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GENERAL INTRODUCTION 

The discovery of radioactivity in 1896 was almost immediately 

followed by studies of the effects of high-energy radiation on materials. 

As early as 1899, the Curies reported the discoloring effect of radiation 

on glass, which was probably the first •experimental resultl in the 

radiation chemistry of high molecular substances. However, it was only 

within the last decade that the important changes produced by irradiation 

in organic pol,m.ers became apparent. Interest in the radiation chemistry 

of pol,m.ers was greatly stimulated when it became known that these 

changes could be beneficiai. 

On the basis of their behavior when exposed to high-energy 

radiation, polymers can be classified into two groups (1). To the first 

group belong, for example, polyethylene, nylon, natural rubber, and GR-S 

rubber. In these polymers irradiation leads to an increase in molecular 

weight, with the eventual formation of insoluble networks. The second 

group consista of polymers such as polymethyl methacrylate, polyvinyl 

chloride, cellulose, and teflon, in which the predominant reaction during 

irradiation is degradation of the molecular chaina. 

It is the first group that is of particular interest from a 

theoretical as well as a practical point of view. Much of the previous 

work has been done on polyethylene and natural rubber, p:>lymers that 

offer perhaps the widest scope for the commercial applications of 

irradiation. From the point of view of basic research, however, poly­

styrene appears to be a more suitable substrate for irradiation. The 
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inconvanience of high dosa requirement.s (2) is largely offset by weil 

developed techniques for the characterization of samples of polystyrene. 

Moreover, as discussed later, this polymer offers uausual possibilities 

in studying the effects of molecu.lar wight distributioa. Most of the 

present work deals with radiation affects in polystyrene. However, the 

conclusions drawn from statistical calculations are of a geaeral aature, 

and couJ.d be used to design. and evaluate experimenta with a variety of 

other polymers. 

The original purpose of the work to be reported here was to 

test whether statistical theories are applicable to polystyrena and to 

develop reliable methods for distinguishing between different basic 

mechanisms of network formation. At the same time, it was attempted to 

determine sorne radiation chemical parameters, in particuJ.ar the extent 

of degradation for this polymer, regarding which data in the literature 

(2-4) had been contradictory. 

In many previously published experimenta (5-12) the presence 

of solvants, oxygen, or both has made it dif.ficuJ.t to draw conclusions 

coDcerning the :i.mportan.t processes occurri».g in polystyrene under 

irradiation. In. the present work irradiations were carried out i:a vacuo, 

and thus interferences with the prim&ry radiation chemical reactions 

were avoided. Techniques of polymer characterizatioa used were light­

scattering, viscometry, osmotic measurements, &Ad determinations of 

solubility. 

Preliminary investigations indicated that a statistical approach 

was justified, and accordingly plamtillg of experimenta was based on 
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statistical theories (2,3,13-21). Formerly, studies of this type were 

considerably restricted by the unknown molecular weight distributions of 

the unirradiated polymers. In the work to be reported here uncertainties 

due to distribution affects were largely eliminated, by use of narrow 

range polymers and their mixtures for substrates. 

As a consequence, it was possible to obtain irradiated samples 

of known characteristics, and it was decided to use these samples to 

study the effects of branching on solution properties, in particular 

the intrinsic viscosity, of poll'mers. This project, in turn, led to an 

extension of certain statistical theories (191 21) and a survey of existing 

methods (31 191 21-33) for estimating the intrinsic viscosities of branched 

polym.ers. 

The theoretical and experimental work was limited to the effects 

of radiation doses not exceeding the dose required for incipient gel 

formation. After the gel point, statistical treatment becomes extremeiy 

difficult in most cases and, in particular, the consequencesof ring 

formation { cyclization) are all but impossible to evalua te. M:oreover 

the available irradiation facilities would have been inadequate for 

producing pronounced gel formation in polystyrene samples of intermediate 

molecular weight. 

The scope of the investigation covers two distinct areas. Much 

of the theoretical and experimental work deals with the properties of 

irradiated polystyrene. However, the effect of branching on the viscosity 

is considered separately. Here irradiation is simplY a means of producing 

branched macromolecules under controlled conditions. 



PARI' I 

RADIATION-INDUCED CROSSLINKING, ENDLINKING, 

AND DEGRADATION PROCESSES 
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This duality of purpose is retlected in the arrangement of the 

contents of the thesis. Part I contains information of interest primarily 

to the radiation chemist. The main points covered are the role of the 

molecular weight distribution and the relative importance of crosslinking 

and endlinking. Part II deals with the viscosity of branched molecules, 

with an emphasis on general considerations, rather than on the properties 

of irradiated polystyrene. 

Both Part I and Part II contain a section on pertinent historical 

background, a theoretical section, and description and discussion of the 

resulta. This arrangement is consistent with the differences in the 

purpose and the mathematical development of the two parts. On the other 

hand, several experimental techniques were common to both parts, and are 

accordingly described in a single experimental section following Part II. 

Some details of the statistical calculations are given in appendices. 

One aspect o! the investigations, namely the extremely heavy 

volume of computations involved, maT deserve special mention. Without 

the extensive use of digital computera of the McGill University Computing 

Centre this work would not have been possible. 
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HISTORICAL INTRODUCTION 

I. Interaction of High-Energy Radiations with Matter 

Recently growing interest in radiation chemistry has resulted 

in a considerable volume of information on the chemical effects of 

ionizing radiations. Nevertheless, the chemistry of radiation processes 

is not well understood, because the overall changes produced in 

irradiated compounds are difficult to evaluate in terms of the primary 

reactions. The transient species formed in primary processes undergp 

various transfer reactions, in such a way that the permanently destroyed 

or displaced chemical bonds are not necessarily the ones that were 

initially affected by the radiation. 

Some of the more frequently encountered changes are dimeriz-

ation or crosslinking, degradation, gas formation, and radiation-induced 

oxidation. To understand the mechanisms of these reactions it is necessary 

to consider the basic steps of the interaction of high-energy radiation 

with matter. 

In the case of X rays and gamma rays energy transfer may take 

place by pair production, Compton scattering, or photoelectric absorption. 

For the 1.17 and 1.33 MeV gamma rays of the commonly used Co60 source the 

loss of energy is attributed almost exclusively to Compton scattering (34). 

In this process the change in the wavelength of a photon scattered by an 

electron through the angle e is given by 

SÀ = J!.... (1 - cos e), mc I-l 
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Where m is the rest mass of the electron, h is Planckts constant, and c 

is the speed of light. The electrons ejected !rom the atoms have a broad, 

continuous spectrum of energies, given by 

' 
I-2 

Where v and :\ are the !requency and wavelength of the incident photon. 

The total energy transferred by Compton absorption is directly proportional 

to the number of electrons in unit volume, and hence to the density of the 

irradiated substance. Therefore when Compton absorption is predominant, 

the total energy transfer will be approximately proportional to the 

density. 

The fast electrons ejected by Compton scattering have apprec-

iable energy. A single fast electron is capable of producing chemical 

change in a large number of molecules. These electron-induced changes 

are therefore more important than those effected in the molecule actually 

lhitt by the photon. Irradiation by charged particles, such as electrons, 

protons, and alpha particles, has similar affects to gamma radiation, 

because in ail cases the reactions are produced mainly by secondary (and 

tertiary, etc.) electrons. Inter.mediate reactions are somewhat more 

complicated in the case of irradiation by neutrons. Here elastic collisions 

with nuclei as weil as nuclear reactions are involved, but the consequence 

is still the liberation of high-e:nergy charged pa.rticles inside the sub-

strate. 

Thus there is much in common between the chemical affects of 

different ionizing radiations. Nevertheless, different types of radiation 



may produce different results, because of the importance of the linear 

density of events. In the case of bombardment with alpha particles1 for 

example, reactive entities fo~ sufficiently close to react with each 

other, due to the high linear density of ionization and excitation. When 

gaJ'IIJla rays are used the reactive entities are further apart (35) 1 and 

the probability of their reaction with unaffected molecules is higher. 

The reactions of the ionized and excited species are in general 

not weil understood. There are several indications (361 37)1 however, tha.t 

the chemical effects are produced by free radicals for.med from the 

primary products. Direct proof for the existence of these radicals has 

been obtained by the electron spin resoma.nce technique (38). 

An alternate explanation for radiation chemical changes has 

been suggested by Weiss and collaborators (39,40). Their m.echa.nism is 

ionie in nature and is based on the quantum mecha.nical theory of solids. 

They sur.mise that the important role of oxygen and other impurities lies 

in providing suitable electronic levels for the trapping and release 

of electrons. The ionie theory of radiation-induced crosslinking in solid 

polymers also explains the mobility or active sites below the glass 

temperature (391 40). 

While the importance of ions in radiation chemical processes 

cannot be doubted1 it has been proved that ions can account for but a 

part of the products for.med. Essex and collaborators (41) measured the 

rates of radiation chemical reactions in gases, and found that the rapid 

removal or ali the ions by a strong electric field reduced the rates by 

only about 5o%, or even less. This indicated that radicals or excited 
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molecules cont.ributed substantial.ly to the chemical changes occurring. 

Any effort to expla.in radiation chemica.l processes is necessarilT 

hindered by factors such as special etfects of the charged pa.rticle tracks., 

spatial inhomogeneity., and problems concerniRg the dittusion and recom­

bination ot ions and other active species. A particular!T striking 

illustration ot the camplexity or the reactions is giveB by the work 

of Caffrey and Allen (42). According to these authors., the products 

obtai.nable from the radiolysis of pentaae adsorbed on milteral solids are 

strongly dependent on the type ot adsorbent used. Moreover., marked 

differences were observed when two different kiltds o! silica were used, 

showing that the chemica.l constitution o! the solid was not the only 

factor involved. These resulta clearly demonstrate the need !or !urther 

work on systems chosen tor their simplicity. 
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II. The Radiation Chemistr,y of Pci>lystyrene 

Early experimenta (2) established that higb.-energy radiatioD. 

produces linldng in polystyrene. It was also apparent that very large 

doses are required to effect changes in this pol.Jmer. The marked 

radiation stability of polystyrene has been attributed to the protective 

action of benzene rings, althougn recently it has been pointed out (43) 

that a detailed studT of the reaction mechanisms is necessar,y to explain 

this affect. 

A considerable part of the radiation chemical researeh on 

polystyrene was done by irradiation. in solution (5-12). These experimenta, 

however, were dependent on the radiation ehemistr,y of the solvents as 

well as on that o:r the poly.mer. It has been shown that, depending on the 

ehoiee of solvent1 the viscosity either increases (crosslinkin.g) or 

decreases (degradatioD.)1 with the presence of oxygen strongly promoting 

degradation. It is difficult to draw any conclusions from these results 

coneerning the meehanism of linking in the solid state. 

One of the earliest attempts to obtain information on the 

meehanism of radiation ehemieal proeesses in solid polystyrene was made 

by Wall and Bro"Wn (44). By use ot polystyrenes deuterated at specifie 

positions, these researehers were able to show that the crosslinking 

reactions are l'lOt highly specifie, i.e. that a'l'f3" ot the hydrogen atoms 

may take part in the reactions. The authors have suggested that high 

local temperatures are responsible tor the laek of speeitieity. ~e 

~umber of crosslinks was round to exeeed the number of hydrogen molecules 



10 

produced~ which sugges~ed a hydrogeaation of the beazene ring. While 

the results o! Wall and Brom were not coaclusive, they have indicated 

that radical formation by the losa o! ~he alpha hydrogen atom plays an 

important rele. Badicals !or.med in this way have also been detected by 

electron spin resonance study o! irradiated polystyrene (45), althougb 

the evidence !or their presence is incomplete. Such macroradicals may 

be long-lived (46) due to resonance stabilization. 

The radiation susceptibility o! specifie sites in deuterated 

polystyrene has also been investigated by Burla.nt and. Nee:rma.n (47). In 

general, their results were in accord with those o! Wall and Brown, but 

they concluded ~hat hydrogen evolution must be attributed solely to 

hydrogen abstraction. In a second paper (4) Burlan~1 Neerman, and 

Ser.ment reported ~he e!!ect o! substituents in the p-position o! the 

benzene ring. Irradiations were per!ormed at different temperatures. 

The role of the p-substituents was interpreted on the basis of their 

contribution to the resonance stability of alpha-radicals !ormed under 

irradiation. The strong temperature dependance found for many substituted 

polystyrenes indicated that polystyryl radicals are responsible both !or 

the crosslinking and the degradation processes. It would appear ~hat 

crosslinking takes place when these radicals attack neighboring molecules, 

while chain scission may occur when the radicale undergp stabilization. 

At the present time most o:r the evidence supports the hypothesis 

that the main reaction o! the excited molecules is the breakage of the 

a.-CH bond: 



1.1. 

• 

---------> C-1 

The role ot the hydrogen atom split ott is not clear1 but ~ ot the 

experimental data can be explained on the basis of the following scheme1 

due to Pravednikov and In Shen-Kan (43). The hydrogen a tom is capable 

of reacting with neighboring mnomer units either by abstracting hydrogen 

( C-2) 1 or by adding to the double bond ot a benzene ring, with the 

formation of a tree radical of the cyclohexadienyl type (C-3) • 

--> 

H+ Vvll'. CH - CH - CH ~A~oA 

··o2~ 2 
/ 1 ------> 
~' 

• 
·-CH 1/'.4\ 

2 

C-2 

C-3 

Owing to the low diffusion rate in glassy poly.mers, the radicals resulting 

from the above processes will be located near the primary radical tormed 

in reaction C-11 so that the primary and secondar.y radicals may interact. 

The radicals of reactions C-1 and C-2 will torm crosslinks ( C-4) 1 wh ile 
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the reaction of primary radicals with cyclohexadienyl radicals may take 

two directions. One possibility is the formation of a crosslink (C-5); 

this reaction would account for the experimental result that the number 

of crosslinks is higher than the number of hydrogen molecules evolved. 

Altematively, disproportionation may take place (C-6). It is the high 

probability of reaction C-6 that may serve as an explanation for the low 

crosslink yield in irradiated polystyrene. 

0 
\.wt CH2 - ~ . CH2 1- "'-'' 

+ 

""""' CH - CH -CH \A.v\, 

2 1 2 

H-o 
• 
+ 

----> 

----------> 

1 0 
\.I'W' CH - C- CH ~.MA 

2 1 2 

V~M CH
2

- C - CH
2 

~MA 

"vN CH2- C - CH
2 
~ 

. 1 

0: 
: 

C-4 

C-5 



1.3 

CH --CH- CH 02 
H • 

+ ---> + C-6 

• 
CH·- C-CH 

2 2 

Ji 

The supposition that reaction C-6 is responsible for the high 

energy requirement of crosslink formation has been confir.med bT the 

irradiation of deuterated toluene in the frozen state (43). Upon 

irradiation of c6H5cn3, radicals are for.med according to reactions C-7 

and C-8, and these radicals can then interact in a reaction (C-9) similar 

to C-6. Due to isotope effect, in general a hydrogen ato.m rather than 

deuterium is removed from the methTlcTClohexa.dieeyl radical. 

ô > + D C-7 

CDJ cn
3 

1 

D + ->Do C-8 
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H H 

D H 

• H 

+ ----> + C-9 

The resulting deuterated benzene ringscan be easi.l.y detected b;r semi­

classical techniques. lnfrared spectra (48) of electron":"'irradiated 

pol;rst;rrene are also in agreement with the proposed mechanism. 

It ma;r be concluded that, in spite of the complexit;r of the 

chemical reactions, considerable progress has been made in the elucidation 

of linking processes in irradiated pol;rstyrene. Nevertheless1 more 

experimental work will be required to obtain a clear and unambiguous 

understanding of the reactions involved. 



III. Physical and Physico-Chemical Properties 

of Crosslinked Pblymers 
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When pol.ymers are exposed to high-energy radiation, usua.lly 

their physical properties are altered considerably. One conspicuous 

change is the marked discoloration, due to the formation of polyunsaturated 

segments and other chromophores. Often strong surface fluorescence ca.n 

be observed. It has also been found that cryst.alline polymers, when 

irradiated, tend to lose their crystallinity. 

In the case of network forming pol.ymers, important and often 

desirable changes may be observed in the mecha.nical properties and in 

behavior on heating. Polyethylene, for ex.ample, norma.lly softens at 

comparatively low temperatures (llû-ll5°C). Irradiated polyethylene 

becomes infusible, and tends to become rubber,y rather than plastic at 

high temperatures. Unvulca.nized rubbery polym.ers on irradiation acquire 

the increased toughness and elasticity characteristic of vulcanized 

rubbers. 

None of these affects are ver.r pronounced in polystyrene. Bopp 

and Sisma.n (49) have observed that both discoloration and changes in the 

mechanical properties are sma.ll in irradiated polystyrene, even at extreme 

doses. Hbwever, irradiation strongly increases the electrical conductivity 

of polystyrene (22,50), and this increased conductivity persista for 

several days after irradiation. 

While the properties mentioned above may have considerable practical 

significa.nce, their quantitative study and interpretation are difficult. A 
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more satisfactory way of studying radiation affects is by investigating 

the solubility and solution properties of irradiated polymers. When 

a crosslinking polymer is irradiated, the average molecular weight 

increases due to the formation of links, with the eventual formation of 

insoluble networks. The point of incipient gel formation is usually called 

the gel point, and the corresponding dose is the critical or gelling dose. 

The gel point, as will be discussed later, has important theoretical 

significance, and it also provides a dividing line between two stages 

in radiation affects. 

Changes below the sel point 

Up to the critical dose the irradiated poly.mer remains completely 

soluble, but the average molecular weight increases, with the formation 

of large, branched molecules. Linking is usually accompanied by scission, 

which may result in the decrease of the number average molecular weight, 

even while the weight average increases. The quantitative aspects of 

these processes will be discussed later. 

For polystyrene irradiated in the solid state Shultz, Roth, 

and Rathmann (3) determined the increase in the we~ght average molecular 

weight by light-scattering. Assuming that the original distribution was 

random they found good agreement with weight average molecular weights 

predicted by statistical theory. Burlant, Neerman, and Serment (4) 

measured changes in the number average molecular weight for irradiated 

polystyrene and. substituted polystyrenes, and used these values to estimate 

the gelling dose. 
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The easiest, and most common way of detecting radiation affects 

below the gel point, however, is viscometry. This technique has been 

particular!y advantageous for studying the effects of irradiation on 

polymer solutions (5-12). However, while viscometry is an easy 

experimental technique, the interpretation of its resulta is difficult, 

because of the influence of distribution and branching on the intrinsic 

viscosity. Experimental results obtained by this technique, and the 

underlying theory, will be discussed in the second part of this thesis. 

Chan~s after the gel point 

As the radiation dose approaches its critical value, the weight 

average molecular weight increases steeply, and the gelling dose corresponds 

to the formation of tinfinitely·• large molecules. The three-dimensional 

net'WOrks produced in this process .are no longer soluble, and as 

irradiation is continued beyond the gel point the soluble fraction 

decreases rapid!y. 

Much of the experimental 'WOrk done on the affects of high­

energr radiations in polymers deals with solubility as a function of dose. 

The theoretical aspects of gel formation have been discussed by severa! 

authors (2,3,14-16,18) and a number of mathematical equations were 

developed for calculating radiation chemical parameters from solubility 

data. Quantitative information on the properties of polystyrene irradiated 

B:!_ vacuo has been obtained mainly in this way (2-4). The validity of this 

method, however, is affected by severa! factors, such as molecular weight 

distribution and cyclization. MOreover, gel content determinations are 



not suitable for distinguishing between different mechanisms. 

An alternative approach has been studying the swelling properties 

of the gel fraction produced by irradiation. The three-dimensional net­

works for.med are no longer capable of dissolving even in good solvents, 

however there still is a tendency for solvent molecules to enter the 

polymer and produce swelling. The presence of crosslinks inhibits the 

stretching of the poly.mer molecules, and thereîore the number of cross­

links can be estimated from the extent of swelling. Charlesby (51) has 

studied the properties of polystyrene exposed to atomic pile radiation, 

and has found a quantitative relationship between the degree of cross­

linking and the extent of swelling, in accordance with his modification 

of the Flor.y-Rehner theory (52). However, this technique has not been 

well developed yet. 



IV. Statistical Treatment of Linking and Scission Occurring 

in Polymers under Ionizing Radiation 
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One of the simple processes amenable to statistical treatment 

is d.egradation of a polymer due to main chain fractures. Much of the 

early work was associated with the degradation of cellulose and its 

derivatives by chemical methode. In the first mathema.tical analyses 

of degradation (53-56) it was assumed that all molecules in the 

original sample were equal in size. La.ter (57) the treatment was 

extended to polym.ers of random DJ)lecular wight distribution, and in 

1954 Charlesby (13) developed equations valid for a1.17 initial distribution. 

In the case of polymers wh.ere ex.posurè to high-energy radiation 

increases the molecular weight, it is usually assumed that this increase 

is due to the formation of tetrafunctional links, called crosslinks (Fig. 

I-l). Ra.diation-induced crosslinking is mathematically s'imilar to the 

formation of condensation polymers containing tetrafunctional units. 

For molecules of initially' uniform distribution Floryrs analysis (1.4) 

is therefore applicable. Charlesby- (2) has ex.tended the treatment to 

initially random distribution, and later (15) to an arbitracy distribution. 

The calculations and evaluation of experimental results are 

made more complicated by the simultaneous occurrence of crosslinking and 

degradation. Formally, however, the two processes can be considered as 

occurring consecutively, rather than simultaneously. Therefore statistical 

treatments of crosslinking are often readily extended into theories of 

crosslinking with degradation. This approach, of course, depends on the 
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assumption that radiation-induced processes take place at random. While 

this assumption is in general reasonable, due to the large size of polymer 

molecules, the presence of •weak links• (58) may partially invalidate the 

statistical conclusions. 

In 1955 Charlesby (16) suggested an alternate mechanism for 

netwrk formation. If it is assumed that on main chain fracture a polymer 

molecule gives rise to two smaller molecules with active ends at the 

point of fracture, and these active ends attack neighboring molecules, a 

linking process (endlinking) becomes possible. If some molecules are 

fractured more than once network formation may take place. Endlinking, as 

opposed to crosslinking, gives rise to trifunctional junction points 

(Fig. I-1). Thus endlinking and degradation are basically similar 

processes, distinguished merely by the reactivity of the fractured 

molecules. Charlesby has developed a mathematical analysis of endlinking 

for the random initial distribution. 

Recently Saito (17-19) has introduced the powerful transform 

methods of modern operational mathematics into the analysis of linking 

and scission processes. Saito•s theories deal with the most general 

cases, and give solutions for arbitrary initial distributions. Moreover, 

his method can be extended to include the effect of cyclization. Unfor­

tunately, the equations obtained by Saito are generally inconvenient for 

detailed calculations. Kotliar and Anderson (20) have pointed out the 

advantages of using the Schulz function (59) for molecular weight 

distributions in connection with Saitots treatment. More recently, using 

the Monte Carlo sampling technique, Kotliar and Podger (33) have developed 



FIG, I-l 

Network formation b7 crosslinking 

and endlinking (16). 



Initial conditions. 
(Three separate molecules.) 

Network formation by 
crosslinking at three points. 
(Eoch link is tetrafunctional.) 

Network formation by endlinking. 
(Molecule m froctured twice, 
Molecule n once. The active ends 
have linked to neighboring 
molecules. Eoch link is tr.i -
functional.) 
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a quasi-experimental method of computing molecular -weight distributions 

for crosslinked polymers. This method has not yet been adapted to 

endlinking. 

The rapid progress in the mathematical theories of radiation 

chemistry has extended the scope of statistical investigations very 

considerably. Often, the problems facing researchers are now due to the 

large volume of calculations, rather than conceptual difficulties. In 

the present work high speed computera were used to deal with the extensive 

mathematical analyses required. 

It is proper to mention at this point an inherent weakness of 

statistical treatments, namely that their application is limited to the 

overall effects of radiation. In arder to obtain a thorough understanding 

of basic processes, it would be necessary to consider the elementary 

mechanisms and their kinetic consequences. Most of the work along these 

lines has been done in connection with the irradiation of polyethylene. 

Owing to the simple chemical structure of this polymer, the number of 

reactions involved is not very large, and the kinetic theory is compar­

atively simple. Okamoto and Isihara (60), and later Simha and Wall (61) 

have studied this problem. Perhaps the most important result of their 

work is that factors such as the radiation intensity, gradual saturation 

of irradiation effects, and specifie surface may have an important role. 

Accordingly, in the present work evidence was sought concerning aniso­

tropy and lack of dependance on intensity before undertaking the statistical 

analysis. 
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THEORETICAL 

I. Distribution Functions 

The central problem in the present part of the thesis concerna 

the affect of initial molecular weight distribution on the properties 

of irradiated polymers. The fact that molecular weight distribution has 

an important role is widely recognized but, in the past, no serious 

effort has been made to study this effect. Most researchers have not 

even attempted to determine the distribution of molecular weights in 

samples to be irradiated, because of the considerable effort required. 

Even if the necessary experimental data are available, the construction 

of distribution curves is a somewhat ambiguous procedure. Moreover, the 

mathematical treatment of radiation processes is highly complex, except 

for the more simple initial distributions. In the present work advantage 

was taken of two recent developments, in order to avoid certain mathemat­

ical difficulties and laborious fractionation procedures. 

On the theoretical side, the ingenious mathematical techniques 

of Saito (17-19) have opened up new methods for calculating the character­

istics of irradiated polymers. Kotliar and Anderson (20) have shown how 

Saito's treatment can be applied to initial distributions that were here­

tofore difficult to study. 

At about the same time, the subject of molecular weight distribut­

ions was also greatly advanced, by the discovery of anionic polymerization 

techniques (62). It is now possible to synthetize polymers of very narrow 
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and consequently well defined distributions, and auch samples have been 

used successfully in studies where molecular weight distribution was 

of importance (63,64). 

The present work ga.ined pa.rt.icular impetus when it wa.s found 

that these two apparently unrelated advances could be exploited together 

by using the Schulz function (59), or generalized exponential distribution 

f'unction, for describ:ing anionic polystyrene samples. The advantages 

of' using this f'unction in connection with Saitots treatment have been 

shown by Kotliar and Anderson (20). It appears1 however, that some of' 

the expressions derived by these authors are unduly complicated. Moreover, 

they have not treated endlinking. Theref'ore the calculations of' Kotliar 

and Anderson were revised and extended in the present work1 using a some-

what different form. of the Schulz f'unct.ion ( 65). 

A nor.malized form. of this distribution function1 that resembles 

the well known gamma distribution, is 

I-3 

where n( u) is the number of' molecules of' degree of' polymerization u, A 
0 

is the total number of molecules, À is a positive parameter, giving the 

sharpness of the distribution, and u1 is the number average degree of' 

polJmerization. 

It will be noted tha.t the commonl.y employed exponential or 

random distribution f'unction, given by 

n(u) == , I-4 
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is merel;r a special case of the Schulz function, correspond.ing to À = 1. 

In the radiation chemi.cal llterature the somewha.t misleading term. tPoisson 

distribution' is often used to describe Eq. I-4.. 

It is easy to show (Cf. Eqs. I-8 and I-9) that the pa.ra.m.eter ï\ 

is related to the nu.mber and weight average m.olecular weights b;y the 

formula 

À= 
M 

n 
M - M w n 

I-5 

Therefore the parameters of the Schulz function for a given poly.mer sample 

can be readily com.puted from experimental data. In actual calculations it 

is often convenient to consider only' integral values of Î\.. This is 

no serious restriction for mixtures of narrow distribution samples, 

because the possible error introduced by rounding off .1\ will be less 

than the experimen~l error associated with the determination of mclecular 

weights. 

McCormick ( 63) bas experimentally deter.mined the distributions 

of several samples of polyst;rrene. Fig. I-2 shows the distribution of 

a sample of narrow range pol;ystyrene1 comparable to the ones used in 

the present work1 as determ.ined b;yMcCormick. The excellent agreement 

with the Schulz function which approximates the experimental curve is 

also shawn in Fig. I-2. Based on the experimental resulta the parameters 

of the Schulz function were calculated to be u1 • 2480 and À= 25. 

For mixtures of anionic polystyrene samples1 Eq. I-3 can be 

immediatel;y extended to 



FIG. I-2 

Approximation of molecular weight distribution 

of anionic polystyrene sample by the Schulz 

function. The full curve was obtained by 

McCormick experimentally (63), the dashed 

curve was plotted on the basis of Eq. I-3 1 

wi.th u1 = 2480 and À= 25. 
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n(u) I-6 

which representa a sum of generalized exponential distributions. The 

subscript t refers to the e-th component of a given mixture, and s is 

the number of components. 

Then the total number of monomer units will be 

s 

N = 2 A
0 

r; u
1 0 , 

t""l t- L 
I-7 

and the number and weight average degrees of poly.merization are given 

by 

00 s 
ç 

un(u)du 2: 
0 t=l Aotu1t 

ul = = I-8 
00 s 

s n(u)du ~A: 
0 t=l oC 

and 00 s At+l 
2 5 u2n(u)du 2 \( Aot:. ulL 

0 e=1 
u2 = = ' I-9 

00 s 
) un(u)du z: Aotu1e> 
0 e=1 

respectively. 
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II. Basic Assumptions 

The derivation or statistical formulas used in the radiation 

chemistry or polymers always involves a number of assumptions. The 

assumptions made by Saito (17-19) automatically put a certain limitation 

on the validity or the equations developed in the present work. However1 

the experimental resulta to be described later clearly indicate the 

soundness or Saitots theoretical treatment, and its applications in the 

present investigations. 

Perhaps the most important hypotheses in these calculations are 

that the number of linkages and scissions is small campared to the 

number of available monomer units1 and is proportional to the radiation 

dose. Linking and scission are presumed to take place at random1 all 

monomer units being equally likely to be affected by radiation. These 

assumptions are generally accepted as valid, at least for law doses 

where saturation effects cannot be imp:>rtant.. In fact1 they are a 

consequence of the nature of the interaction be~ween radiation and matter, 

and have been justified by many experimental resulta (66). 

The possibility of link formation between two monomers of the 

same molecule (cyclization) is usually neglected. While the influence 

of cyclization may be considerable at high crosslinking densities1 it 

has been shown (171 18) that below the gel p:>int its effects are small. 

Linking and degradation are considered independant of each other, and 

are consequently treated as if they occurred consecutively rather than 

simultaneously. It is obvious that in endlinking, for example, linking 
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must be preceded by main chain scissions, and the two processes are not 

physically independant. Nevertheless, as a mathematical approach, 

superposition of linking on degradation is justified (17,18). This 

procedure is also generally accepted (2). 

Finally, it has been assumed throughout the calculations that 

the degree of polymerization can be considered as being continuous from 

zero to infinity. 

It may be concluded that the statistical calculations are based 

on plausible hypotheses. However, the condition of low crosslinking (or 

endlinking) densities is important, and therefore the validity of detailed 

statistical calculations is doubtful beyond the critical dose. Accordingly 

the investigations of the present work were limited to doses below the 

gelling dose. 
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III. Crosslinking without Degradation 

Charlesby (15) has shown that for any initial distribution 

the increase in number average, weight average, Z average, or higher 

average molecular weights can be expressed in terms of the crosslinking 

index and crosslinking coefficient. The crosslinking index is defined 

(67} as the number of crosslinked units per number average primary 

molecule, while the crosslinking coefficient equals the number of cross­

linked units per weight average primary molecule. Saito (17) has 

obtained the various average molecular weights from one basic integra­

differentia! equation. Saito•s equation may be derived as shown in 

the following paragraphs. 

Let the function n(u,R) describe the number of molecules of 

degree of polymerization u in a sample exposed to radiation dose R. Let 

c represent the probability that a monomer unit, irradiated by unit 

dose, becomes an active center for crosslinking. Molecules containing 

an active center will attack neighboring molecules, forming a crosslink. 

One active center thus leads to two crosslinked units. 

In view of the suggested mechanism for crosslink formation in 

polystyrene, as discussed in the Historical Introduction, this picture 

is an oversimplification. However, from the statistical point of view 

it matters but little how crosslinks are formed. The final results will 

depend merely on the number and distribution of crosslinks. Therefore 

Saito•s mathematically convenient approach is acceptable. 

The increase of the radiation dose from R toR+ dR will result 
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• 
in the formation of active centers in un(u,R)cdR molecules of degree of 

polymerization u. The number of molecules with two or more active 

centers is proportional to the square or higher powers of dR, and there-

fore can be neglected. Molecules containing an active center will link 

with other molecules, and if either of the reacting molecules is of 

degree of polymerization u, n(u,R) will tend to decrease. Here again, 

reaction between two molecules, each containing an active center, may 

be neglected if the interval between R and R +dR is small enough. 

be 

Thus the decrease in n(u,R)1 due to the above effects, will 

• 
un(u,R)cdR + un(u,R) 

00 
S un(u,R)du 
0 

00 • l un(u,R)cdR du 
0 

• 
= 2un( u, R)cdR. 

I-10 

The integral in the numerator. representa the total number of molecules 

with an active center, while the integral in the denominator equals N, 

the total number of monomer units in the sample. The latter quantity 

is considered independant of the dose. 

Some of the crosslinked molecules generated by the irradiation 

will contain u monomers, which will tend to increase n(u,R). If we denote 

the degree of polymerization of •activel molecules by v, the number of 

u-mers forming in the dose interval between Rand R +dR will be given by 

u 
~ {~-v) n(u-v,R) vn(v,R)~dR} dv 

= 

o ~ un(u1 R)du 

• 
c 
N 

u 

5 v(u-v) n(v,R) n(u-v,R)dRdv. 
0 

I-11 
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The overa.ll change in the number of u-mers will therefore be 

• ~ u 
dn(u1 R) ; -2un(u,R)edR + i S vn(v,R)(u-v)n(u-v,R)dRdv. 

0 

I-12 
• 

Introducing the notation cR ... t, and n(u,R)/N = m(u,t), Sa.itots funda.menta.l 

integro-differential equation of crosslinking without degradation will be 

obtained as 

Qm.(u, t) + 2um(u
1 
t) 

~t 

u 

= S v.m(v,t)(u-v)m(u-v,t)dv. 
0 

I-1.3 

Explicit solution of equation I-lJ does not seem to be possible, 

but moments of the distribution function m(u,t) have been evaluated by 

Sa.ito (17). Some of the more important resulta of Sa.ito t s treatment are 

expressions for the number and weight average molecular weights: 

Mu(t) 
l n = M (0) l- u1t 

, 
n 

I-14 

and 

M
11
(t) l w = M (0) l - 2tu2 

J 

w 
I-15 

where the double primes refer to the crosslinked polymer. For the 
' 

distribution functions studied in the present investigations {given in 

Eqs. I-J a.nd I-6), t.he weight average molecular weight of irradiated 

polymers can be ca.lculated by substituting Eq. I-9 into Eq. I-15. How-

ever, there exista a more convenient way of studying irradiation affects. 

Mathematically, the gel point is defined by the dose where the weight 
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average molecular weight increases beyond limit. Then from equation I-15 

t~ the number of crosslinks per monomer unit at the gel point, is given 

by 

t g 
= 1 

2u • 
2 

I-16 

This is identical to the result obtained by Charlesby (15)~ who showed 

that for any initial distribution the crosslinking coefficient must equal 

one at the gel point. It is convenient to express the dose as a fraction 

of the critical dose Rg~ and since R/Rg = t/t g' it follows from Eq. I-15 

that 

1 
1- RfR • 

g 
I-17 

lt 

It is evident from Eq. I-17 that when M (R)/M (0) is plotted w w 

against R/Rg the curve obtained (Fig. I-3) will be independant of the 

initial distribution. This, as will be shown in the following sections, 

is not so in endlinking or crosslinking 'lrlith degradation. Nevertheless, 
lt 

even in the latter cases the ca1culated M (R)/M; (0) versus R/R curves w w g 
Il 

are ali very similar to the curve describing the variation o~ M (R) in 
w 

cross1inking without degradation. The significance of this resu1t will 

be discussed later. 

By considerations similar to the ones used for dedncing Eqs. 

I-14 and I-15, Saito (17) has deve1oped expressions for the number and 

weight average branching indices as well. The number average branching 

index Bn is defined as 

B = 
n 

N 
, I-18 



FIG. I-.3 

The increase of the weight average molecular 

weight with R/Rg for crosslinking with no 

degradation. 
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where q. is one half the number of ends of the i th molecule. The weight 
~ 

average branching index B is defined as w 

B = w I-19 

Wbere w. is the weight of the ith molecule. In crosslinking without 
J. 

degradation the values of these indices will be given by 

Bn = 1 
I-20 1- ~t 1 

and 

B = 1 
I-21 w 1- 2~t • 
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IV. Degradation 

Even when the predominant reaction is the formation of links 

between molecules, there is always a simu.ltaneous degradation of some 

molecules ta.king place. Statistical analysis of the latter process ma7 

be based on Saitots deduction (17), in the following manner • 

• 
Let r equal the probability of the event that a monomer, or a 

bond between two monom.ers, is ruptured by unit radiation dose. If the 

number of u-mers at dose R is given by n(u,R), the number of u-mers 

undergoing scission when the radiation dose increases from R toR+ dR 
• 

will be un(u,R)rdR. The number of molecules o.f degree of polymerization 

u forming due to the breakdown of molecules ot degree of polymerization 
co 

higher than u will be 2 S n( v,R)rovdR. The integro-differential equation 
1.1 

describing degradation then becomes 

co 
'Bn(u, ~) ( ) 5 ( ) + un u, 't' = 2 n v, t' dv, 

~'t' u 
I-22 

• 
where 1::: rR. Saito (17) has obtained the solution of equation I-22 in 

the form 

I-23 

where n(u) = n(u,o). 

Let the original num.ber of molecules in a sample be A
0

• Then 

the total num.ber of main chain fractures at any dose will be given by 
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A u
1 

1: , increasing the nwnber of molecules from A to A (1 + u1'1::). 
0 0 0 

Therefore, for an arbitrary initial distribution, the number average 

molecular weight of the degraded polymer will be 

I-24 

Calculation of the weight average molecular weight of the 

degraded polymer is more difficult. By use of the Schulz function in 

Eq. I-23 1 Kotliar and Anderson (20) have obtained expressions for 

various molecular weight averages in degradation. However, these 

expressions are very complicated. In the present work it has been 

found possible to derive a compa.ratively simple formula for ~ ( l:: ) , the 

weight average degree of polymerization after main chain scissions. The 

derivation is based on the distribution function given by Eq. I-6. As 

a consequence of using Eq. I-6 rather than the simple Schulz function, the 

results are immediately applicable to mixtures of anionic polystyrene 

samples. 

By definition 

~ 2 
î:' )du 

~ 2 
t S u n(u, S u n( u, ·'z; )du 

u ('t} :: 0 0 • :: 

2 00 s 
I-25 

S un(u, 't )du >'A u 
0 e.";;;l, 0 l 1 t 

Saito (17) has shown that the numerator in Eq. I-25 can be obtained from 

the expression 

00 

u~ ('t) == ~ 5 u2
n( u, 'l: )du = 

0 

00 

~- ~2 J n(u)(l- e-u't)du, 
N'r o 

I-26 
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where N, as before, is the total number o.f monomer wlits in the sa.mple. 
00 

Substituting from Eq. I-6 into Eq. I-26, 
5 

S n(u)du is, of course, equal 
0 

to Ï: A u the 
t=l O(.. 

total number o.f primary molecules, while 

00 
ut' 

~ n(u)e- du 

0 

The substitution 
I-28 

transforma the integral into a r-function, and thus Eq. I-27 simplifies 

to 

Hence 

I-29 

' 2 2 u....( 't) == - -
';G 't - --e2 

I-30 

1 
From the point of view of actual computations the quantity u2( î::') 

is of particular importance. There.fore Eq. I-30 will be used extensively 

in the derivations and calculations which follow. 
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V. Cross1inking with Degradation 

Having obtained the first two moments of the distribution 

function for the ldegradedt polymer, parameters for cross1inking with 

degradation can now be determined. From equations I-14 and I-24 the 

number average mo1ecular weight 
l 

u M{'t) 
M (R) = n l 

n 1- u
1

( 1:)t 

is given by 

lL(O) 
n = 

M (0) 
n I-31 

= 
M (0) 

n 
• 

The weight. average degree of po1ymerization can be computed 

from equation I-15 in the for.m 

u;(R) = • I-32 

l 
For samp1es used in the present investigations, the ~( -r ) values to be 

used with equation I-32 were ca1culated from equation I-30 of the previous 

section. 

The ge11ing dose is given by 

1 - 2u~{""t)t = 0 • I-33 

Substituting from I-.30, for mixtures of narrow range polystyrene samp1es 



the writer has obtained the equation 

where 1: is the value of ?:: at the gel point, and g 

6 = ;. ;;;: 
c r 

t t = ~ t: ?:; g 
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I-34 

I-35 

Equation I-34 was then used extensively to estimate critical doses for 

irradiated polystyrene samples. 

At the time when these computations were first performed 

experimental resulta were not yet available. Moreover, data published 

by other researchers (2-4) were somewhat contradictory. Therefore in 

the calculations values of 6 were assumed to range from 0.50 to 5.00. 
c 

It was found that the left hand side of Eq. I-341 as well as 

that of the corresponding equation obtained for endlinking (Eq. 1-46), 

monotonically decreases with increasing values of the argument ( 'ê: ) • g 

Accordingly, numerical solutions for these equations could be readily 

determined. In practice, the calculations were performed on digital 

computera, using the principle of inverse linear interpolation. The 

roots were roughly estimated from the m.olecular weights, and t-wo initial 

estimates, differing by about 10%, were fed to the computer. Then the 

formula 
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I-36 

was used iteratively. In Eq. I-361 x1 and x2 are the initial estimates, 

and the function F representa the left-hand side of Eq. I-34. Details 

of the computational technique are given in Fig. I-4, in ter.ms of a flow 

diagram. The computations were speeded up considerably b;y arranging input 

data in such a way that the zero of one equation served as an estimate 

for the solution of the next one. In addition to the calculation of 

critical doses in crosslinking with degradation and endlinking, this 

technique was also used for obtaining certain intermediate values 

related to the viscosity of solutions of irradiated polymers. 

The number and weight average branching indices were also 

computed for som.e samples, by extending equations I-20 and I-21. The 

resulting formulas are 

1 l+~""t 
B = = I-37 n 1 . 

1 - u1 ( ê')t 1 + u1 ( 1:: - t) 

and 

B = 1 
I-38 w 1 • 

1 - 2~( 1::)t 



FIG. I-4 

Computer flow diagram for numerical solution 

of equations by the method of inverse 

linear interpolation. 
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VI. Endlinking 

Fbr calculating the parameters of irradiated polymers on the 

basis of an endlinking mechanism, it is again mathema.tically convenient to 

consider chain scission separately. Corresponding to any dose, the 

distribution of the ldegradedl pol,m.er will be given by Eq. I-23. Li.nking 

may be considered as a process superimposed on degradation. This can 

be most easily done by introducing a virtual radiation dose Rt, which 

varies from 0 to R, and which may be considered responsible for the 

changes produced by linking of the active ends to other molecules. The 

following derivation is due to Saito {lS). 

• 
Let a polymer be exposed to dose R. Let S represent the 

probability that a given monomer, or bond between two monomers, will be 

ruptured by unit dose. If if is the probability that an end newly e 

produced by scission links with a monomer unit of another molecule, then 

the total number of linkages will be 2N 6 e <} R, where N is the total 

number of monomer units. In the virtual dose interval between RI and 

R• + dR' 2N 6e ~dR' of t.he ends produced by scission will form endlinks. 

The number of active ends having already formed links at RI is 2N tf 6~R•. 

Therefore the total number of ends, active or otherwise, is given by 

2N/u1 + 2NR9- 2N6eqRt. Thus the probability that an end chosen at 

random w.ill join another molecule in the virtual dose interval between 

R• and R• + dRI is 

w (Rt)dRt = = 

I-39 
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Let the functions nk(u,Rt) represent the number of u-mers with k ends at 

the virtual dose Rt. The change in nk(u,Rt) as Rt increases will be due 

to three factors: 

1. knk(u,Rt)L.ù(Rt)dRI u-mers with k ends will fonn endlinks through 

their active ends. In principle no difference is made between active and 

inactive ends, for the differences are taken into account through the 

factor L0(Rt). In this respect Saitots treatment resembles that of 

Charlesby (16). Charlesby, for the sake of mathematical convenience, 

used the concept of lvirtual linkst with inactive molecules. 

2. 
0 i=2 

in. ( v,Rt) W(Rt) dv dRt 
l. 

I-40 

u-mers with k ends will form higher molecules, as a result of endlinks 

formed with active molecules. 

3. The number of u-mers of k ends newly produced in the interval ( Rt, 

RI + dRl) is 

k-1 u (u-v)nk-i+l (u-v,Rt) 
L S ini(v,Rt)C.ù(Rl) N dv dRt • I-41 
i=2 0 

Thus the integro-differential equation of endlinking is 
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k:-l u (u-v)~-i+l(u-v~Rt) S ini(v~R!)w(Rt) N dv. I-42 = 
i=2 0 

Saitots solution or Eq. I-42 yields general ror.mulas, describing 

the affects of irradiation for an arbitrar7 initial distribution. The 

number average molecular weight is given b7 

lt 
M ( ê:) 

n I-43 

where 1.::= gR. The weight average degree or po~rization will be 

I-44 

where I-45 

t 
and u2( "t) may be obtained from equation I-26. 

lt 
The gel point, as berore, corresponds to Mw(R) --> oo, which 

from Eq. I-44 lea.ds to 

t. ~2(1 + o ) u~{ 'L ) ~ 6 1 + 'lf - 2 +\ g ~ 7J = o. g u
1 

e g I-46 

The solution corresponding to the negative value or the square root must 

be discarded. 

1 
For the distributions studied in this work ttz( ·'t) is given by 

Eq. I-30. Thus the critical dose can be computed by substituting Eq. I-30 
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into Eq. I-46, and solving the resulting equation as described under 

crosslinking with degradation. 

Similarly, the weight average molecular weight can be calculated 

by- combining Eqs. I-30 and I-44. The resulting formulas simplify to 

"'è = 1 
g u1 (4~ - 1) I-47 

and 

I-48 

for a random initial distribution. 

Formulas for the branching indices have also been derived by 

Saito (18), who found 

and 

1 + (1 - 6) 0 
B - e 
n - 1 + (1 - 2~e) o 

1 + (1 - 6 )t e 
26 1( 

e 

I-49 

I-50 

In order to use Eqs. I-43 to I-50 for actual computations, it 

is necessary to know the value of 6e, i.e. the reactivity- of the ends 

produced by scission. In principle, 6 for endlinking could be estimated 
e 

from solubility-dose curves, using the equation of Gharlesby (16) 
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• I-51 

Here s1 is the soluble fraction at doseR. Eq. I-51 is analogous to the 

comm.only used equation (2) for crosslinking with degradation 

st +JSf = I-52 

Both equations are valid for an initiall;r random distribution. 

Unfortunately, most of the solubility-d.ose curves have never 

been published for irradiated pol;rstyrene, and the experimental results 

of Charlesb;r (2) are rather badl;r scattered. Therefore it was not 

possible to calculate 6e from data in the literature with any precision. 

However, for large doses Eq.I-51 reduces to 

1-6 
si = ( 3 (je) 

e 

2 

I-53 

Therefore the usually observed low solubilit;r of heavil;r irradiated 

pol;rst;rrene indicates that in a hypothetical endlinking mechanism 6 e 

will exceed 0.5. In the computations, the results of which are given 

in the next section, 6 values ranging from 0.30 to 1.00 were used. e 

It will be seen that for testing statistical h;rpotheses and 

distinguishing between crosslinking and endlinking the exact value of 6 e 

need not be known. 
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VII. Computations 

One of the most important purposes of the present investigation 

has been to develop a method for distinguishing between crosslinking and 

endlinking as mechanisms of network formation in irradiated polymers. 

As Charlesby pointed out (68): 11 ••• at least mathematicall;y, there is 

little to choose between crosslinking and endlinking as an explanation 

of network formation, solubility, or elastic modulus. Such quantitative 

differences as occur may be readil;y obscured by minor differences in 

molecular weight distribution. 11 This conclusion of Charlesby applies to 

effects pràduced in polymers of random distribution b;y doses equal to 

or higher than the gelling dose. To investigate whether differences 

between the two mechanisms could be detected below the gel point, the 

increase of the number and weight average molecular weights was calculated 

for various initial distributions, and several values of the parameters 

d and ô. c e 

It should be noted that in practice it is not easy to decide 

whether degradation, or a low value of, say, Ô is responsible for a high 

gelling dose. Therefore in statistical calculations doses are usually 

expressed in relation to the critical dose, rather than in absolute units. 

This method has been followed throughout the present investigations. 

For the random distribution Eq. I-30 simplifies to 

t ~ 
~ (è) = 1 + u ~ • 

1 
I-54 
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Then it is easy to show from Eqs. I-32 and I-44 that for any degree of 

degradation compatible with network formation the previously given 

equation 

M
11 

(R) 
w 1 

= I-17· 
M (o) 

w 

applies to both endlinking and crosslinking. .As shown later, the ratio 
Il 

M (R)/M (0) does depend on the mechanism and on the extent of degradation, 
n n 

but high accuracy is required for differentiation if the initial 

distribution is random. 

A.ccordingly, it was decided to investigate the behavior of 

narrow range samples and their mixtures under irradiation. In particular, 

it was anticipated from preliminary calculations that a comparison of the 

properties of irradiated samples of different initial distributions -would 

be useful in elucidating mechanisms of radiation-induced network formation. 

To facilitate interpretation of subsequent experimental results, 

most of the computations were dona for mixtures that could be made up from 

the available samples of narrow range polystyrene, listed in Table E-l 

of the Experimental section. Gelling doses were calculated for several 

thousand possible mixtures. The results indicated that the extent of 

polydispersity had little influence. on the critical dose for a cross-

linking mechanism. In contrast, the gelling dose for endlinking was 

sensitive to the polydispersity. When two samples were compared, the 

higher the difference in the Mw/Mn ratios the easier it appeared to detect 

dissimilarities between crosslinking and endlinking. 
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As a result of these computations it ~s decided to use the 

following two samples for more detailed theoretical analysis and sub-

sequent experimental investigations. 

a. Pure Sl05, designated sample I. (Mn= 147,500, ~ = 153,500). 

b. A mixture of Sl02 and Sl08 in ~he molar ratio 4:1, designated 

sample II. (M = 112,200, M = 164,000). n w 

The initial distributions of these samples are shown in Fig. I-5. 

Some of the theoretically expected values of tg and ··t"g' for 

different mechanisms and degrees of degradation, are given in Table I-1. 

More detailed results of the gelling dose calculations are tabulated in 

Appendix I. It will be noted that 7: and t are proportional to the g g 

gelling dose. Therefore 

ffi 
t-~ I-55 

g 

wbere the superscripts I and II refer respectively to pure Sl05 and the 

mixture Sl02/Sl08. Included in Table I-1 are the ratios of gelling doses 

predicted for each mechanism and degree of degradation. It is evident 

that a!I/R~ predicted for endlinking exceeds the ratio anticipated for 

a crosslinking mechanism by nearly 3Qt. Thus the experimentally determined 

ratio R~/R~ may be used as a criterion of crosslinking or endlinking, and 

it is apparent that no very great accuracy is required to choose between 

the two mechanisms. 

It is expected that this techhique will be particularly convenient 

to apply when differences in molecular weight distribution between two samples 



FIG. I-5 

Molecular weight distributions of samples 

5105 and 5102/5108. The curves were plotted 

from Eqs. I-3 and I-6. The param.eters u1 and 

)\ for each of the samples 51021 5105, and 

5108 were calculated from the molecular weights, 

as listed in Table E-l of the Experimental 

section. 
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Sample 

I 

II 

t:;R! 

TABLE I-l 

Results of ~he gelling dose calculations for samples Sl05 and Sl02/Sl08 

t for crosslinking x 104 ?: for endlinking x 104 

6 =1.5 6 =2.0 6 =2.5 6 :::3.5 6 =oo tf =0.5 6 ==o.6 6 =o. 7 6 =0.8 Q.e=o. 9 6e=l.o c c c c c e e e e 

3.85 3.72 3.65 3.57 3.39 8.04 5.79 4.52 3.71 3.14 2.73 

3.77 3.60 3.51 3.41 3.18 9.99 7.14 5.56 4.55 3.85 3.34 

0.98 0.97 0.96 0.96 0.94 1.24 1.23 1.23 1.23 1.2.3 1.22 

t11 
~ 
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compared are large. It is, however, diffieult to predict the gelling 

dose for substrates of high polydispersi~y. In such samples the 

probability of a second link formation between two long molecules may be 

of the sa.m.e order of magnitude as ~he probability of link formation with 

short chains. This will interfere with the application of statistical 

treatments. Nevertheless, if a small amount of low molecular weight 

fraction were found to increase the gelling dose considerably for a pure 

high molecular weight polymer, this should prove that network formation 

in that substrate is due to endljnkjng. 

From the results of Table I-1 it is clear that gelling dose 

ratios are insensitive to the value of 6 or 6 • However, it was found c e 

that the increase in the number average molecular weight up to the gel 

point could be used to determine the extent of degradation. The increase 

in the number average molecular weight is usually not pronounced during 

irradiation. Eq. I-14 can be written in the form 

M
11

(R) 1 1 n - "" Mn(O) u t 1 - ul t , 
1 - 1 u t - t - 2gt 2u2 u2 g g 

I-56 

i>ihich shows that for a crosslinking mechanism and an initially random 

distribution the number average molecular weight cannat exceed 1.33 times 

the initial value. However, as illustrated in Table I-2, calculations 

based on Eqs. I-14, I-31, and I-43 demonstrated that for the narrow dis­
u 

tribution samples the maximum M (R )/M (0) value can be over 1.9, and n g n 

comparatively small differences in the extent of degradation will result 

in a 10% change. Th us JOOlecular weight measurements by osmometry appear 



Sam pla 

5102 

Random 

TABLE I-2 

" Calculated M (R )/M ( 0) values for Sl02 and random distribution samples n g n 

M
11 

(R )/M (0) for crosslinking M
11
(R )/M (0) for endlinking n g n n g n 

--------------------------------------------------------------------------- -
6 =1.5 6 g2.0 Ô=2.5 6 =3.5 ô =oo 6 =0.5 Ô =0.6 6 =0.7 d =0.8 de=0.9 6

9
=1.0 c c c c c e e e e 

1.22 1.35 1.44 1.56 1.91 1.00 1.20 1.34 1.46 1.55 1.63 

1.11 1.17 1.20 1.24 1.33 1.00 1.17 1.29 1.38 1.44 1.50 

Cil 
~ 
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to be a good way of determining the values of rf and 6 if narrow c e 

range_poly.mers of known distribution are used. It can also be seen that 

if no degradation takes place osmotic measurements constitute a method 

of distinguishing between crosslinking and endlinking, provided sufficient 

accuracy may be achieved in the determination of M • 
n 

The number average branching indices at the gel point were 

computed from Eqs. I-20, I-37, and I-49, and are given in Table I-3. 

For crosslinking there is a strong dependance on molecular weight 

distribution and on the extent of degradation, while the resulta obtained 

for endlinking are comparatively insensitive to these factors. It is 

difficult to see, however, how B could be determined experimentally with 
n 

any degree of accuracy. 

Il 

Values of M (R)/M (0) were calculated from Eqs. I-17, I-32, and w w 

I-44, and are plotted against R/Rg in Fig. I-6. For small degrees of 

degradation, and in the case of crosslinking even for considerable 

degradation, the shapes of the curvea are almost independant of the number 

of scissions. Also, the effect of molecular weight distribution is small, 

and in general there is little difference between curves obtained by 

assuming different mechanisms. Therefore it would be extremely difficult 

to establish the mechanism by light-scattering measurements. On the 

other hand, light-scattering may be a suitable technique for testing the 

validity of basic statistical assumptions, because of the lack of strong 

dependance of M on various interfering factors. This will be discussed 
w 

in more detail in the Experimental Resulta and Discussion part. 

The weight· average branching index, as calculated from Eqs. I-21, 



Sample 

Sl02 

Random 

TABLE I-3 

Calculated values of the number average branching index at the gel point 

for Sl02 and random distribution swnples 

B at R == R for crosslinking B at R = R for endlinlcing n g__ n g 

6 =l 5 ô =2 o 6 =2 5 6 =3 5 6 =oo 6 =o 5 o =o 6 ô =o 7 6 =o 8 6 =o 9 6 =l.o c• c• c• c• c e• e· e• e• a• e 

1.66 1.71 1.74 1.78 1.91 1.57 1.59 1.60 1.61 1.62 1.63 

1.33 1.33 1.33 1.33 1.33 1.50 1.50 1.50 1.50 1.50 1.50 

til 
~ 



FIG. I-6 

The increase of the weight average molecular 

weight during irradiation. Within the accuracy 

of this graph, the curve for crosslinking is 

representative of the expected increase in 

molecular weight for both samples Sl02/Sl08 

and Sl05, and for no degradation as weil as for 

a significant extent. of degradation ( 6 c == O. 50). 

The other full curves refer to the sample Sl05, 

while the dashed curves represent the sample 

S102/Sl08. 
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I-38, and I-50, is also largely independant of the mechanism, at least 

if the extent of degradation is small. A high proportion of scissions 

leads to the formation of a significant number of heavily branched 

molecules before gel formation can take place. This is reflected in the 

curves of Fig. I-7. 

It should be noted that the above conclusions regarding the 

importance of molecular weight distribution are of a perfectly general 

nature. In particular, the re is every reas on to expect that the affect 

of distribution could be used to establish the mechanism in polymers other 

than polystyrene. 

Application of the statistical conclusions of the present 
.. 

section will be described in the Experimental Resulte and Discussion 

part. 



FIG. I-7 

Weight average branching index 

as a function of radiation dose. 

Calculated values for samples 

Sl05 and 8102/SlOS. 
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EXPERIMENTAL RESULTS AND DISCUSSION 

Surface Effects 

It is now generally aocepted that the formation of polystyryl 

radicals and free hydrogen atoms is one of the fundamental processes in 

the irradiation of polystyrene. Hydrogen a toms may take a significant 

part in crosslinking processes, by producing new macroradicals through 

addition or hydrogen abstraction and by entering into recombination 

reactions with other free radicals ( 61). It is reasonable to expect 

that a number of hydrogen atoms will leave the substrate without parti-

cipating in reactions. The probability of such tescapest will increase 

with the specifie surface. Therefore the magnitude of the effect of 

ionizing radiations may be strongly dependent on the particle size (60). 

This, of course, would considerably limit the applicability of statistical 

calculations. Accordingly, prior to undertaking a detailed statistical 

analysis, it was thought advisable to investigate the possible role of 

specifie surface in the radiation chemistry of polystyrene. 

As a first step, the irradiation of polystyrene beads of two 

different sizes was performed. The samples were Ml and M2, with specifie 

surfaces of 25 and lOO cm.-1, respectively, as shown in Table E-2 of 

the Experimental part. The increase of intrinsic viscosity with dose 

is shown in Table I-4. From the trends in Table I-4 it appears that 

the differences in the behavior of Ml and M2 are negligible, although 

comparable variations in particle size have a significant effect wben 

polyethylene is irradiated in air ( 69). 



61. 

TABLE I-4 

The effect of irradiation on the intrinsic viscosities 

of polystyrene beads 

Dose [-n] [ 'Y?Y fc]o .• 
Ml M2 Ml M2 

Mrad. -1 dl.g. 

0 0.957 0.827 1.00 1.00 

13.8 1.080 0.947 1.13 1.15 

17.8 1.076 0.926 1.12 1.12 

29.7 1.150 0.982 1.20 1.19 

The resulta for samples Ml and M2 indicated that surface effects, 

if existing at all, would be small and perhaps could be masked by the 

action of impurities or differences in molecular weight distribution. 

Accordingly, further experimenta were carried out, in which high purity 

polystyrene in the form of rods of low specifie surface or highly porous 

freeze-dried material was used. Preparation of these samples is 

described in the Experimental part. As shown in Table I-5, no appreciable 

differences could be detected between the increase of the intrinsic 

viscosity produced in the rods and in the freeze-dried polystyrene, in 

spi te of the extremely large difference in specifie surface. The 

increase in [~~~ for the freeze-dried material at higher doses is opposite 

to the trend expected if escape of reactive hydrogen atoms from the samples 
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TABLE I-5 

The affect of irradiation on the intrinsic 

viscosities of polystyrene samples 

obtained by thermal polymerization 

Dose rvJ 
Freeze-

Rods dried P/S 

Mrad. -1 g.dl. 

0 1.45 1.45 

6.6 1.63 1.66 

11.7 1.65 1.54 

13.3 1.65 1.73 

19.8 1.83 1.94 

26.2 Trace of Trace of 
gel gel 

were reducing the chemical effect of the irradiation. Although these 

results do not exclude altogether the possibility of surface affects, 

at least such affects must be small in the radiation chemistry of 

polystyrene." This conclusion is in agreement with previous measurements 

of Alexander and Toms (70). 

The absence of surface affects would be expected if it is assumed 

that hydrogen atoms react with the monomer units so readily that atomic 
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hydrogen cannot escape from the irradiated poly.mer. This hypothesis is 

strongly supported by the mass spectrometrie resulta of Burlant and 

Neerman (47). According to these authors hydrogen evolution in 

irradiated polystyrene is due to hydrogen abstraction, rather than a gas 

phase combination of free hydrogen atoms. Furthermore, there is some 

experimental evidence (71) that the addition of atomic hydrogen to 

double bonds (reaction C-.3 of the Historical Introduction) takes place 

at a reaction rate high enough virtually to exclude diffusion processes. 

In all subsequent experimenta of the present work surface 

effects were assumed to be negligible, and no particular care was taken 

to measure or control the surfaces of samples to be irradiated. How­

ever, only freeze-dried material was used when two samples of different 

distributions were compared. 

Effect of lntensity 

Statistical calculations are always based on the supposition 

that the intensity of the radiation source does not affect the chemical 

yields, except through the total absorbed dose. Good agreement between 

experimental resulta obtained under different conditions has often 

justified this assumption. 

Comparison of experimental data yielded by different irradiation 

techniques is facilitated by defining the so-called G values, ~ich give 

the number of radiation chemical events per lOO eV energy absorbed. Fbr 

polystyrene several researchers (2-41 44) have determined crosslink yields 



and, as show.n in Table I-9, their G values are in gpod agreement, in 

spite of the widely different radiation sources used. This seems to 

be at variance with the resulta of Feng and Kennedy (22), ~o found 

a strong dependance of the increase of intrinsic viscosity on dose­

rates. 

In the present work experimenta were not specifically designed 

to test the possible role of intensity. It is significant, however, 

that within experimental errer no differences could be detected between 

samples irradiated in Ottawa and those irradiated in MOntreal, even 

though the ratio of the actual dose-rates of the two radiation sources 

was almost 15 to 1. The standard deviation of the G value for cross­

link formation, as calculated from the data listed in Table I-7, is 

only about 3%, which compares ver.y favorably with previously reported 

measurements (41 44). The data of Table I-7 include resulta obtained 

both for samples irradiated in Montreal and samples irradiated in the 

more powerful Gammacell unit in Ottawa. Therefore these resulta 

indicate that over a wide range of intensities crosslink yields are 

proportional to the total absorbed dose. 

Tests of the Statistical Theo~ btM Determinations 

Direct evidence for the applicability of statistical resulta 

was given by the variation of weight average molecular weight, as 

determined by the light-scattering technique. 

It was shown in the Theoretical section that one of the conseq-
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uences of the random nature of linking and scission processes is that 

when M'1(R),M (0) is calculated as a function of R/R...,., the results are w w e; 

largely independant of the initial distribution (Fig. I-6). Moreover 

the curves of Fig. I-6 are remarkably similar for crosslinking and end-

linking, at least if degradation is not pronounced. The resulta of 

weight average molecular weight determinations can therefore be predicted 

with considerable accuracy even if the linking mechanism and the proportion 

of scissions and linkages are not precisel7 known. Thus light-scattering 

measurements on irradiated polymers appear to be a useful technique for 

investigating the validity of basic statistical assumptions when no 

details of the radiation chemical processes are known. 

Accordingl71 it was decided to test the statistical theory 

by light-scattering measurements on Sl05 and Sl02/Sl08 samples irradiated 

to various extents. The molecular weight distributions of these samples 

were given in the Theoretical section (Fig. I-5). Preparation, evac-

uation1 and irradiation of the samples is discussed in the EXperimental 

part. The gelling doses for 3105 and Sl02/Sl08, as given in Table I-71 

11 
were calculated from viscometric data. In Fig. I-8 M (R)/M (0) is 

w w 

plotted against R/R • The curve in Fig. I-8 is the theoretical curve g 

for crosslinking without degradation. As discussed in the Theoretical 

section, this curve would be essentially unchanged for all but very 

large extents of degradation and would also represent endlinking 

reasonably well both for Sl05 and Sl02/Sl08. 

Il 
As shown in Fig. I-81 the experimental values of M (R)/M (0) w w 



FIG. I-8 

Increase of the weignt average molecular weight of samples 

Sl05 and Sl02/Sl08 plotted against R/Rg. The full curve 

is the theoretical increase in crosslinking. 

66 



0 Sl05 

3.0 e SI02/SI08 

2.5 

-0 -~ 
:E 
~ 2.0 
a: -

1.5 

1.0 

0.2 0.4 0.6 

R/Rg 

0 

• • 

0.8 



67 

were in agreement with the statistical theory. The increase in the 

molecular weight was in accordance with the predicted trend, althougn 

molecular weights at high doses fell someWhat below the theoretical 

curve. However, the latter result could have been due to the loss of 

some highly crosslinked polymer during centrifugation. Also, no 

appreciable differences could be observed between Sl05 and Sl02/Sl08, 

in spite of the widely different initial distributions (Fig. I-5 of 

the Theoretical section). Thus, light-scattering data confirmed the 

validity of assumptions implicit in the statistical derivations. In 

view of the lack of interfering surface and intensity effects, it 

therefore seemed justified to interpret further experimental data in 

the light of previously described theoretical resulta. 

Relative Importance of Crosslinking and Endlinking 

It was shown in the Theoretical part that the relative import­

ance of crosslinking versus endlinking may be determined by comparing 

samples of different initial distributions. The samples specifically 

considered were Sl05 (sample I) and Sl02/Sl08 (sample II), i.e. the 

same substrates that were used in the light-scattering measurements 

discussed in the previous paragraphs. From the statistical analysis 

it was predicted (Table I-1 of the Theoretical section) that the ratio 

R~I /R~ would be approximately O. 96 for crosslinking and 1.23 for end­

linking, with the exact value depending on the degree of simultaneous 

degradation. 

Accordingly, Sl05 and Sl02/Sl08 samples were irradiated, and the 



relative viscosities of their solutions in toluene were measured at 

25°01 at a concentration of 0.6 g.d171 The critical doses were 

determined by extrapolating the viscosity-dose curves to tinfiniter 

viscosity, as shown in Fig. I-9. The obtained critical dose values 

were in good agreement with other viscometric data (Table I-7). 
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R!1 la! was found to be o. 951 in excellent agreement with the 

theoretical value for crosslinking. This result confirma conclusively 

that crosslinking is the predominant mechanism in the irradiation of 

po1ystyrene1 and thereby supports the previous hypotheses of Wall and 

Brown (44) 1 Burlant, Neerma.n, and Serment (4,47), and Pravednikov and 

In Shen-Kan (43), as reviewed in the Historical Introduction. 

It should be pointed out that the theoretical basis of the 

above method of distinguishing between crosslinking and endlinking is 

perfectly general. Moreover any systematic errors in the gelling dose 

determinations are likely to cancel out when the ratio is calculated. 

Therefore application of the above technique should lead to reliable 

conclusions for a variety of poly.mers. In particular, it could be a 

powerful tool of detecting endlinking in poly.mers such as irradiated 

polyvinyl alcohol, where this mechanism has been su.ggested to occur 

in aqueous solution (72). 

Critical Dose Determinations 

Apart from the results mentioned in the previous paragraphs, 

experimental values of the gelling doses were obtained by extrapolating 



FIG. I-9 

Determination of the gelling dose for samplea 5105 and 

Sl02/Sl08. The empty circles represent experimental 

points for 5105, full circles represent Sl02/Sl08. 
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TABLE I-6 

Calculated values of the product tgxu2{o) for anionic 

polystyrene samples 

Sa.mple 
tgxu2(0) 

6 -l 0 6-2 0 6 c-3.5 1 6,=5.0 c • c • c 

Sl02 0.611 0.549 0.52.6 0.518 

Sl05 0.611 0.549 0.526 0.518 

Sl08 0.615 0.550 0.527 0.519 

Sl09 0.612 0.549 0.527 0.518 

Sl02/Sl08 0.657 0.567 0.536 0.525 
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intrinsic viscosity-dose curves (Fig. I-10). 

As shown in Table I-61 it was anticipated from gelling dose 

calculations that the product u2xRg would be essentially the same for all 

samples studied. The u2xRg values calculated from experimentally obtained 

critical doses are in agreement with the theory* (Table I-7). The average 

value of u;tcRg was found to be 1.33 x 105 Mrad., with a standard deviation 

of 0.04 x 105 Mrad. The good agreement obtained for different samples 

constitutes an added proof of the applicability of statistical calculations. 

* For the Sl02/Sl08 sample a small correction was applied for poly-
dispersity, based on the data of Table I-6. 



FIG. I-10 

Determination of the critical dose by extrapolation of 

intrinsic viscosity-dose curves. The full circles 

represent the mean of two or three almost 

coincident experimental points. 



TABLE I-7 

Experimental values of the critical dose for anionic polystyrene 

samples of various degrees of polymerization 

1 
R from 5moothed g 

u2E.gxlo-5 out values 5ample ! viscometry u2 of Rg 

Mrad. · Mrad. Mrad. 

5105 1470 94.1 1.383 90.2 

5108 2570 47.5 1.221 51.7 
; 

5109 1850 71.4 1.321 71.8 

5102/5108 1570 89.8 1.385a 85.9 

a Corrected for polydispersity. 

From the average value of u2xRg the gelling doses were 

recalculated, leading to the tsmoothed outt resulta of Table I-7. ln 

subsequent calculations these corrected R values were used for expressing g 

doses in the form R/Rg. 

Degradation 

As shown by Eqs. I-14, 1~31, and I-43 of the Theoretical section, 

irradiation usually increases the number average molecular weight of net-

work-forming polymers, although this effect is often small. The validity 
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of Eqs. I-141 I-31, and I-43 is limited to doses not exceeding the 

critical dose. After the gel point M of the soluble fraction decreases n 

rapidly (15). Therefore osmotic measuremants on solutions of irradiated 

polymers are best to perform near the point of incipient gel formation. 

Table I-2 of the Theoretical section illustrates the 

influence of initial molecular weight distribution on the maximum value 

of M , and the advantage of using narrow range samples. It is evident n 
Il 

from Table I-2 that for such samples the value of Mn(Rg)/Mn(O) is higblT 

sensitive to the extent of degradation, in particular When degradation 

is not pronounced, as in the case of polystyrene irradiated in vacuo. 

Accordingly, the extent of degradation was estimated from 

osmotic measurements. In Table I-8 the osmotic resulta are compared 

to values obtained byMcCormick. The agreement is as reasonable as 

can be expected for m.easuremants carried out by different techniques1 in 

different laboratories. The number average molecular weight of 

unirradiated Sl02 was taken to be the average of the value obtained in 

the present study and the one calculated byMcCormick. 

From the resulta of gelling dose determinations R for Sl02 
g 

was calculated to be 167.8 Mrad. The actual dose given the irradiated 

Sl02 sample used in osmotic measuremants wa.s slightly higher (169.'4 Mrad.). 

After the gel point the number average molecular weight of the soluble 

fraction begins to decrease at roughlT the sama rate as it increases 

when approaching the gel point (15) 1 and therefore in the computation 

of 6 R/R = o. 992 was assumad. Then from equation I-31 and the computed . c g 
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TABLE I-8 

Resulta of the number average molecula.r 

weight determinations 

M n 

Sa.mple Present osmotic McCorm.ick mea.surements 

unirra.dia.ted 
Sl05 139,400 147.,500 

unirra.dia.ted 
8102 62.,800 78,500 

169 Mra.d. 8102 108,900 -

value~ of "Lg given in Appendi.x: I 6c could be determ.ined. The result 

obtained was 6c = 3.5, Which corresponded to a rather low degree of 

degradation. 

It is of interest to compare this value with results reported 

by other resea.rchers. The majority of published data. show the extent of 

degradation to be very small (2,4), however Shultz and collabora.tors (3) 

reported a compara.tively high degradation. It has been suggested (73) 

that their resulta might have been due to the presence of oxygen. In 

contrast, certain data. derived from solubility studies have indica.ted 

the total absence of degradation (4). The determination of 6
0 

from 

solubility measurements is usua.ll1 ba.sed on the previously given equation 
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s• I-52 

where si is the soluble fraction at dose R. It will be noted that if ôc = 

3.5 then the soluble fraction at high doses will be less than 2%. Accord-

ingly small degrees of degradation can easily remain undetected by the 

solubility technique. Therefore the osmotic technique, as used in the 

present work, is superior to solubility measurements for determining 

the number of main chain scissions in irradiated polystyrene. 

Calculation of G values 

Once the critical doses and the extent of degradation were 

known the G values for crosslinks and scissions could be computed. At 

the gel point 

I-33 

'Which means that the number of crosslinks per gram of polym.er equals 

!ij(2M:(Rg)), where !,! is Avogadrols number. If Rg is measured in megarads, 

the formation of the above number of crosslinks corresponds to the 

absorption of R x 108 ergs, or R x 0.624 x 1020 eV, because 1 rad g g 

corresponds to the absorption of lOO ergs of energ:r per gram of exposed 

sample. Therefore the number G of crosslinks formed per lOO eV absorbed 

energy is gi ven by 

G = 
R x M1(R) 

g w g 

1 6.02 x 1023 
x 

2 x 0.624 x 1018 
= 

6 
0.48 x 10 • 1_

57 
R xM

1
(R) 

g w g 
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If the •smoothed out• values of Rg are used in the calculations, the 

product R xM
1
{R ), and hence the G value, will be constant. Calculation 

g w g 

of this radiation chemical parameter may be illustrated as follows. 

For 5105, R = 90.2 Mrad. g 
{Table I-7), and l:, the zero of g 

Eq. I-34 for u1 = 1417, /\= 25, and 6
0 

= 3.50, equals -4 1.02 x 10 • 
1 1 

Th en 

from Eq. I-30 u2 (tg) = 1400, i.e. Mw {Rg) = 145,800. Substituting this 

result into Eq. I-57, the G value for crosslink formation was found to 

be 0.036~, from which the energy absorption per crosslink equals lOO/ 

0.0365 = 2740 eV per crosslink. According to the resulta discussed in 

the previous paragraphs, only one main chain scission occurs per 3.5 

crosslinks formed. Therefore the energy absorption per main chain 

scission is 3.5 x 2740 = 9600 eV. The main results are compared with 

the data of other researchers in Table I-9. 

It is interesting to note that the crosslink yields of the 

present work are lower than those previously reported in the literature. 

It is difficult to say whether the difference is meaningful, since the 

G values quoted in the literature are usually considered accurate only 

to :_ 20% { 73). It may be, however, that crosslink formation is indeed 

less pronounced for the anionic polystyrenesused in the present 

investigations. 

To the beat of the writer•s knowledge there have been no 

indications that the bulk properties of polystyrene prepared by the 

method of Szwarc (62) are different from those of ordinary polystyrene, 

in a manner that could influence radiation chemical yields. Also it seems 



Reference 

Charlesby 
(2) 

Shultz et 
al. (3)-

Wall and 
Brown (44) 
(three 
different 
samples) 

Burlant et 
al. (4) -

Present work 

TABLE I-9 

G values for crosslinking and scission 
in irradiated polystyrene, as obtained 

by various experimental techniques 

G tcross- G tscission) Radiation 
link) 6 source c 

o.04s 
a 0-0.02 2.5-co Atomic 

pile 

0.058 0.041 1.43 Electron 
beam 
genera tor 

0.054 - - Co60 gamma 
0.049 - - rays 
0.045 - -

0.048b od 00 Co6o gamma 
o.05lc rays 

0.036 o.o1 3.50 
60 Co gamma 
rays 
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Techniques of 
polymer char-
acterization 

Solubility and 
swelling meas-
urements 

Solubility 
measurements 

Viscometric 
gelling dose 
detenninations 

Viscometric 
gelling dose 
determinations, 
M , solubility 

n measurernents 

As described 
in text 

a The initial molecular weight of the polymer used in this work was not 
known accurately. Two estimates given in (2) are M (0) = 310,000 and 
430,000. G values were calculated by the writer onwthe basis of M (0) 
- 7 w - 3 o,ooo. 

b From viscometric data. 

c From the number average molecular weight of irradiated samples. 

d From solubility measurements. 
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unlikely that the nature of end groups could have a significant effect. 

Therefore one would tend to ascribe differences in G values to the 

unusual molecular weight distribution produced by the anionic process. 

Commercially available polystyrenes usually contain a significant 

portion of material with molecular weight well below 50,000. In contrast, 

none of the anionic samples used in the present work contained an 

appreciable fraction of low molecular weight material. Thus, although the 

results indicated the lack of distribution effects, the influence of very 

low molecular weight material was not considered. 

It has been shown (64) that the high shear melt viscosity 

of anionic polystyrene is greater than that of broad distribution samples 

of the same molecular weight. It was suggested (64) that this difference 

could arise as a consequence of the plasticizing effect of shorter 

molecules in the more polydisperse samples. According to this hypothesis 

the presence of molecules of low degree of polymerization would decrease 

the malt viscosity by facilitating the disentanglement of the long 

molecules. In an analogous manner, it seems possible that the presence 

of short chains in solid polymers might facilitate microbrow.nian motion, 

which, in turn, could contribute to the probability that a crosslink 

will for.m at a given site. This hypothesis is somewhat contradicted by 

the results of Burlant, Neer.man, and Serment (4), who found that between 

-196 and 65°C crosslink yields in polystyrene are largely independant 

of the temperature - and hence of the microbrownian motion. However, 

these findings are difficult to reconcile with the pronounced effect of 

temperature on hydrogen yields, as reported in the same paper. 
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It must be concluded that more, and highly accurate experimental 

work will be required to obtain a definitive answer concerning the role 

of molecular weight distribution and other second order effects in the 

radiation chemistry of polystyrene. 

Virial Coefficients 

The experimenta discussed so far were all related to the 

testing and application of the statistical theories of linking and 

degradation. The quantities determined depended on the number and 

.distribution of radiation-induced linkages and scissions. No experimenta 

were specifically designed to study intermolecular interaction in 

solution, as measured by the osmotic and light-scattering second virial 

coeffiyients (~). Nevertheless, values of 'z were calculated, and may 

be compared with certain theoretically predicted and experimentally 

observed trends described in the literature. 

The osmotic coefficients (A~) were computed from the slopes of 

the linear h/c vs. c plots (Fig. E-7 of the Experimental section) by 

means of Eq. E-911 and are given in Table I-10. Coefficients were 

determined for only three different samples, and therefore it is difficult 

to draw conclusions from their values. The resulta for the unirradiated 

samples, however, are in excellent agreement with data reported in the 

literature (74-76). 

The light-scattering second virial coefficients (Ai), as 

calculated from the slopes of the turbidity plots by means of Eq. E-5 of 

the Experimental section, are given in Fig. I-ll. As expected (77)1 these 
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TABLE I-10 

Experimental values of the osmotic second 

virial coefficient 

Sample ~x 104 

-2 en?. mole g. • 

Unirradiated Sl05 4.75 

Unirradiated Sl02 5.73 

169 Mrad. Sl02 3.90 

values are somewhat lo-wer than those obtained by osmotic measurements. 

The most conspicuous feature of Fig. I-ll is the lack of difference 

between the Sl05 and Sl02/Sl08 samples. At first sight this appears to 

contradict previous results, since it has been established both 

theoretically (78-80) and experi.mentally (81) that polydispersity 
'l" decreases A2• Gloser examination of the literature reveals, however, 

that the theory predicts and experi.ments show a significant reduction 

in the values of virial coefficients only when the components of the 

polymer mixtures are of widely different (by a factor of ten or more) 

molecular weights. In particular, Cooper, Evans, and Vaughan (81) 

attributed experimentally found decreases in ~ mainly to the presence 

of microgel. Moreover, it has been shown theoretically (78,82) that in 

two-component systems Ar may actually assume a maximum at a certain 



FIG. I-ll 

The effect of irradiation on the light-scattering 

second virial coefficient of samples Sl05 and 

Sl02/Sl08. 
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proportion of the high and low molecular weight components. In view of 

the relativel7 low polydispersity of the mixed sample it is therefore 

not surprising that no appreciable differences in ~ were found between 

the Sl05 and Sl02/Sl08 samples. 

As show.n in Fig. I-11, there was a small but definite decrease 

in A~ with increasing dose, which was probabl7 caused by branching. The 

effect of branching on second virial coefficients has been studied by 

several authors (26,77,81,83-87), and almost invariably a lowering of 

A~ and A~ was found. Morton and collabora tors ( 87) succeeded in synthet­

ising virtua!17 monodisperse samples of branched polystyrene, by reacting 

tlivingt polystyrene with silicon tetrachloride. These authors found 

that br~ching reduced ~ by about 4o% in benzene solution, but the 

influence of branching was difficult to detect in a poor solvant {butan-

one). However, in many investigations polydisperse samples were used, 

and the changes observed in A2 may have been due to changes in molecular 

weight distribution, rather than branching. To separate the affects of 

branching from those of polydispersity, Cooper and collaborators (81) 

carried out a rigorous experimental analysis of the properties of poly-

butadiene and trans-polyisoprene. They concluded that the significant 

decrease of Ar accompanying branahing was mostly due to polydispersity. 

Also, Peterlin's data for branched polyvinyl chloride (86) show that 

A2 may be actua!17 higher for branched molecules than for the correspond­

ing linear po~er. 

It is then difficult to evaluate the influence of branching on 

second virial coefficients from the existing experimental data. The resulta 
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of theoretical treatments are also somewhat inconclusive. Some of the 

better known formulas for calculating virial coefficients are due to 

Zimm, Stockmayer, and Fixman (271 88). Their results for tetrafunctional 

crucifor.m molecules indicate that branching should decrease A2, but, as 

Stockmayer and Fixman (27) pointed out, the for.mulas are quantitatively 

of little value. Flory and Krigbaum (78) have also developed an 

expression for Âz' which should be valid for branched molecules too (27). 

The quantitative validity of this fomula is again doubtful (75), but it 

also indicates that branching decreases the second virial coefficients. 

In conclusion it would thus appear that many experimental and 

theoretical resulta can be accounted for by assuming that branching does 

lower A2, but the effect is not pronounced. The data of the present 

w:>rk, as shown in Fig. I-11, are in agreement with this hypothesis. There 

is a slight decrease in AI with dose but, in view of the changes expected 

due to increased molecular weight and polydispersity, the influence of 

branching must be small. 
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SUMMARY 

In an effort to develop new techniques for studying the affects 

of irradiation on high polymers, and in particular on polystyrene, the 

influence of molecular weight distribution was investigated. From general 

mathematical expressions obtained by Saito, equations were developed to 

be used specifically for narrow distribution polymers and their mixtures. 

Subsequent computations indicated that by comparing gelling doses for 

samples of different initial distributions, it would be possible to 

distinguish between crosslinking and endlinking as alternative mechanisms 

of network formation. 

The applicability of the statistical theory to the radiation 

chemistry of polystyrene was tested in several ways. It was found that 

interfering surface and intensity effects were absent, and from light­

scattering and gelling dose measurements direct evidence was obtained 

concerning the correctness of the basic assumptions. 

From the effect of molecular weight distribution on the critical 

dose it was established that network formation in polystyrene takes place 

through crosslinking, in agreement with mechanisms suggested by several 

authors. 

From osmotic measurements and viscometric gelling dose determin­

ations, the extent of radiation-induced degradation was found to be one 

main chain scission per seven crosslinked units. The energy absorption 

per crosslink was determined to be 2740 eV. This value is higher than 

resulta obtainable from the literature, which suggests that the plastic-
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izing effect of low molecular weight species in polydisperse polymers 

increases the probability of crosslink formation. 

It is believed that the simple technique developed to distinguish 

between crosslinking and endlinking should be valuable for studying 

radiation processes in a variety of network forming po!ymers. 



PARI' II 

THE INTRINSIC VISCOSITY OF 

BRANCHED POLYMERS 



HISTORICAL INTRODUCTION 

The theory of solutions of branched polymers is1 as may be 

expected1 closely connected to the theoretical and experimental resulte 

obtained for solutions of linear poly.mers. Many of the difficulties 

which arise when it is attempted to predict the intrinsic viscosities 

of branched polymers are, in fact 1 a consequence of our incomplete 

knowledge of the behavior of linear chaine. New data on the effects of 

branching can provide important information on the properties of polymer 

solutions in general. Therefore it seems in order to raview briefly 

the viscosity theory of solutions of linear polymers before discussing 

the particular problems posed by branching. 

The exact hydrodynamic calculation of the viscosity increment 

produced by a particle in a flowing liquid is possible only for very 

simple systems (89). Thus, considerable simplifications must be intro­

duced in order to develop a mathematical treatment of the viscosity of 

polymer solutions. One of the most useful approaches has been to consider 

polymer molecules as statistical chains, consisting of beads connected by 

rigid links without lateral extension (the 1pearl-necklace1model). The 

configurations of auch chains in solution are closely related to random 

flight sequences1 and can therefore be analyzed mathema.tically. Many 

of the fundamental resulta of such analyses have been given by Chandra­

sekhar (90). With certain modifications (911 92) random flight calculations 

can also allow for the effect of fixed bond angles and hindered rotation. 

The influence of the finite volume of monomer units (excluded volume 

effect) and polymer-solvent interactions are more difficult to treat in 
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an analogpus mannar, but considerable advances are being made along 

these lines (93). 

An important result of the statistical calculations has been 

the conclusion that the average linear dimensions of polymer molecules, 

such as the root-mean-square (rms) end-to-end distance L~ l/2, or the 

r.ms radius of gyration < s2 >1/ 2, are proportional to the square root 

of the molecular weight. 

When the motion of polymer coils through liquida is considered, 

it is justifiable to assume that the center of mass of the polymer molecule 

is at rest, and liquid is flowing through and around the coil. Then we 

can think of two extreme cases (.91,.): 

1. The polymer chain can be considered as a loose net which 

offers little resistance to liquid flow, except in the immediate vicinity 

of the lbeadst. This case is referred to as the free-draining coil. The 

hydrodynamic behavior of such chains was considered by Debye (95), who 

found that their intrinsic viscosity would be proportional to < s2 >, i.e. 

to the molecular weight. 

2. Alternatively, a polymer molecule may i.mmobilize the liquid 

enclosed by it to such a large extent that the chain and the enclosed 

liquid will for.m a single hydrodynamic entity. This madel is known as 

the impermeable coll. An impermeable coil may be considered as a solid 

sphere of radius Re' Re being the equivalent hydrodynamic radius. From 

Einsteinls equation for suspensions of solid spheres, the intrinsic vis­

cosity will be proportional to ~alM' where M is the molecular weignt (94). 



Assuming that R is proportional to < s2 >1/ 2, and neglecting the e 
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excluded volume and polymer-solvent interaction effects, [~ would thus 

become proportional to M0·5. 

It is well known that for many polymers the dependance of [17] 

on the molecular weight can be expressed with considerable accuracy by 

equations of the type 

' 
II-1 

where K and a are constants. The value of a is usually between 0.5 

and 0.8, which suggests that the properties of polymer molecules in 

solution are intermediary between those of the free-draining and the 

impermeable coil. Thus it has been necessary to introduce modifications 

to the limiting cases quoted above. Kirkwood and Riseman (96), and 

Debye and Bueche (97) have assumed that the flow around the outermost 

segments is essentially unhindered by the presence of other segments, 

and as the center of the molecule is approached the tbeadsl become more 

shielded, due to the interaction of the flow patterns of individual 

segments. For a sufficiently large coil the liquid near the center will 

be completely immobilized. This implies that in the limit very large 

molecules will behave as dense spheres, with [~J = KM 0•5• For molecules 

of inter-mediate size the depth of solvent penetration into the coil can 

be expressed in terms of a shielding length. In effect, consideration 

of the shielding length (or permeation factor) results in a hydra-

dynamic radius which increases with M more rapidly than does the 

rms end-to-end distance. This is in accordance with experimentally 

observed values of a in the Mark-Houwink (98) equation (Eq. II-1). Never-
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theless, the quantitative application of the Kirkwood-Riseman and 

Debye-Bueche theories has been only moderately successful in relating 

the hydrodynamic behavior of a monomer unit to the intrinsic viscosity 

of the macromolecule (99). 

A somewhat different approach has been taken by Flory and 

Fox (100-102), who introduced a theory based on three major postulates, 

(a) that for flexible polymer chains the permeation factors 

of the Kirkwood-Riseman and Debye-Bueche treatments are at their 

asymptotic limita over the entire molecular weight range of interest, 

(b) that the effective hydrodynamic radius is approximately 

proportional to the average linear dimensions, and 

(c) that due to the excluded volume and polymer-solvent 

interactions these dimensions are expanded by a factor a, which increases 

with the size of the coil, i.e. with the molecular weight. 

The mathematical analysis carried out by Flory and Fox is 

derived from thermodynamic considerations. The expansion factor a is 

given by the equation 

where ~ is a constant depending on the dimensions and properties of 

the coil, X and lfi are interrelated thermodynamic parameters, character­

izing a given polymer-solvent pair, M is the molecular weight of the 

polymer, and e is the temperature of total miscibility for a polymer 

homolog of infinitely high molecular weight. It can be seen that at 

T = e, the so-called Flory S temperature, a = 1 and the polymer molecules 
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may be represented by an equivalent random chain, obe;ring random flight 

statistics. 

Flor;r and collaborators have collected a wealth of experimental 

data to justify the excluded volume theory, and the correctness of 

postulates (a) and (c) has been adequatel;r demonstrated (103). There 

rema.ins the question of how closely the proportionality of Re and 

< L2 > l/2 or< s2 > 112 is obeyed. For linear molecules postulate (b) 

has been stated as 

where ! and p 1 
are supposedly universal constants. In the Flor;r-Fox 

treatment 

II-4 

2 l/2 'Where < ~ > 
0 

is the unperturbed rms end-to-end distance, i.e. the 

size of the coil in the absence of excluded volume effect and polymar-

solvent interaction. Thus it would be a consequence of the complicated 

dependence of a on M that the exponent in the Mark-Houwink equation can 

take various values. From Eq. II-3, ~ can be calculated if the intrinsic 

viscosity, n1:>lecular weight, and the dimensions of polymer molecules are 

determined experim.entally. Krigbaum and Carpenter ( 103) have carried out 

a thorough anal;rsis of the properties of cyclohexane solutions of poly-

styrene, and also reviewed data in the literature. They- have come to the 

conclusion that the universal constant ~ is not strictly independent of 

the temperature, and have established that ~ decreases somewhat with 
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increasing light-scattaring second virial coefficients. Even in this 

critical study1 however, the observed changes in ~ were sma.ll. Thus 

it can be concluded that for most dilute solutions of linear polymers 

the Flory-Fox theory explains the frictional phenomena remarkably well. 

However, as demonstrated later, this theory appears to be unsuitable 

for quantitative interpretation of the intrinsic viscosity of branched 

macromolecules. 

It has been clearly established experimentally (261 871 1041 105) 

that the intrinsic and bulk viscosities of branched polymers are lower 

than those of the corresponding linear polymers of equal molecular 

weight. The aize of branched molecules is usually expressed in terms of 

the parameter g, which is defined as the ratio of < s2 > of the branched 

chain to < s2 > of the corresponding linear molecule of equal molecular 

weight. For free-draining coils '31] is proportional to the mean-square 

radius of gyration, and thus 

The theor.y underlying Eq. II-5 was abandoned when the free-draining model 

proved unsatisfactory for linear polymers, and it was attempted (26) to 

apply the Flory-Fox theory to branched molecules. Eq. II-31 if adopted 

for branched polymers1 leads to 

In view of the successes of the Flory-Fox theory, Eq. II-6 was at first 

expected to be reliable but, as Zimm ( 106), and Stockmayer and Fixman 

(27) pointed out, early experimenta (26) conclusively showed that the 



92 

~/2 factor considerably overestimates the effect of branching. 

Following this realization, it was attampted to introduce 

improvements into the calculation of intrinsic viscosities of branched 

polymers. Basically, all the theoretical treatments have been designed 

to correlate the intrinsic viscosity and certain linear dimensions of 

branched molecules. Several analyses (27,28,30) have been based on the 

assumption that the radius of gyration is comparatively simply related 

to the hydrodynamic radius, at least empirically. However, Stockmayer 

and Fixman (27), and F. Bueche (31) have pointed out that the radius 

of gyration is not a good measure of the hydrodynamic radius, for 

increased segment density will increase Re even if < s2 > remains 

constant. This makes it questionable wh ether any of the proposed 

formulas (25-28) of the type 

II-7 

- .., 
can de scribe the influence of branching on j_ïlJ with sufficient generality. 

As shown in the Results and Discussion section, it was possible to obtain 

information re garding this problem by considering solutions in a good t and 

rpoort solvants. 

The experimental investigation of the affects of branching is 

beset with difficulties. In order to test the theories, it would be 

desirable to measure the viscosities of essentially monodisperse samples 

of known degrees of branching. Such samples, however, are extremely 

difficult to prepare, unless in minute quantities. Recently, Morton and 

collaborators (87) succeeded in synthetizing polymers with three or four 
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uniform branches emanating from a single point. Their experimental 

resulta lend considerable support to the theoretical work of Zimm and 

Kilb (28). It is still doubtful, however, whether this theory is 

applicable to randomly branched poly.mers. 

One of the more convenient ways of obtaining branched polym.ers 

under controlled conditions is by irradiation of linear polymers of 

known distribution. Although the resulting poly.mers are highly poly­

disperse, the number and distribution of branches obey statistical laws. 

Therefore the study of irradiated polymers offers an experimentally 

simple, and yet effective technique for investigating the influence of 

branching on the intrinsic viscosity. 

The change of intrinsic viscosity on irradiation of a polymer 

has been studied by several workers. In general the mathematical 

difficulties encountered have been considerable, because calculation of 

the viscosity average molecular weight of irradiated poly.mers requires 

more complicated techniques (17,19,33) than the estimation of Mn and Mw. 

Branching introduces further special problems (21,301 33). Therefore in 

many of the computations reported only samples of initially random dis­

tribution were considered (19,21,30). 

In the present work it was round possible to extend som.e of 

the existing statistical treatments (19,21), so that any theory in which 

the effects of branching on ["YiJ can be expressed as a function of the 

number of branch units, may be tested by studying irradiated polym.ers. 

For reasons mentioned above the calculations have been limited to the 

initially random distribution. However, it will be shown that the effect 
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of initial molecular weight distribution is probably small and that the 

results obtained are applicable to polymers of various initial distrib­

utions, including narrow range polymers. 
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THEO RET ICAI. 

Basic Mathe~tical Approach 

The calculations to be discussed in the present section are 

based essentially on Saitors calculation of the viscosity average 

molecular weight of irradiated polymers (19). Saitols treatment has 

been expanded subsequently by other authors (23,24), but the most 

important improvement is due to Katsuura (21) 1 who succeeded in intro­

ducing the effect of branching into Saitors formulas. The computations 

of Katsuura (21) were based on the assumption that the effect of 

branching can be expressed by the equation 

II-8 

where a is the exponent of the Mark-Houwink equation (Eq. II-1) for 

the linear molecule, and g = < s2 >b/< s2 >1in. Eq. II-8 follows from 

the theoretical treatment of Debye and Bueche (97), and it implies that 

branching causes the hydrodynamic shielding to be greater than in the 

case of a linear random coil. On the other hand, the influence of 

branching as predicted by Eq. II-8 is smaller than that expected from 

the direct application of the Flory-Fox theory (Eq. II-6 of the 

Historical Introduction). 

As will be show.n in the Results and Discussion section, 

experimental data indicate that Eq. II-8 still overestimates the effect 

of branching. Nevertheless, Katsuura•s treatment has opened the way 

towards a general approach for the interpretation of the intrinsic 
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viscosity of irradiated polymers. In the following paragraphs this 

concept is explained and applied to several recent theories of the 

influence of branching on the solution properties of po~ers. 

First it is necessary to consider the assumptions and math-

ematical methods involved in the derivations. The Katsuura expression 

for the intrinsic viscosity is given by 

where 

[17] == Kw a 
0 

0 0 

2-a a+l n(u,q,R) d 
g u N u, II-9 

K = coefficient of the Mark-Houwink equation for the original 

linear polymer 

w
0 

= monomer molecular weight 

q == half of the number of chain ends of a given molecule 

u = degree of polymerization 

n(u,q,R) == number of u-mers with 2q ends at dose R 

N = total number of monomer units. 

Eq. II-9 is based on the hypothesis that intrinsic viscosity 

is a weight average quantity. This proposal was first clearly stated 

by Flory (107), and has been amply justified by experimental work (108). 

For a mixture of polymers belonging to the same homologous series we 

have 

[17] = 
·:z.: . [rrl]. w. 
J. J. J. 

v 
L. wi 
i 

' II-10 

where ~'Y?1 . and w. are the intrinsic viscosity and weight fraction of _ul. J. 

the ith component. For polydisperse samples it is customary to rewrite 
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Eq. II-10 by substituting for [17] i from the Mark-Houwink equation and 

replacing the su.mmation by an integral. This leads to 

(-ry] = 
\ Ma Mn(M)dM K-o ____ _ 
00 

, II-11 

~ Mn(M)d.M 
0 

where M is the molecular weight of a given species, and n(M) is the number 

of molecules of molecular weight M. From Eq. II-11 the viscosity average 

molecular weight is defined as 

M 
v 

Ma+ 1 n(M)d.M 

Mn(M)dM 

1/a 

II-12 
• 

When the intrinsic viscosity of mixtures containing branched 

molecules is calculated, the [77] i values of Eq. II-10 cannot be 

obtained directly from the Mark-Houwink equation. Statistica1ly, however, 

the ratio of the viscosities of linear and randomly branched molecules of 

equal molecular weight depend only on the number of branches. Th us 

[~] i,br /[Ti] i,lin = f(q) • II-J3 

Moreover, if a relation can be found between the number of branch units 

and the radius of gyration as expressed by the g value, Eq. II-13 can 

be writ ten as 

[TJ] i,br = [ri] i,lin • r (g) , II-14 



98 

where 

Lf(g) == '-{ [g(q)] = f(q) II-15 

[17] . 1 . can be calculated from the Mark-Houwink equation, and substitut­
~, l.n 

into Eq. II-10 the generalized expression 

00 00 

[17] = Kw~ ~ dq~ lf(g)ua+l n(~,q) du II-16 

may be obtained, analogously to Eq. II-11. It can be seen that Katsuurats 

Eq. II-9 is simply a special case of Eq. II-16. 

Thus, in the calculations to be àiscussed no major assumptions 

are involved beyond those inherent in the statistical determination of 

the number and distribution of crosslinks and scissions. Accordingly, 

it may be concluded that Eq. II-16 will give the intrinsic viscosity 

of irradiated polymers accurately, provided the correction factor r(g) = 

f(q) describes the dependance of [b] on branching correctly. 

As mentioned before, several expressions for tf(g) have been 

proposed in the literature (25-28). Katsuurats computations (21) were 

limited to use of the g2-a factor, but it is interesting to note that 

the form in which Katsuura used this correction for branching was a 

number of expansions 

2-a 
[g(q)] = • 

This suggests that Katsuurats mathematical technique will be applicable 

whenever the dependance of [~] brf B?J lin on the number of branch units 
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can be expressed as a sum of exponential functions. 

In the present work various [nl/["YJ]lin = tf(g) relationships 

were considered: 

1. 5(6/[ /)~in = ;/2 {II-6) 

2. G1l;['il1in = 
2-a {II-8) g 

3. [0~/[~Jlin = gl/
2 , and· II-17 

4. G7Jb/[~Jlin = h
3 

, II-18A 

where h = fi [2 - f + ./2. (f - 1) J -l , and II-18B 

3 + .j_ 2- sa f = II-18C 2g • 

In Eqs. II-18, h is the ratio of the effective hydrodynamic radius of 

the branched molecule to that of the linear molecule of equal molecular 

weight, and f is the number of branches of a given crucifor.m molecule. 

As mentioned before, Eqs. II-6 and II-8 follow from the Flor,y-Fox and 

Debye-Bueche theories, respectively. Zimm and Kilb (28) calculated the 

intrinsic viscosities of several star-shaped molecules~ and found that 

Eq. II-17 would describe the hydrodynamic properties of such molecules 

satisfactorily. The use of Eqs. II-18 was first suggested by Stockmayer 

and Fixman (27), based on their calculation of the friction constant 

for cruciform molecules. The mathematical approach used by these authors 

was an extension of the Kirkwood-Riseman treatment (96). 

It should be noted that none of the above equations was 

developed for randomly branched polymers. The properties of heavily 



branched species, which are fo~ed in significant quantities near the 

gel point, may be quite different from those of the star-shaped molecules 

for which Eqs. II-17 and II-18 were derived. At the present time, how­

ever, it appears that a direct calculation of [YÙ is possible for only 

the simplest branched molecules. Therefore it was assumed that differences 

between the segment densities of cruciform and randomly crosslinked 

molecules of the same number of branches could be neglected. 

Expansion of the JP(s) Factors into Finite Dirichlet Series 

As mentioned previously, in the treatment of Katsuura (21) 

dependance of the intrinsic viscosity on branching was expressed in te~s 

of exponential functions of q. In order to expand the correction factors 

used in the present work into finite Dirichlet series, it was first 

necessary to calculate ~(g) corresponding to a number of q values. 

Even these simple computations, however, posed a difficulty, due to the 

considerable differences between relevant equations developed by Kataoka 

(109) on one hand and Zimm and Stockmayer (25) on the other hand. To 

avoid possibly erroneous conclusions due to using the wrong expression 

for calculating g, and also to evaluate the importance of differences 

between the two treatments, in the computations of the present work both 

methods were used. 

For tetrafunctionally branched molecules of random branch lengths 

Zimm and Stockmayer obtain* 

* The authors have been able to simplify somewhat Eq. II-19, however, the 
alternative formula is not advantageous when digital computera are used. 
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g(q) 
9=,1 

= J(q- 1)!(2g)\ 2.:. (2q +V) 
(Jq)! v=o -v ' 11-19 

the asymptotic form of which for large q is 

""1~ 2 
g(q) 2 v q-:-ï - 3(q - 1) • Il-20 

The formula of Kataoka corresponding to Eqs. I-19 and I-20 is 

g(q) = Jq( + 9g2 - 18g + 8 
q(Jq - 1)(3q - 2) • 11-21 

The results shown in Table Il-l illustrate that the two methods 

give similar or even identical results for low degrees of branching. As 

q increases, an increasing discrepancy is found between the two treatments. 

In the limit of an infinite number of branches Eq. II-21 leads to g = 1/3, 

while the asymptotic equation of Zimm and Stockmayer (Eq. II-20) indicates 

that lim g(q) = O. Katsuura (21) has shown that for highly branched 
q-->oo 

molecules Eq. 11-21 underestimates the affect of branching, however, 

according to his calculations, after the necessary corrections have been 

applied lim g(q) would still equal 0.297. The effects of the uncertainty 
q-->oo 

introduced by the differences between the two methods will be considered 

in the Results and Discussion section. 

Values of the functions f(g) = f(q) were calculated for 40 

different values of q, ranging from 1 to 116. The alternative methods 

of Kataoka and Zimm and Stockmayer were both used for computing 'f (g) 

factors, excepting that given by the Stockmayer-Fixman theory (27), the 

latter being explicitly connected to the statistical treatments of Zimm 



q 

1 
2 

3 

4 
5 
6 
7 
8 

9 
10 
11 
l2 

13 

14 
15 
16 
17 
18 

19 
20 

TABLE Il-l 

Values of the parameter g calculated from 
the equations of Zinun and Stockma.yer (25) 

and Kataoka (109) 

;!" 

Zi.mm and q 
1 Zi.mm and 

Stoclanayer Kataoka Stoclanayer 

1.0000 1.0000 21 0.3099 
0.8000 0.8000 26 0.2803 
0.6905 0.6905 31 0.2580 
0.6182 0.6182 36 0.2404 
0.5656 0.5692 41 0.2260 
0.5251 0.5343 46 0.2140 
0.4925 0.5083 51 0.2037 
0.4656 0.4881 56 0.1949 
0.4428 0.4721 61 0.1871 
0.4232 0.4591 66 0.1801 
0.4061 0.4483 71 0.1739 
0.3910 0.4392 76 0.1684 
0.3775 0.4314 81 0.1633 
0.3654 0.4247 86 0.1586 
0.3544 0.4189 91 0.1544 
0.3443 0.4137 96 0.1505 
0.3351 0.4092 101 0.1468 
0.3266 0.4051 106 0.1435 
0.3188 0.4014 ill 0.1403 
0.3115 0.3981 116 0.1373 

~ 

Kataoka 

0.3951 
0.3835 

0.3756 
0.3698 
0.3654 
0.3620 
0.3592 
0.3569 
0.3550 
0.3534 
0.3520 
0.3507 
0.3497 
0.3487 
0.3479 
0.3471 
0.3465 
0.3458 
0.3453 

o.3448 L 
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and Stockmayer. In computations based on Zimm and Stockmayerls equations 

the asymptotic for.mula (Eq. II-20) was used for q> 20. Some of the 

results of these calculations are given in Table II-2. A complete 

listing may be found in Appendix II. 

Having computed the correction factors l{(g) as a function of 

q in several ways, it was now necessary ta express them in ter.ms of 

exponential functions. This problem is similar to that encountered by 

radiochemists in the least-squares analysis of counting data. The 

mathematical procedure for such analyses is not quite straightforward, 

for the equations used ta fit a calculated curve to the data are non­

linear in the parameters ta be determined. Shortly before the calculations 

of the present work were carried out, a computer program (llO) was 

published by the Nuclear Chemistry Group of the Massachusetts Institute 

of Technology for the analysis of exponential growth and decay processes. 

The mathematical approach used in this program was based on expanding 

the exponential functions in a Taylor series about the point defined 

by the previous estimates of the parameters. By neglecting all terms 

of the series beyond first order, a set of simultaneous equations linear 

in the differences between the current estimates of the parameters and 

the correct values is obtained. From these equations the difference 

terms are evaluated, the previous estimates are corrected, and to 

eliminate errors due to the neglected higher order terms the process 

is repeated a number of times to meet convergence criteria. 

The above computer program (FRANTIC) was adapted to the Ia4 1410 

computer of the McGill University Computing Centre. Considerable simplifi­

cations could be introduced, for the corrections normally used for the raw 



q 

2 

3 

4 

5 
7 

10 

15 

20 

31 

41 

61 

81 

101 

i 116 
1 

TABLE II-2 

Values of the correction factor f(q) for randomly branched molecules, as 
calcu1ated from several theories concerning the affects of branching 

f(q) 

Lf (g) = ;t2 Lf(g) = g1~26 lf(g) = gl/2 
Zimm and Zimm and Zimm. and 

Stockmayer Kataoka Stockmayer Kataoka S-cockmayer Kata oka 

0.7155 0.7155 0.7549 0.7549 0.8944 0.8944 
0.5'737 0.5737 0.6270 0.6270 0.8309 0.8309 
0.4860 0.4860 0.5455 0.5455 0.7862 0.7862 
0.4254 0.4294 0.4877 0.4916 0.7520 0.7544 
0.3456 0.3623 0.4097 0.4262 0.7018 o. 7129 
0.2753 0.3110 0.3384 0.3749 0.6505 0.6775 
0.2109 0.2711 0.2705 0.3340 0.5952 0.6472 
0.1738 0.2512 0.2300 0.3133 0.5581 0.6309 
0.1310 0.2301 0.1814 0.2911 0.5079 0.6128 

o.J..074 0.2208 0.1535 0.2812 0.4754 0.6044 

0.0809 0.2115 0.1209 0.2711 0.4324 0.5958 
0.0660 0,2067 0.1019 0.2660 0.4040 0.5913 
0.0563 0.2039 0.0892 0.2630 0.3831 0.5886 
0.0509 0.2024 0.0820 0.2613 ' 0.3705 0.5871 

<f (g) = h.3 
(Zimm and 

Stockmayer) 

0.8680 

o. 7731 
o. 7023 

0.6468 

0.5645 
0.4815 

0.3951 

0.3400 

0.2706 

0.2293 

0.1797 
0.1502 

0.1303 

0.1190 

~ 
~ 
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counting data were omitted1 together with parts of the original progra.m 

which were not essential for iterative least-squares analysis. 

Using this modified FRANTIC program, the ~(g) = f(q) correction 

factors for branching were expanded into suma of exponential functions 

of the type ~ B. e -ci q. As shown in Appendix II, three exponential 
~ ~ 

terms, plus an appropriate constant for values based on Eq. II-21 of 

Kataoka1 were always sufficient to obtain a good approximation to f(q). 

The parameters B. and c. for each expansion are also given in Appendix II. 
~ J. 

Derivation of the Equation Used to Compute [i[V[7[b as a Function of R/Rg 

in Crosslinking with Degradation 

Having obtained tf (g) in terms of exponential functions of q, 

Eq. II-16 can be expressed as 

[17] = Kwa
0 

2 B. 'J(c.) 
. J. ~ 

II-22 
J. 

where 

co 
( a+l -ciq n(u,q1R) d (' l 2 3 ) ) u e N u J. = , , ,... • 

0 0 

II-23 

Katsuura (21) has shown that for a random initial distribution Eqs. II-23 

can be transformed into integrais from which the increase of the intrinsic 

viscosity in crosslinking may be evaluated. The resulting expression in 
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the absence of degradation is* 

Y'oi 
( 1a+ld;r . _ 
) { 2 -c· J ac~- 1,2,3, ••• ) 
0 

tl- Y'- 2u1;rt(l- Y' e ~) 

II-24 

where u1 is the initial number average degree of polymerization, a is 

the exponent in the Mark-Houwink equation for the linear pol7mer, t is 

the average number of crosslinks per monomer unit in the irradiated 

poly.mer, and ;r
0

i is a root of the equation 

( 2 -c·) 1 - Y' - 2u1 yt 1 - Y' e ~ = 

such that 0 < Y' . < 1. 
0~-

0 1 II-25 

As Katsuura pointed out (21), due to the invariance of the 

form of the random distribution function under degradation, Eq. II-24 

can be applied to crosslinking with degradation if u~(l + u1<j is 

substituted for ur As before, 'L= t/ôc can be computed if the extent 

of degradation is known. 

' 

In actual calculations it is convenient ta express the dose as 

a fraction of the gelling dose Rg. For samples of initiall;r random 

distribution, Eq. I-JJ of the Theoretical section of Part I leads to 

• II-26 

* As shawn in Appendix III, there is a misprint in the corresponding 
, equation given by- Katsuura (21). 



Therefore if R/R is denoted by p we obtain 
g 

and 

t = pt g 

The change in the intrinsic viscosity on irradiation is 

1.07 

II-27 

II-28 

usually expressed by the ratio [11}'[rl)0 , where [ -rf]0 refers to the 

unirradiated poly.mer. It is easy to show that for a sample of random 

distribution 

[11]
0 

= Kw~ u~ r(a + 2) II-29 

Then, if we combine Eqs. II-22, II-24, and II-27, and replace u
1 

in Eq. 

II-24 by u
1
/(l + u1~) with the aid of Eq. II-28, the formula 

(4d + p - l)a r (l - a) r (2 + a) c 

0 

a+l y dy 

[Yi] 
• - = 

will be obtained. The y . values are now roots of the equations 
OJ. 

II-JO 



2YP 6c 2 -c· 
1 - Y - 46 + P - 1 (1 - Y e l.) 

c 
0 

1.08 

II-31 

such that for all i 0 < y . < 1. It is evident from Eqs. II-30 and 
OJ. -

II-31 that the relative change in the intrinsic viscosity does not depend 

on the initial molecular weight. 

Numerical Integration 

The evaluation of Eq. II-30 involved two distinct numerical 

procedures. Eqs. II-31 were readily solved for y
0

i values by successive 

approximation, as described in the Theoretical section of Part I. 

Evaluation of the integrals of Eq. II-30, however, posed considerable 

difficulties, because the integrands of Eq. II-30 become infinite at the 

upper limit. 

The problems involved when numerical integration is attempted 

in the neighborhood of a singularity of the integrand have been discussed 

in some detail by Hartree (111). Basically, difficulties arise because 

in the derivation of integration formulas it is assumed that the 

integrand is expansible in Taylor series at every interval. This assumption 

does not hold if there is a singularity at any point, including the end-

points. Therefore, in an effort to apply Gaussian quadrature, Eq. II-30 

was transformed, using integration by parts. This procedure eliminated 

the singularity for many values of the parameters involved. However, 

the difference between results obtained by 15- and 16-point Gaussian 

quadrature was, at least in one case, over 5%, which made the applicability 

of this approach questionable. 
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Accordingl.y, it was decided to evaluate Eq. II-30 b;y direct 

numerical integrations, using the well-known Weddlets Rule for.mula (112). 

For a given integral the range of integration was divided into intervals 

of the type 

n y. (n = 1,2,3, ••• ) • 2n - 1 J 
2 0~ 

Each of these intervals was then subdivided into six equal intervals . 

to apply the mechanical quadrature formula. Due to the slow convergence 

in the neighborhood of the upper limit, values of the integrand had to 

be calculated at up to 420 points to reduce the error to less than O.l%. 

This numerical procedure was tested by evaluating Beta functions, and 

its accurac;y has been amply proved by checking certain intermediate 

values. 

The heavy machine time requirement has somewhat limited the 

number of computations that could be carried out. Nevertheless, as 

shown in the Results and Discussion section, a sufficient volume of 

data was obtained to provide the infor.mation sought. 
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RESULTS AND DISCUSSION 

It has been described in the previous section how the treat­

ments of Saito (19) and Katsuura (21) were modified by introducing 

various corrections for branching. It has been found that, even at low 

doses, the calculated values of ~]/[~ were strongly dependent on the 

lf(g) correction factors. Therefore the validity of several theories 

concerning the viscosity of branched polymers could be tested by 

comparing theoretical and experimental data. 

Having decided on the numerical procedures to follow, it was 

a comparatively simple task to write the necessar.r computer programs. 

However, due to the heavy machine time requirements, very few calculations 

could be carried out to test the importance of possible or known uncert­

ainties in the extent of degradation, or the value of the exponent in 

the Mark-Houwink equation, for a given pol.ym.er. Nevertheless, a number 

of interesting conclusions have been reached on the basis of the 

theoretical results tabulated in Appendix IV. Furthermore, it was 

possible to investigate the effect of initial molecular weight distribution, 

by comparing experimental resulta obtained for irradiated anionic poly­

styrene samples to theoretical and experimental data for polymers of 

initially random distribution. 

Evaluation of Various Theories on the Effects of Branchin~ on Viscositz 

In Figs. II-1 to II-3 changes in the intrinsic viscosity as 

calculated on the basis of several theories are compared to the experi-

mental data of Shultz and collaborators (3) and Kilb (30). As mentioned 
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previously, the computations described in the Theoretical section apply, 

in principle, only to samples of initially random distribution. It mar 
be assumed (3,30) that the polystyrene samples used by Shultz, as well 

as Ki1bts dimethylsi1icone f1uid1 satisfied this criterion reasonably 

wel1. 

The most extensive calculations were carried out using the 

experimental parameters of Shultz and co1laborators. In their 

experimenta, the extent of degradation was determined to be 0.7 main 

chain scission per crosslink, which corresponds to 6'c = 1.43. The 

exponent a of the Mark-Houwink equation was taken to be 0.74, as quoted 

by Shultz et al. In Fig. II-1 the data of curves 2A, 41 and 5A were 

computed by means of Kataoka•s formula for g (Eq. II-21), while curves 2B, 

3, and 5B were obtained from the parallel expressions of Zimm and 

Stockmayer (Eqs. II-19 and II-20). 

In the calculation of curve 1, the effect of branching on 

viscosity was neg1ected, while at the other extreme curves 5A and 5B 

correspond to Eq. II-6, i.e. to the Flory-Fox theory. It is obvious 

that branching lowers the viscosity considerably, but not near1y as 

much as predicted by Eq. II-6. The relationship 

2-a 
g ' (II-8) 

which is based on the Debye-Bueche treatment (97), and waa emp1oyed in 

the original derivations of Katsuura (21), also appears to overestimate 

the affects of branching (curve 4). On the other hand, the 
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FIG. II-1 

Comparison of experimental data for irradiated polystyrene 

in toluene, obtained by Shultz et al. (3), and theoretical 

curves, calculated from various equations proposed to des­

cribe the effects of branching on [rf]. The theoretical 

curves were computed by assuming a; 0.74 and ~ = 1.43. 

For curves 2A, 4, and 5A, g values were obtained from the 

for-mula of Kataoka (Eq. II-21), for curves 2B, 3, and 5B 

Zi.mm and Stockmayerts formulas (Eqs. II-19 and II-20) were 

employed. The following correction factors for branching 

were considered: 

Curve 1 

Curves 2A and 2B 
Curve 3 

Curve 4 

Curves 5A and 5B 

No correction [lf ( g):l] 
Lf (g) = gl/2 

Lf (g) = rr3 
tf (g) = gl.26 

tf (g) = ;/2 

The dashed curve representa the theoretical results of Shultz 

et al., who se calculations were based on the Stockmayer­

Fixman treatment ( lf (g) = h3 ). 
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(II-17) 

expression, which was used to calculate the values of curves 2A and ZB, 

has led to higher viscosities than those observed in the experimenta. 

The beat, and indeed excellent agreement between calculated and experimental 

data was found when Stockma.yer and Fixma.nls approach (Eqs. II-18) "Wa.S 

adopted. The resulta, shown in curve 3, are compared to the calculated 

values obtained by Shultz et al. (3), given as the dashed curve of Fig. 

II-1. The calculations of Shultz ~ al. were also based on Stockma.yer 

and Fixmants treatment, but the mathematical approach was entirely 

different from that of the present work. From Fig. II-1, it is evident 

that the resulta of the method of computation adopted in the present 

investigation are in better agreement with the experimenta. It is 

interesting to note, however, that common to both treatments is a decrease 

in [n] predicted for high doses, which is at variance with experimental 

data. Such an expected decrease seems to be inherent in calculating 

intrinsic viscosities of irradiated polymers from the equations of 

Stockmayer and Fixman. This will become increasingly apparent in 

subsequent calculations. However, for solutions in tgpodt solvents, 

and for doses not exceeding R/Rg = 0.8, the Stockmayer-Fixman treatment 

(27) appears to be at least as satisfactor,r as the more recent (28) 

Lf(g) = g1/ 2 formula. 

There is a pronounced difference between curves 2A and 2B, and 

5A and 5B, which indicates that application of the theories at high doses 

will be uncertain, unless it can be decided how to estimate radii of 

gyration of strongly branched molecules. It is beyond the scope of the 
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present work to comment on the relative merits of the treatments of 

Kataoka (109) and Zimm and Stockmayer (25). However1 it will be noted 

that good agreement can be obtained with many of the experimental 

results given in Figs. II-2 to II-7 if the correction factor t.p (g) = g1/ 2 

is used, with Zimm and Stockmayerts method of estimating g from q. More­

over, whenever the Zimm-Kilb correction fails (in tgoodl solvants), it 

appears to underestimate the decreasing affect of branching on viscosity. 

Therefore its failure in these cases would be even more pronounced if 

Kataoka•s formula for computing g were adopted. Thus it seems empirically 

justifiable to accept Zimm and Stockmayerts theoretical results, rather 

than those of Kataoka. 

Evaluation of the experimental data of Kilb (JO) has been 

more difficult, for the extent of degradation was not determined with 

accuracy in Kilbls experimenta. The range of values suggested by Kilb 

corresponds to 0.66 < Ô < oo, while according to the results of Miller - c-

(113) 6
0 

= 10. Also, the exponent a= O. 79 reported by Kilb for toluene 

solutions of dimethylsilicone is considerably higher than the previously 

obtained result of Barry (114). This has further contributed to the 

uncertainty. 

Kilbls experimental data for irradiated dimethylsilicone in 

toluene solution, and the calculated values corresponding to these results1 

are given in Fig. II-2. Curves 1 and 2 were calculated from the lf (g) = 

gl/2 formula, with g values obtained from the equations of Zimm and 

Stockmayer. Curve 1 was calculated by assuming a= 0.79 and 6 = 0.667, c 

curve 2 corresponds to a somewhat lower value of a, and less degradation. 

Both curves are in quite satisfactory agreement with the experimental data. 



FIG. II-2 

Comparison of experimental data for irradiated dimethyl-

silicone in toluene, obtained by Kilb (30), and theoret-

ical curves, calculated from various equations proposed 

to describe the effects of branching on [17]. For the 

calculation of curves 1, 2, and 3, g values were obtained 

from the formulas of Zimm and Stockmayer (Eqs. II-19 and 

II-20), for curve 4 Kataokals formula (Eq. II-21) was 

employed. The following parameters and correction factors 

for branching were used to compute the individual curves: 

Curve 1 a= 0.79 6 = 0.667 Lf (g) = 1/2 
c g 

Curve 2 a= 0.74 6 = 1 43 L(' (g) = 1/2 
c • g 

Curve 3 a= 0.79 6 = 00 c Lfl (g) = h3 

Curve 4 a= 0.79 6 = 00 lf (g) = 1.21 
c g 
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Curve 3, Which was computed on the basis of the Stockmayer-Fixman treat­

ment (27), with a = o. 79 and t = oo, also agrees with the experimenta. 
c 

It is then difficult to establish from the data of Fig. II-2 

wh ether L{' ( g) = g1/ 2 or Lf ( g) = h3 de scribes the effects of bran ching 

more satisfactorily. It is, however, apparent from curve 4 of Fig. II-2 

that the Debye-Bueche correction factor g2-a overestimates the influence 

of branching in decreasing Bi]. The latter curve was calculated from 

Eq. II-21 of Kataoka for g, with a= 0.79 and le= oo, yet, except near 

the gel point, the predicted increase in EJTI is considerably lower than 

what was observed experimentally. 

Kilbls results for irradiated dimethylsilicone in a toluene/ 

diethylphthalate mixture, the 9 solvent, are given in Fig. II-3, with 

the corresponding calculated values. For the calculation of the curves 

of Fig. II-3 the extent of degradation Wds considered negligible. 

Curves 1 and 2 were computed from Zimm and Kilbts [h]brl[~in = g1/ 2 

formula, using g values obtainable from the equations of Kataoka (109), 

and Zimm. and Stockmayer (25), respectively. Curve 2 appears to be in 

good agreement with the experimental data even at high doses. It is 

interesting to note, however, that the Stockmayer-Fixman treatment this 

time definitely overestimated the effect of branching on [Yu (curve 3). 

For curve 4, g was calculated from the Kataoka formula (Eq. II-21). It 

is obvious that the g2-a factor, which for e solvents is identical to the 

~/2 formula derivable from the Flory-Fox theory, grossly exaggerates the 

influence of branching. 

It is of interest to compare the theoretical resulta of the 
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FIG. II-J 

Comparison of experimental data for irradiated dimethyl­

silicone in e so1vent, obtained by Ki1b (30), and theoret-

ica1 curves, calculated from various equations proposed 

to describe the effects of branching on (0]. For the 

calculation of curves 1 and 4, g values were obtained 

from the formula of Kataoka (Eq. II-21), for curves 2 and 

3 Zimm and Stockmayerts formulas (Eqs. II-19 and II-20) 

were emp1oyed. In a11 computations a = 0.50 and 6c == ro 

were assumed. The fo11owing correction factors for branch-

ing were used to compute the individual curves: 

Curves 1 and 2 tf (g) = gl/2 

Curve 3 'f (g) = h3 

Curve 4 y(g) = ;12 
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present work which were based on the V'(g) = g1/ 2 relationship, g 

computed from the equations of Zimm and Stockmayer, to theoretical 

values obtained by Kilb (30). The calculations of this author were 

based on assumptions similar to those of the present work, with 

[1fb~~in = g1
/

2
, but he used a mathematical approach which was 

entirely different from that of Saito (19) and Katsuura (21). 

It can be seen from Table II-3 that the agreement between 

the two treatments is good, except near the gel point, at R/R = 0.95. 
g 

At such high doses, however, both methods may be unreliable. As 

mentioned before, whenever the l((g) = g1/ 2formula fails, it seems to 

predict a bigger increase in [tl] than is observed experimentally. 

Therefore, the somewhat lower ~li)0 values obtained in the present 

investigation may be easier to justify empirically than the results of 

Kilb. 

It may be concluded that the theoretical and experimental 

data of Figs. II-1 to II-3 prove unequivocally that the correction 

factors l{(g) = ~/2 and l{(g) = g2-a strongly overestimate the decrease 

in [11] due to branching. It is more difficult to choose between the 

Zimm-Kilb and Stockmayer-Fixman treatments. However, it appears that 

the former is preferable for solutions in tpoort solvents, while the 

latter may be superior when solutions in tgoodt solvents are considered. 

It will be seen that results obtained for samples of non-random initial 

distribution support this conclusion. 



r 
1 

TABLE II-3 

Increase of the intrinsic viscosity in cross1inking 
without degradation, as computed from Eqs. II-17, 
II-19, II-20, and II-30. The results are compared 

to values calculated by Kilb (30). 

mJ 1 mJo 
a R/R g Present work Ki1b 

0.50 0.20 1 1.05 1.06 

0.50 0.40 1.11 1.13 

0.50 0.60 1.19 1.22 

0.50 0.80 1.32 1.36 

0.50 0.90 1.42 1.48 

0.50 0.95 1.47 1.58 

0.68 0.20 1.08 1.10 

0.68 0.40 1.20 1.23 

0.68 0.60 1.38 1.41 

0.68 0.80 1.69 1.74 

0.68 0.90 1.98 2.09 

0.68 0.95 2.14 2.43 

0.75 0.20 1.10 1.11 

0.75 0.40 1.25 1.27 

0.75 0.60 1.47 1.51 

0.75 0.80 1.89 1.95 
0.75 0.90 2.30 2.46 

0.75 0.95 2.54 3.00 

1.1.9 
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Effect of the Initial Distribution 

Application of the statistical treatments of Saito (19) and 

Katsuura (21) to samples of non-random initial distribution poses 

considerable mathematical problems. As in the computation of various 

molecular weight averages, discussed in Part I, the Schulz function 

can be used advantageously when [0] is calculated. However, even for 

this comparatively simple distribution function Katsuura's computations 

(21) were limited to the evaluation of the virial coefficient a1 in 

the expansion 

• II-32 

Katsuura has found that a1 increases with increasing À in the Schulz 

function (Eq. I-3 of Part I). 

It will be recalled that the relative change in M with increas­w 

ing R/Rg was found virtually independant of the initial distribution in 

crosslinking with degradation (Fig. I-6). The number average molecular 

weight, however, increases more quickly for narrow range polymers than 

for highly polydisperse samples. For Mark-Houwink exponents less than 

unity, Mv is intermediary between Mn and Mw. Therefore it may be 

expected that the increase of [li] with dose will be somewhat more 

pronounced for narrow range polymers than for samples of initially random 

distribution. This would be in agreement with the resulta of Katsuura 

(21). However, it is difficult to estimate the magnitude of this effect, 

for in the calculation of tJD the molecular weights of individual species 

are weighted with a correction factor for branching. 



Kotliar and Podgor (33) have used an entirely different 

approach, based on Monte Carlo statistics. These authors were able to 

determine the molecular weight distribution of irradiated polymers for 

various Àvalues in the Schulz function. However, application of their 

technique to the computation of intrinsic viscosities involved the 

rough approximation of using a step function to describe the dependance 

of [0] on branching. They assumed that for molecules containing one 

branch unit l( (g) = o. 79, and that for molecules with more than one 

branch unit lf (g) = O. 72, or, alternatively, O. 91. These values of 

lf (g) were based on the calculations of Zimm and Kilb (28) and F. 

Bueche (31)~ carried out for simple star-shaped molecules. The comput­

ations of Kotliar and Podgor (33) showed that the relative change in [r,D 

of irradiated polymers as a function of R/R does not depend strongly on 
g 

the initial distribution. However, the reliability of these calculations 

is doubtful, due to the rough approximations involved. 

It is then difficult to predict theoretically how the initial 

distribution will affect changes in the intrinsic viscosity occurring 

upon irradiation. At the same time, experimental data which could be 

related to this problem are scarce, for the initial distribution of 

irradiated samples is usually not known. Therefore Charlesbyts results 

on irradiated dimethylsilicone (105) are of particular interest. 

In an effort to determine experimentally whether the initial 

molecular weight distribution influenced the change in [~, Charlesby 

irradiated two kinds of silicone samples. One of them was a sample of 

M = 28,000, probably of a near-random initial distribution. The second 
w 
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sample was a highly polydisperse mixture of silicone fluids: So% by 

weight polym.er of molecular weight 4, 000, ànd 2(]/o by weight polymer of 

molecular weight 100,000. Charlesby published the experimental data 

in the fonn of graphs of the ratio M t/Mt versus R/R,.., where apparen rue 6 

values of M t were computed from intrinsic viscosities and the apparen 

Mark-Houwink equation. Charlesby assumed that 

in which (Mtrue).R=O was the molecular weight of the unirradiated polymer 

calculated from the Mark-Houwink equation. The above equation is strictly 

valid only for weight average molecular weights. 

In order to plot Charlesbyt s resulta as BD / [ JÙ
0 

versus 

R/Rg' his data were recalculated, as follows. From Eq. Il-l 

M = exp ~ln[~- lnK) 
apparent L J 

and 

exp 

i.e. 

M aJ?.PB.rent 
M true 

1/a 

= Mapparent (1-R/R ) = (1-R/R ) ( [n] ) 
(Mtrue).R=O g g \ [ 1)] 

0 • 

Therefore 



-,a 
l • 

l- RfRJ 

1.23 

• 

On the basis of Barryls work (114) a = 0.68 was assumed by Charlesby, 

and accordingly also in the present calculations. The resulta are given 

in Fig. II-4. It appears that the relative increase in DlJ is the 

same for the two samples in question, notwithstanding the considerable 

difference in polyd.ispersity. It is also shown in Fig. II-4 that the 

theoretical curve calculated for an initially random distribution, based 

on L{(g) = g1/ 2 with g computed from the equations of Zimm and Stockmayer 

(Eqs. II-19 and II-20), is in good agreement with the data (curve 1). 

Curve 2, which was calculated from the Stockmayer-Fixman method (Eqs. II-18), 

seems to overestimate the influence of branching on [~] • 

The experimental resulta of Charlesby (105), and the calculations 

of Kotliar and Podgor (33) have indicated that differences in initial 

distribution do not have a marked influence on the increase in [~J during 

irradiation. Thus it seemed reasonable to assume that the theory developed 

for samples of initially random distribution would be a good approximation 

for narrow range polymers. As mentioned in the General Introduction, a 

number of irradiated anionic polystyrene samples became availaole in 

connection with investigations described in the first part of the thesis. 

It was therefore possible to test the above assumption, by a comparison of 

[n~ measured* in various solvants with the theoretically predicted behavior. 

* The measurements discussed in the following paragraphs were carrïed out 
byMessrs. N.B. Glick and D.s.c. Lee. 



FIG. II-4 

Comparison of experimental data for irradiated dimethyl­

silicone in toluene, obtained by Charlesby (105), and 

theoretical curves, calculated from the theories of Zimm 

and Kilb (Curve 1, tf (g) = g1/ 2) and Stoclanayer and Fix­

man ( Curve 2, tf ( g) = h3). The curves were computed by 

assuming a = 0.68 and cf == w. Values of g were obtained c 

from the formulas of Zimm and Stoclanayer {Eqs. II-19 and 

II-20). 
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Resulta of the intrinsic viscosity determinations are shawn in 

Figs. II-5 to II-7. Calculation of the theoretical curves given in 

the se graphs was based on Zimm and Kilb t s theory ( Lf ( g) = gl/2) and the 

Stockmayer-Fi.xman treatment (tf (g) = h.3). Values of g were computed 

from the formulas of Zimm and Stockmayer (Eqs. II-19 and II-20); Bi)/ [7J]
0 

as a function of dose was computed from Eq. II-.30 of the Theoretical 

section, with 6 = .3.50, as previously determined in Part I. The c 

exponents of the Mark-Houwink equations for toluene and butanone solutions 

were taken to be 0.69 and 0.5S, respectively, as given by Outer, Carr, 

and Zimm (115). The measurements in cyclohexane solutions were performed 

at .34°0, the e temperature (116). Determinations in toluene and cyclo-

hexane solutions were carried out for samples of various initial molecular 

weights, ranging approximately fromM = BO,OOO to 260,000. Number and 

weight average molecular weights of the samples used are given in Table 

E-l of the Experimental section. As expected from the nature of 

irradiation processes, and as was predictable from Eqs. II-.30 and II-.31, 

any dissimilarities between data obtained for samples of different 

molecular weights appear to be within experimental error. 

In Fig. II-5 the increase of [11] with dose is given for toluene 

solutions of anionic polystyrenes. Calculations based on the Stockmayer-

Fixman treatment (curve 2) are in quite good agreement with the experimental 

data, except at the largest doses. The use of v (g) = g1/ 2 leads to 

somewhat too high values (curve 1). In this respect the results of Fig. 

II-5 resemble those given in Fig. II-1. 

In Figs. II-6 and II-7 theoretical and experimental data for 
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FIG. II-5 

Comparison of experimental data for irradiated anionic 

polystyrene in toluene, obtained in course of the present 

work, and theoretical curves, calculated from the theories 

of Zinun and Kilb (Curve 1, tf (g) = g1/ 2) and Stockmayer 

and Fixman (Curve 2, tf (g) = h3). Eq. II-301 with a= 0.69 

and 6 = 3.50, was used to compute the theoretical curves. c 

Values of g were estimated from the formulas of Zimm and 

Stockmayer (Eqs. II-19 and II-20). 
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FIG. II-6 

Comparison of experimental data for irradiated anionic 

polystyrene (sample Sl09) in butanone, obtained in 

course of the present work, and theoretical curves, 

calculated from the theories of Zimm and Kilb (Curve 

1, (-f (g) = g1/ 2) and Stockmayer and Fi.xma.n ( Curve 2, 

lf (g) = h3). Eq. II-30, with a == 0.5S and o = 3.50, c 

was used to compute the theoretical curves. Values of g 

were estimated from the formulas of Zimm and Stockmayer 

(Eqs. II-19 and II-20). 
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FIG. II-7 

Gomparison of experimental data for irradiated anionic 

polystyrene in cyc1ohexane, obtained in course of the 

present work, and theoretica1 curves, ca1culated from 

the theories of Zimm and Kilb (Gurve 1, ~(g) = g1/ 2) 

and Stockmayer and FiJanan ( Gurve 2, Lf (g) = h3). Eq. 

II-30, with a= 0.50 and 6 ::::: 3.50, was used to compute c 

the theoretica1 curves. Values of g were estimated 

from the formulas of Zimm and Stockmayer (Eqs. II-19 

and II-20). 

1.28 
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butanone and cyclohexane solutions, respectively, are shom. Comput­

ations based on Zimm and Kilbls theory ( t/(g) = g1/ 2) are in agreement 

with the experimenta, while the Lf(g) = hJ correction term leads to 

considerably lower values. 

It can be sean that the relation of calculated and experimental 

results obtained for the narrow distribution samples is simila.r to that 

observed in Figs. II-1 to II-.3 for samples of initially random distribution. 

It therefore appears that the initial molecular weight distribution has 

little affect on the relative change in [11] caused by irradiation, and 

Eq. II-JO is applicable to polymers of arbitrary initial distribution, 

without serious loss of accuracy. 

On the Belationship of R and < s2 >1/ 2 

It has been seen that the Debye-Bueche and Flory-Fox theories, 

developed for linear polymers, cannot be directly applied to branched 

molecules. The semi-empirical formulas suggested by Stockmayer and 

Fixman, and Zimm and Kilb appear to be somewhat more reliable, however, 

neither of these formulas seems to fit the experimental results for 

solutions in both tgoodt and tpoort solvants. The discrepancies can 

perhaps be explained most logically on the basis of the complicated 

relationship between the hydrodynamic radius and radius of gyration of 

branched polymers. 

Flory and Fox have assumed that these two quantities are always 

proportional to each other for linear polymers, but this assumption is 

not likely to hold for branched molecules. As Stockmayer and Fixman (27) 
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pointed out, a branched molecule of the same radius of gyration as a 

linear molecule has everywhere a greater mean segment density. This is 

likely to decrease the hydrodynamic permeability of branched molecules, 

and increase Re. Therefore it is not surprising that the tf (g) = i}/2 

formula, which is based on the Flory-Fox theory, overestimates the 

influence of branching on decreasing En] . 

In order to set up reliable new correction factors for branching, 

it would be necessary to know the precise relation of R and< s2 >112• e 

However, F. Bueche (31), who criticized the Zimm-Kilb treatment, claimed 

that the influence of segment density is so pronounced that it is meaning­

less to express R as a function of < s2 >. The findings of the present e 

work, which indicate that none of the existing theories on the effects 

of branching is generally applicable, seem to be in agreement with 

Buechets conclusion. It appears that it may be necessary to introduce 

further parameters, characteristic to a particular polymer-solvent system. 

It should then be possible to test such modified treatments by the same 

method as that used in the present investigation. 
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SUMMARY AND CONCWSIONS 

Statistical calcula~ions of the intrinsic viscosit7 of 

irradiated polymers were extended to include the effects of branching 

on :ÎlJ , as predicted by various theories. Thus it beca.me possible to 

test these theories, by comparing calculated and experimental values of 

Gù as a function of dose. 

It was concluded that the [î~/[~~in = i'/2 
and [:~/[îïJlin 

2-a = g formulas, derivable from the Flory-Fox and Debye-Bueche treatments, 

respectively, considerably overestimate the influence of branching on 

the intrinsic viscosity. The L:rîl:,![ ~ = gl/2 formula, suggested by 

Zimm and Kilb, was in good agreement with experimental data obtained for 

solutions of irradiated poly.mers in Jpoor' solvents. For solutions in 

lgoodt solvents, the Stockmayer-Fixman treatment, based on estimation of 

the hydrodynamic radius from the Kirkwood-Riseman theory, seems to be 

a better approximation. However, the latter method !ails for solutions 

in tpoorl solvents. 

Although the statistical treatment derived was limited to 

poly.mers of initially random distribution, experimental results obtained 

for irradiated sa.mples of narrow distribution polystyrene indicate that 

the effect of molecular weight distribution is small. It therefore 

appears that the methods of calculation used in the present work will 

be generally applicable for the evaluation of radiation chemical 

experimenta, at least when the mechanism is crosslinking. 



The fact that none of the above mentioned theories can explain 

the hydrodynamic behavior of branched molecules in solvants of different 

types is attributed to the inadequacy of the radius of gyration as a 

measure of the hydrodynamic radius. 



EXPERIMENTAL 
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EXPERIMENTAL 

r. Materials 

Anionic p:>lyst;yrene. Most of the work was done with narrow molecU;la.r 

weight range polystyrene, prepared by anionic catalysis (62). These 

samples were generously- donated by Dr. H.W. McCormick of the Dow 

Chemical Company. The number and weight average molecular weights of 

the samples were determined by Dr. McCormick from molecular weight 

distribution curves obtained by sedimentation velocity analysis and 

diffusion measurements (63). Molecular weights are given in Table 

E-l. 

For measurements where the effect of molecular weight dis­

tribution was studied, in addition to narrow range polymers a mixture 

of samples Sl02 and Sl08 of Table E-1 was also used. This mixture was 

prepared by dissolving 14.39 g. of sample Sl02 and 11.32 g. of sample 

Sl08 in benzene, and recovering the polymer by freeze-drying. In 

these experimenta the narrow distribution samples were also dissolved 

in benzene and freeze-dried. Otherwise, however, anionic poly-styrenes 

were irradiated in the coarse granular form in which they had been 

received. 

For preliminary studies on the possible effects of particle 

size two types of polystyrene were used. 

a. Laboratory prepared polzst;yrene. High purity polystyrene samples 



TABLE E-l 

Number and weight average molecular weights of 
anionic polystyrene samples 
donated by Dr. McCormick 

Sample M M n w 

Sl02 1 78,500 82,500 

Sl05 147,500 1 153,500 

s 27 158,000 166,000 

3104 175,000 186,000 

Sl09 182,000 193,000 

Sl08 247,000 
1 

267,000 
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were prepared by thermal polymerization of styrene. The monomer was 

of highest purity grade, and was obtained from the Fisher Scientific 

Company. It contained tert.-butylpyrocatechol as a polymerization 

inhibitor. The monomer was dried over Drierite, and then distilled at 

a reduced pressure of approximate!y 15 mm. of mercury, in an all glass 

apparatus of the Claisen type. The boiling point of styrene at this 

pressure was between 35 and 45°C, with a constant fluctuation due to 

pressure changes. To maintain the vacuum at 15 mm., dry nitrogen was 

bled into the system through a flutter valve, as described by McConnell 

(117). To avoid bumping, heat for the distillation was supplied by an 

infrared lamp. The first lo% of the distillate was discarded and only 

the next 60-70% was collected. 
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Immediately after the distillation, the main fraction was 

transferred into ampoules made of 9 mm. pyrex tubes, and was frozen in 

a dry ica-methanol mixture. After freezing, the ampoules were evacuated 

to a pressure of a few millimeters of mercury, flushed with dry nitrogen, 

then again evacuated, and sealed. Polymerization was carried out in 

the sealed tubes, by heating the samples in boiling water for 120 hours, 

and then in an oven at 125-]J0°C for three weeks. The polystyrene was 

obtained in the form. of rods by breaking the tubes. One half of the 

polymer was dissolved in benzene, freeze-dried, dried in a vacuum oven 

at 70°0 for 24 hours, and stored in a vacuum desiccator. The remaining 

polyst;rrene rods were eut up into pieces approximately 8 mm. long and 

6.5 mm. in diameter, heated in vacuo at 70°0 for 24 hours, and then 

stored with the freeze-dried samples. 

b. Monsanto polystyrene. Two commercial polyst;rrene samples were 

obtained from the Monsanto Company. The ma.terials were in bead form., 

with particle sizes as shown in Table E-2. 

Molecular weights of both the ther.mallT pol~rized and 

Monsanto samples were obtained by viscometry. The intrinsic viscosities 

were determ.ined in toluene solution at 25°0, and the viscosity average 

molecular weights (M ) were calculated from the equation (115) v 

E-l 

where r171 is in dl.g;1 The results of these measurements are also given 

in Table E-2. 



Sample 

r 

Ml 
(Monsanto) 

1>12 
(Monsanto) 

Rods 
(Lab. made) 

Freeze-dried 
( La.b. made) 

TABLE E-2 

Polystyrene samples used in the 
study of surface effects 

Intrinsic 
Average Approxima te viscosity 
particle specifie in toluene 

size surface solution 
at 25°C 

-1 -1 mm. cm. dl.g. 

1.4 25 0.96 

0.34 lOO 0.83 

7 10 1.45 

large 1.45 

1.36 

M v 

270,000 

220,000 

450,000 

450,000 .. 

Solvants. All solvents were reagent grade, and were distilled before 

use in an ali glass apparatus, with a 2011 Liebig condenser serving as 

an unpacked colwnn. Toluene and cyclohexane were distilled from sodium, 

while butanone was dried with anhydrous potassium carbonate prior to 

distillation. In all cases the f1rst lo% of the distillate was dis-

carded and only the next 70 to 75% was collected. The densities of 

toluene and butanone were measured at 25°C and were found to be 0.861 

and 0.797 g.cm.-3, respectively. The dens1ty of cyclohexane was 0.766 

-3 0 g.cm. at 34 c. These values were in good agreement with data given in 

the literature, indicating pur1ty of the solvants used. 
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II. Evacuation and Irradiation of the Samples 

I 11 . t c 60 d t . d. t n a exper~en s o gamma ray sources were use o ~rra ~a e 

the samples. Prior to irradiation the samples were evacuated to a 

pressure of approximately lo-4 cm. of mercury, as follows. 

The samples were placed in 10 mm. diameter pyrex tubes, closed 

at one end, and these tubes were sealed onto a manifold that was 

capable of accommodating 17 ampoules. The vacuum system is shown in 

Fig. E-1. Preliminary work indicated that in order to pump out the 

last traces of air it was necessary to evacuate the apparatus repeatedly, 

for fairly long periods of time. Therefore, before the vials were 

sealed off, the apparatus was pumped down to a pressure of 10-4 cm. of 

mercury on five or six consecutive days, for six hours or more at a 

time. As an added precaution, during the first day of the evacuation 

the samples were flushed twice with dry nitrogen. The lower tips of 

the ampoules were immersed in water, to dampen the vibrations and avoid 

breakage of the capillaries through Which the ampoules were connected 

to the vacuum system. 

Samples were irradiated by co60 gamma rays in GAMMACELL 

irradiation units, manufactured by the Atomic Energy of Canada Limited. 

Exposure dose-rates at any given time were calculated on the basis of 

the exponential decay law from the radiation flux at the time of calibration. 

By assuming that 1 g. of irradiated polystyrene absorbs 95 ergs per 

roentgen (118), the absorbed dose, R, was computed in megarads from the 

equation 



FIG. E-l 

Vacuum system for evacuation and opening 

of samples. When the apparatus wa.s 

assembled for breaking the ampoules 

the part drawn in dashed lines wa.s 

substituted for the cap. 
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in which 1
0 

is the exposure dose-rate at the time of calibration in 

roentgens per hour, ~ 1 
is the exposure time in hours, 11; 2 is 5.3 years, 

the half-life of co60, and 1 is the time elapsed between calibration of 

the radiation source and the irradiation in question. 

Due to anisotropy of the radiation fields of the gamma ray 

sources used, the absorbed dose-rate was not unifor.m in different 

regions of a single ampoule. In most cases the effect of anisotropy 

was considered negligible, and the dose was calculated from the intensity 

at the mid-point of the sample. For light-scattering samples, however, 

where the height of freeze-dried material in the vials often exceeded 

ten centimeters, corrections were applied for the anisotropy of the 

field. This was done by considering the effect of irradiation on llayersl 

of the polymer. Using the experimentally obtained weight average 

molecular weights (Fig. E-2)1 the calculated mid-point dose values, and 

the known isodose curves of the irradiation chambers, an effective dose 

was estimated. The effective dose was defined as the dose that would 

have caused the observed increase in molecular weight if absorbed from 

" an isotropie field. Graphs of Mw(R)/l~w(O) !!• B/Rg' corrected for aniso-

tropy, are given in Fig. E-3. 

After irradiation the samples were left unopened for at least 

24 hours, to allow trapped radicals to react. The samples were usually 

opened up ~ vacuo, by breaking the seal with a steel ball. The 

apparatus used has been shawn in Fig. E-1. The gas content was measured 

on a McLeod gauge, to verify that no air had leaked into the ampoules. 
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FIG. E-2 

The effect of irradiation on the weight average 

molecular weight of samples 5105 and 5102/5108. 
Il 

Mw(R)/Mw(O) is plotted against the absorbed 

dose at the mid-point of the samples. 
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The effect of irradiation on the weight average 

molecular weight of samples Sl05 and Sl02/Sl08. 

To plot these graphs, corrections have been 

applied for the anisotrop7 of the radiation 

field. 
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Whenever the amount of gas was higher than 2 mzz?. per g. per Mrad. (at 

standard temperature and pressure) the samples were rejected. As more 

experience was gained in sealing the vials, such occasions for rejection 

ver.y seldom arose. 
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III. Light-scattering 

Technigue. Light-scattering measurements were made at room temperature, 

in a Brice-Phoenix light-scattering photometer. The instrument had 

previously been modified (119), to accommodate cella amenable to ultra­

centrifugation. The light-scattering cella were an improved form. (120) 

of the cella described by Dandliker and K.raut (121). 

Polystyrene samples were dissolved in toluene and the solutions 

were filtered through sintered glass filters (B.S. 1752) before being 

made up to the final volume. Then five different concentrations of each 

sample were obtained by dilution. Prior to measurements the solutions 

were clarified by ultracentrifugation at 45,000 E for 30 minutes in the 

light-scattering cella. A Spinco Model L ultracentrifuge was used, and 

the cells were floated in carbon tetrachloride in the cups of the s.w. 
25.1 swinging bucket rotor. Light-scattering determinations were made 

as soon as possible after ultracentrifugation. 

Dibutyl phthalate was used as bath liquid and was also clarified 

by ultracentrifugation {two hours at 33,000 &)• The refractive index of 

dibutyl phthalate was found to be 1.4918 at 23°C, which was near to the 

value of 1.4955 obtained for toluene at the same temperature. The 

scattering intensities were measured at five concentrations and for the 

pure solvant, at a wavelength of 546 ~. 

Concentrations were determ.ined gravimetrically, by evaporating 

the solvent on a hot plate, and drying the poly.mer in aluminum foil dishes 

to constant weight in a vacuum oven at 70°C. It was found that overnight 
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dr.ying was sufficient to reach constant weight. 

Observations were made at angles of 01 45, 901 and 135 degrees 

to the incident be~ The scattering intensity ie was expressed as the 

ratio of the galvanometer reading at the angle e to the reading for the 

transmitted beam at 0°. This procedure eliminated the errors due to 

photocell fatigue and variations in lamp intensity. 

The Rayleigh ratio at the angle e, R
9

, was calculated from 

the equation 

in 'Which G9 and G
0 

are the galvanometer readings at the angle e and for 

the transmitted beam, respectively, C is the refractive index correction 
n 

of Carr and Zimm (122), and Kc is the calibration constant. For the 

optical system used (119), the Carr-Zimm correction took the form 

where n is the refractive index of the solution. 

'Where 

The data were plotted according to the equation 

K = 

Ml + 2A; P( 90)c , 
w 

21r2n~ (dn/dc)2 

!!~4 
• 

E-4 

E-5 

E-6 
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In the above equations n is the refractive index of the solvent, dn/dc 
0 

is the refractive index increment, !i is Avogadrols number, À is the 

wavelength of the incident beam, c is the concentration in g.cm:3, Mw 

is the average molecular weight yielded by the dissymmetry method, and 

~ is the second virial coefficient. From measurements at 45 and 135 

degrees R
45 

and ~35 were computed by equation E-3, and the ratio 

R
45

;Ri
35 

was extrapolated to zero concentration (Fig. E-4) to give the 

dissymmetry z. The particle scattering factor P(90) was then obtained 

from z and the tables of Doty and Steiner (123). Graphs of Kc/R
90 

versus 

c are shown in Fig. E-5. Molecular weights and virial coefficients were 

computed from the slope and intercept by means of equation E-5. 

It should be noted that the molecular weight obtained from 

equation E-5 is not a pure weight average (124), since 

1{ wi 
::::::_....;;;;......,..,......,..,.....,...,~ 

~ w.M.P(90). 
L.. J. J. J. 
J. 

1 
f P(90) 

;gw· 
i J. 

• vw.M. 
..ç. J. J. J 
J. 

E-7 

'Where w., M. and P( 90). are the weight fraction, molecular weight and 
J. J. J. 

particle scattering factor of the ith species in the polymer. To obtain 

a true weight average it would be necessary to use Zimmls double extra-

polation technique (125). However, due to the comparatively low 

molecular weights of the samples used in these experimenta, the dissym-

metries were, on the one hand, too low for constructing a Zimm plot, and, 

on the other hand, low enough for the difference between the true weight 

average and that calculated from Eq. E-5 to be well within experimental 

error. 



FIG. E-4 

Concentration dependence of a45;~35 for unirradiated 

and irradiated samples of the 5102/5108 mixture. 
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FIG. E-5 

Extrapolation of Kc/R90 values to zero 

concentration for several polystyrene 

samples. 

1:17 
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Light-scattering data were used mainly for determining the 

ratio of molecular weights of original and irradiated samples. For 

purposes of statistical calculations, the molecular weights given by 

Dr. McCormick and listed in Table E-l were used. 

While the molecular weights computed from equation E-5 are, 

for low dissymmetries, essentially pure weight average quantities, the 

dependance of the mean square radius of gyration on the shape and aize 

distribution of molecules is pronounced. The value yielded by the 

dissymmetry method may vary from a weight or lower average up to a Z + 1 

average (124). Therefore the evaluation of the mean square radius was 

not attempted. 

Calibration. The constant Kc of equation E-3 was obtained fropt measure-

ments made on a toluene solution of Corne li standard polJ'"St;rrene, 

containing 0.5 g. of polymer per lOO ml. of solvent. In a critical 

discussion of light-scattering calibration techniques, Kratohvil and 

collaborators (126) have listed the excess turbidit;y of this polymer 

solution, as obtained b;y several methods. From Kratohvilts tabulation 

the average excess turbidity of the standard pol;ystyrene solution was 

-3 -1 6 -3 -1 3.485 x 10 cm. at 43 ID.1J. and 1.335 x 10 cm. at 546 ~. The excess 

turbidity is related to the Rayleigh ratio of Eqs. E-3 and E-5 by 

E-8 

0 

where 7:. is the excess turbidity. 
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The scattering of the standard polystyrene solution was 

measured at 436 and 546 miJ., and the calibration constant K
0 

wa.s calculated 

from Eqs. E-3 and E-S. The calibration was tested by calculating a90 for 

-6 -1 6 -6 toluene. At 436 miJ. a90 was 59.5 x 10 cm. and at 54 miJ. 21.0 x 10 

-l . . h 56 3 - 6 -l d cm. , ~n good agreement ~t the average values of • x 10 cm. an 

-6 -1 . "l lS.9 x 10 cm. , respect~vely, computed from the tables of Kratohv~ 

and collaborators (126). 

Refractive index increment. The refractive index increment of Sl05 narrow 

range polystyrene (Table E-l) in toluene solution was measured in a 

Brice-Phoenix differential refractometer. The instrument had previously 

been calibrated (127) with sucrose solutions of different concentrations. 

The refractive index-concentration relationship was linear in the 

-1 1 concentration range 0 to 1 g.dl. , and dn de at 546 miJ. was found to be 

O.l07b cm.3g:1, in excellent agreement with the value interpolated from 

the data of OtMara and Mcintyre (l2S). 

Within experimental error1 the refractive index increment of 

the above polymer sample was found the same after irradiation by a dose 

of 70 Mrads. Therefore it was assumed that the affect of irradiation 

on the refractive index could be neglected. 
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IV. Osmotic Heasurements 

Osmotic measurements were done as described by Goring and 

Timell (120). The instrument was the Stabin-Inunergut (129) rodification 

of the Zinun...:Myerson osmometer (130). The temperature was 30 .:_ O. 01 oc 

and the solvent was toluene. Very dense grade ultracella filters (131) 

were used as membranes. These membranes had been shipped in a dilute 

forrnalin solution, and were never allowed to dry. They were conditioned 

in a series of alcohol-water mixtures of successively increasing alcohol 

content, absolute alcohol, and toluene. Finally the membranes were 

conditioned overnight in the palystyrene solution ta be examined. 

Syringes with long needles were employed ta fill the osmometers. Before 

use the instruments were rinsed several times with the polymer solution. 

Hercury was used for sealing the osmometers during measurements. 

The liquid levels in the capillaries were measured at various 

time intervals with a cathetometer. When the osmotic height became 

nearly constant, the height-time curves were extrapolated to obtain the 

equilibrium value, as shawn in Fig. E-6. Six ta nine hours were usua11y 

sufficient to establish the equilibrium osmotic height. 

The osmotic height h was determined at four different concentrat-

-1 1 ions, over a range of 0.17 ta 1.11 g.d1. The data were plotted as h c 

versus c (Fig. E-7) and the number average molecular weight tvJ: , and the 
n 

'1T osmotic second virial coefficient A2 were calculated from the equation 

=RI' rMl +A~c l L1 
n ...... 1 

E-9 -=-c c 



FIG. E-6 

Decrease of oamotic height with time for three 

concentrations of unirradiated Sl05 sample 

dissolved in toluene. 
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FIG. E-7 

Graph of h/c ~· c for several samples 

of polystyrene. 
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where9 is the density of the solution in g.cm73, ais the acceleration 

due to gravity, c is the concentration in g.cm73, Jl is the osmotic 

pressure in dyne cm72, ~ is the gas constant, and T is the absolute 

temperature. 
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V. Viscometr;y 

With the exception of some preliminar;y measurements, two 

Craig and Henderson suspended level viscometers (132) were used 

throughout the experimenta. These viscometers (133) had been designed 

specificall;y to eliminate kinetic energ;y corrections, and such 

corrections therefore were not applied. 

The solutions introduced into the viscometers were weighed 

by difference. Densities had been previously determined at 25°C for 

toluene and butanone solutions and at 34°C for c;yclohexane solutions. 

The solvent used for subsequent dilutions was thermostatted in the 

viscosity bath, and was added using calibrated pipettes. 

Efflux times were measured to 0.1 sec. at 25.00 ! 0.02°C for 

toluene and butanone solutions and at 34.00! 0.04°C for cyclohexane 

solutions. The efflux times were measured at five concentrations for 

each sample, and were frequently checked for pure solvents. 

From data obtained in this way ·T?
5
/c and (ln"?rel)/c were 

computed. The intrinsic viscosity~'7~ was determined by the usual 

extrapolation processes (Fig. E-8), using the equations 

E-10 

and ln'? rel ,- :l 11 r:i :;l 2 
c = !.2'J - k J.2/J c • E-ll 

In order to increase the accuracy, these extrapolations were done by a 
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FIG. E-8 

Determination of the intrinsic viscosity by double 

extrapolation of Y? le vs. c and ln n 1/c vs. c. sp' - ·rre -

Data in A are for a toluene solution of an Sl09 

sample given a dose of 69 Mrad. Data in B are 

for a cyclohexane solution of an Sl02 sample 

given a dose of 112 Mrad. 
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least-squares technique (134), and due to the large volume of data 

calculations were performed on a digital computer. The agreement between 

viscosity numbers obtained by the two different extrapolation methods 

was in general ver, good, as illustrated by the data in Table E-3 for 

sample Sl09. The average of the two extrapolation results was accepted 

as the experimental value of the intrinsic viscosity. 

Shear rates for the pure solvants were calculated from 

Kroepelinls equation (135) 

G == SV/31T rlt , E-12 e 

where G is the mean rate of shear, V is the efflux volume, te is the 

efflux time, and r is the radius of the viscometer capillary. The 

68 -1 . mean rates of shear were found to be 1250 and 1 0 sec. , respect1vely, 

-1 for toluene and butanone at 25°G, and 780 sec. for cyclohexane at 34°G. 

To investigate whether shear dependance might affect the results of 

intrinsic viscosity measurements, the following preliminary experiment 

was carried out. 

The highest molecular weight anionic polystyrene sample (sample 

Sl08 of Table E-l) was irradiated to 85% of the gelling dose. The 

irradiated pol~er was dissolved in toluene, filtered througn a sintered 

glass filter (B.S. 1752), and diluted to a concentration of 0.5 g.d1:1 

Then viscosity measurements were made as described above, but using a 

modified form of the suspended level variable shear viscometer of Schurz 

and Immergut (136). It was found that within experimental error the 

intrinsic viscosity was independent of the shear rate. 



Dose 

TABI.E E-3 

Intrinsic viscosities of irradiated Sl09 samp1es in 
to1uene and butanone solutions at 25°C 

f Sol vent (ï? sp) 
c c=o 

.ln'Jrel 
( c )c=o 

Mrad. -1 dl.g. -1 dl.g. 

14.4 toluene 0.790 0.789 

14.4 Il 0.794 0.781 

14.4 Il 0.81.3 0.809 

14.4 Il 0.760 0.761 

30.6 Il 0.869 0.867 

30.6 Il 0.813 o.8ll 

30.6 Il 0.863 0.858 

46.0 11 0.928 0.929 

46.0 Il 0.922 0.919 

46.0 Il 0.941 0.942 

61.3 tl 1.121 1.125 

61.3 Il l.ll8 l.ll9 

68.9 Il 1.304 1.316 

68.9 Il 1.445 1.446 

68.9 Il 1.250 1.259 

68.9 Il 1.324 1.322 

14.4 butanone 0.452 0.454 

30.6 tt 0.491 0.493 

30.6 li 0.489 0.491 

30.6 a 0.489 0.491 

-157 
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In view of the fact that other samples were of a lower molecular 

weight and usually lower degree of branchingJ it seemed justifiable to 

assume that shear dependance of the intrinsic viscosity was negligible 

throughout the experimenta. 
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VI. Gelling Dose Determinations 

In preli.m:inary- exper:im.ents it was found that the presence of 

small amounts of gel could be easily detected by the loss of filter­

ability of solutions of the irradiated samples. Suction was required 

to filter solutions containing gel, and even with suction the 

filtration was usually difficult to perfor.m after the gel point. Thus 

it was possible by a qualitative estimate of the filterability to 

obtain an approximate value of the dose required for incipient gel 

formation. 

For more accurate work, relative viscosities at a given 

concentration, or intrinsic viscosities were plotted against the dose. 

The resulting curves were extrapolated to tinfinitet viscosity to 

find the gel point. The extrapolation techniques are shown in Figs. 

I-9 and I-10 of the Experimental Resulta and Discussion section of 

Part I. 

As shown in Table I-8 of the above section, gelling doses 

obtained by different methods were in good agreement. The dependance 

on molecular weight was as expected on the basis of statistical 

theories. 
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APPENDIX I 

As discussed previously, gelling doses for anionic polystyrene 

samples and their mixtures -were calculated from Eqs. I-34 and I-46 of 

the Theoretical section, by the method of inverse linear interpolation. 

Some of the results of these calculations have been given in Table I-2 

of the Theoretical section. The following tables contain a complete 

list of values computed for samples used in the experimental work. 



6 
c 

0.50 
0.60 
0.70 
0.80 
0.90 
1.00 
1.10 
1.20 
1.30 
1.40 
1.50 
1.60 
1.70 
1.80 
1.90 
2.00 
2.10 
2.20 
2.30 

2.40 
2.50 
2.60 
2.70 
2.80 

TABLE A-l 

Values of ?: in crosslinking with various 
g 

extents of degradation for anionic 

polystyrene samples 

ê:_g for crosslinking x 104 
Sl02 Sl05 Sl08 Sl09 

! 

20.57 11.00 6.422 8.830 
15.36 8.226 4. 783 6.590 
12.29 6.587 3.820 5.271 
10.26 5.500 3.185 4.398 
8.8u 4.724 2.732 3.775 

7.723 4.142 2.393 3.308 
6.875 3.688 2.129 2.945 
6.196 3.324 1.918 2.654 

5.640 3.026 1.745 2.415 
5.176 2.777 1.601 2.216 

4.782 2.566 1.479 2.048 

4.445 2.385 1.374 1.903 
4.152 2.228 1.283 1.777 

3.895 2.091 1.204 1.667 
3.668 1.969 1.1.33 1.570 
3.466 1.861 1.071 1.484 
3.286 1. 764 1.015 1.406 
3.123 1.677 0.9645 1.337 
2.976 1.598 0.9189 1.274 
2.842 1.526 0.8774 1.216 

2.719 1.460 0.8395 1.164 
2.607 1.340 0.8047 1.116 

2.503 1.344 0.7727 1.071 
2.408 1.293 0.7432 1.030 

161 

Sl02/Sl08 

12.28 
8.843 
6.909 
5.669 
4.807 
4.173 
3.687 
3.303 
2.991 
2.733 
2.516 
2.331 
2.172 
2.032 
J..910 
1.802 
1.705 
1.618 
1.539 
1.468 
1.403 
1.344 
1.289 
1.239 

continued 
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TABLE A-l continued 

6 
'è: g for crosslinking x 104 

Sl02 ! Sl05 Sl08 Sl09 Sl02/S108 c 

2.90 2.319 1.245 0.7158 0.9926 1.192 

3.00 2.237 1.201 0.6904 0.9574. 1.149 

3.10 2.160 1.160 0.6667 0.9246 1.109 

3.20 2.089 1.122 0.6446 0.8940 1.072 

3.30 2.022 1.086 0.6239 0.8653 1.037 

3.40 1.959 1.052 0.6045 0.8384 1.004 

3.50 1.900 1.020 0.5863 0.8132 0.9731 

3.60 1.845 0.9906 0.5692 0.7894 0.9441 
3.70 1.792 0.9625 0.5530 0.7670 0.9169 

3.80 1. 743 0.9359 0.5377 0.7458 0.8911 

3.90 1.696 0.9108 0.5232 0.7258 0.8668 

4.00 1.652 0.8870 0.5095 0.7068 0.8438 

4.10 1.610 0.8644 0.4965 0.6887 0.8219 

4.20 1.570 0.8429 0.4841 0.6716 0.8012 

4.30 1.531 0.8224 0.4724 0.6553 0.7815 

4.40 1.495 0.8030 0.4612 0.6398 0.7627 

4.50 1.461 o. 7844 0.4505 0.6250 o. 7448 
4.60 1.42$ 0 .. 7667 0.4403 0.610$ 0.7277 
4.70 1.396 0.7497 0.4306 0.5973 o. 7114 
4.80 1.366 o. 7335 0.4212 0.5844 0.6958 

4.90 1.337 0.7180 ; 0.4123 0.5720 0.6809 
5.00 1.309 o. 7031 0.4038 0.5602 0.6666 

1 1 



d 
e 

0.30 

0.32 
0.34 
0.36 
0.38 
0.40 
0.42 
0.44 
0.46 
0.48 
0.50 
0.52 
0.54 
0.56 
0.58 

. 0.60 

0.62 
0.64 
0.66 
o.68 
0.'70 
0.72 
0.74 

TABLE A-2 

Values of 7: for anionic polystyrene samples 
g 

Sl02 

69.89 
50.79 
40.05 
33.12 
28.26 
24.66 
21.87 
19.66 
17.85 
16.34 
15.07 
13.99 
13.05 
12.22 
ll.50 
10.85 
10.28 
9.764 
9.295 
8.869 
8.481 
8.124 
7.797 

in endlinking as a function of tf e 

1:: Il. for endlinking x 104 
Sl05 Sl08 Sl09 

37.20 22.19 30.14 
27.04 16.ll 21.89 
21.33 12.69 17.26 
17.64 10.48 14.27 
15.06 8.943 12.17 
13.14 7.799 10.62 
11.66 6.916 9.423 
10.48 6.213 8.467 
9.517 5.641 7.688 
8.716 5.165. 7.040 
8.039 4.763 6.493 
7.460 4.419 6.025 
6.958 4.121 5.620 
6.520 3.861 5.265 
6.133 3.632 4.953 
5.790 3.428 4.675 
5.483 3.246 4.427 
5.206 3.082 4.204 
4.956 2.934 4.002 
4.729 2.800 3.818 
4.522 2.677 3.651 
4.332 2.564 3.498 
4.157 2.461 3.357 
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Sl02/Sl08 

48.61 
35.07 
27.44 
22.54 
19.12 
16.59 
14.66 
13.12 
ll.88 
10.85 
9.991 
9.253 
8.617 
8.062 
7.574 
7.142 
6.757 
6.411 
6.098 
5.815 
5.557 
5.320 
5.103 

continued 
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TABLE A-2 aontinued 

d 
1: g for endlinldng x 104 

S102 S105 S108 S109 S102/S108 e 

0.76 7.495 3.996 2.365 3.227 4.903 
0.78 7.215 3.847 2.277 .3.106 4.718 
0.80 6.955 3.709 2.195 2.994 4.547 
0.82 6.713 3.580 2.119 2.890 4.388 
0.84 6.488 .3.459 2.048 2. 79.3 4.2.39 
0.86 6.277 .3 • .347 1.981 2.702 4.100 
0.88 6.079 3.242 1. 919 2.617 3.970 
0.90 5.894 3.143 1.860 2.537 3.848 
0.92 

1 

5.719 3.049 1.805 2.462 3.733 

0.94 5.554 2.962 1.753 2.391 3.625 
0.96 5 • .399 2.879 1.704 2.324 3.523 

' 0.98 5.252 2.800 1.657 2.261 3.426 
1.00 ' 5.11.3 2.726 1.614 2.201 3.335 
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APPENDIX II 

In the tables which follow, results of the finite Dirichlet 

series expansions of f(q) factors are given. Parameters of these 

expansions were computed by iterative least-squares analyses, as 

described in the Theoretical section of Part II. It can be seen that 

the agreement between calculated values of f(q) and those obtainable 

from the "V -c· q 
L. B .. e l. representations was al ways good. 

. l. 
l. 
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Table A-3 

Finite Dirichlet series expansion of the ~(q)]p/2 correction 

factor, as computed from the for.mulas of Zimm and Stockmayer (Eqs. II-19 

and II-20). The calculated values of ~(q~ 3/2 are compared to those 

obtainable from the 2: -c·q B.e ~ representation with B1 = 0.1671, a == . ~ l 
J. 

O.Olll7, B2 = 0.4383, c2 = 0.1224, B3 = 0.9094, and a
3 

= 0.7158. 

q l~<qi_l3/2 L B.e-ciq q ~(qLjJ/2 L B.e-ciq 
i ~ . J. 

J. 

l 1.0000 0.9974 21 0.1725 0.1656 
2 0.7155 o. 7237 26 0.1484 0.1431 
3 0.5737 0.5713 31 0.1310 0.1280 
4 0.4860 0.4802 36 0.1178 0.1170 
5 0.4254 0.4210 41 0.1074 0.1085 
6 0.3805 0.3789 46 0.0990 0.1015 
7 0.3456 0.3466 51 0.0920 0.0954 
8 0.3177 0.3203 56 0.0860 0.0898 
9 0.2946 0.2981 61 0.0809 0.0848 

10 0.2753 0.2789 66 0.0765 0.0801 
11 0.2588 0.2621 71 0.0725 0.0757 
12 0.2444 0.2471 76 0.0691 0.0715 
13 0.2319 0.2338 81 0.0660 0.0676 
14 0.2208 0.2219 86 0.0632 0.0639 
15 0.2109 0.2111 91 0.0607 0.0605 
16 0.2020 0.2015 96 0.0584 0.0572 
17 0.1940 0.1926 101 0.0563 0.0541 
18 0.1866 0.1850 106 0.0543 0.0511 
19 0.1800 0.1779 111 0.0525 0.0483 
20 0.1738 0.1715 116 0.0509 0.0457 
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Table A-4. 

Finite Dirichlet series expansion of the ~(q~3/2 correction 

factor1 as computed from the formula of Kataok.a (Eq. II-21). The 

calculated values of G(q)J312 are compared to those obtainable from the 

L c·q . Bie- ~ representation with B1 = 0.2031, c1 = 0, B2 = 0.1116, c2 ~ 
~ 

0.04449, B3 ~ 0.4579, c3 = 0.2545, B
4 

= 0.8144, and c
4 

= 0.8893. 

q [g(q~p/2 2 B.e-ciq q [g{q) [3/2 L B.e-ciq . ~ . ~ 
~ ~ 

1 1.0000 0.9995 21 0.2483 0.24.91 
2 0.7155 0.7179 26 0.2.375 0.2.388 
.3 0.5737 0.5706 31 0.2301 0.2314. 
4 0.4860 0.4851 36 0.224.8 0.2256 
5 0.4294 0.4.302 41 0.2208 0.2211 
6 0 • .3905 0.3919 46 0.2177 0.2175 
7 0.3623 0.3635 51 0.2152 0.214.6 
8 0.3410 0.3417 56 0.21.32 0.21f3 
9 0.3244 0 • .3245 61 0.2115 0.2105 

10 0.3110 0 • .3106 66 0.2100 0.2090 
11 0 • .3001 0.2994 71 0.2088 0.2078 
12 0.2910 0.2901 76 0.2077 0.2069 
1.3 0.28.3.3 0.2824 81 0.2067 0.2061 
14. 0.2768 0.2759 86 0.2059 0.2055 
15 0.2711 0.2704 91 0.2051 0.2050 
16 0.2661 0.2656 96 0.2045 0.2047 
17 0.2617 0.2615 101 0.2039 0.204.3 
18 0.2578 0.2579 106 0.2033 0.204.1 
19 0.,2543 0.254.6 111 0.2028 0.,2039 
20 0.2512 0.2517 116 0.2024 0.20.37 
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Table A-5 

Finite Dirichlet series expansion of the [g(qTI 1•26 correction 

factor, as computed from the formulas of Zimm and Stockmayer (Eqs. II-19 

and II-20). G< ~1 26 The calculated values of g q J • are compa.red to those 

obtainable from the 2:: B. e -ciq representation with B1 = 0.2116, 
. l. 

c1 == 0.00875, 
l. 

B2 = 0.4257, c2 = 0.1064, B3 == 0.7737, and c
3 

= 0.6485. 

q [g(q~l.26 2 B.e-ciq q l_g(q)jl.26 _2 B.e-Ciq 
i l. i l. 

1 1.0000 0.9969 21 0.2285 0.2215 
2 o. 7549 o. 7634 26 0.2014 0.1952 
3 0.6270 0.6260 31 0.1814 0.1770 
4 0.5455 0.5402 36 0.1659 0.1636 
5 0 .. 4877 0.4827 41 0.1535 0.1532 
6 0.4441 0.4413 46 0.1433 0.1446 
7 0.4097 0.4093 51 0.1347 0.1372 
8 0.3816 0.3832 56 0.1273 0.1307 
9 0.3583 0.3611 61 0.1209 0.1247 

10 0.3384 0.3418 66 0.1153 0.1191 
11 0.3212 0.3247 71 0.1103 0.1139 
12 0.3062 0.3094 76 0.1059 0.1089 
13 0.2930 0.2956 81 0.1019 0.1042 
14 0.2812 0.2831 86 0.0983 0.0997 
15 0.2705 0.2718 91 0.0950 0.0955 
16 0.2609 0.2614 96 0.0920 0.0914 
17 0.2522 0.2520 101 o.oa92 0.0874 
18 0.2441 0.2434 106 0.0866 0.0837 
19 0.2368 0.2355 111 0.0842 0.0801 
20 0.2300 0.2282 116 0.0820 0.0767 
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Table A-6 

Finite Dirichlet series expansion of the ~(q~1• 26 correction 

factor, as computed from the formula of Kataoka (Eq. II-21). The 

ca1culated values of [g(qLI1•26 are compared to those obtainable from 

the ~Bi e -ciq representation with B1 = 0.2618, c1 = o, B2 = 0.1123, 
~ 

c2 = 0.04226, B3 = 0.4194, c3 = 0.2368, B4 = 0.6818, and c4 = 0.8241. 

q [g(q)jl.26 :z B.e-ciq q l_g{q)jl.26 L B.e-ciq 
i J. . J. 

~ 

l 1.0000 0.9994 21 0.3103 0.3109 
2 0.7549 0.7573 26 0.2989 0.3001 
3 0.6270 0.6243 31 0.2911 0.2923 
4 0.5455 0.5445 36 0.2855 0.2864 
5 0.4916 0.4921 41 0.2812 0.2816 
6 0.4539 0.4550 46 0.2779 0.2778 
7 0.4262 0.4273 51 0.2752 0.2748 
8 0.4051 0.4058 56 0.2730 0.2723 
9 0.3884 0.3887 61 0.2711 0.2703 

10 0.3749 0.3748 66 0.2696 0.2687 
11 0.3639 0.3634 71 0.2682 0.2674 
l2 0.3546 0.3539 76 0.2671 0.2663 
13 0.3467 0.3459 81 0.2660 0.2654 
l4 0.3399 0.3391 86 0.2651 0.2647 
15 0.3340 0.3333 91 0.264.3 0.2642 
16 0.3289 0.3283 96 0.26.36 0.2637 
17 0.3243 0.3240. 101 0.2630 0.2633 
18 0.3202 0.3201 106 0.2624 0.2630 
19 0.3166 0.3167 ill 0.2618 0.2628 
20 0.3133 0.3137 116 0.2613 0.2626 



Table A-7 

Finite Dirichlet series expansion of the ~(q)]1• 21 correction 

factor, as computed from the fo~ula of Kataoka (Eq. II-21). The 

calculated values of ~g(qi]1 • 21 are compared to those obtainable from 

the ~Bie-ciq representation with B1 = 0.2760, c1 = 0, B2 = 0.1119, 
J. 

c2 = 0.04181, B
3 

= 0.4102, c
3 

= 0.2332, B
4 

= 0.6548, and c
4 

= 0.8104. 

Lgcqûl.21 L -c·q rg(qU1.21 '2: B.e-ciq q B.e J. q 
i J. i J. 

1 1.0000 0.9994 21 0.3251 0.3256 
2 o. 7633 0.7658 26 0.3135 0.3147 
3 0.6388 0.6361 31 0.3057 0.3069 
4 0.5587 0.5577 36 0.3000 0.3009 
5 0.5057 0.5061 41 0.2957 0.2962 
6 0.4684 0.4694 46 0.2924 0.2924 
7 0.4409 0.4420 51 0.2896 0.2893 
8 0.4198 0.4206 56 0.2874 0.2868 
9 0.4032 0.4036 61 0.2856 0.2847 

10 0.3898 0.3897 66 0.2840 0.2831 
il 0.3788 0.3783 71 0.2826 0.2817 
12 0.3695 0.3688 76 0.2814 0.2807 
13 0.3616 0.3608 81 0.2804 0.2798 
14 0.3548 0.3540 86 0.2795 0.2791 
15 0.3489 0.3482 91 0.2787 0.2785 
16 0.3437 0.3432 96 0.2779 0.2780 
17 0.3391 0.3388 101 0.2773 0.2776 
18 0 • .3.350 0 • .3349 106 0.2767 0.2773 
19 0.3314 0.3315 lll 0.2761 0.2771 
20 0.3281 0.3284 116 0.2756 0.2769 
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Table A-S 

Finite Dirichlet series expansion of the ~(q~l/2 correction 

factor, as computed from the for.mulas of Zimm and Stockmayer (Eqs. II-19 

and II-20). The calculated values of ~g(ql}1/2 are compared to those 

obtainable from the 2: B.e-ciq representation with B1 = 0.5007, 
i ~ 

c1 = 0.00282, 

B2 = 0.2951, c2 = 0.06606, B3 = 0.3335, and c
3 

= 0.4482. 

q [g(q]_Jl/2 L B.e-ciq q [g(qill/2 L B.e-ciq 
i ~ i ~ 

1 1.0000 0.9965 21 0.5566 0.5532 
2 0.8944 0.9004 26 0.5294 0.5257 
3 0.8309 0.8333 31 0.5079 0.5042 
4 0.7862 0.7850 36 0.4903 0.4870 
5 0.7520 0.7491 41 0.4754 0.4728 
6 o. 7246 0.7213 46 0.4626 0.4610 
7 0.7018 0.6990 51 0.4513 0.4508 
8 0.6823 0.6805 56 0.4414 0.4417 
9 0.6654 0.6646 61 0.4324 0.4336 

10 0.6505 0.6507 66 0.4244 .0.4261 
11 0.6372 0.6382 71 0.4170 0.4192 
12 0.6252 0.6268 76 0.4103 0.4126 
13 0.6144 0.6164 81 0.4040 0.4063 
14 0.6044 0.6066 86 0.3983 0.4003 
15 0.5952 0.5976 91 0.3929 0.3944 
16 0.5867 0.5890 96 0.3879 0.3887 
17 0.5788 0.5810 101 0.3831 0.3831 
18 0.5715 0.5735 106 0.3787 0.3776 
19 0.5646 0.5663 111 0.3745 0.3723 
20 o. 5581 0.5596 116 0.3705 0.3670 
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Table A-9 

Finite Dirichlet series expansion of the l_g(~1/2 correction 

factor, as computed from the formula of Kataoka (Eq. II-21). The 

ca1culated values of ~(q)[1/2 are compared to those obtainable from 

the ~ Bie-ciq representation with B1 = 0.5865, c1 = 0, B2 = o. 7785, 
J. 

c2 = 0.03528, B
3 

= 0.2211, c
3 

: 0.1814, B
4 

= 0.2833, and c
4 

= 0.6129. 

q [g(q)j 1/2 L B.e-ciq q l_gcc!I]1/2 L B.e-ciq 
• J. • J. 
J. J. 

1 1.0000 0.9995 21 0.6285 0.6285 
2 0.8944 0.8960 26 0.6192 0.6195 
3 0.8309 0.8298 31 0.6128 0.6133 
4 0.7862 0.7855 36 0.6081 0.6086 
5 0.7544 0.7542 41 0.6044 0.6049 
6 o. 7309 o. 7311 46 0.6016 0.6019 
7 0.7129 o. 7133 51 0.5993 0.5993 
8 0.6986 0.6991 56 0.5974 0.5972 
9 0.6871 0.6875 61 0.5958 0.5955 

10 0.6775 0.6778 66 0.5944 0.5940 
il 0.6695 0.6697 71 0.5932 0.5928 
12 0.6627 0.6627 76 0.5922 0.5918 
13 0.6568 0.6567 81 0.5913 0.5909 
14 0.6517 0.6515 86 0.5905 0.5902 
15 0.6472 0.6469 91 0.5898 0.5896 
16 0.6432 0.6429 96 0.5891 0.5891 
17 0.6396 0.6393 101 0.5886 0.5886 
18 0.6364 0.6361 106 0.5880 0.5883 
19 0.6335 0.6333 ill 0.5876 0.5880 
20 0.6309 0.6308 116 0.5871 0.5877 



Table A-10 

Finite Dirichlet series expansion of Stockmayer and Fixmants 

h3 correction factor, as calculated from Eqs. II-18 and the for.mulas . 

of Zimm and Stockmayer (Eqs. II-19 and II-20). The calculated values 

of h3 are compared to those obtainable from the ~ B.e-ciq represent-
• J. 
J. 

ation with B1 ~ 0.2760, c1 = 0.00748, B2 = 0.4212, c2 = 0.06970, B
3 

= 

0.4667, and c3 = 0.3464. 

q h3 L B.e-ciq q h3 Z B.e-ciq 
J. i J. 

1 1.0000 0.9967 21 0.3379 0.3336 
2 0.8680 0.8716 26 0.2996 0.2960 
3 o. 7731 0.7766 31 0.2706 0.2674 
4 o. 7023 o. 7032 36 0.2478 0.2451 
5 0.6468 0.6456 41 0.2293 0.2273 
6 0.6019 0.5994 46 0.2139 0.2127 
7 0.5645 0.5617 51 0.2008 0.2005 
s 0.5328 0.5303 56 0.1895 0.1900 
9 0.5054 0.5036 61 0.1797 0.1809 

10 0.4815 0.4804 66 0.1710 0.1727 
11 0.4603 0.4601 71 0.1633 0.1653 
12 0.4415 0.4420 76 0.1564 0.1584 
13 0.4245 0.4257 61 0.1502 0.1521 
14 0.4091 0.4109 86 0.1446 0.1461 
15 0.3951 0.3973 91 0.1394 0.1405 
16 0.3823 0.3847 96 0.1347 0.1351 
17 0.3705 0.3731 101 0.1303 0.]300 
18 0.3596 0.3622 106 0.1263 0.1252 
19 0.3495 0.3521 ill 0.1225 0.1205 
20 0.3400 0.3426 116 0.1190 0.1160 



APPENDIX III 

On the following pages one of the derivations of Katsuura 

(21) is partially repeated, in order to Uncover a misprint in reference 

21. For the sake of simplicity, throughout this derivation the 

notation of Katsuura will be used, and Eqs. (17), (18), (20), and (22) 

are identical to the similarly numbered equations of reference 21. 

Katsuurat s Eq. (17) is 

Y=oo IIJ 
il (1

1
- a) ~· 

G ( , a) 
:J(a) = o dY (17) 

s·a 0 ' J=o 
where 

f f î 1 cf' o' a)] t (18) = 
0

-2{l+G. ' 

and 

G(.f 
0

, a) -1 ( o )-1 -a = u 1 + UJ_ e 
0 

(20) 

In the above equations u is the initial number average degree of 

polymerization, a is the exponent of the Mark-Houwink equation for the 

unirradiated polymer, a corresponds to ci in the notation of the present 

work, and t is the number of crosslinks per monomer unit. J(
0 

is 

merely a dummy variable. 

From Eq. (20) 
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t o dG e-a 
G ( J 

0
, a) = - "" - A-1 

oY o (1 + uP )2 

and 

Put ting 

we obtain 

and 

From Eq. A-3 

i.e. 

0 

n o :. 2G 2 -a 
G { J o' a) = _o_ = ue • 

o2 2 (1 + u.Y )3 
0 0 

1 + u2 
0 

-1 = y 

G\.9 , a) = 
' 0 

2 -a -ye 

Il 0 
G (J 

0
, a) 

1-y 
uy , 

and from Eqs .. (18), A-4, and A-6 

A-2 

A-3 

A-4 

A-5 

A-6 

A-7 

A-8 
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Saito, to whom the basic mathematical approach is due, has 

shown (19) that the variables ~ and f 
0 

are related in such a way 

that lim Y = oo. Therefore when Eqs. A-3, A-5, A-7, and A-8 are 
f-:>00 0 

substituted into Eq. (17) we obtain 

1 
J(a) :::: j1 (1-a.) 

= 2 a. -a u e 
r (l-a.) 

where y
0 

is a root of the equation 

( 2 -a) 1 - y - 2uty 1 - y e = 0 , 

such that 0 < y < 1. 
0-

A-9 

(22) 

In Eq. (21) of Katsuura, which corresponds to the present Eq. 

A-9, the denominator of the integrand is given as 

an obvious misprint. 

Eq. II-24 of the Theoretical section of Part II is identical to 

the above Eq. A-9, except for the notation. 
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APPENDIX IV 

In the following table the final resulta of the viscosity 

calculations are given, as computed from various theories on the 

effects of branching. Most of these results have been presented in 

the form of grap~s in the Results and Discussion section of Part II. 



Table A-li 

Final results of the viscosity calculations, 

as computed from various theories on the 

effects of branching 

Method used 
a 6 l((g) for calculation R/R ['h]{1)=b c of g g 

o. 79 0.667 
l/2 Zi.mm and 0.20 1.071 g Stockmayer 

Il " lt lt 0.50 1.256 
Il Il Il Il 0.65 1.419 
Il Il Il lt 0.80 1.694 
Il Il Il Il 0.95 2.034 

Il 00 
1.21 g Ka tao ka 0.15 1.031 

11 Il Il Il 0.30 1.073 
Il Il Il Il 0.45 1.129 
Il Il Il Il 0.60 1.216 
Il Il Il Il 0.75 1.386 
Il Il Il Il 0.90 1.933 
Il 11 Il Il 0.95 2.639 

11 Il h3 Zi.mm and 0.20 1.091 Stockmayer 
Il Il Il Il 0.50 1.277 
11 Il Il Il 0.80 1.561 

0.75 Il 1/2 g Il 0.20 1.101 

continued 
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Table A-11 (continued) 

Method used 
a ô Lf (g) for calculation R/R [n]/[11]

0 c of g g 

0.75 00 
1/2 g Zi.mrn and 0.40 1.245 

Stockmayer 
Il Il Il Il 0.60 1.466 
Il Il Il Il 0.80 1.886 
Il Il Il Il 0.90 2.298 
Il Il Il Il 0.95 2.544 

0.74 1.43 Il Il 0.20 1.085 
Il Il Il Il 0.50 1.287 
Il Il Il lt 0.65 1.454 
If Il Il Il 0.80 1.737 

Il Il Il Ka tao ka 0.20 1.086 
Il tl Il Il 0.50 1.301 
Il Il Il Il 0.65 1.506 
Il Il Il Il 0.80 1.925 

tl Il gl.26 Zi.mrn and 0.20 1.008 
Stockmayer 

Il Il Il Il 0.50 1.033 
Il Il u Il 0.65 1.054 
11 Il Il Il 0.80 1.083 

Il Il Il Kata oka 0.20 1.009 
Il Il Il Il 0.50 1.051 
Il Il Il Il 0.65 1.111 
lt Il Il Il 0.80 1.263 

Il Il gJ/2 Zimm and 0.20 0.987 Stockmayer 
Il Il Il Il 0.50 0.975 
Il Il tl Il 0.65 0.971 
Il Il tt Il 0.80 0.967 

continued 
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Table A-11 (continued) 

Method used 
[n]/[1Jl a 6c Lf(g) for calculation R/R 

of ~ 
g 

0.74 1.43 ,?/2 Kataoka 0.20 0.988 
Il Il Il Il 0.50 0.992 
Il Il Il Il 0.65 1.02.3 
Il Il Il tl 0.80 1.125 

Il Il h.3 Zimm and 0.10 1.029 Stockma;rer 
Il Il Il Il 0.20 1.06.3 
11 11 Il Il 0 • .30 1.099 
Il 11 " Il 0.40 1.1.38 
Il Il 11 " 0.50 1.179 
Il Il lt Il 0.60 1.224 
Il Il Il u 0.70 1.275 
Il Il tl Il 0.75 1 • .302 
Il Il Il lt 0.80 1.330 
lt Il Il tf 0.85 1 • .356 
Il Il If Il 0.90 1.372 
Il Il 11 Il 0.95 1 • .366 

0.69 3.50 
l/2 g Il o.zo 1.082 

Il Il Il fi 0.50 1.271 
Il Il tl Il 0.65 1.42.3 
Il Il 11 Il 0.80 1.67.3 
Il Il Il Il 0.95 2.09.3 

Il Il h3 Il 0.15 1.046 
tl n Il Il 0.30 1.100 
Il Il tt Il 0.45 1.160 
n Il Il Il o.6o 1.227 
Il Il tl Il 0.70 1.277 
Il Il Il Il 0.80 1 • .3.32 
n Il Il tl 0.95 1.375 

continued 
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Table A-11 {continued) 

Method used 
[n)'IJïJo a 6c t('(g) for calculation R/R 

of g 
g 

0.68 00 
1/2 g Zimm and 0.20 1.085 

Stockmayer 
Il li Il Il 0.40 1.202 
Il Il Il Il 0.50 1.279 
Il Il Il 11 0.60 1.376 
Il Il Il Il 0.65 1.434 
Il Il Il Il 0.80 1.689 
11 Il Il Il 0.90 1.976 
Il Il tl Il 0.95 2.136 

Il 0.667 " Il 0.20 1.046 
li Il Il u 0.50 1.165 
Il tl n Il 0.65 1.266 
Il Il Il 11 0.80 1.425 

Il 00 h3 Il 0.20 1.068 
Il Il Il Il 0.50 1.196 
Il Il Il Il 0.65 1.274 
Il Il Il Il 0.80 1.364 
Il Il li Il 0.95 1.422 

0.58 3.50 1/2 g u 0.20 1.058 
Il 11 Il n 0.50 1.185 
11 Il Il lt 0.65 1.282 
Il Il Il Il 0.80 1.430 
lt Il Il Il 0.95 1.647 

Il Il h3 Il 0.15 1.030 
Il li Il Il 0.30 1.065 
Il Il Il Il 0.45 1.101 
Il Il Il Il 0.60 1.137 

continued 
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Table A-ll (continued) 

Method used 
C1lJI[n 1

0 
a li lf(g) for calculation R/R c of 6 g 

0.58 3.50 rr3 Z:imm and 0.70 1.161 Stockmayer 
Il Il Il Il o.eo 1.184 
Il Il Il Il 0.95 1.182 

0.50 00 g1/2 Il 0.20 1.046 

" Il Il Il 0.40 1.108 
Il Il Il n 0.50 1.146 
Il Il Il Il o.6o 1.192 
Il Il Il Il o.so 1.323 
Il tt Il Il 0.90 1.424 
Il tl Il Il 0.95 1.469 

Il 3.50 Il Il 0.20 1.042 
Il Il Il Il 0.50 1.132 
Il Il Il Il 0.65 1.198 
Il Il Il lt o.eo 1.294 
Il 11 Il Il 0.95 1.419 

Il 0.667 Il Il 0.20 1.012 
Il Il Il Il 0.50 1.052 
Il tl Il Il 0.65 1.087 
Il Il Il Il o.eo 1.139 

Il 00 Il Kataoka 0.20 1.048 
Il Il Il Il 0.50 1.152 
Il Il Il Il 0.80 1.387 

lt Il g>/2 Il 0.20 0.983 
Il Il Il Il 0.50 0.957 

continued 
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Table A-11 ( continued) 

Method used 
a 6c Lf(g) for calculation R/R [n}'[n~ 

of ~ 
g 

0.50 00 i}/2 Kataoka. o.so 0.960 

Il Il h3 Zimm and 0.20 1.033 Stockmayer 
Il Il tl Il 0.50 1.087 
lt Il Il Il o.so 1.131 

Il 3.50 Il Il 0.15 1.020 
Il u Il Il 0.30 1.042 
li Il tl 11 0.45 1.063 
Il Il Il Il 0.60 1.082 
Il Il Il Il 0.70 1.092 
Il tt Il Il o.so 1.099 
Il Il Il Il 0.95 1.076 
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CLAIMS TO ORIGINAL. RESEARCH AND CONTRIBUTIONS TO KNOWIEDGE 

1. It is believed that the investigation described in the first 

part of the thesis is the first thorough study of the effect of initial 

molecular weight distribution on the properties of irradiated polymers. 

2. A number of mathematical equations have been developed for 

calculating various parameters of irradiated narrow distribution polymers. 

3. A new, simple method has been introduced for distinguishing 

between crosslinking and endlinking as basic mechanisms of radiation­

induced network formation in polymers. 

4. Some radiation chemical parameters have been determined for 

irradiated anionic polystyrene. 

5. Statistical calculations of the intrinsic viscosit7 of irradiated 

polymers have been extended, in such a manner that various theories on the 

viscosity of branched molecules could be tested. 

6. The applicability and inadequacies, respectively, of soma of the 

existing theories on hydrodynamic properties of branched poly.mers have been 

demonstrated. 

7. The study of irradiated anionic polystyrene samples has indicated 

that initial molecular weight distribution has little effect on the increase 

in intrinsic viscosity produced by irradiation in polymers. 
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LIST OF THE PRINCIPAL SYMBOIS 

An attempt has been made to achieve a compromise between 

self-consistency and retention of those symbols which are widely 

accepted in the literature. Where a symbol is used for more than one 

quantity, the context should prevent confusion. 

A few trivial symbols, as well as obvious subscripted 

modifications of others, have not been listed. 

Ao 

A2 

~~ Al: 
2 

a 

B ' Bw n 

c 
• 
c 

f(q) 

G 

g ' g{q) 

h 

Total number of molecules in a system 

Second virial coefficient (osmotic or light-scattering) 

Osmotic and light-scattering virial coefficients, 
respectively 

Exponent in the Mark-Houwink equation (Eq. II-1) 

Number and weight average branching indices, 
respectively 

Concentration 

Number of crosslinks per monomer per unit dose 

Correction factor for branching (see Eq. II-lJ) 

Nurnber of radiation chemical events per lOO eV of 
absorbed energy 

Ratio of the mean-square radius of gyration of a 
branched molecule to that of the corresponding 
linear molecule of equal molecular weight 

Ratio of the hydrodynamic radius of a branched 
molecule to that of the corresponding linear molecule 
of equal molecular weight, as predicted by the theory 
of Stockmayer and Fixman (see Eqs. II-18) 

Coefficient in the Hark-Houwink equation (Eq. II-1) 

Mean-square end-to-end distance 
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LIST OF THE PRINCIPAL SYMBOLS (continued) 

M 

M 1 M 1 M n w v 

Il 

Mn(R) 1 

Il 

Mn(l"") 

M
11

(R) 
w 
Il 

Mw(<:) 

N 

N 

Il 
, M ( t) 1 w 

n(u) , n(u,R) 1 

n(u, t) , n( u, 'G) 

p 

• 
r 

Molecular weight 

Number, weight, and viscosity average molecular weights, 
respectively 

Number and weight average molecular weights, respectively, 
of unirradiated systems 

Number and weight average molecular weights1 respectively, 
of degraded polymer 

Number average molecular weight of poly.mar after cross­
linking or endlinking 

Weight average molecular weight of polymer after cross­
linking or endlinking 

Total number of monomer units in a system 

Avogadrots number 

Number of molecules of degree of poly.merization u 

Radiation dose expressed as a function of gelling 
dose (= R/R ) 

g 

Half the number of ends of a given molecule 

Radiation dose, Mrad. 

Gelling dose, Mrad. 

Rayleigh ratio at the angle e 

Gas constant 

Number of fractures per monomer par unit dose 

< s2 
>br , < s2 >1inJ:.'Iean-square radii of gyration of branched and correspond­

ing linear molecules of equal molecuJar weight 

T Absolute temperature 

t Number of crosslinks per monomer 
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LIST OF THE PRINCIPAL SYMBOLS ( continued) 

u 

z 

a. 

1fsp 

[!)] 

Bi]o 

[--ri] br ' [1iJ lin 

e 

" 
• 

.f 

Degree of polymerization 

Number and weight average degrees of polymerization, 
respectively, of unirradiated systems 

Number and weight average degrees of polymerization, 
respectively, of degraded polymer 

Weight average degree of poly.merization after cross­
linking or endlinking 

Honomer molecular weight 

Dissymmetry in light-scattering 

Expansion factor of the Flory-Fox theory 

Designates a mathematical gamma function 

Number of main chain fractures per number average 
primary molecule 

~ at the gel point 

Relative viscosity 

Specifie viscosity 

Intrinsic viscosity 

Intrinsic viscosity of unirradiated system 

Intrinsic viscosities of branched and corresponding 
linear molecules of equal molecular weight 

Angle 

Flory temperature 

Parameter giving the sharpness of a Schulz distribution 

Osmotic pressure 

Density 

Number of main chain fractures per monomer per unit 
dose, in endlinking 
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LIST OF THE PRINCIPAL SYMBOLS (continued) 

2 
6 c 

de 

7: 

·L.o 

~,4> 

r<g) 

1 

Summation sign 

Number of crosslinks per number of main chain fractures 

Probability that an end produced by scission will link 
with another molecule 

Number of main chain fractures per monomer 

Excess turbidity in light-scattering 

Universal constants of the Flory-Fox theory 

Correction factor for branching (= f(q)) 
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