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ABSTRACT 

A techn1què 1s presented for the design of stable two-dimensional 

recurs1ve digital filters. Stab111ty of the result1ng f11ters is 

guaranteed, el1minating the need for the repeatéd application of 

stabil1ty tests characteristic of most other mothods. Essentially, 

the one-dimensional bi1inear transformation technique has been extended, 

where the transformation 1s appl1ed to the transfer funct10n of a . , -.. 
two-variable passive circuit. The method has been app11ed to 'the , 
design of lowpass f11ters whose magnitude characteristics must 

approximate c1rcularly symmetric specifications. 
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ABREGE 

On prêsente une Technique pour crêer des f11très rêcurs1fs 

digitaux stables A deux dimensions. La stabilitê des filtres qui 

en rêsultent est garantie, ce qui êlimine l'application rêpêtitive 

des tests de stabi11tê nêaessitêe dans la plupart des autres 

méthodes. Essentiellement, c'est la technique de transformat\on 

bi1inêaire a une dimension qui a êtê poussêe plus loin, au point 00 
.., 

la transformation est appliquée a la fonction de transfert d'un 

ii 

circuit passif bi-variab1e~ Cette méthode a êtê appTiquêe a la 

crêation de filtres passe-basse dont les magn i tude caract~r1st1ques 

doivent s'approcher des spêcificat10ns symétriques circulaires. 
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CHAPTER l 

INTRODUCTION " 

Techniques for the processing of two-dimensional data have 
,.. 

become of great interest to people in the fields of picture 

processing (2, 38) and geophysics (6, 15, 43). In some cases, this 

process1ng can be accompl1shed by means of toherent opt1cal systems. 

Ofte~, it 1s more desirable ta perform the processing on sampled data, 

us i ng a di gita" computj!r. 

-

. In the area of picture processing, the following types of f1lters . 

might be required (21): equa1izing fi'Hers fQr imaging system aberratiDns; .. 
notch or bandpass filters ta remove or enhance systematic line structures~ 

lowpass filters to reduce "snow noise"; highpass filters ta remove 

contrast information while retain1ng edge information; h1gh emphasis 

fi1ters to enhance edge information; spatial matched filters to detect 

certain feature~. In geophysics, two-dimens1onal filters are used to 

process seism1c records and potent1al field data such as the ~avity and 

magnet1c surveys used in exploration. In the latter case, 1t may be 
~ ~ 

desired to separate the field data into var10us frequency components (6). 

, The process1ng 1s performed by a two-dimens1onal system, wh1ch 
y 

eah be represented as an operator Q, acting on an input f(x l ,x2} to 

produce an output g(x1,x2). 

} 
. (l.1) 

The variables Xl and x2 are generally spatial. such as when f(x1,x2) 
1 
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l\ 
represents a picture. In sorne applications, we may have one spatial 

variable, and one time variable, as in certain types of seismic records. 

The field'~T Cwo-dimensional digital filter design 1s relat1vely 

new, and, unlike one-dimensional filtering, the theory is largely 

incomplete. In the area of frequency domain design, which is the subject. 

of the fo11owing chapters, very few practical design methods have been 

reported, and these gloss over sorne of the basic theoretical questions. 

A major difficu1ty is in the application of two-dimensional Chebyshev 

~pprox1mat10n theory to the prob1em (17, 37). The' uniqueness and " , 

characterization properties of the one-dimens10na1 case cannot be 

extended, even for the case of linear approximating functlons, making 

it very d1fficult to identi'l a filter as optimal. A1so, if the fllter 

1s be1ng des1gned by means~f the minimization of a performance functiona1, 

1t is not unl1kely that on1y a local minimum will be obtained. 

As 1n one dimension, it may prove to be much more efficient to 

use recursive f11tering in certa1n applications. However, a further 

diff1culty encountered in the design of recursive two-dimensional dig1ta1 

f11ters 1s stab1l1ty ,(23, 39). The property of one-var1ab1e po1ynom1a1s 

of being factorable into first and second order factors does not extend 

to two var1ables. Thus, where a design in one dimension can be carried 

out on a magnitude squared ~unct10n with no stabi1ity constraint~, with 

only le~t hand plane poles being selected for the final design, th1s type 
~ 

of approach cannot be used 1n two Cl1mensions and stab1.l1ty must be . 

. ~ accounted for at each step 'of the design. As the two-d1mens10nal stab111ty 

~ test can be qu1te t1me consuming, th1s 1s a def1n1te l1ab1l1ty. 

1 



3, 

A èlass of\ f11ters where stability 1s not a question is the case 

of separable filters, where the processing in the two variables is" 

1ndependent. 
.6 

In th1s case the ~perator Q can be expressed as Q" Q1Q2' 

where Ql and Q2 represent one-d1mensional systems in -the variables xl 

and x2 respect1vely. Although the problem of stab1lity no longer presents 

,a serious obstacle, the d1fficult1es assoc1ated with two-dimensional 

approximation must still be dealt with. The design bf the optimal 

separable f1lter 15 clearly much simpler than the general problem,.but 
• 

even this has received seant attention in the literature. 

Some work has been done in recent years in the area of multi-

1 dimensional circuit theory (3, 26, 32, 34), generally w1th the application 

of systems consisting of both lumped and d1stributed elements in m1nd. 

Some of these 1deas have been used in th1s thes1s to develop a design 

technique where a stab11ity test is unnecessary, since the resulting 

f1lter is guaranteed to be stable. The method is an extension of the 

bilinear transformation design technique used in one dimension. Non­

linear prograll1Tling is .used to ~elect the parameters of a "two-d1mensional 

circujt" wh1ch is an'alogous to 0'!e-d1~ens1onal passive lumped circuits. 
1 

and a two-dimens1onal b1linear transformation 1s performed to obta1n the 
. 

digital f1lter. T~ basic structure of the thesis is then as follows. 

In Chapter II, the basic mathemat1cal structure usJd in the study 
1 

of both continuous and d1screte two-dimensional systems 1.$ presented. A 

discussion of the stability problems encountered 1n the design of two-
, 

d1mens1onal recurs1ve digital f11ters 1s g1ven, along with var10us tests 

wh1ch have been devised to determ1ne the stab111ty of a f11ter. Th~ theory 

/ 
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" 

of frequency damain design and·two-d1~ns1onal approx1mat1çn are d1scussed 
li!.. 

, 

in Cha~ter III and a survey of the design methods reported in the 

11t~rature 1s given. A class of 'f11ters whi"ch are glti!ranteed te; be stable, . 

based on the' "two-dimensiona'lJ ~ircu1t" analogy, i5 then' d,escr'ibed. 

Chapter IV outlines a frequenêy doma'n design algorithm, wh1ch has been 

termed the circuit analogy method, based on the class of stable filters . . 
descr1bed earl1er, and an example ~f how the algorithm can he applied'.to· 

• 
the design of c1rcularly symnetric lowpass f1lters 1s detal1ed •• Exper-1mental 

\ 

results~r~ presented in Chapter V • 
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. 
tHAPTElf II 

\ .. TWO-DIMENSIONAl SIGNA~. PROCESSING 
- " D 

. n 
. .2.1 Two-Dtmensi6nal Continuou~ Systems 

, 

The theory of tWo-d1menstonal continuous systems has been 
, . " . 

diseussed in detail by Papoulis (33), with parti~ular referenee ta' v . . . 
opt1cal systems. This section presents some Gf the basic f~rm~lae 

\ . . .. , 
() fwh1ch are used in the model11ng of two-d1mensional signal proeess1ng. 

\ 
The s~stems to be,cons1dered are linear, i.e. they satisfy. the ... 

. \' relation . . . 
/ 

tII 

. Q(a,f,(x'l'x2)+a2f2(xl,x2» z: ~,Q(fl(x"x2»+a2Q(f2(x"x2» (2 .. 1) 

L • 

r 1. ~. .",. ... 

The impulse response/funetion of Q·(also called the point spr~ad - . 
• 

funetion) 1s defined as ) 

. , ., 

.. 0 ) 

.The,outPu~ of Q. due to any input (x1,x2) ean b~ determined irvtenns 

of h 'as , " 

-. , 

g(xl '~2)" ~ 1 f( ~,~ 17 )tf(x, ,x2; ~, 17 ~~ d71 .- (2.3) 

.. , . 
If the response of. Q 1s'in~epen~ent of the 'ocatio~ of the 

'. . , . 
or1gfn 1.n .,t~fî. Cartesian c'oord,1nate system .~x, ,x2), the system 1s 9aid . . . 
ta b~ sh1ft invariant. Then, Q.(f(xl'x2»)· g(xpx2) 1mp'1es, th~:t' 

. 
~ 

, . . .. 
. . ' Q(f(x1- t ,x2- ,,» - g(x1- ~ ",x2-. ,,) (.2.4) ~ 

,.. ., , , , r .-

~~ 
~ • ~ 

't. 

, 
, .. . 

t) 
. . 

'b 
) .. . , 

'"' ' , , , 
,) -~ 

, . . (1 
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, 
1 

. . 

. , 

b 

It follp~s that the 1mpul se r:-esponse of a shift invariant system 

c~n be written 8S 

.r Then t ~."3) be'comes ,. .. 
g(x"x2) .... U f( ~ • .':)h(X'-~~X2-71)d~dl1 

-~ \ f(x 1- ~ tXï- '1' )h( ~ , 71)d ~ dl1 

.. 
,- ) 

f(xl 'X2)~*h'(Xl ~2) 

The symbol.** ~epresents two-dimensional convolution. The system 1s 

"said to be s'epar~ble if h(xl'~2)= h,(x1)h2(x2} . 
. 

6 

(2.5) 

(2.6) 

- - ~ 
If the response of tfie system i S'I independent of the orientation 

" 

of the axes, the system)is said ta be rotation invariant. Then 
1 

() 

Q(f(x,c;.oS8+ x2sin6' ,-,x,s1n6+ x2c'os6 » 
o • 

- g(x1cos6+x2s1n8 ,-xl~1n8+x2co~6) O~8<2", 

. .'. ~, 

lt can be shawn that tnis 1mp11es that 

" 2' 2 
h(x1 ,x2) '. h(xl ,,+ x2 ), 

, . 
" 

-The t~-d1megS1onal F~u~er transf~rm of f(x1'~2) 1s 

def1 ned, a 5"'-

, '.. -j(wx +wx) 
'. F(w, ~î) ~ l \\f(xl')(2)E~ '0

1
,1, 2 2 d~ld\X2," 

~.." .. ,1 

. w1th the 1nyers1~ ~ormula. • 

" 1 • C 
'JI'" .. . , 

: r -
-, .. ( 

" ... t!,. 

: . 

. " 

\ < , , . ' 

-
(2.7) 

. 
• ? 

(2.8) 

(2.9) " 

.' 

\ 

• . 
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: 

The two-dimensional Fourier transform has many properties sim11ar 

to the conventional Fourier transform, 1nclud1ng 

, 

7 

(-2.10) 

" (2.11) 

Thus, if we apply the input f(,x1,x2) to system Q w1th impulse response 
" h(x1,x2), the Fourier transformed ou:~pu_t 1s 

t l ' 1 

where H(W"W2) is called the system function. If the system 1s 

separ~b'e, i.e. h{x1,x2) =, h1(x,)h2(x2). it follows that 0 

H(W"W2) -H,(W,)H2(W2)· 

Consider a sh1ft invariant, rotation invariant system with 
" " 2 2 impulse response h(x, +.x2 ). Then 

.. 2 2 -j(W1x, +W2x2) 
H(W, ,w2) - \ \ h(x, + x2 )e dx, dX 2 -.. 

fT -j(w,cos8+w2s1n8 )r 
- ) lh(r)e, r drd8 

." 0 .. 
2" \ rh(r) Jo(~/+ w/' r)dr o" 

o ., -
- H(W,2 + W/) 

, ,,'.} .. 

Where Jo(x)-' 2~ lejxcos('-a>~~. , f 

, " 

Simi1ar'y, it can be shawn that if H(w1 ,w2)- Ht~12+ w2
2) then 

" ; 

(2.12) 

,. 

h(x, ,x'2) - h(x1
2 

+ x/>. These results are sunanar1zed by th'e éxpress10n . 
2 2 2'2 

, h (xl + x2 ) .. H ("'1 + "'Z .> (2-'. 13) 

.. 
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In words, a circular1y symmetr1c impulse response implies a c1rcularly 
<'i.',» 

symmetric system function and vice versa. Thus both the impulse 
. 

response and system functJon of a rotation invariant system are 

c1rcu1ar1y symmetr1c. 

Then 

The two-d1mens1ona1 Laplace transform can be defined as 

Fl (pl'P2) Pl =jw
l 

- F(Wl,WZ} 

~ P
2

:O: jW
2 

and IF(W

"

w2>1
2 

= FL{P"P2>FL(-P,,-P2) P -jw 
1 1 

P2 -jW2 

If the input f(xl,Xt) to a 1inear, shift invariant system 1s the 

sinusoidal signal 

~en the output 1s g1ven by (2.6) to be 

-g(xl ,x2) -'Re(~~e~p(j(w1(X1-~)'+w~{X2-11»)h(~t,,)dtdl1) .- -

(2.14) 

(2.15) 

(2.16) 

• Re(e~p(j(w1 )(1+r'2x2»~texp(-j(wll'+W2" »h(t.'7 )dl'dl1 L -. 
, 

(2.17) 

, 

( 
" 

.... 
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, 

IH(W, ,W2 )\ 15 referred to as the magnitude response and 1 arg(H(w, ,w2)} 

as the phase response. The phase term has the effect of shifting the 

surface f(x, ,x2) by an amount arg(H(W, ,(2)) 1 Jw,2+ W2:
1
,,1n the 'direction 

, 

perpendiclllar to the' ine w,x, +w
2x2 "" O. The direction of shift is 

d1fferent for each spectral component of the input, making it 

impossible to extend the concept of linear phase to two dimensions. 

l 

2.2 Two-D1mensiona' D1screte Systems 

As mentioned previously, although the given data may be inherently 

continuous, it may be advantageous to process it digita11y on a computer, 

and in this case, the signa' must be sampled. If the continuous input 

f(x"x 2) with Fourier ~ransform F(W"w2) 1s ba~d 11mited so that 

F(Wl ,W2) = 0 for Iw,I>'w, and IW21>w2, than it can be shown ('2) that 

the samp'1ng 1ntervals must sat1sfy Tl $ __ 1 __ ~nd T2 ~ __ 1 __ to avoid 
, 2W, 2W2 

a11a5ing. Henceforth, it will be assumed that the above requ'rement 

1s satisfied and, for convenience, that Tl - T2 B T. The input function 

15 now described by f(mT ,nT), -aO<m,n< 00 , where m and n are integer, 

and will be label'ed f(m,n). The d1screte system 1s represented by 

the operator ao, so that for an input f(m,n), the output g(m,n} 1s 

given by 

g(m,n) • 2fl(f(m,n» 

Aga1n, we deal w1th lfnear systems, as def1ned in (2.1). The unit 

~u1se funct10n 1s def1ned as 

{
1 m-n-O 

P(m.n) - 0 
elsewhere 

\ 

(2.18) 



........................... --------------------~.~-
.. 

Then, the unit pulse respon~e of the system 1s ~ef1nedJas 
/ 

Any funct10n f(m,n) can be wr1tten 
00 _ 

f (m ,n) - L X f ( k ,t ) P (m- k , n -t) 
!<h_ t:·. 

.. ,. 
Then g(m,n) - ~(f(m,n))'" E. E f(k,l) %(P(m-k,n-l}) 

k:· .. b-. - -,. E X f(k,t) h(m,n; k,t) 
k:· .. l:· .. 

The system 15 sa1d to ~e shift invariant if 
.,' 

%(f(m-'a,n-b» .. g(m-a,n-b) 
, . 

If the system 1s shift invariant, than the unit pulse response can . 
be written 

and (2.19) becomes 

.. .. 
g(m,n) -k.~.ef. .. f{k,l) h{m-k,n-t) 

This 1s .me ,d1screte convolution. 

It 15 con~en1ent to def1ne the two-d1mens1onal z-transform . 
for dea11ng w1th discrete systèms. The two-d1mens1onal z-transform 

of an array f(m,n) 15 

• 

.. 

10 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

(2.23) 



Tak1ng the z-transform of g(m,n) as g1ven in (2.22) we obta1n 

The 1nner summat10n 1s H(zl,z2) for all k,t 

Thus, the cQn~lution and z-transform have the same duality for 
1 

d1screte systems as the convolution and Fourier transform have for 

continuous systems. H(zl,z2) will be referred ta as the transfer 

funct10n of the d1screte system. It can be seen that if the system 

1s separable, then h(m,n) "" h1(m)h2(n) and H(zl ,z2) - H1(zl)H2(z2) . 
~ 

11 

(2.24) 

If h(m,n) "" 0 for Ml s;: m,s. M2, Nl ~ n ~ N2 w1th Ml ,M2,N1,N2<OO 

then ~ 1s refer~ed to as a finite impulse response (FIR) system. 

Then, (2.22) becomes 
rn-Ml n-Nl 

g(m,n) ka EM F Nf{k,t)h{m-k,n-t) 
-m- 2 Ç-n- 2 

M2 lN 
= ~ f(m-k,n-t)h(k,l) 

k-Ml -Nl 

i.e. the output is Just a linear combinat1on of input values. If 

Ml • Nl - 0, then on1y values f(i,j) such that i ~ m and j ~ n are 

used to compute g(m,n) and the system 1s referred to as causal. 

j 

If any of Ml ,M2,Nl • or N2 ar~ 1nf1n1te. the system 15 said to 

(2.25) 

be 1nf1n1te 1mpulse response (IIR}. Aga1n, the system 15 causal 1f 

Ml • Nl • O. The most common fonn of ,11~filter 1s when H(Zl'Z2) 1s 

, 



\. 

• 

• 
specified as the rat10 of two po1ynom1als in zl and z2 . 

A(zl,z2) 
H(zl,z2) ,. 

S(Zl'Z2) 

M -1 
where A(zl,z2) - (1 zl ... z, A ) A 

and 

-

. 
N -1 

z A 
2 

. 
N -1 

z B 
2 

where A 1s an MA by NA matr1x and B 1s Ma by NB' For examp1e, the 

matrix 8. 1 .. 5 .2 corresponds ta the polynomial 

-3. 1.2 1. 

1. .4 -6. 

• 1 ' 2 
8(z"z2) - (1 z,l1 ) 1. .5 .2 1 

-3. 1.2 1. .z2 

1. .4 -6. z 2 
2 

The polynomial 8(z"z2) and matrix ~ will be, ,used fnterchangeably. 

, / 

12 

(2.26) , 

, 

(2.27,) 

l, 

'. 
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r 
The above transfer functf on can be rea 1 fzed as a recursive 

causal filter (39) 

g(m,n) = t t aij 1. f(m-i + l ,n-j+l) 
i-À j-1 

B NB 
r; r; bkl

l g(m-k+1,n-l+1) 
k-1 l-l 

k·l~l 

bkt
l 

'"' bkl/b11 and aU 1 

aki b11 "" 

In th1s realization, the output depends on "previous" values of the 
... 

output as well as "prevfous" inputs. In general, the number of 

13 

, (2.28) 

para~ters'required to design a recurs1ve fi1ter 1s much less than the 
, ; 

number tequ1red for a non-recursive fi1ter w1th the same specifications, 

sinèe prev10us output values contain information about al1 prev10us 

input values. -rhere are three other poss1lillr recursive rea11za~ons 
• 

for the same H(zl ,z2) (23) which recurse in 'different directions (the 

fl1ter of (2.28) recurses in the +m, +n direction). 

~ 

Suppose the input to a fi1ter H(z"Z2) ,. A(zl,z2) / B(zl'Z2) 

i5 the sampled sinus01d f(m,n)" COS(lTWl Tl + ""'2T 2) 
\ 

From (2.22) ït 15, clear that if the response to f ,. Re f + j 

lm f 15 9. then the response to Re f 1s Re g. Hence we find the 

response to 

, . 
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-- exp(j(mW1T1 +\ ~2T2» ZlmZ~~ F ' (z 1 ' Z 2) ;~ 1; 
"..0 t, 

") 110 m oD 

(exp(jw2 T2)z2)n - 1: ( exp(jw1T1 )zl) E 
m-O .,..0 

- l 
(l-zleJwlTl) (1-z2eJw2T2) (2.29) 

..... , ~ 

(2.30) 

If we assume the filter 1s stable (see section 2.3) then the 

response 

( 

- j w1 Tl - j w2 T 2 
- H(e ,e ) F(zl,l2) 

-j"l T, -jw2 T 2 j (mw, Tl + nW2 T2) 
gl (m,n) - H{e ,e)e " 

(2.31 ) 

and 
-j"i T -jw T 

g(m,n) _ 1 H(é l,e 2 2) 1 cos(mw, Tl + nW
2
T

2 
+ 

" 

-jùJ. T -jl4l T 
arg H( e -"1 l.e 2 2) r 

'. 
, 
1 

• t 



-jw T -jw T 
H( e 1 ,e 2 '), whi ch i s referred to as the frequency response 

of the f11ter, 1s per10dic in both the "'1 and "'2 ,directions as in 
-jw T jw T 

Figure 2.1. Contours of 1 H(e 1 ,e 2 ) 1 are shown. 
w2T 

.0 

-3" 

FIGURE 2.1 

'\ 
" 

15 
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2.3 Stabi1ity Criteria" for Two-D1mens10na 1 F11ters , 

One of the d1ff1cult1es 1n the extens10n of one-dimensional 

design techniques to two dimensions is the question of stabi11ty. 

In the one-dimens10nal case, 1t 1s s1mply required that a11 poles of 

the transfer function be outside the unit circle ~I a 1. For example, 

if a magnitude squared functfon is designed, reciprocal poles will 
, . 

occur inside and outside the unit circle, each contrib~ting the same 

amount to the response. Hence thoSQ poles outside the unit circle can 

be chosen, giving a stable f11ter w1th the desired response. Such 

methods cannot be used in the 'two-dimeris i ona 1 case, as will be seèn 

from ~he fo1lowing discussion. 

A causal, two-dimens1onal d1gita1 fi1ter with transfer functfon 

is said ta be bounded-1nput baunded-autput (BI80) stable if and only 

it for any bounded input, the output is bounded. It can be shown by 

a tr1v~a1 extension of a theorem in (11) that H(zl,z2) is BI80 stable 

if and on1y if there exlsts a f1n1te k such that 

It 1s clear that the problem of stabi11ty does not ex1$t for FIR 

f11ters. s1nce 1n th1s case there ex1sts on1y a fin1te Qumber Qf 

(2.32) 

ter;ms 1n (2.32). For recurs1ve f11ters th1s 1s not true and stab111ty 

1s a consideration. The fol10w1ng theorem g1ves the condit10ns under 

wh1ch (2.32) ho1ds for a recurs1ve f11ter with transfer funct10n 
"l 
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H{Z"Z2) a A(zl,z2} ,. 

B(z"z2} 

;1heorem 2.' (39): A causal, recursive f11ter with tranlfer function 

H(zl,z2) = A(zl,z2) / B(zl,z2}' where A and B are polynomials in zl 

and z2' is BIBO stable if and only if there exists no values of zl and 

z2 such that B(z, ,z2) = 0 for Izli ~ 1 and IZ2'~ l simultaneously. 

Although any one-variable ~olynom1al can be factored into a 

product of second order terms, no such factorization exists for a 

general two-variab1e polynomial. Furthermore, as no methods currently 

exist for finding the continuum of zeroes of a polynomial in two 

variables, the above theorem is dffficult to test directly. The 

maximum-modu1us theorem can be invoked to give a simp11fied test 

procedure due to Huang. 

TheOrem ,2.2 (23): A causal, recursive filter H(zl,z2) .. A(zl'Z2) / 

B(zl,z2) is BI80 stable if and only if: 

') the m~p of Bdl ,. {z, : Iz,1 ,. l} to the z2 pl ane by 

2) no point in dl ,. (z, 
~ 

1s mapped ta 

Z2 .. 0 by 8(z1"z2) .. 0 

The test procedure 1 s then to solve b(ej~ ,z2) - '0 for O~.<2tr 
and see that no roots exist w1th IZ21~ l. Also. rio roots of 8(zl ,0) 

..,' 
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.. 
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{ 
" 

must exist with Iz11 ~ 1, which çan be checked by J.ury' s.. method (25). 
r 

This procedure-'s still infin1te in t~e sense t,hat in condition J • 

•• B(eJ ,z2) "" 0 must be solved for all values of,p on (0,271'). A 

procedure by wh1cb condit10n 1 of theorem 2.2 can be tested in a fin1te 
'i:~~ 

numb~r of steps has been given in (1). The test involves the construction 

of the Schur-Cohn matrix C, wh1Sh 1s an MA + l Bi MA + 1 matrix whose 

elements are of the form ", ciCOS.(iq'». Condition 1 will hold if C 1s 
, 

negative defin1te for ~ll _, i.e. if the leading p~incipal minors of C 
" 

have certain signs. 1his latter condition could be verified by a 

series of Sturm tests. Calculating determ1nants of polynomial matrices 

can become qu1te time consuming and the addit10n ot the sturm tests make 
,. 

the stability check become quickly 1nfeasible. as the order 1hcreases, 

even on a computer. This 15 especially true 1f a design a1gorithm requires 

the stabi1ity check to be performed repeated1y. 

Alternatively, theorem 2.2 can be framed in a form su1table f. r 
,1 

Hurwitz type testing. A bl1inear transformation is applied to both 
s 

/ 
, (2.34) 

,., . 

The bi1inear transformation p • (l-z) 1 (l+z) maps the region Izi ~.1 to 
" Re(p) ~ 0 and z- 0 to p -1. Usfng (2.34)" H(zl.z2) can° be written 

(2.35) 

and the cond1tfons of theorem ,2. ~ can be ghen, in terms ~f B' (P1 ,P2)' 
, . ' 

? 
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Theorem ,.3 (23): A causal, r.ecursive fll~ér HI{Pl,P2)\~ AI(Pp"2) 1 
~ 

BI {Pl ,P2) 1s BI80 stable if and o,nly ,if: 

. 
If • 

" , , 

. . 

J 1 

'/ ) 
J • '\ Y 

èondition 2 can be checked by a'Hu~1t~ ,test ~.sond1tion 1 ~an 
v (1 ~ ') 

be tested us1ng a Hermite test .followed by a series of Sturm tests. 

Both for.ms ~f the stabflity test require considerable computa-tion. 

In general, q two-variable polynomiâl ~(zl,z2) cannot be 
~ ~ 

factored into a prOd~ct of stable, an\cj unstabl'e parts, fwom ~h1ch a 

, stable .filter w1th the desired character1stics can be der1ved. Hence 

, 
, ' 

.. ' 

, .,., 

methods ,based on the ab1.1ity to factor one-,var1able .nom1als ~~~r1ot 

be extended, and most design tecRniques must d1rectly' i~corporate one 

of the stab1lfty tests d1scussed prev1ously. 

/ 

\ 
" " / 
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CflAPTER III --
,FREQU~NCY DOMAIN DESIGN OF TWO-DIMENSIONAL DIGITAL FIlTERS 

~ -

3. 1 The Approx1mat1pn Problem , 1 ( 

In the d$s1gn of a' recurs1ve f1lter H(Zl'Z2'r= A(zl ,z2) / 

B(zl ,z2)' A .an~ B must be c~osen so that B 1s 'stable and H perforrns 

sorne desired f1ltering operation. In frequency domain design. sorne 
.-' 0 0 -jw T -jw T '-

funct10n of H(e 1 ,e .. 2 ) must be made to app."oximate in sorne spec1f1ed 

way an 1deal response H(w1,w2). The functions usually dealt with are 

, magnitude ~nd phase, and the ,'desiréd funct1on- here w1 .. 11 be labelled 

ft 

H"l ("xJ,W), whe~ x represents the' parameters to be" varied (e.g. elements 

of A anêl B) ,and w,.. (wl ,w2 ). The set of values over wh1ch w ranges 1s 1< 

W, wh1 ch 1 ~ theory i s the cont 1 ~uous set {w1 ,w2: - Tr IT ~ w1 ,w2 ~"1r IT} , 
e}. • 1 ~ 

but for practical impTementations will be a finite po\nt set. 
o 

A ,~trategy often used 1s to choose x to m1nim1ze the Lp norm of 

rC't;w) '" H(w} - Hl (x,w), such tha~ H rema1~s stable. If Sx represents 

.the-set of ~ll x ~uch that H 1s stable, the optimum choice Of x, denoted 

by xp~' is d~~y 

1 nf IIt(x ,w)lt p 
x' S x 

(3. 1) ~ 

. , 

If W is a fin1te point set, the 1ntegra) 1s replacea by a summat1on. The 
, 

l1mÙ1n~. case 0cf, the Lp,'n~nn as 

1 n thi s carse X. 1 s def1 ned by 

. ~ 
p ~- i s the Loo or Chebys~ev nonn, and 

Ir(x...w)IL .. 1nf nrax 
xcS wcW 

J 

Ir(x,w)~, 
1 

(3.2) 

.f. 

,. 
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Chebyshev approximation 1s usuall~ des1red as 1t m1n1mizes the maximum 

dev1ation of the approx1matin~ function from the ideal. The problem 

defined by (3.2) will be termed Pl. 

The case of l1near Chebyshev approximation, where 

n 
H,(x,w) ::: f;.lxi<Pi{w)' has been d1scussed in the 11terature (37, 17). 

. .1 

It is found that many properties of one-dimensional Chebyshev approximation 

cannat be extended to the two-variable case. Rice (37) has shown that 
rJ 

the lack of non-trivial Chebyshev sets <Pi (wlin two dimensions 1eads to 

the lack of a un1queness ptoperty. In fact. there may be,an inf1nite 

number of optimal appraximation~ x.y1elding the same minimum nonm 
, 

~ r(x.,w)llclO . Furthermore, there 1s no effect1ve characterizat10n of 

the best Chebyshev approximation, as in the one-d1mensional case where 

the error curve alternates n+ 1 times. Thus, methods based on the 
~ 

characteri zat i on ~l. the error curve, such as the second method of Remez, , 
,i 

canhot be used for two-dimensional approximation. Also, an attempt to 

use gradient techn1ques to minim1ze Il r(x ,w)1I as a funct10n of x may 
. ' .. 

break dqwn because the gradient will in general be non-zero and 

d1scontinuous at the optimum. 

A technique for obtaining the Chebyshev approximation without 

reference ta characterization is the Polya algor1thm, which states that 

if the Chebyshev approximation is unique, the" for any sequence .. 
fx :Pk-+aoas 'k-+-}, l1m x -x. . For approximation on a finite 

Pk k-+- Pk 
... 

point set, then lim x
Pk 

- x.' the strict approximation (37). Although the 

Chebyshev âpproximation may not be unique, the strict approximation, 

, 
''J 

----------------------------------~ 
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described by Rice as "the best of the best", 15 unique. No s1mf1ar 

resu1t has been established for approximation on a continuum. 

Fletcher et.al. (17) describe a technique for extrapolat1ng several 

Lp approxim~tions to obtaln the L~~pprox1mation. This requires much 

lower values of p for equivalent accuracy than if one Just use~ the 

Lp approximation with a large value of p. 

The above comments are valid only for l1riear approximation, and 

can probably be extended to rational approximation. However, for the 

case of general non-linear approximation, little can be sa1d, and these 

statements can only serve as plausibility arguments as to what may be 

expected in the more general case. 

For many applications, H{w) will have the form 

_ {l WfP 
H{w) == 

o wfS 

-
A transition region T may exist where H{w) is not defined. This arises 

in the design of Pass-Stop filters, and a d1fferent approach is generally 

required. The problem'can be stated as a constrained opt1mization, 

namely to m1n1m1ze 

max 
'W f S 

subject to the constraint 

Th1s constra1ns the response to lie w1th1n a certa1n passband tolerance, 
( '-\ . ., 



and obtains the best stopband performance for that tolerance. This 

problem will be termed P2. 

The fol1ow1ng section discusses techniques which have been 

proposed for the solution of Pl and P2. 

3.2 Freguency Domai~ Design Methods 

23 

As mentioned in section 2.3, stab11ity 1s not a consideration in 

the design of FIR f11ters and thus one d1mensional design methods can be 

extended in a stra1ght forward manner. Hu and Rab1ner (22) have used 

linear programrn1ng to solve a problem sim11ar ta P2. The technique 1s 

ta m1nimize 6 subject ta the canstraints 

The parameters x represent the DFT coefficients of the fil ter in the 

transition band Tt and a~pear linearly in H,(x,w), allowing l1near 

programming to be used. Although the actual passband tolerance 1s not 

spec1fied as in P2, the free parameter a can be used ta adjust the 

ratio of maximum passband deviation to maximum stopband deviation. 

In recursive filter1ng, stability becomes one of the major 

considerations in any design technique. As a simplist1c first solution, . 
Shanks et. al. ,(39) proposed a method whereby a stable one-dimensiona' 

fllter F2(P2) ,i5 rotated by an angle Il via the transfonnation 



'4 
The bilinear transformation (2.34) 1s applied to the resulting filter 

F'(Pl' ,P2') to obta1n the equivalent dig1tal f11ter F(zl,z2)' This 

technique yields f11ters with a strong directionality, with no 
? 

fl1tering at all along the axis at angle ~ from the original. 

The above method was adapted by Costa and Venetsanopoulos (14) 

to obtain lowpass fil~ers with essentially circularly symmetric 

magnitude characterist1cs. Several filters designed by the method of 

Shanks et.al. but with different angles of rotation ~ are cascaded. 

By spacing the angles equally on 00 to 360°, the result1ng characteristic 

can be circularly symmetric to a very good approximation. The authors 

show that due to stability considerations, only -90°'S',. fJ ~ 0° 1s allowed, 
... 

and thus certain transformations must be performed on the data to avoid 

stability problems. Although the resulting characteristics possess good 

c1rcular symmetry, they are not steep. For example. a l2th order f11ter 

designed by this method satisfies the same pass-stop specification as a 

4th order filter designed by nonlinear programming (Chapter 4) . 

. Maria and Fahmy (29) have used an lp approach, working wi/th a 
r 

cascade of 2nd and 4th order sections, thus limiting the size of the 

stabi1ity test required 

The coefficients of the polynomials Ai and Bt are chosen to min1m1ze the 
- -jW, T -jw T 

lp norm of H(W} - IH(e ,e 2)1 on a ffnite point set. The value 
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of p used by the authPrs varies between 2 and lO.~ Min1mization of the 

performance funct10nal 1s accomplished usfng Newton's method (Appendfx A). 

At each iterat10n, a Newton step 15 taken and stability of each of the 

Bi 1s checked. If unstable, the incrementàl change in the coefficients 

of the unstable sections 1s success1vely reduced by half unt1l stability , 
1s achieved. Convergence is assumed if a stationary point of the 

functional 1s found or if the step size 1s reduced below a certain level. 

J Although the error due tOJuantization and finite word length may be 
f 

smaller for cascade reali~ations than for direct realization, a general 
\ 

two-var1able polynomial cann~t be.factorea as a product of 2nd and 4th 

order sections. Thus, the optimal cascade f11ter of a given arder may 

be far worse than the optimal general f1lter of tAat order. 

A commonly used technique for rational L~ approximation 1s the 

d1fferential correction algorithm (5). Dudgeon {16} has' demonstrated 

the use of this algorithm for one-dimens1onal recursive filter design, 

and has shown how 1t can be extended to the two-dimensional case. His 

method, however, does not take stability into account and once a 

solution has been obtained, the discrete Hilbert transform 1s used to 

obtain a stable f11ter (35). Such stabilizat10n algorithms modify the 

frequency response caus1ng sign1f1cant degradat10n and defeat the 

ent1re method. 

Bednar and Farmer (7) have adapted the d1fferent1al correctfon 

algor1thm for tne solution of Pl 1n a way whfch accounts for the stab111ty 
• 

pro~~. The structure of the algor1thm 1s as follows: 
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def1ne 

.d(x) ... max 1 H(W)-Hl (x,w)1 :: Ilr{x,w)1I 
w -

with 

Choose a start1ng pOlnt xO such that Ixo
i 1< land B is stable. Then 

for each k ~ l define the auxi1iary function 

• k 
6k{x) = max{1 H(w)B(x,w)-A'{x,w)( -.d{x )IB{x,w)l) 

k+l 1 and select x to m1nimize th1s fun~tion in the cube IX i < 1. If 

8'{/+l,w) 1s unstable then xk 1s a solution 1.e. xk ... x , and B(xk,w) • 
15 stable. Otherwise L1{x k) decreases monotonical1y to L1* as k ~oo. 

Hence, each 1terat1on requ1res an opt1mization of a compl1cated 

funct10n ('k{x) 1s the Chebyshev norm of sorne funct10n and may have 

to be approximated by an Lp norm for computational purposes) along 

with a stab111ty test, and thus th1s method could be prphibit1vely 

time consûm1ng. 

The follow1ng section descr1bes a class of filters where stab1lity 

is guaranteed, making possible a design algorithm not requiring. repeated 

stablli ty tests. 

3.3 A "Two-Dimens1onal Circuit" Analogy 
" 

A method cdmmonly used for one-dimens1onal recursive digital 

'f11ter design 1s the bil1near transformation method. A b111near 

transformation 1s applied to a cont1nuou$ fil ter transfer function w1th 

the des1red character1st1cs to obta1n the digital fi1ter transfer funct1on. 
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The rat10nale for th1s technique is that a considerable body of 

knowledge has been bu11t up in one-d1mensional èontinuous fil ter theory, 

and hence it is des1rable to exploit this knowledge. Although l1ttle 

work has been done on two-dimensional frequency domain design. there 

has been much work done recently in developing a two-dimensional circuit 

theory. Bear1ng in mind that it would be very desirable ta have a class 

of network functions which are guaranteed to be stable, thus av01d1ng 

repeated stability tests. the fol1ow1ng "two-dimensional circuit" analogy 

has been developed. Once a design is obtained in the continuous domain, 

a two-dimens1onal bilinear transformation is performed to obtain the 

two-dimensional recursive digital filter. The method 1s analogous to 
~ 

the one-d1mensional case, but the underlying motivation 1s different 

(guaranteed stability rather than prevfous experience). 

Definit,ion (26): A fin1te, passive network of two variables 1s a network 

composed of ffnfte numbers of two-term1nal elements whose 1mpedances are 

proportional to Pl' l/Pl' P2 and 1/P2 w1th positive coefficients, 

positive resistors, idea1 transformers, and ideal gyrators. Figure 3.1 

g1ves an example of such a network 



• 
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Given a passive, two-variable n-port network N, the usual 

network functions such as driving point impedance and voltage transfer 

can be defined. Given such a funct10n H'(Pl,P2)' the transfer function 

of a digital filter H(zl ,z2) can be obtained by means of the bilinear 
-

transformation (2.34). The following statement can be made about the 

resulting digital fil ter. 

Assertion: The digital fi1ter wtth transfer funct10n H(zl,z2) obtained 

by perform1ng a bilinear transformation on a network function H'(Pl,P2) 

of a two-variable passive network 1s marginally stable. 

Proof: From theorem ~.3, H(zl'Z2) is BIBO stable if and on1y if 

1) H' (jW,P2) has no po1es in Re(P2) ~O for a11 positive W; 

2) H'(Pl,l) has no pales in Re(Pl) ~ O. 

H'(jw,P2) represents the corresponding network function of a one-dimensional 

passive filter with imaginary e1ements, and thus has no po1es in 

Re\1il2»O (8). Similar1y H'(P1,l) has no poles in Re(Pl»O. Hence 
'" 

only marginal 1nstabi1ity can occur, name1y if H'(jw,P2) or H'(Pl,l) has 

j-ax1s pales. This can general1y be avoided by choosing N to be a 

lossy network. 

Two-variable networks have been used '" the study of networks 

consisting of both lumped and d1str1buted elements (26, 34). Koga has 

shown (26) that an arb1trarily prescr1bed n by n positive rea1 matr1x of 

two variables 1s real1zab1e as the 1mpedance or admittance matr1x of a 

finite passive n-port of two variables. However, it is not known if a11 
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· stable transfer functions can be obtained ·as a network function of some 

two-variable drcu1.t. This 1s a much more difficult problem, and its 

solution wou1d indicate whether or not the class of transfer functfons 

~ obtafned fn th1s way is restrictive. 

't 

The previous discussion can shed lig~t o~ the method of Shanks 

discussed in section 3.2. Suppose F2(P2) has a passive network realization. 

Then F'{Pl',P2') is obtained by replacing each inductor L witW the series 

'connect1on shown in Figure 3.2 (a) ano each capac1tor C with the para11e1 

connection shown in Figure 3.2 (b). The resulting fil ter will be stable 

if a11 the new elements are positive Le. cos,9 ~ 0 and sin,9 ~ 0 or 
,~--" 

-900S,9~ 0°. This agrees with the result of Costa and Venetsanopou10s (14). 

(a) 

FIGURE 3.2 

.\ 

,. 

' •. 

, 
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CHAPTER IV 

THE CIRCUIT ANALOGY DESIGN TECHNIQUE 

4.1 The Des1gn Procedure 

jo' 

This section describes how the two-d1mensional circuit analogy 

of section 3.3 can be applied to the design of stable two-dimens10nal 

recursive digital filters. It is assumed that the configuration of 

-a two-variable passive network having a response of the general form 

desired can be obtained. This network should possess assymptot1c 

behaviour (Le. as w~O and w~oo) compatible with the specification. 

Experience with the frequency behaviour of one-dimensional circuits 

would be extremely valuable in making this initial choice. The values 

of the circuit elements and transformer and gyrator parameters form 

the vector 'of variables x to be adjusted in the design procedure. The 

response of the çhosen network is denoted by .!i-cix,p), where p = (Pl'P2)' 

The Chebyshev design will be carrie~ out on a discrete set of 

frequency poi nts W chosen on - fT /T ~ wl ,w2 ~ fT IT. The number of poi nts 

required,depends on the order of the filter and must be sufficiently 

large to adequately repres~t the circu1~ respon~e. 

The desired digital f1lter H(zl,z2) 1s obta1ned fram Hc(x,p) by 

means of the b1l1near transfonmation (2.34). It 1s not necessary 
-jw T -jw T 

however ta actually perfarm the transformation to get H(e ' te 2) 

fram Hc(X,jw) if 1t 1s noted that 

'-z , - e- jwT 

p. l+z .,+ e-3wT-

"F 

j s1nwT 

1+coswT 

.' 
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1 

Usfng a standard trigonometric 1dent1ty this beco~s 

.\ WT 
p == J'tan 2" 

and the re1ationship between H and Hc 1s 
, 

-jw T '-jw T . wl T . w2 T 
H(e l,e 2}:: Hc(Jtan -2 ' Jtan -2- } , 

Thus, given a point (w"w2) E W, the response at that point 1s' the 
w

l 
T . w

2
T 

response of the continuous f11ter at (tan --2- , tan --2- ). 

-jw T -jw T 
As in section 3.1 Hl (x ,w) i s the function of H( e 1,e 2} 

- -
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(4.1) 

wh1ch must approximate the idea1 response H(w), and r.(x,w) = H(w}-H1 (x,w). 

The solut1dn of Pl is that x wh1ch ~1mizes the Chebyshev norm of 
\ 

r(x,w}. To allow more flexibil1ty, a we1ght1ng funct10n u(w} 1s 

1ntroduced. so that the problem 1s now to minim1ze t'he Ch~y.shev nonn of 

rI (x ,w) '" r(x ,w}u(w}. Then 

IIr'(x.,w>l1 "" 1nf max Irl(x,w)1 
.. Xf$ WfW 

(4.2) 

The solution to Pl is obta1ned when u(w}· 1. 

, . , 0 

From the Polya algorithm ft 1s known that on the fin1te point 

set W~ xp converges to the strict approxim~t1on as p -+OG, for l1near 

approx}mation. W1th thi5 as motivation,. the Lp norm with a large value 

oflP 15 u5ed, rather than the Chebyshev norm, although the problem 15 

.nonl1near. The optimal Lp tpprox1mat1on Xp 1s g1ven by 

1 • 
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Xp.1s,obta1ned by uS1ng nonlinear progra~ing to minim1ze 

J(x) .. ( r Ir ' (x,w)I P)l/p 

wc W 
(4.4) 

If one of the standard der1vative methods 1s to be used, the gradient 

VJ(x) 1s requ1red. Assum1ng p 1s !~n even integer, ,. 

·VJ(x)" ( r '{r;(x,w»p)l/P-l (L (rl(x,w»p-'vrl(x,w» (4.5) 
w( W ·wc W 

where 
-

Vrl(x,w) "" V(H(w) - H,(f<,w»u(w) ~ 

\ 
= - u(w) VH1 (x,w) (4.6) 

-jw T -jw T 
A case of particular 1nterest 1s when H, (x,w)" 1 H(e l ,e 2)1 

-jw T -jw T 
t~ magnitude response. Assuming 9H(e l ,e 2) 1s avai1able, 

v Hl (x ,w) can be obta 1 red 1'n the fo 11 owi ng way. 

H = IHI e
j 'H 

, j, j, 
8 H '" ~ e H - j 1 Hie H l) 'H 

8X1 l) xi),,~ 8X 1 

S1nce 'HI and 'H are real. 1t 15 clear that 

and in vector form 

VIHl • JHI 

< ( 

Re(l VH) 
if t 

• 1 

(4.7) 
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HC(x,P} must be ·'avai1ab1e ~xp' ic1tly in' symbol ic fOMrl in order 

to ~ompl!te H(zl,z2} via the, bl1inear transfonnat1on. Thus H and VH can 

. be calculated directly from this explicit fonn. However, methods of 

,omputer aidéd nètwork analysis can be invoked ta calculate H, and VH, 

whic~,r~presents sensitivities w1th respect to network parameters, can 

be obtained with little extra computation (9). 

In ~e approach in which the coefficients of A and B make up 
" the parameter vector x, the set Sx is very comp'li~ated, ~eing defined. 

by the stability conditions of section 2.3. When applying tne method of 

this section, S becomes a very simple set, in whlch the only requ1rement x 
is xi > O. A1though constrained oPti~ization methods can bel used, if 

the optimum lies in the non-feasible region, a constrained method would . , 
y1eld a solution 'with x. = a for sorne of the X:. Such a solution would 

1 , 1 

ind1cate that the ci~tuit chosen is not rea1ly suitab1& for the desired 

application. Thus' unconstralned gradient methods, 'such as the Quasi­

Newton methods' outlined in Append1x A, can be used to mlnim1ze J(x}. 
" 

The following section givès an exampl~ of how th1s method can ~ë 
~~ 

applied for a lowpass f1lter design with c1rcu1ar symmetry. 

4.2, Examp1e for lowpass F11ter Design 

, 
As an examp1e of a pass-stop characteristic often encountered 1n 

" ' ~ . 
two-dimens1onal fil ter design, the lowpass f1lter with circular symmetry 

will be considered. As discussed in sect10n 2.1, a c1rcularly symmetric 

" . frequèncy response imp'li es that the fil teri ng does not dépend on the 

, ~,relative orientation of the data9 a cond1t1on whiéh is usually des1rable. 

" ' , ' 

• 

1 

f 

.. 
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.. 

.' 

• • . - .' y (: 

, 
o 

, The. spec1 ffcat'1 on H(w) wh1ch we w:t11 try ta approx1mate b,9' 
·jw T ,-jw T' , 

.1 H{e " 1.e 2 . >1 15 shown in F1~ure 4.1. It must of course be 
, 
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kept 1{1 m1nd tbat the .actual ~esponse wUl flot olle"" exactly c1rcu1arly 

synrne t'r 1 c. 

;: 
o 

• 0 

ç' 

• p 

H(W){,l 
O . . 

" rrIT 

\l ' 
, 

• 
, 

'FIGURE 4.1 

"2 2 2 w c p. {~.w2 :, w1 + 1412 S wp } 
\ 

141 • S· ~ W, ,w2 : Ml1 
2 + w2 

2 ~ ~/ } 

(4.8) 

. 
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'" 
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The design procedure of section 4.1 can be mod1f1èd'to obtain a 

so1ution to either Pl or P2. 

, 

Drawing from one-dimensiona1 fil ter theory, it 1s known that 

the l-C ladder has the properties of a lowpass filter. Thus, the 

configuration of Figure 4.2 15 postulated for use in des1gn1ng a 

two-d1Mens1onal lowpass fil ter. 

Referring to Figure 4.2, the vector x 1s g1ven by 

x = {ll,C2,l3, ..• ,l _2,Cn_l ,Gn} • and 1k = 1 or 2 for k = 1, n-1. 

35 

~ 
T . 

The 1k associate one the frequency variables Pl.or P2 w1th each ~ 

circuit element. 

The transfer function Hc(x:P) can be obta1ned by any of the 

standard methods of circuit analys1s. Jonnson (24) gives a simple 

arithmetic procedure which involves the evaluat10n of the determinant of 

a near1y diagonal matr1x of arder (n-1)/2 and the product of the shunt 

impedanees. Once 'Hc(X'P) 1s ava11able, H(Z,'Z2) 1s obta1ned via the ( 

bitinear transformation (2.34). (10) presents an a1gor1thm to perform 

an n-dimens1onal bilinear transformation: 

Many possible cho1ces of thé 'k can be 1mmed1ate1y ruled out as 
-1mpract1cal. Sinee H(w) 1s symmetr1c about w, • w2, Hc{X'P) shou1d be 

of the same order in Pl and P2' and sa there should be an equal number 

of 'k .. land 1k • 2. As another example, if a11 series arms have \ • 1 

and al' shunt arms have _~$ • 2, there will be no filtering at al: a10ng 

w, . 0 and w2 .0. The mer1ts of other possib111t1es are d1scussed 

in Chapter V. 
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Since the specification H(W) is circu1ar1y symmetric, it is 
, 222 

convenient to choose the points of W on radi i w1 + w2 II: wi . Al so, 

H(w1 ,w2
) = H{-W1 ,-w2), and thus points need on1y be in the region 

- " IT ~ w2 ~ Tt IT,~ 0 s: w1 ~ 7T IT. The response of the ci rcu 1t of 

Figure 4.2 decreases monotoni~al1y in the stopband, and hence on1y 

one radial at w= Ws is required to monitor stop band performance. 

In the passband, it is genera11y found that the response changes more 

rap1dly near the band edge and thus the frequency radii shou1d be denser 

near wp' A convenient formula for choosing these radii, taken from 

one-dimens10nal fil ter design, is 

7T i w. = -w cos - (1-) 
1 P 2 np ; '" 1,2, ... np \ 

\ 

(4.9) 

where np is the nu~ber of radia1s desired. (4.9) relates te the pole 

locations of an a11 pole Chebyshev fi1ter in the one-dimensiona1 case, 

but 1s simp1y a conven1ent device here. The number of radia1s and the 

number of points per radial shou1d be large enough to adequate1y 

represent the response surface. np should be comparable to the fil ter 

order, and the spacing of points on a radial should be about equal to 

the corresponding spacing between radia1s. 

-jw T -jw T -jw T -jw T 
To evaluate IH{e 1,~ 2)1 and ~(e 1 ,e 2)1 at the 

points of W, we need to ~valuate 1 Hc(jWc1 ,jwc2 )1 and ~c(jWcl ,jwc2 )1 

at the P9ints of~, as in (4.1). Hc and VHc can be obta1ned for the 

ladder structure quite simply in the fo110wiftg way. The general ladder 

" structure of NS stages 1s shown 1n Figure 4.3. 
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FIGURE 4.3 

1 ~ 
NS 

38 

• • 

Us1ng the recurs1ve relations Vi :s Vi+1 +Z1 11 and Ii ... Yi V1+l + li+l' 

with eondit10ns
t 

VNS+1 ... 1, INS+ 1 .. 0, the eurrents and voltages Ii and 

Vi can be found. The transfer func~1on He 1s g1ven by 1/V1, and the 

currents and vol tages due to a unit voltage .,1 nput Vl .. 1 are V1/Vl and 

I~/11' These are denoted by Vf1 and If1 . Using the adjoint network 

(9) V He 1 s obta i ned as fo 11 ows. The voltages and currents, V ri and 

Iri due to a unit current INS+1 .. 1 are obta1ned in a s1ml1ar manner. 

Then, iteanbeshowntha~ ôHe/ôZ i --If1 l ri and BHc/BY1-Vf1Vr1' 

Using this, VHc can be èalculated us1ng the fonn of the Zi and Y l' 

and (4.7). ( 

The objective function (4.4) can be mod1f1ed to 1ncrease speed of 

computation and improve accuracy. The result1ng funct10n 15 simi1ar to 

one used by Bandler and Charalambou5 {4}. A funct10n ~(w) 15 selected. 

and then only those points in W are chosen such that 1 r(x,w)J > ~(w). 
/ 

1 
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If a so1ut1on to Plis des1red, then ~(w) 1s a constant, set in1t1ally 

to an est1mate of Il r(x..,w)lI. ' and u(w) - 1. The set W' 1s def1ned as 

W'. {wcW: Ir(x,w)1 >~(w)} 

'and the modified performance functfona1 1s .,. 

J'(x)'" (r «(lr(x,w)l - Hw»u(w»p)l/p 
w'W' 

- (r (d(x,w»p)l/p 
w 'W' 

(4.10) 

To reduce the problem of 111 cond1tioning in the evaluat1dn of d(x,w)P 

for large p, the fol1ow1ng equ1valent performance functional 1s used. 

where 

M :: max d(x,w) 
weW' 

(4.11) 

(4.12) 

If at some stage of the opt1m1zat1on procedure M becornes negat1ve. 

then e(w) can be reduced by sorne factor and the procedure restarted. 

If a solution ta P2 1s des1red, the follow1ng approach can be 

used. For points in the passband 

~(W)·E w,p. 

where E represents the maximum passband r1pple des1red. (w) wfll 

rema'1n f1xed in the passband throughout the procedure. f(w) in the 

stopband 1$ a constant and set to an estimate of the maximum stopband 
r' 

r1pple for the g1ven passband r1pple. Of course ff the est1mate proves 
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excessive, 1t can be reduced dur1ng the opt1m1zat1on. 8y we1ght1ng 

points in the passband much more heav11y than those in the stopband, 

the passband r1pple 1s forced to'be near E , and the stopband r1pple 15 

thfn mi n1m1 zed for that E. 

The circuit of Figure 4.2 15 an a11 po'e network. Not1ng that 

the numerator of a recurs 1 ve f11 ter cannot 1 ~roduce 1 nstab11i ty, 

the transfer funct10n of the circuit can be mJltipl1ed by the term 

MA ~ -jw Tm -jw Tn 
A(w ,w ) ,. t E a e 1 e 2 

1 2 l l mn 
111'" n-

and the amn can be included in the parameter vector x. Tn~grad1ent 
? 

components of the amn can be tr1v1ally calculated. The only modification 

ta the prev10us discussion 1s that a dense set of points in the stopband 

must now be 1ncluded . 

. ; 



CHAPTER V 

EXPERIMENTAL RESUlTS ' 

5.1 Implementation of Ladder Design 

The design technique of section 4.1 has been tested using the 

lowpass fi1ter example of section 4.2. The computer programs are 

written in Algol W for use w1th the S,tanford Algol compiler on an 

41 

IBM 360 system. Procedure QNMOER (Appendix A) for unconstrained function 

min1m1zation 1s ava11ab1e as an Algol procedure requir1ng supplementary 

funct10n and gradient evaluation procedures. The structure of the 

program i5 shown in Figure 5.1. 

def1ne frequency 

1nit1alize-x, 

QNMDER 

output final x 
& Il r(x ,w) 

ca1cu1ate J{x), 
VJ(x) if necessary 

FIGURE 5.1 

ft!/" 

Procedure FGBAN evaluates the performance funct10nal J'(x) 

.' 

(4.11), and if log1~al variable GRADYESNO • TRUE. 1t evaluate, 'J'(x) . 
aho. The flowchart of procedure FGBAH 15 -g1Yen in Figure 5.2. 

f 
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F • 0, G{I) == 0 1· l ,N 

calculate H1(x,W!) 

calculate VH1 (x,w) 

next w 

J(x) - M * F1/P 

Yes 
1 

V J - l * F 1'-1 * G M 

( FIGURE 5.2 

.. 
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The value of J'(x) 1s theoret1cally fndependant of the value of M. ,.. 
S1nee M 1s not known untl1 d(x,w) has been ca1culated for al1 WE W', 

the value of M from the previous function evaluation· can be used, using 

M'" 1 for the f1rst funetion eva1uat1on. A l1st'1ng of procedure FGBAN 

1s presented in Append1x B. 

For the designs tested, the values of wp and Ws in the 

specification of Figure 4.1 were wp ... 14 1T Iland Ws ... 26 frIT. The 

all pole configuration of Figure 4.2 was tested for 2nd, 4th, and 8th 

order, and the resu1ts of these experiments are discussed in the 

fol10w1ng s~ction. 

,5.2 Circuit Ana10gy Design Results 

,/ 

The second order ladder network 1s shown in Figure 5.3. 
1 Lp, 

Cp2 G 

FIGURE 5.3 

The transfer function of this fil ter 1s given by 

(5.1) 

where the value of K does nct affect st~b111ty and can be set to one 

for un1ty transmission at the or1gin, or it can be made a parameter of 

the opt1m1zat1on procedure. The latter choiee was, used for al1 design 

exemples. 
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If 6»1, then H(P1,P2) can be written 

In th1s ca~e we say that the transfer funct10n 15 separable, i.e. 

As a starting point for the optimizat1on procedure, the 

parameters of a filter with a Butterworth character1stic along 

Pl s P2 with cutoff at W" .2Tr/T can be used, name1y L .. Co 6.18, 

44 

(5.2) 

G ... 1. For these values, IIr(x,w)lIoo ... 627, and IIVJ(x)1I2- 6.4 X 10- 2. 

App1ying the optimization procedure, a 1imiting solution is obtained: 

.. 

L -5.244 and C/6 = 5.244 as C~~ For example, L= 5.244, C= 1.406 X 10-5, 

G"" 2.681 X 104 gives I/r{x,w)lI.., =.40335 and ~ VJ{x)j~". 1.46 X 10-5, 

wh11e L == 5.244, C = 5.244 X 10-9, 6 = 109 g1ves IIr(x,w)l1 '" .4032~ and ., 
-11 "VJ(x)1J2 '" 4.05 X 10 . ,The resu1t1ng transfer funct10n 1s 

or, perform1ng the bil1near transformation 

(1/39)(1 + 2 1 )(1 + Z2) 

H(z"z2) • Cl - .68z, Hl - .68z
2

) 

The response of th1s t11ter 1s g1ven in Figure 5.4. This plot and 
" . 

subsequent ones g1ve contours of the transmission of the firter 

spaced by .1 

Perfonn1ng the optfmfzat1on on the general transfer funct10n 

(S.3a) 

(S.3b) 
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1. 

b, 

.26 -r_~ 

.14 -r_ 

l' 

\ 

FIGJ,JRE 5.4 
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with starti'ng point x = 1 and no constraints on the coefficients 

yields the same trarisfer funct10n as in (5.3), i.e. xl • 5.244, 

x2 = 5.244, x3 = 27.47, suggesting that the optimal second order 

fl1ter 1s separable. This would account for the singular soluti'on 

obta1ned using the circu~t analogy m~thod, since the circuit,of 

Figure 5.3 does not possess a separable transfer functfon for any 

finite values of the parameters L,C, and 'G. 

In'the above example, ~(w) - .4 was used, with u(w) : l, 
. 
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yielding a solution to Pl .. It turned out that ~ was a good estimate 

of "r(x.,.,w)II.. A solution to P2 with a maximum passband ripple of 
" f-.2 can be obtained by using ~(w) = .2, and a high pass to stop. 

weight1ng. For example, for 

, {10W( P 
u{w)'" ' 

1 W(S 

the algorithm g~ves a solutibn with a maximum passband ripple of .236 
. . 

and stopband ripple of .549~ For 

{
100 W (p 

u(w)= 
1 w,S 

these values become ,.204 and .583 respect ive 1y. 1 n thi s cue the 

transfer funct10n 1s 

~1/17 .8)(1+ zl)(l + z2) 
H{zl'z~) - (1 - .527z

1
}(1 : .527z

2
) 

w1th response g1ven in Figure 5.5 • 
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Figure 5,.6 shows the 4th order version of Figure 4.' . 

, 

. G 

. \ 

FIGURE 5.6 

E'1m1natJng certain choic~s of the 1k as d1scussed in ~ection 4.2, 

there are two possible alternatives: 1, = 12, 13 • 14 and 1, ~ 14, 

• 12 ;, i3. The, f1rst case tested was 11 = 12 = 1, i3 .. i4 - 2, for 

which the transfer functioA 1s given by 

48 

H(P"P2} '"' K/('+'G +(L,G +C2)(), + (L3G+C4)P2 +(L,C4 +GL3C2}P,P2 + 

; , .--
2 2, , 2 2 

l,C2P, + L3C4P2 {GL,C2L3P, P2 +C~L3C4P,P2~' 
1 
\ 

\' 2 2 E 
L C2L3C4P, P2 } 

The same tests as fo the 2nd order case were performed us1ng this , 

c cuit. Solving Pl with ~(w) II: .25 and u(w) = , " a separable solution 

'lias 'aQiin
v obta1~ed, ~~V1ng transfer funct10n 

1 ' 
H{Pl ,P2 L - -------.;.-2-------2-

(1+S. 636Pl+ 29.?4Pl }(lt-S.636P2+29\24P2 ) 

or 

J 
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Th1{ gives IIr(x,w)1I -= .2545, w1th the respons-e~wn in Figure 5 .. 7. 
CIl) 

The opt1m1zation was perfonned d1rectly on the general' transfer 
.( 

funct10n 

with no constra1nts on the 'coefficients of B. The result1ng 

solution was 

1.000 5.684 2~36 

"1 B- 5.684 51.40 174.3 JI< 

26.36 174.3 5484. , 
,il 

-wh1ch 1s not separable. IIr(x,w)lI., &: .2391, as compared w1th .2545 e'" 

for the separable case, a sl1ght improvement. However, an appl1cat1orr 

of theorem 2:~ shows th1s fil ter to be uns!able. This suggests that 

the "optimal separable filter 1s not far from the "best" in th1s case. 

P2 was solved for E-.l us1ng ~ ... 1 and a 100 to 1 pass to 
J 

stop' we1ght1ng. The resulting transfer funct10n 1s 

w1th a maximum passband r1pple of .103 and a stopband r1pple of .407. 

The response 1s shown in Figure 5.8. 

...... \ 

" 
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r 

... 



The other possible assignment of the ik 1s il -1 4 = l, 

12 a 13 - 2. This has not proven to be a usefu1 configuration for 

the design of c1rcu1ar1y symmetric lowpass fi1ters. T~e starting 
( 

point having a Butterworth characterist1c along Pt - P2 has the 

response shown in Figure 5.9. The large spikes in the response 

indicate that this 1s not a usefu1 configuration. In fact, when the 

optimizat1on 1s performed, element values become negative and the 

53 

result1ng unstable network still does not have nearJy. as good perfânnance 

as the separable f11ter. e 
On1y one configuration of the four stage 8th order fil ter proved 

Figure 5.10. 

1 L1 Pl 

G 

FIGURE 5.10 

As in previous cases, a separable solution is obtained: 

234 • 1/( 1 +12. 9Pl of 97. 2Pl T 317. SPl + 120SPl ) x 

234 (1+12.9P2+97.2P2 +317·5'P2 + 120SP2 ) 

w1th IIr(x,wHI • .0708. The response 1s given in Figure 5.11 . , 

-



.26 

.25 

. 14 

w TIn 

FIGURE 5.11 

.. 

54 

• \ 

, . 



55 

, 
As mentioned in section 4.2, the numerator coefficients of the 

transfer funct10n can be chosen freely without regard to stability. 

Hence, the response of an al1 pole circuit can be mu1tiplied by the 

numerator term 

where the amn become part of the parameter vector x. Sorne of the amn 

can be set to zero if desired, and by mak1ng the order of A(Pl,P2) 1ess 

than the order of the denominator, zeroes at the Nyquist frequency 

can be achieved. 

This technique was tested in conjunction with the 2nd and 4th 

order examp1es of Figure 5.3 and F1gure 5.6. For the 2nd order case, 

the optimizat10n gave a11 - 1, a12 = a21 - a22 = 0, yield1ng the same 

solution as before, i.e. w1th no zeroes. For the 4th arder case, the 

solution obtained was 

1 3. 2X1 0-4 3.32 

-2.5X10- 5 ~097 -3.3X10-4 

1 

4.45 

21.2 

3.32 .--2X10-3 -6.14 

(1 4.45 21.2) 1 

1 

The denominator 15 separable but the numerator 1s note N~glecting 

sma11 terms. the basic form of the numerator i5 

.1 +a(p/ + P2 2>-bP12p/, wh1ch g1ves the locus of a zero in the stopband. 

The response of th1s fflter 1s gfven in Ffgure 5.12 and the passband fs 
1 

shown magnff1ed by two fn Figure 5.13. 

-~--------------------------.......... .. 
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For the purpQse of comparing this method with a design given 

in the 1iterature, the pass-stop specifications of the examp1e in (291 

were used, namely WpT = .08 and wsT= .12 /. The solution obtained 

• 

l .069 17.9 1 

.013 .065 .481 P2 
2 17.9 3.07 -105.8 P2 

~ 

The passband response is shown magnified by four in Figure 5.14. 

This design has a ripp1e of .3 whereas the design of Maria and Fahmy 

has a ripp1e of .35. 

5.3 Discussion 

From the examp1es that have been considered, it 1s ev1dent that 

the circuit analogy algorithm which has been proposed i5 a feasible 

method for the design of two-dimensional recursive digital fi1ters. , 
Using the performance functiona1 deve10ped in Chapter IV, resu1ts which 

are as good as, or better than, the (very few) results which have been 

pub1ished in the 1iterature have been obtained. However, it is a1so 

\. 

clear that ft f~, not the best possible method for the example considered. , 
Practical considerations make necessary the segregation of Pl and P2' 

and application of the optimization algorithm to. this configurat1on 
" _: 

leads to limiting solutions which can be represented by separable 

transfer functions. ln fact, the same solution 1s obtafned as when the 

opt1m1zat1on 15 performed d1rectly on the separable transfer function. 
j 

in wh1ch case convergence 15 faster and the problem o~ stab111ty can ~ 



; 
1'­.. 

( 

.25 

" 

-, 

59 

.2 

fi " 

FIGURE 5.14 . 
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eas1ly sidestepped. (It must still be accounted for though. A 
-, 

direct application of the optimization to an 8th order separable 

transfer function led to an unstable solution). Although the circuit 

analogy method does converge to a solution with no stability test 

required, the convergence 1s slow, since the use of granient methods 

. to minimize a function whose optimal point lies at infinity is not 

desirable. Of course these comments onl~ apply to the circuit 

configuration which has been tested. Experience with one-dimensional 

filters has suggested use of the ladder structure but other configurations 

may exist giving the desired type of response and exhibiting better 

convergence in the optimization routine. 

, 
The optimization algorithm described in section 4.2 has proven 

to be a satisfactory method for obtain1ng minimax type solutions. For 

example. the response obtained in the 4th order case, shown in Figure 5.7, 

is seen to possess maximum positive and negative passband deviation 

and maximum stopband deviat10n all of the order of .25, making 1t, in a 

two-dimensional sense, "equiripple". The algorithm is not dependant 

on how the transfer funct10n 1s obta1ned and can thus be used when the 

variable parameters are the coefficients of the transfer funct10n itself. 

Thus, by the inclusion of a stabilfty test. the algorithm could be used 

to solve .the problem in the manner of Maria and Fahmy (29). Furthennore·, 

by an appropr1ate choice of ~(w) and of the wefghtfng u(w), a design can 

be carr1ed out in which the passband r1pple i5 set to a prescribed value. 

Although this is the usual manner for the specification of one-dimensional 

f11ters. it has not been ment10ned in the literature of two-dimensional 

recurs1ve f11ter1ng. The 2nd and 4th order examples discussed previously , 
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show that with a high pass to stop weighting, this type of design can 

be carried out effective1y. A pass to stop weighting ratio of 100 to 1 

was found to give acceptable results. 

In the previous discussions, the value of p used has nct been -

mentioned. It was stated in section 3.1 that for large p, the solution 

using the L norm approaches the Chebyshev approximation (sometimes). p . 

10 decide how large a value of p should be used, a 4th order separable 

proble~~as run with increasing values of p. As p increases. 

Ilr(x,w)1I becomes smaller, approaching a limiting value, as shown in -Figure 5.15. The curve has more or less leve1ed off after p ~ 20, and 

this was the value used for a1l design examples. 
'1 

Very few results for lowpass designs have been reported in the 

l iterature. rendering' it, difficult to make val id comparative statements 

about the results obtained here. A comparable result to that obtained 

bY,Maria and Fahmy was obtained for the 4th order case with zeroes, 

with of course no stabil1ty tests requ1red. To obtain the quoted result, 

about 21 minutes of computer time was required, the denominator once 

again being derived from a limiting solution. NQ results for the 8th 

order case or higher order have been published for comparison. Thus, 

although the method may by no means yield the optimal solution, it has 
1 

produced designs comparable, or better, to those des1gned by other methods. 

An alternative method for chooslng the n~~oefflclents. . 

simllar to a technique used by Swanton (41), might praye to be 'effective. 

Oenom1nator and numerator coefficients could be cho,en separately, 

iterat1ng back and forth. W1th a f1xed numerator, the bes{ denom1nator 



" 

'\ 

, . 

" 
, . 

( 
.e 

", 

... 

Q 

62 
f , 

~ '" 
could bè~~hosen, ~nd w1th that denom1nator, the best n~merator would 

J 

be choseri;- cons1der1ng only ~he stoRPand p01~ts in the perfà~ance 

funct 1 ana 1, and so on unt 11, convergence 1 S Qbta f ned. Furthermore, 

,1nce the numerator 1s l1ne~r, l1near programm1~uld be used fo~ \ ' 

that part of'the procedure. 
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CHAPTER VI 

CONCLUSION 

) 

A method for the design of stable two-d1mensional recursive 

digital filters not requiring an ex~licit stability test has been 

proposed~ In the application of this technique to the design of ,. 
circularly symmetric 'owpass filters, interesting results have been 

obta1ned wh1ch indicate further areas for investigation. In the se 
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designs, some circuit element values were found to tend to infinity or 

zero during the optimization procedure, while maintaining certain 

relationships among themselves, yielding separable denominators. 

However, the numerators did not become separable. Thus, an important 

question which must be answered is whether the optimal fil ter (of course 

"optimal" must be suitably defined) is character1zed by a transfer 

function with a separable denominator. If this is the case, the design 

procedure could be greatly simplified, as standard one-dimensional 
\ 

techniques could npw be applied. The conjecture has been verified 

empir1cally for the second order case but whether it applies for 

higher orders 1s open. At any rate, the circuit analogy method, as 
f 

app11ed in Chapter V, is not the best tool for ,the solution of ~he 

circularly symmetric problem since the separab~e solution 1s always 

obta1ned, and s,O the s1mpler methods m1ght just as wel1 be used. 

,I~ 1s possible that configurations other than the ladder structure may 
1 
J 

prove more useful for this problem. For the non-symmetric ptoblem" 

however. where separable solutions are clear1y not opttmal. the method 

may prove useful. 
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The raison d'être of the circùit analogy,method is its avoidance 

of the stab1l ity test, whfch may' require considerable computational 
d . 

effort. Maria and Fahmy have tried to avoid this problem by dealing 

only with cascadet of second' and fourth order sections, thus 1 imi ting 
\ .. 

the size of the stability tests requirèd. However, arguments for lower 

rounding and quant1zation noise with cascade forms notwithstanding, the 

resulting fil ter may be far from optimal, as general two-'variable 

polynomials cannot be factored in this way. To ensure that the optimal 

solution can be obtained via the circuit analogy method, another 

question which must be a!"swered 1s whether the optimal denominator is" 

always representable as the transfer function of a two-variable pass1ve 

circuit. Even if this were shown to be true, much work woul~ have to 

be done in the area of MIW to select appropriate networks for the 

desired filter characteristics. If sorne positive results could be 

attained with regard to the above mentioned points, the circuit analogy 

method could prove ta be a useful method for the design of two-dimensional 

recursive digital filters. 
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APPENDIX A 

QUASI-NEWTON METHODS 

In recent years, very powerful algor1thms have been devised to 

find the unconstrain~~ local minimum of a function f(x) of n variables, . 
where f(X)EC2, with gradient'vector g(x) =Vf(x) and Hessian matrix 

-[Ô2
f(X) 1 G(x) - ÔX;ÔXj. This section describes a genera1 class of methods 

known as Quasi-Newton methods (31, Chapter 6), w1th particu1ar reference 

to the imp1ementation of Gill, Murray and Pitfield (18). 

If f is quadratic in the neighbourhood of a point x, the minimum 

can be found in ône step, as shown below. 

, T T f(x+h) = f(x) + h g(x)+ ih G(x)h 

At the minimum~~ == 0, which gives the equa,tion 

g(x) + G(x}h = 0, 

and solving this, the step is given by 

h = - G(x)-lg(x). 

This forms the bas1s for the iterative algorithm k~awn as 

Newton's method, where successive approximations ta the minimum are 

g1ven by 

(A-1) 

(A-2) 
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It can be shown that G(x k) must be a positive defin1te matr1~ for (A-2) 

to represent a descent step. A1though convergence of Newton's method 

1s ;n general ultimately quadratic, it often fa;ls to converge from 

a poor initial estimate. To overcome this problem, a 1inear search 

parameter 0 can be incorporated to ensure that f(x k+1) < f(x k). In 

this case, the iteration 1s given by 

where Ok is chosen to minimize the function of one variable 

Such 1inear searches play an important role in most optimization 
~ 

(A-3) 

techniques now in use. The approach most often used ;s to interpolate 

r(o) by a second or third order polynomial and take the minimum of 

this polynomial as an estimate to the minimum of r(a}. This;5 done 

iterative1y until the desired accuracy 1s achieved. A deta1led 

discussion of 1inear search techniques 1s given in (31, Chapter 1). 

To implement (A-3), both the gradient and Hessian must be 

exp1icit1y av~11ab1e, and a system of 1inear equations must be solved. 

If both g(x) and G(x) are unavailable, the search must be based on 

function values on1y and direct search techniques such as RosenbrQck's 

me~hod or the conjugate direction method of Powell are 1n order. 
,~ 

Some Qf the gradient methods, however, have been implemented 'using 

finite difference5 to approx1mate the gradient, and have proved qu1te 

effective. It will be assumed from here on that the gradient g(x) 

1s available but that the Hessian G(x) i5 note 

.. , 

1 
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The Quasi-Newton methods require on1y the gradient, and ~n 

approximation to the Hess1an 1s constructed, be1ng updated at each 

iteration. The procedure 15 basica1ly as follows, where Bk is the 

approximâte Hess1an and Ck the update to the Hessian at the kth 

iteration. 

:> 
solve BkPk- -g(xk) 

k ... k + 1 

<11 
ok i5 chosen by a l1ne search a10ng the direction Pk' as '~1scussed 

prev10usly. Bo can be initialized to the identity matrix. An 

equ1valent algorithm, in which Hk, an approximation to the inverse 

Hess1an, 15 constructed, can a150 be u5ed. The iteration 1s then 

as follows. 

x· k + 1 
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(A-4 ), 

(A-5) 



The solution of a set of linear equat10ns has now been replaced by a 

matrix mu1t1pli cation. 

The basic d1fference between the var10us Quasi-Newton me.thods 

lies in the choice of Ck and Ek'. In d1scussing this choice, the 

fol1owing Aotation will be used. 

If f(x) is quadrat1c as in (A .. l), then g(xk+1}= O. (A-2) can then 

be. wri tten 

or in the above notation 

It is thus desirable that the approximate Hessian Bk satisfy this 

equat1on. However Bk is needed to compute sk an4 Yk and so the 
• 

folfow1ng relation, known as the Quasi-Newton equation, 15 used. 

Equ1va lently. 

Bk(-l • }k-l 

for the 1terat1on (A-S) 
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(A-6) 

(A-7 ) 

(A-9·) 

(A-l0a) 

(A-lOb) 
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For all Quasi-Newton methods, Ck or Ek is chosen sa that (A-10) 1s 
. 

satisfied. The update should be simple~ generally a rank l or 

rank 2 matrix, i.e. 

(A-ll ) 

where w1 and w2 are n-vectors and "1 and 11'2 are scalars. 7r2 .0 

for a rank 1 update. A popular method wh1ch falls into this category 
\. 
15 the Da-v1don-Fletcher-Powell (DFP) algor1thm~ which uses the rank 2 

update 
\ 
1 

T T 
sk5 k _ HkYkYk Hk 

Ek = T ~T~----~ 
sk Yk Yk HkYk 

(A-12L, 

It can easily be veri}~ that (A-lOb) 1 s sat1 sfied. The DFP 

algorithm 15 u5ually derived u5ing the theory of conjugate directions, 

and 1t can be shawn that if f(x) is quadrat1c, the minimum will be 

obta1ned in at most n iterations. 

Another popu1ar update 15 the comp1ementary DFP (COMDFP) 

algorithm, 

wh1ch can be shown to satisfy (A-10a). Gill and Murray (19) g1ve 

(A-13) 

a detal1ed discussion of this algoritlln and 1ts advantages: It has 

been 1mplemented by G111, Murray and P1tfield (18) in Algol procedure. 

QNMDER (Quasi-Newton Method with DERivatives). The program 15 qu-1~e 

soph1st1cated, 1nclud1ng ch,ecks on round1ng error. 
1 



, " 

In the iterat ion (A-4), it 1 s requ1 red to solve the set of 

linear, equat10ns 

This can be accomp11shed much more effic1ent1y if Bk 1s avallab1e 

in the form 

71 

.. 

(A-14) 

where Lk 1s u'\.it 10wer diagonal and Ok is diagonal. Rather than 

updating Bk directly, the factors Lk and Ok can be updated, saving 

considerable computation time. The method usep in QNMOER is numer1ca11y . 
stable and guarantees that the new approximate Hess,ian 1s positive 

def1nite irrespective of rounding error. 

• \ 

As shown in (18), the performance of QNMOER on most standard 

te~ funct10ns 1s equal or better than that of the other commonly used 
, 

techniques, such as OFP. Since the performance of an algorithm is 

always problem dependent, both Fletcher-Powell (SSP subroutfne) and 

QNMOER were used to perform a tYPlcal minimization of the performance 

funct10nal JI (x) descr·1bed in section 4.2. The behav10ur of Il r(x,w)1I 

versus the number of funct10n evaluat10ns 1s shown for both methods 

1Ft Figure A. 1, suggest1ng the super1or1ty of QNMOER for this 

_ appl1 cation. 
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APPENDIX a 

A listing of the Al»ol program used to obtafn the exper1m~ntal , 

·results dfscussed ·1n Chapter V 15 presented in th1s append1x. Included 

~is procedure QNMOER descrfbed in Appendix A. The exact 1~lementation 

of Gill, Murray and P1tf1eld has been used. The genèral setup routine 

and procedure FGBAN for calculation of the performance functional and 
, 

1ts gradient'are also included • 

( 

.. 

• 

• 

" • 

.. 

l)-

• 

\ 



,) 

r. 

1 
2 
1 .. 
'5 

" ., 
8 .. 

10 
.. 11 

12 
1'-
1" 
1'; 
16 
17 
18 
1'1 
21} 
21 
27 
2l 
24 
2'5 
26 
27 
2~ 
2"1 
10 
11 
12 
11 
lit 
l'S 
16 
31 
JII 
1'1 
"0 
101 
"2 
"l .... 
105 
106 

'" • 10" 

"" 50 
51 
'51 
5] 

5" 
'U 
56 
51 
5" 

AFGI~ 

lnr.IC~L PAINT; 
P'lTIPGER N.NTH~A)(,"'I; 

INTEGER NA,NA\,"'''2,IP,NCOUNT,lIMITI 
RflOI ....... U; , 0 

~EAOIIP,NRI,NR2,NTH~AXll 
NR:-NA I+NII2; 
INlFIFlDSllE:-J; 
PRINTI"FAl~E; 

.< • , 

AFGIN 
lnNr. "EAl As{RAY Wl ,\l2.UII :i~R,t: ='Ht!I"U1; 
LONG AFAl ARRA' XMI ... I\::NI; 
LONG REAL MlR'" H ... ATI1::NRI; 

LO"'G RFAl AAA", RI\I:NAI; 
LONG AHl U"l' 0,.,r.1l::~1; 

lO"lG IIEAL AIIRAY lIf::i'l.IN-11I DIV 2 +\1; 
l''ITEGFA "RAn HJO(\::NI; 
INTEr.FR MUY NTHIIIINRI; 
lONG AFAl XI,MMOLO; 
LONG REAl Ofl/; 

LONG Rf Al TH,f,ETA,Tel; 
INTEGER IT"IUM, GTOTAL, FTOTAl; 
lOGICAL LCAOl, C("I1/1 

PHEGFR NE; 
REAl AARAY Xllt1l201; 
RFAt fP,XNCR"; 

LONG REAL PROeEOURF OTANllONG REAL VALUE Xl; 
" lONGSINlxlIlC~GCCSIx); 

PROCEDURE O~~DERI NI 

D' 

'NHGEA I/ALUE 
'~TEGf" RnUlT 
lOGleAL VALUE 
LOGICAl ~ESULT 
LCNG "l'Al VALUE 
LONG REAL I/ALUE 
LONG REIL ARRAY 

FTCUL, tTOTAl, !THUM; 
LC AOL; 

PReCEDURE FUN 
8fGIH 

tO~"E~T, 

CONI/; 
l'TA, "AC"'EPS, TOl, l'IAXST#; 
RESLLT F; 
)(, l, CI- 1; 
, GRAO • Fr.BANI; , ' 

PRCCEOUAE CN"OER ACHIEVES fU~CtICN.~INI"'IIATIO~ 
USINe A REVISEO OUASI-~EwTr~ ~ETHOO wIT~ CF*IVATIVES. 
THE PMCEOIIRE ATfF~PTS TO FIlin T"'E POINT li AT li/HICH 

o 
o 

THE TWICe CC~TI/jUnUSlY OlffERENoT 1 AilLE Fu~tT ION FIl( 1 
ATUINS JTS LEASt I/ALUf. ICEAlLY, TtlE VARUIlt.ES SHO\JlO 
II" 'CAlED sr THAl THE l'esSIAII "'UAIX'U HE SOlllTlO~ 15 
APPROXIMAtElY AC~ EOUIlln"ATEO. wIll' T~r FUNcrlCN MUlTI­
PLIED IIV A SCAlA" SUCH HU If ACI1!fI/ES A MUIMUM I/ALUF 

"OF lm"V WlTHIN A UNIT SPHERE SURAou~r I~r. TH ~INII/UM'. 
IT MAY NOT III" POSSI8L E Ta fUlF 1 Ll E lT .. e Il Of THESE AE-
CUIREI'ENTS. GlvEN AN ""1 Tt H AI.pROXI"'''' ION TO THE 
MI~I"'U'" 'NO I\N ESTI"'UE CF THF MI~U~'" vaLUE, THE PRO­
CEDURE CAlCl'liHE~ A LOWER fUNCTlCN VAllJf AT HeM ITEA-
ATION. WMEN T~E CONVEÀCtNCE CRITERIA ARf SATSIFIED THE 
PROCEDURE CIVES THE ESTf"ATEO POSITION Cf THE MIHIIlUM, 
THi l' HI AL FUNCTION VALUE, .1OIn THE CHOLESKY FACTOR 1 lA TI ON 

1 

, 
• 

J 

, , ., 

ONMDEOOt 
ON"OE001 
ONIIOEOOJ 
ON"'OEOOIo 
ON"OE005 
ON"'DECPOb 
C~"'DE007 

ONIIDEOO" 
ONMOE010 
ONMDEO 11 
ON"'OE012 
ONI/OEOI3 
ONMOEOl't 
QIII),IOEOI5 
ONMOEOlb 
ON/10EOI t 
C~MOEOI8 

QNMOEOIQ 
ON/10E020 
ONMOEOll 
ONMOE027 

• 

, ONP4DEOZl. 
QNMOE0201o 
ONMDE02'5 
ON/1DE026 , 

, 

, , 



"'1 
60 
III 
62 
61 
610 
'6~ 

t:6 
61 
6R 
6'1 
10 
71 
12 
13 
710 
15 
76 
17 
7'1 
1'1 
lIO 
~ 1 
8' 
ln 
84 
e~ 

116 
~1 

ft8 
"'1 
'10 
'Il 
'17 
'Il 
'1" 
'le; 
'16 
'17 
'1" 
'1'1 

,100 
101 
10l. 
10J 
104 

" 105 
106 
101 
108 
109 
110 

" 111 
112 
ID 
1l~ 
115 
116 

\ 

O~ THE APPROXIMATE ~ESS"N "ATRIX, 

75 

0""'01'021 
O,."'OE02t! 

lNTFGFR J. FenUNf. r.Cf'trnT. '~u". G~u". COUNT; QNMOE02'1 
LOGICAl, SUCCFSSfULSEARCH; ClN"'OE010 
U1Nr. Rf AL KI\OUNO. GTPI: 'ON/IIIOeOH 
LONG AfAl ROOT"ACHEPS, NrR/lP. GTP. f'" •• OlOF. NEIIF, 1. TOlSO. "alPHA; ONMOEOH 
LONG"REAL ARAAY GK. GKPLUSONE. Y, PI1::N): ClN,"OEOH 

.. ON"'OEOlt, 
COMMENT: ••••• c •••••••••••••••••••••••••••••••••••••••••••••••••••••• ~.;QN~DE01~ 

~, .. 

PRrCEOURf DELINSEARC~I INTF.GFR VALUE N; , 

CO""ENT: 

l "Ht.ER "ESUU 
LOGrCAl RESUl T 
LeNG PEAL vAlur 
lO"r, REAL VALUE 
LONG REAl APRAY 
PRCC fOURE 

fNU"., ~I 
SlJCCE~ HARCH; 
fT A. "A HP~. ,"AXSfFP; 
RfSUlT F, AlP .. A; 
P, _, Ci 1.): 

FUN. GRAO ,FGIIAN); 

PRCCfOIJRf CHINHARCH FI~r;~ 'N 'PP'U~XI"HIO'" ALPHA Ta T~E 
POINT AT ;mlCH T~F FU"CTlCN FIX • AlPt-UPI ATTAtNS IfS 
"'INIMU" vALUE ~LO~r. THE \lfC TCq P. T"F "FT~rO U~E'C IS T"AT 
OF SUrCFSSIVF CV" IC I~TfRPrlATln~ Il 1 Tt' SAFEGUAROS, nF4 
SCRIREO IN SEcrlr" 2.4. T"'E PR('CEOlJIIF I~ lJ~fC IN CnNJU"lC-
T'JON wt TH PRnCFOUIIÉ ONMOER. ANIl USES REAL PRCCfOU~E DOT; 

INTEGrR KASE; 
LONr. RHL "Axt.lPHA, 

NfWALPHA, 
IIOGICAl r;(AlC; 

'if T. XI, )(1. ,OC, X"IN. fI, F?, FIC, "lI"l. " 
GbG2,GK, L8C'J.!"O.UIIOUNO. OLOF. GTFSTI.GlFSl?; 

"CNI"OEO'\6 
ON"'OEOH 
ClNIoIOE018 
ON"0f'01'l 
ON"'OEO~ 
0""'01'0,,1 
CN,"OfOl,2 
0,."'OEO"3 
ON"'OEO .... 
ON"'OEO"5 
0""01'0"6 
0"1'" OE 0 lt1 
ON"OEo .. 8 
0"1-01'0"'1 
Q"''''Df050 
ON"OE051 
0""''''01'052 
QN"'OE051 
011/,1401'05" 
ON"'OE05'i 

LQ"G REAL &RRAY Y, ll)::"I); 

GI1 8 Ol)TI N. r.. P ); ~ 
NfwALPHA:. If ALPHA> M'xSfEP TI<,,"1 l'USTEP 

HSf 'lP"'" 

CO""ENT: E~~lJR" THAT THE l''IITIAL PROJfCHO GRADIENT IS "'EGAllVE 
• AND THE INITIAL STEP IS ~ON-lFRO. 

IF IGI >. aL' {lR INEIIALPt<+o\ (. ou THfN' 
AtGIN 

F,NU":- r.NUI'I. 0: 
F"'Nle OLOF; 
GOTO ~ERMINATES&ARCHI 

END, ., 

CO""EN1: FI~O FIRST ~EW POINTI 

~ 

fil - ot Dr 1. 'f: 
"AXALPHA:. "Al(STEP - NHIAL'PHA' 
XII- -NEWAlPHA: 
GTEST1:. -'-4"GIl" 
GTES T21. -F TUGII 
\"80U,,,010 KIU- X21. OU 

CO""ENTI UlCUlATE FUNCTIOIol AT JI • All'HA"P; 

-fOR 11 8 1 UHt.IL" 00 lettta xln. NEWAl~HUPllt; 

1 

/ 

. 
;. 

C:N"'OE056 
<:"'"0"051 
ON"'OEO')8 
()N"'OE059 
0"'''01'060 
ON"OE061 
0"''''OE06l 

" 0"'''OE063 
01\111101'064 
ON'" 01: 065 
ON"'01:066 
0""OE061 
O""'OU611 
0"'''OE06'1 
Q""'01'010 
0""01'071 
0"''''01'012 
ONMOE OH 
O""'I)E014 
0""OE015 
0"'""1'016 
O""OE011 
O"'''OE018 
QHMOEOn 

" 0"'"01'080 
0""'01'0111 
0""01'012 
0""01'08) 

" . -

p, 

• 
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76 
CP" 

i>, 

e ) <. 

J 
.., 

'<. .... 

" 

'0 . , 
, <.~ (:, 

111 FCRAN'N,V,l,F~,TRUE': 
PReMATUÀfEJECTIO~; 1111 l''''''COUNT>LI''IT' TH EN CO TC 

11'1 CC~LCI2TRUE; 

120 F2:. FK: '" ON"'OE08~ 
·121 ' FNU":- 1: 0 ON"'OE086 
Pl CNU14:2 0: ON",Oe081 
lB ON",OE08~ 

12" "l'EIIArE~, ON"OEOe,q 
12') 0 ON"'OEOqO , . 
176 ctOMMENT: SET UP INTERVAl ~OU~DS, CETER"INf THF 6RRANr.EME1r C~ P()l NTS, QN"'CEO'H 
121 CA*lUE THE l~~EST POINT f"M, A"'O TH STfP T T .... F lOI/ÈST C~"OEOqz 
1211 PO ')(1"1"'. • P{ • ON'!OEOqJ 
1"'1 T~ 6 POSSI~~E CASE~ ARE A~ FOllCWS: QNM(')EO'l" 
l'la ,AS( - 11 CI < 0, ~~ < O. FI > F2 ., ONIoIOEOqo; 
IH KASE'·2: CI > 0, > 0, FI < 1'2 ON"'OEO'l6 
112 , KASE - JI GI < 0, GZ ) 0, F! ) F2 QN"IOEO'H 
IH ~ASF - ,,: CI < O. CZ ) 0, F~ ~ fZ CNIoIOEOql! 
D" K~SE . 'JI GI > 0, GZ ) 0, l' ,) F2 ON"'DfOqq 

'!. n~ KASE • 61 Cl < 0, GZ ( 0, Ft ( F2 ON"'OEIOO 
1)6 ~",Oi'IOI or . 131 CALCULA TE THE CRAQIENT VECTCR: 0"l"'OEI02 
flA 

4. 1l'C .. CCALO THfN'CIIAOC"rl,VI: 
ON1tOElOJ 

11'1 , , ' 
1100 CCALC:-FAlS'F: ' 
1101 r.NU":-_r.~UM + 1; ON"'OEI0"l 

: 110., CI( : - , DOT C N, v, PI:-1 ONMOE~ 
1101' IF XI( • Xl THEN G11- K .. ONMOE 1 7 " 1"" • El SE r.21- GKI ONMOflO,. 
14., f.'~ " ; CN"OEIOq 
1106 CO""ENTI OI4ERWRJ Tf. AR V (jCII, 1 -Ill ,,.,, WITH TH CRlDlfNT il lIl( : ONMOEl1o-
141, ONMO~111 

, l"A If CF~ (s Fil .~o IFK (. F21 THEN C"IM 112 
lit? FOR II~ 1 UNTll ~ OC lOll,: .. VIII; (;"110101'113 
I~O l:t IF CGl ( Ol 1 AND C C2 ) Ol ~ TMEt- 010110101'114 , , 
151 81' IN C ~,MDE 1'1 !> 

'" 1~2 KASE:. 1 Ffi) 1'2 THEN 3 El SE ": 'QNMOE 116 
, 151 lAOV"IO:- xi: ONMON 11 

15" 1 UeOU"IOlc )(1: CNI'OEjlS. 
155 ~o 0~MOE11? 

'156 flSE IF CI > al THE' 0HI'10E120 . , 157 0' "l'GIN ,'" ONMOEl21 • 
1511 IF FI < F2 TttEN 0"110101'122 

" I,'I'J ",EGI,. ~,.MOE12~' 
1.60 KASEI. 2; QNMOEI210 
161 ~NOI. Xl; CN"'OE12S 
11\2 1'.10 ONM9EI26 
163 ELSE ONMOEl21 
1610 KASe .. 5; ONMO&128 

'. 165 END 0""01'129 
166 ElSE QNHOEl30 
161 8ECIN ON"DfUI 

4 168 IF Ft ) F~ THEN ONMOE132 
16'1 8eCltI ONMOUH 
110 KASE,- 11 0""01'114 
111 lIlOUIIDs- X21 0"'''01'1'' 
lU 1 F .~ ) U8eUtlO THE" UI'IOUNOu X~I O"'MDEl36 
11' • Elle (N"OPI,., .. 
114 ElSE QtfMOElJ8 , 

1:) 

"' 
.. " 

" e ~- 0 . , 
~ 

-: . ,. 
1-~ 4 

f" : '. .... , 
" " 1 g: .. , ... ,.. • 1 

, 
Il Il Il 1 i 



• 

D 

1 

• , l, 

q 

"'" . 

\75 
116 
ln 
17A 
I1q 
Ilia 
1" 1 
I~l 

1 el' 
If'" 
1115 
IlIl. 

.1 Rl 
III!! 
16" 
l'la 
191 
Iq? 
1"3 
1'14 

• 1'1<1 
1 q" 

'\lH 
1 q" ' 
lqq 
200 
lOI 
?{l? 
201 
2'1)4 
?O'; 
?O" 
ruT 
~O~ 
20'1 
710 "-

'\ 211 
?IZ 
211 

'211, 
.2t 'i 
21b 
211 
?1~ 
7,q 
270 
nI 
ni' 
??' 
UI, 
12S 
126 
2;>1 
na 
224 
230 
lH 
23? 

~EGIN 

KASF:. b: 
. lPClJNÇ:. XI': 
UBOUM~:. X2: 

ENor 
FNIi: 

r" 

CO~~ENT: SCALE Xl, X2, lROUNO, ANO UBCUNO, ~I'~ RESPECT JO XKI 

Xl:" Xl - lClq 
)(2:" X2 - J(~; 

lBnU~O:. L~8U~O - X~: 
LROU~O:. UR~U~O - XK; 
MAX~lPH~:w ~AXAlPHA - XK; 

IF ri ) ri' THE~ 

II[GIN 
X"'II;:· x2: 
F"'IN:" F7: 
T:. C7; 1 

' •• fNO 

fLSE 
REGIN 

XMIIII:- XII' 
\.. F"'IN:- FI; IT:- GI~ 

C fNq;, • • 1 

CO'I'''f~T: TEII"INo\TION CRITERIA: 1 
IF 1 IKA~E)II CR lUilOtJ"C,oX21 • A 1 UBO~C-lI!OUNO<.MACHEPS 
OR 1 IMAX~J/PHo\<.X71 A.,n ((;2<-Oll 1 . 
CR 1 (Ue;f~41 011 ,,,ne; T <: rotESl 1 

"'NO 1 rlor-f"'IN ) CTESTI.INEWAlPHA" XMIN, 
,,1Hf"! r.OTO lER"'INATESEAIICH; , .. . 

CO".I'E,N\'. CAlCUlATE TRUl,J(I(; 

IF '~ASE' ). ~ 'THE'N 
REGIN -
; COM"ENl: NCN-U~I"'CO\l 

XKI~ (Xl • x21/2U,' 
COTO EVAlUAHFK: 

FNO: 

. , 

TI- 3l • IF2 - ~II/IX2 
XKI- Il - C2-CI/TtT: 

- xlI - Cl - G 2; 

• A8S TI' .. ' 
xL. Ix2 - Xl'-IS - Cl -

S:- lONGSQRTI ARS ~K 1 
XK:~ IF IK ? Ol TH EN 

IC2 - Cl • ll.SI 
ElSE IF K~SE • 1 JHE~'X2 • ~l.'x2 - XII 
~l~e IF KASE • 2-'HE~ lBQUNO 
ElSE (Xl. X21/2l; 

fil 

COMMENT 1 tHfC,K TIIAT ROUNOI NC ERRtR HA S NO] CAUSECl XK ,fO 
ll~ QUTSIOE PRESCRI~ED eCUNOS; 

~ 1 

IF IXK < lBOUNOI AND (KASE ~. 2' THEN 

! !,~ 1 1 
1 f 

/ 
, \ 

1 
~~.:} , . 

~ . 
\. 

" 

" 

ONMOE13Q 
ONMOE\40 
ONMOE 1 ~ 1 
ONMOEl~2 
QNMOEI~3 

CNfoIOElIo~ 

QNMOE 1105 

ONMCEI"~ 
ON",OElio 
ONMOElio 
QNMCElioq 
CNMOE 150 
ONMOE151 
ONMOEI52 
C;","OEl'j"} 
ONMOE 15'" 
ONMCE155 A 
ONI'OE156 
QNMoe 157 
ONMOEI58 
CNI'OEl Sq 
ONMOflbC 
ONMOE lb t 
ONI'OEI62 
QNMOE163 
O~MOE f6~ 
CN~OEl65 
ONMOElb6 
QNM(lE 16 7 
QNMOE lM! 
(lNMOÈI6<; 
ONMOE17va,-~ 
ONMOE UÂ -
CNMOE 1 72 
ONMOEl 13 
ONMOEI74 
CNI'OH 75 
ONM0E176 

.-
ONMOEI77 \ 
ONMOE Il,f! 
ONMDE l1'i1 
QNMbE180 
ON"OEl81 
ON"OE\82 
ONMDE181 
ON"OE1S" 
OlfMOE 185 
QHMDEI86 
OHMDEU7 
ONMOEIS8 
ONMOElII9 
ONMOU90 
ONICDE191 
QNMDEl92 
OlfMOEl93 

'OftMOEl91o 
QIfMOUn 
O,,"DU96 

" , 

1 .. ' ,., 



'\ 

.. 

;.. 

7"11 
;n4 
71'> 
?)I> 
117 
?3A 

"'" 2 .. 0 
2 .. 1 

""2 " .. , 

'1 • 

HSf IF 
XI<: -

ItF I<ASE -0\ THE'" X1 • 4L.(x2 'L Xli 
flSF (Xl. X21/7l' 

(XI( > UnCUNO' AND (KASr ~- l' THf'" 
(IF I<ASF ,. 2 THEN lAou~n 

ElSE (xl. x2,/7L'; 

CAlCULAT[ACCFPTABlEXI<~ 

T:,.X2-Xl, ! 
IF (XI<- Xl' nR ( XI< • x2' THE'" 

(If GIN 
7 .... IF (ClOF - F"IN' ,> GTESTl*(NFWAlPH' • X"INI Tt'EN 

\ GOTO TfR"INATESFARCH; 2 .. ., 
?46 
"41 
1~" 
74'1 
75') 
2<;1 
7'>7 
251 
?'i4 
2'15 

"'256 
• 7'51 

1'>11- ( ?5q 
.>60 
261 
l6Z 
761 
1"" 
?65 

XI<:- (XI. x21/2L; 
END 

FlSF IF 'XK < Xl THEN 
REGIN 

CC""ENT: EXlRAPrlATIC~ IN OIRECTION X7-XI; 
SI. Xl - lRrUNO; 
T:- IF T < S THF'" Xl - O.Sl.lONG~ORT(T*S' 

ElSr XI - (5l.(O.IL. SITI-SI/IIL; 
IF XI< < T THFN XI<:- T; • (''-

END , 
flSF IF XI< > X2.THEN 

AEGI'" • , 
, CI'l""ENT: ;fXlRAPClATJC~ IN rllqHttnN XI-X?: 

~:- IF ~~CUND ,. x2 't'EN 64t*' 
El s, UI\('UNO - X7:

n 
• 

Tt- IF,"( S 'HFN ~ • O.'i~.lONGSORT(T.S' 
USE Xl • l'jl-(O.ll • ~1T1.SIIl\L; 

• IF XI< > T THEN lCl<:- T_; ~ 
END; 

76/1 EVAlUIlTEFIU 
261 
2,,1l 
26'1 
1,70 

, 211 
212 • 
ln 

• 214 
215 

• 276 271 
218 
219 
21'10 
71111 
281 
281 
214 
ZII't 
2"6 :zn 
188 
2119 
2410 

'JI. 

,IF )(1( > "AxAlPHA THE'" 
.1:- NEWAlPHA • )(1(; 

FOR 1:- 1 UN1IL N DO 
FU,Nf ~, r, FI( 1; 
FNU~I- FNUI' • ~: 

T-PII" 

, 
tOl'I'ENTI 'RDER Xl,ANO _2; 

• 
IF Xlt < Xl THE'" 

REGIN' 
IF F 

~E 
THEN 

x21 ' 
f21-
G2t- Gl; 
xlI- )(ICI 
Fil- fICI 

END 
ElSE 

BEGIN 
lIlOUNOI- )(KI 

. . 

GOlO tllCUllTElCCEPTllIlE)(KI 
END 

"/ 
~.-

'. 

.0 

, 

78 

ON140Flq7 
ON"OElqp 

140Elqq 
"OE200 
,",OE201 
"oE202 
MOUD) 
"DE 10" 
140E20<; 
1401'206 

~,",Of201 

ON"OE20P 
ONMOE-20Q 
IlNMIiIE?10 
IlNMOE211 

~
ON140E212 r "oE,111 
o MOEh4 
ONMOE?l 5 
0","'oE216 
ONMOEll1 
ONM0E21'1 
OJj"OE21q 
CJjMOE22C\ 
0"MOE2~1 
0'1"0(222 
ON"'OE273 

_, ON",oE224 
, ONI4(lE125 

C"",01:226 
ONMOE221 
ON,..OE228 
ON140E22Q 
QN"OE2<10 

" ON"'OE231 
~ ONMO~232 

ON140E23~ 

0~"'OE214' 
ON140E235 
ilNMOe ZJ6 
ON140E2J7 
ONMOE21e 
Q .. M0E.21Q 
ONIII&E240 
O .. MOE24r 
ON14ot2"'2 
OMM0E241 
CNIIOn"", 
CIf<I140ez45 
ONMOU"6 
OMMOEl41 
OMMOEl"'! 
ONMOE2IoQ 
O .. "OU'l0 
OMMOEl'l1 

~ 0 .... 01:252 
.... ONMDf25) 

'MMOU'4 

.. 

/ r 

\ 

-

f 

<. 



, 

_f _______ _ 

• 191 
2'11 
?9l 
794 
295 
?9f> 
791 
29"-
79<) 
lOO 
'01 
107 
l01 
301, 
'115 
106 
301 
'DA 

'109 
310 
111 
'17 
313 
114 

'1" '16 
111 
31" 
'19 
32') 
321 
112 
32) 
374 
'25 
11" 
127 
37/1 
12q 
330 
Hl 
H? 
Hl 
31. 

ll~'i 3~ 
"} 

Hl! 
Bq 
3'0 
)leI 
34' 
343 
344 

34' 
346 
341 
3'" 

. 

.. 

END j • 

ElSF IF )(1(. > X2 THEN 
REGIN " 

IF FI< <- FI THfN 
AfrolN t 

Xl-:­
F 1 ~-

FNO 
HSF 

1;1:­
)(2:­
F2:-

REGIr-. 

X2: 
F2: 
C7: 
XIl ; 
FI< : 

UIICUNOI- )(1(, 

t, 

I;CTO CAICUL~TFACCePTftPlF)(Kf 
ENO 

fNO 
HSF If F2 ) Ft THE"! 

IIFGIN 
)(2: " XK; 
f7:- FK: 

FND 
El SE 

II(I;IN 
XI( ;ê ICI : -1 FI:- f'l< : 

fNO: • 
"E WAL'PHA:. TI 
COTO ITFRATE: "-

"-
\ 

1 
/ .. 

., 

TER" l "A Tf ~F ARCtl: 

Et4D 

If F~IN >,. 
El S~ 

OLOF TlIEN SUCCESSfUlSFARCH:- FAlSE 

BeGIN . 
COM~ENT: lO~ER POINT FCUN~: 
,;eWAlPHA:- 'LPHJ:. IF 'UXALP'" • "MIN THEN l'Al!STEP 

"" HSf NEWALPI'A • X"lt4;. .. 
fOR 1:- 1 UNTIl N 00 XCIII- XII' • NF. ... lP .. UPII'; 
F,I- fHtt41 
SUCLESSfUlSEA~ .. :. TAUE; 

t'NO ~ • 

79 

ONHOf255 
ONMOF256 
CI/"OE2'57 

J 0~H0E15e 
0.OE~59 
CN"OE260 
ON'H1E261 
ONMDE262 
ON140E263 
QNM0E264 
ONHOE3t.5 
ONMOE266 
f;lNI!Of~6 7 
ONHOE2bl! 
0"11401'269 
ONMOE270 
ONHOE21t 
ONHOE272 
ONHOE273 
0~OE2H 
ONH0E275 
CN"OE276 
ONHOE271 
ONHOE21f1 
ONI'OE?19 
ONMOE280 
ONHOE281 
ONHOE281 
0 .. 1401'283 
ONHOf2~ .. 
ONM0E28~ • 
CN"OE286 
0 .. 1401'287 
ON"OE288 
ONIoIfJE2a'l 
ONHnE2~O 
QNMOU91 
0"1"01'2"12 
ONHQE291 
ONMÙE294 
llNIoIOUQ5, 
ONHDE296 
ON"OE297 

~ • CNHOU91! 
- , • "' ON"OE299 

COM~EN': •• ~ ••••••••••••••••••••••••••••••••••••••••••• _ ••••••••••••••• ION~DE10d 

OH INSEiReH: 

LONr. RF~L PAOCE01lAE DOTe 'INTEGER VALVE NI 
. ON"OBOI 

. lONG RE Al ARRA '1 A. Ill.) ': 
',al:(;IN '" 

COM"'EN"fl' pAOCEOURI: DOT eAlCUllTES THf INNER PR~UCT rr"THF " 

1 

1.N vECTORS A. 8. THE, 80DY CF THIS PAOCEOUAE.SHO.,L 
BE ~RI~TEN IN MACHINE eOOEI 

j 

LONG RU~ SUNI 

• 

... 

• 

. .. 

0,...OE)02 
'QNHDBOl 

" QN"Oe304 
• O,.."OEJ05 

OHMona6 
ONHOE)07 
QNHDEJOe 
QN"OU09 
ON".110 
QH"ot111 
QN"OUll 
• 

" 



• 
J 

.' 

"-.. -- " 

• 

H'l 
350 
Hl' 
1~1 
J~3 
BI, 
355 
356 
157 
19/1 
3')<1 
36-0 
Yb 1 
lb? 
363 
'bft 
lb5 
HI, 
lb T 
lb'l 
16<1 
Hf) 
17\ 
177 
313 
Hft 
jlH 
'H6 
311 
'\71\ 
H'l 
'RO 
381 
lR? 

'38 J. 

'I!'H' 185 
311 
387 
38 fi 
3At} 
''lO 
J'lI 
''l7 
J'H 
:J'lI, 
3'lt; 
196 
Jt}.1 
:J~" 
l'l'l 
400 
!lO\ 
402 
401 
404 
405 
406 

1 80 

FOA r,:- UNTrl N 00 c;,UM:. SUM + Af".Rtl); ., ONMOEJl'J 
SUI' 'CN,"0014 

f"lO VOT; , 0'W~DEJI5 
'\ ,01ttlOf 316 

COK~~NT: ~ ••• t.7a.rs, •••• ~ •• s •••• c., ••••• W •• 2 •••• S ••••••••••••• c •••• a •• ;CN~OE~11 

PRnCEnURE INITIAlilEAlPHA; 
8EGIN ' 

COMMCNT: CAlCUlATES (NtTIAL STEP FeR THE llNF4R SEA~CH PRocrCURf; 

HPHA:r n*AIIS IINEWF - F""GT"I: 
Ir 1 ALPHA> 1 LI OR INEIOr - F" < "'(HEP!; 1 THE'" HP ... ,:- Il; 

\ ~ 

ENO IN!TlAl!lfll\'PHA; 

pQOCEO"~E l(1lTSOlI INTEGER VALUE lll. •• ·) 
lONG PFAL ARRAY P. )(1.1 1; 

REGI"I 

CO""'ENT: PRnC(Oll~F lOL f<;Ol SOlvFS lOt. c I!. Wf'fPF C !S OIAr,nNAl. 
U 1 ~ lHF TRA"ISPOSr rF T~E UI.IT lC\jER TA IA~GUlAq "ATR 1 ~ l. 
L 15 STr~En AY RfWS WI'H ITS nlAGCNAl flf"'F~T§ O~ITT[n 

ONMOEJI8 
ONMOEllQ 
CNMOEHO 
ONMOEH·\ 
ONMflE)l ? 
C:N,"onZl 
CNMOE 324 
ONMOEJ75 
ON,"0E3Z6 
Q",MOOZ1) 
ONMoeHP 

QNMOE!30 
ONM0E331 
ON"OEJ3? 
C;","'OEl)) 
QNMOEBI, 

ANDO"''''OEB5 
C""Of lH 
ONMOE! 37 

C QN,",CEBP 
0"''''I1E33Q 
QN"'DF141) 
QNMOnt\ 
ONMOE H? 

IN THE \"IIIN-11I2 "RRAY LIli. l-lI\I'l'''-11I2, 'HF 'oUTRIX 
CCC.IIPIfS THE N Hf"f"lr<; CF HF ARRAY CIII. 1: 1111"1. T"'E 
SOlUTIPI. A"ID AIGf'T-HANO-SICF VE(TCRS ARE STCREC IN ~I Il AHL 
6(1' ff<;~f(TIVfL"'·. wHtllE 1"lflIN. THE peDY OF HIIS PHn(fO-
URE SHculO liE WRTTHN IN "~fINE COCE:. \ 

INTEGfR R. S. T; 
lONG RP-1Il 'SU"; 

R::::t 1; 
F,OR l" 1 UNTIL N po 

IIEG,I N-

, 
• ~ 

0"'M[)fl4' 
C"' ... OE "'4 
ONMOU45 

" Q",MOUH 
QNM0E147 
ON,",O(~I," 

QNMOE34Q 

~
":.I\II': 

'" , - l' 
.,.' 0",MOE150 

OR K:" l' UN T\ l T 00 '\ 
IIEGIN 

SU"'.,SU" - XIKI.lIRI; 
11.:" II. .. 1: 

ENO'l(lOOp; 
·XI 1'1':" .SU."; 

ENO IlCOP; • 
.FOR J:- N SlfP -1 UNTll 1 00 

~EGIN 
s:· "': A'.,:,\; 
TI" , • 1; 
~U"':· \11 t le 1 Il; 
FOR K:. N STEP -1 UNrll T cc 

8ECr,. 
SUM:w SUM - XIK)*LIS); 
St- S .. 2 - KI 

ENn KlOOPI 

, " 

, 

~ 

• ' . 

, 

QN"'OE351 
QNM~352 

ONMQfJ53 
ONIII005,4 
ONMOI'15'i 
0~"'OE356 
C;"''''OEl51 
QNMOf l'HI 
Q"''"'OEl!>'1 
0,."'01: 360 
,QNMOfl61 
ONMOEl6Z 
0,.",0063 • 
ON'" 01: 364 
OHMOfJ6~ 
ON"'OElH 
ONMOI!3U 
GfillMOfU." 
a"",oun 
.... DEUO 

o 

1 

r. 

~ 1 J 1 
1 

i 
1 



, 

e 
c" 

-' . 

401 
40R 
40~ 
410 
41\ 
412 
411 
"l'. 
415 
41h 
411 
411! 
4,1 '1 
470 
471 
Ion 
471 
474 
475 
4Zf> 
471 
428 
4?Q 
4JO 
411 
4'\7 
4H 
4J4 
41., 
IoJ6 
437 
4J11 
103'1 
4"0 
41,1 
10"1 

..--_44l 
1,4'1, 
loloS 
10'.6. 
1041 

10"8 
4'~q 

4~O 

10,5 t 
'1052 
4H 
451, 
455 
1056 
457 
10511 
45'1 
10"0 
106) 
46 
4 III 

"'64 

~ 

XliII. SUM; 
FNO noop; 

al 

END lOLTSCl: 

ONME311 
ONMDFJ12 

.j;/N/40E373 
QNMOFH4 

.'InCEDURF MnOIFYCHClESKYFACTCRSI INTEGFR VALUE N: 
lC~C REAL VALUE S: 
LONC REAL ARRAY 1. L. OC-, 1: 

IIfGIN 

[n""ENT: THIS PROCEDURE f(~R"S Tl'e C.,OUS"'V FACTCllllATtON OF Tlif 

.. 

MATRIX LOU. S1w. WHERE U 15 T~E TRANspose OF L, 
W I~ THF TRAN5PCSF rF l, 
5 15 A SCALAR, AND 
C 15 A DIAGONAL MAT~IX. 

THf IIHRI x l Is... <;TeREO RCW ~V Rrll IN T"'E \-"'CN-lIl? 
A'HUY LilI, '~I>fllNIN-II!?, WITH THF LIIIT DIAGnNAl ('MITHe. 
IHE l'lTRIX C ANC \tECTCR 1 ARf STORfC IN T~f I.N AR~AYS DIlI 
ANn 1111, 1=lfI'''. RESPECTlvflY. lleT", l A"r C ARr CVFR-
WRtTTfN WITH Tl1f CnRI\E~PONOI"r; FACTr~CF Tf<F "OOIFIED 
"HRICfS. THf vAllJES rF S hVl 1 4QF 1;0 RFtA II'IFO. TI'F 
PROCFOURF FN~UQE5 T,:tAT Tl'f "fW IIAIRIX IS POSIT IVE OEF INITE. 
THIS PRcc(nlJ~r ~COV 5HCULO PE WQI1T~N IN l'AC .. 'NF creE: 

INlFGfR • J. lA. IC: 
LONr. RHl H, XI\, xc, xo, XE. H. XC. CI, Pl. PlP, AElA .. SIGMA; 
LONG RrAl AQRaV W(I::N~: 

CNMOE376 
QI/MOE 171 
ONMDE31e 
CN"DEHq 
QNMOE 380 
OI/MOnel 
QN"OEjl82 
QNMOEl8J 
ONMOEJ8" 
CN~OEH" 
ONMOE386 
QNM0E387 
O""CEHR 
ONMOEHq 
Q"IMOE HC 
O'<MOE"\ 'Il 
c~~nE Hl 
CNMOEJq ~ 
ONMrF 3'14 
C~"OEH5 
CO/MOf l'lb 
ONMCEJQ7 
C"I'OEHII 
ONMOE JQCj 

PlP:= Dl: ONMOE400 
IA:% 1; 0""MOE401 
FO~ lB:. 1 UNllL N 00 QNMOEIoOl 

IIEGjII ONMOE403 
Tt:· III - 1; • ONMOfloOIo 
XC:· l1181: CNMDEIo05 
FO~ 111'''' 1 UNTiL IC oc ON"OE40t':" 

IIt:GIN ~. CI'4"OEIo07 
xc:. XC~- WCIOI.lCIA1; } CN"oelooe 
lA:· 1'.1: ' ONMOÉ40Q 

END lOLO P: ,. .... ON"OF410 
/"~ ON'IOE4\.1 

IIC 11\-11- XC: ON"OE412 
PTP:. PIP • ~C.XÇ/OCIBI;., 0~OE413 

END IlIlOOP\ ( ....t (ONMOE4\4 
.. ')". eONllloe 10 l '5 

~'(hl'''ENT: IF S-P'rP • 1 < o. TI'E "ClllflEO MAT'IIX IS Ifltel'INITE. ~Ir."A ONIIIOelo\6 
.. IS RrPlAj'FD IIV A QUANTITY IIHIC., E'NSURt~ T~AT t"'E "OCIF\t:o ONMoelo11· 

• HATRIX IS PO~TIV~ DEFINITF REGAROlESS ,OF ~U8SeQUENT· ON~O~~18 
... RQUNOING ~~AC~ • • • ONMOE~lq 

• r " i 'lNMOE~.20 

SIG"A:. '.PTP; 1 ONMoe~Zl 
IF SIG"A,'< -Il THEN SIG"A:a -SIG""; ONMO"elo22 
SIG"A:· '-Sil Il • lONGSQATI Il • SI!;MA 1 1; .. OH140E"21 \ 

lit IA:a 0; " , '- • OHMOEt,21o 
f!1R' 1:- 1 UNfJ ~ N 00 'p OH..-of"25 

IIECIH -QHMOh26 
Ut· I.A • ~Î OlS- 0111; 0111401:421 
Plia WAll: J(FIaPI/CI; .. ' 1 ClbIOE·v,a 

, • ',!> -~ 
., , .'" 1 

, :--... 
~ 

• ./ 

'" . oF 

.) 

~ 

. i· . • 
" 

) . '. . "'II .. 
~ .1- 1 1 . 

! \ 

, . 
j 

'" 

! 



. ' 

1 

, . 

c -. 
i" 

e , 

, 
\ , 

\ 
\ . \ 

4"5 

""6 .. ,,1 
""" ""'1 
1070 

,411 
\ 412 

.. 73 

.. 74 
,,1') 

.. 16 

.. 77 
"lA 
47'1 
.. 80 

""1 
487 
4el 

"'1" .. "'s 
4"" 
4Al 
48A 
4A'I 
"'10 
"'Il 
""7 

\ 
xc: .. XF-PII 
U:. SIG"A-XC; 
PTP:- PTP - XC; 

IF XE ) ol THEN 
FIEf. 1 "'_ 

)(0 .. SIG",,-PTP; 
XG .. XA - Il; 
XE .. XA*\XR - XA); 

xE: .. XE • XC*xr,; 
XO:. IF XA <. IL THf~ -lONGSQRTIXEI 

ELSf LONGSQRTIXFI; 
END 

HSF 
HGIN 

liE 1_ 

XO:a 
fNO; 

RETA:- I)(R - ?l ).SIGMA*)(F/~E; 
SIG"':- SIG",wIIL - ~C'/I)(E + XO.xGI; 
J: - 1 A; 
0(1):. )(1'*01: 

FOR t8:. 1+1 UNTll N CC 
REGI". 

~ xc,. LlJ'; 
H:- lIlRI:- llIB) -
l(J't. 6FTA*Kf + xc; 
J:·J+IR-I; 

FNO 18LCCP; 
4'13 FNI1 Ilrc!': 
4'14 FNO Mon If YCHOl { SK YF,.C TOII <;,: 1 

\ , 

\ 

) 
/ 

82 

0"11101'4"'1 
0"''''01'430 
0"."'OE4H 
0"''''01'4)1 
CN"'OE433 
0"."'01'10., .. 
0"''''Or435 
ONIIOE43" 
O"'~OE" 31 
O"."'OFiolA 
CN14('1f"3q 
Q"IIIOE440 
O"''''Of'''' 1 
0"."'01' .... 2 
Q".IIOE4 .. 3 
ONIIOE4 .. " 
Q"''''OE'''' 0; 
Q"."'OE4 .. 6 
0"."'01'4 .. 1 
0"."'OElo4 A 
C"."OE .... q 
O"."'OE"SC 
0"''''OE451 
0"."OF .. 52 
Q"'''Op,S3 
O"."'OE"S" 
0"."'Of45'; 
O"'''OF''';~ 
0"''''01'40;7 
QN"'OE"5P 

4qS ' " CN"OHS'I 
4,96 (Ota'''''E~T: lts.&·r= •• • .......... ·.:· •• t ........ z ................................ ;CNMOf'!..60 
4'11 • QN",OE"61 
"'IR - PIIOCEOURE MOOlfYCONOlTln".Nu"~FROF01AG(NAl; CN"~E"6~ 
4qq REGIN ~., 0"''''01'1063> 
';00 ON"'OE""" 
501 'COM~E"'T: THIS PR CEOURF SOUNOS THE ~PFCTRAL CO".OIT/CN NU"R~R OF T~E 0"''''01'4''5 
502 DIAGONAL " .. TRI~ r ASSOCJATFC wIT~ THE ctClESKY FACTORI1'TIO"lCN"'DE"~6 
503 OF TIi.E-~CXI"ATE HESSIAN; ON"'DE461 
504 ~ ON"'OE"68 

• ~~ LONG RE~L LII; ~~:~~!~~ 
,'501 L81- 011); ON"'OEAt71 
5011- FOR 1:· ? 6".T1L ~ ,DO CN"'OfH ~ 
SOq IF 011. ) LA THEN LII:· 01 III ONMOE .. 13 
'510 • LO:·, LR/KIIOlJND; OHMOe .. 74 
Sil e; . FOR 1 la 1 UNTll N 00 ONMO"475 
SI? IF nItr < l8 THf"l nlll:. U!I CNMOft076 
SI) END M~l1lr'(l.ONoITtPH~U"8E.RCfOi&GCNAl; ONMOEIo17 

".5J;t, " , • Q'NMOEHII 
5~~ CO~Me~T2 •••••• ~ •••••• ~ ••••••••••••••••••••• ~ •• _ ................ ~ •••• :O~~OE~lq ~ 

·~16 '. 'i' '. QN"Of"80 
" 1 ' • , . " " • ., QNI4DE"" 1 
'5'" 8 '.: • ,-' ~e • ONMOE .. 82 
'51') 'CO)l"ENTI ................... · ... TART OF "'IN PAOCEnU'RE •• ' ..... J ••••••••••• IQNMOe"8) 
S20 ' ,l 'ONMOf .. e4 
521 y 'COMl"eNT: fORM UNIT MAlRU IN l'IF "EQUtREOl • '. "If " OHMQj .. es\ 
527. .. .' O~M0E486 .. , 

" • 
" 

~ • 'l' ./ .~ . 
~ 

, \ , C 

10 j \ .. 
r ! , 

... " ) 

4 

'= 
t.. 

'\ j ... , 

- , 



.. 
1 

.8 

• 1 
~ 

, " 

'521 
'514 
'57'5 
'52(> 
'527 

IF lOAOl THFN CO""fNT: FOA" UNIT "ATAIX; 
BEGIN 

FOR 1:' 1 UNTll 
J:. 1 N.IN - Il 
FOR 1:- 1 UNTIL 

N OC 0 1 1 1 " Il; 
, DIv 2: 
J oc l 1 1 1:· Ol; 

'51" " '52q 
ENO; 

530 
Hl 
'517 
sn 
'534 
51"i 
516 
511 
'5J8 
Oj3'l 
'54 () 
')1,1 
547 
543 
544 
545 
'5"6 
'541 
~48 

5"q 
550 
'551 
5')1 
55' 
55" 
55'5 
5,)" 
'')51 
551\ 
54q 
560 
561 
567 • , 
56' 
564 
'160; 
'56'6 
'567 
'568 
'569 

"'5"70 

STAATOFMINI"11ATION: 

TOlSO:' TOl-TOl; 
AlPHA:- ~L; 

AcnTMArHFPS:= lP~r.S,RTI"ACHfPSI; 
CO"lI/:· TRUE: 
F":. F; 
~ROLNO:= Il/IIOOl.lC~r,C;CRTINI-"AeHEPSI; 
Fr,~ANIN,r,~PLusnNE.x,NEwr,T~UFr; 
FcndNT:. GCOU"!T:. 1; 
COU"" :. 0; 

OLOF: .. NFWF: 
j,FOR 1:. 1 U"lTll N 00 GKIII:" -GKPLUSCNFIII: 

UlllSOLl N, l. n, GK. PI: 
NrR"p:- lCN~SCRTI OCT IN, P, PI 
r.TP:. OOTI N, GKPlUSONE, PI: 

IF PRIPI' THE~ 

1<10"'1 TdRI ~, cou~t, FeeUNT. NFWF, ALPHA, x, r,I<PlUSCPlE. l. C .. P 'II 

1 

" 
INITIALIIEAlPHA; 

OElINSEARCH{ N, FNU", GNU". suceE55FUL~EARCH. ETA. 
ROOT~ACHFPS.'-l/"!Cq"P. "6XSTFP/NCR~P. 

NEWFJ ALPHA, P, J(. Gl(p~Usr"'F. FUN. CRAC .Fr.I'ANI: 

FenUNT:- FCOUNT + F"lUM; 
GCCUNT:- CCOIIN' + CNU": 
COllNT : ~ cou",,' + 1; 
I~ ~succ[ssrUlSEARCH THEN GOTO SETeCNv: 

CO""'ENT: CO"OFP "OOIFICATIOPl RUlf: 

CTPl:- OOTI N. r.KPLusrNE. P ,: 
FOR 1:- 1 UNTIl N oc PI'tI:- CKPlUSC"FIII + (';KIIJ'; 
",OOIFYCH(1LESnFIICTORSI N, llllALPHHCCTPl - GTPII, P, l. 0 1: 
IIOOfFYr.HOlESKYFACTOR~1 tl. Il/CTP. C~, l..., ° 1; 
IIOOIFYCCNnl'ICNNu"efRCrOt'G~NAl; 

COIIMENT: OVfRAlL CONVERGENCE eRtTERION: 

" 

83 

, 

ClN"OE 4 81 
ONI<IOE" e Il 
ClNMIlEIo eq 
QN"'OE"'IO 
ClNMOE4'11 
ClNMOf"'1Z 
CN"OE4'13 
ClNHOeloQ" 
ClNMOEIoQ5 
ClNMQ,E4'16 

P'''0'tli''f1 
ONMOEIo'l"\ 
QNMCt:4QQ 
Cl"'MOE500 \ 
QNM0E501 

QN"Of')O" 
QNMDE'50,) 
QNMOE50l: 
QNHOF501 
QN"Of'lOP 
QNHOE'50'l 
QNHOE510 
CN"flf')11 
QNHOE51'1 
QNMOF'513 
CNMOE51" 
QNMOEH '5 
QNMflf516 
ONMCf.617 
(N"OE51 P. 
ONMOE51'l 
QNHOE'520 
QN"flf51l 
QNHOE'5'11 
ONH0E523 
C:~MOE52" 

, QNHOE525 
QNMO~526 
QN'40E527 
QNMOE"21! 
QNMOE'52'l 
QNMCE'530 • 
CNII0E531 
ON'1.0E5H 

'ONI4OE 5 3" 
QNMOE534 

,/ ONIIOES3'5 
ONH0E536 
ONlljÇf'537 

'5'71 
512, 
571 • cNM'fle 53!! 

IF OOTIN. r.KPlUC;O,,"E. GKPlU~CNEI < TClSQ T.-EN GOTO"ERFOR'1l0Ci\~ARCH:QNM0e5''l 
IF OLOF> NE'F THEN GOTd CALOOLATECIAECTlqNOFSEAAeHI ,. ONiIIDE540 

• 5H 
570; , 
57' 
5JII 'se yCONV 1 

5f O '" 579 
510 

CONVIa FAlSE; 

" '. 
~ 

': 

,\ 
, , 

" "-

"' 

, 

. ' 

" 

., 

. ' 
, 

• 

" , , 

'6 " 

.. 

", 

1 

r- Q""DE5_1' 
'ON!IIOE'$t,2 ", 

O .... OE5H 
GNIIOE'"'' 
ONM()U"~ . , 

\ , 
f. 

.. 

, 

, 



\ 

.' 

r 

• 

, . 
.., 

, , 

" J 
-{ • \ 

" 

SAi 
0;117 

S'I1 
0;64 

511'5 
0;86 1 

5111 
~p" 
0;11'1 
0;'10 
0;'1 l ' 
0;'17 
0;')'3 

0;"'" 
5Ol'5 

S"" o;Ol1 
0;"" 
'i'lq 
bOO 
601 
601 
1>03 
604 
1>0'5 

prRFOR~lOCAlSFARCH: 

l'ONIlORI N, COUN', FCIJVNT, NEwr, ALPHA, x, GKPlVSr"'E, L. o. P 1; 
~~I'EI"LCCAL SE ARCH START[n"l; 
OLOF:- NEwt; 

CO~"FNT: TAKE RANor~ STFP; 

FOR 1:= 1 VNTIl N ne]' VIII:- XIII' Rcnr"ACHrp<;; 
FGRANIN,GK,V,NFWF,TRUEI: • 
IFI,",COIINT>lll'ITI THE" Gd Ta PRf"ATU"HJFCTION; 
f(OUNT: - FCOI/NT ~ 1: GCCUNT 1 - GCCU" T • 1: , 

CO~~fNTt CALCVLAT[ CRTHOGONAL OI~E[tION AT v: 

PI \1:- ROOTMIICHrps: 
fOR rI. 7 VNTll " OC 
IF COOINI THFN..,\I"'I:-

PIII:- -PI/-II: 
ou 

FOR J:- 1 UNTll l 00 

r 

eEGI N 
If J - 2 lHEN 

BEGIN 
fCR ,:- 1 UNTll N,CO 
)F NEWF ) OLOF THE" 

REGIN 
N['rIF:- ClOF; 
FeR 1". 1 VNTIl 

8EGI" 

f"l:. XIII - VIII: 

N CC 

GKIII:. GKPlUSO"lFIII; 
\' III: - XIII; 

END ILCOP; 
END 

ENO; 
r.TP:- nOTI N, GK, P 1; 

60'7 
6011 
60'1 
1>10 
611 
1>12 
bD 
1>14 
61'S 
616 
611 
/>lB 
61'1 
620 
621 
6U 
621 
674 
~2'.i 
626 
627 
6211 

CO"MENT: ASCERTAIN CCWNHllL DIRECTION FeR llNEA~ SEARCH; 

-. 

, 6~q 
no 
'6.31 
61~ 
63' , 
614 
635 
~. 
617, 

"'ll 

. *''-' 
• 1 

.. . " 
f 

'. 

IF 

1 

, ' . 

IF GTP > Ol THEN 
8EGlN 

GTP:- -GTP: 
FOR 1 1= 1 UNT Il N 00 PlI J 1- -P Il' ; 

ENOI 
NOR"PI- lONCaSC;RTI, OOTIN,P,PI 1 • "ACHEP,s"2; 

, ' 
IlftTlAlllF4lPHA~ 

"\ 

OElIN<;EARCHI N. F~V~, CNU~, SI/CCFSSFVlSFARC~, Ol, 
RCOT~ACHEPS.'~/"(~"P, MAXSTEP/NORMP, 
"EIIF, AtPHl, Pl V.,'r,K, fUfoo. GRAC ,FGRAtH; 

• FCOUNT:= FCOUNT • FNU~: 
r.COUNTt- GCOUNT + CNU", 
COUNT ta COUNT • 1; 

ENO JlCOP; 

NEIfF < OLOF THEN 
IleG f N 

FOR \1- 1 UNTll N OC 
'( 

, . 

f· 
. . .. 

\ 

, ' 
:/1 

.. 
, , -' 

1 tJ • 

• 

... ... ' 
J 
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ONMOE'iH 
ONMOES47 
ONMOf'>4'3 
ONMOr 549 
ON~OB'jC 
ONMOf~~1 
ONMO!"'55? 
O~140E'j'jJ 

ONMOt: 5~4 

ON"'OES51 
ONM/lE50;~ 

0"lMOE5'j'1 
ONMOE'56C 
CNMlOEo;b 1 
C,,~OE5b2 

ONMOE'jb1 
QNMOf''i64 
CNMOE'i6~ 

QNMOf'iH. 
OtilMOE'>b 1 
ON"'Of561\ 
QNMOE'569 
ONM0f510 
ON ... r;F'i71 
CN~Or 'j 17 
ONMOE 0; 7 , 
ONI4[)E0; 1.r, 
I;;I\/MOE'.>7'5 
0","0f5 H: 
ONMOES77 
ONMOE0;71\ 
QN~OE'5 7'1 
ONMOE'jRC 
ONMOF581 
CN"OE58? 
QNMOF5A~' 

ON140E5A4 
QN"OE0;8'5 
ON"'DE511f: 
ON140E587 
ON140BA6 
01l140E58<) 
OIlI'lOE'j'lO 
ON140Eo;ql 
QNMOE5'H 
QNMOE5'1) 
Q~JIIOf5q" 
Ql1J110E5q5 
OlfMOfi,S'Il! 
01f",OE5q1 
ONMOE5 cU'1 
OlfMOE5''1 
0 .. MOE600 
ONMOUOI 

::J.~, 

J" 
.f 

. , 



. , 

-, 

," 

, 

0" 

. ' " 

..... 

. ' 

" 

6)'1 
6't(l 

""1 
6"2 
6101 
644 
64'5 

""6 6"1 
6"" 
641J 
6'50 
6'51 
652 
6'B 
654 
655 
6s?, 
6'51 
658 

, f 

'. 

, 

BEGIN 
XCII:- YIII;" 
CKPlUSONECII:- GKCII, 

END; 
OlOf:- NEIIF; 
IF 1 OOTIN,GK,GKI ) TOlSO 1 OR ~tONV THEN 

8EGIN . 

END: 

ceNVI- TRU&; 
COlO CllCUlATEOIRECTIUNO~SE'RCH; 

END; ... 

F:- OLOF; ., 
FlOTAt:- FCOUNT: 
GTOTlU- r,COUNll 
1 TNUM : - COUNT 

ENO CN"OER; 

, , 

G. If 

( 

Q , 
' .. 

, .. ,' 
\, , 

• ..t; _____ .. 

t1'- - - ----. ---;----------
\ . 

'\ , 

\ 
\ 

, . 

.. ' 

• 
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QNMOE60" 
QNI«lE605 
QNMDEbOb 
QNMOEjlOl 
QNMO(boe 
QNHDEbOq 
QN"'OEbl0 
QN"'OE«o11 
QNHOE«012 
C","'OE«013 
QN"'OEblto 
ONHOE1> 1 5 
QNIiIOE616 
QNMOEfll1 
ONMOE618 
ONHOE619 
~H0E620 • 
QN"'OE621 

> 

'. , 

, -

0, 

.. 
.. '. 1 .1 

f.l ,/.~.~ __ .. __ ~ .. _~_=_~.» .. _ .. __ .~~_._ .. ! ___ ~-- • _____ ' _~: ~~ ___ i~cl .. L 



65q 
660 
661 
6~2 
661 
664 
665 
666 
661 
6611 
66q 
611) 
611 
617 
loB 
61ft 
61'! 
616 
617 
6711 
67q 
6110 
681 
6ft2 
6Al 
61", 
6"~ 
61'1'> 
M\l 
68" 
6Ilq 
t>qO 
6ql 
6"2 
6QJ. 
6Q4 ' 
6qlj 
Mt> 
6Ql 
fI'UI 
MI" 
100 
701 
10' 
lof 
704 
10'li 

~ 106 
loi 
10111 
104' 
1\0 
111 
'11' 
711 
'114 
'115 .. 
716 

,. 

, .. . . 
. . 

p~OCFnl~E F~~II~TEr.E~ VALUE ~: 
lONG RFAl 'RRAY XI.,; 

~ 
8E-GI"I 

LONG REAL RESULT FI; 

LONG RFAL ARRAY GII::NI; 
lOGICAl GRAOVFSNO; . 
GRAnYf5NO:·FAl~~r· 
FGAANIN.G.X.F.GRAOVf5NOI: 

IFI~COUNT>LIMI1' THEN GO 
p.m; 

TO PREMATUREEJECTIO~; 

~ 

PROCEDURE GRADIINTrGfR VALUE N; 
LCNG REAl ARRAY K. GI. 1 1; 

AEGIN 
lf1NG REAL F: 
lOGICAL GhaOVESNO; 
GRAOvrs~n:·1R~E; , 
FGnAN!N,G,X,F,GPAnVEsNoIJ 

IF!~OUNT>lIMITI THfN GO TO PREMA1UPEEJECTION; 
ENO: 

PRCCFOlRE FGSAHI J~TPGER VALur N; 

BEGIN, 

LfNG ~fAl ARRAV G,XI.,: 
Ln~G REAL RESULT F; 
LOGICAl VALUE GRADVES~C 1: 

• 

COU~ENT: PROCEDURE rG~\N CC~PUTFS THF prRFCR~AtCE FU~CTlrN F 
FOII A TwO vA~IAAlf LAOoER FILTFR, .. HR LSF 1~.CPTI~llTICN 
PAOCEr.URE !;N~F~, THE PERFrR"A~CE tAITFRION 15 LEA 1 P'll< 
AS l'HI''FO RV IIAPloLFR A"r rI<ARALAI'·qcU\. THE GIIIIOIEN IS ALSO 
COHPUTfO IF lOGICAL VARIABLE GRAO'E5NC'T~UE; 

l''IT(GER NS""PEC:IC: 
~ONG REAL A,~nlP,~,v~,P~1,EP1,HP,~,HPeO,FI; 
LOGltA'l IINSAT: 
LONG CO~PLEX ARRAY Sltll?l: 
l'ONG cr1MPLFX "RR'" V,ln::!"l.ll OU 21: 
LONG CO~PLfX AROAV VFOR,IFOR,VREV,IREVIIIICNltll OIY 2+111 
lO'-G CC"PlEX AROIIY SFNSIO::"'.l Il 
LONf. CO~PLEX V,II,VTQANS,ITRA"'S,A: 
LONG REAL ARPAV RSfNSII::NII 
lO~G cn"PLEK ARRAV fG,TC1::2,; 
LONG CO~PlEX 5U",SU~I,SU~2; 
REAL RN; 
INTEGEII "'1; 
LONG RF,AL SIJ'flC; 
LONG COMPlEX FACT; 

. . 
CO""EN': INITIAlllE 
"151-1"11-1'1 DIV 2: 
~COU"'TI.NCOllNl.l: 
A'·IlHlllill; 
"'OLol~", .. dLD; 

CONSTANTS. AND VAAIAll'S; 

• 

• .. 

Cd"~ENfl lOGICA( Y'~IAali BNSAT INClcaTES WHeT~eR ~ NOT AES'ON$1 
lOUNO' HAYE 8EEN SATISFIEC. e"SAT.T~Uf l'''DICATES THA' 
THEY HAYE NOTI 

'. ·l 

, " 

'. 

'. • 

. " 
" 

.. 

. ' 

86 

) 

.. 

dl - ' 

, . 

• 



,e 
, 

.' 

717 
7111 
7Iq 
720 
UI 
ni 
723 
1 lit 
775 
726 
1'11 
7211 
nq 
1fo 
ni 
732 
7B 
n4 
7)5 
736 
737 
nA 
73"1 
740 
741 
'42 
74) 
144 
745 
746 
H7 

7"" 14q 
750 
751 
157 
7'n 
754 
7'55 
156 
757 
HII 

"'''1 
760 
761 
1'62 
76) 
761t 
7~5 
766 
767 
7U 
7n 
710 
771 
771 

'113 
Th 

8NSAT:-!MMOLO>OLI; 
ISPfC:-O; 
IFI~8NSATI THEN ISPFC:-l; 

EVAlUATEFI 

~u a_f 7'5ll 
IQ:-IFP'IOlO)-OLl THEN IP ElSE -IP.; 
r:·OL; 
IF GRAOYESNO THFN 

FOR 1:-1 UNTll N 00 G'II:-Cl; 
p 

. , 

) 

'cn~~ENT: PERFOR~ SU~~ATIC~ OVER FIIECVENCY POINTS: 

fOR 1:-1 ~NTll NR 00 BEGIN 
FCR JI- 1 UNTll NTHlll 00 
IIE'r.IN 

COI"~ENT: flHINE C.O,",P,lEX FRFC\JEN~IES; 
SIII:-lO~GI"4GIWIII,JII; 
S ( 2 1 1 al ONf, l "h G 1 ~ 21 l , JI 1 ; 

IFINI > 11 TH~N BEGIN 
'Hn -N-'H + 1; 
"1 :· .. ~m'''OlSORlIR~II: 
SU"2:·0l; 
fCR KL:- 0 UNtil "1-1 DO 
BEGIN 
SU~II-0ll 
FOR KN:- 0 UNtll ~1-2 00 
SU"11-fSl"I+XIN-~l·~I-KN)).SI2): 

IrlKl<"'l-11 THFN 
'~U"2:-fSUM2.~U"I·XIN-Kl·"I-~1·lll·S!1'1 
ElSf $U"7: a SU"2+5U"I+ll: 
f"ln IENn: 
ElSf SU"'l"ll; 

COl""ENT: C(JII,purE "U' I"PEOANCES "Ne .O"~UNCES' 
FOR Nl~:'l UNtil NS OC • 
IIEGIN 

1 C NU"V : - SIl NO 1 2*NO"-1 1 ,. XI 2.NU';-1 1 : 
Y(Nl~':-SfINOl2·NU"'I·X'1·NU'" 

EHO: 
lit ll-lL+llllI 

YCNSl:·VINSI+XINll; 

COMMENT: COMPutE MAGNITUDE; 
IIFORINS+1I:-1ll 11I-Ol;- ( 
'OR KI-l U~TIl NS 00 
IIEGIN • 0 

éOMMFNT,: CALCULA TE FQRIURO CUIIAENT~ ANC VOL UG~SI, 
IFOAINS-K.11:·VFOAI~S-K.21.YI~S-K.1 1+11; 
111-IFORINS-K+ll: 
YFOAINS-K.,'I.VFOA~NS-K.21.IFORIN5-K.l'.1(NS-K+lt; 

ENO; , . 
VT'UNSI-StlM2I'IFf'1Al11: ' 

Y~I.lONr.~OATIlO~GAEAl@ARTIVTA'NS' •• 2.LO~GI"'GP.A~I~TA.NS'.*7'." 

CO"_ENTr INCREMENT FUNCTICN fEA~' 
"Olt Kr. 1,2 DO • 

" 
- 1 

,. ". 
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1H 
11" 
777 ' 
711\ 
11'J 
7!10 
7111 
7117 
7111 
H4 
lA<; 
7"6 
H7 
78/1 
111<) 
7'10 
7'Jl 
Hl 
Hl 
7'14 

'7qr; 
H6 
7'J7 
l'III 
1'19 
ACQ 
1101 
'1,02 
!lCl 
eC4 
RO') 
1106 
801 
11011 
IIOq 
1110 

, ~ll 
!Il? 
!l11 
814 
Illt; 
1116 
817 

( fJQ8 
81q 
820 
8~1 

822 
112'\ 
1124 
Il?5 
826 
lin 

\ 111ft 

" 
Illq 
11)0 
nI 

. UZ • 

. . ... 

.' 

," 

IlEGIN 

CO~MfNT' NO lCWER PESPCNSE BCUNO IN STOP PANO; 
IFC n,.n AND CHHATfl)·Oll 1 THE" roc TC x!T; 
l'Ml:.f-1l l"K; 

cn~~fNTI CAlCUlATf fRRO~ FU"CTlfN AND UP[ATE ~; 
EP1:·PM1*UtI,Jl*fYM-HHATCI,.P"1*xtl; ". 
":-,rC~)C-EP1)1 THfN ~ ELSE -fPI; 

, CO,",MFNT: IF AOUNO) HAVF RfE" SAlISFJED 
EVAlUATlnN wlTH ~Olo-.r;; 

1F~I!I"ISAt CR f~<OLl) THEN 

litT ~)O. REOO FUNCTION 

,;,' l 
!lEGIN 

8NSAT:-TRUE; 

hgl~~·É~~~UATEF: 
FNO: 

CO"MEi'/T: IF IHSPONSF RrUNDS HAVE "lm "EH SArrSFIED, IGNORE 
POINTS THAl ~ATI~FY THE !lOL"IO; 

l,ol8195AT AND ff;PP-Oll , THE" te Ta xtT; 

EOMMPHi INCRfl"ENT fUNCTlCN TER~; 
HPH:'-Ù'I/MOlO; 
HP~O:.HP3~ •• I IC-I); 
F: *FtHP80.HP3~: 

HI GRAOYESNC HlFN IIEGIN 
IFI "11>1 , THEN 8Er.t~ 

~F"'~I'H' :·llISU~;!; D 
FOR ~U~'.~l.t U"ITll NI.~1-1 CC 
SFNSI"UI" :-SfNSIN.!J"-1 '-Slll; \ 
FOR NU~:'NI+"l UN'll N DO 
SENSI"HJ"":-SfN'i(NU"'-~lt·Sllt; 

FOR,NU"". NI~t UNTll N nr 
RSf~SlNUM"-V"·lONr.RFAlP'RT(SE~SlNUI"I'; 
END; 

CO~~ENTI CAlCUlATF SENSITIVITlfS AND INCRE~E"'T CRAOIENT' 
TE R~S; 

IREVIllI.ll: V:'Ol; 
fOR lI- 1 U~'IL ,NS SC PEGIN , 

CO~"E~TI CALCUlATE AEVfRSE CURR~"'TS AND VOlrAGES; 
VREvIll:·-IREVIl'·ZIll+V: 
V:·YAEVILI; • ' ... 
(REVll.1 '1-IREVfl'-VREVI~'.Y'lJ 

END; • 
ITRA",Sl·1l'IR~INS.11; 

.. 

COM~ENTI CAlCUlAfF NÇA~AlllEC ~[~SrT(vITIESI 
fOR lI. 1 UNTll NS DO BEGI"I 
b SeNSI2*l'I-YFOACl.ll.V~(YCll·ITR'NS; 

seN~12.l-1':·-(FOAlll·IREVIll·ITRANS; 
END; 

FOR NUM'.-l uHTll Hl-l 00 
ASEHSINU""·Y~·lCNGAE'lPARTCSe~SINU"·SltNCINU~II'I' 
~eHSINlll.Y".loM6AeAlP'Rt(SeNS(Hl-l'+lL/AI, ' , ~ 

.' 
L 

\, 
~ , , 

•• 
/. r /. 

/ 

. , .. 

" 

~ 

/ 

~16l, .\ 
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). 
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.. 

. ' 
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' 

...•... ' 1 

1131 
e'4 
A3~ 

836 
eH 
8)'8 

"39 
AltQ 
841 
IIU 
843 
e44 
P4'5 
,.,.6 
'''7 

FO~ NUM:- 1 UNTrl N bo 
'. GINIl'" :~CINIl~I-HP!!O*UI I,J '''RSENSINU~I.P''l; 

1'''10 (;RAOCAlC: 
ISPEC:~ISPEC+I; 

III T: 
END IfIICRf~E/ljT;' 

END INfIIfRSUM~OOPi 
ENO OUTERSU~lOOP: 

CO~~ENT: HAVf RFSprNSE AOUNOS AFEN S'TISFIED CN T~IS ITERATION? 
IF SO, PRINT CURRENT SOlUTrCN AND REOO FLNCTrCN EVALUATION. 
hlTH NEw VAlUE Cf ~Clr.; 

rFIf5PFC-OI THFN IIfG''< 
~MOlO:.'FI~(~~ClOI tHfH M ElSf ~~OlO: , 

89 

() 

1 

, 
l ' .. 

~OlO:·~~nlO: • 
IIN511 J: oF Al SF; A4~ 

. ~ 

Il''9 
850 
8~1 

liS? 
851 
1154 
~So; 

1156 
851 
A51:! 
AS9 
MO 
1\61 
8~2 
1161 
86" 
e6~ 

1\66 q 
867 
IIbA 
869 
870 
liB 

'1172 
871 
117'" 
1175 
fi 7" 
fi 11 
1178 
1179 
880 
8111 
11112 
11111 

""'" lin 
l1li6 
11117 
11811 
11119 
1190 

fOR 1:- 1 UNTtl N 00 x~INIII:-'(II: 
, WRITfl· "1: WRITflhRF~pnN5F nou~ns FxCfEOFG"I: wRltFI" "1: 

"RI·TEI" ·'~WRITFI" CU~"ENT ~r.lUTl(N GRArIENT"I; 
rOR 1"'" 1 UFlTIl ",00 "'RlTfllClllif.1Il l-; 
wRIT[I" "1 :wlIlTfl"FUN.CTlON ,VAlLF-",FI: 
.. RITfl"~AXI~U~ orvlAtloN FRC~ CFSIRfC RfSPONSE.".XI,~MOlOI; 
~MOlO:.~~Oln+xl~ll: 
xl: = X 1*. 9l i 
.. Rltf("NEh vAlur r XI.".XII~WRITrl" "1: 

WRITrl hNu",IIER OF fU~(lI\"N EVAluIlTln.S· ... HCUN.TI: q • 

ON .. nFRI N. FTOT~l. r.rrrAl, ttNlJ~, l( AOl, cC"v, ETA, lCNGEPSllCN to 

tOl, 'II. F.<!X. 1 t 0, flJ"I, GRAn, EGAAN 1: " 
GO TC PREMATURFFJEC1'ON; , 
END: 
(n~~["IT: CALCUL liTE F; , 
Fll-l0"lGF'XPII1lIIC-lll*lONGLNIFII: 
r:w~OlO.Fl·F: • 
IF GRAOYE~O'THEN 
8EGI N -

FOR ~U~I- 1 U~T,L N 00 ~INU~I(Jr.INU~I.Fl; 
ENO: • 
"~OlO:·IFU4<~~OlUI rHEN" " ElSE ~"OLO: 
IFI"Mr'JlO-HI 'rHEN 

FOR 1:- 1 UfllTll N 00 ''''INIII:-xlll; 
FNO FGIIAN; 

PROCEDURE ~CNITORI tNlFr.ER valUf NI - • 
l~tEGER'VAlU[ CrUNT,FCàV"IT; 
lCNG REAL VALUE ~EWF,AlP~'; 

" 

REGIN 
LONG REAL ,kil" ~.GKPlUSONE.l.C,PI.':tl 

l'HEGI''q K; 
LONr. REAL DEVI 

/ 

kAITEI"ST'fU~ AT ITERATION '". 
kAfTEI" CURRENT SOlUTICN 
WRtTEONI"OI~fCTION OF ~EARCH"I: 

COU~T'~ WAITJ(. "1; 
CUOfeNT 

, . , . 

FC~ l'· 1 UNTll N 00 wA"EI ~III. GltPlUSQNEIiJ. fClI (II 
WRITEI .... ': ' '" 
.."nEf"APPROXIMAlE MINJMU" Y'ÜEr NE .. ", .·,H1:WJ'''; W~ITU" .,; ~ 
OEVI·~"""O\.DI 

.. 
}.' 

, . 
j, 

'\ 
• • 

", 

• . ,. .. , 1 
,- 1 . j -

1 

. ; 
.'{ . l, .. l A • 

',- l 

. \ ~ , 

. . 

.~ , 

-



.. 

" 891 
8'12 
89' 
894 
A9S 
8~6 
897 
89(1 
899 
901) 

WRITFI"MAXIMUM OEVIATION ,FRO~ 1DEAL RESPO~SE.",DEVi:~RITE(" 
WAITEr"NUMBER OF FUNC~ION EVAlUATICNS,fCOUNT, .",FCCUNTI; 
WR ilE"" "1; 
WRITEI·STEP LENGTH, ALPHA, .",ALPHAI; 

WR tTE 1" "1; 
l'ND MON 1 fOR : 

ETtn •• q9L; 
FOll 1:.1 Il'IUL N 00 REAOONUIII'; 
RFADIRINRII,RINRl-1111 

<JO 1 
902 
901 
<JO" 
'IDS 
'106 
907 
9011 
90'1 
'110 
'Ill 
912 
CH' 
'114 
'II'! 
916 
911 
9111 
'11'1 
9?O 
'121 
'127 
921 
9?4 
925 > 

9?6 
9n " 
9111 

FOR I:R 1 UNTIL NA 00 READON JNTHII"; 
FOR 1:.1 \JlHllIH-l 00 REI\,OONtlNOIt)); 
RFAOIXII : 
READIlIMITJ: 
REACITf1L'; 
FOR II- 1 UNTll NRI-l OC 

'AEGIN 
RIII:·-~INRII·lONGCOSIIll.I/NRI1.PI/2l'; 
HHATlII:-ll; 
l'NO": 
HHATINRII:-Il; HHATINRI+I':.OL; 
FOR 1:- 1 UNTll NR? on 
RFGIN 
R!Nlfl'l 1 ::R~o/<IRI.l '011-1'.1 .99L-RINR1-l' IIINAl-111 
HHATINR1.11:-Ol: 
END: " 

lOAOL:·'Rl;E: 

MMOLO:-Il; 
NCCVH :-él: 
FOR lIa 1 UNTll "A 00 
REGIN 

FCR J:. 1 VNTIL NTHI" 00 
IIEr.IN 

TH:·PI/2LtPI·II-JI/NTHI"; 
UIt~"':.ll; " 

Will, JI loOUNI R III *PI*LCNGCCSITHII?l11 
k211,JII~DTANIRIII*PI·lCNGSINITHI/2ll; 

END: • 
l'NOl 

FG8ANIN,G,X,F,TRUEI: 

~'\ 

,.( 

'1 

"\ 

) 

"1 ; 

92:1 • 
910 
9'l. 
9)2 
911 
91'0 
93'1 
916 
9J1 
9)8 
9)9 
9'0 
941 
942 
'U) 
944 
94'S 
946 
947 
94111 

WR'TEI" "l;hRITFI"LEAST P'TH APPRexl~ATICN FOR TW~ DIMENSIONAl lOW 'A55 
FllTER: P-",IPI: 
W~ITFI"RANOL(R'S PERFORMANCE FU~CTlnNAl WITH .I.",XI'I 
~RITEI" "I:WRITFI"FUNCTION EVALUATIONS CeNE AT FOLlOWING POINTS"'; 
WRITEI" ", :\lRITF'" RaOUL hTH WEICHTINC-t; 
FOR 1:. 1 UNTll NR DO WIIITFIRIII,NTHIII.lII.11I1 
W,ÜTEt,.~:. "1:\oRITfI" STARTING PCINT C'UCIENT"I; 
FOR 'If. 1 UNTIL If 00 WRITEIXII'.GII'" 

.WR)TEI" ",;kRITEI"STARlING F~NCTleN VAlUF-",F); 
W~'TEI"MAXIMUH DEVIATION FROM DE51~EO RFSPON5E-"~~'OlD.XIII wRITEI" .J, 
~RITEI" "I;WAIlEI"TOL~",TCLIIWRrTEI· "'1 
FI·OU 

WR'TEI "INITIAL ESTI~ATe OF '", .. _H, F '1 NRITEI" ·'1 
liAllEI "lINEAR SEARCt1 CIIITE~IO". ETA, .-, fTAI, WIIITfl" ",. 

" 
\ 

90 

" 

<f ' 



" 

Cl .. ? 
qSO 
<J'51 
q52 
Q'51 
1J'5" 

___ '-.J <JS5 
<J56 
<J'57 
ClS,. 
ClS!J 
<J60 
Clbl 
'162 
'16) 
'16" 
'165 

J 

4 . 

~ 1 • ~ 

tN"OE~1 N, FlOTU. GTeUt. ITNU". lOAOL, CONII. EU. lONGEPSHON. 
TOL, 'li, F. x, t. D. FUN. GRAO, FGeAN 1; 

CO lO LOOPOU1; 
PRF",rUREE JEC TI ON: 
rG8ANIN,G,X"IN,F,TRUEI, 
OEV:-X"""OlOI 
W~I'EI" "I:WRITEI"TER"INAT!D DUE TO EXCFSSIVF FUNCTION EVALUATIONS"'; 
IIRITEI" "I;WRITE!"I\U"BER CF FUNCTIC,," EVALUATIONS WAS ", NCOUNTI; 
WRITEI" "In.RfTF!" CU~RENT SClUTlCN GRAtlEN'"I; 
tO" Il .. 1 UNTIL N on WRITFn"rNffl.rllll;' 
IIRITEI" "J;ftRrtE!"fUNCtrC~ VALue-",FI: 
WR'TEIM~AXI"U" neVIATICN FRC" OESIREe RESPONSE··,CEV)t 

LtlOPQUf: 
WRITEI" "IlWRlTfil"(,PTl,~IlATICN ""E IN S~CONCS .... tt"EIl1l60.1: 
10I:ONTROLf3l: ' .... 
FNO: 
ENO. 

. . 

• 

1 • 

.. .. 

• 

.' 
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