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ABSTRACT 

A theoretical and experimental investigation of the behaviour 

of a 6in. diameter, 3-pocket hydrostatic journal bearing over a speed 

range of 0-1000 rpm. and a load range of 0-4000 lb. is described. 

A theoretical modelfor the steady state operating character-

istics of the bearing is presented. The effect of circulatory flov 

in the pocket is incorporated into expressions derived for friction31 

torque and lubricant tempe rature rise through the bearing. 

The model also includes a quantitative ass~ssment of the effect 

of variation of lubricant film thickne6s resulting from normal machin-

ing tolerances. It i6 shovn that this variation can significantly 

distort the pressure profile in the bearing and ~hus affect related 

bearing characteristics. 

Experimental results corroborate the theoretical prediction of 

the importance of circulatorJ flov and machining tolerances on bearing 

behaviour and shov that classical theory yields an inadequate descrip­

tion of actual operational behaviour of nign speed highly loaded 

hydrostatic journal bearings. 



Sill.fMA.RY 

An investigation of the operating characteristics of a 6in. dia­

meter externally pressurized hydrostatic journal bearing is described. 

The journal vas maintained in a position of zero eccentricity for the 

tests vhich vere conducted through a speed range of 0-1000 r.p.m. and 

a load range of 0-4000 lb. 

An over-relaxation process is used to obtain numerically the 

theoretical Laplacian pressure distribution over the bearing pad. 

Using this pressure distribution, expressions for the load capacity, 

flov rate and static film stiffness of the bearing are derived. 

Circulatory flov of lubricant in the high pressure pockets is 

considered and an expression is developed for friction torque due to 

lubricant shear in the bearing vhich accounts for friction losses in 

the pockets due to the circulatory flov. It is shown that such fric-

tion losses in the pocket can be quite significant. 

An expression for the temperature change of the lubricant through 

the bearing is developed vhich also takes account of lubricant circula­

tion in the pocket. ~ne re~~ts indicate tbat the commonly used pro­

cedure of taking the average film temperature as the arithmetic average 

betveen the inlet and out let tecperatures of the bearing can lead to 

large errors. ~ne theory shows that the tempe rature rise in the 

pocket can be significant especially at lov ~ocr.et pressures vhere the 

dvell ti~e in the pocket is oigh. This results in the average te~ra-

tu...-e of the lu'oricant being closer to the outlet ten:perature than the 

arith:etic average, especially at lov luoricant throU&~put. 



The effect of machining tolerances upoo bearing behaviour has 

beeo analysed. It is shovn that the T.I.R. of the test bearing has 

values up to 25% of the film thickness. As predicted in the theory, 

and corroborated experimentally, the variation in film thickness pro­

duces hydrodynamic pressure peaks that are twice the magnitude of the 

pocket pressure. This results in increased torque loss and distor-

tion of the temperature distribution in the bearing whi~h significantly 

limits the worth of predicted bearing behaviour. 
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INTRODUCTION NID STATEHEH'!' OF THE PROBLB·! 

A recent investigation of the nip mechanics in a system consist-

in~ of t~o cylinders of different modulus runnin~ together in loaded 

rolling contact included measurements of rolling friction over a load 

range of 0-4000 lb. and a ran~e of rotational speeds of 0-1000 r.p.m. 

The experimental method employed in'Tolved measurement of the total 

friction torque applied to the drive roll. This torque comprised 

both the rolling friction and the friction losses in the support bear-

ings for the tvo rolls and it vas found that the friction losses in the 

tapered-roller support bearings employed ~as of the same order of magni-

tude as the rolling friction betveen the cylinders (1). To obtain 

accurate values of the rolling friction it vas necessary to measure the 

friction losses in 'the support bearings as a function of load and rota-

tional speed by independent dynamometry. Agreement betveen the measured 

values and those predicted from P~gren's empirical equations for the 

friction losses in such bearings (2) vas quite poor, particularly at lov 

rotational speeds. T.~is vas not entirely surprising for althou~h the 

nature of the dissipative nechanisrn in a roller bearin€ i5 · ... ell understood, 

roo satisfactorJ quantitative theorJ for the prediction of friction losses 

exists. Tt vas concluàed that accurately predic:able ',alues of friction 

losses in roller bearin~s could not be obtained. , - Thus, in continuin~ 

studies of the tj~e èescribed, .here interest centres arounè ~~ accurate 

::eus'..:.re::ent of onl:: pa.rt of the total fric:.ion 1055 an:: that part ce..'1not 

·c-e ensil:; isolateè, it ·.ou.lè. be :1ecessar:t ta :reso~t to inèepend.er.t an!'} 
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One possible alternative vould be to use another type of support 

bearing whose friction losses could be predicted vith the requisite 

accuracy over the full load and speed range. Hydrostatic journal bear-

ings seem attractive not only in this regard, but also for the applica­

tion under investigation have the added attraction of high stiffness. 

Hydrostatic bearings have been employed almost invariably for the 

support of extremely heavy loads noving at lov speeds and their use in 

relatively high-speed applications has only recently been contemplated. 

Tnus, it vas decided to conduct a study of hydrostatic journal bearing 

beha'liour over a range of loads and rotational speeds of 0-4000 lb. and 

0-1000 r.p.m. respectively in an attempt to satisfy the above requirements 

and also for its ovn intrinsic value. The main aspects of current theory 

of hydrostatic .journal bearing behaviour vill first be examined and the 

theorJ viII be supplemented or modified vhere it does not adequately 

explain the operational behaviour at high-speeds. 

viII then be tested experimentally. 

The resulting theory 

A typical hydrostatic ,journal bearinG, snmm sche:r.atically in FiP:.l, 

consists of one or more hydrostatic thrust bearinp;s arra.11f7ed in circular 

urruy around ajournaI. 

The one shm"l consists of three bearin;: pads s~etricai.ly disposeè 

at 1200 aro~~d the inner circun~erence of the bearin~. Each pad has t~ree 

:;::;.:n parts - a land or sill area., a }Jocket. or recess area ·J~~i~r. aC~E as tr.e 

;eservoir for !1i~r. pressure lubricant a..riè a l~...lb!'ica~: :nlet. 

be iso:ated ~ro:: ea.cr~ otr:er by axia.:!. ;:ressu.~e re2.iefs ·.·r.i.ch se::arate a(;.~ê.cent 

axial 10..:1:15. 
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FIG. 1. 

clearance betyeen the journal anà the land is typically of the arder of 

0.001 - O.01 .... in. end the pocket depti: is ::z:er.erally 50 - 100 times the 

radial clearance. Pressurized fluid ~lovs into the bearin~ throuuh 

a lubricant inlet yhich is centrall] àisposeè in the base of the pocket. 

?roper operation o~ the bearin~ deo~~ds that a full-fluid film be r.~in-

tained over ~he land area at all ti~es. ':'"r.is requires, e..'!:onF;st other 

thin~s, a continuous supply of lubrice..~t tG tte pocf.et et a pressure 

suft'iciently hi;;;!". te support the radia: loaèir,!'" cf the .'ournal. ':'he 

collection and reci:-culation syste::,., a t'il ter s~·ste~. and e. te::perat'J.re 

:-er:ulated lubrica.:1t coolinl=; syste= t::l ensure t.i:at lubricant is supplied 
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to the bearing at the desired temperature and viscosity. 

Probab1] the earliest demonstration of the principles of hydro-

static lubrication was given in a novel arld popular exhibit at the Paris 

International Exhibition of 1878. These principles have, only recently. 

been developed to an] appreciable extent for use in practical bearings. 

Fuller (3) published a series of articles in 1947 in which certain basic 

principles of bearing desiBn were established and several possible appli-

cations discussed. Since that tirne many hydrostatic bearings have been 

desi~ned for a large variety of applications, mainly for the support of 

lar~e slow1y movin~ loads, as for example, the support bearing for the 

iiale 200in. optical telescope on 110unt ?alO!:lar (1;). 

I·fore recentl:r, Rippel (5) published a desi~n manual in which 0.11 

the salient operating aspects of low-speed hydrostatic bearin~s are 

discussed. Rippel observes that little is 7~own about the effects of 

journal rotation on the hydrostatic pressure field, and hence on the 

resulting performance of h:rdrostatic journal bearinp3, apart frOID the 

fact that lubricant temperature will increase and lubricant viscosit:r 

will decrease with increasin~ speed. 

Ro:rle, nowarth and Caseley-Eayford (6) describe an autor:atic fla .... 

val'/e for waintaininl!; the .,ournal in a concentric attitude in a hydro-

stutic .journal bearinp; operatin;;; at rotational speeds :r;roupr. ~he ranr~e 

0-1200 r.p.~. and supportin~ loads of up to 320 lb. ~hei; experirr.ental 

r" ) ;, 1, 
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These results provided an encOUr8.F,inf; stimulus to the solution of 

tr.e dyna~ometrJ problem already outlined, the only question bein~ whether 

the predicted dependence of torque on load and speed remains unchanged at 

loads of up to 4000 lb. 

~ne authors did not anticipate any large change in friction torque 

when the bearin~ was required to support higher loads. However, they did 

insert a note of caution to the effect that should surface irregularities 

become significant in comparison with the mean radial clearance, or should 

tilt occur, causing the intrusion of hydrodynamic effects, large chan~es 

ln the pressure distribution in the lubricant film would occur and bearinp' 

perfo~ance would be affected. In this latter regard P.ippel (5) gives a 

rule of thurnb to be followed regarding allowable dimensional tolerancesj 

~eo~etrical irregularities in the surfaces of the journal and the bearinr, 

should De sufficiently small that the variation in lubricant film thickness 

aoes not exceed 30~ of the mean film thicr.ness over the bearinr, land are as . 

ShinY.le and Hornunr; (8) haye gi ven a theoret ical and experimental 

anal:/sis of the friction torque in a high-speed hyèrostatic .'ournfÜ bearinr: 

in · .... !1ich it is sho'm that "l. sip;ni~icant contribution to the f:dction tor~ue 

can arise fro!:! shearin~ the lubricant in the bearinr; pockets as the .journal 

speeè increases. In the derivation of the expression for the friction 

torque it is shovn that a linear pressure ~raàient, whose m~nitude i5 

propcrtional ~o the .lotirnal speeè, 15 se~ u)) alon;;: t!-.e lenR:tt of the pocr:et 

.~ the circu=ferential direction. This gradient ~ive5 ~ise te circ'~2.a.tio:1 

of :~b~i~ant lf. ~he ~ocket, anè causes ~;ess~~e spi~es et :he ~r.ès o~ the 

Gf :~tricant flev a~ these points. 
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pressure spikes is given. At high rotational speeds the friction 1055 

in the pocket is comparable to the friction 1055 over the land, and .... hen 

the flo .... in the pocket becomes turbulent the pocket friction 1055 may 

exceed that over the land. Experimental data agree quite .... ell .... ith 

theoretical predictions though, as in the studies of Royle et al, the 

load .... as quite 10 .... , being only 75 lb. In developing the expression for 

friction torque it .... as assumed that axial flo .... of lubricant from the 

pocket .... as negligible compared .... ith circumferential flo..... This assump­

tion becomes less valid as the load, and hence the hydrostatic pressure 

in the pockets required for support, is increased. 

In all these studies it has been assurned that the pressure distri­

bution in the lubricant film is Laplacian, .... hatever the operating eccen-

tricity. Raimondi and Boyd (9) presen~ ey.peri~ental data relating lûad 

and flow-rate factors to a bearinf, design paraneter for a hydrostatic 

JO"..lrnal bearing operated at various eccentrici ties. Agreenent bet .... een 

experinent and theory is poor, poir.tinp; to tr.e inadequacy of the assurnp­

tion of a Laplacian pressure distribution existing over the bearine land 

area for any but concentric operation. 

A series of articles by O')onoghue and Ro .... e (10) on hydrostatic 

bearing design based on an 'exact solution of the Laplace equation unèer 

non-~~iform film conditions' .... as published shortly after the experi~ental 

phase of the present study .... as completed. 7ne case of Il four poc(.~t 

hj'drostatic Journal bearing operating at various values of the eccentrici ty 

is treated and the predicted sr.ape of Il t:rpical pressure profile set up in 

the fluid fi:~ is given. ün~ort~ate:y, it bears little rese~tlarlcc :0 

the pressure profiles ~easured i~ t~:s 5t~èy. 
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Dickson (11) presents a simplified approach for the derivation 

of load capacities in the turbulent flo~ regime, in which the possi­

bility of hydrodynamic effects due to journal rotation at eccentricities 

above zero is ignored. The experimental àata show deviations of about 

30% from the theoretical predictions. 

Bearing performance is profoundly affected by small changes in 

lubricant temperature and surprisingly, scant reference can be found in 

the literature to investigations on the tempe rature distribution in the 

lubricant film in a hydrostatic bearing. The only reference to such 

an investigation ~hich could be found is one published recently by Kher 

and Cowley (12). It deals ~ith the temperature effects in a 2in. 

diameter hydrostatic journal bearing at journal speeds of up to 1900 r.p.m., 

~ithout external loading. They measured circunferential and radial temper-

ature gradients in the bearing and the temperature of the oil film along 

the bearing circumference. In the present study, ~here higher loads have 

been employed, it may oe expected that the temperature gradients in the oil 

through the bearing ~ould be larger and, in view of the large non-linear 

temperature coefficient of viscosity of no~al lubricating oils (13), would 

have a more pronounced effect on tne bearing behaviour. 

In the treatment of temperature effects in other fluid-film bearings, 

including 10· ... -speed hycirostatic bearings, the assU!::ption is often made that 

the tempe rature of the lubricant is the average of the inlet and outlet 

te::peratures. If the difference between these two te~eratures is small, 

as is the case for bearings operateè. at 10;; s~eeds, the assumption pro'/es 

te ce reasonably goed. Eo~e'/er, · .. te:1 the teüperature differcr.ce is large, 

as way ce cxpected ir. ~i~h-load, high-s~eed bearin~s, the ass~ption i5 of 
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doubtful value, particularly vhen it is noted that a change of tempera-

ture of 1°F corresponds to a change of about 10% in the viscosity of the 

lubricant in the normal operating temperature range. A useful guide to 

the magnitude and nature of these changes may be obtained by reference 

to papers by Cole (14), Hagg (15) and I~uscat and !~organ (16) .... ho have 

considered the temperature distribution in the lubricant film in a high 

speed, highly loaded journal bearing. 

There is a large number of theoretical treatments in the litera-

ture .... hich deal vith the stability characteristics of 10 .... speed hydro-

static bearings. Admittedly, the inherent stability of a hydrostatic 

bearing is its most attractive feature, but there .... Ould appear to be 

little point in studying this parameter further in the present context 

until other more basic operating parameters of the bearing such as the 

variation of pressure and temperature in the lubricant film are accurate-

ly predictable. Existing theory of hydrostatic bearing behaviour has 

not receiveà adequate experimental confirmation for high speed, high load 

operation. 

The present experiments .... ere performed on a 6in. di~ter hydro-

static journal bearing. The bearing has three pockets completely 

surrounded by close cleara~ce lands separated from the adjacent poc~ets 

by axial pressure reliefs as shown in Fig. 1. 

Circunferential pressure profiles in the central plane of the 

bearing .cre ~easured. ~hese sto. that the influence of no~al ~ctin-

. ! 1'; 1 , V"" •• inp; tolcrances on toe pressure !1ro. __ c.s e.! marr:ea 

the bearing is runnini; at zero cccc;.trici t:.' i t ca.'Uiot te assw::ed t::at a 

~eplacian pressure distri":.utior. exists. 
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l~easured friction torques display ;;ide di vergences from those 

predicted by Petroff's equation. ~~ese divergences cannot be Yholly 

explained by making a cor~ection for pocket friction losses, but appear 

to result, in part, from the pressure profile distortion caused"by 

variations in the lubricant film gap due to dimensional tolerances. 

Temperature measure~ents on the bearing indicate the inadequacy 

of the assumption that the average temperature of the lubric~~t in the 

bearing is the average of the inlet and outlet temperatures of the lubri-

canto A theorJ is developed vhich considers the lubricant dynamics in 

the pocket as vell as over the lands and provides a much better estimate 

of average lubricant te~erature. 

In conclusion, agreement of measured results vith the predictions 

of classical theorJ is poor. Improvements in the theory, made in this 

study, provide a much better estimate of high speed, high load bearing 

performance since they t~e account of effects vhich occur in real bear­

ings. 



- la -

TEEORETICAL 

The first step to be taken in the theoretical analysis of hydro­

static bearing performance is to derive a fluid dynarnic model for the 

bearing pads from which the distribution of pressure in the support film 

can be obtained. Load and flow coefficients describing bearing perform-

ance can then be predicted. 

Continuous fi~ lubrication is described by a particular forro of 

the Navier-Stokes equations known as P.e;mold' s equation. Among the 

pararneters in Reynold's equation is the fluid-film thickness, and if this 

is constant, as is usually the case for a hydrostatic bearing, Reynold's 

equation reduces to Laplace's equation. There is no closed analytical 

solution of Laplace's equation for the rectangular bearing-pad confi~ra­

tion considered in this study and it is necessar] to resort to a numerical 

solution. 

The load capacity is then determined for any arbitrar] value of the 

inlet pressure by nunerical evaluation of the appropriate integral involvin~ 

the calculated pressure distribution at that inlet pressure and the bearing 

pad area. This !!lay be expresseà as the product of the in1et pressure and 

an effective 'bearbg pad area. Load capacity for any value of inlet 

pressure for this pad configuration is deternined as t~e product of this 

effective bearing pad area and the inlet pressure. 

:10· ... rate is deri veà by nu::;erical evaluation of the resistar.ce to 

:"10· ... i:; t!1e :Jearl:1;~ pad, and is o~ta.ineè. ~ro!!'. an analj'sis of the ;:-ess'Jre 

distribat:'o:: . 
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due to lubricant shear, the temperature change of the lubricant as it 

passes through the bearing, stiffness characteristics of the bearing 

and the influence of bearing tolerances on the idealised Laplacian 

pressure distribution. 

Derivation of the Pressure Field 

P = Patm. 

2 

Sche~atic drawing shoving part of a hydrostatic journal 
bearing in the neighbourhood of a pressure pad. A voluoe 
ele~ent on the sil1 area is consiàered for the analysis of 
the pressure distribution. 

Consider a soall arbi trarJ volw::e eleI:lent, V, ·oet;;een the la.'îà 

ar.d the journal .cere the ~luid is ~loving fro= the poci.et over the land 

te the at~osphe~e as S~O.~ in Fig. 2. Let the poci.et pressure he Po e:~ë 

the Yelocit~· o~ t::e jOi.U'r.aj. sta"face be U. 
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Assuming that the fluid behaves in a Newtonian manner, pressure 

and shear forces in the x direction of the fluid element are as shown 

in Fig. 3. 

( + l ~ d ). d /r--------:;:II (T ZX + 1. ~ TZX dZ) dx dy Ty"/:. _ ~ Tyx y C1Y. Z 2 oz 
2 0 Y _____ ~-__+ ___ 

- 1. ~ TZX dZ) 
2 oz 

<lx dy dx 

FIG. 3 

...... --
l 00 dx) dy dz 

p - '26? 
t-Ilt----i-----'-

(
TyX - 1. ~ Tyx dY) dx dz 

2 oy 

Forces actine in the x direction on the surfaces of a 
fluid element. All stresses are a function of position. 
At the centre of the ele~ent the pressure is p and the 
shear stresses t;r.J:. and ti:x' 

From a consideration of these forces, in addition to inertial 

and boày forces, an equation of ~otion for the viscous fluid in the 

x direction c~~ te obtained. General equations of =otion, the 

~.e.vier-Stokes eq:~at.io::5, for a viscous fluid ele::ent V, ~ay ce 

',;ri t ten in the follo.i::g for:: ( 17 ): 



X-momentum 

Du 
p X P Dt = 

+ 
2 
3 

+ 
0 
oz 

Y-momentum 

Dv 
p 

Dt 

Z-momentum 

P Dt 

;;here 

= p y 

2 
+ 

3 

o 
+ ox 

= P Z 

2 
+ -

3 

6 
+ -

D 
Dt 

0'1 

= 
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on 2 0 
-~ + '3 ox 

0 u ( ~u - ov) ox ox oy 

u (ow ox + ~~ ) 

on 2 0 -- + 
0'1 3 0'1 

0 U (~; - ~:) 0'1 

- + -(
r::v ou) 
ox 0'1 

2 0 on 
- - + oz 36Z 

o 
oz 

( ~;r + ov) 
0] oz 

u 

u 

( ou - ow) ox oz 

+ 
0 U ( ou + ov) oy oy ox 

~ov - ou) oy ox 

0 lJ (ov ow) + oz oz + 
0'1 

( ~w - ~u) oz ox 

+ L lJ 
ox (ow ou) - + -ox oz 

+ u o 
ox 

+ v 0 
6y 

+ ;r 6 
àz 

- (la) 

- (lb) 

- (le) 

and u, v, ;; are the velocity co=ponents o~ the fluià in the x, y, z 

cccrdinates respecti 'le2.y, pis the àens i t:r and l.J the 'fi secs i ty 0 f 

the fluiè. 

a!".è. t~.ose o::-~ t!'1e are 



- 14 -

due to body force, pressure and viscous shear respectively. 

These momentum equations can be greatly simplified for the present 

application by making an order of magnitude analysis. Typically, the 

fluid film thickness i5 three or four orders of magnitude smaller than a 

land dimension, therefore, only derivatives of velocity gradients in the 

y direction need be considered. Further, full-fluid film lubrication 

generally operates in the region of laminar flow implying that v = o. If 

l is a representative dimension of the bearing pad and h is the fluid film 

thicY~ess, the pressure gradient op/oy is h/l times smaller than the 

pressure gradients in the x and z directions and may therefore be neglected. 

Finally, if the effect of body forces, such as gravit y, and acceleration 

forces such as centrifugal forces associated with the rnovement of lubricant 

along a circular path are neglected, the Y-momentum equation is eliminated 

and the X and Z -momentum equations reduce to: 

i"e. 0 ~ ( ~~ ) = 6x oy 

(2) 

i"e. 6 ~ ( ow ) = oy oz 6y 

Assuming that viscosity is a function of temperature only, equations 

~}may he integrated to obtain the velocity components. Substituting these 

into the continuity equation and assuming that the fluid density is constant 

we obtain Reynold's equation. 

?or e:r.ru:lple, the first of equations (2) ma:: be .'Ti t ten: 

l (0"0) = - ........ 
\J 6:r. 

Integrating t· .. ice and observir.g the follo· .. '!.r~g totLnèar:,r condi t.ior.s 
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u = 0, u = u. 

y = 0, y = h. 

u = -1. (~) y (y-h) + 'i... u 
2u ÔX h 

For v the boundarJ conditions are: 

w = 0, "" = o. 

y = 0, y = h. 

Therefore: "" = 
-1. (~) y (y-h) 
2u oz 

Substituting in the continuity equation: 

o(pu) + o(p",,) = 0 
ox --rz-

.here p is constant. Integrating between y = 0 ~ h we obtain: 

p rh -L [-1. (~) y (y-h) + 'i... u lJ 
J é x 2u 6x h 

o 

dy + P 

.hich sicplifies to Reynold's equation: 

6 UlJ à.J.) 
dx 

Since this investigation deals mainly with the operation of e bearing 

opereting at zero eccentricity, the fluid film thicl~ess, h, is constant and 

à.~/dx = o. Assu:ing additionally that U is the viscosity of the lubricant 

et the average te~perature of the fluid film and dces not varJ in the direction 

of flo_, ?ej~old's equation reduces to Laplace's equation: 
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+ = 0 (4) 

In spite of tnese simplifications there is no closed analytical solution of 

eQuation (4)for the general case of a rectangular pad vith a rectangular 

recess. 

The folloving numerical solution is relatively simple, economical and 

can yield design curves for bearing characteristics for a vide range of pad 

geometries. 

liumerical Solution of Laplace's eguation 

A numerical solution is effected by superimposing on the pad geometry 

a square mesh such as shown in Fig. 4. Eecause of symmetry considerations 

only one Quarter of the pad need be investigated. An estimated pressure 

value is inserted at each nodal point and these are modified to satisfy the 

finite difference form of Laplace's eQuation: 

( 5) 

a 

B ..&.. 

~ a 

C 0 A 

Ù 

?IG. ~ 

n :s ~he =esr. unit. ~e~.s ::1 (a2 ) a::d those o~ higher order are ne~lt;;cteè. 
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Tne problem is reduced to solving a set of simultaneous equations, one 

for each nodal point. In general equation (5) vill not be satisfied 

exactly and there vill be a residual given by 

(5a) 

The process of relaxation or, in this case, over-relaxation provides a 

mechanism for reducing these residuals to zero. 

After applying equation (5a) to point 0, Po is corrected to a value 

Pon+1 = Pen + ~POn al 

vhere al is an over-relaxation constant and has a value betveen ° and 2, 

normally 1. 6. 

The inclusion of a relaxation factor is important vhen settling a 

display on a rectangular bearing pad since the sharp corners give rise 

to errors vhich propagate throughout the mesh and decay slovly. The 

over-relaxation technique provides a method for over-correcting the 

residual at evcry nodal point and can improve the settling time for the 

display oy a factor of 30. 

the relationship. 

al opte 

The optimum value of al can be found fro~ 

= 

vhere À is the largest eieenvalue of the display ~atrix. 

Treatment of the 30undary Conditions 

~-fl 

For the case of a hydrostatic pad the bounda~r conditions on the inner 

3l1" outer ed~es are usually constant. r:'he:; are not cor!"ected b:l equation 

(5a) but a!'e used ir: cor!'ecting adjacent points. !;odal values or: the sj-=:et!'j" 
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modification. Taking advantage of symmetry as seen in Fig. 5, equation 

(5a) becomes: 

B 

AXIS OF SYl-1?·IETRY A 0 C 
-- --

FIG. 5 

Finally for the case where the ~rid cannot be made to fit the bo~~d-

aries as shown in Fig. 6 «e have for equation (5a): 

B 

C 0 A 

T 

~a 

D 

?IG. 
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Fig. 7, ~hich is given in Appendix l, sho~s the computer programmes 

used for settling the pressure fields for both the projected and developed 

pads. Figs. 8 and 9 sho~ typical settled fields for one quadrant of the 

projected and developed bearing pads respectively, computed for an inlet 

pressure of 1000 p.s.i. It ~ill be appreciated that the field for each 

pad is geometrically similar for different values of the inlet pressure 

and differs only in magnitude. 

Load Canacity 

The load capacity of a hydrostatic journal bearing is a function of 

inlet pressure and bearing pad geometry. It is an important parameter 

of bearing performance since the primary function of a bearing is to 

support a load. 

The load capacity, W, is defined as the integral of the pressure 

over the total projected bearing pad area. Tt may also be defined in 

terms of the pocket pressure as shown in the follo~ing equation: 

w - J P dA = PoAo - (8) 

~here Ao is defined as the effective bearing pad area or that area ~hich 

~ll support the same load as the bearing, assuming the pressure to be 

const~~t and equal to the pocket pressure acting over the effective area. 

7.,us, the effective bearing pad area is a const~~t fraction of the 

total bearing pad area for a given paà geocetr; and 

Ao = :: A 

!. CM ":le found by substi tutir.€ (9) ioto (é) as follovs: 

1 ? dJ.. ? ,.;. 

r: . ~. .. = = 
';:l • area ?ol-. • CI' 

- (9e.) 
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Reprcscnts the Laplacian pressure distribution over one quadrant of the developed 
bcaring pud. assuming a pocket pressure of 1000 p. s. 1. g. and an exhaust pressure of 
o p.s.i.g. Three contour lines nlo n2 and n3 are arbitrarily chosen to obtain three 
indepcndent values of the resistive constant. Cr. of the bearing pad. This constant 

is uscd to cnJ..culutc lubricant flo .... rates over the land areas of the bearing pad. 
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This can ce evaluated numerically. Since the solution to Laplace's 

equation is computed on a grid of constant mesh length a, all area 

elements dft. of equation (9a) equal a2 and can be taken outside the 

sumo Further, A/dA is the total area of the pad divided by the unit 

mesh area, and is equivalent to the total number of grid squares. 

T'nerefore: 

= - (9b) 

where Pn is the pressure at the nth nodal point and n is the number of grid 

squares. 

It is only necessarJ to sun the pressures in a s~~etrical quarter 

of the bearing pad usinE half-values on the symmetry lines and a quarter-

value at the centre. 

Fig. 8 represents a tYIlical Laplacian pressure displa:r, on a (21, 21) 

matrix, on a syrr~etrical quarter of one of the bearinG pads in projected 

area, for an inlet pressure of 1000 psi a:;sumin~ the peripheral pressure 

to ce zero. 

n = 20 x 20: 

Usin€ equation (9b) and taking data from Fig. 8, r. Pn = 275,123, 

., 
r. = 275,123 = 0.637 

lOOO x (20 x 20) 

:he true pad area is 16.h~ 51.in. and the c~fective area is therefore: 

7he cene:-al equation fc!" -:he :'caè. capacit:." of t,:-.e t.est. ~ea~:::r~ :5: 

r. = 
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Flow Rate 

An essential requirement of a hydrostatic bearing is that a full 

f1uid film be maintained between the journal and the bearing si1ls at 

all times. It is therefore necessary to Y~Ow how much 1ubricant must 

be supp1ieà to the bearing to achieve this. Flow rate, Q, is defined 

as the volume throughput of lubricant necessary to maintain a load 

supporting film. It depends upon inlet pressure, film resistance and 

the physical properties of the lubricant. 

An expression for flow rate can be derived by integrating equa-

tions (2) twice and observing the following boundary conditions 

y = 0 u = 0 w = 0 

y = h u = U w = 0 • 

to obtain the velocities u and w as previously derived. These express-

ions are then integrated again across the thickness of the fluid film and 

the following expressions are obtained for flow rate. 

qx = _ h3 (*) h (U) (10) + l2u 2 

qz = _ h3 

(*) l2u 

The terc hU/2 is the shear flow due to journal rotation while the terms 

containing a pressure gradient represent pressure flow. 

In the flo. rate expression we are only interested ln the pressure 

flow, that i5 the azount of fla. whicn must be 5upplied te the bearing 

pad by a punp. Shear flo. c~~ ce ignoreà. Combining equations (la) ;,;e 

get for total pressure flo. 
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Q = ( 0 2 + a 2)~ = h 3 
-y. -z àn - (n) 

12lJ 

~here ôp/ôl is the pressure gradient normal to any closed contour n. 

Equation (11) is often written in the forrn: 

- (12) 

~here 

Cr = 12 Po - (13) 

àn 

vhere Cr is termed the resistive constant of the bearing. 

Fif,. 9 shovs a typical settled pressure field on the developed pad for 

an inlet pressure of 1000 psi and a peripheral pressure of zero. Three 

suggested contour lines are show~ for the summin~ procedure. Usin~ contour 

2, for example, pressure differences are summed along the contour usin~ half 

values on the syt!r.1etry lines. The value 223 at the insièe of the corner is 

used t~ice and the value n8 diap;onally opposite is Ü;nored. 

Therefore: 

h x 
= ,300 p. s . i. 

C~. = 12 x lOOO c6 = O.,c-
5300 

'rIe have then: 

An :'ndication of the accuracy obtaineà by usin~ a ;;;rid of ti:i5 coarse-

ness can ce seen by co:::putin;;; ";aIues of Cr t'rc::: the othe:- t .. .-o contours ShO".Tl. 

AIl values è.i~!"er o:11y in the ~ourth dec:'::al place. 
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Stiffness 

It has been implicitly assumed throughout the precedin~ analysis 

that the externally applied load is Quite steady. lüthough this is 

often the intent, it is well recognized in practice that the bearing 

may be subjected to fluctuations of load, both in ma~nitude and 

direction, which may be Quite severe. It is a desirable trait of a 

properly designed hydrostatic bearing that the fluid film can absorb 

such load. fluctuations. Generally speakin~, this reQuires that the 

film can automatically provide the necessarJ reactive force due to a 

counteractinp, build up of film pressure and at the same time retain 

its integrity as a full-fluid film. This property of the film is 

Y~own as stiffness. 

Stiffness is defined as (éW/6h) the partial derivative of the load 

capacity with respect to the film thicY~ess. 

A proper appreciation of bearing stiffness requîres consideration 

0:- the lubricant flo\l through the supply syster.1 and the bearing, Lubri-

cant is supplied fror.1 en external source at a pressure, Ps and is fed 

to the bearing through a restrictor which offers a resistance, ? to 

flo\l; it enters the bearin~ at a pressure, Po and the bearin~ itself 

presents an internal hj'draulic resistance, r, to flo;; before the lubri-

cant is dischar~ed to atr.1osphere :-or recirculation, Since the flo ..... 

rate is constant thro~hout the \lhole syster.1 

Q = Po = Ps Po 
r j.i 

... -r.cre 

r = ,.. 
~ 

:,3 
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Rearranging equation (16) 

Po = Ps 

Substituting Po in equation (8) to obtain the load capacity 

~1 = Ao.Po = Ao.Ps - (17) 

Differentiatin~ this expression with respect to h gives an expression 

for the bearin~ stiffness K. 

K = ôW = - Ao.Ps 
ôh 

ô(R/r) 
ôh 

,- (18) 

Film stiffness cao be obtained if the functional dependence of internaI 

and external hydraulic resistance on film thickness is known. As would 

be expected, and as can easily be shown from equation (le), the film 

stiffness disappears as the internaI resistance becomes very small. 

There are three main categories of external resistance: 

(1) Laminar restrictors 

(2) Fixed orifice restrictors, and 

(3) Variable servo-mechanism restrictors. 

La~inar restrictors, such as capillaries, are characterized oy the fact 

that the external resist~~ce is independent of both flow rate and ~ilr. 

thickness. There!'ore: 

= r 
1 
r 

. (~:) on 

o~/ôh is obteined fro= eq~ation (15). Substitut:n~ ln ecuation (l9): 
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ô(R/r) 
ôh 

= 3R 
rh 

and sub5tituting this in equation (18) 

K = 3 Ao Ps 
h 

- (20) 

Fixed orifice restrictors are characterized by the fact that the 

external resistance is approximately linear1y proportional to the flow 

through the restrictor, and hence indirectly proportional to the film 

thidmess h. Therefore: 

= R 
rh 

1 
r 

- (21) 

Usinp, equations (15), (16), (16a) and the equation fo~ resistance of 

an orifice 

R = DQ 

where D i5 a proportionality constp~t we p,et: 

ô(R/r) 
oh 

Therefore the stiffness is 

K = 

= 3R + 
hr 

3R = €SR 
hr hr 

-(6 Ao Ps P.r ) 
h(r+R)2 

- (22) 

This relationship is applicable to the present study where a !ixed 

orifice restricto~, a neeclle valve, .... as employeè. 

Ser'/o r::echanisr:: rest!"Ïctors ha':e been discusseè in èete..i2. cv ?oyle, 

::o .... art.h a!1è Eaj'forè. ( 6 ) .... ·ho have snOi:n t!1at sud: restrictors can 

~:-oèt.:.~e in~inite stif!'~ess up to tte ft:.l:. lcad cepac:ty o~ tr~e cearinp'. 
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The Effect of Bearing Tolerance on the Pressure Field 

Thus far, several important parameters of hydrostatic bearing 

performance have been considered, bas~d on the assumption that· the 

pressure field is Laplacian. Early in the experimental programme 

it was found that film pressures measured in the central dianetral 

plane showed surprisingly large peaks which often extend over each of 

the land areas and deviated considerably from the idealised Laplacian 

predictions. Since such deviations, if real, affect the values of all 

parameters examined 50 far it was deciàed to investigate their origin. 

It was suspected that the pressure peaks might arise from hyàro­

àynamic effects in convergent nips associated with very small bearing 

tolerances, despite the fact that the design tolerance specifications 

were felt to be both adequate ~~d realistic. An analysis was therefore 

made to obtain an order of magnitude of the effect of bearing tolerance 

on the pressure profile over the land area. rois analysis was conducted 

early in the experimental prograome to ensure that there were no serious 

instrumental faults. Although it does anticipate to sorne extent experi-

mental data reporteà later it is presented at this stage for reasons of 

continui ty. 

Assuming that the journal rotates about the true centre of the 

bearing, .hich is a fictitious position, the variation of radial clearance 

.ill oe a functior. of machinin€ tolerances. A nOr.lir.all~' round bearirw 

shell can be non-circular and still show fluctuations ir. dia=eter .ithir. 

t.he prescri·~ed t.olerances, if such t.olerances are obtained solely b:1 

=eas~e=ent. of t.he dia=et.er. Eo.ever, if the tolerances are =easureè as 

radial èe-,·iatio:15 by e. t.otal ir.è.icator reedi:-.;: - ';. I .?., tai:er. !"rc=: so::e 
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point external to the bearing shell, the deviations may exceed half the 

specified diametral tolerance as seen in Fig. 10, where the results of 

a T.I.R. on the test bearing are given. A slight amount of wear was 

visible in the bearing when these ~easurements were made. It is seen 

that variations in radial clearance of the order of 25% were present 

whereas variations of ooly 5% were expected according to the design 

specifications of 0.004 + O.OOOOin. in diametral clearance. 
- 0.0002 

In view 

of this, the applicability of Laplace's equation for the determination 

of the pressure distribution becornes questionable and Reynold's equation, 

which allows for variation in radial clearance, ~ust be employed. 

Since the pocket depth is fifty times greater than the radial 

clearance at the lands, normal tolerances will not affect the pressures 

across the pockets; the land are as are the only regions of concern. 

Since it would be difficult to describe the variation of radial clearance, 

h, shown in Fig.10 as a continuous angular function around the circ~fer-

ence, a linear angular variation is assumed over the axial land areas as 

follows: 

h = Ho (1 + Be') (23) 

where e' = (2n/9 - e) - (24) 

Ho is the no~inal radial clearance. B is a constant and represents the 

fractional ch~~ge in radial clearance per degree over a ran~e of 40°, the 

angle subtended by the centre points of adjacent l~~ds, between which 

points the T.I. readings vere taken. In the present inst~~ce B can have 

'/alues bet .... een zero and (0.25)/2':./9. ?~e convention adopted for the 

ar.gles allovs for the fact t~at as e irocreases in the direction of rctatioro 

a ~ t:-.e J OUr:la.:, e' ëecreases and -;::e !11~ i s con·;e~€,e:", .. t as seen ... .,.. :i. p:. lI. 
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NOMINAL DIA. 6.004 

FIG. 10 

Total inàicator readings over the lanà 
areas in the central diametral plane of 
the test bearing. All dicensions are 

in inches. 
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.2IT 

9 

Since the pressure profiles are considered only in the central 

diametral plane and there is no pressure gradient normal to this plane, 

Reynold's equation (3) may be expressed as follo~s: 

ô 
60 

~) de 
= 6 Il U R (~h) 

00 
- (25) 

~here x = ~ G and R is the radius of curvature o~ the bearing land. 

Integrating this equation, 

h3 ~ = 6 Il U R h + C 
dG 

- (26) 

Since the pressure goes continuously through a ~i~um value for e con-

vergent nip at so~e value, ho, of the radial clearance: 

':'h:.:s, 

~ = 0 .neL ~ = ho 
d9 

~ = 6 :..; U ? (h 
è.G ~ 

~~ 

bol - (~7' ,e, ) 
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Substituting h from equation (23), and using the relation dG' = - de 

obtained by differentiating equation (24), in equation (27), and 

integrating, the folloving expression is obtained for the pressure 

over the lands: 

n=-6lJUR[ Ho 
• Ho 3B (1 + B8') 

~-=hO:<-.~~J + Cl 
- 2(1 + Be')2 

- (28) 

This expression for the pressure, expressed in terms of the total 

indicator readings betveen the centres of adjacent lands can be applied 

along each of these lands separately assuming that the rate of convergence 

is constant. A more accurate estimate of the pressure distribution could 

have been obtained by taking T.I.Rs over each land area. 

Using boundary conditions over a single land from the pressure relief 

at vhich P = 0 to the pocket vhere P = Po; 

p = 0, e' = 81 ' = 11/9 

p = Po, e' = 82' = 211/9 

values for Cl and ho can be found, 

Cl = 6 Il U R [ Ho ho ] - (29) 
.. 3B (1 + Bel') 2(1 + Bel ')2 :'-0 

Ho [1/(1 + B02') - 1/(1 + Bel ')] - (30) 

Substituting these "alues of Cl and ho into equation (28) yielàs an expression 

for the pressure at ~~y point over t~e l~~d area. 

?lots of t~is !'unction for various values of 'r. 1.?. are gi "/en in fig .12. 
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DEGREES OF ARC 

FIG. 12 

T.I.R =25% 
nR =20% 
T.l.R-= 15 % 
nR = 10% 
T.I.R = 5% 

PRESSURE RELIEF 
P·O 

The distortion of the Laplacien pressure profile over an 
axial land due to dicensional tolerances in the bearing. 
The di~ensional toleranees are expressed in'terms of dev­
iations in the radial dimension along eaeh lend from the 
T.I.R. It 15 assumed that the gradient of these devia­
tions is linear slong the land. The total gradient is 
expressed as a percentage of the nOClinal radial clearance 
~~d denoted % T.I.R. A significant hydrodynacie pressure 
eo~ponent. calculated in the above graph for a journal 
speed of 1000 r.p.c., is supericposed on the Laplacien 

pressure profile for ever. scall values of % T.I.?. 



- 34 -

Friction Torque 

The friction torque of a hydrostatic journal bearing may be 

broken dovn into three components; that due to laminar shearing of 

lubricant under the axial lands, that due to laminar shearing under 

the circumferential lands and that due to shear in the pressurized 

pockets. 

When a hydrostatic bearing having relatively deep pockets is 

operated at low' speeds the shear stress in the pocket i5 only a small 

fraction of the total shear and may be neglected. However, when the 

bearing i5 operated at high speeds, as in the present study, a pressure 

gradient is developed along the pocket due to the step bearing effect 

(8), giving rise to circulatory flow of lubricant in the pocket. 

Typical pressure distributions and velocity profiles over various 

sections of a bearing pad operating under these conditions are shoVD 

in Fig. l3. 

It will be appreciated from the figure that when the bearing 

is operated under conditions in which circulatorJ flow occurs in the 

poc~ets, the shear stresses transmitted to the journal from the 

lubricant film over the pockets and axial lands cannot be calculated 

independently. Effects occurring in the pockets must be combined 

with tbose occurring over the axial lands for the calculation of these 

stresses. Shear stresses in the lubricant file over the circumferential 

la:l.ds are calculated separately. 

Considering first the shear over the axial la:l.ds and the pocr.ets 

in a single bearing pad. Each veloci ty profile is descri bed b"J the 

~ollo.ing general equation, waict neglects end effects. 



Po 

/,./'~,' ~./" 

FIG. 13 

Lubricrult vclocit.y profiles resulting from comùined hydrostatic und 
shenr flow ovcr vnrious sections of a àeveloped bearinr, paù. 'l'i.e 
rcsultlLllt distortion, ,'oP, of the Lo.placian pressure profile due t:J 

circulntory flow in t.he pockct is shown above. 

p·o 

w 
V1 
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u = Y.. [v -R- ~ (h ~ y) ] - (31) 
h 2~ àx 

End effects are neglected since the circumferential flo .... paths 

the pocket and the axial lands are large compared .... ith the respective 

thicknesses. Thus, it is assumed that the velocity profiles and the 

pressure gradients do not change along the length of the bearing pad. 

The pressure gradient along the pocket is, 

the pressure gradient along the exit land is, 

~ = 
dx 

and the pressure gradient along the entrance land is, 

- (32) 

- (34) 

in 

film 

~fuere ~ and ~ are the circumferential lengths of the pocket and 

axial lands respectively. 

It is also assumed that only a s~all fraction of the lubricant 

entering the pocket through the feed hole escapes over the circumferential 

land and that this fraction is negligible conpared to the total circulato~{ 

flo..... T~is assumption is not justi!'ied for Ye~r lm .. journal speeds but at 

higher speeds · ... here the !'rictional torque is large the assumption is '1e..lid. 

It should Blso be noted that as the pocr.et pressure increases, the hydro-

static !'lo .... i~creases relative to tte circulatory flo .... and a greater fraction 
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of the lubricant escapes over the circumferential land. 

In the interests of simplicity the flo~ ~ill be treated as t~o 

dimensional. Ta satisfy continuity requirements the net outflo~ from 

the pocket must equal the net flo~ through any cross section of the 

pocket therefore: 

= r U dy 

a 

+ r'L U dy 

o 
pocket entrance land exit land 

Substituting equations (31), (32), (33) and (34) into (35) and integrating 

gives, 

[ 

Uh h 3 
~- p 

212; ~]= 
net pocket flo~ 

Solving for the pressure 

[ 

UhL _ hL 
3 

2 l2)J 

entrance land, fla" 

rise, 6P, along the 

6P = 61J Uhp - hL 
3 Po 

3)J Lr. 
hL 

3 ~3 + 
LL ~ 

+ 
[ 

UhL + hL 
3 

2 l2)J 

exi t land fla· ... 

pocket. 

- (36) 

The pressure te~ in the nunerator cao oe ne~lected in cenparison witt the 

ether terms and rearrangenent gives, 

- (37) 

·.here i = (p, 
. , 
L j, 
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lU = l and I!'L = LL h 'p 
~ 

~L3 • ~ + 1] ~ hL 

~3 LL 

l 

The velocity profiles may be expressed as, 

u pocket = 3 I!'p 

~ 

u entrance land = 

u exit land = 

The :she~r stress at the journal surface is given in general by, 

T = lJ du 1 

dy Y = h 

~3] 
~ L 

- (38) 

- (39) 

and therefore the frictional tor~ue, Tp ' expended over the pocket is 

Tp.A.~ = lJ Ap D U - (40) 
. 2 2 hp 

Sir.Harly the frictional torque , TA' expended over the conbined axial lanë 

area is, 

f2 
-, 

r;" = " U A~ D • hp ~L 

J 
(Ll) . , ..J -l'. '. C n- nL ··lJ 

L 

Assu:ing that the ~lo~ o~ lub~icar.t ecross the ci~c~ferential lands 
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is laminar the torque, Tc, is given by, 

Tc = tc·Ac. D 
2" 

- (42) 

= u. U .Ac· D 
hL 2 

The expression for the total torque, T, expended over the bearing pad is 

The viscosity u in the above expression is dependent upon both temperature 

and pressure. Over large ranges of pressure (0-10000 p.s.i.) the viscosity 

pressure.relationship for most lubricating oils may be expressed as: 

aP - (44) = Uo e 

vhere a is a constant peculiar to each lubricant and Uo is the absolute 

viscosity at the average film temperature over the relevant part of the 

bearing pad. 

For the bearing under test one pocket is maintained at atmospheric 

pressure and the other tvo are maintained at a pocket pressure Po. The 

expression for torque under these conditions becomes, 

- (45) 

Bearing Temnerature 

The operating t~perature of a tydrostatic bearing is of critical 

importance because o~ the large te=perature dependence o~ viscosity of 

=ost lubricating oils. F'or i~ste.nce, the viscosity of no~al S.A.P;, oils 



- 40 -

drops about 50% for a'200F temperature ri se between 80° - 100°F. Thus, 

the operating temperature of the bearing affects those characteristics 

of bearing performance which involve lubricant viscosity. 

The following analysis is concerned only with temperature changes 

which occur in the bearing and it is assumed that the temperature of the 

oil entering the bearing is known. 

The temperature change of the oil passing through the bearing 

depends on four distinct phenomena:-

1. The conversion of pressure energy to heat as lubricant passes from 

the pocket across the lands to the exit. This is denoted as pad pumping 

power, HB' and may be expressed as 

Q - (46) 

Substituting for Q from equation (12) we have 

2. Dissipation of the power, HSL' required to overcome viscous drag of 

lubricant over the axial and circumferential land area. This may be 

expressed as 

HSL = T. U. AL - (48) 

= Il U2 • AL - (49) 

hL 

where AL is the total area of the axial and circumferential lands, and ~L 

is the filn thicr~ess over the land area. 

3. Dissipation of the po .... er, Hsp ' required ta o"lerco::e "liscous drru; of 

lu":lricant ir. t~e poC::ets. Tbis r:.e.y be expressed as 
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- (50) 

where Ap is the total projected area of the pockets and hp is the film 

thicY~ess in the pocket area. This contribution is considerab1y sma11er 

than that due to shear over the land areas and is often neg1ected. 

There is a second contribution to heat production in the pocket 

which arises from circulatory f10w of the 1ubricant in the pocket. This 

pumping in the pocket results from the pressure gradient set up in the 

direction of journal rotation referred to in the previous section. Heat 

is produced by dissipation of the power, Hpp , required for the pumping 

which may be expressed as 

= 6P - (51) 

where Qc is the circulatory flow rate obtained by integrating the expression 

for the velocity profile in the pocket, given in equation (38), and 6P is 

the pressure gradient across the pocket which is obtained from equation 

(36). Since the pressure gradient along the pocket is much smaller than 

that along the land, and is never greater than 10 p.s.i. in the experimental 

bearing under the chosen operating conditions, it ~ay be expected at first 

sight that the contribution of the pocket pumping power would be negligible 

compared with the pad pumping power. In many cases, however, particularly 

at high rotational speeds and 10. pocket pressures, the circulatorJ flow 

rate is sufficiently large to more than co~pensate for the relatively small 

pressure gradient. For instance, when the bearing i5 operated at ~08 p.s.i. 

pocket pressure ~~è 1000 r.~.=. the circulatorj flov rate is 70 times ~igher 

than the flov rate over tte lands; vhen the pocket pressure i5 reduced ta 
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100 p.s.i. at 1000 r.p.m. this ratio increases to 280. This results 

in a temperature rise in the pocket which is 2-8 times higher than that 

resulting from pressure dissipation over the lands. 

For the sake of completeness it should also be noted that there 

is a very small contribution due to dissipation of pressure energy from 

the pressure gradient in the pocket, acting over the exit axial land. 

This has been neglected. 

4. Heat transfer from the lubricant to the bearing and the journal. 

This can be appreciable especially if the bearing members contain heat 

sources and sinks. However, in general it can only be roughly estimated 

since it is dependent upon many factors such as: 

1) bearing member convection film coefficients; 

2) heat sources and sinks - their locations and magnitudes; 

3) thermal conductivity of bearing members; 

4) bearing member masses and geometries; 

5) whether or not thermal eQuilibrium is established; 

6) lubricant thermal conductivity, specifie heat and floy rate. 

No estimate of heat transfer has been made since amongst other things 

it vould involve a numerical analysis of heat generation and transfer in the 

roller bearing which are both sources and sinks in this assembly. Harris 

(18) has shown that such an analysis is quite complex even after much sirnpli-

fication. It vould also involve eveluating the particular test bed as a 

heat sink and a further nuoericel anelysis of the te~perature distributions 

in the shaft and bearing. ft. solution to this problem · ... ould in'lol ve so l:';any 

npproxi:lations as to seyerel:r lil:it its practical · ... orth. ?urther--Ore, it 15 

probable that only a ~inor ~ount of the heat genereted in the bearing is lost 
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through convection since the floy-rate is large enough to provide 

excellent transport of the most of the heat produced yhen the bearing 

has been operated for a time sufficiently long to establish thermal 

equilibrium. Thus, heat transfer to and from the bearing lubricant 

has been neglected. 

The change in temperature across the bearing is expressed as 

tif = (Tt: l 6P. Qc + AL ~2 • J - (52) Q p cp J 

yhere p is the lubricant density, Cp is the specific heat of the lubricant, 

J is the mechanical equivalent of heat, TE and TI are the exit and inlet 

temperatures respectively. Qc is the circulatory floY rate and Q is the 

hydrostatic floy rate. 

The viscosity u is expressed as 

= .o~; 2e a P~ 

yhere a correction has been made for pressure dependence. uo is the vis-

cosity at the average temperature of the lubricant in the region yhere the 

heat contribution is being calculated. Therefore, uo for the land and pocket 

regions differ in magnitude. 

This forro of pressure dependence has been employed instead of the 

general form, as given in equation (44), since in the test bearing only 

two pockets are at a pressure Po and the third is at at~ospheric pressure. 

7ne solution to equation (52) is an iterative one since tempe rature 

is ioplici tly defined in the .,iscosi ty terns on the right hand side. 
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EXPERn.lEUTAL .A.PPARATUS 

Bearing 

The test bearing, shown in part in Fig. 14, is a mild steel 

anoulus 6.20in. LD., 10.00in. O.D. and 4.0in. "ide. Three oil 

supply holes are drilled axially at 1200 intervals on a 4 1/16in. 

radius into one side of the annulus. They are drilled to half 

the depth of the bearing and connect "ith radially drilled oil 

inlet holes "hich enter the cavity. 

The bearing surface configuration is machined into a 0.l00i~. 

thick phosphor-bronze sleeve. Three rectangular pockets s~etric-

ally spaced at 1200 to each other are cut through the sleeve; ea.ch 

has a width of 3in. and extends over 600 of arc. .A~ial grcoves are 

nachined to a depth of 0.050in. along the full "idth of tl1e sleeve 

and extend over 200 of arc midway between each of the poc~ets. ~~ese 

grooves provide pressure relief between adjacent bearine pads a~ë 

allow independent pressure control in each pad. The sleeve is press-

fitted into the steel annulus so that an oil inlet is centrally :ocated 

in each rocket. After assernbly, tr.e internal land surface of tr.e bear-

ing is machined to a diameter of 6.0040 in . 
. 0038 

The test bearing is the~ pressed ioto t~e inner race of 

(23052) self aligning spherical-roller bearinE and cla=ped. 

ar~ S.?:.? 

.. .. - 1-.. 
.. -~ .... -",1 

shows the resulting bearing asse~bly mcunted in the test riE. ~~is 

arrar.~e=ent 8110.5 a non axially-biased load to te applieè te the test 

bearin~ end also per=its the =easure=ent o~ frictior. torq~e ac~cs~ :~~ 

:'ucrice.::t fil=.. 



FIG. 14 

lIydrostatic test bearing shoving one o~ the bearing 
pads, the ail inlet ta the pocket and the ail supply 

hales ta the bearing. 

~ 
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FIG. 15 

Bearing assembly in the test rig. showing the Journal support bearings 
and the spherical-roller housing bearing through vhich the 10ading force 
is transmitted to the enclosed hydrostatic bearing. The microphonic. 

r.p.m. counter ls seen to the 1eft of the drive shaft. 
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Journal 

Fig. 16 shows a photograph of the journal. It is machined from 

4340 carbon steel to a nominal length of 25in. and a diameter of 6in. 

and is supported at each end by a Torrington 120 S.D. 23 self aligning 

spherical roller bearing as seen in Fig. 15. An eight inch width at the 

centre of the journal is case hardened and ground to a diameter of 

6 + 0.0000 in. with a surface finish of 8 microinches. This central 
- 0.0002 

part forms the bearing surface of the journal and the radial clearance 

between the journal and the bearing is 0.002 ± 0.0002in. An annular 

plug insert, ground to the contour of the journal, is èentrally located 

in the bearing section of the journal to accept a pressure transducer. 

ElectrLcal leads attached to the transducer are threaded through a 3/8in. 

diameter hole drilled axially along the centre of the journal from one 

end and connecting with the radial hole in the insert. 

Test Bed 

The test bed is a framevork of I-beams shown schematically in Fig.17 

and in photograph, Fig. 18. A central portion of the flange of each of 

the longitudinal members is cut avay and the resulting veb machined to 

fore 51 ide-ways on vhich the support bearings rest. The framevork also 

provides support for the drive motor and tvo pneumatic rams vhich form 

part of the horizontal loading system. A reinforced angle beam bolted 

to one end of the longitudinal I-beams provides reactive support for the 

bearing asseobly. Load is applied to the test bearing by the pne~tic 

ra:s through a transverse I-beao, vhich slides slong the vays of the 

longit~àinal ~~~bers to contact the outsiàe race of the test bearing 

asscobly. 



FIG. 16 

Photograph of the journal shoving the support bearing seats, the 
test bearing surface and the central hole in this surface in vhich 

the pressure transducer is mounted. 
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FIG. 16 

Phot.ogrllph of the Journlll showing the support bearing seats, the 
test bellring surfllce and the central hole in this surface in which 

the pressure transducer is mounted. 

.r:­
co 



~PNEUMATIC 

\'\ RAM 

\ 
\ 
\ 

\ 
\ 
\ 

\ 
\ 

\ 

- 49 -

TEST BEARING 
ASSEMBLY ---'"""\ 

{-BEAM 

FIG. 17 

REACTIVE 
SUPPORT 

Schecatic shoving plan and e1evation vievs of the bearing 
asse~bly. The support syste= and ~ethod of load applica­

tion ta the test bearing are illustrated. 



FIG. 18 

Photograph shoving bearing assembly on test bed, method 
of lond application to test bearing and Journal drive. 
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FIG. le 

l':.,<,)~~l"1lJ,ll ~;llu\.Ji.Il~'; lH:/lI":Ill-'; o.ssembly orl test bcù, metllod 
<,r :,)1\<1 Hl'rlic/ltion ta test bellriIlf.~ tU1Ù Journal drive. 
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Load System 

The loading system, shown schematica11yin Fig. 19, consists of 

tvo alternate sources of air pressure, a compressor or a compressed 

air bottle, tvo pneumatic rams each vith a 6in. diameter piston and a 

pressure balancing system to ensure equivalent loading by each ram. 

Pressure to each ram is monitored roughly by a 0-1000 p.s.i.g gauge. 

A master gauge vith a range 0-750 p.s.i.g, an accuracy of better than 

0.1 per cent of full scale and a resolution of 0.5 p.s.i. is used for 

accurate pressure measurement. The system can deliver loads through 

the range 0-42,000 lb. It vas bui1t previously for another applica-

tion and ~as more than adequate for use in this study. 

Dri ve System 

The drive system consists of a 30 H.P. continuous1y variable 

speed D.C. motor coupled to a Hard-Leonard speed control system. The 

Journal is driven through a universal Joint assembly connected by a 

f10ating sheave keyed to the motor shaft. Rotational speeds through 

the range 50-1200 r.p.m. and control1able to t 0.075 R.P.l~. can be 

obtained. 

Hydraulic System 

A t:rpe pin TE-700l Paci fic Alr !·Ioti ve Corporation fluid static 

test machine vas modified for use as a hydraulic supply system to the 

test bearing. It consists basically of a five gallon reservoir, a 

vane-type hydraulic puop driven by a 3 H.P. 1200 R.P.!~. ~otor, a ~icro~ic 

filter unit, a heat exchanger, tecperature and pressure ga~es. The unit 

is rated to deliver 3 g.p.n. at 700 p.s.i.g, thus allo~ing an external load 
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application through the range 0-8000 lb. Due to overheating the maximum 

practical working pressure was limited to 500 p.s.i.g and the external 

load application to a range of 0-4000 lb. 

Hydraulic pump pulsations are damped by connecting a Hale five 

gallon capacity nitrogen-oil accumulator in the delivery line. S.A.E. 

30 oil is pumped through the accumulator to a four-way manifold where 

it splits into three lines, one for each bearing pocket. A needle 

valve re~trictor and a 0-1000 p.s.i.g pressure gauge is incorporated 

into each line and the oil flows to the bearing annulus through flexible 

pressure hoses. After the oil emerges frbm the bearing it is trapped 

in a non-contact thread flinger type seal, shown in Fig. 20, from which 

it flows to the rate measuring equipment. 

Flow rate is measured by catching the oil emerging from the bearing 

in a catch pan on a weigh scale. When a given weight of oil has flowed 

into the catch pan a pump motor is activated and the oil i5 pumped back 

to the hydraulic unit. The system is calibrated so that a knowledge of 

the off-on time interval betveen pumping gives a direct measure of the 

flov rate. 

TIiSTRU!ŒIlTATIOli 

Oil Film Pressure Heasurement 

The oil film pressure in the central diametral plane of the bearing 

is measured by a Kistler, type 203A, piezoelectric pressure transàucer 

vith a built in charge ~plifier as shown in Fig. 21. This is a rela-

tively nev type of piezoelectric transducer containing a miniaturized 

amplifier vhich allovs the signal to be taken through slip rings vithout 

being oasked by noise. 



FIG. 20 

l~drostatic test bearing shoving mo~ting configuration of 
proximity gauges. oil flinger sea! and lubricant exit. 
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/PROXIMITY GAUGES 

FIG. ;"0 

iiyüro~ t nt i c t('~ t lwar inp; ,,110\01 inr; mowlt ing con fi gurat ion of 
pr"ximity gauf~es. oil flinp;er seal and lubriclU1t exit. 

VI .,-



- 55 -

. 
Q) 
r-I 

~ 
u 
'tl 

fa 
H 
Q) 
U 
~ 
'tl 
en 

r-I fa C\I 
H . ~ 

t:) 
H Q) 
~ ~ 

en 
en 
Q) 
H 
~ 

~ 
0 
H 
~ 
0 
N 
U 

..-1 
Po. 



- 56 -

The transducer is screved into the removable insert in the journal 

50 that the plane of the sensing face is betveen O.OOO-O.OOlin. belov 

the surface of the journal. Attempts vere made to applya thin coat of 

epoxy cement on to the exposed head of the transducer and contour the 

resulting surface vith that of the adjacent surface of the journal. 

Hovever, oving to poor bonding betveen the cement and the transducer 

head this idea vas abandoned. 

The charge amplifier is povered by a D.C. battery-coupler vhich 

sits on an axially mounted holder at the end of the journal. The circuit 

diagram of the system is shown in Fig. 22. Pressure induced signals 
,./' 

proceed via coaxial cable through Ir.P.L. type 900 150/1 slip rings and 

are displayed on a storage type oscilloscope vhere they are photographed. 

The pressure transducer has a full-scale range of 0-1000 p.s.i.~. 

and a sensitivity of 1.07 mv./p.s.i. It is linear to vithin 1 per cent 

of full-scale reading and has arise tirne (0-90% full-scale) of one 

microsecond, hence it is easily able to follov the pressure profile 

quite faithfully over the speed range employed. 

Journal Location 

Inductive type proximity gaug;es, manufactured by !·!echanical 

Technology Inc., are used to monitor ~he displacement of the centre of 

the shaft relative to that of the bearing. Since the gaug;es are 

temperature sensitive and are rnounted 00 the radial face of the bearing 

housio~ vhich heats up durL~~ operation tvo pairs of active gauges are 

used to provide for te~perature compensation. The ~auges in each pair 

are carefully oatcheà and are located in diametrically opposite positions 

on each side of the journal. Each pair of gau?,es fo~ opposite a~s of 
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tvo separate A.C. bridge netvorks and fixed inductances, of approxi­

mately the same value as the inductance of the probe, are inserted 

in the other tvo arms of each bridge. 

by a common 25 k.c. oscillator. 

Both bridges are energized 

Each gauge is mounted in an Allen screv through vhich a longi-

tudinal hole is drilléâ. to accommodate electrical leads. The screvs 

are threaded into steel blocks mounted at 900 intervals on the bearing 

flinger ring as shown in Fig. 20, and the active face of each gauge 

can be offset a desired distance from the journal surface and held in 

position by a lock nut. 

Both bridges are balanced vhen the centre of the journal coincides 

vith the centre of the bearing. Any displacement of the journal from 

this position gives rise to an out of balance condition in one or both 

of the bridges. These output signals are demodulated, and the result­

ing D.C. signals from both bridges are fed to the X and Y plates of an 

oscilloscope. In this manner the position of the journal is constantly 

monitored and the measurements are independent of the bearing tempera­

ture provided there is no appreciable circumferential temperature gradient 

around the bearing. 

Fig. 23 shovs a typical calibration curve of an inductive gauge. 

It is seen that the sensible range extends 0.0301n., but that the 

response is non-linear through the range 0.0075-O.030in. The gauges 

are offset 0.002in. from the journal surface at the position of closest 

approach and operate in the linear range 0.002-O.006in. Under these 

conditions the system is capable of detecting a journal mov~ent of 

25 clcroinches. 
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Oil Temperature and Angular Velocity of the Journal 

Oil temperature is measured by iron-constantan thermocouples, one 

inserted in the oil inlet supply line and two others inserted inside the 

flingergseal at the oil exit channel to measure the temperature of the 

oil leaving the bearing. Thermocouple signals are fed into a Hewlett­

Packard Dymec 20l0B data acquisition system and printed out at short 

prescribed intervals. 

Rotational speed is measured by a magnet and coil assembly sensing 

the passage of individual teeth on a gear attached to the drive shaft. 

As each gear tooth passes the sensor the magnetic field is disturbed and 

a voltage signal is produced; this signal is fed into the Dymec and 

printed out. 

Fig. 24 is a photograph of the complete test system. 



FIG. 24 

Complete test facility, showing the hydraulic delivery system, 
the load control system and the ampli fiers and oscilloscope for 

monitoring bearing eccentricity. 

Ct\ ..... 



\...1.-'::;; lt,t.(· 

t.:.t' : l)Hl! 

:.' l'; _ .' h 

::ra ., 
-:iQ ~~-
1:G-~ - -Cj-:: --- ~ - ~',-

tt'::~. fliC i 1 ~ ly. :::.c,' .... i::,-. l:lt: :l/,lrnul i c ,:c'1 i Vt'ry :::,-'::t.,·r:l, 
l..~l':.t!·I.': ~;2,·~;tl'I1 llLti L:H' al:1!'~ir~t.·rt; lU1l: o~;ci]lo!..;c~)!)t· !""'('r 

l::"lli lc,rill~~ l t'llrirll~ t'CcL·::trici ly_ 

(~' 

f J 



,.:'" 

- 62 -

EXPERIMEnTAL PROCEDURE 

The main part of the experimental program consisted of making 

measurements of friction torque, the circumferential pressure profile 

in the central diametral plane, the temperature of the lubricant 

entering and leaving the bearing, the journal speed and the lubricant 

flow-rate at loads of 1000, 2000, 3000 and 4000 lb. respectively. At 

each test load, runs were conducted at journal speeds through the 

range 100-1000 r.p.m. in steps of 100 r.p.m., maintaining the journal 

in a position of zero eccentricity. The bearing tempe rature was 

allowed to equilibrate before taking any measurements and the bearing 

tempe rat ure did not change more than 1°F during any set of measùxe-

:œnts. 

A small number of experiments was conducted at a later stage 

employing non-zero values of the eccentricity. 

It was necessary to calibrate the proximity gauges prior to 

each series of runs at any particular loading. Oil was supplied to 

each of the three bearing pads at a pressure previously determined to 

support the relevant test load. The journal was then rotated at 

1000 r.p.m ..... "ith no external loading, for a sufficiently long time 

to allow temperature equilibration, 50 that the proximity gauges 

attained the operating temperature of the bearing ~~d ~~y drift of 

gauge output due to tecperature change was minimized. 

10ading was simulated by app1ying pressure to pocket 2. 

T.~e journal was then stopped ~~à oil pressure was released from 

the poc:r.ets prior to calibration of th-:! gauges. ?he, bearing · ... as 
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rotated until one pair of gauges lay along a vertical axis. Using a 

screv jack the bearing vas moved'in a vertical direction through the 

range of the film clearance gap and the centre of the range of the 

gauge output vas centered on the oscilloscope. This operation vas 

repeated several times before making the final adjustment on the scope. 

The bearing vas then rotated through 90° so that the other pair of 

gauges lay along the vertical axis, the procedure vas repeated, and 

the range of the gauge output vas again centered on the scope. From 

an X-y plot of the outputs from the tvo pairs of gauges the centre of 

the bearing can be located. 

The test load vas then applied and balanced by adjusting the oil 

pressure to bearing pads l and 3, as shown in Fig. 25, to centre the 

journal. The journal speed vas adjusted to 1000 r.p.m. and the lubri-

cant temperature, as measured by the exhaust tempe rature , alloved to 

equilibra.te. A set of measurements vas then made. The journal speed 

vas reduced in steps of 100 r.p.m., to a. final setting of 100 r.p.m., 

measurements being made a.t each speed setting. 

The lo"a.d vas tnen increased in steps of 1000 lb. to 4000 lb. and 

the procedure repeated a.t ea.ch loa.ding a.fter calibration of the proximity 

ga.uges a.t the start of each nev loa.d test. 

The friction shear is measured by resisting the torque on the test 

bearing vith a spring balance. As mentioned previously the test bear-

ing is fixed to the inner ra.ce of a spherical roller bea.ring vhich allovs 

the test bearing to rota.te and torque to be ceasured. The raller bea.r-

ing has associa.ted vith it a. certain amount of starting ,friction vhich 

a.cts to oppose the rota.tion of the test bearing and therefore the spring 
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balance measures a net torque vhich is made up of contributions from 

both the test bearing and the roller bearing. In order to eliminate 

the starting friction component the torque is measured twice, once 

alloving the bearing to rotate slov~y in' the direction of journal 

rotation, and secondly in a direction opposing journal rotation. Upon 

adding these tvo results and dividing by 2 ve obtain a value of fric­

tional torque for the test bearing alone. The method is illustrated 

schematically in Fig. 26. 

A series of experiments vas conducted to measure the temperature 

change of the lubricant as it passed through the bearing vith no 

external load, but vith the oil pressure in all three pockets adjusted 

to values of 150, 280 and 400 p.s.i.g. These pressures almost cover 

the range of load bearing capacity used in the previous experiments. 

The three pockets vere fed vith pressurized lubricant and the 

pressures vere adjusted to centre the journal. The journal vas rotat­

ed at constant r.p.m. until thermally steady state conditions vere set 

up as indicated by a constant temperature differential across the bear­

ing. l~easurements of inlet and outlet temperatures vere made at four 

journal speeds for each pressure. 

The results vere used to evaluate the theoretical prediction of 

tempe rature change of the lubricant in the bearing. 
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RESULTS AND DISCUSSION 

Circumferential Pressure Profiles 

Typical examples of pressure profiles measured in the central 

diametral plane of the bearing, at various load-speed combinations 

over a load range of 1000-4000 lb. and a speed range of 200-1000 r.p.m., 

and photographed on a storage-type oscilloscope are given in Figs. 21-30. 

Each profile may be matched ta the developed bearing configuration by 

reference ta the fact that in all experiments no lubricant vas fed ta 

pocket 2, vhereas pockets l and 3 vere alvays pressurized as shown in 

Fig. 25. 

Inspection of the se pressure profiles shovs that they differ quite 

markedly from the shape of the corresponding theoretical Laplacian pro-

files. Possible reasons for these differences may arise as a con se-

quence of the three folloving phenomena vhich vere not considered in the 

derivation of the Laplacian profile: 

1. The bearing has a certain diametral machining tolerance. In the 

bearing under study, assuming Jhe journal ta be perfectly round and con­

centric vith respect to the bearing, the measured variation in radial 

clearance can be as much as 25% as may be seen from Fig. 10. It vas 

shown in Fig. 12 that if the resultlng nips betveen the journal and the 

'bearing lands are convergent 'vith a T.I~R. of 25%, hydrodynamic pressures 

are generated vith peak values that may be tvice as large as the corres­

ponding pocket pressure. These peak pressures vill decrease vith 

decreasing rotational velocity of the journal. 

2. Circulatory flov of lubricant occurs in the pockets and, to a lesser 
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(a) 

(b) 

FIG. 27 
(a) upper, (b) lO'Jer, are circumferential pressure profiles measured 
in the central diametral plane of the bearing. The pocket pressure 
i5 90 p.s.i.g. (bearing load = 1000 lbs.). The journal 5peed 15 
1000 and 500 r.p.m. for Figs. (a) and (b) respective1y. The ordinate 
scale is 46.7 p.s.i.g./cm in both cases and the abcissa is 20 cs/cm 

for Fig. (a) ~~d 10 cs/cm for Fig. (b). 
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(a) 

(b) 

FIG. 28 
(a) upper, (b) lover, are circumferential pressure profiles measured 
in the central diametral plane of the bearlng. 7he pocket pressure 
15 180 p.s.i.g. (bearing load = 2000 lbs.). The journal speed 15 
1000 end 500 r.p.m. for Figs. (a) and (b) respectivel]. The ordinate 
scsle is 93.4 p.s.i.g./c~ in both cases and the abcissa i5 20 ms/cm 

for Fig. (e) and 10 ms/cm for Fig. (b).· 
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(a) 

(b) 

FIG. 29 

(a) upper, (b) lover, are circur1erential pressure profiles measured 
in the central dirmetral plane of the bearing. .The pocket pressure 
1s 250 p.s.1.g. (bearing loaà = 3000 lbs.).· The Journal speed is 
1000 and 400 r.p.m. for Figs. (a) and (0) respectively. The ordinate 
scale is 93.4 p.s.i.g./cm in bath cases and the abcissa 1s 20 ms/cm 

for Fig. (a) anà 10 ms/cc for Fig. (b). 
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(a) 

(b) 

FIG. 30 
(a) upper, (b) lover, are circumferential pressure profiles measured 
in the central diametral plane of the bearing. The pocket pressure 
i5 380 p.5.i.g. (bearing load = 4000 lbs.). The journal speed i5 
900 and 200 r.p.m. for Figs. (a) and (b) respectively. The ordinate 
sesle is 186.8 p.s.i.g./em in both cases and the abcissa is 20 ms/cm 

for Fig. (a) and 10 ms/cc for Fig. (b). 
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(a) 

(b) 

FIG. 30 
(a) upper, (b) lover, are circumferential pressure profiles measured 
in the central diametral plane of the bearing. The pocket pressure 
ls 380 p.s.i.g. (bearlng load = 4000 lbs.). ?~e journal speed i5 
900 and 200 r.p.m. for Figs. (a) and (b) respectively. The ordinate 
scale 15 186.8 p.s.i.g./cm in both cases and the abcissa i5 20 ms/cm 

for Fig. (a) and 10 rns/c~ for Fig. (b). 

"t 
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,~ extent, in the axial reliefs. This flov results from pressure gradients 

set up in these regions in the direction of rotation due to the step-

bearing effect previously described. The magnitude of the pressure 

gradient along the pocket due to the presence of the step, may be calcu-

lated from equation (37). From the equation it is seen that the value 

of the gradient i5 a linear function of Journal 5peed and is 'independent 

of pocket pressure. Fig. 31 is a plot of the pressure gradient predic-

ted by this equation as a function of Journal speed for the test bearing, 

assuming the temperature of the lubricant to be 100°F. At the highest 

journal speed, 1000 r.p.m., the predicted pressure gradient along the 

length of the pocket is 10 p.s.i. 

Inertia forces associated vith reversal of the flov direction of the 

circulating lubricant will give rise to a small negative pressure spike 

at the entrance to, and a small positive spike at the exit from, each 

pocket and axial relief. These spikes will be most noticeable at high 

rotational velocities of the journal and lov pocket pressures. Increas-

ing the pocket pressure at constant journal speed, and hence the hydro-

static flov component relative to the circulatory flov component, will 

reduce the size of the pressure spikes. 

3. Lubricant flov conditions over the two axial lands adjacent to any 

pocket are generally different. The pressure gradient over either land 

is composed of three components: a linear gradient resulting from the 

hydrostatic pressure difference betveen the pocket pressure and the 

pressure in the adJacent axial relief, a smaller linear gradient result-

ing from the hydrostatic pressure difference betveen the pressure generated 

by the step in the axial relief prior to the entrance land and the pocket, 
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or alternatively betveen the pressure generated by the step in the 

pocket prior to the exit land and that in the adjacent axial ~elief 

and finally any hydrodynamic pressure gradient arising from machine 

tolerances. The exact magnitude of the latter contribution at each 

land cannot be predicted vith any degree of certainty since the 

geometry of the converging nip under the running conditions is not 

known. Hovever, it may be observed that, as a useful corollary, the 

geometry of the nip may be estimated from the size of the measured 

pressure peak. 

The flovs associated vith these components are in the same direc­

tion over the exit land, vhereas over the entrance land the direction 

of flov associated vith the first and second components are opposed. 

Hence, the flov rate over the exit land is always greater than that 

over the entrance land. In fact, the flow pattern over the entrance 

land can be complex and the direction and amount of the net flow over 

this land is determined by the relative values of the rotational ve10c­

ity of the journal and the pocket pressure. 

If there is a net flow out of the pocket over the land the lubri­

cant is acce1erated oving to the constriction in the flov path, and 

this will give rise to a pressure drop, or head loss, due to a Bernoulli 

effect at the entrance and exit steps of the pocket. Constantinescu (19) 

has recently shovn that inertia forces associated vith the acceleration of 

lubricant over such a step can often be quite significant. 

In the light of these three additional effects it is now possible to 

describe in detail a typical measured profile. Fig. 32 shows a copied 

enlargecent of the profile obtaineà at a pocket pressure of 90 p.s.i.g. 
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and a journal speed of 1000 r.p.m. superimposed on the developed 

bearing configuration. 

Starting at the left-hand side of the figure, it is seen that 

a large positive pressure peak extends over the full length of the 

entrance land to pocket 1. The origin and magnitude of this peak 

is consistent vith the presence of a convergent nip between the 

journal and the land as measured in the T.I.R. diagram shown in 

Fig. 10. The sharp negative spike at the interface between the 

exi t of the land and the entrance to the pocket is most probably 

due to inertia effects. A contribution to the spike may also 

arise from a change in the geometry of the nip from convergence to 

divergence just before the end of the land due to a slightly chamfered 

edge. In a 3600 journal bearing large decreases in pressure cannot 

be sustained in the divergent nip since cavitation normally occurs, 

but in the present instance vhere a divergent nip yould contain lubri­

cant at a pressure slightly lower than that in the pocket, but above 

atmospheric, a pressure drop could easily be sustained. Following 

this spike a constant positive pressure gradient extends over the full 

length of the pocket indicating the presence of circulation. This 

pressure gradient across the pocket i8 of the expected order of magni­

tude. At the pocket exit, the small negative spike results from the 

algebraic sum of the negative spikes due to head loss and the positive 

spike due to flov reversal. Pressure peaks over both lands between 

pockets 1 and 2 are consistent vith the presence of convergent nips 

betveen these lands and the Journal. In the axial relief between these 

lanàs the pressure drops substantially to atmospheric vith some evidence 
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of circulation. This arises from the fact that although lubricant 

nov in the relief is predominantly axial a small amount of circula­

tion may be expected in the central region and this vould fall off 

rapidly tovard the circumferential ends. 

Pocket 2, vhich is not pressurized, apparently contains lubricant 

at a pressure slightly in excess of atmospheric. This lubricant must 

be carried over from the adjacent relief by shear flov, and circulate 

in the pocket. The absence of hydrodynamic pressure over the exit 

land indicates that this bearing land and the journal are concentric. 

Over the succeeding land there i8 evidence of a convergent nip. Cir­

culatory flov occurs in the axial relief betveen these tvo lands. 

The profile in pocket 3 is qualitatively similar in all respects 

to that in pocket 1. Hovever, it vill be noted that the pressure in 

pocket 3 is somevhat higher than that in pocket 1 due to the individual 

adJustment of the pressures in these tvo pockets required to maintain 

the journal centrally located in the bearing. This higher pressure 

vill tend to reduce the circulatory flov component relative to that in 

pocket 1 but the magnitude of the actual pressure gradient across 

pocket 3 is, for some unknovn reason, 80mevhat less than that expected 

though the reduced circulation does to some extent account for the 

changes in the relative magnitude of the negative pressure spikes 

betveen the pockets 1 and 3. Both spikes appear to occur just inside 

the pocket, and if 50 the origin of the major component is unY~ovn. 

The trends in the profiles, shown in tigs. 27-30, are explicable 

in terms of the effects described above. 

are apparent. 

Certain expected features 
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For instance, the pressure gradients along the pockets are found 

to decrease with decreasing rotational velocity of the journal at a 

given load. As these gradients decrease, the size of the pressure 

spikes due to reversal of lubricant flow also decrease, leading to a 

smaller negative spike at the entrance to, and a larger negative spike 

at the exit trom, the pocket. 

Increasing the load, or pocket pressure, at constant r.p.m. 

produces a similar effect oving to the increased hydrostatic flow com~ 

ponent. In the 3000 and 4000 lb. load tests the pressure gradients in 

the pocket appear to be negative. Actually, the circulatory flow com­

ponent at. these loads is so small that the pressure along the length of 

the pocket may be considered to be constant. The piezoelectric pressure 

sensor characteristically leaks charge when there is no change in press­

ure and therefore the signal drops off. 

Hydrodynamic peak pressures over the axial lands should, at constant 

load, show a linear variation with rotational velocity. Cursory examina-

tion of pressure profiles obtained at equal pocket pressure and different 

rotational velocities shows that the variation of the size of the pressure 

peaks with r.p.m. is not as large as expected. For example, Fig. 28 

shows pressure profiles around the bearing obtained at a pocket pressure 

of 180 p.s.i.g. for journal velocities of 1000 and 500 r.p.m. The peak 

pressure over the exit land of pocket 3 is only 12% less at 500 r.p.m. 

than at 1000 r. p .I!l. vhereas a 50% reduction would have been expected. 

This apparent discrepancy arises from the fact that the average film 

temperatures during the two tests were not the same, hence the two meas­

ured profiles refer to pressure measurecents in films of different 
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viscosity. Strict comparison of such profiles for the effect of 

journal speed requires that the measured peak pressures be corrected 

to equivalent film viscosity, from a knowledge of the average film 

tempe.!,ature and the viscosity-temperature behaviour of the lubricant. 

A comparison of calculated and measured reductions in peak pressures 

over a range of loads and speeds corrected to equivalent lubricant 

viscosity at 100°F i5 given in the following table: 

1000 Percentage Reduction of Percent age Reduction of Pressure 
lb. Speed from 1000 r.p.m. Peak 

Calculated l~easured 

1000 50 50 41. 5 

2000 50 50 41 

3000 50 50 42.5 

4000 70 70 55 

The agreement between measured and calculated values is quite good. 

?nere is a noticeable difference between the pressure profiles of 

the 3000 and 4000 lb. load tests and those of the 1000 and 2000 lb. 

tests insofar as some of the hydrodynamic peaks have disappeareà in the 

high load tests. 

Examination of any one of the pressure profiles obtained at 3000-

4000 lb. shows that over the entrance land to pocket 1 the pressure lS 

zero indicating the presence ~f a divergent nip in the lubricant film, 

whereas over the exit land the pressure profile is close to the Laplacian 

prediction indicating that the surfaces of the land and journal are para-

lie 1. The profile in pocket 2 has not changed qualitatively froc the 

lighter load tests although the cagnitude of the hydroàynamic peaks has 
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changed. Pocket lio.3 shows a suppression of the pressure over the en-

trance land similar to that at the entrance to pocket l but a hydro-

dynamic peak occurs over the exit land. 

It is possible that a slight amount of wear which occurred in the 

bearing prior to the higher load tests was respon~ible for these changes • 

. Friction Torque 

Friction torque was measured at selected combinat ions of journal 

speed and load through a range of journal speeds of 100-1000 r.p.m. 

and loads of 1000-4000 lb. 

Owing to the inadequacy of the cooling system in the lubricant 

supply unit it was not possible to maintain the average film tempéra-

ture of the lubrica~t at an arbitrary standard value for all combina-

tions of values of journàl speed and load employed in the tests. There-

fore, the measured values of friction torque were corrected to an 

average film temperature of 100°F in order that a comparison of experi-

mental and theoretical values could be made. The average film 

temperature recorded is the mean of the measured temperatures of the 

lubricant into and out of the bearing. 

From equation (45), friction torque is related to temperature solely 

through the viscosity, being directly proportional to the viscosity. Toe 

torque at 100°F is: 

T(lOO} = u(lOO) x T(x) 
u(x) 

~here T(x} is the ~asured torque at an a.erage film temp~rature of xOF. 

Tne adjusted torques are given in Table 1. Fig. 33 i5 a plot of friction 
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TABLE 1 

Load R.p.r~. Average Viscosity x 10-6 Torque (100°F) 
lb. Temoe rat ure lb. - sec/in2 in. - lb. 

ôF 

1000 1000 108.5 11. 7 115.2 
900 109.0 11.5 147.0 
800 108.5 11. 7 139.0 
700 107.5 12.0 113.0 
600 . 106.0 12.5 101.5 
500 104.0 13.2 83.0 
400 103.0 13.6 68.2 
300 102.0 14.1 61.0 

2000 1000 104 13.4 195 
900 105 13.0 193 
800 105.5 12.8 189 
700 104.0 13.4 162 
600 103.0 13.8 150 
500 101.0 14.5 134 
400 99.0 15.5 119 
300 97.0 16.8 99.5 
200 94.0 18.4 71.0 
100 92.0 19.8 57.2 

3000 1000 111.0 10.7 276 
900 110.5 10.8 264 
800 109.0 11.3 230 
700 108.0 11.8 234 
600 106.5 12.2 213 

4000 1000 115'.0 9.5 346 
900 115.0 9.5 365 
800 114.0 9.8 338 
700 112.0 10.4 307 
600 109.5 11.2 262 
500 107.5 12.0 238 
400 105.5 l3.0 215 
300 103.0 13.7 192 
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FIG. 33 
Measured friction torque vs. Journal speed at four pocket pressures 
for the test bearing. The folloving theoretically predicted curves 
are also shawn. A prediction according to Petroff's equation for 
friction torque, and the range of Petroff predictions using a correc­
tion for viscosity dependence on pressure. A prediction for friction 
torque alloving for pocket friction and the range of friction torque 
vith the pressure-viscosity correction. A prediction vhich includes 

an estimate for pumping lubricant over the lands. 
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torque corrected to 100°F as a function of journal speed at various 

pocket pressures. 

The same plot shows two predictions of friction torque, according 

to Petroff's equation, through the range of journal speeds used. The 

lover Petroff curve predicts the friction torque due to shear over the 

land areas only, according to equation (42), for the lowest pocket 

pressure used during the tests. The average film tempe rature for this 

calculation is assumed to be 100°F. The higher Petroff curve takes 

into account the influence of pressure on lubricant viscosity and 

predicts friction torque as before for a pressure of 380 p.s.i.g., the 

higbest pocket pressure used during the tests. The average film tem­

perature is again assumed to be 100°F. 

Friction torque is then calculated according to equation (45) 

which takes into account the friction loss in the pockets. Predicted 

values also include a pressure - viscosity correction and curves are 

given for pocket pressures of 90 and 380 p.s.i.g. Calculations are 

based on an average film temperature of 100°F. Since equation (45) 

accounts for the friction loss in the pocket the lubricant tempe rature 

in the pocket must be derived from equation (52), where it is assumed 

that the average film temperature is 100°F. 

Comparison of the two predictions of friction torque shows that 

the friction loss in the pocket is quite significant, being approximately 

27% and 38% of the land friction losses as predicted by the Petroff 

equation, at pocket pressures of 90 and 380 p.s.i.g. respectively. The 

difference bet ... een the two predictions is independent cf journal speed 

as equations (42) and (45) indicate. Hovever, the difference àepends 
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on pocket pressure since the latter is implicitly defined in the 

viscosity term. These results are in close agreement with those 

obtained by Shinkle and Hornung (8). 

Even after making allowance for friction 10ss in the pockets and 

the effect of pressure on lubricant viscosity, the variation of fric-

tion torque with pocket pressure is greater than that predicted by 

this theory. 

Part of the reason for this unpredicted dependence of friction 

torque on pocket pressure can be explained by reference to the measured 

pressure profiles. The hydrodynamic pressure peaks over the axial 

lands are adverse pressure.gradients which the normal circumferential 

flow of fluid, caused by journal rotation, must overcome. Flow of 

fluid through these high pressure regions is promoted by a pumping 

action and the work involved in the pumping must come from the shaft 

and hence it contributes to the friction torque. 

The order of magnitude of this pumping work can be found by 

multiplying the peak pressure by the corresponding flow rate of lubri-

cant over the land areas. If this quantity is then equated to the 

product of a force tangential to the journal surface and the peripheral 

journal speed 

E P x Q = F x V 
Land 

the torque, Tp ' resulting from the pumping i5 

Tp = F x R = E (p x Q) x R 
Land 

v 

The torque due to the pumping work .ben added to the theoretical predictio~ 
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for the pocket pressure of 380 p.s.i.g. should form an upper limit for 

the measured torques. This is seen to be so. 

It will, of course, be noted that the size of this correction will 

vary with the dimensional tolerance as well as with the operational 

parameters of the bearing. 

It is also seen that the measured torque data for each pressure 

appear to increase at a decreasing rate with increasing journal speed. 

A common assumption made when modelling the dynamics of film lubrication 

is to consider that the lubricant tempe rature across the film is constant. 

Hagg (15) has shown that for a journal bearing running at zero eccentricity 

there is a temperature variation across the film which must also be reflec-

ted in a variation of film viscosity. In turn, this variation of vis-

cosity affects the velocity distribution and thus the shear. Such an 

analysis for the configuration of bearing used in this work was not attemp­

ted due to the complexity of the problem. However, Fig. 34 shows the 

qualitative effect on torque vith journal speed, when Hagg's prediction is 

compared to Petroff's prediction for a concentrically running journal bear­

ing with a film area equal to that of the test bearing. 

There is a marked decrease in predicted torque from the Petroff pre­

diction as the journal speed increases. Thus, it is postulated that the 

decrease in torque from the Petro!! prediction at higher journal speeds 

is due to the radial variation of lubricant temperature across the lubri­

cant file. 

f.tinimum Toroue 

During the course of the experimental investigation it vas found, 
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FIG-. 34 

Friction torque 105s vs. Journal speed illustrating 
the difference betveen the predictions of Petroff 
and Hagg for a concentrical1y running journal bear­
ing of the sace bearing area as the hydrostatic 

bearing used in thi5 study. 
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quite unexpectedly, that the friction torque fell to about 40-50 

percent of its value at zero eccentricity by allowing the journal 

to adopt an eccentric position. 

This was achieved by systematlcally lowering the hydrostatic 

pressure to pockets 1 and 3 by the following procedure. The journal 

was rotated at 1000 r.p.m. and brought to a position of zero eccen­

tricity and the temperature allowed to equilibrate. The pressures in 

pockets 1 and 3 were then adjusted so that the journal took up a 

position of minimum torque. 

Results for some of these tests, which cannot be regarded as 

exhaustive and require further investigation, are shown in Table 2. 

It would appear that the friction torque may be reduced by as much 

as 40 percent from the value at zero eccentricity by slowly decreas­

ing the pressures in pockets 1 and 3 to zero and allowing the journal 

to approach a position of unit eccentricity. Though the torque can 

be substantially reduced, operation under these conditions is neither 

stable nor to be recommended since it involves continuous change of 

direction of application of the external load which would ultimately 

lead to contact bet~een the journal and bearing, and possible seizure. 

It is fully recognized that this somewhat surprising result requires 

further investigation, particularly the measurement of the releva~nt press­

ure profiles and a complete theoretical consideration of eccentric opera-

tion. For this reason there ~as some hesitation regarding its inclusion 

in this thesis. Ho.ever, it is a real result obtained on a real bearing 

and, .hatever reason lies behind its explanation, it .as felt that so~ 

~ention of it should oe cade. 
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Temperature Change Through Bearing 

Heasurements of the tempe rature change of the lubricant as it 

passes through the bearing, as a function of journal speed through 

the range 200-1000 r.p.m., at pocket pressures of 150,280 and 400 

p.s.i.g., are presented in Table 3 and graphically in Fig. 35. 

The three sets of points given for each pressure represent:-

1) The measured difference between the temperature of the 

lubricant entering and leaving the bearing. 

2} Calculated differences using a viscosity based on the 

average of the inlet and outlet temperatures of the 

lubricant ignoring the fluid dynamics in the pocket. 

The inlet temperature is the measured inlet tempera­

ture and the outlet teroperature is found by an iterative 

solution of the heat balance equations (47) and (49). 

These are shown under calculation l in Table 3. 

3} Calculated differences using a viscosity corrected for 

pressure. The viscosity is based on the inlet tempera­

ture to the film for the term in equation (52) that 

applies to the pocket, and on the average of the inlet 

and out let tempe rature of the film for those terms in 

equation (52) that apply to the land areas. The inlet 

temperature to the bearing is the ce as ure à value and the 

outlet tempe rat ure is round by an iterative solution of 

equation (52). 

Table 3. 

These are sha-~ ~~der calculation 2 in 

In general, the average file tecperature of the bearing is t~en 
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TABLE 3 

Poc!tet Pressure 150 p.s.Lg. Pocket Pressure 280 p.s.i.g. Pocket Pressure 400 p.s.i.g. 

~ RPf.t Meas. Cale. l Calc.2 ~ RPM Meas. Calc.I Calc.2 ~ RPM l>1eas. Calc.I 

1000 40.0 76.0 49.0 1000 38.5 54.0 38.0 1000 28.0 26.0 

750 35.0 64.0 112.0 650 33.0 44.0 31.5 750 24.0 30.0 

500 27.5 48.0 32.0 500 28.0 30.0 25.0 500 22.0 24.0 

250 111.5 2.0 20.0 300 21.0 18.0 16.5 250 14.0 12.0 

------ ------ -- ---------- --

Hcasured and calculated temperature change or lubricant through the bearing as a 
runction or pocket pressure and Journal speed. 

Calc.2 

' 24.0 

25.0 

21.0 

14.0 
\0 
o 
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FIG. 35 

Measured and predicted values of the increase 
in lubricant tempe rature as it passes tbrough 

the bearing. 
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as the average of the measured inlet and outlet temperatures of the 

lubricant. This assumption is a good one when the shaft speed is 

lov or the hydrostatic pressure is very large. As circulatory flov 

in the pocket increases, lubricant entering the pocket is subJected 

to a significant amount of shear before entering the bearing film. 

This raises the temperature of the lubricant ente ring the bearing . 

film to a value above the inlet tempe rat ure to the pocket and results 

in an average lubricant temperature in the bearing f~lm vhich is 

higher the average of the inlet and outlet temperatures. 

Referring to Fig. 35, it can be seen that the calculated value 

of the temperature rise through the bearing based on the average of 

the inlet and outlet temperatures is in very poor agreement in the 

lov pressure test. In this case the circulatory flov component 

accounts for 90% of the flov in the pocket and the temperature rise 

of the lubricant in the pocket alone is 28°F. The prediction improves 

considerably in the higher pressure tests vhere the flov in the pocket 

becomes more hydrostatic in nature. 

Tne theoretical prediction accounting for both circulatory flow 

and pressure-viscosity dependence is in much better agreement vith the 

measured values. The theoretical predictions for the 150 p.s.i.g. 

test are consistently higher than the measured values vhile tuose for 

the 280 and 400 p.s.i.g. tests fall a little belov the measured data. 

These discrepancies are believed to be due to tvo separate pheno­

mena. First, a quantity of heat is absorbed by tbe lubricant film 

oving to the pumping action, discussed previously, vhich has not been 

alloved for in the calculation. Values of the Iteasured exhaust 
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temperature can be adjusted to allow for the temperature increase due 

to the pumping action. Calculations show that rises of 4°F and 1°F 

would be expected at 400 and 150 p.s.i.g. respectively. If these 

quantities are subtracted from the respective measured values of 

temperature rise to obtain adjusted values for no pumping the discrep­

ancies, in general become positive, the overall discrepancy being 

larger at lower pressure. 

Second1y, the calculations of lubricant temperature rise do not 

allow for transfer of heat from the lubricant to the bearing members. 

Thus, the calculated values of temperature rise would be higher than 

the measured values since it is assumed that all the heat developed 

in the lubricant remains in the lubricant as it leaves the bearing. 

Differences between measured and calculated values, as seen in Fig. 35, 

may be explained qualitatively on this account. Relatively more heat 

is transferred from the lubricant to the bearing member at lower pocket 

pressure oving to the longer dwell time of the lubricant in the bearing. 

Thus, the divergence between the calculated and measured values should 

be greater at lower pocket pressure as is found. 
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CONCLUSIONS 

The main conclusion to be dravn from this study is that the 

practical behaviour of a hydrostatic journal bearing, designed to 

carry loads of up to 4000 lb. at journal speeds of up to 1000 r.p.m. 

and machined according to standard machine tolerances of ± O.OOOlin., 

shovs a marked discrepancy from that predicted by existing theory. 

An analysis of the origin of these discrepancies has been enorm­

ously facilitated by the experimental measurement of the fluid pressure 

distribution in the bearing, a measurement vhich has never before been 

made. 

It may be remarked that machining to closer tolerances, such as 

is demanded in the manufacture of gas bearings vhere tolerances are 

held to 0.1% of the film thickness, vould eliminate much of the dis-

crepancy as vould operation at increased radial clearance. From a 

practical vievpoint, hovever, vhere one might have to assess the rela­

tive economics of different types of bearing for operation under the 

conditions described, vhich pertain to the requirements of most indus­

trial machinery, more sophisticated machining techniques and the 

necessity for larger capacity lubricant supply systems required for 

operation at increased radial clearance, vould probably be unattractive. 

Each possible application vould have to be judged on its ovn merits. 

The importance of a quantitative kno~ledge of the temperature 

distribution of the lubricant in the bearing cannot be overstressed. 

Present metbods of assessment of this factor are quite inadequate ~~d 

lead to large errors in the estioation of friction torque. 
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Consideration of the various alternatives vhich vould give a 

preferred solution to the problem vhich led to this study, leaves 

little doubt that the construction of a bearing in which the effect 

of machining tolerances are negligible would be best. The uncert-

ainty of obtaining a satisfactory estimate of friction torque is 

obviously precluded by the quantitatively unpredictable effects of 

machining tolerance. 

Certain improvements in the experimental arrangement could be 

suggested, as a result of this study, for consideration in any future 

vor~ on this subject. These are listed later. 
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CLAms OF ORIGDIAL COIiTRIBUTION 

1. A theoretical model for a high speed highly loaded hydrostatic 

bearing has been developed, vhich includes the influence of 

machining tolerances in the bearing on the circumferential 

pressure profile in the lubricant film. The model provides a 

satisfactory explanation of the experi~entally measured pressure 

profiles. 

2. A method of continuously monitoring the pressure profile around 

the bearing has been developed, the results of which show that 

the Laplacian prediction of pressure distribution for a nominally 

concentric operating position is wholly inadequate for the bear­

ing tested. 

3. A theoretical model of lubricant temperature change as it passes 

frqm the pocket source to the axial reliefs has been developed 

which allows for the effect of lubricant temperature change in 

the pocket due to lubricant dynamics there. rnis model adequately 

describes the total temperature rise of the lubricant as it passes 

through the bearing. 
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SUGGESTIONS FOR FURTHER WORK 

1. The test bearing should be supported by and loaded through a 

second hydrostatic bearing to enable direct measurement of 

friction shear losses in the test bearing. 

2. Allowance should be made for the test bearing to be moved in 

an axial direction during operation to enable complete mapp­

ing of the pressure field over the whole bearing pad. 

3. Development of a technique of scanning the temperature distri­

bution in the lubricant film. 

4. Design of a system to control the temperature of the journal 

and bearing to facilitate an assessment of heat losses from 

the film to the bearing members. 
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APPElIDIX l 

COMPUTER PROGRAMS 



Appendix l - p.l. 

FOIITRA~ IV G LEVEL l, iloUa 3 ~~A IN DA Tt:: 69030 13/52/08 

0001 DIM~NS!nN h(Zl,ll) 
C SQllJTIO~,j Tf) UdJLACES EQUATION FOR RECTA~~GlUA~ PAD %DEVELOPfD< 

0002 RE AD ( 5 , 1 ) ( ( :', ( ! , J ) , J -= l , 27 ) , 1 = l, 2 U 
0003 1 FO~MAT(16F5.ü/llF5.01 
0004 KOIJNT =0 
0005 ALFA=1.6/4. 
00 06 F.=O. 2 
0007 F=O. 5 
OJOI3 Il I3IGI:ST=O. 
0009 Da 7 1=2,20 
0010 IF([.GE.6)CO TC! 2 
0011 /':[N=2 
0012 RES = 2 • *A ( l , 2l ~. A ( I -1, U + Id [ + l , 1 ) -4. */\ ( r ,1 ) . 
0013 nIGEST=AM~Xl(JIG[ST,A3S(RES)' 

00 14 fd 1 , 1 ) = i\ ( l , l ) +!\ L F A * R f. S 
0015 3 DO q J=,\q"l,25 
00 16 1< r. S = A ( T ,J .. 1 ) I-!\{ t , J -1 1 + A ( 1 + 1 , J ) + A ( 1 -1 , J , - 4. * A ( l , J ) 
0017 BIG~ST=AM~X1(~IGEST,A~S(RES" 
0018 8 A(l,J)=I\(I,J)hiLFA*RCS 
0:) 19 PtS 1:: 2 • * J\ ( [ , U ) 1 ( E * ( l • + E ) 1 +2 • * J.\ ( [ , 25 ) / ( 1 • 1- E , +Id 1- 1. , 26 ) + A ( 1 + l , 26) 
0020 PES2=2.*( 1.t-J..lél~,:A( r,261 
0021 RE $= RES l -k F. S 2 
0:) 22 R [G t ST = ~ :'-l':'X ~ ( :'d Gê'.) T 1 ;\ ;J, S ( RES 1 ) 
0023 A ( 1 , 21) ) ;: .'\ ( [ , ;: .:, )1- ~ l F .\ ';'f~ ES / ( 1 • + 1 • / E ) 
0024 GU rD 7 
0025 2 \I[N= 17 
0026 00 17 J="H'I,~6 

0027 IF(J-1715,6,'5 
00 28 6 R [ S 1 :: 2 • * ;\ ( r , 16 ) / ( Ft: ( 1 • 1- F ) ) +.~ • *.\ ( l , 13 ) / ( 1 • -+ F ) 1- f\ ( r - t , 1 7 1 + A ( l + l , l 7 ) 
0029 KtS~=2.*(t.1l./F)*A( [,171 
0030 Q~S;:R~Sl-O[S~ 

00 3 1 [) [G F S T =.'\ '-1\ X 1 { ~i 1 G [ :; T 1 4 n s ( P ES) ) 
00 32 A ( 1 , 1 7 ) =:d l , l "{ ) -t 4l F " ~~ ë S 1 ( 1. fol • / F , 
0033 GJ TU 17 
00 34 ; 1 F ( J - ? 6 ) <'J , 1 0 , 'cJ 

0035 10 ::J. r: S 1 = l. • f.: :\ ( ! 1 !. 7 1 1 ( E * { 1 • ~ [ 1 1 +?. • *.\ ( 1 , 2') ) / ( 1 • + t ) + fi. ( ( - 1 , 26 ) + A ( 1 + l , 26 1 
0036 °;'::52=2.*( I.I-l.hl:;:,'.( 1,2

'
>1 

ùil37 PtS = ~ ES 1- i::':: S.? 
OU3d d(GEsr=A~~Xt{~I~CST,~SS(~ES» 
0, J 39 f\ { ( , 2 f, ) -= '\ ( 1 1 Î. l' ) ... \ L r .\ ;,: ~ t S 1 ( 1 • + 1 • / E 1 
01) 40 (; 0 r·] 1 7 
o () " 1 q!) L S = f, ( [ , J + l ! .. :, ( ! , J - 1 ) t :.. ( 1 + 1 , J 1 ~.\ ( [ - 1 , J 1 - .:, • :;: .\ ( ( , J ) 
U042 i\IGêSf=I\'·I.\Xl{·lr\-;::ST,\ )c,(~ES» 
00 4 3 t,( 1 1 J ) = i\ ( [ , J ) 1- li u: :~ (:: 1. ~ 5 
00'.4 Il CÙ:, T U·;IIF. 
0') 45 7 CL~·;r PIUF 
'l' ) 4 f:. 0 : J 1 5 J = 1 7 , ~ t., 
0;) f,7 1 t.: ( J - 1 7 1 10 , 1 ;\ , l g 
O' \ 4 ~ 1 5 :~ ,; S 1 = 1. • (: .'1 ( 2 ~ , ! :) ) 1 ( t-:< ( l • + f- 1 1 + ~ • ::: ,\ ( ~ l , 1 0:; ) 1 ( 1 •• t= ) 1- ?. •. ; ,'. ( .~ 0 1 : 1 1 
ù ':: l, 9 -< f· ) 2 ;: ) • * ( ! . + l • 1 ;: ):: f, ( ? ! , 1 7) 
O~~J q~~=~[Sl-~[SJ 

0) SI ;.) [Gr ST = i\ J':'~ '. ( :~ [ G:: ''; T , .: ,:; ( :: t SI ) 
il:' '5? :. ( l. l , l l 1 = :. ( ;~ ~ , t lIt:. L F . ., !': ;; ~ S 1 ( 1 •• l • 1 r ) 
d ; :> l ( "J r il 1:; 



Appendix l - p.2 

FORTRA~ IV G LEVEL l, ~GD 3 MAIN DATE = 69080 13/52/08 

0051• 

0055 
0056 
0057 
CO 5R 
0059 
0060 
0061 
0062 
0063 
0064 
0065 
0066 
OQ67 
OObA 
0069 
0070 
007t 
0072 
0073 
0074 
0015 

19 IF(J-26)Z3,22,21 
22 RESl=?.*A(21,271/(E*(1.+c)~2.*A(21,25)/{i.+Ej 

RES2=2.*Ar20,26)-2.*(1.+1./E)*A(21,261 
RES=f<. êS 1 +RESZ 
BIGêST=A~~Xl(BIG~ST,ARS(RES») 

A(21,26)=A(21,?~)+AlFA*RES/(1.+1./E) 

GO rD 15 
23 RES=2.*A(20,J)+~(21,J.l)+A(21,J-11-4.*A(21,J) 

BIG~ST=AMAXl(~[GEST,ABS(RES) 

A(21,J)=A(Zl,J)+AlFA*RES 
l? CUNTP,jUE 

KOlL'jT:: t{ OU NT + 1 
IF(KUIJNT.[O.lOOI';O Ta 30 
[F(,1IGEST.GF.I.O)GO TG 11 

30 WP.lfE(6,12)((s\(I,J',I=1,Zl',J=1,Z7) 
1 2 F [) p'.q T ( 1 Hl , / ( l H , 2 1 F ". 0 / , 1 
34 WRITEI6,15IKCJNT 0 

3? FilP'I.\T(1f-il,lOX,1.2HKOIY.fT EQUAlS,2X,15) 
w~ 1 f:: ( 6, 36 ) A ( ? , t') ) , .\ ( 5,23 ) , A ( 3, 211 ," ( 8 ,20 1 , A ( 3, 10 ) 

36 FOR~AT(/,FIO.31 
STOP 
ti.JO 



Appendix l - p.3 

FORTRAN IV G LE~fL 1, MOD 3 Dt..T:: = 6<;071 17/22/;1 

0001 
C 

0002 
00Q3 
0004 
0005 
n006 
0007 
0008 
0009 
n010 
0011 
0012 
0013 
0014 
1)015 
0016 
1)017 
')018 
0019 
0020 
0021 
nG22 
0023 
0024 
0025 
0026 
002-' 
')02d 

'0029 
0030 
on 31 
0032 
003.3 
0034 
0035 
0"36 
0037 
0(lB 
0039 
n04~ 

0"41 
('042 
0(l43 

DI~E~SIO~ A(21,211 
SClUTlO, TG LAPL:;CE.S tI)UAfIU. FUR A R::CTA,\GUL~K 3::1',;" PIG PAO 
Rt!D(5,1)«~(I,J),J=1,211,I=1,211 

1 FG~~AT(16F5.0/5F5.CI 
~8 4 1 =2, e 
[;J 4 J =2,20 
S 1 =A ( ! -1 , j 1 + '\ ( t , J -1 ) + /.\ ( 1 + l ,J ) + A ( l , J .. 11 
S2 = .... ( 1-1, J-1 ) + A ( 1 .. l, J-ll + A ( 1+1, J Tl) + A ( 1-1, J + 1 ) 
ACI,JI=(4*Sl+S21/20 

ft (U~T 1 ~iUE 
D:,! 5 1 =9,20 
~o 5 J = 1 7 , 2 f) 
Si =A ( 1 -1 ,J) + A ( l , J -II + À ( 1 + 1, J ) + A ( l , J • 1 ) 
52 = f~ ( 1 -1 , J -1 1 + A ( 1 + 1 , J - 1 ) + fi ( l + l , J .. 1) -+ ~ ( 1 - l , J + l ) 
~CI,J)=(4*Sl+S2)/21) 

5 UYH i r·; U E 
~ •• Q fT E ( é, 15) ( (A ( l , J ) ,J:: 1 , 21 l , 1 = l , 21 ) 

1:: Fe :{"1 ~ 1 (1 x, 21 F 6. G ) 
l',r:u:; T = 1). 

ALt=A= 1./:.-/4. 
Hel ;'E S T =0 • 

~o !; 1::"2, 2') 
IF(loGE.GIGJ TO 2 
r-:I i't=2 
r:c ;: S = 2 • :::: i. ( l , 2 ) + .\ ( 1 - l , 1 ) .. /\ ( 1 .. l , 1 1 - ' •• ;;: :. ( l , 1 1 
?i~~Sï=~~.\/l(jluéST,~j)(PES)1 
fo{ 1,11 =1\( l, 1) +ALFA:,:EES 

2 i.' 1 ;'.= l 7 
3 ::~: 2, J='·F.,ZIJ 

~ t S = ::. ( l , J + lIT:' ( i , J - l 1 .. 1. ( 1.. l , J 1 i ; ( r - 1 , J 1 - ' •• ~.: r, ( l , J J 
~ i '; ~ S -: = t.. ~i t. X l ( ;; 1 Gr: ST, rHl S ( h F: S) ) 

~ ';(I, .. ;)=:.(I,Jl+j~U-:''''F,I:S 
0'::- -, J = 11 ,2 () 
~. ~ S = ::. ::, ;-. ( Z'i , J 1 t ,\ ( l: 1 , J - l ) .. j.. ( .2 1 , J .. 1 ) - l, • :~ .~ [ Z l , J 1 
ci~EST=\VA~l(~IG~~T,~b~(R(S)1 

7 '(~!,J)=l[21,JI.tLFA*KLS 
l',' ~J·.T-::Ki U~:T .. 1 
Ir:(·.(_I;:q.l..i.ln·~IGu TC 11 
1 :: L' L" E S j • ; C • l • 1 il,", ,J T'] 11 

1-1 t>.;:" l I ~ ( ~, 12.) { (.~ ( ! '-.J) ,.J= l ,t 1) , 1= i t 2.1 ) 
~.: F<)·',:'T(l:--l,/(!.H r.:l;:'Je'/» 

:, r ':.:;> 

" 


