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Abstract 

A technique for combining equalization and differentially coherent detection is pro­

posed for use in wireless communication when carrier phase recovery is difficult. A 

decision-foodback differentially coherent scheme, which generates an improved refer­

ence phase, is combined with a linear equalizer and the LMS algorithm is used to 

adapt the equalizer to an unknown channel. In addition, the proposed recei"er is 

simulated for various two-dimensional signal constellations over multipath channels. 

It is shown that for high SNR, the degradation of this structure is negligible with 

respect to combined coherent detection and equalization. Therefore, this equalized 

differentially coherent detection scheme can be used when carrier phase tracking (i.e. 

coherent detection) is difficult and intersymbol interference is a major obstacle. 



Résumé 

Cette thèse propose une technique combinant l'égalisation et la détection cohérente 

différentielle pour la radiocommunication quand le rétablissement de la phase du 

signal porteur est difficile. Un système cohérent différentiel à rétroaction améliorant 

la phase de référence est combiné à un égalisateur linéaire. La procédure "CMM" est 

ensuite utilisée pour adapter l'égalisateur à Ul. canal inconnu. De plus, une simulation 

du récepteur est faite avec des constellations de signaux à deux-dimensions pour des 

canaux multi-routes. Il est démontré que, pour un grand RSB, la dégradation de la 

performance de cette technique est négligeable par rapport à lél combination classique 

de la détection cohérente €t. de l'égalisation. Donc, cette technique de détection 

cohérente différentielle égalisée peut-être utilisée quand la poursuite de la phase du 

signal porteur (c.a.d. la détection cohérente) est difficile et que l'interférence entre 

symboles est une probleme majeur. 
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Chapter 1 

Introduction 

Recent years have witnessed an increased interest in bandwidth efficient modulation 

schemes. The simplest and most widely used technique for achieving high bandwidth 

efficieI!cy is based on two-dimensional modulation formats [1]. With these schemes, 

demodulatioD is usually performed coherently, which means that carrier phase track­

ing is necessary. In many situations (such as communication over fading multipath 

channels, or short burst communications such as TDMA or Frequency Hopping), car­

rier phase tracking is a difficult task, and thus noncoherent demodulation techniques 

have to be used. The non coherent demodulation methoGs for two-dimens!onal formats 

are based on differentially coherent techniques, and tbus the phase information has 

to be differentially encoded. In these schemes, carrier phase tracking is not necessaryj 

however, this is achieved at the exper~de of SNR performance. 

In the last year, new differentially coherent detection techniques have been 

introduced [2]-[5]. The chief merit of these dett'ction schemes 18 their low SNR degra­

dation with respect to corresponding coherent detector8. One of the potential appli­

cations of the new differentially coherent strategies is for lndoor Wireless and Mobile 

Communications. In these systems, intersymbol interference due to multipath is a 

major problem. Therefore, the extent to which the new differentially coherent de-
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tection techniques can be suitable for these applications depends on the performance 

of these schemes in an intersymbol interference environment, and the possibility of 

combining them with equalization. This subject has not heen considered yet (as far 

as we know), and this work makes a first step in this direction. 

Two-dimensional modulation, where the data is encoded into the phase and 

amplitude of a sinusoidal carrier has been extensively studied in [1], [6]-[11]. In this 

work, Phase Shift Keying (PSK), Quadrature Amplitude Modulation (QAM) and 

V29 ~;gnal constellations [12], [13, page 243] will he used in a combined amplitude 

and differential phase modulation scheme, which uses amplitudes and phase differ­

ences to convey information. This modulation scheme is used instead of cornbined 

amplitude and phase modulation because the differential phase encoding enables the 

use of differentiallY coherent detection. Differentially coherent detection simplifies 

the receiver structure significantly since no phase tracking is performed and thus, 

is very attractive when carrier phase tracking is difficult. However, it has an SNR 

performance degradation compared to coherent detection that approaches 3 dB for 

MPSK (M>2). As a result, we propose to use the decision-feedback differentially 

coherent detection structure of [2] because of its low SNR degradation and relatively 

low complexity. Our objective is to consider this scheme over ISI channels, while 

focusing on the multipath environment. The decision-feedhack differentially coherent 

detector of [2] can be naturally combined with known equalization techniques, while 

the other proposed differentially coherent detectors [3]-[5], seem to requirc special 

equalization methods. 

In this work, we consider linear equalization, because of its reduced complex­

ity. In addition, the Mean-Square-Error (MSE) criterion is used to find the optimum 

linear equalizer for known channels. However, in practice, th" multipath characteris­

tics of these channels are usually not known sa that adaptive equalization is necessary. 

Therefore, we also consider the Least-Mean-Squares (LMS) adaptation algorithm [14], 
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mainly because of its simplicity and robustness and also because it is one of the more 

popular algorithms used in practice. 

This thesis is organized along the following lines. Chapter 2 presents the 

rationale of cornbining linear equalization with decision-feedback differentially coher­

ent detection, and introduces the system model. In Chapter 3, the minimum MSE 

(MMSE) and optimum equalizer coefficients are derived for known channels, taking 

into account reference phase errors, and Ilumerical results are presented for sorne mul­

tipath channeis. In Chapter 4, the LMS adaptive algorithm is used for adapting the 

equalizer to an unknown channel and Adaptive Mean-Square-Error (AMSE) simu­

lation results are presented. Finally, Chapter 5 states the conclusions and suggests 

further work. This is followed by a bibliography of related articles and two appen­

dices. Appendix A presents an overview of the overaU computer program and lists 

the MMSE program file and a sample test case. Appendix B lists the AMSE program 

file, a sample test case and additional program files. 
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Chapter 2 

Cornbining Equalization. and 

Decision-Feedback Differentially 

Coherent Detection 

The subject of this chapter is the integration of linear equalization with differentially 

coherent detection. Section 2.1 discusses the need for differentially coherent detection 

and linear equalization in a communication system. Section 2.2 describes the base­

band system model, including the proposed receiver which combines an improved 

differentially coherent dctection structure with a linear equalizer. Finally, Section 

2.3 focuses on the advantages of this proposed receiver over conventional coherent 

receivers which combine coherent detection and linear equalization. 

4 
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2.1 Equalization and Decision-Feedback Differen­

tiaI Coherent Detection 

Any communication system consists of three components: transmitter, channel and 

receiver. The main objective in any communication system is to transmit information 

as accurately as possible. The transmitter encodes the discrete-tîme information into 

a continuous-time signal which is transmitted over the channel. The receiver must 

recover the inforr-tation from the received signal which is a distortea version of the 

transmitted signal. This distortion is due to the channel. Channel distortion can be 

generated by noise, fading, as weIl as time-dispersion. Therefore, the transmitter and 

receiver have to be designed with the communications channel in mind. 

An important parameter of a communication system is the method by which 

the information is encoded into the transmitted signal, the modulation method. Much 

attention has been given to two-dimensional modulation, where the data is encoded 

into the phase and amplitude of a sinusoidal carrier [6]-[8], mainly because of its 

bandwidth efficiency. A close relative to this amplitude and phase modulation is 

amplitude and differential phase modulation. 

Differential phasE. modulation structures the sinusoidal carrier such that car­

rier phase differenc'~s ;'!ld not .!lctual carrier phases convey information [15]. Thus, 

carrier phase tracking, which tracks absolu te phases, is not necessary at the receiver 

since phase differences between successive signaIs (and not the absolu te phases of the 

signals) convey information. The phase encoding adds Httle to the complexity of the 

transmitter. In this work, combined amplitude and differential phase modulation, 

with differentially coherent detection, is considered. 

A differentially coherent detp.ctor estimates the transmitted information by 

making use of phase differences between successive symbols. In the absence of channel 

distortion, differentially coherent detection is an attractive alternative to coherent 
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detection especially when carrier phase recovery is difficult. It has been successfully 

applied with PSK modulation, particularly for binary PSK (BPSK) signal [16, page 

174]. This gives an extremely simple rE::ceiver for BPSK with a small degradation 

in performance. However, for MPSK (M>2), it gives an SNR degradation that 

approaches 3 dB as M increases. In [2], an improved differentially coherent detection 

technique was introduced. The proposed differential receiver structure uses past phase 

decisions to modify L previous received samples. These modified samples were then 

summed t') give an improved phase reference. This strategy can be considered as an 

open loop version of a coherent receiver with decision-feedback carrier phase tracking. 

It was found that the performance of this improved differentially coherent detection 

approaches that of coherent detection for high SNR. 

AJ stated earlier, the channel distorts the transmitted signal. In a time­

dispersive channel, the effect of each transmitted symbol ex tends beyond the time­

interval used to represent that symbol. This is due to the dispersion effect of the 

channel which broadens pulses and causes them to interfere with one another. The 

distortion caused by the resulting overlap of received signaIs is -:alled intersymbol 

interferenc<! (ISI). Its effect is most easily described in an equivalent baseband pul&(' 

amplitude modulation (PAM) system. Such a system is shown in Figure 2.1. 

00 
x(t) = LaU] «5(t - jT) 

;=-00 =~ Channel y(.~ __ y(to + kT) 
-(t) &..-..Jl..,___.--J 

Figure 2.1: A Baseband PAM model 

In Figure 2.1, «5(t) is the Dirac delta function and the "'channel" includes the 

effect of the transmitter filters, the transmission medium and the receiver filters_ The 

channel's impulse response is g(t) and the input signal x(t) is a sequence of data 
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symbols aU] which are transmitted at instants jT through the channel where T is the 

signaling (or symbol) interval and - is used to represent the complex envelope (CE) 

notation. Therefore, the CE of the received signal y(t) is given by 
00 

y(t) = EaU] g(t - jT) (2.1) 
;=-00 

If the received signal is sam pIed at instant kT + to, where to accounts for the channel 

delay and the sampler phase, we get 
00 

jj(to + kT) = a[k] g(to) + L a[j] g(to + kT - jT) 
:_ _ ~._ ' i=-oo, #. _ft,..I1 ..... m ~"' ____ -..... ... ____ __ 

151 

(2.2) 

The ISI is induced by g(to+iT), i #- O. The ISI is zero if g(to+iT)=O, t f.= Oj that is, 

if g(t) has zero crossings at T-spaced intervals. Wben g(t) has such uniformly spaced 

zero crossings, it is said to satisfy Nyquist's criterion [13, page 157]. The criterion 

specifies a frequency-domain condition on the received pulses for zero ISI. It can be 

expressed as: 
- ~ ~ k 

GF(f) = L- GU - T) = T 
"=-00 

1 
for 1f1:5 2T (2.3) 

where G(J) is the channel frequency response (i.e. the Fourier transform of g(t)), 

GF(J) is the folded channel spectral response after symbol-r,~te sampling and the 

frequency band Ifl ::; 2~ is the Nyquist or minimum bandwidth. 

One class of pulse shapes which are ISI-free and commonly used, is the raised­

cosine family with cosine roll-off Mound Ifl = 2~' It can be expressed as 

t Q'lrt 
sm( 'Ir T ) cos( -T ) 

9(t) = x (2.4) 
('Ir~) [1- (Q'lrt)2] 

T T 
where a is the roll-off factor with a value between 0 and 1. From [13, page 158], the 

transfer function G( w) of g (t) (w = 2 'Ir f) is given by 

T 

G(w) = ~ (1 -sin [:a (Iwl - ;) ] ) 
o 

7 

o :5 Iwl :5 (1-;). 

~ < Iwl < (1+0). 
T - - T 

Iwl> (11;). 

(2.5) 



G(w) and g(t) for Q = 0,0.3,0.6,1.0 are shown in Figures 2.2 and 2.3. lt is easily seen 

that these frequency responses G{w) satisfy Nyquist'5 criterion, and thus there is no 

ISI. In practice, the effect of ISI can be seen from a trace of the received signal on 

an oscilloscope with its time base synchronized to the symbol dock. For a two-level 

PAM system, if the channel satisfies the zero ISI condition, there are only two distinct 

levels at the sampling instant. 

Although the transmitter and receiver are designed 50 that Nyquist 's criterion 

is satisfied, in practice, the channel distorts the signaIs 50 that actüally the criterion 

is not satisfied and ISI results. As a result, equalizers, which are designed to deal 

with ISI, are used [17]. The objectlve of an equalizer is to reduce the effects of ISl on 

the process of data recovery from the received signal. 

Equalizers which use delays and tap-gain multipliers, and operate in the time..' 

domain are known as discrete-time filters. In these, current and past received signaIs 

(and maybe past receiver decisions) are weighted by different tap-gains, and used 

to reduce the ISI at a particular time instant. There are two categories of discrete­

time equalizers, namely linear transversal equalizers and decislon-feedback equalizers 

(DFEs). In linear transversal equalizers, current and past values of the received signal 

are linearly weighted by the equalizer taps and summed to produce an output. These 

equalizers are usually implemented with a finite number of taps for physical reasons, 

i.e. as a fini te Impulse response (FIR) tilter. As a result, they cannùt remove ail ISI. 

In addition, a linear equalizer introduces gains at those frequencies where the folded 

channel has loss and this gain amplifies noise at those frequencies. Thus, the noise 

power at the equalizer output is larger than if the linear equalizer was not present, i.e. 

noise is enhanced by the linear equalizer. Nevertheless, linear equahzers are used in 

practice sin ce they are good approximations to the ideal filter for a sufficient number 

of FIR filter taps and can be used in an adaptive mode. DFEs are recursive nonlinear 

equalizers that make use of past receiver decisions and are comprised of a forward 

8 
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Figure 2.2: G(w) which satisfy Nyquist criterion 
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and feedback filter. The forward filter is similar to a linear transversal filter. !ts 

function is to eliminate precursor ISI (samples of the pulse response before the main 

lobe) while the function of the feedback filter is to cancel the postcursor ISI (samples 

of the pulse r~sponse after the main lobe), see Figure 2.3. In addition, DFEs do not 

enhance noise as much as linear equalizers and are less sensitive to samplîng phase 

errors. However, DFEs suffer from feedback error propagation. Therefore, they are 

more difficult to use in adaptive mode due to this lack of guaranteed stability. 

This work considers linear equalization for systems that employ differential 

detection. This subject has been given consideration in the literature [15], [18]-[20]. 

A linear equalizer following a differential detector as in [18], has the difficult task 

of equalizing a nonlinear channel due to the quadratic nature of the channel depen­

dent terms at the differential detector output. As a result, a linear equalizer cannot 

effectively ~qualize the channel, and non-linear equalization techniques should be con­

sidered. Therefore, a linear equalizer should precede the differential detector as in [15], 

since it has to equalize a linear channel. In [19], a scheme for ~ ~aptive equalization 

of incoherently demodulated signals was presented. In the scheme, a linear equa1izer, 

placed arter an envelope dctector, was used to make an estimate of the ISI due to 

multipath fading and acted as an ISI canceller (i.s.i.c). In addition, differential phase 

estimation and phase tracking estimation were both used in the receiver structure. 

Also, the equalizer structure had complex tap-gains and real input values, instead of 

the usual complex tap gains and complex input value~, which reduced the system com­

plexity by fifty percent. However, in this scheme, the linear equalizer has the difficult 

task of coping with the nonlinearity introduced by the envelope detector. Adaptive 

equalization for differential coherent reception in the presence of channel distortion 

was also studied in [20]. A linear equalizer, with seven taps, was placed before a 

differential detector and differential data encoding was performed by multiplying the 

previously transmitted data symbol by the current data symbol. Simulations were 

done at high SNR for BPSK and QPSK. Similar rates of convergence were shown for a 

11 



, 
, 

, 

1 

1 

coherent receiver and the differential detection r('ceiver. Howt'vt'r. 1 lU' ~tSE obtaint'd 

for the differential case was about 3 dB larger than that obtaillt'd in t.lw collt'rt'nt 

case. We intend to solve this problern by llsing the Improved differ('nl ially collt'rt'nt 

detectlOn technique of [2]. 

In [2], an improved differentially cohert:nt detection f('cci\'('r was int.roduCt'd 

for an ISI-free additive white Gaussian noise channel. Tht' malll advcUlt.apT of 1 hi~ 

differentially coherent detection technique is its nC~',ilgibl(' dcgradation with rt'spt'r\, 

to coherent detection. With ISI, there is need for an cqualizer as w('ll. By pla('Jn~ 

a linear equalizer before differcntially coherent drtcction, the eff('ds of tll<' ISI can 

be reduced and detectlOn is performed on an i'llll1ost ISI-fret" signal. FurUH'rmofl'. 

equalizatlOn IS perforrned without the need for carrwr phasc' tracking, IIllproving t.ht' 

robustness of the system to carrier phase nOise, and carner phase hits. 

2.2 Baseband System Model 

The base band model (complex envelope) for the system considered ln this work I~ 

shown in Figure 2.4. In this work. continuous·time signais use ( ) bl'ackets and 

discrete- time signaIs [ 1 rectangular orackets. Figure 2.4 will now he bnefly descri l)('d: 

The system IS composed of three conceptual parts: transmitter, channel and rCCCiV('f 

2.2.1 Transmitter 

The transmitter model consists of a differential phase encoder followed by a trans­

mitter filter 9T(t). Let us consicler two dimensional modulated data signais speclfi(·d 

by the complex envelope (CE) notation. The CE of the transmlt.led <;ignal IS gIV('1l 

by 
00 

s(t) = L b[k]eJt/>[1c19T(t - kT) 
Ic=-oc 

12 
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00 

L b[nJej~rnJ6(t - nT) 
-, i .... , -n":"'-""" .• ,..... _~ii n=-oo 

ut 

yliG«, 

s(t) .---..... , r 
9C( t )1::Œ)::t9R( t) 

r(t) y(t) 
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Figure 2.4: Baseband System Model 



where b[k]eJI/>[II1 are the amplitude and differentially phase-encoded data transmitted 

at time instant kT and T is the duration of a symbol interval. 

Amplitude and DifferentiaI Phase Modulation 

Symmetrk signal constellations e.g. PSK, QAM, V29, are commonly used for two­

dimensional modulation. In this work, the symmetric constellations shown in Fig­

ure 2.5 are used and each constellation point is specified by an amplitude band pha.c;e 

cp. In our scheme, the transmitted phase data is differentia.lly encoded 50 that. phase 

differences and not absolute phase values con vey information. The encoded phase 

4>[n] is given by 

tP[n] = tP[n - 1] œ cp[n] (2.7) 

where œ means pha.'le addition modulo 2".. Therefore, the transmitted amplitude 

and differential phase encoded information symbols are b[n]eJI/>[nl where b[n]eJ'P1nl (= 

a[n] = a,.[n] + jai[n]) are the actual data symbols and a,.[n] and a,ln] are the real and 

imaginary components of the actual data respectively. 

The average power E[b2[n]] of each constellation is normalized Lo unity. 

Therefore, all points in a MPSK constellation will have unit amplitude with each 

point k having a phase of 2;1c where k = 1, ... , M. In a 4PSK system, b[n] = 1 

and tP[n] assumes values from the set of (D, ±j, 7r). In addition, the mimmum Eu­

clidean distance dmin for this constellation is v'2. For 8PSK, tP[n] assumes values 

from (0,±~,±j,±341r,7r) and the minimum distance is 0.7654. 

For the 16QAM system, a,.[n] and a.[n] are first. chosen independently from 

the set [±1, ±3]. The average signal power is normalized to one and the signal points 

are rescaled accordingly. Therefore, b[n] assumes values from (*, 1, ~) and cp[n] 

(and not 4>[n)) from the set of (0, ±0.17r, ±D.257r, ±D.47r, ±D.67r, ±O.757r, ±O.97r, 7r) 

depending on which signal point is transmitted. In addition, the minimum distance 

between any two signal points is equal to 0.6325. 

14 



1 , 

( 

~ 

0 0 

-'" 
T T 

0 0 

-4 

4PSK 8PSK 

o o o o - o 
-1-

o 

0 0 
o o o o o 0 

o o 
o 0 o o o o 

o o 
o o o o 

16QAM 8V29 16V29 

Figure 2.5: Symmetric Two-Dimensional Signal Constellations 

The 8V29 constellation consists of two sets of QPSK signals on different cirdes 

where the outer circle has a radius ~ times that of the inner radius. Also, the two 

QPSK constellations are out of phase by ~. Thus, b[n] assumes values from the set 

of (~i" ~) and c/>[n] from (0, ±i, ±j, ±':, 1r). In addition, its minimum distance 

is equal to 0.8528. 

The 16\129 constellation consists of four sets of QPSK signaIs on different 

circles where the second circle has a radius -j; times that of the inner radius, the 

third circle has a radius v'2 times that the second and the fourth is ~ times that 

of the third. Also, QPSK constellations on odd circ1es are out of phase with respect 

to QPSK constellations on the even cirdes by i. Thus, b[n] assumes values from the 

set of C,j;,~, -j;,~) and c/>[n] from (0, ±i, ±j, ±3;, 11"). Finally, its minimum 
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distance is equal to 0.5443. 

Transmitter Filter 

The transmit ter fil ter is a pulse shaping filter with a real impulse response 9T(t). The 

desired overall impulse response 9(t) (= h(t)*gc(t)*9R(t) where * denotes convolu­

tion.) is a Nyquist raised-cosine response with roll-off factor a, assuming9c(t) = c5(t). 

AIso, the transfer function of the desired Nyquist raised-cc.sine response is divided 

equally between the transmitter and the receiver filters. Thus, the transmitter filter 

is designed so that its transfer function GT(W) is equal to JC(w) where C(w) is the 

transfer function of the desired Nyquist response 9(t). In our model, the roll-off fac~or 

a is set to zero so that the raised-cosine Nyquist response has zero excess·bandwidth. 

Therefore, the transmitter's impulse response 9T( t) can be expressed as: 

_ ( ) sin(1I'+) 
9T t = (11'~) 

and the transfer function GT(w) is given by 

2.2.2 Channel 

Ifl $ 2~ 

Ifl > 2~ 

(2.8) 

(2.9) 

The channel response is represented by the complex impulse response go( t) and ad­

ditive white Gaussian noise n(t). A multipath channel model is used. Thus, the 

complex impulse response 90{t) cao be expressed as 

N, 

9c(t) = L p[i]e;'[~6(t - r[i]) (2.10) 
1=1 

where Np is the number of paths in the channel, p[i] is the amplitude attenuation in 

path i, fJ[i] is the phase-shift in path i and T[i] is the relative signal delay due to path 
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J. Consequently, the receiver input, r(t) can be expressed as 

f(t) = 3(t) * 90(t) + net) (2.11) 

where set) is the transmitted signal, 9c(t) is the channel impulse response and n(t) 

is additive white Gaussian noise with zero-mean and No [Watt/Hz] power spectral 

densityof the real and imaginary component. 

2.2.3 Receiver 

The baseband equivalent receiver consists of a fil ter with impulse response 9R(t) 

followed by a sampler. The sampler is followed by a Iinear equa1izer and then by the 

decision·feedback differential coherent detection structure of [2]. 

Receiver Filter 

As previously stated, the transmitter and receiver filters are designed so that the 

overall response in an ideal channel is a Nyquist raised-cosine response. In addition, 

the desired Nyquist transfer function is divided equally hetween the two filters, which 

gives an optimal receiver structure for an ISI-free channel. Thus, the receiver filter 

has transfer function GR(W) which is given by 

(2.12) 

where Gr(w) is the transrer function of the transmitter filter impulse response, which 

is given in (2.9) and G(w) is the transfer function of the desired overall response. 

Using (2.11), the receiver fil ter outpttt y(t) is given by 

y(t) = {s(t) * 90(t) + n(tn * 9R{t) (2.13) 

where s(t) is the transmitted signal, 90(t) is the channel impulse response, n{t) is the 

channel additive white Gaussian noise and 9R( t) is the receiver filter impulse response. 
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Thus, the receiver filter output can also be expressed as 

00 

fj(t) = L b[k]e;·lk1g(t - kT) + nR(t) (2.14) 
Jr=-OD 

where 

and 

Therefore, the noise iia(t) has zero-mean and power spectrum density 

(2.15) 

where GR(W) denotes the Fourier transform of 9R(t). Sampling the received sIgna) 

y( t) at t = nT, the di'3crete-time output y[n] can be expressed as: 

00 
yIn] = L b[k]e;cfIlk1g[n -- k] t naIn] (2.16) 

'=-00 

where gIn - k] = g([n - k]T), naIn] = nR(nT) and b[k]ejc/ll"l are the amplitude and 

differentially phase-encoded data transmitted at time instant kT. 

Linear Equalizer 

The linear equalizer has 2N+l complex taps and equalizes both in-phase and quadra­

ture components using its real and imaginary taps. The input to the linear equal­

izer is given in (2.16). The adaptive digital equalizer has complex coefficients c,,[n]: 

k = -N, ... , 0, ... , N where Co[n] is the reference tap and ln] corresponds to a par­

ticular symbol interval or iteration. Thus, the equalizer output z[n] is given by: 

N 

z[nJ = L cJr[n]y[n - k] (2.17) 
k=-N 

There are many criteria for obtaining the optimum linear equalizer coefficients for a 

known channel. The peak distortion criterion would have been sufficient if only the 

18 



ISI i~ to be minimized [21]. However, the noise must he taken into account. Therefore, 

the Mean Square Error(MSE) criterion is used. 

For an unknown or time-varying channel, the equalizer must adapt itself. The 

speed and stahility of convl!rgence are important factors which must be considered 

in choosing an adaptive algorithm. In fact, many different adaptive algorithms exist 

and a survey on adaptive equalization can be found in [22]. One adaptive algorithm 

is the Least-Mean-Squares (LMS) gradient algOiithm, which was proposed in [14] and 

has been extensively used in the last few decades. In this work, the LMS algorithm 

is employed because of its simplicity and robustness and is the subject of Chapter 

4. Finally, there has been recent work on faster-converging algorithms [23]-[25], and 

these algorithms are briefly discussed in Chapter 4. 

Decision-Feedback Differentially Coherent Detection 

We use an improved differentially coherent detection structure, introduced in [2] which 

can reduce the SNR degradation with respect to coherent detection. The principles 

on which this detection strategy rely on will now be discussed. 

One way of interpreting a differentially encoded scheme is in terms of phase 

references. DifferentiaI phase encoding preprocesses the signal such that the required 

phase reference for estimating the information is carried by the previous symbol. 

Therefore, in differentially coherent detection, there is no need to establish an absolute 

phase reference, since the previous symbol phase is used for that. This simplifies 

the receiver structure when compared to coherent detection which requires carrier 

phase tracking. However, this is achieved at the expense of a loss of about 3 dB in 

performance relative to coherent MPSK(M> 2). This is because in a differentially 

coherent (DC) scheme, the rhase reference is impaired by channel noise in the same 

way as the information phase. Therefore, in a DC scheme, detection is performed with 

a noisy phase reference, and when compared to ideal coherent detection, where the 
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phase reference is noise-free. it gives a degradation 111 performance. Quantitatively, 

in a De scheme, the SNR of the refcrence signal is the samc a~ tht' SNR of tilt' 

information signal. In a coherent scheme, the SNR of the r('ferene<' signal is infinit,(, 

(ideal coherent case) and the SNR of the information signal is fiTlllt>. Thus, th(' D(' 

detection technique can be generalized so that the rden'nee signal is !'xl.ractec! from 

a number of past symbols which results in smoothing the chann!'1 nOIS('. l Jsing t.his 

method, the SNR of the reference signal IS 1I1creased and th(' !J('rformance should 

approach that of a coherent scheme. This is the approach used in [2]. 

The diffe.entially coherent detection structure gerlf'ratef> a [('ft'n'llCt> pha.'i(' hy 

summing the aligned past L equalizer outputs z[n - L], .... ':[11 - 1]. Each of t.!}(' 

previous L equalizer outputs, except the most previous one. i.e. z[n - 1], ha.'i its 

phase incremented by the sum of the phase decisions 'P'S of the signais \H'!.w('cn it and 

z[n - 1]. Therefore, the aligned equalizer outputs z'[n - l]l = ~ .... , L arc givcn by 

z'[n - l] = z[n - l] exp [J E 'P[n - kIl 
k=l 

(2.18) 

Summing the z'[n - il, i = 1, ... , L where z/[n - 1] = z[n - 1] gives 

L L [ i-l 1 
v[n] = Iv[n]le3,8[n1 = ~ z'[n - z] = ~ .:[n - z] exp J E yIn - k] (2.1~J) 

The result of this coherent summation of the equalizer outputs, vin], has a larger SNH 

due to the smoothing of the noise and as a result, its phase fi[n] is a better cstimat(' 

of the exact phase reference <I>[n - 1]. The reference phase cstimate (J[n] is tlH'B 

subtracted from the phase of the equalizer output z[n]. Thus, the decislon variahle 

presented to the threshold d~tector is z[n]e-3,8[n1• The threshold detector gcncrates an 

output decision symbol 'bei,p which mmimizes the squared error Iz[n]e-J.8!n) - bcJ'P1 2
• 

The error fIn] is then used to adapt the equalizer coefficients. 

The reference phase estimation process derivcd above was analyzed for aB 

additive white Gaussian noise channel in [2] for MPSK. In tbe alIgnment (Of the 

vectors, actual information phases 'P[n - k] }f~: are used. In practlcc, the rcceiver 
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operate~ in a decision-feedback mode (i.e. 'P's used in the alignment process would he 

the ljJ decisions on previous phases). To simplify the analysis, the feedback decisions 

are assumed error-free. The effect of error:l in the feedhack decisions would he to 

reduce momentarily the SNR of the referevce signal which obviously depends on L. 

For small L, a decision·feedhack error is more noticeable. However, the persistence 

time of this effect is only L symbols and is thus short. For L=l, this is just the 

double error effect in De receivers. For large L, a decision·feedhack error is not very 

noticeable since the SNR reduction in the reference signal is small. However, the 

effect lasts for L symhols. 

2.3 Comparison with Equalization and Coherent 

Detection 

The advantages of our "differential" receiver, which combines an improved differen­

tially coherent detection scheme and linear equalization, over conventional "coherent" 

receivers, which combine coherent detection and equalization, will now he discussed. 

The first advantage of the differential receiver is that it can be used in fading 

multipath channels where carrier phase tracking is difficult. This is hecause the 

proposed differential receiver avoids carrier phase tracking with little performance 

degradation. If a coherent receiver were employed, carrier phase tracking would be 

quite complicated since carrier phase recovery is very difficult in these channels and 

since there is coupling between the phase estimation and equalization which affects 

the system performance. Therefore, the improved differentially coherent detection 

scheme is very attractive for fading multipath channels. 

The second advantage of the differential receiver is that it can he used in burst 

communication. In burst communication, data is usually transmitted in short hursts, 

i.e. over a very short time periode As a result, coherent receivers cannot be used 
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since there is not enough data for carrier phase tracking. The proposed differential 

receiver is ideal for this situation sinee it does not track absolute carrier phases and 

can adapt very quickly to bursts of data. 

The third advantage is that the differential receiver employs baseband equal. 

ization. Baseband equalization is preferred for many technologi ... al reasons and can 

be used to compensate for asymmetrical baseband impairments [261. However, for 

coherent receivers, it introduces a delay in decision-oriented carrier phase estimation 

loops, which causes inaccurate -I,..tection. As a result, passband equalization (which 

is more difficult to implement digitally) is usually employed since it allows coherent 

receivers to deal with carrier phase tracking more easily. For the differential receiver, 

no carrier phase tracking is necessary and therefore baseband equalization (which can 

be implemented more easily in a digital fashion) can always be used without anyoC 

the disadvantages associated with coherent receivers. 

Finally, the proposed differential receiver avoids phase ambiguities due to 

symmetric signal constellations since it assumes that phase differences (and not abso· 

lute phases as coherent receivers with decision-directed phase tracking assume) convey 

information. 
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Chapter 3 

Equalization for Known Channels 

This chapter analyses the equalized decision-feedback differentially coherent detection 

technique of Chapter 2, using the MSE criterion for channels whose characteristics 

are known beforehand. Section 3.1 deriveb the MMSE and optimum equalizer coef­

ficients in terms of the auto-correlation matrix A and the cross-correlation column 

vector fl.. Section 3.2 expresses these two quantities in terms of the channel charac­

teristics, assuming perfect reference phase estimation. Section 3.3 analyzes reference 

phase estimation errors and their effects on MMSE calculations. Section 3.4 presents 

numerical results. Finally, Section 3.5 concludes the chapter by discussing the MMSE 

numerical results. 

3.1 MMSE Analysis 

In this section, the MSE criterion is used to der~ve the optimum equalizer coefficients 

and the minimum MSE (MMSE) for known channels. AIl quantities involved in the 

analysis are shown in Figure 2.4. 

The actua! data symbols b[n]e;"ln1 are assumed to be statistically indepen­

dent and equiprobable. In addition, the average signal power of each constellation is 
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normalized to one. Thus, 

E [b2 [n]] = 1 (3.1 ) 

The optimum equalizer coefficients will now he derived using the MSE criterion. The 

equa.lizer coefficients are optimum if they minimize the MSE : 

where ~[n) is the error between the differentially detected equalized output and the 

desired data symbol. It can he expressed as 

f[n] = z[n)e-itJ[n) - b[n]e1'P[n) (3.2) 
.. ... " 

where ,8[n) is the reference phase estimate, i.e. phase estimate of 4>[n - 1]. Thus, 

(3.3) 

Now if ~[n) = [c_N[n], ... ,Ci)[n], ... ,cN[n]]T represents the (2N+l) equalizer 

coefficients at the n-th symhol interval and 1{[n] = [y[n - N), ... , y [0], ... , y[n + NJ J, 
then (2.17) becomes 

z[nJ = ~[nJ ll[n] (3.4) 

Suhstituting (3.4) into (3.3), we get 

(3.5) 

After sorne manipulation, 

(3.6) 

where 

A = E [z([nJ Itfn ]] (3.7) 

and 

(3.8) 
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Thus, it is easily seen that A is the auto-correlation matrix of y[n] and Ê is the 

cross-correlation matrix between the received data y[n] (phase-shifted by ,â[n]) and 

the transmitted data symbols b[n]ei • ln1 . The MSE can be minirnized by differentiating 

with respect to f[nJ and equating to zero. Therefore 

8EIt:(n] 1
2 

= 2Ac[nJ - 2Ê = 0 
8fln] - -

and the optimum solution is 

Now, using (3.1) and (3.10) in (3.6), the MMSE emin can be expressed as 

emin = 1 - nT· A-1 Ê 

3.2 MMSE with Perfect Reference Phase 

(3.9) 

(3.10) 

(3.11 ) 

From the previous section, it is seen that Il depends on the reference phase estimate 

,â[nJ which is related to the exact reference phase t/>[n - 1] via: 

,8[n) = t/>[n - 1] + fJ[n] (3.12) 

where fJ[n] is the error of this estimator. The random variable ,,[n] depends on an 

ensemble of samples z[k], k ~ n - 1, and thus, it is almost uncorrelated with any 

single sample y[n - k], -N ~ k < N. Using this assumption and substituting (3.12) 

in (3.8), Ê. can be expressed as: 

B. - E [b[n]ei"lnJll*[n]ei~n-l)] E [ei.,ln]] 

B. - E [b[n]ei•1nJll*[n]] E [eif/ln]] 
.. , ... 

Il 

B. = B. E [ei'llnl] 

(3.13) 

(3.14) 

(3.15 ) 

where B is the cross-correlation vector with errorless reference phase estimation. For 

the moment, perfect reference phase estimation will be assumed (i.e. 1/[n]=O and Ê 

25 



= B). The matrix A and the column vector B will DOW be simplified in terms of the 

overall impulse response and the SNR. From (3.7), 

where 

l{[n] = [y[n - N], .. . , y[n], . .. , y[n + N]] 

and y[n] is defined in (2.16). Thus, for i,j = -N, ... ,0, ... , N, 

Aij - E [y-ln + i]y[n + il] 

- E [ {.~~ b[n + i - k]e-#ln+'-'lgO[k] + nain + i] } 

x L~~ b[n + j - 1]e#ln+Hg[l] + nR[n + j] }] 

- E [.f~,f~ b[n + i - k]b[n + j - ije-,OIn+o-'lë'ln+'-llgo[k] g[I[] 

+2!R {E ["=~~ b[n + i - k]e-j~ln+'-'1 gO[k[ nR[n + j]] } 

+E [nR[n + i] nR[n + i]] 

- (1) + (2) + (3) 
_ CIO 

(1) - E L g-[k]g[l] E [b[n + i - k]b[n + i - l]ej{~[nti-I]-~[nt'-k]}] 
~=-_ 1=-00' .. ' 

(4) 

For i - k :/:- i - 1, 

(4) = E [b[n + i - kJ b[n + j - 1] ej{rp[nti-I]+ ... trp[n+I-Hl)} ] 

= E [b[n + i - kJ b[n + j - 1]] E [ei{rp[ft+i-II+ ... +cp[nti-k+l1 } ] 

= E [b[n + i - k] b[n + j - 1]] E [eirp[n+i-ll] ... E [eirp[ft+i-Hll] 
... ,.... " ... ". 

o 0 

= 0 
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sinee the !{J's are statistically independent and E [ei"] = 0 for symmetrical constella­

tions. Now, for i - k = j -1, 

(4) - E[b2[n+i-k]] 

- 1 

Therefore, 

{ 
1 t =J 

where 6ii = 0 . Thus, using (3.16), 
i -:f j 

00 00 

(1) = L: g*[k] L g[/]6'_II';_1 
1&=-00 1=-00 

00 00 

= L: g*fk] L g[/]Ii"II-i+i 
1&=-00 1=-00 

00 

= L:g*[k]g[k-i+j] 
1&=-00 

(2) = 2lR {.~~ g'[k[ E [b[n + i - k[ e-H[";';">I nR[n + jl] } 

= 2lR {>~~ g'[kl E [b[n + i - kle-H1 ..... -·) 1 ,:E [nR1; + in} 
= 0 

where the noise nR and data be'" are assumed uncorrelated and iiR(t) is a zero-mean 

process. 

(3) = E[l:l: ii*(r)gR([n+i]T-r)ii(r')gR([n+jjT-r')drdr'] 

= l: i:~ [Ti·(r] ii(r')l, gR ([n + i]T - T) gR ([n + j]T - r')dTdr' 
2Nol(T-1"') 

= 2No Joo gR ([n + i]T - T)YR (ln + j]T - r) dT 
-00 
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r 
sinee n(t) is white and 9R(t) * 9R(t) satisfies Nyquist's first criterion. Therefore, for 

i,j = -N, . .. ,O, ... ,N. 

00 

Aii = L g*[k) g[k - i + i] + 2No6ii (3.17) 
11=-00 

The matrix Ais Hermitian and positive semi-definite. Now, from (3.14), 

where 
BT _ [B[-N), ... , B[O], ... , B[N]] 

yT[n] _ [yIn - N], ... , y[n], ... , yIn + N] ) 

Thus, for i = -N, ... ,O, ... ,N, 

B[i) = E [b[n]eiq,[n1y*[n + il] 

= E [b[nJ,;.[ft] L~- [b[n + i - kJ,-~[a+i-'lg·lk]] + nj,ln + i] }] 

= E [.~œ bln] b[n + i - kJ .;{~oH[o+i-'ll 9[kJ] + E [b[n]."'[o]] ?' [n;.~ + iJ J, 

The summation and expectation operators can be intercbanged sinee they are linear. 

Therefore, 

GD 

B[i] - L g[k] E [b[n] b[n + i - k] ei{q,lnJ-q,ln+i-"D] 
~_~' ~ J 

"=-00 
B[i] - gril (3.18) 

using (3.16). Therefore, the errorless column vector B ip -;! '91y a truncated overall 

impulse response vector, i.e. B = [g[-Nj, ... , 9[0], ... , gIN] j. 
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3.3 Reference Phase Error Analysis 

In the previous section, perfect reference phase estimation was assumed. However, in 

practice, phase estimation errors will occur. In our analysis, perfect receiver decisions 

are assumed, and estimation errors are due mainly to cha.nnel noise and ISI. 

From, Section 3.2, only il depends on q[n] via (3.15). Therefore, the depen­

dence of Ê. (and the MMSE) on the reference phase error q[n] defined in (3.12) wH! 

now he round hy analyzing E [e;fJ[nJ]. From (2.19), 

Iv[nJl.;~nJ = t.z[n - il ex+ ~ <p[n - kl] 
L 

= Lz[n - i] exp[j{~[n - 1] - tfo[n - in) (3.19) 
i=1 

Also, the past equalizer outputs can be expressed by : 

z[n - iJ = b[n - i] ei4»[n-.1 + e[n - i] (3.20) 

where e[n-i] is the equa.lization error. From [13j, for high SNRand with E [b2 [n]] = 1, 

E [e[n - iJ) 

Elë[n - i] 1
2 

(3.21) 

(3.22) 

(3.23) 

Substituting (3.20) into (3.19), we get 

Iv[nllei.b{nJ = {t. b[" - il + t. e[n - ile-i~'-.l } .,H!,-'J (3.24) 

= Iv[nJI e;{t'I[n-l}+"(,,j} (3.25) 

where 
L L 

Iv[n] le,,,[n] = L b[n - i] + L e[n - i]e-i 4»[n-i] (3.26) 
i=1 i=1 

29 



and 'l[nJ is the phase estimation error. For '7[nJ « 1 and E ['7[n] J = 0, 

(3.27) 

L 

From (3.26), it is seen that ,,[n] is the phase error of a (real) phasor L b[n - i] 
i=1 

L 
perturbed by noise E e[n - i]e-i4l(n- iJ , and thus the results from [2] can he used. 

i=1 
Thus, we fix b[n - 1], ... , b[n - L] and calculate the conditional variance of 1][n], i.e. 

E [,,2[n] 1 b[n - 1], ... , b[n - LJ ]. For high SNR and fixed b[n - i], t = 1, ... , L, the 

asymptotic distribution of '7[n] is Tikonov [2] and the conditional prohability density 

function (pdf) PCfJ(n)l"(n-l) •...• "[n-L])(V) can be expressed as : 

exp[ A[b[n - IJ, ... , b[n - L] ]cos(v)J 
P(,,[n) l''[n-l) •...• ''[n-L))( 1/) ~ 211" Jo [A [b[n - 1], ... , b[n - LJ] ] (3.28) 

where 10 is the modified Bessel function of order zero and A is the SNR of the (real) 
L L 

phasor L b[n - i] perturbed by the noise L e[n - i]e-iq,(n-ij which can be expressed 
_=1 i=1 

a.'" : 

A[b[n-1J, ... ,b[n-L]]= [L . 
E 1 L e[n - i]e-.141[n--1 12 

_=1 

L 

b[n - 1], ... • b[n - LI] 
(3.29) 

where the numerator is the power of L b[n - il and the denominator is the variance 

L 
of L e[n - iJe-i4l[n--1 for fixed b[n - il, i = 1, ... , L. Now, the denominator can be 

i=l 
expressed as 

E [[ t.e[n - ile-~'-" [' b[n - 11 •...• b[n - LI] 

= E ft. t. e[n - iJe*[n - kle-i{~I.-H(.-.]) b[n - 11.···. b[n - LI] 
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( 
". 

L L 

_. 2:LE[e[n-i]€-[n-k] 1 b[n-l], ... ,b[n-L]J x 
.=1 "=1 

E [e-i{~[n-.1-.;(n-"J) 1 b[n - 11, ... , b[n - L]] 
~ ~ , 

L 

- LE [Ie[n - i]l21 b[n - 1], ... , b[n - L1] 
.=1 

(3.30) 

where we used the fact that the equalization error e[n - i] is practically uncorrelated 

witb. ei~(n-·1. Therefore, substituting (3.30) into (3.29), we get 

{t.b[n -ilf 
A [b[n - 1], ... , b[n - L) ] = L (3.31) 

E E [Ie[n - i] 12 1 b[n - 1], ... ,b[n - L)] 

and 

Thcrefore, 

Î=1 

1 
A [b[n - 1], ... , b[n - L] ] 
L 

2: E [Ie[n - i] 12/ b[n - IJ,., b[n - L]] 
.=1 

L 

E E [Ie[n - i] 12 1 b[n - 1], ... , b[n - L]] 
_ E ~i=~l _______________ ~ ________ _ 

{t,b[n- il r 

(3.32) 

(3.33) 

(3.34) 

(3.35) 

Here we assumed that E [Ie[n - i1l2 1 b[n - 1], ... , b[n - L]] is uncorrelated 

with {t, b[n - iJ r For large L, then {t, b[n - iJ r ", L' {E[b]}' ", K, where K 
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is a constant and thus, it is clear that the assumption is valid. For small L, then 

E[ le[n - i] 12 1 b[n - 1], ... , b[n - L]] ~ E [Ie[n - il 12] sinee only a small fraction of 

signal samples which are stored in the equa.lizer are fixed, and thus the equalization 

error is almost the sa.me as the one obtained when no signal sa.mple is constrained. 

Thus, the assumption is valid again. Therefore, with (3.23) the variance of the phase 

estimation error is given by 

1 
(3.36) 

{ 

L }2 
~b[n - il 

Also, from (3.15) and (3.27), 

(3.37) 

which ~,!lOWS that 

IBI$IBI (3.38) 

The MMSE 

(3.39) 

is larger than the one with B (perfect referenee phase estimation). The optimum 

equalizer coefficients are 

(3.40) 

The optimum equalizer coefficients for a known channel ean be computed by finding 

A-l first. However, there is another numerical way of finding the optimum equalizer 

coefficients without inverting the matrix A. This is done by using the MSE Gradient 

(MSEG) algorithm [13] : 

[ l
A ôEjf[n]/2 

f[n + 1] - ,n - '2 ô~[n] 

f[n + 1] - &[n]- A [ll- Af[n]] 

f[n + 1] - [1 + AA] ,ln) - ÀÊ. 
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(3.42) 

(3.43) 



It sbould be noted that in (3.43), ln] denotes the number of iterations and not a 

particular time instant nT in the data symbol sequence. To ensure convergence, the 

step-size ~ must satisfy 
2 

0<'\ < ~_(A) 

where '\_(A) is the maximum eigenvalue of the matrix A. 

3.4 Numerical Results 

The MMSE was calculated for various 2-D constellations, channels, SNRs, number 

of equalizer taps (2N+l) and L (number of equalizer outputs used to generate the 

phase estimate of previous transmitted symbol) which are listed below. 

• Five constellations: 4PSK, 8PSK, l6QAM, 8V29 and l6V29. 

• Five channels: A, B, C, X, and Y. 

• Three SNRs(=E~!nll= ;0): 8 dB, 15 dB, and 25 dB. 

• Number of equalizer taps (2N+l): 1,3, ... ,21. 

• Values of L used: 1, 2, 3 and 5. 

The five channels tested were multipath channels with impulse response given by 

(2.10). Multipath propagation, in these channels, can be viewed as signal transmission 

subjected to different paths with differing relative amplitude attenuation, phase-shifts 
L 

and delays. In addition, if L pli] < 1 and p[l]=!, 9[1]=0, r[l]=O, in (2.10), the 
Î=2 

channel is minimum phase [24] and bas mainly postcursor ISI. In our simulations, 

ail the channels tested are minimum phase. The five channels and their impulse 

responses are listed below. Channels A, B and C each have two paths each, while X 

and Y have three and five paths respectively. 
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A : 90(t) = c5(t) - O.56(t - 0.5T) 

B : 9c(t) = c5(t) - O.56(t - 1.5T) 

C : 9c(t) = c5(t) - O.56(t - 3.5T) 

X : 9c(t) = c5(t) - 0.36(t - 0.5T) + 0.5j6(t - 3.5T) 

Y : 9c(t) = 6(t) - 0.36(t - 0.7T) - 0.076(t - 1.5T) + 0.07j6(t - 1.5T) 

+0.16(t - 1.8T) + 0.2j6(t - 3.5T) 

The matrix A and the column vector Ê had complex values due to the complex 

impulse response of the rnulti-path channels. A zero roll-off factor was used. The 

element values of A and fJ were calculated using the equations (3.17), (3.18), (3.36) 

and (3.37). The MMSE calculations were perforrned by rnatrix inversion for various 

N and L. For each constellation, the squared minimum distance d!in between any 

two points was compared with the MMSE results to get a better indication of the 

system performance. 

Tables 3.l-5list the MMSE results for each constellation with L=I, for various 

SNRs and number of equalizer taps (=2N + 1). Table 3.6 lists the average gain Il in 

MMSE (in dB) that is achieved by increasing the value of L for nine equalizer taps. 

The average gain J1. (for a particular SNR and constellation) was calculated as follows: 

Assume we want to calculate Il for L equal to Î, i.e. JI..,. For each channel Ci, the 

MMSE result for L=1 was divided by the MMSE result for L=, to give a MMSE 

ratio Q.,( Ci)' The Q.,( Cils for each channel Ci were then summed and the total was 

divided by the number of channels tested Ne, Le. 5, to give an average Q.,. To find 

JI. in dB, the logarithm to the base 10 was taken and then multiplied by 10. Thus for 

a particular SNR, constellation and L=" we have 

[ 
1 Ne ] 

J1.., = 10 10glO Ne [; Q.,( CI) 3.4 ~) 

Finally, results for a sample MM SE test case are given in Appendix A. 

34 

l 



~ 

...... , 

----- -

~ 2N+l 

1 

3 

5 

7 

9 

11 

13 

15 

17 

19 

21 

Channel A 

8 dB 15 dB 

0.5552 0.3160 

0.4600 0.1354 

0.4570 0.1332 

0.4540 0.1285 

0.4525 0.1267 

0.4515 0.1254 

0.4508 0.1245 

0.4502 0.1238 

0.4498 0.1233 

0.4995 0.1228 

0.4492 0.1225 

Channel B Channel C Channel X 

25 dB 8 dB 15 dB 25 dB 8 dB 15 dB 25 dB 8 dB 15 dB 25 dB 

0.2498 0.3319 0.1987 0.1667 0.3651 0.2226 0.1886 0.4245 0.1948 0.1318 

0.0312 0.3135 0.1669 0.1294 0.3647 0.2215 0.1812 0.3925 0.1423 0.0714 

0.0284 0.2605 0.0877 0.0399 0.3627 0.2181 0.1832 0.3887 0.1375 0.0664 

0.0228 0.2603 0.0846 0.0345 0.3363 0.1760 0.1351 0.3841 0.1330 0.0616 

0.0211 0.2536 0.0716 0.0183 0.2937 0.1097 0.0592 (1.3696 0.0989 0.0176 
~ 

• 0.0197 0.2531 O.071i ''.0175 0.2878 0.1011 0.0495 0.3692 0.0984 0.0170 

0.0187 0.2514 0.0680 0.0134 0.2853 0.0976 0.0456 0.3690 0.0980 0.0165 

0.0180 0.2509 0.0676 0.0130 0.2818 0.0851 0.0277 0.3689 0.0976 0.0156 

0.0175 0.2502 0.0664 0.0116 0.2805 0.0827 0.0249 0.3683 0.0957 0.0130 

0.0110 0.2498 0.0661 0.0113 0.2793 0.0805 0.0222 0.3681 0.0955 0.0128 

0.0167 0.2494 0.0655 0.0107 0.2773 0.0756 0.0155 0.3680 0.0953 0.0125 

Table 3.1: MMSE with L=l, for 4PSK, Squared Minimum Distance = 2.0 

,~" 

Channel Y 

8dB 15 dB 25 dB 

0.3947 0.2046 0.1552 

0.3445 0.1222 0.0604 i 

0.3421 0.1194 0.0575 

0.3391 0.1167 0.0545 

0.3250 0.0864 0.0162 

0.3249 0.0856 0.0149 

0.3247 0.0851 0.0141 

0.3245 0.0844 0.0130 

0.3240 0.0829 0.0109 

0.3239 0.0827 0.0106 

0.3238 0.0826 0.0105 
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,~ 

~ 

~ 2N+l 

1 

3 

5 

7 

9 

11 

13 

15 

11 

19 

21 

Channel A 

8 dB 15 dB 

0.5552 0.3160 

0.4600 0.1354 

0.4570 0.1332 

0.4540 0.1285 

0.4525 0.1267 

0.4515 0.1254 

0.4508 0.1245 

0.4502 0.1238 

0.4498 0.1233 

0.4995 0.1228 

0.4492 0.1225 

r. 

Channel B Channel X Channel Y 
1 

Channel C 
1 

25 dB 8 dB 15 dB 25 dB 8 dB 15 dB 25 dB 8 dB 15 dB 25 dB 8dB 15 dB 25dD 1 

-
0.2498 0.3319 0.1987 0.1667 0.3651 0.2226 0.1886 0.4245 0.1948 0.1318 0.3947 0.2046 0.1552 , 

0.0312 0.3135 0.1669 0.1294 0.3647 0.2215 0.1872 0.3925 0.1423 0.0714 0.3445 0.1222 0.0604 i 

0.0284 0.2605 0.0877 0.0399 0.3627 0.2181 0.1832 0.3887 0.1375 0.0664 0.3421 0.1194 0.0575 

0.0228 0.2603 0.0846 0.0345 0.3363 0.1760 0.1351 0.3841 0.1330 0.0616 0.3391 0.1167 0.0545. , 

0.0211 0.2536 0.0716 0.0183 0.2937 0.1091 0.0592 0.3696 0.0989 0.0116 0.3250 0.0864 0.0162 

0.0197 0.2531 0.0711 0.0175 0.2878 0.1011 0.0495 0.3692 0.0984 O.L~. = Il.3249 0.0856 0.0149 : 

0.0181 0.2514 0.0680 0.0134 0.2853 0.0916 0.0456 0.3690 0.0980 0.0165 0.3247 0.0851 0.0141 i 

0.0180 0.2509 0.0676 0.0130 0.2818 0.0851 0.0277 0.3689 0.0976 0.0156 0.3245 0.0844 0.0130 1 

0.0115 0.2502 0.0664 0.0116 0.2805 0.0827 0.0249 0.3683 0.0951 0.0130 0.3240 0.0829 0.0109 : 

0.0170 0.2498 0.0661 0.0113 0.2793 0.0805 0.0222 0.3681 0.0955 0.0128 0.3239 0.0827 0.0106 

0.0161 0.2494 0.0655 0.0101 0.2773 0.0156 0.0155 0.3680 0.0953 0.0125 0.3238 0.0826 0.0105 i 
-- ----

Table 3.2: MMSE with L=l, for 8PSK, Squared Minimum Distance = 0.5858 



.-. ... r"'- , 

Channel A Channel B Channel C Channel X Channel Y 

~ 8 dB 15 dB 25 dB 8 dB 15 dB 25 dB 8 dB 15dB 25 dB 8 dB 15 dB 25 dB 8dB 15 dB 25 dB 

2N+l 

1 0.6470 0.3216 0.2499 0.3671 0.2004 0.1667 0.4085 0.2247 0.1886 0.4931 0.1986 0.1318 0.4493 0.2074 0.1552 

3 0.5715 0.1424 0.0313 0.3496 0.1686 0.1294 0.4081 0.2237 0.1872 0.4649 0.1463 0.0715 0.4493 0.1253 0.0605 

5 0.5691 0.1403 0.0285 0.2994 0.0897 0.0399 0.4063 0.2202 0.1832 0.4616 0.1416 0.0665 0.4014 0.1226 0.0576, 

7 0.5667 0.1356 0.0229 0.2992 0.0865 0.0345 0.3817 0.1783 0.1351 0.4576 0.1371 0.0617 0.3987 0.1199 0.0546 1 

9 0.5655 0.1339 0.0212 0.2928 0.0736 0.0183 0.3420 0.1121 0.0592 0.4448 0.1032 0.0176 0.3859 0.0896 0.0162 
~ 11 0.5647 0.1326 0.0198 0.2924 0.0731 0.0175 0.3365 0.1036 0.0496 0.4444 0.1027 0.0170 0.3858 0.0889 0.0149 

13 0.5642 0.1317 0.0188 0.2908 0.0699 0.0134 0.3342 0.1001 0.0457 0.4442 0.1023 0.0165 0.3855 0.0883 0.0142 

15 0.5637 0.1310 0.0181 0.2903 0.0695 0.0131 0.3310 0.0876 0.0277 0.4442 0.1019 0.0157 0.3854 0.0871 0.0130 

17 0.5634 0.1305 0.0175 0.2897 0.0684 0.0117 0.3297 0.0852 0.0249 0.4436 0.1000 0.0130 0.3850 0.0862 0.0109 

19 0.5631 0.1300 0.0171 0.2893 0.0680 0.0113 0.3286 0.0830 0.0222 0.4434 0.0998 0.0129 0.3849 0.0860 0.0106 

21 0.5629 0.1297 0.0167 0.2889 0.0675 0.0107 0.3267 0.0781 0.0155 0.4433 0.0996 0.0126 0.3848 0.0859 0.0105 
-- -- L_~ ___ ~-----~ ---- --

Table 3.3: MMSE with L=I, for 8V29, Squared Minimum Distance = 0.7273 



,-,.~ 

i 

-

Channel A Channel B Channel C Channel X Channel Y 

~ 
8 dB 15 dB 25 dB 8 dB 15 dB 25 dB 8 dB 15 dB 25 dB 8 dB 15 dB 25 dB 8 dB 15 dB 25 dB 

2N+l 

1 0.6814 0.3239 0.2499 0.3811 0.2011 0.1668 0.4258 0.2256 0.1886 0.5198 0.2001 0.1318 0.4708 0.2086 0.1552 

3 0.6132 0.1453 0.0314 0.3640 0.1693 0.1294 0.4254 0.2245 0.1873 0.4931 0.1480 0.0715 0.4269 0.1266 0.0605 

5 0.6110 0.1432 0.0285 0.3150 0.0904 0.0400 0.4236 0.2211 0.1832 0.4900 0.1432 0.0665 0.4247 0.1239 0.0576 

7 0.6089 0.1385 0.0229 0.3148 0.0873 0.0345 0.3998 0.1792 0.1351 0.4861 0.1387 0.0617 0.4221 0.1211 0.0546 

9 0.6078 0.1368 0.0212 0.3085 0.0743 0.0183 0.3612 0.1131 0.0592 0.4740 0.1049 0.0176 0.4099 0.0910 0.0163 

~ 11 0.6071 0.1355 0.0198 0.3081 0.0739 0.0175 0.3559 0.1046 0.0496 0.4737 ' 0.1044 0.0170 0.4098 0.0902 0.0150 

13 0.6066 0.1346 0.0188 0.3066 0.0707 0.0134 0.3537 0.0969 0.0457 0.4735 0.1040 0.0165 0.4095 0.0897 0.0142 

15 0.6062 0.1339 0.0181 0.3061 0.0703 0.0131 0.3505 0.0886 0.0277 0.4735 0.1036 0.0157 0.4094 0.0890 0.0131 

17 0.6059 0.1334 0.0176 0.3055 0.0692 0.0117 0.3493 0.0862 0.0249 0.4729 0.1017 0.0131 0.4090 0.0875 0.0110 

19 0.6057 0.1330 0.0171 0.3051 0.0688 0.0113 0.3482 0.0840 0.0222 0.4728 0.1016 0.0129 0.4089 0.0873 0.0106 

21 0.6055 0.1326 0.0168 0.3047 0.0683 0.0107 0.3464 0.0791 0.0155 0.4727 0.1013 0.0126 r 4088 0.0872 0.0105 
-- -- --

Table 3.4: MMSE with L=I, for 16QAM, Squared Minimum Distance = 0.4 



ua 
-Il 

~ 

;~ 2N+l 

1 

3 

5 

7 

9 

11 

13 

15 

17 

19 

21 

Channel A 

8 dB 15 dB 

0.7698 0.3304 

0.7205 0.1535 

0.7189 0.1514 

0.7174 0.1468 

0.7166 0.1451 

0.7161 0.1438 

0.7157 0.1429 

0.7155 0.1422 

0.7153 0.1417 

0.7151 0.1413 

0.7149 0.1409 

Channel B Channel C Channel X 

25 dB 8 dB 15 dB 25 dB 8 dB 15 dB 25 dB 8 dB 15 dB 25 dB 

0.2500 0.4203 0.2030 0.1668 0.4736 0.2280 0.1886 0.5920 0.2046 0.1319 

0.0314 0.4043 0.1713 0.1294 0.4733 0.2270 0.1873 0.5694 0.1527 0.0715 

0.0286 0.3584 0.0926 0.0400 0.4716 0.2235 0.1832 0.5667 0.1480 0.0665 

0.0230 0.3582 0.0895 0.0345 0.4498 0.1818 0.1352 0.5634 0.1435 0.0618 

0.0213 0.3524 0.0766 0.0183 0.4144 0.1159 0.0593 0.5531 0.1099 0.0177 

0.0199 0.3519 0.0761 0.0175 0.4095 0.1074 0.0496 0.5528 0.1094 0.0171 

0.0189 0.3505 0.0730 0.0135 0.4075 0.1039 0.0457 0.5527 0.1090 0.0166 

0.0182 0.3501 0.0126 0.0131 0.4046 0.0915 0.0277 0.5526 0.1085 0.0158 

0.0177 0.3495 0.0715 0.0117 0.4035 0.0891 0.0250 0.5522 0.1067 0.0130 

0.0172 0.3491 0.0711 0.0113 0.4025 0.0869 0.0222 0.5521 0.1065 0.0129 

0.0169 0.3488 0.0105 0.0107 0.4008 0.0820 0.0156 0.5520 0.1063 0.0126 
- ~ ---- -- -----

Table 3.5: MMSE with L=l, for 16V29, Squared Minimum Distance = 0.2963 

,-

Channel Y 

8 dB 15 dB 25 dB 

0.52!ti 0.2119 0.1552 

0.4908 0.1303 0.0605, 

0.4888 0.1275 0.0576 

0.4865 0.1248 0.0546 

0.4756 0.0948 0.0163 

0.4756 0.0940 0.0150 

0.4753 0.0935 0.0142 

0.4152 0.0928 0.0131 

0.4748 0.0913 0.0110 

0.4748 0.0911 0.01C7 

0.4741 0.0910 0.0106 



L=2 L=3 L=5 

~ 
8dB 15dB 25dB 8dB 15dB 25dB 8dB 15dB 25dB 

Constellation 

4PSK 0.375 0.067 0.004 0.449 0.080 0.004 0.489 0.087 0.004 

8PSK 0.375 0.067 0.004 0.449 0.080 0.004 0.489 0.087 0.004 

8V29 LOI? 0.205 0.004 1.173 0.234 0.008 1.243 0.244 0.008 

16QAM 1.274 0.266 0.010 1.440 0.297 0.014 1.509 0.307 0.014 
" 

16V29 1.833 0.427 0.020 2.062 0.468 0.024 2.148 0.483 0.024 

Table 3.6: Average Gain in MMSE dB over (L=l) for 9 Equalizer Taps 

3.5 Observations 

For each of the tested channels, we observed the following: For a specifie number of 

equalizer taps, the higher the SNR is, the lower is the MMSE. For a reasonably small 

MMSE, the SNR should be at least 25 dB. For a given SNR, the MMSE decreased 

monotonicallyas the number of taps increased. The reduction in MMSE by increasing 

the number of equalizer taps is larger at higher SNR. Increasing the number of taps 

above nine does not reduce the MMSE appreciably and thus does not improve the 

system performance significantly. 

For each constellation and fixed value of L, the number of equalizer taps and 

the SNR were varied and the channels were placed in arder of increasing MMSE 

as shown in Table 3.7. For an SNR of 25 dB, channcls A and C have the largest 

MMSE values. For an SNR of 8 dB, channels A and X have the largest MMSE. Thus, 

equalization of channel C is more sensitive to the SNR (i e. larger noise enhancement) 

than channel A. In addition, at an SNR of 25 dB, channel Y has the smallest MMSE 

and at 8 dB, channel B bas the smallest. Thus, Y has the least ISI but the addition 

of noise degrades the performance of the MMSE equalizer in channel Y more than it 
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Numberof SNR Channels in Order of 

Equalizer Taps in dB Increasing MMSE 

8 B,C,Y,X,A 

9 15 B,Y,X,C,A 

25 Y,X,B,A,C 

8 B,C,Y,X,A 

21 15 B,C,Y,X,A 

25 V,B,X,C,A 

Table 3.7: Channels in Order of Increasing MMSE. 

does in channel B. This shows that channel Y can be better equalized than B, at the 

expense of a larger noise enhancement. 

Reference phase estimation errors are due to channel noise and ISI only since 

in our analysis, perfect receiver decisions were assumed. In addition, the amplitude of 

the signal points also affects the reference phase errors since it determines the symbol 

SNR. As a result of these reference phase errors, the MMSE depends also on the value 

of L and the size and type of signal constellation. This can be seen from (3.36). The 

MMSE dependence on these t\\'o parameters will now be discussed: From (3.37), the 

column vector B. difters from perfect phase estimation column vector B by a factor 

which is proportional to the variance of the phase estimation error '1[nJ, i.e. E ['12[nJ ] 

(3.36). From the results, a number of observations can be made: 

First, for very high SNR, i.e. more than 25 dB, the MMSE results of all signal 

constellations approach the ideal MMSE results for a coherent receiver regardless of 

the value of L, sinee E f7]2fn]] approaehes zero for very high SNR (3.36). 

Second, the MMSE results were observed to be the same for 4PSK and 8PSK 

always. This was because, for MPSK, E [7]2[n] J is independent of the constellation 

size M and inversely proportion al to L sinee b[n] is constant and equal to unit y (3.36). 
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However, although they give the same MMSE results, ·lPSK has ct smallt'r probabilit.y 

of error Pe than 8PSK since its minimum distance 18 larger. Tl1('r('foft" for I.h(' Sitlllt' 

Pt!) the SNR of the 8PSK constellation must be raised 1.0 a suitablt' higlH'r valut'. 

Third, 16V29, 16QAM and 8V29 gave larger Mr..1SE H'sult s t h,lIl ~l PSI\ 

Thus, constellations with signal points of varying amplitudes have d('gradatiolls III 

performance, i.e. larger MMSE results, comparcd 1.0 constant ampIJtllde signal COII­

stellations. In addition, the 16V29 constellation gave larger Mr..tSE r('sults than both 

16QAM and 8V29, since it has signal points with smallest amplitud('s. Th('fefor(', COII­

stellations with smaller amplitude signal points have larger dcgradatlOlls in Mr..tSE 

performance. 

Using a larger L, the constellations with smaller amplitude symbol point.s had 

larger MMSE performance gains, i.e. larger reductions in MMSE. Thus, by IIlcft,él. ... illg 

L, 16V29, 16QAM, 8V29 and MPSK had performance gains which dpnca,s('d \ri t.hat. 

order. As a result, using a larger L reduces the difference III MMSE !)('rformall((' 

between the V29, QAM, and PSK constellations. Furthermore, by incrpasing L, tlw 

system performance approaches that of combined coherent detection and ('qualizatlOlI. 

In addition, the gain in MMSE(dB), i.e. f1., by tlsmg a value of L l'lrger thrt.1l onc, was 

very significant, especially for low SNR. Also, using L=:3 or L=!) gIV('S appr<'ciabl{' 

gains in performance over L=2. However, larger values of L do not yi('ld .Ipprcciable 

performance gains over L=3. Therefore, three appears 1.0 be t.he .)('st valu~ for L. 

This is because increasing L increases the SNR of the reference signal from wlllch t.lJ(' 

phase reference is extracted until it approaches coherent PSK. II. appt'ars t.hat t.I)(' 

reference phase SNR of the differential detected signal sufficiently approachcs t.hat of 

a coherently detected signal at L=3. 

Finally, the difference in MMSE between coherent and differcntially cohcn·lIt. 

detection is smaller here than in [20]. This is duc 1.0 the way that the referpnce pha.,(, 

is derived in this work. In [20], an adaptive equalizer was uscd for diffcrcntially (0-
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herent reception and the MMSE obtained was about 3 dB more than that obtained 

in the coherent case. One previous equalizer output was used to generate the refer­

ence estimatc and its conjugate was used in the decision variable, together with the 

cqualizer output. Thus, errors in the reference estimate caused both amplztude and 

phase crrors in the receiver's decisions. In our case, the improved phase reference 

estimate ,â[nJ, (which can be generated by using more than one past equalizer output 

to smooth channel noise), is used only to phase-shift the current equalizer output. 

In other words, wc process the reference sample by a limiter which removes the am­

plitude noise. Thus, our reference estimate causes only phase errors in the receiver's 

decisions and therefore, the difference in MMSE between coherent detection and dif­

ferential detection is less than 3 dB in our case. In addition. increasing L allows 

the system performance ta approach that of combined coherent detection and linear 

equalization. As a result, our proposed receiver has better system performance which 

approaches that of combined coherent detection and linear equalization. 
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Chapter 4 

Adaptive Equalization for 

U nknown Channels 

The cornbination of decision-feedback differentially coherent detection with adaptive 

equalization is considered in this chapter. In Section 4.1, the conventional Least· 

Mean-Square (LMS) adaptive algorithm and sorne fast-converging algorithms, e.g. 

Kalman are briefly reviewed. Following this, the LMS algorithm, which is used for 

adapting the linear equalizer, is descrihed. Simulation results (for a specifie number 

of equalizer taps, SNR and L) and graphs which compare average convergence rates 

and residual MSEs for different test cases (i.e. different constellations, channels and 

step-sizes.), are presented in Section 4.2. Finally, these results are discussed in Section 

4.3. 

4.1 The LMS Adaptive Equalizer 

For many practical wireless systems, the channel characteristics are usually not known 

beforehand, and therefore the equalizer must adapt to the unknown channel. In 

addition, the characteristics of these channels may vary sufficiently with tirne 50 that 
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adaptive equalization is also necessary during normal data transmission. 

A comprehensive survey on the early days of adaptive equalization can be 

found in [17]. In 1960, Widrow and Hoff [14] presented the Least-Mean-Squares 

(LMS) error adaptive filtering scheme which has been used extensively in the last 

three decades. In addition, key papers [27) and [28) have contributed to the under­

standing of the convergence of the LMS stochastic U:'l~,,,te algorithm for transversal 

equalizers, includjng the effect of channel characteristics (eigenvalue spread of the 

auto-correlation matrix) and the numher of equalizer taps on the rate of convergence. 

First, in [27J, the assumption of statistical independence for the random equalizer 

input vectors ~[n] (from one instant [nJ to another instant [n+l)), which direct equal­

izer convergence, was investigated and it was found that although this assumption is 

far from true, the results ohtained using this assumption are in excellent agreement 

with the actual performance of the LMS equalizer convergence. 

In [28], Ungerboeck considered the MSE criterion instead of the expected 

tap-gain errors relative to their optimum values (considered by Gersho in [21]). In 

addition, he assumed the equalizer input vectors 1l[n1 at successive instants to be 

statistically independent and showed that the influence of the numher of equalizer 

taps, and not only the channel characteristics, domÎnates the speed of convergence. 

This was opposed to [21], where the speed of convergence (for Gersho's criterion, 

i.e. the expected tap-gain errors relative to their optimum values) was shown to 

depend only on the channel characteristics. As a result, U ngerboeck suggested a new 

criterion for stability, which imposed a much narrower upper bound on the step-size 

than the one found in (21) and a corresponding optimum initial step-size parameter 

for LMS adaptive equalization. Finally, he showed the MSE convergence is faster 

in practice than theoretically predicted and suggested that step-sizes slightly less 

than the optimum step-size should he chos~n, sinee the assumption of statistical 

independence of the equalizer input vectors l[n] at successive instants is not true in 
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practice. 

In our simulations, the LMS algorithm is used to adapt t.he linear equalizer to 

the channel because of its simplicity and robustness. However, its main drawback is its 

slow convergence compared with the more sophisticated algorithms [23]-[25]. In [23], 

the Kalman filtering algorithm was described. It can be used to estimate the equalizer 

coefficients vector at each symbol interval and its convergence rate was shown to be 

proportional to the number of equalizer taps and independent of the eigen val ue spread. 

However, it requires on the order of N2 operations per iteration for an equalizer 

with N taps. In [24), a self-orthogonalizing algorithm was compared to the Kalman 

algorithm of [23] and the LMS algorithm. The algorithm tries to accelerate the rate 

of convergence by reducing the eigenvalue spread of the channel-correlation matrix, 

i.e. by making the eigenvalues equal, since a large eigenvalue spread slows the rate 

of convergence. It was found that the proposed self-orthogonalizing algorithm, which 

was less complex than the Kalman, converged much faster than the LMS algorithm 

but was slower than the Kalman algorithm. The Kalman algorithm of [23] was later 

recognized as a form of a Recursive-Least-Squares (RLS) algorithm and the idea of 

fast Kalman filtering was introduced [25]. This algorithm took advantage of the 

data structure by using the "shifting property" of RLS algorithms and reduced its 

computational complexity to an order of N operations per iteration for an equalizer 

with N taps. Therefore, the algorithm performs as weIl as the one in [23] while 

avoiding its computational complexity. 

The LMS algorithm will now be discussed. It is similar to the MSEG al­

gorithm (3.41) but uses an instant squared error instead of the mean squared error 

because the ensemble averages represented by the matrix A and li. are not known in 

practice. The LMS algorithm is also referred to in the literature as the stochastic 

gradient (SG) algorithm [13]. Using the LMS algorithm, the filter coefficient vector f 
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is updated by 

( 4.1) 

where fIn] is the error at the n-th iteration, ln] denotes a particular symbol interval 

(or time instant t=nT), fIn] = IC-N[n], ... , Co[n], ... ,cN[n]] and À is the step-size. 

Using (3.2), the error is given by: 

fIn] = z[n}e-;~{nJ - b[nJeitl'[nJ 
.. .... ., 

where PIn] is the reference phase estimate. Differentiating the instant squared error 

If[n]12 with respect ta fIn], we get : 

ôlf[nJ12 = 2(z[n]e-i~{nl _ b[n]e;rp[nJ)y*[n]eii9[nJ 
ôdn] -

(4.2) 

where z[n] = CZ'[n]y[n]. Therefore, substituting (4.2) in (4.1), we get : 

dn + 1] = dn] - À (z[n]e-i~[nJ - b[n]eicp[nJ) y·[n]e;~[n] (4.3) 
.. .... ,-

c[n) 

,dn + 1} = .ÇJnJ - ÀE[n]I([nJei~[nl (4.4) 

Thus, each equaIizer tap c,.[n] is updated using the error E[n], the phase 

reference estimate fi[n] and the received sample yIn + k] for k = -N, ... ,0, ... , N. 

The algorithm of (4.4) will now be explained referring to Figure 2.4. The 

equalizer adaptation is driven by the error signal fIn], which indicates ta the equalizer 

in which direction the coefficients c,,[n] must be changed to reduce the squared error 

If[n}I:!. SpecificaIly, the input sample to the equalizer, y[n-kJ is taken from the output 

of the same unit delay and is used for multiplication by c,.[n]. The resulting product 

contributes to the summation for z[n], which is then phase-shifted by PIn] and the 

data symbol b[nJe1cpfnJ is subtracted from it to give the error €[nJ. The increment of 

the tap coefficient c,.[n] IS -Àt.[n]y*[n - k]ei~[nl, \\!lere y·[n - k] is phase-shifted by 

PIn] to compensate for the unknown rotation of these samples. 
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In wireless communication systems, the adaptive equalizer should be able 

to track the time-varying multipath characteristics usually encountered. Therefore, 

the rate of convergence of the adaptive algorithm employed is very important and is 

determined by the step-size À. For the LMS algorithm, the best convergence rat~ and 

the allowable values of the step-size À, which guarantee stability of convergence, are 

dictated by the number of equalizer coefficients (2N+l), and to a lesser extent, by 

the eigenvalue spread of the matrix A (i.e. which depends on channel characteristics) 

{28]. From {28}, the allowable step-sizes À are 

2 (__ 2 ) o < À < -----,-"=""'~,..,.--:' 
(2N + 1 )E[ly[nJl2 ] À1 + ... + À2N+1 

( 4.5) 

where ÀI1 ..• ,À2N+l are the 2N + 1 eigenvalues of the auto-correlation matrix A and 

E[ly[n]l2] is the expected squared amplitude of the equalizer input yIn]. AIso, the 

optimum step-size suggested is 

1 
À. = (2N + 1 )E[ly[n1l2J 

( 4.6) 

The depe~àence of LMS convergence on À is as follows: Starting with zero, as we 

increase .\ 1 t!:.e speed of convergence and the residual MSE increases, until we reach 

the me...<imum speed at Àopt. Continuing to increase À, slows the rate of convergence 

(but the residual MSE still increases) until eventually we reach instability at twice 

the optimum step-size. Therefore, there is a tradeoff between the rate of convergence 

and the residual MSE. In fact, for fastest convergence, the residual MSE is twice that 

of the MMSE (13). Therefore, if the step-size is too small, the equalizer would not 

adapt fast enough (i.e. within an agreed time frame or number of symbols) or if it 

is too large, the equalizer would blow up (not stable) (4.5). Therefore, À should be 

chosen su ch that the rate of convergence is fast yet has a reasonable (not necessarily 

minimum) residual MSE. 

In adaptive equalization, there are two modes. The first mode is the initial 

acquisition which uses a training sequence which is known to the receiver. This mode 
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is used to initialJy adapt the equalizer to the channel and, thus uses actual data 

he;" to generate the error signal. Once the equalizer converges in an specific period of 

time, the second mode of adaptive equalization can begin. In the second mode, actual 

receiver decisions are substituted for the known training sequence and normal data 

transmission occurs. This mode of equalizer adaptation is called the decision-directed 

mode since receiver decisions bei~ are used to generate the error f[n), and the phase 

estimate PIn]. This is seen from Figure 2.4 and equalizer adaptation takes place in a 

decision·feedback manner. However, this mode of equalizer adaptation cannot track 

fast variations in the channel characteristics. As a result, it may be necessary to use 

the first mode to re-adapt the equalizer to the channel. 

The adaptive MSE (AMSE) simulation results using the LMS adaptive algo­

ritbm for different test cases will DOW be discussed. 

4.2 Simulation Results 

Simulations of the equalizer adaptation were performed using the LMS algorithm. 

Three parameters of the simulations were kept constant: 

• Nine (=2N+l) equalizer taps were used. Using a larger number of taps in­

creases the delay in the equalizer and does not result in any substantial gain in 

performance, with the channels that were tested in this work. 

• Three equalizer samples used to generate the improved reference phase estimate 

(i.e. L was cbosen to be 3) since the gain in performance over L=2 is substan­

tial and because using any larger value of L e.g. L=5 does not resuIt in an 

appreciable gain in performance . 

• The SNR was set to 25 dB. A lower SNR would require a prohibitive large 

number of simulations. 
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The three other parameters in the simulations form the basis for different test 

cases. These parameters are the signal constellation, the channel and the step-size À. 

The choices for each were as follows: 

• Four constellations: 8PSK, 8V29, 16QAM and 16V29. 

• Two channels: A and X. 

• Step-sizes: 0.0005, 0.001, 0.002, 0.005, 0.01, 0.02, 0.05 and 0.1. For our nille 

tap equalizer and with E[ly[nJl2] :::::: 1, Ungerboeck's optimal step-size is 0.1. 

Results were examined and the two step-sizes À=O.005 a.nd ~=0.05 were chosen 

for presentation since they best summarize the trade-offs in selecting the step 

slze. 

For the LMS simulations, training sequences were used, i.e. perfect reccivcr 

decisions were assumed. Each sequence had a length of 3220 data symbols to en­

sure that steady-state convergence had been achieved. Ali ni ne equalizer taps wcre 

initialized to zero for each trial. 

Initially, in our simulations, twenty independent trials were performed for 

each test case (i.e. choice of constellation, channel and step-size) and an average 

learning curve was calculated. However, the average learning curves were very I10isy 

due to an insuflicient number of trials. At an SNR of 25 dB, it was found that we 

need approximately sixt Y trials to get reasonable smooth average learning curves. Ali 

simulation results were then examined and are summarized by eight graphs and two 

tables, shown on the next few pages. 

The first four graphs, i.e. Figures 4.1-4, were each derived for a separate 

test case (i.e. either 8PSK or 16QAM used in either channel A or X, using À cqual 

to 0.005). Each graph plots the squared error versus the number of iterations and 

compares sixt Y trial runs with an average learning curve. It is seen tha.t the lIumber 
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Channel A Channel X 

~ 
0.00.5 0.0.5 0.00.5 0.05 

Constellation _ 

8PSK 0026 0.032 0.021 0.026 

8V29 0.02.5 0.029 0.023 0.028 

16QAM 0.027 0.032 0.023 0.028 

16V29 0.025 0.029 0.024 0.029 

1 MMSE Results 0.0210 0.01 ï6 

Table 4.1: Comparison of Residual ~ISEs and .\IMSEs for 25 dB 

of independent trials, i.e. 60, used to calculate the cun'es was sufficient since the 

dispersion IS rC'asonable. 

Consequently, the last four graphs, i.e. Figures 4 .. )-8, compare the average 

learning curves of dl(ferent test cases. Each graph corresponds to a particular con­

stellation, and compares four different test cases (i.e. either ),=0.005 or '\=0.05 used 

in C'ither channel A or X). Finally, each graph plots the logaflthm of the MSE versus 

thf' number of Iterations :'>0 that differences In convergence behaviour between the 

diffcrent test cases l'an be noticed more easily. 

Table 4.1 compares the residual MSEs obtained from Figures 4 .. 5-8 with the 

(a\culated MM SE results of Section 3.4. In order to compare the constellations from 

ci. probability of error pomt 0; vlew. we used the squaff~d minimum Euclidean distance 

(?n.n Ilormalised to the number of bits per symbol. logz JI, and the residual MSE, ç. 
This quantity in [dB]ls given by: 

(4.7) 

.-\lthough, a may not give an accurate indication ta the actual probability of error 

rr :::::: I{ ('xp [d!.an lo~ M] which can be arrived at since Pr is proportional to the 
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Constellation cr for Channel A cr for ('halllH'l X 

À=0.005 ,\=0.05 with MMSE À=0.005 ,\=0.05 with MMSE 

8PSK 18.3 liA 19.2 19.2 18.:J :!O.O 

8V29 19.4 18.8 ~O.2 19.8 18.9 :!O !) 

16QAM 1 ï.ï 1 ï.O 18.8 18..1 1 i.6 I!Ui 

16V29 16.ï 16.1 1 ï .. 5 16.9 1 (i. 1 18.:1 

Table 4.2: (J for different test cases 

exponent of the SNR [13] and [d~," IOI!~ ~ ] represents the normaltzed SNH for any t\1-

ary constellation, it can be used for a benchmark companson of t.1l<' dilf('f('ul. sdl('IIH'S 

from the probability of error point of Vlew. As a re'sult. wC' ran cOlllpan' (J for t!w 

tested constellations under t'.,- same SNR (sec Table 4.:!). The la.r!-!;er IT is, tllf' "1II,dl('r 

the probability of error and the better is the system pPrformanc('. 

Finally, the simulation results for a sample A~tSE t,C'st case ,ue glV('!1 III 

Appendix B. 

4.3 Observations 

For the first four graphs. i.e. Figures 4 1-·1. we see that the dverage I('arning curv('s 

for sixt Y independent trials and an SNR of 25 dB are rea. .. onably smoot.h and givp a 

good indication of the average convergence performance. If the curv('s w('re too !loisy, 

more independent trials would have been required to calculaI the average learning 

curves. Finally, we note that the trial runs give a better mdicatlon of what should b(' 

expected in an actual system Implementation. 

We will now look at Figures 4.5-8. where each figure cornpare~ the averaw~ 

convergence rates for different channels and step-sizes. for a givcn constellation. A 
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MSE convergence cutoff point of 0.05 was chosen since the average learning curves 

passed through this lcvel on/y once before settling down to the resldual MSE levels 

bctwef'n 0.02 and 0.03.5. Thus. the average learning curves for different channels and 

~tep-sizes w<>rc comparcd for (,deh graph. uSIllg this ~ISE cutoff level of 0.05. The 

following was obsf'rw'd: 

For channel A, Ül(' ,\=0.05 step-slze converged after approxlmately 125 sym­

bols and the '\=0.00.5 :.tep-slzc converged after about 1000 symbols. For channel X, 

the ,\=0.0.5 stcp-slze ronvergcd after approximately 100 symbols and the À=0.005 

step-sizl' cOllverged after about ï.50 symbols. Thus. for a given ,\. the ra,te of conver­

genet' 15 raster for channel X t han for channel A. In addition. t he rate of convergence 

for tlw À=0.05 is faster than for ,\=0.00.5, 

Table ,1.1 ~hows that the rf'sidual ~ISEs approach but never reach the MMSE 

results raIculall'<j lTl Section :U. This 15 due to the equalizer coefficients which are 

never cxactly optimum. For a given ,\. Table 4.1 shows that the residual MSE is 

smaller for channel X than for channel A. Also, for a given channel, the residual MSE 

is larger for ,\:::0.05 than for '\=0.00.5 In addition, it was found that the À=0.05 

and ,\=0.005 step-slzcs have average resldual ~ISEs of 50% and 25% excess MSEs 

respect.ivdy. whcre excess ~ISE is the ~ISE Over and above the MMSE possible. As a 

[(·sult. this shows that the larger the step-slze À. the larger the excess MSE. since the 

('qualizer coefficients have a larger variance about the optimum values. For >'=0.05, 

we sec that t.he propo~('d receivl:'r adapts very quickly to unknown channels while 

givmg a resldual MSE which IS only a small percentage larger than that of À=0.005. 

Thus. ,\::::0.05 sc· ms to be a better choice. 

In addition. th!' sp<>ed and stabllity of the MSE convergence were compared 

for the t.ested constellatIOns. Close examination of the last four graphs and Table 4.1 

shows that 16V29 converges slightly fastel ~nd has a slightly smaller residual MSE 

t.han 16QAM (whlch i:. more noticeable in channel A). However. from Table 4.2, 
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16QAM has a smaller probability of error due to ils largcr minimum distance dmm. 

Also. 8PSK is better than 8V29 in tcrms of both ('onv('rgenœ spf'f'd ,me! rt'sidual 

MSE which was more noliceab!e in channel X ti,an in channp! A. Ne\'(,l'tht'!css. Iht' 

minimum distance dmm of 8V29 is !argcr than that of SrSK. and from Tclbl(' ., ~. Wt' 

have that 8V29 has a smaller probabi!ity of error than 8PSK. t'sl)('('ially for ('hanne\:; 

with severe ISI e.g. channel A. 

Finally, Table 4.2 compares fI for the tested constellations and ~h()ws t hat. 

(7 decreases (the probabi!ity of error increases) for 8V29, 8PSK, IGQAl\1. WV29. ill 

that order. fOI the tested channels. In addition, Table ·1.2 allows I\S to calculat.(' III(' 

increase In SNR necessary to achieve the sarne rr. On t h(' étv('rap;<'. for ,\=t).OO!), 1 lit' 

SNR must be increased by O. Î and 1.0 d13 for c/iannels A and X f(·sppct.l\,ply, 10 (lc!JwV(' 

the fI associated with the MMSE. A!so. for ,\=0.0.1, the SNR IIlIISt. b(· III(Tf'ét,<;('d by 

an average of about 0.9 dB and 1.1 d13 for channe!s A and X f(·slwct.iwly, to étchi('\'(, 

the same (7 as the ,\=0.005 case. 
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Chapter 5 

Conclusions 

A combined linear equalization and decision-feedback differentially coherent detection 

structure for indoor wireless communication channels was proposed. These channels 

were modeled as multipath channels since multipath propagation is one of the major 

impairments in wireless communication systems. In these channels, carrier phase 

tracking is difficult and differentially coherent reception is attractive since it does 

not require phase-tracking. However, there is a loss in performance compared to 

coherent detection that approaches 3 dB for MPSK(M>2). Therefore, an jl'ilproved 

technique based on decision-feedback differentially coherent detection was used whose 

performance approaches that of coherent detection. In addition, this differentially 

coherent scheme cao he comhined quite easily with known equalization techniques. 

This is necessary sinee ISI due to multipath is a major problem in these channels. 

In this work, the integration of deeision-feedback differential detection with linear 

equalization has been considered. In addition, two-dimensional signal constellations 

were eonsidered, in the hope of achieving a high data transmission rate, in a given 

bandwidth. 

The MSE eriterion was used and MMSE resu]ts were ealculated for known 

channels, taking into account reference phase estimation errors. It was seen that 
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the MMSE performance degrades for 16V29, 16QAM, 8V29 and 8PSK in decreasing 

order, sinee constellations with signal points of smaller amplitude have a larger degra. 

dation. However, using a larger value of L, Le. numher of equalizer outputs used to 

generate the reference phase, reduces the degradation in MMSE performance, sinee 

constellations with smaller amplitude signal points gain more in MMSE performance. 

Thus, the performance of the V29 and QAM signal constellations approach that of the 

PSK signal constellation and a high data transmission rate can he achieved in a gi ven 

bandwidth. Furthermore, increasing L allows the system performance to approach 

that of comhined coherent detection and equalization. 

In an adaptive mode, the LMS algorithm was used. The simulations were 

performed with a 9 tap equalizer, L=3 and an SNR of 25 dB since for known channels, 

these values were found to he to be sufficient for a reasonably small MMSE. Using 

a MSE cutoff level of 0.05, the equalizer converges within 125 iterations and has 

a residual MSE of about 0.029 (50% excess MSE) for "\=0.05. For À=0.005, the 

equalizer converges within 1000 iterations with a residual MSE of 0.024 (25% excess 

MSE). Therefore, ,,\=0.05 seems to he the better choice. In addition, 8PSK (16V29) 

converges slightly faster and has a slightly smaller residual MSE than 8V29 (16QAM). 

However, the difference in MSE convergence performance for the tested constellations 

is almost negligible for L=3. Finally, at the same EII, the constellations 8V29, 8PSK, 

16QAM and 16V29 have prohabilities of error in increasing order. 

For a sufficiently large L, e.g. L=3, the combination of the decision·feedback 

differentially coherent detection structure with linear equalization performs as weIl as 

combined coherent detection and linear equalization, with the advantage that it can 

be used when carrier phase tracking is difficult e.g. fading multipath channels, hurst 

communication. In addition, the receiver shows very small MMSE differences be­

tween different two-dimensional constellations. Over practical wueless channels, the 

proposed rece·.ver seems to have significant advantages with respect to conventional 
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coherent receivers and we will now suggest further work in this area of combining 

equalization with differentially coherent detection. 

5.1 Suggestions for Further Work 

To simplify the analysis, receiver decisions were assumed error-free with high SNR 

and actual information phases ""ln - k] for k = 1, ... ,L -1 were used in the equalizer 

adaptation simulations. Therefore, it would be of interest to analyze the effects of 

decision errors on the adaptation process and on the residual MSE as weil. In addition, 

simulations should also he performed for non-zero excess-handwidth pulses. 

To improve performance, one can use decision-feedback equalizers (DFEs) 

with the decision-feedback differentially coherent detection structure of [2]. The DFE 

cancels the dominant postcursor ISI in minimum phase multipath cham:.~ls without 

noise enhancement. Therefore, this comhination is worth further investigation. 

Improving the reference phase estimation for the QAM and V29 constella­

tions may improve results. Therefore, reference phase estimation which is optimized 

for amplitude and phase signal constellations should be used in conjuncture with dif­

ferential detection. AIso, the reference phase estimation for non-stationary channels 

can be improved by introducing a forgetting factor. Therefore, past equalizer outputs 

can be weighted su ch that the more recent equalizer outputs will have more influence 

on the reference phase estimate, th us improving the phase tracking capabilities. 

Finally, the adaptive equalizer should be tested using faster adaptation algo­

rithms e.g. fast Kalman algorithm [25). 
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Appendix A 

A.l Program Overview 

The computer program was written using the C programming language and ran under the 
SUN OS. The program consists of seven separate files. Data was read from a specified input 
file and all results were written to a specified output file. In addition, two other output files 
were created for ease of plotting the LMS simulation results. One file stored trial results 
and the other stored the average learning c\,rves, i.e. average results of 60 trials. 

Input File Data 

• Test constellation: PSK, QAM, V29 and any other format. 

• Multipath channel Parameters: Number of paths-1, amplitude attenuations, phase-
shifts and relative delays 

• Roll-off factor of overall desired response. Any number from 0 to 1. 

• Step-sizes to he used in LMS simulations. 

• Noise Power in dB. 

• Numher of Equalizer Taps besides the reference tap: called N, Le. min.,max.,step. 

• Number of Equalizer Outputs for phase estimate: L, i.e. min.,max.,step. 

• The output data filenames. 

Program Files and Functions 

The seven files and their functions are as follows: 

• EQ.C: Main program file. Reads input file and generates output files. Calls MMSE.C 
and AMSE.C. 
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• MMSE.C: CalcuJates MMSE numerical results. Calls CINV.C 

• AMSE.C: Calculates LMS simulation results. CaIls RANDOM.C 

• CINV.C: Inverts a complex matrix using LU Decomposition. 

• RANDOM.C: Generates Uniform and Gaussian distributed random numbers. 

• COMPLEX.C: Library of complex arithmetic operations. 

• UTIL.C: Utility subroutines. 

Program Details 

The convolution of the o'lerall pulse response g[nJ with the encoded data was limiteJ to 440 
terms centered at 9[OJ. It was found that increasing this number to 1000 did not provide 
any significant differences. In the program, the number ofequalizer taps was N +1, i.e. the 
equalizer had N /2 taps on both sides of the reference tap e[OJ and th" maximum numb~r 
allowed is 41 including the reference tap. In addition, the transmitter and receiver filters 
were designed such that their overall response 9(t) was Nyquist. The pulse shape used was 
the ra.Îsed-cosine pulse with a roll-off factor of a. The transmitter a.nd receiver transfer 

functions were both ..; GU w). 

The Random and Gaussian number generators used, were provided in [29]. In add:­
tion, a complex matrix inversion progra.m ta invert the Hermitian matrix A, was developed 
using the real matrix inversion program in 129J. It was tested rigorously and was very sta­
ble. In the LMS simulations, each test case was subjected to 60 independent trials, each of 
length 3220 and the average learning curve was calculated. In addition, the data for each 
test case was stored in files coded as "123.456". The codes are shown in table A.t. 

Therefore, the file eoa.25a contained the data of the average learning curve for 
8PSK, À=0.005, channel A and 25 dB SNR. Also, the data file grx.25 held the raw data for 
60 trials for 16QAM, '\=0.05, channel X and 25 dB SNR. 

1 Code 1 Parameter 1 Allowed Symbols and Meaning 

1 Constellation e:8PSKj g:16QAMj h:8V29j j:16V29j 
2 Step-Size ,\ 0:0.005; r:0.05 
3 Channel a:Channel A; x:Channel Xj 
45 SNR in dB 25:25 dB; 
6 File Data Type a:averagej nothing:60 trialsj 

Table A.l: Data File Codt! Table 
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A.2 MMSE Program File and Test Case 

MMSE.C 

.iDclud. <Itdlib.h> 

.iDclud. <Itdio.h> 

.iDclud. <aath. h> 

Mefine Il"l 266 
.define QU'SET 220 
.define K1ITEIKS '"0 
.defin. Kl1T1PS 40 
'defin. 1. 2 

/. Mu Duaber of .ignal. in con.t.llation 
/. PolitioD of aeterence ae.pon.e 
/. IWlber of tera. iD Convolution 
/. Muiaum luber of Tapi in Equalizer 
/. U .. d tor Print Diaplay 

.deline PI 3.141682664 

.delin. EDO! 0.00000001 

typedet Itruct FCDMPLEI { 
double r,i; 
} fco.plex; 

/ ......................................................................... / 
/ ••••••••• Il - IWllber ot lignaI. iD constellation ••••••••••• / 
/ ••••••••• 1+1 - Total DUllber ot Equaliz.r Tap. • ••• ~ ........ / 
/ ••••••••• SIG_SET - Signal POintl in Conltellation ••••••••••• / 
/ ••••••••• g - overall impul.e relpon.e ••••••••••• / 
/ ••••••••• f - receiver impul.e re.ponse ........... / 
/ ••••••••• fp - file pointer to output data file ........... / 
/ ••••••••• val - Itore. Ihp-.izel that vill be uled in limulatioD ..... / 
/ ••••••••• 10 - Doi.e pover to .ignal energy pover ••••••••••• / 
/ .......................................................................... / 

double MiiIIE1ISQER.R.{M ,l,SIG_SET ,g ,f ,fp. val,IO) 
int Il, Ij 
fcomplex SIG_SET[MU+l], bLMUTERMS+1]. f[IIUTEIUIS+l1: 
FILE .fpi 
lloat val [lm+l] , 10: 
{ 

/ ....................................................................... / 
/ ................... Compl.x Dperatorl ••••••••••••••••••••••••••• " ••••• / 
/ ....................................................................... / 

double Cabl ( ) ; 
fcomplex Cadd(), Club() , Cmul.(), Cdiv(); 
fcomplex Complexe). Conjg(). lrg(), aCaul(); 

/ .......•............................................................... / 
/ •••••••••• y - received signal. b - input data signal ••••••••••••••• / 
/ •••••••••• bd - difterentially encoded pha.e ............... / 
/ •••••••••• , - y correlation matrix, IIV - , inverl. • ................. / 
/ •••••••••• B - crou - correlation matrix be',. b and y ............... / 
/ •••••••••• C - equalizer vector •••••••••••• , •• / 
/ •••••••••• liSE - mean square error, pdt = 1 - MSE ............... / 
/ •••••••••• dUDlDly - dWllllly variable ••••••••••••••• / 
/ •••••••••• v - IUII of z[n-i] •• [j(IUIIl of angl .. )] ............... / 
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/ .....................•.......•......•.................................. , 

lcollplex A [IUITAPS+1] [0ITA'5+1). In [IUITAP5+1] [IIAITAPS+1] ; 
lcollplex 1 [lUITAPS+1] [0ITA'5+1) ; 
lcollplex B [lUlTAPS+1] , C[JlAITAPSH] i 
fcollplex peU i 
cloubl .' liSE i 

/ ..............................................•..............•......... , 
/ •••••••••• Cd. C •• ector. ea1culatecl duriDg idea1 sr_client alsoritha •• , 
/ .......... AC - pdt e.till.~e of & .atrix and C .atrlx ••••••••••••••••• , 
/ •••••••••• 1 - 1dmtitJ .atrix. Al = 1 - & ••••••••••••••••• , 
/ ........................................................................ , 

lcollplex Cd [MUTAPS+l] , C. [IIUTAPS+1] i 
fcollplex AC [MUTAPS+l) j 
fcollplex At [KUTAPS+1] [MUTAPS+1] ; 

/ ....................................................................... , 
/ .......... i.j,k,k1.kk.n - inclice., rn - rando.' gener_ted ••••••• , 
1 .......... po. - reference point. jlll = jY.III •••• 41 •• ' 

1 .......... Ditt - .ean .quare cUtterence dthout equa1izer ••••••• " 
1 .......... Store, Store2 - int_nediate differencill ••••••• , 
1 .......... al.pha - .tep-lize ••••••• , 
1 .......... cin. - in"ertl eOl!plex a.trix ••••••• , 
1 .......... ran1 - generat •• unUonly cli.tributed r. v •• u •• ,' 
1 .......... ga.dev - senerate. gau •• ian di"tributed r. v ••••••• / 
1 .......... noile - additive channel noi .. eoaponent. at cliff. in.tante'/ 
1 •••••••••• 1J - noile alter pa •• 1ng through receiver ••••••• / 

1····················································· .................. / !nt i, j. jlll, k. ni 
!nt lIu_nUII, cbk i 
f10at alpha; 
double DUf, Store, Store2 i 
void cinv () ; 

1········································ .. ············ ................. / 1 ......................... Get IUllber of Step-Size •••••••• "' •••••••••••• / 
/ ............................................•........•................• / 

chk = 0; 
do 
{ 

chUt ; 
} 

1Ih11e (val[chlt] ! = 0.0); 
.U_DU/II = chi!: - 1; 1······· .. ··••··.···•··· ... ·····.·.··• •.... ·•••· ... ··('··· ....•••.....••• / 1 ................................ Initializ .............................. / 1·············· .. ···•··· ... ·•·.·.·.··• ....... • ..... ·•••··· ................. / 
for (i=O;i<=KUTAPSii++) 
{ 

BUl = COllplex(O.O,O.O); 
for (j=O;j<=K&IT&PS;j++) &UHj] = Comp1ex(O.O.O.O)j 

} 

for (i=O;i<=KUTAPSii++) Cri] = Complex(O.O,O.O); 

73 



r 
for (1aO ; i<II&lTAPS ,i++ ) s[i] = Coaplex(O. 0,0.0); 
for (i=0;1<IUITAPS,i++) S[II11TERJlS-i] = Coçllx(O.O,O.O); 

/ .....•.•.............•.................................................. / 
/ •••••••••••••••••••• Get luto-Correlation lIatrix l ••••••••••••••••••••• / 
/ .......•................................................................ / 

for (1=I;i<=I+1,i++) 
{ 

for (j=1 ,j<=I+l ,j++) 
{ 

if «i==j) aa (1)1)) 
A [i] [i] = A [1] [1] , 

el •• 
{ 

} 

for (k=O;k<=II11TEIlMS,k++) 
{ 

if ( «k-i+j»=O) ta «k-i+j)<=IIAXTEJUfS) ) 
A [il [j] = Cadd (A [i] [j] ,Cllul( Conjg (g [It] ) ,g [k-i+j] ) ) i 

} 

if (i==j) A [i)[i] . r + = 2 • 10 j 

} 
} 

/ ......................................................................... / 
/ •••••••••••••••••••• Get ero.l-correlation Vector B •••••••••••••••••• / 
/ ........................................................................ / 

for (i=l; 1<=1+1; i++) 
B[i] = Conjg(g[.;.+OFFSET-I/2-1]) i 

/ ••••• Inverti l to IIV, dilll 1+1, l UDchanged •••••• / 
c!nv(l,II' ,1+1); 
f:flulh(fp) ; 

/ ............................................•........................... / 
/ .......................... OptilllUII Equalizer ••••••••••••••••••••••••••• / 
/ .......................................................................... / 

pdt = Complex(O.O,O.O); 
for (1=1 ;i<=I+1 ;i++) 
{ 

C [1-1] = COllpl.x(O.O ,O. f) , 

hr (j=1 ;j<=I+l ,j++) 
C[i-l] = Cadd(C[1-1] • CII1Ü(I1V[iHj],B [j]», 

pdt = Cadd(pdt .CIIul(Conjg(B[i]) .CU-t]»; 
} 

f:flulh(fp) ; 
/ •••••••••••• ~ •••••••••••••••••••••••••••••••••••••• o(I •••••••••••••••••••• / 

/ ••••••••••••••••••••••••••••• check to .ee AC = B •••••••••••••••••••••• / 
/ .•...................................................................... / 
/. 

fox (1=I;i<=I+1;1++) 
{ 

lC[1] = COlllplex(O.O,O.O) j 
for (j=l, j<=I+1 ;j++) l [i][j] = Complex(O. 0 ,0.0) ; 
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Hi] [i].r .. 1.0; 
} 

10r (1=1;1<=.+1;1++) 
{ 

for (j-1.j<-.+1ij++) jeU] &: Cacld(.tCUJ,c.w,(A[iJ[j],C[j-1]»; 
if UU .... 1) 1prinU(1p,"\D"); 
1priDU(tp. "P[Y.3dl =X8.41,Y.s .41j ".1,AC[i] .r ,AC[i] .1); 

} 

1fluah(1p) ; 

/ .................. ~ ..................................................... / 
/ •••••••••••••••• Tbeor.t1cal lDter.lt - Ideal Grad. llg .••••••••••••••• / 
/ ................. C[1] = cU] (I-alpha x .1) - alpha x B ••••••••••••••••• / 
/ ...................................... ~ ................................. / 
/-

1prillt1(fp. "\D\n ••••• IIEAI SQUAlE GIL.tDIEIT ALGORITBM ...... ); 

10r (chlt=l: chlt<=au_num; chlt++ ) 
{ 

for (j,=O.i<=HUTAPSii++) CU] = Complex(O.O,O.O); 
11 (1)0) C[J/2+1].r = 1.0; 
.1.. C [0] • r = 1. 0 ; 
alpha = val. [c:hk] ; 
1printf(1p, u\nalpha=Y.8.4f\D" ,alpha); 
if (alpha ~= 0.0) 
{ 

for (1=1,1<=1+1,1++) 
for (j=l ;j<=.+1 ,j++) 

Al [1] [j] = Caub(I[i] [j] ,aCIIUl(alptA • .t [1] [j]» ; 
k=O; 
do 
{ 

} 

k++; 
for (1=1;i<=I+l;1++) 
{ 

} 

AC[i] = COllplex(O.O,O .D); 
CI[i] = C[i] ; 
for (j=1 jj<~.+l ;j++) 

lC [i] = C,.dd(AC[1] .CJaUl.(1Hi] [jl,C [j-l]» ; 

for (i=1;1<~I+lji++) 

CU-l] = Cadd(1C[i] ,RCaul(alpha.B[i]» ; 
Diff = ~.O; 
for (i=D;i<=I;i++) Cd[1] '= Club(C[U,CaU]); 
for (1=O;i< .. I;i++) DiU += Caba(Cd[i]); 

vbile (D11f > ERROR); 

v = COllpl.ex(O.D.D.O); 
for (1=1;1<=1+1;1++) 
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{ 

if «(1'". ==1) aa Ci != 1» fprintf Up,"\n"): 
1priDU(1p, "C[y'3d] =%8.41 ,Y.8.4fj ., ,i-I/2-1,C[i-1l .r ,C[i-1] .i) j 

} 

./ 

• = Cadd(v,CIIUl(Conjg(BU]),C[i-ll»: 
} 

1pr1ntf(fp. "\nTia •• iD loop=Y.3d, pdt1=Y.8 .41, %8 .4tj 
} 

",t,v.r,v.i): 

/ .............•................................................. / 
Ipr1nt1 (fp, "\nMiniauII Jl.an Square Error \n"); 
liSE = 1 - Cab. (pdt) : 
Iprintf (fp, "PDT"'%8.4f+XS .4tj" ,pdt.r ,pdt. i) : 
fllu.h(fp) : 
return(JlSE) j 

} 

Input File 

ga2S.0S 
1 
0.6 
180 
0.6 
q 
16 
1 
0.06 
26.0 
2 
20 
2 
1 
6 
1 
gra.26 
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. 
i 

Output File 

N.~., ..... _I 
,. ..... IG_e4. '.IM. Gc •• , _ .'0.000 •• , ... _ • .110 
, ••• ,..., _ :a."'. 

"""1"'" ... 00lI0 

•• - QAIII 
Q."III.' ... .Jtl'. " ..... 0.2100 
Q."III.' _ ....... l' .... _ 0.1000 

Q ... ~ •• - ... ua. " ••• _ 0.2100 

'f'. 1'- .... .. 'f'. a _ O.JIU 

'f'. 3 - '.IU' 'f'. 1 - o .... a 
.[11_ - •••• ". - .... "'.'2) _ -0.3.'2. -O.,.'" 'l'j- 0.J.'2. -o .•• ",.,.) - o .... ,. -O."'" 
.1 _ -O.,,". -O.J1I2,.,.) _ -0.3.'2. -O.JIU, '1'1_ o.J.n. -1.3112,"'1 - 0 .... '. -o.Jln, 
•• _ - .... ".0.31.2'.'.01 - -O.JlI:a.O.Jln, 
• (11)_ 0.3.'2.0.3112,.(13) _ O."". 0.J112, 
.(U)_ -0 •• t".0 •• t",.(111 _ -0.31'2.0.'.", 
.!III_ •.. u.a,o ... ",.!'I' _ O .••• T. 0."", 
No/2 _ n.OOOOiB 
NO/2 _ o.ooU 

N ........ o/ .... , .... T.p .......... C!OJ .. 0 
Il ........ M ••• Sp ..... Y'yor 

POT _ 0.7102 + 0.0000, 
N .. o.III111sa .. 0 2 ... 

I. _ I .. IIIS • .. 0.2111 
I. .. 2 .. IIISa _ o.:a ... 
t. .. ,IIIIIISa .. 0.2." 
I. .. 1111111 S. _ 0.2'" 

"' .... k?o/.~ •• , .... T ••• I ....... cIO) _ 2 
Il ............ .., ••• , ... ,. ...... 09' 

POT _ '.NII + 0'-0, 
N. 2,111111 sa _ 0.0312 

I.. 1 111111 sa .. O.OU' 
I. _ 2111111 sa .. 0.0312 
I. - 3111111sa - 0.OU2 
I. _ I .. IIIsa. o.oua 

N ...... o/ .... , .... T ............ C(O) .. . 
Il ....... u ••• S ...... ,.,.,,, 
POT .. 0 •• ,..1 + 000001 
N _ ',III111S ... 0.021t 

I. .. 1111111 sa • 0.02lr. 
I. .. 2111111S •• 0.021. 
I. _ , .. 1II5a _ 0021. 
I. .. 1111111 S • .. 0021. 

N ... k?o/ .... ' .... T ............ C(O) .. .. 
"' ........ AI ••• s ........ ..,.fJ/f' 
l'DT. o.nu + 0.0000, 
N _ ',III111sa .. 0.0221 

,,_ IIIIIIIS ... 0 02)1 
I. • 2111111S ... 0.0221 
L. 3111111 S. _ o.oa21 
I. _ 11111115 • • O.oUI 

N ....... o/ ....... nT ............ C(O) _. 
", ....... AI ••• S "' ..... 1"9' ... 
POT _ o.nlO + 0.0000, 
N _ ',1111115 ... 0.0210 
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.L _ IIIIIIS. - 0.1312 
L .. 2111115. _ 0.0211 
L .. 31111S. _ 0.0210 
L _ 1111115. _ 0.0310 

N ....... , .... ., .... T ............ C(O) _ .0 
III ........ III ••• S ......... .. 
PDT • O •• ao. + -0.0000, 
N ... 0,111115 ... 0.01" 

L .. IIIIIS. - O.oltl 
L - UIIIS • .. 0.01 .. 
L _ IIIIIS • .. 0.01" 
L _ 111115. _ 0.01 .. 

N ....... , .... ., .... T ......... C(OI_ .2 
M ........ III ••• S ......... .. 
PDT .. 0."13 + 0.1000, 
N .. ", .. 1115 ... 0.011' 

L _ 111115 • .. 001 .. 
L _ allIlS. - 0.011T 
L .. 311115. = 0.011' 
L = allIlS • .. o.oln 

N ...... o/ ........ ..,T ............ C(O) .. U 
..,. ...... ,.., ••• 5,.." ..... ... 
PDT. o ••• ao -+ -0.0000, 
N .. ",IIIIIS ... 0.01'0 

L .. 111115. _ o.OUI 
L .. 211111S. _ 0.0110 
L .. 3111115. _ 0.0110 
L .. 11il1lS • .. O.OUO 

N ....... , .... ., .... T ......... C(O)., Il 
...... "'."'AI ••• s,. ..... P9'Of' 

PDT • 0 ••• 2. + 0.0000, 
N .. Il,111115. _ o.oUt 

L _ 1111115. - '.on. 
L _ 211115. _ O.Olft 
L .. '11115 • ., O.Olft 
L _ 111115. _ O.Olft 

N ...... o/ ..... ' .... T.p ....... C(O) .. Il 
M ........ III ••• S .......... .. 
PDT. o .• uo + 1..0000, 
N. 1',:1111115 •• D.DUO 

L .. 111115. _ 0.0171 
L .. 211115. _ O.oIfO 
L _ 311115. - o.ono 
L _ 111118. _ O.OIPO 

N ...... o/ .... ., .... T .......... C[O) .. 20 
M ........ III ••• S .......... .. 
PDT.0 ••• 3. + 0.0000, 
N _ 20,111118. _ 0.0 ... 

L .. 111115. _ 0.01" 
L • 21111S. _ '.0"1 
L .. 311115 • ... 0.01" 
L _ 111115. _ 0.01 .. 



Appendix B 

B.I AMSE Program File and Test Case 

AMSE.C 

'iDclude <.tdlib.h> 
'include <atdio .h> 
'iDclude <aath.h> 

.deUne MAI 266 
'deUne MAITERIIS 44:0 
'deUne OFFSET 220 
'detine au. 3220 
'define MAIT.lPS 40 
'define 1. 2 
'define KKMU 60 
'dafine PI 3. 141692664 
'define EIUloa o . 000000001 
'define CELLSIZE 600 
'detine MAICELL 20 
'define STEP 100 

typedef Itruct FCOMPLEl { 
double r.i; 
} fcoap1ex; 

/. Maz luber ot 81gna11 alloved in Q 

/. Maz luber ot conv01ution teral 
/. Po.ition of reterence tap 
/. luabe:r of .ignall iD a .equellce 
,. Maz luber of Coap1ex Tapa AUoved 
,. U.ed for Printed Output 
,. M&% nUilber of Runl 

/ ..............................•.................................. / 
/ ••••••••••••••••• U.e. LMS adaptive algorithm to •••••••••••• / 
/ ••••••••••••••••• upc:late equalizer coefficient. • ••••••••••• / 
/ ••••••••••••••••• Paruetera jUlt l.Ue in MIIKElISQEIUlOR •••••••• / 
/ ..................•................................... , .......... / 

AD.lPTIYEKSE(L,K ••• SIG_SET .g,f ,fp .11,f2 ,val. .10) 
!nt L. K, 1; 
fcoaplex SIG_SET [IIU+1J , g[KAITEIlJIS+1], f [IlAITEIUIS+l] ; 
FILE .fp, .U; 
f10at val[I.+l] • 10; 
{ 

double 
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.et ./ 
./ 
./ 
./ ., 
./ 
./ 



%collpl.x CaddO, CaubO, CaulO, CdhO, 
%collplex COliplexO. CODjSO, &rIO. lCaulO, 
%collpl.x ., [lUJ+1]. b[aUJ+1] , W[&UI+ll; 
%collpl.x C [1I&n&PS+l] , / ..••.......•••......••......••.....••.......••....... ···········1 

/ ••••••••••••••• 1 - equal1zer output a ••••••••••••• 1 
/ ••••••••••••••• teap - ua.eI %or pha.e •• Uaation ••••••••••••• 1 
/ ••••••••••••••••• tillat. - eatillat. of data aisnal ••••••••••••• / 
/ •••••••••••••••• rror c •• tiaate - actual ••••••••••••• / 
1 ••••••••••••••• tac - cluMJ YUiable for upclatizlg ••••••••••••• 1 
/ ................................................................ / 

fcollplex z [IUJ+1]. b_uS [auI+l1, tellp[IIUTjPS+l]; 
fcoaplex .atiaat.. .rror. fac [MlITAPS+1] ; 
fcoaplex v, Y_ug. noh. [RUI+1], Ir [IUI+1] i 
float alpha, .tdY, ran1{): 
double aua, .uat, &a.e[RUI+l1, 
double aum2[MlICELL+l], .ua3[IIUCEIJ.+1], .... ; 
float ga.dev(). CDt [lIl1TAPS+1] i 

/ ............................................•........• / 
/ •••••••••••••• Indice. • .................. / 
/ ............................................... "' ...... / 

iDt 1, j. jl., k, kl, n, m, D, 
iDt idua. idua2, aU_DUII, chlt, 1····· ......•••.....•••....•• •• •....•••.....•••••.....•••... 1 

1 •••••••••••••••• DeteraiDe luaber of Step-.ize •••••••••••• / 
/ ....................................•...................... / 

chlt = 0, 
do 
{ 

chk++: 
} 

"hile (val[chk] != 0.0): 
aU_Dua = chlt - 1 i 
.telv = .qrt (JO); 

/ ............................................•.............. / 
for (chJt=l i chk<=aax_DWli chlt++) 
{ 

alpha = Yal[chJt] i 
if (alpha != 0.0) 
{ 

:fpriDt:f(:fp,"\n Step = %6.3:f\n" ,alpha); 
for (lt=O:k<=IUlik++) bd[k] = Complez(O.O,o.O), 
:for (i=O,1<=IU',1++) hl •• Ci] = 0.00, 
W[O].r = 1.0, u •• "; 0.0; 
:for (i=-O;i<=lIjXCEIJ.ii++) .Wl3[i] = 0.0; 
1· ••• • •••••••••••••••••••••••••••••••••••••••••••••••••••••• 1 
/ ........................................................... / 
:for (ltlt=l ; Jtk<=KKJüI ;klt++) 
{ 

:for (i=O;i<=JlAlTAPS;i++) C[i] = Complex(O.O,O.O); 
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--.. 

/ ••••••• Diff.rent Iqual.izer lDitialization ••••••••••••• 1 
/. if (1)0) C[I/2].r = 1.0; .18. C[O].r = 1.0; 
.j 
/ •••••••••••••••..••••...•.••••....•••••.••..•...•..•. ···1 

aua = 0.0; 
aual = 0.0; 
for (1=0;i<=1I1ICELL;i++) aWl2[i] = 0.0; 
for (1=l;i<=II;i++) cnt[il =0.0; 

idua = kt; 
idua2 = kt; 
fprintf(fp,"\n %2d, Il .klt) j 
for (k=l;k<= JlUJ;k++) 
{ 

rn = «int)(ran1(Udua).M»YJI +1; 
for (1=1 ;i<=11;1++) 
{ 

if (rn == i) cnt [i] ++; 
} 
j ••• 1dWII = Jt •••••• 1 
b [Jt] = SIG_SET [ml ; 
b_arg[k] = lrg(b[k]); 
bd[k] = Caul.(b_ug[k] .bcl[k-1]) j 
Doi .. [k] = Coçlex(gaad.v(aidUll2) ,gaad.v(l:idua2»; 
Doia. [k] . r .= Itdv 
Doia. [k] . i .= Itdv 

} 

fpriDtf(fp,"\n") ; 
for (i=1;1<=II;i++) 
{ 

cnt [il /= aUI; 
fprinU (fp • "%8 . 4f" , cnt [i] ) ; 

} 

ffluah(fp) j 

for (n=l jD<= aUI ;n++) 
{ 

y[n] = COlDplex(O.O.O. 0) j 
v[n] = COlDplex(O.O,o. 0) j 
for (k=O jk<=1I1ITERIlS ; k++) 
{ 

k1 = k - OFFSET; 
if «n >k1) 1:1: (kl >= n - aUI» 
{ 

y[n] = Cadd(y[nJ ,Cmul(bd[n-kl-1] , CIII1l(b(n-Jtl] ,g[k]») j 
v [n] = Cadd (v [nJ , Cmul (Dob. [n-k1] • f [lt] » ; 

} 
} 

y[n] = Cadd(y[n] ,v[n]); 
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} 
/.............. LKS ADI'TIYE lLGOaITBM ••••••• ./ 

n 1: 1: 
do 
{ 

1 •••• Get Phale eneoded eltiaate for prey. lignal ••• 1 
zIA] a COlI))lez(O.O,O .0): 
lua a 0.0: 
for (i=1:1<=L:i++) teap[i] = Co~lez(O.O,O.O): 
for (1=0:1<=1:1++) 
{ 

if «n+1»1/2) z[n] = Cadd(zUù ,Caul(C [il. y [n+i-1/2] »: 
} 

for (1=1:1<=L:i++) 
{ 

if (n>i) teapU] = dn-i]: 
} 

for (i=2:i<=L:i++) 
{ 

} 

for (j=n-i+l:j<=n-l:j++) 
{ 

} 

v = Coaplex(O.O,O.O): 
for (i=1:i<=L:i++) v = Cadd(v,tellp[i]): 
if (Cabl(v) == 0.0) v = COIlp1ex(1.0,O.0): 
v_arg = Irg(v): 
eltiaate = Caul(z[n] ,Conjg(v_arg»: 
error = C.ub (e.Uaate , b [n] ) : 
lua = Cab.(error) • Cabl(error): 
for (1=0:i<=I:i++) 
{ 

} 

f4e[i] = Coap1er(0.O,O.O). 
if «n+i»1/2) 
{ 

} 

he[i] = Cau1(CoDjg(y[n+i-1/2]) ,v_arg) j 
fae[i] = Caul(fac[i],error): 

C [i] = Club ( C [il ,acaul (a.lpha , f ac [il » i 
if «nY.sUP ::l= 0) Il (n ==1» 
{ 

if (n<=RUI-DFFSET) fprinU (fl ,"Y,4d 1.8 .4f\n".n.lum): 
fflu.h(fl) : 

} 

u.e [n) += IWII: 

lual += lua: 

if «n> o)&a(n<= 600» .ua2[1] += lua: 
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} 

ela. if «D> 600)tt(n<=1000» .ua2[2] 
ela. if «D>1000)a&(n<=1600» .U&2[3] 
el •• if «D>1600)a&(n<=2000» .\1112[4] 
ela. if «D>2000)a&(n<=2600» .\1112[6] 
el .. if «D>2600)a&(n<=3000» .\1112[6] 
n++; 

} 

whil. (n<=IUl-OFFSET); 

.ual /= (lUi - OFFSET); 

.... += .ual; 

+= .\111; 
+= .\111; 
+= .\111; 
+= .\111; 
+= .\111; 

10r (i=O;i<=MiICELL;i++) .um2[i] /= CELLSIZE i 

1priDtf (fp, "\n") ; 
for (i=l ;i<=6; i++) fpriDtf (fp, "1.8 .4f" •• \1112[1] ); 
fflu.h(fp); 
for (i~0;1<=M'ICELL;i++) .um3[i] += .\III2[i] ; 
fflu.h(f1); 
fpriDtf(fl,"\n") i 

for (n=1;n<=RUlin++) 1111 •• [n] /= KK"l1 i 
fprintf ( i2 , " 

fflu.h(f2) i 
1 1.8. 4f\n" ,1111 •• [1] ) i 

for (n=l;n<=RU.in++) 
{ 

if «n1.STEP == 0) aa (n<=RUI-DFFSET» 
{ 

if (n<RUII-DFFSET) fprintf (f2, "1.4d 1.8 .4f\n" ,n.baa. [n]) i 
el .. fprintf (f2. "1.4d 1.8 .4f" .n.1III •• [n]) ; 
ffluah(f2) ; 

} 
} 

.... /= IOCMAI; 
fprintf(fp. "\nSt.p Siz.=1.8.4f. \tAv.rag. MSE = 1.8.4f\n" .alpha ..... ) i 
fprintf (fp, "Y.4d\n" .KKMAI) i 
for (i=O;i<=K1ICELL;i++) .um3[i] /= KKMil ; 
for (1=1 ;i<=6;i++) fprintf (fp. "1.10 .4f" •• UIIl3 [:1]) ; 
fpriDtf(fp. "\n") ; 
fflu.h(fp) i 

} 
} 

} 
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Input File 
1,,21.0' 
2 
0.3 
110 

••• 0.2 
.0 

1.' 
• Il 
1 
0.0' 
21.0 
2 
20 
2 
1 
6 

1 ••. 2 • 

A verage Output File 
1 

100 
200 
300 
.00 
100 
.00 
TOO 
100 
.00 

1000 
1100 
1200 
1100 
!too 
1100 
1100 
1700 
1100 
1100 
2000 
2100 
2200 
:1300 
3.00 
2100 
2100 
3700 
2100 
2100 
,Jooo 

1.1200 
O.O'JI 
0.0211 
0.0112 
0.0211 
0.02'1 
0.0312 
0.02f2 
0.0'01 
0.02'· 
o 021f 
0.02U 
0.021' 
0.0117 
0.0212 
0.02n 
0.020' 
0.0370 
0.0'21 
0.0211 
0.02J1 
0.0210 
0.02f' 
0.0211 
o.ont 
0.021f 
O.O.U' 
O.OU' 
0.0262 
O.OIlT 
0.0371 
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Raw Output File 

1 1.1000 1 1.1000 1 1.1000 1 S.ooeo 1 1.1000 1 1.00QO 
100 0.0101 110 O.o21T 100 O.oSU 100 O.oIU 100 0.n4' 100 0.00" 
200 O.OIU 300 0.0102 200 0.01" 200 0.0 .. 0 200 0.U4' :100 0.0111 
lOCI 0.0131 100 o ... n 100 0.010' 100 0.013' 100 o.lIOn SOO O.OU' 
tOO 0.01" 110 0.00111 tOO 0.0 ... 400 OMOI 400 0.002:1 400 0.00" 
MO O.oTIO 000 o.oolt MO 0.00 .. 000 0.10" 000 0.0107 .00 o.oon 
100 0.0133 .10 O.OS" 100 O.oIOT 100 O.oIU 100 O.O:lU 100 O • .,,.. 

'00 0.131' TOO 0.00 .. '00 0.0212 700 O.oUI TOO 0.031' TOO DOltO 
100 0.0111 100 0.0013 100 '.0102 100 0.00'3 .00 o.osu 100 00071 
100 0.013' 100 0.0"2 HO 0.011. 100 0.0 ... HO 0.031. 100 000 .. 

1000 0.01 .. 1000 o.OOst 1000 0.01 .. lOGO OMOI 1000 0.0'" 1000 oo.n 
1100 0.0111 1100 0.0021 UOO 0.002:1 IIl10 0.03" 1100 0.0212 noo 0.0'" 
1200 0.10" 1300 0.0211 1200 0.0112 1300 O.Olot 1:100 0.0 ... 1200 O.UU 
UOO o.onl 1100 0.0114 UOO 1.0." uoo 0.002. UOO 0.0001 1100 0.0113 
1100 0.0112 1100 0.011' 1100 0.01" 1100 0.0021 ltoO o 00 ft 1400 0.0'" 
UOO 0.00" liOO 0.00 .. liOO 0.0102 liDO 0.0221 1100 O.O:lel' liDO o 0011 

1100 0.00 .. .. 00 0.00'0 1.00 O.ootO liDO o.oon 1100 0.020S 1100 000 .. 

ITOO O.ola. ITOO 0.00" lfOO ',0'" ITOO O,OIU ITOO 0,0014 ITOO 00U4 
1100 0.0010 liDO 0,02" 1.00 O,OlOT 1100 0,11311 1100 0.0.311 1100 0.0~13 

1t00 0.00" 1.00 0,011' 1t00 0,0.:12 1100 0.0"1 ItGO 0,0007 1.00 D,DilI 

:1000 0.00 .. 2000 O.o21T 2000 0.0211 2000 o.oon 2000 0.00)1 2000 0,031' 

2100 o,oon 2100 O,OOOT 2100 0,0123 2100 0,0011 2100 0,0112 2100 o 101t 

2200 0,0010 UOO 0.0"4 2200 0,0001 UOO 0.02" 2:100 D,DIli 2300 00011 

2300 O.OOIT 2100 O.oUO 2300 0.0270 2300 o,au. :lSOO 0.0701 2100 002" 
2400 O,OIIT 2410 O.Ot21 ,.00 00211 2400 0.0001 2400 o,on7 2400 0"" 
noo 0,0222 3100 0.01" 2100 0.OU2 2100 0,0012 2100 oo&n 2&00 00 ... 

2100 0,0011 2100 0.0312 2100 D,O'" a.oo 0.031' 2100 O,03T' atoo o OUI 

:lTOO 0.1284 2TOO 0,0114 :lTOO 0,0023 2TOO 0.00" :lTOO 0,04111 2T00 li 0212 

2100 o DOta 2100 002U 2100 D,DIOl 2500 0.001& 2100 OOIU 2100 D,O'" 
2100 0.03" 2100 0.0313 UOO 000.4 2100 002" noo o.on, 21100 000 .. 

3000 0.03" 1000 0.0'" :1000 0.01" 3000 0.012& 1000 00&01 3000 0,01" 

1 0.2000 1.1000 1 1,0000 1 0.2000 10000 1.000 

100 0.0013 100 O.OIlIT 200 0.00111 100 O,OITi 100 0.0"1 100 o Dan 

200 o.oooe 200 00208 200 00022 200 0.020. 200 00371 200 D,OUI 

300 o.oau 300 0.0014 :100 O,OIIT 300 o.on. )00 O,IoTt 300 o,oeee 

400 0.0120 100 0.02" 400 0.02111 100 O.Olti 400 00111 100 o.02TT 

&00 D,OU. 100 o.on. r.00 0.0112 .00 O.Oltl &00 0,0277 100 Doue 

.00 0,0117 .00 0,0220 'Ou 0,0042 • 00 o.oe .. 100 0.03111 eoo o Dale 
TOO 0,0016 TOO 0,0213 TOO 0.0013 700 O.OI2T '00 000211 700 D,OUI 

IDa 0.00'2 .00 O.OOU .00 0,00" 100 0.OU2 laD 002111 laD o,ooee 
IDa a Don .00 0.on7 100 0.0211 .00 O.OtlO 100 O.OSI' .00 o on2 

1000 0,0033 1000 O.OUI 1000 0.03" 1000 0.OT07 1000 O,020T 1000 00320 
UOO D,DO" 1100 o.onl 1100 0,00:11& 1100 0.0033 1100 0.01" 1100 o DOIT 

1200 O.OSUI 1200 0.0311 1200 0,010' 1200 0.040' 1200 O.OIlT 1200 DOl .. 

1300 0.00'0 noo 0.011' UOO 00212 noo 0.022' 1300 o.onr. UOO a oa13 
1t00 0.1023 ItoO 0.0210 1t00 0.02t1 UCiO 0.0011 1t00 0,0032 1t00 o DOiT 
11100 0,0172 noo 0.02" 11100 0,0120 1600 o.oloa noo 0.OU3 liOo 0.02U 
11100 0.002' 1.00 O.OITI 1.00 O,OU2 liDO O.oUI 11100 0,0230 1.00 oono 
ITOO 0,0113 1T00 O.Oftl ITOO 0,0033 1T00 0.0211 ITOO 0.00'0 1700 OOUT 
1100 D,OUI 1100 D,Due 1100 D,DIOl noo 0.00" 1100 0,"'210 1100 000 .. 
1.00 O.OUI 1.00 O,OUI liDO O,OOIr. 1t00 0,0310 11100 0,0201 1100 000 .. 
2000 D,DIU 2000 D,alTI 2000 D,DUO 2000 0.011. 2000 O,IOTI 2000 00002 
2100 O.oUT 2100 O.OI3T 2100 0,0101 2100 O.O?'· 2100 00121 2100 000 .. 
2200 0,000' 2200 0.0242 2200 O,OIOT 2200 ,. 2200 0.00" 2200 00310 
2300 0,0281 2300 0,0273 2300 D,Dota 2300 .. ,0211 2300 00221 2300 0002. 
2100 0.00" 2400 O,OITI 21eo 00033 2.00 0.0112 2100 O,OltT 2100 O.oIU 
21100 O.OOT. noo 0.011T 2100 O,OOTI 2100 0.0033 21100 001 .. 2&00 0000. 
2100 0.032. 2.00 0,0310 2.00 0,0210 2100 0.0271 2.00 00212 2100 00217 
:nOO 0.0124 2TOO 0.01112 2700 O,OOte. 2TOO 0.0012 2700 0,0030 2T00 0.000' 
2100 0.1110 2100 O.Olle 2100 D,DI" UOO 0.020. 2100 0,0023 2100 0.0313 
2.00 0.0210 2tOO 0.0131 :ltO!) o.ont 2100 0.1"" 3.00 0.0013 2.00 0.02U 
3000 0.02 .. 3000 OOUT 3000 o.ooe:a 3000 O.OIU 3000 0.0221 3000 0.0213 
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1 1 .. 000 1 1.0000 1 1.0000 0.2000 1 1.1000 1 11000 
IN O.ol2t 100 O.H.., 100 0""0 110 0.0212 100 0.03" 100 0.0101 
200 o.on. 200 o.oon 200 O.Oltl 200 O.OOft 200 0.003' 200 O.OUO 
100 O.o2U HO 0.0013 '00 O.OOtl 300 0.0271 '00 0.0212 300 0.010' 
IN 0.0"1 tOO • .on. toO o.ollt tOO 0.013. 100 0.01" .00 0.013. 
100 0.0202 100 o.oUO 100 • .o3~1 100 0.02'0 100 0.013' 100 o.GOtr 
100 0 .... 1 V.olJ 0.0112 • 00 0.017 • .00 0.0"1 .00 G.lU2 .00 O.OUI 
'00 0 .. 2.0 '00 O.DOl2 100 O.otol '00 o.onl '00 0.0103 '10 0.00" 
100 0 ... ., 100 0.0011 .00 o.ootl 100 0.10" .00 0.03" 100 0.02OS 
lOI 0.0101 100 O.GOlO 100 1.00,. 101> 0.0010 100 0.0211 100 0.0021 

1000 o .. no • 100 ...... 1000 OMit 1100 0.00" 1000 0.9101 1000 0.00" 
1100 0.GOt2 1100 0.0220 1100 0.0131 110G 0.02.1 1100 0.0211 1100 O.Oll& 
1200 o.oou 1200 0.001' 1200 O.OIOt 120/1 0.0113 1200 0.0110 !tOI 0.002' 
1100 0.0011 1200 0.'011 1200 0.017. 1300 0.0011 "00 0.0101 UOO 0.0371 
UN ... 201 1100 0.0'" 1100 0.1101 ltOO 0.013' 1100 Il.on. ItOO I..~U 

1100 0.001' 1100 0.000. 1100 '.0101 1100 0.012. 1100 0.017' IUO o.oln 
1100 0.0111 1.00 0.0233 liDO '.0001 liDO '.001' 1.00 0.0013 liDO 0.032' 
If 00 O.olU noo (.0071 noo 0.0001 If 00 0.000. noo 0.0022 noo 0.001t 
1 .. 0 O."" 1.00 OAOII 1100 0.00 .. 1100 O.o2U 1.00 o.oln liDO 0.0201 
1100 0.0001 1100 O.A" li'MI o •• no 1.00 0.03:22 1.00 0.0010 1100 0.001t 
2000 0.0310 2000 0 ..... 3000 0.0021 2000 0.0000 2000 O.Olt. 2000 0.0272 
2100 0.0013 :1100 0.1013 2100 0.0101 2100 0.0211 2100 O.Olti 2100 0.0011 
2200 o.on. 2200 0.0210 2200 O.OUI 2200 0.00" ~200 O.OOU 2200 0.0231 
2300 0.0220 :1300 0._' 2300 0.0021 3300 0.0:110 7300 O.OOft 2300 0.000' 
UOO O.I2U 2100 O.OUO ,.00 0.0'" 2100 0.0"1 2.00 0.0313 2100 0.0003 
2100 0.0111 2100 0.0'" 2100 0.1011 2100 0.02" :1100 0.0021 UOO 0011& 
2100 0.0013 :1100 O.OOU 2100 O.OUO 3&00 0.0012 2.00 0.0.11 2100 O.DtU 
2700 0.0303 noo 0.0231 2700 0.0013 2TOO 0.0031 2100 0.0011 3100 0.0122 
3100 0.0021 :1100 0.0114 3100 0.02fO 2100 0.01213 2100 0"111 2100 0001' 
2100 0.0231 2.00 0.02U 2100 o.oon 2.00 0.0113 :1.00 0.Olt2 2100 O.OOlt 
3000 0.0"1 3000 0.0210 3000 0.0011 3000 O.OOU '000 ODIn 3000 00133 

1 1.0010 1 1.0000 • 1.0000 1 1.0000 1 0.1000 1 0.2000 
100 0.0111 100 0.01'0 100 o.oon 100 O.OTt. 100 00.13 100 0.0'" 
200 0.03" 300 0.0.1. 200 0.0111 200 0.0032 200 O.OIU 200 o la .. 
300 0.0'" 'DO 0.0011 300 0.0'12 300 O.OOIT '00 o 020r. 300 0.0011 
100 O.GOtI 100 0.0013 .00 o.oon 100 0.01" 100 0.00" 100 o DITO 
IDO 0.0111 100 0.0,.. 100 0.0301 100 0.0111 100 0.0102 100 0.01" 
100 O.DOII .00 0."13 100 o.oon 100 0.0.10 100 OOIU 100 0.1021 
'DO 0.0110 700 0.0171 700 o.oon 700 0.00" fOO 0.0017 TOO 00211 
100 O.OOU .00 O.OUO 100 0.011' 100 O.OOst .00 00 •• 0 100 O.OOtT 
100 0.0311 .00 0.0'71 100 0.0012 too 0.0010 100 o OO~I .00 0.0011 

1000 O.OIU .000 0.0 ... 1000 0.00" 1000 0.0121 1000 0.0'" 1000 0.0111 
1100 0.OU7 "" 0 .... 0 1101> 0 .. 211 1100 0.0." 1100 00210 1100 o.oon 
12DO O.DOIO 1200 0 ... ., 1200 0.0013 1200 0.0111 1200 0.1321 1200 O.OIU 
1300 O."" UOO 0.0'" 1300 DA'" 1300 0.0227 1300 0.130' UOO 0.0"2 
UOO 0.0111 1100 0.01" 1100 fi'" ,02 UOO 0.002' 1.00 0.0113 UOO 0.00" 
liDO o.oon liDO DoOn. 1100 0' '2 liDO o.oon 1100 0.0 .. 1 UOO 001" 
I.DO 0.0311 1100 0.011' 1100 0.07' 1100 O.Hor 1.00 0.0"0 1.00 0.00" 
noo 0.021t n" DoOn. 1t00 O.OU 1t00 0.011' noo 0.032' 1190 0.0' 
liDO 0.0201 1100 0 ..... 1100 o.oon liDO 0.00'1 1100 0.0322 Il...- O.J. 
ItoO 0.0133 1I0Il 0.1:1.2 1100 0.0133 1100 o.OGn 1100 0.0001 UOO 0.0121 
~OOO 0.01" 2010 0."32.1 2000 0.0.31 2000 0.0113 2000 0.0311 2000 o DOIT 
21DO O.IIU 2100 o.oou 2100 0.0102 1100 0.0012 2100 0.0213 2100 003"1 
2200 O.OC'I' 2200 0.021' 2200 0.0011 22DO 0.0203 2200 O.QI" 2200 0.0133 
2300 O.OOtT 2300 0.001' noo O.OU' 2JDO 0.0121 2300 0.0011 2300 O.OIU 
3t00 o.onl 2t00 O.OOIt 2100 0.00 •• 2100 O.OUr. 2t00 OOtl. 2tOO 0,0013 
2100 0.0301 2100 0.00" UN 0.0212 2100 0.020. 2100 0.03" 2100 0.01f0 
2.00 0.0213 2100 0.00 .. 2100 0.03 .. 2.00 o.oon 2100 0.02tt 2100 o.oon 
"00 0.00" 2700 0.012' 2700 0.020& 2tDO O.IOU :"00 G.oon 2TOO 0.0110 
2100 O.OOrt 2100 0.020' 2100 0.0300 2100 ca.oon 2.00 O.OIGf 2100 0.0"1 
2100 0.0118 2100 0.01" 2'00 O.O,U 2.00 0.0022 2100 o.ottt 2.00 0.10n 
3000 0.03U '000 0.011' 3000 0.0031 3000 0.022' '000 001 .. 3010 0.OC12 
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t 1 • .aooo • 1.0000 1 0.2000 1 1.0000 1 1.0000 1 O~OOO 

110 ...... .00 O.U'I 100 O.o12S 100 O."" 100 0.17" 1\'0 0.0101 

210 ..... T JM • .011. 200 O.oolf 200 O.oofl 200 0.0211 200 O.Of'O 

HO ..... f - o.ou. 300 0 ... 1 300 0.0332 300 0.01" SOO O.OOST 

.10 ...... fOO 0.0102 .00 9.0033 fOO 0.01 .. .00 o.oon .00 0.00.1 

Ito O .. 'Sf MC 0.0102 100 O.oUI .00 o.oSO<l 100 0.0010 100 0.0011 ... ...... .00 0.0212 100 0.0011 ... 0.0220 .00 0.03" 100 0.012S 

'10 ..... f TOO 0 .. 302 '00 O.lUO TOO o.ooos '00 0.0113 ToO 0.00,. 

Ito 0 .. 1 .. 100 0.0101 600 0.0013 • 00 0.11" 100 DoOn • 100 o.os •• 
110 0.-.0 HO O.lOOt toO 0.02" "0 0.012. lOG O."" .00 O.oTOII 

1110 O .. 2IS 1000 0.0030 1000 0.0'" lCOO 0.012. 1000 O ... " 1000 0.001. 

1110 ... ,.. 1100 0.1011 noo 0.8220 UOO o ~ • ., noo O.GOlS 1100 0.OS20 

1210 ... fT? .200 0.0311 1200 OMT2 .200 0.1112 1200 0 .... ' 1200 0.010. 

lHO I.oUI .soo o.oon 1300 0.0121 1200 o.on. 1300 O.OOS! 1300 0.010' 

UOG ... ,.. •• 00 0.0211 UOO 0.0112 .fOO 0.011. 1100 0.0311 UOO o.oJa' 

1100 0 ..... 1100 0.0211 1100 o.ou. 1.00 0.0111 1100 0.0112 liDO 0.00 .. 

1.00 oAOOO 1.00 o.o~" lIDO 0.0011 1100 ~.0031 1100 0.0'" 1.00 0.O.2T 

"'00 O.OS12 ITOO 0.0121 1'00 O.GOl. ITOO O.OIfI afOO D.OI" ITOO 0.0206 

1100 0.0221 1100 O.olaf 1.00 0.001. 1.00 0.0111 1.00 O.o.Of 1100 0.04412 

1100 O.OUS 1- 0.011' 1100 O.8S .. 1_ 0.0120 1100 0.00" 1_ 0.0I8S 

2000 O .. f .. 2000 0.00" 2000 o.o .. s 20'10 0.0331 2000 0.0101 2000 0.0001 

JIIO 0.'MI32 2100 O.OSU 21to 0.0204 2' JO o.oSIi 2100 0.0'" 2100 0.0311 

non 0 ... 10 2200 0.0011 2200 O .. US 2',jO O.oIOf 2200 0.0211 2200 0.02S1 

2300 ..... T 2300 '.'211 2300 0.0221 2_ '.0211 noo O.O'fI 2200 0.lIf8 

2 ... ..... f 2 ... 0.0121 2100 1.oITO 2fOO 0.00'" 2110 0.02" 2fOO D.OOU 

21to ...... 2100 o.tOn 2100 0.00.0 2100 0.0031 UOO 0.0076 2.00 O.OT .... 

2I0Il 0.1221 2100 OJiSTO 2100 O.ofl1 2100 0.0101 2800 0'"13 2100 o.ono 

non I.oSl. noo 0.0110 2700 0.0"0 2TOO O ... " 2700 G.0'02 2700 0.0131 

2100 a.02n 2100 O.Otl. 2100 O.OU' JaOO O.ons 2100 0.0110 2.00 O.OUS 

2100 O.lIfl 2.00 0.003' 2100 o.OfU 2 .. 0 o.ono 2100 O.OS21 2100 0.0113 

2000 '.01'1 3000 '.021' 3000 0.021' sooo O.ono sooo 0.0020 2000 o.ons 

1 1 .. 000 • •• 0000 • 1.0000 1 1.0000 1 1.0000 1 O~OOO 

.00 0.0." 100 0.11" lto O.U13 100 ... 21T 100 0.0'" 100 0.0021 

210 0.00 .. 200 0.0302 2to 0.0 ... 200 O.lln 200 0.0011 :aoo 0.0212 

~IHI O.O.~. ~OO 0.0123 100 0.0'''0 200 O.otIO liiO O ... U 200 D.OO'T 

.00 '.00'0 ~oo O.toIO .00 0.0023 fOO 0.0132 .00 0.02" fOO 0.00" 

1.0 • .IOTI 100 0.0028 100 O.Olff .00 0.0411 100 0.0201 .00 0.0120 

.00 0.00 .. .00 0.011' .00 0.000 10O 0""2 .00 0.00 .. 100 0001f 

'00 0./12'1 '00 O.OIU 700 0.0 ... TOO 0.0101 '00 0.010& TOO O.OOIT 

100 O.OUO 100 00111 • 00 o ..... .00 0.011& .90 0 •• 032 100 00021 

.00 O.OUS .00 0.0021 100 O.oS72 "0 0.021' 100 0.0110 .00 O.OIIT 

1,'\00 '.02" 1000 0.o,,, 1100 0.00" 1000 0.0'" 1000 ".0208 1000 O.OUO 

Il" 0.010. 1110 0.00 .. 1100 0.0277 1100 0.0011 1100 0.1071 •• 00 G.oOSS 

1200 0.001f 1200 0.01" 1200 0.0.12 1200 0.0'" 1200 6.oSl. 1200 0.0101 

1310 0.0011 110. 0.00 .. noo 0.01" .- 0.0.01 UOO O.OU. 1200 0.031' 

!t00 O.orii 1.00 0.0211 1.00 O.of .. If 00 0.0411 1100 0.02 .. .fOO 0.0.02 

1.10 O.H32 1100 O.to14 1110 O ... U 1100 0.10" 1'00 0.01'0 •• 00 0.0010 

1100 0.0111 1.00 0.01" 1.00 1.- .... o.oon 1100 0.0313 .100 0.0120 

lTIO '.01'1 If 00 o.'lfO If 00 0.01 .. 1700 ...... If 00 0.1'" lTOO O.OOTT 

laOO 0.0021 1.00 0.on3 1.00 o.oOTI 1100 0.012' 1100 O ... " 1.00 0.01'0 

lIDO O.lfTO 1100 0."" ltoo O.ollS 1_ 0.00" 1100 0.01l1 1_ 0.001. 

2000 O ... U 2000 0.0011 2000 0.0112 2000 0.0271 2000 0.0122 :aooo 0.8012 

::11100 o.ou. 2100 O.GOfI 2100 0 ... 81' 2.00 0.0110 2100 0""1 2100 001 .. 

2200 • .0062 3100 O.lOit 2200 8.o2T1 1I200 0.0132 2200 0.00" 2200 un. 
2200 0.0011 2300 0.0"3 2300 0.00 .. :J300 0.0327 23ec 0.0211 2200 0.0010 

:a.oo 0.0112 2tOO o.aoos 2100 O.o2TO 2.00 0.002. 2100 0 .. 31. :If 00 0.0003 

2100 • .0021 2100 0.0011 21to 0.021 • 2100 8.0231 2110 0.81" 2.00 O.OIlT 

2100 0.0310 210' 0.001f 2.00 o.o.u 2.00 0.00'0 2100 0.81.2 2100 0.0"1 
:aTOO o.one 2700 0.0113 2700 0.1"1 7T00 O.otIO 2700 O.ool~ 2TOO 0.011' 

2100 UUT 2100 0.011' 2100 O.GO,. 2100 O.oUT 2100 0.0111 2100 0.0122 

21DO • .ooof 2100 0.0106 2100 .,.GOIO 2100 O.OUt :tNO O.oSIi 2100 0.0011 

2000 o.oon 1100 O.OS" SOOO Il.oUO SOOO 8.oolS sooo O.OIU 2000 0.OOT8 
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1 '''800 1 1.- 1 1._ 1 l_ I 1.-0 1 1 .. 000 
110 O.oU' 100 O.oYlO 100 0.0213 100 O.o:lU 100 0.0170 100 o.no • 
200 • .0113 300 Il.'''3 200 O.oHl :100 0.0:10' :lOG o.on. 100 0.00' • 
JOO ...... HO 0.0113 ,.. 0.0211 300 o.onl :aoo 0.0211 300 o.nu 
tOO o.o:l.e .00 • .011:1 .00 0.0012 tOO ..... , tOO o OUf too 0.000' 
110 0.00" 100 O.O.U HO 0.0031 • 00 0.01 •• .00 0.0"1 100 0.0:1 Ti 
.00 0.00'1 000 .... ,t .00 0.01" .00 0.0:1 •• .00 tI.Olli .00 o.oon 
'00 0.00" "00 • .0031 '10 OAOII '00 o.oot. '00 ooon fOO "'.0310 
100 0.0:11. 000 0.0019 .eo 0 .. 310 .00 o.on. .00 001 .. .00 0.0011 
100 0.0013 - OAOlI - •. Dtn 100 0.001'3 000 0.0'" .00 O.o:uo 

1010 0.121' lOGO o .. on 1000 O.o2n lOGO O.HU 1000 0.011' 1000 O.OOOt 
1110 0.0'" UOO O.ooH 1100 0.0310 1100 0.00.11 1100 0."2'~ 1100 o.on. 
12to 0.0:10' 1300 0.00:11 1200 0.011. 1200 0.0010 1%00 0.0130 naD 0010. 
1310 o.on, ISOO 0 ..... 1100 0.01 •• 1100 0.0.12 laOO 0.02,. Uoo 0.0:"0 
1100 • .oUI 1.00 0.0:170 uoo 0.01" UOO 0.01" ItOO 0.0'" uoo O.O:lU 
1110 O.OOU 1100 0.0111 1100 0.010' 1100 O.oU3 1100 0.03U 1100 0.0111 
1.00 0.00'0 If 00 0.031' 1100 0.0011 1.00 0.0010 1 .. 0 0.0101 1100 0.0000 
nto 0.0020 1"00 o ..... noo o.ono 1700 O.OIU 1700 0.0011 ITOO 0.0"" 
1100 0.00" 1.00 o.oon 1100 0.0'" 1100 0.031t 1100 00011 1100 o.ono 
ltoO 0.03 .. IHO O.ooU 1100 0.0111 1100 0.0131 1100 0.0313 1100 0.03&e 
2000 0.0111 2000 0.010' 2000 0.0310 2000 0.001'2 211l1O 0.022' 3000 0.0223 
2100 O.oSlI 2100 O.OOU 2100 0.10" 2100 0.0027 UOO DOl .. 2100 0.00t? 
3100 ,.00" 220«1 0.0201 noo 0.0011 2200 O.OUO :1:100 0.0022 2300 00210 
2300 o.o:llT 2300 o.OU' :1'00 O.OOfT :1300 0.00" UOO ooon 2100 0.0:1" 
2100 0.00" :1.00 O.Ollt 2100 0.1013 2100 0.1111 2tOO 00131 2.00 0.0130 
2100 0."'2 2100 0.0013 2100 0022T 2100 O.OIU 3100 0.0010 1100 00"& 
IICO O.OlU :a.oo 0.0'" :aIOO o.ous :a100 O.O.:a. :a100 0.0213 2.00 00231 
21~g 0.00" 2"00 0.001' 2700 0.03 .. 2700 0.0'" 2100 0.002' 2TOO o.oue 
2100 0.02:1' 2.00 0.0211 2100 0.0011 :1.00 0.0113 2100 0.0213 2.00 00007 
2100 0.0:10& 2.00 o.oon :1100 0.e23' :ltoO O.OO:lt 2.00 0.0113 2.00 0.0010 
3000 0.02lf 3000 0.0'" 3000 0.01" 3000 0.003. '000 0.031' lOOO Dion 

1 1.'0G0 1 1.1000 1 1.0000 1 0.2000 1 1.1000 1 1.0000 
100 0.00':1 100 O.DlOT 100 O.otU 100 o.o:lTT 10(, 0.0001 100 0.1131 
200 0.02U 200 0.0011 200 o.oou :aoo 0.0 ... 200 0.0011 2011 0.001' 
300 • .ollt 300 0.0021 JOO 0.12:1' 300 O.OIOS 300 0.02'0 300 0.0311 
tOO 0.0300 tOO 0.0031 tOO 0.0101 .00 O.oHt tOO 0.0312 tOO 0.0011 
.00 0.0332 000 0.001t 000 0.0017 100 0.0110 100 o.on. tOO 0.0'" 
100 0.00'0 .00 O.oGlI .00 O.oot2 .00 0.1211 100 O.Ollf .00 o.OU' 
'00 0.0213 "00 O.OUI TOO O.OYli "00 O.OUO no 0.012' '00 00031 
.00 0.01" .00 0.0103 .00 0.001f .00 0.0110 .00 0.0010 .00 00 .. 1 
.00 O.DOa' • 00 0.02 .. 100 0.012' HO O.lOTI .00 0.0311 .00 0.0111 

1000 0.0120 1000 OM., 1000 0.0010 1000 • .oUN 1000 0.0002 1000 0.0011 
1101 0.0010 110;) 0.00)2 1100 0.0212 1100 o.ou. liDO 010 .. 1100 o OOt. 
1200 0.0237 1200 0.10" .,00 O.ONI 1:100 0.0312 1200 0.011' 1200 oll.02" 
1300 0.0121 1300 0.0131 1300 0.0010 1300 O.o,.T 1300 0000. 1300 0.00'0 
1t0O 0.0111 1t00 0.0011 1100 O.OU' 1100 o.oon 1100 O.OON 1t00 00123 
1&00 0.01'0 1&00 0.1313 UOO 0.001. 1.00 0.00 .. .. 00 0.0121 1&00 0003. 
1.00 0.0311 1100 OOUI liDO 0.03:12 1100 /.1.0113 1100 0.0003 1100 o OIU 
1700 0.0011 1700 0.001' If 00 0.01:11 lTOO 0.01 .. If 00 o.oon noo 0.001t 
1100 0.0031 1100 0.011' 1100 0.0021 1100 O.OOIT 1100 o.on. 1100 0.031' 
1100 0.002t 1100 0.0011 1100 0.00" 1.00 o 0:133 ltoO 0.0220 1100 0.030. 
:aOOO O.Olt. :1000 0.02" 2000 0.0013 :aooc 0.0111 2000 O.OlU 2000 00031 
2100 0.0211 2100 0.0332 2100 o.oln 2100 O.OUT 2100 0.01" 2100 00220 
2:100 0.012& 2200 0.02U 2200 0.011' 2200 0.0113 2300 00221 2200 o OOTT 
2300 0.0.01 2300 0.0110 2300 0.0031 :UOO 0.013110 2300 00103 2300 0.0303 
2tOO 0.0'" :1100 O .. "S 2.00 O.Ha. :lItOO 0.11203 1'00 o.o.n 2tOO 000 •• 
2100 o.oon 2100 0.0311 2100 0.0'11 2000 0.0031 3100 0.0230 2.00 001 •• 
2.00 0.02" :1100 0.0310 2100 0.0.11 2100 o.oou 2.00 o.oou 2.00 o Ottt 
2TOO o.on·. 2100 OM03 2100 0.0 ... noo 0.0031 2700 00020 2TOO 0.0.,2 
2.00 0.0.20 :a100 0.0"1 2100 0.0033 2eoo 0.011 •• 3100 0.021110 2tOO 00001 
2.00 0.01"1 :a.00 0.0131 2100 O.OOIT 2NO 0.0301 3100 o.onl 2100 00113 
3000 0.0311 3000 O.O'U 3000 0.0323 3000 0.013. SOOO O.oU2 3000 000 •• 
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1 
lM 
200 
HO 
.00 
HO 
.00 
'00 
HO 
eGO 

1000 
1110 
1200 
1100 
1.10 
1.00 
1.00 
ITIO 
1.00 
1100 
2000 
2100 
2200 
noo 
2.00 
2100 
)100 
2700 
2100 
3100 
SOOO 

1 
100 
200 
300 
tOO 
100 
.00 
TOO 
100 
.00 

1000 
1100 
1200 
1300 
1400 
"00 
1100 
ITOO 
1100 
1100 
2000 
2100 
UOO 
2300 
2400 
2100 
2100 
3100 
2100 
"00 
3000 

I..HOQ 
CiAO .. 

'AO" 
• .o2~' 
OMIT 
0.02.1 
0.0131 
O.lOt. 
.AOI2 
• .0101 
• .0112 
0 .. 2fY 
0.-. 
• .onl 
0"'11 
0 .. 200 
0.1030 
0.0 .. 3 
DM., 
0.2113 
o.ora! 
0.'1031 
0.0110 
0.0013 
000 •• 
0.0118 
00162 
O.OUI 
O.IOU 
0.0130 
0.03U 

0.2000 
O.Olti 
0.01" 
0.0111 
DODU 
0.0111 
0.0021 
0.00" 
0.010' 
o.oa" 
0.0110 
O.OTIY 
0.0134 
0.1421 
0.0230 
0.0111 
0.000. 
0.0321 
00111 
o.os" 
O.Olfl 
0.0011 
O.OUO 
0.0011 
0.0011 
0.0011 
0.1110 
0.00., 
0.0012 
0.0210 
0.0030 

1 1.0000 1 
100 0.000' 100 
200 O.oU' 200 
3D' 0.01" 3eH) 
.00 O.oIT2 too 
HO o.oUO .00 
100 ,.oat2 .00 
'00 0 .... ' '00 
.00 o.ont .00 
tOO 0.0,.1 MO 

ltOO 0.0111 1000 
1110 0.02" 1100 
1:100 0.1202 UOO 
ISOO • .00.0 UOO 
ItOO O.ooSI .. 00 
1100 0 .. 11' 1100 
1.00 0.01.0 1.00 
noo 0 ..... noo 
1100 o.ollf 1100 
1100 O.OTO' ItoO 
2000 o.oou 21100 
2100 0.031' 2100 
2200 9.0210 2200 
noo O.OOft :Uoo 
2.00 0.010' 2.00 
2100 0.022' 2600 
)100 0.012' )100 
2700 O.OU. ~'OO 
2100 0.001' :teOO 
2.00 0.00" 2100 
3000 O.Ot" 3000 

1 1.'000 1 
100 0.0131 100 
200 0.0001 '00 
SOO 0.0:14. '00 
.00 0.0400 400 
100 0.011. aoo 
100 O.OT03 100 
TOO 0.02.1 TOO 
100 0.0211 100 
.00 O.OU' toO 

1000 0.0002 1000 
1100 o.onl 1100 
1200 0.0'" 1290 
1300 0.0411 1300 
1t0O 0.0240 1t00 
1100 0.0124 1100 
1100 0.000' 1100 
1700 0.0021 ITN 
1100 0.0110 1100 
lt01l o.o:ur. 1100 

=-- 0.0071 2000 
:UOO 0.0.13 2100 
2200 0.0300 2200 
2300 0.0301 2300 
2.00 0.013' 2410 
2100 0.013. 2100 
2.00 0.0011 2100 
2700 0.1021 2700 
2100 0.0011 2I1.I{\ 
2.00 0.Olt2 2.00 
3000 O.oltl 3000 

lAGOO 1 IAGOO 1 1.0000 1 1.'000 
0.001. 100 O.oU' 100 0.0231 100 0016& .... ., 200 0.0222 2!JO 0.0112 200 O.Oltl 
0.01111 300 O.o3U 300 0.0'03 SOO 0.0324 
0.011i tOO 0.00" tOO 0.0231 tOO o.oue 
O.GOtI .00 O.OUI 100 0.0.,2 100 o.otn 
0.0031 .00 0.00" .00 O.OOtO .00 o .,.,,~ 
0.0023 '00 0.0103 TOO O.Oo.t '00 O.I.Al 

0.0'" 100 0.0.,2 .00 0.0027 100 0.00'1 

0.003' 000 0.0113 tOO ~.o102 roo 0.0103 

• .0100 1000 o.oou 1000 0.00'6 1000 0.036& 

0.02" 1100 0.02U 1100 0.0031 UOO O.OUI 

0.01.0 1200 O.OUO 1200 0.0131 12/10 0.000' 
0.01 .. 1300 o.o.n 1300 O.OU. 1300 O.Ofl' 
o.os., ItOO 0.00'0 1.00 0.0021 11100 0.on2 

O.GOl' liDO 0.0013 1100 O.onT 1&00 O.OUO 

o .. ~n 1.00 0.0 •• , 1''10 0.01 .. 1100 0.0321 

O.oIU ITOO o.osn ITOO 0.0'" If 00 0.0322 

o.oou noo 0.00 •• 1100 O.o:nT 1100 0.02110 

0.0011 liDO 0.042' noo o.onl UliO O.OU' 
0.0012 2000 0.0311 2000 0.0131 2000 00101 

0.0.17 2100 0.0001 2100 0"'0 2100 t .0022 

O.oIU 2200 0.01" 2200 o.orol 2200 O.Olft 

0.0111 2300 O.OSOI 2300 0.02TT 2300 O.OIU 

0.02" 2400 0.OU2 2400 0.0'41 2fOO 00121 

0.0020 2100 0.0143 2100 0.0'01 2&00 O.OIU 

0.0013 240U O.OU' 2100 0.00'2 2100 0.(\771 

0.0,.1 2'00 0.02T1 2TOO 0.12t3 2100 0.0011 

0.00.' 2.00 0.0113 2100 0.0003 2.00 0.0110 

0.0214 UOO 0.004' 2.00 0.0321 "00 000 .. 

00111 3000 0.00" 3000 0.0021 3000 0.00t3 

1.0000 1 1.0000 0.2000 1 02000 

0.0201 100 o.oOTt 100 0.0011 100 0.0272 
1.0101 200 o.on, 200 0.0414 200 O.OOU 

O.OT13 ,'0 o.OIOT 300 0.0372 300 0.0010 

o.on. tOO O.o.,T tOO 0.0012 .00 0.0310 
0.0113 .00 0.0014 100 0.00'3 100 0.0"0 
0.0042 .00 O.OIlT .00 0.0321 100 0.01t. 

0.0120 '00 0.0311 TOO 0.01" TOO 00313 

o.oon 100 0.001T 100 0.0"1 .00 0021& 

0.0141 toO 0.0211 .00 O.o.or. .00 0.0423 

0.0.11 1000 0.0.11 !OOO 0.0042 1000 O.OIU 

e.oui 1100 0.00 .. 1100 O.O:UI 1100 0.10'2 
0 .. 11. 1200 0.0'" 1200 0.02" 1200 0.OU2 

0.0112 1300 o.OUt 1300 O.OOIT 1300 D.03f' 
O.o2U 1400 0.0311 1t0O 0.0110 If 00 00116 

0.0142 "00 0.00 •• 1&00 0.01"0 1&00 0.0120 

0 ... 30 1.00 O.o3T1 1100 0.0037 1100 00220 
O.tOIO ITOO o.oa .. ITOO 0.0042 noo 0.001t 
0.0 ... 1100 0.00 .. 1100 0.0011 1100 O.OUI 
.... u 1100 0.0112 J'OO O.oltl 1100 0.01" 
O.DOtI 2000 0.0021 2000 O.ootT 2000 0.0012 
0.0301 2100 0.03" 2100 0.0321 2100 0.1032 
0.0122 2200 0.0123 2200 0.1130 2200 0.012P 

0.1'" 21300 0.04.1. 2300 o.o"T 2300 0.0016 
... 011 :1100 o.oltO 2.00 0.0031 2fOO 001T6 
o.os .. 2"'" o.oltO 2100 O.o32J 2100 O.oaT. 
O.O~ .. 2100 0.0031 2.00 0.0211 2100 0.0110 
O.o2fO 2T00 0.0211 2700 0.02.11 2TOO 0.0311 

0.0026 2100 0 ..... 2100 00:U0 2100 o.oon 

G.oSO' 2100 0.0"1 ,.00 O.OUT 2.00 00 ... 
0 ... 01 SOOO o.ou. 3000 0.001t 3000 00101 
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B.2 Additional Program Files 

EQ.C 

'include <atdlib.h> 
Unclude <atdio.h> 
'include <aath. h> 

'define IllI 
'define M1I_P1TBS 
.d_fine PI 
'dafine MUTEl\MS 
'dafine OFFSET 
'dafine MUTIPS 
'dafine •• 
#dafine SIMP 

266 /. Max • of ai~a in conatellation ./ 
>;0 /. Mu , ot patha in channel ./ 
3.141692664 

440 /. IWlber of tera. in convolution ./ 
220 /. Poaition of retarance tap ./ 

40 /. Mu , ot tapa a1lo"ed ./ 
2 /. U.ed tor di.play purpo .. a ./ 

100 /. 10 of gapa uaed by ai.paon rula ./ 

t!pedat atruct FCOMPLEI { 
double r,i, 
} teoçlu, 

.ainO 
{ 

int i, j, k, num_eh, 
tloat Gc_ao~~M1I_PITBS+l], Ge_ang[MII_P1TBS+l], dalay[Mll_PITBS+1], 
float roll. val [la+1] ; 
double kdal[M1X_PITHS+l] , aag; 
double MIIMElISQERR(), MMSE, LMMSE, 
feomplex SIG_SET[Mll+1], g[MIXTERMS+l], f[MIITERMS+l], 
fcomplex Cadd(). Caub(), Caule). Cdiv(); 
feomplex CoaplexO, ConjgO, lrgO; 
double Caba(), Sum, 
FILE .fp, .tl •• t2, 
!nt L. M. l, Ml. k1; 
int !.min. Lau, Latep, Iain, IIIIU, latep; 
int j 1.. au_num, cht. l, ai 
void lD1PTIVEMSE(), 
char choiee, filename[10], file_nl[13] , file_nla[14]i 
int n, Diff_Mag, done, 
float .0, aagaumi 
double point [SIMP+l], qam_lIIag(Mll+1] , v29_lIIag[M1X+l]. freq[Kll+1]; 
double !ntegral, hvalue[SIMP+l] , factor, tac, aqaum[MAITIPS+l], 
double amt[SIMP+l] , 
feomplex value [SIMP+l] , addl, add2, tator.; 

/ •••••••••••••••••••••••••••••• 0 •••••••••••••••••••••••••••••••• / 

prilltf ("Enter FILEnME to be vri tten to ( ..... ..Jo 8 charac:tera) :"), 
aeant ( .. ~"" .fileDallie); 
fp = fopen(filen .. a,"a"); 
if (fp == IULL) 
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{ 

} 

p:-:intt("CaJII\ot open File") i 
ex1t(1) : 

/ •••••••••••••••••••••••••••••••••••••• 0 •••••••••••••••••••••••• / 

print:t ("DTEI IlJJIBD OF EXTRA PA ms Il CU •• EL: "): 
.ean1(")'od", \ \nua_eh) i /. luber of pathl in channel ./ 
fprintf (fp, "\nIuaber of path. = ~2d\n" ,nWll_eh) i 
printf(ot.uaber of path. = Y.2d\n",DWIl_ch) i 
for (1=1 j i<=nua_ch i i++) 
{ 

} 

printf("\nFor PATH .Y.d, enter parameter.\n",i) i 
printf("Path Magnitude a.'pon.. - GC_lIIod 
.c&nf("Y.f", \\Gc_RodU]) i 
printf ("Path Angle ae'pon.e in Degre .. - GC_&ng 
.canf("Y.f", \\Cic_Dg [i]) ; 
Gc_ang[i] = Gc_ang[iJ/180.00i 
printf("Path Ta. Delay in unit. of T - delay 
.canf("'Y.f", \ \delayU]) i 

for (i=l;i<=num_chii++) 
{ 

:ot)i 

. ,,\ . . -, 

:")j 

fprintt (fp, "Path ,Y.2d GC_IIIod=Y.7. 3t, Gc_ang=Y.7. 3f , 
delay=Y.7 .3f\n" ,i,GC_R<KlU] ,Gc_ang[i).180 ,delayU]) i 

} 
/ .................................................................. / 
/ •• U.iDg Sillp.on'. Rule to Evaluate an integral ................... / 
/ ................ ~ ................................................. / 
for (n=Oin<=SIKP;n++) 
{ 

point[n] = - 1.0/2 + 1.0 • n / SIMPi 
} 

integral = O.Oi 
for (n=O ;n<=SIMP rn++) 
{ 

hvalu.[n] = O.Oi 
valu.[n] = Complex(O.O,O.O) i 
for (i=lji<=num_chii++) 
{ 

} 

addl = COlllplex(Gc_ROd[iJ.co.(Gc_ang[i].PI), 
GC_RodUJ •• in(Gc_ang[i].PI» i 

add2 = Complex (co. (2.PI.delay U] .point [n] ) , 
-.in( 2.PI.delay [i] *point [n] ) ) i 

addl = CIII\Ù (addl ,add2) i 
value[n] = Cadd(value[nJ ,acidl) i 

value[nJ = Cadd(value[n] ,ComplexU.O,O.O»: 
hvalue [n] = 1.0 / ( Cab. (value [n]) • Cab. (v-al.ue rA) ) i 
} 

for (n=OiD<=SIKP;n++) 
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iDt.gral += hn1.ue [n] ; 
!.n't.gra! -= 0.6 • ( hvalu. [0] + hva!ue[SIMP] ); 
!.n'tegra! /= SIMP. 
tpr1n~f(tp."\nIn't.gral =X8.4f1l .integral.); 
tt1.uah(fp) ; 

/ •••••••••• Pul •• Shape ••••••• ,.,. •••••••••••••••••••••• ,,/ 
prinU("En'ter 101.1. factor betwem 0 and 1."); 
.canf("Y,t". \ \ro1.1.); 
tpriDtf(fp."\uJLo1.1. factor =~8.4t" .roll); 

/ .•........................ ~ ......................... / 
,'~ Û'hrain. the ov.ra!l iIlpul. .. re.pon .. ùf ./ 
/. 'tran •• U't.r, cha:nnel and ./ 
/. r.ceiYer. ./ 
/ •••••••••••••••••••••• ~ ••••••••• ~ ••••••••• "' ••••• t. ••• / 

for (\:=0 .k<=KlITERMS,lt++) 
{ 

g[lt] = Coçlex(O .0,0.0) ; 
k1 = lt - OFFSET; 
g[lt].r = dn(PI"k1)/(PI.k1). 

cOI(ro1.l.PHU)/(1 -(2.roll*It1).(2.roU.kl» j 
11 (kt ==0) g [OFFSET] • r = 1. 0000 ; 
tor (1=1; i<=nWII_ch;i++) 
{ 

} 

ltdeUi] = U - del.y ri] ; 
if «kdd[i] != 0.0000) \\ \\ (roll == 0.0» 
{ 

} 

g[k] .r += Gc_aod[i] • co.(Gc_ang[i]*PI) 
• aiD(PI.kdel[i]) / (PI*ltdel [il ) j 

«[k].i += Gc_aod[i] • Iin(Gc_ang[i].PI) 
• aiD{PI*kdel[i]) / (!"I.ltdftl [il) ; 

elle if «ltdsl [il ! = o. 0000) \ \ \\ (ro1l ! = 0.0» 
{ 

g[t] .r += Gc_aod[i] • co.(r,c_ang[iJ*PI) 
• ain(PI.tdeHi]' 1/ •• kdel[il) 

• co. (rol.l.PI.kdel [il ) 
/ (1 - (2.roll.kdel[il ).(2.roll.kdel(i]» ; 

g[k].i += Gc_aod[i] • ain(Gc_ang[i)*PI) 
• ,in(PI.kdeHi] )/(PI~ltdel[i]) 

• co. {ro1.l.PI.kdel[i] ) 
/ (1 - (2.rClll*kdel[i] ).(2.roU.kdelU]»; 

} 

el •• 
{ 

g[lt].r += Gc_aod[i] • co. (Gc_ang[i].PI) ; 
g[k].i += Gc_aodU] • ain(Gc_ang[i]*PI); 

} 

it «ltYoI.) ==1) fpriDU (fp • "\nlO) ; 
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fpriDtf(fp."S[Y.4dl=Y.a.U .Y.8.4tj ".k1.g[t] .r.g[kJ .i); 
./ 

} 

tfl1lllh(fp) ; 
/ .......•.•....................................................... / 
/. D.teraiD. rec.h.r r.apon •• tor channel addi th. noi.e ./ 
/ ................................................................. / 

tor (k=O;k<=KlITERMS;k++) 
{ 

kl = li: - OFFSET; 
f [It] = Coçlex (0.0.0.0) ; 
if (r~~l == 0.0) f[OFFSET].r = 1.0 • 
• 1 •• 
{ 

for (1=0;i<=SIKP.i++) _tU] = 0.0; 
for (1=0;1<=SIKPi1++) _tU] :; .qrt(1-aiD(PI'(2'i/SIKP -1)/2», 

1 ..... even kl ...... / 
if «ltl != 0) \\ \\ (klY.2 == 0» 
{ 

fltore = Coaplex(O.O.O.O); 
for (i=O;i<=SIKP;i++) 

tatore.r += 2 • &lit [il • coa (ron'PI.k1'(2'i/SIKP - 1»; 
fltore.r -: ( .. t[O] + ut [SIKP] ) • co. (ron'PI.k1) ; 
tator ... r .= (rolI/SIIIP/aqrt(2.0»; 
t[k].r = aiD(k1'PI'(I-roll»/PI!kl + tator •. r 

for (i=O;i<=SIKP,i++) 
tatore.1 += 2 • ut [i] • dn(roll'PI*k1.(2.i/SIIIP - 1»; 

tatore. i -: (_t [SIKP] - ut [0]) • ain(roll.PI*k1). 
tator •• i .= (roll/SIKP/aqrt(2.0». 
t [k] . i = tatore.i; 

} 

1 ..... odd kl ....... / 
el .. if «kl != 0) \\ \\ (kly'2 != 0» 
{ 

} 

tatore = COllplex(O.O.O.O), 
tor (i=O;i<=SIKP;i++) 

fatore.r += 2 • rat[i] • co.(roll'PI'k1*(2'i/SIKP - 1». 
tatore. r -= (Ult [0] + _t [SIIIP]) * coa (rolHPI$k1); 
tatore.r *: (roll/SIKP/aqrt(2.0»; 
t[k].r = aiD(k1.PI*(1-roll»/PI!kl - tatore.r 

for (i=O,i<=SIKP;i++) 
fltore.i += 2 • ut [i] • ain(roll'1JPI.k1*(2*i/SIKP - 1»; 

tatore. i -= CUIt [SIIIP] - ut [0]) • ain(rolI*PI.k1); 
tatore. i *= (roll/SIKP/aqrt(2.0»; 
t[lt].i -= tatore.i; 

el .. if (kl ==0) 
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....... 

{ 

tatore = Co.plex(O.O,O.O)i 
tor (1=O;1<=SIMP;1++) 

t.tore.r += 2 ... t [il i 
tatore. r -= (ut (0) + ut [SIMP) ; 
tatore.r .= (roll/SIKP/aqrt(2.0»; 
t[OFFSET].r = 1 - roll + htore.r; 

} 
} 

} 

ffluah(1p) i 
/.* •••••• ** •• * •••••••••••••••••••••••••••••••••••••••••••••••••••• / 

/* Deterain. the input data lignal. ./ 
/. E1ther PSK, Q'M, V29 or other, M=2,4,8.16,32.64,128.266 */ 
/ ................................................................. / 

!or (i=Oii<=X'li1++) SIG_SET[i) = Complex(O.O.O.O) i 
for (i=Oii<=X'lTjPSii++) .q.um[i] = O.Oi 
Sum = 0.0; 
prinU ("\n IlH'T SIGIAL COISTELUTIOI IS DESIRED?\n") i 
printt (fi Enter P or p(PSK). Q or q(Q1M). V or v(Y29)"); 
printf(" or ao.ething el .. \n\t:"); 
.cant( .. r. ... , \ \ehoiee) j 

if «choie. == 'p') Il (choiee == 'P'» 
{ 

printt("PSK Cho.en: BOil Many Point.?: .. ) i 
.cant ("Yod". \ \M); 
tprinU(fp. "\n\nYodPSK" ,M) j 

for (11:=1; k<=M; tH ) 
{ 

} 

} 

SIG_SET[k] .r = co. (2'PI'k/M) j 
SIG_SET[k] .i = .in(2'PI*k/M); 

el .. it «choiee== 'Q') Il (choiee== 'q'» 
{ 

printt("qlM cho.en: BOil Many Point.?: .. ); 
.cant ("%d". \ \M) i 
fprinU(fp, "\n\n%2dQjX" .M) j 

M1 = (int)(float).qrt(1.00'X); 
for (1I:=Oik<=M1-1 ;k++) 
{ 

} 

for (k1=1;1I:1<=M1;k1++) 
{ 

} 

SIG_SET [1I:*M1 +t1J . r = (2. 0.t1 - Ml - 1); 
SIG_SET [1I:*X1+k1J . i = (2. O.t - M1 + 1); 
Sum = Sum + SIG_sn[k'M1+lt1l.r * SIG_SET[1I:.M1+k1] .r + 

SIG_SET[k'Ml+1I:1l.i • SIG_SET[lI:.Ml+t1] .1; 
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printf("\DSua of .quar •• & X8.4f".Sua); 
Sua ... qrt(Sua/IO: 
DUf_IIas K 0; 
for (1-1:i<=II&I:i++) freq[il ~ 0.0: 
for (1=1,1<=11&1 ,i++) qu_ug[i] :: 0.0, 
for Ut=O;k<=1I1-1;k++) 
{ 

} 

for (kl=1:tl<=Kl:k1++) 
{ 

SIG_SET[t-Jl1+kl] .r /= Sa, 
SIG_SET[Iic-II1+kll.i /= Sa; 
Mag = Cab. (SIG_SET [ktKl +kl] ) : 
done = 1; 
for (i=1;1<=DifCMag:i++) 
{ 

} 

11 (qUl_a.gUl == Mag) 
{ 

frftq[1] += 1.0/K: 
dODe = 0: 

} 

if (dOlle == 1) 
{ 

} 
} 

Diff_Mag++ ; 
qu_aag [DifCMag] = mag; 
freq[DUf_Kagl += 1.0/M; 

for (1=1:i<=DUf_Mag:i++) .q.uaU] += freq[i]/qUl_mag[i)/qall_aagUl: 

for (1=1:i<=Di1f_Kag:i++) 
for (j=l:j<=Diff_Mag;j++) 

.q.UII[2] += freq[iJ - freq[j] /(qu_Mag[i]+qUl_llAg[jJ) 
/(qu_Mag[i]+qu_aag[j]): 

for (i=l:i<&Diff_Kag:i++) 
for (j=l:j<=Diff_Mag;j++) 

for (k=l:t<=Diff_Jlag:k++) 
.q.ua[3J += freq[i] - freq[j] - freq[k] 

/ (qUl_.ag[i]+qUl_mag[j] +qu_llag[k]) 
/ (qUl_mag[i]+qUl_mag[j] +qu..llagW): 

for (i=1 : i<=DUf_,Kag;i++) 
for (j=l :j<=Diff_Mag ;j++) 

for (k=l:k<=Diff_Mag:k++) 
for (1=1;1<=Dilf_Mag:1++) 

for (.=l:m<~Diff_Mag:m+i) 
.q.ua[6] += freq[i] - freq[j] - treq[k] .. freq[l] • freq[a] 
1 (qU_Mag [il +qu. Mag [j] +qu_ug [t] +qu_llag [l] +qUl_m.g [ml ) 
/ (qu_.ag [i] +qUl_mag [j J +qu_ug ct) +qu_llag [l] +qUl-m.g [ml ) : 

for (i=l:i<=Diff_Kag:i++) 
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---- -----------------------------------

{ 
fprintf(fp,"\nQUI_Mag= Y.8.4f, Fr.q = X8.4f" ,qu __ ag[i] ,freq[i]); 

} 

for (i=1;i<=6;i++) 
{ 

if (i !=4) fprintf (fp, "\n.q8UIR[~,d] = Y.8 .4f" ,i, .q.WII[i] ) ; 
} 

} 

el.. if « choie. == J, J) 1 i (choie. == J v'» 
{ 

printf("Y2g cho .. n: Bov Many Point.?: "); 
.can:f("%d", \\M); 
printf ("Yod V29 SIGR1L SET" ,M) ; 
fprintf Up,"\n\D%2dV29" ,M) ; 

lU = M/8: 
printf("\nlb ==%d" ,Mi); 
_ag = 1.0: 
DHf_Hag = Mi • 2; 
for (i=0:1<=M1:1:i++) v29_mag[i] = 0.0: 
for (i=0:i<=I(1-1:1++) 
{ 

} 

j=8.1+1: 
for (k=j:k<=j+3:k++) 
{ 

} 

SIG_SET[k] .r = IRag • eos(PI*(2.)t-l )/4); 
SIG_SET[k].i = IRag • Iin(PI*(2.)t-l)/4): 
SUIIl = Sum + SIG_SET[k].r * SIG_SET[k].r 

+ SIG_SET[k].1 * SIG_SET[k] .1: 

v29_IRag(2.i+1] = mag: 
mag = Mag * (2.i+3) 1 (2.1+1) / .qrt(2.0); 
for (k=j+4;k<=j+7;k++) 
{ 

} 

SIG_SET[k] .r = lIag * eo.(PI*k!2); 
SIG_SET(k] • i = Il''8 * 1i.n{PI*lt/2); 
SUIIl = Sum + SIG_SET[lt].r * SIG_SET[k].r 

+ SIG_SET [lt] . i * SIG_SET [k] . i ; 

v29_lIag[2*i+2] = mag; 
.ag *= sqrt(2 .0); 

printf("\nSum of squares= %8.4f",Sum); 
S'WII = aqrt(S\UIl/M) j 
for (k=1;h<=M;k++) 
{ 

SIG_SET[k].r /= Sum; 
SIG_SET[t].i /= Sum; 

} 

for (i=1 :i<=Diff_Mag;i++) v29_lIag[i] 1= SUII; 
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} 

for (1=1 ;i<aDif:CMag:i++) 
IqlUa[1] += 1. O/(v29_aag [iJ)/ (v29_lUlg [1]) 

for {i=1;1<=Diff_Mag;1++} 
for (j=1 ;j<=DiffJtag ;j++) 

.q.ua[2J += 1.0 /(v29_mag[i] +v29_mag [jJ) 
/ Cv29_mag[i] +v29_lIag [jJ); 

for (l=l;i<=Diff_Mag;i++) 
for (j=1;j<=Dif:CMag:j++) 

tor (t:.1 ;k<=DifCMag ;tH) 
_qaum[3] += 1.0 /(v29_lIag[i]+v29_lIlag[j)+v29_magDt]) 

/(v29_lIag[1]+v29_lIlag[j)+v29_mag[k]) ; 

for (i=1;i<=Diff_Mag;i++) 
for (j=1;j<=Diff_Mag;j++) 

for (t:.1 ;k<=DifCKag ; !tH ) 
for (1=1 ;l<=Diff_Kaë;;l++) 

for (111=1 ;1II<=D:l.ff_Kag;IlH ) 

IqlUJll [6J += 1.0 
/(v29_lI&g [iJ +v29_mag [jJ+v29_lIlag[kJ +v29_mag[l] +v29_mag [m]) 
/(v29_mag[i] +v29_mag [j]+v29_lIlag[kJ+v29_mag[1] +v29_mag [mJ); 

for (i=1;i<=6;1++) 
Iq.WIl[i) /= pov( (double) DiU_Mag, (double) i); 

fprintf (fp, "\n") ; 
for (1=1 ;1<=6;1++) 

fprintf(fp,"%8.1f Ol ,pov( (double) DifCKag, (double) i»; 
for (1=1 ;i<=Diff_Mag;i++) 
{ 

fprint1(fp,"\nV29_Mag= %8.4t" .v29_ug[i]); 
} 
for (1=1 ;i<=6;1++) 
{ 

if Ci! =4) fprintf(fp. "\nlqIUII["/.dJ= %8 .4f" ,i,lq8Wa[i) ; 
} 

.1... / . .lIT OTHER SET ./ 
{ 

printtC"\n Enter lumber ot Point_ in Signal Con.tellation:\n"); 
8can1("%d", \\K); 
fprintt Cfp, "\n \nSignal Set Dot PSK or QUI or i29") ; 
for (k=1 ;k<=K;k++) 
{ 

} 

print1("SIG['l.d].r =" .k); 
Icant ("'lof" ,SIG_SET Dt] • r) ; 
printf("SIG['l.d] .i = Il .k); 
ICanf ("Yot" ,SIG_SET[k] • i); 
SUI! = SUIII + SIG_SETDt] .r • SIG_SET[k].r + 

SIG_SET[k] • i • SIG_SET[k). 1; 

printl("\nSUil of .quar •• = %8.41" • Sua) ; 
SUI! 1: 8qrt (SUIII) ; 
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} 

for (k=ljk<=Kik++) 
{ 

} 

SIG_SET(lt] .r /= Sum; 
SIG_SET[k] .i /= SWII; 

/ ...................•...................... ~ .....•...........•.......... / 
/ .......................... PriJ1t ConltellatioD Set ..................... / 
/ ••••••••••••••••••••••••••••••••••••• é ••••••••••••••••••••••••••••••••• / 

for (k=l:i:<=K:ll++) 
{ 
if «i:%lm) == 1) fprinU(fp, "\n"); 
fprintf (fp, ". [%3d] =%8 At, %8 .4fj " ,lt ,SIG_SET [t].r ,SIG_SETUt] • i) ; 

} 
ffluBh(tp) : 

/ •••••••••••••••••••••••••••••••••••• $ •••••••••••••••••••••••••••••••••• / 

/. Vhat are the Itep-lizes tb.at are uaed ./ 
/ ....................................................................... / 

for (i=O:i<=lm;i++) vaI[i]= 0.0; 
print!("\nIumber of ALPHAS to be entered:"); 
ICan:f ("%d", \ \mu_Dum) i 
for (chk=l;chk<=mu_num;chk++) 
{ 

} 

printf ("Enter ALPBi [%2d] : Il , chk) ; 
Bcan:f("%f". \ \val[chk]): 

/ ..................................................................... / 
/. Determine loise POiler ./ 
/ ..................................................................•.. / 

scan:f ("%f", \\10): 
fprintf(fp, "\n\nlO/2= %a.4f dB-' ,10); 
iD /= 10.0: 
10 = 1.0/pOll(10.0,IO); 
fprint!(fp,"\nIO/2= %8.4f Il ,10); 
fflush(:fp) : 

/ ••••••••••••••••••••••••••••••••••••••••••••••• 0 ••••••••••••••••••••• / 

/. Determine L and 1 rangel!l and step. ./ 
/ ..•.•................................................................ / 

scanf ("%d", \ \Imin) j 
Iranf(nY,d", \ \Imax); 

.:anf(nY,d", \ \llItep); 
Beanf ("r,d", \ \Llllin) ; 
Icanf("M", \ \!.max); 
BCan:! ("Yod", \ \Latep) : 

/ .....•................................................................ / 
/** Perlorm Siœulations ./ 
/ ...................................................................... / 

for (I=Ojl<=lmaxjl=i+lstep) 
{ 

{ 
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fpriDtf(fp."\Jl\DIuaber of Equalizer Tapa baside. C[O] = Y,2d" .1); 
tt~u.h (fp) ; 
KKSE = MIIMElISQEIR(M.I.SIG_SET.g.1.fp.val.IO); 
fpriDtf(fp."\DI-Y.2d. \tMMSE=Y,O.U\n ..... IOISE); 
fflu.h(fp) • 
for (L=Latn.L<=Laax.L=L+Lltep) 
{ 

if (L Ilr '. 
{ 

fpriDtf(fp."\nL = Y,2d ... L) • 
• agl. = 0.0; factor = 0.0; tac = 0.0. 
if «choice == 'p') Il (choie. == 'p'» 
{ 

} 

aaglua = 1.0 * L; 
factor .. L * 10 * iDtegra! / (.agaua * aagaUII); 
fae c 1 - (0.6 * factor * factor); 
LM!SE .. 1 - (1-IOISE) * fae * fac; 
fprintf (tP. "!MSE=Y.B.4f" .LM!S!:); 

el •• if «choiee == 'q') Il (choice == 'Q'» 
{ 

} 

factor = L * 10 * iDtegra! * aqlUII [L] 
:fae = 1 - (0.6 * factor * factor); 
LM!SE = 1 - (1-M"SE) * fae * fac; 
fprintf (tP. "IOISE=Y.B. 4f" .LKKSE) ; 

el •• if «choiee == 'y') Il (choice == 'V» 
{ 

} 

factor = L * 10 * iDtegra! * aqlwa[L]; 
fae = 1 - (0.6 • factor * factor) i 
LM!SE = 1 - (1-IOISE) * fac * fae. 
fprintf (fP. "IOISE=Y.B . 4f" • IJOISE) ; 

el .. fpriDtf(fp.·'\:!1 PIOGUM lOT AVlIUBLE FOI SIGIAJ. SET"); 
fflulh(fp) ; 
if (1 == 8) 11 (L == 3) 
{ 

} 

.eant ("1.s" • file_Dl) ; 
f1 = f~pen(fil«p_Dl."."). 
if (f1 .. : 11JU.) priDtf("Cunot open File"); exit (1) ; 
.priDtf Cfile_nl.a. "Y.I~C" .fih...nl. 'a'). 
f2 = fopen(file_Dla,"."); 
if (f2 == IULL) 
{ 

printf ("Canneot open File") ; exit (1) i 
} 

AD'PTIYEMSE(L.M.I.SIG_SET,g.f.fp.~1.f2.ya1.IO); 
fcloae(ft) i 
fcloae(f2) ; 
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} 
} 

} 
} 
fclo.e(fp) ; 

} 

CINV.C 

/ ••••••••••••••••••••• N ••••••••••••••••••••••••••••••••••••• / 

/ •••••••••• CIIV() - Taken fro.: luaerical aecip •• in C •••• / 
/.......... lIt.red to invert co-.plex •• trice. • ••• / 
/.......... !DIt •• d of ju.t rell _.trice. • ••• / 
/ ........................................................... / 
'include <Itdlib.h> 
'include <Itdio.h> 
'includ. <aath.h> 

'defin. IIl1T1PS 40 
Idefine TIlT 1.0e-20 

typ.d.f .truct rCOMPLE1 { 
double r.i; 
} fcoaplex; 

fcoapl.x Cadd(),C.ub(),c.ul(),CdiY(),aCaul(),Coaplex(); 
double Cab.(); 
/ ............................................. / 
/................ LUBKSB ••••••••••••••••••••• / 
/ ............................................. / 
void lubk.b(l,I,iDdx,b) 
fcoaplex 1[1I11TlP5+1] [II11T1P5+1], b[II11TlP5+1]; 
int l, indx [lIl1TlP5+1] ; 
{ 

int i, 11=0, ip, j; 
fcollplex lUlti 

for (i=1;i<=1;1++) 
{ 

1p = indx [il i 
lua = b[1p] i 
b[ip] = b[i]; 
if (11) 

for (j=iiij<=i-1ij++) lua = C.ub(.ua,CIIUl(A[i] [j] ,b[J]»; 
el •• if (Cab.C.ua»O.OOO) ii= ii 
bU] = luai 

} 

for (i=I;1>=1ii--) 
{ 

lua = b[U; 
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} 
} 

for (j-i+1;j<=I;j++) .ua c C.ub(8ua.CIIUl.(A[i][j] .b[j]»; 
if ( Cab.(j[1] [1]) > 0.00) 
{ 

b[1] II: CdiY(.ua.&[i] [1]); 
} 

1 •••••••••••••••••••••••••••••••••••••••••••••• / 
I •••••• ~. LUDCNP •••••••••••••••••••••••••••••• / 
/ .............................................. / 
void ludc~(l ••• iDdx.d) 
iDt 1. iDdx[M1IT1PS+1]; 
double .d; 
1coçlez 1 [MlITlPS+1] [MlITlPS+1] ; 

{ 

int i. iaax. j. t, 
double big. dua. tellp, 
double .vv ••• ector(), 
f coaplex .ua. d1lll2. dua3; 
void arerror(). fr.e_vector(); 

vv c vector(1.1), 
.d c 1.0, 
for (1=1;i<=.,1++) 
{ 

big c 0.0, 
for (j=1;j<=.;j++) 
{ 

if « tell}) = Cab. U [il [j]» > big) b1g = teap; 

} 

} 

if (b1g == 0.0) Drerror ("SiDgular aatrix in routine LUDCMP"), 
yv[i] = 1.0/big; 

for (j=1;j<=.;j++) 
{ 

for (i=1;i<j,i++) 
{ 

.ua = 1[1] [j]; 
for (t=1;t<i;t++) 

.ua = C.ub(.ua. CII1ll(A [i][tl,l [t][j] »; 
lU] [j] = .ua, 

} 

big = 0.0; 
for (i=j;i<=I,i++) 
{ 

.ua = lU] [j] , 
for (t=1;t<j;t++) 
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} 

.aa = C.ub(.1UI,CIIul(.l[i] [t] ,1ru [j]» ; 
& [i][j] = .ua j 
it (Cdua= TT[i] • Cab. C.a.» >= big) 
{ 

big = du; 
bax ., ij 

} 

} 

it (j! =1aax) 
{ 

tor Ck=ljk<=ljk++) 
{ 

} 

dua2 = & [bax] ct] j 

& [iIlu] [t] = 1[j] ct] j 

l[j] [t] = dua2; 

.d = - (.d); 
TV [au] =TV [j] ; 

} 
indx[j] = !au; 
it (Cab.(1[j][j]) == 0.0) / ••••• que.tion •• / 
{ 

} 

printt ("\nTIITTY"!.d",j) ; 
printt ("\nA = '-8 .4:t+Y.8 .4tj" .A[jl [j].r,& [j][j] .i) j 
l[j] [j] .r = TIlt; 
&[j] [j] .i = 0.00; 

11 (j!=I) 
{ 

} 
} 

dua3 = Co~lex(1.0,O.0); 
dual = Cdiv(dwa3,1[j][j]); 
tor (i=j+lji<=I;i++) 1U][j] = CIIUl(1[i][j],dwa2); 

tr.e_vector(vv,l,l)i 

/ ................................................ / 
/~ •••••••• ~ aatrix Inver.ion progr" •••••••••• / 
/ ................................................ / 
'define 1. 3 

void cinvU",l) 
:tCOlllplex & [M1IT&P5+1] [M&lT&PS+l]. y [M1IT&P5+1] [M&IT1PS+l] j 

!nt 1; 
{ 

int i. j, indx[M1IT1PS+l]. k; 
tcomplex ID [M&IT1PS+l] [MIIT1P5+1].&1[MIIT&PS+l][MlIT1P5+1]; 
tcomplex col[M1IT&PS+l]; 
double di 
!nt jl.j 
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,1 
il 
" 

,........ Say. Katrix A in AA •••••••••••••••••• , 
for (1=1;1<=1;1++) 

for (j=l;j<.I;j++) 
{ 

} 

Y [1] [j] = Coçlex(O.O.O.O); 
U[1][j] • 1 [i][j] ; 

/..................... Il'ERT "ITaII ••••••••••••••••••••••• / 
lude~(l ••• indx. \\d); /. D.eo~o •• aatrix ju.t one •• , 
for (j.l;j<=I;j++) 
{ 

,. Find iny.r •• by colu.n. ./ 
for (1=0;i<=1;1++) 
{ 

eol[i] = Coaplex(O.O.O.O); 
} 

col[1] = Compl.x(1.0.~.O); 
lubk.b(A.I.iDdx.col); 
for (1=1;i<=1;1++) y[i][j] = col[i]; 

} 
/ •••••••••••• R.cov.r A aatrix fro. Al ••••••••••••••••• , 

for (i=1;i<=1;1++) 
for (j=lij<=lij++) 

A[1][j] = U[i][j]; 
} 

RANDOM.C 

'includ. <.tdlib .h> 
'includ. <aath.h> 

.def in. KilS 8S 
/ ....... ~ ..................................................... , 
/ ••••••••• Return. uniform r.Y fro. 0.0 to 1.0 ••••••••• , 
/......... . ........ , 
/ ••••••••• Froa: luaerical aeeip •• in C. Ch.7 pg.207 ••••••••• , 
/ ............................ ~ ............................... / 
float ranO(idua) 
int .idua; 
{ 

IIta'~':'c fIoa" y. aaxran. v ["AIS] ; 
float du; 
.tatic int iI1=0; 
int j; 
undgn.d !nt i. k; 
void nr.rror 0 ; 

if (.idua < 0 " ift ==0) 
{ 
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} 

11t = li 
i = 2i 
do 
{ 

k = ij 
i = i « 1; 

} _hile (1); 

aure = lt; 
uand(.idWl) ; 
.idua = li 
for (j=1;j<K1ISij++) 

du 0;: ranciO; 
for (j=lij<KiIS:j++) 

v[j] = randO: 

j = 1 + J • (KilS -l)/maxranj 
if «j > (M115-1» 1 1 (j < 1» 

nrerror{"R.lJO: THIS CAllOT HAPPEI"); 
Y = v[j] j 

} 

v[j] = randO; 
return(y/aaxran); 

'define Ml 269200 
'd.fine III 7141 
'd.tine ICl 64773 
'detine 1M1 (1.0/Ml) 
'define M2 134466 
'd.fin. 112 8121 
'd.fin. IC2 28411 
'd.fine 1M2 (1.0/M2) 
'd.fin. M3 243000 
Id.fine 113 4661 
'detine IC3 61349 
/ ................................... ~ ............................... / 
/ .......... return. a unif"l'IÙ.y diltribut.d r.~' froll 0.0 to 1.0 •••• / 
/ •••••••••• Set 1dum to any n.gative value to in1tialize or •••• / 
/ •••••••••• rei4itial:be the .equence. .. .. / 
/ •••••••••• From: lumerical R.ecipe. in C. Ch.7 pg 210 •••• / 
/ ............ ~ ...................................................... ; 
float ran1(idua) 
int .idWl: 
{ 

.tatic long ixl. ix2. ix3; 

.tat1c float r[98]j 
11oa1: ~.mp; 

.tatic int iffaO; 
int j; 
void nrerror(); 
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} 

If (.iclua < 0 Il Iff == 0) 
{ 

Itt .. 1; 
lz1 .. (IC1-(.!~ua» Y. Ml; 
1z1 .. (Ill.iz1+IC1) ,: Ml; 
lz2 .. lxl X M2; 
11:3 = lxl Y. M3; 
for (j=1;j<=97;j++) 
{ 

} 

lx1 = (I11*1xl+IC1) Y. Ml; 
iz2 = (l'2.i~2+IC2) Y. M2i 
r[j]= (izl+1x2.RK2).RK1; 

.idua = li 
} 

lxl = (111.1z1+IC1) Y. Ml; 
lx2 = (I12.iz2+IC2) X M2; 
il3 = (I13.iz3+IC3) Y. H3; 
j = 1 + «97.ix3)/M3) ; 
if (j>87 Il j<l) nrerror(otRlI1: Thi. cannot happen"); 
teap = r[j]; 
r[j] = (ix1+ix2.RM2).RK1; 
return(tellp) ; 

j •••••••••••••••••••••••••••••••••••••••••••••••••••••• / 

/ •••• aeturnl a normally di.tributed deviate vith •••• / 
/ .... zero-aUD and unit \ari_ce, uling r_l(idua; •••• / 
/ .... a. the .ource of UDifDD deviate. .. .. / 
/ •••• Froll luaerieal Recipe. iD C. Ch 7.3 pp.216-7 •••• / 
/ ...................................................... / 
tloat ga.dev(idua) 
iDt .idua; 
{ 

.tatic iDt i.et = 0: 

.tatic tloat g.at; 
float tac, r, v1, v2i 
float ranl () ; 

if (i .. t == 0) 
{ /. Ile don't ha". _ deviate hand)' .0 .1 

do 
( 

/ ........................ , ......................... / 
/ •• pict tvo uniform DUllber" in the .quare ext- •• / 
/.. endin& troll -1 to +1 iD e.ch directioD •• / 
/ •• S •• if the)' are iD the unit circl., if Dot •• j 
/.. tr)' agaiD •• j 
/ •••••••••••••••••••••••••••••••••••••••••••• * ••••• / 
vl = 2.0 • ranl(idUII) - 1.0; 
v2 = 2.0 • 1'anl(idUII) - LOi 
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} 

r = yl • Yl + '12 • '12; 
} 

.hile (r>= 1.0); 
fac = aqrt(-2.0.log(r)/r); 
/ .................................................... / 
/ •• 10 •• &te the Box-Muller Tranaforaation to set •• / 
/ •• t.o noraal deviatea. aeturn one and aave the •• / 
/ •• other for the next tiae. ../ 
/ .................................................... / 
gaet = Yl • fac; 
/ .................................................... / 
/ •• Set flag. **/ 
/ .................................................... / 
bet = 1; 
return(v2.fac) ; 

el .. 
{ 

/ .................................................... / 
/ •• V. have an extra devi.te handy, .0 un.et the •• / 
/ •• flag, and return the extra deviate. ../ 
/ .................................................... / 
iaet = 0; 
return(ga.t) : 

} 
} 

COMPLEx.e 

*includ. <atdio.h> 
*include <aath.h> 

typedef atruct FCOMPLEl { 
double r,i: 
} fcomplex: 

fçomplex Cadd(a,b) 
fçomplex a, b: 
{ 

} 

fcomplex c: 

c.r = a.r + b.r: 
c.i = a.i + b.i: 
return(c) : 

fcomplex CaUh{a,b) 
fcomplex .,b: 
{ 
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} 

feoçlex C; 

c.r • a.r - b.r; 
c.i • a.i - b.i; 
retœn(c) ; 

fco~lex c.ul(a,b) 
fco~lex a,b; 
{ 

} 

feoçlex C; 

c.r ~ a.r • b.r - a.i - b.i; 
c.i ~ a.i - b.r + a.r - b.1; 
retum(c) ; 

fcoaplex Cd!v(a,b) 
fco~lex a,b; 
{ 

fcoçlex c; 
double r, den; 

if (fab.(b.r) ~= faba(b.i» 
{ 

r=b.i/b.r; 
den 1: b.r + r - b.i; 
c.r 1: (a.r + r - a.i)/den; 
c.i • (a.i - r - a.r)/dm; 

r .. b.rt b.i; 
den = b.1 + r - b.r; 
c.r = (a.r - r + a.i)/den; 
c.i .. (a.1 - r - a.r)/den; 

} 

retum(c); 
} 

fcoaplex Co~l.x(r.,ia) 
doub1. re,!a; 
{ 

} 

fcoaplex C; 

c.r = r.; 
c.i 1: !a; 
return(c) ; 
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double Cab.(z) 
fcoaplex z; 
{ 

} 

double x, y, ana, teç; 

x = fab.(z.r); 
y = fab.(z.i) j 

if (x==O.O) an. = y; 
el.e if (y==O.O) an. = Xj 
el.e 11 (x>,) 
{ 

teap = y/x; 
an. = x •• qrt{1.0 + teç * temp)j 

} 
el.e 
{ 

tellp = X/Yj 
an. = y •• qrt(1.0 + temp * teap); 

,} 

return(an.) ; 

fcollplex Conjg{z) 
fcoçlex Zj 
{ 

} 

fco.plex Cj 

c.r = z.r; 
c.i = -z.i; 
return(c) ; 

fco.plex r~qrt{z) 
fcollpl .. ~ -'j 
{ 

fcoaplex Cj 
double x, y. s, rj 
if ({z.r == 0.0) \\ \\ (z.i == 0.0» 
{ 

} 

c.r = c.i = 0.0: 
return(c)j 

el •• 
{ 

x = fab.(z.r): 
y = fab.{z.i); 
if (x >= y) 
{ 

r = y/x; 
s = .qrt{x) * .qrt(O.6*(1.0 + .qrt(1.0+r • r»)j 
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} 
el .. 
{ 

r .. x/y; 
v .. Iqrt(y) • Iqrt(0.S.(r+lqrt(1.0 + r • r»); 

} 
} 

} 

if (z.r >= 0.0) 
{ 

c.r .. v; 
c.i .. z.1/(2.0. v); 

c.i = (z.l >= 0) ? v: -v; 
c.r = z.l /(2.0 • c.i); 

} 

return(c) ; 

fcoaplex aC.ul(x,a) 
double X; 
fco.plex a; 
{ 

} 

fcomplex e; 
c.r = X • a.r; 
c.l = x • a.i; 
retum(c) i 

fcoaplex Arg(z) 
feoaplex Z; 
{ 

} 

fcoçlex C; 
c.r .. z.r/Cabl(z); 
c.i = z.l/Cabl(z); 
retum(c) i 

UTIL.C 

/ ........................................................... / 
/ ••••••••• Utllity progr~: luaerlcal aecipe. in C •••••••• / 
/ ........................................................... / 

'include <aalloc. h> 
'inelude <Itdio .h> 
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yoid nrerror(error_tert) 
char error_ text 0 ; 
{ 

} 

yoid ex1tO; 

fpriDtf (atderr, ".uaerieal aecipea run-tiae error .. \n") ; 
fpr1ntf(atderr ,"Xa\n" ,error_text); 
fprintf(atderr ," ... DOV e:ritiDg to ayat ..... \n"); 
e:rit(1) ; 

double .vector(nl,nh) 
int nl, Dh; 
{ 

} 

double .Vi 

v=(double .)aalloc({un8igned) (Dh-nl+l).a1zoof{double»; 
if (!v) nrerror("allocation failure in vectorO") i 
return(v-nl) ; 

~01d free_vector(v,nl,Dh) 
double .v; 
int nl, Dbi 
{ 

free«char*) (v+nl»; 
} 
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