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ABSTRACT f
poooome

*

'We present a heuristic to’/solvell the m » m assignment problem inl O(mz) n
ti:ne. Let the as'si,gm'nent probiem' bel: formulate::lr by a complete bipartite .
graph G = (S,T,E), IS8} = |T| = m. The main procetiure in the heurl\stic
is to construct a graph G, = (S,T,Ed) < G, IEdl = 4dn, nt= [m/27, such
that we can find a perfect matcbing in Gd with probability tending'to 1.‘ _

whén n 2d. It is shown that, when d = 5, the probability of a perfect

2 3
matching in Gd is greater than 1 —%— (-%)d _l‘d_l, which tends to 1 as
H 7 i
m'-»> o, An O(|S||E|) exact algorjthm is used to find a minimum weight . N

1
»

matching M in Gd' Any unmatched vertices relative to M will be matched {
« . “ 1 l\

by a greedy algorii:hm.' The expected value of the total cost of the match-
ir\'g found by the heuristic is shown to be less than 6 if the costs are .
i

ihdependent and identically uniformly distributed on [0.1].
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“d'assignation de m x ‘m dans un temps O(mz). Le probléme d‘gééignetion

. ABSTRAIT - "L

Nous présentons une p€thode intuitive pour résoudre le probléme

i
J
est formulé par un graphe biparti complet &.= (S,T,E), {S| = |T| = m,

La principale procédure dans la méthode intuitive est de construire un

‘graphe Gd =§(S,T.Ed) ¢ G, lEdl = 4dn, n = [w/21, de fagon & trouver un

couplage parfait dans Gd avec une probabilité qui tend vers 1 lorsque

e

n é d. 11 est prouvé que lorsque d 2 5, la probabilit;é ’d'\m couplage
. ) 1 ,4d.d%-4d%1 0

parfait Gcl est plus grande que 1 - % (~g—) ., ce qui se dirige vers

1 larsque m - <, Un algorithme exact, le temps O(ISHE]), est utilisé
pour trouver un couplage M le poids ninimum dans Gd‘ Chacun des sommits

non couplés relatifs @ M est couplé par un algorithme "greedy". Il est

prouvé que 1'espérance mathématique du coiit tota? du couplage’ par la

méthode intuitive est .moins que 6 si les coiits sont indépendents et dis-~ -

tribués indentiquement et uniformément dans 1'intervalle [0;1].
. j

+

PN

P




o

wa

. \ SO .
v ‘ * J ' n"‘;"
M ) i o ol
, - L i .
. . N ' W R . w
: . ) I
& - Poov.
- | b ’ ACKNOWLEDGEMENTS . ’ T
- ¢ - . ;')‘
\ - ! AN
. N S ] f
. A > \ - . \ BT i 71
d ; I should like to express my appreciation to -Professor David Avis. who- -’ *"\\2
e seryved as the advisor for this s}u{y. Furthermore, I am also grécéful gﬁo .
) . - ! » \ ‘ v :‘]' ’
" him for the<suggestion of the main idea.df the heuristic’discussed in this
¥ - ’ * . (l
‘ *  thesis, many helpful ¢ ading of the manuscript which
- resulted in numberless imp ) }

.

¥ 1
. .
N
v b . ! * N
;
»
. - By Pl !
,
o c .
. f
1} fl t
B i . -
&
. ks
R «
T . N ’ ‘
r ~ i
; .
f
Y , X
i u‘f . N 4
H { . . "
)
B ¢ Y
.
L. -
.
. L] i
1 A\
; .
¥
- N \ +
' %
L '3 v
H
M ’- & [
H ' ,
. 3 !
{ . o8
i 1 { N »
J . .
i - * .
} \ l
‘. . ' ) L
.
x
- .
’ 1
. , ; '
¢ L . v t .
. -
b [
- .
. ta ‘e *
' - - ¥ N
| ‘ N
. N 0 « * ‘ oot
t e - » ¥ >
. I [ 4 rd
< , E3
I » ' L ’
R . 8 .
- « - . " ° :
N PRSI , S~
/ N . 1N

- -
!
\
.
R Y
.
.
s
ot
<
7
¥
-
'
N
-
.
o
.
.
M 2
i
e
1 EEN
L
- '
3 e e b s g
L




ot

E . - SR, - -
* . P . . R - - T e e e T - - -~ “ -
<. . | . ~ T | L R -
; ) ] . A . . I ~ . »
N - “ . - - N ~F -
- .- ~ T . L] v 3 r - v M A - "
- . . - z 4 -~
- . T . - T N - .
} . . - - £ =
.. - X o . - . - v , - B
e .. N . - ¢ v ! ‘ - = . s
' . - « ¢ - .
. - - . 1 - v
« t . . < N -
.ot . ¥ . % “
- ~ * > " - N S 3 M
- - 3+ -« N Lo - . -
* o . - - .- "
: .- . . . -~ . . -«
L . f . - ‘ - N o N
- - .- . M
. s . . . Q . . N . "
. : » . °
. . - 4 . - f &
\ . . . - .
J- - - JN ~ -
y . N . . - - ’ L . T -
« e ‘ - . B - \ R - -

.' .. . . . i
s - - - IS - - : - N
- . . ‘ - - Al *
N ' - a - : B
3 e .
. . .
: . .
- H - h
. . | .M Lt .
B v . - -
<, Ly Y] .
v T L h -
.8 - N [ - e
- » y o« - P
' . = -7
~ o T, ‘. fre B -
i e Ty T ] . . )
.., L] N ..,/ i _07 hl
e . - - ” .
Cot oo ) . . M. ’ -
I, o T . - .
R « - ~ * - hE I
; : - =, -
1 > +
I Lo . e -
a “ ! ce T £ < .
= . N . B . ) . . B -
- . “ o *
N . i !
: .M N :
Pt
- @ * v
s - h ! * -
b 1 57 H
A - e . .
3 E ) L
ra il -
\ L
- - Q - m
s = : R
. \ - .
? . .
- Vo N e BN -~ - "
: * N / - ~ 7 M . , .
L .“ o z
B . ’ [ 3] PO l
. \ v
. ’
. B N - ' 5
¢ b= - 3 . "
P R — i - '
“ﬂ% e ) -
. a - - ?
- - . *
= - - L
- K3 *
<« - h
- .
LY ‘ . " ' H
- . r
- - . ~
- i . . -
-
i S R ‘ h .
Lo
. ¢ T ' - © i
—
.
> -
~ R
- N -~ =
N - s
. -
;
v - Ny :
- S < M . ' .
'l..nl..ll~¥.!.. . N - - o s Mc(l\ - Rt i S e l»r:ﬁeﬂ.'x:li;:r..lf,:i!.ftlkf b s e e - LU, .
. - s e R . - . . —
¢ A " kS RS -



._1‘\
‘Preliminary definitions X

hS

Exact algorithm for the 'assignment problems .

-

Approx te algorithms for the assignment problems

I.2.4
I.‘3 * Suma;:y of thesis \ ’
A heu.ristic for the assignment problem
Probal;ilistic_‘.analysi_s of the heuristic .

I11.1 Definitions J

\I1.2  Some Inequalities ’ -
" Probability of a perfect matching in G

Expected value of the assignment sum

il
/

PN J

Computé;ional results E
AN ~”

Iv.1 Time complexity ' -
\ 1
Spaég complexity

" ¥ ) 4 . s l /kﬂ,*
Experﬁintal results g rr
Al

Bad 1nsta\kces for the ,heurist‘ic

:

Iv.2
- Iv,3
Iv.4
" Applications and te\l\gad problems ) Co .

Conclusion \ . .

%
|
b

Expected value of the assignment ‘sum e o

o B e e




: » . ' f v , .
F 4 Yo . R I - /
" M - - v .
' " A »——-v—w'— R 2.
\ T e R i - i - . . . R o B - - " £d
ot 3 . . ~ - 0
l{ . “ v l 4 . 1] . » . , s
,
o Ve L .
t . + 4 * . - - .
- ' » © v
) . . . .
b g . ' <, -
w [ ) - . ° ¢ N A B
X
N * “ L v - B .
R - A “ ’
- . .
Appendices : .
.
N - . I3
1 . i 4
, ; A. Proofs of lemmas : 75
v . - . ! . -
> ’
.
. # B. Summgry of notations . { , - 85 -
A ~ t s ~
v ' » " -
: [}
. .-~ References . * 89 a
' : - . o ' ! - N
L
~ +
B
- 4 . i " 0 M
. ,
~
Al : " ‘ +
.
§ .
. . i ) )
”
N o *
. . 1
N v ‘ v .
s ) , . ‘ -
- - . L3 - .
. oo .
N s [ W ¢ -
- T
v - . . -
'. ! -t ' * . ¢ - -
. G ‘. L 3
3 A ' . , , : "L,
N 3
( R 1 '{
.
? -
' . ' Vo . )
14
. r a ~ - 3 o
L . . ‘.\' . f
- . *~ *
- " k] 0 N + R [
. 1 - L -
. L s . A o
- . € -~ .
e * v \
e . Lo / \ . . -
s Lt k4 t 1
‘ . ! " . -
. % . ’ “
1 . v . . N ' ’ .
.
| - B R .
. . ’ . v
he ™ . - . . -
, - -~ - - N .
- : RCR ¢
3 PO . ' t
3 - 4‘
i *
PR ) . # . , . . - ° s
} Al ¢ € N
" N * N “r . . - :'
i ’ i
H ' ’ - .
‘G“ I . , s , .
1 N ’ - N
{ . .
! % .« : ) - . .
* ’
.
N ' “y 3 .
“r
IS - , : b .ot
- ’ hiod -
o~ R }/
, . . -
, . . » - o » - * -
B . Lt ‘ o, -
4 N ’ ¢ 1 4 ' = ‘
3 . v
v M 1 —_
E ‘ ' - s & - ) L. ,
| : . .
J . f )
i - ° 2 - . . - J
b . ” B e i e e e - N i A b . o an—-,....._..:.,»—rw;,-m.r.._. A
; LT . ]
Lot N A Fl




e —— R

or

= et (A maE o o

k]

Introduction o , /
- . . Lot - \/
There are m men to be assigned to m jobs. The cost of assigning the

.
a t

19 man to the jtb

job is ¢ 1 The assignment problem‘is to find the

5

assignment that assigns every job to a.man and minimizes the total cost

of the assignment. ‘In" practice, thereé are many prablems that pelong to .

]

this class of assignment problems. For examples, contracts gre assigned to .

& -
/
contpactors!, machine tools are assigned locations, goods are stored

in assigned warehouse locations and so on.

& This chapter will give a brief summafy of major algorithms available

in the literature to solve the assignment problem. In the later chapters,
O . { -
we will Eeveloé a new heuristic for ,the assignment problem ‘and present ,

*

' some related bounds for the heuristic. «
: ' ’ "\

-

I.1 Preliminary definitions

i
‘

. ahis introductory section contains some elementary definitions in’
graph theory and probability theory whiéh‘ will be used throughouf the\

remaining chapters. Additional definitions and concepts will be defined

when they are needed in later chapters. Further explanation in ‘these .
terms will bé found'in the standard textg in graph theory‘,[4,7,8,10,14,32]

and probability theory [25,26]}§ although not all of the te.rminology“,is

3 -

completely standardized.

x

A graph G 1is a pair (V,E), whéré -V is a finite non-empty set of ele-
ments called vertioes, and E is a finite set of distinct unordered pairs

of distinct efements of V called edges. If (vi,vj) € F:, v:’t,vj € V, then

v 4

and v

vy 1 are said to be adjacent,

. . Lo - » "
- v
B . L
| QTP _,v“.\m.‘ . 1 E™s »«m‘:‘,um“:uvrw ket 2
L ~

\
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!‘ associated with each edge in E is an ordered pair; the edge <vi,vj> is

-

* -

.

"written as G = (S T,E). A complete bipartite graph K is a bipartite

a
\

—

1

;\ graph is said to b;a directed if t‘:he vertex pair <\;i,vj>, vi,vj eV,
said to be direct‘ed"from vertex v, to vertex vJ., or incident from vy and
incident t-o vj; vy and V:l are said to be adjacent. #

The order of a graph G is the number of vertices/bf‘ G, and the sgize
of a graph G is the number of edges of G. i
A bipartite graph G = (V,E) 1s a graph whose vertices can be parti- -

tioned into two vertex sets §S and T guch that SnT = ¢, V=S uyT, and y

» (
no two.vertices are adjacent in the same set, The bipartite grapl& may be

graph G'= (S,T, E) such that |S| = p, |T| = q and |E| = pq. - . .

“

A graph G = (V ,E ) is a 8ubgraph .of a graph G = (V,E) if V' sV
and E' c E. i ,

The degree d(v) of a vertex v,is‘the number of édgés incident to
v, if G is undirecte‘ For directed grl'aph‘ the out-degree dG(v) of v is

the number of edges incident from the vertex v, and the m-degree d (v)

of v is the number of edges incident to the vertex v. The degree dG(v)

+ _ :
of v is dc(v) = dG(v) + dG(Y)'-: CL

A sequence of edges,of the form .(VO’Vl) , (vl,vz), cees (Vr-l’vr)

A
.
|

or abbreviated as VgrVysVgrere ,vr_l,Gr“, is-called a walk of length r from \

4

the initial vertex v, to the terminal vertex v . If. the vertices v,,v,,

[ o

Vs ..,vr__l,vr aré distince, El}e walk is called a path. Iﬁ th@. ed ges
are distinct, the wa'lk'is called atrai'l. A walk or trall is said to be
/‘Jlosed if v, £ vr-. A closed path 1s called a eireuit or cycle. ‘

A weighted grczph is a graph iy which there is a number c 11 agsociated '

;d.th each edge (1,j). The numbgrs ey 3 are called weights or costs.

) ooy

~
°

o
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( X A matching M of a graph G = (V,E) is a set of edges in E su;_h that -
no two edges in M are incident to the same vertex.

1

' <
For a given matching M, a vertex is said to be matched or covered

e
. .
4

if there exists an edge in M incident to (from) it. ~An #mdtched or

13

exposed vertex is the vertex not covered by an edge in M,

An glternating path 1s a path whose edges are alternating in M and
~ ] ’
.E-M. An augmenting path is an alternating path whose initial and te

i * . vertices are exposed. |
A perfect matching is a matclﬁing ‘where every vertex in G is matched.

[0y

R An alternating tree relative to a matching M for an undirected bipar-

tite graph is a tr'ee whose root is an exposed vertex and all paths start-

ing at the root are alternating paths. ' , i .

A hungarian tree is an alternaf:ing tree inm which there does not exist s
. g - ) L=
an edgé not in the tree such that when the edge is added to the alternat- \ \
> |
' ]

¢

will form an augmenting path. - .

o /

ing tree

One/notion following Berge [4})"is thas all g?aphs(ﬁré directed BTJQ

¥

Suppos ' C : , ..} corrgspon s( to all
the possible outcomes"of some experiments such ths:tt when the experim

performed the outcome will be identified by an uniqife e‘lement LTS We .
call the set Q a sample space for thg experiment, :and any subset of Q 'is .
’ ’ said to be an event. We associate with Q a probability measure which »

[y

i P(Ai) satisfies the fo'llowing thrae axioﬁg:
b ™

the event A

(A,) <1, A

od 1

cfand ,UA, =@
and U8y 5%

1

i
(1) 0s?

- O U DU U - S -y e
; ;




Y

N =
i H - Q

@ r@ =1, : /

¥

k k k ,E ,
and (3) P(u A,))= I PA,), n A, =3¢, ]
=1 I gm g \

A probabdlity space is a triple (2,%,P) where ¢ is a nonempty subset of \
\ o ]
the power set of §l vhich is closed under union and complementation. Let \

R be the seét of real numbers. A random variable (r.v.) is a real valued

point function X : @ > R defined on the probability space (R,%,P) 1f the

-set w|X(w) < x} € & for any x ¢ R. Let w be the event that the random

variable X equal to x and f(x) be the probability that w occurs, then f(x) >
is deno&ed by

©PX = x) = B N®) = £(x).
, b3
A distribution function 1is a point functioh:
Fx) = P(X € x) = P(X L(==,%)). ®

&

The conditional probability of A givenm B, A,B cQ,and P(B) ¥ 0 ,

is denoted by P(A|B) and 1s defined by

P(AIB) = P(A 0 BY/B(BY. o o K;\ L

o

An event B is said to be statistically independent of event A if ’ N

P(A|B) = P(4) or P(B)=0.

+

The mathematical expectation of "a random variable X is defined by

EX) = £ x+-P(X = %) ,

for the discrete case.

The variance of X is defined by - A )
- |

Var(x) = E[(X - E®)°]. o
» N o ‘




b ia e

&
o

LF, Vo : ) \
The standard deviation of X is YVar(X). The coefficient of correlation
of random variable X and Y is - ; ) o

.
] i

P(,Y) = E[(X - EGD) (¥ - E()] . g
© (ar( var(n)l/2
If |P(X,Y)| + 1, X and Y are correlated. .

The coefficient of variation of a random variable X is

y(X) = -————'fﬁ'az;)(x) x 100% .'

[ |

If y(X) is small when compared to 100%, the variation of X is small.

- We define some notations for the asymptotic behavior of functions.
(: Let f(n)~and g(n) be two functions, we say that

£(n) = O(g(m) 1ff £(n)/gm) S ¢

’ for some constant c,and n, such that n > n_. Moreover, we say
& .
1im g(n) _ =
f(n) = o(g(n)) iff e £(a) - C #$#o0.

@

Finally, a heuristic or heuristic algorithm or app'go:cimaté algorithm
is defined as the algorithm which will usually find good, but not neces-
sarily optilmylm,l solutions within an accép,table‘amount of time. An exact

algorithm is an algorithm which gives an optimum solution.




I.2 Previous Work

1.2.1 Assigggént problem formulation-

~

Given amxmmatrix C = (cij)’ cij 2 0, we have \to find a permutation

matrix x = (xij) of intergers 0 and 1 that minimize the expression

N
1]
[E o I =]

T c,, X -t

g=1 4=1 1 7137

The value of Z will be called the total cost of the assignment or assign-

: =
ment sum. !

y

The assignment problem is equivalent to the problem of finding a ﬁer—‘

fect bipartite matching of a weighted bipartite graph such that the sum

of the weights of the matching is minimum. o

<
~ ~ A} *
In linear programming formulation, the assignment problem is

-
v

(» \
] \ m m .
min I T ¢ % v 3 ,
,? . 4=1 §=1 MM : |
. | i
. / - m . ;
subject to r x,,=1,43=12,...,m, > (PP) ;
J =1 4 : |
N I : v H
/ m - . * - '
¢ x,,=1,4i=1,2,...,m, -
/ ALY . |
| xij 20. J




SN

S

NN RN 4 VO 20 s seprt min e

& -7 -
~
The dual of this problem is .
iﬁ *
m m
mx { I uw+ & v} 5
1=1 j=1 3
- sub ect'to u, +v, < c,, A
: o Ay e - Y (DP)
ug 20,1i=12,...,m,
o v, 20, 3=12,...,m. }

3

»

¥

Orthogonality conditions which are necessary and sufficient for

of primal and dual solutions are [42]

>0 = u, +u, =c¢
ij i~ 7] ij -
. m ~
u, > 0 = I xij =1 l (oc)
j=1 J
© ,
v, >0 = L x,, =1 , -
3 . q=1 13

]

-

optimality

o

There are exact algorithms to solve the assignment problems in'O(mB)

* )
time [12,14,38,42,50]. Some of the

\Q =

=

algorithms make use of the augmenting

path theorem [10,42] which states thaf\i“ﬁgtching M is a maximum cardina-

lity matching if and only if there exists no augmenting path-in G relative

« lto M., Some exact algorithms and approximate algorithms will b

in the following sections.

Al

e reviewed
14
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1.2,2 Exact Algorithms

3
L)
'

»I.2.2.1 Hungarian Primal-Dual Algorithm [12,14,20,42]

In this algorithm, the dual feasible vectors, U = (ui)'and V= (vi),
and the cotrresponding infeasible primal vector X orthogonal to (U,V) are
calculated at eqsﬁ step of the procedure. Thé‘algorithy wili terminate
the calculation when all the orthogonality conditions (0C) are satisfied.
The algorithm in,figure 1 will successively compute the matching

* * .
Mk’ IMkl =k, k=1,2,...,m, which is the minimum weight matching relative

=*-to the other matchings of the same cardinality. The required number of

\

steps to find the minfmum weight augmenting path 15 0(|E|). A change in
dual variables will'increase the cardinality of the current matchipg by 1.
§

Hence, the overall time coﬁplexity for thq\hungarfan pqimal-dual algorithm

¥
.

is o(|V||E]). A

¥

»

e e - e o e it
0
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A IS AATEALRY f1a i i - v ~ . - g~ i e e

&

~ i

PROCEDURE HPD%&,M) o ' : ,
13

x

Input: " Graph G » (S,T,E) with costs ¢
Output: A minimum weight matching M, S . }

” - ~

.BEGIN ’ N : . : )

a -

* , .
M+6;.s+o;6+1i‘iff - L :
L oup e min'{cijl‘v’i,j}';'vj 0, 1¢s, jwf‘,x.% ’ '

~ *.
WHILE § > §° DO
. 4 ! ‘ .
=8, T =T, E ¢ E such that

] ] L L
Congtruct ¢ = ($,T,E ), S
| i . i J . A
(i,j) ¢ E iff u; + vy Feg; o

Hungarian < False.

WHILE Hungarian = False DO

L
IF % an alternating tree X in G THEN

1
Find one whose root is in S . -

IF X is*- augmenting THEN
'y .
- ~ P= minimum weight augmenting path in X

K« (PuM) - (PaM) .

; \

’ ELSE ! X is & hungarian tree |

&

Hungarian <« True.

. END
*
-§ +.min {uiii €S}

¢ ¢ +«min {cij—ui--vj I €448y ¥ 0}

t* “1,'*— u, =8 if 1 ¢ Sand 1 € X, o
‘ ,vj+vj+c.1’fjeTand‘j<x.:/ S —
. END '
END. :
. L]
Fig 1. Hungarian Prinal-Dual Algorithm [42]. ; ‘

v

SRRV T Sttt =
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I.2.2.2 Primal Algorithm [42]

-

This algorithm (figure 2) involves no dual variables or other' consi~
derations of duality. The time ‘complexity for the minimum weight
augmenting pathis O(|S|[E|), and the number of augmentations required is

.0(|8]). The overall time complexity is 0(|S!2[E|).

’
+

1.2.2,3 Other imp}OVements on the original Hungérian Algorithm

L ¢ . ‘

Tomazawa [50] modifies the original assignment network by removing
the nﬁgative cost aycsdso that the Dijkstra's shortest path algoéithm
[l,hé] can be-applied. A potential is defi&éd for each vertex in the
modified network in order to achieve that. A minimum augmenting path is

fébnd by looking for the minimum cost path between two exposed vertices

* : * i / e « if d “ if
= -
in G (S ,T ,E ) in which cij cij (1,3) € M an c[j c1j 1

1,14 M.

G

S
t

2

ﬂ'i-
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( 7 PROCEDUKE PM(G,M) ~ : S
¢ ¥ . i
[ > S ‘ e, Y
\ L Yl L - L
. Input: G = (S;T,E) with costs cij" (4,1) € E. .
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- WHILE M| < |S] DO . X -
. 1 ' ) t T ! ' S
Construct G = (S ,T ,E ) with costs °43 such
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. : , 0t , . * . .
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N 1 1
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( . Karp [38] gives a method to compute the minimum cost _path by using
priority queues. If the costs are uniformly distributéd, the expected
' . LA s
* ©  time complexity of the Karp's algorithm is 0(|s||T| log|T|).
¢ - ., .
T . et C = (c ij) be the initial cost matrix and C = (c j) besehe reduced
; . . % . * % "
cost matrix of C such that eyy = Cij S X T Yy where yj = min {c j]vi}
*
and xg = min '&ij ~ yj[V3}. The initial solution for the hungarian method
9 ’ is the maximum cardinality matching M in which the edges (i,j) € M iff
* ' ° N .
N cij = 0. Carpeneto and Toth [12] propose this modification and show that

the computing time of this modified algorithmwis faster than that of the
original hungarian algorithm for dense cost matrix,

Balinski and Gomor& [3] give a primal method whicbigives the same
time complexity as the ‘ hungarian method. In their algorithm, the fea-

sible vector x and corresponding orthogonal vector (U,V) are calculated at

(;f -7 each step.
4 . 3
S

J “1.2.3 gﬁﬁrvximate Algorithms

[18] gives an O(man m) approximate algorithm to solve the
assignmenf problem (figure 3). The algorithm involves successjve inves-

€ next smallest eiement 13 the columns being scanned if the .

—— ;_¥___,\L,]tig;tion 0

r current element being scanned is in a row which was assigned to another
column in the previous steps. Hence, the later steps of the algoritpm
will &épend on the earlier steps of tg; algorithm.

L0 | Kurtzberg [41] proposeé three apprbximaﬁe algorithms, namely, the

J

irbﬁ/column scan method (figure 4), the matrix scan method (figure 5),./

)

and the diVide-and-conquer method (figure 6) which partition the original cost
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method and the matrix scan megpbd are better than the divide-and-conquer
v’ 1 ; , LEE'] 1

- R
method. The time complexity fof the row/column scan methdd, matrix séan

method %'ld the divide-and-conquér method are O(mz), 0(m3) and O(m?)

respectively. ) ot - .
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Figure 3. Multi-column Scan. Algorithm,

PROCEDURE MCS(C,M) e g ) o
BEGIN ! Given a m x m cost matrix C = <cij) ! '
« SmapT, (1) « ¢; TmapS; () « ¢ ; 1S4 s m '

!

FOR j = 1,2,...,m DO
Find cij = min {ijll < k s m}

41F Smaij(i) = ¢ THEN BEGIN
Smaij(i) + j

Tmaij (j’) « 1

END -

ELSE BEGIN . )
secondary <« {j, Smaij (i)} -
Tmaij (N « 1 '

finish <« false - . e

WHILE  finish = false DO BEGIN:
M

R+ {(r’%)lcrz - mi“”{ckwll,sks@ %kw 2 ch&psj(w) v
: Ck # Tmapsj(w)}.w ¢ secondary} ..
. - smapTi(r) = ¢, (r,0) € R 'FHEN BEGIN .
. fin?ifsh + true
- . IF %= .j THEN BEGIN
P : Smaij ) « 4 - | U

Fo

Tmaps:l (L) < r

END

*b
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ELSE

BEGIN L.
SmapT, (T{nfpsj_l(Z)) o

FOR (r,2) ¢ R, £ =23 DO

' . .
- R ,
“ N 4
R L
) )
i
-

. ’, ; SmapT, (r) < SmapT r
Tmap$, (2) < TmapS, .(% o
7 . END - ' ' L
, END - o
, - " END . )
a ... . \ ELSE BECIN
‘ g ' For each (r,2) ¢ R DO
T . Tmaij (L) .1 7 il
e ) " " . END ¢ q
RV ' secc\‘ndary + seaondary U {Smaij (Tmaij Gnl
END ! IF ! o A ;
. END | WHILE ! , e
. ! Y
. END ! IF | a
; | M« {(i, SmapT(1))| Vi 1} . 7 -
"+ END ! LOOP ! S
. END. '
, .
* i;) - -
r\ . 4 ' q *
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A _ ’ \ N
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* v , '
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! ( \ Figure 4. Row/column Scan Algorithm. . ‘ !
) . 5 S : iy ) | /_
< T ' ., “f ’
'\“ PROCEDURE RCS (C,N) .
. 6 flam N o, .
- BEGIN ! Given a m x m cost matrix C = (cij) ! ’
. , SmapT(i) « ¢ ; TmapS(i) « ¢ ; 1 = 1,2,...,m. <
’Fori=l,2,...,m DO X .
- g
‘ Find ¢, = min,{ci_kllSkS‘m and TmapS(k) = ¢} -
I TmapS(j) « 1 ; y
i ~ ' Find éji = min {ckillsksm and SmapT(k) = g} * ’
SmaBT(1) < 1 . : | -/
” END
5’!“
{ -
' ~ - m - / of
c, ‘ . ‘
(_‘f o ) By - iil i,SmapT (1) ,
; . % \" ¢
? » ; m ' ’
g, +« L ¢°
: 2 4o TwapS(3)s]
i v 4 .
§ - Co
. .
IF g s 52, THEN .
o g |
} o \
M'« {(i,SmapT(i))| vi} :
ELSE M + { (TmapS(1),§)| Vil . \
- : [ \
W . .
END \
,ﬂ 'a
-, . . ‘:‘. \‘)
(;.X A\ )
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PROCEDURE MSM(d,M) . , u , S
' i > s , » .
s BEGIN _ , o .
SmapI(1) + $; L <ism : p S
‘ - r . IX
WHILE SmapT(1) = 6°, Is4ism DO
I ’ A
s Find Cij = min {cullqsk,lSm'and,)SmapT(k);rj ¢} h
| .
SmapT (i) « j < \ )
4 END !} <
M <+ {(i, SmapT(i)),)l<1i<m} . : 1
_(v‘ - END "
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N ‘ ’ g
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Figure 6. Divide-and—Conquer ‘Method (divide into k2'2x2 submatrices).
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PROCEDURE PAR(G,M )

" BEGIN -
Let € be the cost matrix to represent G. .
Partition C into kJ2 2x ¢ submatrices, Rij’ 1< i,:-] <k, m= 9,k
~ Apply ar;( exact alg?rithm to sollve Rij' Let ¥:°Lj

and a be the co}responding permutation matrix

ij -
and the assignment sum for Rij'
ODefine a new k x k matrix A = (aij) , 1s1,j<k, Agg.in“,
app_ly an exact algorithm to solve A. Let Q = (qij)’ . v

1<i,j <k, be the corresponding permutatidn matrix
f \
for Ié. . "
The permutation matrix for the assignment problem is

%
M = (4’13.) , 1s4,3j £k, where

© if \qu; =0 :
¢
1]

“ Yij if qij#o
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I.2.4 Expected value of the assijnme!n: sum \\ 9

- Walkup [53,54] uses a nonconstructive method to show that the expected

sum of the assignment problem is less than 3 if the costs ar# independent

~

and uniformly distributed in [0,1]. - .-

) Kurtzberg [41] shows that the e;:pect'ed sum found by RCS ’LMSM or PAR is
Jless than or equal to #n m if the costs are uniform on [0,1]}, y
Donath [18] uses a heuristic argument to show that the expected sum
is less than or equal to 2.37--- 1if the costs are uniforni on [0,1]. How-
ever, his .argument is not rigorous because, as pointed out by Walkup [54],
the later steps of sthe algorithm are conditioned by the ealiler steps of
|

the algorithm,

I3
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I.3 Summary of thesis

An O(mz) heyristic to solv% the assignment problem is proposed. Let
6 = (8,T,E) be the comp%ete bi'partite graph for the assigm\nent problem:
The heuristic consists of two main steps: .

(1) Choose O(m) edges from G to construct Gd = (S,T,Ed) such

that the degree of each vertex in G, is greater than

d

d, d3 5.
a Let Md be the
If IMd| = |$] =m, stop.

(2) Apply an O(|S|]E|) exact algorithm to G

minimum weight matching of Gd.

Othervise, match those exposed vertices relative to M by

the row scan method. )
If the costs‘are independent and identically uniformly distributed in
[0,1}, the expected sum of the assignment problem given by the heuristic

is less than 6. This bound can be used for the branch and bound algorithms

to solve the travelling salesman problems [37].

.
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CHAPTER II

A heuristic for the assignment problem

The heurist‘ic is motivated by the proof of the expected assignment
sum of a random graph G = (S u T,E) give;n by Walkup [54]. In his proof,
he considers‘ the sum 6 d of an arbitrary mat;ching\q\f a regudar
directed bipartite graph Gd = (S,'f,Ed) in which the out-degree of each
vertex is d, d 2 1. The expected assignment sum is bounded above by the

e/ipected value of Bd. Let ¥ = (yjj) and z = (Zij) '‘be two m x m matrices

such that {yijllsi,j <n} andf{zij | 1<i,j<m} are i.i.d. with canmmn distnbution

4

£ i = . = '
unction and the cost matrix C (cij) is defined by cij min{yij,zij .

The edge <i,j> , 1 ¢ S, J-¢ T, i8 in G, if yij"is one of the d smallest

d
elements in {yil’in""’yim} , and the edge <j,i> , je¢ T, 1¢'S, is In G

if z_, 1s one of the d smallest elements in {z.,,z.,.,...,z_.}. Since Y
ij ‘ 137723 mj

and Z are two different sets of random variables, the selection of edges

incident from vertices in S to vertices in T is independent of the selection

of edges incident from .vertices in T to vertices in S. However, we have
the cost matrix only in practice. To comstruct Gd by & pfactical
algorithm as the way given in the proof, we "have to set Y = Z = C. Thus,

the edges in Gd in this case will be chosen from the same set of random

‘variables. This may introduce a dependence between the way to choose edges

incident from vertices in S to vertices in T and the way to choose edges
incident from vertices in T to verfices in S. For example, if cij’ ie S,
j € T, is one of the d smallest elements in {cil’ciZ""’cim} and

{clj’cz;]""’cmj}’ the edges «i,j> and <j,i> will be selected. We will

present an algorithm to construct G d in such a way that the above dependence

s

is avoided (figure 7.3 and figure 8)..
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The heuristic for the assignment problem to be investigated is shown

in figure 7.1. Tf the original graph Go = (SO,TO,EO) has odd number of

_vertices in S, a dummy vertex is added to So and To, and‘ZISOI - 1 dummy

edges are added to Eo (figure 7.2). The resulting graph G = (S,T,E) will
be used to construct the subgraph Gd = (S,T,Ed) as shown in figure 7.3 and

figure 8. Note that the selection of edges <s,t> , s € 8§, t € T, is inde-

* *
€S8, t' €.,T, since 8, t> and

°

* * *
pendent of the selection of edges <t ,s >, s

* % . .
<t ,s > are selected from different sets of random variables. Procedure

~

MATCH (figure 7.4) is to find a minimum weight matching in_Gd. One possi-

ple exact algorithm to be used is the hungarian primal-dual algordithm.

Procedure FILLUP (figure 7.5) will match those exposed vertices (if any):

in Gd' ‘ '
Let HEURd,bPT - denote the heuristic. The spbscript d of HEURd,OPT

is the parameter used in the‘construction of the subgraph Gd = (S,T,Ed);

the subscript OPT ij\?ﬁé“ngiiaof the exact algorithm to solve the assign-
' .

ment problem.




Figure 7.1. The heuristic HEURd
T, 2
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OPT .

°  BEG

PROCEDURE  HEUR

d,0p1 [GgoHysd]

1

~

L

Input: A complgte bipartite graph Go = (So,?o,Eo?l, ISOI 2d 2z 5.

Output: An approximate minimum weight matching Mﬁ of Go{

‘ N
IN /
DUMMY [GO,G]1

,

CONSTRUCT [é,cd,d]

. MATCH [Gy,M,]

* FILLUR .[G,M,]
coe T END .
i e ’ '
|
H - T, N
|
- 'Y
| .
|
y
€)
. -

b e et e e

figure /.2
figure 7.3
figure 7.%

“figure 7.5
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PROCEDURE DUMMY [6,,6) . : ' ) ' e, s

‘( «a S, .
.o . " »

R .
[l

»

Output: a yeigbt‘::ei bipartite gri;;ph G = (S,T,E) such that Is| =] ’:&n,

t o e
. & - 1 - Wt
EGIN .- M
, ' " I
¥ . :
.&‘{ . ’, -
IF {sol is even THEN : a ‘
. ' g T Y N . . .
» e ‘f - . «
+ Gy . ! .
‘Gv G6 ; . . R - .
; . . i
ELSE BEGIN “ - N L, e T
N - . by t JA? o7 Lt '
i ) ) l * V \ . ; - . :, .
! Construct a dummy vertex in each vertex set- and 4n-1 dummy ‘edges' !
s ~ . B ‘ . x . w7
o ' R .7 ‘ e’ .
- L. . - M Y Lo
S 8«8 us; T«Tvt . - . 75 L B q«.
- . ! s . .
‘e +.0 - ’ ' - :
’ s,t - ’ e
B N - B a, * ' - - S
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v - & N -4
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L .b- = * ’ . @ ! ; . «3\‘! v N '\: :
v -~ * s . N » N : K 1
E<+E v {(s,1)} v {1,603 v {(a,1)}, 1 e85, je'fo ; ;oo .
ST “ooan
END — ‘ . SRS A
» . . ' ”y‘(l : "
END' , - . ' N . -
7 -
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] J i3 SERE " et & -
. 8 ” - -'3:- N -
R PO o : c
. PR . ', ‘ :’: ; - Vo a . . . “,
Cot .~ PROCEDURE - CONSTRUCT [G,G,,d]" " R v )
. . A ., Y R . ~ N |
N ‘ &e ) “‘ ' R B " " " ot ' ' g - !
ST R . ~Input: A graph G = (S,T,E), I's| = [T}.= 20, cost 147 le S, e T o
) ' q ‘f\ » i F ’ ,al. ) + " ’ ) - . . " \\ »v - R N . ]
¥ tput: A graph G, = (S,T,E,); lByl: = 4dni, | " “
:' . i n; . N .. v ! PO e ~ . i ~
a LI . ¥ ' B - H . *e ke
e T BEGIN ' . A : .
v ! ', - . ) .o . -
P oo . 8§ uS,.=-85 T, UuT = T, |iS.| =18 = |T = T | =qn,° ° N
. . 1 2 71 2 "?'l ll J 2' I.‘Ll !‘Zl . \
* v - " L3 R .
o E, + . ; : e
. d ¢ o | k
- M .‘ W s - * . ‘.‘ : L2 i - ! ?
. , FOR {="1,2 DO .- o
L < T . + FOR each vertex v.e § ' DO~ * L
' " B FOR r = I2,,..,d "DO " . o .
Lo G - A ’ e . ‘ S
- oL o . Find a vertex v, e Ti such that ‘ '
i‘““("“ . 5 , . “ ‘“ . ’ [ « . “, L ) . v ) s
LT ‘ - ‘¢ . .= rth smallest element in {c_,|j e Ti} .,
I3 i . CVy Ve . V,J P
¢ e . o PR 'E ‘e E u V.V ‘ .
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( ‘ . * ' Pigure 7.4. Algorithm to find.a minimum welght matching in G"d .
PROCEDURE MATCH [G d",u 4] )
/ . - ,
Input: A bipartite graph Gd = (S,T‘,Ed) . L
I3 .\‘ !
Outp\\‘t: A matching Md" . .
D BEGIN . | . .
Apply an O(|S|JE|) exact algorithm OPT, such as
X the hungarian primal#dual algorithm, to Gd'
" _ ' Let M; be the minimum weight matching 'of\Gd. . '
. END.
} ..
| L,
- ) o

L
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Figure 7.5. Algorithm to match those exposed vertices in G relative to,Md .

'Y -

PROCEDURE FILLUP [G,M,] i

-~ %

Input: Graph G = (S,T,E) and matching Md' ‘ )
’ \ - !

Output: A complete matching in G.
BEGIN

IF |M,| = 2n THEN RETURN ‘ ' ’
ELSE BEGIN . ' .o B
! Row scan method !

- ' :
S + {exposed vertices in S relative to Md}

1 N
T '+ {exposed vertices in T relative to Mdl

fy
WHILE.|{S | 21 DO
2 1
Choose a vertex s ¢ S and an edge (s,t) ¢ E,

t ¢ T such that

-

]

\/sl*-sl o : ¢

¢, ¢ = min {Csjlj €T},

1 ] ) i /
L T «T -t
¥ . -
Md + Md\u (s,t) i -
END -

- END D o

- END.




-

Ty
o amimn oot Yy

it i ot it oot

Figure 8.

- 28 -

‘

Construction of Gda( SIO SgsTyv TgsEy ) from G=( S,7,E ),
R 1 4
o where S,u S, “Ei TjuT, = Ty end ‘s1|-|52|~|'r1|-lfél.
¥ r |
S T
1 ’\\f / -_l
s \
2 To
L\\/(J : f

.
B e e
1 .

.

The set of edges <v,q> y a€Q,
fronﬁ vertex v to'the vertex set {
such that |Q| = d, and

{ cV,ql qeQ) are the d smallest
elements in‘{cvzl sev#}. "
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~ CHAPTER III : .
s VA N
; : ~ HEUR,
Probabilistic analysis of the heuristic d,OPT
; - ~

[

In this- chapter, the upper bound on the probability of no perfect

matching in Gd

) of the nminimum weighted matching in Gd will be derived. In finding the

and an upper bound on the expected value of the total costs

~

upper bound on the probability of incomplete matching in Gd’ the KSnig-
’ o

Hall theorem for the bipartite matching is used. This ul;per bound is then
uséd to find the upper b;und on the expected assignment sum when the costs
are independent and identically uniformly distributed.

The bound‘ on the expected assignment sum when the costs are not uni-
form on [0,1] can also be found by using the same procedure of analysis.

S °
; The condition for the analysis holds is when the costs are independent and

¢ . »
: (. identically distributed. ,
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[TI.1.1 Definition of blocking k-pair ’
\ -
For a directed l\ipartite graph G = (S,T,E), the orglered pair (A,B)

1

is a blocking k-pair in G 1ff the following hold (fig.ure 9):

(1) Ac T, and B
(2) |B] =k, and |Al = k-1,2<ks |8/ -1,
and (3) I'(B) =A and I'{T-A) =§ - B
\
\
\)

: \ oL :

I11.1.2 Kénig-Hall theorem [7\,8,14,42] . R

In a bipartite graph G = (§,T,E), S can be matched into T if and
/ .
only if for/ever’y X c S,

.

“ hreoy| 2 |xl.
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III.2 Some Inequalities . ~

The proofs, pf the following rlenunas are given in appendix A.

4 . .
Lemma 1. ’ .

e -

» )
(1.1) If k and .m are positive integers and 0 < k < m, then

m 1 (.E.‘P_.k
=

YInk

¢

(1.2) If j, p, and q/ar“e pogitive integers, then
] !

1 i
S-(—fr) ,0<j<psaq.

Py, 9y
(j)(j)

Lemma 2.
Ifa1+a2=k-1, b1+.b2=k,ZSd+'ls‘ksn, alzo,azzo,
by 20, b, 20, and d 2 1, then ’
b b )
a 1 a 2 1 k f ~
1 2 k-1 'k _,k .
.(.n) (n) s = <(n‘) '
. ! - :
o R
Lemma 3. . \
If a1+£12,‘= k-1, b1+b2=k, dSal,azsk—l-d,Osbl,b%sk,

d+1 <k<n, and d 2 1, then

" A © oo ' 4

ok

n-a n-a; . re o . -
“aby 72 a-by ! {nktd n-ktd 4 n-d
L 2o RS S
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Svmer

' Corollary 1.

<k,

Ifal+az=k-l, b1+b2=k, OSal,azsk,-al, ()Sbl,b2
- d4+1<k<n, and.-d 2 1, then
n-a, - n-a .
(*n—bl) 2 (n-—bz) 1 . (n-k )n—k . ‘
n n P n * .
}
- l;
Lemma 4.
1f ay + a, = k-1, b1 + b2 =%k, 0= 81’6?2 sk=-1, 0 < bl'bZ < k, and if

(1) a_l#(),az-f Oand d+l £k <n, or (2) a1=9 or az=0, and d+l <k<n-d, then

n-a
2

Lemma 5.

If k-1 2a2k/2,

n2 d+1 and d4 21, then

»

- -b+
£(a,bk)=8a""2"1 (k-1-2)270"

(n-b)

k>bzk/2, a

-, at+b-k

n-b, "% d g
2y sy, az1,

(

n .

+b>k, b>a,

\

n 2k 2 n/2,

4

(n-ktb) @D
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III.3 Probability of-a perfect matching in G

d

Consider the procedure CONSTRUCT to construct the subgraph

d+ 1<k £ 2n-d. (A,B) i3 a blacking k-pair in G

d

tions hold (figure 10):

W e = A,
@ 1@, = A,
@ rta - ap =5, -5,
+
and (4) T (T2 - A2) 5 Sl - Bl.

Clearly, there do? not exist a blocking k-pair in G

"

d

Tl ————— 1 ot ey v o S i i

D

11=.b

N -7
Gd = (Sl‘u SZ’ Tl u TZ’ Ed) from G'= ($,T,E). let A = Al"Az, Al c Tl’
A, c Ty Ial=a), |a)]=a,, B=Bj UB,, B¢ 51'\ B, < S,, IB
|BZI = b,, |a] = k-1, |B] =k, 0% b ,b, <k, \h < aj,a, S k-1

and “

if the following condi-

if d 2 [n/2] , where

n = rﬁél/g’l. This implies that the probability of a perfect matching in Gd

is equal to 1‘ if d 2 [n/21. We record the obvious relations:

and

(1)
(2)
3

)

(5)

it

a

i
‘b, =0, 1,2, -, k1, k1= 1,2,
{
a1+a2=k-—1 andbl+b2=k,

either (1) a # 0, a, #0and d+1 s ks Zp~d,
'o.r (ii)al=00ra2=0,én_dd-i—lSkSn—d,

d 21, '\

N e e - e — vme Y e e

0, d, d+1, ***, k-d=2, k-d-1, k-1, i = 1,2,

e

1)
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Figure 10. i*idges not Din Gdz( 5y S,y 4 u Ty, Ed ) that give
\ rise to the blocking k-pair ( AU Ay, ByUB, )
. %= + -

in G4, where [ UA| = |ByuBsl-1 .,
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The probability that (A,B) is a blocking k—-pair in G d is

(d)
PA:B(k) : ©
= P (B)) = AP (B, = ANPCT(T)-A) = 5,-B)P(I(T,-4,) = §,-B,)
V" A 20 T4y 1™ Ay 1
b ' b n-a n-a
a; 1 a2 2 n-b2 1 n—bl 2
) ( 4 ( d ) ( d ) ( d )
n n n n
( d ) (d ) (d ) (d )
albl azbz (n bz)n aj (n-b )n ay
< , by lemma 1.2. (*1)

The expected nymber of blocking k-pairs (A,B) in Gq i\)s

B m= oz oz (2R b, ) P, o

a a 2)
b 1+b 2=k a 1+a 2=k— l,\ 1 2 1
a.%l 8 P2 (n-p)"% (n-b )72
Let o, = —t 2 2 1
*d 1 , n2n+l' >
then (*1) becomes : . ) \
o) B "
— P,,pk) = (ag) ‘ (*3)
and (*2) becomes -
.
n n n n d
idl)s(k) s L z ! 41 . 82 ) b, ) b, R U (5
] o lew v L, |
bl+b2 k gl-ﬁaz k-1 . . o
| “ L -

. CRRR N
R R T T

& T
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, Ftom lemma 4, o < @/m)? , so (*4) becomes

& .
(d4) d di n n n n d~1
Baald s 5O r L (] 6T, o)
b1+b2=k a‘1+g2=k-l H 1 2 1 2 L
o e
for 1 = 0,1,2,° "7, : '

)

III.3:1 The expectued number of blocking k-pairs for d+l < k < n/2

[

Consider the case-when d~i = 4, and the term

‘ 4
oy ¥ (n)(n)(n)(n)a
1 3,7 a,3b, b d .
b1+b2=k a1+az-k 1 "1 "2 "1 "2
\ . ne e n 8 by 2, b214 n—bz n-ay n_bln—-az 4
=< 3 AN G0 [ (ip O ] o BN T I e B ey
by+b =k a +a,=k-1 %1 2. °1 "2
17227 AT . ;
e : :
4k . 4(n-k) o
S(—E-) (9;;15) I I (NN X g ), from lemma 2 and 3,
: b,+b,=k a,+a,=k-1 $1° %2 °1 P2 ,
‘ 172 172 ¥ . L
4k 4 (n=k) 2
k" n-k 2n k .
s 6 ) Cid o) '
v e
k. 4(n-k) k 2 - )
) [2-¢éY 1 o , .
ntoom VT * :
- . o . . o Lo .
from lemma l.. . : . L '
ffi ¢ » s o PO e . F o e e ‘..

[NV
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) - 38 - .
[}
7 , Al ’ -
k 4(n n/2)
k 1-k (2e ! >
. (n) € ) 2 k ) ‘
Is . /\_\
n/2 -Zk (2e2 ;
< () .
27k e -
: . -
2 " k - * AY
The inequality (*5) i)ecomes
- : ~
4 40d-4) i
(d) 4 _1 ‘
(k)s() Gy s 425, . ‘
’ J

¢ H

The ‘expected number of blocking k-pairs for d+l sk s n/2 and d 2 5 1s

@ @
) (1)
1 K1 0.8

g 4@6) w2y

<—) I 3
M egrrk .
< (—d—-)c‘l(d-a) n o L -
n 8nd ; ‘ !
B ! N
. ;
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1II.3.2 Expected number of blocking k-pairs for nf2 sk <n.

We' will use the following inequalities [46] for m and r are positive

.

integers: -

L] g - ' - -+
oo “ o=
- - y r=1,2,3" -
L+ D" £ @) T 5
T ! , ‘
(3) s NG
m ' .
n r=0and 0= 1.
r m-r 5
r (m~-x)
Since
. 1.r r, 1 r 1.2 B
(l+-1:) 1+(1);+(2)(r) + e > 20,
forr = 1,2,'3,:~ , (ft) becomes:
o L
r = 1,2,3,0.»
: 2r" (m-r)"" ", / i
m, ‘
(r) <
m o .
.T—L;; : r-'OandOo-l.
r (m~1) ’
Consider the term in (*5) wvhen (d-1) = 2 :
‘ =N (%6)

n n A n 2
SRINRI RIS

e e ey - - - e T S 1
, . PRI SN

w/'-‘\.




L)
bn T —————

A s 4 = e v rwes e o

.= 40 - . . .
, .
. L

We have
ny? n . 'nn ' n°
) ( a, )( a, ) < hl n-a,. a n—éz
2a1 (n—al) ‘,2a2 (n-az) ©o,
. i - 2n .
= a n-a a n-a r o
71 . 1 2 2
4al (n~al) a, (n—az) /

n

if al‘ and a, are-nonzero positive integers. For.the ~c'aﬂaé’lzvl and bz,

we cannot have bl and b2 both equal to bero at the same time. .We have,

n n
; [ (% - 50 T, : w5 bzl b2l
2b1 (n—bl) 2b2. '(n-bz)

: n n )
(bnl)(lbt;) s 9 b, . A 2 n§§2) Vb =0, by21
bl (n-'bl) 21)2 (n—bz)

a® ' a" ' '
;] b T, why  PEL B0
2b1 (n-bl) b2 (n-bz)
e '
) 7 . N
The,refore, the following inequality holds: , o
4 ) R
(bn1 ¢ 1:12) S “":11' DY
' 2b, “(a-b) b, “(a-by) ° ,
N t.
Similarly, -
v * N &
n,, n " "
(al)(az) <. . 8 n-a a n-a, Y ’
2&1 (n—al) a, (n-az)

-~

/




I o st s i T

.

R SR,
’ . t i o .
. b, b n-a, ‘' n-a, R
& 1..a2 2 (n-b,) 1 (a-b,) 2 N
Lett £, = . S L
1 by, b, n-a n-a, ’ T
he bl bz (n—'al) - R (n—az) v o
" . b, b n-g n-a
a, 1 a, 2 (n-bz) 1, (n-b1) 2 1
and [, = e ! M) :
2 a L \112 n—b2 . ) n-bl., nz
a; *oa, (n-bz) (n-b;) - . -
The expression’ (*6) becomes:"
2 l . -
GDITD ISR IS PRI U A s (*7).
a;’'a, bl PZ d 41 "2 .

e
NI

.

1+ }'/x)x < e to the expression. Hence, 1if a;, aza, bl and b2 are non-

zero positive integers, then 3

¥ &
-a. Pl -g P2 - D8 _. n-ap
b,-a, b,-a, b,-a, ot ‘ bl az)/
fl = (l - B ) (1 - b ) - (l - n-a ) - (l - n_a N N
' 1 2 1 2
£
s %, —
asb1+b2-kanda1+a_2-k-1.“_ - ,

i

If bI = 0, then b2 = k Therefore, the bound i::m'\fl when b1 =0, .
¢ 1 g .

b, = & ond 0% | 0, £ - 18

k n-a n-a
0
o e e
1 0 k n-a n-a . D
i 0 k Y (n:'al) 1_ (n-az) 2 ’ ‘ - e .

111.3.2.1 —'I'he bound for fl is obté:lngd by simply applying the inequality

3




D
-

o sy S ot =

B o et o i b s et

’

we have -

since a; + a, = k-1 gnd a, < k-1,

Therefore, for bl + b2~* k ,{1 + éz - 1;-—1, and n/2 < k<n, .

“

- 42 -
o-a, ~ n-a
k—azk k-al 1 a, 2
- Q- k),,(l-n-a) (1+n—a), .
. 1 2'.a .
¢
< e k +°(aytay) - l%-l- ay !
< e k + ,(k-l) - k+ (k-1 , since a1+a2 = k-1 and a, sl:l,
/
< e-z . \
v \0
Similarly, 4f b, = O then by = k . The bound for £, when b = k
and b, = 0 is
k 0 n-a n-a y
U N T N
1 kk 00 n-a, n-a, ‘
k «"  n-a no4y —
. “k-"-al a; 1 k—az
Q- DA+ (1 -—==)
. 1 . 2 ,
< “e-z ’ .

o

—TT
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b2 = k-bl into f2 , the‘ expression f2 is
’ ‘ bl +b, -k |
pu/’/ k-l-a 171 “n-by T (a,) (a-b,)
‘ £y = ¢ a, )_ (n-k+bl) Lz (*8)
L k-l_al al—b1+l n—bl al+b l—k '
£, 5 ( : ) (B:T&_bz) - ’ (*9)

IIT.3.2.2

The upper bound for f2 is more lengthy. In the following sectlonms,
we have to consider every combination of the value of ays 8, b1 and b2

in order to show that f, < 1. If we substitute a,\= k—l-al and
. 2% 7 2\

There are five cases to consider, namely,

[case 1] a; =D,, ,
[case 1i] a, < bl . (al + bl) >k, v
, N
[case 1ii] a; < bl , (al + bl) <k,
[case iv] a; > bl . (al + bl) >k,
. [case v] a,l > bl . (al.;lv bl) gk .
111.3.2.2.1° [ease 1]
* J ‘
" (a) If a, = bl = (k-1)/2, then, from (*8),
0 1 c 1, -
RIS IC S NI - e SRR
g FH & -5 a-Tp o e

JRUGVGRES VI —

[s

L
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(b) If a, =b, < (k-1)/2, from (*8), .

2a. =k+1 . k=2a
Q 1 1 . 1 -2
f2 = a, (k—l—-al) (n-bl) T (n-k+b1) }n’ < 1 .

since k-l—al,s n, n—lc+bl < n—bl, n--b1 < nand Za1 sk.

() If a; = by > (k-1)/2, then R
1 2a_=k
k—l—a% a-b, T b
£, = 4 1, L ¢
2 1 n-k+b 2 ’
1 n
/

since k—l—al < n, n--bl < n;k+bl, and n--b1 sn, .

Hence, (a), (b) and (c) give fz s 1, for a, = bl .

111.3.2.2,2 [case ii] b, > 8, and ,(al+b1) >k .

1

(a) If a, > (k-1)/2 and bl < k/2 , then it is a contradiction to the

assumption that bl >a; .

(b) If a; < (k-1)/2 and b;. = k/2, then f, < 1 holds clearly.,

\ 1

(¢) If a < (k-1)/2 and b, < k/2 , then (a;+b;) < k is a contradic-

.tion to the a'ssumption that (a1+b1) >k .

2

(d) 1If a; > (k=1)/2 and 'bl 2 k/2, leta= a, and b = b, , from
lemma 5, we have f2 <1.

(e If a) =(k-1V2 then b > (k+1)/2 and ' -
al+b1-k ) ¥ /

v

- n-b

1 .
£, 5 (1) (“"“”’1) s1. ,

“ o v

" (f) If b1 = k/2 then ’al 2k/2., a contradi.cﬁop‘to:bl@ a?l . o

2

!




Ao emua Y wveNmOTewmn cow -

PR et ¢ . e

Tt

I11,3.2.2.3 [casﬁ_ 111] bl > a, and (al + 1?1) < }(\. (

- a

N \)
N / _ o - . .
. but, (al+bl) <Kand by - a; S k-2ay 1 ,‘then: , .

a5t ,

AR}
x.

(a) For a; > (k-1)/2 and bl < k/2 , a contradition to the

° # assumption that a; < bl. L .

£ . .
{(b) For a; < (k-1)/2 and b1 < k/2, fz'\s 1 holds clearly. - o .

4 h 1

(c) Fow a; > (k=1)/2 and b1 2 k/2, a contradici:ion ‘to the -~
assumption that '(al+b1) <k ) ;
(d) For 21 ¢ (k-1)/2 , bl > k/2, we have

(bl—al—l),zk—(a+b)" N

]

80 . .
' _ k-(at+b)
1 n k+l:>1

£, ¢ [( ) ( )] . . . R
2 k--l—-a1 t],—bl :

- (a-ktb))ay + (k-l-a)) (n-by)
= (k-2a-1)n+by - (by-a )k 2 0. L

<1, - \ .

1(e) For a, = (k~-1)/2, bl $ k/2 , we have fz 1. ’ s Lo . \

(£) For b, = k/2 and a, s (k=1)/2, we have £, S 1 .-

I11.3.2.2.4 [case iv] ,81"> b, and (al + I?l) >k ., ‘ g .

Y.

(a) a, > (k-1)/2 and by > k/2 =>7F, < 1. -

(b) a, < (k—l)/Z. and bl > k/2 = bl > a,a contradiction,

oL !

1
(c) a8 < (k-1)/2 and b, < k/2 = (al+b1)< k,a contradiction. ~

@

E

]

P

o mt— e ——C et e




(d) a, > (k-1)/2 and b

1

i

k~1-a

< k/2=>2a

"n-~b

Pi.e. | f2 < [¢ =

1

a l-Tb 1+1 ’

1 1
) (n-k+bl) ] .

-bl-l-l\ za

but, (n-ktb)a; - (a-b;) (k-lial)

+h, -k,

171

u

o &

}

= (2a,7K)n + (a-b)) - (a,=b))k > 0,

since (a1 + bl) > k= 2a1 -k > ) —,bl' \Thus,

fy

(e) 8,

* to

(£) b,

111.3.2.2.5

&

< 1.

= (k-1)/2= b1 > (k+l) /2, a contradiction

ai' > b1- t

= k/2=> a, 2 k/2 ,

£.5 k-l-a, 2170*1

2 1 (1) <1 .

[Case V] a, > by and (al + bl) < k.

~

(a) a, > (k~1)/2 and bl > k/2= a + b, 2 k, a contradictiom.

Q'(b) a

{c) ai

> (k-1)/2 and by <K/2= £, 51,

Ky

e

< (k-1)/2 and b.]. > kf2=> bl >a;,a contradiction.

P




5.2

¢

i

) ‘ £
. ! 2 1

L

', ,(d? a, < (k-l)/? gmli b1 < kf2. Lleta= k—l—al b= k-bi,

so (a+b) > k and b > a. “Applying lemma 5, we have f, < 1.
(e) a, = k-1)/2 = bl < (k+l)/2. Then ,

n+b. -k k—(81+b1) , . ?
fZS(l)(—;;:BT'-) $1. AR

3

1 < bl , @ contradiction.

- L

v (£) b1=k/27>a1<k/2=>a

111.3.2.2.6

(a) If '(al+bi) = k , then, T e

a bl—al-l v

. ' 1 -
. C B Gy @y =1

LY

(b) 1If b‘l-al-l = ‘0, then .

a,+b ~k
n-b 171

s (1) (—-;_E;%——)

zb -k"l . i

n-b 1 ' S

) ' : .
n-k+b1 s

- o511,

I11.3.2.3 o,

From sectfon III.3.2.1 -and section III.3.2.2, we have shown that
fl s'e"2 and fz < 1 respectively. The inequality (*7) becomes

2 \ 49—2

a

1.

et o s 45 . (%10)
) |

3
TN N
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)

L

S ) ‘ B(d)

1

B
! b

v

, Substitute d-1 = 2 and {1 = d-2 to inequalify (*5), we pbtain the éxpedted o

number of blocking k-pair for fixed size of A and B, and n/2 <k <sn g

A

) (d) (k) d )d(d -2) I 5

n , d =z 5.
) bl+b2=k al+a2-=k—1 4e’
: (d) K d,d(d-2) ’
. gk} == 2 ) - (*11)
, be
The expected number of blocking k-pairs for n/2 < [B| < n is '
@ F g Pm
By L Ba ’
k=nf2
n 2 2
4e
. ¥
g a®-3a-3 3 3 d -
4.9 7% a7 4.7 n/2,7 1 \
/;_, s () 5 ) &) — , ds5n/2
be
‘ —
2
n 2d+2 2 2
13
@ L g 033
. Bz s 2 2 ("t"_') ! 9 'd 2\5 . ~
~ e 1
-‘i 'Q

. X ’ ’ &t i ' Iz
_The expected number of blocking k-pairs (A,B) for = d+l <-|B| < 2n; d .

H
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The constant factor in (*12) is due to the fact that g

(@) is éyrmnetric in

k = IBI about the mid-range (2n+1)/2. Let (A,B) be the blocking k-pair ,
the pair (3-B, T-A) is also a blocking k-pair, by applying the definition

of blocking k~pairs to the pair (5-B, T-A) . Substituting the upper bounds

for B(d) a\nd B(d) in' (*12), we have -

+

LW

2
a?-4a-1 ; 2
(@ DT IO 1" d,d%3d-3
8@ < 2(-1 & + =L (4833
» 2e | N
A N : ,
< 2{——8—1[_+7_2-——} (-n—) .
e .
So, , .
2 £
d4%-4d-1 —
@ <1 & Ld25 . (*13)

II\f‘xi;S Probability of a perxfect matching in Gd

b %wm&
By the Konig-Hall's th“é’ﬁ’rem there exists a pe\:fect matching in G g iff

I3

there does not exist a blocking k—pair in Gy, for 2d < kg 2n - d. The y
) probability of a perfect matching 1n Gd is equivalent to find the probabi- ! \
i \
lity of no blocking k-pairs in G a >{We have/the /ﬁéILowing theoren.
. - . .
Theorem 1  + — .

‘Let i’Zn, d be the probﬁg,bilit:y of .a perfect matching in G d" the following

inequalities hold:

A

-

' | g 4-aan ,
AT (—t-{) , 5<d<n/2 )
1Pon,d ¢ - R L o
: . =0 T, N N

e . ) Lt
1 N T

A 5, '
4 » » T
A
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I1T.4 Expected value of the assignment sum r IR

Let yl(.j't)l be the rth smallest element in the set
, ,

| Yi={y{i), yg ), ...,y(i)} ‘,ieSuT,l » oy
such that a .
- {
(1) (1) () (i)
ylns’y ver SYL LS e SY ‘e

\
If y§i) » J =1,2,...,n, are independent and identically uniformly
’ distributed, the expected value of the random variable- y( ) is

| \

-

Now, consider the set which copsists of the d smallest elements in Yi’ say,

Di={yl(<i)llsl(sd,y() iJ ..

(8 .
The expected value of the rank K of the elemdlit yé;‘% in Di is
t4
. ) . . "
E(Kly(i)eD) = I K 1_14d@H) 41 , . \ o
i d 2 2
K=1
.
since all the elements in D have the same probability ;, d 2 5. The
]
expectqﬁ,%gﬁe of y(i) :l.n Di is . - .
W, . T .
,E(y(i) ly(“"> €D )~ . ‘ L
. ' R 7 \, . Efgg -
- e '
' * . ',"‘*, . K oo ’,‘ ," P
E(K I y(i) € Di) “ L *, ‘ J‘ . . ' vt
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‘perfect mé.tching. Let o d be the sum of an arbitrary matching Md in the

| -
- -
Poh
. i\ -
ey

a1 AR DI .
2(atl) ° o L

Let G(M) be the get of all subgraphs of G that contain a}' least ope

random directed bipartite graph G, = (S,T,E,) 1£ G € G('M). let Y, be the
; d d d r—

set of random variables for vertex i. Define

2n
- 1f G, € G A _
1=1 K,n d . ca
6, = { A Yol . .
- 2n THIE L o ;

If the costs are indepenc}en't and identically uniform on [0,1], the expected

value of the arbitrary weight matching Md given that G 4°€ G,(M) is , '
’ <M)§
E(8 d| G €6
2n -
= (CHITNES) . /
E(izl K, n 'YK,n € D)
2n -
) (1) | (D , \
izl E( K,n lyK;n € Di)
22“ d+l
jop 2(ot1) . |
™ %il& ¢ . ’ i o Lo (*14)(’
Moreover, E(ed | Gd ¢ G(M)) = E(2n) = 2n. . R .

The grabh G a* d 21, clearly satisfies the inclusion property: ‘.

‘ '
o

GICGZC...ch_lcch...cGn-G . . ) | T
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It follows that if G £ G then G £ ¢/, for ls d < d. The expected
rank K of the vari,able 1 ) given that éi) € Di’ Gd’ ¢ G( ) and Gd € G(M) 18 '
:" E(K| G o f G(M) Gd € G(M) and y(i) i)
. L
d '
= z (r) (—)
' d-d' S
r=d +1 £ A
’ ] |
. 2l (a-d )(@Hd +D),
1 2 .
d-d
‘A
t
_ dd 4l .
2
"’b . . o ’ .y
. Therefore, the expected sum of the matching M& such that Gd € G(M) and - E
. {
¢c™, 4 <4, 1
§ ’ \\ N ¢
‘ M § ‘ L
E(edIGd,,fG()andeeG(M)) . <
- €5) () ™ (1)
L E( z Yea |Gy £.677, 6467 yg o €Dy
i=1 v |
L]
2n )
= ¥ E(y(i) IG. ¢ G(M) G (M), y(i) €D,) . i
d d*c K,a 17
L i=1
- o 1 E(K|G, ¢ G(M) G, € AG(M) W . p ) 7
SR a . d ’ "K,n. 1 : : ‘
1=1 , , : 5
‘41, , o
G G - / \
o o : d
s [l ‘ ) . -t .
(d+d_+1) (n) : DT o *1
- wHl e L ~.(§)
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Let m i (x) be the approximate solution to the assignment problem

(minimum weight matching problem) found by the heuristic- HEUR 1. oPT?
~ N o ’

o

5<d<n, Recall that

)

The ﬁp’per bound of E(md()_g)), 55sdsn, will be shown to be less than 6.

6 £d =<n. .-

111.4.1.1

For d=5, the expected value of ms(g) when n 2 2d is,

s
E(ms(x))

o

: 4
- (5+)n + (2n), 1,5
< 6. ‘ !

t

Similarly, the expected value of mS(J_'c) when d > n/2 is . '
M . M
E(n () s B0 16, ¢ 67)(1) +Eog 165 ¢ 6*)(0)
< 6’,

since P(G5 ¢ G(M)) = 0 when d > n/2. Hence, the expected value of ms(g)

for n 2 6 is less than 6.

L g dP-ba-1 -
. ) Y »5sdswi2, e
’ . B(Gy € GT) = 1apy g ' (*16)
. =0 » Nf2<d sn .,

There are 4iwo cases to be considered, the case when d=5 and'the case when'
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©II1.4.1.2 ' ” , .

For n2d 26, the expected value of md(;;) is

E(md(xl) :

sE@ 16, ¢ ¢™) po, e ™)

[5d

+ B0, | G5 ¢ ¢™ and 6, ¢ ¢ P(G, ¢ ¢y

6

@16, ¢ ¢™ and Gg ¢ ™) P(Gg ¢ ¢,

6.} ™)
+E(edlcdfc )P(Gdt‘G ).

1
«

(a) 6 S d Ssn/2

.

(*17) °

)

@

Substitu't:ing inequalities (@14), (*15) and (*16) into '(*17)', we have,

t

AN

6n - §d+72n (2m) 1
ey n+1(6 12) ) (et ) )+ ( )

- 2
6o, 1 . 1 .1 d (_q_)d -3d-2
n+l 16(n+l)  71(ntl) 3 2d n

t

<

4%-5d-2

Because d/(2 ) and (d/n)".

are nonincreasing w.r.t.

11 Y aend-1

d when 6 S d S n/2,

substitute d = 6 and n = 12 into the expressio;t and we obtain

E(f!ld(zs))

1 (6n+_';_+_;_+ 13

S o 16 71 512

< 6 .

-
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()nf2 <dsn

I1T.4.1.3

:53;.

When 4 > n/2, P(Gd_ ¢ G.(M)) = 0. The last term in (*17) is equal to
Zzero. Using the same derivation of E(m d(3)) for 6 s d < n/2, except by

setting P(Gd ¢ G(M)) = 0, the bound for E(md(zg)) is -~

1 1,1 |
B(my(x) S 7 (60 + g+ 3p) < 6

¢

'From the results derived in section III.4.1 and IIL.4.2, we have the

following theorem. °

Theorem 2
If the costs are independent and indentically uniformly distributed

in [0,1], the expectéd agsignment sum E(md(z)) ig less than 6 for n2 d-2 5.

kx

|
i
i
1
|
1
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CHAPTER IV o= Tl .

‘Computational Results

-

This chapter will discuss the theoretical and practical time and space
complexity of the heuristic HEURd OPT" A comparison of. the running time
9
and the solution calculated by the heuristic and an exact algorithm is

made. .~
4‘:’

- » '

IV.1 Worst case time complexity of HEUR&,OPT

The heuristic -HEUR consists of four main procedures, namely,

d,0PT
DUMMY, CONSTRUCT, MATCH and FILLUP (figure 7). Clsgrly, the worst case
time complexity for DUMMY is O(IS]Z). For the proée&u?e CONSTRUCT, at

most we haye to check dISI2 elements in G = (S,T,E); the time complexity
for CONSTRUCT is 0(|S|%). Because G, has 2d|S] e&ges, an 0(|s| [E) exact

algorithm to solve Gy would give 0(]8]2) time. Thus, MATCH has 0(|S]2)

, time complexity. The row scan method used in FILLUP requires at most

( 2 ) steps. The worst case time complexity of FILLUP is O(IS{Z). There—

fore, the overall time complexity for HEUR; ooy is 0(|S|2).
B L]

IV.2 Space Complexity of HEURd,OPf \

The computer memory space required‘to store tﬁe graph G = (S,T,E),
the subgraph Gd = (S,T,Ed) and the matching M; are o(|E|), 0(|Ed|) and
0(‘S|) respectively. Moreover, the memory space required to do the compu-

tation for most of the exact algorithms described in section I.2.1 is

0(|S|) in general. Thus, the overall space complexity of BEURd OPT is
»
I 2

st o " , '”‘1#‘:&";!{?}' N
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IV.3 Experimental Results

The heuristic HEUR and the hungariats primal—dixai algorithm HPD

5,HPD
are compared for some random instances. The costs are generated by a
random number generator which produces random numbers un':[form on [0,1}.

Let to be thé running time in computer service\time units f’czr the
hung'arian primal-dual algorithm, t, (d) be the running time in se(:rvic‘e
units for the heuristic HEURd,OPT’ OP'I:(G) be the solution (assignment sum)
given by an exact algorithm OPT, HEURd’ OPT(G) be the soclution given by
(G) - OPT(G)) /OPT(G) |

HEUR, opp» and & = (HEWR, pp

Table 1 shows the means and standard deviations of t, and t (5) for-
different orders of graphs G. ' Since the computing speed varies from com-
puter to computer, the ratio to/ta(S) is also calculated (table 2)'

By using simple curve fitting tgchnique, the equations for -Eo’ E—a(g) an&
W were determined (table 3). I"he coefficiet.\ts‘ ;)f correiaticms:
P‘(]Sﬁs, Eo)’ P(ISIZ, ?8(5)) and P(|S]|, W)) were almost equal 'to 1.000.
These show that the equations are quite appropriate. Furthermore, the
equations also confirm the tixeoretical résults that the time coﬁ:plexityaof
HPD is 0(|S]| 3) and HEURd upp 18 o(]s|2). The coefficients of variations
y(to), Y(ta(f’)) and y(to/tﬂ(S)) were less than 6%, ]‘vhich show that the

values of i:o, ta(S),tolta(S) are almost constant for fixed [S|. The case

. when t_(5) 2 t_ was when |S| s 22. For |§] =22, £ (5) st . For |S| =20,

all three'cases: t (5) <t,st (5) =t and t (5) > t, occurred quite

evenlyf” For ISI = 18, t (5) > t happened on every occasion

The experimental results for HPD(G) and llEUR5 HPD(G) are shown in

tablé 4, As a whole, HPD(G) < 1.5846, HEUR5 HPD(G) < 1.5909, and the
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g

" standard deviations of HPD(G) and HF.UR5 HPD(G) wvere 0.2204 and 0.2207 res-
' » . ~

pectively. I-L'lifUR5 I-IPD(G) and HPD(G) were quite close to each other (table
» ! « .
5 and table 6). The probability of the event{= 0 to occur was gore,ater

than 2 at worst in the experiment. Further, max {£}<0.048,

3

min{¢ |£ # 0} >0.0009, and max {HEUR (G) - HPD(G)} < 0.08 were observed.

S’HPD
It 45 observed that if |S| increases, IHEURS HPD(G) - HPD(G)| decreases for
. L ’ .
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C ) Table 1. (Gomparison of the average running time of HPD and HEUR, ...
s 2

N
—3
+

. _ o(t,)
|s| Number of t o(t ) Yyt ) =
Q (o] Q
trials t -
o o
22 25 0.234 0.0129 0.0552 . | * ..
50 25 2.1364 | 0.0849 0.0398
100 ,-25 15.1576 | 0.3775 0.0249
150 10 49.4760 | 1.1904 0.0241 :
|
} _
Is]. E(5) ot (5)) (e (5)) ,
22 ' .0.2184\ \_0.0125 0.0571 '
50 1.0204\‘ ©0.0335 0.0328 :
100 4.0300 \ 0.1258 0.0312 | :
150 9.0550 \ 10,2507 0.0277
T r
>~ ’ ~ !
LA
® |
\ : e |
. . |




' (‘) " Table 2. means and standard deviations of tolta(S). -,
< _,; ° L -
’ SR N £ B TET ate /e (5)) vt /e (5)) !
, 22 1.07259 0.046884 0. 04554
' 50 2.693? 0.04729 0.02259
100 3.76267 0.08097 0.02152 '
L~ :
. =
. 150 . .| 5.46462 0.05300 0.00970
- e
AN
C, _ Iable 3. Equations for to’Ea(S)’ and ,to/ta(S).
; .
. y x y=bx +e | Plz,y)
E , - . ] b c
;- y — 5 |- .
| L £ Is| | 1.4597x10™° | ‘0.290128 0.999996
; t_5) 15|12 | "4.01495x10™% | 1.9286x1072 0.999999
e /5 | sl 3.41483x1072 | 0.349453 0.999898 y
< . . !
! .
0 S
( , .
T T LT T
-~ - ,,\ - e
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HEUR

Table 4. Exper’imental results for HPD(G) amd SLBPD(G).
' Let opt = HPD(G) and app - HEURS,HPD(G)'

s opt o(opt) "min {opt}! max {opt}
22 - 1.5446 0.3159 , 0.9292 2,3250
50 1.5468 0.1788 1.0977 ) 1.'9195
100 1.6487 0.1661 1.4008 - 2.0564
150 - 1.6186 0.1367 1.3932 1.8849
|| app o(app) min {app} max {app}
22 1.5452 0.3153 0.9292 2.3250
50 1.5516° 0.1791 - 1.0977 . ~1.9195
100 1.6644 0.1491 1.4008 | 2.0741
150 1.6195 .|  0.1370 1.3932 | 1.8849

e

v
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: /) , HPD(G) - REURSJHPD(G)
Table 5. Experimeng,al z"esultsf \for = 1) ’( .
Is| 3 “a(E) max {£} min {£} .
22 0.000500 0.002498 0.012489 o, 012448 .
#
50 0.003106 0.009907 0.047968 0. 00_0898 ’
100 0.002214 0.004267 0.015606 0.001379 B
150 0.000553 0.001287 ° 0.003923 : 0.001602
~——— - *’, ‘
¥
‘ ~
|S| € given that ,Q(EIE ¥ 0) frequency of -| size of sample
E # 0 E ¥+ 0 “
22 10.012489 - 1 25
- . '
50 0.015531 0. 0}8646 5 25
, ‘~ -.> ,: f
- 100 0.006919 0.005021 8 . - 25
150 . 0.002763 0.001641 2 \ ‘ 10
] | o/
l ‘ ~ B
' - 9 » T L:
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HEUR

'H_ _Table 6. Experiment results for § = HPIS(G) - 5

~

-4

JHPD (c)‘. |

)

.
-

H s (8 uin {6640} max {3}
22 0.000637 0.003186 . 0.015930 0.015930
50 | 0.004707 0:015109 . 0.001633 0.073014
‘\ , 100 0.003376 0.007277 0.00239 - 0.026840
150 0.000913 0.002102 0.002762. 0.006360
¥ "
T given that
, § given
22 0.015930 -
(:} g 50 0.023535 0.028563 .
B | 4 100 0. 011740 0.008630 *
150 0.004563 0.002546
< / [ 4
- ] \ :‘
‘ [ "
. ,\\
. .
.t , i, ¢ L
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IV.4 -Bad instances for.the heuristic ~HEUT‘.‘d,OPT.‘ '
Consifier the graph Gd = (Sl U SZ’ T]" T2, Ed), where |Sl U 82| -
lTl U Tzl = m = 2n; the number of exposed vertices in Gd relative to the
- 4 ’ ‘. ! !
matching Md € Gd is maximum if and only if (figure 11)
' + * % *
(a) T (S:L) =»'ri, Ti < Ti’ ITil =d, 1 =1,2,
+ T *: ‘ '
an? (b) P (Ti) = Sj’ Sj S Sj’ |Sj’| = d, j = 3"‘1, i = 1,2. £
*
Machol and Wien [44] give an instance, G , which force the hungarian
method to the worst case time bound. A modiffcation of the cost matrix
X * )
C = (cij) that they have given is defined as follow:
e
0 i=1lorj=-1 PR
* .
.cij = 2(1-1)(23-1)/N l<i1<jsm

{2(3-1)(2i~-3)-1}/N lcj<izm

‘

where N = 2(my(m~1). The modification converts the original costs to the
range of 0 to 1. This instance will cause HEUR; ,pp to give the maximum
3
number of exposed vertices in Gd (figure 12). Machol and Wien show that
. * A .

the optimal assignment sum is OPT(G ) = {1 + m(m2 - 2m - 2)/4}/N, and

the permutation matrix x = (xij) is defined by X4 " 1 1f 1+j = mtl, and
x,,'= 0 otherwi-se’(figure 13). The possible entries selected by HEUR

13 d,OPT
is shown in figure 12 and 13. It can be easily shown that

s * * -
(HEUR; 0on(6) - OPT(GY) s 5:;-212. .

] , -
In fact, the graph G in which the costs have following relationships:

@ ey > fr,3-1 A\
and (b) gy > eiy0d .y :

¥

>
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A

W (1°3/m™ 1% i,j'gm but 1 =3 ¥ m
c = . .
E I E i=3=m A

’ " ) .
is such a graph. The graph G may force HEURd OPT to choose the edge
9

. ‘ n S
(m,m) if 4d < m. The optimal assigmnment sum for G is (m(m+1) (m+2))/(6mm)

1"na
But HEURd’OPT(G ) =en + positive terms >-1. Therefore, the ratio—
;E B u n 5 6 m-4 1 . - : N
H URd,OPT(G ) - OPT(G ) m _' . [ ‘ ) '

OPT(G") - .

. , "
may give the results shown in figure 12 and 13. For example, the graph G

(1]
in which the costs cij are defined as follov\vs:

.
I3

- k3
- . . N
- .
. " . “

. — -t nntd e <;.—->..——--JJ~ et - - ey -~ - P

. . Ve . ot . . i AL
Y

L. Y B . » . R »;f“!’ N

i dobrrg b .

3




. .- 66 =
D e - ,
» \ ‘ ‘
- ' ’; .
Figure 11, A bad inetunce for md,OPT ¢
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Figure 12. Possible entries (edges) in the cost matrix of the graph

.t? be selected by nEURd,OPT
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Entries (edges) in the cost matrix of the 1nstance, G or G, s

to be selected by the exact algorlthm and IlEURd oPp*

i

,Tl N 7 ~
d—e¢d—de——n ~ 2d —¢d ¢ d—e——n - 2d——'l

COLO pet

!
cemad S m— i § — ) a— ] .
N L]
*
- .

n
n+l

Optimal Assignment,

Asaignment by HEUB‘d,OPT'
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Applications and related problems , o g

V.l

nonnegative edge weights, we have to find a minimum cost cycle (a closed \

/

- '
4

One of the applications of the assignment problem ishthe mar-
riage problem; Dantzig [16] shows -that monogany is the best type of marri-
age. An important application of the assignment problem is that it can be
used directly in the development of the sélution algorithms for the well
kﬂown travelling salesman Qrobleh‘TSP [13,14,15,35,36,433. The travelling

salesman problem is defined as follows: given a graph G = (V,E) with -

path) which passes each vertex in G exactly once. A symmetric TSP is when ) x

the COSts,cij = cji ’

i#3, 1,j ¢ V, may be different.

1,j € V, 1 # j. A nonsymmetric TSP is when the costs

cij and cji’
lKarp [37] proposes an 0(n3) approximate algorithm for the nonsymmetric=
travelling salesman problem, where n is the number of cities. His algorithm
first solves the problem as an assignment problem and then patches together
the cycles of the resuixing ?ermut?g%gn to form a tour. He shows that the
ratio of the length of the tour found by his algorithm to the optimal length
of the tour is less than 1 + ¢(n) with probability tending.to 1, where
€(n) » » as n ~ » if all the edge welghts are independent uniform on [0,1].
His\proof‘involves the upper bound of 3 on the expected value of the random
a;signment problem given by Walkup [54]. The computational time of Karp's

algorithm can be improved by replacing the exact assignment algorithm by ;

HEURd OPT" The theoretical result of the ratio, that is, the length of the
b4
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tour- by the approximate algorithm to the optimal tout, is unchanged if we
modify the proof in [37] aJ follows: - -
(a) the exact algorithm is replaced by HEUR

d,0PT’
(b) the upper bound of the expected value of the asai.g&\ment

. L

is changed to 6,
|

and (c) the factor, v3min4 + 1, in the definition of the bad matyix

' Y

is replaced by the factor v3nin7 + 1. -
V-zz L]
The time complexity of HEUR d4.0PT is bounded below by thé size of the
9
graph G. Clearly, HE"URd,OP'I‘l computes faster than HEURd,OPTz does if OPTl

computes faster than 0PT2. Some exact algorithms compute faster in solving

-

sparse assignment problems [5,42], while some exact algorithms do not [12],

d is a” sparse graph, d < n/2, we need an exact algorithm which is

designed to solve sparse assignment problems.
A variant of HEURd OPT is shown in figure 14. The procedure to find
1] -

an augmenting path P in Gd is O(IEdl). Thus, the algorithm VARNd (figure 14)

.

%
has O(ISIZ) time complexity, VARNd only chposes a random matching M; in

S .
; 8o, the sum of the costs in M, is greater than or equal to OPT(Gd).

d
(G) holds. However, VARNd is easier, to implement

G4

Hence, VARNd(G) 2 HEURd,OPT

4. 0PT because it 18 not necessary fo find the minimum weight aug-
?

:menting path in Gd' The upper bound for the expected value of VARNd(G) is

the same as that of HEUR (G).

d,0PT

l;;,f;f.#
Lo



Another way to improve the computational time of HEUR
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\

d,O0PT

ig to find

an efficient algorithm to find the d smallest elements in a set of unordered

A

numbers. A method to select the d smallest elements is by means of an algo-

rithm to select the d'-:Ll smallest element y d.n from an unordered set of
»] . .

numbers. After y d.n is found, we have to select the d-l1 elements in the
»

set of numbers which are smaller than y d,a'~ There are fast algotithms to

gelect the dti!-1 smallest element fropx an unordered set of numbers [1,6,27,33,

. 40,47,49,56].

-

*

7

>
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O - Figure 14. Algorithm 204 , , RO
i . - ' ; ' . ":'w\ N
} . PROCEDURE ~ VARN, [G_,M] SRR ' i
Input: Graph G = (S,T,Eo). , 1. ) S )
- but:put: A matching M. - = | L ) ﬂ
» : “BEGIN : : : :
. , ’ \\\ N -
DMy 1G,C] E .
. -
d,r+O;M4-¢\$;Go+G;E14—¢ ‘ ]
L * . , .
;é; Gd < (S’T’ {d}) ~. '
< *\‘\ - M
* .
WHILE d < dand |[M| < |S| DO
* * e )
. d «d +1;6+6-E A
N/ -
CONSTRUCT [G,Gl,l] ; where Gl = (S,T,El). , fé
% * ‘
Ed + Ed ] E1 . T
* . l * W
C} Gyt '+ ((S,T,Ed ) L
WHILE there exists an augmenting path P in G d* relative
T to M DO "~ L
‘ M+ (MuP) - (MnP)
ﬁ : mp | ' : 5
'END K, ) . M . e
IE |M| < |S| THEN FILLUP[G ,M]" " - ,n C
L m o e A
¢ N e he - - ~
q j ‘. \
, S :
1 . _ ; :
: .
. . . s v— \ N "
N R L
‘. T T T T e
S A o
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Conclusion .

The heuristic d (OPT s d 2 5, has been shown to give optimal or
» » .

near optimal solution to the assignment problem 1.::1~ which the coste are

. independent and iden;:ically uniformly distributed -on [0,1] in O(ISIZ)

time complexity. /iéheoretically, the expected valué_ of the aésigmnent sum

$8 less than 6. Eii:erimentally, it is bout 1.6. Comparison of 'algoritlnga

for the assignment problem is shown in table 7.
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C) Table 7. tomparison of algorithms for the assignment problem., ‘ " N
N - given that the costs are uniform on 0,1). ' .
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: .+ APPENDIX A ~ L b
. - e w-
Prdofs of Lennﬁas ,
. . : il
Lemma 1 , :
)ZQ FZ IR re N 1 Ii.;l')-&_—h—k'—s—m‘ [ '
\.L-\J.) \k) = > k\'k ) 3 . =% =
[N 2
0 ) q —1 j il t* n
w2 X s B ,0s3sps4q. S
‘ ’ 4 + ) \: - ‘
Proof: ; ! i - l:‘f;;:; \
. m - m m’l) :‘ X (m"k*'l)
. (.1'1) (k) Kl H .
< g 02 & o by Seirling's inequality,
’ 1 em . Q.E.D. 7 CL S '
s — & - . . S - ,
v2rk , T ‘ N
R *. - (1.2) It is trivial since’—';L 2 -g—:%._for P<qand 01 < p.' e
- ¢ 1 N B
. ( o
. X .
‘ .
Lemma 2 .
L] ‘.
# If a]:a'2 = kel, b1+b2 =k, 25 d+l sk < n, and a1",82’ bl’ bz,z 0, then
" a, Pl oa, P2k
& & s ) |
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vy B
<1
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¢ - R , d
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RN P .
- . 5
s -
- T N e, 1
» [
- e L
. - ‘s
¥

Proof:

o, - N N oh

\ . [ ) , \"‘h M . : '. 3 ,;'
,\1 By the binomial theorenm, . e S
r ! i - . 1‘. PO
| (—‘-‘-,-‘,i)k - = (-f:%—)ki . e
. ‘ : i=0 L . ‘
, Hence, the lemma holds. ' . . ' o~
Lemma 3 \ S o o ) -
1 If a) +a, = k=1, by +b, =k, d < 2,8, 5 k=l-d, 05 by,b, s Kk, : ot
. ! 1' ) / *A ry
2d + 1<k <n,,andd 2 1, then - o
R . w - ) 3 ‘ )
. n-a n- ' . }
‘ ’ (n bl) 2 (n bz) A . (n;w)n keHd & _d)n-d ;
C} ~ﬂ. ) n n n . i ~ .
Proof: ¢ . A .
T Let a = 2, b =b,, a, = k-a-1 and“ Eﬁ.k_b’ then .
" wb, Y2 b, PRI ‘ - o
A S — : : :
n‘ n ‘ el L - h
¢ ) - - I . 8
< (n—b)n a (n—k+b)n'k"‘.a ', asn 2 n-ktb . : _ /
\ o .Zn—k - §
n N ' .
- )F i , 1 t N
&‘ Y - /,, . i \ } ‘ K i Ty
) . : L ro n e b > Oy
sy - . ) ! . ! ; N )
( Lo \’ , ‘ )
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. . ' N
@ . ‘[Case 1]
Let y(a,b) e (n-b)""2 (n--k-i-b)n"k-"a , partial differentiating
; y(a,b) w.r.t. b, we obtain ’ ] !
S 2. v(@,P) = (ab) (-a)=1 (tetb) @D [ o) (nekka) - (uea) (mekib) ]
. * 3 - ,

[case 1.1] If (n~-b) = 0 or (n-k+b) = 0, then y(a,b) = O .

> _ [case 1.2]° ' | : —
‘- , . T

. -

; >0  ifb<a ‘
3 y(a,b) =0  if b=a
b .
<0 if b> a 1
. ) a o
o That is to say, y(a,a) 2 y(a,b) . ) ; . ”
O | ’ . |
. C |
‘b
.‘3; ’in
H
<
~ N -~ - .
4& -~
Q 2 o
- ) ﬁ(“‘” ’ .
. ‘ L
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-

‘ Differentiating y(a,a) w.r.t. a, we obtain the following:

58—8- y(a,a) = (n-ja)n"a (n-k+a)

Thus,

This implies that y(k/2, k/2) < y(a,a) for all a,

But

n~-k+a n (n-k+a) -
n-a

! >0 if a > k/2
3 y(a,a) =0  if a = k/2 ‘ "

<0 if a < k/2 .,

;\;jyyz.

y(a~,a”) < y(a,a) for k/2 < a < a, and y(a,a) > y(a+,a‘j:) for a < a

d <as<k-1-d < k-d and y(d,d) = y(k-d,k-d), the following

inequalities hold:

or,

Since

we have,

y(a,b) = y(ci,d) = (n__d)n-d (n__k_*_%n-k-i-d ,

y(a,b) < (n_d)n—d (n-k+d)n-k+d .
o .
“ s
n-a n-a
n-b 2 n~b 1
1l 2 (a,b)
—d D s B
e, i
oS
’ n-a n-a
n-b 2 n-b 1 n-k+d n-d y
1 2 n-k+d n~-d
(. - ) (T) < (——'ﬁ';-—) ( n) . Q.E.D.

A

e

v
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éorollarz 1
If a1+a2 = k-1, b1+b2 =}c, OSal,a.2 <k-1,0c%g bl’b2 < k,
¥
d+1SksSn, and d = 1, then g .
_y Drag - . n—a) 1
e e o @k ' Co
n n n . . ,
Proof:

Using the notations given in lemma 3, we have the following inequalities:

\

y(k,k) > y(k-d, k-d) = y(d,d) ,

-k
Y(d)d) < Y(k’k) = (n—k)n
2n-k 2n-k n ’ ‘
n n ’
‘;
& ,
!
n-a n-a
n~-b 2 n-b 1
1 2 (d,d)
and ) — ) < n2n—k , from lemma 3,

Therefore, the inequality .-holds. )
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Lemma 4

Proof:

Case '1, (a:L # 0, a, # Q0 and d+1 < k <€ n) .

v‘ "80"'

| A

\ N P

1 %

: /
\ , ‘
Let a; + a, = k-1, b1 + bz =k, 0 < a8, < k-1-d; 0 ¢ bl’bZ < k, and if \

A\
N\

a

&H) 81#0, 32940, and d+1 sk<n, or (2) al=0 or a,= 0, and d+l1<k<n-d, then
: /

a. P1 a P2 peh, %R gop MR d
e < 3y
n n n n ‘- n 4

K n-kd k nkid
ey s (h @R o &y &y, fron lema 2 s

n-k+d

Let y(k) = kk(n—k+d) , differentiating y(k) w.r.t. k,

we have

/
‘ & /

2y = K krd) " pn
3K ;

or >0 1f k > (n+d)/2

(nt+d) /2

3y < =0 if k
3k

A

<90 if k (ntd) /2 .

This implies that y(k) is a concave (upward) function with minimum point

at ((n+d)/2, y((n+d)/2)). Since y(d) = y(n), we have y(k) € y(n) for

d +1l sk £n. Thus

a., < }.’_(..Q < (n) = P_nii = _é.)d -
d nn+d nnd“ nLn+d n
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/
Case 2. (a1=00ra2=o,andd+15ksn'-d) \
Ifal=0andbl¢o,ora2=0andb27t,o,;henqc‘l=o. g

N N Ty i et S 1 deramap et PYSETRPIE. e re

o ~ - 81 - \ ;

Consider the case when a, = 0 and bl = 0, or a, = 0 and bz = (.

By lemma 2 and corollary 1, we have

s (_lg_:l_)k (Pi)n—k g kk(n—k)n—k
d. n n P ) N

Let g(k) = kk(n—k)n-k. ‘Differentiating g(k) w.r.t. k, we obtain

i

3 g(k) = & @ e ko,
n-k

2k
h
and »
> Q if k > n/2
3 gk =0 if k = n/2
ak
< Q if k <n/2 .

Therefore, g(k) is concave upward and symetric ahout n/2.

Since d + 1 Sk sn-d, g(k) < g(n-d). This implies that

n-d .d d
n n 1
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Lemma 5§ ' ,
If k-1 > a > k/2, k >b> k/2, a+ b>k, b>a, n > k > n/2,
n>d+1 and d> 1, then )

K

b-a-1 - i e
£(asb,k)= a0 (k-a-1) 0 (o) 2 P E (i) BP0
Eroof: .

Case 1. ( k = n )
Substituting k by n into f(a,b,k), we have
\ b-a-1 a+b-n

£la,byn)s (2 ) ()

b-a-1 '
a n-b
( ) )J ysince (n-b)/bv & 1 and- b-a-1<at+b-n,

A ( ———— —————
= n-a-1 b
< 1, since b> a and n-a-1» n-b, .

Case 2. ( a = k-1 and k # n-)
If a = k-1 +then b = k. So, we have

f(k-1,k,k) = (k—l)o 0° (n-k)k”1 ni-¥ < 1.

Case 3, ( k-1>a>k/2 and k # n )

Consider the logarithmic series:

1,2-1.3 1,z-1.5
T ee y Z>O.,

z-1
ooz 2.~{(;:'i) AT AT U

gnd the inequalities:

5
,“

N )
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()

! j
; ( (z l>3 \
: z-1 1 z+ 1 z-1
f 3 l 2 oa= - - e
| n g < {(Z+l>+3( (2_1)2)} , 0 o<1,
TS
! and
: -1 z-1
. 7 > P —v—
E in z 2(z+l>’ 052+1< 1.
: a/(k-a-1) - 1 2a-k+l
. Let k = ‘ =
’ gla)k) = LT ko1 Lo
~ (n-k+b)/{(n-b) - 1 2b-k \
h(b = -
(b, k) (nok+b)/(n-b) + 1 = Zncx < 1» end
i
A = (b-a-1) gla,k) - (a+b-k) h(b,k)
! : (2a-kel)+1 (2a-k+e1)+2(b-a-1)sl
—5— ' - {(v-a-1 -k+1)
(* < (b-a l)—(__T—k—l = (b-a-1)+(2a-k+1) STk ) - &
i
' 2 ~ 2
e < - (2a-k+1)" + (2a-k+1) 4+ 2(b-a-1)" - 2(b-a-1)
. -7 3k ¥
; 4
' (2a-k+1) (2a~ k+2)
, <7 R
;‘ *
f Taking logarlt%m on f(a,b,k), we have
ij % 1n f(a,b,k) .
i
’i L] L
i -k+b
: = [(b a-1) ln( ‘) - (a+b-k) 1n(n ; )}
c Y, L(2ake1y3 2a-kyl )2, )
- (b"a—l) g(a.'?k) + " rk 1 ) /(1 (-‘—%— ('8'+b— ) h(b’k)

'
J O i

e T e fisbin Rt R Aot che 0 e i o

i b




e A s e
¥

L

A

{ A

- 84 =

)
1

(b—a—l).'(Qa—k+l)2 (2a-k+2)

3

A

(2a—k+l)k2a—k+§) (

k (2k-2a-2) (2a)

-1 +

3k

IN
(@]

(b-a-1)(2a-k+1)

2 (k-a-1) (2a)

).

since '2a-k+]l 2 1, k-a-1l 2 b-a-1 and 2a.> 2a-k+1l. Therefore,

f(a,b,k) < 1.
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. B.1 'Axithmetic

3

max {xili-l,,‘ **,n}

min {xi[i=1,' **,n}

lim -
w.r‘t.

"iff

X<y

s

£(n) = 0(g(n))

e

APPENDIX B .S L —

Summary of notations v

a(n-1) +v- (n-dtl)

‘ al \ o"

1 . a=0 . N

0 a>n

maximum value in the set {xl,xz,"',x } .

n

A

minimum value in the set {xl,xz,-“,xn} ,

absolute value of x
the least integer greater than or equal to a

*

the greatest integer less than or ?qual to a -
natural logarithm of a . .

limit operator. o .
with respect to B e
if and only if

implies

tends to or cOn;ergeg to

x is assigned the value of y .

f(n)/g(n) < ¢, for some constant c, n,n>mn,
1lim '

n v
n_m(l + 1/n)

«
—
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B.2 Set }
é empty set - B
v /' .. .
AyB ' {x|x.e A or x € B}
: AnB {x|x € A and x € B}
€ belongs to
- i AcB for all x, (x € A)=> (x ¢ B) .
AcB AcB, but A# B - )
\ 1Al number of elements in the set A
' n @f *
U A - {A, U A, U UA} , ’
=1 1 12 - n
‘ n \
noAy 1A nAyn-.- n Al _
C} » i-l . N ?,’,
: [a,b] {xla = x < b} .
A (a,b] {x]a < x £ b}
[ .
[a,b) {x|la £ x < b}
A-B {x|x € A and x ¢ B}
. . | there exists
F) such ~t;h,a!: )
o 9
N \
. 1
O ' S -
-~ /L .
“ A ! .

s
o

TN




B.3

B.4

i,
Probabiiit_y and Statistic - \\
/ . >
E(X) expected value of the random variable X.
Var (X) variance of the random variable X. .
P(X) probability of the random variable X.
\
X sample mean of X.
I
Cov(X,Y) covariance of the random varfables X and Y. ,
P(X,Y) corxlelation coeffieient of the random variables X and Y.
v (X) coefficient of variation of X.
o(X) - gstandard deviation of X.
i.1.d. independent and identically diftributed.
Graph
G = (V,E) graph with set of vertices V and edées E.
%* “w % . *
G - E removal of all edges in E (where g = (V,E) and E ¢ E)
but ‘removing no vertices.
- * *
G-V removal of vertices in V and al].) edgea adjacent to them
- * !
(where G = (V,E), V 'g V). ¢
Gl ~U. G2 the graph defined by (Vl u Vz, El ] EZ)’ where "
\- - . - p
Gl = (vl’El)’ G2 (VZ’EZ)'
/
+ % * - .. ‘
I (v) {xl<i,x> € E, L € V, x is incident from i},

irtod| = & o) .

S I

I ed L
[P \n"y ‘:‘Em‘t‘f‘_ﬁ«w,.

.
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Ay

[
v

1 ‘* v N ! . (
{x|<x,1> eB, 1eV, x is;‘i_nciden to. 1} ,- T
- % - % : b :
[r7wy| =d; M.- \ .- CL A
3 . . o ‘e
+, * - % % , . ' ’ |
r (vy ur (v ) - T .

cost of edge (1,j) ‘ "
Matching

A square matrix with its elements denoted by aij'

*
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