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SlJstract 

lIell connect ions are disco"ered bebleen formai lanquaq. theory and 
modlll t:œory. UI!' giv#! logical characterizat ions al' natural 
subhierarchies al the Straubinq hierarohy al' star-Free lanquages us inq 
loqJcal notions such as quantiFier complllxily of fiNit. ord.r sentenoes. 
il version of the Elrenl'eucht-Fraisse qame is used ta obtain a 
cbaracterizat ion of t.M st.ar-Fr.1I lanquaqfts ln t.rms of co~nces. 

This t.hesis, which studies the fU!e structure of the Straubinq 
hierarc!ry, is concerDIHI lIith appl icat IOns al' the ..bo"11 10(1ic .. 1 
cbaracterlzations. Ibonq them arel a conjecture oF Pin c.. •. mcerninq 
tree hierarchies of monoids ig slJotm. ta". fa.lse; thll studyint,1 al' 
propert Jf~S of the cbaracteriz inq COJ'lllnlences am equat ion systems for 
thll varieties al' momidg correspondinq t.o tt. levds of lI. St.raubinq 
hierarchy are closely related; upper and louer bounds on dot-depth are 
obtained. 
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De natIVe Iles re 1 at IOns sont obteooes entre la thear le des 

larqages formels et la t~"arle des modèles. Des caractê"r,satlons 

loqlques de sous-hlê"rarchres naturelles de la fll;rarcfl/e de 

111 

concaté"nat Ion de Straublrq des [anqaqes sans etai les ut 1 lIsant des 

nations loqlques comme la complexlt~ de quantificateurs de forovles du 

premier ordre sont donné~s. Une version du Jeu de Ehrenfeucht-Fral5se 
/ / 

est ut II Isee pour obtenir une caracterlsat Ion de ces langages en terme 
de canqruences. 

Cette thèse, qu 1 ;tud le la f' lne structure de la hlé~archle de 
, 

Straublnq, contient plUSieurs applIcatiOns des caracterisatIOns 

logIques ment IOnt1eeS, parmi elles sont: une cOOJecture de Pin 
/ / / 

concernant les hlerarch,es d'arbres de mono Ides est aemontree fausse; 
,. ./" ~. /- ""-

l'etude de proprietes des conqruences caracterlst lques et de systemes 

d'equat IOns rellê"es aux varl~t;5 de moooides correspondant aux niveaux 
/ '" ./ 

de la hlerarchle de Straublnq sont en rapport tres etrolt; des borœs 
/" / 

superIeures et InferIeures de dot-depth sont abterves. 
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<lJapter 1 

nrmaXK:'nœl 

Tradl t lonally, algebralc autollBta theory uses ITOnolds as llDdel s 

for fimte state TTElchmes. ~ looks at a flnlte state llBchUle as 

processlllg seqœnces of synixlls dram from a f Inl te lllput alphabet. 

OenotlI1g the mput alphabet by A, the unlt.Jerse of possl.ble InputS lS 

the free ITDncud A* and a f ml te state nachme can he thcnçht of as a 

1\ Il --' QUlt ient of ft by a f ml te 1, ... eH congruence 
Il 

A /~ belrq a f lnl te 

llDncud one lS then 100 to Im,,",shgate relatlonshlps betw:!en the 

strt.Cture of thls algebratc system and the colltunatorlal processlng of 

mput seqœnces. 1be theory of t!arlettes of Ellenberg constltutes an 

elegant frarre\\Ork for dlSCUSSlng these relatlonshlps beheen 

contunatorlal descrl.ptlons of languages and algebralc propertles of 

tbnr recognlzers. 1be mterplay bet\'een the t\'D pOlnts of tJlew leads 

to lnterestlng classlflcatlons of languages and finlte T1Dncllds. 

Let A be a giwn finlte alphabet. 1be regu 1 a.r , or 

recognizable, lan:JUilges over A are those subsets of a* constrœted 

fram the f ml te languages oQier A by the boolean operat ions 

<U, (l, -) as \'.'eU as the concatenation prodœt (.) and the star 
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L
l __ u. 1 - l 

enpty "-Ord and for 1 ~ 1. 
M 1 

L =u 0L). 
l~ 

The star-free 

languages conslst of those regular languages \'kuch can he obtalle from 

the f lnlte languages by boolean operations am the concatenatIon 

product only. ~ordUlg ta a fundarrental theorem of Schützenberger 

[Sc65] , L ç AM 15 star-free If and only If ItS syntactlc rronold I1(L) 

IS flnlte and aperlodlC, that IS, M(L) contalns only tr1 u lal 

subqroups. For eKa"llle, 
.. 

(ab) 1S star-free S1noe 

M * M * .. ~ * Mo (ab) = « aA () fi b) n (~( A aaA U A' bbA ») U {1}. But (aa ) i s net 

star-free, a consequence of the tf).eorem of SchÜtzenberger. General 

references on the star-free languages are l't:Nauqhton and Papert [,.,71], 

Eilenberg [E1761 or Pm [Pl84al. 

Natural classlf 1catlons of the star-free lanquages are obtamed 

based on the alternat1ve use of the boolean operat10ns and the 

concatenatIon produ:::t. Let A'" = ,...{ 1}. Def me 

A'" 'B0 = {L ç Il + 1 L 1 S f lm te or cof inl te} , 

A+\"'l = {L ç A+ 1 L 1S a boolean co11'Dmatlon of languages of the 

(n ~ 1) ... , 

For techmcal reasons, only nonenpty mrds ouer A are consldered to 

def me thl s hierarchy; in partlcular, the conp lerrent operation i s 

apphed W1 th respect to 
... 

A • "The language classes 
... 

A 'B0 ' 
... 

A 'BI' 

form the so-called dot-depth h1erarchy mtrodu.::ed by Cohen am 

BrZOZOWSkl [CB?ll. 
+ 

1be lDuon of the classes A ~0' 

class of star-free languages. 

... 
A 'BI' is the 
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tbst DE our attention will be directed ta-ro a closely related 

hierarchy, this one in A*. It taS introdŒed by Straubing [StB5]. 

Let 

A*V" = <f, A*}, 

* * A Vk+1 = <L ~ AIL is il hoolean cmmination of languages of the 

. . . , a E lU • n 

... , 

Let A*V = Uk~0 a*vk • L ~ A* i5 star-free if and anly if L E A*Vk 

Eor sone k t 0. 'lbe dot-depth of L is the s_llest stdl k. 11w 

Straubing hierarcby appears tD r. tlw nore Eundalllmtai of the ha tor 

the following reasons explaiDIKI in [St861. From the semigroup point of 

view, if k ~ 1, l.uel k of tt. Straubing hierarchy corresponds to 

the variety of fini te nanoids consisting exaotly of thou in the 

var iety of r ini te semi.groups corresponding t.J levltl k of thlt dot-depth 

hierarchy. From the logical point of vi.,." the lewls of the 

StraubiDJ hierarchy are exactly the_ der ina! by sentences or il first 

order language sinpler than the am required for the leroels of the 

dot-depth hierarchy. For 1IDN detaUs concerning the Straubing 

hierarohy and its relation to the dot-dçth hierarchy, SI!e Pin [PiS4a] 

Dr [PiB4b]. 

In the fralllnDl"k DI 5e1Iligraup thE!ory, .... zoZDWlki and lnast 

UB78] sbD1Ed that the dot-depth biararchy 1s inf'init_, in Eaet, thllt 
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+ + + + 
A ~+1 :> A 'rt but A \.+1 ~ A 'tt Eor k ~.. ThDnas ['111084] q.w il 

new proof of this result, mich sha1fs also ttat the Straubinq 

hierarchy is Infinite, based on a logical characterlzaticn or the 

clot-depth hierar.:hy that he obtainad in [1bo821. His praoE doe. net 

rely on semiqroup thaorYi inst .. d, an intui tively appeaUng 1IDCf.1 

tbeoMthc technique "..5 applim: the il1renfeœht-Frai sse q ..... 

It was the .ark of ~i [BÜ501 and Elgot [E1611 that rirst 

sbDU!d how to use certain fornulas of natt.natical logic in arder to 

describe properties of regular languages. 11wse fornula5, !uxnaà as 

nunaclic 5eCOnd order fornulas, are built up trom variablfls 

K, y, ... , set variables X, Y, ... , 
-< and a set {Q 1 a e A> of I-place predicat. synlx:Jls in one-to-one a 

correspondence wi th the alphabet A. 5tarting wi th atomic EarftlIl.s of 

the form x = y, K -< y, Q x and Xx, 
a 

for"ftlIias Ar. buUt up in the 

usual _y by 1II!ans of the connectiws ", V, 1\ and tlw quantH'iers 

3 and ." binding up bath types 01 variables. A \>D"d w on A 

sat i sfies a sentence 'P if 'P i s true Wlen var iables are Interpreted 

as integttrs, set variables as sets of int~s, the predicate -< as 

tt. muai relation on integers and the forRIIla Q x as tt. letter in a 

posi tiOll x in W 15 an a. 

Ladner [lad1?] and ftlHatI;Jhton UI:14) Wrlt tlw Eirst ta consider 

th!! case \'h!re the set of fonlllias 15 restrictlld ta first arder, tut 

is, m.n 94tt varIables are ilJllDrtId. ThIry proued that tlw languages 
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def lned ln this Wly are preclsely the star-free laD;Juages. 

Thol1BS [Tho821 5ho\Ed that the dot-depth hierarchy corresponds in 

a uery natural \'Sy Wl th a classical hlerarchy of f lrst order 10c;J1c 

based on the al ternatlon of eXlstential and UllHJersal quanhf lers. 

PerrIn and PIn [PP86J gaue a 5ubstantlally dlfferent proof of the 

result of 1bJtfBS for the Straubll'lg hlerarchy. 

For each k ~ 0, there 15 a var let y V
k 

of fInI te nDnolds stCh 

tbat for L c a* - , if am only If An outstanding 

open problem lS ~ther one can decJde If a language bas dot-depth k. 

ThIS 15 equlvalent to the qtEshon "15 V
k 

decldable?" , I.e., does 

there eKlst an algorlthm WhlCh enables US to test If a flnlte monold 1S 

or lS net ln V
k

? The variety V
0 

conslsts of the trIVIal nnllOId 

alone. The tJarlety Vi conslsts of aIl flnlte 7-trlvial nDnolds 

[51753. 5traubuXj [St861 conJectured an effectlue cri ter ion, based on 

the syntactlc rmneid of the language, for the case k = 2. His 

condItion lS SOOT,o,l\ to he ~ssary ln general, and sufflClent ln an 

Inportant specIal case, I.e. , for an alphabet of t\'D elenents. 'The 

COndl t ion 15 forrulated ln terms of a noue! use of categorIes ln 

senugroup theory, recently developed by Tllson [TiB7J. 

ThIS theSlS lS concerned Wlth the decldabllity problem of tœ 

5traubulg hierarchy, I.e. , can \'P. effectively characterl.Ze the 

varieties V
k

? 'The aim of chapter t\'D is to state toose loglcal 
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characterlzations of the star-free lanquages \IIuch are useful in 

attacklllg the decldabillty qtEstlon. In sechon one, a loglcal 

characterlzatlon of nattD"al subhlerarchles of the StrawHng hlerarchy 

reflnulg the loc;pcal characterlZatlon of the hlerarchy by lbonas IS 

gl\len. ThIS log Ica 1 characterlzatl0n IS useful \'ben treatulg the 

qtEst 10n \'bether dot-depth l S conputable. As an appllcat 10n \..e can get 

upper bounds on the conple)uty of a star-free language by conslderlng 

ItS descrlptlon ln the flrst arder loglcal language. In sechon hvo, 

\lE state the -version of the Ehrenfeu=ht-Fral.sse gane \Illich \>8S used ln 

'Thanas ['IbJB41 to prot)le that the StraublIlg hlerarchy IS l.nflmte. For 

a sequence m = (m
1

, ••• ,"k) of poslthJe Integers, congruences 

related to that \JIerSl0n of the gane are def l.ned. 1ben \..e 

gi\Jle a characterlzatlon of the star-Eree languages of le1Je1 k in terms 

of the congruences 
Cml ,··· '''k) 

generallzing a result of Simon 

[Si?21. A characterization of the varletles of monoids related to the 

Straub ing hierarchy throUJh Ei lenberg' s correspondence fo llows. 

Subclasses 1.( ) of languages of le\Jlel k are der ined. 
ml' ..• ''''ft 

In chapter three, \..e stu:fy sone properhes of the characterizing 

congruenceS. Sectlon one establ1shes an indUJtion letmB. Section ho 

qi\Jles a condition \Illich insures IS inclu:fed in 

1.( , ') • ml,···,m k , 

Chapter Four deals with a flrst application of the abo\Jle logical 
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characterlzahons. te show that a conJecture of Pin concernlrlg tree 

hierarchies of rrcnolds (the dot-depth and the Straubing hierarchles 

belng particular cases) lS faise. l'bre preclsely, { ri. 1\ *} 
l", ft lS 

associated to the tree red~ced ta a pCHnt. 1ben to the tree 

1--......-. ... 

/ 

t = ( 

1 , 

1 '\ l, 

1 

il 
\ 

t
1 

t -- n \ 

is associated the boolean algebra V
t 

generated by the languages of' 

the farm L. aIL. a
2 

••• a L. wi th 0 1 i
0

": ••• -< Ir ~ n \'bere, for 
10 11 r Ir 

o :S J :S r, L 
1. 

J 
E Vt .. 

1 
J 

Pin [PiB4bJ conjectured that 

anly If t lS eKtracted from t'. Decidabill ty and inclusion problems 

are discussed. 1, are soo\'.n ta be decidable. 
(m1,···,,\) 

Chapter flue lS concerned Wlth a second appl1cation of the 

nentioned Ioglcal characterizations. Ganes are soo\'n to he a \r8y in 

veriEying equahons üuch are used for f uxhng IO\Er bounds on the 

dot-depth of a gluen star-free language or a star-free lanquage's 

conpleKlty. loi:! def'iœ systems of equations satisCled in the rrcl101d 

varietles of sutleuels of level 1 of the Straubing hierarchy. 

([){nBJaJ, [KnB3bl prov1de an equatlon system for leuel 1 of the 

dat-depth hierarchy witoout US1r:ç Ebrenfeteht-Fralsse ganE!s). In a few 

cases, \e soow that these equation systems characterlze the subleueis. 

In partlcular, the th1rd subleuel 1S characterized by the equa.t1ons 

3 = (yx) , Xzyxvxwy = KZxyxuxwy and ywxvxyzx = ywxvxyxZH, or. 
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equHTalently, by the equatIons 3 3 
(KY) = (yx) , 

2 
I(U](V)( = KUX VX, 

2 2 2 2 
KZyK wy ; KZKyx Wf am ywx yzK = yWH yxZlC. We show how sone of the 

equatlons can he selected for subletJels oE hl.gher le\Jlels ln the 

hierar'Chy. Equatlons satlsfled ln hl.gher le\Jlels are dlSCUSSed. 

other appl1catians of the nentJ.oned loglcal characterlzatlons are 

the subject of chapter su. GnJE!n any flmte alphabet A, a necessary 

and suffl.Clent cor~:htlon 1S giœn for the lIDnoids to * A /~ 
(ml'~''''J) 

he of dot-depth exactly 2. An equational characterizatIon of the 

f irst sublelJel of leœl 2 of the Straublllg hierarchy for an alphabet 

of ho letters is gitJen. 

In the following, notation and basIc concepts are lntrodœed. 
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1. RIgebralc prelimJnaries 

For nDre lnfornatIon on the natters discussed ln thlS sechon, 

see the books by Eilenberg [E176J, Lallement [La179J and PIn [P1B4aJ. 

A semigroup lS a set equlpped Wlth an assocaatitJe binary 

operatIon (geœrally denoted rrul tlpllcati1.Jely). A monoid lS a set l'I 

equipped wi th an as socaat ive bUlary operation and a 0-ary operatIon , 

del'Dted by 1, stCh that for aU K E l'l, IH = xl = H. A group is a 

set M eqt.upped Wl th an assocaatit.Je bUlary operatIon and a 0-ary 

operation as abo,~, sœh that for al! x E M, there exists x' E M 

satlsfyUlg KH' = x'x = 1. If M' lS a selTUgroup, then M ~ M' 15 a 

subsemlqroup If ri- ç M. If M aIso bas an ldenh ty, tben M lS a 

trOnoid ln M'. 11 is a submoOOld of M' if M' ;2 M are bath ncnolds, 

Wlth the sarre ldentity. We say that M dlvldes M', l'I ~ 11', If M 

lS a nDrphic inage of a Sub1lDnold of M'. AU the semlgroups 

consldered in this theS1S are flnite (except for free semlgroups am 

free ncnolds). 1-1 is aperiodlc if e1.Jery group ln M 15 a trivial one 

n n+l 
elenent group, or, if there eKlsts n sœh that H = x for aU 

K E M. If M lS a nolXJld and ml' "2 E M, then ml is sald to he 

f-below "'2' \Oritten ml ~7"2' If ml = ~y for sarre K, y E Mi 

ml and "'2 aresaldtoœ IJ-equl\7alent, \Orltten ml "'"7"2' if 

ml ~7 ~ and "2 ~7 ml' M is said to be f-triv laI if thlS 

equivaIence relatIon lS the identi ty. 
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Let A he a f' ini te set. A* , the l'ree fttCmD id qenerated by A, 

is the set of' aU sequences of length?: 0 of elenents of A wi th 

concatenation beml:j the operation (such sequences are called \'Cros). 

The uniqœ stril'K} of lel'K}th 0, denoted by l and called the enpty 

\\Ortf, acts as the idlPllti ty • A 1 aDJCUIIe over Ais a subset of' AM. 

Iwl denotes the Iltngth of the \\Orel w, and Iwl the nunber of 
il 

occurrences of the letter a in w. wa denotes the set of letters in 

w. A \'Crd u is a prefix of' \\f If there eXlsts a w:Jrd v 5Œlh that 

uv = w. A UJro u is a Sfdfix of' w if there exists a \1DnI v sœh 

that vu s w. A mrd u i 5 a factor (or seqment) of a WJrd v if 

there exist ~s x and Y slEh that v = xuy. 

... , a are letters) 
n 

i 5 a subIIord of v il there exist 

., .. , v 
n 

An equival~mce ", on A* . 15 a conqrvence if x ... y 1I1p lies 

UKV .., uyv for aU u, \f, * x, y € A. A CODjrUllllllCe .., is ~periodic 

if tbere exists n ~ 0 sœh that n n+l 
H N X for aU x. 

--class of x is [)Cl = {y 1 x ,., y}. 1lw set of' aU "'-clasys is 

denoted by A* IN and the inde. of IS definad as the cardinality of' 

* A /"'. This set becorœs a nnrxud by considerinq the operation 

[xl [yl = [KY]; [1] acts as identity. There eXlsts a surjective ... _ N 

M * ,., : A .... A IN, dltf' inad by x- = [ JI) • Con-uerse 1 y, any 

nDrphi sm If 1 A* .... 11 indu. ... ~ a conqruence on fl' defined by x If y 

if' and only if' rr c: yf'. It.lte that .. use thR sa ... sywfJol to denota 

the congruence and tt. reliltf..'CI norph1sm. Il , 15 surJectiw, thRrtt 
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eXl5ts an lsorrorph15m bet\\een A*/'P and 11. Any nonoid can then be 

represented as a qt.IJtlent of A* by a congrœnce. 

If L ç ~* f 1 ft 15 a muon 0 "'-c asses, we say that L 15 a 

""-lanquaqe. For any language Lover A, the syntact IC corqruence of 

L 15 def llled by x ~L Y If and only If for aU * u, "E a, wcv € L 

11' and only If uyv E L. .... L 15 the congruence of mlnlnal llxiex Wl th 

the property that L 15 a "'-language, I.e., for any congrœnce 

* on A , 

rroncHd 

L. If 

L lS a .... -language If and only If 1be qwt lent 

* A 1 .... 
L 

15 denoted M<L) and 15 called the syntact IC rrIOnoJd of 

M * 15 a IlDnoid am there eXlsts a nDrph1Sm If: A -f l'I sa:::h 

that L = S'P -1 for sarre S ç 11, \'e say that l'I recogm zes L. le 

aIse say, ln su::h an Instance, that the nDrphlSm If recogruzes L. 

a language 15 sa1d to he recognlzable If lt 15 recogruzed by a flnlte 

rronold. It 15 llOt dlfflCult to see that recognIhon by a flnlte 11DllOld 

15 eqUl va lent to recogni hon by a f inl te autollB ton, se K leene' 5 

. * theorem asserts that the regular l~ges ln A are exactly those 

recognlzed by finlte rrollOlds. It 15 weIl k.no\\ll that 11<L) 15 the 

nDnOld 11 of mill1llBl cardmali ty WI th the property that 11 recoqnlZes 

L; ln fact, l'HL) 0( 11 If and only If 11 recognlzes L. l'breover, 

if .... 
1 

and * are tWJ congruences on .A am lf then 

* * Il 1"'2 -< Il 1-1' also L 15 reqular If and only If -L bas f lnl te 

Index If and only If M(L) 15 f1nlte. 
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" 15 a varlet y of monoids (the term vaJ'lety 15 belng used in a 

sllghtly dlrferent sense that the usual) , or I1-tJarlety, If 

(1) it lS a class of f1nlte JTlJIlO1ds closed under d1v1slon, l.e., lf 

MEV and M' -< M, then 11' E Il, and 

(2) it lS closed under flnl te direct product, I.e. , If l'l, M' E II, 

then M K M' E V. 

For any class C of finlte monoids, we denote by (C)I'I the 

least I1-varlety contalnlng C. Clearly, M E (C)M If and only if 

there eHI sts a f lnl te sequence Hl' . " . , M of monolds of C su::h 
n 

that ••• K ri • 
n 

We call (C)11 the l't-varlety generated by C. 

Ellenberq [E1761 bas ShoWl that there eKlsts a one-to-one 

correspondence between I1-tJarietles and sone classes of recognlzable 

languages called *-t~letles. U lS a *-varlety of languages If 

(1) for every fln1te alphabet A, A*U denotes a class of 

recognlzable languages over A closed urx1er boolean operatl0ns, 

(2) lf L E A*'" and a E a, then a-IL = {w E A*I aw E U and 

La-1 = {w E A* 1 .... E U * are.ln A /J, 

(3) if L E a*", and 'f : B* -+ A* lS 

Ltp-l * * = {w E B l 'f(w) EUE BU. 

Ta a glven *-var1ety of languages '" 
V = {l'I(L> 1 L € A*U for sorre ru and 

corresponds the *-varlety of languages 

and 

a rmrph1sm, then 

corre spom s the l1-uariety 

to a glven 11-1Jar let y " 
U Wlere A*U '= {L ç A* 1 

i s 1'1 E" recogn1Z1ng U. The nohon of var let y captures the 

there 

condltlons under WblCh a fa~ly of languages can be characterlzed by 
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lIDnDids anf vice versa. 

1he Straubing hierarohy gives exanples of M-varieties oE 

languages ° One can show that V and Vk are M-var iet ie. of 

languages ° t.t the corresponding l'f-var iet i .. 5 be denotad by V and 

Vk respectiwly. '1 is the n-variety of apericdic mmoids. lé have 

that Cor L ç A*, L E A·V if and only iE fI(L) E '1 and Cor each 

k ~ 0, L E a*v
k 

if' and only iE nCL) E 9
k

o 
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2. Loqical prwl iminaries 

For lIDI"e inCarnation on the natters discussed in this section, 

see the book by EDierton [Eh721. 

lë assmœ that w haw been glWO infin~tely nany distinct 

abjects, l'Iflich..e caU syntxJls, arranged as follo_= 

Loqical symbols 

( 1 ) parentheses: ( , ) , 

(2) sentential conœcti~ synfJols: '" V, A, 

(J) variables: x, y, ••• , 

(4) equality symbol (optional): =. 

Nonloqical symbols 

(1) quantH ier syntxJls: 3, Y, 

(2) predicate synfJols: for Nell positiw lnteger n, S01'I'R set 

(possibly enpty) of synlxJls, called n-place predicat. synfJols, 

(3) constant syd.xJlsl sa.- Sltt (possibly eupty) of synlJOls, 

(4) rUllCtion syntJolss for each poSitive integer n, so.- set 

(possihly eupty) or synflols, called n-place runctlon synlJols'J 

The equality syntJol is a 2-plac. predicate symbol but is distinguishad 

rrom tblt other 2--plaœ predicat. synflols by being a logical syntJol 

rather than a mnlogical DnI!. Wr! cio assunv that som. n-place 

predicate syntJOl is present for SOIIIt n. 
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A <flnlte) simllarity type, T = <Pl, ... ,Pi,cl""'Cj,fl, ... ,fk>' 

lS a sequence oE pred1cate syn'bols, constant syrrbols and function 

syrrbo15. If T is any type, then "CTl, the fJrst arder Ianquage of 

T, lS the set of aIl fornula5 bUllt up from the synfJols of T U5Ulg 

the COnnective synbols, UëU'lables and the quantiE1ers 3 and "1. 

l'bre preclsely, the terms are constant syn'bol5, variables or of the 

form ft l' .. t n , Vlere f 1 S an n-place funct lon syntJol and 

... , t are terms. 1be atomlC l'omulas are of the form 
n 

\'bere P 15 an n-place predlcate syn'bol and ... , t n 

are terms. 1be fOrRI/as are bullt up from the atomlc fornulas by use 

of the cormectlve syrrbols and the quantiflers. 

... , K are n 

the only free varlables. If no varlable OCCur5 free ln the Eornula 'P, 

then 'P 1 S a sentence. 'P -f '/' Wlii abbrevlate ..,rp V '/' and 'P +-+ '1' 

WlIl abbret.rlate ('P -+ '/') A ('/' ~ 'l'). 

a structure for a gl\"~n 

flrst order language "[Tl, T = (Pl"" ,P l'Cl"" ,C J,f 1.··· ,ek >, 

conslsts of 

(1) a non-enpty set U, called the tmlverse of 'U, 

(2) an n-ary re la t l.on l.e. , pll 15 a set of n-tuples of 

nermers of the mu tJer se , for each n-place predicate syrrbol P, 

(3) a rrenber 
'U 

C of the mu ~rse, for each constant symbol c, 

(4) 
"U an n-ary operatIon f on U. 1.e. , for each 
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n-place fUŒ:t1on synflo1 f. 

'The J.dea J.S that 11 assigns 11I!aning to the oonloc;pcal syrrbols. 'fi J.S 

to 1lEan "for everythJ.Jlg ln U" • TIle synbol c 1. s to nane the poInt 

'\1 c. 1be atc.nuc fornula Pt 1 ••. tn J.S to 11I!an that the n-tuple of 

,omts naned by t 1 ' ... , t lS in the relation p11. 1be nuniJer of 
n 

ele11l!nts ln the tmlV'erse of 11 lS abbreviated 1111. 

A sente~ V' ln L[ 1"] 1 s 9 i \len l1EanlJlg by a s tr~ture '\1 of 

type 1" as foUow.i: the syrrbols from 1" are Interpreted by the 

relations, constants and operatIons ln 11. 'The quanhf lers ln V' 

range over the elenents of the mllverse U. If' J.S trœ ln 11, or 11 

1 S a mode 1 of V' , i s denoted 11 1= V'. l\oD f orrrui a s ~" and '1' are 

called equlvalent If 'U 1= V' f-t '1' for aU strœtures 'U, or 

equlva lently , 11 1= V' lf and only 1.f 'U J.:: '1' for aU strlEtures 11. 

The quant If ier depth of a sentence V', qd(V') , lS the depth of 

nestlng of quantlflers ln V'. Inductlwly: 

qd ( (V)( )V') = qd ( (3H )If') = qd(If) + 1, 

qd(V' V 'f") = qd(V' 1\ 'l') = ITBH(qd(V'),qd('f"», and 

qd(.,If) = qd(V'). 

A fornula If is ln prenex normal fotTrt 1f .,. = <QH>'f", \'ilere 

(qx) 1.S a str1ng of quantlf lers 3K
i

, "tH. , and .,. 1S 
1. 

quantJ.fler-free. If the preE J.H (Qx> conslsts of k al ternatlng 

blacks of quant if 1ers su::h that the first black conta1ns only 
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eK~stent ~al quant If lers, the secam black only Ulu\lersal ones, etc., 

and each block IS nonenpty, thEm (QK)'f' IS a Ek -fornula. 5lTlUlarly, 

If (Qx) conslsts of k blacks beg1fUll~ wlth a block of tmlœrsal 

-
quantlf1ers, (QK)'f' IS a n

k 
-Cornula, thus the t

0
-fornulas am the 

n
0

-fornulas are the quanhfier-Eree for1Tll1as. Any fornula lS 

equlualent to one ln preneH nornal forme lhe rule5 needed for thlS 

transfornatlon are glven by 

(1) a negatlon of a Ek -Cornula 15 equiualent to a Rk -fornula, 

(2) a dlsJunctlon or conJunction of Lk-formulas lS equlualent to a 

Ek -Cornula, 

(3) a boolean comblnation of Lk-formulas, or B(Ek>-formula, lS 

equlvalent ta a E
k

+1-for1Tllla, 

(4) the statements (1)-(3) hold 10 dual form for R
k

-formula5. 
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SCIE: LOGICAL C~IZATICE CF nIE S'lBAUBIl«3 HImARCHY 2-2 

1. Il qull1lt if ier complexity characferizat ion 

Let us f irst state the nentiCJlWd logical characterization of the 

Straubing hierarchy by 'IbDnIls. Qw idenUf ies any UlM w E AM, say 

of lenqtb 1"1, with a \G'd 1IDdel w = Hl, ••• , Iwl>, -e
w

, (Q:)aea) 

Ü1I!re the uni1Jlerse <l, ... ,lwl} represents the set of poSitlonS of 

letters in tœ.rd w, _,w cIa-mtes the <-relation in w, am QW 
a 

are unary relations ouer U, ••• , I-I} containing the positions witb 

letter a, for each il E A. Sollllti_. it is COIlwniant ta a.sun! ttat 

the position sets of t'Nl t.Ords u, v are disjoint; tlwn one taltes any 

t~ nonaouerlapping segiiEuts of t_ integers as tbe position sets of u 

and v. Let ~ he the first arder language with equality and 

nonlogical syd)ols -<, Q, a E A, a 
i .•. , & s t[Tl ~ T i s tJw 

similari ty type <=,-<, <Q ) EA). 1ben tlw satisfaction of an 
il a 

~-senterx::e 'f in a 9IDf"d w, .. itten w la 'f, is defined in a natural 

~y, and w ~y that L ~ AM 15 defined by the t-senterce 'f if 

L = L('f) = {w E A
tf 1 w'" cn. lit aIse consi" tlw f'CJr'aIlas e (taise) 

and 1 <trœ). œseM.Je that L(0) = ~ and 

11Iaa,. 2.1.1 1bo1Ias ['l'b:l821 

* LU) = A • 

A language L ~ A
tf 

belong. to a*Y
k 

if' and only if L is 

def ined by a B<Lk )-sentenr:::. of t. 
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Cc::rollary2.1.2 Ladner [lad??] and rt:Naughton (1'P71l 

A language L lS star-free If am only If there eXlsts a f lrst 

order L-sentence '1' sœh that L = LeY'). 

F k > l 1 t d f ubh h f I\*V as fol 10"- " or _, e us e lne S lerarc les 0 ft 'v;o 

for aIl m ~ 1, let 

al' ... , a € Al, 
n 

* * * C A* 1ë have fi V
k = Unt1 

A V
k 

• Easlly, A V
k - Vk+l,m' ,m 

A*V ç * SlllUlarly, subhierarchies of A+\ can be 
k,m A Vk ,m+l' 

defmed. Oœ can soow that VIS a tf-t.1ar let y of languages, 
k,m 

Let 

the corresJXlrxhng I1-var letles be denoted by Vk ' We have that for ,m 

k ~ 1, m ~ l, L E A*V
k 

If and only If 11(L) E V
k 

' ,m ,m 

In sewral hlerarchles and classes of languages have been 

stu:hed; the nDst pronunent eKanples are the ~hlerarchy CBS73] , aIse 

called depth-one flnlte coflnlte hlerarchy, and the class of locally 

testable languages, In lb:mBs [ThoB21 It \'8S sho\fl that ooth are 

characterized by natural restrictions on the form of Et-sentences of a 

certam f lrst arder language extend1l1g t. 

1be purpose of this sectIon IS te gl\1e a log1cal characterlzatl0n 
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\\bich foUows from an analysls of the proof of theorem 2.1.1 of the 

subhlerarchles of a*v refmHlg the theorem of 1llo11Bs. It will be 

2-4 

useful to extend L by addml] constant syntlols s, for e1Jery natural 

nt.mf:ler s. For a WJrd tmde 1 w, the lnterpreta han s W of S Wlll 

be the s th elerrent of let CP(X
1

, .•• ,X
m

) be a formula ln WhlCh 

Xl' ... , x
m 

are the only Cree varlables. Let 51' ... , s be 
m 

positive integers. 1be Jœamng and usage of CP(sl"'" sm) should he 

qui te clear ln What follows. 'P(sl, ••. ,sm) 15 obtalned fram 

9'(X
1

, ••• ,Xm> by replaCllll} SlnllltaneoU51y ail free occurrerx::es of Xl 

ln cp by the constant SI' 1 •• , x by s. m m The lnterpretatlon of 

the CornuIa 'P(x) = 'P(K
1

, ••• ,Km) ln a \\Oro mxlel w Wl th uniœrse 

{1, ••• ,Iwl} and elerœnts ... , S E U, ••• , Iwl} 
m 

i 5 def lned ln 

the naturaI \'oey; we \'rlte w t= CP(Sl'" • ,Sm) lf cp i S satlsf led ln W 

men interpret lng x. by 
1 

s. for 1:$ 1 :$ m. 
1 

fi logical characterlzatlon of the subhlerarchle5 of a*v lS 

based on the following hoo lemœs. In what follows, 

lS a \\1Jrd and 1:$ S ~ s' :s n, wCs,s'l, W<s,s'), W<s,s'l and 

wCs,s') mll demte respectl1.tely the seqnents 

a l··· a , 1 5+ 5 -
and a .•. a , l' 

5 s-

a •.. a , s s 
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t.e.. 2.1.3 Perrln and Pin (PPB61 

For k ~ 0 and for each B(Ek)-sentence ~, there eHlst 

If' (x), 
r 

If' (K,y> 
m 

ln w'llch K (x,y) lS (are) 

the only free varlable(s) and su:::h that for e\l'ery n and for _very 

\',Ord '111 of length n \I.E' have 

(1) W E U'f
l 

(5» If and only lf wCI,s) E L('P), am 

(2) W E U'f (s» If and only lf w<s, Iwl] E L<If') for e~ry Integer 
r 

s su:::h that 1 ~ s '5 n, and 

(3) W E UIf' (s,s'» If and only lf w<s,s') E L('f) for ewry 
m 

mtegers s, s' such that 1 1 s < 5' '5 n. 

Proot' We def llle 'f for every for11l.lla 'f. 'P 15 constrœted by m m 

Imuctlon as follows (the constru::tlons are SlIlU lar for 'fI and 'P r) : 

If 'f lS quantlfler-free, thEm 'f :: 'P. otherW1se, \'e set 
m 

( 3z'P) = 3z « x -: z -< y) A 'P ), m m 

(VZ!P) =VZ«x-~z-<y)-+If'), 
m m 

(,'P) =.,'P 1 
m m 

('f V 'l') = 'P V '1' , 
m m m 

('f J\ 'l') = 'P J\ '1' • 
m m m 

1ben one can ver if y by Indu:::tlon on k ~ 0 the followlnq propertles: 

(l) if 'P and '1' are equlualent fo~mulas. then 'P and '1' are m m 

equlva.lent, 

(2) if fi' lS BCE
k

>, then 'Pm lS equlva.lent to a B<Ek)-fornula, 

(3) let 'f be a sentel'k:e. If Iwl = n and lf 1 1 s -< s' 1 n, W 

satisfles If' (5,5') If and only lE w<s,s') satlsfles 'f.[] 
m 
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1.- 2.1." 

Giœn a B<.l:k>-Eornula P(x1, ••• ,xn > (n ~ U, there is a system 

-J -j j j j * 
<L ) j-<p of' sequences L = <Ii"" ,Ln> of lao;JUilqes Li e A Vk and 

<;j) . oC seqœnces ;j = <al J, ••• ,a
n
j ), a~ € a su:h that for any W 

J-<p 1 

there i 5 j -< p sŒh tbat 

wel,SI) E ~ 
w 

(1) and Qa j 51 ' 
1 

j 
w 

(2) W< s l,si+l) € Ll and Q j si+l' 1 ~ i 0( n, and 
&i+l 

Prool By indtE:tion on k (see the proof' of theore1R 2.1.1 [1bD821. If 

n = 0, this i 5 just theorem 2.1. 1) • [ ] 

Let cp Ile an ~-senteJEe. If cp is a boolean conf:Jination DE 

the Ek -sentences cp l' ••• 1 cp n' def ine the quant il' ier rani qr(CP> 

to be the naxilJUlll ntD'Iber of' quantif iers occurring in the leading blcck 

of one of the fornulas Pl' 

of 'Ib:mas' theorem. 

"I1Eui eta 2.1.5 

... , cp • 
n 

lRt us mw prcroe a reflnemmt 

r..t k ~ 1, m> 1. A language L ç A* is def'ined by il 

B(lk>-senteœe of' 1., ~, VIere qr(CP) ::S m if and only if' L œlongs 

* to a V
k 

• ,m 

Prool 1be case k = 1 is the followinq. Let m!: 1. lst L he. 

WJertt a. E A, 
1 

i = l, • • • • m • 
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le have ta f 1.nd a lxx>lean colltllnat 10n 'P of rI-sentences def lnu'Ç L 

su::h that qr (y:» J m. 1be assertlon w E L can he expressed by a 

Ll-senterr..e as follows: 

3x 13x2 •· .3xm (Xl -< K 2 -< •••. ~ Km J\ Qalxl J\ Qa2x2 J\ J\ Q x) • Hence a m 
m 

L 1 S def lned by a sentence of the reqUlred forme 

Comlerse 1 Y, \E show that a glven z:; 1 -sentence 3K 1 •• .3xm 
'P( x) 

* def 1nes a language J.n A VI' ~re If( K) 1S equ1valent ta a ,m 

conJunct 10n of atomJ.c forTTIJlas of the farm Q x, X -< Y or x = y 
a 

(for x, y var1ables am a E A) or the1r regation. Let 

. . . , ord (x) 
r 

he the conJlIllCtlons sayulg K < ••• 
11 

-< X , = 1 m 

- -
V 3x (ord (x) 1\ 'P(x». let us conslder a typl.cal rrenber of thlS 
l:H~r 1 

dlSJunctlon, say 3x (Xl -< 

equa Il t les occur bet\Een the 

-< K /1. If( K) ) (ldentlfy var lables lf 
m 

K 's). 
1 

It suff 1ees to show that the 

.. 
larçuage L def 1ned by 'fi = 3x (K 1 -< ••• -< K /1. 'P(K» 

m 
1.5 ln a. VI • ,m 

But '" def lnes Elther II' or lS equ1.valent ta adJ. sJunc:t 10n of 

conJunction of atonuc fornulas of the form Q K, a 
for K a 

varlable and a E A. In elther case, L 15 easlly seen to belong ta 

* A V
1 

• For exanple, L<3K ,m 

L(3y3z (y -< z J\ QaY 1\ Qbz» 

.. If 
Q x) = A aA 1 a 

= a.*aft*bA* and 

L ( 3y3z ( -. ( y -< z) II. Q a y J\ -.Qb z ) ) 

= L<3y (QaY J\ -,QbY» U L<3y3z (z -< y J\ QaY J\ -.Qbz». 

New let us assurœ k > 1, m ~ 1. let L be a language of the 

a. E A, 
1 

1 = 0, • 1 • , m . 
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Iole ha~ to Hnd a boolean conbination If DE 1it -sentences def'ining L 

su::h that qr('P) ~ m. Dy Thanas' theorem 2.1.1, let 

rp0 .. 1 , T, ... , 'Pm he B(Ek_1 ) -sentences deE ining ~, L
1 

' 

respectively. lë can E lnd B(X
k

_
1 

)-Eornulas 

... , L 
m 

'Pel (x), "l(x,y), ,.2(x,y), ••• , ,m(x) satisfying lenna 2.1.3. Hrmce 
m m r 

the assertion w E L can he expressed by the EolJowing sentence: 

v.ich is easily seen to he equivalent to _ B(Ek)-senteuce of' the 

required f'arm. 

ComJersely, consider. X
k 

-sentence 3x
1 

••. 3x
m 

'P(x), ~ 

"(x) IS a B(~_l )-Cornula. As in the prooE oE the case k = 1, 

m i: 1, i t suU iees to cansider a lk -sentence oC the f'arm 

~ = 3x1···3xm (Hl 

-j 
a system (L > . .J 

J"'P 
. * 

Lt E A Vk - 1 and 

such that Eor any 

0( ••• -< K A ~(K». Than, by lemœ 2.1.4, tlll!re is m 
-j j j 

of sequences L = <L0"'" L,,.> of languages 

a~ € A 
1 

-< ••• -< 5 
m in H,""", Jwl>, 

w t= Y'(SI" ." ,5 .. ' if and only if' there is j -< p sœh tbat 

jJjj jj . jjJj jj N 
W E lia l Ll a2" " '-mL•• But Eor euery J .. P, L0a1L1a2 •• .amLm E A Vk,m" 

Bence ." delines a boolean conbination oC languages of the required 

torm and the proof is conp lete. [ ] 
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2. Il Canl1lUtnce character.zat ion rel.ted fa a ven Ion of thll 

Ehrenfeuch.t-'ra isse qame 

Thonas [Tho84 1 , in order to shaw that the dot-depth hierarchy is 

int inite, deEined SOJœ congruence~ TtllÎch _ state Artin' descrlbinq the 

uersion of the Ellrenfeœht-Fraisse gil11R \illch liaS useeS in bis praof. 

Those congrœnces will he sfKn.,n to charactwri_ ttw star-Cre. 

languages. The next three paragraphl restate [1bo841. 

First _ def iœ tlat \le lIItillll by m-fornul •• of 1.. For a 

seqtEn:e m = (ml"" ,~) of positiw integers, ~ Il t 0, lat 

length(m) = k and smn(m) = ml + ••• +'\: The set of m-fornula. of 1. 

i s deC ined by indm:tion on Icmqth<m) : if IBÇth(Ra> = 0, i t h thlt 

set of quanhEier-free I.-fonrulas; and for m. (m,IIt
I

, ••• ,"\t), an 

nrfornula i 5 a boolean contunat 1011 of fonlUlas 3x l' •• 3xm P ~ P 

te ~ i te u!:- v if u and v 
ln 

the sa.. m-sentencel of 1.. For .. = (ml, ••• ,"'k)' tr. m-farmlAs of 

1. are yen ta he B(Ek)-f'OMIlJlas ff such that qr(P):! ml. ftD..,..,.,-, 

langtJilg1ts in Il MV are clef! n.d by ( 111, IlL, ••• ,1ft. ) -Iamul. s for !IO'IIIt 
k,m il k 

1 ,. 2, ... , k. The following qatœ ~-(u,v) is useful for 
m 

showing s--equivalence. 
m 
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t"-C players 1 am II on the ~rd nodels u am v. R play of the gane 

th 
conslsts of k mues. In the 1 TlDue, player 1 chooses, ln u or 

ln 'l, a sequence of 

renalnlng mro ('1 or 

m posltlons; 
1 

then pla}-'er II chooses, 

u) , al50 a sequence of m 
1 

poSltlons. 

ln the 

Rf ter 

k mues, by concatenat Ulg the poSl t lon sequences chosen from u am 

from " , tm seqœnces of pos 1 t lons Pl'" P n from u and q l' .• qn 

-
from '1 hatJe been fortred \Obere n = sum(m). Player II bas ~n the 

play If 

(1) 
u U 

Pl -{ PJ If and onIy If qi -< qJ' 

(2) u " QaPi lf and only If Qaql' a ER for 11 i, J ~ n. 

Eqtllvalently, the ho sub\'Drds ln u arxf v glwn by the poslhon 

shouId colnclde. If there is a 

Wl.JUUfÇ strategy for II ln the gane to Wln each play \e say that player 

II WlnS g-(u,") and \'rIte u,.,- v. ,.,- naturally deflnes a 
m m m 

* congrœnce on R vl1ch \e Wlll denote also by m' 

The standard Ehrenfeu:::ht-Frais~ garœ is the special case of 

~-(u,v) ~re m = (1, ••• ,1). For a detalled diSCUSSion see 
m 

Rosenstel.n [RD82J or Fralsse [Fr721. If length(m):: k and 

m= <1, ... ,0 \>oe \'r 1 te ~(u,,,) lnstead of g-(u,v) 
m and 

mstead of U "'- v. Note that in thlS case the m-for1111las are up to 
m 

equivalence Just the fornulas of quantl.fier depth k (renark: one 

sbcuId net confuse ~(u,v) and ~(k)(u,u); a play of the gane 

~ (u,v) conslsts of k noves but a play of the gane ~<Id (u,v) of 1 
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111Jve). We haw the followmg lnportant 

~ 2.2.1 Ehrenfeucht and FraIsse [Eh61l 

1 = l, 

For a Il m = (ml"'" '\ ) Wlth k > 0 and m > 0 for 
I 

. . . , k, U E- V 
m 

If and only If u ~- v . 
m 

2-11 

51111Jn [5172] caUs -(m)-laBJUages pleceWlse testable languages. 

lbey const 1 tute letJel 1 of the Straubulg hlerarchy. The pur po se of 

thls sectIon lS to characterize simllarly the h1erarchy, each lewl of 

lt and also each subhlerarchy. 

To do so, wa use theorem 2.1. 5 and rollow the tecmllqul! used ln 

[TIlo821. For a \'Drd w, \'e can derme, by Indu::tlon on length(m), 

a sentence <pm \oklich ln a certain sense guarantees the satisfaction of 
W 

-
aIl m-sentemes of 1. \'\Il1ch are satlsf led by w. The followlllg 

letmB says that each equivaience class oC ~- 15 def Inable by S01œ 
m 

-m-sentence, tmre preclsely, (w] 

m 

~ 2.2.2 ThoTtBS [Tho82J 

There 1S a Cornula 'Pm such that 
w 

(1) wl= ~ 

(2) ."m 1 s eqtll va lent ta a m-sentence , 
w 

(3) For ail W and u, If ut: 'Pm thlm eUll!ry m-wnteroe sabslled 
w 

ln W lS also satisfled in u. 



sorE LOGICAL CIfARAC'IDIZATIotIS OF THE S'IRAUBIHG HIEJlARCHY 

~ 2.2.3 

1be following are equivalent: 

(1) L = UIf) for SOJre ~sentence ", 

(2) L is closed under 

v E L, and 

(3) L is a ~--language. 
m 

I.e. , if uEL and U N- V 
m ' 

then 

Proof' (1) lnplles (2) by theorem 2.2.1. (2) irrphes (3) is 

2-12 

trl111al. (3) l"1llies (1) uses theorem 2.2.1, le1111B 2.2.2 and the 

fact that has only fmi tely nany equivaleœe classes. [] 
m 

le can now pro~ 

'l'lElre. 2.2.4 

* Let k ~ 1, m ~ 1. L € a V
k 

if and onl y if L 1 S a ,m 

.... in-language for sone m = (m,~, ••• ,~). 

Prool' L E a*v.
k 

If and only If L = L(Y') for S01œ m-sentence If ,m 

with m = (m,~, ... '''k) for sone f ixed "'.2' ... , "k by theorem 

2.1.5. The result follows from lenna 2.2.3. [l 

Corollary 2.2.5 

Let k ~ 1. L E a*v
k 

if and only If 

SOIll! m = (ml""'"k)' 

L 1S a "'--language for 
m 
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carollary 2.2.6 

-L 15 star-free if and only if L i 5 a ... --language for 90_ m. 
m 

li! end this section with a few notes on the pM!!Ceding 

corollaries. Corollary 2.2.6 states precisely \lbich are the urportant 

COD)I'1JI!IlCeS related ta the study of star-rree languagel. Kleeœ' s 

tl1eorem [1156], statee! in terna of oongrœmces, il5urh that L is 

regular if and only il thRre exists a Unite index oongrœnce N .tEh 

that L i5. --language. Sc:hÜt2llmberqer's thllorem {Sc6~] states that 

L is star-fre. Ir and only if' ttwre Rxists a Unite index ilperioc::Uc 

c:::orçrumce N 5uch that L is a --lêllllJt89R. <kIR can shaw tbat tœ 

-- are f'inite index aperiodic congruences (He RDsenstein [RDB21 and m 

re5ults in tt. next chapter). Corollary 2.2.5 Inplies that tœ probln 

of' deciding t.hether a langtage has dot-depth k i5 equiwlent to tlw 

problem of' elf'ectiwly cbaracterizing ttw nDnDids ft = A* 1- with 

_ :> "'­
- m m 

for SOD 

Lat ... chapters wi 11 bit ooncerrwd wi th appUcat ions al tlwollnn 

2.2.4 and ib carollarJ.es. In thff ~1, 6.( ) wi Il denote 
ml" •• ,'\ 

1 
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SCI'E PROPERI'IEE OF nœ: CHABACTŒIZIt13 COIBUDICBS 3-2 

1. Rn induct: Jon lemma 

The following le ..... is • basic result (similar to 0" in [8082] 

reqarcling -k) vlich will allow us to resalw 9&"'s with k+l I1'DWS 

into ga1ll!s wi th k IID1JIItS and thereby allow us to pertorm induction 

arqurœnts. WI! remind tt. re.der that u[1,p) (u(p, lu 1]) dlmOtes tb! 

seq1II!nt of u to the lett (rlght) oE position P and u(p,q) the 

seq1II!nt oE u bet~ positions P ard q. 

1.- 3.1.1 

Let m = (ml' ••• ' ln. ). u - v if and 0I11y if 
k ( m, ml ' ••• ,'\) 

(1) for .vary Pl' ... , pEu (Pl :S • •• :S p ) tt.re are m m 

ql ' .. · , 'Im E v (q 1 :S .". :S ~) stilb tbat 

(i) u 
if .md OI1ly if v a E A Eor 1 QaPi Qaqi' ~ i ~ m, 

(i 1) uU ,p 1) .... in v[1, q 1 ) , 

(Hi) u(p. ,p.+
1

) -- v(q. ,q'+l) for 1:S i ~ __ 1, 
1 1 mIl 

(iv) u(p, lull ..,- v(a ,Ivll and 
m m"ln 

(2) Eor wary ql ' ••• , 'lm E v (Q
1

:S ••• :S q,.,) tt.re Ar. 

••• J 

Uv) Imld. 

pEu m 5Œh that (i), (H) , 

Prool' Suppose that playwr II has ~ winning stratll9Y in 

... , 
Pl ~ ••• S Pm" Using tœ strateqy ,. ~ Und positions 

(Hi) and 
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ql' ••. , ~ E v, Q1 :S ••• ~ ~ sœh that if player 1 cheoses 

... , P f. u at his r irst TID1..Je, m 
then player- II should choose 

3-3 

... , ~ E v. a E Il for 

1 :S i ~ m. 1bere are now k ~s leU in the gane 

c( ) (u,v). 1IMmever player 1 chooses positions in uCl,P1) 
m,ml"" '''k 

or vO,ql>' the strateqy, sinc:e it prodtD!!!S a win for player II, 

will ahays choose positions in v[l,q1) or uU,P1 ). Thus playwr 

II's winnirç strategy for ~( )(u,u) inclmes within it • 
m,ml' ••• , '\ 

winniraq strateqy for Ciil(u[l,Pl),v[l,QI»' am similarly it incloies a 

winning strategy l'or Cm(U(P i ,Pi +1 ) ,v(qi ,Qi+l» for 1 ~ i :S m-l, and 

C-(uCp , lull,v(o t 'vIH. 'Ibis prou.s (1). By symœtry, (2) also 
li' m "ln 

holds. 

CorMIrsely, assumilKJ that (1) and (2) hold, te describe a 

winninq strategy Eor player II in ç( )(u,v). 
m,ml" •• t,\ 

If player 1 

chooses positions Pl' •••• Pm E U (Pl ~ ••• ~ Pm> on bis Hrst 

nDW, then player II U5eS (1) to Eim positions qt' •••• ~ E v 

(ql :$ ••• :S "nt). 1bareatter. Vwne-wr player 1 chooses positions of 

u[I,P
I

) or v[l,QI)' player II uses his winninq stratevY in 

Cn,<uCl 'Pl) ,v[ 1.QI» to respondi and similarly, \'If)eœwr player 1 

chooses positions oE uCP i ,Pi+l > or v(qi .Qi+l) CuCPm' lu 1 1 or 

V(~I 'v'l), player II uses bis wir:ning stratagy in 

<C-(u(p ,Iull,v(a ,Ivll» m m -m ta reply. Since 

there are only k subsequent nDWS in tfw gallE and 
- (ml' •••• '\) 

player 1 can choase no nore inplies Eor aIl 
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than k Unes rrom uU,PI) or vU,QI)' (u(Pi ,Pi+I) or 

v(Ql,Qi+l» (u(Pm,lull or v(~, Ivll) Md n:J noM! than mi po!utions 

each tiJœ. Hence player II's winning strategies ln 

Giii (u[1 ,p 1) ,v[1 ,q 1» , (Gm (u(p i ,p 1+ 1 ) ,v(q i J q i + 1» ) 

<Gjn<u(Pm' lull,v(~, Ivll» provides hint with IIDWS in aU 

contingencaes. lE, on tlw othl!r band, player 1 chaose_ PJsi tion. 

QI' ••• J ~ E v, tben player II uses (2) to find his corrtlCt r irst 

IIDW and then proc:ems analogously ta the ahovv. lbus playwr II has il 

winning strateqy in C( ) Cu,v). [] 
m,ml' ••• '"'k 
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2. Ii condition For inclusion 

Let us Und a condition mich insure5 

"( ) ~"< ' , )' A trivial candi tian 15 the Eollowinql 
ml ' ••• '''\t 1111 ' ••• '''i 1 

+ 1:1<, 0(' -clt m. Wli +. •• + 1:10(' < -< • <k m. • •• m. + 
-11 12- 11 2 -11 ••• lk-l- 11 lk-l 

ml' •• "k' 

A 5inpler definltion is N(ml""'~) s (ml+l) ••• (~+I)-l. 

~itioa 3.2.1 

n n' xyx zx - xyx zx Eor n, n'?; H-2, ~ 
(ml' ••• ,'\) 

N = H(m
1

, ••• ,'\). 

( ProoF n. prœt i5 similar to tlw one 01 a property Dt -k in 
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['nloB41. First, 
n n' 

x N (ml' ••. ,'\.) x for n, n' ~ N. Ta .. th!., 

consider the natural deoonposi tions of 
n n' u • x and v = x into 

x-seqnents. 8efore each lID\Ie ~ ha ... in u and v certain seqrœnts 

ln Vlich posItions hatJlle been chosen, and others \4wre none ha..,. been. 

a 1TIlxi1'lll1 seqcœnt of slECE!eding x-54Ig1N!nh wi thout chosen pout ions 

wi Il he c;a lIed a gap \\'hich nay I. ewpty. Before eilch nD'U8 there i 5 a 

natural correspondence bet\Eell the gaps in u and v giuart by tbeir 

order. By indœtion on k-i, II chooses his seqrnmh in tœ Eollowinq 

ITIlnD!r: for i = k, men '\ elenents are still to be cbown by bath 

players, tWl corresponding gap. bath consi.t of Any 

ntmber !: "\t = H("k) Dr x-seqnents, Dr elH bath consist of the sa ... 

nunber -( "k = N(,\) Dt x-segwents. For 2 ~ i+l ~ kt w.n 

mi+ ••• ~ elenents are still to he chesen by bath players, ho 

correspondinq gaps bath consist of Any 

number ~ m
i

+(mi +l)H(mi +1, ••• ,"k) = N(mi' •• "~) Dt x-segmRDts, or 

else bath consist of the HI'IIt 

the Eirst Ill. correspon:fs to tt. nt.III'D!r of 
1 

elen&nts ChoHll in the i th ~, m.+l 
1 

is tt. rrtJI1ber ot gap. fornd by 

the.. mi positions, and N(Mi +1 , .•. '''k) is the nuninurll m.urber of 

x-segmmts in any of the_ gaps that are n&eessary for player II to win 

different. Of course, inliidtt his sttg1IIH1ts, II picks eJLillOtly thoMP 

segmmts. Hext, \..w apply the .tratl!QY ~ ta 
n 

U Il llYJC zx and 
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n' v :: xyx ZR with n. n' ~ N-2 ignoring Y and z (except ÜJen 

player 1 Corces considerinq y and z). IoI»n player 1 choose. either 

of the t~ end x-seqnents, the strategy that WB have tells us to 

choose the sarœ am K-seqnent. [l 

k 
Note that HU, •• ., 1) = 2 -1. By putting Y = z = 1 in the 

aboue proposi tien, \'Ile get as a corollary that if m, m' ~ 1--1, than 

m m' 
(w) N

k 
(w) • N = NCm

l
, ••• '1Ik) is sean ta be the snallest n 5mh 

n+l 
H 

and 

Eor IHI = 1 (remark: y = z =1 implies 

N-l KN 
l( .-. as i5 9asily seen by 

(ml' •• ., ''k) 
N-I H 

consiclerirK) the play oE the gane (;( ) (K ,K) dlert! player 1 
ml" •• '"'k 

in the Eirst J!III"t'JIR choases ml x's in K
N 

separated by N("'.z'"" '''k) 
th 

HiS start ilX1 wi th thll Nh"2'" • ,'\) + 1 H. TheIl in the second JID1"', 

1 choosas a gap in HM corresponding ta a gap in K-l . th K W1 a 

oE K'S -< N(~, ••• ,'\) am sa on). tbreowrr, \fi! s-.. ... that if 

u, v E AM and then 

or lula , Ivla ~ H(ml""'~)' Also, similarly to the abow prooE, 

one Dan show that iE u- v and 
(ml' ••• ,'\) 

k ~ 2, tœn eUber u = v 

or u and v haw a COIIIIDn preC lx and sutE lx oE lenqth ~ Inl " •• '\. 

~itiDD 3.2.2 

(1) _ c - , 
(ml' ••• , "\t) - (N hll1 ' ••• ,'\) ) 

and 

(2) 
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l'roof By the precedu~ propoS 1 hon, chooslng 

u = xH(m1, """k) _ xH(ml,···,~)+1 
(ml f ••• l "k ) 

1 x 1 = l, \'2 hatJe 

)(N(m1, ... ,'\ )+1 
= u. 

1S a sub~rd of length H(m1""'"k)+1 of u but net of u. ThIs 

gl\Jes (2). (1) follows easily From lerma 3.1.1.[] 

Another candi t Ion for to he ulCluied in 

l( f , ) is stated ln 
ml' .•• '''k' 

Proposition 3.2.3 

If k_ J k' and 3 0 J'" ... = 0" 

Eor 1 ~ 1 1 k. then 

c - . (mi, ... ''''k') - (ml" .. '''k ) 

PraoE' 1be result C011E!S from the folloWlllg obser1.1at Ion: for 

1 ~ i :S J :S k', we hatJe ç (mi, ... ,mi, ...• m~ , ... • "k' ) 

.... (mi"" ,mi-l ,H(m' i"" ,m' j) ,m~+1'" . ''''k, ), \Illich IS a conseqtEnce of 

the precedlng propoS 1 t ion (1). [] 

Proposition 3.2.3 inplies that If n!: sum(m) and u -n v, then 

m 
l'breotJer, If then - c -(mi, ... ''''k') - (ml' •.. '''k ) , U 1.1. 

,.. C - • Hence by propos 1 t Ion 3. 2. 2, 
(mi"" '"k') - (H(m1 ,··· '''k» 

results of InclUSIon. H(m1""'"k) Will appear se~ral times ln the 

seqœl. 
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First .. introdœe SOf"':V terminolcgy. 1be sttdy of the 

concatenation prodŒt leads to thi'l deEini tion or tt. Schützenherqer 

prodŒt of tiDlte nDnDids. 1be reader is referred to [St81l for tt. 

inportant properties of this. constrŒtion. Let l'Il' 

t inite t1Dnoids. The SchÜt zenberqer product of 1'11 ' 

... , 
. .. , 

1'1 be n 

l'I, denoted n 

by o ("1""'1'1 >, n n is the SubiiUllOid ot upper trianqular n K n 

natrices with the usual produ::t of natrioes, of thIP fonn P = (p .. > 
IJ 

1 ~ i , J ~ n in mich the ( i , J ) -entry i s a subset of "1 x ••• K l'In 

and al! ot ÙIOW diagonal entries are sinqletons, i.e., 

(1) p .. = (li if i > J, 
IJ 

(2) p.. = {( 1, ••• ,1, m. , 1 t ••• ,1)} Eor SOI1il! lA. E 1'1., 
11 1 1 1 

(3) 

••• a: m }. 
n 

li th 

• •• = RI. 1 
1- = 1 

Condition (2) allow.s to identify the coefEicient Pu with an elellltnt 

ot ". and condition (3) 
1 

Il = Cm., ••• , m.) € 11. K ••• K ft. and 
1 .J 1 J 

!J •• 

then w defiœ 

K " .• J 
If 
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sets ln tœ usual fashlOnj addl hon lS glt~n by set Uluon. 

Straublllg [St81l has denonstrated tbat If the languages 

(0 :5 1 ~ n) are recoqmzed by the ITOB:ads 11 , 
1 

them the language 

4-2 

~re the a are letters, 
1 

1 S recogtll zed by the 

ITOllOld () l(I'L,···,I1L n+ ~ Tc') n It IS easy to verlfy that lf 0 ~ 10 ~ ... ~ 

1 ~ n, 
r then <> + 1 (11 , .•• ,11 ) 

r 10 Ir 
IS a subnnnold of () I(I'L, ... ,11 ) n+ ~Tc') n 

(0 1(11 , ••• ,M ) -< {} 1<1, ... ,1,11 ,1, ... ,1,11 , ••• ,11 ,1, ... ,1). 
r+ 10 lr n+ 10 11 lr 

This inphes that the nollOld 0n+1 ('\" ... ,Mn> recognlzeS al! 

\'bere L 1 S recognl zed 
lk 

by 11 , ln part icular, boolean comlnat lOns of languages of the form 
lk 

L0a1Lla2 ..• anLn where the 

been establ1shed. ~ case 

11 ' s recoqnlze the L ' s. A converse has 
1 1 

n = 1 ha5 been treated by Reutenauer 

(Re 79 1 and the general case by Pln [P 184bJ. we have tbat If a language 

1 S recognl zed by () 1 (l'L, ••• ,11 > 
n+~"0 n then L lS ln the boolean 

alqebra generated by the languages of the form L aIL a~ ... a L 
10 Il L r Ir 

Where 0 ~ 10 < ••• < Ir ~ n where for 0 ~ k ~ r, ~EA and 

1 S a lanquaqe recoqnl zed hy M 
1k 

Let " he a I1-var let y . We def me ( ) ", to he the var let y of 

aIl fin! te nnncHds tbat dllnde sorre 5chutzenberger prodœt 

() (11
1

, ••• ,11 ) 
n n 

for S01lP n, where ME" for 1 = l, 
1 

... , n. 

From the above diSCUSSion, ~ have that for k ~ 0, V
k

+
1 

= OV
k

. In 

partlcular, VI = J = () 1 and V
2 

= {)J \Ibere 1 denotes the Vëlrlety 

cons 1 st mg of the trIvlal nDllOld alone aM J of aU f 101 te f-tr 1 Il la 1 

ITOTlOlds. 
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1. Decldabil zty and inclusIOn problems 

Pin [P184bl demonstrated that the Straubing hlerarchy 15 a 

partlcular case of a more general construction obtalned in assoclatlng 

var let les of languages not to Integers but to trees ln the follO\'Ilng 

fashl0n. A uaTlety of languages lS assoclated by deflnltlon to the 

tree redœed to a pomt. 1ben to the tree 

t = 

lS assoc:aated the boolean algebra generated by the languages of the 

form L aIL. a 2 .•• a L. with 0 ~ 10 < ••• < Îr ~ n ~re. for 
10 Il r Ir 

o < j ~ r. L. is nerrber of the uariety of languages associated to 
1 . 

J 

the tree t. . Since the SchÜtzenberger proc:luct lS perEectly adapted 
1 . 

J 

to the operation <L0' ..•• Ln) ~ L0alLla2 ... anLn' lt pernuts us to 

constra::t, wi thout reference to languages, hlerarchles of var lehes 

of nDnolds correspond mg , via Eilenberg' s theorem, to the hlerarchles 

of languages prevlously constructed. Startmg wi th a uariety of 

nDnoids N, \le assocaate Wl th each tree t, respectluely Wl th each 
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set of trees T, a varlet y of monolds <>t<W) «>T(W», Descriptions 

of the hlerarchles of monolds are gluen after a fewdef1n1tlons. 

le Will denote by rr the set of trees on the al pha.bet {a, aL 

Fornally, lS the set of \\Crds ln - * {a,a} col'XJrœnt to 1 ln the 

conqrœnce qenerated by the relat Ion aa = 1. Intul tHJely, the \'tOrds 

ln '1 are obtauled as fo11ows: \>2 drawa tree and startmg From the 

root we code a for gOlflg dOVl and a for gOUlg up. For e)(anple, 

'--- / \ 
-"J-

1 5 coded by aaaaaaaaaaaaaa. The nUl1'ber of lea~s of a WJrd t ln 

- * {a 1 a} 1 denoted by / (t) , 1 S by def In1 t Ion the nurrber of occurrences 

of the factor aa ln t. Each t~ t factors UJllquely mto 

- - -
t = at laat2a ••• atna \oIlere n ~ 0 and \'Ilere the t 's are trees. Let 

1 

t he a tree and let t = t
1
at

2
at

3 
he a factorlzatlon of t. ~ say 

that the occurrences of a and a deflned by thlS factorlzatlon are 

re/af:ed If t
2 

lS a tree. let t and t 1 he t\\D trees. We say that 

t lS extracf:ed from t'If t lS obtalned from t' by removlng ln 

t 1 a certa ln ntmber of re la ted occurrences of a and a. We now 

state the algebralc Interpretation of the aboue stated h1erarchy 

constru::tlon U51ng the SchÜtzenœrqer prodtEt. 
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To each tree t and to each sequence "1' .•• , VI (t > of 

17ëlrleties of nonoids, ~ assoclate a uarlPty of llDnoids 

<> t (V1 , ... , VI<t » def lJled recursÎ'JElly by: 

( 1 > ( > 1 (V> =" for euery :1-uar iety V, 

- - -
(2) lE t = at 1aat2a ... atna wlth n ~ 0 and t l' ... , t E '1, n 

4-5 

() t (VI' ... ,III< t » i 5 the var iety of IlDncllds l'I such that l'I divides 

sone () (l'Il"'" l'I ) n n Wlth 111 E 0t (V1""'''l<t », 
1 1 

••• J 

l'In E °t n'l<t
1

)+ .•• +[(t 1)+1"" 'UI<t
1

>+ ... +/(t )>. 
n n- n 

10Ilen VI = ••• = VlCt ) = V, \'e denote slnply () t (II) the 

variety () t ("1'''· ,UI<t»' ltJre qenerally, lE T is a language 

contamed ln '1, \e denote 0T(U) the snallest t..7arlety containing 

the varieties () t (II) Wlth t E T. 

a consequence of the a001JIe def ini tian i s tha t if 

- - -t = at1aat2a ..• atna ~th tIf ••. , t E '1, \le ha1Jle n 

1be Eollowing proposition allows us, by recursion, to describe 

the languages associated ta the varieties <>t("l""'V(t» for each 

tree t. 



1 
AM AE1D 10 A Cœm::nJRE CF PIN 4-6 

PrapositiaD 4.1.1 Pin [PiS4h] 

Let n Ile a positiw integer and "e' ... , "n he 

Pl-varieties. Ioë denote respectiwly by Il. and Il the *-varieties 
J 

of languages corresponding to "J (0 ~ J ~ n) and to 

o (aa)n+U"0" ••• "n)' l'ben lor each alphabet At A*'" 15 the boolean 

algebra generated by the lanquaqes of the form L10 alLtt2" '.rLir 

\Oi1ere 0 ~ i0 oC ••• 0( il' :S n \Oilere for e ~ J ~ l', 

* L. EAU .• 
1 . 1. 

J J 

a.EA and 
J 

The Straubing hierarchy V
k 

can Ile desoribed in tlw followil19 

fa.shion. let Tk be th! HqtBnCe of language. def iœd by Te = H} 

- * and Tk +1 • CaTka). Intuitiu.ly, .. can rapreMnt thR la.nquaps by 

trees intinite in widthl 

Tl ~ 
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~ition 4.1.2 

For k ~ 0, 0T (I>. 
k 

0T (1) = OJ. 
2 

In part lcular , 0T (1) = l, 
o 

l'roof This is an imrediate consequence oE proposition 4.1.1. [] 

l'tlre pree i se 1 y 1 

Proposition 4.1.3 

For k ~ 1, m 1:: l, v. = {) (T -)m+1< IL 
k,m a k-la 

PrcJI' Let U be the *-uariety of languages corresponding te k,m 

Oc T -)ll'tHe!) = O( -)m+1< 0 T el». lE hat.Je to establlsh the 
a k-Ia aa k-l 

4-7 

equality U
k 

= V
k 

• 
,m ,m Proposlhon 4.1.1 and V

k 
= 0T (1) of the 

k 

precechng propoS 1 t Ion show that for each alphabet a, * A U
k 

is the 
lm 

~re 0 1 n ::S m, ar'..1 al' .... , a E A. 1be 
n 

result clearly Eollows.[] 

Let m = (ml"" '"k)' By induction on k. 

as fellows: 

if 
- m +1 

length(m) = 1, then t- = (aa) 1 , 
m 

\e der ine a tree t­m 

for ( ) t- = (at i)mtl. m = m, ml ' ••• ,~, m (ml' ••• , "k ) 

It 1S easy to see that Hl ) 
(ml' ••• J "\. ) 

is 

H(m
l

, •• ",\)+1 = (ml+1) ... (~+1)' 
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lA:!t t be a tree and let V t he the tt-\.far let y of languages 

assocaated Wl th (> t (I>. We hat.Je 

Propositicm 4.1.4 

V't 
(ml""''\.) 

proor 1be prooE 15 by llldu:::t1on on k. If k = l, then 

<> t (1) 

(ml) 
by proposition 4.1.3. 1be result then Eollows from 

theorem 2.2.4. Suppose trtE for k, l.e" lettlng m = (ml" •. ,'\), 

1.-. 
m 

Let us show that V'" = 1.( • 
~ ( ) m, ml' ••• ,m. ) 

From 
m, m~ , • • • ''''le k 

()t (1) 
(m, ml ' •• , , "k ) 

= <>(at_a)m+1<I> = O<aa)m+1< 0 t_(I», 
m m 

using tlY 

1nductlon hypotheS1S and propos1tion 4.1.1, \>.{! can concluie that for 

each alphabet A, A*Vt 1S th! boolean algebra generated 
(m, ml ' ... '''k ) 

by the lanquaqes oC the form L~lLla2' .. anLn mth n:: m and 'mere 

for 0:5 j ~ n, a. E A and L E A* 1.( ) • lbe result Collows 
J J m1,·",,\ 

SUlce each - -class is a boolean contHnation oE sets oE 
( m, ml ' • , • ,'\) 

tœ ferm L0a 1Lt a2,· .anLn' 

-( )-class.[] 
ml' •• ""k 

wi th n:5 m and mere each L 
J 

is a 

1be Eollowing resul t perhaps const i tutes a C irst step to\l8.l'ds the 

general solution of the decldablhty problern. 
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Propositiœ 4.1.5 P~n [Pi84bl 

For each tree t , the t1ë1l' ~ety () t ( 1) 1 S dec idab le. 

USlng proposlt~On$ 4.1. 4 and 4.1.5, Wi? get 

Propositiœ 4.1.6 

For f ured (ml ' • . . '''k) the M-var let y <> t ( I> i s 
(ml' •.• , "k) 

decldable, 50 the *-varlety of languages is decldable. 

Arrong the nany problems concerning these tree hierarchies, i5 

tœ conpal'lSOn beh..een the t..tarieties inslde a hlerarchy. ltJre 

precisely, the problem conslsts in co~af'lng the different varieties 

< ) t (V) (or even < ) T (11) ) • a part la 1 resul t and a conJecture on thi s 

problem \165 glt.Jen ln Pin [Pl84bJ. It \'aS shoW! that for euery variety 

Il, If t IS eKtracted from t' , then <) t (li) S; <} t' (V), am i t,es 

conJectured that lf t, t ' ET', 0t<I) is contained ln 0t,(1) If 

and only if t is extracted from t'. HEre, T' denotes the set of 

trees in \'luch each node lS oE arlty different from 1. 

11B:Jre. 4. 1.7 

lbe above conJectœ-e 1S Ealse. 

To see this, '0,2) ç Z(2,1) by lenua. 4.2.7 of the DeKt 

sectlon. Menee 0 t (1) ç 0 t (J) by proposition •• 1.4. But 
<1,2) (2,1> 
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it i5 easy to wrify that tœ tree t (1,2) i5 mt extracted fram the 

tree t (2,1)' 1be nain step or tœ praof of theorem 4.1. '7 15 Qiwn in 

the next sect ion. 



, 

( 

.AN ANS\ER 10 Q CONJEX:nJRE OF PIN 4-11 

2. The conjecture is taIse 

This section 15 dewted to tbt proof of theorem 4.1.7 oE the 

preceding section. lbs proof goes throU}h seven lenna5, le11llBs 4.2.1, 

4.2.2, 4.2.3, 4.2.4, 4.2.5, 4.2.6 and 4.2.7. 

'-Ilen i s N ( 2 • m' 2 > ç ..... (1 , "'2 ) ? or course. if m' 2 !:: '"2' i t i s 

trœ. le will he considering the case \lIEn m' 2 oC~, or, 

m' +1 ~ ~. AssUlllt u N(2,1> v and lui , l'II > 0. Let 2 a a 

u = u0aul .•• aun , v = v0av1 ···avm ~re n il: lui., m= l'II . Ir 
il 

U v for i 1, j = 1, then QaPi' Qaqj = ... , n, ... , m, 

u. = uCp.,P.+l', 
1 l 1 i = 1, ••• , n-l, v j = v(Qj,Qj+l>' 

j = l, ... , m-!. u0 = u[l,PI ), '10 = v[I,q1)' un = uCpn , lull, 

1.- 4.2.1 

(1) 

u - v n-l 1 m-1' u '" v , n 1 m 

(2) ~au3 ••• aun_2 NI v2av3 ••• avmr2 • 

PraoE (1) Player l, in the first nDUe chooses 2 consecutiw a's 

anDQ} the E irst or the last 2 ones (oE u or v) • Since 

u ..... (2. 1) v. P layer II chJoses 2 consecut i \le a' s, the sa ... 

occurrences aRDDJ the f irst or the last 2 OIleS (of v or u) • 'The 
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resul t 1'0110ws from lemra J. 1. 1. 

(2) Let w he a subtoDrCl of lergth 1 1 of (or 

Hence W i s a submrd of (Dr of 

u (or of v) (-(2,1) ç -(N(2,1» by propositIon 3.2.2(1».[] 

~ 4.2.2 

(1) 

(2) 

ul au2···aun N(2) v l a"2··· avm ' 

u2au3···aun -(2) v 2av3···avm ' 

u0au1,· .aun_3 -(2) v0avi e •• avm-3 • 

Proof (1) Let 1:S i 1 3. Let w be a sub"-Ol'd 01' lerv;rth:S 2 in 

u.au +l •• ,au. Consider w' = aiw of length:S i+2:s H(2,1). 
lIn 

u -(H(2,1» v <proposition 3.2.2(1) and the fact that ~ IS a 

submrd of u 01' length:s N( 2,1) irrply that w' i s d sa a sub\«lrd 

of v, and hence w a submrd in 

submnis of v.av.+
1

, •• av. For (2), 
1 1 m 

(1) 

v • m 

v. av. +1' •• av • 
~ 1 m Similarly, for 

i 
\e cansider \'lB • [] 

Proof (1) Let 
W = w1•• 'Wlwl 

p' e u be stilb tbat 

be a sub.,rd of length:s 2 

Let p, u 
and Q p , 

"'1 
Qu , 

p • 
wlwl 
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Cons1der the followmq play oE the gallE C(2, 1) (u,v). In the first 

11D1JI2, player 1 chooses P and Pl' USllll1 lelll11il 3,1.1, there is 

q Ev, v q -: Ql' Qw Q and u(P,Pl ) ..... 1 v(Q,Ql). SUlC8 wlwl is a 
1 

subWJrd of length ~ 1 in u(P,Pl) and u(p,P
1

) "" v<q,ql) , WI,.,I 1 

a sub\\Dl'd of lengtb ~ 1 in v(q,ql)' Hl!nce w Is al50 a subword 

v
0

, Similarly, for subWJrds of For (2), let 

a subWJrd of length ~ 2 

P -< p' ~ p and n 

in u. Let p, p' E u be su:::h that n 

Qu , 
P • w1 

In the r irst ntI'IJe, player 1 

chooses Pn and P, 1be re5ult follows 5imilarly as (1), [] 

~ 4.2.4 

{l> 

(2) un_1aun '" (2) vm-lavm ' 

is 

in 

be 

Praoi' (1) We will show tbat u
0

au
1 

"'(2) v
0
av1 • n. proof 15 similar 

for (2). be a sufn..ord of lelXJth ~ 2 

(sinular if starting Wlth v
0
av

1
). We want to smw that w is a 

subWJrd of v0av1 • If w 1S a subword of u0 ' w 15 al50 a subWJrd of 

"0 by lemme 4,2.3(1), If rot, let j. 1 :S J ~ Iwl, be the f:1rst 

index 5uch that W1'''Wj 
15 net a sufnc)rd oE ~ bat w

1
·, ,w

j
_

1 
1s a 

subllDrd of u
0

' lë haue that w
1

" ,w
j
_

1 
is a subWJrd of v0 by len11B 

4.2.3(1) but \'2 do rot have that w1",w
j 

1s a subword of v
e 

Uf U! 

had, w
1 
.•• w

j 
\'Duld œ in u

0 
for the sam reason). 

W
1 

••• w
j 

4.2.1<1> 

i 5 a sub.,rd of 

and 1 ~ j :S Iwl , w i 5 a sul:n«1rd of 

If w. = a, 
J 

If w. ~ a, 
.J 
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u 
let P he the r irst posi han in u aEter Pl sœh that Q p. Mow, w. 

J 

since u
l 

~ 1 vI by lerma t. 2.1 (1), wj occurs bet\\VEJl qi and q2· 

v 
lAt q be the rirst posi tian in v aEter ql sœh that Qw.q . If 

J 

Iwj .•. Wlwl l 1 1, the prao! 1S ccmplete. If not. 1.e •• 

Iw
j 
.•. Wlwl l > 1 then j = l, Iwl = 2. Consider the Eollowinq play of 

the qane C(2,U(u,v). Pla~ 1 in the first IIDW, chooses potiltions 

P and P2 ln u. Player II should choose q in v. If net, II 

~uld choose a position q' in v !itEh that q' > q because he neecis 

at l&ast 1 a before q', and q is the first position ln v after 

v sœh that Q q. But then, player l, in the second nDUie could w
1 

choose an occurrence of w
1 

Erom vU,q') (IlOt pcJ9sible Eor II ln 

u[1,p) from the cfxuce of j and the fact that w
J 
~ aL Player II 

cannet choose a pas i t ion q" s~h tœt 

needs at leao;t 1 a before q. Siœe there is m a bet\een p and 

P2' there smuid net be anv between q and q". Henee p1ayer II 

smuId choose q and q2" Hence U(P,P2) NI V(Q,Q2) and (1) 

Collows. [] 

~ t.2.5 

Let p' 1 ' • " "' P' s ln ~t ( P' 1 .( ••• .( p' 5 ) (q' 1 ' ••• , q' , 
11 

ln v (q'1 -< ••• .( q's'» he the poSltions \tbich spell the first and 

the last occtD"rences of etJery letter ln u (v). 1ben 

(1) 5"S', 

(2) 1 :S i ~ s, 
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(3) u[1,p' i) oN (2) vU,q' i) and u(p' i' lull ... (2) v(q' i' Ivl) for 

1 S i :S s, 

(4) uCp' i ,P' Hl) N' 1 v(q' i ,q' 1+1) for 1:S 1 :S 5-1, 

(S) for 1 ~ i S 5-1 ard for e~ry p' E u(p' i ,P' i+l)' tœre exist. 

q' € v(q' i ,q' 1+1) 5tEh that 

<1') Q~' lf and only if Q;q" b € a, 

(2') u(P'i'P') -1 v<q'i,q')· 

also, there exists q' E u(q' i ,q' i+l) C\4lich nay he different fram 

the one \llllCh sat i sf ies ( l' ) , (2' ) ) st.E:h that (1' ) , 

(2") u(p' ,p' i+l) "'1 v(q' ,q' i+l)· 

Slnularly, fo'!' e1JlE!ry q' € v(q' i ,q' i+l)' tt.r. exists 

P' E U(P'l'P' i+l) 5t.E:h that (1'), (2') hold <also <1'), (2") 

hold) am 

(6) for 1:S i :S 5-1 and for e1Jery P" l' P' '2 € u(p' i ,P' i+l) 

(p"! -< P"2>' tœre exist q"l' Q"2 E vCq'l,q'i+l' (q"l -< q"2) 

5Œh that 

(1"') ~p" j If and only if ~q" j' b E a lor 1 ~ j S 2, 

(2''') u(P"I,P"2)"'1 v(q"l,Q"2)· 

Slmilarly, 

tœre exist 

for eœry 

P I' l' 

q 'l 
l' 

U"') and (2"') hold. 

Proof Cl) holds since u -(2,1> v, 

= Ivlb -< H(2,1) = 5 or lulb' 

(q" -< q" ) 
1 2 ' 

(p" -< p" ) 
1 2 

5uch that 

by chapter three, inpl1es 

l"lb t H(2,1) for every b E a. 

(2) holds smce ... C2, 1) ~ '" (1,1) and., nay consider the plays 

of the gane ÇU, 1) (u, v) \'ilere player 1 in tlw first IIDW!! chooses P' i 
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for S01œ 1, 1:5 l :5 s. 

(3) follows From the arguments ln the proofs of lemnas 4.2.2 and 

4.2.3 Slnce p'. (q') lS eltner the flrst or the last occurrence of 
l 1 

a letter ln u (v) (ln lemras 4.2.2 and 4.2.3 we \'eN? consldermg Pl 

(q 1) \'.tllch are the f lrst occurrences of the letter a ln U (u) am 

Pn (~) \'iuch are the last occurrences of that letter ln U (v». 

(4), (S) and (6) follow by conslderlng dlfferent plays of the 

gane ~(2,1)(u,t}). Flrst, From the chcuee of the p' , s and the 
r 

q' 's and leJTllB 3.1.1, l.E p'. (q') IS ammg the posltlons chosen 
r 1 1 

ln u (v) by player 1 ln the E lrst 11Dve, then q' (p' ) 
1 

should he 
1 

anDng the ones chosen ln v (u) by player II in the f lrst nD1JIe. 

Second, lE the pas l tlons chosen by player 1 ln the hrst nove are ln 

u(p' p' ) 
l' 1+1 (v(q' l,q' 1+1»' 

ln the f lrst IT01JIe should he ln 

then the poSl t 10ns chosen by player II 

t}(q' q' ) 
l' 1+1 

(U(p' ,p'. 1» 
1 1+ 

for the 

sallE reasons. For (4), conslder the play of the ga1'l2 ~(2, 1) (u,,-,) 

\'ilere player l, 

(5), 1 chooses 

ln the f lrst llDue, 

p' 
1 

am p' , or 

chooses p" and 1 

~ 4.2.6 

chooses p' 
1 

p' arx:I P ' . 
1+1' 

and P ' • 1+1' 

for (6), 

for 

he 

Let P' l' ... , p' 
5 

ln u (q' l' ... , q' 
5 

ln v (q' 1 ~ •.• ~ q's» he the posltl0ns WhlCh spell the flrst and 

last occurrences of e\llE!ry letter ln u (v) sa (sahsfYlng) (2), 

(3), (4), (5) and (6) of lemma 4.2.5. For 1 flKed bet~n 1 and 

5-1, let P " l' 
... , p' , 

5 
1 

ln u(p' 1,P'l+1) (p " < -< p" ) 1 • . • 5 
1 
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(q' , 
l' 

... , q" 
5' . 

1 

in v(Q'i,Q'i+l) (q' '1 -< ••• -< q" • » be tlw s . 
~ 

poSltions \'llich spell the Eirst and the last occurrences of ewry 

(1'''') s. = s'., 
1 .1 

(2"") Q~p" j iE and only if Q:q" j' b E a for 1 ~ j ~ Si and 

(3'''' ) u[1,p" / .... (2) vU,q" / and u(p" j,ju Il ""'(2) vCq" j' Iv ,] 

for 1 ~ j ~ s .. 
1 

Proof By (4) oE letmB 4.2.5 1re haue u(p' . ,p' +1) "'1 v(q'. ,q'. 1). 
1 1 .1 1+ 

How, if in 0,. oE tœse segnents, ei ther u(p' i ,P' Hl) or 

v(q' i ,q' Hl)' tœre is only on. occurrence oE S01II! letter and in the 

otlEr seqnent there &re t\\C or mre occurrences oE that saue lettltr, 

then player 1 in the f irst nDVV could choose t\'ID al' these occurrences 

(net possible Eor II in the remaininq segnmt contradictinq (6) of thll 

preceding leTllllil). Bence (1"") holds. 

For (2'" '), consider any tw:J letters, b ~ 0, ln 

u(p' l'P' i+l) (.;uw:I hence ln vCq' i,q' i+1) by letma 4.2.5(4» and 

conslder their E irst and last occurrerx::es ln u(p'. ,P' 1) 
1 1+ 

v(q' q' ) (by (1""), the ntDTbers oE these occurrences a~). i' i+l 7'--

We claim that \lE M'Je the S&ne pattern: thel'E' are six po!lSibilities, 

n&ilWly, pattern 1: bbcc, or, pattern 2: bcbc, or, pattern 31 

bccb, or, pattern 4: cbbc i or, pAttern 5: chab, or, pattern 6: 

ccbb. Expressed diHerently, the s1Jb\.Drds Eor1Œ!d by tlwse ooctJrT4IIlCeS 

are the san <similar prooE if only one occtrrence oE a let ter instud 

DE a Eirst and a last: the patterns WJUld bR shorter ~s). Lst us 

separate diEEerent patterns by considering plays oE the ga ... 
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(;(2,1) (u,v). W! will illustrAte the plays by d1agrams. 1be f1rst n'DW 

oE 1 wi 11 Ile irll:floated by CD and the first nDtJe of Il by [!J. In 

each diagram, the segmmt bet\'l!en the posi t 10ns chosen by 1 ln IIDW 1 

---1 the seqnent bet\'een the pos 1 t lons chosen by II ln nDve 1, ln 

contradiction Wlth lemra 4.2.5 (5) or (6), We show how to separate 

patterns 1-2-3 from patterns 4-5-6, pattern 1 from patterns 2 and 3, 

pattern 2 from pattern 3. The separation of tbt patterns 4, 5 and 6 1S 

similar to the separation of 1, 2 and 3. 

To separate patterns 1-2-3 tram patterns 4-5-6, 

p' . 
1 

pattern 1, 2 or 3 

P'i+l 

q'i q'i+l 

q'. 
1 

pattern t, 5 or 6 

q'i+l 

or 1---1 ct- •• , -1 b t--- ••• ----II b t- ••• -1 or 11------1 

p' . 
1 p' i+1 

1be above d1agram is in contradiction witt, le1lll8 4.2.5(5) CIl bas to 

choose the f irs t nccurreme of b but then i s an occurrence of c 

het\ll!en the positions that ha chooses lfIlich is not tlw cas. for IL 
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To separate patterns 1 anS 3: 

p' . 
1. 

.-19 

p' i+l 

-----~I Dr I--j b t-1 b "------11 0 H C t-I ---II or 1-1 -------l 

q' . 
1. 

fDr 

p' . 
J. 

q' . 
1. 

I-'i bl 1 cHe 1 

Ta separate pattern5 2 and 3: 

p' . 
1. 

q' i+l 

q' i+1 

lb 1 1 or 1 

p' i+1 

0 QJ 

P'i+! 

I-------il Dr ~ b H C 1-1 ---~I b I----j C H or 1-1 ------1 

P' . 
1 

q' . 
1. q' i+l 

o Q) 

P'i+l 
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To separate patterns 1 and 2: 

p' . 
1 P' i+l 

or t----l b H b 11-----1 c 1-1 c t-i or 

q' . 
1 

q' . 
1 

q' i+l 

4-20 

q' i+l 

--------11 or t---\ b H 0 t----i b \---11 C \1----11 or 11-----; 

p' . 
1. P'i+l 

Bere, player II ca.nrmt chaos. ho b's saparattld by a c (in 

contradiction with 4.2.5(6». 

The diagrams abc:M! show that any tu;) letter5 obey the saDI! 

pattern. Q;'~" 1 if and only iE nU" 15 clear. 
"'bq 1 

New, by irdm:t ion 

u 
on j, assurœ Q~" k if and only if ~q' 'k for 1 ~ k ~ j. 

5 nU " uppose, say "'aP j+l and Q" •• 
cq 

j+l 
with b ~ c. But b and c 

haue the sarre pattern in u(p' . ,p' , .] 
1 J 

and in v(q'. ,q" .1 
1 J 

induction hypothesis and the resul t rollows. 

W! now prow <3""). let 1 ~ j :S 5.. We will show that 
1 

u[l,p" j) ..... (2) v[1,q" J) <the praof 15 5imilar Eor 

u(p' , j ,Iull ""'(2) v(q" j' Iv 1])· Lst W = w1 .. ,wlwl be a subWJrd or 

length :s 2 in u[ l , p' , .) 
J 

(slInilar H in v[l,q" .». WIt wnt to shaw 
J 

that W 15 a sulM:lrd of v[l,q".). If Iwl. l, ttwn thlre h an 
J 

occurr 2I'D! oE "1 in u[ 1,p' ] 
1 

(and hltnce in v[ 1,q' .]) from tlw 
1 
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choice of the p' '5 and the q' '5 and le11llB 4.2.5<1,2) and the praof i5 r r 

conplete. Iwl = 2, and w i 5 ln u[ l ,p' . ) , 
l 

then w is in 

u[1,q' 1) by lemœ 4.2.5(3)' If there is an occurrence of w1 in 

u 
u[1,p' .) (and œnce in u(1 ,q' .) by lemœ 4.2.5(3» and Q p'. 

1 1 ~ 1 

(and hence QV , 
W, q 1 

2 
by lellllB 4.2.5 ( 2» the proof i 5 conp le te • 

otherwi se , there i5 an occurrence of w
1 

in u[1,p'.] 
1 

(iUld hence in 

v[I,q'.]) from the choice of the p' 's and q' '5 OI;d lemra 
1 r r 

4.2.5(1,2) and aiso an occurrence of w
2 

choice of the P " 's r ' 
there exist5 k, 

in u(p' .,p" .). 
1 J 

k ..; j, stEh that 

Hence, Erom the choice oE the q" '5 and (1" " , 2'" , ), 
r 

~ 4.2.7 

(2,1) !; .... 0,2)· 

From the 

Proof Suppose u N (2,1> u. 1ben there is a winning strategy Eor 

player II in the gane G(2,1) (u,u) to Wln each plAy. Let us descrihe 

a wimting strateqy for player II in the gane Ç(1,2) (u,u) to win each 

play. Let p be a position in u chosen by player l in the first 

1IDue. Suppose QUp for sone 
a 

a e a. 

Case 1: lui = lui < 5 = HU,2) = H(2,1>. a a 

If p is the i th oocurreœe of a in u chDsen by player 1 in 

the Eirst mue, then player II choo5es the saœ occurrence DE a in 

v, say posltion q. 1be Eact that u[1,p)"" (2) v[l,q) and 

u(p, lull N(2) v(q, Jujl fo11o\'1115 from lelllllls 4.2.2, •• 2.3 and 4.2.4. 

case 2: lui = l'II = 5. a a 
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Sane as case 1. 

Case 3: lui = 5, Ivl > 5, a a 

lofe lnclcde this case because the strategy here for player II 15 

uery easy but the argtJIII!nts in case 4 are encnçh to prow the IE"1II1B. 

If P 
th 

i 5 the 1 occurrerK::e of a in u (1 ~ i :S 2) chosen by 

player 1 ln the f 1rst ITDW, then player II chooses the sarœ occurrence 

of a in v, say position q, If P 15 tlw 6-i th occurrence of a 

in u <1 ~ i :S 2), player Il chooses the th 
m-l+1 occurrence oC a 

in v. The fact that u[1,p> ..... (2) v[1,q) and u(p, lull - (2) v(q, Ivll 

Collows From le1lllBs 4.2.2, 4.2,3 and 4,2.4, If then player 

II chooses pos i hon q , an a, anolM} the midd le cnes in v, i • e, , 

allDng q3' .,., ~2' LeIlllB 4.2.2 1nphes that 

u3au4a~ ~ (2) "3a"4" ,a"m and u0au1au2 .... (2) "0a"1" . a"m-3 , ClJserve 

that if \'.e show u0au1au 2 ""(2) v0av1a"2 and u3au4a~ "'(2) "m-2avm-lavm 

the proof 1S conplete since \'2 will have ueau
1
au

2
"" (2) v[ l ,q) and 

u3au4a~ N (2) v(q, Iv Il for any position q allDl'Wl q3' , • " tt.n-2' 

If player 1 had chosen p am:mg the nuddle pou tions ln v, then 

player II muId choo~ in u. 50 let us show tbat 

u0au1au2 -(2) "eavla"2' lb! proof oC u3au4a~ .... (2) vm-2aum-lavm is 

similar • 

First, let w be a sutmJrd of lel'Wlth 1 2 in v0au1av2 , 1ben 

w is a sub""rd oE length 1 2 in "0avl'" àUnl_3 , But since 

u0au1au2 N (2) "0avl" .a"nrJ' w is a sub~rd of ue8ul 8u2 " 

New, let w = w1 " ,wlwl he a submrd oE length ~ 2 in 

I.e ~t to show that w is a sub~ of If w 
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is a s1Jln«Jrd of u0au1 ' 
w i5 a s~ of v

0
av

1 
by lellllB 4.2.4 (1). 

If net, let j be the first index 5uch that w
1 
••• w

j 
IS net a 

subWJrd of u
0
au

1 
but w1•• .Wj _ 1 

1 S a submrd of u0 au1• 1ë have to 

con51der the case Ü1ere j = 1 am tœ case \'hIre j = 2. In each 

case, u0auJau2 -(2) v0av1av2 will follow by considerllllj different 

plays of the gane C(2, 1) (u,~). të will l11ustrate the plays by 

diagrams. The fir5t nn~~ of 1 will he indlcated by @ and the flrst 

1TDve of II by ŒJ . 
j = 1: Ië haue that w1 is IlOt a. sufn..ord of v0av

1
• "'1;' a SUK::e 

otherwise w1 \'Duld be in u
0
au

1 
contradlctllç the cholC:e of J. 50 

let p' !:Je tœ f'irst position in u af'ter P2 

Now, 16 net in 

W1 occurs beheen q2 and ~2. let q' be ttw f irst pas i t ion in 

v after q2 su::h tbat QV q'. w
1 

q' in II 

because tben \>Ii! Wluld have wl~aa in v but IlOt in u. Bence q' 

15 bet~ q3 and "m-2. Consider the follcw1in1} play of the gane 

C(2, 1> (u,v) <illustrated in the diagram below). Player 1 in the first 

nD\Je chooses q2 and q'. P layer II shouid ChooSfi an occurrence of a 

before the f 1r5t occurrence of ln u (Which is in u
2

) because 

in and since he needs at least 

1 a before tœ occurrence of a tbat he choose:i, he bas to choose 

P2. II also œeds at least 1 a bet\eeJl and aCter the positions that 

he chcose5. Player Il c.annot win thlS play of the gane, a 

contradiction on the hct that u ..... (2,1) v (II cannet win since there 

1S no occurrence of w1 bet\Eell the positions chosen by player 1 ifl 
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the f irst IID~ but there i 5 an occurrence of w
l 

beheen the posi t ions 

chosen by pla~r II ln the Hrst nove). HeJlC@ j = 1 is eliminated. 

(renark: j = 1 IS eliminated can aIse be $@en by consldering tœ play 

and There i 5 no occt.D"rence of bet\een ql 

a ... a a a v 
"0 a t) 1 a v

2 vm-2 vm-l 
1 1 1 1 1 1 - 1 1 1 1 1 1 m, 

w
1 

CD CD 
u

0 
a u

l 
a u

2 
a u

3 
a u

4 
a ~I l- l 1 1 1 - 1 1 -1 1 t 1 w

l 
w

l 

[!] [TI 
or 

u
0 

a u
l 

a u
2 

a u
3 

a u
4 

a ~ 
1 1 1 1 - 1 1 - f f 1 w1 

w1 

ŒJ (] 

j = 2: ~ haw tllil t w1 
is a sufn«Jrd of v0av1 , but \<fi! do net ha\Jl! 

that w
1

W
2 

15 a sub"-tJrd of "'0avl' Ir w2 = a, w
1
w

2 
lS a sub"-Or'd of 

v
0
av

1
a and hence of' veav1a"2' So, assmœ w2 1- a and let p' œ 

the Cirst position in U aCter P2 stJ::h that QU , New, SiDCe P . w
2 

'\)aul au2 - (2) veav1 •• •avm-3' w2 cx::curs bet\>am q2 and ~2' Lat 

q' he the f'lrst position in v arter q2 such that QV , q • w2 
Suppose 

q' i 5 net betwen q2 and q3 in v. If tlw Cirst occurrence of w
1 
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in v is in vI <and hence ln U
1 

by letmB 4.2.Hl», consider the 

Eollo~ng play oE the game ~(2,1)(u,v) (111ustrated in the diagram 

below>. Player 1 in the E irstt nD~ cbJoses the EIrst occurrence of w
1 

ln v and Playvr II cannet WIn this play of the gawe, a 

contradiction on the fact that U ..... (2,1> v (II cannet win Slnce there 

is no w
2 

bet"-1!en the paS! tians chosen by player 1 ln the Eirst 1IDW 

but there i s an occurrence of w
2 

bet~n thR pas i t ions chosen by 

player II in the r irst ITDVIi). 

V
0 

a v
1 a v2 a va a v

4 
a Vs a v6 

1 1 - 1 1 1 1 1 1 1 1 1 1 w
1 

CD CD 

1 

~ a u1 
a ~ a il u

4 
a ~ 

1 1 , 1 1 , 1 1 1 1 - -w1 W2 

0 Q] 
or 

ITJ ŒJ 

Ir th!! f irst occurrence of w
1 

in v i5 in V
0
8, player 1 in the 

Eirst DDW cbooses q1 and q3 in v. Player II cannet win this play 

oE the gan, for the sarre reason as abow. Bence q' shouid he 

œt\eell q2 and q3· 

CaSfo' 4: lui .. > 5, Ivla > 5. 

Let P' l' ... , P' 5 in u <p' 1 < ••• -< P' s) (q' l' ... , q' 
5 

in v (q' 1 0( ••• -< q' s» be the positions ~icb spell the flrst and 

the last oocurrences of ewry letter in u (v) satisfying (2,3,4,5,6) 

t 
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of lemœ 4.2.5. New if P i5 any middle position in u (allDnq 

.... P ) chosen by plau.r 1 ln the first 11D\Ie, n-2 T-
then 

P E u(p' i'P' i+1) for sone i, 1 ~ i ~ s-1. 1ben player II c.hooses a 

middl. position q ln v (ammg q3' ••• , ~2) as follows. Let 

p" l' ... , p' , 
S 

(q" 
l' 

... , q" 

1 

s. 
1 

in u(p' i ,p' 1+1) (p" 1 -< < p" ) 
5. 

1 

in v(q'.,q'. 1) (q"l ~ ••• -< q" » he tlw 
1 1+ Si 

posi tians Ylich spell the f irst and the last occurrences oE eQVry 

lellllB 4.2.6. Flrst, if p = p". for some j, 
J 

1 ~ j :1 si' thlm let 

q = q" j' u[l,p) .... (2) v[1,q) and u(p, full .... (2) u(q,lvll follow from 

lenna 4.2.6 ( 3' , , , ) . Second, If p E u(p" pIt ) 
j' J+l 

far seme j, 

1 :! j ~ Si-l, then q mIl b& cmsen according to the follOWlnq 

rules, rules 1 to 4, \'ilich descrlœ dlfEerent plays of the gallE 

Rules 1 to 4 depend on p" -
J 

and p" J+l 
blillnq f irst or 

last occurrences of lettero; in u(p' l ,p' 1+1) (renark: it can hapPIID 

that, Cor e~nple, p" J is bath a first and a last occurrem::e of a 

letter; ln s~ a Cilse, q will be chosen according to any of the 

rules that applyL ~ W1ll illustrate the plaYi by dlagrams. 1be 

flrst m::Mi! of 1 will be indicated as before by Q) and the f lrst IIDW 

of II by OJ. 
Rule 1: 

P ' , 
j+l 

Rule 1 lS an appliCiltion oE lemra 4.2.5(5). Il 

are f irst occurrences oE letters ln u(p' i ,p' 1+1)' 

p". and 
J 

then 

CODSlder the play oE the gane g(2, 1) (u,v) ~, in ~ l, player 

1 ch005es p' _ and p. Player II should choc", q' _ and a position 
L 1 

q • (' 1 ) ln v q l,q i+1 such that and u(p' i ,p) N' 1 V(q' i ,q). Since 
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p' • 
J and p" j+l (and hence q" . 

J 
and q". ) 

J+l 

4-27 

are first 

occurrences of letters ln u(p' l'P' i+l) (v(q' i,q' 1"1»' q nust be in 

v(q" q" ) (otherW15e there \\Ould he contradiction with 
J' J+l 

f'bre pree 1 se 1 y, q is net ln v(q'. ,q" .) am 
1 J 

q ~ q". Slnce otherwise tœre \..ould he an occurrence of the letter of 
J 

p' , 
J 

ln u(p' l ,pl but net ln v(q'. ,q); 
1 

q is net in t}(q' , j+l ,q' i+l) 

since othe2"Wl5e there \'Duld he an occurrence of the let ter of q" j+l 

ln t}(q'. ,q) but not .ln u(p'. ,pli q ~ q" . sil'lCe otherwise 
1 1 J+l 

Q:ql 1 J+! and hence Q:p' 1 J+l contradictmg the tact that p' 1 J+! is 

the tlrst occurrence of a letter ln u(p'i,p' i+l) (Q~P and 

P -< p" ) J+l . 

first first 

--------1 p'. t--1 p". H P 1-1 ----j 
1 J P ' , P' j+ 1 ri i +1 1-1 -------.-1 

1-----<1 q'. f-I------I q" . 1--1 ---..., 
1 J q f-jq" j+ll-l---1 q' i+l II------l 

Rule 2: 

P " J+l 

Rule 2 is an application of lenna 4.2.5(5). If 

are last occurrences of letters in u(p' l ,P' i+l)' 

p' 1 • 
J 

then player 

l, in the first 11D\Il! chooses P and p' i+ l' P layer II gllOuld chaase 

q' i+l am a poSl tien q . (1 , ) h that ln v q l' q i + 1 9U= 

uCp,p ' 1+1) ""1 v(q,q' i+l)' Similarly as ln rul. 1, q RIlst Ile in 

v(q" .,q" '+1)' 
J J 
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last last 

1-------1/ p' i 1-1 p" j f----i P I-I--j p" j+l I-i p' iH 1-1 -----~ 

I-------~I q' 1-1 ----II q" . 
1 J 1-----11 q I-\q" j+l 1-1-----11 q' i+l H 

Rules 3 and 4 are applications of 1 e1111B 4, 2,5 ( 6 ) • 

Rule 3: If p" j lS the last occurrence of a letter in u(p' 1,P'i+l) 

P ' , 
j+l 

is the hrst occurrence of a letter ln u<p' 1 ,p' i+l)' 

then player l, in tl1e f lrst noue chooses P" j and p" J+l • Hence 

thef'e exist q' and q" ln v(q' q' ) 
l' 1+1 

(q' -( q") su::h that 

1f and only If Q~P" j lf and only If if and 

only 1f Qu " 
bP j+l fand 1 t QU" 

1 on y 1 bq J+l' b e Il 

u(p" p". ) ~ v(q',q"), q' ~ q" . (SlDCe q" . lS the last 
J' J+! 1 J J 

occurrence of the letter of q' and q" . ln u(q' i ,q' 1+1» am 
J 

q" j+1 ~ q' , (since q" j+l is the first occurrence of the letter 

q' , and q ' , 
J+l 

would contradict 

q'--<q". or q". -<q" 
J J+l 

u(p". p" ) -1 v(q',q"). 
J' J+l 

l'bre pree 1 se 1 y, 

of 

q' --< q". (q". -( q") ~uld lnply an occurrence of tlw letter of 
J J+l 

q". (q". ) in v(q' ,q") but tl1ere 1S no sœh occurrence ln 
J J+1 

u<p" J'p" j+l)' 

u<p" p". ) '" J' J+l 1 
v su::h that Q q, 
a 

Henc:e q' = q" . 
J 

v(q' , j' q' , j+ 1) , 

and q " _ q,t 
- J+!' Slnce 

there eKlsts q ln u(q" j,q' , j+l) 
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la st flrst 

P' pt, pp" p' ~t----II i t---1 j 1-1 ---il 1-1 ---II j+1 r-I -----\1 i + 1 1-1 ----i 

q ' q" I-------il i 1-1 ---il j -----1lq 1-1 ----i q " , 
J+l t-i q i+l l---i 

Rule 41 Ir p" j is the f irst occurrence of a letter in u(p' i ,P' i+l) 

and p' , 
J+l 

is the last occurrence of a leUer in u(p' i ,p' 1+1) 1 then 

player l, in the f irst roue chooses p" . and p' , 
j+l· Hence there 

J 

eXlst q' and q' , stDh that q' , . 
J 

::; q' < q" -< q" 
- J+l 

and 

sahsfym;, QV , 
bq if am only if q.U " 

bP j 
lf and only if QV " 

b
q j' 

Q" " 
b

q If and only if QU " 
bP j+l 

if and only If q." " b
q 

j+l' 
b E a 

U<P" j,P"J+l) -1 v<q',q"). 

there eHlSts q ln v(q' ,q' , ) 

SUlCe U(p" p' '. ) N v(q' q") 
J' J+l l ' , 

v such that Q q. a 

first last 

and 

t---i p' i 1-1 p" . 
J 1 P 1 P' , 

1 j+11 --1 P' i+1 r---1 

@ @ 

Hq'· 1 1 Iq" J 1-1 q' f--i q r--Jq" q". H J+l ,q' i+l 1 

Œl ŒJ 
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In rules 1 to 4, the facts that u[l,p) ~(2) v[l,q) and 

u(p, lull ~(2) v(q,lvll will follow similarly as le11llB 4.2.6(3"">. 

I.e show u(p, lull ..... (2) v(q, Ivll for rule 4. let W = WC"\"lwl be a 

sub\«lrd of length ~ 2 ln v(q, \v\l (51nular If ln u(p,lull)' \ë 

'\J8llt to show tMt w is a sub\\Drd of u(p,lull. Ir Iwl = 1, then 

there 15 an occurrence of w
1 

ln v[ q' i + 1 ,Iv Il (and hence in 

u[p' i+l,lull) from the che ice of the p' , 5 and the q' '5 and lemra r r 

4.2.5<1,2) and the proof 15 conplete. lE Iwl = 2, and W 15 in 

v(q' i+l' /vll, then w lS in u(p' i+1,lull by le'IIItB 4.2.5(3). H 

there 15 an occurrence of in v(q'l+l,lvll (and hence ln 

u(p' i+l' lull by lemma 4.2.5(3» and Qt' , 
W q 1+1 

1 
(and hence Q~ p' i+l 

1 

by lemme 4.2" 5 (2) ) the proof i S conplete. otherwi se, there i 9 an 

occurrence of in v[q' i + l' Iv 1] (and hence in u[p' 1+1' lull) from 

the Cholce of the p' '5 and the q' '5 and lemra 4.2.5<1,2) and there r r 

15 aiso an occurrence of w
1 in v(q,q'. 1)' From the ohoice of the 1+ 

q " '5 
r ' 

there exi5ts k, k !: j+1, su.::h that QV q' 'k" 
W

1 

the choice of the p" 's and lemme 4.2.6(1"",2"">, 
r 

result follo~.[l 

Renee, from 
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Capter 5 

1be problem of flIl'hng r'luatl0ns satlsfled ln the l'I-varletle!i 

'1
k

, problem related to the decidablllty of the '1
k

's, IS the subJect 

of thlS chapter. Stmymg propert les of the recogmzers * a 1-- sheds 
m 

sone llght on tœ syntactlc nDntHds of the star-free languages. 1be 

meterial of thlS cbapter appears in [BIBSaJ. 

Let u, * v E a a mDnold M satlsfles the equatl0n u = v If 

* and only If tfP = tH for aIl morphisms If : a ... 11. One can show tha t 

the class of nDllOlCls ri satlsfyulg the equatlon u = v \5 an 

M-variety, denoted by II(u,u). Let (u ,1.1 ) >0 a sequence of palrs n n n 

of \\Urds of * a. Conslder the follomllg l'I-varletles: 

Il' = n 0 Ile u , v) and 11" = U 0 Cl II( u ,v ). We say that V' n> n n Ill>' n~m n n 

(II' ' ) 15 der med (ul t lmately der zned) by the equatlons u = 1.1 n n 

(n > 0): thls corresponds ta tœ fact that a ITOllOld 1'1 IS ln Il' 

(U' ' ) if and only If 11 sat Isfles the equatlons u = 1.1 for aU n n 

n > 0 (for aU n sufflclently large). 1be equatlOnal approach to 

varletles 15 dlSCUssed ln Eilenberg [E176J. Eilenberg sho~ that 

ewry M-',arlety 15 ult1nntely deflD!d by a sequence of equatlons. For 

exanple, the J1-variety '1 of aperuJdic nDnolds IS ultl11Btely deflned 
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1 
by the equations xn = xn+1 (n > 0). One can show that e\lB"y 

~variety generated by a smgle 11Dnoid is deflned by • ~ of 

* equations. V1 ,m being geœrated by Il I- Cm>' are the l'I-varieties 

VI defined by a finit. sequence of equatians? An attenpt to ans.r ,m 

this open problem is n&de ln the following sectiOft. 
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1. J:qu.t ions relatetl ta the F irst lev.l al the Straubinq hi.rarchy 

An attenpt ta generalize the folloWlnIJ propos! tien is fIIlde in 

this section. El praof of part(2) appears IlO\'lIere in the litltrature. 

We inclu:le a praof based on conIJinatorial propertles of the congrœnces 

- (m)' 1è renûnd the reader that from corollary 2.2. S, \'oW M'Je for 

k ~ 1, 11 € V
k 

if and ooly lf for e1Jll!rY 1IDrphism ., : AM ... 11 ther. 

exists ln = (ml"" '"k) SŒh tlat -- rer ines If, or, IIDre m 

precisely, using thl!orem 2.2.4, for k ~ 1, "~1, ft E 9.
k 

lf and ,m 

only if.' for e\llH'y 1IDrphis1ft , : aM .... 11 tœre exists m = (m'1I\;2"" ,~) 

SŒ:h that refines fP. 
m 

Pl1lp05itian 5.1.1 Simm [Si 72] 

( 1) The ft-var iety 11 l,lis definad by the equations x = x2 
and 

Ky = yx, 1. If. , 11
1 

, 1 i s the J't-var iety of idenpotent and cotmUta ti\fe 

\1Dnoids. 

(2) The ft-variety 111,2 is defined by tl» equations xyzx = xyxZK 

and 
2 2 

(xy) = (yx) • 

The UJow proplsi tian fol1ows from tœ following confJinatorial 

propert ies of the congruences - ( .' m, 
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te..a 5.1.2 Simon [Si15] 

Let m~1. Let u, * '1ER. If U N Cm) v, then there eXlSts 

W sœh that U is a sub~ of w, v is a sub\'Drd of w and 

u '" (m) W '" (m) v. 

te..a 5.1.3 5iman [5i15] 

t.t m ~ 1. 

(1) 
U "'(m) uv if 

that U = u 1 0 0 oUm 

(2) U "'Cm) vu if 

that u = U 1 " ,um 

Let u, * vER.1ben 

and only if there exist u 1 ' 

an! vaCuaC 
- m - o •• ~ u 1a. 

and only if there exist uI ' 

and va: ç ula ç ... ~ u",ao 

~ 5.1.4 Simon [Si15] 

Let m ~ 1. Let a E A and u, * v E A • 

... , 

... , 

* u E A sœh 
m 

u E R* sœh 
m 

uv N (m) uau 

and on1y if there exist nonnagative integers ml' "'2' ml~ ~ m stEh 

that 

ProoF oF praposition 5.1.1 

( 1) U. hav. to prow ttat ft E VI, 1 

2 equat ions KY:CI yx and X:l:l x or 

if .nd only if it satisfias the 

ft E V
1 

1 if and ooly if Eor e\llEtry , 
. * mrph 1 sm '!' : a -f n, KycP = yxf' and xf' = x

2
P. Suppose ft E VI, 1 

* am let ,.: A ... JI! !Je il narphi sm. Then .... (1 ) ç V'. Now KY - (1) yx 

and a.nce \te MW the resul t • 

Conwr se ly , let P 1 A* -f ft !Je a surjllOtiv. norphism sati.ryinq 

~ ,. yxfJ and Hf' 1: x~. UR -.nt to show that "'(1) ç P. Let 
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r ..... (1) g. LeYmEl 5.1.2 permits to conslder only the case ~ r i5 a 

sub\\Ord of g. le obserw al 50 that if ris a sufn«:lrd of h and h 

is a s~rd of g, \le haue aIse r -(1) h. Hence \E haue only to 

consider the case \Ihlre r = tn1 and q = uav. Sc \E haw 

uav. 

Case 1: U '" (1) ua or U = u 1au2 for 501'Ie u 1 , 

wH = u
l
au

2
v'P = ula2u2~ (by using x2rp = wp) 

KyP = y_~lP) = UiluYJ. 

Case 2: v -(1) av or v = v1av2 for SDT/& 

Case 1. 

(2) Ir ft € V1,2' let CP: A* ~ M ha a norphism. 

Now (",,)2 (vv)2 and u.-.-.. , -(2) ,.. xyxzx -(2) xyzx. OC'LM 

Cby usinq 

Similar to 

~ ..... (2)~'P· 

2 2 
(Jry) 'P = (yx) 'P 

* and xyxzx«P = KYZx'P. Now let 'P: A -+ 1'1 he a surjectiw nDrphlsm 

satisfying (xy)2cp = (yx)2cp and xyKzx4P = KYZx'P. té ~t te smw that 

-(2) ç CP. Let f -(2) q. Siwdlarly te (1), by lemma 5.1.2 we haue 

only to cansider the case Wlere f = tn1 and q = uav. Sa ... haw 

tW -(2) uav. Lemra 5.1.4 irrplies the existence of ml and ~ such 

that ml ~ ~ 2, u N (ml) ua and v N' <"':z> av. .. haue the following 

cases. 

C.ase 1: u"" (1) ua and v .... u) av. J..e1lllB 5.1. 3 inplies that 

* v
2 

€ A • 

uv = u1au2v 1av2 and uav = u1au2av1av2 • Bence UIH = uav'P by usinq 

xyxzx'P = K}'ZK4f. 

Case 2: u - (2) ua and v .... (0) av. l...e1IIrB ~.1. 3 inplies the existence 

* u
2 

and u
3 

E A stlJh that u = u l au2au3 , u 3 dœs DDt 
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contaln any a and &Very let ter of ~ is in eitœr or 

U 3 = 1, then uv'P = u1au2au3"'" = ula~auY' = u 1Au2aav'P = uaUCP, <by 

using xyxzx9' = xyzx9'). If u3 = al" .an , n ~ 1, 

(al' .• " an ~ a), then Te haw Uilv'P = u1au2a&1' , ,anauff 

= u 1au2aa1 , •• an_IanaanaufP (by USlng xyxzx9' = KYZxf> tWJ tines) 

..... (b . (xy)2(D _ (yx)2CD ) = u 1au2aa1 ••. a lail ail YT y USlng T - T n- n n 

= u 1au2aa1 -··a 2a laa laa u4P = u1au2aa1 1 •• a 2aa laa la 'CH n- n- n- n n- n- n- n 

= ula~aal" .an_2aan_lanveF' = •• , = u1au2aa1aa2 ,· • an""" 

If 

= ulau2alaalu2" ,anuY' = ulau2aalaalA2" .anvP ;:: u1au2aal •· • an"" = UtH, 

Case 3: u ""(0) ua and u N (2) au. Similar to Cale 2, [] 

We \C)uld like ta generalize tœ above propo.ition 5.1.1, In 

order to do this, let us define cluses of eqtIIltions as follows, For 

m ~ 1, 
1 

C Cm) consists of the equations 
m 

(xy) = u l>.bere u i5 any 

tord consistlng of m blacks, each black being KY or yx. TIw~ 

equations dltscribe different ~ys of pernutlng iUl equa.l ntII1tJer of K 

and y. n. equation (xy)m = <yx)m is sŒh an exanple. It 15 Hsily 

seen that IIDnolds in VI,IIII Ytlsfy C~m)' This COJœS from the fact .. 
that if 1'1 E V1,m' then ft -< Il /-(fI) for a suitable.R. Since 

For m = 1, 

ft satisfles 1 
C(rn) • 

2 2 
C(rn) consists of ttw equation K. x, for m ~ 2, 

oC the following equation 



~aTIONS 5-7 

m-2 orl 
Kyx ZK = KyK ZK. 

1œ abow equa t lon genera 1 i zes 
m m+-l 

K = l( and 15 easlly seen to 

he sa tl sf led ln YI 1 a consequence of propos 1 t lon 3. 2. 1. 1be ,m 
r 

equatlons ln Ur~2 C (2) can be redœed to the equatlons deflnlng '11 ,2 

of propoSl t lon 5.1.1 (2). We have 

lTopositiDD 5.1.5 

(1) '11 ,1 def1ned by 
1 2 

15 C(1) U C(l)I 

(2) '11 ,2 def1ned by 
1 

U 
2 

15 C (2) C (2)' 

Let us now def lne the class For 3 ~ m, 

of the folloWlng equat lons 

m-3e or2 e 
KZK y KVXWY = KZK y KVKWY 

e m-3 e m-2 
ywHVKY K ZK = ywKVKy l( ZK 

m-3 e m-2e 
KZH y KvywK = KZK Y KVywH 

e m-3 e m-2 
KWf'1KY K ZX = xwyvxy K zx 

mere e = 1, ... , m-1. 

4 
The clas5 C(m)' for 4 ~ m, Wlll conslst of the equatlon5 

m-4 e m-3 e 
XZK yxy KVKWy = KZK YKY KVXWY 

e m-4 e m-3 
ywxmcy KYX ZK = ywxvxy Hf)( ZK 

m-4 e 2 m-3 e 2 
KZK y H yvxwy = KZH y H yvxwy 

2 e m-4 2 e m-3 
ywxvyx y x ZK = ywxuyx y K ZK 
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m-4 e 2 m-3 e 2 
KZX y X yvywx z: KZK y H yvywK 

2 e m-4 2 e m-3 xwyvyx y X ZH = KW'JVYX Y H ZH 

m-4 e m-3 e 
HZX yxy KvywH = HZK yxy KVyWK 

e m-4 e m-3 xwyvxy xyx ZH = xwyuxy xyx ZH 

\\here e = 1, ... , m-2. 

lbese are easy eKerciSIK on the ga11E'S ,. !:I(m) to wrify that for 

3~m (4 1 m), tWery 11'Dl'lIOld ln VI sat i st' les ,m 
3 4 

C(m) (C(m». In 
3 

Cern)' the instances Wlth e > m-l follow from those Wlth 1 1 • 1 m-l 

2 4 
and Cern)' Similarly, ln CCrn)' the instam:es with e > m-2 follo,", 

from those Wl th 1 ~ e ~ m-2 and Furtlwr classes of equations 

r 
C(m)' for r 5 m, can he descrlbed, each containirç equatlons 

general izmg nt .. 1 
x : K and satisf led ln VI ' ,m each equat Ion 

inwlviD} po\1ll!rS of x IlOt less than m-r. l'bre precisely, the class 

~m)' for :5 5 r ~ m, will consist of the equations 

m-r f 
KZX yxy KU

l 
E m-r 

m-(r-1) f = KZH YHY KU! 

f m-(r-l) 
~xy KYll zx = U 2KY xyx zx 

m-(r-1) r = KZX y xKYU1 
m-rf 

KZX y KKYU
1 

f m-(r-l) 
= u2yxxy K zx r m-r 

u
2

yxxy H ZH 

\4lertt r = 1, ... , m-(r-2) , 

m-(r-l) e nr(r-2) e 
XZK y KU! = HZX y KU! and 

e m-(r-l) e m-(r-2) 
U 2KY H ZR = ~xy K ZX 

..1'-1 
are ln Cern) for sone 

Il beh.een ! and m-(r-3). We ha"'l! the following 
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"IIa:a~ 5.1.6 

Euery nDnDid in VI satisties U.( cf.()' ,m r _m m 

Proof 'The result E'ollows E'ram the congr~ characterlzation of V 
1, '" 

and the propert ies of 
(m) 

stated in lemmas 5.1.3 and 5.1.4.[] 

Sinpl1f ications occur. For exa11ll1e, 

Pl'Opl5itioD 5.1.7 

1be equations in 
r 

Ur~3 CCl) redœe ta the folloWlIllJ system 

(yx)3 = (xy)3 

XzyxvKWy = xzxyxvxwy 

ywKVKy'Z1( = ywKVKyKzx. 

Proof Let us show mw the equatlon (HY)3 

222 
f'ram the abow system. Ky x y = xyxyx y 

2 2 1 
= KY K Y in C(3) cone's 

(USlng the second equatlon 

Wlth 1 and 1) :2 :2 
(second I!q\a tian Wl th z : = y, v .- w :::1 = KYX YH Y .-

1, am 1) 
2 (third equat 1011 Wl th Y := z .- y, 1) . - y w :::2 = xyx yxy .- .-

v :== 1, w .- 1 and z . - 1> ~ xyxyxy (~nd equation with y .- 1, . - .- . -
and U 

3 
The equat ;.on z : = y, v .- y w . - = (KY) • .- .-

223 
xzy xvxwy = KZxy HVKWY in C(3) C01Œ'6 From the abotJle system as 

2 rollows: xzy KVKWy = x(zy)yxvK\".y = x(zy)xyxvxwy (USl.f1g the second 

2 
equa tien W1 th z: = zy) ::z Kzy1I yxvxwy <second equation Wlth y:= 1, 

2 
v := y and w:= 1> = KZxyx yxvxwy (second equa t Ion wi th Z : = %y, 

v : = 1 and w: = 1) = KZxyxyxvxwy (second equa tian Wl th y: = 1, 

z : = y, v: = y and w: = 1) = K~xyyHVKWY (second equahon wi th 

z := y) 
2 = xzxy xvxwy. 1be other equations follaw similarly.[] 

----_._--
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~~itiaD 5.1.8 

Tbe I1-var let y VI, 3 i s deflned by the equatlons in proposi han 

5.1. 7. 

.. 
Prao! 11 E 9 1 ,3' let If: a ~ 11 be a rrorphl sm. 1œn ,., (3) ç 'fa 

3 
N (3) (KY) , Kzy1WXWj' ,., (3) Jt:Zxyxvxwy and 

ywHVXyZK ,., < 3 ) ywxuxyxZK. 
3 3 

Hence (yx) V' = (KY) Y', 

Kzyxvxwy'P = KZxyxvxwy'P and ywxvxyzx4f = ywKVKyKz'B. Now let 

.. 3 3 
cp : A -+ 1'1 he a surJectlW TlDrphlsm satlsfyulg' <yx> Y' = (KY) If, 

Kzyxvxwy'P = KZxyKVXW'/P and ywKVKyZltf = ywHVKyllz'B. Let us state 

f irst SC~ useful consequences of the equat.lons, l1ke (1) 

2 
Kl.lXVXIf = KU}( vxV', (2) 

2 2 
xzyx wyV' = KZxyx wtP and (3) 

2 2 
ywx yzK'f = ywx yxzltf. ~ \\Qllt ta show that ( 3) ç Y'. Let f N ( 3) g. 

Sinularly to propoS.ltlon 5.1.1, by lemma 5.1.2 ~ have anly ta 

conslder the case \'llere f = uv an:! 9 = tmv. 50 .... MW 

uv ,., (3) uav. Lerma 5.1. 4 lnplles the eXl'itance of ml and "'2 su::h 

cases. 

Case 1: 

of 

and 

U "'(2) ua and v N(l) av . .. 
u2 , u3 ' Vi and "2 E A 

" .., ( ) av. 
lI\;z 

We have the f'ollawing 

Lenilla 5.1.3 ulplies the .xntence 

SlKID that 

is in either u
l 

2 = uI~u2· "1·"2'1' = uaUf (by US.lDg (1». n ~ 1, 

(al' .•• , an Ji a), tllen W! have 

2 = u 1au2a ala2 ••. anvlav21f (by USlng 

(by using (3) and the fact that 

-
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and the fact that a
2 

1S in u
l 

or u
2

) 

2 2 2 = u 1au2a ala a 2a a3 •.. anvlav2~ (1) 

22222 = ••• = u1au2a a 1a a 2a a3a ... a anu 1av2" 

2 2 2 2 2 2 2 2 2 = ula~a a 1a a 2a a 3a •.• a a nau1au2lf' = ula~a a 1aa2a a3a •.• a a nav1a"2" 

2 2 2 2 = ula~a a
1

a 2ël ël3a •.. a anav1ëlv2"P == 

= utau2aala2a3, .. ôlnavlau2lf' = uav"P. 

~se 2: u ... (1) U? am u JV (2) av. Simi lar to caSQ 1. 

Case 3: u ~ (3) ua am v JV 

(0) 
av. lsrma 5.1.3 nphes the eKlstence 

of u 1 ' u2 ' u3 ' u
4 

am * ~ E a su::h that u = ulau2u3au4a~, ~ 
does net contaln any a, every letter of ~ is ln el ther U

3 
or 

U4' every letter of ~ and u
4 

is ln u 1au2 • If ~ = 1 and 

1, then ~= 
2 3 (by using (1» = uat.H. u4 = u

1
au

2
u

3
a Y.ff = u 1

au
2

u
3

a tH 

lE US = 1 and u4 = b1 ••• b n , n ~ 1, tnen 

wH = u
1
au

2
u

3
ab1 ••• b

n
_1bnaVCP = ulau2u3a~lb2" .bnatH (by usinq (1» 

2 = ula~~a Dlab2 •• ·bna~ «3) and b 1 is in u 1au2) 

= ulau2u3a~la~2b3" .bnav'f (1) = ula~u3a~la~2ab3" .bnatH «3) 

and b 2 is in u1au2 ) = ••• = ulau2u3a~la2b2a~3' .. bn_la~na~ 

= ulau2u3a~la~2a~3" ,bn_la~na2~ 
= ula~U3a~lab2a~3" ,bn_la~na2ifP (1) 

= ula~~a~lb2a~3" .bn_la~na2ulf {(3) 

let 
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15 in u
3 

or (usirv;J (1» 

in 

(usinq (1), (3) and tœ tact that ~ is ln u
3 

or u
4

) 

2 2 2 2 2 = u1au2u3au4a cta c 2a C
3

fJ. ••• a Cta~ 

t t t2 2222 2 = u1au2u ctbt ·· .bs a cia c 2a c3a ••• a Ct_la ctavfJ 
t 

t t t t 
or u 4 ll1plles ~au4:Z u etb! ••• hSt Ylere u lS ln 

t 
1 S 1 or b i 15 ln Il, i = 1, •.• ,St) 

(usinq (1) 
tLt t 2 2 2 2 2 2 

= U 1&U2U ctt>l" ,bs aCta c 2a c 3a .•. a Ct_la Cta~ 
t 

Eact that Ct is ln U
1 

or u
2

) 

t2t t t2 22222 
.: u 1au2u c~lCtb2" .bs a cliil c 2a c 3a .,.a Ct_la ctatH 

t 
(usirv;J 

the fact that b~ 15 in u 1au1) 

(using (1) and the faot that Ct i5 in 

or u2 ' and USllXJ (3) and the Eact that 

b~, a. 01' •..• Ct are in u1au2) 

t t 
hl" ,b 

St 

and the 

(3) and 

t2t2t 2t 222 22222 2 2 
= ula~u eth lctJ>2" .ct"hs ctaotaotc lOtaCtaotC20taota •.. OtCt_1CtaCtaCtil-dP 

t 
t2t2 2_t 222 222 22 2 

= ula~u cth 1 Ct' .• ott> 5 ctact actC lCtactaotc2CtaCta •• ,ctCt _ 1 Ct&Ct actact "" 
t 

(U51nq (yx) 3~ = (KY) 3~) 

Cusing (1) and the Eact that Ct i5 in u
1 

or u
2

, and usiR;J (3) and the fact tbat 

t 
are in u

1
iilu

2
) b

i
, il, °1, ... , Ct 
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t tt t 222 2 = u1au2 u c t b 1b 2 , , ,b§ a cla c 2a c3 •• ,Ct_la actv'P 
t 

2 2 2 2 = u l au2 uJau4a c 1a c 2a cJ",ct_la aCt~ = ulau2u3au4aclc2" .Ot_laCtV' 

(using (1) am (3) and the tact that '-'s 1S ln U
J 

or u
4

>. 

Repeatulg (usmg c t -
1 

mstead of Ct) the st@ps that sho\Ed that 

utau2u3au4aclc2" ,cta"iff = ulau2u3au4aclc2" ,ct_laCt~ leads to 

uav'P = ula~u3au4aclc2" ,ct_2act_lCt~' Repeatlng agam (using 

If 

(U5lFlg 

(1» If u4 = al, .. a r , r ~ 1, then 

2 
uav'P = u 1au2u 3aa1" .ara cl" .ct'fP 

2 2 = u 1au2u3a al,··ara Cl" .ctV' (1) 

2 2 = u1au2u 3a a 1aa2·, ,ara cl" ,Ct~ «3) and 

2 2 2 = u1au2u 3a a 1a a 2 ,· ,ara cl" .C t ,* (,) 

2 2 2 2 2 = ula~u3a a 1a a2a ., ,a ara cl" .ct'.H and (3) 

am 

a 
1 

in 

ar ln u
1
au2 ) 

i:1 u
1
au

2
) 

= ulau2~aal ••• aracl'· .OttfP Cl) = ulau2u3au4acl".ctv'P = UVP. 

Case 4: u -(0) ua and v .... (3) av, SiMllar to case 3,[] 

Rewark: In the proor of the a1:K:roe proposition, \t2 ha~ tmed 

2 onl y ( 1 ) KlJ)roH:: KWC lJK, (2) 2 2 
Kzyx wy = xzxyx wy, (3) 

2 2 
ywK Y-Z;K ~ ywK yxZK and (4) (xy) 3 :: (yx) 3 «2) i 5 used in cases 2 

and 4>' 'The set or equatlons in propof)ltiOrl 5,1. 7 can he dedmed from 

Cl), (2), (3) and (4). For eXélnple, the equatiOll 

KzyK'11(W/ z KZKYKVKW'I can be deduoed as (oHom: 

2 
(1) = KZHYX VHWY (2) = KZxyKVKWY (1). 5lmiJarly for 
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ywKVXy2x = ywxvxyxzx. ( 1 ) , ( 2) , ( 3) aJKI (4) 9 i ws another 

interestlng set of equatlons for V1 ,3 sux::e it uses at RDst four 

variables. 

A better urvJerstandmg of the equatlons related to the f lrst 

5-14 

lewl of the Straubing hierarchy is useful in f mdulg equat Ions for the 

higher lewls as the folloWlng sooW'S. lë are now interested ln the 

varletl.eS 'lk for k > 1. We \\Ould llke to find equatlOnc; satisfled ,m 

in them. Sarre of these equations nay he selected from the classe. 

prtrolously def lned SlllCe ewry ,.,- ref Ines SOIll! 
m (m) 

by proposition 

3.2.2. We get the followirw} properties of tlw congruerx:es v <l,m)' 

for m ~ 1 related to the var l.ety V2 ,1 

theorem 2.2.4. 

~itiao 5.1.9 

(1) 

Euery nDncJ1d ln V2 ,1 satisfies 

(xy)mx<KY,m = <K}')mX2(xy)m and 

or the ClilS!5eS 

(2) m m m m 
(Jo/) xy(xy) = (KY) YX<KY) for S011R m > 0. 

1- (l,m) 

Proof lb! result follows frein the congrœnce charactttrization of 

and l~s 3.1.1, 5.1.3.[] 

by 

V 
1,1ft 

1be equa t icn 
m m m m 

(KY) XY(KY) = (xy) YX(KY> belongs to 1 
C(H<1 ,m»' 

In chapter SIK, section t~, It Wlll be SOO\'\lll that (1) and (2) of the 

abow proposItion are part of a finit!! tiystem of equati0ll5 a1t11lately 

deflnIng V2 1 for an alphabet Dt t\\tl letters. Note that the latter , 



2 
eqœtions are of the fOml U1KV1 = u l K vI and U2KYV2 = U

2
yKV2 Ywre 

2 
K = x and KY = yx are tœ det'ining equations Cor V

1
,e This type 

of equatimls is called equatlons in context and bas been stuii_ by 

1berU!I1 [1beB01. Ekluatians satisCied by a*,- ( ) 
m1 ,"':2 11By he selected 

Erom the classes Cr It 1. 
(N(m1 ''''2»' 

satisfies C
2 

C3 
for nL. 

(NCm
1
,"'2»' (NCm

1
,"'2» ;,[ 

Cor "'2 > 2. In general, for \e Tl'By he able to choose 

t'rom r!: . Equatlons sunHar to thR one ln the abotJR 
(H(ml ,·· • , '\» 

propos1tion (2) will he studied in the next section. 

f 
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2. Equat ions Nllated ta hiqher levels 01' the Straubinq hiflriU"Chy 

The I1-variety Vi oE '-trivial nDŒuds is ultinately deEined 

by the equat ions 
m m+1 

K =K and 
nt m 

(xy) = (yx) , or 

m m m 
(xy) Je :: (xy) = Y(KY) [Pl84a]. This qi1Jes a declSion procedure for 

• based on an alqebraic charaoterization DE the I1Dnoids ft = a /~ 

Wlth - 2 (m) for sone m. 1'1 € Vi if and only lf Eor aU 

K, Y E l'l, 
m m m m+l 

(KY) = (yx) and K = Je Wlth m the cardinahty of 

11. 'nE neceSSlty oE the condition is i'l1l1Ediate since 

satisrles the equations. A qeneralization ot the abo\Je aquatians 

Eollows. 

Let m!: 1. A seqt:EDCe DE equations i5 der iœd indŒtiUli?ly as 

follows: 

Eql,m is 
1ft na (KY) = (yx) • 

ElIk+1 ,m is obtained fram E'qk,m in the Eollowing nanner: Eqk+l,1R is 

obta ined by replacinq each occurrence oE x in E'.qk by ,m 
m m 

(KY) K(XY) , and each occurrence oE y by (xy)my(xy)lA. For eXiinple, 

Eq2,m is 
m ~ m. m ~ mm «KY) K(XY) y(xy» = «xy) y(xy) K(XY» • 
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For ail k, m~l, let J(k) he tlw collection Dt' aU fimte 
m 

m m+l 
nDnoids \Illich ~tisEy the pair of squations F.qk and K = K ,m 
Easily, J(!t) c i k +1) and J(k) C J(k) J(k);: U J(k) is il 

m - m m - m+-l' nt! m 

IlL.. • t and J JO) C J(2) C 'Y'L- IlL.. • t' J(k) u-var le y = _ _ •... '1-= n-var le les -were 

lntrodœed in [Œ781. ~ntJers of J(k) are called aperiodic 

k-nutatiw nDnoirfs. In [StaIl It \\&S ShoUl that V = l\~1 J(k). 

The abow sequerx::e of equations can aiso he \'ritten as: 

-.a...re (1) (1) _.... (k+1> «k) (k»m (k)( (k) (k»m 
...... K = K, Y = Y GILl K = X Y X H Y , 

(k+l) «k) (k»m (k) ( (k> (k»m 
y :x y y Ky. 

A ",suit of Straubing [St81l 5tates that V'k ç; J(k). WII include 

another praof of this resul t based on the gane-

'11learaa 5. 2. 1 

V
k 

ç J(k). 

Prouf Let ft E Vit' 

sa .. 

equatlonS Eirk ,m 

are sat ished by 

m m+l 
K .. K sir.ce 

saUs! ie!l the 

and Hm = Km+l wi th m = H(m
1

, ••• '''k) since thlily 

* .. Il 1- • A 1'" satîsf ies 
(ml' ••• J '\) (ml' ... '"k) 

x)f(m1,·· • '11'ft >+1 _ x)feml ,··· , "k) by 
(ml' ••• ''''st) 
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proposition 3.2.1. By lflduction on k, 
.. A IN satisfies 

(ml • ••• , "\t ) 

Eqk • ~ now show that ,m 

* m 1ft true since A IN (m) saUs! les (xy) = (yx), i.e., 

(x
(1)y(l»H(m) __ (y(1)x(l»H(m) Suppose true Eor k, 

H = H(m, ml' ••• '''k) . 

u = <x(k+1>y<k+1»N 

.. 
Let us show tbat Il 1-( ) 

m,ml'" "~ 

(y
(k+l )x(k+1> )N = = v. 1'0 see this, 

natura 1 deconpo5i tions of u and v mto Je <k+ 1> - and 

it is 

Le. , 

satisf'ies 

consider tlw 

(k+ 1) t Y -segnen 5. II should play according to the l'ollowing strategy. 

In the f'lrst lIDW, suppose player 1 cbJoses l'rom u <tfE strateqy is 

similar if player 1 chcoses trom v). 1 CŒJo5eS trom at 1IDst m 

segnents ln U. 1bere 15 a correspondence bet\EeD the chosen seqrœnts 

in u and sone correspondinq seqrœnts ln 11 (shDm by triangles or 

lires in the diagram below). "le ha~ 

( 
<k) (k»N (k)( (k> (k»N( (k> (k»H (k)( <k) ();c,»M 

u= x y Je K Y Je Y Y Ky ••• 

( 
(k) (k»N (k) ( Ck) (k) )N( (k) (1t»H (k) ( (k) Ut»N 

v= K y Y Je Y Je Y K Ky ••• 
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The positions chosen from the rirst 
(k+1> 

K -segilBfit (or lut 

(k+1> y -segment) in u shouid be playe'1 ln the f lrst (last) 

u. CalI a x(k+1) (or y(k+1)_) 

(k+1> 
Y 

and 
(k+1 ) 

x -segments ln segtœnt in 

u, a nudd le seqnent, If It l'51 net the first (the last) (k+1> 
x (or 

(k+1) ) 
y - segrrent. If player 1 chooses sorre of hlS Cirst m paSl tions 

Crom nuddle segnents 10 u, tben II should pick exactly those 

positions wlÏch natch the positions chosen by 1 ln correspondulg 

segnEnts. Now, by the indœt lon hypo the 5 1 S and 
N M+1 z ,., z 

(ml'''' ,~) 

\le can conclude that 

(x(k)y(k»N ( (k) (k»N (k)( (k) (k»N( (k) (k»N To sae 
.... (ml' ••• ,~) K Y Y K Y x Y • 

this, 

( 
(k) (k»N 
Ky .... 

(ml' ••• ,'\) 

(k)( (k) (k»N (k) 
y x y H. This inphes 

N (ml' ••• ''''k) 
Similarly, (x(k)y(k»H,., 

(ml"" '''k) 
(x(k)y(k) )3N 

N (ml' .•. , "'k ) 

Menee the resul t follows by tfw 

induct ion Il!1ll1'B 3. 1. 1 and the prao! i s conplate. [ ] 

Similarly te the abc:roe proof, one can show that for ewry 1IDIIDid 

11 in Vk, tœre exists m)o 0 5uch tMt ft satisfies 

( (k) (k»m (k) «k) (k»m (k)( (k> (k»1D 
K y K ,. K Y =y Ky. 
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1be co1Tplexity of a congrœnce is related ta i ts po\Er of 

discriminating bet\een \'IJrds. For exallple, for ml' "':2 ~ 1, 

(yx)n but ~ does net. 
(n) Hence 

hly)n = (yx)n is character1stic ta the first lfroel VI' 1'bM? 

gaœrally, Eor sufEiciently large m., -( ) distinguishe'l 
1 ml"'· '''k 

the WJrd5 in Eq The foUowing theorem pro~s that v'k 6 J(k-U, 
k-l,m· r 

thus provilM;J the iot ini ty oE tbi Straulunq hlerarchy Eor an alphabet of 

at least t\'IJ letters. 

'l'lE!Œe. 5.2.2 

V
k 

~ J(k-l). 

Prool Fir5t, ·t . t tl.-t V
2 

i J(1). 1 15 easy a see ,- JI For k ~ 3, w& show 

that Eor sufE iciently large m., there is no m > 0 5u::h that 
1 

lé illustrat~ a winninq 

s trategy Eor player 1. <I, il « II, i» denotes a posi Hon chosen by 

player 1 <II> . t'"- . th . 1 ln ,-=' 1 11D~, 1 = , ... , k. Let 

H > N(m Ta) Usivvw HM - xN+1 (proposition 3,2.1) J - l' ..• , K' • ., (ml' .•• ,'\) 

one YeS thBt 
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( (k-2) (k-2»" ••• x y x 

t 
(Il,D 

(x (k-3)y (k-3) >Hx( x (k-3>/k-3> )NyCx (k-3) y (k-3) )N( x (k-2) y (k-2) )N-2 

( Ck-3) (k-3»H ( Ck-3) (k-3»N ( (k-3) (k-3»N ( (k-2) (k-2»N 
x y xx y yx y yx y 

f t 

<1,2) 

Similarly, 

(k-2) (k-2) N 
"'N -( ) ••• (x y ) x 

ml'· ••• '\ 

f 

(l, 1) 

(x (k-3) y (k-3) )Hx(x (k-3) y (k-3) )"y(x (k-3) y (k-3»N 

(x (k-2)y (k-2) ,"'1-1 (x (k-3) y (k-3) )Nxex (k-3) y(k-3) )N 

( (k-3) (k-3»N ( (k-J) (k-3»N ( (k-3) (k-J) )H( (k-2) (k-2»"-
Y K Y x x y y K Y x Y -"2 

t f 

(II,2) 

\'Ih?re 1'11 +~ = 14-2. P layer l, ln the t irst 11DW, 

K of the last x(k-2) follmEd il1llEdiately by an 

chooses thR middle 

(k-2) 
x in "N. 

Player II, in the Eirst mue, bas ta choose the middla x of the 

last x (k-2) Eallo\ed imœdiately by.an K (k-2) in ~ (if net, 

player 1 in the œxt k-l nDQeS could Win by choosing in the second 

IIDW the middle x of the last tm consecutiw x(k-2),s in ~>. 

P layer l, ln the second 'IJD\Ie, chooSl. ... the nuddle y of the last t\l.O 

consecutive y(k-2>,s in~. Playar II, in the second rmve, cannat 

choose thR middle y of the last hD consecutlw y (k-2), 5, in "H ta 
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the rlght DE the pretllously chosen pasi tion. Heœe he IS Eorced to 

choose hlD 
(k-2) , 

y 5 separated by an 
(k-2) 

x Player l, in the th1rd 

I1'Dl.)IE! 1 chooses the IJUdd le H of the las t t\'D consecut lt.te 
(k-3) , 

K S 

1JN bet\Een the pas 1 t Ions chosen ln the preced Ulg l10ue by II. P layer 

II, 10 the thlrd TID\lE!, caJUXlt choose the nuddle x of the last ho 

ln 

consecut i tJe 
(k-3) 

x 's ln ~ bet~n the pre1Jlously chosen paSl tlons 

by I. Hence he lS Eorced to choose tWJ H(k-3> '5 separated by an 

/k-3) and 50 on. Player l, in the k-l th nD\l'e, chooses the last 

t\'.O consecutl\lE! H'S (or y's) ln UN (or l){> beh'Jeen '".lle chosen 

pas 1 t lons ln the preced ing 11DtJe by II. Player II, 

IS forced to choose tm x's (or y's) ln ~ (or separated by 

a y (or an x). Player l, ln the last 11D'Je, selects that y (or 

K). Player II loses SlllCe he canŒJt choose a y (or x) beheen the 

t\'D consecut 1 \le! x' 5 chosen ln the 
th 

k - 1 lTDue by I. lbe result 

Eollows. [] 

Note that slmllarly to the proof of the preceding theorem, one 

can show that Eor sufflclently large ml' there 15 no m > 0 su::h 

that AM,,,, satlsEles 
(ml' .•• '''k) 

(k-U (k-l> m (k-l) (k-l) m (k-l) a--z 
(x y ) = (x y ) X I~ 

(x(k-U/k-l»m = y(k-l> (x(k-l)y(k-1»m. 

1be hlJ preceding theorems provide eKanples of equahons that can 

characterize a lel.)lE!l, i.e., nnnoids of that level satisEy the 

equa.tlons and sorre TTOllOlds of the neKt leuel do IlOt satlsfy the 
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equat ions. AlthDtÇh they nay net he surf icient to character Ize 

conpletely a lewl, they at least form a subset of equaticns that 

characterize a level. 

5-23 
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3. Louer bounds on dot-depth 

In this sechon, Ebrenfeu::ht-Frais~ gaTIRs are used to proue 

lO\ler bounds on a language's conplexity throUJh equatlons. Upper 

bounds on a laRJUilge's conplexlty are obtained by uSlBl 1bonas' thE!ontm 

2.1.1 or theorem 2.1.4. w\Er botmds can he denonstrated by using the 

following criterion: 

Crlterion for [ower bouncls 

Given any alphabet a, any language Le a* - , to show that 

i s of dot-depth ~ k, 1 t sur f iees ta show that for aIl 

-

L 

m = (ml"" '"k-l) 1 there eKist u;n E L, "in f L su::h that U- -- 'fJ-. m m m 

* J'bre preclSely, to show that L is IlOt in A Vk- 1 <A*Vk-1,m), it 

surflces to soowthat for aIl m= (m1""'''\-1) (= (m'11l:2""'"k-l»' 

there exist u- E L, 'fJ- f L SŒh thAt u- -- v-. 
m m m m m 

a cr iter iùn like the aboue one i s userul as long as WR know Wlilt 

kind of 9tDrds u- and 
m 

v- cao be used. 
m 

Fqua.tloDS give \'DTd, 

u- in ---relation. WR giue sone eKa"llles. m m 

E:IIiuIple 5. 3. 1 

u­
m 

Let L be the set of all 1'.t)rds sœh that thlt 10
th 

syniJol trom 

the right em is b. One easily cm w-ite a B(l2>-sentence of ~ 
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deflnlng L. Henee by lbonas' theorem 2.1.1, w can conclu::le that the 

dot-depth of L 15 snaller than or equal to 2. Defiœ 

m 
u = (ha) "ba.aaaaaaa EL, 

m 
li = (ba) aaaaaaaaa f L. 

m 
I:kxt u - v m (m) m 

Slrx:e (ha>"\, ~ (m) (ba)m and 
(m) 

15 a congrœnce. Henee by the 

above cr iter lon the dot -depth of Lis 2. 

mra.ple 5.3.2 

Let L he the set of aU \«lms m mich euery pair of adjacent 

a's appears before any pair of adJacent b's. One easily can \'rite a 

B<'z(2)-sentence of l, deflmng L. H&nce by 'ThonBS' th&orem 1 \'.& can 

conclwe that the dot-depth of L lS smller than or equal ta 2. 

Derme 
m m 

U<1,m) = (ab) (ab)(ab) E L, But 

u( 1 - ( 1 v ) by propoSl hon :5.1. '1 (2) • »Ence by the above ,m) ,m) (1 ,m 

"' criterlon L f. {a,M V
2

,1. It ulplies that the B(l'2>-sentence of t 

deEinmg L is net eqmvalent ta a (l,m)-sentence or L. 

In tœ precedmg eHanples, the Ehrenfeu::ht-Fra1Sw gallEs have 

been used ta pro~ lo\et' boul1,b on the dot-depth of a ~tar-free 

language or a star-free lan,.ruage's coTJ1l1eHl.ty through equatl.ons. A 

conJecture of an effectloo cri ter10n for V2 ,1 1S the follOWlng: for 

* A a flKed alphabet, L ÇA, lf M(L) does net satisfy the equat ions 

in proposi han 5.1. 9 (wi th ln the cardinali ty oE l'HL», then 
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1. R seqtœnce of mollO ids of dot-depth tua 

'The nBterial DE thlS section appears in rBIBBbl. 1ë show thiat 

Eor poSlt~ve Integers and "'3' * a 1-
(ml' "2' "'J) 

is of 

dot-depth eHactly 2 if and only lE "2 = 1. The EolloWUlq lenrra 

shows the neceSSl. ty of the conditlon. 

r...e- 6.1.1 

Let Il he an alphabet of at l~st t\«J letters. Let ml and "'J 

!Je posltitJV Inteqers. 

Praof Let m >- 0. Conslder 
m 2m mm u = «KY) H(XY) y(xy> ) , 

m 

m 2m mm v
m 

= «KY) y(xy) H(XY». 1beorem 5.2.1 Inplles that nonoids ln V2 

are 2-nutatlve and hence satlsfy u = 'lJ ,'or aU sufflclently large 
m 

m. Ho~r, for e1Jery N?: N( 1 2 1)' li1 "N' A winninq , , h '1,2,1) 

strategy for player 1 in the gallE CU ,2,l> "~IUH) appears ln the 

proof or theorem 5.2.2. 1be result fa 110ws. [ ] 

A~stJmP lu r , lu r > 0. lRt u = u0au1 ••• aulul ' .. • a 

lE 
u v Eor i 1, lui , v = v0av 1 ••. ~v lu 1 . QaPi' QaqJ = ... , a 

a 

j = 1, ••• 1 lui, then u. = u(Pi,Pi+l>' i = 1, ... , lui -l, 
a 1 a 

v. = v(q., q. 1)' 
J J J+ 

J = 1, ... , 11.11 -1. a 
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The next t~ lenJIBs will be used ln showing that for posi ti1Je 

t and "'*1_ ln egers ml nL, ft 
;J (ml,I,'"J) 

15 of dot-depth eXàctly 2. 

~ 6.1.2 

u "" v. 
(ml ,tn..z) 1lwn 

(1) u[1 p ) - v[ 1 q . ) 
, (S-l)~+l (ml-s,~) , (S-l)~+l ' 

(2) 

i = 1, • • • , "':l and 5 = 1, . • • , ml -1 • 

P'l' ... , P'm -s 
1 

u[ l ,p (5-1>"2+ 1 )' 

(p ' <- .( p' ) 1 • •• - m -s 
1 

he pas i t lons ln 

Considar the EolloWlng play oE the gaRe 

C( ,(u,v). Player l, ln the first nDVe, chooses 
ml'~ 

P"'2' p~, ... , P'I' •.• , p' m -s' Bence 
1 

by the lemma oE Induction 3.1.1, there exist positions 

q'1' ... , Q'm-5 
1 

sa::h 

that playvr II, by ChooSlllg ... , 

q' l' q ' Eor the correspondlllq poSI t ions, wins thi s pl~y of m -5 
1 

... , 

the gam. It is clear that 

Eor and 



l 

ON OOf-ŒP11I 111) 6-4 

tbte that player II has ta choose ~' q~, ... , 
becaUSt!' there 1 s a mmber of a' 5 <"':z beh .. en any h.o 

constfCutlua pou t 10115 al'lDR;l P"'2' P~, ... , 

'The proof 15 Slnul~, \\Ilen startlflg Wlth posItions ln 

P'l' ..... , 

... , 

For (2), \I.e conslder 
p lui. +1-~' 

Plula+I-(S-l)~' Plul.+I-(S-I)~-1' 

p' • [1 m -5 
1 

~ 6.1.3 

A'55tDTR U - v. 1lwn 
(ml' ""z) 

(1) u<p . lull '" v<q . 'vil <5-1>"'2+1' <m
l
-s,"2) <5-1>"'2+1' l , 

(2) UCl,Plul.+I-CS-I)""z-i) "'(ml-§'~) VCl,qlvl.+I-<S-1)""z-1) 

i = 1, ••• J "':z and s = 1, .•• , ml - 1 • 

ProoF Sinular to lemma 6.1.2.[] 

In thœ following theorem, W! talk about post tions 5pe11 ing the 

first and last occurrences of every stJtn..urd of It!J'Mjth::S m of a ~ 

w. loIt illustrate ~t \e nean by thl. wi th the fol1owing eKaJ11)le. let 

Il = {a,h,c} and u .. a.bccccaabbabbaccca.baha....bccaaaabbaa •••• 

fUt f f fftf fUU 

p 

The six arrows cn the lert point ta the positIons \4liOO spell the first 
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occurrences DE euery sulnord of length ~ 2 in u[l,p) and the elght 

arrows on the r 19ht (bef'ore the one pennt lfXJ ta p) ta the pas it ums 

\>luch spell the last OCCtDTences of every subwJrd oE length ~ 2 ln 

u[ l ,p). 

'DIII!!OI e. 6. 1. 4 

Let A = 

integers. 1ben 

{al' • 0 • ,ar >, r > 1. Let ml' II\;! and "'J he posi Hue 

* a 1'" is oE dot-depth eHaotly 2 lf am 
(ml' l1\;z , "'J ) 

only iE ~.., 1. 

Prao/' Ir a*./N' is oE dot-d&pth .Hactly 2, 
(ml ,~,"'J) 

t ben l1\;,z .( 2 

by lerma 6.1.1. Convoersely, _ show that for any positi~ mtegers 

.... (ml+(ml+1)~(r+1)"'2,"'2) ç "'(m
1
,1,"'2)' To see this, 

suppose u.... m.. u. 1'11en there 15 a winnmq 
(ml +(m1 +1 >2m:z<r+l > :l,tn.;z) 

strateqy Eor player II in the gane (; TIL. (u v) to 
(ml+(ml+l)~(r+1) ;'::,"'2) , 

win e4lCh play. Il winning strategy for plAyet' II in tt. qaml 

c( 1 ) (u, u) ta win uch play is d4tscribed as follO\ft. t...t 
ml' '''2 

... , (p' 1 :$ ... ~ P'm ) 
1 

be pas i tlons in u coosen by 

player 1 in the Eirst 1ID1Je. Player II chooses posi tion'5 

q' l' • '0' q' (q' 1 ~ ••• ~ q'm) by conslderinq the Eollawinq play 
ml 1 

In the E irs t I1IJve, p layer 

1 cbJoses p' 1 ' ... , p' and the positions mich spell the E irst 
ml 

aJXI hast occurTQnc&S of &wry suln«Jrd of' length ~ "'2 in u[ l,p' 1)' 
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U(P'I,P'2)' •.. , u(p' _ ,p' ) 
ml 1 ml 

and u(p' ,lu Il Eor a total of no 
ml 

mor@ than ml+(m1+1)~(r+l)~ posltlon~ (tœr. are r"2 posslble 

!,oDrds of length "2 for a total of l'X:) ITDre than ~ (r+1 )"'2 posit ion5 

to spel1 the f lrst (last) occurrences of every sub"m-d of 

length :S "'2), l'tire details follow for the speclal case 

u N T1L v. We haw a wuuunq strategy for player II ln 
(1+4tn.2(r+l) :..1,"2) 

the ga..,. ~(1+4~(r+l )"2,~) (u,v) to Wln eaoh play. let us descr1be a 

Wlnninq strateqy Cor play..-r il ln the gallliP ~(1 1 ) (u, v) to win each , , "':z 
play. LEt p be a posltlon ln u chosen by player 1 ln the flrst JlD1Je. 

Suppose Q:p l'or SOIlE' a E a. If p 1$ the 1 th occurrence of a in 

u (1 ~ 1 ~ N(l,TII;z) = ~+1>, then player II cbJoses the ~tœ 

cx:::currence oC a in v, say poSl t 10n q. 1be faot that 

uU,pl ~ v[1,q] <1,"'2) and u(p, lu 1] .... (1 ) v(q, Iv 1] follows l'roll' 
,~ 

lermas 6. 1. 2 an:! 6. L 3 (H<1,"'2) :S (4"'2(r+ol1\;z)"l). Ir p Is the 

lu la +1- i th occurrence of a in u (1:S i ~ H( 1, "'2»' player II 

chooses the 1 v 1 + 1-i th occurrenctl of a in v. If p 15 annng 
a 

P~+2' ... , then playwr II ckloses position q, an 

a, 
••• 1 q Ivla -~-1 

by consider inq the l'ollowinq 

play of the 'lanD CU + 4"2<r+1>"'2,"'2) (u,v). In the f irst RDW, playvr 

1 clxJo5eS P, the pos i tIons \'ilich spe 11 the f irs t am las t occurrences 

01' every subWJro of length ~ "2 in u[1,p) and in u(p, lull. HI!nce 

there eHish a pos1tion q in v such that plaY'!r II, by ohoosinq 

q, the positions mich spell the rirst and last occurrences of et)l!l'y 
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submrd of length ~ ~ ln V[1fq) and in lJ(q,lvjJ, wins the play 

of the garœ. Let us show that u[ l , p) N ( l, "'2) v[1, q ) (the praof that 

is similar). Let p' Ile a poSl t ion ln 

u[1,p) 

tJ[ l ,q) ) • 

<the proof lS slnular \'.ben startlnq with a position ln 

U 
AsstIl1'E Q p'. a 

1 

case 1 = p' 1 S anong the poSl t ions \illich spell the f lrst occurrences 

of et.Jery subw:Jrd of length ~ "2 ln u[ 1 , p) • Let q' he the 

correspond lrtg pas 1 hon armng the anes chosen by II in u[1 , q ) • It i s 

clear that u(p',p) ~( ) v(q',q) and 
~ 

u[1 , p') N ("':z ) \'[ 1 , q' ) . 

Case 2: p' IS anolXJ the positions wuch spell the last occurrences of 

every subWJrd of leIX]th:5 ~ .ln u[1,pL Sinular to case 1. 

Case 3: OtherWl.se, let p" and p'" (p" ~ p' 1 ,) he the clo5est 

posItions to p' ln u[1 ,p') and u(p' ,p) respectively arrong the 

chosen posItions hy player 1. Let q" and q'" (q" < q"') he 

the corresponchnq paSl tIons chosen by player II. 5ulCe 

u(p",p"') 
("2) 

v(q' , ,q' , , ) , 

that QV q'. Let U5 show that 
a. 

1 

V[ l ,q' ) Eollows slnularly. Let 

there is q' in v(q" ,q' , ') sœh 

u(p',p) N( ) v(q',q). 
'"2 

u[1 ,p') v ("':z ) 

in 

t.r(q' ,q). 'Ille praof 15 simllar ~n starhng with W ln u(p' ,pl. If 

W i 5 a sub'IIDrd of v(q"', q), i t i 5 clear that w i s a StIDWJrd of 

u[p"',p), hence ln u(pS,p). 50 let us assUJl'e w is IlOt a submrd of 

v[q' , , ,q). Let . .. , in v(q' ,q), at least Pw being 
1 

in \J(q',q"'), be posi t ions \Illich spe 11 ... , 
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are hence positions mich spell an occtD"rence of a sub~ of 

Ienqth ~ "':2 in v[ l, q) • Henee they are smiler than or equal to tbose 

posi tlons \<Ilich spell the Iast occurrence oC w in v[1,q) \<Ilich are 

in v[q'" ,q). HImce w is a subWJrd Dt u(p' ,pL [] 

The followillq corollary giuas another result Cor inclusion (ana 

\lBS proposition 3.2.3). 

Cc:rollary 6.1.5 

lAI = r. Then '" m... ç ...... 
<ml +<ml +1 )2n\.z<r+1> ;l,~) (ml ,NU ,~»' 

Prao! From theorem 6.1. 4 a.rxf proposition 3.2.3. [] 
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2. /ln equat ionai characterizat ion ot the t irst subievei ot the second 

level ot the Straubinq hierarchy 

In thi s section, \le shaw thAt the equa.tions in propoSl tion 5.1. 9 

are part of a system ultinately def inlDg 92 ,1 for an alphabet of tm 

letters. 

1..-. 6.2.1 

r -t > 1 Let •• E 1\+ and 1 t Le m _. u, v ft e Pl' ••. , Ps ln U 

positions \'llich spell the first and last occurrences of every sub\t.Drd 

of length 1 m in u (v). u ... (1 ,m) v if and only lf 

(1) S=5', 

and 

if and only if QVq . for 
a 1 

i = 1, ... , s and sane 

. . . , s-1 • 

a E A 

Proof AssUI1E (1), (2) and (3) hold. A wirming strategy for player II 

in the gaft ~(1,m) (u,v) to Win each play is descrlbed as Eollows. 

let p he a position in u chosen by player 1 ln the first nD'Je (the 

proof i5 similar men starting Wlth a position in v) • AS5UJœ 
u Q p. a 

case 1: pis anDng Pl' ••• , P 5 ' i.e. , p = p. for SORe i, 
1 

1 ~ i ~ s. Since (1) holds, _ can consider q ~ q .• 
1 

(2) inpUe5 
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Case 2: p E u(Pl'P i + l ) for serre i, 1:$ 11 s-1. From (3), there 

E ( ) s ..... h that Q" 
15 q V qi'qi+l..... aq • In e1ther case, (1), (2), (3) and 

the chence of q Inply that u(p, Iull ~(m) v(q,lvll and 

u[1,p) ~(m) u[1,q). 

Conversely, ass1.l1œ u ~ (1 ,m) v. (1) and (2) Obvlously hold. 

AIse, 

thlS, 

Wlth q 

let p he ln u(p ,p. 1) 
1 1+ 

for 1 = 1, ... , 5-1. To see 

(the proof is slnular when starting 

ln v(q ,q 1»' 
1 1+ Conslder the folloWlng play of the game 

~<1,m)(u,v). Player l, ln the flrst l1DtJe, chooses p. Henee there 

eKlsts q ln v su=h that u<p, lu 1] ~ (m) v(q, Iv 1] and 

u[1 , P ) v (m) '1[1, q ) . Assurœ that q f. v(q.,q 1)' 
1 1+ 

Henee q E v[1,q 1 
1 

or q E v[ q 1 +1 ' 1 v Il. 
elther u(p, lull ~(m) 

'The result follows. [] 

l..e.a 6.2.2 

From the cooice of the p. 1 S and the q.' s, 
1 1 

u(q,lvll or u[1,p) ~(m) vU,qL Contrad1ctlon. 

Let m ~ 1. Let u, 
if 

vEA. If u '" (1 , m) v, then there eKlsts 

if 
W E A stEh that u 15 a sub"-Ord of w, v lS a sub\>Drd of w and 

u ~( w '" v. 1, m) <1,m) 

Proof let A = {al, ... ,ar }. If r = 1, u = v or lui, 1'11 ~ N<1,m) 

bychapter three. Choose w sœh that Iwl = nB"{lul,lvl}. For 

r > 1, let ••• 1 he the paSl t lons \oluch 

spell the f u'st and last occurrences of every subWJrd of lel'X}th 1 m 

ln u. s 1 S no nore than 
m 2m(r+l) • AssUJ'l'e 

U vCl,m) v, by lemme 6.2.1, the pos1tlons ql' ••• , qs 
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(qi ~ ••• < qs) in v ~ich spell the Eirst and last occurrences oE 

e\lery subWJrd oE length ~ m in v are smh that Q:. q 1 and 

Ji 

••• J 5-1. Renee by lemœ 

5.1. 2, there eKists w. 
1 

su:::h tbat 

uCPi ,P i +1) is a submrd oE wi ' v(Qi,Qi+l) is a subw:n'd of wi "lnd 

u(Pi,P i +l ) -(1) wi "'(1) v(qi,Qi+l)' Let 

oE w and U-(l ) w- ) v by lemœ 6.2.1.[] ,m <l,m 

How, let us deEine classes of eqtations as Eollows. For m ~ 1, 

C~l,m) consists oE the ~tions 

\'IIere the u's e 
and the v's are oE the Eorm x y, 

for!iOJœ e, 1 ~ e ~ NU,m). 'Ille eqœ:tion 

m m m m 
(KY) HY(xy> = (xy) yx(xy) IS such an exelllpie. 

C~l,m) consists oE the equations 

e 
y x, e 

XV 
e 

or yx 

\'Iwre the u's and the v's are as above and e ~ i, j ~ rn. 1ba 

equation (xy)mx(xy)m = (xy)mX2(KY)m is an exanple. 
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~ 6.2.3 

The monoids in '12 ,1 

sufflClently large m. 

Prool It is easily seen, 

Cl 2 
satisfy (l,m) U C(l,m) 

that If 

C
l 2 satisfy U C <1, m) (1,m) 

Eor aU 

USIDg lemma 6.2.1, that monolds in '12,1 

for sone m ~ 1. This corres fram the fact 

for sone m ~ 1. Since 

satisf u~s 

then l1 « 

Cl 
(l, m) 

11 satisfies C
l 2 
(1 , m) U C (1 , m) • 

if M satisfles C~l,m) U C~l,m) for sone 

m ~ 1, then It satlsfies Cl U C2 for aH n ~ m '3ince 
(1,n) <1,n) 

- ç ~ for those n.[] <1,n) U,m) 

'lbI!c:IraI 6. 2. 4 

let H Ile a IIDnoid generated by t~ elenents. 1ben 1'1 belongs 

to '12,1 if and only if it ultimately satisfies the equatlons 

1 :2 
U ~ 1 C (1 ,m) U C <l , m) • 

Proof le haue to prove that 11 € '12,1 if and ooly lE it satisfies the 

equatlOns in Cl 2 for aIl sutficiently large. By 
<l,m) U C<1,m) m 

lemm 6.2.3, nonDids in '12,1 satisfy Cl 2 for aU 
(l,IR) U Co ,ml 

suEE iClently larqe m. 

Con\llE!rge 1 y, let * fi' :.a -+ 11 he a sur'Jec:titA! morphlsm satlsfying 

tfP= tH Eor every equation u = v ln U cl U 
n~m (l,n) C2 

(1,n) 
for sone 

m ~ 1. Let us show that M E '12 1" It is sutEioient ta prove that for , 
aU K and Y in * a , K .., 

<l,m) 

it is certainly true. A5stnœ K, 

Y inplie~ 'H!P = yP. For H = Y = 

y ~ 1. Let ••• , P 
5 

.( q » Ile tlv! posi tians 
5 

1, 
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vllch !Opell the f irst and last occurrences of every subuJrd of 

lenqth ~ m in K (y>. By lemœ 6.2.1, they Si\tisfy the following 

if and only if ,..y q 
\Fa i' 

Ji 

L.emœ 6.2.2 ~nplies the existence of 

satisEyilXJ 

1 ~ i ~ s, 

K - (1 , m) Z N' (1 , m) y, 

and 

K(Pi ,P i +1 ) -(1) zi -(1) Y(QI,ql+l) and 

x(Pi ,P i +1 ) and y(qi ,Qi+l) are sub\\'Drds of zi 

for i = 1, • 11 • , 5-1. 

Hence, lenua 6.2.2 allows us to conslder only the case .mere 

and 

VIere Ki i5 a subword of Yi and )(1 N' (1) Yi for 

1 = 1, •• Il , 5-1. 'Ië obserw aIse that if K. 1s a sub\\EIrd of w. 

and w. 
1 

a subWJrd of t>.e haU'2 aiso 

only to consider the case Wlere 

y = a. K 1&' x2 ••• a. uava. • •. a . K 1 a . 
JI J2 Ji J i +1 JS - 1 5- Js 

1 1 

w .• 
1 

r or S011'I! i bet\een 1 

and s-l, S011lil il in u or ln V. We ha~ the rollowing cases. 

Case 1: If i5 the lilst poSition armng the ODeS \'bich spell il 

first occurrence of a submrd of length ~ m in K and P
1
+

1 
the 

r irst position ilnDng' the Ol'mS ~ich spell a last occurrence of il 

subWJrd of length ~ m ln K, then uSlnq a part icular case of 

2 
C (1 ,m) , i. e. , xHU,m) = xH<1,m)+l enables us to assurœ that x and 
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y do not contam DOre than HU,m) consecutive occurrences oE a 

letter. Hence 'Ile aN! able to \>1" 1 te KY' and "IP as 

yP = u 1 · .. umuavv l' .. "m" lIflere the u' s 

the u' 5 satlsfy the properties 

C
2 

enables us te "'" 1 te ( l,m) 

a is in u or ln v. 

1 
stated in Cu, m)' 1ben usinq 

YI' as 

6-14 

Case 2: OtherWlse, uv contains only a' s. AssUl11E! uv = u' 0a~v for 

* sone u' 0' u0 E A. The case \\bere ais ln " 15 siRlilar. Using 

KH<1,m) ";: KH <1,mH-l enables us as ln Case 1 to assurre that H and Y 

do not contain 1'iIJl'e than HO,m) consecutive occurrences of a letter. 

From the choice of the a _ 's, 
J -

1. 

Lellllll 5. 1 . 3 

hence inplies the existence of u
1

, ••• J ... , 

•.• ç V a. 
m 

l'breo1Jer , it 15 ea.y to set! that OIW nay 

assUJ11!II that there t!Klst k and 1 bet\'2en 0 and m such that 

'\+1 :1 
•.. = u = a = m VI = = um-l' and sœh tholt thœ u's 

e e e e 
v's art! of the ferm H y, Y K, KY or YH, for SOmt e, 

and the 

2 _ H(l,m)-k-l 
t ~ e ~ HO,m). CU,m) gl.V2S Wf = Ut" .~iil vm-l+1"' .um" = 

N<1,mHl-k-l 
Ut" .~a "m-l+l' • '''m'' = 1". 1be "suIt follows. [] 
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capter 7 

CODDSIOI 

Analogously to *-vari~tJ.es DI languages and l'I-v .. ~J.eties of 

rmflOltJs, +-var let les of languaqes and S-var let les of semigroups are 

defiœd by replacnXj * by + and m:uxud by senuqroup. 1bQ 

correspandence betWiNm +-varletlE!S and S-varletles holds. ~ are 

exanples of +-uar let ies of language1> and lat m denote by 1\. thlt 

corresponding S-var letles, A rewl t of Straublllg' [St851 statf..\s that 

if V
k 

is decidable, then 1\ 15 dé:!Cidable. 

Sirmn's characterization of the recogluzabllt languages l'hJse 

syntactic l11JlUJlds are f-tr1vial, Le. , I1(L) E J lf and only if L 

i5 a '" (m) -language for 50Tœ m, or VI = J, g1\19S an algorlthm to 

declde lf a recognizable language 15 of dot-œpth l, If W IS 

dec Idab le , 19 < HI decidable? The soluhon of thlS oplên problem 

could provide an algorlthm to test if a language is of dot-depth k 

5ince V
k

+
1 

= OV
k

. SHmn's re~iUlt i5 the hasis for trU::h recent 

research, for fmample, th2 eff~ctlve characterlzatlon of + 
a ~l' the 

le'Jlel 1 of the dot-uepth hierarchy. Knast [Kn8Jal, [RnB3bl 

demonstrated the decidablilty of BI' a simpler praof was obtalned by 

1berlen [1be851 using categories. A nunfler of other CODsequt!lJCe5 of 
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SlI1Dn'S theorem are: a general theory of conqrtEtlCe varletles [!bea1l, 

the study of languages \'h:)se syntactlc TTDnolds are p-groups or 

mlpotent groups Œ1761, [The84J, SOTTE purely contHnatorlal 

Invest Igatlons [l.DB3J. SallE' other consequences are gHl'en ln [St801. 

l'bst of the proofs of SlIlDn's theorem that hatJ'EI been puhllshed 50 

far, [E176J, (La179J ~ (P 18~a], [5175] for exarrple, depend on a 

detalled study of coniHnator laI propertles of the congruences 
(m) • 

In [STB5J, senugroup expanslOns were used ta show the result that 

euery flnlte ~-trlvlal nonold lS a quotIent of a flnlte nnnlJ1d 

adnuttlng a partIal order that IS compatIble wlth multIplIcatIon. As a 

consequmce, a radlcally new proof of SlTTDn'S theorem \'aS obtauled. 

Our future research 1 s concerned Wl th 11Dre appllcat lons of the 

lOI;Jlcal characterlzatlons stated ln chapter tw. For eHanple, W!? 

WJuld hke to settle sorre open problems sœh as a generalizatlon of 

SInon' s theorem. The follow:mg open questions concernllXJ the 

decldablilty of the Straublng hlerarchy remaln other goals for later 

Invest Igatlon: 

(1) Find a necessary and suCf IClent conch t Ion for 1-
(ml' ••• '"k) to be 

lllciuded 10 ~( , 1)' Chapters three, four, flV'E' and SIX 
m1, .. ·,m k , 

Inc:ltrle partIal results. A necessary concl! t lon lS 

H (ml' ••• , '\) ::5 H (m' l ' •.. ,m' k' ) . 

(2) Do the equatlon systems ln chapter f Ive, section one, conpletely 

characterlze the M-varletles V for m ~ 4? 1bere, l,m i t \'aS ShoVl 
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that they do Eor Vl ,l' V1,2 and V1 ,3 Eor any alphabet A. 

(3) 12t k!: 1. Let . . . , '\ be pas i t i 1JII! mtegers • Let l~ 

contain at least two letters. Find a necessary and sufficient 

condition Eor to he of dot-depth eKactly d. Itis 

ea~y to ~ that a*l­
(ml' ••• , "k) 1 if and 

only if k = 1. Using theorems 5.2.2 and 6.1.4, A*/~ 
(ml' ••• '"le.) is 

oE dot-depth exactly 2 if and O1'1ly il' k = 2 or <k = 3 and 

~ = 1). AIse, simdlarly to lemna 6.1.1, Eor k!: 3, mi posltiue 

integers, and mi!:: 2 Eor 1 = 2, ... , k-1, te Mue tbat 

* A 1..... is oE dot-depth exactly k. 
(ml J'" '''k) 

(4) Generalize the equation systems oE chapter SIX, sectlon tWll, to 

A equahon systems that characterize 112 ,1 for any al~t. 

generalization of these systems for '1
2 

' m > 1, would provide an ,m 

equational characterization oE dot-depth 2 nonoids. 
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