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!xt.rior dlfferential for.l '1" lntToduced .nd .. ,l.lnld 1ft 

conntcttot\ vith a' dUf.re1\tl.l \iaeb~ •• U\1a 1 .. 4. to • a,at_tle 
developMnt of vector t'At'ar.tion fonaal •• , Differential folU .n 
th~n ~.-defl1\td for the I,.ce/ttat coo~tnate .,.~ .. ~'/t 1ft Which 
electro"lRetlc ,h.no .. n •• rt bel! dalcrlbed. • co.plttt dtfrtrentl.l 
atructure t. pre.tnttd for the.e .~.ctro .. lftetic dlff.r''Atial fo~ •. 
,1ft4 1~ 1. .hoVft to be coapl.telJ c~n.latent vith .. ero.cople 
electro"anetlc thtory. À,propert, of ca..ut.tlvlty 1ft thi. 
dtfftH1\ti.l Itrueture la .... 1ftId. l .. dinl to • dllt1ftetlCMl betlletn 
th. aath ... tlc.l bebavio~ of .l.ctrlc-~ou~, and ..... tic-.o~~e ' 
el,ctro"lftltia •• Di!'ct,extlrior produet r.l.tio'A' 'rt tIlvt~ti •• t.d. 
p ntttina Ilaaut dertvation. of ,ower .n"t •• rv fOl'all.1 .... _11 •• 

, rectproclty 1'11.tio~l, ''''1117. .. dilcula i one-cliMnlio".l tavé~le 
le.ttlr1fta pnbl_ ••• dlalNte the "cl .... that • ',.rticular v.riaty 
of 11\tlar.tlO1\ cbaore. 1_41 to lCI lolutl., 
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, Cette tb&.e p~'.ente d'~bo~ de. !o~. dlff'~e~tlell~ ,.xt'~_ 

~1eu~e. et le • .xPllg~ en fonction de ~'.~"b~ dlff'~entlelle al. 
Ceci conduit i l'Cl&bp~.tlon .y'tC.tique de formule. d'lnt'I~.tion 
vecto~ielle. L'utiliJ.tlon du .y.t~ de coo~donn'e. e.,.èe/teap., 
1.' It. qui .e p,'te 'ieu l la~de.c~ip~on de. ph'\\~ •• 'lèctl'~_a
nCtique. t ])enet , l'ed'fini~ c.. fol'M' cUff'rlnti.lle. ~ Pul". elt te 
tb'.e p~C •• nte un!', Iy.the d1ffC~.ntlel coaplet, ad.~t' i oa\ fol'''. 

• dlfrCrentielle.~'lectl'o .. lft'tlque •• et WOfttre qu'il e~t eftti~r. .. nt 
(1 • , ' 

.n .cco~ avec ,1. tb'ol'te 'lect~oaaan'tique MCl'o.copique. L' ..... n 
cl • une Pl'OP-I'1Iti'\t,. c..atativitC de cette .. tnctUl'e diff'l',ntiell. 

, " 

conduit ~ l'~tab~i'~~ftt d'une dl.ttftct~Oft eftt~e le ca.pol'te .. nt 
_tbC_tlq~ ~e lt'l.atl' .. ",'t~ ... dat la .ou~ce e.t 'lectd.que et 

, "-
celui cte 1,'Clectl'GMIftCtl ... dont la •• fte .. t ~pCtlqu •• L'Ctude 
de. l'elatton. _tn le.'Jp~odu1t • .xt'1'1~\lI" d1l'ect. perae~ de falH 
d'.l,.~te. d'1'1vat~. d~ fo~l •• de pul ... uc. et.d'In'l'Ile ain.i 
que de rel.tlOD' cte, ~ctp~oclt'. Infln, la dl.cu •• lon d'un pl'obl ... 
d. dl'f~.ctiOft lft .. ~ •• -UD1-di .. ft.10ftft.l noua .~n. i dout.l' d~ 
l' .frll'Mtlon •• 1Oft l.qu.ll. un tyPi pal'tlcu11.1' dé th,dl'~_ ~'lntC
.1'~tlOft p.~t d. 1. ~'.oud~., 
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My du,e.t ."nctatlon 10.. to ~f,.eo~ T.J.P. 'avl •• elt. 111 
~,a.a~h,.u,.rviao~, a, I~anted .. t~, flexlbil1ty to ,u~'UI\thla 
~~ .. l:y _the.tical .ubject vith:ln a •• ical11 .,.~iMnt.l ~ ... ~ch 
,~oara ••• nd ,ncou~.pcl _ to _lt~ tt .cc, •• tbl, a. a ,ot~t:lal 

enlin,.~t'Q, tool. 1 c.~ta:lnly ho,e that the d,velop_t of th"'/id,a. , 
can continu, fo~ 1 f,el that.th., off,~ c01\.ide~able\:ln.llht tnto the 

, f.' 
'fundaaot.l .t~,tu~e of elect~oMl1\.tlc field tb,ot,. 

« 1 al.o el"plJ Q,~eciate .., a •• oc1a'tion vttb the otbe~ l~aelUlte 
c • 

a~ucl.ntl 1Q the jut,nlla od field _a.u~._ùt 1l"OUJ». a. lMll a. vitb 

~~"'o~ p, stl".t.~ oel thOle who bave WOdtH fo~ hi. dudftl th, 
ti_ t have \' .. n at MeOil1. ll\ pa~\'tcu.la~. t vould Ulta to thanlt D~. 

~, a~_ 
~,s; C&bayan fo~ tnt~oduciD. to __ "7 .. ,acta of _am _thltica~ 

_al7ai.. lnc1udtua diffenutul fona, . , 
11\118 at *Gill, it ha. b,. a ,l ... u~e to vo~lt vitb othe~ _ab,~. 

of the Depa~tw.Dt, o~ l1act~ic.l lftltaa.~taa~ ""Ci.1~ ~aaao~ 
P. S,it •• ~, ln acMitloa • ., cOIltact vitb thote on the ele, .. ~t .. tal 

.taff to .. tbe~ vitb UllY! people th~ouahout tba U1li~~alty ba .a 

thi ..... ~ nv.l'dina ti", "," . '. . 

1.hould lilt, to UfPn~",1IY Il"'tlna to Ka~l,-Pacal. who man 
the diffl~ulti,. of n • .r.~c1\ma anel Wl'ittuc • the.~. and who h'l,eel 

'.. 'l'I 

_ vith thi. ,~ojact, \ 

Thl. ~e ... ~h Ra ~po~tH ln pa~t b1 NlC Gl'l1\t A1U aftcl ~u 

;.; Gl"lI\t 5540-40. ) \ ( ! 
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INftODUCTION 

\, 

I~ ~~. th.ory of (u.rlel'enttal ~~u.t1.0n •• an "in'lel'" p~obl •• " ia 

.ny ~"'ble. ,lftVOlvtl\1 the ~.t.n.ln.tton 01 th' 0 cMffictenia "01' f.1aht -
hand .ide of a~tffe~ntial .~ation f~aa ce~tain lunctioaal. of it • 

101ution (LAVIIN'ttlV, .OMANOV. V~SlLlIV (19'0». Mon dtff'Hn~ial 
, .. uattone tOleth,1' vtth tbeil' bOundal'Y c,oftditton. a.., be ~lfONllat.,d 
to live •• iftall mteal'.l e;qu'ti~ (lW\GIlW1 anet ."KY (19S6). Il~.l). 

1 

ln a ea~t&ln aan .. , eva~y lfttlll'al. aquation 1.1 at\ "tl\val'at01\ pl'ob1'." , , . 
ainel part 01' all ,of the _DOVl\ function CCCUI" vlthtl\ tM lntelfal. 
'11ft 

ln oper'tional fora,' lntlll'al .qu.tion. ean uluall.y be Vl"itta" al 

\ Tf • 1 

, . ~ 

whet'. 1 ia DOW (tl\ ,,,,,teal ,~oble... ,~taa~tl.y fnll ."'UI'H aata) 
Incl T 18 a tw: ••• foraattOllal ope-ratol' 01} th. unboVl\ f. ln .00t 
m.tancla, "th •• ol~ti~ of (1.1), ,tch'l11V01Vi. fll"Uq th. il\ver •• 
oplntol' 't', t. ail -'Sapro,vly fOIU" "1'081_ biC." of .tfflcultl •• 

. 'r .. a"taa 'tha exi.tllle •• U1liq_na~1 aNl .tablltty of the ,.oi.utlon f 

that ,Ol'H'~tul. t~ \& ,al'tlculal' 1 .. IS" "l.'Iul~l'i.a'ion techniqu.. (D'IS

QlWCPS and CAuYAN (1972» &lqu.ll\tlY ,.nlt th .01utlO1\ of (1.1) 

œ.!el' c'~talft COft.tolnt.: "cau •• r 1. Q~llt.ly .,.ctfl'4h tM.' -pmle. i. bOVD •• the "ldentification" 'l'obl_t Q \I1\movn r, il 
10 ,-

- letlnt1flH ""lcb yia1d •• ~ œft~ th', tl'a".fol'Mtton 't. 
A 1lOH fUlldaaental cla •• of ,~obl ... a.t.ta ,fO't (1,1) - th •. cl ... 

of n.Jftthe.t." ,Rbl •• in wbtch bot" t .. l .~ ~~or' Tbat adclt

tton~cOQ.tl'a1nt. aYi u.c •••• ~ to .. ka the .,.tb •• t. proble. vtabl. 

ca b. ...n .VlI\ 11\ tl\.'/ O1la~_ll.tOl\.l' al.aabratc •• 101 to ~t, 1) • 
Oha,'.' la" i , :, '__, ." 

l ' • ;\ 

.~ \ 
, " ti· • \ .' t.l 

• ,1' _ 

Cl.al'lJ. 10.. uata..Çjq j~t 1~ nqut't.ct to é~l\.t'tail\ th. i , , j 
'\ 

\ 

. \ 

r 

. , 
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a, 

. " unkn9wn~ Rand i in oFder to uniqu~ly produee a givèn ~.' Typieally, 

one might cons train the power (a produet quant~ty)_ and apeeify an 

1.,' 

acceptable range of eu~.nt 'Values. '.- /' 1 

In the illtegral eq~ation formulationr of antenna probleu. g might, 

represent the radiation pattern, f a fuq~tion 
/'. 1 

deacribing the source (perhaps eurrent distributions), and T the 
, J 

tntegral operator Whoae d9ftain eovera th~'region of source interest 

(antenna dimensions) and,whoae keme! et.tains th~ p~op~ational ,,' 
characteristics (Green's'functlon).)Boun ary condition informaeion 

1s infonation on propagation in Jpace' and time) - \eflection. al?sorp-
\ ~ 

tlon,~ange in propagation constant, e c. - and ia clearly contalned 
, 

tn the karnel. The typical synthesis p o~lem in antenna design, Is 

approached by choosing a atr~c~ure (de armining T) and °treati~g the 
"' , 

problem as an identification p~oblem. opefully: some T~ and fs cau 

be found to p'rodu~e the giwn ~~ in a stable manner. 

One well-known variety of,_probl in math~tical phyaics is 

known as "inverse .cattering~'. ;:,(.\1e 0 je<:t is to determine .the phyaital 

eharaeteriaties) of a a'e~tterin8 o~j. t f1l'OID. acattered field measute- 1 

ments. In eleetr01llagnet1sm, thia ia understood to' m~an determinirig the / 

J>asBive sources of a sc:attered elec romagnetic field. The ass~ption 
1 i 

'i is made that a known illum1na~on teraeta with unk~O~ objects, from 
which a suitable "inversion" techn que will provide ;infonation on the 

,location, shape and electrical ch of the acattering 

objects (AHLUWALtA and BOERNER (1 73». It should bë obvious that 

under th1s d~inltion, inverse Q attering ia a variety of the general 
, \ 

aynthesis problem, and aB Bueh, dit10nal information (e.g., 1 priori 

fBsumPt~ona) ~a neee.sary for i,a precise solution. In fact, in arder 

, "to yield what.la e8sential~y b \dary in~ormation in a sea~tering 

system, it is necessary to det rmine'aBpeeta of the kernel of the 
~ c • 

appropriate integra! equation rom the possible field measurements. 
"" '\ ~ , 1 

Whi~e the inverae scat te 1ng process involvea a known illumination 

(1ncide~t' radl~ti~1 or ineide t field). it is not a proceàa 
" ' 

depende~'t on inforaation redundancy, such aB holography or .error -, 

correeting coding, where the variable information ia plaeed in a new 

\ 

\,' 

r 
\ 
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1 
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\ 
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information prior to an operat~on sueh as \ 

tran.mbd n'or atorage. ln inv~rae acatt.rins. '"the known illumination 
D • ~..., • \ ~ 

aerely all wa certain a •• umptionl to be made about the Icatter~n8 
, , , 

procasa, thareby he1pin~ tO conltrain the syntheais aspect of the 

problem. The inverse acattering and in rIe radiation problems are 

fund.mentally identical (BOJARSKI (197 ), 12); both are synthesia 
1 \ 

problema. \ 
, 1 

'Unfort~nately, the ulual approach ~o inverse Icattering ~roblems_ 
has ~een aituation-bY-aituation. ln el.ctro_ânetillll. it would ulti

mately be 1 advantageoua to develop a more ,aeneral underatanding, one 
, 1 

IpeclfyinS the lort of additional information that mult be supplied in 

o~der to reconstruct the kernel and sources in tbe aynthéais problem. 

Because the electromagnetic field ia deacribed vi~ a ~.rie8 of inter

related partial differential equatione, and becauae tbe apaee!tiœe 
, J 

domain of theae equatio~8 can be deacribed'aeometrically, a mathematics 

'. involving both at itl foundationa! level ahould prove basic to further 
, " 

developmente. ln fact, we will show that differential vector algebra 

(where tbe relationebip between geometry and partial differentia1 

equatione is workable but cumberso.e) cau be aupp1anted by the mare' 

seneral alaebra of multilinear forma on a/differentiab1~ manifold, or 
, \ ~ 

exterior dlfJerentlal alaebra. We ahall a68 tbat by ulina thls exterior . , 

differentia~ algebra. all conventional ~eaults in vector analysie c~ 

he deao~8trated quite elegantl7-r 

-

The important ,objective, bowever. la the development of a mult!-

11near algebra for a 4-dlmenaional ,Cartesian s~ace/t~ suit able for 

~the partial differential equationa of electrom&Snetlsm. Following su~h 

earlier au~hora as DESCHAMPS (1970). th1s bal bean accoapliehed. W.'sbow. 
" ' 

that tbe equations of electro"snetil. expres.ed in tb~ lanauale of 

d~fferential forma ex~et as part of a r."rkably 8111ple structure. '1 ' 

!xcept' fo~ relatlou8 expl1citly involving conductlvity (and the ~stric-
, 

~iona neceaaarl1y i~li.d by ~b18/(StRATTON ~1~41). §1.7». all funda- , 

aenta~ formula. of electromapetiall are l-..ediately nident. ~e Itruc

iùral re~.tion8bip8 .y b. viaualized bi Mana of d1agra... and t"e 

uti\ity of these diagra.. ie carefully deaonetrated; Som. discussion la 
t_ 

1 

CE 

o 

" 

t 



\ 

Cl 

" 

o 

û 

\ -
directed ta the question of wh)' the differential ~tructure of eleetro-

magnetic foraa has its specifie charaeter. The corleePt of rroduct forma 

ia introdueed, leadins to energy'and power relationa and reciproeity 
"" ~ ( 

formulas. Fin.11y, 10000e of. -thè flexibility gainec! by the use of 

e\terior different!al alg.bra in 'eleetrom&gnetism i8 applied to 

invest1sating the contention made br. BOJARSKI \ Ut73) that certain 
" intelral~rmulas ean be used in the solution of inverse scatterins 

problema • ~ 

o 
General Outline and Contributions 

The firat two chapters of thia theaia are tutorial. ln Chapter 1, 

we introduce differential forma and ahow the precise relationahip 

between these new quantities and vectors. We find that the algebra-of 

differential f0:-S' exterior differential al~bra.~n be treaendoualy_ 
advantageous beeauae of its compactneas. This is particularly true 

when the geometriè correspondance to diff~rentiation ia outlined, 

alloring a syst8ljl&tic developmen,t of complicated vector integration 

formulas ent*rel~ from basic prineiples. A1though exterior differential 

algebra i8 not new, our systematic development of it in relation to 
\ 

vector, ana1ysis has reaulted in a number of points that should be 

noted: 

1. The introduction of unit dilferenUal tOrilS (§i.A.ii) which 
perâit an ektended development of veetor integration formulas 
trom the general veraion of Stokes' theorea (1.1.1). 

't~, • ~ 

4 

2. The di.eo~ery of a derivation-type formula for the codifferential 
of~ product «l.f.3); a1so <i·d•l ». t 

3. A complete and fundamental development of iutegratiou formulas 
a,...tric (in varioua senses) in 2 variables, leading in 
partieular tO,the general veetor Green's theorea (Table 2.l0b) 
and the ey.aetric veetor iutearation theoreas (Table 2.11). 

4. A notation which preserves the uial and polar vecfor ldentity 
of vector quantitles. and wbich peraits tntegr.tlof without. tbe 

\ 
, \ 

, \ 
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uae of additional leometri~ integ~atlon variables. The inter
ehangeability between di~ferential forms and veetora ia -
atrelled for iu utility (§1.A 'and §2.A). ' 

S. A method! perfected fr'om DBSCHAMPS (1970») of diap1aying in 
diagram. the relationlbips between differantial forma due ta 
t~ varioua differentiai operatora (Sl.L). 

6. 01 A demon.tration tbat complex vat'iable the ory may be based an 
multi1inear a1gebra pro~ded the def1nitiona of derivatives 
are made properly (U. L) • 

Chaptsrs 3 and 4 make up that unit of t~e thasis in whicb the 

techniques of exterior differential algebra are app1ied to electro

masnedsm. The analysia involves ~otentials. fielda, charges', and 

currents, a11 considered as funct10nally real, time dependant quanti

ties. The perm,ability and dielectric canstant-ar~ cousidered cons~ant 
in a local se~8e4 Tbe 4-aimensianal diffe~ential structure of th& 

electromagnetic forma a1so permits the systematic deve10pment of the 

:~~::::::u::~::t:::::~::.::e:::U:r:::c:h:U:~::::::a::::::b;U:::~:e8. 
exterior prod~s of the electrolll8gpetic differeut!a1 forma. We show 

that there is a concise 4-dimensional derivation leading to relations 

fo~ energy. ppwer. and momentum. We also derive several reciprocity 

formulas. The following points should be c~nsidered a8 the contributions 
1 

of these chapters: 

1. The incorporation of dimensions so that the local and globsl 
dimenaion81 char acter of a differential fOTm may be conaidered " 
separately. Also, tbe consideration of the */operator as 
a diaensioned operator (§).B). ' 

\ 
2. The development of a coaplete different-ial structure for the 

electromagnetie foras. This structure coutaÙls a11 of the 
electromasnetic field equations. andrlearly sh~_.ll 
interrelatioaahipa (§).C). 

). An outline of the direct correspondance between the differential 
and integral vector equations throulh the introduction of )a 
differentiai projection cOQcept (§3.D). ~ 

4. The developaent of a technique for the aqlution of electroœag
\ 

1 

1 

5 
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netie wave equations by extending the Green's funct~on techniqu~ 
to differential forms (§3.F). 

S. Proof that eleetromagnetic phenomena are possible only when 
t 

sourcea are present somewhere in space and time (§3.F). 

6. A de~nstration that there is a commutative property relating 
forma in the differantial structure, and that,thi8 property 
differs for the electromagnetism manifested ~y electrie and 
magnetic sources (§4.A). 

7. The development of various direet axterior products between 
electromagnetic differential forma, their interpretation~ and 
explanations of their interrelationships (§4.B + §4.E). 

, , , 
8. A development of product relations leadin~to formulas 1nvolviug 

energy, power, lDOCleutum, and equivalent mas~ (§4.G).' , 

9. A development of product relations leading to reciprocity 
fOr1llUlas (§4. H) •. 

6 

In the final sectfon of the thesia, Chapter S, va look, at several' , 

short ~picst including the inverse scattering prob!em that prompted 
" 

the mathematical investigation that constitutes the important work. 

Included are; 

1. A discussion of the implieations of conductivity in the 
electromagnetic structure when certain time dependencies are 
assumed for all quantities (§5 .A) '1 

2. The derivation and Interpretation of an'''- integral equation 
said to be the starting point for the solution of inverse 
acatteriug probleas (§5.B). 

3. A specific investigation of one-dimensional inverse scattering 
involv1ng a dielectric tnterface (§5.C). 

As a s,r-ary to thi .. introductory section, Ive ahall list what are 

considered ta bé the most 1111Portant caatribu,tions of the thesis: " 

.Jt 
1 A. Tbe presentation of a co.plete differential atructure-for 

e!ectra.agnetic d1fferential fOra8 (§3.C). 

B. The deaonstration of the coaautativity propert~es of this 

\' 
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structure, including the differences °lfor!electric and magnetic 
sources (§4 .A) • 

C. The development of energy and power formulas, and the derivation 
of reciprocity relationa (§4~G and §4.H). 

D. The ayatematic and complete devel~pment of RI (vector and 
acalar) iftegration'formulaa (Chapter 2). 

f 
t' 

7 

Before pro$:eeding to Chapter 1. where we will introduce 1IIUl.tivector 

algebra and d1fferent1al forma. we ahould point out that relevant aspects 
\ 

of the history of th1a 8ubjec~ (aa 1t applies to electroaagnetic theory) 

are found in ~he summary to Chaptel' 3. Aleo. at the end of the theais, 
/. there 1a a note concerning the aymbolic'notation used in the val'ious 

chaptera. . \ 
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'\ CllAPTEa l 

"--C-i'J INTR.ODUCTION TO BXTEIUOR DDlBl!BNTIAL ALGIIBlIA 

f 1 
Anticommutativity under multiplication ia a property of certa~n 

algebraic systems. most familiar la the antlco1mlUtat~ve "croas product" 

in ~ctor alsebra. When the postulat~s of vector al&~bra .te 

8en:~~d by introducina anticommutative behavior to the products 

of the fundamental basis ~le~entst i~-~8 posaible ,to conatruct '~lti
vector11 algebras in which ther~ -is n~ ambiau1ty about the identity of 

the vector quantities (In aS. the ldentity of polar vectors and ax~al 
- , , 

vectors is maintained). ln particular, thia all~ the ayateaétic , 
construction of multivector algebras on m.tric .~aeea of arbitrar" 

signature '. In thia chapter 1 ve st.trt with the fundamei\tal .postulàt~ and 
~ 

develop the mathematlcs~baBic to multivector algebra on differentiable 

manifolds. The fundameutal operations .. (star). d (differential) t 6 

(adjoint differentia1 or ~odifferential) and â (Laplace-Beltrami) are 

introd"e~d and explained. The behavior of d, ~ and l:.. on products of a3 

! 
differential forma is aho~ in detail. St~ke8 t theorem, a gener&1.iza-

tion of the Fundamental Theorem of Calculus (WARNIR. (1971) t §~. 7) t is 

introduced _fter a brief discussion of the utility of simplex .an~folds 

and the integfation of differential:forms. Stokes' theorem i8 basie to 

all integratlon theorems involv1ng!differential foraa on .anifolds. 

ln Chapter 3, the lava of electromagneti81l are described in 
j 

exterior differenti&! forms. As a prelude to this, the differential 
, , 1 

slructure for an analytic fom in c: (t.he co.Jlex line ) 1a shen in 
! \ l, 

t e, final section of this ehapter. lt provides a st.plified description 

of the differentiel dn~~acter of complez sanifolds and indicates the 

'" direction fOf a cOlIPlete and buic develo~t .of ah 1 lIanalytic" 
1 1 

desc'fiption of electromqneti_. &long the line propoaed by TYPALDOS 
- ~ 

and POGORZBLSKI (1973). 

themat~cally, the developCll8nts in thia chapter ate oUtlines. lie . ' 
1 

t: RJ ia a dal 3-dimanaional (CarteaiaoJ ~trie space 8uch that the 
distance between any 2 d1atinct points 18 >0: ' 

,/ /// 1 
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refer to tbe textbooka by FLANDERS (1963)-, DESCHAMPS (l970) and WARNER 
" 

(1971) fo~ eOlllp~ebens1ve detail and t~.at_nt.. llowever. in o~der t.o 
• 1 

stress the advantage of .~terior diffe~ntial algeb~a as a tool fo~ use 

in physic~ problems. the R~ (vector) cases are worked out in detaii. 

A notatiOb is introduced for vector quantities which permits their 
,", 

~ 'f 

simultaneous ldèï\tity as veetors and as dUferenUal forma, lIlaking it 

possible to ~oncurrently utili~e the comPUta~ional benefits of exterior 
, 

differential algebra vith the physical insight offe~ed by tradit10nal 
• 

geometric pictures in vector algebra. 

A. Vector Spaces and Differentiable Vectot' Spaces 
" 

Let US talte an n-d~s1onal vector space L (basis: (01, al,' •••• 

a,,» over the field of ~eal numbers R, and postulate the enstence 

of an anticommutative p~oduet (cal1ed the exterior P~oductt) betveen 

the basis elements of L: ');l, 

1.a.1 

hOIR this staple condition va are able to develop an al.geb~a for each 

of the (u+l) vector apacea {p • O.l ••••• n}, where the basis of the 

space of p-vectors is the set of possible fom coustructed byl taldng 

(p-l) exteriQ[ products ~f the ori8inal buis el_enta of L. For each 

alaebra of p-vectora APL. t.he di1Denslon of the basis is given by 

(l'LANDEllS, b.l) f 

dû A't • (:1 1.a.2 

To illU8t~ate the above pointa, let ua de.c~ibe the bases -,d d1aen-

- t: 'lbè n_ COMS fr_ GraasaaD t. use of such produets to desuibe thé 
"ext~iontt - that 1.8, the ana o~ volUile - of aeaaetric figures 
defiried by edge vec:tors (DBSCBAHPS, 14.3). 

r 

9. 

, 
1 
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sions of the p-algebras for the Cartesian coorclinate space RS : 

J 

Allebra t Basis Set' 1 

l ~: 

on 02. 0, 
011\0, ...... 0,A01; 011\02 

L 011\021\0, 

1 ~ 

1> 

TABLE 1.1 
Dimension 1 .Nkâe of Ele.nu 

! Conat ructed from Basi.s 

l 
3 
3 
1 

O-Vectors 
I-Vectors 
2-Vectors 
3-Vectors 

New i.t is possible to construct vector quantiti.es on a dUfer-
~ 

ent:l.al bas:l.s (DEScHAMPS, §S.l). Thi" :l.llvolves a change in the n~tion 

of the metric. or distance measure. For tbe Cartesian Bpace a!, the_ 

macroscop1.c distance measure is based on tbe Pytbqorean relation, 

10 

1.a.3a 

Bqually val:l.d ls the differential distance Ileasure based On limit 
r 

arguments familial' from calculus: 

, 
ln a' t a differential I-form a can be written as 

, 
1.a.4 

The bas!s t~rm. a spatial differential, 18 subject to tbe ezterlor 

aultipl1cation postulate (l.a.l). The coefficients AI are uSQally 

cOIla1dered as being sdtalaly clifferentiable functlO1l8 of position 

(zl, xl, z'). Bowever, it 1& al80 possible for the AI to be diatrib-
1 \ 

utions, such as 6(%-1'). -aldna the fom a d1stributiollal rather the 

t: the use of superscript notation for the d1ffeœlltial eleaenta fol
lova fr .. their tenaor propertles: they am "Unear altern.~ing 
fOl1l8~' (DBSCBAHPS. 54.4)'. { . 

J 
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functional,in character. Naturally, the AI may be constant. 

The I-forms (1.a.4) aatlsfy the requirements for a vector spac8, 

and consequently {dx1 , dxl , d,x!} CCl be t-aken as lts hasls (DESCHAMPS, 

§S .1). Using this dUferential basls. we shall show that the standard 

{l R l vector relations ean be systematiealIy derived vithout further aeo-
1 

TtriC arguments. . " , (') 

The introduction of the dUferenUal hasls at this time ls a '.at

ter of convenlence, enabl1ns US to use a e01lllon notation throughout 

the chapter. Strictly speak:1ùs, lt should 'be assoc1ated vith the 

introduetion of a d1fferentiable vector space (together vith a deriv-

~ ative operation) in lorder to be lIlathellat~eàl.ly justified. Nevertheiess, 

haviug introduced the differential bas1's, va càn construct multiveetot'a 
, , 

with i.t; these will be the h1gher-ot'der diffeTel\tial foras. In R 3 • the 

,fOllovbia equ1 valence exista betwee.n the d1fferential p-f01:'lll8 and 

vector quantit1es: 

/ 

EXTERIOR DIFFERENTIAL FORMS IN Il! 

Differentiàl Porm Quantity\ 

O-Form: 
l-F0t'1\': 
2-Form: 
3-Form: 

K-le 
À - Lldx1 + L2dx2 ,+ L!dx3 

U - Mldx2! + K2dxU + K!dx U 

'V _ Ndx12 ! 

TABLE 1.2 ' 

Vector Quanti.ty 

le - invariant scalar 
L - polar vector 
M - axial vector 
(N]- vaTient scalar 

lbe names of the vector quantltie~ in Table 1.2, are consf'Stf!Ut vith 

STRATTON (1941), §1.l9. ~ote tbat in the definitlon of the forma ~ and 

'V, va have saved SCIlle space by usina the coapact notation dx'l • dxl"dx i • 

/ 

B. Direct Products of kter1.or Differentiai l'oms 

\ 
\ ) -

PrOII the ezterior product postulate (l.a.l), 1t 18 a aiaple aat-

ter to shov that for two foras (1 -aud fi of degree p md q respec- _ 

tively • \ 

\ 

\ 
1 
1. 
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degree (ail a) -. (p+q~ l.b.la ,. : [ ,0/ , 

* . . 
ail --:.fq) ;> n Lb.lb 

1 

... ( . 
alla p" 

- (-1) alla 1 Lb.le. 
\ 

In additlon, the exterlor product bf 3 form"is assoclative: 

1.b.2 

Oalculating the exteriot\products 1nvolvlng the 1.3 foms l1sted ln ;' 

-t'able 1.2, ft have the f~llow1ng posslbllitiea: 

aS PR.ODUCTS 

Order of Forms of Produe.t 

0 0 K.Kta 
0 1 - lCLIÙl + ICL2dx1 + lCLsdx 3 

0 2 K "ll - 1M1cbtu + lCK2dxu + RMsdx12 
0 3 K"" - lN dx11S , 
[1 1 À."Àb - (L ilL bS - L -fL b2)dx21 + (L .sL bl 

l 2 À"11 
- L el L ..s) dx 1 + (L el L ~ - L dL bl ) dx 12 -,,(LIMI + L1Kl + LsMs)dx U 

The term-by-tera eXpansion on the right demouatrates the equlvalence 

between the 1.1 exterl~r produets and the products of aS veetor algebra. 

Cœautatlvlty or antle.c.mutatlvfty e.a be found by e.~culat1t\g (l.b.le) 

(fqr the 6 d1st±nct 1.1 produets: 

. 
C«HmTATIVI'l'Y OF lt S paODUCTS TABLE 1.4 

Vec.tor Fom 
f 

Reveraed Reversed 
\ 

Produet Produet Form Prod'de.t Veetor Produc~\ 

K.~ K.AIG.' • K.,I\~ K.l. 
Kl KAÀ - À"K Lit 
KM f 

, 
MI. KAll - ll."K 

lt(NJ KAV - ""K {N}K 
L.x&... A.A~ --~Àe 

( 
- '-xL. 

L·M AAll • 11"). M·L \ 

f,~ ,j 

• 1 

/ 
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Fr~ this ft see that the ant1cOlIIIlutativlty of the vecto_r cross 
.' ! product follows d1rec.tly from the postulate (Laa). It 1a not neces-

sary to invoke any other ugwMl\ts. 

The de-velopaent/ of ener10r dlfferentlal algebra 1& outl1ned in 

-------____ Figure 1.1. Ino the following sections, operations -w1ll be introduced 
---.--' --_.-----. 
,~,), wtiich substant1.ally tuerease the usefu1nesa of th!s algebra. 

o 

\ 

Deve10taent of h,igher fo~s using 
exterior produeta of the bas1a elementa 

EXTEltlOIl ALGIBRA 
OF lIJLTtVICToIS 

DifferentiaI basis elamenta 

EXTERIOll AL DRA 
OF -DtFFERENTIÂL 

MULTIVECTORS 

nExteribr Differ
entia! Fonas" / 

Fiaure 1.1 : Develo.-ent of Ertedor Differential Algebra. 

C. Ianer Produets--in bterior Differential Alaebra 

,> 

An inner product 1.a a real-valued fUlle~1.on vhlc:h \at1.afiea the 

fo1lowina,conditlons: 

\ 

1. It 18 li.near ü!t e&eh vu1able.. } 
~ : / ~ \ Bllinaar~t1 • 

.. 2. It 18 ~trte:. (CI,a)· (B,a) 

!\ 

fI" 
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Poaitivity. 3. It is uon-desener.te: if for f1xe~ a, } 
(a, B) • 0 for al1 B; then a a O. (a.a) > 0, a f; O. 

1 / 

These conditions by theùelve.s do l'lot illl?ly a specifie phyaical 
, 

interpretation of an iuner product; it ls the IMtheaatical relation 

satiafying the condit1Ol'ls which .. y be iu~.rpreted. For eXallple, ln R,' 

the vector dot produc.t aatiefles properties (1) - (3~, and th!. ia , 
interpreted ~a the product of the projected compbnenta of thé 2 
vectOrl. lu eXterlor differential a1pbra. we ahall eaploy an inner 

product which bvolvea the intesration of an o.-fora over a clOled 

n-dl_usioual manifold. 'l'b1a introducea a conceptual difficulty, be

cause wbile va cart -aiue a closH surface in lt~,( a clos.ad voluae 

in .RS la a non-luclidean entlty. 

Of basic importance ia the fUDd_ntal theorell that every iuner 

product apace 'haa an orthonoraal b .. ia (FLANDERS, §2.S). Since an 
1 

arbltrar, vec.tor ~ be r8garded as a unique 1inear construction on 

ita basia eleaenta, va ahall find it couvenient to calculate 1uner 

products usina tbe bas la ele_nu aloue. Baala element or~honor_lity 
/ aay be expre88ad a8 

14 

\ 
l.c.l 

6\1 ia the Ironecb"r Ô. In an arbitruy n-d aional orthonoraal 

coordinate systelll, the coaplete aet of ÙUler 'P oducts (l.c.l) yields 

r +'8 and a -la; r + s - u. 'lbe _tric space ianature i8 defiued' as 
t - r - a. lor RS

, r. 3 and a • 0, bence t ~ • lor 4-di_nsional 

apace-ti1le (IOMtiMa called MinkOW81d s,ace). identlfied as l'ft in 

tbis théaia" r - 3, a - 1, and t • 2. 

For p-Vectora,' it i8 usefu! tq..bow that t 
cd 

a baaia el~t of A~ ca be resolvecl into a pr 

notas of th08e basia el~ta of AIL included in 

Let C1. al" al A .... fi. of' .. The . , 

ct of, the aquared 

e 'h"!. elben1:. 

. \ 
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Another useful property \ ardes frOil the inner product: let f be a 

linear functional on L. Then there ia a unique vector a ln L aueh 

that 
/ 

, 

( 1 , 

15 

f (Cl) • (<1, a> l.e.) 

1 
(~EaS, §2.S). ~ia will be used in proving tbe uniqueness of tbe 

Hodge star operator. whicb foll.owa. 

, \ 

D. The Had&!' Star oerator 

For a vec~or sp4ce on whiéh ,an inDer product ia de~lned. it is 

possible' to sb,,, tbat there ia a linear operation "whicb unique~ trans

foras a p-veetor lnto an (n-p)-veetor. We tata a specifie orientation 
" ' 

of the inner pt;oduct Ipace L. Suppose we 0 have 2 veetors. Cl € APL and 

a € A"""L. 'lben the transforaatian a '. a'" a 1. equivalent t9 J\~~'L -+ 

A"L, -:d 8i~ee A"L is\a one-dl1De.nsional space wlth buis C1 -~ ______ 

• •• '" (1 • va ean write _______ ,;>" 

\ 
" , 

/ 

------~ ---------- / ---
a'", e-· ft(U~)(J 

\, 

l.d.l 

whera f~(e) la a llnear funet1onalon A"·L. From (1.c.3), thla in tUtu 

tapÎies that 
- \ 

/ 
l.d.2 

• 
where *Cl € • defmlng t~e '-.. ppiug. which is evldently a linear, 

tr o~tlon A-L -+ Aft~ (~!RS. §~.7). For a specifie situation, . ._~~~ 
it 18 sufficiènt to e(MlpUte tlle '-"P~t5 of the orelered ltaai8 

eleant8. PLANDDS (52.7) 'sh ~ 

\ 
\ 

\ 

./ 

, 
l 
l 
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where (A.B) • (1,2 ••••• n)cr~rm. Fôr the 'ordered differentia1 basis 

e1ements of R3, th~*-operation is ca1cul~ted as fOll~:' 

*-MAPPING OF R' BASIS ELEMENTS - 1 TABLE 1 5 . 
1 

, 

1 
Basis Element Permu- InneF Product ë~inplementary Reeult 

taUon Element 
il . . ( 

*dx1dx 2dx 3 1 -- (+1) -- l ~ -
*dx\dx 3 .,. (+1) (+1) dx1 - dx l 

*dx3dx 1 -- (+1) .1+1) \ 
dx2 - dx2 

*dx1dx2 - (+1f (+1) dx' - dx' 
*dx 1 - (+1) (+1) (+1) dx2dx' - dx2dx' 
*df2 . - (+1) (+1)(+1) dx'dx 1 • dx3dx1 

*dx 3 • (+jJ (+1)(+1) dx 1dx2 • dx1dx2 

*1 - (+1) (+1J (+1) Ç+1) dx1dx2dx' • dx 1dx2dx 3 
-

J. 

\ 

16 

, E. The Real Partial Diffetential Operator di Differentials of products 

" 

1 
Once the algebraic character1zation of d1fferent1al for-ms has been 

completed, wei can consider/linear operations which shift forma into 

higher dimensions. Recall that the star operator defirled a 1inear map

ping from p-forms to (n-p)~fo~. A series ol possibly usefu1 opera-

tional structures 18: \ 

00 - A 
+ B dx2 + B ~, \ 01 - Bldx

1 
2. , 3 1.'e.l 

02 Cldx
23 + C2.dx!l + C!dX12 -

0, • Ddx12
' 

f' 

re "coefficients" are ~onsidered to have operational rather' than 

J
nctiona1~Character18tlC8. In this thesls, we are concernèd ouly 

1 \ 

t~k ~ type 01 operator. 01, when it ls written as 

. 
1 

i8 known as the real partIal differential operator. Its existence, 

" 

o 

'1 
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uniqueness and linearity are well-established (FLANl>ERS, §3.2). '('l1te 
-.2... 
alt' 

form a vector field du~ to the differential form dx l (LANG (1962), 

App. 2, §l». When applied to a p-form, the differential terms in d 

~orm exterior products with the differential terme of the p-fo~, While 

the partial derivatives operate on the coefficients. The re8ult i8 a 

• (p+1)-form. Applied to the RS different1al forma found in Table 1.2, 

we have: . 1 

DIFFERENTIALS OF aS FORMS tABLE 1.6 
Ope~at1on , Expansion Vector Notation 

aK d 1 + aK d 2 + aK d S 
altI x ai2 x axS Je 1-form 

dX - d AÀ - (aL~ _ aLiJdxa + (aLi _ aLf)dx91 
~ ax ~ ax 

+ (~i - ~~iJ d~12 - 'Vxl : 2-form 

(aMI + aMi + aM~) dx12.3 ax ax ax 3-form 

dv - d 1\ \) • o 

The operator, d 1a known 'as.& derivative (specific&.l:ly, an "snti-
1 

derivation" (WARNER. §2 .11» beciluse the differential of a product 

takes the form 

~-/ 
l' 

l ' 
Le.3 

" 
fttere p is the order of the fOral a (DESCHAMP§., §5.3~and §S~6)". In RS, 

this formula yie1ds severa+ fundamental relations of ve~tor analysis. 

For the 6 aS products listed in Table 1~3, we have: 

, 

TkLE 1.7 RS 
\ PROl)UCT DIFFERENTIALS 

Op!,!ration 1 Expansion 1 Vector Notation .1' 

d(KaAKt. ) dKaAK" + KaAdKb \~(K.Kb) - ('VK.)Kb + K.('VKb ) 

. -
d(K A À) - dKA À + KAdÀ V>< (KL) - VIC x L + K(V>;cL) 

l - r 

·f 
/ 

. / '. 

f 
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d(KI\ll) 
" d (K-I\ \J) 

d (:>...I\À II ) 
d (ÀI\ ll) 

- dl( 1\ II + 1( 1\ d\.l 
• 0 
- d~ ÀII - À.l\dÀII 
• 0 

\. 

TABLE 1.7 (continued 
'V- (KM) - VK-M + K(V-M) 

F. The Adjoint 'Differ~nt1al Operator ô; Codiffereptials of Pr~uct8 

The !nner product between a p-form Cl and the derivative of a 

(p-l)-form B, (Cl,dB), 18 used ta def~ne the cod1fferential Ô, the 

adjoint of the operator d: 

18 

( 

(Cl, dB) - (ôa, B) l.f.l 

ln effect, the operator ô shifta the p-form.luto a (p-l)-form. ô can 

be written explicitly in terms of * and d (DESCHAMPS. §6.6): If Cl is a 

~furm,~~ ! 

~1.f.2 

Calculat:Lng the codifferentials 'of the RS 
fOrDIS, we Und: 

CODIFFERENTlALS OF R S FORHS 

Operat~on 1 Vector Notation 
{jo 

Ôl( • 0 
ôÀ - -*~d*À - -('V-L) o-form TABLE 1.8 
Ôll - li'l d*lJ - ('Vx M) : I-form ( 
ô-J • _ii"ld*,\ ' - -('V[N]) 2-form 

'l'bè codif:erentialS of producta are SOIIewhat lIOre involved than the 
1 

product differentia1s. 'l'be followtng f01'alla, whiQb has SOllle properties 

siDdlar to the anti-derlvation (l.e.3), glv~a the correct·results in 

a', although lt does not appear to be true for al1 .etric spaces (In 

! 
\ 

';, 
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... 
Chapter 4, we shall see that the correct R'/t formula has + signs 

preceeding the 3rd and 4th terms): _ , 

ô(a A a) • ôa A a + (_)"-t a A ôa 

- (*-1 (*a A d» A e - (-)~1»p (*-1 (*a " d» Aa 1.f.3 

(Please see the notè on ~ge 34). For the R' products, we have: 

R9 PRODUCT CODIFFERENT~S 

a. Operation 
b. Vector Notation 

Ô(KI\ À) 
-V- (Kl) 

Ô(KI\V) 
-V(K[N]) 

• K 1\ ôÀ e- (*01 (*À 1\ d»)AK -
• -K(V-l) - (l-V)K ~ -K(V-l) - l-VK 

,...... 
Identity.: (l-V)K· l-VK 

• K 1\ Ôll - (*-1 (*lll\ d»I\K 
• K(VXM) - (MxV)K - K(vxM) + VIC x M 

-
ldentity: -(M xV)K' - VK x M 

- K 1\ ÔV - (.1 (*'.lI 1\ d»I\K 
- -K(V[N]) - ([N]V)K - -K(V[N]) - [N]VK 

Identity: ([N]V)K - (N]~ 

TABLE l.9 

Ô (ÀaI\Àb ) -- ôÀ.f\ Àb - 'At!' Ô~b - (*-1 (*~ d»)I\~ + (*01 (*Àt(\ d) )I\Àe 
VX(l.xlb) - -(V-L.)Lb + L.(V-Lb ) - (L.·V)lb + (Lbe_V)L. 

_ A 

Ô (À 1\ lJ) - ÔÀ 1\ II - À 1\ ÔlJ - (*.:t (*~ 1\ d»l\l.I - (*\~ (*1.I1\ d»)Al 
-V (L-M) • -(VeL)M - Lx(VxM) - (L-V)M - (MxV)l 

- -Lx(VxMl - Mx(VXL) - (l-V)M - (MeV)l 

Identity: -:-(V-l)M (MxV)xL ~ -Mx{V~l) .. (M-V)L 

\ 

, In .ost cases a vector ideutity 1s requ~red to convert the the strict 

y~ctor translatiœ of (l.f.3)--~to the most fmaillar vector fora. 

In ca.putitig the codi~ferential of a product wb1e the teras are 
, \ 

, reversed frOlR the exaaples in Table 1.9~ the leading ter1lS in (l.f.l) 
J'- 1 

.. ~ be œversed in accdrdance vith the cOlaUtation pt'operties. '!'he 

'\ 
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(ft"l (*a A, d» 1\6 terms remain as t!ley are • 

. G. The Self-hlloint Laplace-Beltrami Opera.tor 6f Lapladans of Products 

\ 
Recal~ing the defining relationship between the differential and 

codifferentialoperators (l.f.l), we cau) ~as~l~ show that tbe new oper

ator 

20 

6. - do + ad l.g.l 

ia aelf-adj6Int: 
\ , 

(a,6.B) • (6.a, B> 1.g.2 

The operator ~ ia known as the Laplace-Beltrami operatQr. In R'. ~ ia 

simply the negative Laplacian: 

LAPLACIANS OF R li FO~ 

LaPlace-Beltr~i 1 IVector Notation 
Operation / . 

AK • cJ.H + OdK, - -V·VJ.. , 
~À - doA + OdA - -V(V-L) + VxVxL 
àlJ • doIi + Ml-! • ~VxM 
~v • dov + ~ • -V-VeN] 

\ 

V(V-M) 

TABLE 1.10 

l' Laplacian Fora 

• -V2 K _ -V2 L 
- -V2M 
• -V2 [N] 

o-form 
l-form 
2-form 
3-form 

l'he operatpr ~, applied to a p-form' a t yields a p-form. Appli.ed to a 

product, ~ has a distributive property but it also yields an additiotial 

term .. As we shall see in th~ al! c~e, this distrib~tivity ts'not 

always iDaediately obvious:, rather cOliplicated identities are required 

to reduce the nUDber of terms. 

\ 

. .. k b.A Ai ,,:nS!Œ j 

1 
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R' PRonuer LAPLACIANS 
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TABLE 1.11 

4. Lapl~ce-Beltrami Operation 
b. Vector Notation 

MK.I\Kb ) • !J.~Kb + IÇaI\!J.Kb - (*-1 (*dK.I\~) )I\Kb - (*-1 (*d~l\d) )I\K. 
-V2(K.Kb)- _(~2K.)Kb - K.(V2Kb ) - 2(VK.·VK.) ~ 

(!.'(~ 1\ v.) 

-V2 (KM) 

Identity: (VK.·V)K. - VK.·VK. 

-1 !J.KI\À + KI\fJ.).. - d{(*-l(*Àl\d»I\K} + \(*,1 (*ÀAd»I'\dK \ 
- (*-1 (*dt<: 1\ d»I\À - (1fl (*dÀ ~»I\K \ ~ 
-(V2 K)L - K(V~l) - 2(VK-V)L ... ~ -~ 

Identity: v[(L.v)~] - (VK-V)l + (L·V)VK - [(VXl)xV]K 
1 

- !J.KI\~ + KI\All- d{(*-l(*v.l\d»I\K} - (*-l(*dKl\d»l\ll\ 
- (*' (*\.ll\ d) )I\dK - (*-1 (*dl1/\ d) )/\K 

• -(V2 K)M - K(V2 M) - 2(VK·V)M , 

! ~dentity: VX[(MxV)K] - (VK-V)M - (MxV)xVK 
- [(V-M)V]K 

!J.(KI\V) - K/\!J.V ~ dKAOV - d{(1fl(Vtv/\d)~ri 
-V2 (K[N]) - -K(V2[N]) - (V2R)[N] - 2(VK-V[N]) 

!J.(ÀI\ll) 

l ' -V2 (L- M) 

; 

Identity: V-[([N)V)K)\- V[N)-VK + [N](V2l) 
;: ~ ~ 4 ':; t 

Identity: VX[ (L.-V)Lb] - Vx[ (L.-v)L.] + [(VxL.)xV]xLb 
- [(Vxl';>,xV]Xl. + (Lb-V) (Vxl~) - (L.-v) (VX~) - 2{ A} 

- dtSÀl'i.ll + ôÀl\dl1 - dÀI\tSll'+ Àl\dÔl1- d{(*-i(*ÀI\d»I\ll} 
- d{I(*-l(*\ll\d»M} 

- -(V2U -M - (-V2M - 2{B} \ 

where {D} - è t {~ iit-} 
~ 1-1 j-1 

Identity: -(V-L)(V·M) - (VXL)-(VXM) - V-«L-V)M] 
-' V- [( MxV)xLl - -L- (V(V- M» + (VXVXL)· M - 2{B} 

., 

1 
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In Cha~ter 2, we shall see that ~he operations d, ô and" A on 

p~oducts of differential fo~ allow the de~lopment oi a variety of 

integration theorems. However, it is first necessary to develop those 

aspects of geometry whlch are necessary for Integration. Differential 

'forms themselves can be cODsidered as local quantities, defined for 

a certain differential region. Throug~ the introduction of SOlDe 

ge01lletrical concepts, Integration theorems, in which global qu4D, tities 

are formed from. the local ones, can be developed. Obviously, this 

is important for any application of exterior differential a1gebra 

to phYllics. "'\; , 

H. Manifolds and Simplex Chains; The Boundary Operator a t 

, \ 
Thè fundamental utllity of differentia1 foms is tha~ they are 

22 

co ' ) 
integrable over certain ,domains. Integrat~on itself requires a quanti- ~ 

tative descriPtion of geometric figpres such as lines, sur,faces and 

Jo~uaes. In particular, ve are concerned vith the 1n.te~tion of ' 

"d1fferential forma on manifolds, geometric structures ~ere the 1 

- 1 
points in every neighborhood can be d~scribed in tems of a local, 

orientable coordinate system. We may think of our aanifolds as being 

composed of simplex elements: in one dimension, the stra1.ght Une 
; 

element; in 2, the triangle; and in 3, the tetrahedr~. As an example, 

the surface of the earth may be mapped anto a covering mesh of tri

angular regions. This -does not imply that silllplex structures themselves 

satisfy the réquirements for eve~ purpose - our DOst common vay of 
, 1 

divlding space ls rectangular - it ls just that simplex eleaents have 

the 'DIOst elementary quantitative geometrical behavior, permittlng the 

encoding of a regular manifold in a systematlc vay. 

A "cha.iD." ls defined as an orlented sequence of simplex4 elements. 

Figure 1.2 shows a chain of I-di1lenslœal elements in a2 " approx

imating a contlnuous al curve: 

t: Hot to he confused vitJl the parti.al ,different1al s"'o1-
r ' 
1 
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Figure 1.2 An oriented 1-chain in R 2 • The heavy arrows indicate the 
1 oTiented boundary of this chain. 

Each se~t of thls l-chain ls oriented towards the hlgb.eT index. The 

chain has two oriented boundary points, 0 and 9, and the orl.entation of 

tjhiS boundary vith Tespect/ to the chain le indicated by the heavy ... 

arrCNfS. A chain 18 cal1ed open OT closed depending on wbether OT not 

it has a boundaxy.f A spheœ (expTessed as a chain of R S elements) has 

a stltface (expTessed as a chain of R2 elements) which 18 closed. 

Let ~ define an opeTator a which produces the boundaxy of a 

chain c. The ve~tlces, edges and surfaces of simplex elements cau be 

unaDlbiguously labeled so that a provides the propet: orientation of 
- ... 

the elemental boundaTies (FLANDERS, S5.5, §5.6). As a Tesult, the 
o 

c;ommon boundaxy of contfguous chain el~nts has two oppoS1ng oTlenta-

23 

tlons whlch cancel when the \boundarv contrlbutic,lUS are summed under the 
\ ,-, t " 

opeTation a. 'l'he remairiing contTibutions are those of the "externsl" 

boundaries of the chain. In FiguI'e 1.2, this 1Ie8IlS the ~dpointB, as 

indlcatèd by the heavy aTTJwa. , ,,-

Figure 1 .. 3 shows the posslble types of contours in R' vhich 1Illy 
-" 

be desCTlbed as a chain c of siaplex eleaents - the line, surface and 

volume (drawn as sDply-connected domains). "!he oriented bounda'l"y, ac, . \ 
is indicated fOT each. A "cycle" is defined as a chain c whose boundary, 

3c, v8I11ahes. lt ls a basic propèt'ty of the b~undaxy operator t~at 
i 

t: For a ~tiply-connected daaaf.n, "extemal" and t'rUe exterior aœ 
not synonyaous. 1 

-
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F1.gure 1.3 Simply-counected R3 contours, vith or1ented ~oundar1es 
i.ndicated. a 

each boundary 18 a cycle J that 1s J 

rUe) • 0 l.h.l 

In the JWcl1dean s1tuation, th1s 18 easUy dellfXlstrated (n.ANDERS, §S. 6) . 
ff 

le JtOkes' (\\4aeorea 

Al! of the tntegral relat1onsh1ps tnvolving differential foras 

and the1r derlvat1ves â.re e1ther.. spec1f1c variet1es of Stokes' theore1ll, 

or they lIBy be ccm8tructed frc. lt in a straightforeward WISmler. Stokes' 

theo~ 1s the general relat10n betveen the integral of the der1vat1Vé 
Nt'.. 

of a fora over a 1I81l1fold (expressed as a è1apl~ chain c) and the 

fntegral ,of the fora 1taelf around the oriented 1I81l1fold boundary. 

, " , 



o ,. 

, 

o 
\ 

) 

f 

·e- \ 

~' 
~ ___________ ---.c_ ;'i;'" 

25 

It can be written as (FLANDERS, §5.8) 

\ 

1.i.l 

( ... 
whet.'é c ia tbe âiaplex ch~n ~d a ia the boundary operator. 'l1le 

dimensionality of all quandties ia consistent when a ia a p-form and 

c a (P+l)-clUlin. By (l.b.l), the boundary chain 3c is ilOaed\ (it 1a ~ 
cycle) •. The c10sed integral aymbol indicatestbis direct1y. (l.i.l) ia 

qO 

the 1IlOSt general' fora of Stokes' tbeorem.. 'l'here ia a variation when 

eitber da • 0, 

or ..men 3c - 0: ") 

'lhe potential of this cCX1cise re1ationsh1p v:iU be cleIIonstrated in 
Oulpter \ 2. ' ) 

~ \ . 
J. iJ.'be Poincaré, LeJ.a and the de Ih_ 'l'beorea, 

1 1 
1 

'lbe Poincaré le.aa (whose proof in a siaple sense is a direct 

1.i.2 

1.i.3 

calculation rely1.ng œl.y on the equal1ty of 1Iixed partial der1vat~ves), 

stat~s that for 'any differential for. a, 
\ ' 

1 
/ 

, , 
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\ d'{da) - 0 1.j.1 

/ 
The 010 a' vectOl; foraulas which follow are: 

ddK - 0 

ddÀ • 0 

Il 
f 

VXVK • 0 
V·vXL - 0 

~ a differentiable manifold Mt a p-form a i~' called "closed" it 

da - O. "a ia called "exact" if there ex:Lsts a (p.1l)-fom B such that 

a .' dB. The Poincué 1e1llll8. states that every exact fOrD i8' closed. 

(l.j.l) indicates that there is a paral1el bebavior between the 
1 

differential operator d (vith re8pec~ to differential foras) and the 
-

boundary operator a (vith respect to aeometric elements) [l.h.l]. 

"Closed fotms" and "cycles" are both annihUated by their respective 

operators, and '''exact fOrDs" and ''boundarles'' are both in the image 
\ 

of their ôpera~ol;s. 

The converse of the Poincaré lemma is uaed to show the existence 

of potentials. However, i t.. generally bas only a local validi ty, even 

on restricted manifolds (DESCBAHPS, §S.4). We can explain, th~s using 

a geoaetrlc' an~ogy: a simple closed sùrface boundary (cycle) in R sis'

the boundary of a uni~ue aS volume, but a sillple closed Une boundary 

(cycle) in R' cau be the boundary of an infin1ty of 'possible al . 
surfaces eabedded in R 3~ Likewise, ~ique potentials for closed fonas 

! 

ex1st only weu certain conditions are _te 

/ 

Global properties concerning the existence of potentials follow 

from-de Rh.'s theoreaa. The parallel behavior between d and a 1s béat 
1 / .... 

expressed as a matbeaatical correspondence betwee~ the folloving two 

groups, both of wh1ch concern the invariants of the lIUIIlifold M vith 

respect to the operators d and a (WARNER, §4.13, §4.l6): 
'j , 

~ . . 
The "p de Rham cobOliology group of !rI 18 defined as tbe 
quotient space of the real vector space of closed p-foX'llS 
on M illOdulo the 8ubspae.~ of exact p-foms on K: 

1 •• tC10Sed e-foms } 
B ... 00 exact p-f~ras } l.j. 3 

,j 

• 
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th 
The "p differentiable singular homology group of H with real 
coefficients et is defined by 

!. 
R (M'~. kernel tap ) 00" !.mage (3po1) 

and is a real vector space. The eleaents of. the kernel (3,) 
are called differentiable p-cycles 1 and the elements of the 
image (a,.,) are called differentiable p-boundari.es. 

The de Rham theorem states that the 1IÎapping 

l.j.4 

l.j.~ 

(* ~dicates the dual.space of the real differentiable si.ngular 

homoiogy) ia isomorphi~ and that for a closed p-foI1l a and a p-cycle Z,· ----------a real number is determined by the integral 

1.j.6 ( 

(independent of the chot:ce of .either a or z by (1.1.2) an~ (1.1.3) 

respectively) which is the manifestation of the iSOIIorphism (1. j. 5) • 

'!bese real nwabers are known as periods. Stokes' theorem state~ that 

the periods of an exact fora are zero; dé Rbaa's theorem supplies the 

converse: if the periods of a C'losed fora a are all zero, then it is 

exact. In addition, if a real 'nUllber p~r(z). is 88signed to each z on H 

such that 

per(aZl + 12) - a per(zl) + per (Z2) 

per(boundary) - 0, 

. then there i8 a closed fora a on H which bas the assigned periods 

(WA1UŒR, §4.·11): 

1 

l a - per(z) , 
z 

1.j.7 

/ 

1.j.8 . 
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. K. Riemannian ~ifolds; The Hodge DecolIIPosition Tbeore1l 

In §l.F, we introduced the codifferenttàl Ô without speêifically 
\ 

describing the inner product space ~ed in its definltion. We ahall 

turn ~r attent1cf toward this (nov. Let us take a compact (cl08eci)" 

oriented, n-dimensional Riemannian manifold M. Then,\ for 2 p-forms 

Cl and a defined on M, the Integral ". / 
/ 

28 

l.k.l 
, /, 
\ 

\ 

sat1sfies the conditionli of bilineari~y and positivity in §l.C, maldng 

it a suitable innerfproduct between a ,and a on H (FLANDERS, §8.4). 

,{ 'lbe proof of the cod1.fferential relation (~.~.2> follows ÛlllEdi

ately. Let· Cl -,\ p';form and 8 - (p+l)-form. 'l'hen the differential of a 

p~t (l.e.3) is written: . 

p 
d(a A *B> - da" *8 + (-) a ",d*B l.k.2 ~ 

The tenas in (l.1c.2) are n-foras. ~tegrating over M, the left~hand 
( 

aide of (1.1e.2) is zero by Stokes' theorem (1.i.3): 

1.le.3 

'lberefore, 

1.1c.4 

! ' 1 

and 

1.k.5 

\ 

" 
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1 ~ 
L ' ( 

deflnlng the codifferential ô. 

1 • 

The iuner produet lnvolving the. Laplace-Beltrami operator 6. ean 
, 

be expande.d as f ollawa ; ,.J 

(lla,a) - (oo,ôa) + (da,da) 

1 o 

f). tL 
Should a be a harmonie p-form (6.a - 0), then 

J 

(ôa,oo) + (da,da) - 0 ' 
" 

Dy the. condition of positivity for an inner produet (§l.C, (s>)\ 
tera in (l.k.7,> 1& • O. Therefore, if a is harmoni~, 

\ ôa - 0 

da - 0 1> 

lhiB proof vill 1>4 used in §~. F to _ a re&ark concerning ,the 

global prâperties of harmonie electromagnetic fields. 
:'9 

One of the most important relations for differ~btia1 forms 

l.k.6 

,. 

1.k.7 

each 

l.k.8 

deftned on a compact Riemannian manifold 18 thr Hodge decomposition 

theorell.. Let EP<M) denote the space of SlRooth p-forms on M, and let 

HP denote the subspace of harmonie p-foras on M: 

,/ 

&l - ol l.k.9 

For each integer, vith 0 .; p < nt uP :a flnit~ di1DenSi~al, 
~ lie have the following h~thogonal. direct sua, decomposltions.· 
of the space E Il (H) : r. . 

/ 

/' 

, 
1) 

\ 

...)i 

• EP(K) - à(EP) + HP 

- dô(EP
) + ôd(EP ) + HP 

.',d(EP-') + (EPt') + HP 

l.k.l0 

f 

JI 

__ é _____________ _ 
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Consequently, the equation Aw = a has"a solut1on ~'E EP(M) if 
and only if the p-form a 1s ~rthOgonal ,to, the spaee of h~on1e 
p-forms. 

In other words, 1f w 18 any p-form; then the deeompos1tion 
1 

30 

! 
1 

\ ' w == da + <sa + y 
\ 

l.k.ll 
\ 

, 
- - is 'unique, w1th a .., (p-l)-form, a, .. (p+l)-form :md T = a harmonie 

p-form. " . 1 - . pl: t 

Following t~e,proof of uniqueness for the Hodge deeomposit{fon 
• 1 Il 

theorem (FLANDERS, §8.4), we ean show that.if w is closed (dw ~ 0), 

~he' t~rm <sa in t&e Îdecompos1tion 1s zero. Let (l.k.ll) be the *" 
- :..;: ~ ~" 

decomposition of w. Then, 

1 dw _ 0 - dda +' d<Sf3 + dT 

"Therefore~ aôa ., O. ForDrlng the inner proquct, 

. -
(dôa" a> - (ôB, <sa) .. 0 

• ·f 

Consequently, ôa - 0 by ,~he ~ondition of P~~tiVity. In ,the lame 
;mannef' i~ the\dual of w 18' elosed (~~IO)' the term da i8 zero. 

1.k.l3 

----- -t;--e-ED!'Ipl:e; Differentiai Structure; of _ Analytie C 'Fol1ll 

" . 

.. ' 
The pr~ary ~bjective of th18 thesls 1s a discussion of the 

subject of electromasnetism in whlch the physical quantities are 

expressed as exte~or different1al forma. We shali Und it UBef~l, 
- Il ,~. . 

however, to f1rst discuès the application of differential forma 

to complex variable iheory, because the -space tl- and the space RaIt 
) -

eacb have a,ne~tive métric c01Dpon,ent. 
~. 1 

Furthermore, there are soma 
Il 

fundamental differences concerning 'ie differential operator ob tbese 

/' 

} 1 
! 

" 

\ 

a 
,1 
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two spaces, and ~ development in exter1br differential forms ~es 

these differences quite evident. Finally, it ailows us to introduce 

a diagrammatic re'presentation of -the 'Jdifferential structure" - the 

relationship bet~een_differential forms of various'ord~rs arls1ng 
"' t -

from the operations d. O. 6 and *. 
A ..... geometric de'scriptiq'n of ~he compIex line t: Is a- two-dimen-

F" \ 1 

sional metrl~c space with d}-fferential coordinates ~~, idy} such that_ 

(dx,dx) "" +1; (i~idy) ... ~l. Computing the Hodge ~"operator, we find: 

! 
) 

(Î' 
if ,1 dXAdy - +1 
~/ dx .. -1 dy 
*~y -+idx 
+f ~ , .. -i dx A dy 

7 

1.1.1 

Let us rtak.e a l-/orm w = Adx + Bldy as the most generaI I-form on the 

complex li,ne. ft.e fOrD! w will be harmOnie when ôw oz 0, also' Implying 

that dw'c 0 anJ 6w .. 0 by (1.k.8). Following the derivatton ~f the 

dlrectional derlvatlve on the cOl!1plex line (HILDEBRAND, §lO.4), we 
- . , 

can introduce a cqmplex l-form dlfferential operator, 

d,t"" 4(.L(dx - dy) + 1 hdx - dY»)-
Y~laX ay 

\ 

1.1.2 
! 

Taklng the Hermitian adj01nt when computing the codifferential 6'-, /, 

,1 

</ 
where 1 , 

l(a 
d' - 72l3x(dx - dy} 

we find that the conditions d'w - 0 and 6'00. - 0 eadh yield for the 
, ~ ~ 

real and imaginary parts 

1.1.3 

1.1.4 

+: The_comple~ differentlal op~rators on C are indicated with a prime 
in order to' &void confusion witb tbeir real counterparts. 

l' 

1 

,/ 

.;;;~ 

~/ 

.ft 
~ , , 

"'z<., ... ' 

1 

J, ' 1 
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\ , 

(: -~) and (
aB. ))A1 
ôx é)y~1 , 1.1;.5 

cauc~Y-Rieaann eqdations. For /the equivalent Laplace-Beltrami 

, 1 
the . 
operator ~'w = d'~'w'+ S'd'w, we find 

, . 

1.1:6 

and sinee ~'w .. 0 (reversing the argument (1.1t.8», A and :B each 

satisfy the Laplacian equation. In other varda, when the I-form !.Il on 

C is harmonie under the definition of the differential ~perator d' 
'1 -

(1.1.2), A and,B eaeh satisfy Lap1ace's equation and are inter-ielated 
-

by the Cauchy-Riemanp equations. Thus in these cireumstances, 
, , 
harmonie ++ analytic. 

\ 1 The above telat1onshiPsu:are most simply illustrated with a 

diagram. Figure 1. 4 shows the operations d', ô' and b.' on a l-form' w -

in c: • niis wilL be called the "structural, diagram" for w: 

c: .(Complex Linè) 

o-Fohas: l-Forms: 
"' 

" 

à'CI) • 0 

2-Forms: 
.. 

+ Basic Differentia! Fora 

1 

o + Cauchy-Riemann Equations 
/ 

+' Laplace's Equations 

/ ' 

Figure 1.4 Structural d.1aFà.m for an analytic -C d.ifferential fora. 

In this type of diagram, the operation d (d') 18 represented by a 

,right ... 'dire'cted an;5, <5 (4') by a left·- directed arraw, and A (A') 



o R 

/ 

~ 
1 
j 

l 

f 
1 

1 
l 
; 
1 

by a dtJWnward arrow. lt j::an be shawn that under the conditions 
• 1 { 

of analyticity (d'w = ô'~ = 0), W i8 not"derivable fram a potential 
, ( 

by the Hodge decOlllPositifn theorenr(s~ §1.K). ,Appl!ing Stokes' 

theoréDi to the closed l-form w, we have the Cauchy Integral 'l11eorem· 
1 ' ." 
f 

EBERLEIN (1975) disc~sés the classical approach to thi8. The 
i 

Cauchy Integral Formula *tH tollow from a suitable ea1cula~ion 
! ~ 

of the period ,of a t co~tour enclosing the singu1arlfy of the 

form.defined for this integral. 

33 

TYPALDOS and POGORZELSKI (1973) discuss certain parallel relatioo-
, 1 

ships between the Cauchy-Riemann equations in camplex variable theory 

and the Maxwell equations of e1eetromagnetism, suggesting that - / 
~ell's electrodynamics i8 a limited 4-dfmensional ana1ytic theory 

p~ssib1y conta~ning an analog to the ~alYtiC continuation process. 

COIIlparing the structural '~iagram for an analytic form in' t (Figure 1.4) 

with the structural diagram for the e1ectromagpetic forma in R3 /t 
1 

(Fi~re 3.1), we see that this idea has a certain merit but ~~e sOO-

stantia1 differences' in the differential operator will not,permit 
r • 

such ~ direct comparison. The ooly possible cODlpariso~ by analogy 

would be for harmonie e1ectromagnetlc fields in R3/t. We sha1l see 
, 

in §3.F that the existence of such fields raises certain questions. 

One possible action would be the definition of an equiva1ent "complex" 

R3 /t dlfferential operator similar to (1.1.2). Then the investigation 
1 

of R3 /t differential structures eould closely paralle1 tbat for C • 

This cbapter fo~, the Ùrst '. par~ of the 1IIlthematical deve10pment 

required for the application of exterior differential algebra to ! 

electrOlll8gnetisa. lie have developed mu1tivector algebra in connection 
\ 

with an R3 differentiable mani~old, and have introduced the differenHal 

and star operators. We have not~ the Parallel charaeter of the differ

entlal and "jdary operatOTs, and have presented Stokes' theorem and 

1 . 

l' :." 
\. >, 
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the Hodge theorem, both of which ~ll 8ee furtber application. We 

shall now proceed to give an extended exposition of Stokes' theorem, 

leading to the derivation of a wide vari~ty of R' vector and scalar 

!ntegration~ormulas. 
/ 

Note Concerning the Codifferential of a Product (l.f.3) 

\ 
The (*:i (*a A d» A B terms in (1. f. 3) ,are meant to be calculated 

as (*:'1 «*a) A d» A 6 with the entire parenthetical term acting as an \ 

operator. 1here i8 no commutativity of terms within ~he operator .• 

JAS in the FORTRAN computer programming language, the operation 

co'ntaltted in the lmiermo'st pare~thesls 18 performed Urst. It 

should be nO~ed that the partial 9ifferential dperators do 
1 

commute with the different~ls (although not with scalar functions), 
\ 

enabling tbe differential terms of (*a) A d· to be col1ected and 

then operated on by *-1. 
Jf 

\. 

34 
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CBAPTEB. Il 

The general integr~tion formula (1.1.1), .Stokes' theorem, ~s 

essential to the physical applicJtion of exterior differential algebra, 

sinee it relates integrated quantities defined on a differentiable 

manifold. Green' s theorems. which are a spec1alized development of 

Stokes' theorem, are perhaps thè most valuable mathematical tool avail

able for the solution of electromagnetic boundary-value probleJD8. They 

are used to establish the Green's function solution techniques - the 

const7uction of particular solutions from a distribution of point

source solutions, each of'which satisfles the boundary conpitions of 

the pr ob lem. In t~is chapter, we show the systematic development of 

R3 vector integration theorems that is possible from (1.i.l) usag the 
• ,f 

techniques of exterior differential algebra. Although many of the 

results are familiar integration formulas in vector analysis, the pat

tern of their development manifests ~implicity and completeness, 
( C 

espec1ally siilce no geometric proofs are involved. 
0, 

A number of dev.elopments in this chapter deserve cODlllent. By 
~, 

introducing a "unit differential form" (a form with constant coeff~-
1 ~ 

cients, analogous to a unit vector), we increase the flexibllity of 

(1.1.1) for our purp08es. We continue our use of a vector notation 

which is interchangeable vith differential forms. We shall see tl]e 
>, 

ecopom:y of this notation, el~lIinat~g the need for para-geometric 

integration variables. Finallj;-we devote considerable attention to . 
the d~~l~nt of integration formulas symmetric (or antisymmetric) 

in two variables. We establish the general patte~n for R 3 Gre~' s 

theoreas and show how the famiUar scalar and less-fam1liar veetor 

(S'l'RATTOR, §4 .14) Green' s theoreJIS are related ta i t. 

1 . 

[ 
/ 
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A. Inte&!"ation Foraul~ Based on Stokes 1 Theorem 
\ 

1 
i. Basic varieties of! Stokes'~ theorem 

We repeat from §l.I the generalized vèrsi~ of Stokes' theo~em: 

1h 

f a; - f. (da)Pt1 '1)2.a.l 
a~" cl'tl 

The subscripts and superscripts refer ta the order of the differential 

fo~ and chains respectively. ac refera ta the or1ented boun~ of 

the chain -c. Recall that the best vay of defining the orientation 1s 

ta express the chain c in terms of ordered a1.Jlp1cit elelllents. 
, ", / 

As in Chapter 1, wE7 choose "standard" ]l' ~ot'IDS K, A, ~, 'J for 

p - 0, l, 2~ 3. For these standard forma, (2.a.l) can be expressed as: 

STOKES' 'l'HEOREMS,: BASIC 
aS DIFP'ER8TIAL F BHS TAB~ 2.la 

Order Stokes 1 Theorem 

Ip-o 
+ t (die) 1 L (K)o -

aë 
pal 4 Oh- fL (dÀ)~ 

fi ac 

cff (ph - l fL (d}l), 
~ 

p-2 
ac 

pal d'J • 1t and ôc is lleanhgless. 

~ In eacb case, t~e orders o~ tbe chain c and 1ts boundary ôc. aatcb 
"-,the arder of the differential fora quantities. In terM of the vector 

notation, Table 2.la is vritten 

-! 
I{ 

\ 
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BASIC R 3 $TŒES t, THEOREMS: \ ' 
OC'fOR NarATION TABLE 2.1b 

Order Stokes' Theorem , 

+ L (V'K): p.o L(K)O -
aë 

p=l 1 (L) l ' = IL (vxl)j ae 
r ~, 

#a!Mh =< J fL (V-M)! p-2 
-
, 

The subscriptB on the various tenns indicate tbe order. This notation 

provides for correct and jmambiguous integration provided' the chain 

is properly oriented. Note the ~omparison with traditional notatibn: 

1 

BASIC R 3 STOKES' THEOlŒMS: NOTATION COMPARISON TABLE 2.lc 

New Notation 
, 

Trad1tional Vector ~otat1on 
J 

1 
+ 

C(K)o - - K(P-) + K(P+) (P refers. to an endpoint of e). 

a, 
f~Lh - f L-ds = f L-dl 

#~M)2 # (lf-ii) da # M-dS # (ii~idSI - ... -
L (VK.) 1 

... J f/K·dë 
ù 

- J VK-dl, ... 

ft;(VXL) 2 - f f (VXL) -~ da • J J n -(VXL) 1 dS 1 

fft (V·M)~ .. Hf (V-M) dv 
\ ' 

37 
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It is clear that once the integration manifold has been expressed 

as an ordered' chain of s1mp{e1 el~ent!f~ an econODty of notation( 

results, and 1t ls not necessary to further stipulate line elements ~ 

surface elements and unit vectors in order to integrate the vector 

~ quantity in question. 

ii. Sto~s' theorems involviDg unit differential fo~ 

Besides the three Ra Stokes' theorems listed in Tables 2.1. we 

can obtain severa! ot~er versi~s. These are easily derived once we 

have introduced a special set of forma called "unit forma": 

Uo • 1 

38 

/ UI - dx1 + dx2 

U2 • dX23 + dx31 2.a.2 

Ua - dx
123 

./ 

Actually, any R3 constant form may be used. Note, howev~r, that 

! 
*uo .. ua 
*Ul • u2 
*ut - ui 

2.a.3 

*U3 - Uo 

D 

, 1 

Since the coefficients of the u, are ~~ du, • ~. ~en, provided 

d(a AU,) exiSta, the product derivative (l.e.J) 

" _ i 

d(aAul) - daAul + ~-)l!caA~) 

- daA UI 
2.a.4 

\ 
allows consi.deration of Stokes' theorr written in the fona 

/ 2.a.5 

!'l.'bese will-be referred ta as the "raised order" or "raisedlt Stokes' 

j 

" 

/ ~ 

f 
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theorèms. In R 3 , the follow:lng are possible: 

, Il 

RAISFJ> ORDER STOKES' 
THEORDfS IN R 3 TABLE 2.2a 

+ (K A'UI)} -1 fL (dK A ud2 
,ôc 1 

fla. (K • U21.l - HL (dKA,U2):S 

# CÀ AUIh - HL (d>. AUI), 
(le 

Proposing a notation for the vector-type unit fOrDS, UI - (n) 1; , ~ 

Uz - (nh t. the equations in Table 2.2a become: 
! . 

1 

RAISED ORnER THEOREKS: ( 
VECTOR NarATION TAi!.! 2.2b 

f (Kn)1 - fL (~xn)z 
3c 

" # ac (X") 2- HI (VK~") 3 

'\ - c , 

# ac (Lxn)z - HI [(VXU en] 3 
,t 1 

/ ./ 

1 

.~, ve compare vith trad1t1.onal notat1.on: 
/ 

RAISED R 3 STŒES t TH!WRfiM§: ROTATION c!ItJAJUSOB ../ 

39 

1 

t: In 1.3 • UI and U2 ari! 1.dent1cal uncler * (2.a.3), 80 the' use of a d1.f
ferent notation (such as (mh) for /U2 18 ,unneU88ary. ~ 

1 
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TABLE Z.2c (continued 

# (Kn)2 - # K ii da - # K dS -# fi KI~sl . ac 

# ( (Lxn)2 1 -# (ûXL)' da -if LXdS -# (iixL) Idsl 
de: , " 

fL (VK>en) 2 - ff (ûxVK) da a If (nxVK) Idsi 

fIt (VK:n) 3 
.\ -III (VK) dv 

fIt [(VXL) -n], - fJf (VxL) dv ) 

1 ~ 

/ 

/ 
/ 

,. 
1 

Here also we see the benefit of the new nita~ion. 

l 
1.1i. Dual ver~rs of Stokes' theorem 

, 
50 far we have developed the 6 varities of Stokes' theorem 

1 
usually found in the appendices of books contain:1ng vector al&ebra. 

Hovever, in traditional vector ~ysis, no distinction is made con

cerning the order of a vector quantity. Yet o~ basic forms K, À, p, v 

are definitely ordered. Is the traditional? mathematics more flexible? 
, • Î 

We wil\1. nov see that the formulas for (K>., (L)~ and (M.): in Tables 

2.1 and 2.2 are reflexive vith" formulas for [1]0, (Mh and (Lh, and . \ 
we 'proceed by'developing Stokes' theor.ea for the duals of K, À, lJ, v. 

For the duals of the bas~ foras, we cau write 

Il 

'l'herefore, fie C8l1 constt"Uct the following fono1as froa (2 .a.l) : ~ 

J 

-l 
i 

.J 
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1 , STOKES' THEOREK FOR DUALS 
OF BASIC R. 3 FORMS 

Order Stokes' Theorem 

TABI,E 2.3a 

p.o d*K E 0 and Oc 18 lIleaningless. 

. \ 

/ 

pcl # ~*).) 2 = -J J le (*0).) ~ 

p-2 f a!*}.i) 1 - + J le (*cSl1) 2 

pm3 / ~ (*") 0 =, -, , ,L ,(*~~h, ' 
" ... "",3( ,., .. > -

" .. , ,>t 
, , .• " .. ,,,. ,,., , ; ,. .... P, ... ".,,, ....... ,.," ,,,.,,, ... "'>'"'' PL-__ -'-_,..;;./~ ___________ ._....I 

in ve~tor notation. Table 2.3a becOJl\eS: 

, .,.-;/ 

BASIC DUAL THEOREKS: 
J VECTOR BOTATION TABLE 2. 3b 
j 

( # (Lh 
Oc' 

-HL (V-lh 

1. (M) 1 

'fac - fIe (VXMh 

+ r: ([N]), -

aë 
l (V[N)1 

41 

1 

l ' 

Using the unit foras. we cao raise the order of the duals of the 
i ' 

basic for1l8 K. À. li. v. 'l'hen (Le.3) cau. be witten 

2.a.7 

80 tbat\ the. followtng vector 1.ntegration fCJEWIllas are produced: 

J 
1 

.. ' 

, 
J 

j 

_23" ... ;;; d. 



1 

" \ Q 

\ 

\ 
\ 

, 
--- --- ---

~ • l '\:.'. 

tl. À ~t .. ------"--------"-, -' , 

/" 

RAISED ORDER DUAL R 3 

STŒES' THEOREKS TABLE 2.4 
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Pa!lNlnh - fL (V[N]xnh 

#~[N]nh - HL {V[N]en)3 

#~MXri)2 - fft [(VXM)-n]s , 

------ --_..--~ .,-

A co.parison of Tabie 2.3b vith Table 2.lb, and Table 2.4 w1th 

Table 2.2b, ilDediately estab1.1shes the ~eflex1ve siJD:.llarity between 

{K, L, M} and {[N], M, U vith respect 'to the group of the 6 "usual" 

Stokes' theoreJlS. Bowever, these are not the only ,possibl~ varieties of 

Stokes' theorem. We cm cODStruct still further exalllples using the 

duals of the raised-order forma. 

From the codifferential expansions in 18hle 1.9, we Und: 

d"(K A UI) - *~ {*-i (*UI A d» A K] 

-d*(K A Uz) - -*r (*"1 (*ut Ad» A K] 
"--

a*(A AUI) - *[(~(*ul A d» A A] + *[\SA A UI] 
~'-

d*(A A Uz) - ff (tri (*U2 A d» A A] - *[6A A U21 
" 

d*(ll A Uf) - ![(~ (*u I A. d» ,qJ] - ,*[6].1 A UI] "-

1 .. ' 
'1'hese allow us to .wrlte the following vector integration foraulas: 

STŒES t 'l'HEOIŒMS l'Olt niE 
~ALS OF BAISED FORHS 

ffa:Knh - Ht~[(nev)K] 3 

+ a!Knh • l t ~JnxV)Kh 

1 
, 

TABLE 2.S 

\, 
\ 

2.a.8 

i 

(, .,-; 
~ 

l 

! 1 

/ 



... ... ... ~ 

,-' -,-

o 

1 

, ( 
--------------------- , 

TABLE 2.5 (continued) 

II {-[ (V-Un] '+ [(n-V)Llh 
c 

Ile { [(V-L)n] 

fl {-[(VXM)xn] + [(n-~)M]h 
l ' ( 

Subsitut~n of */' *lJ, *À for K, À, jJ in (2.a.8) leads to J:he dual 

set of JquatipnS: 

! 
STOKES' ~BEHS foR THE DUALS 
OF RAISED DUAL FORMS 

. , 

" 

( 

'" { \ I t {-1 (V· M) n] +' [(n ~ V) M] h 

. i { [(V-M)n] + [(nxv)xM] h 

1 {-r(~L>xn] + [(n-V)Llh 
c ! .-1 

• 

" 
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\ 

1 Our devel~nt of the integration fo~ in Tabl~ i.l, tbrough 

2.16 bas proeeeded ua!ng differential relations\ froa a' exterlor differ-

ential algebra. It ia also 'p08a:lble to use 'a .ore trad:ltiona.1 route Q ~ 

for soae of the latér cases. The firat 'tvo relations :ln Tables 2.5 and 

2.6 asy be derived fra. fOr.Jlas ;ln T~les 2.2 and 2.4 by using 

, 1 1 
.. 

\ 
.. ~ .. , 

l , 
, -

. , 

. 

, 1 
, 

i 
-<1 

'" " 
• j 
.j 

'<1 
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standard vector identities, on ~e ,right-hand side. The remaining t~ee 

are derived from the formulas in Tables 2.1 and 2.3 by subsituting iota 

the integrands of these equat~ons products of v~ctors and unit vectors, r 

'~uch as À .. \..,t (*}.J ., ud : (L) 1'" (M xn) l, and reducing the right-hand side 
1 Î' 1 

with vector identities. Obviously, the differential algebra route 18 
• 1_ 

les8 cumbersome. "l" 
.. ~r - ~.'" !;il 

. ~ jFigure 2.1 illu8trates the pattern for the development of the 
l ' 

Sto~~I' theorems found in Tables 2:1 ~hrough 2.6.' 

(a) .. (da) 
BASIC FOBHS, 

Table 2.1 

(a ... Ùj) .... (da A UI ) 

RAISED BASIC FOHMS 

Table 2.2 

.-1 (*a "ud .... d*'"' (*a" u l ) 

DUALS OF RAISED 
BASIC D~AL FOHMS ,.J 

Table 2.6 

I---~* 

1---....... * 

1 w---K 

/ 

\ • , 
tt 

--
-

-

1 

(*a)' .... (d*a)1 ' 
DUALS OF BAS lC FORMS 
"BASIC DUAL FORHS" 

0 

Table 2.3 l 

.*(a A UI) .... d*(a A UI ) 

DUALS OF_ RAISED 
BASIC FOBKS 

Table 2.5 

! 1 

-

(*a A U j) .. (d*a A Uj ) 

RAISED BASIC DUAL 
l' 

FO~ 

.Ta1»le 2.4 , 

i -

F~gure 2.1 Development of differential rel~t10n8 for 
theorems ~in Tables 2.1 through 2.6. 

! 
the Stokes' 

,1 

iv. Stokes' theorems involving 2nd der~vative8 

-

\, 

Pollowing the pattern in Pigure 2.1, ând by~.in8 the-Po1near' 
~ 

/ 

f-

~ 

le ... (l.j.l) to el~ate certain eon~truct~on8 froa consideration, we 
.î 

1 

\ ... ------------------------_...,.".;;.,.,-.~::;;;,R 

1 
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, nd ' , 
Und 18 Stokes' thedtems invo1 ving t.he\ 2 derivàtives of the lt basic 

forms. Th@fundamenta1Jde~;t'ives are: )' 
, ., ' 

d(*dK)2 - [d*dK], 

r 
c' 

_c). 

~j 
d(*èiÀ) 1 /- [d*d).12 

1 
(d*d}J') 1 d(*d}J)10 -II ' 

d(*d"')o - [d*d*)']1 

", 
",' 

d(*d*~) 1 - (d*d*llh 

d(*d~\) 2 -, (d*d*\)], 

. 
-. The fundamenta1 r~i8ed~derivative8 a~e: 

d( (*et,À) ,.. Ul h 
d«*d}J) ,.. ulh 

d«*d}J) A U2) ~ 

d«*d*,À) A Ul)ï 

- 1 (d*d)') A uda 
j.' ) 

- [(d*f}J? A ud 2 

- (~1d}J) A U2] 3 

- [(4.*d*)') A udz 

d( (*d*)') A U2) 2 - (d*d*)') A U2J a 

d«Itd*}J) A Ulh - [(d*d*l1)'" u'd 3 

" 

FinaIJy, the' duale of the raired derivattves are: 
~I 

1 ~ 

d[~*«*d).)AU1)h - *[(Ni(*ul~d)A(*d,À)h 
\/ d[*«*dll) A Ul)h - *[(<<i(1rUl A d) A (*d}J)], 

d[*«*dll) A U2) h • -*( (Ni (*U2 A d) A (*dil) h 
d[*«*d*>.) A Ul)]2· *[Cr(*Ul A d) Il (*d*)')], 

d 

- • J' 
t 

J 
l 

d [.t «*d*)') A U2)] 1 ~ -:* [ ( ... 1 (*U2 A d) A (*d*).») 2 / 

d[*«*d*ll) A ul)h"- *[( ... 1 (*Ul A d) A (tlld*ll>h 

In vectl?~ notation, ft have ,for (2 .a.9) '-- Yt 

fN 
Î . 

',- - - -- -- ----- -------- -l: -.-----. 

1 

, 
, , 

-L 

1 • , 

#/''''' 

2.4.9 
6. 

() 

., 

2.a.10 

l' , 

J 

{ 

.' 

'1 

r f! 
) 1 
"-, 

Il 
'!L 

i 
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Cl 

for (2.à.l0)~ 

.... 

.1 

y 

J ' 

- 1 

. 2~ ORDER STOKES' THEORP2lS 
FOR BASIe R' PORKS 

#ac(VKh • Hi (V-VK), 

f ac(V~L) 1 ~ J t (VXVXL).2 

"'C (V*M)o· 1 (W*M) 1 

~ \ c 

, C (V-L) o· 1 (VVIoL) 1 

3ë c 

f' (VXMjl. ff. (Vx9X~)2 / 
ac, C 

#ac(V[N]~2 - IIi (V·V[N]), 

1 , , 

'. ' 

2tld 
aRDER STOUS' TBEOllEKS 

TABLE 2.7 

paR BAIRD BASIC FOBKS ) TABLE 4 .. 8_ 

# [(Q'xL)xnh < - f J 1 [(VXVXL) "n] 3 
,3c 

\ 

+~(V'M)nh • IL [(WOMT' 

#~(Q'.M)nh'o'~'., fIt ((YV"M) en], 
{ ~ + [(V~L)nh • fI [(W·L)xn)z 

3c c \ _ 

#a!(V-L)nh .- fIl [(W·L)·n)3 

#~(VXM)xnh • 1ft [(VxVXM)·nla 

J , , ..l' 

/ 
1 

/ 
/ 

\ ' 
1 
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, , , , 

""" 

, -~~-- ---- ----_ .. " 

" 
and for (l.a.ll): 

2
nd 

ORDER STOKES' TIŒOBEMS FOR 
DUALS OF RAlSED BASIC FOBMSWJ,.E 2.9 

f ~ (Vxt)xn] l - ft [(n.'V)(VXU iz 
'( 

· flr [(n·V) (V·M)]3 #~(v.M)nlz 
- c 

/1 f~(v.M)nh • _~(n><v)(v'M»)' 
/ , 

l , 
# [(V-t)nh · fIl [(n·V)(v·t)]! 

ac c 

f [(VoL)"] 1 a, · -f le [(nxV) (V·L) 12 

f [(VxM)xnh • 
3c 

J L [(n-V) ~VXM? ~ 2 

1 

'f!;lese ,formulas cm also be ~rbed {rom the earl1er cases. The subsitu

Hon te ... *-l(d*À) : K ... (VoL) iitto line 1. Table 2.5 yields Une 4, 
• /1' 

Table 2.9. 

•• Stokes' theorems involving' productsoof fOI!! 
\ 
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ff - Stoke8'f~orems 1nvolv1ng .exterior products aay he deve1oped- by-

cODsf.c:lering thé following 8ubsltuti~ in Tables 2.1 through 2.9: 

K ... te."~; *". "*v., 
-- y 

l+KAÀ; *",~*JJ 

~ ... ~"li ; *V '" *À 

v ... " A V ; *V A *" . 
'\ 

li ... À.A>..; ,*lJ.A*JJ. 

V ... À" JJ ; *JJ A *À 

1 ~, 

,l: ... k.K. ; [I.][N.] 

t ... ~L ; / [Il'" 
M "'KM ; [IlL 

[1] ... K[.] . [I]X , 
M ~ ,L.xt.; M.X~. 
(li] ... L·M ; MeL 

2.a.12 

-( 

L -------------------.. -FIiiMIm'MiilWaii'~-.,_I1I.,.. 



A 
~ 

Il 

----"--r. -------------------_ ,_ ~ 

/ 

/ 

For examp1e, sUbsitution of Ùne 5 t (2.a.12) into 1ine 6, Table 2.8 

yields 
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#a!(VX(L.xL.»xn] - HL (VXVx(L.XlJ]on 

\ 

2.a.13 

It is c1ear that nunaerous other product relations areupossible. 

Our development of S~okes' theorems has been a rather complicated 

one, pursuing those possibilitfes available to us fram exterior 
- 1 

different1a1 algebra. <However, the pattern of this section's devel-

opmen't (Figure 2.1), as expressed in the algebra, indicates the 
1 • 1 

un4erlying simplicity of what ve have done. We sball now leave single. 
Il 

integrand foratlas', and proteed to develop fot1lU1as s~trlc and 

antis~tric 1à t"o variâbles. 

B. Green f 8 Theorems 

i. Basic varlet1es of Green f 8 theorem 

! 1 < • 

1 Green' s theor8118 lare derlved frOli 811 expansion of "the Laplacian 

sfr.kture 
/ 

(MAa - 8tr&x 1 J 2.b.l 

\ 
Kate tbat vben a ad a a~e DOt of the 8aIe 't'der, Olle or the other of 

the teras in (2.b.l) is zero by (l.b.lb), so.that. further develop.ent 
- ... 

18 of DO particular sisn1ficanc:e. In other varda, Green f 8 theor..a 

invollle coapletlentary producte of equal-order foras and' their deriv

ative •• If e. and a are bath p-fOrIUI, then (PLAJD)EBS, §2.7) . 
1 

(-
a ,,*S - a "'*a 

r 
(This 1. t~_b .. is· of the b1~r1ty of 

(l 

the iODer produet (l.k.l). 

1 



/ 

û 
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Consequently, if we desire, we can re-write (2.b.l) with ~~ese changes: 

Another result of (2.b.2) i8 

; d<X*dS - d S*da 

6a*6S - c5S*6a 

2.b.3 

\ 

2.b.4 

pro~ed a and S have the SaJDe order. 

1 Exp~~~ng (2.b.l)'fJ the basic R' fOJ:1lS K, À, 11, V, we have: 
,) 

J<:.*ÂKb K,,*âJc. - -K.(d*éfK.,) + K.,(d*dK.) 

À.*ÂÀII À.,*l1À. - À.(d*dÀ.) À.,(d*dÀ.) - À.(*d*1.d*À.) + À.(~d*1d*À.) 

11.*Al1b - 11 .. *l111. - ~';;11. (d*dl1.> + l1.,(d*dl1.> + 11.(*dff1d*lJb> - lJ.,(*df(l d*l1.> 

~*ÂVb - v .. *l1v. - - v.C*d*"d*"b) + v .,(*d*1d*v.) 

Il ,., 2.b.~ 

Using (2.b.4), (2.b.5~ ean be reduced to e1~her 

d(K.*dlC .. - .K.,*dK.) - K .. *l1K. K.*&;' " 

d(À.*dÀ., - À .. *dÀ.> ~ À.,*l1À. - À.*Â~ + À.,(*d.-1d*À.) - À.(*dt(ld*>'.,) 

d(lJ.*dlJ .. - l1 .. *dl1.) - 11 .. *1111. - IJ.*l1lJ .. - 11.,(*d.-1d*lJ.) + 11.(*d*1d*11.,) 

1 0 - v.*l1v. - v.*Av .. + V.,(*d*"'d*V.) - v.<*d*"'d*Vb) 
ù 

2.b.6a 

, or 

d(IC.*dlCb - - 1C.,*dK.) 

d(l:*dÀb - ~ .. *dÀ.) 1+ d(~À. A*À .. 

d(IJ.*dl1b - l1b*dP.) + d(6p. A*J' .. 

.. 
• IC,,*AIC. - 1C.*l1K .. 

cS>.. A*À.> • Àb*A)'. - )..*l1À., 
$' -

6IJ" A*1J.> • JJ..,*AIl. - lJ.*AJ.!b 

-<.2.b.6b 

--

1 
/ 

r 

î 

l 
~ 
1 

1 
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(. 

1 
providing us with -two possible conversions into vector integration 

-
formulas. Let us look at each in turne 

The ~ourth relation in (2.b.6a) can be .anipu1ated into a 

derivative formb1a vith B 

*v AU) - V ' 

V - [H] 0 A Us 

Then 

v 

2.b.7 

, 

-V~ (*d.-Jd*v.,) + v.,(*dl(ld*V.> • .lH.] 0 (d*d(lf.,] 0) + [li.,] o(d*d[H.] 0)' 

2 __ b.8 

and 

2.b.9 

~ 1 

, démonstrating the ~quiValence between the derivative f01"JlUlas (and con-
, " sequent1y the Green's theore1l8) for O-fo~ and 3-forms in al. Ho such 

.j' '1 equivalence exista for the I-fora and 2-foraa relations in (2. b~ja) 

because the, I18trix describÛlg the tran,foraatièm 

, 
is singular t preventing inversion. \ The -lWIIber ~f distinct Green' s 

,theoreas ttfat follow fra. (2.b.6a) is therefore 3, baaed on these 

vector fomulas: '\ 

V· (~. \?K., - ~ .. VK.> 1 ". (~. v1~.. - ~ V1~.>. ' 
V·(L.xCVxW - LbX(V~L.>h ". (L.,·(VXVxLJ - L •• CVXVxW>, 

2.b.10 

V·CM.(V·Mb ) :.. M .. CV·M.>h ".- (M.·(VV·M.,) - M .. ·CVV·M.», 
V.«(B.]V(B .. ] - (l .. lV(B.]),' ". «(8.1V' [I .. ] - [~ .. ]V'[I.])~ 

2.b.11a 

)\ 



o 

.' ' 

" ' - ." ,.. 
iii! • ------------..- -

Sinee these equations are al1 of th~ type d C2-fom) • 3-fom, we may 

apply Stokes' theorem :ilmediately, finding: 

R 3 GREEN' S THEOREMS TABLE 2.10a 

'. 

, 1 

# (M.(V-Mb> - Mb(V-M.~· JIIt (iM.-(VV-Mb> - Mb-(VVeM.» 
3, . 

• ffa:[H,IVIR.i [H.IV[H,I) • fIIc ([B,IV'IB.I - IN.IV'[H.I) 

1 

) 

, , ( 
The veetor formulas resulting from C2.b.6b) invo1~ tbe entire 

" 

Laplaeian. ln this eireUIIStanee tbe derivative formulas for the aB 
I-forms and 2-forms are equiva1ent: 

- (~.V2~b - K.,V2K.) , 

- LbCV-L.> ) 2 

V-(K.9K., - Kb9K.> % 

~-(L.~(VXLJ - L.,xCVxL.> + L.(V-W 
• (L.·V2L., - L.,·v2 L.> 3 

V-(M.(V-M.> - M .. (V·M.> + M.x(VXM.,) - M.,x(vxM.»2 
- CM •• V2M .. - M.·v2 M.). 

V·«1I.1V(R.J - (1f.]V[J.)} 2 - «lIf.JV2 (N.J - [Nb]V%(N.]) 3 

51 

2.b.1Ib 

• 1 

ApplYû!8 Stokes' theorea, ve have tbiS "'filternative set of integration 

fOmula8: 

, ,( 



o 

) 

, .,: __________________________ ~c,~f 

- ( R 3 GREEN 1 S THEOREMS 

# 3c(K.VKb - KbVK.) 

# (L.x(VXL.) - Lbx(vxLa> 
de 

\ 

TABLE 2.10b 

- f f L (K.V
2
K b - K bV

2
K.) 

-fIi (M.oV
2
Mb - MboV

2 M.) 
, c 

(II.) V [l, .» • fI f. ([II.) V'(II)) - (R.) V'(R.I) 

-' The integration fOrDll1as in Tables 2.10 are the complete set 

of Green's theorems for R' vector quantitjes. The first and fourth 

formulas are the fsmi1iar scalar Green' s theorem. 'l1le second fOrDll1a 
" Il 

in Table 2.10a is the so-cal1ed "vector ana10g" to Green r s theorem 

(STRATTON, i4.14). As we ean see, tbe third formula in Table 2.10a 

is a1so an antisymmetric integration formula for vector quantities. 

The two "partial" vector 1ntegration foraalas cOlibiDe to give vhst 

1& :ln fact a coaplete ~ector Green's theorea, equivalent for Ra 

,,-polar vectots and ax~l ~&l-fO~ and 2-fonu).~ This 1& the 

secODd or.thir4 formula ~le 2.10b. ' , 

52 ) 

i2~· G~ur:t:=:~~e:::~~heor- ~:"1ble. Dt U81n~\ 
unit foras (2.s.2), any ,giV~11 pai~ of quantit~s JIIly be raieee! to 

an arder eu1table for the application of one or -fore of the &bave 

Green'. theore.o 'the léft-baad diagr_ in Fiaure 2.2 show the 

po •• ibi1it1ee for rais,ml equal-order pair. of foru; the right-h8Dd 
" , 

cliaaraa, a1xed-order paire. 1.'111.- lead8 to 16 variat10u of the basic 

\ l , 
'~ \ 
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1 

... 

" ' 

, 1 

Example: A I-form and '2-form may be p1aced 
in the 2-formoG~een's theorem by 
f1ret IIUltiplying the I-form by U1-
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t '1 ~Jgur~ i::Z , Patte ... for the fIe""i,t ~f rai8ed-orfler Gre .... •• tbeoreu. 

. ~. \ 

Green' s theor .... , lIOre than 1s, usefU! to work ~t in deta11. However, 
1 

,.one exaaple can illustrate the teclm.1que: let 01 and ~1 be l-foras 

8uch that al • 00 A Ul and ~1 • ~o A ua. Thel}. the l-form Green's theorem 

in Table 2.10a i.e wr1tten ( 

V·[an>«V6Xn) - SnX(Va><n)] - -an·[-(V-V~n + (n-V)VB]' 

\ '+ Bn- (-(V-Va}n + (neV}Va] 

J 

and th18 h,as separable 1eft and rlght, sUes: 
f 

\ ~ 

V·[-a(n-V~)n + ~(n·Va}nl - -an·[(n~V)V~] + Bn-[(n·V}Va] 

V- [ oell-n),VS - ~(n· .. )Vœ]· (l'''((V·V~),,) - S.,· ((V-Vœ).,] 

/ 

2.b.l3 

2,~b.14 

Ta1d.ng (n-n) - 3, the lover f~ iD (2.b.~) t. equb-a1ent to the{ 

.calar Gr~f. tbeorea au1t1pl1ed by the COlWtcat 3. 

/ 
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iii.~Symaetric inte~:t~on formulas analogou8 tb Green's tbeorea 

The final development regarding Green's tbeorems concerna the 

pos8~b~ity of/ut~liZing the equ8t~ons derivable from the Lap1acian 

structure ; .. 
i 

2.b.14 

1 

Then, proceeding frOID (2.b.6a) but vith the appropriate change of 

sign, we have these vector htegrat~n fotlallas: 
\ 

B. 3 riHH:ETJuc INTEGllATIOlf THEOKJI1{S i TABLE 2.1 

ft (K.VKb .-BtbVK.) • fJL (X.V1101+'X.v2X.) + ffI 2(VXo o vx.i 
~), 1 c . 

#a!L.X(~W + L"x(~L.» • Hf. (-L;(VxVxl..) - L"(il» 

~ fft 2(V)( L.> -(V)(W 

#~M.<.V-Mb> + M .. (V-M.» ~ fIt (M.-(VV-Mb) + Mb-(VV-"'.» 
, ,} 

+ fIt 2_~V--M.)(V-Mb) 
+ (B .. 1V(B.1> ___ - fft ([tf.lv2

(1f ll l + [tfIlJV2 [tf.l> 

+ fIt 2(V( •• 1-V[BII» 

1 

/ 
~~~--------------------------~~~ 

!Proeeed1n1 froa (2.b.6&), we would f1.ad tbat f~ 2 aùcI 3 Û1 

table 2.1i"COIIb1ae. J'onula '1 8I1Cl 4 raatn unehaDged. 
\ ' l ' 

• J 
1 

/ 

" 



o 

1 

\ 
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c. Integration Formulas Involving' Laplacians and Product Laplacians 

The relationship (2. b. 2) is remarkably useful, and can be used 

ta develap integration- formulas involving the Laplacian operator. Vith 

(2. b.2), the 4 basic R3 forms K, 'À, Il, v satisfy 

K KU! - (*K) " Uo 

À" U2 -<, (*À) " ~1 
Il'' U1 - (*p) " U2 

V "Uo - (*v) " Ua 

111' 

Applying the Laplace-Beltrami operato~ to K, À, u, v, ve Und that 
/ wen all quantities are raised to th, arder 3, 

? 

~(K) A Ua - d(-*dK) 

2.c.1 

A(À) A U2 ,. d(-*-id*À A U2) + d( *dÀ A Ut) 

A(ll) A Ul ., d( fPd*ll A Ut) + d(-*dll A U2) 
2..e:.2 

A(v) • d(-*-id*v) 

1 ' 

lA vector notation, ve have the following Stokes· theore_: 

'. 

- '<, 

,R.' STOUS! TBEOREMS 
DwOLVING LAPLACIAlfS 

# (VI) 
3c 

-# «V·L)n - (VxL,)xn) 
ac, 

TABLE 2.12 

-fft (V~~) 
· fft (v2(;.n 

; # (-(VXM)Xn+ (V·M)n) \. J fI (V2M)-ft 
3c. c 

ffa:V(W]) · fIt (V
1
(B]) 

- -. " 

/ 

1 

l " 
1 -

j , 
>] 
j 



'.' 1 

1 
, 

.' 

1 0 
t 
" 

.-' \ 

, , 

••• 1!Z!i 

1 

, 
\ 

'l11ese integrat:1on foraulas can be used to develop ano tber , group 

involving pa:1rs of forDIS. In §l.G, we found that the Laplacian of a 

pr~uct has th:1s structure: 

f 
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\ 

à(aA B) ~ B) + «lA 68> - 2{-} 2.e.J 

3 1.' 
For specifie R products, the brackets are i1sted in Table!.!!. (2.c.J) 

may be ra:1sed to an n-form ~y the use of un1t fcmns. If (0. A S) ls a 

p-form, ~~ 
1 . 

1 . 

!I(a A f3) .. A U""tI - (.00 A S) A Un-p + (a A fiS) A Uft.1I - 2 { -y ~ un-tl' . 1 2.c.4 

1s an n-form whieh may be couverted :1nto a derivat1~e expres810n by 

(2.c.2). We bave the folioving veetor integration formulas: 

R 3 IBTEGR!TIQ!i TIŒORFJfS 11WOLVING LAPLACIANS OF nODUCTS TABLE 2.13 ' 

# ~ (Ka It.)) , ., If i [(v'It, li. + ~,(V·It.l + _ 2 (VIt,' VIt.> 1 

#~(V. (4»ft - (VX(KfJ)Xftl 

1 - f f l {(V2K)L.~ + K(V~) -n + 2 [(VK·V)L] en] 1 

# J!V- (J'~»ft - (vx(KM) ) XII] 

-fI i [(V2K) M -n + K(V2M) -n + 2 [(VK-V) M] -n] 

#~(K(N])] - IlL (V2
K) (5] +'K(V

2 
[li]) .+ 2(YX-V[tf])] 

. -
J.( (~. (L."W)n - (V"(L.xL.»~] 
11ac ' 

- fI lIt ('l'L,> ~ ... ) 'n + (L,.k(V·L.» 'n + 2 ({ A}';')) 

· III (V~)·M + L-(V2 M) + 2{B}J 
c . J. 

1 

o 

f 



1 

o 

/ 

1 

{ ( 
f. 

/ 

We can derlve a dual set of equations as weil.' 

.,..) 

D. lntegration Formulas Involv1ng Sums ~d Différences of "Laplacians 

, . " ! 1 r 

Since the two foras (a Il flB) and (fla A B) are of ~he sue order, it 

may be possible to develop further integration formulas from the •• ln· 

particular, we will look at the following two structures: 
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1 a A flB - !Jo. ft B 

aftM~+t:nAa 

2.d.la 

2.d.lb 

For K, A, U, v, (2.d.la) involves iuvestigating 

1. KeA flKt. - K.,A AK.. 

_ 2. K Il flÀ D - À A f1K ' 

3. ,K Il fl)J -)J A f1K 

4. KAfl'Î -_,Vft&c 2.d.2 

5. À.A fl~ + J..,t. flA. , 
6 • A ft fl)J - U ft flA 

L1.a:lu 4 and 6 of (2.d.2) can be directly related to the 'Green's 

theorea structure (2. b.l) by re-def101og one of the variables as a 
~ 

dual. For exaaple, 

J ' 
2.d.l 

1 

,BY! npand10g the Lap1ace-Beltraa1. operator in (2.d.2) and 

re-group1og the separate parte 10 terllS of d(a A 66), .6(a ft da), d(S A 6a) 

\ aad-ts(6 ft ab), lie cau COD.8truct the fol1ov:1ns :1atesratlon forJlUlas: 

1 

( 

1. 

, \ 

f 



i 

o 

JO 

v 
) 
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, 
"3 LAPLACIAN DIFFgRENCE INTEGRATION FORMULAS !fABLE 2.14 

... , 

· fIt (K.V
2
Kb - K.,V~K.) 

· 1 (K(V:() - (V2K)L)' / 
c , 

.~ J. [2(VJ() (V'L) -+ VX\K\VXU + LX\VI::» + [(V-UxVjK 

+ (L-V)VK- (VK'V)LJ ,,"i 

. ~ fI. «V'K)M -~ K(V'Mn 

+ ft [2(VK)x(vx/M) + ~(K(V'M) ;-M'J.VKj1,,~ 
+ CMxV)XCVK) + CVK'V)M] 

, - i \ 

.. J If (I(V2 [M]) - (V2K)[KJ) J 
c ' 

5. 1 (L,(V-La> + }-.(V- L» • ;fr «V2 L.,'xL., - L,)«V2L~"> r; r ac . j - \ Je \~. _ 

+ 'fI 12(VX'L)(V-L.> +2C VX a4,(V·L.> - V(&'~V)(L..l 
c ,)" <t / 

1 ... L.·(VXJ.,'» ... (L"V)(!\.~J +-(Lb·\T.)(V~Li 
+ [(VxL.)xV)XL.'" )H?xL,)XVJ)<L.,] . ! fct1 . - 1 1 1 # ~(L)(_(V)(M)\ ... L<V'M)( M (V'L) - MI*(VxU) 1 l 

'. fJf. (L'V'" - M·v'Lî 

[ • ..~ ~ 7 ,f l '1 

rot'llUll. 1 ad 4 '1" 'Clûiv.i.nt to th •• c.l.r Gre.n'. tb.or .. ; ,6 1.8 the 
\~ , , 

cosapl.t. Victor Or'lI1 t. "th.or... rOl'llUla., 2, 3 ad .s -.1'. r.ther cOIIpl1-

c.t.d r.l.tion. involv1D' ., 'D.lo. to th. Gr.en', tb.oreu wb'; tb. 

.~ 

- order ot tb. tvo v.d.bl. quaatit1.. 18 Dot u.nt!Oal or dual-UeDtied.. ~ 
/ • ~ u r 

A " -

J 
MtTa.. E 



.( 

t • 

. , 

0 1: 

1 ' 
l, ' 
i 

1 - ~ 

1 .){ , 
----------- -- J 

1 
----~-~\t-----.- i l 

! (" 
J. 
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Note ~bat for formulas ".2. 3 and 5 t a dedvative relation can be 

found/for the dual. This ~~Uld result. in a similarly complicated ~~ ~ 
integration forllll,lla inV01~!ng the underlined quan,t~ty in Tsbl~ 2 .l~ '/' . 1 
u the lett-band bouh~ary integral. - : ( 1 • -j 

For .'~'~'. ~, ~~.d;lb) includ.. _, / _I~ 

1. K,A 6". + "-" llKr ; 
2. K A llÀ + Hl llK j • ! 

Il /""~ t 3. " A ll\J + \J.A il" 
4. le A!>.\) + \)" llK 

5. À,A llÀ. - >..t- llÀ. 

6. ').. A 6\J + \J ,,6').. 

-( 
:t 

" ~ oP 

Br expan4ins 1.<1 .. 4), ve cu dedve intesration formula ... va d1d 

for Table 2.1~ Hovever, itl ia more productive to 8ub.itute t~'exp~ded 

relation. int:;'the product Laplacian formulas of Table 1.1l~ :Le let the , . ~ '1' 
followinS= ' -, 1 

1 

(K. VIC. + KI:~') 
, Il' 
Ib1t . " 

3, '" 

'i + 
2. ,i r:: (L*V)l{ 

, aë 

3. + ~MXV)" • 

~4. # (IV{,fJ .+ 'JfJVk) 
3, " 

LACIAN SUHS 

· fI t V2,,(~~K.) '"' ,'. , 

· me (~'K.)K. + K.(V~I(.) +~J. 2~VI!:.) .(\'1(.) 
. , ~ 

· f. [(\'I(·vl +. (L'V)\'I( - ~XV1KJ . 

· fie [(VIC·V)M (MxV)XVK;' [(V~M)V]K] ., 

.' 5. f «L.-V)L. _. (L.·V)L., • 
,ac fL{~ .. ·V)(~~L.) - (L.·V).(VxL .. ) 

IP+\( (VxL.)xVJxL. - [(9)( L"xVj)'L. - t
l
{ A }) 

Q 

/ 

~ 1 
' .. , 

, -

. 
i , 
1 
l 
l 

'l 

/ 

.... ; 
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/ TABLE 2.15 (cont1nued 
1 , 

<:a 

1 #~l{VOM') ~ M(Vot) 6a. - (LoV)M - (M'V)L) 
~ • 

~~, 

i. f ft [2 (V><U· (VxM) + 2(Vo~ (Vo M) - 2{B}] 
\t 

/1#--- ~ t 
6b. # «V·L)M + (V·M)L + Lx(VxM) of; Mx(VxL» 

1 
3c _ , 1 1 

- ffJ. «v'L> 'M + Lt"m -
,\ 

- 'j , , 
, + fft 2«VoL):(VoM) + (VXL)o(VXM)1 

~ 
~ 

6c. ~ -fIt V
2

(LoM) f HL (2(V-L)(~·M) 
! + 2(VxU-(VxM) - 2{B}1 

e lb 
1 

... 

AaUe frOD tboee fonula. wbich ate dit.ct iDt.gtattion. of vectot 14en-.. , 
~ titi •• wbieh wa ptoveci a.rlier, we bav. merely cierivecf epec~.l 

coabinat1oa. of the formula. in Tabl •• 2Jll.~ 2.13. lIt .ppear. tbat 
{ ' # 

thi. 1& the lûait of" po .. ib1e u.etul d.V.~~t8, aci .0 we cOAclucSe 

-thb chal' ter • 1 ~" 
~ ~ 

:0t, " 
.f 

{ ~ 

Su-U ./ 

WitW thb extAD4e4 cieve10puat of Jt' int.sration fOrlMlla., we- I ./II 

\ 

, 
coapl.te th. introctuctory chapt.n. The _et DOt_1. d.rivation 1& in 

/ 

12.1,1, VUra v. dbcuaa tu .calar aD4 veçtôr ar,..n '. tb.or.... We will 

DOW-lu •• deve10pMnte 14 ~J in or4.r to vork in a~lt, a .pace .uit.hle 

f~r th. definition/of .1ectroaasnetic diff.rent1al fora.. 
! e - / 1 

"', , 

\, ~ 
'~S- .Il 

{ -

1 J / 
/ 

~ 
" 
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THE APPLICATION OP BXTERIOR D'IFFERBNTIAL ALGEBRA 

TO ELECTJUJfAGDTIC FIELD THEPRyAll 

, 1 
The equat10ns of e1ectrOlll4gnet1..sm. 1.n~luding Maxwe\l'. equations, 

fora an interrelated group of partial d1ffereut1al equations wbfeh i. 

most t1mply expres.ed in 4-d1mensional space-time Il', t. Tbe orls'1nal 
f ' ~ 

derivat10n of the eleetromasnetic fleld equation. iD .ueh a coordinate 

.ystem 18 due to MiDkow.ki (WEYL" (1920) 1 121). Since tut ti_, tensor 

method. have bun the prl1lV')' I18.theaatlu1 t001 involved 111 B. 'It 
phy~lc •• However, they are difflcu1t to apply. lLAIDEB.S (tl.2) ~taté. 

tiuJt ten.or caleuluB le ao, Dea~IY as suit.blef .. differentla1 foras 

for many applications to pbysies, main1y beesLae there 1. a better 

correspODdeDce betwun differentia1 foraa ~d the precepts regarding 

deset1pt1oDS of, pbysiu1 pheD.omeu. Tbe structure of the group of 

e1eetromasgatie equations iD exterior differentia1 for.. manifests a 

baste .~lic:ity wbU. pre.erv.1ng a11 the information i1eee.sary for 

phyaiul iDterpretatiOD and the specifie solution of proparly formulated 

prob1 .... We aball 6emonetrate this {n tb~. chap/ter. ( 

The application of differentia1 f~ to eJectroaaJDetis. proceede 

by (irat eonsid.ring the pbysies1 di.enaions (unlte) of RJ/t,fo~ 

r~presentia.8 e1ectroaapetie qWU1t1.,t~ •• ~e a' It * operation u ealcu

lated; .ve f1Dd lt conveDient to 1Dclude in lt J,:he pen1ttiYit)' e &cS the , 
perMa,bil1ty )J. Th.. ~he 4u11ty,UDCler * U DO lonpr purely alpbrai4. 

1 Ile present a structural di.sr- for the I.'/t e1ectro.lD8,tlc dUter

eattel tons ad we ,dellOUtrate the, COIIP1etna •• ot the ,re1at1ouhlps' 

1aclu4ed 10 tbtt 8tNct,re. TM .• ta a pr1ury contrlbutiOD of the the ..... 

It U our 1satentloa to .hw that the 4e.criptiOD of a1ectro-
, " _pati •• ,,1a diUarnUal fO~1 If .. .uas hein, .. the_tiull,. eusat, 

~ , 
bu practtcal y.alue as wel1. Obriouly the 10D batvNn 41ff.r-

etial Ions ., "OMt~ (u 4uc", .. 4 ûa Chap ~ 1)_ will pl81 _ 

J:.J.at1ou' 1Ato,aJ (d .• ) ad a' (.pau) '1DU~.t1oa tomulM. lt for." 
, . .....-' 

... , 
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are introduced for a'/t. A procedure 18 developed for handl1ng the . ~ . 
defining ,'integrals of distributions. Finally, we calculate Green' s 
'l" , 

tbeoreas for the electromagnetic differential forme. 

A. The Fdur-D1menIJional Metric Space ,R' /t . 

For tbe development of a structural description of el.ctro-~ 

magnetism, we choos. the coordinate system a'/t, a space-time metr~c 

~ space vith Ri as the sPatial cOlllponent. Based on the space-time 

interval, 

" ) r' 

(dX1 )2 + (dxZ)2 + (dx J )2 - c2(dt)2 • Differentia! Distance Ke .. ure 
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3.a.l
1 

1 
The metrie in a'/t has bath positive and negative coefficient •• The 

inne'r products of the elementary buis element. are: 

, r~-
..... (dx ' , dx J) • ~'J (i,j • 1,2,3) 

(ds' , cdt) • 0 (1 .. 1,2,3) , 3.a.2 

(cdt, edt) • -1 

~ t r \ 
.. c5 'J 1a tbe Kronecker delta. Conaequectly, the sipature of R' It' 1. 

+3 - ~ • 2. J. 
Let u. take a- buic .et of differentLal forma for a' It and devëlop 

f • ~ . , 
a notation wbich reflect. the Il vector DOtation. We def1aa K , ~, lJ, 'V, 

1;: 
1 

K • le 

~ • LSdxJ _ + L2dx2 c+ L,ds' + LIt~" 

) 1 

f 
1 

(, 

lJ • HAJdxU + HÂJ4xU + MA,dxU "+ HBl'txH + MB,2ds,21t + HB,4x'1t 

V • IjeSx2 ',. + IJeSs"1t + 11~J2" + .,.~J2' 
/ 1; • ZdsJU ,. '. 

! 

( 
, 



,0 

t 

e, 
1 

f 

1 

1 
Here d,," • edt. NO~lY J we will use the d1fferent1al tera dx" J 

separating oUt the t1me dependence only in speeia1 cireumstances. The 

"exact" nqtat10n in Table 3.1a ean be eondensed by us1ng veetor nota

tion wherever appropriate. Sec~ary subscr1ptst willnow indicate the 

RJ order ~f the eoefficient quantity they accompany. A "1" t !'2" and "3" 
\ 

will 1n.d1eate a polar .pace vector J at! space vector, and v~r1ant 

scalar respectively. Occas1onally, we 11 find 1t eonvenient to 

iridicate i1Îv~r18nt .calan by thel subscript "0". In the reduced 

notation, the equations in Table 3.la become: 

" , Il 
,l'le DIFFElENTIAL FORHS= 

Form :, 
K • K \ 
~. ~~ + L .. dx" 

.. 
MAz MB1d"" , \ 

lJ • + 
ft 

V • ~d,," + ·(N .. ) J 

1 
"\ 

(z) ,ds" ff l; • . ..... 

Bout.ce type 1Dd1eate. a' vector quatÙt •• ~ 10ft both tbe .pace and 
, . 

. tt. parF' of tbe ba.1c l' It for. are expre .. e4 in ter • .of the l' 

. 110tationf, but'. tbe ex.ac:t tora/in Table 3.1a, eaD eui11 b. recovered frOm 
1 

Table 3.1b. )fo 1Dformation bu been .uppr ••• ed. 

~ The r .. l partial d1ffereDt1~l operator for K' 'rt. 8A8i~&OUs to "d" 

of 11.E, 1. vrtt~n .. 
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. \ 
ts Ile will t~ to _oU i coaf.ion vith the uaa1 vector eOllPOUn~ i4eJlt1-

/ fjcatioa by ,1ac1A. _..ch .der-1D4Uut1A ..... crt'u on1, on bo14fau 
or l 9ar.at1NUcd 4UlDUtW. ~ 

j , 

! 

; i"'~"W .. ~"1·· 
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Then 'le elin readlly ealculate the different1als of K, A, }J, v, t= 

eperation R' Vector Notation 
( 

dK • (VI:) 1 + l(3~) dx" 
c 3t 0 

, dA • (Vxl) 2 l(itj:dX" c 3t l 
+ (VL .. ) 1dx!t 

d}J • /CV-MA> 1 + 1. (aMA) dx' + <px MS) 2dx" c Tt"" 2 
li 

dv • (V- N) Jdx!t - ~e.!t), ~!t 
e 3t 1 

-. 
dt • 0 

a' It cod1fferent1al., .... nt1al '"to the .quat1on. of e1ectrOllllgDet11., . . 
1nvolve the a'lt Il operation, wb1cb will be explaÜled in the next 

.ection. l' It pro'duct d1fferent~18 ad cocSiff.rent1al. ;will be cleve1-

oped in Chapter 4., ,~ 

ç 
B. Unit. &Dcl ,Di_l,l!iODal Anall.iI; '* ()perator for lt.ctroupeU .• 1II 

( 

The fundamental clift.rance b.tveen tbe dev.l~Dt of extarior 

d1fferent1al forM a. an alpbra1c .tr~ture and the application of 
, \ 

th1. alaebraic .truçture to tbe phy.ic. of e1ectroaasneti.. 18 in the 
... ip..,t .of pby.1eal d1_uion. to both the coeffiCient. of the -

4iff.reDtial fo~ a. vell a. the 41ff.rant1al ter.. th .... lv... l~ 
otber vord., al prop.rl, .",): ••• ad diff.r.llt1a1 fOl:1l will nov CODtain 

.y.t ... tlc 1aafol'lUt1011 OD 1t. ....tr1c b.Jun1.or (u a vact~, v~r1.t 
, 0 

( _ .calar •• tc.) ad it. pby.ic:.al b.ba~ 1n both a local (coeffieient) 

~ a alobai (41ff.rnt~1 fcn:a; iAupatad 41ifarnUal fo~~ ....... 
t'ha phy.lcal eharact.r of the coefficient ( •• ,:, a daarp ~1ty) will 

ha • .,"..,11 frOfi the char_ter 01 the dil'.r.DUal fOl'll iu.lf (the 
1 ' 

( 

_ f 
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1 

J )' ~Ilr~ c~t.ained / in a d1.fferent~ial region , and therefore from that of 

t~:îtegrated dl~ferent1.al fopn. The * operator 8180 becOJDea di_~-

/J"-::é- Binee it now tranaforms di1Densioned differential tenu. In 

( '.aa , va Und it convenient to req~ire tpe * operator t~ assign 
"-

tbe ..sia characteristic8 t and }J, wich are theuelves dimensioned ,r 
//' quan~it1ea. 

, / 

'0 

/ 

The central feature of thia ehapcer, to be outl1ned in Il.c, ia, -

that the encire enaeable of electromagnetic partial differential 
1 

equations follows from a simple a' It st.ructure involving 3 related" 

esterior diff~rential forms and t.hair dual •• The fundamental for .. are 

called a, S and y; the dual., a', a' and r': 

Furutamental ForlU: 

Cl • Potent1a~ l-Fot'1l 
S • Field 2-Form 
y /. Charge-C!1rrent l-Forll 

FuDdemenul Dual Forma: 

a' • Poteutial 3-Form 
B' • Field 2-lPorm 
y' • Cbarp-Current 3-Fot'1l 

ID the exact notation, u.1nS standard HK.S term1nol~8.Y, 

(J • A,"J 
e • l EJdxJlt 

e 
y • JJ J,"' 

~ l' 

+ Â,ads2 + A,ds' - l • dxlt , 

+ ! Eads2ft + 1:. E,ds'" + :jdSU + B2ds" t B.clxu 
cel ~ 

+ ., 32.2 + 1.1 J,ds' - ë p dsit 
, 

" / 

lot. tb&t the' .ub.cri,t. ~.t.~ to tba usual v.etor eoapoaeDt.~ ID th. 

nduced AOtatioA, U#b,,1) bKOMls 

/ 
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,,- Al - .! t dx'" J 
~ e 

13 -
1 

~ 3. b.2 - Eldx" + c: 
y - 1J JI - p dx" 

e 

" 
The 8ub8cr1pt8 in (3.b.2) refer to the a J vector Ot'der. At t, E, B, J, 
P, e and 1J are all standard notation for the electroaaagnetic quantit1.es. , . 
$le ahould .1so ~ote that 

1 
El"· ? 3 .. b.3 

"ln order to wr1te out the expanded equat10118 for «', B' ad y', 1t 

18 oece .. ary ta calcule te the * operator for a' It. The .. theaatic8 

follow. froa tl.D. A. ve ment10ned esrl1.er, ve will .odify the * oper

stor to aceount for e ad ):1. COIla1atent re.ulta are establ1shed wben: 

KAPPIIG OP l" aMIS ELDŒlTS *- t { , TABLE 3 4 • 

Buis 11eunt 1 Dual Il.t 

* ctx'dx2dx'dx" • CE 

* dx1drdx' • , -JPc-t dx" 1 

* û 2 dx' clx'" • - ce ctx1 ' 

/ " dx'dx1dxll • - ~t dx2 ! * dx'dx2dx ll . • .. ce cSx' 
* 4x2ctx' • -li'c-l cSx'ctx" 
* dx'dx l • -}l'c'' clx2ct,,'" 
* dx'4x2 • -11'c-l cSx'dx'" 

1 * dx'4x" - • ce cSx2ctx' 
* dx1dx" \ . ce .lx'clx' 
* cSx'dx" • ce cSx1clx1 

* cSs' • -~c"'" cSx2ctx'cSxll 
f 

• dx1 • -li"ë clx'ctx
l
::'" • 

* dx' • -u"'" ë 1 cSx· ctx2 XII 
·'dxlt - • - ce .lx1ctx1ax' 
* 1 

, • -Jtle-l cSx1ctx2dx'clx'" 
] 

, {. 

, , 

1 
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- • 

o ;, 

. '/ ----i/-----' -... -.----- .- ~. 

~ 

'\ 

~. 
<X' .- - A2dx" + e(t). 

1 ~ 
8' '. - Bldx" + e E 2 / C 

3.b.4 

1 
y' - - ! J 2dx" + (p) • 

C 

a more familiar notaÙon. 

V.ing the Ir operatioa as listed in Table 3.4, the codifferent1al 

CaB be found using (1.f.2). 

All electromapetic quantitiea have pbydcar diaea.aiona, and we 

-.aat ineorporate thea. d18e1ldon. int.Cl tbe "lpbra. One c~ly 

accepted .et of dbaenaions for tbe coefficient qu~tit1ea 18 found in 

the kndbook of Cbembtry and Pby.ica (19.61): 

( 

.' J 

DDŒJSIOIfS OF ELECTJ1OKAGJIE'l'IC 
COEFIICIDT œ~InES 

~ 
( 

TAlLE 3 • .5 

(A) • (t'JI%.J/2 li12) - Veetor 'Potenti.l 
(t) - ((JI%.J/2 1 J/l et) - Potential 

(El /. [(II1.'J/l l~ t"] - Electric Field Strenstb 
[8] - (€JI%.UZ l.f12] - Hapetiz.don IAteuity 

(J) • (eJ/l';'1I2 rJ/l t-2] - Current Denlity 
~l - (el/l.JI:!fIl é J ] - Charge Denaity 

[ t"/2 lf"l J • Ut") 

'l'be ,braeuts (--] 1acU.eata- a diMU1on. a, 1 .a4 t rafer to .... , leD,th 

ad ti., By &CCoet1A1 forll b~tb tha coeffuUJat ~ ,,",ff.retial tent 

diMUtou, t&, "total" 41.8lÔiou of the fUllct..at.i tom. are 

TULI 3.6 
QuDtit,. , JJqitl l ' eo-oa ... 

} lfapetie ~lus or Pole Stre.th· 

- ~tizat1oD lDteaaity 

11 

/ f 

1 
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tABLE 3.6 (çont1nued 

, ' (- 1 
Tbe.e will al.o be tbe diwufiOl1' of the slobal quantity detera1ned 

,by 1D.teSJ;:at1D.g the differential tOrii 111 que.t1on. Va eau writa the 
r 

dillendonal bebavior of the tr8l1.formation of global quantitie. UI1der 

the • operatioo .. foll0W8: 

[*lCJ • le: l' ,ëHICJ or [JI' l' t)("1 
(*"~/· le: l' ë l p.] or (d' 1 t][ll 
[*).1) • le: 1 t-1 Jll1] 'or (~ r' t)(1,&] 

Ilfvl • le rs t"'H") or lJt1 r' tH"l 
["1;] • le!' toi J(ç] or (JP 1" tl ~Ç] 

Thu nablu dapl1tiecl ea1culatioo of tb. total diMuliOll8 ot cluai 
, ' 

3.b.S 

fona, Ilote tut iD Tabû. 3.5 ad 3.6, ve could equally well UN a 

,U. ... ion ÛlVolvÛI JI beeau.e of the relation (il/: Jl'JR] • [1 t-1 J. 
UJ1dar the 4édvat1ve operat1on. al~boulh the orcler i. .b1fucl by 

+1 (U.I), the, total dt.nJiOD cJoe. Aot chao .. : 

. 
(cSt.stJ • (dl(w] • f:X.] (ds' )(1.1)) • [1" H~Hw) • [(&)J 3.b.6 

'l'ba 4Uantity c bu cU .... toA. (1 t""l,.o tut (clx"). (celt]· (1),-. 
1 

wb1eb 11 tlle diMuiolS of the .,aUal 4iffernt1a1 Uni. 'or tbe 

" cod1ffer~t1a1 aacl Lapt.c.-a.ltr.-1 oretator., 

(&dl • t~] (lAt) 

(~l • [x&] (c.t) 

/ " 

3,b.7 
/ 

1 

,,;;) 

, , , 

1-
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****(w) • w 
1 

3.b.8 . 

whereas ,in elec~roma8net1em,. where the !ropert~e~ of the llledium are 

inc1uded in the * operator, 

*J**(W). ~ W 
lJ 3.b.9 

(****(w)] • [e2 lJ~][W] 

l 
Dy recognizing the dtmensiona1 cbaracter of RaIt and ita dua1/.pace, 

ve will be able to ae1ect tbe/correct dimensions for any quantity. 

1 

C. Tbe Differential Structure of tbe E1ectrOlUpet1c FieU Equation. 

For the )l'/t ',41fferent~l ~orlllll a, f3 8DCl y, ve have .tate4 that 

a .imple relation.hip exiau vb1ch inc1ud.e. a11 of the fundaMntal 

partial differeutial equatioll. of e1ectrOlUpetic fieU theory. We 

pre.ellt in thi •• ection • -cU.ap'am outl1A1n1 thu relati~b1P. ad 

1 

we .hall 4emoD.trate tbat it eont~1n. al1 the iDfOl'lUtion e1ai .. d. 

Jlecall tbat 111 the.. .tructural diagrau, a different1al ta 1ndicate4-

by _ arrow clirected to the right, and a codifferent1al by oDe directed 

to the latt. 'lbe ~place-Be1tram1 op\erator i. repre •• ted by a dovnvard 

.nov.For a, f3 aDd Y theD, ve prop~.~ tbe follow1n, r.",lar and dual 

~ .pace .tructurej 

a'lt (Space-el .. ) *~,r/~) (Dual !pace) 
.. Fora Orcier.. • • 

o 
* 

o o 
o ( 

l 

/ 

1 
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c) 

1 _ 

/ 
/ 

In the .paee a'/t, the relatiomship bet~n the electr~et1c for .. 

UDdei~d and 6 1. 11luetrated by the altematins pattern between the 

l-fot'1lll and 2-for .... If al/t i.s a compact manifold, by uttag the Hodge 

4ecoapolit1on theorea (l.k.ll), ve can find for. extend.1ng thll 

aItem.tin, patiern UD4er certain condit1orut. However, Jeeaue of the 

def1n1te ... 1puent of zero to the O-fcmu ad 3-fonu 111 the B. 1 It 
.t~ture, the cU,scu .. ion 1u U.K concem1u8 the d~c01lpodt1on of 

closed *Ut co-closed fOr18 .. how tbat lt u impo •• 1ble for O-fonD 

md 3-fora potent1a11 to have any effect 011 the altemaUng structure 

of the e1ectrougDetic I-forIDI and 2-forlllll. O-forll _d 3-fona 

potea.tiale, in order to confora-1" the structure already present, cm 

at but be bartlOl11.c, a4 .inca for a harllODie, fora ûJ, dw· 00, • 0 
,. 

(l .. k. 8), they UIUlot 1ufluence the already preNne re1atiouh1.pI. 

( ID ~ral, it il possible to fiA4 for .. Wbic~ cont1l1uethe 
J4-

pattern 121 l'iaure 3.1. '1fe require tbat dedvative. iDto the .pace. 
, , if 

of O-foru ad. 3-fol'lUl be uro. For esaap1e, a fora"t such that 6t - a 
, .. 

_d At· a exilts. ror if (.; 0, 6t· At· 0, and theefore a. e - O. 

AG 1.dent1c.al1,y Mro quaastity at _y poiAt 14 the structure illlP11e. 
, . ' 

70 

tbat tu _tin' structure bdow it il alao ldenUe.lly zero. Convers.ly, 

lt i"'l1 .. that al1 for. abave 1t are at bat har~J-ic. Let y • O. • 1 ~ 
'1'beIl 6B • 48 • 0, 111P1yiAi tut 8 il b&noD1.~ (or zero), rrom tb11 1t 

fol1ow tut Cl ~ barllOll1e (or zero), and 10 011. ID Chapter 4, '" will ' 

r.~~m to tbe Mtbaltical au1Ylil of the .1ec~roup.et1e Itructure)-, 

1al riaur .. 3.1. , " 
11h12 .. wa lurve'.howD tht other ';ne ~t vbieh continue '~/ 

alU,-t1A, pattefD 111 ripe 3.1, the ra1at1n.bipl betvNG a, S ad y 

_4 thue uv forM paer.11)' fa11 outside the 1'_" of the .1ectro-

..... :: equattoa., .... tch an """daJ. ~T"U.J. e<iuait...: of lit 
a4 2 «der. Coueq~lltly, _ v111 1 t our 41ft ... sioa to a, 8. 

r ad d'Y. Il ',\ / 
lot eouDt1D. tU -d4an"at1.",.' fomul..u Vb1.ch are i4entically zero, 

by the 'oiGean 1.-.. (44uI • 0; 6&1· 0), eacb,., space in FiIU~e 3.1 

CoaUUI 3 boIIo&eUOUl l st arder nl.iou, 2 1AhnDaueoua lit order 
'of 
J ' 

\ 
\ 

l 

... 
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1 1 
fe1atians: relations, and 2 Laplacian (2nd orcier) 

- -'~ 

PAl IAL DIFP'EJŒN'lI:AL EQUATIONS OF ELEC~ISH TABLE 3.7. 

A. Bomoseneou. lst Order Relations: 

(Rajt): 

. 1- 6a. • 0 : Lorentz condition on potent1aI •• 
j 2. dB· 0 : Faradar's law; Hagnetic pole !av. 

3. 6y • 0 : Charge-current continuity. , ' ,," 
*Ol'/t2 : ( ~! 

" J' 

l' da' • 0 } ~ 2' 66' • 0 , same~1dentif~1ation a~ abo~e. 
3" dy' • 0 

et B. lDhOIIIOleDeou. 1 Order Jlelae1ona: 

(l'/t) : 

1. da. • S : Relation between potatia1e and 
2. 66· Y = '-Père'. law; Couloab l ,'law. 

* ~IJ le2 : 
l' &Jf • S' } s ... ident1fièation ,u above,~ 2' dS' ~ y' 

1, J.tft-hM4 .Ue 1a 1!m'91U.fW fora. 

_' (a' It): 
1. &sa. • y : Ielat1.on f;Jetween potent1al. Md 

eharse -current. ~ 
'cl6S • d'Y ~ Wav. ecJU4tioa for tbe field.,' 

1 ( 

/ 

fields. 

. . 

t' 
1 

p 

~ 
~ 

.1 
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i, 
1 
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• 

, 
1 

, ... 

1 

/ 

l' 
, ~ , 

/ 

, " 

o' 

,\ 
-, l' 

, \ 

11~ Ltft-h..d -14e in tvll Ltpl.cilQ tora. 

(K'/t)s 

,1 
l , 
1 • 

\,! 1 -." CR J / t5 s 

, " 

(, , 

L 

2. 

l' 
. 2' 

/ 

, 1 / 

. 
J2 

/ 

--TÂBLE 3.7& con t1nuad) 

/ 

l, 

/ 
~. tollowinl ~abl. li.t. the dpt'11ed calculation. for tb. r.lationl 

111 B.cUon. A, B cd C ot 'L'abl. 3.7a. Th. calcvlat"ton. Ar. for th. l' It --1 
- , 'ri , 

tormvl .. onl)', dnce th. dval .pac. for,!",la. Yil1cf' tetantiea1 ralvltl. ; 

Direct canv.tlion can ba mado Vital tha *,oplrati;q, 

• Q ,1J 
PAB.1'LAL J)lVrftUltTlAL EquATIONS OV ELICTl())WJJfETlSHs / 
~ICTOI JrlOTATlOJlf - TAlLE 3, 1b 

~ 
110 

,6(1 - 0 -(V, A) ~ ~ elJ(~t) 0 - o~ 
\ 

a 

t;~ 

W _ .. v-A • - ,~(#) 
1. )\ 

. l " iZ' '"1".' ••• nT .......... ... .... 'CC ....... 7.,. ... % ....... ' ..... t ç' !~ 

dS-O J 1,V~'I)Jd.lt+4(.)d"lt +(~ •• ),:'-O~ !. 
c , ' c 1t a.' 1 . , 
, ! . • 

" ' 
~ ~, 

, 

1'1_'" V'" 1- -" - {f1 '; 'a~~y" lav ()LI"ti.ll t J .quat1.on) , 
, , 

l ,,,oia-.,,uteftC. of .... tté 
,ola. (Haw.li eqUl'i~), 

/ 

/ 

, ,-
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4 'Ir 
TABLE 3.7b (cOl1t1nüed) 

·u 6y.O : -l(v- J ) 0" l[!e) • <> c c 3t 0 

• - jE 
3t 

i 
: Equation of continuitys 
a.~t1on batwaan cher,a 
and currant. 

Î' 

LJ.& da· a. S (\,><A)2 - :(f-LdX" -/ ~V~)ldX". f Eldx" + 82
1 

-
1 , 

'f.!'5 

-

/ 

Ti_ ... 

Ipeca ~ 
'1 

J 
·l 

-

;!; 

_. 

.-
1. 

VxH 

( 

1 
'. , 

\ 

• 

: Ial.tion batvean alactric 
fiald In4 90t'~i.l •• 

1 
s lal.tion b.tw.en mean_tic 

field and victor potentiel. 

s Aapère'. Law (Haxvell 
'equetion). ; 

Wh.ra 'D· tE J H.~ ll' 1, 

. 

... -!<VA.Vt) td~" • loi Ji ,. ~ () d,,~ 

~lationa b,Fwep the ,ofeAtAI1. \ ad" cheraej cu-~~ent s 
1 

Ti~ "/'1"'1'. + (v~) . '.. • ~ t' p 

• Ipaca... VxVJ<A ... ,~ (I:t ) ... CSJ ft(Vt).. SJ J 
J 

/ 1 

1 ~ 
- ( 

.. ' ' 

/ ,. 
. / 1. . 

J 
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/ 

~ \ 

ft , 

) . 

~ bu.. Y , -(V'A h +,.~[~:t l. + *(~ .• ) .dx· - ~[~::l.dx' 

-

-

, {! 
p clx"~ -, ~ JI - .::.. 1 • C 

" 

(, 

(a2~) V't _-(10 T1u .. - e",a?" 

Spac ... V'A - &",(~) - -",J ~ 

(J 

- 1/ 

- !<VV.E "dx" + ~(':'LdX,. -Fe 'Ît<VHB),dX" 

~ t1J(v~(1 n2 + (VHVHB)2 • 1J(VxJ )z ~ ~(*) ,dx" 
, . /1 

.. t(VPhcSx" c 

r~ 

". 
1 

i' 
J 

, 

. 
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1 

/ 

r · l , \ 

Ti_" - !<vv.{, + .é!(32f) - ! LVH.' • _ l!.(M) - ê (Vp) 
ccl3t . 'c 1t', c 1t c 1 

,ace .. ' (VHVxl) ~ e:1J{v~(:f J) • 1J(V)(J) 
• II' ____________ 

--~~~-,---- -~. d'Y s - l(V
' 
e) ldx" + !I!(!a~ dx" - (Va. h -+ tlJ(!"J ' 

, " c . ' 'c "t • ' "e l' 1 

• lJ(VH" h - ~(ULdX~ / - f (V()sdx" 

/ • ~(M) + f (Vp) 

• - 1J(V)(J) 
/ 

T~."ai!ut;. '1% Mjl44. FI!tH ~I 

:7:~~ i :V"'''I .. \ ,(l:')) -~(HJ 
o .,au.. """,'1 .. e.,(*'J ~ S'('-:') 

1 /-

\ 



(J 

o 

/ 

1 

,,', , ' 
_____ ' ____ 't ... '*'.~,. ___ .,_'::" ...... ___ "'~ .... ~~,., .... ~_ .. _ ... _ ...... ,_ ••• _-..:-_,_._. ""'" -_ ......... ~ ..... ....--....-.- , " 

/ 1 
/ 

7!j 

'-

'1. 
j. The .quatiOl1. in -B.U Â ad B of Tabla 3.7b inel •• 11 of dte , ' 

fundaaenul ~.laUOI1'· of .lactromapati.lu lfaxwal1 f. aquat1OD', tb • 
.;} 

l ' 
1 

Lor.ntz eOJld1t1OD, th •• quatiOD of CODt1nu1.~ b.tv.en charse md 
, '" 

curr.nt, and th •• ftn1a, r.1&tion b.t •• D the poteDtuu ad the 

field •• Th. ~~ or4ar r.lat1ou 111 Set C.~, caIl",b. 'f~cS in rru:ryos. 
11.9, lq'uat1OD1 10, 11. P cS .15. JAlSll (1973f, App'pd1x. 2, 

cS.riv •• tb. vav. equaUoaa oUlleS in th. part of s.t C,/2 tbat iDvolv •• 

th. campl.t. Laplac1ao. 

la our dav.!roPllUt he aquat1on. of .1actrOMII1.tu~. ft hav. 

Dot 1Ac1u4ad the concept of conduc.t1vity, orcS1Darily r.pr •• utad by 

the ~uat1œ J • aL Such a r.la-eioD.hip, Vb1el1 ~ the .~rf". • .... 

to 1av01v., ~ a4ua~1t1 of tb~ 2-1« .. B _ct th. l~fol'll 'Y~ CID OD~Y b. 

r.a11&ed "a a .pacifte U ... da,.D4Sènca ia appliacS to the .'truetura 
\ "'. 

of .1actromapetic Aifl.ruttal ,~. ,'l'ha cSarivat~ Ûl Table 3.1b 1 

bava ban .... v1thout ID' U ... b.1I&\I1or po.tuutecS at all. -CouaquaDtl1 

the.. aq~ODI npr'lant th •• It .-.ral fora of 11actr,..JUtic 
act1v1ty. Tba ÜltrocSucttoD of .pactfte d .. cSapneSaDce, coutat (.lac .. 
tro.tatte _d _pato.tattc babavtcn), upOUDtial (qOD4ucUv. bahavior) 

and co.p1ax upODHttal (ttM-haJ:llOD1c~bav1or), r'~'1 th.ir 
/ 

puralit,. , 
,- , 

',' '- '-
Wbn va iDtro4uc:a a .. tbautiut--tonat~_~"'rpOl~ôl-----

•• Uly~. a "ICl'iptiOD of ,hy.tcal' ,~,. 1t 11 ri •• to iDlur. 

tUt .. 1IaY. ut atllpUfû4 our .s..en,Cu. ",oU C1M ,otAt of uttltty. 
~ lA .'/c bterin cStflar_tul,a1 .. bra, tba aquattou of .1NCI' ..... tL ... -' .xt.t a .tl'Ut_,4DO~ r.&11y ."'ta to ~_tad_ .,. C. uul 
_th04~ ha4tlUl, die .,acUl NJuarior-• .,.iauly .fl'''''. ... ~ of t~, IF 1 
--:lII~~'" 'H.~la CO tr ... fon ~ .L.,la .tftlCtul'~ ~to 'OM .,~. 

, vIaU~ ja ôta MM __ •• ua4ar' .NèOr al,.ka. 1Iaat .,. .s. •• 1op 
, , j 

ü tba COIICapt ol • 4Llf._tLd fl'ojectioD, iD Cba ..... èbat ta:.. 
c, ,au "ojKtÙD tif'. '01':" è; ~ jU,a,,, ~ ... ut f wJatla .. tWi ,pI''-

'/ / 

, , 

/ 
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ject10D of the .a~ fora 1. Adx~.(In the 6ev.l~nt of tabla 3.1b, tbe 

/' 'v.ctor formula. ver •• ~.r.t.6 from th. complet. a'lt darivat1ve 

formula. by thia cOD.idarat1QJl)" 'lb1. enab1e. ua to eoJ1Itruct tha 
/ . 

• 1ac~;OIU~t1.c .q .. t10111 ~ ~he 'famil1ar inte~al forra. 

. Il. .Urt vith, \' proio .. , , ' • , . 

If Â O-fora 1. Aot 1Dt'arabl. over a manifold of dimon.1on > O. 

/ 

thia 

iha 1.,UcattoD 11 tbat ta tba f~t1011 of .td.ct11 .p&tul Ült4ll,r&t1on 
- , . li 

foraala. trOll tta. .paca proj.ct1OD of &11 a' It d1ff.rot1&1 fora, v. AM4 

. DOt b. CODe.n.4 Vt~~. dÎ.~~dacI' t1_ d1fl.rnt1&l. Tbè COIW'~". U 
true iD tha 4SaY.1opMatl,t tial 1Dtaar&tlcm for.,1&./ Â lurther ' 

1IIplu.atioD ok the "OY. pr.II1 ••• i •. that tha .p&t14 torru of d1ff'I"At 

01'.1' ra.ult1a. 11'011 .ueb & proj.ction uy b., tAtaar&ted ,.,&l'&t.l1 • 

• ' vt~ DOW .JJov dlat tu projection of th. a'lt d I.~.Atial, 
--/- (ut ~'''rntul) • .1actl'~lUtie nlacioft., to .. ~h~r the 

''- ."ropruta a' (for .p-.' 01' a' (for -t1.' Jatesr&tî.cm lonu1 .. , 

pl-Cl4uea. Qa t_l~ YUtOr U~p'.t~ fonta. .. of .üctrou .... t1c 

tbIfty~' Jbj' 1'.1atÙU ., vork .ttla .1'.$ 

/ 
4&' J" 0 .. ., .. -0 

1 _ 
), 

41' • y' 
. , 

,-
/ \W -0 

, 
, 

/ / 
r . } 

. , 

"f~. U .~ '#"\"~ .. ,.oj_~~ ... u of. (~A~l', v. 
CM '-'Cl'tleC .. ~ • .,.... M4 t_ MU,-dM ~ . ., 

."I,MI a' ... ,a' Mcqr.cu. tbuJ: .. s 

\ l 
\ . 

/ 

J~4,,1. 

/ 
/ 

1 

• 1 
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i 
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l.>, ___ ~ .. -.,_ 

.,r 

fI. 82
• fa:' 

fl El + ~ J • ~ e tex) 

ft ( E + !t)4t • • e A(t) 

df3 • 0 f-:-Spaee I1:atesrat., U 8 2 • 0 'J1av " 

--' , 

d'Y' • .0 $ 

+a.~,J · -fIl') 
1ta. Ia.,. .. .a, ftIV~E~4t. -e I(t) 

t,- .Ia~ .. d' , ft. J. • i1J~ jf aU', 

o ,ta. ;""'''d'fc (N )4t. • e pet) 

! 
f 

li 1. 
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TABLE 3 .. 8 

/ 
(1 cOIlIPoaant) 

/ 

i , 
1 

tJ 

(HaDell Bq6)' 

(Howell, Eq,) 

(Hawe11 Bq.) 

, r f . 
l(l~t' 
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,1 
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/ 

The 1nte,rat. nferralS to .. ".pace 1atesrat." fon tU ........ 1 •• t of 

fonu~. of e1ectrOll&pd •• , Ûlc1udÛla M..W.ll' ,e ~uatJ.OD" .xir ... -s 
in th. -J.ctor Latearal {ona. The tfti.. iDte.ra1re" Ar. r.~,tect to tho.a 

.pace iDt.ara1._ tut involve a/1 .. denv.Uva, but the)' ~re DoJ:aal1y 

Dot .tu4ied. Tb. d_ 1Dt.sr:al f it ca b. 'MD. aàch il1volva a .pace 
'r (' 

dadvativa. 

E. Voit D1f1neDt1a1 'mu 1e l'Ir, 

7B 

lA Cbçter 2, va itltrr04uu4 œit toau ta ocder to COIIPuta, che 

deV.lopMDt of t~ a' 1Dtesr.t~OD fonu1.u~ 'l'M ..... factlitaud -br the 

1.AUrre1attoUhip oi the " uait forM "r tlw If o,.rattoD. III a'/t, 

the bahaYior of ta.. If oparatloo 1.& IIOre UllPltcau.~ ID .aUitUD, lM 

ara COAuma4 w1th pa. pbyeical 4i ... ioD of 4111 quatitie.. fUrefft. 
w bava. prob1aa CODCtIntA, /. ba.t d.eftAttiOD of'., .'/t UDit/for:a. / 

'l'be •• ver appaa~e to üsvolv. the "/t iADar proc!uct. 'or exaple ~ t~' : ~ 

AOftI of al-fora <) t. b .. acI GD tha axteriOl' pro4uct 

/ 

/ 

(il' .JIJ I»J Ale II tJJ[~ .I/J 1~J • ,.1"-~J 

,> 

«0 Ataj) .-'''411,)1 • '.1- et) 
/ 

\ ' 

'ta, J • u.~ J . . / )",.4, 
/ 

, ~ \, 

1'bü ~ ; .. e • 4"'~ 01 ,l'lt .u ~ •• cuIJûa.( U ••• " 
, . ' ,- / 

; /' ( .. 
~ 

/ 
" 1: 

'r 

/ 

'. 

l'j/ , 
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o 

/ 

, , 
1,"" 1 l~!b·,_> .~;;~: '_~ ______ ... ..... _ .. -..-../_ ... w, ~ .. ~~~.~_ 

1 

\ 
.,~,J 

l / 
\ 
jvi11-be .taply the/dimen.ion. of the1r d1fferent1al termt. ln otb.r 

\Wot48, the eo.ffic1ènt 1 i. d1..a8ionla ••• 

l M we ...,(U,OUCS, the cSi ... looa1 khavior of the l'/t • operation 

p~lW.ntl .1ap~ relation. betwn the .1t f~~ ceS the1r ctual •• We 

ther~fore uae a 81i,htly 4ifternt eriterion in their ctafin1t1on. '111. 

8et of 1.' 1 t .it fOI'. lbovD below 11 ct.e1aucS to facilitate operation. 

II'UlvolvinJ the f.4antal e~ctrOlUp.et1c font a, ,13 m4 Y on ODe "'d, 
cd a', S' _~>~ on the otberj , 

Unit f~ tOI' *(l'/t)s 

uo' ~ -1/ 
1 

t 
TAlLE ',9 

UI' • _ct,,· - 41,,2 - 41'" + 41"" ' 
Ut'. ct"JI ... ctaU ... d"u - -ct,,'" - ct"U - 4.'" 
u.' • _.1.2 ... - ctx'J~ - d"IJ~ +,4XI2 ' 
U~f • -ctxU '" 1 

M .. ca Na I~_ (3~).2) -u4 (3.b.4), the .t ..... _0' UI, Ut, ut' _4 

lU' baYe ben choie. to corre.,.. w1th t:bf .i ... of the ''''_''tal 
.Jutr ...... t~c ln.. 'lbe •• lact'- 01 tbe .t,.. ft th. ~Maf.DJ.ta. 

/ 

l' 
• > ~ 

,ta CM M.ff •• Ud .ClUCttW. "...W JA. JJ,Cf ~UCWu CIIH 

19 

Il 

< ,. ca.. "'bM"'jë~~ ... ~.COI' ~ .. a .... ûu, td.o clIe dpe- . 
t -.,.. .u. .." ... , .... elf .. ~",. ~ .. , If .. ~r. tMa it .. ~", 

1 
Q • 

,~ 
,> 
1 

( 
, , 
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/ 

/ 

) 

/ 

J 

/ , 
tb •• quat1on 1. barmpn1c. In part1eular, the d1ff.rent18! form tbat 

, • r 
1. the op.rand of 6 1. a harmonie form. Paradox1eally, tbe a •• umpt1on 
tbat the H~d~e th~rem applie. in a'ft ha. an intero.ting phy.1col 
implication (Tbe Hod,. tbeorea doe. not opply in R~/t beeaut. th. / 

œetr1c 1. not Riemannian). Form1nR th. 1nner product (S,S), we f1nd 

(S,S) • (da,da) • (a,6da) - (a,y) • 0 

prov1ded y 1. ident1cal1y ,ero. Thon, ollumin, the val1d1ty of 
(l •. k.6) 1~tb11 caiO, 

S • 0 

~ \ 
<;l 1 

cly ropoat1nl the proo!, fwa would lind tbat all torm. in the otructur~ 
are identieally ~.ro, 1aplyin,'a 110bal proport, ta .1.ctroaalA.ti .. ~ 

.1.e~romaln.ttc p~'~aa,be exhtbttea
J

OO1Y vheu ,ourc., (cbar,. 
aswt cUI'rent), are pt:e,ent !g!!Vb!r-e in .pee &Ad t1.ae. 01 courlO, w. 

, q. 

.u.~, ;d.&1 vtth UAb0UD4ed uattold. tn order te tulud •• ft.ctive 
lOureel at tnttntty • 

. / 

'of 

\ , 

Dulis J)Q.'. y' 

4B' • 6y' 

1 
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1111 .01utUia 1/1' ..... q-va1ue ",_!MI Io~ ... .,.e .. .,.cLou J'elte. -
_- .. ..,WUtüa of • l'NtnNl.cy Cllat J •• ~,ce.ri.tl.c .t the , / 

ou." ....... * ~t dl ' .... lur ,r.J.e. .901_ .. ",c.1&r" Q 

or .. '. ~ ... eN IOluef.oa ~ 4ri.~ , ..... "Of ... '. 
'lUe ... H yetllyJà, • ~""r .,..,. ~te eue .... _,'.u.1M' 'jUeftb-
.ua lM ....... ,tU .... ert.cua ~u fOR.i, .. i ....... tft ... \ 

", 

~ ,/ / 
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/ 
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l 
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1 
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r 

utioa bow .. 'the Dirac: 6-tUAc:t1on). Altbou,h litt!. 4i.tinction b 
" 1 

.e b.tv.en 4htribution. a4 tunctiODl .t the praetic.l level, tb~ 

tvo canot be couicSer.ct ictentieal. Tba "6-funetiOll" i. prop.rly 

4eftned throuJb m iDt'aral r.lation (PMOULIS (1962), n,l): 
~ . l' 

, (~(,,-s.),(")d~. ,(s') 
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/ 

1 

,lA O1;cl.r to .olve vave aquetiOJUl by ~MA" t.ction tacl1D1qua., it il i 

l ' \ 
n.c •••• ry to tAelucSe ta the .sted.or dUfarut1al tona .tructura of ,Il 

.!.ctroupati •• tho .... ,.ct. of th. thao". of di.tributiou ralevat 1: 

to" tbe .olutioll ai bOUDclalY-v.lue problnl. ObYioUlly, CIl" b l', 
< 

••• aUal, .1Ace, 18 1x~.rior d1ff.raDtul al .. 1»r. th. CODupt of 

tAta.r.b11ity ha. bè~ CII'.ful1y l8tro4uced iD CODDIctioD vith the 

differeDtul AltUI" of the fora 4W1AUtia tbaIIiI.l"... .leC.UI. the 
/ 

v.ry ~ttsstttoD of • 6-fUActLoD tavolw. ad Llat • .,..l, .,. ... t .tudy 

tha 1».baYiOI' of the V.a equattoa.& (3.f,3) iD ol'dlr to ... bow idlu 

troi. tha tbaory 01 & .... 1011 •• Y 1:Ha '1'.ltect OAtO tha fUDctioul/ 
I1pk.ic tUa". • tbil pojot 18 it. dAt"a1op_t. 

1. '/ t Gr .. f. tbHI' ... , dAtY.J.op~d tor tbe l-tOl'll CI _d tha 2-tol'll S 
of the .U4tl" ..... tic .tl"uctur., ca ••• itta tA the fol10fd.JlI 
,.,&l'&cM fonu 

-. 
/ 0*4'1 - 1,.40 ., 4(1& Â." -0 It *4It' + 4(,'" It *~ - ~ ~ *'a) 

8*4,. - Is*AB • 4(1' A*U - •• *4 •• ) • 4(61. It *B - ~B A.,., , . . l ' 
Je 

1bI lora .. .,r .... tÛlI th. ~ ... f. ftactWD, ", hM tbI ... 01'''' al 

tu l'.tUU •• u.~.rp.rt ÛI "#1,1', V •• ,~ Il .. ,,, .. I0110wj 

\ /, /-
, •• Os • 10"· c 

as· : o ... + Qi 
/ 

,+" 

/ 

, 1 

.1 
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1 8t 

&Y exp.ndin, (3~,1, 5) tAto tu ~l.t. ~OIIPonent fona, 4 .pecific ( 

icSellt1f1catiœ of 1 tbe relate4 r1lht-b.'4 .144 ~d laft-bud .ide ur. ./, 

le.dI to the fol1oviDi .pace an4 tt. vector iDt.,ratioD for.ulal. 

cum's !yEOUMS r~, 'tHE ~ETIC-PMDTUL 
FOlK Il a lIts VICTOI. .OTATIOW TÂBLE 1.101 

, ,~. 

,A.,1, fIl ~(A.vJG - G'V2A), • #,ft<V'G)A .; (V'A)G 1 
/ - Gtc(VtcA) + Ax(VtcG)12 

~ . fIl ~(G~V2. - .vaC~), • ff.~(G~v. - .V~~)a 
l , 

~ " f .ll( G • x) - (A' a )]dt· ~ / .1.[( G ' Â)- - (A ,0 ) l J 

t C . Ir- C , 

ÂIâ.& J *<tG~ - O,.i)4t • ~ ~6,.t - K .. ) . 1 
t C ~ 

~ fff -~~O·(V.) -

, 

"" J
t 

![V'(41,.~ - .6 + .I;"A' -/tOHdt 

" 

· e -~G-(V.) - .-(VO.) 

+ (V·O). - (V'IA )41,.1 

, IÎ 

W. - I/J ~ (41·'" - 1'''41 ,.-. fi ~ Uf' ~)O - ("0). 

.! ' - '_(VJeQ, + Ote('" l ,Ji 

flJ ~..,.lt ~ r-".". H~U("O) ~ ~(V~.) 
, . -\ '''JeC''·. + (' •• '.Olt 

'/ 

. ',.'. .' "." 

" 

i 
1 

. ,~ 
1 

J 
l' 

~ i 
, 
,1 

, 4 
J 
j , 

/ l 
l 

! 
~ 
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l 
1 
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TABLE 3.1Ob (continueeS 

ft ~H( E·ii G·f)dt • e ":H(Ô'E 
// 

J ! (Q'I B·a)dt • ft. ! (Q·é 
t c Ir- c 

fH · ~ k!(VX 8)'G • ('l,XOrE + O·(Vx E) ./a·(VxGH, 

~ ,- . #! 'G"8 - é"Q 
:.. G"B - E "Q] 

'It I.J.,I 

,/ 'j ·e 
, , 

'1>." 

!. (V"8)·G - (V"Q)'E 
C 

+ Q'(V"E) - 8'~'''G)J 

l'a NCh • .ct10J1 of TÂt. 3.10, t~ t1tth _d .1stb fomu1 .. jayo1v. 
, ~ tbe r ... tAUi. Unt 0Jl tba riJbt-h1ll4 .u. of tha ., __ d (3.t.5), 

.1ch, of Cour." •• to IBO, ~ tha Tlbu. 3.10, v, ... tbat ~ ! 

.tac1arcS v.ctor aÂcS .cakr a' 1ar.1A" t1»or... app1y éO t'" vector 

.cS .ca1a~. COIIJOUDt. ot tba cSiU .. r."t1a1 't;;"; Cl &d B. '" . . 
1 fh,e .0lutioA of (J.f:," br eN OrNA'. tUAge1oA'ta~bA1qua COD.Ut. 
of' tÙlcS., J1utuu to th. I4Nt1oU 

1 
,~ , 

/ 
1 \ '/_ 

vbft. 'J ad '. r.fer co '0INt 1-10111 McS·2-1018 jayolw., 41.1ëd,1HIt1ou1 
, ;;' _ittcinb, -tta. fut dlIé the 4-'taeUoa U ~tW4 ~ _ MUp&1 . 

, aûtioD ta tbt 11'l.t ,JMe. &4 tb.t .. .,..,~1,· "'roJ"~ l'Ir, 
, Io~ jau- al or ë, p .... b III ~da • M."lctd.ë)' ... cl7MJ to 

p.,tH)" lPH'Iy cu ..... Uw. of '. M4 ' •• tIaU ."... -co .. 
/ / 

1 .,' 
1 .\ ) 

\ 

~) 

./ 

" 
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/ . 
r";-o"tvabla bi~1zltrod.uc1ns two pre.bal, • vbat ma1oJou. to the / 

·// ~ 

/" 
, 1. Â 6(Xl-Xl') cfi.tdbutiona1 coett1.c ton. tona lack1a, the 

, cf'" d1tt.t.ntul t.m i. Aot _Allias u1 .tD~ the cSat1a1Aa . 
"'JAtap'al i .. Da-ui.tat) '\\" . " r ' 

2. We v1:1~~~WI' a dUt~but1.ou1 f fil .uch a. ~(", .. ", fo). 
. 6("a .... ~ ~4x to be 1acOllPlete vith re.pa~t to' Il' tAu,ration,·' 

) 

kt COIIPUt.e flitb r •• p.ct to 'l'o.1.c islt.sreti. f.a tha 
. 2-di ... iOÙl .ub.pace oi a' COY.;.d bt th. ditt.rotia1 ",,12. 

ID the .ub.pa~, the ctaf1Aua, in te '1' i. eaplata. fAeoaplata 
d1.tl'ibut~1 Ûltall'atiou viii AOt b. p.l'fone'. 

"-
" v. C. AOW cOutruct a procacSùt. for .olflA, . " 

,(3,t,S1, lf ~ cSi.tt1butioaal .~ fOrai 0 

! . ')-" 
6, • (6-•• t}'''I" 
6a • {6-•• d '" '. 

/ 
Gr •• f. thaor ... 

(,3,f,1) al'~( ~t1taad .. 

wb". Ua M4 Ua ara "th. pI'&V1oI.wly dat1u4 .·'t .it''1or. a,,4 tha 
(6-•• d u a ~l1aCttOn of tha appliclb1e tIUlt1.-41Jii.~·~:t_ct.1oll., 
COA.tMr.tiOA of the 8cw. pr ..... at tba .t ... of pro)1a~v.1opMAt , , 

1 t.aduUJ.y pr10r to ist.p'atta "y .. th. on"et 1' •• "lt •• "Ior·. ' 
"c.l'U~u. .'/t '-'1'. the Jaeobta of' the .. '/t "\'01 ... i...t" .tre.':' '" 
tOftlltUia U l, tba (6-•• t) u the folW,fda. eoluetiolu 

/ ,. 
6(s,-x,'); 6(KJ~')' 6C., .. ,')j 6C-.-..') 
6(st-x,')6Cx.-x,'" 6( ..... ')6(s, ... '); W(s, .. ,f)'(~"Ji) 
'(SI"lf)6(x~ ... f), 6(~~',,(~ ... f), j(x, ... ',,(s .... ') 

(6-•• t) •. '(SJ"Jf)6is, .. ,t),(s.~t'J, ,(s, .. ",,(s, ...... ,'(s. .... )~ 
, ,(., .. j!),est1J!.", ...... f), ,(S'-S. f)6(ss-xt f"(S .... "e ' 

1(K, .. jf"~..,f"( ..... f'6' ..... ') \ 
' .. t,9 ,1 

, ; 
-! 

; , 
1 

~ 
1 1 

..'} 
1 

1 
~ ! 

~'~ 
1 

/ 
Lit .,. ~UWtl'ace tta. •• ." Ni •• a .............. UoA~ \.. 

1 ~ fd.~ wrk "'da CJiit keon.,.. '" (J,f.J,# .. ~~,I'/C 

l ' 
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equation. are: 

00. .'Y 
'7 

3~t.l0 
'1 

! 
Pll • {6-•• t} UJ 

3.t.l1 

',' 

, , 

Tbe ,pau proj.~t1oD of dN • M4 G .. UI'U,.. ~ A tru. 'CAUr iD Il' s 

• 

3,f':12 

, " 

'or 'PAu .. i 1Îata,rAtiOD, the Or .. •• dwor",Â,2 of T~14I 3,~ •. 1. 
• A 1 ~ 

."r*iAUj " , 
,~> 

/ / / 

( , 

- , 
lub.ituttDl (3,f,12) • (3,f,13),_ 

, \ 

.. tIN ~~ ..... ~ III iIaI 'I-Ni) .., M ',UHiJ.fù4 N'''. dse 
" MU ~ Û ,.J.t ,.,_j4j ... , .. .,.. 'ai> If •• J..I jau,_l, 

1 

/ 
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• oJ • 
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~ .... .,., ............ ,_..-"'1 ""_ ......... _ ....... u _U"_""~~_~ ~ ~~.I.' ~', 

, 1 

. ~ -

tha (~-.a~) al ... ,,~ (whtch ta ~l\a , . .QÙl ala"t\t lM 00t\.t4al'. tOllovt", 
PTe.t ••• l and 2) ta 

{) 
"", ~ 

"\ 
\ 
; 

'"' 
/ 

... "--/' 

/ \ 

At thl~ potnt, tt ta • atapll mattlr to ftnd ,tthlr tha tt .. ~ha~tc 
or atatic ~ductton of (3.f.14), relulttnl in the fa.tIta~ Ktrchhoff 
or POt.IO" formulai ~a,.cttYlty. The lWfo~tant con.id.ration t. tha 
,,"Irality of th., .. thod. 'applicable to ,any VIVI equatto~ f~o. th. 
diftennttal' ,t~uctun of Ilectroaaanltil •• 

")..7'::1 .. ",' " 

) 

r 

! 
o~ 

~î , 

J 

• 

Thl applicatton of IKtl~tor dtffe~lfttt.1 fo~ to Ilectro"~lti,. 
ha, a .ho~t hl.ltory. A;ppanntly the ftrlt devaIop_ntl oocurnd cturin, 
tha 1950'.. Ml8NIl and' ~11L1l (1957) dilcu •• ,d parallall bltwe.n . 

~ dtftennttal o,alcul., \.41 dtff!ll~ential pOMtry (reclU our dhoullion 
1ft Il.X) and d •• cribect the chal,,-fne 'l'/t .llctro~attc fiald ulina 

\ 

o , 

dift.nnti.l fOrai. 1ft the notattou of thia the, t, , thay evolvec! the 
follow1nl ,tructUTeI 

1 • 

lait (Spaca-tt.a) 
... 'or. Oriar .. 

l'tau" 3.2 1 DiffeHntial ,t~ucturt'of MI8N1R .nd WHIILIl (1"7). 

Withil' • fav y .. r', 'tANDlllS (1963) found that MaxweU', -cauati0r' 
eould be parttally ineludtd il' their "nerality, aitho"ah lt nMlned 
for DISCRAMPS (1970)' to l'ota that a .odilicatiol' to tha * operator 
could aeeount for the _tari al Charretart.tiel C and ll. De.eh ........ 

, 

1 

.. 

\ 
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--... 

.,in .1 ~SIIIII. TlIOlUIII Ift~ lIHlBLIII (U7Q). ll\noducd th. u •• , \. 

dlaarau for pn.antina dlffanntla~ Itructura •• aY /1970, tha follov1na. ') 
.tructuft had davelopadt 

, 1 

Rl/t (Se.ct-ti .. ) *(I\'/c)' (Dual St .. ,) 
rJ ~~ ... '01'11\ Ord,r ... l,J ~ 2,J 

,~ 

" 0 

'laure 3.' t Diffarential .tructUft of DESCHAMPS (~970) and MISNII. 
~ THORN! md WIILP (1970)." .. 

Plaul" 3.1 (in 13.C) pra.ante th. coapl.t, dlffll'lutial .~bctUI'l. for 

.lactro.aan.ti •• vlth alactri~ chara' &l\d cUI'Jant .0Ul'e... ln th. , 
follovlna chaptal', .. vtll dl.eu,. th. l'.qulrea.nt. for an al.ctl'o-

~.tlc field tftvolvlna -..nat!e louteal. Cone.ralna char .. -fl't. 

alaetl'oup.tic fl.1d'. ft have Ihown in U. P that tha Ilobal ch.r .. -
1 

rra •• 1tu.tlon l, a null .ltu.tion. 

\ OHKUlO (1970) dl.cu.... tba dlff.~nti.l fol' •• truetul'l of 

~ll'I aqultlonl. H. nota. that thar~~rt cartain probl ... vith 

tha di.n.lonl of tlaetro .. lftatlc quantitl". a,,.cla111 tho •• 'Wl\lch 
, , ' 
nly upon an,lnt.aral for th.lr dafinition. In 13.P,',.. dl.cu ••• ~ 

th. _tt,1' of ~-fUl\ctlon. tn .1a~t~_p.t1... 'l1\~ .aparltlon of th. 

di.n.loa. of th, coefftclll\t froa th. total dl_n.lon of a fon 

..... to IIi0lve thi. pl'obl... · 

IALASyllwwnAN.' LYNN ancl' GUPTA (1'''0)' 'alao dariva th. Maxwell 

1 aquatlOft. tn dlffal'lntlal fora •• but tb.ll' book i. introductory and 

Hlantacl toward. talcb~a pl'aetlcal math ... ti9l1 toola, ftANUt. (1974) 
l ' 

.. ka. tha relatlon.hip betWlau Maxvall'. aquation. Ind dlff'l'Intial 
, 

foru 1 l'laorou. Ofta. but h. doei not att.apt to' c_l.~ tha 

,truetu" of 'l.un 3.3. CAMILIN (1969). Ultal 41ff.nlltlal fol'. 
-

to ,tuQ- tha ''alectrocl7ftwcI'' of alact"l'lc ad .... tic charpd 
l , 

1 

partiel •••• a, .a.. tntara.tilla ob~.".tiOift. on \tba raa of lnt.r-

1 ~ 

\ 
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y, 

, 

" .. , 

/' 

, . 
_. ~_. __ , ... ~u_ .... _. ~ ___ • t _~t __ ~ ~ ~'I $~ ~ 

, . 

, 1 

~ . 
action. available to .. lfte~ic monopole., and hov they a~e not the . . 
int.~actlon. ordi~arily e.pocted. 

STOCK ~1974) int~oduce. t~ valuable concepta, ft~.t. he includ .. 
the .. dia dharacterlitici C and ~ in a .. trix •• parate froa a pu~ely 
al"braic * ape~ation. and th il alloWi hi. to d.at'vith aniaot~oplc . 
_dia. at allo iatl"oduce.- the concept of co_utatlvlty 11\ the 
dUfennttal Itructurt, wben the nfert1\ce il to the "~ivalence of 

<, parallel .. qUIne.. of opel'attonl. ln CblPte~ 4, '" rill fifta that 
1 

electl'ic-Io~~ce electrOliapetil. ha. a fund .. ntally diff'Hnt 
co .. utatlvt b,haviol' fra. that of aAlftetic-.out'Ce ,1ectl"a.&lfteti ••• 
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l . , . 
CHAPTU IV J 

. 
ANALYTICAL DIVILOPMINTS APPLIED TO BLICT10MA0NITtSM, 

ln th~applicatlon ot axt.rlor dtfttrlnttal al .. bra to tllctro
_anlttl •• Ive have found t'hat a ,uitably dt .. nlS.onld dlfflrlnUal f \ 

Itr~cturl ln R'/t ëontalnl all of the fu~damantal>Plrtlal dlfflr.ntial 
,quationl of Iltctro .. lftl~lc flild thlory. ROVlYlr. "1\1 ~f the l.,or
tant rllatlon. ln alectra.aanati •• are product formulai' ~or , • ..,11, 
thl Lor'ft~' force, la" and thl Poynttnl thlorl •• tftdlld, fo~lal of 

""" . , ' 

thi, tyPi txpre"'the tllctrodyna.tc intlractlonl VRole Itudy foundid 
'Iltctromaanlttè filld thtory ln thl ftr~t plaoe. WI lntlnd.ln thl, 
ohaptlr to continue thl an.1Yltl of Iltctroalanltl,. al lt t, exprl.,td 
tn dtfflrtntlal'for ... Itrel,lna tha anllyl11 of extarior product 
relatlon •• ln part~cular.l Vi vUl daa1 "lth the LOrl1\:tl forci la" .... 
the Poyntina thloraa. thl reclprocity thlorl. Iftd ethar rllatlonl 
lnvolvlna forCI, aner., and power. WI Ihal( al~o lnveltlaatl II~ral 
athlr l.,ortant .ubj~ct.t lnnlr product ralattonl ln ellctro"anltl ••• 
thl tntaaratlon foraull' availabll to the Illctromaanltlc product 
'fol'1ll. and thl oo~tat1vlty of operaUonal 'I~quanoll ln thl R'/t \ ' 
diftlrantial I~ructur., WI ,,~11 dlaonltrata.that thlre li a fundt~nta1 
dl~fltenci bltwttn Illctrle lourel Ind "anltlc lourea Ileotro"anltl ••• 

At Co..utatlve 'roRtSllll'ot the IlaCtro_lDltiC Dllleft»tial Stryetur! 
. " 

1 

LIt UI darlve a -nuaNr of rtlatton. involvinl the .• oprrator, l'fCI\ 
, ~ 

Tablt 3,~. VI f~nd chat for a ~-fon Cij, . 0 , 

, , 

4.a.1 

,', 

1 
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\ '4,a,2 
• (-), Cl ~ (tt-'6) 

1 
1 

-" 
\ 

ln partiaular. for th. lundamental .1~atr~ln.tla fi.ld'2-fora 6. 

4.a,3 

Th ••• r.lationa are .p.aifia to la't. ind arl not n.c •••• rlly ~.lid ln 
oth.r matric .pac ••• Th. fol1oyin. foraula •• hovevar •• r. trui ln 
a·n.ral. 

Ulin, the .t.ndo.rd Ixprallion for thl codiff.renti.l eplrator 
'\ 

(1.f.2). we can ahow -./ 
f' 
l, 

f 

tt&.l ... (-) .. d~, -. , 

! t 1 

Pro. th •••• th~ fol1owina formula. are, quickly provenz 

ttttdC/l, • -dtt*w, 
\ , 

tttt&l, • -6.ttw, " 

-1 ttll&a), • A·w. 
(, 

•• &al .. • Att"w, 

, ... 
4.a.4 

4.a.5 

W. can nov .n.lY.' th. l'/t and'.(l"t) ItructuralJdi •• r ... ' for 
a. 8 and y <Plau" 3.1). lelation. (4 ••• 4) and (4.1.15) poir\t out that 
th. diff.rential .tructure of thl ,1.ctrOllIR'tic for.. h.. + -c~
~ativè bahavlor witb ra.~ct to th~ op.raUona *. ff"l. d. 6 and A. 

\ 0 

blclu.a tha diff,rential. which in IIn.ral wou~d not abara thl + -ca.-
.utatlve babavior .ra .'rol 

, . ,. , 

1 

\ 
\ 

~\ 

/ 
1 
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ilclca • ~*a ,. da. ~~ ~.(, 
*aB • d*B ',. as. dB' ~ 0 
.ftdy • afty • dy •. ~,~ ~ 0 

ft&. • -clfta.. &s\( da' • 0 

-'6 • -~e" dB. ae, • 0 
. ftay • -d*y" ay. dy' • 0 

"'/ 

i 

l '4.a.6 

ln t~~ Upl'I bllov. + -co .. taUVI ~h~v101' ... nl tbat the opll'a
-t10nal 'Iqulnal. ,pla1filel by any two path. aI'l 1dlnt1aall 

*Sk' 15) 

.... rorl\ Oreler'. 

~~--~~~~-----------P--+-~--.:~' 
,S .............. ----6 ............... a l 

~--~~--~----------+-~--~~y' * .-. 
, • ~14-
, 

'r1aurl 4.1 '. Ca.lUt't1on dtall". for' the lnhOlOI,nloul Ilectl'o..iftltié 
~ Hl'51onl, t'hl ~ __ tat1,,1t1 11 p0l1t1ve. 

Thl iaplication that thl + -coa.utat1v. pattern i. lattlftlcl ooly Whln 
alrta~o difflrant1ala al'l,tdln51cally .11'0 .Ianl for CI and e. 

+- Fon OfctIT'" 1 

~~~~-----------+--+-~~' 
o~~~--------~-+o 

Plaun 4.2 1 Ca..ut't1an dtalr •• for thl hoaolanioul l'Il&tlonl. 
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Conlaqulnt1ly. ft MY cltloribt· tbt . ellctrOMlftltto clUferellttel' nructure 

aa a ~It "~f clifflrlllUal for .. ' in tba .. trio Ipaal a '/t, 'whieh, to.ether 

........ w#.th. irtl cl.rivativea. h.. a .. ·cCIIIIU~attve b~l~ior uncler thl * 
:; op.Z'àt~on. A f\D\dl"nt~ i1lPlicetio~ of (ttl.4) il th't~a ,s..Ulr 

di(fe'''Ual .tructurl .~n.li.tin. of thl coapl.~ntar1 la't "-anltie 

(' 

1 

lour,oe" dUf.tHn.U.al for .. 

• 1 

r' 
( 

1. 

a • Potln.tial ,-rora 
1 

b • Pltld 2-lol'lll 
e • MaPIUC Cbar.atcurHn.c 3-Por. 

,~ ) , 

vould hlve to hlva - -cQlaQtativa bahavior under the * operationt , 

~ 

"-rora Orcler + 

1 

1 
. 
* • 

Cl 

~ , 

10 

1 

,.- , 

, , 
1 , , 

' ! $' 
1 , , , , 
• , + 

',.' , 

.. 

1 

4 ••• 7 

'i,ure 4,~, 1 The electric-Iouro •• tru~ture hll + -aomlUtativity under *e 
the .atft.tic-.~ural .tructun ba. - -ca..utativity. 

\te •• 1 that both diff'H1\UIl atwcturla ,abare thl ca.mn-p'0und of ~ 
the 2-fora .1.Ct~lftltic fi.ld. but have oPPolite co-.utltiva 

~ bahavior. Altho~lh thi. clifflrlncl 1~ eo..utativity pointl out • 
r \ 

.-.th ... ticar clt •• l.tlarity blt"'ln thl ellctro"anltl •• of Illctrie. 
f ... • q 

a.ct _anlUc .oure .. , ve C'1\OO~ bl clrtain _bout ~t. clllpar .ianU" 
ielllal without a Itudy d~ tbl llo_tric nlat:io1:\al;\ipl bvol~d in th, 

, • 0 - • \ 

• op.rator, Incl thair ~hy.loal i.,lioltloG •• 11:\ 14.G. '" vill brilfly 
.aty •• tb. l'/t cl1'fflrlntlal Itl'\lctuH tto. thl point of vi • .., of 

rota~to" and bftr.tÔil .,..tr,. b~t our clilcu •• iQft will be li~tlt . 
i,j 1 ... " 

t/ "\ .. -. l,' '-./ 
• ~t ~ • 

• 

, 
\. 
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. , 
, ' 1 

~ ... ~ J.. , .... ~~ ... .J,..d. 

to the InlrlY and power rllat1on •• 

J, 'Direu 'reMhapu of Il.atEON_tla D,n.r.aslIl !OD! 'îr~ 

Lit UI conl1dlr tva d1.t1nct_lllcsral.~.tlc d1fr.rlnttal 
"" ... ~ 1) 

Itructurll on a It~ al/t .. nlfold (W. vant th. b.havtor of c an~ 
~ to b. th ..... for both .ltuatlon.). IItlrior aultipllcltion of 

- 1 

j 

93 

tbl fundl .. ntll f6r11 ~. B and y and tb.tr duala,dlt.rain •• th~. 
, clt'Iort.. of dih'ct p"'odu~t •• "arranled in accordeci vlth th. produst ! . 

.antfold that i. tnvolved. 

• 

l, Ptsx\ucS! ln 'lait) ~ (l·{t~. 7 ~ 
ex. "ex,11 ex.,! 8" exA" Ya 1 8. 'II aa 1 ~. A Ya Il v .. "Ya -' r /' ". 

2, no4»gt. tn (~/t) ""~l'/t) l , ~ /~ 
ex" "exh Cl .. " a~ & Cl,," Y~ 1 a,," B~, v .. #~. ~ e:' Y." v; 

a, PfodugS' &D "(l'lt)" "(ll/t) r 1 
9 Bl'" è1 -

- /' ," 4,b,1 

'1'he .Ub~.rl'ta .. ...d "'~ to the f.~ f... the t ... 4:Lfi.';'~t~o1 
.tructurel. Notl >bat allrof tb ••• producta .ati.ly the .tandard 
Ixtlrior product relationl, ln ,articular • 

(2,b,2) 
(l,b,lc) 

--f1.b,lel 2 tb,a) 
,(2,b,al 4.a.l) 

J, Wh." VI di'Q.uII' productl of tbl fonl froa a 11nale cU,fferen"al 
ItncS\artt--" ba~ . 

.,. 

"'. 

UIIU.O 

y,.,y.O 
(l.b,le) 

! 

initie ... 

. j 

1 

1 
1 
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_~ ,;.' _,', JI! '. " -' • _, ' 

a Il y. • YA.' 

, 
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\ , 

S'" 8' • •• (8" 8) • - ! (BI. 8) e ~ 

/ 94 , 

(2.b.t) 
(4., •• )\ 

" 
4,b.3 

, , 

'01' th~ e1tatromapltic fOIU,' 11'0" the ..... trûcture, then Il'l ' 1 
". el,,,,n non-,eto direot product.. ( , 

Dtll 'IODUeTS OP'THI ILlCT10MAO te bt"lllNTtlL 101MB l'AlLI 4.1 

1. a" a 

4 10. 

. , 

, 

.".1 (A)C 1 )adx- + (A 'I)a ~ 
Q 

• II ( A lt J h - t pA ,d1(- + , C 1 

."1 ('1 '.>tdx" c 
• ~ (j ME')adx\ +J.I(J 'Ih -

\ . 

" 
tt' " l 1 

ri' '" 1") 

[c" " 1 1 
i! P I.d.- li'. ra 1 
QI" 

, . 
t. 1" t-l] 

t- l' t'" J 

ra l' t") 

ta l' t-l] 
ta t-ll 

ra t-l] 

te " l' ~l 

.-/' 

i 17 conltdlrtftl tbl ~otll "dt'Mftltcm. of th,., " .. ",titt ••• ". cu tlllir 
, . .,." -

a' Itructural oner fol" the •• t..t UI ltrlr l'ical1 rtl\l~ 3. l, the 

f 
( -

- .. _--------------- C4 ($ 

., 

. \ 

( 1 
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Mtr.uctUI'Al diAII'.'" for a. B and yI 

\ 

~.(H'/t) 

~ ,,'nrm t)rll~r '. ' 

o 

. 
, ' 

~ 'tir (~"",*,_",,_~ • ..,. .. _ ... __ • _._-.._.,_. _ ..... _ • 

.. \ 

\ ' 

"11u1'0 4".4 1 The 111ctl'0't'IIÀpeUc .tructural diaaram. 

n,. total diman.ion. of the forma ift thia Itructurt aI'l tndtcated ~ 

belov in a pattern direct1y corre.~ondinl vith th, .bovI diaaraml 

1. \Il • 

Fiaun 4." 1 Di_nalonal nature of th •• 1.ctI'ONlnIUc Itru'ètul'al . 
diall'all, The di.n.ion ,10nl a di.aonal 'l''Mina coutant. 

\ 
Alana the indieat.d dia,onale in Ptaure 4.', th. to~al ~t .. n.ton of 

tb. val'tou. diff.~ential fotM ia ~h. N"!t Uain. (l',b.,,), th. cu..n
atonal charaet.rtattc ofl tbe ~ operaU,on on p-fol'M. ". can .aat'lY a •• 

the corre.pondence in t.~a of dt .. natonl betwéen a fora in R'/t and -
it. duàl in .(R'/t), 

l' • 

1 

-_.~--------
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It' a r"~ 

- (:a' It) A' .c-' It) '/ 

.. 'orII Orcier -+ 4= 

• 
BAB' 

• 
l'A S' 

(at/t) A .(.'/t) 

" la fZ t-f. 

la 1" t~~ 

!JAa-

BAY' 
a 

B'A8' 

TAY' 

.. (t' It) A "(al/tl 

\ . --." 

It ,. B". S' 
./' 

" 

,~ 

1t(&'Jn-A ItC.' Id 
,0; r1: ~ ~ ~ 

" ' [& a }.5 t4t 

cCIfiMGI1% 1 (&. 1. J -t:~] 

(JCrIOa] 

'isare 4 .. 6 : ~ioaa1 c:Jaaucter of the aS It procJuc:t .,.ce._;.,aa.t the ordedas of .die deett~~ie 
cl1rect prodac:ts fA t:hae ~ .. 

~ 

~ 

:-

!O ' 

. ... _. ""...... ---~ -_.- -- / ,~ H ......... k9W<I!.r~ r, * XI % ..,- ~_ -~, .. • 

'> 

.,. 

\: 
; ~ 
'.,.,.,: 
'-e:iI 
~ .. 
~ 
.". .. 
~ 

i. 

~ 

t 
17 
l , 
1 ,-

.,f' 

" . . 
";.ll 
" • 

i 
1 
l 



.-
\ 

l 

'1 
i 

·/ 
,97 

Nov ". wl11' a1\aly., tb, cll_1\llo"al ori,r of tb, pl'oeIuct fONl. t:~ 

'11\, dinct ptoduCtl l~ltù 11\ (4.b.l) .. ", Tabl, 4.1. kaft b'!" cU.vided 

l1\to tbl'I' ,at'aorl'" tbol' 1" tbe product I,.ee (ttl/t) " (tt'/t). tbOl' 
1ft (RI le) A -(l'/,t),, ~d tbole 1" -(lait) A -(R' It), Sl1\C' tb, -t'tal 

d1 .. ".101\ of a produet 1,'tb, product of tb, total dl""llon. of tb, 

i.1\cltvtdual f9n1 11\,;o1.v'd, ,acb procluet ClUll\ttt)' 1" Tab1, 4.1 cu b, 
p1ac,d atDa ,.rtlculal' ,0I1tlo" 11\ 01\, of tb, dl""1101\,d .ultl1l .... ar 

.,.c •• IbOW1\ 11\ rtaun 4,6. Th~ pOiltio1\ cOl'nlpo1\dl to ltl total 

dl .. ".lon a. clet,r.l"ed b7 thl abov. .tat'''1\t (Notl tbat YI arl ~ 

dlv.lop1D& 4ftY i.1\t,rr,latlo1\lblpl aaoftl tbe proeluet q\lutiti'i at tb11 - 1 

t1 .. ). ) 

an, of tbe l1\tlr.ltl1\1 dl..n.1ona1. nlat~01\lblpl tbat follo", 

froa ~4,at1) Iftd'tbe total ell""110". 111t'cI 11\ rl~I','4,6 1. . 

lIflrri1\1 to U.b.5). ". ... thlt tb. pl'oeluet .pac •• arl coaltate1\t 

witb n.,.et to tb, * op"ltl0ft 11\ ~b. ""1' that 
\ 

\ . 

4.b.5 

1ft otb,r waretl. _ Itructul'l tbat ..,. _lit 11\ 01\' of tb, J)roduct 

.,.c~. w111 bava dual babavlor 11\ tb., oth~n. An ll1POl'tl1\t oHeNatlo1\ 
11 tbat tb.ra 11, il ,,.CI of PUI',l.y ''a,chulell n ell ...... 1onal charact,r 

o 

whara th, cll .... 10ft. cio 1\ot tftvolve the el,ctrGIaID'ttc ..ctta quantltt,. 
r 

, _d 11. ""1. 11 tb. ,muet .,ici (a'/t) f. *(l'/t) • / 
\ . \ 

c. tnt'DDtISi" of Pr04uct hna 
,- / \ ' 

t'ba total eliM".lo" ,~f 1 prod~ct fora le ... )' to \11C\11It. wh_ 

the total dl'M1l1101la of tb' oœpCX\l1lt folu ua mon. À IJlt_tic 
- . 

dlM1\~tOM1 .alyll1 of tbe pl'oduct fon vtll thl1l ylalel th, oOiffl-
~ 

\ 

---~-~._-------
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- clent dt_nltonl \to~ a.cb tam. V. ah.U t\ow ,,~oc.aect w1th tht. t". 
ofo aft~1ylll fo~ 'the ,-rocl~ctl il" tabl_ 4,1 that lft'lOlve 8 ancl1\-Y. both. 
of Vhtch are ob.e~vable el~t~o"lftettc quantttte.. 0 

. \ , 

ln tba cova~taftt forwulattot\ of elect~tt... tVo fteld 
qua~tttte. a~ tftva~tant ut\cle~ tha ~ott\ca~4 .~u, of 't~an.fo~tto~a . 
(tt\cludlt\1 tTàt\lla'u'o"l. ·I~C'U.\. Totatlot\I, and tt_ltkl ~ôt.tlot\1 OT 

toHftt. t~at\lfonat101\'>, taSNIl. tllOlNI aM WHInD (14.3). uatnl 
t.nao~.not.ttOt\ for tha .lact~.ttc fteld. wr1tl th •• la fol10"'1 

. " ..... ., .. • E-' 'j't . 
4,a,1 

+ r.. ~r" • .a _l' 

\ 
, , VI IH (uxtc.~ecl "tlot v1th th. tan.o~· ctaval" .. t of .1.at~oMp.ttl.. ~ 

but vtth tha fIat" that tha ·two tt\va~tutl an .ubltlnt,iallJ the 
'I"HuCt fOnal of the a'1.ct~ ..... tto fi.ld" 8,., a _~ 8,., 8' 1 

t'" • 11 

~at UI co.put. tba coafftcl.t\t clt.anllonl for tha two procluct fo~ 
~t\ (,.clo,2), Th. 4-fo1:1l dtffen~~tal tara claUu bal th. cltMt\lion [1'\1 ~ 
lrh.nfoH. 

f' f , J 

[! (D'I - -"H>]. J. la~t"'-r'l • ~,ION]~ o~, {~1 
01" [~GYl 

. \ --- , " \ 

",.. ...... f.lI~tJ (~1'1 ~~ .. o~ __ ~ .. _1e ~~~\t". 
coefftclMlt qumtttf ~. a IcalaT (u 1;ha l' IUI'~. _cl ... twa 11;I,lf 
tl a VIctor .quanti". C_tbutaa. " " \ '" 

, 
1 

'1 
l 
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~ _ ... ""t-~ \:~rl \ 

\ \ 
1 

1 

:,,:.\'t; Tharefore, 
\ 

'~""".r \-.. , 

(~ (D-8)] • • 

__ .1 [2 (D-B») .- (1 t"l-'ll l-rl -

[·l~] \ or {~l 

[~~ION] or [~fVM] 

• 

~ Alaln, ft crltlcl •• the po •• :l.biU.ty' (MQotDl1 1) becau.a of th • 

, \ 

, '. 

" 4.c.4b 

• calar charactar of the coefficient quantity. 'lbe di_nlion (ail '1 

, r 

2 -
(a ,liai. denaity) f~r ;< D -8) indicate. \hat th~à i. a ila •• 

• quivalant for an a1,ctroÎlapetic ~iald. \ 

y" Bt la a product 3-fora of particular intara.t 1 

4.e.,5 

Definina tha coeff:l.cient quan~itiea 

,w- (J'E) 
/', 

F- J><8 - pE, 
",. 

ft inquiH about thei%' phy.lcal dl .. n.ion.. Reeall tbat (dz 11 I} - [l') • 

[dX'I') • 

[l1t)[W)[dxU1) ~\(I~ -tl)_lll-tri -. ,t'l-rl] (lI) 

[W]:.: (.l~ t"l -/[lVfP] 
1 4.c.7 

) 

In other ,/orela, W il the rat_ of el.-eetroMpetle ~1\~'tV di •• 1.pation.' 
, 

/ 

[~] !FI ItU~l ~ Ir' tl!l t:" '. t" ,~ .. ] (1'] 4.c.8 

/ 
\ 

o 
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\ 

.. :>-". " 

(F] • ha}.. ... t-l] • fr~~E] 
'1 

\ 
, . 

F ie the "Lore nu force. which in thie c •• e ,ie'. rt-' •• lf-(6rcen ,tana 

tnvolv1na the fiald. .nd ch.rae/currant. froa the .... diffarantial 
l ' 

.'tructura. r 
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4.c.8 

ln th. context of force and power. it i. i~taraltina to .pa~ultt. 
about tha .. anina,of the alobal di.-n.ion (a il]. ParhaPI,th11 il the 

1 l, ' 

.... rata of chan.a aquivalant to tha al.ctroaaanatic ed.T" dil11pation. 
Tha lacoud product 3-fon involv1na y and a ie 

" 
ln an .nalyli. ~~~l.r ,to tboit for Y" a'. we Und 

(J • B) • [a ~i t-l J 

" 

(J )( E ; ~ pB] 1. {ar~: t-lJ ! ' 
-- -~------~---~_._-~ - -~ -----------------~------; 

. l ' 

la t"') " 4.e.ll 

, 

- c [\l( J .J ); t pl) • ra ~_ t~] or [al loi] 4.e.12 

1 By tbe.a technique., ft can° ftnd tha coefficiant d1~.1.on. of any 
~ , 

differential fora who.e to~.l diaen.ion ia tnown • 

. \ 

\ '1 

, 1 



\ 

II / 

, . 

\ 

è , 

1 

D. Prodyct Spac. Structur. 1: Differential. and Codifferential. 

Kavlns eatabllahed in §4.B that there il a pOlitional order for 

the dimanaion.d diff.r.ntial forma in the aultilinear p~oduct "ace., . ' 

we nON invtl~~aat. ~he pOllibility of a etructural interrelationahip 

for thele product forml limilar to the R'lt Itructure for a, e and y. 
Thil will invo1v. an lnveltiaation of the derivative and ~ operationa 

1 

on the producta lilt.d in (4.b.l). 

I! In the !t' It product apacea, th. derivative can be COIIlput.d 

101 

for 'any fOrll who .. order ie < 3 by (1.e.3). The followtni derivativea 1 
o 

are ther.for. avail.ble: 

R'it PROOOCT DU1'lRENTlALS TABLE 4 .. 2 

1 
Note that .men both fona. are from the .... atrJcture ( .. • .). 

r.1.tl~na 1 and S ~r. ldeutically •• ro on both ~he rl8h~-hând aide and , ~~ 

. lef~-hand alde. 

Calculatius th. codifferentlall II not a •• i.ple. Ho~ver, for 

producta of a'it differ.utlal fo~, the followina for.ula ha. baen 

found to vork: 

«-
4.d.l 

, (Racall the aleUar R' codlffeunt:lal fonmla tn u.r). The codiffer-
1 
1 

\ . 

1 

\ .. 
r 

\ 

- --- - -------------
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1 
\ '-

.nti&! .ay b •• pplied to all but O-for .... 0 it aay b~ applied to 

•• ch type of R'/t product~ 
'J<{ 

R' It PROOUCT CoDIFFErumTULS TABLE 4. 

1. 6(a. ... a.>f). ~ ... a. '- (l" ... ~a. + (.-l(*a." ... d»"'a. + (*"'(fte. ... 'd»"a" 
•. - (l" ... YI + 1\ +. n' 

2: 6(Cl."'Y.>· 6f4"'YI - ttA~~ + (.-a(*Cl" ... d» ... y. - (*~(ftYI ... d»"a. 
• + Il )_ Il 

3. 6(a. ... a.)· 6a.,."S. + a",,6$. + (,*"'(*a""'dUA~. + (tt1(*8.. ... d» ... B. 
• Y." B. + B"" YI + . ~ .--t,-~ + '-ii" 

4. 6(y .... a.>· ~Aa. - y.,,6B. + (~(ftY""d» ... B. + (1f'l(ft8.."d»"Y. 
• • y ... y, + " "+ ~ii " . . 

.5. 6(~,,(l~). ~",(l~ - a.,,6(l~ + (*'C*a."d»/.cl~ - (*"'(~ ... d»"~ 
• - ~"B~ + (l" - • 

6. ~(a,."B~)·~" a, - aA ... '&< + (*"' c*~ ... >d»"B. + (*,,1 (ftBi ... d»M'" 
• + + '" -

7., 6(a."y~) - P«r"Yi - a.,,6y~ + (trl(*a .... d» ... Y~ - (*..a(*Y~~d»t<a" 
\ • - cx." AB~ + " - Tt • 

( 

6(Y""a~) • P1':"al - YA,,&l~ + (*-I.C*YA"d»IICl* - (*"(*~"d»"Y. 
• - Y." B~ + " - - n 

'" 8. 6(B,,"au· 6a,.Aa& + a.,,~ + (*-l(*~'''d»''B~'+ (ftl'(*~"d»"~ 
-- ___ ----~:r.."~:__ _ + " + It 

9. 6(y" ... a~) - ~"a~ .-y,."M{ + (.-l(ftY~d»"â~ + (*"l(.rer;;dJJ"y;-··- -. ~- --~ _ + n +~, 1 
\ . 

10. 6(y,."y~) - .1'(1. y: - Y."61; + C*i.(*Yt\ ... d»"Y~ - (*-l(*Yi"d»"Y. 
- - ·Y."~ + -

11. 6(a:"B~)· MfAa, + B~ ".t + (*i.(*al"d).)"B~ + (ft"' (*8!"d»~al _ ~ +" +,: ~r. 
• 

Nôte that when botb fol'tU are frOII the .... structure, . 

• r 

3. .. 6(B" a) • 2y" B + 2(it-l (:*'B " d» ... B 
/ 

4. ... 6(y" e) • (*-1 (ft Y "d» " e + (*i. (*B " d» A Y 

11. ... 6(B'" B') • 2(*" ("a ~ ~d» " e' 
"'\ -

/" ~~~--,=., 

,\ 
" 
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\ 

By Itudy1nS \th ... diUarenti.le and C:odiffeHnUa1a. ,.. Und that 
. " -=> 
tha product forma in (4.b.l) ata intarra1atad. but th. ralationlhipa~~ 

_ r 

IIOrt c01llP11ea~ed than thoaa fot' a, a and y. ln tha naxt' .aetion, va wUl 
txami~e .evet'a1 lituationl' in whieh the eo.plexity of 10.. of thel. 

• 
, t'al.tiona ia t'edueed.' 

\ 

E. Pt'oduct Spac. Structure Il: Spesial Cit'eu .. tane.' 

1. Alaebt'aie d'CO!pOlitioul of diff.ranti&! f~r.a 

Wh.n tha qUaDtitiel of a'diff.kential fora at'a pH~ilely .peeified, 

/ 
~ 

lt may ~. po •• ibl. to affect a~daeompolition .. follova: 
• 

1 

4 ••• 1 

Sere the p-~na tA.! ha. been tt'anefot'1Md iuto a' product of a q-lorm and 

a (p-q)-form, where q < p.-lt 1. cl.ar that,th.re ,xiat. a trivial ca •• 
r 

_____ wh:.:.:.,.r. q • 0, Q • k (a Hal u~er) , 
fot' Any l-form,Q, 

and a • (l!k)t»,. bcaUÙla that 
----_/ 

f 
1 

\ 

4 ••• 2 

if(tha alectromagn.tic p-fo~ can b~ ~eeo1llPo •• d by (4.e.l) to incl~~e. 

a l-fo1'll ln the product. a nuaber o~ th. pt'oëluct t'llationlh~p. ~f §4.D 

vill be limpl1U.d. l'or aXaaPl" luppo.e t,!t. "2-fora a il tt,_l .. ". that 

ta. tt can be thouaht of à. a product a • QA A a,. when the Cs'. al" 

l-foru. The 

.. 

'\ . 

[(l.b.2);(1.b.le») 4 ••• 3& 

~I 
~~ BA • a. A a.a and B, • a, A (lit. theu 

à. Ii 8, • 0 4 ••• 3b-

,\ 

l, 

/ 
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\ 

W. auat a+t. that\the op.rat10n d, wb1ch 1a .~m11.r to. l-fora, do •• 
not .atiefy "(1. b.le). Oth.rwia., a ~,da, and a ~ a • (d ~ Cl) ,. (d ~~) • O~ 

From Tabl •• 4.2 and 4.3,'it ia aa.y to .aa ~hat iE B i •• 1~1., 
" " 

many of the dar1vative relation. for tha product fora. are r.dueact ~n 
eomplextty. Ho~var, th. ala~trom&anatie fiald aituatiou i. a .pae1al 
one. '11la condition. of tha aboYa uupla :l.mply that E and a are 

, + 

parpandicular, .ine. by Equat10n 3, Tabla 4.1, 

E •ta • 0 B ~,a • 0 -+ 

, ! \ 

J 

:1.:1.. Eil!uvalua .1tuationl'for th. alactromaan.tie diffarant:l.a1 atructure 

. "'\ 

U ft have a cU.fferantial atl'UetuH wbera theft ta a ehal."ac.'t.r1ltie 

\,' 
~ 

:/I,olution to. the Laplaee-Ieltrui operation. the product apac. r~ation. 

" 1 
J 

'. 

Ar. are.tly .1apl:l.fi~d (S •• ~R. S6, Ex~l."c1Ie 16, fO?a dl~cu •• 1on of 
th. eiae,,"luel of the Laplae:l.an). l'Ol." .uaple, let -, 

, Il 
i 

,4 ••• S 

Wh.ft k 1. a d1 .. ualon.d charact~l."i.t1c value (&scat! (3.b.7». Then 

a~Cl. 0 

, a A y - Cl A kCl - k(Cl A Cl) • 0 

YAY.O, 

AB • MCl - dllcl - ka ) 

YI>.Y· -ltl (ClACl' ) 

ClI>.Y· - 'VAa' -lt(aAU') 

YI>. a' ~ k(OA a') 
y A a • k(a'A B) " 

4(Cl A B) - a A a 
cl(y A $) • AS AB· t(B ~ a> 

, 1 '\ 
1 

\ 

4.e.6a 

4.e.6b 

4.e.6c 

4 ••• $d 

-- --~~--------
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Por thl •• 1,env.lua ~roblell, many of tha p~oduct for .. beco .. I11Qly 

relattcl. 0 • /' , 

Nov let ua lnveatiaata tbe POI~ib111tY of a true dlff,erentlal \ 

.• UU~~UH on tbe p~ocluct .pace °wben AB • ltB. l'ro" Table~/4.2 and 4.3. 

Racallma the p~ocluct Laplaclan devéloplllnt ln § 1:. GI• lM flnd 

" 

- 2k(B À B) n + " 

The R'/t el.envalue problell A~ .• kBdoea not p~ovlde ua vlth th. 

11\fo~tlon nece .. a~y to 1~lately .01". the p~OcIuct .~c •• 1pn ... 
• 

4.e.7 

4.e.8 

value probl •• , becaua. lM cannot detendne tb. charactenatic aolution -4 . ' 
fo~ the ...... tlon tenw in (4.e.8) vith re.pact to the p~ocluct (81.. B) 

frCMI 1t. 'lbl. :la "the -..jor problell ln finclina a t'rue dlffe~.ntial 
etructure for the product .pace. 

111. Inforced +\ -c01llÎllUtat1Vfl p~oauct lpace behavlo~ 

"we found ln ,Îi.A that the funclamental electroaaanetlc foras ,u, a 
and y bad a + -ca.autat1ve behavio~ vith reepact to the opentione d, 6, 

l , 

A, * l'Clcl .-l. W. will nov... the bllpllcatlona of a •• u.lna that euch . ~ 

comautatlve'bèhavior Ixi.t. 11\ the p~oduc~ epace •• Two poa.lbiliti.à 

ari.e. In the fir,t. VI pre ... the .pace '(tt'/t) A (R'/t) vould beha". 

.. R'/t" ai;nc-' fo~ tvo clOl.cl f~r-a CI.I and rt (dCI.I -. O. drt • 0). th. 

" ,produç.t i. elo.ed: 
, 

1 
cl«a)"rt) ·WI.l'l + (-)"'CI.II..pt'- 0 4.e.9 

! . 
'l'hen. (a'/t) A *(i.~~t) veNlel ~~ave .. • (R'/t) becau.e of (4.b.5). ad 

/ ' 

\ 

/ 
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, 
, ' , 1 

.•. " it ~'~ 
- . ,t.~! ~~. '" .... \.~ ___ ."'_. _____ I_.-._ .. --.., ..... ~ . 

\ 

*(Il'/t) ,,*(R'/t) wou1d behav. a.- R'/t AI&-in. Th1a wou1d .. an that tha 

,follovina/darlv~t~v. ~latlona ara identic&lly .ero~ 

d(a A'Y) a 0 Il 

~ \J;, J 
~(a AB) a 0 

6(y A B) 
• 0 

d(aA,')·aO 

d(YA a') 
• 0 ~ 

6(a ~ a') • 0\0 
\ 

. 6(a A y') 
• 0 

6(y A a~) 
• 0 

6(8AB') 
• 0 

1 
--6(YAY') .0 

'. 
1 . 

Tbl, la ev1dantly not _anin.ful, and ft ,.laborate cm two of the 

n,laUona in (~ .. e .1fP to aplain why: 

1. 0Il. of tbe electl'oupettc Gre.n'. tb_onmr; re-wrlttan" froa 

,(3.f.S). li " .. 

1 • ( 

( 
106 

d(a~" B~ - Cl," B~) ~ Cl,AYl - Cl,," Y~ . 4,a.ll 
,\ 

From lin. 4. (4.e.10). tbe left-hand alde of (4.e.l1) would be 

identically .ero. winl thia Grean' a tbeon. lnconaequential~ 

2. Expandins I5(B A B') • o. "- bave , \--

-
V[( E~D) (B-H)h-O 

.. - . 
4 ••• 12 

1 

Sepatat1u& mt~ apace and ti_ cQÇœenta. 

~E·E) • ~H·H) 8t 8t 1 

~ V( E • E ) ~ \l V.( H·H ) 

\ 

4 ••• 13 

, 
which ca. œlJ be aatiafied. if E-E ad H·H ~ava identical apace and 

, . 
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! 

,e 

", 

.. 

) 

f 

1 

H ' ,0 

tl .. bthavior. obvtoully,not a very I.eral .1tuation~ tberefon. 1t 

&ppeara that th .. Qonj.e',:~~ l,ad1na ta (4.,~~O) ta not val1d~ 

Th',,~thtr '0 .. 1b111tY 1nvolv •• ~~ a •• uaption that aÜy e\lectl'o

-anetic 'direct product hu + -cOllIlll~.t:1V1 bahav10r w1th ra.pect to 
, .' 

the Ipace of ~.t. d.fin1tlon. In other vord., for an (l'/t)" *(R'/t) 

prodtict. th •• pace (R '/t) "*(l'/t) 11 conaidend to b,haVi a. R 'It 
• f 

,in tet1U of co~tative charact.r. We have the fOl~rù\,·ralatiOn.: 

.~ d(a A y) 
• 0 

~(a Il B) 
• 0 

~(YII ~) 
• 0 

~ 
4 •• ,14 

~(a Il'B') 
• 0.,0 

~(YA e') 
• 0 

v 
- l' 
OQe uaaple convince. u. that thia 1 • .or. real1at1c. Uatnl th, notation 

'(4.C.6)", wa have for th. produet yll $' • 

Seperat1na the .pac. and -tbl. cOllPon.utl. 
'" / 

VXF - 0 
SF 

'1W --St 

'The firn 'quat1on in (4.,.16) 1ndic.t •• 'that ~h. Lonnj. forc. 1. 

COIl •• rvat1ve. The .ecOQd 1. the t1_ dai1vaùv. of tbec..orl-forca , ,~, \ 

4 ••• 15 

4.e.16 

relatioa wrtttl1l •• a' d1fferent1ai . equad,m (FEYNMAN.. LlIGBTON an. 
SARos (1963). 514). 

" 
\ 

1 i 

/ ./ 
'i' , 

, \" ' 

. 1 
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The R'lt inner product t, deflned on • clOied .. n'lfold. Al~bouah 
luch a manifold il beyond our phYllcal pe~eption, The dllcu •• lon of 

\ 

S3.C aad 13.r indicate, that the~e 1. a ce~t.tn co~~.pondence vlth 

electromaanettc theoTy. In thi, •• ction, we will dtlcu,. tnner p~oduct. 
ln relation to the electromaanetic dillerenttal .tructure • ., 

ror the R'lt p-forma deflned on th. clo.ed -.ntfold M. ! \ 
(l.I).n) • ,.uu 1.1) A*n 
, " 7tt1M 

4.f.1 
\ 

" Wheneve~ the intearand 11 exact. tbe inn.~ product ia .erol 

1 

A. clolad aanifold hae no boundary. 
1 

4.f.2 

lor 11\I\er p~oductl of elect~caaanetlc dif,feHI\Ual fotM, we lIU.t 

b. ca~elul not to c01lPue the 1nte~.la \b .. ed 01\ dUfeHl\t product 
... pace.. For ex_ple t 

4.f.3 

vhlch aPP"~1 to be a proof tbat r./ll < O. 1lOftver. the firat iutearal 
li 1ft (R' It) " *(1.' li:). ""Ue the .econd ta 11n *(1.' ft) " **(1.' /t"). By 

(4 • .-.1). ft ... 

4.f.4 

'Jhanfon, 

4.f.S 



o 

lIn other warde, the manif~lde Ml and Ma .. ~e,a differenc~~ 
\ ,~ • • l 1 

. The followina la • ~1itr o,r ~the inner ~toduct nlation. '7t aUed 

by the dUf,erential forlU -in. th. electrOlllqnetic .tructure: 
"'y 

, . , 

.. 1 • 
1. (a.y) • • (a.~a) • (da,a) • (13.13) 
2. (a, y) 

3. (y.y) 

4. (13.13') 
5.. (B,AB') 

- (a.Aa) ,- (Aœ,a) • (v.a) 
• (y.~B) • (dy.B) • (AB.8) 
~ ~da. &a p ... (skttf.a') • 0 
.. (a~~ + ôdtlt) ~ ~dBA) • 0 

\ 
4.f.6 

Not. that relation. 1. 3. 4 ~d 5 in (4.f.6) can be proven ulina (4.f.2). 
ainc. th ••• derivativea hold:" 

d (a ~ '8') • dCl AB' 
d (y ~ B t) • dy AB' 
d(ClA B) • dClA B 
d (y ~ B) • dy A ~ 

- Cl A d8' - BAB' 

- "r A dB' - AB AB' 
Jo 

-aAJtf!- BAB 
- y ~JIf' - AB A B 

! 

G. P..latiana for Forc •• In.rp. and Power 

4.f.7 

ln the liat of direct product. for the funda..ntal fo~a a. Band Y. 
ft ~o not fine! the illportat\t product quantity E)( H. C.rtain Yector 

productl can bl cœatruct6Cl froll d1.fflHutial foru only by proc.ed1na ' 
, t 

indirectly. TÙ1na into ICCOunt th. 1.' It d1ffer4lt\tlal Itructure for a. a 
aue! Y. va wrlte the followina ,two product nlatiœl 1u (1.' It) A "(R'/t); 

la il] 4·a· la 

\ 
*'(13' A cSB') - ~(BA ~B) • - *(8A y) ,(a,l" t~] 4.a·lb 

--
It il,allo pO.libl. to fora a lia1lar plir' of r.l.tiOftI where all stana' 

are' +. but the 1 .. nductiou of the cOlIPaaotl dOla not occur. Ther.

for.. va will GIlly cOQltder the abOft -pair. 'J.'he total diaat\liou livet\. Ùl 

\ 

/ 

. . 

----_. --------_. 
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l , 
(4.8.1) i. uaeful 1~ ldentifyinl the phyaieal ehataetet of all te~ .. iu' 

" 
t}\,e expanded ve~.lona' of the.. fot'll.lla.. P~oe.edi\\. with .xpanaion-. we 

, ' 

hava 

- 1. (ox(VXE)hdx" - ~ lExHhdx' + tl1[H-(VXE)h t!:\(ÎHv.a)] dx' cee, 
<> 

+ &l1lH-àh +1. lE (V-O)]adx' + ~P(E·Dla - &p(E·(VXH)h c 

+ ~ (H x Èladx' _! (B x(VXH)]adx" 
e e 

- 1 , 

• • 

~ \, 

_1 (O-(VXE»)clx,.1 (O·à)clx\ - (o(v·a)h - &P(t;fX(VXE)h 
cc, , 

t\l(Hxàh - 1. (B-D)dx' + 1. (B -(VxH»)ù' + &l1(EXDh 
1 e de] 

- t\l(E X(VXH)h - (8(~·O)h 
1 

• tll( J XE h - l> B l + 1 (J - B )clx\ , e 
" 1 

1 • 

4.,.2b 

S.patat~ the .paee and ti1là e01lPo~ent. of (4.1.2&) aive. ua the 
- . 

followtQ8 two foraula.: 

$pace + &l1(H·(VXE)h + &p(H-àh + &lI(E-lu, - &lJ(E-(VxH)h 
! 

+ E)\!( J • E ) i • 0 

'1'1ae + SJ! [HxÈlaclx' - 1 (Bx(VXH)ladx' - l (J x Bhclx' - 1 pE là' 
e c~ e-- c 

- '1 [0 x(\')cE ) laa" - !l!. (E X Hlaclx' + 1 lH (v-a) laclx' ccc 
,\ 

4·8·3 , 

/ 
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Def~in. S coefficient quantiti •• vith tbe indicated di_nalons. 

,1 

S. ExH 

u • i (H -8 + E -D) 
W· J-E 
f· JxB + pE 

X • (H -V)8 ... H(V-8) 

,.., \ t 
( • t"" ) '\ [!NERCY ,MX] 

(a 1-1 t l ) \ (ENDGY/VOLUlŒ) 

(a r 1 il). t:POWft/VOLUMa) 
Il 

(a 1-1 t-l) - [PORCIE/VOLtMI) 

... (E -V)D + E(V-D) (a 1-1 t..f)· (FOlCIE!VOLUMlEl 

'Î. 

tb ••• parat.d .pac. and ti_ fomula. (4.a.3) bec ... : 

c 
au 

Space ~ &ll(V-S + at + W) 1 • 0 • 0 

1 

Bracut: Sular Te~, [. r1 t-'l • 
1,., 

Tiae ... ~_~",&S - vu + 
c &t x - fladz' :' 0 

BraCke~: Vactot' Teras, (a 1-1 t-l] • 
• 

4.,.4 

[PORll/VOL1IŒ) 

(FOBCIIVOLUMB] 

,. 1 ~ \ 4.8. 5 

By "ma eithu direct or dual apae, proj.etlon8 of (4.,.S). ". set 

four int .. ral fo~l •• : 

'USa • ,III-{w + f) J1av V \ 1 

\ 
~, 

! C) 
4.8. 6 t 

1 
t: 11\. di_liœa1 __ bai. _for ,5 proc:eeda froa (4 ••• 3). rv-~ l -

l- 1'1 i'1]. vb1.c::b .. for th •• pace '-fora ia l- lat'" Il 'l. or [POWIERJ 
VOLlICE). Beeaua. S 1.a a .pace 2-foDa, ft coulc! say [s) - r. l a t~ /1"1) , 
or (POWBR/~J' Boweftr. S i •• dtnc::t.d quaut1.ty, and the cou"-,u
tlœal (a 11 t III tl • [IRDCY 1 ARIA TDœl 'II (INBRGY' lLUXl 1nd1.cat •• 
thl •• ProP4lrly"handled the dlfferentlal algebr. prov1dea the, 
correct d~.1ou.l analysla. 

/ 

j 

1 
l 

j 
, ! 
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(1 coaponent) 

e .S, • h<VU -X + Fhdt (3 cOIIPonal\u) 
j 

4 ••• 6 

\ 'e U(x) • I;[q,:~ - X +F). · 
... 

1 } 

'nle apace relatlon i~ (4. &.S) 1. the POYJlt1na theorea, e .. ~tially Q 

equ"tion of continuity fo~ pOft~ and ene~lY. In the tl_ relation 
• 

(aince the bracuted tenu are force denaitlea). th. ten involvina S 
leada to the explanat1aa' that t\l S la the lIoaentum denalty of the 

,electromapetic fle~d. Alao note tbat the electrouauetic f-teU energy 

denalty U behavaa a,\ a potential in thla equatlœ • 

. sepal.'at1na the apace 111\4 tl_ coaponent8 ,Of (4.g.2b), we have 

o 

\Space ... - [O(V'8-)h - &\llHx(~E>lt - &l1[HXBh + &\l(EXDh 

\ &\.llEx(VXH)h - lB(V-D>h \- &l1(JxEh + pBl • 0 
, _ <J 

Tille'" _1. [l)'(VXE)]dx' _.1 lo:à)dx' _!. lB'D)dx' /' 
, ccc 

+! [B.·(VXH )]dx" - ! (J -B?dx" '. 0 

Deflning 4 quantltie. vith the indicated di~.lona. 

M· D-a 
r· J-a 
W- JxE - ~ pB 

E\.l J 
y - (B"V)D ,,+ (0 -V)B D(V-S) - B(V-O) 

)" 

~h •• epal.'ated .pace and t1ae fo~ .. (4.8.7) becoae: JI 

4·8·7 

[a 1-1 t-l) 

la 1" t-l) 

la 1"' t"") 

la r' fI) 

, 4.g.8 

\ , . 
\ 

" , 

,. ~, 

p, 

\ 
. / 1 

1 

1 
- 1 
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~ 

Space, .. [11H + ~(H ",1\) - /QJ('E -0) +/.~W - .• ' h • 0 

Bracket: Vector Terme, lm l~ t4] 

Time ... ! (aM + O.(VXE) ~ B'(VXH) + Fl - 0 
c &t ' 0 

4.g.9 

\ 
Bracket: Scalar Teraas. [m l-l t-l] 

\ 
Reca111ng the Interpretation we gave to ~/e) in (4.c.4b), the space 

~eiation of (4'8.9) cau be converted ~to t~e gradient of a .. as 

density, and th~ time relatiôu ia the rate of Change of thi. mass 

denslty. Two iutegral formulas foll~: 

\ 

El M(x) -. - J ~ 'h:ll(HXà)"- tlJ( E'xD) + ElJW ~ V 11 
~ ex, 

) 
4.1·10 

The structure of the two relations (4.8.1) aay involve a more 

fund8lllental cOIlsideration than 1& at tiret obvious. Sy1!aetry prop~rtie8 

of the differentiab1e manifold a'/t eau influence their forme Let us 
/ ' - 1 

-look at some relevant aspects of coordinate system transformations. For 

Cartesian frames in a'ft," the folloving are possible: 

-Inversion: For the space coordillàtes. re~1ecticnt. 
For the tl .. coordinate, reversa!. 

) 

\ ' ------------' F:f,zeclîtotation: For the space coordinatea. spatial rotation. 
\ \ /\ For the space-tille coordinates, Loren}z transforM~ion. 

Translation: Por the space èoordinates. shUt of poSition. 
Por the ti_ coordinate, ahUt in tiae. -

Scale tranafor.ationa of the coordinates. 

f 

! 

" 

! 
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1 

, \ 

1 

Relative translational motion (constant veloeity): Equivalent to a 
apace-time rotation (Lorentz transformation). 

Relative rotatioual motion in space (eonst.ant angular velocity): 
Accelerated motion. 

Accelerated tranalatiQnal motion. 

Accelerated rotational motion. 
1 

In claasicai mecbanics, tbe principles of conservation of momentum and 

conservation of energy follov from the invariance of the. physics under-. 

epace and time translationa (LANDAU and LIFSHITZ (1960), §6 and §7). On 

a dlfferentiable manifol~t the local coordinate system represented by 

the differential l-forms dx' can only be signiflcentlY affected by 

inversion' ànd rotat:f,ou, as translation does not have meening and scale 

transformations will only introduce constants into the vector results. --We will not consider transformations involving accelerations. From the 

differential algebra, va find that the Rift physics (as it is expressed 

in the differential relations of electromagnetism) is invariant vith 
, 1 

-respect.to rotation and inversion operations in the/sense that a generai 

transformation ope rat or T satisfies 

" " o 

4.8·11 

In pàrticular, the operation inv~lvi~g the inversion of aIl coordinates. 
~~ 

1: (dx1,dxt.dx'.dxlt
) .. (-dz1.-d.x1 .. -dx',-dx")" takes the fo~lowing 

simple fom: 
) 

\ 

1(00), - (-)'w .. 
1 " 

4.8. 12 

1 and *~ (as vell as 1· 1 and ****) are therefore not unrelated alge

braicaliy. For l, ft find 

4.8·13 

1 
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\ 
1 

This leads us to con~fecture a possiblè under1y1ng structure behind 

(4.1.1). For electromagnetism, the atrictly k~ ... tic action quantitiea 

are found in the produét space (R' It) " #t{R'!t). Perhaps. in a Jl&nner, 

analogouB to determ1n1ng the magnitude of. a compiez quantity by forains \ 

a prÔduct between 1t and itB conjugate. cer~a1n R'ft magnitude 

quantities can be found by considering products involving either the 

two orientations of R'ft CWARNER, §2, Ex. 13). or the sp.ce apd its 

inverse, image. Let ~s look at the second p08sibl1ity. :rh~ (a'/t) A. #t(R'/t)1 

direct product relations 

e Jo. <SB' + B' A. cSB • a' A y 

#t't(B' A ôB') + #t(6" ôB) • *(a A. y) 
4.g.14 

become in the new p,roduct space I(~' It) A #t(R'ft): 

• B' A. (-y) 

#t-l(a' "<SB') + "({+B) ft. (-<SB» • *«+B) A (-y» 
4.g.15 

We see tbat (4.g.15) is identical to (4.g.1) • 

ln C~08ing this section, lt 1IUSt be streased that theae last 

developments merely hint at the p08sibi1ity of a deeper mathematlc::al 

buis for the energy and power relations. Future work is n~cessary to 

explore the relatlonshlp between the " operation and the various 

transformations available ~o the e1ectroaagnetic differential forma. 

H. Reciprocity Relluons in Eleetrquanet1s. 

,Developme.nts in the preeeeding section vere preciieated on the 

'electromagnetic different~l forma in (4.g.1)!being part of the SaDe 

differential stfueture. Dy' expanding fo~ s1ll:Llar to (4.g.1), but 

vith foras fra. two differential structures (E and p are ass~d iden~ 

tical in each), we derive reciprocity relations. These are aa.t1s,..~rie 
, , 

/ 

j 

1 
1 

1 
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... 
formulas involvina electromagnetic product quantlt1ea. Let us firat 

look at a relation based on (4.8.la): 

Defining ! 
SA'· EAxH, 

"A'· J, ·EA 

>, 

FA'· J, XI" + PeE" 

we find for tbe'space projection of (4.h.l) 

-. 

4.b.l 

4.b.2 

~/ 4.b.3a 

and fdr the 8pace projection of the timf terma, 

~ a ) 
c at (S.. - SA' 2. 

+! (B. ~H.» - ! (l, X(vx~.)) +! H.(VoB.) - ~ H.(Vo 1.) 

~! (D" x(VX&,» +/1 (D. x(VXE,,» _1 I=A(V'D,) +! E,(V-D.) 
c - c ,c "c 

/ 
1 ---(F -F ) .. 
c '" A'" 

) 

4.b.3b 

/ . lftlen aU tens ill (4.h.3a) are giwn a tiM dependen~ of ezp(jwt), the· 
... 0 

re.~t1n8 illt_gra! foralla 1& tbe Lorentz reclprocity theore. (DBS-

CBAHPS, S8.S). (4.h.3a) and (4.h.3b) are genera! reelprodty forasus 
, " ' 

for electrOll&gnet1 •• , and do not depend on the ,,!pec.ifl~atlon of a ti .. 

behavior for the electra.agnetic quantitiea. 

Nov let ua develop redprocity relations 

shall expand tbe folloving for.ula: 
/ 

based on (4.g.lb). We 

1 
!. 

~ 

, 1. 

MIiGJ2 C ....... .,lC EC~ _ ... 1 ......... Z _,. !. l fa' 
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*-l(a~" ~a~) - *(B," ~B,,) - *-l(B~ A ~a~) + *(a" " 6Ba) 

• - *(B, A YA ) + *(B" A Y,) 
(il 

1 
4.h.4 

\ 
Def in ing 

M"I • D,,· 8, 

)",,1' • J" - 81 

W"I • J, X EA '- *' PI',,' ~. t-

VA'· (B.-V)DA + (D,,-V),. - D.(V-'A) - 'A(V-D.) 

we have for ,the ~pace·pr~jectlon of f4.h.4) 

4.If.S 

VÇMA1 - M",) 0 + El! :t [lJ( H, X~A) + E( E, XE. ) h + (V", -_ V"' 1 h 

- tlJ (W", ':'WM'h 

, l -4.h.~ 
and for the sp&ce projection of the time terme 

~~ 

.-: ~t(MA' - M",h +! V-[\.l(H.xHA) t t{E.,XE.,)h -! (FA' - F,.,)o 
. \ 

4.h.6b 

1 This completes the development of reclproc~ty formulas from (4.g.1). 

,J 1. RI ft Iutearation FOrDIlas 

, 
Let ua -close th:l.s ehapter vith a fev re.arka a1)out the integration 

of eleetroaagnetie d:l.fferential for-a. Tb~ develop.ent patterns of the 

~ RI "lntegration fo~las (Chapter 2) <;.an be applied to the Rl/t for.a; 

but sinee in any applications. the R lit integratiOll fonulu are / 
~ 

, 
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projected into space ~nd't1me (Recall §3.D, §3.F), ult1mately va are 

c~cerned onfy Vith R' and RI integ~al formulas. uowever, the Rllt -

de~lopment does provide us ~th a general vieY of integration formula 
~ / ( 

development 1n~electro .. gnet1sm. 
" 

, 
1. Stokes' theoreas .. 

" . 
. Ezeept for rhe uae"of the R'/t un1t forme (Table 3.9), l~ariable 

integration formulas for el.ctromagnetic d1fferential forma are 

developed exactly as shawn in Figure 2.1. Projection into either' R' or 

RI proceeds as in §3.D. Let us look et one example of a raised 

differential. We convert the derivative formQla 

iDto vector notation: 
:-, "> 

.. 

~ 

Hére we have' used Ul' 

dxus,) , 
\ 

the following 

~ 

# [(H xI'Q 
av 

1 

. . .. - l (J -ft) ù lt
' + P dx1Ult 4.i.2 

c ' 

--lit + ,dx lt
• Projectina iDto space (dx1UIt .... 

iDtegral relation 1a obtained: 

"-

- cD 12 • IIIv [J -n + (:~) ·n\- cpJs 4.i.3 

This ia the eOlibined i.ntegra ted for. of Couloab' a law and Ampère' s law. • 

With ~h_e &id of the. :l.nteÎJral fom of Haxwel1's aquatious (Table 3.8),. 

this ~y be separated !nto tvo !ndependent parts: ' 

" 1 

• 4.:1:.4 

. · IIf P dx
1l1 

V . 

1 

~, , 

fT" 
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The development of other raised !ntegral fot'lllUlas :in Rllt procee(s in 

a s111\f.1ar manner. 

11. IntegraIs invo1ving taplacians 
) 

\ 
Us1ng the materlal in Tables 3.4 and 3.9, we c~ prove the 

follôwing relat1ons: 

(àa) " Us 

\ 

a, (d~a + ~ " Ut -
, 

, 1 -(&x')" Ul' a (doo' + ~) Il Ul' ,,,,, 
(M~') " Ut' j.. ~ + ~a') " Ut' - ..l.. (c5da') 1\ *ua cE , 

-
Theae formulas permit the application of Stokes' theore. to tbe 

tntegration of tbe R,'/t Laplacians. 

iii. IntegraIs based on product derlvatlvea 

Any differential relatloniu R'lt ls capab~e of procluciul an 
-

iutegrU fonula. The 8_ ls true for the product different1a1. 

4.1.6 

4.1.7 

4.1.8 

. relations. As an ex&IIIple, let us look at Equatioo 7, Table 4.2 (We \J8e 

the notation li ven iD (4.c.6»: ~ 

In- vector notation, t:bis 'le viltteD as 

. . 
\ 

··:1 

" . 
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'--d(- !. ftdx" + \JE: Ws) - - 1. cv- F) sdx" - ~ ~ cbus.. cc, ot 

· :. ! «Vi E ) - 0 ) sd~" + ~ ( 1- 0 ) sdx" .; ! «via) - H) edx" , cc' c • 

In thia case, the terma on the left-hand aide will be .... ure.ble from 

the for~e ~d power denaitiea. • 

iv. Green' a the ore.' 
... ) 

In 13.,', we d1acU8a~ the two kIlt Gre~'e theoft1li8 applicable ta, 

the electrœaguet1c differential fOl1l8. ,ID othat od~1lopllent. ft ' 

completely expanded the Lapl.ciau atr~ctu~. It ia a180 poe8ib1e ta 
, , ... ' 

imaediate1y app1y the identically aero differèntial relations (6a • 0, 

da - 0) to the expan8ion, reducins the number of ter.: 
, , 1 

a*AaI - Sl*6a • d(11 A .da - a A *d11 ) 

a*AII - la*Aa • d(Ôla A *a - ÔBA *S2) 

4.i.11a 

4.i.llb 

, / 0, ' 

Expanding (4.i.11) (ua1ns ~l.f.6) for ,tbe 1.), and i,dentifytag 'vector 

fOl'lllUhs baeed ca e01Çlete: expansions ~ tbe left-band aide and right-
~ 1 _ ' , 

hand aide ter1l8, we produce only part of tbe group in Tables 3.l0a and 

1 l.lOb. For exaap1e,14.i.lla) yielda Equations A.2 and 'A.3 of Tabl~ 

.. 3.10.. ~:rther vith 

1 JII f {(Ae(VIG» (G-(VIA»h + E:H [tG .. - G .. Ils 

-! :t(G -(Vot> - A-(VG .. >), b-

-# f ,((Ax(VXG» (Gx(VXA»h +! (G .. Â - tGh 

4.J".Ùa 

1 " . 

1 
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(, . 

\ 

-J {lè.. (A .'(VaG) - ~.(V2A)) + n (tG .. - G .. il 
t cc, 

. + 9' [~ [G~(VXA) - Ax(VXG) 1 + ~ [tG - G .. _À ] lht · e ; (G·(I7.) - A·.('1Ç.I] 

4.i.,l2b 

Of course, Equations A,l - A.6 lncluaive tn Table 3.10. lII.y be derived . 
from (..4.i.lla) by add1ng te1:lls to c01lPlete the exact differen.tiala ln 

the expans1Qn of the ri8ht~hand sid •• 

v. SY!!!tric tnt.aration formulas analosoua to Gre~'8 th.0r!!! 

. Expanaion of the 8yaaetric Laplaci8l1 8tructure8 

4.i.13a 

4.i.13b 

re8ulta in tntegratien formulas.8im1lar to th08e Ra formula8 118ted in 

Table 2.11. As an exaaple, we .hall expand (4.1.l3a): . 
1 ~ . 

f { fJI'.[ A" (VIG) + G ·(VIA)] ,+ 2 fIl [(VxG) ·(VXA) + (V~G )(9.A)]} J 

· ~ # [A x(VXG) + Gx(VXA) + (V·G)A + (V·A)G-h 

p 4.1.14a 

~~J t fii ... 1 .~ 
- Cl. (t(VIG .. ) + G .. (V1t») + 2 ffi [VteVG ... l},. -~# [tVG .. + G .. Vth 

-4.i.14b 

4.i.14c 
1 <'$. 

'" 

-~'E (~ .. + G .. i] 4.t.14d 
C t-

; . 
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fi , 
The remaining te11l8 on tbe right-band side of (4.1.13a) su. to .e~: 

~ 

& ,J.' - - V·(tb) e 
- !. V·(G,À) +!. V·(G_AI) ! +!. v·(IG) 
cee 1 

- !.!:-<G ·V~) + !..L«V·G)t) +!.~(V·A)G .. ) e at e at e at ~ 
, 

+ 2 S. G.(V~) - 2 S. (V.A )G, - 2 .§. (V· G)i • 0 ce. e 

4.i.15 

Dy relroupiug the V or 'a/at te:naa on one side, two f~ther in te IraI 

formulas cm he eon8~rueted. 

vi. Liat of Lap,laeian relations 

• 
The 4-form taplaeian relationa 

BA A. AB. - AB" " B. 

BA A. Aè. - AB" " B: 

1 Bl À AB: - AB~ " e~ 

4.i.16 

all yield Green's theor .. derivative equations. Tbe first and t~ird 

equ .. ti~8 in (4.i.16) are direetly <;OIlwrtible. and the other two 

eau be aenipulated hy redefin1ng' _one of the B' s a8 a * variable. Subs~-
/ 

tutinl a + 81.p in (4.1..16), we let the relat~ discUS8ecl in the 
- 1 

previoUB 8uh-seetion. 

The 3-fora Laplaeian relations 
t. 

(J "AB' - !JI:J." B' .,....------; 
4.i.17 

! 
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and the 2-fol"lll Laplaci-an relations 

\ a" A. ln, - ÔIJ." A. a, 

a" A. Aa, + 00" A. a, 
4.1.18 

when expanded, produce the derivative relations li8t~ in Table 4.2. 

Sections 4.A, 4.C, 4.G and 4.H c6nta1n the lIOat ÙIpOrtant .aterial 

in this chapter. 'lbe d1acovery of the e~tative properties in the 

differantial 8tJ::Ucture of electrougnetie torIlS, and the developllent 
, ' 1 

of the varioua rèlatioua 1nvol~1n1 electroaa~etlc product quantitiea 

clearly show the value of a'/t differantial alsebra for workin, vithin , 
the matheaatical structure underlyin, electromagnetic theory. This 

cOIIIpletes our a'/t analytical development. In the fOuowin, chapter, . , 

va sball derive differential structurès for time~ependent electro

.. guetie quantitiea, and we vUl diltcuss the applicab111ty of integral 

foraulas in the solution of a staple ~era~ proble •• 

"'\ , 
1 

\ 
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The original motivatiou for investigating exterior dlffe~uti.l 

algebra involved its poteuttal for sÙlplifying COlIPlica~~ de~l~atious 
iu"e1ectromasnetic fi.~d theory. ln particu1ar, th~ .. theDatics 

appeared to provide a baaia for discusaing a so-ealled inverse 

scattering 1ntegral equattOll introduced by BOJARSKI (1973). Nov va find 

that ~thou8h this algebra la help~ul 1n il1u.inating the atruct~re of 

Bojarald' a 1ntegral 'equatton, discussion on the lIOn e:ritlcal pointS 
, 

(l.e. J whether the iutegral 'equation in fact leads to a aolution 

hav1ng anything to do vith an inverse scattering problea) relys 

prl-.arUy on analytlcal aspects of the phys,ics &880e:1ated v1~h the, 

strue:ture pf,spee:lfle: ae:attertng sltuatlo~s. The algebra br ltself 

does not dea1. vith the 1J&tter of boundaries J for ezaple. ID. this 
(' 

chapter, we vi11 look at the 8!apleat inverae acattering problea, one-

d1aeneional reflection frOll a dielactric ~te~face. We shall see what 

1s offered by the Bojaraki te~hnlque. Preceed1ng this will be a short 

diae:ussion oti the applie:,fition of certain ti_ dependencies to the 
J 

entlre ayatea of électro_petic partial differential equatloU8. 

) 

A. Specific Tia Depeudeuce iu the nectroaapetle Structure 

.. 
Alaoat a11. electro_8Ileticj enaineering ls coocemed v1~h the. 

applie:ation of Ka:well' 8 equatiOns in the t1Be-ha.r.on1c cue, whicb ia 
, ' 

clearly a .:l.IIpU~ic.tiOil of the 1I08t geueral case. In thia section, lie 
• _ J 

, ahall talte the general structure of elect;TOM.Petic pattial differential . 
J 

~uationa developed in Chapter 3 ~d inveatipte the follow1ng three , 
cit:e .... tances: sutle, ezpoaent-1al, âDd e:QllPl.ex expoDf!Jlt1a1 tUe 

'beh~ior for aU quantitiea. In part{c~r, we ahall look at the 

.. th~tical uatu-re of the constitutive Irelation J'; aE «lm'. lav) in 

theae thœe tia-&pec1flc altuati0D8. - , 
\ 

\ 

'( 
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1. Asa_tion of static time dependence 
\ 

Let us aasuae that aIl time derivativea tn'iable 3.7b are zéro. 

Then the basic relationa from tliis table cau be'written as 

1 

A.l: V-A - 0 
-'. 

A.2: VxE - 0 v-a - 0 
A.3: V-J -0 S.a\l 
B.l: E - - Vt , 

- fixA ~ 
B.2: V-O - P .. 

VXH 
") - ~ 

Using this group of equatioua, it ia a aiç~e .. tter to ahow that Fhe 

";.,,. equat'ions C.l and C. 2 in Table 3.7b are !Va11d (although certaiLn \ 

ter.a are zero). Note ~bat tbe Poincaré 1.... applies riso~oualy 

in RS : J "<-

V.VxH - VoJ • 0 
VXVt - - VxE • 0 

/ 
In tena of R' structural diagr8ll8, the static equa~iona in (S.a.l) cau 

bè divided !nto.-two independent parts: 

R' -

Fitpire 5.-1 

1 

1 

3: 

• 
o 

'+ Fora Order .. 0: 

) -~ 
E 

2: l?j 

E 

o . 

a.l structural diagra.s for Equations (5.a.l). 
1 

',-- -

\ 
\ 

" \ 

} 

J • 

/ 

/ 

. / 

j 



o 

·e 

- _. __ ._-)~,--------

\ 
\ 

Ve cu nov see that\the con$titutive relation J - aE is incOllPatible 
) , 

vith Equa tio~s (5. a.l) beeause it requires P to be identically zero. 
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;~lYing that E is barmonie in the RI sense. This in turil i1Iplies J tbat. 

in sequence, t, a t and A arè braonic in R:I. In -other ~rds t if va 

caB eonsider our local space to be part of a closed Rie.annian .anifold, 

enforc1ng tbe constitutive relation globally ~,couplea all of the 

electrom83D~tic different!al rel~tionahips. That auch a situation ia 
~ , 

completely null followa from the pbyaical understanding tbat charge and 

current are interrelated. so that an identically zero p iapliea tbat J 

is also identically zero. Couaequent1y, the a:l/t 4-form y ~st be 

identical1y zero, and in §3.F ft proved that this nullifiea the ""ole 

electroaagnetic structure. 

ii. Assomption of exponential' time dependeuce 

, \ 
Ve nov assume tba, al1 quantities in Table 3.Tb have the ti~ 

o Il 

bebavior exp(-(a/€)t). Tbe basic equations then reduce to the follow1ng: 

V-A a \lat 
;, 

A.l: ; 
A.2: VxE a 

a -a 
€ 

j 
v-a a 0 

A.3: V-J a 
--p 

t " 

B.l: E CI Vt S.a.3 
a ..... A -

€ 

• - VXA 

. B.2: V·D • p 

VXH • J '- !lD' € 1 
.. j , 

Of course t the e:zponential tt- depeudence is now assUIII!d for each of 

a~ equat1_. The ftlat1on8~1p~ in tbe set (5.~.3) cau he outlin~d 
tn ter.s of the ~ intèr-dependent structural diakr- found in 

Figure S.2. NOv the~ i~ a 'direct t.plication that)the cOQSt1t~tive 
1 1 

relation J - aE is valU. The'risht-hand diqr .. ~ 8~ly a __ ltip1e 

~f the left-band one: 

, ... 

(] 

• 1 



o 

&! 
0: 

z 
.!La'. e: 

- .l!op 
e: 

1: 

\~ 

1 Î 

, , 

+ llJ 

- lloE 

1 
1 

2: 3: - + arder'" 0: 1: -

B 

o 

-+ pIe: 

Figure 5.2 : R' structttral,diagraDIS for Equations (5.a.3). 

The v~dity of the constitutive relation a1so implies that 
\ l , 

1 
1 

, 

'ifxB - llJ - llal - ~E - }.IaE • 0 

12? 

}-

" 

! 
f·a.4 
'" 

Consequently, 8 displays the 1 beba~or of a ba~c quantity, and in a 

\ global sense may be cons~.~ered decoupled fram the structure of t, A, J. 
~d p. Note that this is 'a,stronger condition than tHat of ~aying 81s 

spurce-free bècause ifs divergence ts zero. 

" , . 
iii. AssU1!Ption of cd!pleX exponential tiae depeudence 

- By u.POS1ng; on ali quantfties ~ Table 3'-7b the tu.: be~or 
, 

exp(jwt), aod~y pe~t1ng the rea1 quantities iD the ,lectroma8Betic 
1 

structure to b, the real projection of a ca.plete coaplex quantity 
l , 

(see BARRDTG'l'ON, §l.S)" we clerlve the following set: 
• 

" . 

J 
&&G .N&& __ 4 Q 

, 

l 
1 

1 

" 
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. 
, '. 

1 

>,::_ ,,': ..... " . .<,,'- .. ,h. 

-~":::':"'~----------=":;~--'::=--------, -. - _ .. - - , . "t, -
-------------------~ .. ~,.~ , 

1 
/ 
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i _ ... "...-..... 
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J 
A.l: V-A - - Epjwt 

A.2i VXE - - jwa 
v-a - 0 

A.3: V·J - -, jwp 5.a.5 
B.l: E - - jw~ - Vt 

a - VxA~ 
~.2: V-D - p ~ 

VxH - J + jwD 

1gese rèla~iOD.~h1.PS 11181' he out1in~ in t~e fOll~g inter-dependent 

~ru~tura1 diagrams: cj'; 

! .. 
a' 1 -- \ 

1 0: ,,1: 2: , 3: +- Order + 0: 1: 2: 3: 

!I_ I 1 

el ,J 

..... 
4' 

(" a 

o 

! 
- El1jwi + f.';1.IjwE 

/ . 
+ EJ.ljw ~ 1 \> 

Figure 5.3 : al structural diagr ... for Equati0D8 (5.a.5). 

As :ln 15.a . .11, there is a d1.rectly iaplied relation betweeB J and 1 : 

J - - jCOEI S.a.~ 

1 1 



o 

Q' 0 

/ 

,--------------------------------~ 

( 

'l1lus the right-hand diagram _y again be seen 8$ a multiple of the 

left-hand one. Also, 

r 
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VxB - l1J + je»q.lE • - jl.OCpf + jl.OCllE - 0 5.a.7 

again gl~bal1Y decouPlin1 B from the rest of the electr01ll8gnetic 

structure. 

The .ost general situation encountered in pra~tice ia actually a 
---' 

combtnatiOn of 1 (ii) and (Ui), ~ere 
, " 

J - (a - jooe:)E 5.a.8 

( .. 
\ '\ 

111e qu~tity in parenthea'es ia known as the total conductlvity of the 

1IIed1um supporting th~ electromagnetic pheneJBDDa. 1 \ 

B. Interpretat1o~ of Scalar: lD,tegration' Theoreas 

/ ,; 1 
This section Sht1d be viewed as a prelude ko §S.C. wé derive the 

f t 
Kirchhoff int~gral ~ rmula by subaituting t1me-reduced vave equations 

into the Il J scalar Green' a theorem. Our objective !sI to use the Kirch

hoff formula for 1II8J1ipulating the silllilar ~tegral foraula derived from 
l ' 

the symmetric integrat~on formula analogous to the scalar Green's 4 

~ /~ -
theor~m. lt la thia second integral formula tbat BOJARSKI (1973) indi-

cates ~ be applied to tqe solution Qf inverse acatt.erlng problems. 
( 

, . 
-' 

/ 1. The Kirchhoff 1ntee;al for the tilDe-r~uced wave 'equation 

The serr Green' s ,theo~ 
S.b.l 

t: In a tme-reduced vave equatioD. aU Quantitles' bav~ the! tille behaIv-
10r ~(jt&)t), vldch is 8Uppresaed. 



\ 1 

.-

i 
! 

1 
r 1 

togetber vith the time-reducejeI wave equations for t and S (where 

Je"- wI€iï) 

\ 

',yf.eld the follow1nS fonmla: 

#a~8Vt - tVg) - - JJJv8(X-X')P~X) + fJfv~(X)Ô(X-X') 
,1 

The quantities are defiued as follows: 

t(x) -/ScalaT field at x. 
p(x) - Sources at x. 

,j 

x' - Locatf.on of an ele.entary source. 

6(x-x') - The ele.entary source àistributf.on. 
centered at x t

• 

g(x~x') • The Green's functf.on (propagation 
characteTf.stic) between x t and x. 

) 
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S.b.2a 

• 
S.b.2b 

S.b.3 

S.b.4 

Consequently, the vave equatf.on (S .u. 2a) shows tbe relation of the field 

at x to the sources at x. and (S.b.2b) SbOWS/he relation of tbe field at 

x ta an ela.entary source at x'. 'the cœplet 1nterp~atf.on of (S.b.3) . 

proceeds as follows: we &BSUIMl thèt the po~t x' ia located within V: 
( 

1 

) 

l'laure 5.4 : ~ of iIltesrat:f.oD for Blluatf.OIl (S.b.3) ... 

1 
1 1 

. \ -



o 

o 

/ 

/ . 

. . ______ u ______ -.-.:"., ~"" '~:,.. . 
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\ f 

Eqy.aiion (S.b.3) cau nov be written 

t(I<') ,la' € V ~ II Iv t(l) 6(a-a') - JI Iv 1(1<-1<' ).p(x) + ft ~~vt -- tVI) 

S.b.S 
1 
/ 
f 

~ 

. st 
lt 1.s clear that tbe 1 tent on tbe rigbt-hand side is a contribution 

'" to tb~ field at'X' by the sources conta1n~ w1th~ the volume V. 

Recalling the discussion in §3.F on the 1IIpossibil1ty o! globa11Y 

harmonie fields in electrOllagnetil?IR, the field contributions at x' \1111 

-be fram those sources inside V and from those sources externa1 to V only. 
'; nd' . 

Cau we show that the 2 tera on the rigbt-hand aide of (S.b.S) is due 

solely t:o exterior sources? To answer tb1.s, 1ft! /" proceed as fo11ows: let uS 

cons:1der a second surface in Figure S.4, 1ocated' at infinlty: 

/ 

1 

figure S.S : A secood surface Is located at 1nf:1nlty. 

Ve teçorar:11y &88\œe that a11 80ur~es are COl\ta:1ned w:ith:ln V (The' field 

1 UDder th:i8 'CODditioa. vU1 be cal.l;ed ~. va find 
1 

. ; 

(ContiDued) 

1 
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Conaequtmtly. 
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+ # (SVtl - .1 Vg) 
, a~oo -

+'U (SVtl - Il VS) 
l1a~ 

I<J 
- 1 f.f (SV.1 - tlVg) .. ft (gVt1 - I;Va) 

1 

av ' avOQ 

S:b.6 

S.b.7 

Nov the condition of regularity at lnfinity (the radiation condition) / 

prea~ribes tbat 'the riSht-hand aide of (S.b.7~ 8Œst be ident1cally zero. 

ntus in the situation where all sources are contaJ.ned in ~. fr .. (S.b.S) 

va f1Jld ~ 

.. Ifi s(x-x')p~) + #~ 
~ 

.1 (X') 1 S.b.8 
X' Et V, c 1 

~~,; 

, l, 

As a resu1t, 

l- fI Iv g(x-x') p(x) \ t -.. 
S~b.9 

1 
r J 

• is the 80le inter1.or source contribution to the field. lt follon that in 

the gener81. /S~tuat1.OIl. w1.th- sources pres. on' e1.ther side of the 

bounda%y a~. tbat \ ' 1 , 

" 

.u. \ , 
rr~gV. - IVa) S.b.10 

1.s the 80le cont.r~tiOl1 to the 1uternal f1.el.d by the a:temal sources. 

'lbe surface integr::fl (S. b .l~) 18 a relat1.oash1.p be~ extemal sources 

and ~temal fields. A sim 1ar developMll't for x' out.Ue V. but witb . . , '\ 
sources within V. shows tbat the surface 1Iltegral relatee the :1ntemal 

Bource! to a:tenuO. 'ffeldal., ~j~1d.' ta c:~t in lWt aaseaRellt of 

/ . 
1 
1 
l 
i 

\ 1 

1 
! 

LSSMEAr@ .... 
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these stlrface integrals. -, ~ 

By considering a field t 1 (x') due to internaI sources alone, and 

a second field t2(X') due only to external sources, we cao write 
( 

" 1 
tT(x') • t 1(x') + t 2 (x') 

~ 

Then, for X' e: V, we f:lnd from (S.b.8) and (5.b.10), 

" 

1 

S.b.ll 

S .b.l2 

Ectpation (S.b.l2) is therefore idetttical in fbm' to (S.b.5). 'l'be ,urface_ 

integral involving the t~tal field 1.s equivalent to the integral 

invofving the extemally applled fi.eld alone. Of course, the volume 

integral texa does not change becaU8e only tbat part of the distributi.on 
<, 

• '<t-of sources inside TI :lB .integrated. . ' 

Il. The ~tric integral foraula for the! ~ble-reduced vave equation 

. 1 . 1-

The ~trlc integration for.ula analolOus to tbe Green's theorea 
, 

(S.b.l) is written (see §2.B.iii): 

#a~gvt ~ .. ~V8) - flIv(SVtt + tV2~) + lIIv~(Vg)·(v.) j S.b.l3 

l' 

( 

By subsituting in tbat' iafor..tlon aIready ga.1.nect in' the preceeding 

euhsection, lM find for the tu.e-reduced case: 

t 
5.b.14 

\ , 
" 

JWil a: 

1 

. ' 

• r 

5 g 
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When both X' and a11 of the sources are inside V, the. two right-hand ... ' 

ter1D8 in the expanded volume integral of (S.b.14) become (see (5.b.8) 

and (5.b.S»:· 

- JI Iv a (l(-x' ) p(l() * - ., (l,') 1 x' 
EV 5.b.lS 

- I.II (HX-X'~~1 (x) - - - fi (X') 1 
~ V . 'J X, EV 

Therefore, (S.b.14) c~,be vrijten 

III/vaoVt, - k
2at,) * - t f:t~IVtl +~.,Vg) * - #~t,Vsl 

5.b.16 

were the final: transition is permitted by the re81ilarity èondit1Oll on 

fi' By a siailar procedure, wen X' E V but aIl sources are ezternal to 
- ,< 

V, we cau show 

S.b.l7 

1 

For the combined cas~, w1~1ï t T - f 1 + f h 1 

I ~ tT'(X') l '- -flf (Vg':VtT - kl~T) • - f # (gVt 1 + t 1Vg + 2t2Vg) 
~€y V ~ 

- -. \ 
- - 1- J.( (tTVg + gVt1 + t 2 Vg) J1av . 

- - U (fTVg) 
l1av 

S.b.18 
, 1· 

vbere ouce Jain the 'final transition is permtted by the regu.l:u.1.ty 

cODdit1.on on, t1. 1'bis derivati.on paraUels that JUde by BOJAJlSfi (1973), 

but. there are -. fn d:lffereaee& in the result. the abave deri.vat:lOll ,is 

. . 
t ' 
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mqre precise about the matter of superpodtion, for example. Bojars~i 
,.. r 

cl.aims that the 1.ntegral equations (5. b.16) + (S.b.l8) can be solved 

if the f:leld is known over th~ boundarY surface, yielding values of 

t(X') for points contaÜled within the surface. Furthermoré, calculation 

of the closed sUrface integral on the right-hand side of the above 
, 

eqJlations is cons1.dered to be the critic4, step, since knowledge of 

th:is surface integral is auppose4 to lead to a unique solution of the 

integral equatiOn involved. PresU1D8bly, if the field can be found , 

1 
everywhere in V from v8l.ues measured on av, th~ nature, shape, and 

location of ita sources and influences can be inferrèd, at leaSt to a 

degree. We shall investigate thi.s cla:im in the nat section.-

C. A (he-Dillensional Inverse Scatter1ng Problea 

We w:lll nov discuss a simple. one-dt.na:ional example of -inverse 

sc:attering. In particular, WB shall investigate the usefulness of the 
, ~ 

integral foniula (S.b.18) in obtaining the solution for the des1.red 

quantities. We propose to interrogate a one-d1mensional dielectric 

struëture t vith a known incident wave. WIlen there is a sing1e interface, 

the relat:lve die1ectric constant and the pos:ltion of the interface vith 

respect to a referenc, position JllU8t be determ..:ted frOII field aeasure

IM!Dts. This requ:ires- the analysis of an RI tiDle-:reduced wave equat:ion, 

and ,this equation cm be deve~oped fros the R 3ft -differen~1al structure 

through r proj~ction (taking into cOlls:ideration the' s~try involved) and 

tiDle reduct:fJon, or it _y be developed directly froa ar: RIft different1al 
{ J 

structure. We are aa~g that the source of the incident r4diat;1on 

- produces a ~~outic coptinuous wave. Note t~t this refle~tion 
problea parallels the acoustical reflection problea because vè are 

dealing vith scalar fields. 

-The ::inveatipf1on of the inverse' scatter:1ng: aspects to this 
-

Fob1ea w:lll rely on the fallow1ng arrangeaent of source 8Dd .asureamt . 
~ 

positions relative ta the interface: 

t: We consider oÎl1y Jrfect d:ie1ectr:1cs. \ 

, 

1 1 
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1 

ct 

j 

. 1 

j 

x • -b 

Sourçe 
Position 

.. 

Region 1: kl Region Il: k2 
'(k2/kl not known) 

Measur~ment 
Point 

Interface 
(Position not~known) 

Figure 5.6 ~eature8 of the l-d:lme.nsional inverse acatterin8 problem 
.(Refleetion from a plane interface). 

We sull lIIIke it a convention for the source (located at the dis

tinct point x • -b) to radiate ~ual"Ulplitude wavea into each half-
t 0 

ap&ce. In Figure 5.6, the source wave directed to the left propagates - . . 
. / 

to x - -, 80 we need not eODâider it in t~e reglon x > -h. 
~ 

The W!a8ureant point X. (located :in the vicinity of le • 0 in 

Figure 5.6) 18 t;he location of a probe capable of 1IIeaauring SoDte 

charaeteriatie df the wave 1\IOtion. For aeoustical reflection, a probe 

could -Jaure 1nstantaneously the field (pressure) at x .. _ On the other ·li 
band, a typie(Û. microwave measurement (E-field probe) would yield an 

BKS figure. Let us ex-ine th1s in aore detai!. 

Assua1Dg)that the a.plitude of the .rignt-directed vave at the ,. -

source jisll Üp(-jCl)t). va' can vrit-, thè totf field at x~: 

fl T(;) • .t,,(x.,) + fll(x..) - [A ejk1X .. + \A" e -jklX .. + j1tl 2a] 
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directed fields. Thf firet tera on the riSht:hand aide of (S.c.l) refers 

to the wave directly incident fra. the source. The second, or reflected, 

tel'lll has an apparent origin at x • 2a + b, the location of a airror 

1JAagei Note that the value of the distance "a" is presuaed unknovn in 

the inversé scatter1ng probl:-em. 

An RMS measurement of ,the total field at x .. gives this result: 

S.c.2 

A and An can- be petermined from this BMS 1Ie8.sure1lent by 1DOVing the probe 

in the vicinity of x .. , finding a maxiDlma and lldnilllU1D.: _ 

(' 
t llAX - [U + A"A" - 2AAn l1/1 - [A - An] 

1 

• .. IN • 
t~ + A~'A" + UA~'] J/l - [A + Ali] 

S.c.) 

\ 
'Then 

~ J 

A • t.~ + tlill 
2 

" • 
Ali • t.l .. - ...... " 

1 ,.~ 

5.e.4 

This gives J a 1IIeth'od of resolv1ng the vave aptitudes frOil RHS 

.easureaents. 
1 Ç) 

In order to deteraine k2 rela~ive to kl, it is necessary to 
\ 

expllcitly figure out the physics of the wave inter&ftioa. at the , 

interface. For perfect dielectrics, c OIlt inuit Y of ttie wave ad ies 

first 'derivative across the interface leads to 
\ 
1 

A + Ali - A' 

t: 1'he bar Ûldic:ates the COIIplez coojupte. 

S.c.S 

! 
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where AI ia the amplitude ~f the wave transmitted into the second 

medium. These equatious reduee to: t 

An _ [kl - kzj kl + k2 
A , S.c".6a 

[ 

1 AI -[ 2kJ 
] A kl + 1t2 ' 

5.c.6b \ 

} 

The first inverse -problea i8 then solved s1il.ce (S.-c.6a) cao be witten: 

\ , ' 

[
1 - AnlA] 
1 + AillA [

A An] 
- A + A"] - / 

S.c.7 

J 
Unfortunat~ly. the a~ me&sure-.ents do nlot unaablguously detemine 1 ~ 

the location of the interface. Presuaing the dielectric· to be independent 

~-of frequency over a cèrtain range of interest, the interface position 

cau be found \ by tracldng a particular point on the RHS standing wave 
l ' 

during a predeterlllin,ed" shift in source fre~~~cy. For example, we cu 

track the Uhiam in Figure' 5.7 through a shift ~o a lover frequency:. 

RigIl 
Frequencv 

Law 
Frequency 

Meaaurement Tracking --.. 

~-----do---~~ 

Pigure 5.7 : Prequency sbift detendnea intedace, location. 

Interface 

t: l'or au optlcal problea, k - dl/C. 7b.erefore, we .ay subsitute indices 
of refractf.on .for, k iD theae for.ulas. 

~ 

/~~ 

j 
V 

> 
')' 

J) 
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\ 

The tracking diatanc,e 11'0 ls relate1 to the tvo unmown distances by: 

S.c.8 

Sinc~ • 
! 

S-.c.9 

we ca find either dH or dL in teras of tbe ... sured. do. For ua.ple, 

5.c.10 

wh:lch in tel1l8 ot the waveutdlbers of the f:lrst 1Iediua, klH and kIL , 

(~ - 211'/k), can be wrltten 1 

J 

dl. - do [ 1 kl" ] 
klH - kIL 

S.c.ll 

Thus in ~s 1cleal ODe-d1llens:l<mal, s~tuat1~, ~ec:bniq~s ex1at f.-or 
1 

dete~1ng frfa field ..,-ure.mts botb quantities neceasary fj)r 

recODstruc:t1tlg the scatteriDg aituat:l~'. 
/ -

How 1et ua consid.er an\interval in Figure 5.6 and apply the 

Green's theorea' (S.b.l) over :lt-: 

"'- .. 
~ 

1 
Region i 1: kl Region II: k2 

• • ) ... .. 
x· -b x:+ ,1 x- x.. 

1 
x - a \ 

~ -1 
-; 

'Interval Interface 

\ 
Fi.gure S.8 Location of an interval for the sc:alar Greenta theore~ 

) 

J 
dL. l.1 j 

/ 

\ 
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We bave p1aced the interval entire1y in Region l. The total field at XII 

1S. the SU1R of tbe field di.rectly inc1den~ from tbe source plus tbe field 

reflected from the interfade at x-a. In Figure 5.8. the clioice of an 
l , 

interval meatle that tbe reflected component bas an effective external 
/ 

source (In fac~t the image at x - 2a + b). From (5.b.S). ve can vrite 

tb,e field at XII: 

tT(x,,) • G(X -x.,>p(x)dz + Ë (gV. - tVg) 

1 

J 

Vitb J 

on 

_ ,_i: -jkl (-b - lL) 
g(x - xII) - 2jk l e -

) 

'" 

~ 
S.c .12 

5.c.13a 

5.c.l3b 

where (S.c.13) refera to tbe 801e true souree, (5.c.l2) can be 80lved 

yield~g the expression for tT(z..) given -in (S.c .. 1). The first term in ... 
(S.c.U) 

) 

5.c.14s 

1& the contribution frC1ll
o 

tbe s~ce inside the 1n~erval, and 

- l ' - . , 
x+ 

+2(X"> - C (gVt ~ tVg) - Aff e jk1(2a + ~) - jklX .. - jwt ~ S.c.14b 
x-

1 
1 • 

1& the, contribution due to the ext:e1'D8.l .iJlage source':. In otb~r ",rds, 

when we have" cOllPlete infonatiOll onF'tli'è Green' S fUllCt~ and fields t 

Green'. theor~ teJ.J.8 ua' precisely vbat ~ u::.Pect lt sbo.dd. '~erJ 
, . -

\ ') r 1 
\. 
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, !n\the inverse probl~ we cannat know the complete Gtfeen' S function 

1 befor,ehand beca.e ,it involves one significant unkn~~ quanÙty - the <:, 

l>0sition of the interface. Purthermore, ve will noe know the relative 
~ f 

amplitudes of the waves without performing a Deas~ement 8uch as tbat 
1 • ~ 1> 1 

dis,cul!Jsed earlier. When these things are known, the inverse problem 

la essent1al1y'solved. The utility of Green's the ore, i8 in the 

construction df a gene'ral soluti~ by the:. superpositt~ of known point

source solutions. Obviously, each point-source solutiO'n includes as its 
, . 

determinants geometric and electric structural parameters of the 

variqus bodies involved. r 0 .. 
Uslog the mÔWD expressiOQ,s for the 'fields ,anct Greên' s functions 

p ~ 

in the rE!flection problem, it is not diff1cult t~Altiav tbat the 

symmetric integral formula (5. b.lS) is aleo ~ vâlid 1Iathèllatical 

statement. Can i.t have anything to do tq,th solving the inverse aspect 

of the problea ? ,Presu.ablY, if (5.b.lS) 1s basic ta an inverse: 

8~lut1.on, it vi.!l lead us directly to the saae infDrWltion developed 
, 

earlier by ~lytical llethods. 

The o'tte-dimens1onal t1ae-reduced version of (5. b .18) 18: 

5.c.lS 

-
BOJARSU «1973) J. 12) ClailaS that the r1.ght-hand side of this equation ,~ • 
i8 a me,asureable quantity, and !ts knowledge leads directiy to a \ 

geural solution for fT averl the interval (x- ,2:+). However, .in tbe 

,inverse problea, fT 18 not the only unmown. Bojarski hiJu!elf (14) 

tries ta solve the i.ntegral equation by 88sua1ng g to' be the free-space ./ 

~reen's funct1on, but ~1nce W1 kn~ tbat ev .. in the 'simple one-' 1 
d1,ensfooal interface situat10n g is ~onsiderably aore complicated t~ 
the freè-space Green' s function, this vboIe inverse scattering solution 

<Ii' 
t!!chnique lacks pract1cality. Furthermore, the physies of the l.ntfr- ) 

,( action asst be bown in ~ order ko i.nteipret anY\,\1eld pattern. If t for 

~ ~ ex.aple, JKS" value. of t T (XII) could be aecurately,-deterai.ned throughout 

i 
~ 

, ' 
the 1.nt:erval (x-,x+), a p~.1ca1 argulleDt voul4 still be required to 

l, 

1 

, 

l 
1 
À 
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Î 

1 

. 1 t, 
relate th1s field to t\e objects that in fact influenced it. Equation 

CS.c.lS) offers no help in this matter. 

We should ppint out that field measurements at the boundary of 

(x-,X+) can be used to determine the unkn~ quantities_in the inverse 

reflec~,ion problem, but the methoq is related to tbe earlier analysis. 

Consider the RKS fields in the tvo intervals sbawn below: 1 

( 

" " 1'- y,\ 
V V l.l! _\ 

f 
1 -~ 
1 , .. , 

x- X - -b XiI x+ x - a 

" " l' " : V V _lL , , 
'- .1 , "' 
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JX
Figure 5.9 
~ X • -b x. X - a x+ 

: BKS fields for th~ one-d1mensional reflection problem. 

1 
1 

r 
(. 

ln either instance (presuming l1bearity ~ frequency independence), a 

sufficient sh1ft in tbe source fœquency ivill e&use t1)e value of .~ •• "(x-r"~-~\~./ 

to go througb a maximum and a 1IiniDum, perudtting us to find the 

relative dielectriC cOnstant using (5 .c. 7~. Furtb~raore, if enough of 

the phase vs. fr~quency cbaracteristic o~ the standing vave can be , 
obtained (and thia 1s not a.simple probLem because of the complicated 

.. 

shape of this standing vava). tlte source-interface distance can be 

found. If tbe sou;ce posit1.on is knovn vitb resrect to tbe oriF' the 

interface position C8I1---be referred to it as well. Bote tbat rhe : 

frequency sMft 18 necessary for a unique inference of tbe tvo unknOWl18. 

and
1 
note that aven vith this shift, a lle&sure.-ent of ..... (x+) to tbe 

r1lbt of the interface re.a1ns constat,' yielding DO 1nforM~iOl1 other 

than the value rA ' • 

1 < 

1 



1 

--

~ J - 1 
\ 

\ 

Suaary 

! 
Since the materia1 ·in this chapter 1& not dlrectly related to the 

_1ti theme of the thesis, it 1a18t be considered as s11pplementary. Bow-
" 1 

ever, it doés offer detailed treatment of a fev patterns of foraù.a.s 
T ry \ 

tbat occur naturally wen using differentisl forllS. The materisl in 

the first sec~ion shows how the concept of structural diagr_ cc be 

! used in ~he widely-studied stat1c' and time-haxwonic eleetrOllllptic 

field situations. Tb~ 'discussion ôf the inverse problea in sections 

2 and 3 lead,s to the' conclusion -tbat the ~1.ctJ' of ~ interfac:e 1& 

o~ erucial i.1Iportance, and that ,the prop~ed WII!Il8ure.ent and Integration - , . 
ache. still c~ta1ns toà -.ny unknown quanU.t1.es to be cOl1S1dered as 

a _thod tbat ,vi.ll 1ead to a correct inverse solution. 

1 

1 

1 ( 

/ 

, " , v 

\ 

1 
! 

\ r 

J 

1 
• 1 

, 1 



o 

1 

, ' '''', -~_~ _~/r_.:-______ --,,_....:..·;'---"-· '<.~-"': • 

. -
) 

) 

. . 
CORCLUSIOB 

, 1 
In this thesis, w have s~en an' investiption of SOM of the 

underlying structure of electroaagnetism at the clusica! 1eve!. This 

has been appro.ched by introducing differen.tial for. and d.eveloping 
1 

1 an dterlor algebra for' electrOllagnetic quantities expressed as 
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d1.tferential fOrE. ~ an! applied mathematical sense, the outstand;lng 

advantage is the ease w1..th Vhlch cOlllPlicated 1IIIIdpul,atiOll.s in e1ectro-
-,/ 

_871et:1c theory .Y he referred to basic princlples, Mking an 

41BseSS1lletlt of their log:lc au:h s1lllpler. The _terial l on power 1 and ' 

~r8Y relations in Oulpter 4 is a particularly clear es&1Iple of ~is f 
1 

as ls the _teda1 on Green'.. theore.s in Cbaptér 2. Other subjeets of 
1 1 

spéèial interest that have been exa.'ned inc1ude the cOlq)létene88 of 

the, differential structure (13.c) and the co.mtatlrity of this 1 
. structure vith respect to sequeDce~ of the defined operatioa.a d, ~, Il • 

• and .-1 . (iVt.A) • 1 

Besideal a 'direct continuation of the present 1deas. ~IIC~""~-

envis10n ± other directions for th1s vork to fo11ov. e fust 

iI1v~lves e p~sib:f.lity that relationahips betveen e1ec rOllllpe'tis. 

and gecmet cano be studied t,o prov1de ,a ,.are funda1llell~l erstanding 

of each, 'so that the _snÛlg of such properties as ~tatlv1ty and 

product strueture behav10r will beca.e clear. The seeoa.cl concerns the 
o 

po.sibillty that a vide var~ty of fie~ phfnm.ena, ean be UD.derstpod 

using exterior different:f.al al~ra. Mimer, 'l'home, and Wheeler, in 

their, book on grav:f.tatiOll (1970), lIiIke exteuive use of differential 
-

fo~ as a basic ~ool in field theory. ~1der:1Jlg those .properties of 

the 'electr~gDetic differeDtul structure vhich beeOlle ev14ent vhen 

usinJ differmt14l forM, it see. like1y fbat .1a1lar properties vill 

he fOUDd for otber 81st" of partial .d~fferend.al equat10u repre

HIltl8l phy.ical pbeaOl'8lla. 
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SYKBOL AMBlGUITY 

BeC8USf of conventional praetiees 111 nota~iOllI certain sJ1lbols 

bave 2 or even 3 distinct- -I.I11ogs, det»ending on their usage. The 

folloving Ilist sh~ resolve anf abiguitiea that arise in this thesia: 

1 
6 : Codifferential s,..ol (uaed throughout). 
6 : Iroaecker delta (pages 14 aDd 62). , 
6 : Dirac 6-fUnctiou (page 10, §§3.P, S.B and S.C). 

a : Vector apac:e buis el.eMents (§§i.A, LC and 1.D). 
= a : l'etwutat:l.on group (page '16 œly). 
a : Eleetr~l coDductivity (page 1S-and §S.A).' 

1 
. d : DifferentiaI .,..,01 (uaed throughout). 

d :~D:l.atanee Me4sure (Equation (1.a.3a) oa.ly). 

3 : Partial diffe1fential sysbol twben u.lct .. 3/àx). 
a BOuDdary oper_tor SyBol (vhen used as 3c h 

, c Speed of tight (uaed tbroughout). -~ 
C : A geaeral cba:l.n of s1llplex elelleDts (Cbapters 1 and 2). 

\1 : A gaeral 2-fora (Chapters 1 and 2, and §§3.A and 3;B). 

>, Vcj 

\1 : Per.ab:1lity (§3.B on, usually together vith the operaittivity 
""'01 t:). 

a,S,y : ~1trary al differential forJlS (Chapter. 1 and ~). 
a,S,y : F'sadawental electroaagoetic d1fferent1al for.s (Cbapters 

3 and 4). \ . 

" : Arb1trary a"t d1fferent1al fora (.èhap;ers 3..ad 4). 
"1&1 : Angular frequeney (~pters 3 and 5 1à t18e-~t1IOId.c 

fUDct1oil.) • / a , 

• : Scalar potent1.al (atapters 3 and 4. and S5.A) • 
• : Scalar field (US.B aad S .C) •. 

, 

p : cbr&e denaity (CIlaPters j Uid 4. and 'ls.A). 
P : Source ~1t1-(§15.B and S.C) • 

./"': Indicstee a zero quautity (uaed thrOupout). 1 
- . ' . \ 
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