢?/h. Moreover, this window corresponds to the
same parameter regime where there are in-gap quasi-energy edge states, and insensitivity
of the system to disorder, system size and other parameters in Figs.

We understand the plot in Fig. f.4] as follows. For smaller V,,, the external field is not
strong enough to open a gap and “expose” the edge states. Therefore the conduction o is a
result of bulk processes and thus sensitive to disorder strength. As V_,; gets large enough
to open a sufficiently stable gap the edge states appear in this gap and are unobscured by
bulk states. Here we see & = 2¢?/h and an insensitivity to disorder strength. Eventually
V..« becomes so strong that the gap closes again and bulk states dominate. In this case
o(h§2/2) > 2e?/h representing bulk conductivity. When the gap opens again at a larger

external potential we see a reversion back to & = 2¢2/h.

4.5 Hall Bar Geometry and Edge States

Up to now we have presented our findings in a two-terminal device geometry. We now
move on to study a six-terminal device in an effort to further illustrate that the conductivity
discussed above is indeed a result of conduction along the edge of the sample, and not some
coincidental edge effect. Our set-up is motivated by experiments on Hall Bar systems|3,
10,29]. An illustration of the set-up that we have in mind appears in Fig. 4. Tp.

In the absence of a periodic driving potential the six terminal geometry is used as fol-

lows. Assuming all voltages are close to the Fermi level and that all leads are identical so
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Figure 4.4: Results for disorder averaged summed conductivity, i.e. Eq. in the text, with
M = —1and E = Q/2 and in units of € /h for various disorder strengths W. The inset shows a
zoomed in picture of the first area of conductivity quantization. The disorder plots are constructed
by averaging over 40 randomly drawn collection of disorder potentials while the error bars represent
one standard deviation of this data. Note some error bars in the insets are too small to see. This data
has been obtained from a calculation on a 20 x 20 lattice.

we can drop the pumped current[10] one approximates Eq. (4.A.5) as

2

I, = —% AZ (Taw (Ep)Va — T a(Ef)V3) (4.5.1)

where A labels each of the side terminals. For a spin-Hall insulator dissipationless
edge states exist and so one expects 7; ;11 = T;11; = 1 where we periodically identify
6 + 1 — 1. Now one imagines driving a current / from contact 1 to contact 4. We then
have I = (7,0,0,—1,0,0)7 where we have defined I; = I;. Inverting Eq. one
can find the voltages required to drive such a current. Doing so gives V} — V, = %I and
Vo—V35 = %I . Defining R, ; = (V; —V;)/I as the resistance between terminals 7 and j we
find Ry 4 = %h /e*and Ry 3 = %h /e?. These values are unique to transport from dissipation

less, helical edge states

Here we will discuss a generalization of this concept to the effect which we have dis-
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cussed so far. For our insulator in the topological regime we find that 7; ; = 0 except the
off-diagonal elements 7; ;. and 7., ; where again we periodically identify 6 + 1 — 1.
In contrast to the equilibrium observation we find that 7} ;1 ; = T;1;,; = 7™ # 1 where
T is the tunneling value for the lead Fermi energies near the gap in the n** Floquet zone.
We now again imagine driving a current / from contact 1 to contact 4 with the bias volt-

ages set near the middle of the gap in the n'* Floquet zone. Defining jo;.) =V, =Vy)/I

as the resistance between terminals ¢ and j in this case we find RYZ = %h/ e? and
Ré”g = s7myh/e®. Note that the signature results in terms of rational fractions of //e* are

lost, they’ve been reduced by a factor of 7.

Using the above result we can realize two interesting properties of these Floquet de-
vices. The first is the following
Ry}
— = 3 Vn (4.5.2)
Ry 3
That is, taking the ratio of these two resistances gives 3 regardless of which Floquet zone
the Fermi energies are set in. Finally, in analogy with how we can retain the quantized

value of o in the two-terminal device considered above we can retain the equilibrium result

here as follows

-1
_ 1 3
RE, = (Z W) = 5h/e2 (4.5.3)

n 1,4

and

—1
i 1 1
Rys = (Z W) = 5h/e’ (4.5.4)

n 123

These results are consistent with the picture developed above of edge-states that are
only occupied in a probabilistic way. The fact that 7; ;+;+; = 0 reflects the edge conduc-
tance. The fact that 7} ;41 < 1 reflects the fact that in a periodically driven system electrons
entering lead 7 has a probability to absorb or emit a photon before reaching terminal 7 4= 1.
Thus 7; ; 1s reduced. By summing over all Floquet zones we again effectively sum over all

of these probabilities and retain the expected equilibrium result.
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As a numerical test of the above we calculate 7;; for lead energies (n + 1/2)AS) for
Vewr = 0.675| M|, i.e. where we expect to see in gap edge-states. In our calculation we find
T;; = 0 fori # j except when j = i+ 1. We observe that 7} ,.1(n = 0) = T} ;41(n =
—1) >~ 046, T;;41(n = 1) = T} ,51(n = —2) ~ 0.04 and zero for all other n’s. These
numerical values satisfy ) 7T;;.1(n) = 1 and therefore satisfy the results established in

this section.

4.6 Conclusions.

We have explored the transport properties of Floquet topological edge-states in a quantum
well heterostructure. At first we took a numerical approach which showed that in the pres-
ence of Floquet edge states in the quasi-energy spectrum the two-terminal conductivity is

topologically robust, albeit not quantized to 2¢2/h.

To explain the reduction of the two-terminal conductivity compared to the equilibrium
value of 2¢%/h we appealed to an intuitive description in terms of electrons being scattered
by photons. This picture consists of viewing the Floquet edge states in the quasi-energy
spectrum as having their weight distributed into side-bands of energies 17+ nhS2. The result
of this side-band distribution is that as we attempt to inject an electron from a lead at some
energy F there is a certain probability that it will absorb/emit enough photons to find the
Floquet edge state.

The heuristic picture in terms of scattering by photons motivated us to propose a means
to salvage the equilibrium conductivity of 2¢*/h. This can be done using a recently pro-
posed Floquet sum rule[1], which in our formalism has a natural interpretation. In our
picture the topological Floquet states represent a superposition of states in various side
bands. The different coefficients in the superposition (¢,|¢,) determine the overlap. Our

Floquet edge states nicely obey this sum rule showing a summed conductivity value of
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o = 2¢*/h is found when the external field is such that edge states in the quasi-energy
spectrum exist. Moreover, the result & = 2¢%/h is robust to disorder even up to very large
disorder strengths.

Finally, we have extended our results to study a six-terminal, or Hall-bar, set-up. Here
the equilibrium signatures of the quantum spin-Hall effect are several characteristic resis-
tance measurements. We have shown that these resistances are increased relative to the
equilibrium case. This fact notwithstanding, following our intuition from the two-terminal
results we have suggested a sum rule for the six-terminal resistance measurements that
recovers the equilibrium result. This sum rule is also intuitively explained in terms of

photon-inhibition of edge-states.
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4.A Floquet-Landauer Formulism for Transport

Here we present only the essential aspects of the Floquet-Landauer formalism. A more de-
tailed description of our specific approach to this problem can be found in the Supplemental

material of [24]. Moreover, an excellent review can be found in Ref. [|28]].

We begin with a generic Hamiltonian which is given by

H = Hs(t) + Hy, + He (4.A.1)
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where

Hs(t) = c'Hs(t)e (4.A.2)

is the Hamiltonian of the sample where ¢/ = (cic},) is a vector containing creation
operators for each of the N; degrees of freedom in the sample and Hg(t) is a Ny x Nj
matrix coupling these degrees of freedom. This matrix contains both the static properties

of the sample as well as the time dependent effects of the periodic field. Next,
Hyp =Y b\ Hpab (4.A.3)
A

is the Hamiltonian of all of the leads where bl = (bl ,...bl, ) is a vector containing
y L\
creation operators for each of the N; degrees of freedom in the lead A and H,; » is a [V} \ X

N, matrix coupling these degrees of freedom. Finally,
Ho=Y" (b;lCAc + h.c.) (4.A.4)
A

is the Hamiltonian coupling the sample to each of the leads. Ky is the N, x N, matrix
that describes these coupling strengths. The above model is completely general and makes

no specification of band structure or dimension of the system.

The time-averaged current flowing through the sample out of lead A can be shown to

read as follows
h=ix [ de(@al©) - Tva@s0) (4.A5)

where f)(€) = and we have defined the transmission matrices

1
I+exp(Bx(e—eVa)

Tyx(e) = Y Tr[Ta(e + Q)G ()T (e)(G™(e))T] . (4.A.6)
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where

T
G (e) = % / MGt €)dt (4.A.7)
0

and G(t, €) solves
L d
(zha +e— Hs(t)) G(t,e) (4.A.8)
+i/ (TG (t — 7, €)dT = Iy un,
0

In the above I'(¢) can be thought of as the self-energy obtained from integrating out the

leads in the system. From our microscopic Hamiltonian above it is given by

1
Ia\(t) = ﬁ’CTL,,\gA,L(t)/CL,,\ (4.A.9)

andI'(t) = Y, T'5(¢). In the above we have also defined gy 1, (t—t') = exp [+ H \(t — )],
which is the temporal Green function of the isolated leads. In this paper we will work to
simplify our discussion by employing the “wide-band” approximation. This phenomeno-
logical approach assumes that the density of states of the leads is constant over the energy
scales in which we are interested. This amounts to assuming the lead operators, I'y(¢), are
independent of ¢, I"y(¢) ~ I'y. Moreover, we make the assumption of identical leads so
that (I’ /\)i,j = I'9; ;0; x, where x, are the set of all sample degrees of freedom connected to
lead A\. We note that as we are dealing with topological transport properties none of these

details should change our results.

In a two-terminal device the sample has leads attached to its left and right edges. For
this type of device we label these leads as L for left and R for right. By conservation of
current we must have I = —I;, since the current entering the right lead must be equal to
the current leaving the left lead. It is then sufficient to think only of Ir. We now imagine

biasing our sample so that we have a voltage F'/e + V/e on the left lead and a voltage
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E/e + 0 on the right lead, where E is the Fermi level of both leads. We then define the
(differential) conductance as
N dI_ R 62

= T (B (4.A.10)

E)= &
B =l T

Thus for this geometry we have the simple result that the conductivity is simply given by

the total transmission coefficient from the left lead to the right lead.

4.B Approximate Result for the Conductivity

Here we detail the steps taken to derive the approximate result for the conductivity pre-

sented in Eq. (4). We begin (in the wide band approximation) with the equation of motion

for G(t, €)

p .
(ih% +e—Hs(t) + %F) Gte)=1 (4.B.1)

We note the fact that G(¢, €) explicitly depends on time. This is in contrast to equilibrium
where G(t,¢) — G(¢) has no time dependence (as Hs(t) = Hs) and the above simplifies
to (e — Hs(t) + 2T) G(e) = I. The remaining time index can be shown to be periodic in

time[28]] and therefore we are free to define.
o
G (e) = = / dte™ ™G (t, €) (4.B.2)
0

It is the above object that we ultimately need to find.

This task is simplified by considering instead the auxiliary equation

(ih% +e—Hs(t) + %F) Ggt,t'e)=0(t—1t) (4.B.3)



CHAPTER 4. EDGE STATE TRANSPORT IN FLOQUET TOPOLOGICAL
117 INSULATORS

and then noting that

G(t,e) = / dt'G(t,t' ) (4.B.4)

We will now focus on Eq. (4.B.3)). By writing Hs(t) — %F = Hs+ H.,;(t) and introducing

the rotating frame picture
G(t, ', e) = Uy (t)G(t, 1, e)U (1) (4.B.5)
where in4 Uy () = Heu(t)Uy (t). Then it follow that G(t, ', €) is a solution to

(ih% +e— 7:[5(75)) G(t,t,e)=d(t—1) (4.B.6)

with the “rotating” version of H.g being Hs(t) = Uy (t)1HsUy (¢). If the external, periodic
potential were some potential with no internal structure coupling the degrees of freedom
of the system then we would have 7-25(15) = Hg as H.,:(t) would commute with all other
terms. This would immediately lead to a static system and a direct analogue of photon

assisted tunneling.
For this particular problem H.,;(t) commutes with itself at different times. As a result
Uy (t+T) = Uy(t) and it is useful to define

T
Uy(n) = = / dte™ Uy (t) (4.B.7)

Using all of these ingredients we then have

T
G (e) = % / dte™ / dt'Uy ()G (t, ', e) UL (t) (4.B.8)
0
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Our task becomes to solve Eq. (4.B.6). We do so by defining

5 1 , s

Gt,t' €)= T ; emmHemA G (€) (4.B.9)
which reduces Eq. to the difference equation

(€892 + € = Hs(0)) Gumle) = D Hs (€ = 0)Gum(€) = G (4.B.10)
n#l

Where ’}:ts(f) is defined in equation li All of the Fourier expansions above when

used with Eqs. (4.B.2)) and (4.B.4) then give

G (e) = Uy(n—0)Gom(e)U(—m) (4B.11)

We now make note of a symmetry in the difference equation for g}m(e). Namely we note
that simultaneously shifting ¢ — ¢ — k, m — m — k and € — € + khS) for any integer k
in Eq. shows that if Qvg,m(e) is a solution than so is C;g,k,m,k(e + khS), we thus
identify([30]

Gom(€) = Go_pm-r(e + kRQ) (4.B.12)

From the above one can conclude that all of the relevant information is contained in QV&O (e) =

Ggf) (€). The operator G%f) (€) solves the equation
(zm te— 7%5(0)) GP(e) =3 Hs(t — )G (e) = bug (4.B.13)
We can then write Gy, (¢) = Ggf_m) (€ + mhg2). Plugging this in above yields

G™(e) =Y Uy(n— OGY™ (e + mhQ)U (—m) (4.B.14)
lm
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sending m — —m and then ¢/ — ¢ — m then gives main result of this discussion

G™(e) =Y Uy(n+m— 0OGY (e — mhQ)U{(m) (4.B.15)
lm
We will use the above to find an approximate formula for the conductivity. We we will

develop a few other necessary relations

So far our discussion has been general with the only assumption being that [H.(t), Her ()] =
0,V(t,t') (a more general treatment in the absence of this restriction is currently a work in
progress [31]). At this point we specialize to the quantum well system which has been dis-
cussed in the main text. Out first task is to define the operators Uy (m). We are interested in
Hewt(t) = 2V cos(Q2t) where Vi, = Voo, ® Iy, I is the identity operator on the lattice
and o, acts on spin. This operator commutes with itself at different times and is diagonal in

“spin-lattice” space. This allows us to easily define the time evolution operator as follows

2V,

Uy (t) = et dHeanrt) — oepy —ih—é sin(Qt)o, @ I, (4.B.16)
note that no time ordering is required in the exponential because [He.(t), Hezt ()] = 0.

Finding the Fourier series of the above periodic function is made possible by the identity
e~iwsin(@) = N ] (x)e "™ where J,,,(-) is the Bessel function of the first kind of order

m. We thus have

2V, »
Uy(t) =) Jm (%a ® IL) e imt (4.B.17)

We can then read off

2Ve 2V,

_ (2‘/m> (4.B.18)
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where S, = o if m is even and o, if m is odd and the second and third equality can be es-
tablished using a series expansion of the Bessel function. The second relation above comes
from the Bessel function property J,,(—z) = (—1)"™J,,(z). The third relation, J,,, (%)
is a compact form which will be useful in a derivation of the transmission elements. With
an explicit formula of Uy (m) in hand we proceed to plug Eq. for the Green’s

function into the formula for 7’ )/ (€) which gives

2Vea 2Vea
T)\)\/(E) = Z Z Tr |:Jn+m’—€’ (mt) Jn-l—m—f (h—gzt) (4B19)

ntm el m’

4 2‘/ex 2‘/636 VA /
TG (e — mhQ) J,, ( mt) NN ( th> (G (e —m m))*]

where we have used the fact that the lead self energies commute with V,,; (the leads
make no distinction between different spins of particles). The sum over Bessel functions

gives a delta function. After some index relabelling we are left with

Tyx(e) = é;n Tr [FAGg)(e i+ OB Ty st (%) oo (%) (G (e = (m + £)RQ))!
(4.B.20)
We see that knowledge of Gg)(e — (m + £)hQ) will allow us to find the tunnelling
matrices and hence the two terminal conductivity. Towards this end we now write a formal
solution of the difference equation for Ggf) (€).
To make the notation more compact let us define

_ Hs(l) 0+0
i, = slf) 67 (4.B.21)

0 =0

Besides being less cumbersome, this convention allows us to drop the restrictions on the
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sums and eventually employ Einstein summation convention. Starting from Eq. (4.B.10)

. -1
and acting on both sides with <€FLQ +e— H5(0)> then gives

(0 ’ -
GO(e) = (éhQ te— ”HS(O)> 500 (4.B.22)

+ > (e 79&5(0))1 Hy Gy (€)

n

~ -1
Let us note that gp(€) = <e - ”HS(O)) is the Green’s function of the static system with

Hamiltonian 75 (0). Therefore

G\ (€) = gr(e)0e0 + > grle + ChQ) He_ ;G (¢) (4.B.23)

J

We now iterate this equation. To do this let us introduce some notation to extract the useful
part of the above. First, we use implied summation over repeated indices that are not /.

Second, we define g; = gr (e + ihS2). This gives
G\ (€) = godeo + geHego + geHo—j9;Hy—y G () (4.B.24)
Repeated iteration of the above difference equation allows us to write

G19(e) = gobuo (4.B.25)
=+ ge(f_[e + lffffjgj[_{j + ﬁffjgjﬁjfj’gj’ﬁj’
+ Héfjgjﬁjfj/gj’[:[j’faga[:[a

+ F[ngﬁjfj/gj'Hj'fagaﬁafﬁgﬁﬁﬁfagaHo +...)90
Or

GO%) = gr(€)d0 + gr(e + Q) Dy(e)gr(e) (4.B.26)
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Where

Dg(E) = gg + gffjngj + H@*jgjl—_]jfj/gj’gj’ (4B27)
+ Hy jg;H; jigyHj—agoHa

+ Hgfjgjijj’gj’Hj’fagagafﬁgﬁﬁﬁfoggﬁg + ...
The above series can in turn be generated by (restoring the summation symbols)

Di(e) = He+Y Hejg;H, (4.B.28)

J

+ > HyjgiH;_jigyDy(e)

53

Physically, the Greens function Gg) (€) is described by all possible processes starting at
energy ¢ (indicated by amplitude gr(€)) where the electrons absorb/emit a net number of
photons ¢ (indicated by amplitude D,(¢)) and then end up at an energy eigenstate ¢ + (/)
(hence gp(e + ChS)).

We are interested in energies £ + NhS) where £ ~ h{)/2. Near such energies the

Greens functions we need are then given by

G(E + (N —m — 0)hQ) = gp(E + (N — m)hQ)d,0 (4.B.29)

+9r(E + (N —m)hQ)Dy(E + (N — m — )hQ)gp(E + (N —m — £)hS2)

We now assume that for the parameters we are interested in the unit of energy A{) connects
two (and not more) points on the spectrum of ’HS(O). Namely an energy —¢2A can move
us from /2 to —€2/2. Any other photon processes are not possible though. Plotting the
spectrum of H 5(0) reveals this to be true for the parameters we have considered in the main

text.
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The above discussion leads us to make the approximation
gr(E + KhQ) = 6k 09r(E) + 0k, 197 (— F) (4.B.30)

The motivation for the above approximation is as follows. gr(¢) is the Greens function for
the system with Hamiltonian 7{g(0). We are interested in energies ¢ = E ~ %i)/2, where
 is the driving frequency. Now, owing to the finite bandwidth of the dressed Hamiltonian
’}:lS(O), there are no energy eigenstates at £+ Nh{) for N > (. There are states at /' —h{) ~
—(2/2 but none for any A2 below this. Thus the above approximation ignores values of K

for which #5(0) has no states at I + KA.

Let us now define

9r(E) = gr(E) + gr(E)Do(E)gr(E) (4.B.31)
and use the fact that £ — hf) ~ — F we immediately find

G\(E+ (N —m—0)hQ) (4.B.32)
= On.m (Gr(E)600 + gr(E)D1(—E)gr(—E)de,1)

+ Ont1m (Gr(—E)deo + gF(_E)D—l(E)gF(E)(S&—l)

Plugging this into the transmission matrix formula gives
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2Ver . .
- Qt) <Tr (FAgF(E)F,\/ g}(E)) (4.B.33)

Tr (Tagr(—E)D_1(E)gr(E)Cx (9r(—E)D_1(E)gr(E))'))
I3, (Wezt) Tr (Tagr(~ E)On (- E))
Tt (age (E) Ds (~E)gi(~ E)L (g (E) Di (~ E)ge (< E))))

ros () o (Bt ) (0 (Pag (B0, 00 (91D~ By ()
Tr (Tagr (B) Dy (~E)gr(~B)TxSi3(E)) )

. (Wm) zth) (Tr (Pagie(— BT S1 (g7 (— E) D1 (B)gie (E)))
+ T (Tagr(—~E)D-s(E)ar (B)TxSi5h(~E) )

Ty (E+ NhQ) = Jy (

+ o+ o+ o+

+

where S; = 0, ® I. Let us now consider D_;(FE). Using our generating function we

have

Dy(E) = Hy+ Hy_jg;H; + Hy_jg;H;_j1g;D;i(E) (4.B.34)
This equation can be solved for both D_;(E) and D, (—FE), the results are

1 =

D_(E) =— (I + Higr(E)H,gr(—E)) ~ H, (4.B.35)

and

Further let us note that

Do(E) = (I — Higp(—E)H 19r(E)) ™ Higr(—E)H_, (4.B.37)
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Using this one can show that

Jr(E) = gr(E) + gr(E)Do(E)gr(E) = E— (O + Higp(—E)H_l) (4.B.38)

So jr(E) is the Green’s function of a system with an effective Hamiltonian Hy+H, g (—E)H_;.

Now let us define

Fup(E) = gr(E)D1(—=E)gr(—F) = gr(E)H1gr(—F) (4.B.39)

and

Fdown(E) - gF(_E)D—1<E)gF(E> = _Fup(_E> (4B40)

Using these definitions the tunnelling elements can be written

Ty (E+ NhQ) = J3, (fgt) (Tr (PAQF(E)FA@}(E)) +Tr (FAFW(—EWXFJP(—E)))

2Ver
+ J?VH( t) (Tr (Pagr (= B)TxGh(— B) ) + Tr (TaFup (E)Dx FL, (B)) ) (4.B.41)

2Vey 2Vea N N
n JNH( t) N( th) Tr F,\gF(E)FNSlFJp(E))+Tr<F,\Fup(E)PNSlg}(E)>)

_ Jwa (2th) Ix (W“) Tr (rgr(—E)T W Si Ff (—E)) + Tr (FAFup(—E)FA/S@}(—E)»

We now note that in our numerical calculations our system has energy eigenstates dis-
tributed symmetrically around £ = 0 (as we have taken C' = D = 0). In such a system
we must have WHsWT = —Hg where W is some operator. From this it follows that
Wir(—E)W'T = —gp(E) and also W F,,(—E)WT = —F,,(—E). Using the fact that the
leads (and I'y/S}) also obey this symmetry and inserting the identity in the form WTW = I

in strategic places above leaves
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2Ver 2Vey
Ty (E + NhQ) = (va ( th) + 30 <ﬁ)> (4.B.42)

X (Tr (FAgF(E)Fxé}(ED +Tr (FAFup(E)FxFJp(E)))

which we write as

Ty (E + NhQ) (4.B.43)
1 2‘/@:1: 2‘/61‘ a
= 5 (JJQV (ﬁ) + J]2\7+1 <h—Qt)> T)\,)\’(Ea ‘/;Eibt)

where

Tox (E, Vier) (4.B.44)

— 2 <Tr <FA§F(E)FX§}(E)> +Tr (FAFup(E)FxFJp(E)))

We note that in a two-terminal geometry when there are edge-states in the quasi energy
spectrum we find that TAX v (E, Vezt) = 2. Each of the two terms above looks reminiscent
of a conductivity. The first term looks like a contribution coming from edge-states at an
energy I/, while the second term looks like a contribution coming from the edge-states at

— F transitioning to E.

4.B.1 Expression for the Effective Hamiltonian

We close with an expression for a derivation of the effective Hamiltonian. Recall that

~

Hs(t) = Ul () HsUy(t) and that Hs(n) = L [ ™ H(t), then by using the Fourier
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decomposition of Uy (t) we can write

Hs(n) =D UL (m)HsUy (m +n) (4.B.45)

m

If we now recall the relation for the Uy, operators derived above, then it immediately follows

that

. 2V, 2V,
Hg(n) = zm: T (h—Q) Jrin (h—Q) (4.B.46)

X Sm ® IL/}:[SSm-i-n ® IL

Now let us write
Ho=> Hapoa® Rg (4.B.47)
aﬂB

where R is a complete set of operators in the space of the lattice. Then, defining ¢ = %ﬂ ,

noting that for &« = 1 or 2 one can show that S,,0,S5,,+m = (—1)"0,.S, whereas for a« = 0

or & = 3 they do nothing, and using the Bessel function identities ), [Jy, (¢) Jim4n (¢)] =

Ono and 32 [Jm (O) (= 1) T (O] = 2 [ (O) Jomn (O] = Jn (2€) we have

Hs(m) = 6u0 > Hap(on) ® Ry (4.B.48)

It is most convenient to write this as
Hs(m) = 0, 0Hos + Jo (2) Haio(n) (4.B.49)

Thus the field does not touch terms in 7:15 proportional to oy or o3 and “dresses” the o, and

09 terms.
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The Green’s function g and the transmission matrix elements 7Y ,, are the result of
calculating the Greens function and the transport properties of a system described by a static
Hamiltonian 7:[5(0). Such a Hamiltonian looks similar to our original static Hamiltonian
(before periodic perturbation) but with ‘H,, renormalized by the Bessel function J, (2().

Moreover, o is not simply the static conductivity of Hs.
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Preface to Chapter 5

The main formalism and interpretation in Chapters 3 and 4 has been built upon an un-
derstanding in terms of the topological edge-states being split into sidebands. A deeper
understanding of these states, as well as connecting them to a different system of interest,
is desirable. In addition to this, there are several experimental hurdles to overcome given
the assumptions of the previous two manuscripts. One of these is understanding the turn-
on of the time periodic field, as the field in these previous works has always assumed to
be on for a long time. Second, these chapters have worked in the large frequency limit.
Most of experimental tools available (e.g. terahertz laser spectroscopy) exist at smaller en-
ergies/frequencies. The purpose of the following manuscript is to address all of the above
issues as well as to connect to recent experimental work by the group of Nu Gedik [1] at
MIT. We develop results for ARPES measurements of a 3D topological insulator in the
presence of terhertz electromagnetic radiation. We do this by allowing for the field to have
a finite width envelope and treating the turn-on explicitly. We also assume the frequency
to be small (terahertz) and build up an understanding of this system using the side-band

language of the previous two chapters, all while connecting our results to experiment.
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Abstract

Pump-probe techniques with high temporal resolution allow one to drive a system of inter-
est out of equilibrium and at the same time, probe its properties. Recent advances in these
techniques open the door to studying new, non-equilibrium phenomena such as Floquet
topological insulators and superconductors. These advances also necessitate the develop-
ment of theoretical tools for understanding the experimental findings and predicting new
ones.

In the present work, we provide a theoretical foundation to understand the non-equilibrium
behaviour of a Dirac system. We present detailed numerical calculations and simple an-
alytic results for the evolution of a Dirac system irradiated by light. These results are
framed intuitively by appealing to the recently revitalized notion of sidebands[2, 3]. We
find that, under the application of circularly polarized light, a Dirac point only ever splits
into two copies of sidebands. Meanwhile, the application of linearly polarized light leaves
the Dirac point intact while producing sidebands. Our immediate interest in this work is
in connection to time and angle resolved photoemission experiments, where we find excel-
lent qualitative agreement between our results and those in the literature[/1]. However, our
results are general and may prove useful beyond this particular application and should be

relevant to other pump-probe experiments.
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5.1 Introduction

One of the greatest triumphs in the last decade of condensed matter research has been the
theoretical prediction[4-6] and subsequent experimental realization[7-9] of the topologi-
cal insulator (TI). These materials are insulating in the bulk, while their edge plays host to
topologically protected metallic modes with energies lying in the band gap of bulk states.
The existence of these edge-states makes TIs of great fundamental and practical interest
with applications ranging from quantum computation to spintronics. Moreover, the discov-
ery of topological systems leads to a new classification of possible states of matter.

While many of the topological systems can be understood by non-interacting, clean
systems at equilibrium the study of topological states is not limited to those. The effects
of disorder, for example may drive a system in and out of a topological state.[10, 11] It is
therefore interesting to ask whether there is a knob that can be tuned to alter the topological
properties of a system.

One auspicious route towards the generation of a TI comes from considering time-
periodic perturbations|1-3} [12-31]]. In these systems, a time-periodic perturbation, is ap-
plied to a topologically trivial system and drives it into a non-equilibrium topological state.
As continuous time translational invariance is broken, it is no longer appropriate to dis-
cuss energy eigenstates. One must instead talk about their quasi-energy spectrum, which
is the closest analogue to an energy spectrum for a system with discrete time-translational
invariance[32]. The topological state created with an external, time-periodic perturbation
is called a Floquet topological insulator (FTI) and it exhibits edge-states in the gap of its
quasi-energy spectrum(12]].

The notion of a FTI has garnered much attention lately, and has enjoyed experimen-
tal validation in the field of photonic crystals, where Floquet states can be simulated in
the laboratory[33]]. However, a solid state verification of a Floquet topological state and

several issues regarding feasibility have been raised[34]] . The first of these is that most
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available periodic perturbations are not perfectly periodic, but have an envelope function
in addition to the periodic signal. The second, perhaps more pressing, issue has to do with
the experimentally available frequencies. Present discussions in the literature are valid in
the large frequency limit 2 > Qpgy,, ) being the applied frequency and gy, being the
frequency of the band-width of the system. However, available technology in terahertz
is sub-bandwidth. This small frequency is believed to be problematic as it will lead to a

complicated quasi-energy structure which may obscure any potential topological effects.

Given the above complications, our goal in the present paper is to understand the be-
haviour of a topological system in the presence of a non-periodic and sub-bandwidth exter-
nal perturbation. We will work with Dirac cone dispersion, typical for a three dimensional
topological insulator surface, in order to develop a fundamental understanding and will not
discuss a Floquet topological insulator at this point. Our work is inspired by measurements
of Wang et al in Ref. [1]]. This group used time resolved-angle resolve photoemission spec-
troscopy (TR-ARPES) to view the evolution of surface states of Bi;Ses, a three dimensional

topological insulator. We find excellent qualitative agreement with these results.

We employ the language of sidebands recently used in Refs. [2, 3]. This language
allows us to develop the three main results of this work. The first of these is that even
though applying a sub-bandwidth perturbation to a system may “fold” many states into the
Floquet zone, only a few of these states have any spectral weight and contribute to physical
processes. In the present example, we consider a Dirac cone, which has effectively an
infinite band-width. We find that only states within a couple A{) from the Fermi surface
have any statistical weight in our side-band picture. Second, we work in a regime where the
time scale over which the pump pulse envelope is changing is much longer than the period
time of the drive. In this regime we develop simple, analytic expressions. Finally, we show
that the structure of a Dirac cone colludes with circularly polarized light to produce only

two sidebands for momenta near the Dirac point. This is quite remarkable; the spectral
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weight of the equilibrium Dirac point states is entirely shared between two sidebands. It
therefore behaves as two massive Dirac points, with different masses. These two cones

share the spectral weight of the original Dirac cone.

The intuition developed here, as well as the satisfactory results in view of recent experi-
ments[ 1]], will add to a current ongoing discussion in the literature regarding the stability of
Floquet-states[31} 35-38]. Our side-band interpretation in concert with an understanding
of Floquet states and the results of Ref. [Wang] provide an intuitive physical picture. Side-
bands develop over the lifetime of the pump pulse; their eigenstates can be found from the
system’s quasi energy states and their weight in the time-dependent wave function can be

viewed as probabilistic occupation.

The rest of this paper is organized as follows. In the following section we discuss
some fundamentals of the Floquet formalism in order to introduce the side-band intuition
of Refs. [2, [3]. We move on to present our model and methods. In Section[5.3] we present
our results and discussion for two polarizations of light. The appendices detail various

technical aspects of the work.

5.2 Preliminaries

5.2.1 Sidebands

We begin with a brief discussion of Floquet theory as it pertains to the language of side-

bands. Consider the time-dependent Schrédinger equation

ihoi|y(8)) = H) (1)) (5.2.1)
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where H(t+71) = H(t) is a Hamiltonian with period 7". Defining 2 = 27 /T the principle

result of Floquet theory is that the steady states of the above system can be written as[32]]

(1)) = e P |g(t)) (5.2.2)

where (H(t) — ihoy)|o(t)) = n|e(t)) and |¢(t + T)) = |¢(t)). The eigenvalues 7 are
typically called the quasi-energies. The quasi-energies are only unique up to integer mul-
tiples of hS2, as can be seen by noting that ™™ |¢(¢)) is an eigenvalue of (H(t) — ih0;)
with quasi-energy 7 + nh{) and also meets the boundary condition |p(t + T')) = |4(t)).
Thus all quasi-energies are defined within a first "Floquet zone”, an interval of energies of
width Af). The center of this zone is, of course, arbitrary. The quasi-energy spectrum in the
first Floquet zone can be copied at integervals of A{) above and below to generate the full

quasi-energy spectrum.

We now introduce the sidebands. Since |¢()) is periodic, we are free to express it as a

discrete Fourier series |¢(t)) = > e ™|n). The full wave function reads

(1)) = ety (5.2.3)

n

The states |n) are determined by solving the eigenvalue equation ) | (H,,—, — nhQ20,,,) m) =

n|n) where H, = [, &t H (t)

The intuitive picture we wish to take away from Eq. (5.2.3) is the following. In a time
periodic system the steady states are a linear combination of definite energy states with
energies 7) + nhS2 and probability (n|n). This follows from either inspecting Eq. (5.2.3)) or

by noting that the average energy over one cycle of the period reads

F= [ Re@HORE) = a0+ i) (524)

n
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For pedagogical reasons we now consider the application of the above theory to a time-
independent system. To be more concrete, let’s say we have an applied perturbation with
frequency (2 but a vanishingly small amplitude. In this limit /,, = d,, oM and the eigenvalue
equation becomes (H — nh{2)|n) = n|n). The solution to this system is |n) = dy,|() with
n = E — NhQ, where H|() = E|() and N is an integer that takes F' and moves it into the
first Floquet zone we have chosen for our problem. Thus when the time periodic fields are
turned off the system is, of course, found in eigenstates of the static Hamiltonian. These
eigenstates can, of course, be defined in a first Floquet zone, but if this first Floquet zone
does not contain F (i.e. if N # 0 in the language above) then there exists a quasi-energy
E — NAf), but this state has zero probability of being occupied in the first Floquet zone
because (n|n) = 4, y. One must move to the N Floquet zone where this state is occupied
with unit probability. The moral of this exercise is the following. When working in the
Floquet zone the quasienergy spectrum might be dense with folded bands. However, the
“occupation’ of a given state (its weight in the time dependent wavefunction) may be zero

in the first Floquet zone, leaving only a few relevant states.

Starting from the above limit, as we turn on the time dependence there are two effects
that take place. First, electrons beginning in the original eigenstates develop some probabil-
ity to absorb or emit photons and thus their unit probability of being found in one Floquet
zone gets smeared into other, adjacent Floquet zones. This creates “copies” of the original
band structure analogous to those proposed by Tien and Gordon several decades ago[39].
Second, unlike the physics of Ref. [39]], in our present system these sidebands can also be
modified in a non-trivial way. This occurs when states corresponding to absorbing/emitting
different number of photons hybridize. This can lead to important effects such as gaps in

these sidebands opening.

The above interpretation is important when applying a probe of well defined energy to

a time periodic system. Examples of this situation are the studies in Refs. [2, 3] where
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Figure 5.1: Schematic picture of the main results of this paper. The original Dirac cone is split into
sidebands, with sidebands further away from the original cone receiving less ”weight”. In the figure
this is signified using lighter colours for less probable sidebands. Now, if the operator describing
the time periodic field, V'(¢), commutes with the original Hamiltonian, Hy (), then this splitting is
all that happens. If these two operators do not commute sidebands hybridize and the band structure
becomes modified by, e.g., having gaps opened.
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we calculate the transport properties of periodically driven quantum well heterostructures.
Namely, the edge-states in these systems, whether naturally occurring or driven, are split
into sidebands. As a result, certain transport signatures of these edge states, for example
2¢? /h conductance, are fragmented. In Refs. [2, 3] we have discussed how a sum rule[24]
can be used to salvage these transport signatures. This sum rule is rooted in the under-
standing that systems in a time-periodic field have their energy bands modified by the time-
periodic perturbation and also that these bands are split into sidebands. Crucially, these
sidebands are only occupied with a certain probability, and, for reasonable field strengths,
this probability decreases with the separation in energy between the original energy eigen-
value and the side-band eigenvalue that we’re interested in. Thus it is usually appropriate

to treat only eigenstates within several multiples of AS) from the Fermi level.

The above observations are important to keep in mind when applying Floquet theory
to look at the quasi-energies by themselves. When the energy scale A is small compared
to the band-width of the equilibrium model, the quasi-energy spectrum becomes very con-
voluted as many eigenstates are “folded” back into the Floquet zone. Making predictions
based on this spectrum alone then becomes an arduous task. The discussion above, and the
results to follow, illustrate that one must keep in mind that even though the quasi-energy
spectrum may become complicated in this limit, only quasi-energies resulting from folding
of energies within a few A{) of the Fermi energy contribute significantly to observables.
The information about these probabilities is contained in the often ignored side-band states

|n) and their statistical weight.

Our model is a generic Dirac cone and no cut-off is considered, thus our effective band-
width is infinite. We subject this system to terahertz frequency light 22 ~ 30meV. Looking
only at the quasi-energy spectrum of this system the Dirac cone will be folded back into the
Floquet zone infinitely many times and would thus be meaningless. We therefore approach

the system in a slightly different manner, while keeping in mind the side-band language
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Figure 5.2: Comparison of numerical results found by integrating the time dependent Dirac equa-
tion and the analytic approximation in Eq. for I(ky,0,w,to). The left plots 1(0,0,w,to)
for different delay times ¢o while the right plots 1(0.05A71,0, w, to) also for different delay times.
In these plots the bottom plot is for tp = —500fs, the middle for {» = —100fs and the top is for
to = 0Ofs. In all plots the solid line is the approximation in Eq. (5.3.6) while the circles are numeri-
cal results. There is excellent agreement between the numerics and our approximation for all three
delay times.

discussed above. Provided that the field is turned on slowly compared to the frequency
of the light, the system evolves into a state described by a splitting of its original bands
into sidebands. In cases where the operator describing the external field commutes with
the static Hamiltonian at all times, this side-band splitting is the only effect of the light,
i.e. we see no hybridization and no gap opening. In all other cases there are additional
modifications of the sidebands. In either case, we see that for physical field strengths only
the first couple of sidebands carry any spectral weight in these simulations, in spite of the
fact that the system is subjected to low-frequency light. These central results of our work
are summarized in the schematic in Fig. This intuition should be relevant to related
experiments on time-dependent systems and will be crucial in driving a topological state

with externally applied light.
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5.2.2 Model Hamiltonian

We begin with the following Dirac Hamiltonian
hy = hop(k X &) - 2 — pog (5.2.5)

where v is the Fermi velocity, &; = o; is a vector of Pauli matrices and p the Fermi energy.
The above Hamiltonian is immediately applicable to the surface of a three dimensional
topological insulator (TI) and should also be relevant to graphene in the limit where any
applied field doesn’t induce intervalley scattering.

We now envisage the above system irradiated by an electromagnetic field. To keep our
theoretical model simple we assume this field is spatially constant over the sample size.
This should be approximately true for the terahertz type radiation considered here where
the wavelength of the light should be tens of microns[1]. We model this electromagnetic
field as follows

Epump(t) = Eoe_ﬁEQ(t) (5.2.6)
where Ej is the amplitude of this pump pulse, 7, is the width of the pulse and Eq(?)
is the monochromatic component of the field. In this paper we consider two scenarios: (1)
Linearly polarized light, with Eq(¢) = sin Q¢z and (2) circularly polarized light in which
case Eq(t) = sin QtZ — cos Qty.

We introduce the above field via minimal coupling, ignoring the Zeeman effect, as we
expect the dominant contribution to come from the electron’s orbital motion. We choose
a Gauge such that the electric scalar potential & = 0 and E,,,(t) = —0:Aum, (1), see
appendix C for more details. Thus we have A ,,,,,,(t) = — ffoo dt'Eump(t’)) where we
have chosen in initial condition such that A,,,,,(f) — 0 for t — —oo. This choice of
initial condition is, of course, immaterial and represents the gauge freedom of the problem.

We show in the appendix that within the formalism we use in this paper([34, |40, 41] this
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choice of initial condition does not change any of our observations.

Let us define the frequency scale associated with the pump pulse envelope 2y, =
27 /T pump- We work in the limit €2,,,,,, < €2 in which case it is appropriate to write (see
Appendix for more details)

2
Ey ——
—cC

Apumy(t) = ~pe 7P Eq(t) (5.2.7)

where Eq(t) is defined through %Eg(t) = —QEq(t). The evolution of our time-dependent
system is now described through a minimal coupling of the above pump field to our Dirac
Hamiltonian via ik — ik — €A (). Thus the (time-dependent) Hamiltonian we work

with is as follows

Hy(t) = vr [(Fk — eApump(t)) X 7] - 2 — poyg (5.2.8)

To complete our discussion of the models we must define the probe pulse profile. For
_ (t—tp)?

this we take the envelope function s(t,tp) = ¢ *Tyrobe where Tyrove is the width of the

probe, assumed to be much shorter than the width of the pump, T},,0pe < Tpump, and to is
the delay time between the pump and probe peaks. to is effectively the time at which we
are “viewing” the system. In the above model we have (arbitrarily) assigned ¢ = 0 to be

the time at which the pump pulse is maximal.

In our simulation we take experimentally relevant values for the parameters from Ref. [1].
Namely, we estimate hvp ~ 3.6 eVA, 1~ 300meV, Af) ~ 120meV. For convenience we
define wp = p/h. We take a pump-pulse with a full width half-max (FWHM) of 250fs
(Tpump =~ 106.16fs) and a probe-pulse with[34] T}, = 26fs. Finally, to fully illustrate
the conceptual power of our findings we take Ey ~ 7.5 x 103 V/A, slightly exaggerated

from the estimates of Ref. [1]].
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5.2.3 Photocurrent

A simplified picture of the technology involved in ARPES is to think of the experimental
set-up as measuring the particle current of electrons ejected from the sample at a wave
vector k, energy hw and time ¢ (relative to the pump maximum time). This measurement
is called the photocurrent, /(k,, k,,w,to). Typically this quantity involves complicated
momentum, orbital, and time dependent matrix elements. To develop a solid understanding
for this problem we will work under the assumption that these matrix elements are the
same for all orbitals, momenta and times. Under this approximation the relevant quantity

to calculate is [34, 40, 41]]

I(ky, ky,w, to) = Im [/ dt1/dtgs(tl,t@)s(tQ,t@)ei“(tl_tQ)Tr(Glf(tl,tg))

(5.2.9)

In the above Gy (t1, t2) is the 2 x 2 lesser Green’s function matrix of the system in spin
space. It is obtained by evolving the equilibrium states of the original Dirac cone from the

distant past to the present. It is defined as follows

o () = (e, () ewor () (5.2.10)

where c};a creates and electron with momenta k and spin a.

Our theory relies on knowing the solutions to the Dirac equation at all times, as these

states can be used to construct the above Green’s function. We therefore define the states

ihoh|tha(t)) = Hi(t)[¢xalt)) (5.2.11)

subject to the initial condition [y (t — —00)) = |Pk.) Where [Py o) are the eigenstates
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of the equilibrium system satisfying hx|dk o) = Eka|fx.a), With Ex, = ahvplk| — p with
a = £1 labeling the chirality of the state.
Once these wave functions are known the lesser Green’s function of the system can be

constructed (see Appendix

G (1, 8) = 01U 0 () (o ()] f (Fia) (5.2.12)

where f(FEy,) is a Fermi function and [¢{ ,(t)) is the spin ¢ component of the state
[Gicalt)).

The theory described in the rest of this paper involves determining Gy (¢, t") either an-
alytically or numerically and then making use of Eq. (5.2.9) to estimate the results of a

TR-ARPES experiment.

5.3 Results and Discussion

Using the methodology outlined above, we present our results and interpretation of cal-
culations relevant to TR-ARPES measurements. For the sake of clarity, we divide our
discussion into two categories. First, we consider light polarized along the z direction of
the sample. Next, we allow for circularly polarized light. Certain limits of these two set-ups
can be solved analytically and crucial insight can be gained into the distribution of states in

a non-equilibrium system. We begin with linearly polarized light.

5.3.1 Linearly Polarized Light

We consider an electric field along the x direction only. In this case a closed form solution

to the Dirac equation can be found along the £, = 0 cut of the Brillouin zone:

szvkyzo(t) = UF<hkx - eAx(t))Jy - MOO (531)
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Figure 5.3: Plot of the photocurrent I(k;,0,w,to) at various values of the delay time ¢ for
linearly polarized light. In the distant past we see only the Dirac cone, as the pump field starts to
turn on we see copies of this cone (sidebands) begin to develop. As the field envelope becomes
larger weight of the original Dirac cone is shifted into other sidebands.
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Figure 5.4: Plot of the photocurrent I(0, ky,w,to) at various values of the delay time to for
linearly polarized light. In the distant past we again only see the Dirac cone, as the pump field starts
to turn on we see copies of this cone (sidebands) begin to develop and these copies develop avoided
crossings. As the field becomes fully turned on the weight of the original Dirac cone is shifted into

other sidebands and these gaps become more evident.
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In this case the time dependent field commutes with the Hamiltonian for the chosen mo-

menta and the wave functions can be written as

Yk, 0a(t)) = e ovrkemn/ii=tr) (5.3.2)

« cieone [L A AW iy

where ¢, — —o0 is the “turn-on” time for the field. This gives the Green’s function

Gro(t, ) =i ) elovrken/Mi=t) (5.3.3)

t

X exp <¢€O‘;F / dt”Ax(t”)) F(Br,00)
t/

X |¢k1,07a><¢kz,0,a|

note that the above is independent of ¢,. We eventually need Tr (G’,jwﬁo, (t,t')), where the
trace is over spin degrees of freedom. This trace can be performed in any complete basis

and becomes particularly simple when we choose the states |¢y, o), which leaves

Tr (G o (8 1)) = i) e i(evrkemn/Mi=t) (5.34)

t
X exp (z’eO‘;F / dt”Az(t”)> f(Bra)
t/

Our discussion has been exact until this point. We would now like to make an approxima-

tion to simplify the above trace. We recall that A, (t) = %e‘tQ/ 2T5ump cos QU and expand it
in the limit 7},,,,,, > 27 /(). Integration by parts may be used to show that to leading order

in 1/7mp$2

t
/ dtAL() = (53.5)
t/

Eq

42 2 . 412 2 .
R (e /2 ump sin Ot — et /2 pump gin Qt')
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Using the above, the identity e”*"% = Y~ J (x)e™* and assuming the probe pulse
is much shorter than the pump pulse gives the following result for the photocurrent (for

technical details see Appendix

I(k,,0,w,t0) (5.3.6)

- 27TTp2robe Z f(Ekl‘707a>JT’2n (Aeff (tO)) exp |:_ (w - aUka + % - mQ)2T5robe

where
_ (t—tp)?

dte Torove A(t
Acty(to) =~ / (tw( ) (5.3.7)

f dte 2T3robe

with A(t) = %e‘ﬁ/ 2Tump, The above formula is our main analytic result for this part
of the paper. It provides a nice picture of the sideband splitting that occurs in the presence
of a periodic field. Owing to the nature of the applied field, which commutes with the
Hamiltonian, none of the original bands are dressed. The exponent describes peaks not just
at energy eigenvalues vphk, — p, but also at integer values of h{) above and below this

value. This indicates that there are copies of the original band structure at multiples of /)

above and below the original pattern.

The Bessel function pre-factor gives the weights of these sideband peaks. These weights
depend on the probe time due to the time dependence of the driven system. Owing to the
simple structure at &, = 0 there is no interference/avoided crossing of sidebands. Thus in
the limit of a wide pump pulse the system is split into sidebands and the population of these

sidebands is given by the instantaneous weighted average of the pump envelope function.

We now turn to numerics in order to test the validity of our analytic results and to extend
our analysis to finite k,. For this we integrate the Dirac equation numerically. We begin
by fixing k, = 0 and comparing our analytic treatment to exact numerics. Fig. shows

I(ky,0,w,to) for k, = 0 and k, = 0.05A~" for several values of ¢». As can be seen
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in the figure, there is excellent agreement between our approximate formula above and
the numerics. Fig. also nicely illustrates the sideband interpretation discussed above.
We see that all of the spectral weight associated with the original peaks in the distant past

(before the pump pulse hits the system) gets redistributed into sidebands separated by Af).

Next we move on to present results going beyond the scope of the analytic results. We
plot I(k,,0,w,to) and I(0, ky, w, to) in Figs.[5.3]and[5.4] First, the results for I (k,,0,w, to)
(within the purview of the analytic approach above) nicely confirm the intuition developed
above; we see no renormalization of the energy bands and a simple development of of
sidebands. These sidebands are evident by the copies of the Dirac cone seen in the above
plots. Second, (0, k,,w,t») goes beyond our analytic approach above. We see a twofold
effect as the pump-pulse hits the system. The primary effect is a splitting of the system into
sidebands. The secondary effect is a renormalization of the sideband structure, this opens

gaps at energies where level crossing occurs in equilibrium.

5.3.2 Circularly Polarized Light

We now shift our focus to the more involved problem of circularly polarized light. Circu-
larly polarized light makes even the k, = 0 cut along momentum space intractable analyt-
ically. We can, however, make progress right at the equilibrium Dirac point k, = &, = 0,

the I'-point. Here we have

Hy(t) = —hQUA(t) [cos Qto, — sin Qo] — poy (5.3.8)

The above can be written as

Hyp(t) = —hiQA(t)e o=/2g e Mo=/2 _ 110 (5.3.9)
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Figure 5.5: Comparison of numerical results found by integrating the time dependent Dirac equa-
tion and the analytic approximation in Eq. for 1(0,0,w,to). The left shows I(0,0,w,to)
for different delay times ¢ while the right shows 1(0,0,w,to) also for different delay times but
this time with a pulse FWHM of 500fs instead of 250fs. In these plots the bottom plot is for
to = —500fs, the middle for tp = —100fs and the top is for t» = Ofs. In all plots the solid
line is the approximation in Eq. (5.3.15) while the circles are numerical results. On the top row
we see reasonable agreement between numerics and our approximation for all three delay times.
When we turn up the pulse width, which effectively makes the “turn-on” time slower, we see that
the agreement becomes excellent.
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Figure 5.6: Plot of the photocurrent I(k;,0,w,to) at various values of the delay time ¢ for
circularly polarized light. In the distant past we see only the Dirac cone, as the pump field starts to
turn on we see copies of this cone (sidebands) begin to develop and the Dirac cone becomes gapped
out. At tp = 0 we can plainly see only two sidebands through the cut k£, = 0.



5.3. RESULTS AND DISCUSSION 152

To solve for the evolution under this Hamiltonian we transform to a rotating frame by letting
|thra(t)) = ert=tr)/hei=/2 140 (+)) - Our equation of motion for the wave function then

reads

0 na ) = (~12A00, + 5o ) ralt) (53.10)

Our purpose in finding |11, (t)) is to build the Green’s function Gy (¢,t') and ultimately
convolve this Green’s function with the probe pulse envelope. Therefore, a good first ap-
proximation would be to find the wave function in the vicinity of ¢», the peak time of the
probe-pulse. We therefore make the somewhat crude approximation A(t) — A.ss(to) in
the above equation of motion, Eq.[5.3.10} This yields an effective (rotating frame) Hamil-

tonian which is time independent. The above equation of motion can be therefore solved

to give:
|tra(t)) = erli=i)/heifto=/2 (5.3.11)
x e i (1)
where
hQ2
Hepp = —hQAcp5(to)oy, + 702« (5.3.12)

is an effective, time-independent, Hamiltonian in the vicinity of ¢o. |{/ra(t,)) is the rotating
frame wave function in the distant past. By requiring that the wavefunction |¢r,(t)) at
t — t, be a simple spinor (whose direction can be arbitrarily chosen due to the degeneracy

at the Dirac point) we find

ra(ty)) = e~ 2ro=/2| g ) (5.3.13)
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where {|¢r,)} are the eigenstates at the Dirac point in the distant past. Using the above,

noting that the eigenvalues of H.r; are £F.r¢(to) = :l:\/(hUFAeff(tO))Q + (%2, and
performing some additional manipulations which are left for Appendix [5.E|we arrive at the

following approximation for the photocurrent

1(0,0,w, to) = 27T dm | Y flepg)e "7 Ferstolin/b A5 (A7 )" (5.3.14)

af,s,s’

xexp [—(w + p/h = BQ/2 = sEesf(to) [h) Tppope/2] exp [—(w + p/h — B2 — 5 Eeys(to) /1) Tpone/2]]

where a, 3, s, " all run over £1 and A}, 5 = (0a,p — 50 - (93]5] ¢a)) /2. [¢4) = (1,0)7,

lo_) = (0,1)7 and a = aa = —hQA.;(to)] + 2. We now note that Ezf(to) =

\/(thAeff(t@))Q + (%2 > nQ/2 > 1/T,,0pc. Thus the distance separating the peaks in
the Guassians above (which is 2E. ;;(t0) /h) is much larger than the width of the peaks. We
therefore discard terms where s # s'. Further, we note that the eigenvalues in the distant
past er, = —p are independent of « (as we’re at the Dirac point). These two observations

along with some additional straightforward, but tedious, algebra lead to the simplified result

1(0,0,w, to) (5.3.15)

= T2, f(~ u>z(1‘Tsﬁdz) exp [=(w + p/h — B2 = 5. (t0) /1) T2 ]

B,s
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Examining the above shows that the ARPES spectrum from the I' point shows the following

features at energies I (measured from p) with weights P

1+a,
E = —Eeff(to) —f—hQ/Q P = ( +a ) (5.3.16)

[\]

1+ a.
By = E.pp(to) — Q2 PQZ( > )

1_Az
2

Ey = E.4(to) + 822 P4:( . )

E3:—Eeff(to)—h9/2 P3: (
1

Q>

19

where a, = W

It is obvious from the above that there is no additional spectral
weight in any other energy. When the amplitude A(t) is shut off a, — 1 and we see
Ey, E; — 0 with weights going to unity. At the same time E3, £y — $A(), albeit with
zero weight.

Our interpretation of the above is as follows. As the pump probe is turned on, the

original two-fold degeneracy at the Dirac point is lifted and a gap is opened up with width

Glto) = \/ (2hvrAesy(t0))? + (hQ)2 — h) (5.3.17)

the weight of these states is (H%) which decreases with field strength. The peaks at the
other two energies correspond to single sidebands of the states £} and F,. Put another
way, I3 = E; — Qh while £y = F5 + hS). The weights of these sidebands increase with
field strength. Interestingly, unlike our treatment of the linearly polarized light, there is no
statistical weight given to any other sidebands, all of the spectral weight is found within two
sidebands. Note that the same approximations were made in both cases. We would like to
point out that these results should hold when multiple Dirac cones are present in the system.

This effect may however be obscured by the side-bands of higher energy bands. Therefore



CHAPTER 5. TIME-DEPENDENT POPULATION OF SIDEBANDS IN A DIRAC
155 SYSTEM

it should be visible provided the driving field is not strong enough for these side-bands to
have a large weight in the vicinity of the Dirac point.

With the above analytic analysis let us move on to numerical methods in an effort to
validate the above description and further explore momenta where an approximate solution
is not tractable. We do this with the side-band language discussed above in mind.

We begin with a simulation at the Gamma point. Fig. shows 1(0,0,w,tn) as a
function of w for various different values of ¢». Both our approximate analytic expression
as well as our numerics are displayed in this plot. We see that the approximation provided
above is in good agreement with the numerics with respect to both the size of the gap and
the position of the sidebands, it also shows that this approximation becomes better when
the width of the pump-pulse gets larger.

Let us now move on to explore a wider range of momentum using our numerical proto-
col. Fig.[5.6]shows the time-evolution of the ARPES spectrum for a cut such that k, = 0.
A cut along k, = 0 looks very similar and such plots would not add to the present discus-
sion. In the figure we see effects common to all results in this work. As the field strength
is turned on the original Dirac cone is copied into sidebands, each of which is populated
only with a certain weight. States in these sidebands then hybridize with each other leading
to gaps. Most notable, our analytic result for the I' point is verified at the center of the

momentum cut.

5.4 Conclusions

We have provided both simple analytic results and rigorous numerical simulations of TR-
ARPES in a Dirac system. Our results show that the time-evolution of an ARPES spectrum
can be understood using the language of probabilistic occupation of sidebands in a time

periodic system[2, 3]. In this interpretation, the amplitude of the envelope of the externally
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applied field is replaced by a weighted average over the pulse-width of the ARPES probe
waveform. We see the original band structure of the system split into sidebands and these
sidebands are than modified by the presence of the light. Our results are in qualitative

agreement with those of the experimental work in Ref. [1]].

Our work also highlights the fact that not all sidebands are equally important. We
showed that despite the repeated folding of the Dirac cone into the Floquet zone only a few
sidebands, which are displaced by a few A{)s from the equilibrium energy, contribute to the
time resolved ARPES signal. This point pertains not only to the results of Ref. [1] but also

to other measurements on Floquet topological systems such as transport[?2, 3.

Finally, we have explored an interesting interplay between a Dirac point and circularly
polarized light. Our results suggest that under the application of circularly polarized light
the Dirac point is gapped and copied into two side-bands only. This is in contrast to other

systems, and other points in the Brillouin zone, where many sidebands can be seen.
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5.A Integrals Involving the Pump Envelope

As discussed above, we choose to describe this electric field in a gauge where the scalar

potential is zero. Thus we have

t
Aump(t) = — / At Epymp(t') (5.A.1)

—0o0

t /2
= —F, / dt'e *Trume Eg(t')

—0o0

where we have chosen in initial condition such that A,,,,,,(t) — 0 for ¢ — —oo.

Let us define the frequency scale associated with the pump pulse ump = 27 /T pump-

We work in the limit

Qi < Q2 (5.A.2)

such that there are many oscillations within the pump field envelope. We now define

Eq(t) = —@ and integrate by parts to obtain
E t’2
Apump(t) = e P Ba(t)| (5.A.3)

EO ¢ / 2Tt/2
+ o di't'e” Thum Bo(t')

pump

— &672Tp21’zmp EQ( )—1-0 ’pump
Q Q

The above process could in principle be iterated to produce a perturbative expansion in

T
Toumyp’

%, although we stop here for practicality. We could alternatively write % =
which tells us this expression is valid in the limit 7" < T,;4p¢; 1.€. the amplitude changes
on a much longer time scale than the period of oscillation. We neglect all but the leading

order terms. Continuing the procedure above shows that the next to leading order term is
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2
Q UM . .
of order (%) . Thus we work in a regime where

+2

By £
Apump(t) = e 7 Eot) (5.A.4)

5.B Green’s Function

We now consider the quantity

Gras(t:t') = i{chs(t)cra(t)) (5.B.1)

In order to define a useful quantity we consider the equation of motion for the electronic

operators:

brca(t) = i[H(0), cra(?)] (5B.2)

where the over-dot denotes differentiation with respect to time and H(t) = >, 5 ot Hy op(t)cip.

Using the Hamiltonian defined above and calculating the commutator gives

éka(t) = —Z‘Hk@/@(t)Ckg(t) (5B3)

where summation over repeated indices is implied. The above equation is linear in elec-
tron operators. We thus try a solution of the form ¢y, (t) = Uxaa (t, tr)ckar (t) Where the

Ukao (t, 1) are complex numbers. Plugging this in gives
Ukaa’ (t, tr)cka’ (tr) - _Z.Hk,aﬁ (t>Ukﬂa’ (t, tr>cka’ (tr) (5B4)

Which implies
iUkaor (t 1) = Hicop(t)Ukpar (t, 1) (5.B.5)
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promoting U and H to matrices gives

10Uk (t, t,) = Hy(t)Ux(t,1,) (5.B.6)
The formal solution to the above equation is

U(t,t,) =T (w’ffr dTHk“)) (5.B.7)

and it obeys Uy (t, V') Uy (¥, t,) = Uy (t,t,) and (Uy (L, t,)) = U (t,,t), where T is the time

ordering operator. Using this solution we can write

Glf,a/j(t» t,) = 1Ukao (t> tr)Ultﬁ,B’ (t/, tr) <CT1<B’ (tr)cka’ (tr»

= Ukoa (8, 1) G (tr 1) Ui (', 1) (5.B.8)
Writing the above in matrix form gives
Gt t) = Uilt,t,)G(te, t) UL 1) (5.B.9)
or
Gt 1) = Ult,t,) Gy (tr, t)Uk(t,, ) (5.B.10)

Which is conceptually appealing. We begin at ¢/, propagate back to ¢, where we know
the Green’s function and then propagate forward to . We now assume that the system
begins at time ¢, in equilibrium in a system obeying the unperturbed Hamiltonian. Thus

we write Gy (t,,t,) = 1), |Pka) (Pxalf(Eke). Noting that [k (t)) = Uk(t,t)|dka)

then immediately leads to the expression for the Green’s function used in the main text,

Eq.[5.2.17).
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5.C Gauge Choice

In considering the effects of electromagnetic fields we must ensure that our theory is gauge

invariant. A general gauge transformation is applied as follows

A(r,t) = A(r,t) + Vx(r,t) (3.C.1)
O(r,t) = O(r,t) — Iyx(r,t)

iex(r;,t)/h
Cjo — XTI/ e,

Within the so called “Hamiltonian gauge” used above we take & = 0 and E(¢) = —0,A(t).
Therefore, to remain within this choice of Gauge and not change our problem in a non-
trivial way by for example, introducing a spatial dependence, we must be free to introduce
a Gauge change y = r - f where f is an arbitrary, constant vector. This amounts to the
Gauge change A(t) — A(t) + f, ®(r,t) — ®(r,t) and ¢, — €*i't/"c;,. Fourier trans-
forming the electron annihilation operator leads to the result that the Gauge change makes
the modification cx, — Ck_.f,. Note also that Hy(t) — Hyx_.¢(t) under this transforma-
tion. Thus our time evolution operators change as Uy (t,t") — Ux_.¢(t, ') and therefore all
of the Greens functions defined above transform as Gy (t,t') — Gx_.¢(t,t’) and are thus

not Gauge invariant.

It is useful to note conceptually where this Gauge freedom comes from. We require

E(t) = —0;A(t) which in turn gives

All) = — /O CWE(Y) + A(O) (5.C.2)

where the initial condition A (Q) is unfixed by the electric field. Thus the freedom we have
lies in our choice of the reference A (Q). Recall the turn on procedure we have in mind:

the pump field is off for ¢ < ¢, and is switched on after-words. Therefore, for this choice
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of set-up it is convenient to express A as follows

At) = —@(t—to)/tdt’E(t’)—i—A(to) (5.C.3)

Aphysical (t) + A(tr)

but A(t,) = Ay is still entirely arbitrary. Thus we would like a theory completely indepen-
dent of A(¢,). This is equivalent to the statement above that the Gauge invariant quantities

should be independent of f, as all f constitutes is a shift in the value of A(t,.).

We now note that Green’s functions Gy (t,t') = Giea,(t,t') are unchanged by the
Gauge transformation A(t) — A(¢) + f as the shift k — k — ef in the Gauge dependent

wave function cancels out the shift Ag — Ay + f. An equivalent finding is that
Uicreo(t 1) = T (7 iceens @) (5.C.4)
but

Hycreao(t) = Pr—ca(t)+eAo (5.C5)

= hk_eAphysical(t)_EAO'i'eAO = hk_EAphysical(t)

where hy is the Dirac Hamiltonian. Therefore Hy,.a,(t) is independent of our arbitrary

choice of A, meaning that Uy .a,(t, ;) and thus Gy .a,(t, ') are gauge invariant as well.

Of course the most natural choice is to set Ay = 0 so that the (equilibrium) Hamiltonian
before the switch on time ¢, is simply Ay, as one would like it to be. For this choice of
initial condition the Gauge invariant Greens function and the traditional Greens function

are identical.
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5.D Linearly Polarized Light

Here we go over the details leading to Eq. (5.3.6) in the main text. Assuming 7}, <
27w,

¢
E ,
/ dt" Ay (t") = Q—g <67t2/2T5HMP sin Qt — e~/ *Toume sin Qt’)
t/

and using the identity ™" = S ], (z)e™ in the wave functions for the linearly

polarized light the photocurrent with £, = 0 reads

I(ky,0,w, t0) (5.D.1)

= Z f(€kz,0,a>

_ (t1—i(:))2

Z/ dtl Jm (O{A(tl)) e 2Tp2robe eii(wfa'UFk'z‘i’%*mQ)tl

In the above, J,, (A(t;)) describes a splitting of the eigenstates into sidebands, labeled

by m, where the amplitudes of these sidebands depend on time. Meanwhile s(t; — ¢,) =
_(t1-t0)?

e Tiroe is the profile of the probe pulse and e =@ Favrkatf—mQ

)t describes having en-
ergies not just at tvpk, — p, but also at values mh{2 above and below these values. The
integral above is of course intractable to perform exactly. We can make progress using

a series of appropriate approximations. The first is that the probe pulse is much shortg,r
_(ti1—to)
than the pump pulse. Therefore A(¢) changes very slowly over the duration of e Myrove

We can therefore simply replace the J,, (e A(t1)) term with its value at the peak t; = .

eEqup 6_t2/2TF2

However we observe that a better approach is to replace A(t) = <323 wmp with a

weighted average over the probe pulse. Thus we define

_ (t—tp)?
2
[ dte o A(t)
_ (t—tp)?

2
f dt@ 2Tprobe

Auss(to) = (5.D.2)

Once we have made this replacement the remaining integral can be done analytically and
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gives

I(kfm 07 W t(g) = ZWT]?TOIJG Z f €k2,0 04 OéAeff<t(9)) Jm/ (@Aeff(t(g))

ocmm

X eXP[ (W_Oka —i—%—mQ) pmbe/Q} exp[ (w—oka;m—i—%—

The width of the peaks described by the Gaussians above are set by the frequency scale
1/Tproe- The two Gaussians describe peaks centred at avpk, — & +mQ and avpk, — & +
m/(. Thus the separation between the two peaks is (m — m/)<. If the decay scale 1/7),ope
is much smaller than the smallest separation €2, i.e. 1/T}..0e < €2 then the peaks do not
overlap at the same frequency and so the major contribution to the double sum comes from

the m’ = m terms. Working in this approximation gives

I(kxaovwvto _27TT§rober Eka:OOé eff(t(’)))

X exp [—(w — avpk, + % — mQ)QTp%,obe] (5.D.4)

S5.E Circularly Polarized Light

We begin with the approximate wave function found in the main text, reproduced here for

convenience

[thra(t)) = Pt ette/2 (S.E.D)

X e—iHEff(t—tr)/he—iQt’,»O'Z/Q|¢Fa>

. We note that in order to find the trace of the Green’s function we will require (¢r g|1rq (1))
(and its complex conjugate). In the distant past the field is turned off and so the Hamiltonian

is hp(t — —o0) = —puog. Thus we are free to choose any “initial” set of states, provided

(5.D.3)

) probe/2
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they are orthonormal. For convenience we choose {|¢r, )} to be (1,0)7 and (0, 1)7, which
we label |¢,) with & = +1. From this point forward we will drop the T" subscript in the

interest of brevity. This leads to the following

<¢F,B|¢Fa(t>> — ei(erBhQ/Q)t/he7i(p+ahQ/2)tr/h

X (g e iHersttI/] g (5.E.2)

t—t.)/h

In order to calculate the matrix elements of e~*Hess( we write the argument of the

exponential as follows

hQ2 E.re(to). -
(—h’UFAeff(t@)Uy + 70',2) = %CL o (5.E.3)

_hwrAesy(to) o 5

Eers(to) Y Eeffz(to)z>

E.pp = /(hvpAcss(to))? + (Rh€2/2)2. Making use of the identity e %7 = cos (z) o —

is a unit vector and we remind the reader that

where & = (

isin (x)a - & one can show that

<¢B ‘e—iHeff(t—tr)/hl ¢a>
- GO (14, g ; (5.E.4)

where A;, 5 = (0,5 — 5 - (Y5 |0] ) /2 which leads to

(prglvra(t)) = (5.E.5)

Z ei(u—‘rﬂhQ/Q—‘rsEeff(to))t/ﬁ,e—i(u+aﬁ9/2+sEeff(t@))tr/ﬁAs 5
a7

s==+1
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Using the above, an equivalent result for (¢r,(t')|¢rg), and performing the ¢; and ¢, inte-

grals gives

1(0,0,w, to) = (5.E.6)

271-T‘I)Qrobe Z f EF z(s ) eff(tO)tr/hAZﬂ(Ai,ﬁ)*

af,s,s’

X exp [—(w+ p/h— BQ/2 = sEesy(to) /1) Tprone/2]

X exp [—(w— p/h—BQ/2 = ' Epr(to) /1) Taose/2]

Recalling that we are working under the assumption E. ¢ (to) = \/ (hopAeps(to))? + (522 >
hQ/2 > 1/T,0pe, the distance separating the peaks in the Gaussians above (which is
2E.¢¢(to)/h) is much large than the width of the peaks. We therefore discard terms where

s # s’ which gives us

1(0,0,w,to) = 27T . > flera)|AS 5 (5.E.7)
af,s

X exp [ (W + ,U//h BQ/2 - SEeff(tO)/h) probe}

We note that the eigenvalues in the distant past are e, = —pu, where are independent of
« (as we’re at the Dirac point). At this point the only o dependence left in the summand
comes from the matrix elements | A3, 5|*. Some algebra shows ) |A? ;|* = 1=50% Jeading

to our final result

10.0.01t0) = 202, f(-0) Y (57 ES

3,8
X exp [—(w+ p/h— QY2 — sEcs(to) /1) T o)
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Conclusions

6.1 Summary of this Thesis

The main theme of this thesis has been driving and manipulating topological states of mat-
ter using externally applied perturbations. In particular, it has explored the use of a Zeeman
field for this purpose in a topological superconductor, and the use of time-periodic pertur-

bations for this purpose in topological insulators.

Chapter 2 was interested in interacting, spin-orbit coupled electrons. A renormalization
group method approach showed that for a range of parameters in the original model the
most dominant pairing channel has either p-wave or f-wave symmetry. Such an interaction
will then lead to Cooper pairs with either a p-wave or an f-wave order parameter. This
manuscript went on to show that, for an appropriate parameter set, the superconductivity
developed in this way should be topological in nature and will therefore support Majorana
modes. Thus the main conclusion of this work is that interactions, rather than proxim-
ity effect, and an appropriately applied Zeeman field may be used to drive a topological

superconducting state.

Chapter 3 explored how a time-periodic, external perturbation may be used to manip-

169
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ulate the transport properties of a 2D topological insulator. This was done by developing
an analogue of a photon-assisted tunneling picture, where electrons in the system only ac-
cess the topologically protected edge states probabilistically. This probabilistic viewpoint
thereby reduced the traditional values associated with transport measurement in a topo-
logical insulator. Nonetheless, the transport values obtained are still a result of topology
and will therefore maintain their robustness property. In this way, this work shows that a
time-periodic perturbation may be used to strongly manipulate the topologically protected

transport values of a 2D TI.

Chapter 4 continued along the path laid by the manuscript in Chapter 3, with the im-
portant distinction that this work started by considering a system that is not topological
without the application of a time-periodic field. This work showed that an externally ap-
plied, time-periodic field may be used to create topologically protected edge-states with
very specific transport properties. Similar to the system in Chapter 3, these specific, topo-
logical, transport properties can be manipulated by using the external perturbation. Thus
Chapter 4 studies a system where an externally applied perturbation is used to both create

a topological state, and to manipulate this topological state after it has been created.

Finally, chapter 5 of this work explored the manipulation of the surface Dirac states in
a 3D TI with applied light. This work further supports the theme established in Chapter 3
that these states can be understood in terms of probabilistically occupying side-bands in the
periodic system. It showed that different polarizations of light can be used to affect these
sidebands in unique ways. Linearly polarized light can create a direct splitting of the Dirac
cone into multiple Dirac cones, meanwhile circularly polarized light gaps the Dirac points
and creates only two sidebands. The results in Chapter 5 were also discussed in connection

with recent experimental progress, where good qualitative agreement is found.
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6.2 Future Directions

Before closing this work we will briefly discuss several potential extensions of the work
contained herein. We will begin with the work on topological superconductors and finish
with potential extensions of the non-equilibrium work on topological insulators.

First, the work in Chapter 2 provided a rigorous analysis of interactions in a 2D spin-
orbit coupled electron system. That fact notwithstanding, once the tools of RG analysis
were used to establish the symmetry of the superconducting order parameter, a mean-field
treatment of the topological invariant (assuming this pairing symmetry) had to be utilized.
A useful possible extension would therefore be to incorporate a way to determine the topo-
logical class of the system using the more thorough tools of RG analysis.

Second, an interesting possible extension, and unification, of the work in Chapters 3
through 5 would be a calculation of the AC conductivity in a driven topological insula-
tor. The main conclusion of Chapters 3 and 4 was that to recover the traditional transport
signatures of a 2D TI, one must employ a sum rule of conductivities at energies separated
by the frequency of the driving field. It may be possible to design an AC bias in a way
that the AC conductivity somehow achieves, or partially achieves, this goal. This set-up
would represent a more concise way of making this measurement. Treating this problem
will involve a pump-pulse type methodology and so the formalism of Chapter 5 will be an

excellent starting point.
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