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Abstract

QC'D high~r ord~r corr~diou~ (HOC) to thn'l' proCl'''~l'~ ar!' cousidl'l'<'d: (i) Din'l·t

phot.on production in 10ugÏtudiually polarizl'd h,ulrou-hadrou ('olli~i()us with uUIlll'ri­

cal applicat.ions to proton-prot.on collisious: (ii) ll'pton-pair pro<1ud.ion in t.ran~\'t'~l'l~·

polarized hadron-hadron collisions \Vit.h llunH'riral applications t.o prot.Oll-Prot.OU col­

lisions: (iii) heavy quark pair production by polarized and unpolarizl'll ph()t.ou~. Tht'

HOC to ail three proccsses arc found to \)(' signilkant.. Proœ"~l's (i) and (ii) al'<' ~ho\Vu

to be sensitive probes of the prot.on·s polarized gluou dist.rihut.iou and t.hl' t.raUSVl'r­

sity distributions, respectively. The asymmetrics arc fouud t.o el'hihi!. pert.urbat.ive

stability. Process (iii) is considered as a ba(:kgrouud to Il ~ Ir ~ /,f, (st.audard

model). As weil, top-quark production not too far abovc t.hrcshold il' collsillerl'd.
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R f fesume

Oall~ Il' cadrl' d(' COQ, dl'~ corn'l'tions (i"onlrl' sup&ril'm (COS) pom t.rois r&al't.ions

sont. consid&r&l's: (i) Production direct.e de phot.ons provenant des collisions des

hadrons polarisés longit.udinalement avec des applicat.ions numériques aux collisions

proton-prot.on: (ii) production des paires de lept.ons provenant de la collision de

hadrons polaris&s t.ransversalement. avec des applications numeriques aux collisions

prot.on-proton: (iii) product.ion des paires des quarks lomds par des photons polarisés

et. non-polaris&s. Pour chacune de ces trois réact.ions on trouve des COS sub-

st.antielles. On montre que les réactions (i) et (ii) sont des détect.eurs sensibles dans

le proton des distributions de gluons polarisés et de transversités respectivement. On

t.rouve que les asymétries sont characterisées par une stabilité perturbative. Réaction

(iii) est cousiderée comme un fond au Il ~ H· ~ bb (modèle standard). On con-

sidere aussi la production de top-quarks prés de seuil.
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Original Contributions to
Knowledge

In chaptcr 3. wc present t.he first. cOUlpl('t." mkulat.ion of HOC to 1art'''-1'1' ,lirl'd.

photon proùuction in polarized hadron-hadron collisions. wit.h lI\\UlNical applkations

1.0 proton-proton collisions. and examine il. as a prohe of th" prot.on·s polariz,'d

gluon distribution, In chapter 4. \\'e present. cOUlplet.e next-to-I"adinp; or<l,'r analytkal

results for the production of lept.on-pairs in t.ralls\'ersely polariz"d hadron-hadron

collisions (transverse Drel!-Yan), determined for the first t.iUle usinp; <li7llcnsi07wl

me/hods, with numerical applications t.o proton-prot.oll collisions. This proc"ss is

examined as a probe of the proton's transversity distributions. In chapt.er 5, we

present the TIrst complete analytical results, and nllUlerical applicat.ions as w"n, for

the production of heavy-qllark pairs in polarized aud unpolarized photon-phot.on

collisions in next-to-Ieading order. This process is considered as a hnckgrollnd to t.he

process 'Y'Y ...... H' ...... Mi. As \Vel!, top-quark production, not. too far above t.hreshold

is considered. Various useful information is prcsentcù in the appendixes, inc1uding a

novel counterterro relevant 1.0 dimensional reduction and novel pararneterizations of

the proton's polarized parton distributions.
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Chapter 1

Introductiùn

Over the iJast two decades, the search for a theory of strong int.cradions ha.~ sl'a\\'lll'd

Quant.um Chromodynamics (QCD) as the only plansihlc t.hcory t'xplainin['; such iul.t'r­

actions. Il. is the strong force which bin<L~ quarks 1.0 form hadrons and is n'sponsihlc

for holding lluclei together. The only fundamental fermions whkh Cet'l thc st.ronl-:

force are the quarks. As in Quantulll Electrodynamics (QED). t.he t.llt'ory uf t'!t'C­

tromagnetic interactions. there are no "action al. a distance" forecs. It. is possihl<' to

deseribe interactions as occurring via the interchange of gau[';e hosons: t.llt' Y/Illm. in

QCD, the photon in QED. Both the gluon and the photon are required 1.0 he nUlssless

due to local gauge invariancc.

The weak interactions, on the other hand, are mediat.ed by massive vect.or bosons,

the ZO and W:l:. Local gauge invariance normally requires all veetor bosons t.o be

masslcss. For the weak interactions, the masses come about via t.he Higgs lIlechanistn.

The Higgs ground state is not symmetric under SU(2)xU(1) gauge t.ransformat.ions.

This is known as spontaneolls symmetry brecù.:'ing by the ground state. Since we must

apply perturbation theory about the ground state, we now generate masses for t.he

ZO and W:l: fields. In the quantum theory, spontaneous symmetry breaking implies

a nonzero vacuum expectation value. The succcss of the elcctroweak theory thus

5



• !I1'('"ssitat"s th" "xisl"III'" of th" (stiJl IIndisl'O\'Nl'd) Hi~~s hoson, which is ma.'Si\'c

allli ha.' spin {J, l'Ill' Hip,i;S III'"'" is not fixl'd 1>y thl' standard mode!. bllt. thl' LEP

data im ply 1

(1.1)

•

\\,,, labd qllarks hy their !Im'or: Il (lIp). d (down). s (strang<,). c (chann). b

(bot.t.oln). t. (t.op - r<'cl'nt.ly dis('Q\'crcd ~). and for c\'cry quark thcr<' is an ant.iquark,

Quarks possess an addit.ional quantu!llnumbcr. c%r (rcd. grcen. or bIue). which the

leptons do not. possess, It. is this color which is responsiblc for thc strong force, The

addit.ional degree of freedom that color provides helps ensure that the Pauli Principle

is satisfied for baryons such as the .:l++. whose ground state would otherwise be a

symlJletric 3-quark stat,e in violation of the Pauli Principle.

Since the strong force is color independent we may impose SU(3) local gauge in­

variance on the QCD Lagrangian density. The SU(3) group is non-Abelian since its

generators arc non-commuting, This non-Abelian nature leads 1.0 gluon-gluon cou­

plings. There arc no photon-photon couplings in QED since its Lagrangian density

posesses only U(l) local gauge invariance. and the U(l) group is Abelian.

Bath QCD and the c1ectroweak theory are Te11.onnaHzable gauge theories. By

renormalizable, wc mean thal. il. is possible 1.0 absorb the infinities associated with

diagrams into physical quantities, like the cClupling and the mass. This is possible

siuce such infinitics arise from a finite number of configurations (i.e. vertex, self

energy graphs). Hence. one may introduce general counterterms, whose form is valid

1.0 ail orders of perturbation theory.

In QCD. due 1.0 the gluon-gluon interaction, the coupling approaches zero as the

cnergy scale of the process, Q2, increases (i.e. as the quark separation decreases) and

6
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\'ier-\"rr~a, prm'id,',! that. the mlllllll'r of tla\"or~ i~ !,'~~ thall or l'qnal to !li (which i~

t.hr casr at prr~rntly attainahl<' ,'nrr~i,'~). Thi~ prop"rty of t.hl' l'01lp1in~ approa("hin~

zrro wit.h incrra:"ing Q~ i~ knO\\"n a:" as,Vml'foti,. In·I·r/om. A~ a n'~II1t, Wl' ma.'" appl.'"

prrt.nrhnt.ion thror.'" for 1argr (t in QC'D. \t. i~ hplip\'pl1 t hat. qnark:" llIay not Ill'

obsrn·rt1 in i~01ation. One rxprl't~ t.hi~ ~inl"l' t.hp l'onpling illl"(','a:"',,, a:" th., qnark

separation illcrea~cs.

In this th('sis w(' appl.'" p('rtnrbnt.iw QCD 1.<) caknlatl' high,'r on1l'r corn'd.ions

(HOC) 1.0 certain proc('ss('s with polariz('d parlk1rs. ln QCD. the HOC art' wry

important since they ar(' usually quit(' large. and soml'times new feat.m,,,, de\"('lop

beyond leading order. As weiL in polarized hadrou-hadron collisions. the pertnrhatiw

stability of the asymmetry is of great inter('st for the <!etermination of I.h,' polari:-:l'll

parton distributions. Inclusion of HOC also increases stability 'lgainsl. chang"s in the

scale parameters and against process dependences of the part.on distributions.

In the remaining part of the Introduct.ion. we tirst present. certain basic dem,'nts

of QCD, the parton model and hadronic structure. We also discuss recent experi­

mental developments and future prospects in spin physics. In chapter 2, we examine

and present estimates of the proton's polarized parton distributions. Then, we give

the relevant background on regularization and renormalization, in order 1.0 make the

subsequent chapters c\ear. In chapter 3. we present the tirst complet,c calculat.ion

of HOC 1.0 large-PT direct photon production in polarizcd hadron-hadron collisions,

with numerical applications 1.0 proton-proton col1isions, and examine il. as a probe

of the proton's polarized gluon distribution. ln chapter 4, we present complete next.­

to-leading order analytical results for the production of lepton-pairs in transversc1y

polarized hadron-hadron collisions (transverse Dreil-Yan), determincd for the first

time using dimensional metkods, with numerical applications 1.0 proton-proton col1i-

i



• sions. This pr<)("l'SS is l'xaminl'r! as a pro],l' of tllf' proton's trans\'ersity distrihllt.ions.

In chaptl'r .'J. "'l' prl'sl'nt thl' first cornpl"t" analyt.ical r"s111ts. and nlll1lerÏeal applica­

t.ions a.s "'l'Il. for tl,,' prodnction of h"it\'y-'ll1ark pairs in po!arized and llnpolarized

photon-photon collisions in I:"xt-to-leading order. This proœss is considered as a

hackgronnc! to th" process -n ~ H· - br,. As ",,,Il. top-qllark prodllction. not too

far ahoV<' thrpshold is considerl'd. Various usdul information is presl'nted in the ap­

pl'ndi)«'s. inc\llding a novel counterterm re1e\<lnt to dimensional reduction and novel

parallll'terizations of the proton's polarized parton distributions.

1.1 Quantum Chromodynamics

We ma)' infer the structure of QCD from SU(3) local gauge inmriance. The free

Lagrangian is

(1.2)

\Vith t.he 4'k ('r/tZ) being the quark (antiquark) fields of color Cl' (= 1,2.3) and flavor

k (= 1•... ,Nf ) \Vith Nf the number of flavors. Here, mk is the mass of a quark

of Ravor k. Throughout, we assume the standard convention of summation over

repeat.ed indices (of all types).

The gauge ill\<lriant Lagrangian is required to be invariant under the infinitesimal

transformation

(1.3)

•

with T.:; >'./2 (o. = 1. ... ,8) the SU(3) generators and €.(x) aspace-timedependent

infinitcsima1. The >'. are the GeU-Mann matrices; therefore, the T. satisfy the relation

(1.4)

8



• whE:'n' fa"" is thE:' antis,\"lnJ1l!'tri<- Sl'(3) strnctnn' constant. Th!' 1'.au1'." in\"ariant La-

grangiau is found to take thE:' fonn

,. - 7,O('o"D ) .'" ('n 7·... ")G"l/ 1 G" G,n'.4,..GI - l.; 1.: l! Il - ", 1.. t 1.' ï Y 1. 'k lp 11 1.. 'J... '11 - • r lU' 'il •

\\,1\('rE:' 51 is t.he strang uuit l'harge, lu ordc'r 1.0 l'n's!'r\'(' gan1'." in\"ariatH'!', w!' had to

replaœ thl' reglllar derÏ\'ati\"e iu (1.2) by th., ('01'11611711 ti..ri"'lli",·,

(1.6)

and introduce the eight gauge fields G~, with the SU(3) transformation properties

( I.i)

In addition, we introduccd the field strength teusor defiued by

( 1.8)

We can see from (1.5) that there are tenns cubic and quartk in G, which lead 1.0 t.he

3-gluon and 4-gluon vertices, respectively,

There are other subtleties involved though, Using a covariant gallge, DI'G~ =0,

we have the freedom 1.0 write the free wave eqllation for G~ as

(1.9)

•

The gauge pammeter,~, determines the gauge: ~ = 1 for the Feynman gauge (which

we generally use in our calculations), ~ = 0 for the Landau gauge, etc ,,' , Ni a

result, we must add 1.0 the Lagrangian a gauge fixing term defined by 3

(LlO)

9



• I3y illdudilll-\ a Sf't o! "I-\host" lif'lds. 1(' (a = 1. .... 8). known as t.he Faddee\·.PopO\··1

I-\hosts. Wf' !IIay callf'f'1 unph:.sical cont.ributions ocenring in dosf'd gluon loops. 'Ve

thus add a I-\host lPr!ll 1.0 lh .. Lagrangian.

,. D"·" '(D "" r C'· ). rL..J.:ho~1 = 1/ 11(1 - YJfllJ(' 7 1l '1· (1.11)

Th.. g!lOst.-field t.echniqhe is useful in calculat.ing higher arder correct.ions since t.he

ghost field int.cracts only wit.h gluons (not. quarks). leading t.o a gluon-ghost vertex.

The final QCD Lagrangian is given by

(1.12)

wherc t..he various parts arc given by (1.5), (1.10) and (1.11).

In order 1.0 obtain t.he Feynman rules, we must second quantize. vVe may either use

the path integral approaeh 5 or the eanonieal operator formalism. 6 In the path integral

approaeh. the fermion and ghost. fields are treated as Grassman numbers (mutually

ant.ieommuting). In the eanonical approaeh, they are mutually anticommuting field

operators. Having added L.gr and Lgh08' 1.0 L.Gt. the classieal Lagrangian (1.12) is no

longer gauge invariant under the transformations (1.3), (Li). After quantization, we

may ask if t..he full quantum Lagrangian posesses any partieular symmetry.

Fortunately, the final quantum Lagrangian i.s invariant under the local gauge

t.ransformat.ions

•

w;;(x) -> [60 /3 - iigT:/311î]we(x)

ca -> ca _ iDab11bl' l' l' 2

11Î -> a •• 16I'Ca111 -1€-
~ l'

1]2 -> 11~ + !i9rbe11M- 2 - •

10
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• (\.l.t)

•

and \\'(' ha\"(' madl' t.hl' ;Ul~at7.

The transformation (1.13) is known a.~ thl' I3RS; (131'IThi-Ro\lt't -St ol'a) tran~fornt<l­

t.ion.

1.2 General Structure and Spin Structure of Hadrons

Wc us(' the parton rnodel 8•9•10 (Pl\I) in c;ùcu!at.ing cross sl'ct.ion~ for high l'Ill'l'gy

collisions involving hadrons. Wc cali the constituent.s (qnarks allli gluons) of t.1t('

hadrons partons. The PM asserts that during scatt.erÏng pl'Ol~es.~es wc may trl'at. thl'

partons of each of the hadrons involved as noninteract,ing part.iell's sharing the parent.

hadron's momentnm. These partons interaet. wit.h t.he part.ons of other hadrons antl

with incident leptons and photons. Examples of such processes to he consitlcretl in

this thesis are: the Drell- Yan process - the production of lepton pairs, antl diT·cI;/.

photon production (at large momentum t,ransfer) - the product.ion of photons not

created by secondary decay processes, both in hadron-hadron collisions.

The PM is justified through the impulse approximation, according to which, the

time scale on which colliding partons interact is much shorter t.han the time scale

on which partons belonging to the same hadron interact. If Q is t.aken as t.he large

momentum transfer of the process, then interactions between colliding partons occur

on a time-scaie of order l/Q, decreasing with increasing Q. It can be shown t.hat., due

to relativistic time dilation and parton confinement, interactions bet.ween partons

belonging to the same hadron occur on a much longer time-scale. Therefore, wc

li



• ;L,SllHII' 1hat ail," 1-;;\"('11 sllhpro('('ss will in"o]\"(' only on" parton from a part.i('nlar

hadron ;lIId t.hat tlll' "Ilu'r parlons ar" m"rc1y "sp"et..ator,,", Th" Pl\I also aris<.'s as

t.h" [irst. t"rIlI ill t.lu 0l"'l'alor product "xpansioll for process<.'s such as d<.'<.'p-inc1astic

s(·att.prill~.

\V" may formulat." t.h<.' PM lIlath"lIlatieally by eonsid<.'ring th<.' contribution of th<.'

C( Pel + .\. wh<.'r<.' th<.' slllall ]<.'1.t<.'n; r<.'pr<.'s<.'nt partons. th<.' capital k1.t<.'n; r<.'pr<.'s<.'nt

ob""rwd part.icl<.'s (:r. .\ ar<.' arbitral'}' s<.'t.s of final products). and wh<.'re J'•• Xb.:

denot<.' 1Il01ll<.'ntlllu fractions, Sinc<.' w<.' work al. high en<.'rg}· scal<.'S. initial st.at<.' partons

and hadrons ar<.' tak<.'n as mlk<s/ess.

The differential of the inclusi\'e cross section. al. energy scale Q2. is gi\'en by

wh<.'re dû.oc is the different,ial of the subproc<.'Ss cross section. the Fill (Xi, Q2) are the

Ilarton momentum distributions defined by

(l.1i)

•

with fi/I(Xi, Q2) being the probability density for finding parton i \Vith momentum

XiPI in hadron l which has momentum PI' The function 'Dc/c(:) is the parton

fragmentation fttnction repr<.'Senting the probability density for parton e 1.0 fragment

into part.icle C with momentum fraction :. If e =C, then 'Dc/c(:) =<5(1 - z) and c

need not be a parton. Similarly, if a. = A or b =B.

In this thesis. we are interested in processes \Vith po/arized beam and target,

so we consider t,he polarization of the partons as weil as their momentum fraction

(wit,h respect 1.0 the parent hadron) in calculating cross sections and asymmetries.

12



• To ohtaill from (1.16) th,' <!ilf"fl'Iltial o[ the COITe~poll<!ill~ IOT/fllllldlllal/y pO!'\I'izl'<!

cro~s sl',·tion for thl' l'ron'ss.-\ + B- C' +.\ (i.e. lon~itllllinall.\' po!arizl'lll"'am '\llli

targl't). Wl' makl' thl' ~l1h~titl1tiol1~

dl1 - j.dl1:; 1/2 [dl1(++) - dl1(+-)].

dà - j.dà:; 1/2 [dà( ++) - drT( +- )1.

F(.r.Q~) - ::'F(.r.Q~):; F+/+(.r,Cn - F-/+(.r.Cn.

sincc. by parity conser\"atîon and t.i!lle rl'vl'rsal iIl\'arianc,,,

(I.IS)

dà(-±) =dû(+=t=). (I.I!))

where the +, - signs in dO'(+±) reprl'sl'nt thl' had7'07I:ie helicit.il's of .'\' B, n·sp",·t.iVl'ly,

and in dâ(+±) they l'l'present the pal·tonie hdicities of n.li. In F±/-I, t.he tirst. sign

l'l'presents the parton hl'licity and the second sign reprl'sl'nts it.s part'nt. h;u!roll's

helicity - these are the longitlldinally polarized 1II01llent.11111 dist.rihlltions. Wl' may

similarly substit.ute

(1.20)

for the longitudinally polarized densities. The explicit l'l'presentations of the I1npo­

larized quantities are:

dO' - 1/2 [dO'(++) + dl1(+-)J

dâ - 1/2[dâ(++)+dâ(+-)]

F(x, Q2) _ F+I+(x, Q2) + rl+(x, Q2).

(1.21)

•
Now suppose hadrons A, Barc tmnsversely polarized, i.e. we have t.he proces.~

AT + BT - C + X; the up-arrows indicating transverse polarizatiolJ wit.h respect 1.0

13



• sotlJ(' fixl'd spin din"'l ions S ..\. S'H' Tllf'll. ~l1llliP arglltW'Iltat.ion l1SP<! to ~o frOIn l1np~

larizl·d to IOIl;>,itwlillal1:; poiarizl'd l'l'actiow.; hold~ fur Inlllsv"rs"ly po!ariz"d proc"SSl'S

a~ \\"l·11. \V" silJlpl~' makI' tlll' ~lIh~t itllli()lI~.

(·\"f'rywlH'f('. Atlalo~ollsly. w(\ calI

+ - r. --l (1.22)

(1.23)

t.h.. Imnsllersilll 1l101l1l'nt.nlll dist.ributions and ':'T f(;r. Q2) t.he t.ranS\·ersit.y densit.ies.

Th.. fi// I ' (;1'. Q2) l'l'present. t.he probabilit.y of quark i having t.he same (opposite)

t.rausVl'rsit.y as hadron l (gluons caunot. be transVl'rsely polarized). The t.ranswrsity

opl'rat.or

has t.hl' proPl'l't.y

wit.h

T,.(s) =15/

T,.(s)n(p. ±s) = ±u.(P. ±s)

(1.24)

(1.25)

s· p =O. s~ =(O.s) (in l'est frame of pl. (1.26)

•

whl'rl' s is t.ransverse t.o p. Since s is invariant under boosts along P. the transversity

opl'rat.or (mld transversit.y l'igenvalue) is also invariant under such boosts. In general,

tl\!' opl'rator (1 + 15 1)/2 projeets 0111. the spinor pointing in the s direction in the

l'PSt. frame of p.

Origiually. in the naive PM. the gluons played no roll' and the distributions Fil!

Wl're merely funetions of the sealing variable x. But, due 1.0 gluon radiative cor­

rl'etions aud the presence of a gluon distribution. scaling is violated and the parton

distributions arc Sl'l'n 1.0 vary as functions of both x and Q2.

14



•

•

Figure 1.1: Deep-indast.k sraUl'ring;.

In general, one needs 1.0 know the polarized momentullI dist.ribut.ions fol' arhit.r:u·~·

Q2. If they are known for sorne value of Q2 =Q5. t.hey ilia)' Ill' <'volvl'd t.o auy valtl<, of

Q2 (sec Sect. 2.3.2). For the unpolarized distribut.iolls, \~\rious paranH.'terizl'<! fmms

already exist as a function of;1" and Q2. Therefore, givell t.he ]>olariz<'<! dist.rihut.ious

al. sorne Qij, we have ail the rneans necessary 1.0 compute cross s<'et.ious in h:ulronÎ<'

collisions al. any value of Q2.

There are also nOIl-parton rnodel, higher tuist, cOIlt.rihutiolls, in whieh the hadron

as a whole interacts. They drop off as '" I/Q alld are expect.ed 1.0 he lI<,gligible for

most of the Q considered in this work. There are also llIallY grcat IIncertaint.ics

associated with their determination. Hence we do not consider them.

Deep inelastic scattering (DIS) of polarizcd leptons off a Jlolarizcd hadron target.

serves as a good means 1.0 determine a hadron's longitudinally polarized parton struc­

ture. This process was first studied in detail in the experirnent of the European Muon

Collaboration (EMC) 11 (combined with earlier SLAC data 12), in which leptons (/L+)

polarized longitudinally were scattered off a longitudinally polarized prot.on target.

To sec how this experiment leads 1.0 a deterrnination of the spin dependent proton

15



• :--1 fl1C'111rt' fl1Ud iOIl. ("IHl~i(h'r t IH' high PlIf'rg,y indllsÎ\"p [f'action (Fi~. 1.1):

/1 ;(1:) + 1'(1') - /('(1:') +.Y. 1: = (E. k). 1:' = (E'. k'l. (1.2ï)

TIIP \·irt.1Ial photoll ·1-1II0IIIPllt1l111 is '[ = k - k'. Th" initial l'rotou staIl' will hl'

eIl'Ulltl'eI by IP. ,,). whpl'(' Pis Ih.. proton ·1-1110111"11111111 ancl " is a 4-\'{'clor cll'uoting

t.l1P protou spiu. satisfyiug " . P = ,,2 + 1 = O.

TI,,· cl iŒ"r"utial of thl' indllsin' cross sl'ction for thl' proCl'S5 (1.2ï) has thl' forI1l 3
.
13

:

'. 13k'd - o· [''''n' (
fT - (<[2)2 1'" EE" (1.28)

Hl'rl' L,,,, is thl' Il'pton tl'nsor. dl'scribing thl' intl'raction of thl' \'irtllal photon with

t.he lIIuon. In generaL it is gi\'en by the expression (lé =k"',l)

(1.29)

whl're 111", is the muon mass and Sm is a 4-\'('ctor denoting the initial muon spin.

\I-~", i5 the hadronic tensor, which parameterizes in a generaI way the structure of

the nllc\eon: it is gi\'en by the formaI expression 3

J,.(,I') is the elcctromagnetic current operator. given by

J,,(x) = L eq~q(xh,,1/'q(x).
q

(1.30)

(1.31)

where the sum runs o\'er aIl quark lIavors and the 1/Iq(x) are the corresponding quark

fields. Wc may express the hadronic tensor as follows:

•
lI' = liTS + il-l'AIW pv l'v·

16
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• Ir,~, i~ a n'al ~YlllnH'tric tl'n~nr which ,jp~<Tij",~ th,' !,nl("l'~~ (1.:.!7) with lIn!,nlarizl"!

Jt+ and p. Taking iuto a('('0l111t Lon'utz iuyariann'. parity l'llll:-;l'r\"atioll and l"ll1Tl'1tt

·S ( '1"'1,.) (n P . '1) ( , P . '1) F~111,"'/", = -!hw + -.,- FI + J l' - (/,,-.•- l,. - (/1.-.•- -P .. '1- '1- '1-.'1
\\'hC'rC' 111p is thC' proton Illa~~. and FI' F~ an' th,' ''l'i,, i"dql<'''fi<',,'nn<'1t'nll ~t1'll('tnl'l'

functions \\"hidl arC'. in gC'nl'ra1. fnlll·tion~ of Q~ == -'1~ al"l

_ p. 'l
11 = --.

"m"

or of Q2 and

(1.:1.1 )

(1.35)
Q~

'r=--. - 2P'1] .

W/;~ is an antisymmetric tensor \\"hich arisC's for the proccss (1.27) \\"it.h polarizC'd /1+

and p. and is given by

(1.36)

\\"here GI • G2 are structure functions which also depend, in gencral, on Q2 and Il.

In the naive PM. for v, Q2 -> 00 such that x =Q~ f(211/.pv) =const.ant., we expect.

to obtain structure funct.ions which seales (Le. arc funct.ions of ;c only):

11l;,vGI (Q2,V) -> 91(:C),

11lpV2G2(Q2, v) -> Y2(x),

(1.37)

•

where YI and Y2 are known as t.he spin dependent nucleon stnleture Junetions. This

limit is called the Bjorken limit. As is well known, similar propert.ics hold for t.he

structure functions FI and F2• Wit.h the help of (1.37), it can be shown 10 t.hat. 92

does not contribute to longit.udinally polarized dccp-inelastic scat.tering in the scaling

limit.

li



• ..\ 'l {" (" '1 . s ") }\1;", = 'l'''I~ p. '1 S!l1 + S - p. '1 P !I2 •

Int ro<lll<"l' thl' <liffl'rl'n! ial cross spctions

(1.38)

"a(+-)
dQ2dlJ .

da( ++)
dQ2dl' .

(1.39)

whl'rl' '~~;,Z,) is t.lll' cross sl'ction whpn t.hl' llIuon-prot.on spius arl' autiparalll'1 (par­

alll'I). Thp <liffl'rl'ucl' of thl'sl' t,wo cross sections is gi\"eu by 11.13,:1

dO'(+-) dO'(++) 4"0'2. , 2 2 2
lQ"'1 - lQ" 1 = E"Q·,[mp(E + E cosO)GI(Q ,v) - Q G2(Q .//)]. (1.40)( ..(v (-c II h...

where li is the laboratory scatteriug angle. Since. in this process. the nuc\eon is

!ongitudimùly polarized, G2 willlllake a uegligible cont.ribut.ion. To obtain 91 exper-

imentally, rather than nsing (1.40) dircctly. the asymmetry

M(+-l du(++l
, "_ dQ~dv - dQ~dv

.4 = du(+-) d<7(++)'
~+ dQ"dv

(1.41)

was llIe:lsurcd. The asymmetry is uscful because il. cuts out o\"eral\ normalization

factors, which lIlay be diflicult 1.0 detenllille experimental\y. We now show how A is

related to 91. Deline 0'1/2(3/2) as the virtnal photoabsorption cross section whell the

net angnlar mOlllentnm of the virtual photon and the nucleon in the direction of the

incideut lepton is 1/2(3/2) in the 'Y*-n c.m.. Introduce the asymmetry

•

A _ 0'1/2 - 0'3/2
1 - •

0'1/2 + 0'3/2

One can show 11.14 that

18
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• st'ctions and D i" a t1ppolarization factor ~iYt'n h.\"

.'1(:2 - .'1)

D = .'I~ + :2(1 _ .'1)( 1 + m' il ="IF:· (1.·1·1 )

In tht' Ei\IC pxpt'rimt'nt. tht' proton "tna·t·nl"<' fnndion, 111'(.1'. ct). was <\,'kt'tllinp,\

by ult'asnriug A. t.ht'u using tlll' knowu ,'altll's of F~ '\lal I? to l'OIUpUI<' Il';(,1'. (J~) l'rom

(1.43).

At this point. il. is wort.h mpnt iouing tht' funtlampntal Bjork"l1 SIIlII ntl,'. tr. hasl'l\

on cnrrcnt algchra.

where GA and G\' are the nuell'ou axial-vedor and vee\.or l'onpling constants l'rom

nucleon beta decay. satisfying 1

G"IG\, =1.25i3 ± 0.0028 (lA6)

and CNS represents the nonsinglet higher order corrections. For three qnark lIavon<, W

t:> (t:> )~ (0' )3CNS =1 - .~' - 3.58 -! - 20.22 -! + ... ,
Il rr rr

( l..ti)

where Q. is determined in the MS scheme. ln the next section, wc will discns.~ t.ht'

recent experimentai findings pertaining 1.0 the Bjorken sum rule.

One can derive Iess rigorous sum rules based on SU(3) symllletry and t.he as,~ttmp­

tion of an unpolarized strange sea. These Ellù;-Jaffe SIl7TI nt/es 17 arc

1
- 18 [CNs(3F + D) + 2Cs(3F - D)]

1
- g[-DCNs+ Cs(3F - D)], (1.48)

•
where F and D are the weak hyperon decay constants satisfying 18 FID =0.5i5 ±

0.016, F + D = GA/G", and Cs is the singlet correction coefficient. t9
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• 1.3 Experimental Developments and Prospects
in Spin Physics

Th" old,'r DIS data on polarized lepton-proton seattering 11.12 cO\'ered the x-range

(l.OI < J' < O.ï and \\'Ne "valuated at an ;n·"rage < Q2 >= 10.ï GeV2. This did

not "nahl" direct trsting of the Bjork"n SUIll rule (1..l5). as th"re \\'as no dir"ct

information on Mi'. No\\'. th" Spin ~Iuon Collaboration (SMC)2D ha\'(' perforllled

th,' "xpNilll"nt. on a deuteron tmg"t in th" range 0.006 < .r < 0.6. < Q2 >= 4.6

G"y2. As wdl. th" EI42 collaboration al. SLAC 21 ha\'(' performed the experiment

on a neutron t.arget. in the rauge 0.03 < x < 0.6. < Q2 >= 2 Gey2. Heuce. we may

now t.<.'St. direct.ly t.h" Bjorken sum nl1". As \\'ell. t.he dat.a are precise enough to check

t.he Ellis-.Jaffe sum rules. The extract.ion of t.he partonic contributions 1.0 the proton

spin is out.lin"d in Sect. 2.1.1.

Originally, there was disagreement between the conclusions of the EI42 and SMC

experimeuts. This arose from assumpt.ions about the small-x region not covered

by the E142 experiment and from the fact that the e:"periments were performed al.

differ"nt < Q2 >. E\'olving 1.0 a common < Q2 >= 5 Gey2. the data were shown 1.0

agree. 22

At < Q2 >= 5 Gey2, taking into account the higher order corrections, the Bjorken

S\lm rule (1.45) implies

The l'l'l'or represents the uncertainties in a.(Q2) and GA/Gv , as weil as the neglected

higher orders and higher twist contributions. Experimentally, il. is found that

•

Ml' - Mr = 0.185 ± 0.004,

Ml' - Mr =0.181 ± 0.032.

20
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• iu good agr00UH'ut with thl' thl'orl'tical prl'<\Îl'tiou~.

\\'0 UOW COlllparl' thl' El1b-.Jalfl' ~1lI11 rnl<'~ \1..1::<) with th" <'xlwrilll<'tltai tlH'a~lln'­

1lI0utS. At. < Q2 >= 5 G,,\"2. th0Y illlply

Mf' = 0.169 ± 0.005.

Experimeut.al1y. ou t.he ot.her haud.

MI' = 0.135 ± 0.015.

JI;' = -0.016 ± l1.005.

M;' =-o.o:n ± 0.01·1.

•

in disagreement. \\'it.h t.he t.heoret.ical predict.ions.

At. present.. t.here is uo experimental information for t.he pro"''''~<'S "ousid,'n'd in

t.his t.hesis. But. t.he work of chapters 3 and 4. re([lliring longitllllinally aud t.mns­

versely polarized prot.on-prot.on collisions, will be t.ested experit\lcntally at. BNL's

RHIC (Relativistic Heavy-Ion Collider). The work of chap;,er 5, rC([lliring l'olari,,,,'d

photon-photon collisions, willlikely be teste<1 sometime in the not too distant futurc.

We briefly review t.he experiment.al status for bot.h t,ypcs of proces.~es.

The RHIC Spin Collaboration, of which our group are lIIcmbers. was formed

recently with the intent of studying polarized 11-11 collisions al. RHIC. 23 Il. has reccnt1y

obtained approval and funding for producing polarized protons al. RUIC. They will be

able 1.0 deteet large-lIT photons and dinmon pairs, relevant 1.0 t,he work of chapters 3

and 4, respectively. The planned n center-of-mass energies are .J§ = 100,200,500

GeV, with an expeeted luminosity of t:. = 2 X 1032 cm-2sec- l • Recent tcsts 24 al.

BNL's altemating gradient synchotron (AGS) have succcssfully produce<1 polarized

proton beams al. 25 GeV (the transfer energy for RHIC) using the Siberian snake

technique. Direet photon production and Orell-Yan will be among the first spin

physics experiments carried out when RHIC goes on-line (1999 or 2000).
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•

HI·"l'lItl:•. tlll'!'1' has IlI'c'lI lIln('h illtl'rpsl ill pro<1ncing (polariz",l) photons of high

1'II1'I'gy al a high l'IH'rgy photon linl'ar ('oIlid"r (PLe). Thl' gpnl'rally a('cl'ptl'<1 llll'tho<1

or prodncing sn('h photons is \'ia ha('ks('altl'ring of polarizl'<1 lasPr light off Pll'ctrons

(posilTons) al a IitH'ar (,+(,- collid"r \\'il.h "IH'rgil's of nI' to .'j()() Gl'V. 2'. Higit <1l'grl'(~ of

polarizalioll conld !J<' a('hil'\'l'd and Ill(' photons ('onld carry a largt' [rad.ion of the l'lpc­

l.roll "IH~rgy. Stn<1il's h;wl' cOlldndl'<1 26 that lnlllinositips. C11 :::: 1.5 x 10:1:1 cm-2sec- 1•

mnld h" rl'adlPd al. TESLA (Tl'V EnPrgy Snpercon<1ucting Lillear Accelerator (pro­

posaI)). It is also argul'd that it \\'ould be simpler to use clectrons instead of positrons

in thl' initial dl'sigll. As \\'Pl!. a high lUlllinosity. L11 :::: 10"'1 clll-2sec- l • 10\\' energy.

2 x 5 Gl'V photon collidl'r could be constructl'd at SLAC \\'ith a minor upgrade. Of

conrsl'. l.his energy is too lo\\' for the applications considered in chapter 5. but is still

of l.heorel.ical interest.
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Chapter 2

General Background

2.1 Estimates of the Polarized Parton Distribu­
tions

The only available experiment,ù data for 10ngitudinal1y polarized high l'nl'rgy nu­

cleon collisions al. this point are from dcep-inelastic scattl'ring. As Wl' will show.

this process is rather insensitive 1.0 the nucleon's polarized gluon distribut.ion. For

transverscly polarized processcs. there arc uo expl'riml'nta! dat.a. lkm·('. t.hl'fl· is

absolutcly no experimental information on the transversit,y distributions. For t.h('81'

reasons, we shaH investigate the constraints which Ulay bl' imposed ou the polariz('d

parton distributions and detail their construction. We shaH also plot t,he resulting

scale dependent distributions, having performed the necessary evolution and param­

eterization of the distributions in the energy range of interest.

2.1.1 The Longitudinal Distributions

In order 1.0 construct the polarized parton distributions, we must identify the various

components of the proton. We consider the proton as consisting of a valence up

distribution, ~Fu,<X,Q2), and a valence down distribution, ~Fd,,(X,Q2); alsa, of

a gluon distribution, ~F9(X,Q2), as weH a.., a sea quark distribution, ~F•.(x, Q2),
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• alld a spa i1l1ticl'l<trk distributioll. il.F,;Cr. Q'). whic:h rl'prpsl'Ilt the possibility of pair

cn'atioll wi thi Il th.. protoll.

TI ... bn'akdowlI of th.. Iight quark distributiolls ill the protOIl is thell

il. Fu (;r. Q') = il.Fu,,(.r. Q') + il.Fu,(;r. Q')

il.F,/(;r.Q') = il.F.",(.r.Q')+il.F.d;r.Q')

il.F,(;r. Q') - il.F,.(;r.C/).

alld

Wc may furt.her define t.he dist.ribut.ion.

(2.1)

(2.2)

(2.3)

H. is important 1.0 deterrnine constraints which limit the allowable sets of parton

dist.ribut.ions. Using a specifie parameterized form for an unpolarized distribution.

F(3'. Q'). wc may det.ermiue F+I+. F-I+ from

(2.4)

(2.5)

(sec (1.18), (1.21)). This provides a useful check, since F+I+(X,Q2), F-I+(X,Q2)

must be positive everywhere. Also. by dernanding that the sum of the contributions

1.0 t.he proton spin is 1/2. wc obtain, for a longitudinally polarized proton with

posit.ive helicity. the sum rule

•
(2.6)
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• \\"1101'1' L, is thl' l11't :-l'0lllpOIll'l1t of Ill(' al1~u\ar 11111111"l1tUlll l'arril'd hy Ihl' parlons.

~;: i~ t hl' firsl. 1ll0lll1'1ll. of ~~ (.1'. q~). lll'li ul'd iu (2.a) aud ~!l is 1hl' li1-,;1 lll011l('n t of

(') -)_./

(2.8)

< L, ># 0 il1 gl'nt'ral. dul' to Ihl' ~lllall int.rin~Ïl' tral1s\,<,rs(' 1ll0nl('nl.Ulll of th" par-

tons. Th.. contribution of ~;:(q~) dol'~ not dl,mg" \\"il.h q~ as a n'suit. of h"\Ïl'ily

consNvlüion of llla.",~II'~ quark~ and thl' l'ad that. wh"u a ~111011 splits into a quark aud

an antiquark, the q al1d tï have oppo~ite hl'licitil'~. Changl's ta ~!I an' l'OIU\",ns<ül"\

by changes to < L, > sl1ch that. ~9+ < L, > is l'OI1S"1"\·l"\. l-!l'Ill·l'. lar~(' ~!I illlpli('s

equally large, negative < L; >. This is undl'rstood bl'l'ausl'. silll'l' ~9 incn'as"s a..~

a rcsult of collinear rndiation by quarks. the total spin of thl' 1'artol1s is inl'n'asin~

with Q2. Hencc the orbital angl1lar 1ll0ment.Ulll 1I1ust chauge sa a.~ l.o colllpl'nsaV'.

More specificaIly. at. large Q2, i)"g ~ ln Q2. 1I1eaning < L; >~ - ln Q2. Al. any rate,

since < L; > is unknown. wc cannot. reasonab\y con~train 6.!1 in t.his way.

We now consider the relation between 91 (;1') and t.he quark dist.ributions il1 thl'

naive PM. Assu1l1ing wc can neglect the intrinsic tranSVl'rse 1I101llentulll of t.he ql1ark.~

within the hadron, by angular momentulll conservation a quark l,an on\y absorb a

photon with antiparallel spin in the "'1.-p C.1I1 .. So, if the net. angular 1ll0lllcnt.U1l1 of t.he

photon-nuc1eon system is 1/2(3/2), the quark 1I1nst have spin parallei (antiparal1e\)

to the nuc1eon. Thus

AI == (11/2 - (13/2 = Li e;[fi/+(x) - J.;;/+(x)] ,

(11/2 + (]'3/2 Li eHf,t/+(x) + fq~/+(x)]

where the inde.'i: i runs over ail flavors of quarks and antiquarks. Also in the naive

•
PM.

2N,

FI(x) =1/2 L: e;[J~/+(x) + f.;;l+(x)],
i=l

25
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\VI,,'I'I' :\', (= :1) is tllf' 11111111,,·1' of fi 11 \"Ors. SlIhsl il 111 illl?, (2.8) '\Jl<1 (2.D) in (lA3) giw·s• '2.\'1

!lft·r ) = 1/2 L ('; ~f,J.r)·
;=1

(2.10)

Not... that. ~f'l,(.r) an' 11If' polariz('<1711"ofo1/ dpnsit.il's. dditJ('d in (1.1ï). for qnarks or

allti'lllarks of f1a""r i.

Using (2.10) and (2.11) giws for the first moment.

Mf == f m'(:r)d:r

N,

= 1/2 Ler~qi
;=1

= 1/2 [4/9 ~II + 1/9 ~d+ 1/9 ~s].

(2.11 )

(2.12)

(2.13)

(2.14)

For Mj'. we simp!y replace ~u - ~d. We heuce obtaiu the leadiug order result

Ml' - M~ = ~(~1l - ~d).
6

Oue may also make use of less rigorous SU(3) relatious whieh imply

~1l + ~d - 2~s =3F - D.

Comparisou with experimeut Il.20.21 yields

(2.15)

(2.16)

~~~ ~ O?"2 - ._v. (2.1i)

•
(uotiug that there is appreciable uncertainty in ~s). From (2.6) wc Sel' that, as

meut.ioul'd pre\'iously. the uet coutribution of the quarks 1.0 the proton spin is rather

5mall. rl'quiring large gluou polarization and/or large < L= >. II. should be noted
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Figure 2.1: The g!uonk l"ontribntion 1.0 d"t'lrinl'!a'til" sl"al.tl'rill'; al. (l(<l, J. Dasllt'd Iint':
gluon, \\'av)': photon. solid: quark.

that the extrapolation t.o snlall :r rl'nuùns cont.roVl'rsia! an,! nlU!,l inl1ul'II("(' t.h,,,,.·

conclusions (especially for ~,. since ~J.,(:r) i" "mali and pcakl'd al. small .1').

So far. there is no contribut.ion from thl' po!arh:cd glnon c!ist.ribut.ion. Taking int.o

account HOC. thcre is a gluonic cont.ribut.ion t.o DIS arising from t.h., graphs of Fig.

2.1. This modifies all tlll' above rl'lations such t.hat w.' must. mak.· th.· snbstitntion

., ') ') n~ .)
~f"(x.Q·) -- M,,·(x.Q-) = M., (:r'.Q') - -~f,/(:,..q·).

·,1 . l ' 1 2iT' (2.18)

in the leading order expressions. As well. y\ must be multiplied by t.hc fador (1 ­

0:./'.). Since ~f;(x, Q2) is small, wc sec t.hat a large ~y conId he mist.ak.'n for a

moderate, negat.ive ~s.

Experiment.ally, t.here is a scarcit.y of data at the very small anc! very Im'ge :r

values. Hence, it is useful to have sorne guides as to t.he bclmviour of t.he longit.ndinal

distributions in these regious.

For x -- 0, one l'an use Regl!:e.theory arguments t.o show that. in the nnpolarizec!

•
case, the parton momentulll distribùtions have the form

F. (Q2) 1-"(0)
Afp X, a i"'>J x . (2.19)



• witil 0(0) !H'ill1!, tlll' illt"ITPPt. of tllf' if'atiiJl,!!, Bf'v,gf' ('x('hatl~(' for tllP l>ro('('~s "',·a­

',';t, 1:1 For" = pol"riz"d quark. il b )!,1'1\!'rally bl'!iI'\'I'(] Ihal 1hl' lpadin)!, pxehan)!,p is

a low-Iyin)!, Irajl'('lory (po>sil,ly "1) with ,,(li) ~ li. This illlp!il's ~F,'II,(,r.Qg) ~ .1'; a

lilldill)!, ('Ollsistl'nl with 1111' Jow-,r E?\JC and S?\IC dala.

\VI' slall'd l'arlil'r Ihat thl' HOC 10 polarizl'tl DIS illlpl" thl' substitution (2.18).

lu this SI'IISI'. II\!' data an' (,ollsist('nt with

~F,'!I,(.r. Q~) ~ O. .1' ~ O. (2.20)

This is gl'tH'rally Ht'Cl'ptetl as beillg correct. aIt.ltouglt tlte exact slllall-:r beltm'iour

is a nlatter of debate. Helice. tlte Ileed for direct experilllelltai information on

ùF,'!I,(:r. Qg) is qllite apparent.

For the largp.:r region. tlte tlteory is not 50 rigorous. Intuitiwly. if :1' is large. tlten

one ma}' expel'f, t.ltat. tlte parton. a. deterlllines tlte spin direction of t.he proton since

it. earries aimost aU iloS mOlllentulli. For a = quark. this means t.hat. thc remaining

t.wo qu:trks would combinc with L, = O. For a = gluon, the rcmaining t.hree quarks

will Itave L, = -1/2 (of coursc. this picture is somewhat oversimplified). In other

words

x-l. (2.21)

•

Ail tltc abO\'c illlplics tltat ùFg/p(x) pcaks at smaU x =f: O. unlike Fg/p(x), which

peaks al. :1' = O.

It. should be stressed that t.he aS5umed very small- or large-x behaviour does not

Itm'c a 1l1ajl'r impact on thc predictions of chapter 3, as these regions do not contribute

significantly to the Illeasurable cross scctions (especially the large-x region).

Rationalc similar 1.0 tltc above was used by Ref. 2ï 1.0 construct 2 sets of polarized

parton distribut.ions. both fitting the EMC dat.a (the only data availablc at the time
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Figure 2.2: The prot.on'g polariz~d gluon dist.rihution. ~J~,(.I·. ctl. fol' ct = .1. In. Inn
and 1000 GcV~: (a) Set. 1: (b) S~t. 2. .

the work of chapter 3 was done). Set. 1 a..<;'~1I1ueg a rat.her larg~ glnon polal'iz:üion (atHl

zero st.range-quark input). sat.îsfying i:.g = 5. Qô = 4 G~V~. For SI't. 2 (mol1<'rat.l'

gluon polarization. negative strange sea). i:.!1 =3. No\\' t.hat. new dat.a al'l' :waila1>1<'.

we have checked that these sets still fit. reasonably t.he dat.a on !~'(;I'). 1')("I'Pt. Olt. small

x (;S 10-2 ). where the predict.ions underest.imat.e t.he dat.a. Addit.ionally. S"t. 2 ..oml's

rather close to the distributions of Ref. 28. which w<'r<' obt.ainl'd hy fit.t.inl!, t.o t.h<,

recently obt.ained data on g\(x).

The evolution to an Q2 (of int.erest) was performed (nnlll<'rically) hy 1Isinl!, di-

rectly the evolution equations of Sect. 2.3.2. Wc do not. work in 1lI0111<'nt. spa('(' ;I.~ is

commonly done. Then. scale-dependent. parametcrizati01ls were const.r1ld.~d for bot.h

sets. They are given in Appendbc A.1.

ln Figs. 2.2-2.6, we plot the longitudinal distributions for Set 1 (fig1lres (a)) and

Set 2 (figures (b)). for Q2 = 4,10.100,1000 GeV2
•

Fig. 2.2 presents the polarized gluon distrib1ltion, IlFg(x. Q2). WC sec explicitly

the peak al. small x. As wen. the distributions arc ratber soft: they dcerea.~e rapidly
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with incrt'asing x. This softnl'ss incrt'ast'S with incrl'a.qing Q2 a.q a n'>'ult. of g!uonÏ<'

radiation (g - gg. qij).

Fig. 2.3 shows the up-valencc distribution. ~F" .. (Jo, Q2). Comparl'<1 to t.lll' glnon

distribntion il. is rather hard. and softens rather slowly with incrl'<l.qing Q2, The

down-valence distributions. ~Fd.(:r.Q2). are shown in Fig. 2.4. Th,'y are fOlllal t.o

he negative. i.e. more likely 1.0 bl' polarized oppositdy 1.0 t.he proton.

Fig. 2.5 shows the strange-antiquark distribution. ~F,(J~.Q2). II. is quit." snml\

throughout, and rathl'r soft. For Set. 1. il. is zero al. Q2 = 4 Gey2. huI. \ll'COll\l's

nonzero at higher energies due to pair creation arising from the gluon dist.rihution.

For Set 2, it is nl'gative al. Q2 = 4 Gey2. but the l'volution makes il. quite a hit

smaller for Q2 ~ 1000 Gey2.

In Fig. 2.6. we plot ~Ffi(X.Q2) =~FJ(x, Q2). For Set 1, these arc equivalent 1.0

~F:.(X. Q2). For Set 2. they are zero at input. but become nonzero al. higher energies.

•
The resulting cur\'cs are somewhat smaller than those in Set l, since the contrihut.ion

from the gluon distribution is smaller.
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2.1.2 The Transversity Distributions

Unlikc thc casc of thc longitudinal distributions. no experimental information is

availablc for thc transvcrsity distributions. Howcvcr. one can make sorne edncated

gucsscs and imposc thc positivity constraint.

(2.22)

for ail :l'. Q2. Analogously to (2.6) we may write

(2.23)

with obvious notation. This docs not serve as a major constraint, since < LJ. > is

not known. We will consider the valence and sea distributions separately.

Valence Di..çtriblLtions

Lct. us consider the proton as consisting only of up and down valence quarks, Le.

•
uud. and no gluons or sca quarks. Furthermore, we ignore the internai motion of the

quarks within the proton.
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• In th(' proton's n'st framl'. th,'1"<' is no pn'fl'ITl'<1 ,lin'ction, H"lll'I'. th,' IIl't pm!>a·

bility of fiudiug a qnark po1:lI"izl"\ in tIlt' <Iin'd.ion of tIlt' pmton's spin . .Ii, lIIinus thl'

probability of finding it. oppositl'ly polarizl',l is simply l'quai to ::,..r",.• thl' magnÎtudl'

(first.molll('nt.) of I.h(' longitudinal distribntion, Now. boost in 1hl': din~,tiou. whl'\,('

fi J..!Î. Cons('rvat.iou of t.ransvprsit.~· (for hoth t hl' quark.~ nIlll 1Ill' pmlon) un, lt'I' such

boosl$ imp1ips

(2.2.1)

However. t.his dops not. givp us informat.ion about t.1lt' ./'·d"Pl'llllt'Ill·I'. As wl'II.

radiat.iv(' effect.s (as well as int.rinsic mot.iou ('ffpc\.s) chang" t.h,' abo\'l' pkt. 1\1'1' siUl'('.

as will be shown in Sect. 2.3.2. t.he t.ransversity dist.ribut.ious p\'olV!' dilfpn'ntly with

Q2 than do the longitudinal ones. This evolution COIUpS about. from gluonit' radiation.

whkh softens the dist.ributions. So wc simply assume t.hat. at. somt' low pnprgy scalt"

Q5,

(2.25)

•

where we use Set 1 of Ref. 2;. This is in fair agreem('nt with t.he prpdidiOlIS of t.he

relativistic MIT bag mode!. Wc manifest.ly satisfy (2.22) for all ;1', Q2 in t.his way.

The evolution 1.0 all Q2 is performed using the evolution l'quations of S('ct.. 2.a.2.

Scale dependent paramet.erizations for this evolut.ion arc presented in Appcndix A.2.

In Fig. 2.; we plot the proton's transversity valence distribut.ions for Q2 = l, 4, 300

and 105 GeV2
j going 1.0 lower energy scales would be meaningless since the partou

model breaks down below Q ::::: 1 GeV. ln l'articulaI', Fig. 2.; (a) present.s t.he up­

valence distribution and Fig. 2.; (b) presents the down-valence distribut.ion.

As for the longitudinal case, we notice a softening of the distributions for larger

Q2; the evoIutions are similar. Unlike the longitudinal case, however, llT fq is not.
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Figufl' 2. ï: Th,' proton's transwrsity \'all'ncc distributions for Q2 = 1. 4. 300 and 105

G,N2: (a) ~TFu.,(x.Q2): (b) ~TF./•. (x.Q2).

consl'rvl'd. sincl' gillonic radiation can change a qllark's trans\'ersity; the net transver-

sil.y dcereases as Q2 increases. As a rcsllit. wc notice that there is not mllch of an

inCl'ell8l' in the trallsversity distributions al. small :1'. as Q2 is increased.

Sm Di.-tributions

The situation is not so straightforward for th\! sea quarks. At energy scale Qo.

tht'l'e will be some innate transversity sea distribution. but il. is not known what its

magnitude or shape will be. Hence. the only definite constraint is given by (2.22). As

well. wc assume that the sma1l- and large-x behaviour is similar 1.0 the unpolarized

distribution, using the unpolarized distributions (set SL) of Ref. 29 as a reference.

Wc take (for Qfi = 4 GeV2
)

(2.26)

•

In Fig. 2.8 (a) we plot the proton's transversity up-antiquark distribution (= il, s)

al. Qfi = 4 GeV2 as well as the corresponding unpolarized distribution. We sel' that

(2.22) is satisfied and that the transversit,y sea has the same general shape as the

\Inpolarized sea.
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300 and 105 Ge\,2.

The evolution \Vas performed and t.he result.ing Ct-dependent. parmnl't.l'ri"ations

are given in Appendix A.2. Fig. 2.8 (b) shows t.he evolut.ion t.o Q~ = 1. -1. :100. 10"

GeV~. The evolut.ion is much simpler t.han in t.he longit.udinal or unpolari"l'd l':I.<I'S

due 1.0 t.he absence of 9 - qq effects.

2.2 Regularization Schemes

As soon as one calculates a physical quantity (Le. a cross section) lwyond leading

order in perturbative field theory, divergences develop. One l'an sec t.his on t.he basis

of power counting. In 4 dimensions, t.he phase space for part.icles occllrring in virt.llal

loops is

(2.2;)J
d4q

(271")4 •

Hence, if in the Feynman graph, there are terms with the ultraviolet (high energy)

behaviour qm, with m ;:: -4, a divergence will develop in the ultraviolet region.

•
We cal! this an ultraviolet (UV) divergence. Similarly, if the behaviour is ,r, wit.h

m $ -4 in the infrared (low energy) region, an infrared (IR) divergence will develop.
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• sbows tbat soft (hut uot \;\") diwr1!,I'UI'f'S ('au aris" in 1>n'lll;;;;trahlung graphs.

Anollll'r t~ï'" of m di\'f'l'I\"Il('f'. wbich w" ('a11 a lllass (or ('ol1Î1lf'ar) singularity

O('('urs iu l'l'al hn'lllsstrabiung 1!,rapbs whf'rf' a Inass!<'ss partielt' splits iuto two or

ulorl' luassll'ss. ('oliillf'ar partielf's. Tbt'n. au intNua! propagator dt'\·t'Iops a l'olt'. For

tb" (',L'" JI\ - JI; + k. Wt' ('au writt' tht' 4-dilllt'usioual pll1l>'l' SpllCl' liS (iu a framc \Vith

1" 1\~ siuOdli = d(cosll).
o -1

(2.28)

whcrt' 0 dcnotl's thl' anglc bct\\wn Pl and k. for instanC<'. 50. if Wl' are intcgrating

a fundiou ~ l/(Pl.k)'" ~ l/[!Plllkl(l- cos Il)]''' with 111 S 1. a siugularity <1e\'dops

for 0 = O. If Pl. P2. k wl'rclù nll masslcss. the singularity could uot devdop.

Ont' also obtaius mass siugularitics iu loop diagrams. To see this. \Ve cousider a

di'lgTam which contains only photons and massÎ\'e fermious. aud has an IR divergenC<'

(i.('. thc ou-she11 dectron sclf-eucrgy). Geucra11y. it will contaiu terms proportionnl

1,0

(2.29)

•

wher<, 1,2 is sOllle mass seale introduced by the regularizatiou method (see below)

aud f is some fuuctiou (i.e. lu). For m # O. these terms are finite. but for 111 - 0

an additional siugularity devdops: or. more precisdy, the IR singularity structure

chauges. HenC<', diagrams of this type are said to also have mass singularities. This

t<'rmiuology applies to ail diagrams with this beha\'iour, not just fermion-photon

diagrams.

The idea behind regularization is that we should consider the usual physical

situation as a limit of sorne unphysical situation. The unphysical situation, referred
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•

•

1.0 a$ a "C!lltlll1'izoliolt. <holll<l Ill' <lIch that thl' <inglllaritil'< app,'ar a< I<'nll< \Vhich

cliwrgl' in tlll' lilllit \Vlll'n' \V(' approaeh th,' ph:..<ical <itnation. hnt an' Iinitl' in th,'

rl'glllarization. Thl'n. th,' <liwrgl'nn'< will appl'ar a< fnnet ion< of thl' n'glliarizat ion

parallll'l.l'r<, whidl arl' <ingll!ar in \.Ill' phy<ical lilllit of th.' parallll'tl'I":',

Aftl'r rl'glliarization, «ml" of th<, <lhWg<'lll'''< will ("1111""1. For QED-t,\l'" graphs

(h<wing mMsivl' fl'l'mions) ail t.h" IR <li wrg,'nl"l's C'l1l(',,1 via tIll' 13I0ch- Nor<l<<'ick

ml'chanism,30 by whieh thl' soft hn'lllsst.rahlllng <inglliariti,,< call1,.,1 wit.h th" vir­

tuai soft singularities. For non-QED-typl' graph<, any n'nlaining mass singnlaritit's

must be rl'moved by renormalization. a:; <ll'scril",<l in 5<,(,t.. 2.3, ln g.'n"ral. t.lll'r" an'

,ùso UV divergl'ncl's which must. he rl'mO\'l'cl hy r<'nornmlizat.ion,

In what follo\\·s. we shall review the mORt cammonly uSl'd reglt/m'izcltin1/. ..dlCme..

and discuss which of them are most appropriat.e for thl' cakuat.ions pl'rfOrnll'<l in this

work.

2.2.1 Non-Dimensional Methods

Cul-Off Method

In this method. wc regularizl' the UV divergences hy replacing t.h.. upp<'r hnllll<l

of 00 in the virtual momentum integr11.tions by some cutolf. 11.. I-I<'nc<'. II. parmn'~

terizes the UV divergence. Unfortunately, titis violates translation invari11.nel' IInder

momentum shifts and l'an lead 1.0 non-unique rcsults,

For the IR divergences. one generally gives the photon/gluon a mMS. This violates

local gauge invariance of t.he Lagrangian and hence leads ta problems wit.h consis­

tency. In other words. the Feynman mies are only consistent \Vith photons/gluons

being massless. Hence non-unique results could arise, depending on the methodology

and choiee of gauge parameters, For example, if one has masslcss qua.rks. one fillds
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• lhal lllf' fiual n'sulls dl'l"'ud ou whl'tllf'r OUI' Sl'ts tllf' gluou or quark IIlassl'S to zero

tirsl :11

l'fluli· Villar., /lr','Iulal07"

Suppos<' OUI' has a UV diVl'rgeut iutegral m'er sOIlle IIl0111eutulll. 1.-. iuvolviug the

propagalor 1/(1112 - P). Oue IIlakes the substitutiou. 32

(2.30)

so that tll<' UV rl'gion is reglliated by an additional power of 1/1.-2 for finite \,ÙlleS of

thl' reglliarizatiou parameter. M. In the limit M ~ 00. \\'1' recover the physical sitll-

ation. This is eqlliVlùent to adding (actllally subtracting) a fictitious partiele of ma."5

Al. having the same couplings as the partiele of mass 1/1 (= 0 for gluons/photons).

This method has beeu showu to respect all the uecessary invariances for QED and

QCD. For the electroweak theory. which has massive bosons. gauge invariance has

been shown to be violated. 33 As well. no innate IR regularization is provided. sim-

Har to the cutolf method. This makes both methods too cumbersome to apply to

complex QCD calculations.

Analylie Regulal-ization

For the propagator 1/(1/12 - k 2), we makI' the substitution 34

(2.31)

•

with fi = 1 + 1/. Then UV and IR divergences show np as poles in 1/1/. Since wc

are again warping the Feynman rules, problems with consistency arise and gange

invariance is known to be violated in QCD nsing analytÎC regularization.

38



• 2.2.2 Dimensional Methods

\Y<:, ha\"<:' ~<:'<:'u that ail of th" l'ou\"l'utioual. UOlHlilll\'ll~ioual r"l!;ularization~ an' ,'Ulll-

b<:'rsollll' aud uu~uitahl,' for p\'rforllliug; ~y~t\'lIlat.ic, lIlultiloop (or ,'\'l'U ou\'-Ioop) QC'D

ealculatious. iu g<:'u<:'ral. It. tllrn~ out that u~inp; di71l"II.'irJl,,1l colllilllllliioll. on,' lIlay

r<:'gularize ail the diwrgl'ncl's in a systl'Illatic. ~traig;htforwanluI1IIl1H'r. whil,' \1n'~l'n'-

ing ail th<:, nl'Cl'ssary in\"ariancl'S.

Therl' are two parts 1.0 tl\(' din\('usioual coutinuation: thl' ('outiuuatiou of tht' 7110-

menta. and the continuation of ail other f,eTl.~01· stntc/.UT/'S (i.,'. p;:unllla lIlatrkt'~). Th.,

cont,inuation of thl' 1lI01ll<:'uta is uniqul'. but th<:'r<:' art' \'ariou~ nll'tho,l~ for coutinuiup;

the relllaining tensors. The choice of the lattl'r dl'!inl's whidl dilllt'u~iouai lIlt'thod i~

being used.

Continuation of the Momenia

In order 1.0 regularize both UV and IR (both soft and collinl'ar) div<:'rg<:'nt'l'~. Wl'

continue the momenta from 4 1.0 11 = 4 - 2<: dimensions. This ml'an~ t.hat the ph:I.~<:'

space for virtual momentum integrations is geller<ùized t.o

(2.32)

The same applies 1.0 bremsstrahlung integrals. To preserve t.he dillll'\I~ionalit.y of t.he

Lagrangian, we must introduce an arbitrary llIass seale, l'., via

y - Y/1'· (2.33)

•

Since each 1001' momentum integration is accompanie<! by a factor y2, we sec that

the dimensions of the Feynman amplitude will bc preserve<!, after corrections.

After Wick rotation (qo - iQo, qi - Qi) we cau generalize the Euclidean phase

=~
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• spac"P 1.0 arhitrary intf'gl'f dilIH'llsion~ via

with
11-1

ln II' "-\-m fi lfi(H" = Slll m(· m'

m=l

(2.34)

(2.35)

Bt'fort' Wick rot.ation. t.he intt'grands are put int.o a fonn dept'nding only on q2.

So aIter Wick rot.at.ion. they depend only on Q2. Hence. the angular integral just

gives an overall factor

[(11/2)
(2.36)

and the UV divt'rgences manifest as poles in e. coming from the integral O\'er dQ.

while the IR divergences come from the Feynman parameter integrations.

Having obtained an analytic expression for the angular integral in terms of the

dimensional parameter n we continue this 1.0 the complex plane. Similarly, allloop

integrals can be reduced. using Feynman parameters 1.0 the fundamental integral

!
ci"q (q2)r i(_l)r-m_ r-m+n/2? _ _

(271')" (q2 _ C)'" - (4;r)"/2f(n /2) C B(r +n/-, m r n/2), (2.37)

•

(sel'. for example, Ref. 35) with m > 0, r ?: 0 and B the Euler beta function. This

expression may also be continued 1.0 the comple:" plane. This continuation becomes

necessary because, in general there are both UV and IR divergences. On the basis

of power cOllnting. we need e > 0 for the UV divergences and e < 0 for the IR

divergences. l'et, we may only work in one dimension al. any point in the calculation.

Let e.e' determine the (integer) dimensions in which we initially determine the IR,

UV divergent integrals, respectively. Having analytic expressions for these integrals

in ternIS of e. e' we must continue 1.0 real (or complex) e = e' 50 that we work in onIy
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• 011(\ dit'1C'llSion at nny point.. Thi~ contiuuat,ioll i~ ,"a1id sÏ111'(' intP~ral~ in non-ÎIlt.pp.Pl"

dilllC'llsions arC' dcfinccl a.." a l'ontiuuat.Îot1 from int.pp.pf t.u l1on-intf'hPr dituPllsions.

An import.ant cl'aInpl,' of t.his analyt.ie ("ont i:mat ion O'Tnrs for in tl'p;ra Is ("ont aini np;

bot.h UV and IR diwrgcnccs. TIH'Y may always 1", n'Ilun'II to t.ll<' fOrIU (2.:\7) wit.h

c = O. Thc int.cgralmust. lm\'(' dilllcnsions of mass~lr-"'+"/~). hut. sinn' t.hl'rt, art' no

dimcDsional paramct.cl"S. it. lllUSt. vanish.

Ta sce how this is rclatcd ta analytic cont.inuation. \\'(' may t.ak,' t.wo appmadl('s.

"Vorking directly with the forUlula (2.37) iUlplics t.hat. wc must. work ("onsist.,'ntly in

n s\lch t.hat. Re(r - nt +n/2) > 0 in arder t.o have a well dcfined. analyt.ic cl'pn'SSion

(= 0). Sa we obt.a.În zero witho\lt ever split.t.ing int.o ~ < 0, ~' > O. Alt.,'rnat.iv<'1y. we

may simply split the integration int.o two parts \Ising SOulC int.crmcdiate clltotf. A.

s\lch that. after Wick rotation

(2.38)

where n > 4 and n' < 4 initial/y. Then we gel., aft.er some ,ùgebra

J
ef'q 1 i(_l)",-r {A"-2(m-r) A"'-~("'-r)}

(21l')n (q2)m-r = (4rr)n/2r(n/2) (n/2 - (111 - rl) - (n'/2 _ (111 _ rl) (2.39)

Contin\ling ta n = n' (or <: = <:') we obtain zero. This Ulay be vicwed as an exact.

cancellation of the IR and UV divergences. We also notice t.hat. t.he only poles occnr

al. n = 2(m - r), meaning that if m - r:F 2, dimensional continuation gives no 1/<:

pole from the UV region, regardless of the value of C in (2.3ï), since the UV region

is independent of C. This observation also follows directly from (2.3ï).

Conceming the collinear divergences, the angular integral (2.28), over the t.erm

'" l/PI . k, is modified ta

•
'" [" sin

l
-

2
< d(} = 11d(cos(}) (1- cos(}t< (1 + cos (})-<

Jo 1 - cos(} -1 1 - cos(}

41
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• ,!lIl> to Il,,' tI-dilll"nsional phiL'p spacp. As for th" IR div"rgl'nt 1001' int('grals. w(' tak('

c < lJ initialI~·. n'ndpring IIH' intl'gral finitl'. H"ncl'. through dinll'nsional continua-

tion. alI of tlll' div"rl\pllC'''' o(','nrring in QCD (or in an,\' fi"lc1 th('or,\' inl.l'grals) ma,\'

1", l'I'I\lIlarizpc1!

G'rmli7l1trLlùm of au: 1'c7I."n·"

Th" trac1"off for the conwnil'Ilt·(' in n'gularization is th(' in('oll\'l'ni('nc(' and/or

ambigllit,y as.'odatl'c1 with tll<' continuation of th(' t"nsors. Thl'l'(, are two popnlar

methods for t.he cont.inuation of the tensor strurtures: dimensional regularization

(DREG) anc! dimensional rC'duction (DRED). \Vit.hin DREG. t.here are two COln­

monly us('c! approaches to c!C'ai with the 15-matri:" (or the tensor ôl,"~P): both are

c1('scriilcd bclow.

Dimcnsiona/ Regu/arizalion

In dim('nsional rcgularization,36.3' ail the tC'nsors and gamma matrices arC' eon-

tinued to Il dimensions. More precisely. \ve continue the relations obeyed by the

tensors. This means

nJUJ " _
Yn 9,,,, - n~ (2.41 )

where gl:v is the tI-dimensional metric tensor such that the indices run from 1 to n,

instead of from 1 to 4 (note: we are starting from 1 instead of 0, for elarity). The

usuai convention is

Tr[!] =4. (2.42)

•

One could take Tr[!] =n. but this just amounts to a finite renormaiization (discussed

in Sect. 2.3.2) and hence does not change physical predictions. The cyclicity of the

traces is also a,.""Ullled•
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• 01l~/phot()ns aIHl :2 for fl'rtuioll:-'. \\'h<,tl a\'t'ra~il1p. O\V1" iuiti.\l :-;tatt':'. This is l't'lÔ\lt'd

10 thl' continnation of thl' \Il'lidty ~1II1l rn!l'

"\"( \) \.,. \) - ,U'L." l'.•." (l'·· - -!In
.\

\\'hidl nO\\' in\"l)l\"l'~ Illl' l' = ·1 - 2= llitlll'n~iona\ nll't.rÏl" tl'lI~or: ~ill('(' 1hl'I'l' ~hollid 1,,'

11 - 2 hl'Iidty st.all'~. \\'1' gl't 2 - 2=. Hl'fl' ..\"(1'''\) i~ tlll' p,lnon/photon polarization

ve('tor for ghlOn/photon 1Il01lll'nlnlll l'and hdidty .\. Again. ,litf"I'l'nl COIl\'l'lltioll~

silllply amount 10 fiuite renorlllalizalion~.

\Vhen the 15 lllatrix. or t.1lt' Ll'\'i-Civita len~or ~,u,"\,. OlTlI\">'. tlw gt'Il<'ralizat.ion to

Il diu\('lIsions is not 1'0 straightfor\\'ard. T\\'o popnlar Sdll'IIlI'S ,'xist \\'ilhin DREG:

the HVBM schellle and the anti<:01llIllnling-15 Sdll'lllt'. \\'hidl \\'c' shall '(l'scril", lu'lo\\'.

Anticommnting-15 Scheme

A general prescription \\'as de\'eloped 3.< 1.0 elilllinate 15 's. ~'''''\r's in 1/ ,lin!l'lIsions.

\'lie describe this method. using polarized QCD/QED as il 1Il0tivat.ing ,'xalllp1<.. hnt il.

l'an be applied to various electro\\'eak processes \\'hich innatdy invol\'C' Illl' "".-lIlat.rix.

Polarized quarks introduce a 1"5 through the helidty proj,'Ction oJl('rator

n± = 1 ± "'5
2 . (2.'14)

•

We may sec explicitly ho\\' polarized gluons (or photous) introducc the "'t5 lIlat.rix and

demonstrate the above mentioned prescription for their clilllination. Let A'1'(llt...\d

be the polarization vcetor of 9 and ..\1 = ±1 its helicity. In ~IMI2 one ohtains

combinations of Dirac matrices of the form

~I /II /12", /ln.;{~)±=.;{(P\o +1) /11/12'" /ln.;t·(pt. +I)-.;{(pt. -1) /11/12'" /I.. .;{·(7'1. -1)

(2.45)
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• :1; = n. :1 1 , :li = -1. :1,· 1'1 = (J. AI' '1 = (J. '/ '1'1 'i'" O. (2046)

wllf'rt, 'I b 111(' I1ormalizatioJl \"('('tOf. For a :-;l1hproep:-,~ PI +])'2 - .r. \\"P takC' 1} = ]12-

workinl!, IIJ(' (".IIl. of 1'1.1'2 in \\·hat. follm\·s.

lu ('aklllatiul!, Ihl' traccs. ',,, is iutrodu("l'd by auticOlllllllltiug thl' .~i aud gl'ul'ral-

iziul!, th,' 4-dilll<'usioual rdatiou

(2.4ï)

which. in 4 diml'nsions follows from

(2.48)

Ocfiuing

(2.49)

wc havl' thl' recllrrl'nœ relation

with a similar relation for .4~(P2, ..\2)' Ha\ing now traces containing two 15 matrices

we ma)' anticommute and eliminate the 15's via

(2.51)

•

in accord \Vith Ref. 39.

Having !irst. l'liminated the 15's and ô,w>'P's, the remaining traces may be evaluated

as in usual DREG. The major limitation is that this method only works when there

are traces im'olving an l'ven number of 15·s. This is the general regularization used

in our calculation for direct photon production. which will be discussed in Sect. 3.3.
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• HFBM Sdlt'lIIr

Thi~ f'dlPll1C' Wa$ originally int.rod tll'pd wi th di111l'n:-:ion:l1n'p.lllal'izat ion ;\1; and tht'U

later matll' formaI ~:, Rpf. 40, It i~ knO\\'n to 1)(' mathplnatically Clln~i~t"nt. l'Ill' idpa

i~ that \\'l' fortnally takp 11 > ,1 l'\'l'r~·whl'rP. hnt k,',,!, th" ". matrix :\ntl "".\,. in ·1

diml'n~ion~. ~lorp !,n'ci~l'!~·.

{,,,.,,,} = 0: l' ::; 4.

whkh foliO\\'5 from thl' definition

[r".",] = 0: l' > .1.

where

otherwise, it is the usual Le\'i-CÎ\'ita tensor.

(') "Il_..) ..

(2.:;.1)

•

This scheme is somewhat cumbersome in that it. treat.s the fir:st. four dimensions

differently than the remaining 11 - 4. Pract.ical calcnlat.ion~ arc now jlossibl,' using

Tracer·n . The other disadvantage of this scheme, in polarizec1 proccsses, i5 that.

it manifestly violates helicity conservation of massless fermions, duc t.o t.he non-

anticollmutativity of the ,'" matrix. This requires special t.reat.ment., Ils will be

discussed in Sect. 3.1. We do not use this scheme in this work.

Dimen$ional Reduction

Dimensiona! rednction 42 is perhaps the simplest of all t.he dimensional melh-

ods. It was originally introdnccd because DREG violates the supersynunct.ric Ward

identities. It is also manifestly mathemat.ically consistent.. The idea is simple; ail

"Y-matrices and tensors are taken to be 4-dimensional, and formally 11 < 4. This

implies that the components of all momenta between II. and 4 must vanish. We have
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• t.lw followiuJ!. ('out ract.ioll i<!f'J1titip:-l

1'" _ '1fI !l,Il' - .. 1'" " _ (1'" ('1 - '1l.ri" !J'1Ii -.J .JJIj1-

and IIIP nsnal ·1 dilllf'nsional n'Iat.ions Iike

(2.56)

If. is also nsl'fnI t.o d"fille

( ? --)_.01

•

This met.hod is part.icularly simple for the calculatioll of tree graphs (Lo:>. graphs

not involving loops) since the traces are l'quai 1.0 tho:>ir 4-dimensional counterparts,

implyillg gauge invariance. One may thus use 4-dimo:>nsional helicit.y amplitude meth-

o<ls. for inst.ancc. Then the phase space integrals arc carried out. in 'Il dimensions,

providing an IR regulator. As weil. the ant.icomnmting '5 implies helicity COnSel'V'd-

t.ion of massless fermions.

The only subtlet.y COIlles from the fact. that t.he virt.ual moment.UIll Integrations

gellPrat.e t.he t.ensor g::v. which is generally eontraeted with 4-dimensional ,-matrices.

This can lead 1.0 a term ~ -,~' which must be removed by a counterterm, as discussed

in Appendix D. Fortunately, these to:>rms are easy to identify, and once general coun­

terterms have been developed, one can simply do all the traces in 4 dimensions.

Then one integrates in 'Il dimensions and adds some simple counterterms 1.0 remove

t.he terms arising from the ,~' terms. Equivalently, we can work al. the amplitude

levd and throw away the ,r terms as they appear.

Admittcdly. DREG does not have this diffieulty for virtual loops not involving

the '5 matrix: but DRED has no problem when the '5 appears. The HVBM scheme

is known 1.0 generate spurious divergences (al.. two loops) for loop graphs involving
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•

•

Î5. In lip;ht of tllP~r consi,ll'ration~. w,' us,' DHED in tIll' cakulation of th., t ranS"l'r~,'

Drrll-'Yan pro('l'~~ (Chapt,'r -\) anc\ for hl"\\'y-quark pl'Oliuction hy photons (Chapt,'r

5). As wrll. w,' U~l' il. for thl' sul",'t of diagralll~ in dirl'l't. photon produdion (( 'hapl.'r

3) invoh'ing t.r:H'rs with only Ollt' Î',.

Finally. wr notr that "arions prohll'Ill~ with DRED ha\'l' l"'l'n poinlt~l ont "". Illost

of which haw brrn rl'soh·l'c\'(.1 anc\ do not appl~' 1.0 the ('akulation~ prt'S"I1tl'<1 h"rt,.

2.3 Renormalization

When we calculate physical quantities. somr of thr diVl'rgl'nc"~ will nUlc,'1 via t.h,'

Bloch-Nordseick mechanislll or via t.he KLN theorclll'I5 which stat.l'l' that. t.hc cro~~

section will be free of IR divergences if we sum over iuiti.,i ,mt! final degl'nl'rat.e st.at.l'S.

There is no automatic canccllatiou of UV singularit.ies. or mass ~ingnlaritil's in llif­

ferential cross sections. Also. external lincs coutain non-cancclling soft divergl'lll'l'~,

before wave function renormalizat,ion. lu fact, oUe l'an opcratioually dcfinc a nH\'~s

singularity as aT~y non-cancelling IR divergcnce which is st,il\ present. aft,l'r waV<' func­

tion renormalization. Once ail the siugular terms are rellloved by rl'normalbmt.ion,

we set the regularization parameters 1,0 their physical values and obtain t.he physical

result.

In order 1,0 account for these remaining singularities, we postulate t.hat the physi­

cal paraTlleters, which we now cali bare parameters, Le. charge, nHL'lS, wave funct.ions,

parton distributions, etc... are actually infinite (or infinitesimal) in the limit where

the regularization paraTlleters return 1,0 their physical values. We also postulate that

the experimentally observed physical parameters, which wc will now call renonnfl/­

ized parameters, are multiplicatively related 46 with the bare ones via Tenonna/izal,ion

constants, Zi. For instance, the bare paraTlleters occurring in the QCD Lagraugian

4ï



• (1.1:!) an' rd"t..d with th.. H'norrna!iz('d on('s via

( '" - Zl/'.!G'"
'" -- ,-':1 qJ"

II".... - Z -.'.
0; - ..... 2 .. r

wlll·r.. tll(' snbscript l' d(,llOtl'S r('norllllùiz('li.

(2.58)

Th('s(' constants an' dl't,('rnlÎn('d ord('r Ily ord('r in th(' r(,llOrmalized coupling by

dl'Illalllling that tlll' physical cross s(,l'tion is finit('. There is some ambiguil.y in what

!init(' part 1.0 snhtract. The sch(,lIlcs for doing this arc known as renonnalization

"l'hemc". R('normalization sch('m('s will be disl'ussed in the next section.

ln order ta systematically determine the renormalization constants. we must

rewrite the QCD Lagrangian in terllls of the renormalized parameters and deter-

mine the Feynman rules for the resulting cO\lnterterms. Let CR denote C of (1.12)

wit.h ail t.h(' bare paramet.ers replaced by r('normalized ones. Then

(2.59)

where Cc represents effectively the interaction t.erms which give rise t.o Feynman

rull'S for t.he countert.erms.

IIp t.o a t.ot.al divergence, we may write 4
'

•

Cc - (Z3 - 1)~G~I'IiQb(9I'VÔ2 - a"av)G~v

+ (.i3 - 1)1/~IIiQb(-iÔ2)7/~2

+ (Z2 - 1)~(i')'/lôl')7P; - (Z2Zm -1)m,"~:'1/!;

(.il - 1)~grIQbc(ÔI'G:v - ÔvG:I')G~I'G~v

(z - 1)~g2fQbcfcd'GQ Gb G'I'~V
" 4 r Til- TV r T

(.il - 1)i9rIQbc(ôl'1/:1)1/~2G~1'
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• where

(~.61 )

From (2.60) wc obt.ain t.he Feynman rull's for the mnnll'rtl'rtllS. For instance. for 1.111'

quark self-energy. the COllnt.el't.l'rnl is

and for the gluon-qnark vertex. wc have

i(ZIF - 1)g,Ti)",.

(~.6~)

(2.63)

From (2.61) we see that there are fonr di!fcrent ways 1.0 ddl'l'mine Z". The

equivalence of these methods leads 1.0 the Slal'notl- Taylor ideTltity·18

(2.64)

This identity is valid in a gauge invariant regularization snch as DREG or DRED.

To remove the mass singularitics, we must. renormalize the structure fll11etiollS as

weil. The systematic approach 1.0 performing the rCllorma1izatioll is via the 0pl'rator

product e:"pansion. In this approach, the renormalization constants relate the bare

and renorma1ized composite operators via

•

or(j) -O(i) (Z-l) ..
1l1"'P" - l'l"'I"n n lJo

This method has been applied successfully 1.0 inclusive DIS.

In the parton approach, we renormalize the parton densitics directly via
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• wl,,'rl' ('.• is sou)('. rl'lIorllla!izatioll sd,,·u,,· dl'pl'lIdput. siugular coplfici<'ut (dl<' lII<'an-

iuf.'. of t.hl' p') will hl' f.'.i\·l'u iu SI'<:t.. 2.3.2) aUI! ;\lj dl'uot<'s thl' fac:l.01izrztùm (l'Ul'rgy)

scall', :dso dl'uo!.«!lls Q2 (l'SI'''l'illlly iu DIS). lu this way. Wl' Sl'l' that rl'IHlrmaliza-

t.iou sd,l'u,,'s whkh dirfl'r hy SOIlll' fiuit.<' amollut at O(n~) will lll'cl'ssarily \l'ad t.o

p') whkh dirfl'r at O(n;'+I) (hy SOIlll' fiuÎt<' amouut. siu('(' th<, Rj an.' fiuit<'). This

is hl'CaUsl'. auy additiona\ fiui tl' suhtradiou at O( Cl ~) \l'ads to infiuit<' ditf<'rl'uc<'s at

CJ(n~+I). r<"luirillg modifi("ttion of Rj at CJ(n~+I). Wl' not.\' t.hat th\' form (2.66) is

quit.l' g<'nl'ra! siucl'. in Il dim\'nsions. P;j may have component.s of 0(,,). which give

rise t.o a finite sllht.raction when lllll\t.iplied by 1/".

The int.erpret.ation is that. a part.on in a hadron .4.. lllay come directly from the

hadron or from anot.her parton j in the hadron which emit.s i collinearly. having

mOluent.lIm fract.ion x/y. The Pij are determined so as to cancel ail mass singulari-

t.ies not. cancelled via the Bloch-Nordseick mechanisrn. The connection between the

operator approach and the part.on approarll will be given in Sect 2.3.2.

Similarly, the fragment.ation fll:lctions renormalize as

(2.6;)

•

where nj = n., unlcss j = [. in which case nj =Ct.

2.3.1 Renormalization Schemes

Ali renormalization schernes have the cornmon property that the UV divergent part

Ulust. be subtracted. We now describe four renormalization schemes within the frame-

work of DREG or DRED.

Minimal Sllbtraetiofl. (MS)
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•

•

In t.!l<.' minima! ~llhl nH'1 ion ~d\('n\(' ..l!l IV,' ~im pl~' ~ll hl ract 1ht' 1l, po\<' IV hÎch a rÎ~t'~

froni liV dh·C"rg01l(,(\S. In o1.llt.'1" wonl:,. 'YP ('ht.)()~t\ tIlt' fl'110l"Illalizat,itll1 con:-:;tan1.s Z, ~ll

t.hat only the II, poles are c'Ulcl'Il'd in tht' Ft'ynman alllplitlld,,:,,

Modificd Minimal Sublmdion (.lIS)

Thi~ sdtemt' ~'::l::' introdm'('d in Ht'f. 50, lt W'lS intro<1I1""<1 l"'c<ll1s,' 1.11<' 1/~- po\<-

arising from the UV diwrgl'nt graph~ alIVay~ (}('<'I1I':' in tht' fonn

lf(l+,) 1
;: (4-)-0' =;: - Îl-: + ln 471' + C)(d. (2,68)
'- Il ....

where Î'E is Eulers constant. This follolV~ from (2.3;) with 1/1 - r = 2, H"IH'l'

we subtract ~ - Î'E + ln 471' e\'Crywhere and the re~ulting expn'ssion will h,' fn'l'

of the unphysical terms Î'E, ln 471' , Wc use this sl'heme for al! l'Ollpling constant

renormalizations and for the renormalization of the stul't;ure fuudions. disl'us.~t'd

below. In this work, l'oupling constant renormalization only OCCl1rs in dired photon

production.

On-S/wU Sttbtmction

In this scheme, wc define the mass and \Vave function rl'uormalizatiol1 constants so

that the corrections to the self-energies vanish in the ou-shelilimit, From the form of

the wave function renormalization couuterterms (Le. (2.62), (2,63)) one !huls that, iu

the on-sheU scheme, at one-Ioop, the uet. effect of wave funcl.ion renormalizat.ion, after

mass renormalization, is t.o multiply the self energy insert.ions on external lines :)y a

factor 1/2. This is due to a canceUat.ion between the \Vave funct.ion renormalization

constants occurring in v~rt.ex and self-energy connt.ert.erms, Or equivalent.1y, t.he

effect is not to include the insertions at. aU, but. multiply the Feynman amplit.ude by

a factor Z;1/2 for each ext.ernal line \Vit.h wave function renormalizat.ion constant Z;,

One must adopt this scheme in calculating physical cross sect.ions in order t.o
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• "ail ''l'I thl' illfrafl·d di\'l'rgl'II"I' arisilll; frolIl soft gluonÏ<" brclIlsst.rahlung. As a rcsult .

WI' fl'IIIlrlIlalizc l'xtcrna! lincs on slll'Il ill ail "ross scelion (·akulations. I\lass rc"nor-

lIIalization is only fl-!!'vant. 1.0 IlPavy quarks. and w!' usC" thC" on-shdl SdlC"lIlC" \\'hC"n

consil!<-ring IlPavy quark production iu Chaptc"r 5.

ln th!' lIlassl!'ss casl'. wavC" fuuct.iou rC"uorlIlalizat.iou is particlllarly simpIC". siucC"

t.h!' sl'lf C"Ul-rgy insC"rt.ious on (-xt-l'rnallinC"s \'anish in DREG and DRED. This cau be

sl'c"n on c1ilIlC"nsional grollnds. ThC" sC"lf-C"uC"rgy iusC"rt.ion is proportional t.o

(2.69)

•

whC"re IJ is the momentum of the external particle, F is sorne function and k de-

not.es the loop-Ievd al. which wc are working. The integral must have dimensions

(nH\Ss)-2k<, since t.b!' corrC"ctions have the samc" dimensions as the Born term. but

since p2 = 0, wc cannot. form a scalar with dimensions of mass: hence the insertion

vanishes.

Since the self energy necessarily has a UV divergence, we may conclude that there

has been an {'."{act cancellation between UV and IR divergences resulting from the

continuatiou ê =ê' discussed in Sect. 2.2.2. Alternatively, since we cannot form any

scalars with dimensions of mass. all integrals reduce 1.0 the form (2.3;) \Vith C = 0,

which was shown 1.0 vanish using dimensional continuation.

AlS (Universal) Subtrnction for Parton Distributions and Fragmentation Functions

This is the equivalent of the MS scheme as applied 1.0 the renormalization of the

parton distributions and fragmentation functions (throughout, unless a distinction is

made, by parton distributions we mean both parton distributions and fragmentation

functions).

Wc must deline the factor c. occurring in (2.66). (2.6;) to define our subtraction
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• Sc1l('Illl' (a..< nsna!. ""P do not ('llllsi,lPr any 0(.'") ("{lIltrihntions to p') as this wonld not

b(' MS), Th(' appropriat(' \"aln(' is (at on,'-loop)"1

(:!,711)

•

wh"r(' th(' t('nns of 0(.'") do not contribntp in t.hl' lilllit. .'" ~ Il and an' droppl"!. In

addition. th('r(' is a factor (Jl2/Mj)' whic11 introdnCl's th" f,lct orization sca\''. M" in

th(' cro&.< s('ction,

Some explanation of t.his additional fm't.or is in ordC'r, If Wl' do nut. il\('\nd,'

the fact.or (J,L2 /M])'. then in the cross sect.ion. t.he collinear di\"l'rgl'nCl' will appear

with a fact.or (JI.2 / k2)' rclath'e t.o t.he fact.orizat.ion ('OImtert.,'rm. whl'\,(, k2 is SOlll('

momentum squared (Le. s). This is because t.here is au ('xt.ra !/2 ,1.2' fador in t.he

bremsstrahlung cross sect.ion rclati\"C t.o the Born cross section. bnt. t.hl' dil1l,'nsions

must be the same. HenC'C t.he final finite r('snlt will cont.ain t.he logarit.hm. In(e /11.2).

Since in dimensional methods. wc only n('ed to int.roduce t.he paramet,er l'. there is

no distinction between energy scales. J,L. which are rclated 1.0 UV renorlllalizat.ion and

those related to renonualization of the mass singularit.ies. If wc now indnde t.he fact.or

(J,L2/M]) in c" then the finite cross section will cont,ùn the logarit.hm. In(k2/Alj),

instead. So wc simply make a distinction between t.he UV renormalization scalc. l'..

and the mass singularity renormalization scale M" In our calcnlat.ions, wc always

take J,L = M,. hence the l'l'suit coincides with the usnal MS result.

When combined with the evolution of the parton dist.ributions (which are func­

tions of j\lI,), the sensitivity to scale changes in the parton distribut.ions is reduced

due to the tenus ~ In(k2/MJ) in the cross section. A similar statement holds for

the coupling, since coupling renonualization introduces terms - In(k2/it2 ). The cvo-

lution (renonualization group) equations for the parton distributions and coupIing
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• const HUf. will hp v,i\'f'I1 in t Il(' tU'Xt. spct.iou .

2.3.2 Renorrna1ization Group/Evolution Equations

III tlll' prpvions sp('tioll. wp saw thal <1iffpr<'lIt snhtraetioll Sc!lPIllPS Illay hl' acioptpd

(i.p. jv(S or i\-(5). Thpsp will ill gellPr;ù l"a<1 to dilf"relll ana1ytica1 results for lhe

cross s(~·tion. Bu t. pllysieal pr<'dklions ..-hou1d b" unique 10 any giwn arder. As a

resnlt.. then' Illust he some additional scheIlle d"pendence of the physkal parameters

tu compensate. Firsl.. we discnss the renormalization group equation for t.he coupling

const.ant. then we exaIlline t.he evolution of the parton dist.ribut.ions, as well as t.he

choice of scale ambiguity relevant. 1.0 both.

COlllJ1ing Constant Renonnalization Group Equation

In order that two r"normalization schemes be equivalent, we should be able t.o get.

the result. of one scheme by making finit.e renonualizat.ions of t.he physical paramet.ers

(i.e. {'oupling) in t.he ot.her. Hence. different. regularizat.ion schemes (i.e. DRED and

DREG) should be equivalent. t.o different. subt.raction schemes. Thus, working al. any

arder in ct.. al. some energy scale, 112, one may choose suitable parameters in either

schellle sa as to reproduce l'l'periment.

As one goes to another energy scale, 1).12. the physical parameters in each scheme

lIlust. change in such a \Vay t.hat differences in physical predictions betwe"n any two

schemps are higher arder in ct,.

Before determining the evolution of the coupling with 112, \ve note that sinee Il is

arbit.rary. t.he physical results should not depend on il.:

(2.ïl)

•
where G~«p. g. 111.) is t.he unrenormalized truneatcd, eonnected, n-point Greens func­

tion and p represents the externalmomenta. In the MS (or MS) scheme, this leads to
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• a TC'tlormalization group r'qnat.ioll kuo\\"tl <1:-' tht\ tïlnojt-ll't';"hl'IY l'qulJlinH,"I!I.!'".:.! \YP

arhitrar~' l'. 110)'

0".,d == Il iJ' 1.,.111 'Il '

Then. in the MS (1\IS) ~eheIlle. we ean ~how that

)
:\ " .. Il .,dA"

1'1(g == -j'1o!r - dlg'> - ,d~!j' + C)(!!') = !'--/-' .
1 !l

where

Z A. B'I=1+-' +-' + ...9 ')
€ Ë"

( ., -")_. ,-

(" -'.1)_.1.

(.) -1)_.j'

noting that tenns of Ole) in A. do not affect. 1'1(!!). ~inc(' WI' take e ~ 0 aftel"

renormalization. Z. ma)' be deterIllined llsing

for instance (see (2.61)). Il. can be shown that. {'Jo and 131 are scheIlle indl'pl'Ill1t·nt.

and that

{'Jo
1 lINe - 2Nf-

(471')2 3

{'JI 1 [ 38] (2.;6)- (471')4 102 - -SNf .

The solution of the renormalizatioll group equation for 0'. at. one-Ioop is

(2.;;)

•
which relates O.(JL2) 1.0 o.(p.ij), where Ilij is sorne arbitrary scale. Wc sec that as

JL2 ~ 00, o ...... O. This is kllown as asymptotic frcedom and holds for Nf ::; 16. Wc

are far below this Iimit al. present energil:s (Nf::; 6) .
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• \\,,, "an pnl. (2.il) in a lIlor" ns"fnl forlll hy nolin~ thm tlwrp pxists l'z such that

(2.78)

t111'n

., 1
n,(J,-) = i 1 "f ., (2.79)

. 4"10 n(JI" A-)

and \\'p spp pxplidtly t.hat. n,(AZ) = co and pert.urbntiw QCD fails for Q2 :::: AZ•

So no\\". inst.ead of having to define sollle arbitrary scale. 1'0 at. whkh t.o det.ermine

n,(J'5) and t.hen evolving to 1,2 via (2.77). we simply determine. experimentally.

t.he quantity i\ at any energy. The assmnpt.ion being that A is independent of Po.

since 1'0 is arbitrary, while i\ is in some sense a physical obsen-able. By comparing

predictions, like the cross section for e+e- - 3 jets di\'ided by e+e- - 2 jets at some

1'5 = s. with exp('riment. w(' may d('termin(' Ct.,(pij) so as to agree with experiment.

then obtain A using (2.78).

The act.ual value of i\ (or Ct,) determined will depend on the subtraction (or regll-

larization) scheme since. beyond leading order, predictions carry scheme dependence

in gen('ra1. which is 1.0 be rellected in different \-alues of A. In addition, the renormal-

ization group equat.ion for Ct, changes beyond leading order. Keeping ne:l(t-to-Ieading

logarithms in the solution of the renormaiization group equat.ion leads 1.0

(2.80)

(2.81)

•

where. now

\
_ -1/(21309.) (1 + (3192f (30) PI /(2J3g)

1 =l,De", • •
1J09-

Exp('rimentaily. using the MS scheme. one finds A ::::: 0.2 GeV. which is in the

neighborhood of the lightest hadrons (i.e. pions) masses.
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• lt ('an h(' ~howll that Wht'll ('alct1la1ill~ ("ro~:-, ~t\l·tiot1:-; at t1l(' n-loop ll'\'p1. om' t1mst

ns!' Il + 1-1001' !,yolntioul'll'tations 10 gl't physical l'n,dictions which an' "'\\l'nl<' iud,'-

pendent ta 11-1001' onkr in 0,,: this lIl,'ans that ,lilf,'n'm'l's in lll,,'dictions of dill"'I'l'ut

schellles ar!' an onkr high"r in Il,,

Epo[u/';01/ of /.h(' Pm'/'rl1l Dis/n'bu/.IOUS

ln th!' parton 1Il0<\!'\. thl' <'\'olntion of Ill<' p.utou dislrihntions is d<'t<'rllliu,'d

via t.he Alt.ar!'lli-Parisi split.t.ing fnlll'lious, ':t P,,;(.I'). l'l'lat "li to th" pmhahility of

part.on j split.t.ing into part.on i. Imying a fraction,l' of parton j's lIlonl<'ntlltll. ami an

arbit,rary set. of collinear partons (d!'pending on tlll' onl<'l") carrying th<' n'lIlaill<\<'r of

t.he moment.um.

\Ve l'an makI' this clearer by considl'ring th!' 2 ~ Il pro,'",,~ (ail part.i<-\<'S lIla."~l,,,,"~)

(') ~'))_.'--

Let the angle between k l and Po he denot.ed hy li. Then in t.h,' litnit (} ::::: n. \V<' ha\"('

(al. onc-Ioop)

IMIL,,(lIb ~ CI"'C,,) ~ LP.I.. (:)IMI~ __"_I(d[1 ~ 1'2'''(',,),

"
where Il --> d + Cl and

(2.sa)

•

with analogous relations for the polarized case~. This is (Ioosely speaking) t.he original

method used by Altarelli and Parisi t.o define the split. funct.ions. The import.ant. point.

is that whenever Pii arises in this way, either i is l'cal and j is virtnal or j is l'l'al and

i is virtual; there are no processes a --> b+ l' where ail three part.icles are massless

and real.
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• III t!1l' OjH'r;ltO!" proc!lwt flxJm!l:-,iotl. om' clptPrlllitlPS dir('ctl.\" tilt, allomalolls cli-

1IJf'IISiOIl III;:1 t rix

[
_'/'/ _'N]

a'l _ ,'rI ,'"

,',i - -,Y'1 -,~19
,t. ."

iJZ" -1 [
....:/1 == "-iJ Zr! '1.11"

l' .

- i) _1,I,/,.,."-lp..(,.)
:" - • • 'J"

o

(2.85 )

(2.86)

(') ~-)_.<",; 1

1-Il'1I('l'. olll' muid eOll('''i\"ahly imwt. th" i:! to d"t."rmill" th" Pi) \"ia th" inwrs" l\-!"l1in

trallsform

rHi"'" du ..
P· .(.,.) - -'r-"-')

'J'- - J-. ,)._. fn'
l'-Irx. _1 Il

(2.88)

whl'rl' ft is a cOII\·"niPllt.ly dlOS"1I arbitr;lry constant. Th" sch"m" d"p"nd"nC<' (at

two loops) of th!' Pij arises. in this approach. from the scheme dependenCt' of the

anomalons dimensions. Alt,,,rnatiwly. one may work dir<'Ctly with the parton model

"xpression (2.66) t.o determine the Pi) 1.0 the d"sired order in o. by demanding the

cancl'1l:üion of t.h" mass singlllariti<'S in Ul" cross sections.

At th" olll'-Ioop 1,,\·1'1. t.Jl" longitlldinally polarized split fllnctiolls

(2.89)

wit.h +. - d"lIot.ing h"licit.il's. are gin'Il by

.lPqq(=) =

.lPqq(=) =

.lPqq(=) -

.lPqq(=) -•

CF [(: ~ :;+ + ~(5(1- =)] =CF [(1':=)+ -1- =+ ~6(l- =1),
=- 1/2. (2.90)

CF(2 - =).

• [ 4 (1 1) (1- =]3 (11 NI) ],\', (1 + =) : + _ - _ + - - -;T 6(1 - =)
_ (1 - _)+ _ 6 31\c
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• 'Y [1 ] liS,. - :,Sr= :.... +1-:': + . ,'(1··:).
(1-:), l>

Th~ function 1/( 1 - /l') .• j" ,ktint'<i Ihrou~h

11 ((11') l' ftll')-((l)
dll" ) = dll" . +fll)!n(I-II'I).

"'\ (1 - II' + "'\ (1 - '1')

HPfC' \\"(' gi;:<, tht' othpr cOIllmunly u:'t'd "+" [ullet iOIl.

11 l/ln(l-I!')) l' In(I-II') (\1) "du,!( 11') . = dll'[J( I!') - 1(1)] + -'-- Inor 1- /1'1 ).
"'\ (1 - I!') + ,,'\ (1 - 11') :.

for la(.('l' \Ise. \\'e note that

\:'.!l:!)

(:!.!1:1)

representing the faet. t.hat wh,'n a gluon split.s into il '1t/ pair. th,' '1 and '1 ha\'<' opposi!.t'

helicities. :\Iso. ~Pqq(:) > O. lIleaning tll1tt plllal'i~~d quarks !.t'II<! tll product' glnons

polarized in t.he saIllC direction.

Analogo\1sly. wc lllay dl'!iue t.he trans\'t'rsit.y split.ting fnudion

•

which. al. on<'-Ioop. is giveu by"'1

Noting that Pqq(z) = ~Pqq(z) aud that

wc>;ec cxplicitly from (2.90) and (2.95) th:.>t
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• JlW:! Il iIl!!, thal t r;l JlS \'Pl"si t~· ('a Il dmJl:';C' as a rl'S Il1t of <'olli Ilf'ar gluon radia 1.1011 (hanl.

iu partidullr). lIulik.· ni '1' (~) = () th" \ougilu,liuIII "i\~". 50. iu thi~ ~l'U~". th..r.. i~

110 allfllo~~' hf't,\\'(,f'Il trfllls\"('rsity ;111<1 lH'iidt.y of WHsslf'SS quarks.

IIm'iu1\ ol,taill<'d thl' ~plit. flllH'Iiou~. to thl' dl'~ir..d o['[!Pr (~O far oul~' ou..-Joop

poiarizl'd ~plil fuu('tiou~ 'Ul' kuo"'"). W{' {'\·ol\·.. th.. partou dl'u~iti ..~ to auy ~('al... Q2.

lI~iug III<' Gril,ov-Lipat()\'-Altan'lIi-Pari~i (GLAP) ..quations',',·5:1

(L~J", (;,.. (22)
d(ln Q2)

d6..J",.(.'" (t)
d(ln (P)

d6..f,,(;r. (22)
d(ln Q2)

Notl' t.hat. ~in('l' (2.66) and (2.6i) ha\'(' thl' sallll' form. thl' evolution l'qaations for thl'

fragml'nt.at.ion functions arl' thl' sallll' as thosl' for thl' parton dl'nsitil's. with J -' V

For the transvl'~ity densitil'S. the e\'olution is giwn by

(2.99)

•

In Appelldix A. \\'l' nse the GLAP equations directly to get Q2-dependent pararn-

derizations for the polarized partoll distributions in the proton.

Tht'Se equations have a simple physical interpretation: (i) a quark may split into

a collinear quark or gluon (and an arbitrary number of collinear partons. depending

on th.. order). which contributes to bath the evolntion of the quark and gluon distri-

but.ions; (ii) a glnon may split. into a collinear gluon. contributing to the evolution of

the gluon di:;tribnt.ion: (iii) a gluon may split into a quark-antiquark pair. contribut-
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•

ing t.o t.ht' l'\"l,!ution of thl' ~l'a quark di~1rihution~. ;--,otl' that al 1hl' lwo-l",,\, ''',-l'! .

tht' ~\,lit. funl"t.ion P.,., apl)(';ll"~.

At. fi~t. ~ighl. il ~"l'llI~ lik,' a ~lril't1y addit i,-,' pnl('I'~~: thl' di~lrihul i"n~ n'l'I'i,'"

l"onlribut.ion~ from r;lllialiou of hardl'r (mon' 1'I1l'rg,'1 Îl') \,artllu~. illl'l'l'a~illg lh,' llIag­

nit.udt' of thl' di~tribulion~ al ~mall .r. Soml'1lOw. lh.' lli~trihutiou~ ~hlluld dl'lT"''''''

al. largt' .r. dut' 1.0 th.. ~oftt'ning of th.. parton~ whidl rallia!.,'. Thi" i" tak,'n iUt.ll

aCl'ount by th.. t..rm~ ~ 1/(1 - 11')+. From (Z.91) Wl' ""l' that \.h.,,,,, will yil'Id a

tenu ~ ~F(;l') lu(l - x). Sinet'.r < 1. the l"ontributillli ha,; oppo,;it., ,;ign 1.0 ~F(.r),

representing a softl'llÎng of l,he dist.rihution al. ;r. wit.h inl'rt'asing l'lIl'rgy ';l'all'. Q~.

Choice of Scall' Ambigllity

vVe haye explidtly shown the depellllenc.. of th.. phy,;il"al paramet..~ (l'oupling and

structure functious) on the arhitrary scal.. Il (or Mf). Prt'sllllll'll\y. t.hi~ c1"1"'1Il1l'nl""

should be l'ancel\ed hy the t'xplicit dependenCt' of the renonnalized l"rn,,~ ~t'l'tion (or

Feynman amplitude) on Il.. Workiug to any fiuite ortler t.hough. thl' ehoÎl'" of Ill!lll'';

indeed affect the predict.ions. rather sensitively at. leading or ewn Ill'xt.-t.o-Il'a,ling

order in QCD. Heuce, working to finite order. there must. hl' 801lll' limitations on t.he

choice of Il..

Implicitly there are limit.at.ions. In t.he previous sedi'm, we pointed ont thal

t.he MS (or MS) scheme iutroduces tenns ~ !n(k~/lt2 ) (whl're k~ is some molllt'n­

t.um scale occurring in the cross section) int.o thl' cross seclioll. The limitat.ioll on

IL is the following. From the beginning, in applying perturhation theory to generate

the Feynman rules, we assumed a (reasonably) convergeut perturbation series. In

order to ensure this, we must choose /1-2 of the same order as k2, Le. a typica! mo­

mentum transfer squared, SI) as not, to develop large 10garithms which will min the

perturbation expansion.
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• TI", otj",r IOl\aritltllts ",hi"'l O(Tur ar" ~ 11I(/,2/A2) ill "..(/,2). Sill('" 1,2::::: 11:-21and

sillC'f' fl.. IH'("OIIIf'S largp for Il'!. :::::: A?. \\"P S('f' that tlH' o\OpraIl eonst.raint. on Il'2, k2

(2.100)

lIla.\' 1", appii"d ill ord"r to "nsur" a (r"a.sollahly) re!iabk' !JPrturhlllion series. \Ve

aln'ady aSSIlIlH'" that.

(2.101)

•

in onl<'r ta us" th" partoll lllod"l. and heIJ('e the Altarelli-Parisi eqnations. As IJoted

earliN. we always take l' = MI in our calcu!ations.
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Chapter 3

Large-PT Direct Photon
Production

Direct photon production in unpolarizcd proton-proton collisions has hc,'n a major

toolnot only in testing pcrturbati\"C QCD. but. in constraining tlll' gluon dist.rilmt.ioll. r.I;

This is because processes such as deep inc1ast.ic scattering are rath,'r insl'nsitiVl' to

the gluon dist.ribution in a direct. sensc (since il. arises only in ll<'l't-to-leading ord"r).

while being rather sensitive to the quark dist.ributions (va!l'nec in pal'tkular). On

the other hand. direct photon production in p-p collisions has approl'imat.<'Iy Iilll'ar

sensitivit.y to the gluon distribution al. leadillg order.

The EMC li (and now the SMC20 and E142 21 ) l'l'periment h;L~ raised qlll'St.ions

about the longitudinal spin dependence of the parton distributions. The EMC group

concluded that. in the naive parton model. the net contribntion of the qnarks' spin lo

that of the proton was consistent with zero (with lhe new data, the quarks mnlribute

more, but still rather little, as discussed in Sect. 2.1.1). This wonld imp\y that either

a large part of the proton's spin comes from the angular momentum of the partons or

that there is a sizable contribution from the gluon spin (or both of lhese combined).

The essential question. therefore, is the size of the polarized gluon distribution, fig,

as determined using the perturbative QCD approach. 57•58
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• ,\ 11I1I1I\H'r O[ po\arizl'd ",·,,("tiolls dOlllill"ll'd b:, SUbPIOI"'''l's with p;luons in th<,

_(0)-0 _

" 1'_ (2(2X. r.~ PJI ~1 X. r.-\

•

wh..n' tI,,· arrows abO\'" th<, partiel..s inllicatl' longitudinal polarization and X rep-

Il,,,..nts an arbitrary s<'t of final statl' partiell's. Thl'sl' proCl'SSl'S W('le prl'\'iously cal-

('l1latl',1 only to I<'a,ling un!l'r. \Vl' pr('Sl'nt tlJ(' first cOInpll'tl' calculat.ion 65 of highl'r

urdl'r eorrl'et.ions. t.o (1(00;). with ana!ytical rl'sults for .4Ë~ l-X and numerical

n·snlt.s for pp~ ,X (nl1lch of t.he non-Abelian correct.ion.." follm\' from those in Ref.

(38)). Soon aft,er. an independent. calculat.ion was pnblished. 66 These represent the

first. ever non17111ial HOC in pp collisions.

The HOC arc import.ant sincc t.hey arc comparable in magnit.ude t.o t.he leading

order resnll.$. Large correct.ions of opposit.e sign would lead to small cross sections

and t.his would differ from t,he I1npolariz('(1 case (large. positive HOC). 6••68 This would

not. bl' good since a pert.urbativc1y stable asymmetry is needed 1.0 determine reliably

the ratio of the polarized 1.0 the unpolarized gluon distributions. Also, HOC reduce

t.1ll' sensit.ivit.y t.o the arbitrary n1<\.."S scales IL. Af,. discussed in Sect. 2.3.

RHIC is t.he Ideal collider for studying this process and the RHIC Spin Collaboration23

ha.." bem fonned with t.he intent of studying polarized processes there. Direct pho­

ton produet.ion will be studi('(1 in t.he energy range 100 :5 ..;s :5 500 GeV in the first

l'xperiments schedul('(1 for 1999 or 2000. The experimental details are given in Sect.

1.3.
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Figure 3.1: Feynman diagrallls for the glnon-quark suhl'ro,·,'''s. (a) iÎIi- :'1 (h) iÎ(j­
,qg. Dashed lines represent gluons.

3.1 Basic Subprocesses and Squared Amplitudes

We may write the general process as fo11ows

(3.1 )

•

where '\A. '\8 indicat.e the helicities (act.ua11y chiralit.ics) of A, B.

In large-PT direct. photon production, t.he photon is produced al. large t.ransvl'l"S1'

momentum (PT) \Vith respect to the beam a.,is. and il. is produCl'd via QCD hard

scattering at the subprocess level (Le. not via secondary decays). Hence, we lUust

determine the squared amplitudes for a11 the contributing snbprocesses.

We group the subprocesses according to the fo11owing subsets:

(i) gti-,q (Fig. 3.1a), g(j-,qg (Fig. 3.1b). This is the domiruml subprocc:<s.

(ii) tiij- ,g (Fig. 3.2a), (jij- ,99 (Fig. 3.2b), (jij- ,1J'ï (Fig. 3.2c). The q, if
annihilate in tbis subset.

(iii) gg- -yqij (Fig. 3.3a).

(iv) 'Q'Q- -yqq (Fig. 3.3b) (or 'Qij- 7q'ï \Vith 'Q, ij not annihilating).

Wc make the important note that each subset is separately gallge imllLrillnl. AIso,

the gg and titi subprocesses give little contribution (except in certain kinernatic
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Fil!,lIl"(' :3.2: F"Ylllllall diagrallls for th~ 'lllark-anti'lllark sllhs~t \VhNr thr <i. ~ allnihilat~.

(a) 'i;i- "/.'1. (,,) 'iij- '.'I!I. (c) 'iij- ''1'Ï. Dott,,<! lill~s r~prrs~nt ghosts.

i

, "

Figur~ 3.3: FrYllluan diagrams for (a) thr glnon-gluon subproecss: !ig- ,q'Ï (b) the
quark-quark subproress: ïiïi- ,'1'1 (or the subset, <i~- ,'Iii \Vith q. ~ not annihilating).

rcgions wherl' qq givl's SOl1ll' cOlltribution) sinee they have 110 loop graphs (a11ù

hl'ncl' no soft. divergenCl's) which, together with the relateù soft and collinear gluon

bremsstrahlllng e011tributions, giVl' rise t.o a domi11ant part. G8 The qij subproeess also

contriblltes little. in pp collisio11S. ùue 1.0 the smallncss of the polarized a11tiquark

dist.ribut.ions in t.he proton.

(3.2)

•

where IMj2('\I'\2) denotes the squared amplitude for the subproecss where Pl, P2

ha\'l' hl'lidtil'S '\1. '\2 rl'spcet.ively. We have. as usual. summed over colors and final

hl'licities and aVl'raged over initial colors. This is the quantity of interest for use in

the parton mode!.
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The: c:akulatioll i~ ~ollle:\\'hat ~illlplili<,.l hy lIotin!~ lhal th., t'nlin' ",'1 (ii) ftllltl\\"~

is b('c(\us(' ht.'lidty <:Ol1~pr\"at hm of llla:->s1t'ss ft'f11tÏtllIS i111lllil's

;\[(+.+) = 0

for t.he:se: graphs. Th<' salll" appli,'~ 10 Ih., iul,·rf<'r<'II"., 1\1't.\\"('<,u ~raph~ ii(t") and

(iv) for t.h\' quark-anl.iquark ("<18('. The: t.wo qllark lin,'s ill (h') al"<' t'olln<'("\"ti in t.h.,

int.erf\'r\'nce: so t.ilat.

~IMI~'i = -IMI~'i

for t.hes\' sets of graphs. We note here t.hat. (3.3) is not. ~at.isli(,t1 ill t.h.' HV13l\! ~dl('nH'

to 0(07) (or 0(1) aft.er pha.<;c spacc int.egrat.ions). He:Il('(' t.ht' aul.hors of R.'r. GG (who

USe the HVBM scheme) \Vere forced t.o int.roduc<, a Il('W ~ulll.rat't.ion ~dll'm'" whidl

they caU MSp • in order t.o satisfy (3.3) and in ortler t.o agn't' \Vit.h "arions I"<'sn!ts from

the operator product expansion, relevant. to dc<,p-inelastk scal.t.t'l'ing.

In 4 dimensions, the squared mat.rix e\elllent.s of t.he 2 - 3 part.ide snhprot'.'l's,'s

can be writ.ten in a compact product form fi!l. 70 involving only 2 fal'l.ors. In t.llt'

Iimit where one of the out.going phot.ons or gluons is soft., \Ve: oht.ain al! t'xpn'S.<;ion

proportional to t.he remaining 2 - 2 squared amplit.ude.

For 9 (pil q(P2) -,(P3)Q(P4)g(PS) (subset i(b)), we lind (\Vit.h (ij) == JI; 'lJj)

e2e2y4 C
- q25 ;:. {3[(12) - (25W(15)(24) - 3[(45) - (14W(15)(24)

2[(12) - (25W(24) + 2[(45) - (14)]3(24)

2[(45) - (14)](24)3 + 2[(12) - (25)](24)3 + (12)(14)3 - (12)3(14)

+ (45)(25)3 - (45)3(25)

1
+ [(45) - (14)J3[(12) - (25)J - [(45) - (14)][(12) - (25W} (12)(45)(14)(25)

6i



• {
(2'1) y2(12)(4:;) + (1·1)(2:;) (Z·l) }

x (2:1)(.1:3) - . , (1:;)(Z.I) (Z:3)('13)'
(.'3.5)

~IMI2 = '.::.~;:!,., Cd(JZ)3(4:;) + (IZ)(4:;):I;- (14)"(15) + (14)(1:;)3 + (Z4):I(Z0)

+ (Z.I)(Z:;):I - [(14) + (Z.I)]"[(1:;) + (Z:;)] - [(10: + (Z0)]"[(14) + (Z4)])

x { (4.j! _ N;(l4)(2.j~ + (!.';)(24) . (45l } /(14)(10)(24)(25). (3.6)
(4:3)(:)3) (12)(4.)) (43)(:)3)

~IMI2 _ c2 y4 CF. {(12f + (45? - (15)2 - (24f
24 N, (14)(25)

\ [(12? + (45)2 - (14)2 - (25? 1 (14)(25) + (15)(24) - (12)(45)
+ ("II (15)(24) +:3 (14)(25)(15)(24)

[ .) 2 .• 21]} {2 (14) 2 (Z5)
X (1_) + (4:» c"(13)(43) + Cp (23)(53)

[
(12) (45) (15) (24) 1}

- c"cjl (13)(23) + (43)(53) - (13)(53) - (23)(43) . (3.i)

This form is quite compact and useful in Monte Carlo calculations. for instance. As

weil. il. serves as a good check of the squared amplitudes.

3.2 General Formalism and Kinematics

Firstly. wc delille the observables

S=(PA+PBf. 2PT
XT=-

.,fS
(3.8)

•

where 93 is the angle between P3 and PA in the P,to PB c.m..

For a gellera! subproccss (with respect 1.0 the intia! particles) contribution
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• WC' may dC'fillC' thC' ill\,\ri"llt~

t
1'=1+­

.<

Also 1l0t.C'

Il
Il' = --­...: + 1

1=-.«1-1'),

For t.hC' gC'llC'ral proces.~ Â + B~ " + X. Wl' an' illt,('n'~l<'d ill tlll' illdll~Ï\'l' ('ro~~

section

du 1 { du . da }
EÙ-d3 (S.PT.11)=-? E-

1
" (.-!(+)B(+)~'I.\)-E-l"(..I(+)B(-)-).\') .P _ ("p ('1'

(3.12)

where the + and - dC'note helicit.ies. and l' == 1':<, E == E". For A = B (L.'. 1'1'

collisions). 0'(11) = 0'( -11) due 1.0 symmet.ry.

Since E/d3p is a Lorentz invariant., the contribntion of (3.9) i~. al'conlinJJ; t.o (I.IG).

The 9(s + t + 11) and (11 ..... -11) arise since we are 1l0W fixing p".

We do not consider any fini te fragmentation contributions, 'D1/kl=). ot.lter titan

from

(3.1.1)

•

Since the fragmentation function 'D1 / Q(z) is 0(0<) and is convoluted with Born cross

sections of 0(0;). the fragmentation contribution can he viewed as a higher order

effect (0(0;0)). Since these fragmentation funct.ions arc not weil known at. this time,

we reserve i,heir inclusion for a future work. The 'D1 / Q are found 1.0 depend radically
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• (HI Il,,, dllli('" of factorization sd'''IIl'' l'''....ond l<'a(lin~ or<!er. 7' and tlwr(' arp unk:lOwu

hadronic ('OU'IHJI\pnts, Also. al largp ;r"[" \"ahws. Ihp contributions wi1l1w small. dll(,

10 thp SOf!.IIl''''''''' of th" "D',j.,(:).

H"Ill'" (3.13) n'du('""" 10

da
E~­

IPp
~ l'd:l"a l"b", ., "= L- -.- -.-~F.,j,,\(;ra'J[j)~F"jB(;rl,. .Ujl
fil, 0 .la 0 .11,

diJ(Jb .
X E~-l'O(S + t + Il) + (1 - (\,:,) (A ~ B. '1 ~ -1/).

1 "p

(3.15)

Using t,Il(' rd,üion. for au arbitrary functiou G.

l
"l:r"lld:r·bG(x".;r,,) ( 1 1'" 11

- - 0 0 .. +1+11)=4 dl,v(I-l') dWIL'G(l'.w).
o ;1:" 0 ;l"b $" li PT t'l Il'I

wc obtaiu

(3.16)

E6. da _
IPp

X (3.1i)

\Vith

'''T c~ XT e-'I XT e~ XT XT '1
Xa = --. x" = ---. 11'1 = --. (II = -e~. (10 = 1 - -e-2 (l'lU 2 1 - (1 . 2 II 2 • 2'

Momcnt.ulll conservation leads to the constraints

(3.18)

1
.rT.nmx = --.

c08h '1

for fixed 1/. a'T rcspect.ively.

-1 ( 1 ) ( 1 l!r01Jm",,=cosh - =In -+ -0 -1.
XT XT xi'

(3.19)

•
The sllbproccss cross section is given by

d- d-s d- HO
E~~ = E6. a.b + E~ a.b

cf3p cf3p cf3p

iO

(3.20)
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•

by (ill Il diIl1":l~ioll~)

\\"h"r" (r~b·t is thl' fa('torizatioll ('(Hl1Il"rl·prm ari~illl!, from 1111' n'lIorinalizatioll of llu'

appropriat(' strnl'tur(' fUlletiolls. (r~;.\' i~ llll' ('oullll'rlprm ari~illl!, l'rom ('ouplilll!, ('011-

stant. rl'normaliz,üion. and tT~/, is 1.11l' lInn'1l0l1llaliz('d hi!!,h"r onll'r ('orrt'('t.ioll. whidl

is t.he SUIll of the br"msstrahlung and \'irtllal (if pn'sl'nt) ("(mtrihuti()lIs

/ -0 /-1' /-11.
Ei:;. (<T,,/. = Ei:;. (<T,,/, + Ej. (<T"b •

d"-ll' d,,-II' d,,-II'

For &~b and &~b' \VI' lIlay US(' t.11l' 2 ~ 2 partide phas,,-spacp !!,iw'n hy Eq. 13.18.

For &~b' wc use t.he 2 -~ 3 partkle phasl'-spaœ (13.17). whidl is l'xplidtly dl'riVl'd in

Appendix B.1.

In order t.o carry out. t.he various brems.~trahlllng intl'grals eIlCOllU1.l'n·,1. w" must.

l'l'duce t.he complicat.ed rat.ios of product.s of dot.-prodllds arising from t.hl' t.ra'·ps

into a minimal form. suitable for int.egratioll. Basically. one nel'ds t.o l'Xprl'SS t.llt'

dot-products in the numerators in t.enns of those llccurring in t.11l' denominat.Ol's (i.e.

propagators). This is made syst.ematically possible by t.h,' complet.. spt. of n'<ludion

formulas given in Appendix B.3 in the form of a theorcm. \Vhen combillPd wit.h

standard partial fractioning, wc may l'l'duce ail tcnns arising from t.he t.races int.o an

integrable form. which we then use to obtain &~b-

The l'valuation of the loop integrals is straightfonvard, illvolving weil knowlI nH~'iS-

less tensor integrals only. Having obtaincd &~b and &~b' using the reglliarizatioll

procedures described in the next section, there are still non-cancelling UV and mas.~

singularities in the sum (3.22). The renormalizatioD procedure require<1 to remove

these singularities is described in the next section as weil.
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• 3.3 Regularization and Renormalization Proce­
dures

lu t lib :-:,,("tiotl. WP dp:·wrilw OUf rC'.!!,ltlarizatioll él1Hl rf'llortllalizatioll I>rn('('clur('~. In

partklliar. \\'1' :-;how 11u' origill of rr~'i;l atHi iTf~;'\· ()(Turillg in (3.2i). \\"l' ill~o ~ho\\" how

\YI' lI~P dillll'n~il)nai n'glllarization with an anticollllllllting ," (Sl'ct. 2.2.2). in

gpllI'ral. \\'ith :\15 ~lIbtraction. For SlIbSl'ts (i). (ii) and (iii) thl' traclOS contain T\\"O

"", lIlatril·ps. For ïiq~ ',q'l (or. 1Il0rl' gl'nl'rall". thl' subsl't (h·)). SOIlll' traces iU\'olw

onI" onl' Î!; ~illt·l' thl'Y contain ouI" OUl' hl'1kit" prokction opl'rator. Hl'ucl'. Wl' use

dillll'n~ionai rl'dlll"tion (DRED) for This slIbsl't of graphs.

Thl'rl' arl' two typl'S of rl'uorrnalization couutert'?rms that must be added. \\'l'

IIII'St add hoth coupliug COUStant amI structure function renormalization couuter-

tl'nns (the ou-sh'?li wa\"l' functiou renormalizatious are t.ri\·ial as discussed iu Sect.

2.3.1. dul' to nHls.~ll'ssness of ail thl' partidl's).

First.ly. Il't. us cousidl'r thl' coupling coustant rl'nortualization. The couutl:'rtl'rms

arisl' from l'l'pressing thl' ullrl'normalizl'd strong coupliug g. appearing in the bare

Born tl'TllI. û~t in t.l'rtUS of the rl'normalized coupliug gr' They are related Yia (see

also Eq. 2.58)

(3.23)

•

whl'Tl' Z" is thl' l'oupliug rl'normalization constant detern'inl'd in the l'oIS scheIDe. Il

is gi\"l'n hy

(3.24)
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•
parton distributions alld th" fl"<lgm"lIt<ltioll flll\l"tiollS, I\ 1" Th,' rt'Ilorma!izatioll

of tht' parton ,!istributious is ]H'rfOrIlI"d b~' "X]lI"':'Sillg th" U!lt"t'lIorIu<lliZt'd p<lr\ou

distribmions olTurring iu th" Born tl'rmof \:\.1:\) ill tt'rulS of thl' t"t'uorIn<lliz,'d olU':'.

l;sing (2.66), \yith tht' ~IS dl'finition for (', gin'n h~' (2.•0). \n' gt'u"ratl' all th"

counterterllls necessary to cancd the mass singularitil's arising fWIll "onlignrations

\\"ht're an unohs"r\·t'd final stat" parton (l'.' or l"') is <,ollilll'ar \\"it h 1'1 or 1'1 alltl is

connectt'd to the samt' propagator. Tht' origin of sudl sinl!,ularit.i,'s is ,liscussl',1 in

St'ct, 2,2,

In ordt'r to call1:('\ the IllaSS sillgularitit's arisiug from st.all's \\"h,'I'l' olll' of t.h,'

outgoiug partons is colliut'ar \\"ith tht' photon (l'onut'l't,'d to th" SaIllI' propal!,ator) \\""

must considt'r the rt'uormalization of t.h" fragIllt'ntat.ion funl'lions, '[\/'1' Th" onl~'

additional split-function \\'t' nt't'd is

P ( .) _ 1 + (1 - J'f
1".1 -

,1'
( '1 ')-).._a

•

since. to the order at \\"hich \\'e are \\"orking. the only contribution com<'s from t.h<,

term in (2.6;) proportional to '[J~h(:/y)P1'1(!I) = P1'1(:)' Suhst.it.ut.ing (2.6;) in

(3.13) generates the rt'Illaiuing contribut.Îon to ir~h<l.

The relllaining soft (aud possibly colliIJ('ar as \\"t'11) br<'Illsst.rahhlllg siugularit.ips

manifest as terms proportional to

(1 _ w)-l-2' = -2-6(1 _ IV) + 1 _ 20' (111(1 - 1(')) + 0(0'2). (3.26)
20' (l-w)+ 1-111 +

which lead to 1/0'2 l'oies if llluitiplied by 1/0' collinear dh·ergences. Ali such tenus

cancel in the sum (3.21). (3.22) yia the KLN theorem '15, according 1.0 whidl all IR
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• I)('t \\"f'PII ('ulli 1J(':l r ('011 fig,lI ra t iOIl:-- and ('ont ri 1mlions arising; from 1hr l"C'Ilortllaliza t.ion

of t hl' st I"lW1.llff' fUIlct iotIs. TIH'fl' is also ft df'gpupraey he'tw('('r soft gl110nk radiat.ion

!>y ordl'r. III rl'lllIl'r a fillitl' n'suit. l-!m'illp; ,1011l' SO. ail IR di"l'rgl'lIcl's will l'anel'!

aecordillg 10 tllf' KLN t!1l'Orl'lll. This is wh~·. <,Vl'II though th<'rl' an' collin<'ar di"<'r-

gl'IWl'S ill a proel'SS sueh as c+ c- ~ j<'t.s. 110 factorizat.ion eonnt<'rt.<'rllls an' nl'cl'~"ary:

Wl' SUlll ov<'r ail final st.at.<'s.

Ail t.hl' a!>on' l"allePllat.iolls Wl'rl' ehl'ek,'d l'xplicit.ly. ll'a<ling t.o a finit.l'. gangl'

invariant. â.I,\~. for ail a. b. Gangl' im<trianCl' was ehl'ekl'd as foilows. Making the

su!>sti tUt.iOllS

in t.1ll' polarizat.ion v('(·tors and

A"(p) ~ A"(fI) + JI' (3.2ï)

fi arhitrary (3.28)

in th<, gluon propagators bot.h leave tlll' rl'sn!t.s unehang,~. The results were also

t~)nnd t.o hl' indl'pendcnt of the norlllalization veetor ehosen for the a.'ia! gauge.

3.4 Analytical Results and Scheme Dependences

Wl' may writ.e thl' Born tenn in 11 dimensions as

(3.29)

•
or in .j dillll'usions.

(3.30)
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• Th<' n'nonnalizl"\ highpr onit'r ("()tTPction has tht' fonn (n'tllrning 10 11 = ·1)

"

no
" ... f (T,II. n.~

.'-"[:::'-,-,- == -, '\' .•,,::'f(I·.II')
( . l' 2;'i

with

~f( /'.11') 1 (In( \ - 11'))= "1,\(1 - 11') + "1---- + ,.
(1-11'), (1-11'),

+ {"2b(l - 11') + 1>2 \ + d} ln~ + "\n l' + f In( \ - ,.,/,)
(1 - II'h .\fi

+ 91n(1 - 1'+ 1'11') +hln(\- ,,) + i\nll' + )ln(1 - 11') + k

\n(1 - l' +/'Il') ln '" ln (,,-~.::.)
+ '+111--+11 (:\.:\2)

1-11' 1-11' \-'"

- ,}"fs + ~fl/'

•

wbere ,}"fs is the soft part. arising from soft.. \·irt.nal and l'ollitlt'ar l?,lnons, l?,i\'('n h~'

the terms with coefficients (l.l-b2 (sec (2.91), (2.92)); ,}"fl/ is th<, hanl part arisinl?,

from t.he remaining tenns. The coeffici"nts (l.1·,b2 an' fnndions of l' only, whit<, tI 11

arc functions of both l'and w. Herc, Mf is introdlll'ed t.hronl?,h t.hl' r<'norntalir.at.ions

(2.66). (2.67). Also. t.he coefficient (!I cont.ains tIlt' Iogarit.hm. In(4,,2), arisinl?, from

the differcnce in O\'erall factors in â~b and in â,~;;.

The coefficients and Born tenus for the snhset.s (i), (iii) and (iv) an' Iist.pd in

Appendix B.2. For the subset of diagrams (ii) (and the int.<'rferenl'l' wit.h (iv)), t.he

result. is simply minm, the corresponding unpolarir.ed resnlt.. as discns.~<,d in Sl'ct.. 3.1.

Let us now examine the origin of tbe coefficients (l.I'1/. in (3.32) and comml.'nt. on

their scheme (in)dependence. taking first. the g'i snbproccs.~ as an example. We will

present arguments valid for any 1/.-dimensional Sdl<'Ill<'. noting t.ltat ail differences

arise from the continuation of the tensors (Le. traces) and are O(ô). The finite

differences arise only after multiplication by the l/ô poles coming from t.1", (lJJ:L~e

space integrations.

ï.:;



• of"l ari:-if' from soft and (OollillPar ~111()1l brPIIls:-;t.rahhl11g: thp rC'Jllaillinp; part of fil

('omiIl~ from illilia! staIl' ~luoll radiatioll. roXI> which aftl'r ]lh<LSI' spacp iIltpgratioIl yil'Id

a cOlltrihutioll (Eq. :3.:3 of Rd. 68h)

(3.34)

Th..rl' is a factor "-'(1- ",)-' t'omiIlg from thl' 2 ~ 3 ph;Lsl' s]lacl' and an addit.ional

factor [(1 - lI't l -' /(1 - r)-']/i: coming from t.hl' angular int.l'grat.ions in t.he soft

limit. As wdI. t.lll'rl' is a fact.or (1 + <:~"~ /6) rdat.Ï\·l' t.o t.hl' loop graphs. The schl'me

dep,'ndpnt'l' is t'ont.ainl'd in t.he Born terIn. ilB(v. i:) (schl'Ille dependent io 0(<:))

whidl was pxt.ractl'd in a mannl'r independent. of the continuat.ion of the tensoTS.

Using (3.26) and

ilj =

(
'l' ) -, l' <:2 0 r

-- = I-dn-- + -In---
1-11 1-'11 2 1-'1'

Wl' gl't. t.he contribution

" {1 '( ) 2 1 11 'l' '( )i'e -;;b 1 - 'W - - - n --v 1 - W
<:- <:(l-w)+ <: 1-'11

4 (
In(l - 11')) 2 1 V 1 C( )1 2 ( V )+ + n-- + -v 1 - 'lU n --

1 - 'lU + (1 - '11')+ 1 - V 2 1 - V
.,

+ ~- fJ(l- w)}ilB(r, ô)

(3.35)

(3.36)

•

Thl' term ~ 1/<:2 cancels with a term coming from the loops, also ~ ilB(v,e).

Similarly. the terms ~ 1/<: are eancel!ed by a faetorization counterterm again ~

ilB(II. <:). since t.he factorization counterterm cornes from the renonnalization of the

part.on dist.ributions in the Born term. From these terms. ail the scheme dependence

is in ilB('I'.e) as weil.
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•

\ y" ht'Ilct' l'Xl rac!

ill a >'chl'Illp illlil'PI'IH!t'ut llIatllll'l". Th" "'IIUI' l'xlracliou holl\,.; for Ihp uupoiarb'd

cast' with ~B(I') ~ B(I'). Silllilar arl!,ltlllput;~tiou llIay Ill' u"..d for Ih.. paris ~ Cr.

whieh arisl' from tprtll>' ~ 1/1'.1 '1''''

Ll't ilS IlOW eOIl>'id,'r t.lu' coptficil'ut,.; II~. ,,~ aud d. Thl'y ari>'1' from fal"lorizatiou

eouutl'rtl'rms. Siucl' thl' ouly dilfpf('un' iu fal"lorizatiou c,'uutNI.I'nu>' iu l!,oiul!, froui

one SChl'llll' to auothl'r is thl' ditfpf('un' iu thp I30rn tNIlI atlll siun' t.lll' l'art ~

lu(s/Mj) arisl'S from thl' product. (for SOlllp .1'. y)

in thl' factorizatiou CO\llItl'rtl'rlll. Wl' Sl'l' thal. <.1(10) diffprt'lH'ps iu ~B(;I'.é) will uot

affect a.~. b~ allli d. However. t.hl')' will h;we au l'tfpel. ou k. Also. II~ aud ,,~ an'

required 1.0 follow from the uupolarizl'd case by t.lll' rt'plae"lIlput. B(II) ~ i).B( /')

since the parts ~ 1/(1 - w)+ aud ~ 0(1 - /II) of APij(w) aud Pij (",) arp tlll' sall1l'.

This was checked explicitly.

Up to this point we have demoustrated explicitly thl' schl'me iudl'peudeul'l' of t.hl'

coefficients bl , C, 0.2, b2 and d for all dillleusionai schellll.~~ We have also showu t.hat. "1.

C, 0.2 and b2 follow from the corrl'Spouding ullpolarizl'd coelIkil'ut.s by B(I') -> AB(II)

and this has been used as a partial check of the rl'Sults. ArgulIIl'uts aualogous to

those above l'an be used for the ijij subprocess and for t.he coefficieut. ri iu t.he !i!i

and qq subproc{'S5cs.

Let us now examinl' the origill of the tenus e - j, 1,11/., n. We have showu t.hat.

the terlllS ~ 1/(pt . p,,)(p~ • Po) and ~ 1/(P1 . Po) contribute t.o nt, bl and c. but not

to e - j, 1,11/., 1/.•
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Ll't j.)' = 1.2.3 alld J.f' = '1.;;. Till'Il th" r"maillill~ l<'rltl~ ma:. h" c1as"ifi"d in

1.11<' follo\\'illl!, mallll<'r. dl'l"'lIdilll!, on till'ir ']Pllominator~: (l) I"rnl~ ~ l/I'} . Jlf: (2)

ll'rtll~ ~ 1/(JI) • 1'J )(JI)' . JIf'): (3) tPrIll~ \\'it h 110 JI/~ ill th" ,1"lIolllillator.

TIl<' ('0Ill.riI11l1 iOIl of slIdl tl'rllls to '::'J ilia:. h" \\,rillplI a~

(3.39)

\\'hl'r<' Di is t.hl' anglliar illt,,~ral OVl'r a t.prlll of t.h" typl' i = 1. 2. 3. Tri(E) is a t.race

fa<'1.or \\'hich is Sdl"lIIl' depcndcnt t.o OrE). and PS is an owrall phas" space fact.or.

For i = L Di ~ liE and t.hrrdor" t.he only schrille dependent.. finit.e contribution '::'fl

givrs is t.o k: th" I/E part. bring removed via fact.orization countrrterms discussed

previolls!y. For i = 3. Di is 0(1). hence the scheme dependent OrE) parts do not

cont.ribut.l' in the lilllit. ô ~ O. The relllaining terms (i =2) are of the t.ype

(3.40)

\\'ith. for cxalllpic. g(II, IV) = (1 - 1')(1 - lII)/(I-v + lIW). As before, the I/ô pole is

rellloved by t.he factorization counterterm, the scheme dependent part of which again

affcds only k. Expanding

(3.41)

shows that only the 0(1) part of Tr2(E) in (3.39) will contribute to the coefficients

of t.he logarithms: e - j. l, 'In, n. Hence they are scheme independent, within the

dillll'nsiona! methods.

In sumnlary. we have shown that, in 11 dimensions. the only scheme dependent

coefficients in the expansion (3.32) for !1f are al and k. AlI the same argumentation

applies to the unpolarized case. where 1'5 does not occur explicitly. Hence, the two
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• ,wailahle regll!ariz<llions. DI1EG :\1111 DI1ED will gin' .r \\'hil'h only dilf.'r in "1 lInd

k. Of coursl'. in 1I11' polarizl'll ('a,"'. DHEG olf.'rs hoth llll' lIntil'01l\1lI11tin)!.-',. sdll'nl"

and lhl' HYBl\1 schl'nll' ,ulll pl'rhaps oth('r presl'riptions lIl'<' a\'ai!ahh'. Ind.,(',1. 11ll'

l\ulhors of 11l'f. 66. who us.' thl' HYBl\l Sdll'lI11'. l"ll1l\pal'<'d l!ll'ir li,; r('sn!ls wilh oms

and found lhal only lhl' l'o('!lil'il'nlS "1 lInd k llilfl'l'<'l1. 7~

3.5 N umerical Results

We take M, = Il = PT aud use A:: O.2G"Y (Eq. 2.81) and N, =·1 in t.h" t",o-Ioop

exprl'SSions. (2.80) and (2 T6). for 0,(/1.2). Polariz"d l'ro"S sl'l't.ion" al'<' l·01l\put.('d usint!,

the parameterizatious for t.h" longitudinally polariz"d parton di"trihutions t!,i\'('n in

Appeudix A.1. which mrrespond to the inpllt.~ of Rd. 2ï l'\'olvl'llusin~tlll' lllll' 1001'

GLAP equations (Sect. 2.3.2) sinc('. al. thi" point. t",o..loop polariz('.! "pli 1. funl'l.ion"

have Ilot. bccn determined. Ex""pt wh"n stat"d. Wl' a-'''llIl11' a !ar~(' ~lllon di"t.rihllt.ion

(Le. Set 1 of Ref. 2ï). For th" unpolarized cro"s seet.ions. w" U"l' I.\ll' llnp,,!ariz,"\

distributions (fit S-MS) of Ref. 29. We present rcsu\ts. in gl'ncral, for JS =:38. LOO,

500 GeV. The latter two energics beiug reprcscntative of RHIC anll t.he !irst. hein~

a typica1 fixed target euergy.

The following factors. which wc cali 1\-factors, versus :rT ar" prl'Sl'nt"d in Fi~.

3.4 for energies VS = 38.100. 500GeV at pscudorapiditicsl/ = 0,1,1.6:

1\ = f7(aa) •
99 f7B (a'l) .

r 17('1'1)
\'1'1 = f7n(!!'1) ' (3,42)

•

aud

1\ = f7NLO(aq) + f7NLO(qij) + O'(aa) + 0'('1'1) = f7u + f7no,

O'B (gq) + O'B ('1ij) I7Il

ï9
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•

\Ve- se(' lhat /\"9" > 1 t~\·('r.\·\\"hpn' <\1)(1 i:-- fair!.'" larp.p. ranp.in~ from 1.2:l '" 2.;) in

g('ncral. aml illl'n'a~inp; to\\"anl~ tlll' killl'matic maximnm. Th., l,-factor i~ ~l't'l1 to

d('crea~(' h('r(' \\'ith in'T('a~inp; t'n('rp;y. at lix(',I.l'r .•hlt' 10 t.hl' ,limini~hinp; of thl' ~trol1p;

(·onpling.

\V(' obs('t'\'{' that K"" is ronghly a fartor of 100 ~malkr Ihan 1\""./ on a\'t'l'<\~''.

This is to b(' exp<'cl<'d sinc<'. ('\"l'n Ihongh th" glnon dislrihntion~ an' larp;l'. al ~mall

:r in partkular. th<, 2 ~ 3 kin<'matÏcs an' quit,' ~nPI>r<'S.«'d rl'laliv,' 10 Ihl' :2 ~ :2

kinematics. Basically. the int<'gration r<'gion for :2 ~ 3 kiUl'matk~ i~ snch Ihal wt'

int<,grate oV<'r r<,gions wh<'re th<, parton distributions (gluon in partknlar) giw small

contributions (i.e. large :1'): this waters dO\\'n th<, <TOSS sl'l'I.ion qui l,· a hit.. OUl'

understands this as follows: sine<' there ar<, 3 partid<,s in th,· final statl'. for lixl'd

PT there are man)' possible configurations which satisfy mom<'ntum rons<'rvat.ion and

require larger energy (Le. larger :1') t.han for 2 ~ 2 kinemat.i,'S. As one incn·ll.~'·S "'1'

or 1], this effect becomes more pronollllC<'d sincc wc r<,quire gr<'at.er l'nerg"y.

As for 1\99' I\qq is seen to b<' negligible throughout. most of t.he domain, <'XCl'pt.

at large Xr and 11 = 0 where the l\-factor is sizabl<' and negaliv<'. This l'lfect. is

due to the relative hardness of the valenc<' quark distribut.ions as compared t.o thl'

gluon distribution (i.e. the wùence distributions arc dominant. at. largl' :l'). Wl' sœ

again that for fbœd Xr, the 2 - 3 kinematics are ~uppres~l'd for larger "1: except

not as much as for the 99 subprocess, due to the relat.ive hardncss of the w\lencc

distributions. Unlike the other K-factors, jI\qql increa.~cs with .,[5. This is dne \0

the slow evolution of the valence distributions relative to the gluon dist.ribut.ion. K.,q

was found to be small throughout due to the smallness of the polarized ant.iquark

distributions.

We sec that the total I\-factor, K, is almost. indistinguishable from K 9q cxc::ept.
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•

at. rather large 3'r (and. in particular at Tf =0) where the qq subprocess contributes

(negat.ivc!y). However. at those larger Xr, the cross sections are quite small, as we

shaH sec below. Also, we shaH see that 1;S Tf;S 1.6 is the interesting region, not Tf ::::: O.

Fig. 3.5(a) shows the cross section, Et:>.du/d3p versus Xr for the same values

of ..;s and 11 as in Fig. 3.4. The cross sections are sizable, reaching the nanobarn

range fo,' small Xr. at ..;s = 38 GeV, and are roughly a factor of 100 smal!er for

..;s = 100 GeV; certainly large enough for reliable measurements at RHIC. We see

explicit.Iy t.hat the cross sections are quite suppressed as Xr approaches the kinematic

•

ma.'(imulU. part.Iy due to the vanishing of al! parton distributions for x ..... 1. As weIl,

for fixed Xr but incccasing ..;s (Le. PT). the cross sections drop oli 'luickly. This is

due to the l/p} dependence in (3.li).

Fig. 3.5(b) presents the cross section plotted versus Tf for various values of ..;s
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and Pr. We notice a peak generally aronnd '1 :::: l, not ·'1 = 0 a.~ in t.h" nnpolari~"d

case. We can understand this by examining t.he behaviollr of t.lll' l30rn t.enn. Th"

form of the 'iFi- "'(q cross section is snch t.hat it. gives dominant. ront.ribllt.ions from

integration regions where il. increases with 111\. At. t.he same t.ime, t.he cross sedioll

is multiplied by parton distributions. decreasing al. large 1111 (i.e. large:r) - hence

the peak al. 17 -:f: O. Since the HOC simply amount t.o a slowly varying l\-fad.or,

this feature is preserved in next-to-\eading order (aetually il. is euhanc:ed since 1\

increases \Vith 1/).

Fig. 3.6 presents the asymmetry,

•
A = ED.df1NI.O/d

3
p.

EdO'NLO/<fil' .
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for ";.'i = :IS, !OO. ;,ooG,,\', \'''rsns PT ",ith bo!h a larg" and a tnod""\!,, polarizl'd

glnon dis! riblltion (S"ts 1and 2 of R"r. 27) for 'I = 0 andl! = 1. \\,,, s,," lhal .-1 is 'lUill'

larg", in parti('nlar al larg.. PT \'al1lPs and for 'I = 1. This is b"l'ausl' al. largl'-.rT (LI',

la rg" .1'. (2"), t1... soft "ning of !Ill' glnon distribnliou llIakl's thl' dOI1\ ina nt l'onl.ribu tio1\s

('OIJIf' [rolll n·1.doll~ \\'11<'1"(' tl1P polarizpd !Jlj cross Sf'l'tiOIl is Îll<'fC'(lSillg wit h Il f('lath"(' ta

t.11P unpolariz"d 0111'. H"\H'I'. t.hl' ('olllbinalion of !argl' }IT. '/llIa.xilllizl's t.hl' aSYlIIlIIl'lry

(alt.hough t.11I.' l'mss sl'l't.ion drops off wit.h }IT). Forli = 1 lhl'rl' is a largl' difft'rt'nct'

bet.wl'l'n t.ht' IIlOderate and largl' polarizt'd gluon solutions mt'aning that t'l'periment

shonld 1)(' Wl'l! able to distinguish bet.wt't'n lht' two cast's. An intt'resting byproduct.

of th" soft.nl's,s of tht' gluon dist.rilmtion is that. for fil'ed }II'. t.he asymmet.ry is mort'

sl'nsitivl' 10 .,/ for the St't 1 (sofler) 1han il is for St't 2. From thl' paramewrizations

gi\'Pn in Ap!wndil' A,1. Wt' l'an st't' that St't 1 drops off more quickly at largt':r than

Sl't. 2,

\Ve may clarify the above obst'rvations some\\'hat by looking at the polarized and

unpolarized cross sect.ions separat,ely. for some fil'ed -IS. PT and plott.ed versus "/.

This is dO\1(' in Fig_ 3,i. for -IS = 100 GeV. PT = 6 GeV. In Fig 3.i (a), we sec

el'plkitly Ihe pt'aking of t.ht' Born level cross section at 1/ ::::: 1 and t.he enhancement.

of this ef[l'd. in nl'l't-to-It'ading order. dut' to the fact that 1\ incrt'ases with 1) at

fil't'd -IS, PT. In Fig. 3.i (b). we see el'plicitly the drop-off of the unpolarized cross

s('dion with increasing 1/.

\Vith K-fadors ;:;; 1.5. t.he question of perturbative stability nat.urally arises. In

fact., wt' are most. int.ercst.ed in the ratio of the polarized to the unpolarized gluon

distribut.ion. whieh l'an be inft'rrt'd from tht' asymmetry by choosing suitable polar­

iZt'd parton dist.ributions so as to agret' with the el'periment.alJy measured .4, using

SOIllt' set of wt'll-known unpolarized part.on distribut.ions. It is weil known that "ver-
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polarized (d~hed liul' i~ Born (l'rlu): (b) IIl1po!miZl"l.

allnormalization faetor~ arl' dillklllt. 10 pn'did, a('('lIrall'!y ill qCD. lt wou!<! lllli. Ill'

good if the ratio of the polarized glUOll di~(-rihllt.ioll (0 t.hl' 1I11\lolllriZ"!1l1l1' \\"1'1'1' III

vary radically in going from a leading order to a llPxl.-to-!I"\lling ordl'r Illlllly~i~. Thi~

\\'ould imply perturbatiw in~tability.

Fig. 3.8 presents the Born level and lll'xt-to-hulillg onkr 'L<ymm..t.ry. \'l'r~lI~ l'l',

for 1/ = 1. Fig. 3.8 (a) pn'sent.s .4 for v'S = 100 GI'V. ,Hill Fig. :3.8 (h) pl'l'~I'IIt.~ ..\

for v'S = 500 Ge\'. For v'S = 100 GeV. we ~l'{' that. t.: ... HOC iIlCI'I',L<1' :1 hy < Ill%.

For v'S = 500 Ge\'. the HOC increa$e A by < ZO'1.,. Thi~ Ç{)VP~ t.h,· "liN!!.." rallgl' of

interest for RHIC. So, as an overall statl'ml'nt. Olle cUllld ~ay t.hat. t.h.. 'L<Ylllllll't.ry i~

corrected by ;S + 15% under HOC for enl'l'gie~ and PT of int-l'1'~t at lunc. This is a

clear indication of pcrturbative ~tability. Basically. th.. curre('tioll~ t.o th.. polal'iz..d

and unpolarizcd cross ~cction~ are quite similar as dis(,lIss..d ill Sect.. :3A. Sill(," \\"1' ('all

often extract the Born tenn in a manner indcpcndcnt. uf t.he p<:>:izat.iulls (,·sp..cially

in the 1001' graphs and soft. brcmsstrahlung). Icading 1.0 large can,,,·llat.iOllS ill t.lw

asymmetry.
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L~t (1/1. (1s represent the contribut.ions to (1 [rolll ~fl1. ~I, in (:1.:\:\) n·s("·I·ti\'l'!Y.

for the gq subprocess. Fig. 3.9 (a) presents thl' ratio. -(111/(18. 0: Ihl' hard to

the soft cross section wrsus ;/"T. for the salll~ JS and 'I a" in Fil-:. :3..1. W.. Sl'I'

that. in particular al. large Il \'llues. t.hl' soft <TO,,"' Sl'etÎon is rathl'r dOlllinant.. As

"'T approach<'S the kitH'lllatic llla.,illllllll. the soft. cross sl'ction 1>l"'Ollll'S cOlllpl<·I..I~·

dominant for a11l/. This trend was first not.icl'd in t.h,' com'spon,linl-: unpolarbwd

casé8 where the soft cross section is even more dominant.. The l'Ifl'ct. arisl's [rolll

the <\iffering behaviour of ilf in th(' hard and soft parts; t.he soft cros>; s"clion pieks

up substantial contributions from int('gration regions wh,'/"l' t.h.· part.on ,1istri1>utions

are comparatiwly large. This is because the "+" distributions and 1>(1 - II'l an'

peake<\ al. lU =1, and henCl' (1s obeys approximately 2 ~ 2 kin,'nmlics. As discllssl'd

regarding. 1\99' the contribution for 2 ~ 3 kinematics (i.l'. (1/1) gl'ts wat.'·rl',1 ,lown :L'

XT, 11 increase. The softncss of thl' gluon distribution for x ~ 1 IIHlkes this effcet.

even more prolloullced.
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Fig 3.9 (b) prescnts thc ratio

(3.45)
UNl.o(Mf =Il =prf2)

r=
uNl.O(Mf = l' = 2pT)

wrsns PT for .,fS = 38. 100. 500 GeV aud '1 = O. 1. 1.6. We see that. iu particular for

slllalll'r .,fS and largl'r PT. whl're thl' [,'-factors are large. ris rather big. For till' larger

.,fS and lIIodl'ratl' pr. the situation is better. This is oue reason why pl'rturbative

QCD ha;; troubic prl'dicting overall normalization factors. Taking Mf = JL = prf2

lIIakl's 0, largl'r aud the gluon distribution harder. making O'Nl.O larger. conversely

•
for Mf = IL = 2PT' Thl'Se e\'olution effects are somewhat balauced by the terms

~ In(.</i,2). In(.</Mj) occuring iu the cross sections. One elq)ects that evolution

via two-Ioop poiarizl'd split fuuctions Jand includiug 1)1!q effects). once available•
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\\'ill sté\hiliï.l' cT:,\\.(). -nH'll ...\ :-,htlllid lu' qnilt' :-;!;lhlt, IllItlPl' :-'lIt'h \';niatioll:-'. smn'

tll<' ('\'tllntitlll:'" for !ht' po};lrii:t'd ;ltld 11Ilpnlariï:t'd partoll di:-,!rihll1i\lll:" will ht' !lItH"!'

('ollsistptlt.

TIu' rt'Stllts <lp.n'(' ql);llita!i\"t'l~" \Vit h 1ho:,,, ur H"L ti(i. as ,'''Il lit' t'XIH'('tt't1 rrulll

thl' siIllilaritil's iu thl' HOC to th,' riri suhpro(','ss Illt'lltiou"r1 iu Ih,' pn'\'itlllS Sl't'­

tiotl. NotlP!hdpss. pn'l"Îsioll a~n'PllH-tlt. will Hot Il,, pos~ihlt' llllt il dt't ailt-" part ot!

dislriI,utious aud two-loop polariz(',l spli1 fllut'I ious a l'l' ,11'\ 1'1'I11iIWrl l,l!' [) Il ED, Ihl'

anti('olllnlllt.Îug-l" s('hl'Illl' and thl' H\13i\1 Sdlt'IUI',

3.6 Conclusions

\Ve have deterlllined ('ompletl' nl'xtdo-leadiug ordl'r ('orn'(,lious for larW'-J'T (lin't'I.

photon production in 10ngitudinal1y polarizl'd hadronÏl' ('ollisions and pn'sl'nll'<1 Ih('

analytieal and nUlllerical rC'Sults, For PÏ>~ 1.\ \\'(' ha\'(' showu thal th,'y an' dOllli·

nated by the one-\oop corrections to !j"ii~ [,/, arl' posit.ive throllgho1l1 au<1, iu ''l'rlaill

kinematic dOlllains. fairly largl' (.:::: 50';(, of the Born 1('rIU). TIl<' n'slIl ling l'!"OS.S Sl'(··

tions were sufficiently large for snccessful t'xpl'rillll'nts: this also holds for th.· largl'r

PT values and for ..;s = 500 GeV, if tht' expe('\,t'd large RHIC lUlllinosity is takt'n

into account.

Calculat.ing t.he corresponding unpolarized cross sl'etions to 1.11<' saillI' ordl'r, We

have found subst.ant.ial asymllletries; and Wl' havl' shown t.hat. (·x]>l'rinlPut. l'an wl'll

dist.inguish between a large and a 1Il0demt.e polarized gluon dist.rihut.ion. Unlikl' t.he

unpolarized cross sections. which peak at 11 =O. the polarized eross seetions peak at.

around 11:::: 1-1.6. where the asymmetrics are also large. Hencc, t.his is t.he region t.o

look.

Finally, the asymmetry was found to be pcrturbativcly st.able. The HOC were
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!O Il Il IC', \\'" 111;1\' ,'o""'"d,' Iii", IIIl' illl'i",joll of I1(JC' ,jglli!ic';I1II\\' ""l'porI, th.,

prlll)()~l'd l'Xlwrillll'1I1:-- OH ,;,;-- ~~.Y .
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Chapter 4

DreIl-Yan Process with
Transversely Polarized Hadrons

The int.eract.ion of massieRS quarks with \'l'l"tor bosolls (!I. ,. Ir±. Z) ,h,,'s Ilot chall~l'

a quark's chiralit.y. But. t.he t.rans\·ersily dist.ribut.ioll ~·IJ.,(,,,, (t) (or f"nllall~·. th"

slruet.ure fUllct.ioll Il'{(.,.. ct) 10 which il is re1ah',l) is clliral mld. i.". lIll'asnn's thl'

illt.erferC'ncc bet.\\'C'('1I an alllplit.ndl' cOlltainill~ a Il'ft-hall,i1',l qnark all<l "n,' nllltaillill~

a right.-handed quark. 73 Thus :1'1'1" d()('s ilOt. appl'ar in nnitarity ~raphs (IWIII'l' ill

cros.~ secl.ions) in which t.he qnark IiI\(' goes continnonsly Ihron~h a hard snbpnwl'ss

and returns t.o t.11(' parent nucleon (e.g. a IC'ft.-hall<lC'd quark. L. Fig. 4.1(a). n'lIIaills

1cft-handed). As a result.. inc1usiw DIS is not. appropriaI<' t.o 1Il(';I.~nn' :1·rf.,.

To change it.s dtiralit.y. t.h(, quark IIIUSt. propa~at.(' t.hrou~h sonl<' soft. (lCI) pron'ss

that breaks chiral synllnetry spont.aneously. This happl'ns when t.he l'lIIittl'<! qllark is

annihilated by an antiquark from anot.her init.ial st.at.e hadroll (Fig. 4.1 (b) whl'II t.1ll'

quark on the right is right-hallded, R). The bcst examp1e is t.he Dreil-Yan proc('&~ fur

lepton-pair production. 73 A.t Br ~ [-[+ + X, where t.he up-arro\\'s indicat.e t.rallsverse

polarization (transverse DreIl-Yan). The above observations a1so fullow from t.he

parton mode!, where we sec explicitly that. inclusive DIS gives v>lnishillg t.rlln5Vl'rse\y

polarized cross sections.
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Fi;!,llrl' ·1.1: (a) :\ ehirality eon"en'in!', pro",'".: (b) ehirality lIoll-colI"erYÎlIg.

Th" HOC to trall"\'en"e Drell-Yan arc quite important.'·,·,5 as in direct photon

prodndioll. since th"y arc expected to be large and conld chang" some of the features

of tlll' Born t"rIll. The stahility of the asymmetry is also of primary importance.

L(·t S.". Sil dellote the spin 4-\"ectors of th" hadrons A.. B wh"n in the "up-up"

çollfignration. Then th" trans\"Cn"cly polarized cross S<'ction is d"filled as

(4.1)

III g<'llNal. \\'" ha\"(' the subproccss

wh"re the Pi arc 4-1110111enta and the the Si arl: spin 4-vectors as indicated in Fig 4.2.

Her<' F =). Z and 1= e.tL.

Analogously to (4.1). Wc may defille the polarized subprocess cross section as

(4.3)

•
Theil wc can use the parton modcl expression (1.16) with the unpolarized quantities

replaced by the corrcspondillg transverse ones.
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Figur(' 4.2: Subprol"C'''-< 1lI01ll1'nta and 'pin .!ir"l"liOll' l't'I''\'ant 10 Iran"'''r,,' DI't·Il·Yan.

As point('d out in 5('r\" 2.1.2. t.h(' tIlajor 111ll"C'rtaint~· i, in 1hl' Iran"'l'l'l'ity an­

tiquark distributious. ~TF;i/l,('r.Q2). of t.he proton. Henn' proton-proton l'ol1i,ions

sC'n'e as the id('al prolw. and ('xpC'ritlll'nts arC' l'lanm'd al. HHlC 2:l for t.hi, 1'11I'1""1'

(of course prof.on-ant.iprot.on collisions arC' id,'al for l'rohin)!; t.h,' lranS\"I'I'l'it.y mll'l\l'l'

distribut.ions).

In what follows. \\'(' givC' t.hl' Born t.l'rtllS ami HOC for A,ilr _l-l"f +.\. t.akin)!;

into accoullt production by both ., and Z. As wdL we give t.h,' corn'sl'ondinl!. llnpo­

larized cross sections for production by ,. Nutllerieal n'sult.s an' t.hl'n l'r<'sl'nt.l'd for

proton-protoll collisions at. RHIC's phtllnl'd enerl!.ics of v'S = !OO, 200. !JOO G,'V.

4.1 Born Terms

Throughout, we will assume that. the directioll (but not the enl'rgy) of t.he ollt.gninl!.

lepton is fi.xed. Il. is necessary 1.0 fix the azimut.hal angle t/Ja in order tn obt.ain

nonvanishing cross sections. This will be seen explicitly bclow. First,ly, wc dl!fine t.he

92



il

~
il , "

•q
" .:' • P ~

Fignn' -1.3: Born Cllntrihution 10 trans\'crsc Drcll-Yan.

AI"
;=5' (4.4)

whl'rI' P..,. Pn arl' thl' 1Il01llPnla of hadrons .-l. Band 93 is the angle 1'3 makl's with

n'Sppct, 1.0 P.., in thl' PA' Pn ".!lI ..

Sinel'

\Vl' havl' thl' snbproCl'ss in\11riants.

M2 M2 ;
f=-=--=--.

S SX"Xb X.Xb

(4.5)

(4.6)

•

Fnrtherlllore. il. is eonvenient 1.0 e\lllnate the subproeess cross sl'ction in the c.m.

of 1'1. 1'2' l-ll'ncl'. \\'l' dl'finl' 03 as being the angle 1'3 makes with respect 1.0 Pl in this

fmn\('. and dn3 the corresponding solid angle.

For ditferential cross sections, il. is of interest 1.0 determine the quautity ôTdÔ'/ dM2dn3

(fornmlly d2n3 ). When we take into aecount the HOC, il. will be necessary 1.0 work

in 11 dimensions. Henee. wc USl' the n-dimensional 2 ~ 2 particle phase-space which,
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for tht.' kitH,tll.ltit'~ nlll~idt'n'c1 hl'n'. tllnl~ ont III Ilt'

( 1. ';")

n~ I-~ (;\1)/," ;;~. -
\1l(z.!I) =: :Y,. ~ .,_ .\l.ll~- !I( 1 -!l) rl1~(.:" -1- ••'J

(.I.S)

(not.ing (2.33)) wll('re

w:=f.

and

(·1.9)

The con~tants 0:1 are defined throllgh the Z-fermioll vert.ex faet.or

(·1.10)

('1.11)

•

The first, term in (4.10) arises from photon exdtange, t.he seeon<\ from Z-ex<:halll-\f'

and the third from Z--/ interferencc.

4.2 Virtual Graphs and Gluonic Bremsstrahlung

Firstly, we evaluate t.he locp graphs of Fig. 4.4. These contain both IR and, al.

intermediate stages, UV divergences. To reglllarize them, wc work in n dilU.msions.

The transverse polarization introduces explicitly the 1'5 matrix in ~TliHlt",p" (as weil

as in ~TIMiL3)' Hence, it is most convenielit 1.0 use DRED. The only sllbt.lct.y is
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Figurl' ·1.4: Lool' contribntion" (a) wrtrx: (b).(c) self.rnrrgy.

that Wl' lia\"(' 1.0 add a \'l'rtl'X countPrtl'rm to Fig. 4.4 (a) so that t.he vertl'X has the

('om'ct Lorl'ntz structure. This counterterm is gi\"('n explidtly in Chaptl'r 5 and is

<!l'1'Î\'l'<! in Appl'u<!ix D. whl'rl' thl' Ward i(iPntit.y of QED 76 is l'xplidtly shown to be

satisfil'd aftPr adding the countl'rtPrm.

Renorlmùizing the l'xtl'rnal quark lines on-shell as in direct photon production.

and multiplying by the 2 - 2 partiele phase-space (4. i). we obt,ùu

ln (4.12) and throughout. the 1/ô:. 1/ô:2 poles represeut IR divergences.

Wl' now give the bremsstrahlung contributions. Firstly. we must obtain t.he fac-

t.orization countPrterm. arising from the renormalization of the transversity distribu-

tions. For the transverse Drell-Yau process, the procedure is somewhat complicated

by the fixing of the azimuthal angle cP3' Nonethelcss. wc find that the form (2.66)

with Pqq - ilTPqq , and D.TPqq given by (2.95), holds for the transversity distribu­

tions as weil. More precisely. using (2.66) with the MS definitiou of c. (2. iD) in the

Born term expressions (4.8) and (4.42) for D.Tdu/ dlvPd113cP3 leads 1.0 a factorization
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d.\I~d"·- ~\?:l
= ~\H('-·;I)l~;\l~ ;~_\ ('.~:~} -~'~/("::~r/~//l"') [[l-~-!I\l

+ [!I+/("(ll_.'I\ll-~] h';])
-/(")1 1 •

whl'r!' .\I] i" thl' fa('loriwtioll "('a\,, al'p('arill;': ill th" partoll di,;trihlltillll" alld (~.711).

To ollr kllO\\"!l'dg". thi,; i,; IIll' li t':'l t i111<' th i,; pron'd Il l't' ha,; 1""'11 a pp!i"d III 1ra Il';\'I'r,;,,\y

po\ariz,'d prOl'rss"s.

To cl\lculatr thr gluonil' bn'llIsstrahlllng ('ontribntion. w" 11<'l'd t.lll' ~ -. :\ phas!'

spaer. \Vr work in thr e.llI. of 1'1. l'~. lt. is ('onVl'ni!'nl tll wllrk in a fralll" wh,'r"

63 = O. 50 wc work in t.rnns of thr rotationa\ inyariants I\~ d"'il\('d in (·U)). Th"

mOlllcllt.lIlll paramrt.rrizat.ions an' then (Sl't' Eq. ·1.2)

1'3 = Ip31(1: O.··· .sin (i".eoslÎ:t). (.1.1,' )

k = Ik\(l: .. ·.sinO('os<i>.l'OsO). (·1.15)

fi (.1.\(;)fJl.~ = T(l: O... •• O. ±l).

St.2 - (0: .... sin~l,2.l'OS~I.2.0) (.1.1 i)

wherc

Ikj = s- M2
2.,jS

"1M- 2
Ip31 = . .

['la + \k\(sin(/"sin()eoslp+ cos ()" ('os 0)]

-' + M2

'Ill = .) r.. .
-v'~

(4.18)

In this frame the 2 ..... 3 part.icle phasc spacc is

~TdûBr

diIJ2d,,-29.3

(4.19)

•
where
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Fignrp ~L;j: Gluou hn·l1l:,:,t.rahlullg (·ont.rilmtiou~.

Th" n'1I'Y<lnt F"ynm<ln di<lgralll~ ar" ~hO\\"IJ in Fig. -15. Eyaluating ~TIMI~_" ilnd

])('rforming t.hl' pha~" ~pa("l' int."grat.ion~ yi"lds.

[(
2/l"t ln [(I-"{~,~"'))'] ) ] [ 1

+ /l'F(y. /LI) + (1 _ wHl _ y(l _ w)]" + (y ~ 1 - 1/) + 2w" [1 -1/(1 _ W)]·1-2'

.". 1 ] (-')ln(l-IV) +.) (11J(l-IV)) + ~ [1- .,.,.-_1-,-])
. [y + w(l - y)]" 2, - - 1- lt' +.: (1 - w)+

(4.21 )

where

F(y. w)
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Not!':

0) u':; f ~ Il :) 1 1 fi'

= :i (1 - 11') Î. [1 - ,I/( 1 - 11'1]' -;- -;;: -[1~-~;,\l~-;;:)I"

_1 1 -;- 1/,:1 Î.
11'" il - .'I( 1 - 11')1 J '

~ 1/" [1
1 ! li'·

.'1\ 1 11' )l'

•

4.3 Unpolarized Contributions

In order to ('aieulate '\>'\'lIlllll'tril's. WI' nl'I'd 10 l'aieulall' 1hl' unpolariz,'d l'I'OSS SI','I ÎollS

('orresponding to those ('aienlat l'd for tlll' polariz"d l'asl', 1'0 hl' ('<nlsist l'nI. \\'1' shonld

calculate the unpolarized rross sect.ions iu DHED as \\'l'lI. in ol'lll'r tu l'nslll'I' t.11I'

perturbative stability of t.he asymllletry, linfortunatl'l~·. it. is rathl'r (,olllplil':ttl'd 10

t.ake iut.o account. t.he Z-exchange and Z - Î int.erf('l'en('e. This is !l('('aus,' WI' do not.

simply get. an owrall factor like F.,(M) in the uupolarizl'd ('as,', 50. for aSYIllIllI't.ri,'s.

we will l'l'strict. to Î'-exchange for now and. for silllplîdt.y. \\'e will ('onsid"r t.ht' lToSS

For t.he unpolarized case. we ca1culat.e rlir /dM 2r1</J" din'ct.ly. W,' do uot. lirst.

calculat.e dû / dJ\[2dn3• t.hen int.egrat.e over ÎJ" aft.er ('ancl'\lîng t.he diVl'rgl'nl't's. a.~ w,'

do in t.he polarized case. Rat.her. we integrate over IÎ" from t.1lt' hl'giuning. t.1lt'n \\".

integrate over k. We then add t.he factorizat,ion counterterm to dû /dM2r1rp,l c1in-ctly,

First we need the 2 ..... 2 and 2 ..... 3 phase spaces. The 2 ~ 2 ph'L't, spa,,", in t.h,'

Pl. P2 c.m. (her<' eqnivalent to the l'est. frame of '1). is gi"cn by

(4,25)

where Jdn3 is defined analogonsly to (4.20). Since dû / djV[2r1t/>3 is iu,lcpen,lrmt of ,/>3
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• (,l.2G)

whl'fI' th" intl'gr"\ ()\'''r lh i~ pl'rform,," lin'!. in th" l'(':'t framl' of '1' thl'n thl' iutl'gral

0\"('1' \!k i~ pl'rfortnl'<\ iu thl' Lill. of 1',.1'2'

At t hl' Born 11'\""\ th('fl' i~ ou\:' th" 'l'Ï - [-[+ prol'l'Ss. \V" fiud that th" cross

sl'et.ion for this ~n],prol'l'~S i~ giwul'xaetly (iu DRED) ],y

diT ll..", _ ( ) , )
Br [' = \ Il ~ b( 1 - IC :

(J -( ~":l

__ lo22c~/,.I';;l+' (2-~) [(1-~)

\Il(~) = :;-: ,y.) 2' .'J0I+2' (3 - ?~)(1 - .)~) r(l _ .)~)_II .. (" _.. • _.... _.... __

(-1.28)

TIl(' lrirtltrz/ corrl'etious to this subprocl'SS arc fouud 1.0 be

diT l."."", _ ( ) '( )C n,. [2 3 _ 2;;2] (4;;//2)' [(1 - ô)-,-,-.:=:=- = \Il ~ b 1 - II' 'p- -- - - - 1 + - --
dJ'FddJ" - 2;; ~2 ~ 3 M2 [(1 - 2ô)'

Thl' fadorization couuterterm. obtaiued iu the usualmau1ler. is gi\"Cu by

whl're the uupolarized quark-quark splittiug fuuctiou is giveu by

[
? 3]Pqq(w) = ~Pq,/(w) = Cp (1 - ) - 1(1 - 1 + ;;6(1 - 1(1) •

-1t.f+ _

(4.29)

(4.30)

(4.31)

This is to be added to the cross sectiou arisiug from gluouic hremsstrahlung.

•
di1llr

dM2dci>:l
_ \Il(ô) O'w1+'Cp [2,6(1_ 11') - ~ ( 2 - tu -1) (4.32)

2ii $- ê (1 - 10)+

(
IU(l- 11')) ] (471"1/

2
)' r(1 - ê)+ 8 - 4(1 +w) In(l - w) - 2(1 - tu) -,- .

1- Il' + M- [(1- 2ô)
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• In additioH. for tht' IlIlJlolari/t'd pnl("t':-':'. illllt'xt-tn-It';ldill~\lrdt'r.lht'n· i:-;:t cnlltri-

hlllioll ft'olll tilt' ~lIh!,t'<lc..,,' '1.,/-1 l' .'/ 111Id (,/ -. Il). TIlt' f'\I"lllt'i""tiIl1l "Olllll'Tl"t'Ill

1'\1-,-)

1'( 1 - :!c)

1 ..
P.,,,(II') = :;( 1 - 211' + 211'-)

and thp hrPlIIsstrahlllng cross sPl'tion is fOllnd 101,,·

(,1.:\,1)

+

dÔ'Br

dM2dolt

1_ n, 1+" [ .\ ,
= -4\B(6')?=1I' . --:::P.",(II')+:::;P.,,,(II')ln(I-/I')

_Il '""

(1- II')() )] ('1"//2)' 1'(1- E)-'--=--'- :. + 611' -- .
2 J[2 1'(1 - 2E)

4.4 Observable Cross Sections

'We no\\' make the connection bet\\'een the variolls slIbpron'ss contrihutions g.i\'l'n in

the previous sections and the obsprvabll' cros.' sections. 'l'hl' nl'xt-to-ll'a<ling. or<ll'r

subprocess polarized dilferential cross section is obtained in thl' sum

(-\.:36)

•

Adding (4.8). (4.12). (4.13) and (4.21) \\'e observe t.he cancellatioll of t.he IR <livpr-

gences. Taking the limit 11 - 4 (Le. ê - 0) we obtaill
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• /1'(1-//') [1+//'" (1+/1')"/1']
+ --'- -- /1'( 1 - //') -'- -----,------,,-;::

'Ir 1 - y) /1' +,11t 1 - .'1)( 1 - /l')" , 1/1' +.'I( 1 - .'1)(1 - /l'H"

! [/l'F(.'I,/I')+(y-l-y)j}l. (,U7)

wlll't'l,

(' = ,III''' [ 1 + ,..-_...,..,.1--c;:-]
- [1 - .'I( 1 - 11')],1 [,1/ + 11'( 1 - .'1)],1 '

IlIlp).!,ratill).!, 1,1.:l7) O\'pr 0" (i,!', ,1/) ).!,Î\'PS

'-\Tdlr
dM"d,;,,,

wher!'

= J,'B (b(1 - 11') + ~CF {[-7 + 2;;"] ()(l- 11') + r (Jn(1 - 11')) (4.38)
2;; 3 1 - Il' +

+ [:3b(1 _11') + ~ 1 _ ~] ln .<,' _ i'lll(l- IL') _ 6
1n2 Il' + 4

1
- Il'}) .

2(1-11')+ 2 Mj 1-11' /1.'

8
ë=-.

le
(4.39)

•

Similarly. adding (4,28). (4.29). (4.30) and (4,32). we obtain for the unpolarized

'l'Î cross sect.ion

dû.. ( Cl, {[ _ 2;;2] (In(I-1l'))
,ql =\B(O) 6(I-w)+CF-' -/+- 6(I-w)+8w

dM-d1>3 2;; 3 1 - w +

p. (w) s })
+2w~ ln, 2 - 411'(1 + w) 111(1 - IV) - 2w(1 - w) .

F JIll
(4.40)

TIl<' uupolarized qg cross section is obtaiued by adding (4.33) au'\ (4.35). The

resnlt is

dâqg _ ( Cl, { n , ) [ oS? )] (1 - w) ( )}
tlJ\Pd1>3 = \B 0) 2;; wrqg ( w lu Mj + _lu(1 - w + 4 1 + 3w lV •

(4.41)

We commeut briefly here on the forlU of the polarized subprocess cross sections

iu next-to-Ieadiug order. Certain features persist even after inclusion of the HOC.

The azimuthal dependence is the same. i.e. proportional to cos(2<p:! - tP! - 4>2) (or
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• ~igtl (or zpro:-,) of t IH' <'OI"1"p('t 1'( 1~11hpn)('t':':' ('1"0:-':-: :-,,'('t iOIl i:-- (lt'tt'1"1nillt'll h,," tilt' :,i~11 '11'

F,,(.\l). a~ in tl\l' Born lPrlll. To thl' 1'>:1 ,'nt Ihat 1\\1' ltp-qltark ,l,ltltinatl'~, \\"hil'h i~

\\"1' 111l1:,t :->tltll 0\"1'1" ;01' quark tlanll~ u. d..... i:l tht· parton mo,h'} t'xpn~sioll).

\\'(' no\\' ha\'(' ail tht' nl'l'I'~~ary. linitl'. ~lthprol't'~~ "ro~~ ~""tion~: (.1.:17). l·I.:I~).

(4..10) and (4..11), Ht'Ill'('. \\'1' are in a l'll~ition to ,1<'tt't'lnim' thl' oh~l'r\'ahll' polar-

iz('d cross s('et.ions nsing the parton Illod('l l'Xll1'l'~~ion (1. Ili), \Vith th,' ltnpolarizt',l

qllantiti('s r('plae('d hy th(' l'orr~ponding l'olarizl't\ onl'~,

After p('l'forming t.h(' appropriatt' ehang,'~ of \·ariah1<'. \\'1' ohtain tht, ,'ontrihlltion

of ~TdÔ'/ dA[2dn3 to th(' diffl'r('ntial \lhY~Îl'al t'l'O"~ ~I't·tion

(,1.,12)

where

;"1, = ml / ttf.

Note th,tt in the subproccss cross section we have

according ta the definition of b.TFq. Ana\ogous\y to rPt and rP2' we Illay dclint' 'PA

and </>8 as being the azinmtha\ angles corr<:>sponding to SA and Sil.

For the integrated qij cross sections, we have

•
[b.TJdO'qij "" 11d.7:al1dW[ JE: ( 2)[ J 2 [b.,rJdi1;j
d '{2d'" = L.. - - b.T ilA x," il'/, b.T Fil/J(xl" M,) {:I./2 l1> .

.Il' '+'3 . • ,. XQ. wi W ( J ( 3
t=q,f/·
j=ij,q
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Analogon~ly. for t.he integrated lInpolarized qg cross section

(4.46)

•

Since dô';J!dM2dt/!3 is a function of s. M2 only. il. is PI +-' P2 symmetric. Hence. if

fi = B we have only haU t.he t.erms and a fact.or of 2.

4.5 Numerical Results

Here we present. the numerical results for t.he production of lepton-pairs in trans-

versl'ly polarized proton-prot.on collisions. Results will be presented, in general. for

l'nergies VS = 100. 200, 500 GeV: RHIC's planned energies. 23 For the polarized

cross sect.ions. we use t.he parameterizat.ions of the transversity distributions given in

Appl'ndix A.2. For the unpolarizcd cross sections. relevant 1.0 the asymmetries, we
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•
into a('('ount pro,lu('tion hy ],oth ., and Z a~ \\"l'II a~ ;-Z iutl'rfl'rt'urt,.

Il i" ('on\"!'ui!'nt to dl'!inl'

fT" = 1\., l', , [-ri '/:1' '.':1
(·I.·lï)

In terIns of thl'>'!' cross sl'etions. Fig. -1.G (:1) pf("'l'nt~ thl' l":ltio~

/\. == O'Born + 0'110C •

"Born
}

• _ (T".Hum + (T".llOC
\'1 =

(T'r.ll'ml
(·I.·IS)

•

for v's = 100. 200. ·500 and 0.1 ~ .,fT ~ 0.8. Firstly. \\'1' notin' that ail K. /\'" al"!'

greatl'r than 1 (LI'. eT/lUIT/ce the Born tl'rIn); ~t.al"ting al. al"ound Uj and inl'rt';L~ing

towards t.he kinemat.ic endpoint. This fl'atme is 'luitl' analogou~ t.o t.hat. OhSl'l"Wl\

in direct photon productiou. As wcll. for fixl'd .,fT. thl' J\'-factors <1''l'f(''I.'''' wit.h

increasiug v's (and heuCl' M) duc 1.0 t.he diminishing of a,.

For v's =200. 500 GeV. wc notice pl'aks and dips beforl' and aft.er t.h.. Z-pl'ak.

This is because wc arc t.aking thl' ratio of t.wo quant.itil'>' whieh vanish at. slight.ly

different points. Duc 1.0 t.he oVl'rall factor F.,(M). dl'!ined in (4.10), which Illult.iplies

the contribution from each quark !Iavor. t.he cross section vanishl'>' bcfor.. and aft.cr

the Z-peak, where il. becomes positive (Le. il. chauges sigu). Since wc arc summing

over all quark contributions, the HOC and the Born term vanish al. slight.ly dilfcrcnt.

points, leading 1.0 the peaks and dips in the vicinity of the zeros.

Let 0"1f, O"s be defined analogously 1.0 t.he direct photon C'L~e. Again O"s rcprcscnt$

the contribution coming from soft. collinear and vil'tuaI gluons, and Wl' lllay ask t.o
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Figure 4.7: Cross sections (a) integrated versus M: (b) differential versus ,fi. at ..;s =
(100). 200. 500 GeV.

what extent Us dominates th!' cross section. Fig. 4.6 (b) prl'Sents the ratios

L
_ UJ/
- ,

Us
L _ U~.1l

'1 -
u~.s

(4.49)

versns JT. for the Saine VS. 11 as in Fig. 4.6 (a). As in the direct photon case, the

L-factors decrease quickly as we approach the kinematic ma.'CÏmum (for the same

relisons), and for JT~ 0.25, Us dominatl'S. It is therefore Us which is rl'Sponsible

for the increase in the l\-factors as JT -- 1. Hence, one might use Us to get a first

approximation to an O(a~) contribution (i.e. 2 gluon radiation) for JT~0.25, and

then try to extrapolate to lower JT values.

Fig. 4.; prl'Sents various polarized cross sections. Fig. 4.; (a) prl'Sents the inte-

•
grated polarizcd cross section u, versus M, near the Z-peak (where the cross section

becoUll'S positive) for VS =200 and 500 GeV. Since we do not prl'Sent asymmetril'S

•
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• h0rC". it. is of intf'rf'st. to ~f'f' how lllany ('Yl'nt:, \\"f' t'aH t'XIH'('t. or llHlt"t' pn'd:·a-ly. tilt'

ntlmhrr of r\",'nt" whrn tl\(' proton" an' polariz(',i in tIlt' "ant" din'ction 11111/11.< th,'

running timr (100 day". ;30}(, l'fficil'nc~·). an int('~rat.,'d 11l1nino"ity of 1. = ."00 ph 1

is anticipatl'd. Intl'grating thl' ('ross s('l'tion. ~TrI(T/rlJI(I<.':I· L. l}('tw,'('n JI = 1'0 and

M = 100 GrV giws a diffl'rl'ncl' of ronghly 200 /+ + /- "\','nts/ra,iian lof •.':d. takin~

bot.h / = e and / = l'. for .JS = 500 Gl'V. Nl'gligihl,' rat,,:, O(·,·ur for .JS = 200 Gt'V

al. thr Z-peak. dlle to thr supprrssion of thr traus\'('r:<it~· s"a for htrg" .1'.

Fig. 4.ï (b) sh(,;;s toilr qnautity -M'lu,,/F,,(M) ver:<us.Ji for .JS = lOO. 200, f,OO

GeV. The purpose of dh'iding by F,,(M) is to somewhat smooth.,u t.h., ('ross s.,.·tions

so that they are similar to the photon exchang!' cor\i.rihution (L!'. .JS = lUO G!'V).

This works since, to a large extent. the IIp-qllark dominat!'s.

\'ie notice a high drgree of scaJing. mraning that the plot.t.ed qllantît.y mri.,s with

.Ji almost independently of.JS. Changœ in .JS amount to a shift up or dowu hy

an almost constant factor of 1.5 ~ 2 in tilt' smooth r!'gions (i.e. away from th" ('ross

section zeros). This gi\"es \IS a good measure of the s!'lIsit.ivit.y of t.hl' eross s!'et.ion 1.0

changes in J.l, M, occurring in 0'.• (J1.2). ~TFq(a:. M}) respeet.ively. This is !)('cmlse th!'

only dependence on .JS. for fixed .Ji. is in 0'. and ~TFq (1.0 the ext.ent that dividing

by Fu(M) cancels the mass dependence). Hence the dilferencœ in the 3 curvœ arise

solely from differences in 0'.• (J.l2) and ~TFq(x.M}), in thœe regions. Varying M, 1L~

weil, in the term ~ In(s/J\J}), wonld increase the stability.

Lastly, we consider the asymmetry

•
A = l:!.Tdu/ dM2dt/J3

- du/ dM2dt/J3
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Figure 4.8: (a) ASYlIllllet.ries at. t.he Born levd and in next.-to-leading order: (h) corre­
sponding ,"'xt.-t.o-leading order polarized l'rOSS section. versus ft at. ,fS = 100 GeV.

for tmnS\'erse 01'1'11-·Yan. in the ,-exchange region. Asymmetries ar~ important since

t.hey gin' a measure of the ratio of the trans\'ersity distributions t.o the unpolarized

part.on dist,ributions. i1ldcpC71cfc71t of the overall nOl'Inalization factors. Hence large or

small I\leasured asyuunet.ril'S l'an be used t.o distinguish reliably between a rl'1ativell'

large or small transversit,y antiquark dist.ribution. working at. any order in Ct.. As

weil. wc saw in direct photon production t.hat. t.he asymmet.rl' was pert.urlx1.t.ively

st.able. If this feature holds for transverse Dreil-Yan as weil, wc can extract from the

experilllent ratl1l'r precise information about the transversit.l' distributions, without

the usual problellls associated wit.h convergence in perturbative QCD.

Fig. 4.8 (a) givl'S t.he asl'lllllletry for..;s =100 GeV and 0.05:5 "fi:5 0.5 inlead-

ing and next-to-Ieading order. We sel' t.hat the qij contribution is quite stable under

HOC, decreasiug bl' ::s 10% t.hroughout. 'When wc include the qg subprocess in the

•

uupolarized cross section, t.he asl'mmetry becomes slightll' more negative, decreasing

bl' another ~ 10% throughout. This is because the qg subprocess contributes nega-

t.in'Iy. iu agreement with t.he liuding of Ref. ii. 50, the net effect of the HOC is 1.0
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Figure 4.9: (a) Asynllnet.ries at. t.he Born lewl and in IH'xl-to,ll':lllin~ orell'r: (h) ,'om',
sponding next.-t.o-Icading order polarizcd ,'ro,'" ""lion. "l'l'Sns .fT al VS = :?llll G.,\',

make the asymmetry ;S 20% more lIl'gat.Î\·e.

The st.ahility of the asymllletry can IJl' Il11t1erst.ootl hy l'x;unining thl' polariz.,.l and

unpolarized HOC for qij and ohserving the dose similarit.il's, This is part.Ïl'nlarly t.rUl'

in the dominant region. 11' ~ 1 (no~e D.T P.,q(w) "=:I P.",(11')), H,'Ul'I'. t.h" corn"'tions

tend 1.0 cancel in the asYlllllletry, This sallie feature wa.~ ohsprvp,l in tliff'ct. phot.on

production.

Fig. 4.8 (b) shows the polari1.ed cross section in t.he sallie region, W" sp" that. t.h.'

smaller .,fT region is Ideal here for ma.xilllizing t.he cross sect.ion. In t.hp rpgion whpre

the cross sections arc si1.ahle. .,fT;S 0.2, the aSYllIllIetry varies lwt.wepn (l.08;S ­

A;S 0.15. Of course. the measured asymmetry will depend on tl\{' si1.e of t.he 6..T F.,

and 6..T Fij in particular. Hence. from experiment, a larger or slllaller ;1.~Ylllllletry

would tell us that D.TFq was larger or snmller than our gness. Unfortnnatcly, a 1II11ch

smaller 6..T Fij could lead 1.0 dillicult-to-measnre asymUletries.

In Fig. 4.9. the saUle quantities as in Fig. 4.8 are plotte<!, hnt for .,f§ =200 GeV

and 0.05;S.,fT;S 0.25. Similar conclusions hold for the asymmetry (which is a bit
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•

•

·1,(; (;1)). Tllf' cro."'~ :-;f'f·tÎflll:' an' ~()I1I('\\·h'lt ~lIIallf'r tIHm~h. dlll' 10 thp,....., 1/.\1'1 factor

ill \ /1 (E'I.I.XJ. whi ..h ;11 Il ollIII , 10 ~ 2/,\/:\ ill ':::'Trlrr / ri.\! rI,..,:\. Sill("1' 1 hl' 'To" "'("1 iOIl

(.1..\,.) rl"·l'i,·I" <\omillallt "olltri!>llliolt' from 11':::::: 1 (a' ill <\ire,..t phOIOIl pro,lll("tioll)

;11"1.,.,, :::::: .1',•. Wl' arl' ""1lp\illi!, thl' partoll <\i,'rihlltiom< lI<':\l'.r:::::: ft. This lu'lps 10

IlII<\I'I"'lall<\ thl' sharp drop-off of 1h.. ("ru" s..("tioll with ill'T('asill~ ft.

\VI' ilOt<' Ihal. th,' HOC' 10 tralls\'l'rsl' Drdl-Yau hm'l' also bl'l'Il sl11dil'd ill Rl'f. 74

whidl ollly tak..s iuto at'l'l11l1l1 productioll by ., aud "lIlploys a diffl'rl'ul rl'gulariza·

tioll s..h<'II\l': v;ivillg, thl' gluoll a mass. Of l'oursl'. whl'Il t\\'o-loop trausvl'rsity split

fUIl("tiolls h"l'oml' availabll'. thl'Y \\'iI\ most likl'Iy bl' dl'll'rmilll'd usillg diml'llSiollal

1I\1'1.ho,ls (a$ iIl thl' uupol;lrizl'd l'asl'). Hl'u,l'. il will not bl' pos.~iblt, 1.0 nmkl' USl' of

l.lll'ir rl'$ult.. Yl't. thl' rl'Sult.s of Rd. 74 havl' thl' saml' fl'atllrl's as ours. l'l'l'l'pt that.

thl'Y work at. a fixl'd lU = 7 Cl'V alld USl' Iwo diffl'rl'Ilt Sl'Is of trallsvl'rsity distribu-

tiolls. Our asyulIlll'try lil's in bl'twl'l'Il t.hl' Olll'S ,orrl'sponding 1.0 thl'ir 1.\\'0 sets. As

\\'l'Il. t.h,'y agn'l' on UIl' perturbat.iV(' st.ability of thl' asym!lll'try. If \Vl' extrapolate our

l\-fadors 1.0 th"ir mass rl'gion. \\'l' find fair agrl'eml'nt. EV('n \Vith ail this agrl'ement.

t.h,'rl' arl' sl'\'l'ral dilfl'renl'('S ill thl' aualytical results for the subprocess cross sec-

th,' tl'rll\ '" ;r21i(1 - IV). t.ypical of t.he corresponding unpolarized and 101lgitudinally

polarizl'd cases. 77.57 If both calculations \Vere dOlle consistelltly, thell according 1.0

thl'ory. dilfen'ul'('S in the analytical results are compellsated by differenccs in a., and

':::'"Fq• as det.erminl'<1 in l'ach rl'gularization schemc via comparison with expcrimcllt.

At this point. though. therc is 110 expcrimclltal inforrnatioll on ilTFq:

• Aft,'r this work wn... published. a paper l'amI' out 78 proposing an upper bound on the absolute
"alue of the trnus",rsity distributions. The bound WilS derh'Cd IL<ing a leading order (mùve parton
modcl) ''l'prmdnmtion ta QCD. Basically. Ref. ;8 generalizes constraints from nuclron-nucleon
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• 4.6 Conclusions

1'0 l'ondndp, Wl' ha\"(' dptprtnitH,d l'Olllp!pt., ana!\"til'al t't"llit, fol' t!1I' olu'-Ioop Il,\('

to .·IIB; ~ [-r' +.\, Fol' pt'l>ton-proton t'oili,jlln" thl' 110,' .'nhalu'p 1111' Hom

tl'rlll hy ;;0 lllO';'·, ;'\par th., Z-ppak and in tlll' 10w-llIa" rq~ioll, wl'lI tlll'a"Irahh'

•

distribution,. ant! t'on,it!e'rinp, prodlld.ion hy -, onl~'. a'YIllIlll'lrh', Ilt't\\'l'I'tl -(l.OS and

-0.15 are' rount! iu the' \\'1'11 1llI'a,urahl., \'('p,ion, O,p. .JS = 100 (;p\', Ji';S (J,:!),

HI'UCI'. our work ]<:'ud, p,ood snpport to thl' planul'd pxpl'rinu'nt, at Bille,

scattcring to Quark·nuc1con scattering. Thcreforc QCD radiative corrections arc ahs('nt, :LtId thf'Sf.."
may significantly modir~,. the b0110d. i9 Anyway. our 11- :md (l-quark distributions s.1.tisf.y this h01llld
for most x of interest, Tbe antiquark distributions. on tbe other band, arc a bit larg." H,,"œ,
imposition of the bound '\\'oul<1 somcwhat decrcasc the ovcrall J1l'lguiludc of the r.ros.... s~lions auel
asymmetries presentcd here. but not the shape. Thcse points a...ide. ont an:Llysis mu} r.onr.1I1SiOIlS

rcmain unaffccted.
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Chapter 5

Heavy Quark Production by
Polarized and Unpolarized
Photons

Hi~her order corr('ct.ions for IWa\Y quark (Q.Q) product.ion in unpolariz('d partkl('

collisions hav(' b('('n (\('t.('rmin('d in dNaiJ. 80-82 For polariz('d partid(' collisions. how-

('v('r. analyt.kal r('sults w('r(' st.ill abs('nt. Ewn for th(' unpolariz('d cas<'. only virtual

+ soft corr('et.ions hav<, b<'('n pr<'s<'nt.<'d analyt.ically. SI Apart from g<'n<'ral [('lISons.

w('ll-known from lInpolariz<,d r<'act.ions. knowl<'dg<' of HOC for Q. Q production in

po!ariz<'d proc<'ss<'s is import.ant. for s<'wral sp<,cial reasons.

l3<'ginning with polarized )"l' collisions. which is th<, sllbject. of t.h<, pœs<'nt work,8.1

011(' rl'ason of sp<'dal int.er<'st. is the following. A Il collider becomes particularly

import.ant. for searches of t.he standard model Higgs boson when its mass is below

th<, \r+H;- threshold. Then. the predominant dccay is H ~ bb and the background

comes from Il ~ bb with dir~et or resolwd photons. Leaving aside the latter, for

th(' moment. use of polariz<'d photons of <'quai hclicity (when the allgular momentum

has J: = 0) suppress('s t,his background by a factor mUs. M.SS This holds, however,

only for the lowest. order of a,. HOC necessarily involve the subprocess Il ~ bbg,
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•

i:-< importC\llt i:-: tlwt Ill!' }-lig-g:-: :-,ignal ('01lU':-; t'lItin'ly frnlll il. 1'1111:-'. Wt' lIltlXÎtllÎlt' tilt,

I-Ii~~~ to ha('k~rol1lltll'atioin two tlitft'rt,tlt ways.

F'llrthprtllOl"<'. al. hight'r ('llt\r~it':-:. il will lu' possihlt· 10 prot1w'p lop-ql1;lrk.... ill

photon-photon eolli~ion~, Thi~, whl'II <'o\llhilll'd wilh olh"I' dala <11\ lop'quark l'ru,

duction l'rom c+c- and l'i' eo!li~ion~. ~houhl ""l'laiuly iIUPI'O"l' Olll' kllowlt'd~l' or th.,

top-quark parameten;, The HOC couId han' a ~i~lIilit-alll .'Irl'et 011 th., thl't'~hold

]wlun'iour. Il. i~ al~o illtere~tinp; to l'l'amine thl' ~pill <1"1"'II,h'I\('" of Ih" 1l0C ill thi~

rep;ion. Of coun;e. thl' analytkal rl'~lIlt$ ]lI'e~"nt"d 11l'1''' will likl'\y lind ~,,\·.'ral 01 h'-r

applieation~, The el'perimentai pos.~ihilitil'~ for pl'mludn~ )'~ "ia haek~<'allt'rill~an­

discussed in Sect, 1.3.

In this chapter. \\'1' present l'ompll'te analytkal n'~u1t.~ for h,,;\\'~' qllark pl'mlnetioll

br both polarized and unpolarizl'tl photons, Nnm,'rieal 1'l-~nlt~ ar.' pl'l'~l'nt,,<l for 2-,

3- and 2+3-jet cross sections for t.he C;l.~l'S where thl' initial photons ha\'\' total spin

.J: = 0 and .J: = ±2. For "-quark production, this is analyz"d a.~ a haek~l"lllll\Cl to

Higgs production. 'oVe also consider /.-quark protiucl.ion for '-ul'l'p;i,'s not 1.00 far ahov.­

threshold.

The analytical results presente<l here are also useful in detl'rmininp' t.h,' pro,lue­

tion of heavy quarks in polarize<l photon-proton (proton-proton) ('o!lisions, This

is because the process " -. QQ(g) is the Abdian (QED) part of t.h.. suhproc"S.~

19 -. QQ(g) (gg -. QQ(g)). which is br far the dominant suhprocl'SS in ,-/1 (/I-/l)

collisions. 80•81 The non-Abelian part of 19 -. QQ(g) (99 -. QQ(!J)) l'l'mains 1.0 h..

calcuIated.
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Fi~l1r(' ;J.l: Lfl\\'(':-,t ordC'r ("olltrilmtiotl~ tn '"':<. - (({J.

5.1 Leading Order Cross Sections

Th.. (·ontri!llIt.inl\ I\raph~ ar.. ~ho\\'n in Fil\. 5.1. \\'1' intro<ill(,1' thl' variahh", (molllf'nta

a$ in li!!.ur..)

and

wh"rl' 1/1 i~ thl' hl'avy-qnark mas~. Defining

(5.2)

t
1'= 1+-.

13

wc llIay exprl'5s

-u
ll' =-­s+t

(5.3)

t = -13(1 - v). 11 = -SI'l('. 132 = 131'(1 - w).

Thl' polarized a!ld unpolarized squared amplitudl'5 arc defined. respecth·ely. as

(5.4)

•

where M('\I' '\2) denot.l'5 t.he Feynman amplit.ude with photons Pb P2 having helicity

'\1' '\2 respect.h·cly. The sallie holds for the cross sect.ions.

For t.he exampll'5 considercd in this paper. it. is of intercst 1.0 calculate (numeri-

cany) t.he cross sect.ions for a specifie helicity state. U(>'l' >'2)' We present analytical
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• oht ai11 t Ill' (lt':-,i 1"('d ('l"O:-,:-' :-,p("f iOIl:' \"ia

(T(+.+) = (T + .:J.(T.

Ddininp;

(T( +. - ) = (T - .:J.".

\\'1' llla)" {'l'press thl' /1 (= ·1 - 2;;)-dilll<,nsiona\ 2-hod~' phasl' SP'I(,{' as

]
r/a·,_·, . [ ., .,]

[.:J. -,-, - = J\(~) (2111)-[.:J.]I;\JI~_..• b( 1 - 11').
( l't il' ~ -

It will bl'COllll' nl'l'œsary 1.0 work in 11 dillll'nsions whl'n Wl' dl'l<'rllliIH' Ihe HOC (s<'1'

Ul'l't sl'l'tiou for dl'l.ails).

Thl' rl'snIt.iug ll'ading-ordl'r (LO) l'ross Sl'l'Iions an'. in DHED (nolinp; (2.:\:\)).

dO'LQ

dl,dw

•

where Ne (=3) is thl' nUlllhl'r of quark l'olors aud l'Q is t.he fral'1.ional dmrp;<' of t.h.,

heavy-quark. Makiug 11Sl' of (5.4). (5.6) we sel' l'l'plidty that. dl1l.o(+, + )/rl"'/III is

5.2 Loop Contributions

The loop coutributions arise from the diagrallls of Fig. 5.2 and t.hl'ir PI - 1'2 iu-

terchange. These diagrams cont.ain bot.h ultraviolet aud iufrared siugularit.ies. To

regularize them. we use dimensiona! reduction. whil'h WIlS described iu Sect.. 2.2.2.

This facilitates the handling of the Levi-Civit.a t.ensor g'w>'P. As wc will show below,
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C C cc
, " i

"C ,C

Fignre 5,2: Loop graphs fOfî'î - QQ, (a)-(c) self-ellergy dingrnms: (a')-(c') mnSHOllll­
h'rterlll diagrnllls corn'spolldillg to the graphs (n)-(c): (d),(e) \"l'rtel< dingrnms: (d'),(e')
dimensional redllctioll cOllllterterm dingrams correspolldillg to grnphs (d).(e): (f) bOl< din­
gram.

th... mmlyt.it'al expressions for t.he cross sect.ions are n~gltlaT-ization scheme indepen.-

rient once ail Ul... cont.ribut.ions (including t.he gluonic bremsst.rahlung) are added.

Throughout.. we work in t.he Feynman gauge.

TI\l' he""y-quark n11\..<;$ and wave function renormalizat.ions are performed on-

shd\. TIll' self energy graphs are shown in Figs, 5.2 (a)-(c) and the corresponding

mass {'ouuterterm diagrams in Figs. 5.2 (a')-(c'). The factor 1/2 multiplying (b)-(c')

comes from \\'''''e function renormalization. The bare ma..<;$ and wave function are

tietermin...d in t.enns of the renormalized ones via
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• (~('p é\lso (2.;j8)) wlwl'l' Z", é\wl Z.! art' t1H' Illas:' and W:\\'t' fmll,tioll rt'1HH'tI1alilalÎtlt!

"ollstallts .iptpl'lllillpd ill th" oll·sh<'11 S('hl'IIII', \\'" d"'ill<'

l:" 11)

lu dilllpusiouai rp,!twtiou "'" till'1. to on1<'r !p,

" ( 1 ::i)Z... = 1 - :3!1"CCr :;:; +:-3 '- '

" ( 1 :!)Z~ = 1 - !(c,C'r ::; +:, + ~

•

\\"ith CF = 4/3, \V,' usp l/ô' 10 iudicatp \\'hidl (PI'lUS an' of IIltra"ioil'l, ori~ill,

III dimensional n'duction. \\,p IIIUSt. ad,\ t.o th.' \'('r!p)( dia~rallls of Fi~s, :l,:! (d),

(e) appropriat,e count"rt"rllls (d'). (l") in onl('\' 10 s:\t.is[~· t.h., \Vani Î<I.,ut.it.~·711

b"t\\"l'l'n \'('1'1.1')( and sl'lf-"nl'r~' graphs, \\'ith Zl d,'uot,in!!; t.hp '·PI't..,)( l'pnol'lnalizat.iou

constant (SI''' (0.24). (0.25)). Thl' Fl'ynlllau rulp [ur t.his vl'I't.p)( eouu1.<'rt.<'l'm is [ouu,1

1.0 bl' (in Il dillll'nsions)

"
-y2 C ,,1

l' ~ (4;r)2 '1'1, e"

\\"here î':' is giV('n by (2.5ï). Thl' d('l'ivation of this connt.l'rtpl'lII and t.1\(' d\('ek of t.hl'

Ward idl'ntity are giV('n in Appl'ndix O.

Whl'n al! the contribmions 1.0 thl' physical ('ross sl'diou (iue\uding g\uouic hn'1II8'

strahltmg) are addl'd. the rl'snlt is fl'I'e of infrared divprgl'n<'P8 ;L~ t.h"n' an' no III;L~8

singularities here. Thus the only schellll' dppeudl'nt part lIIight. ('OIllP frolll t.lll' Vl'I't.px

and self-enl'rgy graphs. Having satisfied the Ward idl'ut.it.y (5.13) though. 1Il"aus

that the scheme dependl'nt part of the correct.ions cancels between vert.<~x aud self-

energy graphs. This was explicitly verificd by calculating the vertex and self-energy

graphs in dimensional regularization. Wc also chccked explicitly thal. tlwre are no dif­

ferences between reduction and regularization arising l'rom any other contributions.
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• ,\-loJ'(' sp..dliC"al1y. 10 ol,taiii tItt' eiilllf't1siotial n'~111arizatioll rp~lllt. for auy part-kular

l'(JII'ril"'lioll l-\i\'1'1I 11I'n'. si,"p!~' rl'pl:wl' thl' LO 'l'ntl hy 1}1l' ('orn'spollclillg LO tl'r\ll

frolll c1illll'llsiollal rl'l-\lIlarizatioll. \\'111'11 ail thl' ('01llrihl11iollS arl' acl<]Pcl. thl' sdll'\IIl'

dl'I,,'ucll'Ilt part of III<' LU '1't'l1I <'all(,l'!s alolll-\ ",ilh ,hl' 1/, illfrar<'c1 <1i\'l'rg<'II(,1' lIIul-

tipl~'illl-\ il. IIPIl<'<'. III<' ahs<'II('<' of lIIass sillgulari'il's all<1 \'a('1111111 polarizat.ioll graphs

As "'iLS sl<ltl'<1 ill Rds. 75 alld 86. a ('ountC'rt.l'rlll likl' (5.14) \\'as usC'd to rC'-

\110\'(' ail ullphysical t.<'flll. GC'nC'ral onC'-loop ('onnt.C'rt.C'rlllS ha\'(' bC'C'n devC'!oped;;7

t.0 (,Oll\'l'rt ullpo};trizC'd dilllC'us;onal rC'dul't.iou rC'SlIlts iuto thC' corrC'sponding dintC'n-

sional rC'b"ilarizat.ion rC'SlIlts for tlte purely masslC'Ss case. Aiso. ('C'rt.aiu C'qllÏ\,ùen(,C's'l'\

and correspondC'ncesSl' bC't.\\·C'en dimC'usional rednction and dimeusional rC'glllariza-

t.ion ltavC' bC'C'n not.C'd. In tltC' prC'sC'nt case ltowe\·C'r. satisfaction of (5.13) is snfficient

t.o ,'nsurC' Sc!IC'IlIC' indC'pendenCC'.

Adding t.lte contribntions of Figs. 5.2 (a)-(et) (and the t .... li interchange) resnlted

in t.!1C' nitraviolC't finite vert.ex plus self-energy cross section

da,,.. 16 daLO CIt·(O). . T m2

-[-[ = --7rCl.CFC,-[-[ +0(1- w) (4 r {2Ad4(ç(2) - LI2(-, ))(1 +3-) (5.15)
tPtll1 ~ ( lllW r: .. ln- t

t t t2 t 1 t T
- lu(--" )(8 - 6- - -:;) - 2 - - + .'h In(--,) + .'h(Li2( -:;) - ç(2)) + A.I + (t .... u)}

1/1- T T- T m- m-

wltere

(5.16)

•

The corresponding polarized cross section. Doda,...,/dvdw, can be obt.ained by replac-

ing the .4; and daLO/dvdw in (5.15) by Do.4; and DodaLO/dt.dw. respectively. The

[Do].4; arC' given in Appendix C.2. We will use this notation throughout. We note

tltC' tenn ~ l/ô in (5.15) representing an infrared divergence. Also, note that [DolA!
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• i~ proporliolla! 10 111l' LO ~qllan"! alllplillldt' \\"itholll tht' 1 -' 11 illlt'I'('hall!,t' (~t't'

:\ppt'Ildix C.2. E'I' C.;j).

Siu('(' p.jrlrrl.o/rI,.rllI' b iu ~t'ul'I'al n'!,lIlal'izalillU ~dlt'Illt, ,!Ppl'lldl'1l1 III (1\,) (\\'ol'k·

iu~ iu 1/ dillll'Il~ioll~). \\"l' ~l'l' l'xplidl1~' Ihal Irnly ~dlt'llIl' illdl'I"'Il,It'1l1 ("\'ll~~ ~t'('lioll~

will rl'~1I1t ollly whl'Il aIl (,lllllrihu1iOIl~ an' addl't! aud aIl iIl fra n'd dÎ\'t'I'!,"Ilt"t os ;\l't'

lu ardl'r to l'mlllall' thl' hox ~raph of Fi~. G.2 (f), \\"l' llIu~l. n"!II(,l' Iht' 1't'~lIltill!,

\l'lIsor iU\l'grals \0 scalar OUl'S (cOlI\'l'ui('Ully Ii~tl'd iu Hl'f. SI) u~iup. projl"'lin' Il'U~or

t(,c!llliqUl'S.89 Thl' I('usor iutl'grals lm\"<' 111l' gl'ul'ral forlll

(r>.\ 7)

where t.he ki arc general momenta. As an exalllpll'. th!' Vl'l'tor hox iUI('~ral Wl' l'U-

cOlln\l'r has the decolllposition

(G.18)

In general. t.he scalar coefficients D ij arc not independent.. This Silllplilil's 1.11l' caieu-

lation somewhat. Noting that

(G.19)

wc obtaill

(5.20)

•

since the D;j in both integrals arc the sanIe. dlle to the fact that. thl'Y arc scalars.

Using the same approach, wc rcdllce the number of independent Dij from sevell to

lhre in Dl'v and from thirtccn to eight in D'tv~. This method was quite hclpflll in

kccping the very large intermcdiate expressions as short as possible.
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Fip;llr<' 5.3: GlllolIÎ<' Bn'lIlsstrnhlllllp; p;raphs for i: ~ QQg.

Addillp; t.h" eOIlt.ribllt.ion of Fig. 5.2 (f) and t.hc 1 .... 1/ int"rehang" gi\'cs t.h" \·irt.ual

hox cross ~(lttion

l!abux
dntl",

rlULQ 2111 2
- 1$ 1 . .

- 1G..a .•CFc, 1 1 3 {2In(:r)[- -ln(!3)] + 2LI2(-3') - 2LI2(.T) - 3';(2)}
( 'Vc.W sI 2~

Cl\"(O) 2m2 - 1$ • B.+ ,\(1 - w) (4..)2 {-SBI s{3 In(x) In(-l/m-) + 2 13- [ln(x)(4In(1 + x) -In(x)

41n( _tlm2
)) + 4Li2(-x) + 2';(2)] + 2B3 In2(x) + 4~lln(X) + 4Baln(_tlm2

)

+ SB6Li2(Tlm 2
) +4B,';(2) + 4B8 + (1 .... u)} (5.21)

wherc
•

';(2) = ~-,
1-{3

x == 1 + 13' (5.22)

•

Thc [ù]B; arc givcn in Appendix C,2. Wc sec again the infrared divergence'" Ile.

Indl'pcndcnt calculations wcre performed using FORM 9D and REDUCE91, The

lat.t.er proved useful in factoring the expressions and cancelling powers in the denom-

inat.ors.

5.3 Gluonic Bremsstrahlung Contributions

The bremsst.rahlung diagrams are shown in Fig. 5.3. Squaring these diagrams (plus

t.hdr PI .... P2 interchange), wc obtain the 2 - 3 l'article squared amplitude

(5.23)
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• ';:;1 t':~ t'l II,! • k t'ti (-
C[-:;+"2/'2'k+--+ ,,+1':. ..+ + 'h"

8~ 1'2' /" 1'2' l',,' 1'1 . Vi 82 1':1 • k 1':1" -
Cs 1,:!·].-2 II'!." k t"",11/S'!. fi:!

+ + l'" + 1'10-- + + "
1'1 ' l'" 1'2 ' 1'.1 1'1 . 1'·1 1'\ . /,-, 1'2 . 1'.\ /':1 . k 1'2 . l' 1 /':1 . k -

- l " 1
('1:1 ('\·1 p:! . fi' • l':! . ,,'

+ " + " " + 1'1:, + 1',,;--1 + (J'I ~ 1'2.1,~ Il).
1'2 . p.i 1':1 . k 1'2 . p.i /':1 • k - /':1 • k /':1 . k

As hefore. \\'e lIIay ohtain ~IJII~_:\ hy rl'plal'În~ thl' l'i in (5.2:1) h~' ~I·,. 'l'Ill' [~h

are gin'n in Appendix C.2. Again. independl'nt. l"aknlations Wl'n' ]ll'rforllll'd nsin~

FORi\! and REDUCE. The forlller prm'ed nSl'ful in part.ial fral"tionin~ allli otlll'r

reductions of the dot-prodncts analogons to thOSl' in Appendix 13.3. fur nOIl\'anishin~

.) ') ') .,
q- = Pi, r- = P4'

To obtain the total bremsstrahlung contribution to [~]d(T/dl·dll'. we ]wrform t.hl'

phase-space integrals in the frallle where P.l and k arC' hal'k-t.o-hal'k. \VC' linll (in

agreement \\'ith Ref. 81) for the 2 ~ 3 phase space

1<fUB' C< - f "[ "[.6. -1-1- = I\(ê)-" f(ê) dn(27l1)- ~lIMI~_:1
1:VI lU JL-< -

\Vhere

j(ê) == (1/12)1-< SV (S!~) \-2< (1 _ 111)1-2< r(l - ê)
S~ < 2.. 1112 r(l + ê)r(l - 2ê).. .,

•
1-!27r':.!/3+···

and

(5.24)

(5.25)

(5.26)

•

The gluon angles 91 and 92 are delined in Appendix C.1 along \Vith ail the 1II0lIIenta.

We lirst evaluate all the phase space integrals in fonr dimensions since, for '/II f. 1,

all the integrals are linite. For lU = 1, the terms in (5.23) \Vith c.:oefficients ë; are

singular through the relation (3.26). where the "+" distribut.ions are delincd in (2.91),

(2.92). This means that, for these t.erms, the integrals must, also he evaluated in n
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x

• dinll'nsions in 1111' liIllit /l' - 1. kl'I'pin).; till'ir 0(.,) part. l'Ill' f('snlting intpgrals arp

slrai).;ht fOl'wareL

l'Ill' linal l'I'sllii is. wil h Fi == J(I + 1/)' - ,II11'S.

1 Cl\"(O) 1 _ 252 T+U-fj _ 52 _ _
+ (1 ) (1 )" 5 {fI + -_-ln T + ,. + - Cl> + .J--"c; + '<211l C1I

- 111 + l 7i" 2 Y L' Y m"

"- "- } C dl1LO 1 {( " )+ .<~112fI2 + .<~hlel'l + (1 ~ Il) + 8;rn,pC'-I-I--3 2111" - S
"" /:1'(,11'.<1

[2\n ;r(2In ;::~ - ~) - 1 - 2 ( Li2 ((1~4~}2 ) + In
2;1')] + 2",8 [1 _ 2ln :Il~ + ~] }.

WllNI' the intl'grals Ii are gi\'en in Appl'ndix C.3,

5.4 Physical Cross Sections

Wl' llIay obtain the 2+3-jl't cross section by adding (5.9). (5,15), (5.21). and (5.2;):

["] der2+3 [ A] dl1l.o [ "] du,..., [Al dUbox [Al dUBr
L.> -- - 1.>. -- + "-> -- + "-> -- + 1.>.--

dt,dw - dt,dw dllclw clttclw dt'dw'
(5.28)

•

WI' notice the cancdlation of all the l/e infrared divergences, leading to a finite,

schl'ml' indl'pl'ndl'nt rrsnlt. We also note that the arbitrary mass scale, iL, is no

longer C31Jlicitly prl'8ent; a byproduct of the on-shell scheme.

At this point il.. is useful 1.0 note that for s » 4m2, the LO cross sections (5.9) are

large in the forward and bach'ard directions. Since jets going down the beam pipe are

difficult 1.0 measure experimentally. angular cuts arc necessary for bii production weil

above thrl'8hold. At t.he same time, we reduce the bii background to the Higgs signal.

This also helps diminate resolt'ed photon contributions where the partons within the
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• photon part,idpatp. a:'" oppo:-'t'tl to 1}1(\ ,lin'I'! contribution:,. w1l1ch w(' pn':-'t'll\. witt'n'

thl' photon i~ ~trn"tm<,I<,~~. Thi~ i~ di~("II~~t'd fmth<'r at tIlt' "lId of thi~ "'("1ioll,

Ll't li" d.'not<' th., anF,1P 1"'1\\'.'<'n /'" and /'1 ill th., ~,., (".1Il .. Th.'n Ih., inl<'~ralt'd

2+3·j(\f, l"rn~.s ~e<.'tiotl. with t,lw (,011:-,1 rail1t. 1 ('0:-; O:t\ < ('tl~ 0,_. for ~n1llt' 0,_. i:-: p.ivt'n hy

1 l "z 11 " " d(T",',
[~ (TH"(~) = d,. dll' I!("o~-II., - ("o~-I!:,)[~I---'

"\ Il', dr',Ilt'

and

1
l', = 2(1 -dl·

1
,." = -(1 + d),- 2 '

•

-(1 - /' - /'/1')
co.< 03 = (:>.:11 )J(1 - ,. + /'11')2 - .1/1/ 2/~

Altl'rnatively. \Vl' may COnVl'rt to da/dcos03d/(l and intl'grat.l' din'''t\~· oVl'r Il,, and /(1.

The integrated 3-jet cross sl'ct.ion is given by

1\(0) l'" 11 ? .,' f "[ li l"- (' _)2 dl> dw O(cos- Oc - cos' (3)f(0) dQ(2m)" ~ M 2-:\
4" 1'1 IVl

2 .,
X 6((P3 + k) - Ycu,s)6((p'l + k)' - Ycu,s)

1\(0) l'" l"'z ., ., - f " "- (_)2 dl! d1/> 6(cos' Oc - cos' Oa)f(O) rlQ(2m)-[~IIMI2_.:1
4/1 t'I 11'1

• (Ycu' - '/1/
2 f.<)

x 6((11:1 + k)' - Ycu's); 11", =1 - . (:>.32)- v

The angular integral is given by (5.26) \Vith ê =O. The dot.-prodnct.s invo\vl'd llIay

be explicitly expressl'd as functions of li, lU, 6, and 62 nsing the parallleterilmt.ions

of Appendix C.1 and Eqs. (5.4). We have imposl'd the const.raint.s, (Pa + k)2 > Y.,u,S

and (P4 + k)2 > Yeu'S' With a suitable choice of Yeu' we llIay silllult.ancolIsly eut

out l'lvent.s \Vith 2-jet topology and avoid the soft divergence, li! = 1. We effcctivcly

eliminate the soft and collinear gluons from the 3-jet ero.<;$ sl'ction, \Vith the degree

of softness and collinearity being specilied by Yeu'S.
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Silw" (1~ '" alld (1" ar<' 1>0111 illfran'd fillit" alld ,,,'p,,ratl'!Y o1>sl'1"\',,1>Il' qualltitil's. this

s"n'"s as " n'lia1>l" amI li Il a III1>ip;lIolls 11ll'III()(\ for dl'fillillp; (1~.

III disl"lI""ÎIlP; t Ill' Il li lIIl'rÎl';l\ n'suit". il will 1>(' ('oll\'l'lIil'llt to "pli t [~I(1H" as follows.

(5.:3-1 )

•

wlIPrl' [~J(1S re(>resellls thl' cOlltribution 1.0 the HOC cOlllin~ frolll tl'fllIS (>ro(>ortional

1.0 b( 1-11') ancll/( 1-11')+. and [~]O'n re(>rl'Sl'nt5 the rest. In uSllal tl'flninology, [~IO's

n'prl'sl'nts virlmù and soft contributions whereas [~JO'II rl'prl'sents hard radiation.

So far Wl' havI' on!y l'onsiclerl'd dirl'ct contributions. i.e. 110 resol\'('d photon con­

tributiolls. Thl' reason is the following. \Vell above the Q(J t.hreshold. 0'2+3 and 0'3

will ct'rtain\y rt'ceÎ\'e sizabll' rl'sol\'('d photon contributions. Now. resolved photon

t'vt'nts are gl'neral!y accompanie<\ by a jt't making small angles with respl'ct. 1.0 the

beam a.."(is. and carrying a largc fraction of the photon's energy. The latter is due to

th<' softlll'ss of the photon's gluon distribution. 92 discussed below. For the 2-jet cross

s<'<'tion (which is of physÎCal interest). experiment l'an reject resolved photon events

(aud other Illlwallted cveuts) as beiug those for which the observed jets have total

energy lIIeasurably lower than ..jS.85 This is because, due 1.0 the angular cuts, either

<·;,:perin1<'nt will not observe the jet making small angles and there will be missing

t'nergy. or experiment will observe the jet. but il. will not qualify as a 2-jet event. Of

course. wc arc a.'~l\Ining a rather well defined initial photon energy, which may be

expcrimclltally difficult..

For top-quark production. not 1.00 far above threshold, the resolved contributions

will be ncgligiblc in ,ùl the cross sections. This is because the dominant resolved
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contribution ('onH~:-' from .tI~, - QQ. wh\'l"t' thl' ~hlOll orip.il1:ltl·~ fnHll OHt' of tht'

initial photolls. ha\"ÎlI~ a fraction .1' of its moml'Ilt nm. \','ar thrt'shold. t hl' ghlllll will

han' to l'arr,' a lar~1' fraction of thl' photon's IIIOlnl'ntnm: and for.r _. 1. thl' ~hlOIl

dist.rihntioll ill th<, photon is hi~h\,' sllppn'ssl"l. :\s Wl'\l. :l-j,'t stat"s arisill~ l'rom

han! g\nollk ra,\iatioll will hl' sllppn'ssl'd dm' to th,' rt'strÏt"lt'd phaSt' SI"\(,I'. Th"

(Ill'ar) ahsl'llt'e of resol\·I',lcontrihllt.iolls alld thl' non-snppn's.sionof t!1t' ./, = OtTOSS

sect.ion for 2 ~ 2 kinl'mat.Îl's. not. t.oo far ahovl' t.hn'sho\,1. imp!il's that w,' n"l'd Ilot

worry about whl'ther t.he <'vent.s 'Hl' 2- or 3-jl't. (,'\'('n t.hOllgh :3-jl't. 1'\'l'nts an' l'ithl'r

very seldom or non<'. depl'm!ing ou -,). Exp,'rim,'ntall,·. t.h,' t-quark will d""ay lllofort,

hadronizing. hencC' the actua\ numhl'r of ohsC'r\'l'd jl't.s wili hl' j!,rt'atl'l'.

5.5 N umerical Results

Here we present. numerical rE'sults for b- and t-quark produdion in l\('xt.-t.o-Ieading

order. Thronghout. we evaluate 0.,(/1.2) (2-loop) wit.h //2 = -'. A = 0.2 GI'V alld t.I\(,

numbE'r of flavors taken as NI = 5 siner we ml' well abovl' tlll' "b t.lll'l'lihoid. 'IN,'

takE' 1I1b = 4.; GeV and 111, = 1;4 GeV.2 For 3-jet. cross seetiolls. \VI.' US(' !In,' =0.15.

Sorne justification for this choier of Yeu' is in order. Exp,'riml.'nt.ally, it. is us"fnl t.u

have a small value of Yeu' so that for the 2-jl.'t cross s<'dion \VI.' l'liminat.I.', 'L~ mudl 'L~

possible, events \Vith 3-jet topology via (5.33). Thl.'oret.ieally, t.1\('rl' arc limitat.ions.

If one chooses Yeu' 1.00 small. then the infrared divergencc rnills t.hl' p"rt.nrhat.ion

e.'l:pansion, since the 3-jet cross sect.ion beconl('s nnphysically large. To cont.rol t.his,

an all-orders resummation would be rcquircd. Wc find that Yeu' =0.15 is t.he most

suitablc choice in light of the above considerations.

Fig. 5.4(a) presents O"LO(+. +), 0"2+3(+, +), 0"3(+. +) and 172(+. +) for !J-quark

production in the range 20 < VS < 200 GeV with Oc =30°. Af, expccted, the Lü
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Figure 5.4: Cross sections for 11" ~ bb(g): O"LO (dotted line). 0"2+3 (dashed). 0"3 (dash­
dotted) and 0"2 (solid). \Vith Or = 30° and Yeu. = 0.15 for 20 < .,fS < 200 GeV; (a) 0"(+. +);
(b) 0"(+.-).

cross scction is highly supprcssed for large ..;s. but not thc 3-jet. In fact, 0"3 (+. +)

m11.kes a sizable contribution 1.0 0"2+3 ( +. +). Hence 0"2 (+, +) gets somewhat sup­

presscd rclative 1.0 0"2+3 (+. +). For 20;S ..;s;S 40 GeV. the corrections 0"2+3 - O"LO are

secn 1.0 be slightly negative.

•

Fig. 5.4(b) presents thc same cross sections for J; = ±2, i.e. O"LO(+. -). 0"2+3 (+. -),

0"3 ( +. -) and 0"2 (+. -). The major difference is that O"LO(+. -) and 0"2+3 (+, -) sur­

fcr no suppression al. large ..;s. Hence the 3-jet contribution 1.0 0"2+3 (+. -) is not so

significant and 0"2 (+. -) remains large. \oVe also notice. 0"2+3;S O"LO throughout. We



. "

•

--.
.0
0.
~

--.
1

+
~

b

" ~,
1.\,

./; \'\.'-
1 - --:

'" ' l', .:t':,
.1

"C • 1

, i
le . !

.~.

, ,
. '

, .,

~ • 1 • 1 •

,
j

•

lQ-j '--o...-.-L.__L_~_I_......... l_ ... 1 __ •

20 40 60 HO 100 170 1·10 160 1HO itlll

(b) VS (CcV)

Figure 5.5: Saille as Fig. 5.4. cl'ccpt with Or = 4511 •

see explicitly that for J: = 0, the 2-jet. cros., sedion is sllpprl'S.~('d hy mur" t.han a

factor of 10 relative 1.0 the J: = ±2 case.

Figs. 5.5 (a),(b) present the same qllalltities a.~ in Figs. 5.4 (a),(h) el'n·pt. wit.h

9< = 45°. The major difference is that. the cross sections are snmner ('\'erywh"n'

and t72(+. +) is particlllarly suppressed for 30;S..;s;S 60 GeV. This rel\('Ct.s the raet.

that the 2-jet events tend to occur at srnaller angles. Since the Higgs cross section

is isotropic,84 9< = 45° may help to reduce the background to Higgs rat.io (at. the

expense of having less Higgs events).

An interesting feature ofthe HOC arises for both 172+3 and ~172+3' In both cases,
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Figurl' 5.6: Two-jet bÎJ background to ~tandard model Higg~ deray: 11 - HO - bÎJ (~olid
lil",l. "1.0 (dot.t.ed) and "2 (d~hed) for 20 < 11111 < 200 GeV. Nnmber of Higgs event~

tak,'n from Rei. 8-1. Here 0< = 30°. < '\1'\2 >= 0.8. The other experimental parameters
an' d,'scribe" in !he tex!.

l'f~ and l'fil are much larger that O"LO. for.~» -1111 2• Howe\"Cr. they have oppœite ~ign

and art' of almo~t ('quaI magnitude. l('ading to larg(' cancellations. In oth('r words.

the "\'irtual + soft" part conspir('s with the "hard" part to yi('ld HOC which are

und('r control.

Fig. 5.6 presents th(' 2-j('t background to the Higgs decay "1"1 ~ Ho ~ bb. \Ve

lm\"(' used th(' standard mode! Higgs cross sect,ion of Rer. 84 which t,akes Oc = 30° and

au a\"('rag(' valu(' of < '\1 -'2 >= 0.8 (i.e. 90% .J: = O. 10% .J: = ±2). The photons are

produc('d by la:;('r backscattering off e!ectrons (positrons) at a linear e+e- collider

with E,+<- = 500 G('V. As weIl. Ref. 84 uses an effective integrated luminosity of

L.1f = 20 fb- 1 and a TI en('rg)' spread of r.Xp1 = 5 GeV; mil - rexptf2 ~ "fi ~

1')­
-1
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(Iow~rsolid).O"LO(+.+) (llpp~rda$h.'<I) and 0"2+:1(+.+) (llJ>J>"r$olhl) for 1 < .,fS/2m < 1.'1:
(a) Oc = 0: (b) Or = 30°.

1IIU + f ••p./2. Usiug the exprL'ssion of Rd. 84 for eon\"l'rt.ing t.h., "t'y ~ I,h(g) (TO"~

section into number of l'vents. we obtain the Lü and 2-jet. next.-t.o-h·ading order

curves sho\\'n in Fig. 5.6.

At large ,fi. the increase in O"A+. +) relati\'e to 0"1.0 ( +. +) is eOIllJ>l'lIsat.cd by

a dccrease in 0"2 ( +, -) relative to O"LO(+, -), so that 0"2 ( < >'1 À2 >= 0.8) does not.

•
change radically. III the end, the 2-jet cross section is still weil bclow the Higgs

signal for 90;S m1l ;S 150 GeV. With highcr dcgrees of polarizat.ion, wc cOllld do cvell

better. sincc for < À1À2 >= 0.8. the J: = ±2 channel still contributes a fair amollnt..
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Fig. 5.i(a) gi\"Cs (T2+3 and (TLQ for t-quark production in the range 1 < ,fi/2m <

1.4 for .l, = 0 and .l, = ±2. without angular cuts. Fig. 5.i(b) is the same except

with Oc = 30°. We notice that the angular cuts do not make a big difference. This

is becaUSl' t.l1t'rt:' is no pt:'aked bt:'haviour in the forward/backward directions as for

Mi production. As explained earlier. the (near) absence of resolved contributions

Inakt:'s tht:' augular cuts It:'SS important expt:'rimentally as weIl. The Illost interest.ing

ft:'atnrt:' of t,he HOC is that just above thrt:'Shold, the HOC to 0"(+. +) completely

dominate. There is no silllilar behaviour from 0"(+, -). This shows that the J, =0

chauut:'l is ideal for ma:l:imizing t.he top cross section not too far above thrt:'Shold. At

:lny ratt:'. t,his drastic spin dependence of the HOC is of theoretical interest by itself

and could bt:' tcstoo near the bii threshold as weIl. As the cross section is actually a
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fllul"!iou of ouly J';/1II (or ,il aud Il,,(/1") (!illll'~ ail (}\'l'rall far! or of ..~;.,l. thl' old\'

dilfl'rl'u(,(' \\"ollld \'" au iU'T"a~l' ill thl' HOC for hi, n'Ia!i\'!' 10 it~ rorr,'~polllliu!', \.0

t,("nll. dtll\ to an ÏlHTt'C\:-;P in fi .... TIl{' PXct'ptinll i:-, ri!-!.ht ahon' 1hl't':"lmld. wltt'n' t.ht·

hli pair rOIlI,1 l'onu a hOllud ~!at". lIulik,' ill top prodlll"!iou wllt'n' Ihl' qllarb dl'l'a~'

I",forl' Itadrouiziu!', (i.l'. 1 ~ li" h). lu l'al"!. 1hl' aho\'!' l'Xl 'l'p! iOIl ""id, '. !hl' olll~'

ambiguil.y iu du' prl'dklious is tlt" cltoi("(' of ~c"ll' Il" iu n,(/,"). \"aryiu!', l'" iu tlt"

raugl' s;'1 < 1,2 < -/s. for J'; = 400 G,,\·. gi\"('s Il,, iu tltl' raugl' 0.0~7~ < Il,, < 0.1ll,1

aud a l'orr('Spoudiug \"ariatiou in tlt" m"guilu<ll' of tlt" COlTl'cliou~.

Fig. 5.8 gi\"('S tlt" unpolariz"d l'ross sl'l"lious corrl'spoudiug to Fil!.. [,.7(a). 'l'Ill'

unpolarizl'd cross section is soml'wltal \\"all'rl'd dowu rl'lali\",' to (T( +. +) I)('calls,'

0"(+. -) is rdat,i\"dy small. \VI' also plot IItI' small {3 (tltrl'sltold rl'gioll) approximation

of Rl'f. 82. Our rl'sults agr!'!' witlt this approximation jllst aho\"(' t.lm'sltold. \Vl' Sl'"

that. t.he approximat.ion breaks down for J';/2111 ;;:;: 1.02. As l'XPl'l"l'·'\. w,' f01ll1l1 t.hat.

almost. aIl of t.he correl't.ion l'omes l'rom O"s. i.e. "11 is ahllost Ill'gligihll' not. t,oo far

above t.hreshold. We found t.he same \\"as t.rue for ilas. ill1".

5.6 Conclusions

We ha\"e obt.ained complet.e analyt.ical result.s for t.he prodlll"lion of IIl''lvY-'1I1'lrk pairs

by polarized and unpolarized phot,ons in next.-t.o-Ieading ord"r. Using th,'S(' l'XPfl'S­

sions. we comput.ed cross sections for /)- and t-'1uark production by photous haviug

net. spin J: = 0, ±2. From t.he bb cross sections, Wl' determiued the background t.o

T'Y -. H' -. bb (st.andard model) coming from TI -. bb(g) (2-jet) for < "1"2 >= 0.8.

The HOC ta the J: = 0 channel were found ta he large for s » 4m2 , but. still a

factor of 10 smaller than the J: = ±2 channel. For the experimeutal setup cou­

sidered. the background was safdy below the Higgs signal (but still sizable) for
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!JO:S 1/I11:S 1;;0 C,,\". "\'('11 "fl"r illl'!u~ioll of HOC'. For I-quark production. Ilot I<lO

far a1>o\''' thr,,~hold. IllP domillallt cOlltrihlltiou cam" from th" ./: = 0 l'!mnn,,1. .Just

al>o\'" thr<'~hold. lllP HOC 10 t hi~ chauu,,! {·omp!<'t."ly domiual".
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Chapter 6

Conclusions

In chapt.er 3. complet.e analytkal resu!ts for thl' HOC to largl'-I'I' llin'ct. phot.on

production in polarized hadronic collisions \\'l'l"l' p!"l'Sl'nt.l'l\. NUllll'rÏl'al n'su1t.s Wl'!"l'

giwn for pp collisions. The corrections to t.he cros., sl,ctions \\'l're found t.o 1", lmgl'

(the gq subproCl'ss dOlllinating). but the aSYlllllll't.ry WOlS found t.a 1", rat.hl'r st.ahl<'

under HOC for the kinematics considered. Thl' largl' Cl'Os.' sl'ct.ions ,Hill a,'yulllll't.ril's

obtained shaI! enable a dear determination of t.he polarized gluon dist,rihut.ion in t.hl'

proton. i::.F,q/r>. from RHIC's phullled experilllent.s.

In chapter 4, complete analyt.ical results for t.he HOC t.o lepton-pair product.ion

(Dreil-Yan) in t.ransversely polarized hadronÏe collisions were det.l'rlllilll'<\. Numl'rical

results were given for PrPr collisions. The cross sect.ions receive<1 sizl'ahll' correct.ious;

nonetheless, the asymmetries exhibited perturbative stability. MelL,nrable cros." sec­

tions near the Z-peak and aIso al. smaller lepton-pair lIlasses were obt.ailled, thus

allowing an accurate determination of the proton's t.ransversit.y dist.rihutions i::.,.Fq/,.

and f1T Fij/p from RHIC's planned experiments (as."uming f1,.F;i/p isn't t.oo slllall).

In chapter 5, complet.e analytical results for t.he production of heavy quark pairs

by polarized and unpolarized photons were present.ed. The reslllt.s Were shown t.o

be regularization scheme independent. Production of bb pairs \Vas considered as a

132



•

•

b;ll"k~rotllld 10 ',', - Il' - hi, (stalldard mOll!'I). Thl' Hig;gs si~llal was saf!'ly aboW'

t1,,· ba!'k~roulIll for ao:S 111 Il :s 150 GI'\" for thl' Sl'tup (·ollsi(1l'rl'l1. Product.ion of ft

pairs. Ilot too far 'Ibo\'!' thrl'shold \\';1.' also consilll'l'rd. and thr .J, = 0 channel was

foulld to dominaI!'.

SOIUI' nS!'ful inforlUation was prrsrnt"d in thr Apprll<lixrs as \\'rll. In Apprndix

A. l·ollVl'ni!'nt. scal(~d('prndrnt paralUl'1rrizations \\"err gÎ\'en for th" longitudinal and

t.rans\'!'rsity part.on distributions in the proton. On<'-Ioop evollltion was usrd on t.he

inJlut$. which. al. t.his time. can only be considered as edllcated gueS$l'S (eW'n though

t.hl' longitudinal distributions still lit the DIS data reasouably well for the :r-range of

intl'rl'St).

In Appendix D. a geueral on<'-Ioop cOllntl'rterm for USl' \\'ith dillll'nsional rl'duc­

t.ion \\'as derivl'l1. It was shown that. aftl'r addiug this conuterterm. t.he QED Ward

identity is satL,lied and that no other connterterms are n('Cl'ssaIj' t.o makI' the calcn­

lations performed h"re physkally consistent.

133



•
Appendix A

Parameterizations of the
Polarized Parton Distributions

A.1 Longitudinal Distributions

Here we present scale dependent parameterizatïons of t.he longitudinally polarizl'd

parton distribntions of the proton. IlF;{;r,Q2) (also denot.l'd IlF;(;r. MJ)). whidt

were plotte<! in Sect. 2.1.1. Narnely. the inputs of Ref. 2i (sets land 2). l'volwd

using one-Ioop polarized split fUllctions. For each parton distribution. 1lF;{;r, (2).

we will first give the general fortn, in terrns of various parameters. Thl'll we will giVl'

the scale dependence of the pararneters for sets land 2. The exception is for Set 2

of IlF., which has a different forrn than Set 1.

Let Qo represent the input energy scale. Then we may deline the evoution vari-

able, 5, by

(
In{Q2jA2))

8 =ln In{QVA2) , A = .2 GeV, Qo =2 GcV,

in terms of which we present thc scale depcndcnt pararncterizations:

(A.I)

(A.2)

•
Set 1:

C - 2.13i - .841315 + .1633652
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• SPI 2:

SPI. 1:

(:\.3)

c - -.ï6ï4 + .36825$ - .083881$2

b - 3.:3953 + .849518 + .16853$2

C = -1.6096 + .93958., - .236021'2

b - 4.3948 + .8ï594$ + .19235.~2

(1 = .80004 - .26831$ + .046413$2

(1 =.90068 - .316248 + .05633682

Set 1:

(A.4)

C = 16.166 - 40.19ï$ + 55.6ï5$2 - 38.055s3 + 9.ï80184 a = .ï0309 - 1.2ï555 + 1.199352

.ï4153$3 + .18421i b=ï.0135 + .899588 + 3.8ï4552
- .8366553 + .0981ï454

Set 2:

C - 8.8289 - 20.35ïs + 2ï.16952 -18.22483+ 4.629354 a = .ï0322 - 1.25185 + 1.166352

•
~)0')9 3 + 1-98- ·1., __ S • 1 IS b = 6.0125 + 1.08585 + 3.363952

- .8051253 + .16ï6554

(A.5)
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•
li = 10-" x (- .208·1ï - 1ï.06" + ·1.:;86:1,,~ - :1..16ïï,," - li.lll ~·V')

C - .020104 + 1.63:;:;., - 3.0:;8·1"~ + 2.1992,," - .:;612·18' 1/ = \'·10;'9 - \,1(i5"

b = 10.65 + .665·18" + .60853,,~

c/ 10-" ( 10--9 10 ')3 +.) 9"'3') ~ .) '3~1)~:1 '311'3"3")- x -. :)1 - ._ S _. v. _s - _.' 1."" 1."'>"" -' •••) s

(A.6)

b(s < 1) - ï.8592 + l.4ï39.~ - 40.189.'~ + 1ï4.38.'" - 220.59.'" + 10:\.j6./'

b(s> 1) - 135.28 - 3IG.41.~ + 340.22,,~ - 162.32,," + 29.282.'"

Co - 10-" x (-3.ï184 - 19,492" + 18.219,,~ - 9.4ïSï,," + 5.495,,")

CI - -.35256 + .ï212105 + .030831.~2 + .ï80ï1.," - .45044,,"

C2(S < 1) - .19644 - .9085ïo5 + 8.1439s2
- 3U4,," + 21.>42,,"

C2(S> 1) - .68ï25 - 1.45ï405 + .3901052.

The energy range of validit.y in the dominant regions (i.e. :r.-regions where t.he

distribut.ions are not. t.oo smal\ t.o contribut.e appreciably) is:

(A.ï)

•
In general, the valence distributions fit a larger range of Q2 values. For Q2 ;::: 105 _lOG

GeV2 the gluon and sea quark parameterizations are increasingly larger than the
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• .wlllal dist.rilmtioH:-l for

(:\.8)

1\01<': iei<'ally F(O) = 0 for ail thl' distriblltions. whiC'h is not thl' ('asl' for thl' Sl'a

qllark paralnl'tNizations. Also. for \"l'l'Y hig,h l'nprg,il's (Q";:;: 10,1 GI'\""). thp largl' .1'

lu'hm'iollr is sOIlIf'what IInrdiablp for thp g,111011 and Sl'a q11ark parallll'tprizations.

A.2 Transversity Distributions

Hpre Wl' prl'sptlt. the scale depelldent parallleterizations of t.he t.ransversity dist.ribu­

tions of tlll' proton. ~TFi(.r.Q"). which wer(' plot.ted in $('ct.. 2.1.2. Mor(' precise1y.

we pl'rforlll the onl'-Ioop e\'olution (2.99) on t.he inputs (2.25) and (2.26).

Wl' may paramet('rize the scale dependence in tenns of the evolution variable. 8.

d('fined in (A.1). Ali the distribut.ions take on the gen('ral form.

(A.9)

•

\Vith th(' par:un('ters C. Il: b being given by (for each q;).

C - 2.130ï09 - .51054648 + .028ï514ï82

Il - .8003611 - .140400ï8 + .013ï530052

b - 2.3992ï3 + .880452ï5 + .0954965152

clv

C - -.ï6ïïï1 ï + .252ï9825 - .0364424352

Il, - .8002619 - .15419055 + .0190332552

b - 3.39ï845 + 1.0006495 + .130661852

13ï



•

•

lÎ=rI=.'·

(/ = ,lOllOl lli" - ,01 li" 1·li"Gs - ,llllOl;;I:\;I:\~ll,<~

" = 9,·19:29;j:) + :2,8:2:28:2b + ,·I·IŒ]lli"I.'~,

EIH'rgy rangp of yali<1ity:

Valid for ail ;r of illt.('rpst 1.0 \\'ithill a fp\\' ppn'l'nt. on <l\'t'ral\",
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•
Appendix B

Direct Photon Production Details

B.l Momentum Parameterizations and Phase-Space

For 2 - 3 kin<'lllat.k~. workillg in a fmm<' wh<'r<' 1'1 and 1'5 ar<, ba<,k-to-ba<,k. the

1II001l<'1lt.a lIIay b<' param<'t<'riz<'d ~ follows:

PI -

1'3 -

1'.1 -

Pa -

1'2 -

.~11

2.jS2(1: 0... ·.0.1)

8(1- '1'+ l'W) .
• ro:: (1: O.···.smt/·.<'o~t!·).
2V s;!

.jS2 .. .:2(1; ...• Slll<p sm Il . cos <,? sm Il. cos Il).

~(1; .... - sill<,?sin Il. - cos <,?SillIl, - cos Il).

8(1 - l' + '1'1/1) 1- VU' V
-,---:--::--...:..( : 0,· ... sin t/'. <'os 1/' - ). (B.1)

2.jS2 1 - 'l' + tllU' 1 - 'l' + VtU

. 2Jw(1 - w)(l - v)
~IU '1/' = .

1 - 'l' + l'lU

2w - (1- '1'+'V1u)
coslio = .

1-v+vtU
(B.2)

For J'l. P2. Pa the dots represent zeros. For P4. Ps the)' represent components which

d<'p<'nd on the remaillillg n - 4 angles of Ps.

Wc can go to any other frame by making the appropriate changes of momenta.

The neccssary interchanges we encounter are

• Pl - 1'2 - V - 1 - l'W.
1-'1'w----1- vw
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/'-----
1-/'+1'1/'• 1'1 - -II

I)~ - -q

"U'
-l'

/'---,
1-1'

/l' - -c----
1 - "+ /'/1"

Il' .......... Il', ," .- -,"'ll - l' 1.

.... ' . - ... t'Il' (1\..l)

1'1 + l'~ - 1':1 + l'.' + l" .. \1\.1;)

in tC'rms of\\'hieh s. t. /1 and s~ (or ,<. l' an,ll1') art' '\<'linl'd in \:l.lO),

Thf' total cros." ~('l·tion i~ ~Ï\'t'n hy. in 11 din\(~ll~ion:'.

F
/

,,"-II" / ,,"-II" / (/"-'/' ,.\ .1 ·1 \I l ,) " 1"(f = - , :;. jj ( ,+ J.)- ,. - 1. - ,~'). (')-)"-1')1' (')-),,-1')1' (')-)" 1->1' 1· 1._,.\-) \/1 1. l,' Il 1.• )
_.0..; _II _ :l.o _Il _ ;;.0 _li - .lol)

(B. i)

F = (2# initial fC'rmions + # fiual fC'rmions)/(# idl'ut.ieallinal part.iel,'s)! (l3,S)

\Ve note that IMI~_m has dimensions m:ls.<I-m(,,-2). Usinp;

(13,9)

•

in (Boi) gives. noting 052 =2(PI + 1'2 - 1'3) '1'5 =21',\ ·l'r..

F /,,11-1]13/,,11-11'5
(f - ? (') )2"-3 '). ,) O(PI.O + l'~,o - 1':1,0 - l'r.,ll)_s _;r -}J3.0 -])!i.O

(8.10)

50

(B.U)
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• (RI2)

so

SlI!>stit.lIting (B.13) in (B.lI) gin's

( )

(,,-.l)/~

'-.:p.,,::::.o,:-d_17 _ F sl'(1 - 11") e[ ..( _ ,)] }l''-k> l ,\II~
-; -" .':'l- 1 II ( ~'lj."l 3-d" 11'3 64s(2" )~,,-. 4 . --.

(B.13)

(B.14)

w\l<'re the e funet.ion now arises since P5 is on\y defined for '<1'(1 - 11') > O. Since

IMIL" on\y dep('Il(\s on t.he angles IJ and op defined in (B.l). wc may trÏ\'ially integrate

over the relllainillg 11 - 4 angles 1.0 obtain

(B.15)

whl'rc

(B.16)

Finally. we arrive al.. with E3 == P",o,

E 1 F (( )) -'?1-~' f( )
• ,,(0' .~l· 1 - lU - 1 - ô IJ 1"" 'l'= -- Sl1 1- W (,)" H' :;d"-l P3 64,,(2,,)2,,-3 4 ,,' r(1 - 2ô ) [( )]}. 1 1--3'

(B.H)

Analogons\y. the 2 ~ 2 phase space, in 11 dimensions. is given by

•

F 1 ( ( t + U) l'= 4s~ (2,,),,-~1J PlO + P20 - P30)6 1 + -s- lM 2-2

F 1 1 l'- 4"~t' (271')n-~IJ(plO + P20 - P30)6(1 -lU) M 2-2'
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• B.2 Coefficients

n'!e'\·ant. to the' HOC. J.f. appparinl' in (:3.:3:?), 0111,1 th,' o\'pl'al! [;\(,tOI' .1'"" !'t'!pvant to

both. CoC'ffidt'lltS HOt. giW\1l are zt'l'n. For the !iii :-,uhprol"l':-'~ \\"P ha\Ol'

1
J.J3",,(I') = - - l',

, "
(13,1:1)

Odining

Z;: 1-1' + 1'11'. J.J3(,.);: ilJ3"q(")' /,;: (llN" - 2iV/)/G

and \Ising the notation

we have, for 6.fcl"

(13.20)

(13.21 )

CCI' -

U'l.CF -

b-z,CI' -

dcl' -

•
ecl'

JCI'

( 2) ,,2 '. 4 (3) (1) '.- l' + - - + 2(1 + li - ,,-) - - - 2 - - hl l' + 2 - - (2Inll1n(1 -li) -In- Il)
l' 3 li l' 1.

( ï 3 '. )+ilI3(lI) 2' - 21n v + ln-l'

- 6.J3(v)(2Inv - 3/2)

26.B(v)

(
V 3)6.J3(lI) 2In--+-

1-v 2

26.13(1')

2 3 (1) 2 4 2V(I' - 1) 211(1 - 'li)- +- --1 + ---+ +---'~---:.
w(l - v) w v (1 - 1')Z 1 - l' Z3 Z2

v2- v -2
+ Z +2(11-1/v+3)

- dcl'

_ 2{~-W(1+V)- 1 -~-t'}
1-1' w(l-v) WV
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• !Ir '/.- =

"( '/- =

1(0,.. =

J,'" =

~" '" =

{
I :! 2 2/'("-1) 21'(1-1') 1'~-I'-2 }

2 - - + _ + , + ., + _ - l'
Il' /1'(1 - l') (1 - ,')Z Z.l Z- Z

{
2 1 (1 ) 2 }2 --- + - - - 2 - -- + 3,' + 2

/1'( 1 - /') Il' " 1 - l'

2 { __II'_ + 11'(1 + l') +..:. (~- 1) + "}
1 - n il' r'

,[(,.+2{_I/'__ /I'(I+I')+ 1 _2+_2_+2(1+1')}
,. 1 -l' 11'(1 - l') /l' 1 - l'

1 (1) 1 1'(1-1') .1'(1-1') 31'~-21'-1
-- -+1 + +G, -'1 " +---=:---

211' l' (1 - ")Z Z,l Z- Z
:3

+1'+ - - G
l'

1('" = 2(1' - 2),

For ~fN.... \\'P ha.ve

1//('" = 2(~- 2),

al.N.~ =

+

ht,N.. =

( 1 " ) (")""2Iu-(1- 1') - 2 ilB(,') + 1- 2 (;r- + lu-l') + lu t'

b 8
(l' - 2) lul'lll(l- l') - -. lu-:;ilB(I')

J.... , JI."
l'

2ilB(I') lu-­
1-1'

('Nt': - 4ilB(I')

Cl.2.N... - lùB(")/N,

b..-z.N.. - 2ilB(1')

4 2 , . 4 21' 2(v + 2)
--;-0,---:- + -(2ilB(v) - l' - 1) - - - + + 11 - 46B(t')
11'(1 - 'l') 11> (1 - 1I)Z Z2 Z

IN.. -

!IN... =

"N.. -

iN.. -

JN. -•

1
-(ilB(I') + 11 - 2)-

'W

8 1 8 411 4(tl + 2)
--;:--,. - -(6B(t,) + 4) - - - +....:......,~
111(1 - 1') 11> (1 - 1')Z Z2 Z

- (":'6B(1') + 31')
W

,)

-21'lI' + ":'(6B(v) - 21') + 31'
II'

1
dN• + 2vw + -(2 - v) - l'

tu
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11'

,)

Hl .\',. = :2 - l'.

1 :\ (il' '\1' :!,'= 9 - - + - + - + ~ - -;- - 7,' - -:-----,-
,'11' " 11' z- Z 'l'( 1 - l')

.) .)

+ - --=-
Z(I - ,,) Z

-(-,D( ,,) + l' - :!),

•
For t.Ill' li" li" ~t1hpro('("'~, \l'!' h;n'!'

-'13".../.. = Il,

Using the not.ation

and dcfining

Q -

G3 -

G., -

1 - 1'111 ·1
1 + v - ."w. G 1 ;: 4 - 2. G" ;: - - 21- v .. Il'

[
1 - v 211(1 - wf 2.,,(1 - /1') 1'/1' 2( 1 - 11') .]

4 --+ + +--+ +2
l'IV w(l-I') 1-11 1-1' Il'

[
1- 3112W -1'3(1 + 11'3) (1 + w) - /1(1- II'f "(1 + 111) +3 ]

4 v2w(1- ")(1- "'/I)Z - I!w(l - 1')(1 -II"')Z + (1 -,,)( 1 - ,'/1/)Z

wc gel. for i)"fl

dl 2 {1+ l' - 21l1~ [ 1 _] 2 - ZQ ( 211111 ) }- c" (r 1 + Z'. 1 +1 - v 1 - VIII - .- 1 -/1

+ 2{2-We ) 2-ZQ ( 2(1-1/))}cp -- --1 + 1+
W 112 Z2 'mu

4(2 -1I1U)
el - c"cp (1 _ v)Z

fi
2 -2Q- e"G I + e"ep (1 )VlU - V

• -4Q .•
91 - e;,Gl + e"cp (1 ) + CjjG2

1I1V - li

hl
• 4(1-v)Q- -G1c;,+c"cp (1 )Zvw -v"oJ

il
• 4Q- -CjjG2 + c"ep (1 _ v)Z
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• J, =

1.. , ..

+

+

(' "'f") {!. + _.,...,C.o...(--:-}
", - Z 1'11"(1-1')

d 1 [_ ('"11"(1-11")] _ 2('"11"(1-11") _ --2.- 2}
(" l '. 1 (1 )Z" 1 + Z"\ (1 - ('11"). 1 - /' - /' _. - /' _•

"{ 2(1-/')(1-11") (1-1')(1-11") 2 2 l}
1"1 Z·, - '1 + Z'. - - + ~

, U' ~~ "-II' ~- l'Il' ,.-

{
2(1 - l') 1 1 - Il' __1.,..-:--11_'"7

l' ("f - - - + +
", /'II"Z" /' 11'(1-1')(1-/'11") /'11"(1-1')

2/'11' 1 .11'( 1 - 11") II}
-( Z,,+--+ Z" - +-.1 - /,) _. 1 - /' _• 1 - l'II" /' Il'

, 2- zq
c·) = t\-:-:--"77:'--"-~
- (1 - 1')(1 - l'II')Z

12=0

'\N,. noll' Ihat i:::..Jqq/l' is synllnetril' under 1 - l' - l'II' (i.e, t - Il or PI - 1'2): the

part .... c~ follows froll\ the part .... c~ and the part, .... enciJ is invariant.. This is

l'l''lnirl'd by t,he fad (.hat l'n - 1'13 is l'qnivalent to Pt - 1'2 in i:::..IMIL3 and that

For the 99 snbprol'l'g,~. Wl' have

•(t(t e-
l]'> ---'-q

99 - 8 .

Dl'lining

(B.24)

!1 =

H2 -

H4 -

H,; -

•

, {113(1 - 1l')3 v2(1 + 2W2) 112[2 + (1 - lU?] 1}
1 - l'W. HI = 2 + - - -

yZ wyZ yZ y

, {21' l' (1 - 1')(1 + VW)} {_1,2 -,-_V....,.-:}2 -- - - - -- - • H3 = 2 - + 7:
1'11.'9 Y 1 -l' wy yZ (1 - v)Z

,){-2 _~ + _V_} H. = ?{...!!.... _ 2+y}
- 1'lL' 1 - li 1 - l'" , - wZ Z,{2 - l' 1,2(1- w) y}
2 --+ ---

Z (1 - l')Z 1 - 11
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• and ll~ill~ t lit, notation

+

cc,.. =

JeF =

!I('F -

hc -l'

icI' -

JeF =

\VI' ha\"I', for ~.r, ',..

" " ., [1 - /' "11']d,·" = - Z" [1 + /'-(1 - 11')-1 ~ + I~

,'(2- 1/11')[1 + 1/(1 - /'1] + "[2- il/(I - /'lI~1 -1 1/1'11')

{
1'(2-1'1-22}.\ + -

II'.'IZ II'

iiI + H~ + H" + H.I

_~ + HJ + Hr, + Ii,; +2 {.!. - 1'(\ - "l}
2 1/' il

-H~ - l-l:l- Hl - HI;

c { 1 + (1 - l' f 2 l')
--H.1 -Ih+2 --+--~
2 "II'Y 1/1 1 - l' J

tlI l' - l
-HI - l'h. kc ,. = --- + 11'(1 + 1'1 +--

1- li U'

J.'cF(DRED) - O.

Dcfiut'

H; -

H~ -

H~ -

H~ -

{
(1-I,f+I'~W2 1'[1+(1-,,)2] }

2 - + - 4/'
Y yZ

2{_1- v _ 21'(1 + Vllt)}
1(1.'1 1-1'

{
11(1 - v) 1 - l' 2V'11/12(1 - lII) .,,2I/1Y}

? + -- + + -;-:---''':--::
- Y 1(1 (1 - v)yZ (1 - 11lZ

{
211lU l+mv } 1 { 2-'/1 22 -+1' +.'1. Hr,=2 -(l-I')----+y

y 1-v lIIZ Z

v(1+ 1Il/1) 1} 1 { 2( 1 -/1) + v(1 + /II) +/I~W~ }
-'--_":' - - , Hf, =2 - l - 2/1 .

1 - l' wy Z

•
Theil for AIN,. we have

146



• ('i\', =

Iv,

.'1:\'.. =

h s• =

IIV,_ =

JN.. =

17N.. =

+

kN,(DRED) -

_~ {r'r ... + ,1 [ ,.1
1, _ 1'(1 ~1') _.!.. + 21']}

2 1 II'Z II'Z II'

l' - ~ {Il; + Il~ + Il(, + Il;}

21' - ~ {"S. + Il:' + li:' + li:; + -.i...}
- /l'!!

-1' - ~ {-Il~ -li:; - H.; -li;'}

-1' _ ~ {-CS -li' -li; + 2[_2_1_-_" + _1_-._1' _ 2.]}
:2 .. ·1.. le ll'.tI ll'

1 , '}-2 {-iii -lir.

c(2 - 1')
11'(2 - 1') - 1 - l' - -'---"

y
21'{1 - 1') 21' 21'(i - 61') 121'(2 - 31' + 1'2) 121'(1 - 1'j2

,,2 + Z - Z2 + Z3 - Z·l.,

21'{-2+ ;3[-(311'2 - 11'+3)(1-w)I,2 - (W2 +4w -4)1'

1,2(1 -11')2[(1 - 1')2 + V2",2J}
+(2w - 1)]- 3 Z'l .

For t.his subproccss. we ha\'(' also gi\'('u t,he aualytical result for DRED. which only

dilfer8 in the coefficient. k.

Wl' have dll'cked l'xplicit.iy that ::'199/ l' is symmetric under 1 - 11 .... 1"11'. as it,

lIlust, be since we ha\'(' two gluons in t.he initial state. OUI' cau readily verify that

thl' coefficieut.~ dl". Y/l'and k/v are iudividually symmetric uuder 1 - 11 .... t'IV, as

is uecC'SSary.

B.3 Reduction Formulas

•

Here \\'C gi\'('. iu the fonn of a thcorclll. the reduction formulas ncccss<'U'Y to reduce

the ratios of products of dot-products arising from the traccs into a fonn suitable

for iutcgration \'ia the 2 .... 3 partiele phase spacc (B.1i). In short, we express the

dot-product$ occurriug in the numerators in tenus of thosc in the dcnominators using
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lA)

•

•

thf' fl'latiolls gi\"f'll bl'lo\\" .

Thcorcm: SUPP'''I' WI' ha\"(' ;) four-\'('ctor, "It i,f~'iu~ l', + l'" '" '1 + l' + k and

l'Ï = 1'~ = '1" = l'" = P '" II (for <lil'<'ct l'hot ou pwducliou. w(' id('ntify '1 = l'".

l' = /'.,. k = /,,,). Ali rl'1ation, ('xlJl'('"in~ a ,lot pl'<l(luct a' a lill<'ar "<llui>ination of

thrl'I' othl'I'>' (th<'rl' HlU'! \><' /Illmsl :1) 1><'lon~ 10 th(' ,<,t

'R. - {[l'I' (1'1 + l'" = '1 + k + 1').1'; = 0]

U [!'z·("').I'~=O] u ... U [1"( ...),1'"=0]

U l'I·Pz='l·k+'l·r+k·r (13)

U PI' Pz = PI' k,. + l'z' h·.. + h· kr : /1 # b.l': k·! E {'l.r, k} (C)

U [k... kb=PI·k.. +PI·kb-l'z·kr : (,#/I.b: (0)

(Note: Clas..«'s (B). (C) and (0) ail follow from (/1 + b)Z = te + d + (·f. t.lll'rt-fort·

under ±(pjk)i"" ±(pjk)j' {(B).(C).(D)} .... {(B).(C).(D)}). Titis may Iw proVl'd hy

considering ail possible rc1ations and eliminating t.ltl' ones wltidl II'<ld t.o cont.radkt.ion.

COl'ü;iary 1: Applying the intercltangcs Pi .... Pj. ki .... kj • Pi .... -/.:j t.u rl'1at.ions

which arc members of 'R. yic1ds relations which arl' melllll('rs of 'R.. (t.ltis is v('rili"d

by inspection) since thcse interchanges leavc onr defining cquat.iOlL~: ~i Pi = ~; k;.

pl =kl =0 unchanged.

Corollary II: Ali relations ill\'olve s. t. '/1.. or 2k· r :; .5Z = .5 + t +li. (t.ltis is vcrili<'d

by inspection).

Corollary III: There arc no other rc1at.ions (involviug 4 dot. prodnets) t.ltan t.ltosc

listed below.
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• Class A:

C\ass B:

J'I . J'" = 1'1 . IJ + J'I . k + J'I . ,.

J'" . J'I = J'" . IJ + J'" . k + J'" . ,.

1'1 . IJ + l'" . 'I = k . '1 + ,. . '1

1'1 • k + l'" . k = '1 . k + ,. . h'

1'1 . r + l'" . ,. = '1' ,. + h, • ,.

.' + 1 = 21'1 . k + 21'1 . ,.

"' + Il = 2J'" • k + 2J'" . ,.

-1 - Il = 2k . '1 + 2,. . '1

"'" = 21'1 . k + 21'" . k - 2'1 . k

(Ri)

(B.ii)

(B.iii)

(B.iv)

(B.\·)

•

1'1 • l'" = '1 . k + '1 • ,. + k . r ~ $ - '~2 = 2'1' k + 2'1 . ,. (B.vi)

C\ass C:

1'1 • P2 =1'1 • '1 + P2 . '1 + k • l' ~ $2=$+1+11 (B.vii)

PI • P2 =PI • k + Jl2 • k + '1 • ,. ~ $ =2PI . ~, + 2p2 . k + 2'1 •r (B.viii)

PI • ]J2 =]JI • ,. + P2 . ,. + '1 • k ~ s =2Pl . ,. + 2p2 . ,. + 2'1 . k (B.ix)

C\ass D:

k . r =PI • k + Pl . ,. - P2 • '1 ~ S2 -IL =2PI . k + 2pI . ,. (B.x)

k . l' =P2 . k + P2 . ,. - PI • '1 ~ s2- t =2p2· k + 2p2·" (B.xi)

'1 . ,. =PI • '1 + PI • ,. - P2 . k ~ t =2PI'" - 2p2' k - 2'1·" (B.xii)

q • ,. =P2 . '1 + P2 . ,. - PI • k ~ lL =2p2 . ,. - 2pI . k - 2'1 • ,. (B.xiii)

'1 • k =PI • '1 + PI • k - P2 • T ~ t =2PI • k - 2P2 • T - 2'1 • k (B.xiv)

q • k =P2 • '1 + P2 . k - PI • T ..... 11 =2p2 . k - 2pI . T - 2'1 • k (B.xv)

Note: On\y 6 of these are independen.t (i.e. (B.i) - (B.v) and any of (B.vi) ­

(B.xv)) as can be shown.
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•

•

Notr: Th<'r<' ar<' 10 l'0""ihk <lot l'ro(lu("t,,, ,\ 1'.\'lI\'ral n'latioll ha" Ih,' fol'lu (Ill '

b + dc" ri + ",r" f + c'!J' il = ll, Th<,rl'fon' \\'<' ("all fOl'lll ~1O l = Ill" !) " l' " ï rI!) "u("h

rl'\alioll" (a,'Sulllillg a ulliqu<' :,oll1tioll for auy P<'l'lllut,\tioll of <\ot l'ro<\u("I:'). ,y" ""l'

t.hal t.h<'n' an' o1l1~' 15 "uch rdatioll" not hm'ing "o\ulion li = ,; = , c= l' = II all\l

{'adl l'dation ha:' a lIniqnl' :,o\ulion hm'ing tlll' fol'ln li = ±.I = ±, = ±.'.
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•
Appendix C

Heavy Quark Production Details

C.I Momentum Parameterizations

Hl'rl' Wl' pr('Sl'nt t.hl' 1lI0ml'ut.llm paraml't.erizat.ions in t.hl' frame wher<' p., and k are

back- to-bnck. V;l' find

whl're

fil - ("-',: O.···.jplsinu·.jplco..qu' -W2)'

1'2 = (W2: O.· .. . 0.W2)'

k - (Wk; •••• Wksin/ll COS/l2,WkcOS/ltl.

p., = (E.,: .... -Wk siu/ll cos /12, -Wk cos /Id.

P3 - (E3: o... ·.Ipl sin1/'.lpl cos lb). (C.1)

s+t
w\ - 2.;5;'

T+U
.) r<T'
- V .;J:!

s+u.
W2 = 2.;5;'

Ipl= 2~' (C.2)

•

in agreement with Rer. 81. For Plo P2, P3 the dots represent zeros. For k, P4 they

reprCSl'nt. compo:l.ent.s which depend on the remaining n - 4 angles of k. Since these

compol1l'nt.s do not. cont.ribllte 1.0 [~l1Mï~-3' those angles were trivially integrated

o\'l'r in t.he phasl' space (5.24) .
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• C.2 Coefficients

gi\"<'n in Eq. 5.1::;. tht' ("()t'lfkit'nt~ J..,I, art'

(Cl)

~A2

~.'h

~A\

= -4[4(GII /1 - 4"/11 - 1/T) m'!/1 - 4"T/ 12 - 16"// + "2411 /., + s/T + ·111/ /"Tjm2/T

_ 16[(ï8/1 + 3 - 31/11)/1/"/12+ (411 2/"1 + "21/.,' - ,,2/111 )/1/2/1+ I/s + 1/2/,,11

[ ., /., / 1 "/- 4 4m-/I. 1- - 3.</1 + 411 ,,11/- T

For d(f,.,../dl,dw gin'n in Eq. 5.15. th!' l'o!'lIid!'nt~ .·I i art'

A.t - 2[11/1 - 2/1/2/ 1+ 8/1/2/111 - 4m.\/lll - 4/1/.1/12]

042 _ 4[4(12.,T/12+ I/T + 6)/I/·1fllT + (,,2/uT - 4,,2/111 - 4,,2T/t211

- 1205/1 - 21/T - 8)1II2/T - 4]

.'1.3 - 16[12mGo5/13n + (.,/1 -14 - 81./11)111'\/1.2 - (341 + ï + 1/11)/1/2/1 + If/I.I

04,1 - -4[4(205/1 + t/T)m'I /I11 + (t/T - 4)1112,,2/12
/1 + "2t/T - 41 (CA)

We note that

For ~d(fbox/dvclw given in Eq. 5.21, the coefficients ~Bi are

ilB2 - 4(s + 4t)m.4
/ stll + 2(s/n + 411/s)m2 /s - 052 /1.11 - 205/11 + I/u - 4nf"

il8:J - 12rn4 /tu + 2m.2(t - lt)/tU - o52 /lu - 1./11.

(C.5)

•
ilB.\ - [8(t - ulis - 3s/1 - o5/U]m.2/8 + 5u/s - f/s

ilBs - 405T/tu + (l/u-1)m.2t2/sT2 + 4(82
- 2t2)/st - ïtu/o5T + 1.2(05 - 3t)/sTu
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• ':;"{J,; = '2("/' - '1)111"/111 - '2111 2(1 - Il)/111 + ,,2/111 + 1/11 (C.6)

':;"137 = ,1(11_,11)111"/1211+'21112(11_1)/111+,,2/111+1/11: ':;"8.= (1+1 2/T")(I/II-1)

1" "/ /8 7 = -4m' /111 + '2rn-(1 - 311)/111 - s- III - 1 Il: Es = 2(s + f /T)/II (C,7)

•

For ~IAlI~_" gi\"<,n in EC[, 5.23 and ~d(JBr/dl'dll' giV<'n in EC[. 5.27. t.h<, co<'!fici<'nt.s

~Ci ar<'

1 [/ ,'".~;;, - -16(.</11 - s/I - 2)m'jll - 4 8A2 + 2s 11- I/s + u/s + 21- /s- + 81Il/.•-) + 2s

~C2 - -4[2m2(2/821/, + 2/821 + 1/S2 - u/s21) + 6/1 - t/S2 + u2/ s2l j/u,

~c" - -2[8m'\1/11I- 1/s211 - S/S2t2) - 2(48/s2 + s/I - 1)m2/1 - 38/U - 5s/t

- (28"/1,11 - suit + 3t + 'lu + 1I
2/t)/S2]

~c., - -2(2m2s/t + 2s + u)m2ft: ~e5 = 0

~èG - [32w"/u - 4m,2(Ijll + 5 + 12/su + 51/s + 2t3/s2
11 + 10t2/s2 + 8t1l/s2)

+ 4st/u - 16t - 8t2sdsu - 5tsdsl/2; ~è7 = -2m2

~es - 4m'I(s/tu + 2jll + 1/s) - 2m2(s2/tu + 282/u - 1 + t/s) - (82/t + 8 + 382

~e,O - 4[2(1/u + 2s/s2t - 2/s2)m2/u, + 82/tu - 3/S2 - u/ts2]

~èll - 8W4($/t + Ijll + $2/S) - 2m2[2s2/u + 282/t + s + s2(2t/u + 2 + 4u/t + t/s + u/s)]

- (s2 + t2)(t + u)/u: ~è12 = m2s; ~e13 = -m2(4m2s/t + 2s + u)
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•
wher!'

For IMIL3 gi\'{'n in El[. 5.2:3 all,l d(Tllr/r"'d//" p,iwn in E'I. ii.27. th.. ("<l..IIil"Ï..nl~ c,

arC'

è6 - -16m~/u + 2m2(505/11 + 71/11 + 11) + 1(405/1 - "/11 + 1/11 + 17): <'7 = 2m2

CIO - -4[Sm·1/u + 21112(4u + 2) - o5~/1I + 405 + 1+ :311]/1..'2

èll - 16111.6 [(1 + uf /Iu + sd05]/05 + Sm"[(" - 1)/1/. + t2 ;',/1, + :3(1 + 1/.)/" + Il? /"1]

+ 2m2[u(s + u)/t + t(1 + ulis - tsdu - 7"2 - 21052/05 - 1/.sd"] + (,,2 + t2)(1 + u)/1/.

•
el6 - -2[22m2 (1 + u)/Iu + :3t/u + 14 + U/t]/S2
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• C.3 Bremsstrahlung IntegraIs

1. = .L ( ilSlf. :
_II •

(C.ll)

(~I'l' ('1.2:3)). TIll' fi lIIay hl' l'xplidtly l'Xpf''~~l'cl a~ flln('lion~ of 01 and O2 Il~ing t.h..

l'xpr<·s.,ion~ in Appl'ndix A. Ali 1h.. int ..gml~ h..fe an' 4-clilIll'nsional (i.<'. ô = 0 in

('1.2G)) and af.. d..t."flIliul'd nsiug thl' g"ul'fal fOrIUS giV<'u in Rl'f. 81.

First. \VI' li~t tll<' four basÎ<' intl'grak

(C.12)

Defiue.

') ') 'l .., ')

:1 == 2/11-"+82.<-t/l.. :2 == 8211-2m-8-8t. :3 == m-8-tll. :.1 =2m-s-tu. Z5 == 2m-+t

(C.13)

Wl' lIIay UO\\' expfess t.he fl'umiuiug iutl'grals in tl'rms of t,hose listl'd above:

/5 -

[!. -

[10 -

[13 -

[14 -
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•

•

.... :.! " ... •. • _., 16 ....~., '. "= .je' _.\ {(:~ + :?."~.,:,,)(l + J) + :?.'r:~(.'~ - Il} + -1.~ {(:, - 11-)- + ::!111".,::.\
~~Y .y

.::.! h, ....'2t ':·1 - Il:.!)

17"1. 211"1.

The' iutl'grals Wl'n' put iuto th" aho\'(' fol'lu I"iu~ HEDUCE. 'l'hl' iut,,~rals Ilot lislt'tI

her(' (iududiug thl' II-dillll'Usiouai Olll'S uot ~i\"('u iu H"f. 81) an' strai~htl(l1'\\"artlalltl

hm'e' \)e'l'U suhstitutl'd din'('t.ly iu (5.27). As au asid". "'" poiut Ollt that .1'11(1 -, Il)

\'i\uishe-s for l' = 1/2. Il' = 11'1' HI'u,'l' OUI' lllust a\'(.itl rl'a('hh;!! ,·.mdly t.III' 10\\"l'r

boum! (as for the' uppe'r) of the' Il' iutl'graI. iu ullllll'rieai ('akulatiolls.
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•
Appendix D

Dimensional Reduction
Counterterms

ln Hus appC'ndix wc dC'riv<, th<, DRED counterterm which must he adc1C'<1 ta t.he

e·IC'et.ron-phot.on \'<'rt<'x al. the 1-100p l<'wl. then wc g<,n<'l"aIize ta th<, quark-photon

and 'luark-Z vertin'S, This counterterm is nec<'ssary in arder that. th<, \'<'rtex ha\'e

t.he corn'ct. Lorentz st.ruct.ur<,. as we wiII show in the next. scction, Having added t.he

count.ert.erm. we will show t.hat. the' QED Ward id<,ntity is satisfied and also that the

carrel'!. vahle' for the anomalous magnet.ic moment resulto5,

D.l The Fermion-Photon Vertex

Let. us conside'r t.\le scattering of an c\ectron off a static ext.ernai field as shawn in

Fig D,l. The Born amplitude is

wh<'re "P'l'l) repr<'5<'uto5 a st.atic ext<'rnai electromagnetic field (actuaUy. its Fourier

t.rans[orm. evalllat.<,d al. q = Pz - PI)' 'vVe wi!! take the limit Pz =Pl al. the end.

:\Iaking us<, of the' Gordon identity

• ii.(l'z)(Pz + ptl~lI(]'l) = ü(pz)[2mî'" - iU''"(P2 - Pl)v]lI(pl)
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• "

Figure D.1: Thl' sl"att.l'rillg of an l'll'{·tron olf ail l'xtl'rna! lkl,l: (a) h-a<!illg ol'lh-r gmph.
Mo: (1)) 011<'-1001' \'l'rlPx l"Orrl'l'lioll. MI'.

., ') .,
Pi = n:; = '111- (D.:3)

as wpll as Lorentz covariance and the Lorcnt,z (a:I:ial) gangl' cOlldit.ion

q·A(q)=O (D..I )

wc SPI' t.hat the most. gcneral forIII for th!' (-01'1'1'<"1.('<1 aIllplittl<ll' is, t.o ail ordl'rs ill

DRED.

Mv - -iejt'ü(P2) {"'FI (1/) + Î:'F1(1P] + ~I1IWq"F2(ll)} 11(1'1 ).'1,,('1)
2'111

- -iqJ'ii(p2)N'(]J2.ptln(ptlA,.(q). (D.5)

•

The t.erm '" ,:. is possible in DRED b!'canse the momenta arc in 11 diIII!'nsions and t.h!'

gamma matrices arc in 4 dimcnsions. Bnt since virtual-loop intcgrations prndnel' the

term g~., which is contracted with 4-dimensiomù gamma matrices. the lluphysical ê-

dimensional Lorentz structure appears manifestly. Additionally, this tenn manifestly

violatcs the QED Ward identity. as will be explainerl in the ncxt sl'Ction. Hemel' wc
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• (0.6)

l';xpiicil caiclliatiollS ha\'(' sho\\"11 lhal FI <1ops not <1pJ,,'n<1 on '12
• hpn('(' \\"1' llIa.\· lalœ

th.. lilllil ,,2 - O.

Ali altpl1latp nll'lho(1 of <1privioll?, sndl conntprtl'l1llS is to consi<1pr thl' <1ilf('l"l'n('l'

in thp DREG anel DHED Lagrangians and attrihutl' thl' conntl'rtl'l"ln 10 rl'nol"lm,!iza-

tion of lictitious scalars. calh! ",scalan;. \\"hil'h aris(' from I.Ill' diffl'rl'nCl' in thl' 1\\'0

Lagrangians ,l,l,S,. Wl' <10 not intl'nd to conwrl. from DRED to DREG in this \\"ork.

t.hongh. Hat.lll'r. \\"1' only add 1hl' count('l"ll'rms Ill'Cl'SSary 1.0 makl' DRED physically

consist.l'llt..

1 II~" f tlnk
Dk=- --.

i (2;;)n
"[ 0 "l[ ., 0]D = k' (!.: + PI)- - /11- (k + P2)' - /II' • (D.i)

Thl'll \\"l' havl'
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(D.S)

+ III1"iî"'î,,' [ID!.: (k
p~P2P

)] + 1/1 ')0'Y/~'Y" "In.

·lgl&~

+ 1/I21:;;:în' [j1)",~] }u(ptlAI'(q)

- -ic3".'ii(P2){ -2î'''î,l'î'P(Cptr +Pl"Cp+P2pC" + P2pPI"CO)

.'



• wl1<'1'('. iu thl' limit l', ~ l'" .

C" -
C" -

C fT
/

1

-

C{Il}
B22 = ~ ~(l- ,.1) ).

where' t.he' Bij are' cakulall'<1 (au<1 C is <1l'!inl'(1) at. III<' l'n<1 in :\pp"llllix D,:I, 'l'hl'

justification for making the' abo\'<' l'l'p!al'l'nll'nts is Ihal. in thl' limit. 1'2 -. l',. t.ll<'

3-point functions re<1ul'l' 1.0 2-point fllll('t.ions an<1 t.hl' cO<'lIil'il'uls of 1'7. J'~ must. iw

<'quaI. \VI' still distinguish be't\\'el'n /II and /12 al. this sta~..,

Using th.. relation

(D,lO)

Wl' lIlay imlll..diat.ely identify

(D.ll)

We may drop the 0(1) tl'fm since il. lllnlt.iplie:; "'II'. whi<'h vanish,'s in t.11<' limit.:: - O.

In highf'r orders. one might. have ta keep il. thongh.

We lllay write explicitly the counterterm for the r-"'I \'l'rtex graph

(D.12)

(i.e. the Feynman rule for the COllnterterlll is obtained by making the above sllbsti-

tution in the usual rule). For the q-"'I vertex, the gluon loop simp\y gives an overall

•
color factor, CF:

"
Cll,."'1 - - F--, -"l,(471')2::' ,

160

(D.13)



• Il is ("l",' 10 ,ho\\, thal III!' aho\'p ('011111 Pl"I Pt'lllS hold also fol" Ih" ('-Z and '1-Z \·"l"tÎ<'<'s•

W,' not<' that

(D.15)

so that. for g<'n<'ral JI.

and
-2m::

PI ,1' f.2 =- pd' Pl + 2 P!p~ + 2 P2J1f - 2Pl'· /12' ,"... ,
•

-2rn(p'11 +p~)

Using (D.16), (D.1 i), (0.10) and (D.2) in (D.14) gives

(D.16)

(D.1i)

Mv • 3 . ( {Bol )[( 0 0 0) i ( 0 ]- 2Ic'/,'ù /12) (-- + ~ll + Bo -111.- + 4111.- - 2111.- ,l' + _ql'"qv -4111.-)
4 21n.

BOl" B.,! Bu [0 0 i 01+ (-- )(111") + (-- + -) (4111.- - 2m-h
"

+ -ql'"qv(-4m-)
4 4 2 2m

+ Bd2 -lIh" - ~(Bo + BlI )[Sm2
," + ?i ql'"qv(-Sm2

)]_ _m

+ 111.2Bd'}u.(ptl.4
"

(q), (D.1S)

•
whl'rl' Wl' madl' USl' of the Dirac l'quat,ion

fi(tl- 111.) = (tI- m)u(p) = O.
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• \Yl' l!la~' writt' (0.18) in th,· [orin

c\J" =

+

+

-

+

-

. .' ., 11,,\ "'
- /l'fi ii (J'")( (-2,'" h" [(1 )(·1)))")

B" (-2)))") + 1311 ( -2)))") - 2lJd 1 - ~-)I

" i , [/J.., '. " 1(-2,")-rr"·,[,. l-" )(-8IJ'") + 13,,(-2)))") l"lIJ,H"ll')
2))) ·1

. " _ ( .". ,( 1 • 1 :!( 1 - ,) )
-,rWII(I"') (-2e"Ch' -- - 2 - - - ----,

" . \:2 ".1:-'(: - ,')

(-2e~c,)_i_rr,,,,,,•. ( l - 2) 1"(I'J1:1,,(,,) (\).2ll)
2111

l .) .
-iCI" ii(p~){;" [c~c,( - + 5 + =)] + -'-rr''''",.(~ )} 11(1" ).-\" (IJ).

~' f 2111 2:i

Comparing \\'ith (0.5). Wl' obtaiu

F ( J) "C' ( l - 2)1 l = e" .. - + ') + -
€' €

aud
(\'

F,(O) =-.
" .)-

_JO

(D.21 )

(0.22)

D.2 Applications: The QED Ward Identity and
Electron Anomalous Magnetic Moment

Firstly. \\'l' wish to Vl'rify thl' satisfaction fo th,' QEO Ward i<ll'ntity'fi

(0.2:\)

•

whl're L(p) is Ihl' ;ùl ordl'rs COITl'c!.l'(l e!l'ctron self-cul'rgy. In 4 dillll'Usious, or in

dimensioual rl'gularizatiou. the abm'e idelltity is autoumtically sat.isfil'd by <Iin·ct.

dil!'erentiation of L(p). Not so in OREO ~incl' thl' RHS is ouly dcfinl'l( for l' ~ 'II.

while the LHS is defined for ail IL. This means that (0.23) will be satisfied for t.he

first n dimensions, but A" ma)' have the incorrect structure for the remainiug 4 - 1/.

dimensions. A,,(p,p) is required 1.0 be proportional 1.0 "f,. since il. is ", which oc<;urs iu
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• orc!f'l"s. 1Il th<' nt hf'r rf'~ltlariza1,i()I1s. thp \'prtpx :--1.1"11('t 11 rp is éll1 tOJllatÏ<'all~' prf'sf'r\·pd.

For DHED. WI' mllst add tl,,' ('()lIntl'rtl'rm (D.l~).

lIa\'inp, l'Iiminatl'd 1.1", tl'rtll ~ .!~' in (D.::;). W(' ma:.. writl'

ii{I')N'{JI.JI)It(I') = F1(O)ii{l'h"It(I').

Hl'I\('I' Wf' ,.'sociatf' F1(O) with tllf' \·..rtex r..nortlmlization const.ant. by

FdO) = -(Zl - 1).

Il]>on d..linit.ion.

\V.. also knO\\' t.hat.

~(I? = '/112) + (ma.'<S renormalizat.îon) = -(Z2 - 1)(jI- '/II).

H..nce (0.23) implies

(D.24)

(0.25)

(0.26)

(0.2ï)

A direct calculation of ~(p). Taylor expanding about 1'2 = m2 (before integra-

tions), lead 1.0

(0.28)

Snbstit.ut.ing (0.21) in (0.25), we sel' that the \Vard identity (0.2ï) is indeed satisfied.

Also. F2(O) is just the anomalous magnetic moment of the electron. From Eq.

0.22. the value is seen 1.0 be the correct, one.

D.3 N ecessary Integrals

•
Here wc derive the :ntegrals used in this appendbc. Oefine

B It
2e Jcr'q 1. ql" ql'qv

O"',JIV = i (271')" q2[(P + qJ2 - m2]2'
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• l:~illg FpYUIUëln paralllPtt'r:-'. w(' mil,\" trritp

1

Dcfining

= 2 ['d!l!l ['d.r ., ., 1 .--.,------c
./" ./" [(2,/,1' + If" )!I.r + 'r( 1 - !I) + (2,/'" + 'r ).1/(1 - ·1')1'

1 1 •

= ., [dll '1 [dr---'---­
-./" ' , ./" . [,p -t ,/,,(2/>"!I)I'

_ 2 {'''!I!I ., l"".. ,/;, == ,/" + l',,!I. ((L\O)
./" ('/- - 1/1- il" )"

wc ~cc t.hat.

(D.:ll )

B B B ')fo', {1 "}[lt
2
'Jd"'1' l] (1).:1'_')o· II- 21 - - 'yy ,-y.y' -, (" l"~ ( ,.. ., ")"o 1 _rr f} .. -Itl-y- .

_ 2 f'dyy{l.-y.!/} [-(41
)" (4"1,:2)" '. l.I.'.", ~,r(l + t')]Jo ' iT" '111- '111-.'1- .... _

1 (4"112)' 1 '. -1-2, -2,- 1-2,- --()" -" -.,r(1 + t') [rly{y ,-y . y }.4.. - 1/1- 1/1- Jo ~ _____
-I/:!.f -1/lI-:!.f) Il:!.(I-~)

Thus

(0.:1:1)

Also

_ ~ {Idyy [1/2' J,C'q' ,/ ] =~ {Idyy [_1_ (47r11.2 ), y-2'
n Jo i (2.. )" (rl- 11I.2JP? 11 Jo (47r)2 1112

x r(3 - e)r(:)/r(2 - e),~] , (0.:14)

(2-,)r(l+<)/'

•
giving

B _ C, {1 1 }
22 - 4 e' (1 - e') .
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