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Abstract 

Differcntiable fllllctiow, with a locally fiat surface (LF'S) have been recently introduct'd 

alld stllcli(!d ill eollvex optimization. Berc wc cxtcnd this notion in two directions: to 

1I01l-SIll00t.h cUllvex éllld SllIooth gCllcralized convcx f unctions. An important feature 

of t1/C!S(! fUlldions is tIJat the Karush-Kuhu-Tucker condition lS both necessary and 
sufficicllt fOI optimality. Theil wc use the propel tics of !incar LFS functions and basic 

poiut-to-sd t.opology 1,0 study tbe "illverse" programmillg plOblem. In this problem, 

il fcal>ible, bllt IIOlloptilllal, poillt is made optimal by stable perturbations of the 

l>ill'élllldcl's. 'l'lte l'csllits are applied to a casc study in optimal production planning. 
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Résun"lé 

Récemment, 011 a i ntrod ui t dans l'étude <\'opt i misa lion ('OIl\'('Xt' I('s fOlletiolls dt"ri \'il hlt's 
à surface localemellt plate (SLP). lei, nous dévcloPPolls cette idi-c dans deux dil'l'C­

tians: fonctions convexes non-déri vables, et fonctiolls COIl\'t'X('l'l gt~lIt"l'a 1iSt~(,s d('ri \'n hl('s, 
Une caractéristiq ne importante de ces fonctiolls l'~t 1(' l'ai t. <pit' lel condi t iOIl 1\ élI \1811-

Kuhn-Tuckcl' est non-seulement suffisante mais aussi I\(~l'('~sail't· 1'0111' l'opt.im.dil(~ 

Ensuite, nous utilisons lcs propriétés des fonet. iOlls S L P lil\(~i\ i J'l'~ t't, la t opologit' pOlllt­
par-enscmble dans l'étude du problèlllC dc la pl'Ograllllll.lt.ioll "ill\,t,l'st''', Ici, IIll poillt 
réalisable, mais non-optimale, devient optilllill(' par dl's pt'rt.ul bat.iulls sl.(\I>I(·s dt's 
paramèt.res. On applique les résult.at.s dau:; UI\(' (~t.llde dt' CdS qui (,Ollt ('1111' la plallili­
cations de la pr0ductioll opt.illlaie. 
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Introduction 

Charactcrizations of optimal solutions of COI1\\'X prograllls were rOllllldat,(·d iil llIid­
and latc sevcnties. Tbcy arc part of t.he U\('ory fOlllllllat.('d hy 1I('II-ls\';I<'I, BI'II-Tal 
and Zlobcc, and thcir collcagllcs (sce, c.g., [.I,G]). III li\(' »\'('SI'II(,(' of ("dl all('OIlS 
conditions, their \'csults rccovcr the classical tlH'Oly of Kamsh, K \lhll éllld '/'lIckc'" 1 \(il. 
On the othcr halld, cllé\ri:\ctcrizat.iolls of "optimal illputs"(opt.imal P<l"<lIIII'I('\'S) m'I'" 
"regions of stability" (i.c., It'giollS of contillllity of output.s) and t.hlls ('!rar,IC'I.('\'iz.II,illllS 
of "optimal realizatioll~" of lincar and cOllvex lllo<lt·ls an' qllit.(· 1('('('1\1. (:-('(', ('.g. [7, 
24,26,25,32,34,37]). The COllcept of a diffcrclltiable COIlV('X fUlldioll wit.h Ct "Io(',dly 
fiat slll'facc" (LFS) was J'cccntly intl'Oduccd in [:H]. TIll'sC' f\llldiolls ('lIjoy SOIlIt' 

illtcrcsting and important propcrties. Olle suclr prol)(·rt.y is th,\\' for t.Jl(·S(1 rllllrt.illlls 
thc Karush-Kulll1-Tucker cOlldit.ioll is bot.h 1l(·Ct'SS.tl'y élllel SlIflici(·111. roI' opl.illlillil.y. Ir 
sorne cOllstmillts do Ilot bclollg to this c1ass, t.11<'1I tll<' opt.i 11111 1 ity cOlldit.iolls d~"IIIl\(' 

an asymptotic [01'111. 

The )Jllrposc of this tIresis is twofold: 'l'Ile fir!-.t obj('div(' is (.0 st.lldy (OIIV('X (Ilo!. 

llcccssarily difrcrcntiablc) as well as differellt.iable gellerali~ed (OIlW'X flllH't.iolls \Vit.h 

a locally fiat surface. Thc sccond is to filld il SOIIlt.ioll 1.0 th(' "iIlV('I'S(' !ll'ohlt'lIl" fol' 

lineal' mathclllat.icalll1odcls. 

Chaptcl' l extcllds thc cOllcept or diffcrclltiable cOllvex I!I'O!!,I <lIlIS with LFS plCJp­
Cl'ty to the llOll-Sll1ooth (i.e., llot-ucccs:;éll'ily-diffe1'C!IlL'.d)h·) (OI1WX (iI!'>I'. 1IIlIik(· f III' 
differellLÏable calle, providiug ail algebr,lÎc chcll'élctel'i~atioll for LFS 11IIldi()lI~ ill I.h(· 
gcncl'al case i:" Ilot trivial. lIowcvcr, several reslllts (sp(·('j,dly COIO!!ill'y 1.:1) l'''IJI Ih 

identify thcsc flJnctiolls. Givcll a lllaLhcll1atical pI'OgJ'1llll, W(! l'(!gl'Ollp t.!1(! ('(JlIstl'iliflts 
to thosc that have LFS pl'OpCI ty at a givcll feilsible poillt alld to t.ho!-.(! tIlid, do 111If.. 

Using the pl'Ogram Ie",rittcn in titis fonn, we thell Lake titi! êlpproill" l,y 11('11- blll!,I, 

ncn-TaI and Zlobcc [1,6] and chal'actcri~e optimality ill "prillla!", "dlla!" alld "saddl(·­
point" [omis. The "primaI" forlll (Theol'cm 1.6) involvC!s ollly (·lemcllt.s (solut.i(J/ls alld 
directions) of thc primaI (decisioll varial)lc) space. The "dllal" [OIIlIS (TlwOlf'IIIS 1.7, 

1.8, Corollaries lA, Uj é\lld 1.6) illvolvec!elllcllf" (dllill ~f't<; iI/ld LlIP,l',lIl)!/~ J1l1dtijllil'I~) 

of thc dual spa cc. The "sildJle-poillt" fOl'lll ('l'hc(JICIII I.!») illv()I\'('~ Llj(~ !',Ip,ldll1-')'lli 
[unction. Same élpplicatioll'i or tllcse LFS fllllctiolls i/l !-.illglc·- ,lllrI Illldti-oIJj<,ctiVl' 



j , 

plOgrilllllllillg uJ/lclwle t!H' chaptcr. 

'Il Chapt.c·)' ~, tJU' (,OlJcept of diffel'cr:tiablc cOllvex functions \Vith LFS propcl'ty is 
flll tlJ(!1' ('xl<'lIded 1.0 the diffcJ'(!lItiaIJl(' gCllcléllized COIIVCX case. Thesc functions arc 
tJJ('1J <Ili1r,u·tC'liz(·c! geoJ/ldlÏudly (TIreorelll 2.1 and COl'Ollélry 2.1) amI algcbraically 
(Tlu!oJ'(!1/l ~.~). Agaill, wc Icgloup tire COIl:îtrclilJt~ to tlrose with LFS propcrty at il 

giw'lI poillt. illld t.o t,hos(! wit.!rollt Ulis propel ty, in order to derive charact.crizations 
of Opf.illlillity silllilar to wIral. wc del~vecl in tllC convex case. ft is intercsting that 
tll(! ~;uldl('-p()i 1It.-II('(·('ssary optimality coudition does Ilot hold here even whcn aIl the 
flll!<'tio[p; .11(' psell<!ocoll veX alld enjoy t.hc LFS pl'Opcrty at aIl optimal solution (Exam­
pic' ~.~). ill 1 II<' ( oillplctely pselldo( ollvex case, if f,OIHC of the cOllstraints do not belong 
t.u tl)(: (ldSS of LFS flllldiollS, tbe optilllalit.y conditio!ls ag,ain assllmc an asymptotic 
r0111l (TII('()('('1I1 2.7). 'l'II<' lasl. sect.ioll of the chaptcr cxtends t.he chéll'actcrizations 
uf di rr('J('IIt,iilbl(' ('OIIV('X Illl1lti-objectivc pl'Ograllls, which havc appcal'cd rcccntly (sce, 
('.).',., [:W,:I~J), 10 t,l1(' pS('udo(,oll\'ex case. It, flll'tller illllsLratcs the l'Ole of difrcl'cntiable 

qIIiIS;t'OIIV('X fUIlct.iolls with LFS propcl'ty in 1Il1llti-ohjcctive progl'amming. 

III (:hapt('1' :J, \\'(' focus our attention t.o mathcmatical modcls and input opti­
Illii:al.i(1I1. A lIew lIot.ion of stability is intl'oduced and compared with thc usual one 
(S('(', (',g., [:.t~J) in illput. optimization and also \Vith the "weak stability" intl'oduccd 
III [~.t]. W(' t.Iu·1l stllrly optilllal illpllts with respect to this new notion of stability and 
1 (JlJlpèll<! t.ll<' J('sldt.8 with tire l'elated ones fl'om the litcratul'e. These results are thcn 
i1ppli('d t.o 1.1)(· ('lèlssical conl.l'ol ploblcl11 of Zel'melo, adapted fl'Ol'l [2ï]. 

'l'II<' 11I()~t. illlpOI't.é1Ilt. !>lIbjcd of ChapLer 3 is t.he in\'crsc pl'oblcm. Considering 
éI Il iii t.!H'1l lèI 1 i(,it! IIlOdel iniUally l'Ullllillg \Vith SOIllC input élnd a lIonopt.imal fe1lsible 
pOillt., 0111' ohj(,rt.ivc is to pcrturb thc systcm in a. stable \Vay so as to reach an input 

al. \Vlri( Ir t11<' r"asihle poillt bccomcs optimal. This objective may not be achievrtbIe, 
i 1\ \\' Ir kir C(\;-;(' élll é\ 1t.(,l'Ila ti \'c i8 1.0 scarch for an optimal para metcr at which the given 
f('è1sibl(' point 1 Wlll Il H'S as clos!' as possiblc to bcing optimal. For the sake of ~implicity, 

W(' "llId)' ollly 1 II<' ill\'Cl sc pl'Oblelll for liuear 1l10dcls~ i,e" an important subclass of 
LFS 11I()ekls. III parI iClIlar, wc givc a charactcrizatioll of optim:.Jl paramctcrs for the 
ill\'('1 :-'(' prullle'lIl lISillg I.h" dllality propel'tics of Iincar progl'amming (Theorem 3.15). 

We' abo sI \lei,\' t hc' 1'('lntioll bctwccn the stability of the primaI and duallinear models. 
A 1l1l1lH'ri(,ill ,llgol'ithm fl)\' filldillg a stable path that leads to an optimal paramcter 
is ,I<laplt'd 1'('01\1 [il. 'l'hl' l'csulls arc applicd to a case study that was first studicd, in 
a simplt'r 1'01'111, in [15]. 
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Chapter 1 

LFS Functions in Convex 
Prograrnming 

We will fil'st lcc.1l1 sOllle basic not.iolls in COll\'('X »l'ogl'.\Il1l1ling élnd t.!\('n in! IOdll( (' .. 

dass of diffcrcn tiablc é\ Il d nOlldiffcl'<'ntia bIc rOIlVt'X fUIld.iollS l'Dr w Il irh t \11' 1\ ill'll~h­
Kuhn-l'ucker condition is lleccssary for optilllality. Wt' n'grollp t.11f' lOWit.IiIÏIlt.S of 

a givcn convcx program Lo thol->c th.\t. hC'lollg t.o t.his c1ass and t.!to:w t.hat. do 1l0!. 

For this form of the convex pl'ogl'alll, we will t.lwH give prilllal, dual and il sacldl('­
point chal'i1ct.crizat.ioll of optimality. W(, will fllrtll"I' show t.hat. for t.h(· fllll< t.iolls 1.11,11, 
bclong to this elass in Illulti-objective' optilllizatioll, Pard,o sollltions coincidl' wit.h 
strung Pareto solutions. 

\Ve recall that a fUllction J : Rn -~ Il is CO/LVLX if 

J(}.,x + (1 - >.)JI) ~ >.f(,r) + (1 - >.)f(y) 

for every x, JI E R'I and cvcry 0 ~ >. ~ 1. Wc wiIJ stlldy lIIitl,Il<'lllal.ical (llogr:llIls of 
the form 

(P) 
IVI i Il JO ( X ) 
s.t. 

f'(x) 5 0, i E P = {l, ... , IlL} 

wher~ ail tÏle fUllctio/ls fJ : un ---? Il, J E {O} U P, al'<! assllnH!d 1.0 1)(' (,(JIIt.illlIOIlS. 
Such programs arc callcd ':O/LVC.c if ail the fuuctiow; aJ'(! fUI tll<!r a~:-'IIIJ)('d \'0 1)(' (OIlW·X. 

At a fcasible poillt 

x· E F = {x E R" : t(:r) 5 0, i E P}, 

with F refcl'red to as the fCélsiblc se!., we dCllote t1H- set of feil~il)I(~ c1il<'ctioll:" by 

F ( :z: ") = {d E un : 3 '1' > 0 ;j x' + l li E F V 0 ~ l :s 'J'} 

3 



(·.Jlel t1w s('t of ad,ive (,()II~traillts by 

P(x*) = {i E P : P(x*) = O}. 

FIIl tllf'/'lIlOI (~, we 1 ecall tire set 

'[>(,1:-) = {d E un : V t(x*)d ::; 0, i E P(x*)}. 

Associat.('d witll tlte eOllvex pJOgram (P), is olso the minimal index set of active 

co1tf;tmint.<; (!<-lIo!.ed I)y 

p= = {i E P : xE F =} J'(x) = a}. 

WI' J'('cali that a S(·t C in un is called a cone if it is clœed under multiplication by 
Ilollll(·gat.iv(· ~célla/'s. Jt is a blullL cOlle if it is dosed u 71der multiplicatioIl by positive 
:-,cètlars. It i" a J>olylredral COIW, if it can he written in the form 

C = {:r E Rn : Ax ::; a} for some A E Rmxn
. 

\V(· al:-;o re'call t1lilt. fol' cilly nOllempty set S in Rn, the polar of S is the set 

S+={uERn:(u,x)~a, xES}, 

alld 1.11(' ('I)II/1l.f !Juil of S, ('onv{S}, is the smallest COllvex set containing S. 

'l'Il<' ('OI)('S of dir('ctiolls of cOl/slal/cy, 1I0nascfnt and descent are respectively de­

/I0!.(·" Ily 

alld 

f}j{,I") = {d E UIL
: 3 Q > 0 3 J(x* + ad) = J(x*), 

/J'j(./'*) {dE UIl
: 3(\ > 0 ;, J(:r*+od) Sf(,l'*), 

0< Q < a}, 

a < a < a} 

DI(.r') = {tl E /(11: 3 il > 0 ;, 1(3;* + ad) < J(x*), 0 < ct < il}. 
1 f {fI. : /.. En} is a :-;d, of fllllctiolls indcxed by a set n, thcn for each of the relations 

''l't'!,ttiou'' ~ "=", ":::;", "<", ">" , t'te. 

\\'(' Il:-;(' tll<' follo\\'illg nbbreviéltioll: 

f)~lelation(.r*) ~ n D}flation(x*). 
ken 

WC' will d('lIote t!te domain of a convcx function f by domf and the interior of 
tilt' dOIl'nin of 1 hy 11l/(du/1/f). The "elative inlcrior of the domain of f, ri(domf), is 
ddill<'d as t1H' intcrior which rcsults when domJ is regarded as a subset ')f its affine 

hllIl (t1U' Slllèllll':-;t aflilll' set cOlltailling dom!). Ullicss otherwise specified, we ... !ways 
aSS\I\\\t' that. a f\lndion .r is of finite value al any point in its dornain. 

\\'l' no\\' colll'ct SOIl\{' l/seflll propcrties in the following lemma. More details and 

pl lH)f:-; C"" he fOl/nd in [-1]. 



Len'!rna 1.1 Let f be a real-t'a/ued COllt'er fil 11 ct io Il , and let .1'* E (fOllIf. Flll'iht'/'/lWI·!. 

let Sand T be 1l0nempty subsefs of }lll. Theil 

(a) compDj(.c*) = DJ(:r*) whcl'e comp dCllo/es the CO II/ph· m t'II!,' 

(b) DJ{x*) = Dl{x*) U Dj(.l'*); 

(c) the blunt cone Dj(.l'*) is conva; 

(d) the cone Dy(x*) Îs COllve,r; 

(e) conv{Dj(x*)} C Dl(:r*); 

(f) Dp=(x*) is convex; 

(9) p= is the maxÎlllal subscl n OfP(.I:) wiLh !hc propcl'!y Ihal, for ('''CI'Y kEn, 
cl E F(.v) =} cl E Dn(.r); 

(h) s+ = {COl1V{S}}+ == {c/S}+; 

(i) if.) and Tare c/osed and convex eone::;, (S n T}+ = d[S+ + T+]. A!Ol'tO/Jc/', Ij' 
Sand Tare polyhedml, !he "clos1tl'e" can be omztLed. 

1.1 Differentiable LFS functions 

For a diffcrcntiablc function J, we dcno!'e the Ill:!l spacc of it.s gradiellt (colIsidI'IC·d 
as a row vedor) at a point J.k E domf by 

N(V f(x*)) = {cl E It' : \1/(x*)d = a}. 

Definition 1.1 A diJJerenliable con vcx fUll clion f ha::; n loeally }lat HllIiun (( 1 J" if 

N(V f(x*)) = Dj(x*). 

The abbreviation "LFS" is used for ~uch [\llldiolls. 

Theorenl 1.1 COllsicle1' Ihe eonvex funcliol/ J, rliffcrclllinUlc al.I:· E dOlllf, SI/I'It 

that \1J(x*) =f O. Then / has LF8 propcty at x* if, and only zl, I/w conf: /)J(:I") 18 

polyhedml. 

Praof: (Sufficiency:) S;nce V f(x*) ::j:. 0, it follows that Dj(J:*) :f- 0. 

DJ(x*) = {d:\1f(x*)d$O} 

by polyhedrality and \1 f(x*) =f 0 assumpt.ÎolJs 

= Di (x*) u N(\1/(x*). 
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Abo 
Dj(x*) = Dj(x*) U Dj(x*). 

ln cit!ter case DJ(x*) Îs rcprcscntcd as a union 01 ~,wo disjoint sets. Renee 

D,(x*) = N('V J(x*)), 

i.e., J has LFS plOpcrty at x*. 
(NCCCHSil,y:) ASHlIlIlC that J !tas LFS property al, x*. Then, by Definition 1.1, 

D,(x*) = {d : 'V J(x*)d = O}. 

'l'herdore 

DJ(x*) Dj(x*) U Dj(x*) 

{d: 'Vf(x*)d ~ O}, 

which is iL polylJedraJ COIlC. 

Hcmnrk: Not.e t.hat t.he aSslllllptioll \7 f(.-r*) i= 0 is not requircd for the necessity part 
of the prooL Thcrcfore, if f has the LFS property at x*, then Dj(x*) is polyhedral 
l'cgardleHs of whet.her the gradient of J is zero at x* or not. On the other hand, as 
t11<' followill6 eXillllple shows, if 'V j(x*) = 0, then DJ{x*) being polyhedral does not 
ÎlIlply thiLt, f has the LFS propcrty at :r*. 

Examplc 1.1 COllsider j(x) = x~ + x~ at x* = (D,of. Herc 
J)j(.l:*) = {O}, Dj{.r*) = 0 and DJ(x*) = {O} (a polyhedral cone). While 

N('V J(:1:*)) = R2 since V' J(x*) = o. 

o 
TIH'orclIl 1.1 lIlay not hclp us iclcntify an LFS function easily. For a faithfully 

('OIlWX fllllction, i.e., il functioll of the form 

/(J.:) = h(Ax + b) + aT x + Q, (1.1 ) 

\\'III'\'(, Il : H711 -4 Il is strictly convcx, A E n11lxn
, a, x E Rn, b E Rm and Q E R, 

Zholl [:W] prm'('d the following rcsult: 

'l'hcol'cm 1.2 l,cl f be a diffel'clIliablc convc.Z: function of the form {l.1) and x* E 
dO/llf· If \7 j(.r*) = 0, l/ten j has LFS properly at x* if, and only if, j is constant. 
1/'\/(.1''') =1- 0, //tCII j lias LFS propcl'/Y at :1'* if, and only if, 

l'ank [ :;, 1 = 1. (1.2) 

6 
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Consider a pl'Ogram of the for111 (P) whcrc ail thc fUllctiolls are difr('rent.iahll' but. 
not necessarily convex. We ref<."r to the system 

v jO(:c*) + :L ,\.t(,r") = ° 
IET(x*) 

'\, ~ 0, i E P(.!·*) 

as the Karush-Kuhn-Tucker systcm or the l\ KT system fol' short.. Condit.ions thal. 
guarantee consistency of the KKT systcm arc known in lit.(\l'HttlJ'(\ as t.he C01Uilmlll1 

qualifications. An important application of thc LFS functiolls thm f,)llows, 

Theorem 1.3 Considel' the convcx progral/l (P) whcI'c ail the fltne/ions m'l' dilTt'I'­
entiable and the constmint funclions have LFS pl'ope1'ly ai a ffllsib/c polltl J'*. Th l' Il 
x* is optimal if, and only if, Ihe KAT system 18 COllsù;!elll. 

Proof: It is shown in [4] that ~,* E F is not optimal if, and ollly if, t.he syst(\1ll 

V jO(x*)d < 
V j'(:J.'*)d < 

with "-" 

o 
0, i E P(x*) 

if, and ollly if, li E nj,(J:*) 

is consistent. If the constraint functiolls have 1..FS pl'OpCl'ty at. ;/:*, t.hell t.he I:OlIditioli 
on "=" can be omitted. An application of the Farkas lelllllla (see, e.g., [J 7]) pJ'OW'S 

the theol'em. 

Remark: It is weil known (sec, c.g., [29]) that. if ail the fil Il diow; ill progl'éllII (/») 
are diITerentiable, then thc condition 

clF(x*) = V(x*) ( J.:l) 

is a constraint qualification. An indirect proof shows that the LFS pl'Opel'ty illiplies 
(1.3). lndeed, the implication is truc, bccause 

F(x*) - {d: V j'(x*)d < 0, i E P(3;*)} U J)p(J.*)(a;") 

{d: V j'(x*)d ~ 0, i E P(x*)} for LFS fUlldiolls 

clF(x*) 

V(x*). 

1.2 Nondifferentiable LFS Functions 

Now consider convex, but not-necessal'ily-differelltiable (1I0U-Slllootb), functiollii. Fi/'st 
we recall sorne concepts dealing with dilcctional derivatives alld slIbgl'adieuts. 
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Definition 1.2 Let f be an al'bitrary funclion f1'Om Rn to R, and let x* E domf. 
The dir'ecliona/ dCl'ivalive of f at x* in lhe direction d E Rn is defined as 

f '( *. 1) - \. f(x* + '\d) - f(x*) x ,(. - lm \ • 
.\-0+ 1\ 

For a cOllvex function f, thc directional dcrivative exists for any direction d and 

at any point ill the domain of f (sec, e.g., [21]). 

Definition 1.3 A vcclor Il E Rn (collsidercd as a row vector), is a subgradient of the 
jllne/ion f : /l1L -+ R at x* E domf if 

f(x) ~ f(x*) + h(x - x*) for every x E Rn. 

Thc set of ail subgl'adients of f at x* is denoted by 8f(x*) and is called the 

subdiffcl'elltial of f at x*. If f is convcx and differentiable, then ô f(x*) = {V' f(x*)}. 
WC 1I0W rc('all the following two uscfullemmas from [21]. 

Lcmma 1.2 LcI f be (l convex funclion, and let x* E domf. Then h is a subgradient 
of f al :r* if, al/d ouly lf, 

f'(x*; d) ~ (h, d) (1.4) 

fol' anu dEUIL . 

Lemma 1.3 If f is a convex function, then at each point x* E int(dom!) the subd­
ijJc/'cllfia[ üf(x*) is a nonempty, compact and convex set; fU1'thermore, 

f'(x*; d) = max{(h, d) : h E ôf(x*)}. 

W(· CéllI therefol'c ('ondudc the followiIlg cOl'ollary. 

Corollm'y 1.1 Let f be a conve:r function, and let x* E int( dom!). Then 

{d: f'(x*; d) :$ D} + = pôf(x*) : ,\ :$ D}, 

1l1/ic/'c {M)f(.l'*) : ,\ :$ D} = Pu : y E âf(x*), ,\ ~ O}. 

Proof: It follows frol11 Lcmma 1.3 that 

{li: f'(:l'*; d) :$ O} = {d: (h,d) :$ 0, h E of(x*)}. 

Si 11('(' 

{cl: (h,d) :$ D, hE ôf(x*)}+ = {'\ôf(x*):'\ :$ O} 

t.he l'esult imlllediatcly follows. 

The followÎllg lem ma is a well-known result (sec [21, Chapter 23]). 
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Lemnla 1.4 Let f be a co/wer fundlon, al/d Id .r" E n(doll1f) bf Il poill/ II'ht'l't' f 
does nof acllleL'e ifs millll1wm. Theil 

{Dj(x*)}+ = c!{,\âf(.r") : ,\ ~ O}. 

Furthel'more, if x* E znt( dom!), then 

{Dj(x")}+ = {,\af(.r") : ,\ ~ O}. 

Remark: The assumption that f does not achiev(> it.s minimullI al. .1'* is I.h(· S,lIl1t' as 

Dj(x*) =1 0 or 0 ~ âf(x*). 

Definition 1.4 Consldel' the conve.r fllnciioll f lll/li aSSIWH' thal .1'" is il polltl ill 111(' 
domaill of f. Then we say that f has generalzzed LFS p/'operty al J'. If 

{d: J'(x*; d) = O} = Dj(.c*). 

The abbreviation "GLFS" is '.l;ied for such functions. A graphie illust.rat.ion of il (:LFS 
function is given in Figure 1.1. This is the graph of the function f(.r) = !.rt! + !.r!! 

20 

15 

f 
10 

5 

o 

's . ....-

Figure 1.1: Graph of the GLFS function f{x) = lx,! + l:c:.!l. 

which has the GLFS property at any x* in its domain. At any point 011 the slIrfaœ, 

the directions along which the directional derivatives vanish are cxactly the directions 

of constancy. We now give two important properties of thesc funct.ions. 
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Corollary 1.2 Consider a convex function J. Assume that f has GLFS property at 

x* E int(domf) 1lJ/wl'e il achievc8 ils minimum, that is D"j(x*) = 0, Then 

{D,(x*)}+ = paf(x*) : À ~ D}. 

Proof: Sinœ IJI(x") = 0, thcn 

{d: f'(x*;d) = D} = {d: J'(x*jd) =:; D}. 

This togethcr with the GLFS pl'operty of f imply that 

{D,(x*)}+ = {d: J'(x*;d) = O}+ 

- {d: (!t,d) ~ D, hE 8f(x*)}+ 

= P8f(x*): À =:; D}. 

TheorClll 1.4 Let f be (l convex funclion and x* E domf. Assume that D"j(x*) f:. @ 

and I)'j (x*) is II jJolyhcdml cone. Then f has G LFS property at x*. 

Proof: Silice' /)1 (x*) is a. polyhedral cone, it is closed and convex. Therefore 

Dl(;r*) = cl(Dl(x*». 

011 the other hand 

D/(3:*) C {d: f'(x*jd) = D} (sec [4, Lemma 1.4(b)]) 

illld 

D1(x*) = {d: J'(x*;d) < D} f:. 0 

illlpl)' that. 

cl(D1 (x*» cl(D1(x*» 

{d: J'(x*j d) ~ O}. 

This t.ogcthel' \Vit.h 

DJ(x*) = D,(x*) U D1(x*) 

illlply tlwt 
DI(.1'*) U Dj(x*) = D"j(x*) U {d: J'(x*; d) = D}. 

Silice 

1)1(.1.:*) n {d: J'(:t'*jd) = O} = 0 

and 

D1(x*) n D/(x*) = 0, 
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it follows tnat 

D,(3.:*) = {d: f'(:r*;d) = O}, 

thus proving the theorem. 

The following example shows that the convcrse of Theorem lA is ilOt. tl'\lC. 

Example 1.2 Consider the convex function 

f(X},X2,X3) = Jxr + x~ - 3.'3 

at x* = (0,0, of. 
It can easily be seen that 

o 

This is a cone yet not a convex cone (note t1lélt f is not difrel'cntia.ble at .1"). FIII­

thermore 

DJ(x*) = {d E R3
: d3 > Jd~ + d~}, 

which is a nonempty set. Thcl'cfol'e 

which is a closed and convex cone but not polyhcdral. On the othe!' halld 

. . 1).2dI + ).2d~ - )'d3 f'(x*;d) = hm ...,!.V ______ _ 
,\ ..... 0+ ). 

Therefore 

{cl: f'(x*; cl) = D} = Dj(x*), 

i.e., f has GLFS pl'operty at x* and Dj(x*) =1= 0, yet lJ'f(x*) is ilOt. a polyhedl'al 
cone. 

Theorem 1.5 Assume that f is differ'cnliable al x*. 'l'heu f has LFS ]J1'O]Jc1'ly III 3;* 

if, and only if, il has GLFS prOpcl'ty al x*. 

Proof: (Sufficiency:) Assume that f has GLFS propcrty at x*. Then 

Dj(.1:*) = {cl: f'(x*; cl) = O} 

and, sinee f is differentiable at x*, 

f'(x*; d) = \1 f( x*)d. 

11 
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Tlwrdore 
D,(x*) = N(\1 f(x*», 

proviJlg tbat filas LFS p10pcrty al, x*. 
(Ncœssit.y:) Irnrnediatcly follows from the definition of the LFS functions. 

o 
Wc 1l0W cxtcnd the dcfinition of LFS functions from differentiable to non-smooth 

COflVCX functiolls. 

Definition 1.5 Considcr a co m'ex funclion f. Assume lltat x* E domf. Then f has 
LFS [J1'O[Jc/'ly al x* li it salisfics one of the following two conditions al x*: 

(i) DJ(x*) -# () and D,(x*) is polyhcdral; 

(ii) IJj(:Jn = @, f has GLPS ]J1'O]Jc1'ly al x*, and Dj(x*) is ]Jolyhedml. 

Not.e t.hat Dj(:l'*) =1- 0 is the same as 0 (j. âf(x*), and Dl (x*) = 0 is the same as 

o E () J( :1:*). 

At this pOÎIlt. wc first rccall sorne more results from [21] to help us identify sorne 

of t.he LFS f1llldiollS. We will thcn give cxamples of LFS funct.ions and also examples 

of fllllct.iolls t.hat. arc GLFS but 110t LFS. 

The set 

{(.v,p): x E domf, p E R, f(x) ~ p} 

is called t.he cpigmph of f and is dCl10ted by epif. 

Definition 1.6 A jJolyhcdml convex fUllction is a convex function whose epigmph is 
jJol!J/irdml. 

PoJyhedl al cOllvex fuuctiollS cnjoy t.he following two properties (see [21]). 

Lemma 1.5 !l..,s/l/nc Ihal f is a ]Jot!Jhedral convex function and x* E domf. Then 
Df(.I'*) 18 a Jlolyhcdral couve:l' set and f'(x*j d) is a polyhedml convex function. 

Lcmma 1.6 If fI Cl/Ill J2 arc pol!Jhcdral convex funciions, then so is JI + f2. 

llsillg t.he ahovc lCIl1111aS, wc can 1l0W condude the followillg important result. 

COl'ollm-y 1.3 If f is a fJolyhedral convex function, and if it has GLFS 1J1'Operiy at 
.1' •• Ihcl/ .r h/ll; LI'~) }JmjJcrl!J al :1'*. 

12 



Proof: By Lemma 1.5, f'(x*; d) is a polyhcdral conn'x f\lndion. 'l'lwrl'fol"l" it.~ 

level ~ets are polyhedral. Il follows that {<l : f'(.r*; d) ~ o} is a polyhl'dral l'ont'. 

Furthel'nlore, since f has GLFS propcrty at .r*, t.he ('Oll(' 

DJ(x*) = {cl: J'V*; li) ~ D} 

is a!so a polyhedral cone. This implies that f always satisfics Otlt' of t.he t.WG conditions 

of DefinitlOn].5 and thus has LFS propcrty al x*. 
o 

Functions 

and 

f(x) = Il x 1100 = max{\x.\, ... , lx,.!} 

are polyhedra.l convex functiolls. Since lincar functions arc polyhedral flllldiollS, il. 

can easily be secn From Lcmma 1.6 that 

f(:/:) = al'x + L IxJI 
JeH 

where Be {1,2, ... ,n} is alsa a polyhedral collve'X f\llleLioll. 

We will show that thesc fundions aisa enjay t.he GLFS propert.y al ally point. in 

their domain and thus have LFS propCl ty al any point in theil' domaill. The lIext. 

result is nontrivial, so wc slatc it as a Ic III 1\1 (t. 

Lemma 1. 7 COllsidcr 

f(x) = aT x + L Ix,l, 
JeH 

WhC1'C Be {l, 2, ... , n}. Thcn f has GLPS ]J/'ojJc1'ly at any x· E Hn, 

Proof: Since Dj(x*) c {d: f'(x*; d) = O}, il is cllo\lgh t.o show t.hat. 

{d: f'(x*; d) = D} C DJ(x*). 

Consider 

[aT(:1:* + >'d) + L: lx; + >'dJll- [aTx' + L Ix;1J 
J'(x*; d) = lim 

'\-0+ 

JeH JeH 

where B = BI U B2' with 
Bl = {j E B: x; = O} 

and 

B2 = {j E /3 : x; =1 a}. 
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l'ùr ). > 0 sufficiently close to zero, 

Thcrefol'c 

J'(x*' (1) = lim 
, À-O+ 

ft lhcn follows that. 

This menlls ihai 

).(J7d + L [sgn(x;)(x; + )'dJ ) - sgn(x;)(x;)] + L: IAdJI 
JEB2 JEBI 

J'(x*; d) = aT d + L sgn(x;)dJ + L IdJI· 
JEB2 JEB1 

(1.5) 

{cl: f'(a:"jd) = O} = {d: aT d + L: sgn(x;)dJ + E IdJI = O}. (1.6) 
JEB2 JEB j 

Now, for cvcry dE {ri: f'(x*; d) = O} there exists an 0 > 0 such that 

.'igu(x; + ad) = sgn(x;), j E Bz and O:s a ~ O. (1.7) 

Thcrcforc, givcn any d thnt satisfies (1.6), there exists an 0 > 0 such that for 0 ~ 
a ~ 0- the following holds: 

J(:I'" + od) = (lT(:I'* + ad) + L: lx; + adJ 1 

JEB 

l?:r* + ad + L sgn(x;)(x; + adj) + L ald)1 
JE 8 2 JEBI 

raT x· + L Sgl1(X;)(X;)] + a[aT d + L sgn(x;)dJ + L Id)1l 
JE 8 2 JE B 2 JEBl 

= (,1'.1'* + L Il';1 by (1.6) 
JEB2 

= J(.r*). 

This IlWallS Ihat dE D,(:r*), proving the lemma. 

It illllllC'diat.ely follows from the above lemma that the function 

J(.r) = IIxliI 

o 

IHls GLFS »1'Oj>(\l'l.y al. any :z:* E Rn. The next l'esult is also nontrivial, so it is again 
st.ated as Cl )CIllll1il. 
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Lemma 1.8 The jlwc/ion 

has GLFS propcrty at any x* E Rn. 

Proof: It is shown :n [21, Chaptcr 23) that 

and if x* #- 0, then 

ôj(x*) = COllv{sgn(x;)e; : j E J.f"} 

where lr:* is defined by Jx* = {j E {l, ... ,n}: 1:1';1 = f(:r*)}. 

Now, for x* = 0, 

J'(.l:*; cl) = 1
• max{IÀd.l: 1 :::; i::; n} 
lln \ 

.\-0+ " 

Therefore 

{d: J'(x*;d) = O} = Dj(x*). 

If x* #- 0, thcn 

ôf(x*) = L '\Jsgn(x;)eJ 
JEJ",* 

where 

L À] = 1, À] ~ O. 
]EJ",* 

(Note that x* f:. 0 implies that sgn(x;) f:. 0 for ail j E Jx *') Tll<'n.fore, hy /'('''lllla 1.:1, 

f'(x*; d) = max{ L ÀJsgn(x;)d] : L ÀJ = 1, ÀJ ~ O}. (l.X) 
]EJ",* ;E.lz * 

The following four cases can occU!': 

(i) If sgn(x;)dJ > 0 fol' evcry j E Jx*, theJl j'(x*; li) will he st. ictly posit.iV<!; 

(ii) If sgn(x;)dJ < 0 for cvery j E Jx*, thcm j'(x*; d) will be st. ictly lIegiLtiw!j 

(iii) If sgn(x;)dJ > 0 for at Icast one j E Jx ., alld sgn(x;)dJ ::; 0 for t\w rt!st. (Jf t.llI! 

indices j E Jx*, then j'(x*; d) will he stl'ictly positive; 

(iv) If dj = 0 for at least one] E Jx*, and sgn(x;)d] :::; 0, j f:. ], tbc!Il j'(:I:*; d) will 
he zero . 



... 

( 

TIII'rdore 

{d: J'(x'; d) = 0) = {(d,) : 
dJ E R 
.~gn(x;)d) ~ 0 
(with at least one equality) 

if j tt Jx* }. 

if j E Jx* 

(1.9) 

Silice 1:1::1 < IJ';I fol' i tt J.x* and j E Jx*, thcn for any d satisfying (1.9) thel'e exists 
iLlI à > () sllch tltat for ail 0 ~ Ct ~ Q 

Bcsidcs, sgn(x;)d) ~ 0 (with at Icast one equality) together with the faet that Ct ~ 0 

imply that 

I.f; + adJ 1 ~ Ix;l, j E Jx* (with at least one cquality). 

11., t.ltelC'foJ'(·, follows tltat 

J(x* + ad) - max{lx; + adl} 
JEJ",* 

- Ix;1 
- J(x*) . 

Thus, tl E D'('I'*) i.e., {cl: f'(x*;d) = O} C D,(x*) pl'oving the lemma. 
o 

The followillg l'csult ha.s bccll bOl'l'owcd from [28]. 

LCIllI11U 1.9 CO/lsulcr Ihe Junclion 

J(x) dist(x - x*, J() 

6 ,nf U(x - x*) - zll 
zEI~ 

wh l'1'f 1\ is a CO/lIJf.r coue and :1', x* E Rn. Then J is a convex Junction on Rn and 
11Il"; GLFS jJ/'ojJcl'ly al J'*. Fu1'lhel'lno1'e 

./'(.1"; li) = disl(d, 1\') = {O .. 
posztzve 

iJ dE J( 

othe1'wise. 

No\\' usillg COl'OIlal'y 1.3 and the last thl'ce lemmas, we conclu de the following 
1't':Hll\.s: 

(i) f(.1') = /1'J'.1' + L IJ'JI, in pal'ticular J(3:) = IIxlh, are LFS at any x* E Rn; 
JEH 

(ii) J(.r) = Il.1'1100 is LFS .\1. any J:* E Rn; 
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(iii) f(x) = dlst(X - x*, I{) is LFS at J'* whcre J', .1'* and 1\' an' as in LI'IlII11<t l.!) 

and J\ is, in addition, a polyhedral com', 

Let us remind the l'ca der that not c\'C'ry GLF'S fuudion IS LFS. COllsidt'r, fol' 

example, the fUl1ction 

J(.l'h ·1'2, ,1':.1) = id + J'~ - ·1'.1 

at x* = (0,0, of, from Examplc 1.2. As wc showed in thal exalllpk' this l'undioll has 

GLFS propcrty at x* yet does Ilot have LFS propcrty at. that. point. FlII't.IH'l'lllol'l" 

the function 

J(x) = disl(.l' - .r*, 1\') 

has GLFS property at x* whellever J{ is a cOllvex COIW hut do('s Ilot IwVl' LFS pl'Opt'rt.y 

at that point if f{ is Ilot a polyhedral cone. 

1.3 Characterizations of Optimality 

Let us split the cOllst.l'aints of t.he cOllvex (>l'Ogralll (P) illt.o t.hosl' th"t. hilVI' LFS 
property at a givcn fcasible point x* and t.hose that do HOt. Let. the indic<'s of t.ht· 

former group belong to Q aJl(I t.he indices of the lat.t.er to 'R, wllen' P = Q UR. Wt­

obtain the following progwlll : 

(P') 

~ 1 i Il JO ( .1: ) 

S.t. 

1'(:1:)::;0 iEQ 
1'(x)::;O zEn=p\Q. 

Using this fonn of a convcx progrétl11, we will givc Ilecessary il/ICI sllffi('it·lIt. ('olldit.iolls 

for optimality in primaI, dual and saddlc-point. illcquality fOl'/lls. 

1.3.1 PrimaI and Dual Characterizations 

Associated with a convcx program in the fonll (P') wc dcfille 

and 

n= = {i En: :1: E F => P(x) = o}, 

n(x*) = {i En: 1'(:1;*) = O} 

Q(x*) = {i E Q : J'(x*) = O}. 

Note that the same algorithms for computatioll of p= (sœ, e.g., [1,G,:m]) cali IH' 

applied to compute n= by considering only the cordraiJlts ill tlle: :-.d n. 
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Lemma 1.10 Coubider lhe convcx progmm in the form (Pl). If n(x*) \ n= =1= @, 

then t!wn: (;;n.,l.s X E F suclt litai 

Proof: Frolll the defillitioll of n=, it follows that 

By collvexit.y of t.he fk's, tbe "ccntcr of gravit y" of {xk : k E 'R,(x*) \ n=}, 

1 
:2" = L xk 

card(n(x*) \ n=) ke'R(x*)\R= ' 

is f('asibl(' alld Jk(x) < 0, k E R(x*) \ n=. 

'l'heol'cm 1.G ;1 feas/bic poinl x* is an optimal solution of the convex program (Pl) 
if, and only ij, 

l'roof: (Sufficiellcy:) Assumc that x* E F is Ilot optimal. Then there exists x E F 
1-> II( h tIliLt. 

jO(i' ) < jO(x*) 

J'(5: ) < 0 i E Q(x*) 

J' (.7:) < 0 z E n(x*) \ n= 

J'U' ) - 0 i E n=. 

'l'his alld tl\(' collvexity of the fUllctions imply that 

Bul. this al:.;o 1llei\IIS that ([ is a fcasible direction, and since n= c P=, it follows from 
LCllIlJla 1.1(g) t.hat. 

cÎ E DR.= (x*). 

î'1H'l'dol'e 

illlplyillg t.hat 
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which is a nonempty set. 

(Necessity:) Assume now that 

This means that there exist 

and ct > 0 sufficiently small such that for any 0 < 0' ~ à, wc have 

jO(x* + o:d) < jO(x*) 

/(x* + o:d) < 0, i E Q(x*) 

/(x* + o:d) < 0, i E n(x*) \ R= 

J'(x* + o:d) < 0, i E n=. 

Besides, jJ(x*) < 0, jE P \ (n(x*) U Q(x*» which implies t.11é1t. 

P(x* + o:d) ~ 0, jE 'P \ P(:l'*) 

for aH 0: > 0 sufficiently small, by continuity. IICIlCC, X = :1'* + ml for a.1I (\' > 0 
sufficiently small, is feasible, and jO(i) < fO(x*), contradicting optilllél.lity or .1'*. 

Theorem 1.7 (Dual Version of Theorem 1.6) A fcasiblc point :1'* is a1l op/iII/ai 

solution of the convex p/'Ogmm (P') if, and only if, thC1'C c:l'isl vccl 0 1'.'; 

o =f. yO E {Di(x*)}+ , y' E {D~(x*)}+, i E n(a;*) \ n= , 

and 

( 1. J J ) 

such lhat 

yO + L y' + y = O. 
IE'R(x*)\'R= 

Proof: By Theorem 1.6, x* E F is optimal if, alld ollly if, (1.10) 1101<18. Th(! 

cones D~(x*) and Dj,(x*), i E n(x*) \ n=, ale open and C<JIIV(!X UJlles. Tite COlI(! 

conv{ Dn= (x*)} n D~(x*)(x*) is also convcx but Ilot Ilecessill'ily 0IW!I. TIH'l'do/ e, Ily 
the Dubovitskii-Milyutin theOI'cm, (sec, e.g., [4]), x* is optilllili if, alld ollJy if, t.lteJ'(! 
exist vectors 

and 

(J.I~) 
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Ruch that 
yo + L yI + Y == O. 

IE'R(x*)\R-

Now we must show that yo :F O. Note that (1.11) implies (1.12) which proves 
:mfficicncy. '1'0 prove ncccssity, assume that x* E F is optimal and yO = 0 in (1.1 2). 
'l'ben ol/Iy two cases may OCClU. If n(x*) \ n= = 0, then in (1.12) 

yO + y = O. 

But this alld yU = 0 imply thaJ y == O. We have obtained a contradiction since not aU 

vect.ors ill (1.12) are zero. On the other hand, if R(x*) \ R= =f 0 then by (1.12) there 
exists y), for some j E n(x*) \ R=, such that y) i= 0 (sinee yO = 0). Now applying 

the Dubovitskii-Milyutin theOl'cm to 

2: yi+y = 0, 
IE'R(x*)\'R= 

il. follows that 

But silice n(x*) \ n= :F 0, by Lemma 1.10, there exists xE F such that 

1 kllœ i t fo!lows tltat 

P(i:) < 0, i E Q(x*) 

P(x) < 0, i E R(x*) \ n= 

j'(x) = 0, iER=. 

cÎ ~ .Î' - :1'* E D~(x*)\'R= (x*) n D~(x*)(x*) n D~= (x*). 

(1.13) 

But this also llleallS j,hat (Î E F(x*), which imlies that dE Dn= (x*) by Lemma 1.1(g). 
Thel'efol'c 

cÎ == (x - x*) E D~(x*)\~=(x*) n D~(x*)(x*) n Dn=(x*), 

which is ct 1I0llCJllpty set. Thus 

il cOlltradict.ioll 1.0 (1.13). This completes the prooe. 

Wc now use t.ltis l'l'suit to deri\'c a dual characterization involving subgradients. 
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Theorem 1.8 Considel' the C01lvex pl'Ogmln (P'), and assullle lhal ,1''' is n fm$iblt' 
solution satisfying 

J.'* E n int(domf') 
iE{O}uR(x*)\R= 

and that conv{Dn .. (x*)} is closed. Thcll x* is optimal if, Ullll only if, lite sy~lfl/l 

(hO? + L: À,(h')T E cl [{D~=(.r*)}+ + {J)~(x*)(.I'·)}+] 
IE'R(:c*)\R= 

À, ~ 0, i E 'R(x*) \ n= ( 1. 1,1 ) 

is consistent f01' sorne hl E ôj'(x*), i E {O} U R(.z:*) \ n;:;;. 

Proof: (Sufficiency:) Let 

h ~ (hO? + L À,(h')T E cl [{DR=(x*)}+ + {D~(J .• )(:r*)}+] (1.15) 
IER(:c*)\'R= 

where hl E aj'(:r*), i E {O} U n(x*) \ n=. Since by definitioll, 

J'(x) ~ J'(x*) + h'(x - x*), i E {a} U R(x*) \ n= 

for every x E Rn, then 

fO(x) + L: Ài/(X) > jO(x*) + L >../'(x*) 
iE'R(:c*)\'R= IE'R(x*)\'R= 

+ (hO + L: >'111.1)(:1: - :1:*). (1.W) 
I€'R(>:*)\'R= 

Moreover, since J'(x) < 0, for i E P amI x E F, alld P(:l;'') = 0, i E R(J:*), it follows 
from (1.15) and (1.16) that 

jO(x) ~ fO(x*) + !t(x - x*) fol' CVCl'y X E Jt'. 

By convexity of F, we have x - x* E F(x*). Thus 

* n= ( *) x - x E R= x . (1.17) 

Besicles, since F(x*) C D~(:c*)(x*), we also have x - x· E [)~(x~)(x"). 'J'hel'efol'c 

(1.18) 

On the other hand, since the cone D~(x*) (x*) is polyhcdral and tllf! CC)J1e conv{ Dn- (x")} 
is closeJ by assumption, by Lemma 1.1(h,i) wc have 

(1.19) 
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lIence (l.15), (1.18), and (1.19) imply that h(x - x*) ~ O. Therefore 

(Necessity:) t\ssurnc that x* E F is optimal. If x* is a (unconstraineJ) minimizer 
of JO, thcll /J~(x*) = 0 which also means 0 E 8jO(x*) and the theorem holds with 
À, = 0, i E n(x*) \ n=. If x* is not a rninimizer of f O

, then D~ (x*) f:. (2) and therefore 

(1.20) 

AIso, for each i E n(x*) \ n:=. , x* is Jlot a minimizer of l' siJlce by Lcmma 1.10 there 

(~X isLs x E F ~uch that 

j'ex) < 0, i E n(x*) \ n:=.. 

This and the assumption that x* is in the interior of the domain of fi, i E n(x*) \ n=, 
imply that, by Lemmét lA, fO!' each i E n(x*) \ n:=. 

(1.21) 

Again polyhcdrality of [)~(.I.*j(x*) and closedl1ess of conv{D~= (x*)} imply that (1.19) 
holds. It. follows from Thcol'cm 1.7 that 

_y = yO+ L yi. 
iER(x*)\R= 

Now by (1.20) and (1.21) 

and 

Helice, it follows that there cxist 

110 < 0 (since yO f:. 0) ,Itl ~ 0 ,i E n(x*) \ n:=. and 

hl E ôj'(x*), i E {O} U n(x*) \ n:=. 

Sllch t.hat 

iE'R(x*)\R= 

Let " = _JL and ,.\ = l!.!. for i E n(x*) \ 'R,=. Then 
110 110 

h = hO + L Àih' 
iER(x*)\R= 
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o 
If in the above theorcl11 we assume fUl·thel' that .r- also belongs to tlH' int.t'I'ior 

of the domain of p, k E Q(x*), then LFS pl'opcrty of fk, k E Q(.l'-), aL .1'", hy 
Lemma 1.1(i), Lemma 1.4 and Corolla.-y 1.1, implics that 

2: {Dlk (x*)}+ 
I.EQ(x*) 

L {JlkDfk(:r*) : Pk :5 Dl· 
kEQ(J;*) 

This yields the fol1owing result. 

Corollary 1,4 Considel' the convex pl'ogmm (P') , and assume litai x* E F is .~/lr" 
that 

x* E n ml(dom.J'), 
,€{O}uP(x*)\'R= 

and lhat conv{ Dn-= (x*)} is closed. Then x* is optimal if, and only if, l!tr system 

(hOf+ 2: )..,(h')TEcl[{Dn=(x*)}++ 2: {JlkD/'(:ln :/tk~O}] 
iE'R(x*)\'R= k€Q(;t'*) 

)..i ~ 0, i E n(x*) \ n== 

is consistent fOl' some h' E âf'(x*), i E ~O} U R(x*) \ n=. 

Note that the dosure can be omitted in Corollal'y 1.4 if thc cOlle D'R. .. (x*) is polyhe­
dral. This immediately yields our next l'csult. 

Corollary 1.5 Consider the convex pl'ogmm (P') J and assume litai 3;* E F zs .'Iu('h 
thal 

x* E n inl(dowt)· 
.€{O}UP(x*)\n= 

Furthermore, assume thal the cone D R= (x*) is ]Jolyhedml. Tlten x* is o]Jtiuw,1 if, und 

only if, the system 

(hOl + L: )..,(h')1'E {Dn=(x*)}+ 
IEl'(x*)\n= 

).., ~ 0, i E P(x*) \ n= ( 1.21) 

is consistent for some h' E ôl'(x*), i E {O} U P(x*) \ n=. 

Finally, if aU the functions fk, k E P(x*) have LFS property at x*, tlwu Cowllary I..5 

is further simplified to our Ilext l'csult. 
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Corollary 1.6 Considcr the convcx program (P'), and assume that x* E F is Buch 
lhal 

X* E n int(domf'). 
IE{O}U1'(x*) 

Furthcl'1nOT'C, assume lltat fk, k E P(x*), have LFS property at x*. Then x* E F is 
optimal if, and only if, 

o E âfO(x*) + L: >.jâf' (x*) (1.25) 
jE1'(x*) 

for S07l!C).1 2: 0, i E P(x*). 

We l'ccall thal conditions under which (1.25) holds are aiso conslraint qualifica­
tiolls. Thus, using Corollaries 1.5 and 1.6, we can conclude the following important 

l'esul t. 

Corollal'y 1.7 COllsider the convex p7'Ogmm (Pl) al a feasible point x*. Then the 
followinfl conditions are conslraint qualifications: 

(i) AlIlhe fune/ions 1', i E P(x*), have LFS property at x*; 

(ii) 'l'ltcre c:âsls 5: E F suclt lhai jJ(x) < 0, j En. 

Thc following cxample shows that closedness of conv{ Dn= (x*)} is required in Theo­
lelll 1.8. The cOllstraints of the example have been borrowed from [28]. 

Exmnple 1.3 Consider the program 

whcl'{' 

and 

Min fO(x) == Xl - X2 

s.t. 
Jl(x)5 0 
j2(x) 5 0, 

if x2 + x 2 > 0 1 2 -

otherwise 

f2(:t.) = dist(x - x*,K), f{ = {x E R2: Xl ~ 0, X2 ~ O}, 

around :1'* = (1, of. l'hcn 

F = {x*} ,Q(x*) = {2} and n= = il}. 

F'urthl'l'mol'c, thc COllC 
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is not closed. Moreover 

and 

D~(x*)(x*) = {d : J'(x*j d) = O} = 1\", \1 jO(x*) == (l, -1), 

]{+ ==]{, {Dn=(x*)}+ = {(d.,O)l' : dl :5 D} 

cl [{Dn=(x*)}+ + {D~(x*)(x*)}+] = {cl E R2: d2 :5 O}. 

The optimality condition from TheOl'cm 1.8 becolllcs 

I.e., 
7' 2 ( 1 , -1) E {d E: R : d2 ~ O}. 

This is clearly an inconsistent system. 
o 

The following example shows that the polyhcclrality of thc COllC OR: (x*) is 1'('­

quired in Corollary 1 .. 5. 

Example 1.4 Considcr the program 

where 

Min f O = x~ + X3 

s.t. 

JI = Xl ~ 0 
j2 = dist(x - x*, C) :5 0, 

C = {x E R3 : 2XtX2 ~ X~, Xl ~ 0, x2 ~ D} 

is the self-polar ("ice-cream") cone and x* = (O,O,O)T. (Not.e t.hat. p ir; ilOt. (lilr('J'(~II­

tiable at x*.) Then 

n= = {2}, Q(x*) = {1}, 

D~(x*)(x*) = {x E R3 
: Xl ~ O} and Dn= (x*) = C. 

Furthermore 
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The optimality condition from Corollal'y 1.5 becomes 

I.e., 

for sorne Àl ~ 0 W hcl'c 2Cl C2 ;::: C3, Cl ;::: 0, C2 ~ O. This is obviously an inconsistent 

system. 

The aSylllptotic vcrsion from Thcol'cm 1.8 becomes 

I.e., 

for sOllle sequences 

dk=[~],dt~o 
alld cl.. E C, ~. = 1,2,... . Indeed, the choice 

[ 
-k 1 [ k 1 cJk= ~ ,é= 2;k 

cOllfirlllS the cOllsistency of the asymptotic version. 
o 

If ail the f\luctions in the convex program (P') are differentiable, then Theorem 1.8 
and Corollary 1.5 are further simplified to our ncxt two corollaries. These two corol­

laries are also directly dcrivcd in [31]. 

Corollary 1.8 COllsidcl' the C07wex jJ7'Ogram (P') whe7'e aU the functions are differ­
cntiable at .1'*. Fllrlhc/'tnore, assume that Dn= (x*) is closed. Then x* E F is optimal 
if, and only if, Ihe syslem 

(\7 j'0(.I'*))'1' + L '\k(\l Jk(x*)f E cl [{Dn= (x*)} + + {D~(x*)(x*)} +] 
ker.(x*)\R= 

is COI/SiS/flll fol' somc 

>'1..' ~ 0, k E 'R.(x*) \ n=. 
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Corollary 1.9 Consider the convex p/'Ogl'.. 1 P') "'''ff'C ail tht, fUllctiolls arc dljTfI'­
entiable al x*, Fu1'lhermol'c, l:ssume that DR- (x*) is IJoll/llct/ral. '/'hell ,r* E Fi . .; 

optimal if, and only if, the system 

kEP(x*)\n= 

is consistent for sorne 

Àk ~ 0, k E P(.r*) \ n=, 

The following example shows that polyhcdl'ality of DR= (:1'*) is also l'cquired in t.llt' 
above corollary although aIl the fundions arc dHfcrcnt.iablt'. A slight.ly dill'(,ft'Ill. ('x­

ample is given in [31]. 

Example 1.5 Consider the program 

where again 

Min f O = x~ +X3 

S.t. 
Ji = Xl ::; 0 
P = (dist(x, C»2 ::; 0, 

c = {x E R3 
: 2XIX2 ~ x~, Xl ~ 0, X2 ~ O} 

is the self-polar ("ice-cream") cone and x* = (0,0,0)7'. Notc that j2 is diff(>l'c'ntia.bl(· 
at x* sillce 

inf IItd - zl12 
(f2)'(x*' d) = lim zEe = 0 for cvcl'y ri E Ua. 

, t_O+ t 

Therefore, all the functions are differentiablc. Furthcnnorc 

n= = {2}, Q(x*) = {l}, 

D~(x*)(x*) = {x E R3 
: Xl ::; O} aud Dn=(:c·) = C. 

The l'est of the example is exactly the same as in Examplc lA. 

1.3.2 A Saddle-Point Characterization 

BeCore deriving a saddle-point chal'acterization, wc intl'oducc the following LagraJl~iall 
function for a convex program in the form (P') . 

.c~(x,À) = fO(x) + L Àkfk(x). 
kEP\n= 
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Hecall that 
n= = {i En: x E F => 1'( x) = O}. 

Wc dcnol.c 

Fil = {x E Rn : J'(x) = 0, i E n=}. 

Furtlwrmol'e, let q = card(P \ n=). 

Now u&iJlg ()ol'Ollary 1.5, wc will derive the next characterization of optimality in 

the sadd Ic- poi lit illcq uality forIn. 

Theorem 1.9 C07u;ider the convex program (P' J. Assume that x* E Fn is such that 

x* E n int(domfk), 
kE{O}UP(x*)\'R= 

and the cone Dn= (x*) is polyhedml. Then x* is optimal if, and only if, there exists 

>'* E R~ s'/lch lhat 
(1.26) 

fOl' ail >. E H~ and fol' ail xE {x* + Dn=(x*)}. 

Proof: (Sufficicllc:') Assume that x* E FR satisfies (1.26). Then the left-hand 

inequality of (1.26) implics that for every >'k ~ 0, 

L >'dk(x*)::; L Àkfk(x*). (1.27) 
P\'R= P\'R.= 

First wc show that x* is fpasible, Le., fk(x*) < 0, k E P \ n=. If fk(x*) > 0 fol' 

Home ". E P \ 'R.,.=, then (1.27) is violated by choosing >'k sufficiently large. Next, sinee 

:1'* E F and '\k E R~ 
L: >.jJk(x*) < O. 

I..EP\'R.= 

But frolll (1.27) \Vith ÀI.. = 0 

L: >.jJk(X*) > O. 
kE'P\'R.= 

'\'I!crcforc 

L: Àkfk(X*) = O. (1.28) 
kE'P\R= 

Now, t.he l'ight.-hilUd incquality of (1.26) implies that 

fO(.1:*) + L ,\iJk(x*) ~ fO(:l') + L ,\Zfk(x) for every x - x* E Dn= (x*). (1.29) 
1'\'R= 1'\R= 

Sillet' 

F(.r*) C Dn=(x*), 
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then (1.29) holds, in particular, for \lJI x satisfying 

.1' - x* E F(x*) 

and heu cc for aIl x E F, by convexity of F. Thus, by (1.28) and (1.2H), 

1°(.1:*) ::; 1°(3.') + L ~Zl(.r), 
1'\R= 

for every x E F. This implics that for ev('ry .r E F, 

(since P(x) < 0 for every x E F). This completes the sufficiency part. 

(Necessity:) Let x* be an optimal solution of (P'). Theil by Corollary l.f), tlu'l'e exist. 

xz ~ 0, k E P(x*) \ n=, and hk E 8fk(x*), k E {O} U (P(:!'·) \ n=) 

such that 

hO + L ~Zhk E {Dn,,(x*)}+. 
kEP(x*)\n= 

Let ~k = 0 for k E P \ P(x*). Then the above can be augmcntcd in the followillg 
way: There exist 

such that 

hO + L ~j)~k E {Dn= (x")} +. 
kEP\n= 

From hk E 8fk(x*), k E P \ n=, it follows that for cvcry x E Rn, 

Therefore 

( I.:W) 

fO(x) + L: Àzl(x) 2: fO(x*) + L ÀiJk(x*) + (hO + L ÀZhl..)(x - :1:.). 
kEP\n.= kEP\n= I..ep\n= 

But, (1.30) implies that for x - x* E Dn=(x*), wc have 

(hO + L ÀÎ:hk)(x - x*) 2: O. 
kE'P\n= 

Thus, for every x - x* E Dn=(x*), 

l(x) -1- L ÀjJk(x) ~ fO(x*) + L ÀZfk(x*), 
kep\n= ke'P\n= 
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proving the l'ight-hand inequality. On the other hand, it is easily seen that 

L Àkfk(x*) = 0 
kep\n= 

which implies that, for evcl'y Àk 2: 0, wc have 

fO(x*) + L Àdk(x*) < fO(x*) 
kep\n= 

< fO(x*) + I: ÀZ!k(xl<). 
~eP\n= 

This provcs the left-hand illcquality. 
o 

If, in Tllcol'em 1.9, n= = 0, then the Lagrangian function becomes the usuai 

Lllgrangiall, C(:r, ).), a.nd the sets Fil and x* + Dn=(x*) become Rn. One such case 

is whcll ail the fUllctions .f', i E P( x*) have LFS property at x* yi el ding our next 

('csuIt" 

Corollary 1.10 COllsider the convex program (Pl). Assume that x* E Rn is such 
Ihal 

x* E n ;nt(domfk), 
ke{O}Ul'(x*) 

and Ihal alllhe funclions l, i E P(x*) have LFS property at x*. Then x* is optimal 
if, and only if, tllcre exis/s À* E Rt. such lhat 

.L:(x\À) ~ C(x*,,\*) ~ C(x,).*) (1.31) 

fOI" ail ). E Rf. al/d for ail :2; E Rn. 

We will illustrate the result given in Theorem 1.9 byan example. 

Example 1.6 COllsider the program 

wherc 

Min fO = -Xl + eX2 

S.t. 

JI = IXII + IX21- 1 ~ ° 
j2 = Ix~ - x21 - 1 ::; 0 
f3 = g(x) ~ 0 

r 
if Xl ~ 0, X2 > ° 

x2 if Xl ~ 0, X2 > 0 
g(.r) = ~ 

if Xl ~ 0, X2 < 0 X2 

x~ + x~ if Xl ~ 0, X2 < 0 
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at x* = (l,of. Then 

F = {x E R2: 0 ~ :r 1 ~ l, 0 ~ J'2 ::; 1}, 

Q(x*) = {l}, n(,l'*) = {2,3}, n= = p} 
and 

DR=(x*) = {d E n2: d2 2: O}. 

The saddle-point optimalit.y condition from Theorclll 1.9 bccollles 

0::; 0 ~ -Xl +eX2 + À;(lxti + IJ'21-1) + ,\~(I:t'i - ,/':.d - 1) 

for sorne X;" ~ 0, À2 ~ 0 and for ail x E {(l, ,l:2)T : X2 > O}. IlI<!eed, tlll' choit'<, 

Àt = 1 and '\2 = 0 confirms the consistcncy of the saddlc-poillt version. 'l'IlC'nofo\'t" 
x* is optimal. Furthennore, wc have 

8jO(x*) = {(-l, l)}, âfI(X*) = {(1,2a -1): 0 <a ~ I}, üf2(x*) = ({2, -l)} 

and 

{DR=(x*)}+ = {(0,d2f: d2 ~ D}. 

Therefore, the optirnality condition from Corollmy 1.5 I)('colllcs 

for sorne 0 ~ a ::; 1, f3 ~ 0, À1 ~ 0 and À2 > O. Indecd, the choicc 

).1 = 1, À2 = 0, a = 1 and f3 = 2 

confirms consistency of the above system and opLimality of x*. 

( I,:!~) 

Remark: Wolkowicz [28] uscd the approach of Gould and Tolle to clerive fl<'vel'éll 

optimality criteria which use the canes of dircctions of cOllstancy. Ile ddilled pIJ(:I: A
), 

the set. of "badly behaved" constraints, as follows : 

where 

These are the constraints in p= whose analytic pl'opel'ties (givcn by the dil'(!dicJ/lal 
derivatives) do not fully descl'ibe the geometry of the fcasiblc set (givell hy the feasihle 
directions). The set pb(x*) is also the set of collstraillts that creates prolJ!elUs in tbe 

Kuhn-Tuckcl' theOl'Y. \Vith 

Bp(..:*)(x*) = {h : h = L: ).khk for sorne Àk ~ 0, hk E ()Jk(3:1<)}, 
kEP(x*) 

he derived the following result. 
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Theorem 1.10 C01lsidcl' the convex pT'O{}T'arn (P). Suppose that x* E F, that the set 
n satisjics 

pb(X*) cne p= 

and lhal boUt convDn(x*) and -Bp(x*)(x*) + {Dn(x*)}+ are closed. Then x* is 

oplimal if, aud ouly if, lhe system 

o E a,f°(x*) + ~ Àk8.fk(x*) - {DO'(x*)} + (1.33) 
kEP(x*) 

is consistent foT' sornc ).k 2: 0, k E P(x*). 

Ile fUI'Lhcr concluded that 

is a IIcccssary and sufficient condition for the Kuhn-Tucker theOl'y to hold at x*, i.e., 
il is a wcakest collstraint qualification. he referrcd to thls condition as "WCQ". 

The illlerestillg point, is that if the convex function f has GLFS property at x*, 
thell it is Hever "badly behaved" at that point. Therefore, using Wolkowicz l'esults, we 

notice t!la,t if ill the plOgram (Pl) all the active constraints at x* have LFS property 

at that point, thcn Hp(l-*) (a, *) will be polyhedral and thereforc closed. Furthermore, 

HillCC f\llldiolls \Vith LFS property at x* have GLFS property at x* by their definition, 

we have pb(.l'*) = 0. Hcnce, the condition "WCQ" is indeed satisfiecl, implying that 
Corollary 1.6 is a, special case of "WCQ". 

1.4 Applications in Single- and Multi-Objective 

Progralnming 

TI\(' charact.erizal ions of optimality derived in this chapter are simpler than the usual 

c1li1racLcri2at.iolls of optimality in the sense that n= is a smaller set than P=. How­

evcr, whcn cOllsidering the parametric programs in input optimization, we notice that 

the set P=(O) plays a very important l'ole in dctermining the stability of the mathe­

mat.icallllodcl, whcreas the set n=(O) lllay give us no information about the stability 

of the mode\. For cxample, for any !inear model the set 'R.,=(O) is always empty, 

givillg 110 information about. the stability of the mode!. Thcre[orc, while cOllsidering 

mat.ll<'matical modcls, wc always need the set P=(O). Howcver, the LFS properties 

silllplify t.he cakulat.ioll of the set P=(O) at a fixcd 0 as shown below. 

Consider the convex 1110dcl (P,O). If at 0 = 0* there exists x* E F( Ok) at which 

aIl t.he fllllCt.iollS have LFS propcrty, thcn the algorit.hm by Zlobcc and Craven [39] 
fol' calclllat.ion of P=(O*) is significantly simplifkd as follows: 
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The algorithm begins \Vith 0(0*) = P(a.'*,O*) and end::; wit.h 12(0·) = P=(O*). At. 

ever:' iteration the program 

(L,O(O*» 

is sol,'ed. 

Min 
(d) 

S.t. 

L \1 fk(x*, O*)d 
kef2(8*) 

\1 fk(x*, O*)d ~ 0, ~. E 'P(:!"*, 0*) 

IIdlh ~ 1 

Initializatlon: Find x* E F(O*) such that aIl the collstraillt,s li;~\'e LFS pmpe!"t.y a!. 

x*, for the gi ven U". Calculate P(x*, 0*) alld set 0(0*) = P(:/"*, 0*). 
Step 1: Find an optiraal solution J of (L,n(O*»). Calcu\at.e 

?J(O*) = L \1 jk(x*,O*)J. 
keO(O*) 

Step 2: If ?J(O*) < 0, determine 

J( = {k E P(x*,O*): V jk(x",o*)(l < a}; 

set 0(0*) = n(o*) \ f( and return to step 1. Othcl'wise, stop; 0(0*) = P=(O"). 

Recall that in the a\gorithm for the gClIeral case, given ill [39], the progralll so\V('d 
in each iteration is 

(P,O(O*» 

Min 
(d) 

s. t. 

L ~ fk(x*, O*)d 
ken(8*) 

\7 fk(x*,O*)d + 011d - 8k ll l ~ 0 
Ok E DJk(X*) 
Ildlll < 1, 16k ll ~ 1, k E P(x", Ok). 

Note that the constraints represent the set of fcasible directions of (P, 0*) at 3;*. A 
parameter e > a is involvcd, and the iterations must he cOllt.il1ued ullt.il t.he optillliLl 
value 9(0,0*) < a for ail sufficiently small e > O. In the algoritlull that wC! gave 

above for the LFS case, on the othcr halld, thcre is no 0 invo\ ved since the Hel. (jf 
feasib\e directions at x* for 0= 0* is simplificd ta {d: V Jk(x*,O")d ~ O} due 1.0 LFS 
property. 

We will now illustrate the above rcsult by aIl cxample. 

Example 1.7 Consider the cOllstraints 
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j2 = Xl :::; 0 
f3 = -X2 - 02X3 < 0 

14 = 03e:l:2+X3 - 1 ::; 0 

f5 = Xl + 2X2 < 0 

at 0 = O· = (1, l, I)T. 
Initialization: Let x* = (0,0, O? '1 hen 

P(x*,O*) - {1,2,3,4,5} 

'Vt(x*,O*) - (-2,0,0) 

'V j2(x*, 0*) - (1,0,0) 

'V 13 (x*, 0*) - (0,-1,-1) 

'V j4(X*,O*) - (0,1,1) 

'V j5(X*,O*) -- (1,2,0). 

Itcl'ution 1: 

Step 1: The cOl'rcspolldillg (L, P(x*,O*)) is 

Min 2d2 
(d) 

s.t. 
-2d1 ~O 

dl ~O 

-d2 - da ~O 

d2 +da ~O 

dl + 2d2 ~O 
, 1 1 ,Ct, . < l, iE{1,2,3} 

and its optimal solution is cl = (0, -1, l)T with 9 = -2. 
Step 2: f( = {5} and 0(0*) = P(x*,O*) \ l( = {1,2,3,4}. 

Itcration 2: 
St.cp 1: Th(, linear program (L,fl(x*,O*)) is now 

Min -dl 
(d) 

s.t. 
-2d1 <0 
dl <0 
-d2 - da <0 
d2 + da <0 
dl + 2d2 <0 

Id,l < 1, i E {l, 2, 3} 
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and an optimal solution of it is J = (0, -1, l)T \Vith 9 = o. 
Step 2: 

P=(O*) = 0(0*) = {1,2,3,4}. 

o 
Another application of LFS f\lndions will IlOW he givcn in Illult.i-obj('ctive 1'1'0-

grams. Let us consider the multi-objective pl'Ogram 

(MP) 

Min {<tl(x): k E Q} 
s.t. 

x E F = {x E Rn : f'(x) $ 0, i E P} 

where P = {l, .. ·,m} and Q = {l, .. ·,q}. Wc l'ccall that x* E Ji' is a Pareto 
minimum (or "efficient point") if there is no otller xE F Bueh tha.t 

<f>k(X) ~ <t>"(x*), k E Q 

with at least one strict inequality. If there is a constant f3 > 0 Bueh that, whcnùveJ' 

<t>k(X) < <tl(x*), x E F, for sOllle k E Q, 

we have 
<f>k (x*) - <t}( x) 

- - < f3 
<l>k(x) - <l>k(x*) -

for some k E Q satisfying ifJk( x) > ifJk( x*), thcn Buch x* E F is cali pd a stl'OlIg 

Pareto minimum (or "properly efficient point") (scc, c.g., [11]). Thcl'c exists iL silllple 
characterization of strong Pareto minima. 

Theorem 1.11 Consider the convex multi-objcctivc progm1lt (M P). A poinl :1:· E F 
is a strong Pareto minimum if, and only if, x* is an optimal solution of lite siUfllc­

objective p7'Ogmm 
Min E ÀZql(x) 

keQ 

s.t. 
xEF 

fo1' sorne weights ÀZ > 0, k E Q. 

We will now prove that if aIl functions in (M P) have LFS property, tlH!/1 the 
strong Pareto and usual Pareto minima coincide. 

Theorem 1.12 Consider the convex multi-objeclive progmm (M P), W/W1'C (lll Uw 
funetions have LFS pfope7'ly al a fcasible point x* sueh lltal 

x* E ( n int(domf'») n (n int(domql)). 
le'P(x*) keQ 
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'l'hen x· is a Pareto optimum if, and only if, x· solves the problem 

(SP, À*) 

Min L (1 + Àk)tj>k(x) 
keQ 

s.t. 
J'(x) ~ 0, i E 'P 

for sorne wcights Àj; ~ 0, k E Q. 

Proof: AssulIle that x* solvcs (SP, À*). Then x* is a strong Pareto optimum and 
tJlCfcforc a Parcto optimum. ConverscJy, if x* is a Pareto optimum then x* solves the 
prohlclIl 

Min L qi(x) 
keQ 

s.t. 
tj>k(X) $ tj>k(x*), k E Q 
fi(x) $0, iE'P. 

Sillcc ail functions have LFS property at x*, we use Corollary 1.6 to conclude that 
thc systcm ° E E(1 + ÀZ)84>k(x*) + L: u;8!,(x*) 

keQ leP(x*) 

Àk ~ 0, k E Q 

u: ;::: 0, i E P(x*) 

is consist.cnt.. ))CIlCC it follows that x* solves the program (SP, À*). This completes 
thc prooe. 

Corollary 1.11 Considel' the convex multi-objective progmm (M P) where aU the 
f/ludions Itlwc LFS ]J1'Operty ai a feasible point x* such that 

~t* E ( n il1t( dom!'») n (n int( domtj>k»). 
lep(x*) J..eQ 

Theil ,1'* E F i.'i a Pm'clo optimum if, a1ul only if, x* is a strong Pal'elo optimum. 

Wc del10tc the Lagrangiall of thc multi-objective program (AfP) by 

Cp (:I', À*, u) == E (1 + ÀZ)tj>k(x) + L udl(x), 
keQ leP 

Theil t.he following saddlc-point charactcrization immediately follows. 
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Theorenl 1.13 Consider the C01l.vex 1nulti-objcclive program (AI P) wl!t'I'C (lll Ihe 
funetions have LFS pl'operty at a feasible point ;r* such thal 

x* E ( n int(domj')) n (n i71t(dom4l )). 
IEl'(x*) keQ 

Then x* is a Pareto optimum if, and only if, thcre exisfs À* ;::: 0 and tr· 20 ,';ru·1I '/'al 

for ail x E Rn and 1l 2 o. 

Remark: Note that the condition on the interiOl' of the dOJllain of functions cau h(, 
dropped if the functions are defined on the cntire space RIl. 

o 
In what follows, we will give a charactel'Ïzation of Pareto opt.imalit.y IIsiug él lin­

earization approach. We consider the COIlVCX pl'Ogralll (At P) where ail tht· flllldiolls 

are differentiable and have LFS propel'ty al. a point x in thc intersection of t.hei,· do­
mains. Around x, we approximate the f unctiollS <Il, k E Q and f', i E 'P by U\('i l' 

linear parts 

ljJk(X + d) '" ljJk(x) + V</l(x)d, k E Q 

r(x+d) '" fi(X) + Vf'(x)d, i E P 

thus obtaining the following approximation 1.0 the progréllll (1\1 P) 

(LMP,x) 

Min {rPk(x) + VrP~(x)d, k E Q} 

s.t. 

f'(x) + V f'(x)d < 0, i E P. 

Program (LM P, x) is cal1ed linearizalion of (M P) at x. Th(~ following two singl('­

objective programs, corresponding to (M P) alld (LM P, x), l'espccti vdy, will be w;(!d 

in a characterization of Pareto optima undcr Ole lincéLl'i~éttion: 

(SP, >..) 

and 

(LBP, >., x) 

Min E(1 + >..J..)rPk(x) 
keQ 

s.t. 
f'(x) < 0, i E P 

Min L(1 + )...k)(ljJk(x) + V4>k(x)d, k E (J) 
keQ 

S.t. 

/(x) + \7 f'(x)d $ 0, i E P. 
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Theorem 1.14 Consider' the convex multi-objeclive program (!II P) and a feasible 

point x* at wInch ail the funclions have LFS property, Then x* is a Pareto optimum 

for (M P) if, mul only if, d = 0 is a Pareto optimum for (LMP,x*). 

Proof: Assume t1lat x* E Fis a Pareto optimum for (M P). Then there exists'\* ~ 0 
such that x' is an optimal solution of (S P, À ). This implies that d = 0 is an optimal 
solution of (I,SP,'\*,x*) (sec [38, Theorem 1]). It then follows that d = 0 is a Pareto 
optimum fol' (L1I1 P, x*). 

COllvCl'scly, if d = 0 is a Pareto optimum for (LM P, x*), then there exists ,\* ~ 0 
slIch that d = 0 is an optimal solution of (LSP,).*, x*), which implies that x* is an 
optimal solution of (SP, ,\*), Thercfore, x* is a Pareto opt Hnum for (!l1 P). 
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Chapter 2 

LFS Functions and Generalized 
Convexity 

In this chaptcr we extend the definition of differentiable COllvex LFS functiolls to the 

differentiable generalized convex functions. We will show tha.t for Buch f\ludiolls I.h(· 

Karush-Kuhn-Tucker condition is nccessary for optimality. Again if BOille comMaillts 

do not bclong to this class, we will l'egroup them to thoBC that have LFS pl'operl.y 
at x* and those that do Ilot and give characterizations of optilllalit.y for a. »l'Ogralll 
rewritten in this form. "Wc will further charactcl'izc Pareto optimality for t1irferl'lIt.iable 

pseudoconvex rnulti-objcctive programs (without considerillg LFS fllHctiolls) a 1l\llat.(!1' 

considcr the special case where aIl the functions are psCUdocollvex wit.h LFS IHOI){·rt.y. 

2.1 Quasi- and Pseudoconvex LFS Functions 

We fil'st recall sorne basic notions from gcncl'alizcd cOllvexi ty (sec, e.g., [1,17]) a IId UWII 

introduce quasiconvex and pseudoconvex LFS fUllctiolls. Wc will give geolllelric alld 

algebraic characterizations for special classes of diffewntiablc (1'IitsicoIlVC'X fUIlct.iolls 

with LFS property as weIl. 

Definition 2.1 A function f : Rn ~ R, dcfintd on a COTWC.c set zn ll't, is ('(lU( fi 
quasiconvex if ail ils level sets 

{x: f(x) =:; a}, a E Il 

ar'e convex. 

The following are equivalent (see [4]): 

(a) f is quasiconvcxj 
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(b) f(x + d) =:; f(x), 0 ~ À $ 1 =} f(x + Àd) $ I(x) for every x, x + dE domJ; 

(c) f(Àx + (1 - À)Y) < rnax{J(x),f(y)} for any 0 $ À < 1 and for every x, y E 

domf· 

Definition 2.2 A funclion f : Rn -+ R, defined on a convex set in Rn, is cal/ed 
sll'iclly quasiconvcx if, for aIl x, x + d E domf, 

1(3.' + d) < f(x), 0 < À < 1 => f(x + Àd) < J(x). 

The followillg are cquivalcllt (see [1]): 

(a) f is stl'ictly quasiconvex; 

(b) f("\x+(l- À)Y) < max{f(:l'),J(y)} for any 0 < À < 1 and for ail x, y E domJ 
sllch thal I( x) i:. f(y)· 

Lemma 2.1 Let f br tliffc1'entiable on an open convex set r c Rn. Then J is quasi­
couvez lI, and o1lly If, fol' any x, y E r sueh that 

J(y) < I(x), 

wc havc 
v f(x)(y - x) $ o. 

(The l'roof (lI' the abovc lcmma can be round in [1].) 

Definition 2.3 il fUllclioll f : Rn -+ R, defined and diffe1'entiable on a convex set r 
in H", i8 ca/leel pSCIU[O('OIlVC:Z: on r if, fur ail x, y E r, 

v I(x)(y - x) ~ 0 ==> f(y) > J(x). (2.1) 

Wc cali place a flll'thcr rest.rict.ion on a pseudoconvex function by requiring the 

implied in('<[llality in (2.1) to be a strict illcquality for x i:. y. In this case, the function 

is cnlled si riclly pse lldoco n lIeJ.·. 

Lemma 2.2 If f ,.'> eliffcl'cnliable and pseudoconvex and x .... E domJ, then 

(a) J)t(,r~)::: {d: \1f(:v*)d < O}; 

(b) D,(J'*) is a cOI/vez coue and D,(x*) C {d: V I(x*)d = O}; 

(d Dl (.1'*) ::: {d : \1.f( a'*)d $ 0 'lvith equality ollly if d E DI (x*)}. 
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Recall that Lemma 2.2( a) does not h'Jld for strictly quasicol\\,(,x funct.ions. Fur· 
thermore, Lemma 2.2(b) may fail for differentiable quasÏ<'onvcx functions. For coulllt.'I'· 
examples see [5]. 

Without lower sernicontinuity, strict quasicollvcxily <loes Ilol imply quasiconVt'xi\.y 

(as the well·known example 

f(x) = { ~ if J' = 0 

ifxi-O 

shows). However, since we assume that aIl the fuuctions arc diffel'cnliable, the fol· 
lowing implications can be concluded. 

convexity => pseudoconvexity => strict quasiconvexity => qua.skonvcxity. 

Definition 2.4 A diffe1'enliable quasicollvex function f : /ln -+ R IHls a lo/'{/lly 11(/1 
surface at x* if 

N(V f(x*)) = Dj(x*). 

l''or pseudoconvex functions with LFS propcrty a.L ally point l'· E R7I wIH'I't, 

V f(x*) i- 0, we have the following geornetric charactcrÏzatioll. 

Theorem 2.1 Let f be a pseudoconvex funelion and x· E Rn. If V f(x·) i- 0, lheu 

f has the LFS prope1'ly at x* if, and only if, its cone of dù'ccI ions of 1HJ/lll8CCul is 
polyhedrai at x*. 

Proof: (Sufficiency:) Since V f(x*) i- 0, we observe that Dj(x*) i- 0. lIel'(~ pscudo· 
convexity of f and polyhedrality of DJ(x*), by Lcmma 2,2(a,c), illlJ>!Y tha.t 

DJ{x*) {d:VJ(x*)d::;O} 

- Dj(x*) U N(V J(x*)). 

Besides (see, e.g" [5, Lemma 3.1(b)]) 

Dl(x*) = DJ(x*) U Dj(x*). 

In either case DJ(x*) is represented as a unoin of two disjoint sets. He/lu! 

Dj ( x *) = N ('\l f ( x * ) ) . 

(Necessity:) If f has the LFS property at x*, thcn, by Lemma 2.2, 

DJ(x*) = {d : V J(x·)d ::; O}, 

which is a polyhedral cone. 
o 
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Ferland (sec, e.g., [1]) showed that, if f is a twice differentiable quasiconvex func­

tion on a solid (with a noncmpty interior) convex set r c Rn, then f is pseudoconvex 
at any point x* E r whcre V f(x*) f:. O. Therefore, we can derive the following 
gcomctric charactcrization for such quasiconvex functions using TheOl'em 2.1. 

Corollary 2.1 Lct f be a twice diffe1'entiable quasiconvex function and r c Rn be a 
couvex sel wzlh a nonempty inlerior. Furthermore, assume thu.t x* E r and V f(x*) f:. 
O. l1tClt f has LFS p1'Operly al x* if, and only if, it.~ cone of directions of nonascent 
is poJyh('(Jm[ al x*. 

III the followillg two lemmas, wc will introduce classes of quasiconvex and pseu­
docollvex fUllctiolls for which the cones of directions of constancy can be easily cal­
culat.cd. 

Lemma 2.3 Let the function f : Rn --+ R be given as 

J(x) = h(Ax + b) (2.2) 

whel'c A is au ln x 1l matrix and h : Rm --+ R is a st1'ictly pseudoconvex function. 
'l'hen f is pscUlJoconvcx and 

DI(x*) = N(A) 

indcpcndcn/ly of ;z:* E Rn. 

Proof: Fil'st. we provc pseudoconvexity of f. For aIl x, x* ;::: 0, 

\1f(3:*)(X -- x*) ~ 0 =} (\1h(Ax* + b»A(x - x*) ~ 0 

=} (\1h(Ax* + b»(Ax - Ax*) ;::: 0 

=} h(Ax + b) ~ h(Ax* + b) by strict pscudoconvexity of h 

=} J(x) > J(x*). 

Now if dE N(A), tha.t is Ad = 0, thcn dE D,(x*), by (2.2), rcgardless of the special 
assumpt.ions on h. C()nvcrsc!y, let d E DJ(x~). Then there exists an a > 0 such that, 

fOl' all 0 < Ct ~ a, 

l(.r* + ad) - J(x*) - h((Ax* + b) + CtAd) - h(Ax* + b) 

- 0, 

which shows t.hat h is constant on the interval 

[Ax* + b, Ax* + b + aAd). 

This is a. contradiction to strict pscudoconvexity of h unlcss Ad - O. Therefore 
li E N(A). 

o 
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Lernrna 2.3 can be extended to a rnuch larger class of differentiabl<, quasicollvcx 

functions under sorne additional assurnptions. 

Lemma 2.4 [et the funciion f : Rn -+ R be given as 

f(x) = h(flx + b) (2.:J) 

where A is an m X n matrix, b E Rn! an(f" : /llll --+ R is (l tlilTe1'cntiablc (juasirO/wc.r 
function. Fu l'lhe 1'111 ore, assume that ;1'* E R" al/d litai V7 f(a··) f. O. 'J'hw f i.'i 
quasiconvex and 

Df(~l'*) = N(A). 

Proof: The quasiconvexity of f trivially follows fmlll the <]lIasicollvcxit.y of h, siun' 

for aU x, y E (lomf and 0 ~ ,X ~ 1, 

f(.\x + (1 - .\)y) = h(A(.\.r + (1 - ,X)y) + b) 

< h('x(Ax + b) + (1 - ")(Ay + b» 

< rnax{h(Ax + b), h(Ay + il)} 
< max{f(x),f(y)}. 

Now if d E N(A), then trivially d E DJ(x*) by (2.3). COllverscly, let d E f)'J (.,.A). 
Then there exists an a > 0 such that, for aIl 0 < Cl' ~ a, 

f(x* + ad) - f(x*) - h((Ax* + b) + D'Ad) - h(Ax* + il) 
= 0, 

which again shows that h is constant on the intcl'val 

[Ax* + b, Ax* + b + àAd]. 

This implies that 

V7h(Ax* + b) = 0, 

which further implies tha.t 

v f(x*) = (Vh(Ax* + b))A == O. 

We have reached a contradiction (sinee, by a.ssumption, V f(x/.j t= 0) unleHH Ad = O. 

Therefore, dEN (A). 
o 

Lernma 2.3 and Lernma 2.4 help us find an algcbraic charaderbmticJ/J fol' idell­

tification of quasiconvex or pseudoconvex LFS functions as the following tlj(!Of(!H1 

shows. 
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Theorem 2.2 Let f be a differentiable quasiconvex function of the form (2.3) and 
x* E Rn sueIL that \1 f(x*) =f:. O. Then f has the LFS property at x*, if and only if 

rank[A] = 1. 

The pl'Oof of the rallk condition is exactly the same as the proof of the rank condition 

fOI" the faithfully convex case, given in [30]. 

Example 2.1 The following functions are strictly pseudoconvex with the LFS prop­
\!I"ty. The daim cau be verified by Theorem 2.1. The function 

1 
f(x) = aTx + f3 

is LFS at any x" E. Rn such that aT x* + f3 f:. 0 (here a E Rn and f3 ER). Aiso 

g(x) = (aTx?+aTx 

is LFS at ally x* E Rn. 

011 the ot}Wl' hand, the following functions are quasiconvex with the LFS property. 

The f\ludiou 
f(x) = (aT x + (3)2m+1, 

whcl'c III is a positive int.eger, is LFS at any x* f:. O. Aiso the function 

is LFS at any x* =f:. o. 
o 

We will now turn om attention to charactel'izations of optimality with LFS func­
tiOIlH ill gCll<,ralizcd convexity. 

2.2 Optiulality Conditions 

III this section, we will give a condition under which the Karush-Kuhn-Tucker con­

dit.ioll is llC'ccssary for optimality. vVe will, in addition, show that the saddle-point­

Ilcccssary optimality condition docs not hold when an the functions are pseudoconvex 

l'vell wit.h LFS property. First we need an important property of quasiconvex LFS 
fUllct.ions. 

Lcmma 2.5 Lei .r be (l diffcl'clltiable quasiconve:l' function. If f has LFS prope1·ty at 
f" E R", 1111'11 

Dl(:r*) = {d : \1 f(x*)d < O}. 
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Proof: The LFS property at x* implies that 

Clearly 

Therefore 

D,(x*) = {d: V f(.l·*)d = D}. 

{d: V f(x*)d < O} C Dj(;c*). 

{d: V f(x*)d :5 O} C Dj(x*) U N(V f(x*)) 

- Dj(x*) U D,(x*) 

- D,(x*) (sec, e.g., [5, Lemma, 3.1(b)}). (1.'1) 

On the other hand 

dE D, (x*) => f(x* + ad) :5 f(x*), 0::; a ::; a, for sOllle fi > 0, 

which, by Lemma 2.1, implies that 

V f(x*)d ::; O. 

Therefore 

D,(x*) C {d: V f(a;*)d :5 D}. 

It th en follows from (2.4) and (2.5) that 

Dl(x*) = {d: V f(x*)d :5 D}. 

We will state optimality conditions for the prograrns of the fonn 

(QP) 

Min fO(x) 
s.t. 

f'(x):50, iE'P 

(~.!) ) 

o 

where aIl the functions are differentiablc and quasiconvcx. The dcfillitjolls of the sets 

F, F(x*), P, p= and P(x*) (given in Chapter 1), where x* is a feasiblc poillt or 
(Q Pl, remain unchanged. 

Theorem 2.3 Considel' lhe prog1'Um (QP). Assume lhal al an optimal solution 3;', 

the constraints have the LFS property. 1'hen the 1\ /(1' sysle1T~ is con.sislcnl. 

Proof: Lemma 2.5 and the LFS property of the constraints at x* irnply that 

F(x*) == n DJ.(x*) == {d: V J'(x*)d::; 0, i E P(x*)}, 
IE'P(x*) 
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which is él c(}flfo>traillt qualification ( see [29]). 
o 

The folJowillg theorem is a wcll-known result ( see, e.g., [29]). It will be intl'Oduced 

ht're for the sake 0f completcness. 

Theorem 2.4 Consùlcr Ihe differenliable and quasiconvex pro.rJmm (QP). Assume 
Iltal JO i,c;, i/l (u/dilwn, psc'Ildoconvex. If x* salisjies the [{KT system, lhen x* is an 

oJlll1lUlI solulion of (QP). 

Wc cali flOW charactcl'izc optimality. 

Corollary 2.2 Considc1' Ihe (lifferenliable progmm (QP) where JO i8 pseulloconve:t' 
and t/u; ('o/lsl minis are qU((8icollvex and have the LFS ]J1'Operty rd x* E Rn. Then :/.,* 

i.<; op/wlfIl il: and only if, Ihc A'AT system i8 salzsfied, 

Il is weil kllowlJ that saddle-point-necessary optimality condition does Bot ho Id 

for pscudocollvcx prograllls. We will show in the following example that saddle­

poillt-IICCC'SSitly opt.imality condition does not hold even when ail the functions are 

pscudo('oll vex a nel elljoy the LFS property a.t an optimal sol li tion x*. 

Example 2.2 COIlRidcr 
Min -x 
s.t, 

x + x 3 < O. 

lIerc ;,;* = 0 is t,he u1Iique optimal solution. The right.-hancl inequality of the sadclle­

point conditioJl hccol\1cS 

for Rome ).* ;::: 0 alld for ail ;1' E R, c1carly an inconsistent syst.cm. 

2.3 Programs with Non-LFS Functions 

Ld liS first. l('('all Rome opt.irnality conditions rcgarding gcncralizcd convex functions. 

For mOl(' dct.ails èllld l'roofs sec, c,g., r5]. 

Lemmn 2.6 Lei .1'* br a Jeas/blc poinl oJ Ihe ]J1'O.rJmm (QP), whel'e ,{O is st1'iclly 
qll(/ .. ~Ù·()l/I'('.I· (/l/d Ihe cOl1slmillls are quasiconve.l'. l'hen x* is op/fmal if, and only if 

Di(:r*) n F(x*) = 0, 

As disclIss('d in [5] Opt.ill1élli~y can be characlerizcd in tcrI1lS of the single subset 

'P= or 'P(.I'"), but. it rcqllircs the strict quasiconvcxity of aIl fUllctions. 



Theorem 2.5 Let x* be afeasible solution of((JP) whcrc ail thr June/iol/s lI/'f ,<;t"lctly 
quasiconvex. Then x* is optimal iJ, and ol/Iy if, 

D~(x*) n D~«x*)(x*) n Dp.(x*) = 0, 

or, dual/y, iJ, and only if, there exist veclo,.s, 

o i- yO E {D~(x*)}+, yI E {Dj.(x*)}+, i E P«.r*), y E {Vp.(l·*)}+ 

such that 

yO + L yI + Y = O. 
IE'P«X*) 

We will derive an optimality condition similar to the condition in Theorclll 2.5, 
using the index set n=, to be dclÎned shortly, instead of P=. \,ye will then have t.o 

assume all the functions are quasiconvex since Theorem 2.5 will be iL sJ)('cial case or 
our result when Q(x*) = 0. VVe will fl1rthcr simplify this optilllality condit.ion whl'n 
the functions are pscudoconvcx using LemllléL 2.2. 

Now consider the program 

(SQP) 

Min fO(x) 
s.t. 

f'(x):;O, iEP 

where aU the functions are strictly quasicollvex and differcllt.iablc. Let liS split .dl t1w 
constraints of (SQP) iuto those that have the LF8 propt'l'ty at a givcll ./:* E F alld 
those that do not. Let the indices of the forlllcr group bclollg 1.0 Q and 1.1,,; indic(':; 
of the latter to n, where P = Q un. We can 1l0W rewrite (SQ P) as 

(SQP') 

Min fO(x) 
S.t. 

f'(x)-::;O, iEQ 

P(x) ~ 0, j E n. 
As in the convex case, we use the Collowing index set.s: 

and 

n= = {i En: f'(x) = 0 V xE F}, 

Q(x*) = {i E Q : t(x*) = O} 

n(x*) = {j En: P(x*) = O}. 

Lemma 2.7 Consider the program (S'QP'). Ifn(x*) \ n= i- 0, lhcn Ihc1'c t::ci.~/.c; fl 

point x E F such that 

t(x) < 0, i E n(x*) \ n=. 
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Proor: Clcarly 

n(x*) \ n= = {k E n(x*) : 3xk E F:.1 fk(xk) < O}. 

x = 1* _ L xk. 
card{n(x ) \ n-} J.eR(x*)\1l= 

'l'hen X is fcasible silice F is a convcx set. Furthermore, t.he following daim follows 

from strict quasiconvcxity of the constraints. Given any i E n(:r*) \ n=, if 

f'(x ' ) = f'(x'), 1 E n(x*) \ n=, 

thcn trivially 

1'(5;) $ f'(x') < o. 
Othcrwise 

Thercfore 

/(5;) < 0, i E n(x*) \ n=. 

Theorem 2.6 A feasible point x* is an optimal solution of (SQP') if, and only if, 

O/', dually if, and only if, Ihere exist vectors, 

al/cl 

suclt III al 

yO + L y' + y = O. 
,e1l(x*)\R= 

(2.6) 

(2.7) 

Proof: (Pl'Ïmal vel'sioll:) (Sufficiency:) Suppose that (2.6) holds and that x* is 
Ilot optimal. Theil, by Lemma 2.6, 

D~(x*) n F(x*) f: 0. 

This mCélUS that thcrc cxists li E Rn such that 
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By Lemma 2.7, there exists X E F such that p(.r) < 0, i E 'R(.r*)\ n=. Let. II = .r-.l'·. 
Then from strict quasiconvexity it follows that 

J E D~(x*)\n .. (x*) n D~(J'*)(x*) n [)~= (:1'*). 

Denote d)., = >.cÎ + (1 - >')d for 0 < À:5 1. Theil, by the choicl' of d and J, w(' have 

d'\ E D~(x*)\n=(a'*) n D~(x*)(.l·*) n D~ .. (J'*). 

But d). E F(x*) and 'Tt= c P=. Therrfore (sec [5, Lemma 3.9(a)]) 

d>' E Dr..= (.1'*). 

It follows that 

and hence 

Besides 

fO(x* + td>') = fO(>.(x* + tcÎ) + (1 - À)(:r* + td» 

< jO(x*), for t sufficicntly small, 

which follows by continuity from fO(x* + td) < jO(x*). Thcl'dol't' 

d" E D~(x*) n D~(x*)\n=(x*) n D~(.L.)(x*) n c01lu{D"R= (x·)}, 

which is a contradiction to (2.6). 

(Necessity:) Assume that x* is optimal and 

D~(x*) n D~(x;),n=(x*) n D~(x*)(x*) n c01w{Dn=(x*)} i= 0, 

Then there exist a direction 

d E D~(x*) n D~(x*)\n=(x*) n D~(x*)(x*) n ClJ7tv{ Dn= (:J:*)} 

and an ô > 0 such that, for ail 0 < Q :5 ëi, 

fO(x* + ad) < IO(a:*) 

P(x* + ad) < 0, jE n(x*) \ n= 

p(x*+ad) < 0, jEQ(x*)Un=. 

Furthermorc, p (x*) < 0, j E P \ P(x*), and continuity imply that 

f3(x* + ad) :5 0, j E'P \ P(x*), 

for a > 0 sufficiently sm,lIl. This mcans that xl< is Ilot optimal, which is ag<lÎII a. 
contradiction. 
(Dual version:) The dual charactcrization follows frolll t!Je DuJ)()vit.likii-MiIYllt.iu 
theorem (seeThcOl'cm 1.7). 
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Theorem 2.7 Consider the program (SQP') and x* E F. Assume that ail the lune­
Lions 

r, iE{O}U'R(x*), 

a1'e pscudoconvcx and conv{ Dn= (x*)} is c/osed. Then x* is optimal if, and only if, 
lIw system 

(VfO(x*)f + L: À,(V!,(x*»T E cl [{D~(x*)(x*)}+ + {Dn .. (x*)}+] 
IER(x*)\n= 

is consistent fol' some ", ? 0, i E n(x*) \ n=. 

Proof: 'l'he theorcJIl is an immediate result of Theorem 2.6, Lemma 2.2 and the basic 

propcrtics of the polar set. 

CoroJlar'Y 2.3 COllsùlel' the program (SQP') and x* E P. Assume that aIl the 
fll1tcti()1t.~ (/1'(; pscudoconvex and lltat the cone Dn= (x*) is polyhedral. Then x* is 
optimal if, and ollly if, the system 

i8 cOllsistCl/t fol' sorne À, 2:: 0, i E P(x*) \ n= . 

Note t.hat if all the functions are convex, then the above twû results recover Corol­

lary 1.8 and Corollary 1.9. 

Rcmal·k: H('('ent.ly, the charadcl'ization of local minima of difrcrentiable nonlin­

('al' pl'ograllls ill t.el'lus of sOllle c1assical :-,ccond-order conditions were investigated 

hy Pnllg [20]. Ile obtaincd various neccssary and sufllcient conditions for a Karush­

J\lIl111-TlIckcr point to be an isolatcd (and/or a strict) local minimum of a differentiable 

lIollline,,!' pl'Ogrétm. There \Vere no convexity or pscdoconvexity assumptions. In his 

papt'l', he al::;o l'('fl'rl'ed to the difrcl'cntiable convex LFS functions. The interesting 

poillt is t.hat., Hllder convexity 01' pseudocollvexity assumptions, sorne of his condi­

t.iolls 011 t.he ohj('rt.ive fUllctioll and t.he incquality constraints l'educe 1.0 having LFS 
propcl't.y. 

2.4 Generalized Convexity and Pareto Optimal­
ity 

H('n'ntly, 8('\'(,1'al chal'actcl'izatiolls of Pareto optimality for convex multi-objective 

pl\)~I'.\I11S havt.' t\ppeared (sec, c.g., [3,30,32,35]). In this section, we will show that 
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Pareto optimality can be characterized for pseudoconvex multi-objectivc prognulls as 
weIl. We will further consider a special case whcl'{' a11 thc funct.ions arc quûSiCOllWX 

and have t.he LFS propel'ty at. a feasible point .1'*, and givc a neccssmy condition f\H' 

optimality in that case. 

Con si der the multi-objective pl'ogram 

(AfP) 
Min {cf}(:!'): 1 .. E Q} 
S.t. 

f'(x) ~ 0, i E P. 

Recall that F = {x E R'I : Ji(x) $ 0, i E 'Pl. Following the definitiolls in [:10,:12], 
for any x* E F, let 

Fo(x*) - {x E Rn : 4>k(x) < 4>1.(x*), k E (J} 

P=(x*) - {i E P : xE F n Fo(x*) => f'(x) = D} 

and, for evel'y r E Q, 
Fr(x*) 

Q;'(x*) 

Q=(x*) -

{x E F : cj/(x) < cji(J;*), k E Q \ {r}} 

{k E Q \ {r} : x E Fr(x*) => 4>k(x) = 4>k(:l'*)} 

U Q~(x*). 
rEQ 

Our fil'st l'esult is an extension of two lcmmas frolll [30] to gcncralizcd eOIlV!·xit.y, 

LelTIma 2.8 Consider the pseudoconvex rnulti-objcclivc ]J1'Ogmm (M P). A fc:asiblt: 
point x* is not Pareto optimal if, and only if, boUt Q \ Q= (3:*) =J. f) and t/w/'c (~xl,c;fli 

x such that 

4>J(x) < 4>J(x*), j E Q \ Q=(x*) 

4>1(X) - 4>i(x*), i E Q=(x*) (2.H) 

x E F. 

Pro of: (Necessity:) If x* is not a Parcto optimum, thcn there cxists :c E F élIlIl 

ko E Q such that 

4>kO(X) < tjJkO(x*) 

4>k(x) < tjJk(x*), k E CJ \ {ko}. 

It follows from the definition of Q=(x*) that 

Q \ Q=(x*) = n Q \ Q;'(x*) (2.10) 
rEQ 

= {i E Q: V r E Q \ {il, 3 x E Fr(x*) Sllch that ,pl(:;:) < <p1(:I:")}. 
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Thus kl) E Q \ Q=(x*), which is therefore nonempty. 

Wc will now show that fol' every j E Q \ Q=(x*), there exists y' E F sueh that 

~)(y) <: ~1(X*) 

~I(y)) < ~I(x*), 1 E Q \ {j}. (2.11) 

ObviousJy, for j = ko, (2.11) is true by (2.9). Let ykO = x. We will costruet yi for 

j ::J ko, in the foJJowing way. Note that j E Q \ Qko(X*). This, by the definition of 
Qk:(x*), Hleil/lS that there exists zJ E F sueh that 

~J(Z1) < ~J(x*) 

~1(zJ) < ~I(x*), 1 E Q \ {ko}. (2.12) 

COllsidcr 

y' = ÀzJ + (1 - .\)x, 0 < À < 1. 

Jt follows, fwm the cOllvexity of F, that for j E Q \ Q'ko, yJ E F. Furthermore (2.9) 
él/ld (2.12) toget.her with p:-.eudoconvexity (strict quasiconvexity) imply that 

4>1(yJ) < max{~J(zJ), ~J(x)} < ~J(x*) 
~1(yJ) < max{~I(zJ),~I(x)}::; ~I(x*), 1 E Q \ {ko,j}. 

By cltoosing yJ sufficicntly close to X, i.e., by choosing À sufficiently close to zero, we 
cali cOllcludc, by contilluity, that 

Thcrcfore (2.11) is pl'ovcd. Now let 

wherc 

x = L: Àlyi, 
JEQ\Q=(x*} 

L À) = 1, ÀJ > 0, j E Q \ Q=(x*). 
JEQ\Q=(x*) 

Agaill, by convcxity of J, x E F. Furthermore, for every i E Q=(x*), it follows from 
pseudoconvcxity (strict quasicollvexity) and (2.11) that 

~I(.î') ::; max {<,6I(yJ)} < ~I(X*). 
JEQ\Q-=(x*) 

(2.13) 

III fad, t'<JlIalit.y hol<ls in (2.13), sinee otherwisc the definition of Q=(x*) is contra­
dictcd. On tilt' ot.her hand, fol' cvery j E Q \ Q~(x*) we have the following situation. 

If ~(y1) = ~(!/), 1 E Q \ Q=(x*), thcn 
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Otherwise 

'fherefore 

proving the necessity part. 

(Sufficiency:) This part immediately follows from the dcfillitioll of a Pardo opt.illlulll. 
o 

Using this lemma., we can conclude the following more cxplicit re~Hllt. 

Lemma 2.9 Consider the pseudoconvex 71ut/li-objective pl'ogl'llm (1H P). 'J'hell il jm­
sible point x* is not Pareto optimal if, and only if, both Q \ Q=(x*) f- (} and t!tCI'l; 

exisls a y E F such ihai 

ljJk('O) < ljJk(x*), k E Q \ Q=(x*) 

ljJl (y) - ljJl(x*), 1 E Q=(x*) (2.1 '1) 

f'(Y) < 0, j E P(x*) \ P=(x*) 

r(Y) - 0, i E P=(x*). 

Pro of: (SufficicIlCY: ) This part immediately follows from the definitioll of a p,IJ'(,to 

minimum. 

(Necessity:) Suppose that x* is Ilot a Pareto minimum. Thcll 

Fo(x*) n F f= 0. 

Let x E Fo(x*) n F. Now, by the definition of P=(x*), fol' any fcasihlc poil.i, ,l', 

f(x) = 0, i E P=(x*). 

Moreover, by the definitioll of P=(x*), for evcl'y j E P(x*) \ P=-(x·), tb(!J(~ exist.s J'] 

such that 

Choose 

P(xi ) < ° and x) E Fo(x*) n P. 

y= 
iE'P(x*)\'P= (:1.'*) 

,,\ x) 
) 

where À) > 0, j E P(x*) \ P=(x*) anù À) = 1. 'J'lieu, hy couvexity (Jf 
JE'P(x*)\'P= (x*) 

F n Fo(x*), 
fi E F n Fo(x*). 
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Besides, by pseudoconvexity (which implies strict quasiconvexity) we have the follow­

iug situation. Given any i E P(x* \ P=(x*), if 

then simply 

Otherwise 
rw) < max {Ji(x})} ::; o. 

}EP(x*)\'P=(x*) 

Thcrcfol'e 
ru]) < 0, i E P(x*) \ P=(x*). (2.15) 

Silice x· is not a Pareto minimum, then, by Lemma 2.8, there exists x E F such that 

q;k(X) < qi(x*), k E Q \ Q=(x*) 

q;'(y) = q/(x*), 1 E Q=(x""). 

Now, let y = ~. Then y E F and 

cPk(iJ) < q/(!:;) < q;k(x*), if k E Q \ Q=(x*), ljJk(x) = ql(y) 

tjJk(iJ) < max{ cPk(x), cPk(y)} ::; q;k(x*), if k E Q \ Q=(x*), ql(x) i: ~k(fj) 
q;'(U) < max{ cP/(x), cP/(g)} ::; </J/(x*), if 1 E Q=(x*). 

Si mi lady 

J3 (Y) < 0, j E P(x*) \ P=(x*) 

r(y) < 0, i E P=(x*). 

lIence, by the defillitiolls of the index sets Q=(x*) and P=(x*), we conclude that 

</J/(y) = q;'(x*), 1 E Q=(x*) 

rcy) 0, i E P=(x*). 

This completes the proof. 

Remark: In fad, as the proofs show, Lemma 2.8 also holds when aIl the objective 

fuuctiolls art' st.rictly quasicollvCX and the constraints are quaskonvex. Lemma 2.9 
a\so holds ",hell ail the functions are strictly quasiconvex. 

o 

We will lise the followillg abbreviatiolls: 

DQ=(r*)(x*) = n D;,,(x*) 
kEQ=(x*) 
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and 

Dp=(x*)(X*) = n Dj,(x*). 
IE1'=(x*) 

Then we have the following major theorem. 

Theorem 2.8 Consider Ihe pseudocollVCX mulii-objfctive pl'ogmm (AI P). 'J'hen /1 

point x* E F is a Pareto minimum if, and only if, ei/he,. Q = Q=(./:*) 0,. thcI'e ais/ 

su ch that 

w* = (wk) ~ 0, k E Q \ O=(.r*), w* i- 0, 

u* = (u:) ~ 0, i E P \ P=(x*) (~. 1 (i) 

L WkV'~k(x*) + L uiV'J'(·z;*) E {DQ=(x*)(x*) + 0P=(J*)(·I·*)}+, 
kEQ\Q=(x*) IEP(x*)\P=(x*) 

Proof: By Lemma 2.9, the fcasible point x" is Ilot Pareto minimal if, alld ollly if, 

both Q \ Q=(x*) i- 0 and thel'c exists y E F sueh that (2.11) is satisficd. This 

together with pseudoconvexity and the dcfinitiolls of Q=(./:*) alld P=(x*) illlply that 

the following system 

V'4>k(x*)d < 0, k E Q \ Q=(x*) 

V' f'(x*)d < 0, i E P(x*) \ P=(x*) 

dE {DQ=(x*)(x") fi Dp=(x*)(x*)} 

(2.17) 

is consistent. This means that x* E F is optimal if eithcr Q \ Q=( x*) = (1 or (2.17) is 

inconsistent. Applying the Dubovitskii-Milyutin thcorcm to the illCOllsistellt SySt.CIII 

(2.17) yields that x* is optimal if, and only if, eithcr Q \ Q=(x*) = (1 01' t.hel'c· c'xist 

w* (wk) ~ 0, k E Q \ Q=(x*) 

u* (u;) ~ 0, i E P \ P=(x*), (2.18 ) 

not aIl zero, such that 

L WkV'~k(x*) + L u;V' J'(x*) E {LJQ=(x*)(x*) + /J,p .. (,l,*)(x*)} +. 
kEQ\Q=(x*) IEP(x*)\P=(x*) 

Wc must now show that w* =f. O. Notc that (2.18) implies (2.1 (j) whicll jJJ'OVCS t1w 
sufficiency. To prove nccessity, assume that w* = O. Theil we cali have two CiL~('S: 

If P(x*) \ P=(x*) = 0 thcn, (2.18) is violatcd; if P(x*) \ P=(x*) i- (1:) tlJeIl, itL )c:a.st 

one u:, i E P(x*) \ P=(x*) is nonzero ,whieh togcthcr with the Duhovitskii-Milyutill 

theorem applied to (2.18) imply tliat 
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But by (2.15) tltCI'C cxists fi E F n Fo(x*) such that 

/(y) < 0, i E P(x*) \ P=(x*), 

which togethcl' with the definitions of Q=(x*) and P=(x*) imply that 

(1 = fi - x* E D~(x*)\P=(x*)(x*) n DQ=(:z:*)(x*) n Dp=(x*)(x*). (2.20) 

But (2.20) cOlltradicts (2.19). Therefol'e w* f:. 0 and the proof is complete. 
o 

In OUI' fillitl theol'cm of this section, we will illustrate the l'ole of LFS quasiconvex 

fuuctiollS iu ll1ulti-objective programming. 

Theorem 2.9 Considel' lhe mu/li-objective p7'Ogmm (MP) wlzere ail the functions are 
qIUlI;icoll1JcJ:, dilfcl'entiable and have the LFS pl'OpCl'ty at a feasible ]Joint x*. If x* is 
(l Pa,.eto mi1/imum then the system 

L wk~4>k(x*) + L tl/v f'(x*) = 0 
keQ leP(x*) 

U'k > 0, k E Q 
u, > 0, i E P(x*) 

18 cOI/,';lsIClIl. 

Pl'oof: Assullle t.hat x* is a Pareto minimum. Then, by the Charnes and Cooper 

observation (sec, e.g., [8,32]), ;r;* solves 

Min L if>k(x) 
keQ 

s.t. 

<jJk(X) ~ 4>k(x*), k E Q 
f'(x)~O, iE'P. 

Sille<' aIl fUllctions arc quasiconvex with LFS property at x*, we use TheOl'em 2.3 to 
cOllclude t.hat t.he system 

L (1 + Àk)V4i (.1:*) + L UjV i(x*) = 0 
keQ IEP(x*) 

..\k > 0, k E Q 

il, > 0, i E P(x*) 

is consistent.. Let lL'k = 1 + Àk, k E Q. This completes the prooe. 
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Chapter 3 

Inverse Progranlming 

This chapter deals mainly with mathematical programming mode/s. These are lIlilth(·­

matical progl·ams that contain two sets of variables. One set are the parallll't.t'rs that 

can be directly influenced or controlled, and the other set arc t.he decision variahlt's. 

The level of optimization, dealing with continuous optimizatioll of Ilmthei!lat.icallllod­

els is termed input optimization. We first recall and claborate 011 sOllle of t.he basic 

notions in ~nput optimization sueh as stability alld optimal illput. We will thell illt.l'O­

duce and study the inverse programmi1lg problcm for a large class of LFS fllllct.ioIlS, 

namely linear functions. 

3.1 Modified Optimality Conditions 

In the two previous chapters, we have studied eharacterizatiolls of opl.illlality t.h"t. 

use a suhset of p=. In this section, another index set that is larger than P=- wi Il 
be introduced and studied in convex programlllillg. Using titis large!' illd(·x sd 1.0 

characterize optimality is motivated by the Charnes-Cooper forllllllat.ion of PilI'do 

optimality [8]. This set is used to eharacterize optilllality in Inulti-ol)jedive plOgl,l/ll­

ming [30]. However, we study it in single-objective pmgrallltlling. This S(·t will t.1)(,11 
he studied for parametric problems in the next section. 

We recall the convex program (P) from Chapter l ami, llssoc:iated with iL fixed 
feasible point x*, define the following sets: 

P: = {k E P: xE F, jO(x)::; jO(3.:*) =} J"(x) = O}; 

F=(x*) {x E Rn : fk(x) = 0, k E P:}; 

rS(x*) = {x E Rn : fk(x) ::; 0, k E P:}. 

Note that the set F=(x*) is not generally cOllvex and P; f:. P=, as t1w foll()willg 

example shows. 
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Example 3.1 Considcr 

Min fO == (Xl - 1)2 + X~ 
s.t. 

JI = (Xl + 1)2 + (X2 - 1)2 - 2 ~ 0 
j2 = (X1 + 1)2 + (X2 + 1)2 - 2:::; 0 

at x* = (O,Orr. IlCl'C P; = {l,2} and 

P=(x') ~ { [ ~ l, [-~ l} . 
Clcarly, P=(x*) is 1Iot a convex set. Furthermore, P= = 0 which is different from 

the index set. P;. 
o 

Wc begin our thCOl'y of optimality, using the index set P;, with a simple but 

important ICllIlIlét. 

Lcmma 3.1 Considcr the convex p7'Ogmm (P). If P \ P; 1:- 0, then the1'e exists 
x E Ji' such lhat 

(3.1) 

Proof: Clcarly 

For xJ.. 's fl'OIII P \ P; , choose 

x = 1 _ L xk. 
cU1'd{P \ P:;} kE'P\'P* 

Th('Il, by the cOllvexity of p, i E {O} U P, we conclude that i: E F and that (3.1) is 
salisfi('(1. 

Let liS dcfine 

C*(J" u) = fO(:1') + E udi(x) 
IE'P\'P* 

o 

to be the restrictcd Lagl'angian function associated ".vith a fixed x*. Also let c = 
cal'd{P \ P;}. Then wc have the following chal'acterÏzation. 

TheOl'cm 3.1 .4 point x* E F is an optimal sollltion of the convex p7'Ogmm (P) if, 
al/d ollly if, fllf/'e CJ'is! Il: 2: 0, lEP \ P;, sucll thal 

C*(:1'*, u) :::; C*(x*, u*) :::; C*(x, u*) 

fol' III/ .1' E cO/Il'{ P=(.l'*)} and for ail u E R+. 
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Praaf: (Sufficieney:) Assume that (3.2) holds. Then the lcft-hand illcqualit.y of (:t'2) 
implies that 

jO(x*) + L ual'(x*) $ jO(x*) + L u: P(:Z·*). 
iEP\'P; ,EP\P; 

Naw, far Ui = 0, i E P \ P;, the inequality (3.3) implics 

But 

2: u;P(x*) ~ O. 
iEP\P:: 

2: uiP(x*):::; 0, 
,EP\P:: 

sinee x* E F and u: ~ 0, i E P \ P:. Thcrcfol'c 

2: uiP(x*) = O. 
,EP\P; 

Note that 
{Fn {x: jO(x):::; jO(x*)}} C F=(x*) C CUHV{P=(X*)}. 

(:1.:1) 

Now for every x E conv{F=(x*)} , and therefore for evcry a: E F n {x : JO(:I:} :::; 
fO(x*)} , 

jO(x*) < jO(x*) + L u; f'(x*) 
.EP\'P; 

Therefore 

< jO(x) + L u:P(x) by the right-hand illcqualit.y of (:1.2) 
iEP\'P; 

which means that x+- is optimal. 

(Necessity:) Assume that x* is an optimal solution of the COIlVCX pl'ogralll (1). W .. 

ean assume, without loss of gcnerality, that thc first c indices collstituLe Ole HeL P\ P,:. 
Define, in Re+!, the sets 

[(1 = y: y ~ for aL Ieast one xE C07tv{P=(:c*)} 

.59 



and 

1(2 = y: y < 

o 
Both sets arc COIlVCX and /(1 n /(2 = 0, for if the latter were not true, there would 
exist x E con v { F= (x *)} and il E Re+! such that 

5:y< 

o 

This would mcan that X E F and jO(5;) < jO(x*), contradicting optimality of x*. 
Thcl'efore, thcre cxists a hyperplane that scparates ](1 from clI<2' That is, there 
e~ists (l i- 0 amI 0' such that 

CJearly, Cl is Ilollncgative. Specify, for an arbitrary x E conv{F=(x*)}, 

Then 

fO(:r) fO~x*) 

jl(x) 0 
YI= and Y2 = 

fC(x) 0 

aofO(x) + l: ai/(x) ~ aojO(x*). 
iE'P\1'; 

Wc daim that ao> 0, for if this were not true, we would have 

l: a,/(x) ~ 0 for every x E conv{F=(x*)}. 
IEP\P: 

But, Ly LC'IIlIlla 3.1, thcre \\'ould cxist xE F such that 

Bu t Ilot ail a., i E P \ P:, are equal to zero. Therefore 

L aJ'(x) < 0, 
'EP\'P;' 
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a contradiction to (3.5). Now let 

Then 

* al \ Uj = -, i E P P; . 
ao 

C*(x, u*) = fO(x) + L: 'Il: l'Cx) ;::: fO(.l'*) for cvery .1' E COI/II{ V=(,l'*)}. 
jE1'\1'; 

In particular, fol' x = x* this gives 

L u:f'(x*);::: o. 
JEP\1'; 

But, sinee x* EPand ut ~ 0, i E P \ P;, 

2: U:P(,T*) s O. 
IEP\1'; 

Therefore 
2: uiP(x*) = 0 

IEP\1'; 

and so C*(x*, u*) = fO(x*). Bence, by (3.6), 

CCx, u*) ;::: C*(x*,u*), 

p!'Oving the right-hand inequality. Besicles 

C*(x*, ut) ~ jO(x*) + L ulr(.v*) 
IEP\P;, 

proving the Ieft-halld inequality, 
[J 

If in TheOl'em 3.1, we use the convex set F~(x*), illsL<!ad of conv{I"=(x/o)}, W(~ 

obtain the following theol'em, the praof of which is cxactly the sallie as tlae pl'Oof of 
Theorem 3.1 except that conv{ P=(x*)} is replaccd by F~(J;*). 

Theorem 3.2 A point x* E F is an oplimal solution of the COU1JCX IJl'Ofjl'(WL (P) if, 
and only if, there exist '11: ~ 0, i E P \ P;, sueIL litai 

C*(x*,u)::; 'c*(x*,u*) S C*(x,u*) (:Ui) 

for ail xE FS(x*) and for ail u E R+. 

The following COl'ollary then follows. 
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Corollary 3.1 A point x* E F is an optimal solution of the convex program (P) if, 
and only if, tlUl'C (~xist u~ ~ 0, i E P \ P;, such that 

C*(x*, u) ::; .c*(x*, u*) $ C*(x, u*) (3.7) 

for ail x E F=(:r'~') and for ail u E Rf,. 

PI'oor: (Sufficiellcy:) The proof is exactly the same as the proof given in the suffi­
cie/lcy p,u t (Jf Theol'Cm 3.1 sinee 

(Nc(,(,:-isity:) Assullle that x* is optimal. Then by Theorem 3.1 there exist u: ~ 

0, i E P \ P;, s\lc!t that (:J.2) holds, for ail x E conv{ F=(x*)} and aIl u E R+. Note 

t.Iw.t. 

By c:hoosing !.I)(' SéllJl(' u· as i Il the pl'Oof of Theorem 3.1, (3.7) holds for aIl x E F=( x*) 
a/ld ail Il E H~. 

o 
We l'(·c'lll from [:J2] the set 

F= = {x E RII 
: P(x) = 0, i E p=} 

éllld t.he lIsual Lagl'élllgiall for the convex pl'Ogram (P) 

.c(.r, u) = fO(x) + E UJI(X). 
IET'\P= 

Theil it. is \\'(·11 known (sec, e.g., [32,36]) that x* E F= is an optimal solution of the 

COIlVt'X pl'Ogl'é1111 (P) if, (lIld ollly if, thel'e exists u = (u1 ) ~ 0, i E P \ P=, such that 

C(J'*, u) $ .c(:r*, u*) $ .c(x, u*). 

UlIlik(· the minimal illd('x SPI. and the Lagrangian function of the above well-known 
l'e~;ult, t!1<' ind('x set and the Lagrallgiau function of the saddle-point results derived 
in t.his S('CtÎOII (\l'J)(,lId 011 .1'*, the candidate for optimality. Furthermore, it is weIl 

kno\\'11 t.hat. F= is a cOllvex set and obviously independent of the feasible point x* 
",hi\<' \\'(' shO\\'('d t hat J.l=(.l'*) is Ilot gcncrally cOllvex and depends on x*, 

0111' ohjective is 1I0\\' to give a subdiffcrentiable and a difTerentiable version of 
Corollal'y ~L 1. To t.ltis end, wc uecd several preliminary results. The following result 
is Vl'I')' t ri\'ia\, so wc gi\'e it without. pl'Oof. 
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Hence 

The following important lemma can thcrcfore \)(' deri\'('(!. 

Lemma 3.2 Considcr the cO/WeI p/'Ogram (P) and (l poilll ,1'* E F, Th('// 

Proof: Let y E {F=(x*) - x*}+. Theil 

yz 2:: 0 for eVCl'y:: E {P=::(x*) - .L'*}. 

Given any d E DPf (x*), thcrc cxists an a > 0 sUfTici('lltly 8111all :mdl t.hat., for ail 
o < a S; a, wc have 

fk(x* + ml) = 0, k E P:=. 

80 x* + ad E F=(x*) for ail 0 < a S; à, or 

Thcrefore y(ad) > 0, which implies that yll ~ O. This lIU'lUlS t.hat. 

[J 

Note that the reverse inclusioll {Dpf(x*)}+ C {F=(x*) - x*}+ is Ilot g(~lw/'ally t/'IIl' 

as the next example shows. 

Example 3.2 Considcl' again the problem 

at x* = (0, of. Theil 

Therefore 

while 

Min JO = (Xl - 1)2 + j'~ 
s.t. 

JI = (Xl -1- 1)2 + (:1:2 - 1)2 - 2 ~ 0 

P = (Xl + 1)2 + (:l';! + 1)2 - 2 ~ 0 



Let liS iutlOducc the Lagrangian function 

L*(x,u*) = fO(x) + 
keP(x*)\P: 

Abo, let ê = nL7'd{P(x*) \ P;}. Then Thcorem 3.1 can he rcphrased as follows: 

I..,cl11ma 3.3 G'ollsùl". (t COllVCX p1'Ogmm (P). A point x* E F is optimal if, and only 
if, x* 7IliltiIlUZ(:S L*(x, u*) on conv{F=(x*)} (or on F$(x*») for sorne u* E R~. 

Proof: Silice wc already have the feasibility of x*, to prove the lcmma, it suffices 

to show that wc cau replace C*(x, u*) \Vith L*(x, u*) in (3.2). We have, hyequation 
(:lA), 

L u: t(x*) = O. 
leP\P: 

Bill, il; P(x*) ~ 0, lEP. IIcucc, wc have 

u:t(x*) = 0, i E P. 

This illlpli('s thal. 

u: = 0, i E P \ P(x*). 

So t.be Lagrallgiall ill (:3.2) is illdccd cqual to L*(x, u*). 
o 

W(' 1l0W d('ri VI' ét characlcrizatioll for t.he subdifferclltiable case. 

ThCOl"Clll 3.3 (:ollsÎ(h,. fl COIWCX }Jl'Ogram (P). A point x* E F is optimal if, and 
olt/y if, (/1( 1"(' (J'I~I 

hl E Dj'(x*), i E {O} U (P(x*) \ P;) 

IIl/d 

llZ ~ 0, k E P(.r*) \ P; 

Sllch 'hlll 

(11°)'1' + L lLk(hkf E {Dp:(x*)}+. (3.9) 
ke P(x*)\1': 

Pl'oof: (SlIl/ici('IICy:) Sincc h' E Dp(:r*), i E {O} U (P(:r*) \ P;), for every x E Rn, 
\\'(' ha "(' 

j'(J') ~ /,(.1") + h'(x - x*), i E {O} U (P(x*) \ P;). 

fll(.I·) + L Ili.j'k(:r) > j'°(x*) + L ujJk(.x*) 
1.EJ'(l·")\P: ke1'(.c*)\P: 

+ (ho + L ujJtk)(x - x*). 
ke1'(x*) \ P: 
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JI 

Now, for x E F n {x : jO(J') < jO(x*)} , it follows that 

fO(x) ~ fO(x*) + (ho + L !tU/)(J' - J'''). 
1.0'(.1")\ 1'; 

Besides, fol' such x, the cOll\'exity of the set F n {.r : fO(.1') ~ fO(:1''')} impli('ll t.ha" 

x-x' E {F(J'*) n J)~1('1'*)}. 

(Note that F(x*) is the set of feasible directions at .l·* dclÎl\('d in Clmptel' 1.) By t.h(· 

definition of the set P;, this implies that. 

J' - 3..* E Dp= (x·) . .. 
Therefore 

(hO + L tlZhl.)(x - x*) ~ 0 for cvery.1' E F n {.l' : jll(.I·) S jO(.,..)}. 
kE'P(x')\1';= 

This implics that 

fO(x) > fO(:1:*) fol' every x E F n {x: fO(.l') ~ l'I(.I")}, 

proving optimality of x*. 
(Necessity:) Assume that x* is optimal. Thcll, by Thcol'<.'m :J.:l, J" lIIillillli~('s U(.l·, u·) 
fol' some u* E R~ and for ail xE conv{F=(x*)}, W)U'lC ê = ('(l7'(I{P(.I") \ 'pn. This 

means that thcrc exisu'; 

such that 

Therefore 

li = (ft 0 + L u kI/' ) E () L .. ( J' *, Il' ) 
kE1'(x*)\1';' 

h(x - x*) ~ 0 for cv(!ry.r E conv{l'·=(./:*)}. 

hT E {C011.v{l;'=(x*)} - x*}+ = {l"=(:c*) - :r*}+. 

It follows, by Lelllllla 3.2, tltat 

A realizatioll of the abovc result to diffel'entiablc fUllctiollH is olJViollH. 

[J 

Corollary 3.2 Con:.idc1' a convcx and diJJcl'cnliabic ]J1'O!J/'{l/lt (1)). l'IU:ll x* E F l.~ 

optimal if, and only lj, the1'C exisl 

llk ~ 0, k E P(.c*) \ p;, 

suclt lhal 
(\1fO(x*)f + L u*d\1fk (x*))l' E {J)p~(x*)}+. (:L1 J) 

kE1'(x*)\1';' 
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Note that tlte diffcrencc betwccn the characterizations in Theorem 3.3 and Corol­

lary a.2 allrl the uSlIal charaderizatiolls of optimality in the subdifferentiable and 

dicrcrelltiabl(' fonm; (sec, e.g., [4]) is that the index set P;= is used instead of the usual 

index set P=. A~ wc stated earlier the former set depcnds on x*, the candidate for 

optimality, while th(~ latter docs not. 

Olle illtclestiug point about the modified optimality conditions derived in this 

section is that al though thcy rcq uif{~ i he calculation of P; each time a point x* is 

tested for optilllality, they usually provide more trivial sufficient optimality conditions. 

III othce wOlds, sillcc P= c P;=, thesc optimality conditions usually involve fewer 

Laglilllge IIl11ltipliers, alld the set F=(x*) is usually a smaller set than P=. \Vc will 
IIOW iIIu:,t.rate SOIlJe of t.hcllc optimality conditiolls by the following cxample. 

Example 3.3 COllsider, Ollce morc, the problem 

,If, ./'" = (O,Orr. whe/'e 

Fil /'t.11t'1'I11OJ'(' 

Mill fO = (Xl - 1)2 + x~ 
s.t. 

l' = (3'1 + 1)2 + (X2 - 1)2 - 2 <0 
j2 = (Xl + 1)2 + (X2 + 1)2 - 2 < 0 

III t.his caM' P \ PC; = 0, and thercfore 

'l'hl' opt.illlali\.y cOlldition [rom Corollal'y 3.1 becomes: (Note that there are no La­

grallge Illllitiplieis in t.his case.) 

for ('\'('1)' .l'E r=(J·"). Clcarly, tllis is a consistent :ystem, verifying optimality of x*. 

011 UJ(' 01 III'/' haml 

TI\('I'('l'ol'<.', 1 lit, opt illlality condition from Corûllal'y 3.2 bccomes 

[ -') 1 2 ~ ER, 
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which is cleady a consistent system. 
o 

'vVe now show how to calculate the set P;. Ally IIl<'t hOt1 fol' raku1atillg tIlt' indl'x 
set P= should work for 'fi; as well, providcd that tIlt' COllst l'Clint. fll(.r) - jO(./"*) :::; 0 

is added to the conslrainls of the progl'alll (P). II<-'l'c, w(' giVt' ail algorit.J\lll whirh is 
a slight extension of the algorithm for ca1culating P=, gin'II ill [:W], c'x('cpt. t.hal ail 

extra constraillt due to the objective functioll lIa.s bec'II addcd ln t.llt' pwbll'III. TI\l' 
algol'ithm starts \Vith n = P(x*) and cluis wit.h il = P;. At. c'vc'I'y it.t'rat.ion tilt' 
program 

(P*, 0, 0) 

Min LV fk(x*)d 

s.t. 
ken 

V fk(.r*)d + 0lld - 8"111 ~ 0 
bk E Dfk(:l.'*) 
Id,l $ l, Ib~1 ~ 1 ~. E 'P(x*) U {O}, i = 1, ... ,1/ 

is solved. Let 1\ = {k E P(x*) : V fk(x*)(j < O}. Th('n the st('PS of t.ht' algol ithlll élll' 

as follows: 

Initializat.ion: Calculatc P(x*) and DJk(X*), k E P(x*) U {al. Sp('fÎfy éL tol(,I';\I\('(' 
E > 0, and set 0 > f and S1 = P(x*). 

Step 1: Find an optimal solution of (P*, 0, H) a, 6. Caklllat(~ it.s optillléti vèdu(' 

fj(O) = LV fk(.I'*)lÎ. 
kEn 

Step 2: If g(O) < 0, dete1'll1ine J(, set n = n \ 1\ alld l'et. li 1'11 to Stc'P 1. Ot.lwl'wis(· 
continue. 

Step 3: If fj(O) = 0, set ° = ~. If ° > (, retul'll to Step 1. If 0 :::; ( stop; H = P;'. 
rI 

If ail the functions, iucluding the objective f\ludioll are faithfully cOllVpX, i.1', if 
fk(x) = tjJk(A"x+hd+al x+a, k E {O}UP, wlH'IC lj>k, k E {O }UP, aJ'(' stl ictly (UllV('X, 

thcn the pl'ogram (P*,O, f2) is significalltly Silllplified to the fol!owillg plOgl'illll: 

Min l:,'\lfk(x*)d 
kEn 

s.t. 

(L*,O,O) '\l fk(x*)d + ° (Iardl + ~IAkdl) 
Id1 1 s: l, k E P(x-) U {O}, 1. = 1, ... ,lL 

whel'e Ak is the ith row of Ak (sec [:.39]). The above algoJithm fol' udC:lJla1.illg P;' tllI!lI 

applics with minor challges. 
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Initialization: Calculate P(x*) and identify Ak,bk,ak, k E P(x*) U {O}. Specifya 
toi cran ce ( > Oj set 0 > ( and n = P(x*). 

Step 1: Filld an optimal solution of (L*,O,n). Calculate its optimal value 

9(0) = L \7 fk(x*)d. 
keO 

Step:; 2 and :1 rcmain unchanged. 

In order to demonstrate how the algorithm works, wc borrow the next example 
frolll [1J and Illodify it by adding an objective function and fixing a feasible point x*. 

Example 3.4 COllsidcr 

and J:* = (0,0,0,0,0)7'. 

Initialization: IIerc 

Flirt ht'lll1Cl't" W(' idt'lIt.ify 

Min JO = d + eX3 

s.t. 

JI = eX) + x~ - 1 :5 ° 
P = x~ + x~ + e-X3 

- 1 $ ° 
J3 = Xl + x~ + x~ - 1 ::; ° 
j4 = e-X2 

- 1 < ° 
P = (Xl - 1)2 + a'~ - 1 ::; ° 
jfJ = Xl + e-X4 

- 1 :5 ° 
F = X2 + e-Xf:J - 1 :5 ° 

P(x*) - {1,2,4,5,6,7} 

V JO(x*) (0,0,1,0,0) 

V l(x*) (1,0,0,0,0) 

V f2(X*) (0,0, -1,0,0) 

V j4(X*) - (0,-1,0,0,0) 

V j5(a'*) (-2,0,0,0,0) 
V j6(X*) - (1,0,0,-1,0) 

V j7(X*) - (0,1,0,0,-1). 

(I,O,O,O,O)T 

(O,I,O,o,of 
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1 

Ao [10000] = 
00100 

AI - [ 10000] 
As = 0 1 000 

[10000] 
A 2 - 01000 

00100 

A4 - (0, 1,0,0,0)1' 

Ae = (0,0,0,1,0) T 

A7 '/' - (0,0,0,0,1) . 

Iteration 1: For ° = 0.1 the optimal soluti<'11 of the COlT('Spoudillg (L.,O,P(.r·)), 

Le., of 
Min 9° = -da - d .• - d5 

s.t. 

9
1 = d3 + O(kLd + Idal) $ ° 

9
2 = dl + O(ldd + I(2 1) $ ° 

93 = -da + O(ldd + Id2 1 + Idal) ~ 0 
94 = -d2 + O(ld21) $ 0 

9s = -2d. + O(ldll + Id2 1) ~ 0 
g6 = dl - d" + O(llid + Id .• 1) $ 0 

97 = d2 - d5 + 0(1(12 1 + Idsl) $ 0 
Idll $1 i = 1, ... ,.5 

is J = (0,0,0,1,1)T, which gives 1;(0) = -2. ft thcII follows that 

I< = P(x*) \ {G, 7} = {l,2,'1,.5}. 

Iteration 2: Using again 0 = 0.1, wc ::,olv(' tlte' progl'étm (U,O, {1,2,~,5}) which is 
Min -da, suhject to the same cOllstl'aiuts as ÎIl the almv(' (L*,O, P(a;")). IL 1.I11/1S 0111. 

that 11(0) = 0, l'cgardlcss of ° > O. Thcrefol'c 

P: = {l,2,~,5}. 

o 
The set P; in the above ex ample has also beell ca\culated by a diff('('('I1t. IIld}J()(1 

in [30]. 
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.. -----------------------------------------------

3.2 Basic Point-to-Set Topology 

111 this scctioll wc will ex tend the dcfinition of P; to pararnctric problems. First 
Id ilS r(!call SOIllC basic Ilotiolls frorn point-to-set topology that are used in input 
optimizatioll. Wc study the mathematical modcls of the fonTI 

(P,O) 

Min fO(x,O) 
(x) 

S.t. 
fk(X,O) ~ 0, k E P = {l, ... ,ml 

where x E Il'' is a decisioll variable, ,1 E 1 C RP is a pararneter and f' : Rn X 

IlT) -+ H, i E {O} U P, arc continuous functions. We assume that ail functions 
p(.,O) : U" -+ U, i E {O} U P, arc convex for cvery O. Such (P,O) is refcrrcd to as 
a co/wu lIIotld. \Vith every "illput"(parameter) 0, wc associale the "oulput" triple, 
that is the fcasible sel 

1"(0) = {x: f'(x,O) ~ 0, i E Pl; 

the sri of optimal solutions .1'( 0) 

fl'(O) = {i(O)}i 

alld t.I)(' op/iII/al value 

Olle of the basic criteria fol' using the modcl (P,O) in practicc is its "stability", i.e., 
(,(>IItillIlO\lS d('J>(,lldcIICC of the out.put on the input, Since the mapping Fis closed, it is 
('ollsid(·I'(·d 10 he contl/wous al 0 if il is lower semicontin'Uous (or, cquivalently, open) 

at O. We r('ndl that a point-to-set mapping r : Z -, X, betwcen two topological 
V(·('1.01' S!H\C<'S ~ alld X, is lower semicontinuous at sorne 0* if, for every open set A, 
s\lrh t.hat. AnJ'(O*) of. 0, there is a neighbourhood N(O*) of 0* such that Anr(O) =J 0 
fol' ('\'('l'y 0 E N(O*) (S('(", e.g. [2]). 

W(· will al\\'<I)'s aSSUIll(' t.hat. t.he set of optimal solutions at 0* is nonempty and 

hOlllld('d. 'l'Il<' ohject.ive functions with this property are calI cd l'eatis/ze at 0* and for 

t.IIt's(' t 11('1(' is ,III iIllpOl'tallt. characterizatioll of cOlltinuity givcn in [32], 

Theol'cll1 3.4 ('oll . ..;illcr the cOllvcr model (P, 0) at 0*. Then the following statements 
IIT'f t'If /I/Ilili (' ni: 

(1) 'J'/It' point-Io-sel mllpping F is conlinuous al 0*; 

(ii) Fol' l'l'l'l'Y /'('(//i8Iic flb.lCctil'c fllllction fO, /Ilere is a neighboul'hood N(O*) of 0* 
811Ch Ihll/ }>(O) of. 0 fol' cl'cry 0 E N(O*), and 0 E N(O*), 0 ~ 0*, implies that 
tht' 8ft/Ill " Ct' .j'(O) 1"'; bOlllldcd and ail ils limil poinls lie in F(O*); 
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(iii) For every realistic objective function r Iltal' nisls a Ilfighbo,,/'/wod N(O*) (I) 

0* sueh Illai F(O) =f:. 0 for evc1'y 0 E N(O*), and 0 E N(O'), 0 -. O', illlplif'" 

thai j(O) -+ j(O*). 

We also recall the following dcfillition from [32]. 

Definition 3.1 Consider the e01WtZ modcl (P,O). Il set S C UP is (l 1'cgi01l of 
stability at 0* E S if for eaclt open set A C }lll salisfyillg An 1-'(0*) =1- 0, tltf1'(, f.I'i ... l ... 

a neighbourlwod N(O*) of 0* sueh thal An F(O) f:. 0 fol' nU'IL 0 E N(O') n s. 

Thcl'cfore, " is a rcgion attached to 0* where the mappillg 1-' is locally 10\\'('1' S('1I1icOI\­

tinuous. If Seau bc identified as a llcighbourhood, i.e., if S = N(O"), t.III'1l t.1\(' tllodt'I 

is said to bc stable at 0*. For examplc, if Slatcr's cOlldit.ion holds fOl" t.he progt all\ 

(P,O*), i.e., if therc cxists.r E Rn such that t(.r,O·) < 0, i E P, t.}\('11 the 1II0d,'\ is 

stable at 0*. Thcrc havc becll about 20 differellt regiolls of stabilit.y report"" in tIlt' 

literature (sec, e.g., [32]). Two of such l'<'giolls are 

M(O) = {O: F(O*) C F(O)} 

and 
/1(0) ::- {O: F(O*) C F.=(O)}, 

whel'e 

F*=(O) = {x E Rn: f'(x,O):::; 0, i E P=(O*)}. 

Vve denote the limit inferiol' of a set by 

1 i III 
0-+0* 

r(O) ~ {x E Rn : Thcre exists a sequence x(O) E 1'(0) 3 3' = litll .r(0).}. 
0-0· 

The following charact.erÎzation for a region of st.ability was rt~Ct'lIt\y giv(!tl ill I:W). 

Lemma 3.4 Consiller a convcx mOllcl (P, 0) al'Olllld /W/flC 0" wtlh (l n alts//(' obj('dw( 
funclion. A set S c RP, conlaining 0*, lS a 1'(;gum of slabzlily if, IL/lfl ollly if, 

F(O*) C lim I·~=(O). 
fiE'> 

0_0" 

We will now introduce a slightly diffcrent I\otioll of stal)ilit,y. 'l'bis IltJt.ÎOII i:-, lIlot.i­

vated by the modificd optimality conditiolls of the previolls sect.ioll. 

Definition 3.2 Conside1" the convez mode! (lJ,O) wilh Il na/z."tu; objtctiv(; fllfldum 

at 0* E 1. Then 5'(0*) c 1 is Il }'-stabilzly 1'CgZOlL al O' if, for Ulch OJlW ,<,(;1 A c /(" 
salis/ying 

An F(O*) :f (i), 
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there cxisl,'; (l 1lci!Jhbou1'lwod N(O*) of 0* such that 

An p'(O) i= 0 for any 0 E N(O*) n 8(0*). 

Note tlaat a P-stability rcgioll S( 0*) is a region attached to 0* that guarantees lower 

bcrnicoutilluity of thc point-to-set mapping F (rather than F, as is usually the case). 

Let ilS dt'Ilote somc propcl'tics of F-stability. 

Theorcm 3.5 COllsider the convex mode! (P,O) with a realistic objective function. 
If li' is open (lowcr scmiconlinuous) at 0*, then j is continuous at 0*. 

Proof: Silice ris asslllllcd to Lc l'calistic at 0*, F(O*) i= 0. Now consider x* E F(O*) 
and Ok E 1 slIch that Ok -. 0*. Thcn, by lowcr scrnicontinuity of F at 0*, there exists 
5;(01.) E p(Ok) such that 

5;(01..) -. x* as Ok -+ 0*. 

But r is cont.inuoub in both x and O. Thcl'cfore 

or 

Corollary 3.3 COllsider the COll vex modcl (P, 0) with a 7'ealislic objective funcliou. 
If 1> is OjJ('1l al O', lheu il is a/so c/osed at 0*, and therefore il is conlinuous at 0*. 

Pl'oof: By d('finit.ion, 

j;'(O} = F(O) n {x: fO(x,O) = j(O)}. 

Now sinn' t.11t' objectivc funclion, the constl'aints and the optimal value function (by 

'1'110('1'('111 :lA) al'C ail cont.inuons a t 0*, the closedness of F at 0* easily follows. 
o 

Thl'l'<'fol'<', I>-st.ability at 0* implies continuity (Loth opcnl1css and closedness) of the 

poillt.-t.u-set llIapping 1> at. 0* and t.he continuity of the l'cal valued function j at 0*. 

At this point, we l'xtend the cqllality set P; to one for the model (P,O). We 

ddÎlIl' 
'P=(O) = {i E P:.1' E F(O) =} f'(x,O) = O}. 

Associalt'd with t.his ('quality sct, we .lefine the following sets: 

'P«O) = P \ P=(O); 

F=(O) = {;r E Rn : f'(x,O) = 0, i E P==(O)}j 

F;(O) = {.r E RP1 
: 1'(:1',0) ~ 0, i E P=(O*)}j 

1.=(0) = F;(O) n {.r E Rn : fO(x, 0) = j(O)}. 



.. 

Similar to the characterization for a region of stability in L(\mma ~t·t, W(' Im\'l' t.ht\ 
following characterization for a F-stability region. 

Theorem 3.6 Consider the convex model (P, 0) !L'lill a rcalù.1 ie objccl tl'f flll/cl iOI/ al 
0*. A set S( 0*) C RP is a F -slabilily rcgion al 0* if, <lIttl ollly if, 

F(O*) c lim p;(O). 
IIES(II*) 
11-6* 

Proof: Assume that S( 0*) is a F-stabilit.y region at O·. Th(\11 F is 10\\'('1' S(\lllicolI­

tinuous at 0*. This means that given any sequence 0 E S( O·), 0 -t 0\ alld illly 

x(O*) E F(O*), there exists X(O) E F(O) such that 

.1:( 0*) = lim i( 0). 
0-0* 

Since F(O) c p;(O), the inclusioll (:3.12) holds. 

Convel'sely, assume that the inclusion (3.12) holds for SOI1l<' set. S( O·). Take ally 
x* E F(O*). If P«O*) = 0, then p;(O) = i;'(O), which trivially implies t.hat S'(O·) is 
a F-stability region at 0*. If P« 0*) :f. 0, the'n by Lellllllét :3.1, é\I hilrarily clos(' (rOI' 
sorne f > 0) to x· there exist points Yt E F( 0*) sa tisfyillg 

f°(fjt) j(O*) 

fk(fjoO*) < 0 k E P«O*) 

IlVt -x*1I < {. 

Now, since 

fj( E F(O*) c lim p;(O), 
OES(O*) 
0_0* 

there exists a sequence fj( 0) E J;( 0) such that 

fj( = I~rn fj(O). 
OES(O") 
6-0* 

But, using (3.13), for ail these O's, sufficielltly dose to 0*, we have 

(:L1 :1) 

Now fj(O) E p;(O) and (3.14) irnply that fj(O) E F(O). This completes the pro()f si Il Ct! 

fj(O) -+ y( and fj( is arbitrarily dose to x*. JIenœ F is (I[WII at o· with re:,peel t,o 

5'(0*). 
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Remark: 'l'lie inclusion (3.12), like the inclusion in Lemma 3.4, is of theoretical 

rather than practical importance. F-stability regions can also be defined in a similar 

way that the twenty or so regions of stability have been defined. However, the obstacle 

i/l ca!culatillg i'-stabiJity regions is the calculation of the set of optimal solutions (and 

UlIlS the optilllal value) as a function of 0 explicitly. As an illustration, consider 

M(O*) = {O : F(O*) c F(O)}, 

iJ(O*) = {O : F(O*) c .t;(0)}. 

'l'hen il is easily seen that AI(O*) and iJ(O*) imply the inclusion (3.12) and are, 

t!t(!reforc, P'-stability regiolls. On the other hand, for calculating them we need to 

know i'( 0) and j( 0) explicitIy. This problem makes the applications of the results 

l'datcd t.o P-st.ability l'athcl' limitcd. However, thcre is a condition under which the 

t.wo dirrC'ICIlt. llotiOI1l.> of stability coincide. 

Lenuna 3.5 Cousidcl' Ihe COl/vex model (P,O) a1'Ound 0* with a realistic objective 

fllucliolt al 0*, Assume lhat S(O*) is a region of stability at 0*. Fm'thermol'e, assume 
tllal Ihe poinl-lo-sel mapping F is open at 0* with l'espect to S( 0*). Then S( 0*) is a 
f'-s/abilily l'('gion al 0*. 

The plOof of the lClllll1a is obvious. 
o 

This propert.y will makc thc results related to F-stability more applicable as we will 
show latcr. 

Ld, liS illustratc" with two examplcs, that S( 0*) and S( 0*) are gcnerally two (lif­
f(·J'(·1l1. regiolls. 

Example 3.5 COllsidcr 

éll'OlIIul 0* = \. Ben' 

Min JO = -Xl 
(.1') 

S.t. 

JI = Xl + X2 - 1 ::; 0 
j2 = -Xl - OX2 + 1 ::; 0 

P = -Xl::; 0 
t' = -:1'2 S 0 

j'( 0) - {[ ~]} for any 0 E R 

j(O) - -1 for ally 0 E R 
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{ {1.2} if 0 = I 
P=(O) = 

fl,2,4} 
if 0> I 
if 0 < I 

P=(O) - {l, 2, cl} fOl' any 0 E R 

S(O*) - M ( 0*) = {O : 0 ;::: 1} 

S(O*) - Ai ( 0*) = {O : 0 E Il}. 

0 

Note that in the above example 5(0*) C 8(0*). This is \lot, howeV<'r, t.he caSt' in lllt, 
following example. 

Example 3.6 Consider 

around 0* = 1. Hel'e 

F(O) -

i(o) -

P=(O) -

P=(O) -
S(O*) -
8(0*) -

Min fO = -Xl - OX2 
(x) 

s.t. 
fI = Xl + ;1'2 - 1 ~ 0 
j2 = -Xl ~ 0 
j3 = -X2 ~ 0 

[ ~ 1 if 0 <1 

À [ ~ 1 + (1 - À) [ ~ 1 if 0 = 1 étud 0 :c:; À ::; 1 

[~l if 0>1 

{ 
-1 if 0 ~ 1 
-0 if 0> 1 

{

{1,3} if 0 < 1 
{l} if 0 = 1 
{1,2} UO>1 

o for étny 0 E R 

{O : 0 E R} 

{ O*}. 

In this example, unlike the prcvious exarnplc, ,5'(01<) C 8(0*), 
CJ 

For the sake of complctencss, let us also rccall anotlwr Ilot ion of sLal)ility, c1dirl<'d 
in [24], known as weak-slability. Rccall that the limit superior of a set is 

limsupG(O) = {x : x(O') ~ x, {O'} C {O}, x(O') E G(O')}, 
0 ..... 01< 

75 



'1 

-( 

Definition 3.3 A f'(;gio7t S lS called a weak-slabi/ity region, for the parametric pro­
gmm (P, 0) at 0" E S, if for cvery sequence {O} C S converging to 0* it follows 
lhal 

lim j(O) == ](0*) 
0-.0* 

(llttl litai 
o =f.lim sup i'(O) c fi'(O*). 

0-0* 

For a ('OIlYeX Illodd \Vith a lcalistic objcctive function at 0*, a stability region at 
(JO is al-;o il wcak-stahility rcgioll at 0*. We will show that for a convex model \Vith a 
n·ali1'lt.ic oIJj('( tive fUlldioll, a i'-stability regioll at 0* is also a weak-stability region 
al. O·. 

Lelllllla 3.G COI/suit l' lhe COllVCl modd (P, 0) with a realistic objective function at 
O·. Assltlltl. Ihal ~"(O·) lS a P-slabzlity 1'cgion al 0*. Then S(O*) is also a weak stabilty 
/'t 91011 al 0*. 

Proof: By Tlworelll :3.5, lowcr semicontinuity of F at 0* with respect to S(O*) implies 
(,olll.i/luil.y of .i a!. O·. FIIl t1)(,l'IIlon' , closeoness of fi' follows from COl'ollary 3.3 . This 
(,olllpld,('s t.1I(· proof. 

o 
1I('lIn!, for a ('()J\vex model with a l'calistic objective function at 0" we have the fol­
lowillg iJllplieat iOlls: 

S!.ahillty al. 0' => \\'('ak-stahility al. 0*; 
J>-:-.tahilit.y at O' => w(,élk-stability at 0*; 
W(·ak-st.ahility at O· and lowcl' scmicontinuity of Fat 0* :::} F-stability at 0*. 

No!.(' t.hat iu t.h(' l'est of the thesis, whcllcver we refer to stability, wc mean stability 
in t.!\(' usual S('IIS(' (i.e., continuity of the point-to-set mapping F), while F-stability 
mI<l wl'ak-stability will 1)(' cxplicitly mcntioned. 

3.3 Opthllal Input 

Wt' tirs(, n'l'ail ::;ollle w<'il-known l'csults fro111 input optimization and then give a 
rhararkrÏzatioll of optilllai inputs with rcspect to F-stability regions. Denote the 
/11;11111111/ ;/ldc.r ~d of actil'c cons/minis by 

P==(O) == {l E P: x E F(O) :::} j'(x,O) = D}, 

ils clllllpk'llll.'ntmy set by 
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and the cOrI'esponding set by 

P=(O) = {:l' E Rn : f'(J.',O) = 0, i E P=(O)}. 

VVe recaU (sec [32]) the followillg important llt'Ct'ssar)' n>J\dit iOIl fol' stahility. 

TheorelU 3.7 COllside/' the co/wcr mOl/cl (J), 0) ul .'lOmf 0 = 0* E J. /'1'1 S lit /1 

region of stnbility al 0*. Th fIl Ihere fr;sl8 Il 1illghbOUI'hood N(O") ,'I/('h Ihal 

fol' ail 0 E N(O*) n S. 

This is, in particular, important for the characl.t'I'izatioll or ,III oplillllli il/pul. \VI' 

recall the following dcfinition fWIll [32]. 

Definition 3.4 Cons;([c/, th€' co/tt'cr mor/el (P, 0) ul :\Oll/f 0* E 1. l,ri S III' Il rt .11101/ 

of slabillfy (LI 0*. If j(O*) ~ j(O) fol' ['Vfl'y 0 E N(O*) n S, Il,JII'I'/' N(O") i8 Il lit If//'­

oOUl'/wod of 0* 1 t/ten 0* is Cl loca/ly Dpi II/lILl input /l,tilt l',,,'PII't /0 S Ill/d (JI, 0*) i:; 11/1 
cOI'1'esponding locully opii mal n;alizal ;011 of / he malltt mat wd l1locld. 

1'0 simplify the lIotation, let q(O) = C(ll'l[P«O). 'l'Il<' c1lél!'(\rt<,rizat.ioll of ail opt.illl"l 
ill put is statcd in tenns of t.h(' ''l'('stri('ted'' Lagl',wgiall ddi 1\('<1 fol' 0, alollll<l ,l fi x(·d 

candidate of optilll,t1ity 0* El, by 

C;(:/',,\j 0) = fO(x, 0) -1- L ,\./1 (./', 0). 
IEP«O') 

It has bccn fOl'\mtlatcd in [25]. 

TheOl'el11 3.8 COllsit/cl' the convc:c modcl (P, 0) witlt a l'(;(ÛÙj/ù' obj('dil1e flll/cliolt al 
some 0* E J. Let x(O*) he a c07'respondzng optimal solution aud Id "" be (lit adnll'(l/'!J 

region of stability al 0*. Then 0* is a loca/ly optimal in[Jut willt J'('.'ifJ(d to sr lI, aud 

ouly if, the7'c cxisls a neighbourhood N(O*) of 0* and a lWltIH'!jallllc lIcclo/' fundiolt 

A : N(O*) n S ---+ R~(o') 

such lhal, whenever 0 E N(O*) n S, 

L:;(x(O*),ÀjO*) ~ C;(i(O*),A(O*)jO*) ~ C;(x,A(O)jO) (a.1 G) 

fOI' cvery'\ E R~(o*) and evcl'y xE F*=(O). 

We will now show that the same chal'aclcrization for ail opt.imal illput llOllIs witll 
respect to a F-stability region. First wc show that the necesséll'y CCJllditioll fol' stal)j/ity 
extends to F-stability. 

77 



, .. 

." 
1 

• 

Theol'cm 3.9 Cow~idcl' tlte C07tvex mode! (P, 0) at 0* wilh a rcalislic objective June­
tion. Lct x( O·) be a COl'1'r:sponding optimal solution at 0* and S( 0*) a F -slability 
1'cgion at 0*. 'l'hw tltere cxists a neigltbourhood N(O*) of 0* such lhat 

(3.17) 

for !.1)(;l'y 0 E N( O·) n ,S'( 0*). 

l'roof: ASSUIIIC that surh N(O*) <lacs flot exist. Then thel'e exists a sequence Ok E 

.S'(O·), Ok -+ O·, and an illdex jo E P«O*) such that 

Jo E p= ( 0") n p< ( 0*) =1 0 

for illfillitely Illillly k's. Now, by dcfiuitioll of P«O*), therc exists x* E F(O*) such 

tbal 
P(X*,O*) < 0, j E P«O*). 

Silln' Jo E 'P«O*), it follo\\'s that 

(3.18) 

Besitks, silice Jo E 1'=(01.) for the above sequence {Ok}, 

po (;1', Ok) = 0 for every xE ;:=(Ok). 

B Il t. 1>( 01.) C ;:= (Ok). 'l'hcl'cfore 

PO(:l',Ok) = 0 for every xE F(Ok). (3.19) 

011 the oth<'1' halld, since 01. E 5'(0*), there exists a sequence i;k E F(Ok) Ruch that 
.i·k -+ .!'* as Ok -4 0*. This mcallS that 

for ail ~·'s suffki(\IIt.ly large, hy (3.18) and continuity of po. This contradicts (3.19). 
o 

The inclusion (3.17) may Ilot hold on a region of stability or even on a weak-stability 
l'egjou, as the foJ\owing cxumple shows. 

Exumple 3.7 COl1sider again the model 

Min fO = -Xl - OX2 

(x) 

s.t. 
Ji = Xl + X2 - 1 $ 0 

J2 = -Xl :5 0 

P = -x2:5 0 
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around 0* = l, with 

{ 

{1,3} 
P=(O) = {I} 

{ 1, 2} 

if 0 < 1 
if 0 = 1 
if 0 > 1. 

The model is stable for ail 0 E R. ft is also weakly st.dble élt. O', )'l't t.llt.' illrlusioll 
(3.17) is not satisfied. 

o 
IIowever, wc have the following l'l'sulL 

Corollary 3.4 COllsider Ihe COTwe.r /1/odd (P, 0) at O' wilh li 1'('(ûl.,,/1C objt'cllI'f IIlIl('­
tion. Let X(O*) be a cor,.esponding opllll/tli solullo/l alO* llnd 8(0*) a l't'fllOll of slallilli y 

at 0*. Assume tltal}' is open al 0* wi/h respcct to S(O*). Then Ihfl'c t'J'isls illll'I!JII­

bourhood N(O*) of 0* suell lhai 

for every 0 E N(O*) n S(O*). 

The index set P= is thought of (sec [32]) as a. IlIcasurc of how stl'Ollgly Ule COII­

straints are tied up in the mode!. Theorem 3.7 has a silllple e('ollolllic illtl'rpl datiol\: 
Stable economic sy~Lems llcccssa7'ily unfo/d lowards less rcs/rlcln[ slal(',';, i,p., towards 
more "frecdom". Similarly, wc can think of the illdex spt. P=(O) 'IS a 11l('aSIIJ'(' of how 
strongly the const.raints and the optilllai valu(' [ullct.ioll aw t.i(·d IIp in LI\(' 1110<1(·1. TIlt' 
inclusion in Theorcm 3.9 thus means that the set of opt.imal solutiolls t('ndH t.owilr<ls 
more "interiority" (more "frcedom"). 

At this stage, wc are ready t.o give a characlerizatiolJ tbat is hot.h IU'/'eHHiII'y alld 

sufficient fol' an input 0* to locally minimizc j(O) wit.1! l'CSP(·ct, to a ':'-st.ahility n'J!,j(JJl 

5'(0*). We will refcr to such 0* as a locally opt.ima.l illput wit.h l'('sJ)(!cl 1.0 .c;(fP), '1'1)(' 
characterization will be stated in tenus of the re:;tricted Lagl'illlgiilll for 0, arolllld él 

fixed candidate for optimality 0*, by 

Also, let ij( 0*) 
l'cm 3.8. 

è;(x,À;O) = JO(x,0) + L ÀJI(X,O). 
IEP«Ok) 

cardP«O*). Thcn wc have the followilJg lIIodificat.ioll of Tllt~o-

Theorem 3.10 Consider the convex model (P, 0) with a l'calislle obJcctive luueliolt 
at some 0* E J. Let 5:(0*) be any cOl'1'esponding optimal soluluJIl} and Id ,;'(0") ,)(: (J 

ft -stability regzon al 0*. Then 0* is a locally optimal inp1l1 wûh 7'c."pr:cl 10 ,S'( 0*) if, and 
only if, tl~ere exisls a neighboul'hood N(O*) 010" and a 7ton7u:gativc vcctOl' fU1lclioft 

~ : N(O*) n ,S'(O") -t RiIO ') 
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.,>uclt l!tal, w/tuu;vc1' 0 E N(O*, n .5(0*), 

.è~(i(O*),'\; 0*) $ .è~(i(O*), ~(o·); 0*) $ .è~(x,~; 0) (3.21) 

-(O· ) jol' t1Jt:l'y ,\ E I(,~ and (;VC1'Y .r: E :F;(O). 

l'roof: (Nen'si>ity:) Without loss of gencrality, we assume that the first q(O*) indices 

of P aH' IH('cih('ly the set. P«O*). Theil for cvcry 0 E N(O*) n 5(0*), where 0* is a 

Joeally optilllai illput wilh respect to 5'(0·), wc con~trllct the following two sets in 
Il'Ho*)t 1: 

illld 

jU(a',O) 
P(x,O) 

J'i(O·)(x,O) 

/{2 = y: y < 

fol' at lcast one x E :F; 

j(o*) 
o 

o 
(The orderillg of tlte vectol'S if] givcn componcntwisc.) Since the set :F;(O) is convex 

ill U" so is A'dO). COllvcxity of 1\2 is obvious. Morcover, 

Ot.\Wl'wisc, t}1('l'e would exist ~equences Ok E 8(0*), Ok -+ 0* and xk E :F;(Ok) such 

t.hat. 

violat.illg optimality of 0*. Therefore, the two sets can be separated, i.e., there exists 

a Iloll~cro VecLOI' II = 0(0) and also a scalar 0' = a(O) sueh that 

aTyl ~ a ~ aTy2 

fol' ail yi E J\I and ail y2 E clJ(2' Clcarly a ~ O. Specifying, for cach x E :F;(O), 

jO(a:,O) j(0*) 

!JI = j1(x,O) 
y2 = 

0 
and 

J'HO·) (:l', 0) 0 

(/oj(o*) $ aojo(3:,0) + L a./(x,O). (3.22) 
.e'p«9*) 
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The leacling coefficient ao must be stl'ictly positiVl'. Otllt.'l'wisl', Wl' would ha\'(' 

L a.j'(J·, 0) ~ 0 
'EP«6*) 

for evel'y xE ;:;(0). But then, by L('lllIua 3.1, tlwl'l' woult! l'xist. 

such that 
t(x) < 0, i E P«O). 

This would further imply that 

1'(1:) < 0, i E 'P«O*), 

since P< (0*) C P< (0) fol' evcry 0 E S( 0*) close t'Ilough to O', hy '1'11<'0\'('111 :J.9. 011 
the othel' halld, a, ~ 0, i E P«O*), and Ilot ail ~ero. 'l'h('rdo\'('. W(' wOlild hav(' 

L: a.jl(l\ 0) < 0, 
'EP«O*) 

a contradiction to (3.23). Dividing (3.22) by au, and intl'oducillg the lIotation 

X" i E P«O*), 

wc obtain 
](0*) ~ è~(:l', Xj 0). 

Dut, as is expecled, 

L X,(O*)j'(i(O*),O*) = O. 
\EP«O*) 

( ') ')e:) .).-" 

establishing the right-hand sicle inequality in (:3.21). The left-hancl siclp ill(~qlla.lity is 
an immediate consequence of the rad that i:( 0*) E F( 0*) and of thc lIo/lllegati velles:; 
of X" i E P«O*). 
(Sufficiency:) Assume that the sadclle-point illcqualitics hold as re<Juired. l\rtel' set­
ting À = 0, we obtain 

L X,(O*)j'(i:(Ok), 0*) ~ O. 
'EP«O*) 

But the reverse sign is also truc, since i:(0*) E P(O*) and (À),(O") ~ 0, i E P«O*). 
This givcs (3.25) and further (3.24) for cvery xE ;:;(0). JIence (:3.24) holds fol' (!VC!ly 
x E F(O) c ;:;(0). In particular, fol' i:(0) E },(O), (a.24) gives 

j(O*) < ](0) + L X,(O)j'(i(O),O) 
'EP«O*) 

< ](0) for al! 0 E N(O*) n '<;-(0"). 
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lu the ( lailJl of Thcofem 3.10 one can replace :F: by ~:. The result is then in 
I,be followillg forlll. 

Corollary 3.5 (,'()/l.~idcr the convex model (P, 0) with a realistic objective function 
al MJIIU' 0* E 1. Let 5:(0*) be any corresponding optimal solution and let S(O*) be 
a P -,c,falnltt fi 1'( ,fJlOlt at O·. 1'Iwn 0* lS a locally optimal input wzth respect to S( 0*) 
lf, (lud on/y lf, IIwl'c cXlsf" Il 1lczghbou1'lwod (N(O*) of 0" and a nonnegative vector 

flllldwll 

~ : N(O*) n S'(O*) -+ Rt(o*) 

s/tfh llial, 1I'/i(//f'IJ(T 0 E N(O*) n S(O*), 

è~(i(O*),À;O*) ~ .è~(i:(O*),~(o*);o*) $ .è~(x,.x;O) 

fo/' (/11 l'y À E ui(o') und evc/'y x E 1:(0). 

(3.26) 

Pl'oof: (NeC<'ssity:) Lct O' Elbe a locally optimal input with respect ta 5'(0*). 
'1'1\('11, hy 'l'1l('OI'<'11I :1.10, thcl'c cxist N(O*) aud .x 2:: 0 such that (3.21) holds on the 
S('1. F.=, fol' ('v('ry À E ut(o*). Note that 

i'; CF;. 

Thel'dol'c, hy chomiing the sarne .À, the inequality (3.26) holds for every À E Ri(o*). 
(Sufficiellcy:) Siucc l'(O) c 1;(0), this part of the praof is exactly the same as the 
suflici('lIcy part of 'l'heon'Ill 3.10, wit.h :F: replaccd by ft;. 

o 
WC 1l0W illust.ratc the "bo\'e two charadcrizations of optimal illputs with respect 

to J>-st.ahility J('giolls by ail cxample. 

Example 3.8 Con si der the modcl 

aroulld 0* = 1. 'l'heD 

-Xl 

I\(~)n f
O 

= (0 _ 1)2 + 1 

s.t. 

F(O) 

fI = Xl + X2 - 1 ::; 0 
f2 = -Xl - OX2 + 1 ~ 0 

P = -,Tl::; 0 

fI = -X2 $ 0 

{[ ~]} for any 0 E R 
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j(O) -1 
for ally 0 E Il -

(0-1)2+1 

{ {1,2} if 0 = 1 
P=(O) -

fl,2,4} 
if 0 > 1 
if 0 < 1 

P=(O) - {l, 2, 4} for any 0 E Ii 

S(O*) - M(O*) = {O: 0 ~ I} 

S(O*) - Ai(O*) = {O : 0 E Il}. 

Furthcrmore 

F;(O) = {x: 
J'1 + ,l'oz - 1 

< 0 } 
-J'I - OJ'2 + 1 ~ ~ , 

-:/'2 

The saddle-point incquality from TheorclII 3.10 ("('duces to 

-XI • _ 
-1-'\3 ~ -1 ~ (0 _ 1)2+ 1 + -'3(O)(-.rd for (·very.r E F;(O), 

for some '\3( 0) ~ 0 and for ail '\3 ~ O. The l<.ft-halld i 1l('qllaIi t.y is msi Iy sat.isfi(·ll. 

With the choice ~3 = 0, the right-hand ill('«lIality rcdllces to 

which holds for aIl 0 E il, Thercforc, 0* = 1 is a locally optimal iupll\. with Il'sIH·c!. 

to the F-stability rcgion S(O*) = R, Bcsidcs, 0* = 1 is a lorally optimal inpllt wit.h 

respect to the rcgion of stability S(O*) = {O : 0 ~ l}, Wc cali also ml(' (!owllary :J,!), ill 

which case we have 1;(0) = {(l,Of} for aIl 0 E R. This illlplil's Lllilt. t.l1(' ilH'qllalit.y 

(3,26) trivially holds. 
CI 

If the input 0 does Bot vary, but is held fixcd, thell the COIlVCX mode! (P, 0) lH!coIIU's 

the mathematical progr."lm (P) and Thcorcm 3.10 Icwvcr:; the charad(!ri:.lill,ioll ill 

TheOl'em 3,2 . 

As mClltioncd carlicr, the difficulty ill using the P-stabilit.y regious alld t.!te relat,(!d 

result,s such as Theorcm 3.10 or COI'OIlary 3.5 il' the calculatioll of the sd of optilllai 

solutions explicitly as a function of 0, In what follows we will study il sp(!cial case fol' 

which we can use thcse rcsults without worryillg about tl!e calculat.ioll of t./w sel of 

optimal solutions as a fUlIction of O. This is the CaM! wh el e t/w stalJility rcgioll al. O· 
and the F-stability region at 0* coincide, i.e., wc have usual stabi}it,y alld ill additioll 

lowcr scmicolltilluity of the poiIlt-to-set mappillg P. 

Corollary 3.6 Consider the convex rnodel (P, 0) with a T'calislle objectill(: f1luclio1l 
al sorne 0* El. Let x( 0*) be amI corrcsponding optimal sO/lltZOTt, and Id S( O·) ,)(: 



a T'cgjon of slability at 0*. ASSlLme tllai the mapping F is open at 0* with respect io 

8(0*). T/wn 0" is a /oca/ly optimal input with respect 10 S(O*) if, and only if, there 
eXlsts a 1LClyh!J()1l1'/WOll N( O·) of 0* and a nonnegntive vector funclion 

j: N(O*) n S(O*) -+ R~8*) 

. .,udt tltat, wltCllCVCl' 0 E N(O·) n S(O*), 

.è~ (5:(0"), À; 0") $ .è~(i(O*), j(O"); 0*) $ è~(x,.À; 0) (3.27) 

"(0*) fol' CV('I'Y À E II~ und (.Vcry xE ;:;(0). 

Note that tll(' ahov<' charaderization is diffcrent from the ones given in Theorems 3.8 
ilnd :UO. III order to make Cor011ary 3.6 more applicable, it will be useful to find 

SOIJl(' sufficiellt conditiolls for lowcr scmieontinuity of the map i' at 0* for a stable 

m()(I('1 at 0*. WI' gi V(' 0111' suclJ cOlldi tion in the following thcorem. 

Theorem 3.11 Coltsiclr;/' (! cOllvex model (P, 0) with a realistic objectzve funclion at 
0°. A .. Wl11H Ihal lin IIllljJjJlll9 1, is lowC/' SCTnlcontinuous at 0* and that the optimal 
soll/IIOI/ .i'( (J*) III O· is unique. 'l'hw Ihc mapping È' is 10wcl' semicontinuous at 0*. 

Pl'oof: Sill(,(, tht' mappillg F is lower scmicontinuolls at 0* and fO is rcalistic at 0*, 
hy Tlwon'llI :1..1, thcl'c exists a IIcighboUl'hood N(O*) of O· such that È'(O) =1= 0 fol' 

evl'l'y 0 E N(O"). Furthl'l'lllon',O E N(O*), 0 --.0*, implies that the sequence 5:(0) is 

hOl1lld(·d and ail it.s lillla point.s lic in È'(O*). 

Assllllle IlO\V t.hat the llIapping j; is Ilot lowel' semicontinuous at 0*. Then there 

(·xist. il S('qllt'II(,(' 01. ~ O' alld b> 0 sueh that 

(3.28) 

N OW [01' slIch {Ok}, cOllsidcr the set 

I\ g cl( U };(Ok)). 
(}keN(8*) 

Theil A' is Ilon(·mpt.y and bOUlldcd, sincc cach F(Ok) is, and is closed by the way it 

is d(·filll·d. Thel'('forc,]( is compact and so every sequence in ]( has a convergent 

su bseqll(·IlCl'. COllsider the sequence 

Theil, by the COl\lpact.lH.'sS of H, the scquence x(Ok) has a convcrgent subsequence, 

i.e., t ht'I'l' t'x Îst S il su bse<ju(,IlCl' of Ok, say 01..(1) , sueh that Ok(/) -+ 0* implies that 



, 
&. 

X(Ok(I») -+ x*. But wc know from stability of the modcl at O· t.!I.ü .1'* E i'(o*). 
Sinee F(O*) is a singleton, we must have J'* = j·(O*). This ll1eHIIS that the\"(' t'xisls il 

subsequenee of the sequence j.( Ok) snell that 

;·(Ok(l») -+ J"(O*) 1 .. as --+ 00. 

This contradicts (3.28). 

o 
The following result trivially follows. 

Corollary 3.7 COllsidel' Ihe cotwa lIlodcl (P,O) wilh Il l'cali ... /ic objt'c/II7(' flllld/(I/I 

at 0*. Assume lhai JO is sil·jc/ly COIlVCJ' 1Il .r alO* (ll/tl/hal Iht' IIlllppillg F l.o; lOI/II'/' 

semicontinllolls al 0*. Then Ihe mappll/g F' lS lowe,. semicolllilllLOllS al O·. 

We will now apply SOIlle of the abovc rcsults to the followillg ('ollu,()1 p,.ohlclIl 

adapted from [27] known as Zcrmelo's problclll. 

Example 3.9 Determine the steering angle ° tltat willlllillillli~(· t.1l<' t.illll'.l' ('('«\Iin'c1 

to go from tlte origin to the target 

for Zermelo's problem with stream spceu V = 2. The systelll dylltlllli('s ill t.his ('asC' 

are given by 

YI = 2 + (osO 

Y2 = sinO. 

Under a constant control 0, these differential cquations arc easily illt.egrated alld 

evaluated at Lime x and t.he result may be uscd to defille t.he t.al'g(·" ill tCI'IllS of ;1:: 

(2x + x cos 0 - 5)2 + (x sin ° - 1)2 :::; 1. (:i.2!J) 

The objective is to find a control 0 that will millilllizc x subject 1,0 (:t2!J). We will 

solve this problem tlsing input optirnization. The ruathemat,ical triode! iLHS()(;iat,(·d 

with the problcrn is 

(P,O) 

Min fO = x 
(x) 

S.t. 

fI = (2x + xcosO - 5? + (XSillO - Ir' - 1 :::; O. 
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The grélph of fi (x. 61) il) shown in Figure 3.1. 

~ 

0 

'" 

JI '!! 

~ 

on 

0 

"! 

<li 

's 

s 

Figure 3.1: Graph of fl(X, 0). 

The set F( 0) aft.er some algebraic manipulations reduces to the set of x that satisfy 

.z:2(5 + 4 cos 0) + x( -20 - 10 cos () - 2 sin 0) + 25 < O. (3.30) 

This further implies that 

where 

cllld 

20 + 10 cosO + 2sinO -~ 
al ( 

0) = 10 + 8 cos 0 

20 + lOcosO + 2sinO + )6,.(0) 
(1<>(0) = ---------..!...--

.. 10 + 8 cos 0 
al'l' the mots of the quadratic in (3.30) and 

~(O) = 8 sin O( -12 sin 0 + 5 cos 0 + 10) 

is its discriminant. It. can he seell that for aH 0 $ () $ ï2.!J05°, ~(O) is nonncgati\'c. 
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A graphie illustration of the set F( 0) is )!,i\"I..'1l in 1·'i~\l1't, :t'2 

3 

F(O) 

2 

o 
o 10 20 30 40 50 60 70 

o (degl'ccs) 

Figure 3.2: Gl'aph of F( 0). 

Let us denote by :F the set of O's for which the sei F(O) is 1l01J(·llIpt.y. '1'1\1'11 

Thus, it follows that 

and 
j(O) = al(O) for ail 0 E F. 

Since as a function of 0, this is a one dimensional pl'Oblelll W(~ ("<lll din·ctly IISI' 1. 1 li' 

Method of Golden Rule ta find a candidate for an optimal inplIt. fOI titis IIlwlc·1. ('l'Il!' 
Method of Golden Rule is described in Section :3.5). Using t.his l'vlc·t.hod, :111.('1' illHJllt. 
20 iterations, we get 0* ~ 24.56 0 and x* = i(O*) ~ JAü() . Titis rr is il calldidat.!' fUI 
an optimal input for the model (P,O). Note that fol' ail 0 E :F \ {O, n.!)(J:)O}, SliL!.(·I'S 

condition 1S satisfied in (P,O). Thereforc, (P,O) is staLle f(JI' aIl th()~(! !)('I!,lldJiltioll" 
of O. To verify that this 0* is a locally optimal illput, applying '!'IW()l'elll :U';, Wc' J/lIISt. 
find A (0) such that the saddle-point inequaIity (~UG) holds in SOI/II! 1l(!ÎJ!,ldHJllI IIood 

of 0*. Since Slater's condition is satisfied at 0*, 

C( x, >., 0) = x + ,\ [ (2x + x cos 0 - ;)) 2 + (:1: !> j Il 0 - J ) L -- 1] 
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Fu l'Ole 1'1 nore 
C(x(O*), 1\(0*),0*) = x* ~ 1.406. 

Proving the lcft-hand illequality is trivial. To prove the right-hand inequality, we 

must filld >'(0) ~ 0 alld N(O*), a neighbourhood of 0*, such that the inequality 

o ~ :l:2 [>' ( 0)(5 + 4 cos 0)] + x[I + >'(0)( -20 - 10 cos 0 - 2 sin 0)] 

+ [25>'(0) - x*] (3.31) 

holds for evcry 0 E N(O*) and for evcry x E R. Wc den ote the discriminant of this 
Cjuadrat.ic by 0(0). Thcn wc must have 

IJ(O) = À2(0)[(20+10cosO+2sinO)2-500--400cosO] 

+2>'(0)[-20 -10cosO -2sinO+lOx* +8x*cosO] 

+ 1 < 0 for any 0 E N(O*). (3.32) 

Solving this incquality, wc concludc that any >'(0) that satisfies 

i:-. a sollltion or (:3.31), where 

20 + 10 cos 0 + 2 sin 0 - 10x* - 8x* cos 0 - ) g( 0) 
hl = ---------.,..--------....:........-

(20 + 10 cos 0 + 2sin 0)2 - 500 - l1O0 cos 0 

alld 
20 + 10 cos 0 + 2 sin 0 - 10x* - 8x* cos 0 + )9(0) 

11 2 = ---------.,-------..!........-
(20 + 10 cos 0 + 2sill 0)2 - 500 - 400 cos 0 

an' t.he 1'00ts of the quadratic in (3.32), and 

!J(O) = ,j(5 + <1 cos 0)[(4:1'*2 - 10x*) cos 0 - 2x* sjnO + 5X*2 - 20x* + 25] 

is it.s discriminallt. I1erc 9(0) ~ 0 for al! 0 E F. Hence, wc can choose 

,\(0) = 20 + 10cos 0 + 2sin 0 -lOx* - 8x* cosO 
(20 + 10 cos 0 + 2sin 0)2 - 500 - 400 cos 0 

which simplifies 1.0 
,\( 0) = 2.97 - 0.624 cos 0 + sin 0 

40sin 0 + lOsi1l20 - 48sin2 0 . 

(3.33) 

lt. l'ail be S<-'('II t.hat. t.ltis ,\(0) is nonnegativc for aH 0 E l' \ {D, 72.905°}. Therefol'e, 

ft" = ~·1.5()o i8 ill<!ecd an opt.imal input fol' (P, 0). 
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On the other hand, i(O*) is unique, and hel\cc [> is open at 0', Thl'rd'tH'c. \\'t' t,III 

use Theorem 3.10 to vCl'ify the optimality of ()~ as well. Note that P=(O') = {l}, Sil 

i(,t', ,\; 0) = ,l', 

(i,e., thel'e are no multipliers) and 

F:(O) = {x ER: t(x,O) ~ O} = f(O). 

Therefore, to prove the saddle-point inequality (;t~l), il is ('Ilollgh lu Shll\\' 111.11. 

x*:::; X fol' every xE F(O) and cWly () E i\'(O'), 

where N(O*) is some neighbourhood of 0*. Bccause of th(' st l'lit 111['(' of II\(' r('.I~ihl(' 

set, it suffices to show that 

1..106 ~ al(O) for alI 0 E N(O·). 

This l'educes to 

1'(0) = -98.442cos2 0-44.992sinOcosO - 56.14sillO-14.S~Gco~() + l:lr).~~·l 2: () 

for 0 E N(O*). But r(O) ~ 0 for all 0:::; 0 ~ 72.90.5°, as illllstrat.('c1 in Figllll' :L:1. 

r------------------------------------------------

1'(0) 

o o (radians) 

00 02 04 oa 08 10 12 

Figure 3.:3: Graph of 1'( 0). 

This confirms that 0* is an optimal input for (P, 0). 



.. 

Remark: The notion of stability cau be extclldcd to multi-obj('di\'t~ COI1\,('X tlHH!t'b 

(see, e.g., [30]) using the Charnp's-Cool'''' [8] charact.crizatioll of Pareto ')pt illlality. 

In this approach, the mode! is ('mverlcd to singlc-objcct.iw, t.hus allowin)!; the \lSt' of 
available input optimization rcsults. The met.hod cau furt her IH' us('d t.o charadt'l'izl' 

Pareto optima in nonconvcx, yet. convexifiablc-by-t!-splltlillg, programs. 1I0w('\'('f, t.his 
should he done with saille care, as explained below. 

Consider an arbitrary (gencrally nonconvcx) Illulti-objcdiw pl'Ogram 

(kIP) 
Min {cpk(Z):~' E Q} 
s.t. 

f'(z) ~ 0, t E op 

where aIl the fUllctions arc assumed continuous. The program is said 1.0 be ('()I\v(~xiliahll' 

hy-a-spli t til1g if for some spli ttillg of the Vat iable :: iuto :: = (.l', ()), ail tilt' fUIld.iolls 

are COl1vex in x for cvery fixcd O. Such programs can he writt.ell as Ut(' !.'{)i1;'~:-: Il)(HIt'1 

(AICP,0) 

Min {cpk(.l:, 0) : k E (J} 
(x) 

s.t. 

f' ( x , 0) ::; 0, i E 'P. 

(Note that here ail the functiol1s are continuolls in x amI 0 and cOl\vex il\ .1: for ('ach 

fixed O.) 

For every fîxed 0, and every x*, a Pareto opl.illlum of the COllvex progréllll (1\1 C JI, O'), 
the mapping F* : R,P -+ Rn is dcfined by 

{ 
f'(x,O) ::; Il, i E P } 

F*(O) = x: 4>k(x,O)::; 4>'\:(X*,O*), k E Q . 

Fmthermore, z* = (x*,O*) is a feasible point of (M P) 1.0 be I.esl.ec! for opl.illlalit.y. We 

recall that (see, e.g., [30]) a feasible poillt z* is éL strict ParcLo opt.i/llulIl for (M J)) if 

there is no other point:: E F such that 

Certainly, wc have 1.0 distinguish bctwccn 10, 'lI and global strict Pareto opt.illla wlH'l\­

ever the program (1\1 F) is Ilot convcx. So, :n ~<"Ilcral, if there exil>ts a. lIeigbbourllOod 

N(z*) such lhat thcrc is no other point z E: Ji' n N(z*) satisfying 

thcn z* is a locally strict Pareto solution of (M Il). 

It is interesting that the point z* is a globally strict Pareto solutioll of (M /)) il, 
and only if, 

F*(O) = 0 for cveryO '1- 0" . 
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(Note that this means that F. is nevcr lower &emicontinuous at 0*, or in other words, 

opt.imality and continuity Jo not go togcther in this case.) For, a ... sume that z* = 
(x\ 0*) is a globally strict Paleto solution of (AI Pl. Then by definiton of the strict 

Parc to III i Il i /1111111 

[ ' ( * 0*) {( 0) f'(x,O) =::; 0, i E P } {( * O*)} 
'0 :1:, = x, : 48x,0) =::; <pk(x*,O*), k E Q = x, . 

Tlds implies that 

F.(O) = 0 for c"ery O:f 0*. 

COVCl'sely, cllIptillcSS of the set F* for ° f 0* implies that the sct FoC x*, 0*) IS a 
,;illgldoll alld that :;* = (x*, 0") is a globally strict Pareto solution of (111 P). For 

locally strict Pareio solutions of (M P), on the other hand, if F* == 0 for every 0 E 
N(O*) such t.!lat 0 f 0*, whclc N(O*) is sorne neighbourhood of 0*, then Fo(x*,O*) = 

{(x"',O*)}. TJlis IIlcans that z* = (.'t*,0*) is a locally strict Pareto solution of (MP). 

As ail iIIustrat.ion, cOJlsidcr Zcrmclo's problem from Example 3.9 again. Assume 

t.hat the objectives arc 1l0W to minimize the time required to go from the origin to 

the léllgd wbilc st.aying as close to the YI axis as possible. More spec'fically, aS&UlUe 
t.héLt tlJe costs arc 

</>1 = :r, and 4>2 == foX IV2(a:)ldx 

\Vit.h !lA./:) = ;rj sill 01 and Y2(O) = O. The correspoudillg COllvex multi-objective model 
IS 

Min {<Pl = x,(p = x;lsillOI} 
(~,) 

(1\ICP,O) s.t. 
JI = (2x + x cos 0 - 5)2 + (x sin ° _1)2 -1 :::; O. 

COllsidcr:;* = (:1'*,0*) = (~,O). Then z* is a strict Pareto solution of the correspond­

illg progralll (1\1 P). Thcrcfore 

F*(O) = 0 for any 0 =f. 0*. 

Silllilar!y, z" = (1.406,24.56°) is a strict Pareto solution of (M P) implying the above 

set Îs t'Illpty for ully 0 =1- 0*. 

3.4 The Inverse Problem 

W(· l'(,(,dl! the llIat.hcmat.icalmodcls of the fon11 

Min fO(x,O) 
(l') 

s. t. 
(1),0) f'(x, 0) ~ 0, i EP 

o E J. 
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where the functions r : Rn X RP -+ R, l E {Ol u P, are ass\\llll'd {'olltinulH\s in hot h 
vect.or variables and COllvex in x for every fixed 0, and 0 E 1 c HI' is tht' "input." 
(parameter). Suppose that the model is initially l unning wit,lI SOllll' in}>lIt 0 = Ou at. 
which a desirable point x* is feasible yct nonopt.illlal. The objective of t Ill' ill\'{'rM' 
prograrnming is to find 0* from 0° by stable pcrturb,\t.iolls of t.11(' input. 0 slIch that ,r' 

becomes optimal, i.e., x* E F(O*). (Note that by stability W(' mt'all thl' t1stlal stahilit.y 
which is conti nuit y of the point-to-set mapping F.) 

This objective may not bc achievablc, in which case ail alt.('l'IIat.i\'l' is (,0 !inti 0" 
from 0°, in a stable way, such that 0* is a solution of the following prohl(,lll: 

Min Ir(:r*, 0) - .i( 0)1 
s.t. 

o E S(x"") n S, 

where 
S(x") = {O El: x· E F(O)} 

is the "region of feasibility of x·" and S is the set of st.able pat,hs ill 1 t'lIIllnat.illg rl'OII\ 

0°. We will usc input opiimization to find a solution io the iIlVPI'Sl' progranllllÎl\g 

problem for linear models. As wc mentioncd cadicr, the claSH of lilH'ar fUIlct.iollH is ,\ 
large well-known subclass of LFS functiolls. 

Vve recall the following lell1ma fl'om [9]. The »l'Oof will also 1)(' l'l'Cilll('d fol' t,11I' 
sake of completeness. The idca is to fonnulatc optilllality cOllditiollS ill t.ellllS of the 
optimal value. 

Lemma 3.7 Considcr the program 

(CP) 

Afin fO(x) 
s.t. 

xE F, 

whel'e f O is a convex and diJJcl'enliablc f1lnclioll and F Z8 (l ('OIW( ,r ,',( 1. '/'Inll (l f((/.~dJI( 

]Joint x* is optimal if, and only if, 

v fO(x*)(x - x*) > 0 fOT' eVC1'y x E F. 

Proof:(sufficiency:) Assume that 

v fO(x*)(x - x*) > 0 for cvery x E F. 

Then, by convexity of f O
, 
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which implies that x* is optimal. 

(Necessity:) Assume that x* E F is optimal. Theo 

The minimuIII point x* is either an interior point of F or a boundary point of F. If 
J;* is .lIl illterior point of F, then wc must have 

v fO(x*) = 0 and hence (x - x*)V fO(x*) = O. 

For ally minimlllll point, \'le have by convexity of fO and the set F, 

for ail x E F all<l 0 ~ À ~ 1. Then, for À > 0, 

Taking t.he lirnit as À appl'oaches zero, we have 

\1 jO(x*)(x - :1'*) ~ 0 for every x E F. 

o 
The following cOl'ollary imn1C'diately follows. 

Corollm'y 3.8 A fwsible point x* is optimal for the convex progmm (CP) if, and 
ouly if, lhe op/ul/al 1!lÛUe oj the jollowzng program is zero: 

.Uin \1 jO(x*)(x - x*) 
s.t. 

xE F. 

\Ve can ext,<'Il<1 this rcsult to mathematical models (having 0 as a parameter). 

Corollal'y 3.9 COIl.';;ù/CI' the COllvex mode! (P, 0) at sorne 0* El. Then x* E F(OI<) is 
/1/1 oplimal SOllllioll of (P, 0*) if, and only if, the optimal value of the jollowing model 
III U = O' i$ ::('/,0: 

(J}j,.!·",O) 

Mm \1jO(x*,O)(x-x*) 
(x) 

s.t. 
x E F(O). 
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We will use this result to solve the inverse problcm for lint'al' modd~. Wt' {h~t, l'ot\~id\'r 

linear models in the standard fonn 

(L,O) 

Max cT (O).t 
(J') 

s.t. 

A( O).r ~ b( 0) 
x?::O 
o E l, 

where A(O) E Rmxn and b(O) E Rm arc continuous in O. W{· will la(.{'1' <'x(.t'lld tilt' 

results to the lincal : models in a more gcncral fonn. Allltoug,h t.he st.a.nd,u'd fOlm i~ il 

special case of the general fonn, we follow this order for pedagogical J'('asons, For il 

linear model (L, 0), Corollary 3.9 yidds the following import.ant n'suit.. 

CoroHary 3.10 Considel' the linear modcl (L,O) al somc O· E 1. 'J'hw .1'. E F(O') 
is an optimal solution of (L, O·) zl, and ouly if, lhe optimal vaIlle of Ihr followil/!I 
/inear model at 0 = o· is ze1'O: 

(LI,x*,O) 

Min c1'(O)(x* - x) 
(x) 

s.l. 

AtrJ).t:S 11(0) 
x ~ 0 
OEI. 

Corollary 3.10 gives the primai formulation. Ilowcver, lat.('r O!l w(' will IISt' tilt' 
dual of thé above model to charaderizc optimal pararnetel's for the illven,(~ 1>101)1('111, 

To this end, we need to stuùy the dual modcl as weil. The next re:mlt involv('s li\(' 
dual mode!. 

CoroHary 3.11 Consulcl' the ltnear modcl (L,O) al .';.omc 0* E l, 'J'ItI'1t J:' E F(O') 

is an optimal solution of (L, 0*) if, and o1/ly if, lhe optimal '/Inlllc of /ILl: foLIo /lJ1I/1j 

linear model at 0 = 0* is ze1'O: 

(DJ, x*, 0) 

Min b1'(0)v - c7'(O)x* 
(u) 

s.t. 
AT(O)v 2 c(G) 

v~O 

o E J. 

Proof: Dy Corollary 3.10, x* E F(O*) is an optimal solution of (L,O·) if, ;lIId ()ldy if, 

the optimal value of (LI,x*,O*) is zero. Dut tlJe optimal value of (1.1,:1;*,0*) is Z('I'O 
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if, and emly if, the optimal value of the following model at 0 = 0* is zero: 

Max cT(O)(x - x*) 
(x) 

s.t. 

A(O)x ~ b(O) 
x~O 

° E /, 

Of, cquivalC'lIt1y, if, and only if, the optimal value of (DI,x*,O) at 0 = ()* is zero. 
o 

Note that (L, 0) and (LI, x*, 0) have the same constrail1ts (and hence the same 
feasiblc set) alld the same sel, of optimal solutions ai a fixed O. Besides, the absolute 

values of t.beir optimal valuc functions differ 1y thc constant cT (O)x* at a fixed O. 
Thclefore, studying stability of one is exactly the same as studying stability of the 

oth(>!'. TI\(' saille is truc for their dllals (D,O) and (DI,x*,O). Wc will refel' to the 

feasible :-,ets of (1.,,0) and (LI,x*,O) as F(O) and to those of (D,O) and (DI,x*,O) as 

FJ)( 0). Furthermorc, let us dCllote the optimal value of (LI, x*, 0), that is 

min cT(O)(x*-x), 
xEF(/i) 

by 9(0), alld the optimal value of (DI,x*,O), that is 

I>y Ij(O). Note that 9(0) = -lt(O). We will rcCer to the model (LI, x*, 0) as the inverse 

Illodd of (IJ,fJ) alld to (DJ,:I'*,O) as the duo" dJ>..:J.'se model of (L,O). We 110W define 

t.I1(> optimal illput for the inverse modcl of (L, 0). 

Definition 3.5 COllsulc r (L, 0) stlIrling al 0°. Assume that x* is a feasib/e, yet 
1101/Ojil11lHl/ MI/Iltion of (L, 0°). Ji'urthcnnorc, aS8ume that 0* E 5(x*) and S(O*) is a 
j'('f/ion of slabdily al 0*. If g(O*) ~ g(O) for e1Jcry 0 E N(O*) n S(O*) n S(x*), whel'e 
N(O") /$ a 1If1!1hbolt/'hood of 0*, Iheu wc say thai 0* is a locally "ApP1'Oximale Optimal 
Il/jJu!" Jal' Ihc /1l1'('j'SC modrl (LI, .1.'*,0) of (L, 0), with respect ta 5(0*) n S(x*). 

\\lt' willul-ol' t.he abblt'viation "AOI" fOf "Approximate Optimal Input". 

Definition 3.6 Vlldcl' the samc assumptiolls as in Definition 3.5 iJ [](O*) = 0, then 
1/'(' say Ihal 0* i.~ an "Ideal Optimal Input" for the inverse mode! (LI, x*, 0) with 
j·t .... P('(·t /0 S(O .. ) n S(.I·*). 

\\'(> will use tht' abbl'cviatioll "lOI" for "Ideal Optimal Input". 
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!temark: Note that the fact that 9(0) ~ 0, fol' any 0 E S(J'*), impliC8 that ml 101 
for (LI,x*,O) is an AOI for (LI,x*,O), for which 9(0*) = o. 

o 
Obviously, at an 101 for (LI, x*,O), J:* is an optilllai st)lul.ion of (1,,0). If an 101 

for this inverse model can not be found, thcn (Ill AOI is ~(,éll'dll·d for. A local\y AOl 
for (LI, x*, 0) has the following intcrcsting prop(·rt.y. 

Lemma 3.8 Assume thal 0" is a locally ,.lOI fol' (LI,.r*,O) Uf/lh "('.~/)(·(·/ /0 S(O') n 
S(x*), i:(0*) is any optimal solutIOn of (L,O*) alHI .i·{O) ;s (tlly op/inwl solu/joll of 
(L,O). Then 

o < c7'(O*)(i:(O*) - x") $ c'J'(O)(.i·(O) - ... ') 

for aU 0 E N(O*) n S(O*) n S(x*), whe7'C N(O') is ,'iOIllC llcighbolll'hootl of 0'. 

Proof: Sincc 0* is a locally AOI for (LI,x*,O) with respect 1,0 ,')'(0') n ""(.1"), 

9(0*) ~ 9(0) for every 0 E N(O*) n S(O*) n 8(.1'''). 

Therefol'e 

min cT(O*)(x* - x) > min cT(O)(x* - x) for evcry 0 E N(O") n S(O') n S(.,.'), 
xEF(O*) xEF(6) 

or 

cT(O*)(x* - i(O*)) > cT(O)(x* - x(O» for cvcry 0 E N(O') n ,','(0') n S'(.r"). 

But, 9(0) $ 0 fol' evel'y ° E S(x*). Thcl'cfore, (a.a4) holds for ail () E N(O') n 
S(O*) n S(x*). 

o 
vVc will now prescnt a condition that is both IIccessary ~-:.J1d ~1If1jc:ic'lll. fOI élll illpllt. 

0* E 1 to be an AOI for (LI,x*, 0) ovcr the regioll 5'(:1:*) n 8(0"). As wc' 1(lcal/cd ill 
Thcorem 3.8, locally optimal inputs for the collvex lIlode! (J), 0) have 1)(:(111 (h<l/il< 1.('1-

ized using the hypcl'planc separation thcorclIl (sep, e.g., [:12]). The followillg pro/wl t,y 
of a locally optimal inpu t 0" makcs it possi bIc t.o usc th,ll S('pilJ'élt,ioll t.h(lon'lIl. 

j( 0*) = mi/l min JO(x, 0). 
OEN(O*)nS(O*) xEF(O) 

Whereas a locally AOI for (LI, x*, 0), which wc also dC'llotc by 0*, i~ il solut.ioll of LIli' 
maxmin problcm 

9{0") = max lIliu c'J'(O)(x* -- .r). 
OEN(O*)nS(O*)n8(x*) xEF(O) 

This makes it impossible to follow the Sélll1C proof, for il. is illl!HJs:-.iIJI(! t,o Il~(! t1H! },YP(!I­

plane separation thcorem. IIowcvcr, using the dllality pwperti(!s (Jf Iille;Ir fJlOppllll­

ming, taking into accoullt stability of thc primai model, wc UUI c1Jallg<! tlH! 1/tfl1mm 

problem jnto a minmin problem and charactcl'ize a Jocally AOI fol' tire illVf!I'Se IIlcJlld. 
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Theorem3.12 G'onsùla the linear model (L,O) starting at 0°. Assume that x* E 
F(OO), yd x' 1. f'(OO). Fudhermorc, assume lltal 0* E :;(x*), S{O*) is a region of 
stalJllily al O' for boUt (L,O) and (D,O), and (L,O) !tas a ,'ea/istic objedwe functzon 

al 0*. Tltf~ll O' is a locally AGI f01' (LI,x*,O), witlt respect to S(O*) n S(x*), if, and 

ouly lf, Il t." alo('(Llly optimal input for (DI,x*,O) with l'espcct io S(O*) n S(x*). 

l'roof: P'll'él/lld('r 0* is ail AOI for (LI,x*,O), with respect to S(O*) n S(x·), if, and 
ollly if, t/H'f(' exi~b a lll'ighboUlhood N(O*) of 0* such that 

9(0*)= max 9(0), 
. OeN(o*)nS(o*)ns(x*) 

or, if, and ollly if, 
-q(O*) = min (-9(0)). 

• OEN(o*)nS(o*)rrS(x*) 

Silice (L,O) has a rcalisf.Îc objective fUllction at 0*, it follows from Theorem 3.4 
t.hat t1)(~I'C cxists a t)('ighhourhood NI (0*) such that F( 0) -:f 0 and bounded for aIl 
IJ E N1(O') n .';'(0*). But fol' ail :H1ch 0 wc have 

-[;( 0) = - min cT(O)(x* - x) 
xelo'(O) 

= - min (-cT(O))(x - x*) 
xeF(Ii) 

max c1'(0)(x - x*) = 
xEF(O) 

min bT(O)v-cT(O)x* 
vEFD(O) 

= it(O). 

[;(0*) = max 9(0) 
6EN(9*)nNdli*)nS(9~)nS(x*) , 

if, and only if, 
i/(o*) = min It(O). 

IiEN(Ii*)nN1(9*)nS(x*)nS(9*) 

This comple(.('s t.he proof sincc S(O*) is assumcd to be also a region of stability for 
(1),0) and tllt'rdol'c for (JJJ,:l'*,O). 

o 

Ld (r.~)J>/(I', ,\; 0) be the rcstrirLcd Lagrangian, (F*=)n be the map F*=, qn(O*) = 
(,(/l'dP,i(O*) and ii(tr) 1)(' an optimal solution at 0* of the dual inverse problcm 
([) J, .r*, 0). '1'1)('11 the following t,hcol'cm is an immediate result of Theorem 3.12 
ilnd TIH'ol'('1ll :J.8 

Theorem 3.13 COllsidcl' (L,O) slat'lillg at 0°. Assume that;c* E F(OO), yet x* ri. 
i'( Oll). Fur/h( l'lI/O/Y'. assul/lc Ihal 0* E S(:r*), S(O*) is a l'cgion of stability at 0* fol' 

97 



.. both (L,O) and (D,O) and (L,O) has a ,'caUs/je objcclll'f fUllclllJ/l /lI 0". J'hm O· I~ Il 

locally AOI for (LI, x*,O) wi/Il l'espect to 5(0") n S(.r*) if, (l1zd ol/Iy ,J, Ihfl'c fJ'lst.'i Il 

neighbou7'hood N(O*) ofO* and a n01ll/cgativc l'celO/, JUllctiO/z 

such tltat, whcnevcl' 0 E N(O*) n 5(0*) n 5(J'*), 

for ail À E R~D(O*) a lld every t E (F.,= )[)( 0). 

[J 

If we rewrit~ (DI, x"', 0) in the following Rtandard fOl'ln fol' a cOllvex 1110<1(·1, thal. is 

l'lin b1'(O}v - c1'(O)x" 
(II ) 

s.t. 
hl = -a;(O)v + cl(O) ~ 0, i = l, ... ,71 
hJ = -vJ $ 0, ) = l, ... ,1/1, 

where a: is the i th row of AT, then 

(C;)D1(V,..\;O) = b1'(O)v - c'l'(O)x* + L: >'khl.(U,O), 
1.E1'D\PV(O") 

which implies in particular that 

(C;)Dl(Ù(O*), A(O*)j 0*) = it(o*) = -9(0·). 

This means that if (3.35) is satisfied, and in addition 

then 0* is an 101 for (LI, x', 0). lIowcvcr, sill(,(~ 9(0) $ 0, for éLlly 0 E S(x·), tl)(,/I 

9(0*) = 0 implies that 9(0*) > 9(0) for every 0 E S(x·). 'J'hus, tu verify optilllillity of 
an 101 for the inverse moud, it is cnollgh to have 11(0·) = O. 

Renlark: Consider (L, 0) startillg at 0°. AS~lIf11(, tltat x' E F(OO), yd 3;" rt p(OIJ), 

and that S is the set of stable paths in 1 emallatillg flO/II 0°. (Not(· that for il ~till)11' 

rnodel the mapping F is continllous alld JO i:. lealistic.) If t,lH! lIIodd (/J,O) is ah,o 

stable for eve:'y perturbation in 8, then the pro\'lcm of filldiug a locaily AOI for 

(L l, x*, 0) in S n S( x*) is the same as the probll!IH of fi lIdillg a locally opt.illlal i Il l'II t. 

for (DI, x*, 0) in S' n S(x*). 
[J 
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ln orcIer to u~e TheOl erns 3.12 and 3.13, we must find condi tions under which the 

cOlltiuuity of the »oillt-to-set mapping F implics continuity of FD . In particular, we 

would like to filld out when a rcgion of stability for (L, 0) is also a region of stability 

for (/J,O). We lleed to reCer to sorne important rcsults in lillcar p!'ogramming fil'st. 

CCJ/lsidc:r the IiIlC!af program 
Max cTx 

S.t. 

Ax:::; b 

x ~ 0 

ail cl i t:-. cl Il al p mgl am 
Min bTv 

s.t. 

( /J) AT v 2: c 

v ~ O. 

We rewrit.e (l,) ill the following standard form for a convex progl'am: 

Min _cT x 

s.t. 
l' = a,x - b, ::; 0, i = 1, ... , m 

jJ=-xJ:::;O, j=l, ... ,n. 

(Note t.hat a. is the ith l'OW of A.) Assumc that the sct of optimal solutions of (L) is 

1I01lC'lIIpt.y alld hOlllldecl. Thcn associatcd with x*, a (Hnite) optimal solution of (L), 
"l't' t.1\{' llolllwgéltive vedors),* = (>.;), i E {l, .. ·,m} and u* = (u;), jE {l, .. ·,n}, 

t.he COIllJ>OII('lIts of which arc l'efcrred to as I\uhn-Tucker multipliers (or "shadow 

prin's"), such that 

'l' -c + A À· - u* = 

À;( a.x* - b,) = 

-u*x* = J J 

À* > 
u* > 

° 0, 

0, 

0 

O. 

i=l, ... ,m 

j=l, ... ,n 

(3.36) 

(3.37) 

(3.38) 

(3.39) 

(3.40) 

'1'h(' above cOllditiolls are l'cfcrrcd to as I\uhn-Tucker ~onditions. Furthermore, the 

\'('dOIS ,\* alld 11* (Ire rcfcrrcd tl) a.s KlIhn-Tuckcl' vectors. 

Bt'sid('s satisfying the l\uhll-Tuckcr conditiolls, the KlIhn-Tuckcr vectors have an­

ot 1l<'1' weil-kuo\\'11 prop('rty that will be rccalled in the following lcmma, borrowed 

frolll [:n]. Th(, l'roof of t.he h'lllIllit will also be recalled for the sake of completeness. 

LCI111Ua 3.9 :1 ...... 11111(' that .1'* is a ji1lite optimal solution of (L) and conside1' the 
IÙlhn- 'l'IICh-,. l'cela!' ... a ...... ocialcd with x*, as drJincd above. Then the l\."uhn-Tuckcl' 
l't'e/O,. ,\* i ... ail oplimal ... olulton to the dual p,'ob/em (D). 



Proof: Since x* is a fini te optimal solution of (1-), tilt' Kuhn-Tut"k,'1' rO'H!it \l)IlS at ,l" 

are satisfied. Equation (:1.38) may be writh'n as 

On the other hand, (3.36) and (3.40) imply t.hat. Il' = A 1',\' - c ;::: n, or 

Now (3.39) and (3.42) guamntcc the existcllce of a solut iOIl li = ,\. to tilt' systelll 

These arc the constraints of the dual problclII (D). Benn', ,X· is (}, f{,ilsil>lt' SOllilioll or 
(D). Fol' any feasiblc solutions .l'and Il 1.0 tlH' primaI ilnd thl' dual l'ruhlt'IIIS, \\,(' III 1)' 

write 

and, sincc x* is a fcasiblc solution ta t.he prilllai pl'OI>II'III, 

The complelllcntary slackllcss condition (:3.:n) impli('s th.l!., for éllly l = 1, ... ,11', 
cithcr >.: = 0 or elsc b, = (lIX*, J t follows that. 

Similarly, (3.4 1) implics that 

l' * *T .r 1'J' \ * cx=x c=x, 1\. 

I-Icre (3.44) al1d (~C45) yield 

Thcrefore, À* is an optimal solution to the dual prohle/ll (IJ), 
[ 1 

We now recall some wcll-known l'csults fWIIl [1 0]. C()II~id(!r t.\w /lOlllilWilr plogl,llIl 

with incquality and CqUéllity constl'aints 

(NP) 

Max f(x) 
s.t. 

9.(X)::;O, z=I, ... ,rn 

h.(x) =0, j=I" .. ,q, 
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W/H'I<: ail tJj(' fllllctiollS are real valucd and continuously differentiable on Rn, and, for 

a fed .. ..,iIJ!e poilJt :1:", considcr the Mangasarian-Fromovitz constlaint qualification 

(l) Therc cxists a d E Rn sueh that 

\1!J,{x*)d < 0 lE {i : g,(x*) = D} 
(MFC'(J) \1hJ (x*)d=O J=l, ... ,q; 

(ll) 'J'he gradiellts {\1 h; (x*)}, i = l, ... , q are jinearly indep~ndent. 

At a local lIJaxillluJIl x*, let I\(x*) dC/lote the set of Kuhn-Tucker vectors cO'_Tespond­

illg b .co; that is, the set of (u, w) E R'rL X Rq sucb that 

Til q 

(\1f(x*)f' Lu;(\1g l (x*))T + Lw;(9hJ(x*)f 
I:} ;=1 

11, > 0 

Il ,111(.1'*) = 0, i=I, ... ,m. 

'1'1,('11 tlU' followillg illlporhnt rcsult holds. 

Lemma 3.10 (Cauvill [10]) J,d.r* he a iocal ma.cÎT,wmfor (NP). Then J(x*) is a 
I/ol/fll/ply (/I/d !JolIl/dul ."roI if, and ollly if, MFCQ is salisfied at x*. 

III t.!w cas(' of lilwar »rc,grams of the form (L), the MFCQ is the well-known Sluter 

cOlldit.ioll. Thal. i~, we hav(! the following immcdiatc l'csult. 

Corollary 3.12 Lei :1'* he ail optimal solutIOn of (L). Then J(x*) is a nonempty 
ill/d !JOUIlt!((! .'id if, and o1lly if, Hlaler's condzlion is salisfied. 

\V(' wil/lIl->(' COl'ol1ary ;J.12 and Lell1l1la 3.9 ta prove the following important reslllt. 

'l'Il(' id(·(\ is 10 filld conditions llllder which a region of stability for (L, 0) is aiso a reglOn 

of !->Iahilit.y for (n, 0). 

Th(\orcm 3.1-1 ('o/l . .,idfT Ihe lincar model (L,O) and ils dual (D,O). If(L,O) has a 
1'((/li.~//(· O!J,IC('/II'f' fU/ld/01l aIO", lheu Ihe conslmints of(D, 0) salisfy Slater's condi­

lIOn al 0". FU/'tllt/'1110/'f, lf(D,O) has a l'ealistzc objective function at 0*, ther. il is 
." 1 l/hlf al O'. 

Proof: Silln' (L, 0) has a realistic ohjective fllllction at 0*, it has a finite optimal 

!'Iulut il/II at (J'. ~ay .i·( O'). This, by the duality thcorcm of linear prograrnming, implies 

t hal (/J, 0) Il.1:- il fillil(' opt illlai solution al. 0*, say Ù(O*). Noweonsider 

(n.o) 

~lill ll(O)l' 
(l'l 

S.t. 

h' = -a;(O)v + calO) :5 0, i = l, ... , n, 
hl = -P; S 0, j = l, ... , m 
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at Q*. Let >'*(0*) = (-":(0*)), i = l, ... ,n and 1l*(0') = (u;(O')), j = 1, ... ,711 ht' 

the Kuhn-Tucker vcctors associated with Ù(O') a.t O'. Then, 1»)' Lt'Illum :1.9, ,\-(0<) ;s 

an optimal solution of the dual of (D,O*), whirh is (L,O'). SiI1Cf' (1.,0) !ms il l't'alil'til 
objective function at 0*, F(O*) Îs ét lll.'>Icmpt;r and bOIlIl<1('d set.. Th (,l't'fol'(' ,V'Ur) is 

bounclecl. Besicles, by the Kuhn-Tuck('1' conditions, \\'(' hm'(' 

b(O*) - A(O*)À*(O*) - u*(O*) 0 

À;(O*)( -a;(O*)ù(O*) + c1(O*)) = 0, i = 1, ... ,11 

lI;(O')ùJ(O~) = 0, J = 1, ... ,1Il 

,\* > 0 

u* > O. 

But (3.46) implies that 

u*(O*) = -A(O*),\*(O*) + b(O*). 

(:l..\{) ) 

( :l..fï) 

(:'AS) 

(:I.·I!J) 

(:I.;){)) 

Renee boundedness of >'*(0*) implics boulldcdncss of u*(O*). Thus K(;,(OA)), 1.111' st'!. 
of Kuhn-Tueker veetol'S corresponding 1.0 v(O*), is IlOllelllpt,y and hOIlIlCI"d. Titis, hy 
COl'ollary 3.12, mcans that the cOllstraillts of (D, 0) sat.isfy Slal.('l"s conditioll ilt. 0'. 

If (D, 0) has a rcalistie objective fuuction at 0*, LhclJ il. is also st..,hl" al. 0*. 
o 

The following corollal'y immcdiately follows. 

Corollary 3.13 If (L, 0) has a 1'ealislic objccli1JC June/ioll al 0* 1 Ih('" any l'f.'//OI/ of 
stability for (L, 0) al 0* is a/so FI 7'cgion of slabilzly fol' (f), 0) (lI ()* • 

Let us illuslrale thcse rcsults by the following cxample. 

Examp le 3.11) COllsidcr 

(L,O) 

around 0* = 1. Thcn 

Max X2 
(x) 

s.t. 
XI + X2 ::; 1 
-XI - 0;C2 < -1 

XI > 0 

X2 ~ 0 

f'(O) = { {(o,If} 
{(l,Of} 

102 

if 0 ~ 1 
if 0 < 1. 



, 

( 

Note that (L,O) is not stable at 0* However, it is stable for S(O*) = {O : () ~ 1}. 

Besides, (L, 0) !Jas il rcalistic objective function al 0*. Now consider its dual 

(1),0) 

Min VI - V2 
(v) 

s.t. 

VI - V2 ~ 0 

VI - OV2 2:: 1 
VI ~ 0 

V2 ~ O. 

We notice t!Jat Slater's condition is satisfied at 0 = 0* and 

f.b(O*) = {v* ~ 0: vr - v; = 1}, 

which means that (D,O) does not have a realistic objective function at ()* = 1. Note 

that (L, 0) <Ioes not satisfy Slater's condition at 0*. 
o 

Thcol'C/II 3.1;j can 1l0W bc restated in the following form. 

TheOl'em 3.15 Considc7' (L,O) stal'ting at 0°. Assume that x* E F«()O) yet, x* fj 
p(OU), 0* E 8(:1'*) and S(O*) is a regio71 of stability at 0* for (L,O). Furthermore, 
assulIlc litai (L, ()) /tas a l'('alzslic objective function at 0*, and let v( 0*) be a finite 
Opfllllll[ solu/ioll of (D, 0) al 0*. J'ken 0* is a locally AOI for (LI, x", 0) with respect 
/0 S(OA) n 8(:1:*) if, al/d only if, tltcre exists a neighboU7'hood N(O*) of 0* and a 

lWllllcgal1vc V( .'lor fllnclion 

A : N(O*) n S(O*) n S(x*) -t R~D(/I*) 

,"Ilch Ihal, whcncvcr 0 E N(O*) n S(O*) n S(.r*), 

Cm(ù(O*),À;O*) ~ CDJ(iJ(O*),A(O*)jO*) ~ CDJ(v,A(O)jO) 

fol' al{ >. E H~ITIIPD and e'Vcry v E !lm. 

(3.51) 

Proof: Sinn' (L, 0) has a l'ealistic objective function at 0*, by TheOl'em 3.14, the 

colIstl'aill(,S uf (D, 0*) satisfy Slater's condition, under which (C~)DI becomes the 

lIsllal Lagl'angiall Cm for thc dual inverse model. Applying TheOl'em 3.13 now yields 

t. 11<, l'('sul t. 

Rcmnrk: COllsider (L,O) starting at 0°. Assume that x* E F(OO), yet x* ri. F(()O), 
alld S is a I('gioll in which, for cvery pcrturbation, the objective ftu.diop::; <)f (L, 0) 
and (J),O) an' n'dlist.ic. Thcll thc problem of finding a locally AGI for (LI,x*,O) in 

sn S(.I·A) is the saille as the problem of finding a locally optimal input for (DI, x*, 0) 
in Sn .'1(,1'*). 

o 
Frolll 'l'Ileon'Ill ~L 1·1 the followillg important l'csult follows as weIl. 
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Corollary 3.14 [[(L,O) and (D,O) bolh hat'e t'calistic ob)ccftt·(' fUllelioll," (110·. Ihfl/ 
they botll satisfy Slater's condition at O· lll/d arc thcrcforc bofh stable al O'. 

Remark: It \Vas shown in [19] that t.he set of optimal solut.ions of (L, 0) and (D, 0), 
being nonempty and bounded at 0*, is a sufficicllt cOlldit.ion for tht' cont.illuity of t.hl· 
optimal value function at 0*. Dy COfollary 3.14, this condit.iell is JlOt. only sullicit.'1\t. 
fol' continuity of the opt:mal value function but also suHicicnt. for I.h<, nmt.i1\\Iit.y of 
the point-to-set mappings F and FD at 0* and thus sufTIcicnt. for st.ùbilit.y of !loth tilt' 
primaI and dual linear models. 

Note that the objectivc functioll of (L,O), lwillg realist.ic at. 0", dO(,8 JlOt. illlply 
that the objective functioll of (D,O) is rcalistic at 0* as Exalllpl(· :UO shows. 'l'II(' 
following result, however, gives a sufficient condition for the dual (,hjedive fUllct.io1\ 
to be !'calistic at O· whenever the objective function of t.he primaI il' It·alist.ic al. 0°. 
Although the result is for prool'ams (with 110 pammctcl's), il. ca1\ he (·xt.(·II<I(·d to 

modcls (since hcrc we are intercsted in the bchavioul' of t.he primaI and dual 1110<1('1:.: 

at a fixed paramcter 0*). 

Theorem 3.16 Assume that the set of optimal solutions of (L) is 1WIU'/Ilp/y illld 

bounded and that ail the compon' nts of the vecto1' b are s17'idly positillC. 'J'heu l!i(: .'Id 

of optimal sohtt;ons of (D) is a/so nonempty and boundcd. 

Proof: Since the set of optimal solutiolls of (L) is lIoJ\cmpty alld bOlllld(!<l, for ally 
(finite) optimal solution x of (L), therc cxists an optima.l solutioll v of (1)) surI! t.hat. 

If vio -+ +00 for some jo E {l, ... , m}, then 

bTv -+ +00 

( ') 1":')) ,) .,) .... 

since by assumption bJ > 0, j = l, ... ,m. This is, howevcr, a cOlltriLdictioll t.u (:U:>2) 
since cT x is fini te. 

Linear models with mixed constraints 

We now consider the more general form of lillcar mathcmatical models, i.e., IilleiLl' 

models of the turm 

(Lm,O) 

Max C'{(0)X1 + CJ(O)X2 
(X) 

s.t. 
All(0)X1 + A I2(O)X2 $ JJJ(O) 
A21 (O)X1 + A 22(O)X2 = /32(0) 
Xl ~ 0 (X2 unrcstricted ), 

104 



1 ... 

f 

and their dual:.; 

(Dm,O) 

TT) Min B} (O)Vi + B 2 (0 V2 
(V) 

s.t. 

Af}(o)V} + AI}(0)V2 > C}(O) 
Af2(0)Vi + AI2(0)V2 = C2(0) 
Vi ~ 0 (\12 unrestricted ), 

whcre the vector X = (x}, ... , xn)T is decomposed into two blocks: 

and 

X 2 = (Xn == (x)), x) (unrestricted), j E N2 , 

and the vedor V = (VI!' •• , vm)T is decomposed into the following two blocks: 

and 

V2 == (Vi) == (v)), V J (unrestricted), j E M2 • 

Ilerc N is the set of indices {l, 2, ... , n}, while M is the set {l, 2, ... , m}. Furthermore, 

NI and N2 arc complementary subsets of N with n} and n2 elements respectively, while 

MI and 1112 are complcmcntary subsets of M with 7n} and 7112 elements respectively. 

The matrix A and the vcdors C and B are decomposed into blocks corrcsponding 

to t.he d('compositions of M and N into AIl + A12 and NI + N2 respectively. These 

blocks arc AIl,AI2,AlI,A22,C},C2,BI and B2. Besicles, as a function of 0, ail the 

coefficient. maÜ iccs ale continuous. Any linear model of the form (Lm,O) can, by 

lI}('allS of wdl-lmown transformations of variables and con:;traints, be modified sa 

as ta involve ollly llonl1cgativc variables and ouly inequality constraints. Because 

of this c<[uivalcllcc, thc thcorcll1s and definitions used for linear models (L,O) and 

(D,O) éllso hold fOI (Lm,O) and (Dm,O). On the other hand, there are advantages ta 

llsing the latter {orms. For cxamplc, the standard device fol' eliminating a variable of 

lllll'cst.rictcd sigll is 1.0 lcplacc it by the difference of two new nonnegative variables. 

'l'hi::;, hO\\'('\'('!', always rC'sults in unbounded sets of optimal solutions in the primaI 

llIoth'ls. A similar prohlclll also happclls on the occurcnce of equality constraints, for 

tn ('<lch c<}uality c0\1stl'a111t in the primaI model, there corresponds an unrestricted 

variable in the dual Illodd. 

W(, will show that the rcslllts of inverse programming formulations for standard 

lint'ar lIJodels cali aIso he extcnded to linear models \Vith mixecl constraints. Tbeo­

l'l'IllS ~U~, ;U:l, Corallarics 3.10, 3.11, Definitions 3.5, 3.6 and Lemma 3.8 trivially 
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hold for (Lm, 0) and (Dm,O). We will l'der to the im'(,l'St' lllOdl'} of (Lm,O) as 
(LI m, X*, 0) and to its dual inverse model as (D lm. X*, 0). Now l"l>1lsidt'l' t.IH' lillt'aJ' 
program 

(Lm) 

and its dual 

(Dm) 

Max Cr Xl + CrSz 
s.t. 

AUXI + A12 .\2 S BI 
A21 X l + AnS;! = Hz 

Xl ~ 0 (.\2 ull1'estricted ) 

Min Brv. + BI"'z 
S.t. 

Arl \Il + Arl \12 ~ Cl 
Ar2Vl + Af2\".! = C2 
l~ ~ 0 (\.'2 lllll'cstl'ictcd ). 

Then associated with an optimal solution X* of (Lm) are the l\uhn-Tuckcl' Vl'ctors 
,x* = (,xi, ... , ,x:nJT ~ 0, w* = (wt, . .. , W~12)T (unl'cstl'idcd) and IL* :::: ('IL~, ... ,u:.J'r ~ 
O. These vectors have the following illtcrcsting pl'OpCl'ty. 

Theorem 3.17 Assume that X* is an optimal soluli1m 01 (Lm) and (,oll8ulcl' tht' 
'r 'r" /(uhn-Tucker vectol'S associa/cd with X*, as dcfillcd abovc. 1'IUlt Ihe vec/ol' (,x* ,w· )' 

is an optimal solution to the dual p1'Ob/cm (Dm). 

Proof; We rewrite (Lm) and (Dm) in the followillg stalldard fOl'llIs: 

(Lm') 

and 

(Dm') 

Max Cr X, + Ci X~ - cr't(~ 
s.t. 

A1l X I + AI2X~ - AI2X~' ~ BI 
A21 X 1 + AZ2X~ - A22X~ ~ LJ2 

-A21 X 1 - A22X~ + A22X~ ::; -1J2 

X > 0 X' > 0 X" > O· 1_, 2-' 2-' 

. nTv, nTv' J TV" M111 1 1 + 2 2 - 12 2 

s.t. 
T Il AT 1/1 'f V" C' Au VI + 21 v2 - A21 2 ~ 1 

A[2 VI + Ar2 V; - Afz V;' ~ C2 

-A[2V. -- Af2V; + A~~Vl' ~ -C'2 
V. ~ 0, V; ~ 0, V;' ~ O. 

Then the Kuhn-Tucker vectors (considered as columns) COl'J(!spolldiJlg 1,0 X· will be 

\* (\*»0 - 1 w'*= (w'*) >0 . J 1\ = "i _ , z= , ... ,ml, 1 _ , z= , ... , rn2, 
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'UJ"'=(W:")~o, i=1, ... ,m2, u*=(un~O, i=l, ... ,nt, 

10 ('.) > 0 . 1 cl II. ("*) > 0 . 1 u = Ui _ , Z == , ... , n2, an U = Ui _ , Z == , ... , n2. 

Now I)y Lcmrna 3.9, (À*T,W'irT,W"*Tf is an optimal solution of (Dm') which implies 

that (Ào
T

, w,·'r - w"",Tf is an optimal solution of (Dm). But w* == w'* - w"*, and 

the proof is completc. 
o 

Theorem 3.18 Considcr the linear progmm (Lm). Then MFCQ reduces to the fol­
[owing conditions: 

(a) 1'he7'c cxists a feasible point, X, su ch that X is a Slater point for the inequality 
constmints of (Lm); 

(b) The mcfficzcnt mall'ix cOl'7'espondmg to the equahly constraints has full TOW rank. 

Proof: We rcwrite (Lm) in the form 

l' T Max Cl Xl + C2 X2 

s.t. 

l' = A~ 1 Xl + AbX2 ~ Bi i E Ml 
P = A~IXl + AhX'2 = B~ j E lIf2 

fk = -Xf ~ 0 k E Nt. 

Then at a fcasible point X*, MFCQ is as follows: 

Thcr<~ (~xists (Î E Rn sueh that 

(i) v f'(X*)J < 0, 

\7 P(X*)cÎ = 0, 

V P'(X*)J < 0, 

i E Ml (X*) 
J E A12 

k E Nt(X*) 
(ii) V P(X*), j E 1112 are linearly independent. 

Sillcc ail thc functions are lincar, condition (i) is equivalent to the existence of the 

point .Y == X· + ad, a > 0 sufficiently small, such that 

f'(.l;) < 0, i E Ml 

fi(.Y) = 0, j E \f2 

f k(.\r) ° kEN .~ < , . 1· 

This meallS t.hal .Y is feasiblc and is a Slatcr point for the inequality constraints of 

(Lm). On tilt' oUler hand, condition (ii) is equivalent to the rows of the coefficient 

mat.rix corrcs»onding tü t.he cquality cOllstraints [A 21 A221 being linearly indepenclent. 

This a1so Illl'HIIS thtlt this lllCltrix has full row rank. 
o 
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Theorem 3.19 C01/sidel' the lincal' modcl (Lm,O) arolllld O' . .488111/1f that MFcq 18 

satisfied at 0* (i.e., conditions (n) and (b) of Thcorfm 3.18 hold). Thel/ tilt' ]Joint-Io­
set mapping F lS lower semicontilluous at 0*. If (/.111, 0) lias, III aclclitw Il , Il "('l1l'I'/;C 
objective lune/ion ai 0*, then il is a stablt' mOllcl al O·. 

Proof: Assume that MFCQ is satisfied at 0*. 'l'hm thc1'(' cxists 4\' E F( 0*) s\lcll thaL 

A;l(O*).\'l + A;2(0*)"\'2 < 13;(0*), l E Ml 

A~l(O*).\'l + A~2(0*).\'2 B~(O*), j E M2 _,d, 0 k N 
''\1 < , . El, 

where the matrix [A 21 (O*) An(O*)] has full row l'étllk. This llH'ans that th('n' t'xists 

N(O*), a neighbourhood of 0*, such that 

P=(O) == P=(O*) for eV<'ry 0 E N(O*). 

lt is weil known that (see, [32]) Rl(O*) == {O : P=(O) = P=(O*)} is a n'gioll of st.ë\.hility 

at 0*, provided that F= is lower semicontinuous at 0*. 1Iere (3.5:J) illlplies that 

R1(0*) == N(O*). 

On the other hand, sinee [A 21 (O) A22 (0)] has full row 1'allk at O~, il. lias full row rallk 

in a sufficiently small llcighbourhood of 0*. It follows that the m<tpping 

is lower semicontinuous at 0*. This togcther with (3.51) imply tltal. I.h(' poilll.-I.o-sd 

mapping F is lower semicont.inuous at 0*. If (Dm, 0) has, ill addition, a J'('alist il' 

objective function at 0*, then it is stable at 0*. 
o 

Finally, wc need to prove the following result for tlH' dual li Il ('iL!' lIIode! (1)/11,0) 
in order to bc able to use Theorclll 3.13 to characLcrize ail AOI for tlte iIlVt!nH~ IIlodd 

(Llm, X*, 0). 

Theorem 3.20 If (Lm, 0) has a realistic objeclive flluclzon al O· 1 theu Ihe conslminls 
of (Dm, 0) salisfy Al FCQ at 0*. If, in addition 10 M PCQ ]J 1'O]J(: 1'1 y, (J)m, 0) hw! fl 

1'ealistic objective funclion at 0*, then il is a stable rnodd al O· . 

Proof: Since (Lm" 0) has a realistic objective fUllctioIl at O·, it has a finite optimal 

solution at 0*, say X(O*). By the duality thcory of Iinear progrétllllJlillg, this implil's 
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tIJat the dual problcm (Dm, 0) has a finite optimal solution at 0*, say V(O*). Consider 

(Drn, 0) 

Min B[(O)~ + Bf(0)1I2 
(v) 

s.t. 
-(Ail)'(O)VI -- (AII)'(0)V2 + (CJ)'(O) ::; 0, i ENI 
(Ar2F(0)~ + (Af2)J(0)\t1 + C;z(O) = 0, j E N2 
- V;k ::; 0, k E AIl, 

Thcll associatcd with V(O*) are the Kuhn-Tucker vectors 

À*(O*) = (À~(O*), - .. , À~1 (o*)f ~ 0, 

w*(O*) = (wr(O*), ... , w~2(0*)f (unrestl'icted) and 

u*(O*) = (u;(O*), ... , U~1 (o*)f ~ o. 
By Thcorclll 3.17, (A*T(O*),W*T(O*)f is an optimal solution of the dual of (Dm,O*), 
which is (LUt,O*). Since (Lm,O) has a r<.>alistic objective function at 0*, F(O*) is a 

11011<'111 pt Y and boundcd set. Thcrefore, À*(O*) and w*(O*) are bounded. Besides, by 

1.1)(' KIIIIII-Tucker conditions, 

[ 
lll(O*) 1 [-AJI(O*) AI2(0*)] [ À*(o*)]_ *(0*) _ 0 
B2(0*) + -A2,(0*) A22(0*) w*(O*) u 

À;«Ail)'(0*)V1(0*) + (Ar1)'(0*)~(0*) + (C1)'(0*» -

-u;(O*)(~(O*)F 

TIH'l'efO/'C 

0, i E NI 

0, j E 1\11• 

which illlplics that u*(O*) is boundcd. Hence, J(V(O*», the set of Kuhn-Tuckel' 

"l'dors col'I'csponding to \i(O*), is Ilonempty and bounded. Thus, by Lemma 3.10, 
the (,oIlst.l'aillt.s of (Dm, 0) satisfy MFCQ at 0*. 

o 
An important consequence immediately follows. 

COl'ollary 3.15 If (Lm, 0) has a l'cahstic objective function at 0* 1 then any l'egion of 
,'illlbility fOI' (1-11/,0) al 0* is a/.<;o a l'cg/Ol1 of stability for (Dm,O) at 0*. 

WC 1I0W illust rate sonw of thcs<.> l'csults by an example. 
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Example 3.11 Consider the lincar modcl 

Max :1'2 
(X) 

s.t. 

(Lm,O) 
XI -1- X2 $ 1 
(Of - O~)2.rl = 0 
XI ~ 0, J'2 ~ 0 

around 0* = (O,o)T. Note that, regardless of 0, 

F(O) = {(O, 1 )1'}. 

Although (Lm,O) is not stable at 0*, it has a l'('alistic objective functioll at O·. Fm­

thermore, the region 

S(O*) = {O E R2 
: O~ = On 

is a region of stability for (Lm, 0) at 0*. The dua.l pl'Oblclll is 

(Dm,O) 

Min VI 
CV) 

s.t. 

VI + ((J~ - 0~FV2 ~ 0 
VI ~ 1 
VI ~ 0, V2 (lllll'cstrictcd). 

The constl'aÎms of (Dm, 0) satisfy MFCQ (in raet SIa.tcl"s) conditioll aL 0*, So t1\(~ 

point-to-set mapping FD is lowcl' scmicontiuuous aL 0*, But (Dm, 0) does Ilot ha.ve ct 

l'ealistic objective function at 0* sincc 

~ T 
FD(O*) = {(1,v2) : V2 E il}. 

o 
The following result thus follows from Thco!"ems 3.13 and :3.20. 

Corollary 3.16 Considcr (Lm, 0) starlmg at 0°, Assume lhat X* E F(OO), yd X' rj. 
F(OO), and at 0* E S(X*), (Lm,O) has a l'eali,slic objective funclion, F1J.1'lh(~1·1It01'l', 
assume that SC 0*) is a region of slabilily JOl' (Lm, 0) (Li O' and V( O') 1,'; (L jinilt 

optimal solution oJ(Dm,O). l'hen 0* lS a locally AGI J01' (Dhn,X"O) lmth l'(;,'>]Jœl to 
S(o*)nS(x*) if, and only iJ, there exist a neighlJOul'/wod N(O*) oJO· and a uounegfltive; 
vector function 

A: N(O*) n 8(0*) n S(X*) -+ Il'!f(o·) 

such Ihat, whenevcr 0 E N(O*) n 8(0*) n S'(X*), 

(C~)Dl(V(O*), À; 0*) ~ (C~)Dl(V(O*), A(O*); 0*) $ (C~ )J)/(V, A(O); 0) 

fOl' every À E R'!f(e*) and eve7'y V E (F.=)D(O), 
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Remark: COflsidcr (Lm,O) starting at 0°. Assume that X* E F(OO), yet X* (j. 
.r>(OO), and S is a rcgion ill which, for every perturbation, the objective functions 

,f (Lm, 0) amI (Dm, 0) are rcalistic. Then the problem of finding a locally AOI for 

" Lint, X·, 0) i/l Sn S(X*) is the same as the problem of finding a locally optimal 

"\t for (/)[m, X*, 0) in S' n S(X*). 
o 

hOIIl 'l'lleon'lII :J.20 the following important result follows as weil. 

Coroilary 3.17 If (Lm, 0) and (Dm, 0) bath have realistic objective functions at 0*, 
Ihen Iltey bol/t Mllzsfy MFCQ at 0* and are therefore both stable at 0*. 

Rcmark: This lorollary shows that the set. of optimal solutions of (Lm,O) and 

(f)nt,O), I){'illg 1l0/lC'llIpty and bounded at 0*, is not only a sufficient condition for 

t!H' cOlltillllit.y of lhe optimal value function at 0*, but also a sufficient condition for 

stahilit.y of hoUI lIlodels at 0*. 

3.5 A Numerical Method 

Like 1l1Ost illpul optilllizalioll problems, solving the inverse problcms numerically 

illvolV<'s the collstraiued optimization of an optimal value function (such as g{O» 
wbich is explieitly unkllowlI. Thcl'cfore, thc same difficulties arise when solving the 

illverse l'willems I\I1111Cl ically. 

Il is weil knowlI tllil!, if ail the functions in (P, 0) are jointly convex in (x, 0), then 

t.he optimal value fUJ1ctiolJ j(O) is convex (sec, e.g., [18]). In this case it is possible to 

prove the COll vergence of SOITIC of the numerical algorithms for solving the problem of 

(,ollstraillt't! Opt.illlizatioll of the optimal value function. One such case was discussed 

in [14]. 

U Il rOI tu Il il t.cly, jointly cOllvexity of functions is 110t the case in most, of the math­

('111<\1 icall1l()(I('ls that wc sludy. Therefore, fillding a numel'ical algol'ithm, and then 

pl ovi Hg it.s cOllverg('lIc<" is ct fOl midable task. In spite of ail these difficulties, there 

do ('xis!. t.oob (though l'a.lher primitive) for solvillg input optimization problerns in 

tlt<' lille,ll' alld rOll\'ex case. Sevcral case studies have actually becn solved using thcse 

lools (sel" t',g., [ï,2~1]). 

Th ('J'(' élrt' pr('~el\t Iy two basic approaches to solviGg the input optimization prob­

!l'lllS. Bot.h art' c~sclltially diffcrellt from the usuai llumerical methods because they 

opt.illlizc the ('xplicit.ly-unknowll fUllction j(O) and the optimization is performed only 

alollg the paths of ~tabilit.y. Thcse two approaches are callcd the "rvI-method" and 

thl' "l\l\'-IIJl'thod". The ~l-met.hod considcrs the perturbations of 0 along which F(O) 
llIollotOllously illel'<'ases, ",hile the MV-mcthod uses the 1na1'!Jinal value formula and 
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then searches j(O) along a stable path. More details on tIU'Sl' are gi\'t.'1l in [:l.1] . 

In this section, we will use a method based on t.he t\IV-llld,hod to sol"" thl' in­

verse problem for linear models numerirally. For simplicit.y, "'t.' will IIS(, t hl' 110t at iOIl 

(L,O) to refer to both lincar Illodels in the slc.lldard fOrIlI and lillt'ar lIIodl'ls \\'it.h 

mixed constraints. The corresponding inverse lim'ar lllodd will also bl' d('llutl'd by 
(LI,x*,O). 

In order to find an ADI for (Ll,x*,O), starting frolll 0°, with J'. a feasibl(' hut. 
nonoptimal point, we must solve the optimization problt.'lll 

max 9(0), 
6ESnS(x*) 

where, as denoted carlier, 

9 = min cT(O)(J'* - x), 
xEF(9) 

Sis the set of stable paths in 1 and S(x*) is the l'egion of fCél.sihilit.y of J' •• Ideally, w(' 

would like to find a globally optimal solution of (3.56). Dut this is a \!t'l'Y diflicuit task 

since 9(0) is generally Ilot concave. We will dcvelop an algorithlll for fillding a locally 

ADI for (Ll,.x*,O) under Slatcr's condition or under a special case of ~1FCQ. 'l'II<' 
algorithm is the one givcn in [7] for finding an optimal input, with slight lIIodifi< at.iOllh. 

The main differences are that instead of looking for a direction of d('sœnt. we look fol' 

a direction of ascent and that the algorithm is appl1cd to the inverse' 1I10<ll·1 ratllf'l' 

than the mode! itsclf. Although rather primitive, t.lle algorithlll hdp I1h show how 
to solve some of the inverse programming problcms IlUIIICI ically. Wc will lise tll<' 
following marginal value thcorcm pl'oved by van RooyclI ilIId ZI<JIH'c ill [:W] :,1;1I,(·d fUI 
convex modcls. 

Theorem 3.21 Consùler a convex modcl (P,O) wilh il l'calù,lzc obJfclw(' fUlIcl101l 

al sorne 0*. Let S(O*) be an a1'bifm1'y l'cgion of slabilily al o·. A.'i.~'Ilm(' Iha' tlu' 
mapping F*= zs Lowe,. scmicontinuous at 0* 1'clatwe 10 S( O·), lL1td Ih,·' II/(; .,>uddft.­
point (.iW'''), u(O*)) is unique. Alvo suppose litai tlte gmdic1lls VP'(J\O), l· E {(J} U 
P«O*) are continuous at (.i(O*),O*). l'heu fol' CVC1'y SU/IlCflCC 0 E 8(0"), 0 -. 
0*, and x(O) -+ x(O*), for which the limlls 

1 \
. 0 - o· = lm 

OES(6*) 110 - 0*11 
9-8* 

and 
. i(O)-5:(O*) 

z;;:::; lun 
9ES(O*) 110 - O·" 
6-0* 

exist, wc have 

lim j(,f~ -t:r) = V xC~(x(O'), ü(O'); O')z + V ,C~(x(O'), ü( 0' J; 0' JI. (:I.;'7J 
OES(O*) -
9-9* 
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For the exi:'U'IIC<! of limits and nonuniqueness of the saddle point, see [24} or [26}. 

1'0 simplify the problem, we will consider only the conditions under which, for 

every 0 E SnS(x*), 
Vx.c~Uë(O),ù(O)jO)z = o. (3.58) 

The llIarginal value formula is signifieantly simplified under sueh conditions. Slater's 
condition is one such condit.ion (see, e.g" [34]). Another condition is when the per­
turbations of 0 arc rcstrictcd to the region 

(For lJlore <Jetails 011 thesc see [34].) 

Usillg the primaI formulation in Corollary 3.10, we first determine the regions S 
alld 8(x*) alld so Sn S(x*). Thcn We will apply the marginal value formula to the 

inverse model (LI, x*, 0), the optimal value of which is 1;(0), to find a direction along 
which il( 0) illCl'eases. The numerieal method is iterative, and each iteration yiclds a 
vector Ok sueh that il(Ok-l) < 1;(Ok) ~ O. 

It starts at Ok = 0° and at each iteration the linear program (LI, x*, Ok) is 
solved. Sincc (L, Ok) alld (LI, x*, Ok) both have the same optimal solutions, to solve 

(L/,x·,Ok) it is cllough to solve (L,Ok) and thcn determineg(Ok) from 

wll<'rc I(Ok) is the optimal value of (L,Ok). Besides, ù(Ok) ean also be determined by 

Holvillg (L, 01..). 'l'hen wc ealclliate 

wl1<'I'(' (C~) 1(,1', Uj 0) is the Lagrangian fllllction for the inverse model (LI, x*, 0). 
Siun.', a.t. ally Ok E S n S(x*) for which x* is Ilot optimal, g( Ok) is strictly nega­

tiv(', wc wallt the pl'oduct VO(.c~)I(X(Ok),ù(Ok)jOk)l to be positive. We choose the 

path ('lllallat.illg from Ok to Ok+1 to be !incar, i.e., 

'l'hl' limit. 1 ddillcd and uscd in the marginal value formula ean therefore be expressed 
as 

. 0 - 0* . ad d 
1 = i~!1~ 110 - 0*/1 = }!2~\ alld/l = IId/l' 

lll'II('(' two major d<'cisions arc now required for each iterat.ion: 

(i) Sl'!cctioll of a direction of ascent d, emanating from Ok; 
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(ii) Sdection of a stepsize a > 0 along d such that Ok + nei E S n S(J") and 
g(()k + ad) > g(Ck), 

First let us detel'rnine the direction of ascmt d, Wc will us(' a sil1lpll' J'lIll' t,o 

determinc the direction d, This choice of d as wcll as a mol'l' dfidt.'llt Olll' \\'l'\(' 

studied in [7], 

Definition 3.7 The vector dis said io be a dll'ection of slecpt' . .;1 Cl8('/ III al 0' If IIdli .::. 1 
and d maximi::es 

l
, j(O*+ad)-j(O*) 
lIn , 

0-0+ 0' 

Theorem 3.22 Consider ihe convex mOllel (P, 0) 1lIilh a 7'('a h.; 1 U' objt ctillt' fu Il cl /01/ 

at 0*, whel'C aU the fUllclions al'c dlffel'enlÎablc al 0', A.'iSllII/(' litai S'( 0') l," Il /'1 !J/OII 

of stabilily fol' (P,O) al 0*. Fu/'!hcl'mo/'c, a8811lllf' lhal Ihe , .. (uldlr:-polIIl (,i'(O'),li(O')) 

is unique and 
v xC~ (5:( 0*), il( 0*); O'):: = O. 

Then for any di"eclion d i= 0 cmanllling /rom 0' J Ihlll Sllli.'ijit'.'; 

0* + ad E 3(0*), 0 < 0' $ a, fol' SOIlIt' à > 0, 

we have 

l ' j(O*+ad)-j(O*) _\7 "«-'(0*) -(O')'O·)l lIn - v 0"-', X , IL , ( , 
0'-0+ a 

Proof: Let 0 = 0* + ad, 0 < fl: $ ô, Thcll 

)' j(0) - j(o*) )' j(o* + ad) - j(O') 
lin = Jill . 

0-0* 110 - 0'11 0-0+ O'lIdll 

On the other hand, by (3,57), 

l
, ](0) - j(O*) 
lm -

0-0* /10 - 0*/1 
VoC; (5:( 0*), iL( 0'); 0')1 

d 
- V oC;(5:(O*),ü(O*);O*)lI

d
ll' 

Therefore, 

lim nO* + ad) - j(O*) = V C«'-(O") -(0*)' O*)-~ 
0-0+ olld/l 0 "x , u , IIdll' 

Since d i= 0, (3,60) follows, 
11 

Remark: It follows, from Thcorcm 3.22 alld ullder the sarlJ(! a . ..,sumptiow" that if, ilJ 
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acldilicJJl, lit(' modd is stable al 0*, then there cxists a direction d E B = {d E RP : 
IIdll = l} slIch lbat d rnaximizcs t Île Iimit (3 .. 59). This dis édl optimal solution of the 

plogram 

(G) 

Max V'oC~(i:(O*),u(O*);O*)d 
(d) 

S.t. 

IIdll = 1. 
o 

Ally 1101'111 cali hc u.!cd in (G). We will use the 100 norm. Thus, d is an optimal 
:,olulioll of the following pl'ogl'arn: 

Max V' oC~ (i( 0*), u( 0*); O*)d 
(dl 

S.l. 

IIdiloo = 1. 

CI('arly, if(\7oC~(i(O*), ù(O*); 0*)), :--; 0, i E P«O*), then any d of unit l.'n.iform norm 

i:; ail optimal solution. Ot.hcrwise, an optimal solution is 

dl = .'lgn('VoC;(i:(O*),ù(O*)jO*))1l i E P«O*). 

Tlwlt.fore, cOlIsid('rillg (LI, x*, 0) and using 100 uorm, at each iteration we choose d 
as follows: If 

(V'o{C; )[(i(O*), u(O*); 0*)), = 0, i E P«O*), 

t.JWIl we simp!y set d = 0 aml the mcthod terminates. Otherwise, we set 

(3.61 ) 

The n·:mlt.illg direction dis such that the product V' o(C; )J(i:( 0*), Ù(O*); 0*)1> 0 (note 

that. Ilt'rc IIdli = 1). If 

for HOII\(' i E P< (O·) and for some predetermined f > 0, then wc set dl = O. If Ok is 

)orakd 011 ct bOlllldiUy of SnS(x*) and some d,e( here e = (eJ ), where eJ = 1 if j = i 
éllld (J = 0 ot.herwisp,) points out of Sn S(x*), then that d, is simply reset to zero. 
If, al t hi:; pOillt., t.he resulting dir<,ction d becomes zero, ouly then do we solve 

l\lax \7 o( C~) [( i:( 0*), ù( 0*); O*)d 
(d) 

s.t. 
Ok + dES n S(x*) 
IIdlloo ::; 1. 

If \\l' :-till gl't. Ii = 0, thl'II tl)(' method tenllinatcs. Othcl'wise, we normalize d and 
COllt illlH' itl'I'i\1 illg. 
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After determining the direction of asccnt d, wc must dclt'nnillt' thc step:;ÏZl' alnll,l!, 

d, Le., a, where OHl = Ok + ad. To do this, wc llldy fil'st ddt'l'minc â > 0 which 

is the greatest distance along d for which Ok + rid E Sn 5(.1'"). Onet' n is knowll, 

a could be determined by the Method of Golden Hul(' (set" <'.g., [1,29]). This is il 

one-dimension al se arch to dct.erminc the point that maximizt's a l't'.t! v(tltH'd fUllet iUII 

over a closed intcrval. This l11cthod, howevcl', is for a IIllil1lodal fUlldioll (SCl' [I j), 
whereas the function g(a) = g(Ok + ad) may Ilot \)(' ullillludai 011 tht' illt.l'I'val [0,0]. 
Nevertheless, using the method of Golden Hule may still yi('ld ail n E [0,0] su ch tha!. 

g(a) > g(O). 

We recall the following dl'scri ptioll of tll<' l\1ct.hod of Gold('11 H 111(, frolll [2!l]. 'l'III' 
Method of Golden Rule is iterative and lc<}uir('s the use of t.he Fihonacci fmdions 

3 - y'5 J5 - 1 
FI = 2 R: 0.:181966 and F'z = 2 R: O.() 180:1-1. 

Given an interval [a, bl of lenght 1 = b - a, the next interval is s('h:tcd as follo\Vs. LI'!. 

be points on the interval. If g( wt} > g( W2), then the new interval is [a, w21. Ir 
g(wt) < f](W2), thcn the ncw interval is [Wh hl. If g(wd = g(wz), thell the m'w 
interval is either [a, W2] or [Wh bl. The iterations arc cOlltillllcd lIntil t.he in!.('rval 

being considered has a length less than some predetermineo c > O. 

Applying the above Method, a suit.able a is choscn. Recall t.hat. the fllllriioll ù(n) 
is not expliritly known, yet can be evaluated al. any a, a E [0, al. Silice the Met.hot! 

of Golden Rule is an expcnsive method, ihcre are various st.oppÎng l'IIl('s for il.. For 

example, if 

for some predetermined 8 > 0, thcn only thrC'C itcrat.iolls of Goldell H 111(, cOllld 1)(' 

performed to get an a on the kth iteration. If the change is less thétll h, 1.1)('/1 t.Il<' 
Golden Rule Method is carricd out until the illtel'val being cOllsidcred has iL lellgth 

less t.han some t > O. It is possible that artel' tlllcc iterat.ioJls .1j(a) < ,ij(O). Titis Illily 

happen in case g(a) increascs close to a = 0 alld (juickly drops from tltC:1l 011. III t.his 

case the iterations are continucd ulltil an a is foulld with .1j(0') > MO) or 1I1lt.il t1IC'IC' 

have been a certain number of iterations to guard agaiJlst the i/lfillite loops. Wc Cilll 

therefore give the following primitive algorithm. 

A,lgorithm 

1. Determine Sand S(x*) and hence Sn 8(x*). 

2. Set Ok = 0°, and specify c > 0 and 8 > O. 
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3. Update the matrix A = A(Ok) and the vectors b = b(f)k) and c = c(Ok). 

4. Solve (LI, x·, Ok) to get i:(Ok) and fi(Ok) and g(Ok). If g(Ok) = 0 or Ig(Ok)1 < f 

for sorne prcdetermincd ( > 0, stop; in the first case Ok is an 101 and in the 

second case Ok is an f-approximation of an 101 for (LI, x*, 0); if not continue . 

. 5. Calculate 'Vo(C;)/(i:(Ok), u(Ok); Ok), and deterrnine d as previously described. 

If d = 0, stop; Ok is a candidate for an AOI for (LI,x·,O)j if not, continue. 

fi. Calculate a and thcn a, by the Mcthod of Golden Rule as described ahove. If 

then pcrform ouly three Gol(!<>n Rule iterations. Otherwise, iterate until the 

illterva.l {a, b] has lcngth 1 = b - a < f. 

7. Set 01..+ 1 = Ok + ad, and repeat from step 3. 

o 
Clearly, a devclopmcllt of numerically efficient rnethods for solving the inverse 

problcm is a Jllatter left for future rCf>earch. More sophisticated methods could utilize 

sOllle ideas flOllI the predictor-col'l'cctor path-following rnethods, recently published 

in [13J. 

3.6 A Case Study 

We will show how to apply the theoretical results of inverse programming to solve a 

simple case st.udy. This casc study has bccn selected from [15J, \Vith extra assumptions 

alld 1l1Odificat.iollS added to tUI'l1 it into a suitable lineî,r model for studying the inverse 

probl(·III. This plOhlem dates to bcfore 1973, so sOllle of the data may no longer he 

l'ealistir. 

Giant Transistor (GT), Inc., manufactures two products: regular transistors and 
t.he Ilf'w('r giant. transist.ors. The plant opelatcs at capacity (tluee shifts, five days a 

\\'ccI..). 'l'II<' Vice Presidcnt in Charge of Operations conducted a study that resulted 

in sd.t.ing li}> an optimum operating point t'or the whole plant. Following are the 

highlight.H of t.hat study. 

GT ('lllpIOYH (i25 \\'orkcl's per shift in the capacity of direct labour. The availahle 

1abo\ll' pel' \\,('<..'k \Vas céllculatcd as follows: 

(()~5 workers pel' shift)x(t.hree shifts)=1,875 workers 

(1,8ï5 work('l's) X (40 hours per week per workcr)=75,OOO hours per week 
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(75,000 ho urs per week) x (60 minutes per hour)=4,500,000 minutes pel' wt'Ck. 
The average wage for the enti1'e plant is $2.10 an hou1'. Stlldies have shown t hat 

ten minutes of labour are requil'ed for each l'egular transistor pl'Odun'd, and lWl'nty 

minutes of labour are required for each giant transist.or Pl'OdllCl'd. For t.hc \'l'gular 
transistors, the estimated labour cost pel' unit is 

(1/6 hour per unit)x($2.10 an hour)=$0.35 per unit. 
For the giant transistors, the estimated labour cost pel' unit is 

(1/3 hour per unit)x($2.10 an hour)=$O.ïO pel' unit.. 
For regular transistors the average matcl'ial cost !){,1' Ullit is $0.15, and fol' giant. 
transistors it is $0.3. The total dccision cost pel' unit of regular transistors il! 

($0.35 for labour)+($0.15 for material)=$0.50 . 
The total cost pel' unit of giant transistors is 

($0.7 for labour)+($O.30 for material)=$l.OO. 
Since GT sells regular transistors for $0.82 per unit, the profit is 

$0.82-$0.50=$0.32 pel' unit. 
Giant transistors are sold for $1.63 per unit; hencc, the profit is 

$1.63-$1.00=$0.63 per unit. 
Other than the labour constraint of 4,500,000 minutes pel' wcek fol' thc t.otal thrCt! 
shifts, the only other critical areas are those of solde1'Îng and final assemhly. GT has 
84 electl'onic soldel'ing machines that arc capable of l'lJJlllillg 24 holll's pel' <.Iay. The 

available soldering time was calculated as: 

(60 minutes/hour)x(8 hours/shift)x(3 shifts/day)x (5 days/wc('k) 

x (84 machines) =604,800 minutes each week. 
GT has 65 final assembly machines that are capable of rUllnillg 24 hOlll's pcr <lay. The 
available final assembly time was caIculated as: 

(60 minutcs/hour)x(8 hours/shift)x(3 shifts/day)x (.5 days/wc'ck) 

x (65 machines)=468,OOO minute'! each wcek. 

RegulaI' transistors require one minute of soldcring time pel' lIll i t. aud 1.1 IIlillut.e 01 
final assembly time pel' unit. Giant transistors rcqllire 3 miuutes of Hold('1 illg t,Îl/le 

per unit and 1.7 minutes of final assembly time pcr \Init. The va.riahles W(!I'(' defilled 

as follows : 

Xl =nurnber of regular transistors prodllccd carh wcck; 

X2 =numbcr of giant transistors produced cach wcek. 
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The objective is to maximize profit. These lead to the following program: 

(L) 

Max 0.32x) + 0.63x2 
s.t. 

lOx) + 20X2 :5 4,500,000 
x) + 3X2 < 604,800 
l.lx) + 1. 7X2 '5 468; 000 
XI ~ 0, i = 1,2. 

The optimal solution of this program is 

x = (342000, 54000f, 

alld its optimal value is 
i::= 143,460. 

UT Ims bccn following this plan and has heen producing and selling 342,000 regular 
tl',tnsistors pcl' wcck and 54,000 giant transistors pel' wcek. 

III what follows wc will add extra assumptions to the above problem to tum it into 
a mathematical lJlodcl and then apply some of the inverse programming resuIts to it. 
Assume that, while l'cviewing the new contracts offered, the operating officers of GT 
have Iloticcd ail increascd demand for giant transistors while the demand for regular 
trallsist.ors has dccreascd. In pal'ticular, assume that one of the interesting contracts 

oflcl'cd to t.helll rcquil'cs production of 140,400 regular transistors and 150,000 giant 

transistors pCI' wcck. The opcrating officers of GT have to decide whether or not they 
are able to Illake thcir optimal production plan to he 

x* = (140400, 150000l 

hy fil'I'l intl'odllcing some pal'ameters in the program and thcn by perturbing them 
in a slable way. Note that cunently x* is an intel'ior point. of the feasihle set of the 
prog,ri\1II and ili not optima1. 

A'iSlIlIIL' that by \Isillg improved equipment the labuur time for production of a 

ullit. of giallL transistor can he reduced from 20 minutes by anywhere up ta 2 minutes 
(i.('., 1.0 •• li1 Înillllllll of 1Sminutes). In addition, assume that CT can reassign sorne of 
t\\(' WOI kel S 1.0 itnot.hcr plant, 80 (hat the totallahour time in this plant can be reduced 
l'wm ,1,500,000 millutcsjwcck 1.0 as low as 3,93ï,500 minutes/week. Finally, assume 
that the availablc soldering time can he reduced from 604,800 minutes/week to as 

low ilS 5DO,,100 minutcsjwcck (reducing the available soldering time rneans reducing 
t Il(' IItllllber of hours the soldcring machines are l'uuning pel' day thus saving energy). 
TIIl'n'fon.' t.he following parametcrs are introduced : 

a12 = 20(1 + Od where - 0.1 ~ 01 S; 0 
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bl = 4,500,000(1 + O2 ) where - 0.1255 O2 :::; 0 

b2 = 604,800(1 + 03 ) whcl'C - 0.02380952 S 03 :::; O. 

(Note that hel'e eight decimal digits arc used for the lowcl' bound Oll 03 to avuid 

roundoff en·ors.) 

On the other hand, changing the coefficient at2 affects the l'oeHidt'lIt Cz, tlH' <!t>t.j­

sion profit for a giant transistor, through 

C2 = 1.63 - (~~ x 2.10 + 0.3) . 

Hence 

or 

C2 = 0.63 - 0.70). 

Therefore, the following model is set up: 

(L,O) 

whel'e 

Max O.32xI + (0.63 - 0.70.)X2 
(x) 

s.t. 

10XI + 20(1 + Ot}X2 :::; 4,500, OOO( 1 + O2) 
Xl + 3X2 :::; 604,800(1 + 03 ) 

l.1x) + 1.7X2 S 468,000 
Xl 20 X2 20 

° E 1 = 0 E ft3 : -0.125 $ O2 S 0 . 
{ 

-0.1 :::; 01 S 0 } 

-0.02380952 $ 03 S 0 

Note that here the input (paramcter) 0 appears in the matrix A and iu the vectol's 

band c. If a choice is possible, one must choose carcfully which elemellt.s of the ahov(! 

coefficient matrix and vcctors should depcnd 011 0 and which sllOuld rClJléLill ;::OWita/lt. 

Perturbing a particular element may have no cffect 011 the opti/llal vaIlle fUllctio/l, 

whereas a small perturbation in another element may weil affect il.. TC) estahlish 

which elements are most sensitive to small perturbatiolls, one can lise the followi/lg 

well-known formulae (see, e.g., [34]): 

ôl * â j ~ cl D j * * 
ÔCI == x, j âbk = -Uk; ail Dakl = UkX' , (:!.G2) 

where 1 = 1, ... , n and k = 1, ... , m. Note that in the above formuléJ'<~ 

1(0) = -cT(O)i:(O). 
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Furtl}(mTIore, the second formula yields the economic interpretation of Lagrange mul­
tiplicrs as "shadow priees". 

Rccall that, given the feasible point 

X* == (140400, 150000f at 0° = (0,0, of, 
wc want to see jf it is possible to make :1:* optimal by changing the introduced l'a­
ramcters in a stable way and, if 50, find t.he corresponding 0* and a stable path from 
0° to 0*. Fil'st, wc have to determine the region S, that is the set of (}'s for which 
(L,O) is sta.ble (i.e., Ïi. has a realistic objective function and the mapping F is lower 

scmicontinuous). The point. x = (l,I)T is Slater's point for every () E J. Besides 

A(O) > 0, b(O) > 0 and x > o. 

Tlwsc imply that F( 0) is bounded. Therefore, F( 0) is a nonempty and bounded set 

aJld the mapping F is lower semicontinuous for aIl 0 E Ij hence S = J. Then we must 
delcnuille S(x*). Note that x* satisfies the second and third constraints of (L,O) for 
cvcry 

o E {O El: -0.02380952:5 03 < O}. 

For :1:* to satisfy the first constraint of (L, 0), it must satisfy 

1O{140,400) + 20(1 + (}1)(150,000) :5 4,500,000(1 + (}2), 

01' 

'l'hcrcfore 

201 - 302 ~ 0.064] 
-0.1 < 001 :::; 0 . 

-0.125 < 2:::; 0 
-0.02380952 < (}3 :::; 0 

Wc now set the following model (the inverse model) suitable for solving the corre­
spondillg inverse problem. 

(Ll,:I'*,O) 

Min r = -0.32:1:1 - (0.63 - 0.7(}1)X2 - 105,OOO(}1 + 139,428 
(.1') 

S.t. 
r = 10Xl + 20(1 + 0dX2 - 4, 500,000(1 + O2 ) :::; 0 
J2 = Xl + 3X2 - 604,800(1 + 03 ) :::; 0 
r = l.1x l + 1. 7 X2 - 468,000 < 0 
r = -Xl :5 0 
j5 = -X2 :5 0, 
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where 0 E Sn S(x*) and 0° = (0,0, of. 
Numerical solution of the inverse problem 

The algorithm given in the previous section will 1l0W he used to solVt.' t.hl' pl'ohll'Ill. 
Recall that y(O) is the optimal value of (LI,:l'*,O) and y(a) = iJ(Ok + ad) at tilt' 
kth iteration. We will look for 0* E Sn S(x*) that. maximizcs fi( 0) wit.h 1'('Spcct to 
SnS(x*). If g(O*) = 0, then 0* will be an 101 for (U,x*,O). Siun' 81aü'I"8 condition 

is satisfied at any 0 E: S n S(x*), the Lagrallgian for (LI, x*, 0) will he tIlt' usual 
Lagrangian at any 0 ES. That is 

C[(x,UjO) = -0.32xt - (0.63 - 0.70t}X2 - 105,00001 + 1:H),·12S 

+ Ut (lOxt + 20( 1 + OdX2 - 4, 500, OOO( 1 + O2 )) 

+ U2(Xt + 3X2 - 604,800(1 + 03 » 

+ U3(1.1xl + 1.7x2 -168,0(0) 

+ U4( -x.) + us( -X2)' 

First iteration: At 0 = 0° we have the followiug situation: 

This gives 

x(OO) = [ 342,000 J. 
o 54,000' [ 

0.0298] 
u(OO) = 0 ; 9(0°)=-4,032. 

0.0199 

(V ,C1( i( 0°), ü( 0°); 0°) J' = [ -=-13:i,~I060 ] . 
Note that U2( 0°) = 0 and hence, by (3.62), 

::8 = -604, 800Ù2( 0°) = 0 . 

Therefore, small perturbations of O~ do not affect y(O). (lIowevcl', as wc will sec lat.el' 
on, at other points on the path from 0° to 0*, small perturbatiolls of 03 will well afrect 

g( 0). The direction d, using (3.61), can be dctcnnincd as 

Then we detcrmine Q, the biggest step that can be taken along d and still l'cTlléLin ill 

the set Sn S(x*). Substituting 

Ot = 0 - (3, O2 = 0 - (3 and 03 = 0, 
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for 0 E S' n S(x*), thcn a > 0 must be the largcst (J > 0 that satisfies 

-2(J + 3(3 S 0.064, 0 ~ (J < 0.1 . 

This givcs a = 0.OG4. At this point, wc will determine a > 0 by applying the Golden 

Rule Method to the function g(O) on the interval [O,a]. After three Golden Rule 
iteratiolls, wc obtain 

Ct = a = 0.064 

iLnd 

o' = O' + ad = [ =~~~:! ] . 
Second iteration: At 0 = 01 we have the following situation: 

5:(0 1)= 116,i)0~.128 , Ù(OI)= 0.0672 andg(OI) =-967.149, 
[ 

~ ? 1 [ 0.0253 ] 

162,765.957 0 

which givcs 

Not.e thal. here Ù2(OI) f 0, SO, by (3.62), we have 

:~ = -604, 800Ù2( (JI) = -40,642 . 

Thel'cfol'c, chaugcs in O~ do affect g( 0). This implies that d can be chosen to be 

But 01 is on the boundary of Sn S(x*) and any perturbation along dl or along d2 

point.s out of the set SnS(x*). Thus, as discussed earlier, we simply reset dl = d2 = 0 

(t,o l'l'Illain in that set). Therefore 

It th(,11 follows that a = 0.02380952. But g(a) = 0, so a = a and 

[ 

-0.064 1 
0* = 02 = 01 + iid = -0.064 . 

-0.02380952 
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This 0 is an 101 for (LI, x*,O) sinee 9(0*) = O. Furthcrmorc 

and j(O*) = 146,148. Comparing j(O*) with j(OO) = }I1~J, lGO, W(' Iloticc an il\('\'('asl' 

of 1.874% in the profit. Note that hcl'c ally path in the set Sn S(.I'*) is slablc.'. Thus, 
any path in this set from 0° to 0* is a solution to the illV<'l'st:' problclll. 

Here we happencd to obtain an 101 for which the profit was more thall t.h(' initial 

profit. Howcver, this may not always be the case. In generaI, if we want tlll' profit 

to increase or remain constant along a stable path, then hesides mélximizing 9(0) \V(' 

must also maximize the diffel'ence between the profit at any 0 Oll t.he chosen st.ahle 

path and the initial profit. This shows that the inverse problelll, appIit'd ill J'('al-lif(, 
situations, is typically a multi-objectivc problcm. 

The dual numericaI approach 

The dual model fol' studying the inverse problem is 

Min 4,500,000(1 + 02)VI + 604,800(1 + OJ)V2 + 468,000"3 
(v) + 105,00001 - 139,428 
s.t. 

(Dl, x*, 0) -lOVl - V2 -1.1v3 + 0.32 ~ 0 

-20(1 + OdVl - 3V2 - 1. 7V3 + 0.n:3 - 0.701 ~ 0 
-Vj$O, i=I,2,3. 

Sillce (L,O) has a realistic objective function al. any 0 E Sn S(x*), by 'J'heorelll 3.14, 
the constraints of (D,O) and thereforc the cOllstraints of (D l, x*, 0) satisfy Slater's 

condition for every perturbation in SnS( x*). Furthermore, by Thcorem 3.1 fi, the dual 

inverse model has a realistic objective functioll for ail these pert.urbations. TIH!l'dore 

we can look for a locally optimal input for (DI,x*,O), which will be ail AOI fol' 

(LI, x*, 0) (as discussed earlier) as weil. Applyillg the salllc IlIdltod 1.0 t1l<! modd 

(DI, x", 0) to find a locally optimal input with the choi('(~ 

for the direction d (scc, e.g, [7,34]) at cach iteration, we obtaill the saille solution as 

we obtained using the primaI inverse modd. This is because, due tü the duality prop­

erties, the l'ole of the elements of optimal solution and the cOI'I'('sj)ollding Lagl'llllll,{! 

multipliers arc exchanged in the dual mode!. Besides, we usc the saille saddle poillts 

(with l'OIes of optimal solution and Lagrange llIultipl;!:'ls cxchétllgcd) as ill t.he j)l'illlid 
approach because of the uniqueness of those points. This results iu the Sit/lJ(! del/wllt,:; 

(but of opposite sign) in the gradient of the Lagl'angian fundion for (Dl, :J:", 0), used 

to determine the direction d at each iteration. More flrecisely, for exarnple, in Ow 
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fil'st iteration we have 

This implies that d = (-l,-l,of, as obtained in the first iteration in the primai 
approach. lIowever, the primaI and dual numerical approches do not al ways yield the 
saille solutioll whell the sadclle points along the stable paths are not unique. 

A "direct" solution of the problem 

Let us Ilote that, in gcncral, finding an 101 for (LI, x*", :lirectly (e.g., using the 
Karush-Kuhn-Tucker conditions) is a difficult task, specially in large linear models 
with lIIitny parameters. Besicles, the direct solution does not yield a stable path from 
Ou to 0;. 

In the mode! for the above case study ((L, 0)) only the const.raints JI and p 
depend 011 0 alld the l'est of the constl'aints are not active at x*. Therefore, to find 
values of 0 E Sn S(x*) for which x* is optimal, we must solve the following J{KT 
system: 

lOu* + u* 1 2 0.32 

(20 + 2001 )u; + 3u; - 0.63 - 0.701 

uU1(x*,O) - 0 

u;J2(x*,O) - 0 

° E Sn S(x*). 

This givcs, aCter SOIlle manipulation, the following set of aU 0 E R3 at which x* 
bCCOlllCS an optimal solution of (L,O): 

{ 

201 - 302 = 0.064 } 
SI = 0 E R 3

: -0.1 ~ (JI ~ -0.0074627 . 
03 = -0.02380952 

Again, 1.0 avoid l'oundoff CITor, seven decimal digits are used for the upper bound on 
0\. Il can he casily secn that the 101 that we obtained earlier numerically, i.e., 

[ 

-0.064 1 
0* = -0.064 

-0.02380952 

<tlso bdongs to the set SI. 
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An advantage of this direct approach is that wc can find a 0 E S [ closest t.o 011 • 

To find such closest 0 to 0°. Wc must solve i.hc progl'am 

that is 

Min 110° - 011 
s.t. 

Min 1011 + ~1201 - 0.06<11 
S.t. 

-0.1 :5 01 $ -0.0074627 . 

This implies that the closest 0, in fh, to 0° is 

[ 

-0.0074627] 
Ô = -0.0263085 . 

-0.02380952 

For the sake of curiosity, the furthest 0, in SI, to 0° is 

o = [ ~~~~!8 ]. 
-0.02380952 

Re marks 

(i) It is interesting that the optimal solution of (L, Ô) is Ilot ullique. III faet 

F(Ô) = {À [ 140,400] (1 _ -\) [ 380,785.23] 0 < À < I} 
150,000 + 28,903.672 ' - - . 

Besicles j( Ô) = 140,211.582, implying that although x* is optimal, the profit is smallel' 
than the initial profit at 0°. In faet, among the clcmcnts of S[, Ô yields the slIIallesf. 
profit. On the eonlrary, the optimal solution of (L,O) is unique and j(Ô) == ]4!), !J28, 
which gives a larger profit than the initial profit. AIso, amollg the clements of 8[, fj 
yields the largest profit. 

(ii) Considel'ing the inverse model (LI,x*,O), tIlCn wc notice Litai 9(0) == 0 for 

every 0 in SI (sinee x* is optimal for any such 0). Furthenllore, the set Sn S(x·) is 
a convex set, SI C Sn S(x*) and we always have 9(0) $ 0 for cvery 0 ~ Sn 8(x·). 
Therefore, any 0 in SI is also an 101 for the modcl (LI, x*,O). Uesides, it is possihle 
to go from 0° to any of the elements of SI through a straight lille. This 1II1',UlS t1ml. 

the shortest stable path in 5' n S(x*) from 0° ~o au 101 fol' (I,I, x", 0) is lIw sl.raight 
line from 0° to Ô. IIowevcr, this shortest path would result in a drop in the profil. 
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(iii) In tlais particular casc study any convex combination of Ô and li is an 101 for 
(LI,x*,O). This is, howcvcr, not true in general. Consider, for example, the model 

Max Xl + X2 
(x) 

S.t. 
4Xl + 2X2 :5 14 

OIXI + X2 :5 5 
Xl + 02X2 ::; 5 
XI 2:: 0, i = 1,2 

starting at 0° = (O,O)T, with x* = (2,3f. lIcre 

Sn S(x*) = {O: 0:5 01 :5 1, 0:5 ()2 :5 l}, 

and iJ = (1,0)1' and 0* = (0, 1)T are both lOrs for the model (LI, x*, 0). Now consider 

Ô = (~, ~f. Then x(Ô) = (~, ~3) and j(Ô) = 1;, implying that Ô is Dot an 10Iror the 
invcrse modcl sincc g( Ô) = -;2. 

(iv) Anothcr choice of parameters Oi, i = 1,2,3, in our case study would be 

a12 = 1801 + 20(1 - ot} 

bl = 3,937,50002 + 4,500, QC,1(1 - O2 ) 

b2 = 590,40003 + 604,800(1 - 03 ) 

which wou Id result in simpleI' bounds for 0" i = 1,2,3, Le., 

o <01 :5 1, i = 1,2,3, 

1I0wcvcr, t.his choicc would yie1d a different solution for the problem, i.e., at the 
COl'l'csponding 0*, wc would have 

a12(0*) = 19.2686, b1(0*) = 4,294,293.8, b2(0*) = 590,400, C2(0*) = 0.6556 

and j(O*) = 14~1, ~68.108. Note that the profit in this case wOllld be smaller than the 
initial profit.. 

A situation where an 101 does not exist 

Consid<'l' again the prograrn (L), and assume that the only coefficient that can he 

chauged is the asscmbly time pel' unit of a regular transistor. That is, assume that 
the decÎsion makcl's have decidcd to slow down the assemhly process for the regular 

t.rausistors sincc they do Ilot need as many regular transistors as they were initially 
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'. 
producing. This causes t.he assembly t.ime pel' unit of a l'cgular lmnsistul' t.o bl'l'Ollll' 

larger. Assume t.hat the following modei has thercfol'c b('l'Il sd IIp: 

(L,O) 

Max 0.32xt + 0.63.r2 
S.t. 

10xi + 20.r2 $ ·1,500,000 

Xl + 3X2 < 60-1,800 

(1.1 + O)Xl + 1. ï.r 1 $ 468,000 
x,~O, i=1,2 

starting at 0 = 0 with x* = (140400, 150000)T. It cali he secn that 

Sn S(x"') = {O E il: 0 $ 0 ::; OA17}. 

Here, the inverse problem uses the following modcl: 

(LI,x*,O) 

Min -0.32xI - 0.6:3x2 + 13~, 428 
(x) 

S.t. 
10xI + 20X2 $ 4,500,000 

XI + 3X2 ::; 604,800 

(1.1 + O)XI + 1.7X2 $ 468,000 
XI 2:: 0, i = 1,2. 

Note that 9(0°) = -4,032. Using the algorithm given at the cnd of the previotls 
section, we obtain 

()* = 0.417, X(O*) = (131827.429, 157657.524)T and 9(0*) ~ -2,081 

Obviously, 0* can not be an 101 for (LI, x*, 0). Lel us vcrify tha.t the above O· 
is an AOI for (LI, x*, 0) using the the charactcl'izatioll in Thcol'em :1.15. lIel'(~, t.!w 
dual inverse model is 

(DI, x*, 0) 

Min 4,500, OOOVI + 604, 8001J2 + 468, 000V3 - 1:19,428 
(x) 

s.t. 
-10vl - V2 - (1.1 + 0)V3 + 0.32 < 0 
-20Vl - 3V2 - 1.7v3 + 0.63 $ 0 
-VI :s; 0, i = 1,2,3. 

Solving this program at 0 = 0* yieJds the solution 

v(O*) = [ 0.~441 
0.116 
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... 

aud the shadow priees 
131,827.429 
157,657.524 

ü(O*) = 28,575.237 
o 
o 

}t(!call that it(o') = -g( 0") ~ 2,081. We willloak for a vector function A(O) > 0 such 

that the saddle-point inequality (3.51), in Theorem 3.15, holds in sorne neighbourhood 
of O·. In 01'<1(·1' to find sueh a function, we first fix 0 = O· to get A(O*), and then use 
A(O) (by c11i1ngi/lg () ta 0* ) as the vector function that we need. The KKT system at 
0* reslllt~ in the following system of equations: 

10"1 + 20À2 + À3 

À 1 + 3À 2 

(1.1 +0*)À 1 + 1.7À2 

4,500,000 

604,800 

468,000 

À, = 0 i = 4,5. 

Solvillg this systcm ta get A(O*) and then ehanging 0* ta 0, we obtain 

À1(0) 
375,840 

-
1.6 + 30 

À2 (0) 
197,280 + 604,8000 

1.6 + 30 

À3 (0) 
-504,000 + 140,40000 

-
1.6 + 30 

À.(O) = 0 i = 4,5. 

The lcft-hand of thc saddlc-point inequality in TheOl'cm 3.15 is casily satisfied \Vith 
th is ~ J' The right-hand incquality reduces to 

o < 18,140.8 - 43,5030 
- 1.6 + 30 ' 

which holds for aH 0 ~ 0 :5 0.417 . Hence, 0* = 0.417 is indeed il. globally AOI for 
(LI, x*, 0) with rcspect to Sn S(x*). This mcans that, with the above choice of 0*, 
the point. .1'* is thc closcst possible to being optimal with respect to the perturbations 
in SnS(:r*). Any path in SnS(x*) from 00 to 0* is a solution to the inverst problem. 

Nok tlw.t hl'Ie j(O*) = 141,509, which is smaller than the initial profit. In this 
(',lse t1l<'I'C arc 110 paramctcrs in the objective function, sa it is impossible ta increase 
the pl'Ofit or crcn kccp it constant. Therefore, to control the profit in this way, we 

must. always have parall1\.'ters in the objective function. 
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Conclusions 

In the first part of the rcsearch we have {'xtellded the concept of d:f[el'clltiahlt' LFS 

functions to the non-srnooth case and 1.0 the dilfer{'ntiable gen('raliz(·d ronwx (ast'. 

AIso, new characterizations of optimality arc given with respect 1.0 a. slllallt'r Illilli­

mal index set rather than the usual minimal set P=. lt appeal'S t.h,,!. t.lH' pl'Ogl'''lll~i 

with LFS functions are the largest identifiable claSH of pl'Ograms fol' whi('h the 1\ 1\'1' 
conditions are necessary for optimality. 

Sorne of the results of the second part of the work (Chapter 3), specially tilt' 110-

tion of F-stability and characterization of optimal inputs with respect t.o su('h J'l'giolls 

of stability, are mostly of theoretical rather than practical importance. While t.h(~ 

results on the inverse problem (Section 3.4) appcar 1.0 be ncw, the 1l\Jllwl'ical algo­

rithm (Section 3.5) is basicaHy a modification of cxisting 1l11l\l(~1 icalmdhods or illput. 

optimization. Thercfore, the aIgorithrn is still raLlier pl'illlitivc (l/I(I P/'('~('Ilts élll (1)('11 

problern \Vith rnany dircctions for possible improvclIlcnts. Olle SlI< Il illlpl OVt'll\(·llt., fur 

example, would be to choose a pat'abolic path from one 0 1.0 t.he I\('Xt. ill ('adl it.(·I'<I­

tion, or a combinatioll of straight line segments and parabolac (whidH'vcr is Iwl. 1.<'1' , 

depcnding on the clll'lenL 0), or ta find a differcllt rnethod 1.0 c!toose t,Il<~ dir<·('tioll ri al, 

each Iteration. In addition, a method that employs secolld-ol'del illput. optilllizat.ioll 

lesults may be faster. 

A detailed study of l1umericaI rnethods in illput opt.imizatioll, and ill pm ticlI­

laI' for solvillg the inverse problcm, would relate our f>téLhility l'cseal'ch t.o, e.g., th(· 

path-following rnethods of the prcdictol'-corredor type recclltly dl!vdoped by Glld­

dat, GuelTa Vasguez and Jongen [13] and other rcscarcllCl's in the field of 1I0IHiIlIOOt!1 

optimilation (12]. This is a direction of gencraI rcsearch which the étllt!JO)' lJlay IHII'SIlI' 

in the near future. 

The inverse problem in this research has been studied ollly for li/war lII()del~ Il:-,i/lg 

the elegant duality results in linear programmiug. SOllle of the lef>ulis coule! pos:,ihly 

be extended to the general convex or cven thc nOIlconvcx case. III additioll, (J/lJ'y 

single-objective models have bcen studied, Icaving the rnul1.i-o\)jedive cas(! open fI)!' 

furthcr lcsearch. 

130 



{ 

References 

(I) AVl'icl, M., Non/inear Programming: Analysis and Met/lOds, Prentice Hall, lue. 
Englcwood Cliffs, Ncw Jersey, 1976. 

[2] Ballk, B., .J. GudJat, D. Klatte, B. Kummcr, and K. Tammer, Nonlinear Para­
mel"ie Optimization, Akadcmie-Verlag, Berlin, 1982. 

[:J] Bell-krad, A., A. Bcn-TaI, and A. Charnes, "Necessary and Sufficient Conditions 
for a, Pareto Optimum in Convex Programming," Economelrica, 45 (1977) 811-

820. 

[tl] BCll-Israel, A., A. Ben-Tai, and S. Zlobec, Optimality in Nonlinear Programming: 
A FCllSiblc DU'celions Approach, Wiley-Interscie;Ice, New York, 1981. 

[51 BCI!-Isracl, A., and D. Mond, "First-Order Optimality Conditions for Generalized 
COIIV<'X FUllctiolls: A Fcasible Directions Approach," Utilitas Mathematica, Vol. 

25 (I!JS4) 249-2G2. 

[n] Bell THI, A., alld A. Beu-Israel, "Characterizations of Optimality in Convex Pro­

gramming: Thc Nondifferentiable Case," Applicable Analysis (1979) Vol. 9, 137-

15G. 

[7J Bruuet, M. P., "NlIll1cl'ical Experimentation with Input Optimization," M.Sc. 
TIICSis, l\1cGiIl University, 1989. 

[8] Chal'\\('s, A. and W. Cooper, Management Models and lndustrial Applications to 
UllfIll' !Jm9mmmi1l9, Wiley, New York, 1961. 

[nI GasH, S. 1., Li7lCa7' Programming: Mcthods and Applications, Firth Edition, 

~IcGra\\'-Ilill Book Company, 1985. 

[10] Gauvill, J., "A Necessary and Sufficient Regularity Condition to Have Bounded 
~lllltipli(,ls in NOI1COIlVCX Programming," Mathematical Programming 12 (1977) 

l :1G-13S. 

131 



.. 
[11] Geoffrion, A. M., "Proper Efficiency and the TheOl'y of Vectol' Maximizat.ion," 

J. Math. Anal. Appli. 22 (1968) 618-630 . 

[12] Goffin, J. L., A. Hamie and J. P. Vial, "Decomposition and NOl\differentiahlt, 

Optimization with the Projective Aigorithm," Mallagfl1u'lll Sciellcc, Vol. :18, No. 

2 (1992) 284-302. 

[13] Guddat, J., F. Guen'a Vasguez and H. Th. Jongen, Paramelric Oplimizalioll: 

Singularities, Pathfollowing and Jumps, Teuonel' and \Viley, Stuttgart., I!)!)O. 

[14] Hogan, \"1., "Directional Derivatives fol' Extremal- Value FunctiollH wit.h Appli­

cations to the Completely Convex Case," Opemtions Ilcscarch, V .21, 1I0,} (1973) 

188-209. 

[15] Hughes, A . .J., and D. E. Grawiog, Lineal' PI'og1'llmming: A Il 1~'llIphll .. m~ 011 Deci­
sion Making, Aôdison-Wesley, 1973. 

[16] Kuhn, H. W. and A. W. Tucker, "Nonlillear PI'ogramming," in J. Neylllitllli (cd.) 

Proc. Second Berkley Symposium on Mathematical Sialislics alld Pl'olmbihly, 

University of California Press (1951) 481-492. 

[17] Mangasarian, O., NO':linear Pl'ogmmming, McGraw- Hill, New York, 19(i!). 

[18] Mangasarian, O.L., and J.B. Rosen, l'Incqualities for Stochastic NOlllilu'ju' PI'O­
gramming Problems," Operations Rescal'ch 12 (1964) 143-154. 

[19] Martin, D. H., "On the Continuity of the Maximum ill Parametric Lillear 1'1'0-
gramming," Journal of Optimizatwn 1'heory and Applications, Vol. 17, Nos. :1/1 
(1975) 205-210. 

[20] Pang, J.S., "On Local Minima of Nonlincar Programs," Johns Hopkills IJlliv(!I'­

sity, Maryland, U.S.A., June 1992. 

[21] Rockafellar, 1'., Convex Analysis, Princcton Univcrsity Pre!s:>, l!i70. 

[22] Simmons, D. M., Nonlincar Programmmg fol' OpemtiolLs Rc::,eftl'ch, Prelltice lIall, 

Ine., Englewood Cli ffs , New Jersey, 1975. 

[23] Val ace , S., "The M-Method in Input Optirnization," McGill Uuiversity, Depélrt.­

ment of Electrical Engineering, 1990. 

[24J Van Rooyen, M., "Stable Pararnetric Optirnizatiofl," Ph.D. Tlwsis, McGill lJlli­

vel'sity, 1992. 

132 



11 , 
.\ 

f 

[25J Vau Rooycn, M., and S. Zlobec, "A Complete Characterization of Optimal Eco­
nomie Systcms with Respect to Stable Perturbations," Glasnik Matematicki V. 
2.J, no. 4.) (1990) 235-253. 

[26J Van Itooyen, M., and S. Zlobec, "The Marginal Value Formula on Regions of 

Stahility," Optimization (forthcoming). 

[27] Vinccllt, T. L., and W. J. Grantham, Optimality in Parametric Systems, John 

Wilcy & Sous, lnc. , 1981. 

[28) Wolkowicz, II., "Gcometry of Optimality Conditions and Constraint QUàlifica­
t.iolls: The COllvex Case," Mathematical Programming 19 (1980) 32-60. 

[29] ZallgwilI, W. 1., Nonlmcar P,'ogramming: A Unified Approach, Prentice Hall, 

IIlC., Englcwood Cliffs, New Jersey, 1969. 

[:30] Zhou, X., "Chm'adcl'izations of Optimality in Multi-objective Programming," 

M.Sc. Thcsis, McGill University, 1992. 

[31] Zhou, X., F. Shal'ifi Mokhtarian, and S. Zlobec, "A Simple Constraint Qualifi­

cation in Convex Programming," McGill University, Dept. of Mathematics and 

Stat.istics, 1991, submitted for publication. 

[32] 

[:J:J] 

[:14] 

[35] 

[aG] 

[:l7] 

[38] 

Zlobcc, S., "Chal'acterizing Optimality in Mathematical Programming Models," 
Ac/a App!zclllulac l\falhcmalicae 12 (1988) 113-180. 

Zlobcc, S., "Characterizing Optimality in Nonconvex Optimization," Yugoslav 
Journal of Opcmliolls Rcsem'ch 1 (1991) 3-14. 

Zlobcc, S., "The Marginal Value Formula in Input Optimization," Optimization 
22 (1991) :141-386. 

Zlobec, S., "Two Charderizations of Pareto Minima in Convex Multicriteria 

Optimizatioll," Aplikacc Matematiky 29 (1984) 342-349. 

Zlobcc, S., A/alhcmalical P1'Ogramming, Lecture Notes (McGill University 1977). 

Z\obec, S., "Survcy of Illput Optimizatioll,'\ Optimization 18 (1987) 309-348. 

Zlobcc, S., and A. Ben-Israel, "Duality in Convex Programming: A Linearization 

ApPl'oach," Math. Opcralionsforsch. Statis!., Sel'. Optimization, Vol. 10 (1979) 
No. 2, 171-178. 

[aD] Zlobcc, S., and B. D. Cravcn, "Stabilization and Determination of the Set of 

~lillil1lal Billdillg COllstraillts in Convex Programming," Alath. Op1;rationsforsch. 
Sialisl., Ser. Oplimi::afioll, Vol. 12 (1981) 203-220. 

133 




