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ABSTRAéT 

• '2 
'We present a heuristic to" solv~1 the m x m ass1gnm~nt ~roble!D in O(m ) 

• .. 1 t 

1 • 1 \1 ~ 

time. Let the ass;gnment problem bel formulated by a complete bipartite 

graph G = (S,T,~), 151 = ITI = m. The main procedure in the heurj,stic . 
is ta construct a graph Gd = (S,T,E

d
) !:: G, IEd' • 4,dn, n-" rm/21, such 

thae we can find a perfect matc~ing in Gd with probability tending ta l" 

wh'îtl n ~ d, It is shoQn t.hat, when d ~ 5, the probability of a perfect 

l d d
2
-4d-l 

matching in Gd is greater than 1 - "6 (~) , which tends to l a~ 

ml~ 00, An o(.lsIIEI) exact algor~thm is used to find a minimum weight 

Any unmatohed vertic:es r~lative ta M wlll p.e matched 

by a greedy algorithm: The exp,ected value ~f the total cost of the match­

irg found by t~e heuristic is shown to be less than 6 if the costs are 

ihdependent and identically uniformly distributed on [0.1]. 
i 

. ' 

.. 
" 

, , .. 
• • 1~ 

" 1 
......... ~ ... n\!$ ....... .'Il.~~ .. ~ ... ~hli'!"lo"f-"t."..... .. - ~ ..... f1-...... -:.---"""""'~"'-"""'-":"'" 

• . ., Ji 

1 

1 -

~.: ,.. 

1 

\ ' 



. , 
-~~~ ...... _.,..... .. 

( , 

-. 

( 

\ . 
.. 

ABSTRAIT ,. 

Nous présentons une "'thod'e intuitive pour résoudre le problème 
r' 

" 2 
'· ... d'assignation de ~ " m dans un temps D(m). ~e problème _d\il~signation 

est formulé par un graphe biparti complet 9 ... (S,T,E)", ,'1SI • ITI • m, 
'. 

La prinçipa1e procédure dans la méthode intuitive est de construire un 

graphe Gd =\(S,T,E
d

) ~'G, 1Ed l = 4dn, n = rm/21. de façon à trouver un 

couplage parfait dans Gd avec une probabilité qui tend vers 1 lorsque 
l ' . 

n ~ d. Il est pro'uvé que lorsque d ~ 5. la probabi1it~ -d '\ln couplage 
2 ) ,,--' 

, , 1 (d d ,...4d-1 
parfait Gd est plus grande que ~ -"6 rï) • ce qui se' dirige vers 

llQrsque m -+ co, Un algorithme exact, le temps o<lsIIEI>, est utilisé 

pour trouver un couplage M le poids minimum dans Gd' Chacun des sommits 

non couplés relatifs à M est couplé par un algorithme "greedy". rI est 

prouvé que l'espérance mathématique du coût totaf du couplage' par la 

méthode i~tu1tive est ·moins que 6 si les coûts sont indépendents et dis,... 

tribués indentiquement et uniformément dans l'intervalle [0,1] . 
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1 shou like ta express m,Y ~PJ?~eciad.on to', prOfeB~r D~~ià: Avisl, who' " "'\J 

for thiS~. Furt1iermor~. 1 ~m ~so gr~'té~~'l ~o ': s~rved as the a visor 
. 
hiBl for the #Êluggest on 

'\" » . 
of the main ides, f the heuristic/ discuss~d in tqis 

" . 
thesis t , many helpful F ents and thorougb adtng of th~ manuàcript wh1.éh 

'. 
resulted in numberless imp "vements and clarifi tions . 
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CHAPTER l 

/ ). 

Introduc tion ,/ 

There are m men to be âssigned to m jobs. The ~st of assigning the 

~th .. th 
i - man to tl}e j - job is c 

. ij 
The a~signment problem "is to find the 

assignment that assigns every job to a,man' and minimizes the tot 1 cost . 
of ~he assignment. '~n' practice, therè are many l>rablems that elong to 

this class of assignment problems. For examples, contracta te assignéd to 

", 
contuactora(, machine tools are assigned locations, goods are stored 

in assigned warehouse locations and so on. 

This chapter will give a brief swmna~y of major algorithms available 

in the literatûre to solve the assignment problem. In the later chapters, ... , 
we wUI develop a new heuristic for _.the a~signment problem "and present 

sorne related bounds for the heuristic. 

1.'1 Preliminary defini'tions 

, es introductory section conta~ns.some elemen~ary definitions in 

graph theory and pro1?ability theory which' will be used throughout the \ 

remaining chapters. Additional definitions. and concepts will be def1ned 

wh~n they are needed in later chapters.! Further exp1anation in 'the se l , 

terms will be found'in the standard text, in graph theory ,[4,7,8,10,14,32) 

and probability theory [25,'26. although not a11 of the t~rminolog)1t' is 

completely standardized. 

A graph G is a pa.ir (V 1 E), whérè' V is a finite non-empty set of ele-, -, 
ments c~lled 'vertio68 t and E is a Unite set çf distinct unoFdel'ed p,airs 
'" \ 

of distinct efements of V ca lIed edges. If (vi,vj ) ~ E, V~>Vj ~ V, then 

_v i and v j are sa id to be àaj ac~nt. 

. . 
• \ ' 

w_ ~ • .........__, .......... ______ .. " ....... 1.,.,, __ -- - ..... ll.-......-

" . .' 
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o 
A graph 1s. said to be dipeoted if the vertex pair <vi' v j > , vi t V j e V t 

4esociatéd with each edge ln E 1s an ordel'ed pair; the edge ~v l' v j > 1S, 

-
sa1d to be directed ~ from vertex vito vertex v j' C!r incident fpart vi and 

-incident to vj ; vi and v j are sa1d to be adjaoent. / 

The opdel' of a gyaph G i8 the number of vertices, of C, and the size 

of a graph G 18 the number of edges of G. 

A bipartite gl'aph G = (V, E) ls a graph whose vertices can be parti-

tioned into two vertex sets Sand T such that S n T = IP, V ... SuT t and 

( 
no two. vertlces are adjacent in the same set. The bipartite grap~ may be 

written as G ,.. (S. T,E), A corrplete bipartite graph Kpq is a bipartite. 

graph G 'oz (S,T,E) such that Isi .. P, ITI .. q and lEI - pq. /' 
, , , 1 1 1 

A graph G - (V , E ) ls p. subgroaph ,of a graph G ... (V,E) if V S V 
, 

and E S E. 
1 

The Mgl'ee dG(v) of a vertex v. la the number of edJes incident to 
. ,., + 

v, if G is undlrect~ For directed graph~ the out-de(J!'ee dG(v) of v 1s 
" i 

the number of edges tndd'ent -from the vertex v t and the in-Mrpee d~~V) 

• of V i8 the number of .edges iqcident to th~'vertex v. ~he d!!grec: dG(v~ . 

+ -of v i8 d'G(v) .. dG(v) + dG(v) ~, , 

A sequence of edgesl>?f the form ~vO,vl) ; (vl'v2), "·t (vr_1'vr ) 

or abbreviated as vO,v1 ,v2 , .. , tVr_l'~rc, ls'cal1ed a waZk of length r from 
~. < , ) 

the~initia~ vel'te:c Vo .to the'te~naZ vBPtex v r ' If. the vert1ces vO,v1' 
... 

~2" •• ,v
r

_
1

' vr arè di~tinct:, ~I:te walk 1s ca1+ed a pa"th. I~ t~ edges 

~re distinct, the walk '18 cal-led ~ tra.:iJ.. A walk or trai! 18 said to be 
. . 

. .1 Zosed if v o. ~ ,; '. A closed pa th 'is c.alled a eipaui t tr cye le. . 
~ r 

A 'lJ}pighted g:rwph is a gr~Ph~ Wh~Ch, ,tl\ere i8 a number ~ij assoc1ated' . . 
with 'each edgé (i.j). Th~ ~~b~rs cij are calleÎi üJèig,ht8 or c08ta. 

" 

- /1 ... , .. 

j' 

" 
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A 11fltahing M of a graph G - (V tE) is a set of edges in E 9Uch thai ~ 

• 

'1 0 

no two edges in M are in ciden t to the same vertex. 

For a given matching M, a v~rtex is saidto be matched or cover-ed 
" 

if there exists an edge in M incident to (from) it. ~ An -bndtched or 

e:x:po8ed vertex is the verte?C not covered by an edge in 'M. 

An al,ternating path 1:s a psth whose edges aré alternating iD M and 

"" 'E.-M. AD. augmenting path 1a an alternatj.ng path whose initial and te 

v~rtices are exposed. ,,1 

A per>feat ~tahing, 1:s a matcll1ng 'whe~e every vertex in G ia matched. 

An alternating tl'ee relative to a ma,tching M f~r an undirected b1par-

tite graph 1f't a tree whose l'Oot 15 an expose'd vertex and a11 paths start-
• 

" lng at the root are âlternating paths. 

• ,1 

" 

A hungarian tree is an alternaÎ:ing tree in which there does not exist ~ 
, 

'V 

an ed~ê' not il) the tree such that when the edge is added to the. a!ternat-
o 

ing wil~ fom ,an augmenting path. .. , 
) 

graphs ,are directed 
,./ 

but 

somet1me 

e elements of a set 0 , 
~ " 

the possible outcomes of sorne experiments such that when the 

performed the outcome will be identified by an uniq'tte element wi . _ We ..ra 

ca!! the set Il a sample space for th~ experiment, 'and any subset of 0 1s 

said to be an event. We associate with 0 a pr>obability measure wh1ch 

assigna to certain events Ai C 0 a number P(A
1

) cal,led the proba 'lit Y of 
.. 

the eyent Ai' P(A
i

) satisfies the f61lowing three a~doril.s: 
~ \. 

(1) o ,~P~) S 1, Ai c il and 
CI) 

i~IA1 ... ,nt 

/ 

. , 1., ~ 

/ l' , 
... , -. ' , 

i 
1"'_ ... ______ , 

~.~ __ ............ ---_- ~-;,~-~ .... "I---..._~.,. .......,.,~ ..... ~ ,~~ .. -
" ]V- '} 

. f 
f ... \t:!~~""~ .. 

i 

1 

1 
~ ! 

1 r 
1 
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(2)( pen) = 1, 

k k k 
and (3) P( u Ai) = r P(A

i
) , () A .. /J. \ 1=1 i=1 i=1 i , 

,A p~obabJZity space i8 a triple (n,~,p) where ~ i8 a nonempty aubset of 
o . 

the power set of.n which i5, clo8ed under union and complementation. Let 

:R be the sèt of rea1 numbers. A l'andom variabZe (r.v.) i8 a real va1ued 

point function X : n -+ lB. defined on the probability space (n,~,p) if the 

. set {wl X(w) !> x} € ~ for any x E: It. Let w he the event that the random 

variable X equa1 to x, and f(x) be the ,probahility tha~ w occurs, then f(x) 

i8 denoted by 

-1 
P(X = x ) = p.(X (x» f(x) • 

1; 

A distpibution fwtcUon i8 a point function: 

-1 -
F (x) = P (X 5 x) '0:; P (X ( -00, x) ) ~ 

i, 

The conditionaZ ppobabiZity of A given B, A,B en, a.nd P(B) t- '0 , 

ig denote~ by; P (AI B) and ia defined hy 
" -"-

p(AIB) = P(A n B)/P(B). 

An évent B i5 sa id to be stati8ticaliy independent of event A if 
• 

Th~ mathematicàl expectation of-a random variable X is defined by 

E(X) = Ex,· P (X '" x) , 

for the d!screte case. 

2-
V~r(X) = E[ (X - 'E(X» ]. 

" , 
1 
! 

l~ 
1 

.. 

\ 
\ 

, 
~ , 

,! 
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the S{:andard deviation of X is IVar(X). T,he aoeffiaient of aOPI'eZation 

of random variable X and y; is ' 

-ft 

..,.. ~, 

P(X,Y) 
. .;. E[(X - E(X»(Y - E(Y»] • 

(Var(X) var(y»l/2 

If Ip(X, Y) 1 -+ l, X and Y are correlated. 

The abeffiaient of variation of a rando~ variable X is 

y(X) - IVar (X) 
E(X) x 100% 

If y(X) is smail when compared to 100%, the variation of X i5 sma11. 

We define some notations for the as~ptotic hehavior of,functions. 

Let f(n)'"'and g(n) he two functiori5, we say that 

f(n) = O(~(n» iff f(n)/g(n) ~ G 

for sorne constant c.and n sucb that n > n. Moreover, we say o . 0 

f(n) = o(g(n» 

~ 

iff lim g(n) = - ..J. 

n+œ f(n) c r 0 • 

Finally, a heUPistic or heuristia aZgor"itnm or app~o.:cimatè aZgor"itlvn 
, 

is defined as th~ algorithm which will usually f!nd good, but not neces-

sarily optimum" solu~io~s within an acc~p~able'amount of time. AP exact 

algoritpro is ~n algorithm which gives an optimum solution • 

. , 

\ 

1 
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1.2 Previous Work 

1.2.1 Assignment problem formulation-, 

Given a ID x m matrix C = (cij ) ~ cij ~ 0, we have \to find a permutation 

matrix x = (xij ) of intergers 0 an6 1 that minimize the expression 

g = 
m m 
I: ,I: C iJ' x iJ' • 

i=l j=l 

. ... 

The value of g will be called the total cost of the assignment or aasign-

ment sumo 

The assignment problem 18 equivalent ta the prob~em of finding a per-

fect bipartite mat ching of a weighted bipartite graph such that the sum 

of the weights of the,m~tching is minimum. 

In linear programming formulation, the assignment problem la 

Iil m 
min E I: c

ij Xi1 
~ 

i=l j=l 

m 
subject ta t x

ij 
:: 1 j "" 1,2, ... ,m (PP) 

i=l 
.. 

m 
E x

ij = 1 i .. 1,2, ... ,m , 
j=l 

,f' 
xij ~ 0 . 

- . 

\ ' ' -----\---_. __ .... '"'----~----,----~ -.......,... ... -- -_. 

-' 
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~ 



( 

.. 

" - 7 -

The dual of this problem is 

m m. 
max {E u i + . E vj 1 , 

i=l J=l 

u,~0,i=1,2, ..• ,m 
1. 

v, ~ 0 , j = 1,2, .•. ,m 
J 

• 

(DP) 

'} 

Orthogonalit~ conditions which are necessary and sufficient for optimality 

of primaI and dual solutions are [42] 

x. , > 0 ==> u. t u, = cij 1.J 1. J 

" 1 m 
> 0 ==> I: 

. X
ij = 1 (OC) U i j=l 

1 

J r m 
v. > 0 ==> I: Xij = 1 

J ~ . 
1=1 

3 There are exact algorithma to solve !he assignment p~oblems in'O(m ) 
,; 

time [12,14,38,42,50]. Some of the algorithms make use of the augmenting 
.. \\...: 

path theorem [10,42] which, states that~~tching M la a maximum cardina-

lit y mat ching if and only if there exists no augmen~ing path'in G relative 

Ito M. Some exact a1gorithms and approxima te algorithms will be reviewed 
( 

in the fo1lowing sections. 

"'r' .. 

~' 

( 
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1.2.2 Exact Algorithms 

. 1.2.2.1 Hungarian PrimaI-Dual Algorithm [12,14,20,42] 

In this algorithm, the dual feasible vectors, Q D (u
i

) and y. (Vi)' 

and the cotresponding infeasible primaI vector~ orthogonal to (~,y) are 

calculated at each step of the procedure. Thêalgorithm will termlnate 
'",-

the calculation when aIl the orthogonality conditions (OC) are satisfied. 

The algorithm in. figure 1 will successively compute the mat ching 

* ~ Mk' I~I = k, k z 1,2, ••. ,m, which is the minimum weight màtching' relative 

=~-to the other matchings of the same cardinality. The required number of 

steps to find the mi~imum weight augmenti~g path ià O(IEI). A change in 

dual variables will i~crease the cardinality of the current matchipg by 1. 
1 

Hence, the overall time co~plexity for th~ hungarlan p~imal-dual algorithm 

is O(lvIIEI). 

• 

" , 
~---r----- ~ 

'.' .. __ J 

.. 
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.. 

1 
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Input: - Gra~h, G ,. (S,T,E,> w1th costs 'Cij 

Output: A minimum ~elght matchingVM. 

,BEGIN 

M+ '" ~ ; ,6 + 0 ; 6 

Ui ,+ min {cij \Yi,j 

* -WHlLE 6 > 5' DO 
1 

C6n~truct G 

+ 1 ; . 

);~ 
1 1 , 

= (S,T,E > , 
1 

i € St j~; -
0#' ~ . " 
, 

5 ';"5, T = T, 

(i,j) € E Hf ui + v
j 

J cÙ 
ijungar :i:an ',+ False, 

WHILE Hungari~n = False DO 

1 

\ ' 

E 

IF a an alternating tree X in G THEN 
1 

Find 0lile whose root is in S " 

IF X is" augmen ting THEN 

• 

" 

~ -E such that 

P - minimum weight augmenting path in X 
, 

M + (P u M) - (P n M) 

ELSE X ia a hu~garian tree 

Hungarian + True. 

END 

. 
5 + min {cij-ui-Vj cij-Ui-Vj + O} 

u + U - 5 if i E Sand i EX. 
1: 1 

Vj + v j + 5 . il JET and j EX.: J 

END 

'END, 

q 

Fig 1. Hungarian, Primal-Dual Algorithm [42]. 
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1.2.2.2 'PrimaI Algorithm [421 

This algorithm (figure 2) invo1ves no dual variables or ot~er'cons~~ 

de rations of duality,. The tilllP comp1'exi ty for the minimum weight 

augmenting pa~h ls O( 1 s Il El), and the number of augmentations required 18 

,O( / sj). The overall Ume complexity,is O( 1 ~ 12I.E/). 

. " 

. 
1.2.2.3 Dther improvements on the original Hungarian Algorithm . , 

1 

Tomazawa [50] modifies the original assignment network by removing 

the negative cost arcs sa that the,Dijkstra's ahortest path algotithm , ' 

[1,42] can be·app1ied. A potentia1 is defined for each verte% in the 

m9dified network in order to acpieve that. A minimum augmenting path ls 
!/ 

found by looking for the minimum cost path between two'exposed vertices 

* in G '* * * *" = (S ,T ,E ) in which cij 

(i,j)" M. 

, 
"" 

" 

'. 

/. 

'. 

~~ -.. ...:.. .... ~- _ ...... ( . " 

+ - c ij 

. ' 

.1 

1". -.. , 

if * (i,j) e M and c ij ~ cij 

., 
, ' 

" j;' ilt 

, , 

" 

. . ' 

. 
, '" ~ 
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1 PROCEDuRE PM(G,M) 
\ 

( 
": , " , 

"'" . .' . 
~' 

" " ~ ' " 
Input: G • (S,T,E) wlth costs (!ij': (l"j) E: E. 

Output: Minimum we1ght matching M: 
, . 

BEGIN -', 

-, 

M +'~ 

WHILE 'IMI < Isi DO 
1 , , , 

Construct G '1' (S ',T ,E ) with costs c
ij such 

, , • , 
that S = S, T '" l', E == g" ,tij .+ C

ij 
if 

" ' , 
1 

(i,j) '- M and c
ij 

+ c if (i,j) € M, 
.... ij . \ 

, 
Find a minimum cost augmènting p~th .p in G 

M + (M u P) - (M n P) 

( '- ÉND 
- - ---- -....... ~-) ... -1,. ;. ", 

END. 
, 
.' 

"1 

',' 
r 

j . 
" 

~~.. ~ 
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i. Primal M~thc)d fê;r Asd~.nt Problèm,' 
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Karp [38J gives ,a method to compute the minimum co,t.p&th by using 

priority q~eues. If the costs are uniformly distributed, the expected 
, '~.,::.-

time complexi ty of the Karp 1 a a~80rithm is O( 1 sil T 1 log 1 TI) • 

'le * Let C -= (Cij ) be the ini.~i~l cost matrix and C ... (c ij ) be...-ebe reduced 
'/c ''le 'le '/c'" , 

cost matrix of C such that cij = c ij - xi - Yj , where Y
j 

- min{cijIVi} 
*' , 

and xi = min {e ij - Y j '.Vj}. The initial solution for thè hungarian method 

la the maximum cardinality matching M in wh~ch the edges (i,j) € M iff 

* 1 ,cij = O. Carpeneto and Toth [12] propose this modification and show that 

the computing time of this modified algorithm is faster than 'that of the 

original hungarian algorithm for dense cost matrix. 

Balinski and Gomory [3] give a primaI method which gives the same 
\<' 

time complexity as the hungarian method. In their algorithm, the fea-

sible ve~tor li and corresponding orthogonal vector (~,y) are calculated at 

each step • 

'1.2..3 

D 

Op 

".' 

orithms 

approxima te algorithm to solve the 

3).. The algorithm involves auccessiJ,ve inves-

!' __ . __ ' ___ '--J tigation 0""'-'-'::- element in the columns being scanned if the 
#' • ' , 

" 

" 

current eleme~t being scanned la in a row which was assigned to another 

column in the previous steps. Hence, the later step~ of the algorithm 

will dèpend on the. earl1er stepe-of the algorithme 

Kurtzberg [41) propose';' three approximate algorithms, namely, the i 
, 

. . " 
row/column scan method (fi~ure 4). the matrix scan method (figure 5)., 1 

. \ . / 

(fig,.re 6) which partition the origiinal cost 

He shows that'the row/column ~can l ' 
and the divide~~nd-conquer method 

~ 2' ~s 
li matrix into k R. x R. sub ",: 

" 

, . 
' .. ,- " ' 

Il '. 
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( 
method and the matrix scan meth6d are better than the divide-and-conquer 

• ..,//j ~ " 

method. The time complexity fqf, 'the row/.colUD1I\ scan method, matrix s~an 

r/. 2 3 3' 
method Ird the divide-and-conquer method are O(m ). O(m) and O(m,) 

respectively. , ' 
.. 

Q " 

,( 

! 
1 •• 

, 
, 
! . 
J 
i' 

,. / 

" 

" • 
( ) , .. 

. . . . 
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Figure '3. Multi-column Sca~Algorlthm. 

PRQ,CEDURE MCS (C, M) .) 

BEGIN'! Given a m x m cost miltrix C • (c1j ) 

SmapT
1

(i? -+- 4»; TmapSl(j) -+- 4» 1:S ï;j.S m 

FOR j .. l, Z , ••• , m DO . 
Find c

ij 
= min {ckjll :S k S m} 

~IF SmapTj(i) = 4» THEN BEGIN 

SmapT
j 
(i) -+- j 

. 
TmapSj(j) -+- i 

END 

ELSE BEGIN 

secondary -+- {j, SmapTj(i)}. 

TmapSj(J) -+- i 

finish -+- false 

lffliLE finish • faise DO BEGIN, 
~ 

\ 

j 

J • 

R -+-' (Cr ,~) 1 cd, ~ min' {ckwl ~ s. k S ~ 0kw ~ cTmapS j (w) ,'II 

. k ~ Tma~S j ('II)}. 'II E ,sscond'ary} 

IF S~p~jJr) .. " (r,t) E: R. THEN BEGIN 

Htiish + true 

IF R. • .. j THEN BEGIN 

SmapT
j 

(r) 0+- R. ) ~ " 

TmapS
j 

(.t) 0+-' r 

" 
END 

, . ~ / 

, . 
': 4 

, . 

, . 

j 

\ 

, . ' 

i' 

1 
1 

Î· 

~ . 

L 
1 • 

! 
.-

" 
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, 
, " 

~ 

.. ,.. 
( f ELSE BEÇIN ... 

Sm8PTj (~"apSj_l (1» ... 1 ... ~ ,,' J 
/ 

").. ... FOR ,(r,1.) € Rt R. ;t j DO 

\J. smàPTj (,r) ... SmapTj _1 (~) } . 
4 

tI 
• TmapSj(R.) ... 'tma~Sj_1 (1.) , . 1\ 

1 
, ~. 

. END - \-

END 

END 
'" "', ELSE BEGIN 

. , " 

.1 For each (r ,1) € R DO 

" ' . 
TmapSj (~). ... / ~ 

.. 
1 

" END 

C 
secondary ... seaçndary u {SmaPTj(TmapSj(j»} 

" , 

END ! IF ! 
.1 . 6> 

END WHlLE' 1 '" " 
..lt 

END 1 tF 

) 
~ 

. , ., ,. 

.. M+'{(i, SmapT(i» 1 .Vi } 

~ END LOOP 1 
.f> 

END, , . . 
l ' , 
t· II> 

; .-.. . , ." 
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Fi~re 4. Row/clillumn Scan Alsol'itlpn . 

') 

"--PROCEDURE RCS(C,M) 

BEGIN 1 Given a m x m cast matrix C = (cij ) 1 

Sma,pT(i) +- '~ ; oT1napS(i) of- , ; i'" 1.2p .. ,m. 

li. 

END 

, 
'~ 

" 

'For i = 1,2, ..• ,m DO 

Find c
ij 

= min ,{ cj,k Il S; k ~ ln and TmapS(k) ... ,}, -

TmapS (j) +- i ; 

Find ~ji = min {~kill:s; ~ ~ m ~nd Smap1°(k) ,= p} • 

SmâpT (i) of- j ) 

END 

m 
Z of- E c . 

1 i=1 i,SmapT(i) 

0" 
\ 

m 
13

2 
of- E c Q r 

j=1 
TmapS(j) ;j 

,~?, 

IF ~1 ~ g2 THEN 
~ I~ .. 

MJ
+- {(i,SmapT(i» 1 Vi} 

ELSE M +- {(TmapS(j),j)1 Vj} 
, . 

\, .. 
I;l 

.' 
W 1 

. ' 
.. • _ ". ___ ... _._. __ ...... _"--.. -----.. --- _ ~~ __ w ...... ~""' T r_."..~ __ ~"_ _ ~ _ -
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F-!gure 5: Matrix Scan Method. 
9 )J 

Q 

PROCEDURE MSM(d~~) 

BEGIN 

1 

SmapT(i) + 1> i ~ i S m 

. 
. - 17 -

,f 

WHILE SmapT(i) ,= 1>". t SiS m DO 

Find c
ij 

SmapT(i) + j 

END fI 

END 

I? 

, 
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Figure 6. 
2' , 

Div4..de-and-Conquel' Method (divide into k 'R.x t subJnatrices) • 

* ~ROCEDURE ,PAR(G,M ) 

_BEGIN 

,. 

, . 
END • 

Let C be the- cost matrix to represent G. . ' 
~ , , 

Partition Cinto k h R.. S'ubmatrices, Rij , 1 ~ i,j ~ k, m .. R.k. 

Apply an exact alg~rithm to so~ve Rij' Let Yij 
and, 8

ij 
be the corresponding permutation matrix 

and the assignment sum for Rij' 

Define a new'k )( k matrix A = (8
ij

) , 1:-;;; i,j:-;;; k. Again, 
" 

app~y pn exaçt algorithm to solve A. Let Q.= (qij) , 

1 $ i. j ~ k, he the corresponding permutation matrix 
1 

for t. 

The p~rmutation matrix for the assignment problem ia 

1 Si.j ~ k, where 

~ = ( ~O) 
ij 

Y
ij 

. -, 

. " 

~ ... ' . -.., 
'-'- .~-~--~~-,:- ;"." 
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1 

"\ 1.2.4 Expected value of the assignmet.t sum 

Walkup [53,541 u.es a noncaristrucUve meth~d to show tJt the expécted 

sum of the assignment problem is less than 3 if the costs, a~+ independ~nt 
and uniformly distributed in [0,1]. ~I' -

Kurtzberg [41] shows that the expected sum found by RCS~MSM or PAR is 
, 

1 
1 
1 

,less than or equal to R-n m if the costa are uniform on [0,1]. 

Donath [18] uses a heuristic argument to show that the ~xpected sum 

is less than or equal to 2.37'" if the costs are uniform on [0,1]. How-

ever, his .argument is not rigorous because; as pointed out b(Y Walkup [54], 

the later steps of /the a1gorithm are conditioned by the ea1i)er steps of 

the algorithm. 

", 

. , 

/ 

\ 
\ 

/ 

• 

, 
1 
1 
1 

1 
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! 
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1 
1 
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1.3, Summary of thesis 

2 
An O(m ) heuristic to solve the assignment problem i$ proposed. Let , . 

G = (S,T.E) pe the complete bipartite graph for the assignment problem! 

The heuristic consists of two main steps: 

(1) Choose D(m) edges fro;' G to construct Gd = (S. T ,Ed) such 

that the degree of each vertex in Gd is greater than 

d, d i 5. 

(2) App1y an O( 1 s Il El> exact algorithm to Gd' Let Md be the 

minimum weight mat ching of Gd' If IMdl = Isl = m, stop. 

Otherwise, match those exposed vertices relative to M by 

the row scan method. 
, 

If the costs' are independent and identical1y uniformly ,distrihuted in 

[0,1], the expected sum of the assignment problem given by the heuris tic 

is less than 6. This bound can be used for the branch and bound algorithms 

to solve the travelling salesman problems [37]. 

.-

, , 

, , 
1 

1 
1 

, 1 

1 , 
f 
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CHAPTER II 

A heuy;istic for the assignmen't problem 

The heuristic ls motivatecl by the proof of the expected assignment / 

~ 

sum of a random graph G '" (S u T ,E) given by Walkup [5,4]. In his proof, 

he considera the sum e d of an arbitrary matching~f a reguJ.ar 

directed bipartite graph Gd = (S, of ,E
d

) in which the out-degree of each 

vertex is d, d ~ 1. The expected Bssi gnment sum i8 bounded above by the 

e~pe~ted value of e d' 

such that {y" .115 i,j 
~J 

Let Y .. (y .. ) and Z = (ziJ') 'be two m )( m matrices 
- J.J 

::;;m} and:{zi" Il~i,j :sm} are LLd. wifuconnroclistr::Lbution 
, , J 

funct ion and the cast matrix C = (~ij) is defined by cij = mtn{Yij'zijl. 

The edge d,j> , i € S, j-€ T, ie in Gd if Y
ij 

'is one of the d smallest 

elements in {Yil ,Yi2 ,··· ,Yim } • 

if Zij i8 one of the d smf111est 

and the edge <j,i> , j E T,i e' S, is in G 

elements in (zlj.Z2j ••.•• ZmjJ. Since y ~ 
and Z are two different sets of random v:ariables, the selee tion of edges 

incident from vertices in S to vertiees in T i~ independent of the selection 

of edges incident from .vertices in T to vertices in S. However, we have 

'\ the cost matrix only in practice. To construct Gd by à prsetical 

algorithm as the way given in the proof. we have to, set Y .. Z = C. Thus, 

tqe edges in Gd in this case will be chosen from the same set of random 

'variables, This may introduce a dependence between the way to choose edges 

incident from vertices in S to vertices in T and the way ta choose edges 
1 1 

incident from vertices in T to vertices in S. Fo.r example,' if C ij' i € S, 

JET, i8 one of the d smallest elements in {ci l'ci2 , ... ,cim} and 

{Clj'C2j, ... ,emj}' the edges <i,j> and <j,i> will be selected. 
, , 

We will 

1 

present an algorithm to construct Gd in Buch a way that the above dependence 

iB avoided (figure 7.3 and figure '8) • , 

• 
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The heuristic for the assignment prob1em to be investigated "is shawn 
1 

in figure 7.1. Tf the original graph G = (S ,T ,E ) has odd number of 
o 0 0 0 

vertices in S, a dummy vertex is added to Sand T , and 21s 1 - 1 dummy o 0 • 0 

edges are added to E (figure 7.2). The resulting graph G A (S,T,E) will 
o 

be used to construct the subgraph Gd = (S,T,Ed) as shown in f~gure 7.3 and 

figure 8. Note that the selection of edges <s,t> • SES, t E T, is inde~ 

. * * * * pendent of the selection of edges <t ,s >. SES, t' E.T, since ~s,t> and 

* * <t ,s > are selected from di~,feren"t sets of random variables. Procedure 

MATCH (figure 7.4) is to find a minimum weight matching in~d' One possi­

pIe exact a1gorithm to'be used is the hungarian primaI-dual algorithm. 

Procedure FILLUP (figure 7.5) will match those ekposed vertices (if any)' 

in Gd' 

Let HEURd,OPT denote the heu~i~t'ic. The subscript d of HEURd, OPT 

is the parameter used in the construction of the subgraph Gd = (S,T,Ed); 

the subacrip" OPT i~ of the ~ct·algOrithm to Bolve the aSBigo­

ment prob1em. 

" 

" 

~ ~ -- ,-, ' 
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Fig~~e 7.1. The heuristic HEURd,OPT 

" PROCEDURE HEURd,OPT [Go,Md,d] 

\ 
\ 
\ 

) 

Input': A complete biPrrt. ite graph (; '" (S , T tE ) , 1 S 1 ~ d ;:: 5. 
~ 0 0 ' 0 O. 1 0 

Output: An approx~mate minimum ,weigtit mat ching Md of Go', 

1 
BEGIN 1 

1 

[G tG] 
o figur~ 7.2 DUMMY 

-
CONSTRUCT [G,Gd,d] figure 7.3 

figure 7.4 

figure 7.5 

END. 

• 
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.' 

,/ 

- , 
\ , 

------_::_-~~-:----- -- -

, -' , 
'\ ' 



r 
1 
i 
! • 

1 

i 
J. 

! 

( 

('" , . 

() 

,1 

" 

" 

,,- .,.,~ 

Figute 7.2.' AlS0rithm DUMMY • • 
,. 

PROCEDURE DUMMY [G .Gl o 

, , 
Input:, a' wè:lghted,',bipartite graph G 

• ' 0 

: 
1 / 

,'. 

,1 • 

, 
< 

l'. . ~ 

" h' 

.' 

," 

J . 
,-

, .. 
" 

• _a.pa À 

""'J ~ 

", 

. ' .. , 

l " 

( ... ' 

. 

",' 

-" , 

c; , s ~ ,S and t ~, .T o. 
'Z .. \ (,. 

, ,'l( 
\ ~ t. " 

l ' 
0 

, 
s,t 0 

, 

fi 

" ' 
",,,t 

" 

IJ ~~~ , 
.1,. " ",. • ..,' 1 

,.. '1t, 

O~tput: a ~eig~~,e1 bi~~l"tite grhph a. ~' (S" T,~) sUfh hat 1 si D.lTI ''''fJn. Y"~' , \ t J : 

.JEGIN 

r IF 

,F' 

1 s 1 18 THEN 
j'f 

0 
eyen 

'('Ji'! 

G+ G6 ':, 
; 

ELSE BEGIN 

Construct a dU}DIIlY vertex in each vertex 

" 
S + S u s .; T + T u t 

0 , 0 

. c 
s,t 

+ .0 

C .+ IX). 

i, t ~ 
1 fi. S 

0 .. 
C s,j 

+00 j E: T 
0 

• . , , . 

E'+ E u {(s,j)} U ~(i,t)} U {(s,t)}, i e: S , j'/1 T' • 
o 0 0 • 

END .' , 

END. 
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r. 1:1 

':-- Figure 7.3. 'Aigorfthm" ~o èori~truct Gd • 
.;1 f i ~ d ft .« { 

,0 . " 
~': PROpÉDURE' CONST~U~T" !G,Gd'~]' ", '. 
\', . . " 

.. 
" Q.... '" 1 

'J' . OUtpu,~: ;A grapJ'l.:Gd,.,," (s,T,id)';, IEdl: = 4dn;~ 
• ,."fI • .. "f. • 

BEGIN . f, 

'. 1- J' • 

Sl U S'?:"=,g,, 'Tl U 
. , 

Ed +- ~ 

FOR' i '=' 1,'2 DO 

. FOR each ,v~rtex.,v: ~ Si.' DO,' 

1 • 

F9R r = 1',2. ~ •• ,d ".,pO 
/ , . 

Find a vertex' v E 1i such that 
r, 

" 

" ' 

,. ',~" . 
.. c . . oz rt~, smal1est 'e1ement ", 

, v, v.. ' 

" ' . ,", '. 

r, '. 

• " END , .' ) r 
. ". \. ... ~ ",; :4.0 .t. 1 ~ 

'" +, ,1" ,FOl\ E!ach vertex v e: ri 
, , 

DO 

"FOR r = 1,2, ••• ,d DO 

Find a vertex v r € S-S i such that 

" 

" 

.. , '1 ~ 

n. < 

c' '.: r,th smalleét eî~ment ~ "{ c
k 

1 k 
v v ", ,v 

END 

,END 

, . 
f/,r " 

~ ... , END' 

,END 

, ' 'r,' ,\ .... 

,Ed ~ ~d U ,(vr ,,,?) ,'.'.' ' 

,,' 
, . 

) ... ~ 1 -{ \ 

, ,. 
, 1 

l' 

" 
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, 'Figure 7.4. Algarithm ta Und, a minimum weigh~ Diat~hing ,in ct
d

• 

Input: , A bipartite graph Gd = (S,'Î'~Ed) • 

OutP~t: 

\-
\ 

, L 

BEGIN .. 

Apply an O( 1 si J El) exact algoritbm OPT. such as 
, 

the hungat'ian primaladual algorithm, to Gd' 
,. ~ 

Let Md be the minimum weight 1Ita:ching 'Of'G
d 
•. 

,END. 

. . 
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PROCEDURE FILLUP [G'"M
d

] 

Input: Graph G = (S,T,E) and matching Md' ., 
Output: A complete mat ching in G. 

BEGI~ 

IF 1 Md 1 .. 2n THEN RETURN 

ELSE BEGIN 

1 Row scan method 
. , 

S + {.expdse4 vertices in S relative to Md} 
, c T '+ {exposed vertice8 in T relative to' Md}, 

I, 
WHILE " 1 S 1 ~ 1 DO 

, , 
êhoose a vertex 8 e S and an edge (8,t) € E, 

~I , S 

T 

ENI) 

END 

END. 

() 
" 

"J . ' --:---._/ ..... '-_ ..... I!_--- .... -~ ... '-'----~ -~, . 

t e T such 
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+ S 

+ T 

\ 
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S 

, 
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t 
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that 
, 

{c sj Ij E: T } 
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, 
Const.ruction' of Gd-( Slu S2,T1u T2'~d ) ..troll G-( S,T,E'), 

... , 
"hore SluS2 -S, T1 uT2 .. T, and ISII-IS21-ITII-lf2'. 

" 

v 

. " 

/' 

/ 

The set of edies <v,q >' , q E: 2, 
1 

from vertex T to' the vertex set 2 

sucb tho.t 1 QI" d, and , 

{c 1 q ,g} are the d smaUest v,q 

elementa in ' { c 1 S E Y#} • 
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CHAPTER III 
/ . " .. 

Probabil:ist.ic ana1:lsis of the hèuristic HEURd!OPT 

~ 

In th~s· chapter. the upper bound on the probability of 
f, 

no perfect 

mat..ching in Gd and an upper bound on the expected value of the total costs 

of the minimum weighted rnatching in Gd will be derived. In finding the 
, 

upper bound on the 'probability of incomplete matching in Gd' the KHnig-
l • 

Hall theorem for the bipartite matching is used. This upper bound is then 

tJséd ta fit\"d the upper bound on the expected assignment sum when the costa 

are independent and identically uniforrnly distributed. 

The bound on the expected assignment sum when the costs are not uni-

forro on [0,1] can also be found by using the sarne procedure of analysis. 

The conèlition for the analys~s holds is wh en the costs are independent and 

identically distributed. 

'; . . 

, , 

l 

~,...---,...,. ...... - -
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II!.!.l Definition of blocking k-pair 
.> 

\ 
For a directed \ipartite graph G = (S. T. E), the ()rdered pair (A,B) 

t"j '" . 
is a blocking k-pair n G Hf the following hold (figure 9): 

(1) A~ T, and B S, 

(2) 1 BI = k, and 1 1 = k - l, 2 s ksi S 1 - 1 , 

and (3) 
+ r CB) = A and r 'T-A) = S - B. 

\ 
\ 

Ill.l. 2 Konig-Hall theorem 

In a bipartit,~ graph G = 
/ 

only if for?v.e-ry X c S, 

Ir(x) 1 

He'llce, there exists a , 

no blocking k-pa1r in G. , -

• 

can be matched into T if snd 

in G if and only if there is 
" 

\ 
\ 
\ 

, . 

... l"~ 

"', .7" , 

__ --.1.-_ _ -i 

r ,i .:_~ 

-:.-~~/>~:'~~.ift;.J-. '.- 4:~ .. ~~t':'-~:f;, -. ~,\,' ... 
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, \J 1 
a blocking k-~~ir . (~~,B ) in G. 

--' 

Edge 

. ' 

T 

/ 

V 
/ --,,-,,. --. ...---. , 
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'f 

no t, in Q. ( S, -'1' JE') • 
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.III. 2 Some lnegualities __ 

The proof'S, of the following lemmas are giv~n in appendix A. 
". -

Lemma 1. 
(, 

li 1 

(1.1) If k and "m are positive integers and 0 < k s m. then 

k 
( m ) S _1_ (em> 

k ~ k ~ 

(1.2) If j, p, and q/ ar"e pOSitive. inte.gers. then 

j 
s .({-) • a 's j S P S q. 

Lenuna 2. 

b
l 

:2:-0, b
2 

~ 0, and d ~ l, then 

h b 
al 1 a 2 2 . k k 

( ) ( ) ( k-l )k < (_,) . ~ ---u- S n n 

Lemlna 3 • 
...,\ 

o 

If al + a
2

,= k-1, hl + 1>-2 = k, d S a1 ,a2 ~ k-l-d, 0 s hl'b2 S k, . 
d + 1 s k ::: n, and d ~ 1. then 

' . 

tI 

n-a2 
" .n-bl 
( n ) 

. ~ .. ,... ' .. t. .,' ,~. .~ 

\ 

" 
, -. ..: ~ " 

" 

. " 

( 

\ . 

.. 
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C) 

. Corollary' 1. 

d + 1 S k :<:; n, 

'n-b n-a 2 
( 1 ) 

n 

j' 

Lemma '4. 

and. d ~ 1, 

/ 

n-b n-a1 
( 2) 

n 

33 -, . 

then 

, 
1 

\ . 
'SI 

1 
1 
\ . 

o ~ a p a
2

's k:'"' l,OS b
1

,h
2 

S k, 

(1) Bc1;O,a2" o and d+1SkSn, or (2) al =? or a2 =0, and d+1skSn-d, then 

Lemma 5. 

b 
al l 

(-) 
n 

b 
a

2 
2 

(-n-) ( 

n-b n-a2 
1 ) 

n 

If k - 1 2: a ~ k/2, k > b ~ k/2, 

n ~ d + 1 and d ~ 1, then , , 

( 

n-b n-a1 
2 ) 

n, 

d d 
S (fi)' d ~ 1. 

a + b > k, b > a, n ~ k ~ n/2, 

\ 

f(a,b,k) ""ab-a-1 (k_1_a)a-b+l (n_b)a+b-k (n_k+b)k-(a+b) S 1 • 

JI..- • 

\ 

-' , 

\ .. .. 

, " 
" 
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111.3 Probability ofq~ perfect mat ching in Gd 
2 .. \ j 

Consider the proèedure CONSTRUCT to con~truct the subgraph 
~'/ 

Gd = (Sl-u S2' Tl u T2 • Ed) from G,= (S,T,E). Lèt A = A
l
,A

2
, Al S Tl' 

B == 

lAI = k-l, l BI = k, o i 

d + l !> k !> 2n-d. (A,B) 4l. a b l,~cking 

tions hold (figure 10) : 

(1) r+ (BI) = Al' 

(2) r+(B
2

) = A2' 

(3) r+(T - A ) = S2 - B2 • 1 1 

and (4) + 
r (T2 - A2) =; SI - BI' 

,..,.~ 

Bi U B2 , BI S 

b
l

,b
2

S,k, b 
k-pair in Gd if the fpllowing condi-

Clearly, there dO" not exist a blocking k-pair in Gd if d ~ rn/21 • where 

n = rÎlSI/~l. Thi~' implies that the probability of a perfect matching i~ Gd 

ls equal to 1 if d ~ [n/21. We record the obvious relations: 

(1) a = 
i 

0, d, d+l, .••• k-~-2, k~d-l. k-l, i = 1,2, 

, 
• •. k-l k i = 1.2, (2) h = 0, 1, 2, 

i ' , ' , 
\ 

(3) al + a 2 
= k-l and b1 + h2 '" k, 

(4) either (i) al .; 0, a 2 .; 0 and d + 1 s k S 2n-d, 
, 

or (ii) al = 0 or 8 2 = O. and d + 1 S k sn-d, 

and (5) Q. ~1. \., 

'~ .. 

0 

. .... 
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( . 

.8ùges not in Gd=( ,Sl u 3 2 ' Tl U T2 ' Ed ) that give . 
~ , 

riEle to the blocking k-pair ( ~ U ~ , B1 u B2 ) 
• 

in Gd' where 1 ~ u A2 1 = 1 BI u B2 1 ---1 • 

~ 

/: . ". 
\ /' / /' 

/' 
/' 

l· 
, 

r 
Bl / 

~ . /' 
X. 

",-, 
"-

......... ......... 
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The probability that (A,B) is a blo,cking k-pa~r in Gd is 

p(d) (k) 
A,B 

b1 h2 (n-h )n-a1 (n-b )n-a 2 
~ [ al a 2 2 1 r , by 1emma 1. 2. 

2n+l 
n 

The expected n~mber of b10cking k-p~irs (A,B) in Gd i~ 

~(d) (k) = 1: r ( n )( n ) ( n ) ( .n ) P~~i(k). . A,B 
b

1
+b

2
=k a

1
+a

2
"k-l, al a2 b

l 
b2 

\ 

hl h2 (n-b )n-al (rt-b ) n-a2 , > al a
2 

. 
2 l 

Let (l = 2n+1' d n, 

t hen (*1) b~comes \ 

p(d) (k) d . 
S «(l d) , 

~. 
A,B 

and (*2) becomes 

e(d)(k) S 1: 
A,B b

1
+h

2
-k '" 

é 

d, 

r 
~l-+:a2-.k-l 

, l, 
\ 

( n )( n )( n )( n ) d 
(ad) ~ 

al a 2 b-t, b 2 

, \, 

, 
," ---,--,-.. ----'-~."-... "',"ilJt':",, 

• 
'~.i·~ .... ~-;---

,t': ' 

(*1) 

(*2) 

. (*3) 

("4) 

. 
,_. 

1 " 
i 

\ 

(' 
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. d 
, Ftom lemma 4, a d ~ (d/n) ,so (*4) becomes 

~ (d) (k) 
A,B 

d di 
~ (n)' 

for i m 0,1,2 •.... 

II!.3;l The expected number of blocking k-pairs for d+l S k :S n/2 
l' 

Consider the case·when d-i = ~, and the term 

k 4k n-k 4 (n-k) 2n 2 k 
S (n) (7) ( k) (2n-k+l) 

, 
'" from lemma 1. .. 

'. 

2 

l (1) , 

. ; 

. . . 

, ' 

\ ., 

, c 

..,-

' .. : .. :' ;'. ____ .111..:._ ' , ___ ............ " .~ .. ~.~~ •.. __ e_.~ .... _ "F ", .... ,.~ • ...-.,. •• ..:,.~ •• '"_ "~~,,f'"'"1-.---- -. ~ '.1"" l, ..... ~...,-,-"'- -----------------.-
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;; 

k 2k l-k 4 (n-n/2) 
S (n) 1(, ii) 

(2e)2k 
2 tr k 

2k 
S (n/2) e -2k 

n 

1 =-....::...-
2 1f k 

The inequality (*5) becomes 

. B(d) (k) 
A,B, . 

d d(d-4) 1 
$ (n) , (2 1T k) 

/ .) 

" 

d ~ 5 • 

. ______ .J..-. ____ •. _____ " • 

, " 

, . 

.. . . 
. , 

" 

.,.' 
..... ~...." 

,. , 

The 'expected number of block1ng k-paiF8 for d+l $ 1<. :s n/2 and d ~ 5 18 
( , 

n/2 
B(d). >:: B(d) (k) 
1 k-d+l A,~ 

" ~. 

" , ". 

, d(d-4) 
$ (.!!..) . 

n 

d d(d-4) 
$ (-:n+ 

• 

1 0/2 1 
- 1: -

2w k-d+lk 

-!L-
8wd 

" , 

,l <. 

" 

. '\ 

~! '1 

, '. .. .-,~ ~ 

" 

, ~, ,~~ 
.' , 

" ~ . 
" 

• • ' ~' t 

, , , 
.. .' ':1' 

'" ."0 

~. \ ' ~, , 
, ~, j 

", ,j 

l , .. ' ,< • 

, ' 

. ,\ 

\ 

" 

" , 
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111.3.2 E!pected npmber of blocking k-pairs for n/2 S k sn'. 

, 
, ' 

Wë will use the following 1nequalities [46] for m and r are positive 

integers:, 
1 

m m 

(1 +.!/ rr (DI_r)m-r 
r 

(m) $ 
r 

m 
m 

t (m-r)m-r r 

Sinee 

1 • 

for r .. 1,2,~,'" • (tt), becomes: 

m m 
r m-r 2r (m-r) -

m m 
r m-r' r (m ... r) 

\ 

\ 
-

• •• > ... -

Consider the.-A:erm in (*5) whèn (d-i) - 2 

. ' 
" 

/ 

;, 

r .. 1,2.3'''' 

r-Oand 00 .. 

\. 
r -1.2,3,··' 

. . 

, . 
, " 

, " 

,,, 
.,.;t 

.. 

," 

'" 
t 

~ 

(tt) 

1-

.. 

(*6) 

" 

/ 
1 

\ 

" 

'. 

• 
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1 
r 
i r 

{ 

, 

() 

) 
c) 
,r' 

..... --~------ .-!.-~-- -------------,-.-,---

~e have 

• 

1( , 
,-AO -

2n 
n 

n 
n 

if al and a 2 are'nonzero positive integefs. 

J -

------~ For,the case bl and b
2

, 

we cannot have b
l 

and b
2 

both equal to lzero st the same Ume. .We have, 

; 

n 
( n ) 

- ---~--~ 
. l' 

Therefore, the following ioequality holqs: 

(n)(o) 
~l b2 

Sim11arly t . 

,_r~ , 1 . . 

'" 20 n 
s/--~b~-----n--b~'~b~-----n--~b-

2b
l 

l(n_b) 1 b 2(n-b) 2 
l: 2 _ 2 

. , 
.. 

• 

• 

b ~ 1, b2 - 0 1 , 

. .' 
.~... ~.-

" 

" 

: . 

' .. 
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l' 
1 
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lIud r:l 

The expression' (*6) becomes r 

" " t 

,.l. 
2 

n 

, ' ' 

l' , 

: \:' 
\ 

,~, . . 

"' 

- , 

,'.', 

, 
, " 

" 

, 
, ' 

, \, 

f, 

" , 
" ' 

(*7), 

111.3.2.1 The bound for fI is obtain~d by simply app1ying the inequality 

(1 + ;/x)x < e1 to the expression. Bence, if al' a2 , b1 and bl are non- , 

zeto posi,tive integers, then 

f • 1 

, -2 
S e 

- , 
If b

l 
... 0, then b2 ... k. Therefore, the bound for f l wh~n hl • O~ -

\~ 

() k n-81 ~n-O~ o-a2 

fI • 
al a2 ~n-k) 
""""lJ kk (n-::-a

1
)n-a1. 

n-a 
0 2 

(n-a2) " . 
~ ',,, \ .. 

.1 

1 
----~-~ - ~ -

'/ t 

.' -

" ' 

, ' 

. \ 

.. 

, ." 
, ,',,1 

" 
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/ 
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<- e-2 

/ 

Simi1arly~ if b2 ~ 0 then bl = k. The bound for fI w~en bl - k 

and b
2 

= 0 ie 

f = 1 

k 
a ' 1 
kk 

k './" n a k,;.a a - 1 
"S (1 - "---1) (1) (1 + _1_) 

k n-a1 

':"2 
< -e 

we have: 

, 1 

"n-a , 2 
k-a , 2 

(1- -) 
n-a2 

.. 

- 1 j ~, 

, t· :-;' _.\ ~ ~ 

\ • > ~ l' '" . ','\~" , 

, , " 

" . 
\ ," .. ",' 

• 'ft,. " 
~ .... '.. (- "-

(l' "-' ,o. 

, 

1< -

• 

/ , 

.\ . 
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III.3.2.2 

The upper bound for f
2 

1a more lengthy., In the follow1ng sections, 

we have to consider every combination of the value of 8 1 , a2, bl and b2 

in order to .show that f
2 

S 1. -If we substitute a2\" k-l-~ and 
. . \,. \ 

b
2 

= k-b
l 

into f
2 

• the expression f 2 is 

f = 2 

n-b 1 
(n-k+b ) 

1 

a1+bl-k 

There are five ~ase8 ta consider, namely, 
1 

[case v] 

III. 3.2.2.1' [case :i J 

(al) (n-b l ) 

. n2 

" ____ J 

(a) If al • bl • (k-l)/2, then, fram (*8), . -' 
k-1 l k-1 C k+l Il' 
(-) (n - -) (n .. -2 )? =,' l 

2 2 n~ 

./ 

.... ~... 

( 
(*8)~ 

(*9) 

• Ii 

-

" ...:; 

,.; .. , 

• 0 

( 

.. 

) 

, 
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\ 
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\ 

r " 

(h) If al • b
l 

<, (Jt-l) /2 , fram (*8). 

' .. 

. 
sinc: k-l-a1 s n, n-~bl s n-b l , n-bl ~ n and 2a

l
"s k • 

- , 
(c) If al Il b l > (k-l) /2 then 

/ 

n-b 
1 

2 
n 

sI, 

since k-l-a~ s n, n-b1 s n.:k+bl' and n-bl Sn. 

Hence, (a), (b) and (c) give, f
2 
sI, for al = hl 

.J 

(a) If al > (k-1)/2 and b
l 

S ktf2 , then' it i8 a contradiction to the 
" 

assumption that b l > al • 

, 
(h) If al < (k-l)/2 and b

l
,;::: k/2 , then f 2 s l holds clear1y •. 

(c) If al < {k-l)/2 and O
2 

S kil , then (al+bl ) < k i8 a contradic­

,ti:on to the âssumption that (al+bl ) > 1t • 

(d) ;rf al > (k-l) 12 and 'bl ;::: k/2 , let a - al and b • hl ' fr~m 

lemma 5, we have f 2 S 1 

\ '. 1, 

, -
, (f) If bl • k/2 then al ~ k/2, J a contrad1cti?~, to:b1 '>, a,~, ~ , ' 

" ' , 
. " ~ . " 

,_, __ ....... _-, - ~ 1 

:"~ . 

1 
, 

\ 

, , 

., , . 

.l 
, ~. 
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j 
11 , \ 
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" , 

. -
o " 

111.3.2.2,3 [case iii] bl > al and (al + ~lY < ~ 

/ 

) \'1'" 

l, 

Î 
,:..J-

- -~ --------

,.~ 

(a) For al > (k-l) [2 and bl s klJ. a contradiétion to the 

, 
» assumption that al < bl , 

(b) For al < (k-l)/2 and b
l 

s k/'2, f
2
" s 1 hold~ clearly. 

-4 

Cc) Fo~ al > (k-l)/2 and bl ~ k/2 , a contradiction-to the -. 
/. 

, ( ) assumption that' a1+bl ) < k , 1 r 
/ 

Cd) For '1 < (k-l)/2 , b1 ~ k/2, we ha~e 

so 
al n-k+b k-(a+b) 

f 2 i [(k-l-a )( 1)] 
1 ~-b1 

but, (a +b ) : J and b - a S k-2a -1 , 1 1 III 
then, 

" (n-k+bl)al + (k-l-a.l ) (n-bl ) 
" ' 

... 

So, f 2 SI. \ 
, , 

(e) For al D (k-1)/2, bl S k/2 , we have f 2 s' l 

~ 

(f) FOT b
l 

• k12 and al S (k-l)/2, we have f 2 S 1 

\, 

1 

(b) al < (k-l)/2 and hl > k/2 ~ b~ > al' a contradiction. 

" " 

~-.-.~'- -

, .. ' , 

-. 

. , 

, , 

\ 
\ 
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. .... . 
• 1 

i.e: 

, a -b +1 
k-1-a

1 
n-bl L 1 

f 2 ~ [( a ) 'n-k.+h )] 
1 1 

.', 

, 
but, (n-k+b1)a1 - (n-bl ) (k-1-al ) 

" J ( 

(e) 8
1 

-= (k-l)/2~bl > (k+l)/2, a contradiction 

a -b +1 
ft S k-l-al l l (1) S 1 

ta) 
1 

(a) al :> ~k-I)/2 and bl > k/2 -:> al + bl O!: k, a contr&dict~on. , 
, 

Q, ) 

(h) al > (k-l)i2 and b1 ~ i/2 => f 2 sI. , 
(c) a' < (lt-l)/2 and b~ > k/2'" bl :> al J a contradiction. 

1 
" 

, . 
" " 

" " , .. 
'.' ... :~ 'QJ"; '\', ""~ 
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a < 
1 (k-l)/2 ~n~ hl < k/2. Let a -- k-1~~ b· k-bi , 

so '~a+b) > k and h ~, a. <Applying lemma 5, We bave f 2 ~, 1. 

(e) a Il 

1 
(k-l)/2 => hl < (k+l) /2. Then 

- ' . 

(f) bl = k/2 ~ al < k/2 =!> al < bl ' a contradiction. 

III.3.2:2.6 

: . 
. . 

(h) 

IlI.3.2.3 

If b
l 

:"a
l
-1 = .0, then 

n-h 
f
2 

S (1) ( 1) 
n-k+b

1 

n-h
l 

- (n-k+b ) 
1 

~ 1 • 

a l+b1-k 

'1 

From secti'bn II~.3.2.1 "and section III.3.2.2, we have shown tbat 

-2 fI s. e and f
2 

S 1 respectively. The inequality (ie7) becomes 

l' 

,(*10) 

\. 

, 
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• Substitute d-1 .. 2 and i .. d-2 to inequa1ity (*5), we Qbtain the ~xpeeted 

number- of b10cking k-pair for fixed Bize of A and B, ~nd n/2 s; k S;'n ; 

B (d) (k) $ .(.JL)~d(d-2) l I..L 
A,B n D +b .. k a +a ""k-1 4i 

1 2 1 2 

d ~ ~. 

B (d) (k) S; k
2 (~) d(d-2) 

A,B 4e2 n 
(*11) 

The expected number of blocking k-pairs for n/2 $ IBI $ n i8 

n (d) (k) 
E a 

k=n/2 A,B 

d d(d-2) 1 
3 

n 
~ (-) -" T n 

4e
2 

~-' 

2 d -3d-3 3 3 d .. 

~ (.:!.) ~ (.Ê..) (n/2) --2:.- , -d ~\'P/2 
~ 

n 2 n n 4 e2. 

'" 
2 

d3 d -;3d-3 1 (J!..), ~ 
2d+2 ---;;.z n 

2 . a(d) s 
1 d d -3d~3 

--(-) d i!: 5 . . 
2 2 2 n ' . 

' e 

·I~.2.4 
0 

.,Jo • 

'c. " 

~ 

i{ 
_ T~e expec téd numbe'r of blocking k-pairs (A~B) for . .d+ 1 $, "ri B 1 s 2n- d 

II 

1a 
, . . 

(*12) 
.-

~. ~ ~ - ... , 

! 

\,' 

;. 

( 

. ",-
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the pair (S-B, T-A) 1a a1ao a b10cking k-pa1r, by app1ying the definition 

of b10cking k·pairs ta the pair (S-B, T-A): Subatituting the upper bounds 

for B(~) ~nd B(~) 1n'(*12), we have 

2 
2 

B(d) 
d -4d ooPl • 

S 2 {-L (J!..)' +-L (J!..) d -3d-3} 
811' n 2 n 1 ,. 2e • 

2 {_l_' +_l_} (~) 
d2-4d-l 

s 
811' . 4e2 n 

SOt .' 

2 1" 

B(d) <.1.. (.i.) 
d -4d-1 

, d ~ 5 (*13) 6 n 

.p w4f~ 

I~3 ~r~babiUty ot • perfect ... tching in Gd 

'~~~-.'- r" 
8y the Konig~ltalr's th~~ there e~ists ,a p~\fect ~~ching in Gd ui 

the~e do'es not exist a blocking K.-:)?air in Gd' for 2d < k :s ,2n - d. The 

probability of a',perfect matching i~" Gd is equivalent ta Und ~he probabi- 1 

lit Y of no ~1ocking' k-pai:rs in Gd' {{~e hav~~riowing theorem. 
. ~:..-----

~ .. 
Theo rem 1 ~. 

1 

Let P2n,d be the probpb1l1ty of:a perfect matching in ,Gd" the follow1ng 

!1lequalities hold: l," 

d2-4d-l 
< J.. (..!.) 

• '6 n 
I-P2n,d { 

.. 0 

• f • 

•• j, 

, . 
,', . " 

1 1 • ~ 

, 'JI ~ .... ~)\ 
" 

, 5 :s: d :s: n/2 

d,> n/2 • 

" 

" ':':"'.', ,,~" ~1 .j.' • 

*' \ ,} 

'\, ~ ~ ';.." ,... ,_ 1 " :,... ' , .. ~I 

, . , 

, . 
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,1 
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,f, 1 
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III~4 Expected value of the assi~ent sum 

Let y(i) be the r th ~mallest-element 1n the set 
r,n 

Y { (1) (i) , (i) } 
i = Y1 ' Y2 ' ••• , Yn i ~ SuT 

such that 

Y
(i) ~ .... (i) l' (i) (i) 
l,n • J2,n ~ ••• :$ Yr,n :$ ••• :$ Yn,n 

If y;1) , j = 1,2,.~.,n, are independent and identically uniforml~ 

distributed, the expected value of the random variable'y(i) is r,n 

Now, consider the set which consists of the d sma1lest elements in Yi' say. 

The expected value of th~ rank K of the elem~t y~ in Di is 

d 
E(K I/i) e D) ID t K 

K,n i 
~ 1 

1=! 0(d+1) _ d+1, 
d d 2 2' 

8 1nc~~, a11 the elements in Di have the same propability ~, d 

exp~ctE1~~rt':~'''Of yii) 
, ,n i~ Di 18 ."'\ 

~ 

,-' \, 

.. ...l... E(K 1 y(i) E: Di) " 
n+1 K.n 

" , 

',' 

" , ,'., \. 

, " 

f.. ',.. 

~ 5. 

.. 
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-, . 
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d+l • 2 (n+l) 

L~t G (M) be the J'let of aIl 8ubgraphs of G t,hat conta in at least O\le 
" 

'perfect ~tching. Let ad be t,he sum 

random directed biparti~e graph Gd -

of an arbitrary'matching Md in the 

(M) 
(S,T,E

d
) if Gd € G' • Let Yi be the ,--

set of random variables for vertex i. Define 

e = 
d 

2n (i) 
1: YK n 

{1=1 ' 

- 2n if G 1. G(M) 
d -

//"-
1 

If the costa are independent and identically uniform on [0,1], the expected 

value of tqe arbitrary weight matching Md g1ven that Gd E: G(M) ls 

2n 
= E( '[' y(i) 1 veil L: Di) 

t.. K,n J·K,n" 
1=1 

2n r 

... t E(y(i) 1/1) E: D) 1 

i=;1. K, n Kin i 

2n d+l 
"" E i-1 2(n+1) 

... (d+1)n 
n+1 

, . 

.-J 

The graph Gd' d ~ 1, clearly satisfies the inclusion property: 

" 

••• c G - G n 

- " , 

l, 

1 (*14), 

(" 

" 

" ,~ 

1 

) 

',' 
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lt follows that if Gd t G (M) then Gd' t G(M), 

tank K of the ;ari)ilb1e Y,K(i) given ~hat Y,K(i) € 
.111 • ,n 

E(KI Gd'·" G(M), Gd € G(M) and y,(i) E: D ) 
K,n 1 

.. ~ (r)'(_l_) 
, d-d' 

r-d +1 J<r. 

, , 
Il J, éd- d ) (d+d +1» 

d-d 2· 

, 
= d+d +1 

2 

',- ' 
'1' 1 ~ 

',' 

, ~ 
for 1 s d :s d. The expected 

Di' Gd' t G(M) ~nd Gd ~ G(M) 1s 

\ 

" 

... 'J;'herefore, the expected SUIn of the mat ching Ma su ch that Gd E: G(M) anq 

J 

1 
'f 
1 
1 
\ 
! 
l ' 

1 
f 

t 
f 

1 

-1 

'Cy~~, . , -~ 

, " 

G clf ~ G (M), d' < d, 1a 

\ 
\ 

2n 
(G~M) , G a(M) (i) .. "E( E y(i) 1 Gd' ~ ,Di> 

1"1 K,n 
dE:, YK,n 

~ 

2n 
E(y(i) t G(M) , G ' G(M) (i) 

• 1: 1 Gd' ~ Di) 
1-1 1<,n dE:, YK,n 

2n 1 (M) G' ~G(M) (1) D ) • 1: n+l E(K 1 Gd' ," G , d € J YK,n' r f: i 
1-1 

, ~, 
.. (d+d +1) (n) 

, n+1 

'. ' 
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XII. 4. f 

Let md(~) be the approxima te solutioll',to the a8sig~ent problem 

(minim~ weight matching problem) found by the heuristi_~' HEURd~OPTt 

5 S d S n. ,ecall that 

• 5 S d.r- n/2 

= 0 , n/2 < d S n 

(11116)' 

\ 
The upper bound of E(m

d 
(1:Ç) ), 5 S d S n, will be shown to be less than 6. 

Ther~ are .fwo cases to be considered, the case when d=5 and! the case when' 

6 S d S n. 

-UI.4.l.l 

For d-S, the expected value of mS (~) when n ~ 2d 1s, 

/, 
E(ms(~» 

S t(a
S 

1 G
S 

( G(M»p(G
S 

( G(M» + E(9
S 

1 G
5 

'- G(M»p(G
S 

t .. ~~~4 

, 4 
S (S+1)n + (2n) '(.1..(2..) ) 

- nt1 . 6 n 

< 6 • 

Similarly, the expected val.ue of mS(~) wh en d > n/2 1a 

E(mS(X» S E(6
S 

1 G
S 

( G(M»(1) + E(6
S

I GS '- G(M»)(O) 

< 6 , 

-since P(G
S 

t C(M) ... 0 when d > n/2. Rence, the expected value of m5(~) 

for n ~ 6 is less than 6. 
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III.4.1. 2 

For n ~ d ~ 6, t~e expected value of md (x) :ls 'C' 

E(md(x>,) , 

S E(OS I,G
S 

~ G(M» P(G
S 

€ G(M» " , 

+ E(O 1 G t G(M) and G € G(M» P(G t· G(M» 
6 S 6 5 

+ E(6
d 

1 Gd € G(M) and G
6 

t G(M» P(G
6

' G(M); 

(*17) 
4' 

(a) 6 S d S n/2 

Substituting inequal1ties (f-4) , ~*1S~ and (*16) into '(*17), we have, 

2 d -Sd-2 
6n 1 1 Id d 

S n+r + 16(n+1}' +-71(n+1) + 3" 7 (n) 

, . 

d d2-Sd-2 Because d/(2 ) an~ (d/n) , are nonincreasing w.r.t. d when 6 s d S n/2, 

substitute d = 6 and n ~ 12 into the expression and we obtain 

. 
S n+11 (6n + ..!.. + ...!.. + 13 ) 

l6 71 512 

< 6 • 
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(b)'n/2<d s n 

When d > n/2, PCG
d 

;. G5M» 

.: 55 - , v' 
" ' , . 

" , 

• o. The last'term in (*17) 

r, .' 

1a, equal to 

zero. Using Fhe same der'i~tion of E(md (~» for ~ ~ d s n/2, excépt by 

setting P(G
d 

;. G(M» = 0, the bound for E(md(~» is • 

\' 

11I.4.1.3 

From the results derived in section UI.4.1 and II:J:.4.2. we have the 

following theo~em. 

Theorem 2 

If the costs are independent and indentically uniformly distributed 
. 

in [0,1], the expected ass1gnment sum E(md(~» 1s less than 6 for n'~ d,~ 5. 
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CHAPTER IV 
.. 

'Computational Results 

This chapter will discuss the theoretical and practical time and space 

complexity of the heuristic HEURd,OPT' A compar!son of, the running time 

and the solution calculated by the heur1stic and·an exact algorithm ia 

made.--'1~ 

IV.I Worst case time complexity of ~URd.OPT 

The heur!stic.HEURd,oPT consists of four mai~procedurest namely, 

DUMMY. CONSTRUCT, MAtCH and FILLUP (figure 7). Clearly, the worst case 
/' . 

time complexity for DUMMY is 0(ISI 2). For the procedure CONSTRUCT, at 

2 Most we have ta check dlSI elements in G = (S,T,E); the time complexity 

for CONSTRUCT is O( 1 S ,2) • Because ~ d has 2d 1 Sî edges, an 0'1 silE P exact 
2 ; 2 

algorithm' to solve Gd would give O(ISI ) time. Thus, MATCH has 0(151 ) 

,time complexlty. The row scan method u~ed in FILLUP requires st Most 

.. 

S ' 2 
( 2 ) steps. The worst case time complexity of FILLUP 1s O(ISI ). There-' 

fore, the ove,rall tlme complexity for HEURd•OPT la O( I.S 12). ,- . 

IV.2 Space Complexity of HEURd,OPT 

The computer memory space required to store t~e graph G - (S.T,E), 
, 

the subgraph 9d a (S,T,Ed) and,the matching Md &re .O(/EI), O(/Edl> and 

o(\sl) respectively. Moreover, the memory space required to do the cOmpu-
, 

tation for most of the exact algorithms de~cribed in section 1.2.1 is 

O(lsl> in general. 

~(IE/) . 

J 

Thua, the oversll space complexity of HEURd,OPT ia 

1_' " . 
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IV.3 Experimental Results 

. 
The heuristic,HEUR5,HPD and the hungaria~ pr1mal~Uai algorithm HPD 

, 
are compared for sorne random instances. The costa are generated by a 

" ' 
random number generator which produces random numbers uniform on [O,lr. 

Let t be th~ running time in computer service(d.me units ior the o • 

hungarian primaI-dual algorithm, t (d) be the running time..in service . a , 
units for the heuristic HEURd,OPT' OPT(G) be the solution (assignment sum) 

given by an exact algorithm OPI, HEURd,OPT(G) b? the solution given by 

HEURd,oPT" and ~ = (~URd,OPT(G) - OPT(G»/OPT(G) . 

. 
Table 1 shows .the means and standard deviations of t and t (5) for' o a 

different orders of graphs G .. Since the computin~ speed varies from corn,,;, 

puter to computer, the ratio t ft (5) is also calculated (table 2). 
o a . 

By using simple curve fitting technique, the èquations for t . t: (5) and . , a a 

t ft (5) were iietermined (table 3). The coefficients;. of correlations, 
.0 ;.a 

p(l~ï3, t), P<lsl2, t (5» and p(lSI, t ft (5» were almost equal'~o 1.000. o a . 0 a 

These show that the equations are quite appropriate. Furth~rmore, the 
- , 

equations also confirm the theoretical r~sults that the time complexity dof 

3 2 
HPD is O( 1 Si) and HEURd HPD Is O( 1 Si) • . , 

, 
The coefficients of variations 

.. y(t), y(t (5» and y(t It (5» were less than 6%~ wh'ich show that the 
o a 0 ~ , 

r 

values of t , t (5), t It (5) 
o a 0 a 

are almost const,ant for fixed 1 S ,. The case 
u 

when t (5) ~ t was' when 1 SI .a 0 
F~r ISI .. 'Q2, t (5) st. a 0 

?or 1 SI· 2~, , s 22. 

.., a11 three -cases: t (5) < t , t (5)'''' t and t (5) > t occurred qui,te 
a 0 a 0 a \ 0 

evenl/ For' ISI = 18, t (5) > t happened on every occasion. 
a 0 

The experimental res\1lts for ,HPD(G) and HEURS,HPD(G) are shown in 
, 

table 4. As a whole, HPD(G) < 1.5846, HEURS,HPD(.C) < 1.5909, and the" 

, ' 
r 

, 

\ 
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standard'deviat~ons of HPD(G) and HEUR5,HPD(G) were 0.2204 and 0.2207 res­

pectivelY. HEURS,HPD (G) and HP~(G) were quite close to each other (table 
o 

5 and table 6). The prdbability of the event ~;;: 0 to occur was gr~ater 

2 than'3 at ~orst in the experiment. Further, max HJ < 0 .. 048, 

min{~ I~.; O} >0.0009, and max {HEURS HPD(G) - HPD(G)} < 0.08 were observed. , . 
It ols' observed that if Isi increases, }HEURS,HPD(G) - HPD(G) 1 decreases for 

Isl ~ 50 • 
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Table 1. ~ompari8on of the average running time of BPD and BEURd,liPD . 

ISI 

22 

50 

100 

150 

Isl, 

22 

50 / -
100 

,/150 

. . 
. 

, . 

, . 

. , , 

-. ,-

Number 9f 
trials 

G 

25 -

25 ... 
/,25 

10 

t (5) 
a 

j 

0.2184 
,1 

1.0204 

4.0300 \ 

9.0550 \ ' 

. 
", 

1,-, 

--

, 1 

-
., - o{t ) t 

0 0 

0.234 0.0129 

2.1364 0.0849 

15.1576 0.377~ 

49.4760 1.1904 

aCta (S» 

~.0125 
r' 

0.0335 

0.1258 

.0.2507 , 

. . 
" 

c . 

.. 

" .... 11 Il 

, .' 

, 

. 

. , ' 

.~ 

. 

. o(t') 
0 y(t) .--

o -t . 
0 
. 

0.0552 0 
.. 

~ . 
. . 

0.0398 

0.0249 

0.02~+ 
, 

-
y{t (5» a 

0.0571 

0.0328 

0.0312 

0.0277 

. 

< , .' 
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Table 2. 1I84ns ancJ standard' dèviations of t ft (5). 
D, '0 a 

,-1 

. 
, " 

_w Isi t It. (5) 
o 8 

'0 ('1: It (5» o ,8 
y(t It (5» o a 

, 
0 

. . ... 
22 1.07259 0.04884 0.04554 . -o , 

,. . 
1 

50 2.093? 0.04729 0.02259 , 

\ 

../""-100 3.76267 0.q8097 0.02152 
'1 ' 

>-
<0 

.. """ 
150 . '. 5.46462 0.05300 0.00970 

-
T~ble 3. Equations for t , t (5), and ,t It '(5). 

• A ____ ~---____ --------o~o~a------~o~~a~-

. 
y ::c . y-b:r;+a , P(:r:.y) 

. , . 
b a' 

c . 
181.3 1. 4597x10-5 

. -
t 0.290128 0.999996 

0 , 

t
a

(5) 181 2 . 4. 01495x10-4 1. 9286xl0 
-2 

0.999999 

. 

3. 41483xl0-2 , 

t jt (5) Isi 0.349453 0.999898 
o a , 

. 

.: 

0, 

---.;---·----+-i ---
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Table 4. Exper'imental resu1ts for BPD(G) aud BBURS,BPD(G) • 

Let opt - HPD(G) and app ~ HEUR5~HPD(G). 

" . -S opt a(opt) c min {opt}l max {ope} . . 
-

22 1.5446 0.3159 0.9292 2.3250 r 

50 1.5468 0.1788 1.0917 1.9195 
-

100 1.6487 0.1661 1.4008 . 2.0564 
. 

159 1.6186 0.1367 1.3932 1.8849 

, , 

f sI - ( 

app a(app) min {app} max {app} . 
< 

22 1.5452 0.3153 0.9292 2.3250 
. 

50 1.5516 
-' 

0.1791 1.0977 ',1.9195 
rf 

100 1.6644 0.1491 1.4008 , ~ 2.0741 --
150 1.6195 , 0.1370 1.3932 1.8849 , 
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.' /~ • BPD(G) - HEURS.BPD(G) 
Table 5. Exper1men~!ll tes\J1ts for t· BPD(G) -

Isi - ~o(t) max {t} min {t} t 

22 0.000500 0.002498 0.012489r. 0.012448 

50 0.003106 0.009907 0.047968 0.000898 
,1 . 

100 0.002214 0.004267 0.015606 0.001379 

150 0.000553 0.001287 ' 0.003923 \ 0.001602 

Isi t given that .!1{~ It ~ 0) frequency of ' size of aample 

t ri 0 . ~ ~ 0 w , 

1 -
22 0.012489 

. 
1 25 -

• -
50 0.015531 0.018646 5 2S ... . 

'::> 
, 

~ 100 0.006919 0.005021 8 " 2S - , 

, 

150 . 0.002763 0.001641 2 \-, 10 

, -

, .. -

.. 

. , 
• .. 1 ~ 

. 
i' '. . , 

'fol .. ~_ 

, ' 

fi 

, : 

. \, . 
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151 6" 

22 0.000637 . 
50 0.004707 

100 0.003376 

150 0.000913 

li' 

151 ô ,given that 
• ô;: 0 . 

22 0.015930 

50 0.023535 

.. 100 0.011740 

150 0.004563 

, ' j ::-- t ,"' l " 'T ~ 

1 
; \ 

r f .\ 

. ,. , 

" ... 63 -" -

, - ~ 

" a(l5~ min UI8~O} 

, 
0.003186 

0:015109 
; 

0.007277 

0.002102 

a(ôlô , 0) 

" 
\ -

0.028563 

0.008630 · 

0.002546 

• 1 • 
/' . 
,..'~ ...... 

1 

.. 

, . 
, . 

0.015930 

0.001633 

0.002396 

0.C02762. 

, 

" 1 

.' ' , 

"',;, . 

" i 

" 

max {U 
, 

0.015930 

0.073014 

. 0.026840 

0.006360 

, 

. . 

\ 

'. l' 

, .' , 
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-HEUR ' IV.4 -Bad instances for.the heuristic d,OPTa 

Considex- the gx-aph Gd = (Si U 52' TJII) T2, Ed), where 181 u 521 -

ITl u T21 • m" 2n; the nwnber of exposed vertices.i~ Gd re1at~vè to the 
1 

matching Md e: Gd ls maximum if and only if (figure 11) 

(a) + * * r (Si) .. -Ti' Ti .: Ti' * ITil .. d, i = 1,2, 

and (b) + * * r (T i) '" S j '. S j .: Sr 
*. 

IS
j
} '" d, j '" 3-i, i .. 1,2. 

* Machol and Wien [44] give an instance" G , which force the hungarian 

method to the worst case time bound. A modification of the c'ost m.atrix 

* * C .. (Cij ) that they have given is defined as fo11o~: 

o 

·c:
j

.. 2 (i-:-l) (2j-i)/N 

{2(j-l) (2i-j);-1}/N 

i • 1 or j ='1 

l<i~jsm 

l<j<ism 

, , 

where N .. 2(m~(m-l). The modification converts the original c9sts to the 

range of 0 to 1. This instance will cause HEURd,OPT ta giv~ the maximum 

number of expased vertices ~n Gd (figure 12). Machol and Wien show that 
., * 2 t. . 

the optimal ass~gnment's~m is OPT(G ) '" {1 + m(m - 2m - 2)/4}/N, and 

the "permutation matrix !. = (xij ) i8 defined by J!;ij ~ 1 if i+j = m+1, and 

xij '. 0 otherwise (figure 13). The possible entries se1ected by HEURd,OPT 

1s sho~ in figure 12 and '13. It can be easily shawn thàt 

* * HEURd OPT(G ) - OPT(G ) ::; 5m+12, , ~. 

, 
I~ fact, the graph G in which the costs have following re1ationships: 

(a) cij > ti,j-l 

and ,Cb) cij > ci _1 ,j - , 
' . \ 

.. ', ~ ~"---, ~;' -.---'''----->--- - -"~--~----..-,---.-- --_.----
',J 
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Il 

may give the results shown in figure 12 and 13. For examplè. the graph G 

" in which the costs Cij are defined as follo~s: 

" {i.j/m
m 

c ... 
,ij 1 • 

ie such a graph. 

<in,m>. if 4d < m. 

1 

1 :S i,j ~ m but i .. j ~ m 

i = j = m 

" The graph G may force HEURd,OPT to choose the edge 
Il • m 

The optimal assi~nme~t sum for G is (m(m+l)(m+2»/(6m )~ 
Ile 

But HE~Rd,OPT(G ) =.cmm + positive terms >-~~refore, the ratio 

Il Il 4 
HEURd,OPT(G ) - OPT(G) > 6m

m
- -·1 '-

1 • 

" OPT(G ) 

l ' 

l " 
.. 

, 
\, 

... \, 
" , 

, , 

, 

J 
1 . ) 

• 

\. 

j' 
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FigUre 12. PO'Bible entries (edgea) in'the coat matrix of the graph 
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Figure 13. Ent.r,ie~ (edgea) in the cost. mo.trix of the. instance, G* or G~". 
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CHAPTER V 

Applicatlons and related problems 

'V.l -
. One of the ap~lications of the ,assignment problem ia the mar-

riage p.roblem; Dantzig [16] shows-that monogany is the best type of 'marri-

age. An important application of the assignment problem is that it can be 
" -

, uaed directly in the development of the solution algorithms for the weIl 

known travelling salesman ~roblem-TSP [13,i4,15,35,~6,43]. The travelling 

salesman problem is defined as follows: given a graph G = (V,E) with 

nonnegative edge weights, we have to find_a minimum cost cycle (a closed 

pa th) which passes each vertex in G exactly once. A symmetric TSP is when 

the costs,cij = cji ' i,j € V, i # j. A nonsrmmetric TSP is when the costs 

cij and cji ' i # j, i,j € V, may be different. 

3 Karp [37] proposes an O(n ) approximate algorithrn for the nonsymmetric ' 

travelling salesman problem, where n 1s the number of cities. His algorithm 

first solves the problem as an assignment problem and then patches together 

the cycles of the resul~1ng permuta~lon to form a tour. He shows that the 
, _ D 

ratio of the length of the 'tour found by his algorithm to the optimal length 

of the tour i8 less than l + €(n) with probatility tending to l, where 

€(n) + 00 as n + 00 if aIl the edge weights are independent uniform on [0,1]. 

His proof,involves the upper bound of 3 on the expected value of the random 

assignment problem given by Walkup J54]. The computational time of Karp's 

algorithm can be improved by replacing the exact assignment algorithm by 

HEURd,OPT' The theoretical result of the ratio, that i8, the length of the 

1 

~ 

\, 
, \ 

.!......:._ • .....,.. ,, ___ ~..-....--..- .. ~ __ rr"~ _ \ 
'l 0 
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tour, by the approximate algorithm to the qptimal tour, ia unc~8ed if we 

modtfy the' pz;oof in [37] ai foUows: 

(a) 

(b) 

the exact algorithm 1a replaced 

/ 

the upper bound of the exp~cted 

1a changed "to 6, 

l;)y HEURd,OPT' \, ~ 

value of the ass~ent 
~ ~ / , \ 

, , 
and (c) the factor, {3llR.n4 + 1, in the def1n1tion of the bad ~ 

ia ~eplaced by the factor {3n~n7 + 1. 

The time complexity of HEURd,oPT ls bounded' below by th~ size of the 

graph Go HEUR ' HEUR Clearly, d,OPTl computes faster than d,OPT2 does if OPTI 

computes faster than OPT2, Some exact algorithms compute faster in sOlving 

sparse assignment problems [5,42], while some exact a1gorithms do not [12]. 

Since Gd is a
O 

sparse graph, d < n/2, we need an exact a1gorithm which ia 

designed ta solve sparse ass1gnment prob1ems. 

A variant ~ of HEURd,OPT .is shown in figure 14. The procedure ta find 

an augmenting path P in Gd is O(IEdl). Thus, the a1gorithm VARNd (figure 14) 

2 * .., 
~as oelsl ) time comp1ex1ty. VARNd only ch90Ses a random matching Md in 

* Gd; so, the ~ of the costs in Md i6 greater than or equal to OPT(Gd). 

Renee, VARNd(G) ~ HEURd,OPT(G) holds. However, VARNd i6 easie~ to implement 

than HEURd,OPT because it is not necessary to find the minimum weight (lug-

ment1ng path in Gd' The upper bound for the expected value of VARNd(G) is 

the same as that of HEURd,OPT(G). 

-\ , 

1 __________________________ ___ 
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Another way to improve the computationa1 Ume of HEURd,OPT is to find 

an effic~ent a1gorithm to find the d smallest elements in a set of unordered 
, ' 

numbers. A method to select the d smallest elements is by means of an algo­

th 
r~thm to select the d- smallest element Yd from an unordered set of 

nuabers. 
',n 

After Yd is found, we have ta select the d-l elements ~n the ,n 

set of numbers which are smaller than y d,.a' Tbere are fast algot1thms to 

th 
select the d- small~st element from an unordered set- of numbers [1,6,27,33. 

,40,47,49,56]. 
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li&ut'e 14. VAlUi 
Algoritbm d 

... 

Input: GraphG • (S.T.E). o 0 

Out~ut : A mat ching M • ' 

, , 

* WHlLE d s d and IMI < ls~ no. 
'le 'le 

d .+ d + 1 ; G + G - El ' 

CONSTRUCT [G,GI,l] ; where G
l 

-

Bd* + Ed* U El 

Gd* '+ (S.T,Ed*) 
( 

, . 

" 

.... , 

, '., 'l, 
~. ;' 
• • ~ * 

," . 

," 

" , 

, ; 

-'-, , ' 
" , 

WHILE tliere exists an augmenting patli P in G d* relat1v~ 

.... to M DO 

M + (M u P) CM n P) 

" END 

".-
Il IHI <, Isi TUEN P'ILLUP[G ,Hf' 

• 0 

END.' 

, 
; , 

i 
f 

. ~. 
l, 

" ' 
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. ' .'. 
' .. 1 • 
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CBAPTEll VI 

Conclusion . 

The heuristic HBUB.d,'OPT ' d ~ 5, bas been sh~, to rgl..ve aptiDlal or 

near optimal solutiop ta the assignment problem in which the costg are 
, l' , 

, 2 
. independent sud identically uuiformly distributed ,on [0,11 in 0(151 ) 

time complerlty. fhe~retica11Y~ the expected value. of the a~s1gmuent sUm 

1.s 1ess than 6. EXP e'C'imentally, it ia bout 1.6. Comparison of 'algorit~ 

for the assignment ?rob1em is shown in table 7. 
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(1..2) 

Proof: 

(î )) 

, (l'el) 

, ' (1.2) 

Lemma 2 

If 

'r 

,. 
75 -41, 

APPBNDIX A 

Pidôfa of I.eDIJD8.S 

_ -1 j 

( ~ ) ( 1 > ~ <t> 

, ' 

(m) - m~m-l~ ...... ~m-kt1~ 
k . kt 

s 'lJk {kk+1/2 e-k (21T) 1/2f1 

q.E.D. 

l ,.j 

( 

~, 

by Stirling t s 

~ 

-, 
, 

'f ," 

" 

inequa11ty'. 

. , 

It 18 trivial sinee' ~ ~ e-
i
1 

,for P- ~ q and 0 ~ 1 S p. 
., q q-' . , 

(' 

~ 

" " a 1+a2 - k .. l, b 1+b2 = k, 2 s d+1 ;.; k s n, and al ",82 , b
l

, b 21 ~ 0, 

" 

a 
b1 il 

b2 k 
(-1.) (--L) ~ (k-l) 

n n n .' 
r' 

" 
p 

'" 

.. 
'. ... ' 

, 
then 

'. . , , 

", 

1 ' 

" 



" . 

() 

" . 

, d 

() 

.. 

" 

,. 
" 

, .' 
11' .. 1" 

Proof: 

~y the bin01l!ial tbeorem. 
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k 
E 

iDe . 

à i a k-i 
( k ) (.-!..) (~) 

i n n 

• \ 'f 

, , 
r f f' 

" , 

, . 
. , 

. , 

. . " 
r~-' H-

.:./ 
':"'7~ , 

! 
" 

Bence, tbe lemma bolds. ). -

Lemma 3 

• J 
2d -+ l s: k ~ n, . and d' ~ 1, then 

Proof: 

Let a ~ a
2

, b .. bl , al .. k-a-l and bi ,- k-b, then 
<.. --------------

,,',' 

s: (n_b)n-a (n_k+b)n~lç.+a 
'2n-k 

n 

" 
o ' 

, 1 fA 

, as n ~ n-k+b 

• r l~ , 

, , 

.. .. 

\.L;:;'~', 'rr' . 
" t " .' ... 

, 
- ,,,,'1 

~ ~ .' 
i5, 'LI 

", 

.. 
" '~"l) 

. . 

~ ',1 

" 

r, 
l" .., 

J_ \j ._'i. 

, .' 
LI,. 

e" 

'0 
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~ \, .. 

Let y(a.b) a (n_b)n-a (n_k+b)n-k+a t partial differentiating 

1 

1·: 
j 

o 

; 

, . 

y(a,b) w.r. t. b, we obtain 

a y(a, b) .. (n-b-) (n-a) -1 (n_k+b)(n-~)-l [(n-b) (n-k+a) 
3& 

[case 1.1] If (n-b) = 0 or (n-k+b) • 0, then y(a,b) ... 0 • 

. , 
if b <'.9. 

if b > a -" 

tr;, . 

, . 
: ~ , 'J;fJ:" ~ / 

:::. ___ ~_t 

.. 
~ "<::-<:""_. __ ~ _____ -:-","-~-:-:",:",--:--..,.....,,----r---.---.-":,.-.~ .. --~ --- -.-~-- .. 
~ 1..1 ,1 1, ' : " :' J~~. '. '1. ' 

(n-a) (n-k+b) ] 

" 

d'l, ' ' 
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[case 2] 

Differentlating y(a,a) w.r.e. s, we obtain the followi~g: 

a n-a (n_k+a)n-k+a tn(n-k+a) as y(a,a) .. (n-a) 
n-a 

Thua, \ 
\ 

> 0 if a > k/2 
1 

1 

1- y(a,a) = 0 if a = k/2 
ôa 

< 0 if a < k/2 .,. 
This implies that y(k/2, k/2) ~ y(a,a) for aIl a t 

y(a - ,a -) < y(a,a) for k/2 < a - < a, and y(a ,a) > y(a + ,,,,";) for a < a +':)/~. 
But d :s; a ~ k-l-d < ,k-d and y(d,d) == y(k-d,k-d), the following 

inequàlities hold: 

y(a,b) S y(d,d) = (n_d)n-d (n_k+d)n-k+d , 

or, 

Sinee 

we have, 

y(a, b) 
2n-k 

n 

-~-----, "',,' 

:s; y(atb) 
2n-k 

n 

n-k+d n-k+d n-d 
:s; ( ) (n-d). ---u;- n 

..... ~---;.--------
, J ~ ... 

Q.E.D. 
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() ': 
Corollary 1, 

d + 1 S k S n, and d ~ 1, then 

n-a2 - n-al n-b n-b ' 
(_1) (_2) 

n n 

Proof: 

Using the notations given in lemma 3, lie have the following inequalities: 

\ 

(i 

and 

y{k,k) > y(k-d, k-d) = y(d,d) , 

n-k 
y(d, d) < yek, k) '" (n-k) 

2n-k 2n-k n 
n n 

n-b n-a2 n-b n-a1 
( __ 1) ( __ 2) < y(d,d) 

n n 2n-k 
n 

Therefore, the inequa1i~y,ho1ds. 

. __ ...:...._---::-:-----'"------ -~-" ' 

'. 

, from lemma 3, 

.. - ---~,..,..,-.-~ .. ..,. .... .,..-""".:--

> 

( 
\ 
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\ 
Le~a 4 \ 

(1) al 10, a2 =1 0, and d+ 1 ~ k ~ n, or (2) al = ° or a2 := 0, and d+l~k~n-d, then 
; 

1 
b

l 
b

2 n-b n-a2 n-b n-a1 
/ 

a a 
(..È-.) 

d 
(~) (~) (_1) 2 

ad '" (~)- ~ d ~ 1 -. n n n n , 

Proof: 

1 

Case '1. (al:;' 0, a 2 ri ,Cl and d+1 ::; k ::; n) / 1 
1 

1 

(
k_l)k n-k+d n-k+d (_k)k (n_k+d)n-k+d 

a ~ (--) ~ It from lemma 2 a 3. -d n n ; n n 

Let y(k) .: kk(n_k+d)n-k+d, differentiating y(k) w.r.t. k, 

we have 

or 

\'.i 

a y(k) = kkCn_k+d)n-k+d R.n(~) 
a k 'n-k+d 

.!.. y(k)'\ : : 
ak 

< 0 

if k > (n+d)/2 

if k = (n+d) /2 

if k < (n+d)/2 . 

/ 

This implies that y(k) 18 a concave (upward) function with minimum point 

at «n+d)/2, y«n+d)/2». Since y(d) = y(n), we have y(k) S yen) for 

d +1 ::; k Sn. Thus 

.l.ill. s W = nndd ... (..!.)d 
ad::; n+d n+d n+d n 

n n n 

1 

• 

-- .- ~,----'"~---- -- -~~ -~------~ -~~ ..... ~ 
____ • __ ._ ..... u~ .... _'* .... _.., __________ ... ri ________ -.---- .. ~~. -- .... ~_. 

• li ", --------~.---~ 
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Case Z. (al =- 0 or a 2 .. 0, and d + 1 S k :::; n' - d) 

If al = ° and hl :f 0, or a 2 '" 0 and b2 .;. ,0, t;hen ~~ .. O. 

Consider the case wh.en al ;:; 0 and b1 ;:: 0, or a 2 .. a and b2 ... O. 

By lemma 2 and corollary 1, we have 

~k(n_k)n-k 
:::; 

n 
n 

Letrg(k) = kkCn_k)n-k. 'Differentiating g(k} w.r.t. k, w~ obtain 

k n-k a g(k) '" k (n-k) R.n(~) 
ak n-k 

and .. 

1 
> 0 if k ;.- n/2 

1- g(k) = 0 if k = n/2 
ak 

< 0 if k < n/2 

Therefore, g(k) ia concave upward and symmetric about n/2. 

Since d + 1 S k :::; n - d, g(k) S g(n-d). This implies that 

(n-d) n-d dd s (,4..) d 
n n 

Q.E.D. 
n 

/ 

\ 
\ 
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Lemma 5 

If k-l ~ a ~ k/2, k ~ b > k/2, a ... b> k, b> a, n ~ k > n/2, 

n > d -+ 1 and d L l, then 

Proof: 

C as el. ( k = n ) 

Substituting k by n into f(a, b,k), we have 

a f(a,b,n)= ( 
", n-a-l 

b-a-l 
) , ( 

n-b 
b 

) 
a-+b-n 

,< ) ( n-b b) 1 
b-a-l 

1 S ince (n-b)/b < l and- b-a.-l < a+b-n, 

< 1, sinee b> a and n-a-l~ n-b. 

Case 2. (a=k-l and k'fn·) 

If a = k-l then b = k. Sa, we have 

~ 1. 

Cas e 3. (k - 1 > a ~ k /2 an d k 'f n ) 

Consider the logarithmie series: 

ln z • 
{ 

z-l 
2 \ (Z+ï) + , z> 0, 

• nd the inequalitiesi 

, , 



1 -

r 

and 

Let 

ln z < 2 -) + {(
Z-l _le 
Z4-1 3 

~-l 
ln z > 2 ( ) , 

z+l 

g(a,k) a/(k-a-l) 
0= 

a!(k-a-l) 
-
+ 

( Z-1)2 1-­
z+l 

l 2a-k+l 
= 

l k - l 

(n-k4- b) / (n- b) l 2b-k h(b,k) ;;:; ;:: 

(n-k+b)/(n-b) 4- l 2n-k 

< 

6 = (b-a-l) g(a,k) - (atb-k) h(b,k) 

l 

\ 
< 

z-l o < < l , 
z+l 

z-l 
O.$. -< 1-z-tl 

, 

l, and 

< (b_a_I)[(2a-k+,1)+I]_ [(b-a-I)+(2a-k+l )][(2a-k+l)+2(b-a-l) ... 1] 
(k-l)+l '2( 2k ) - k 

< 
2 '- 2 

(2a-ktl) + (2a-k+~) + 2(b-a-l) 

(2a-k+l) ~2a-k+2) 
3k 

3k 
2 (b-a-l) 

Taking logar~thm on f(a,b,k), we have 
'CI 

-ft ln f(a,b,k) 

[
a (n-kt b 1 = -~ (b-a-l) In(k_a_{)'- (a+b-k) ln n-:b) 

~ (b 1)[ ( k)'~ ~(~,I7-k+l)3/(1_(2a-kfl)2)] 
- a- g I!, 3 \k - l k - ~ (.a+b-k) h(b,k) 

,. 

\ : 
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, . 

< 
1\ (t-a-l) 
v. + 3 
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2 

,''''\ , , 
( 

(2a-ktl) (2a-k+2) 
.' k (2k-2a-2) (2a) 

~! 

(2a-k~1)(2a-k+2) (b-a-l)(2a- kt1) 
3k ( -1... 2 (k-a-l) (2a) ). 

o " 

Slnee '2a-"k+1 ~ l" k-a-l ~ b-a-1 and 2a,} 2a-ktl. Thez:efore" 

f (a, b,k) $ 1. 

,. 

\ 

.. 
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APPENDIX B 

SUJIlDlary of notations " 
," l, .. 

j" 
t : B.l . Aritlunetic 
'1 

j 
1 

r-' n~n-1} ... (n-a+l) asn -. 
al 

\ 
1 a • 0 

0 a > n 

.\. 

( . 
" / 

\ 

absolute value of x 
, . 

() [al 
r 

LaJ 
fl 

tn a 
1. 

, , 
lim' 

w.r.t. 

iff 

"""> 
j~~ •• --- - 1 v, 

• .... 

x+y 

f(n) ... 0(8(n» 

e 

r 



10 
'1 
:i 
i 
A 
l 
" 

Cl, 

, 
/ 

, . 

" . , 

B.2 ~. 

AuB 

.. 

A = B 

lAI 

[a, b] 

(a,b] 

[a, b) 

A-B 

" , 

.. 
( 
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empty set 

Ix!Jye: A or x E. B} 

{xIx e: A and x e: ln • 

be~~ngs to 

for a11 x, (x e: A) ~ (JI: f B) " . 
A S B. but A " B 

nvmber of elements in the set A 

{xia ~ x :!:; b} 

.. , 

{xia < x S b} 

la 

{xia ~ x < b} 

{xl x € A and x f. B} l, 

there exists 

such that 

" \ \ 
\ 

", " ~_ l, 

'/ 

/" 
1" ....... 

," 
, ,,~i ,,'. " \ 

"". '\ 
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B.3 Probability and Statistic " -\ 

Var (X) 

P(X) 

x 

Cov(X,Y) 

P(X • .Y) 

y(X) 

a(x) 

i.iod. 

B.4 Graph 

G == (V,E) 

* G - E 

* G - V 

, 

) 

expected value of the random variable X. 

variance of the random variable X. 
) 

probabi1ity of the random.variable 'X. 

samp1e mean of X. 

"! 

covariance of the random variables X and Y. 

correlation coefficient of the randôm variables X and Y. 

coefficient of variation of X • 

. s'tandard deviation of X. 

.. 
independent, and identica1ly distri~uted. 

graph with set of vertices V and ed~ea E. 

~ * * removal of aIl edges in E (where g = (V,E) and E 5 E) 

but "removing'uo vertices~ 

* removal of vertices in V and al, edges adjacent to them 

* (where G = (V,E), V 's V). 

the graph defined by (Vl U V2, El u 22), where 
, 

G
l 

= (VI,El ), G2 = (V2,E2)· 
* {xl <i,x> e: E. i e: V, x ls incident from il, 

+ * d+ * 1 r CV) 1 = G (V) • 

/ 

\ -

--------.~,--------
, ... \. . ,\ 

/ 

\ 
\ 

J 
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- -*: r (V) 

1 

" r(V) 

, cij , 

K 

, 

, 

L 
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{xl <x,i> E * 
10 ~ncidmI~) • E,' i € V, K 

' * * Ir-(v>1 ., ~~ (V) 0 - , 
~ , " 

r+(V) * u r-(V) 
, . 

cost of' edge (1,j) 
j 

Matching 

" A square matri~ with ita elements de~oted by 3 ij o 

,'-

\ 
,/ 

1211"'[ .-,-
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