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Résumé

Cette theése présente deux approches pour la commande supervisée hiérarchique
des systemes a évenements discrets(DES), modélisés comme des automates déterministes

finis.

On présente en premier, une théorie de commande hiérarchique, basée sur I’ensemble
(totalité) des états, différente de ’approche classique qui utilise des méthodes de lan-

guage formel.

Un modeéle d’automate déterministe de haut niveau est caracterisé par son util-
isation de notions de consistence dynamique(DC) dans sa définition des transitions
de haut niveau. La condition Trace-DC est ainsi définie sur toute partition en éspace
d’état qui garantie: (i) Les trajectoires dans les systémes bas niveau sont représentées
dans les systemes haut niveau. (ii) Les trajectoires dans les modéles haut niveau sont
realisées utilisant les trajectoires dans les systémes bas niveau. Il est aussi montré
que la condition Trace-DC assure que les comportements controlables bas niveau sont
représentés comme comportements controlables haut niveau.

La condition Non-Blocking In-Block-controllability sur les partitions est définie
dans le but de garantir que les comportements, qui sont controlables dans les modeéles
haut niveau, peuvent étre atteints par la commande des transitions haut niveau entre
les blocs combinés avec les commandes locales a retour d’état dans chaque bloc.
Un algorithme appelé Vocalised lifiing est proposé pour la construction des partitions
Trace-DC. 1l est prouvé de la littérature des langages formels basés sur la théorie de la
commande hierarchique supervisée, que la formulation de la supervision hiérarchique
satisfait les conditions de consistence hiérarchique

Notre approche est illustrée avec plusieurs exemples de chaines de production
manufacturiéres, incluant un tranfert ré-entrant et une chaine & deux queues séquentielles.



RESUME

Une application pour la commande des appareils de maison (Machine 4 laver), moti-
vant notre approche est présentée.

En deuxiéme volet de cette these, une formulation de la notion des systémes
d’automates déterministes interagis, basée sur le produit multi-agent(MA) est présentée.
La relation de transition du produit MA est montrée qu’elle représente l'intersection
des relations de transition de deux produit associés: le vecteur de produit synchrone a
état dependant et le produit stimulant. Il est aussi prouvé que la langage accepeté par
le produit MA est l'intersection des langages embedded constraint de chaque agent.

La supervision d’un agent par autre est ainsi considérée. Il est montré que la
réalisation standard d’un automate fini peut étre utlisée comme modele pour I'agent

superviseur.

Une direction de recherche basée sur la supervision centralisée, décentralisée et
hiérarchique des systémes produit MA est initiée. Il est montré que les comporte-
ments de produit MA, qui sont individuéllement et indépendement controlables avec
le respect de chaque agent, forment un comportement controlable dans le systeme
produit MA.

iii



Abstract

This thesis presents two approaches to the hierarchical supervisory control of
discrete event systems (DES) modelled as finite deterministic automata.

First, a hierarchical control theory based on the aggregation of states is presented
that differs from the standard approach to hierarchical supervision which mainly
employs formal language methods. A high-level (i.e. aggregated) deterministic au-
tomaton model is defined that uses notions of dynamical consistency (DC) in the
definition of high-level transitions. A Trace-DC condition is then defined on any
given state-space partition which ensures that (i) trajectories in the low-level system
are always represented in the high-level system, and (1i) trajectories in the high-level
model are realized by trajectories in the low-level system. It is also shown that the
Trace-DC condition ensures low-level controllable behaviours (languages) are repre-
sented as high-level controllable behaviours.

The (Non-Blocking) In-Block-Controllability condition on partitions is then de-
fined that ensures that behaviours that are expressly controllable in the high-level
model can be achieved through the control of high-level transitions between blocks
combined with local state - feedback controls in each block. A so-called vocalised lift-
ing algorithm is proposed for the construction of Trace-DC partitions. It is shown that
this formulation of hierarchical supervision satisfies conditions of hierarchical consis-
tency from the literature on formal language-based hierarchical supervisory control

theory.

The approach is illustrated with several examples of manufacturing production
lines, including a re-entrant transfer line and a line with two sequential queues. An
application to the embedded control of home appliances (washing machines} which
motivates the approach is summarised.



ABSTRACT

Second, a notion of systems of interacting finite deterministic automata is for-
mulated via a newly proposed multi-agent (MA) product. The transition relation of
the MA product is shown to be the intersection of the transition relations of two
associated products, the vector state-dependent synchronous product and the simul-
taneous product. It is shown also that the language accepted by the MA product is
th- intersection of the so-called embedded constraint language of each agent.

Ti supervision of one agent by another is then considered and it is shown that
the stancard finite automata realization for a supervisor can be employed as the
model for tiie supervising agent.

A line of research is then initiated on the centralised, decentralised and hier-
archical supervision of MA product systems. It is shown that the MA product of
behaviours that are individually and independently controllable with respect to each
agent forms a controllable behaviour in the MA product system.
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CHAPTER 1

Introduction

An essential element in the design of a complex system, whether it be 2 manu-
facturing plant, a communications network or an enterprise management system, is
a high level description of component functionality, logical dependence and informa-
tion flow. A common form for such a description is a graphical representation such
as a flow chart or a finite state machine. Independent of the complexity of the real
system, there is an informal maximum complexity (measured perhaps, by the size or
number of elements in the flow chart) for such a description to be a meaningful tool
for reasoning about the design. Hence there is a need for a formal tie between an
abstract description and the true system so that reasoning at the abstract level can
be effectively translated to the true system.

In this thesis, two forms of abstract model are proposed in the setting of a specific
formalism; that of supervisory control of discrete-event systems modelled as finite
deterministic automata. The first is based on the aggregation of states to form an
abstract model in which the abstract states now correspond to sets of states in the
true system. The second is based on a model for the concurrent evolution of multiple
agents. The product of the agent state spaces gives the true system state and the
dynamics are provided by a specific definition for the interaction of the agents.

Complexity

The aspects of complexity that are at issue are organisational and constitutional
complexity ([79]) rather than computational complexity. That is, the cause of the
problems at the design stage is not the length of time of calculations, but rather
the need for an organised approach to combining subsystems that have extensive
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interactions. Computational complexity, on the other hand, may be of importance
if an automated tool is used to aid the design and becomes much more important
during implementation.

It should be noted that the approach here is not that of disguising complexity
as uncertainty as is done in robust control or fuzzy logic. Rather, it is assumed that
exact models (deterministic or stochastic) are in principle available at any level of
refinement and the complexity must be organised to form a meaningful abstraction
for design.

The most natural response to the issue of organisational complexity is hierarchical
organisation. It has been argued that hierarchies are universally present in natural
and synthetic complex systems [84, 45]. Characteristics of multi-level hierarchical
structures, their vertical arrangement, and subsystem prioritisation have been defined
in various contexts [65, 90|, and more recently in settings similar to this thesis in
(44, 72, 13, 99, 46]

Discrete Event Systems

Historically, discrete state systems and the complexity they engender have been
studied, at least indirectly, in many fields including game theory [98], operations
research [24], graph theory [36], discrete mathematics [11] and digital design [63].

Motivated by the almost universal use of computation-based control and the
spread of systems-based philosophies to application areas with complex discrete dy-
namics, the field of Discrete Event Dynamical Systems (DEDS or sometimes simply
DES, see [4]) has emerged as the application of systems and control concepts to formal
computer science. Because of this dual heritage, there is a dichotomy in perspective
regarding DES. The systems-theoretic view of this field is that DESs are most often
derived from a continuous state space, e.g. by cell-wise decomposition. As a result,
many system-theoretic notions (for instance controllability) gain new interpretations
in the DES field in terms of reachability or connectedness [36, 19]. The formal com-
puter science view, on the other hand, is motivated by issues such as decidability [39]
and formal verification [70] which regard DESs as purely computational processes.

The dichotomy is also present in the closely related field of hybrid systems (see
for instance,[18, 26, 75, 50] and (7, 8]).
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Other fields have emerged with similar characteristics and motivations to DES.
These include intelligent systems and expert systems [3, 86|, multi-agent systems
[32], decision systems [74], etc. All attempt in some way to make systems of enor-
mous complexity amenable to human understanding and (re-)organisation, either by
abstraction or by creating tools that allow for formal verification.

Supervisory Control Theory

Within the DES field, there are many approaches to system modelling. These
include Markov chains, automata and finite state machines, Max+ Algebra and Petri
Nets (see [22] and references therein, and for a short comparison of these models
for a specific queueing example see [21]). The contents and contributions of this
thesis lie in the automata-theoretic and finite state machine setting, specifically in
the supervisory control framework.

In the supervisory control framework, DESs are modelled as generators of a for-
mal language. These are untimed logical models (see [78] and references therein, in
particular the original articles [77] and [101] and the longer works [91, 47]). Feed-
back control is applied through the observation of system events and the inhibition of
future events. System behaviours are also described by languages (i.e. sets of strings
of events) and the theory seeks to determine, among other things, which behaviours
can be achieved through the inhibition of future events by an external supervisor.

There is an extensive literature for supervisory control. A partial list of topics
includes observability (71, 60|, control based on partial observation [25, 47], modular
control [76, 102|, decentralised control [80, 58, 59], nondeterminism [38, 62], timed
aspects [12], infinite strings [91], vector systems [55, 56], concurrency [95, 57] and
supervisory control of Petri Nets [35, 85].

Hierarchical Strategies in Supervisory Control

Complexity issues arise in the supervisory framework due to combinatorial ex-
plosion in the number of states (for computational complexity considerations see [94]
and for complex examples see [81, 82]). Hierarchical supervisory control formulations
in a linguistic framework have appeared in [103] and [99] and an approach based on
supervisor reduction appeared in [96].

Two approaches to hierarchical supervision are presented in this thesis. The
first approach, presented in Chapter 2, is to clump states into blocks in order to

3
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form an abstract supervisory model. This is motivated by hierarchies based on state
aggregation that appeared in {19, 15, 83] and [33] and by the expected generalisation
to hybrid systems [17, 52]. The main results for the chapter are Theorems 4.1 and 4.2
in which properties of consistency between the low level system and the abstraction
are proved. Where possible, the work is compared with the hierarchical supervisory
control theory in [103, 99].

The second approach, presented in Chapter 4, is a modular approach based on
interacting agents. This is motivated partially by the general work in [67], the multi-
agent formalisms from computer science in [32], and the concurrency ideas in [68].
The main results for the chapter are the development of an algebraic description of
the language accepted by a so-called multi-agent (MA) product system and an initial
analysis of the supervisory control problem for multi-agent systems.

DES Applications Areas

Chapter 3 of this thesis contains several worked examples and a discussion of a
motivating application areas. The intention is to demonstrate the theory and prove
the worth of the analysis for the design of much larger systems. The emphasis in the
worked examples is on manufacturing systems and discrete-event production lines
[28] but the analysis might well be exported to applications such as communication
network architecture designs and resource allocation.

Manufacturing Systems

The fields of Operations Research and Expert Systems, among others, focus on the
control and optimisation of manufacturing models. In particular, [90] and the other
papers in the same collection discuss coordination and conflict in the manufacturing
systems setting and [64] contains a survey of expert systems and manufacturing
techniques.

Within the DES field, applications in manufacturing systems are also common.
In particular, [34] discusses a probabilistic model in which the relative frequency
of events yields a hierarchical structure, (103, 29, 49] contains an analysis of re-
entrant flow production lines in the supervisory control setting and [10] provides a
logical synthesis from a flow chart through automata to integrated circuit layouts.
The supervision of batch processes modelled with Petri Nets appeared in [92] and
supervisory control in the context of programmable logic controllers was examined in
[31].
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Embedded Systemns

With the advent of automated integrated circuit design, embedded controllers are
now pervasive in many industries, for instance in the home appliances industry, the
automotive industry and the telecommunications industry. A pertinent discussion of
the design of embedded systems and the need for modular design based on pre-verified
components can be found in [30].

The candidate performed a brief part of the research for this thesis at General
Electric R & D in Schenectady, NY on the control of washing machines with an
embedded system (see[9]). A discussion of this exploratory phase can be found in
Chapter 3.

Other Applications Areas and DES software

Other application areas for DES include failure diagnosis (see [81, 82] and [97]),
communication systems (for a discussion of Internet topology see {20] and feature
interaction in telephony see [23]). Larger distributed applications include automotive
traffic systems (see [66] for a multi-origin multi-destination network model) and air
traffic control [73], [93].

Many software applications packages exist for DESs. These include packages
developed in the academic setting such as [5, 6] and a host of commercially available
software such as Matlab Stateflow [2]. These offer varying degrees of generality or
simulation environments and hence inversely varying degrees of formal verification
tools.



CHAPTER 2

State Aggregation and Hierarchical
Supervisory Control

1. Introduction

The supervisory control framework for modelling discrete event systems (DES) is
an untimed logical model that is expressed in terms of the observation and inhibition
of events. Within this framework, system behaviours are described by languages (i.e.
sets of strings of events) and the theory seeks to determine which behaviours can be
achieved via the inhibition of a subset of the system’s events (see [78, 77, 101] and
(91, 47)).

Because of the generally accepted role of hierarchies in system compiexity re-
duction, the immediate complexity issues that arise for DESs due to combinatorial
explosion (for examples, see [23, 82]) motivate a hierarchical approach to supervisory
control.

Ir this chapter, which follows closely the work in [16, 40, 41, 43], a hierarchical
control theory based upon state aggregation is presented. The general idea is illus-
trated Figure 2.1. An abstraction of the system model is created by partitioning the
system state-space and forming an abstract model in which the abstract states now
correspond to sets of states in the true system.

Definitions of relevant conditions for partitions and high-level dynamics for a
hierarchical supervisory control automaton are then given. A motivating problem for
the entire formulation is that of ensuring (non-blocking) accessibility of the designated
states; it is shown that this problem may be decomposed and solved in a hierarchical
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fashion with local state-feedback supervision in conjunction with supervision at the

aggregated level.

Other work on a hierarchical theory for supervisory control has appeared in the
DES literature. Within a linguistic framework, [103] and [99] develop notions of
output control consistency and hierarchical consistency which capture conditions for
effective high-level control. Links and comparisons will be made with these notions
in the current work. An aggregated modular approach to controller reduction based
on covers of the state set of the supervisor also appeared in [96]. In [72], the authors
consider an approach in which high-level events represent specific sequences of low-
level events (“tasks”) which may need to be tracked or repeated numerous times.
An aggregation-based theory appeared in [13] in the context of statechart models.
An analysis of Petri Nets based on refinement and abstraction appeared in [88],
with a corresponding analysis of policies that enforce liveness being given in [85]. A
discussion of state-space partitions can be found in [89] and a condition is presented
which guarantees, for a given specification, the existence of a unique maximal partition
on which to base control.

FIGURE 2.1. Aggregation and the w-partition automaton.



2.2 STATE AGGREGATION IN THE SYSTEM MODEL

The distinct characteristic of the present work is that the state aggregation is
based upon Dynamical Consistency (DC). This is a notion developed in the context
of forced event (positive-imperative) control in [19, 15|, generalised to differential
control systems in [17, 18, 50, 52, 51| and which, further, is related to notions in a
purely graph theoretic setting (see [36]) and in computer science (see [7, 37]).

State-feedback control in the supervisory framework has been considered previ-
ously in [54, 48|.

Relevant definitions from the literature concerning languages, supervision, con-
trollability, non-blocking, etc., are given concurrently with the development of the
state aggregation theory. The following chapter contains several worked illustrative

examples.

2. State Aggregation in the System Model

A supervisory automaton G is a five-tuple,
G = (Xv zuuzth 67 Q07 Qm)a (2'2-1)

where X is a set of states, ¥ = £,UZX. is an alphabet of event labels (where £,NE. = 0
by assumption) and § : X x ¥ — X is a (partially-defined) transition function. All
{observed) admissible initial states gg lie in Qo, and @,, is the set of marked goal
states.

The notion of a set of initial start states, Qp, as defined in (2.2.1) differs from the
standard single start state defined in [77]. This is purely notational and is motivated
by a desire to maintain a self-similar layering in a hierarchy of abstractions in which
multiple start states must be considered. It is assumed the initial state go € Qo
is identified a priori for any execution of the model. At present only completely
state-observable systems are considered. It is also assumed that all states in X are
reachable from some initial state and co-reachable from a state in Q.. The alphabet
of event labels is composed of a set of controllable labels £, which may be disabled
by an external control {a supervisor) and a set of uncontrollable labels ¥, which may
not be disabled.

An abstraction of the system can be constructed via a partition w of the state
set. Accordingly, let 7 = {X, X,,.., Xy} with UX; =X, X; #0, 1 <i < |w|, and
XiﬁXJ' =@f0rz#]
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Motivated by the analysis in [15] regarding the dynamics between partition
blocks, the following definitions are made.

Definition 2.1. I(X;, Qo)

The In-set I(X;, Qo) of a partition block X; is the set of states in X; that are
either in the initial state set or directly accessible (i.e. one step accessible) from the
complement of the block, i.e.

IGI(Xi,Qo) == [.’L‘EQonX,‘ Vv
3r' € XEF.3u € .8(z',u) = 1.

Definition 2.2. (X,;,Xj)u

The relation (X;, X;), holds for i # j whenever, for each state in the in-set z
of X;, there exists an uncontrollable path with initial state z, intermediate states
uniquely in X; and terminal state in the in-set of X, i.e.

(.Xi., Xj)u <=Vz € I(X,', QQ)EO’ € 2;
d(z,0) € X; AVo' < 0,6(z,0') € Xi.
where < is the prefix partial order, i.e. s’ < s if s’ is a strict prefix of s. 0
Definition 2.3. (X, X;)q

The relation (X;, X;)q holds for i # j whenever, for each state z in the in-set
of X;, there exists a path with initial state z, intermediate states uniquely in X;
and terminal state in the in-set of X; and, furthermore, all such paths contain a

controllable transition, i.e.
(Xi, Xj)a = Vz € I(X;,Qo).30 € .
§(z,0) € X; AVo' < 0.8(z,0') € X;
AVz € I(X;,Qp). Ao € L.
§(z,0) € X; AVo' < 0.8(z,0') € X.
]

Note that (X, X;)q¢ and (Xj, X;). cannot hold simultaneously. The abstract
model, which is itself a supervisory automaton, may now be formally defined.
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. Definition 2.4. w-Partition Automaton

The w-partition automnaton is defined as,
A
G" = (m,Z; UET, 6", Q5. Q)

where m = {Xi,....Xn} is the set of states. When (X;, X,)4 holds between two
blocks, a 7-level disableable transition Uf is defined. Similarly, when (X;, X;), holds,
an undisableable 7-level transition V7 is defined. The disjoint sets £ and £7 are the

collections, respectively, of the defined symbols U,-j and V;j .

The (partially-defined) w-level transition function, 6™ : # X ¥™ — =, is defined
such that when a transition exists, it forms a directed edge between the associated
states, i.e. (Xi, Xj)a = 6™(X;,U}) = X;, and (Xi, X;)u = 6"(X:, V7) = X;. The
set of w-level initial states is Qf def {Xi € m|X; N Qo # 0}. The set of m-level goal
states is QT def {X; e m|X:NQm # 0}. O

The selection of a high-level representation which is itself a supervisory automaton
(i.e. a model in which control is applied through inhibition) is again motivated by
a desire for self-similarity between layers in the hierarchy. In practice, this allows
for a single set of algorithms to be used, independently of hierarchical layer, for
tasks such as building partitions, optimisation (for instance maximal controllable
subset calculations) and instantiating control actions. There are clearly many other
candidates for the higher-level descriptions. One possibility is a forced-event model.
The hierarchical theory developed in {19] then applies directly (except at the bottom
layer, which remains a supervisory automaton). Another possibility is a continuous
description rather than a granular model [50].

Definition 2.5. Trace Dynamical Consistency (Trace-DC)

A m-partition automaton G™ is Trace-DC iff

{(Xi,Xj>u V (X,‘,Xj)d Vv —-[Ew S Y.3z c X,-E]:c' € JYJ'- 5(.’1,', w) = .’L‘I]}
g

The Trace-DC definition ensures that 7-level transitions are realized by trajecto-
ries in the low-level automaton and also that low-level trajectories are always repre-
. sented in the w-partition automaton. It must be stressed that the Trace-DC property

10
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of a w-partition automaton depends upon the properties of the partition = and the
low-level automaton.

A condition appeared in a similar context in {7, 68] termed bisimulation. The
Trace-DC condition for a partition automaton is weaker than the more strict bisim-
ulation equivalence condition for two reasons. In the latter, a high-level transition
would represent a single-transition connection from all states in one partition block
to a state in another and further, all such transitions from a given block to another
would be required to have identical labels. In the Trace-DC setting, longer strings of
transitions are permitted and these need not have the same event labels.

The unmarked language, i.e. the set of strings of event labels accepted by the
automaton G but not necessarily ending at the goal set, is denoted as L(G). The
marked language is denoted L,,(G). Languages may be defined on the high-level al-
phabet £™ in a similar fashion, i.e. L(G™), L,,(G™) and when necessary, a superscript,
e.g. K™ C L(G™) will be included to emphasise the layer at which the language is
defined.

2.1. Maps from Low-Level Systems to High-Level Systems

The canonical map (for states), ©, : X —> =, is defined as
O-(z) = X; if z € Xj, 1<i< |nd,
and extended in the natural way to domains of successive greater complexity:
(state-sets) O, : 2X — 27,
O(R)={Xen|XNR#0Q}, RC X
(strings of event labels) ©, : L(G) — L(G™),
Ox(e) = ¢,
(0.(0)U?  if 6(z0,0) € Xi, 8(z,0w) € X; and (X:, X,)a
for some 1 < 4,5 < |«],
O (0)V? if 8(zo,0) € X;, 8(z,0w) € X; and (Xi, X;)u
for some 1 < 1¢,j < |«],
\@,,(a) if 6(zp,0) € X; and §(z,o0w) € X; for some 1 < 7 < ||,

A

Ox(ow) =

where 0 € £* and w € .
Note that ©, : L{(G) — L(G™) is well-defined only when G™ is Trace-DC.

11
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(languages) O, : 2L(6) — 2L(G")

Ox(K) = {Ox(0)lo € K} C T,
where 22(%) denotes the set of sub-languages of L(G).
(Mealy machine output) @, : X x ¥ — " U {e},

Ul ifr € X;, 6(z,w) € X;,and (X;, X;)q,
Or(z,w)=q V7 ifz € X, d(z,w) € X;,and (Xi, Xj)u, (2.2.2)

1

€ otherwise
Definition 2.6. ([39] for instance) Mealy Machine

A Mealy machine is a six-tuple (X, Z, A, 4,0, go) where X, and § are as in the
supervisory automaton (2.2.1), ¢o is the initial state, A is an output alphabet, and
the map © : X x ¥ — A gives an output ©(z, w) associated with the transition
from state z on input w. O

The map ©; in (2.2.2) can be combined with the low-level system G to form a
Mealy machine, Gg,, via

Gex = (X! Z! 27r7 63 eﬂ’: QO)' (223)

The interpretation of the output function in (2.2.3) is that symbols from ™ vocalise
the crossing of partition boundaries. Again, a similar caveat applies to the notation
of a set of initial states Qg; it is assumed that a start state gy is identified for each
execution of the system.

Note that, as an observation map, ©, is both formally and operationally different
from the standard observation mask or natural projection that is used most frequently
in the literature on supervisory control under partial observation ([47, 25]). As an
observer, the effect of ©, in the present setting is to restrict the estimate of the
current state to an element of the partition =.

2.2. Mealy and Moore Representations

In the next section a comparison will be made between the Trace-DC condition
and the output control consistent condition from [103]. The output control consistent
is formally defined for Moore machines hence Moore machines will now be formally
defined and their relationship with Mealy machines summarised.

Definition 2.7. ([39] for instance) Moore Machine

12
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A Moore machine is a six-tuple (X, Z, A, 4, é,qo) where X, and § are as in the
supervisory automaton (2.2.1), qo is the initial state, A is an output alphabet, and
the map © : X — A gives an output associated with each state. a

An equivalent Moore machine representation can be constructed from a Mealy
representation, in general, by embedding the states X in a new state-set X = X x &7
(see [39] p. 44 for instance).

In the current case, Gg, yields the equivalent Moore representation.,
Ge, = (X x &7, 8,57, 6,0,, [g0, Ao)) (2.2.4)

where,
([, Al,a) = [6(z,a),Ox(z,a)] € X x ET,
Ox([z, 4]) = 4,
forre X, A€ X", a €. Apin (2.2.4) is an arbitrary member of 7.

Example 2.1. An ezample of the Mealy to Moore construction is given in 2.2. In
the figure, Gg_ is a partition machine in the Mealy format, i.e. where the observation
map, O : X x & — I7, reports a subset of the low-level event set. Gg, shows an
equivalent Moore representation where the observation map is now O, : X — T7.
Note that, as stated in the text, only states z and y need be split because these are
in-set states which have incoming transitions from multiple blocks. The two repre-
sentations are equivalent in the sense that all accepted strings give the same string
of observations. Note that in Figure 2.2, the ticked arrows are used to represent
controllable transitions. Unticked arrows represent uncontrollable transitions. O

FIGURE 2.2. An example of the Mealy to Moore translation.

The interpretation of the Mealy to Moore translation is that the information
about the current transition event is carried in the state of the Moore machine.

13
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In practice, for the specific case of Gg, created via (2.2.2) and (2.2.3), the con-
struction of the equivalent Moore representation only requires extending the state
space at specific states, i.e. those states which (a) are in-sets and (b) have arriving
transitions from two or more different blocks X;,,..., X;,. Such a state z € X, is
then replaced with the states [z, 7p]...[z, i,], and the these are mapped to the output
symbols Ui’;, U,‘;‘ respectively. The remaining states need only be replaced by one
state {z', Ap], where Ay may be chosen arbitrarily and these states are mapped to the
null output symbol e.

The intention in the construction of the Mealy and Moore machines in the context
of supervisory control is that the events in ¥ retain their controllability properties
(i.e. that events in £, can be inhibited). The issue in both settings is whether there
is a meaningful setting for supervision of the events in £™ through the inhibition of

events in X.

2.3. Comparison Between Trace DC and Output Control Consistency

A Moore automaton is said to be output control consistent ({103]) when the high-
level alphabet can be divided unambiguously into controllable transitions (inhibitable)
and uncontrollable transitions. A formal definition is as follows.

Definition 2.8. ([103]) Output Control Consistency

A Moore machine G = (X,X = L, UZ,T = {rn} UT, UT,4,0,zx0), where
T,T,,T. are alphabets and 73 is an output symbol, is output control consistent if for
every string s € L(G) of the form

(A) s=o0109---0% or, respectively,

(B) s = 3I0'102 v Ok,

where s € ¥* and o0; € £, and,
(A) O(é(zp,0102---03)) =719, for 1 <i< k-1, and
©(d(zo,5)) =7 # 7o
or, respectively ,
(B)  ©(5(z0,5")) # 70, and
O(6(xo,s'0102---0;)), for 1 <7< k-1, and
©(6(zo, s)) = 7 # 7o,

14
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it is the case that,

if 7 € T., then forsome 7,1 <i < k,0; € £., and
ifreT,, thenforall7,1<i< k,0; € &,.

The conditions of Trace-DC for G™ and output conirol consistency for the asso-
ciated ée, are incomparable. Trace-DC includes a universal quantification over the
in-set of a given block which is not needed for output control consistency. Output
control consistency requires that high-level uncontrollable transitions never be in-
stantiated by controllable paths, which is allowable in the definition of (),. Examples
are shown in Figure 2.3 in which G, is Trace-DC but not Output Control Consistent,
while G, is the opposite. The figures show the Moore representations, and the output
alphabets are 7' = £™ with T, = 7 and T, = Z7.

FIGURE 2.3. Trace-DC and output control consistency are incompara-
ble (in-sets are shadowed).

The definition (), for uncontrollable m-level transitions can be strengthened to
()sw (strongly uncontrollable) with the additional requirement that there be no paths
from the in-set to the next block which contain any controllable events. With this
strengthening of (), to ()su, it may be shown that if G* is Trace-DC then Gg, is

output control consistent.

It is significant that, as is shown in Section 4, the Trace-DC and output control
consistent conditions still achieve the same property of preserving language control-
lability under mapping from low-level to high-level image.
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3. Control of the Abstract Model (the m-Automaton)

Let a supervisor for the automaton G with start state go in Q¢ be a function,
f = fq : &= —> 2% specifying a set of enabled (i.e. not controller disabled) transitions
which immediately follow any given event sequence o. It is assumed henceforth that
for all o, £, C f(o) C X. After o has occurred, the controlled automaton (denoted
(G, f) may evolve with any transition w satisfying both 6(§(z¢,0), w)! and w € f(0o).

At the 7 level, supervisors are defined in a similar fashion to that at the low
level, i.e. F™: ™ — 25", Due to the fact that m-automata possess unique event
labels (the labels Uij being indexed by the preceding and following blocks X; and Xj),
a starting state-set |QF| > 1, does not lead to nondeterministic behaviour at the =
level.

Herein, only state-feedback supervision within each local block will be considered,
i.e. at each block Xj, a supervisor f; : X; — 2% specifies the enabled transitions at
the states within X;.

Example 3.1. Figure 2.4 illustrates two low-level automata and two partition au-
tomata. It can be checked that GT is Trace-DC. There are four control inputs pos-
sible at X, in G7 and these can be enacted in G, by the low-level state-feedback
controls fi : z3 = X, f1 : s — , which enables neither U? nor U} in GT
fa:za— T,U{w}, fa 1 z5 > T, which enablesUZ, f3:z3 Iy, fa: x5 — T,U{us}
which enables U}, and fy : z3 — Ty U {uy, us}, fa : 25 — L, U {ua} which enables
both U? and U} . (it is assumed fi(z;) =T, for 1 <k <4,5=1,2,4).

In the second example, on the right of Figure 2.4, it is also the case that G} is
Trace-DC, but now there is no low-level control which disables only U3 at X, in G3.
a

A local automaton is now defined for each block X; that is parameterised by a
start state z € I(X;, Qo) and a set of goal states Q.

Definition 3.1. G,+(z,Q)

The sub-automaton G y+(z,Q) of the automaton G = (X, £, 4, Qo, @m) is defined
as

GX:’(J": Q) = (X{F,E,(SX?,QI, Q)
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FIGURE 2.4. Examples of Trace-DC partition automata.

where X" = X; U {z’ € X{|3w € .3y € X,;.0(y,w) = '}, i.e. the block X; and the
states reachable from X; in one transition. 5% is § with domain restricted to the set
X; x ¥ and z and @ are parameters (a state and state-set, respectively). a

The controllability notions for state-feedback supervision and non-blocking ac-
cessibility (of target states) may be formulated with the following definition (adapted
from [54], and appearing equivalently with the notion of predicates in [48]).

Definition 3.2. [54] (Non-Blocking) Controllable State-Sets

A set R C X is controllable with respect to the automaton G = (X,Z, U
2., 6, T, @) if the following hold:

1. VzeR3IoeX*. §(zg,0)=z A Vo' <0.6(zp,0')ER (R-reachable)
2. Vz € R. Bue€ ,.6(z,u) € R® (closed with respect to L,)

Additionally, R is (non-blocking) controllable with respect to the automaton G if
the following condition also holds:

3. Vz € R3c € &*. [§(z,0) € Qm AVo' < 0.6(zx,0') € R] (Non-Blocking)
0
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For completeness, the analogous definition for languages is included.
Definition 3.3. ([77]) Controllable and Non-blocking Languages

A language K C L(G) is controllable with respect to the automaton G = (X, £, U
e, 8,20, Qm) if K, N L(G) C K. The language K is also non-blocking if K =
KN Ly(G). O

In [54] it is shown that there exists a state-feedback supervisor that realizes each
R-reachable controllable state-set R (in the sense that, under the set of enablements
prescribed at each state by the supervisor, the reachable set is exactly R). Further-
more, it is clear that for each R-reachable controllable set R, there exists a unique
maximally enabling state-feedback supervisor that realizes R, i.e. one that enables
the largest possible set of events at each reachable state, while still restricting the
reachable set to R.

Define the operation U on supervisors by fUug : ©* — 2%, fug(o) ©f f(o)ug(o),
i.e. flg inhibits a transition only if both f and g inhibit the transition. The maximally
enabling state-feedback supervisor realizing R as the reachable set can be found by
taking the union, |J f, over all state-feedback supervisors f that realize R. This is
a different issue to that of finding a maximal controllable sublanguage or sub-set of
states for a given (possibly uncontrollable) specification. In the present discussion,
the state-set R is assumed to be controllable yet there may be more than one state-
feedback supervisor which realizes R.

3.1. Internal Requirements for Controllability

The control inputs at the 7 level are disablements of transitions in X7 but are to
be enacted by local low-level state-feedback supervisors. This requires the existence
of a low-level controllable state-set in the sub-automaton that allows reachability of
neighbouring blocks as requested by the w-level supervision. The key point as far as
achieving specifications at the « level is the existence of such a controllable state-set
for every set of disablements at the 7 level. For example in G5 in Example 3.1 there
was a missing instantiation of the w-level disablement f*(X,) = {V}} UZ}.

To ensure that there is such an instantiating state-set for each control in each
block, further conditioning is required. This is given below for a block X; and the
collections of blocks P = {X; : (X;, X;)a}, P* = {X; : (Xi, X;)u}. This definition
constitutes the supervisory control counterpart to the IBC definition in [15] for forced
event systems. In particular, in the cases where all events are controllable (X = Z,)
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or all events are uncontrollable (¥ = X,) this definition and that of ST-in-block-
controllability [15] differ only in the latter’s requirement for mutual accessibility of
out-sets (i.e. the set of states that are either goal states or from which transitions
lead out of the block).

Definition 3.4. (Non-Blocking) In Block Controllable (IBC) Partition
Automaton

A Trace-DC partition automaton G7 is (non-blocking) IBCf for all blocks X; € w,
both of the following hold,

(i) VX; € PA¥z € I(X;,Qu).3Ry’ , € X; such that
LVE[X,NRY , #0) <> [k=i V k=j V Xk €P], and
2. Rf’x is (non-blocking) controllable w.r.t.

the sub-automaton Gy+(z, P} U [X; N X[']).

(i1) [Xi N Qm # 0] => Vz € I(X;,Qo).IRY™, T X; such that
1. QmNR3™, #0, and
2. Rf{"‘z is (non-blocking) controllable w.r.t.

the sub-automaton G y+(z, Qm N X3).
In this event, the partition 7 is also termed (non-blocking) IBC. O

Example 3.2. Figure 2.5 shows possibilities for the four required controllable
state-sets (shown as sheded regions) for condition (i) of the (non-blocking) IBC con-
dition at block X, . The slanted inhibition lines are used to represent the status “in-
hibitable but not inhibited”. Consider the the third state-set from the left (which would
correspond to Rff',_o in Definition 8.4), in which the high-level transition U} is inhib-
ited. Note that blocks X5 and X4 are still (non-blocking) accessible from xy because
Rjt:f,xo is (non-blocking) controllable with respect to the automaton le»f(a:o, {z2,23})
which has goal states in the blocks X, and X,. a

Note that due to the definition of (, )., any controllable subset R C X} must
always contain states from each block in P¥, i.e. it is never possible, through low-level
control, to block high-level uncontrollable transitions.

Condition (ii) of the (non-blocking) IBC condition assures that, within each -
level goal state, non-blocking goal state reachability is guaranteed to hold.
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FIGURE 2.5. The required (non-blocking) controllable state-sets for
(non-blocking) IBC condition (i) for the in-set state zg.

Unfortunately, unlike the situation in [19, 15, 17], the (non-blocking) IBC condi-
tion is not preserved, in general, under either the greatest lower bound (intersection)
or least upper bound (chain union) operations in the lattice of partitions. An example
of the loss of the (non-blocking) IBC condition under the chain union operation is
given in Figure 2.6, where two partitions (one marked with dashed lines, the other
with solid lines and singletons assumed unless otherwise shown) are themselves (non-
blocking) IBC, but their chain union is not (the blocks {z3, z4, 5}, {22} fail the Trace
DC condition).

FIGURE 2.6. (non-blocking) IBC is not preserved under the chain
union operation.

The IBC condition is transitive along the hierarchical layering. Let Il be a
partition of #, i.e. II = {AX;,i = 1..|l1|} such that J&; = =, Vi.&; # 0, and
Vi #j X.NX; = 0. If G* is (non-blocking) IBC and G" is (non-blocking)
IBC (with G™ as the low level machine), then G™ is (non-blocking) IBC, where
= {X{|X!= Ux,-ex.» X;}-
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3.2. Synthesis of Supervisors through Sequential Refinement

Singleton blocks satisfy trivially the requirements in the definition of (non-blocking)
IBC, hence the identity partition, 7'¢ = {{z}|z € X} is (non-blocking) IBC. A Trace-
DC hierarchical control structure is a chain, or sequence of (non-blocking) IBC parti-
tions of increasing refinement. The key motivation is that specification and analysis
may be performed at any level of granularity and the resulting supervisors may be
translated down this chain of partitions, yielding subsequent levels of control refine-

ment.

Definition 3.4 posits the existence of controllable state-sets. Hence for a given
(non-blocking) IBC m-partition automaton, for each (X;, X;)4, (1 < 4,5 < |7)
and z € I(X;, @Qu), the maximal (non-blocking) controllable state-set, which will
be labelled Rﬁ:{‘z, can be found by taking the union of all sets satisfying the (non-

blocking) controllable condition. Similarly, for each block X; € @7 (1 < i < |w]) and
state z € I(X;, @Qp), the maximal (non-blocking) controllable state-set can be labelled

by RZ™..
Furthermore, the maximally permissive state-feedback supervisors which realize
R}:-j'z and R)Q(:',‘I are labelled by ff‘,’,x : X; —» 2% and fﬁ_’:‘x : X; — 2% respectively.
For a w-level language specification K™ C L(G™) , the following scheme translates
the control H™ : L(G™) — 2%, which synthesises K™ in G™, to a low-level control

hiow : L(G) — 2% (now possibly history-dependent by the dependence on H™ in its

construction).
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IBC Synthesis Algorithm K[B3°()
Input : H™
[a] For s € L(G) such that ©,(s) = ¢, let
how(s) = | froar™ (8(o, 5)).
WeH™(e)
[b] For s € L(G) such that ©,(s) = S, let
how(s)= | s ™ (6(z0, 9)),
WeH™(S)
where X' = 6™ (X, S), zj = 6(zq, s') and s’ is a minimal string
such that ©,(s’) = S and s’ < s (i.e. for any other s” satisfying

these requirements, s’ < s” < s).
[c] Finally, for s € L(G) such that ©, (s) =S5 € L,(G7™),

h'low(s) X' :(J(Io S))

where, again, X' = 8" (X, S), zg = d(zo, ') and s’ is a minimal
string such that ©,(s') = ©,(s) and s’ < s.
Output: Ay

The scheme is illustrated in Figure 2.7 for the intermediate case [b]. Consider the
low-level supervision after a low-level string s. hjn,(s) is to be calculated via the IBC
Synthesis Algorithm. In this case, the high-level control action at S = ©,(s) is H™(S)
which means U} is inhibited (this is the inhibitable arc between X3 and Xg). Within
the block X3 this high-level control action is translated to the low level state-feedback
as f’“ . which inhibits flow to X§g as illustrated. Hence the control to be applied at
s is how(s) = _fM (z) where z = §(zo, s).

Let the unique low-level language resulting from the control Ay, found through
the IBC synthesis algorithm be K[B€(K™). An illustration of this high-to-low syn-
thesis for (non-blocking) IBC partitions is provided in the following chapter in the
context of manufacturing systems.

4. Controllable Sub-Languages of the m-Automaton

The principal theoretical results of this chapter are now given. It will be shown
first in Theorem 4.1 that the Trace-DC condition alone achieves the same consis-
tency result as that of output control consistency; namely that the m-level image of
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H™(S) = {U3, V§'}

FIGURE 2.7. Translation of control from high to low levels.

a controllable language is controllable. It will then be shown in Theorem 4.2 that,
with the added (non-blocking) IBC hypothesis, the inverse holds; namely that for any
controllable w-level language, there exists a low-level controllable language with the
m-level language as its image. These results are shown in the setting of languages and
then as a corollary are obtained for state-sets.

Theorem 4.1. Consider a Trace-DC partition w of X in the automaton
G= (){, EHUEC, 6’ QOa Qm)’

and any Ty € Qo. If a language K is non-blocking and controllable w.r.t. G then
©.(K) is non-blocking and controllable w.r.t.

G™ = (m, ZUET, 8™, QF, @r.)»
where QF % {X; € 7| X; N Qo # 0} and Q~, ¥ {X; € 7| X; N Qm # 0}
Proof. Let o™ € ©,(K) and V € 7 and let 6"V € L(G™). Also, let 0 € K

be an instantiating string such that ©,(c) = ¢". That O,(K) is non-blocking and
controllable can be shown (independently) as follows.
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(controllable) V represents an uncontrollable DC link (X;, X;), for some 1 <
i, < |r|. Let o' £ o be such that §(zq, d’) € I(X;, Qo). Since (X;, X;),, ¢/ can be
continued by s € I such that §(z¢,0's) € X;. But K is controllable, so o's € K,
meaning 6"V = O,(os) € ©,(K). Hence O,(K) is controllable.

(non-blocking) As K is non-blocking, o can be continued by some s € £* to the
goal states. All low-level goal states are contained in m-level goal states so the image
©,(0o) can be continued to ©,(cs) such that §™(Xy, O, (os)) € QF,. =

In order to translate the results from languages to state-sets, the following obser-
vations are needed. First, note that for any non-blocking, controllable subset R, there
exists a unique maximal non-blocking and controllable language Lg that has R as the
reachable state-set. Second, note that for any non-blocking, controllable language K,
the (unique) reachable state-set must also be non-blocking and controllable.

Corollary 4.1. Consider a Trace-DC partition « of X in the automaton G and
any g € Q- If R C X is (non-blocking) controllable w.r.t. G then ©.(R) is (non-
blocking) controllable w.r.t. G™.

Proof. It can be verified that the reachable set (of m-level states) associated
with ©,(Lg) is ©,(R). The (non-blocking) controllability of ©,(R) follows from that
of ©,(Lg) (which is non-blocking and controllable via Theorem 4.1). =

The construction in the previous section via the synthesis algorithm K/BC allows

the formation of a low-level language K/B°(K™) from a high-level specification K™.

ow
This construction is effective in the sense that it yields a non-blocking, controllable

low-level language which has the correct image K™.

Theorem 4.2. Consider a (non-blocking) IBC partition w of X in the automaton
G = (X, TuUZ, 6, Qo, @m)
and any g € Qo. If K™ is non-blocking and controllable w.r.t.
G™ = (m, ZUZL, 67, Q5, Q)
then K[BC(K™) is non-blocking and controllable w.r.t. G and ©,(K[B°(K™)) = K~.

Proof.  (controllable) Let 0 € K/BC(K™) and let v € T, be such that
ov € L(G). Let o’ be the shortest prefix of ¢ with the same image (i.e. ¢’ < o and
Or(0') = ©,(0) = o™ and for any other such ¢”, ¢’ < ¢”). Further, let =’ = §(zo, 0')
and X' = §"(X,,07).
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The string o is realizable under /B¢ (i.e. is an element of the language generated
by G under the control A/Z€) since, by assumption, o € K/BC(K~). So for at least
one W € H™(o™) with X" = §"(X’, W), it is the case that v € fX,':I,(J(zo,a)) (or
f)?,'t‘r, (6(xo,0)) if X' is already in the goal set Q7). Hence,
v € h{BC (o) = U f's,:'(:,""atw)
WeH= (o)

and therefore K/2°(K™) is controllable.

(non-blocking) Let 0 € K[BC(K™), and let 0™ = ©,(0) be continued by S =
S15; -+ - Sis;, where S; € 7,7 = 1...|S|, such that 6" (X, 0" S) € QF, (which is possible
as K™ is non-blocking).

We may recursively construct an instantiating string s = 5152« - - S|sj+1, 5i € £,
by finding, in succession:

[a] s; such that os; € K/B¢ and

—_—

5(I0,0’) S1 I(JT(X(LURSI)V QO)a
[b] s, for 2 < i < |S], such that os,---s; € KfBS(K™) and
I(6™(Xo,0"81Ss - - - Six1, Qo)),

—_—

I((ST(X(), 0'"5152 v Si),Qo) Si

[c] si5)+1 such that

[(6’r(X01 0”3)7 QO) S|$_|-.i'l Qm-

In cases [a] and [b], such a string exists because

A(S,i+1
hz[cfuc(o') 2 fA((S,iz)TBz.s,i)(é(an 7)),

where A(S,2) = 6"(Xo,0"51S2---S;) and B(s,t) = §(zg,08,82---5;). This is the
case for all o such that ©,(c) =0"5,5, - - - S; since

Si+1) € H™ (0™ 5152 - - - S;), by assumption, and the application of each local function
f:. results in a (non-blocking) controllable state-set. For the case ¢ = [S| + 1, we
can find a string to instantiate the final portion within the high-level goal state
6™(Xy,0™S), because we use the local non-blocking control fg,’("xo,a,, §).6(z0:05)"

Hence for any o € K[BC(K~), there exists s such that os € K[B°(K™) and
§(zg,08) € Q,n. Hence K/BC(K™) is non-blocking.

(K™ C O,(K[BC(K™(KT)))) Let S = S51S2---Sjs) € K™. S may be instantiated
by s € K[BC(K™) such that ©,(s) = S; this is by the same construction used for the
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proof above of non-blocking starting from the empty string ¢ and leading to the block
§™(Xy, S). Hence S € ©,(KLBC(K™)).

(G),,(K,’oﬁ,c(K")) C K”) Let S = 5152 s S|s| S @”(K,’,,E,C(K")) and s = $182-..815] €
K be such that for each i,
d(zg, 5152...5:) € I(6™(Xo, S1S2---S;), Qo), i-e. for each pair S;S7,,, s; connects in-set

to subsequent in-set.

Recall the construction of hy,, in 6™(X,, S1S2---Si), and the fact that non-
blocking controllability and reachability from a given start state are closed with
respect to union. Hence it is the case that 0(zg,s152---siy1) is reachable from
I(0™(Xo,S5152---S:),Q0) if and only if S;, € H™(S,S2---S;). But this means S
is a realizable string under the application of H*, ie. S € K™ . -

By the very specification of ©, and the definition of controllable state subsets in
the m-partition automaton G™, one obtains:

Corollary 4.2. Consider a w-level (non-blocking) IBC partition of X in the au-
tomaton G and any zo € Q- If R C 7 is (non-blocking) controllable w.r.t. G~
then there exists a set R C X which is (non-blocking) controllable w.r.t. G such that
©.(R) =R".

Proof. To R”™ can be associated a unique maximal nonblocking controllable
language K%.. From Theorem 4.2, K[B®(K%.) is non-blocking, controllable and
O (K[B¢(Kgr)) = Kg~. Hence the reachable state-set R associated with KB (Kg«~)
also has these properties. n

4.1. Hierarchical Consistency and (Non-blocking) IBC

To further the comparison with the work in [103] (in the light of Theorem 4.2)
the definition of hierarchical consistency is now provided. Let G, = (Z,%,7, 46,0, z4)
be a Moore automaton where © : Z — T is an output map from state to output
symbols in 7. In analogy with the map ©, defined in Section 2, the map © can
be extended to © : 2L(Gw) — 2T" which associates to each low-level language E|,
a high-level language Ej; composed of strings of symbols observed along the state
trajectories of the strings in Ej;,. Let G™ be an automaton with alphabet T, i.e.
L(GM) C T~
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Definition 4.1. ([103]) Hierarchical Consistency
A pair (Gyo, G") possesses hierarchical consistency if L, (G*) = ©(L.(Gl)) and for
every non-empty, closed, controllable language Eh; C L, (Gr;),

O(© Y En)") = En

where ()7 is the maximal controllable sub-language operator. a

The symbol Geg, will continue to represent a Moore automaton as defined in
Section 2 via the translation from Mealy to Moore automata. Note that a language
is controllable with respect to G if and only if it is controllable with respect to Ge, .

Theorem 4.3. Consider a (non-blocking) IBC partition © of X in the automa-
ton G and any choice of zo in Qo. Then the pair (Go,,G™) possesses hierarchical
consistency.

Proof. Consider E* C L,,(G™), a non-empty, closed, controllable language,
and let E,TO be the maximal controllable language satisfying @(EITO) C E™, ie. Efo =
(©7!(Exi))!. For any choice of 5 € Qo, the mapping En; — KBS (Ew:) v E[BC of
the IBC synthesis algorithm gives a low-level language E/Z€ controllable with respect
to G such that ©(E[BC) = E"* (by Theorem 4.2). By assumption E/EC C E] so we

have that Ey; D O(EL) D O(ELEC) = E", and hence ©(O~!(E)") = O(E]) = E™,
as required. =

Hierarchical Consistency of the pair (G’e,,, G7™) does not, in general, imply that
G™ is (non-blocking) IBC. A counter-example is as follows.

Example 4.1. In Figure 2.8, Hierarchical Consistency of the pair (@9,,6’”) can
be verified by checking the four high-level controllable languages accepted by G™ and
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their associated inverse images, e.g.
{e,U%}: O Ye,UE} = {¢,a,b,ac, be}
(O He, U = {¢, a,b,ac}
— 6((@{e,UZP)") = {&,UZ}
{e, UL,UtU3}: O e, UL U3} = {e,a,b,ac, be, acd, bef}
(O He, U, UUN)T = {e,a,b, ac, acd}
= 0((07{e, Uf, UF U3 1)) = {e, UF, UU; }
{e, UL, UUYY . ©7 Y e, U2, UU;} = {€,a,b, ac, be, acg, beh}
(O He, UL, UUIN) = {€,a,b,ac,acg}
= 0((07{e, U}, UiU; 1)) = {&, U, Ui Uy }
{e.ULUILE, UG} - ©7He U, UPUS, ULU; } = L(Ge,)
= 0((07{e, Uf, UIU;, UtU; 1)1) = {e, UL, UTU3, UL Uy }.
This partition is Trace-DC but is not (non-blocking) IBC due to the canonical lack of
control of the flow after transition e. a

Geﬂ’ s, d

!
-
-

<
? W~
g « h
Mirnnnosisooesnstt

FIGURE 2.8. A Hierarchically Consistent pair where G™ is not IBC.

It is still possible to discuss the consistency criteria from the perspective of ez-
istence of the partitions, i.e. does hierarchical consistency imply the existence of
(non-blocking) IBC partitions? And if not, under what conditions is this the case?
These are discussed in the following section.
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5. (Non-blocking) IBC Partitions and the Vocalised Lifting
Algorithm

Given the appealing transparency of a hierarchy based on state aggregation and
the requirement for hierarchical consistency between layers, an immediate issue that
arises is whether all systems that exhibit hierarchical consistency will have IBC par-
titions. This is generally not the case as is shown in Example 5.1 below.

Example 5.1. Figure 2.9 illustrates a pair (Gi,, G*) where G, is a Moore au-
tomaton and the automaton G* is such that L(G") = ©(L(Gy,)). (Gio, G*) possess
hierarchical consistency yet there does not ezist a partition 7 of the state space of Gy,
such that the partition automaton GT is isomorphic to G". This is because T3 cannot
be placed in a block with any of the other states. For ezample, if z3 is placed in a block
with T4 as illustrated on the diagram then < X, X, >, holds yet there is no high-level
transition between X, and X, in G" as there would be in G™. Similarly, if z3 is placed
with 4 then < X3, X4 >, holds yet, again, there is no high-level transition between
X3 and X4 in G" as there would be in G™. z3 cannot be placed as a singleton block

as there are insufficient states in G". ]

FIGURE 2.9. A hierarchically consistent pair for which there is no par-
tition automaton isomorphic to G".

The essential problem in Example 5.1 is that the output map for Gy,, when
translated to a Mealy output, bears no representation in the form of Equation 2.2.2
which is the partition-based Mealy machine output (the output map for G, is based on
the current state and the current event which can be accomplished by setting, for all
z € X and g € Z, Opreay(0, ) = Oproore()). To treat this issue, a so-called Vocalised
Lifting (VL) is provided below that extends the state space in order to make the
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system amenable to state-aggregation. The goal is to create, presumably at the design
stage, a state-based hierarchical structure that maintains hierarchical consistency.
The advantage is that the a state-based hierarchy is now available and the level of
granularity can be chosen to suit the design considerations. The disadvantage is that
the cardinality of the state-space is increased. Essentially, minimality is sacrificed for
regularity.

Algorithm VL
Input: G=(X,%,6,Q0,Qm), Xseea T X.
Output: Gy, = (XVE, 2,6, Q%, Q%), mvr.
1. (closure from Seeds)
For each state £ € Xjeeq U Qo, compute the forward closure,

Y: = {z' € X|3s € T*.[(8(z,s) = 2') A (Vs',e > &' < 5.8(2,5") & Xseea)]}-

and define the cover X %/ {Yz | 2 € Xseea U Qo} and number
the blocks Y7, ...Y{x)-

2. (definition of XY, myy)
For each state zx € X, ifz, € ¥;; NY;, N ---NY,,, (where
1 < n < [K|), define the states =5 , z}%,, ..., )% in a new
state set X'Z and let,

VL VL,w
T € Xi

VL VL, 7w
Zgi, € X,

VL r‘/L,ﬂ'
Ty € X,

where Xiw"", 1 < i < |K| are blocks in a partition 7y of X ‘L.
The sets X'* and X,;™" contain no other states other than
those specified by this step.

3. (definition of éyz)
For 0 € £ and zx,z; € X, the (partial) transition function
dvz is defined such that

5VL($/‘:{§,U) =x,; if (i) i=7and é(zx,0) =x,0r
(Z'L) I € Xseed U QO and 6(17[:, 0') = z.

30



2.5 (NON-BLOCKING) IBC PARTITIONS AND THE VOCALISED LIFTING ALGORITHM

4. (definition of Q¥F, QYF)
Define the start states and goal states Q3F = {z}*|z € Qo}
be Q% = {z}¥|z € Qm} respectively.

The VL algorithm creates a new supervisory automaton Gy, from G and a par-
tition myz of the state space of Gyz. For each state in Xseeq U @, the effect of this
algorithm is to create one state in X'2. Each such new state is placed in a different
partition element of my, (note that the cardinality myy is also | X,eeq| + [Qol)-

The effect of the algorithm for each state in X (X eeq U Qo) is to create up to
| Xseea| + | Xo| states in the new set X', and place them in appropriate blocks in my,
such that they share a block with a seed state or initial state if and only if the state
for which they were created is reachable from the original seed state. The transition
function is then defined for Gy such all cross-boundary transitions end in a seed
state.

A similar algorithm to the VL algorithm was presented in [103]. It should be
noted that the algorithms have different goals; the VL algorithm seeks to create
an IBC partition in a structure that was already hierarchically consistent while the
algorithm in [103] seeks to enhance the system structure so that it is hierarchically
consistent when previously it was not. Unlike the VL algorithm this was done in [103]
by enhancing the observation function rather than increasing the number of states.

A possible interpretation of the seed points X .4 € X is that of states in a Moore
automaton that are not mapped to € by the output map. A growth bound on the
state-set cardinality is O(n?). In the worst case, all non seed nodes need to be put in
each seed node’s cover and seed nodes make up 50% of the total nodes.

Formally, the myz-partition automaton can be defined as follows.

Definition 5.1. G™*

The partition automaton G™ is defined (in the same manner as partition au-
tomata in Section 2) to be,

G ¥ (myy, STUST, 5™ QT QW)

where 7z, is now the state-set. When (X,-"L, X JVL),, holds between two blocks, we define
a m-level disableable transition UJ. Similarly, when (X}*, X/*), holds we define
an undisableable 7-level transition V7. The (partially-defined) transition function,
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8% : my X LT — my, is defined such that when a transition exists; it forms a
directed edge between the associated states, i.e.(X}*, X))y = ™= (X¥E U =
X, and (Y, X1, = o (XY, UY) = X*. The set of my.-level initial states is

e XV e n| X N QY # 0}. The set of m-level goal states is Q7 = (X)L ¢
T | X} N QT # 0} a

Example 5.2. The VL algorithm is applied to Example 5.1 with the seed set
Xseeda = {Z1,T2,24,25}. The result is shown in the bottom right of Figure 2.10.
The effect is to split the state z3 into 3 and =¥ and place these in separate partition
elements. Note that G™* is then isomorphic to G".

FIGURE 2.10. The result of the VL algorithm on Figure 2.9.

a

Example 5.3. Another example of the application of the VL algorithm is given in
Figure 2.11, where the states in Xeeq are labelled A and B, and the states in X' are
shown with subscripts tagging them to their respective seed nodes. O

Theorem 5.1. G7, is Trace-DC

Proof.

Note first that for every block X € my: (i) I(X}*, Qo) = {y} for some y €
Xseea U Qo, 1.€. there is only one in-set state per block; and (ii) by construction every
state in the block XY is reachable from this in-set state y.
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(G, Xseed)

FIGURE 2.11. Illustration of the VL algorithm.

The Trace-DC condition can be restated as,
Vi#j,1<14,j< |mul
(BweL3r e XF3z" € X;F. 6(7,w) =2"] = (XY, X/P) v (XYVE, X M)a)}

which is now proved.

Consider any pair of blocks X% XYL € my and let there exist some z’ €
XYl 2" € X' and w € ¥ such that §iz(z',w) = z”. The state z’ is reachable
from I(X}%, Qo) and so there exists at least one path from I(X}Y%, Qo) to X /L. If
all such paths contain at least one controllable transition, then, as there is only one
in-set state in XL, it is the case that (X}'%, XY*),. Similarly, if there is at least one
such path that is composed entirely of uncontrollable transitions, then (XYt , X VL),

The statement that minimality is sacrificed for regularity can now be clarified. Let
X,eea be interpreted as a set of observable states of a Moore automaton (i.e. let the
observation map © : X — T, where T is a high-level alphabet map Xseea —> T/{€}
and X/Xeea —> €). Let (G,0) and (Gyz,©) denote the Moore machines formed
via the observation © of the sets X and Xy;. The following remarks can be made
regarding G , Gy, (G,0©) and (G, ©):

e L(G)=L(Gw)

e The string of observations 7, € T* along the state trajectory in G of a string
o € L(G) is the same as the string of observations along the state trajectory
in Gy, of o
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e A language K C L(G) is controllable w.r.t. G if and only if it is control-
lable w.r.t. Gy since the (i) £. and I, retain their meaning in the alphabet
of Gy and (ii) after a string s, for all symbols o € ¥, §(é(zo, s),0)! <
v, (8vz (zo, s), 0'w), i.e. the set of symbols A, that may follow a string s in G
is equal to that which may follow s in Gy.

e The Nerode equivalence classes for the mapping from X* to T* defined by the

pair (G, ©), i.e.
o =¢ o < Yw. O(d(zq,0w)) = O(6(x0, c'w))
are identical to those for the mapping defined by the pair (G, ©), i.e.
o =g, 0 <> Yw. O(dy(zy,ow))=0(bw(zo,c'w))

Hence, from an input-output perspective, the systems (G, ©) and (G, ©) are equiv-
alent (i.e. their respective maps £* to T* are identical). The state-set of Gz is
generally larger, hence the claim that the VL algorithm leads to loss of minimality
(if indeed G was minimal).

5.1. The VL Algorithm and IBC partitions

Next it is shown that a non-trivial IBC partition of Gz, exists when (G, G") are
hierarchically consistent, G is unmarked (i.e. @,, = X) and the map © : X ey — T
is injective.

Theorem 5.2. Let (G,©) denote a Moore automaton with vocal nodes Xgeeq C X
and goal states Q,, = X and let the automaton G* = (X", T, 8", QF, QM) be such
that L(G™) = ©(L(G)).

If the following conditions hold for all zog € Qq :

(i) the pair ((G,©),G") is hierarchically consistent, and
(ii) © : Xseea —> T is injective,

then G™ is a (non-blocking) IBC partition automaton, i.e. the partition my, of X
is (non-blocking) IBC.
Proof. By Theorem 5.1, G™ is Trace-DC.

Since T is injective, there exists a many-to-one map ©% : ™ — T such that
for all Ejew € L(G), it is the case that O(E,y,) = 04 (O, (Eiow))-

Let XX € nyp and let 47 = {VF|(XY, XY, } U {U?}. It is shown that for all
start states g € Qq, there exists a controllable language Ex; C L(G"'), such that for
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all control policies f™ with ©"(L(G™ /f™1)) = E; it is the case that,
(1) X}* € Rbl(G™=/f™) and (2) f™ (X)) = {+]}.

This can be shown by construction for each '73 of the appropriate language E,,,v('y{ ).
Consider the state-feedback control for G™,

A% 2 A N > Ly YWy — ’TZ k=1
/ v S (Xe7) 2E™  elsewhere,

which inhibits only those transitions necessary in the application of the action 7{ at
XV, Let Eni(+]) = ©M(L(G™ / f«)). This language is by construction control-
lable, and from the global assumption stated in Section 2 that all states in G are
reachable from some start state zg, it is the case that X,-VL is reachable when the
policy f*7 is applied to G™ (satisfying (1)). Furthermore, event labels are unique
in G™ (since labels are indexed by the preceding and following blocks) hence any
other policy f™ such that ©%(L(G™ /f™)) = Ey;(v}) must also apply v/ at X'
(satisfying (2)).

Since the pair ((G,®), G*) is hierarchically consistent, Ep;(~;) necessarily has at
least one controllable low-level counterpart Ej,, such that ©(FEw) = Egi(7:). Let

fiow be the control policy which results in Ej,,. Let fiﬁ'."" be fiw extended to the
set X'L and then restricted to the state set X2 (see Definition 3.1). The reachable
sets within X 27 for fi’j.tn provide the necessary sets R:E;_.VL for the (Non-blocking)
IBC definition part (i) (see Definition 3.4).

Part (ii) of the (non-blocking) IBC condition follows trivially as every state X%
is a goal state, so within each goal block X“ on, the set X% * is the required set
R,Q\'?L,z“ where z’ is the unique in-set state in block XY. =
Figure 2.12 shows the relationship between the two consistency conditions under the
assumptions of Theorem 5.2). The many-to-one map ©” is shown to emphasise that
the original high-level observations can be recaptured from the transition labels in

the VL partition automaton.

Theorem 5.2 extends naturally to systems with three or more layers since hi-
erarchical consistency and the (non-blocking) IBC property are transitive. The VL
algorithm can be performed either top-down or bottom-up (i.e. apply the VL al-
gorithm to the high-level, then to the low-level, or vice-versa) leading to the same

result.
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ek .x* 5T
] - n
Gh Gyr

O:L(G)->T Ox : L(Gyr) = Z™
(@ : Xseed —T
injective)
—_— i
G VL Algorithm Gvr

FIGURE 2.12. Hierarchical consistency on the left implies (non-
blocking)-IBC on the right when L,,(G) is controllable (Theorem 5.2).
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CHAPTER 3

Trace-DC Hierarchical Supervisory
Control: Examples and Applications

1. Illustration of the Formation of IBC Partitions

In many applications, the overall system is composed of subsystems that act inde-
pendently and are only synchronised or co-ordinated via the application of control. In
the special case of non-interacting subsystem models, Non-blocking IBC partitions of
the overall system space can be built-up from partitions in the individual components.

The lack of interaction between subsystems can be captured by the lack of overlap
between the event alphabets of the components. Consider two automata G; and G,
with alphabets £, and £, such that ¥, NY, = @. Figure 3.1 shows an example of such
a case along with a recogniser for the shuffle product L(G,)||L(G2) labelled G,||G
(in which the event labels have been suppressed for convenience).

This example is the standard “cat and mouse” scenario taken from [78]. The
problem context may be summarised as follows (the reader is referred to [78] for a
full discussion):

e The states represent the location of agents (cat and mouse, perhaps) in one of
5 numbered rooms. The transitions represent doors between rooms that are
all blockable (i.e. controllable) except for c;.

e The control problem is to block appropriate doors in order to achieve the
control objectives of:

[1] not allowing the agents to occupy the same room (“cat eats mouse”),
[2] always ensuring accessibility to the start state (rooms (2) and (4)), and
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3.1 ILLUSTRATION OF THE FORMATION OF IBC PARTITIONS
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FIGURE 3.2. IBC partitions for G,[|Ga2.

substitution property [37], namely: for any two states z and z’ in X x X, and for any
transition label 0 € £, (2 =, 2) = (8(z,0) =4, §(2’,0)), i=1,2.

The partition 73 in Figure 3.2 illustrates the more general fact that (non-blocking)
[BC partitions ¢, and wg, of the component state spaces X; and X, can be combined
to form a (non-blocking) IBC partition of X; x X, via the equivalence relation

(z,y) =rGxG, (',y") == {(I =g, ') A (y =rg, yl)}'
in this manner, the partitions 75, = {{(2)}, {(1),(0), (3)}, {(4)}} and ¢, = {{(4), (3),

(0)},{(1),(2)}} yield the partition 73. Note that 7; and 7, are also cases of this phe-
nomenon with ng, = 7, 7, = { X2} and n¢, = {X,}, 76, = miq respectively.

The partition 74 is an illustration that not all (non-blocking) IBC partitions may
be decomposed into component partitions. w4 also highlights the conceptual reward
of a hierarchical description. It can be checked that the top left block in 74 is the
maximal controllable state set which satisfies the original control objectives. The
bottom right block represents a set of states that are “safe” (i.e. states which do not

39



3.2 MANUFACTURING SYSTEMS

allow access via uncontrollable events to a state in which both agents occupy the same
room), but are disallowed because they are not co-accessible to the start state without
travelling through unsafe states. Possible extensions are immediately apparent that
would make the bottom right block safely co-accessible to the start state; for instance,
put an attendant in room (4) to separate the agents. This would allow a safe trajectory
between the two high level blocks and hence permit considerably more freedom to the
agents. This argument illustrates the relative ease with which one can reason about
complex systems when presented with a hierarchical decomposition.

For the case of systems that do interact, i.e. when either £, N X, # @ or a
synchronisation constraint is used (see Chapter 4), the IBC condition is in general no
longer preserved when component partitions are combined.

2. Manufacturing Systems

In this section, the hierarchical decomposition and control of manufacturing
plants will be examined. Several examples will be presented and all are based on the
models in Figure 3.3 for machines, buffers and testing units. The states I, W, E and
F stand for “idle”, “working”, “empty” and “full”, respectively. By assumption, the
machines and testing units may be disabled from starting a task, but may not be dis-
abled from finishing. These models form a set of primitives Gprimitives = {M, B, TU}.

The plant layout for a manufacturing plant is defined as follows.

Machine Buffer Machine

l_M'

overfill

FIGURE 3.3. The machine, buffer and testing unit models.
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Definition 2.1. Manufacturing Plant Layout

Let G = {G;,i = 1,...,N} be a finite set of automata with G; € Gurimitives fOr
each i. Let & = |J, £; be the union of all alphabets. A manufacturing plant layout is
defined as a 3-tuple,

(G, Stayout, T)
where djayout € {GUS} x £ x {GUS} in which S is the set {S.,,7 € £} where each S,
is an automaton with alphabet {7} accepting the language v*. Each event in Slayout
is one of the following forms:

[Gi,7.Gjl, Y€ [Zie NZje] U[Ei N Ejul, (an internal move)
[Sy, 7. Gil,s v €%, (introduction of a piece)
[G:, 7, S4], vy €L (removal of a piece).

The interpretation cf the layout is that the events in &aywt represent physical
connections (pathways for pieces) between primitive units (in this case machines,
buffers and testing units). The event label captures the synchronisation requirement
for the removal of a piece from one model and the corresponding addition of a piece
in another. It is assumed that these labels are either controllable in the alphabets
of both systems involved, or uncontrollable in both systems. The introduction of
pieces from outside the layout, and their removal, is captured by events to and from
the automata in S respectively, with the convention that the automata S, are not
explicitly illustrated on the layout.

The dashed lines in Figure 3.3 show an illustration of a plant layout. Hence the
machine M and the buffer B share the event label “2” in their alphabets. An automa-
ton capturing the complete dynamics can be constructed by taking the synchronous
product (see Chapter 4, Equation 2.4.1 for the definition) of the primitive models,
with event labels assigned appropriately from the layout. Note that S,||G; = G; if
v € L;, so the synchronous product S1]|G||G2]|G3||S4 for the Machine-Buffer-Testing
Unit sequence in Figure 3.3 reduces to G||G:||G3.

Several layouts will now examined. The control objective will be the same for
each layout considered. This is to avoid overfilling the buffers while

A) maintaining reachability to the “empty” state, i.e. where all buffers are empty
and all machines idle and
B) allowing maximally permissive use of the machines.
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3.2 MANUFACTURING SYSTEMS

This objective can be re-stated as a non-blocking accessibility problem by creating
a “dump” state to which all overfill events lead, and from which there are no exiting
transitions, i.e. the empty state (the goal) is not accessible from the “dump” state.
For illustrative purposes, all overfill states (those shaded in Figure 3.3) will often be
condensed to a single “dump” state, as the dynamics, once an overfill event may have
occurred, are considered inconsequential.

The intention is for the resulting controls to represent the first layer, designed
for safety, of a control architecture. Additional control action may be applied, in
combination with the control for safety, in order to optimise for throughput, minimise
time, etc. The additional control action could be applied with a forced-event style
control, in which case the inhibitions from the safety-supervisor would override the
forced-event control. Alternatively, additional control could be applied as further
inhibition of events that are permitted by the safety-supervisor.

The examples have been simulated, and data files can be found at [1] for software

in the formats of [5] and [6].
2.1. An Illustrative Example: Transfer Line with Re-entrant Flow

Consider the layout for a transfer line with re-entrant flow shown in Figure 3.4
(an extension to an example in [103, 29]). Each workpiece must be processed by all
the machines, and upon testing by the testing unit, may be accepted or rejected, the
latter resulting in another pass through machines M2 and M3.

‘=M1 *~B1 *-M2 ‘-B2 *~M3 *~B3 '~TU ° -~
,9,

FIGURE 3.4. A material transfer line with re-entrant flow.

The state in which all buffers are empty and all machines and testing units are
idle is identified as both the initial and goal state. This system has 129 states. A
portion of the automaton for the complete dynamics is displayed in Figure 3.5. A
natural partition based on the number of active pieces is also displayed for this portion
of the automaton. It can be verified that this partition satisfies the non-blocking IBC
condition in Definition 3.4. The m-automaton for this partition is illustrated in Figure
3.6. G™ is a non-blocking IBC partition automaton.

The main result of Section 4 states that the flow at the level of the m-automaton
can be realized in the low-level system via the IBC Synthesis Algorithm (see Section
4). This can be illustrated for this example for the control within the block Xj.
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3.2 MANUFACTURING SYSTEMS

Let the w-level supervisor be the shaded blocks in Figure 3.6. Now consider the
action of this control at the block X5.
H™(Xy) = {Z{ U U}

i.e. the control applied at the block X is to enable only U} and hence force the state
to X3. In general, the w-level control may be history dependent, but for illustrative
purposes, a state-feedback supervisor is considered.
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S 0 5 e B
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eearaa® a"\/ze A \;/I g \\)-‘C 5-
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FIGURE 3.5. A controllable state set and partition with a typical in-
hibited undesirable event 1 (all others suppressed for clarity).

To achieve the necessary m-level control, the following low-level control, A4, would
be be synthesised by the IBC synthesis algorithm (with uncontrollable events that
are not defined at the given state suppressed for clarity).

hiow : zo — {2,4}, zp—> {2,5}, z.— {2,6}, z4+—> {2},
ze — {4}, z;+— {5}, =z, {3,6}, =zn+—— {3},

z;— {4,6}, z,— {4,7}, zp+—> {6}, z,— {7}
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FIGURE 3.6. A w-level controllable state-set.

Notice, for instance, that the low-level control Ao inhibits the event 1 at z; to
prevent a transition to the block X5 because U} is inhibited at the w-level.

All control actions of H™ can similarly be instantiated at the low-level illustrating
Corollary 4.2 by providing a state set R with required image R". In this specific
example, R™ is the maximal controllable state-set satisfying the objectives, though
maximality is not required for Corollary 4.2 to hold and hence all controllable state-
sets could be instantiated in this fashion.

2.2. A Double Queue

Consider the two-stage queue in Figure 3.7, with buffer size V for both buffers. As
a preliminary step, the first machine-buffer-machine sequence M1-B1-M2 is analysed
independently (see the top left of Figure 3.8). The state space (4N states) for the
M1-B1-M2 portion is shown at the right in Figure 3.8 with a (non-blocking) IBC
partition. The corresponding partition automaton is shown on the left. The labelling
refers to the state of the machines and buffers: “0” is used for “empty”, “N” for “full”
and “N+1” for “overfill” (e.g. in the state “JTkW™, M1 is idle, there are k pieces
B2 and M2 is working). The overfill states and their images at the higher levels are
shaded. Note that adjacent blocks in Figure 3.8 can be amalgamated to form larger
(non-blocking) IBC blocks.
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1 2 3 4 3 4 S

. - M, . - B [ 7..\ ,M “,,,;- '*"*"? M [ B S ,,M 7.

Buffer Size = \ Buffer Size = N
FIGURE 3.7. A two buffer queue (“double queue”).

The automaton for the double queue is formed by taking the synchronous product
of the low-level automaton in Figure 3.8 with its counterpart for the second portion of
the queue. The shared events (3 and 4) force the second machine in the first portion
to be in the same state as that of the first machine in the second portion, hence the
total count of the reachable state space is the expected 4N x4N/2 = 8 N2. A partition
automaton, G,, for this system is displayed in Figurc 2.2 for buffer size N = 1 and
in Figure 3.10 in the general case.

Finally, a partition of the m;-level state-set is also presented in Figure 3.10, which
leads to a third level, G, in the hierarchical layering. The partition 7, has a natural
description at the base level since each diagonal band has the same number of active

pieces within a margin of 2.

The utility of the theory is exhibited by the fact that the control specifica-
tion, i.e. that of not allowing reachability of the overfill states, can be stated and
solved for through common sense reasoning at the aggregate level; for instance,
in the case of N = 1 a reasonable evolution which is clearly safe is the language
K™ = UX(U3UiU)*U3U}. The control can then be translated down a chain of in-
creasingly refined partitions to the full system model in a straightforward and sound
manner.

2.3. Join and Split Layouts

Analyses of other formats for the machine-buffer connections can be made in a
similar manner. Figures 3.11 and 3.12 show a join and split respectively for the buffer
size N = 1 case. These can be exterded similarly to the N sized buffer case. A
possible goal in this work is the emergence of primitives that would allow for the
immediate description of control methodologies for arbitrary plant layouts.
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FIGURE 3.9. The double queue with buffer size N = 1.
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FIGURE 3.11. A join element with buffer size N = 1.
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FIGURE 3.12. A split element with buffer size N = 1.
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3.3 EMBEDDED CONTROL OF APPLIANCES AT GENERAL ELECTRIC R&D

3. Embedded Control of Appliances at General Electric R&D

This section summarises a preliminary investigation of DES models for home
appliances. This work was performed by the candidate as part of a joint industry-
university collaboration with General Electric Corporate R & D in Schenectady, NY.
The goal of the work and this section is to illustrate a possible application of DES
control, rather than prototype an implementable appliance control scheme.

3.1. Background

Historically, most home appliance control applications are performed with electro-
mechanical controls. The controls took the form of rotating disks (cams) to control
wash and dry cycles and could be regarded as a form of open loop control. Dangerous
failure conditions were and still are identified by performing a Failure Modes Effect
Analysis (FMEA). Safety features are included in the appliance by the use of hard-
wired electrical overrides or built in mechanical fail-safes.

With the addition of micro-processors to modern appliance control, there is now
the possibility of extensive branching within the nominal cycle as information re-
garding the status of the appliance is fed back to the controlling device (see [9] for a
discussion of home appliance “smarts”). In particular, measurements related to safety
as well as measurements of performance are available and hence safety features, such
as failure diagnosis, may be included within the framework of the nominal control.

There are several benefits to this. One is the wider range of actions available to
correct for failures and other unplanned events when the nominal control and safety
actions are designed together. Another is that methods may be developed to formally
verify (within the context of the model of the appliance), that corrective actions do
indeed lead to safe configurations.

3.2. DES Washing Machine Models and a Supervisory Control Problem

There is extensive literature on the continuous processes involved in washing
and drying fabrics [61, 87, 27] but, as yet, there are no discrete event models for
appliances as a whole. The intention in the use of a discrete event model is to subsume
the continuous underlying process dynamics in favour of purely discrete dynamics.
In some cases, such as a valve or pump, this is straightforward; the valve may open
or close and the pump may turn off or turn on. In other cases, the abstraction is
arbitrary. For instance, the continuous rise in water level might be modelled by a
transition from a tub-empty state to a tub-full state.
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FIGURE 3.13. A coarse system architecture for fault regulation.

Figure 3.13 shows a coarse system-level architecture for appliance control. Con-
ceptually, the nominal cycle can be thought of as a single path through the product
space of the appliance and the cycle controller (see Figure 3.14 for an illustration). A
failure manifests itself as an exogenous transition off the nominal cycle in an extended
< nominal cycle, failure modes > state space. When a failure occurs (e.g. a valve is
stuck open), the failure regulator must drive the system to a safe region. This may be
a continuation of the nominal cycle if the fault is recoverable but will more often be a
termination of the cycle, and, in this case, the washer is simply turned off. Note that
both 3.14 and 3.15 are purely illustrative and refer to neither a running simulation
nor a usable model for the appliance.

In Figure 3.13, the combination of failure modes and a nominal cycle result
in a language of possible evolutions, each an interleaving of cycle events, failures
events and recovery actions. The design of the failure regulator can be cast in
the supervisory control framework. Direct control events, such as “turn on pump”
are controllable. Exogenous events such as the transition to a tub-full state men-
tioned above and failure events are uncontrollable The control problem is then:

e Find a supervisor (Failure regulator), that allows maximal use of the appliance
while not allowing access to states that exhibit dangerous failure conditions
(as determined through the FMEA).
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FIGURE 3.14. A path through the state space.

The illustration in Figure 3.15 shows an example of the avoidance of a “spin when
full” state. When the “pump stuck” event occurs, the appliance must be inhibited
from entering the spin cycle.

3.3. Simulation of the Nominal Wash Cycle

The Matlab package Stateflow {2] was used as a simulation testbed for a DES
appliance model. It must be noted immediately that Matlab provides a deterministic
single sample path evolution which is in direct contrast to supervisory models in
which multiple sample paths (i.e. the strings in the behaviour language) are usually
considered. Despite this, and as a first approach, a purely discrete nominal cycle with
several failure modes was developed with the Stateflow software. This is illustrated
in Figure 3.17, with the Simulink top level in Figure 3.16. A printout of the “ezplore”
interface window with a list of states and events is shown in Figure 3.18. The state
space for the appliance model is a 5 tuple ; the Inlet_Valve, the Drain_Pump, the
Clutch_Position,the Motor_Status and the Tub_level. The possible states for each
system component and the Controller are listed at the left in the “ezplore” window
under the respective component name. The events are also listed at the right of the
ezplore window.

53



3.3 EMBEDDED CONTROL OF APPLIANCES AT GENERAL ELECTRIC R&D

< TubLevel, InletValve, Drain Pump, M otor Speed,
MotoirSpeed, M otor Mode, OO Bstrikes, Timer >

’ “orF < low, closed, of f,of f, high, spin, low, OF F >
\:7 vz';er
. Rea.dly/’ < low,closed,of f,of f, high, spin,low,ON >
~— open
;e upos
" "Fillingl
FILL 8 4
: \\;":\ vtmgd
/(guu 1)\,_ u
. (Open
\\/> ;:llotse
< Full T >
(ClOSed)/}agztate ulow uon
motor ' “motor “motor
’/R%%dm/ﬂ—meady
. ash pump " Wa.sh
: - tS;tf::iWaah S— StartWash
/," T “‘\\ /~ ﬂ-\\ timer
WASH - WASH g
- T - vzt'!;znsei:.Done S~— ,U:vashDone
o mmer
TpasE T
A Ny
or motor
.”Ready to>™ -
’ Soak/ > StartSoak P — /‘>u5tartSoaL
timer Tt g timer
SOAK . SOA.K " ’
e T Yussoen
: ST T
\Soa.k Done/ ' X
j:-if ug?ain R Urai
- Ready\‘ ///_,, - drain
. _to Drg
DRAIN \ //: T Uts;t,;::_Drutn tSitﬂt_llre‘:Drain
" Drain
e

FIGURE 3.15. A dangerous blocked path from the nominal cycle.

The reader is referred to the Matlab Stateflow manual for a full description of the
evolution of the charts, but a partial illustration of the event broadcast methodology
follows. The majority of the events in the simulation reside at the level (or scope
on the Ezplore window) of the Washer block. That is to say, when these events
are broadcast, only blocks below (i.e. graphically inside) the Washer biock will be
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evaluated. The events that do not reside at this level are the input data events from
the simulink environment which include a time_base event (indicating the passage of
a non-zero finite time slice) and the failure events (set to occur at any user-selected
time). The Ezplore window shows all the events an« their scope.

The following is an example of the evolution of the chart. Within the Drain_Pump
component, the initial state (indicated by a source-less arrow in the top left) is the Off
state. When the event furn_pump_on is broadcast, the Drain_Pump component en-
acts the arc with label turn_pump_on. The effect is to move to the state Will_turn_on
if /[pump_fail==0] is true or back to Off if [pump_fail==1] is true. The pump_fail
is an external value sampled by the block (see the Simulink Figure 3.16). The
turn_pump_on event is also broadcast to all other components and these must be
updated with respect to this event. In this case, the update has no effect because the
event turn_pump_on either does not appear, or cannot be immediately enacted within
these components. The Stateflow chart Washer is then in a stable and fully updated
status, and requires exogenous input to update further. The exogenous input comes
in the form of the event time_base which here represents the start-up time of the
pump. Similarly to the turn_pump_on event, the time_base event is broadcast to each
component in turn (the ordering in fact is with respect to position within the interface
window, starting from the top left). The only component which is ready to act on
the time_base event is the Drain_Pump which moves to the On state, and in so doing,
broadcasts the event pump_on as part of the broadcast of the event time_base. It does
this due to the presence of the command ezit:pump_on within the Wzill_turn_on state.

As this short description illustrates, the evolution has a strong sequential charac-
ter which, as noted, contrasts the supervisory control framework in which inhibition
and evolution are often considered simultaneous. Sequencing within a single run is a
difficult issue within the object hierarchy and event broadcast structure of Stateflow.
In the final analysis, this sequence performed may be determined by the placement
of blocks within the Stateflow visual user interface.

3.4. Verification

As mentioned above, it is the language of all possible sample paths (interleavings
of cycle events, failure events and regulator events), that must be exhaustively checked
for lack of dangerous conditions in order to verify the safety logic. There are various
options for performing this search in Matlab. All of these require multiple simulations.
One option is to incorporate noise sources in model the stochastic occurrence of
failure events. Multiple runs can the be used to cover some significant portion (in
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FIGURE 3.16. The Simulink block diagram for a nominal cycle with failures.

adoog

a probabilistic sense) of the sample paths. This can be extended to an exhaustive
simulation of all failure sequences by sequentially testing all possible failure orderings
with respect to the system’s evolution.
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3.5. Conclusion

The design task is performed iteratively by testing the logic, adapting when it
fails, then re-testing. It is this task that is perhaps better suited to the Discrete
Event Systems setting and perhaps solved via a maximal controllable sublanguage
calculation. It must be concluded that the Stateflow package is not well suited to this
purpose and software at sources such as [6, 5], written specifically for the supervisory
control community, represent better testbeds for this work.

Independent of the software package used, the verification task for a given control
policy is computationally intensive and therefore impractical for fine models that have
many state components. As a result, proposed future research efforts will concentrate
on ways to avoid the verification task, specifically by tailoring the design methodology
to synthesise controllers that are already known to satisfy the safety conditions. Thus,
hierarchical decompositions such as those described in Chapters 2 and 4 of this thesis
are proposed as tools to aid in the design and implementation of these controllers.
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CHAPTER 4

Multi-Agent Systems and the
Multi-Agent Product

1. Introduction

Systems in the areas of transportation, telecommunications and manufacturing
are often represented by networks of interacting agents. Such multi-agent systems
are distinguished from classical single agent systems in that both task specifications
and cost functions may differ from agent to agent in the cooperative, as well as
in the competitive, case. Due to the dynamical interactions between agents, and
because of the inherent complexity of many physical networks, the analysis and control
of multi-agent network systems often engenders problems of enormous complexity.
The objective of this chapter, which closely follows two related papers [42, 14], is
to introduce a formal system theoretic framework for multi-agent systems and to
introduce tractable methods for their analysis, control and optimisation.

Here, we propose a multi-agent (MA) product to formulate the simultaneous evo-
lution of two automata models, i.e. the system model G is a specific vector product
Gi||araG2 (see Figure 4.1). This represents a horizontal decomposition in contrast
to Chapter 2 in which a vertical hierarchy was presented. A key motivation in this
chapter, perhaps to be achieved in future work, is the modular design of a supervisor
S when individual supervisors are based on respective system components.

More general settings of the interaction of finite automata exist (see [44]| and
[37]), and indeed pertinent and general discussions of agent interaction have appeared
in such guises as information structures in epistemic and modal logic [32] or game
playing models [98]. An attempt has been made in the present work to reach a
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compromise between the generality of a broad definition of concurrent interaction
and the specialisation to specific interaction rules. Several possible interaction rules
(e.g. a simultaneous and synchronous vector products) are discussed in order to
motivate and aid in the analysis of the multi-agent product.

St~ | 1l G
B Sl 1G e

S9 / " Go
CONTROL SYSTEM MODEL

FIGURE 4.1. Modular control of a multi-agent system model.

In the supervisory control literature, the synchronous product is used both as a
method to combine component systems and as a model for the interaction between the
system and the supervisor (see [78], among others). The use of a so-called independent
product appeared in the analysis of batch process applications in [92]. A key difference
in the formulation presented here to that of the synchronous product is the notion of
vector event labels (though work on other vector label systems has appeared in [55,
56, 57] discussed below) . In the synchronous product, event strings are interleaved
with the interpretation that one component may make a transition while the other
is inactive. This represents more than a notational difference. Consider two distinct
events, u and v, occurring in P, and P,, respectively. A sequential description, uv,
as in the synchronous product, admits sample paths contain other symbols, e.g. w,

interleaved with v and v as in uwv. In the simultaneous case, a vector event ]
v
admits no such interleaving with other events.

This leads to a philosophical stalemate for the issue of real-time feedback control.
When simultaneity is modelled through the use of vector symbols, the argument can
be made that any two distinct events must occur separated in time by some positive
non-zero time 4. Therefore, there is room for a control implementation with response
0 < € < 4 to react between the events (and perhaps even, in a supervisory system,
inhibit the second event). Interleaved symbols offer no better solution as the argument
can also be made that for a reaction time § of a control implementation, there can be
two events which occur separated in time by only € < §. Hence no feedback control
can take place to prevent their simultaneous evolution. These two views are also
differentiated during the modelling phase, by the ordering of (i) the determination of
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the sampling period and (ii) the generation of the system model. The view taken in
the present work is that in many applications the sampling frequency is limited by a
cycle time and so the use of vector symbols is meaningful.

Other usage of vector-event labels is found in [55, 56] in which both the system
state and transition labels are formed as a vector of integer components, and the
controllability and supervisor synthesis issues of supervisory control are addressed.
In [57], concurrency is added to the model of [55] by allowing multiple events to
occur simultaneously resulting the synthesis of non-deterministic supervisors.

Our primary motivating example for the MA product is that of multiple agents
migrating through an underlying infrastructure or network where, at each time step,
all agents must perform an action. “Stays” or “waits” can be defined artificially
with self loops. Examples of this include product pieces moving through a flexible
manufacturing system, messages through a communication system and individuals
through a traffic management system.

The key components in this chapter are i) the development of an algebraic de-
scription of the language accepted by a multi-agent product system, and ii) an initial
analysis of the supervisory control problem in the context of the multi-agent prod-
uct. The former is presented in Sections 2 and 3 in which several products, including
the MA product, are defined and properties such as associativity and distributivity
between the various products, are discussed. Section 4 covers the second component
and considers supervision of one agent by another, centralised supervision of multiple
agents and notions of non-simultaneous acceptance of a string and non-simultaneous
controllability of a vector language.

2. Products of Finite Automata and Regular Languages

Let G; = (X, X, 6i, Qo,, @m,), 1 =1,2,.., N be N finite deterministic automata,
where X; are discrete state spaces, ¥; are alphabets (possibly with £; N¥; # 0
for ¢ # j), 4; are transition functions and Qp, and @,,, are the start sets and goal
sets, respectively. For any given run of the systems, the start states zy, belong to
theii respective start sets and are identified a priori. The generality of a start set is
maintained in order to allow for analysis under partial information in future work.

Through much of this section, only the case of the concurrent evolution of two
systems will be considered rather than an arbitrary finite number. This is done for
illustrative purposes. Associativity of the MA product is shown in Section 2.4,
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2.1. The MA Product
Definition 2.1. Multi-Agent (M A) Product
GilIrmaGa £ (X1 %X X3,51 X 29,0m4,Q0, X Qoy, @y X @my)

where,

. " [?(x'“) J if 61(z,u)! A S2(y,v)! A
51»:.4([ y J : [ ” }) = 2y, 0) [ (u=v)V (=82(y, u)! A =61 (z,v)!) ]
undefined otherwise

In the MA product, G, and G, must both make a transition at every step. If one
of the automata has no available transition from its current state, the product will
also have no available transitions from its (vector) state. Similarly labelled events
are necessarily synchronised when these are defined for both components models. In

particular, this rules out a transition [ ] at a state [ } if §(z, w)! and 6(y, u)!.
v Yy

For the prefix closed languages L, = L(G,) and L, = L(G,), e.g. when Qn,, = X
and @, = X,, the language L(G,||paG2) accepted by the multi-agent product
system can be defined recursively. More will be said regarding decomposition of the
vector language in Section 3.

Definition 2.2. Li{|aalL

Let L, and L, be prefix-closed languages over the alphabets ; C ¥ and ¥, C ¥
respectively. Define the (vector) product language L;||spr4L2 recursively as follows:

€
[ ) € Li||lmals

and fora € £,,b € £y, w € &}, v € T3,

l: 1111} } l: Z :l € Liflmals, if 1:;) :l € Li||malz and C7 1, (w, v, a,b),

where the boolean-valued multi-agent coincidence condition is,

C[[Y{;‘zz(wivsar b) = (wa (S Ll Avb e Lg)/\
{(va € Ly Awb & L) Va = b}
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4.2 PRODUCTS OF FINITE AUTOMATA AND REGULAR LANGUAGES

There are two aspects of this product which differ from a standard notion of
a synchronous product: first, simultaneity, i.e. the vector form of the event labels
which necessarily preserve an equal count on symbols from each system; and second,
a synchronisation constraint that applies only in cases where a given symbol may be
accepted by both systems at the current state, rather than whenever the symbol is in
N,

A vector-state system with simultaneous transitions was defined in [57]. The MA
product differs from this in at least two ways. First, vector symbols in [57] may have
an arbitrary number of components, i.e. the symbols are subsets of ¥, whereas in
the MA product, symbols always have the same number of components (equal to the
number of component systems). Second, strict simultaneity, as defined here in the
simultaneous and MA products, may cause blocking in one system (and hence the
product system) when there is simply no symbol available in the other system.

2.2. The Simultaneous and Vector Synchronous Products

In order to aid the characterisation of the MA product, which is the main goal
of this section, several other products will be considered. It will be shown that
the MA product is a combination of the simultaneous and (state-dependent) vector
synchronous product.

Definition 2.3. Simultaneous Product
AN
GIHsimGZ = (Xl X X27 ZI x E2'/651'1'7“ Q01 x Qoza le x sz)

where,

01 (x, u) )
6sim([ ¥ ] ) [ : J) = [ S2(y, v) } if 6, (z,u)! and 8,(y, v)!

v undefined otherwise
O

In the simultaneous product, G; and G must make a transition at every step.
There is no other restriction.

It is not necessary that each component change state at each step; there may be
self-loops in the original component models. The interpretation of loops within one
of the component machines is that of a “stay” or “wait” denoted ~; for a machine
G (see below). Note that if both machines have self loops at every state in both
machines, the state transition structure of the simultaneous product is richer than
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the shuffle product; i.e. all single-component state transitions can be made as well as
all simultaneous transitions.

Again, the the language accepted by G,||;;mG2 can be determined directly from
the component languages, i.e.

u
Li||simL2 = {[ v :’ :u € L,v € Ly, |u| = |v|}

where |o| is the length, or number of symbols, in o.
The natural projection and component-wise projection

P:T— % and P, : (¥ x £)* — ¥
can both be defined recursively as follows,

(i) Pi(e) = €

(ii)Pi(c) =cifoce Z;eifoc € T/L;

(ii2) Pi(so) = Pi(s)Pi(o) for s € 7,0 € X.
and,

()P:(@) = e

(#0) P(%) = u;

(133) IP;(5%) = IP,(3)IP,(%) for Se€ £*, 4 € £,

wheree"=|i6} and 7 = [ul}
€ U9

In the scalar synchronous product {see [102] or [47] for instance),
de _ _
LillL: € PPL () PriLe, (2.4.1)

two generators G, and G, for L, and L, respectively would interact by synchronizing
the events that have labels in £; U £,.

A synchronous product can also be formed in the vector format with the addition
of explicit “wait” events as follows.
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Definition 2.4. Vector Synchronous Product
Gl“vsG2 = (XI X X21 ({’71} U 21) X ({72} U 22)761131 Q01 x QOza le x sz)

where,

l: ?(I’u) J if ((v=")A(ueI/Ts)Ad(z,u))

1 [u W) ] V(=) A e /) A by, o))

6v5([ y jl ’ l: v ]) = V (O1(z, u)! Ada(y,v)!IA
(ueZf/BAve Z/Z,)V (u=1)))

| undefined otherwise,

with the convention that the symbols v; and 7; are not in £, U X5, and §,(z, 1) =z
for all z € X, and 45(y, v2) = y for all y € X,. O

In the vector synchronous product, G; and G, generate Li||,sL» by synchronising
those events with labels ¢ € £; N X,, but may each change state independently on

unshared symbols via the vector symbols l: ’21 ] , l: g } or [ Z :l
Y2

With projection P, (.} defined as the natural projection £* — £*/{v1, 72}, the
components of the vector synchronous product match the natural projections of the
scalar product, i.e.

Py [Pi(Lillvs L2)] = Pi(LallsL2), i=1,2,
but in general,
Py} [IPi(L1|lvsL2)] € Li. (2.4.2)

An issue of interest is when the projected components of a product of two systems
actually equal the original systems prior to forming the product (i.e. when equation
2.4.2 yields equality). It will be shown that this requires that component systems
stem from consistent masked observations of a single universal generating process
(i.e. the language L,||sL;). Equivalently, this could be viewed as the absence of
blocking in each component due to the other component not accepting a symbol even
though this symbol is observed through the observation mask.

Definition 2.5. Compatible languages

The languages L, and L, are compatible if and only if
A} [P (LillvsL2)] = Ly and Ry} [Pa(L]|usL2)] = Lo,
or equivalently, iff P,(L||sL2) = L, and Py(Ly||sL2) = Ls. O
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Theorem 2.1. Let L, and L, be prefiz-closed languages. If Ly and L, are com-
patible then P (L,) = P>(L,).

Proof. The projections P; and P, commute, so P P(K) = P,P,(K) for all K.
In particular, with K = L;||sL,,
PyPi(Lil|sLe) = PLPy(Ly||sL2) =  Pa(Ly) = Pi(L2)
since P;(Li||sL2) = L; by assumption. n

A pertinent condition in this context appeared in [80] termed decomposable. The
definition is included here for comparison and completeness.

Definition 2.6. [80] Decomposable Languages
A language K C L(G) is decomposable (w.r.t. G and projections P, and P;) if
K = L(G) [ PTH(PU(K) [ ) Pr (P (K)).
O

Proposition 2.1. When L, and L, are compatible, L,||sLs is decomposable with
respect to G accepling ¥*. O

Proof. With K = L,||sL2 and L(G) = £* it can be checked that,

=V PrUPUL1L2)) () P (Pa(LallsL2)) = =) PTULO)[ ) Pl (L2)

= =) LillsL2
= L]_”_,-Lz.

Note that the contrary does not hold. A counterexample is Figure 4.2 where
L\||sLs = {a, €} is decomposable with respect to a*, but L; and L, are not compatible.

Gy Go
a
a a
O
o Yo

FIGURE 4.2. L, and L, are not compatible.

A second property that has appeared in the literature, [102], is,

67



4.2 PRODUCTS OF FINITE AUTOMATA AND REGULAR LANGUAGES

. Definition 2.7. [102]Non-conflicting

Two languages, L, and L,, are non-conflicting if

LIz = Li[ ) L= 0

Compatibility is incomparable to non-conflicting. Figure 4.2 shows non-conflicting
but also not compatible languages, and the case L, = {ab}, L, = {ac} with &, =
{a,b} and £, = {a,c} corresponds to compatible and not non-conflicting languages.

2.3. The MA Product as a Combination of Simultaneous and Synchronous
Products

The opportunity for blocking alluded to above (i.e. where one component is
blocked due to the other not accepting a recognised symbol) does not appear in the
MA product in 2.1. Hence, the comparison of the MA product with a synchronous
product requires another product system, i.e. a more liberal (state-dependent) syn-
chronous product is defined.

Definition 2.8. Vector (State-dependent) Synchronous Product
Gl”vsdG2 = (-Xl x X:.’a ({’71} U 2:I) X ({72} U 22)1 6usdaQ01 X QOza Qm; X sz)

where |,

d2(y, v) V ((v = 72) Adi(z, u)! A =62(y, u)!)
y v V (01 (z, u)! A =2 (y, u)!
A= (z, V) A ba(y, v)Y)
L undefined otherwise

with the convention that the symbols v, and v, are not in £, UX,, and &;(z, 1) ==z
for all £ € X, and d:2(y, v2) = v for all y € X>. (]

In the (state-dependent) synchronous product, G; and G, synchronise similarly
labetlled transitions if and only if that event is available at the current state in both
machines. Otherwise they may act independently.

Contrary to the vector synchronous product, it is always the case that

() P} [IP(L(G1ll0saG2))] = Li,
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because d;(z, u)! — 6([ z ] , [: J)!.

In general IP,(L(G)||vsaG2)) 2 IPi(L1||svL2) because the evolution condition in
the vector synchronous product is more stringent than in the state-dependent vector
synchronous. Equality, [P;(L(Gi|lvsaG2)) = IPi(L,||ysL2), occurs if and only if L; and
L, are compatible languages because all instances of blocking due to the absence of a
symbol in one of the alphabets is removed. In both products then, blocked symbols
requre the same conditions; that an alternative symbol is available both agents.

Similarly, it is always the case that P, (1P (L,]||ysL2)) = Pi(IPa(L]||ysL2)), but with
the additional constraint that L, and L, are compatible, we also get this commutative
property for the (state-dependent) synchronous product, i.e.,

Py (P (L(G1llvsaG2))) = Pi(IPy(L(G1|lvsaG2)))- (2.4.3)

Again, Figure 4.2 provides a counter example for (2.4.3) when L, and L, are not
compatible. Here

_71.’71‘0"/1.’)’1‘0 "/lia ’Yl‘
o3 IR G IR
so Py(IP1(L(G1||vsaG2))) = {€,a,aa} while P,(IPo(L(G1!|vs¢G2))) = {€, a}-

Two examples illustrating the various products for two simple systems can be
found in Figures 4.5 and 4.3 and a third example of the MA product is shown in 4.4.

To each transition function 6 : Z x ¥ — Z we associate a transition relation
6 C ZxTxZhby (z,0,2") € b — é{z,0) = z’. The MA product can then
be categorised by the following theorem which highlights the way in which the MA
product from the intersection of simultaneous and vector state-dependent synchronous
products.

Theorem 2.2. Consider two deterministic automata G, und Go with transition

functions 8, and &;. Let SMA,gsim and 6,44 be the transition relations associated
with the products G\||paG2, G1l|simG2 and G1||ys4G2 extended (as undefined) to the
domain ({1} UL x ({72} UZ,). Then it is the case that,

~ = 8 n é-1.1:;d1
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Proof. Consider a state [ T } and event [ Z J
Yy
z a 01(z,a) |, _ : =
b ] e Jsim 6‘03
(M M {52(,,,;,)]/ (1 oo

z a |, | di(z,a) z a|, | di(z,a)
e M IR s R M H i bl
<> [01(z,a)! A& (y,b)!Aa e AbeET)] A [((a=0b)Adi(z,a)! Ada(y,b)!)
V ((b=m)Adi(z,a)! A ~d2(y, a)!)
V ((a = 11) A —01(z, b)! A da(y, b))
V (81 (z, a)! A =b2(y, a)!
A8y (z,b)! A S2(y, b)1)]
< [bi(z,a)! Ad(y,b)!Aae S Abe X)) A [((a=0b)Adi(z,a) Ada(y, b))
V (01(z, a)! A —62(y, a)!
A=6y (z,6)! A 62(y, b))

< [a € AbE T A[61(z,a)! Ada(y,b)! A[(a =b) V (=d2(y, a)! A =6 (z, b)Y)]
T a | 4i(=z,a)
= ‘5’”"*([1;}’[1)})‘[62(;/,&)}
z a é1(z,a) =
- I b

In the case that there are self-loops at each node labelled distinctly in both
automata from all non self-loop transitions this reduces to

SMA = Svsd-
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Gll'l]JsGQh [11] [Z] -
il 5] : G1L|MAG3
-l L

FIGURE 4.3. Example 2 of the various products.

Gl € = {a.b.r} G‘) Ty = {b.d)
Y1 a -
Ui a b
r
b o 4 T
Y2

FIGURE 4.4. Example of the MA product.
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G, Ti={ab) G,  Te=ibd}

FIGURE 4.5. Example 1 of the various products.

2.4. Commutativity and Associativity of the M A Product

The MA product is not commutative as the components are ordered. On the
other hand, there is a symmetry between the components, i.e.

P\ (Li||pmaLle) = IPy(La||araly).

In order to show associativity, consider the MA product of N systems.
Definition 2.9. G||pa---||mMaGn
The MA product of N systems
Gi=(Xi,%,0:,Q0,,@m;). i=1,...,N

is defined to be
GMA = (XMA7 EM/h JMAa QOMA’ QmmA)
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where,
Xpma = XixXogx---xXn
Yma = XLy X---XZpn
Qopa = Qo X Qo, X -+ X Qoy
Qmya = @m X Qmy X+ X Qmy
and
( 81(z1, ur)
Salza va) | 4 Vil <i< N. 6z, us)!]
Sara(T, 4) = < JN(z;'v un) AlVi, 5,1 < 4,7 < N. ((wi = u; )
’ V(=8i(zi, u)t A =85(z5,u)!)) |
{ undefined otherwise
a
Now, consider the MA product of two MA systems,
Definition 2.10. (Gillara - |[araGar)llma(Garsillara - - - laraGw)
Let (Gillma- - |lImaGuar) and (Garallaa - - |laraGw) be two MA systems with

1 < M < N. Let their transition functions be &; 5s and dar4+1,~ respectively. The
transition function é; ar x for their product is,

S m(ZY, @) . M =M SN =Ny
5 N(fN ﬁN ) lf (61,.’"(-7:1 , Uy )'A6M+1,N($A[+17UM+I'))
M+1, ’ . . . .
Sy e (F, @) = +1 M+ M+l AVi,1<i< M. Vj;M+1<j<N.
((wi = u;) V (08i{zi, uj)t A =6,(z;, us)!)) |
undefined otherwise
where £ = [z,---,zn]" and &] = [z;,--- , z;]T and similarly for @ and . a

Theorem 2.3.

The transition function 6, pn in Definition 2.10 is independent of M. Further-
more it is equal to the transition function dpra of Definition 2.9.

Proof. We proceed by induction on N. The case N = 2 is trivialas M =1
and 61,1‘2(1-7., 'II) = 61\,1,1(5, TI) of Definition 2.9.
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We assume the result holds up to /N as the induction hypothesis. For the case
N + 1, note that, when defined,

6[,1\«! (f{W: ﬁjlw)

51.M.N+1(f ﬁ) = = ~
’ | (5M+1.N+1(Ix{tllvuﬁ't-ll)

51(-’51,11-1)
52(-’52’1!2)

L Ony1 (TN, UN+1)

By the induction hypothesis &, pr (M, @M) and 6M+1,N+1(5:'ﬁ*_;_ll, ﬁﬁ:‘l), which have N

or less components, can be formulated as in Definition 2.9. Note that, when defined,
S1.m.nv+1(Z, @) is independent of M and equal to dpr4(Z, %) in Definition 2.9. Hence
only the condition that the transition is defined needs to be checked. By the induction
hypothesis, the condition for 8; (M, TM)! and Onrp1,v+1(Thih, Tarhy)! is formulated
as in Definition 2.9. Therefore the condition 6; ar,n41(Z, @)! is,

S, TN A S vt (ENEL AN A VL1 <i< MV, M+1<j<N+L
((ui = ’LLj) V (_'(5,'(2:,', U])' N _'5:,'(1‘]‘, u,)!)) ]

— [V’L., 1 < i < M. (5{(.’171',111')!} A [VZ, M+1 < i S N +1. 5{(1'1','11,{)!]
AVE 7,1 < 4,5 < M. ((u = uy) AV M+1<4,7<N+1 ((u; = uy)
V(ﬁd,-(:z:,-,uj)! N ﬂ51’(51,‘_7', u,)')) ] V(ﬂ(S,-(a:,-, uJ)' N "6_7'(:3]‘, u1)')) ]

A Vi1 <ij<MVj,M+1<j<N+L
((wi = uj) V (=8i(zi, uj)! A =6 (zj, ui)t)) |

— [Vi,1<i< N+1. 6(z;,u)]
AVE, .1 <4,j < N+1. ((u; =1yj)
V(=6i(zi, uj)t A —=65(z, ui)!)) |
which is equal to the condition that ds.4 (&L, @)! for NV + 1 systems as defined in Defi-

nition 2.9. .
The result of the theorem is that the products of NV ordered systems,
GullmaG2llma - llmaGnw,

is unique and independent of the order in which the products are performed.
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The interpretation of the product is that all the automata necessarily make a
transition in unison at every step and the synchronisation constraint is that if a tran-
sition, labelled u for instance, is toc be made by some automaton then any automata
for which a similarly labelled transition is available must make that transition.

It is interesting that there are circumstances in which all components have at
least one transition available at a given state, but the unique product has none at the
vector state. This is similar to the loss of the deadlock-free property for languages
over intersection (see [53]).

The definition of the MA product for languages can similarly be extended to the
case of N systems
Definition 2.11. Ll”MALZHAdA .- ”A,[ALN

Let Ly, Lo, ..., Lx be prefix-closed languages. The unique language resulting from
their MA product is defined recursively as follows.

€€ Li|lsmalz|lpa - |lmaln
4@ € Li||apralal|lma---||maln
if Z € Li||maLlollma- - |lmaln and

[(Vi,1 < Noa; € L) and (¥i, j,i # j.(wia; & Li V a; = a;))]

3. MA Product and Vector Languages

In this section an algebra is developed for describing the vector languages. The
following definition is made to show, below, how the MA product can be formed
through taking the intersection of the permitted behaviour with respect to each com-
ponent.

Definition 3.1. Embedded Constraint [{4]

Let L be a prefix-closed language over the alphabet £; C ¥. Define the embedded
constraint of L recursively as follows:

el
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43 MA PRODUCT AND VECTOR LANGUAGES
and fora € £,,b€ ¥, w € £},v € £°,

] [s)et e[ e mcunen

where Cr(w, a, b) is a boolean valued coincidence condition,
Cr(w,a,b) =(wa € L) A (wb ¢ L or a =b).

[ i] is defined similarly with co-ordinates interchanged. O

The relationship with union and intersection is as follows.

Proposition 3.1.

Nz [B0e
with equality if and only if LyN Ly =0 or L, = L».

2 [1]U[] 2 [BU7)

Proof.

(1) Proceed by induction on length of strings. For the base case, it is true that
fe [LI] N [Lz] —Fe [LlﬂLz] trivially.
Assume, for vector strings of length n, that, 7 € [Ll} N {Lz] = uE [Ll ﬂLz] .
For strings of length n + 1 (with @ = { : ) consider,

o[ ]el)nz]

e de|[Li][L]rwaeLinfwgLiva=b)]A(uae Lz Afubg L;Va=1b)
= qE L1 ﬂ{LzJ A(ua € Ly Aua € Ly) A[(ub & Ly Aub & L) V (a = b)]

— de¢ :L*l; ﬂ[ 2| A (uwa € Lin L) A[(ub @ Ly U Ly) V (a = b)] (3.4.1)
= :LIOL2]/\(uaeLlﬁLz)/\[(ub¢L10L2)V(a=b)] (3.4.2)

g
| R —— ] m
IS
| S )
m
—
&
D
5
| S )
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4.3 MA PRODUCT AND VECTOR LANGUAGES

which completes the inductive step. Equality holds if (L{UL,)/(L,NL,) = @ (compare
3.4.1 and 3.4.2).

(2) Follows a similar induction to (1).
Base case: € € [LI ng] => €€ [[:1] U [I:'z] .
Inductive hypothesis: @ € [Ll L:J L2] = uE [L.l] U [L.z] .

Inductive step (with @ = b ):
v

7|5 )< lmym
ie leL‘JLz; A(ua € Ly U L) A(ub & Ly U Ly) V (a = b)]

-LIL.JLZ- A(ua € LyVua € Ly) A[(ub & Ly Aub & Ly) V (a = b)]

(TS 'L1UL2- A(ua € LiyVua € L))A[(ubg LyVa=>b)A(ubg Ly V a = b)j

Pt

ge |[LiUL]A{((uae L)Aubg L Va=bA[ubg Ly Va=b)
V((ua € Ly) A[ubg Ly va=>b]Aubg Ly, Va=1b])}
— dc '{1]U[gz] Aua€LiAfubg LiVa=b)V(ua€LyAfubg LsVa=b)}

— a5 |e[m]U]

which completes the proof. (]

The sense in which the embedded constraint can be used to form a component-
wise construction of the MA product can now be made explicit. This is illustrated in
Figure 4.6 and an example is provided in 4.7

Lyf[mals = [[:1] n [I:g]

Proposition 3.2.

Proof. Note first that

Cﬁf,’}d (w,u,a,b) <= Cr,(w,a,b) and Cr,(u,a,b).

Proceed by induction on lengths of strings |: v ] For the base case it is clear
v

that,
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4.3 MA PRODUCT AND VECTOR LANGUAGES

{z] e [L]N[Z]. Z € LillmaLe.

Assume [w ] € Lil|pals = ‘:w } € -LI- N [[tg] Then,
v v [ =

° [: ::) :l [ : ] (S LIHMALZ —~ 1: € L1||MAL2 and Cf{iz(w,v’ay b)

= -(w é L, and v € L,) and
Cr,(w,a,b) and Cr,(v,a,b)

= 7] [s]< ezl

FIGURE 4.6. Illustration of the embedded constraint.

3.1. Non-Simultaneous Accepted Languages for Vector Systems

The standard sense of (marked) acceptance is that a string is accepted if its
associated state trajectory ends at a goal state. The standard label will be used for
the language of (marked) accepted strings, i.e. L,,(G), which applies both to scalar
and vector systems.
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4.3 MA PRODUCT AND VECTOR LANGUAGES

Liliamrals

FIGURE 4.7. Example of the embedded constraint formation of MA product.

Simultaneity clearly restricts the accepted language as accepted strings (of vector
symbols) must be composed of equal length strings from the language L, and L, (or
L, (G)) or L,,(G,) for marked acceptance).

For example, in Figure 4.8, L,(Gi||saG2) = {l: Z }}, and L, (GallamaGs) =

¢4 Z }. If the goal set in Gy was changed from {y;,y.} to {y:}, the result

[:

would be L,,(G;|[araG3) = 0.

Gy G b
a o O
- T ()1
Iy Yo

FIGURE 4.8. MA products and simultaneity: accepted strings must be
of equal length.

Because of the restriction imposed by simultaneity a more general notion of lan-
guage acceptance is now introduced (provided here for the case of two automata, but
extendible to arbitrary finite N).

Definition 3.2. Non-Simultaneous Acceptance
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44 MA PRODUCT AND SUPERVISORY CONTROL

For a given (zo1,%s:), when self loops (labelled ;) are introduced at each goal
state in @, in the automaton G;, if the string & is such that for each 7, 1 <7 < 2,

0i(zoi, IPi(F)) € Qm,»

then P\(,}(&) is non-simultaneously accepted by the product system G1||MAG2 A
vector language L € (X x Ly)* is non-simultaneously accepted if all strings in L are
non-simultaneously accepted. a

Let Lnon-sim(G1||amraG2) be the set of all strings non-simultaneously accepted by
G1||araG2. For an index set A C {1, ...,2}, the following is defined.

Definition 3.3. (.4-partial) Non-Simultaneous Acceptance

For a given (o1, yo1), when self loops (labelled ;) are introduced at each goal
state in @,,, in the automaton Gj, if the string & is such that for each 7 € A,

611 (IOia P,(O_")) € Qm;‘:

then the language P\(,}(&) is (A-partially) non-simultaneously accepted by the prod-
uct system G|y 4G>. O

In Figure 4.8, with G, goal states changed to {v:}, the vector string [ Z } [ Z J

is non-simultaneously accepted.

4. MA Product and Supervisory Control

4.1. Agent as Supervisor: Using the MA Product Instead of the Synchro-
nous Product

The standard interaction for the supervisor-system pair is that of the synchronous
product (see {78] or [47]). An automaton S = (Y,X,ds, yo, Y:n) representing the
supervisor operates with the plant, an automaton G = (X, = £, U £,, 4, o, Xm),
and the resulting language is the scalar synchronous product L(S)||sL(G) (see 2.4.1).

An alternative is to consider control of a system G with a supervisor S acting in
unison, as an agent, leading to the combined evolution L(S)||p4L(G). In what follows
it is assumed that all languages are prefix-closed, hence both the terms L(S||apaG)
and L(S)||maL(G) can be used equivalently (note the latter is only defined for prefix
closed languages). This assumption extends to specification languages (e.g. K below).
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4.4 MA PRODUCT AND SUPERVISORY CONTROL

It is also assumed that the goal states X,, and Y, are the entire states X and Y.
This has the effect of simplifying the algebraic derivations by alleviating the need
for a non-marking condition for the supervisor (as in [47], p. 66) and isolating the

controllability criteria.

The results regarding controllability of a language and the synthesis of synchro-
nous product based supervisors apply almost directly when the MA product is used
in lieu. Consider the following lemma.

LEMMA 4.1. Let K and L be prefiz-closed languages. Then,

KCcl = K”MAL=K”MAK={{ J|U€K}-

u
u
Proof. It will be shown that { l: J € Kl|mal = (w = v).

Assume (a # b) for a,b,€ . Then,

I:ZJ € K||maL

— [(aeKAbeL)A{(agLAbZ K)V (a=b)}]
< [@a€KANagLAbeLAbEK]
contradicting the assumption that K C L. Similarly, the assumption that { Z } [ : ]

K||araL with (a # b) also contradicts the assumption that K C L.

From definition 2.1, [Z :' € Kl|amaL is logically equal to (v € K) A (v € L),
completing the proof . =
The following definition is required.
Definition 4.1. [47] Z,-enabling
A supervisor S is £, -enabling if the following condition holds,

Vse X0 €, :[s € L(S)|[sL(G) A so € L(G)] = so € L(S)|[;L(G).
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44 MA PRODUCT AND SUPERVISORY CONTROL

Theorem 4.1.

Let G be the plant and K C L(G) be a prefiz-closed specification. There ezists a
Y.-enabling supervisor Spra such that IPy(L(S)||pmal(G)) = K iff K is controllable
w.r.t. G (i.e. K&, NL(G) C K).

Proof. This result is established in [47] (Theorem 3.1, p. 66) for the synchro-
nous product case, i.e. there exists a X,-enabling supervisor such that L(S)||;L(G) =
K if and only if K is controllable, and further, it is shown that any automaton S
with L(S) = K can be used as a supervisor.

To establish the result in the context of the MA-product, one may choose the
same supervisor Syr4 = S, and note, from Lemma 4.1, that this gives the result
Pz(L(S)“MAL(G)) =K. u

To complete the link with [47] (Theorem 3.1, p. 66), it should also be noted that
Definition 4.1 is equivalent to an MA product version with condition,

VseZ* 0 € Xy:[s € LS| maLl(G) A so € L(G)] => so € L(S)||maL(G).

The result is that MA-product based supervisors synthesising a language K are
interchangeable with synchronous product based supervisors synthesising K. Note
that this holds in general only for the full observation case where the alphabet of the
supervisor is equivalent to that of the plant. The partial observation case is described
in the future work of Chapter 5.

4.2. Supervision of Multi-Agent System

The results in the previous subsection assumed the interaction between system
and supervisor were to be based on the MA product. In this subsection the supervision
is assumed to be via the standard synchronous product, but the system is now formed
from the MA product of multiple systems.

Let the plant model consist of the MA product of supervisory automata, i.e. the
model from Figure 4.1 and let the components be,

Gi = (Xi1 Zic Uziu7§i7 QOUQm.-):i = 1’2‘"7N

where ¥; are the disableable events and %;, are the undisableable events. It is
assumed that (for the case N = 2),

(%2 =0, S1. [ ) Z2. =0,
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4.4 MA PRODUCT AND SUPERVISORY CONTROL

which forces synchronised events to be uncontrollable in both components.

Definition 4.2. Multi-Agent Product (Supervisory Case)
GillmaGz = (X1 x X, ECUEU,5MA, Qo, X Qozy @m, X Qm,)

where,
v = {[ Z | a€ Ly, and b € £, } (4.4.1)
o= {[ : | a€eZi orbe ch} (4.4.2)
. " [?Ex’”i if §,(z,u)! A d2(y,v)! A
- U
wall 1|, P LYY [w=v) v (—ba(yw) A =6y (z, o)) ]

undefined otherwise

d

It is emphasised that the M A product is to be interpreted in the automata sense
in that (non-disabled) legal moves occur in G,|;s4G2 in order to generate a language

L(G||aaG2)-

Let L, = L(G,) and L, = L(G>) and let S, S, be prefix closed and such that
S1 € L; and S5 C L,. Two questions will be considered,

A When is Si||asaSs controllable w.r.t. L||praLa?
B When is SIHMASQ - Ll”MALg ?

Consider the following as a preliminary answer to question A.

Theorem 4.2. Let L,,L,,S\,S, be prefiz closed with S1 C L, and S, C L.. If 5,
is controllable w.r.t. L, and S, is controllable with respect to Lo, then, Si||araSa is
controllable w.r.t. Ly||praLls.

Proof. It needs to be shown that
Si|lmaS2Zy m Li||lmaLls € Si|{maSe.

Let [ Z } be in £y (i.e. aisin £;, and b is in £,,) and let [ “ } satisfy
v

{ ¢ } € SillaraSa, [ v ][ 4 ] € Ly||maL,.
v v b
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4.4 MA PRODUCT AND SUPERVISORY CONTROL

This means u € Sy, ua € L; and so ua € (512, N L;). Therefore, by the controlla-
bility of Sy, ua € S;. Similarly, vb € 5.
(Case a = b) From the definition of ||ss4,

[[ Z] € Sy||araSz A (ua € Sy Avb € S2) A (a = b)] = [";H‘b‘} € S1||araSs.

(Case a # b) Consider the case where va € S;. This implies va € L,, which implies

v b
ub € S, contradicts the assumptions. The remaining case is va € S, and ub &€ S; and
in this case,

u a . .
[ ¢ Ly|laaLlo, contradicting the assumption to the contrary. Similarly,

4 } € SillamaSo.

[l: ’llj :’ S 51”1\,{_452/\(110, € Sl/\’Ub S Sz)/\(va ¢ Sg/\‘ub é Sl)J = I: 1: :l[ b

Note that if the assumption regarding the overlap of alphabets (see Equations
4.4.1 and 4.4.2 ) is modified so that both components must be controllable in order
for a vector event to be controllable, then the converse of Theorem 4.2 holds, i.e. the
controllability of the product language ensures the controllability of the image in the
components.

Example 4.1. In Figure 4.9, L; represent the sysiem models, S; the specifications
and E; the mazimal controllable sublanguages of S; w.r.t. L;. The language K 1is
controllable w.r.t. Li||apraLlo as ezpected from Theorem 4.2, yet IP,(K) is not control-
lable w.r.t. Ly. The calculation of controllable sublanguages of Si||ar4S2 is a topic of
current research and discussed further in Chapter 5. O

The assumptions in Theorem 4.2 are insufficient for a positive answer to question
B. Consider the case L; = S| = {¢,a,b}, S2 = {€,¢} C Ly = {¢,b, ¢} where

slnmsz:{[j],[j},[ZJ}chlllmLz:{[jJ,[jJ,[H}-

A case by case analysis of how strings in the language S)|[sr452 can escape the

language L,||pr4 L follows. Let “ | bein SillamaS2() L1]|sraLl2 and consider when
v

[ : }[ Z J € S1||maS2 yet [ :;‘ ][ : } & Li||maLs.

(case a = b) Never. ua € S;,vb € S; so (ua € L, A vb € L,) which together with
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AN
: O

N

Q

\

Q

Q\& || 27452

—

\K é ma.’EC(SlllMASQ)

FIGURE 4.9. Controllable product does not imply controllable components.

a

L L
5 tlarala

(a = b) means

(case a # b) (ua € S,,vb € S,) implies (ua € L, A vb € L,) so it must be the
cotncidence condition that succeeds for Si||araS2 but fails for Li|jaraL2, €.

(ub¢Sl/\va¢Sg)/\(ub€L1Vva€L2).

The result is that [ Z ] escapes L,|[spraL2 whenever

(ua € S Avb € S2) A

(4.4.3)

[(ubg Si Avag Sy Aube L))V (ub @& Sy Ava € S, Ava € L,)]

These can be rewritten as the conjunction of the following two formulas,

(ua € Sy Aua € Ly Ava € L) => (va & Sy),
(vbg S Avbe LyAube L)) = (va &€ S1),

(4.4.4)
(4.4.5)
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which can be interpreted as next-event rules:

(Equation 4.4.4): If Agent 1 has blocked a, a playable move, and a can also be played
by Agent 2, then agent 2 must must also block a.

(Equation 4.4.5): If Agent 2 has blocked b, a playable move, and b can also be played
by Agent 1, then agent 1 must must also block &.

The conclusion, for the purposes of supervisory control, is that at a state (z,y),
the uninhibited next events I'; and [, must be equal over the set I'" = {a|é(z,a)! A
d(z,a)'}. Given 'y and I'y, there is a unique pair I'{ and I, of maximally enabling
subsets of I'; and I'y satisfying this condition. These are

I =T /(TN T")
Flz = Fz/(rl N Fn)

When it is not the case that Si|[praS2 C Li|{araL2, there are unique maximal

sublanguages of S| C S; and S C S, such that
SillamaS2 = SillmaSs nLl”MALz-

These in turn may not be controllable. An iteration is suggested in Chapter 5 to find
sublanguages S| and S so that S}||paS5 € Li|[sal. and at the same time S{]|pra S
is controllable w.r.t. L||araLo.

4.3. Centralised Control

Consider a single supervisor G; with language L, supervising a plant G,||xr4G2
as illustrated Figure 4.10. This yields a horizontal decomposition of the system but
with centralised control. This is to be contrasted with Figure 4.1 of the introduction,
in which the supervisor is also decomposed.

___________ 4 61

S1 — S JG

L \! Gy
CONTROL SYSTEM MODEL

FIGURE 4.10. Centralised control of a multi-agent system model.
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There is some ambiguity in the implementation of this scheme. This stems from
competing interpretations of the formation of a vector language from the scalar lan-
guage L,. Two interpretations are

(LillaraLa)ls(L2l|rraLls) (4.4.6)

and,
L,

where l: Ly ] dg{[ “ J lu, w € Ly, |u| = |w]}.
L w

1

[ L ] e LallmaLs),

Note that the synchronous product retains its standard scalar meaning in Equa-
tion 4.4.6 in the environment of vector symbols, i.e. for sets of vector symbols
T, 5 C (¥ x X), and languages L, C f{ and L, C f;,

L\||Ly = P7YLy N Py L,

where P, : (£ x £)* — (5,)* is defined analogously to the scalar natural projection
P ¥ — 5y

Equation 4.4.6 reduces to the intersection (as in Lemma 4.2) when the alphabets
associated with G1||araG1 and Ga||maGs ( 5, and 5, respectively) are equal. This
would be the case if ¥ = ¥, = X. Therefore consider the following lemma.

LEMMA 4.2.

(Lil|araLly) N (Lal{saLls) = (LallaraLy) N (La|jaraLls).
Proof.
L * L *
Lillmali N Lallyals = (| 7' N )ﬂ( N )
L * L *
= (| ?|n | o )

L * 1 L ) A 1 L ]
= Lo|lmals N Lil|mals

In the partial observation case when £, C ¥,UZX, the vector alphabets ¥, and %,
need further definition. £, can reasonably be set equal to (£, x £;) or, instead, set
equal to (£, x Z)U (X x ;). In both cases, straightforward algebraic results relating
4.4.6 to either (Lo||aral1)|l(L1|lagaLs) or (Li||L2)||ara(L||L3) have high complexity
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4.5 NON-SIMULTANEOUS CONTROLLABILITY

(see Future works section) and it is at present unclear how these form a coherent
modular supervision system.

5. Non-Simultaneous Controllability

In a more general setting of marked languages, non-simultaneously accepted lan-
guages (see Definition 3.2) must ve considered. Let £} C L,,(G;) and E>; C L,,,(G,)
be controllable languages (i.e. E;Z, N L(G;) C E;,i = 1,2 where the E is the prefix
closure of F). Also, let

fi: Ty — 25
f2 : E; —> 222,

where f;(o) are the uninhibited next transitions after the string o, be such that
La(fi/G)) = E, and L,(f2/G2) = E,, where L,(f/G) is the scalar (marked) lan-
guage created by the application of the control f to the automaton G.

Definition 5.1. Non-Simultaneous Controllability

For a given {zo1, ¥01), when uncontrollable self loops (labelled «;) are introduced
at each goal state in Q,,, in the the automaton G; (labelled G7), if the vector language
LC((Zi1u{m}) x (T2U {m}))" is such that

(A) forall e L, & is (non-simultaneously) accepted

and

(B) L is controllable w.r.t. G]||aaG7, i.e. Ly N L(GY||MaG3) € L

then the language P\(,}(L) is (non-simultaneously) controllable with respect to the
system GIHA/IAGZ- O

Note that if a language is controllable in the standard sense, then it is (non-

simultaneously) controllable.

The motivation for this notion of non-simultaneous acceptance and controllability
is that of ensuring component-wise task completion, i.e. if L is non-simultaneously
controllable, then the projections JP,-(E), 1 < 7 < N contain marked strings each or
which is independently accepted by the associated system G;.
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In general, it is not true that, if £, and E, are controllable w.r.t. G, and G,
respectively, then the vector language (E, E;) (with v, and 7, added to ensure equal
symbol counts) is non-simultaneously controllable w.r.t. Gi||praGa- It is also not
necessarily true that, when L is non-simultaneously controllable, the projections R(E)
will themselves be controllable w.r.t. the component automata G;.

Without further conditions, the problem of determining the controllability of lan-
guages (or finding maximal controllable sublanguages subject to given specifications)
for MA product systems requires the solution of a standard supervisory problem on
the vector state space.

Two possible approaches to tackling this problem are proposed. The first is
through hierarchical decomposition discussed in the next section. The second is
through the definition of additional conditions on component systems and their
specifications such that the vector language is non-simultaneously controllable w.r.t.
G1||araG2. The following problem can be stated:

Problem 1: Find sufficient conditions on G, G2, E; and E; and vector control
policy f based on f; and f, such that P,[L(f/G\||saGa] = Ei, i=1,2. O

Note these notions are similar to the notions of observability and controllability
in the decentralised setting discussed in [80, 69].

5.1. Aggregated Hierarchical Control

The multi-agent systems defined via the MA product are subject to the explosion
in state cardinality that appears in any product system. Hence there is a need for
a hierarchical theory. The hierarchical theory based on state aggregation presented
in Chapter 2 applies directly to the supervisory control of the MA product system,
but requires the computation of the partitions with the necessary conditions, either
directly or through the combination of partitions in the component systems. The two
theorems on consistency from Chapter 2 will then apply and hence allow high-level
specifications to be achieved via hierarchical control.

Consider the situation where the partitions m; and my are Trace-DC and (non-
blocking) IBC with respect to G, and G, respectively. It is observed that the Trace-DC
property is not preserved, in general, for the partition m; x m of the MA product
system. The same is true for the simultaneous product system and the synchronous
product system (except for the case where £, N X, = 0).
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4.5 NON-SIMULTANEOUS CONTROLLABILITY

Problem 2: Find a sufficient condition of on G, G2, T, and w5 in order to preserve
the properties of Trace-DC and non-blocking IBC, for the partition m; X 7. O

While the required additional conditions on G, and G, (and more generally,
G,, Gs, ..., Gn) may be stringent, it is conjectured that this will provide a methodology
for the design of interacting systems. Consider, for instance, transfer lines (with
shared resources and synchronised events) and traffic flow (for both communication
systems and public transport), in which component systems are designed as building
blocks with the a priori knowledge that they can be combined in an efficient (from
the point of view of hierarchical control) and meaningful (from the point of view of
verified solutions to achieving component goals) manner.
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CHAPTER 5

Future Research

This chapter presents suggestions for future lines of research for each of the topics
covered in this thesis.

1. Suggested Research Related to Trace-DC Supervisory Con-
trol

e As noted in Chapter 2, the set of (non-blocking) IBC partitions is not closed
under chain union. Prima face, this would appear to be because, in contrast
to [15], mutual accessibility of out-sets (i.e. the set of states that are either
goal states or from which transitions lead out of the block) is not required in
the (non-blocking) IBC condition. It would be of value to determine if this
is in fact the case and, if not, what further conditions would be required to
attain closure under chain union. If suitable conditions are established for the
closure of the set of IBC partitions under chain union, it would be possible to
study the resulting lattice of IBC partitions. Such a structure would be useful
(as in [15]) for the formulation of control hierarchies.

e The notion of an observer appeared in [100] and was utilised in [60] and [99].
Essentially, © : ¥* — T™*, a possibly history-dependent map, is an observer
if ©~! commutes with the prefix closure operator. A future research area is
to develop the connection between the Trace-DC property, the VL algorithm
and the notion of an observer.

e It was assumed in Chapter 2 that the abstract representation of a supervi-
sory automaton would itself be a supervisory automaton. A natural extension
is to consider higher-level representations where control is implemented in a



5.2 SUGGESTED RESEARCH RELATED TO MANUFACTURING LAYOUTS

different fashion (e.g. forced-event rather than permissive). Notions of consis-
tency between models would be of interest independently of the hierarchical
framework.

Longer Term Suggested Research

e The theory is presented for finite automata. A topic for future research is the
application of a state-partitioning methodology to the case of infinite state
devices. These could be modelled by Petri Nets, or perhaps push-down au-
tomata. The illustrations in Chapter 3 regarding buffers would seem to indicate
that (non-blocking) IBC partitions for any finite subset of the state could be
developed from the model dynamics.

¢ A quantitative approach would be of value in the examination of the exis-
tence of (non-blocking) IBC partitions. Specifically, counting arguments or
simulation could be used to check all input/output devices (Moore represen-
tations, for instance) with /V internal states for the existence and number of
non-trivial (non-blocking) IBC partitions. Estimates of the relative frequency
of non-trivial (non-blocking) IBC partitions with respect to the number of
states or connectivity could then be developed. This would be of particular
interest in the extension to hybrid systems.

2. Suggested Research Related to Manufacturing Layouts

e A pgoal in the worked examples in Chapter 3 is the emergence of primitives
that would allow for the immediate description of control methodologies for
arbitrary plant layouts. As each portion is added, a new partition can be
formed (as was illustrated in Figure 3.10 for the extension from one buffer to
two buffers). A recursive formulation of this process of alternating extensions
and re-partitioning is a suggested future line of research. It would be of interest
to investigate whether paradigmatic systems emerge for this recursion.

e It was noted in Chapter 3 that, in general, the IBC property is not preserved
when forming partitions on a product state space by combining partitions on
component state spaces. An investigation of alternative definitions for weak
interaction under which the IBC property is preserved would be of value. For
instance, a possibility is
Systems (G1]|G2 - - - ||Gm) and (Gm+1l{Gm+2|| - - - GN) interact weakly if the al-
phabets satisfy 5, NL; =0,i=1,..,m—-1laendj=m+1,.,N.

Another candidate definition for weak interaction can be found in [95]. The
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product
(G1lIG2---lIGn) = (Gil|Gz - - - [|Gm)H(Gms1][Gma2ll - - - Gv),

can be formed by analysing G,||sr4aGm+1 first, then determining their impact
on the remainder of the subsystems. The motivation would be that under
the condition of weak interaction, hierarchical control (of the product) of the
component models could easily be transferred to hierarchical control of the
product system without the need for verification of properties in the product
state space.

This also motivates a line of research on the design of a mezzo system (an “ad-
judicator”) which is inserted between agents, i.e. - - - G ||Gagjudicator || Gm+1 - - -
The adjudicator is then designed to negotiate prioritisation between agents.

3. Suggested Research Related to the Multi-Agent Product

e Theorem 4.2 shows that controllability is preserved in the MA product of con-
trollable languages. This was true for the interaction condition C}* (w, v, a, b)
in Definition 2.1. A possible question for future research is for which inter-
action conditions does the property in Theorem 4.2 hold. There is perhaps
a maximal interaction (in the sense that C, is greater than C, if C, implies
C,) for which the preservation of controllability holds. This would be a novel
approach as it would employ the form of the agent interaction as a source of
control.

e [t was noted in Chapter 4 that S; C L, and S2 C L3 does not imply Sy||araS2 C
Li|{araLls. Hence even though S)||araS2 may be controllable, it may not be
implementable in the system L;||pr4L2. This means that the diagram

l|ma
51,8 ——» Si||mMaS2N Li||mals

()T (*)1

|| M4
E\,E, —» FEillMaE2N Li||mals

may not commute. Hence, an immediate future line of research is the problem:
Find the mazimal sublanguage of Si|ipraS2 such that Sy||paS2 is controllable
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w.r.t. Li|[aprals and Si||araS2 C Lil|aaLs.
If one calculates E)||araE2, where E; is the maximal controllable sublanguage
of S; w.r.t. L;, this may not be a subset of Li||asraL2. An iterative approach
might take the form:
(a] Initial E? = S;
[b] Repeat
SF*t = P(Ef||maEf N Ly||aaLls)
EF! = (SHYlw.rit.L;
[c] Until E¥*! = E¥.
Partial observation of one agent by the other is a natural extension in the MA
product setting. State estimate sets for each agent from each other agent could
be developed. It would be of value to import notions from epistemic logic in

[32] to this framework. A formal notion such as common knowledge [32] may
perhaps have important implications for observation and control.
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