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Abstract 

1,1'1, M be ft k-dimf'lltlIOn,d manifold in Rn. Using a new idea, we extend the hnowfl 

I(''illit or Y. Domar on the \Vl"'ak spectral synthesis property of .\il when k = n - 1 by 

Il'dllf'inp; t.he :-,/llIJt)thIlCS-. aS:-'llll1ptlOn upon .\1. for the case k ~ n - 2, th~ only known 

rt';,I!lt 1:-' t1lf' CUI VI' III Hl We discm,> the situation wh en ~l is :!-dimensionaJ quadratic 

11l,1I1Ifold III HI) <tIlt! t1ll' s,une rcsult as in the (n - 1 )-dimensional case lS prU\cd. 

'Ill!' j/lt('rt':-.t.ill~ puint of our rnethod lS its application to !:>olving the uniquenf>S5 

plobl('lIl f()r 'lOI ()(' IMrt lai differential t'q uat ions. Corn bi ning the BeurllIlg- Pollarq\ tech 

Illqlll' \Vith UIII' l/lf't hod, WI' call slightly irnpro'vc Hormanùcl"s result fol' a c1a::"s of f'fl'lptic 



Résumé 

Soit !vI une variété k-dimensionelle d,Uls !l'fi 

étendons le résultat connu de Y. DOIl1rlr sur la jlWplll'l l' 1.\Ihl.· dl' s~ III Il;,,\· 'Pl'\ Il.d.· d.' 

M quand k = n - 1 en réduisa.n t les cOlldi tions dl' ll':-',H~t' dl' \ \ 1 \ li Il 1., •. \., " ' Il '), 1., 

seul résulta.t connu est la courbe dans U:>'. )iOllS dl:-'c III \llh .III ,,\-.. .. il \\ ,'.1 111It' \.111,'1, 

quadratique 2-dimensionelle dans RI et le mèllH' Il::--1111,11 qlH' d.ln ... II' l.h d 'Ililt' \.11 \l" c' 

(n - 1 )-dimensionelle est prouvé. 

Le point d'intérd de notre méthode es!' son appli( .t\IUIl .\ 1.\ , .. 11111"11 ,III pl .. I.\,"III'· 

d'unicité de certaines équatiow, aux dt'ri\t',::, parI il·llt·,. 1':'1' 1llltll\llolltl 1.1 Il'' 11I11C11l" d,­

Beurling-Pollard avec notre mét.hode, nOtls pO\lvon-" dlll,;li<lI('1 '1111'1'11/1' 1"'11 ", "'",,t!I,.II 

d'Hôrmandcr pour une classe d'équations l'lliptlcl'lt'S 
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Chapter 1 

Introd uction 

Let S(Rn) he the space of Schwartz cla....,:-; rUlletions clll" S'tIt') lit' Iht' .I11,d :'1'\1" 

of S(Rn), Given T E S'(H"). denote its Fomit'r tr(\I1~r()(Il\ il) /' \\(' "1111\\ Iholt 

distrihutional sense by supp(T). 

It is weIl known that PLI is a Ballach alg('lll'a ctlld VII h t Iii' dll,iI 'P"'" Ilf /. l" 

for 1+1 = 1, l < p < 00. For a closed 'iub..,d ~I ill 11''', w,' d"lllit.' p q -

1 ( M) = {f E F L 1 ( U" ), f ( .\1) --- () l 

J{M) = {f E C(;'( /(n),f('\/) : (J) 

We know that I(~l) is a clo~(·d ideal in FL I dlld il, 1'> lIl,\ 1')11' 10' "" I.lldl 

K(,\f) ç J(.\I) ç I(.\/) ITl FFI IJIJIlIl, 

We state the following two propertie:,. 

(A) If f((Al) = I(M). wc say that ~t is of ~rH'('tlcd '>YII1I)1")I:) 
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1 (B) : If J: ~H) =- I(.'vl J, we say that M is of weak spectral synthesis. 

For JH :::: liTt, the cloc,ed unit ball in Rn, (A) holds(see [6]). 

F(J! .)'''-1 in un, TI 2: :3, L. Srllwartz [20J showed that (A) do es not hold. 

C. JI/'rI~ [1:2] !)f()\,pd that for SI in R2 , (A) holds Hcrz~s iclea i~ based on th(' fact 

t.hat. th(' IIll!t ci!cl(' Îs the orbit of the rotation group in R2 • AI50 the Beurling-Pollard 

tll'gll/l)!'lll (""" (lt,qJtl'r :3)u:-'t'J in [1~) r('veals that for a I-dimensional manifold in Rn , 

tilt' pr()pf'! tH'" (.\) ,U1d (B) MC cCJllivalent. 

Ad()p! Îng il llW! hut! ~illlilar tü Herz [12], Varopoulos [2.5] proved that for sn--l, n ~ 3, 

Fo! \1 .1 .!-':l'!lf'ut! hypl'r~1lrfélc(" Y. Domar([3J. H]) obtained the following results: 

(.1) If ~I h il (OrIlP,lI t C 2 
UlfW !Il R l with non-vanishing cunature. then (A) holc1s 

(l,) If \1 1" a C<Jlllpact r>:J (ll-l)-dirnelltTional manifold in Rn(n ~ 3) with non-

\V(, !d('! t Il!' 1 (,,\Cler to l)OI\l(I/,'S ~lIf'vey paper [6] for more information on the spectral 

"';'11111 1 ':>10., plU!>"! ty. 

H.'- ,\ l'.lll 1: 1011 uf UIl!ty and [rom the curvature assumption. we can reduce the 

dl"('W""1I111 III tilt' Cl:-'!' \\hen':\1 is of the form E = {(x,'/,:(x)),x E e},e a. small open 

b,dl III It' 1. III'/'(' l'l.r) i" a rCcl.!-\',dut>d function defined on C snch that 1;.'(X) E Ck(U), 

~ .Ill I!II ('L',t'J' C., ~) t 0 Il!' li Xt'l! lale>l', and such that the inverse of the Hessian determinant 

()~ t' 

1 () .-) )! l'Xlst..; ,llld is bounded in F. Domal' start5 his proof by coneolvlng T with 
( .• 1' 1 ( .1') 
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a nice function cPh along E to obtam a nice mcasure 1\ on Et di~l'lI~~t'd 111 1 h'I\'II'\ ") 

Using a little functional analysis(s{'(> chapt{'r 5), Wt' can dt'ml' Iht' Pl'llill'II\ \Ill 

from the following ~tateI1lent. 

Given T E F L'X (Rn) vanishing on J(E) and 7i. lIlt'nt.iOllt·d .IS .dHI\I" \\t' h.\\t' 

(i) 111\1100 ~ CIITII,,,,,, C lIIdepelld('lIt l)f il 

(ii) (Th,!) ~ (T,!) as h -+ 0 fur .dl J l~. -"'(If'l). 

In chapter 5, we will see that it is easy tü check 

(Th.!) -+ (T.!) as h -'> 0 fol' f E ..... '( U"). 

So (B) will be proved if we can show IIThll'OO ~ CII'Î'Il.:x" C ind<'JwlIdl'!l1 of li 

In the case n=2, E = {(X'~'(I)),X E U},U fi. slIlali Opt'lI Inlt'I\',d III III ,1ft( 1) ( 

C2(R2
). Let (x . .::) ER x R. Beurling-Pollard t.1~chIliqlJ(' Il Il pitt·.., 111.11, if '1' 1 /0'/,"'( /() 

is supported in E. then (T,!) = 0 for J E CJ( H2
), vitlli..,hilll', 1111 F ~1f)r(' PII'1 j. l'Iv 

for g(x) E C5(U) and J(x,.::) = (el! - CIII'(X))g(J'), lkllrlin,l'; !'(JII.tlf! It·(lllIlfllll· \0'/1'1./ 

(T, J) = O. This fad is crucial in DOlIlar'., ploof of (a). "(JI tilt' (d';" 1l _' :1. 1.1\1' ';111111,11 

resuIt does not hold even for 5'n-'(~ee [12]), for ot!lf'lwi,,/·l.Ilf' .LrP,lllll(·IJI III [II """"11.1 

imply that (A) holds for sn-l which cOlltrétdi('t~ tlw Scllwdltz\ ((JII/JI,·C ,· •.• 111/1'1.· 

So for the case n ~ 3, the natural approachl[-l], [~.j)) i~ tt) <I:,'>IIIIJ1' .11It.!1II,·Il'·llfll/I". 

Pollard type conditions and obtain prop('rtit·:-, wI';d,I'r t.1I.lfI 11lf' '>JI('( t.c.d ·.yllllll'''I·. III (IJI 

erty. Let (x,z) E Rn-' x R. If E is a ("e/J (Il-] )-dilll(·ll..,i<J/J.d 11l,1I1i!'Jld III /(" l.IWII 

_
____________________________________________ ~~~ __ ~ __________ ~q~.~ ••. ~, •• ~ .. ,·~ __ .. _______ ~~·._4. ___ $d~._. _ 

_ = ~ ... T ... ~ ~, ... 



.. 
\ IN.r) E C'N ((j) and hf'nu' for g( x) E C6'-<'( U), the function f( x, z) = (e iZ _e1tjl(x) )g( x) can 

'~llpp()rt('d on E, 'ls'>llming the Bcmling-Pollard type condition on E i!o amounts ta hav 

III!.', (T,!) =: (J for tlw above f(x.z) Thus for a general compact Coo (n-l)-dlrncnsional 

lll,lliifold \1. the Bt'llrling-Pollard type condition on ~l should be that we only consider 

t.I!I)!o(' T (- Fr'''( Rn) supporlcd on ),1 such that (T, J) = 0 for f E Cft(Rn) vamshing 

O!l M By dllalIty thls conSideration derives Domar's fl'sult (h). 

If l'; _-: {(.r,I/!(x)),.r E U},U a small open baIl in Rn-l, is a cm hypersurface, 

that i ... , '/'(.r) E ('TH(f!), the!l the fuuction f(x,=) = (e iZ - el,!!(.r))g(x) for 9 E Cü(U) 

i!o d ('t',"(h'") 1'1111< lion. Su tb!' Beurlillg-Pollard type condition on a general cm (n-1)-

dilll('II!oIIlII.d lII.1lllfl)ld .\1 i., that WI' ollly consider those T E FLoo(Rn) supportcd on M 

~lI('h t.h"t ('l',!) =- 0 fur J E C~I( un), vanishing on ~L 

,111.1 ~t.ltl· tIlt' fullowill)!, prop(·rty. 

(C) : If :F~f\T) :::.. 1 Pl) in FL 1 norm, we say that ~I is of rn-spectral synthesi~ 

\" \\'.1'0 poÎnll'd (ll1t h~ UOfll,tr([·t], p.25, line 1), the method in [.t] can also get the 

It"idt Ill! tl\l' 1lI,llllfllld with tht' ditf('rentiability up ta a certain arder. Indeed, his 

III<'{ hl,d ~ 1I·!d., flll' 11 ~ :3 and k ~ ~1l + 1 that If M is a compact C k (n-l )-dimensinal 

111.111111'1<1 ill II'" with Iloll-vanishing Gaussian curvature, then (C) halds with m=k. 



--~--~------~--------~---------------------------------------

1 The C2n+l smoothness assumption in the aboyc re~;ult is too strong if Wt' romp.IlI' 

it with the case n=2. The reason is that wht>tl tl=~, Dmllùl i'i abl\' to plll\l' li) il\ 

using Carleson's inequality, Van der Corput's !t>rnlll,l whllt' wllt'II Tl > :~ !)1l11l;1I h.t~I''i 

his proof of (i) on the modified Littman's estimatet[·IJ, Il'!I\IlM 1) , wll!( h fUll ('~ hllli III 

assume 'IjJ E C2n+l (U). 

The main resl~lt in this thesis is the following tllf'Ol'f'm. 

Theorem 1 Let k be a positive intt>gcr such that 1.. ~ n \- 2 a.nd 11'1. l':, 1;' Ill' ,1:, 

above. Let T E F Loo(Rn) supported on E and 7h as llH'lltloned abov\'. A!>'illllll' ,,',(.1) 1 

1 1 A 1 (sup ( IT(u, çWdu)ï, then we have 
r>O m B r (lI)) Br(lI) 

where C is independent of 7], ç, and h. 

Remark 1: The curvature condition in t.hcorem 1 can not lw [('lllo\'l·d (·(llllplt'II·ly 

An exarnple is givcn in chapter 5. 

As a corollary of theorem 1, we can extend Domar's rC~lllt lTH'lIt.ioTH'd aIII)VI·. 

Theorem 2 Let k ~ n +2. If ~f is a compact, Ch (n-l)-dirrH'Tl"ionallllilllir(Jld in 

Rn with non-vanishing Gaussian curvature, lhcn (C) IlOld~ with 111- k. 

Remark 2: As in ["1], the manifold M in theon'm 2 (',lll b(! J'('pléHPd by ft CI!lIIPd( t. 

subset E of NI if E has the so called restrictioTl COll(~ pl'Opf'rty. The d(!Ullh (étll lH' 1IJllwl 
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1 in [4J. 

The followillg argument will show that for any positive integer m the property (B) 

is ~quivalent to the property (A) for sorne compact cm (n-l)-dimensional manifold in 

If" . 

Fur a. ~mall baIl U in Rn-l Choose '!/J( x) such that aL any point in U, 1jJ is oilly 

dilf('n'lltiabk IIp to a finite order (~m). Let E = {(x, lP{X)), X E U} and fix a point 

8U ::. (J'u,l/{ru)) E E. Ur,ing an affine transformation, we may assume '\71,>(XO) = 

(0, ... ,0). For JE Cü(Rn) vanishing on E. that is, f(x,1jJ(x)) = 0 for x EU, we let 

FI(.r) ~~ J(.1',11'(1:)). Thf'n H is identically zero in U and hence by the chain rule we 

h,L\'(' for l S i ~ n - 1 

o == H~, (xo) f:,(xo, ~'(xo)) + f~(xo, ljJ(xo) '1,!J'x 1 (xo) 

f;, (xo, ~'(xo)). 

Sn J;, vallishes at Su for i = l, ... , n-l, If f~(xo, 1jJ(xo)) =/:. 0, then the implicit function 

t.ht'UIClIl Illlplit's that t' is C'J0 smooth at Xo since f is Coo smooth. This contradicts 

our ."'Illlh)t hIU· ... ' ,1.~ ... llmption of 1.', al IO and hence aIl the first derivativef: of f at So are 

'J;('I\J. SIIlt l' .'i() E F i:, ùfbitrary, \\e set' that ail the first dcrivatives of f vanish on E. 

B! ,t ... t,lIld.trd illductiw' nrgumet1t we cau conclu de that for f E Cû (R'f1.), f vanishes 

nll E \llIplIl'~ ,dl t 1)(' dt'I i\"tti\'t's of f vanish on E. From the remark 3..! in chapter 3, we 

will :-'1'(' t \t,If ft)1' this manifold Ethe property (B) is equivalent to (A). 

Th<' ,d h)\ (' l·ll[\~\(lt'I<ttiùn vt'ri fips that there is no hope to prove the propE'rty (B) for 
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a a compact cm (n-l)-dimensional manifold in Rn(n ~ :3) for ,my liuitt' Ill. 

In the following L(p,q) will stands for the so t:alled LOIt'Ut.l SP,Irt'S WhH h will hl' 

discussed in chapter 3. 

Let u be a solution of any partial ditferemial eqllatioll \Vit.h 1 1lIl!'-t.\Ilt. Ilwlllil'lIh 

Assume that the support of tÎ is contaiw'(l iIl a sllbst't ~t of U" wlth IllC',I:-.1\II' /1'111 

If u E LP,l S; p S; 2, thcll from HausJorff-Yuun/!,':-. tht'UI('l\l(:-'I't' (!t.tptel :!), /lI:,,, 

rneasurable function in Rn and hence is zero sillct' \1 has Illl'iI:-.un' ZI'IO Tltns /l () in 

this case. 

If we consider the problem in Lorentz space", tlWIl hy.l. IUlltillt' Illt('IP()l.d il)11 011.1',11 

rnent(see chapter 3), we obtain that if the support of û i:-. (Ollt.tllH'd III ~I \\ Il Il II\I'oI:-'lllt' 

zero and if u E L(p, q), 1 < p < 2, l :s; Cf :s œ. tlwll IÎ, = () .tlld 111'1111' Il Il 

Using the Beurling-Pollard technique', we r<lll PW\(' t1l<' flllll)WlIlg Il,,,IIIt. 

Theorem 3 

If supp(T) C JI and T E L(p. q) for 2 :s; p < 2{', I~; 'I:: ''X-, tlll'Il T () 

Combining theorem 3 with theorern 1, WI' IJ,t\'(, tl/(' fIJllcJwiflL', I(,'ollit. wlll,11 'olil',htly 

irnpr0ves one of the Hôrmander's results in [Il] for thp (ü',(' \1 h.t:-. Ilflll vdllhllill!', (:<111 > 

sian curvature. The interestcd reader ~holild cOlTlpare tlJ(' tWI) dtfr'>II'IIf. ft(l/HU.!' II<". 

Theorem 4 Let :\1 be a Cn +2 (n-l)-dmwn..,iollaI111;llllfcJld i" ft' wit.h 11011 '"tlli ,hill)', 

Gaussian curvature and T E S'(Rn) with 5UJlP(ï') C AI. If 'f' E I,(p,q) fI)l ~ ,/ 11 / 

.2!L 1 < q < 00' or p = k 1 < q < 00 thcll '1'==0. n-l' - -, n-l' - , 

7 
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Note that in theorem 4, M need not be compact. Also from Littman's estimate 

III [18J(:-,f'f' chapter 5), it is casy to see that given n2~1 < p ~ 00, 1 ~ q ~ CXl; or 

p= -;,:~"ï,fJ = ')C, we l'an find TE S'(Rn) with supp(T) CAl such that TE L(p,q) and 

1'i- O. Thu,; th(~ n'sult in thf'orem ,1 if, optimal. 

Rt:mtl,rL3__ lIi)rrllandcr's method in [14] cannot cover the case p = 2,2 < q ::; 00 

~illce })(' it:OSllllWS ri' E /;fùr( Rn) and llSf'S the PIancherePs theorem. Also the approach 

in the proof of thf'or('!Tl .~ can be Ilsed to give more informatIOn about the 30lutions of 

sOllle parti.tl cl i tfcrt'utial eq uations The intcrpsted reader is refered to [11] for details. 

Applying t!Jeorcm /1 tü partiell differcntial cquations, we ha\e the foIlO\\:ing ~irnple 

l'xilmple. 

!';x·~~!},-~!,-,}~l: Let li be a solution in the distributional sense of Helmholtz equation 

Ait + 1/ =-- () ill U". lf Il E L(p, q) for p,q in the range as mentioned in theorem 4-. then 

11~ D. 

'l'ht' ()r~l,itllll';}tioll of this thesis is as follows. 

III ('!l,lpt,'r :2 w(' l'('call ~ome material which are standard in harmonie analysis, 

rUllet 1011.\1 ,lfI.dy~is dlltl ditTercntial geometry. 

III c!J.lpftor :3 • \V(' introdll(,(, the Lorent7 spaCèS and the interpolation theorerns. 

Thel! \\(' pllt tll<' Bt'lIrllllg-Pollard techniquf' on the frame of Lorentz spaces to provf' 

t!i('lll<'111.\ Ofl(' nf the illtprpolation result statcd in this chapter will pla.y a l'ole !il the 
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We will prove theorern 1, ? , and -l altogether in chaplt'r l ,md [) Ch,lptcr 1 :-lIl'pill'" 

sorne basic estimates used in chapter 5 for the prc)L)f of tht' t h"l'n'Ill" 1 .'111111,\ 1 1 l', \ 

variation of the weIl known estimate of the Hardy- LItt l"\\,')'hl 1II.I"III.d 1'1111' t 1.11\ \\ bd, 

lernma 4.2 gives an estimate for the con\olutioll op"I.,I')1 \,1,\ t hl' 1II.1"III.t1 11111,11\\11 

defined in lemma 4.1 . Lenuna ,1.3 is the lllodillC.ltloll of Il,'rtlldlldl'l''' 1''',1111 lll:\j. 

theorem 1) which can be viewed as the sllbstitlltlUIJ f'll tht' 1,111,111.\11':- ",,11111.\1,' Il''''.1 

by Domar [4], 

In chapter 6, we will come bd,ck to the Spf'ct 1'.11 "j'Illllt':-,J', Pl' .Idt'III l'IWI'' 1'-, 1111 

general result for ?\I to be a k-rlimensional 1l1,tnif,)ld ln ft' \'.'It Il 1 . 1. 

[5] proved that (A) holds for the COIllJMCt Cl \llrn''-, ln }fI witl! 1I()1i \'dlll~llIlI,t', 1111 1"11 

It is a little surprising to the author that thf' ca:-.p tif ~ diIlWII'>I()II,d 1111.1.11,1111 '1IIIdt" 

in R4 is not as difficult as expect('(1. U:-.iIlg on!y :-'Ol/lt' t'lt'lII"IJldl\, 1111".11 ,,1"1,111.1 dlld 

the same argument as in the prouf of Ol1r tlt,'OIl'llI :2, \\(' (',lll :-,ltt)\\' t Il,JI (H) 111,ld', 1111 

almost al! 2-dimensional qundratic ~Ilrfit('(':-' ln H'. 

In the last chapter, we will discu;,s "orne int('J(·'>1 Ill~ prohl('llI'> ""hlt h dll',(' I(J!',II .dlv 

from our resu!ts and which cannot be so!v('(! \\ith 11lt' ".1,1111' U\f'1 !JIJd df'vf'lupI'd III 1111'. 

thesis. The author hopes that he can find th/' way t(j cl.tt.1C J.. tlll"!' plolJlt'llh III !.lit' 

future . 

• 



41 Chapter 2 

Preliminary 

ln thifl chapter, wc want ta quate some basic rnaterial in functional analysis
J 

har 

fi}onic alla.ly~is and difftential geometry. They are standard and can be round, for 

('xarnple, III ['26], [~'2J. [9] and [lG]. At the end, we introduce a nicc construction of 

a L\l\llly of !1 IJod mfll.~lLrt'~ from é\. given distribution. This constructIOn is due to Do 

Illar(..,t'I' Pl, 01" [·1]) dnd i:-. tht' :,taüing point of our discussion. 

Lt,t J(.r) \w il (omple'{-valupd function on RTl.. The support of f is defined by 

'iIlpp(f) -- (·l',f(J·) f- O}. Nut.c that. $Upp(f) is always a closed set in HO.. 

I.I'!. (T"J( H") bl' the spt of fllJlctions on Rn such that aH the partial derivatives of 

f(;') of ail (lrd('r~ e'\ist ,wc! are continuous. Denote C:;-~Rn) as the set of aU functions 

J c ( ...... , Sllel! t lJ,tl .~llpp(f) 15 compdCt. 

The Scl1\\'clrtl class of f\lIldions, S( Rn), is the class of aU th05e cex; functions J 

~ll('h that 

sup IxC«DO J(x))1 < (X) , 

xERn 

fI))' ail Il-tllpl(':-; (\' = (nt, ... ,O',J and p = ({3b" . ,(3n) of nan-negative integers. Here 

10 
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l For f E Ll(Rn), we define the Fourier transform of 1 by 

It is obvious to see that 

IIJIILXl ~ IIIIII 

Also the Fourier transform operator is wf'll-denlH'd on l . .!( UII) ,1tId t hl' 1'1.\111 h('II'1 

theorem says 

Here C is a constant only depending on th(' dinH'nsion Il. 

The corollary of the estimates (2) and (3) givps tilt' f\)ll()wjll~ IIdll:-,dllrll YIlllll)', 

theorem by ming the well-knowll interpolation argulllt'lIt. lH't WCI'I1 U "p.lI 'U, 

Hausdorff- Young Theorem If 1 E LP( Rn), 1 S p :::; ~, L1l1'l1 

( 1 ) 

The Fourier transform is invertible in the following ~en:,p. 

The Inversion Theorpm If 1 E [} and J E [. l, thr!l 

The very simple but useful property (Jf the FomÎ('r 1 r;lTI:-,frmn Î., 

11 
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From t.he property (.)), il is easy to verify that the Fourier transform operator maps 

8(11") iuto S(Hfi). We can Illtrodllce a simple topology on S(Rfi) (see [26],OT f:):~J) 

to rn.1k(· il, (t loc,d convcx topological vector space. Denote its dual spate by S'(Rn). 

TIH' ('!('lrWlIlt> ur ,'-,"(H") are called tempered distributions. In the following j(x) means 

f( --.c). 

For ally l' E S'(Rn), the Fourier transform of T is a distribution defined by 

(1', J) = (T, Î), for aIl f E S(Rn). 

'vVe rue also goinp; to use the following generalizecl Parseval's identity, 

(T,!) == ct,Î). 

Ll'!o /1 E U(Jlll), l :::; p ~ oc. and if wc clefine T9 by 

(1~,J) = r g(x)f(x)dx, for f E S(RfI
'), Jnn 

(6) 

(ï) 

'l'hll:- li'(U") c. S'(Rn) for l :S p:::; oc. From Hausclorff-Young's theorem. we see 

tlt.t! lUI Il /.l'(U·I),l S P 5 2. Î is a function almost cverywherc dcnned on nn, If 

J l fI', ~ '. Il ~ .::\,;. how(~ver, f is . in general. a distrIbution rather than a functlOn, 

f~1( l " l' '. '-'-. 11'.\ distrihution T E FLP( Rn). 1 :::; p 5 00. thcn T is a continuous 

llll".\! fUl\\ t i.lI\.d \)(\ F U( H") f\)r ! + l == 1. So (T. J) can be extended from f E S(Rn) 
p q 
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ta JE FV(Rn). Actually in this case we hi.tw' 

For TE S'(Rn), we say that T vanishes on tT if (T,f) =- Il fur .1.11 f ( ..... ·(/i") \\1111 

supp(J) C U. It is easy ta show(see [26], chapter 6) til"-t t!\('l (' i~ d IMgl·:-,t \lpl'II ,('( li <>11 

which T vanishes, The support of T is the' clo"'f'd set in H" dl'Iil\l'd h\ .... ulll'( 1') It"'\f 

For examplc, if li is a solution in the dl"tl ibutlorl.d ~('!I"'I' t ,f Ilt·llldlldt,' ('11'1.111\111 

~u + u = 0 in Rn, then taking the Fourier trétllsfolllllIl HIL, \\(' !t,\\(, 

From the last identity, it is easy to check .~ILPJl(Îl) ç ,'-,'" 1 111'11' ...... " 1 i:; titI' 111111 

sphere in Rn. 

Given f,g E S(Rn), ocfine the cOO\OlutlOIl of f and !J by 

f.je g(x) = f f(x -- Y)!J(.'I)d.'l. lun 

vVe can verify that f*g E S(Rn) and .5upp(f "*.1/) ç .~11P1I(f) f ,'ll/lllflll 11/'1/' 'dllll'{}) ! 

~1Lpp(g) is the set {x+y;x E supp(J),y E supp(q)}. "he THIlJII'rllf . <I[ th" f"fl"lJlllIl'lfl 

we will use later are 

19(0 = Î * .(j(f,). ( 1 Ij J 
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The identity (9) can be generalized to 

(11) 

[t is \1,'1'11 kllown(!>('f' [26]) that T * 4> i!:l always a function on Rn and belongs to C'XJ(R"). 

A:-. in 1,}w ';t~f·of j *(1 for j,g E S(Rn), wc aiso have .supp(T*</J) ç supp(T) +supp(6). 

So, if supp( 1) i!> compact and 4> E Ct'(Rn), then T * 4> is a function and belongs ta 

('[=;-'(Hn) :"11(11 th,tt .~lLJlP(T * 9) ç supp(T) + SllPP(o). 

Lct.r -- (J'".I';!, ""/'n-d E Rn-l,:: E Rand let Ubeopen in Rn-lwithÜcompact, 

I.t'I. I."(.r) lll' <t rt';t1- \ 1I1ucc! (,'n+2 function detlned on U and set 

E:= {(x.lJJ(x)),x EU}, 

!\,'('dl('!->s to ~cty, E i~ a Ctlt2 (11-1 )-dimensional manifold in Rn, 

Ci\t'Il r ( FI "-'(RtI) \vith Sllpp(T) c E. following Domar, we now construct a 

fitll1il~ of !l0drllllttTSllT"t." {Th} on Jo: for a set of [eal h as fo11o\\"s, 

1.\ '1 

;;- , H'l --...... Rn-I given by (x. =) --+ x • 

.. 1 : {' --> Rfl gi\t'I1 hr x --+ (x, ~'(x)). 

F(ll f l ."'(HIl), \\',' kt j~I(.I') = jo.J(x) = f(x,1{'(x)) for xE U. Suppose supp(J{3) 

i., (lllllpact III {', tltt'Il 1.; ('llll be viewed as ct C;;+2(Rn-l) function with support ln 

1-1 



1 U. Since f E S(Rn) and tjJ E Cn
+.! we can use tht' idt.'Ilt.ity l!"» III tlll:; (h,lptt'I .llld 

Plancherel's theorem to show that 

It follows that f{3 E F [1 (Rn-I) for n ~ 2 since we hitvp 

< 00. 

bounded and hence f{3 belongs to F U(R"-l) for 1 :s p :s ''-.J. 

We first define a distributior. ~ E S'( Rn -1) by 

(~,g) = (T,go 71'), for!J E ::,'(Il"'I). 

This makes sen!>e since supp(T) is cornpdct. From tilt' C()T1~t rwtiull of \;, it b Ill,villll<; tu 

sec that supp( 'E.) cU. Let Bti-i bf' the op/'n 1\1\1 t hall <l H" l ,wei Id ,i,( J') r (';,"( /1" 1) 

Now we define Th E S'(R") for 0 < h < ~(j,.~t(i)(:, .~IlPJi(~:)) bj 

Knowing that ~ * 9h has compact ~upp()rt, w(' !TIay a...,..,llTIH' .'-o/1]/ll f fi (1) l'. IIIJlllldl 1. 

and hence Jo j3 E FU(RtI-I). Thus lh I~ weil dt'/illf'd ..,ifll!' ); .. (~h (' r:;/,( /(TI 1) ;lllcI 
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1 ft IS ea.sy to check that .'3upp(Th ) C E. In fact, if supp(f)nE = 0, then f(x, 1;&(x)) = 

0, for x E U. 'llm impli~ f 0 P(x) = 0 for aIl x E U. So (Th, J) = (1: * {JhJ 0 (3) '"" 0 

siJlCt~ ~ * r/Jh is il. niœ rnea::,ure on (J. 

Furthcllrlore Th is a measure on E, absolutely continuous with respect to the area 

1I1('aSllfl~ 0/1 E. '1'0 :'f'e thi!'>, we notify that E * ~h is a Co( U) function, 50 

(~~ * li," f 0 ;-J) = lu (2:. * (p)(x)f(x, ~)(x))dx 

~ jO:'.~)(X)f(X,1/J(X)) 31/1 1 a'!J 1 .(1+ID1jJ12+ ... tl~12)~d.r 
u (1+ljrlI2+"'+lax"_112)2 DXl BXno.l 

Since t.lw Illi'l.p (.r,1i·(x)) ~ x, from E to D, is obviously continuou5, the function 

wh('I(' tlh(8) E C'o(E). Thi:-. vcrifies our daim about Th. 

Tlrl' ,t},(I\I' îon..,t,llIctioTl of 'rh is the starting point in the praof of our theorem 1 

Bl,r.)r(· ('ndillg t 11l~ ( lr'Ipter, \\t' rC'ccill(sec [16],or [9]) that E has non-vanishing Gaus-

1 1 
1 

D
2
1i'(.r) 1 L" Il (a2

l'( X) ) ~i,lll CIln,ltllll' if élll( on y if (') ') ) f. 0 for each xE. l ere --- is the 
1 r,l x) ax/Jx) 

IIt'''''I.lll III.!t 1 Î, l)f 1.' dt'fint'd hy the following matrix, 

al "(xl 
axlll.lI 

IJ2t/J(X) 
â~'n_1 àXI 

16 

82 w(x) 
ôx1JXn_l 

a2 1i{r) 
8Xn_18X"_1 



1 Chapter 3 

Lorentz Spaces And Beurling-Pollard Tt'chniql\t' 

Let f(x) be a measurable complex-valued fllllction 011 un ,uld 1/1 h,' thl' I.t.IH':H',II(· 

t}. >.J(Y) is called the distribution function of J(.l') whil(' r(t) i" (',dlt'" tilt' Il')(1 

increasing rearrangement of J(x), 

The Lorentz spacl.?s L(p, q) are the collection of aIl f such th.d. 11.1 111'0/ ., , wh"1 l' ! (~fo~[t~ fo( t )J' f): l ~ P < cx;, l ': Il . .'\.. 

Ilfllp,q = 
sup tpj*(t) 1 ~ }J :~ x, 1/ ''-
1>0 

L(p, oc) is called weak LP spaces. i\ote t.hat ',(p,I/) 1'> Ilot wdl dl'fillf'd ror l' 

00,1 :::; q < oc. 

Similar to LP spaces, [(p, q) spaces haw the follù\\ïlll!; prop"rt il'''' 

(1) L(1, 1) and L(p, q) are Banach sprlte:" for 1 < p ::' '"X... 1 . 1/' ~_ "11.1 /.( 1. fI) 

for 1 < q :::; oc are Frechet spaces 

(3) The dual space of L(p.q) is L(p',q') :: 1. 
'l' 

1. ,,' Il 

00,1 < q < oc. 

(4) The dual spacc uf L(p, 1) 15 L(p', x). !+.I.-c--j l/,),~'À-
l' r/ ' 
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(7) 8( Rn) is dense in L(p,q). 

Examplc :3.1 Tf f(x) = (1 + Ixl)- ";-1 in Rn(n ~ 2), then f(x) E L(p, q) for and 

only for Jl2~\ < p::; 00,1 < q::; 00; or p = t~l,q = 00. In fact, Àf(Y) == 0 for y ~ 1 

and for y < 1 wc have 

So, 

>'f(Y) = m{x; If(x)1 > y} 

r(t) 

n-l 

= m{x; (1 + Ixlt-2 > y} 

!!=l. - m{x; l + Ixl < Y- 2 } 

!!=l. 
= m{x; lx! < Y- 2 - 1} 

= inf {y; '\J(Y) ::; t} 
li 

"-1 
= inf{y; C(Y--2 - 1t ::; t} 

li 

. ~ t L 
== I~f{y;(y- ~ -l)::;(C)n} 

t ' "-1 
= (1 + (-;::;)~t-2 , 

'", 

wht'n' (' i~ a pll~ili\'(' constant. The rest of the checking Îs trivial. 

l , l '3') ·,'X.Ull]) t' , ,_ 
. --~- -~----

JJQI!f, From the d('finition of L(p,q) spaces, it suffices to show that fh(t) = r(hnt). 
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- m{x; If(h,r)\ > y} 

Xl 
- m{ 'h; If(xl)1 > y} 

- h-n,\,(y), 

fh(t) - inf{y; '\fh(Y) ~ t} 

- inf{y;h-n'\J(Y) ~ t} 

- inf{y; ,\,(y) S; th tl
} 

- f*(hnt). 

This finishes the proof. 

Example 3.3 Let h(x) = f(-x) and g(x) = (1(X))2, Th(\n (i) h·(l) '. j'"(l) dlld 

(ii) g*(t) = (J*(t))2. 

Proof:. This can be seen from the above ralculation. 

\Ve refer the reader to [15] for further information about L( p,q) S)M( l'S 

An operator T which maps functions on a mca.sure ~pitce illt.o f1l11C't,iolls 011 itl1ot.lwr 

measure space is called sublzntar if whcne\cr TJ éLnd 'l'!J are dcflncr! and c is il. nmst,;1111 , 

then T(J + g) and T(cf) are defineJ with 

B. 

" 

{ 

IT(J + g)1 ~ IT JI + ITgl 

IT(cJ)I = ici ·ITfl· 

In the following, A ~ B means that T is a boundcd sublin(!i!.1' opcrat.nr frolll A tCJ 

., '. 
19 
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Proposition ~.1 (real interpolation, see [1.5]) 

thcn 

T L(p,r) ~ L(q,r), 

wherc l = 1.::1 +.l.. 1= 1.:::1 + J.., 0 < t < 1,1 < r < 00. 
P Pl P2 'q 9\ q2 - -

C?_rollary 3.1 If f E L(p, q) for 1 < p < 2, 1:5 q :s; oc, then we have 

Hel(' C is a COJl~tant depending on p . 

1 1 - + - = 1, q:5 s. 
p p' 

Pr<lQI; Using the two <,stirnates IIÎII-:o < IlJlh and IIÎII2 < Cllf112' we see that the 

l'OIH'llI'iiOIl of 1,11<, corollary fo11ow5 directly form the proposition 3.1 sinee L(?: 1) is 

_ PE:.?p~.:?ition 3.2 (coIIlplex interpolation.cf[I5]) 

t ht'Il 

T L(p, q) ~ L(r, s). 

Ilt'J't, l --: l::.!. + ..L. 
l' 1'1 11') 

1 1-t ~ t 1 1-1 t 1 1-t t q = q;- - ;n, ;: = -;;- + r2' ; = -.;j'"" + S2' O:S;t:51. 

H~~ll1ark _=i~ 1 The virtue of the real interpolation is ta get the LP-estimate from 

t hl' infulIll.lI ion of w('clk U estimate5. This is essential in the control of the Hilbert 
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transform, the Hardy-Littlewood maximal function Opf'rùtl)l" LUld tht' :'l\l\~llL\I' 111lcgl.d 

operators(see [21]). 

Remark 3.2 The complex interpolatIOn l't'suIt ~,H1 \lt' t·.\:-.ily gCl\t'r.lh/cd I,) 11\1' 

multilinear operators([1].p.18.exercise Ll). But tilt' )!,t'I\t'l.dl/.ttilll1 \lf tilt' H'.\III\\t'ljlnl.\ 

tion result to the multilineM case is Ilot trivial a.nd the fnllowlIl,l', pwpnc.it 1\111 1'>" Il,,1'1111 

result in this direction. 

Proposition 3.3 ([2], cf.[7]) 

Let ~ be a (n-1) simplex in [0,1]", and C be the complc'\. 11111111)\'1 c.p.tl't'. i\:--~I1II1I' 

that for an (.l., l \ ... , l) E set of the vt'rtices of ~. Wl' havI' 
PI P2 il" 

Then for (l, l, ... , -L) E Int~ , wc have 
Pl P2 Pn 

where l+l+ ... ..l.l>l. 
q1 92 1 qn -

Remark 3.3 As a corollary of proposition 3.3 , WI' Ca!! )!)'vf' ,L "IIII[JII' pro()!' (Jf 1.1\1' 

convolutIOn theorem ([10]). 

C. Herz [1:2] adoptcd the Beurling-Pullard Icchni'Plc( d. [1 ')]) if! ",i" ill!! ,IJI' "!II" I.r ,.1 

Domar([5], [6]) was able to prOVt~ th .. spcdrct! SYIJÜW,h prlJIWI t.y for d. r rI.1.]wr 1~I'nf'l ,d 

curve in R2 with the help of the B(~tllIÎJlg-PolJ;lld t.('(hnÎljllf' ,J', w" trJl'lltl()/lf'r1 III tlJf' 
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1 int.IOductiun chapter. 

Let ~f be a k-dirncnsional manifold in Rn with area. Assume TE 8'( Rn) &upporteo 

011 \1. If i' EUp. Cf) for 1 < p < 2 and l :::; q ~ x, then the corollary 3.1 yields that T 

i~ il n\f',t~11I able fUll( tion on Rn and hence T = 0 since it is supported on ~I whlch has 

n}('n:-'lln~ l'('ro JI1 Ir'. 

ln tlJ(' rc"t of tills thesis, the same constant C will stand for different uniform 

<:UII1>t allt:-. 

Now W(' Il!o(' tht' Rf'urlin,,; Pollard argument to praye the followmg theorem. 

Let ~[ and T be as ahove. Then T -=0 if tEL (p, q) for :2 '5 p < 

l'J('of: From tht, property (.5) of L(p,q), we may assume q = 00. Choose a(x) E 

1 ('I)''(/(TL) SIHl! t.hcü .... llpp(a) ç {.r '1:1'1 ~ I} and fRna(x)dI = 1. Given IL> 0 ,denote 

ad·/') /\II( ~). 13: tlle' dptlIlition of the Fourier transform , we have â(O) = 1 and 

.tll h .\I1t1 ~, I(L(h~)1 i:-. llIliforlllly bounded. 

r~) :--lllm 1'--=0. lt ctlt10unts to shO\ving that (T.1) = 0 for al! f E: S(Rn). 

(T, 1) 
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dominated convergent theorem sinet' }(~) E ,""(R") alld h~) t= 1 (p.l/) wh"lt 1II1plll'''' 

T(-f.)}(ç) E U(Rn) from the propertit's (3) alld (-1) \)r Llp,q) 

Thus, to show (T, J) = 0, it is enough ta show 

We first consider the case p == 2. 

To begin wlth, wechoose 2 < r < s < 00 surb that ~ ::-0: ! + ~ alld (11 k)r l " 'o. 
-.... .. r 1) f 

Now 

Here we used the properties (4) and (b) of L(p,(j), Fl(illl lllf' f'x.llllpll':~ ~. WI' 1101',(' 

Ilâ(hç)!I.!.l = h-;lI â (ç)II."l and the propcrty (,j) of L(p.q) t/J!!;l'I.l)f'r willl 1111' 1I.III',f/urlf 

But 

1 
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So, 

< cM n-k)';1 - r; ----+ 0 as h -t O. 

Next wc consid('r the case 2 < p < 2r This time we are able to use the Plancherel 

Si n('(' fun 1 fh (.1') l'l dx S C !\(2h d.r ~ Ch n-k, to show (T, f) = 0, it suffices to show 

th.Jt, Ih -= (hn-J.)~(Ju" 1<Î(h~ri'(_ç)12d~)t -+ 0 as h -- O. 

l :"Îllg Ill(' ,t""lllllption p > 2, the properties (-1) and (6) of L(p,q), we have for 

~ ! 1_ 1 
l' l " 

f [â(hOi'(-O]2dç ~ II[â(h'Wllq dl[T(-.)]21IE 00 ln" . 2' 
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Sa, 

ft-le .!1.. ,.-~ r\ 

1 <Ch "'"""-'- h-' (", --;- ---h _ l, .q = t· "~ 

To rnake n;k - 2% > 0, it amonts to ha\;ng 

n - k > 

-k > 

k < 

p < 

n ~ 
-:;::;(l--)n==l1 
q p 

2n 

p 
2n 
p 

2n 
k' 

This is the end of the proof of theorcm :3, 

\Ve will need the following lemma for tht' prouf (Jf 1 1\('\)( 1'!11 ,1 

kmma 3.1 Let 1\1 be a (n-l)-ùimt'll"jull.d rtldlllfnid III li" wllh <II' d 1.,'1 

TE 5'(Rn) \Vith supp(T) C JI. 1fT E L(p.q). t.1Wll T \dIlblwCl 'III .I" 12 (/f") PI"\I'!.-" 

(z) 2 :::; p :::; cx), 1 ~ q S cc. wl!t'Il fi 
. ) 

(ii) 2 :::; p < cx), 1 ~ fj ~ oc, wh":1 1/ :\ 

( i i i) 
2n 

2<p<--.1 S q ~ X. \..,.111'1\ IL - 1. - n - 3 

Proof: From the result of theorem :3. we rna_\ .t~"'llTI}(, JI .,' ~Il 
" 1 

of generality, 'Ne may assume q = x. \\,p Fix J(.J') r: .1" .:!( f(") (;i \ ('II ,t (HJlld ./ fJ ( .\/ 

and any point x E AIn, we have from the ITH'an valll!' UH'(jf('rrt ill (,sir ldll') 1 h.t! 

f(x) = 'VJ(c)' (x -- J:o), 

2.5 
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,1 

where c = (Cl, r2," . , c,J is a point on the line segment betwecn x = (Xl! X2,"" x n ) 

and .ro ::: (IOil Xm,···, IOn)' It follows that Ifh(X)1 ~ Ch for ail x E .\12h , Since:\1 has 

Fol!()wÎng th!> argument in the proof of theorem 3, wc see that to proœ (T, f) .,..: 0, 

il. j." ('!loll~h to show 

Now 

\\"t' [ollm\" tlH' arguIllt>nt in the proof of theorem J for the case ~ < p < z; ta obtain 

Ch ~-.!!.. 
::: l 1q . 

Il) Itl.lk!' ~ - 7- > O. it is cquivalent to 
~ ·'1 

2 2n 
(1 - -)n = n --

2n 
01' n - 3 < 

p 
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1 From (*), we have 

when Tl =::! 

when 11 = ;~ 

< ln P n-:J wh en n :::: ·1 

This completes the proof of lemma 3.1. 

Remark 3.4: Let.M be as in theon'lll ~L and f E: .'""(ft') If f ,lIld Ils .111 p.lItl.li 

derivatives of order :s m vanish on ~[, then for !h (ltofillt·d III tilt' pH)\)f ,,1' t !t"III"111 

on ~L Chf'cking th!" proof of th('urem :~(or It'll1111a :l 1). WI' ,,(',' t h.t! (/" j) (1 il 

2m + 3 - n > 0, or m > n;'. This faet impli('') tha\' fDr .l gr·IlI·I.tI 1 1I11lp.tl t ( "" (II 1) 

dimensional manifold in H' (Tt ~ 3), the' pl 0IH'1 ty (A) 1,> ('<J lIiv,dr'l\t, tu t.Ilf' pl "P"I t \ (II) 

Thus the counter-example of Sdl\\'artz COllVIIlCt''i Il~ t.!J,tt t.h,'I(' 1:-'!lO hop" 10 pll'\(' tlll 

property (8) for this manifold. 
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Chapter 4 

Sorne Basic Lemmas 

ln this chapter wc prove sorne basic estimates which are essential in the praof of 

011r main till'ur ('Ill'>, We begin with a known result. 

1 i 1 2 .1 Md(tt) = (sup (B ( )) f(y)1 dy)2, 
r>O m r U Br{u) 

UII'II \\'P have Il ,\/.dll 2.·" , :.::; Ilflk 

Pl()(!f' FlOlll tlw property (ii) of the example 3,3, we have (PfdJ2)*(t) = (M2J(t))2 

wlli( Il ((llpli('s 11·\I~fI12.Â. :.::; (i1[·\/d121h..:o)!' It is well-known( [21J. chapter l, theorem 

l)t.h,ü 

l.t'lllllia J!..2. Suppose we ha\c constant A su ch that 

t h('ll \\l' IId\!' Ifl:+. j(u)1 S C,ll}.f(u), C independent of f. 
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1 Proof: 'Ne may assume A ~ 1 . .-\\so we ma)' asSUtlll' fH".I!I\!/) I.!dy t n, fllr lllllt'i \\ 1"1' 

the conclusion is obvious. Let B = (fRm Ig(Y)12Iyl~tlld!l)'~, thell n', Il.lIld \\t'h.\\I' 

vVe first observe that 

Ig*f(u)1 - 1 r g(u - y)f(y)dyl 
lRm 

< [ Ig(u - y)f(y)dy + r !."(Il ylf(y)ld!l. 
llu-yl~B llu-ul>H 

Then we control the two terms on the right hand si de s('!wr;t!t'!Y. 

1 Ig(u - y)f(y)ldy 
lu-YI~B 

~ (1 Ig(u - yWdY)~(l If(YWdy)~ , 
u-YI~B lu-yl~H 

l 
A l 1 2 l < (-) 2 ( lJ(y)1 dy)2 

Bm lu-YI~H 

l 1 1 ,1 < A2 (-;;;- If(y)l"dy)2 
B lu-YI~B 

< C J\!2f(u). 

1 Ig(u - y)f(y)ldy 
lu-YI>B 

1, If(y)1 = Ig(u-v)"u-ylml I-ri!! 
lu-YI>B u - 11 m 

(1 1 W' l''ni ,1 1 IJ(,oI
2 

1 1 < g(u-y IU-Y"'cyp( - -1"~IIII/) 
lu-yl>8 lu--yl;..H III - YI· 

< m 1. f 1 II(y)1 2 
l (AB )2( -----dlJ) l 

n=O B2n<lu-YI~EJ2n+l lu - yI2m ' 

~ lf 1 1, 2 1 (A Bm) 2 ( 1 f ( !J) 1 rly)l-
n=O (B2 n

)2m lu-YI~li2,,+1 
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1 _ Al Bm(~ 1 1 r If( )1 2d )l 
2 2 ~ Bm2(n-l)m (B2n+l)m Jlu-vl~B2n+l y y 2 

< ccI: ')(n~1)m(Af.d(u))2)t 
n=O -

So, 19 * f(u)1 :::; CM2!(l1.), C is inrlependent of B. The proof of Lemma 4.2 is finished. 

LemnUL 1.3 Let U be open in R2m. Let t be a real number, k a positive integer, 

:! cC k :::: TrI + l, b(y,O') E ('(ktl l ( U) and real-valued. a(y, 0') E C;([J). Set 9t(Y) == 

lFtm t:,th(!I,rT)a(y, a )du. Tf Ib~O' 1 =1- 0 in $upp(a), then we have 

for Itl > 1. 

Ill'rl' Ih~" 1 dcnotf>s the dt>terrninant of the matrix 

1 

:llld (' dt'f>t'Ilds on max{ sup lâ3~(Y;0')I.O < 131:S k+ 1} and a, but is indepen-
(v. cr lE.upp(a) y 

(km of !-Ilp Ib(y. cr)l. 
('l," le: ,,.Dpl .) 

1~J:i1.!_lf- \\'" will follow Hormander's argument([13], theorem 1). Since Ib~O' 1 -# 0 in 

,~lIl'pl(l), w(' !-('t' thal for ('.lch ClJo,O'o) in ~,upp(a), b~O'(yo,O'o) is invertible as an operator 

frolll ft" t II h
ml 

\\ 1 ( h /~ Ilorlll and the norm of the im erse operator is bOllnded llniformly 

1'01 (lIn, (TU) E .... llPPl ()). t ·t.ing the mean value theorem for each component of the vector 

30 
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1 function :,)b(y, CT) - b(y, s)), we have 

Using J. smooth partition of unit y if necessary. Wt' Illet y iI:-.:-.Il111t' t ht' ... l/l'l'l cl) l', ~,\I 

srnall that for (y. CT) and (y, s) E supp(a), Wt' h,1\'(, 

where C > 0 is unifornùy on supp(a). 

Thus , we have 

with C > 0 uniformly on supp(a). 

i 
j 

Choose f( CT) E C~( R2m) such that 

This is possible since a E C~( li). 

troduce the coordinates S' III Rm-l such that y = (fh.ri). Ikw,tr' My. rr) 1,ly.,} d l, 

, ) () cl cl t (,~ b' ,J~ (;'h ')'») •. / l aw,CTay.s asaan enoe-;;-a.,> J"--= - ..... ~-- .. ih ""nI '·I,lill. 
/ vy) f)1j dVl Hlm 
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1 

l 

NoLt> that Ib~ . b~ 1 s 1 \l bl 2 
and 1 \l bl 2:: CIO' - si, it follows that for tlO' - si 2:: 1 

Hllt. when tlO' - si ~ 1, we obviously have lat(cr,s)/ ~ C, so 

:\doptillg the smoothness Msumotion of the lemma, we can repeat the above process 

k t ill1rs 10 obtain 

1 
lat(cr,s)l::; Ck (1 +tlcr-s!)k' 

, ôJb(y,o) If Wt' dwck tht' above proof, we WIll see that CI, depends only OP max{ sup 1,- a' j ;, 
(y,i1)Esupp(a) y 

() '~ I .. il s k + l} élllJ a. not on sup Ib(y. 0' li. 
(~.,.,.) E !Upp( a) 

~illt't' 
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it is enough to show 

r 11(0')1 da < c_1_ ~ 1 1 
JRm (1 + tla _ sl)k - Itlk-1' or t ? l, 

with C independent of t and s. 

For k = m + 1, we have 

So 

r 11(0')1
1 

da < C llfllco < C'-~ = C_1 __ l Ill:> 1. 
JRm (1 + tla - .s )m-ll - Itlm - Itlm IW'- 1 

For 2 ~ k < m + 1, we can find p > 1 such that pk :-0 TH 1 J. This irllplitn. 

p( k - 1) ~ m, or ~ ~ k - 1. 

By Hûlder's inequality. 

the desired properties. This is the end of the proof. 
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1 Chapt el' 5 

The Proof of Main Theorems 

We are TlOW in a por,ition to praye the main theorems. For convenience, we restate 

the- thf'orcIlI'i (()f1((~rnecl. Also wc may assume k = n + 2 without loss of generality. 

TllP<)r~mJ Let E, T, 1/.', 1h., lit be as in the introduction chapter and assume 

I!{r) C ('nt2({:) and T vanishe~ on Jn+2(E). Let (T/,e) E Rn-l x R. Ifwe set 

" 1 • 2 1-
;\(2"1( 7 )( '1, Ç') -- (t-up -(-- IBr(ry)N IT( 7],01 dry) 2, then we have 

r>O m Br (,,» 

wlwft· C i:-; indepf'Ildcnt of 1/, f,. and h. 

Sin('" \\(' ('<Ln choo~(' ro open \Vith supp(~) c C.:; c 0
0 

c C, 'we can find T(Y) E 

1'1111:-' \\ t' C;lfl write 

34 



, 

1 

tity we used the assumption that T vanishes 011 Jn+~ (R) l'il\( t' ( 11,1, \1,) Il... II • If 1 

E and supp(T) is compact from which wc may a.sSlllllc' t hl' flll1\ t lUIl t Il.', (l,) "II •• Il,,,, 

compact support. 

Hence 

Here we used the inverse theorcm of thf' Fuuri('1' t rdll..,furlll ~iJIt l' /' f J, 1 . ( N" ) 

verifitd by using a standard li :nit argurn.'nt. 

To prove the theorem. it is enoue;h to ~h!)\\' t hat 

with C independent of TI, é" and !'>mall h . 

To this enù, by lemma 4.2 , Plancherd's tllI'()rr'f11 ;LIId tlJf' lIJ1'qqdht.y 11/11"1" 1) . 

3.) 
t 



1 
n-l 

CL 11JJ) 12(n-l), we need only ta show for each e =1= 0 we can find a constant B depending 
);::;1 

on h~ and a COfl'3tant A independent of TI, f, and h such that for j = l J ~~) ••• , Tt - J we 

have 

ail !-Irll,dl h. 

8/3 b( Y , (J') 
.\bu. il C (,n+I(ll2('1-1)), real-valued, a E C~(R2(n-l)) and sup 1-----'-:3--1 

(y,cr)Esupp(a) Gy 

IIldt'jwndl'lIt ur rl.~, d!ld li for 0 < IPI < n + 1 . 

Sn lt'llllll.t ·I.:~ yieJ(h: 

1 \J l'ullt roi 
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1 

.. 

it suffices to show 

for m = 0,1,2, .. . , n - 1. C independent of Tl.~, h. 

For m=O, we obviously have 

since a E C:;"'(R2(n-l)). 

For 1 < m ~ n-l, denote f(u) = eU, u = iheb(y, cr), sllch th.t!. It(k) 

i h~ Fr ( b( y, cr)). 
lIJ 

We have the formula duc to Faà di Bruno 

am 
a m (f(u(y. cr))) 

y) 

1 

with L k5 = k.k l ~ 1 and 
~=1 

So l 

C a uniform COll:'>tant. 
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1 Since 

1 1-1 

k - L ks := E ks + kl 
.,: 1 .,:;; 1 

1-1 

< LS' k~ + k l 
6=1 

= m - 1 kl + kl = m - (l - 1) kl 

< m - (1 - 1) ~ n - l, for 1:::; m :::; n - 1, 

and 1>(y,a) E C~I+I-I(R2(n-l)), lemma 4.3 yields 

(: illdq)('ndt'nt of 'J,~, h. 

SO, WI' b,l VP 

Fur 11i'1 <. 1. It i!ll'as.v to see that "1 --

IIt'lll (. wc h.1\t' tilt' d('sll't'J ('on~tal1t~ r\ and B such that 
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l 1 
8T1-1 ( ) 

1 9n.e,h Y I~ 1 < IlJn-1 

D 
-1-1 (y _ .""1 • 

Rn-l Y
J 

This is the end of the proof of theorem 1. 

Theorem 2: If },l is a compact C,,+2 (n-l )-dinlt'ntllHlal Il1,llltldd III II'" \\ Il It 

non-vamshing Gaussian curvature, thell l (') hold.., wit il III Il t ~) 

Emill: The compactnes::. of},l implie; tb<tt \\(' (',1[1 tilld {,.').) 1. /111 1 \f 

such that JI = U; 1 EJ and eac h EJ ha::. the forTIl a..-- III t h/'or/'lll 1 ( 'h, li)';.' ';', l (': ( il' l l 

such that supp( 0)) n J/ c El and )~l <Pl = 1 in \1. 

have 

m m .n 

T = (L9 J )T = '2:.o)T = '2:.P. 
)=1 ;=1 )=1 

--
Here Tl = oJT. It is eas) to sel" th,ü .,>upp(]'J) C FJ illld ,/,J - '>1 l '/' 1 /.. (Ii"') '.1111 ,. 

with C: independent of h. 

By the construction of T~ at the end of rhapf {'r ~. WI' flin/' for J ( ,'--ï h"'). 

Using the Lebesgue dominatt:'d convergent tlworent, WI' ''l'f' t.ha.t 



1 
From the con~truction of 2.;J and the assumption T( Jn+2( AI)) = O. we have ()~j 1 f Cl 

(3) ::.: (7'l, f). This yH'ld~ en, 1) --+ (Tl, J) as h -+ O. 
rn 

~()W if Wf' Id 'II. = L.)X. thcn for f E S(Rn), 
)-=1 

(Th, f) -t (T, J) as h - O. 

Herall that S(lr) is dense in FLl(J{"l) and F L'X> Îs the dual space of F Ll(Rn). 

Now ror f E Fl.I( lC"), it Îs e~y to see from the estimate IIThlLoo :S ClITII'Cl<' that 

'II) pr(l\{' tht' plÜ[Wrty (C), by Hahn-Banach theürem. it is enougb tü show that 

.l',I\"1l /' !; FI ·,(Ft,) viilli::,hing on rT~(.\f). \\e have (T.f) = 0 for f E FJ,l(Rn) 

Iliii l" 1:-, ,l llIPé\.SlIrt' 011 ~I absolutely continuüus \vith respect tü the area measure 

ur \1. lIt' h<l\I' Il,,(S) E C(Jl) ~uÎh that 

l'ltt:~ Î'lr t',1< h JE Fr 1 (RH) vanishing 011 ~L we have (T, J) = Jim('1\, f) :- O. 
r.-û 

1 ht' pl uof of t ht'nrl'fll ~ i~ cOIllplete. 

1 t'l ~I Iw a (''1+2 (n-l )-dimensional manifold in Rn with non-vanishinrr 
.:-, 

<.;.III:--~I.\11 ClIl\.ttlll'<'. Ld TE ,""'(Ir) \Vith supp(T) c .\1. If tE L(p,q) for 2:S p < 

!II 1 ..... 'l ...... :x-; 01 /) = ..l:.L l < q < 00 then T=O . Tl \ \ -- 71-t' - , 

-10 , 



To prove theorem 4, we need the following leIllma. 

Lemma 5.1 Given T, Th, E as in theorem l, Wt' h.\.\'(' 

for 

{ 

.) < p < .l!L 
- - TI-3' 

2 S p < cc, 

1 :s; q :::; 00, Wlll'Il IL ~ :l. 

1:::; q:::; x, 

Proof: From the Iemma 3.1. we St'e that T Villli,;lH''' Il!l .I nl
"( \1) If P .\11.1 q d[t'I[I 

the range contained in the conditlOIl of till'> lemlTlc\ St) t IW\)[t'lIl ~ \('1.1·, 

It is easy to see 

such that L(p. q) is wpll-defined. 

It is easy to check that the opcrator .\f2 i.., :-IlIJ]lrH'.lr .lfld fI)l dll,\ Il i r" ( /l'" ). \', ,. 

lemma 4.1 and thp propositIOn :U 

Xow \\e can prove the()rcrn -1 f~asily, '} 1)(' (.tc,(· ~ ~ Il /' t\. 1 <' (/. '~, 1'. 111\ 1,,1 

from the rpsult in theorcm :) P[o\,('r! in chapt('1 :1. ~!) WP lW/-cl !JIll)' (1)11' Id'-f 'IJI' ," /-

P = 271:-. 1 < (1 < 0C. 
n-l' - 1 
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1 For any oj)('n 'let U in Rn with E = Un .:.\1 open in ~I, an}' c/>(x) E Cg"(U), we let 

WC ((111 U'->t: the propusltlon :3 1 for the convolution operator with the kernel ~ to obtain 

that '/\ ~ L( nl~\, 1/) '>If\( piE L( n2
:1' q) . 

'l'.tkJrlI; (r ~lJlalll'r if nec C'ssar:", we can choose a coordinate system in Rn such thaL 

,,-,' 0-:' (J·.IN /,)).1,' "'rlfl~fie,> th(' propelties needed for us to adopt theorem 1 aince ~I is a 

(fTI+l 1I1.111Ifl)ld \VIth lloll-'vani"lllng Gamslan cunature. 

Sil flll il '>lll,dl h, from thporem 1 we can find a good measure Th with supp(lh) c E 

"wh Ih.lI fIl!' l'Ill [l'',ponding density function ah(s) E c(n+l)(E) and 

l Illld·~) i:- Ilot idt'llticillly zero 011 E, Littman's asymptotic estimate in [18] yields 

'1-1 ., 

Hill tlll' fll11tflolJ (1 + I~I)-T t/. L(n-::t,q) for 1 ~ q < x, 50 we must have a~(s) = 0 

Id"llll' .dl: 1)11 l'. th,lt h lit = 0 for aIl smdll h. B) Titchmar5h's convolution theorem~cf. 

dl" ,"hl!l.!l: 1 hl~ 1" tIlt' t'Ild of the proof of t!JeorPITl-1. 

~I!I'" tIlt' fU'lt t In1l (1 ,I~I)- =-'_f'l E [(p, q) for p = n2::1' q = oc: or p > n2~\ ,1 <; q S 

,-, II/liII tlll' ,1I)l)\'(' I.tttlll,lll'S e"tllliatc, \\t' sec that the resuIt in theorem -l is optimal. 

\'1\\ \\t' l',i\!'.lll t"",u Il pk tl) :-how that the ('urvature assumption in thcorem l cannat 



be removed completely. 

Example 5.1 

{x; Ixl < 1}, U2 = {x; lx - Ioi < 1}, ['; = {.r; l.rl " ~} ,lIld ('~ '0 {,r.IJ' .1\d', ~} 

Let U == {x: Ixl < 5} and choose Q(or) E Cci(C) ~\lch th.\1 ()(,l') 

letE = {(x,'l;.'(x)),X E Ul, thèn Econtdin~ aspht,It'·plt'Ct' /'1 { l " 1 (,l', \ lIT)' 1. t ' 

with the smooth density functlOIl conlained in tilt, plt'ce of III/' :-.phl'II', t 1 \l'TI Il''111 

Littman 's estimate we have l' E LP( nJ
) for p >:i Lt'l p =. 1. t /tt'Il 1"111111.1 ,~ 1 \ Il,111,, 

that T vanishes on J5(E). So if theoreIll lis trlte fI)"" L. t1l('n WI' ha.\I' 110111 1.'11111101 ',1 

that 

lIihll~ s ('Ii 1'111' 

\Ve can make Th for a suitablt, h to be a InmSllft' U!l L '>IIr lt 1 b,t! tlt.' ('1 rI"II',II " 

function ah(s) is not identically zero on the pi!'!'/' of t1w (:.Iilldl'r ('III)I)"'" I;'(./') ( 

Co(R~) such that oTh is contained in the rien'orthe cylmd.'! .mrl rl'JlI /"1'1). '1111'11 \',1' 

< C1l1\lk 

But from Littman's estimate for the case n = 2, it is ca~y t.u SI:f' thilt. 'I/I'L 1- F 1/'( I() 
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1 

l 

if and only if p > 4, for E2 is a cylinder and the curve (X2, x~) has non-vanishing 

curvature. Hence for the manifold E constructed above, theorem 1 cannot hold. 



J 

T 

1 

Chapter 6 

The Quadratic CasE' 

Let U be open in R 2 such that the closure of r i~ cOl1lpal't. Tht' gu.1I of t Il 1.., \ Il.lpt t'I 

is to consider the prC'perty (B) for the ~-dimen:,i()nal qll,ull'atit' 11I,1IIifold \\ ItI, 111\' Il)1111 

where tP,(Xb X2) = a,x? + b,XIX2 + c,X~, i = l,:.!. 

As usual, we denote the non-singular lin('c\r trall'ifulfll.dl\)11 ,!..';IOIIP ur II'" d', (,'1" 

Let F be the subgroup of GL 4 generated hy tltt' IIl)n-~ill!!,lll.11 11111'.11 t Idlt"ld!"llld!II))I, \If 

(Xl,X2) and the non-singular linear transfOrrrhlti,)fl'o (Jf (.r'hl'd. 

In the following:\l is called F-equivdlent to .\/1 jf .\11 i:-, III tlll' III III! 'If \11111.\1'111\1' 

group F. 

Let t.:>~1,e;(Xl,X2) = ';jt'j(Xl,X2) + e21~'2(XI.l'l), tllt'II tlll' Ht'''''I,\1I df'lf'lllllll,llll ,,1 

~6.6' denoted by Ht.'~l,~~ , i'S only the functioll ur (ÇI.Ç~) :\f!tl.tlh Il, 1_ .: 

quadratic fonn of (';1. Ç2)' 

D'?finition 6,1 

IS not a 2-surface in any :3-dirrlCnsional sl1b~pcltf' (Jf HI .11lt! If''''l".2 l'',.L rl('~I/,tJ"I,dl' 

It is an ea.,y ex('rcise in linear alw·bra t(J c!H'( ~ t.h.t! tllf' rlIJ'J"'1' df·filliti',11 h IIIVd.lloll\t 

under the suhgrollP F of GEl' In the proof of the f{JllfJWIII~ tltf'rJff'lIl \Vf' \VJII 'f'" tlt,d. 



1 there are very few singular cases. Also wc observe that the property (B) is invariant 

under the group r; Ln 

Thf>orem 5 If ~1 is non- singular, then (8) holds. 

Prool: vVe divide the proof into several cases. 

G.(l.~Ù: One of lb
" 

l = 1, 2( say 1/J2) is positive definite (or equivalently negative 

df'finitc). 

In thi!-> ('~t., wc can find a non-singular linear transformation of (Xl, X2) such that 

tr,Lll"ful"lll,üiOlh of (.fl. x.d, 'wc !'ec that :\[ Îs F- equivalent to a 2-surface in Hl with the 

fqrJn (r" .f2;.ri + .r~, 0), which has non-\anishing Gaussian curvature. So, (B) holds 

1 frullI t!tClJ(('Ill ~ by replanlw; J1I+2(.\1) by J(.\/) sinee:\[ is a C'x- manifold here. 

If " J l~. b~ lIon-~lllgular llllear transformations of (xJ, X4), we see that :\1 is F 

t'qlll\.dl·Ill ln \/, = (.r, . .r~;.ri,.r~). For ·\I1,wecan follO\v the argument in the proofof 

[[l'rt' 
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, Note that for T(y)and </;(0") in theorem 1, here we have cht)St'U T(!)) -:- TIU/dT~\!J!), 

Therefore as in the proof of theorem 1, we hav{' 

= C(T e- I ((f1,y)+(e.()) r elW1YI§ eh(wddw r (,IU17YJ /Î '(U',)dl/") , lR '11., Ilu ,tH.CI -

= C(T, k2 e-I(f1-w.y)+(e·'))g1)I.~.h(wddl/·lgm,Ç.I,(wJdl(l!) 
= C k,2 1'(1] - W, ç)§f1I.e.h( u'r)iJ'11,e,h( Il'2)dw!lIz('~, 

Note that the plane curve (Xll l'i) has I1on-vani~hill)!; ClII'Vatltr/" ,\.~ in t 1\1' !J,old 1'1' 

theorem l, we can show with the help of lt'mma 1.:J that 

So lemma 4.2 yields 

Since we have the same control for 9T/2.e.h as for Yr/I.e,h, we ~C(' tlJ.tt. ir WI' ',/'1 

then we have 

Now the property (B) follows from the proof of theorern 2. 
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1 N(me of lP. is positive definite but at least one of tP. is non,degenerate. 

(i) 12 = -(' i O. It is rcady to see that via the two non-singular linear trans 

.\11 -' (.LI, J'.!; J'~ - .T~) alxlxZ)' The case al = 0 is reduced ta a 2-surface in R3 with 

IlOIl-\étlli..,hili!.!, (;dll""idn cunature ~in(e the Hessian matrix of xi - x5 is non-singular. 

fil..' = 

1 
\VI' ro!\u\\' tht' proo[ of theorf'm l up to the following identity 

wh"!t' (' i ... ill.j"IH'ndt'Ilt of TI. ~ dnd h. 

Thil:> th" (11[ldltion of IeIllIllâ ·1.2 15 s<ltisfied by using the Plancherel theorem So 

1 

.. 



• we obtain as in the proof of theorem 1 that 

The property (B) holds again from tht> ~)fOt)t nI' tht't)Il'11l ~. 

Since 

l > O. :::: 1 

is contained in tht' ca,se 1. 

1 

Hl...'=1 

1 

, 
(.1 1"/':; ri 

1 

tl~ _, (J, 

( l' J 1<.,) 

l ~ t 1 t hl) 1 : t 



1 definite and hen"! 2 C(ç~ + ~i) with C> 0, The rest of the proof for property (B) is 

the same as Ifl (1) of the cast: we are discu:,sing now, 

If la,d -c:: l, tJlI'n .lI). and hcnce.\1 i" F-equivalent to Jfs = {Xl,X2;Xr - x~,xi + 

ObVIOllS lu')!'!' that .\lb is F-equivalent to.lI-; = {Xl,.r2;.rlJ.'2,.r~}, Our method failsfor 

,\1-;, !ln! Il i~ 1';1..'->: 10 check the :,ingldarit~ of JI .... 

( i Il 1 

Ill' =- _ 1,2 ,:2 _ (-1,:2 ,~) 
- -"i'>l - '>2 - - ~l + '>2 • 

1 
FrUIll t.hi~, , t lH' prupt'rty (B) full 0\\ s a" ,tbo\ e, 

(il) \\ i~ l' !'lj1J:\akllt to J/~ == {Xt,1'2:.ri.O} if ac- bd= 0 but at least one of a. b. 

('. d 1" Jwl ,'t'[II, 

'l'hl'> t IIlll' \!: l~ d c;.lllldt'r in RJ
, Sinct' (Xl' J.'î) is a curve in Hl with non vanishing 

\'1\ ( \ ,tt Il n', \\ t' c.m fl)lIow t Il<' proof of theorem 1 closely tü sec that the conclu"ion of 
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theorem 1 is valid for .\12 here and the property ~B) füllo\\'~ 

(iii) ~I is F-equivalent to '\[3 = (.rI, .r~; 0,0). 

The proof for t his ca::,e IS trI \ ial. 

This is the end of the proüf of theorelll 5 . 

. 11 



1 Chapter 7 

Sorne Open Problems 

\Vp ha\'(' alrt'ady finished the proof of our results in the previous cbapters. As we 

I/ulntpd 01lt, t!w illtt'rt~"tiIlg pùint of the approach adopted in this thesis is its applica-

UOIl III t.lw Illliqllt'!W"" prop<,rty of "umt" partidl differpntial equation:, Horrnander lU] 

pll/\f'd f(JI .l ~"rJ"I,t1 'll1luuT h malllfo!J ~l that If TE S'l R") with "upp(T) C JI and if 

'1' L /.' (/(11). l -: JI ; ,f='T. tht'll l' = O. This re:--ult iOl known tü be optimal in LP sense 

\Jill: fUI TIJI' , ,L-" wlll'!1 \1 ha::- non-\'ani~hing Gaus:-ian curvature. Our thporem -1 can 

1,.· \ H'\\"" d<'" 1 Ill' lllodltl( atlOn of IIurmandt:r'Ol result in the Lorentz spaces. 

\\., III .1 \ ,l;-,h Il,)\\ dhtlilt t he \'arll~hing curvature ca:-r' 1 In this situation the :?_ 

Illdtl1\. bd" "lIl·:.tllt IdIlh 1(~l)nl1r COIIntt>r-"\.dmplefür the·orem r1oesn't ,,\ork inthi" 

,.1--,'1 \" th., Illlll "ph"H' cùrnes fn,m thf' Hclrn}lOltz equation in R'1. \ia the Fourier 

i)2 U ()~ u (J~ u 
- 1 -- - --, ) = O. 

(Jt~ r):f t}.7·~ 

\\'t" .lrl:J\lt ('\.\l''t t the Illt'Thud ill [11: to gl\<" the an~\\'er !"ince the geornetric propert:-

PI' t hl' 1l1.\lllf<lld pl.lys rlll roll' thert? If \\{' thmk about tllt' rncthod de\elopt'd III thi" 

th" .. I ..... \\l' \\'dl --,'t' that the [t'.ltlltl' of It is to transff'r thl' information [rom a g('!1cral 
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distribution supported on ~I to a nice measurt' on \1. l'Ilt' Ide.t ht'hllld 11\1' dl'" Il','''1''1\ 

bya smooth measure on ~l(which impIlf's $1I.pP\r~) C \[), IIH'I\ litt' lI' h.·It.l\I\l111 ,,1 

11 is at most as go ad as the U behavlOlIr of 1\ 

This idea is ycnfied \\ hen \[ has non-\,llll:-hing (;,Ul~'il,lll t 111 \.\1 ur.' \\'" '>\Ij'" t Ill<' 

that the same result as III our theorcl1l l wouIt! hnId .tl"l1 fclr Ih.·, "ll", 1\.llliI'l\, \\1' \ ."d,1 

prove for (1], ç) E R2 X RI 

Assuming this , \ve may haH' t EU, l ~ p ::; --1 ( ratht'l tlt.tll :n lillph,'" r 1), 1:''''., l'.! 

bv the resuit in f·2,jl. . . , 

For the case when ),1 has co-dimension 2 2. thl' sifllpIf~.t 1'.1",' \11 Illllld 1 

{ 
,,'> 

.\1= (t.t-.i"),! E (--l.ll}. 

which is a Ccx. curve in R3 with non-'. ilfli ... hillg tur ... io[) 

Let 

t'sing the \-an def Corput'~ l''IlUn,t cardllll:_, It h II"! dlf!., :::! Il, 
, 1 
Il' '," f" 

f " , . 

This is far from exact "ince Wf~ know ill [~l tltal h ( U( HI) f'JI /' .,7 dlld Il fil.' fi •• 

truc that 1\ E LP if and only If p > 7 [ilov\fkd (/"I ... ) l', Il''1, Id'·II!,II.il /1'/1' IJI, \1 



Thu~ tlwof('fI) 1 again suggests the conjecture that if T E S'( R3 ) supported on ),1 
'. 

and jf t E U(H.1
) for 1 ::; p S ï, then T = O. The obstacle to prO\Îng theoT('nI lfJ 

t III:> ('aSf> 1"> that we cannot prove a result simllar to lemma 4.3. 

5·1 
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