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ABSTRACT 

In ~he presen~ study a new analytic apprdach, based on the 

generali'zed lagran&e multipliers methodO for the solution of the 

sta~ic unit commltment If thermal unlt~ has been Investigated. 

The condi t lohs for op timum uni t' c ommi tmen tin th 1 s approélc h are 

reduced to a set of analytic con'ditlons' d~fining cu~ves. termet! 

switching curves which govern the' switching of the system units. 

and characterize a rela-tively-small number of combinations of 

con..stant unit commitment. The optimum schedules 'can, be analytic-

ally studied in terms of the load'. the reserve !Ilargins an"d the 

associated lagrang~ multipli~rs cor~esponding to the system 

incremental cost and the' reserve IncJ:emental cost respect1vely, 

This anal-y tic approach. têrmed __ the swi tcb1\g curve c0t:1cept 

provides a new and unique insigbt into the unit switchin~ 

me chanis m not availab le from pure ly nume r ical, techn iq.ues as weJ 1 

as galning a physical intèrpretat10n for optimum unit 

in terms of the syste~ incremental costs~ 

A relatively fast algorithm based dn simplè numerical 

1 
techniques and the braoch-and-bound method has been implemented 

'" 
using'"" the above concept and encouraging results 

obtained" ~ven th~ugh. the static unit commitment does not 

• 1 

consider 'Many practical c~nstraints, its 'olution could be 

useful 8;s a lower' bound or as a b~lSic engine f,or the general 

dynamic cas~" 
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B.I~UHI 

C&~te etude presente .une approche analytique pour resoudre le 

proh lem de rep,.rti tion a co'urt t'e rme d'un. ensemJ;t 1 e de moyens de 

production thermique. La version statique du probleme a ete 

consideree et les principa~ resultats ont ete obtenus a partir 

de la methode generalisee des multiplicateurs de Lagrange .Les 

c';,nditions d'optimalite obtenues sont reduites a un ensemble de 

conditions analJtiques definissant des courb e s ap'pe lee s courbe s 
• 

de commutation qui regissent le mechanisme de la mise en marche 

et d'arrét des groupes et basee sur èelles-ci Une Interpretation 

physique est deduite en fonction des' couts marginaux donnant de~ 

resultats satisfaisant economiquement. 

• Q ~ 

L'etude des variations de .l.a gestion optimale peut-etre aussi 

etudiee en des parametres du system telles' ~ue la 

charge, la reserve tournante et les cout~\ 'marginaux. Cette 

me thode ana lyti que appe lee la 'me thode de la 10 i de s courb es de 

commutation nous donne un nouveau et unique apercu sur le 

mechanlsme de mise en marche et d'arret des groupes. Un algorithm 

rapide utilisant des techniques numeri'ques simples et la methode 

du type "branch-and-bound" ·a ete implementee pour la resolutlon 

du cas statique et des resul ta ts ~ encour~ge ant ·on t ete 

reporte~.-eette solution du problem statique' peut-et~e" utile 
~ -

comme limi te 'par defaut ou comme une base ~our resoudre.~e cas 

dynamique. . . 

. < 
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CHArTER 1 

, 
INT,ODUCTION 

( . 
1.1 Background 

The large daily variations of the electric energy 

demand at the differe't'lt nodes of a power system and the 

necessity to satisfy at each instant this demand with -maximum secu-rity and at minimum cost requires the determin-

ation of an optimum planning of the different avai1able 

pla n t sin a pre de ter m i n,e d t i m e ho riz 0 n wh i ch ra n g e sus ua 1 1 Y 

from one day to one week. 

The problem is therefore to determine which units 
, 

should be kept on-1ine aond which should not, in order to 
( 

achieve maximum economy. 

This is known as a unit scheduling prob1em, which 

involves ç~o separate,-but mutua11y connected problems . 
• 

The first, usua11y called the unit commitment or pre
li< 

dispatch, consists of the selection of units to. be placed in 
• 

operation and of· the determination of the ins~ants of their 

st~rt-up and--.shut-down in a given per~Qd of time, usua11y 

/' 
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ranging from 24 to 168 hours. The second, called the 

economic dispatch ,problem, deals with the allocation of the 

load among generating units which are already running. The 

general objective is to achieve minimum operating costs. 

subject to demand, spinning reserve, downtime, up-time and 

other operationnal constraints. Wh i le the problem of 

ecan01llic dispatch has been studied exten'sively for some time 

(1,2], the unit com~~tment problem, which normally has to be 

sol~d first, has received less attention, probably because 

it is a less straightforward problem than the economic dis-

p~ch. 

T.he scheduling of generating units is a mathematical 

programming problem. which involves a large number of 
1 

bath 

con tin u 0 U s-' (g e ne rat ion s ) and discrete (unit commitment) 

variables, and generally it can be stat~d as a mixed-integer 

nonlinear programming problem, which is ~e' of the most 

d i f fic u 1 t' pro b 1 e, ms i n the are a 0 f mat heIn a"t i cal pro gr am m. i n g , 

Dep e nding on the cos t fun,:: t i on and on the numbe rand 

kind of constraints imposed oti,:the unit commitment, varioU5 . , 
types of problem formulations are_ possible. Generally it i5 

useful to divide these into two categories'. static and 

dynamic, characterized as follows 

Static unit commitment problem ~haracteristics: 

- - R1:1nning cos ts 
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Genera~ion limits 

Area reserve mar~ins 

Variable fuel ~pes 

Variable operating strategies , 

Dynamic unit commitment problem characteristics: 

Start-up and shut-down costs 

Minimum up and down times 

Energy and ramp constraints 

Different approaehes have been developed and applied 
-.----_ __ A 

for both problems. In this thesis the principal topie will 

be the static thermal unit commitment problem. and, how its 

so 1 li t ion leads to new i ns igh t and new apprQache s to the 

dynamic problem. 
iJ 

1.2 Review of sQlution technigues: 

In recent years. there has been an increase both in 

magnitude and complexity of power systems. The variation 

between the pe'ak and off-peak power demands has become, more 

important and the increase in the costs of sorne fuel types 

ri! bes eeen substantial in the past decade. H,ence'. a systematic 

approach 15 needed for the determination of the generating 
i 

units to be committed to- service. tt has been shown that the 

solution of the unit cQmmitment problem results irt substan-

tial 'savlngs [3.4J . 

\ 

r 

t, 

1 • 

• 
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Past approaches to the problem of ùnit commltment can 

be grouped into four types of methods as follows 
.. 

- Prlority-list and peuristl~ methods; 

- Integer programmLng and branch-and-bound; 

" 
- Dynamic programming; 

Lagrangian relaxation; 

The priorlty list me'thod [3,5,6) Is the Most popular 

because of its simplici-ty-. In this m-ethod the order ln whlch 

units were brought up Qi shut-down ls strlctly 'speclfied 

according to 'their .effic~y, for example, a-n-d heuristics 

were used to de~ermine if it ·was worthwile to bring a un',it 

.) 
u p 0 r do w n a t agi ven t i me. A nu m ber 0 f r e fin ~m en t s h a ve 

been addad to this original priority li~t mathod, including 

enet,sY tfi'n te rchan~e mo'de 1 ing, 
\ 

different start-up and shut· 

down orderings, unit response rates, minimum-u.p and down· 

time among Many others [7,8J. Even though the method gives a 

feasible solution which May be far from the 01>timum, ,it has 

remained one of the most u'sed methods. Its appro-ximations 

reduc e the dimens iona li ty and comp 1 ex i ty s een in the mos t 

sophisticated schedu1ing mechanisms. SOlDe integ~r 

programming and branch-and·bound [9,10,11,12',13,15] methods 

were developed to 

he r e i s .b a 5 i c a 11 y 

consists of more 

solve 

one 

th an 

'above methods become 

~ 
the unit commltme~t. The difficulty 

<-

of dimensionn~1ity. When the system 

som ete n S 0 f g en e rat in g , uni t s, t'h e 
, 

unmanageable and far beyond the 

capabilities of present ~omputatio~al procedures. 

Q 
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D-ynamic. programming when .appLied in" a straightforward 

manne r [16] i S only app 1 icab le for a ve ry 1 1mi ted number 0 f 

generating' units, because the computing timè and memory 

'requirements increase factorially with additional units. 

However, "st!veral app:roaches were developed that includ~d ... 

apptoximatioy{s, relaxations and iterative methods, in arder -- \ 

to make this procedure tractable, thereby redu.cing the huge 

number of combinations ta search [,17,18,19,20,21,22). 

The primary advantages of dyna~ic programming is 'in the, 

ease/'of handling complex coupled constraints, and ·its 

~ 

ability.to mode1 delays, time varyltlg parameters, .p:r;obabi-

listic variables, and nonlinear cost curves. 

The lagrangian relaxation method [23,24,25,26,27] seems 
, . 

'tP,be the most appropriate for solvin§., the unit·commitment' 
. 

pro,blem. As .develope~ recently' [23,24,25,26] ~t has been - .. reported to give ac~u~ate results in a reasonable amount of 

c time. wi~h many practical constraints taken'int6 account. The 

method appears "t;o be ~ery fl~xib1e and cou1d be a'pplied to ..... 
s..olve. very farge scale systems (o~er. 200' units). 

"'In chapter 2, "fter the presentation of the ·mathémati-
t " ~, _ 

C 8,1 fo rm~la t ion 0 f the gene ra l uni t schedû.l ing prob 1 em, i t 

will b.e' shown how the above methods are appli.ed to solve' 

th!s p·rob lem: 
• 1 

''', . 
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1.3 The present thesis: 

',' 

A11 the methods outlined above solve the uni~ commit-
. 

ment, probl~m in an a1gorithmic aPPFoach. that is, their 

output consists of a single numerica1 solution to the given 

problem. Although these methods are necessary for solving 

the gene~ra1 unit commitment problem, they do not easily 

provide insight of an 'an"alytic n-ature about the m~chanism 
" 

governing the switching of units. 

The pre~ent thesis 

analytic approach for the , 
will therefore investigate \ an 

s tu d yan d !b0-i u t ion 0 f the s ta tic 

" unit commitment.- problem. This methodo1ogy will complement 

the purely numeric~l approaches mentioned above. Even if the 

static u,nit rcommitment problem does not consider various 

practical constraints, the anal.ytic nature and tthe 

simplicity of the method add sorne unique insight basic for 

the study of the' more general dynamic, un,.1t commitment 

form~lation. From Everett's theote~ [30] and the Kuhn-Tucker , 
optima1ity copditions {S,36], the following results ,were 

derived : 
t 

/ 

(1) A set of,a~alytic conditrons' g-ivi,ng the optimum unit 

cpmmitment for the sta~ic caie. 

(2) ~Th~, me,?hanism of how generating 'units are .brought up or 

d6~n is inçrepreted physica11y in te~ms df the averate 
< ~ 

unit cost and ehe system incremental' cost giving 

new insight into the swi.tching mechanism. 
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(J~ This method defines a r~iatlvely small number of regions 

of constant unit commltment compared to the number of 

,possible combiriati~ns. 

(4) The eff~\:t of system l'~a(f. and reserve margin on the 

-..../ . 
solutions of optimal schedules. ean be analytically 

studied for specifie or for general cases, 

(5) Some relatively' fast algorithms based on simple· .. 
. numerical techniques and the branch-and-bound method 

were Aeveloped to solve "the statie unit commitment, and 
• 

~ere te~ied on"large-sized power systems. 

~6) An ~ttempt to sotve the dynamic case from the results of 

the ,static unit commitment eon"Sisêin~ of adding the . -
starc-up costs to the fixed Costs of the cyeling \lnits 

,~ 

has been shown to bé unstable and therefore giving' 

unsatisfaetory results. The second heuristic method used 
.5 

" to s~lve a"ppr'oximately the dynamie unit commitment 

consisted of perfoming an economic dispatch to generate 

fe.sibLe solutions so that the minimum up-time' and down-

tim~ constraints are satisfied. Some results were -.. 

&bi.ine~ and discussed. 

- ~ 
1; 

In cl'l.apte.r 2. all the ~mportant aspects of the unit 

schedullng' problem for thermal units w'ill be presented. The 
, , 

statement and mathematieal formulation of the -p"roblem for 

the dynamlc case will be dlscussed with t~e various 

~-
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constraints lmplied by, the requirements of the. system 
• 

oper,a tion. 

In' chapter 3 the 0 static unit commitment, as proposed, 

will be formulated and studied from an analytical point of 

view and ... ~ll the main J;:esults will qe 
~ . 

simple eltamples, 

~ 

stressed through 

In chapter 4 an algorLth'm based on simple numerical 
~ 

techniques for the solution of the sta.t:ic unit commltment 

prob lem ls pro,posed, Then; this procedure ls app 1 Led for 

." 
praatical power sy~tems and the results Qf the-- slmulatiol1s 

carried out are presented and di~usS~d. 

l , 
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CHAPT-ER 2 
, . 

THE UNIT COMMITMENT PROBLEM AND SOLUTION TECHNIQUES ' 
.. • 

2,1 IntrodUction: 

As was mentioned i'n the precedirtg chapter, the 
() , 

scheduling of therl1lal 'units consists basically of solving' 

~wç mutua1~t co~ttected prob~ems, The so~u~i~n of'the first" 

which is called the unit commitment problem, gives the best 

comblnation of the avallable units; a.nd tne solution-of the 

second, ca~led the economic dispa~ch, consists of 'al1ocating 
Q., " 

the,load optimally 'among ~nits of this bes't combination, sa 

that the total 'system CO$t ls minimized. 

Almost aIl known methods ap-p1ied to solve .the unit 

scheduling problem are a l....~ecompos t'tion of the ,probl.em into 

the above two problems and Many 'author-s refer to lt as a 

unit commitment/sconomic dispatch problem (UC/E,D) , 

Tc hil'tè an elementary idea hf the scheduling prQb1em , , 

, [ 5 1 , s.uppose t~at we have N available 
. 

uni ts', tha t' any one 

unit cau suppl,3. tne 10ad, and that Any c'omb1nation of ,these 

.; 

" .. ' 

" . 



o 
/ 

,0 

" 

o / 

, . 

'. .. 

r ' 

• 

10 

units can a1so suppiy the load in a périod of ti~e whlch is 

usu~lly taken as one,' hour. ''The to ta 1 numbe r of comb lna t ions 
• 

is then 2 N _1"', and by performing an ecopom'ic dis·patch.- ·for 

each of the.s é' 
" ,- ' 

co m b 1 na t 1-0 n s' w é eva1qate the corresponding 

cos t. The 1 e.a ste 0 s t 1 y' c 0 m 151 n ~ t ion will th u 5 b e 0 u r 0 p t i mal / 

/ . 
solution. Now, as an examp1e, if the number of units N-10 

and the number. of time periods 15 24 (one cray), the total 
"'\ • "1, , 

number of combinations ôf units will be (2 1 °_1)24 which ls a 
• 

huge number. In practica1 power s~st.ems, the numbe r' 0 f 

regula,ting units cou1d be over 100, and the time horizon,... 

ranges' from to \0 • 1 

,days, 50 1 that the total number of 

combinatio-ni reaches as.tronomt"ca1 proportions •. In practice, 

many' of these combinations, wfq. be di·scarded by, th~ 

constraints impos~d on tbe' sytem, and even 'by the ordesing 

of the units. Approximations ànd heuristics ·are used in 

almost a1l known mé~hods, in. order tô avoid a'1l', the 
/ 

alternative combirtations: 

The main" fac.tors inf1uenci!,g tbe soheduling of thermal 

unit.s~ are the dail)' shape of the 'consumer demand and the 

start-up . and shut-'down coses 
~ 

of' e ac h uni t. A t Y pic a 1 
/ 1 

Cont inuous t ime load demand cur've is shown in fi g.' 2.1. . 

. l n .t hi 5 cha pte r a mat hem a tic a 1 m 0 d e lof the s'e h e du 1 Ln g 0 f ' 

thermal uni ts ·for the general" dynamio case will be 

present:ed. ·The econoqlic load d1spatch based on the equal 

incremental 
~ . 

-
cost criterion will , • t1!I. be outl ined and then . th1'J 

- • À 
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., basi~s of the exis-ting techniques 4""for the solution of the, 

unit scheduling~problem will be ~eviewed. 

P4 (HW) 

o 6 12 18 24 30 

FJ •• 2. 1 Typical l.oad demal)d ourve, 

/' 
, 1 

\ ,1 

2.2 St.rt-uR CostSj 

/' . , 

The operation of a thermal unit" c~nsisting of a 

boiler, turb ine an,d gene ~ator will irivQJ. ye a s tart: '-up 

co\st. This 'cast is not due to the megawatt generation 'from 
l '_ 

the u~~ t, but to the 'expenses of bring1ng the uni t on -line, 
'. 

i .'~ to its operating temperature 'llnd presstir~. th,is' cost 

depena. on the condition of. the boil'er' after the uni t was 



o 

o 'f 

-

.-.~ 

). 

" , ' 

shut·down, i.e, whether the. boiler was allowed to cool. or 

whether th. boiler pressura lnd 
,.J 

lt was banked, 

temperature was maintained while shut-down. The latter 

alternativ~ will only be economi-c if the unit is required 

for service ,again after a sKort time'. If a boiler is a1).owed 

to • coo 1, its temperature can be approx ima ted by 

exponentia1 drop with time. The following expression 

·commonly used to repyesènt the start-up cost' of a unit: 

" 

-.. 
" .. .... 
U 
Il 
fi 
U 

Q 

(2.1) 

1 

3 - $ 6, TLm. (II ri) 

Fig. 2.2 Start.-up costa 
-f , 

.' \ 

an 

is 
- . 

" 

, 
.' 
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where de is the cold start-u~ co~t, COSU tQe co~t of 

starting the t~rbin~ alone Includlng the maintenance and ,. 
1 

operation cast due to start-up, ~ the cooling tlme constant 

of the boiler in hours and t ls the cool~ng time after the 

.unit was shut down, in hours. Yhen a boilei:' is banked, the 

fu~l ,CQst per hO}lr of banklng is constant, and consequently 

the cost attributlble ~o the next start-up is~lven by : 

CSD - (GB>t + COSU (2 . 2) 

The decision whether to shut-down or bank a boiler is 

determined by the length of the shut-down perfod. Figur~ 2.2 

shows typical c~rves of the start-up costs. 

1 

2,3 R~nni~~ dosts: 

Tb.e tunning costs of a thermal plant are usually 

.represente,d. ln terms of the fu~l Input F needed to produce a 
, : 

certain power output ,P. Thus, they are represented by a 

nonl inear ,curve "C - C (P), where the cos t C ls expressed in 
1 .. 

'carms of füel cost ,consumptlon per h'our (dollars/h), 'and the 

, output P ln M.egaJia t ts. A common '. expre s s l'on us ed to repres en t 

tne running cost 15, 

C(py'- cO + aP + O.5bp2 (2.3) 
.. 

" , 1 

.... .. 

" 
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pMax P(MY) 

, 

# where the coeff,icients a, b a~d cO are determined in the 

f • 
procedure of cur~~ fitting through diserete points obtained 

by fiel:d tests. Figu're.2 .-3 shows a typical cost' curve versus 

Megawatts ouptput. The fuel costs t T for a unit over a 

commitment period T can therefore expressed as 

r ,', 

_ 
f

T 
CT 0 C(P(t» ~t (2.4) 

~Where 
~ 

pet) ,specifies unit output as a function of ~ t 1me. 

Expressions (2.1) and (2.3) show that the production cost of 

L , 

1s a non11near ~unction ·of the output when the unit 
l' 

, 

--
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15 runn1ng, and a nonlinear function of- the cooling time 

when the unit' is to be put into operation lt is also 

discontinuous because it contains fixed terms representing 

start-up and minimum costs of the unit. 

2.4 Iotal generation èosts 

The function of the system operating costs consists of 

the three different costs which follow :' 

(1) Start-up and bankin&'costs 

(2 . 5 ) 

Where 

is the vector of the start-

up costs. lts elements are given by equation (2.1) or (2 2) 

and N is the number' of units in the system. 
. 

is the 'vector of the unit 

start-up st-atus, sùch that : Vik e (O,l) . Vik - 1 corresp

onds to the start-4P of the unit i in the interval ~ ;Vik -0 

means there is no ~tart-up of the unit in the 
.. 

interval k, 

ranging from 1 to K where K is the number af time intervals 

in the' considered pe~iod T, such that T - K~T and usually 6t 

'is ~aken as 1 hour. 
Ci 
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(ii) Th~ running costs 

The following expression will' represen't the running 

costs ofo the uni~s 

( 2 , 6 ) 

where .. 
i5 the 

vector of running costs in the interval k I1nd its elements 

are given by (2.3). 

o is the switching state 

vector of sytem units in interval k Uik E ( 0 , 1) . If the 

unit in interval k is in operation then Uik - 1 ,otherwise 

Uik - 0 --
Pk (p1k. p2k •. ...... .pNK)F is the yector of uni t 

o~tputs in the interval k. 

(iii) The shut-down costs: , , 

They could be written,similarly as follows 

(2.7) 

0, 
... 
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where 

~D - (C10, c20'" ....... CNO)t is the vector of shut-down . 
costs. The e).ements CiD characterize the shut-down costs for 

each'particular unit. 

9.k -
12" (W k, W k, ...... 

.' 
.. WNk)t is the vector of the unit 

shut down su ch that Wik E (0,1) Wik - 1 coresponds to the 

The 'vect 

relation 

o 

unit i in interval k, and"-Wik - ° otherwise . . 
(;> J 1."" 

are ~utua lly 
" , 

i -1,2, .. 
k -1,2, .. 

connected by 

.. ,N 

. . ,K 
(2,8) 

the 

The total system cost is obtained by summing up the 

above defined terms 

f 

(2.9) 

2.5 Operating constraints ;, 

In the follow.ing se'ctio.ns the various constraints 

required by the units and ~the syst~m operation will be 

defined. The unit constraints are connect~d to t:echnical 

limitations of the generating units, and the system const-

raints on' the other, hand, are the 'Cons traints imposed on the 

" 

_ - -0 
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who 1 e s y ste m, in 0 t" de t" t 0 s a t i s f y the pro p e r 0 p ~.r a t ion 0 f 
~ 

the s y ste m . Th e un i t con s t rai n t s will b e dis 'c û s s e d fi t" & t a n,.d 

then will fol10w the system constraints. 

2.5-1 Minimum and maximum generating 1imits: 

. 
Each- unit must be 10aded between two specified limits, 

1 

which may be varying with time. The constraint could be • 

written as: ,. 

(2.10) 

, 

2.5-2 Minimum up-time ana minimum down-time 

. 
'Once the unit is· running, lt should Dot be turned off 

before a specified time known as the minimugl up - t ime . 

. Similarly, the minimum down~t·ime, ls defined as the time 

,required before a u,nit can be turned on, once it is decom-

mitted. These defined t imes are nècessary in order to 

provide time for temperature equalisatioD wlthin the turbine 

1 
unit so as to maintain st:res~es' due to t e m p e rat u,.r e 

< 

differentials within safe limits. The .m in imum • down - t ime 

could vary from 3 to 8 hours. The'se constraints can be 

formulated"as inequalities or handled explicitly 

. ' - .. 
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If a plant consists of two or more 'unit;; • they cannot 
, 

always be turned ,on or at the same time. The following 

constraints limit the number of units that can, be 

simultane"ous1y in the start-up stage to 2.· 

, 

(2.11) 

.. j - 1.2 ........ n 
k - 1.2, ....... K 

,Yhere Pj is the 'set of units of plant 'j, and n the number of 

units. 

2.5-4 Fuel cons'traints: 

d!J 
These constraints 'are imposed on a system in whit..h some 

units have 1imit.ed fuel~ or have constraint's that re.~ire 
" . 

1 

them to burn a specified amount of fuel tn a given' time 

(27) • 

2.5·5 LOfd constraints'; 

" Po'r almost a1l power systems the daily load curve has 

the ,h..ape shown in figure (2.1). le diffe~~, of course. iri 
J .l;, 

magnitude '€rom a small power system t.o a large one. This 

load curve ... is predicced in advance and could be assumed as 

• \ 

1 
! 
~ , 
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probabilistic ar deterministic for a given problem .Usually 

for tne'~nit schedu~ing probLem, 'the load pattern is assumed , 

,,,determin.istic and discre'tized over the 24 hours in intervals 

of 1 hour " 
, 

The,load balance for each area is then givèn far each 

interval as 
'. 

k -1.2 •..... K 

wher~ PDk 1s the net load after transfers have been all~wed 

for->; and PLk is the area transmission ~OS5 at time k. 

The ,Load balance for 'the 'react'ive power co'~ld a1$0 have been 
:i 

taken into account. ~ut: usually this 15' considered' as , , 
ana ther s ubprob lem. 1 f we us e PeOk to' tep re5en t the, lD ad 

forecast with the losses included in period k we could wrlte 
'- .J 

the precedihg equat~on as 
(1 

J 

N 
.:E p. k 
1-1 l 

.' •..• K (2 . 12 ,) k -1.,2 

" 
.-:-. 

,", 

" 

, . 

,,, . .,:~ 

, ... ' ,-! 
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2.5·6 Spinninl reserve: 

...... 

.Spinning resefve is defined to ~e tqe extra generatibn 

availab le on demand from the genera tors conJ\.ec'ted to the 

power syste~. The fUMt·ion crf the spinning reserve is thre'e-

fO\d (32) 
. 

(i) To prov'ide regu~ating' ~pinnin"g capacity ,that. will' cope 

with errors in 10ad prwdi~tiQn eithe~ due to errors inhere~t 

(n the me'thoa or arising from a variation of the 10ad 

... - '-
pa~tern. In the eve.nt of, f~equency devi,ations, the spinning 

reserve
r 

is taken up by in9reasing the outputs of the 

generat~rs, 

.. 
(ii:) To provide step spinning c~pacity in 'the event o'f the 

10ss of ~ gènerator. 

1 

'( iit) Loading spinning cB:p~ci~y is required to allow th~ 

reallocation of gen'erator outputs fo1lowing a' generator 10·55 

such· that t,he frequency may; be r'estored to its ,normal value . 
.... '1' 

Sorne utilities maintain a 'spinnlng res~rve capacity of 

15 to 25% ot 'the expected others prefer to " 
l , 

maintain jus t enough to cover the 10 S 5 0 f t'he lar gest .. "? i t 
, , 

in operation. The 
- 1 

be formu1ated as . , 
reserve constraint ' can 

follows: 

, . . , , 

, " 

• 

a , 

" , 
, 1 

, , 
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where .RMink de-signates the, prescribed, splnnlng reserve in 

'in t"e rva1 k. 
" 

, 

2.5-7 Ramp çon~traints; .. 
Anoth-er constraint imp1ied by system 10ad deman,d.is the 

~ 

'rec{u!rement relatiVe to the rate of' generation -chànge .• 

expressed as ~ollows: 

, d'Pi dPi dPi . 
~ s i ~l,2, ...... N (2.14} 

dt, IM'i ~ dt dt /Max' 

and. • " 

N dPi d 
E -'- '(ui k) ~ - ( POOk) k -1,2, ... .. K (2.15) :[ .. 1 

, " dt, IMax dt 

/ 

,Wh,ere, sti.bs~ri,~~ Min and Max ,repr~sent minimum and maximum 

vaLues"' 0 f ' the i ndica t~d var ~ab les re spec t ive ly. POOk, ts the 

loàd forecast defined .in (,2'.13). 

, 1 

2. 5 ~ ~8 N9 twork secu"'r BY conS tra ints ; 

.' 

If initia11y a system i8 operating' s4tisfactorily an4 

there ts an outage, m~ybe scheduled .or forced. sorne'. of the . . 
constraints of the system may~be violated. The comp1exity of 

these constraints is 1ncreased whe~ a large system is under , 
study. In this case a stuc;ly 1s to be made with the outag4!'.' 
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of one branch or generator at a time a~d then more than one. 

brancb or~génerat r at a tlm~. 

Generally stralnts can be ,xpressed a,s: , 

(2.16) , 

, ! 

k - 1,2 ........ K 
, 
where 

() 

Xk ls the state va"'ri"ables vector of the ,net'ilork in 

period k. 
, 

.. Additionnal cO!1straints such- ,as the al".lowabl:e number of 

start-ups and shut-downs of units, scheduled _ ,way of 

operation of- units, etc', can also be formulated an~).taken 
, 
lnto ,account: in the uni t scheduling problem. 

The unit scheduling or commi,tment prob lem, . the lie fqre , ' 

will ,be formulated as Îollows: 
l' 

Mi ni'm.i z e 

. 
'(!, SU,bj ect to: 'f) 'constraints ('2.10)-(2.1-6) , , . 

" 
11) the vectors ~, ~ and ~ must be integer . 

111) and 'tne.mt~imum~up and down-t1me constraints 

w,.here· i's given by (2 t9)': If ''ile lntroducè the new 

vectors ,{X'kl and [C~l ~such that: 
" 

' .. 

'. . __ , ,d 

/ 

, . 

, .. 

.. 
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~:k 
x'k -

Wk k - 1,2., ... . ... K 

~-

The objective functi~n CT could be written as: 

(2.17) 

2.6 Economi'c load dispatc'b; 

ln t,bis section, the classical econolnic dtspatch base.d 

o~ the - e.qual" incremen-tal cost criterion [ 1 , 2 , 5 J w 1·11 b e 

brie~ly discussed. 

Given a system with, N· available genérà.ring units' the 

basic ~conomic dispatch 

to11b~~ng ~athematic~l program: 
Î 

-
S.t 

8'nd 

" 

N. 
PO~ - 1: Pi 

1-1 

\ 

, 
consists 'of solving the 

1 

(-2 . 18) 

(2.19) 

.(2.20) 

, , 
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wh&re CR is the total fuel cost input to ~he system, Ci the 

fuel cnt inpùt to the i th uni't given by (2.3), 'PD the total 

demand and Pi the generation of the i th unit.' ay multiplying 

equation (2.20) by the lagrange multiplier ,\ and adding it 
". . 

to the cost 
\ 

function (2.19) we form the auxiliairy function , 
known as the lagrangian: 

{2.2l) 

D'ifferentiating .z:(Pi.,~) with respect to the generation Pi 
~ 

and equating ta zero gives the condition' for optimal 

dperat,ion of. the system if aIl Pi ar'~ within li~its. 

,'BCR aCR ~ - + ~(O - 1) - 0 

~ - 0 

S1nce CR ~,Cl + C2 + ....... + CN 
" 

~CR dCR - ,~, 

-'-" aPi dPi 

thetef~re the condition for optimu~ operation 15: 

- " 

.' (.2.22) - .......... . - ). 

dCi 
Here - - ~ 15 t-he incrementai co '- t 'produ~ t ion 

dPi. 
~() 

-
i (n dollars per megawatthours. If .as beforé' 

quadrati,c eqation to represent the cost, then : 

-.•. "'" 

, . . 
/' 

qi 

we 

unit 

use a 

.. , 
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Fie 2.4 Incremental co:t curve 

The equations (2.22) mejln that the machines have to be 

loaded so that their incremental costs of p~oduction are the 

same. The active power generati,on contrtlints (2.20) are 

taken into account while solvin&, the equations which were 

derived above. If ~à generator violates a constraint, in 
. 

trying to meet the system i,ncreme~t~l cos~, ie ls set to the 

vl01ated limit and the' rest of the load 15 distribute'd ço 

the remaining generating units accord1ng to the equal 

~ncir~mental cost criterion (2.22), Therefore th~ solution of 

.' 

, 
~ . 

,.' 
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the simultaneous' equations (2.23) will give the economie 
~. 

1 
ope~ating schedule and Any good techniq~e for solving à set 

,.' 

of linear , CU\ be used taking' into account 
1 

the 

inequality constraints (2.20). The analyti~ expressions for 
{j" 

the unies output will be derived latter in section 3.4 of 

the 'nax t chap ter .. Figure 2.4 shows a typ ic a 1 li ne a r 

IncrementaI cost versus Megawatts output of a. unit having a 

quadratic cost. 

2. Z solution techniques for tbe unit. schedulingj 

Many utilities today use enhanced priority-list 

methods; this technique was outlined before and will not be 

discussed .. here again. In the following sections the 

cechniques based on optimization methods will b~ outlined. 

1.7-1 Inteier proirammin& and brancb-and-bound 

\, 

Tbe unit comm!tment can be formu1ated as an inJ:eger 

programming, Rfoblem., In this case !-t . is assumed that each 
• 

generating unit .bas a "constant !ncremental cost and,' if the 

actual cost i5 nonlinear, a piece~wise representaeion will 

be used'to give constant incrementai co~ts for the dlffe~en~ 

ope ra ë i n g 1 e ve 1 s. 1ft he r e are 'M suc hIe v e l s the n the cos IV 

of running t'he s1Tlgle unit ls represente.d by tbe sum of the 

individua1 linearized. aomponent~ [ 32] . The optimization 

. ' 

. , 

" 
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problem -is 
~ 

therefore to determine the bina~y values of V,U, 

W and thé quantized generation levels such that the total 

operating cpst is minimized subject to the necessar~ 

constraints, Much of the work in this are a was dona by 

Garver [9J who solved this probletn using the all-intagar 

me thod of Gomo r.y f~ r li ne ar in te ge r p rograms , 

Further -research has lea:d to the formulation of the 

unit commitment as a mixed-int~ger programming probl~m 

[10,13). However the te-ch'niquea were not wide 1y used to 

solve practical problems and no computationnal exper~-
\' 

'ments were reported, 

The branch-and-bound method, [28,29 J iS
J 

a general 

approach ta the solution oJ copstrained optimization 

. problems; it 

s trucured way -
consists of ,ser_~hing in 

the spaçe of ail feasible , 

an intelligen, 
.,~ 

sol u t ion s;' Th i 's 

space is repeatedly part'itioned in ta smaller and smaller 

1 

subsets, ari~ a lower bound is calculated for the cost of the 
1 • 

sol u t ion s w i th i ~~c h su b set, A ft e r' e a c h par t i t ion in g, th 0 s e 

subsets wit,h' a bound greater than the c9st of a known 

feasible solution are excluded from all further partioning 

\ r" 
~fathomed). The branching i. continued until a feasible 

l' •• .. ·i " 

solution is found ~u~h that lts c st is no greater than the 

bound for any subset. This bas c idea of branching and 

bounding was app1ied f.or S'Olvi~g linear integer, mixad-
....., 

integer p-rograms and nonlinear among Many othar 

applications [28). 

\ 
1 .. 

--1 
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When applying branch-and-bound to the unit commitment 

(l1,12,15J, a relaxed problern, simpler than the given one, 

i s for mu lat e d ; i t s sol u t ion will b e a 10 Je r b 0 und ( LB 0 ) 

l' 
because its space of feasible solutions is included inothe 

space of the feasible solutions of the original 

problem. No~,1 any 
, 

feasi):lle solution of the briginal problern 

is an upper bound (UBO) and the optimal solution must 

therefore lie between thes.a two bounds. The proèedure of 

branching and bounding can therefore be done as follows: 

Initia11y if Vo represents the initial set where all 

the binary variables are not fixed ,the two bounds (LBO) and 

(UBO) are found as indicated ab ove . A binary variable i5 

chosen for branching and the .set Vo will be separated into 

two subsets Vl and V2 such ~hat ,Vl U V2 - "'0; Vl is obt:ained 

by sétting the binary variable to zero a'nd V2 is otained by 
1 

setting the same variable to one. To the subset VI we 

compute .(LB1) and (US1), and to the subset V2 (LB2) and 

( U S ~) the 1 0 w e r and the u pp e r b 0 und 5 r ê s pee t ive 1 y; tJ e h a v e 

necessarily (LS1) ~ (LBO) and (LB2), ~ (LBO). If we choose 

one subset and repeat the sarne process we will obtain a tree 

wh e r e a 11 the han gin g n ~ ,d e s are t 0 b e par t i t ion e d. l f ( U * Br) 

repre~ent the srnarlest feasib'le solution already found and 

if for a hanging node Vq ,w'e obtain a lower bound (LBq) 

which i5 larger than(U*Br),the nod~ is fathomed. If for the 

(UBq) the node is terminal, the 

optimum for" this branch which must lie between these two , 

, 
\ 
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values is necessarily equal to one of them, and if Vq .is 

empty the node ii ,also terminal. Thus at any s tep.' the tree 

Gontains a . subset of nodes which are candidates for 

branching and others which are fathomed. Therefore we see 
... . 

that for large scale prob·lems thf!! method becomes unmana-

geable unless the branches are fathomed very quickly, 

~which requires the computation of closer lowe,r 'an~ upper 

bounds initially . 

. 
2.7-2 Dynamic prog,ramming approach. 

, , 
-Li k eth e b r an c h - and - b 0 und met h 0 d , d Y n ami.c pro g r am min g 

o [ 3 3 , 1 7 • 18 • 1 9 , 2 O', 2 1 • 2 2 J approach . which see ks aIl is an 
9 

feasib1e solutions in a structured way The principal 

feature of a dynamic programming approach 1s that the 

prob1em of determining the optimum generation ~f available 

,unit s for a given 10ad is replaced by an optimizat1on of 

the outputs of the units for all • load's between the 'minimum 

and m a x i m u m c'<a p a c i t Y 0 f the uni t s Thus. if the optimum 
1J<f 

commitment for i units is known, then the optimum for· i+1 

can be easily computed. The "solution of the m,inimization -problem of the cast function (2.17) for the whole optimiza-

tion period K can be replaced by the m'inimization of the 

system cos t for each interva 1 k - l, 2, ... K Then a-recur· 

sive formula of the fol1owing type can- be obtained: 

c'e· " 

, 
Q 
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CTk (Uk) -Min ( CTk.1 (Uk _ 1) +'[ CCk <.Uk • Xk 1 t [X k) + [ C k (Pk) 1 t [Uk 1 } 
"' Xk 

Pk (2.25) 
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where relation (2.8) between Uk. Vk and W'k ho).ds. Assuming 

the problem of economic dispatch for each interva1 

k 1.2, ..... 1(., 19 solvéd (Uk,Pk' known) the recurssive 

expre~s1on (2.25) is réplaced by~ 

CT k ( U k ) - Min ( CT k _ l (U k • 1 ) + [ CC k ( U k ' }t'k) 1 t [ X k 1 + f k ( Pk) 
Xk 

k-l,2, .. : ...... K , 

(2.26) 

Then the cost· (2.26) is function of Kk and Uk-l only,and for 
\ { 

each ' combination of ~eneration sets, sat.i.sfying the 

constra1nts, Xk (i. e Vk and Wk) and Pk can be found inside . 
the whole interval time .period. K. It is necessary to start 

with k-l,and f,or CTO(UO)-O expression (2.26) Secomes: 

Then suècess1vely for k-2,3 .. :.:.K.the minim'um operating 

cost of the se~ Qf units CTk(Uk) are found. using the 

recursive formula (2.26). The generation pik should be 

'qua'nt1zed into say 1 MW steps. inside each interval.Then, 

for each· load level PDk. the func;ion fk(Pk) 1s calculated" 

togeth'er w1th the c-ombinat1on of n units giving rise to 
... 

minimum running costs fk(Pk)' !he shortcoming of the method 

is the large: niemory ~quirement:s in case of large systems, 

\ 

- -

.. 
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which has been tequed the "curse of dimensionality". In th,e 
\ 

unit commitment problem, orderings of the system units and 
~ 

sorne heuristics have' been always' used in order to make the 

problem tractable. 

2.7-3 The Lagrangian relaxat~on technique: 

r 

'. 
In th.is method, instead of solving the given problern. 

another problem, the dual, 15 formed by incorporating sorne 

, \ 

selected constraints into the' objectivé function Ivia . , 
..1 Lag.range multipliers [23,24,25,26,fb,34,36J. In general 

given the following optimization problem called the primai: 

• . . 

Mi n F C/SJ 
, ,. '" 

s.ç (2.27) 

and ~ e X 

.. 
. '. . The dual problem 15 glven as follows: 

... -

s. t ;'(2.28) 

,r' 

à e X 

where 
\ 

\ 
i 
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À 15 an n vec tor, h(x,) anc:t &.(x.): an m and 1 vec tors 

respectively such that rn:!in ànd l::sn; and.!. and J!. are< vectors 

of lagrange multipliers àssociated with the above const-

~ raints and having the sarne dimensions respectiyely. Remark 

that the Àl are not r~stricted in sign. 'If t11e' primaI 

pro b 1 e m ( 2 . 2 7 ) i s, con vell. . t: h e n the sol ù t 1 0 n 0 f tb e du al 

pro lem o( 2' . 2 8) will Y 1 e l d the 0 p t i mal sol u t ion 0 f the p r i mal • 
/ 

otherwise it will only be a lower bound. Unfortunate1y the 

co 5 t f u ~ c t ion .... ( 2 . 17 ) in the uni t c 0 mm ft men t b p; 0 b l e'm i s a 
r 

non-di.ffer-entiable and a150 a non-convex function due 'to the . 
presence of the binary' va1ued valued variables Uik and Xik. 

o 

and thererefore the solution of the corresponding dual 

.p r o'b 1 e m will 0 n 1 y le a d t 0 a la w e r bau n d wh i chi sus e fuI t; 0 

the "branch-and-bound method. The ~onstràints' incorporated 

into the cast function in this case are the load balance 

(2.13) ~nd the reserve margin (2.16) requirement5. While the 

minimization problem i5 an easy prob1em becau5e of its 

. de C 0 m po 5 ab l 'e 5 t rue tu r e , i t i 5 no t the' sam e for the ,d ~ a l 

which requires non-differentiable optimization 

techniques. In the known methods using -this technique to 

solve the unit commitment, either the dual 1s approximated . , 
by convex functions and solved using differentiab le 

op~imizati.9n [24,25] or t t is solved directly by the 

subgradient algorithm [23,26,2?J. The feasible solut~Gns are 

ge.nerated using heuristics. le has bean- reported [24,25,26] 

that -the lower bound an~ the feasible so.lution generated 'Qy 
~ 

-, 
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, , 

-these cethods for large scale .systems are always ..wi thin .. 

O.S',and that the branch-and-bound 

rJf 
i f w ~ are s a ~J;'It.f i e d w i th th i s 

p roc èdure t s no t_ req.\1 i rad ': 
r • 

very good· near optimal 
a : 1\ 

solution . 

" 

2.8 Summary: 

In this chapt~r" the principal features of ~he unit 

scheduling problem of thermal units were presented, and,the 

, '1 

most tjllked about methods for its solution.were outli,ne,d. In 

cha pte r 3, a ne w an a l y tic m e th 0 d will ~ e pre s e"n t e d , wh i ch 

differs in nature from aIl the'above pr'esented m-ethods. The 
l ' . 

principal theoretical res.ults obtalned for the static'" case 
, 1\-, 

will be discussed. 

" . 
\ , 

" 

.' 

<7 " 

., 

, . , r 

l 
" 

.. 
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CHAPTER 3 

ANALYTIC fROPER'TIES OF THf; STATle UNIT, COMMITMENT 
1 

, -

3~l Introduction 

In this chapt~r thè basic static un-it commitm.ent 

problem wi'll he formulated ~nd studied by the method of 

gene,ra l. ized multipliers . [30]. This' analytic ... 

approach {3lJ differs from the 
9' 

ones present~d in the 

preceding chapte~ in that the mechanism governing the 
. 
swttching of u~lts i5 explained by a set of a~a1ytic cond~-

tions, and the nature of the optimum s-chedu1es in terms of 

the' system' 10ad and reserve margin~ can be ana1y.t.ical1y. 

studied. In th~ fo11o~fng .ections, the model ~or th~ static 
- , 

unit comm!tment,' deduced from the genera~ dyn-amic case by 

'neglecting'all time couplin~ ,terrns and constraints, will be 

~ormula"t.ed. Evere t t " s theore~ and the Kuhn - Tucke r condi't ions , r 

for optirnalit.y will be present~d next atÎd it' will" 1>'e shown 

\ how th~y were applied to salve our problem. Al1 the 

princIpal r$.sults derived from the' proposed 'appro,açl;l, will be 
, , 

• (1 , 

,a?plled to an illustri~i!e e~ample c4nsisting'of 5 units to 

high·li~ht the approach. ln the next chapter the numerical' 

, ,1 
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i m p 1 e lu en t a t ion o..f th i s . m e;.t h 0 d will be presented wlth 
, et • 

simuiation test ie~ults of larger.systems. 

3.2 Tbe' Static unit ~ommitment; 
~ 

If we' neglect t:h~, star.~·up and shut·down costs in the 
, . ~ 

expre~s ion. of the to tal sys·tem - cos t (2.18) we ob ta in the· 
" 

followlng expression 
1 

. ... 

, , 
Now, since time·coupli~g constr,ait1ts are neglected, we can 

~ourly cost·is, 

.) 

minimizing 

• 

N 

for each time interval. 
(" 

• J, . , 

c ~i:lUi Ci(Pi) 

This 

'l'he ..only constrain~s con~idere,d in this basic pro~le,m arè 

the load. balance eq{.lation, the reserve margin .requi'rem~nç 

a~d the generation limits for ea-ch unit. There'fo'rè our 

problem will be limited to th~ following mathematical 
1 

problem. Pl. 

Problem Pl;' 
-. ~ 

) 

, 



1 could be ~aded, however,' as stated above, the mathematica~ 
, • 8' 

program 'which is a ,miX~ i~teger 

easy to solve ~nd. therefore, we 

nonlinear problem is not. 

wi1l cons'ider only the 

above pt;ob lem. 

. .. 
( 

3,'3 G,neral solution: , , 

The ab.ove problem can b'e. s'olved by the general appr,6ach 

consi~ting of lts decompositiop into the economie dispàtch 

and ,the unit. commitment pq)blems. The economic" dispatch as 
~ . 

we know cons~sts of minimizlng the cost'wlth respect to ~ by 
l 

. fixl ng the veë tor of the uni t s tatus , lL 
, / 

-
constant. The 

, optimum obtained for ,the, generations ~ will be a function of 

. , 
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, 
Y: :9-nd those exprE:\ S ~rion's are used in the uni t cômrH tmèn t 

, 
problem to get the '" optimum vector .u.* and 'consequent,ly' the 

genera t io~s l..*. The' ec'onomic· di sp"a tch prob 1 em 15 re la t ive ly 

easy to sa l ve and analyt: ic expre s s ions for th'é generations 

" ~s.explained in chap~er 2 cQuld be obtained f o.r- agi ven cos t. 

funct;ion. ,lt' is the 
\ -

untt commitment problem;.r, consisting of 

!inding the binary values for the Ui's, which the most 

difficult praqlem ta sa~ 
In the 'f~llowing s~c~ions the ~conomlc disp~tch probLem 

out 1 i ne d in the precedi og ch aï> te ris pré s en te d in more· 

de tai l and the ana lyt i c ap'P'r-oach fo 'r .$0 l ving ~he un i t 

commitment problem 15 discussed. 

3.4 The classical economic dispatch: 

Assuming that the unit operating costs are. convex .and 

quadratic, given by: 

Ci(Pi) - CiO + ai ,p i +' bi Pi 2 . 
.. 

/ 

fo"r p. Mlh , 1. :S Pi S Pi Max 

t_ ....... ,( 

If def'hie the minimum and n1ax'~m'um uni.,ti, incremental 
. 

~e 

costs by: 
" 

, 

~il:Jin - ai + bi PiMin 

ÀiMax' PiMax 
, - ai .. + bi . 

/ 
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39 . , 
Following the reason~ng given in chapter 2, we obtain 

the analyti~ expr~,ss1ons for the generations Pi' s in terms 

of the system incremental cost ~ : 

PiMin for ~ :S ~iMin 

, 
~ ai: -

Pi - for ),i,Min :S ~ S XiMa~ (3.6) 

bi 

Pi Max ~ 
l 

~iMax for ~ ?; 

,l 

-
" Now that' alI- the Pi' sare expressed in terms of ~ we could 

get from equati,on (3 ,,2) an analytic expression for À in 

terms of the Ui 's, howéver, for systems consist1ng of more 

than a few un~ts a very cumbetsO'Ill(! expressions would be 

obtained. Therefore, the problem of unit commitment instead 
q 

of"being .. a minimization prQb,lem only over t,he vector JI,. will 

_ cons i st. ins tead. 0 f minimiz ing the cos t over JI, and À wi th 

th' _ 1 e power balance equation (3.2) taken explicitly into 

account. Therefore the problem will be reduced to finding . o 
, 

th, binary values of ll. and the syste~ incremental C'ost À 

'~ . 
inste~d.of the.vectors ll. and 1. If we'~all this problem p~ 

'we could formulate it' as follows: 

~[~bllm P2: 

l~ 
~ 

. t 1 

----,~l N 
\ Kinim1ze E Ui Ci('Pi(À» 

1-1 , 
(3.7) 

i . .t> 

t ,~ 
, . 

~ 

",-

/' 
. , . 
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,/ 

s.t 

and constraints (3.3) and (3.4) 
, . 

The genération l~mits, constraints (3.5) are satisfied 

wh,en Pi - .pi.(~) and ~ i5 such that : 

,ÀMin _ Min ~iMin S 

i 
~ S Max ~iMax __ ~Max 

i -

1 

(3.9) 
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Sorne (ff the methods outlined in chapter 2 such as the 

lagrangian relax--a-tion'" technique or the branch-and-bound 

method could be applied to solve this problem, however in 

th i s w 0 r, kan a n a l y t i ç . a p pro a C ,h t 0 the uni t c 0 mm i t men t w i 11 

be investigated 

multipliers'0 

conditions'. 

method 

using the ge~eralized lagrange 

and the Kuhn-Tucker optimality 

tt, 

'3.5 Generalized La,ran&e multipliers and the Kuhn;Tucker 

conditions: 

The [ 30 ] is a ',... generalized lagrange multiplier method 

gener'al approac-h for solving optimization problems in the 

presence of constr~ints .• Everett' s theorent [301 gives the 
, 

suffici~nt conditions for optimality, making his results a 

powerful tO,9l for solving such problems. Actually, either 
r" , 

q - ;-:~~ 

, 

( 

u~ing Ever~t:f' s theorem or the 'Kuhn-Tucker conditions for:- ,. 

sc>1:ving our problem of unit commitment the result will be 
. 

the same. Whenever we, talk about s-ufficient conditions ·we 
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will refer to Everett's theorem otherwise the necessary 

conditions 'provlded by the Kuhn-.Tucker theorem will b'8 used. 

The IKuhn-Tucker theorem [34,3$:~6) provldes a set of 

neeessary conditions for optima1ityo for the inequality 
t 

. eonstrained problems. We summarize them here sinee they will 

be used-later to solve our problem. 

Given the following optimization problem 

Mlnimlze f (X.) 

S. t i - 1.2, ..... m 

i - 1.2 ..... r 

X. being an n dimensional veetor. 
C· ~ 

With 

The lagrangian for thls problem 15 given by 

, 

Then for an optimum (X,*,!.*,a*) the foll,owing conditions 

must hold: 

.... 

aL 
a) - <x,* i* *) - 0 , ,Q. 

axt 
i - '1,2 ..... r ••• N (3. 10) ,. . 

aL 
b) hi <x,*) - 0 1 1,2 .. , ....... m.(3.ll) 

8>'1 

c) ~t.<x.*) ~ 0 
/ 

i 1.2 ......... r (3.12) 

.' , .. 

~l 
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. 
d) 

Jji* gi<x'*) - 0 

* 
i l,2 ......... r (3.13) 

Pi ~ 0 
... 

Note that these condit.ions are necessary, that is at: -a-n 

o'{)timum point, they· must hold,_b~t the con'y~rse May not be -g e ne r a Il y t rue. T h ~ , fi r t, t W 0 con dit ion s are th e we 11 k n 0 W n 

lagrange equations used in the econo,mic ,dispatch problem, 

the third is on1y the restatement of the inequality 

constraints, whi1e the fourth, càlled the complimentary 

slackness condition, '{)rovides a means for handling the 

binding and nonb~nding constraints. ~he product 

Jji* gi<X.*) being zero, Jji* or gi<x'*) must be zero or both, 

which means that if * Jji o then * gi <K ) is free" to be 

•• nonbinding, but if Jji* is positive, the constraint gi<x'*) 

must be zero~The above results will used in the following 

sections to derive condi'tions for the optimum static unit 

commitment. 

3.6 Ana1ytic solution for the static UC: 

~To ap~ly the Kuhn-Tu~ker conditions to our problem P2. 

we cons ider the r'elaxed version where the ui' sare assumed --c ont inuous , i . e may take va,lue s be tween 0 and, 1 . Howeve r 

values of ui different from 0 or 1 -..will be infeasible for 

problem 'P2 and thus one must f1nd solutions which are 

feasible. Neverthless the optimum obtained - - by tne 

,. 

-
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application of the Kuhn-Tucker conditions"will yield a lower 

r 

bound in the case where the ui's are not at their limits, 

This lower bound will be used in the branch-and-bound 

te c h.n i que t 0 g e t b e t ter f e a s i b 1 e sol u t ion 5 Thus. at the .. ~ 
optimum, we could have three different~ possibilities which 

could be idéntified by' the following index sets: 

1) i,e the set of the units ON, 

L (i / ui 0) ~,e the set of th~ units OFF. 
li:) 

l .. (i / 0 < ui < 1) i.e the set of 'infeasible unit states, 

. . 
If we adjoin the load balaT'\ce equation, the reserve 

~ 

and the active ui inequalities, to the system cost 

function via lagrange m..ultipli~ers, we obtain the fo11o w ing 

augmented lagrangian 

- I: Si,,(l-uj.) + 1: Si ui (3,14 ) 

"leU ieL 

Here, we suppose that constraints (3.9) are inactive, 
,. 

implying that thelFe is not the possibility that a1,1 the 

1 
\ ' 

available units; could operate at ~he ir minfmum or a t their 

maximum. tthis is usually true due to the presence .of' base 

units and thé .reserve margin. 

" ' 

• o 

.f 

.. , --. 

" 
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Using ~he Kuhn-Tucker eondit~ons we derive the following: 

,aL 
1 ) 

if uk - 1 

if 0 S Uk :S 1 

S.k S 0 . if uk - 0 

aL N dCi dPi N dP i 
2 ) I: u' - "'f I: u· 

aÀ 
i .. 1 l 

dBi dÀ i-1 1 dÀ 

N dPi" N <;iPi N , 
I: u' À -y I: ui - I: u i 1-1 l dÀ i-1 dÀ i-J 

The analyt ie expl::essions for Pi are 

( 3 6) and cherefore we .ge t: 

0 ,for 

dPi('\) 1 
~ O· fO,r 

dÀ bi 

"" 
0 for 

" 

dPi 

(3.14) 

(3.15) 

(3 16) 

(3.17) 

( À -y ) ( 3 18 ) 
dÀ , , 

[' 

given by equations 

À \S Ài Min 

À· Min 
1. S À S À' Max 

1. 

À ~ Ài Max 

Thus the above equation (3.18) shows that 

, ' 

. . 
À - 'Y (3.19,) 

.. 

" 

'-~ 
• >, 
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Combining equations (.3.15) 

set of analyti2 cond~tions, 

, . 
thr'ough (3.19) the follpwing 

termed the switching curve law 

are obtai1'led: 

• J' 

ct PkMax <t Ck[Pk(,\)] - À Pk(,\) 

:S Ck[Pk(À)] - À Pk(,\) 

- Ck[Pk(À)] - À Pk(:X) 

if (3.20) 

if (3.21) 

if 0 S uk S 1 (3. 22) 

If- we. denote the switching curves by Sk(a. À) O., their 

expras~ions are given by: 

(3.23) 

A typical switching curve resulting from a quadratic cost is 

shown in F,ig (3",1). The .space a,bove t;he.. 'switching curve 

Sk - O., represen,!=-s the condition ~k '. 1,- while, o 

occurs in the region below i t. Anywhere on the curve uk can 

take any value betweert 0 and '1 incl,uding the limits, 

The't'efore for a given 
! 

'\ 

pair (À, a) of the 

"'~'mull:tplie,rs, the,.switchin~ curve' concept will ,provide us, t'he 
1 

state of 'è ach available .' uni t . for opt imunl'_ unit 

CO~~it~ent\ Th'e lagrange multiplier ~ represents the 
, 

increased cost lin $ /MWHr needed to supply the next MW of 

load and Q could be inte'rpret~d a's th.e ,increased cost nèeded 

to supply, t:'he next MW of minimum reserve tnargin. - Once the 

~ 

.,*, 
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pair (À,a) of Lagrange mutipliers is known the coresponding 
• 

load Pd, and reserve ~argin Rare 'easiIy found. Ho'Wever the 

1 
most common specified quantities for system operators are 

thé foad and reserve margin. Based on this abôve concept an 

efficient and relat~ely simple aigorithm could be 
,., 

implemented; this will be the ,topie of the next chapter. 

3.7 Analytic properties of the switching curves: 

When the units cast data is given } the analytic 

. expressions for the swi tching eurves obtained by using 

eq~ations (3.20) through (3.22). If in our case we consider 

quadratic' costs of the farm : 

~ 
.We· ob ta in e a s ily the fo 1 ~ -owtng expre s s ion's fo r the 

sv.rit'ching eurves a.s' foll~ws"': 

We note Chat the . " 

segments, two of 

. 
" 

" switching curves are composed of three 

th e m ,a r e . 1 i n~, a r and., 0 ne i s qua d r a è 'i c~· in 
, , 

" 
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À. The intersection ()'f the s.witching curves with the a-axis 

is given by tq~ non-negative value : 

Ck CPk Min ) 

PkM'in 
(3.27) 

And the 'intersection with the À-axis i5 giv;en by the 

, f 0 Il 0 win g e x~ r e s s i.o n!? 

Ck(PkMin ) 

, , 

Àk if Àk ~ ~kMin (3.28), _ 
pJ,tMin , \ 

- 4k + ( 2c Ok bk)l/2 if >. k Min S Àk ~ ÀkMax (3.29) 

Ck (PkM~X) 
",," 

. if Àk ~ ÀkMax (3~~O) 

PkMax 

. ' 

We n~te that if Ck(PkMi.n),',~ O •• both inters~cts ak and Àk . 

will ,he '}ero, a·n~:f.l'{l this case ,the swt.tc~;lng cur,ve' will be 
, ' 

completely below the first qUadran~uCh a u~1t.having the 
, .... ' ~ 

,above .ch4r1:'acter,ist.ic, will a1w:ays -be on,' pr'oduc1ng zerô powe.r 
'. .-t- 1 

",with zero 't'ix.e-d- running cos t until the system incremental 

\ -
\ cos t À 'increases to' a 'higher value 1 where this uni t would 

produce powe r economic al1y. For units wi tli non.- ze r.'o fixé d 

cost the' state of each of them will. be. given acco.rding. to 

the switching curve con(:ept.. Le for a given opera't~ng point 

ç 
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on, the .(.~,Ct) plane Gall che units having cheir swiçch'ing'" .". . 
curves below this point will be on and those hay.'ing them' 

---
above will be off. We see from fig'3.1 that a decreases 

monotonJcally ~ith increasing ~, ~nd that the -fixed 

opê'rat;ing cost of a unit, ciO shifts the swit'ching ,cûrv-e 

\, . u p w a r'd ; The r e for e . uni t s "w 1 th 1 ~ r g e f i x e d cos t s are b r 0 u g h t' 

on only twhen À is large (large load Pd), or! when a is 'large 
• 0 

(la,rge reserve rnargin). 

3.8 Regions of constant unit c6rnmitm~: 

, l 

If .we have aIL the switching curves of the av-ailable 

\lnits plotted in the Ct vs ~ pl.,ane, a finite_' nurnber of' 
.... 

, ~# 
~ 

are defined where the optimum J,lnit 'comb1nat"ion , Y.., 
. 

is constant and integer, valued (ffg 3.2). \.Te note that for 

differe.nt values 'of a, with increasing À the order in ~hich 
(> 

the units are brought up, - will be different::> For exam~le 

fro'ID Ug, 3.2 w~. see that for Ct,'" O. the units are ·brought 

up in the • sequence (2,3,1,4,5), while, for Ct 1.6 the 
" 

, 
sequence is (2',1,4,\,5). The number of regions of constant 

.. 
unit commitment will dep~nd on the· unit opetating costs . 
data. If the given data 15 s,uch tl)at; che cO,responding 

swi tching curve s do no t '1. nte r 5 ec t, then" ,the number of 

regions of constànt untt commitment 15 N. If on the other 

hand ,each curve intersects every oiher curve once then the 

number of such regions will ~é N2, where N represents che 
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number of units. In fig 3.2 the fiva ~wltching curve( eo~es

ponding to the data given in table 3.1 'd~fine eight, regions' 

, -. ., 
of' constant unit 

combinations .: 

, ll.o - (0 ,-a , 0 , a , 0) 
U1 - (0,1,0,0,0) 

• ll.2. - (0 J 1 , 1 , 0 , 0) 
U3 - (1,1,1,0,0) 
U4 - (1,1,0,0,0) 
ll.s '- (1,1,0,1,0) 
ll.i - (1,1,1,1,0) 
ll.7 (1,1,1,1,1) 

commitment r'epres ented by the fo11owing 

(3.30) 

Note that these copabinations are only the ones wich satisfy 

the suff~cient conditions iiven by the ~~itching curve law. - . Remark that the enumeration of al1 such com~inatron~ will be 

impractical for so,lving the problel1l of unit commitment; 

however the identification of the subset of these 
,-

co~binations which satisfy the load ~nd reserve margin, will 

1 be ne1pful for generating'feasib1e solutions . 
. 

" ',' .... 

Unit ~iMtn PiMax 
\1 COi a'i bi 

1 45 350 180 6.72 0..0040 
,2 50 350 
,3 '50 3..50 
4 

~ 

47 . 450 

135 5.08 0.0030 
437 3.72' ·0.Ôi97 
360 6.7S .,0.0045 

5 45 350 743 (, .42 0'.0165 
~ 

Tab he 3, 1 Cha'rac teris tics .of the 5 uni ts sys tem 

, . 

, , 

" 
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1 3,9 Pbyslça}, lnterpretation Qf tb.e 5witching mechanism: 

.: 

, . 
-The switching'curve characteristics glven"by equatl~n5 " 

(3.20) and (3.21) cou1d be rewritten ,as follows : . . 
, 

.: 

Ck ["P k ( >') ] PkMax 

If uk - 1 the'\1 
Pk ( >') < >. + Ct 

Pk (>') 
(3.3 L) 

~ .. ~ . 
PkM~x " Ck [ Pk (,\) ] 

if u~ - 0 then 
Pk ( >') > ,\ + Ct 

Pk (>') 
(3.32) 

If we consider tbe case where the reserve constralnts are , 

inactive i.e a - 0" then inequa1ities (3.31) and (3,32) 

&ive the conditions for a unit< to, be on or off: In this case 
v 

a unit shou1d be on if lts average operating cost is less 

,than the systém ,incrementai cost ,\ ,and shou1d be off if lt 
, 

is' g;reater, Thus a unit having I~rie fixed'Cost'will have 
, f ... , 

large ,av~r~ge cost' for low loa,ds and/ will not b'e turned on 
. 

u~less the' .1oad is suf.ficle'nt1~ large. If a 15 greater than 

zero the right-hand side of the inequalities (3,31)., and 

(3.32) will De larger l~'plying that a unit will be turned on 

at 'a higher average co~t. In this case the unit ls requirec;t 

not only to satisfy the given 1( load but a1so the, higher 

reserve as weIl. These phy~ic~l interpretation of the. 

condi tions . fot optimum unit 

resul ts from an eco'nomic point 

~--

~. 

,,-

commitment give 
, . 

of view. 

~ , 

" 

.' 

" 

satisfactory 

\ 
• ft 

\ 

'\'l,. 
, 

.. , 
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3,10 Laad and rlsorve MarKin characteristics: 
, 

, 
ln- th~ above' ana~lysis, the mechanism governing the 

, \ 

switching. of the ùnits has been inte.rpretéd in t'erms of the 

" lagrange multipliers ,\ and Cl ; in the following, the 

. ''-
b,ehaviour 0 f the 10ad Pd and the re serve R, ~ich are the 

Gommon quan.tities specified, will be analysed as functions 
. 

of À and a, Specifica11y~ the trajectories (J>f Pd: and R 

~ 

versus À at constant a, and versus cr at constant ,\ will be 

~nalysed 
,/'"" 

fd'r 
, 

our preceding examp le consisting of 5 

ùnits. This will help to understand, how to assoclate ,for a 
-, 

. given pair O"Q), of the lagrange ·multipliers, the 
,. J 

".cort'espondi~g pair (Pd'B.) of the 10ad and r'eserve margin. 

a- TFajectories of (P'd,Rl VS À at constant .0 

For any giv~n a, the' switching sèquence of the avai-

labIé units' could be found by'/inspection, therefore using 

equati~ns d,'8) and (3.3) giving the .load Pd and the reserve 

R ,respect~vely, one can obtain the characteristics shown in 

fig 3. 3 and fig 3,4 for ,\ varyitig from' 0 to À Max and ct -

O. Th~ lood 'Pd 19 a non-deereasing monotonie funct10n of '\, 

and' presents. 
--- i 

discontinuities whenever À reaches 

switching eurve curve, where a new unit g~ts turne4 

• 

a new 

on. The 
\ 

re'serve R, On the 'contrary, 
en 

decres:aes monotonieally with 



o 

. , 

o 

• 

~ 

increasing >., until a new unit switches d'n', where tt jumps 

,to a higher value. The traj ectories sh,own in {ig 3. 3 ~>nd 

• t 
fig 3.4 -"correspQnd to Q .. 0",0 and a • 1.2. Similar 

characteris~ics could be o~tained for any value of a, They 

- will hav~ the sam~ shape, but ~hey will be shifted depending 

• on t;hë swi tching sequence of the uni ts. 

b o Tr,a'ectortes of Pd and,.{t Vs q at constant >.: 

/' 
For À ~onstant the outputs of~ each unit Pi(>') Io/ill be 

.; 

consequently constant, 'and therefore fram equations (3 .. 8) 

and (3.3) we see that th~ variations of Pd and lt will be 

'governed on1y. by the switching variable? Ut. In the (>',a) 

.plane, chis w.ill 
1 .. 

correspond to bringing -li new unit on, i.e 

reaching a switch:i:-ng curve for. which ~e' corresponding ui 

takes the value 1. In chis case both Pd and R will lncrease 

by the corresponding values Pi(>') and, Pi Max resyecttvel y . lt 
~ 

h~s to bè noted that as long as we remain in a region of 

con~t4nt \lnit commitment, corresponding to a certain ,range 

of"a, both Pd and R will remain constant. Depending on the 

given value of À, the switching sequence will b~\comPletelY 
d~~ermined by varytng Q from zero ta aMax~ . l 

- J 
l 

.' 

) 
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, 

of Q Vs À for a constant load Pd ,will 
, 

operating points satisfying the given . 
of this t:rajectory .will lie on the 

sw~tching curves eorresponding to non-integer solutions, and 

on.ly the other portions lyiRg inside the regions of constant 

unit commitment yield integer valued solutions·. Fig 3.5 

répresents such a trajectory for our exampl.e, the straight 

ve~tical segments 

correspond to the 

po~tlons lying on the 

.. 
1 

1 
) 

.. â • 0 . ... 1 le 

i .' 
-"C. 

1 

1 

of the traj ectory -are r'those which 

integer solutions, while the 

~Wi~~ng curves are non-integer 

"\ 

(~= 900 MW) Y7 ly,s 
: • • • • • • 
1 

.-

~Y3 
.\ 

• 
\ • 
\ , , 

other 

• 

------ ~ 
lY2 

1 
• 1." 

,~- ........ ' 

1.00 . -"00 •• 00 .. 00 "OG, '.00 ... ... 
~ 
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~. 
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solutions. \le remark fl!oltt th""e figure that in order to 

maintain Pd at its specified value, the system incremental 

c,ost ~ should decr •• s_ as a inere.se's, br~nging more units 1 
on-1ine. If we enumerat~ the corresponding iAteger solutions 

!.l.3 ' U 6, U. 7 ) • the val u e seo m put e d for the r e S e r v e 

ma r gin Rat the se· sol u t ion s are i ne r e as in g a s À de cre a ses ; 

the behaviour of R Vs À for constant:-, Pd is shQwn in fig 

3.6. In this example the lowest co,mputed f:easible resf'!I:ve 
, 

marrgin corresponds to the combination !L2 and has the value 

R - 148 MW, and if the specified reserve margin ·is not equal 

ta one of tho$e found abov~, itr will be infeasible for ou"r 

given prob1em. Because the conditions derived for optimality 

are sufficient (Eyeret"t' s theorem) f it i5 only wheo the 

s'pecified reset've margill is eqtlal to one of the feas ib1e 

r e s e r v e s fou n d ab 0 v eth a t we c an C 1 a i m th a t· 0 urs 0 1 ut ion i s' 
\ 

optima~. If the s1..4ficient conditions ar'e not satisfied we 

have to search" for better solur<ions using the branch-and-

. 
-bound method. However when the computed reser,ve R 15' -gr,eater than ·the minimum raserve margin' RMin for ~ - 0 .... 0 tJ1e 

.solutiQn obtained is a feasible upper bound. If one of the~ 
/ 

u1' s happens ta be non-integer, the infeasible opt1mùm 
l' 

obtained g,ive's a lower, bound. 

" 

; ... ~..,. 

. ' 
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In this c~pter, the 'u'n,derlying theory of the analytic 
, 

approach to, the static unit conimitment has been e~plained" 

The 0 p t hl! \,1 m, uni t ~ 0 m mit m e n"t i s r e duc e d t 6 a s é t 0 f' a n a l y tic 

" 

conditions definin's th'e: s~itching curve concept fr'Om which' a 

,physical intrepretation of the switchïng mechan.ism w-as 

" 
carried out. The cortesponden.ce between the '(>.,Q) plane of 

the 1a~range mu1tipliers and the load and reserve margin. 

el:Gplained enabl1qg us to carry the analysis in was , 

either plane, A simple instructive 
~ 

example c?nsisting ,of 

five units was studied to derive th ê P r in c i pal r è.S u 1 t s 
, 

obt~ünab1e fr<>in the switching curve concept" 

In the next chapter, an algorithm Qased on the resu1es 

of' th i S cha pte r w il1 b e pre 5 e n t e dan d a p p 1 i e, d' t 0, sol v e 
, 

practica1 pow~r systems consisting of 10 and 100 units . .' 

.. 

" 

11 

1 • 

. ' 

.• 
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CHAPT ER 4 

ALGORITHMS FOR TijE STATlG CASE AND TEST RESULTS 
• .. , r 

4.1 Introduction: 

In -this'chaptei, an switching 

curve concept will be discussed, and the results of the unit 
, 

c 0 m mit men t 0 f pra c tic al' p 0 w ers y ste m seo n sis tin g' 0 f 10 and 

10Q units will be presented. The algorithm basically seeks 

the opt~mum unit, commitment by localizing the solution point 

on- the O:,Q) 
1 

Lagrange multpliers, which plane of' the 

satis{ies thé given load Pd and the reserve constraint. ·If 

thi~ point happens to be feas'ible with the vect~t" y. of the 
i 

sw-ltching vari.ables, having its elements set to their ~imits,' 

the solution' ls optimoill and we are done, othèrwise a 

feasible integer solution has to be found which la. not' 

guaranteed to be 'op'timal. This solution will be used as an 
, . 

t- ' uppe r bound i,51 the branch - and- bound te'c hnique, whe ra we try 
, , 

to get be,tter fea~ible integer solutions, Note that the 

computed reserve R 15 not necess.~rilY""'equal to thè specifiedof 

reserve RMin , but 1$' always the smallest which "Could be found 

1 • 
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by the proposed method. The technique used to 

60 
t 

perform the 

economic ·dispatch. i.e to satisfy the\ l'oad, and to compute 

the requir~d reserve is I?ased on two binary,search,es along 

41 
th,\ À and .a a x e s wh i c h will b e dis cu s s' e d i n th e folIo win g 

sections, fi.. binary search is a general technique among many 
, 

othe r s for find'ing 'zéros for monotonicalyl Inc reàs ing 

functions wbich is satisfied in our problem. lt relatively 

j simple to implement, fast and reliable. 

4,2 Satisfying the 10ad Pd on the ·(À.a) plane 

,.. 
In this case it ür requi,red to find the value of the 

system incremental oost ,\ ,suc~ th~t the load balance 

equati.on' (3.8) i5 satisHed. Therefore by fi'xing '0 to a 

con~t~nt value say zero, a binary search on the ~'axis could 

b e p e rfo rme d be twe-en the mi nimum' an,d max imum i nc r emen ta 1 

costs of the system to get th'e desired value of· ~. For each . 

val u e_ 0 f À the 0 u t put S 0 f the' uni t S 0 'n are C 0 m put e dus i n ~ 
, 

equations' (3 .. 6) derived from ,the eqilal incremental èost 
~,. 
criterion. However lt could be seen from' ~ig 4.1 where à 

typical Pd Yersus >. ls shown ,tha t for a given value ). i t 

corresponds a ~hole range of values of Pd'; these ju~p~ are 

present; ~'henever new u.nits are brought on; and the corres,~ 

ponding values of >. are given by the intersections of "the 

switclHng curves with the ).-axis for a - 0: Hence whenever a 

given load Pd lies ,on the vertical segmen,ts, at least one of 
, , 
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the switching variables ui is non·integer 

comp~'ted. 1 This value of Ut corresponds', to 

61 

and shou1c;l, -he 
~ 

the swi tch i ng 
\ 

cùrve which has the particular value, of .\ as a, root. Thus in 

each ste'p of the binary ~earch or alter it has converged to 

Solne .\ - :xC we check if a non-integer value of ui cou1d be 

found such that the given load ls satisfied; sl.1ch a ui ls 
~ 

found by' rewritting equation (3.8) as fol1ows; 

(4.1) 

From which 

(4.2) 

• 

y ~here Non rep~e's"nts thé set of the uni es 'r 
Menee ,for any given, a, the system incremental cos-t .\ 

can be found by performing a b inary search between the 

values :\Min and .\Max: such that the 'ioàd baiance equatiqn 
" 

(3 • 8) 0 r ( 4 . 1 ) i s s ~ t i s fie d. '1 f .\ 0 i s f 0 un d t 0 b e di f fer e n't 

from· the intersec tions of -c1'ïe swi tching curve's wi th the .\-

axis for the gi ven Qi, then _·th~ corr'esponding swi tC,hing 
. 

vector ll. ls integer va1ued and the solution- 18 Optimal if 

~/. 0" 
the reserve constraint 15 satls'fied" If ()n the contrary >. 

1s found to De equal. to one of these lntersèc tion~ 1 equation 

l'' 

JI 
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(4.2) should qe used in order to satisfy t,he load 

constraint, and in this case even if the reserve constra~nt 

.1 

i8 satisfied a ',easible solution wh1ch 1s not guaranteed to 

be optîmal has - to be found. 

- -' 
An'o the r s cheme which could be' us e d. to sa t is ty the load 

balance eq~ation is t.ç> identify all the intersects Àk of the 

swi.tching curves with t1ze' ~-ax~,s or to any parallel 1ine 

given by a - constant and to check if one of these inter-

sects satisfy equation (4.1) . If yes we got a lower bound as 

a solution and a feasible solution has to be fou\d. 

otherwise a reduced binary· search could performed between 

the two boupds found above to get the corre'ct valu'e <of À. 

The value of a which will satlstisty the resery~ constraint 

can be computed by us ing anothë r bina ry .search scheme on a 

be twe-en 0 and .t,he maximum va lue of Cl as di scus s ed in the 

fo llowirtg. 

.- ' 

4,3 Satisfying the reserve constraint :,) -
Gener,ally. thé] value of a wbich i$ considered flrst \s 

'zero'and if fOr this value the computed reserve R i. greater 

than the ~pecif1ed reserve no binary search 15 
, , 

r~quired 0ll; -the Ct-axis (since R increases 'with Ct for a given 

Pâ>. If R .. RMin the solut'lon obtained ~s lnteger feasible 

then lt is a1so opti~al~ ~therwise if R '. RMi~ and i is not 

integer valued, 'a 10wer, bounc;l only 15 obtained. ~f on the 
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-other hand the computed r~serve R is less than the specif1ed 

• 
reserve RHin. for 0 - O., a binary search _on the o-axi$ ls 

performed to satisfy the reserve constraint; and as in the 
,; 

fi r sec as e ,e i the r 0 f the c i t e' d s i tua t ion seo u l d ha p pen, 

However,from results of'~he simulations, the case where 

a solutio~ lies on the inters~ctio~ of two switching curves 

could ,a1so arise, to get the lower bound in ,this case the 

constraints (3,8) and (3,3) on _the load and reserve margln 

respectively must be used as follows to compute the requir~d 

t~o switching non-integer variabl'es ul and u2 : 

ul P l: (,.\ 0) + u2 P2(>'°i + t 
eNon 

ui ,P(>.O) ,- Pd (4,4) _ 

- , , 

PlMax Pi l1ax 
, 

RMin ut- + t, ui - Pd + (4.5) 
ieNon " -, 

_ ,S 0 1 ~j. .. n{ the ab 0 v'e lin e ~ r s y ste m, we g e.t, u 1 and' 'f 2 suc h th a t 

/~ ·load balance eq,uâtion is sati~fie,~ and '- the compu'ted 

reserve R is equal' to RMin l Such a solution is found 

wheoever th,e binary sea'rch on' the Q-axis converges in 0, but 

not in' R within a specified number of' itera'tions,' If we are 

not interested in cQmputing the true lower bound, ,as $bove. 
, 

we <!ould' use the .solution having the nearest reserve R to 

R M ~ n ( R < R 11 in) as th"e 10 w e r b 0 und in' t tl e b r a n ch· and - b 0 und 

tech!lique. This wi.ll reduce ,s1ightly the comp1,lting time of· 

the al~ori,thm-, 
a 

in 
-, 
th~s casé to comJ~ute the t'owe r because 

• 
, 1 ~_ 

, 
'1 

-, 
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'bound 'only one non-integer ui need to be found. The' case 

whére the binary s~arch ,converges to the intersection of 

more than twa switching cur~es ls very unlikely and was not 
. , 

observed". 

4.4 Generating feasible solutions: 

In the algorithm developed, the method used to generate 

feasible solutions consists of evaluating the integer 

solutions starting 'from the continuous solution p,oint. We 

know that in order to increase the reserve R, we should 

decrease th~ system incremental cost, however to satisfy the 
1 

constant load requirement we must must bring on new units to 

~.c 0 m pen s a t eth i s de cre as 'e in À, wh i ch é 0 u l d b e a chi ev e d b Y 

increasing Q. Therefore once a continu~us sol~~ion is foun~, 

to, gener1ate a feasible solution with a greatèr reserve:, we 

move to the left of the continuous solution by smal1 

·inc rements !:lÀ and evaluate all the inte ger solutions above 

JO' 'eo-~he "the line Q cons tant coresponding continuous 

solution. See fig 4:.2. A feasible, solution. found as above 

·with the least reserve R will· be a candidate for the 

o'ptimum;. specifically, it will b,e used as an upper bound in 

the branch-and-bound technique. A g'reat improvement woul.d. be 

achieved" if an analytic expression could be obtained to 

generate the trajectory of constant 10ad Pd ~ith increasing 

reserve R. The feasible solutions in this ca~e 'would be 

, ' t':' 

. ' 



.. "':' ., .... , ...... . 

o 

'"'-0 . 

,. 

66 
, 

,re~dily available, hence suppres s l:ng the need of an 
,) 

i-terative scheme such' as the one used in this algorithm 

.. 
which takes an important amount of computer time. 

f . ~ 
In summary, when~ver a feasible solution ls found wi th 

a computed reserve R different from the specifi'ed reserve 

RMin, the solution is -not guaranted to be optimal and 

oranch-and-bound te~hniques should be used to find better 

solutions if chese exist. 

4,5 The branch-and-bound method: 

( 

/ 
Becaus~ the . , conditions for optimum 

~ . 
unit commitment 

<lerived ear1ier are on1y sufficient (Everett' s theorem), a 

feasible solution generated by the above metl}od is optimal 

onl)y if its c,orre sponding reserve R· is equa1 to the 
.... ~ 

,s p e ~ i fie d . reserve 'Min R , .otherwise it is possible that 'a 

, be'tte,..r solution exists which could / be found using a 
<L 

\
b~an~h-~nd.bound technique,-

.. In chapter 2 the principles of this techni~ue have been 

explained and here we shall apply them to solve our spe.c ific 
1 ! 

ptoblem. Generally, the specified reserve margin, 'Min R , is 
1 

,found to be such that 
,,' , 

Ri < RMin < Ri+l (4 ',6) 
,. 

, 
r, 

Where Ri and Ri+l correspond to two suc CeSS ive feasible 
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reserve marsins found ~y the proposed. method. Instead of 
.' 

using 
u 

the upper bound Ri+l as the approximéte 
~ 

sol u t i o,n t 0 

our ~roblem a better solution could be found such that f 

(4.7) 

Wh.ere RS represents the computed reserve correspondi,ng to 

the feasible solutiOr1: found by using the branch-and-bound 

algorit1jm, The cost associated with such a solution if it 

aXits-will satisfy: 

CCRi) <"C(RMin) ~ C(RS) < C(Ri+l1 
" 

(4 • ,8) 

,/ 

Figure 4.3 illustratës the, above "t'elation in the èost Vs 
" 

reservè plane, Note ~ha~ the solid ~,rve corresponds to the .. 
minimum cost with continuous switching Ui' The' variables 

'" 
problem. is, then: Given Ri, Ri+l' ,RMin and their' associà'ted 

cbsts ,we will seek a solu.tion satisfying relations (4 .. 7)' 

(' and (4.8) . We: know' that for a 'given set A of available 

units _the solutiort fotind to the con~inuous pr~blem ~s always 

a lower- boun'd to the integer feasible problem. If we deflne 
l ' , 

any subs'ee· ... A' of A, the solution to ,the s~me c.ontinuou~ 

prQblem vith A' as the set of available units vil:l hav'e a 

'cas·t such thaé,: 

(4.9) 

,. 

' . 

. " 
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Where C(A) and C(A ' ) r~present the costs associeted with the 

optimal solutions to the continuous pfoblem with A and A'as 
, , 

the set of availab-le units rè$.pect1vely. T~us each tlme a 

new subset 15 formed by removing units from t~ initial set 

a better lower bound is found and the branch':-and-bound 

al go t i thm, coul d, pe rfo rm as fo llo~s : 
/ 

1) set the upper bound Chigh - la.r-ge number and the' lower 
~ 

bound Cl ow .. 0 with A (the initial set of units, or a 

subset of it ) as the set of available units check if : 
/' 

If, yes, go to 2, otherwise the branch 15 infea-sible ançi' go 

ta 4. 

2) çompute C(A). if C-(A) < Chigh go to 4 otherw~se find the' 

corresponding closest integer feasible solution with the 

1 

cost C'int(A) (see section 4.4) and ~heck i-f: 
, . 

r 
If yes, set ,Chigh - Cint(A) and g~ to 3, else d the branch 

... 
,19 stopped and g~ to 4. 

3), Check if 

Ch-1gh - ,C(A) :s E " 

If yes, the, branch is st~pped and Chigh wÜl be a candidate 

for the optimum. else go to 4.' 

...,' 
, 1. 



'. - , 
[~ 
" -

J 

" 

r 

"" .., 
1:1: 

" (/)0 
'-J -• -t) 

J 

C(Rl +1 ) 

~ 

C(RI ) 

C(RKlD) 

, eUh) 

" 

/' 
. " 

-------- --- _ ... - ---- ---- -----

.--~~~ -- -----; --: 
_J 

---------
1 , 
1 
r 

. 1 , 
1 
1 
f 

, . 

1 
1 
1 
1 
1 
1 
1 , 
1 
1 
1. 
1 
1 
I-
l ' 
1 
1 
1 
1 
1 
1 
1 , 

Ri +1 

l 

Fi,. 4.3 Cost vs. 're,serve margin for Pd = constant 

C' 

, . 

69 

R(MW) 



o 

o 

r 

• 
" 

( 
" 76 

4) Start a new branch or sub - b ranch by formi ng a new s ubs"l!l t 

of A and go to 1. 
• c 

The branching i9 c\ntinued unt~ a feasible solution with a 

cost no greater tpan the bound ,for any subset, is found. 

An exhau~tive troe fQr a system of J units is ~h.wn r 
fig 4.4 ,and the flowchart of the branc~-and·bound ~lgorithm 

is il1ustrated in figure 4.5. 

( 

Fil 4.4 ~ braneb-and-bound tr •• example 

... ,., . .., 
."{ 

~ , 
.1 
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4.6 The general aliorlthm: 
4 

AIl dlfferent s teps .of the algori thm discussed 

above will be summarized in the f.ollowin~ and will be 

referred to as the general algorithm. 

Set 1) "Q1 - O., Ct2 - ~Max, ~3 - O. 
-'. 

2) pèrform.a~bina~y search on the À-axis for Q3 - O. 

If abs(Ài+l - Ài) < epsl) go to 3. 
, , 

E1se contind-e. 

~ 

If yes go to S. Else identify and compute a non-

integer value of ui given by equation 4.2 and go 
>, 

_to S. 

O. R calculated > RMin go to 10. 
.y 

4) If for ?3 
t 

Else go to S. 
;, j 

- .' 

5) Perform\ a binary sea~ch on the a-axis repeating 

steps,2) and 3) t(L satistisfy the load balance. 
e \ 

./ Chech if (abs(ai+l • ai) < eps3) 
l , ' ' 

If yeso go to 6. Etse contin?-. 

'6) Check if ab~,(R calcu1.ated - RMin) < eps4 
, . -

If yes go'to 10. ~lse go to 7. 
, 

1') C}{eck· if l o,r 2 "-'i's ,-are not set to th,eir ,limits 
• S'II ~ 

an~ compu~e chem in order ~o satistisfy both the 

l~a6i alld the reserve, costt:a!nts. , . , 
8) We have a continuous solu~ion: Compute its cost 

1 1 

- , 
.~ 

\ 
\ 

\ 

, ...... \ ~ .~-

l' 
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. . ,." ' 
(lower bound). General!e a fea~ible solution (section 

4.4) and compute i ts cos t (uppe r bound). 

9 ) C a Il the br an c h - and - b 0 u'n d r 0 u. tin e t 0 fin d b e t ter 
, '. 

feas ible solutions if .any. Go to 11. 

lfO) We have an optimal feasible solut,ion. Calcula te tts 
, . 

cost and go to 11. 

Il) Print necessary results and stop. 

4.7 lest rèsults and discussions 

" 
A 'system conslstlng of 10 units "" " , from reference [14] 

\, 

ta'ble 4.1 (page 86), is simulated usi,ng the proposed 

-
algorithm. and the results obtained are shown in tab-les 4.2 

and 4.3. .These results are obtained by uslng the general,. 

algorith~ , i.e with the branch-and-bound technique. , . whereas· 

table 4.4 shows the results of the simulation of the sarne 

system 'wlthout uslng the branch-and-bound a-"gorithm. \Je 

could see from these tables that only an improvement ~f 
about 0.085% in the total cost 15 achieved, whlch suggest 

that the luse of the 'branch-and-bound technique is 'probably 

not nec~ssary . and \ 'could be dropped from the gener41 .. 
'algorithm. Remark that the branch-and-bound a1gori.,,~m ls 

performed only when the initial solution found is not 

feaslble ôr when the bounds are not wlthin a specified 

toleran'ci, which in almost 411 hours i s not the ,case. Even 
, \ 

when the branch-and-bound algorith.m ls used the branches are' 

1 

,.' 1. 

..:. ... 'I,'\{~ 

.. l'" 
" 

1 
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CoAIlct.r •• t A 
-.Ad 11ft brADCUI 

or 8ub-bruch •• 
... bruoh 

DO IDfeaa1ble 
~------~ branch 

r111d cc.) 

, .. 
braDeb 'tooo 
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r1ad C. at 

,e. 
>----tl~"b = Cu 

, DO '. 

6t.op ~. bruch &ad .. 
• tore Clat. "hep out 
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10he .lIlalleast Cl D~ 

and exit 

Fig 4.5 Flowchart of ,the ~ranch-and-gound Algori thm , 
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fathome'd very quickly. either because the costs are going 

hig'her or the availabl,e reserve is too small; a typical tree 

for one hour ris shown in fig 4.7 (page 86). The lncremental . , 
,'-9,osts of the units are shown in figure 4.6 (page 75), 

whereas f'igure 4.8 (page 82) shows the discrete load demand 

cl1rve" for the given data-. Figure 4.9 (page 76) represents 

the switching curves of the unitl and figures 4.10 and 4~11 

(page 77) give the tr!lj ectori'es of the load and 'the' reserve 

Vs À a:t coristant cr 'respecti\7ely for Cl - O. and Cl - 0.4. The 

r e sul t S 0 f t ~b 1 e '4. 2 ( pa g e 7 9) g i vin g the s ta tus 0 f t fi e 1 0 

units 'for the whole time interval of 24 hours,is 

schematically represented 'in figure 4.12 (page 78) wbere lt 

c (, u 1 d b e s e en th a t the ~ e a k i n g uni t s are 0 n 1 y uni t s -2, 3 , 6 

and 8. while the',remaining' are base load units. It could be 

seen from figure 4.12 that al1 these units are cyclin~ very 

q u 1. c k 1 y. Pra c tic a 11,?, th i sis no t . al w a ys po s S 1 b 1 e due t 0 the 

minimum down - t ime and u"p - time t iJlle con~ tra;n ts which are no t 

taken' irtto account in this, basic problem. 

For this small sys~em" it took approx.ima~e-ly 38s of 

-------- ' ., ' , 
computer time on t~e ~-c-r~ax II to solve the· probl.em whe.n 

the comp1et~ a1goFith~ 15 used. and on1y about 168 when the . 
t 

branch-and-bound algorithm i5 dropped, It could be seen from 

table 4'.,3 (page 80) that the load balance equatlon 15 

sati5fied within less than O~ 3% but the computed reserve is 

always very diffe'rent from the specified reserve margin 

taken here as 25% of the load. It was 4150 ,bserv'ed from' the 

'. 

...... " .. , 
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-----------------
%Het.~ l 2 3 4.5 6 7 8 9"'1.0 INC. COST COST 

l ]. l 1 l ]. 1 1 ]. ]. l 1 2.170"6 0.30 .. 96234et04 O.3049ôa:::!5ùe+04: 

f 2 l]']']' la]. ]. l l 2.259679 O.28!Ô::S87e+04 O.S90!~N:0~oe+a-\: 

l 3 ]. 1 ]. l l 0 ]. ].]. ]. 2.169616 O.259S0,;ô5e+O-\ O.Bé01922SC1.e+04: 

l .. l l l l l 0 l l l 1 2.1:;616 O.:5ô5ï62::~+Q4 O.11:59i':C9:!e+05: 

l S ].]. l l l l l 0 l ]. 2.1::5976 0.25Ji5 ... :z:e+O-T O.13907;!9:!l4e+0:! 

l 6 l 1 1 l 1 0 1 l 1 1 2.137616 ,O.2i2S6ï'·Het04 O.166'':;6ù675=e+OS::: 

l 7 l l l ]. 1 a 1 l l l 2.269579 0.2i!5ô~S3ietO-T O.19~:::::S::et05: 

l S 1 l 1 l l 0 1 l 1 l 2.197615 0.2ï22674-ie+04 O.2::;::lOOOô~e+Q5! 

l la 1 a 1 l l 0 l 1 l 1 2.199026 0.2Si-i2S.;.:!e+0.; O.2743289i2-iet05! 
! 

l II l l l l 1 0 1 1 l l 2.0i56!.'; O.2,*aO~111e+04 0.29911110::0e+05! 

l l~ 1 J. 1 l l 0 l 0 l l 2.212367 O.2{3i0097et04 

l 13 l l l l l 0 l 0 1 1 2.1in6S O.2J755309ei;04 0.::!4i2Sï50SSe+05! 

l l~ l l l l l a l 0 l l 2.155027~2J-i0962';ë!"t04 0.3i06âil:l:se+oS: 
r ' 

l 1! 1 l l 1 1 a l a l l 2.140967 O.'2::llq75s3ei'04 ·0.393774ilS?e+OSr 

l 15 l l l l 1 0 l a l l 2.ll4967 O.22480i278e-t04 0.41525S9939e+OS! 

l 17 1 l l 1 l a l a l l 2.090967 O.21sa521:e+a4: O.4:331H109:e+05! 

l 18 1 1 0 ]. 1 0 l 0 l 1 2.154952 O.212449a~~04 0.4:5938919:::e+OS!: 
, ' 

l 19 1 l 0 ~ l 0 l iJ 1 l 2.ll1241 0.20314 7l2et04 O. 4:797039041e-t05! 

I:O : 1 0 1 1 0 ~ 0 1 1 2.09ï:24l O.20002527e+04 0.499ïOô4312e+OS! 

l II l 0 0 l 1 a _ a l l 2.16135';' O.196iOS~7e+O" 0.5193ï694SSe+05I " 

t 22 1 l Q l l a 1. 0 l l l.13aS7Q 0.2092:2.6676+04: 0.5~07.9S6:i59e+OSI 

l 23 l 0 1 1 l a 1 a l l 2.18225l O.22:0S0:2.ôe+04 O.Sô2S04liôlSe+OSI 

,n l 24 1 1 l l l 1 1 l 1 l 2.170976 0.304968:346+04 O.S9300149Sle+OSI, 

Table 4.2 Unit cqmmitment o~ the 10 units with the 

branch-and-bound routine 

INC. CaST = System incremental cost ($/MWhr) 
= Hourly cast ($) COST 

o 
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l '1 ,.I r 

" 
HCt,"a "Jo :i: ~ l 3 l • l S l 6 l 1 l 8 l 9 l 10 l to:..o asct R" ~:-r 

1 l 50.0 80.0 'lOOiO 100.9 149.8 1Si.l 305.3 150.0 ~ô.9 200.0 14~9 5:0.8 2~1.8 
5 

2 l 60.0 80.0 100.0 m.a 150..0 O. 344.2 lS0 .• 0 173.9 20.0.0 1372 ::329.0 274:4 

3 l 60..0 80..0 100.0 100.7 148.5 O. 304.8 150.0 156.6 ~09.0 12~g 399.3 259.9 

4. l 60.0. 80.0 100.0 98.6 lH.' O. 298.5 150.0 153.9 20.0.0. 1~9S 4l4.3 ~S; .0. 

5 l 60..0' 80.0 10.0..0 96.5 140.8 ISO.9 292.0 O. lSl.O 200..0 12;1 S59.qll~4.2 

6 l 60..0. ao.o 100.0 103.1 150.0 O. 311.9 150.0. 159.7 200.0 1314 l85.3 26l.8 

7 l 60.0 80.0 100.0 11J.8 150..0 C. 344.2 150.0 173.9 20.0.0 1372 329.0. 27~.4 

8 l 60.0 80.0 100.0 103.11S0.0 o.,. 3U.9 lSO.O 159.7 20.0.0. 1314 3a5.3 251..8 

9 l 60.0 80.0'100.0. 96.S 140..8 150.8 7,S2.a ~. -lSl.O 7,0.0.0 1:l71 5'59.0. 2!4.2 

la l 60..0. a. 100..0. 10. 4 .: lsa.o o. 316.0 150":0 151.5 200.0. 1:24: 31'S.QI ~48.4 

Il l 60.0. 1'2.7 n.3 aa.4 126.3 0: 267.8 l~O.o. lola.4 7,00.0. 1197 SO:!.l 2::9~4 
, 

12 l 60.0 so.a lca.o lo.S.J lS0.0 O. 321.6 O. 154.0 200.0 1182 3âS.O 236.4 

l.3 l 60.0 ao.c 100.C 102..2 149.l O. 306.2 O. lS7.2 200.0. US4 396.h 230.9 

-----------------------------~--~,--------------------------------14 l 60.0. 80..0 100.'= ~9.~ 14S.3 o.. 299.S a. lS~.3 200..0 ll38 4l::l.0 227.5 

~ l 60.0 aa.o 100.0 n.J lH.' O. 293.5 o.. 15~.7 200.0. ll2-\ ~25.12:_t.a 

16 l 60.0 77.6 97.3 ·93.6 1.35.6 O. 2S3.3 O. 147.2 200.0 10~~ ~!5." 219.0 

17 l 60.0 7-t.6 94.3 90.4 l!9.9 o. 273.8 O. 143.0 200..0 1066 0\83.9213.2 

o. 98.8 14S.0 o. 299.0 O. ~".l 200.0 1037 UJ.O 207.0\ 

19 l 6;r;o:;;.:z o. 93.1 lJ4.7 o. 281.8 O. 146.5 200.0 9~J 4!6.6 198.5 

20 l 60.0 15.4 O. 91.3 ln." o. 276.3 O. 144.1 200.0 97a 471.5 H5.6 

21 l 60..0 O. O. 99.7 146.5 O. 301.6 O. 155.2 200.0 963 407.0 192.5 

22 l 60.0 80..0 O. 96.7 141.2 O. 292.7 O. lS1.3 200.0 l02::l US.0,20"." 

23 t 60.0 O. 100.0 10:.4 150.0 O. 309.8 O. 158.8 7,0.0.0 1081 389.0 216.2 

.24 l 60.0 80.0 100..0 100..9148.8 157'.3 305.3 1!0.0 156.9 200.0 1459 520.8 2n.8 
> 

Table 4.3 Outputs of the units (MW) 
, RSOL = computed reserve (MW) 

RM%N = specified reserve margln (MW) 
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1. II~I' • 

IHQùR t l l " 5 S i a , 10 INC. Cq3l' c:osr l 
C1JHL"I.Atr,"E: caST l 

i .. !. t l 1 l 1 l. 1 l 1 l. 2.11097& 0.J0496SJ4e+<H 0.J04963JJâûe+O~: .. 
1 .. L l 1 111111 l 2.!.OQtl7éi 0.:SâJJ109e+o-l O.S~l~tl94:~etd~I 'r • ---.. l l 1 1 II 1 0 1 1 2.15J51Ô a .liil:0971~<H O.e5~OSl2Si~4: - -

~ l L 1 111 1 0 l 1 :.l;~tili Q.:5èiall~eet04 O.lll!J~OllSeTOS! 

r ! l 1 111110 l 1 l.l.liâl5 Q. :::SJ 9lS0';~O" O.lJ9::3alS~~OS! 

l fi 111110 111 l :l.l97âl5 O.27:26i;';~O'; O.1~oSlo~500e+OS! 

:t 7 111 11111 1 1 l.lOOtliô 0.::!S5::3109e+O-\ O.1951~Jôôs:e+as: 

l 8 111110'111 1 ,2.137 Q15 0.27:~ôi4~e1'04 Q.l::~J041~6e+OS! 

l: 9 1 1 1 111101 1 :: ' .--... .--:JO":"Q o. :53 n3C"<!1'\l4 O.24aa:::::1ïO~vs: 

• I,10 1 1 1 1 1 l, l 0 1 1 l t,.: -., -• __ aJ.~ O. 257 ô:lOS;~04 0.:ï .. 5S;JOll~O;I 

III 111 111101 1 2.0S3ôl~ 0.: .. SJSS9S'e+-04 0.:994:0195ie+05! ' 

:t 12 11 1 111101 !. 2.07:5:5 o. :H.9:Z2.:e+04 0.3::~9I.:40a .. e+O;:;: 

tU 111110 1 Q 1 1 2.1ïJJ.SS 0.2::7;:5::09e+o~ Q.H 76ôa717ce+,O;! 

:rU 111110 101 l 2.~âO:i o. 23409~:4e1'04 O.J7107BJ410e+OS: 

I-l.$ 11,11·10 101 1 2.1';'0967 0.::!JlO7SSJe+04 o .J941S59:"Jei-OS! 

:r 16 1 1 l' 1 1. 0 1 0 1 1 1.1l49Qj 0.2:4a4~78et-04 0.4l50ï0202JeT05! 

t 17 111110 1 0 l. 1 2.090967 0: Zlsa~llSe"'O"', O.4!aSS:~lïâe+OS! 

l 18 111110 1 Q l. 1 2.06âgS7 0.21~9~9S9e..-04 0.45984B4070e+05:;: 
) 

t19 110 110101 l 2.111~41 0.::031. .. 7Uet-04 0.4aol6311age+oS! 

l 20 1 l. 0 110 101. 1 2.09i241 O. 2000~27e+04 O.500lô55~60e+o3t 

tll 11.0 1 1 0 1 a l 1 2.0SJ:-ll 0.19â9:·aget04 O.SlgSSa053~e+OS! 

l l~ 1 l 0,1 1 0 1 a l l 2.13sS10 0.209::5ai~4 o.S1oïaoiS2a~SI 

l 23 l. 1 1 1 1 0 1 0 l 1 2.104967 0.l::UJa38et04 O.5ô30145904e+oSI 

l 24 1111 l. l 1 l 1 l 2.l70975 0.J0496aJ4e1'C4 O.S9J51l424Qe+o~! 

~.ale444 Unit ccmmitment cf the 10 units sy5tam withcu~ 

the br"anc:h-.and-bcund rt:suti nlil 
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8t o results of the simulations that the branch-and-bound 
, 

a1gorith~ does not improve substàntia11y the initial costs 

and could be practically suppressed, in which case the 
1 

computing tim~ will be great1y reduced as 
1:\ 

it was polnted 

above. Th .. e uni e, d c.h'arac te'ri s tic s of the second s imul a ted 

1 

system oons1 ting of 100 units are given in table 4.5 (page 
'" 1 

90,91). In t is case the simulation ls carlried out without 

using the br nch-and-bound algorithm, and ta~l~s 4.6 (page 

" 1. 
83) and 4.7 84) show the resu1ts obtained. For the one 

day schedule the bounds obtain~d are wi thin 0.56% and 
É 

the 

computer time w~.s only about 4.15 mn on the tIl''icro Vax II. 
, ' 
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'1 ro"" 1 GMN 10t.D l COKPv:tC LON) l lU:S::P.~ !'.;.aG:''I l C~":!:) UStltVE l 
-------------~-_. . 

': 1 I. 171.1e X 17U5~l 1<- 25Qi.70 l l6!3.6S l 
.. .. 
l 

1 l 

3 l lSoo~ 

! 4 l 150\97 

l 5 l 15il1 

l 6 l lâ3H 

l 7 l 12:00 
1 

l 8 l \ 21051 

l 9 l 23~09 

l 16232.5 l 

l lSOô~.S l 

l lS"9i.S l 

l lSil4~3 l 
5 

l 

la~03'.:Z l 

l 21049.3 

l r 

23793.S l 

2435. :s l ~56; .50 l 

-:Z349.60 l 2937.52 l 
, 

2324.5S l 2;02.48 l 

l 26e5.69 l 

l 2!Sl. '3 l 

l7JO.OO l 3196.79 l 

3lSi.6S l nso.66 l 

3481.35 l J.UJ. Eil l 

3S68.~S l 3i06.53 l l 10 l 23793 l 1 

--------~>--------~------------~------------------..... ------l II l l 2 .. 0:2.0 a 1: 3603.15 

l 23626.3 l 35 .. 3.60 

l ! 

l 

36i7.9; I 

léi3. i3 l 

.. .. --------...... --------...... ------------------..... ------------------.--'z 1;· l 23665 ! 2~66S.:Z ! 3é31. 76 l, 

..... ----------------------------------......... -----------------
l 15! :z3~84 l ~J .. 96.9. l 35::.60 ! 1. 

! ~éOô. JO l 

! l 3290.1S ! ~3CO. el l 

l------------------------------~ ...... ----------·------~---------
1 l 18! 2:::;:4 ! 2:J:!4. 0 J, 

l :20:6.4 

l 20! :::545 :r 2::5 .. e.1 ! 

l ~l! 23C23 ! :::0:21. J l ' 

l ! 

l :3 l 20ns' :03J3.i l 

! :" l 18::30 l l 

Integer c05;t 
Continueus cost 
Relati ve errer (Zo). 

3:! .. S.-60 ! ~S'iÔ. 0.; 

3304.CS ! 

l 2951.e7 

! . j4iB.éS 

. .. ;:006.62 

305.0.:5 ~ll6. ::7 

2i49.50 l 

, :II 0.17469101.+07 . 
= 0.17370114.+07'
= O.56664~ 

l 

l 

! 

! 

l 

l 

" 

l . 

Table 4.~~Qmputed load, reserve ~nd CDst. for th. 100 unit 

sytem Dver 24 heurs 
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----------------------------------------------------------------------
l BODR 1 2 3 ( 5 6 7 B 9 10 nfC, COST 
-------------------------------------------------------.--------------
l 1 111110111 1 o 305E-~.+O~ l 
-----------------------------------------~----------------------------
l 2 111110111 1 2.259616 O. 285S2e-O~ l 
----------------------------------------------------------------------
l 3 '111110111 1 2.169616 O. 26geOe-O~ l ___________________________________________________________________ ._ f 

l 4 111110111 1 2.153616 0, 26ô55e"'O .. 

l 5 111110111 1 O,l:!913le·C:5 l 
------------~---------------------------------------------------------
l 6 111110111 1 O. 66~170 ... CS l 

l 7 111110111 1 O. 19~9i9 .... 05 l 
---~------------------------------------------------------------------
l B 111110111 1 2.187615 0.27:!!5e"'04 

: __ :_---_:_:_~_:_:_~-~_:_:_-~--_::::~~~~--~:::::~~:~:-~~::::~~~~::~_: 
l 10 1 1 1 110 1 1 1 l 2.11:!799 O.25i25e"'04 0.2ï":!:!~e·C5 l 

------------------------------------_._-------------------------------
l 11 

l 12 

! 13 

l H 

T ,. _ .:l 

11~1110111 

11111(l101 

111110101 

111110101 

111110101 
1 

1 2.075515 0.2"S02e-O" 0.22El:!3e-CS l 

l 0.n:;50:;e-CS l 

1 

l 2.1550:!7 ë~ :!340Se-O" o Z7C::5êe-C5 l 

1 l 
----------------------------------------------------------------------- , ~ .,!. • c 111110101 1 ., " ·0-... __ ,.01 
____________ J ____________________ • __________________________________ ._ 

l 17 111110101 l 2.CEC957 O. :::'Se.5e+C .. 

! ~9 1 l 0 1 1·0 1 t:1 l ! 
---.------------------------------------------------------------------
! 19 .1 1 0 :. l 0 1 0 1 1 

! 20 lrOl101:)!. 1 

110110101 1 o 5:E.3S:e-C5 I 

l "'? 1101101:)1 ! 0.540:;O~e-C5 ! 

r 23 l 1 1 1 1 0 l 0 1 l 2.!C:;499 0 :!:lS7e+-:4 J E:5C:e-C5 ! 
r ------------r---------------------------------------------.----------. 

j ?' 
- _'l ·111110111 1 o 5=:;O~5e-C 5 l 

'-.. 

ïable 4.9 Dyn~mic unit commitment c~ ~he 10 unlts system 
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Unit P . Mln 
~ 

p.Rax 
l cal ai .ob i 

1 lS 60 15 1 4 0 0102 
2 20 80 25 1 5 0 00792 
3 30 100 40 1 35 0 00786 
4 2S 120 32 1.4 0 00764 
5 50 150 29 1 S4 0 00424 
6 7S 280 72 1 35 0 00522 
7 250 520 105 r-r9 54 0 002 S4 
8 50 150 100 1 3285 0 00270 
9 120 320 49 1 2643 0 00578 

10 75 200 82 1 2136 0 00296 

Table '4 1 Characterlstics of the 10 units system 

- -' 

~ig. ".7 TY'Pical branch-and bound tree 
( 
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A' first approach which has been tri.ed to solve the uni-t 

commitment problem by taking into account the minimum up and 

down times. consisted of incorporating the start- up cos ts 

ln t 0 the fi xed cos ts of the units wh lch were found to cv cl e 

ve ry quickly However this method was sJwn to be unstahle 
f 

and consequently does n'o t give satisfactorv results 

regarding the cycling of the units 

The second approach which gave satlsfactory results, 

cons isted of solving an economiè dispatch problem in eaeh 

hour where the cycling units do not respect the .minim'.lm up 

and down t ime s constraints Th e units are commi tted or 

deeommitted depending on their prevlous states, so that 

o feas ible splutions are found and a .physieal cycling i '3 

obtained Table 4,8 shows the results obtained for the 10 , 

:unit system, when th1.s second approach i5 used It could hE' 

seen that the total computed cost for the dynamic 501u~10n 

" lS not very differer'lt «0 l~) from the one ob'tained bv the 

general.algorithm in the statie case The minimum up and 
" l 

h e g r, e a ter 0 r, P ~ n <~ 1 ' down times are chosen for aIl units to 

to 5 hours 

Summarv 

In this ch,apter the applicatLon of the switching curve 

l \ l' d Th concept to so ve practlca power systems was expose e 

o i m p 1 e_ men t e d a l g ô rit h mus in g simple numerical tedniques al)d 
", ' . 

. " 
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the branch-and-bound metho<;l 1s relatively simple and fast 

and coul d hand l e any numbe r of un i ts lt was applied her e to 
~ 

39 l ve two different powe;r systems and encouraging results 
'<" 

we re reportéd ~ 

, 

.. 
\1 

~ 
~. 

j 

0 , 

• 
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0 Unit Pi~in Pi Max cOi ai bi 

\ 1 
4 

12 50 19.35 3.567 0.004380 
·2 12 50 19 •. 888 3.454 0.004778 
3 12 

~ 
50 19,.924 2.898 0.005q2 

\ . 4 - 12 50 20.530 2 845 0.005544 
5 12 50 • 20.901 2.585 0.004890 
6 12 50 21.539 - 2.560 0.005264 
7 12 50 21.357 2.988 0.005682 
8 12 50 ,,24 365 3.290 0 005404 
9 +2 50 22.280 3 803 0 005510 t 

10 12 50 22 .. 041 4 179 0.004838 
11 50 200 67.436 3 069 0 001044 
12 50 200 69.310 2.972 0 001140 
13 50 200 69.434 2.493 0 001222 
14 50 200 71.546 2.448 0.001320 
15 -s0 200 72.841 2.·224 0 001164 
16 50 200 75.841 2.203 0.001254 
17 50 200 74.431 2.571 '0 001354 
18 50 200 Il 77.943 2.831 0.001288 
19 50 200 ,17.647 3.272 0.001312 
20 50 200 76.812 3.596 0.00ll52 
21 50 200 71.724 4.004 0.001l20 
22 50 200 73.809 3.953 0.001l76 -

0 23 50 200 66.485 3.874 0.001332 
24 50 200 64.984 4.05'2 0.001228 
25 50 2.00 71.465 3.948 0.001280 
26 50 200 65.814 4 223 0.001298 
27 50 200 74 .. 936 4 724 o . 001256 
28 50 200 71.062 4.520 0.001394 
29' 50 200 67.894 4.615 0.001460 
30 50 200 66.086 4.115 0.001482 
31 50 200 68~ 320 4.496 0.001598 
32 50 200 71.188 4.937 0.001716 
33 50 200 70.934 5.182 0.001770 
34 50 200 64.908 5,.051 0.001718 
35 50 200 66 054 4.898 0.001744 
36 50 200 58.265 5.239 0.001784 

-.c> 
37 50 200 57.563 4.829 0.Q01838 
38 50 200 57.640 4.450 0.001836 
39 • 50 200 63.499 4.596 0.001882 
40 ' 50 200 64.772 a 4.352 0.001988 
41 50 200 60.082 4'.757 0.002096 
42 50 . 200 58.202 4.778 0.002146 
43 50 200 56.013 4.293 0.002046 
44 50 200 48.949 4.235 ~ 0.00l918 
45 50 20G 55.351 4.143 0.001850 
46 50 200 61.964 4.454 0.001834 
47 50 200 57.517 4.681 0.00U80 

0 
48 50 200 61.836 4.825 0.001644 
49 50 200 57.291,. 5.201 0.001534 
50 50 200 64.255 4.932 0.001534 , 

.' 
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Chapter 5 

CONCLUSIONS AND SUGGESTIONS FOR FURTHER RESEARCH: 

5· l C.one 1 us ions: 
... 

f< 
The objectiv~ of this work nas been to invt!sti,~ate an 

ana ly.t ie approach to the solution of the static. uni"'t 
, . 

commitment proble'!l, AnaJtytie solutions are not available 

. from the existing approaches to th~s problém, The opt'imum 

unit eommitment in this approaeh i5 provided by a simple set , 
, 

of analytic conditions ealled the switèlling cu~e law . 
.. -- _,1 

Relati'{ely simple and fast numerieal imp'lementations could 

. 
be devised using the switehing curve concept for large 

(' s y ste ms. The .a d van ta g e 0 f th i s met h 0 dis th a t the 'e f f e e t 0 f 

the system parameters ,such as the load and r'eserve margin, 
;1 

o 

on the optimum ~chedules eat} b~ studied for a given problem. 

An analytic study of a small system has been carried 

OU}. From the (À,cr') plane ofrthe lagrange mult:ipliers, a 
/" -'" 
re'latively· small numbef of unit 

~c -

eombinations defined as 

reg ion s 0 f e 0 n s tan t uni t c·o mm i t men t are .c ha r a c t ~ ri;?: e d 1 h e-n c e 

r e duc in g t li. e hi g h d'! men s ion a lit Y 0 f the .p rob lem. Not eth a t À 

corresponds to the system loaê incremental cost and a to the 
"à 

' .. 
1 -

--" 

--

-

1\ 



-.-------~........,.'""7""-- ,'. 1 

o 
-

r 

L' 

o 

G·. 

" 

~I ,1 

--
\\ , 

incremental, cost of ~lni'rm r~serve , margin, 

interpretation for dptimum 'unit .s'election w,as 

92 

A physica.l 

derived from 

the switching curve concept giving ,new insight into the 
~ \ 

switching 'mechanism in terms the unit average cost and the 

I:stem incrementfl eost. 

The algorithm developed based on the swi te hi ng cu rye . 
'~'., .. 

concept 'is reléJti,vel Y simpl' and {ast, ~nd coul~ hand,le.y 

n:umber of units. Tests for .the simulation of sytems consist· 

ing of 10 and 100 units" were carried out and 'encouraging 

results were obtained. 

In conclusion, the' static unit c9mmitment problem has 

t 

.been studied from a 
, 

uséful results were 

differen~ apprpach 

derived which were 

and ~~me unique and, \ 

not available from 
, . 

the pr'evious approaehes to this 
\ 

P r'O b lem. Eve n '1: hou g h the 

s t a tic uni t "c 0 m mit men t do e s no t t a k e i nt 0 ace 0 un t man y 0 f 

practical co~straints which depend on time, its solution can 

~be useful' as a lower bound for the gene·ral dynamic case to 

use in' the branch.and',b,ound techique,' or as a quick' way "to • . . 
obtain a sub~o?timal feasibleku~it c~mmitment to the,dynamic' . \ 

case. 

.' 

• . , 

~ -
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5.-2 Suggestions for further research: 

To solve the general dynamic case using the switching 

curv.e concept would have been ~ much more difficult task but 

the inclusion of the-Mart-up and shut-down costs considered , . 
as constants could be incorporated in the algorithm to get a 

better lower bound and would lead to more -realistic results 

concerning the cyclingl,of .the regulated uo'i'ts' 
, . 

The ne twork losses, which were neglected ·in th i 5 

simul.atio~ could be incorporated in the economic dispatch , 
• 

'p rob 1 e m 0 r est i mat e dan d r e pre sen t e d b Y the l 0 a d d f:. man d 

curve. 

The derivation of an analytic expression for the 

trajectory of the constant load witn increasing reserve, i.e 

the ide n tif i c a t ion 0 f the f e as i, b les 0 lut i..o Il s wou l d b e a 

great achievement, wQich, would improye greatly th~ e f E i -

"-
developed the algorithm. 

• 
cie n c~' 'a n d t i m e 0 ~ 

-1-

The éllgorit~m developed tn this wotk is one among many 
- ---

othërs wich coulq have been devised using the switching 

. curve concept, the development of an algo.rithm ~elyir:'lg 

completely on an analytic approach would be faster BiDd 

desirable, thus suppressing the multiple lterative processes 

'used in this work. 

The branch-and:bound approach i.,t'self 1s very time and 

me m 0 r y con s u min g " and i t s s u p pre s ion wou l d rIè 1 i e ve gré" a~ t l Y . of , 

\. , 
, G _ 

v • 

.. 

.' 
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~ny kind of algorithÎns' which could generate v~ry near 
".,.-

feasible optimal solutions 
'. 

Heuristics schemes for jumping from the static to the 

dynamic solution. 

,) 

, 

o 

\ 

1 
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