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Abstract

The quest to understand intelligence and its origins has taken various forms,
with one of the most recent frontiers emerging at the intersection of neu-
roscience and artificial intelligence (AI). This convergence has been fueled
by the remarkable achievements of deep neural networks in AI and advance-
ments in large-scale recording and analysis techniques in neuroscience. These
developments have opened up exciting opportunities for synergistic interdis-
ciplinary research, where artificial neural networks (ANNs) provide a testbed
for exploring theories of learning in the brain, while neuroscience findings in-
spire the design of more sophisticated AI models. In this work, we present a
framework aimed at unraveling the distinctive properties of individual learn-
ing systems. We focus on two key axes of comparison: the learning rule and
the learned representations, in the context of studying learning in brains and
ANNs.

First, we showcase how observations from computational neuroscience can
serve as inspiration for developing metrics that assess the quality of learned
representations in unsupervised representation learning, specifically within
the realm of self-supervised learning (SSL) loss functions. Second, we de-
velop a theoretical framework to understand the dynamics of SSL feature
learning and investigate the computational advantages of specific biological
mechanisms in aiding this process, thereby leading to practical recommenda-
tions that improve the sample and computational complexity of SSL. Lastly,
we leverage insights by analyzing neural networks to gain a deeper under-
standing of how the brain may employ gradient approximations for learning
and thereby, shed light on the role of certain design principles in the neu-
ronal learning process. Taken together, our work contributes to the ongoing
synergy between neuroscience and AI, bridging the conceptual gap between
learning in the brain and in machines.
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Abrégé

La quête pour comprendre l’intelligence et ses origines a pris de multiples
formes, l’une des plus récentes se situant à l’intersection des neurosciences
et de l’intelligence artificielle (IA). Cette convergence a été alimentée par les
avancées remarquables des réseaux neuronaux profonds en IA et les progrès
des techniques d’enregistrement et d’analyse à grande échelle en neurosciences.
Ces développements ont ouvert de passionnantes perspectives pour une reche-
rche interdisciplinaire synergique, où les réseaux neuronaux artificiels (RNA)
servent de banc d’essai pour explorer les théories de l’apprentissage dans
le cerveau, tandis que les découvertes en neurosciences inspirent la concep-
tion de modèles d’IA plus sophistiqués. Dans ce travail, nous présentons un
cadre visant à élucider les propriétés distinctives des systèmes d’apprentissage
individuels. Nous nous concentrons sur deux axes de comparaison: les
mécanismes d’apprentissage et les représentations apprises, dans le contexte
des neurosciences et des RNA.

Premièrement, nous montrons comment les neurosciences computation-
nelles peuvent inspirer le développement de métriques pour évaluer la qualité
des représentations apprises dans l’apprentissage non supervisé, particulière-
ment dans le domaine des fonctions de perte en apprentissage auto-supervisé
(AAS). Deuxièmement, nous développons un cadre théorique pour com-
prendre la dynamique de l’AAS et explorons les avantages computation-
nels de mécanism-es biologiques spécifiques pour faciliter ce processus, ce
qui conduit à des recommandations pratiques pour améliorer la complexité
en échantillons et en calcul de l’AAS. Enfin, nous exploitons des analyses
des réseaux neuronaux artificiels pour approfondir notre compréhension de
la manière dont le cerveau pourrait utiliser des approximations du gradi-
ent pour l’apprentissage, éclairant ainsi le rôle de certains principes dans
le processus d’apprentissage neuronal. Notre travail contribue à la synergie
croissante entre les neurosciences et IA, comblant le fossé conceptuel entre
l’apprentissage dans le cerveau et dans les machines.
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Contribution

Summary of Contributions
This thesis consists of original contributions towards demonstrating the syn-
ergies between computations underlying intelligent behavior in brains and
Arti�cial Neural Networks (ANNs). First, I present a framework to compare
and understand intelligent systems, and thereafter, I present evidence of
shared computational motifs under speci�c pillars of this framework. Specif-
ically, I make the following original contributions:

ˆ Representations in brains and ANNs: A brain-inspired metric of
representation geometry that is indicative of a shared structure of rep-
resentations across brains and large-scale AI systems and is connected
to downstream task performance, along with a pipeline to assess quality
of representations learned by self-supervised trained ANNs (Part II).

ˆ Dynamics of feature learning: Theoretical and empirical analysis
of learning dynamics of high-dimensional representation when optimiz-
ing a self-supervised loss function, along with insights into computa-
tional advantages of neuroscience-inspired mechanisms (like orthogo-
nality constraints and multi-view learning) and practical recommenda-
tions to improve the sample and compute-e�ciency of self-supervised
learning pipelines (Part III).

ˆ Learning with approximate gradients: Characterization of the
implications of gradient approximation, such as in brains, on learning
and generalization properties using ANNs as a model, along with in-
vestigations into the role of architectural design choices, e.g. size of
the network or non-linearity properties, on mitigating the e�ects of
gradient approximation errors (Part IV).
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Contribution of authors
ˆ Chapters 1 and 2 provide introduction and background material for

this thesis, which I wrote, drawing inspiration from various published
sources and informal discussions throughout the course of my PhD.

ˆ Part II is based on [Agrawal et al., 2022], which is a published paper
at Neural Information Processing Systems (NeurIPS) 2022. In this
project, I co-led the project ideation and design along with Kumar
Krishna Agrawal, and co-led the experiments with Arnab Kumar Mon-
dal. I was also responsible for the theoretical analysis presented in
this paper, and co-developed the code1 with Kumar Krishna Agrawal
and Arnab Kumar Mondal. Arnab Kumar Mondal also led the e�orts
to scale up experiments on the compute cluster. Blake Richards was
instrumental in shaping the narrative of the paper and provided over-
all supervision for the project. All authors contributed to writing the
manuscript.

ˆ Part III is based on [Ghosh et al., 2024], which is a published paper
at Neural Information Processing Systems (NeurIPS) 2024. In this
project, I co-led the project ideation with Kumar Krishna Agrawal,
and led the experiment design of the project. Adam Oberman devel-
oped some of the key theoretical results presented in this paper, and
provided overall supervision on research direction and manuscript writ-
ing. I collaborated with Adam on the theoretical results about learning
dynamics. Shagun Sodhani helped run the large-scale experiments and
validate the practical recommendations on large-scale datasets, specif-
ically Imagenet. Blake Richards provided overall guidance and super-
vision on the project design, which shaped the narrative of the project.
All authors contributed to writing the manuscript, with Kumar Kr-
ishna Agrawal, Blake Richards, and I co-leading the initial manuscript
writing e�orts.

ˆ Part IV is based on [Ghosh et al., 2023], which is a published paper
at International Conference on Learning Representations (ICLR) 2023.
In this project, Blake Richards and Konrad K•ording co-led the project
ideation. I led the design of the analytical framework and experimental

1FastSSL library
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setup to validate our theoretical results. Yuhan Helena Liu and Guil-
laume Lajoie helped analyze results, and contributed to discussions
that led to extending the theoretical results to incorporate the results
on generalization. Blake Richards provided the overall guidance and su-
pervision for this work, and also played a pivotal role in the manuscript
writing process. Konrad K•ording contributed to the manuscript writ-
ing as well as the reviewer rebuttal process. All authors contributed to
writing the manuscript.

ˆ Chapter 9 consists of discussion and broader impact of the results pre-
sented in this thesis which is written by me, with inspiration from
discussions I have had with Blake Richards, Shahab Bakhtiari, and
Zahraa Chorghay during the �nal year of my PhD.
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1
Introduction

Throughout its history, humanity has embarked on the quest to understand
intelligence and its origins. This quest has taken many forms, from philoso-
phy to psychology, and from biology to computer science. In recent decades,
two �elds have emerged as particularly prominent in this endeavor: arti�cial
intelligence (AI) and neuroscience. Both AI and neuroscience aim to shed
light on the nature of intelligent systems, one from an in silico perspective
and the other from a biological perspective. While AI researchers direct most
of their e�orts to create systems that can solve computationally challenging
tasks, such as image recognition, natural language processing, or decision-
making, neuroscientists aim to deconstruct the biological basis of intelligence
and behavior, seeking to uncover how the brain processes information, learns,
and adapts to changes in the agent's environment. Despite the di�erence in
their approaches, AI and neuroscience share a fundamental interest in under-
standing intelligence, and their �ndings can and have informed and inspired
each other over the last few decades. In this thesis, I will explore the inter-
section of AI and neuroscience by highlighting key axes along which progress
in one �eld can be leveraged to advance the other.

A key ingredient of intelligent systems, identi�ed by both AI and neu-
roscience, islearning. Learning can be de�ned as changes in the system's
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internal parameters to better adapt to its environment. AI, powered by deep
learning (DL), has made large strides towards building human-like intelligent
systems, by leveraging neural network models (ANNs) and the backpropa-
gation algorithm. The backpropagation algorithm provides a mechanism to
compute the gradient of some scalar objective function with respect to each
parameter in the ANN. The gradient vector indicates the direction of steep-
est ascent in the parameter space; following this will result in the largest
possible change in the objective function for the smallest possible change in
parameters. In practice, learning in ANNs uses a loss function (instead of ob-
jective function) and takes a step in the direction of steepest descent (instead
of ascent), therefore being termed as gradient descent. The backpropagation
algorithm, followed by a step of gradient descent underlies, in large part, the
success of ANNs.

Given this recipe for success in ANNs for learning complex tasks, it is
reasonable to ask whether the brain follows a similar approach. Speci�cally,
does the brain use gradient-based methods for synaptic weight changes? That
is, even if the brain doesn't use backpropagation, might it have an alterna-
tive that achieves something similar? Furthermore, are the emergent system
properties, i.e. the representations, similar in the brain and ANNs? These
questions raise an even broader question: can our understanding of learning
in biological brains inspire the development of next-generation AI systems?
While there are undoubtedly di�erences between biological and arti�cial in-
telligent systems, exploring their potential convergence can reveal the un-
derlying principles governing intelligence more broadly. The search for these
common principles forms the foundation of the �eld of neuroscience-inspired
AI, an area of AI research that aims to uncover the general laws underlying
learning in intelligent systems | applicable to both biological and arti�cial
brains.

1.1 Marr's levels of analysis
To answer these questions, we need a framework for comparing two learning
systems that are, at face value, very di�erent. For this, we turn to David
Marr's levels of analysis for understanding information-processing systems
[Marr, 1982]. Brie
y, Marr proposed that a system can be understood at
three levels { computational, algorithmic and implementation.

ˆ Computational level: This level describes the problem to be solved, the
available inputs to the system and the desired solution, i.e. the desired
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output for speci�c inputs.

ˆ Algorithmic level: This level speci�es the steps or procedures involved
in solving the problem, including the algorithms and data structures
required to implement the desired solution.

ˆ Implementation level: This level details the physical realization of the
algorithm. It describes the hardware or neural circuitry that carries
out the computations.

Marr's levels of analysis are useful to distill the inter-level relationships of
a complex system, i.e. this framework allows us to gain a mechanistic un-
derstanding of how a system uses its constituent components to perform a
particular set of computations in order to solve a task. Take, for example, the
human behavior of catching a ball. The system, in this case a human, needs
to solve thecomputational levelof the problem by computing or estimating
the ball's trajectory and positioning their body at the drop point of the ball's
arc. The correspondingalgorithmic level of the problem could be to process
the image, identify the ball, track it, then calculate the direction required to
run in order to keep the ball's position relative to the body constant or mov-
ing at a constant vertical velocity. Finally, the implementation levelcould
be far more complicated, involving the neural substrates that are involved
in the visual processing of the image of the ball, as well as those involved
in calculating the spatial trajectory and controlling the muscle movement of
the body to ensure it matches the motion of the ball. These three levels,
taken together, provide a mechanistic explanation of a human's behavior of
catching a ball.

1.2 Beyond Marr's levels: Towards a Norma-
tive Framework

Understanding learning systems, however, requires one to consider how the
information processing behavior changes with experience. This requires a
more �ne-grained consideration of the factors that impact the functions per-
formed by the system, at each level of Marr's framework. To this end, what
we need is anormative framework that encapsulates the various facets of
learning and can be used to compare intelligent systems.

With this goal in mind, in this thesis, I present a more granular framework
(see Figure 1.1) that is inspired by Richardset al. [Richards et al., 2019].
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Figure 1.1: General framework for comparing learning systems and corre-
sponding projects binned into respective pillars. Subsequent chapters will
focus on projects under the Representations and Learning Rule pillars, specif-
ically those highlighted with solid-border boxes. In contrast, dashed-border
boxes indicate collaborative works that are not covered in this thesis. While
the pillars of data and loss Function are fundamental to learning systems,
they were not the focus of this doctoral research.

Note that, while Richardset al. elucidate the core pillars ofdesigningarti�-
cial learning systems that are in turn useful for studying biological learning
systems, the framework presented here describes the key factors that can be
used to study, understand and compare the behavior of learning systems {
both biological and arti�cial.

The framework consists of �ve key pillars that govern the behavior of
learning systems, as follows:

ˆ Data obtained from environment: The data available plays a crucial
role, following Marr's computational level of analysis, as it determines
the input provided to the system for solving a task. Furthermore, the
quality and characteristics of the available data are essential for the
system to learn a certain behavior.

ˆ Architecture: The system's architecture for information processing im-
poses speci�c inductive biases, narrowing down the space of possible
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functions it can compute.

ˆ Learned representations:The learned representations provide insights
into the intermediate computations utilized by the system's algorithms
to solve a (compositional) task. Studying the learned representations is
essential while comparing di�erent learning systems that exhibit similar
behavior at the computational level, but might di�er at the algorithmic
level.

ˆ Learning rule: The learning strategy, governed by a learning rule, in-
troduces dynamics that shape the trajectory of learned functions and
ultimately determine the computations involved in supporting the sys-
tem's learned behavior.

ˆ Loss/Objective Function: The loss function represents the objective
that the system aims to optimize, typically measuring how closely the
system's current behavior matches the desired behavior while satisfying
speci�c operational constraints. Di�erent formulations of the objective
function can re
ect di�erences in the operational constraints that the
system must satisfy, eventually leading to distinct solutions and compu-
tational motifs that the system employs to achieve the desired outcome.

Let us again consider the example of catching a ball. For a system to learn
how to catch a ball from experience, it needs to solve the task of tracking the
ball's position and positioning the body accordingly. To understand how the
system accomplishes this learning, we need to inspect the experiential data
it learned the behavior from. For instance, what was the color of the ball?
What were its other physical attributes, e.g. weight or material, of the ball?
It is possible that if the color of the ball changes, the system can no longer
perceive or detect the ball. If the weight or material of the ball changes,
will its aerodynamics be altered to the extent that the system can no longer
estimate its trajectory? Along similar lines, the architecture of the system
imposes certain inductive biases over what computations the system can
perform. For instance, if the system has an architectural bias for detecting
round-shaped objects, tracking the ball's position might be a simpler problem
than without this inductive bias. Similarly, having an inductive bias over
translation-invariant computations might help the system better track the
ball's position.
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While the data and architecture pillars provide insights into the con-
straints that the system operates under, studying the learned latent repre-
sentations provides insights into the intermediate algorithmic-level process-
ing stages used by the system while exhibiting the behavior in question. For
instance, the latent representations could indicate whether the underlying
algorithm decomposes the task into a combination of perception (ball track-
ing) and motor (body positioning) problems. Investigating how these latent
representations emerge over the course of learning provides insight into the
system's internal mechanisms that enable learning. For instance, the system's
internal representations might not be initially specialized for perception or
motor skills related to ball catching, but over the course of learning, such a
specialization might emerge. Understanding the learning rule used in shap-
ing these representations (and the emergent behavior) could provide insight
into how the system uses the available input and output signals to change
the computations it performs over the course of learning. For instance, the
system could rely on external global feedback signals (how well was it able to
catch the ball) to alter its computations or the system could rely on interme-
diate self-generated feedback signals (how well it could track the ball, or how
close it was able to get to the ball) to alter computations that eventually lead
to an improved behavior. Each strategy would lead likely to a di�erent set of
computations that the system could perform, thereby leading to di�erences
in the algorithmic and implementation levels.

Finally, a better understanding of the loss functions that the system at-
tempts to optimize in order to solve the task provides an insight into the
constraints that the system operates under as well as the potential solutions
that the system can converge to. For instance, if the system wants to reduce
any sudden movements, it would attempt to reduce any last minute motor
movements that are required to adjust to the ball's trajectory. Consequently,
it would devote more resources towards better tracking the ball's trajectory
such that it is able to plan the sequence of motor actionsa priori , with mini-
mal last minute adjustments. In contrast, a system with stronger constraints
over perception might learn �ne-grained motor skills that are more useful for
last-minute adjustments. Understanding the loss function(s) that the system
optimizes might also provide insights into the development of specialized sub-
systems for perception and motor skills. For instance, a system might use
a loss function for object detection and tracking that considers only how to
learn the computations underlying perception. The result of these computa-
tions could then provide input to a distinct motor subsystem to output the
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motor commands required for self-positioning and catching the ball.
Although the factors are discussed in isolation, in reality, these factors

often interact extensively. For instance, a learning system could use learning
rules that are better suited to its architecture over another. Furthermore,
the behavior of an active learning system would impact the data experienced
by it. For instance, if the system is able to track the ball from far away and
is able to position itself roughly along the trajectory of the ball, it will expe-
rience more data streams where the system's behavior needs to be adjusted
when the ball is close. Indeed, such biases in data streams can be exploited
when designing learning curricula for arti�cial learning systems, wherein the
system is presented with data that is easier to learn from early in the learning
process.

By analyzing and comparing information processing systems using the
�ve pillars of the framework I have presented, we can attain a comprehensive
understanding of learning systems. It is worth emphasizing that this frame-
work o�ers a normative view of the computations performed by the system,
i.e. it provides insight into how the �ve factors impact the computations that
are learned to successfully exhibit a behavior according to some norm.

1.3 Why Arti�cial Neural Networks?
To search for shared principles of intelligence between arti�cial and biological
systems, we can turn to ANNs. Not only can ANNS solve computationally
challenging tasks like the brain [LeCun et al., 2015], but ANNs provide a
cheaper, more observable test-bed to study the impact of di�erent design
factors on the computations underlying a particular behavior. Therefore,
they allow us, scientists concerned with understanding intelligence, to stick to
Richard Feynman's ideology \What I can not create, I can not understand" 1.
Moreover, despite their di�erences at the implementation level (i.e. silicon-
based chips compared to carbon-based networks of cells), ANNs allow us
to study computations that roughly match the brain's at an algorithmic
level, enabling a designer to increase the level of biological relevance of their
model and study the impact of its algorithmic properties on the emergent
computations.

A second, perhaps more opportunistic reason, is that connectionist mod-
els enabling intelligent behavior are increasingly lauded by the scienti�c com-

1https://www.goodreads.com/quotes/7306651-what-i-cannot-build-i-do-not-
understand
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munity, most recently being validated in the form of a Nobel prize in Physics2.
The immense success of connectionist models in learning intelligent behavior
by changing the internal connection weights signi�es the position of these
models as our best existing bet to build intelligent systems that can both
solve human-level tasks and perform similar computations, thereby allow-
ing us to discover the core principles that underlie intelligent behavior more
generally [Doerig et al., 2023].

In this thesis, I will present evidence of algorithmic level similarity be-
tween brains and ANNs and demonstrate three key examples of how such
similarities can be leveraged to improve several design choices of AI systems.
The three examples can be grouped under the pillars of learned represen-
tations and learning rules. My principal hope is that I may convince the
reader of the utility of using ANNs to understand and leverage shared motifs
of intelligence between biological and arti�cial systems. Over the rest of this
chapter, I will present the speci�c research questions that I sought to answer.
I will then proceed to describe a brief overview of the biological motivation
and corresponding results from ANN experiments.

1.4 Key Research Questions
This thesis will investigate the following research questions in each of the
subsequent chapters:

ˆ Do brains and deep neural networks learn similar representations, in
terms of the geometry of the representations? Can we use the geom-
etry of the learned representations to identify ANN models with good
performance?

ˆ Does representation geometry change similarly in brains and deep neu-
ral networks during learning? Can we leverage these similarities to
design sample and compute-e�cient learning strategies for ANNs?

ˆ Given that the brain cannot compute the exact gradient of a loss func-
tion with respect to each of its parameters, can we understand the im-
pact of using some approximation to the gradient signal on the learning
and generalization properties using ANNs?

2https://www.nobelprize.org/prizes/physics/2024/press-release/
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1.5 Preview of Results
The remaining chapters of the thesis aim to systematically answer these ques-
tions. In each chapter, we will draw inspiration from prior studies uncovering
certain properties of learning or neural activity in the brain, and use ANNs to
better understand the role of such properties in enabling the algorithms and
computations underlying intelligent behavior. As elaborated above, ANNs
provide a more observable framework than biological systems, thereby mak-
ing it easier to study the contribution of individual properties in isolation.
One (Ipcha Mistabra) might argue that such an endeavor may be unreason-
able, especially given that the �ve pillars often interact with each other. But
as we often adopt a reductionist view in science, our hope is to simplify the
system into its individual constituents, study and understand them better,
and then put them back together to try and reconstruct the system. I hope
to convince the reader that the results presented in this thesis can indeed
provide a better combined understanding of both biological and intelligent
systems.

This thesis �rst presents evidence for shared computational motifs in
brains and ANNs by investigating their learned representations. In Part II,
we draw inspiration from recent �ndings in the mammalian visual cortex
(V1) that demonstrate scale-free high-dimensional representations for nat-
uralistic images [Stringer et al., 2019, Kong et al., 2022]. These results are
indicative of the representation geometry in the mammalian brain, speci�-
cally, the manifold of natural image representations in the brain's internal
high-dimensional space. Motivated by these �ndings, we study the geometry
of learned representations in ANNs, speci�cally utilizing a measure developed
from systems neuroscience. We formally connect this metric of representation
geometry to downstream task performance under certain simplistic assump-
tions. Moreover, we demonstrate that not only do representations in deep
neural networks of vision exhibit a scale-free nature like brains, but also,
that this measure of representation geometry can be used to assess the qual-
ity of ANN models, especially those trained using self-supervised learning
(SSL) frameworks. Taken together, this chapter demonstrates that advances
in systems neuroscience could lead to e�cient design principles for ANNs,
and in turn, ANNs could provide a testbed for normative explanations of
observations in the brain.

In the next chapter, we build upon these results to study the learning
dynamics, i.e. how these high-dimensional representations are shaped over
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the course of learning. This chapter draws motivation from two key results in
neuroscience. First, behavioral neuroscience studies have demonstrated that
animals tend to spend more time investigating novel rather than familiar
objects: i.e. they spend more time observing the novel object from sev-
eral views or interacting with it [Antunes and Biala, 2012]. Second, systems
neuroscience studies have found that representations in mouse V1 become
more orthogonal over the course of learning [Failor et al., 2021]. In other
words, neural representations tend to increase in dimensionality as the an-
imal learns a behavior. Inspired by these two �ndings, we aimed to better
understand the learning dynamics of ANNs trained using a SSL loss func-
tion, i.e. training without explicit human supervision [LeCun, 2022]. To
do so, in Part III, we provide a theoretical characterization of the explicit
biases imposed by common SSL losses and the implicit biases imposed by
gradient-based optimization on the learning dynamics; speci�cally, we study
how these biases shape the learned feature space. We leverage this theoretical
understanding to propose a normative role for using orthogonalization con-
straints on the feature space and for using multiple views of an object during
learning. Furthermore, we demonstrate that incorporating these strategies in
non-contrastive SSL methods lead to compute and sample-e�cient learning
pipelines, yielding better representations earlier in training. Taken together,
this chapter demonstrates that advances in behavioral and systems neuro-
science can act as guiding principles for designing e�cient learning strategies
for ANNs, and in turn, advances in theoretical deep learning could provide
normative explanations for experimental observations in biological systems
that might seem phenomenological at �rst.

For the next chapter, the reader's attention is directed towards learn-
ing mechanisms in the brain. Notably, learning in ANNs is achieved using
gradient descent, i.e. updating parameters to best follow the gradient of
the loss function, thereby ensuring each small update step in the parameter
space leads to the greatest reduction possible in the loss. Computing the
gradients for an ANN with hierarchical structure leverages the backpropa-
gation algorithm [Rumelhart et al., 1986]. Brains, however, cannot compute
the gradient of the loss using the backpropagation algorithm, owing to their
physical constraints [Lillicrap et al., 2020]. Therefore, they must have mech-
anisms to approximate the gradient if they are to rely on small updates
to their synaptic weights to learn a task [Richards and Kording, 2023]. In
Part IV, we investigate the impact of approximating the gradient and its
implications for learning and generalization. Once again, we leverage ANNs,
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owing to their observability and controllability in experimental settings, us-
ing tools from deep learning theory to characterize the impact of gradient
approximation errors on learning and generalization. Furthermore, we study
the role of di�erent architecture design choices in mitigating the potential
negative impacts of such approximations. Speci�cally, we analytically and
empirically demonstrate that increasing the size of the network and adding a
sparsity promoting non-linearity on the activations helps to mitigate the neg-
ative impacts of approximation errors during training while also bene�ting
from improved generalization owing to noise in the optimization process.

Finally, in Chapter 9, I will present a broader perspective of how the �elds
of neuroscience and AI can leverage the existing synergies to accelerate the
advances in their respective domains. While operating at seemingly di�erent
levels of systems understanding, I believe that each �eld has a wealth of
knowledge to o�er the other, as evidenced by the results presented here.
Furthermore, I believe the emerging �eld of NeuroAI will help shape these
directions of convergence, eventually leading to a better understanding of
the shared physical principles that underlie both biological and synthetic
intelligence.
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2
Background

This chapter will introduce fundamental concepts that broadly shape the
remainder of this thesis. In addition to this, at the beginning of each chapter,
I will also discuss relevant literature that is speci�c to the contributions in
the chapter.)

We will explore three key topics in this chapter: arti�cial neural net-
work architectures, backpropagation, and self-supervised learning (SSL) loss
functions. Notably, these sections correspond to three (of �ve) pillars of the
NeuroAI framework: architecture, learning rule, and loss function, respec-
tively. Moreover, this chapter also presents a short section on eigenvalue
decomposition, a linear algebra technique that is used in the methodology of
all subsequent chapters. Note that this chapter is not intended to be com-
prehensive reading material for either of these topics, but rather a concise
introduction that helps the reader grasp the core contributions of the follow-
ing chapters. Readers seeking a more in-depth understanding of any of these
topics are encouraged to consult relevant literature that speci�cally deal with
these topics.
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2.1 Arti�cial Neural Networks (ANNs)
Arti�cial neural networks (ANNs) have revolutionized the �eld of arti�cial
intelligence, enabling signi�cant advancements in solving computationally
challenging problems across scienti�c disciplines, such as object recognition
[Krizhevsky et al., 2012], language modeling [Vaswani et al., 2017], and pro-
tein folding [Jumper et al., 2021]. It is worth mentioning that the structure
of ANNs is inspired by our understanding of the human brain, speci�cally
following the ideology of connectionist models [Doerig et al., 2023]. Tradi-
tionally, to understand learning and di�erent cognitive phenomena, connec-
tionist modeling leveraged a network of interconnected nodes, or units, that
processed information in parallel. Similarly, ANNs are composed of multiple
layers of interconnected nodes, or arti�cial neurons, that process and trans-
form input data into meaningful output. The connections between nodes
represent synapses, and the strength of each synapse, called its weight, de-
termines the in
uence that one (upstream) neuron has on the activity of
another (downstream) neuron. These weights act as adjustable parameters
that can be changed through a learning process in order to solve a task or
exhibit desired behavior. On the other hand, the connectivity pattern among
individual units imposes implicit biases over the functions that can be rep-
resented by the ANN. As a result, di�erent architectures that are explored
in this thesis have biases toward learning speci�c types of functions. In this
section, we will delve into some of the most popular ANN architectures and
their key components.

2.1.1 Fully-Connected Networks (FCNs)
Fully-connected networks (FCNs), also known as multi-layer perceptrons
(MLPs), are a fundamental network architecture that apply a sequence of
linear-nonlinear transformations over its inputs [Rosenblatt, 1958]. Each
layer of an FCN can be thought to map an input vector inRdin to an out-
put vector in Rdout . Each neuron in a layer is connected to every neuron in
the subsequent layer, thereby allowing every input feature to in
uence every
dimension in the output vector. While this connectivity pro�le allows the
network to represent highly expressive functions in high-dimensions, it also
leads to a large number of parameters in each layer, speci�callyO(din � dout ).
Therefore, the number of parameters scales linearly with both the dimension-
ality of inputs and outputs.

As noted before, each layer in an FCN applies a linear transformation
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followed by a non-linear activation function. Mathematically, the transfor-
mation at some layerl can be written as:

h (l ) = F
�
h (l � 1)W (l ) + b (l )

�
(2.1)

where:

ˆ h (l ) 2 RB � dl , represents the activations in layerl and B is the number
of input vectors,

ˆ W (l ) 2 Rdl � 1 � dl , is the weight matrix connecting layerl � 1 to layer l ,

ˆ b (l ) 2 Rdl is the bias vector for layerl , and

ˆ F (�) is an activation function, such as ReLU, tanh, or sigmoid.

The output of layer (l), h (l ) , serves as the input to the next layer (l + 1),
propagating information through the network until the �nal layer, which
produces the output.

The subsequent chapters in this thesis will present several settings where
the objective is to classify inputs into certain discrete categories. For this
speci�c purpose, the desired output of the ANN is a probability distribution
that indicates the likelihood of the input to be in each category. For this
purpose, the �nal layer's output is often passed through a softmax function:

softmax(z) i =
ezi

P
j ezj

(2.2)

where z represents the input to the softmax layer, and the resulting vector
represents the probabilities for each class, with each element lying in the
range [0; 1] and the total summing to 1.

Despite their simple formulation and ease of implementation, FCNs are
less popular for processing high-dimensional naturalistic inputs such as im-
ages or text sequences, primarily because they do not exploit local structures.
Instead, FCNs have been widely used for demonstrating the utility of ANNs
in performing complex computations, and continue to serve as platforms for
theoretical analysis. For instance, FCNs have been used to demonstrate that
ANNs are universal function approximators [Hornik et al., 1989], a result
that has served as motivation for decades of research eventually leading to
advanced ANNs architectures that have driven the modern AI revolution.
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2.1.2 Convolutional Neural Networks (CNNs)
Convolutional neural networks (CNNs) are designed to e�ciently process
spatial data, such as images. Images are known to possess locally con-
sistent structures, i.e. nearby pixels have similar correlated information
[LeCun and Bengio, 1995]. Furthermore, there also exists a notion of trans-
lation equivariance in low-level image structures. For instance, the left and
right edges of a black box on a white background are represented similarly in
the pixel space of the image, and therefore an edge detector should respond
similarly at the two di�erent locations. CNNs are designed to detect such
translation-equivariant structures, by applying �lters (used for convolution
operation) that detect local patterns. Notably, the convolution layer uses
a local connectivity pattern whereby each unit in the output is in
uenced
only by a set of spatially-connected input units, i.e. input units in a local
region on the input. Coupled with a weight sharing strategy, where di�erent
units in the output layer apply the same �lter at di�erent spatial locations
in the input, CNNs can detect translation-equivariant local structures in an
input. Moreover, CNNs exploit the spatial hierarchy in data through a series
of convolutional and pooling layers, allowing them to identify features like
edges, textures, and shapes. This local-connectivity approach reduces the
number of parameters compared to fully-connected networks, making CNNs
more e�cient for processing images.

Each convolutional layer applies a set of learnable �lters over local regions
of the input. The convolution operation can be represented as:

y i;j =
cinX

c=1

MX

m=1

NX

n=1

X c;i+ m;j + n � K c;m;n (2.3)

where:

ˆ X 2 Rcin � H � W is the input feature map ofcin channels, and sizeH � W,

ˆ K is the convolutional kernel (or �lter) of size cin � M � N , and

ˆ y i;j is the output of the convolution at position (i; j ).

This convolution operation can be applied multiple times, resulting in an
output feature map ofcout channels. Therefore, a convolution layer performs
a linear transformation on an input tensor of shapecin � H � W to yield
an output tensor of shapecout � H2 � W2, where H2; W2 depends on the
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positions (i; j ) the convolution operator was applied. The stride and padding
parameters determine the values of these positions. For more details on these
parameters, the reader is deferred to signal processing textbooks which deal
with convolution operations. Note that the number of learnable parameters
in a convolution layer isO(cout � cin � M � N ), i.e. it scales linearly with
number of channels in the input and output tensors but not their spatial
dimensions, contrary to FCNs.

The convolution operation is typically followed by an activation function
f , such as ReLU, which introduces non-linearity:

y i;j = F

 
cinX

c=1

MX

m=1

NX

n=1

X c;i+ m;j + n � K c;m;n

!

(2.4)

Pooling Layers

Pooling layers reduce the spatial dimensions of feature maps, thereby de-
creasing the dimensionality of computations and providing a form of transla-
tion invariance. Since pooling layers are often applied after the convolution
layers, they perform spatial aggregation over the output of convolution lay-
ers to learn translation-invariant features. For instance, while convolution
operation with an edge detector �lter leads to similar outputs at di�erent
locations containing edges, the pooling operation aggregates over a spatially
local region and indicates if there is an edge present in that region.

For a pooling operation over a region of sizeM � N , the output at position
(i; j ) is given by:

�y i;j = G(y i :i + m;j :j + n ) (2.5)

One common pooling operation is average pooling, which downsamples the
input by taking the mean value of activations over a spatially local region,
i.e. G = mean(:). Other pooling methods, such as max pooling, select
the maximum activation value within each region rather than averaging, i.e.
G = max(:). While both average and max pooling operations reduce the
dimensionality of the feature tensor and improve the signal-to-noise ratio,
they use di�erent spatial aggregation operations. Speci�cally, average pool-
ing runs a spatial-smoothing operation over the feature tensor while max
pooling preserves the most prominent features.

Example Architectures: ResNet-18 and ResNet-50

ResNet (Residual Network) architectures [He et al., 2016], such as ResNet-
18 and ResNet-50, are examples of widely used ANN architectures that use
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CNNs as their early layers and FCNs as their later layers. Additionally,
these architectures employ residual connections to allow the parameters in
the network's early layers to in
uence its output, allowing for stable training
of very deep networks. Each residual block in a ResNet adds a shortcut/skip
connection that bypasses the transformation within the block, allowing gra-
dients from later layers to 
ow directly through the skip connections in the
network. Mathematically, the output of a residual block can be written as:

y = B (X ) + X (2.6)

where:

ˆ B(X ) represents the transformations within the block, often two or
more convolutional layers with batch normalization (see section 2.1.4)
and activation functions, and

ˆ X is the input to the block.

ResNet-18 and ResNet-50 di�er in the number of layers (18 and 50, respec-
tively) but both leverage the residual structure, making them popular choices
for computer vision tasks, particularly object recognition.

2.1.3 Transformer Networks
An ANN architecture with widespread applications in image and language
processing tasks is the attention-based [Bahdanau et al., 2014] transformer
network [Vaswani et al., 2017]. Like CNNs, transformers apply local compu-
tations to every region of the input. However, unlike CNNs, they rely on
self-attention mechanisms to perform context-aware information aggregation
from other regions, thereby enabling them to capture long-range dependen-
cies. For the rest of this subsection on transformer networks, we will refer to
spatially-local regions as tokens in order to better align with the vocabulary
of the attention-based networks literature.

Self-Attention Mechanism

The core component of a transformer network is the scaled dot-product at-
tention, which calculates attention scores between elements of the input se-
quence. Given an input sequence of text/image tokens, we compute three
matrices for each element: queries (Q), keys (K ), and values (V ). The

18



self-attention operation is computed as:

Attention( Q; K ; V ) = softmax
�

QK T

p
dk

�
V (2.7)

A = X W A , A 2 f Q; K ; V g (2.8)

where:

ˆ Q; K ; V 2 RT � dk are the query, key, and value matrices, respectively,
derived from the input, X 2 RT � din by applying linear transformations,
and T is the number of tokens/elements in the input sequence, and

ˆ dk is the dimensionality of the keys, used to scale the dot products for
stable gradients.

In this formulation, each element of the sequence calculates an attention
score with every other element in the sequence, capturing long-range de-
pendencies across all positions. The attention score can be thought of as
the dot-product distance between di�erent elements of the sequence, with
di�erent dimensions weighted di�erently. The softmax function, similar to
Equation (2.2), normalizes these scores to sum to 1, producing a weighted
average of the values,V .

Note that the dot product inside the softmax operator can be written as
follows: QK T = X (W Q W K

T )X T = XRX T . Here, R represents adin � din

a�ne transformation matrix that weighs the dimensions of X while comput-
ing the generalized dot product across all elements of the input sequence, i.e.�
QK T

�
ij

=
P

p;q X ip R pqX jq . Having a parameterized measure of distance,
instead of the standard vector dot-product, enables the network to learn
context-aware distance measures across elements of the input sequence. This
property of learning context-aware distance measures can be further extended
by adding multiple attention heads in the attention layer to learn di�erent
contexts in di�erent heads.

Multi-Head Attention

As noted above, to compute di�erent context-aware distance measures for ag-
gregating long-range information, transformers employ multi-head attention.
Instead of a single set ofQ, K , and V matrices, multiple sets are learned,
and their outputs are concatenated. The multi-head attention operation is
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given by:

MultiHead(Q; K ; V ) = Concat(head1; : : : ; headh)W O (2.9)

headi = Attention( XW i
Q; XW i

K ; XW i
V ) (2.10)

where:

ˆ W i
Q; W i

K ; W i
V are the learned query, key, and value matrices, respec-

tively, and

ˆ W O as an additional learned projection matrix to transform the output
of the attention operations.

Note that the number of learnable parameters in a multi-head attention layer
is O(din � dk � h), i.e. it scales linearly with the input embedding dimension-
ality, query/key/value embedding dimensionality, and the number of heads,
but not with the length of the sequence. While this parameter complexity
is similar to CNNs, the space complexity of the underlying computations
is much higher since storing the attention matrix, i.e. the output of the
softmax, requiresO(T2) space.

Token-Wise Feedforward Networks and Layer Normalization

Each layer in a transformer model includes a token-wise feedforward network
(FFN) applied independently to each token in the sequence. The FFN is a
MLP consisting of two linear transformations with a ReLU activation in
between:

FFN(x) = max(0 ; xW 1 + b1)W 2 + b2 (2.11)

where W 1, W 2, b1, and b2 are learned parameters. Additionally, trans-
formers use layer normalization (discussed below) and residual connections
(similar to ResNets) to stabilize training.

Positional Encoding

While the attention mechanism is adept at aggregating long-range dependen-
cies, its output is generally order-invariant, i.e. the output of the attention
module does not change if the tokens are permuted in the sequence. To make
sure transformers are sensitive to the position of tokens in the sequence, po-
sitional encodings are added to the input embeddings. A common approach
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is to use sine and cosine functions of di�erent frequencies:

PE(pos;2i ) = sin
� pos

100002i=d in

�

PE(pos;2i +1) = cos
� pos

100002i=d in

�
(2.12)

where:

ˆ pos is the position in the sequence,

ˆ i is the dimension, and

ˆ din is the embedding dimensionality of the input.

For 2D inputs, like images,posfor each token can be assigned using di�erent
strategies, although there is little di�erence between using strategies that
involve treating the image as a 1D or 2D sequence [Dosovitskiy et al., 2021,
Yuan et al., 2021].

2.1.4 Additional Layers and Techniques
Popular ANNs leverage the aforementioned architectural motifs or a combi-
nation of them to build a hierarchical structure that sequentially processes an
input vector to return an output vector. However, training these hierarchical
stack of layers, commonly referred to as deep networks, requires additional
layers that normalize the intermediate vectors to ensure that feedforward ac-
tivities (or backpropagated gradients) do not blow up and lead to numerical
over
ows. We describe two such normalization layers below.

Batch Normalization

Batch normalization (BN) is used to stabilize and accelerate training in deep
neural networks [Io�e and Szegedy, 2015] by normalizing the input to each
layer . This normalization is performed over a mini-batch of data, ensuring
that each feature dimension has a mean of 0 and a variance of 1 within the
batch. For a mini-batch f x1; x2; : : : ; xmg of sizem, the batch normalization
process for each featurej is de�ned as follows:

1. Compute the mean and variance for each featurej in the mini-batch:

� j =
1
m

mX

i =1

x i;j � 2
j =

1
m

mX

i =1

(x i;j � � j )2 (2.13)
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2. Normalize each feature using the batch statistics:

x̂ i;j =
x i;j � � jq

� 2
j + �

(2.14)

where� is a small constant added for numerical stability.
3. Scale and shift the normalized features using learned parameters
 j

and � j :
yi;j = 
 j x̂ i;j + � j (2.15)

Here, 
 j and � j are learned parameters. Batch normalization allows the
network to control the �rst and second-order moments of each dimension
of the activations as they are sequentially processed by di�erent layers in a
network.

Layer Normalization

Layer normalization (LN) normalizes the inputs across all features for each
individual data point [Ba et al., 2016]. This is particularly useful in tasks
where batch statistics are less informative, such as in transformers. For an
input vector x = f x1; x2; : : : ; xdg of dimensionality d, layer normalization is
de�ned as:

1. Compute the mean and variance across all features for each individual
data point:

� =
1
d

dX

j =1

x j � 2 =
1
d

dX

j =1

(x j � � )2 (2.16)

2. Normalize each feature using the computed statistics:

x̂ j =
x j � �

p
� 2 + �

(2.17)

3. Scale and shift using learned parameters
 and � :

yj = 
 x̂ j + � (2.18)

As for batch normalization, 
 and � are learned parameters. Layer normal-
ization is commonly used in transformer architectures to stabilize training
and improve convergence.

For more details on architectural motifs in deep learning pipelines, the
reader is deferred to the Deep Learning textbook [Goodfellow et al., 2016].
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2.2 Gradient Descent and Backpropagation
Having provided su�cient background on the architecture pillar of the Neu-
roAI framework, we now move on to the learning rule that is used to update
the ANN parameters. Parameter updates in ANNs require solving the credit
assignment problem, i.e. determining the in
uence of each parameter on a
measure of the system's performance. This measure of performance, often
referred to as the objective or loss function, is typically a mapping from the
parameter space to a scalar value. Optimizing this objective or loss function
includes two key steps: (1) assigning credit to each parameter based on its
in
uence on the network output, then (2) updating each parameter in order
to improve the loss function. These steps �t naturally into an optimization
framework, wherein we want to make small changes in the parameter space
that yield the greatest improvements in the loss function. In the rest of this
section, we �rst present gradient descent as the overarching optimization
framework, followed by the backpropagation algorithm that is widely used
to compute parameter space gradients e�ciently in deep neural networks.

2.2.1 Gradient Descent as an Optimization Framework
The desiderata of updating parameters is as follows: How can we make small
changes in the parameter space that yield the greatest improvements in the
loss function? This question is similar to the standard constrained opti-
mization problem, and can be addressed with the mirror descent framework
[Bubeck et al., 2015, Nemirovskij and Yudin, 1983]. Let us indicate the loss
function asL (w), wherew is a point in the parameter space. Further, letw(t )

indicate the parameter values att th step of the optimization process. The
desired optimization framework can be formulated as follows:

w(t+1) = argmin w

�
L (w) +

1
�

D (wkw(t ))
�

(2.19)

where:

ˆ D (wkw(t )) indicates the distance function betweenw and w(t ) , and

ˆ � determines the weight of the constraint, equivalent to the Lagrangian
in a constrained optimization problem.

If we set the distance function to be 2-norm or Euclidean, i.e. impose
a Euclidean geometry assumption on the parameter space, we can write
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D (wkw(t )) = kw � w(t )k2. It is possible to use other distance measures,
that impose di�erent geometry assumptions on the parameter space. For a
more detailed discussion on possible distance measures and the correspond-
ing parameter update rules, the reader is deferred to literature on the mirror
descent framework.

Now, one more trick is required in order to solve the minimization prob-
lem in Equation (2.19): Taylor series expansion of a multivariate function.
Namely, using a �rst-order Taylor Series expansion, we can expandL (w)
around w(t ) as follows:

L (w) � L (w(t )) + r wL (w(t ))(w � w(t )) (2.20)

Note that by using Equation (2.20), we are explicitly assuming that higher
order terms in the Taylor expansion are less signi�cant, compared to the
zeroth and �rst order terms. This assumption is further justi�ed because of
the distance penalty that is imposed to ensure thatw(t+1) is reasonably close
to w(t ) , in turn ensuring that kw� w(t )kp ! 0 8p > 1. This step can also be
seen as a linear approximation of the loss function in the local neighborhood
of w(t ) .

Incorporating Equation (2.20) in the optimization problem presented in
Equation (2.19), we get the following:

w(t+1) = argmin w

�
L (w(t )) + r wL (w(t ))(w � w(t )) +

1
�

kw � w(t )k2

�
(2.21)

The resulting function isconvexwith respect tow. Therefore, we can now use
the convex optimization approach to �nd maxima/minima of a function using
derivatives, i.e. a smoothly changing convex function achieves its minimum
value where its slope/derivative is zero [Boyd and Vandenberghe, 2004]. Do-
ing so yields the standard gradient descent update that is popular in modern
deep learning:

w(t+1) = w(t ) � � r wL (w(t )) (2.22)

In practice, it is important to keep in mind that the learning rate � cor-
responds to the weight of the distance constraint, i.e. the Lagrangian factor,
in the constrained optimization framework. Using a very large learning rate
implies a lower weight to the constraint, and thereby could break the �rst-
order Taylor series approximation assumption. This, in turn, could cause the
parameter update to overshoot the minimum and lead to instabilities in the
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learning process. On the other hand, choosing a very small� can make the
optimization process slow. As a practitioner, one needs to tune the� as a
hyperparameter of the optimization framework.

Gradient Descent in modern Deep Learning frameworks

In the context of modern deep learning, gradient descent is used to minimize
a loss functionL (w), which typically measures the discrepancy between the
model's output and the desired output. We will discuss the loss function
formulation in detail in the next section. The model's parametersw are
adjusted iteratively using gradient descent (or its variants) to reduce this loss.
The overall goal of the training process is to �nd the parameter con�guration
that minimizes the loss across all training samples. However, computing the
loss and gradients over all training samples can be computationally expensive,
especially for large networks processing high-dimensional inputs. As a result,
a variant of gradient descent, called stochastic gradient descent (SGD) is used
in practice. SGD computes the loss and parameter space gradients for one
or few examples (randomly chosen subsets from the entire training set) at a
time, and updates the parameters using this gradient information.

It is also worth mentioning that gradient descent is a �rst-order opti-
mization method. In other words, it only uses the �rst-order derivative of
the loss function with respect to the parameters to make updates in the
parameter space. It is possible to use the Hessian information, i.e. second-
order derivative of the loss function with respect to the parameters, to im-
prove the convex optimization process. However, calculating the Hessian is
computationally expensive, especially for networks with large number of pa-
rameters. The more popular variants use of gradient descent, e.g. Adam
[Kingma and Ba, 2014], leverage information about gradients from the past
optimization steps to accelerate the optimization process. For more details
about these optimization strategies, the reader is deferred to literature on
deep learning optimization.

2.2.2 Backpropagation
Thus far, we have assumed that we have access to the quantityr wL (:), i.e.
the gradient of the loss function with respect to the parameters. In prac-
tice, computing the loss function itself might be intractable, making gradient
computations even harder. For instance, the true performance measure is a
network's mean performance on all possible input stimuli. Computing this
performance requires computing a mean over the input distribution, which
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itself might be unknown. As a result, most machine learning setups use some
notion of empirical risk as a way to measure the system's performance. In
other words, the true measure of performance is often replaced with a math-
ematically tractable function that is typically indicative of the true perfor-
mance and is easy to compute given a subset of all possible input stimuli.
We will refer to this mathematically tractable version of the performance
measure as~L (:), which will also be referred to as the loss function that needs
to be optimized.

Computing the gradient of ~L (:) is still a di�erent challenge, especially
in deep hierarchical networks. This problem is akin to the aforementioned
credit assignment problem, where we want to compute the in
uence of each
parameter on the system's performance. The problem of credit assignment
in deep neural networks is solved using thebackpropagation, or backward
propagation of errors, algorithm.

Let us de�ne a deep neural network as a composition of functions. For a
given input x, the output of the network can be represented as:

ŷ = f L (f L � 1(: : : f 1(x; w1) : : : ; wL � 1); wL ) (2.23)

where:

ˆ L is the number of layers,

ˆ f i represents the function in thei -th layer, and

ˆ w i represents the parameters of that layer.

Backpropagation [LeCun et al., 2015] computes the gradient of the loss,~L (w; ŷ ; y true ),
with respect to each parameter by using the chain rule of di�erentiation.
Here, y true represents the desired output for inputx and w represents all
parameters of the network,f w1; w2 : : : wL g, written as a 
attened vector.
Being able to compute the gradient allows for the application of gradient
descent to adjust parameters and minimize the loss function. Speci�cally,
for each layeri , we compute:

@~L
@w i

=
@~L
@̂y

�
@̂y
@fL

�
@fL

@fL � 1
� � �

@fi +1

@w i
(2.24)

The backpropagation algorithm proceeds as follows:
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ˆ Forward Pass: Compute outputŷ by processing the inputx and com-
pute empirical loss ~L (w; ŷ ; y true ).

ˆ Backward Pass: Starting from the output layer, propagate the error
backward through the network using the chain rule of di�erentiation,
computing the gradients with respect to each parameter.

ˆ Parameter Update: Use the gradients obtained to update the parame-
ters according to gradient descent.

E�cient Gradient Calculation: Chain Rule and Layer-Wise Com-
putation

The advantage of using backpropagation is the e�cient computation of gradi-
ents through the chain rule of di�erentiation, allowing each layer's gradient
to be calculated using the gradient of the following layer. This layer-wise
approach reduces the computational complexity of calculating gradients, es-
pecially in deep networks with many layers.

For example, if we denote the output of an intermediate layeri as h i =
f i (h i � 1; w i ), the gradient of the loss ~L with respect to h i is computed as:

@~L
@h i

=
@~L

@h i +1
�

@h i +1

@h i
(2.25)

Then, the gradient with respect tow i can be calculated as:

@~L
@w i

=
@~L
@h i

�
@h i

@w i
(2.26)

By iteratively applying the chain rule of di�erentiation from the output
layer to the input layer, backpropagation enables credit assignment in deep
neural networks. Coupled with gradient descent and its variants, backprop-
agation forms the workhorse of the modern deep learning revolution.

For more details on popular optimizers used in deep learning pipelines, the
reader is deferred to the Deep Learning textbook [Goodfellow et al., 2016].

2.3 Self-supervised Learning (SSL)
Having covered the background for the architecture and learning rule pillars
of the NeuroAI framework, we now move on to describing the loss function
used to train neural networks. The loss function plays a crucial role in norma-
tively de�ning the behavior that is desired from the network when processing
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an input. Typically, the loss function is a mathematically tractable mapping
from the network's outputs to a scalar value that is indicative of the discrep-
ancy between the current and desired outputs. This notion of discrepancy
is used to learn the parameter con�gurations that yield the desired network
behavior. In other words, by minimizing the loss function, the network ad-
justs its parameters to satisfy the conditions imposed by the task at hand.
The most common de�nition of a loss function is the supervised loss, i.e. a
loss function that compares the network's output for an input stimuli to a
human-annotated label for the input. By learning to reduce the discrepancy
between the network's predictions and human-annotated labels, the network
learns representations of an input that help it have a similar response as
a human to that speci�c input. Although supervised learning setups have
led to signi�cant progress in computer vision tasks, e.g. object recognition,
they require large amounts of high-quality human-annotated data, which is
expensive and challenging to acquire. An alternate paradigm of learning is
unsupervised learning.

As opposed to supervised learning, which is limited by the availability
of high-quality human-annotated data, unsupervised representation learning
can be performed on vast sources of unlabeled data. The goal of unsuper-
vised representation learning is to learn a representation space that is similar
to the structure of the input stimuli space, and thereby can be leveraged to
learn speci�c downstream behavior from few labeled samples. While early
unsupervised learning approaches in deep learning relied on learning rep-
resentations that can be used to reconstruct the input, recent approaches
have demonstrated success by leveraging existing symmetries in the stimu-
lus space to generate intrinsic targets, instead of requiring extrinsic human-
generated targets. These approaches underpin the recent success of deep
learning models in natural language processing as well as computer vision
tasks, and are grouped under theself-supervised learning (SSL)umbrella
[Balestriero et al., 2023].

In vision, SSL approaches build on the core insight that similar images
should map to nearby points in the learned feature space, which is often
termed the invariance criterion. The notion of similarity among images is
de�ned implicitly using transformations in the pixel space that do not change
the semantic content of the image. For instance, an image of a dog or cat
remains as such even if it is rotated by a few degrees or translated by a few
pixels or even if it is blurred slightly. This invariance to a�ne transformations
in the pixel space or the blurring operation de�nes a space of operations un-
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der which representations of a deep neural network should not change. This
invariance criterion serves as the desiderata of SSL methods for computer vi-
sion, which have been able to match or in some cases surpass models trained
on labeled data [Balestriero et al., 2023, Chen et al., 2020]. Note that just
optimizing this invariance criterion has a trivial solution: mapping the entire
input space to the same representation. While this case of trivial solution,
termed as representation collapse, does satisfy the invariance criterion, it
is unfortunately not useful for any downstream tasks. In order to prevent
representation collapse while still learning representations that are invariant
to semantics-preserving transformations, SSL methods use a combination of
strategies. Based on these collapse prevention strategies, SSL methods can
be broadly categorized into four main categories { deep metric learning fam-
ily, self-distillation family, canonical correlation analysis family, and masked
image modeling.

2.3.1 Deep metric learning family
The deep metric learning family of SSL algorithms is based on the idea of
encouraging representations of semantically transformed images to be more
similar, compared to those of di�erent images. In other words, these methods
formulate the loss as a prediction problem, wherein a network is tasked with
predicting whether two inputs are semantically similar (or not) by learning
representations that are close (or far from each other). This loss, often termed
as the contrastive loss, uses positive (semantically similar) and negative (se-
mantically dissimilar) pairs as training examples. Positive pairs are obtained
by applying semantics-preserving pixel-level transformations, whereas nega-
tive pairs are obtained by sampling two di�erent images from the complete
pool of unlabeled data. One common examples of an SSL algorithm that
falls under the deep metric learning family is SimCLR (Simple framework for
Contrastive Learning) [Chen et al., 2020]. For a set of unlabeled examples,
denoted asD = f x1; x2; :::; xng and their corresponding semantics-preserving
pixel-level transformed versions, denoted as~D = f ~x1; ~x2; :::; ~xng, the SimCLR
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loss can be written as follows:

L SimCLR = �
1
n

X

i

log
exp(~sii =� )

P
j 6= i exp(sij =� ) +

P
j 6= i exp(~sij =� )

�
1
n

X

i

log
exp(~sii =� )

P
j 6= i exp(�sij =� ) +

P
j 6= i exp(~sij =� )

sij = f (x i )T f (x j )=(kf (x i )kkf (x j )k)

~sij = f (x i )T f (~x j )=(kf (x i )kkf (~x j )k)

�sij = f (~x i )T f (~x j )=(kf (~x i )kkf (~x j )k) (2.27)

where:

ˆ f (:) denotes the function applied by the feature encoder network on
the input, and

ˆ � denotes the temperature hyperparameter, that determines the sensi-
tivity of the loss to the representation similarity values (sij , ~sij , �sij ).

While the deep metric learning family of algorithms has shown promising
results in learning representations of images that are suitable for downstream
tasks, e.g. object recognition, a major design challenge is choosing the nega-
tive samples. SimCLR relies on using other elements in a batch of inputs as
negative examples, but more elaborate sampling strategies are required for
learning good representations from natural videos.

2.3.2 Self-distillation family
While the deep metric family of algorithms use negative samples to avoid
representation collapse, the self-distillation family of algorithms leverage an
asymmetry between processing the image and its transformed version. These
approaches use an online network (that processes the image) whose parame-
ters are updated using the gradient of the loss function and a target network
(that processes the transformed image) whose parameters are a running av-
erage of the online network's parameters. One common example of an SSL
algorithm that falls under the self-distillation family is BYOL (Bootstrap
Your Own Latent) [Grill et al., 2020], whose loss is as follows:

L BY OL =
1
n

X

i

kg(f (x i )) � �f (~x i )k2 (2.28)

where:
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ˆ f (:) denotes the function applied by the feature encoder network on
the input, and g(:) is an additional predictor network applied on the
outputs of the online network, and

ˆ �f (:) denotes the function applied by the target network, i.e. the expo-
nential moving average version of the online network.

By having an asymmetry in the feature processing of the two inputs, self-
distillation methods avoid representation collapse, without requiring negative
examples. However, this asymmetry in the feature encoder pipeline requires
extra compute and space, thereby increasing the overall hardware resources
requirement of using these methods in practice.

2.3.3 Canonical Correlation Analysis (CCA) family
Another family of algorithms that refrains from using negative examples is
the Canonical Correlation Analysis family of SSL algorithms. Inspired by the
Canonical Correlation Analysis (CCA) framework, the core idea of this family
of algorithms is to infer the relationship between two variables by analyzing
their cross-covariance matrices. Two popular and closely related examples of
this family of algorithms are BarlowTwins [Zbontar et al., 2021] and VICReg
[Bardes et al., 2022]. BarlowTwins, which was inspired by the information-
encoding ideas of the neuroscientist, Horace Barlow [Barlow et al., 1961],
aims to optimize the cross-covariance structure of representations obtained
from the two semantically-similar views of a set of images in order to reduce
redundancies in the feature space. Variance Invarance Covariance Regular-
ization (VICReg) is a modi�cation of BarlowTwins that added a variance
term in the loss function in order to ensure that every feature dimension has
a �nite variance [Bardes et al., 2022].

The BarlowTwins loss function is as follows:

L BT =
X

i

(Cii � 1)2 + �
X

i

X

j 6= i

C2
ij

C =
1

n � 1

nX

i =1

(f (x i ) � f (x))( f (~x i ) � f (~x))T

f (x) =
1
n

nX

i =1

f (x i ) , f (~x) =
1
n

nX

i =1

f (~x i ) (2.29)

where:
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ˆ Cij is the element ofC at row i , column j , and

ˆ n is the batch size.

The VICReg loss function is as follows:

L V IC =
1
n

�
nX

i =1

kf (x i ) � f (~x i )k2 +
1
2

� [v(f (x :)) + v(f (~x :))]

+
1
2

[c(f (x :)) + c(f (~x :))]

v(f (x :)) =
1
d

dX

i =1

max(0; 1 � Stdev(f (x):;i ))

c(f (x :)) =
1
d

X

i

X

j 6= i

[C(f (x :)) ij ]2

C(f (x :)) =
1

n � 1

nX

i =1

(f (x i ) � f (x))( f (x i ) � f (x))T (2.30)

The BarlowTwins and VICReg loss formulations ensure that the two
semantically-similar views are represented similarly but also avoid collapse
by encouraging di�erent feature dimensions to capture di�erent attributes
of the input. While the CCA family of algorithms refrains from using nega-
tive examples or asymmetrical feature pipelines, they generally require large
enough batch sizes to ensure reliably estimates of the covariance (or correla-
tion) matrices.

2.3.4 Masked Image modeling
Inspired by recent progress in masked language modeling, more recent SSL
algorithms have proposed reconstructing a masked image patch from the
rest of the image. These approaches, which are modern variants of the
prominent early unsupervised learning approaches of reconstructing an im-
age from its noisy or corrupted version, heavily leverage the transformer
architecture to demonstrate promising performance at large-scale pretrain-
ing tasks [He et al., 2016]. Recent successful SSL methods, often referred
to as Joint Embedding Predictive Architectures (JEPA), have used a mix
of masked image modeling and self-distillation strategies to achieve com-
petitive performance on a wide variety of vision tasks [Assran et al., 2023,
Oquab et al., 2024]. For more details on the historical origins of each family
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of SSL algorithm as well as practical deployment tips, the reader is deferred
to the SSL cookbook [Balestriero et al., 2023].

2.4 Eigen and Singular Value Decomposition
This chapter has so far discussed key background material for the key pillars
of the NeuroAI framework. Before diving into the next chapters, we present a
short note on two linear algebra techniques that are essential in understand-
ing the learned representations and learning dynamics under gradient-based
optimization in deep neural networks [Strang, 2022]. These two techniques,
speci�cally focusing on matrix decompositions, areeigendecompositionand
singular value decomposition(SVD). These decompositions will frequently
be used in the subsequent chapters to characterize the spectral properties of
weight matrices, learned representations, optimization dynamics or general-
ization properties of ANNs.

2.4.1 Eigendecomposition
Eigendecomposition is a matrix factorization method that applies speci�cally
to square matrices. Given a square matrixA 2 Rn� n , the eigendecomposition
representsA in terms of its eigenvalues� i and eigenvectorsv i as follows:

A = V�V � 1 (2.31)

where:

ˆ V is a matrix with eigenvectorsv i as columns, and

ˆ � is a diagonal matrix containing the eigenvalues� i .

Note that the eigenvectors form an orthonormal basis set, i.e.vT
i v i = 1 8i

and vT
i v j = 0 8i 6= j

Eigenvalues indicate the magnitude of scaling in the direction of each
eigenvector, such that when the matrixA is multiplied with a vector that is
directed along eigenvectorv i , it is scaled by a factor of� i . When applied to
a covariance matrix of representations, the eigenvectors corresponding to the
largest eigenvalues are the orthogonal directions in the representation space
that capture most of the variance.

While analyzing learning dynamics under gradient-based optimization,
eigendecomposition of the Hessian matrix (second-order derivative of the
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loss with respect to the parameters) indicates the curvature of the loss land-
scape. Large eigenvalues in the Hessian indicate directions of high curvature,
i.e. small updates along those directions in the parameter space lead to large
changes in the loss function, whereas small or zero eigenvalues reveal 
at
directions, i.e. updates along those directions in the parameter space have
little e�ect on the loss function. Eigendecomposition is a fundamental tool in
understanding the manifold structure of representations and gradient-based
optimization properties, both of which are discussed in detail in the subse-
quent chapters.

2.4.2 Singular Value Decomposition (SVD)
Singular Value Decomposition (SVD) generalizes eigendecomposition to any
m � n matrix, which need not be square. Given a matrixA 2 Rm� n , the
SVD representsA as a product of three matrices:

A = U�V T (2.32)

where:

ˆ U 2 Rm� m and V 2 Rn� n are orthogonal matrices containing the left
and right singular vectors ofA , and

ˆ � 2 Rm� n is a diagonal matrix with non-negative singular values� i on
the diagonal.

Similar to the eigenvalues, these singular values indicate the extent to which
a vector directed along a particular singular vector is scaled when multiplied
by A .

In ANNs, SVD is often used to analyze weight matrices and dynamical
systems analysis of gradient descent. For instance, SVD can be used to de-
couple the multivariate partial di�erential equations obtained when analyzing
the dynamics of gradient descent in a simple fully-connected ANN. This de-
coupling e�ect enables tractable analysis of the emergent weight matrices
over training, thereby providing insights into the emergent representations
learned by the network as well as potential pathologies that might occur over
the course of training. These applications are investigated in detail in the
subsequent chapters, wherein the learning dynamics of supervised learning
and SSL is analyzed.

Both eigendecomposition and SVD thus serve as powerful tools in theo-
retical analyses of ANNs, o�ering insights into the learning trajectory and
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potential pathologies along with factors a�ecting them. These theoretical
insights are key to designing practical interventions that avoid pathologies in
training pipelines, and lead to e�cient learning strategies for ANNs.
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Part II

Representations in brains and
ANNs
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3
Preface to Part II

Beginning with the �rst pillar of the NeuroAI framework, learned represen-
tations, Part II will investigate the characteristics of representations that are
shared across brains and ANNs. As discussed earlier, intermediate represen-
tations o�er an observable window into the system's underlying mechanisms,
shedding light on how an input stimulus is processed by di�erent stages of
the system eventually leading to behavior. To this end, similarities in the
representation characteristics between brains and ANNs can indicate poten-
tial similarities in the computational motifs employed by the two systems.
Therefore, in Part II, we ask,Do brains and ANNs learn representations that
have similar geometry?

At this point, it might be helpful to clarify what is meant by represen-
tations in an ANN and how representation geometry can help reveal shared
computational motifs: First, we de�ne representations of an input in a par-
ticular layer of an ANN as the set of activations of all units in that layer,
written in a vectorized form. So, representations of each input are denoted
as a vector ifRd space, whered is the number of units in the layer. Second,
representation geometry is a key quantity in determining how information
about the stimuli is distributed in this high-dimensionalRd space.

Representation geometry is key to understanding the tradeo� between two
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fundamental properties essential for systems that map inputs to behaviors
{ capacity and robustness. Capacity of a representation space indicates the
ability to discriminate between any two inputs, and a higher capacity implies
a larger discriminability between similar inputs, thereby allowing more com-
plex behavior. Robustness of the representation space, however, indicates
how drastically the representation of an input changes when it is slightly
corrupted. Higher degree of robustness implies smaller changes to represen-
tations, thereby allowing reliable decision making. Higher capacity could
often lead to over�tting to few examples, while higher robustness could lead
to under�tting due to reduced sensitivity to di�erences in the input stimuli.

Part II of this thesis will address this tradeo� between these two proper-
ties in detail, as well as how representation geometry serves as an indicator
of this balance. Since this tradeo� is fundamental to any intelligent system
(see Appendix Section 2 of [Stringer et al., 2019] for a detailed discussion),
similarities in the representation geometries in brains and ANNs are indica-
tive of similar computational principles being employed by the two systems
while processing and mapping the structure of the naturalistic stimuli space.

� � �
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