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Abstract

In this work we study the Poisson interface problem and a numerical method for its solution,
the Correction Function Method. The Poisson interface problem complements the classical
Poisson problem, a partial differential equation given in terms of the Laplacian operator, with
jump conditions on the solution and its normal derivative along a co-dimension one interface
inside the domain. Interface problems arise whenever materials with different properties
come into contact, and thus have important applications in many fields of physics and engi-
neering. The Correction Function Method (CFM) is a general framework to solve the Poisson
interface problem in the wider context of finite difference methods. In essence, it modifies the
finite difference stencils for nodes near the interface in order to take into account the jump
conditions. However, these modifications are incorporated, using correction terms, to the
right-hand side of the linear system deriving from the finite difference approximation of the
partial differential equation, leaving the coefficient matrix identical to the one resulting from
the regular Poisson problem. This is essential as many efficient linear solvers, termed “Fast
Poisson solvers”, are specifically designed to solve this system; by keeping the same matrix we
can use them with no modification. In order to account for the multiple possible geometric
configurations of the interface with respect to the finite difference stencil, we compute the
correction terms locally using a functional minimization approach. Our specific implemen-
tation of the CFM is shown to be fourth-order accurate. We also present preliminary work
towards a CFM-based Navier-Stokes solver for higher-order numerical simulation of multi-

phase flow.
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Abrégé

Dans ce mémoire, on étudie le probleme de Poisson avec interface ainsi qu'une méthode
numérique de résolution de ce probléme, la méthode de la fonction de correction (Correction
Function Method ou CFM). Le probléme de Poisson avec interface est basé sur le probléme de
Poisson classique, une équation aux dérivées partielles faisant intervenir I'opérateur lapla-
cien. Il y ajoute des conditions de saut sur la solution ainsi que sur sa dérivée normale le long
d’une interface de co-dimension un a l'intérieur du domaine de définition de I'équation. Les
problemes d’interface apparaissent lorsque deux matériaux ayant des propriétés différentes
sont mis en contact, et ont donc des applications importantes dans plusieurs domaines en
physique et en génie. La méthode de la fonction de correction fournit un cadre général pour la
résolution numérique du probléme de Poisson avec interface dans le contexte des méthodes
de différences finies. Essentiellement, la méthode modifie les formules de différence finies
pour les noeuds de discrétisation situées a proximité de I'interface, de facon a incorporer les
conditions de saut. Toutefois, ces modifications sont apportées, a 'aide de termes de cor-
rection, au terme de droite du systéme linéaire résultant de la discrétisation par différences
finies; la matrice de coefficients reste la méme que pour le probleme de Poisson standard.
Ceci est essentiel puisque de nombreux solveurs linéaires efficaces, appelés « Fast Poisson
solvers (solveurs de Poisson rapides) », sont spécifiquement congus pour résoudre ce sys-
teme. Le fait de garder la méme matrice permet donc de les utiliser sans modifications. Afin
de prendre en compte les multiples configurations géométriques de I'interface par rapport a
la grille de discrétisation, les termes de correction sont calculés localement en minimisant une
fonctionnelle. On montre que notre implémentation spécifique de la CFM converge a 'ordre
quatre. On présente aussi des résultats préliminaires en vue de la conception d'un solveur
des équations de Navier-Stokes basé sur la CFM, pour la simulation numérique a ordre élevé

des écoulements multiphases.
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1. Introduction

Many problems arising in the physical sciences and in engineering model the interaction be-
tween materials with different physical properties, such as viscosity in fluid dynamics or per-
mittivity in electromagnetics. Other problems involve different interacting states, such as
a solid interacting with a liquid. These problems are known as interface problems and are
mathematically modeled and studied using partial differential equations (PDEs). Often, in
those problems, both the data and the solution are discontinuous because of the different
physical values of the material properties. Specifically, at the interface between the different
materials, or between the different phases, the functions involved in the partial differential
equations present jump discontinuities. However, these functions are usually smooth in the

individual regions of the problem domain corresponding to distinct materials.

This thesis investigates a problem of the kind described above, namely the Poisson interface
problem. This problem complements the classical Poisson problem, a PDE given in terms
of the Laplacian differential operator, with jump conditions on the solution and its normal
derivative along a co-dimension 1 interface inside the domain. The Poisson interface prob-
lem has numerous applications but our driving motivation in this work is the fact that it ap-
pears in the modeling of multiphase flow. Multiphase flow refers to the study of the combined
movement of more than one liquid or gas, such as water bubbles in oil or water droplets in air,
usually modeled through the Navier-Stokes equations. Specifically, at the interface between
two fluids, the pressure field satisfies the same kind of jump conditions as the solution of the
Poisson interface problem. Moreover, when discretized in time, the solution algorithm for the
Navier-Stokes equations directly involves the solution of a Poisson interface problem at each

time step.

Several numerical methods exist to solve Poisson interface problems. Most of these methods

fall into the large classes of finite difference methods or finite element methods. In finite dif-



ference methods, the general idea is to modify the finite difference stencils in the region near
the interface in order to incorporate the jump conditions. In this work, we use the Correction
Function Method (CFM) [31], which is one such method. This method modifies the stencil in
such a way that only the right-hand side of the linear system resulting from the finite differ-
ence discretization is changed ; the coefficient matrix is unchanged compared to the regular
Poisson problem. This is an important feature of the method since many linear solvers are
specifically designed to solve this linear system by judiciously exploiting the special structure
of the matrix. These solvers are based on the Fast Fourier Transform and are thus computa-
tionally very efficient. The fact that we keep the same matrix as the regular Poisson problem

means we can directly use them, without modification.

Another important feature of the Correction Function Method is its generality; the correction
terms used to account for the interface jumps are found by solving a partial differential equa-
tion, which means that in theory they can be computed to arbitrary accuracy and used within
very high-order Poisson discretization schemes. The specific implementation presented here
is fourth-order accurate. The PDE used to determine the correction terms is solved in a lo-
cal fashion by minimizing a functional through a polynomial approximation. This approach
allows us to uniformly handle the numerous ways in which the interface can cut through the
finite difference stencil. The CFM represents the interface through a level set function, which
permits the use of geometric transformations to efficiently parameterize the integrals defined

on the interface that appear in the functional to be minimized.

The solution of the Poisson interface problem arising in the time discretization of the Navier-
Stokes equation is the main rationale for the Correction Function Method. Since the interface
is described through a level set function, the finite difference grid can be generated without
taking the interface into account: a uniform grid can be used. This is an important consider-
ation with regard to computational efficiency because the generation of a non-uniform grid
that conforms to an arbitrary interface — a so-called body-fitted grid — can be a very time
consuming task. In time dependent problems, such as the Navier-Stokes equations, the in-
terface evolves in time, so methods using a body-fitted grid must regenerate the grid at each
time step. This greatly increases the cost of such methods. Hence, important efficiency gains

can be made with methods which use a uniform grid, such as the CFM.

The goal of this project was to study the Poisson interface problem and implement in code
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Chapter 1. Introduction

the Correction Function Method used for its numerical solution. We also present preliminary
work towards a CFM-based Navier-Stokes solver for multiphase flow. In this thesis, every
effort was made to explain all mathematical aspects of the method and bring this description
as close to the code implementation as possible. This thesis thus serves as a comprehensive
reference on the mathematics and numerics of the CFM.

The remainder of this thesis is structured as follows. In Chapter 2, we briefly review the rel-
evant literature pertaining to the numerical solution of interface problems. In Chapter 3, we
present the mathematics of the Poisson interface problem, the Correction Function Method
used for its numerical solution and the implementation of this method in code. In Chapter 4,
we examine the performance of our implementation by showing its convergence for 4 differ-
ent problems. Finally, Chapter 5 contains a discussion of the method, possible extensions to

other related problems as well as the rationale for certain implementation details.



2. Literature Review

In this chapter, we present a short review of the literature on the numerical solution of inter-
face problems, concentrating on finite difference approaches. The four methods we examine
are the Immersed Interface Method, the Immersed Boundary Method, the Ghost Fluid Method

and the Correction Function Method, which all use the approach of non-body-fitted grids.

The Immersed Interface Method (IIM) was introduced by Li in his Ph.D. thesis [26] to solve
general interface problems where the solution, the coefficients and the source term can have
jump discontinuities along an interface. The IIM is a sharp interface method, in the sense
that the jumps in the computed solution at the interface are sharp: no smearing of the so-
lution occur when it crosses the interface [26], [24]. The method relies on modified finite
difference stencils for grid nodes close to the interface. The new finite difference stencils are
found by minimizing the local truncation error, which leads to a constrained quadratic opti-
mization problem [25]. The original implementation of the method is second order accurate,
but more recently it has been extended to fourth order accuracy [25]. The IIM has been ap-
plied to numerous problems such as moving boundary problems [50], wave equations with

discontinuous coefficients [51] and has also been used in the context of finite elements [19].

The Immersed Boundary Method (IBM) was introduced by Peskin in [37] to simulate the in-
teraction of blood flow with the cardiac valves. In his work, this problem is modeled using a
coupled Eulerian/Lagrangian approach where the liquid (the blood) is discretized using an
Eulerian grid and the cardiac muscle is discretized using Lagrangian markers [39]. The Eu-
lerian and Lagrangian quantities are coupled through the use of a discrete approximation of
the Dirac delta function, which models a surface force. In contrast to the Immersed Interface
Method, the IBM is a smoothing method: discontinuities in the computed fields are smeared
atthe interface because of the use of the discrete delta function, which spans a few grid cells on

each side of the interface [34]. The Immersed boundary method is theoretically second order
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Chapter 2. Literature Review

accurate but implementation issues often limit it to being first order [34]. Apart from cardio-
vascular modeling, it has been applied to other problems in the life sciences, to the Poisson

interface problem itself [38] and also to front tracking methods for bubble dynamics [48].

The Ghost Fluid Method (GFM) was presented by Fedkiw and others in [17] to solve multi-
phase compressible flow problems. The main idea of the method was to introduce ghost cells,
where quantities are defined on the opposite side of the interface, in order to be able to differ-
entiate smoothly across the interface. These ghost cells are used to accurately track discon-
tinuities occurring at shocks [15]. The field values at the ghost cells are defined through ex-
trapolation. The method was extended shortly after to multiphase incompressible flow [22],
in which the Poisson interface problem appears as a subproblem. A GFM-based Poisson in-
terface solver was designed in [27]. In this method, the jump conditions are used to modify
the finite difference stencils for grid nodes close to the interface, similarly to the methods
above. However, the treatment of the jump conditions is done in a dimension-by-dimension
approach. The resulting method has sharp jumps but is only first order accurate. A conver-
gence proof was presented in [28] for the Poisson interface problem as well as more general

elliptic interface problems. The GFM was also applied to fluid-solid interactions in [16].

The Correction Function Method is a general framework to solve the Poisson interface prob-
lem and was introduced in [31]. Similarly to the IIM and the GFM methods above, it modifies
the finite difference stencils near the interface to account for the jump conditions. Also sim-
ilarly to these methods, the stencil corrections are incorporated to the right-hand side of the
linear system in order to keep the system matrix identical to the regular Poisson problem,
as mentioned in Chapter 1. The method is more general than the above methods since as
mentioned above, the correction terms are computed by locally solving a partial differential
equation at each required node. This means that in theory the CFM can be made arbitrarily
accurate. A fourth order implementation is presented in [31], and the method was extended
to handle discontinuous coefficients in [32]. The CFM was also recently applied to the wave
equation with discontinuous coefficients and irregular boundaries in [1]. The local solver for
the correction function was refined in [33], where a new parameterization for interface inte-
grals, based on the level set information, was introduced. This is the method that is described

and implemented in this thesis.

Although our focus is on finite difference methods, we briefly mention finite element meth-

5



ods, where there are two main approaches. The simplest approach, which was the first to be
introduced, starting with the work of Babuska [2], is to use a body-fitted mesh that adapts
to the shape of the interface. Since the interface is taken into account when meshing the do-
main, the domain mesh induces a co-dimension 1 mesh on the interface, which makes it easy
to discretize forms defined as integrals over the interface.

The alternative approach is to mesh the domain without taking into account the interface,
letting the interface freely cut through elements. In this non-body-fitted approach, elements
which are traversed by the interface must be dealt with in a special way. One approach is
to modify the basis functions to incorporate the jumps conditions, as in [12]. The non-body-
fitted approach has advantages in time-dependent problems. Indeed, the creation of the mesh
is often one of the most time-consuming tasks in a finite element simulation workflow. In a
body-fitted approach, as mentioned above for finite difference methods, the mesh must be
recreated at each time step since the interface usually evolves with the problem. The elimi-

nation of the need for remeshing is thus a way to make important efficiency gains.



3. Methodology

This chapter presents the theoretical, numerical and code implementation background un-
derlying our results. In Section 3.1, we define the Poisson interface problem and present
some theoretical results pertaining to it and to the classical Poisson problem. In Section 3.2,
we describe in detail the numerical method used to solve the problem. Section 3.3 explains
the design of our implementation of the method in code, in the programming languages MAT-
LAB and C++. Finally, Section 3.4 presents the Navier-Stokes equations of fluid dynamics and

how the Correction Function Method could be applied in this context.

3.1 An Elliptic Interface Problem

3.1.1 Problem Definition

The model problem examined in this project is the Poisson problem with given interface

jumps on the solution and its normal derivative. It is defined by :

Au=f, x€e (3.1)
[u]=a, x€T (3.2)
[Ohu]l=b, x€T (3.3)
u=g, x€09dQ (3.4)

where u : 0 — R is the unknown function, f : 3 - R is the source data, a,b : ' —» R are
the given jump data on the interface, and g : Q0 — R is the Dirichlet data on the domain
boundary. The domain Q is split in 2 subdomains Q* and Q™ by the interface I, as illustrated
in figure 3.1 below. Note that the Dirichlet boundary condition (3.4) is used here to complete

the problem, but in practice, either Neumann, mixed or periodic boundary conditions could
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3.1. An Elliptic Interface Problem

also be applied.
In general, the solution u and the source term f can be discontinuous along the interface, and

so we define the restrictions w*, w™ of a functionw : Q - R as:

w 1= Wl (3.5)

W= w|o- (3.6)

Usually u and f are piecewise continuous ; their restrictions are continuous over each sub-
domain. Using the restrictions of u and f, equation (3.1) can thus be separated in 2 distinct

equations, one for each subdomain Q% and Q™:

Aut =ft xeQt (3.7)

Au"=f~ xeQ” (3.8)
The jump operator [u] is defined as

[u] := (u* —u7)lr (3.9)

and is to be understood in a limit sense. The notation [0,u] denotes the jump in the outward

normal derivative to the interface, i.e.

[0u] :=[Vu] -n=V(@ut—u)|rn (3.10)

where n is the outward normal to the interface.

Figure 3.1. The domain Q is split in two subdomains Q* and Q~ by a co-dimension 1 interface I'. Image
from [31].



Chapter 3. Methodology

We assume that the interface I' is described by the zero level-set of a smooth function

¢ : Q = Rsuch that

Fr={xeqldx) =0} (3.11)

and the subdomains are then defined as

$>0 xeqf
(3.12)
p<0 xeO”

3.1.2 Weak Form and Well-Posedness

In this section, we derive a weak form for the problem (3.1)-(3.4) and show its well-posedness

under some assumptions. This work is inspired by [28]. These assumptions are as follows :

f € L2(Q) (3.13)
a € Hz(D) (3.14)
b € L2(I) (3.15)
g € H2(3Q) (3.16)

Note that in this section, keeping in line with the literature on the analysis of the classical
Poisson problem, we add a minus sign in front of equations (3.7-3.8) (this simply corresponds

to making the change to the source term f — —f):

-Aut=ft xeqQt (3.17)

-Au"=f" x€eQ” (3.18)

We begin by multiplying each one of equations (3.17-3.18) by a smooth function v defined on

Q1 such that v|3q= 0 and integrate on each subdomain :

—fm Autv = fm ftv (3.19)

9



3.1. An Elliptic Interface Problem
—f Au~v =f fv (3.20)
a- -

In Q~, we set

u- =uy, —a (3.21)

where u;, and a are defined on Q™ such thaty™ (@) = a,y~ (ug) = 0. Here y~ (-) is the trace
operator on Q™. The assumption (3.14) permits us to define a in this way. For future purpose

we also define y¢ (*) ==y~ ().

Similarly, in QF, we first extend the definition of g to the whole of Q" = dQ U T by defining

g" such that
g x €l

g =
0 xerl

Since we have g € H%(F), then we also have g € H%(OQJ“) and thus we can define g in Q*

such that y*(g) = g*, where y* (") is the trace operator on Q*. We then set
ut=uf+g (3.22)

where ug is defined on Q* such that y*(ud) = 0. We also define the partial trace
¥f 2 H1(Q) - LP(T) by the restriction to I of the image of the trace operator y*. This oper-

ator is well-defined and continuous since T is a closed subset of 9Q*.

Interpreting the restriction to the boundary in the definition (3.9) in the sense of traces, we

have
[u] :== (w* —u?)|r =u*|r—u’lp
=y @) =y ()
=y (ug +9) — v (ug — @)
=0-0—-a)=a
as desired.

Using the decompositions (3.21) and (3.22), we then integrate by parts in (3.20) and (3.19).

10



Chapter 3. Methodology

We get:

j_f‘v=—f_(Aua—Ad)v

= Vug - Vv — Vug -n)v—| Va-Vv+ (Va-n)v
R ML T
=f_Vu5-Vv—f_Vc'l-Vv—faQ_(Vu"-n)v

=jﬂ_vu5-Vv—j_Vd-Vv—JF(Vu"-n)v (3.23)

and

=f Vua’-Vv—f (Vuf{-n+)v+f vg-w-f (Vg-nH)v
o+ 20+ o+ a0+
=f Vua’-Vv+f Vg-Vv—f Vut -nHv

o+ o+ 20+

=f Vua’-Vv+f Vg-Vv—f (Vu+-n+)v—f Vut-nHv (3.24)
a+ ar 20 r

=0 since V|5 =0

where n* is the outward normal to Q*. Adding (3.24) and (3.23) we get

ffv+ f‘v:f Vua-Vv—f Vd-Vv—f(Vu‘-n)v
ot Q- - - r
+j Vua“-Vv+j Vg‘-Vv—j(Vu*-n*)v
ot ot r
Now we note that nt = —n on I' so we can rewrite the above as
ffv=fVu0-Vv—j Vd-Vv+] Vg-Vv+](Vu+—Vu‘)-nv (3.25)
Q Q - Qt r

where we defined u, as

ud xeqQt
Ug = (3.26)
u, x€0”

In (3.25) above, we recognize the jump in the normal derivative [d,,u] := (Vu* —Vu™)-n and

11



3.1. An Elliptic Interface Problem

SO we can write

fVuO-Vv=jfv+f Vd-Vv—j Vg-Vv—jbv (3.27)
Q Q - at r

We thus define the weak form of the problem as : find u, € H}(Q) such that

aug,v) = L(v) v € HL(Q) (3.28)

with
a(ug,v) = fQVuO-Vv (3.29)
L(v)=fﬂfv+fQ_Vd-Vv—fQ+Vg-Vv—frbv (3.30)

and the solution of the problem is

U=Ug+xYo+gd — Xo-a (3.31)

where we have used the characteristic functions of Q™ and Q.

It is known that the bilinear form (3.29), which is the standard bilinear form for the regular
Poisson problem, is coercive and continuous over H} (Q) functions. Regarding the linear form

L(v), we can use the triangle inequality and Cauchy-Schwarz’s inequality to show that

L) < ¢ (IF N2y + 1@l + 1l + 1002 ) IVl (332)

for some constantc > 0. The fact that the normsin (3.32) are all well-defined follows from the
assumptions (3.13-3.16) ; the existence and uniqueness of a solution u of (3.28) follows from
the Lax-Milgram theorem. Uniqueness of u itself can also be shown, as well as continuous
dependence on the data, as in [9] and [7], and thus the problem is well-posed in the sense of

Hadamard.

12
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3.1.3 Representation Formula for the Poisson Problem

The classical Poisson problem with Dirichlet boundary conditions, given by

“Mu=f x€Q (3.33)

u=g, x€dQ (3.34)

is a relatively simple problem that has been extensively studied. Here we simply list a few

results pertaining to this problem, taken from [14], that we use in section 3.2.4.7.

The Poisson problem has a fundamental solution ®(x, y) given in 2 dimensions by

1
Dd(x,y) = o log+/x? + y? (3.35)

T

For every point x, € (), every solution u € 62(5) to the PDE (3.33) satisfies the following
identity, which we refer to in the sequel as the representation formula for the Poisson prob-

lem:
u(xy) = - fﬂ D(x — xp)Au(x)dx — J:m 0P (x — xg)u(x)ds(x)

(3.36)
+ f D (x — xg)0u(x)ds(x)
0Q
where the normal derivative of the fundamental solution is given by
-1
CD(X, y) = m(xnx + yny) (337)

3.2 Numerical Method

In this section, we explain how the Poisson interface problem defined above is solved nu-
merically using the framework of the Correction Function Method. Section 3.2.1 presents the
Correction Function Method as it was introduced in [31]. Section 3.2.2 describes the 2D finite
difference scheme used to discretize the problem. In Section 3.2.3, we focus on the discrete
representation of the interface. The local solver used to correct the stencils for nodes near the
interface is presented in Section 3.2.4. Finally, the Fast Poisson solver used for the solution of

the linear system resulting from the finite difference discretization is derived in Section 3.2.5.
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3.2. Numerical Method

3.2.1 The Correction Function Method Framework

The Correction Function Method (CFM) was introduced in [31] as a general framework to
solve the Poisson interface problem in 2 or 3 spatial dimensions, in the context of finite differ-
ence approximations. The basic idea of the method is more concisely explained in a 1 dimen-
sional setting. In one dimension (1D), the Poisson interface problem reduces to the following

boundary value problem :

uf, =%, xeqQt (3.38)
Uy =f7, x€Q~ (3.39)
[ul=a, x€T (3.40)

[ux]=b, =x€T (3.41)
u=g, x€ad (3.42)

Notice that in 1D the interface I' is simply a point xr in the domain interval Q = (x;, x), the
boundary dQ) = {x;, xz} and the jump conditions a and b are constants. A typical solution

and its domain are illustrated in figure 3.2 below.

1 »
T T >
X

0 QO+ F Q- 4

Figure 3.2. A one-dimensional domain € is split in two subdomains Q* and Q~ by an interface point
I. Here x; = 0 and xp = 4.

The main idea of the correction function method is based on the following reasoning. Away
from the interface, the ordinary differential equations (ODEs) for u* and u~ in (3.38-3.39)

are discretized using standard finite-difference stencils. For example, a second-order scheme

14
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would use the standard stencils

+ o+ +
g —2u; Huy

2 =f* (3.43)
u;_, —2u; +u;. _
-1 hzl i+1 — f; (3.44)

However, near the interface, these stencils need to be modified somehow because they strad-
dle the interface and hence do not give an appropriate approximation to the second derivative
of either u*tor u™. Indeed, consider the situation illustrated in figure 3.3 below. Node k is the

last node in subdomain Q*, and the interface I is situated between nodes k and k + 1.

k-2 k-1 k r k+1 k+2 x

Figure 3.3. Close-up of the 1D domain near the interface point I

Writing the second-order stencil at node k resultsin :

+ + +
1 3 o= f (3.45)

In this equation, ui,; does not have a well-defined value, since at node k + 1 the solution
is given by u~ and not by u*. Suppose, however, that we could extend u* in the subdomain
Q~, up to a small distance from the interface, and in the same way extend u~ in Q* (these
extensions are represented in dashed blue in figure 3.3). Then we could write the value of
Ujyq @S

U1 = Ujerr + Diets (3.46)

where Dy, 4 is a correction term (which would be negative in the situation of figure 3.3) quan-

tifying the difference between utand u~at node k + 1. That correction term permits us to
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3.2. Numerical Method

write the stencil at node k using the real solution atnode k + 1, u™ :

ui_1 = 2uf + (Ujpq + Drs1)
L = +1 = fF (3.47)

If this correction term can be computed in a way that is independent of the solution u, then
it can be moved to the right-hand side (RHS) of the equation, as a modification to the source

term :
+ + 4 -
Ug—g — 2Up YUy Drss

h2 - fk h2

(3.48)

This is essential because many linear solvers have been specifically designed to efficiently
solve the linear system resulting from the Poisson problem in 1, 2 or 3 dimensions. These
solvers, termed “Fast Poisson solvers”, make use of the fast Fourier transform, as will be dis-
cussed in section 3.2.5. Their high performance relies of the structure of the finite difference
matrix on the left-hand side of the linear system (in the 1D case above, a tridiagonal, sym-
metric matrix). If the correction terms are placed on the right-hand side, the structure of
the coefficient matrix is unchanged compared to the standard Poisson problem and the Fast

Poisson solvers can still be used, only with a modified right-hand side.

Returning to the general 2D or 3D case, we define a correction function D : Qr — Rina
small domain Qr that forms a narrow band around the interface (see figure 3.4). This domain
should be small but still large enough to cover all the nodes where corrections are needed ;
this means all nodes that are part of a finite difference stencil that crosses the interface. The

correction function is defined as

D:=ut—u", x€Qr (3.49)

Using this definition, subtracting (3.7) and (3.8) and using the jump conditions (3.2-3.3), we

discover that the correction function is the solution of the problem

AD = fp, x €Qr (3.50)
D=a, xe€T (3.51)
0,D=b, x€T (3.52)
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Figure 3.4. The domain Q over which the correction function is sought, in grey, forms a band around
the interface I'. The grid nodes where corrections are required appear in orange.

where fp := ft — f~. This definition assumes that we can sensically extend f* past the
interface inside 07, and in the same way extend f~ inside Q, at least far enough so that f}, is
defined over the whole Q. Note that the width of the band domain € is of the order of the
step size of the finite difference stencil.

The problem (3.50-3.52) is a Poisson problem with Cauchy data ; we impose both the function
value and the normal derivative. In this specific case, the data is given on a curve I located
inside (Qr, i.e. the Cauchy data is not on the boundary of the domain. In [31], it is argued
that even though such a problem is in general ill-posed, here it is well-posed because we are
looking for a solution only at a small distance (of the order of h) from the curve I, and the
numerical nature of the problem implies that there is a frequency cut-off in the problem data,
i.e. a, b, fp and I are only known at grid points. Once (3.50) is solved and the correction
function is known at each node where the correction terms are needed, the linear system can
be solved.

Since the correction function is defined as the solution of a partial differential equation (PDE),
this framework gives a lot of flexibility ; any scheme can be designed to solve this PDE, so

in theory it can be solved to any degree of accuracy. In practice, it is sufficient to solve the
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3.2. Numerical Method

correction function to the same accuracy as the finite difference scheme used, as is argued in

[31]. The way we solve for the correction function is explained in section 3.2.4.

3.2.2 The Compact 4**-Order Finite Difference Scheme

The finite difference scheme used to solve the Poisson problem in 2D is the 9-point stencil for

the Laplacian. This stencil is of order 4 for general functions. Its derivation is outlined below.

We start with the standard, 2™ order 5-point stencil for the Laplacian A?]-, which is simply the
1D, second-order standard stencil applied in both dimensions :
A?ju = éxxuij + aAyyuij (3.53)

where d,, and 3yy are the second-order centered stencils for the second derivative in the x

and y directions :

A Ui—1,j — 2Uj5 + Uiy j A Ui j—1 — 2Uj5 + U jyq
6xxui]- = 2 ayyuij = > (354)
hs hy
Using Taylor series expansions centered at node (i, j), it is easy to show that
2 B
5. —
Afju = DU+ Sl + Tolyyyy + o(h*) (3.55)

Here and hereafter, the notation 0(h4) encompasses all error terms of order 4, i.e. terms of
order hy, hy and hzh3. In order to get a 4™ order stencil, we simply approximate the leading
order error term using finite differences of order 2. Hence we want to approximate u,,, and
Uyyyy- However, we also wish to keep the stencil compact, i.e. only first and second nearest
neighbours are to be allowed in the stencil (see figure 3.5). This way, the stencil does not have
to be modified near the boundary.

These two facts at first seem contradictory, since the second order stencil for the 4™ derivative

needs 5 points and is thus not appropriate for our compact scheme :

Uji—p —4u;—q + 6u; —4ujpq +uy
TR— -2 -1 h4l i+1 1+2 +0(h,26) (3.56)
X

However, we can use the Poisson equation (3.1) to get a different expression for the fourth
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Third nearest
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Figure 3.5. Nearest neighbours on a 2D grid. Image from [41].
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derivatives. By differentiating twice with respect to x on each side of (3.1), we get

Upyxx = fox — Uxxyy

Similarly, by differentiating twice with respect to y we obtain :

Uyyyy = fyy = Uxxyy

The mixed derivative uy,,, can be approximated compactly to second order :

Uxxyy = OxxUyy
— ) 2
= OxxlUyy + 0 (hx)

= Oyx0yyu + O(h2) + 0(h2)

1
= oy [Wicnjo1 F Uisgjen + Ui jo1 + Ui e
n2h;

-2 (ui_l,j + ul-+1,j + ul-,j_l + ui'j+1) + 4ul-j] + O(hz)

We can now use (3.57), (3.58) and (3.59) to rewrite (3.55) :

h2 . R hz N Iy
A?ju B 1_;(fxx — OxxOyyut) — é(fyy — OxxOyyu) = Au + 0(h4)

We then define

A A he+h5\ . 4
AU = Oyt + Oyyu + <u>

12 axx yyu

19

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)



3.2. Numerical Method

9

ij,our 4™ order scheme for the Poisson equation is

and using A

1
A?ju = fU + E (hJZC(fxx)U + h32’ (fJ’Y)ij) (362)

The scheme above assumes we have access to the second derivatives of the source terms f ™,
f~ in order to evaluate them at node (i,j). If the source is only known at grid points, then
its derivatives can be approximated using the standard second-order finite difference sten-
cil without losing the fourth order accuracy of the scheme since they are multiplied by the
step size, resulting in an error term of order 4. However, if the source term is discontinuous
(f* # f7), then for nodes near the interface we cannot use the standard stencil for the second
derivative because it would cross the interface. To alleviate this issue, we can use the second

order, off-centered stencils for the second derivative, which are 4 nodes wide :

it 2f = 5fies + 4fiea — f

xralcght — ﬁ ﬁ+1 = fl+2 fl+3 +0(h325) (363)
—fiiat Afy —5fi_i +2f

o - a3 Mie 2 B o2 (3.64

3.2.2.1 Higher Order Accuracy for Harmonic Functions

It is interesting to note that the scheme (3.62) is sixth order for harmonic functions in the

special case of a square grid (h, = h, =: h). In that case, the fourth order error term is

4

h
%(afgu + 0u + 5 (9f03u + 0205u) ) (3.65)

The derivatives appearing above can be rewritten as
(0gu + ogu + 5 (0303 + 204u) ) = A%u + 2 (9403u + 0Z05u)

= MU+ 205xyy (A1)

=0

where the first and third power of the Laplacian appear, making the term zero for harmonic

functions.
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3.2.2.2 Computation of the Solution Gradient

For several applications of the Poisson interface problem, as we shall later see, the quantity of
interest is not the solution u but rather its gradient, Vu. Once we have computed the solution,
the gradient is computed using once again a compact stencil, which we derive using the PDE

3.1. We start with the second order finite difference stencil for the first derivative,

A TUq T Uiy A TU g T U
axuij = th ayuij = Zhy (366)
Using Taylor series, we have that
. h2 \
Oxllij = OxU + —Uyyy + O(hY) (3.67)

6

We differentiate the PDE 3.1 with respect to x to rewrite the third derivative and then we

approximate :

Uyxx = Oxf — Uyyy (3.68)
= 0, f — 0,0,,u+ O0(h2) (3.69)
= 0y f — 00,,u+ O(h2) + 0(h2) (3.70)

A similar procedure can be carried out for the y-derivative, and thus the 9-point, fourth-order

approximation to the gradient, V?j, is

b+ (0,8, - 4.f)

u — u-—

Viu=| 2 T = o(nY) (3.71)
Oy + = (9y0xatt = Oy f)

Once again, the first derivatives of the source term can be computed using second order finite
differences if their exact expressions are not available.

Note that for nodes near the interface, this stencil will involve nodes in both Q* and Q~. How-
ever, this is not a problem since we can always use the correction function D, which we store
once it is computed, to correct the solution.

Atanode x;; € Q% ,let S be the set of nodes appearing in an arbitrary finite difference stencil

F,, and let ST and S~ denote the subsets of these nodes located in Ot and Q™ respectively.

21



3.2. Numerical Method

Then we can write, using c as the stencil coefficients, and making use of the definition of D

in (3.49),

F(ui) = ) e}

IES

= Z ciu + Z ci (uf +D;)

iest IES™

= Z Ciu; + Z CiDi (372)

€S €S~

and similarly, for a node in Q7,

Fp(uj;) = z ciu; — Z ¢;D; (3.73)

iES iest

The fact that the gradient stencil involves the computed correction function for nodes near the
interface means that fourth order accuracy is not guaranteed, since the computed correction
function is not necessarily smooth, as argued in [31]. In fact, the gradient will be accurate to

third order in the worst case.

3.2.3 Interface Description

As mentioned in section 3.1, the interface between the two subdomains Q* and Q™ is de-
scribed by alevel set function ¢, i.e. the interface is the zero level set of ¢. We use the gradient-
augmented level set method of [35] to discretize the level set. We thus have 3 grid functions,
¢, ¢, and ¢,, and we use the reduced bicubic interpolants described in section 3.2.4.2 to com-
pute the value of the level set or its derivatives at arbitrary locations in the computational

domain.

Note that if we are only given ¢ on a grid, we can still use the reduced bicubic interpolants as
long as we can compute ¢, and ¢,, on the grid to 0(h3) (see 3.2.4.2). Specifically, if ¢ is known
to O (h4), we can use fourth order finite differences for the first derivatives to approximate ¢,

and ¢,, and our level set representation will still be fourth order.

We often need to compute the unit normal and tangent vectors to the interface at a point x.
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These unit vectors are computed in the following way [36] :

R0
") = eIl (3.74)
t(x) = (-ny,ny) (3.75)

where x € R2. Note that since these vectors are defined using the level set function, they can

be computed at any point in the domain.

We also need to compute the projection on the interface of a point x in the domain, that is,
the closest point on the interface to point x,. For points near the interface, we assume the
level set can be approximated linearly, so a plot of ¢ in the normal direction would look like

figure 3.6.

$(d)

o(d) | ]

0 Il
0 d, =d(x)) d

Figure 3.6. Linear approximation to the level set in the normal direction d

The linear approximation permits us to write

¢(d (%)) = a d(xo)

where d(x,) is the distance from the interface to x; in the normal direction and « is the slope

of the linear approximation. Taking this slope as the value of the gradient at x,, we can then
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write
@ (xo)
IV (xo)ll

Hence if we move a distance d(x,) in the normal direction, we should be close to the interface

d(xo) =

if the level set is well approximated linearly. In the general case, we can repeat this procedure

as a fixed point algorithm. We define the projection operator

L VW)
PO W@l Vew
approximate distance  normal
PO 376)
IV ()l

and we have the following algorithm, given a small tolerance € :

Algorithm 3.1 Projection of a point x, on the interface

x©@ « x,
repeat x(*t1) = p (x(®))
until ¢ (x®) < e

Usually, only one iteration is sufficient to get a good projection if the starting point x, is not

too far from the interface.

3.2.4 Local Solver for the Correction Function

In this section we describe how we solve the problem (3.50-3.52) in order to get the value
of the correction function D at each grid point where corrections are needed. Let us first
emphasize that a local solver is used : the value of the correction function at each required
node is computed independently. As argued in [31], a local solver for the correction function
is appropriate because we only require the solution at a small distance from the interface
(on the order of the step size h). The correction function equation is solved at node (i, ) by

minimizing the following integral quantity :

Nij

J(w) :=cq jﬂij (Au — fD)2 dx + ¢, Z Jrij [c2 (u— a)2 + ¢35 (Ou — b)z] ds(x) (3.77)
r k=1 k
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The first term is an integral over the local domain Qij, which is defined in section 3.2.4.3 and is
shown in figure 3.7. The second and third terms are integrals over the interface, that is, a line
integral in 2D (or a surface integral in 3D); ds(x) is the line element (or the surface element
in 3D). The interface domains r;'j, k=1,.., N;; are defined in sections 3.2.4.3-3.2.4.4 below
and are also shown in figure 3.7. The coefficients c4, ¢, and c3 are scaling coefficients, derived
in section 3.2.4.6. They are designed to make each term of the integral have the same units,
so they scale in the same way when the grid is refined. The coefficient ¢, is a penalization

coefficient; it controls how much the solution will be influenced by the interface integral.

Figure 3.7. The integration domain for the correction function minimization problem

It is clear that the value of the above functional /() = 0 and that when evaluated at the
solution D to problem (3.50-3.52), it is zero. This method of solving the correction function
problem was introduced in [31] and was further improved in [33], where the decoupling be-
tween ij and F;'cj was introduced, leading to the functional (3.77). Note that in the case of a
discontinuous source term (f* # f~), as mentioned above (see the discussion below prob-
lem (3.50-3.52)), f* and f~ need to be extended on the other side of the interface so that the
function f; can be defined. If both f* and f~ are only defined on a grid on their respective
domains, this means an extrapolation scheme must be used to perform these extensions. This

case is not covered by the example problems examined in this work.
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To minimize the functional, we first substitute the correction function D by a polynomial ap-

proximation :

D) = D@ = ) Bn(@)Dn (3.78)

where the B,, are polynomial basis functions, the D,, are scalar coefficients and n is the num-
ber of basis functions. The polynomial basis used is described in section 3.2.4.2. The func-
tion D (&) is a transformed version of the correction function D under a geometric mapping
described in section 3.2.4.5. The integrals are then parameterized (see section 3.2.4.4) and
discretized using Gauss-Legendre quadrature [42] (see Appendix A), leading to J, the discrete

version of the functional.

3.2.4.1 Minimization

Once discretized, the functional ] becomes a quadratic function of the polynomial coefficients
Dy, i.e.

J=xTAx+d"x+g (3.79)
where A € R™", x,d € R", g € Rand x = (IA)l,ﬁz,..., ﬁn)T. We wish to minimize this
functional, that is, we want to solve the optimization problem

min x "Ax+d'x+g (3.80)
x€ERM

This is an unconstrained quadratic optimization problem. Its solution can be computed di-
rectly by applying the first-order necessary condition for optimality (see [6], section 2.2) lead-

ing to

0=V(x"Ax+d"x+g) =2Ax+d (3.81)
= x=-(2A) " 'd
~-A~'d
x=— (3.82)

The coefficients D,, describing the correction function at node (i, j) are thus recovered by
solving a n X n linear system, and the polynomial solution makes the discretized functional J

exactly zero (at least to machine precision). The complete expression of the matrix A and of
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the vector d are derived in Appendix A. A similar linear system must be solved for each node
where the correction function is needed. The method is thus intrinsically highly paralleliz-
able; the value of the correction function at each required node is computed independently

from every other node.

3.2.4.2 Bicubic Interpolation

The polynomial interpolation framework used is the bicubic interpolation described in [35].
In this section, to streamline the notation we write (x,y) = (x,x;) and x = (x,,x;) € R
Given a function f(x) : S = R defined over the rectangular domain S = [ag, by] X [a4,b1] C

R?, we approximate it using the following linear combination of monomials :

3 3
O = fe) =) ) ayyda] (3.83)

i=0 j=0
The name “bicubic” comes from the fact that each exponent goes up to order 3. However, this

monomial basis is not well-conditioned, so we use a different basis.

The bicubic interpolants, or bicubics, are designed to interpolate a function f given the fol-
lowing data: f, f, f,, and fy,, on each corner of the domain S. This amounts to 16 pieces of
information, or data points, enough to fix the 16 coefficients a;; in (3.83). We use the multi-
index v € {0, 1}? to designate the four corners of the domain, with the first index correspond-
ing to the x, dimension and the second corresponding to the x; dimension (see figure 3.8).
Similarly, we use the multi-index @ € {0, 1}? to designate the derivatives of f, with the first
index again corresponding to the x, variable and the second index corresponding to the x;

variable. The data point f; is then defined as

fa = 0%f (xy) (3.84)

where x,, is the coordinate of corner v and we write the interpolant as

Fo= Y fB® (385)

v,a € {0,1}2
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X
v=(1,1) v=(0,1)
b L
1
S
a -
v=(0,0) v=(1,0)
4 bo %o

Figure 3.8. The domain S over which the bicubic interpolants are defined.

where By, are the bicubic polynomial basis functions given by the following definitions

By (x) = Ax* W, (x), (3.86)
Ax = (Axq, Ax1) = (by — ag, by — a;) € R?, (3.87)
1
Wy (x) = 1_[ wat (X;), (3.88)
i=0
- X4
= (3.89)

The univariate polynomials wg' are defined by

wo (x) = f(x) wo (x) = f(1—x) (3.90)
wp (x) = g(x) wi(x) =-g(1—x) (3.91)

and the cubic polynomials f and g are

f(x) =1—-3x%+2x3 (3.92)
gx) = x(1 — x)? (3.93)
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It is shown in [35] that if the bicubic interpolants are constructed from data f; known to
0(h4_|“|), then
2% (f(x) — f(x)) = 0(h*~e1) (3.94)

The polynomials B} are generalized Lagrange polynomials in the sense that for multi-indices
v, 6 € {0,1}?,
1 y=ad=v

dYBy (xs) = (3.95)
0 otherwise

3.2.4.2.1 Reduced Cell-Based Bicubic Interpolation

The result (3.94) above relating the accuracy of the bicubic interpolant to the accuracy of the
data defining it permits us to reduce the number of parameters needed to determine the bicu-
bics interpolants, without reducing the accuracy of the result, as explained in [35]. Indeed,
we can describe the interpolant using only the data f, f, and f, at the four corners, without
necessitating the mixed derivative f,, . In fact, the mixed derivative can be computed to O(hz)
from the first derivatives using finite differences and bilinear extrapolation, as we next show.
We first compute the mixed derivative at the midpoint of each face of the rectangular cell
(points A-D in figure 3.9). We use the standard finite difference formula for the first deriva-

tive :

=55 o) 5 =

fi—f
Ay

=5
Ax

fi = f
Ay

+0(Ax?) (3.96)

ft, = +0(ay?) = +0(ay?) (3.97)

We then compute the mixed derivative at points numbered i-iv in figure 3.9, located at the

midpoints of segments AB, BC, CD and DA, by taking means :

fxy fxBy :
fay = =——+0(h?) y =

N =B omn e

fey + fey + 0(h?) (3.98)

Finally, we use bilinear extrapolation to compute the mixed derivative at the corners of the
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X
4 C 3
b1 L J
d iii ii
1 = L] o —
D S B
C1 = ) ° [ -
iv i
a, L ]
! 1 A 2
a C d b X

Figure 3.9. Nodes needed for deriving the reduced bicubic interpolants

cell. The formula is the same as bilinear interpolation, but the interpolant is evaluated outside

the rectangular box of size (Ax/2 X Ay/2) defined by points i-iv :

1 . .
fey (X, y) = (dy —co) (d; = C1)[ fry (do —x) (dy —¥) + fey (x — o) (d1 — ¥) (3.100)

A (do =) (v — ) + fily (= o) =€) |

For example, at point 2, we have (x,y) = (by, a;) so using

-Ax 3Ay
do—x =7~ dh-y="
3Ax -Ay
X = Y=g
and simplifying, we get
1 1 3 i _ 3w
fxy = foy + foy - Z xy — Z xy (3.101)

Using the formula (3.100) and equations (3.96-3.99), we can then write the mixed derivative

at the corners as linear combinations of the other data:

3 3 1 1
x039 = m(fylo - f390) + m(fxm - fxoo) - m(fyll - f}ﬁ)l) - m(fxll - fxlo) (3.102)
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vy = m(fy“—fyol)"fm(fx“—fxlo)—m(fylo— V) - Iay
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(f — £99) (3.103)
(f — £°) (3.104)
(f — £29) (3.105)

This means that we can now construct the bicubic interpolants using only the function val-

ues and first derivatives at the four corners of the cell. We can also define reduced bicubic

interpolants, by combining the polynomials B; and the mixed derivative data (3.102-3.105).

Using the new indices m in table 3.1, we define the reduced bicubic polynomials B,,

B;=B;, i=1,..4

Bs=Bs+ ﬁ( 3By3 + Big — 3Bi5 + Big )
Bg =B + ﬁ(}?13 — 3By, + Bys — 3Bi6)
B; =B; + $(3B13 B4+ 3B;5 — 316)
Bg=Bg+ ﬁ( Bis + 3Bys — Bis + 3B16)
By =By + ﬁ( 3Bys — 3By4 + Bis + Big )
Big=Bjo + 5(3313 + 3B14 — Bys — Bl6)
By =B + ﬁ(B 13 + B14 = 3By5 — 3316)
By =By, + ﬁ( —Bi3 = B14 + 3Bys + 3316)

The reduced interpolant is then written

12
F0) = fnBm®)
m=1

and the accuracy result (3.94) still holds.
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Table 3.1. Single indices for the bicubics interpolants

a v m a v m

00 1 00 9
00 10 2 01 10 10
01 3 01 11
11 4 11 12
00 5 00 13
10 10 6 11 10 14
01 7 01 15
11 8 11 16

3.2.4.3 Domain Definition

For each node x;; where corrections are needed, we define a domain Qi;j using the node-
centered approach discussed in [31]. This domain is a square box of side s := v/2h where
h := /h,zc + h}. Its center x, is given by the projection of node x;; on the interface. We use
the level set function to perform this projection, using the fixed point algorithm described in

section 3.2.3. The corners of the square are situated at

X1 = Xxo + ht Xy, = Xo + hn (3.116)

X3 = xo — ht X4 = X9 — hn (3.117)

where n and t are the normal and tangent unit vectors to the interface at x,.

Also, for each computational cell crossed by the interface, we define a transformation box M.
This box is used to define the interface segments F,icj in the second and third terms of (3.77),
as explained in section 3.2.4.4. We first project the cell center x; onto the interface, at point

x. The transformation box M is a square of side h, centered at x§. Its corners are situated at

0 h 0 h
Xoo = xk + E(_n - t) X109 = Xk + E(n - t) (3118)

o, I o, h
Xo1 = X + E(—n +t) X11 =X + E(n +t) (3.119)

where n and t are the normal and tangent unit vectors to the interface at x7. The interface
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segments included in the integral (3.77) are all those for which the center x} of their trans-
formation box is at a distance of h or less from x., the center of the domain ij (see figure

3.10).

Figure 3.10. The node (i, j) where corrections are needed is marked in red, and its projection on the
interface x. is marked with a blue cross. The cell centers of cells crossed by the interface are marked
with black circles, and their projections on the interface are marked with black crosses. Those inside
aradius of h around x, located inside the blue circle, are used to define the transformation boxes M,
and M. In the case depicted above, N;; = 2 in equation (3.77).

3.2.4.4 Parameterization

The interface integrals in (3.77) must be parameterized before we can discretize them. To
do so, we use a transformation T : R? - R?, designed to map the interface segment Ff(j
associated with a cell crossed by the interface to a straight line. The transformation T maps
the real domain coordinates (x,y) (“the x-space”) to the parameter space (64, 8,) (the “6-
space”). This transformation is illustrated in figure 3.11 and is defined using the level set

function as

$C) 1

o= T(x) := hVgo 2 (3.120)
6, t- (x —xo) 4 1
h 2
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where X is the center of the transformation box M and t is the tangent at x,, computed from
the level set information (see section 3.2.3). The use of the level set insures that the 6 coor-
dinates are aligned with the interface. The transformation T is designed to map the interface

segment '} to the line segment

6, =0:=0.5  06,€][0,1 3.121
1 2
12
0
01
031 XOO bl n / 611
029 | | (M) |
o8| /
0.28
027} | . “‘
x o || o)
7 0.26 | 01 | 2 ‘ \
%10 o4r | ‘
025 | r u ; \
T(T
[ h
0.23 ol \
02z | X1 | %0 6,=0 %0
‘ ‘ ‘ ‘ 0.2
0.28 0.3 032 0.34 0.36 0 0z 04 06 08 1 12
X 91
(@) (b)

Figure 3.11. The transformation T maps the box M in x-space (a) to the parameter space 6 (b). The
interface segment '} is transformed to a straight line.

We parameterize the interface integral using the inverse transformation, T~1, which maps
from the parameter space 6 to the real space x. To integrate a general function f on the inter-

y
face segment Fk], we use

oT-1
20,

do, (3.122)
(9'92)

1
[, fedsw = £ @©6) H
ry 0

Notice T~! involves the inverse of the level set function ¢ (see (3.120)), for which an exact
expression is usually unavailable. To overcome this limitation, we use the reduced bicubic

interpolants described in section 3.2.4.2 to approximate the inverse transformation. We write

T 1as

x =T"10) ~ T-1(9) := H1(6:,82) (3.123)
HZ (61' 92)

34



Chapter 3. Methodology

where T~! is the approximate inverse transformation and H; and H, are reduced bicubic
interpolants. We determine the coefficients of these bicubics by solving two linear systems.
We have 24 coefficients to determine ; 12 for H; and 12 for H,. Since locally, at the level of
the transformation box M, the interface is close to a straight line (or a flat surface in 3D), we
can write

ToTt=1+0(h*) (3.124)

This comes from the fact that the interface is locally quasi-straight and thus is well approx-
imated by a polynomial. The fourth-order bicubics used for the level set representation as
well as to approximate the inverse transformation guarantee the fourth-order accuracy, as

argued in [33]. Equation (3.124) allows us to write
DTDT ' =1 (3.125)

where the total derivative D corresponds to the Jacobian matrix. To determine the coeffi-
cients of the bicubics H; and H,, we simply evaluate the interpolants and their derivatives
at convenient locations: the corners Xy, Y € {0, 1}2 of the transformation box M (see (3.118-
3.119) and figure 3.11). Using the forward transformation T, we compute the transformed
coordinates

0, :=T(xy) (3.126)

and then we use the approximate inverse transformation to write
T-1(6,) = x, (3.127)
Also, making explicit the Jacobians in (3.125), we get

oT 1
00

T 1
06

oT
ox

oT
ox

%]ﬁ
BY

(3.128)

Xy Oy Xy
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In a compact way, both 12 X 12 linear systems are thus given by

T-1(,) =x,
-1
aT—l B oT (3129)
00 6, 0x %

with y € {0, 1}2. The first line is a vector expression and encompasses 2 equations, and the
second is a matrix expression and encompasses 4 equations. When we evaluate these 6 equa-
tions on each of the four corners 6, we arrive at a total of 24 equations, as needed to com-
plete both linear systems. To explicitly write these systems, we define the inverse Jacobian

elements
Jdx Ox

ox | a6, a6, | [oT\’
00 | ay ay | \ox
26, 06,

(3.130)

and we can then use the expression of the bicubics (3.115) to write the linear systems :

— ('_
(B.(6,)h} = x, Bi(6,)h? =y,
06, Bi(6h} = — 90, B (07 = o
7O 9, . IRV 96, . y € {0,1}? (3.131)
_ . Ox - , Oy
09,B:(6))h; = FTR 09,B(6))h; = FTR
\ 21y, \ 2 lxy

where we used the Einstein summation convention (repeated indices are summed, here from
i =1,..,12). In equation (3.131) above, x, and y, are the first and second coordinates in x-
space, and hl-1 and hl-z, i = 1,...,12 are the coefficients of the bicubics H; and H, respectively.
Notice both linear systems have the same matrix but different right-hand side vectors, a fact
that can be leveraged to efficiently solve both systems as the same time (see, for example,
[18]). The two linear systems (3.131) must be solved for each transformation box M. Once
again, this is done in a completely independent fashion for each box and thus provides another

opportunity for parallelization of the implementation.

Making use of the bicubic interpolants for the approximate inverse transformation, we can
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rewrite the interface integral (3.122) as

1 _ aT—l
ds(x) = 7-1(0,0 do
J , T2 [ ra©on| % &
1 0H, OH
= T-1(0,6 —1 —2> do
J(; f( ( 2)) H< 692 692 (9’92)2
1 oH,\* [0H,\’
=f0f(T-1(@,92)) <a_92> +<a_92> de, (3.132)
©.62)

3.2.4.5 Mapping to the Reference Domain

We use an affine transformation, T, to map the integration domain Qr from the unit square
K := [0,1]?, denoted as the &-space with coordinates (£,7), to the real space x. The goal
of this second transformation is to use bicubic interpolants defined on K — instead of being
defined on the real space x — for the approximation of the correction function D, for reasons
which are explained in section 5.2. Since the domain ij is a square, the transformation T
is simply a composition of a rotation, a scaling and a translation, and its inverse is readily
available :
cos@ -sing

x = T(E) =S (§ =& +xc (3.133)
sing cos¢@

A 1[ cose sing
§=T""(x) = S ] (x —xc) + & (3.134)
—sing cos¢@

where s and x, are the side length and center of O, ¢ = arctan (3’1:—3’2) is the angle of rotation
X1—X2

of Qr with respectto the x-axisand &, = (%, %) This transformation is shown in figure 3.12. In
the next sections, we use the transformation 7' to transform the minimization integral (3.77)

to the reference domain K.

37



3.2. Numerical Method

0.3
1l
0.29
0.28 ] n
L 08} T(Fllj)
0.27 rii \ ]
\ 1 \
0261 \ 1 067 £
. \ X .e \
c T T n WS B
025 | \ . 2 1 rer
04 r 2)
0.24 \ A |
: i :
023+ ] 02+
ijo_ A ..
0221 \r =T _~ 1 K =17 @)
0.21 \ or
03 0.32 0.34 0.36 0.38 0 02 04 06 08 1
X ¢
(a) (b)

Figure 3.12. The transformation T maps the unit square K in the integration space £ (b) to the inte-
gration domain Q in x-space (a). The transformed normals 7 (see equation(3.156)) appear in (b).

3.2.4.5.1 Domain Integral

The integral on the domain of a general function f is transformed according to

A

X oT
feodx= | £(7©) |—f‘ s (3.135)
Qr K
= f f(g)‘ﬁ‘ dé (3.136)
K 9
where we introduce the notation
F©&) =f(T©®) (3.137)

to denote the composition of a function f with the coordinate transformation 7. Referring to
(3.77), we need to transform the Laplacian of the correction function D to the reference do-
main. We thus have to relate the second derivatives with respect to x and y to the derivatives

of D, the transformed correction function. We start with the first derivatives :

axf = axf (T_l (xr y)) = affaxf + anfaxn (3'138)
ayf = 0yf (T~ (x,¥)) = 0¢f8,& + 0, foym (3.139)
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Note that the gradient of f is then written

0, 0\ [ 0:f
Vof = * * ¢ A
0, 0yn ) \0,f
= DT TV f (3.140)
1 [ cos —sin A
== v v of (3.141)
S\sing cosg
For the second derivative with respect to x, we have :
02f = 0,(0¢ 0. + 0, f 0,
= 0y (aff) 0, + affaagf + 0y (anf) 0xn + anf@%??
= |02f0.& + 0,0;f x| 0. + 0 fo2¢
+ 0,0, f0: + 03 f0,m|0xn + 3, f 01
N 2 A A 2
= agf(axf) + 2001 0,§0,m + agf(axn) (3.142)

Notice that the second derivatives of the transformation, d2¢ and 827, are zero since T is

affine, so the two terms involving them do not appear on the last line. A similar derivation for

fyy yields
A 2 A 2 2
05f = 03f(0,8)" + 20;0,f 0y &0,n + 97 f (3ym) (3.143)

We can now write the transformed Laplacian using (3.142-3.143) and the definition of the

inverse transformation, (3.134):

AyD = 02D + 33D

_ Cozj ¢a§ﬁ _2sindcosg ‘S’)ZCOS ¢afa,,D + Sir;#agﬁ +
sir;igbagb N 2 sin Z)ZCOS(paganﬁ N cozz ¢0,§f)
= slz (02D + 03D)
= lAfﬁ (3.144)
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The transformed correction function D is defined on the reference domain K and can thus be

approximated using bicubic interpolants also defined over K :

DE) ~ ) Bm®)Dn (3.145)
m=1
The first term of the functional (3.77) can then be written as

ILi=c j (B fy)?dx

AD(§) - h@@ﬁ

2

D 928 + 0B B — o (T ©) | 52

- (&
] ( 02D(&) +92D@©)| - fi (7 (E)))z s*d
<3

2

1 A A
=, jK 5 D (D~ fo (T ©) | 52ds (3.146)

m

A

where we explicitly computed the Jacobian determinant

T
_x| = s2 and introduced the short-

cut notation

Lin(§) = 0Bm(8) + 07 Bm () (3.147)

3.2.4.5.2 Interface Integrals

To transform the interface integrals, we use the following formula to transform the integral

of an arbitrary function f on the curve C :
f Fedse = | £ (7 ©) HMDT k|| d3(©) (3.148)
T=2(0)

where n¥ and d3§(¢) are respectively the unit normal and the line element in the &-space.

Since we integrate on C = Ff(j , we parameterize this integral using the transformation de-
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scribed above in section 3.2.4.4, making note of the relation x = T'(¢§) = T-1(0) :

0
IDT"T “l EHde

[r©) HMDT THK | dS(E) = f £ (7
- (r”)

The factor ||[DT~TnX|| is easily computed :

. 1{cosp -sin nk
DTk = || 07 TR

S K

sing  cosq [ \ny,

nfcos¢ -njsing

vk

K o K
ng sing ny cos¢

0|k

(né()z cos? ¢ + (ng)z sin ¢ — ann,’,{ cos ¢ sin ¢
1/2
K2 cin2 K\ 2 K. K . /
+(n§-) sin ¢+(n,7) cos ¢+2n5nn cos ¢ sin ¢

1 , , 1/2
_ El(ng) + (n¥) ] (3.149)

1/s (3.150)

¢
692
two components of the inverse transformation 7-1 we have that

The Jacobian of the parameterization is computed below. Let T;* and ;! denote the

tH—1 tH—1
§\ _ (T Cem | _ [T (H1(6), H2(6)) (3.151)

n 51 (x,y) 751 (H,(6), H2(6))
and so

Ty 0H, 9T '0H,

o (&) | ox a6, = ady 06,
96, \ 5 oT;*oH, aT,'dH,

dx 06, dy 06,
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0H, N 0H,
1 COS¢692 smq.')ag2
S . 0H4 N gaH
sin ¢ 30, cos 20,
Finally,
2 2
_1 2 ot + sin® ¢ oty +2cosq§smq§al_llaH2
aez — 5% %\ g, 692 96, 96,
s oH, 2+ oH,\’ , OH, dH,]"
sin® ¢ 602 cos? ¢ 602 cosq,’>smq§a‘92 70,
1/2
_1(oH, 2+ ot \?1"
s |\ ae, 96,
0x
= —||=— 3.152
a9, ( )
The interface integral thus becomes
— 1 T, K f
oy F s = f(T (9)) EP ||DT Il || 55; || 462
T E]
f (T 1(9))” Hd@z (3.153)

The third term in the functional (3.77) involves the normal derivative of the correction func-

tion, d,D. Once again, we transform it to the reference domain so we can use the bicubics

defined over K:

0,D=V,D(x)-n
= DT~V D(§) - DT Tn

1[cosg -—sing agﬁ cos@p —sing \ [ fig

S\sing cosg d,D sing coso [\,

0| kR

:l Dszcos¢—f)nsinqb . fig cOS p — iy sinp
s? Dgsing + D, cos ¢ fig sin ¢ + i, cos ¢
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17,4 . i o
=3 [(Dgcosqb - D, smqb) (ngcosqb — N, sm¢>)+
(ﬁg sing + ﬁn cos qb) (ﬁg sin ¢ + 7, cos d))]
14 . A A
- 32 [Dfﬁf cos® ¢ — D¢y, cos ¢ sin ¢ — Dy fig sin ¢ cos ¢ + Dy fiy, sin” ¢

+ Dgﬁg sin® ¢ + Dgﬁn sin ¢ cos ¢ + ﬁnﬁg cos ¢ sin¢ + ﬁnﬁn cos? ¢)]

Sizvﬁ(g) ‘A (3.154)

In (3.154), 1 is the transformed normal, that is, the unit normal n in x-space transformed

under T Specifically, the normals transform according to

n=DT"Th (3.155)
i =DTTn (3.156)

Note that n is unitary but 71 is not. Equation (3.155) was used on the second line of the deriva-

tion of (3.154).

The interface integrals in (3.77) can now be rewritten using the transformed correction func-

tion, D, noting that § = T~1(x) = T~ (T~1 (8)):
1k = f [cz(D (x)—a (x))2 +c3(0,D(x)—b (x))z] ds(x)
4

ir 2
- ] (D © - a (T @) + e ZT0© 1= (T @) ]
0

0x 46
a6, || *

e D(T71 (T2 (©))) — a (T~ 1(9)))

0x 6
206, || " *

8

(
R
(izvf) (T @) A-b (T (9>))2
g

“1(T-1(0,6,))) —a (T (e, 92))>2

|

(7
(SZ 1 (T1.0,0,0) g + by (171 (T2 (0,6,))), |

~ 1 |(om\* | (oH,)?
stonn)] () (2] w

(0,62)
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) follCZ(Zﬁm(f”“ (00000 ~a(©02) |

m

‘e, < 512 2 [afgm(f,_l (T2 (8,6)) )ftg + 6y B (T (T2 (6,6,)) ity | Do

~ ARICEANNEEAS
st )| (L) 4 (22)] w

(0,62)

1 2
= c BT~ (T71(0,6,)))D,,, —a(T~1(0,6,) ) (3.157)
| [(Z (7 (7 (0.6))bm — a (T (0.6,))

(0,62)

where we introduced the shortcut notation

T (§) 1= 0B (§) fig + 0y By () Ty (3.158)

Note that in equation (3.157), the transformation 7~ and thus the polynomials H; and H,
from which it is constructed carry an implicit dependence on the subscript k, which indexes
the transformation box M. Indeed, the transformation is defined for every cell that is crossed
by the interface, whereas the integral (3.77) is computed at each node where the correction
function is needed (see figures 3.7 and 3.10). This index is left out to lighten the notation.

The discretization of the integrals (3.146) and (3.157) using Gauss-Legendre quadrature and
the minimization procedure described in section 3.2.4.1 leads to the linear system 2Ax+d = 0

in equation (3.81). The matrix A and the right-hand side vector b are derived in Appendix A.

3.2.4.6 Scaling Coefficients

Here we derive the scaling coefficients ¢4, ¢, and c; appearing in the minimization functional

(3.77). Let [-] denote the physical units of some quantity, and let

D] =U (3.159)

44



Chapter 3. Methodology

[x] =L (3.160)

Then we have

9°D  9°D] U ' , u\® , U?
[D]=U = -f(D —a)? ds(x)ﬂ = UL (3.162)
fep_ D T U T , (U U?
[[anD]] = I[anx + Enyﬂ = z = _f(anD - b) dS(X)ﬂ = (I) L= T (3163)

We desire that each term do not involve the dimension L, so that when the grid is refined all

terms scale in the same way. We thus want

[ci] = L? (3.164)
[co] = 1/L (3.165)
[es] =L (3.166)

We use the integration domain side length s and the local interface length s¥, defined below,

to define the scaling coefficients :

¢, = 52 (3.167)
c, = 1/sk (3.168)
c3 = s?/s§ (3.169)
where
. H) ox
Sp = f ds(x) =f —|| db, (3.170)
ry 0 110921l 6,

3.2.4.7 New Correction Function Solver

Initially, we investigated a new way to solve the correction function problem (3.50-3.52),
based on the representation formula for the Poisson problem (3.36). The idea was that since

the fundamental solution ®(x, y) is a decaying function, we could use a version of (3.36) with
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spatially truncated integrals and keep the idea of a local solver. Specifically, since the data
for the correction function problem corresponds to the quantities Au, u and d,,u appearing in

(3.36), the correction function D at node x;; inside 1~ would have been given by

D(xi_j) = —f D(x —x;;)f (x)dx — .[ On®(x — x;5)a(x) ds(x)

ij ij
Qf rnay

+fd>(x—xij)b(x)ds(x)

ij
rnop

(3.171)

A similar formula would have been used for nodes in Q7.

To evaluate how well D(x;;) is approximated by the above formula, we evaluated the be-

haviour of the approximation

u&@=—f¢@—mmwww—f@¢@—wwwmw>
QN Be(x) 00N Be(x)

+ [ 00 - 00,u0) ds)
90 NBe(x)

(3.172)

where B.(x) is the ball of radius € centered at x, for a solution u of the Poisson problem (3.33-

3.34). These results are shown in section 4.1.

3.2.5 Fast Poisson Solver

In this section we explain how we can efficiently solve the linear system associated with the
finite difference approximation of (3.1) by exploiting the structure of the finite difference
matrix. We begin by presenting the idea of the Fast Poisson solver in one dimension, before
moving to the 2D case.

The main idea of the Fast Poisson solver is the following : suppose we want to solve

Ax=b (3.173)

and that we know the spectral decomposition of the matrix A, i.e.

A=QAQ? (3.174)
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where Q and A are respectively the matrix of eigenvectors and the matrix of eigenvalues of A.

Let

y := AQ 1x (3.175)
z:=Q 1x (3.176)

Then we can solve the system in 3 steps :

Algorithm 3.2 Main idea of the Fast Poisson solver

1. Solve Qy = b for y
2. Solve Az = y for z
3.Solve Q" 'x = zforx

Note that in step 2, the matrix A is diagonal so solving for z is done in O (n) steps, namely

Zr = Yk /Ak! k= 1, e, n (3177)

3.2.5.1 FastPoisson Solver in 1D

In 1D, the discretization of problem (3.38-3.42) using the standard stencils (3.43-3.44) over

n discretization nodes leads to the linear system

Ayx=0Db (3.178)
where A, is a tridiagonal matrix :
2 -1
-1 2 -1
1
Ay i=— (3.179)
X
-1 2 -1
-1 2
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The eigenvectors and eigenvalues A% of A, can be derived using recurrence relations, leading

to zeros of Chebyshev polynomials (see [18], section 4.8). We get

. 1 km
Ag 1= 7z 2 —2cos —— (3.180)
X
) ikm
Q;x = sin —— (3.181)

where Q;j refers to the entry (i, k) of the matrix Q, i.e. Q; is the i-th entry of the k-th eigen-
vector. Similar formulas are easily derived for other types of boundary conditions, such as

Neumann, mixed or periodic boundary conditions (see [18]).

In step 1 of algorithm 3.2, we want to solve Qy = b, that is we want to find a vector y such

that

n
b= Z _ (3.182)
k=1

where g is the k-th eigenvector of A, and yj, is the k-th component of y. Since the eigenvec-
tors of A, are sines, (3.182) amounts to computing the discrete sine transform of the vector b.
This transform is closely related to the discrete Fourier transform, and thus can be computed

in O(nlogn) steps using the Fast Fourier transform (FFT) [8].

Similarly, in step 3, we solve Q™ 1x = z, which is equivalent to

n
x=Qz = x= z Qi Zx (3.183)
k=1

which amounts to computing the inverse discrete sine transform of z. The total work for

algorithm 3.2 in 1D is thus

0(n) + 20(nlogn) = O(nlogn)

Note that the linear system (3.178) can be solved more efficiently using the Thomas algorithm,
which computes the solution b in O(n) steps. The real advantage of the Fast Poisson solver

thus comes into play in higher dimensions.
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3.2.5.2 Fast Poisson Solver for the 5-Point Stencil

Itis well known (see, for example, [23]) that discretizing the Poisson equation in 2 dimensions
using the standard, second order 5-point stencil (3.53) and a lexicographic ordering of the

nodes leads to a system matrix of the form

(A, +21 -1
-1 Ag+20 -I
A, = (3.184)
-1 Ay+20 -l
I Ay +2I]

where Aiy € RVXN N = nyn, being the total number of nodes. Let us assume for simplicity
thatn, = n, =: n. Aiy is a block tridiagonal matrix with tridiagonal blocs, and has band-
width w = n. Methods for solving this linear system include banded Gaussian elimination
and banded Cholesky decomposition, which both solve the system in O(NWZ) = 0(n4) steps.
To design a 2D Fast Poisson solver, we first need to know the eigenvectors and eigenvalues of
Aiy. These are easily found by recognizing that Aiy can be written as a Kronecker product, a

matrix operation that is described next.

3.2.5.2.1 The Kronecker Product and Some Properties

Definition 3.2.1. Kronecker product. Let A € R™™ and B € RP*4. Then A ® B € R™P*™ js

the Kronecker product of A and B, defined as

a;1B a;B ... a;,B
AQB:=| : : : (3.185)

amiB an2B ... au,B

Proposition 3.2.2. Mixed product rule. Let A € R™", B € RP*4, C € R™", and D € R7*5,
Then
(A®B)(C®D)=ACQ®BD (3.186)
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Proof. Using block matrix multiplication, we can write the product as

a;1B ... ayuBllciiD ... c¢1D Eq1 . Eqr
(A®B)(C®D)=| : =~ SRR A

amiB . amuBllcniD ... c¢pD Emi - Emr

mxn blocks of size pxq nXr blocks of size gxs mxXr blocks of size pxs
where each block E;; is defined as

n

Eij = z aichkiD

k=1
n

= Z aikaiBD

k=1

which we can write as AC @ BD according to definition 3.2.1.

]

Definition 3.2.3. Kronecker sum. Let A € R™", B € R™ ™, and let I,- denote the identity

matrix of size r X r. The Kronecker sum of A and B, denoted A @ B, is defined as

A®B:=AQI,+1,®B

(3.187)

Proposition 3.2.4. Let A € R™™", B € R™™, and let (A;,u;) and (u;, v;) respectively denote

the eigenpairs of A and B, i.e.

Aui = Aiui, i = 1, w, n

By, =wv;, j=1..,m
and let I, denote the identity matrix of size r X r. Then

(A®B) (w ®vj) = s (u; Q vy)
(A®B) (u ®v)) = (4 + 1) (w @ v))

(a)
(b)

The result (a) means that the eigenvalues of the Kronecker product of A and B are the product
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of the eigenvalues of A and those of B, and the eigenvectors of the product are the Kronecker
product of their eigenvectors. The result (b) means that the eigenvalues of the Kronecker sum
of A and B are the sum of the eigenvalues of A and those of B, and the eigenvectors of the sum

are the Kronecker product of their eigenvectors.

Proof. (a) Using the mixed product rule 3.2.2, we can write
(A ® B) (ui ® 17]) = Aul- ® BU] = Aiui ® ‘Ll]U] = Al“} (ui ® U])

(b) Again using the mixed product rule and the definition 3.2.3, we can write

(A ® Im) (ui ® 17]) = Aui ® ImU] = /11[1] ® 17]' = Ai (U.] ® U]) (l)
(I‘n ® B) (ui ® 'U]) = Inul- ® B‘U] = Uu; ® HJUJ = [,l] (u] ® U]) (11)
The result (b) is recovered by summing (i) and (ii). ]

The eigenvalues and eigenvectors of Aiy can now be found by recognizing that
Aoy =A, DA =Ay QI +1n, ®A, (3.188)

where A, is defined similarly to (3.179). Then (b) implies the eigenvalues and eigenvectors

of A3, are given by

X3P =1+ A7 (3.189)
e . . ikm _ jlm
Q71 = sin 1 sin n, 1 (3.190)

where Qisj,kl refers to the entry (i, ) of the eigenvector (k, 1) and A} is defined similarly as
(3.180). This product of sines implies that (3.182) and (3.183) correspond to the 2D discrete
sine transform, which can be computed very efficiently using the 2D FFT. This means that the
linear system can be solved in O(N log N) steps, which for n, = n, = nis 0(n?logn?), a
considerably cheaper cost than the traditional methods. Note that in this approach the finite

difference matrix Aiy is not used; it does not have to be neither stored nor computed.
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3.2.5.3 Fast Poisson Solver for the 9-Point Stencil

We are now in a position to describe the Fast Poisson solver for the 9-point stencil. Starting
from results in [29], it can be shown that the system matrix associated with the 9-point stencil

(3.61), Axy, can be written

h2+§

A5y =A%, + (A, ® A,)

h2 +h
=A, DA, + x12 y(Ay ®A,) (3.191)

Immediately, (a) implies the eigenvalues of the cross term A, ® A, are ;" % := 2%}, and
its eigenvectors are given by (3.190) ; they are the same as those of Axy. This means that if v

is an eigenvector, we can write

2

h; + hZ
AYv = lAyEBAx+ 0 y(Ay(X)Ax)lv

2

h2 + h?
= (Ay ® Ay + = (A, ® Ay

— /lxy.5 h2 + h32/ Axy cross
12
l/lxy 5 hz + hjzl Axy crosslv

and the eigenvalues of A}, are thus given by

hZ + h?
X7 =24+ 4 + "12 Yxx) (3.192)

Having determined the eigenvalues and eigenvectors ofoy, we can use algorithm 3.2 and the
2D Fast Fourier transform to efficiently solve the linear system associated with the 9-point

stencil.

3.3 Code Implementation

The method described in section 3.2 was first implemented in code using the MATLAB pro-
gramming language. A second version of the code was made using the C++ programming

language. They are described in the next sections. Both versions are very similar but have

52



Chapter 3. Methodology

a few differences. Both codes were written using an object-oriented design. In software en-
gineering, the object-oriented programming paradigm uses what are called classes to model
application-level abstractions that are used as user-defined types. The actual instances of a
class, used in the code, are called objects. The two versions of the code use a very modular

design that can be easily extended.

3.3.1 MATLAB Code

The MATLAB version of the code was developed first and is called CFM2D. A diagram rep-
resenting the principal classes of the code is shown in figure 3.13. This diagram uses the
Unified Modeling Language (UML) [21] to indicate the relationships between the different
classes. UML is an ISO standard used to graphically represent the design of a system. Four
different relationship types are used in the figure, and are explained in table 3.2. The role of

the different classes is explained below.

Table 3.2. Four UML relationships

Symbol Name Meaning
A<——B Inheritance B is a specialization of class A
A O——B  Aggregation A contains an object of class B

A ——B Composition A contains an object of class B and manages its lifetime

A<——-B Dependency A uses an object of class B

3.3.1.1 Main Solver : CFM2D and CFM2DOrder4Compact

The class CFM2D is the main class of the code. It is the primary user interface of the code, with
member functions to solve the Poisson interface problem and compute the gradient of the
solution once the latter is found. However, CFM2D is an abstract class. Its member functions
are declared but are not implemented in the class. They are implemented in the derived class
CFM2DOrder4Compact, which is a specialization of the solver in the case of the compact 4th
order scheme presented in section 3.2.2. This modularity enables the code to be extended
with minimal modification if a version using a different finite difference stencil needs to be
written. The class CFM2DOrder4Compact is also responsible for setting up the finite differ-
ence stencil, computing the right-hand side of the linear system (without corrections) and

applying the Dirichlet boundary conditions.
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{>| ConvergenceCFM2D }<>— Parameters ’

X ]

CFM2DVisualizer

LinearSolver ’

T

LinearSolverBackslash

I
I
I
J

O e
|

I

I

I

1

‘ MeshCFM2D

! T

‘ LevelSet CFM2DOrder4Compact

LinearSolverFFT

CorrectionFunctionSolver

T

T Gauss1DUnit

LevelSetExact CorrectionFunctionSolverExact

\Y%

LevelSetHermiteBicubics }‘—{ Bicubics }—‘{CorrectionFunctionSolverTransformaU’on

f

LevelSetHermiteBicubicsFD

Figure 3.13. Class diagram for the MATLAB version of the code. The class CFM2D, in the center of the
diagram, is the main class of the code.

3.3.1.2 Domain Discretizaton : Domain2D, Mesh2D and LevelSet

The code uses a rectangular domain aligned with the computational grid. The continuum
domain is described by the simple class Domain2D. It is passed to the class Mesh2D, which
is responsible for the domain discretization. The derived class MeshCFM2D, which is actually
used in the code, is, moreover, responsible for the discretization of the two subdomains Q7
and Q™. Also, it is used to determine which cells are crossed by the interface and which nodes
are close enough to the interface to require a correction. This is done with the help of the ab-
stract class LevelSet. This class models the level set function ¢ used to define Q™ and Q™ and
is used to compute the level set and related computations : the normal and tangent vectors
to the interface and the projection operation described in algorithm 3.1. Three actual imple-
mentations of LevelSet are provided : LevelSetExact, LevelSetHermiteBicubics and
LevelSetHermiteBicubicsFD. The class LevelSetExact uses the exact expression of the

level set to compute its value at arbitrary location on the grid. LevelSetHermiteBicubics

54



Chapter 3. Methodology

receives the exact expression of the level set and its first derivatives, but only values at grid
nodes are used. The level set values at arbitrary grid locations are computed using reduced
bicubic interpolation, as described in sections 3.2.3 and 3.2.4.2. The bicubic interpolants are
implemented in the class Bicubics. Finally, LevelSetHermiteBicubicsFD receives only
the exact expression of the level set, and computes the gradient at grid nodes using 4 or-
der finite difference stencils. This approach guarantees 4™ order convergence, as discussed

above.

3.3.1.3 Correction Function Solver

The correction function problem is solved by the abstract class CorrectionFunctionSolver.
The derived class CorrectionFunctionSolverExact was used for testing during develop-
ment and simply computes the exact expression of the correction function, D = u*t — u~.
The method described in section 3.2.4 is implemented in the class CorrectionFunction-
SolverTransformation. This class, as well as the rest of the code, fully uses the vectoriza-
tion capabilities of MATLAB . The data needed to construct the linear systems (3.131) is com-
puted at the same time for every crossed cell ; the integration data is transformed under both
transformations T and T for every node requiring a correction and for every crossed cell all
at the same time, etc. The only places loops are used are when we actually solve the systems
(3.131) for every crossed cells and when we solve the minimization system (3.82) for every
node requiring a correction (the construction of the systems, however, is vectorized). The
1D Gauss-Legendre integration nodes and weights are computed on demand on the interval
[-1, 1] by the class Gauss1D, using a matrix approach taken from [47]. They are transformed
to the unit interval in the derived class Gauss1DUni t. Once the correction function is known,
the class CorrectionFunctionSolver isalso responsible for applying the corrections to the

right-hand side of the linear system.

3.3.1.4 Visualization and Convergence

The class CFM2DVisualizer is responsible for plotting the solution and its gradient and is
used to create the plots presented in the Chapter 4. The class ConvergenceCFM2D is respon-
sible for running the code several times while refining the grid, in order to verify the accuracy

of the method.
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3.3.1.5 Linear Solver

The abstract class LinearSolver is responsible for solving the linear system once all correc-
tions are applied to the right-hand side. Two implementations are provided: LinearSolver -
FFT implements the fast Poisson solver for the 9-point stencil derived in section 3.2.5.3, whereas
LinearSolverBackslash usesthe MATLAB backslash operator (\) to solve the system. This
solver determines the best method to solve the system depending on the structure of the co-
efficient matrix. In the case of the symmetric matrix associated with the 9-point stencil, MAT-
LAB uses the MA57 algorithm described in [13], which is based on the LDL factorization (see,

for example, [18]).

3.3.1.6 Parameters and Problem Description

The code uses a configuration file in the INI format to manage the choice of different options,
such as the implementation to use for the classes CorrectionFunctionSolver, Linear-
Solver and LevelSet. This permits us to test the numerical method with different imple-
mentation options without any changes to the code. The configuration file also holds the lim-
its of the domain, the number of nodes for its discretization and the exact expressions for the
functions defining the problem : f*, f~, a, b, ¢, g and the exact solution u™, u~. We use the
method of manufactured solutions to be able to compute the error in the computed solution
and verify the fourth order convergence of the method. The configuration file is read by the
class Parameters, which is passed to the other classes in order to make the chosen options
available to them. The class Parameters is also responsible for transforming the textual rep-
resentation of the functions describing the problem into MATLAB function handles. We use
the capabilities of the Symbolic Math Toolbox in MATLAB to compute the exact derivatives
of these functions that are needed in the code, such as the derivatives of the source term (see

equations (3.62) and (3.71)).

3.3.2 C++ Code

A second version of the code was written in C++. The reason a second version was made
is to use the code in conjunction with another code written in C by Jean-Christophe Nave,

called bubbles, which solves the Navier-Stokes problem described in section 3.4. The C++
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version of the CFM code is called c fm-petsc. Ituses the numerical library PETSc ([3], [4], [S]).
This library is used as it provides classes for storing vectors and matrices and also provides
several linear algebra solvers. Moreover, it provides functions to efficiently handle the domain
discretization on a structured Cartesian grid. The class diagram for cfm-petsc is presented
in figure 3.14. Most of the classes have the same name and purpose as those in CFM2D, but a

few differences are noted below.

‘ Domain2D }—O{ ConvergenceCFM2D }O—{ Parameters }——

3 X ]
|
|
_—J

PoissonInterfaceProblem

LinearSolver

° j

LinearSolverPetsc ’

- /N

Q

h2D CFMSolver2D }‘—O{ CorrectionFunctionSolver ’

!

GridFunction2D
A A A

A
Expression2D T

CFM2DOrder4Compact

CorrectionFunctionSolverExact

GridFunction2DExact

CorrectionFunctionSolverTransformation

-{ GridFunction2DDiscontinuousExact }<>~
—‘GridFunctionZDHermiteBicubics }‘ Bicubics

f

GridFunction2DHermiteBicubicsFD

Figure 3.14. Class diagram for the C++ version of the code. The class CFMSolver2D, in the center of the
diagram, is the main class of the code.

The main difference between the two versions of the code is the introduction of the class
GridFunction2D. This class represents a mathematical function defined over a computa-
tional grid. Four versions are implemented, GridFunction2DExact, GridFunction2D-
HermiteBicubics, GridFunction2DHermiteBicubicsFD and GridFunction2DDiscon-
tinuousExact. The first three correspond to the three implementations of the level set de-

scribed above. However, the class GridFunction2D is not used only for the level set; every
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function in the problem definition (f*, f~, a, b, ¢, g) is modeled using a GridFunction2D
object. This permits us to receive all problem data on a grid instead of using exact expres-
sions. This is essential when interfacing with other software (such as the code bubbles), for
which the problem data might be known only at grid nodes. The class GridFunction2DDis-
continuousExact is used to model a discontinuous function, such as the source term f. For
the class GridFunction2DExact, which was used for testing during development, we use the
C++ library Lepton [40] to parse the mathematical expressions in the configuration file and

evaluate them.

All problem data is managed by the class PoissonInterfaceProblem, which is passed to
the solver CFMSolver2D and the convergence driver ConvergenceCFM2D. Note also that the
class Parameters, which has a similar role as in CFM2D, allows changing different options at

runtime, without any need for recompilation of the code.

Another difference between the codes is the fact that cfm-petsc handles both Dirichlet and
periodic boundary conditions, in order for it to be used alongside bubbles. In both cases,
the matrix associated with the finite difference stencil is solved using the iterative linear
solvers provided by PETSc, which can be chosen at runtime. By default, PETSc uses the GMRES
method. All linear solvers provided by PETSc can solve a singular system if the null space is
known. As mentioned in section 3.4, for the Navier-Stokes simulation we use periodic bound-
ary conditions, which lead to a singular linear system matrix. However, its null space is known
; it contains all constant functions, reflecting the fact that any solution is unique up to an ad-
ditive constant. The PETSc solvers can solve singular systems by removing the null space
component of the solution at each iteration. The class LinearSolverFFT is not present in

cfm-petsc.

Note that one of the main features of the Petsc library is to handle distributed linear algebra
and grids with the help of the Message Passing Interface (MPI) standard [11]. Thisis one of the
reasons this library was chosen over others with similar features : to make the code scalable.
However, although we made all efforts to write the code with distributed parallelism in mind,

cfm-petsc was not tested in the distributed case.
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3.4 Towards a Correction Function Method for the Navier-

Stokes Equations

As stated in the introduction, our main motivation in this work is the Poisson interface prob-
lem appearing in the numerical solution of the Navier-Stokes equations of fluid dynamics. In
this section we describe the Navier-Stokes problem (Section 3.4.1) and its numerical solution

using the projection method (Section 3.4.2).

3.4.1 Problem Description

The Navier-Stokes equations are a system of partial differential equations used to model the
movement of viscous fluids. They relate the fluid velocity, u : O ¢ R? -» R%, where d is the
spatial dimension, and the pressure of the fluid p : 0 = R. For the case of incompressible
flow, for which the fluid density p is constant in a fluid parcel moving with the flow, they are

given by

diu+u-Vu= Tp +vAu+f (3.193)

V-u=0 (3.194)

where v is the kinematic viscosity of the fluid, a physical property of the fluid, Vu is the covari-
ant derivative of the vector field u [46] and f are body forces acting on the fluid, for example

the gravitational force. The convective acceleration term u - Vu can be shown to be
1
u-Vu=u><(V><u)+§V(u-u) (3.195)
which in Cartesian coordinates reduces to
d
u-Vu = Z (u - Vu;) %; (3.196)
i=1
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where u; is the i-th component of u and ¥; is the unit vector in the i-th dimension. The vector
Laplacian Au is defined by
Au:=V(V-u)—Vx(Vxu) (3.197)

In Cartesian coordinates, this reduces to

d
Au = Z Ay £, (3.198)
i=1

The modeling of multiphase flow falls within the range of problems for which the Correction
Function Method would be useful. Indeed, in multiphase flow the material properties (the
viscosity and the density) of the different fluids in contact are usually discontinuous at the
interface between the fluids, as is the pressure field. Here we examine the simpler case of
monophase flow with pressure discontinuity. This would model, for example, thin soap bub-

bles floating in air.

In this, case, equation (3.193) is coupled to an advection equation describing the evolution of

the level set function ¢ representing the interface :
0tp+u-Vp =0 (3.199)

with the interface T still represented by (3.11). Equation (3.199) indicates that the interface
moves with the local velocity of the fluid. In [22], it is shown that applying physical conserva-
tion laws to the Navier-Stokes interface problem leads to a discontinuous pressure along the

interface with jump conditions given by

[p] = ok
[0np] =0

(3.200)

where o is the surface tension coefficient, a physical property of the fluid, and « is the local
interface curvature. These conditions mean that the net stress acting on the interface is zero

since it has no mass [22]. The curvature can be computed from the level set function as

_y. (Y
K=V <|v¢|> (3.201)
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Appropriate boundary conditions for the velocity and pressure must be used to complete the

system. In this work, for simplicity we use periodic boundary conditions.

3.4.2 Numerical Method

To solve the coupled equations (3.193, 3.194, 3.199, 3.200), the projection method of Chorin

can be used. As outlined in [22], algorithm 3.3 describes one time step of the method.

Algorithm 3.3 Projection method for Navier-Stokes with pressure discontinuity

1. Compute tentative velocity u* :

ut—u"
A —u™ - Vu +vAut + f (3.202)
2. Solve for pressure :
Ap V-u’
? = (3.203)
3. Update velocity :
W ut_ W 3.204
4. Advect level set :
¢n+1 _ d)n
g - —u" - V" (3.205)

Steps 1-3 correspond to the projection method, in which the divergence-free condition (3.194)
is enforced by choosing the pressure that insures a divergence-free solution. This corre-
sponds to a projection of the tentative velocity u* onto the space of divergence-free velocities.
In step 2, we solve a Poisson problem for the pressure, subject to the jump conditions (3.200).
This is exactly the Poisson interface problem described in section 3.1.1. In [22], this problem
is solved using the Ghost Fluid Method. The projection method is first-order in time [10]. The
actual time-stepping algorithm used in [22] is a third order Runge-Kutta TVD (total variation
diminishing) scheme [45].

The algorithm above is applied on a marker-and-cell (MAC) grid, which is a staggered grid that
was introduced in [20]. A grid cell is illustrated in figure 3.15. For stability reasons, the two
components of the velocity (u and v) and the scalar quantities (¢ and p) are not computed at
the same location.

The spatial differential operators appearing in the equations of algorithm 3.3 (the gradient,

divergence and Laplacian) are usually discretized using second order finite differences, as is
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Figure 3.15. One cell of the MAC grid. The velocity components are computed on the cell edges, and
the scalar quantities (pressure and level set) are computed at the cell centers.

done in [22]. It is important to note that these second order discrete approximations satisfy
discrete versions of the classical vector calculus identities exactly. This mimetic discretization
contributes to the stability of the scheme [49]. The discretization of the level set equation uses
the WENO scheme of [17].

If a higher order scheme for the Navier-Stokes problem with pressure discontinuity was to
be designed, the Correction Function Method would be the method of choice for step 2 of the
algorithm, since this method can easily handle high-order finite difference schemes. As a first
step in this direction, we used the code bubbles, developed by Jean-Christophe Nave, along

with cfm-petsc for the 2" step, to implement algorithm 3.3.
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4. Results

In this chapter, we present different results that validate our implementation of the Correc-
tion Function Method for the Poisson interface problem. We start by the test of the repre-
sentation formula approach for the solution of the correction function problem presented in
section 3.2.4.7. Next, we apply the CFM method described in section 3.2 to four different man-
ufactured problems. The data for the manufactured problems is computed exactly with Maple

[30] using the following algorithm :

Algorithm 4.1 Manufactured solution

Require: Exactsolution ut, u™ and level set ¢
1. Compute f* = Aut, f~ = Au~
2. Compute fp = ft — f~
3.Computea=D =ut —u~

— V¢
4. Computen = Nz

5.Compute b =V(ut —u~")-n

Following what as done in [31], all results presented use a value of ¢, = 50 for the penaliza-
tion coefficient of equation (3.77) and 6 Gauss-Legendre points for the discretization of the
integrals.

We do not present simulation results for the Navier-Stokes equations with pressure disconti-
nuity introduced in section 3.4, as our adaptation of the code bubbles to use the CFM imple-
mentation cfm-petsc for step 2 of algorithm 3.3 did not yield physically meaningful results.

This is discussed in the next chapter.

4.1 Representation Formula Approximation

In order to validate the use of the representation formula (3.171) for the solution of the cor-

rection function problem (3.50-3.52), we investigated the convergence of the approximation
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4.1. Representation Formula Approximation

(3.172). We set 0 = B;(0), x = (=0.5,-0.6) and computed u.(x) for different values of
€ ranging from 0.01 to 1.8. At ¢ = 1.8, the domain (1 is completely contained in B.(x), so
u.(x) = u(x) as given by (3.36). The domain and the ball B.(x) are shown in figure 4.1 for
e =0.1.

0.8

0.6

0.4r

021

-0.2 -

-0.4

Figure 4.1. The domain Q used to validate the approximation u.(x). The second and third terms in
(3.172) are integrated on the segment of 92 between the two purple circles.

To test the approximation, we used 4 different solutions of the Poisson problem (3.33) :

u(x,y) = sin (mx) sin (wy) (4.1)
-1

u(x,y) = exp <m> (4.2)

u(x,y) =1—x%—1y2 (4.3)

ulx,y) =1—-x-y (4.4)

To numerically evaluate the integrals in (3.172), we use the MATLAB functions integral
and integral2 ([44], [43]) which are designed to handle singular integrands such as the
fundamental solution ®(x,y). The results are shown in figure 4.2. They show the absolute

value of the error E = u — u, as a function of €.
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Figure 4.2. Test of the representation formula approach for different solutions to the Poisson problem.

We observe that the approximation u, is not converging to the real solution at all until the ball

B, almost completely covers (), approximately at € = 1.7. These results show that the repre-

sentation formula approach is not effective to locally solve the correction function problemj;

the decay of the fundamental solution @ is not strong enough to be able to truncate the inte-

grals in (3.36) and thus we cannot compute the solution D of the correction function problem

using (3.171).
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4.2 Example1

4.2.1 Problem Definition

As a first example, we reproduce Example 1 from [31], in which the interface is a circle. The

problem parameters are given below :

Q=10,1]°
fH(xy) = —2n? sin(mx) sin(my)
f~(x,y) = —2m? sin(mx) sin(my)
Pry) = (x—x)2 + (¥ —yo)> =12 X0 =y, =0.5, 15 =0.1 (ED
fox,y) =0

a(x,y) = sin(nx) exp(my)
(2y — D) sin(rx) + (2x — 1) cos(mx)
JAxZ + 4y2 — 4x — 4y + 2

b(x,y) = mexp(my)

Notice both a and b are non-zero but f, is zero. The exact solution is given by

ut(x,y) = sin(mx) sin(my)

u (x,y) = sin(nx)(sin(ny) — exp(ny))

4.2.2 Numerical Solution

The computed solution is shown in figure 4.3. We see the interface jump is very clean and
causes no oscillations of the solution.
The error E = |Ueyact — Uapprox| iS shown in figure 4.4. We see the error is larger by about two

orders of magnitude in the vicinity of the interface.
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y U X

Figure 4.3. Computed solution of problem E1 on a 500 X 505 grid. On this grid, 804 nodes require a
correction and 404 cells are crossed by the interface.

-15

x10710

X

Figure 4.4. Error in the computed solution of example 1. The error is larger near the interface, which
appears in grey.
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4.2.3 Convergence

Figure 4.5 shows the convergence of the solution, in the L1, [? and L® norms. These norms

are discrete norms defined for a grid function u as

ne Ty 1/p
AxAy ZZWUV’ p=>1
lull, = i=1j=1
max |u;;| p =

(4.5)

The horizontal axis is the step size h, defined as h = /h,zc + hjz,. All orders of convergence

presented here are obtained using a linear regression approach. The solution converges to

4™ order in the L®, and to order 4.3 in the L? and L* norms. In figure 4.6, we show the con-

vergence of the correction function. Since we use a manufactured solution, we can easily

compute the exact correction function D = u™ —u~ and thus we can compute the error in the

computed correction function. We observe a convergence of order 5, 4.6 and 3.9 respectively

in the L! norm, L? and L® norms. Finally, figure 4.7 show the convergence of the gradient of

the solution. It converges to order 3 in the L norm, close to order 4 in the L* norm and to

order 4.2 in the L? norm.

10°

10°
[1E]l

10°

10-10 L

10-12 . . . |

1073 10

Figure 4.5. Convergence of the solution for example 1
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Figure 4.6. Convergence of the correction function for example 1

10-12 . . . . o -
1073 1072 107!
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Figure 4.7. Convergence of the solution gradient for example 1
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4.3 Example 2

4.3.1 Problem Definition

The second example corresponds to Example 2 from [31]. In this problem the interface is

more complex ; it is a smooth 5-pointed star. The problem is defined by :

Q=[0,1]*
ffy)=0
f~xy)=0

2
P(x,y) = (x — x0)* + (¥ — ¥0)* — [ro + €sin (k arctan (y Yo >)l ,
Xo = Yo = 0.5, = 0.25, k=5, € =0.05
fo(x,y) =0
a(x,y) = —exp(x) cos(y)

b(x,y) =- exp(x)( cos(y)n, — sin(y)ny)
We use the Cartesian components of the normal (n,,n,) to simplify the expression of the

function b. Once again in this problem we have a # 0, b # 0 and f, = 0. The exact solution

is given by

ut(x,y) =0

u”(x,y) = exp(x) cos(y)

4.3.2 Numerical Solution

The computed solution of problem E2 is shown in figure 4.8. Once again, the jump is very
sharp. The error in the solution appears in figure 4.9. Again, the error is largest near the
interface. Figure 4.10 shows a close-up of the error in the correction function on Qr at a loca-
tion where the error in the solution is larger. We see that the error in the computed correction

function is not smooth, which explains the larger error in the solution.
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Figure 4.8. Computed solution of problem E2 on a 300 x 301 grid. On this grid, 1460 nodes require a
correction and 730 cells are crossed by the interface.
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Figure 4.9. Error in the computed solution of example 2
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Figure 4.10. Error in the computed correction function for example 2

4.3.3 Convergence

In figures 4.11, 4.12 and 4.13, we show the convergence of the solution, the correction func-
tion and the gradient of the solution for problem E2. The solution converges very close to
order 4 (3.8-3.9) in all norms, while the correction function converges to order 4.6 in L™ and
slightly faster than order 5 in L! and L?. The gradient converges slightly faster than order 3
in L* and very close to 4™ order L? and L (3.85-3.95).
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Figure 4.11. Convergence of the solution for example 2
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Figure 4.12. Convergence of the correction function for example 2
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Figure 4.13. Convergence of the solution gradient for example 2

4.4 Example 3

4.4.1 Problem Definition

For our third example, we designed a simple problem in which the correction function is a
constant in order to determine how it would influence the properties of the solution. The

problem is given by

Q=10,1]?
f*(x,y) = —2m? sin(mx) sin(my)

f~(x,y) = —2m? sin(mx) sin(my)

P, y) =(x—x0)*+ (Y —y)? —1¢, x9=1¥o=051=0.1 (E3)
fo(x,y) =0

a(x,y) =-1

b(x,y)=0
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The exact solution is given by

ut(x,y) = sin(mx) sin(my)

u” (x,y) = sin(mx) sin(my) + 1

4.4.2 Numerical Solution

The solution to problem E3 is shown in figure 4.14 below, and as well as its error in figure 4.15.
We observe that the error is completely smooth ; the simplicity of the correction function

causes no increase of the error size near the interface.

{18
2. 116
15 11.4
112
14
1
0.5 0.8
0.6
0.
1 0.4
1
0.5 0.2
0

¥ 0o x

Figure 4.14. Computed solution of problem E3 on a 300 X 302 grid. On this grid, 480 nodes require a
correction and 240 cells are crossed by the interface.

4.4.3 Convergence

The convergence of the solution, of the correction function and of the solution gradient are
shown in figure 4.16-4.18. We observe very clear 4™ order convergence of the solution and
of the gradient, akin to a regular Poisson problem using the 9-point stencil. This is due to the
simplicity of the correction function in this case. In 4.17, we observe that the L error of the

correction function stays close to machine precision for all values of the step size h, and the
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=

X

Figure 4.15. Error in the computed solution of example 3

L' and L? errors are smaller still. This is explained by the fact that the correction function is

constant and thus has a finite Taylor expansion, consisting of only itself.
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Figure 4.16. Convergence of the solution for example 3
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Figure 4.17. Convergence of the correction function for example 3
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Figure 4.18. Convergence of the solution gradient for example 3
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4.5 Example 4

4.5.1 Problem Definition

As a final example of a Poisson interface problem, we slightly modify Example 3 from [31]. In
this problem, the interface consists of two distinct circles represented by the same level set

function. The problem is defined as

Q=10,1]°

f(x,y) = exp(x)((4x + 2) sin(y) + y2 + 2)
f~ (0 y) = —exp(x)((4y* — 1) cos(y?) + 2sin(y?))

¢(xy) = ((x = x0)* + (y = y0)* = 10%) ((x — x1)* + (v = y1)* = r1?),

Xo =% =05, 1 =015x, =y, =0.75, 1, = 0.1 (E4)

fo(x,¥) = exp(x)((4y* = 1) cos(y?) + 2sin(y?) + (4x + 2) sin(y) +y* +2)

a(x,y) = —exp(x)( — x? sin(y) — y? + cos(y?))

b(x,y) = - exp(x)((-x? sin(y) — 2xsin(y) — y? + cos(y*))n,

— (—x2 cos(y) — 2sin(y?)y — Zy)ny)
Notice here we have f;, # 0. The exact solution is given by

ut(x,y) = exp(x)(x?sin(y) + y?)

u™(x,y) = exp(x) cos(y?)

4.5.2 Numerical Solution

The computed solution of problem E4 appears in figure 4.19. We see the jumps along both
interfaces are very sharp. The method and our implementation of it are able to handle nu-

merous interfaces with no modification, as long as those are defined by a level set function.
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Figure 4.19. Computed solution of problem E4 on a 400 X 420 grid. On this grid, 1640 nodes require
a correction and 820 cells are crossed by the interface.

4.5.3 Convergence

Figures 4.20-4.22 show the convergence plots for the solution, the correction function and
the solution gradient. The solution converges to 4" order in the L! and L? norms, and close
to 4" order in the L® norm. The correction function shows a convergence order of 4 in the
L* norm, 4.7 for the L? norm and 5.2 for the L! norm. The gradient converges to 3™ order in

the L® norm and close to 4™ order in the L! and L? norms.
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Figure 4.22. Convergence of the solution gradient for example 4
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5. Discussion

In this chapter, we comment on the results obtained in the previous chapter. We first offer
some general remarks in Section 5.1. We explain an important detail of the local correction
function solver in Section 5.2. Section 5.3 presents some perspective on the design of a high-

order CFM-based Navier-Stokes solver.

5.1 General Remarks

The convergence results presented above confirm our implementation of the Correction Func-
tion Method is correct. On average, the solution converges to order 4, the correction function
usually converges to order 5 and the gradient, to order 3. These results are in line with the
results presented in [31] and [33].

The CFM, as it is presented, deals with Poisson interface problems, but it is interesting to note
that it can be extended to more general problems easily. Example 2 above shows that the
CFM can be used to solve a regular Poisson problem on an irregular domain, by embedding
this domain inside a rectangular computational box. This can be further extended to Poisson
interface problems posed on an irregular domain, as is explored in [32]. In this paper, the

CFM is coupled with a boundary integral method to solve problems of the form

A(Bu) = f (5.1)

on an irregular domain (). In the equation above, £ is a piecewise constant coefficient (it is
constant on each of the subdomains Q™ and Q*).

Moreover, the method as it is presented can easily handle problems with more than one level
set function, and thus more than two subdomains. This is not handled by our implementation

but could be easily added. In fact, because of the linearity of the Poisson interface problem,
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each interface jump can be treated independently. The different interfaces can even overlap,
or touch at a single point without causing a degradation of the solution. Examples of problems

with multiple jumps are presented in [31].

5.2 Domain of Definition of the Bicubic Interpolants

In section 3.2.4.5 we explain how the integrals used to determine the correction function are
mapped to the reference domain, the unit square K, in order for the bicubic interpolants to
be defined over K. Here we explain why this second transformation is needed. In a precedent
version of the code, we did not use the mapping 7' to transform the integrals to the unit square.
Instead, the bicubics used for the approximation of the correction function were defined on a

box B;; enclosing the integration domain Qf, as shown in figure 5.1.
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Figure 5.1. The box B;; encloses the domain Qij In a previous version of the code, the mapping to the
reference domain K presented in section 3.2.4.5 was not used and the bicubics were defined in real
space over Bj;.

However, by examining the definition of the bicubic interpolants in equation (3.86), we see
that the polynomials By have a prefactor of Ax%, with the multi-index a € {0, 1}2. Since all 12

of the reduced bicubic polynomials are multiplied in pairs in the discretization of the mini-
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mization integrals (3.146) and (3.157) (see Appendix A), in that case the entries of the min-
imization matrix A in (3.82) vary greatly in magnitude. We can see this variation clearly by

plotting the logarithm of the absolute value of matrix entries, as shown in figure 5.2.
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Figure 5.2. (a) Logarithm of the absolute value of the entries of the minimization matrix A for a previ-
ous version of the code, where the bicubics are defined over B;;. Notice the difference in magnitude of
the 4 X 4 blocks. (a) Logarithm of the absolute value of the entries of the minimization matrix A for the
final implementation, where the bicubics are defined over the unit square K. Notice the magnitude of
the entries is much more even across the entire matrix.

This important variation of magnitude across the matrix entries increased as we refined the
grid, since it is dependent on the mesh size. This leads to a very bad conditioning of the min-
imization matrices ; for example, the matrix in 5.2a has a condition number of 9.1 x 107, for
a grid size of 31 X 30. This condition number increased rapidly as the grid was refined, lead-
ing to almost singular matrices. On the contrary, when the bicubics are defined on the unit
square K, as detailed in section 3.2.4.5, the prefactor Ax® = (1,1)% = (1, 1) and thus does
not contribute to the magnitude of the minimization matrix entries. The entries are much
more even across the matrix, as can be seen in 5.2b, leading to a greatly improved condition
number of 1.4 x 103. Moreover, the magnitude of this condition number stays constant as the

grid is refined.
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5.3 CFM-Based Navier-Stokes Solver

As stated above, we could not produce meaningful results from the Navier-Stokes solver bub -
bles used in conjunction with the C++ version of our CFM code, c fm-petsc. Namely, the jump
in the pressure was smeared out, and the level set moved in nonsensical ways. We suspect this
is due to implementation errors, but it could also come from mathematical incompatibilities

between the codes. These ideas are explored in this section.

The first thing to note is that our implementation uses periodic boundary conditions. The
convergence of cfm-petsc with these boundary conditions was verified. However, modifi-
cations also needed to be made to the code bubbles to implement these conditions. Those
modifications could not be tested in isolation (without using the code in conjunction with
cfm-petsc) because it would have required major code changes; the linear solver imple-
mented in bubbles was not designed to handle the singular system resulting from the peri-
odic boundary conditions. Hence, we could not identify if the implementation of the periodic

boundary conditions in bubbles was problematic.

Another potential problem is the fact that by using the 4™ order 9-point stencil for the Lapla-
cian implemented in cfm-petsc, the mimetic properties of the finite difference discretiza-
tion of the Navier-Stokes equation mentioned in section 3.4 are lost; the discrete gradient,
Laplacian and divergence do not exactly satisfy classical vector identities anymore. It is pos-
sible that this causes important stability issues preventing the method from being consistent.
Note, however, that in step 3 of algorithm 3.3, we did modify the computation of the gradient
so that all quantities appearing in equation (3.204) are computed at the same location. This
is needed because of the MAC grid ; the pressure and velocities are not defined at the same
location. Specifically, we use the following compact fourth-order discretization of the first

derivative of the pressure p at the half-step :

_ Pij—Di-1; 1
axp|i_1/2,j == ﬁh,% 6,§p|i_1/2’j + 0(h*)
_ Pij—Di-1; 1
- hx - ﬁhﬁzc (axf - pxyyli_l/zlj) + 0(h4)

_ DPij—Pi-1; 1 fi = fi-1
- x < h,, - axp)’)’li_yz,j + 0(h4)
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_ Pij —Pi-1j ihi (fi —fi-1 Pyyl; — pyyli_l) +0(ht)

Iy 24 Iy Iy
P~ Piey 1, (fimfir  Oyypi = Oyypica 4
== x h2 i - +0(h*) (5.2)

In the equation above, the function f corresponds to the right-hand side of equation (3.203),
the scaled divergence of the tentative velocity. In order for the stability of the scheme to
be preserved, a compact fourth-order discretization of all differential operators appearing in
algorithm 3.3 should be used. We also tried to keep the gradient computation done by the
bubbles code to preserve the mimetic discrete properties, and use cfm-petsc only to solve
the Poisson interface problem for the pressure, but this did not solve the inconsistencies in
the output.

Yet another thing to consider is how the data for the Poisson interface problem is passed
from bubbles to cfm-petsc. Recall that the function a that corresponds to the jump in the
pressure at the interface is given by the curvature of the level set ¢ (see equation (3.200)).
This curvature is computed following equation (3.201) by the code bubbles using second
order finite differences of the discretized level set ¢, and is capped to the inverse of the grid
size to prevent arbitrarily large curvature. When received by cfm-petsc and converted to a
GridFunction2D object, itis discretely differentiated once again to obtain the gradient infor-
mation necessary for the bicubic interpolation used by Gr idFunction2D (see section 3.2.4.2)
to evaluate it at arbitrary locations in the domain. This discrete gradient is computed using
a fourth-order stencil, as mentioned above, to maintain the accuracy of the bicubic interpo-
lation scheme. It is well possible that the computed curvature does not have the required
smoothness to be differentiated again to fourth-order in the class GridFunction2D. An al-
ternative approach would be to replace the WENO method used to represent and advect the
level set in the code bubbles by the gradient-augmented level set method (GALS) of [35].
This method uses the reduced bicubic interpolants of section 3.2.4.2 to represent the level
set. We could then compute the curvature anywhere on the domain directly using the bicu-
bic interpolation framework, without the need to differentiate it again with finite differences
when passed to cfm-petsc. Moreover, the GALS method was shown in [35] to be superior
to WENO for the advection equation (3.205). A complete high-order implementation of algo-

rithm 3.3 would thus benefit from this advection method.
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6. Conclusion

In this work, we gave a comprehensive presentation of the Correction Function Method, a
numerical method for the solution of the Poisson interface problem. We showed how this
method uses the so-called correction function, defined as the solution of a PDE posed on a
narrow band around the interface, to determine the correction terms needed to account for
the interface jumps. We explained how this PDE is solved by minimizing an integral functional
parameterized using the level set information, and detailed the fourth-order finite difference
scheme used for the discretization of the Poisson PDE in 2 dimensions. We also derived the
Fast Poisson solver used to efficiently solve the linear system resulting from this discretiza-
tion. We implemented the 4™ order CFM method in both MATLAB and C++ and described our

object-oriented code architecture.

We showed convergence of our implementation using four model problems. We also investi-
gated an alternate way to solve the correction function PDE, based on a classical representa-
tion formula for the solution of the Poisson problem, and showed that it could not succeed in
solving the correction function problem in a local fashion. Finally, we explored the coupling of
the CFM to a Navier-Stokes solver to simulate flow with pressure discontinuities. Although we
were not successful in presenting simulation results for the Navier-Stokes case, we outlined
several issues that ought to be addressed if a high-order, CFM-based Navier-Stokes solver is

to be designed.

Another interesting future development of the method presented here would be to extend it
to handle grid-based discontinuous sources. As mentioned in section 3.2.1, the function f,
appearing in the PDE for the correction function (3.50) needs both of the source functions f*
and f~ to be defined on the band domain Q. If a single grid function f describing both f* and
f~ is the only available data for the problem, we need to extend f7 inside Q™ and f~ inside

Q% in order to define f}, at the nodes where corrections are needed. These extensions could
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be defined by extrapolation. An idea would be to use the bicubic interpolation framework
and use it for extrapolation. Then, the question of choosing the best location to choose for the
extrapolation data would have to be addressed. Since the configuration of the extrapolated
values with respect to the data would vary considerably depending on the way the grid is cut
by the interface, such an extrapolation method would have to be general enough yet easily
automatized.

Atthelevel of the code implementation, the C++ version of the code would greatly benefit from
performance optimization and parallelization. The fact that the correction function at each
required node is computed in a completely independent fashion represents an ideal oppor-
tunity for parallelization. Both multi-thread parallelism and distributed parallelism would
be possible, as well as a combination of the two. Moreover, it would be interesting to assess
how a distributed Fast Poisson solver, using a parallel implementation of the Fast Fourier

Transform, would measure to the distributed iterative linear solvers of the PETSc library.
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Appendix A

Linear System for the Correction Function Coefficients

Once parameterized and mapped to the reference domain K, as described in sections 3.2.4.4

and 3.2.4.5, the functional /(D) in (3.77) becomes
Nij
D)=l +¢, Y 15
k=1
2

11
1 N A
= ¢, j f = D L@ mbw — fo (T €m) | s ddn (A1)
00 m

Nl']'

1
2
+ep ) j \Cz(zﬁm(f (T (8,6,)))Dm —a (T (0, 92))>
k=1 0 m
2
+ C3<l2 Z Tm(T'1 G 92)))Dm - b(T71(0,6y)) ) ]

S

X oHy 2+ LAY do
20, 20, z

(@,92)

In the above we used the shortcut notations L,, and r;,, defined respectively in (3.147) and
(3.158). We use Gauss-Legendre quadrature [42] to discretize the integrals above. Denoting
the 2D integration nodes (§,,7,) and corresponding 2D weights (w,, w,,), and the 1D inte-

gration nodes 6, and corresponding weights w,, the discretized functional /(D) becomes a
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quadratic function of the correction function coefficients D,), :

2

- 1 A A
J0)= 523 3| 5 ) Lmett)Dm = fo (T Gom)) | 52 (a2)
f n m

Nyj
* ,; Z_:’; Zl(; By(T7" (T (8,60)) D — a (T (8,6)) >2
+ 52<Sl2 Z rm(f"—l (T (o, 9{,)))[)m —b(T;1(0,6,)) )2]

m

RTELL 2+ oHk\?
26, 20,

(@,9[)

where we used the expressions of the scaling coefficients ¢4, c; and c; from section 3.2.4.6.

Expanding the squared parenthesised terms, we get

J(D) = Z Z (ZZLP@ M)Lq(Eona)DpDyg
— 2525 (T Eom)) Z Ly (&p ) Dy + s* 13 (T (&, 77n))>
14
+ :Z:; z—g Z[(Ep: Zq: Ep(f"_l (T (o, Qe)))gq (T_l (T (o, Hf’)))Dqu
—2a(T;1(0,6,)) ZEP(T—l (T o, eg)))[)p +a? (T71 (o, He))>
p
’ < 512 Z Z (172 (T (©,00) )y (T2 (T (0,6)) ) DD
P q

= 2b (T 0,60) ) 1 (171 (T ©,00))D,
14

) oH¥\*  (oHk\’
+5%b2 (T (0,6))) )] x \/(Tei) * <0_9zz>

(@,9[)

(A.3)

where we used the indices p and g to rewrite the squared sum over the index m, and renamed

the lone m index to p for consistency. We can finally isolate the expressions of the entries of
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Appendix A. Linear System for the Correction Function Coefficients

the matrix A and of the right-hand side vector d in the linear system (3.81) resulting from the

minimization of J(D) :

Apq = Z z Lp@€enn)Lq (e nn) (A4)
£ n

Nij

L |(ont 2+ oHk\”
26, 96,
©.60)

dp = = ZISZ szD (T (€omn)) Lp(Eor ) (A.5)
{ n i

Nij

_, kz Z_IZZ [a (T (0,60) B,(1-1 (T (0,6))

+b (T ©,00) (1 (T (o, 9{,)))]

2

aHk oHK\?
X || =) +(==
26, 26,

(©,60)
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