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Abstract

In this thesis we study the so-called big Heegner points introduced and first studied by
Ben Howard [How07b]. By construction these are global cohomology classes, with values
in the Galois representation associated to a twisted Hida family, interpolating in weight 2
the twisted Kummer images of CM points.

In the first part, we relate the higher weight specializations of the big Heegner point
of conductor one to the p-adic étale Abel-Jacobi images of Heegner cycles. This is based
on a new p-adic limit formula of Gross—Zagier type obtained in the recent work [BDP13]
of Bertolini-Darmon—Prasanna, a formula that we extend to a setting allowing arbitrary
ramification at p. As a first consequence of the aforementioned relation, we deduce an
interpolation of the p-adic Gross—Zagier formula of Nekovar over a Hida family.

In the second part, we extend some of these formulas in the anticyclotomic direction,
and find that the p-adic L-function introduced in [BDP13] can be obtained as the image
of a compatible sequence of big Heegner points of p-power conductor via a generalization of
the Coleman power series map. By an application of Kolyvagin’s method of Euler systems,
we then exploit this alternate construction of the p-adic L-function to establish certain new
cases of the Bloch-Kato conjecture for the Rankin—Selberg convolution of a cusp form with
a theta series of higher weight, and deduce one divisibility in the associated anticyclotomic

Iwasawa main conjecture.
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Abrégé

Cette these est consacrée aux “points de Heegner en famille” introduits par Ben Howard
dans [How07b]. Par définition, ce sont des classes de cohomologie globales & valeurs dans
la représentation Galoisienne associée a une famille de Hida, interpolant en poids 2 les
images de points CM par I'application de Kummer.

La premiere partie de cette these relie les spécialisations de la classe de Howard en poids
k > 2 aux images de certains cycles de Heegner par I’application d’Abel-Jacobi p-adique.
Notre démonstration de cette relation repose sur une formule de Gross—Zagier p-adique
obtenue dans les travaux récents [BDP13]| de Bertolini-Darmon—Prasanna, et que nous
étendons ici a un cadre permettant de travailler avec des formes modulaires de niveau
divisible par p. On déduit de nos résultats une interpolation de la formule de Gross—Zagier
p-adique de Nekovar sur une famille de Hida.

La deuxieme partie étend la définition de la classe de Howard “le long de la droite
anticyclotomique”, pour obtenir une classe de cohohomologie a deux variables. On montre
que la fonction L p-adique de Hida—Rankin, telle que décrite dans [BDP13], est I'image
de cette classe par une généralisation de l'isomorphisme de Coleman. La méthode des
systemes d’Euler de Kolyvagin, telle que réinventée par Kato et Perrin-Riou, permet d’en
déduire certains nouveaux cas de la conjecture de Bloch—Kato pour la convolution de
Rankin—Selberg d’une forme parabolique avec une série théta de poids supérieur, et une
divisibilité dans la conjecture principale de la théorie d’ Iwasawa associée a cette famille de

motifs.
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Preface

It is a somewhat vexing fact that, to the embarrassment of many mathematicians, the
most convincing theoretical evidence in support of the Birch and Swinnerton-Dyer conjec-
ture still rests largely on the foundational works of Gross—Zagier [GZ86] and Kolyvagin
[Kol88], where the classical Heegner point construction attached to the auxiliary choice
of an imaginary quadratic field was stunningly exploited to establish the conjecture in
the case of analytic rank at most 1 for a class of elliptic curves that now, after Wiles’s
breakthrough [Wil95] culminating in [BCDTO01], is known to be rich enough to include
all rational elliptic curves.

In this thesis we aim to further scrutinize the wealth of information accounted for
by Heegner points and their p-adic variation, examining a two-variable construction by
Howard [HowO07b] that extends over a Hida family and over the anticyclotomic tower.

Our new results in these directions are contained in Chapters 1 and 2, which are
slightly modified versions of the papers [Cas13a] (to appear in Mathematische Annalen)
and [Cas13b] (submitted for publication), and are ultimately based on the study of an
anticyclotomic p-adic L-function introduced in [BDP13] for which the characters relevant
for the Birch and Swinnerton-Dyer conjecture lie outside the range of classical interpola-
tion. Because of this feature, the p-adic Gross—Zagier formulae of [BDP13] are certainly
a less natural analogue of the result of Gross—Zagier than the p-adic formulae proven by
Perrin-Riou [PR87] and Nekovai [Nek95], but a posteriori they have been found to be
useful for arithmetic applications.

Starting with Leopoldt’s formula, similar formulae for the values of p-adic L-functions
outside their range of classical interpolation have been discovered and exploited in most
situations where interesting Euler systems can be shown to exist. This point of view, which
is sometimes not completely apparent in the classical literature, is stressed in [BCD113],

where the reader can see most clearly how our results fit within a broader perspective.

Francesc Castella
Montreal, 2013
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CHAPTER 1

Higher weight specializations of big Heegner points

Summary

Let f be a p-ordinary Hida family of tame level N, and let K be an imaginary quadratic
field satisfying the Heegner hypothesis relative to N. By taking a compatible sequence of
twisted Kummer images of CM points over the tower of modular curves of level I'o(N) N
I'y(p®), Howard [HowO07b] has constructed a canonical class 3 in the cohomology of a
self-dual twist of the big Galois representation associated to f. If a p-ordinary eigenform f
on I'g(NNV) of weight k& > 2 is the specialization of f at v, one thus obtains from 3, a higher
weight generalization of the Kummer images of Heegner points. In this chapter we relate

the classes 3, to the étale Abel-Jacobi images of Heegner cycles when p splits in K.
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Introduction

Fix a prime p > 3 and an integer N > 4 such that p{ N@(N). Let
fo=_anq" € Sp(Xo(N))
n>0
be a p-ordinary newform of even weight £ = 2r > 2 and trivial nebentypus. Thus f, is
an eigenvector for all the Hecke operators T;, with associated eigenvalues a,, and a, is a
p-adic unit for a choice of embeddings s : Q — C and Lp Q—> Qp that will remain
fixed throughout this paper. Also let O denote the ring of integers of a (sufficiently large)
finite extension L/Q, containing all the a,,.

For s > 0, let X, be the compactified modular curve of level
Fs = Fo(N) N Fl(ps),

and consider the tower
_>Xs _g_>Xsfl — 5 ..
with respect to the degeneracy maps described on the non-cuspidal moduli by

(E,ap,mg) — (E,ap,p- 7E),

where ag denotes a cyclic N-isogeny on the elliptic curve E, and 7 a point of E of exact

order p®. The group (Z/p°*Z)* acts on X, via the diamond operators
<d> : <E7 OéE,T('E) — (E,OZE,d : 7TE')

compatibly with o under the reduction (Z/p*Z)* — (Z/p*'Z)*. Set T' := 1+ pZ,.
Letting J, be the Jacobian variety of X, the inverse limit of the system induced by

Albanese functoriality,
(1.0.1) o — Ta,(Js) ®z, O — Ta,(Js—1) ®z, O — -+,

is equipped with an action of the Iwasawa algebras Ao := O[[Z;]] and

Let b, be the O-algebra generated by the Hecke operators Ty (¢ 1 Np), Uy := T, (¢|Np),
and the diamond operators (d) (d € (Z/p*Z)*) acting on the space Si(Xs) of cusp forms
of weight k and level I'y. Hida’s ordinary projector

. |
¢” .= lim U;L‘
n—oo
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defines an idempotent of h,, projecting to the maximal subspace of by where U, acts
invertibly. We make each b, into a /N\@—algebra by letting the group-like element attached
to z € Z5 act as 2"7%(z).

Taking the projective limit with respect to the restriction maps induced by the natural

inclusion Si(Xs_1) — Sp(Xs) we obtain a K@-algebra
(1.0.2) hord — l-gleordhs

which can be seen to be independent of the weight k > 2 used in its construction.

After a highly influential work [Hid86b] of Hida, one can associate with f, a certain
local domain I quotient of ho'd, finite flat over Ay, with the following properties. For each
n, let a,, € I be the image of 7}, under the projection h*® — I, and consider the formal
g-expansion

£= 3 ang € I,

n>0
We say that a continuous O-algebra homomorphism v : I — Qp is an arithmetic prime

if there is an integer k, > 2, called the weight of v, such that the composition
[ -1 — Q;

ky—2

agrees with v — ~ on an open subgroup of T" of index p*~! > 1. Denote by X (I)

the set of arithmetic primes of I, which will often be seen as sitting inside Spf(I)(Q,,). If
v € Xain(I), F, will denote its residue field. Then:

o for every v € Xy (1), there exists an ordinary p-stabilized newform®
f, € Sk, (X))

such that v(f) € F,[[g]] gives the g-expansion of f,;
e if 5, = 1 and k, = k (mod 2(p — 1)), there exists a normalized newform f? €

Sk, (Xo(NN)) such that

P
(1.0.3) f,(q) = £i(q) — ——Tf(¢");
v(ay)
e there exists a unique v, € Xy (I) such that f, = fﬂo.

In particular, after “p-stabilization” (1.0.3), the form f, fits in the p-adic family f.

'As defined in [NP0O, (1.3.7)].
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Similarly for the associated Galois representation V},: the continuous h°-linear action
of the absolute Galois group Gq on the module

(1.0.4) T := T ®yora I, where T .= @eord(Tap(Js) ®z, O0),

gives rise to a “big” Galois representation pg : Gq — Auty(T) such that

v(ps) = pg,

for every v € Ayien(I), where pi is the contragredient of the (cohomological) p-adic Galois
representation pg, : Gq — Aut(V%,) attached to f, by Deligne; in particular, one recovers
p}, from pg by specialization at v,.

Assume from now on that the residual representation py, is irreducible; then T can be
shown to be free of rank 2 over I. (See [MT90, Théoreme 7| for example.) Let K be an

imaginary quadratic field with ring of integers Ok containing an ideal 91 C O with
(1.0.5) Ox/N=Z/NZ,

and denote by H the Hilbert class field of K. Under this Heegner hypothesis relative to N
(but with no extra assumptions on the prime p), the work [How07b] of Howard produces
a compatible sequence U, - X, of cohomology classes with values in a certain twist of
the ordinary part of (1.0.1), giving rise to a canonical “big” cohomology class X, the big
Heegner point (of conductor 1), in the cohomology of a self-dual twist TT of T. Moreover,

if every prime factor of N splits in K, it follows from his results that the class
3 = Corg/k(X)

lies in Nekovai’s extended Selmer group H }(K ,T1). In particular, for every v € Xy (1)
with s, = 1 and k, = k (mod 2(p — 1)) as above, the specialization 3, belongs to the
Bloch-Kato Selmer group H (K, Vi (k,/2)) of the self-dual representation T @ F, &
Vis (k,/2). The classes 3, may thus be regarded as a natural higher weight analogue of the
Kummer images of Heegner points, on modular Abelian varieties (associated with weight
2 eigenforms).

But for any of the above f#, one has an alternate (and completely different!) method of
producing such a higher weight analogue. Briefly, if k, = 2r, > 2, associated to any elliptic
curve A with CM by Ok, there is a null-homologous cycle Afiff,f, a so-called Heegner cycle,
on the (2r, —1)-dimensional Kuga—Sato variety W, giving rise to an H-rational class in the
Chow group CH™ ™ (W,,)o with Q-coefficients. Since the representation Vir (r,) appears
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in the étale cohomology of W, :

2T, Q) —55 Vi (),
by taking the images of the cycles A:‘fié under the p-adic étale Abel-Jacobi map
®Y « CHY N (W, Jo(H) — H'(H, Hg* ™ (W, Qp) (1))
and composing with the map induced by 7 on H I’s. we may consider the classes
@ﬁgk(Af}feg) = Clor gy (e O (ALTE)).
By the work [Nek00] of Nekovar, these classes are known to lie in the same Selmer
group as 3,, and the question of their comparison thus naturally arises.

MAIN THEOREM (Thm. 1.4.12). Assume that p splits in K = Q(v/—D) and that the
class 3 is not I-torsion. Then for all but finitely many v € Xain(I) of weight k, = 2r, > 2
with k, = k (mod 2(p — 1)) and trivial character, we have

oy (O (A, B8 (A
W2(4D)r ! ’

Gz =(1-1

v(ay)

where (,) i is the cyclotomic p-adic height pairing on Hi(K,Vis(r,)), and u = [O|/2.

Thus assuming the non-degeneracy of the p-adic height pairing, it follows that the étale
Abel-Jacobi images of Heegner cycles are p-adically interpolated by 3. We also note that
3 is conjecturally always not I-torsion ([HowO07b, Conj. 3.4.1]), and that by [HowO07a,
Cor. 5] this conjecture can be verified in any given case by exhibiting the non-vanishing of
an appropriate L-value (a derivative, in fact). But arguably the main interest of the above
result is to be found in connection with p-adic L-functions, as we indicate below.

Let ¥,, be the Galois group of the unique Zf)—extension of K. In their recent proof
[SU13] one divisibility in the Iwasawa Main Conjecture for GLg, Skinner and Urban
construct an element L£,(f ® K) € I[[%]] which interpolates a certain two-variable p-
adic L-function £,(f, ® K) € O,[[%~]] attached to the specializations f,. For any v as
in the above Main Theorem, the work [Nek95] of Nekovar proves a p-adic analogue of
the Gross—Zagier formula for L¢, x. Combined with the existence of an I-valued “height

pairing” (,) 7t on f[}(K , TT), we can easily deduce the following.

COROLLARY (Thm. 3.1.3). Let Lt o be the linear term in the expansion of Ly re-

stricted to the cyclotomic line. Under the assumptions of the Main Theorem, we have

tc(Lx) =(3,3) ki (mod I%).
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This paper is organized as follows. Section 1.1 is aimed at proving an expression for the
formal group logarithms of ordinary CM points on X, using Coleman’s theory of p-adic
integration. Our methods here are drawn from [BDP13, §3], which we extend in weight 2
to the case of level divisible by an arbitrary power of p, but with ramification restricted to
a potentially crystalline setting. Not quite surprisingly, this restriction turns out to make
our computations essentially the same as theirs, and will suffice for our purposes.

In Section 1.2 we recall the generalised Heegner cycles and the formula for their p-adic
Abel-Jacobi images from loc.cit., and discuss the relation between these and the more
classical Heegner cycles.

In Section 1.3 we deduce from the work [Och03] of Ochiai the construction of a “big”
logarithm map that will allow as to move between different weights in the Hida family.

Finally, in Section 1.4 we prove our results on the arithmetic specializations of the big
Heegner point 3. The key observation is that, when p splits in K, the combination of
CM points on X, taken in Howard’s construction appears naturally in the evaluation of
the critical twist of a p-adic modular form at a canonical trivialized elliptic curve. The
expression from Section 1 thus yields, for infinitely many v of weight 2, a formula for the
p-adic logarithm of the localization of 3, in terms of certain values of a p-adic modular
form of weight 0 associated with f, (Theorem 1.4.9). When extended by p-adic continuity
to an arithmetic prime v of higher even weight, this expression is seen to agree with the
formula from Section 1.2, and by the interpolation properties of the big logarithm map it
corresponds to the p-adic logarithm of the localization of 3,. The above Main Theorem
then follows easily from this.

We also note that an extension “in the anticyclotomic direction” of some of the results in
this paper leads to a number of arithmetic applications arising from the connection between
Howard’s big Heegner points and a certain p-adic L-function introduced in [BDP13]. This

connection appears implicitly here and is developed in [Cas13b].

Acknowledgements. 1t is a pleasure to thank my advisor, Prof. Henri Darmon, for
suggesting that I work on this problem, and for sharing with me some of his wonderful
mathematical insights. I thank both him and Adrian Iovita for critically listening to me
while the results in this paper were being developed, and also Jan Nekovar and Victor
Rotger for encouragement and helpful correspondence. It is a pleasure to acknowledge the
debt that this work owes to Ben Howard, especially for pointing out an error in an early

version of this paper, and for providing several helpful comments and corrections. Finally,
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1.1. Preliminaries

1.1.1. p-adic modular forms. To avoid some issues related to the representability
of certain moduli problems, in this section we change notations from the Introduction,
letting X be the compactified modular curve of level I'; := I'1(Np®), viewed as a scheme
over Spec(Q,). Let m : & — X, be the universal elliptic curve over the complement
XS C X, of the cuspidal subscheme Z; C X, and let wy_ be the invertible sheaf X, given
by the extension of m.Q, 5 to the cusps Z; as described in [Gro90, §1], for example.

Algebraically, HY(X,, g?}f) gives the space of modular forms of weight 2 and level I’y
(defined over Q). Consider the complex

(1.1.1) O%./q,(108Z,) : 0 — Ox, 5 Q% g (log Z,) — 0
of sheaves on X;. The algebraic de Rham cohomology of X

Hap (X,/Qp) = H' (X, 0%, jq, (log Z,))

is a finite-dimensional Q,-vector space equipped with a Hodge filtration

0 C HO(XMQ%Q/Qp(logZS)) - HéR(XS/Qp>7

and by the Kodaira-Spencer isomorphism g?}f = ka /Qp(log Zs), every cusp form f €

So(X) (in particular) defines a cohomology class w; € Hig(Xs/Q,)-
Let X be the complete modular curve of level I'1(N), also viewed over Spec(Q,), and

consider the subspaces of the associated rigid analytic space X*":
X C Xayen) © Xapypeny C© X

To define these, let Xz, be the canonical integral model of X over Spec(Z,), and let
Xr, = X xgz, F), denote its special fiber. The supersingular points SS C XFp<Fp) is
the finite set of points corresponding to the moduli of supersingular elliptic curves (with
[’y (N)-level structure) in characteristic p.

Let E,_1 be the Eisenstein series of weight p — 1 and level 1, seen as a global section
of the sheaf g?}(p -, (Recall that we are assuming p > 5.) The reduction of E,_; to XF,
is the Hasse invariant, which defines a section of the reduction of g?}(p D with S9 as its

locus of (simple) zeroes. If v € X(Q,), let Z € Xg,(F,) denote its reduction. Each point
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T € S5 is smooth in Xy, and the ordinary locus of X
xrd=x"< | J Ds
zess

is defined to be the complement of their residue discs Dz C X*". The function |E,_;(z)|,
defines a local parameter on Dz, and with the normalization [p|, = p', X<1/(41) (resp.
Xep/(p+1)) is defined to be complement in X** of the subdiscs of Dz where |E,_;(x)[, <
p~ Y@+ (vesp. |E, i (v)], < pP/®*V) for all 7 € SS.

Using the canonical subgroup Hp (of order p) attached to every elliptic curve E corre-

sponding to a closed point in X, /1), the Deligne-Tate map

Po : Xc1/p+1) — Xap/p+1)

is defined by sending £ — E/Hp (with the induced action on the level structure) under
the moduli interpretation. This map is a finite morphism which by definition lifts to
characteristic zero the absolute Frobenius on Xg,. (See [Kat73, Thm. 3.1].)

For every s > 0, the Deline-Tate map ¢g can be iterated s — 1 times on the open rigid
subspace X p2—s /41y of X where |E,_i(z)[, > p P/t Letting ay : Xy — X be
the map forgetting the “I';(p®)-part” of the level structure, define

Wi (p®) C X"

to be the open rigid subspace of X whose closed points correspond to triples (F, ag, 7g)
whose image under «; lands inside X _,2-s(,41) and are such that 7z generates the canonical
subgroup of E of order p® (as in [Buz03, Defn. 3.4]).

Define Wy (p®) C X is the same manner, replacing p*~*/(p + 1) by p'=*/(p + 1) in
the definition of W;(p®*). Then we obtain a lifting of Frobenius ¢ = ¢, on X making the

diagram

Wa(p*) —— Wi (p*)

-k
%0

Xepr=spr1) —= Xz (p11)-
commutative by sending a point x = (E,ag,1p) € Wh(p®), where 15 : p,e — E[p°] is
an embedding giving the T';(p®)-level structure on E, to ' = (¢poE, poap, 1), where oy
is determined by requiring that a,(z') lands in X_j2-s/,11) and for each ¢ € p,o — {1},
1o (C) = 60Q if 15(C) = pQ. (Cf. [Col97h, §B.2].)



1.1. PRELIMINARIES 9

Let I, :={veQ : 0<v<p*®/(p+1)}, and for v € I define the affinoid subdomain
Xs(v) of X2 inside W) (p®) whose closed points = satisty |E,_1(z)|, > p~*. Then X,(0) is
the connected component of the ordinary locus of X, containing the cusp oc.

Denote by wyan the rigid analytic sheaf on X" deduced from wy and fix k € Z. The
space of p-adic modular forms of weight k and level I'y (defined over Q,) is the p-adic
Banach space

ME(X,) = HO(X,(0), wih),
and the space of overconvergent p-adic modular forms of weight k and level I, is the p-adic

Fréchet space
M;zig(Xs) = @HO(XSW)’Q?}?‘)’

where the limit is with respect to the natural restriction maps as v € I, increasingly
approaches p?~*/(p + 1). By restriction, a classical modular form in H°(Xj, g?}f) defines
an (obviously) overconvergent p-adic modular form of the same weight an level. Moreover,
the action of the diamond operators on X gives rise to an action of (Z/p*Z)* on the spaces
of p-adic modular forms which agrees with the action on H(X,,w%") under restriction.
We say that a ring R is a p-adic ring if the natural map R — @R/p”R is an
isomorphism. For varying s, the data of a compatible sequence of embeddings p,. — F
as R-group schemes, amounts to the data of an embedding p,. — E[p*] of p-divisible

groups, and also to the given of a trivialization of E over R, i.e. an isomorphism
g E — Gm

of the associated formal groups. The space M(N) of Katz p-adic modular functions of
tame level N (over Z,) is the space of functions f on trivialized elliptic curves with I'y (IV)-
level structure over arbitrary p-adic rings, assigning to the isomorphism class of a triple
(E,ap,1p) over R a value f(E,ap,1z) € R whose formation is compatible under base
change. If R is a fixed p-adic ring, by only considering p-adic rings which are R-algebras,
we obtain the notion of Katz p-adic modular functions defined over R, forming the space
M(N)®z, R which will also be denoted by M(N) by an abuse of notation.

The action of z € Z on a trivialization gives rise to an action of Z) on M(N):

<z>f(E7OéE7ZE) = f(E7aE7 Zil ' ZE)?

and given a character y € Homcont(Z;, R*), we say that f € M(N) has weight-nebentypus
xif (2)f = x(2)f for all z € Z). If k is an integer, denoting by 2¥ the k-th power character
on Z, the subspace M (Np*, e) of M™d(X,) consisting of p-adic modular forms with
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nebentypus € : (Z/p*Z)* — R* can be recovered as
(1.1.2) M (Np® e) 2 {f € M(N) : (2)f = 2"¢(2)f, forall z € 7}

Since it will play an important role later, we next recall from [Gou88, §II1.6.2] the
definition in terms of moduli of the twist of p-adic modular forms by characters of not nec-
essarily finite order. Let R be a p-adic ring, and let (E, ap, 1) be a trivialized elliptic curve
with T';(N)-level structure over R. For each s, consider the quotient Fy := E/i' (Bys),
and let ¢y : E —» Ej denote the projection. Since p 1 N, ¢y induces a I';(N)-level
structure ap, on Ep, and since ker(wg) = s, the dual ¢y : Ey — E is étale, inducing
an isomorphism of the associated formal groups. Thus (with a slight abuse of notation)
1E, = 15 O Qg Eo = C}m is a trivialization of Ej, and since we have an embedding

Z/p°Z = ker(pg) — Ey[p®], we deduce an isomorphism
Eo[p°] = py ©Z/p°Z

which we use to bijectively attach a p®-th root of unity (o to every étale subgroup C' C
Eq[p®] of order p®, in such a way that 1 is attached to ker(¢y).
Now for f € M(N) and a € Z,, define f ® 1,447, to be the rule on trivialized elliptic

curves given by
1 —a
(1.1.3) f®Lloypz, (B, ap,ip) = p Z (" [(Ey/C,ac 1)
c

where the sum is over the étale subgroups C' C Fy[p®] of order p*, and where a¢ (resp.
1c) denotes the I'y (IV)-level structure (resp. trivialization) on the quotient Ey/C naturally

induced by ag, (resp. ig,).
LEMMA 1.1.1. The assignment
a+p'Zy, ~ (fr— [Olapz,)
gives rise to an EndgM (N )-valued measure figoy on Zy,.

PROOF. Let ) a,q" be the g-expansion of f, i.e. the value that it takes at the triple
(Tate(q), Qeans tean) = (Gm/q%, CNs Hopoo G,./q%) over the p-adic completion of R((q)).
By the g-expansion principle, the claim follows immediately from the equality

f & ]la—i-pSZp(Q) - Z anqna
n=a mod p°

which is shown by adapting the arguments in [Gou88, p. 102]. O
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DEFINITION 1.1.2 (Gouvéa). Let f € M(N) and x : Z, — R be any continuous
multiplicative function. The twist of f by x is

ron= ([ o)) (1) € MO,

P

This operation is compatible with the usual character twist of Hecke eigenforms:

LEMMA 1.1.3. Let x : Z; — R* be a continuous character extended by zero on pZ.
If f € M(N) has g-expansion ), a,q", then f ® x has q-ezpansion Y x(n)a,q", and if
[ has weight-nebentypus x € Homey (25, R*), then f @ x has weight-nebentypus x°k.

PROOF. See [Gou88, Cor. I11.6.8.i] and [Gou88, Cor. II1.6.9]). O
In particular, twisting by the identity function of Z, we obtain an operator
d:M(N)— M(N)

whose effect on g-expansions is qd%. For every k € Z, we see from (1.1.2) and Lemma 1.1.3,

that this restricts to a map
d: MP(X,) — MEh(X,)

which increases the weight by 2 and preserves the nebentypus. Moreover, for £k = 0, the
arguments in [Col96, Prop. 4.3] can be adapted to show that d gives rise to a linear
map My®(X,) — M3®%(X,), viewing M} #(X,) as a subspace of M(X,) via the natural

restriction map.

1.1.2. Comparison isomorphisms. Let (; be a primitive p°-th root of unity, and
let F' be a finite extension of Q,((;) over which X, acquires stable reduction, i.e. such that
the base extension X, xq, I’ admits a stable model over the ring of integers Op of F'. For
the ease of notation, from now on we will denote X xq, F' (as well as the associated rigid
analytic space) simply by X;.

Let Z; be the minimal regular model of X, over O, and denote by Fy the maximal
unramified subfield of F'. The work [HK94] of Hyodo-Kato endows the F-vector space
Hlx(X,/F) with a canonical Fy-structure

(114) Hllog—cris(‘%fs) — Hc}R(XS/F)

equipped with a semi-linear Frobenius operator .
After the proof [Tsu99] of the so-called semistable conjecture of Fontaine—Jannsen,

these structures are known to agree with those attached by Fontaine’s theory to the p-adic
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G p-representation
(1.1.5) Ve = HL (X, Q).

More precisely, since X, has semistable reduction, V; is semistable in the sense of
Fontaine, and there is a canonical isomorphism Dg (V) — Hy, . (25), inducing an

isomorphism
(1.1.6) Dar(Vy) — Hip(X,/F)

as filtered p-modules after extending scalars to F.
Consider the étale Abel-Jacobi map CH'(X,)o(F) — H'(F,V,(1)) constructed in

[Nek00], which in this case agrees with the usual Kummer map
§p : Jo(F) — H'(F,Q, ® Ta,(J,)),

where J, = Pic’(X,) is the connected Picard variety of X,. (See [loc.cit., Example(2.3)].)

Let g € S2(X;) be a newform with primitive nebentypus, denote by V, the p-adic Galois
representation associated to g, which is equipped with a Galois-equivariant projection
Vi — Vg, and let V7 be the representation contragredient to Vy, so that V(1) and V' are
in Kummer duality. Also, let L, be a finite extension of Q,, over which the Hecke eigenvalues

of g are defined. By [BK90, Example 3.11], the image of the induced composite map
(1.1.7) Sor t Jo(F) 25 HY(F, V(1)) — H'(F,V,(1))

lies in the Bloch-Kato “finite” subspace H}(F,Vy(1)), and by our assumption on g, the

Bloch-Kato exponential map gives an isomorphism

- Dqr(Vy4(1))
(1.1.8) KPRV, (1) - Fil’ Dyr (V,(1))

whose inverse will be denoted by logpy. ().

— Hy(F,Vy(1))

Our aim in this section is to compute the images of certain degree 0 divisors on X
under the p-adic Abel-Jacobi map 5;{’ l)p, defined as the composition

logrvymy  Dar(Vy(1))
Fil’ Dar (V(1))

(1L19)  L(F) 25 HY(F,V,(1) s (Fil°Dan(V}))"

g
where the last identification arises from the de Rham pairing

(1.1.10) (, Jar : Dar(Vy(1)) x Dar(Vy) — Dar(Qy(1)) ®q, Ly = F ®q, Ly
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with respect to which Fil’Dgg(V, (1)) and FilODdR(Vg*) are exact annihilators of each other.
A basic ingredient for this computation will be the following alternate description of the
logarithm map logpy, 1)-

Recall the interpretation of H'(F,V,(1)) as the space Ext%{ep(GF)(Lg, V,4(1)) of exten-
sions of V(1) by L, in the category of p-adic G p-representations. Since F' contains Q,((;),
Vj, is a crystalline G p-representation in the sense of Fontaine, and under that interpretation
the Bloch—Kato “finite” subspace corresponds to those extensions which are crystalline (see
[Nek93, Prop. 1.26], for example):

(1.1.11) H(F, V(1)) = Ext%{ﬂcris(GF)(Lg, V,(1)).
Now consider a crystalline extension
(1.1.12) 0— Vy(1) — W — L, — 0.
Since Deis(V,(1))?= = 0 by our assumptions, the resulting extension of p-modules
(1.1.13) 0 — Deis(V5(1)) — Deris(W) — Fy ®q, Ly — 0

admits a unique section si?® : Fy ®q, Ly — Dewis(W) with sii?°(1) landing in the -
invariant subspace Deis(W)?=!. Extending scalars from Fy to F' in (1.1.13) and taking
Fil’-parts, we take an arbitrary section s : F ®q, Ly — Fil’ Dgr(W) of the resulting

exact sequence of F-vector spaces
(1.1.14) 0 — Fil’Dar(V,(1)) — Fil’Dgr(W) — F ®q, Ly — 0

and form the difference
b = sfib(1) — si2b(1),

which can be seen in Dyg(V,(1)), and whose image modulo Fil’Dgg (V, (1)) is well-defined.
LEMMA 1.1.4. Under the identification (1.1.11), the above assignment
0= V,(1) =W =L, =0 ~ tymod Fil’Dagr(V,(1))

defines an isomorphism which agrees with the Bloch—Kato logarithm map

~_ Dar(V,4(1))
1 HY(F,V,(1)) = TR
orv,  Hy (Vo) = mop )

PROOF. See [Nek93, Lemma 2.7], for example. O

Let A € J4(F') be the class of a degree 0 divisor on X, with support contained in the
finite set of points S C X (F'). The extension class W = Wx (1.1.12) corresponding to
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94, 7(A) can then be constructed from the étale cohomology of the open curve Y, := X N5,
as explained in [BDP13, §3.1]. We describe the associated sfj, and sfi.
By [Tsu99] (or also [Fal02]), denoting g-isotypical components by the superscript g,

there is a canonical isomorphism of Fy ®q, Ly-modules

(1.1.15) Deis(Vy) & H,

log—cris

(25)
compatible with o-actions and inducing an F' ®q, Lg-module isomorphism
(1.1.16) Dar(V,) & Hig(X,/F)?

after extension of scalars.

Writing A = ZQes ng.Q for some ng € Z, we assume from now on that S contains
the cusps, and that the reductions of the points () € S are smooth and pair-wise distinct.
We also assume that the reduction of S in the special fiber is stable under the absolute
Frobenius. Like H}y (X /F), the F-vector space Hiz(Ys/F) is equipped with a canonical

Fo-structure
(1117) Hl%)g—cris(@s) — HéR(YS/F)’

a Frobenius operator still denoted by ¢, and a Hecke action compatible with that in (1.1.4).
Thus for W = W, the exact sequence (1.1.13) is obtained as the pullback

p

(1118) CI‘lS )Cﬁ. DCI‘1S<WA) FO ®Qp Lg

H | |

Dresq
Hlog crls (1)(ﬁ Hlog crls(%)g(l) (FO ®Qp L )@S
of the bottom extension of ¢-modules with respect to the Fy ®q, Lg-linear map sending
1 — (ng)ges, where the subscript 0 indicates taking the degree 0 subspace.
On the other hand, after extending scalars from F} to F' and taking Fil’-parts, (1.1.14)
is given by the pullback?

(1.1.19) Fil’ Dyg (V,(1)) & Fil®Dar (Wa) F ®q, L,

N

®
Fil' Hi (X, /F)? = Fil' By (Yo F)? 2 (F @q, L,)5®

of the bottom exact sequence of free F'®q, L,-modules with respect to the F'®q, Ly-linear
map sending 1 — (ng)ges-

2Notice the effect of the Tate twist on the filtrations.
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Let €5 = g4, - 5§p ) be the nebentypus of g, decomposed as the product of its “wild”
component ¢,,, on (Z/p°Z)* and its “tame” component e? on (Z/NZ)*. Let g* € S2(Xy)
be the form dual to g, defined as the newform associated with the twist ¢ ® .1, and let

g7p7
wy € HO(X, Q%S/F) be its associated differential, so that
Fil’ Dar(V,") = (F ®q, Lg).wg-.
The image of the functional 6;? }(A) is thus determined by the value

(1.1.20) 5;?2«“(A) (Wg*) - <tWA7w9*>dR

of the pairing (1.1.10), which corresponds to the Poincaré pairing on Hj (Xs/F) under the
identification (1.1.16). Using rigid analysis, we will now give an expression for the latter
pairing that will make (1.1.20) amenable to computations.

Let X, be the canonical balanced model of X, over Z,[(s] constructed by Katz and
Mazur. The special fiber X xz c,] F) is a reduced disjoint union of Igusa curves over F,
intersecting at the supersingular points, with exactly two of them isomorphic to the Igusa
curve Ig(T'y) representing the moduli problem ([I';(N)], [['1(p®)]) over F, (see [KMS85,
§13]); we let I be the one that contains the reduction of W (p®) xq, Q,(¢s), and let Iy
be the other. (We note that these components are the two “good” components in the
terminology of [MW86].)

By the universal property of the regular minimal model, there exists a morphism

(1121) 3{:9 — XS XZPKS] OF

which reduces to a sequence of blow-ups on the special fiber. Letting s be the residue field
of F', define W,, C X (resp. Wy C X;) to be the inverse image under the reduction map
via Z of the unique irreducible component of 2 X, x mapping bijectively onto Ic X, K
(resp. Iy xg, k) in Xy Xz, & via the reduction of (1.1.21). Similarly, define i C X, by
considering the irreducible components of X, Xz (¢,] & different from I, x¥, x and Iy Xp, k.
Letting S.S denote (the degree of) the supersingular divisor of Ig(I'y), one can show that
U intersects W, (resp. W) in a union of S'S supersingular annuli.

Since they reduce to smooth points, the residue class Dy of each () € S is conformal
to the open unit disc D C C,,. Fix an isomorphism hg : Dg — D that sends @ to 0, and
for a real number rg < 1 in pQ, denote by Vg C Dg the annulus consisting of the points
x € Dg with rg < |hg(z)], < 1.

Attached to any (oriented) annulus V, there is a p-adic annular residue map

Resy : Q)l/ — C,
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defined by expanding w € O}, as w = >, a,T ”dTT for a fixed uniformizing parameter
T on V (compatible with the orientation), and setting Resy(w) = ag. This descends to a
linear functional on Q3,/dOy,. (See [Col89, Lemma 2.1].)

For any basic wide-open W (as in [Buz03, p. 34]), define

(1.1.22) H!

rig(W) = Hl <W7 Q.(log Z)) = Qll/\//dOW7
where Q*(log Z) denotes the complex of rigid analytic sheaves on W deduced from (1.1.1)

by analytification and pullback, and consider the basic wide-opens

Wao 1= Wao N U(DQ\VQ) Wo = Wo ~ U(DQ\VQ).
QeS Qes

The space Hiz(X,/F) is equipped with a natural action of the diamond operators,

and following [Col97a, §2] we define Hl(X,/F)P"™ to be the subspace of Hiz(X,/F)

spanned by (the pullbacks of) the classes in H(X,/F), for 0 < r < s, with primitive

nebentypus at p. Also, we define H'(Y,/F)P"™ to be the image of Hl(X,/F)P"™ under

the natural restriction map Hlg(X,/F) — Hiz(Y;/F). Finally, let H}ig()f/\\//oo)* be the

subspace of HL (W) consisting of classes w with resy, (w) = 0 for all supersingular annuli

rig

V, and resy, (w) = 0 for all Q € S, and define H}

e
1ig(Wo)* in the analogous manner.

LEMMA 1.1.5 (Coleman). The natural restriction maps induce an isomorphism

Hag (Yo F)"™ — H;

L OV @ HL M),

rig

and if n and w are any two classes in Hig(X/F)P™, their Poincaré pairing is given by

(1.1.23) (mwhar = Y Resy, (Furpy, *Mooln) + Y Resy, (Fuypy, - molv.),
zeSUSS zeSUSS

where for each annulus V,, F.,,, denotes any solution to dF,,, = wy, on V.

PROOF. By an excision argument, the first assertion follows from [Col97a, Thm. 2.1],
and the second is shown by adapting the arguments in [Col96, §5] for each of the two
components, as done in [Col94a, Prop. 1.3] for s = 1. (See also [Col97a, §3].) O

1.1.3. Coleman p-adic integration. Coleman’s theory of p-adic integration provides
a coherent choice of local primitives that will allow us to we compute (1.1.20) using the
formula (1.1.23). The key idea is to exploit the action of Frobenius.

Recall the lift of Frobenius ¢ : Wh(p®) — W;(p®) described in Section 1.1.1, where
W;(p®) are the strict neighborhoods of the connected component X;(0) of the ordinary
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locus of X, containing the cusp oo described there. Recall also the wide open space W,

described in the preceding section, which also contains X;(0) by construction.

PROPOSITION 1.1.6 (Coleman). Let g = > _,b,q™ € S2(X;) be a normalized newform

n>0
with primitive nebentypus of p-power conductor, so that b, is such that Uy,g = b,g. There

exists a unique locally analytic function F,, on Wy, with the following three properties:

o dF,, = wy on Wy,

by 1« T,
o I, — ?qﬁ F,, € My®*(X,), and
e [, vanishes at oo.

PRrROOF. This follows from the general result of Coleman [Col94b, Thm. 10.1]. Indeed,
a computation on g-expansions shows that the action of the Frobenius lift ¢ on differentials
agrees with that of pV/, with V the map acting as ¢ — ¢” on g-expansions, in the sense
that ¢*w, = pwy, on W, := ¢~ (W N Wi (p®)). Since the differential Wylnl = Wy — bpwyg

attached to
g[p] — Z bnq"
(n,p)=1
becomes exact upon restriction to W._, this shows that the polynomial L(T) =1 — %”T is
such that L(¢*)w, = 0. Finally, since g has primitive nebentypus, b, has complex absolute
value p'/2, and hence [Col94b, Thm. 10.1] can be applied with L(T) as above. U

Attached to a primitive p*-th root of unity ¢, there is an automorphism w, of X, which
interchanges the components Wy, and W,. (See [BE10, Lemma 4.4.3].)

COROLLARY 1.1.7. Set ¢' := weopowe. With hypotheses as in Proposition 1.1.6, there
exists a unique locally analytic function F;g on Wy with the following three properties:
o dF, =wy on W,
o I, — %”((b’)*Fo’Jg is rigid analytic on a wide-open neighborhood WY of weX4(0) in
Wy, and

e F, wvanishes at 0.

PROOF. Proposition 1.1.6 applied to the differential w;, := wfw, gives the existence
of a locally analytic function F, with F‘Lg = w¢ly, having the desired properties. The

uniqueness of Fég follows immediately from that of F, . O

We refer to the locally analytic function F,, (resp. FO’JQ) appearing in Proposition 1.1.6
as the Coleman primitive of g on Wy, (resp. W).
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Let g = >,.0bng™ be as in Proposition 1.1.6. The g-expansion Z(n,p)ZI %’”‘q" corre-
sponds to a p-adic modular form ¢’ vanishing at oo and satisfying d¢’ = ¢!, where d is
the operator described at the end of Section 2.1, which here corresponds to the differential
operator Oy, — O, for any subspace W C X,. Set d~'glP) := ¢’

COROLLARY 1.1.8. If F,,  is the Coleman primitive of g on W, then
b
Fuy = 9" Foy =d7'g"

PROOF. Since d~'gPP! is an overconvergent rigid analytic primitive of Wi, and the
operator L(¢*) = 1 — ;"gzﬁ acting on the space of locally analytic functions on W, is
invertible, we see that L(¢*)~'(d"'g"”)) satisfies the defining properties of F,, . Since d~'gl*!
vanishes at 0o, the result follows. O

We can now give an explicit formula for the p-adic Abel-Jacobi images of certain degree

0 divisors on X,. Note that this formula it is key in all what follows.

PROPOSITION 1.1.9. Assume that s > 1. Let g € S2(Xs) be a normalized newform with

primitive nebentypus of p-power conductor, let P be an F-rational point of X, factoring

through X4(0) C Xs, and let A € J4(F) be the divisor class of (P) — (00). Then
(1.1.24) OVH(A) (wg) = Fu,. (P),
where ng* is the Coleman primitive of wg- on Wy

PROOF. By (1.1.20), we must evaluate (ty,,wg+)dr, where (with a slight abuse of
notation) tw, = sfy, — sjiy> with
o il € Fil' Dgr(Wa) is such that p(sfi, ) =1 in (1.1.19), and

o si> € Deyig(Wa)#=! is such that p(s fmb) =1in (1.1.18).
By Lemma 1.1.5, we see that these can be represented, respectively, by
e 7 a section of QY /p over Y with simple poles at P and co and with
— Resp(nd) = 1,
- Resoo(nil) =-1,
— Resg(nl) =0 forall Q € S — {P,0};
° 77frob (77(f>1;ob7 77frob) c Ql X QL with
(P, () ) = (P 4 dG,p - g+ dGo) with Gy and Go rigid
analytic on ¢~ W, and (')~ YW, respectively,

— Resy, (n°P) = 0 for all supersingular annuli V,, and
— Resy, (NR°") = Resg(n) for all Q € S.
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The arguments in [BDP13, Prop. 3.21] can now be straightforwardly adapted to deduce
the result. Indeed, using the defining properties of the Coleman primitives F,, . and Fu’,g*
of wg= on Wy, and Wy, respectively, one first shows that

(1.1.25) Z ReSVI(ng* 'Uifb) =0 and Z ReSVI(FO’Jg* .mf)rob) =0
z€SUSS z€SUSS

as in [loc.cit., Lemma 3.20]. On the other hand, using the same primitives, one shows as
in [loc.cit., Lemma 3.19] that
(1.1.26) Z Resy(F,,. -nA) = F,,.(P) and Z Resy (Fy, , - = 0.
z€SUSS z€SUSS
Substituting (1.1.26) and (1.1.25) into the formula (1.1.23) for the Poincaré pairing
(and using that s > 1, so that there is no overlap between the supersingular annuli in Woo

and the supersingular annuli in WO), the result follows. O

1.2. Generalised Heegner cycles

Let X;(N) be the compactified modular curve of level 'y (V) defined over Q, and let
€ be the universal generalized elliptic curve over X;(N). (Recall that N > 4.) For r > 1,
denote by W, the (2r — 1)-dimensional Kuga—Sato variety®, defined as the canonical desin-
gularization of the (2r — 2)-nd fiber product of £ with itself over X;(/N). By construction,
the variety W, is equipped with a proper morphism

7 W, — X1(N)

whose fibers over a noncuspidal closed point of X; (V) corresponding to an elliptic curve
E with I'y(V)-level structure is identified with 2r — 2 copies of E. (For a more detailed
description, see [BDP13, §2.1].)

Let K be an imaginary quadratic field of odd discriminant —D < 0. It will be assumed
throughout that K satisfies the following hypothesis:

AssuMPTIONS 1.2.1. All the prime factors of N split in K.

Denote by O the ring of integers of K, and note that by this assumption we may
choose an ideal 0Nt C Ok with
Ox/M=Z/NZ

that we now fix once and for all.

3Perhaps most commonly denoted by Wa,_; cf. [Zha97] and [Nek95], for example.
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Let A be a fixed elliptic curve with CM by Og. The pair (A, A[]) defines a point Py
on Xo(N) rational over H, the Hilbert class field of K. Choose one of the square-roots
V=D € Ok, let I' /=5 C A x A be the graph of v/—D, and define

Tie’ig = P\/j X (Til) X F\/j
viewed inside W, by the natural inclusion (A x A)"~! — W, as the fiber of 7, over a
point on X (V) lifting P4. Let ey be the projector from [BDP13, (2.1.2)], and set

(1.2.1) AT = e YU,

which is an (r—1)-dimensional null-homologous cycle on W, defining an H-rational class in
the Chow group CH"(W,.)y (taken with Q-coefficients, as always here) which is independent
of the chosen lift of Pj,.

These cycles (1.2.1) are the so-called Heegner cycles (of conductor one, weight 2r),
and they share with classical Heegner points many of their arithmetic properties (see
[Nek92, Nek95, Zha97]).

We next recall a variation of the previous construction introduced in the recent work
[BDP13| of Bertolini, Darmon, and Prasanna. Let A be the CM elliptic curve fixed above,
and consider the variety?

X, =W, x A* 2,

For each class [a] € Pic(Ok), represented by an ideal a C Ok prime to N, let A, :=
A/Ala] and denote by ¢, the degree Na-isogeny

Va1 A— A,

The pair a * (A, A[N]) = (Aq, Aq[91]) defines a point P4, in Xo(N) rational over H.
Let Ffpu C A, x A be the transpose of the graph of ¢,, and set
(2r—2)

ida)

Th =T T X T O (A x AT = AR A Lot

Pa,T *

X?”?

where 1, is the natural inclusion A2"~? — W, as the fiber of 7, over a point on X;(N)
lifting P4,. Letting €4 be the projector from [BDP13, (1.4.4)], the cycles

(1.2.2) Ag‘jﬁﬂ = eAeWngﬁﬂ

define classes in CH*""*(X,.)o(H) and are referred to as generalised Heegner cycles.

We will assume for the rest of this paper that K also satisfies the following:

4Notice that our indices differ from those in [BDP13].
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ASSUMPTIONS 1.2.2. The prime p splits in K.

Let g € S5 (Xo(N)) be a normalized newform, and let V;, be the p-adic Galois repre-

sentation associated to g by Deligne. By the Kiinneth formula, there is a map
Hyl (X7, Qp(2r — 1)) — HE (W, Qp(1)) ® Sym™ *He, (4, Qy(1)),

which composed with the natural Galois-equivariant projection

Tg ®7FNT7 1

HéQtT_l(Wh Qp(l)) ® Sym2ri2ﬂé}t(z7 Qp(l)) Vg(T)

induces a map
Tyne—t s HY(F, HY (X, Q,(2r — 1)) — HY(F, V(1))

over any number field F. In the following we fix a number field F' containing H.

Now consider the étale Abel-Jacobi map
Of : CH (X, )o(F) — HY(F Hg (X, Qp)(2r — 1))

constructed in [Nek00]. Let F}, be the completion of 2,(F'), and denote by loc, the induced
localization map from G to Gal(QP/Fp). Then we may define the p-adic Abel-Jacobi map
AJg, by the commutativity of the diagram

T locy,

(1.2.3) CH (X, )o(F) - HY(F,,V,(r))

U

H}(Fmvg(r))

l logr, vy (r)
Fil' Dar (V, (r — 1))V,

where the existence of the dotted arrow follows from [Nek00, Thm.(3.1)(i)], and the
vertical map is given by the logarithm map of Bloch-Kato of V,(r) as G, -representation,
similarly as it appeared in (1.1.9) for r = 1. Using the comparison isomorphism of Faltings

[Fal89], the map AJp, may be evaluated at the class wy, ® e?’"’l, with e¢ an Fj,-basis of

Dar(Qy(1)) = F.
The main result of [BDP13] yields the following formula for the p-adic Abel-Jacobi

images of the generalised Heegner cycles (1.2.2) which we will need.
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THEOREM 1.2.3 (Bertolini-Darmon-Prasanna). Let g = > b,q" € So(Xo(N)) be a

normalized newform of weight 2r > 2 and level N prime to p. Then

(L=t +p7") Y Na'™7 - AJp (AXP) (wy @ ")

[u}GPiC(OK)
= (0=t Y d M (ax (A APY)),
[u}GPic(OK)
where glP! = Z(n,p):l b.q"™ is the p-depletion of g.
PROOF. See the proof of [BDP13, Thm. 5.13]. O

We end this section by relating the images of Heegner cycles and of generalised Heegner
cycles under the p-adic height pairing. (Cf. [BDP13, §2.4].) Consider II, := W, x A™!
seen as a subvariety of W, x X, = W, x W, x (A?)""! via the map

(idyy, , idw, , (ida, V—D)"1).

Denoting by my and mx the projections onto the first and second factors of W, x X,., the

rational equivalence class of the cycle II, gives rise to a map on Chow groups
I, : CH* Y(X,) — CH""Y(W,)
induced by II.(A) = mw. (1L, - 7% A).
LEMMA 1.2.4. We have

. N _ bd bd
(AR AR, = (D) (A AT ),

where {,Vw, and (,)x, are the p-adic height pairings of [Nek93] on CH™*'(W,), and
CH*1(X,)o, respectively.

PROOF. The image @?(A}Afig) remains unchanged if we replace the cycle I' —5 by the
modification

Za =T 75— (Ax{0})—D({0} x A)
(see [Nek95, §11(3.6)]). Since clearly Z, - Z4 = —2D, we thus see from the construction
of II, that

(1.24) E(ANE) = (—2D)" - ST (AYP)).

ida,r

On the other hand, if (,)4 denotes the Poincaré pairing on Hjy(A/F), we have

(WV=D)'w,(V=D)'w'a =D - (w,w')4,



1.3. THE BIG LOGARITHM MAP 23

for all w,w’ € Hiz(A/F). By the definition of the p-adic height pairings {, ), and (,)x
(factoring through ®%), we thus see that

T

(125) <A?ddj),r7 Aibddj,r>Xr - DT—l ’ <HT<A})dd,f,r)7 HT(Aikz:ldf,r)>Wr‘
Combining (1.2.4) and (1.2.5), the result follows. O

1.3. The big logarithm map

Let

f = a.q" eIl

n>0
be a Hida family passing through (the ordinary p-stabilization of) a p-ordinary newform

fo € Sp(Xo(NV)) as described in the Introduction. We begin this section by recalling the
definition of a certain twist of f such that all of its specializations at arithmetic primes of
even weight correspond to p-adic modular forms with trivial weight-nebentypus.

Decompose the p-adic cyclotomic character eqy. as the product
ecyczw-e:Gq—>Z; =p, 1 XTI

Since k is even, the character w*~2 admits a square root W' Gq — m,_1, and in fact
two different square roots, corresponding to the two different lifts of k —2 € Z/(p — 1)Z

to Z/2(p — 1)Z. Fix for now a choice of w2, and define the critical character to be
(1.3.1) O:=w'z [ Gg — A%,
where €'/2 : Gq — I' denotes the unique square root of € taking values in I'.

REMARK 1.3.1. As noted in [How07b, Rem. 2.1.4], the above choice of © is for most
purposes largely indistinguishable from the other choice, namely w%@, where

p—1

VT GalQ(VP)/Q) S {£1) (= (—1) 7 p).

Nonetheless, for a given f, as above, our main result (Theorem 1.4.12) will specifically

apply to only one of the two possible choices for the critical character.

The critical twist of T is then defined to be the module
(1.3.2) TH .= T I

equipped with the diagonal Gq-action, where I = I(©7!) is the free I-module of rank one
-1
equipped with the Gg-action via the character Gq o, A5 — T%.
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LEMMA 1.3.2. Let ppi : Gq — Auty(T) be the Galois representation carried by TT.
Then for every v € Xain(I) of even weight k, = 2r, > 2 we have

v(prt) = pry @ £ves

where £ is a character twist of £, of weight k, and with trivial nebentypus. In other words,

defining Vi, := T @1 F,, and letting Vi, be the representation space of pg, we have
(1.3.3) Vi = Vi (),
and in particular V1 is isomorphic to its Kummer dual.

PRroOF. This follows from a straightforward computation explained in [NP0O, (3.5.2)]
for example (where TT is denoted by T)). O

Let 6 : Z — Ag be such that © = o ecyc. It follows from the preceding lemma that
the formal g-expansion

fl=f@0" =) 0" (n)a,q" €I[q]
n>0

(where we put #7!(n) = 0 whenever p divides n) is such that, for every v € X (1) of
even weight, V7 is the Galois representation attached to the specialization f, ® 6! of fT,
which by Lemma 1.1.3 is a p-adic modular form of weight 0 and trivial nebentypus.

We next recall some of the local properties of the big Galois representation T. Let
I, C D, C Ggq be the inertia and decompositon groups at the place w of Q above p
induced by our fixed embedding 1, : Q — Qp. In the following we will identify D,
with the absolute Galois group Ggq,. Then by a result of Mazur and Wiles (see [Wil88,
Thm. 2.2.2]) there exists a filtration of I[D,]-modules

(1.3.4) 0—Z/T—T—ZF,T—0

with Z=T free of rank one over I and with the Galois action on %, T unramified, given
by the character o : D,,/I,, — I* sending an arithmetic Frobenius o, to a,. Twisting
(2.2.1) by ©7! we define ZLT' in the natural manner.

Let T* := Homy(T,I) be the contragredient® of T, and consider the I-module
(1.3.5) D= (FFT Sy, Z80) 5,
where ZT* := Homy(%#, T,I) C T*, and 2;“ is the completion of the ring of integers of

the maximal unramified extension of Q, in Q,,.

580 that T* @ F, = Ve, for every v € Xapien (D).
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Fix a compatible system ¢ = ({;)s>o of primitive p®-th roots of unity (; € Qp, and let
ec be the basis of Dqr(Q,(1)) corresponding to 1 € Q, under the resulting identification

Dar(Qp(1)) = Qp.

LEMMA 1.3.3. The module D is free of rank one over 1, and for every v € Xuin(I) of

even weight k, = 2r, > 2 there 1s a canonical isomorphism

~, _Dar(V,(rv))
(1.3.6) D, ® Dar(Qp(ry,)) — FiP Dan (Ve (r))

PROOF. Since the action on % T* is unramified, the first claim follows from [Och03,
Lemma 3.3] in light of the definition (1.3.5) of D. The second can be deduced from [Och03,
Lemma 3.2] as in the proof of [Och03, Lemma 3.6]. O

With the same notations as in Lemma 1.3.3, we denote by (, )4qr the pairing
(1.3.7) (, )ar : Dy ® Dar(Qy(ry)) x Fil' Dag (Vs (r, — 1)) — F,

deduced from the usual de Rham pairing

Dar(V%,(ry))
Fil®Dag (Ve (12,))

via the identification (1.3.6) and the isomorphism V' = V. (k, — 1).

x Fil’Dar (Vg (1 — 1)) — F,

THEOREM 1.3.4 (Ochiai). Assume that the residual representation py, is irreducible,

fix an I-basis n of D, and set \ := a, — 1. There exists an I-linear map
Logl, + H(Qy, Z4T) — TA~Y]

such that for every Y € HY(Q,, ZSTT) and every v € Xaum (L) of even weight k, = 2r, > 2
with k, = k (mod 2(p — 1)), we have

(1.3.8)
-1\ 71 v(ap ’ .
A (1-255) (1 —42) flogys (D).mban if b, = 1
v(Logy (D)) = =11
G0, ) (422h) (logys (D), )an if 0, #1,
where

° logvffy 1s the Bloch—Kato logarithm map for the representation Vfi over Qp,
e 1), € Fil' Dyr (V: (r, — 1)) is such that (n, ® ec™ my)ar = 1 under (1.3.7),
o ¥V, : LY — F) is the finite order character z — 0,(z)z' "™,

e s, > 0 is such that the conductor of ¥, is p*, and
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o G(V,') is the Gauss sum Y, 9, () ¢C®

z mod psv “v Sy *

PROOF. Let A(Cy) := Z,[[Cx]], where C is the Galois group of the cyclotomic Z,-
extension of Q,, and let A be the module A(C.) equipped with the natural action of
Gq, on group-like elements. Also, let ~, be a topological generator of U, and define

Z:= (N —1),

seen as an ideal of height 2 inside I®z, A(Cx) 2 I[[Cu]]-
Consider the I®z, A(Cy)-modules
D =Dz A(Cs), FiT = F T @Ay @w' 7,
the latter being equipped with the diagonal action of Gq,. By [Och03, Prop. 5.3] there

exists an injective ]I@)sz(COO)—linear map
Expsire 1 ID — HY(Qp, Z5T7),

with cokernel killed by A, which interpolates the Bloch—Kato exponential map over the
arithmetic primes of I and of A(Cy).
Asin (1.3.1), let €/2 : Coc — T' C Z be the unique square-root of the wild component

of the p-adic cyclotomic character €.y, and let
Tw': I[[Cu]] — I[[Cso]]

be the T-algebra isomorphism given by Tw'([y]) = ex! >(7)[] for all v € Cs. Then letting

Z+TT be the 1[[Cy]]-module .Z; T* with the C-action twisted by €'/2, there is a natural

projection Cor : ZTT — Z+TT induced by the augmentation map I[[Cy]] — L
Setting D' := D@7, I[[C]]/(€*/%(70)[70] — 1), the composition

(Twh)—1 Cor

HY(Qy, Z4T) 25 HY(Q,, Z1TT) <5 HY(Q,, 77T,

R
\

D > ID

factors through an injective I-linear map
(1.3.9) Exp siq : Df — H'(Q,, 7, T")
making, for every v € X, (1) as in the statement, the diagram

Exp gt

Dt Hl(Qp,quTT)
Sp, lSpV

Dar(FfVy) —= HY(Q,, FVY)
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commutative, where the bottom horizontal arrow is given by
i W SR if 9, = 1;
~ Vay) T ) SPyp B =L
(=)™, = 1! x
<%> expyy it 9, 41,

with exp,+ the Bloch-Kato exponential map for VfT, which factors as
f, v

Dar(V{)  ~ P g+t 1 f
R — DdR(‘/w ‘/fl,) — H (Qp"/w ‘/fy) — H (QW‘/&)'
Fil DdR(‘/;‘V)

Now if 9) is an arbitrary class in H'(Q,,, #,/TT), then X -9) lands in the image of the
map Exp z+q¢ and so
Logyi(9) = A~" - Exp_ (A - )
is a well-defined element in I[A~'] @; Df. Thus defining Log?, () € I[A~!] by the relation

Logr () = Logy () -n® 1,

the result follows. O

1.4. The big Heegner point

In this section we prove the main results of this paper, relating the étale Abel-Jacobi
images of Heegner cycles to the specializations at higher even weights of the big Heegner
point 3 (whose definition is recalled below). Their proof is based on two key ingredients:
the properties of the big logarithm map deduced from the work of Ochiai as explained in
the preceding section, and the local study of (almost all) the weight 2 specializations of 3

taken up in the following.

1.4.1. Weight two specializations. As in Section 1.2, let K be a fixed imaginary
quadratic field in which all prime factors of N split, equipped with an ideal 9t C Ok such
that Ok /M = Z/NZ. We also assume that p splits in K, and let p be the prime of K above
p induced by our fixed embedding 7,, and by p the other. Finally, A is a fixed elliptic curve
with CM by Ok defined over the Hilbert class field H of K, and recall that in Section 1.3
we fixed a compatible system ¢ = ((s)s>0 of primitive p*-th roots of unity (; € Qp.

Let Ry = Zgr be the completion of the ring of integers of the maximal unramified
extension of Q,, which we view as an overfield of H via 2,. Since p splits in K, A admits
a trivialization

14 A— G,
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over Ry with z;l(ups) = Alp°] for every s > 0. Letting as be the cyclic N-isogeny on
A with kernel AN, the triple (A, aa,24) thus defines a trivialized elliptic curve with
Lo(N)-level structure defined over Ry.

Set Ag := A/A[p*] and let (Ag, ava,,24,) be the trivialized elliptic curve deduced from
(A, cq,14) via the projection A — Ay. Let C' C Ag[p®] be any étale subgroup of order p*,
and set As := Ay/C. Finally, let (As, aa,,24,) be the trivialized elliptic curve with I'g(N)-

level structure deduced from (Ag, ava,,24,) via the projection Ag — Ay, and consider

(1.4.1) hs = (As, aa,,14,(G5)),

which defines an algebraic point on the modular curve Xj.

Write p* = (—1)%]), and let ¥ be the unique continuous character

such that ¥? = Ecye- Notice the inclusion Gy, C G for any s > 0, where H,s denotes
the ring class field of K of conductor p®.

LEMMA 1.4.1. The curve Ay has CM by the order Oy of K of conductor p®, and the

point hy is rational over Lys := Hys (). In fact we have
(1.4.3) he = (9(0)) - hs
for all 0 € Gal(Lys/Hps).

ProOOF. The first assertion is clear, and immediately from the construction we also see
that a4, is the cyclic N-isogeny on Ay with kernel A[9T1 N O,:]. It follows that the point
(2.3.5) gives rise to precisely the point hy; € X (C) in [How07b, Eq. (4)]. The result thus
follows from [loc.cit., Cor. 2.2.2]. O

If v is an arithmetic prime of I, we let 1, denote its wild character, defined as the
composition of v : I — Qp with the structure map I' = 1 + pZ,, — I, which we view
as a Dirichlet character of p-power conductor in the obvious manner. The nebentypus of
f, is then given by

&g, = Y,
where w : (Z/pZ)* — p,,_; C Z) is the Teichmiiller character.

Recall the critical characters © and 6 from Section 1.3, and for every v € Xy (1) of

weight 2, consider the F‘-valued Hecke character of K given by

(1.4.4) Xv (1) = O, (artq(Nk/q(2)))
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for all x € A%. Notice that since x, has finite order, it may alternately be seen as character
on Gy via the Artin reciprocity map arty : Ay — G2

For every v € Xyim(D), after fixing an embedding F,, —» Qp, the form f, € S, (Xs,)
defines a p-adic modular form f, € M(N). Finally, recall the dual form f defined as in
the paragraph before (1.1.20).

LEMMA 1.4.2. Let v € Xpin(I) have weight 2 and non-trivial wild character, and let
s > 1 be the p-power of the conductor of ¥,,. Then

“1ex[p] _ . u § : “1(5\ . g Lgxlpl(po
(145) d f,/ ®9V(A7&A7ZA) - G(‘g_l) Xv (U) d fV (hs)7
o€Gal(Hps /H)

where u = |Okgl/2, G(0,") = 30, nodps 05 (2)CF is a usual Gauss sum, and for every

o€ Gal(Hy/H), ¢ is any lift of o to Gal(L,s/H).

REMARK 1.4.3. Since v has weight k, = 2, we have 0, = 9, where ¥, is the finite

order character in the statement of Theorem 1.3.4.

PROOF. We begin by noting that the expression in the right hand side of (1.4.5) does
not depend on the choice of lifts 6. Indeed, as explained in [How07a, p. 808] the character
Xow = Xv| A% Seen as a Dirichlet character in the usual manner, is such that x, =62

But since the weight of v is 2, we have
02 = e, = e,

(see [How07a, p. 806]), and our claim thus follows immediately from (1.4.3).
To compute the above value of the twist d~'f;” @ 6, we follow Definition 1.1.2. The
integer s > 1 in the statement is such that 6, factors through (Z/p°Z)*, therefore

AP @ 0,(A, aa,14) = Z 0,(a) (/ d,uGou(x)) (A7) (A, aa,14)
a+psZy

a mod p*

1

(1.4.6) == 3 0,00t d P (A/Cacc),
p a mod p* C

where as before Ay := A/1'(n,s) = A/A[p] and the sum is over the étale subgroups

C' C Ap[p®] of order p°. Letting s be a generator of Z/p°Z, these subgroups correspond

bijectively with the cyclic subgroups C, = (({.7s) C p,s X Z/p°Z, with u running over the

integers modulo p®, and we set (¢, = (.
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Since 6, does not factor through (Z/p*~'Z)*, we have 3=, . 0,(a)(;"* = 0 whenever
u ¢ (Z/p°Z)*. Continuing from (1.4.6), we thus obtain

1
dflf;k[p]®9u(A,aA,ZA)=Z; Yo 0 Y G d ' EV(Ac, a0, 00,)

a mod p* u mod p?®
1
- _8 Z d_lf:[p] (Acu7 OéCu? Zcu) Z QV(CL)CS_UCL
p u€(Z/p3Z)* a mod p*
1 -1 —1ex*
u€(Z/psZ)*
with the last equality obtained by a change of variables. The result thus follows from the
relation
Z 0;1(u) ’ d_lf:[p](ACuv ac,, ZCu) =u Z X;l(&) ) d—lf:[]?](hg)’
u€(Z/p3Z)* o€Gal(Hps /H)
where u = |Of|/2, and for each 0 € Gal(H,:/H), ¢ € Gal(L,:/H) lifts o. O

Keeping the above notations, let As € Js(L,s) be the divisor class of (hs) — (00), and
consider the element in J;(L,:) ®z F, given by

(1.4.7) Qu =y, Alax'(6),
o€Gal(Hys /H)

where for every o € Gal(H,:/H), & is any lift to Gal(L,«/H).
Let F; be the completion of 1,(L,s), and consider the p-adic Abel-Jacobi map 587 ,)Fs
defined in (1.1.9) which we extend by F)-linearity to a map

05, + Ju(Ly) ®z F, — (Fil' Dan(Vi;))"

PROPOSITION 1.4.4. Let v € Xyien(l) and s > 1 be as in Lemma 1.4.2. Then

(1.4.8) Yo 0) AT = 60 Q) (wrs).
o€Gal(Hys /H)

PRrROOF. The integer s > 1 in the statement is so that the nebentypus ¢, of f, is
primitive modulo p®. Moreover, since p splits in K, we see from the construction that the
point hg lies in the connected component X(0) of the ordinary locus of X containing the

cusp oo. Thus Proposition 1.1.9 applies, giving

68?& (AS)(WfJ) = wa; (h5)7
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where wa* is the Coleman primitive of wg: from Proposition 1.1.6, and by linearity

(1.4.9) ST XN E)  Fuy, () = 08 (Q ) (e )-

o€Gal(H,s /H)

Since ¢ lifts the Deligne-Tate map to X, we see that ¢hg is defined over the subfield
Hps-1((s) C Lys. If b, denotes the U,-eigenvalue of £, by Corollary 1.1.8 we obtain

STAE) P00 = X6y (0) - 3TN 6) Py (01
_ZX : wf* hU)

where all the sums are over o € Gal(H,:/H), and the second equality follows immediately
from the fact 6, is primitive modulo p®. The result thus follows from (1.4.9). O

Still with the same notations, recall Hida’s ordinary projector (1.0.2) and set y, :=
e hg, which naturally lies in e J,(L,s) (see [HowOTb, p.100]). Equation (1.4.3) then
amounts to the fact that

(1.4.10) y? = 0O(0) - ys

for all ¢ € Gal(L,s/H,s), where O is the critical character (1.3.1). Denoting by Jo4(L,s)T
the module e°™.J,(L,s) with the Galois action twisted by ©~!, and by y! the point y, seen

in this new module, (1.4.10) translates into the statement that
?Jl € HO(HPS7 Jsord(Lﬁ)T)'
LEMMA 1.4.5 (Howard). The classes
(1.4.11) = Corp . /i (yl) € H'(H, J&(Ly)')

are such that

o Tsp1 = Up - x4, for all s > 0

under the Albanese maps induced from the degeneracy maps o : X1 — X.
PRrOOF. This is shown in the course of the proof of [How07b, Lemma 2.2.4]. O

Abbreviate by Ta2™(.J,) the module ¢”4(Ta,(.J,) ®z, O) from the Introduction, and
denote by Tagrd(Js)T this same module with the Galois action twisted by ©~!. By the

Galois and Hecke-equivariance of the twisted Kummer map

Kum, : H(H, J&Y(Ly)") — H'(H, Ta2" (J,)")
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constructed in [HowO07b, p. 101], Lemma 1.4.5 implies that the cohomology classes X, :=
Kumg(zs) are such that a,.X,41 = U, - X, for all s > 0.

DEFINITION 1.4.6 (Howard). The big Heegner point of conductor one is the cohomology
class X given by the image of
hm U, - X,

under the natural map induced by the h"4[Gq]-linear projection Hm Ta?™(J,)T — T'.
Our object of study is in fact the big cohomology class

(1.4.12) 3 := Corp/k (%),

which is predicted to be non-trivial by [How07b, Conj. 3.4.1].
CONJECTURE 1.4.7 (Howard). The class 3 is not I-torsion.

Recall from [How07b, §2.4] that the strict Greenberg Selmer group Selg,(K,TT) is
defined to be the subspace of H'(K, TT) consisting of classes ¢ which are unramified outside

the places above p and such that loc,(c) lies in the kernel of the natural map

HY(K,,T" — HY(K,, Z, T

w

for all v|p.
For every v € Xuin(l) of weight 2, let L(s,f,, x,) be the Rankin—Selberg convolution
L-function of [How09, §1]. In the spirit of the classical Gross—Zagier theorem, one has

the following criterion for the non-triviality of (the specializations of) 3.

THEOREM 1.4.8 (Howard). The class 3 belongs to Selg, (K, T'), and if there is some
V'€ Xuin(D) of weight 2 and non-trivial nebentypus such that L'(1,f,,x,) # 0, then
Congecture 1.4.7 holds.

PROOF. The first assertion is shown in [How07b, Prop. 2.4.5]. The second is shown

in [HowO07a, Prop. 3] and follows from the equivalence
(1.4.13) SV/ 7§ 0 «— L,(l, fl,/, X,/) 75 0

combined with the freeness of Selg, (K, TT) ®; O, ([Nek06, Prop. 12.7.13.4(iii)]) for any
v € Xarien (D). 0J

The following result shows that Proposition 1.4.4 may be reformulated as giving an
explicit formula, for all but finitely many v € Xen(I) of weight 2, for the image of the

classes 3, under the inverse of the Bloch-Kato exponential map.
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For any class [a] € Pic(Ok), taking a representative a C O prime to Np, define

* (A> OfA,ZA) = (Aa,CVAa,ZAu),

~ g7t

where A, = A/AN], a4, = AN, and 24, is the trivialization A, £ A 4 G,, induced
by the projection ¢, : A — A,.

THEOREM 1.4.9. Let v € Xyien(I) have weight 2 and non-trivial wild character 1, and
let s > 1 be the p-power of the conductor of 1. Then

_ _ v(a,)®
(1414) Y P @6 (ax (A auu) = G((ef’)l)logs,vfym<locp<3y>><wf;>,

[a] EPiC(OK)

where u = |Ok|/2, and G(0;) is the Gauss sum Y 4,0 0,7 ()T

PROOF. Since clearly
d P oot =d e @,

letting F§ be the completion of #,(L,s) it suffices to establish the equality

ek a
(1.4.15) AP ©0,(A ap,04) = G((Qp) >10gFS v, (1) (10¢y (X)) (wiy ).

Combining the formulas from Lemma 1.4.2 and Proposition 1.4.4, we have

u

(1.4.16) A @ 0,(A, 0u,14) = D 0 r, (Qx.):

Now the integer s > 1 is such that the natural map T — V, can be factored as
(1.4.17) T — Tad(J,) — V,,

and we have V:f, 2V, as G Lps—modules. Tracing through the construction of X, we see
that the image of Uy - X, in H Y(Lys, V1) agrees with the image of @xu under the composite
map (where the unlabelled arrow is induced by (1.4.17))

Jo(Ly) @7 F, 2% HY(L,, Tap(J,) ®z F)) s HY Ly, TaZ(J,) ®7 F,) —>
(1.4.18) — HY(Lys,V,) = HY(L,s, V).
Since U, acts on VI as multiplication by v(a,), we thus arrive at the equality
(1.4.19) Kum,(e™Q,,) = v(a,)® - res . u(X,) € H'(Ly, V).

By [Rub00, Prop. 1.6.8], this shows that the restriction to loc,(X,) to G, is contained in
the Bloch-Kato finite subspace H}(F;,V,) = H}(FS,VZ). Since the map 5&)},5 is defined
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by the commutativity of the diagram

(1.4.18) locy

we thus see that (1.4.15) follows from (1.4.16) and (1.4.19). O

COROLLARY 1.4.10. Assume that there is some V' € Xoim(L) of weight 2 and non-
trivial nebentypus such that L'(1,£,, x,,) # 0. Then, for all but finitely many v € Xarien(L),

the localization map
(1.4.20) loc, : Selg, (K, V!) — HY(Q,, V)
18 injective.
Proor. By Howard’s Theorem 1.4.8, our nonvanishing assumption implies that 3 is
not [-torsion, and hence by the exact sequence
HYK,T),

I — H}(K,V}) — H}(K,T),[v] — 0
v- H}(K,T),

(see [HowO07b, Cor. 3.4.3]), combined with the finite generation over I of ﬁ[}(K ,TT) and
[How07b, Lemma 2.1.6], it implies that the image of 3 in H(K,V]) is nonzero for almost
all v € Xyien(I); in particular, for all but finitely many v of weight 2 and non-trivial neben-
typus, 3, # 0 in ﬁff(K, V1) 2 Selg, (K, V) (see [HowOTb, Eq. (22)] for the comparison).
Now, by [How07b, Cor. 3.4.3] it follows that Selq, (K, T') has rank one, and hence

(1.4.21) Selg (K, V1) =3,.F,
for almost all v € X5, (I). Thus to prove the result it suffices to show that the implication

3#0 = log(3,) #0

holds for every v € Xyien(I) of weight 2 and non-trivial nebentypus. (Indeed, by (1.4.21)
this will show that the localization map (1.4.20) is injective at infinitely many v, and by
[How07b, Lemma 2.1.7] it will follow that the kernel of the localization map

loc, : H}(K, Tt — H'(Q,, T")
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must be I-torsion, hence supported only at a finite number of arithmetic primes.)
Let v € X (D) and s > 1 be as in Theorem 1.4.9, and assume that 3, # 0. Since the
restriction map
resy,
HY (K, V) —2% HY(L,,V!) = H'(L,,V,)
is injective, the class resg , (3,) is non-zero, and it arises as the image of a necessarily

non-torsion point in J(L,s) under the composite map (cf. (1.4.18))
(1.4.22) Jo(Lyps) — H'(Lps, Ta2™(J,)) — H' (L, V),

where the first arrow is the Kummer map composed with the ordinary projector e®*d. Let
L, be the completion of 4,(L,:) C Q,. Then both the natural map

Js(Lps) @ Q — J5(Ly) ® Q,
and the local Kummer map
To(Lys) © Qp — H'(Lys, Tap(J,) ®z, Qp)
are injective, and hence by the commutativity of the resulting diagram

(1.4.22)8Q

Js(Lys) ® Q HY(Lys,V,)
l llocp
JS(‘CPS) ® Qp Hl(ﬁps,VV),

it follows that locy(resy, . (3.)) = resg,. (locy(3,)) # 0, whence loc,(3,) # 0 as desired. [

1.4.2. Higher weight specializations. Now we can prove our main result. Recall
from the introduction that f, is a p-ordinary newform of level N prime to p, even weight
k > 2 and trivial nebentypus, and that £ = 3" _ a,¢" € I[[¢]] is the Hida family passing
through the ordinary p-stabilization of f,. Let v, be the arithmetic prime of I such that
f,, is the ordinary p-stabilization of f,, and let T' = T ® ©~! be the critical twist of T
such that 9, is the trivial character (as opposed to wp%l.)

If f, is the ordinary p-stabilization of a p-ordinary newform f? of even weight 2r, > 2
and trivial nebentypus, the Heegner cycle A}Xfff has been defined in Section 1.2 (attached
to a suitable choice of an imaginary quadratic field K'), and by [Nek00, Thm. (3.1)(i)] the
class

(1.423) Vi s (A7) 1= Corayae (95, (AXTD)

lies in the Bloch-Kato Selmer group H (K, Vi (r,)).
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On the other hand, by [HowO07b, Prop. 2.4.5], the big Heegner point X lies in the
strict Greenberg Selmer group Selg,(H,TT) (defined in [loc.cit., Def. 2.4.2]), and since
Sele: (K, Vi) = H}(K,V}) as explained in [How07b, p. 114]) and V] = Ves(ry) by
Lemma 1.3.2, the class

31/ = COI‘H/K(%V)

naturally lies in H} (K, Vis (1)) as well. Our main result relates these two classes.

ASSUMPTIONS 1.4.11. (1) The residual representation py, is absolutely irreducible,
(2) P1,lcq, has non-scalar semi-simplication,
(3) The prime p splits in K,
(4) Every prime divisor of N splits in K.

THEOREM 1.4.12. Together with Assumptions 1.4.11, suppose that there exists some
V'€ Xaien(L) of weight 2 and non-trivial nebentypus such that
(1424) L/(l,fyl,XV/) 7é 0.

Then for all but finitely many v € Xain (1) of weight 2r, > 2 with 2r, = k (mod 2(p— 1)),

we have

) 4 )

(1.4.25) (3v,3)k = <1 -2z w2 (4D)r 1 !

v(ap)
where (,)x is the cyclotomic p-adic height pairing on H}(K,Vi(r,)), u = |Okl/2, and
—D < 0 1s the discriminant of K.

ProoF. By [How07b, Prop. 2.4.5] the class 3 lies in the strict Greenberg Selmer group
Sela (K, TT) (note that under our assumptions we may take A = 1 in Howard’s result),

and hence its restriction loc,(3) at p lies in the kernel of the natural map
HY(Q,, T") — H'(Qp, 7, T')

induced by (2.2.1) (twisted by ©~1). Since H°(Q,, #, T') = 0 by [How07b, Lemma 2.4.4],
the class locy(3) can therefore be seen as sitting inside H'(Q,, %, TT). Thus upon taking
an [-basis n of D, we can form

[,grith(fT) := u - Log, (locy(3)) € I[A™'] (A:=a,—1).

On the other hand, consider the continuous function on Spf(I)(Q,) given by

L) v > dTP 6, (ax (A aa,14)).
[a]€Pic(Ok)
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(Its continuity can be checked by staring at the g-expansion of a7 @ 6! and appealing
to the results in [Gou88, §1.3.5], for example.)

By the specialization property (1.3.8) of the map Logy., we immediately see that Theo-
rem 1.4.9 can be reformulated as follows: For every v € X,n(I) of weight 2 and non-trivial

wild character, there exists a unit 27 € O such that

(1.4.26) v(LEY(E1)) = Q- v (L3270 (£T)).
In fact,
(1.4.27) O = (n, ®el™, wes )ar

under the pairing (1.3.7), so that wg. = Q7 -7/, with 1/, as defined in Theorem 1.3.4. (That
Q" which a priori just lies in F),, is indeed a unit is shown in [Och06, Prop. 6.4].) Since
both £ (fT) and 220 (£1) are continuous functions of v, (1.4.26) shows that the map
v — 7 is continuous, and hence the relation (1.4.27) is valid for all v € Xyen (D).

Now let v € Xuin(I) be as in the statement. Then 6,(2) = 2™ 19,(z) = 2! as

characters on Z, from where if follows that

v(Lv () = Y dTP @0, (ax (A aa,14))

[G}EPiC(OK)
(1.4.28) = ) d P (ax (A, AMY)).
[a]ePic(Ok)
By Theorem 1.2.3, setting
(1.4.29) AP =y Nal'Tm-AMP e CHM (X, )o(K),
[a]€Pic(Ok)

the equation (1.4.28) can be rewritten as
(1!
-1

1)TV 1

r, —1)!

E,(r,) = (1 - 5(&1;)) L&) = <1 - %) ,

and @?5 K= Tgh N1 © @ with notations as in the diagram (1.2.3) defining AJq,.

(LN (ET) = £,(r,)E) (ry) 757 - Adq, (A)™P) (wg @ €™ )

(ry
(1.4.30) =& (7”1/)5*(7”1/)2 logvi(100p(®i§,K(AEfp)))(wfu ® e®”_1),

where
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On the other hand, by the specialization property of the map Log/. we have

)5 oy (o6, (3.)) 1)

Comparing (1.4.31) and (1.4.30), we thus conclude form (1.4.26) that
1

log (106p(3,)) (g @ €771 = =&, (1, )? oy (locy (B8 (AVP)))(wy @ 27),

(1.4.31) v (LM (ET)) = u

Since FillDdR(Vfﬁ (r, — 1)) is spanned by wg ® e?r”_l, it follows that

1 é
logyy (locy(3u)) = —&, (1)’ - logyy (locy (B (A7),
and since logvz is an isomorphism, that

1 .
(1.4.32) loc,(3,) = E&,(TV)Q . locp(cbigK(AEfp)).
Our nonvanishing assumption (1.4.24) implies by Corollary 1.4.10 that the localization

map loc, on Selg, (K, V) = Selg, (K, Vis (1)) is injective for almost all v, and hence

1 ,
(1.4.33) 3y ==&,(r)" B (AP

for all but finitely many v € Xn(I) of weight k, = 2r, as in the statement. In particular,

we each such v we have

1 é é
<3y73u>K = ESI/(TV)4 ’ <q)f£7K(A7}?fp)7 ®f§7K(AEfp)>K

ét hee ét hee;
— et (P g (AR%), Py (Ar7%))ic
w2 (4D)rv—1 ’
where the last equality follows from Lemma 1.2.4 in light of (1.4.23) and (1.4.29). The
result follows. O

REMARK 1.4.13. As shown in the course of the proof of Theorem 1.4.12, we deduce in

fact the equality (1.4.33) of global cohomology classes for almost all v as in the statement.

1.5. I-adic Gross—Zagier formula
Let ¢, be the Galois group of the unique Zg—extension of K, and denote by
L,(f®K) € l][¥%]]

the “three-variable” p-adic L-function attached to f over K constructed in [SU13, §12.3].
Letting Do (resp. Cy) denote the Galois group of the anticyclotomic (resp. cyclotomic)
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Z,-extension of K, we identify I[[%]] with I[[Cw]] where I, := I[[D..]], and choosing a

generator v, of Cy, we may thus expand
(1.5.1) L,(f @ K) = Lex + Log(o—1) + L{ (10— 1) + -+

with coefficients Et(f)K € l.

Recall that the big Heegner point 3 lies in strict Greenberg Selmer group Selg, (K, TT),
and that (as explined in [HowO07b, p. 113] for example) this group identified with Nekovai’s
extended Selmer group ﬁ}(K ,TT.

By [NekO06, §11], there exists an [-bilinear “height pairing”

< ) >K7’]TT : ﬁ}(K7 TT) X f—jjlc(K7 TT) — 1
such that
(1.5.2) v (9.9 k1) = (D0, D))k
for all v € Xpien(I) and 9,9’ € H}(K, T1).

THEOREM 1.5.1. With notations and assumptions as in Theorem 1.4.12, if L¢ o € I

is the linear term in the expansion (1.5.1), then
,fK(]lK) = <3’3>K,11‘T
up to a unit in T*.

PROOF. For every v € Xyien(l) of even weight as Theorem 1.4.12; the work [Nek95] of
Nekovér produces a two-variable p-adic L-function £,(f, ® K') € F,[[%~]]. After expanding

L,(f, @ K)=Lex+Le (Vo= 1)+ LE (60— 1)+
similarly as in (1.5.1), [SU13, Thm. 12.3.2(ii)] implies on the one hand that
(1.5.3) V(L x(1k)) = L, x(1k)

up to a unit in Oj, and on the other the main result of [Nek95] can be rewritten as the

p-adic Gross—Zagier formula

ét hee ét hee
(1.5.4) C o) = (1- P\ P (AR8), Dt | (ARe®))
5. £,k LK s D)

Combining (1.5.2) applied to 3 with (1.5.3) and (1.5.4), the result follows immediately
from Theorem 1.4.12. O






CHAPTER 2

p-adic L-functions and the p-adic variation of Heegner points

Summary

A construction due to Ben Howard [How07b], obtained by patching twisted Kummer
images of CM points over a tower of modular curves, produces a two-variable cohomology
class 3, extending in the anticyclotomic direction and over a Hida family. In this paper
we find the relation, via a generalization of the Coleman power series map, between 3.,
and a two-variable anticyclotomic p-adic L-function interpolating central critical Rankin—
Selberg L-values. Based on this relation, and in the extension of Kolyvagin’s methods
developed by Mazur-Rubin [MRO04] and Howard [How04a], we then deduce new results
on the vanishing of Selmer groups for the Rankin—Selberg convolution of a cusp form with
a theta series of higher weight in cases predicted by the Bloch—Kato conjecture, as well as

a weak divisibility in an anticyclotomic Iwasawa main conjecture.

41
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Introduction

In this paper we study the Bloch-Kato conjecture for the Rankin—Selberg convolution
of a cusp form f with a theta series of higher weight, as well as an associated anticyclotomic
Iwasawa main conjecture. Perhaps motivated by the influencial work [GZ86] of Gross—
Zagier, this setting appears to have received less attention than the case where the weight
of f is the largest, when in fact most often only the theta series associated to finite order
characters are considered (sce [PR87], [Nek95] and [Zha97] for example).

As is well-known, the aforementioned conjectures relate the sizes of certain Selmer
groups to special values of L-functions and to p-adic L-functions, respectively, and after
the methods introduced by Kolyvagin, the Euler system of Heegner points and their higher
weight generalizations are, in the setting of [GZ86], the fundamental input in the proof
of one of the two inequalities predicted by those conjectures. Here we show that the same
anticyclotomic Euler systems can be exploited to prove results towards those conjectures
in the setting in which we have placed ourselves, and in fact by methods that appear to
be more parallel to Kato’s [Kat04] than in previous studies of the Euler systems derived
from the classical Heegner points and cycles.

Let p be an odd prime and let K be an imaginary quadratic field with ring of integers
Ok. Let f € Sp(I'g(N)) be a normalized newform of even weight k& > 2 and level N prime
to p, and assume that f is ordinary at p and that every prime divisor of N splits in K.
Let f be the Hida family passing through (the ordinary p-stabilization of) f and let T be
the big Galois representation associated with f.

A construction due to Ben Howard, obtained by patching twisted Kummer images of

CM points over a tower of modular curves, produces a two-variable cohomology class
300 € H}7IW(KOO7TT)7

where TT is a so-called critical twist of T, and fl}’lw(Koo, T') := lim, f[}(Kt, TT) is Nekovdi’s
extended Selmer group for the self-dual representation TT over the anticyclotomic Z,-
extension of K. By construction, letting py : Gq — Auty (V) be the self-dual Tate twist
of the p-adic Galois representation associated to f, with coefficients in the finite extension
L/Q,, there is a Galois equivariant specialization map vy : T — V¢ which induces a map
on cohomology also denoted by v¢ in the following. Similarly, attached to every continuous

character ¢ : Gal(K.,/K) — L* one may define specialization maps
ve: H} (Koo, Vi) — HY(K,V; @ ¢),

where V; ® ¢ denotes the twist of Vy by ¢ as a G g-representation.
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Assume that ¢ has finite order, and let £ > 0 be the smallest positive integer such that
¢ factors through Gal(K;/K). If t is large enough, then the class v4(v;(300)) =: V4(300)?
is known, as a consequence of [How07b, Cor. 3.1.2], to generate a rank 1 subspace of the
Bloch-Kato Selmer group Sel(K, V; ® ¢). The resulting systematic growth of the rank of
the Selmer groups Sel(K, Vy) as one goes up the anticyclotomic tower Ko, = (J, K; is in

agreement with the equality
(2.0.1) dimySel(K, V; ® ¢) = ords_y2L(f, ¢, 5)

predicted by the Bloch-Kato conjecture [BK90], since for all finite order ¢ as above the
sign in the functional equation for the Rankin—Selberg L-function L(f, ¢!, s) is —1, forcing
the vanishing of L(f, ¢!, s) at s = k/2.

Now let x be an anticyclotomic Hecke character of K of infinity type (k/2, —k/2) and
conductor dividing a fixed integral ideal 91 of K with

Ox/N=Z/NZ.

Then, in contrast to the above, if ¢ is a any continuous character of Gal(K,/K) of finite or-
der, the Rankin-Selberg L-function L(f, x"*¢ ', s) has a functional equation with sign +1,
and so the values L(f, x '¢~!, k/2) are not necessarily zero. Moreover, general conjectures
(as in [Gre94a]) lead to the expectation that the self-dual L-functions L(f, x ¢, s), as
¢ varies, should generically have the least order of vanishing at the central point s = k/2
allowed by the sign in the functional equation, and hence one expects the nonvanishing
of L(f,x '¢~',k/2) to occur generically, in the sense that L(f, x '¢~!, k/2) should not
vanish for all but finitely many ¢.

Let O be the ring of integers of L, let Ty C V; be a fixed Gq-stable O-lattice, and
denote by py the (semi-simple) mod p representation obtained by reducing the resulting
ps: Gq — Auto(Ty) modulo the maximal ideal of @. Our first main result gives evidence
for the Bloch-Kato conjecture (2.0.1) for the representation Vy ® y¢ over K in the above
generic case (cf. Theorem 2.4.2 and Corollary 2.5.3).

THEOREM A. Assume that p splits in K and that pfla,, is absolutely irreducible. Then

LU0 k/2) £0 = Sel(K,V; @ x¢) = 0.

In other words, Theorem A shows that under the above hypotheses there are no nonzero
classes in H'(K, V;® x¢) which are unramified outside the places in K above p and “finite”
(in the sense of Bloch—Kato) at the places above p.
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Note that under the above assumption on 9 it follows from [HowO07b, Prop. 2.4.5]
that the classes vf(34)? are in fact “finite” at the places above p, and that by [HowO0T7b,
Cor. 3.1.2] they are known nonzero for all but finitely many ¢. However, due to the twist
by the character y (of higher weight), the classes v;(3.,)X? do not satisfy in general the
right local conditions at the places above p in order to lie in the Bloch—Kato Selmer group
of Vy ® x, and in fact as a key step towards the proof of Theorem A we exhibit the value
L(f,x ‘¢, k/2) as the obstruction for the class v;(3.)%? to be “finite” (or equivalently
in this case, trivial) at a place above p. We refer the reader to Theorem 2.5.1 for the precise
statement, while in the next paragraph we just indicate the two key ingredients that enter
into the proof.

Based on an explicit form of Waldspurger’s special value formula, a number of recent
works (starting with [BDP13], and followed by [Brall], [Hsil2]) construct an anticyclo-
tomic p-adic L-function Z(f, x) interpolating the square root of the central critical values
L(f,x ‘¢, k/2) for varying ¢. The first key ingredient in the proof of Theorem 2.5.1 is
the relation that we establish between .Z(f, x) and the class vf(3.) via a generalization of
the Coleman power series map (see Theorem 2.3.1); the second is the “explicit reciprocity
law” of Perrin-Riou proven by Colmez [Col98], to which we can appeal' to easily deduce
the aforementioned interpretation of the L-value L(f,x t¢~ ! k/2).

The square of the p-adic L-function Z(f, x) conjecturally governs the arithmetic of the
G'k-representation Vy ® x over the anticyclotomic Z,-extension K /K, which as hinted at
above differs markedly from that of the representation V; itself.

Set Ay := V;/Ty = Homo (T}, e ). Various generalizations of Iwasawa’s theory (es-
pecially as developed in [Gre94b]) lead to the expectation that the Greenberg Selmer
group

Sel(Koo, Ay @ x71) := lim Sel (K, A @ x7),
t

is cotorsion over the Iwasawa algebra Ap(K) := O][Gal(K«/K)]|, and that the char-
acteristic ideal of its Pontryagin dual is generated by Z(f,x)? In the direction of this
conjecture, we can show the following result (cf. Thm. 2.5.5.)

THEOREM B. Assume that p splits in K and that ps|c, is absolutely irreducible, and
let X(f,x) be the Pontryagin dual of Sel(Ko, Af @ x1). Then

charo (k) (X (f, 1)) divides  (p" - Z(f,x)?)
for some n > 0. In particular, X (f,x) is Ao(K)-torsion.

'In fact, we use a variant due to Shaowei Zhang [Zha04] for height 1 Lubin-Tate formal groups over Z,.
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Similarly as Theorem A, the proof of Theorem B follows after Theorem 2.3.1 from an
application of Kolyvagin’s methods in the form axiomatized by Mazur—Rubin [MR04] and
adapted by Howard [How04a] to anticyclotomic settings germane to ours.

This paper is organized as follows. In the next section we briefly recall the construction
of the class 3, and of the p-adic L-function Z(f,x). In Section 2.2, by combining the
work of Ochiai [Och03] with some ideas in the recent work [LZ11] of Loeffler-Zerbes, we
deduce a two-variable generalization of Perrin-Riou’s regulator map adapted to the local
situation at p that arises in our setting. (As well as in other places, the assumption that p
splits in K is crucial at this point.) In Section 2.3 we extend the computations in [Cas13a,
§4.1] to show that a two-variable p-adic L-function specializing to Z(f, x) is obtained as
the image of 3., via the two-variable regulator map from Section 2.2, and with this relation

at hand, the proof of our arithmetic applications is given in Section 2.5.

Acknowledgements. It is a pleasure to thank Henri Darmon, Ben Howard, Ming-Lun
Hsieh, and Antonio Lei for enlightening conversations and correspondence related to this
work. Some of the results in this paper were first outlined at the workshop on the p-adic
Langlands program held at the Fields Institute of Toronto in April 2012, and we also thank
the Fields Institute and the organizers of the workshop for their hospitality and support.

2.1. Preliminaries

As implicit in the above introduction, we fix throughout a choice of embeddings 1 :
Q — C and zp:6<—>6p.
We begin by describing our basic set-up. Let p > 5 be a prime, and let

(2.1.1) f=> a,q" el

be a Hida family of tame level N prime to p, where I is an integral complete noetherian
local ring finite flat over Ap := O[[1+pZ,]]. Let K = Q(v/—D) be an imaginary quadratic
field, let p be the prime in K above p induced by the embedding ¢,, and denote by hx =
#Pic(Ok) the class number of K. It will be assumed throughout that K satisfies the
following hypotheses:

ASSUMPTIONS 2.1.1. (1) pthg;
(2) D is odd and # 3, so that O = £1;
(3) Every prime divisor of N splits in K;
(4) p splits in K;
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REMARK 2.1.2. For the purposes of this paper, the first two assumptions are made
mostly for simplicity and could be relaxed with some more work; the third one is more se-
rious, but could also be relaxed by working with nonsplit quaternion algebras. In contrast,
the assumption that p splits in K is a crucial one for us, and new fundamentally new ideas

would seem necessary in order to treat the case where p is inert or ramifies in K.

For each ¢ > 0, let Opi+1 = Z 4 '™ Ok be the order of K of conductor p'™, and let
H,i+1 be the ring class field of K of conductor p't*. Class field theory gives a canonical
isomorphism

Pic(Opt+1) = Gal(Hy+1/K)
sending the class associated with a proper O,+1-ideal b of K to the Artin symbol o, €
Gal(Hp+1/K). In the same manner Pic(Ok) is identified with the Galois group Gal(H/K)
of the Hilbert class field of K.
Let Hyo = J,5q Hpt+1 and set G = Gal(Hp~/K). The field Hp~ contains K., the

maximal anticyclotomic Z,-extension of K, and we have a decomposition

(212) g = gtors X D007

with Giors = Gal(Hp~/Ko) finite, of order prime to p after our assumption on hg, and
with D = Gal(K/K) topologically isomorphic to Z,.

We say that a continuous O-algebra homomorphism v : I — Q; is an arithmetic
prime if there is an integer k, > 2, called the weight of v, such that the composition
r -1 % Q: agrees with the map v — v*~2 on some open subgroup of I'. The set
of arithmetic primes of I is denoted by X (I).

Let v € Xuin(I) have even weight k, = 2r, > 2, and denote by f, the ordinary
p-stabilized newform of weight k, whose g-expansion is given by v(f). (See [Hid86a,
Cor. 1.3].)

Let 0 : Z7 — T* be a fixed choice of a critical character as defined in [How07a, §2],

and consider the p-adic modular form
(2.1.3) fl:=f,®6,"

obtained by twisting f, by the character 0, : Z AN AN Q; (See [Gou88, §I11.6.2] for
the definition of the twist of p-adic modular forms by characters not necessarily of finite

order, or [Casl3a, §2.1] for a brief review of the facts that we use here.)

REMARK 2.1.3. By the construction of 6, we have 6,(z) = 2"~ ',(z) for all z € Z7,

with 1, a finite order character, and hence f = d'~"(f, ®¥;!), where d is the operator on
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p-adic modular forms acting as q% on g-expansions. Moreover, as explained in [How07a,

p. 808], the nebentypus of f, agrees with 92, and hence the nebentypus of f, @19 ! is trivial.

2.1.1. p-adic Rankin L-series. We define a canonical measure on D, attached to
the p-adic modular form fI. Using the decomposition (2.1.2), this will be obtained from a

measure dyi+ on G by restricting to characters

X = Xt Xw - Homcont<g)6:)

with a fixed tame part x; : Giors — Q; .

Let A/H be a fixed elliptic curve with CM by the maximal order Ok of K, and denote
by ng the completion of the ring of integers of the maximal unramified extension of Q,.
Since p splits in K, the curve A has ordinary reduction at the prime of H above p induced

by 1, 1 Q — Qp, and we may fix a trivialization of A over 2;‘”, i.e. an isomorphism

1A . A L) Gm
as formal groups. By the third of our Assumptions 2.1.1, we may choose an Og-ideal with
Ok /N = Z/NZ that we also fix from now on.

The group Pic(Of) acts naturally on the set of triples (A’, aas,24/) consisting of an
elliptic curve A" with CM by Ok equipped with an arithmetic T';(N)-level structure a4 :
py — A'[M] and a trivialization 24/ : A" =5 G, over Z;‘r. After representing each class
[a] € Pic(Ok) by an Ok-ideal a prime to Mp, and writing

0o A — Al = A'JA'[q]

for the natural projection and ¢, for the induced isomorphism on the associated formal

groups, this action is defined by setting
!/ /
ax (A , XA, ZA’) = (Aa7 gl ZAg)v
where aqr = g 0 aa and 14, =140 $; "

For each [a] € Pic(Ok), define dp; , to be measure on Z such that

(2)dpg o(2) = A7) @ o(ax (A, 0, 04)),

zZ;

for all ¢ € Homcont(Z;,Q; ), and using the (non-canonical) decomposition

Gg= || o'z

[a]ePic(Ok)
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define dpgy by setting

(21.4) [ otwrng@ = S Na [ ot dug (2)

[alePic(Ox) z;
for all ¢ € Homcont(g,ﬁz ), where m € Z is such that
(2.1.5) pla'z) =9 '(a)z"do(z), forall z € Z,

with ¢ a finite order character.

In particular, if a character ¢ € Homcont(Doo,Q;) C Homcont(g,ﬁg ) is the p-adic
avatar of a Hecke character of K of infinity type (m, —m) with m € Z, it follows immedi-
ately from the definition (2.1.4) and Remark 2.1.3 that

@16) [ d@dug@)= 3 ¢ @NaT A (E 0071 @ dolax (A, ax, 1))
Deo [a]€Pic(Ox)
We will use %, (£]) to denote the function (2.1.6) of the character ¢!, and refer to it as
the (square-root) anticyclotomic p-adic L-function attached to f,, K, and p. This choice
of terminology is justified by the next Theorem 2.1.4.

Denote by © the Galois character given by the composition Gq Sorey Z; N I*, where
Ecye 18 the p-adic cyclotomic character, and let x, be the Hecke character of K defined by

xv(2) = O, (Artq(Nk/q(x))) for all z € Aj,

where ©, = 60, 0 €cye. As shown in [HowO07a, §3| for arithmetic primes of weight 2, the

central character y, | A% of x, is the inverse of the nebentypus of f,.

THEOREM 2.1.4 (Bertolini-Darmon-Prasanna, Brakocevi¢, Hsieh). The rule %, (f))
defines a measure on D, characterized by the following interpolation property. For every
anticyclotomic Hecke character ¢ of K of infinity type (m, —m) with m > k,/2:

£ ? 2 LIONY (£, v, 07 1
(DY’ g, (1 o Y L2
X, 'o(p)

ku+2m 2(kv+2m) ’
Qp Qoo

where (oo, 2,) € C* X CX are periods associated with the CM elliptic curve A, C(£,, X h)
18 an explicit nonzero constant, and L{DN}(f,,, o1, 1) is the central critical value of the

DN -imprimitive Rankin—Selberg L-function attached to f, and the theta series of x,¢~'.

PRrOOF. After noting [Hid10, Remark 4.2(a)], this follows from the main result of
[Brall, §9]. O
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REMARK 2.1.5. Let Zp be the completion of the ring of integers of Qp, and denote by
Meas(Dy, Zp) the space of Zp-valued measures on D,. It is easy to define a “two-variable”
p-adic L-function interpolating %, (£]) for different v.

Indeed, letting v vary over the Zariski dense subset Xuin(I) C Spf(I) (Qp), we ob-
tain from (2.1.6) a continuous map Spf(I)(Q,) — Meas(Dx, Zp). In the terminology of
[Hid88, §3], we thus have a generalized measure on Dy, X Xanign(I) corresponding to an
element %, (f1) € Meas(D., zp)®zp]l = T[[Ds]], which can alternatively be seen as an

I-valued measure on D,. (Cf. [Bral2].)

One knows the nontriviality of %, (£]) in most cases. For the precise statement, let
(217) Pr GQ — Autﬂ('JT)

be the Galois representation associated with f by Hida, and denote by ps the mod p

representation obtained by reducing ps modulo the maximal ideal of I.

THEOREM 2.1.6 (Hsieh). Assume that pe restricted to Gk is absolutely irreducible.
Then for all v € X (1), the p-adic L-function %,(£]) is not identically zero.

ProorF. This follows a fortior: from the vanishing of the p-invariant established in
Theorem 6.2 of [Hsil2]. (See also [loc.cit., Remark. 6.4].) O

REMARK 2.1.7. The irreducibility assumption in Theorem 2.1.6 is clearly not satisfied
when f is the Hida family associated to an I-adic character ¢ : Gx — I*, but in that
case one also knows the nontriviality of %, (£]).

Indeed, in the CM case for every v € Xum(I) the p-adic Rankin L-series .%,(f])
factors as the product of two conjugate Katz p-adic L-functions (as it is easily seen by
comparing their values at the characters within the range of p-adic interpolation; see
[BDP12, Thm. 3.16] for the calculations in the unramified case), from where the result
follows from the nontriviality of the latter.

2.1.2. Big Heegner points. Define the critical twist of T to be TT := T @; [(©71),
where © = 0 o e¢yc with 0 : Z; —— II* the critical character chosen in Section 2.1.1.

We briefly recall from [How07b, §3.3] the definition of an element of a canonical
class 3. = lglt 3, € IA-.?}JW(KOO, TT) in Nekovéi’s extended Selmer group for the self-dual
representation TT over the anticyclotomic Z,-extension K., /K.

For each ¢t > 0, K, is contained in H,:+1, and the class 3; is defined to be the image of
U, . X+ under the corestriction map

H}(H

p

e, TF) — H}(K,, T').
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By an extension of the arguments of Cornut and Vatsal in their proof of Mazur’s conjecture
on higher Heegner points, the nontriviality of the classes v(34,), for all v € Xyen (1), was
proven by Howard. (See [How07b, Thm. 3.1.1].)

2.2. p-adic logarithm maps

In [Och03], Ochiai constructs a map interpolating over the arithmetic primes in a Hida
family the cyclotomic p-adic regulator of Perrin-Riou. In this section, using ideas from the
recent work of Loeffler—Zerbes [LZ11], we show how to assemble Ochiai’s construction at
each of the finite layers in the unramified Z,-extension of Q, into a two-variable p-adic

regulator map.

2.2.1. Nearly-ordinary deformation. Let f be a Hida family and T be its associ-
ated Galois representation as introduced in (2.1.1) and (2.1.7), respectively.

Let K be an imaginary quadratic field for which the Assumptions 2.1.1 are satisfied (in
particular, p splits in K'), denote by C be the Galois group of the cyclotomic Z,-extension
of K, and let Ay be the free A(Cw) := Z,[[Cx]]-module of rank one equipped with the

natural Gg-action on group-like elements. Finally, set T := I®z, A(Cy).

DEFINITION 2.2.1. The nearly-ordinary deformation of T is the Z-module
T = T®z, Acye
equipped with the diagonal Galois action.
By a result of Mazur-Wiles (see [Wil88, Thm. 2.2.2] for example), the big G-
representation T is ordinary at p in the sense of Greenberg. That is, for every prime

ideal q|p in K, if w is any place in Q above q and D,, C G denotes the corresponding

decomposition group at g, there exists an exact sequence of I[[D,,]]-modules
(2.2.1) 0—FT—T—ZF,T—0

with each .ZXT free of rank one over I. Moreover, the action of D,, on .%, T is unramified,
given by the character o : D,, — I* sending an arithmetic Frobenius o, to a, € I*, the
p-th coefficient of the Hida family f.

Tensoring (2.2.1) with Ay we obtain a similar exact sequence of Z[[D,,]]-modules

(2.2.2) 0— FT —T—F,T—0,

where of course the D,-action on neither of ZXT is unramified.
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Let T* := Homy(T,I) be the contragredient of T equipped with the dual Galois action,
and .ZT* := Homy(%#,, T, 1) which is thus unramified as a D,-module, and consider the

modules (over I and Z, respectively)
D:= (gzm*@zpzﬁ%’ D = D&z, A(Cu).

Since p splits in K, the completion of K of K at every prime q above p can be identified
with Qp. In the following, we will take g = p and w corresponding to 7,,, and make the
identifications D,, = Gk, = Gq,, so that T may be regarded as Gq,-representation by

restriction
(223) IOCP : GK — GQP'

The map (2.2.3) identifies C with Gal(Q,/Q,), the Galois group of the cyclotomic
Z,-extension of Q,. We will also repeatedly use this identification below.

Let I' = 1 + pZ, be the group of 1-units in Z;, and denote by € the isomorphism
(2.2.4) €:Cp — T

induced by the p-adic cyclotomic character ecye.

Define X,itn(A(Cx)) to be the set of all continuous characters o : Cpy — Q; of the
form o = €" gy for some integer m, > 0 and with oy of finite order. Similarly as for
Xaritn (1), we then say that m, is the weight of o.

For every pair (v,0) € Xain(I) X Xarien(A(Cw)), let O, be the ring of integers of the
residue field F), of v, and define the specialization Sp,, ,(7™) to be

(2.2.5) SP,,(T7) == (T*" @1 O,) ®z, (AMCx)/ker(0)) = Tt,(0),

where T, C V¢, denotes a Gg-stable O,-lattice inside the Galois representation associated
with f, by Deligne.

Let Fir,/Q, be the unramified Z,-extension of Q,,, and denote by O its ring of integers.
Recall that the Galois group Gal(F/Q,) is identified with the additive group Z, by
sending the arithmetic Frobenius o, to 1. For each n > 0 we let F;, be the unique subfield
of F, with Gal(F,/Q,) = Z/p"Z, and let O,, denote the ring of integers of F,,.

Fix a compatible system ¢ = ((s)s>¢ of primitive p*-th roots of unity (s € Qp. From
(2.2.5), for every n > 0 we have induced maps

Sp(Y) « HY(F,, Z5T*) — HY(F,, .V, (0))
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on cohomology. In parallel to these, for every pair (v,0) € Xuitn(I) X Xaitn (A(Cs)) we

have specialization maps
cris

(2.2.6) Sp{) : D @z, O, — D (FEV, (o))

defined as follows (assuming for simplicity that the values of o are contained in O,; see
[Och03, Def. 3.12] for the general case.) Assume that ¢ # 1, and let s > 1 be the
smallest positive integer such that og o e ! is trivial on 1+ p*Z, C I'. Upon identifying
Gal(Q,(¢s)/Qyp) with (Z/p°Z)* via ecyc, we have

Dar(F,(my)) ®q, Qp(¢s) = Dar(F..(my) ®q, Qpl(Z/p°Z)"])
by Shapiro’s lemma, and applying o¢ : (Z/p°Z)* — O} we deduce a map
(2.2.7) Dar(F,(mo)) ®q, Qp(Cs) — Dar(F(mo) ®q, Fi.(00)) = Dar(Fo(0)).
Then setting Ao, (Cx) := O, ®z, A(Cx), the specialization map
223) Spy : D —+ Dol Vi (0)

is defined to be the composite map

xS rpnr > Sp, ®1 7or
(F T Rz, 20" )9 @z, A(Cs) s (FS Ty, @, Z2)%% @0, Ao, (Cx)

195po, (FuTy R, ng)GQP ®o, Dar(F,(0))
— Dar(Z,V;) ®r, Dar(F,(0))
= Dar(F, V4, (),

where Sp, denotes the composite of (2.2.7) with the map

Ao, (Cx) = O,[[C]] — Dar(Fn(ms)) ®q, Qp(Cs)

sending g € Cy to €®™ ® (7, with e the basis of Dar(Q,(1)) corresponding to 1 under the
identification Dygr(Q,(1)) = Q, induced by ((s)s>o. Finally, the map (2.2.6) on D ®z, O,
is defined as Sp,(,flg :==5Sp,, ®ido, .

REMARK 2.2.2. By construction, Sp, (D) is a Z,-lattice inside De.is(-Z; Vg (0)). Hence
Spl(,flg(D ®z, On) is an O,-lattice inside

DU TV, (0)) = Dens(Z1 Ve, (0)) ®q, Fu.

cris
Let 7, be a topological generator of C,, and for each n > 0 consider

Tn = (a0 — 1,7, — 1),
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seen as an ideal of height two inside Z.
THEOREM 2.2.3 (Ochiai). For every n > 0 there exists an injective Z-linear map

Exp(n : In(D Xz, 0, — Hl(ch%jT*)

g+ 7-*

with pseudo-null cokernel such that for every pair (v,0) € Xaitn(I) X Xanitn(A(Cwo)) with
1 <m, <k,—1 the diagram

(2.2.9) TIn(D @z, Oy) HY(F, 75T)

| ot lspstaz

DUNF iV, (0)) — HY(Fy, F1V; (0))

Cris

commutes, where the bottom horizontal arrow is given by the map

mo—1 v -1 n .
(1 - py(ap) > < ﬁ?) expﬁ/f)(g) if o9 = 1;

(2.2.10) (=)™ (my — 1)! x
(%) eng;l)( ) if o0 # 1,
with s the smallest positive integer such that og o e ' is trivial on 1 + p*Z,, and expg/"f) (o)

the Bloch-Kato exponential map for Vg, (o) over F,.

PROOF. First note that by the arguments in the proof of [Och03, Lemma 3.2] there

exists a canonical isomorphism

D (Vy,(0))
crls (y—l-‘/fu( )) —> K OdR(Fn) b )
Fil'Dgr™ (V, (o))
and the exponential map
. DR’ (Vi (o))
XYy () § ey H (F, Vg, (0))

Fil' Dy (V4 (0))
factors through the map on cohomology
H\(F,, Z 5V, (0)) — H'Y(Fy, V, (0))

induced by the exact sequence (2.2.2) specialized at (v, o).

The result follows as in [Och03, Prop. 5.3], noting that all the arguments in the proof
of Ochiai’s result still go through after replacing Q, by the finite unramified extension
F,/Q, (and accordingly the arithmetic Frobenius o, by Jf)’n). O
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2.2.2. Going up the unramified Z,-extension. We now recall a construction from
[LZ11, §3.2] that we will need in what follows.

Set U = Gal(F/Q,) and U,, = Gal(F/F),), so that U/U, is the Galois group of the
unramified extension F,, of Q, of degree p™. The group ring O,[U/U,] is equipped with
two natural commuting actions of U, and we let S,, C O,[U/U,] be the Z,-submodule

where these two different actions agree, i.e.,

S, = Z ay.0 € O,[U/U,)] ¢ Tay = a1, forallTeU
oceU/Upy
If z, € O,, then the element y,(x,) = Zan/Un :vg_l.a lies in §,,, and in fact the
resulting map
Yn : O, — S,
is easily seen to be an isomorphism of Z,[U/U,]-modules. For varying n these maps fit

into a commutative diagram

On-l—l S Sn+1 C On+1[U/Un+l]
l TIﬂlwn+1/FTL l
O, o S, C On[U/Un]a

where the right vertical map is induced by the natural projection U/U,,+; —» U/U,,.
LEMMA 2.2.4 (Loeffler—Zerbes). The Yager module
Sy = l'&nSn
is free of rank 1 over Z,[[U]] and the maps y,, induce an isomorphism of Z,[[U]]-modules
lim Oy, = Sw.
PROOF. See [LZ11, Prop. 3.5]. O
COROLLARY 2.2.5. The module Do, := D®3z,S~ is free of rank one over I, = Z[[U]].
Proor. By Lemma 2.2.4, we have
D, = @(D ®z, On),

where the limit is taken with respect to the maps 1 ® Trg, ,/,. Since D = Z by [Och03,
Lemma 3.3], the result follows. O
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For a Galois extension of fields E’/ E and a module M equipped with a continuous action
of the absolute Galois group of E, we define the Iwasawa cohomology group H{ (E'/E, M)
to be
H (E'/JE,M) := @H%E”, M),

E//
where the limit is with respect to corestriction maps over the finite extensions E” of F

contained in E’. Often if the base field is clear from the context, it will be omitted from
the notation.
In particular, let Lo := Fio(pty) and Go := Gal(Lso/Qp), and note that

Hllw(FOOﬂgZJT*) = HI];N(LOO7°9Z’:}>T*>

by Shapiro’s Lemma. Also note that as it follows from local Class Field Theory, the
extension L., contains many distinguished Z;-subextensions obtained from adjoining to

Q, the torsion points on various one-dimensional Lubin-Tate formal groups F over Z,.

2.2.3. Two-variable p-adic regulator map. We keep the notations as introduced
in Sections 2.2.1 and 2.2.2. Let A,y be the free A(D,)-module of rank one endowed with

the natural action of Gk on group-like elements, and set
TZ@ = P]I‘*&’ZZPAanti

equipped with the diagonal G g-action and D, := D@sz(DOO). We explain a convenient
way to view the characters of D, locally at the places of K above p.

Let K, be the completion of K, at the prime above p induced by 2,. Since p { hx by
one of our Assumptions 2.1.1, the field K, is a totally ramified Z,-extension of K,, and

if 7 € Ok is a generator of the principal ideal p"%, by Class Field Theory we know that

is a universal norm of K, ,/K,. Moreover, setting ko, := Koo p(t,), it follows that the Z-
extension k. /K, can be obtained from the adjunction of the w-power torsion points of a
one-dimensional height one Lubin—Tate formal group F associated with . More precisely,
letting K, denote the completion of the ¢-th intermediate subfield K C K; C K, at the
unique prime above p, so that Gal(Ky,/K,) = Z/p'Z, and setting ki = K;p(p,), we
have
ke = Kp(]:[wt])a

where we may take F to be the one-dimensional formal group over O, associated to a

“good lift of Frobenius” corresponding to w in the sense of [IP06, §4] for example.
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The action of G, on lim F [zo"] gives rise to a canonical isomorphism
(2.2.11) £w 1 Gal(koo/Ky) — 2.
Together with the decomposition Gal(k/K,) = ', x A, where
Po = Gal(koo/ Kp(p,)) = Gal(Koop /Kp) A= Gal(Ky(p,)/ Kp),

we easily see that (2.2.11) composed with the restriction map (2.2.3) associated with the

embedding 7, induces an identification
(2.2.12) €w: Do — T4 —T,

where I' = 1 4 pZ,, analogous to (2.2.4), which we will use to identify characters of D
with certain character of Gal(ks/Ky).

Letting & = (&)i>0 be a compatible system of primitive elements & € Flw'], and
replacing € : Co, — I' by the identification (2.2.12) and ¢ by & in the definition of the

specialization maps Spl(fg given in (2.2.8), we may similarly define specialization maps

Sp) < Doy ® O —> DINFHVA ()

cris

Sp\") : HY(Fy, Z4T2) — H'(Fo, F Vi, (0))

for every n > 0 and every pair (v, @) € Xaitn (1) X Xarien(A(Dw)), where similarly as before
Xarith (A (Do) denotes the set of all continuous characters ¢ : Dy, — Q; such that, for
some integer mg > 0 called the weight of ¢, the character ¢y := dem ¢ has finite order.

We now return to the setting of Theorem 2.2.3. The corestriction maps Trg, ., /5, send
Jn+1 onto J,, and we let

joo = l&njn

be the corresponding inverse limit.

PROPOSITION 2.2.6. There exists an injective [[[G||-linear pseudo-isomorphism

Exp : JoDoo — Hi (Loo, F,1T¥)

Goo
FIT*

such that for every (v, ) € Xasitn (L) X Xaritn(A(Doo)), with 0 < my < k, — 2, the diagram

Exp0
(2.2.13) JsDos — i} (Loo, ;S T*)
l SPy,¢OPT Do L SPy,¢OPI Do

Dcris(ﬁqj‘/fu(¢)) - Hl(Q,’m ngqj;_‘/vfy (¢>)
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commutes, where prp_ denotes the map induced by the projection Goo — Dy and the

bottom horizontal arrow s given by the map

1 — w ¢ 1_V(ap) ! f(b -1
v(ap)p w P eXpru (¢) i Po ’

(2.2.14) (=1)™ (my — 1)! x
-1
(%) EXPv, (¢) if po # 1,

with t > 0 is the power of p in the conductor of ¢q.

PROOF. Setting

(n)
FET*
has the desired properties with respect to the projection to C', in place D.. Hence to
G
T T*
map associated with any one-dimensional Lubin-Tate formal group over Z,. But since

FIT* 221, this follows from the properties of the Yager map as in [LZ11, §7.4.3]. O

where Exp is the big exponential map in Theorem 2.2.3, we obtain a map that clearly

conclude it suffices to see that Exp also interpolates over [, the extended logarithm

DEFINITION 2.2.7. We say that an arithmetic prime v € X (1) is ezceptional if it
has weight k, = 2, v(a,) = £1, and the composite map

(2.2.15) r —15Qq,

is the trivial character on I'.
Set Ar(Dwo) := I[[Dwo]] 2 [®7,A(Ds) and X := a, — 1.

COROLLARY 2.2.8. Fiz an I-basis n of D. There exists a Aj(Dy)-linear map
Log” s+ Hiy (Ko, ZLT) — As(Dec) @11
such that for every pair (v, ¢) € Xaitn(L) X Xaith(A(Dwso)) of weights k, > 2 and my > 0,
with k, = 2r, and my < 1y, if Voo € Hi (Koo, Fi TV) then

V(Log (De))(0) = (1) (1, — iy — 1)1

rv—1 B v(ap)w''® .
(1 - u(g,,)w%) (1 — o) ) <logvf1(¢)(’/@)oo)¢)a M)ar  if Uudo = 1;

pv

Gog") ™ (“222r) oy ) (#(D)?), e i a0 # 1,
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where t > 0 is the power of p in the conductor of ¢o, and 1, € FiIODdR(VfZ (e ?)) is the
dual to 1l @ e?m‘b under the de Rham pairing

Dar (Vg (e2*))
Fil’ Dag (Vy (e%°))

(2.2.16) x Fil’ Dar (Vg (e="*)) — Fy.

PRroOF. This follows from an argument completely analogous to that used in the proof

of [Cas13a, Thm. 3.4]. Indeed consider the [-algebra isomorphism
(2.2.17) Tw' : A1(Cs) — A1(C)

given by
Tw'(y) = ¢2(y)1]
for all v € Cy, where €'/? is the unique square-root of the wild component e of Ecye- Letting
Alyc be the module A.. with the Galois action twisted by €'/2, and setting
FETL = FET By Al

cye
equipped with the diagonal G'i-action, there is natural projection
Cor : FTL — FITI
induced by the augmentation map on A(Cy,). Setting
DL, := JoDos®2, Mi(Coc) /(' (70) [70] = 1),
the composition
Goo

Tw EXpL@JrT*

-1
ToDoo 7 Do — T H (Lo, ZHTY) = HY(Q,, T2

€ / or
2 HYQ,, F T 2 HY(Q,, F1TL)
factors through an injective Aj(Dy,)-linear map
(2.2.18) EXp siq DI, — H'Y(Q,, Z}TL)

making, for every pair (v, ¢) as in the statement, the diagram

zdrl

DL, HY(Qp, 7, TL)

l SpPu,¢ j SpPu,¢

Dcris(‘/fi (¢)) Hl(Qjm ﬁzj‘/fi (¢))
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commutative, where the bottom horizontal arrow is given by (cf. (2.2.14))

1 prv?t 1 v(ap)w™? -1 if ¢ —1:
~ Hay)™ T exXpyy (g I Voo =1;
(2.2.19) £ (r, —mg —1)!

ry—1 t .
G(¢51) <l’(i))w> evafT;(qs) if /I9V¢0 7é 1,

where + = (—1)™ ™1,
Now if Do € HE (Koop, Z T = HYQ,, ZFTL), then A -2 lands in the image
EXP%}“T&, and so
Log rami () == A - Exp L (A-0)
is a well-defined element in I[A\™!] ®; DI . Finally, the chosen I-basis n of D induces a
A1(Dy)-basis 77 of DI_, and defining Log;;rﬂo (Yoo) to be the element in Aj(Dy) @pIAT!
determined by the relation

LOgﬂJ’H‘ZO (900) = LOg;mLo (SQOO) e,

the result follows. 0

2.2.4. Explicit reciprocity law. Recall from Section 2.2.3 the height one Lubin—
Tate formal group F over O, = Z, associated with the uniformizer w = 7 /7, and the
extension ke /K, obtained by adjoining the w-power torsion points of . We will use the
decomposition

Gal(keo/Kp) = Gal(Ko p/ Ky) X Gal(Kp(Hp)/Kp)
to identify the local restriction at p of characters of the Galois group Dy = Gal(K/K)

of the anticyclotomic Z,-extension of K with characters of Gal(k/K,) with a fixed tame
component.

The following result due to Shaowei Zhang [Zha04] will be of great importance for us
here. It generalizes, from the formal multiplicative group to more general one-dimensional
height one Lubin-Tate formal groups over Z,, Colmez’s work [Col98] on the cyclotomic

p-adic regulator map of Perrin-Riou.

THEOREM 2.2.9 (Colmez, Zhang). Let v € X (L) have weight k, = 2r, > 2. Then

for each n, € DdR(Vf];), there exists a unique map

27‘7/(;# : Hllw(Koo,pv VfD — Ao, (Dso)

characterized by either of the properties (i) or (ii): for every v(Yso) € Hiy(Keop, VfTV) and
¢ € Xarith(A(Dwo)) of weight my =0 (mod p — 1),
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(i) If my > 1, then
2"" (Do) (@) = (mg —1)!
pe-t )7 v(ay)w™s ‘ p : .
(1 o V(ap)wm¢> (1 o —> <eXprTV(¢)(V(@OO) )? 770>dR Zf 191/¢0 =1;

P

mg \ t
G(¢61)_1 (lj(?’;‘z—?ld)) <eXp*VT (¢)(V<2)oo>¢>7770>dR Zf 191/¢0 7& ]17
£
where t > 0 is the power of p in the conductor of ¢y.
(t7) If my <1, then

(_1)r1,7m¢71
(r, —mg — 1)!

o (9.)(6) =
(1 e )™ (1 2227 logy (D)) i o = 1

ap) prv

Cog") ™ (12812 ) (logy 1 (D)), 7o) i uto # 1,

where t > 0 is the power of p in the conductor of ¢y, and 1, is the dual to n, under
the de Rham pairing (2.2.16):

Dar(Vy (e27))

x Fil'Dyr (Vi (e27*)) — F,.
Fil’ Dag (Vy (%°)) r(Ve (=)

PROOF. Since FilODdR(VfT(qﬁ)) = DdR(VfJr (¢)) whenever my > r,, the existence of a
map S" with property (¢) is shown in [Zha04, Thm. 3.6]. The property (ii) of this map
is then a reformulation of the explicit reciprocity law of [Zha04, Thm. 6.4]. Finally, the
implicit growth properties in the above statement, i.e. the claim that the image of the
map 2"0 lands in Ap, (D), follows from the fact that f, has slope zero. O

fu

Using Theorem 2.2.9 we can now deduce the extended interpolation property of the

map Log" from Corollary 2.2.8:

d‘+TT

COROLLARY 2.2.10. Fiz an I-basis n of D, and let

Log”" D Hi (Ko p, FETT) — Ag(Doo) @ 1A

5‘+ TT
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be the map from Corollary 2.2.8. Then for every pair (v, ¢) € Xaritn (L) X Xaritn(A(Ds)) of
weights k, = 2r, > 2 and my >, respectively, if Voo € Hiy (Koo p, Fil T then

v(Log" 1 (Doe))(@) = (my —12)!

-1 m
__pvTl _ v(ap)w"e « é ’ . 4
<1 u(ap)wmd’) (1 I;;’“” > <eXpVFTV(¢)<V(S‘DOO) )7nu>dR Zf 191/¢0 - ]l,

Gl (1= (espy, (D)), o if o # 1,

where t > 0 is the power of p in the conductor of ¢o, and n,, € FilODdR(Vfi (6= ?)) is the
dual to 1, ® e?m"’ under the de Rham pairing (2.2.16):
Dar(Vy (e%%))
FIIODdR(Vg/ (€g¢))

x Fil'Dar (Vi (e2™*)) — F,.

PrOOF. Comparing the formulas in Corollary 2.2.8 and Theorem 2.2.9, we see that

(2.2.20) V(Log"%jﬂo) = 27‘7/:2,

since both sides have the same interpolation properties at all characters ¢ of finite order,
and these are enough to uniquely determine the map 27‘7; . The result thus follows after

fu

the explicit reciprocity law of Theorem 2.2.9(7). O

2.3. Comparison of p-adic L-functions

Recall from Section 2.1.1 the anticyclotomic p-adic L-function .%,(ff) € Aj(Dy) at-
tached to the critical twist fT of a Hida family f and the imaginary quadratic field K
(see Remark 2.1.5), and from Section 2.1.2 Howard’s construction of the norm-compatible
system 3., € ﬁ}7IW(Kw, TT) of big Heegner points.

2.3.1. Weight two specializations. The purpose of this section is to explain the

proof of the following result, which will be completed in Section 2.3.2.

THEOREM 2.3.1. Assume that pg|q, is absolutely irreducible, and fix an I-basis n of D.
Then there ezists a class 37, € ﬁ}7IW(KOO,TT) such that the composite map

n
F31l

1 (Koo, T =25 HE (Koo, F4TT) — 22 Ay(Doo) @1 TAY

w

sends 31, to L (fT).
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PRrOOF. We begin with some rather standard reductions. By [How07b, Lemma 2.1.7]

and the commutativity of the diagram

Log"
locy g«?ju_ T,

A (Koo, T — H} (Ko, F2TY) Ar(Doo) @1 TN

LV LV v
v
£

locy Ve,

ﬁ},IW(Koo: VfD - HIIW(KOO,P? Vny) — AOV(Doo) ®o, Ov[)‘;l]

at every v € Xy (L), it suffices to show that for infinitely many arithmetic primes v there
€ H}1,(Kw,V{) (depending on v) which is sent to % (f]) via the

bottom sequence of maps; we will consider all v of weight 2 and non-trivial wild character.

exists a class 37 ,
Letting v be such an arithmetic prime, we must thus show that for some 37 , as above

the equality
(2.3.1) Z(£)(9) = v(Log’ . ; (locy(3L,,)))(¢)

holds for every ¢ € Homont (Doo, Q; ), and in fact if s > 0 is the power of p in the conductor
of the critical character 9,, it suffices to prove that (2.3.1) holds for all such ¢ factoring
through D; for some integer t > s.

The proof of (2.3.1) and hence of Theorem 2.3.1 will be based on the following.

PROPOSITION 2.3.2. Let v € Xayin(I) have weight 2 and non-trivial wild character
(2.2.15), with ¥, of conductor p* for some s > 0. Let ¢y : Doy —> Q; be a continuous
character of finite order, let t > 0 be the smallest positive integer such that ¢o factors
through Dy, and assume thatt > s. Then
v(ay)'
G(¢g")
where G(¢5") =3, od ot by (V)Y is the Gauss sum of ¢y, and w}: € FilODdR(VfD is the
class associated with the twist £f ® 9,.

A7 @ ¢o(A, an,14) = <logvff (¢0)(locp(u(3t))¢o)’ W}L;>dRa

ProoOF. This can be shown by the same methods as in the proof of the analogous
[Cas13a, Lemma 4.2, Prop. 4.3]. Indeed, using the “modular” description of the character
twist (as recalled in [loc.cit., Def. 1.2] for example), we easily see that

(2.3.2) A7 ® do(A aa0a) = Glog )™ D golv) - d (AW, Y4,

v mod p?
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where the triples (A®), aff), Z(X)) are obtained from (A, a4,24) by the procedure described
n [Casl3a, Lemma 4.2], and ¢ is seen as a Dirichlet character by composing with
(Z/p'™Z)* —» Z/p'Z = D;.

For a fixed v € Z/p'Z, set

(Apt+17 Qpt+1, sz+1) = (A(U 041(4”), 254))
Then Apye+1 has CM by Oe+1 and it follows easily that (2.3.2) can be rewritten as

(2.3.3) d- 1fJr ® ¢po(A, aa,14) Z ¢0 1fT([J * (A t+1, Qlpt+1, Zpt+1)),

(0]
where the sum is over the classes [b] in the kernel of the map Pic(Op+1) — Pic(Of)
induced by b — bOj. For each such [b], the same calculation from loc.cit. as above, but
this time applied to the critical twist d'f} = d'£;¥! ® 0, yields

(234) dilfj(b * (A t+1, QUpt+1, Zpt+1>>
Z 79 lf*[p]<b * (A(t+1a Oéz(:ﬁl,l}(;}rl))
u mod p?

where the triples (A(t 1, Q Sﬁl, zéﬂl) are deduced from (Apt+1, Qpt+1, 1t+1) in the same man-
ner as before.
Now for a fixed u € Z/p°Z, set

(235) hpt+1—s,s = (A](;t?-l? (qj-)v-l (H’N) ( t+1) (gs))
which defines a point on the modular curve X; of level I'o(IV) NIy (p®) rational over
Lpt+1—s,8 = Hpt+1 (CS);
indeed, [HowO07b, Lemma 2.2.1] gives
hppvios g = (O(T)) - Bypri-s s forall 7€ Gy,

where ¢ : Gy ., — Z, /{£1} is such that (] = Cf(TF.
Since by construction both collections
{A}‘jﬁl : u mod ps}

and
{C * Apt+1 : [C] € ker (PiC(Opt—H) — PiC(OpH—l—s))}
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consist of p® pairwise non-isomorphic elliptic curves p°-isogenous to Ap+1, we see that

(2.3.4) can be rewritten as
(2.3.6) d_lf;r(b * (Apt+1, Oépt+1, Zpt+1))
=G, Z L@ - d P (b thJrlfs’S),

UGGHI(HPtJrl/Hthrlfs)
where for each 0 € Gal(Hyt+1/Hpr1-5), ¢ is any lift of o to Gal(Lyt+1-s 5/ Hprr1-5).

Now, for each [b] as above, consider
bApt+1fs’5 = (b * h/pt#»lfs’s) — (OO) S DiVO(X5)<Lpt+1—s7S)
and let

(237) Q.= > oAiioes @ X, (5) € Jy(Lyiis ;) @z F,
O'EGal(Hpt+1 /Hpt+1fs)

where J, denotes the Jacobian variety of X, and for each o € Gal(Ht+1+s/Hp1), ¢ is
any lift of o to Gal(Lyt+1 5/ Hp1).

Let F,ir1-s s be the composite of the completion of L,t+1-s ¢ at the prime above p induced
by our fixed embedding 7, : Q — Qp and the finite extension F,/Q,((s) over which the
base change X xq, Fs admits a stable model.

By the explicit calculation in [Casl3a, Prop. 1.9], which applies to the pair ff and
bAthrlfs’S S Js<Fpt+17$,s), we have

logwfy* (bAthrlfsﬁ) = AJFptH—s,S (bApt+1—575)(Wfl’;)
(238) =F (b * hpt+1fs,s)7

(l.)f’j<

where F,,, is the Coleman primitive of wg: which vanishes at co. From the defining

properties of F,,, one can show that
(2.3.9) E,. — @Frob F,. =d P
v p v
as in [Cas13a, Cor. 1.8], and from the definition (2.3.5) we see that the Frobenius operator
Frob appearing in (2.3.9) is such that

(2310) Frob hpt+1—573 = hpt—s’s.
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Combining (2.3.3) and (2.3.6), we thus arrive at (with sums taken over the same [b] and

o as in those two equations)

] @ ¢o(A, aa,1a) = Gl ") ZX 6)> 651 (b) - d P (B A )
(6]
(¢0 ZX ZC% : wf* b*ht+1s 5)
(0]
(2.3.11) (Qbo Zﬁbo 10gwf; (bézﬁl—s,s):

where the second equality follows from the combination of (2.3.9) and (2.3.10), and the
last one from (2.3.8).
The integer s > 0 is such that the map T — V{* can be factored as

T — Ta(J,) — V¢,

and tracing through the definitions we see that the image of [,CN);?H,S . under the induced

(unlabelled) map
Jo(Lyi-y) @z Fy 225 HY (Lo, Tay(J,) @z F)
L H'(Ly1-s 5, Ta2(J,) @7 F),)
— H (L, Vi) 2 H (Lypises 1, Vi),
agrees with the image of v(X7},,) in H Y Lp+1-s 4, VfT) under restriction, from where
(23.12) 108, (:01—.) = (J0gy (K, (e (@ ).t b
= (logy; (locy ((X}241))), iz ) are-

Substituting (2.3.12) into (2.3.11) we thus arrive at

A7 @ ¢o(A, aa,1a) = G(dp) )Y (b ){logys (locy((X724))), wes Jar
o]
ay) (U - 1ocy (1(Xye1))™, wl.)
RECR R AR
V<ap

= Gy 108y (063 V(30)

where the last equality follows from the construction of 3; from U b X, 1 as outlined in
Section 2.1.2. The proof of Proposition 2.3.2 is thus concluded. 0
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If v € Xyien(I) has even weight k, = 2r, > 2 and if e is the Q,-basis of Dgr(Q,(1))
corresponding to a fixed choice of a compatible system ((s)s>o of primitive p*-th roots of
unity (s € Qp, we define the p-adic period )} € C associated to the I-basis nn € D by the

rule
(2.3.13) Q) = <771t ® e ryawtt;>dR-

REMARK 2.3.3. It follows from the proof of [Och05, Prop. 6.4] that Q7 is in fact a

p-adic unit for every v € Xy (I) of weight 2 and trivial nebentypus.
COROLLARY 2.3.4. Fix an I-basis n of D, and let v be as in Proposition 2.3.2. Then
2 (£))

v

QF

(2.3.14) V<L0g;~$ﬂo (locy(30))) =
as elements in Ao, (D).

PROOF. By the definition of the p-adic L-function .%,(f') (see especially (2.1.6)) and
the specialization properties of the map Log; - of Corollary 2.2.8, we see that Proposi-
tion 2.3.2 may be reformulated as the statement that the two sides of (2.3.14) agree when
evaluated at ¢, where ¢ is any finite order character of D, of sufficiently large conductor.

Since an element in Ap, (D4 ) is uniquely determined by these values, the result follows. [

2.3.2. A patching argument. In this section we complete the proof of Theorem 2.3.1.
Notice that Corollary 2.3.4 shows that (2.3.1) is satisfied, for each v € Xyaien(I) of weight 2
and non-trivial wild character, by taking 37, to be 37 , := Q- v(3) for example, where
Q7 is the p-adic period (2.3.13). Thus to conclude the proof of Theorem 2.3.1 it remains
to show that the classes 37, can be patched together for different v, i.e. that they arise
as specializations of a single class 37 € ﬁ}JW(KOO, T*). This is the content of the next
result, which is an analogue of [Och06, Thm. 6.1] in our context, and in which we closely
follow Ochiai’s arguments.

In the following, we will adopt the usual abuse of terminology and identify arithmetic
primes v € Xpin(I) with the corresponding height one prime ideals ker(v) C 1.

PROPOSITION 2.3.5. Assume that pg|g,. is absolutely irreducible, and fix an I-basis n of
D. Let n be the intersection of a finite number of v € Xan(I) of weight 2 and non-trivial
wild character, and set T} := T @y I/n. Then there exists a class 31, € ﬁ},IW(KomTD
such that the equality

(2:3.15) v(Log"..,, (loc,(3L,)) = Z(E)

holds for every v € X (L) with n C ker(v).
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PROOF. We argue by induction on the number of v € X, (I) with n C ker(v). As
noted above, the case where there is a unique such v follows from Corollary 2.3.4. So
assume that the proposition holds for an ideal n as in the statement. Then if v is an
arbitrary arithmetic prime of I of weight 2 and non-trivial wild character with n ¢ ker(v),
we will show that the result also holds for n” := nNn’, where n’ := ker(v).

There is an exact sequence

(2.3.16) 0 — Hj 1 (Koo, Th) —*— H} 1 (Koo, T)) @ H} 1 (Koo, T}

B
I Hf IW(KOO7 Tn@n’)

where « is the natural diagonal map, and § sends a class (X,,2),) to the difference X, —
2, mod ndn'.
As above, the class 3207]1, = Q- 3 is such that

locy(3%.u))) = ()

oo,n’

(2.3.17) v(Log”,,, (

as elements in Ap, (D). Evaluating (2.3.17) at a finite order character ¢ € Xon(A(Doo))

of sufficiently large conductor, we obtain

(2318)  vlLogh, , (oL @) = 3 ¢ (a) a7 @ dolax (A i),
[a)ePic(Ox)

and on the other hand if v/ € X5, (1) is any arithmetic prime as in the statement such that

n C ker(v'), then by our induction hypothesis there exists a class 37, € ITI}JW(KOO, T})

such that

(2319)  V/(Logl, (loes(3L))(0) = > 67 (a)-d 4 @ ulax (A 0a,a))

[a]ePic(Ok)

where in both equations (2.3.18) and (2.3.19) we decompose ¢ as in (2.1.5).
Since the g-expansions of the twists d~'f] @ ¢y and d_lfj, ® ¢ are congruent modulo
n’ + ker(v'), the same is true for their values at the CM points appearing in (2.3.18) and

(2.3.19), and hence the class (¢ o 8)(31 ., lies in the kernel of the composite map

oon’)

log””T

H' (K, (ZLTE)(9) — Oy,

locy

~ S
(23.20)  H}p (Kao, Ti) =2 Selee (K, T} () —=2

where O, 4 is the ring extension of O, generated by the values of ¢.
But from [How0T7b, Cor. 3.1.2] if follows that the map (2.3.20) is injective for all
characters ¢ of finite order and sufficiently large conductor (cf. [Cas13a, Cor. 4.10]), and
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hence
B( Zo,n’ Zo,n/) = 0.
By the exactness of the sequence (2.3.16), it follows that (37, ,, 37 ) arises as the image

oo,n’

under o of a class 37 ., € ﬁ},IW(Kom Ty ) which satisfies (2.3.15) for all v € X (I) with
n” C ker(v”). By induction, the proof of Proposition 2.3.5 is concluded. OJ

Now we can complete the proof of Theorem 2.3.1. Indeed, setting
(2.3.21) 3% =1m3% .,

for n running over a directed set of ideals as in Lemma 2.3.5 with (1), n = 0, we see that
37 satisfies (2.3.1) for infinitely many ¢ and v. The result follows. O

COROLLARY 2.3.6. Assume that pe|c, is absolutely irreducible, and fiz an I-basis n of

D. Then for each non-exceptional v € Xypien (L), we have
o - v(Log!,., (locy(3)) = % (E)
for some unit ;] € O .

PROOF. By [Foul3, Thm. A(iii)] the group ﬁ}’IW(KOO, TT) is torsion-free of rank one
over Ap(Dy), and hence the class 37 from Theorem 2.3.1 is such that

(2.3.22) R

for some element o, € Aj(Dy). Since the construction (2.3.21) of the class 37, shows that
V() is a unit in O, for some v € Xy (1) (in fact for infinitely many v; see Remark 2.3.3
and Corollary 2.3.4), it follows that in fact o, lies in I*. The result thus follows from the
combination of (2.3.22) and Theorem 2.3.1 by setting o] := v(a,). O

REMARK 2.3.7. As follows immediately from the preceding proof of Corollary 2.3.6,

the unit o can be taken so that

<_7w£’;>dR - O‘Z : <_77]1,/>dR7

where 7/, € FilODdR(VfD is such that (n} ® e?’"“, n)ar = 1.

2.4. The method of Euler systems

In this section we use Kolyvagin’s machinery of Euler systems [Kol90], in the form

extended by Mazur—Rubin and Howard, to deduce the vanishing of certain Selmer groups.



2.4. THE METHOD OF EULER SYSTEMS 69

2.4.1. Greenberg’s Selmer groups. Throughout this section we fix an imaginary
quadratic field K for which the Assumptions 2.1.1 hold.

Let v € Xyin(I) have even weight k, > 2, let f, be the ordinary p-stabilized newform
with g-expansion v(f), and denote by V3, the Galois representation associated with f, by
Deligne, regarded as a representation of Gk. Let x € Xuim(A(Ds)) correspond to an
anticyclotomic Hecke character of K of infinity type (m, —m) with m > k, /2.

DEFINITION 2.4.1. If L/K is a finite extension, define

(2.4.1) Sely (L, Vil (x)) = ker (H (L, Vi () — EB i HY(L,,V{ x))>

(Lo, Vi (X))
where v runs over all the places of L, and for v { p we put
HH(Ly, VL () = ker (B (L, Vi (x)) — H' (L VE ().

whereas for v|p,
H'(Ly, Vi (X)) if v[p;

(2.4.2) Hj(Ly, Vi (X)) =
0 if v|p.

In particular, the classes in Sel, (K, Vfi(x)) are unramified outside p, satisfy no specific

local condition at p, and they have trivial restriction at p.

For v|p, it is easy to see that the subspaces (2.4.2) agree with the “finite” subspaces
H(Ly. Vi (0)) = ker (B! (Lo VE (00) — H' (Lo, () © Ba))

of Bloch-Kato, and hence Sel, (L, Vf,T, (x)) is the same as the Bloch-Kato Selmer group.
Let TfTV()() C Vfi (x) be a G-stable lattice, and define AIV (x) by the exactness of the

sequence
(2.4.3) 0 — T8 (x) — Vil (x) — AL (x) — 0.

Then if y is as in Definition 2.4.1, by replacing the local subspaces H}(LU,WI(X)) by
their natural images in H'(L,, AIV (x)) (resp. preimages in H'(L,, sz(x)) under the map
induced by (2.4.3) on cohomology, we use the same formula (2.4.1) to define the Selmer
groups Sely(L, A} (x)) € H'(L, A} (x)) (resp. Sely(L, T{ (x)) € H'(L, T, (x)))-

2.4.2. Anticyclotomic Kolyvagin systems. The following key result follows from
an application of Kolyvagin’s method of Euler systems as systematized by Mazur—Rubin
[MRO04] and adapted by Howard [How04a] to anticyclotomic settings.
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THEOREM 2.4.2. Let v € Xyiwn(l) be a non-exceptional arithmetic prime of even weight.
If ¢ € Xarin(A (D)) is such that 1oc,(v(300)X?) # 0, then Sel, (K, Tgy(xgb)) = 0.

PrOOF. Our assumptions on v imply that
ﬁ}JW(KOO’ Tny) = SelGr(K7 Tf];&’ZZpAanti)

by the discussion in [How07b, §2.4] preceding Prop. 2.4.5 in loc.cit.. Arguing as in [Biiy,
Thm. 4.28], we thus see that there exists a Kolyvagin system

{V("in)x}n c KS<TJU(X)®ZpAantia~FGr)
for the strict Greenberg Selmer structure Fg, on Tny (X)(/X\)ZpAanti such that
(244) y(/gl)x — V(Soo)x

in Sele, (K, T§ (X\)®z, Aani)-
The discussion in [How04a, §2.2] preceding Thm. 2.2.10 in [oc.cit. shows that there
exists a map

Sp¢ : KS(T;}/ (X)@ZPAantiafGr) — KS(TfTV (XQS),ﬁ'Gr)

induced by localization at the height one prime of A(D4,) corresponding to ¢ sending the
class (2.4.4) to Sp,(v(k1)X) = v(3c0)X?, where Fer denotes the Selmer structure on Té(xqb)

induced from Fg,, so that in particular for each prime q|p in K,
HY, (Kq, T (x0)) = ker (' (Ko, T} (x6)) — H'(Kq, (Z,T]) (x0)))
= H'(Kq, (Z0T}) (x9)),

where the isomorphism follows from the assumption that v is nonexceptional, which implies
that H°(Kj, (EJTJV)(XQS)) = 0 (see [How07b, Lemma 2.4.4]) and so the map

Hl(va (J@JTA)(X@) — Hl(vaTgu(Xéé))

induced by (2.2.1) is injective.
Our nonvanishing assumption obviously ensures that v(3.,)X¢ # 0, and by [How04a,
Thm. 1.6.1] it follows that

(2.4.5) H: (K, T} (x¢)) 2 O and H: (K, Al (x¢)) = F/O & M*?

for some finite O-module M. It remains to compare the Selmer modules (2.4.5) with
Sel, (K, TfTV (x¢)) and Sel, (K, AIU (x¢)), respectively.
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For any continuous character ¢ : Dy, — O* consider the auxiliary Selmer groups
Selaro (K, AL (1)) = {c € Sel™H (K, AL () | locy(c) € H, (K, Af ()}
Selaro (K, AL (1)) := Selarg (K, A (1)) N Sely (K, A} (1)).
Directly from the definitions, we have the chain of inclusions
(2.4.6) Selaro (K AL (1)) © Sely(K, AL (1)) C Selarg(K, AL (1),
LEMMA 2.4.3. There is a noncanonical isomorphism of O-modules
Selar (K, A} (x0)) = F/O & Selaro (K, AL (x'¢71))
PROOF. As in [AHO06, Prop. 1.2.3], we have
Selro (K, Af, (x0)) 0] = (F/O) [p] @ Selaro(K, AL (x'¢7)) ']
for every ¢, where the integer r is given by
coranko H' (K,, (F,5 A} ) (x®)) + coranko H' (K, Af (x¢)) — coranko H(K,, Al (x¢))

in light of the Poitou-Tate duality as formulated in [Wil95] (see also [DDT94, §2.3]), and
where v denotes the unique archimedean place of K. Hence r = 1, and letting i — o0
the result follows. 0

Now since loc, (v(300)X?) # 0 by assumption, we see from (2.4.5) and (2.4.6) together
with Lemma 2.4.3, that Sela,o(K, A (x"1¢™")) is necessarily finite and that

(2.4.7) Selaro(K, Af (x¢)) 2 F/O® N

for some finite O-module N, and hence the module Selg, o( X, Tgu(xqﬁ)), which is just the
Tate module of (2.4.7), is a free of rank one over O, generated by v/(3.,)X?.

We thus see that under our nonvanishing assumption the localization map
(2.4.8) locy : Selar (K, T} (x)) — H' (K, (F,1T] ) (x9))
is injective, and hence the Selmer group Sel, (X, TfTV (x®)), which is just the kernel of the
map (2.4.8), vanishes. O
2.5. Arithmetic applications

In this section we deduce the main arithmetic applications of this paper. These will
be deduced from the general results of Section 2.4, using Theorem 2.3.1 to relate the

nontriviality of various specializations of 3., to the nonvanishing of certain L-values.



72 2. p-ADIC VARIATION OF HEEGNER POINTS

2.5.1. Bounding Selmer groups. Here we deduce the vanishing of certain Selmer
groups attached to the Rankin—Selberg convolution of a cusp form with a theta series of

higher weight in cases predicted by the Bloch—Kato conjecture.

THEOREM 2.5.1. Let v € Xpien(l) be a non-exceptional arithmetic prime of even weight
k, = 2r, > 2 and trivial nebentypus, and let ¢ € Xoith(A (D)) have weight my > r,,. Then

exp” (locy (1(30)?)) = (mg — 1)1

rv—1 v(ay)w e -1 .
(1- o) (12202 A (6)(6) -y, =1

G0 () B ED) s, oo #1,

where exp* : Hl(Kp,Vfi(qb)) — FilODdR(V}i((é)) is the dual exponential map, w% is the

class in DdR(VfD associated with £} @&l w%ﬂ% its image in DdR(Vg(g;mé)), andt >0

cyc

18 the power of p in the conductor of ¢g. In particular,
(25.1) exp* 106y (1(320))) 20 = H(E(6) £0.

PROOF. Let ¢ € Xaign(A(Do)) be as in the statement. Then upon choosing an I-basis
n of D, and combining Corollary 2.2.10 with Corollary 2.3.6, there exists a unit o] € O
such that

L(E)() = o - v(Log’., , (106y(3:0)))(@)
27 (locy(v(35)))(9)

v

=«

3

=) - (mg—1,)!

14

ry— -1 v(ay)w™ *
(1 - u@\’))—wi%) (1 - %) (exp” (oey(v/(300))), s
(2.5.2) x

Glog") ™ (“222 ) exp* locy (#(320)?)). 1 ar

depending on whether ¢ is trivial or not.
Since neither of the factors (1 — V(:J;—;%) or <1 — @#) vanishes, the result follows
P

from (2.5.2) in light of Remark 2.3.7. O

COROLLARY 2.5.2. If v € Xyin(I) and ¢ € Xaien(A(Dys)) are as in Theorem 2.5.1,
then

(2.5.3) locy(1(300)?) =0 <= L(f,,x,0 ', 1) =0.
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PROOF. Since my > k, /2, the character ¢ lies within the range of classical interpolation
of Z,(f]), and hence the square of the value .%,(f!)(¢) is given by Theorem 2.1.4 to be a
nonzero multiple of L(f,, x,¢~*,1). Also for mg > k, /2, the map

exp’ - H'(Ky, Vi (™)) — Dar(V{ (=)
is an isomorphism, and hence the equivalence (2.5.3) follows from (2.5.1). O

As an immediate corollary, we can now complete the proof of the first main arithmetic

application of this paper.

THEOREM 2.5.3. Let v € Xyien(I) be a non-exceptional arithmetic prime of even weight
k, = 2r, > 2 and trivial nebentypus, and let ¢ € Xoith(A(Ds)) have weight my > r,,. Then
the implication
Lf, 0 1) #0 = Sel,(K, T} (¢)) =0
holds.
Proor. Combine Theorem 2.4.2 and Corollary 2.5.2. O

2.5.2. Iwasawa theory. In this section we give an interpretation of the p-adic L-
function %, (£]) from Section 2.1.1 in terms of the Iwasawa theory of the representation

Vfi over the anticyclotomic Z,-extension K /K.
Recall that D, := Gal(K/K), and consider the Ay, (D, )-module

Sp(£]) == lim Sel(Ky, AL (x 1)),
t

where y is any character in Xpin(A(Ds)) of weight my > k, /2. This can be seen to be
independent of the chosen y arguing similarly as in [Kat04, §17.10], and its Pontryagin
dual
Xp(ﬂ) := Homg, (S; (fi), Qy/Zy)

can be seen to be finitely generated over Ap, (D) adapting the arguments in the proof of
the Proposition in [Gre94b, §4].

The following anticyclotomic Iwasawa main conjecture appears in the literature to be
first formulated in the work [Hsil2] of Hsieh, and it is suggested by the point of view in
Iwasawa theory developed in [Gre94b].

CONJECTURE 2.5.4. The module X,(£f}) is Ao, (Du)-torsion, and
charne, (0.) (Xp(£))) = (L(£))?)

as ideals in Ao, (Dy).
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As a result towards this conjecture, we can prove the following.

THEOREM 2.5.5. Assume that pg|a, is absolutely irreducible, and let v € Xain (L) be a

non-exceptional arithmetic prime of even weight k, > 2 and trivial nebentypus. Then
(2.5.4) chary, (p.)(X,(£)))  divides (p" - % (£))?)
for some n > 0. In particular, X,(£}) is Ao, (Ds)-torsion.

PROOF. For the ease of notation, set Ap, := Ap, (D) in what follows. By [HowO07b,
Cor. 3.1.2], the class v(3.) is not Ap,-torsion, and therefore the twist v(3.,)X is not Ao, -

torsion (see [Rub00, Thm. 6.4.1] for example). Arguing as in [How04a, Thm. 2.2.10], we
thus deduce that

H.}“Gr(K7 ng (X)®ZpAanti) g AOU

and that there is a pseudo-isomorphism
(2.5.5) H: (K, AL (x )@z, Aani)” ~ Ao, & M

for some torsion Ay, -module such that

Hl K’TT ® Aani
(2.5.6) chary, (M) divides Chaery< Tl r, (X)®z, t))

A(’)V : V(Boo)x

Now we consider the Selmer modules
Xaro(£]) = Scro(E])",  where Sy p(£]) := lim Sely . (Kr, AL (x )5
t
Xaro(E]) = Saro(£])",  where  Saro(f]) := lim Selo e (K, A} (x 7)),
t

where the groups appearing in the right-hand sides are defined in the same way as the
auxiliary Selmer groups introduced in the proof of Theorem 2.4.2, but replacing K by Kj.
Similarly as in (2.4.6), we have the chain of inclusions

(2.5.7) Saro(f]) C Sp(Ef) < Saro(E)),
and arguing as in the proof of [AHO06, Thm. 1.2.2] (cf. also Lemma 2.4.3) we find that
(2.5.8) ranky, (Sarp(£])) = ranka, (Xaro(£]))

= 1+ ranky,, (Xaro(f)) =1+ ranky,, (Saro(f))),

and that

(2-5-9) Char/\o,, (XGr,(D(fuT)torS) [l/p] = Chaer,, (XGr,O(fuT)torS) [1/]7]’
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where the subscript tors indicates Ao, -torsion.

Since v(3)X is not A, -torsion, we easily see that loc,(r(3.)%) is also not Ae,-
torsion, and since Hz, (K, TfTV(X)@ZpAanti) ~ Ao,, we see from (2.5.7) and (2.5.8) that
both Xg,o(f]) and the quotient Selg, (K, Tny(X)@)ZPAanm)/AOV - v(300)X are Ap,-torsion.
Moreover, combining (2.5.5), (2.5.6) and (2.5.9) it follows that

~ 2
Selaro (K, Tf (\)®z, Aanti)
Ao, - V(BOO)X

for some n > 0. By Poitou-Tate duality we have the exact sequence
Selaro (K, Tf () @z, Mans)  H, (K, T () @z, Aanti)
—
Ao, - (3e0)¥ Ao, -10¢y(1(300)¥)
— X,(f)) — Xao(£f]) — 0,

(2.5.10) charp, (Xaro(f])) divides p* - chary, (

which together with (2.5.10) immediately implies that

~ 2
H: (K, T} (X) @z, Aansi
(2.5.11) chaerV(Xp(fVT)) divides pn'CharAOV< Fo, B, T, ()@, t))

Ao, -10cy(¥(300)¥)

for some n > 0.
By Theorem 2.5.1 the p-adic regulator map 2"7; sends loc, (¥(34)) to % (f]), inducing

fi
a Ap,-module isomorphism

H}_-Gr(Kp,ng(X)@ZpAanti) o Hl(Kpa (‘g\'IijTV)@)ZpAanti) ; AOV
Ao, - 1ocy (1(300)X) Ao, locy(v(3e)) Ao, - Z(Eh)

Finally, combining (2.5.11) and (2.5.12), the divisibility (2.5.4) follows, and since %, (f]) is
not identically zero by Hsieh’s Theorem 2.1.6, the proof of Theorem 2.5.5 is concluded. [J

(2.5.12)







CHAPTER 3

Conclusion

Summary

In this last chapter we propose a few lines of investigation suggested by the problems
and ideas explored in this thesis, and rise a number of questions and conjectures. For some
of these we believe to have a good sense of how a proof would go, but for others we are

admittedly being more speculative.

7
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Future directions

Thanks to the combined efforts of many mathematicians, many results are known on
the arithmetic of Heegner points, both in the classical setting of Gross—Zagier and in
its subsequent generalizations, where the “Heegner hypothesis” (in which we have placed
ourselves throughtout this thesis) is relaxed by working on Shimura curves attached to an
appropriate non-split quaternion algebra over Q.

After Howard’s construction of big Heegner points, and its extension by Longo—Vigni
to a general quaternionic setting, a natural line of enquiry is the study of the extent
to which the results that are know about Heegner points might be extended to their
“big” counterparts over Hida families. Some key steps in this direction were already
undertaken by Howard in [How07b] and [How07a], and this thesis might be seen as a
further development of this study in which p-adic L-functions are introduced in the form of
two different I-adic Gross—Zagier formulae for big Heegner points, namely Corollary 3.1.3,
and Theorem 2.3.1.

In the following paragraphs we indicate some natural extensions of these results and

their potential arithmetic applications, as we would like to pursue in our future work.

3.1. Specializations at exceptional primes

The study of the specializations of the big Heegner point at exceptional primes of
the Hida family has been completely avoided throughout this thesis, but we expect that
such study will have applications to an anticyclotomic analogue of the p-adic Birch and
Swinnerton-Dyer conjecture of Mazur—Tate-Teitelbaum [MTT86] in the rank one case for
primes p of split multiplicative reduction. As we outline below, our approach is reminiscent
of the strategy taken in [GS93] in their proof of the rank zero case of the original (cyclo-
tomic) conjecture, with a twisted form of the I-adic Gross—Zagier formula of Theorem 3.1.3
playing the role of the “improved” p-adic L-function of Greenberg—Stevens.

Suppose for simplicity that the imaginary quadratic field K has class number hyx = 1.
Let m € Ok be a generator of the prime ideal p of K above p, and denote by 1 and ¢ the
Hecke characters of K defined by

Y(a) = «, o(a) = a/a, if a = aOk,

respectively. Denote by ® : G — [[[Ds]]* the “universal” anticyclotomic character
sending each g € G to the group-like element in I[[D.,]]* associated with (g|x_)"? € Do,
and note that if v € X, (1) has even weight 2r, > 2, then ®, = ¢"™ L.
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For r > 1, recall from Section 1.2 the generalised Heegner cycle AP € CH* (X, )o(K)
on the Kuga-Sato variety X, = W, x A% 2. For any 0 < j < r, the cycle W, x A™"!, seen
as a subvariety of W, x X, = W, x W, x (A?)""! via the map

(idw,, idw,, (id4,ida)’, (ida, V—D)""'77),
induces a correspondence
I : CH* 1 X,)o(K) — CH"(W,)o(K)

sending [A] — [ Al
On the other hand, if v € X4, (1) has even weight k, = 2r, > 2, the non-vanishing of
v(3) = v(3)o predicted by [How07b, Conj. 3.4.1] should hold if and only if

I/(:")oo)gj #0, for any —r, < j <r,.

In that case, the results and methods exploited in this thesis would lead to the following

“twisted” version of Theorem 1.4.12.

PROPOSED THEOREM 3.1.1. Together with Assumptions 1.4.11, suppose that there

exists some V' € Xaien (1) of weight 2 and non-trivial nebentypus such that

L,(l, fl//7 Xz/) 7é 0.
Then for all but finitely many v € Xyien(I) of weight 2r, > 2 with 2r, =k (mod 2(p —1)),
we have

(B.11) (350 (3L )bk = (1 -

ﬁQT'sz

4
—) {5 (L EARIP), OF (T T AYP)) e,
v(ay) v v

where ( , )i is the cyclotomic p-adic height pairing on H}(K, Vig (*772)).

Notice that, as opposed to the p-adic multiplier appearing in (1.4.25), the factor

—27r,—2
£ ®K) = (1 - ”—>

v(ay)
appearing in (3.1.1) depends p-adically analytically on v € X (I) C Spf(I)(Q,).
As expressed in [BDP13, §2.4], one expects that the étale Abel-Jacobi images of the
generalised Heegner cycles AP bear a relation with the p-adic L-function £,(fs, ® K) of
[Nek95] similar to that of the classical Heegner cycles in Nekovai’s p-adic Gross—Zagier

formula. In fact, under the simplifying assumptions of this section we propose the following.
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CONJECTURE 3.1.2. Let f € S5.(To(N)) be a p-ordinary eigenform of weight 2r > 2,

and let a,(f) be the root of X* — a,(f)X + p* ' which is a p-adic unit. Then
7*.{.27‘72

ay(f)
where (, )k is the cyclotomic p-adic height pairing on H (K, Ve (¢4 72)).

d r— s ! é r— é r—
BRI o Nema = (1= T ) (@A), 04t (AL,

Assume now that v, € Xyin(l) is exceptional with v,(a,) = 1, so that in particular
k,, =2, and set f, := v,(f). Then

£, @ K) =0,

i.e. the left-hand side of (3.1.1) has an exceptional zero, and one then hopes to recover the
right-hand side of (3.1.1) from the second cyclotomic derivative of £,(f, ® K) at 1k.

We believe that a proof of Conjecture 3.1.2 would follow without major difficulties from
an adaptation of the methods of [Nek95] to generalised Heegner cycles. As a consequence,

we could then show the following result.

PrROPOSED COROLLARY 3.1.3. With notations and assumptions as in Theorem 1.4.12,

there is a factorization
. =
LK) =Ef@K)' L (f®K) (modI¥).
Moreover, the function Z]’D(fu ® K) is such that
ol L (F @ K)) = (@, 1o (A1), @ 1o (A1%))

In other words, Z;,(fﬁ ® K) is an “improved” derivative p-adic L-function, which one
would hope to exploit, in a similar fashion as in [GS93], to obtain progress towards an
anticyclotomic analogue of the following conjecture, deduced from the combination of the
classical Birch and Swinnerton-Dyer conjecture and its p-adic variant by [MTT86] in the

exceptional rank one case.

CONJECTURE 3.1.4. Let E/Q be an elliptic curve with split multiplicative reduction at
p, and assume that ords—1 L(E, s) = 1. Then there exists a nontorsion point P € E(Q)®Q
such that

& — <PE7 PE>P /
@LIXTT(J[E, $)|s=1 = g(fE)mL (£, 1),

where L™ (fg, s) is the cyclotomic p-adic L-function constructed in [MTT86], ( , ), and

(, Yoo are the cyclotomic and Neron-Tate height pairings on E(Q) ® Q respectively, and
Z(fE) is the L-invariant of E/Q,.
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3.2. Big Heegner points and Kato elements

Let K be an imaginary quadratic field for which the Assumptions 2.1.1 are satisfied, and
denote by K¢ the unique Zg—extension of K, which can be obtained as the compositum

of the anticyclotomic Z,-extension K /K and the cyclotomic Z,-extension K“°/K. Set
Go = Gal(KJ/K).

We let f, Vi, £, and T be as in the introduction to Chapter 2, but we restrict now to the
case where the weight of f is & = 2. We start by recalling the following.

CONJECTURE 3.2.1 (Loeffler Zerbes). There is a special class ¢j o0 € N\’ Hp, (K3, V)
such that

(L5, A Liv ) (ero0) = Lyp(f @ K) - (mod OF),

where, for each prime ideal q|p in K, EqG{’}} 18 the two-variable p-adic requlator map deduced
from [LZ11, Thm. 4.7], and L,(f ® K) € OL[[G]] is the two-variable p-adic L-function
constructed in [PR87].

The ongoing work [LLZ13] of Lei-Loeffler-Zerbes on the construction of a cyclotomic
Euler system for the Rankin—Selberg convolution of two modular forms of weight 2 is
expected to yield very substantial progress towards an eventual proof of Conjecture 3.2.1.

Inspired by a conjecture of Perrin-Riou [PR93] relating the Beilinson—Kato elements
to rational points on an elliptic curve, one expects a relation between the conjectural class

Cf.00 and the Kummer images of Heegner points.

CONJECTURE 3.2.2. The class ¢y predicted by Conjecture 3.2.1 satisfies

Corgere /i (¢.00) = Vf(30)
up to an explicit element in L*.
It is natural to upgrade the preceding two conjectures over the entire Hida family:

CONJECTURE 3.2.3. There exists a big special class €, € N\’ Hj, g(KZ°,T) such that

(Logg;:ﬁr* A Loggf;"w)(Qfoo) =L,(f® K) (modI*),

where, for each q|p in K, Log%ﬁr* s a three-variable requlator map deduced from Prop. 2.2.6,
and L,(f@ K) € I[[G]] is the three-variable p-adic L-function from [SU13, §12.3]. More-
over, we have

Corgere/pe (Tw'(€x0)) = 300

up to an explicit element in I, where Tw' is defined as in (2.2.17).
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3.3. Quaternionic settings and others

Howard’s construction of big Heegner points has been generalized by Longo—Vigni
[LV11] to arbitrary quaternion algebras over Q. A remarkable feature of their work
is the ability to give constructions treating the definite and the indefinite cases on an
equal footing; as expressed by the authors themselves in loc.cit., this holds the promise
of being a first step towards an eventual development in a Hida-theoretic context of the
program carried out by Bertolini-Darmon in a series of papers having [BD05] perhaps as
its greatest landmarks, and where the interplay between the definite and indefinite settings
plays a crucial role in the arguments (cf. [HowO06]).

In a different line of investigation, Fouquet [Foul3] has obtained a construction of big
Heegner points attached to indefinite quaternion algebras over a totally real field F'. To
briefly describe his construction, recall that the (2-dimensional) Galois representation py
associated to Hilbert modular eigenforms f over F' is not found in the étale cohomology of
a Hilbert modular variety, but rather on the cohomology of a Shimura curve attached to
an appropriate indefinite quaternion algebra over F', at least when either of the following

conditions is satisfied:

e [F:Q]is odd, or

e there exists a finite place v of F' such that 7(f), special or supercuspidal,

where 7(f) is the automorphic representation of GLy(Af) associated with f.

Either of these conditions guarantees that 7(f) arises a the Jacquet-Langlands lift of
an automorphic form on an indefinite quaternion algebra over F'. One can then construct
py from the étale cohomology of the associated Shimura curves, and Fouquet’s construction
(as well as that of Longo—Vigni in the indefinite case) is obtained by taking the appropriate
twisted Kummer images of certain CM points over a tower of these Shimura curves with
growing I';(p®)-level structure, in complete analogy with Howard’s.

Let E be a CM field extension of F', and fix a CM type X for E/F, i.e. a set ¥ of
embeddings F — Q with the property that

YUY = Hom(F, Q) and YNX=0.

Under the assumption that Y is ordinary at 1, : Q—> Qp, meaning that s,00 # 12,07
for all o € ¥, 7 € %, the work of Hsieh [Hsil2] constructs in this level of generality an
anticylotomic p-adic L-function Z5(f, A) as recalled in Theorem 2.1.4, with A a suitable
Hecke character of E of infinity type (k/2,—k/2). Here k is the parallel even weight of
f. On the other hand, Howard has extended in [How04Db] his anticyclotomic Kolyvagin
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system arguments to prove an analogue of Perrin-Riou’s Main Conjecture for Heegner
points on Hilbert modular varieties.

Thus, if we further assume that the rational prime p splits completely in F, it seems that
many of the constructions from Section 2.2 and the arguments from Sections 2.4 and 2.5
would apply almost verbatim to prove analogues of Theorems 2.4.2 and Theorem 2.5.5
for ordinary Hilbert modular forms, with Fouquet’s big cohomology classes (or a slight
modification thereof) playing the role of Howard’s big Heegner points in this thesis.

In light of the well-known absence of an analogue of modular units, and therefore of
Beilinson—Kato elements, for Hilbert modular varieties when F' % Q, a proof of these
arithmetic applications would represent (at least to our knowledge) the first unconditional
realization of the approach to p-adic L-functions first envisioned by Perrin-Riou [PR95]
(cf. [Rub00, §7]) via p-adic Euler systems in a context where the base field is not Q or
an imaginary quadratic field.

Of course, motivated by Stark’s conjectures, there are further conjectural realizations
of this approach to p-adic L-functions over a general totally real base field F'. In particular,
and not quite irrelevantly to the theme of this thesis, Darmon’s p-adic construction [Dar01]
of the so-called Stark—Heegner points attached to real quadratic fields where p is stays prime
(and generalized by Matt Greenberg in [Gre09] to totally real fields with [F' : Q] > 2), and
their higher dimensional analogue by Rotger—Seveso [RS12], the so-called Darmon cycles,
are expected to have a similar connection to p-adic L-functions as we have exhibited in
this thesis for classical Heegner points and Heegner cycles.

We thus feel naturally led to consider the following problem:

Propose a construction of “big” Stark—Heegner points attached to Hida families, and re-

late their arithmetic specializations to “classical” Stark—Heegner points and Darmon cycles.

Perhaps it is not unreasonable to believe that a study of this question and related ones
might lead to some insights into the elusive properties that these p-adic constructions are

conjectured to share with the objects of study in this thesis.
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