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ABSTRACT. Complex robotic tasks such as autonomous exploration
and grasping demaud the co-operation of sensors and actuators, In
order o integrate sensor measurements and actuator control schemes
we must determine the rigid body transformations that relate the native
co-ordinate frames of these devices. Equivalently, we need 1o estimate
the relative pose of sensors and actnators in the system,

We examine the problem of determining the pose of a robot-
mounted range-finding camera. and present a class of solutions mo-
tivated by the idea that mobile camera calibration is best addressed by
an ongoing dynamic cstimation process. We use range measurements
and known robot kinematics to provide the estimate of camera pose
which is maximally consistent with the available data. Our scheme
uses scenc features that are often present in typical workeell scenes and
that are casily and reliably extracted. We develop several formulations
of the principle. and present experimental results for both simulated
and real data sets.

RESUME. L’exploration autcnome ¢t la préhension, conmune exemples
de taches robotiques complexes, requirent la coopération de plusicurs
capteurs et de plusieurs moteurs. Llintégration de données visuelles
dans le schéma de contréle demande que I'on connaisse les transfor-
mations qui relient les coordonnées de base de chaque sous-systeme.
Autrement dit, il faut estimer la pose relative des capteurs et manipu-
lateurs composant le systéme.

Nous examinons 'estimation de la posc d’une camnéra télémétrique
rmanipulée par robot, et présentons une classe de solutions qui découlent
de {'idée que la calibration est un procédé dynamique ct continuel. Les
mesures prises par la caméra et la connaissance de la cinématique du
manipulateur permettent d’extraire estimation la plus consistante de la
transformation caméra-robot. La meéthode exploite des particularités
géométriques qui sont présents dans la plupart des scenes typiques, et
qui sont facilement identifiables. Nous développons plusieurs formu-
lations du principe, et nous présentons lec résultats d’essais avee des
données simulées et réelles.
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CHAPTER 1

Introduction

1. Motivation

Consider an image sensor, such as a conventional intensity camera or a range-
finding sensor, mounted on the end effector of a mobile robot (Figure 1.1). The utility
of this configuration lies in its ability to provide multiple views of a scene which
may yield information from object surfaces which would be oceluded or otherwise
ambiguous from a single viewpoint. In order to assimilate the information acquired
from several viewpoints we need to map between the local co-ordinate frames of
the sensor at each position. This requires knowledge of the relative motion between
sensor positions; often we also find it useful to know the absolute sensor positions
with respect to some global co-ordinate system.

In general we have some knowledge of end effector position from the kinematic
model of the robot manipulator. The orientation of the sensor frame with respect
to the robot end effector, often called the *hand-eye transformation™. may not be
known, and indeed it is often difficult to measure. This ts largely becanse the camera
co-ordinate system may be defined with respect to the camera’s optical axes (which
may be physically inaccessible and not indicated by any mechanical feature), or may
be arbitrarily defined by a numerical calibration process. In this thesis we explore the
problem of determining the end-clfector-to-camera co-ordinate transformation for the
case of a robot-mounted range-finding sensor, and develop a class of solution methods
which address both the analytic and the practical diflicultics inherent in the task.

Typically, the hand-eye calibration problem is regarded as a static computation
that is performed once after assembly of a robotic system under highly constrained
conditions and using optimally designed jigs or calibration targets. While this ap-
proach is expedient, it fails to address several important considerations that arise in

a practical context. If the sensor is re-calibrated, removed and re-installed, or if its



1. INTRGIUCTION

FiGure 1.1, Industrial robot manipulating @ scanning laser range-finding camera.

fixture Lo the robot changes in any way, the static calibration procedure must be
repeated. This requires introduction of the calibration jig into the work eavironment
and cessation of normal operations while the procedure is executed. Furthermore,
the calibration generally requires that the robot kinematics be precisely known; in
practice, positioning errors in industrial robots can be large, and are highly complex
functions of configuration, static and dynamic loading conditions, and location in the
workspace.

In this thesis we argue in favour of a dynamic calibration scheme. Such a pro-
cedure runs continuously during normal operation of the system, and uses data from
the robot/sensor complex as well as feature correspondences indicated by higher level
processes which either know or infer the structure of the environment. The premise of
the calibration is to seek hand-eye transformation parameters which make measured
data maximally consistent with known or inferred models of objects in the workspace.
We cast the problem in a parameter estimation framework, and visualize the solu-
tion as a filter taking feature correspondence data as input and generating kinematic

parameter estimates as output (Figure 1.2).
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FicUre 1.2. Dynamie calibration. Estimates of camera pose helps to establish
feature correspondences between views, which in turn are used to refine the pose
estimates.

2. Contribution

The major contributions of this thesis are (i) a novel dynamic formulation of the
hand-eye calibration problem, and (ii) a demonstration that hand-cye calibraiion can
be computed simultaneous with the exccution of a robotic viston system’s primary
task. We select an invariant feature in the environment for which correspondence
between views is easily and reliably established, and collect a sequence of views of
that feature from different positions. We then compute the hand-eyc transformation
that is most consistent with the correspondence hypothesis, given the data currently

available. Qur approach is:

dynamic, in the sense that it runs continuously and can adapt to changing

conditions in the workspace

- capable of accommodating partial information, i.e. features that de not com-
pletely constrain rotations and translations in six degrees of freedom

- tolerant of errors in feature extraction and robot kinematic control

- economical in terms of its constraiats on the structure of objects in the
workspace, as well as in computational complexity

- applicable as a static calibration, requiring 1o special calibration jigs or manual

measurements of the scene
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Central to the practical utility of such a scheme is the selection of features which
can be reliably estimated and tracked in typical task environments. We formulate our
estimator for both point features and planar surfaces. as these represent two feature
classes which are common and easily recovered in many real situations. In particular,
we do not require that position of the invariant features be known in any global co-
ordinate system, that more than one such feature be available in the environment, or

that 6-DOT pose and position of an object be estimated from a single image frame.

3. Overview

We begin in Chapter 2 with a formal statement of our calibration problem, and
with a discussion of the desired characteristics of the solution. We survey previous
work of other rescarchers in this area, and explore the strong relationship of this
problem to static camera calibration, robot kinematic calibration, motion estimation,
and integration of multipie views.

In Chapter 3, we present a solution to the hand-eye calibration problem for mobile
range-finding cameras based on correspondence of a single point feature across a
sequence of views. The solution is 2 minimum mean squared error estimator that is
lincar in the data, but incorporates nonlinear orthonormality constraints. We also
develop two solutions for the case where the invariant feature is a planar surface.
The first of these follows directly from the point-feature development, but is based
on a distance metric that exhibits several undesirable characteristics. The second
formulation improves on the metric problem, but implies a somewhat more expensive
computation. The formulation for plane features is particularly appealing in many
practical contexts, since it is often very easy to find and extract an invariant planar
surface (such as a floor or table-top) from the scene. In all cases, we emphasize
computational methods which use finite memory resources, as this is an important
characteristic of filter processes that run perpetually.

We demonstrate experimental results of the calibration processes in Chapter 4.
We first assess accuracy and stability of the point-feature estimator using simulated
data. Both plane-feature formulations are simulated in order to gain some insight into

the impact of the metric problem inherent in the first estimator. Finally, we show the

4
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performance of the plane formulation with real data gathered from our experi wental
apparatus and compare with the simulated results,

In Chapter 3 we summarize the dyvnamic calibration technique propesed. and
comment on several issues that remain for future study. We also remark briefly on
other sensor calibration problems encountered in our laboratory which are solved by

adaptations of our method.
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CHAPTER 2

Problem Overview

Our discussion of the range-finding camera hand-eye calibration problem makes fre-
quent reference to co-ordinate frames and transformations between [rames. so we
begin by introducing suitable notation. We then state our formulation of the cali-
bration problem, and identify the desired characteristics of a solution. Finally, we
survey the work of other researchers on this and other related problems, and gather

a number of ideas that are useful in our development of solutions.

1. Background - Co-ordinate Frames and Transformations

A point in 3-space is represented by a 3-vector v, where the components of v in-
dicate displacements along threc orthogonal basis directions provided by a co-ordinate
frame F. The world co-ordinate frame W is arbitrarily defined to lie somewhere in
space, and an un-subscripted vector v is conventionally assumed to be relative to W
unless the context indicates otherwise.

A frame I is defined by the transformation 7, which maps vectors in F into
corresponding vectorsin W, as vy, = Triwve. Weinterpret Try as an operator, and for
the moment make no assumptions about its mathematical form or parameterization.
Euler’s theorem indicates that for rigid objects and motions the transformation can
always be decomposed as a rotation of basis and a translation, which implies that
Trw expresses the position and orientation of F' with respect to W.

It is convenient to generalize the notion of co-ordinate transformations to objects
other than points in space. A parametric object such as a geometric solid, surface or
direction in space is described with respect to frame W by a vector of its parameters

fi. Its representation in another frame F is given by T rf, where we understand

6
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the operator Ty p to apply a transformation appropriaie to the parameterization of
fi-. No ambignity results as long as we restrict our analysis to a single ohject class,
We also introduce a natural notation for compositions and inverses of co-ordinate

transformations. Given frames A. B and C. we have

TAC = 'Tn("]-.»\ 1
-1
TA r = T.-m

2. Robot Vision Workcell

While the calibration problem we describe is of a quite general nature. for clarity
and concreteness we pose it in the context of the robot vision workeell found in our
laboratory. Our workcell consists of an optical range-finding sensor mounted on the
end-effector of a 6-DOF robot manipulator. as in Figure 1.1. Referring to Figure 2.3,

we define the rclevant co-ordinate {frames and transformations.

,_;’/-I_/?\
(,/ ]--“\
= (|
\\\\:\k‘ =
""--.'2"_\)| B :
1 |
1
! |
| |
| i
| |
| 1
—! b
! |
)

FIGURE 2.3. Coordinate frames and kinematic loops of the robot/range-finding
camera complex.

2.1. Robot. The robot base frame B is fixed with respect to W, and the
transformation Ty is assumed to be known. In general we are frec to define W, and

in much of this thesis find it convenient to identify W with B, in which case T, is

7
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. the identity. Relationships between the coordinate frames of the robotic workeell are

shown schematically in Figure 2.1,

JICR

/

cC—

R
Tew \({ Tow l JRB
W B

€

\

Tew

FIGURE 2.4. Schematic view of the workeell kinematic loops.

The robot end cffector has a rigidly attached co-ordinate frame R. The position
and posc of the end effector with respect to robot base T, can be computed for any
robot position from the known robot kinematic model and measured joint encoder
values [22]. In practice we control the robot by specifying values of Tz, and rely
on robot control software to compute and achieve the required joint angles. We note
that the measured quantity 7, may differ somewhat from the true value Typ, due to
crrors in the kinematic model and to un-modelled loading effects. The resolution of
kinematic model errors is itself a significant problem in robotics {11, 24], and for our

purposcs we merely acknowledge that 755 is corrupted by a noise process.

2.2. Range-finding Camera. The range-finding camera measures distance to
the nearest opaque surface along a ray emanating from its optical centre. The ray is
swept in two axes, and a two-dimensional depth map of the scene is captured. Each
pixel of the range image identifies the (z,y,z) co-ordinates of a point that lies in
the surface of a scene object. These co-ordinates are expressed with respect to the
camera’s intrinsic co-ordinate frame C, which may be aligned with the optical axes of
the camera itself, or may be completely arbitrary with respect to camera geometry.

Note that the camera measures radial distance from its optical centre to a surface,
and that these measurements are mapped onto C by image acquisition software. The

. determination of this mapping is called intrinsic calibration [32], as it depends solely

8
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on optical and mechanical characteristics of the camers itself. We assume that an
intrinsic calibration of the camera has been obtained previously by a static procedure,
and we do not consider it further.

Tew gives the location of the camera in world co-ordinates. 1o order to merge
image data acquired from several robot positions 7,,;. we need to know the actual
camera positions Ty in the world frame !, This can be computed from the kinematic

loop of Figure 2.4 as
Tc’u’,‘ - ]-.m'l‘TRHiT(‘R = Tm-.';'fcn “)

where T, is the constant transformation rclating the camera frame C to the robot
end effector RB. Since Trw; can be obtained from the robot controller and the known
transformation Ty, our problem is to determine 7o,y from some appropriate mea-

surement or series of measurements.

3. Problem Statement

We typically use an estimate of 7., along with measurcments of robot end-
effector position, to map camera measurements from different view stations into a
common reference frame W. It is therefore natural to formulate the estimator for
Tor to minimize the error in this mapping over a typical sample of measurements.
In other words, we seek the estimate of 7, which is mazimally consisient with all
observations. We can now state our approach to the hand-cye calibration problem as
follows.

Given the kinematic configuration of Figure 2.4, we select a measurable invariant
feature f,; in the workspace, some or all of the parameters of which may be unknowr:.
Define a metric 6(f,g) 2 0 which measures the distance between two [eatures £ and
g, where the notion of distance is appropriate to the feature class. Then we seek

minimum mean-square error (MMSE) estimates Ter and fy which satisly

min_ Y wid*(TawiTorfcis fw) (2)

Terellly iz

}This is equivalent to knowing relative camera motionn if we define the world co-ordinate frame to coincide with
one of the camera positions.
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Here, Q is the set of rigid motion transformations, fc; is the feature measurement
acquired from the i viewpoint. w; is a weight reflecting confidence in the data ac-
guired at viewpoint 7. aud n is the total number of available views. Note in particular
that we minimize not only over transformations 7. but also over parameters of the
tnvariant feature fi,.

This analytic statement alone does not completely characterize our calibration
problem. We must identify several practical and computational goals that motivate

our development of estimators for 7 and fi..

(i) Dynamic calibration
We scek a calibration process that can run continuously during execution of
robot vision system tasks, which may be inspection, exploration, grasping, or
stmilar actions. We therefore do not assume that we have direct control over
the placement or selection of objects in the workspace, or over the trajectory
of the robot. Our procedure should provide the best possible estimate of the
unknowns based on whatever data is available.

(it} Detectable features
Invariant feature objects used by the calibration scheme should be chosen such
that extraction from a range image and detection of correspondence across
views can be performed easily and reliably. In particular, we would like to
utilize feature objects that are likely to be found in the task environment,
rather than to introduce to the scene a dedicated calibration target.

(iii) Observability
Observability of our system is equivalent to the requirement that the measure-
ments we take be sufficient to constrain the estimated parameters. We must
ensure that the chosen feature classes are sufficiently descriptive to permit ob-
servation of all modes of 7.;. We show later that the selection of manipulator
positions also governs observability. Since manipulator motions are directed
primarily by task objectives (and not by the calibration process), we must
detect conditions under which observability is marginal or totally lacking.

(iv) Finite memory

Computationally, we seek an estimator having the behavior of a digital filter.

10
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Each time a new view of the reference feature is obtained, we compute an
updated estimate [or the unknowns based on the entire data set. In practice
this demands that the estimator be implementablein linite memory, and places
some strong constraints on admissible solution methods.
(v) Physically realizable transforms

The fact that our kinematic equations arise from rigid spatial relations implies
that the estimate of T should correspond to a physical rotation and transla-
tion of frames. Many uscful parameterizations of co-ordinate transformations
have more than the six degreces of {reedom consistent with rotation and trans-
lation, and admit solutions that fall outside the space of physically realizable
transformations. While we should ensure thal our estimator produce physi-
cally realizable transformations. we believe that a non-realizable solution that
is significantly better (in the sense of our projection error metric) than the
best realizable one is useful in practice and may provide insight into other er-
rors in the kinematic loop (i.e. static calibration of the range-finder and robot

manipulator).

Having sufficiently motivated our efforts, we now turn to the literature and ex-

amine previous work on related problems.

4. Related Work

4.1. Representing Rotations. Onec of the significant issues arising in the
development of our computational procedure is the selection of an appropriate rep-
resentation for rigid co-ordinate transformations, and in particular for the rotation
part. Spring provides a useful overview of this issue in [29)], and we quickly summarize
the high points here.

The rotation of a column 3-vector, v, is a linear, length- and angle-preserving
transformation that can be expressed as matrix multiplication by a 3 x 3 real or-
thonormal matrix R.p, as vz = R.pv.. This is a convenient representation for
computing rotations, but is inappropriate as a parametrization of rotation because

the number of paraumeters (9) exceeds the number of degrees of freedom in 3-space

11



2. PropLisy OVERVIEW

rotation (3). The column vectors of a rotation matrix R, are the unit basis direc-
tions of 3 expressed in A. The components of a rotation matrix satisfy six implicit
constraint equations which enforce unit length and mutunal orthogonality on these
hasts vectors.

(ieneral rotations may be parameterized by triples of Euler angles. The three
parameters of a Euler angle representation specify successive rotations about defined
basis directions. While the number of parameters equals the number of degrees of
freedom in rotation, Euler angle representations suffer several limitations. There
exist many different and incompatible Euler parametcrizations according to the se-
lection of rotation axes and the order of successive application, so it is important to
specify which member of this family of representations is intended. The conversion
of Euler angles to rotation matrices requires evaluation of trigonometric functions,
which arc computationally expensive and introduce analytic nonlinearity. Finally.
Fuler representations have singular configurations in which a set of representations
are equivalent, which can introduce computational difficulties.

A representation for rotations which has received much attention in the literature
is the quaternion, and in particular the unit quaternion [29, 27, 12, 41]. The quater-
nion is a 4-vector which can be viewed as the composition of a scalar and a 3-vector.
The direction of the 3-vector identifies the axis of rotation, and the scalar encodes
the magnitude ol rotation about that axis. There exists a particularly elegant alge-
bra for the manipulation of quaternions [10], and it is finding increasing application
in both analytic and computational work in computer graphics, machine vision and
robotics. Quaternions do, however, have several limitations. Use of a 4-vector still
represents an over-parameterization of rotation, which often motivates a restriction to
unit quaternions. Rotation of a vector is a nonlinear operation requiring two quater-
nion multiplications. Despite this, it is clear that quaternion algebra is a powerful
analytic tool, and arguably provides the most natural mathematical framework for

manipulating rotations.

4.2. Integrating Multiple Views. The construction of descriptive models of
the environment from sensor data generally entails the need to merge data acquired

from multiple viewpoints. This is because a single viewpoint rarely provides sufficient

12
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information to fully constrain the model building process. Successtul view integration
typically requires that registration of the image coordinate systems be accomplished
with very high precision. The degree of kinematic precision avaitable rom many
manipulator platforms (including both fixed-base industrial robots and [ree-roving
mobile systems) is often inadequate to provide adequate registration based purely on
sensor/manipulator calibration. and we must resort 1o refinements based on leature
matching between views. Much work has been done on this problem: a review can
be found in [28]. In general. establishing correspondence over a dense feature set
is a complex optimization problem with many local minima. and the quality ol the
result is therefore highly dependent on having a good initial estimate of refative
camera motion. Qur aim in the present work is not to eliminate the need for motion
parameler refinement bascd on local feature correspondences, but to ensure that the
best possible initial estimate is provided to this process by the camera positioning

complex.

4.3. Estimating Orientation in Photogrammetry. The problem of deter-
mining unknown solid rotations and translations in three dimensions was explored
early on by the photogrammetric community, and their work significantly predates
the recent contributions of robotics and computer vision researchers. Their problem
generally involved estimating the relative position and posc of two airborne cameras
{or a single moving camera), as well as the orientation of a multi-camera system in
space. These are respectively called problems of relative and absolute orientation [31],
although analytically these problems are equivalent (sce Section 2.2).

Solutions to absolute orientation have been proposed by many anthors. Given a
number of corresponding points in two frames, it is straightforward to solve for the
translation between frames, as well as an optional scale factor [12]. Estimation of
the rotational component is less obvious. Thompson [30] and Schut [25] obtain exact
rotation parameters from three pairs of point correspondences and offer no means of
incorporating more data in the formulation. Their methods are computationally ex-
pedient, but implicitly assume the data to be crror-free. Furthermore, these methods
use the data in an asymmetric manner, so that in the case of noisy data it is possible

to obtain different results simply by re-ordering the data points.
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Oswal and Balasubramanian [19] present a solution that accommodates redun-
dant measurements, but which generates a rotation matrix that is not orthogonal.
Their approach obtains the nine components of a 3 x 3 rotation matrix by solution
of a set of linear equations. The authors attempt to orthogonalize the solution. but
their method results in neither an orthogonal matrix nor a minimum error solution to
the original estimation problem. Despite this, we can make two useful observations

about their method:

e the over-parametcrization of a rotation (3-DOF) by the compunents of a 3 x 3
matrix (9-DOF) is computationally convenient, because it results in a com-
pletely linear formulation

¢ il measurement crrors are independent, identically distributed, normal and
zcro-miean, then as more data is collected the estimate will converge to the

true, orthogonal, rotation matrix.

B.K.P. Horn solves absolute orientation in closed form using unit quaternions [12],
and with orthonormal rotation matrices {13]. Both methods directly yield real rota-
tions that solve the over-constrained case (many point correspondences) in a minimum
mean-squared error sense, by solution of a low-order eigenvector problem. In each
method, a minimum of three point correspondences are required between two views.
Horn’s solutions have the desirable properties that all data points contribute equally
to the solution (unlike methods which imply an ordering of the data points), and that
the solution is symmetric with respect to interchange of the two views.

Note that the estimation of absolute orientation from point matches is useful to
us in two ways. First, by providing the camera motion parameters directly, it permits
integration of data from multiple views without recourse to measured joint positions
and kinematic models of the robot, or indeed to the camera hand-eye transform.
While this is highly useful, we also need a method to establish camera orientation
in the common case where scene ambiguity denies us the necessary point correspon-
dences. Second. an estimate of relative camera motion between two views can be used

in conjunction with an estimate of robot end effector motion, in order to determine

14
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the camera hand-eve transform. However, the solution {or camera orientation is bug

one step of this nontrivial process, which we discuss in Section 1.5,

4.4. Motion Estimation. The problem of motion estimation posed by the
computer vision and robotics community is basically the same as that of orientation
in photogrammetry: given two views of a scene. extract the motion parameters of
the camera. Equivalently. we may assume the camera to be stationary and objects
in the scene to be in motion. The problem is generally approached by establishing
point matches between image frames, and computing the rigid transformation whicl
best maps between correspondences. The nature of solutions to this problem depend
strongly on the projection model of the camera employed.

Motion estimation under perspective projection has been studied at length [6].
Characterization of conditions under which the problem can be solved and the number
of point correspondences required is rather involved. A number of authors consider
the case of orthographic projection [35, 15, 14]. where the results are somewhat more
straightforward. It is understood that an orthographic projection model may he a
suitable substitute {or perspective in the case of intensity cameras with long focal
lengths. The extension of our formulation for range-finding cameras to intensity
cameras is of some interest, but is beyond our present scope.

In three-dimensional motion estimation the measurement source is a range-finding
camera or stereo-vision system, or in general a device capable of delivering point
measurements in 3-space. Many authors have considered this problem (see [4] for a
review). Estimation of an orthonormal matrix which best maps one set of vectors into
another in the least squares sense is known as the orthogonal Procrustes problem, and
is solved directly using the singular valuc decomposition [9]. This solution implicitly
models errors as being confined to one view. When both views are corrupted by noise
(which is generally the case), a solution based on the method of total least squares
(TLS) [9, 8] is more appropriate, and is studied in [4]. It should be noted that the

TLS solution generates a rotation matrix that is orthogonal, but not orthonormal.

15



2. PROBLEM OVERVIEW

4.5. Camera Hand-eye Calibration. At this point we have acquired a bat-
tery of methods for establishing camera motion parameters from point correspon-
denees in two views., Several methods for computing the hand-eye calibration of a
mobile camera are built on this procedure. as we show presently.

Suppose that we have captured two views of static scene, and have successfully
established the camera motion by one of the methods of sections 1.3 or 1.1, Referring

to Figure 2.5, we can write the closed kinematic loop equation
Tc, C:TC'H = Tchn,n: (3‘)

This expression is obtained by equating transformations from camera frame Cy to
robot frame R, via diffcrent paths around the kinematic loop. We are interested in
solutions Ty satisfying (3). given that we can measure the camera motion 7¢ ¢, 2s
above, and obtain the robot manipulator motion 7y, x, from known robot kinematics
and joint mcasurements. This problem is addressed by Shiu and Ahmad [26] using
homogencous representations of rigid motion, and rather more directly by Zhuang
and Roth [11] using a quaternion formulatior.. This provides another compelling
example of the power of quaternion representations, for their application results in a
far simipler presentation, as well as additional insight that was not forthcoming in the
homogencous transform representation. Both authors conclude that two pairs of views
salisfying some weak conditions are required for a unique solution to 7cz. Zhuang
and Roth further point out that their method is easily extended to accommodate
over-constrained data in a least-squares framework.

Angeles [1] presents a solution based on vector invariants of rotation matrices,
which he applies to the hand-eve calibration problem. The solution uses Gramm-
Schmidt orthogonalization and results in an extremely simple computational proce-
dure. While the solution is exact and makes no attempt to account for measurements
corrupted by noise. it appears that extension of this methodology to over-constrained
data should be straightforward.

Tsai and Lenz propose a similar solution to the hand-eye problem [33, 34] as part
of a series of camera calibration solutions {or mobile CCD cameras [32, 16, 34]. A

lincar algebraic equation which must be satisfied by transformations between pairs
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FIGURE 2.5. Kinematic loops for two camera positions 71 and €72, The relative
end effector motion Try g is known from robot kinematics, and the relative caunera
motion Teice is the displacement of the feature tn eamera co-ordiniates hetween the
two views,

of viewpoints is derived, and a system of several such pairs (at least two) is solved
for the minimizing rotations and translations comprising 7. The authors provide
a thorough analysis of error propagation and show quite impressive practical resuits.
However, since pairs of camera stations comprise a datum in their minimization frame-
work, it is necessary to consider all combinations of view stations 1 order to fully
utilize the information present in the data set (pairing only of stations adjacent in
time does not completely utilize the data). Thus it is necessary to store the data
from each view independently, and the memory requirement of the procedure grows
with time.

We should point out that all of these procedures require that the position and
pose of the camera with respect to a fixed calibration target or a previous camera
station has been obtained for cach view. This requires either the solution of a motion
estimation problem (sections 4.3 and 4.4), or the usc of a known target from which
camera position and pose can be estimated unambiguously. In {34], a precision optical
target is emploved, and the solution of camera oricntation relative to the target is

given in [32] as part of the calibration of intrinsic camera parameters.

4.6. Robot Kinematic Calibration. We digress bricfly to explore work in
the area of robot kinematic calibration. All attempts to estimate 7, using computed

end-effector orientations are subject to errors in the robot kinematic model. so some
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attention 1o this issue is called for. Furthermore. robot calibration bears several
interesting similarities to our camera calibration problem.

The forward kinematics of a serial link manipulator are conveniently represented
by a composition of co-ordinale transformations between successive links. Each trans-
formation is commonly parameterized in terms of Denavit-Hartenberg (D-H) param-
cters [, 22], which represent two rotations and two translations for cach link. In the
casce of a revolute joint, onc of the angular D-H parameters is controlled and measured
via a joint encoder, while the others are fixed design parameters. These values are
subject to error from a varicty of sources: machining and assembly tolerances. gear
backlash, and link flex duc to static or dynamic loading. The compound effect of
small errors can be quite significant in a serial manipulator, and the highly non-lincar
naturc of the crror model has given rise to a significant research problem. Much of
the work in this arca is reviewed in [11].

While we are not directly concerned with the correction of robot kinematic cr-
rors, we have noted two approaches to this problem which are of interest. Bennett
and Hollerbach [3] propose a methodology for self-calibration of a redundant serial
manipulator. A robot with greater than six degrees of freedom may be formed into a
mobile closed kinematic loop by constraining its end-effector to be fixed with respect
to its base. By exercising the robot joints and recording all joint measurements, it
is possible to recover the kinematic corrections by nonlinear optimization. We ob-
serve that a range-finding camera mounted on the end-effector of a 6-DOF robot from
which we can determine position and pose of a fixed calibration target can be viewed
as a single redundant manipulator with end-point constraints, where the camera-
target transformation provides the parameters of the final link. Thus we expect that
we could calibrate the entire robot/camera complex following their approach, pro-
vided that good initial estimates of the parameters (including the unknown 7;p) are
available.

A less rigorous approach to kinematic correction is proposed by Foulloy and
Kelly [7]. They assume that within a small volume of the workspace, end-effector po-
sition errors can be adequately modeled as a homogeneous linear function of measured

position. This is a rather doubtful assumption, for they describe robot end-effector
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position with a 6-vector composed of Fuler angle and translation components, and
compute corrections using lincar combinations of these elements, There 1s no reason
to believe. for instance. that the error in a rotational parameter should be a hiuear
function of its mean value. which is measured with respect to a completely arbitrary
Zero.

Following their line of thought. however. it is probably reasonable and suflicient
to suppose that in a small volume of the workspace and for a given robot conligu-
ration (i.e. a small volume of joint space) the end effector orientation error is nearly
constant. To correct for this, we need to compute a corrective transform at the end
effector, which we expect to adjust as tiie robot traverses its workspace. Il we can
obtain a convenient procedure for dvnamically estimating 7., of our robot-mounted
camera, then our estimate will incorporate whatever constant end-cifector correction
is appropriate to that region of the workspace. This is appealing since the global po-
sitioning accuracy for typical industrial manipulators can be quite poor. while small

relative motions can often be made with high precision.
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CHAPTER 3

Theory

We begin our development of estimators for the range camera hand-eye transform
with the casc in which a single point is detectable as an invariant (i.e. stationary)
feature in the scene. Such a feature might be a corner of an object, the center of a
solid object with known symmetries such as a sphere, ellipsoid or cube, or any other
unambiguously identifiable point in the scene. We then proceed to examine the case
where a single planar surface is used as the invariant. The plane is assumed infinite
in the sense that we make no attempt to determine its boundary, as is appropriate
in the case of a floor or tabletop forming the background of a scene. We find the
development {or plane features somewhat more troublesome than that for points, but

assert that the effort is justified given the practical appeal of this method.

1. Point Features

Suppose that we can identify in the environment a stationary point p,y, described
with respect to the world frame by its Cartesian co-ordinates [z y = ]. Since pw is
unknown, we will develop an estimate for it which we call p;. For several robot
positions Trw;, We acquire a measurement pe; expressed in the local camera frame.
Intuitively we expect that for a sufficiently large number of different robot/camera
positions, and supposing that the measured data is perfect, there should exist a unique
rigid transformation 7.y that is consistent with all of the measurements and with the
hypothesis that p,, is indeed stationary. OQOur task is to determine the conditions
under which 7., is uniquely determined, and to recover the estimate 7, that is most
consistent with a given noisy set of measurements.

In order to solve the optimization problem (2) we require:
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- a representation of coordinate transformations to project point features from
camera frame to world frame
- a metric with which to evaluate the quality of this projection for a given datum

ana parameter vector in the domain of the optimization

1.1. Representing Transformations. A useful representation of coordinate
transformations is the homogeneous transformation matrix [22]. Homogeneous trans-
formation matrices may also encode scaling. mirroring and perspective projection op-
crations, but our interest is limited to those representing rigid motions. We therefore
consider a subset of homogencous transform matrices consisting of a 3 x3 orthonormal

rotation matrix K and a 3 x 1 translation vector ry. as.

R o}
0060 1

T =

A point p is described by the augmented vector p =[x y = 1 |, so that p is rotated

and translated by a single matrix multiplication, and transforms arc compounded as,

Pe = TucTasPa

Here we have adopted the same subscripting convention as for generic coordinate
transformations.

The homogeneous transform matrix above, when considered component-wise, rep-
resents an over-parameterization of the space of rigid motions, as [2 numbers are
required to describe 6 degrees of spatial {reedom. While this causes some difliculty in
the formulation of our minimization, it is attractive as it gives rise to both a useful
linear approximation and a computationally convenient iterative path to the optimal
solution. The equivalent quaternion formulation has lower dimension, but does not
offer either a minimal parameterization or a direct linear solution of any kind. We

therefore prefer the solution based on homogeneous transform representations, which

we now describe.

1.2. Error metric. We project the camera frame measurement of cach feature
point p¢; into the world frame as pw;, and obtain the projection error as its distance

to the estimated world frame feature pw. Since both pw; and pyw are points in
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Cartesian space, a natural distance metric é; is the 2-norm of the difference vector
€; =Pw; = Pw
&7 =|leill? = el (4)
Following the kinematic loop of Figure 2.4, we can write the projected feature point
using homogeneous coordinate transformations as
Dw; = Taw; Ter Pc; (3)

We now write the Cartesian error vector defined in (4) as,

e = Trw; Ter Peci — Pw (6)

Clearly, this expression for e; is linear in the unknown parameters, which are the 12
components of the homogeneous transformation matrix Tcr and the 3 components of
the feature point position p,. We introduce a shorthand notation for the terms of
(6), as

W w, i Rcr 1y
vai = (03), 1 ch = _r: b 3 rs] Tcn = (03), 1
Pe b B
P=|py Pc: = Pw = v (7)
1 1
-p: ) )

where W is the 3 x 3 rotation sub-matrix of Taw;, r; are the column 3-vectors of Tep,
and py, is also a 3-vector. Now we can rewrite (6) in a familiar form by defining the

15 x 1 vector of unknown parameters X as
x=[s 55 oo Bl ®
and write (6) in the standard linear form
e =Aix+Db; (9)

where the 3 x 15 matrix A; and 3 x 1 vector b; are defined as

Ai=|Wp. Wp, Wp. W -I| bi=w (10)

2
(3]
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Here, as throughout, I° is the 3 x 3 identity matrix. The minimum mean-squared
error estimate of the camera transform and of the unknown feature point location is

then the vector X that minimizes the objective function
A=3"(Aix+b)Y(Aix+b) (11)

over all views i, subject to admissibility constraints on x. We define a symmetric

matrix H, vector ¢ and scalar &, and expand the above to obtain,
H=24m
c= Z Alb;
k= z bib;
A=x'Hx+2x'c+k (12)

1.3. Approximate Linear Solution. The objective function defined by (12)
is a linear quadratic function to which the minimizing solution is well known from
least squares estimation. Qur development parallels the standard derivation of the
normal equations of the linear least-squares problem [23], for which we can dircctly

write the solution
X =—-Hlc (13)

The solution is uniquely determined if H is positive definite; since H is symmetric,
this is equivalent to H having full rank. Since there are 15 unknowns and cach
view provides 3 independent constraint equations, no less than 5 viewpoints will be
required to constrain this solution. The matter of selecting exactly 5 viewpoints so
as to ensure that 15 linearly independent constraints are generated is difficult, and
remains for further study. However, we can certainly detect degenerate viewpoint
combinations by monitoring the condition of H. Furthermore, our experimental work
has given rise to several heuristics that are useful in guiding viewpoint selection, which
we discuss in Chapter 4.

It is well known from numerical analysis that inversion of H is not the most

numerically stable means of solution to the linear least squares probiem {9, 23]. This
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is largely because the condition number of /f is proportional to the square of the
condition number of the so-called ~design matrix™ A = [ A}... A, . The condition
number of a matrix is the ratio of the largest and smallest singular values, which are
the gains of the matrix along various prescribed basis directions. Since numerical
accuracy of the solution is typically proportiona! to the condition number, a more
stable computation can be performed by operating directly on A. QR factorization
or singular value decomposition (SVD) of A, {or example, both offer numerically
robust solutions to the linear least squares problem [9]. However, the cost of this
approach is evident in the fact that while H is finite-dimensional (15 x 13 in our
exanple), A grows as the number of available views increases. Thus, if the number of
views is small, we arc advised to solve this system by one of the methods operating
directly on A. Since in our case we desire a solution that can be implemented in finite
memory for an infinite number of views, we prefer to form H and exercise caution
when computing its inverse.

Equation (13) can be solved by any number of methods, notably Cholesky fac-
torization. In our experimental work, we prefer the more costly singular value de-
composition (SVD) for the diagnostic insight it offers into the condition of H. We
may of course also weight ecach viewpoint dataset while accumulating #, ¢ and %,
in order to bias the estimate according to confidence in the data [23]. A confidence
measure at each data point may be computed by considering the propagation of mea-
surement errors through the manipulator. Note that manipulator accuracy typically
varies significantly with configuration, and that rotational errors are projected into
displacement errors according to the radial distance to the measured feature, so a
meaningful characterization of confidence requires 2 model of kinematic errors in the
robot. Elaboration of such a model is beyond our present scope, and we proceed by
assuming equal confidence for all data points.

While the above solution generates values for Tz and Pw which result in the
global minimum mean-squared error A for a given data set, we are not at all certain
that T corresponds to a real rigid motion. We must enforce on X the constraint

that it give rise to a real rotation in T¢g, to which we now turn our attention.
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1.4. Enforcing Orthonormality Constraints. A 3x3matrix /s orthonor-
mal if and only if its columns (and. equivalently, its rows) form a mutually orthog-
onal set of unit vectors. This requirement is compactly expressed by the condition
R'R = I. Column-wise expansion of the rotation sub-matrix 7 of 7., vields a set of

6 independent cquations that enforce orthogonality and unit length, as

I'I1P| =1
rirs = |
rary = |
rir2=0
rra3=0
rora =0 (14)

In addition to satisfying equations (14), the columns of a matrix representing rigid
rotation also satisfy r; X rp = r3, or det(R) = +1, in order to disallow transforma-
tions representing reflection. In our case we find it unnecessary to enforce this last
constraint, as reflective transformations are likely to produce a good fit only in the
case of extremely poor data. We write the orthogonality constraint equations in the

form of a vector equation,
G{x) = 0° (15)

where X is as defined in (8), and the components of G(x) are understood to be ordered
as in equations (14).

Returning to the original optimization of equation (2), we now have a lincar
quadratic objective function to minimize subject to a set of quadratic constraints on

the optimization parameters. Formally, we solve
min (x'Hx + 2x'c + k), G(x) =0 (16)

This is easily solved by the method of Lagrange multipliers [18]. We form the La-
grangian

(%, A} = x"Hx 4 2X'c + k + N G(x) (17)
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where A s the 6 x | vector of Lagrange multipliers corresponding to cach of the
(ordered) equations (141). Then the solution of the consirained optimization (16)
also minimizes the Lagrangian {(x.A). The first order sufficiency conditions for a

minimum of {(x, A) are

N(x, )
=0
ox
ol(x,A) _ .
I =G(x) = 0 (13)

which are precisely the conditions for a solution of (16).

Since {(x, A) contains terms of the form A;rjxy arising from the constraint equa-
tions, the partial derivatives appearing in (18) are nol lincar in the unknowns and
an analytic solution for (X, ) is impossible. Instcad, we apply Newton’s method to
derive an appropriate iteration. Expanding the above partial derivatives in a power
series about (Xg, Ag), discarding second and higher order terms, and combining with

(17), we obtain

di(x, ) Do, M) 8%(%o, Ao) 8%1(%g, Ao)
ox . Tox P X)—a— + (A= d) 550
= 2xLH + 2" + Ay a%(:’) +{x — x0)'(2H + %%%x_n))’)
oG
+(A = f\o)'—a(:)) (19)
%)) _ Bl(xe, o) (g, Do)
. T o (x = Xo)—5 5%
oG
= G(xo) + (x — x0) 22X (20)

ox
Equating the right hand sides above to zero and writing dx = (x—xg), d)A = (A= Xp),

we find the next iteration step [dx’dA’]’ by solving the linear system

; SN\ ' : : o)/
2H 4 TE) 36" | | gy . 2Hx0 +2¢+ 200 | _ o
) 0 ||d G(xo)

Note that vector equation (21) is composed of the data accumulators H and ¢ com-
puted in the lincar approximative solution, and derivatives of the constraint equations
G(x) which are independent of the data. This is highly convenient from a computa-

tional viewpotnt, since at each iteration we need only evaluate several simple functions
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of the constraints at the current solution [xj A} ). In addition to G{x). we also need

its gradient and the Hessian of AyG(x) with respect to the optimization parameters x,

B -

0 2r, O
0GE) _ | 0 0 2|
ax r, r, O

ry 0

0y o ]

IR2YARB WA L
FUGE) _ | WP 2P AL | 0 (22)

ax* M3 AP 20
\- QEx? 0r X%

which are 6 x 15 and 15 x 15 respectively. Note that r; in the above refer to col-
umn vectors of the unknown transformation Tejp. which themselves are elements of
the present value of the solution Xp. The symmetric system (21) cin now be solved
by standard techniques for the next iteration step. We thus obtain an iterative so-
lution for Tzx and Pw that locally minimizes the objective and satisfies the stated
orthogonality constraints.

The successful solution of gencral nonlincar optimization depends on the avail-
ability of a good initial estimate for the optimal parameters, both to minimize the
number of iterations required for convergence and to avoid falling into local minima.
We have just such an estimate available in the form of the linear solution to the uncon-
strained problem. The practical estimation procedure can therefore be accomplished
by the following prescription. For each view z of the feature point,

(i) Form the matrix A; and vector b;, and accumulate the partial suns I/ =
TiwAlA; ¢ = T wAlbg, and k= T wblb;. w; is an optional weighting
term which can be used to bias the solution in favour of more certain data, and
is inversely proportional to the expected value of the mean squared projection
error §;. We often assume all data to be equally reliable, and set w; = 1 for

all 2.
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(it) If i == 5, check the numerical condition of H. If H is near singular. then
insufficient independent constraints have been generated by the available view-
points. and more data is required before proceeding.

(iii} Obtain an initial estimate for the unknown parameters X. This may be known
a-priori, it may be the solution obtained from previous views. or it may be the
unconstrained lincar approximation to the optimal parameters. In the latter
case, compute the approximation X; = —H " 'e.

(iv) Using the initial estimate obtained above, iterate according to equation (21)
until convergence.

At convergence, we expecet that the orthonormality constraints on T¢p are satisfied,
and that gradient of the objective [unction is zero. Numerically, of course, we cannot
expect exact convergence, and must instead set thresholds on some suitable conver-
gence measures. We use the magnitudes of the constraint error ||G(x)|| and of the
step size ||dx||. When both of these measures fall below limits based on desired ac-
curacy and machine precision, convergence is inferred. Under this scheme, each time
we acquire new data we immediately generate an update estimate that utilizes all

information available thus far.

1.5. Observations on the Point Feature Formulation. Suppose that we
have at lcast five views of the feature point which give rise to 15 independent con-
straints on the solution vector. In the ideal case of noiseless data, all camera mea-
surements will be exactly consistent and the total projection error Ay, will be zero.
Since the minimum of a linear optimization with positive definite H is unique, the
minimizing parameters will be the true values. The true value Ty clearlv has an
orthonormal rotation component, and therefore the minimizing parameters X will
satisfy G(X;) = 0.

As we increase measurement error in the data, we expect the world space projec-
tions of feature points to be become inconsistent {(i.e. An > 0), and X; to move away
from the true solution. X is itself a random quantity which can be characterized by
statistical measures. For a given data set, X; will likely generate a non-orthonormal
rotation sub-matrix, and we will iterate to find the orthonormal solution X near to

Xr which minimizes the projection error. In principle, the constrained minimization
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may have multiple solutions due to local minima. Furtherimore, il the inttial valne
used in the iteration is far from the true solution, the iteration may not converge.
We therefore require that the deviation of X;p from the minimum error constradned
estimate X be small. In practice this means that extremely noisy data may vield
a lincar estimate that cannot adequately sced the fteration, and result in either a
spurious solution or a divergent iteration.

Il a good prior estimate of the unknown parameters is available, it may be used in
place of the linear solution to seed the constrained minimization. ln cases of extremely
noisy data, we expect that the lincar solution may behave poorly and an independent
estimate may be required. Since the orthonormality equations provide constraints
over 6 of the 15 degrees of freedom in the solution vector. and since cach view of the
feature point generates three equations, we infer that the constrained optimization is
solvable given at least 3 viewpoints. This number reflects the fundamental geometry
of the problem, in contrast to the 5 views required for the finear solution as an artifact
of the over-parametcrization of rotatiouns.

While the constrained estimate provides the best it to the data based on a rigid
body model of the camera/robot system, we nole that in general this estimate results
in a greater mean prediction error /A/n than the lincar estimate. This is hardly
surprising since the linear estimate is based on a model that offers 6 more degrees of
frecdom which are adjusted to obtain a better fit to the data. However, lollowing the
above discussion, we expect that the mean prediction errors associated with the two
models should not differ drastically, provided that the rigid transformation model is
appropriate to the system. In particular, if the camera intrinsic calibration or the
robot kinernatic model are very poor we expect the constrained estimate to perform
significantly worse than the unconstrained one, in terms of mean prediction errors.
If we observe such a situation, we can infer that the kinematic loop comprising caun-
era, robot and fcature point is not well modcled by the rigid transformation modei
described in Figure 2.4,

In this case, we may wish to lock more closcly at the unconstrained estimator.
This solution incorporates the degrees of freedom required to model and compen-

sate for several linear distortion modes of the camera, such as anisotropic co-ordinate
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sealing. I the unconstrained result is stable over several datasets and is significantly
hetter than the constrained result in terms of projection error. we should consider dis-
carding some of the orthonormality constraint equations or using the linear estimate
directly.

Finaily. we emphasize that our estimator makes use of all of the available data
in a symmetric fashion. Furthermore. it does so in finite memory. so that it may
be applied as a filter operating on an infinite input data stream. and continuously
delivering updated best-fit transformation parameters. As such. it provides a means
of dynamically computing a first order correction to the robot kinematic model, along
the lines suggested by Foulloy and Kelly {7] and discussed in Section 4.6 of Chapter 2.
We would like the estiinates to adapt quickly as the manipulator moves between
regions of the workspace. and this can be achieved by varving the weight assigned to
cach datum according to some criterion. The design of our estimator admits several
such schemes at very low computational cost. We now briefly explore two adaptations

of our basic approach to illustrate this idea.

1.6. Viewpoint weighting schemes. The estimator presented above makes
no assumplion as to spatial or temporal ordering of the available viewpoints. While
this is appropriate for the case of a static calibration where the goal is to minimize
projection errors over the entire workspace. it is not always a desirable behavior. Con-
sider for instance the case where our prime interest is in assuring the best possible
mapping between images captured from two viewpoints adjacent in time. Here we
intend that adjacency in time implies adjacency in space, as in the case of a manip-
ulator following a simple trajectory and stopping periodically to capture the scene.
In such a case we are not overly concerned with the quality of mapping over the
entire robot workspace, but in recovering a relative motion with the highest possible
precision.

For this purpose we modify the crror metric (4) so as to reflect only the error

incurred in mapping between adjacent frames, as

€ = Pw; = Pwi (23)
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We call this the differential form of the point-based estimator. Notice that i this
form we impose no penalty on a solution which maps poorly between viewpoints
more than one frame apart. We also completely eliminate from the nnknowns the
components of Py thus reducing the number of variables for which we need to solve.
Now the vector of unknown parameters X contains only the 12 components of 1.,

and we accumnulate at cach viewpoint the components

H S = Al (= A

c = > (A=A (bi = biy)

i

k= > (bi=bi_y)(bi =b;_y) (21)

1

where the last three columns of A; have been truncated with respect to equation (10).
The remainder of the solution now proceeds as before. If the manipulator trajectory
and image capture schedule arc such that adjacency in time implies closeness in
both space and manipulator configuration. then this formulation will reject large-
scale positioning errors of the manipulator and provide an estimate of 1., that is
optimized for merging nearby views by relative motions.

A similar behavior can be obtained by embedding view-aging in the estimator,
based on the idea that what happened long ago is less important than what is hap-
pening now. Returning to the original formulation, if we accumulate data matrices

according to the rule
Hi=aH,_; + A:-A,' (25}

and similarly for ¢ and &, with 0 < ¢ < 1, then the weight of data acquired at a
given viewpoint will fall off according to a first order decay controlled by the time
constant a. Qur rough notion of time in this example is defined in terms of the
availability of new viewpoint data on an ongoing basis, though in principle the decay
of a data set could equally well be referred to clock time, or indeed to any other

monotonically increasing quantity.
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2. Plane Features

Our development of an estimator for the camera mounting transform using single
points is motivated by our aim to minimize complexity of the image analysis on which
feature extraction depends, and to correspondingly broaden the class of scenes which
can provide the necessary constraints to our estimation process. Often we can extract
the location of a point feature with good reliability and relatively little computational
burden. where determining the full 6-DOF position and pose of a feature might be
difficult - or impossible, il the feature object possesses inherent symmetry.

Following this argument. we observe that a robot vision workeell is frequentiy
composed of a collection of objects placed on a planar surface. such as a floor or
table-top. This background surface is often considered uninteresting and ignored,
except to the degree required for placement of objects on the surface and for collision
avoidance. In cases where a background plane is known to exist and to be immobile
with respect to the manipulator base frame, we are tempted ask whether it can be
used as the invariant fcature in our dynamic calibration process.

It is not immediatcly obvious that measurements of arbitrary points in an infinite
plane can provide sufficient information to constrain an estimate of the hand-eve
transform. Note that an infinite plane in R® is characterized by three symmetries:
two directions of translation in the plane, and one of rotation about the normal.
Equivalently, we think of it as providing three constraints over the 6-DOF space of
rigid motions. Dimensionally speaking, this is no worse than the single point feature
which offers three translational constraints and three rotational symmetries, so we

are encouraged to proceed by analogy to the point feature development.

2.1. Plane Representations. A plane Q embedded in R® is defined as a set
of points v = [z y = |’ satisfying the linear relation f(v) = ez + by +cz+d = 0.
We speak of a planar surface as being parameterized by the vector of coefficients of
this expression q = [a bcd]. Recall that since Vf(v) = [a be], the first three
parameters are the components of a vector normal to the plane, and we will often
write q = [u’d]". The parameterization of the plane by q is not unique, since q and

kq describe the same plane. However, if we choose & such that k%(a® + 6 +¢®) = 1,
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Pavan.

FIGURE 3.6. Perpendicular distance from a point to a plane

then the representation is unique up to the sign of the normal. This last ambignity
is resolved for planes which do not pass through the origin if we also, arbitrarily,
insist that &d < 0. We thercfore define the canonical representation of a plane Q as

q=[abed], such that
ar+by+e=+d 0 V[jzy:=]e @
ad+¥+c 1 (26)
d €0

with the understanding that when d = 0 the representation is singular. This implies
that for planes containing the origin, sign ambiguity of the normal remains.

With this parameterization, the perpendicular distance 5 of a point w to the
plane is siinply [f(w)|- Relerring to Figure 3.6, we see that for any point v in the

plane, and with unit normal to the planc u = [a b¢]’, we have
p={(w-v)-ul=[w-u+d=|/(w)

We immediately also see that the parameter d is the (negative) perpendicular distance
from the plane to the origin.

A mechanism for transforming plane representations between coordinate frames is
also required. Using the homogeneous coordinate representation for a point p = [v'1]
and our canonical representation of a plane q, we can write the planc cquation in
vector form simply as q'p = 0. Considering two coordinate frames A and B related

by the homogeneous transform matrix T, 5, we seek a transformation 7, which maps
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the plane representation ¢, into qu. Since we must have gl,p. = 0 and q,ps = 0.

we can write

qQy(TasPa) = qpPa=0
@ Tan = dj (27)
qr = T;u-lch

We see that planes are transformed in a manner analogous to vectors by applying the
inverse transposc of the homogeneous transform matrix, i.e. Typ = (Tig) = To,.
Since the rotation part R.y of Tap is orthonormal, we have R.s~' = R, A unit
normal vector transformed by (R’_w)'1 = R.p will therefore also have unit length.
We often write the plane transformation 7,5 in terms of the components R and r; of

the natural (i.c. point-based) homogeneous transform, as
Tas = ff"” 03] (23)

—rR,s 1

The above discussion shows that the first two conditions of (26) are preserved by
homogeneous transformations of plane representations. The last condition (d < 0) is
not satisfied in general, but in our case we can avoid the problem by ensuring that all
co-ordinate systems in use have their origins on one side of the plane. This ensures
that the sign of d is transformed uniformly in all cases, and usually occurs implicitly
when the plane of interest is the background. If a transformation displaces the local
coordinate origin across the plane, we simply multiply q through by —1 to preserve

the convention.

2.2. Error Metric. We need to define a metric describing the similarity be-
tween two plane representations in order to formulate an optimization of the form of
equation (2). The canonical plane representation ensures uniqueness except in the
case where the plane contains the origin, and this can always be avoided by applica-
tion of an arbitrary constant transform. We therefore use the magnitude of the vector

difference between plane representations, as we did for point features,

€ =Qw; — Qw

&2 =lleil? = ele; (29)
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As in (1), qi; and g are J-vectors. although here they represent plane surfaces
instead of points in space.
While this has some of the desired properties of a metric. there is a dimensional
problem duc to anisotropy of the plane representation. In taking the 2-norm. we add
squared dimensionless quantitics arising from the piane normal components, to °
which has dimensions of squared length. This is equivalent to the observation that
two planes can differ in two distinct modes according to whether or not the planes
intersect. In general, there is no fundamental way to decide how to weigh each of
these modes in a single difference metric, and this manifests itself in the fact that
behavior of the metric is not independent of our choice of inches or millimeters for
the expression of d in the plane representation.
This is a serious problem for our metric, for which we will show a more general
solution in Section 3. To continue in the theme of the point formulation, however, we
introduce a scaling constant to balance the penalty applied for parallel planes which
differ by a normal translation, against those which intersect but differ in terms of the
normal orientation. We define the difference vector
e = Uy — Wy (30)

N(dw;' - dw)
where u represents the first three components of the canonical plane representation
and d the last. The scale constant & is chosen such that the two components of (30)
are comparable in magnitude for planes that are similar in the region of the workspace
over which we can acquire image data.’ We refer to the metric defined in this way as

the direct plane formulation.

2.3. Approximate Linear Solution. We now have a problem in cxactly the
same format as the points formulation, and we can proceed to a solution by the same

means. The projection of the camera frame plane to the world frame is
Qw; = (TRWE)-l(TCR')-IQC;‘ (31)

1The selection of x is necessarily scene-dependent and empirical, but we have obtained good rewults uning only
a very rough estimate of typical scene distances.
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which we combine with (30) to obtain the objective function. We write the compo-

nents of e; as

_ [ W 0 [ o =1 Ren 0*
(T,m-:) : = ch =ir, r» !'3] (rcn ) = -
—W:W | - ) o} 1
Ur - _
u U, a
u=|u, Qe = d qQuw = d, (32)
U - .
where the translation component r; is defined by ¥, = —Rc'r: as in (28). The vector
of unknown parameters x now has 16 components,
!
x= [r’l r, ry F, ul, rcdw] (33)
and the error vector can be written as e; = A;x + b;, with
Wu, Wau, Wu, 02 =I* 0
A; =
—wWu, -wiWy, —wiWu, v 0 -1
-03
b= (34)
Lﬂd

Note that we have one more equation than in the point formulation, so that A; and
b; are 4 x 16 and 4 x 1 respectively. Once a solution vector X is obtained, we find the
natural translation component of T¢p as ry = —Rcpl,.

Existence of the linear approximative solution, as before, depends on the rank of
H =¥ AlA;. Since we have four independent equations for each viewpoint and 16

unknowns, we expect no less than 4 views to be required.

2.4. Constraints. Once we have an initial estimate (via the linear solution or
by other means), we can proceed to enforce constraints. The iteration of equation
(21) applies almost verbatim, except that the constraint vector G(x) is augmented
by the requirement that the normal of the estimated feature plarne have unit length,
i.e. u;,u, = 1. This yields a total of 16 unknowns and 7 constraints.

If we already have available good estimates of the unknown parameters, these

can be used in place of the linear solution vector. In this case, the components of
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G{x) constrain 7 of the 16 degrees of freedom. which imiplies that the system can be
solved uniquely given at least 3 views.

Provided that the scale factor a is chosen so that the metric reflects a reasonable
balance between orientation and translation errors, and that viewpoints are chosen
such that H is well conditioned. we obtain estimates of the unknown transformation
Ter and plane parameters Py by a short iteration. Although good results are possible
with this technique (as we report in Chapter 1), the need for the scaling factor ~
indicates a fundamental problem with our distance metric over the space of planes.

The issue of identifying metrics over the spaces of rigid rotations and translations
has been treated in the literature of theoretical kinematics. The set of Euclidean
rotations in 3-space has the properties of an algebraic group, and is commounly re-
ferred to as the special orthogonal group SO(3) [2]. Similarly, the group of combined
rotations and translations (i.e. rigid motions) is referred to as SE(3). While it is
possible to define a distance metric over SO(3), it has been shown that it is difficult
to define a useful metric over SE(3) [20, 21]. In particular, there exists no metric
on SE(3) having the property of bi-invariance, meaning invariance with respect to
displacements of both world (i.e. inertial) and local (i.e. moving) frames of reference.
Furthermore, efforts to devise a metric invariant with respect to one frame or the
other requires the introduction of an arbitrary scaling factor relating rotational dis-
tances to translational ones. Our problem with plane metrics is subsumed by that of
metrics on SE(3), as planes are parameterized in a space composed of two degrees of

rotation and one of translation.

3. Partitioned Plane Formulation

The foregoing development of the direct estimator for plane features proceeds by
close analogy to that for points, with little attention to the information content of a
plane representation derived from range data. Closer examination of the transforma-
tion constraints provided by a detected plane allows us to develop an estimator that
circumvents the metric scaling problem discussed above.

Examining the linear objective function expanded in equation (34), we observe

that the first three components of e; are independent of the translation part of T and
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of the d element of the world plane vector gy, as well as of the translation parameters
of the data The, and q..;. We expect this since the plane normal measured in camera
frame is transformed to its representation in the world frame by a sequence of pure
rotations. The translational components, however. depend strongly on the rotational
QNes,

This suggests a natural partition of the procedure for plane fcatures whereby we
first solve for the best camera rotation on the basis of consistent mapping of normals,
and then fix the unknown length parameters on the basis of the optimal rotation.
Although partitioning an optimization in this manner will not generally yield a glob-
ally optimal solution, there exists no definitive measure of optimality in the absence
of a meaningful invariant metric over the entire space of plane representations. We
therefore begin by solving for the camera hand-eye rotation which most consistently
maps all observed unit normal vectors to a constant unknown normal in the world

frame.

3.1. Solving the Optimal Rotation. We scek the rotation sub-matrix R of
the camera hand-eye transformation Tz which best maps each camera frame repre-
sentation of the plane normal to a single world frame vector. A suitable metric for
evaluating the distance between transformed unit normals is required.

The natural metric for unit vectors is geodesic distance on the unit sphere, which
is simply the angle 8 between two vectors. If instead we consider the straight-line Eu-
clidean distance, or magnitude of the vector diflerence, we obtain a metric that varies
as /T = cosf with respect to the geodesic metric. Since this relation is monotonic
over the range 0 to 7, we use the more convenient difference metric in our formulation.

As in previous developments we obtain a linear quadratic expression for the ob-
jective function for which we can directly compute the minimizing parameters, and
then iterate to enforce the constraints. The components of the objective function are
writien in terms of the measured data and the unknown parameters, via the kinematic

loop of Figure 2.4. For each view ¢ we have, with definitions as in {32),

e; =WRu—u,
=u,Wr; + u,Wro 4+ u.Wrz —u, (33)
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and wish to minimize

"
min Z ele (36)
RER T
negl’

Here  is the set of Euclidean rotations. and I' the set of unit vectors in £, Egnation
(35) 1s lincar in the 12 components of the unknowns A aud u,.. so we cast this

expression in the standard form by defining the vector of unknown pavimeters as

r
'
xe=| 7 (37)
ry

_u IU-

This results in a homogeneous lincar formulation e; = A%, at cach viewpoint, with

Ay = [H*'u,. Wu, Wu, —-I;,] (38)

Considering all available viewpoints we now minimize
! ! t .
A = z etef = Zxr Ar,-/‘.-,-xr (-;9)
i i

This expression has a minimum for X; such that (¥; AiAL)X: = X7 = 0. This
implies that we seck a nonzero vector X; in the null space of /., or equivalently in
the null space of the design malriz A, = [Ary ... Ar ).

This poses a more difficult problem than the non-homogencous linecar systems
previously encountered. One difficulty is that solutions are not unique, except in the
degenerate case where the system matrix has full rank and the solution is the zero
vector. In general, we have a family of solutions of the form x = ¥ ex%,., where the
set of vectors 9, form a basis of the null space. I the system matrix has a nullity?
greater than one, then construction of the best solution (in terms of the objective)
that also satisfies some constraints may be difficult. If the system matrix has a nullity
of one and we know that a solution exists, then the solution must he ¢, where 9 is
the unique null direction of the system matrix. It then suffices to choose € so as to

satisfy the constraints, which must be possible if a solution exists.

2The nuility of matrix A is defined as the dimension of the null apace of A.
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We first consider the case of perfectly consistent, noiseless data. It can be shown
by construction that there exist sets of four or more viewpoints such that the nullity
of H, is one. We also know that a solution with Rcj, orthogonal and u,. unit-length
must exist, so {f, cannot have lull rank for any collection of consistent views. We can
therefore construct a solution Xg; = ¢ by finding the null space basis vector 7 and
choosing ¢ so as to satisly constraints on Xg;.

If the data are noisy, then H; will generally have full rank. However, the nonzero
%o which minimizes || H.Xz||2/||%Xz]|2 lies in the dircction %) that is closest to the null
space of H.* Furthermore, we expect that unless the data arc extremely noisy, we
can choose ¢ so that X3; is close to the constraint surface, and use it as the initial
estimate for iterative enlorcement of the constraints.

The vector closest to the null space of H, is obtained in a reliable way by the
singular value decomposition [9, 23]. The SVD of H. is the triple of matrices U, A, V,
defined such that

UAV' = H, (40)

where U/ and V are orthonormal, and A is diagonal. The elements of A are the
singular values ¢; of H.. A useful property of the SVD is that the columns of U
corresponding to nonzero singular values form an orthonormal basis for the range of
H, and the columns of V corresponding to zero singular values form a basis for the
null space. If H, has full rank, then the column vector ¥ of V corresponding to the
smallest singular value is closest to the null space, in the sense that X7 = 1 minimizes
| HeX |/ 11Xz -

We compute the SVD of H; (or of A, if high numerical precision is preferred over
finite memory usage), and find the unit 12-vector 3 corresponding to the smallest
singular value. Since by convention singular values are ordered in descending magni-
tude, the condition number of H; is ¢12/01, and indicates how close the matrix is to
rank-deficiency. This is an indicator of the degree to which the data is consistent with
the projection model (recall that, in this case, we desire a singular matrix). Another

useful indicator is the ratio o12/011, which measures how clearly we can discriminate

3Note that ||z|lz is the 2-norm of =.
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the null direction {rom other directions in parameter space, We call this indicator the
detectability of the unique null direction.

Having determined 2f, we need to choose & such that with 3, = ¥ the con-
strainis are most nearly satisfied.  Evidently we have no control over the mutual
orthogonality of the columns of R, which comprise X3, nor indeed over their refa-
tive magnitudes. The best we can do is to note that if X, satisfies the constraints, then

I%cllz = 4. Since {|#p||2 = 1. we set & = 22, choosing the sign such that det( R, > 0.

3.2. Enforcing Constraints. The initial estimate obtained above may be
taken as the final solution, f{ollowing the discussion of Section 1.5. More olten we
will use it to seed an iterative procedure to enforce the parameter space constraints
of our projection model. As in the first formulation for plane features, we have seven
constraint equations forming the vector equation G(x) = 07. Six of these enforee
orthonormality on R, and one assures unit length of the world-frame normal u,,.
We use the iteration of equation (21), with b = 0 and the gradient and Hessian of
the constraints constructed according to the definition of the vector of unknowns x.

Provided that the initial estimate is sufficiently close to the minimum of the
constrained objective function, the optimal estimate of the rotation part Ry and the
world plane normal vector u,, is obtained at convergence. Recall that these estimates
are obtained without use of any data having units of length, and that we have yet to

fix estimates for the unknown translational parameters.

3.3. Solving the Optimal Translation. Here we present two methods for
estimating the translational components of the unknown parameters. Method 1 fol-
lows directly from the direct estimator for plane features. Mcthod 2 addresses some
of the inherent weaknesses of Method 1, but to our greal surprisc often generates
estimates that are inferior to those obtained by Method | in simulation. We do not
as yet fully understand why this occurs, and leave this issue for future investigation.

For completeness we report both methods, and comment further on the failure of
Method 2 in Chapter 4.

3.3.1. Plane translations - Method 1. Examining equations (34) we sce that the

equation corresponding to the fourth element of e; can be used to constrain the

11
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nnknown translational parameters. Onee the rotational parameters Re, and uy arce
fixed, we are feft with an expression for the translational crror that is linear in the
unknowns F, and d,,. Delining the vector of unknowns x as
I,
X = (1)
) dm

we rewrite the fourth row of equation (34) as ¢; = A;x + b;, with

A = [ur _1] b = — w W Ru + d (42)

with u, w,, W and R defined as in (32). The minimizing parameters arc then found
as usual by computing X = (I; AA;)™ T Alb;.

This computation can be performed in finite memory, but the fact that the terms
of ¥; A'A; and ¥; A'd; depend on the rotational estimates (which change as more
views arc acquired) makes this difficult. It is possible to factor the rotational esti-
mates out of the above expressions so that summation is performed exclusively over
measurement data. This comes at the cost of storing a larger number of independent
scalar quantitics than would be required for the direct evaluation of X, but allows us
to achiceve a finite memory implementation of the estimator. We discuss this factor-
ization further in connection with the finite memory implementation of Method 2 in

Scction 3.4, where the problem is much more difficult.

3.3.2. Plane translations - Method 2. In the direct formulation for plane fea-
tures we used the homogeneous 4-vector derived from the plane equation to obtain
a simple algebraic metric for comparing planes. This metric is a weighted sum of
two components: the magnitude of the vector difference of unit normals (which we
also used in the improved formulation), and the magnitude of the difference in the
translational components d, of canonical plane representations. Geometrically, the
fourth component of the canonical plane vector is the perpendicular distance from
the plane to the coordinate origin. Obviously d; is not frame invariant, and neither
is the difference |d; — d;| between two distinct planes. This is easily seen by con-
sidering two perpendicular planes, and moving the origin along directions normal to
cach plane. Also, d; may represent a distance from the origin to some point on the

measured plane that is distant from the region that was visible to the camera, as will
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be the case if the surface is steeply inclined with respeet 1o the camera view direction
and the camera sits at the origin. In this situation. d, is not well supported hy the
measured data. and its variance is much higher than that of less oblique views, This
ceffect should be compensated for. but thus far we have no means of doing so.

We can obtain a metric that is both frame invariant and well supported by the
data in a natural way by using the perpendicular distance of a point to a plane, For
a canonical plane q and a point p. this distance is simply |g'p|. Il we have a point in
the camera frame known to lic in a plane. we transform this point to the world {rame
and measure the perpendicular distance to the world representation of the plane. The

metric thus has the form

§ = q:va-.':‘TcuPi (13)
Writing the constituent transforms in terms of rotation and translation components
as
R r u,, Vi

T i = = q . = p'
S “Tlo 1 Y, 1

we expand the metric equation to obtain
& = ul (WiRv; + wy) + u Wir, + d,, (-4}

The metric is linear in the unknowns and is written for cach viewpoint 7 in standard

form A;x + b; = 0 with
x= Ai= [u:uW,- l] b; =ul (W;Rv; + w,;) (15)

The total error A = ¥; [|Aix + b;]|3 is minimized by lincar least squares, and the
solution is X = —(T; A1A;)™' T Alb.

It now remains to determine a suitable point p; at cach viewpoint. Since we aim
to choose a point that is well supported by the camcra measurements, a reasonable
selection is a point at the centre of the camera field of view. We call the line containing
such points the line of sight. Recall that the data we acquire at cach viewpoint consist
of a set of samples of a surface from which we extract by segmentation those which

correspond to the feature plane. We then find the plane paramcters qc; which best

13
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fit the data - typically. in a least-squares sense - and use the resulting canonical plane
representation ax an atomic datum in our estimation process. Since we gencrally know
the gaze direction of the camera expressed in its own frame. it is a stimple matter to
intersect the camera line of sight. with the measured plane. We thus obtain the camera
frame coordinates of a virtual point on the plane that is centered in the field of view.
This point is known more precisely than any range data point because it is derived
from many independent point measurements, and it is guaranteed to exist for any
planc not containing a vector along the line of sight.

In our camera. the line of sight centred in the camera frame is simply the z-
axis of the camera coordinate system. We therefore fix v, = v, = 0 and solve the
plane equation for v.. Defining qc; = [a; & ¢« di) and vi =10 0 =]'. we find
2i = —(d;/c;). We can always introduce a change of coordinates such that any camera
satisfics this model, provided that the line of sight is known in its natural frame. This
will be useful in the following section, where we make use of the fact that v; reduces

to the scalar quantity =;.

3.4. Computing Translation in Finite Memory. We now consider finite
memory estimation of translation for the partitioned plane formulation. In the follow-
ing discussion we derive the finite memory version of Method 2, as this is somewhat
more chailenging than that of Method 1. For the sake of brevity, we merely state that
the same approach is used to derive a finite memory implementation of Method 1.

The least squares solution to system (43) is easily computed if we have available
all of the original data Trw; and p; at each viewpoint at the time when we fix R and
u, from the rotational estimator. To execute this computation in constant memory
for any numiber of views we must perform the summations ¥; ALA;, 3°; Alb; and T, b7
as the viewpoint data arrives and discard the raw data. The fact that the solution of

the rotation estimator [R u,] appears in A; and §; makes this somewhat difficult.
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The terms required are

.-1:"1:' = H-l"u“'u“"”.i ”':uu-
u“-’l‘-,‘ [
W H"i‘"'l'v'-"'-l"-"‘‘.:' RV:’ + “":UwUn"Wn
I's I'D,' -
uu-’H ',' R\',— + u“.'w“
b:-' = (uw’”'viRvi)z + 2(11“',“"’;'RV:’)(UH"WH) + (u“-'wt.‘): (“3)

where 7 is used only if we desire to know the RMS projection error at the optimal
solution. We would like to bring uy- and A outside the summation so that these
functions can be evaluated on demand in a constant number of operations. The
required factorization is not immediately obvious, but it can be done succinctly based
on the following result.

In general, given matrices M, @ and vector n. which are n x m.n x g and n x|

respectively, we form the product
P=Mnn'Q

Expand the elements of P in terms of the column vectors m; and q of M and @,

and use the fact that
(min)(n'qe) = ('q)(mn) = n'(qum})n
since scalar multiplication commutes. Now P can be written component-wise as
Pj. = n'(qumi})n (47)

Using this result we can compute 3°; F; component-wise as 3_;( F);x = n'(Z; qem))n,
which is what we require for a finite memory computation of the estimated translation.
We also use the fact that the term Rv; collapses to a vector-scalar multiplication

under our construction of p¢;. Since v; =[0 0 z] with 5; = —di/e;, we have

Rv: =r1az;
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Now we can proceed to factor (16) and obtain

Saa=| M &
i o un"(Z:’ ”t) [0
[ Lry+e
Z Al = _r';
; L“w’(Z; WO +u' owy
Z b;?, =r§,!-‘r3 - '.ngf + uw'(z Wzngi)utﬁ' (IS)

where n is the number of views, and matrices M, E. F and vectors e, f are defined

component-wise as

My, =uw’(z Wkw_:' Py

' ’
Ejk =y (z .‘..','Wij)uw

t

f‘:ik =uw’(z 3?Wkwf,' )uw
3
e; =u.,,.’(z Wy WUy (49)
H

f; =u.'( :;w,;w})uw (50)

i
All summands in the above expressions are functions of the data at view ¢ only. By

accumulating the appropriate sums we can easily evaluate the minimizing solution

r! d,,) and the RMS error /A/n for any given R and u,y, using only finite computing

resources for any number of views.
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CHAPTER 4

Experimental Results

In the preceding chapter we have developed three estimation schemes for the range
camera hand-eye transform. Here we report the results of our experimentai analysis
of estimator performance. Simulation is used extensively to characterize the behavior
of the estimators against a known ground truth model. We then demonstrate the
partitioned estimator for plane [eatures using recal data gathered from the active

vision workcell in our laboratory, where the true parameters are unknown.

1. Selecting Viewpoints

An important issue in maximizing cstimator accuracy is the selection of a set
of viewpoints which adequately constrains the solution. Given some current set of
viewpoints, we seek a rule to determine the next viewpoint so as to best constrain
those modes of the estimate which are most uncertain. Equivalently, we would like
to choose a trajectory that maximizes the observability of the parameters we are at-
tempting to estimate. This style of viewpoint sclection strategy has been proposed
and explored at length by Whaite and Ferric [38, 39, 40, 37, 36] in the context of
autonomous exploration. In their work the unknown model parameters describe ob-
jects in the workspace, and the goal is to collect data from a set of viewpoints so as
to most rapidly reduce parametric uncertainties. The similarity to our present view-
point selection problem is immediately apparent, but application of these methods is
nontrivial.

A minimal requirement for generating a useflul viewpoint trajectory is avoidance
of degenerate viewpoint combinations, i.e. trajectories which constrain the estimates

very poorly. Intuitively we expect that recovery of 6 DOF rigid transformations
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requires that we also drive the camera/robot complex through 6 DOF motions. Ex-
perimentally we have found that trajectories composed only of pure rotations, pure
transiations, rotations about a fixed axis or similar simple gcometries are typically
degencrate, in the sense that numerical condition of the resulting estimate is very
poor. By contrast, randomly chosen trajectories tend to constrain the estimates well.
since the probability of any particular geometric degeneracy is infinitesimally small.
An appropriate heuristic is therefore to choose random viewpoints subject to feasi-
hility constraints, and to avoid trajectories which arc confined to simple geometric
surfaces such as planes or spheres.

A question of some interest is whether a given task-driven trajectory planning
scheme generates viewpoints that are also suitable for dynamic calibration. Trajecto-
rics gencrated by next-best-view exploration algorithms tend to exhibit complexity in
proportion to that of the scene. and we expect these to be capable of supporting dy-
narmic caltbration over most typical scenes. The semi-random trajectory generator we
describe below has a behavior similar to one class of viewpoint planning algorithms, in

that it is derived by applying small deviations to a nominally hemispherical trajectory.

2. Generating Semi-random Trajectories

Our simulation of the camera/robot system requires that we generate a series of
camcra viewpoints that suitably constrain the estimators. We ensure that viewpoints
generated by the simulated trajectory are actually feasible for a real camera, by dis-
allowing views where the feature target is outside the range of view of a reasonable
camera model. The fact that one side of an object is often occluded by the surface
on which it rests is also incorporated. Finally, the resulting displacements approxi-
mate the feasible displacements of a real manipulator. Within the bounds of these
constraints, the desired trajectory is determined randomly.

The semi-random viewpoint generator is constructed as follows. We begin by
choosing the true world co-ordinates of the target feature, which is either a point or a
plane. We also choose a true value for the simulated camera hand-eye transformation
Ter. For each desired viewpoint we place the simulated camera on the surface of a

hemisphere centered at the feature point, or in the case of plane features we arrange
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for the centre of the hemisphere to lie in the target plane. The hemisphere radius
is randomly selected in an interval appropriate to the manipulator and camera en-
visaged. Longitude and elevation angles for the camera position on the hemisphere
are selected from uniform distributions over feasible ranges. Finally, we perturh the
camera orientation by random tilt. pan and twist angles with respect to a nominal
radial gaze direction. With this determination of camera orientation and position it
is a simple matter to compute the robot end-effector position from T4, as well as the
camera frame projection of the target feature. The resulting semi-random sequence
of views typically constrains the estimator very well. while respecting many of the
{easibility constraints imposed on real manipulators and sensors. The actual values

used in our simulation appear in Table 1.1,

Parameter Value Units
true camera orientation Rcy (Euler angles) -33.0, -1.9. -91.00 deg
true camera translation teg 47.0, 37.0, 233.0 mim
true fcature point coordinates 100.0, -200.0, 150.0 mm
true feature plane normal -0.1078, 0.2157. -0.9705 -
true feature planc offset -10738.3 mm
viewpoint longitude 0 - 360 deg
viewpoint elevation 25 - 80 deg
view sphere radius 250.0 - 750.0 nun
camera tilt -20 - 20 deg
camera pan -20 - 20 deg
camera twist 0 - 360 deg

TABLE 4.1. Simulation parameters

In order to simulate model and measurement error in the kinematic loop, we in-
troduce an additional homogeneous transform between the robot end-cffector and the
simulated camera. This transform is nominally the identity, and represents the dif-
ference between the actual and observed positions of the end-effector. Translational
disturbances are created by adding a random translation vector to the transform,

where this vector is derived from a multivariate normal distribution. To simulate
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rotational disturbances we derive an axis of rotation from uniform latitude and lon-
gitnde angle distributions. and then rotate about that axis by a nermally distributed
random angle. Note that the magnitude of the total disturbance is fully described by
two quantities: the variance of the translational disturbance o7 = 67 + o2 + o2, and

the variance of the angle of rotation 7.

3. Simulation Results

3.1. Condition Indicators. The condition number of matrix # in equation
(12) is an indicator of how well a given set of viewpoints constrains the estimated
parameter set. Figure 4.7 shows typical values of the condition number 7, /o, for the
point formulation under both noiscless and moderately noisy simulated conditions.
With fewer than five viewpoints, the numerical condition of the system is extremely
poor, and we make no attempt to obtain a solution. The condition improves to
greater than 107! after five views, which is sufficient for computation of a stable
lincar estimate. The direct plane formulation exhibits a similar behavior, rising to
10~* after five views. From a strictly computational point of view these are rather low
condition numbers, and we generally apply the technique of column-weighting before
attempting to invert matrix H [9]. We have observed improvements of numerical
condition up to five orders of magnitude by this technique, resulting in a more stable
computation. We also use double precision arithmetic throughout to avoid loss of
precision due to numeric underflow.

The condition behavior of the direct plane formulation is also a function of the
metric scaling constant &, which suggests that we might attempt to choose & so as to
maximize the condition number for a given view combination. Unfortunately this rule
does nnt generally yield good estimates. We have found empirically that 2 more useful
guide to the selection of & is obtained by minimizing the constraint error ||G(x;)|]
obtained for the linear approximation x;.

In the case of the partitioned plane estimator there are two useful condition
indicators. The condition number of H should be small, as we require that H be
singular in order to yield a useful solution. We are also interested in a measure of

uniqueness of the null direction of H. Since the singular values of a matrix represent
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Numerical Condition - Direct Estimators
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FiGURE 4.7. Numerical condition (ay /o) of the direct estimators, for simulated
data. di is the standard deviation of the magnitude of the translational disturbance
signal, and dr is the equivalent measure for the rotational disturbance (see text).
The number of viewpoints supporting the extitmate appears on the horizontal axis,
Note that views are discrete events, and that we show connected curves for clarity
of presentation.

gains of the system along particular basis directions, we expect the gain in the (unique)
null direction to be significantly smaller than that in any orthogonal direction. We
therefore define the detectability of the null direction as the ratio of the two siallest
singular values 12/, where the singular values are ordered from largest to smallest.
When detectability is close to 1.0, the unique null direction is not well defined and we
can expect that the linear orientation estimate will be poor. Figure 4.8 shows that
the null direction of H is discriminated by about three orders of magnitude after four
views in the case of moderately noisy data, which is sufficient to provide a reliable

initial estimate of the rotational unknowns.

3.2. Residual errors. The RMS residual crror provided by an estimator is
useful to us in two ways. We noted in Chapter 3 that we expect the residual of a
constrained estimator to be somewhat higher than that of the corresponding uncon-
strained linear approximation, and the difference between these values to decrease as
more views are acquired. Residuals that do not behave in this fashion suggest that
the projection model used in the estimator is inappropriate, which may result from
inaccurate intrinsic calibration of the camera or manipulator, or from variation of

quantities that are assumed constant.
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Numerical Condition - Partitioned Plane Estimator
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Ficurt 4.8. Condition number and detectability (see text) of the rotation part of
the partitioned plane estimator. With at least four views the null space of the lincar
system 15 well defined by a single direction corresponding to the smallest singular
value.

In addition to providing diagnostic information, the residuals also yield an esti-
mate of the mean projection error that can be expected when we use the estimated
camera transform to compute the world frame representations of camera frame ob-
servations. The error metric of the point feature formulation has pure dimensions of
length, and the RMS residual represents the expected error in the world frame co-
ordinates of a point when that point is projected by the hand-eye transform and the
manipulator kinematic model. This provides an independent performance measure
for the combined camera/manipulator system over a specific part of the workspace.
Residuals of the partitioned plane estimator are interpreted in a similar fashion. The
utility of direct plane formulation residuals is not as clear, since these are not dimen-
sionally pure.

Figure 4.9 shows a tvpical simulation sequence of residual errors for the point
formulation using a semi-random trajectory. The end effector is subject to a trans-
lational disturbance with a standard deviation of 20mm. The constrained residual is
inttially much larger than the linear one, but these rapidly converge to yield a stable
estimate of the true disturbance magnitude. In the case of rotational disturbances
(Figure 4.10), convergence to a fixed value occurs similarly. Note that rotational dis-

turbances map into point measurement errors according to 6t = ré8, where r is the
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RMS Residuals - Point Estimator, Translational Distuthance (20mny)
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FIGURE 4.9, Simulated RMS residual errors for the point formulation, using o
semi-random trajectory. A normally distributed translational disturbance (o =
20mm) is applied to the end effector at cach view. Measuretents of the rotational
component of end cffector pose arc noiscless.,

RMS Residuals - Point Estimator, Rotationa! Disturbance (6 deg)
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FiGUre 4.10. Simulated RMS residual errors as in Figure 4.9, with a rotational
disturbance (¢, = 6°) applicd to the end effector. As in the case of translational dis-
turbances the lincar and constrained residuals converge as more views are obtained,
indicating that the constraint model is consistent with the data.
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distance lrom the end effector to the target point and which is varving randomly in

our simulation,

3.3. True parameter errors. The performance of an estimation scheme is
best measured by its ability to recover the true values of a set of unknowns in the
presence of measurement noise. In simulation the actual parameter values are known,
so we can determine parameter crrors with respect to ground truth. This information
is valuable in cvaluating performance of the method, and also in interpreting the

results of real data experiments where ground truth is unknown.

True Parameter Errors - Point Estimator

Camera Translation Error

cIT 4 . -
{mm) - === World Point Error
2+ . .
0 e
] 10 15 20 25 30 35 40 45 50
Views
1
0.3F -
0.6k Camera Rotation Error -

5 10 15 20 25 30 35 40 45 50
Views

FIGURE 4.11. Magnitudes of the true parameter errors of the point feature esti-
mator, with ¢, = 1°, oy = S5mm. We also show the RMS residual error, which
indicates the combined eflfects of rotational and translational disturbances on world
frame point projections for a typical viewpoint,

True parameter errors for the point feature estimator are shown in Figure 4.11.
Parameter errors are initially of roughly the same order as the disturbance magni-

tudes, and decrease rapidly over the first fifteen views. This underscores the value
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of redundant measurements, since schemes based only on sufficient data to constrain
the parameters would yield the same results as onr tive-view estimate. As more data
is collected the incremental improvements diminish, and n this simulation there is
little practical benefit in collecting more than thirty views. The point past which
additional views bring insignificant improvement is determined by the disturbance

amplitude, as well as by the perceived cost of collecting views.

True Parameier Errors - Point Extimator

E-‘gm) 4 — Camem Transltion Error -
====World Point Error
2 - -
0
10' 10° 10’ )
Vicws
|

Camera Rotation Error

0}

Views

FiGURE 4.12. Evolution of the true parameter errors of Figure 4.11 over 5060
viewpoints. Parameter errors decay very slowly, in a roughly exponential manner,
Note the logarithmic scale on the horizontal axis.

Despite the diminishing rcturns apparent in Figure 4.11, we expect the estimated
values to converge to the true values in the limit of increasing viewpoints. Figure 4.12
shows that estimation errors do indeed drop significantly as data arc added, although
at an ever decreasing rate. After 5000 views, true paramecter errors for the camera

transform are less than 0.02° and 0.1mm.
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True Parameter Errors - Plane Estimator, k=1
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FIGURE 4.13. True paramecter errors for the direct plane formulation, in moderate
noise canditions { o, = 1°, 6, = 5mm ), and with length scaling factor £ = 1.0. The
lincar approximation is very poor with less than ten views, and convergence of the
constraint enforcement iteration is slow, As more data becomes available the linear

solution improves, convergence is more rapid, and ground truth parameter errors
become comparable to the sensor noise level.

True parameter errors for the direct plane formulation with length scaling factor

x = 1 appear in Figure 4.13. With fewer than ten views the linear estimate is
unreliable, and the constrained optimization typically requires ten to twenty iterations
to achieve a rather poor solution. The situation improves rapidly, and after 25 views
a stable and fairly accurate estimate of the unknowns is obtained. The value of
x strongly influences both quality of the lincar approximation and accuracy of the
estimated paramcters. Figure 4.14 shows results over the same data set with £ = 0.01,
which is a value suggested by the observation that there are approximately two orders
of magnitude between typical distance measurements (expressed in millimeters) and

components of unit normals {order of 1.0). This vields reasonable solutions with as
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True Parameter Errors - Plane Estimitor, k = .0)
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FIGURE 4.14. True parameter errors for the direct plane formulation, with the
data set of Figure 4.13 and x = 0.01, Perforinance of the estimator is significantly
improved, particularly for small numbers of viewpoints.

few as five views, as well as reduced ground truth crrors overall. The need to select a
suitable & based on typical dimensions of the problem at hand is a weakness of this
formulation as the criterion for optimality of x is unclear. Despite this limitation,
parameter estimates with tolerances comparable to sensor noise can be obtained at
the expense of collecting more views, with only a very coarsc tuning of x.

The partitioned plane estimator improves significantly on the dircct formulation
by eliminating the problem of choosing &, as well as reducing overall ground truth
parameter errors. Results of this method for the same data set as Figures 4.13 and 4.14
are shown in Figure 4.15. The linear estimates seed the iteration well, and convergence
is typically obtained in less than four iterations. Here we use Method 1 to estimate
the unknown translational components. Estimated paramecters are rcasonable for
small numbers of views, and with twenty viewpoints the true values are recovered

4
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Truc Parameter Errors - Partitioned Plane Estimator
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FIGURE 4.15. True parameter errors for the partitioned plane formulation, with the
data sct of Figure 4.13. Rotational parameter errors decay quickly, but propagation
into the translation estimates causes relatively large errors there. As the rotation
estimate is refined, translation parameter errors decrease accordingly.
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Simalated Camera - Extimated Parameter Deviations

)
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Ficurz 4.16. Time series behavior of the estimated camera parameters, with the
data set of Figure 4.13. All parameters are shown as deviations about their stable
values, which we take to be the values obtained with fifty viewpoints. Rotational

parameters are expressed as @ — y — z Euler angles.
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to a tolerance well within sensor noise.  Translational parameter errors are large
with respeet 10 the point feature formulation for a given number of views {compare
with Figure 4.11), but fall rapidly enough to vield uscful results economically. The
recovered parameters appear in Table 1.2, We show time series behavior of the
recovered camera parametess in Figure 1.16. as this reflects stability of the estimate

without reference to the ground truth parameters.

Parameter Valuce Units
camera orientation fq, (Euler angles) | -82.93, -1.81, -90.92 deg
camera translation tey 45.29, 35.95, 232.19 mm
fecature plane normal uy, -0.1077, 0.2153, -0.9706 -

feature plane offset d,. -1076.6 mm

TaBLE 4.2, Recovered simulation parameters, g, = 1°, 6, = Hmm, 50 views

The fact that translational parameter recovery is slower than the point feature
casc results from two issues. Translations in the partitioned plane estimator are
solved subject to a rotation estimate that minimizes only orientation errors, and
therefore propagates a bias to the translational estimate. In addition, plane features
provide only one length-dimensioned datum per vicw as opposed to three per point
measurement, so we expect the plane formulation to take somewhat longer to acquire
equivalent translational information.

We have run numerous simulation experiments using Method 2 to estimate the
translational parameters. In the case of noiseless data the unknowns are recovered
correctly, and in the case of translational disturbances of ihe end effector the results
are comparable to those of Method 1. Hewever, Method 2 exhibits a very high
sensitivity to rotational disturbances, and in the case of large perturbations generates
very poor estimates. We do not completely understand why this formulation fails
to generate reliable estimates, although it seems a likely consequence of the fact
that we discard information by considering only the point or the line of sight in the
translational crror metric. Since Method 2 has failed to fulfill our expectations, the

issue of finding an elegant solution to the plane metric problem remains for further

study.
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0 4. Vision workcell calibration results

FIGURE 4.17. Active vision workeell at the McGill Centre for Intelligent Machines.
A scanning laser range finding camera is affixed to the end effector of a PUMA 560
robot. A table directly beneath the robot base provides a suitable surface for scene
objects, and also serves as the reference plane in our calibration process,

The robot vision workeell in our laboratory is based on a PUMA 560 industrial
robot and the NRC/McGill scanning laser range-finding camera. The base of the
PUMA is attached to the ceiling directly above the workspace table, and the camera
is rigidly fixed to the manipulator end-etiector (Figure 4.17). With this configuration
we can conveniently explore objects on or above the table surface in a useful working

. volume of several cubic meters.
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o We use the partitioned plane formulation to recover the hand-eve transformation
of our mebile camera, The tabletop itself is used as the calibration feature. We select
a series of views of the table surface using an interactive robot contrel interface.
ensuring 1o avoid degenerate viewpoint combinations as described n Section 1. At
cach view position we acquire a 64 x £% pixel range image of a part of the tablctop.
and fit. a plane to cach image by lincar least-squares. We also record at cach position
the robot base to end-cffector transformation Ty which is calculated from known
kinematics of the PUMA by the RCCL [17] robot control system. We thus obtain

a stream of (T, q;) palrs which are provided as input to the partitioned plane

cstimator.
Estimated Parameter Deviations
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20} Tl
(mm) O- - . oro>zs -
2080
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(]
]
-40
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FIGURE 4.18. Deviations of the recovered camera parameters against increasing
numbers of views. The rotational parameters are Euler angles.

Figure 4.18 shows deviations of the recovered parameters against increasing num-

. bers of views, for a typical trajectory. Estimates based on fewer than ten views are

62



1o EXrrRIMENTAL Resens

poorly constrained. indicating that the data are {airly notsy. After twenty views the
situatien has stabilized significantiv. aud the recovered camera pose parameters re-
main confined within a band of approximately £0.2° and b, Rotational RNIS
residual errors for the lincar and constrained solutions are very close and nearly con-
stant after twenty views, at a value of 1.1°. The recovered parameter values appear

in Table 1.3.

Parameter Value Uinits
camera orientation Rqp (Luler angles) -90.43. -0.39. -30.2 deg
camera translation teg 21000, -13.7, 21301 nin
feature plane normal u,, -0.0175, 0.0252, -0.9995 -

feature plane offset d,, -896.5 min

TABLE 4.3. Recovered parameiers for the active vision workeell

These figures indicate relatively high noise conditions. In particular, the RMS
rotation residual error suggests that we can expect end-cffector orientation errors of
the order of a degree or more, which at a typical end-effector to scene distance of
500mm results in translational perturbations of roughly 10mm. We are therefore not
surprised that uncertainty in ihe camera translational parameters is of the order of a
few millimeters, as this is consistent with comparable simulation resalts.

The RMS orientation error also serves to predict typical performance of the work-
cell in terms of its ability to accurately integrate data from multiple viewpoints using
only the recovered hand-cye parameters and robot kinematics. Under similar oper-
ating conditions we should expect an absolute orientation error in the range of 1.5°,
which for many purposes is considered adequate. Displacement errors in view in-
tegration vary with the end-effector to target distance as rsin (1.5°), and are casily
20mm or more for typical distances. This is clearly a large crror if we are imaging
objects with dimensions of a few hundred millimeters, and illustrates the need for
either (i) very high precision manipulators, or (ii) fine-grained view correspondence
algorithms based on local feature matching. Figure 4.19 shows a typical integration

of two views of an object using the estimated hand-eye transform. While there is
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FIGURE 4.19. Results of a typical view integration, using the recovered camera
hand-eye transform. The pyramid is 130mm wide at the base and 30mm at the
top, and was imaged from two viewpoints roughly 500mm from the object. One
view is tendered here as a shaded surface, while the other is shown as a grid.
Displacement crrors between the two projections of the pyramid are about 10mm.

significant displacement error the result is as good as we can expect considering the

accuracy of the manipulator, and is quite satisfactory for coarse integration.
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CHAPTER 5

Conclusion

We have presented a class of solutions to the hand-eve calibration problem for range-
finding cameras that is strongly motivated by practical considerations. Qur approach
relies on measurements of scene features that are common in typical scenes and that
are easily extracted, rather than depending on results of difficult pose estimation
or correspondence problems as input to our procedure. We emphasize the value of
redundant measurements for suppressing noise, and visualize dynamic calibration as
an ongoing refinement of the measurement model that maximizes self-consistency of
the acquired data. Our solutions admit finite memory implementations, and can be
applied as filter processes on infinite input data streams.

Our development has focussed primarily on a particular calibration task, but our
approach is applicable to a broad range of problems. We have used these methods in
our laboratory to determine the base frame transformation between two co-operating
robots, where one is used to manipulate the range-finding camera, and the other
performs grasping tasks within the common workspace. Our solutions for the hand-
eye calibration problem are directly applicable to the two-robot problem by a simple
reorganization of the input data. We are presently investigating the application of
a similar method to hand-eye calibration of a range camera mounted on a mobile
rolling robot. We expect this problem to require the addition of constraints reflecting
the fact that this manipulator moves in the plane, but the essential principle remains
unchanged. We have also explored applications in the calibration of hand-held ultra-
sound sensors. In this case the measurements are samples of space curves instead of

surfaces, but again our approach is directly applicable.



5. CoNcLision

Several issues remain for further study. The most significant and challenging of
these Is the matter of generating manipulator trajectories so as to optimally reduce
uncertainty in the recovered parameters, This is particularly difficult because of the
need to accommodate a wide range of constraints arising from physical limitations
of the sensor and manipulator. Despite good resuits obtained with the partitioned
plane formmulation, we are not entirely satisfied with the translation error metric and
believe that some improvement can be made here. In particular, further analysis of
the failed frame-invariant formulation for translations is required.

The idea of dynamic sclf-calibration presented in this ihesis is a general concept
of which we have explored but a single example. We have demonstrated a practi-
cal mecans of closing the feedback loop around a visual exploration process. therehy
embedding in the system a capacity for ongoing self-validation and self-adjustment.
'This capability is vitally important for practical autonomous mechanisms, and we
will require a broad sclection of computational methods in order to build artificial
pereeption systems whose adapiability and robustness even remotely approach those

of the human model.
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