
SOLUTIONS TO. EROBIJ!MS IN PLANE ELASTICITY 

EXPRESSED BI MBA.NS OF SINGULAR lNTmR.AL EQUATIONS 

by 

Harry G •. l-111ler Ill, B.Sc. 

A thesis submi tted. to the Fàcul ty ot 

Graduate Studies and Researah in partial 

tulfillment of the requirements for the 

degree of Master of Science~ 

Dçartment of M'athematics, 

MCGill University, 

Montreal, Quebeo., 



'l'he resulta given in this paper have been taken from the 

book by N.I:. Muskhelishvili:: &me Basic Eroblems of' the Math-· 

wtical Thegry of' IJasticitv, from wbich it has been this 

wri ter 1 s intentio:n to extract the 11thread of' reasoning• behind 

the highly successt"ul method which the Russians have devised 

tor the solution of' problems in Elane El.asticity... Many more 

resulte and far greater consideration of' the underlying con

cepts are given in the above work than bas been possible to 

present here:: indeed, it is hoped that this paper will serve 

as an introduction to the method,~ and that the reader will 

become enticed· into taking up Muskhelishvili •s book bimselt. 

Muskhelishvi11 1s beautitul.style and lucid explainations 

(He presupposes only a knowledge of' the elements of' oomplex 

variables and advanoed oaloulusl.) make reading this book a:. 

most rewarding experience~ 

My special thank:s to Prof'essor Charles. Fox, of' MoGill 

University,. tor having introduced me to this book, and tor 

assisting me with this paper •. 

Montreal H. Miller 
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1,... INTRODUCTIONt In recent years the Russian mathematiciana 

bave obtained brilllant aolutions to problems in Plane El.astic>.

i ty by representing them in terms of complex functions.. This 

new technfque is tully ex,glained, along vi th many significant 

solu1iions, in the book Srun' ItdiC; Jro'bl•Œ at t4e Math•Ue'l 

Thtor! ot JI' sticitr by N .L. Muskhelishvild.:,: who) is one of the 

foremost :gro);!Onents. of this methad. This wrk bas been trans

lated into English by J .R.M. Radok from the 'l'l:l.iird Edition 

{ 1911)) in the original Russian and was published by P. Nord

hoff of Bolland in 195.3.. FOr the interested reader,_ a con

densed treatment of thier method ma..y also be found in the 

Second Edition of I.S. Sokolnikoff'1'S; :ti\thamatical. Theorv g( 

llptiçity_ (~,; 't956) .. 

The basic }FO blems. in Theory of El.astici ty are œ deter-· 

mine the MSplacements and strains yi.1;hin the body from those 

o:n the bœmga;x,J since i t is here that, these quanti ti es can 

be measured.. In Plane El.a.sticity,. the problems reduce to 

boundary-vaJ.ue problèms in two-dimensionst bence it is natural. 

to attempt to utilize the power:t'ul resulta of complex variable 

theory... 1'he . success of this method resta wi th the Plemelj 

Fo.rmulae and the cauchy Integral Formula, which together eatab

lish necessary and suf'f'icent conditions for a: (holomorphie) 

tunc:tion to exist thrçughou1ë a given region which will atta:in 

pDescri bad values at the boundary of the region.. These lead 

to solution expressed as. Singular Integral Equations~: the 



solutions of wbich are gi ven in lvtuskhelishvili 1 &. book for a 

l.S.rge number o:t important cases. 

or the many pro blems, that may be .. sol ved in this way 1: only 

one of these--the most tundamental-will be gi ven beret. In 

this case, the croaa-section of the body under plane strain is: 

m rmilx-conneçted.,: i.e., i t has the property that every closed 

curve in the region may be contracted dow to a point while 

remsinj ng all the while vi thin the region. This case has the 

advantage of illustra ting the new method v.i. thout being un-

duly complicated •. It should be pointed out that the compla--

variable method is also highly successtul for mul ti-connected 

regions, and also for regions wh.ich are semi-infinite, these 

latter being qui te important in application. Muakhelishvili 1 a 

book also treats the important topic o:t the Theory o-t Compound 

Bar& (e.g.~ a steel-reinforced concrete beam) by this method 

in the later chapters or his book .. 

It should be P.Ointed out that ve 'Will assume that the 

bodies we deal v.i. th are elastical.ly iSQj;ropic and. homegenegu. 

By isotropie it is meant that, at any p<l)int, the body behaves 

the satl1.e in MY direction (it may then be show that the 

elastic behavior is cOJnR].etely determined by two real canstanta,. 

)... , r, called the Lamt: constants), and by homogeneous it ia 

meant that, these constants. do not vary at different points: in 

the body •. 



In 'What follova we shall assume tbat .f'unctions are inte

grable or differentable whenever ve perfom such operations, 

even though we have not specifically mentioned the conditions 

enabling us to perform these operations., 

A.t the end o.r this paper an A.pp8Ddix~has been added to 

facilitate reference to standard equations and the notation 

used in this paper .. 
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2.. THE FHYSICAL P.ROBLl!MS:: T.wo physical pro blems considered 

ih the Matbematical theory of Elasticity constitute vhat is 

knovn aa- PLANE ELASTICITYt these are the case of plane Btr'' p 

and the case of e;eneraJ 1 zed ~ strg.in, and both give ri se 

to equations of the same mathematical formulation. 

f1ane Stra4.n:: A body will be said to be in the state 

of' plane strain, parallel to the :x:y-plane, ii' the 

i'ollowing conditions hold for the displacements u,v,v 

(in the direction or the J§i-, y-, z;..axis, respectively) 

a.t every point (xj y, z) of' the body:: 

v= o, and 

u and v are f'unctions of x, y onl!y and not of z-. 

In addition, it vi11 be assumed that body is cyllndrical, 

with generators para.llel to the ZP«Xis, and with flat 

ends parallel to .. the :x:y-piane... It will f'urther be 

assumed tba.t the external forces are applied only on 

the aides of the cylinder,,. and tbat tbese act parallel 

to the xy-plane.. (ses figure). 

Ubder the se conditions the atress-s~ relations 

become 



while the equations of equillbrium become 

(Z) 

(see AppeDdix.for these equations in the general threa;- dim.en-· 

sional case) .. 

The equation Z. =- Q i.Ddicates that the body force ( whiah 

is assu:med known in these problems) a.cts parallel to the xy

plane, wbile the equations ( 1) indicate th&t the stress com

ponenta Ix~ Yy1 X,. are independant of z:, since u, v (and 

hence Q} are functions of x, y only •. Also note Zz; is: a. 

q\Wlti ty dependent an XX and Yy, since ( 1) ms.y be sol ved to 

give 

The condition v= o for all pointa of the body assures 

one that points in any cros&-section ( c.ut parallel to the rf

plane); v.Ul rama.in in this same plane atter deformation:: this 

is the basis vhereby the problem may be looked upon as one in 

two--dimensions •. To do this, the external forces:, W+ch before 

aeted on an element or G:!lb v.U1 nov be considered as acting 

on an element or ~' instead •. 

Genru:N 1 zed, P1ane Stm;in: Here the body is understood to be 
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a. cylinder of' very smal1 height 2h (i.e., a. thin plate), the 

middle surface of' which is ta.ken as the xy-plane.. It will be 

assumed that the f'lat.surf'aces of the plate are free :rom ex-

ternal forces, and that the f'orcea acting on the rim of the 

cylinder are parallel to the middle surface, and are a,mmet

rically distributed with respect to the middle surface. This 

same assmnption will be made for the body forces .. 

Under these conditions the paints lying in the middle 

plane will remain in it arter deformation, and the displace

ment component v: -will be very small for points: lying off the 

middle surface, and theref'ore may effecti valy be taken as 

zero.. AJ.so, the variation of' the components: u and v: acrosa 

the thickness:of the plate will be insignif'icant,,and bence 

the problem may be satisf'actorily approximated by replacing 

u and v by their mean valuea 

_v. '>t(-~:.~)- ~~ r~ ('1.,'1;-L-)à ... ·• '\J'"("'·~)=~"" r(-~.. '\ ·'-î J'1. . 
-~ -~ 

It may be show that one may take Zz = Q with good 

approximation in this problem. (aee. Muskhelishvili,. P•· 9.:3) 

By taldng the mean values of the equilibrium equations, 

( see Appendix) over the plate, we o btain 

(3) 
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( vhere the asterisk denotes the mean vaJ.uel maldng use of 

(aines. at. a = ±h by assumption )(.z = Yz = 0}. 

Furthermore, the s.tress-strain relations (see Appendix) 

beoome, upon solving the third of these for ~ (sinoe 

Zz = 0) and substi tuting this expression in the remaining 

two equations,. 

By taldng the mean values of these expressions and the relation 

we obtain 

where 



$. THE BASIC EQUATIONS, AND REDUCTION TO THE CASE OF ZERO 

EDDY FORCES::: Aa we have seen aoove, both physical problems, 

plane strain and generalized plane strain, are governed. by 

equations of the same form, i.s., 

where it is understood that for the~ case of generalized plane 

&train all quantities are to be replaced by their mean values 

o:ver the tbickness of the p,late, and ~ is to be replaced by 

"'*= .. '1.>-K ~+ r' 

All the qpanti ti es. xx, Yr, xy, u,' v in the se equations 

are i\mctiona of x, y onlyt that is, they are defined in the 

cross-section of the body eut by the :x:;r-plane, wbich bas been 

assumed. to be 81mply-connected. Hereafter we shall designate 

the interior or this cross-section as the region s, bounded 

by the closed curve L.. (The po si ti ve direction or L will be 

ta.ken so that S llès on the left of L )., 

It is known from the general theory of Elasticity the 

solution l.x:, Y7, x,_, u, v of the equation (;) and (6) is 

up1Q.lle for prescribed values of either JSc, Y
7 

, X,. or u, v 

on the boundary ( except for ar bi trary displa.cements expressing 
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rigid-body translations or rotations) •-

It may also be shawn that the equations (5) along vith 

(7) 

-
~"t. ... ,"L 

·-'-ere the operator A • ...Q!___ , (~or derivation •. wu - ~~'1.. ~ '"'\) 1,. , 

see Muskhelishvili, p., 96-97) serve to completely determine 

the stresses Ix' Y1 , X,. from their known. values. at the 

boundary:; the disp,lacements may then be round from the r&.

.lations. ( 6) ., 

The solution of the equations is cànsiderably simplified 

in the. absence of lx>dy forces, i.e •. , when X. = Y = a:. It is 

possible,, however, to reduce the general problem to this case: 

tor suppose !SI particular solution IX (o), Y
7 

{o,), X,. (O), u<0l, 

v((l) bas been found; put. 

) 
etc., 

then Xz ( 1), etc., 'Will satisfy the same equations, but vith 

X.= Y.= a.. As an eJI:BJil]ll,e of such a ~ticular solution, con

aider the case of lx>dy forces due to gravi ty X. = o, Y = -gr;>,: 

where g is the gravi tational. acceleration and p is the density • 

liquations (5) and (7) become 

Ct>'i'Î +~ '= 0 cl'J.~ + $y:a -=- ~p 1::::. \'1.. -\-y ~-= 0 
è) x ~~ ) Ô)~ ~, {) \ l "/.. ~ ) 
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~h have the particular solution 

(A. particular solution of (5) and (7) for the case of centrif

uga]., body forces is given by Muskhelishvill on P•· 1011). 

Hereatter, we 'Will consider that the problem bas been 

reduced to one 'With zero body forceat i.e.~ the equations 

(51 and (7), are now 
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4.. THE AIRY STRESS FUNCTION:: In the absence of oody forces, 

equations (5) become 

Q;'/...,. + ~ '1-'-"ts -= 0 l ~~ t ~y'(\ -= 0 
~')( ~() ~~ è)~ 

wbich are the necessary and sufficient conditions that the 

expressions 

are the exact differentials of functions -B(x, y) and A( x, y) 

with 

~P.:> - '/.. 'Q)t:> = 'J... '1. --- v..s ) 
~}(. ' <))~ 

~Ç\- y~ ~ =-~~ -- 1 ~ 
~~ ~ 

The first and last of these yield the .f.Urther relation 

which is again the necessaryand suf'ficif)nt condition that 

Adx + Bdy is the exact differential of a function U(x, y) w:i. th 

ti)Ùz\=\ ~Ù =~ 
~~ ) ~'-t . 

The function U(x, y) is the Airy Stress Function, and 

i t is easily deduced from the above that the stress: are re-

lated to U(x, y) by 
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Furthermore, in the absence of body forces equation 

(7) becomes 

Noting tha.t x~ + Y~ =AU from the ~ceeding equations, 

we have that 

or that 

which is called the Biharm.onic EqllS.tion .. 

If,. in a given problem, the stress function U(x,. y) 

ca.n be foWld, then the problem ia completely solved aince 

both the stresses and displacements. at every point of the 

.region can be given in terms of u. We assume that U(x, y) 

has continuous partial derivatives up.to and including the 

fourth order and that, in order to allow for the possibillty 

of rigid translations and rotations, the derivatives:. are 

single valued starting from the second order •. 
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5.. THE DISPLACEMENTS IN TERMS OF THE STRESS FUNCTIOll: 

We bave. seen that the stresses Xx' r,., l'y may be determined 

f'rom the Airy Stress Fonction by the relations (8)~ We now 

seek to also express the displacements.u, v in ter.ms of' 

U(x, y), and in so doing shall unearth a relationship which 

leads to the representation of U{x, y) by complex.tunctions. 

The equations (6) may be llrl.tten as 

(since Q. = ~~ -t ~; ). 
:S,. substi tu ting into the f'irst of' these the expression 

obtained by solving for ~~ in the second,. o.ne obtains 

(9) 

Similarly, 

• 

Since A A. U = o:,. P(x, y) = A U(x, y) is a harmonie 

tunction.. L$t Q(x,, y} be the conjugate harmonie o:! P(x, y) 

then Q is. uniquely determined f'ro.m P except f'or an arbitrary 

constant.. Then the function defined by 
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where ~=x+ iy 

is holomorphie (i.e.,: a.nalytic and single-valued). in the region 

S, sinee we bave assumed S to be simply-conneeted •. 

Next, define 9> ( z} by 

'1.. 

(11) ~b.) ~ j> H<t_ = * ~,5(t,) clt;, 

for arbitrary A• and any z =x_+ iy in S., (The t bas 

been introdueed for eonvenienee~) Note that if the lower limit 

of intregration is ehosen as 0 (0 is assumed to lie in the 

region), then 4' (o) = o.. Sinee f(z) is holomorphie in s, 

the integration indieated above is independant of the pathJ; 

provided this path lies wholly in s.. Furthermore, it may 

be shown tbat '\' (z.) is also holomorphie in s, and that 

~·tL.)-e ~ +~~ t ~ (~+~Q) 

which by the aid of the Cauchy-Riemann equations gi ve 

These last relations, when substituted in (9) and (10) 

yield 
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'l.>.À~ =- -;;.•ù ..; ?-(>->.'1}') ~f 
J d~ 0) ~"'l.. x+ r ';;) 

which may nov be integrated with respect to y and x 

respec.ti vely, gi. ving 

Bt the last.~of' the relations (6),, i.e .. ,. 

:;.... - ~~0 - ( è))l\..r t d~ ) 
~ ~ = ~-J. d ~ - r \ d ~ cl C) 

and the Cauchy-Riemann relation tt?-~+ ~~ = 0 , one may 

determine that &~~t(Y-)-t~(~) = 0' and hence that 

~ f1.(~) :;;(S> (,(~) = constant= a.. From this we have 
~· '& \ \) 

~ ~~(~)~ (\~~~ ) ç,(~)=:-q~ +c... 

( where a, b, c are ar bi trary constants}: since these represent 

rigid-body dispiacement and as such do not affect the stress 

distribution in the body, they may be omitted.. Th.us we have 

obtained 

which are the desired relationships giving the displacements 

u, v in terms of the stress tunc.tion u .. 
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To' smmna.rize, then,. if the Airy Stress Function U(x,: y) 

ie:- know,, then the stress componenta may be determined. from 

the relatio.m. (8)., and the displacement;components: found from 

the relation ( 12b}, where p andl q are determined. t'rom U by 

the dei'ini tion ( 11.) • 
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6.. COMPIA RJ!II.RESENTATION OF THE AIRY STRESS. FONCTION: 

The representation ~ U(x, y), in terms of tw complex functiona,. 

holomorphie in s, may now be readily obtained. In faet, we 

have already round one of these complex functions:: it is~ (z.), 

defined by (11) •. 

To_ determine the second complex function, note that since. 

from ( 1211} A (px + qy} = P (remembering that <:p< z:) = p + iq), 

i t rollows; that 

u - (r"+'L ~) -= f' 
is a harmonie function.. Let q1 be the oonjugate harmonie 

deter.mined from p1• Then 

~ (ï_)Y. \'' 4- i 9.} 
will be holomorphie in s •. 

But now obser:ve that U(x, y) is given by 

vt~,'"'ls) : -~.:L~ ~<~) t ~l -z..)l 

( where z:, = x + iy and 12. designa tes the "real part" or the 

complex. expression}. This is the desired representation o! 

U(x, y'). in terms ot tw compl.ex f'unctions, which may also be 

written 

(because z1t}z) = i + z, eta.:.,) "the "bar• deaignatea the •oo:m-· 

plex. conj~te"' value, i • .e., if ~ = a; + ib, the~ = a.-- ib. 
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As &-consequence of this representation, it follows that 

U(x; 7l· is al.so holomorphie in Sl that is, U(x, 7) bas 

dari va ti vas of ali orders in S ( since q> ( z) and ~ (a) have 

this property h 

As wuld be imagined, it is possible to give relations 

for the stresses ~ Y7, X,. and al.so the displacements: 

u, v in terme of the complex tunctions cp (a) and ~ (ah 

This will be done in the next sections. These representations 

will then become the basis by which we will approach the tun

damental boundary value problems. Since we will be using the 

first derivative of u, it will be convenient to introduce 

\ 

In the sequel, c\) (~) and 't' (z) will not only be under

stood to be holomorphie in S, bu.t aiso continuous on S + L 

(L, being the ooundary of S}. This last condition is a natural 

one, sinoe the stresses and displacements are continuous on 

S + L. (Otherwise the body wuld be ruptured.)· 
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7 •· REPRESENTATION OF THE STRESS IN TERHS OF ~ ( z) AND 

"-\-' (z), AND 'l'HE FIRST FUNDA:ttli.:NTAL PROBLEH... Oonsider any 

arc AB lying in the region s.. (The direction given by a 

point moving along AB from A to B will be taken as 

positive.) Let da designate a small element of this arc, and 

let Xn and Yn designate the components of the stress acting 

on ds: then Xn and Yn are related to components X , Y , x y 

x,. by 

~tl\ ~ "'"(. C..O"';? l ~ \IV\) + "''t (..O ~ ( ~ , IV\) 

"--(tv\ "C "' '-1; c.~ \" ) IV\) 1- y~ u:> ~ <.. ~ ' N\) 
(keeping in roind that Xy = Yx:. see Appendix) where n is 

the normal to ds ( taken to the right of the tangent painting 

in the positive direction of AB), and (x, n) and (y+ n) denote 

the angles this normal makes vdth the positive x-and y-axis, 

respecti vely •. 

du,. -J~ 
But oos(x, n) = d~ , and cos(y, n) = d C;,, while also 

' 
from (8)\so that the above relations beoome 

~ "'-:: (3)~ ù ~ + cl,v J ~ -=-
~ '--'rs,. G\c; ~'~- d ~ c1 '? 
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These may be combined in complelÂ f'orm, gi ving 

where it is easily deduced from (13) that 

(14b) 

The above expressions allow us to formulate the 

FIR§T FONDAMENTAL OOUNPARY-VALUE PROBLljl1t Gi ven the values 

of the stress components; Xn' Yn actini along the bgundary L 

or the region s, dete:emine the componenta of stress. 

:xx, r,, "1-y and the components or displacement u, v at all 

points. within the region •. 

This problem may be formulated, using ( 14&) and ~4b), 

in the following way: firstly, since the stresses must be 

continuous throughout the region and also at its boundary, the 

boundary L may be taken ~or the arc AB used in deriving 

the relations ( 148) and ( 14b) above. Along L, the values 

~~ Yn are asSlDlled. known, and we shall suppose that they are 

given as functions or the arc-lengths. For convenience, denote 

the expression ~ (a) + z., '-\) 1 (a) + '"P ( z) as 
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along the ooundary L., From (14&) and (14b),. (15à)can be 

v.ritten 

Since Xn and Yn are know along L, f '1J'JI1Y be dete:

mined, and then (15a) ena.bles us to solve for the i'unctions. 

t.Ç> (~~ and "+' (~), by Ellllploying Cauchy-type integrals, which 

will be done in Section 11.. Of course, once q> (zJ. and '-tl (z) 

have been found, the problem is solved since the stress .t'une-

tion U '1J'JI1Y no:w be determined, and the stresses and displace-

ments are gi ven in terms of u •. 

For the problem in which the boundary diaplacements are 

known (the Second Fundamental: Problem) the analysis leads to 

an equation of the type (15a.} agad.n.. This will be discussed 

in detail in the next section. 



S. R:lmR.EsENTATION OF THE DISPLACEMENTS IN TER11S OF ~ ( z:) 

AND 't' ( ~ ,_, AND THE SOOOND FUNDAMENTAL. IUtOBLJilû Hce our 

purpo.se is to formulate the 

S.EQOND FUND.AMENTAL .:OOUND.ARY-V.ALYE PBPB1EMt Given the values 

of the displacements g1 g2: Molli the l:xmMar:v L of the 

region s, determine the components: of stress. Xx' YY' :xy. 
and the components . of displacement u, v at all points. wi th-

in the region •. 

This formulation is readily obtained, since the equations ( 12.\::a-) 

may be wri tten in com.plex _ form to gi ve 

which becomes, utiliz!ng the relations (11.), and (14b) 

where. 

Along the boundary L, the left-band aide of this relation 

assumes known values, i.e.,; u + iv = g1 + ig2 where g1 and 

g2 are given displacementa •. We no:w have, along L, 



-23-

trom 'Which the f'unctions ~ (z} and "+"(a) 1;PJ:oughout the 

region may be found by the method we shall see in Section 11. 

Note that the formulation (16) of the Second Fundamental 

Problem. is almost entirely analogous to the formulation (15) 

of the First Fu.ndamental Problem., since \<. is a constant. For 

this reason we will restrict our attention to the solution of 

the First Fundamental Problem., Binee the Second is solved in 

an identical manner •. 

Lt should be pointed out that there also axists the 

Mixed FJlpilmnental Bouruiary-VaJ.ue Emblem, in which the stresses 

Xn' Yn are known on only a portion of the boundary L, while 

the displacements. g1~, iz are known on the remaining portion 

of L.. This problem. will not be considered here. 

As: wuld be expected, there exi.sts a certain amount 

of arbitrariness in the determination of the functions 4> (z) 

and t' (z)t in fact, it may be show that the state of stress 

wi thin the body remains unal tered when 4l ( z) and 'f ( z.) are 

replace by 

<:.\)("'!.) + ~ c "t.. + ~ 

""t'(-z.) -t '6' 

where C is a real constant and \( ,. "
1 

are comple:x: constants. 

This is the extent of the ar bi trariness for a gi ven state of 

stress• To remove this ar bi trariness, in the case of the 



First Fundamental Froblem, one may impose that, 

~(o)-= o 

(where èJ deaignates the ~~'imaginary part•): in this vay: the 

constants ~ and 0 will be fixed values. The constant 

will be determined by the choice of the ar bi tra.ry constant 

appea.ring in the expression ( 15b). 

In the case, when the displacementa: are gi ven, as in the 

Second Fundamental. Problem, it may be shown tbat the extent 

of the ar bi trariness is reduced in that 

C!;o 

so that only one of the constants ~ , ~' may be chosen at 

will.. Thus, in this case, the arbitrariness may be removed 

by setting 
~(o) == o 

(These points are considered in detail in :t-fu.akhellshvili in 

Section 34 and also on page 146.): 
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9. RESULTS FROM COMPLEX VARIABLE THIDRY: Several resulta 

from the theory of functions of a complex variable will be 

of use to us, so we pause now to recollect these. Since the 

problems we are considering in this paper are only those cases. 

in which the region is bounded by a simple closed contour, 

we will list here only theorems which are pertainent to auch 

regions (see :Huskhelishvili, Chapters 12 and 13 for similar 

theorems for multiconnected regions and the half-plane). 

Let L be a simple closed contour: then L divides 

the plane into three parts: the finite region + S , enclosed 

by L;_ the line L (the positive direction of L is taken 

so that s+ lies to the left of L); and the region s-, 

which is understood to include the point at infinity~ 

1° •. Let f(z) be a function, holomorphie in s+ and 

continuous in s+ + L .. Th en s Ft) .lt :: t' ( -z.) fon. -z_ I,..._J s+ 
"lltc:" -é.-"1... 

L 

f &tt.) Jt ;: 0 \on.. "L 1 r--J ~-

'ln c: -é.--z. 
L 

The first of these is Cauchy' s Integral Formula, while 

the second follows from Cauchy 1s theorem. 



-26-

2° :; Let t(z) be a f'unction1 holomorphie in S- (includ

ing the point at intinity) and continuous in S- + L. (It 

\lill be remembered that this means tor suf'ficiently large \ s \ 

On the other hand, if t(t) is a continuous tunction 

defined on L, then the tunction defined by 

( -z.. \ :-~ ( . f (t) J t r , 'lit<. j \. t:. -"1.. 

is holomgrphic tor ali z not on L. It is important to 

know the 1im.i ts of' F( z) as. z approaches a point t
0 

of 

L~ these are given by the 

Pl.emel:f Formu1ae: Denoting by F+(t ) and F"'"(t ) the limit-o 0 

values of the f'unction F( z) defined above as z. _,.... t from 
0 

s+ and 5"" respectively, then 
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wh.ere the integrale appearing are to be taken as: Caucw 

Erinciœl·. V&lyea, i.e. 1 

where r is the radius of a. small circle vi th center t 
0 

and L.· -1 representa the parts of L lying outside this 

circle.. These integrale may be shovn to exist provided f( t) 

satisfies a Bolder condition on L in a neighbourhood of 

t
0

; that is, for all t
1

, t
2 

lying on L in some neighbour

hood of t , the following condition holds 
0 

wh.ere A, « are real constants: and 0 1.. ce. { 1. 

The resulta above combine to give the very important 

criteria: 

I. The necessary and sutficient condition for a con

tinuons :f'unction f( t), given on L, to be the boundary value 

of soma :f'unction, holomorphie in s+, is that 

_!__ ( _\L-&) J-t. "" o 
rtl"~ J'- -6- '1- for ali z. in s-. 

II. The necessary and sutficient condition for ~con

tinuons :f'unction f( t) 1 given on L, to be the boundary value 

of some :f'unction, holomorphie in g- (including the point at 

infini ty), is that 
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+ 
for al.l z: in S , 

where fl is some constant ( whioh is equal. to the value of the 

above mentioned holomorphie fonction at infinity). 

These criteria take on a very oonvenient form when L 

is the circle of tmi t radius wi th center at the origin. Let 

" designate this circle, and designate the points of ~ by 

cr, so that 

Denote by Ï, + and b - the interior and the exterior of the 
+ 

circle, and choose the positive direction on 'i so that -r, 
lies to the left of ~ • Let F(z) be a function defined 

on TI+ (or }! -), and define F( 1/z) by the relation 

(The bar denoting the conjugate complex value •. ) Then, if 

F(z) is holomorphie in l! + (or ~ -), then F(1/z) will be 

- '\:1+ 
holomorphie in 'b (or /..J ) •. Furthermore, if F( z) has 

-the b6undary-value f(o-) on ~ , then F( 1/z) will take the 

-
boundary-value ?\01, since as z.-.... o; 1/z. also tende to o-. 
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The criteria may now be rewritten as 

1 1 : A necessary and sufficient condition for the func

tion f(cr), continuous on the circle Y:, , to be the boundary

value of some function, holomorphie inside '6 , is 

_!_. J ~) jq- ~ ~ 
'llli " \1 .,.... - ""'1 (.} a .. ,_ · for all z: inside "b , 

where a is a constant ( which is equal to the value of the. 

above mentioned function at z: = 0) •. 

II 1 :: A necessary and sufficient condition for the func

tion f(cn, continuons on the circle ~ , to be the boundary

value of some function,: holomorphie outside ~ , is 

J_ . ( f (v-) Jo- = 0 for all z outside ~ , 
I'J..l'( (,. .) " tl"' - '1.. 

Also, the following llprinci pal parts-ft formulae are of 

use in many problems.. It should be recalled that if a func

tion f(a) can be e:x:panded, in the neighbourhood of a point 

&, in the form 
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where f
0 

{z) is holomorphie at !!, and G{z) bas the form 

0("!..) .., \:\, + Q>t. :1- + ''' + t\IL ~IL 
4- ~ ( "L - Q,) ("L-a..) 

{A
1

, A
2

, •••• , \ being constants), it is said that f(z) 

bas a pole of order t at A with the principal part G{z). 

If the expansion is at the point at infinity, the principal 

part must be talcen as 

... + 

where the constant term A
0 

bas been included. 

3°r Let f(z) be holomorphie in s+ and continuons in 

+ S + L, with the possible exception of the points a., & , ••••, 
1 2 

a 
n 

of s+, where i t may have pol es wi th the principal parts 

G ( z), G ( z), • • • • , G ( z) •. Then 
1 Z n 

for z. in s+ 

for z in S" • 



-31-

4°:: Let f(z.), be holomorphie in s~ and continuons in 

S + L with the possible exclusion of the finite points 

a, , a...., ••• , a. of S- and aJ.so the point z = oO , where 
1 "'~ n 

it may have peles with the principal. parts G
1
(z), ••• , Gn(s). 

G
00 

(z).. Then 

. . . 

and 

for z. in s-

+ for z in S • 

The se for:mulae have be en gi ven wi thout proof::: all the 

resulta listed in this section are tully explained in Chapters 

12 and 13 of Muskhelishvili' s book, as are the notions of con

formal mappihg considered next. 
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10.. COJFOBMAL MAPPING WITH RESPECT 'l'Cl THE UNIT CIRCLE: Because. 

of the exceptional form of the Criteria: I 1 and II 1 , in many 

probl.ems it is advantageous to transform the fundamental prob

lems, by a change of variable, into ones defined on the unit 

circle. This is accomplished by replacing z: in the formul~ 

tions (15) and (16) by 

vhere the above representa a contorm!J, DYlP.lâP& of the unit 

circle onto the region S where S is the infini te or fini te 

part or the plane, boundedi by a single contour. (By conformal 

it is meant that u.Y(i,) is a holomorphie function of l, , 

wi th V.:l 1 ( t, ) 1 O. for any 1-, lying inside of the unit circle 'l . 
Under these conditions i t is known that the inverse mapping 

1, =~1(z.) is single-valued, and that the mapping is angle-

preserving.) 

To restrict our attention to the First Fundamental 

Problem--the Second wuld be treated analogously-the 

formulation of the boundary condition for the region S bas 

been seen to be (15) 

where f(z) is known for ~ lying on the boundary L and 

is given by 



... 
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+ 

along the boundary L. 

Then, substituting z =~~ ), we obtain 

(17) 

where we denote 

which representa the same problem, except now def'ined on the 

unit circle \ ~) ~ 1 instead of' on s,, and ld th f' 
1
, q> 1, -+' 

1 

holomorphie on \1,1 < 1 and continuous on \ 1-; \ ~ 1. As pro-

and .fix the constant in the apression f'or f' at the top of' 

the page in some definite manner, to eliminate an arbitrari

ness in the i'un.ctions ~and -+' 1.. Because of' the f'orm of' ( 17) 

no confusion will result if we drop the subscripts and w.rite 

simply 

(18) 
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In a. sim:ilar manner, the formulation { 16) of the Second 

Fundamental Boundary-Value !roblem tak~s the form 

(19) 

def'ined on the unit cirele.. To avoid arbitrariness of the 

functions 4' ·and '+' in this case, we set 

cpCo) ':. 0 • 

It is usetul. also to have 

vJ(C) -: 0 

this is al:ways. possible, sinee if c..i1 ('() = o, where 0(,;. a, 

then the coordina tes imposed on the region S eould be 

translated so that the point c( becomes the new origin, i.e.,. 

the mapping defined by 
_, 1 . 

u.)* (t..-1)()..: uS (-t..) 

maps S onto the unit cirele, and has w*(O) =o ... 



11 •. GENERAL SOLUTIONS OF THE FONDAMENTAL PROBLEMS: We are 

now in a. position to show how the solutions of the fundamental 

boundary-value pro blems may be o btained from the boundary con-· 

ditions (18) and (19h~ These solutions will be expressed in 

terms of singular integral equations for each of the tanctions 

q> (i;) and ...P (t,), i.e • .,. equations involving Cauchy-type 

integrals .... 

Continuing to work v.L th the First Fundamental Pro blem 

(the Second Fundamental Froblem would be treated analogously), 

the boundary condition takes the form (18), i.e., 

(20) 

'Where cr = e1
& is an arbitrary point of 'l , and ~ (\ï }, 

c\) • ('ti l, '+' ( o- ) must be interpreted as boundary values for 

i;, ..... <r from inside ~ •. This condition ma.y also be vritten 

in conjugate complex form 

(21) 

'l'he quantity f = f
1 

+ if
2 

is defined on L. by 

r 

• 
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where s is the are length of' L and the constant may be 

f'ixed ar bi trarily.. This expression may be wri tten as a 

t'une ti on of sr (or of' e-) since s may be gi ven as a t'une ti on 

of a- • 

Note that once the f'unction t\' (~) is known inside and 

on ~ , 'fJ (1, ) may be determined qui te readily:: in tact, 

the values, of --+' ( \'j"") along the boundary ~ are gi ven by 

) !. ;0(_ ) u.J(q-) rO't\f") 
'+'l q- = \ - 1 T - UJ• ( <:;r) Î 

(obtained by solving (21) for -t' ( -r} } and hence "t' ('(,) is 

given inside the circle by Cauchy1 s Integral Formula 

(22) 

Thus the problem reduces to that of determining ~ (1.,) from 

the boundary condition ( 20) • 

and denoting the right-hand aide as F(.,..), i t is seen that 

F( cr ) must be the boundary value of some function "ff CL, h 
holomorphie inside '6 •. By the Criteria· I 1 (page 29), the 

necessary and sufficient condition for this to be so is 
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where ;- is a. constant. ( Here a = -+' ( 0 ).} 

This gives ( for 1, inside ~ ); 

- =___!___ ( th·. - q>( t., Î - -'-. ( ..... (.q-) ~'(or) d..-
Q 'lwi j~'\l-Î;, 1-wc. .)'bw•\.tr") 'r-Ï-; 

or 

(23) 

where we have used 

sinoe cf(~). must be holomorphie inside '( • (23) is the 

promised solution for the tunction <:\) {~ )., expressed in terms 

of a singular integral equation. It must be understood that 

at the moment the constant a is as yet unknown: however, 

if a solution cp *(~) may be found for the equation (23) 

using an arbitrary value a* for a, where ~ *{0.) = &o' then 

~ ("~) -;;. <:.p* ( ~) - Q..o 

is the desired solution of (23) , . sinoe -~ ( 0). = 0, and the 
' - -~~ 

oorreot value for a is given by 



After <:{) ( "4l has been determined from the singuJ.ar integral 

equation (23},, the tu.nction -t' (1)) is determned from the 

singular integral equation 

which is obtained from the relation (22) by substituting the 

relation for +' (\T') given by (21). In this manipulation, 

use is made of 

.J_ ( .':Q('t").à,.-. = ~(.o) = o 
'Lw~ j ~ <r- "1-;, 

by virtue of Criteria I 1 (page 29). Thus both ~ ( t, ) and 

-+' (~) may be expressed as solutions to certain integral 

equations. 
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12. EUMPLE:. THE SOLUTION OF THE FIRST FUNDAHENTAL PROBLJ!l.1 

FOR THE INFINITE PLANE WITH AN ELLEPTICAL HOLE., To illustrate 

the method of solution proposed above, we may con~ider the 

case of an infinite plate with an elliptical hole, subjected 

to plane strains. In actual application, of course, such a 

region does not exi.s't:: however, it is approxim.ated when the 

aize of the plate is large compared wi th that of the hole. 

In this problem, the applled forces, acting on the rim of the 

elleptical hole, shall be assu:med to have zero resultant. 

Under the additional assumptions that the stresses vanish at 

, the point at infinity and that there is no rotation at infinity, 

the i'unctions ·~ (~ } and ""t" { ~) are holomorphie throughout 

the infini te region, including the point at infini ty ( see · 

Muskhelishvili, Section .34 and also page 146).. To avoid 

arbitrariness, we may set 

Choosing the origin to coïncide with the center of the 

ellipse, so that the elliptical bounds.ry is given by 

we may map the fini te region of the unit disk \ ~ \ ~ 1 onto 

the infini te plane wi th the elllptical hole by the mapping 

(whe:re R and m are real constants, with R) O, 0 \ m ( 1, determined 

so that a ::: R ( 1 + m), b ::: R ( 1 - m) ) , 
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'Which is confo.rmal because th• ..:.> mapping is holomorphie and 

id 1 
~ ' ( ~ ) ~ o for all points other than 1, = ~ , which He out-

Using the notation ~ 1 (z) = '-\) (~), etc., we have tba.t 

since ...., (0) = co .. 

In this problem. 

u..J (IT J - J_ (\ + Ml\ q-'1.) 
w 1 (. q--) - Q- (;.q--'1. +- Ml\) 

\..JI..) lv') _ - 'l"" ("IL + fvV\ ') 

l v.JI (.q-)- (\- ~q-'L) 

so that the singular integral equation {2.3) becomea 

where the integral on the right-hand side is assum.ed known." 

Writing 

or 

we have that g(4r) is the boundary value on~ of the function 



-41-

which is holomorphie inside 'i . By virtue of 1 1 on page 29, 

'. ( -~(~) J-r '!:: (o) -.=. o 
l}_q '- J'( ~- '-7 ~ 

so that the integral on the left-hand side of (25) vanishes:, 

}'ielding 

which gives us the solution for the function <:\) (~) inside 

'b • (a. is determined in the above by the condition C\)<o} = o.) 

"-\-' (~ ): is determined by the equation (24},:. which in 

In order to evaluate the second integral appearing in this $ 

expression, note that 

.... q-(q-~+"M.) c.p•(q--) 
( \ - """'\q-fL ) . 

-r t'' 

ia holomorphie \d thin ~ , and bence by Gauchy 1 s Integral Formula, 
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Thus the solutions ;,~ ( ~ ) , "'+" ( ~ ) for this problem are 

given by (26) and (2'7) •. Sp~cific solutions for various case 

of applied forces ( thus determining the f'u.nction r in the 

above expressions) may be found in Muskhelishvili. 
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13. CONCLUDING REMARKS:: In the foregoing, we have illustrated 

the basis of the new Russian method for obtaining solution ta 

the fundamental problems of Plane Elasticity by means of sin

gular integral equations, where, for simplicity, ve have restrict

ed our attention to those cases having cross-sections which 

are simply-connected regions. The method may be generalized 

to regions which are multiply-connected, such as an infinite 

plate wi th a fini te number of ho les;. And as one would guess 

in viev of the treatment of the example given in this paper 

(i.e., the infinite plate with an elliptical hole), it is 

possible to develope the method for infinite regions in a. 

mannar analogous to that for finite regions. These topics 

are f'ully discussed in Muskhelishvili •:s book •. 

Several other important problems treated by l1uSkhelishvili 

are worthvhile mentioning here.. Since the mapping function 

....._, ( ~ ) i s conforma! wi thin the unit circle, i t may be ex

panded as an infini te power series about the origin.. Musk

helishvili gives the general solutions to the fundamental 

problems when the mapping w ("4) is a polynomial (in this 

case, a partial sum of the infinite series:), since the poly

nomiale thus obtained map the unit disk onto regions approxi

mating the given region to any degree of accuracy •. Also 

important are tho se pro blems vhen the mapping i'unction w (-(, ) 

is a rational function,,i.e., a fraction in which both the 
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numerator and denominator are polynomiale, since the Schwarz

Christoffel transformation of the unit diak on the region may 

take this form •. 

Another important problem is the case of the semi-infinite 

plane subjected to the pressure of a rigid-stamp acting on its 

boundary: the treatment of this problem also appears in 

Muakhelishvill 1 s other book,, Si nmJ]ar Int§if&l Eqyations, 

which bas been translated into Engllsh by J.R.M. Radok and 

is publlshed by P •. Nordhoff in Holland •. 

Upon reading the bibliography of Mu.skhellshvill' s: work, 

one is given the impression that this field is one of great 

activity, especially with the Russians, and that many more 

solutions, of a particular nature, are yet to be discovered. 

Surely tremendous atrides have been taken in the last few 

decades., And more is yet to come: we'll see ••• 



GENERAL NOTATION AND 2QUATIONS FOR A 
TI-lREE...,DiillENSIONAL EU..STIC BODY 

ASSUJvlPTIONS: 

The elastic body is assumed to be isotropie and homo9eneous 

(see definitions, pages 2 and 3), and also gerfectly elasj<Jc: 

that is, the body will fully recover its original shape when the 

forces causing its distortion are removed. Furthermore, when dis-

torted, the body is assumed to be in a state of elastic e9uilip~iuro, 

i.e., the forces acting on the body,~ eve~y ~-body of the body, 

satisfy the conditions of static equilibriurrt (and also the conditions 

of dynamic equilibrium if the body is in motion through space). The 

conditions of static equilibrium are: 

I. The vector resultant of all forces acting on the body is 
zero; 

II. The total moment about any point (of the body) caused by 
the forces acting on the body is zero. 

Iwo types of forces act on the body: surface forces (given pcr 

unit area), or stresses; and volumetrie (given per unit volume), or 

body forces. 

NOTATION: 

In the definitions below, it should be remembered that these 

quantities are functions of the point (x,y,z) of the body, where 

they are taken. 
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The se to be interpreted as follows: Let I be a plane 

through the point (x,y,~) having n as its normal vector: then 

the {vector) components of the stress acting or I at the point 

(x,y,z) are denoted Yr , Z , taken in the directions of 
1 n 

the positive x-, y-, and z- axes respectively. Thus, Yx designates 

the conponent the stress in the direction of the y-axis acting 

on a plane havin] normal pa:r·allel to the x-axis (at some prescribed 

point (x, y ,z)), and an;üogously for the other symbols. 

Under the conditions of elastic equilibrium, these components 

are related by 

x cos(n,x) + x cos(n,y) + v cos(n,z) x 
x y "Z n 

y cos(n,x) + y cos(n,y) + y cos(n,z) = y 
x y z n 

.z cos(n,x) + Zy cos(n,y) + z cos(n,z) = z 
x z n 

(at sorne p.rescribed ;)ü t (x,y,z)), where cos(n,x), cos(n,y), cos(n,z} 

are the direction-eosines of the noroal n wHh the x-, y-, and z-axes 

respective! y. 

X, Y, Z: The Cpm_oonen,:j:s of jehe Bogy Force. 

These designate the vector components of the boày force, ~er 

unit volume, taken in the directions of the x-, y-, and z-axes, 

respectively, at sorne prescribed point (x,y,z). 



-iii-

u, v, v~; T,he Cp!f!ppn.ert.?. of. DisoJ,.acement. 

These are defined as f ollows: Suppose th at wh en the body is 

in an un-strained state,the co-ordinates of a given point of the 

body are (x0 , y 0 , ~0 ), and that after displacement, due to the 

applied forces, the co-ordinates of this point (with respect to 

the previous syste~ of co-ordinate axes) are (x, y, z). Then 

u v - y - y 0 ; w z - z0 

are the ( vectorial) components of the displ<:~ceraent of the gi ven 

,1oint, in the directions of the x-, y-, and .<:-axes, respectively. 

The ComRonents of the Straip Te[l,Sor, which are not used in 

this paper, but occure in the literature, may now be given as 

e = ~ e - ~'\..) e = ~u...r 
xx ~~ 

; y y 
~~ zz ~"1-

ex y = e - ~ + è>AA 
y x 0)~ ~(s ) 

8 xz = ezx = Olu + cl u.J 
~"1... ~ .... 

= 

If U(x,y,z) is a function of x, y, and :;::, thenÀ is defined by 

In iwo-dimensions this beco:nes 
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EQUATIŒS; 

The i::gyations of Eg,ui,li,b,rium: 

I. Pro~ the first condition of elastic equilibrium, it 

follows that 

~'1. -t'-~~ + "0>'/.."1.. +-"' : 0 
~ '1( ~ '--l' è:lJ -J... 

(;) y~ 4- ;:;::>..,.,"" t ~y "l. + -r' -:: 0 
~~ .;, cr ~x 

o:it. '~- -t- ~ -:t. tr + ;;;;~ .,_ -t L-= o . 
(y 'J., & ~ Ô) '1.. 

II. From the second condition of elastic equilibriu:n, it 

follows that 

x y . 
y x ' 

x ::: z 
4 x z 

y 

(i.e., the Stress Tensor is syn::Jetric.) 

The Stress-Strain Relations: 

The Stress conponents are :related to the Strain conponents 

in the following way: 

y = 
z 

x 

y 

z 

x 

y 

z 

=~ ( 

::: " ( 
= )1. (exx 

+ e y y 

+ eyy 

+ eyy 

+ e ) + ~exx Z7. 

+ e ) + 2fe zz y y 

+ \ 
9 zzJ 

+ '') e Lf ZZ 

xy = u. e • r xy 
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These relations nay ne re-written in terms of the displacement 

co:nponents ( using the relations given on page iii) yielding 

~ x À 9 + )" ~~ x 

y >.e +r ~; y 

>. e +Y' <t~ 

x = \~tm') 
y Y' ~~ à)(S 

x = !' \ 'à>uJ t ~ ~ ) . 
z ~ '( & ""L J 

where 

and where ). and r are the Lar:1: constants ( see page 

For further reference, it ~ay be helpful to consult the article 

entitled "Elasticity" in the cnC4,Clopedia Dritannica (Eleventh Edition). 
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