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Abstract

The standard cosmological model, also known as the Lambda-Cold-Dark-Matter

(ΛCDM) scenario, is a rather simple but yet very predictive model describing the

evolution and matter-energy content of the Universe. Despite its multiple successes,

it suffers from a number of unresolved mysteries, such as the source of inŕation and

the mechanism of generating the observed baryon asymmetry. Perhaps more impor-

tantly, the ΛCDM model does not address the nature of its main pillars: dark energy

and Dark Matter (DM).

The aim of this thesis is to advance our understanding about the major myster-

ies of the ΛCDM scenario, particularly focusing on the role of DM and its possible

interactions with Standard Model particles, such as neutrinos.

We will start by building a "little theory of everything", where inŕation, baryo-

genesis, neutrino masses and production of asymmetric DM can be explained in an

experimentally-consistent and uniőed picture, using the Affleck-Dine mechanism as a

key ingredient. In such a scenario, the asymmetric DM abundance observed today is

achieved via the annihilation of DM particles with their antiparticles, which freezes

out in the early Universe.

However, if a small DM-number violating mass term between particles and an-

tiparticles is allowed, DM oscillations can be reactivated at late times and the resulting

DM annihilation might solve one of the long-standing issues of the ΛCDM model at

galactic scales, known as the core-cusp problem.

Since neutrinos and DM are fundamental ingredients in the "little theory of ev-
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erything", it comes natural to question whether a potential interaction between them

could be constrained using astrophysical or cosmological probes. We will show that

strong bounds on the scattering cross section between neutrinos and DM can be de-

rived by studying the ŕux attenuation of neutrinos emitted by active galactic nuclei,

such as the blazar TXS 0506+056 and the radio galaxy NGC 1068, because they have

to pass through a dense DM spike surrounding the central black hole.
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Abrégé

Le modèle cosmologique standard, ègalement connu sous le nom de scénario Lambda-

Cold-Dark-Matter (ΛCDM), est un modèle plutôt simple mais très prédictif décrivant

l’évolution et la composition matière-énergie de l’Univers. Malgré ses multiples suc-

cès, il souffre de plusieurs mystères non résolus, tels que l’origine de l’inŕation et le

mécanisme de génération de l’asymétrie baryonique observée. Peut-être plus impor-

tant encore, le modèle ΛCDM ne répond pas à la nature de ses piliers principaux :

l’énergie sombre et la matière noire (DM).

L’objectif de cette thèse est d’avancer dans notre comprèhension des principaux

mystères du scénario ΛCDM, en mettant l’accent particulièrement sur le rôle de la

matière noire et de ses interactions possibles avec les particules du Modèle Standard,

telles que les neutrinos.

Nous commencerons par construire une "petite théorie de tout", où l’inŕation, la

baryogenèse, les masses des neutrinos et la production de matière noire asymétrique

peuvent être expliquées dans un cadre cohérent avec les expériences, en utilisant le

mécanisme d’Affleck-Dine comme ingrédient clé. Dans un tel scénario, l’abondance

de matière noire asymétrique observée aujourd’hui est obtenue grâce à l’annihilation

des particules de matière noire avec leurs antiparticules, qui s’est őgée dans l’Univers

primitif.

Cependant, si un petit terme de masse violant le nombre de matière noire entre

particules et antiparticules est autorisé, les oscillations de matière noire peuvent être

réactivées è des époques tardives et l’annihilation résultante de matière noire pourrait
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résoudre l’un des problèmes de longue date du modèle ΛCDM à l’échelle galactique,

connu sous le nom de problème du cœur-pointe.

Étant donné que les neutrinos et la matière noire sont des ingrédients fondamen-

taux dans la "petite théorie de tout", il est naturel de se demander si une interaction

potentielle entre eux pourrait être contrainte en utilisant des sondes astrophysiques ou

cosmologiques. Nous montrerons que des limites strictes sur la section efficace de dif-

fusion entre neutrinos et matière noire peuvent être déduites en étudiant l’atténuation

du ŕux de neutrinos émis par les noyaux actifs de galaxies, tels que le blazar TXS

0506+056 et la galaxie radio NGC 1068, car ils doivent traverser une région dense de

matière noire entourant le trou noir central.
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6.C.1Ratio of the number of cube particles scattering (annihilating) in our
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was turned on, whereas stars are used for simulations in which only an-

nihilation took place. Different color points represent different choices
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ℓ being the side of the cube. The left and right plots show the same

data with different axis scales, linear on the left and logarithmic on

the right. The solid (dashed) lines in the right panel show N ∝ h3,

which is the result expected from łprobability saturation,ž as originally
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Hernquist proőles, given by eq. (6.75), where rc and β are left as free

parameters. The 1σ error bar for each data point is computed assuming
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line displays the original density proőle in eq. (6.74). The violet solid

line corresponds to the theoretical prediction given by eq. (6.80) at

(t − tini) = 10 Gyr. Bottom: Similar to the right panel of Fig. 6.C.3,
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tation given by eq. (6.80) at the time of the corresponding same-color
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Preface

The present manuscript-based thesis is a collection of most of the successful projects I

have worked on during my Ph.D. at McGill University. It consists of an introduction,

followed by őve research articles already published in peer-reviewed journals, and a

conclusion.

More speciőcally, Chapters 1-3 provide an overview of the standard cosmological

model, focusing on its main ingredients and on the limitations that have convinced

the scientiőc community to search for extensions. Chapters 4-8 contain all the original

contributions to the őeld made by myself and my collaborators. Chapter 9 presents

the concluding remarks and future prospects.

As regards the original work, since it is common practice in theoretical high energy

physics to list authors in alphabetical order, I will identify my contributions below.

Following it, I will introduce the units and conventions used throughout the thesis.

Author contributions

Chapter 4: J. M. Cline, M. Puel and T. Toma, Affleck-Dine Inŕation, Phys. Rev.

D 101, 043014 (2020), [arXiv:1909.12300].

The project was initiated by Jim Cline and I based on discussions we had during

the course Jim gave in the fall of 2019 at McGill University on particle cosmology,
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whose material is covered in Ref. [1] and includes the Affleck-Dine baryogenesis sce-

nario. All three authors contributed to the conceptualization of the problem and

carried out the bulk of the analysis. In particular, I wrote an independent numerical

code to solve the adiabatic and isocurvature perturbations and to scan the param-

eter space via a Markov Chain Monte Carlo technique, which helped to cross check

each other results. The main text of the paper was written by Jim, with inputs from

Takashi Toma and I.

Chapter 5: J. M. Cline, M. Puel and T. Toma, A little theory of everything, with

heavy neutral leptons, J. High Energ. Phys. 2020, 39 (2020), [arXiv:2001.11505].

The project is an extension of the previous work, originated from a discussion

Jim had with Joachim Kopp during his CERN visit in the fall of 2019. All three

authors contributed equally to the conceptualization of the problem and everyone

cross checked each other computations in an independent manner. In particular, I

was in charge of deriving the electroweak precision data and laboratory constraints

(section 5.4.1), computing the heavy neutral lepton weak decays (section 5.4.3, in-

cluding the appendix), and taking care of the dark matter indirect detection bounds

(section 5.6.2). I helped in writing the manuscript, particularly the sections I mostly

worked on. I also produced all the őgures except for one (Figure 5.2).

Chapter 6: J. M. Cline, G. Gambini, S. D. McDermott and M. Puel, Late-Time

Dark Matter Oscillations and the Core-Cusp Problem, J. High Energ. Phys. 2021,

223 (2021), [arXiv:2010.12583].

The project was conceived by Jim and Samuel McDermott during their visit to

CERN in the fall of 2020. The initial part of the work was started by Jim and

Guillermo Gambini, who developed the general oscillation formalism and applied it

to early-time cosmology (sections 6.2, 6.3, 6.4 and appendix 6.D). I joined the project
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in May 2021 and I was in charge of developing the N-body galactic simulation to

test whether the model could solve the core-cusp problem. I modiőed the GADGET-2

code [2] by adding dark matter scattering and annihilation, and I tested the new

implementations with existing examples. Furthermore, I led the comparison between

our results with observational data, in terms of the galactic rotation curve for dwarf

galaxies and projected stellar velocity dispersion along the line of sight for galaxy

clusters. I wrote section 6.6 and appendix 6.C, and helped writing other sections of

the paper like section 6.5. I also produced all the őgures of the manuscript except for

two (Figures 6.4.1 and 6.5.2) and took care of most of the referees’ comments.

Chapter 7: J. M. Cline, S. Gao, F. Guo, Z. Lin, S. Liu, M. Puel, P. Todd and T.

Xiao, Blazar constraints on neutrino-dark matter scattering, Phys. Rev. Lett. 130

(2023) 9, 091402, [arXiv:2209.02713].

The paper was the outcome of the summer 2022 project for Shan Gao, Fangyi Guo,

Zhongan Lin, Shiyan Liu, Phillip Todd and Tianzhuo Xiao, who are undergraduate

physics students in the honour program at the time of writing. With Jim’s help,

I led the work not only in terms of the physics content and underlying analysis,

but also as a mentor for the summer students. More speciőcally, I was responsible

for: literature review, collection of input information such as the neutrino ŕux and

IceCube data, modelling of the dark matter spike, and comparison of our results with

previous limits on dark matter scattering cross section with neutrinos and electrons.

The computation of the neutrino ŕux attenuation was independently carried out by

all the authors, and the application to a realistic particle physics model was led by

Jim, while I cross-checked his computation. I also produced all the plots of the paper.

Most of the original manuscript was written by Jim, whereas I wrote the remaining

parts (section 7.5 and parts of sections 7.2 and 7.3) and took care of all the referees’

comments.
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Chapter 8: J. M. Cline and M. Puel, NGC 1068 constraints on neutrino-dark matter

scattering, JCAP 06 (2023) 004, [arXiv:2301.08756].

The project was conceived as a follow-up of the previous work and the idea came

after a discussion with Matthew Lundy and Samantha Wong during a lunch talk

I gave at the Trottier Space Institute at McGill. Both authors contributed to the

conceptualization and writing stage. In particular, I carried out the analysis in sec-

tions 8.2, 8.3, 8.4, 8.5, and wrote these sections and part of the conclusions. Jim took

care of the remaining sections. I cross-checked his results, produced all the plots of

the manuscript and addressed the referee’s comments.

Units and Conventions

In the thesis, I decided to adopt the so-called natural or high energy physics units, if

not otherwise stated, because of their wide use in particle physics, astrophysics and

cosmology. In this system, the fundamental constants ℏ = c = kB = 1 and there is

only one important dimension, the energy (expressed generally in some power of the

eV). In particular, one has

[Energy] = [Mass] = [Temperature] = [Length]−1 = [Time]−1 , (1)

and the numerical conversion factors with the International System of units are

Energy: eV = 1.6022× 10−19 J ,

Mass: eV = 1.7827× 10−36 kg ,

Temperature: eV = 1.1605× 104 K ,

Length: eV = 5.0677× 106 m−1 ,

Time: eV = 1.5193× 1015 s−1 .

(2)
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We also adopt the convention MP l = G−1/2 = 1.22 × 1019 GeV and mP l =

(8πG)−1/2 = 2.43 × 1018 GeV to refer to the Planck mass and the reduced Planck

mass, respectively, where G is the Newton’s gravitational constant.

The metric signature adopted throughout the thesis is the mostly minus conven-

tion (+,−,−,−), which is commonly used in the particle physics community. Greek

indices µ, ν = 0, 1, 2, 3 will be devoted to space-time vector components, whereas

Latin indices i, j = 1, 2, 3 will be used to indicate the spatial components only.
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Chapter 1

Our observable Universe

The standard model of cosmology, also known as either the Lambda-Cold-Dark-

Matter (ΛCDM) model, hot Big Bang model or simply concordance cosmological

model, stands as the prevailing framework for understanding the origin, evolution,

and composition of our vast Universe. Developed through decades of scientiőc re-

search and observations, this model provides a comprehensive explanation of the

Universe’s structure, dynamics, and fundamental properties. At its core, the ΛCDM

model embraces the concept of an expanding, large-scale homogeneous and isotropic

Universe, and incorporates the inŕuence of dark matter, dark energy, and the rem-

nants of a hot Big Bang. By integrating diverse őelds of study, such as astrophysics,

particle physics, and general relativity, this model offers a compelling narrative that

unveils the intricate tapestry of our cosmic existence.

Its remarkable success rests on several key observations, including: the Hubble di-

agram, which displays the velocity of galaxies as a function of their distance; the light

element abundances; the temperature and polarization anisotropies in the cosmic mi-

crowave background (CMB), and the large-scale structure (LSS) of the Universe. We

will brieŕy describe these observational pillars here, in addition to present evidences

of the two dominant components of the Universe, dark matter and dark energy. All

these ingredients will allow us to introduce the ΛCDM model in its full glory in chap-

ter 2 and its limitations in chapter 3. The content of this chapter, as well as the

next two, is heavily based on several standard cosmology textbooks and references
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(e.g. Refs. [1ś9]), with input from the more recent literature due to the fast-paced

development in the őeld of cosmology.

1.1 Hubble diagram

In his seminal paper of 1929 [10], Edwin Hubble showed that galaxies are receding

from us in all directions, with more distant galaxies moving away faster in proportion

to their distance. His famous plot, Fig. 1.1, shows a simple linear relationship between

a galaxy’s radial velocity v and its distance d from us

v ≈ H0 d , (1.1)

where the slope parameter H0 is called Hubble constant. Such an equation, known

today as the Hubble-Lemaître law, is the őrst solid evidence that the Universe is

expanding.

In an expanding Universe, the distance separating galaxies from us was smaller in

the past compared to its current value. To quantify this evolution, we introduce the

scale factor a(t) as the ratio between the distance d(t) between two objects at a given

time t and their present-day distance d0. The scale factor a ranges between 0 and

1, with larger values corresponding to later cosmic times. Consequently, the distance

d(t), referred to as the proper or physical distance, evolves over time, whereas the

comoving distance d0 remains constant. The latter distance can be understood as the

spatial separation on a cosmic grid between two coordinate points, where each point

corresponds to an observer at rest. A direct consequence of this expansion is the

stretching of the physical wavelength of light emitted by distant objects, proportional

to the scale factor, resulting in an observed wavelength that is greater than the one

at which the light was originally emitted. This stretching factor is commonly deőned

as the redshift z

1 + z ≡ λobs
λemit

=
1

aemit

, (1.2)

which is used as a standard measure of distances in cosmology.
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Figure 1.1: Velocity-distance relation among extra-galactic "nebulae", equivalent to
today’s concept of galaxies, as found by Hubble in 1929. The radial velocities, ad-
justed for solar motion (although labeled incorrectly), are plotted against estimated
distances derived from the properties of Cepheid stars hosted in each galaxy consid-
ered in the analysis. The black discs and solid line represent the solution obtained
by considering each galaxy individually in accounting for solar motion, whereas the
circles and dashed line depict the solution derived from grouping the galaxies to-
gether. The cross denotes the average velocity corresponding to the mean distance of
22 galaxies for which individual distance estimations were not possible. Figure taken
from Ref. [10].

The Hubble law in Eq. (1.1) is exactly what is expected in an expanding Universe.

In fact, if d(t) = a(t) d0 is the physical distance between two galaxies at time t, with

comoving distance d0, their relative velocity v(t) is given by

v(t) =
d

dt

(

a(t) d0

)

= ȧ d0 = H(t) d(t) , (v ≪ c) (1.3)

where we assumed no comoving motion between the two galaxies so that ḋ0 ≡
d(d0)/dt = 0 (i.e. no peculiar velocity). Here, the over-dot indicates the deriva-

tive with respect to the physical time t and we introduced the Hubble parameter

H(t) ≡ ȧ

a
, (1.4)

which quantiőes changes in the time-evolution of the scale factor and hence mea-
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sures the expansion rate of the Universe. Equation (1.3) reduces to Eq. (1.1) at the

present time t0 if H(t0) is identiőed as the Hubble constant H0 (recall a(t0) = 1,

by deőnition). By dimensional analysis, H0 has units of velocity per distance and

it is usually parameterized by a dimensionless number h (not related to the reduced

Planck’s constant ℏ) via

H0 = 100h km s−1 Mpc−1

= h/(9.8× 109 yr)

= h/(2998 Mpc)

= h (2.13× 10−33 eV/ℏ) ,

(1.5)

where Mpc ≈ 3.086× 1022 m is the standard cosmological length scale.

Based on current measurements, the Hubble constant is estimated to be around

h ≃ 0.7, although its precise value has been a subject of ongoing debate since Hubble’s

initial measurement of approximately h ≃ 5.5 in 1929. This controversy persists to-

day, with deviations of about ∼ 10% from different measurements. To mitigate the im-

pact of this uncertainty, cosmologists commonly adopt the unit of length as h−1 Mpc.

Similarly, associated units such as h−1M⊙ for masses (where M⊙ ≈ 1.988× 1030 kg is

the solar mass) are employed. This adoption allows cosmological computations to be

less dependent on the speciőc value of the Hubble constant. Throughout this thesis,

we will adhere to this convention, utilizing h−1 Mpc and related units ensuring that

our calculations remain robust regardless of the exact value of the Hubble constant.

As a őnal remark, the redshift z in Eq. (1.2) is also used as a measure of velocities

in cosmology because a star’s or galaxy’s velocity v is linked to z via the Doppler

effect. In fact, the light emitted by a moving object will be observed with a shifted

wavelength according to

v

c
=
λobs − λemit

λemit

= z , (v ≪ c) (1.6)

assuming the object’s velocity is due only to the Universe expansion (i.e. no peculiar
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motion) and it is much smaller than the speed of light c. Therefore, measuring the

redshift of known spectral lines in the spectrum of a galaxy allows one to estimate

the galaxy’s velocity.

1.2 Big Bang Nucleosynthesis

Just as a gas of particles conőned in a box experiences a decrease in temperature and

density over time when allowed to expand, the Universe should have followed a similar

pattern if it has been expanding since its creation: it was considerably hotter and

denser at early times compared to its present state, comprising (at least) all known

particles.

Since the latter and their interactions are well-described within the framework

of the Standard Model (SM) of particle physics, which we will brieŕy summarize in

section 2.4.1, we can investigate phenomena that took place during early stages of the

Universe. In particular, until the temperature of the Universe exceeded approximately

the MeV scale, the formation of neutral atoms and bound nuclei was impeded by the

abundance of high-energy photons present at that time. As the Universe gradually

cooled below the typical energies required for nuclear binding, a process known as Big

Bang Nucleosynthesis (BBN) commenced, leading to the formation of light elements

such as deuterium, helium, and lithium.

The expected abundance of such elements can be precisely computed once the

rates of the relevant SM nuclear reactions are known (see e.g. Ref. [11]) and the

expansion of the Universe is properly taken into account. The results almost solely

depend on the baryon-to-photon ratio η = nb/nγ, where nb and nγ are the baryon

and photon number density at the time of BBN, respectively, in addition to the

effective number of relativistic species Neff , which will be deőned in section 2.5.1. 1

In principle, the parameter η could be predicted if a complete theory of baryogenesis,

the process through which the asymmetry between matter and antimatter we observe

1The baryon density is the combination of the densities of protons and neutrons since both species
have baryon number one and these were the only baryons present at that time.
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Figure 1.2: Primordial abundances (normalized by the hydrogen number density) of
4He, D, 3He and 7Li as a function of the baryon-to-photon ratio η and the baryon
density parameter Ωbh

2. The colored curves and associated shaded bands are the
95% C.L. predictions of the standard model of BBN [12]. The yellow boxes are the
observed light element abundances. The cyan vertical band indicates the 95% C.L.
inference of the baryon density from the Cosmic Microwave Background (see next
section), whereas the shaded magenta band indicates the 95% C.L. BBN concordance
range. Figure taken from Ref. [9].

today originated, was available. Since this is not the case, the baryon-to-photon ratio

is treated as a free parameter. Fig. 1.2 shows the BBN predictions as a function of η

for the abundances of 4He, D, 3He and 7Li, along with their measured values.

Determining the abundances of light elements as they were shortly after the BBN

era poses challenges due to subsequent changes caused by stellar nucleosynthesis.

For instance, the ubiquitous production of 4He through hydrogen fusion in stars via

the pp-chain makes it necessary to search for regions of hot ionized gas in "metal-
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poor" galaxies known as extra galactic HII regions [13]. In contrast, deuterium (D)

primarily originates from BBN since, although it can also be produced in stars, it

rapidly undergoes processing onto heavier nuclei [14]. The most reliable indicator

of the primordial value of D is its measurement in the intergalactic medium at high

redshifts, achieved by examining subtle absorption features in the spectra of distant,

low-metallicity quasars. Extrapolating the primordial abundances of 3He and 7Li from

observations is more challenging due to several factors. Firstly, the measurements

for 3He rely primarily on the Solar system and solar-metallicity HII regions in our

Galaxy, leading to limited data quality [15]. Secondly, estimating the abundance

of 7Li requires studying metal-poor stars in the Galactic halo [16], which exhibit

properties that are still not fully understood [17, 18].

The η ranges in Fig. 1.2, as described by the yellow boxes, are not fully overlapping

but are within a factor ∼ 2 of each other. However, the lithium abundance disagrees

with the precise deuterium abundance and the less restrictive 4He abundance, indicat-

ing the presence of the so-called "lithium problem", whose past solutions have invoked

unknown systematics or new physics [9]. If one excludes the 7Li constraint, the con-

cordant range of η from BBN is primarily determined by the deuterium abundance,

resulting in [9]

ηBBN ≈ (6.143± 0.190)× 10−10 . (1.7)

Despite the lithium problem, it is remarkable to think we can accurately predict

the primordial light element abundances, spanning over nine orders of magnitude,

just using well-known microphysics. This inspires conődence in our extrapolation to

understand the Universe during its earliest stages.

The value of η in Eq. (1.7) can be translated into the baryon abundance Ωb in the

Universe, which we will deőne appropriately in section 2.3, via

Ωbh
2 =

η

2.7× 10−8
≈ 0.02244± 0.00069 (BBN) , (1.8)

where h is the dimensionless Hubble constant in Eq. (1.5). Taking h ∼ 0.7, one

őnds that ordinary matter contributes at most 5% of the total energy budget of the
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Universe today, which we will see is insufficient to explain all the structures visible

in the Universe. BBN hence provides compelling evidence for the existence of a non-

baryonic form of matter, dubbed as dark matter (DM), which we will present in

sections 1.5 and 2.4.3 and amply study throughout the thesis.

Constraints on the value of Ωbh
2, and hence on η, come also from precision mea-

surements of the Cosmic Microwave Background (CMB) temperature anisotropies [19],

which we will introduce in the next section. Although BBN (zBBN ∼ 1010) and CMB

(zCMB ∼ 103) are two widely separated epochs in the history of the Universe, governed

by very different physics, the value of η found by the Planck CMB mission yields [20]

Ωbh
2 = 0.02230± 0.00021 (CMB) , (1.9)

corresponding to

ηCMB = (6.104± 0.058)× 10−10 , (1.10)

in striking agreement with ηBBN, as shown in Fig. 1.2. This is a crucial test of

the standard ΛCDM model, which predicts no change in the value of η between

BBN and CMB epochs. Once the CMB and BBN values are combined, one őnds

η = (6.129± 0.039)× 10−10 and Ωbh
2 = 0.02239± 0.00014.

1.3 Cosmic Microwave Background

The accidental discovery of a microwave background radiation, now known as the

CMB, was made by Arno Penzias and Robert Wilson in 1965 [21], who detected a

constant electromagnetic "noise" emanating from all directions in the sky.

The existence of the CMB can be well explained within the framework of an

expanding Universe, speciőcally as a result of the interaction between photons and

electrons via Thomson scattering. During the epoch when the temperature of the

Universe was approximately at the ∼ eV scale, free electrons and protons started to

combine forming neutral hydrogen in a process known as recombination. From that

moment on, the Universe became transparent to electromagnetic radiation and the

13



photons released from this "last scattering" surface, at a redshift of around ∼ 1100,

make the CMB today.

Since the interaction between photons and electrons prior to the last scattering

kept the former in thermal equilibrium, the CMB photons should exhibit a black-body

spectrum given by

Iν(T ) =
4πℏν3/c2

exp (2πℏν/kBT )− 1
, (1.11)

where ν is the photon frequency and kB is the Boltzmann’s constant. This is indeed

what is shown in the left panel of Fig. 1.3, where observations by the FIRAS instru-

ment aboard the COBE satellite are compared to the black-body spectrum, őnding a

perfect agreement for a mean temperature T = 2.728 K [22]. Even more striking is the

evidence that the CMB provides the best black-body spectrum ever measured so far,

telling us that the early Universe was very smooth and isotropic. 2 Anisotropies were

also discovered by the same COBE satellite in 1992, showing fractional temperature

ŕuctuations of the order of 10−5 [23]. They were later validated and mapped with

remarkable precision by the WMAP mission in the early 2000s and, more recently, by

the Planck satellite which has provided additional insights into the CMB, revealing

subtle deviations from homogeneity also in terms of polarization and lensing effects.

Today, the temperature of the CMB is known to be T0 = (2.72548± 0.00057) K [24].

The standard statistical tool to study small ŕuctuations over a homogeneous

and isotropic background is to Fourier transform the distribution describing the

anisotropies, which in the case of the CMB is the space-dependent temperature őeld

across the sky. In fact, in Fourier space, large and small scales completely decou-

ple from each other at linear order. For the CMB and the large-scale structure, the

latter of which will be presented in the next section, the most important statistic

is the two-point correlation function. When measured using Fourier-space őelds, it

is called the power spectrum and its physical meaning is to describe the spread or

variance of the distribution: the larger is the amplitude of the power spectrum, the

2Smoothness, or homogeneity, in the context of the Universe implies that it exhibits uniformity
at every point, displaying translation invariance. Isotropy, on the other hand, signiőes that the
Universe possesses uniformity in all directions, showcasing rotation invariance.
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Figure 1.3: Left : Intensity of the CMB radiation as a function of frequency from
the Far InfraRed Absolute Spectrophotometer (FIRAS), aboard the COBE satellite.
The line shows a black-body spectrum with T0 = 2.728 K, as given by Eq. (1.11)
if converted in the appropriate units. The error-bars on the measurements are also
present but are smaller than the line width. Taken from Ref. [22]. Right: Power
spectrum of CMB temperature anisotropies. Data points as measured by the Planck
satellite are shown in red along with their associated ±1σ uncertainties. The blue line
is the best-őt prediction of the ΛCDM model, which involves only six free parameters.
Residuals between the data and the best-őt model are shown in the lower panel.
Figure taken from Ref. [20].

larger are the deviations from a smooth background. Since the CMB temperature is

a two-dimensional őeld depending only on the angular coordinates of a point in the

sky, instead of taking its Fourier transform one expands it in spherical harmonics.

Concretely, deőning δT (n̂) as the CMB temperature anisotropy in the unit direction

n̂, we can write

δT (n̂) ≡ T (n̂)− T0
T0

=
+∞
∑

ℓ=1

+ℓ
∑

m=−ℓ

aℓmYℓm(n̂) , (1.12)

where Yℓm(n̂) are the spherical harmonics and the coefficients aℓm encapsulate the

temperature ŕuctuations. Their correlation in two different directions n̂ and n̂′ in the

sky, averaged over the full sky, gives

⟨δT (n̂)δT (n̂′)⟩ =
∞
∑

ℓ=1

2ℓ+ 1

4π
CTT
ℓ Pℓ(n̂ · n̂′) , (1.13)

where Pℓ are the Legendre polynomials, ℓ ∼ 2π/θ for small polar angular separations
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θ, and the coefficients CTT
ℓ are the angular power spectrum

CTT
ℓ ≡ ⟨ |aℓm|2 ⟩ =

1

2ℓ+ 1

+ℓ
∑

m=−ℓ

|aℓm|2 . (1.14)

If the temperature ŕuctuations δT are Gaussian, as it appears to be the case, all

the information contained in the CMB maps can be compressed into CTT
ℓ . The right

panel of Figure 1.3 shows the most recent Planck data of the CMB angular power

spectrum, expressed in terms of the quantity DTT
ℓ ≡ ℓ(ℓ+1)CTT

ℓ /(2π), as a function

of the angular scale ℓ, and they are superimposed by the best-őt prediction of the

ΛCDM model. The agreement between the data points and the theoretical curve is

remarkable, particularly when considering that it is a six-parameter őt.

The distinctive peak structure observed in the CMB power spectrum at small

scales (i.e. large ℓ) can be explained by the interplay between gravity and the pressure

of the primordial ŕuid [25, 26]. Before recombination, baryons and photons formed

a single ŕuid known as the photon-baryon ŕuid, which underwent compression and

expansion due to gravity and pressure variations. This led to acoustic oscillations,

similar to sound waves, and depending on the ŕuid’s phase during photon decoupling,

the emerging photons exhibited different temperatures. These ŕuctuations provide

valuable information about the abundance of baryons during recombination.

Through the lens of the ΛCDM model, we gain insight into the Universe by ex-

amining the structure of the CMB angular power spectrum [27, 28]. The őrst peak

reŕects the abundance of baryonic matter, while the subsequent peaks carry signa-

tures of the non-baryonic mass density. Speciőcally, the position of the őrst peak and

the relative heights of the second and third acoustic peaks indicate that the Universe

is ŕat and predominantly composed of cold dark matter (CDM), with a density ratio

Ωc about őve times larger than that of ordinary baryonic matter Ωb.

16



Figure 1.4: SDSS-III redshift map of the galaxy distribution. It appears clumpy on
small scales, but it becomes more uniform on large scales, corresponding to early
times. Figure taken from Daniel Baumann’s lecture notes on Cosmology for Part III
Mathematical Tripos in Cambridge (http://www.damtp.cam.ac.uk/user/db275/
cosmology.pdf). The extended version containing SDSS-IV data can be found in
Ref. [29].

1.4 Large-Scale Structure

The existence of inhomogeneities, often referred to as structure, within the Uni-

verse was recognized prior to the discovery of CMB anisotropies. This understanding

stemmed from redshift maps depicting the distribution of luminous galaxies in the

local Universe, obtained from surveys such as the Sloan Digital Sky Survey (SDSS)

and the Two Degree Field Galaxy Redshift Survey (2dFGRS). These maps, an exam-

ple of which is illustrated in Fig. 1.4, clearly demonstrate that galaxies are neither

homogeneously nor randomly distributed. Instead, the Universe exhibits structure

on large scales. The distribution of galaxies and matter on cosmological scales is

commonly referred to as large-scale structure (LSS).

Similar to the analysis of the CMB, the study of matter inhomogeneities involves

investigating their properties in Fourier space, which allows for a separation of large
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and small scales. In this context, the variable of interest is the density of galaxies

as a function of their three-dimensional positions in the sky, denoted as ng(x⃗). By

deőning n̄g as the mean number density across the entire galaxy survey, the matter

inhomogeneities can be characterized using the quantity δg(x⃗) = [ng(x⃗) − n̄g]/n̄g, or

its Fourier transform δ̃g(k⃗). The galaxy power spectrum Pg(k), which reveals the

distribution of matter in Fourier space, can be computed by evaluating the two-point

correlation function of δ̃g [2, 3]

⟨δ̃g(k⃗)δ̃∗g(k⃗′)⟩ = (2π)3δ(3)(k⃗ − k⃗′)Pg(k) , (1.15)

where δ(3)(·) is the three-dimensional Dirac delta function, and the angular brack-

ets denote an average over the whole ensemble. The left panel of Fig. 1.5 presents

the galaxy power spectrum obtained from the SDSS/BOSS survey, showcasing its

remarkable agreement with the predictions of the concordance ΛCDM model.

The galaxy power spectrum Pg(k) exhibits intriguing oscillations around k ≃
0.1h Mpc−1, known as Baryon Acoustic Oscillations (BAO), originating from the

epoch of recombination. During photon decoupling, the tightly coupled photon-

baryon ŕuid underwent acoustic oscillations in the primordial plasma before tran-

sitioning to a decoupled state. As the pressure within the ŕuid dissipated, it left

behind őxed ripples of baryonic matter at a characteristic radius of approximately

≃ 147 Mpc, known as the sound horizon. The force of gravity then attracted more

baryons and DM toward these initial density perturbations, eventually giving rise

to the formation of galaxies and the observed LSS. This feature is imprinted in the

correlation function ξ of galaxy number density in position space, as illustrated in the

left panel of Fig. 1.5. BAO serves as a "standard ruler" since the size of the bary-

onic ripples can be accurately measured without relying on any speciőc cosmological

model.

To facilitate the comparison between theory and observations, linear perturbation

theory around a smooth background is commonly employed, as shown in the left panel

of Fig. 1.5. This approach provides a semi-analytical framework, eliminating the need
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Figure 1.5: Left : The power spectrum Pg(k), as measured from the CMASS sample of
the SDSS-III BOSS catalogue (points), compared to the theoretical prediction from
the best-őt ΛCDM model (solid line). The inset zooms in on the BAO feature, which
is used as a standard ruler. Figure taken from Ref. [30]. Right : The Baryon Acoustic
peak observed in the correlation function ξ(s), as inferred from the SDSS galaxy
sample. The peak’s amplitude is sensitive to the total matter density. The models
shown are with Ωmh

2 = (Ωb+Ωc)h
2 = 0.12 (green line), 0.13 (red line) and 0.14 (blue

line), all with Ωbh
2 = 0.024. The purple line corresponds to the case with Ωb = 0.

Taken from Ref. [31].

of computationally intensive simulations. However, linear perturbation theory is ap-

plicable only to small perturbations, imposing limitations on the size range of matter

inhomogeneities that can be effectively studied using this method. Perturbations on

scales smaller than approximately ∼ 10 Mpc have undergone signiőcant growth in

the late Universe, leading to nonlinearity with fractional density ŕuctuations exceed-

ing unity. In contrast, large-scale matter perturbations remain small as they have

undergone less evolution. Thus, the Universe appears homogeneous and isotropic on

scales larger than about O(100h−1 Mpc) [32]. Similarly, the anisotropies in the CMB

are small due to their origin at early times and the fact that the photons comprising

the CMB did not cluster during their journey to us.

The CMB and LSS offer distinct views of the Universe, primarily due to the

amplitude of perturbations. The early Universe, as observed through the CMB,
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appeared remarkably smooth, while the present-day Universe observed through galaxy

surveys exhibits signiőcant inhomogeneity. This transition is driven by the inŕuence

of gravity, for which small-scale perturbations undergo nonlinear growth őrst and

then hierarchical assembly, contributing to the formation of larger structures. The

growth of structure is governed by the interplay between gravitational instability,

causing the collapse of overdense regions, and the outward pull from the expanding

background. Therefore, LSS is intricately linked to the underlying physics of the

background Universe, including its composition, evolution, and curvature.

1.5 Evidence of Dark Matter

Evidence for the existence of additional matter beyond what is observable, known as

dark matter (DM), has been observed across various scales in the Universe, ranging

from dwarf galaxies to the largest cosmological scales. While we will highlight some

notable examples of this evidence, a comprehensive review and historical account of

DM can be found in Refs. [33, 34].

1.5.1 Cluster scale

In 1933, astronomer Fritz Zwicky made a signiőcant observation when he computed

the velocity dispersion of galaxies in the Coma cluster, located ∼ 100 Mpc away

from Earth. He found that the apparent velocities of eight galaxies exhibited a large

scatter, surpassing thousands of km/s [35]. This observation was unexpected because,

according to the virial theorem, one would anticipate an average galaxy’s velocity v

in the Coma cluster with mass M and mean galaxy separation r 3

v ≃
√

GM

2r
(1.16)

3The virial theorem states that, for a steady, spherical and self-gravitating system of N objects
of average mass m and average orbital velocity v, the total average kinetic energy T is T = −U/2
where U is the potential energy. In particular, T = Nmv2/2 and U = −N(N − 1)Gm2/(2r) [36]. In
the limit of N ≫ 1, one derives Eq. (1.16).
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Figure 1.6: Observed and predicted rotation curves for the galaxy M33, also known as
the Triangulum Galaxy. Source: © M33 Image: NOAO, AURA, NSF, T. A. Rector.
https://www.learner.org/courses/physics/unit/text.html

to be around a few hundreds of km/s [35]. Zwicky conőrmed this conclusion in

a subsequent 1937 paper, where he estimated the mass-to-light ratio of the Coma

cluster to be about ∼ 500 (equivalent to ∼ 8 with the present-day value of H0 [34]),

again employing the virial theorem [37]. 4 These őndings led Zwicky to infer the

presence of signiőcant amounts of non-luminous matter in the cluster, necessary to

hold galaxies together.

1.5.2 Galactic scale

The existence of DM was rediscovered in the 1970s by Vera Rubin and her collabora-

tors, who analyzed the rotation curves of various galaxies, including the Andromeda

(M31) galaxy [38, 39].

The expectation was that, similar to the planets in our Solar System, stars within

a spiral galaxy should exhibit Keplerian motion. Assuming circular motion and that

the mass of the galaxy is concentrated in a disk of radius R, where M(r) ≈ M for

4The mass-to-light ratio of an astrophysical object is the ratio between its stellar mass and its
stellar luminosity. Typically, it is measured in terms of the solar mass and solar luminosity.
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r ≥ R, the velocity of the stars should follow a speciőc pattern. It should decrease

with increasing distance from the galactic center according to

v(r) =

√

GM(r)

r

r>R−−→ v(r) ≈
√

GM

r
∝ 1√

r
, (1.17)

based on Newtonian gravity and the distribution of luminous matter.

However, Rubin’s results revealed a striking deviation from these predictions. The

optical data indicated that the rotation curves of stars remained nearly ŕat, meaning

that the velocities of stars continued to increase with distance from the galactic center

until reaching a limit (as depicted in Figure 1.6, for example). This constant velocity

contradicted the expected decrease based on luminous matter alone. To explain this

discrepancy, it is necessary to postulate the existence of an additional halo of invisible

matter surrounding the galaxy, extending far beyond the observed stellar disk. This

evidence strongly suggests the presence of DM in galaxies, contributing to the mass

distribution at large galactic radii.

1.5.3 Gravitational lensing

In the 1970s, gravitational lensing emerged as another method to investigate the

presence and distribution of DM. According to general relativity, mass causes the

surrounding space to curve, leading to the bending of light rays passing through

its vicinity. Gravitational lensing provides important information about the source,

the lensing object, and the large-scale geometry of the Universe when they are at

cosmological distances from each other.

One notable example is the ’Bullet cluster’, shown in Figure 1.7, where a sub-

cluster collided with a larger one. During this event, galaxies passed through each

other without interaction, as conőrmed by the gravitational lensing map (blue in the

left panel or green contours in the right panel). However, the majority of a cluster’s

visible mass exists in the form of extremely hot gas emitting X-ray radiation (pink

or red in Figure 1.7). Comparing the X-ray emission with the gravitational lensing

map reveals a discrepancy: the regions of strong X-ray emission and the highest mass
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Figure 1.7: Left: Composite image of the colliding ’Bullet cluster’, obtained with grav-
itational lensing. The lensing mass map is shown in blue, and the X-ray observations
tracing the gas component are shown in pink. X-ray: NASA/CXC/CfA/Markevitch
et al. [40]; Lensing Map: NASA/STScI; ESO WFI; Magellan/U.Arizona/Clowe et
al. [41]; Optical: NASA/STScI; Magellan/U.Arizona/Clowe et al. [41]. Right: Lens-
ing map, reconstructed using weak lensing data (green contours) and Chandra X-ray
emissivity image of the same cluster. The white bar indicates a distance of 200 kpc.
Figure taken from Ref. [41].

concentrations do not overlap, indicating that the dominant mass in the clusters is

non-baryonic. This observation implies that DM interacts weakly, if at all, with gas or

itself and behaves effectively as a collisionless entity. Additionally, if DM is described

by a particle, it should be electrically neutral.

1.5.4 Cosmic web

Our current understanding of the LSS (section 1.4) is still incomplete, as its evolution

from primordial density ŕuctuations is primarily driven by gravity, resulting in non-

linear growth at small scales. Additionally, theoretical predictions must be compared

with observations of the luminous Universe, where dissipative effects play a crucial

role [33]. N-body cosmological simulations, particularly based on the ΛCDM model,

have become a widely adopted approach to studying LSS formation.

Notably, the Millennium-XXL simulation [42], with its large number of DM-only

particles, provides a comprehensive representation of the Universe’s structure, in-

cluding őlaments, superclusters, walls, and voids, as seen in the left panel of Fig. 1.8.

Comparisons between simulation outcomes and galaxy redshift survey data, such as
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Figure 1.8: Left: Mass density őeld in the Millennium-XXL, in a cubical region with
side ∼ 4.1 Gpc containing ≃ 0.3 × 1012 DM-only particles, focusing on the most
massive halo present in the simulation at z = 0. Each inset zooms by a factor of eight
from the previous one. The mass and length resolutions are mp = 8.456×109 M⊙ and
ϵ = 13.7 kpc, respectively. Figure taken from Ref. [42]. Right: Comparison between
the galaxy distributions from redshift surveys and the outcome of the Millennium

simulation. The top and left wedges are the result from the 2dFGRS and SDSS galaxy
surveys, whereas the bottom and right wedges are obtained by the N-body simulation
and are matched to the structures observed by the surveys. From Ref. [43].

SDSS and 2dFGRS, reveal remarkable agreement, as shown in the right panel of

Fig. 1.8.

The success of DM-only simulations in matching observational data suggests that

baryonic matter’s role in the overall evolution of the Universe is negligible and only

becomes signiőcant at galactic scales. DM particles used in these simulations are

stable, collisionless, dissipationless, and "cold", meaning they are non-relativistic.

These properties imply that DM particles should be heavy and long-lived enough to

explain the structures and substructures observed today.

However, at galactic scales, numerical simulations have shown some discrepancies

between predictions of the ΛCDM model and observational data, which will be dis-

cussed further in chapter 3 after a more thorough understanding of DM is presented

in section 2.4.3.
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In addition to the DM evidence presented in this section, CMB (section 1.3) and

BBN (section 1.2) data provide strong and detailed information about the existence

of DM and its cosmological properties.

1.6 Late-time accelerated expansion

The discovery of the Hubble law, as expressed in Eq. (1.1), was made possible through

Henrietta Leavitt’s study of Cepheid variable stars in the early 20th century [44].

Cepheids are considered "standard candles" because their pulsation period is univer-

sally related to their intrinsic brightness (absolute magnitude), denoted by M [45, 46].

Using the apparent magnitude m, which is determined by directly measuring the

star’s ŕux F at Earth, m = −(5/2) log10 F + constant, the star’s luminosity distance

dL can be inferred via [3]

µ ≡ m−M

= 5 log10 (dL/10 pc) +K ,
(1.18)

where K represents a correction factor accounting for effects such as light absorption

by interstellar dust. The quantity µ is commonly referred to as the distance modulus.

Equation (1.18) can be applied to various standard candles, including Cepheids, the

tip of the Red Giant branch (TRGB), and Type Ia Supernovae (SNe Ia), where

the absolute magnitude M or the luminosity L can be estimated based on physical

properties of the system or empirical observational relations. In the case of SNe Ia,

the characteristic time it takes for the luminosity to decay after the peak has been

found to be universal once the luminosity-decline rate relation, known as Phillips

relationship [47ś49], is taken into account.

In the late 20th century, two groups measured the apparent magnitudes of numer-

ous SNe Ia and provided direct evidence for an accelerating Universe [51, 52]. This

acceleration is best explained by the presence of dark energy. Fig. 1.9 illustrates the

updated investigation of SNe Ia data using the ΛCDM model, which allows for the

determination of cosmological parameters. The two free parameters in question are
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Figure 1.9: 68% and 95% Conődence Level (C.L.) contours for the abundance of
non-relativistic matter Ωm and dark energy ΩΛ, assuming the ΛCDM model, from
the Pantheon+ dataset as well as from CMB (Planck 2018) and BAO data-sets. Two
lines are included for reference: one for a ŕat Universe, where Ωm +ΩΛ = 1, and the
other indicating an accelerating Universe. Figure taken from Ref. [50].

the normalized matter density Ωm and the abundance of dark energy ΩΛ, which is

assumed to be described by a cosmological constant Λ but is not limited to a ŕat

Universe. Notably, a Universe with ΩΛ = 0 is inconsistent with observations and,

instead, SNe data suggest a concordance value of ΩΛ ∼ 0.7.

It is worth mentioning that another piece of evidence for dark energy arises from

the BAO standard ruler, discussed in section 1.4, which provides an independent

means to infer the abundance of dark energy. [3].

The abundance of DM and dark energy, as supported by multiple independent

lines of evidence, strongly validates the ΛCDM model. However, the question of why

the early Universe exhibited remarkable smoothness lies beyond the scope of this

model. To address this question, the theory of inŕation has been extensively studied

because its predictions, such as the absence of spatial curvature, have been conőrmed

by CMB measurements. In an upcoming chapter, we will delve into this theory, but
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not before introducing the concordance ΛCDM model, which will be the focus of the

next chapter.
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Chapter 2

Building the ΛCDM model

To unravel the complex evolution and history of the Universe, the theory of General

Relativity (GR) stands as an essential framework. GR can be conceptually divided

into two fundamental components that, when combined, provide a cohesive under-

standing of the cosmos. The őrst component is the metric, which characterizes the

geometry of spacetime, governing the kinematics of particles moving in it. The second

component encompasses the energy content, including matter, radiation, and other

forms of energy.

The distribution and behavior of this energy content directly inŕuence the shape

of spacetime through the Einstein equations, establishing a profound interconnec-

tion between the Universe’s geometry and the distribution of energy within it. In

this chapter, we will initially introduce the metric for an expanding Universe and

explore particle kinematics. Subsequently, we will delve into the energy content and

its dynamic nature in section 2.3. The foundation of this chapter draws heavily from

standard cosmology textbooks. [1ś8].

2.1 The FLRW metric

The metric in GR describes the actual distance between inőnitesimally close points

in spacetime, and it depends on the chosen coordinate system. The distance, denoted

as ds2, is however invariant, ensuring the same measurement outcome regardless of
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the coordinate system used.

In GR, the metric takes on a deeper meaning by incorporating gravity, allowing

us to describe particles moving freely in a curved spacetime. This concept is based

on general covariance, where an observer in a uniform gravitational őeld makes iden-

tical measurements to one in an accelerated reference frame. In four-dimensional

spacetime, the metric includes time intervals as its zeroth component, represented by

ds2 =
3
∑

µ,ν=0

gµν dx
µdxν ≡ gµν dx

µdxν . (2.1)

The metric gµν is symmetric, with four diagonal and six independent off-diagonal

components. The proper-time interval, described by ds2, measures the time elapsed

between two spacetime events when the observer is at rest with respect to them. If

ds2 > 0, it is called timelike, indicating a spatial separation less than the distance

light can travel. For ds2 < 0, it is called spacelike, and for ds2 = 0, it is lightlike.

In special relativity, the metric of Minkowski spacetime is given by gµν = ηµν ,

where ηµν = diag(1,−1,−1,−1). In an expanding Universe that is isotropic and

homogeneous, the metric can be understood qualitatively by considering that points in

a cosmic grid move away from each other in proportion to the scale factor a(t). Thus,

in an Euclidean or "ŕat" Universe, the metric is similar to the Minkowski metric,

with spatial coordinates multiplied by the scale factor. This leads to the Friedmann-

Lemaître-Robertson-Walker (FLRW) metric for an Euclidean Universe given by

gµν =

















1 0 0 0

0 −a2(t) 0 0

0 0 −a2(t) 0

0 0 0 −a2(t)

















, (2.2)

which can be generalized to include open or closed Universes, obtaining [1]

ds2 = dt2 − a2(t)

[

dr2

1− kr2
+ r2(dθ2 + sin2 θdφ2)

]

, (2.3)
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where (t, r, θ, φ) are comoving coordinates, and k is the curvature index taking the

values of +1,−1, 0 for spaces of constant positive (close Universe), negative (open

Universe), or zero spatial curvature (ŕat Universe), respectively. 1

The FLRW metric, known before the discovery of the CMB and galaxy surveys [9],

was initially proposed by Friedmann in 1922 as a possible solution to the Einstein

equations [10, 11]. It was further developed independently by Robertson [12, 13] and

Walker [14] in the 1930s based on geometrical considerations and the assumption

of a homogeneous and isotropic Universe. Lemaître’s work was also inŕuential in its

development [15, 16]. This metric embodies the cosmological principle, which assumes

no preferred direction or position in the cosmos.

2.2 Particle kinematics

Equipped with the FLRW metric (2.3), we can now explore particle motion within

this background. Throughout this thesis, we will primarily focus on a ŕat Universe

(k = 0) since precise observations of CMB temperature anisotropies (as discussed in

the previous chapter) strongly indicate the spatial curvature to be nearly zero.

In Minkowski spacetime, a particle moves along a straight line in the absence

of external forces. However, in curved spacetime, the concept of a straight line is

generalized to a geodesic, which represents the shortest path between two points. GR

states that a particle follows a geodesic when subject only to the force of gravity. To

derive the geodesic equation, we generalize Newton’s second law in four-dimensional

spacetime without any forces, yielding [17]

d2xµ

dλ2
+ Γµαβ

dxα

dλ

dxβ

dλ
= 0 , (2.4)

where λ is an auxiliary parameter that increases monotonically along the particle’s

path, replacing the concept of time as one of our coordinates. The quantity Γµαβ

1In Eq. (2.3), the coordinate r is dimensionless, meaning that a(t) has to have dimensions of
length, and r ranges from 0 to 1 for k = +1. Alternatively, a(t) can be dimensionless but the
curvature index k must have dimensions of an inverse length squared.
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represents the Christoffel symbol and is deőned in terms of the metric as

Γµαβ =
1

2
gµν
[

∂βgαν + ∂αgβν − ∂νgαβ

]

, (2.5)

which is symmetric in the lower indices. Here, gµν represents the inverse of the metric

gµν , satisfying gµαgαν = ηµν . In the above expression, we have used the shorthand

notation ∂α ≡ ∂/∂xα.

Applying the FLRW metric (2.2), Eq. (2.4) for the case of a massless particle, like

a photon, with energy E at time t leads to [3]

Ė +
ȧ

a
E = 0 , (2.6)

whose solution is

E(a) = Ei

(

ai
a

)

, (2.7)

with Ei the particle’s energy at time ai. Hence, we őnd that the energy or momen-

tum of a massless particle decreases as the Universe expands. This implies that the

wavelength of light emitted by distant objects increases linearly with the scale factor,

conőrming the earlier argument presented in the previous chapter when deőning the

concept of redshift in Eq. (1.2). For massive particles, it is possible to show that

Eq. (2.7) holds true only for the magnitude of the three-momentum and not for the

particle’s energy [1].

In cosmology, understanding distances and horizons is a crucial aspect. By revis-

iting Eq. (2.3), we can express it in a simpler way using the conformal time τ , deőned

by

dτ ≡ dt

a(t)
, (2.8)

yielding

ds2 = a2(τ)

[

dτ 2 − dr2

1− kr2
− r2(dθ2 + sin2 θdφ2)

]

. (2.9)

The name "conformal time" becomes evident from this expression: when expressed

in terms of τ , the ŕat FLRW metric becomes conformal to the Minkowski metric ηµν .
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In other words, the line element is equal to the Minkowski line element multiplied by

the scale factor a(τ), serving as a conformal factor. The conformal time τ holds a

profound physical meaning as it deőnes the causal structure of the Universe. Due to

the isotropy of spacetime, we can choose a coordinate system where light travels only

radially (i.e. θ = φ = constant). In this case, Eq. (2.9) reduces to

ds2 = a2(τ)[dτ 2 − dr2] , (2.10)

assuming a ŕat Universe for simplicity, although this assumption is not necessary [8].

Since photons travel along null geodesics, ds2 = 0, their path is deőned by ∆r = ±∆τ ,

where the plus sign corresponds to outgoing photons and the minus sign to incoming

photons. In other words, light rays in the r-τ plane correspond to straight lines at

a 45◦ angle, deőning the light cone for any observer in the spacetime. We can then

deőne two distinct cosmological horizons based on the visual representation illustrated

in Fig. 2.1. These horizons are as follows:

• The (comoving) particle horizon represents the maximum comoving distance τ

that light could have traveled since t = ti (recall c = 1)

χph(τ) = τ − τi =

∫ t

ti

dt′

a(t′)
. (2.11)

If ti = 0, commonly associated with the Big Bang, then χph = τ . As depicted

in Fig. 2.1, the size of the particle horizon at time τ can be visualized as the

intersection of the past light cone of an observer p with the spacelike surface

τ = τi. Causal inŕuences must originate from within this region.

• The (comoving) event horizon gives the maximum distance from which an ob-

server at time tf can receive a signal emitted at any time later than t. It is

deőned by

χeh(τ) = τf − τ =

∫ tf

t

dt′

a(t′)
. (2.12)

In other words, the event horizon reveals the events that we will be able to

see or impact in the future, assuming light can travel undisturbed and without
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particle horizon at p

p

event horizon at p

comoving particle outside 
the particle horizon at p

Figure 2.1: Illustration of horizons in a spacetime diagram. Dotted lines represent
the worldlines of comoving objects. The event horizon corresponds to the maximum
distance from which signals can be emitted by an observer located at p. Conversely,
the particle horizon represents the farthest distance in the past from which signals
can be received. Taken from Ref. [8].

interaction along its path.

The physical horizons at time t can be obtained by multiplying the corresponding

comoving horizons by the scale factor a(t).

The introduction of the conformal time τ in Eq. (2.8) provides an easy way to

deőne distances in a ŕat FLRW Universe. However, when dealing with non-zero

curvature, we need to start directly from the line element in Eq. (2.3) to deőne

distances, for which we refer interested readers to Refs. [3, 8]. Let’s consider the

comoving distance between us and a distant light source. In a small time interval dt,

light travels a comoving distance dx = dt/a. Therefore, the total comoving distance

traveled by light emitted from an object at time t when the scale factor was a (or

redshift z = 1/a− 1) is given by

χ(t) =

∫ t0

t

dt

a
=

∫ 1

a(t)

da′

a′2H(a′)
=

∫ z

0

dz′

H(z′)
. (2.13)

For small redshift z, the comoving distance can be approximated as χ ≈ z/H0,

37



which corresponds to the Hubble law discussed in the previous chapter (see Eqs. (1.1)

and (1.6)). However, the comoving distance χ is not directly observable. Instead, we

rely on two related quantities: the luminosity distance and the angular diameter

distance.

One method of determining distances in astronomy involves measuring the ŕux

from an object of known luminosity, often referred to as a "standard candle". In a

static Euclidean space, the ŕux F (energy per second per receiving area) observed at

a distance d from a source with luminosity L (energy emitted per second) is given by

F =
L

4πd2
. (2.14)

However, in an expanding Universe described by the FLRW metric, three modiőca-

tions are needed:

• The distance d between the observer and the source has changed between

the emission and detection times, as given by the comoving distance χ(a) in

Eq. (2.13).

• The rate of photon arrival is lower than the rate of emission by a factor of a

due to the expansion.

• The energy of photons at detection is lower than at emission due to expansion,

as described by Eq. (2.7).

Thus, the observed ŕux from a source with luminosity L at a coordinate distance χ

and redshift z is given by

F =
La2

4πχ2(a)
. (2.15)

By comparing Eq. (2.15) with Eq. (2.14), we can deőne the luminosity distance in an

expanding Euclidean Universe as

dL =
χ

a
= (1 + z)χ . (2.16)

Another approach to determine distances in astronomy involves measuring the an-
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gle θ subtended by an object of known physical size l, often referred to as a "standard

ruler." For cosmological objects where θ is small, the distance to the object is given

simply by

dA =
l

θ
, (2.17)

and it deőnes the angular diameter distance. In an expanding Universe, the comoving

size of the object is l/a, where a is the scale factor at the time of photon emission.

Using Eq. (2.13), we can infer the subtended angle in a ŕat Universe as θ = (l/a)/χ(a).

Therefore, comparing with Eq. (2.17), we őnd that

dA = aχ =
χ

1 + z
. (2.18)

It is important to note that the angular diameter distance measures the distance

between us and a source at the time of photon emission. We observe that the angular

diameter and luminosity distances are not independent but related by

dA = a2 dL =
dL

(1 + z)2
, (2.19)

which holds true even for a curved Universe [3].

2.3 Particle dynamics

In the previous discussion, the dynamics of a FLRW Universe were implicitly present

through the time dependence of the scale factor a(t). To make this time dependence

explicit, one needs to solve for the evolution of the scale factor by employing the

Einstein equations 2

Rµν −
1

2
gµνR ≡ Gµν = 8πGTµν , (2.20)

2The left-hand side of the Einstein equation (2.20) is not uniquely deőned. It is possible to
include a term −Λgµν , where Λ is a constant, without affecting the conservation of the stress
tensor described by Eq. (2.25). Einstein originally introduced such a term and referred to it as
the cosmological constant. However, in modern practice, this term is moved to the right-hand side

and treated as a contribution to the stress-energy tensor in the form T
(Λ)
µν = Λgµν/(8πG) ≡ ρΛ gµν .
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where Gµν is the Einstein tensor, representing the "spacetime curvature", Rµν is the

Ricci tensor, R = gµνRµν is the Ricci scalar (contraction of the Ricci tensor), and the

energy-momentum (or stress-energy) tensor Tµν is a symmetric tensor describing the

matter and energy content of the Universe. The Ricci tensor is deőned in terms of

the Christoffel symbols from Eq. (2.5) as

Rµν = ∂αΓ
α
µν − ∂νΓ

α
µα + ΓαβαΓ

β
µν − ΓαβνΓ

β
µα . (2.21)

For the stress-energy tensor Tµν , the assumptions of isotropy and homogeneity lead

to the coarse-grained energy-momentum tensor taking the form of a perfect ŕuid [8]

Tµν = (ρ+ P ) uµuν − P gµν , (2.22)

where ρ(t) and P (t) represent the energy density and pressure of the ŕuid, and uµ is

its four-velocity. In the frame comoving with the ŕuid (where the ŕuid is at rest), we

have uµ = (1, 0, 0, 0), and thus

T µν = gµαTαν =

















ρ(t) 0 0 0

0 −P (t) 0 0

0 0 −P (t) 0

0 0 0 −P (t)

















. (2.23)

The energy density and pressure of the ŕuid are generally related by an equation of

state, often assumed to follow that of a barotropic ŕuid, where the pressure depends

only on the density, P = P (ρ). A widely used parameterization is a linear relationship

between P and ρ, given by

P = w ρ , (2.24)

where w represents the equation of state parameter. This simple parameterization

effectively describes various species in the known Universe.

The evolution of energy density and pressure of a perfect ŕuid can be derived from
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the conservation of the stress-energy tensor, which in GR is expressed as

∇µT
µ
ν = ∂µT

µ
ν + ΓµµαT

α
ν − ΓαµνT

µ
α = 0 , (2.25)

for a non-interacting ŕuid, where ∇µ denotes the covariant derivative. This equation

extends the conservation of energy and momentum for a non-interacting ŕuid in

special relativity, ∂µT µν = 0, which gives rise to the continuity equation and the Euler

equation. Using the FLRW metric of Eq. (2.2), the ν = 0 component of Eq. (2.25)

leads to the generalized continuity equation

ρ̇+ 3H(ρ+ P ) = 0 , (2.26)

where we recall H = ȧ/a is the Hubble parameter. A more useful form of this

expression can be derived for ŕuids with equation of state given by Eq. (2.24). In

fact, Eq. (2.26) becomes
d ln ρ

d ln a
= −3(1 + w) , (2.27)

whose solution for time-independent w scales as

ρ(a) ∝ a−3(1+w) . (2.28)

Examples of particular interest include:

• Non-relativistic matter, characterized by P ≪ ρ, resulting in ρm ∝ a−3 that

reŕects the expansion of volume V ∝ a3. Baryons and DM (at least the majority

of it) can be treated as non-relativistic matter.

• Radiation, representing relativistic particles with P = ρ/3, giving ρr ∝ a−4.

The dilution now includes the redshifting of energy, with E ∝ a−1. Photons and

neutrinos (for most of their cosmological history) can be treated as radiation.

• Vacuum energy or dark energy, characterized by P = −ρ. The energy density

remains constant as ρΛ ∝ a0, meaning that the energy density does not dilute

with the expansion of the Universe.
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To determine the behavior of the scale factor over time, we have to solve the

Einstein equations given in Eq. (2.20) with the FLRW metric from Eq. (2.3) and

the energy-momentum tensor from Eq. (2.22). Although there are ten equations in

principle, corresponding to the ten independent components of the symmetric tensor

gµν , the symmetries of the metric lead to only two non-zero independent differential

equations. The latter are derived from the time-time and space-space components of

Rµν , resulting in the Friedmann equations

(

ȧ

a

)2

=
8πG

3
ρ− k

a2
, (2.29)

and
ä

a
= −4πG

3
(ρ+ 3P ) . (2.30)

Here, ρ and P represent the total energy density and pressure of the Universe, re-

spectively, including all species contributions.

The second Friedmann equation, Eq. (2.30), reveals that in an expanding Universe

(ȧ > 0) őlled with ordinary species that satisfy the strong energy condition, ρ+3P ≥
0, we have ä < 0. This implies a singularity in the őnite past known as the Big Bang,

where a(ti) = 0. However, this conclusion relies on the assumption that GR and

the Friedmann equations remain valid at arbitrarily high energies and that no exotic

forms of matter become dominant in such regimes.

By combining the őrst Friedmann equation, Eq. (2.29), with the result from the

continuity equation, Eq. (2.28), we can determine the time evolution of the scale factor

during different epochs, depending on which species dominate the energy density of

the Universe. Speciőcally, we őnd that

a(t) ∝











t2/[3(1+w)] w ̸= −1 ,

eHt w = −1 ,

(2.31)

where a(t) ∝ t2/3, a(t) ∝ t1/2, and a(t) ∝ exp(Ht) correspond to a ŕat Universe

dominated by non-relativistic matter (w = 0), radiation (w = 1/3), or vacuum energy
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Figure 2.2: Evolution of the scale factor with cosmic time. The present-day Universe
is located in the upper-right corner of the plot, where a(t0) = 1 and the temperature
is approximately T = T0 ≃ 2.73 K. In the early Universe, radiation dominated,
causing the scale factor to increase as ∝ t1/2. At the marked point, the Universe
transitioned to matter domination, with a(t) ∝ t2/3. More recently, the expansion
rate changed again due to the inŕuence of dark energy, causing the scale factor to
evolve exponentially. Figure taken from Ref. [3].

(w = −1), respectively. Furthermore, if the scale factor a(t) follows a power law

a ∝ tn, the conformal time τ deőned in Eq. (2.8) scales as a(τ) ∝ τn/(1−n). The

different time dependencies of a(t) for the different species suggest that the evolution

of the Universe was initially driven by radiation, followed by a phase dominated by

non-relativistic matter, and eventually, dark energy became the dominant component

in driving the cosmic expansion. Fig. 2.2 illustrates the cosmic time evolution of the

scale factor based on our current understanding of the Universe.

The expansion rate of the Universe is described by the Hubble parameterH = ȧ/a,

where a is the scale factor. As indicated by Eq. (2.31), it generally follows a t−1

dependence. Its present value is the Hubble constant H0. For a ŕat Universe, the

current critical density is deőned as [18]

ρcrit =
3H2

0

8πG
= 1.87834× 10−29 h2 g cm−3

= 1.053672× 10−5 h2 (GeV) cm−3 ,

(2.32)
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To analyze the energy content of the Universe, we introduce dimensionless density

parameters

Ωi ≡
ρi
ρcrit

, (2.33)

in terms of which Eq. (2.29) can be recast as

H2

H2
0

=
Ωr

a4
+

Ωm

a3
+

Ωk

a2
+ ΩΛ , (2.34)

where Ωk ≡ −k/H2
0 represents the curvature density parameter. The quantities Ωi

in Eq. (2.34) should be considered as the present-day abundances of the respective

species and not as a-dependent quantities. Here i = r,m,Λ stands for radiation,

matter and dark energy components.

Evaluating the equation above for the present time yields the golden rule of cos-

mology
∑

i

Ωi + Ωk = 1 , (2.35)

which reveals that in a closed Universe (k = +1), the sum of the density parameters

exceeds one, while in an open Universe (k = −1), it is less than one. In a ŕat Universe,

the sum precisely equals one.

2.4 Concordance model and energy content

Observations from different probes, including the CMB, BBN, LSS, and supernovae,

provide strong evidence that the Universe is ŕat and composed of radiation (’r’),

matter (’m’), and dark energy (’Λ’). Their present-day abundances, based on the

ΛCDM model, are approximately [19]

Ωr ≈ 9.4× 10−5 , Ωm ≈ 0.32 , ΩΛ ≈ 0.68 , Ωk ≲ 0.001 . (2.36)
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The matter component is further divided into ordinary matter (baryons, ’b’) and

(cold) dark matter (CDM, ’c’), with approximate values

Ωb ≈ 0.05 , Ωc ≈ 0.27 . (2.37)

However, the exact value of the Hubble constant H0 is still uncertain due to a dis-

crepancy between early and late-time probes, resulting in the Hubble tension, with

values ranging from ≈ 67 km/s/Mpc to ≈ 73 km/s/Mpc [20ś23]. Dark energy is

consistent with having an equation of state similar to a cosmological constant, with

wΛ ≃ −1. The curvature, on the other hand, contributes less than 1% to the total en-

ergy budget, making its effects negligible at earlier times when matter and radiation

dominate. Hence, for simplicity, we set Ωk ≡ 0 for the rest of the thesis. This model,

described by Eqs. (2.36) and (2.37), is known as the ΛCDM model or the concordance

cosmological model due to its excellent agreement with various cosmological datasets.

In the following sections, we will brieŕy explore the species that constitute the

ΛCDM model, starting with the well-known visible sector that őts well within the

Standard Model (SM) of particle physics.

2.4.1 Standard Model of particle physics

The SM of particle physics is a gauge theory that incorporates the strong, weak, and

electromagnetic interactions within the framework of the SU(3)C ⊗ SU(2)L ⊗ U(1)Y

gauge group. It provides a comprehensive description of all known particles up to

energies of around O(1 TeV). Our aim here is to provide a brief introduction to the

SM in order to establish the foundational understanding necessary for the subsequent

chapters. For a more detailed review of the SM, we recommend referring to works

such as Refs. [18, 24ś28].

2.4.1.1 Particle content and interactions

At the fundamental level, matter is composed of leptons and quarks. Leptons are

spin-1/2 particles that interact through the electromagnetic and weak interactions,
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forming pairs such as the electron (e−) and its neutrino (νe), the muon (µ−) and its

neutrino (νµ), and the tau lepton (τ) and its neutrino (ντ ). Quarks, also spin-1/2

particles, interact through the strong and electroweak interactions, and come in pairs:

up (u) and down (d), charm (c) and strange (s), and top (t) and bottom (b). The

electric charge of the "up" version of each quark is +2/3, while the "down" version

has a charge of −1/3. Each quark type has three colors, analogous to electric charge,

resulting in color singlet combinations known as hadrons: baryons (quark triplets) and

mesons (quark-antiquark pairs). The absence of free colored states, a phenomenon

called conőnement, is a fundamental aspect of nature. Each quark or lepton pair is

referred to as a generation and there is evidence for only three generations at the time

of writing.

The interactions of quarks and leptons are mediated by gauge bosons, which are

spin-1 particles. The photon (γ) mediates the electromagnetic interaction, the W±

and Z0 bosons mediate the weak interactions, and the eight gluons (G) mediate the

strong interaction. All these forces operate at the level of quarks and leptons. For

instance, the strong nuclear force, which binds nucleons together, is now understood

as a residual force between color-neutral objects composed of quarks.

The SM is described by Yang-Mills gauge theories, which implement symme-

tries that organize particle states and describe the dynamics of interactions. The

gauge theory for the strong, weak, and electromagnetic interactions in the SM is

SU(3)C ⊗SU(2)L⊗U(1)Y . The SU(3)C part corresponds to quantum chromodynam-

ics (QCD) and describes the strong (color) interaction, while the SU(2)L⊗U(1)Y part

describes the electroweak interaction. Here the subscript C stands for color, L for

left-handedness, and Y for (weak) hypercharge, while SU(N) is the group of special

unitary transformations of N objects.

To illustrate gauge symmetry and gauge theory, consider the familiar U(1)EM

gauge theory of electromagnetism (quantum electrodynamics, or QED). Its Lagrangian

density is

LQED = iψ̄γµD
µψ −meψ̄ψ − 1

4
F µνFµν , (2.38)
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where ψ represents the electron spinor, me is the electron mass, Dµ = ∂µ + igAµ is

the gauge-covariant derivative, Fµν is the electromagnetic őeld-strength tensor, Aµ is

the electromagnetic potential (gauge őeld), and γµ are the Dirac gamma matrices.

The Lagrangian exhibits gauge symmetry, as it remains invariant under position-

dependent gauge transformations of the form

ψ → exp [iqχ(x)]ψ ,

Aµ → Aµ −
1

q
∂µχ(x) ,

(2.39)

where χ(x) is a scalar function dependent on space-time coordinates. This local U(1)

(phase rotation) symmetry arises due to the fact that χ(x) varies with space-time

coordinates. In contrast, global symmetries have position-independent transforma-

tions. The introduction of the gauge őeld is necessary to maintain gauge invariance,

a principle that requires all terms in the Lagrangian to respect the local symmetry.

The presence of the gauge őeld gives rise to a force mediated by it.

The multiplet structure of particles reŕects the underlying symmetries of nature.

The gauge bosons reside in the adjoint representation of the SM gauge group: the

eight gluons correspond to the adjoint representation of SU(3)C , the W± and W 0

bosons form a triplet under SU(2)L, and the B0 boson is a singlet under SU(2)L. The

photon and Z0 boson are linear combinations of the W 0 and B0 bosons, as we will see

in the next subsection. Quarks, which are triplets under SU(3)C , and leptons, which

are color singlets, follow the fundamental representation of the SM gauge group.

The electroweak part of the SM introduces an important concept known as chi-

rality or handedness. The left- and right-handed components of quarks and leptons 3

ψL = PLψ =
1− γ5

2
ψ , ψR = PRψ =

1 + γ5
2

ψ , ψ = ψL + ψR , (2.40)

participate differently in electroweak interactions. Here, γ5 = iγ0γ1γ2γ3 =
(

0 1
1 0

)

3In the ultrarelativistic limit, the őelds ψR,L have a simple physical interpretation: a left-handed
fermion is one whose spin is anti-parallel to its momentum vector (negative helicity), and a right-
handed fermion is one whose spin is parallel to its momentum vector (positive helicity).
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where γi are the Dirac gamma matrices. In particular from Eq. (2.40), left-handed

components form doublets under SU(2)L, while right-handed components are singlets.

This distinction violates parity symmetry, ψR ↔ ψL, as left- and right-handed com-

ponents transform differently under the electroweak gauge group. Quarks and leptons

also have different hypercharge assignments, further breaking parity symmetry.

Hypercharge (Y ) in the context of the SU(3)C ⊗ SU(2)L ⊗ U(1)Y gauge group

is related to the third component of weak isospin (t3) and electric charge (q) by

q = t3 + Y/2. The upper components of lepton and quark doublets have t3 = 1/2,

while the lower components have t3 = −1/2. On an important note, the right-handed

neutrino (νR) is a singlet under all interactions of the gauge group, characterized by

t3 = 0, q = 0, and Y = 0. Currently, it has not been observed in nature, although

ongoing searches aim to determine its presence, as its existence would suggest a

need to extend beyond the SM. The gauge bosons of SU(2)L, namely W± and W 0,

also possess weak isospin and transform as a triplet with t3(W
+) = 1, t3(W 0) = 0,

and t3(W
−) = −1. On the other hand, the gauge boson B0 of U(1)Y does not carry

hypercharge or weak isospin, which is a characteristic feature of Abelian gauge groups.

The Noether theorem reveals that every symmetry present in the Lagrangian

corresponds to a conservation law. Thus, the charges associated with the generators

of the SU(3)C ⊗ SU(2)L ⊗ U(1)Y gauge group, including color, weak isospin, and

hypercharge, are conserved quantities. In addition to these charges arising from

gauge symmetries (internal symmetries), the theory also possesses accidental global

symmetries that result in additional conserved quantities. Baryon number (B) and

the lepton ŕavor numbers (Le, Lµ, Lτ ) are exact conserved quantities. 4

On a őnal note, the SM encompasses a range of other fascinating phenomena,

including the Cabibbo-Kobayashi-Maskawa (CKM) mixing in the quark sector [29,

30], where quark ŕavor eigenstates and mass eigenstates differ leading to transitions

among different quark generations.

4However, it should be noted that baryon number (B) conservation is violated by quantum
mechanical effects related to instantons, which arise from "triangle diagrams". While B is conserved
classically, its conservation is anomalous at the quantum level. See section 3.3 for further details.
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2.4.1.2 The Higgs sector

In the SM, if we only consider the particle content described so far, all fermions and

gauge bosons would be massless. However, experimental observations indicate that

the weak interaction is short-range, with the gauge bosons having mass MW ≃ 80

GeV and MZ ≃ 91 GeV. The missing ingredient is the spontaneous symmetry breaking

(SSB) of the SU(2)L⊗U(1)Y gauge group into the electromagnetic U(1)EM symmetry.

This SSB is achieved by a scalar őeld known as the Higgs őeld, whose quanta were

discovered in 2012 by both ATLAS and CMS Collaborations at CERN [31, 32]. The

Higgs őeld, denoted as H, is a complex scalar SU(2)L doublet with hypercharge

Y = ±1. Its Lagrangian is described by

LHiggs = (DµH)(DµH)− V (|H|) , (2.41)

where V (|H|) is the Higgs or scalar potential. The latter can be expressed as

V (|H|) = −m2|H|2 + λ|H|4 , (2.42)

where

H =
1√
2





H+ + iH−

h+ iH0



 , (2.43)

|H|2 = H†H = (H+2
+H−2

+ h2 +H02)/2 , (2.44)

with H+, H−, H0 and h four real scalar őelds and m and λ are arbitrary parameters.

Provided that −m2 < 0 in Eq. (2.42), the scalar potential V (|H|) is minimized for

a non-zero vacuum expectation value (VEV) of the Higgs őeld, ⟨|H|2⟩ = m2/(2λ) ̸= 0,

breaking the SU(2)L⊗U(1)Y symmetry down to U(1)EM. As a result of this symmetry

breaking, some of the gauge bosons associated with SU(2)L ⊗ U(1)Y acquire mass,

arising from the square of the covariant derivative

DµH = ∂µH + ig
τa
2
W a
µH + ig′

Y

2
BµH . (2.45)
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Here, g, g′ are the SU(2)L and U(1)Y coupling constants, respectively, W a
µ are the three

gauge őelds associated with SU(2)L, Bµ is the gauge őeld associated with U(1)Y , and

τa are the Pauli matrices. The W± bosons gain a mass given by M2
W = 1

4
g2v2, while

the Z0 boson acquires a mass M2
Z = 1

4
(g2+g′2)v2, where v = m/

√
λ = 246 GeV is the

VEV of the Higgs őeld. The photon (Aµ) remains massless. In terms of the original

neutral gauge őelds W 3
µ and Bµ, Aµ and the Z0 boson are given by

Zµ = cos θWW
3µ − sin θWB

µ ,

Aµ = sin θWW
3µ + cos θWB

µ ,
(2.46)

where θW is the weak or Weinberg’s angle, whose value is sin2 θW ≈ 0.23 [18]. Through

the Higgs mechanism, the four original Higgs őelds have become the longitudinal

components of the W± and Z0 bosons and the neutral Higgs particle. The latter,

denoted by h, also appears with a mass of Mh =
√
2m, where m is the mass scale

associated with the Higgs potential.

The Higgs mechanism also provides a solution to the problem of fermion masses. In

the electroweak theory, a fermion mass term of the form mψ̄ψ = m(ψ̄LψR + ψ̄RψL),

called Dirac mass term, is forbidden by gauge symmetry because right- and left-

handed components sit in different representations. However, the Higgs őeld enables

the formation of SU(2)L gauge singlets, and a Yukawa coupling term of the form

Lf = −yf ψ̄LHψR (2.47)

can arise in the Lagrangian. When the Higgs őeld H acquires its VEV, this term

leads to a fermion mass mf = yfv/
√
2. Thus, fermions acquire mass through their

interaction with the Higgs őeld. This is not possible for neutrinos, because there is

no right-handed neutrino νR included in the theory. We will give a closer look at

neutrinos next, because they will play a vital role throughout the thesis.
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2.4.2 Neutrinos

To introduce a mass term for neutrinos, it is necessary to go beyond the SM. In the

following discussion, we will refer to the neutrinos that are part of the lepton SU(2)L

doublets and are singlets of the subgroup SU(3)C ⊗ U(1)EM as "active" neutrinos,

denoted as νL. On the other hand, the neutrinos that do not possess any gauge

interactions within the SM and are singlets of the complete SM gauge group SU(3)C⊗
SU(2)L ⊗ U(1)Y are referred to as "sterile" neutrinos, denoted as νR. We will follow

closely Ref. [18].

2.4.2.1 Neutrino masses

Neutrino mass terms can be constructed in two ways within the framework of gauge-

invariant and renormalizable operators

−LMν =MD,ij ν̄R,iνL,j +
1

2
MN,ij ν̄R,iν

c
R,j + h.c. , (2.48)

where νc is the neutrino charge-conjugated őeld, MD is a complex matrix of dimension

n× 3 and MN is a symmetric n×n matrix. Here we have also introduced the ŕavour

indices i, j, and "h.c." denotes the Hermitian conjugated terms.

The őrst term, arising from electroweak symmetry breaking, is generated by a

Yukawa interaction

yν,ij ν̄R,iH̃
†LL,j =⇒ MD,ij = yνij

v√
2
, (2.49)

similarly to the one given in Eq. (2.47). Here we used the standard notation in which

LTL,ℓ = (νℓ, ℓ)L represents the SU(2)L lepton doublet for the lepton ℓ, H is the Higgs

doublet and H̃ = iσ2H
∗ = (h0 ∗,−h−)T with σ2 is the Pauli matrix. The term in

Eq. (2.49) conserves total lepton number but can break lepton ŕavor symmetries.

The second term in Eq. (2.48), known as the Majorana mass term, involves two

sterile neutrino őelds and breaks lepton number by two units. The form of MN

depends on the model and we will see later one way to do it. Majorana mass terms
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are prohibited for charged fermions due to electric charge conservation.

The Lagrangian in Eq. (2.48) can be written more compactly as

−LMν =
1

2
(¯⃗ν cL,

¯⃗νR)





0 MT
D

MD MN









ν⃗L

ν⃗ cR



+ h.c. ≡ ¯⃗ν cMν ν⃗ + h.c. , (2.50)

where ν⃗ = (ν⃗L, ν⃗
c
R)

T is a (3 + n)-dimensional vector.

The matrix Mν is complex and symmetric and can be diagonalized by a unitary

matrix V ν of dimension (3 + n), such that

(V ν)TMνV
ν = diag(m1,m2, . . . ,m3+n) . (2.51)

The weak eigenstates νL can be expressed in terms of the resulting mass eigenstates

νM as

νL,i = PL

3+n
∑

j

V ν
ij νM,j , (2.52)

with i = 1, 2, 3 and PL is the left-handed projection operator in Eq. (2.40). Unlike

charged fermions represented by four-component spinors, Majorana neutrinos are

described by two-component spinors, as they satisfy the Majorana condition νM = νcM .

Two notable scenarios arise from Eq. (2.48):

1. If MN = 0, only the Dirac mass term is allowed, resulting in the diagonalization

of MD through two 3× 3 unitary matrices

(V ν
R )

†MDV
ν = diag(m1,m2, . . . ,m3+n) . (2.53)

The weak eigenstates νL can be expressed in terms of the resulting mass eigen-

states νD as

νL,i = PL

3+n
∑

j

V ν
ij νD,j , (2.54)

with i = 1, 2, 3. Because all leptons will acquire their mass via the same mech-

anism, this scenario can not explain why neutrinos are observed to be much
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lighter than the corresponding charged fermions.

2. If the mass eigenvalues ofMN are much larger than the electroweak scale v ≃ 246

GeV, the diagonalization of Mν leads to three light neutrinos νl and n heavy

neutrinos N

−LMν =
1

2
ν̄jMlνl +

1

2
N̄MhN , (2.55)

with

Ml ≃ −V T
l (MT

DM
−1
N MD)Vl , Mh ≃ V T

h MNVh , (2.56)

and Vh and Vl are 3 × 3 and n × n unitary matrices respectively. The masses

of the heavy states are proportional to MN , while the masses of the light states

are inversely proportional to MN . This scenario is known as the see-saw mech-

anism [33ś37]. Both heavy and light states are Majorana particles and the

former are mostly right-handed while the latter are mostly left-handed.

The Majorana mass term in Eq. (2.48) can be generated from new physics at a

scale ΛNP larger than the electroweak scale. The leading operator associated with

this new physics is the 5-dimensional Weinberg operator [38]

O5 =
zνij
ΛNP

(L̄L,iH̃)(H̃TLcL,i) + h.c. , (2.57)

which violates lepton number by two units. After electroweak symmetry breaking,

this operator generates a Majorana mass term for the left-handed neutrino őelds

−LMν =
zνij
2

v2

ΛNP

ν̄L,iν
c
L,j + h.c. , (2.58)

resulting in a mass matrix (Mν)ij = zνij
v2

ΛNP
. Compared to the Dirac mass matrix, this

Majorana mass term is suppressed by v/ΛNP, providing a natural explanation for the

smallness of neutrino masses compared to those of charged fermions.

Another important effect coming from Eq. (2.58) is that lepton ŕavour mixing and

CP violation are expected in the absence of additional symmetries on the Yukawa-like

coefficients zνij. We will discuss these effects next.
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2.4.2.2 Lepton mixing

Let us denote the neutrino weak or interaction eigenstates as (νL,e, νL,µ, νL,τ , νR,1, . . . , νR,n)

and their mass eigenstates as (ν1, ν2, ν3, ν4, . . . , νn+3). Similarly, we label the mass

and interaction eigenstates for charged leptons as ℓ = (e, µ, τ) and ℓI = (eI , µI , τ I),

respectively.

The interactions of neutrinos with themselves (neutral current, NC) and with their

corresponding charged leptons (charged current, CC) within the SM are dictated by

SU(2)L gauge invariance. The interaction Lagrangians are given by 5

−LCC =
g√
2

∑

ℓ

ν̄L,ℓγ
µℓI −L W+

µ + h.c. ,

−LNC =
g

2 cos θW

∑

ℓ

ν̄L,ℓγ
µνL,ℓZ

0
µ .

(2.59)

In the mass basis, the CC interaction takes the form

−LCC =
g√
2
(ēL, µ̄L, τ̄L)γ

µU(ν1, ν2, ν3 . . . , νn+3)
T W+

µ + h.c. , (2.60)

where U is a 3 × (3 + n) matrix with UU † = I3×3 if n = 3, but in general U †U ̸=
I(n+3)×(n+3) [39ś41]. The structure of the mixing matrix U can be obtained by com-

paring −LCC in the mass and interaction bases, using Eqs. (2.54) and (2.52) for

neutrinos, and expressing the weak-doublet components of the charged lepton őelds

as

ℓIL,i = PL

3
∑

j=1

V ℓ
ij ℓj . (2.61)

The resulting form of U is given by [18]

Uij = Pℓ,iiV ℓ †
ik V

ν
kj(Pν,jj) , (2.62)

where Pℓ,ν are diagonal 3 × 3 matrices absorbing unphysical phases. The matrix U

5The NC interactions determines the decay width of the Z boson into light (mν ≤ MZ/2) left-
handed neutrino states. Thus, from the measurement of the total decay width of the Z one can infer
the number of such states. At the present, the measurement implies Nν = 2.984± 0.008 [18].
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contains a total of 5n+4 (Dirac) or 6(n+1) (Majorana) real parameters, with 3(n+1)

angles and 2n+ 1 (Dirac) or 3(n+ 1) (Majorana) physical phases.

For the case of n = 0 (3 Majorana neutrinos), the mixing matrix U is similar to the

CKM matrix for quarks and has six independent parameters. It can be parameterized

as

U =











1 0 0

0 c23 s23

0 −s23 c23











·











c13 0 s13e
−iδCP

0 1 0

−s13e−iδCP 0 c13











·











c12 s12 0

−s12 c12 0

0 −s23 1











·











eiη1 0 0

0 eiη2 0

0 0 1











,

(2.63)

where cij = cos θij, sij = sin θij, θij ∈ [0, π/2], and δCP , ηi ∈ [0, 2π]. If the 3 neutrinos

are Dirac, the Majorana phases η1 and η2 can be absorbed, resulting in a matrix

similar to the CKM matrix with just one phase, often called the Pontecorvo-Maki-

Nakagawa-Sakata (PMNS) mixing matrix [42, 43]. When the charged leptons have no

other interactions besides the SM ones, their interaction eigenstates can be identiőed

with the corresponding mass eigenstates up to phase redeőnition.

2.4.2.3 Neutrino oscillations

Neutrino masses and lepton ŕavor mixing lead to the non-conservation of lepton ŕavor

during neutrino propagation. This phenomenon is known as neutrino oscillations

and has been extensively studied [42, 44ś46]. In this discussion, we focus on vacuum

oscillations, which are the simplest case, although matter effects become important

when neutrinos travel through dense media. For a comprehensive review, we refer the

reader to Ref. [18].

The concept of neutrino oscillations is based on the idea that a weak eigenstate

να, typically produced through a CC interaction with a charged lepton ℓα, is actually

a linear combination of mass eigenstates νi

|να⟩ =
n
∑

i=1

U∗
αi |νi⟩ , (2.64)

where n here is the number of light neutrino species. After traveling a distance L ≃ ct,
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the state evolves as

|να(t)⟩ =
n
∑

i=1

U∗
αi |νi(t)⟩ . (2.65)

If this neutrino undergoes a CC interaction, producing a charged lepton ℓβ via

να(t)N
′ → ℓβN , the transition probability is given by

Pαβ = |
〈

νβ|να(t)
〉

|2 = |
n
∑

i=1

n
∑

j=1

U∗
αiUβj

〈

νi|νj(t)
〉

|2 . (2.66)

Assuming that |νi⟩ is a plane wave, with |νi(t)⟩ = e−iEit |νi(0)⟩, where mi is the mass

and Ei =
√

p2i +m2
i ≃ p + m2

i /(2p) is the energy of the relativistic neutrino mass

eigenstate νi (using pi ≃ pj ≡ p ≃ E), we can express Eq. (2.66) as [18]

Pαβ =δαβ − 4
n
∑

i<j

Re[UαiU∗
βiU

∗
αjUβj] sin

2Xij

+ 2
n
∑

i<j

Im[UαiU
∗
βiU

∗
αjUβj] sin (2Xij) ,

(2.67)

where we used the orthogonality of the mass eigenstates,
〈

νj|νi
〉

and

Xij =
(m2

i −m2
j)L

4E
= 1.267

∆m2
ij

eV2

L/E

m/MeV
(2.68)

is the oscillation phase. Notably, the őrst term in the right-hand-side of Eq. (2.67) is

CP conserving, while the last term is CP violating. If we started from an antineutrino

state, it is possible to show that we would have ended up with a similar expression

for Pαβ but with the exchange U → U∗.

Equation (2.67) exhibits oscillatory behavior in distance, with oscillation lengths

Losc
0,ij =

4πE

|∆m2
ij|
. (2.69)

Therefore, neutrinos must have non-zero mass splittings (∆m2
ij ̸= 0) and non-vanishing

mixing elements (UαiUβj ̸= 0) in order to undergo ŕavor oscillations. Notably, the

Majorana phases cancel out in the oscillation probability, as expected due to the total
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lepton number conservation in ŕavor oscillations.

Observations of neutrino oscillations across various experiments have provided

compelling evidence that requires the mixing between the three ŕavor neutrinos in

three distinct mass eigenstates [18]. There are two possible orderings for the neutrino

mass spectrum:

• Normal ordering (NO), with m1 < m2 < m3;

• Inverted ordering (IO) with m3 < m1 < m2.

The data also indicate a hierarchy in the mass splittings, with ∆m2
21 ≪ |∆m2

31| ≃
|∆m2

32|. Based on the value of the lightest neutrino mass, the neutrino mass spectrum

can be classiőed as:

• Normal hierarchy (NH): m1 ≪ m2 < m3, with approximate values of m2 ≃
8.6× 10−3 eV (∼

√

∆m2
21) and m3 ≃ 0.05 eV (∼

√

∆m2
32 +∆m2

21).

• Inverted hierarchy (IH): m3 ≪ m1 < m2, with approximate values of m1 ≃
0.0492 eV (∼

√

∆m2
32 +∆m2

21) and m2 ≃ 0.05 eV (∼
√

|∆m2
32|).

• Quasi-degenerate spectrum: m1 ≃ m2 ≃ m3 ≫
√

|∆m2
32|.

2.4.3 Dark matter

The multitude of evidence for DM, as discussed in section 1.5, supports the existence

of a non-baryonic matter species that is electromagnetically neutral, gravitationally

interacting, stable, and has negligible velocities for structure formation. This type of

matter is known as cold DM (CDM). In the framework of the ΛCDM model, CDM

contributes to approximately 27% of the critical density of the Universe, or about

85% of the total matter density. However, only a small fraction of DM, ranging from

at least around 0.5% (based on neutrino oscillations) to at most about 1.5% (from

combined cosmological constraints), is accounted by the three SM neutrinos [18],

whereas the fundamental nature of the majority of DM remains unknown.

57



2.4.3.1 Popular candidates

Numerous beyond the SM (BSM) theories have been proposed to explain DM [18].

Some of these models are considered more motivated due to their potential solutions

to other particle physics problems or their ability to explain anomalous experimental

or observational signals.

One extensively studied class of DM candidates is Weakly Interacting Massive Par-

ticles (WIMPs), which arise in many BSM theories addressing the hierarchy problem 6

and provide a simple mechanism to explain the observed relic abundance via thermal

freeze-out, which we will describe in section 2.5.3. Perhaps the most notable example

of WIMP is the neutralino, which arises in the context of the minimal supersymmetric

extension of the SM (MSSM) and it is a mixture of the Higgses and electroweak gauge

bosons superpartners [49]. WIMPs were and are still very popular DM candidates

because their mass is predicted to lie close to the electroweak scale and hence they

might be produced in particle accelerators or colliders (see next subsection).

Another well-studied DM candidates are axions. Initially introduced to solve the

strong CP problem in QCD [50], axions were found to be capable of accounting for

all of DM [51, 52] for masses in the range ma ∈ [10−6, 10−2] eV [53]. In addition to

the QCD axion, string theory predicts a range of axion-like particles (ALPs) with

exponentially suppressed masses, making them lighter but still viable as DM can-

didates [54]. A cosmologically interesting mass scale is around ma ∼ 10−22 eV, as

it corresponds to a de-Broglie wavelength comparable to the size of the smallest ob-

served gravitationally collapsed structures, which are on the order of a few kpc. These

ultra-light bosons, often referred to as wave or fuzzy DM candidates, typically ex-

hibit soliton-like cores in the density proőle of galaxies. This feature offers a potential

solution to the small-scale structure problems encountered in the ΛCDM model [54]

(see section 3.1.5 for further explanation of these issues).

Sterile neutrinos have also been popular DM candidates [55, 56] due to their

connection with neutrino mass and mixing problems. The observation of a 3.5 keV X-

6The hierarchy problem relies on the question of why the electroweak scale, described by the
Higgs VEV v ≃ 246 GeV, is much smaller than the Planck scale MPl ∼ 1019 GeV [47, 48].
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ray line in some galaxy clusters [57, 58] and the galactic center [59] sparked interest in

sterile neutrinos as DM candidates, but the absence of the signal in other clusters [60]

and dwarf galaxies [61, 62] has cast doubts on its origin.

Other extensively studied DM candidates include light vector bosons like "dark

photons" [63] and models with rich dark sectors like mirror DM [64, 65].

The search for DM can be divided into three categories based on the nature

and interactions of the DM candidate with SM particles: collider searches, direct

detection, and indirect detection. These strategies will be brieŕy described next.

2.4.3.2 Collider searches

Assuming that DM interacts with SM particles through additional interactions apart

from gravity and has a mass around the electroweak scale, it is possible for DM to be

produced in particle accelerators and colliders. Extensive searches for DM have been

conducted by the CMS and ATLAS collaborations at the LHC in pp collisions [66, 67].

The typical signature involves missing energy and momentum at the interaction

vertices, during particle reconstruction. This arises due to the feeble interaction

between SM and DM particles, allowing the latter to evade detection once produced.

Other signals may manifest as peaks in di-jet or di-lepton invariant mass distributions,

or excesses of events in the di-jet angular distribution caused by DM mediators [66].

So far, no signiőcant signal for DM has been observed in the LHC experiments [18].

Instead, limits have been set on DM masses, couplings, and cross-sections. The

latter can be compared, usually in a model-dependent manner, with direct detection

experiments [68].

2.4.3.3 Direct detection

Direct detection experiments aim to observe the recoil energy resulting from elastic

or inelastic scattering of galactic DM particles with atomic nuclei or electrons in the

detector material [69, 70]. The predicted event rate depends on the DM mass mχ,

scattering cross section σs, and astrophysical parameters such as the local DM density

ρ0 ≡ ρ⊙, velocity distribution f(v⃗), circular speed vcirc, and escape velocity vesc.
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The local DM density, denoted as ρ0, is an average over a volume of a few hundred

parsecs in the Solar neighbourhood, distant r⊙ ≃ 8.5 kpc from the Galactic centre

and it can be determined using two techniques [71]:

1. Local measures, which rely on the vertical motion of tracer stars near the Sun;

2. Global measures, which extrapolate ρ0 from the measured rotation curve, with

assumptions about the Galactic halo shape.

Recent determinations from global methods give ρ0 ∈ (0.2 − 0.6) GeV/cm3, while

local techniques yield ρ0 ∈ (0.3 − 1.5) GeV/cm3, considering the main uncertainty

due to the contribution of baryons to the local dynamical mass of our Galaxy [18].

The circular speed of the Milky Way, denoted as vcirc, is inferred from the Sun’s

velocity relative to the Galactic center and local radial force measurements. These

methods give vcirc ∈ (218 − 246) km/s [18]. The escape velocity has been estimated

to be vesc = 533+54
−41 km/s [72].

The local velocity distribution, denoted as f(v⃗), of DM particles cannot be directly

measured. It is typically derived from simulations. In many experiments, the analysis

is based on the Standard Halo Model (SHM), which assumes an isotropic, isothermal

sphere of DM with a density proőle of ρ(r) ∝ r−2. The velocity distribution in the

SHM is Maxwellian, with a velocity dispersion σv = vcirc/2, and is truncated at the

escape velocity vesc [73]. Recent measurements from the Gaia satellite support the

SHM when additional anisotropies are included [74, 75].

The event rate for DM scattering off nuclei can be described by the differential

scattering rate R as a function of nuclear recoil energy ER [76, 77]

dR(ER, t)

dER
= NT

ρ0
mχ

∫ vesc

vmin

d3v |v⃗|f(v⃗ + v⃗⊕(t))
dσs
dER

. (2.70)

Here, NT is the number of target nuclei with mass mN , v represents the particle speed

in the experiment’s rest frame, and f(v⃗ + v⃗⊕(t)) is the velocity distribution in the

Earth’s frame. The quantity vmin corresponds to the minimum DM velocity required

to produce a recoil energy ER. For elastic scattering, it can be estimated as vmin =
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Figure 2.3: Upper limits on the SI DM-nucleon scattering cross section as a function
of the DM mass. The shaded gray region represents the currently excluded parameter
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taken from [78].

√

mNER/2m2
r, where mr = (mN mχ)/(mN +mχ) is the reduced mass. For inelastic

scattering, with nuclear excitation energy E∗, it becomes vmin =
√

mNER/2m2
r +

E∗/
√
2mNER.

The differential cross section in Eq. (2.70) can be expressed as

dσs(ER, v)

dER
=

mN

2m2
rv

2

[

σSI
0 F

2
SI(ER) + σSD

0 F 2
SD(ER)

]

, (2.71)

where the őrst term represents the spin-independent (SI) contribution, associated with

the charge/mass coupling of the nucleus, and the second term represents the spin-

dependent (SD) contribution, related to the DM particle’s coupling to the nucleus

spin. The nuclear form factors F 2(ER) account for the nucleus substructure and are

calculated in Refs. [79, 80], while σ0 denotes the cross sections at zero momentum

transfer, q =
√
2mNER ∼ 0. The cross sections σ0 are often expressed in terms of
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single-nucleon cross sections and effective couplings of the DM particle to protons and

neutrons. Figure 2.3 illustrates recent limits on the SI DM-nucleon scattering cross

section.

Searches for DM-nucleus scattering become less sensitive for DM particle masses

below the GeV scale, due to energy thresholds typically in the range of a few hundred

eV to a few keV. An alternative approach is to search for DM scattering off bound

electrons, enabling the transfer of the entire kinetic energy to the material [81]. This

allows for deriving constraints on the DM-electron scattering cross section σeχ by

comparing observed counts to expected background ones [82].

2.4.3.4 Indirect detection

Indirect detection aims to detect the products of DM annihilation or decay, such as

photons, neutrinos, and antimatter particles.

The production rate of these particles depends on the annihilation cross section

⟨σav⟩ or decay rate τχ, the density of DM particles ρχ in the region of interest,

and the number of őnal-state particles Nf produced. For a őnal-state particle f , the

production rate per unit volume from DM annihilation ΓAf or decay ΓDf is given by [18]

ΓAf =
1

4

ρ2χ
m2
χ

⟨σav⟩NA
f , (2.72)

ΓDf =
ρχ
mχ

1

τχ
ND
f , (2.73)

where mχ is the DM mass. The thermally-averaged cross section for DM annihilation

times relative velocity is denoted by ⟨σav⟩, which will be deőned later in Eq. (2.97).

Equation (2.72) should be multiplied by a factor of 2 if the DM particle is its own

antiparticle.

The ŕux of photons and neutrinos from DM annihilation or decay is obtained by

integrating the production rate Γf over the appropriate angular region ∆Ω along the
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line of sight 7

Φf =
dNf

dtdA
=

∫

∆Ω

dΩ

4π

∫

l.o.s.

dℓΓf . (2.74)

Typically, this expression is divided into a particle physics factor, dependent on mχ

and ⟨σav⟩ or τχ, and an astrophysical factor that only depends upon the observational

target. The astrophysical factor is often referred to as the J-factor and denoted as

J∆Ω(ψ), where ψ indicates the direction of the line of sight. It is deőned as [84]

J∆Ω(ψ) =

∫

∆Ω

∫

l.o.s. (ψ)

dℓ dΩ ρ2χ(ℓ,Ω) . (2.75)

Searches for DM annihilation or decay products focus on targets with large J-factors,

which correspond to regions expected to be DM-dominated with high ρχ and provide

a high signal-to-noise ratio. Examples include nearby dwarf galaxies and the inner

region of the Milky Way. By accurately modeling the astrophysical background,

constraints on the DM mass versus annihilation cross section or decay rate can be

derived if no excess observation is made.

As regards the DM density proőle ρχ, its shape can be derived from numerical

simulations. N-body simulations containing only CDM particles, similar to those

discussed in section 1.5.4, have found that the DM density distribution inside galaxies

appears to be approximately universal and well-modeled by the Navarro-Frenk-White

(NFW) proőle [85]

ρNFW(r) =
ρs

(

r

rs

)(

1 +
r

rs

)2 , (2.76)

where rs is the scale radius and ρs is the scale density. Another frequently proőle

used in literature is the Einasto proőle [86]

ρEin(r) = ρs exp

{

− 2

α

[(

r

rs

)α

− 1

]}

. (2.77)

Although both the NFW (’cuspy’) and Einasto (’mild’) proőles are preferred by DM-

7The differential ŕux is obtained as dΦf/dE, so the quantity Nf in Eqs. (2.72) and (2.73) should
be replaced by the differential ŕux dNf/dE at the production site, considering the appropriate
redshift for cosmologically distant sources (see Ref. [83]).
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Figure 2.4: Left: Comparison of four DM density proőles for the Milky Way: cupsy
(NFW, Moore [88]), mild (Einasto), smooth (Isothermal, Burkert), and steeper
(EinastoB). Right: Table of scale radius rs and characteristic density ρs values for
the six proőles depicted in the őgure, describing the DM density distribution of the
Milky Way. Figure and values taken from Ref. [89].

only simulations, the inclusion of baryons can alter the inner slope of the proőle,

resulting in smoother proőles like the Burkert [87] and the modiőed isothermal pro-

őles [84]

ρBurk(r) =
ρs

(

1 +
r

rs

)[

1 +

(

r

rs

)2] , ρIso(r) =
ρs

1 +

(

r

rs

)2 . (2.78)

These proőles are compared for the Milky Way in Figure 2.4. Importantly, they are

normalized to the same density ρ0 at the location of the Sun. This means that the

choice of DM halo proőle does not impact constraints from direct detection experi-

ments, but it does affect indirect detection limits.

Although the slope of the DM density proőle is expected to increase from the outer

regions to the center of a galaxy, the exact power-law index in the innermost regions

remains uncertain. This unknown is related to the so-called core-cusp problem, which

we will present in section 3.1.5.

2.4.4 Dark energy

As found in sections 1.6 and 2.4, current measurements support the idea that dark

energy can be described by a cosmological constant Λ. However, this is the simplest
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possibility and other options exist [90, 91].

One possibility is to treat Λ as a dynamical quantity by attributing its energy den-

sity to a scalar őeld potential V (ϕ), known as quintessence [92, 93]. Another option is

to modify GR itself, altering the behavior of gravity to explain the Universe acceler-

ation [94]. Interestingly, many dark energy models in the literature can effectively be

described by a perfect ŕuid with a time-dependent equation of state wDE(a), as gen-

erally deőned by Eq. (2.24) [3]. These models satisfy the continuity equation, whose

solution is given by Eq. (2.28), and can be characterized by the energy-momentum

tensor of a perfect ŕuid (see Eq. (2.22)).

For the cosmological constant case, PΛ = −ρΛ ∝ Λ, resulting in wΛ = −1. In

dynamical dark energy scenarios like quintessence, wDE can exceed −1 but remains

signiőcantly below zero. By measuring the dark energy density at different cosmic

times (redshifts), we can constrain wDE and distinguish between various dark energy

scenarios.

2.5 Thermodynamics in an expanding Universe

2.5.1 Basic deőnitions

In section 2.3, we discussed the energy density and pressure of cosmological species

modeled as perfect ŕuids without providing a formal deőnition of these quantities.

For a weakly interacting gas of particles i with mass mi and internal degrees of

freedom gi, the number density ni, energy density ρi, and pressure Pi can be expressed

in terms of the phase-space distribution function fi(p⃗) [1]

ni =
gi

(2π)3

∫

d3p f(p⃗) ,

ρi =
gi

(2π)3

∫

d3pEi(p⃗) f(p⃗) ,

Pi =
gi

(2π)3

∫

d3p
|p⃗|2
3Ei

f(p⃗) ,

(2.79)

where Ei =
√

|p⃗|2 +m2
i . In the case of kinetic equilibrium, the phase-space distribu-
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Limit Particle type ni ρi Pi

mi, µi ≪ T
Bosons

Fermions

ζ(3)
π2 giT

3

3
4
ζ(3)
π2 giT

3

π2

30
giT

4

7
8
π2

30
giT

4

ρi
3

ρi
3

mi ≫ T
Bosons

Fermions

gi
(

miT
2π

)3/2
e−

mi
T

gi
(

miT
2π

)3/2
e−

mi
T

mi

mi

niT ≪ ρi

niT ≪ ρi

Table 2.1: Solution for particle number density ni, energy density ρi, and pressure
Pi for species i in the relativistic (mi, µi ≪ T ) and non-relativistic (mi ≫ T ) limits.
In the non-relativistic regime, bosons and fermions behave similarly, following the
Maxwell-Boltzmann distribution for ni. ζ is the Riemann Zeta function and ζ(3) ≈
1.2.

tion fi follows either the Fermi-Dirac or Bose-Einstein distributions

fi(p⃗) =
1

exp [(Ei − µi)/T ]± 1
, (2.80)

with +1 for bosons and −1 for fermions. The chemical potential µi represents the

energy required to change the particle number by one unit. If the species is in chemical

equilibrium, the chemical potential µi is related to those of other participating species

in the interaction. For example, in the case of the reaction i+ j ↔ k+ l, the chemical

equilibrium condition is given by µi + µj = µk + µl.

The equilibrium distributions in Eq. (2.80) allow us to calculate the number den-

sity, energy density, and pressure of species i. Two important limits can be explic-

itly solved: the relativistic limit (mi ≪ T ) and the non-relativistic limit (mi ≫
T ) [2, 4, 95]. The results are summarized in Table 2.1. Notably, relativistic particles

signiőcantly contribute to the total number density, while non-relativistic particles

become cosmologically irrelevant as the Universe cools down. This conőrms the dom-

inance of radiation in the early Universe, as discussed in section 2.3.

In the presence of multiple species with temperatures Ti in the thermal bath, it

is convenient to express the total energy density and pressure in terms of the photon
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Figure 2.5: Evolution of the relativistic degrees of freedom g⋆(T ), deőned in Eq. (2.82),
assuming the SM particle content. At energies above the Higgs mass, we have gb ≡
∑

i=bosons gi = 28, accounting for photons (2), W± and Z bosons (3 · 3), gluons (8 · 2),
and the Higgs boson (1). Similarly, gf ≡ ∑

i=fermions gi = 90 due to quarks (6 · 12),
charged leptons (3 · 4), and neutrinos (3 · 2). The total is given by g⋆ = gb +

7
8
gf =

106.75. The dotted line represents the number of effective degrees of freedom in
entropy, g⋆s(T ) (see Eq (2.87)). Figure taken from [8].

temperature. Neglecting contributions from non-relativistic species, we have

ρr =
π2

30
g⋆(T )T

4 , Pr = ρr/3 , (2.81)

where g⋆ is the total number of effectively massless degrees of freedom

g⋆(T ) =
∑

i=bosons

gi

(

Ti
T

)4

+
7

8

∑

i=fermions

gi

(

Ti
T

)4

. (2.82)

The temperature evolution of g⋆(T ) is shown in Fig. 2.5 and depends on the number of

relativistic species in thermal equilibrium at temperature T . The Hubble parameter

during the early radiation-dominated epoch, when the total energy density of the

Universe was essentially ρr, can be derived as [1]

H(T ) = 1.66
√
g⋆

T 2

MP l

, t =
1

2H
. (2.83)
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Equation (2.81) can be conveniently written in terms of the photon contribution

plus other relativistic species, such as neutrinos [96, 97]

ρr =

[

1 +
7

8

(

4

11

)4/3

Neff

]

ργ , (2.84)

where Neff represents the effective number of relativistic species in the thermal bath.

In the SM, with only 3 active neutrino species, Neff = 3.044 [98ś100], in agreement

with the CMB measured value of NCMB
eff = 2.99± 0.17 [19].

In thermal equilibrium, the entropy per comoving volume s,

s ≡ S

V
=

∑

i=species(ρi + Pi − µini)

T
, (2.85)

remains constant and is approximately given by

s =
2π2

45
g⋆s(T )T

3 , (2.86)

where g⋆s(T ) is deőned as

g⋆s(T ) =
∑

i=bosons

gi

(

Ti
T

)3

+
7

8

∑

i=fermions

gi

(

Ti
T

)3

. (2.87)

It is worth noting that if Ti = T for all relativistic particles i, then g⋆ = g⋆s,

which is generally veriőed in the early Universe as shown in Fig. 2.5. Additionally,

the quantity s in Eq. (2.86) is related to the number density n of relativistic particles

(see Table 2.1) and one őnds that s = 1.80 g⋆snγ, so that today s = 7.04nγ. 8

2.5.2 The Boltzmann equation

During the early stages of the Universe, a signiőcant portion of its constituents were

in thermal equilibrium, allowing for an equilibrium description to be a valid approxi-

mation. However, there were notable departures from thermal equilibrium, including
8The baryon asymmetry of the Universe η is deőned as the ratio between the difference in the

number density of baryons and anti-baryons and either the entropy density s or nγ . The relation
between the two is s = 7.04nγ . See section 3.1.3.
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BBN and photon decoupling. These played a crucial role in the formation of impor-

tant relics such as the light elements and the CMB.

A rough criterion to determine the coupling or decoupling of a particle species

i from the thermal bath relies on comparing its interaction rate per particle, Γi ,

with the expansion rate of the Universe, H(t). If Γi ≳ H, the particle is frequently

interacting with the plasma and is considered thermally coupled. Conversely, if Γi ≲

H, the rapid expansion prevents the particle from encountering others, leading to its

decoupling.

While this criterion serves as a useful guideline, a proper treatment of decoupling

requires tracking the evolution of the particle’s phase-space distribution function,

fi(p
µ, xµ), governed by the Boltzmann equation

L̂[fi] = C[fi] , (2.88)

where C[fi] is the collision operator and L̂ is the Liouville operator. In the non-

relativistic regime, the Liouville operator for the phase-space density fi(v⃗, r⃗) of a

particle species of mass mi subject to a force F⃗ = dp⃗/dt takes the form [1]

L̂NR =
d

dt
+
dx⃗

dt
· ∇⃗x +

dv⃗

dt
· ∇⃗v =

d

dt
+ v⃗ · ∇⃗x +

F⃗

mi

· ∇⃗v . (2.89)

Its covariant relativistic generalization is

L̂GR = pα∂α − Γαµνp
µpν∂α , (2.90)

where the gravitational effects enter through the Christoffel symbol, as we might

expect from section 2.2.

In a spatially homogeneous and isotropic Universe, the Boltzmann equation (2.88)

reduces to a familiar form when integrated over the particle momentum, resulting in

ṅi + 3Hni =
gi

(2π)3

∫

d3p

Ei
C[fi] , (2.91)
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with ni the particle number density deőned in Eq. (2.79), and the over-dot means

time-derivative.

The collision term for a simple process i+ j ↔ k+ l involving species i, j, k, and

l, is expressed by [6]

gi
(2π)3

∫

d3p

Ei
C[fi] =gigjgkgl

∫

d3p

(2π)32Ei

∫

d3pj
(2π)32Ej

∫

d3pk
(2π)32Ek

∫

d3pl
(2π)32El

(2π)4δ(3)(p⃗+ p⃗j − p⃗k − p⃗l)δ(Ei + Ej − Ek − El)|M|2

[fkfl(1± fi)(1± fj)− fifj(1± fk)(1± fl)] ,

(2.92)

where |M|2 is the square of the matrix element, averaged over initial and őnal spins,

and the four-dimensional delta function enforces energy and momentum conservation.

Moreover, the terms containing the ± sign are called blocking and stimulated emission

factors and the + sign applies to bosons, whereas the − sign to fermions.

The terms in the collision term have distinct interpretations: the 3Hni term rep-

resents the dilution effect due to cosmic expansion, while the right-hand side captures

interactions that alter the particle number density ni. In the absence of interactions,

the solution to the Boltzmann equation follows the expected behavior, with ni ∝ a−3,

where a is the scale factor. The generalization to the collision term above in the case

of more than two initial and őnal state particles can be found in Ref. [1].

To account for the expansion of the Universe, it is useful to consider the dimen-

sionless comoving number density Yi ≡ ni/s, where s is the entropy density deőned

by Eq. (2.86). This scaling allows us to remove the effect of cosmic expansion. By

introducing the dimensionless rescaled time variable x ≡ mi/T , the Boltzmann equa-

tion (2.91) during the radiation-dominated era can be simpliőed as follows

dY

dx
=

x

H(mi)s

gi
(2π)3

∫

d3p

Ei
C[fi] , (2.93)

where H(mi) = x2H(T ), and H(T ) is given by Eq. (2.83).

With this formalism in place, we can now apply it to well-known examples, starting
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with the thermal decoupling of heavy particles, such as WIMPs, known as "thermal

freeze-out" mechanism.

2.5.3 Thermal freeze-out

Let us consider a heavy, stable particle χ and its antiparticle χ̄, with mass mχ, both

subjected to thermal equilibrium governed by the annihilation and pair-production

processes

χχ̄↔ ff̄ , (2.94)

where f and f̄ represent lighter SM particles with zero chemical potentials. We

assume a symmetric abundance between χ and χ̄, denoted as n, and gχ represents

the number of degrees of freedom for χ 9. The Boltzmann equation (2.91) for the

number density takes the form [1, 101, 102]

ṅ+ 3Hn = −⟨σav⟩[n2 − n2
eq] , (2.95)

whereas for the dimensionless comoving density Y = n/s is [1]

dY

dx
= −xs⟨σav⟩

H(mχ)
[Y 2 − Y 2

eq] . (2.96)

Here, ⟨σav⟩ is the annihilation cross-section multiplied by the relative velocity aver-

aged over the thermal distribution of χ particles. The expression for ⟨σav⟩ involves

the integral over the Mandelstam variable s = (pµ1 + pµ2)
2, if the annihilation process

in question is 1 + 2 → 3 + 4. Its general form is [101]

⟨σav⟩ =
1

8m2
χTK

2
2(mχ/T )

∫ ∞

4m2
χ

ds
√
s(s− 4m2

χ)K1(
√
s/T ) σa(s) , (2.97)

where Ki are the modiőed Bessel functions of the second kind, and the cross section

σa depends on the particle physics model describing the annihilation. See Ref. [103]

for some examples. For non-relativistic species, an approximate expression for ⟨σav⟩
9The number of degrees of freedom is gχ = 1 for a real scalar, 2 for a complex scalar or a Weyl

fermion (like a Majorana fermion), or 4 for a Dirac fermion.
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Figure 2.6: Evolution of the co-moving number density Y of the DM particle χ with
respect to the rescaled time variable x = mχ/T during the epoch of DM thermal
decoupling/freeze-out. Figure adapted from Ref. [104].

can be used instead

⟨σav⟩ ≈
∫ ∫

d3p1d
3p2 σa|v⃗1 − v⃗2| e−E1/T e−E2/T

∫ ∫

d3p1d3p2 e−E1/T e−E2/T
, (2.98)

where we approximated the equilibrium number density neq as the Maxwell-Boltzmann

distribution (see non-relativistic limit in Table 2.1). The quantity Yeq is given by [103]

Yeq(x) =
45

4π2

gχ
g⋆s

x2K2(x) ≃
45

2π4

√

π

8

gχ
g⋆s

x3/2e−x , (2.99)

where the last step is valid for x≫ 1.

Equation (2.96) is a Ricatti-type equation that does not have an exact closed-

form analytical solution. A numerical solution, depicted in Fig. 2.6, is obtained

with the initial condition Y ≃ Yeq at x ≃ 1. Codes such as micrOMEGAs [105] and

DarkSUSY [106] provide numerical solutions for the Boltzmann equation in various

DM models, originally focusing on supersymmetric scenarios.

However, we can gain qualitative insights into the numerical solution by rewriting
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Eq. (2.96) in the following suggestive form [1]

x

Yeq

dY

dx
= −Γa

H

[(

Y

Yeq

)2

− 1

]

, (2.100)

where Γa ≡ neq⟨σav⟩, with neq being the equilibrium number density of the target

DM particles, and we have used H(T ) = x−2H(mi).

In this form, we can see that the change in the comoving density Y is controlled

by the parameter Γa/H. As long as Γa ≫ H, thermal equilibrium is maintained

between χ and the photon bath, resulting in Y (x) ≃ Yeq(x). However, since Γa ∝ neq

and decreases as the temperature T decreases (see Table 2.1), annihilations become

negligible when Γa ≃ H, typically occurring at x = xf.o. ≡ mχ/Tf.o., where Tf.o. is

the "freeze-out" temperature. Therefore, we expect Y (x ≳ xf.o.) = Yeq(xf.o.). This

behavior is precisely illustrated in Figure 2.6.

The freeze-out temperature can be naively estimated by the condition Γa(xf.o.) ≃
H(xf.o.). A more accurate approximation was derived in Refs. [1, 107, 108], resulting

in

xf.o. ≈ ln yf.o. −
1

2
ln ln yf.o. , yf.o. =

gχ
2π3

√

45

8g⋆
mχMP l(n+ 1)σ0 , (2.101)

where the annihilation cross-section is expanded in the low-temperature limit as

⟨σav⟩ ≈ σ0

(

T

mχ

)n

= σ0x
−n , (2.102)

corresponding to a velocity expansion since ⟨v2⟩ ∼ T/mχ. The case n = 0 corresponds

to s-wave annihilation, n = 2 to p-wave annihilation, and so on [101] 10. Solving

Eq. (2.101) for n = 0, mχ ∼ 100 GeV, and σ0 ∼ α2
w/m

2
χ with αw ∼ 10−2, we őnd that

during the radiation-dominated era xf.o. ∼ 20.

10The s-wave or p-wave annihilations of DM are related to the orbital and total angular momentum
and spin properties of the initial and őnal states. In particular, Fermi statistics forces two identical
DM fermions (assuming the DM antiparticle is its own particle) with orbital angular momentum
L and total spin S to satisfy (−1)S = (−1)L. The total angular momentum of the s-wave state
(characterized by L = 0 by deőnition) is J ≡ L + S = 0 and the CP quantum number is given by
CP = (−1)L+1 = −1, while the p-wave state has CP = +1 [109].
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Using Eq. (2.102), the Boltzmann equation (2.96) can be written as [1]

dY

dx
= − λ

xn+2
[Y 2 − Y 2

eq] , (2.103)

where λ is deőned as

λ ≡
[

x⟨σav⟩s
H(mχ)

]

x=1

=

√

π

45

g⋆s√
g⋆
MP lmχσ0 . (2.104)

The present-day relic abundance of the species χ can be approximated by neglecting

the Y 2
eq term on the right-hand side and integrating the differential equation from

x = xf.o. to x = ∞, giving [1, 108]

Y0 ≡ Y (∞) ≈
√

45g⋆
πg2⋆s

(n+ 1) xn+1
f.o.

mχMP l σ0
. (2.105)

It is important to note from Eq. (2.105) that Y0 is inversely proportional to the

annihilation cross-section and particle mass, indicating that a larger σ0 corresponds

to a lower expected relic density. For a non-relativistic particle χ, the relic density

becomes

Ωχ ≡ ρχ
ρcrit

=
nχmχ

ρcrit
=
Y0s0mχ

ρcrit
≈
√

45g⋆
πg2⋆s

s0
ρcrit

(n+ 1)xn+1
f.o.

MP lσ0
(2.106)

where s0 is the entropy density (2.86) computed today. Remarkably, Ωχ is indepen-

dent of the value of mχ and should be compared to the observed DM density today.

In section 2.4, we found that the CMB, BBN, and BAO data imply Ωc ≃ 0.27

for the present-day CDM abundance. By using Eq. (2.106), we can solve for the

cross-section and őnd

σ0 ∼ 10−9 GeV−2 ∼ 3× 10−26 cm3 s−1 , (2.107)

where we used s0 ≃ 2891/cm3, n = 0, g⋆ ≃ 3.38, and g⋆s ≃ 3.94 (see Fig. 2.5). This

value of σ0 corresponds to a typical weak-scale cross-section, which is of the order
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σ0 ∼ α2
w/m

2
χ with αw ∼ 10−2 and mχ ∼ O(100 GeV). Thus, having new physics

near the weak scale appears to provide the correct DM relic density, a phenomenon

referred to as the WIMP miracle [76].

Although the calculation above does not impose a constraint on the DM mass mχ,

unitarity arguments based on the cross-section and the present-day DM abundance

yield an upper limit on the cross-section, leading to the following model-independent

bound [110]

Ωχh
2 ≳ 1.7× 10−6√xf.o. [mχ/(1TeV)] =⇒ m ≲ 126TeV . (2.108)

Furthermore, there exists a lower mass bound for WIMPs known as the Lee-Weinberg

limit, which sets mχ ≳ 2 GeV to prevent overclosure of the Universe [111].

2.5.4 Asymmetric production

In the thermal freeze-out mechanism discussed earlier, we assumed the absence of

a particle-antiparticle asymmetry in the early Universe. However, if this condition

is not satisőed, the present-day relic abundance of DM could be generated through

a mechanism similar to the one responsible for the baryon asymmetry observed in

the Universe. This connection between the DM and baryon densities is known as

Asymmetric DM (ADM) production [112], which was originally proposed to address

the solar neutrino problem [113, 114].

In the following, we will present a general framework shared by many ADM models

without focusing on a speciőc one, and refer the reader to Ref. [115] for a compre-

hensive review. A key observation is that the DM density is approximately őve times

higher than the baryonic density

Ωc ≃ 5Ωb , (2.109)

as discussed in section 2.4, suggesting a possible common origin. Deőning ηDM as the

asymmetry in the DM sector, if the present-day DM population is entirely asymmetric,
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this can explain Eq. (2.109) by tuning the DM mass mDM according to

mDM =

(

Ωc

Ωb

)

ηB
ηDM

mp , (2.110)

where mp ≃ 1 GeV is the proton mass and we have taken ΩDM ≡ Ω++Ω− ∼ Ω+ = Ωc

(assuming ηDM > 0), where Ω+ and Ω− are the abundances of DM particles and

antiparticles, respectively. If ηDM ≃ ηB, Eq. (2.110) leads to mDM ≃ 5 GeV.

The őnal DM abundance is made asymmetric by suppressing the conventional

symmetric component that arises from thermal freeze-out. This is typically achieved

in the literature through the introduction in the dark sector of strong couplings analo-

gous to QCD or the inclusion of new light states. These elements effectively lead to an

annihilation cross section large enough to suppress the thermal symmetric component

and avoid overclosure of the Universe [115].

Unlike the thermal freeze-out scenario, ADM models involve tracking the evolu-

tion of both the symmetric and asymmetric components of the relic number density.

However, the computation closely resembles that of freeze-out as it relies on the

Boltzmann transport equation, but with the presence of an asymmetry. 11 The latter

addition implies that DM carries a chemical potential µDM [107]. It is important to

note that this type of calculation assumes that DM is in thermal equilibrium with the

photon bath, for which the sum of the chemical potentials of the incoming particles

is equal to that of the outgoing particles [116]. While this assumption may not hold

if there is a weakly coupled mediator between the visible and dark sectors [117], we

simplify the analysis by assuming its validity in the following computation.

The DM relic density in ADM models is described in terms of the relic asymmetry,

denoted as the present anti-DM to DM ratio r∞ = Ω−/Ω+. This parameter plays

a crucial role in determining the size of indirect signals from DM annihilation [115].

11In ADM models, a DM particle χ must be stable, heavy, not self-adjoint with an asymmetric
abundance between particles and antiparticles, and subject to the annihilation process χχ̄ → ff̄
with a large cross-section.
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The absolute relic densities can be related to r∞ as follow [118]

Ω+ =
1

1− r∞

ηDMmDMs0
ρcrit

, Ω− =
r∞

1− r∞

ηDMmDMs0
ρcrit

. (2.111)

The total relic density ΩDM = Ω+ + Ω− is primarily determined by the DM mass

mDM and its present asymmetry ηDM .

Using Eq. (2.111), we have

mDM =

(

1− r∞
1 + r∞

)(

Ωc

Ωb

)

ηB
ηDM

mp , (2.112)

which reduces to Eq. (2.110) when r∞ = 0, corresponding to pure asymmetric DM.

The case with r∞ = 1 corresponds to pure symmetric DM and leads to the thermal

freeze-out scenario discussed in the previous section.

The number density of DM particles n+ and antiparticles n− is described by a set

of coupled Boltzmann equations, which can be written as 12

ṅ± + 3Hn± = −⟨σav⟩[n+n− − neq
+ n

eq
− ] , (2.113)

where neq
± = neq e

±µDM/T with neq is the usual Maxwell-Boltzmann distribution. These

equations can be simpliőed using the dimensionless quantities x = mDM/T and Y± =

n±/s from the previous section, resulting in

dY±
dx

= −xs⟨σav⟩
H(m)

[Y+Y− − Y 2
eq] = − λ

xn+2
[Y+Y− − Y 2

eq] , (2.114)

Here, λ is given by Eq. (2.104), and the last step involves using ⟨σav⟩ = σ0 x
−n as

in Eq. (2.102). Notably, Eq. (2.114) resembles Eq. (2.103) derived in the thermal

freeze-out mechanism, with the addition of a term that accounts for the interaction

between particle and antiparticle densities.

Introducing the DM asymmetry as η ≡ Y+ − Y− (the present value is ηDM when

12The coupled Boltzmann equations in (2.113) are obtained under the following assumptions: (i)
our particle species were in equilibrium with a thermal bath; (ii) there is no mass degeneracy between
the two sectors; (iii) the dominant process that changes n± was annihilation; (iv) the annihilation
process occurred far from a resonant threshold.
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Figure 2.7: Evolution of Y±(x) (accounting for DM asymmetry ηDM > 0) and Yη=0

(without asymmetry) after freeze-out. Σ = Y+ − Y− represents the sum of relative
co-moving number densities. Figure taken from Ref. [119].

x → ∞), the above coupled Boltzmann equations can be solved numerically and an

example of solution is shown in Figure 2.7. The asymmetry η ̸= 0 enhances the

depletion of the less abundant species (n−) compared to the symmetric case. At late

times, an approximate solution is obtained bu setting Yeq ∼ 0. The expression for

Y±(∞) can be found to be

Y±(∞) ≃ ±ηDM
1− [1∓ ηDM/Y±(xf.o.)] exp [∓ηDMλ g⋆sg−1/2

⋆ x−n−1
f.o. /(n+ 1)]

, (2.115)

where the freeze-out temperature xf.o. is derived in Ref. [118].

The present ratio r∞ in ADM models can be estimated as

r∞ ≡ Y−(∞)

Y+(∞)
≃ Y−(xf.o.)

Y+(xf.o.)
exp

(

− ηDMλ g⋆s(xf.o.)
√

g⋆(xf.o.) x
n+1
f.o. (n+ 1)

)

. (2.116)

The őrst factor computed at rf.o. is approximately equal to 1 and is derived numerically

but an approximate analytical solution exists [117]. The magnitude of the ADM cross
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section σ0 can be understood by comparing it to the symmetric cross section σ0, sym

corresponding to r∞ = 1, obtaining

r∞ ∼ exp

(

− ηDM g⋆s(xf.o.)
√

g⋆(xf.o.)Y ∞
η=0 (n+ 1)

σ0
σ0, sym

)

, (2.117)

where Y ∞
η=0 ≡ Y0 deőned in Eq. (2.105), and we assumed for simplicity that both

masses of the symmetric and asymmetric components are the same. By expressing

r∞ in terms of σ0 and σ0, sym, we őnd that σ0 needs to be larger than σ0, sym to

efficiently annihilate the symmetric DM component (i.e. r∞ ≲ 1). A review on ADM

scenarios can be found in Ref. [120].

2.5.5 Freeze-in

The two discussed mechanisms for producing the current DM abundance share a

common feature: the production occurred through decoupling from a thermal bath

at temperature T , with or without the presence of an initial DM asymmetry. However,

it is possible for DM particles χ with massmχ to have such weak interactions that they

never reached thermal equilibrium in the early Universe. This alternative mechanism,

known as freeze-in [121], involves the production of DM through feeble interactions.

The resulting particles are called Feebly-Interacting Massive Particles (FIMPs).

In the freeze-in scenario, due to the weak coupling between the primordial plasma

and DM particles, the initial comoving abundance is approximately Y ≃ 0. The

Boltzmann equation, Eq. (2.96), can be simpliőed to

dY

dx
≃ xs⟨σav⟩

H(mχ)
Y 2
eq , (2.118)

which causes Y (x) to slowly approach Yeq from below. Unlike thermal freeze-out,

the integration of Eq. (2.118) to estimate the relic abundance is dominated by the

regime with small x (high temperatures) [103]. Figure 2.9 illustrates an example of

the time evolution of the comoving density resulting from integrating Eq. (2.118).

The abundance of FIMP χ "freezes-in" at a certain point when the interaction rate
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Figure 2.8: Annihilation process suppressed at high temperature, enabling freeze-in
to occur.

becomes smaller than the expansion rate. The yield of freeze-in increases with the

coupling strength between χ and the thermal bath.

Considering the s-channel process ff̄ → χχ̄ mediated by a light boson, as shown

in Fig. 2.8, with a coupling constant λ between the mediator and particles f or χ,

the annihilation cross section is ⟨σav⟩ ∼ λ4x2/m2
χ. The present-day relic abundance

Y0 is then approximately given by [103]

mχY0 ∼ 10−4λ4MP l ≃ 4.3× 10−10 GeV (2.119)

to match the observed DM density. Inverting this formula yields λ ∼ 10−6, signif-

icantly smaller than the coupling constant required for thermal freeze-out, which is

on the order of αw ∼ 10−2 (see Eq. (2.107)).

In order to compare thermal freeze-out and freeze-in processes, let us consider a

common annihilation process with ⟨σav⟩ ≃ λ4/m2
χ as T → 0, typically mediated by a

massive gauge boson. Denoting ⟨σav⟩0 as the thermal freeze-out cross section, it can

be shown that [103]
⟨σav⟩
⟨σav⟩0

∼
(

0.1 eV
mχ

)2

. (2.120)

Thus, for reasonably heavy DM particles, the freeze-in cross section is signiőcantly

lower than that for freeze-out by several orders of magnitude. An interesting applica-

tion of the freeze-in mechanism is the production of ultra-heavy DM candidates (with

masses up to ∼ 1016 GeV) that interact only via gravity with SM particles in the ther-
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Figure 2.9: Evolution of DM relic abundance for freeze-out (solid curves) and freeze-
in via Yukawa interaction (dashed curves) as a function of the dimensionless time x ≡
mχ/T . The black solid line represents the relic density in thermal equilibrium. The
black arrows indicate the impact of increasing coupling strength for both processes.
Freeze-in abundance dominates around x ∼ 2 − 5, in contrast with freeze-out which
occur at x ∼ 20. Figure taken from [121].

mal primordial plasma, as these interactions are present regardless of model-building

choices [122, 123].

2.6 Brief thermal history

The thermodynamics and particle physics in an expanding Universe, as described in

sections 2.4 and 2.5, can be summarized by two guiding principles:

1. Particle interactions freeze out when their rate becomes smaller than the ex-

pansion rate;

2. Spontaneous symmetry breaking leads to phase transitions, such as the elec-

troweak SSB discussed in section 2.4.1.2.

By considering these principles, we can reconstruct the thermal history of the Uni-

verse. Figure 2.10 provides a cartoon representation of this history, and Table 2.2

summarizes the main events. Notably, the events from approximately 10−10 seconds
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Figure 2.10: History of the Universe. Credits: NASA, Planck, Caltech (https:
//www.nasa.gov/mission_pages/planck/multimedia/pia16876b.html)

until the present are based on well-established laws of physics, including nuclear and

atomic physics, in addition to gravity. We will now provide a brief overview of these

events őrst.

In the early Universe, a plasma of relativistic particles, including quarks, leptons,

gauge bosons, and the Higgs boson, prevailed. At temperatures above approximately

100 GeV, the electroweak symmetry was restored, resulting in massless weak gauge

bosons associated with the SU(2)L⊗U(1)Y symmetry of the SM. The interactions were

strong enough to maintain thermal equilibrium between quarks and leptons. As the

temperature dropped below about 100 GeV, the electroweak symmetry was broken,

and the W± and Z bosons acquired mass through the Higgs mechanism. This led to a

decrease in the cross-section of weak interactions and, as a result, neutrinos decoupled

from the rest of the matter at approximately 1 MeV. Shortly after, at around 1 second,

the temperature fell below the rest mass of electrons, causing efficient annihilation of

electrons and positrons. Only a small matter-antimatter asymmetry, about one part

in a billion, survived. The resulting photon-baryon ŕuid reached thermal equilibrium.

Around ∼ 0.1 MeV, strong interactions became signiőcant, and protons and neutrons

combined to form light elements (H, He, Li) during BBN at approximately ∼ 200

seconds. At about 1 eV, or 1011 seconds, the matter and radiation densities became
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equal. Charged matter particles and photons were strongly coupled in the plasma, and

density ŕuctuations propagated as cosmic sound waves. Around 0.1 eV, or 380, 000

years after the Big Bang, protons and electrons combined to form neutral hydrogen

atoms. Photons decoupled, giving rise to the CMB radiation that we observe today.

CMB temperature anisotropies reveal primordial matter density ŕuctuations, which

grew through gravitational instability to form the observed LSS in the late Universe.

Clustering became more efficient as matter began to dominate the energy density of

the Universe, with small scales becoming non-linear őrst. This led to hierarchical

structure formation, where small-scale structures (e.g., stars and galaxies) formed

initially and subsequently merged into larger structures (clusters and superclusters

of galaxies). Around redshift z ∼ 25, high-energy photons from the őrst stars ini-

tiated the ionization of hydrogen in the intergalactic medium, a process known as

"reionization", which completed at around z ≃ 6. Concurrently, the most massive

stars depleted their nuclear fuel and underwent supernova explosions. At a redshift

of approximately z ∼ 1, a dark energy component with negative pressure began to

dominate the evolution of the Universe.

As concerns events occurred within the őrst ∼ 10−11 seconds of the Universe

history, the energy exceeds ∼ 1 TeV, and direct experimental guidance is lacking. Our

understanding of this period is based on extrapolating our present knowledge of the

Universe and particle physics back to the Planck epoch, where quantum corrections

to GR become signiőcant at energies of ∼ 1018 GeV. The combination of electroweak

and strong interactions likely occurred during the grand uniőcation (GUT) phase

transition, expected to have taken place at energies ranging from 1014 to 1016 GeV,

based on the energy running of the SM couplings.

The ŕuctuations observed in the CMB temperature require the presence of primor-

dial seed perturbations. The prevailing explanation is inŕation, which postulates that

these perturbations were generated during an early period around 10−34 seconds after

the Big Bang. Inŕation stretched small quantum ŕuctuations in the energy density

to macroscopic scales, larger than the horizon at that time. Once a perturbation ex-

ited the horizon, it remained frozen with a constant amplitude until it re-entered the
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Event Time Energy Redshift
Planck epoch? < 10−43 s ∼ 1018 GeV
Grand uniőcation? ∼ 10−36 s ∼ 1015 GeV
Inŕation? ≳ 10−34 s ≲ 1015 GeV
Baryogenesis? < 10−10 s > 1 TeV
Electroweak uniőcation ∼ 10−10 s ∼ 1 TeV
Quark-hadron transition ∼ 10−4 s ∼ 100 MeV
Nucleon freeze-out ∼ 0.01 s ∼ 10 MeV
Neutrino decoupling ∼ 1 s ∼ 1 MeV
BBN ∼ 3 min ∼ 0.1 MeV
Matter-radiation equality ∼ 104 yrs 1 eV ∼ 104

Recombination ∼ 105 yrs 0.1 eV ∼ 1100
Dark ages 105 − 108 yrs > 25
Reionization ∼ 108 yrs 25− 6
Galaxy formation ∼ 6× 108 yrs ∼ 10
Dark energy ∼ 109 yrs ∼ 2
Solar system ∼ 8× 109 yrs ∼ 0.5
Today ∼ 1.4× 1010 yrs ∼ 1 meV 0

Table 2.2: Main events in the history of the Universe. Reproduced from Ref. [124].

horizon during the subsequent expansion of the Universe. The resulting ŕuctuations

contributed to the acoustic peak structure observed in the CMB and the formation of

galaxies and clusters of galaxies. Observations of the late-time CMB and LSS allow

us to infer the primordial input spectrum by studying the evolution of perturbations

after they re-entered the horizon. This provides insights into the physical conditions

when the Universe was ∼ 10−34 seconds old.

Additionally, the presence of a baryon asymmetry in the Universe today suggests

the occurrence of an event known as baryogenesis, which generated this asymmetry

in the early Universe. Both inŕation and baryogenesis will be the subjects of the next

chapter.
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Chapter 3

Problems in the Early and

Late-time Universe

The ΛCDM model, as discussed in the previous chapter, has proven to be remarkably

successful in explaining the history of the Universe from the time of BBN to the

present. It is a reliable and extensively tested description of the Universe, with no

deőnitive observational or experimental data contradicting its predictions.

However, similar to the SM of particle physics, the standard cosmological model

has its limitations. These limitations do not involve internal inconsistencies within

the theory but rather address questions that the model does not provide answers to,

asking for extensions.

In the following section, we will provide a brief overview of the main limitations of

the ΛCDM model and introduce two well-known solutions: inŕation and baryogenesis.

The remaining part of this thesis will attempt to address other limitations and aim

to develop a comprehensive framework that can accommodate various shortcomings,

including those of the SM such as neutrino masses, DM, and more.
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3.1 Shortcomings of the ΛCDM model

3.1.1 Large-scale smoothness

CMB observations reveal that the Universe was highly uniform across the entire sky,

with temperature ŕuctuations of the order of one part in 105 [1ś3]. One might as-

sume that if the entire observable Universe had been in causal contact at the time of

recombination (trec ∼ 105 years or zrec ≃ 1100), microphysical processes like Compton

scattering between photons and baryons would have resulted in a common tempera-

ture among all species, smoothing out any primordial temperature ŕuctuations.

However, within the standard cosmological model, this scenario is not feasible due

to the existence of the particle horizon. As deőned in section 2.2, the particle horizon

represents the maximum distance a photon could have traveled since time ti until a

given time t. It can be expressed as

dH(t) = aχph(t) = a

∫ t

ti

dt′

a(t′)
=

a

H0

∫ a(t)

a(ti)

da′√
Ωr + Ωma+ ΩΛa4

, (3.1)

where χph is the comoving particle horizon deőned in Eq. (2.11). Taking ti = a(ti) =

0, corresponding to the time of the Big Bang, the particle horizon dH(t) can be

interpreted as the maximum size of a causally connected region at time t, within

which one could expect homogeneity due to thermal equilibrium.

At the time of recombination, the radius of each causally connected region, rep-

resented by the particle horizon, was approximately

dH(trec) ≃
5× 10−5

H0

≃ 0.15 h−1 Mpc , (3.2)

where we plugged in the values of Ωr, Ωm and ΩΛ given in section 2.4.

In contrast, the radius of the last scattering surface, which deőnes the observable
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τ0

τi = 0

Figure 3.1: Conformal diagram illustrating the horizon problem in Big Bang cos-
mology. The orange circles represent causally disconnected regions of the CMB last-
scattering surface (at recombination), while the green dot represents the observer.
Figure from Ref. [4].

region of the CMB, was much larger

rls(trec) = a

∫ t0

trec

dt′

a(t′)
=

a

H0

∫ 1

a(trec)

da′√
Ωr + Ωma+ ΩΛa4

≃ 3× 10−3

H0

≃ 9 h−1 Mpc ,

(3.3)

where t0 is the present time such that a(t0) = 1, and we used the fact that CMB

photons have been free-streaming from the surface of last scattering till today. This

implies that CMB photons from regions with angular separations larger than ∆θ ≃
1.3◦ have not been in causal contact since their release, as illustrated in Figure 3.1.

This discrepancy between the sizes of causally connected regions and of the observable

CMB region is known as the horizon problem.

3.1.2 Spatial ŕatness

The spatial ŕatness of the Universe is a puzzle in the ΛCDM model. As presented

in section 2.4, CMB data indicates a very small curvature parameter Ωk ≲ 0.001

today [3], which is remarkable considering its time dependence. In fact, the Friedmann
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equation in (2.34) can be re-written as

Ωtot(a)− 1 =
k

(aH)2
∝











t radiation domination ,

t2/3 matter domination ,
(3.4)

where Ωtot(a) =
∑

i ρi(a)/ρcrit(a) is the sum of all the species abundances present

in the Universe, with ρcrit(a) = 3H2(a)/(8πG) [4]. In the last step of the previous

equation, we used Eq. (2.31).

In either cases, the difference between Ωtot(a) and unity, as described by Eq. (3.4),

increases with time, making a ŕat geometry unstable. Thus, a Universe so close to

ŕatness today suggests an even closer proximity to ŕatness in the early Universe.

For instance, assuming the Einstein equations are valid since the Planck era (tP l ∼
10−43 s after the Big Bang), when the temperature of the Universe was TP l ∼ 1019

GeV, it is possible to infer |Ωtot−1| at tP l knowing its value at present time (t0 ∼ 1017

s, T0 ∼ 10−13 GeV) as [4, 5]

|Ωtot − 1|T≃TPl

|Ωtot − 1|T≃T0
≈
(

aP l
a0

)2

≈
(

T0
TP l

)2

≈ O(10−64) . (3.5)

Similarly, at the time of BBN (tBBN ∼ 1 s, TBBN ∼ 1 MeV), we őnd

|Ωtot − 1|T≃TBBN

|Ωtot − 1|T≃T0
≈ O(10−16) . (3.6)

This unnatural őne-tuning of |Ωtot(a)−1| close to zero at early times is known as the

ŕatness problem in the ΛCDM model.

3.1.3 Baryon asymmetry

In section 1.2, we introduced the baryon-to-photon ratio η as a measure of how many

baryons over photons are present today. More precisely, the baryons here should be

interpreted as the difference between baryons and antibaryons, because if they were

present in the same amount in the early Universe we would expect they would have
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annihilated with each other and no baryonic matter should be visible. 1

The asymmetry η between baryons and antibaryons is called the baryon asymme-

try of the Universe (BAU) and its value today can be summarized as [6]

η =
nB − nB̄

nγ
≃











[5.9− 6.3]× 10−10 BBN ,

[6.00− 6.15]× 10−10 CMB ,
(3.7)

or
nB − nB̄

s
=

η

7.04
, (3.8)

where we used the entropy density as a reference, deőned in section 2.5.1.

However, the standard cosmological model lacks a mechanism to generate the

BAU. The process responsible for producing the asymmetry, known as baryogenesis,

will be discussed in section 3.3.

3.1.4 Nature of dark matter and dark energy

As discussed extensively in the previous chapters, the origins and properties of two key

components of the Universe’s energy budget, DM and dark energy, remain a mystery.

While the standard cosmological model provides predictions for their abundance and

general characteristics, no speciőc model has been identiőed for DM and dark energy

within the framework of the ΛCDM model.

3.1.5 Small-scale structure

In addition to the evidence for DM from Large-Scale Structure (LSS) discussed in

section 1.5.4, N-body simulations have been conducted to study the behavior of colli-

sionless and dissipationless CDM particles at smaller scales, corresponding to the size

of galaxies. However, these simulations have revealed discrepancies when compared

to observational data. Some notable inconsistencies include [7, 8]:

• The simulated DM halos prefer cuspy proőles, such as the NFW proőle described

1Today we observe only matter, except for rare antiparticles produced by cosmic rays.
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by Eq. (2.76). In contrast, observational data, particularly from dwarf galaxies,

suggest that cored DM proőles provide a better őt to galaxy rotation curves [9].

This discrepancy is known as the core-cusp problem.

• Simulated halos predict a large number of substructures, resulting from earlier

collapses on smaller scales. However, the observed number of satellite galaxies

in the Milky Way is much smaller than expected, leading to the missing satellite

problem [10, 11].

• Numerical simulations of CDM structure formation indicate an excessive amount

of mass in the central regions (a few kpc) of halos and subhalos. This conŕict is

observed in satellites of our Galaxy and Andromeda galaxy [12] and is referred

to as the too-big-to-fail problem [13].

Including baryonic physics in simulations offers a potential solution to some of

the aforementioned challenges [14]. Analytical models combining supernova feedback

and low star formation efficiency have shown promise in explaining why many DM

subhalos around simulated Milky Way-like galaxies lack the visible component [7].

The Sloan Digital Sky Survey has identiőed some of these "invisible" satellite galaxies,

known as ultra-faint dwarfs, with luminosities between 103 and 105 times that of the

Sun [15]. Extrapolating these őndings to the entire sky in the vicinity of the Milky

Way suggests the existence of several hundred faint dwarf satellites, consistent with

numerical simulations [16]. Thus, the missing satellite problem could potentially be

resolved by the inclusion of baryonic physics [17].

Additionally, the effects of star formation and supernova feedback have been ob-

served to ŕatten the central density of DM, transforming the cuspy proőle predicted

by CDM-only simulations into one with a nearly constant density core [18]. This align-

ment with observations is particularly evident in dwarf galaxies with stellar masses

exceeding approximately 107 M⊙, as determined from 21-cm measurements of nearby

galaxies [19]. However, for galaxies with stellar masses below this threshold, analyti-

cal models indicate that the energy from supernovae alone is insufficient not only to

create DM cores but also to resolve the too-big-to-fail problem [20, 21].
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Alternatively, the discrepancies observed at small scales could indicate the pres-

ence of more intricate physics within the dark sector itself [22]. One possible ex-

planation involves self-interacting DM (SIDM), where elastic scattering can modify

halo mass proőles, leading to the formation of isothermal cores with nearly constant

density [23]. In this scenario, particles in the outer regions exchange momentum

with those in the central region, causing the central particles to gain energy and

move outward [6, 24]. N-body simulations incorporating SIDM have supported this

mechanism [25, 26]. The challenge of the missing satellite problem potentially őnds

a solution within the SIDM framework because SIDM tends to erase substructures

by amplifying the impact of tidal disruption. This effect arises due to the fact that

the SIDM density proőles are less concentrated than those in the standard ΛCDM

scenario [23, 27].

The signiőcant self-interaction of DM particles not only has the potential to resolve

the core-cusp problem but also the too-big-to-fail and missing satellite problems, with

cross sections σs on the order of [27]

σs
mχ

∼ (0.1− 1)
cm2

g
∼ (0.2− 2)

barn
GeV

. (3.9)

These cross sections are approximately 10−100 times smaller than those for nucleon-

nucleon scattering and are consistent with constraints from the Bullet Cluster of

σs/mχ ≲ 0.7 cm2/g [28].

In chapter 6, we will explore an alternative approach to addressing the core-cusp

problem by exploiting DM oscillations and annihilations.

3.2 Inŕation

The concept of inŕation, proposed by Alan Guth in 1980 [29], offers a potential

solution to the horizon and ŕatness problems in the early Universe. Here, we provide

a brief overview of inŕation based primarily on Ref. [6], while recommending Refs. [4,

5, 30ś38] for a more comprehensive discussion.
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Inŕation involves a rapid expansion of the Universe before the era of radiation

domination. This expansion allows for the separation of two points that were previ-

ously causally connected but are now at a much larger distance. This distance must

exceed the size of the particle horizon at the end of inŕation. Consequently, seemingly

disconnected points in the present Universe were actually in thermal contact in the

past, addressing the horizon problem. Similarly, the accelerated expansion during in-

ŕation stretches the fabric of space, resulting in an extremely small curvature for the

Universe if the inŕationary period is sufficiently long, thereby resolving the ŕatness

problem.

More quantitatively and in its simplest incarnation, inŕation is driven by a homo-

geneous scalar őeld ϕ called the inŕaton, characterized by a ŕat potential V (ϕ). The

ŕatness is measured by the potential slow-roll parameters ϵ and η 2

ϵ =
m2
P l

2

(

V ′

V

)2

, η = m2
P l

(

V ′′

V

)

, (3.10)

where mP l = 2.44 × 1018 GeV is the reduced Planck mass, and the prime indicates

the derivative with respect to the őeld ϕ.

The dynamics of the inŕaton őeld, minimally-coupled to gravity, is governed by

the action

S =

∫

d4x
√−gL =

∫

d4x
√−g

[

m2
P l

2
R− 1

2
gµν∂µϕ∂νϕ− V (ϕ)

]

= SEH + Sϕ ,

(3.11)

where L is the total Lagrangian, g is the determinant of the metric gµν , SEH is the

so-called Einstein-Hilbert action and Sϕ is the action of ϕ. The energy-momentum

tensor for ϕ can be derived by varying its action with respect to the metric.

By assuming a homogeneous őeld ϕ(t, x⃗) = ϕ(t) and a FLRW metric (2.2), the

2The slow-roll parameters are more commonly deőned via the Hubble parameter H as: ϵ1 =
−Ḣ/H2 ≃ ϵ, ϵ2 = ϵ̇1/(Hϵ1) ≃ 4ϵ − 2η, ϵ3 = ϵ̇2/(Hϵ2), and so on. Here the over-dot means time-
derivative. At leading order, the use of ϵ and η in Eq. (3.10) instead of the generalized slow-roll
parameters is essentially equivalent.
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reheating

Figure 3.2: Evolution of the inŕaton ϕ depicted as a ball rolling down a hill in the
potential-energy plot V (ϕ) versus ϕ. The acceleration phase, driven by the domi-
nance of V (ϕ) over the kinetic term ϕ̇/2, ends at ϕend when the two terms reach a
comparable magnitude. Quantum perturbations δϕ at ϕCMB generate the observed
CMB ŕuctuations. The energy stored in ϕ is later converted into radiation during
reheating. Figure from Ref. [4].

scalar stress-energy tensor takes the form of a perfect ŕuid (2.23) described by

ρϕ =
1

2
ϕ̇2 + V (ϕ) ,

Pϕ =
1

2
ϕ̇2 − V (ϕ) ,

wϕ =
Pϕ
ρϕ

=
1
2
ϕ̇2 − V (ϕ)

1
2
ϕ̇2 + V (ϕ)

.

(3.12)

When the potential V dominates over the kinetic energy term ϕ̇/2, an accelerated

expansion with ωϕ ≃ −1 similar to dark energy can be achieved. The Friedmann

equation (2.29) can then be solved, resulting in

a(t) ∼ exp

(∫

H dt

)

≡ eN , (3.13)

where H ≃
√

V/(3m2
P l) ≡ HI ∼ constant and N is the so-called number of e-foldings.

Here, we have assumed the inŕaton ϕ dominates over the other components before the

radiation era and the curvature term ∝ k is ignored because it will become negligible

once inŕation starts.
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The dynamics of ϕ is governed by its equation of motion, obtained by varying the

action in Eq. (3.11) with respect to ϕ

ϕ̈+ 3Hϕ̇+ V ′(ϕ) = 0 . (3.14)

Figure 3.2 illustrates the evolution of ϕ for a generic potential V (ϕ). During the

slow-roll phase, characterized by ϵ, η ≪ 1, the potential is sufficiently ŕat, and the

acceleration term ϕ̈ can be neglected in the equation of motion. This leads to

3Hϕ̇ ≈ −V ′(ϕ) , (3.15)

which is the slow-roll equation of motion and it allows inŕation to occur, with the

kinetic term being subdominant compared to the potential.

As ϕ approaches the minimum of the potential, either ϵ or η becomes larger than

unity, and neglecting ϕ̈ is no longer valid. Instead, the friction term ∝ Hϕ̇ becomes

negligible, and ϕ undergoes oscillations around the minimum of V since

ϕ̈ ≈ −V ′(ϕ) . (3.16)

These oscillations lead to particle production and reheating of the Universe.

The reheating temperature Trh can be estimated using the relation between time

and temperature [6]

t ∼ 1

Γϕ
∼ 1

H
∼ mP l√

ρϕ
∼ mP l

T 2
rh

, (3.17)

where Γϕ is the decay rate of the inŕaton. This estimation holds as long as Trh remains

below the energy scale of inŕation, characterized by V
1/4
i , where Vi represents the

magnitude of the potential during the slow-roll phase [39, 40].

3.2.1 Solution to horizon and ŕatness problems

With the previous picture in mind, it is easy to understand now why inŕation solves

both the horizon and ŕatness problems.
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Regarding the ŕatness problem, during inŕation the Hubble rate HI is constant,

and Eq. (3.4) simpliőes to

|Ωtot(a)− 1| = |k|
(aH)2

∼ a−2 . (3.18)

To reproduce the observed value of Ωtot(a0) close to unity today, the condition in

Eq. (3.5) requires that |Ωtot(a) − 1| at the beginning of the radiation era (identiőed

as the end of inŕation at scale factor aend) should be on the order of

|Ωtot(aend)− 1| ∼ 10−60 . (3.19)

By relating it to |Ωtot(ai) − 1| at the beginning of inŕation ai using Eq. (3.18), we

őnd
|Ωtot(aend)− 1|
|Ωtot(ai)− 1| =

(

ai
aend

)2

= e−2N , (3.20)

whereN is the number of e-foldings deőned in Eq. (3.13). Therefore, requiringN ≳ 60

is sufficient to naturally solve the ŕatness problem, even if |Ωtot(ai) − 1| is of order

unity.

The horizon problem is resolved within the inŕationary scenario by considering

the scale factor evolution given by Eq. (3.13), which can be re-written as

a(t) = a(0) eHI t or a(τ) = − 1

HIτ
. (3.21)

Unlike the standard Big Bang model where a(0) = 0 and t = 0 represents the singu-

larity, inŕation pushes the singularity to the inőnite past (t, τ → −∞). This implies

that all points in the Universe were causally connected, as depicted in the top panel

of Fig. 3.3. The choice of t = −∞ as the time of the Big Bang is not necessary, and

it is based on the assumption that Eq. (3.21) holds true for any time t, although we

know it breaks down at the end of inŕation.

The bottom panel of Fig. 3.3 provides an alternative understanding of how inŕa-

tion solves the horizon problem. It compares the evolution of comoving scales with
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Figure 3.3: Top: Conformal-time diagram illustrating the inŕationary scenario, where
previously causally disconnected regions become in thermal contact in the past. In-
ŕation extends the conformal time to negative values, leading to an "apparent" Big
Bang at τ = 0 corresponding to reheating, which is not a singularity. Figure taken
from Ref. [4]. Bottom: Solution to the horizon problem shown through the evolution
of comoving scales (green dashed curves) and the particle horizon (red solid curve)
with the scale factor. From Ref. [6].
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that of the particle horizon. In the standard Big Bang scenario, the current horizon

scale (labeled by "H−1
0 = 3000 Mpc") shrinks as we go backward in time and always

remains outside the particle horizon (red solid curve). However, if inŕation lasted

sufficiently long, the current horizon scale was inside the horizon in the distant past,

allowing for causal processes to occur and make the Universe homogeneous.

Using the trigonometry of the aforementioned őgure, we can estimate the mini-

mum number of e-foldings ∆N required to solve the horizon problem. By focusing on

the blue right triangle (labeled "triangle" in the őgure) and assuming instantaneous

reheating, we can approximate ∆N as [6]

∆N = ln
HinfT0
H0Trh

, (3.22)

where Hinf ≡ HI , T0 is the present-day temperature, and Trh is the temperature at

the time of reheating. Here, we have used the approximate relation between time t

(or scale factor a) and temperature, T ∼ a−1. A more precise derivation shows that

the number of e-foldings N∗ until the end of inŕation, when a comoving wave number

scale k∗ crosses outside the horizon, is given by [41, 42]

N∗ ≈ 67− ln
k∗
a0H0

+
1

4
ln

V 2
∗

m4
P lρend

+
1

12
ln
T 4
rh

ρend
, (3.23)

where ρend is the value of V (ϕ) when inŕation ends, and V∗ is the value of V at horizon

crossing. The latter is deőned by

k∗
a

= H =⇒ H ≃ k∗e
−Ht = k∗e

−N , (3.24)

where we have used Eq. (3.13) in the last step.

3.2.2 Connection with cosmological observables

Inŕation not only solves the horizon and ŕatness problems but also provides a mech-

anism for generating the initial density perturbations required for the formation of

cosmic structures [43ś46]. These perturbations originate from quantum ŕuctuations
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of the inŕaton őeld ϕ during inŕation, as illustrated in Fig. 3.2. When two regions

of the Universe have slightly different values of ϕ, whose difference is δϕ, inŕation

ends at different times in each region, with a time difference of δt ∼ δϕ/ϕ̇. This leads

to local perturbations in the 3D curvature of a spatial slice at a őxed time. The

magnitude of these perturbations, denoted by Rk, can be estimated as [6]

Rk ∼
δa

a
∼ Hδt ∼ H2

2πϕ̇
, (3.25)

where we have used that a(t) ∼ eHt during inŕation. 3 In the last step, we used the

fact that it is possible to show that the quantum ŕuctuation of a Fourier mode k of

the inŕaton during inŕation is [6, 48]

δϕk =

∫

d3x eik·x δϕ(x) ∼ H

2π
(3.26)

for any k, implying that the ŕuctuations are nearly scale invariant. This scale invari-

ance implies that Rk in Eq. (3.25) is also scale invariant, as H and ϕ̇ change slowly

during inŕation. Using the slow-roll equation of motion (3.15), we can connect Rk to

the inŕaton potential V (ϕ) as [6]

Rk ∼
H2

2πϕ̇
=

H3

2πHϕ̇
∼ V 3/2(ϕ)

2π
√
3V ′(ϕ)

∼
√

V (ϕ)

24π2m4
P lϵ

, (3.27)

where ϵ is the slow-roll parameter deőned in Eq. (3.10). This expression is evaluated

at the moment when the scale k exits the horizon, namely at horizon crossing (3.24).

The correlation function of the 3D curvature is represented by the scalar power

spectrum Ps, given by

Ps =

∫

d3x eik·x ⟨R(0)R(x)⟩ = |Rk|2 ∼
(

H2

2πϕ̇

)2

∼ V (ϕ)

24π2m4
P lϵ

≡ As

(

k

k∗

)ns−1

,

(3.28)

3For power-law inŕation instead of exponential one, Eq. (3.25) would be modiőed (see Ref. [47])
since the metric ŕuctuations play a crucial role.
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where ns represents the scalar spectral index and As is the scalar amplitude. The

value of ns characterizes the deviation from the scale-invariant Harrison-Zeldovich

spectrum (ns = 1), and it affects the amplitude of temperature ŕuctuations in the

CMB angular power spectrum CTT
ℓ deőned in Eq. (1.14) [33, 49ś51]. The Planck

2018 data provides the most recent measurements of ns and As at 68% C.L., with

values of [3]

ns = 0.9649± 0.0042 , As = e3.044±0.014 × 10−10 , (3.29)

evaluated at the reference scale k∗ = 0.05 Mpc−1.

The prediction of the scalar spectral index within the framework of slow-roll in-

ŕation can be obtained from the scalar power spectrum (3.28). Speciőcally, we have

ns − 1 =
d lnPs
d ln k

≃ d lnPs
dN

∼
(

3
V ′

V
− 2

V ′′

V

)

dϕ

dN
, (3.30)

where we have used Eq. (3.24) and dN = H dt represents the change in the number

of e-foldings. Using the slow-roll equation of motion (3.15) and dϕ/dN = ϕ̇/H, we

arrive at the expression [6]

ns − 1 = −6ϵ+ 2η +O(ϵ2, ϵη, η2) . (3.31)

In addition to scalar perturbations, gravity waves, also known as tensor perturba-

tions, acquire quantum ŕuctuations during inŕation with an amplitude comparable

to that of the inŕaton őeld, given by [6, 33]

δ(hµν)k ∼
H

2π
. (3.32)

The associated power spectrum, denoted as Pt, can be expressed as

Pt =
2

m2
P l

(

H

2π

)2

≡ At

(

k

k∗

)nt−1

, (3.33)

where mP l is the reduced Planck mass. It is common to deőne the tensor-to-scalar
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Figure 3.4: 68% and 95% C.L. constraints on ns and r at k = 0.002 Mpc−1 from
Planck 2018 data alone and in combination with additional datasets. Theoretical pre-
dictions of popular inŕationary models are included for comparison. From Ref. [52].

ratio, r, as

r =
At
As

= 16ϵ , (3.34)

which roughly quantiőes the relative contributions of tensor and scalar perturbations

to the angular power spectrum CTT
ℓ at large scales. The absence of signiőcant evidence

for tensor perturbations imposes an upper limit [3]

r < 0.06 , (3.35)

evaluated at the reference scale k∗ = 0.002 Mpc−1.

3.2.2.1 Current experimental bounds

CMB data tightly constrains the inŕationary parameters ns and r, as shown in

Fig. 3.4, along with a comparison to popular inŕationary models.

One such model, known for its simplicity, is chaotic inŕation [53]. It envisions

the Universe starting in a disordered state, far from the potential’s minimum, with
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energy density near the Planck scale. Inŕation can initiate in any region, and once

started, inhomogeneities are quickly smoothed out, leading to a much larger inŕating

region. The potential for chaotic inŕation is given by

V (ϕ) = λm4
P l

(

ϕ

mP l

)p

, (3.36)

where p > 0. In this scenario, it is possible to show that [6]

ns − 1 = − p+ 2

(2N + p/2)
≃ −(1 + p/2)

N
, r =

4p

N∗

, (3.37)

where N is the number of e-folding deőned in Eq. (3.13) and N∗ is that at horizon

crossing (3.24).

For an overview of the proposed inŕationary models, refer to Refs. [6, 52, 54] and

especially Ref. [55].

3.2.3 Beyond the simplest inŕationary model

Inŕation, as discussed so far, assumes a single scalar őeld with minimal coupling to

gravity, driving the accelerated expansion and decaying into radiation, which starts

the radiation-dominated era.

To provide a broader context for the rest of the thesis, particularly chapter 4,

it is helpful to brieŕy mention additional technical aspects, including the generation

of isocurvature perturbations and scenarios involving non-minimal coupling of the

inŕaton to gravity.

3.2.3.1 Isocurvature perturbations

Single-őeld inŕation predicts the generation of adiabatic perturbations, where different

regions of the Universe have varying overdensities, but the fractional density pertur-

bations are consistent across all species (baryons, CDM, photons, neutrinos). This is
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Figure 3.5: Decomposition of an arbitrary perturbation into adiabatic (δσ) and en-
tropy (δs) components, with the angle of the tangent to the background trajectory
denoted by α. Figure adapted from Ref. [56].

expressed by the adiabatic condition

δρb
ρb

=
δρc
ρc

=
3

4

δργ
ργ

=
3

4

δρν
ρν

, (3.38)

with similar relations for velocities. This arises because inŕation is driven by a sin-

gle őeld, and each patch of the Universe during inŕation is uniquely determined

by the őeld’s value, which governs a single temperature ŕuctuation controlling the

densities. This is the reason of the factor 3/4 since ργ,ν ∼ T 4 and ρb,c ∼ mT 3. Pre-

cise observations of the CMB conőrm the adiabatic nature of perturbations, limiting

non-adiabatic contributions to be at most a percent-level fraction of the adiabatic

ones [52].

In scenarios involving multi-őeld inŕation, it is possible to have ŕuctuations among

different particle species that violate Eq. (3.38). Additionally, particle number per-

turbations can occur between species, keeping the total δρ equal to zero. These

ŕuctuations are known as isocurvature perturbations because they primarily affect

the entropy of the system. Graphically, considering two canonically-normalized inter-

acting őelds U and V , the adiabatic perturbation δσ corresponds to the component

of the two-őeld perturbation vector aligned with the background őelds’ evolution. On

the other hand, ŕuctuations perpendicular to the background classical trajectory rep-
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resent the isocurvature perturbations δs [56, 57]. Refer to Fig. 3.5 for an illustration.

3.2.3.2 Non-minimal coupling to gravity

The most favored inŕationary models based on data have a non-minimal coupling

of the inŕaton to gravity. In the Jordan frame, in which the gravitational constant

varies with time due to the evolution of the inŕaton ϕ, the Lagrangian is given by [6]

LJ =
√−gJ

[

1

2
RJ(m

2
P l + ξϕ2) +

1

2
(∂ϕ)2 − V (ϕ)

]

. (3.39)

To better understand the cosmology, we transition to the Einstein frame by per-

forming a Weyl rescaling of the metric

gµνE =
gµνJ
Ω2

, Ω2 = 1 + ξϕ2/m2
P l . (3.40)

This transformation results in a complicated kinetic term for ϕ, and the canonically

normalized inŕaton χ is related to ϕ by

dχ

dϕ
=

√

Ω2 + 6ξ2ϕ2/m2
P l

Ω4
. (3.41)

In the Einstein frame, the Lagrangian takes the form

LE =
√−gE

(

1

2
m2
P lRE +

1

2
(∂χ)2 − V

Ω4

)

, (3.42)

which leads to a convex potential V favored by Planck data.

3.3 Baryogenesis

In the context of inŕation, the presence of the baryon asymmetry of the Universe

(BAU) today (see section 3.1.3) suggests that the process responsible for its origin

occurred after inŕation. This is because any preexisting asymmetry would have been

diluted by a factor of approximately e−3N , where N is the number of e-foldings.
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There are three necessary conditions, known as the Sakharov conditions [58], for

creating the BAU (see also Refs. [59ś61]). These conditions are:

1. Baryon number (B) violation;

2. Out-of-equilibrium decay;

3. Symmetry violation of charge conjugation (C) and charge conjugation combined

with parity (CP ).

Let us brieŕy discuss the importance of satisfying these three requirements before

introducing one of the most popular models for generating the BAU: leptogenesis.

3.3.1 B violation

In section 2.4.1.1, we discovered that baryon and lepton numbers are accidental global

symmetries in the SM. These symmetries are deőned by the quantities

B =

∫

d3x J0
B(x) , L =

∫

d3x J0
L(x) , (3.43)

where J0
B(x) and J0

L(x) are the zeroth components of the currents [62]

JµB =
1

3

Nf
∑

i

(

q̄Li
γµqLi

− ūcLi
γµucLi

− d̄cLi
γµdcLi

)

,

JµL =

Nf
∑

i

(

ℓ̄Li
γµℓLi

− ēcLi
γµecLi

)

.

(3.44)

Here, Nf = 3 is the number of fermion generations, qL is the SU(2)L quark doublet,

while ucL and dcL refer to the right-handed quarks. Similarly, ℓL is the SU(2)L lepton

doublet and ecL is the right-handed charged lepton.

While B and L in Eq. (3.43) are conserved at tree-level, they are not quantum-

mechanically because of the Adler-Bell-Jackiw (ABJ) triangle anomaly (also known

as chiaral anomaly) [63, 64]. In fact, the divergences of the currents in Eq. (3.44) do

not vanish [65]

∂µJ
µ
B = ∂µJ

µ
L =

Nf

64π2
g2ϵµναβW a

µνW
a
αβ , (3.45)
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in the presence of a background SU(2)L gauge őeld with őeld strength Wµν and cou-

pling constant g. The quantity ϵµναβ is the Levi-Civita tensor. This equation reveals

that the combination (B−L) is a conserved charge, but (B+L) is not. Although the

violation of the (B + L) symmetry is not observed in perturbative processes [66], it

has signiőcant implications in the early Universe, where non-perturbative processes

could have occurred.

The violation of (B + L) can be understood by examining the vacuum structure

of the SU(2) gauge theory with spontaneously broken symmetries. Changes in B and

L numbers are related to changes in the topological charge of the gauge őeld W a

between two pure-gauge conőgurations (i.e. with W a
µν = 0 and zero energy) at initial

time ti and őnal time tf [62, 66]. This relationship can be expressed as

B(tf )− B(ti) =

∫ tf

ti

dt

∫

d3x ∂µJ
µ
B

= Nf [NCS(tf )− NCS(ti)]

= Nf ∆NCS ≡ n ,

(3.46)

where n is an integer known as the winding number and NCS represents the topological

charge or Chern-Simons number [67], deőned by [66]

NCS =

∫

d3xK0 , Kµ =
g2

32π2
ϵµναβ

(

F a
ναA

a
β −

g

3
ϵabcA

a
νA

b
αA

c
β

)

. (3.47)

The presence of different pure-gauge conőgurations with different Chern-Simons num-

ber implies the existence of inőnitely many degenerate ground states characterized

by ∆NCS = ±1,±2, . . . . To transition between these vacua, one must pass through

conőgurations with non-vanishing őeld strength and energy, resulting in a potential

barrier between each vacuum state. This barrier, depicted in the left panel of Fig. 3.6,

has a height given by Esph ≃ 8π⟨H(T )⟩/g, where ⟨H(T )⟩ is the Higgs őeld VEV at

temperature T , and ⟨H(0)⟩ = v̄ with v̄ = v/
√
2 ≈ 174 GeV [66].

At zero temperature, vacuum-to-vacuum transitions occur only through tunneling,

known as instanton conőgurations [65]. The tunneling rate per unit volume, estimated
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Figure 3.6: Left : Energy dependence of gauge őeld conőgurations with respect to the
Chern-Simons number. Each minimum represents a valid perturbative vacuum state,
while the instanton conőguration determines the probability of tunneling between
adjacent vacua. Sphalerons correspond to the potential’s maxima (saddle points).
Inspired by Ref. [68]. Right : Sphaleron transition conserving (B−L). Figure adapted
from Ref. [69].

as Γinst/V ∼ v4 e−2S ∼ v4 e−16π2/g2 ∼ 10−160 v4 [6], is extremely small and unlikely to

occur within the age of the Universe.

However, in the early Universe when all species were in thermal equilibrium, tran-

sitions between gauge vacua could occur through thermal ŕuctuations over the energy

barrier instead of tunneling [70]. These transitions involve sphalerons, which are non-

perturbative static őeld conőgurations that correspond to unstable solutions to the

equation of motion [71] (see left panel of Fig. 3.6). Sphalerons allow for (B + L)-

violating processes with a signiőcant rate, as they are suppressed only by powers of

the weak gauge coupling g instead of exponential suppression.

During these transitions, the baryon and lepton numbers change by multiples of

Nf = 3 units within the SM, as suggested by Eq. (3.46), resulting in the spontaneous

production of 9 left-handed quarks (each quark has B = 1/3) and 3 left-handed

leptons (each lepton has L = 1), one per generation [62, 66]. The associated Feynman

diagram is displayed in the right panel of Fig. 3.6. The sphaleron rate per unit volume

for T ≲ TEW ≃ O(100 GeV) is given by [72]

Γsph

V
≃ O(1)

(

Esph

T

)3(
MW (T )

T

)4

T 4 e−Esph/T , (3.48)
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where MW (T ) is the temperature-dependent W boson mass. On the other hand, for

T ≳ TEW it is approximately [73]

Γsph

V
≃ 10−6 T 4 . (3.49)

In a thermal volume V ∼ T−3, containing on average one particle of each type in the

early-Universe plasma, the sphaleron rate scales as ∼ T , which should be compared

to the Hubble rate H ∼ T 2/mP l. As a result, sphalerons come into equilibrium for

T ≲ 1013 GeV and go out of equilibrium at the electroweak phase transition when

the exponential suppression becomes effective [66]. Therefore, one of the criteria

for baryogenesis, namely B violation, is already present in the SM if the reheating

temperature Trh ≳ TEW following inŕation.

In addition to the source of B violation within the SM, beyond-SM theories can

naturally include interactions that violate baryon number. Grand Uniőed Theory

(GUT) models are a prominent example. In GUTs, where the strong and electroweak

interactions are uniőed, quarks and leptons often belong to the same irreducible

representation of the gauge group. This allows gauge bosons to mediate interactions

that transform quarks into leptons or antiquarks, leading to B violation [5].

3.3.2 Out-of-equilibrium decay

To generate and preserve the BAU, it is necessary to deviate from thermal equilib-

rium, because equilibrium processes have equal rates for their forward and backward

reactions.

As discussed in section 2.5.2, a rule-of-thumb criterion to determine whether a

particle physics process is in equilibrium in an expanding Universe is to compare

the Hubble rate H with the dominant particle interaction rate Γ. In the context of

baryogenesis, Γ corresponds to the decay rate, as decays typically regulate the relative

number of particles and antiparticles.

By solving the Boltzmann equations for the number densities of particle and an-
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tiparticle species, considering an asymmetry parameter ϵ deőned as [5]

ϵ =
∑

f

Bf
Γ(X → f)− Γ(X̄ → f̄)

ΓX
, (3.50)

where the sum runs over all őnal states f with baryon number Bf and ΓX is the

total decay width of particle X, it can be shown that the net baryon abundance YB

is directly proportional to ϵ. Most importantly, it is non-negligible whenever Γ ≪ H,

indicating that the system is out of equilibrium [6].

3.3.3 C and CP violation

The presence of B-violating interactions alone is not sufficient to generate a non-

zero baryon asymmetry ϵ, unless both C and CP are violated. In particular, C

violation ensures that the processes producing more baryons than anti-baryons are

not counterbalanced by those producing more anti-baryons than baryons. Similarly,

CP violation is necessary to prevent the equal production of left-handed baryons

and right-handed anti-baryons, as well as left-handed anti-baryons and right-handed

baryons.

Although C and CP violations are observed in the SM, particularly in the CKM

and possibly in the PMNS matrices [74] (see section 2.4.2.2), the amount of violation is

insufficient to explain the observed baryon asymmetry [75]. This requires the presence

of new physics processes beyond the SM.

Without delving into the speciőcs of any particular BSM model, there are three

fundamental requirements to ensure ϵ ̸= 0 [5]:

1. C and CP violations should arise from the interference of loop diagrams with

the tree-level diagram, necessitating the presence of complex coupling constants.

2. There must be at least two decaying particles that violate B, allowing for ad-

ditional interactions. This prevents the removal of all phases of the complex

couplings through őeld redeőnitions.
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3. The decaying particles must not be degenerate in mass to avoid complete can-

cellation of the baryon number produced by one particle with that produced by

the other.

For a concrete example illustrating these requirements, we refer to Ref. [6].

3.3.4 Leptogenesis

Leptogenesis is a popular scenario for explaining the BAU because it can also address

neutrino masses through the see-saw mechanism (see section 2.4.2.1).

The key elements involve introducing at least two families of heavy right-handed

neutrinos Nj, which are singlets under the SM gauge group. These neutrinos couple

to the lepton doublets and the Higgs őeld via Yukawa-like interactions described by

yν, ijL̄iH̃NR,j + h.c. . (3.51)

Integrating out the heavy Nj yields the Weinberg operator given by Eq. (2.57), with

zνij/ΛNP = (yνM
−1yTν )ij, where M represents the Majorana mass matrix of the heavy

neutrinos. This leads to a mass term of the form 1
2
MjN̄jN

c
j , which violates lepton

number by two units. After electroweak symmetry breaking, the SM neutrinos acquire

small Majorana masses given by

mν, ij = v2(yνM
−1yTν )ij . (3.52)

The out-of-equilibrium decays of Nj → LiH
c can generate a lepton asymmetry,

which can be partially converted into the baryon asymmetry through sphaleron in-

teractions, with YB ∼ −YL/3 [6]. Despite its simplicity as a theory of baryogenesis,

leptogenesis suffers from a proliferation of free parameters, mainly associated with the

phases in the Yukawa couplings yν, ij, making it challenging to test experimentally.
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4.0 Prologue

In the previous chapter, we discussed inŕation and baryogenesis as distinct events in

the Universe’s history. Notably, we emphasized that the BAU should have emerged

after the inŕationary phase to avoid being washed out. In this chapter, we will explore

the intriguing possibility of a shared origin for these two events.

Abstract

The Affleck-Dine mechanism in its simplest form provides baryogenesis from the out-

of-equilibrium evolution of a complex scalar őeld with a simple renormalizable poten-

tial. We show that such a model, supplemented by nonminimal coupling to gravity

can also provide inŕation, consistent with Planck constraints, simultaneously with the
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generation of the baryon asymmetry. The predictions of the model include signiőcant

tensor-to-scalar ratio and possibly baryon isocurvature ŕuctuations. The reheating

temperature is calculable, making the model fully predictive. We require color triplet

scalars for reheating and transfering the primordial baryon asymmetry to quarks;

these could be observable at colliders. They can also be probed at higher scales by

searches for quark compositeness in dijet angular distributions, and ŕavor-changing

neutral current effects.

4.1 Introduction

Theoretical mechanisms for baryogenesis abound and take many very different forms,

but one common attribute is that they occur at some cosmological epoch following

inŕation. This seems like a necessity, since exponential expansion should dilute any

preexisting baryon asymmetry. Warm inŕation provides an exception; see Ref. [1].

In this work we show that it is possible to generate the baryon asymmetry of the

Universe (BAU) during the course of ordinary cold inŕation, if the inŕaton carries

baryon number.

One of the earliest proposed baryogenesis mechanisms was that of Affleck and

Dine (AD) [2] in which a complex scalar őeld carrying baryon number can sponta-

neously create the BAU starting from őeld values displaced from the minimum of the

potential. A baryon-violating coupling is required to satisfy Sakharov’s requirements

[3]. Although the AD mechanism is most commonly implemented in supersymmetric

models whose potentials have nearly ŕat directions, it was originally demonstrated

using a simple renormalizable potential of the form

VJ = m2
ϕ|ϕ|2 + λ|ϕ|4 + iλ′(ϕ4 − ϕ∗4) (4.1)

in the seminal reference [2]. (We use the subscript to denote the Jordan frame since a

change of frames will be invoked below.) When λ′ = 0, the potential has a U(1) global

symmetry, that we will identify with baryon number. A generic initial condition such
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that ⟨ϕ⟩ ≠ 0 spontaneously breaks CP and thermal equilibrium, as also required by

Sakharov. The őeld winds around, at őrst generating baryon number, until Hubble

damping of ⟨ϕ(t)⟩ makes the λ′ interaction negligible, and baryon number becomes

conserved.

The same kind of potential could be used for a two-őeld version of chaotic inŕation

[4]. Constraints from the Planck experiment now disfavor chaotic inŕation with ϕ2

or ϕ4 potentials [5] since they predict too high tensor-to-scalar ratio r, given the

measured value of the scalar perturbation spectral index ns = 0.965±0.004. However

this problem can be cured by adding a nonminimal coupling to gravity (we write 2ξ

rather than ξ to agree with the usual convention for inŕation along a single component

of the complex scalar),

LJ =
m2
P

2
R
(

1 + 2ξ|ϕ|2
)

(4.2)

where mP = 2.44 × 1018 GeV is the reduced Planck mass, that we set to 1 unless

explicitly shown. This introduces a noncanonical kinetic term for ϕ upon Weyl-

transforming to the Einstein frame, and it ŕattens the potential at large őeld values

to make the predictions of the model compatible with Planck observations, in the case

of a real scalar őeld inŕaton [6, 7]. Our goal is to determine whether this can still hold

true for the two-őeld model, while at the same time generating the observed baryon

asymmetry. A potential issue is that isocurvature perturbations can be produced in

two-őeld models, and these are constrained by the Planck observations.

A similar idea was explored in Refs. [8, 9], using ŕat directions in supergravity

models as the inŕaton. Models with simpler potentials, more similar to the one we

consider, were studied in Refs. [10, 11]. All of these previous studies are in the context

of conventional chaotic inŕation, and do not address the problem that the predictions

of r versus ns are excluded by Planck data. Isocurvature ŕuctuations are considered

in Refs. [8, 10]. We disagree with the predictions of Ref. [8], which do not take

into account the decay of the entropy perturbation between the horizon crossing and

late times. The predictions of Ref. [10] for the power in entropy perturbations are

consistent with ours, being below observable levels, but in the following we point out
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that the correlation between adiabatic and entropy modes can be large enough to be

observed in current and upcoming CMB experiments.

4.2 Model

Equations (4.1) and (4.2) are sufficient to determine the inŕationary trajectory until

the epoch of reheating. It is convenient to make a Weyl rescaling of the metric,

gµν → Ω2gµν , with Ω2 = 1/(1 + 2ξ|ϕ|2). The Lagrangian in the Einstein frame,

including gravity, is then

LE =
1

2
R + Ω4

( |∂ϕ|2
Ω2

+ 3ξ2(∂|ϕ|2)2 − VJ

)

. (4.3)

Writing the complex scalar as ϕ = (X + iY )/
√
2 and ignoring spatial gradients, the

scalar kinetic term takes the form

Lkin =
1

2
Ω2(Ẋ2 + Ẏ 2) + 3Ω4ξ2(XẊ + Y Ẏ )2 (4.4)

with Ω2 = 1/(1 + ξ(X2 + Y 2)). Thus X and Y are not canonically normalized

őelds. Instead of reexpressing them in terms of such őelds, we will numerically solve

the equations of motion for X and Y to determine the predictions for inŕation and

baryogenesis. Details of deriving the őrst-order equations convenient for numerical

integration can be found for example in Ref. [12] [see Eqs. (2.100-2.101)]. We choose

initial conditions close to the inŕationary attractor solution, by setting the derivatives

of the canonical momenta ΠX = dL/dẊ, ΠY = dL/dẎ initially to zero.

More is needed in order to get reheating and transfer of the baryon asymmetry,

initially stored in ϕ, into quarks. A natural option for reheating is the Higgs portal

coupling λϕh|ϕ|2|H|2. However since we also need a coupling to quarks, it is simpler to

use the same interactions both for reheating and for transfer of the baryon asymmetry.

This can be accomplished by introducing three QCD triplet scalars Φi carrying baryon
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number 2/3, with couplings

VΦ = ϵabd
(

λ′′ ϕ∗ Φa
1Φ

b
2Φ

d
3 + y1Φ

a
1 ū

b
Rd

c,d
R + y2Φ

a
2 ū

b
Rd

c,d
R + y3Φ

a
3 d̄

b
Rd

c,d
R

)

+H.c. (4.5)

where a, b, d are color indices, the quarks are right-handed [SU(2)L singlets] and dcR

denotes the conjugate down-type quark. For simplicity we omit generation indices

on the quarks and the Yukawa couplings yi. These interactions allow for the decay

ϕ→ uudddd via virtual Φi exchange, and imply that ϕ carries baryon number 2. The

same conclusion holds if we choose Φ1ūRu
c
R and Φ2,3d̄Rd

c
R couplings instead of (4.5).

For small values of the λ′′ coupling, we can view reheating as occurring through

the perturbative decays ϕ→ Φ1 Φ2 Φ3, which rapidly thermalize with the quarks and

thereby the rest of the standard model degrees of freedom. Assuming that ϕ is much

heavier than Φi, the decay rate is

Γϕ =
3λ′′2

256π3
mϕ (4.6)

4.3 Inŕation + baryogenesis

An interesting aspect of our model is that the same parameters that inŕuence inŕa-

tionary observables can also affect the magnitude of the baryon asymmetry. Thus,

although we describe the two processes separately, a fully viable model depends upon

the interplay between the two.

4.3.1 Slow-roll parameters

Although we can solve for the inŕaton trajectories without reference to the canonically

normalized őelds, that we will denote by (U, V ), it is necessary to know them for

computing inŕationary perturbations. It is straightforward to diagonalize the kinetic
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term (4.4) at a given point in őeld space to őnd

(

Ẋ

Ẏ

)

=

(

cθ
sθ

−sθ
cθ

)(

e1
0

0

e2

)(

cψ
−sψ

sψ
cψ

)

(

U̇

V̇

)

≡ Z0Rψ

(

U̇

V̇

)

≡ Z

(

U̇

V̇

)

(4.7)

with e1 = Ω−1(1 + 6Ω2ξ2(X2 + Y 2))−1/2, e2 = Ω−1, θ = tan−1(Y/X). Then Lkin =

1
2
(U̇2 + V̇ 2). The matrix Z allows us to transform slow-roll parameters computed in

the original őeld basis (indices i, j) to those in the canonical basis (indices m,n):

ϵm =
(Zim ∂iVE)

2

2V 2
E

ηmn = ZimZjn
∂i∂jVE
VE

+ Zim∂iZjn
∂jVE
VE

(4.8)

where VE = Ω4VJ is the Einstein frame potential.

The extra rotation Rψ in Eq. (4.7) is not necessary for diagonalizing the kinetic

term, but it is required in order to be able to interpret Z as the Jacobian matrix

∂(X, Y )/∂(U, V ). If we omit Rψ so that Z = Z0, such an interpretation is not

generally consistent since then the relations

U,Y X = ∂X(Z
−1
0 )12 = ∂Y (Z

−1
0 )11 = U,XY

V,Y X = ∂X(Z
−1
0 )22 = ∂Y (Z

−1
0 )21 = V,XY (4.9)

may not be satisőed. We are free to set ψ = 0 at a given point in őeld space, such as

the point of horizon crossing, but not its derivatives. Equations (4.9) with Z0 → Z0Rψ

imply

(Z−1
0 )22 ψ,X − (Z−1

0 )21 ψ,Y = (Z−1
0 )12,X − (Z−1

0 )11,Y

−(Z−1
0 )12 ψ,X + (Z−1

0 )11 ψ,Y = (Z−1
0 )22,X − (Z−1

0 )21,Y .
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This has the solution

(

ψ,X
ψ,Y

)

= detZ0 (Z
−1
0 )T

(

(Z−1
0 )12,X − (Z−1

0 )11,Y

(Z−1
0 )22,X − (Z−1

0 )21,Y

)

= Ω2 e1e2
X2 + Y 2

(−Y
X

)

. (4.10)

The consistent identiőcation of Z with a Jacobian matrix ensures that ηmn is sym-

metric in mn, even though the second term in (4.8) is not explicitly symmetric. Then

we can write the second term in Eq. (4.8) as

∂iZ = (∂iZ0)Rψ + ψ,iZ0∂ψRψ . (4.11)

To compute the adiabatic perturbation spectrum and the tensor-to-scalar ratio,

we use the slow-roll formalism of Ref. [13], evaluating the slow-roll parameters (4.8)

along the numerically determined inŕationary solutions. This requires going from

the U, V basis of the canonical őelds to the σ, s basis of adiabatic/entropy directions,

deőned by

dσ = cαdU + sαdV

ds = −sαdU + cαdV (4.12)

with α = tan−1(V̇ /U̇). The rotated slow-roll parameters are given by [14]

ϵσ = (cα∂UVE + sα∂V VE)
2/(2V 2

E)

ϵs ∼= 0

ησσ = c2αηUU + 2cαsαηUV + s2αηV V

ηss = s2αηUU − 2cαsαηUV + c2αηV V

ησs = cαsα(ηV V − ηUU) + (c2α − s2α)ηUV (4.13)

Then to leading order in the slow-roll expansion, the scalar spectral index and tensor-
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model mϕ/mP λ λ′ ξ λ′′ X0 Y0 Ntot N∗ ns r TRS
1 6.43× 10−7 8.73× 10−12 6.89× 10−13 5.96× 10−2 8.67× 10−5 18.4 6.63 65 53.1 0.962 1.4× 10−2 9× 10−2

2 4.67× 10−7 3.49× 10−11 6.68× 10−13 0.180 2.93× 10−5 23.7 0.91 146 52.0 0.961 7.2× 10−3 4× 10−5

Table 4.1: Parameters and initial values for two benchmark models, including the total
number of e-foldings of inŕation Ntot, number of e-foldings before horizon crossing
N∗, spectral index ns (evaluated at k∗ = 0.05Mpc−1), tensor-to-scalar ratio r and off-
diagonal transfer matrix element TRS, which is a measure of the correlation between
adiabatic and isocurvature perturbations.

to-scalar ratio are [13]

ns = 1− (6− 4c2∆)ϵσ + 2s2∆ησσ + 4s∆c∆ησs + 2c2∆ηss

r = 16ϵσ (4.14)

where c∆ = −2C ησs, s∆ = +
√

1− c2∆, C = 2 − ln 2 − γ ∼= 0.73 (γ is the Euler

constant), and the derivatives of VE with respect to U and V are computed similarly

to Eq. (4.8). Including the effect of isocurvature modes (TRS), which we will explain

below, the scalar amplitude is

As =
V∗

24π2 ϵσ
[1− 2ϵσ + 2C (3 ϵσ − ησσ − 2ησsTRS)] (4.15)

with V∗ = VE evaluated at horizon crossing and we have neglected terms of order

T 2
RS.

We searched the parameter space via Markov Chain Monte Carlo (MCMC) to őnd

models in agreement with Planck constraints on As, ns, r and the baryon asymmetry

(discussed below). Two benchmark models are identiőed in Table 4.1. The correlation

of r with ns is shown over the interval N∗ = (50, 60) e-foldings, for several values of

ξ and őxed values of the potential parameters corresponding to the two benchmark

models in Fig. 4.1.

On each curve a heavy dot is indicated to show the prediction of the model, for the

chosen value of λ′′, that determines the reheating temperature and thus the number

of e-foldings N∗ between horizon crossing and the end of inŕation. The value of N∗
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Figure 4.1: Scalar-to-tensor ratio versus spectral index for several values of the non-
minimal coupling ξ, varied around the parameters of models 1 (left) and 2 (right)
given in Table 4.1. The pivot scale is k∗ = 0.002Mpc−1 for comparison with the
Planck 1 σ and 2 σ allowed regions. The number of e-foldings between horizon cross-
ing and the end of inŕation, N∗, is allowed to vary between 50 and 60, but the deőnite
values shown by the solid dots are predicted by making a speciőc choice of λ′′. The
dependence on λ′′ is shown on the ξ = 0.07 curve for model 1.

is determined by solving Eq. (47) of Ref. [5] (see also Ref. [15]),

N∗ = 67− ln

(

k∗
H0

)

+
1

4
ln

(

V 2
∗

m4
Pρend

)

+
1

12
ln

(

ρrh
g∗ρend

)

(4.16)

where H0 is the Hubble constant today, ρend is the energy density at the end of

inŕation, g∗ = 106.75 + 18 (counting the extra degrees of freedom from the colored

scalars), and the reference scale k∗ = 0.002Mpc−1 for comparison with the Planck

preferred regions in the ns-r plane. The energy density at the time of reheating is

ρrh = 4
3
Γ2
ϕm

2
P , as explained below Ð see Eq. (4.24); this makes N∗ depend upon

λ′′ as N∗ ∼ 1
3
lnλ′′. Since V∗ appears in Eq. (4.16) but also depends upon N∗, we

rescale the parameters of the potential while iteratively determining N∗, keeping

As = e3.044×10−10 őxed to the observed central value [5]. To illustrate the dependence

on λ′′, we indicate two other horizon-crossing positions on the ξ = 0.07 curve of

model 1, for larger and smaller values of λ′′. The relation between λ′′ and the reheat

temperature will be discussed in Sec. 4.3.3.

The strong correlation between the tensor ratio r and the nonminimal coupling ξ

is also clearly seen in the larger sample of models from two MCMC chains, Fig. 4.2
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Figure 4.2: Scatter plots from the MCMC search of parameter space. Left: correlation
of r with χ. Right: correlation of r (evaluated at k∗ = 0.002Mpc−1) with ns (at
k∗ = 0.05Mpc−1). Black versus red points correspond to two different chains as
described in the text.

(left). The points shown have a total χ2 < 10, deőning χ2 in the usual way in terms

of the observables r, ns and ηB,

χ2 =
∑

i

(xi − x̄i)
2

δx2i
(4.17)

summed over observables xi with central value x̄i and experimental error δxi. The

black points come from a chain where the experimental limit on r was somewhat

relaxed. The correlation between r and ns within the chains is also notable, as shown

in Fig. 4.2 (right). In both plots, one can notice a population of models scattered

away from the main trends. These are special cases in which the total number of

e-foldings of inŕation are not much greater than the minimum required, Ne ∼ 60. We

will discuss these cases in more detail below.

4.3.2 Isocurvature ŕuctuations

During inŕation, the components of the canonically normalized őelds U, V can ŕuctu-

ate by orderH/(2π), whereH is the Hubble parameter. Fluctuations dσ normal to the

inŕaton trajectory are entropy modes, and they could become observable isocurvature

ŕuctuations if they decay into different species than the adiabatic ŕuctuations, that
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are parallel to the trajectory. The relation between adiabatic/entropy perturbations

and the canonical őeld ŕuctuations is given in Eq. (4.12).

To őnd the observable entropy ŕuctuations, we need to compare (dσ, ds) to the

directions in őeld space that correspond to baryon number ŕuctuations dB, and the

orthogonal direction, that will be related to (dU, dV ) through some different rotation

angle β. Numerically we őnd that β ∼= 0 during inŕation, implying that the entropy

perturbations are purely in the baryon number (compensated by radiation) to a good

approximation, known as BDI (baryon density isocurvature). This can be seen start-

ing from the deőnition of baryon density from the zeroth component of the baryon

current carried by ϕ,

nB = j0B = −2i(ϕϕ̇∗ − ϕ∗ϕ̇) = 2(Y Ẋ −XẎ ) (4.18)

leading to the ŕuctuation

δnB = 2(Ẋ δY − Ẏ δX) + . . . (4.19)

where the omitted terms are subleading in the slow-roll approximation. The direction

of the ŕuctuation (4.19) turns out numerically to be very nearly orthogonal to the

inŕaton trajectory in őeld space. Although both σ and s decay into quarks during

reheating, only s decays encode the baryon asymmetry, whereas σ decays equally into

quarks and antiquarks, that thermalize with the rest of the SM degrees of freedom.

We closely follow the formalism of Ref. [13] (see also Ref. [14]) to compute the

power in isocurvature. The main task is to numerically solve the equations for the

evolution of the perturbations dU, dV between horizon crossing and the end of inŕa-
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tion,

dU ′′ = −C1dU
′ − 3(η̄UUdU + η̄UV dV ) + U ′dC

+ (U ′2)′dU + (U ′V ′)′dV

dV ′′ = −C1dV
′ − 3(η̄V V dV + η̄UV dU) + V ′dC

+ (V ′2)′dV + (U ′V ′)′dU (4.20)

and to relate them to the adiabatic/isocurvature perturbations dσ, ds using Eq. 4.12).

Here primes denote d/dNe, C1 = 3+H ′/H, and dC = C1(U
′dU +V ′dV ). The barred

parameters η̄ij are deőned as in Eq. (4.8), except that we divide by the total energy

density ρ = 3H2 instead of VE, so that the equations remain valid even when the

slow-roll approximation is not.

The transfer function for the curvature (adiabatic) and entropy perturbations is

a matrix
(

TRR
TSR

TRS
TSS

)

(4.21)

that relates the amplitudes of (dσ, ds) at horizon crossing to those at a later time,

after inŕation. We can get the matrix elements by solving the system (4.20) from

the respective initial conditions (dσ, ds) = (1, 0) and (0, 1). The results are shown

for the two benchmark models in Fig. 4.3. The adiabatic perturbation is conserved,

resulting in TRR = 1, and the TSR element is always very small, in accordance with

the slow-roll prediction TSR = 0 [13], meaning that there is negligible conversion of

entropy to adiabatic modes.

Numerically it is difficult to evolve the transfer matrix deep into the post-inŕationary

phase, because of the fast oscillations of the őelds. However since the solutions be-

come quite smooth at this point, it seems reasonable to extrapolate them into the

reheating era. Hence we have assumed that TRR and TRS continue to stay constant,

and that TSR and TSS remain negligibly small, as Fig. 4.3 suggests. Once the inŕaton

decays, both adiabatic and entropy modes (which are approximately aligned with the

modulus and phase of ϕ) will decay into quarks and antiquarks. The only difference
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Figure 4.3: Evolution of transfer matrix elements for the adiabatic and isocurvature
perturbations, versus number of e-foldings, for models 1 and 2 from Table 4.1.

between the two modes is that the isocurvature modes are also correlated with baryon

number, which is conserved by this time, so that the baryon asymmetry encoded in

s is preserved during the decays.

For all cases in our MCMC, the entropy autocorrelation TSS ≪ 0.1 is too small

to be observable, but in some cases like in model 1, the cross-correlation TRS is

signiőcant. It is related to the correlation angle, which to leading order in slow-roll

parameters is given by [13]

cos∆ =
TRS

√

1 + T 2
RS

(4.22)

which is constrained by Planck as | cos∆| ≲ 0.1-0.3, depending upon pivot scale k∗

and which datasets are combined. (Reference [5] notes that the constraints on BDI

correlation are the same as for cold dark matter isocurvature.) Therefore model 1 is an

example where the predicted BDI correlation is close to the experimental sensitivity.

The models with large BDI require somewhat special initial conditions, in which

the total duration of inŕation is not more than ∼ 80 e-foldings. This is because sig-

niőcant curvature of the inŕaton path in őeld space is needed during horizon crossing

for generating isocurvature. Models with long periods of inŕation tend to have such

curvature earlier than horizon crossing, subsequently becoming nearly linear and thus

resembling single-őeld inŕation. This is illustrated for the two benchmark models in

Fig. 4.4, that shows the őeld trajectories and horizon crossing points. It is further
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Figure 4.4: Inŕaton trajectories in őeld space for the benchmark models. Horizon
crossing is indicated by the heavy dot.

borne out by Fig. 4.5, showing the correlation between |TRS| and total number of

e-foldings Ntot for models within an MCMC chain satisfying χ2 < 10. On the other

hand, models like our benchmark model 2, having longer periods of inŕation, lead

to predictions that are relatively insensitive to the initial conditions, since the őeld

trajectory settles into a unique trough in the potential.

4.3.3 Baryogenesis and reheating

To compute the baryon asymmetry, we use the baryon density stored in ϕ, Eq. (4.18).

It is convenient to compare this to the number density of ϕ particles, prior to reheat-

ing,

nϕ =
ρϕ
mϕ

(4.23)

since the ratio η = nB/nϕ reaches a constant value that we denote as ηe at the end

of inŕation, during the period of ϕ oscillations around the minimum of the potential.

The time evolution of η is illustrated for model 1 in Fig. 4.6.

Reheating occurs at the time trh = 1/Γϕ where Γϕ is the decay width of ϕ. Deőning
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Figure 4.5: Scatter plot of isocurvature correlation |TRS| versus the total number of
e-foldings of inŕation Ntot from the MCMC.

nϕ = nϕ,e at the end of inŕation (t = te), nϕ at the time of reheating will be

nϕ,rh = nϕ,e

(

ae
arh

)3

=
nϕ,e

(

1 + 3
2

√

mφnφ,e

3m2
P

(trh − te)
)2

∼=
4m2

P Γ2
ϕ

3mϕ

(4.24)

where we used the fact that the ϕ oscillations matter-dominate the Universe until

reheating, and trh ≫ te. The value of nϕ,rh is independent of nϕ,e, so long as the latter

is large enough to provide sufficient expansion of the Universe prior to reheating. This

will be true if the energy density at the end of inŕation is much greater than that at

reheating.

The baryon-to-entropy ratio at reheating is given by

ηB = ηe
nϕ,rh
s

(4.25)
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with s = (2π2/45)g∗T
3
rh and reheat temperature [16]

Trh =

(

90

π2 g∗

)1/4

(ΓϕmP )
1/2

= 1.7× 1014 GeV

(

λ′′

10−2

)(

mϕ/mP

5× 10−7

)1/2

(4.26)

Including a factor of 36/111 [17] for the reduction of baryon number by redistribution

into lepton number by sphalerons, it follows that

ηB ∼= 6.1× 10−4 ηe λ
′′

(

mP

mϕ

)1/2

(4.27)

which is conserved into the late Universe. The measured value is ηB = 8.6 × 10−11

[18].

The coupling λ′′ should be small in order to justify the perturbative reheating

assumption, but from the point of view of technical naturalness, it need not be very

small. A three-loop diagram involving λ′′ renormalizes the λ|ϕ|4 interaction, giving

the estimate

λ′′ ≲ (16π2)3/4(λ/36)1/4 ∼= 0.05 (4.28)

to avoid destabilizing the inŕationary potential by quantum corrections.
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The baryon asymmetry generated during inŕation depends sensitively on the value

of the B-violating coupling λ′. In Fig. 4.7 we again show how ηB evolves with Ne

from the beginning of inŕation until shortly after it ends, but for a range of different

values of the baryon-violating coupling λ′. The effect of the ϕ oscillations can be seen

brieŕy around Ne = 65, but these are quickly Hubble-damped and ηB settles to a

constant value that we have identiőed as ηe in Eq. (4.25). The dependence of the

őnal baryon asymmetry is not monotonic. At őrst this may be surprising, since one

can derive the time-dependence of nB from the inŕaton őeld equations,

ṅB = 2i(ϕ∗ϕ̈− ϕ̈∗ϕ) = −3HnB + 4λ′(ϕ4 + ϕ∗4) (4.29)

However one őnds that λ′ has an important effect on the background inŕaton trajec-

tory, which explains the nonlinear dependence. This is illustrated in Fig. 4.8. Hence

the processes of inŕation and baryogenesis are nontrivially intertwined in our model:

adjusting λ′ can affect not only ηB but also the inŕationary observables.

The effects of B violation after inŕation are negligible. At low energies, integrating

out ϕ and Φi leads to a dimension-36 operator involving 24 quarks. It could induce

conversion of four neutrons into their antiparticles in a neutron star, but the rate is
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far too small to be signiőcant. In the early Universe, we must check that the ∆B = 8,

Φ12
i operator induced by ϕ exchange is out of equilibrium, to avoid washing out the

B asymmetry. The rate can be estimated as

Γ∆B=8 ∼
λ′2λ′′8T 17

m16
ϕ

≲
T 2

mP

(4.30)

By demanding that the decoupling temperature exceed the reheat temperature Trh

in Eq. (4.26), we őnd a constraint

λ′′ ≲ 20
m

17/46
ϕ

(λ′)2/23
∼ 1.5 (4.31)

which is more lenient than the consistency requirement (4.28).

4.4 Particle physics implications

The colored scalars Φi can have observable effects at low energies. If sufficiently light,

they can be pair-produced at LHC. The Yukawa interactions in Eq. (4.5) have the

same form as R-parity violating coupling of squarks to quarks in supersymmetric mod-

els, leading to various mass exclusions in the range 80-525GeV [19] or 100-600GeV
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system K0-K̄0 K0-K̄0 B0-B̄0 B0
s -B̄

0
s

coefficient mΦ3
Re[y3,dd y

∗
3,ss]

−1/2 mΦ3
Im[y3,dd y

∗
3,ss]

−1/2 mΦ3
|y3,dd y∗3,bb|−1/2 mΦ3

|y3,ss y∗3,bb|−1/2

limit 1.1× 103 TeV 2.1× 104 TeV 990TeV 245TeV

Table 4.2: Lower limits from meson-antimeson mixing on parameters entering the
Wilson coefficients of four-quark operators from integrating out the heavy color triplet
Φ3.

[20], depending upon the ŕavor structure of the couplings.

However heavier colored scalars can be probed indirectly, using an effective őeld

theory description where they are integrated out to give dimension-six, four-quark

operators. For baryogenesis, the ŕavor structure of the new Yukawa couplings was

not important, but at low energies it can have an observable effect on the angular

distributions of jets at LHC, or ŕavor-changing neutral-currents like meson-antimeson

oscillations. Using chiral Fierz identities [21], the effective Lagrangian is

L = −
∑

A=1,2

δaebd
yA,ijy

∗
A,kl

2m2
ΦA

(ūai γ
µPRuk,b)(d̄

e
jγµPRdl,d)

− y3,iiy
∗
3,jj

m2
Φ3

(d̄ai γ
µPRdj,a)(d̄

b
iγµPRdj,b) (4.32)

where a, b, d, e are color indices, i, j, k, l label ŕavor, and PR projects onto right-handed

chirality. In the bottom line we have specialized to the case where i ̸= j and the

operator contributes to meson-antimeson oscillations, since these combinations are

much more severely constrained than the ŕavor-diagonal ones, or those connecting

mesons of different masses.

From dijet angular distributions, the CMS Collaboration őnds a limit of [22]

(

m2
Φ

yy∗

)1/2

≳ 7TeV (4.33)

for ŕavor-diagonal operators, presumably of the őrst generation (since the limit on

higher-generation quarks will be somewhat weakened by parton distribution func-

tions). However K0-K̄0, B0-B̄0 and B0
s -B̄

0
s mixing give more stringent constraints

[23], shown in Table 4.2.
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4.5 Conclusions

We have studied a new model of inŕation with the novel feature that the inŕaton

carries baryon number, and it can produce the baryon asymmetry via the Affleck-Dine

mechanism, mostly during inŕation, with relatively small evolution over the few e-

foldings after inŕation ends. It is a simple but complete model, including a calculable

perturbative reheating mechanism that allows one to make deőnite predictions for the

inŕationary observables, given a set of input parameters. One testable prediction is

that the tensor-to-scalar ratio r is likely to be observable, depending upon the value

of the nonminimal coupling of the inŕaton to gravity. For the values ξ ∼ 0.01 − 1

considered in this work, we have found r > 0.004, which is within the sensitivity

of upcoming CMB experiments. For example LiteBIRD will probe values down to

r ∼ 10−3 [24].

Since ours is a two-őeld inŕation model, another possible signal is correlated

baryon isocurvature-adiabatic ŕuctuations that have been constrained by the Planck

Collaboration. We have found that these can occur at an observable level if the to-

tal duration of inŕation did not greatly exceed the canonical minimum number of

e-foldings, Ntot ∼ 60. In this case the inŕaton trajectory can turn signiőcantly in

őeld space around the time of horizon crossing. We are not aware of other models in

the literature that predict baryon isocurvature perturbations.

The model relies upon new colored scalar particles in order to transfer the baryon

asymmetry from the inŕaton to the standard model quarks. These could have observ-

able effects in laboratory experiments if sufficiently light, even at the scale of 104 TeV

for K0-K̄0 oscillations. The colored scalars could also mediate purely hadronic rare

ŕavor-changing decays, that we have not considered here. The new source of baryon

violation needed for baryogenesis is however hidden at the high scale the inŕaton

mass ∼ 10−7mP , out of reach of laboratory probes.

We have considered only the simplest scenario for reheating. It is possible that

sufficiently large values of λ′′ could lead to more efficient reheating through parametric

resonance [16]. To our knowledge, this has not been previously studied for couplings
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of the form ϕΦ3 such as are present in our model. Moreover we have ignored the Higgs

portal coupling |ϕ|2|H|2 which could reduce the baryon asymmetry by producing extra

radiation. We leave these issues for future study.
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4.6 Note added

After publication, we realized that our initial claim of potentially large isocurvature

(DBI) perturbations for certain models was biased because we only considered one

BDI variable. 1 In addition to the correlation angle cos∆ in Eq. (4.22) [13]

cos∆ ≡ PRS
PRRPSS

≃ TRS
√

1 + T 2
RS

∼ TRS , (4.34)

the amount of BDI ŕuctuations is also characterized by the primordial isocurvature

fraction [13]

βiso(k) ≡
PSS(k)

PRR(k) + PSS(k)
≃ T 2

SS

1 + T 2
SS + T 2

RS

∼ T 2
SS . (4.35)

Here, PRR ∝ (1 + T 2
RS) and PSS ∝ T 2

SS are the auto-correlation power spectra for

the comoving curvature R = H δσ/σ̇ and isocurvature perturbation S = H δs/σ̇,

respectively, and PRS ∝ TRSTSS is the cross-correlation spectrum of R and S [14].

Moreover, δσ is the adiabatic and δs is the isocurvature perturbation related to those

for the canonically normalized őelds by Eq. (4.12) (see also Fig. 3.5), and TIJ are the

1We thank Jean-Samuel Roux for bringing this to our attention.
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transfer functions in Eq. (4.21). Both cos∆ and βiso(k) need to be evaluated at late

times to compare them with the Planck constraints [5]

| cos∆| ≲ 0.1− 0.3 , βiso(k∗ = 0.05 Mpc−1) ≲ 0.01− 0.3 . (4.36)

Since cos∆ and βiso(k) deőned in Eqs. (4.34) and (4.35) are not independent, we

expect a degeneracy between their experimental constraints. For instance, if isocur-

vature ŕuctuations are absent, TRS and TSS both go to zero (and hence PRS → 0

and PSS → 0), leading to cos∆ becoming indeterminate and βiso → 0. A similar

situation arises if only TSS → 0, independently of the value of TRS, as βiso → 0 and

cos∆ remains indeterminate and can assume large values.

Our analysis indicates that the entropy auto-correlation TSS ≪ 0.1 is too small to

be observed in all cases considered in our MCMC, implying βiso ≃ 0 and negligible

DBI perturbations. This conclusion remains independent of the value of cos∆, which

can still assume large values. Supporting evidence for this is presented in Table 14

of Ref. [5], where the Planck Collaboration őxes cos∆ = ±1 in certain inŕationary

models. While these scenarios are not ruled out, they yield tighter bounds on βiso.
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5.0 Prologue

The successful Affleck-Dine inŕation mechanism in producing the observed baryon

asymmetry of the Universe, as discussed in the previous chapter, motivates us to

explore its potential to address other issues within the ΛCDM model (presented in

chapter 3) and the SM of particle physics. This chapter demonstrates that by in-

corporating additional ingredients, a generalized Affleck-Dine inŕationary model can

naturally explain DM and neutrino masses, in addition to inŕation and baryogenesis.
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In the following paper, three concepts were referred to without elaboration, since

they are well known in particle physics:

• The principle of minimal ŕavor violation (MFV) dictates that all ŕavor and

CP -violating interactions should be tied to the known structure of the Yukawa

couplings [1].

• A pseudo- or quasi-Dirac heavy neutral lepton (NL, NR)
T is a pair of Majorana

heavy neutrinos, NL = N c
L and NR = N c

R, with a small mass splitting and a

relative CP -sign between the two states. Hence, NL ̸= N c
R and NR ̸= N c

L. In

the limit of mass degeneracy, it would correspond to a Dirac neutrino.

• The principle of naturalness, as deőned by ’t Hooft (or technical naturalness),

states that a quantity in nature should be small only if the underlying theory

becomes more symmetric as that quantity tends to zero [2]. This implies that

quantum corrections are less signiőcant than tree-level contributions.

Abstract

Recently a new model of łAffleck-Dine inŕationž was presented, that produces the

baryon asymmetry from a complex inŕaton carrying baryon number, while being con-

sistent with constraints from the cosmic microwave background. We adapt this model

such that the inŕaton carries lepton number, and communicates the lepton asymme-

try to the standard model baryons via quasi-Dirac heavy neutral leptons (HNLs) and

sphalerons. One of these HNLs, with mass ≲ 4.5GeV, can be (partially) asymmet-

ric dark matter (DM), whose asymmetry is determined by that of the baryons. Its

stability is directly related to the vanishing of the lightest neutrino mass. Neutrino

masses are generated by integrating out heavy sterile neutrinos whose mass is above

the inŕation scale. The model provides an economical origin for all of the major in-

gredients missing from the standard model: inŕation, baryogenesis, neutrino masses,

and dark matter. The HNLs can be probed in őxed-target experiments like SHiP,

possibly manifesting N -N̄ oscillations. A light singlet scalar, needed for depleting
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the DM symmetric component, can be discovered in beam dump experiments and

searches for rare decays, possibly explaining anomalous events recently observed by

the KOTO collaboration. The DM HNL is strongly constrained by direct searches,

and could have a cosmologically interesting self-interaction cross section.

5.1 Introduction

The standard model (SM) of particle physics is noted for being incomplete in numer-

ous ways. It could be argued that the most urgently missing elements are an inŕaton

(or other source of primordial density perturbations), a mechanism for baryogenesis,

dark matter (DM), and the origin of neutrino masses, since all of these relate to di-

rectly observed phenomena as opposed to problems of naturalness. It is tempting to

seek relatively simple new physics models that can simultaneously address several of

the missing pieces, or perhaps all.1

A notable example is the νMSM [4, 5], in which light sterile neutrinos can ac-

complish leptogenesis and provide a dark matter candidate while giving neutrino

masses. Higgs inŕation [6] can be invoked in this framework without needing any

additional particles. A similar mechanism of getting an inŕationary phase was also

implemented in the scotogenic model [7, 8] to simultaneously explain inŕation, dark

matter, baryogenesis and neutrino masses, by introducing a scalar inert doublet cou-

pled non-minimally to gravity and three right-handed neutrinos. Another example

is the SMASH model [9] that assumes heavy right-handed neutrinos to explain neu-

trino mass and thermal leptogenesis, while introducing minimal extra matter content

to produce axions as dark matter and a solution to the strong CP problem. The

extra scalar őeld needed for breaking Peccei-Quinn symmetry can combine with the

Higgs to give two-őeld inŕation in the early Universe. The idea of explaining neutrino

masses, baryon asymmetry, dark matter, inŕation and solving the strong CP problem

using three right-handed neutrinos and the extra őelds of the KSVZ axion model

1Ref. [3] provides a recent attempt in this direction, in which an inŕaton-like őeld is present,
although the details of inŕation are not yet worked out.
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[10] was originally presented in Ref. [11]. There, the Higgs őeld was identiőed as the

inŕaton and the electroweak vacuum was shown to be stable for several choices of

the model parameters. The problem of Higgs inŕation, which is known to reduce the

scale of perturbative unitarity breaking well below the Planck scale, was addressed

by coupling the Higgs őeld nonminimally to gravity [12].

In the present work we suggest another way of completing the standard model,

that does not rely upon leptogenesis as usually deőned (through the CP-violating out-

of-equilibrium decays of heavy neutrinos). The starting point is a model of inŕation

in which the Affleck-Dine mechanism [13] for creating a particle asymmetry occurs

during inŕation [14]. The asymmetry is originally stored in a complex inŕaton őeld,

that has the Lagrangian

L =
m2
P

2
R
(

1 + 2ξ|ϕ|2
)

+ |∂ϕ|2 −m2
ϕ|ϕ|2 − λ|ϕ|4 − iλ′(ϕ4 − ϕ∗4) (5.1)

(where mP is the reduced Planck scale) including a nonminimal coupling to gravity,

needed to ŕatten the potential at large |ϕ|, which makes the inŕationary predictions

compatible with Planck constraints [15]. In Ref. [14] we assumed that ϕ carried

baryon number, which was transferred to the SM quarks through colored scalar me-

diators. Here we consider the case where ϕ carries lepton number, hence giving a new

mechanism of leptogenesis. As usual, the resulting lepton asymmetry is transmitted

to the baryons through the sphaleron interactions of the SM.

The challenge for such an approach is to őnd a way of transferring the lepton

asymmetry from ϕ to the SM without it being washed out by the lepton-violating

effects associated with neutrino mass generation. Indeed, if ϕ decays to heavy right-

handed neutrinos that have large Majorana masses, the asymmetry gets washed out

immediately and the situation reverts to standard leptogenesis being required. This

suggests that ϕ should decay into quasi-Dirac neutrino mediators Ni, that mix with

the SM neutrinos to transmit the asymmetry. Among the Ni mediators, one can be

stable and constitute a species of asymmetric dark matter, getting its relic density

(partly) from the initial lepton asymmetry. The Ni are an example of heavy neutral
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leptons (HNLs), a class of hypothetical particles that is being widely studied both

theoretically and by upcoming experiments such as SHiP [16], MATHUSLA [17],

FASER [18] and CODEX-b [19].

To deplete the symmetric component of the DM to a viable level, it is necessary to

introduce a light mediator, which we take to be a scalar singlet s, so that NiN̄i → ss

annihilations are sufficiently strong. The DM can be fully or partially asymmetric de-

pending on the coupling strength gs. We will show that this interaction has interesting

implications for direct detection, and for hints of anomalous rare KL → π0+ invisible

decays that have recently been reported by the KOTO experimental collaboration

[20].

In our proposal, the HNLs do not explain the origin of light neutrino masses,

but we hypothesize that their couplings to the SM ν’s are related to those of the

superheavy Majorana νR’s that generate seesaw masses, by a principle similar to

minimal ŕavor violation (MFV) [1]. The setup thereby also addresses the origin of

neutrino mass and relates the HNL couplings to it in an essential way. Moreover

a direct link is made between the stability of the dark matter candidate and the

masslessness of the lightest SM neutrino.

In section 5.2 we specify the structure of couplings of the HNLs to the inŕaton

and SM particles, and its relation to neutrino mass generation. In section 5.3 we

discuss constraints on the couplings such that the lepton asymmetry from inŕation

is transferred to the SM particles without being washed out. It is shown how the

resulting baryon asymmetry determines the dark matter asymmetry and its mass.

The relations between light ν properties and the HNL couplings are presented in

section 5.4, and consequent predictions for the phenomenology of the HNLs. In

section 5.5 we compile the experimental limits on the light singlet s, and identify

a region of parameter space where the KOTO anomaly can be reconciled with DM

direct detection limits. The latter are considered in detail in section 5.6, where we also

treat the DM self-interactions and discuss possible DM indirect detection constraints.

The technical naturalness of our setup is demonstrated in section 5.7, followed by

conclusions in section 5.8. In appendix 5.A we derive the exact width for HNL decay
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into different-ŕavor charged leptons, which was given only in approximate form in

previous papers.

5.2 Model

We assume the inŕaton carries lepton number 2 (more correctly, B − L = −2 since

B−L symmetry is not broken by electroweak sphalerons), and couples to NN ŕavors

of quasi-Dirac HNLs as

gϕϕN̄L,iN
c
L,i + gϕϕN̄R,iN

c
R,i +H.c. (5.2)

NN is a free parameter; hereafter we take NN = 3, which is the minimal number

needed to get dark matter and the observed neutrino properties, through consistent

assumptions about the ŕavor structure of the neutrino sector that will be explained

presently. The HNLs couple to the SM lepton doublets as

ην,ijN̄R,iHLj (5.3)

At energy scales relevant for inŕation and below, it is consistent to assume that the

only source of lepton number violation is through a small Majorana mass ϵν for the

standard model neutrinos, which could be generated through the seesaw mechanism,

by integrating out very heavy right-handed neutrinos, with mass MνR above the scale

of inŕation. In the basis νL, N c
R, NL, the neutrino mass matrix is











ϵν ηTν v̄ 0

ην v̄ 0 MN

0 MN 0











(5.4)

where v̄ ∼= 174GeV is the complex Higgs VEV. We assume that ϵν has a ŕavor

structure that is aligned with the couplings in (5.3) as

ϵν = µ̄ν η
T
ν ην (5.5)
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where µ̄ν is a scale that we will constrain below. This alignment ensures the stabil-

ity of dark matter against oscillations with its antiparticle, if ην has one vanishing

eigenvalue. In order to justify the ansatz, we will show that it is radiatively stable,

due to an approximate SU(3) ŕavor symmetry for the Ni leptons, that is broken in

a minimal-ŕavor-violating (MFV) [1] manner, solely by the matrix ην . For exam-

ple, the ŕavor-diagonal couplings of the inŕaton to Ni could be perturbed by a term

proportional to ηνηTν without spoiling the viability of the framework.

By solving for the eigenvalues of (5.4), one őnds that the light neutrino part ϵν

induces a small Majorana mass matrix for the Ni’s of the form

δM =
v̄2

M2
N

ην ϵν η
T
ν (5.6)

that leads to Ni-N̄i oscillations. These are mildly constrained by the need for approx-

imate lepton number conservation during the generation of the lepton asymmetry

(apart from electroweak sphalerons), as we consider below.

5.3 Nonstandard leptogenesis and DM relic density

During inŕation ϕ gets an asymmetry determined mostly by the couplings in Eq. (5.1)

and to a smaller extent by the initial conditions of the inŕaton, which provide the

source of CP violation in the Affleck-Dine mechanism [13]. The details of asymmetry

generation at the level of ϕ are exactly the same as discussed in Ref. [14]. The

difference in the present work is that the ϕ asymmetry is transferred to the HNLs by

the decays ϕ → NN from the interaction (5.2). Whether reheating is perturbative

or proceeds by parametric resonance is not crucial to the present discussion, where

we assume that the created asymmetry results in the observed baryon asymmetry.

This can always be achieved by appropriate choice of the L-violating parameter λ′,

for example.2

2This observation is consistent with the results obtained by including the effects from nonlinear
preheating dynamics on the generation of matter-antimatter asymmetry in Affleck-Dine inŕationary
scenarios [21].
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5.3.1 Sharing and preserving the asymmetry

For simplicity, consider the case where gϕ is sufficiently small so that perturbative

decays are the dominant mechanism for reheating, with reheat temperature of order

TR ∼ gϕ(mϕmP )
1/2 ∼ 10−3gϕmP (5.7)

using the typical value mϕ ∼ 10−6mP identiőed in Ref. [14]. Even for rather small

values gϕ ≲ 0.01, this is well above the weak scale. Therefore it is easy for the HNLs to

equilibrate with the SM through the interaction (5.3), which transmits the primordial

B−L asymmetry to the SM. The dominant process is Ni (inverse) decays, whose rate

is Γd ∼= 10−3η2νT [22] for T ≳ 100GeV. Demanding that this comes into equilibrium

before sphalerons freeze out, we őnd the lower bound |ην | ≳ 4 × 10−7 on the largest

elements of ην,ij.

We demand that no L-violating effects from the operator λ′ϕ4 in Eq. (5.1) ever

come into equilibrium, since these would wash out the asymmetry. Above the scale

mϕ, this comes from ϕϕ → ϕ∗ϕ∗ scatterings with rate ∼ λ′2 T , that comes into

equilibrium at T ∼ λ′2mP ∼ 10−24mP , using the typical value λ′ ∼ 10−12 found in

Ref. [14]. This is far below mϕ, hence it never comes into equilibrium. Instead the

principal effect of λ′ is through the effective operator (λ′g4ϕ/m
8
ϕ)(N̄N

c)4 generated by

integrating out the inŕaton. This has a rate going as λ′2g8ϕm
−16
ϕ T 17, that goes out

of equilibrium at T ∼ [m16
ϕ /(λ

′2g8ϕmp)]
1/15. Demanding that this remains below the

reheat temperature gives an upper bound on gϕ,

gϕ ≲

(

mϕ

mP

)17/23(
1

λ′

)2/23

∼= 0.07 (5.8)

which is not prohibitive.

The only other L-violating process operative at scales below that of inŕation is

N -N̄ oscillations induced by the δM matrix elements (5.6). These would wash out the

B and L asymmetries if they were in equilibrium before sphaleron freezeout. The rate

of L violation is not simply the same as the oscillation rate ∼ 1/δM , because ŕavor-
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nondiagonal interactions of N with the plasma can measure the state of the oscillating

N -N̄ system before it has time to oscillate signiőcantly, damping the conversions of

N → N̄ . The effective rate of L violation can be parametrized as [23, 24]

Γ∆L ∼ M2
NδM

2

M2
NδM

2 + T 2Γ2
m

Γm (5.9)

where Γm is the rate of processes that destroy the coherence of the N -N̄ system. 3

For T > TEW ∼ 100GeV, (inverse) decays are dominant, but these quickly go out of

equilibrium as T falls below the mass of the Higgs boson. At temperatures somewhat

below TEW, the elastic (but ŕavor-violating)NL→ N̄L scatterings mediated by Higgs

exchange dominate, with Γm = Γel ∼ η4νT
5/m4

h. On the other hand, sphalerons are

safely out of equilibrium since they are exponentially suppressed by the Boltzmann

factor involving the sphaleron energy, which is above the TeV scale. Therefore it is

sufficient to show that the rate (5.9) is out of equilibrium in this case, to establish

that the washout process is innocuous. In other words, the following relation must

be satisőed
Γ∆L

H
∼ M2

NδM
2 m4

h mP

η4ν T
9
EW

< 1 (5.10)

In section 5.4 we will show that the light neutrino mass matrixmν is approximately

equal to ϵν , which is generated by integrating out heavy neutrinos though the usual

seesaw mechanism. This allows us to rewrite the HNL Majorana mass matrix δM in

Eq. (5.6) as δM ∼ v̄2η2ν mν/M
2
N ∼ U2

ℓimν where Uℓi is the mixing angle between HNLs

and light neutrinos. Plugging the latter in Eq. (5.10), the ην-dependence disappears

and we can get a lower bound on the HNL Dirac mass, MN ≳ 4 MeV. For higher

values of MN , the lepton-violating effects of δM are therefore too small to affect the

baryon asymmetry, but they can be observable in collider experiments that we will

discuss in section 5.4.

DM-antiDM oscillations for asymmetric DM have been considered in Refs. [25, 26].

They can potentially regenerate the symmetric component of the DM and lead to its

3We will introduce an additional elastic scattering channel mediated by a singlet scalar s below.
These ŕavor-conserving interactions are not relevant for decohering the N -N̄ oscillations [25].
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dilution through annihilations. We avoid these constraints by the relation (5.6) that

causes δM to vanish when acting on the N ′ DM state.

5.3.2 DM asymmetric abundance and maximum mass

The relic density for fully asymmetric DM is determined by its chemical potential,

which in our framework is related to the baryon asymmetry in a deterministic way,

since the DM initially has the same asymmetry as the remaining two HNLs. The

relation between the DM and baryon asymmetries can be found by solving the system

of equilibrium constraints, similarly to Ref. [27]. We generalize their network to

include the extra HNL species, that satisfy the equilibrium condition

µN = µh + µL (5.11)

from the ην interactions. Eq. (5.11) only applies to the unstable HNL species since

N ′ is conserved, and its chemical potential is őxed by the initial lepton asymmetry

µN ′ = 1
6
L0 (5.12)

The factor of 6 comes from having three HNL species, each with two chiralities. We

recall that L0 is determined by the inŕationary dynamics, and is especially sensitive

to the value of the coupling λ′. It is assumed that λ′ has been adjusted so that L0

takes the value needed to yield the observed baryon asymmetry, which we relate to

L0 in the following.

Repeating the analysis of [27] we őnd the following equilibrium relations (setting
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the W boson potential µW = 0 since T > TEW):

L = 13
3
µν + µh + 2µN ′

= 95
21
µν + 2µN ′

B = −4
3
µν

µuL = −1
9
µν , µh =

4
21
µν

µN = 11
21
µν (5.13)

where L,B are the respective total chemical potentials for lepton and baryon number,

µν is the sum of light neutrino chemical potentials, and µh is that of the Higgs. Since

B−L is conserved by sphalerons, we can relate these to the initial lepton asymmetry

L0 = 6µN ′ = (L − B): µν = 84
123
µN ′ , B = −112

123
µN ′ . This allows us to determine the

maximum mass of N ′ that gives the observed relic density:

mN ′ =MN ≤
∣

∣

∣

∣

B

µN ′

∣

∣

∣

∣

Ωc

Ωb

mn = 4.5GeV (5.14)

using the values Ωc = 0.265 and Ωb = 0.0493 from Ref. [28] and the nucleon mass mn.

The inequality (5.14) is only saturated if the symmetric DM component is sup-

pressed to a negligible level. Otherwise a smaller value ofmN ′ is needed to compensate

the presence of the symmetric component. We turn to the general case next.

5.3.3 Dark matter annihilation and relic density

In order to reduce the symmetric component of the DM to avoid overclosure of the

Universe, an additional annihilation channel is needed. The t-channel Higgs-mediated

annihilations N ′N̄ ′ → LL̄ are not strong enough, leading to ⟨σv⟩ ≲ 10−32 cm3/s, in

light of the bound |ην | ≲ 10−3 to be derived in section 5.4 below. We need an

additional particle with sufficiently strong couplings to the DM.

The simplest possibility is to introduce a singlet scalar s, with interactions

gssN̄iNi +
1
4
λs(s

2 − v2s)
2 + λhsh

2s2 (5.15)

165



that at tree level are diagonal in the Ni ŕavors, and lead to mixing of s with the

Higgs h. We will consider two cases: (i) ms < mN ′ so that N ′N̄ ′ → ss is allowed;

(ii) ms ≳ 2mN ′ so that there can be mild resonant enhancement of the s-channel

cross section for N ′N̄ ′ annihilation to standard model particles, through the mixing

of s with the Higgs boson. For the nonresonant case, the s-channel amplitude for

N ′N̄ ′ → ff̄ , where f is the most strongly coupled kinematically accessible őnal

state, is of the same order of magnitude as that for N ′-nucleon scattering, which is

strongly constrained by direct detection (section 5.6), making this contribution too

small to be sufficient for annihilation. We will see that this limitation can be overcome

by resonant enhancement without requiring too much őne tuning of masses.

5.3.3.1 N ′N̄ ′ → ss annihilation

We őrst consider the case when ms < mN ′ . The cross section for N ′N̄ ′ → ss is p-wave

suppressed. Parameterizing the Mandelstam variable as s = 4m2
N ′(1 + ϵ) we őnd in

the limit ms ≪ mN ′ and λs ≪ gs that

σ ∼= 3 g4s
64πm2

N ′

ϵ1/2

(1 + ϵ)2
(5.16)

(this is an analytic approximation to the exact result, which is more complicated).

Carrying out the thermal average [29] with x ≡ mN ′/T gives

⟨σv⟩ ∼= 3 g4s
16πm2

N ′

F (x) (5.17)

F (x) =
x

K2(x)2

∫ ∞

0

dϵ

(

ϵ

1 + ϵ

)3/2

K1(2x
√
1 + ϵ) (5.18)

∼= 0.058− 0.002 x+ 3.25× 10−5x2 − 1.87× 10−7x3

which is a good numerical approximation in the region 15 < x < 70. For values

x ∼ 20 typical for freezeout, F ∼= 0.03.

To őnd the relic abundance including both symmetric and asymmetric compo-

nents, one can solve the Boltzmann equation for their ratio r given in Ref. [30], which
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Figure 5.1: Contours of DM relic density ΩN ′ ≡ ρN ′/ρcrit in the plane of DM mass
versus coupling to singlet, for three relations of singlet mass ms to the DM mass
mN ′ . Left: ms ≪ mN ′ , with N ′N̄ ′ → ss annihilation. Center: ms = 2.6mN ′ with
N ′N̄ ′ → s∗ (virtual s) annihilation. Right: like center, but with ms = 2.8mN ′ . The
heavy contour labeled 0.265 corresponds to the observed relic density.

depends upon ⟨σv⟩. Then as shown there, the fractional contribution of N ′ to the

energy density of the Universe is

ΩN ′ = ϵ ηBmN ′

s

ρcrit

(

1 + r

1− r

)

(5.19)

where ηB = 8.8 × 10−11 is the observed baryon-to-entropy ratio, s is the entropy

density, and ϵ = ηN ′/ηB = 123/112 in our model (see below Eq. (5.13)). Using Ref.

[31], we checked whether the DM annihilation cross section might be Sommerfeld-

enhanced since ms < mN ′ , but this was a negligible effect in the relevant parts of

parameter space that we will specify below. In Figure 5.1 (left) we plot contours of

ΩN ′ , the fractional contribution of the DM to the energy density of the Universe,

in the plane of mN ′ versus gs. For gs ≳ 0.14 the maximum value in Eq. (5.14) is

achieved, whereas for lower gs, the symmetric component abundance is increased

(while the asymmetric abundance remains őxed), corresponding to lower DM masses.

In the opposite regime λs ≫ gs, the annihilation N ′N̄ ′ → ss could in principle be
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dominated by the s-channel diagram, giving the cross section

⟨σv⟩ ∼= 1

π

(

3λsvsgs
8m2

N ′

)2

F̄ (x), (5.20)

in the case where ms ≪ mN ′ , with

F̄ (x) =
x

K2(x)2

∫ ∞

0

dϵ
ϵ3/2

(1 + ϵ)5/2
K1(2x

√
1 + ϵ) (5.21)

For x ∼ 20, F ∼= 0.01 leading to the requirement that gs must be signiőcantly larger

than in the previous case to suppress the symmetric DM component. Such values are

excluded by direct DM search constraints to be discussed in section 5.6 below. Hence

there is no practical enlargement of the allowed parameter space from including the

s-channel contribution.

5.3.3.2 N ′N̄ ′ → SM annihilation

In the other case where ms > mN ′ , the total annihilation cross section for N ′N̄ ′ into

µ+µ−, π+π−, etc., through the Higgs portal, does not depend upon the couplings

of s to the őnal state particles nor on the number of decay channels, in the limit

of the narrow-width approximation for the intermediate virtual s. In this limit we

can approximate the Breit-Wigner distribution for the s propagator as a δ function,

(π/Γs)δ(s−m2
s) [s is the Mandelstam variable], and the couplings in the singlet decay

width Γs cancel against those in the annihilation amplitude. One can think of this as

the cross section for N ′N̄ ′ → s, which one integrates over the δ function when doing

the thermal average. In this way we őnd

⟨σv⟩ ∼= π
g2s

2m2
N ′

(y2 − 1)3/2 x

K2(x)2
K1(2xy) (5.22)

where x = mN ′/T as usual, and y ≡ ms/(2mN ′). It turns on steeply above the

threshold y = 1 for resonant enhancement, and then quickly decays because of the

Boltzmann suppression for y ≫ 1. Nevertheless we őnd that it can be large enough

for values of y ≲ 1.3 − 1.4 that are not őnely tuned to be close to 1, as we show in
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Figure 5.1 (center and right plots).

We will see that for such parameter values, the t-channel exchange of s for N ′

scattering on nucleons can still be consistent with direct detection constraints. In

this process, the suppression by the small coupling of s to nucleons (through the

singlet-Higgs mixing angle θs) is not canceled by anything, in contrast to the s-channel

resonance.

5.4 Neutrino properties and HNL constraints

Below the scales of electroweak symmetry breaking and the HNL mass MN , the light

neutrino mass matrix gets generated,

mν
∼= ϵν − δM ′

δM ′ ≡ v̄2

M2
N

ηTν ϵν ην (5.23)

However |ην |v̄/MN ≪ 1 is the magnitude of the mixing between the light neutrinos

and the HNLs, as we will discuss below, so that the correction δM ′ ≪ ϵν can be

ignored. We reiterate that ϵν is generated by the usual seesaw mechanism, integrating

out sterile neutrinos whose mass is above all the other relevant scales in our model.

Recall that the stability of the dark matter N ′ requires ην to be a matrix with

one vanishing eigenvalue, which implies that the lightest neutrino is massless. This

is an exact statement, not relying upon the neglect of δM ′, since ϵν and δM ′ are

simultaneously diagonalizable by construction. This is a consequence of our MFV-

like assumption that ην is the only source of ŕavor-breaking in the HNL/neutrino

sector.

5.4.1 Explicit ην and HNL mixings

Using Eq. (5.5) we can solve for ην in terms of the neutrino masses and mixings,

ην = O

(

Dν

µ̄ν

)1/2

U−1
PMNS (5.24)
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where Dν is the diagonal matrix of light ν mass eigenvalues, and UPMNS is the 3× 3

PMNS matrix. The orthogonal matrix O is undetermined since the Ni are practically

degenerate; for simplicity we set it to 1 in the following. Since we have assumed that

one eigenvalue is vanishing, the other two are known,

Dν11 = 0, Dν22 =
√

∆m2
21, Dν33 =

√

∆m2
31, NH

Dν33 = 0, Dν22 =
√

∆m2
32, Dν11 =

√

∆m2
32 −∆m2

21, IH (5.25)

for the normal and inverted hierarchies, respectively.

The light neutrinos mix with Ni, with mixing matrix elements given by

Uℓi ∼=
ηTν,ℓiv̄

MN

(5.26)

where ℓ = e, µ, τ and i = 1, 2, 3. Constraints on Uℓi arise from a variety of beam

dump experiments and rare decay searches, summarized in Refs. [16, 32]. As we now

discuss, the applicability of these limits depends upon whether the scalar singlet is

heavier or lighter than the HNL’s, since this determines the dominant decay modes

of the latter.

5.4.1.1 Unitarity constraints for ms < MN case

If ms < MN , then many of the beam-dump and other limits on the mixing angles

(5.26) versus mN , shown in Figure 5.2, cannot be directly applied to our model

because they assume that N decays are mediated only by the weak interactions,

through N -ν mixing, whereas we have a more efficient decay channel N → νs, from

the gssN̄iNi coupling and mixing. All of the bounds that rely upon detecting visible

particles from the decay will now be sensitive to the singlet mass ms and mixing

angle θs with the Higgs, and not just MN . To modify these limits appropriately

would require a dedicated reanalysis of each experiment, which is beyond the scope

of our work.

However we can still make a deőnite statement about how weak the limit on N -ν
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mixing could possibly be, even in the case where the singlet escapes the detector

unobserved, because electroweak precision data (EWPD) are only sensitive to the

reduction in the SM couplings caused by the mixing, that we can readily calculate.

This is most straightforward in the basis of the mass eigenstates, where ην is diagonal.

Then the mass matrix (5.4) is block diagonal, and there is a mixing angle θi connecting

each pair of light and heavy mass eigenstates. The relation between the ŕavor states

(labeled by subscript α) and the mass eigentstates (labeled by i) is

να = (UPMNS)αi cos θi νi ≡ Nαi νi (5.27)

In Refs. [33, 34], the matrix Nαi is introduced in this way to parametrize departures

from unitarity in the lepton mixing matrix, and the magnitudes of NN † are con-

strained by various precision electroweak data. The elements of such a matrix can be

written in our model as

|NN †|αβ ≡
∣

∣

∣

∑

i

NαiN
†
iβ

∣

∣

∣
=
∣

∣

∣
δαβ −

∑

i

(UPMNS)αi sin
2 θi (UPMNS)

†
iβ

∣

∣

∣
(5.28)

Since most of the constraints on physical observables are often expressed in liter-

ature in terms of the Hermitian matrix εαβ, deőned in N = (1 − ε)UPMNS [34], we

have that the predicted εαβ turns out to be 4

εαβ = 1
2

∣

∣

∣

∑

i

(UPMNS)αi sin
2 θi (UPMNS)

†
iβ

∣

∣

∣
(5.29)

The most stringent limits on εαβ that can be applied to our model come from the

measurement of the W boson mass, which depends upon the combination [34]

MW ≃MSM
W

[

(NN †)ee(NN
†)µµ

]1/4 sSMW
sW

∼= MSM
W (1 + 0.20 (εee + εµµ)) (5.30)

where the SM radiative corrections, parametrized by the variable ∆r = 0.03672 [35],

4The matrix ε deőned here is called η in Ref. [34].
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are included in the computation; they enter through the weak mixing angle [33],

s2W =
1

2



1−
√

1− 2
√
2πα

GµM2
Z

(1 + ∆r) [(NN †)ee(NN †)µµ]
1/2



 (5.31)

Using the experimental and SM values of MW in Eq. (5.30), we obtain a 95% C.L.

upper bound on (εee + εµµ) ≤ 2.64× 10−3.

In our framework, the mixing angles θi in Eq. (5.29) can be computed explicitly,

from the eigenvalues of ην , up to multiplicative factors,

θi ∼=
ηi v̄

MN

(5.32)

where ηi is the eigenvalue of ην associated with the eigenvector that couples to Ni.

For the normal hierarchy, we label η1 = 0 for the massless state, while for inverted

hierarchy η3 = 0. Using (5.24), we can solve explicitly for ην in either mass scheme,

up to the overall proportionality controlled by the parameter µ̄ν . Comparing the

combination (εee + εµµ), computed from Eqs. (5.29) and (5.32), to the upper limit

found above from MW , yields lower bounds on the scale µ̄ν in the two mass hierarchy

choices, and upper bounds on the corresponding matrices ην and the mixing angles

between HNLs and the light neutrinos. Deőning Ūℓ ≡ (
∑

i |Uℓi|2)1/2, we őnd for the

normal mass hierarchy

µ̄ν > 5.9 keV ×
(

4.5 GeV

MN

)2

, NH

|ηTν | < 10−3

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 0.66 −0.32− 0.29 i

0 0.72− 0.05 i 2.14

0 −0.70− 0.04 i 1.91

∣

∣

∣

∣

∣

∣

∣

∣

∣

×
(

MN

4.5 GeV

)

Ūe < 0.031, Ūµ < 0.087, Ūτ < 0.078 (5.33)

The dependence on MN cancels out in the bounds on Uℓi. The corresponding results
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for inverted hierarchy are

µ̄ν > 13.6 keV ×
(

4.5 GeV

MN

)2

, IH

|ηTν | < 10−3

∣

∣

∣

∣

∣

∣

∣

∣

∣

1.57 1.06 0

−0.75− 0.17 i 1.02− 0.12 i 0

0.75− 0.15 i −1.23− 0.10 i 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

×
(

MN

4.5 GeV

)

Ūe < 0.073, Ūµ < 0.050, Ūτ < 0.056 (5.34)

In each case the column of zeros corresponds to the absence of coupling to the DM

state N ′; hence we identify N ′ = N1 for the normal hierarchy and N ′ = N3 for the

inverted hierarchy.

We emphasize that the above bounds are robust, but might be strengthened,

depending on the choices of ms and θs, by reanalyzing limits from other experiments

to take into account the observation of charged particles or neutral hadrons from

s decays following N → νs. Hence the true limits are expected to lie somewhere

between the (brown) EWPD line shown in Figure 5.2 for the normal (left) and inverted

(right) hierarchy cases, and the more stringent limits that may arise from the other

(typically beam dump) experiments.

The scale µ̄ν determines how the couplings yν = kην of the light neutrinos to the

superheavy Majorana neutrinos νR (as restricted by our MFV-like assumption) are

enhanced relative to ην by a proportionality factor, k = (MνRµ̄ν/v̄
2)1/2. Perturbativ-

ity of yν limits k ≲ 0.5 × 103, hence the scale of the heavy neutrinos is bounded by

MνR ≲ 1015 GeV for the value of µ̄ν in Eq. (5.33). This is not restrictive, and can

be made consistent with our assumption that the heavy neutrinos do not play a role

during inŕation or reheating, if the reheat temperature is sufficiently low.

5.4.1.2 Laboratory constraints for ms > MN case

If ms > MN , only three-body decays of HNL’s are available, and they are dominated

by weak interactions, induced by mixing of Ni with the light ν’s. There is also a

3-body decay N → νff̄ by virtual s exchange, but this is highly suppressed by the
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Figure 5.2: Summary of constraints on HNL mixing with electron neutrinos, over mass
range of interest for our model (left: normal hierarchy, right: inverted hierarchy).
Solid and dot-dashed black and red curves show the model’s predictions for Ue2 (Ue1)
(solid curves) and Ue3 (Ue2) (dot-dashed) in the normal (inverted) mass hierarchy,
for two choices of the parameter µ̄ν that determines the mixing through Eqs. (5.24,
5.26). Ue1 ≡ 0 (Ue3 ≡ 0) for the normal (inverted) hierarchy since N1 = N ′ (N3 =
N ′) denotes the dark matter HNL. Laboratory constraints are taken from Ref. [16].
Although a more recent and comprehensive analysis of these bounds in the MeVśGeV
mass range was made in Ref. [36], we noticed no appreciable difference for MN > 0.1
GeV. We also do not display the preliminary limit from the NA62 experiment [37],
which would be the strongest limit for MN between 0.15 and 0.45 GeV if conőrmed.
Sensitivity regions of future experiments FCC-ee [38], DUNE [39] and SHiP [40] are
bounded by dashed curves.

small scalar mixing angle θs and the couplings mf/v to the Higgs. In this case, all of

the constraints on N -ν mixing shown in Figure 5.2 unambiguously apply. For masses

MN > 2 GeV, the most stringent limit comes from searches for Z → Nν decays by

the DELPHI Collaboration [41]. Deőning again Ūℓ = (
∑

i |Uℓi|2)1/2, at our largest

allowed mass MN = 4.5 GeV, the bound is

Ū ≡
(

∑

ℓ

Ū2
ℓ

)1/2

< 0.0039 , (5.35)

since DELPHI was sensitive to the total rate of Ni production from Z → Niνℓ decays,

times the total (semi)leptonic rate of Ni decays.

Using Eqs. (5.24, 5.26), the bound (5.35) can be approximately saturated if µ̄ν =
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Figure 5.3: Left: minimum allowed mass scale µ̄ν(MN), predicted by our model for
the normal mass hierarchy case, compatible with current constraints on the HNL
mixings to light neutrinos [16]. The shaded gray region is excluded. Right: the ratio
r showing how the maximum allowed mixings (5.38) at MN = 4.5 GeV are rescaled
at lower MN .

5.7 (9.8) MeV for the normal (inverted) hierarchy. Taking the PDG central values of

the neutrino masses and mixings [35], we őnd

ηTν
∼= 10−5











0 2.1 −1.0− 0.9 i

0 2.3− 0.2 i 6.9

0 −2.2− 0.1 i 6.1











Ūe ∼= 0.00099, Ūµ ∼= 0.0028, Ūτ ∼= 0.0025 (5.36)

at MN = 4.5 GeV for the normal hierarchy, and

ηTν
∼= 10−5











5.8 3.9 0

−2.8− 0.6 i 3.8− 0.4 i 0

2.8− 0.6 i −4.6− 0.4 i 0











Ūe ∼= 0.0027, Ūµ ∼= 0.0019, Ūτ ∼= 0.0021 (5.37)

for the inverted hierarchy. In each case the column of zeros corresponds to the absence

of coupling to the DM state N ′; hence we identify N ′ = N1 for the normal hierarchy

and N ′ = N3 for the inverted hierarchy.
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For the lighter mass range MN ∼ (0.4− 2) GeV, beam dump experiments such as

CHARM [42] and NuTEV [43] give the strongest limits for electron and muon ŕavors,

roughly Uei, Uµi ≲ 6 × 10−4(MN/GeV)−1.14. The largest allowed magnitudes of the

HNL mixings Uℓi can be expressed as a function of MN ,

|Uℓi| ∼= r(MN)











0 0.00083 0.00054

0 0.00090 0.0027

0 0.00087 0.0024











(5.38)

focusing on the normal hierarchy case. We determined the minimum allowed value of

µ̄ν for lower MN , and the consequent scaling factor r(MN) = (5.7MeV/min(µ̄ν))
1/2,

from the limits summarized in őgures 4.10ś4.12 of Ref. [16]. These limits were rescaled

and combined to account for the fact that our model has two HNLs, each of which

mixes with all of the light ŕavors rather than just one Ni that can mix with only

one ŕavor at a time. The functions min(µ̄ν) and r(MN) are plotted in Figure 5.3.

The various constraints on the HNL mixing with electron neutrinos in the mass range

relevant for our model are shown for two choices of µ̄ν in Figure 5.2, including future

constraints from FCC-ee, DUNE and SHiP.

5.4.2 N-N̄ oscillations

As mentioned in section 5.3.1, the L-violating mass term δM causes N -N̄ oscillations

at a rate that is too small to destroy the lepton asymmetry in the early Universe,

but fast enough to possibly be detected in laboratory searches. In the scenario where

ms < MN , this effect cannot be observed because the decay products of Ni → νµ+µ−

and N̄i → ν̄µ+µ− differ only by having a neutrino versus antineutrino in the őnal

states. However if ms > MN , the situation is more interesting. For the values of µ̄ν
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and ην in Eq. (5.36), the largest eigenvalue of δM is given by 5

δM = 3.1× 10−6 eV

(

2 GeV

MN

)2

, (5.39)

It was recently shown by Ref. [44] that this is a promising value for inducing observable

N -N̄ oscillations at the SHiP experiment. These would be seen by production of Nℓ+

in a hadronic collision, followed by semileptonic decays N → N̄ → ℓ+π (where π

represents a generic hadron). The smoking gun is the presence of like-sign leptons in

the decay chain, that can only occur if N oscillates to N̄ within the detector.

5.4.3 Weak HNL decays

In the case where ms > MN so that Ni → νs decays are blocked, the lifetime of

the unstable Ni leptons is determined by weak decays. These can be 2- or 3-body,

Ni → ℓ−qq̄ (with qq̄ hadronizing into a meson) andNi → νℓ+ℓ− byW and Z exchange,

due to mixing of Ni with the active neutrinos with mixing angles UT
iℓ
∼= −Uℓi. Then

the decay rate is of order

ΓNi
∼
∑

ℓ

|Uℓi|2G2
FM

5
N

192 π3
(5.40)

This gives a lifetime of ∼ 10−3 − 10−4 s for MN ∼ 1GeV, making such Ni decays

harmless for big bang nucleosynthesis (BBN) or the CMB.

More quantitatively, we have evaluated the partial widths for Ni → νγ, Ni →
h0ν, Ni → h+ℓ−, Ni → 3ν, Ni → νℓ+ℓ−, including the hadronic őnal states with

h0 = π0, η, η′, ρ0, h+ = π+, K+, ρ+, D+ as computed in Ref. [46] and [47]. 6 Focusing

on the normal hierarchy case, we use the mixing matrix given by Eq. (5.26) with µ̄ν

shown in Figure 5.3, that leads to different lifetimes for the two unstable HNLs N2

and N3. The lifetimes are plotted in Figure 5.4, along with decay lengths in the case

5The eigenvalue of δM computed in Eq. (5.39) is the maximum value allowed by current exper-
imental constraints because δM ∝ µ̄−1

ν from Eqs. (5.6, 5.24) and the minimum of µ̄ν is reached at
MN = 4.5 GeV as shown in Figure 5.3.

6The formula for the decay width of Ni → νℓ+1 ℓ
−

2 found in the literature (see Refs. [46, 48])
assumes that mℓ1 is negligible compared to mℓ2 . This is not as good an approximation for the case
ℓ1 = µ, ℓ2 = τ as for ℓ1 = e, ℓ2 = µ. We provide the exact formula in Appendix 5.A.
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Figure 5.4: Top: Minimum lifetime (left) and decay length (right) of the HNLs N2 and
N3, for the case of normal mass hierarchy. Upper curves are for mass MN < ms, lower
curves for MN > ms, which determines whether weak decays or N → ν s dominates.
Decay length assumes energy E = 25GeV, appropriate for SHiP experiment. The
shaded regions are excluded. (The wiggles in the mass range 0.2 < MN < 0.4 GeV
come from the E949 bound [45] present in őgure 4.11 of Ref. [16], which also appear
in Figure 5.3.) Bottom: branching ratios for N2 (left) and N3 (right) into various
őnal states involving photon, hadrons, light neutrinos or charged leptons, for the case
of weak decays, namely MN < ms.

of HNLs with energy E = 25GeV that would be relevant for the SHiP experiment.

For MN ≲ 0.3GeV, the lifetimes start to exceed 1 s, which for generic models of HNLs

would come into conŕict with nucleosynthesis. In our model, this need not be the case

since the HNL abundance is suppressed by NiN̄i → ss annihilations. Then it is the

singlet that should decay before BBN, which generally occurs as long as ms > 2me.

In Figure 5.4 the branching ratios for N2 and N3 to decay into the various őnal

states (summing over ŕavors within each category) is also shown. Leptonic őnal states

dominate for MN > 2 GeV, while hadronic ones dominate for lower MN .
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5.4.4 Entropy and energy injection by late N decays

If the Dirac HNLs N2 and N3 dominate the energy density of the Universe and

are sufficiently long-lived, which may happen if the two-body decay N2,3 → νs is

kinematically forbidden, a large amount of entropy may be injected by the decay

of these particles after freezeout [49]. As a result, the produced dark matter relic

abundance and baryon asymmetry can be diluted. Moreover one should take care

that injected hadronic and electromagnetic energy does not disrupt the products of

BBN.

In our model, since the freezeout of N2 and N3 occurs when they are nonrela-

tivistic, the number density of these particles are highly suppressed. Therefore, the

entropy and energy produced by the N2,3 decays is negligible in terms of its cosmolog-

ical impact. We illustrate this with an example; consider MN = 1GeV, and take the

freezout temperature to be Tf ∼MN/20 ∼ 0.05GeV, for which the number of degrees

of freedom in the plasma is g∗ ∼= 10, and the decay rate is Γ = 0.01 s−1. The thermal

number density of the HNLs at T = Tf is nN = 4 (MNTf/(2π))
3/2 exp(−MN/Tf ),

and its ratio to the entropy density at decoupling is denoted by rN = nN/s. Then

Ref. [49] shows that the entropy injected by HNL decays in this case is

S ∼=
(

1 + 3

(

2π2 g∗
45

)1/3
(rN mN)

4/3

(MP Γ)2/3

)3/4

∼= 1 + 4× 10−9 (5.41)

where S = 1 corresponds to the limit of no entropy production. This example shows

that even when the lifetime is much longer than 1 s, the abundance is too small to

create any cosmological problem.

Previous studies show that even for decays as late as 100 s, GeV-scale particles

are only weakly constrained by BBN. Ref. [50] recently studied BBN constraints on

models with late-decaying light particles, of mass up to 1GeV. It shows that there are

no constraints on electromagnetic injection for lifetimes less than 104 s, since nuclear

photodissociation processes are suppressed at earlier times. Similarly, Ref. [51] őnds

no signiőcant bounds from hadronic injections for GeV-scale particles decaying earlier
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Figure 5.5: Diagrams leading to µ→ eγ and µ→ 3e from mixing of HNL’s with the
light neutrinos.

than 100 s.

5.4.5 Lepton ŕavor violation bounds

The mixing between light neutrinos and HNL’s can lead to rare lepton-ŕavor violating

processes, analogous to the well-studied case where TeV-scale νR’s are responsible for

the seesaw mass generation [52ś57]. The decays µ → eγ and µ → 3e are induced by

the digrams shown in Figure 5.5. The most constraining process currently is µ→ eγ,

which has a branching ratio of [58]

BR(µ→ eγ) =
3αem

32π

∣

∣

∣

∣

∣

∑

i

UµiU
∗
ei

M2
N

M2
W

∣

∣

∣

∣

∣

2

=
3αem

32π
|NN †|2µe

M4
N

M4
W

(5.42)

where αem is the electromagnetic őne structure constant and |NN †|µe ≡ |∑iNµiN
†
ie|

with Nαi deőned in Eq. (5.27). For the case of normal neutrino mass hierarchy, our

least restrictive bound based on EWPD, Eq. (5.33), leads to |∑i UµiU
∗
ei| < 1× 10−3,

and the prediction that BR(µ→ eγ) < 2.2×10−15. This is still well below the current

experimental bound of 4.2× 10−13 set by the MEG experiment [59].

From Ref. [60] we őnd the branching ratio for µ→ 3e in terms of x ≡M2
N/M

2
W ≪

1,

BR(µ→ 3e) ∼= α2
em

16π2 sin4 θW

∣

∣

∣

∣

∣

∑

i

UµiU
∗
ei

∣

∣

∣

∣

∣

2

x2
(

0.6 ln2 x− 0.2 ln x+ 2.2
)

< 1.6× 10−15 (5.43)
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where the second line is the prediction using the value |∑i UµiU
∗
ei| < 1 × 10−3 men-

tioned before. The experimental limit BR(µ→ 3e) < 1×10−12, set by the SINDRUM

experiment [61], is weaker than that of the radiative decay.

Although the lepton-ŕavor-violating processes currently do not constrain the model

better than EWPD constraints, experimental improvements could change this in the

coming years. For example the Mu3e experiment may eventually probe µ → 3e

down to the level of 10−16 branching ratio [62]. Moreover the process of µN → eN

conversion in nuclei is expected to yield interesting limits in upcoming experiments,

including Mu2e [63] at Fermilab and COMET [64] at KEK.

5.5 Constraints on the singlet

In recent years there have been intensive efforts to constrain the possible existence of

light mediators connecting the SM to a hidden sector, the scalar singlet with Higgs

portal being a prime example. The parameter space of ms and θs (the singlet-Higgs

mixing angle) is constrained by a variety of beam-dump, collider and rare decay

experiments, and by cosmology (big bang nucleosynthesis), astrophysics (supernova

cooling) and dark matter direct searches. A large region of parameter space with

θs ≲ 10−3 and ms ≲ 10GeV remains open, and parts of this will be targeted by

the upcoming SHiP experiment [16]. In Figure 5.6 we show some of the existing

constraints, reproduced from Ref. [70].

The KOTO experiment has searched for the rare decay KL → π0νν and set

a new stringent upper limit of 3 × 10−9 on its branching ratio [71, 72]. Recently

four candidate events above expected backgrounds were reported [20], far in excess

of the standard model prediction (BR = 3 × 10−11 [35]). These could potentially

be explained by the exotic decay mode KL → π0s, if s is sufficiently long-lived to

escape detection, or if it decays invisibly. Such an interpretation has been previously

considered in Refs. [73ś76]. In Figure 5.6, the 1σ and 2σ regions estimated in Ref.

[74] for explaining the KOTO excess are shown in blue. Parts of these regions are

excluded by other experiments, notably NA62 [77] and E949 [66], but a range around
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Figure 5.6: Constraints on a light singlet mediator, in the ms-θs plane for the case
ms < mN ′ . The four plots consider different values of the DM mass mN ′ = 1.5, 2.5,
3.5, 4.5GeV, for which the direct detection constraints (black dotted line) differ; all
other constraints are the same. The dark blue regions are favored at 1σ and 2σ
for the KOTO anomaly. The red, cyan, green and brown regions are excluded by
CHARM [65], E949 [66], LHCb [67] and BaBar experiments [68], respectively. The
violet and light-green regions are excluded by BBN [69] and supernova data [70].
Sensitivity projection for the SHiP experiment is indicated by the dashed blue-gray
boundary. The experimental bounds, along with the projected sensitivity, are taken
from Ref. [70].

ms ∼ (120− 160)MeV and θs ∼ (2− 9)× 10−4 remains viable.

The four plots in Figure 5.6 pertain to different choices of the DM mass mN ′ ,

for the purpose of showing constraints from direct detection, that we describe in the

following section. It can be seen that the region favored by the KOTO excess events

is excluded by DM direct searches except for light DM, with mN ′ ≲ 2.5GeV.
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Figure 5.7: Constraints on a light singlet mediator, in the ms-θs plane, for the case
ms = 2.6mN ′ . The experimental bounds, along with the projected sensitivity, are
the same as in Figure 5.6 and taken from Ref. [70]. The strongest direct detection
constraint derived for our model comes from CDMSlite II experiment [78] and is
shown with the black dotted line.

5.6 DM direct/indirect detection and self-interactions

In general, the interactions of DM with nucleons versus with other particles are inde-

pendent processes, whose cross sections need not be related. In our model however,

both are mediated by exchange of the singlet s, so it is natural to consider them

together.

5.6.1 DM-nucleon scattering

The mixing of s with the Higgs boson leads to spin-independent DM interactions with

nucleons. In particular, the cross section for scattering on nucleons is

σpSI =
g2sm

2
N ′m4

n sin2 2θs f
2
n

4π (mN ′ +mn)
2 v̄2

(

1

m2
h

− 1

m2
s

)2

, (5.44)

where mn = 0.938 GeV is the nucleon mass, fn = 0.30 is the relative coupling of the

Higgs to nucleons [79, 80], mh = 125 GeV is the SM-like Higgs mass, ms is the singlet
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mass and θs is the s-h mixing angle. (Recall that v̄ ∼= 174GeV is the complex Higgs

őeld VEV.)

The strongest constraints from direct detection, in the mass range mN ′ < 4.5GeV

predicted in our model, come from the experiments CRESST II [81], CDMSlite II [78]

and LUX [82]. In the future these limits will be improved by SuperCDMS [83]. In all

cases the sensitivity rapidly drops with lower DM mass because of the threshold for

energy deposition. The DarkSide experiment [84] claims limits below those mentioned

above, but their validity has been questioned in Ref. [85], and we omit them from our

analysis.

Recently Ref. [86] cast doubts on the robustness of direct constraints on light

dark matter in light of astrophysical uncertainties, especially that of the local escape

velocity, that has been revisited using Gaia data [87]. It is claimed that the 2017 cross

section bound from XENON1T [88] at DM mass 4 GeV is uncertain by six orders of

magnitude. We checked their results using DDCalc [89], őnding only two orders of

magnitude uncertainty. More importantly, the astrophysical uncertainty on the more

relevant newer constraints is only a few percent (due to the much lower thresholds of

those experiments), hence irrelevant.

For a given value of DM mass mN ′ , we can use the relic density constraint shown

in Figure 5.1 to determine the coupling gs. Then the predicted direct detection cross

section (5.44) leads to a constraint in the ms-θs plane, that we plot as a dashed curve

in Figure 5.6 for the case ms < mN ′ . As mentioned above, for larger values of mN ′ the

direct detection constraint is stronger, and the region favored by the KOTO anomaly

is excluded.

For ms > mN ′ , and particularly in the region where ms ≳ 2mN ′ , the direct

detection constraints are shown in Figure 5.7 for the case considered in the center

panel of Figure 5.1, namely for ms = 2.6mN ′ . These bounds are much weaker than

those in Figure 5.6 for any value of the DM mass mN ′ because of the relatively larger

assumed value of ms, as can be seen from Eq. (5.44).
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5.6.2 DM indirect detection

Light dark matter models are typically constrained by indirect signals, like annihi-

lation in the galaxy or the cosmic microwave background (CMB), enhanced by the

relative large abundance of light DM. These signals are suppressed for asymmetric

dark matter, by the absence of the symmetric component with which to annihilate,

but DM accumulation in stars can provide signiőcant constraints in the asymmetric

case. Our model provides for a continuum of possibilities between the purely sym-

metric and asymmetric cases, depending on the strength of the coupling gs when

N ′N̄ ′ → ss is the dominant process, or a combination of gs and ms when s-channel

annihilation dominates (recall Figure 5.1).

However in our scenario there are several reasons for annihilation signals to be

suppressed at late times, even in the symmetric regime. For the case whereN ′N̄ ′ → ss

dominates, the cross section is p-wave, which signiőcantly relaxes indirect constraints

because of the low DM velocity at times much later than freezeout [90]. An exception

can occur if the DM particles annihilate to form a bound state [91], which is s-wave,

and leads to much stronger CMB constraints than the p-wave process. However this

only occurs for relatively heavy DM, with mass ≳ 250GeV.

In addition, the p-wave process we consider from N ′N̄ ′ → ff̄ targets parameter

space with ms > 2mN ′ , such that ms is not too close to the threshold 2mN ′ . In this

case the indirect signal is further suppressed, due to the low DM velocity in galaxies,

v ∼ 10−3 c, since the phase-space average of the annihilation cross section samples

the resonant region much less than in the early Universe during freezeout. Indeed,

following Refs. [90, 92], it is possible to estimate that for the values of gs and mN ′

contained in Figure 5.1 (center and right plots) the maximum ratio between the DM

annihilation cross section today and that at the time of freezeout, given by Eq. (5.22),

is of order of ∼ 10−14, which leads today to ⟨σv⟩ ≲ 10−37 cm3/s. Such a value is well

below the most stringent indirect detection constraint for p-wave annihilating DM of

mass mN ′ ≲ 4.5 GeV [90].

Another possible signal that does not rely upon DM annihilation with itself, but
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rather on its interactions with standard model particles, is the effect of DM accu-

mulation within stars. The most promising sites for capturing DM are neutron stars

(NS’s) because of their high density, which enhances the probability for DM particles

to be captured and accumulate in the center of the NS during its lifetime.

For purely asymmetric DM, there is no DM annihilation in the NS core, and

its accumulation may start to increase the star mass, destabilizing the delicate bal-

ance between the gravitational attraction and the Fermi pressure, and leading to the

gravitational collapse of the NS into a black hole [93ś96]. However, this effect is

only relevant in the case of bosonic DM, where there is no compensating increase in

the Fermi pressure, leading to severe constraints on the DM-nucleon and DM-lepton

scattering cross-sections based on the estimated age of the oldest NSs observed so far

[96, 97]. These bounds do not apply to the present model because of the fermionic

nature of our DM candidate, and its GeV mass scale. For fermionic asymmetric DM,

the destabilization can occur only for DM with mass larger than the PeV scale and

having attractive self-interactions [98].

In the case where DM is partially or purely symmetric, which occurs for smaller

values of mN ′ and gs in our model (recall Figure 5.1), the accumulated DM inside the

NS core can annihilate and the annihilation products might thermalize, heating up

the star and contributing to its luminosity [99, 100]. The latter is also increased by

DM kinetic heating from multiple DM scatterings with the NS constituents, namely

neutrons, electrons and muons, and this effect is independent of whether the DM is

symmetric or asymmetric [99, 101]. However, the expected NS surface temperature

generated only by DM annihilation and scattering is too low to be detected by current

infrared telescopes. A future detection by, for instance, the James Webb Space Tele-

scope, would set the strongest bound on the DM-nucleon and DM-lepton scattering

cross-sections for DM masses below the GeV scale, which would constrain our model

[101].

Other limits on DM-nucleon interaction can in principle be derived from DM

capture by white dwarfs (WD’s) [94]. Similarly to NS’s, asymmetric DM accumulating

in the WD core might destabilize the latter and spark fusion reactions that precede a
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Type Ia supernova explosion [102]. However, in models where DM interactions with

SM particles occur only via a light scalar mediator mixing with the Higgs boson,

destabilization effects become important only for fermionic DM masses above 106

GeV [103].

On the other hand, DM scattering and annihilation can heat up WD’s and con-

tribute to their luminosity. The difference between the WD and the NS case is

that very old WD’s with low surface temperature have been observed, in particu-

lar within the M4 globular cluster [104, 105]. Such observations have been used

to claim very strong constraints on the DM-nucleon scattering cross section, σSI ≲

10−42−10−43 cm2 for DM masses in the range 10−2−107 GeV [106, 107]. These limits

were derived based on the assumption that the DM density within the M4 globular

cluster is as high as 103 GeV/cm3, which can make the DM contribution to the WD

luminosities as high as the observed values. However, as pointed out by Ref. [106],

the value of the DM density in globular clusters is highly uncertain and under debate.

Although values of 103 GeV/cm3 could be expected if globular clusters form within

DM subhalos before falling into galactic halos [108], tidal stripping by subsequent

mergers [109] provides a very efficient way of depleting DM in these systems, leaving

them dominated today by just the stellar component [110]. The observation that the

present-day dynamics of globular clusters can be explained without the need of DM

suggests that these systems might form in molecular clouds in the gaseous disk of the

galaxy instead of in DM overdensities [111ś113]. It is therefore reasonable to assume

that the DM density in the M4 globular cluster, which is about 2 kpc away from us in

the direction towards the galactic center, could be as low as in the solar neighborhood,

∼ 0.3 GeV/cm3. This lower value would reduce the saturated DM heating luminos-

ity by approximately three orders of magnitude, well below the observed one, and

lead to no bound on the DM-nucleon scattering cross section at all. More promising

WD candidates might be found in globular clusters in dwarf spheroidal galaxies of

the Milky Way, where a signiőcant amount of DM may have survived tidal stripping

[114].
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5.6.3 DM self-interactions

Dark matter can also interact with itself by exchange of the s, which is of interest for

addressing small-scale structure problems of collisionless cold dark matter (see Ref.

[115] for a review). Ref. [116] showed that the self-interaction cross section can be

at an interesting level for solving these problems, while obtaining the right DM relic

density, if both mN ′ and ms are light,

ms
∼= 1 MeV ×







( mN′

0.55 GeV

)3/4
, σ/mN ′ = 1 cm2/g

( mN′

0.25 GeV

)3/4
, σ/mN ′ = 0.1 cm2/g

(5.45)

These relations, valid for approximately symmetric DM, correspond to self-interaction

cross section per mass in the range σ/mN ′ = 0.1 − 1 cm2/g, that are relevant for

suppressing cusps in density proőles of dwarf spheroidal to Milky Way-sized galaxies.

Such light singlets in the MeV mass range are strongly constrained by direct

detection. The prediction (5.44) is modiőed by the fact that the momentum transfer

q is no longer negligible compared to ms, hence m2
s → m2

s+ q
2 in Eq. (5.44). We take

q = mN ′vN ′ with DM velocity vN ′ ∼ 300 km/s to account for this. Figure 5.6 shows

that for low ms there is an allowed window for sin θs ∼ 2× (10−5− 10−4) between the

BBN and E949 constraints, which persists to smaller values of ms ≳ 1 MeV before

being excluded by BBN as ms falls below the threshold for s→ e+e− decay.

In Figure 5.8 we show the predicted spin-independent cross section versus mN ′

(black curves) for several choices of θs in the experimentally allowed range, őxing gs

as in Figure 5.1 to give the right relic density, and ms (orange dash-dotted curve) as a

function of mN ′ using (5.45). The plot on the left assumes the higher self-interaction

cross section σ/m = 1 cm2/g. In this case, it is necessary to take the singlet mass

ms ≲ 0.7 MeV and the DM mass mN ′ ≲ 0.3 GeV to respect the direct detection limit.

This is ruled out by BBN since the decay s → e+e− are kinematically blocked, and

will lead to overclosure by the singlets as T falls below ms. However, by adopting a

lower self-interaction cross section σ/m = 0.1 cm2/g (right plot of Figure 5.8), which

may still be relevant for some of the small-scale structure issues, the allowed range
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Figure 5.8: Predicted spin-independent cross section for DM scattering on nucleons
versus DM mass mN ′ , assuming approximately symmetric DM with a self-interaction
cross section of σ/mN ′ = 1 cm2/g (left) or 0.1 cm2/g (right), for three choices of θs
(dashed, solid black, dotted) and the envelope of experimental constraints (with the
exception of DarkSide-50) copied from Ref. [117] (solid red). Dash-dotted curve shows
the singlet mass ms versus mN ′ .

of mN ′ and ms is increased to somewhat larger values with ms > 2me, which can be

compatible with BBN.

The previous determination holds in the region mN ′ ≲ 3GeV where the DM is to a

good approximation symmetric, corresponding to the linearly increasing branch of the

relic density contour in Figure 5.1 (left). For nearly asymmetric DM, the horizontal

branch with mN ′
∼= 4.5 GeV applies. Instead of Eq. (5.45), the desired self-interaction

cross section requires a roughly linear relation gs ∼= 0.75+4.43ms/GeV (valid forms ∼
0.2−0.3 GeV), that we determine by applying a Sommerfeld enhancement factor [118]

to the tree-level, phase-space averaged transport scattering cross section given in Ref.

[116], and requiring that the resulting cross section is σ/mN ′ = 1 b/GeV ∼= 0.6 cm2/g

for a mean DM velocity of 10 km/s, corresponding to dwarf spheroidal galaxies. To

satisfy the CDMSLite II constraint σSI < 1 × 10−41 cm2 at mN ′ = 4.5 GeV [119], it

is necessary to take small mixing θs ≲ 6× 10−6, since gs ∼ 2 for ms ∼ 0.2− 0.3 GeV,

from imposing the desired value of σ/mN ′ .

Hence we őnd two allowed regions for strong self-interactions, one marginal since
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ms ≳ 1 MeV close to BBN limits, with σ/mN ′ ∼ 0.1 cm2/g at the low end of the

range desired for small scale structure, and mN ′ ∼ 0.35 GeV. The other allows for a

larger σ/mN ′ ≳ 0.6 cm2/g, with singlet parameters close to the SN1987A exclusion

curve and mN ′
∼= 4.5 GeV.

5.7 Naturalness

In our proposal, the ŕavor structure of neutrinos is controlled by the same matrix

ην,ij that governs the HNL couplings, up to a proportionality constant, in the spirit of

MFV. In order for DM to be stable, ην,ij must have rank two. The HNL mass matrix

is proportional to the identity, up to corrections going as η2ν . We do not provide any

fundamental explanation of the origin of this structure; instead we content ourselves

with the feature that it is technically natural in the sense of ’t Hooft: all radiative

corrections are consistent with our assumptions.

The stability of DM is most easily seen in the basis (5.36, 5.37), whereN ′ obviously

decouples from the SM leptons. We assume this coincides with the mass eigenbasis,

which is consistent since there are no interactions that can induce mass-mixing be-

tween N ′ and the remaining Ni’s. Self-energy corrections involving s exchange are

ŕavor-diagonal. Those involving Higgs and leptons in the loop leave mN ′ unchanged,

while renormalizing the Ni mass matrix by

MNδij →MNδij +O(1)× ην,ik
mℓk

16π2
η†ν,kj (5.46)

where mℓi are the charged lepton masses. Given the smallness of ην ≲ 10−4, these

corrections are unimportant. Similarly the one-loop corrections to ην are negligible,

ην → ην +
O(1)

16π2
ηνη

†
νην (5.47)

and cannot induce couplings to N ′. The only particles to which N ′ couples are

the singlet and the inŕaton, Eqs. (5.2, 5.15), and these interactions are assumed

to be ŕavor-conserving at tree level. Flavor-changing corrections to gs and gϕ of
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O(η2ν/(16π
2))× gs,ϕ arise at the one-loop level and are negligible for our purposes.

There remains the infamous naturalness problem of the Higgs mass (weak scale

hierarchy). This problem was addressed in the context of the seesaw mechanism in

Ref. [120], where the weak scale was linked to that of the heavy Majorana neutrinos

by radiative generation of the Higgs potential. A low scale for their masses is needed,

MνR ≲ 107 GeV [121], which would require a low reheat temperature in our scenario,

and consequently small coupling gϕ ≲ 10−8. Although peculiarly small, this value

would still be compatible with the requirements of technical naturalness since it can

only be multiplicatively renormalized.

The very light singlet could pose an analogous problem of őne-tuning. The őrst

threshold encountered when running the renormalization scale up from low values

is that of Ni, which contributes of order δms ∼ gsMN/(4π) to ms. This can easily

be compatible with the tree-level values of ms desired for large parts of the allowed

parameter space (see Figures 5.1 and 5.6).

Next one encounters the Higgs threshold, which further shifts ms through the

coupling λhs. The correction is of order δms ∼
√
λhsmh/4π which is related to

the mixing angle by θs ∼ λhsvvs/m
2
h, where v and vs are the respective VEVs of

the Higgs and the singlet. In turn, vs depends upon the s self-coupling through

m2
s ∼ λsv

2
s . Using these and demanding that δms ≲ ms gives the constraint

√
λs ≲

16π2m3
sv/(θsm

4
h). This can always be satisőed by choosing small enough λs, but the

latter has a minimum natural value given by its one-loop correction δλs ∼ g4s/(16π
2).7

Putting all of these together, we get a naturalness bound on the singlet mixing angle

θs ≲

(

4πms

mh

)3(
1√
λh g2s

)

∼ 0.008 (5.48)

(taking ms ∼ 0.3 GeV and gs ∼ 0.1) which is compatible with the regions of interest

for future discovery, including the anomalous KOTO events. Thus, somewhat sur-

prisingly, the light scalar does not introduce a new hierarchy problem analogous to

that of the Higgs mass, due to its relatively weak couplings.

7There is also a one-loop correction of order λ2hs/16π
2, but this leads to a weaker bound on θs

than (5.48).
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We do not address the smallness of θQCD in our łtheory of everything,ž which was a

motivation for Refs. [9, 11] to choose the QCD axion as their dark matter candidate.

This neglect is consistent with our philosophy of focusing on technical naturalness

rather than aesthetic values of couplings, since θQCD is known to be highly stable

against radiative corrections [122].

5.8 Conclusions

It is interesting to construct scenarios that link the different particle physics ingre-

dients known to be missing from the standard model, since it can lead to distinctive

predictions. Here we have constructed a minimal scenario that explains inŕation,

baryogenesis, dark matter and neutrino masses, is highly predictive, and can be tested

in numerous experimental searches for heavy neutral leptons, light dark matter, and

light scalar mediators. At low energies, the only new particles are three quasi-Dirac

HNLs, one of which is DM (and exactly Dirac), and a light singlet scalar.

One prediction of the model is that no new source of CP-violation is required for

baryogenesis, which occurs through a novel form of leptogenesis here. In contrast to

ordinary leptogenesis, the asymmetry is formed during inŕation, and the right-handed

neutrinos that generate light neutrino masses are too heavy to be produced during

reheating. CP is spontaneously broken by the inŕaton VEV during inŕation, and the

light HNLs transmit the lepton asymmetry from the inŕaton to the SM. In Ref. [14]

it was shown that observable isocurvature perturbations can arise, depending on the

inŕaton potential and initial conditions. In the present model, these would appear as

correlated dark matter isocurvature and adiabatic perturbations.

Another prediction is that the two unstable HNLs Ni should be degenerate to very

high precision with the dark matter N ′, split only by the correction (5.46) of order

10−2 eV. Similarly, the Ni are Dirac particles to a very good approximation, with a

lepton-violating Majorana mass of order 10−6 eV. This is too small to be detectable in

neutrinoless double beta decay, but large enough to allow for a distinctive signature

of lepton violation through N -N̄ oscillations. The two Ni HNLs can mix strongly
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enough with SM neutrinos to be discoverable at upcoming experiments like SHiP.

The stability of N ′ is directly linked to the masslessness of the lightest neutrino.

This connection could be relaxed by slightly modifying the assumption that the HNL

couplings are aligned with light neutrino masses through Eq. (5.5), without spoiling

other features of our model. We further showed that lepton-ŕavor-violating decays

like µ→ eγ and µ→ 3e may be generated by HNL exchange in loops, at a level that

can be detected in future experiments.

In our framework, the dark matter N ′ is partially asymmetric, and has a mass

bounded by mN ′ ≲ 4.5 GeV. The bound is saturated when N ′ is purely asymmetric,

and its mass is determined by the observed value of the baryon asymmetry. Light

DM can be accommodated by taking small values of the coupling gs between N ′ and

the singlet s, which controls N ′N̄ ′ → ss annihilation; see Figure 5.1. In the mass

range (1−4.5) GeV, signiőcant constraints are already placed by direct DM searches.

The light scalar singlet, whose mass must be less than mN ′ for efficient N ′N̄ ′ → ss

annihilation, can lead to striking signatures. For example the decay KL → πs can

explain anomalous excess events recently observed by the KOTO experiment, but

only if mN ′ ≲ 2.5 GeV; otherwise direct detection constraints rule out this mode

at the level suggested by the KOTO events, where ms ∼ (100 − 200) MeV and s

mixes with the Higgs at the level θs ∼ 5 × 10−4. (The preferred parameter region

for the KOTO anomaly is only a small part of the full allowed space of our model.)

In a different part of parameter space with ms ∼ (0.2 − 0.3) GeV, mN ′
∼= 4.5 GeV

and θs ≲ 6 × 10−6, the singlet mediates DM self-interactions with a cosmologically

interesting cross section, σ/mN ′ ∼ 0.6 cm2/g.
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5.9 Note added

The KOTO Collaboration reported that the four candidate events observed in the

signal region for the rare decay KL → π0νν̄, previously announced in Ref. [20], were

found to be caused in reality by contamination from other SM decays. This őnding

makes the signal fully consistent with the background expectation, setting an upper

limit of 4.9× 10−9 on the branching ratio of KL → π0νν̄ [123, 124].

Appendices

5.A Decay rate for Ni → νℓ+ℓ−

The matrix element for the process Ni → νβℓ
+
β ℓ

−
α , where α, β = e, µ, τ , is

M =
g2w

8M2
W

[

ū(pℓ−α ) γ
µ(1− γ5) u(pNi

)U∗
iα

] [

ū(pνβ) γµ(1− γ5) u(pℓ+β
)
]

(5.49)

whose square reduces to

⟨|M|2⟩ = G2
F

64
|Uiα|2MiEβ

[

M2
i +m2

β −m2
α

2
−MiEβ

]

(5.50)

after averaging over the initial spin, summing over őnal spins and setting mνβ = 0.

Here, GF is the Fermi constant, Eβ is the energy of ℓ+β and we have deőned for

simplicity Mi ≡ MNi
, mα ≡ mℓ−α

and mβ ≡ mℓ+β
. The decay rate Γ can be obtained

by plugging Eq. (5.50) in the standard decay formula (see Ref. [35]) and computing

the three-body phase space integral. The common assumption made in the literature

is to consider mβ = 0, which is well motivated for α = e, µ and β = µ, e. In these
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cases, the decay rate is [46, 48]

Γ =
G2
FM

5
i

192π3
|Uiα|2

(

1− 8 x2α + 8x6α − x8α − 12 x4α log(x2α)
)

(5.51)

where xα = mα/Mi. Such a simpliőed formula does not hold for α = µ, τ and

β = τ, µ, where the muon mass is not negligible compared to the tau mass. The

general expression reads

Γ =
G2
FM

5
i

192π3
|Uiα|2

{

12 |x2β − x2α| (x2β + x2α)

log

[

x2β + x2α − (x2β − x2α)
2 − |x2β − x2α|

√

(1− (xβ − xα)2)(1− (xβ + xα)2)

2 xβ xα

]

− 12
[

x4β + x4α − 2x4β x
4
α

]

log

[

1− x2β − x2α −
√

(1− (xβ − xα)2)(1− (xβ + xα)2)

2 xβ xα

]

+
√

(1− (xβ − xα)2)(1− (xβ + xα)2)
[

1− 7
(

x2β + x2α

)(

1 + x2β x
2
α

)

− 7
(

x4β + x4α

)

+ 12 x2β x
2
α + x6β + x6α

]

}

(5.52)

where xα ≡ mα/Mi and xβ ≡ mβ/Mi. It is easy to check that this formula reduces

to Eq. (5.51) in the limit mβ → 0.
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6.0 Prologue

In the previous chapter, we proposed a "little theory of everything" to address inŕa-

tion, baryogenesis, neutrino masses, and (asymmetric) DM within a uniőed frame-
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work, őlling the gaps in the ΛCDM model and in the SM of particle physics.

In this scenario, a small Majorana mass was induced for the heavy neutral leptons

(HNLs), which played a crucial role in transferring the primordial asymmetry from

the inŕaton őeld to the SM particles, causing particle-antiparticle oscillations. Such

oscillations could be used also as a way of testing the model in laboratory searches.

However, the HNL acting as DM candidate avoided particle-antiparticle oscillations

due to the masslessness of one active SM neutrino.

Considering a small Majorana mass term δm ̸= 0 also for DM particles, their

particle-antiparticle oscillations can potentially regenerate the symmetric component

of DM, leading to its dilution through annihilation. Depending on the value of δm,

DM annihilation may be reactivated at late times, offering a potential solution to the

core-cusp problem at galactic scales, a long-standing issue in the ΛCDM model (see

section 3.1.5). This chapter will explore this intriguing scenario.

Abstract

The core-cusp problem persists as an unresolved tension between the predictions of

ΛCDM cosmology and observations of dark matter (DM) proőles in dwarf spheroidal

and other galaxies. We present a novel scenario for converting cusps into cores through

reactivation of DM annihilation in galaxies at late times. This can happen in asym-

metric DM models when there is a very small DM-number violating mass term that

causes oscillations between DM and its antiparticle. Using analytic methods as well

as gravitational N-body simulations, we show that this mechanism can robustly elim-

inate cusps from galactic DM proőles for light fermionic DM of mass mχ ∼ (0.1− 1)

GeV and a lighter mediator into which the DM can annihilate. We identify regions

of parameter space where annihilation of DM particles is more efficient than elas-

tic scattering at reducing the inner density of the DM proőle. Dark matter anni-

hilation is therefore a qualitatively distinct alternative to the mechanism of elastic

self-interacting dark matter for addressing the cusp-core problem.
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6.1 Introduction

In many respects the standard ΛCDM paradigm of cosmology gives an extremely good

description of the observed Universe. But it has long been recognized that simulations

of structure formation that neglect the presence of baryons predict singular (cuspy)

density proőles of the dark matter (DM) toward the centers of galaxies, whereas

observations suggest ŕatter (cored) distributions [1]. More recent simulations include

the effects of baryonic feedback, which can expel material from denser regions and help

to ameliorate this discrepancy, but there is not yet any consensus that this provides

a complete solution. Moreover in systems like dwarf spheroidals, where baryons are

relatively scarce, one does not expect baryons to have a signiőcant impact on the

small scale structure. These issues have been reviewed in Ref. [2].

Another proposed solution is self-interacting dark matter (SIDM) [3, 4], with a

scattering cross section at the level of

σ

mχ

∼ (0.1− 1)
cm2

g
(6.1)

that is close to upper bounds from colliding galaxy clusters, such as the Bullet Cluster

[5], even though it may be not so robust [6]. N-body simulations incorporating such

interactions have shown that cross sections consistent with eq. (6.1) can produce cored

DM proőles in a wide range of systems [7, 8]. However, more recent studies indicate

that a constant cross section is not the ideal solution, since then ⟨σv⟩ increases with

the size of the system, contrary to the observation that cores are less pronounced on

the scales of galactic clusters. A weak velocity dependence of the form σ ∼ 1/v is

found to give a better őt to the full range of structures [9].

The most common assumption is that the DM self-interaction is in the form of

elastic scattering, but a more exotic possibility was proposed in Ref. [10], in which

fusion of DM particles into bound objects is the interaction leading to cored pro-

őles. Like other exothermic processes, this has the advantage of predicting a cross

section with σv remaining constant at low velocities, as desired for őtting the DM

proőles of both large and small galactic structures. Other interesting possibilities to

212



achieve the correct velocity-dependence of SIDM have been studied, for instance in

the context of resonant SIDM [11ś13], puffy DM [14], self-heating DM [15ś18], maxi-

mally SIDM [19] and DM bound states produced in the early Universe by three-body

recombination [20, 21].

Here we explore a different alternative, motivated by the fact that DM annihilation

is also an exothermic process with σv becoming constant as v → 0. The challenge

for such a scenario is to explain how annihilations could go out of equilibrium in the

early Universe, but then come back at late times [22]. In fact, a mechanism to do this

is well known in the context of asymmetric dark matter, where there is an asymmetry

between the DM χ and its antiparticle χ̄. By allowing for a small mass term that

violates the conservation of DM number, oscillations between χ and χ̄ can reactivate

the annihilations at late times [23ś26].

The reactivation of DM annihilation at late times is usually seen as a danger to

be avoided, since it is known that the DM density should not change appreciably

between the era of the CMB (redshift z ∼ 1100) and structure formation [27, 28], but

in the present work we demonstrate that this mechanism can efficiently produce cored

proőles in galaxies without changing the total DM density signiőcantly. The reason

is that the efficiency of oscillations leading to regeneration of the anti-DM component

can depend strongly on density, so that annihilations are effective in the centers of

galaxies but not in the outer regions.

For a more quantitative investigation, one should integrate quantum Boltzmann

equations for the density matrix, that account for the coherence of states undergoing

oscillations, analogous to those used for the study of neutrino oscillations in a medium.

This formalism was initially worked out for DM in Ref. [25], and some important

corrections were realized in Ref. [26], which we follow closely in the present work.

We consider two models of quasi-Dirac fermionic DM χ of mass mχ. In the

őrst, the dark matter couples to a lighter vector boson V µ (Model 1), with effective

Lagrangian

L1 ⊃ −1

2
m2
V V

2
µ − g′χ̄ /V χ . (6.2)
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In Model 1, the dark matter freeze-out and the late-time depletion are both allowed

by the annihilation process χχ̄ → V V . In the second model, dark matter couples to

a complex scalar Φ = ϕ+ ia (Model 2),

L2 ⊃ −1

2
m2
ϕϕ

2 − 1

2
m2
aa

2 − g′χ̄(ϕ+ iaγ5)χ . (6.3)

Model 2 allows freeze-out and late-time depletion from χχ̄→ ϕa (which unlike χχ̄→
ϕϕ or χχ̄ → aa is s-wave, hence not suppressed at low velocities). The coupling

between χ and either kind of boson is denoted as g′, and its associated őne-structure

constant is α′ = g′2/4π. The DM-violating mass term is

Lm =
1

2
δm (χ̄χc +H.c.) . (6.4)

The parameter δm violates not only dark matter number, but also the gauge symme-

try of Model 1, which is additionally broken by the Stueckelberg mass term for the

vector. It would be possible to replace both of these explicit breakings by a Higgs

mechanism, but for simplicity we adopt the simpler effective theory.

We begin by making preliminary estimates to identify viable regions of the pa-

rameter space, in section 6.2. The essential details of the density matrix Boltzmann

equation formalism are reviewed in section 6.3. In section 6.4 we will show that, for

appropriate choices of the model parameters, integration of the Boltzmann equations

in the early Universe leads to the conventional freeze-out of DM annihilations, leaving

only the asymmetric component of the DM. This justiőes the initial conditions for

the second step, described in section 6.5, where we re-solve the analogous Boltzmann

equations in the background of an already-formed galaxy and show how an initial cusp

gets erased by reactivated annihilation following χ-χ̄ oscillations. This is a somewhat

crude approach since it considers formation of the galaxy to happen suddenly and

neglects the role of gravity in shaping the DM halo. In section 6.6, we improve on

this by carrying out a gravitational N-body simulation of galaxy evolution, in a code

adapted to properly account for the new physics effects. Conclusions are given in

section 6.7, and details of the quantum Boltzmann and N-body simulation methods
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are presented in the appendices.

6.2 Analytic estimates

Before embarking on a detailed analysis, we analytically estimate the regions of pa-

rameter space that are of interest for our mechanism. First, the annihilation cross

sections at threshold for the two models are

⟨σv⟩a =
π α′2

m2
χ

×







(1− r2m)
3/2/(1− r2m/2)

2, Model 1

(1− r2m/4), Model 2
(6.5)

where rm is the ratio of the mediator to the DM mass, rm = mV /mχ for χχ̄ → V V

(Model 1) or rm = mϕ/mχ for χχ̄ → ϕa (Model 2). In the latter, we have assumed

for simplicity that ma ≪ mϕ, and neglected the p-wave suppressed channels χχ̄ →
ϕϕ, aa.

To compare eq. (6.5) to the desired cross section (6.1), consider a reference velocity

v0 = 100 km/s characteristic of DM in a Milky-Way-like galaxy, and the upper value

in the range (6.1), giving σv/mχ ∼ 100 cm2 km/s/g ∼ 0.2 × (100MeV/mχ)GeV−2.

Equating this to ⟨σv⟩a suggests the constraint

α′ ∼= 0.7
( mχ

GeV

)3/2

(6.6)

For example with mχ = 100MeV, α′ ∼= 0.02; we will adopt these as approximate

benchmark values. However nothing prevents us from taking somewhat heavier DM,

up to mχ ∼ 1GeV; above this, the theory starts to be strongly coupled.

It is impossible to avoid χχ elastic scattering mediated by the annihilation prod-

ucts, and we choose to constrain these cross sections so that they are below the level

that would change the DM density proőle independently of the annihilation effect,

which is the focus of this work. The elastic scattering cross sections at low velocities
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are

σs ∼= 4πα′2m2
χ







m−4
V , Model 1

m−4
ϕ + (5/4)v4m−4

a , Model 2
(6.7)

where v = vrel/2 is the center-of-mass velocity. Here, all the relevant channels

contributing to the χχ and χχ̄ scatterings are included and the cross sections for

these two processes turn out to be the same in the low-velocity limit. To avoid

that the scattering self-interactions play a leading role in the galactic dynamics,

we require that σsvrel ≪ ⟨σav⟩. This implies (mV,ϕ/mχ)
4 ≫ 4vrel, which is most

stringent for large systems, galaxy clusters, that have the highest DM velocities.

For example, the cluster A2537 has velocity dispersion σv ∼ 1000 km/s [29], with

vrel = (4/
√
π)σv (assuming the velocity is Maxwell-Boltzmann distributed), and de-

manding that σsvrel < 0.3 ⟨σav⟩ gives the constraints

0.6 < rm < 0.94, Model 1

0.6 < rm < 1.99, Model 2 (6.8)

where the upper limits come about because of phase space suppression of the annihi-

lation.1

The pseudoscalar mass ma should not be arbitrarily small, since its virtual con-

tributions can become Sommerfeld enhanced if ma ≪ α′mχ, vmχ [30ś32]. In the

present work we avoid these complications by considering ma ∼ mχ/10, which is

small enough to ignore it in phase space integrals and its d-wave suppressed contri-

bution to scattering in eq. (6.7), but large enough to avoid nonperturbative effects,

as well as cosmological problems in the era of Big Bang Nucleosynthesis.

The χ-number violating mass δm must be small enough so that χ-χ̄ oscillations

have not yet started at the time of DM freeze-out, Tχ,fo ∼ mχ/20, where we allow for

a lower temperature

Tχ ≡ ξT < T (6.9)

in the dark sector, as discussed in more detail in Sec. 6.4.3. For annihilations to

1We assumed ma ≪ mϕ in the last limit, for the process χχ→ ϕa.
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recouple during structure formation, the oscillations should start before the epoch

of structure formation, ts∼ 0.1Gyr. On the other hand, we will show in Sect. 6.4

that too-early onset of recoupled annihilations tend to change the DM relic density

more than is allowed by CMB constraints [27, 28]. This leads to a window of allowed

values, whose upper limit depends upon details of the scenarios we will discuss,

1

ts
≲ δm ≲











16.3 δ
1/2
η m

1/2
χ

g
1/4
∗ ⟨σv⟩s⟨σv⟩

1/2
a η

3/2
DM

M
5/2
p

, Model 1

342 δ
1/2
η

g
1/2
∗ ⟨σv⟩2a η

2
DM

M3
p

, Model 2
(6.10)

=⇒ 10−31 eV ≲ δm ≲







5× 10−28 eV, Model 1

3× 10−30 eV, Model 2
,

where ηDM is the DM asymmetry and δη is the fractional change in ηDM allowed

by the CMB constraints. The numerical values are indicative, based on the limited

parameter choices we have investigated here. It is possible that the upper limits could

be relaxed in a wider search of parameter space. The analytic expressions in eq. (6.10)

are derived in Appendix 6.D.

6.3 Oscillation formalism

In the presence of DM oscillations, the distinction between particle and antiparticle

becomes time-dependent. If we deőne a basis

|χ⟩ =
(

1

0

)

, |χ̄⟩ =
(

0

1

)

, (6.11)

then it is straightforward to show that the time dependence of a state that is initially

pure |χ⟩ is

|χ(t)⟩ = e−imχt

(

cφ
−isφ

)

(6.12)
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with cφ = cosφ, sφ = sinφ, φ = δm t. To this state we can associate the density

matrix for a single-particle state,

n1 = |χ(t)⟩ ⟨χ(t)| =
(

c2φ
−icφsφ

icφsφ
s2φ

)

. (6.13)

Naively it might seem like appreciable amounts of χ̄ appear as soon as φ ∼ 1 and

χχ̄ annihilations could recommence, but this need not be true if all the particles in

the plasma are oscillating with the same phase. Ref. [26] showed that recoupling

of annihilation depends on the nature of the interactions. Interactions of fermionic

DM with vectors V are called łŕavor sensitive,ž while interactions of χ with scalars or

pseudoscalars are łŕavor blind,ž leading to very different behaviors of the annihilation

probabilities. In the collision of two particles with respective phases φ and φ′, the

annihilation rates are modulated by the factors

χχ̄→ V V : sin2(φ− φ′) (ŕavor sensitive) , (6.14)

χχ̄→ ϕa : sin2(φ+ φ′) (ŕavor blind) . (6.15)

In the őrst case, a bath starting as pure |χ⟩ and maintaining phase coherence never

undergoes annihilations since φ − φ′ remains zero, despite the oscillations. In the

second, the modulation factor averages to 1/2 for fast oscillations, and is therefore

effective even when the particles stay in phase with each other.

For a thermal bath, the matrix n1 in eq. (6.13) is replaced by an integral over the

corresponding matrix distribution function F(k) for the states of momentum k,

n = (2s+ 1)

∫

d 3k

(2π)3
F(k) , (6.16)

where s = 1/2 for fermions as we consider. Then n11 (n22) represents the number

density of particles (antiparticles) deőned with respect to the basis {|χ⟩, |χ̄⟩} as in

(6.11); the off-diagonal elements keep track of the coherence between these two states.

The Boltzmann equation for n reduces to the usual form when we consider only

the diagonal elements, but it has additional terms due to the off-diagonal elements,
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which depend on whether the interactions are ŕavor-sensitive or ŕavor-blind.

6.3.1 Model 1: vector mediator

We őrst consider the ŕavor-sensitive case, applicable to Model 1, for which the Boltz-

mann equation is

ṅ+ 3Hn = −i[H0, n]−
3

2
⟨σv⟩s (Trn)

(

0

n21

n12

0

)

− ⟨σv⟩a
(

detn− n2
eq

)

1 , (6.17)

where H is the Hubble parameter, the thermally averaged free Hamiltonian is

H0 = ⟨E⟩1+

〈

mχ δm

E

〉(

0

1

1

0

)

∼= mχ 1+ δm

(

0

1

1

0

)

, (6.18)

⟨σv⟩s is the χχ or χχ̄ scattering cross section (that coincides at low energies), ⟨σv⟩a is

the χχ̄ → V V annihilation cross section, and neq is the equilibrium number density.

The scattering term in eq. (6.17) is derived in appendix 6.A, while the other terms

can be found in Ref. [26].2 Eq. (6.17) is the appropriate form for cosmology; in section

6.5 we will discuss how it can be applied in a galactic environment.

The scattering term in (6.17) has the effect of damping the off-diagonal elements

of n, which destroys the coherence of the quantum superpositions and effectively

measures the state of an oscillating system. The loss of coherence results in detn ̸= 0,

which activates the annihilations. Since ⟨σv⟩s is proportional to the DM velocity, this

makes the effect stronger in systems with large velocity dispersions. We will see in

section 6.5 that this is contrary to observations, disfavoring Model 1 taken by itself.

The origin of the factor (6.14) can be heuristically understood from (6.17) by

2Ref. [26] derived the scattering term for χf → χf with f being a different particle in the plasma.
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interpreting the annihilation term detn1 as the matrix [26]

detn1 → 1

2
(n1σ2n

T
2 σ2 + n2σ2n

T
1 σ2)

=
1

2
sin2(φ1 − φ2)1 , (6.19)

where n1, n2 represent the density matrices (6.13) of two particles, having respective

phases φ1, φ2, and σ2 is the Pauli matrix.3

Similarly, the effect of the scattering term can be understood by replacing n→ n1

everywhere except in the trace, where Trn → Trn2, which does not depend on φ2,

and just represents the total density n of DM scattering on particle 1. Then the

off-diagonal parts of the Boltzmann equation determine the damping of φ1 as

d

dt
(cφ1

sφ1
) ∼ −3

2
n⟨σv⟩scφ1

sφ1
, (6.20)

which has the solution cφsφ ∼ exp(−3
2
Γst)(cφsφ)0, where Γs = n⟨σv⟩s is the elastic

scattering rate.

6.3.2 Model 2: scalar mediators

For scalar interactions, the Boltzmann equation simpliőes, because elastic scattering

no longer has any effect on the density matrix. The form of the annihilation term is

also changed, in a way that makes it lead to decoherence by itself

ṅ+ 3Hn = −i[H0, n] (6.21)

− ⟨σv⟩a
[(

det′ n

(Trn)n21

(Trn)n12

det′ n

)

− n2
eq 1

]

.

Here we deőne det′ n ≡ n11n22+n21n21. In contrast to eq. (6.17) for the vector model,

there is no dependence on the DM velocity in (6.21), leading one to expect a more

3In the notation of Ref. [26], σ1n
Tσ1 = n̄ and σ3 = O−. Appendix 6.B implies that the actual

matrix structure is more complicated than (6.19), but this form is adequate for our application of
it in section 6.5, which can only account for coherence effects in an approximate way. In particular,
the off-diagonal elements are not exactly zero, but they average to zero over the ensemble.
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similar level of cusp erasure in both large and small galactic systems, independently

of the differences in their velocity dispersions.

The analogous reasoning that led to eq. (6.19) can be applied in the simpler case

where φ1 = φ2 = φ since the annihilation term no longer vanishes in that limit, giving

det′n→ 1

2
{n, σ1nTσ1}

=
1

2
sin2 2φ1+

1

2
sin 2φσ2 . (6.22)

The diagonal term goes to (6.15) when the two phases are different from each other.

The off-diagonal term leads to phase damping similarly to (6.20), but now with cφsφ ∼
exp(−Γat)(cφsφ)0, where Γa is the conventional annihilation rate, without the sin2 2φ

modulation factor.

6.4 Early cosmology

For small values of δm ≲ 10−30 eV, oscillations are unimportant until the epoch when

structure formation begins. For larger values of δm they can cause annihilations

to temporarily recouple, further reducing the density of the asymmetric component,

before structure formation begins and annihilations are reactivated once again. In this

section we illustrate these possibilities by solving the Boltzmann equation at early

times. This is meant to provide the initial conditions before the effects of oscillations

on structure formation begin, that we will investigate in the following sections.

6.4.1 Model 1

Like for conventional freeze-out, it is convenient to use x ≡ mχ/T as the inde-

pendent variable, and the abundance Y ≡ n/s as the dependent variable, where

s = 2π2g∗sm
3
χ/(45x

3) is the entropy density and Y is now a matrix. The Boltzmann
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equation becomes

Y ′ = − i

xH
[H0, Y ]− ξ3

3⟨σv⟩ss
2xH

(

0

Y21

Y12
0

)

TrY

− ξ3
⟨σv⟩a s
xH

(

detY − Y 2
eq

)

1 . (6.23)

Here H ∼= 1.66
√
g∗m

2
χ/(Mpx

2) is the Hubble parameter, and we have allowed for the

DM temperature to differ from that of the standard model by putting the appropriate

factors of ξ = Tχ/T . The averaged scattering cross section is

⟨σv⟩s = σ0

√

ξ

x
, σ0 ∼= 8πα′2

m2
χ

m4
V

, (6.24)

and the equilibrium abundance is

Yeq ∼=
45 x3

2π4 g∗s

K2(ξx)

ξx
(6.25)

in the Maxwell-Boltzmann approximation. It is the abundance of just the DM particle

χ, not including the antiparticle.

There is an additional possible source of decoherence that is not captured by eq.

(6.23). The full Hamiltonian (6.18), before taking the non-relativistic limit, depends

on the momentum k of the state, which is neglected in (6.23). This causes states

of different momenta to oscillate at slightly different frequencies δω ∼ δm (k2/2m2
χ),

giving rise to thermal decoherence even in the absence of scattering. To fully inves-

tigate this effect would require solving for the full distribution function F(k), which

is numerically prohibitive. Instead we model it in an approximate way, by splitting

the integral over k in (6.16) into two bins of small and large momenta, Y = Ys + Yl.

The averaged Hamiltonians Hs,l for the respective bins are shown in eq. (6.57). The

resulting coupled Boltzmann equations are given in eqs. (6.53). They have a more

complicated matrix structure than (6.23), but the sum of the two agrees with (6.23).

We found this additional source of decoherence to have a negligible effect, compared

to that due to the scatterings.
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Figure 6.4.1: Cosmological evolution of χ, χ̄ and total abundances for Model 1 (left)
and Model 2 (right). The model parameter values are indicated in the plots. We
indicate the approximate time of BBN and CMB with faint gray vertical lines. The
ratio of dark to visible sector temperatures is taken to be ξ = 1.

The left panel of Fig. 6.4.1 shows the effect of thermal decoherence in the evolution

of the oscillating dark matter in the vector model at early, intermediate, and late

times. We see that after oscillations commence at late times (values of x ∼ 107 − 108

in the two models), annihilations recouple brieŕy before freezing out again. The dark

matter density, Y = Yχ̄ + Yχ, is reduced by ≲ O(5%), which is roughly compatible

with observations of density perturbations in the CMB [27]. These constraints were

reőned in Ref. [28], which limits the change in the DM abundance Y as a function of

the redshift of the transition as well as its duration, with respect to CMB data. We

have checked in detail that the examples shown in Fig. 6.4.1 are compatible with the

limits found there.

On the other hand, we observe that increasing δm has the effect of shifting the

recoupling of annihilation to earlier times, and also inducing much larger changes in

∆Y , that would be in conŕict with the CMB. By varying δm and comparing to the

excluded regions from Ref. [28], we arrive at the approximate upper bounds shown in

eq. (6.10). It is possible that models saturating these limits could ameliorate current

tensions in the different measurements of H0 [33] and σ8 [34]. We leave further

exploration of these implications for future work.
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6.4.2 Model 2

The cosmological version of the Boltzmann equation (6.21) is

Y ′ = − i

xH
[H0, Y ] (6.26)

− ξ3
⟨σv⟩a s
xH

[(

det′ Y

Y21 TrY

Y12 TrY

det′ Y

)

− Y 2
eq 1

]

,

where scatterings no longer play any role. Its solution is shown in the right panel of

Fig. 6.4.1. The implications of the brief recoupling in dark matter annihilation are

similar as in Model 1.

6.4.3 Constraints on Neff

As usual for dark matter models coupled to light mediators, indirect detection con-

straints from X-ray and gamma-ray telescopes require the hidden sector to be largely

secluded from the Standard Model. Moreover, the force mediators like the vector V of

Model 1 or the scalars ϕ and a of Model 2, which are the products of χχ̄ annihilation,

must decay into radiation of some sort to avoid dominating the energy density of the

Universe at low temperatures, for example at the time of BBN. The simplest solution

to these possible issues is to introduce a dark radiation species, such as massless ster-

ile neutrinos ν ′, that couple to the mediators and allow for the decays V, ϕ, a→ ν ′ν̄ ′.

As long as these new species have a mass smaller than ∼ eV, they will not come to

matter-dominate the Universe before the formation of the CMB.

Even this single light degree of freedom might be detected by precise probes of the

energy content of the early Universe at BBN [35, 36] and CMB [37], which constrain

the number of new relativistic degrees of freedom. For single-parameter extensions of

ΛCDM, the constraints are of order ∆Neff ≲ 0.2, but known parameter degeneracy

with the helium abundance Yp and possible hints of beyond-ΛCDM physics such as

neutrino masses or the H0 tension can partially relax these constraints to the level of

∆Neff ≲ 0.5 [35ś37].4 In any case, these would robustly exclude the 1.75 (3.5) degrees

4see Eqs. 68-69 and 81 of Ref. [37] or Fig. 11 and Table 5 of Ref. [36].
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of freedom contributed by a fully thermalized Majorana (Dirac) fermion. This does

not occur in our setup because the two sectors are assumed to remain secluded.

If we allow for an initial discrepancy between the Standard Model and dark sector

temperatures, Td,0 = ξ0Tγ,0, the predicted contribution to the effective number of

relativistic species at any temperature within our framework is given by

∆Neff(Tγ) =
4

7
ξ40 g

d
∗

[

(

11

4

)Θ(me−Tγ) gd∗S0
gd∗S

g∗S
g∗S0

]4/3

= 0.43 ξ40

(

gd∗
7/2

)−1/3(
gd∗S0
11

106.75

g∗S0

)4/3

(6.27)

where gd∗ , g
d
∗S and g∗S, are the number of degrees of freedom in energy and entropy in

the dark sector and in entropy in the visible sector, respectively, and all of them are

evaluated at Tγ. In going from the őrst to the second line, the Standard Model degrees

of freedom in entropy before and after e+e− freezeout cancel the change in neutrino

temperature, as expected. We normalize to the values appropriate for a dark sector

containing one light and one heavy Dirac fermion, a vector, and a complex scalar

(required to give the vector a mass), reŕecting the őeld content of Model 1. In the

case of a dark sector with two heavy and one light Majorana fermion plus a complex

scalar, as in the minimal case to generate the phenomenology of Model 2, one obtains

the smaller result ∆Neff ≃ 0.31 ξ40 .

In either case, the CMB and BBN limits in single-parameter extensions of ΛCDM

are in tension with the models if ξ0 = 1, but the most stringent BBN and CMB limits

are satisőed for ξ0 ≃ 0.9, which requires only a moderate difference in inŕationary

reheating efficiencies for the two sectors [38, 39]. Even if ξ0 = 1, either model is

compatible with CMB and BBN limits once uncertainties in Yp or other quantities

are more conservatively taken into account [35ś37]. In the near future, high-resolution

studies of the CMB damping tail will improve these bounds by an order of magnitude

[40].
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6.5 Structure formation

We start with an approximate treatment of the effect of χ-χ̄ oscillations on galactic

dynamics, by imagining that an NFW-shaped halo with

ρχ,0 =
ρs

(r/rs)(1 + r/rs)2
(6.28)

has already formed at some time t0, with the initial condition on the matrix density

that

nij(r; t0) =
ρχ,0(r)

mχ

δi1δj1 (6.29)

at each position r in the collapsed system: this corresponds to a pure χ state, in

which oscillations have not yet had any effect.

To apply the Boltzmann equation (6.17) in a galactic environment that has sepa-

rated from the Hubble expansion, we drop the 3Hn term, and set neq = 0, since the

annihilation products escape without further interactions. For example with őducial

parameters α′ = 0.02, mχ = 100MeV, and central densities ρχ ∼ 1GeV/cm3, the

mean free path for ϕχ→ ϕχ or V χ→ V χ scattering is of order (α′2ρχ/m
3
χ)

−1 ∼ 1021

kpc. In principle, the Boltzmann equation in an inhomogeneous environment could

contain extra terms, coming from the Liouville operator

L̂[F ] ≡
(

∂

∂t
+

k⃗

mχ

· ∇⃗+ F⃗ (r) · ∇⃗k

)

F(t, x⃗, k⃗) (6.30)

acting on the density matrix F , where F⃗ (r) is the gravitational force at a given radius

in the halo. However in the approximation used in this section, we are assuming as

an initial condition an already-formed NFW halo in which the velocity distribution

is isotropic. Therefore in the integral of eq. (6.30) over d 3k to convert F → n, all

terms average to zero except for ṅ. Hence the diffusion of dark matter particles

that is modeled in N -body simulations is not captured in the Boltzmann equation

(6.17), although the quantum coherence effects are. We supplement this analysis by a

complementaryN -body approach in section 6.6, which will corroborate the qualitative
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features found here.5

We evolve the initial density (6.29) at each radial position r, up to a őnal time tf

of order 10Gyr. This leads to a modiőed density proőle ρχ = (n11+n22)mχ, that is to

be compared to present-day observations. In addition to knowing the initial density

proőle, it is also necessary (for Model 1 only) to specify the DM velocity proőle,

since the relative velocity enters into the scattering rate through ⟨σv⟩s (whereas the

annihilation rate is insensitive to vrel). We have adopted the analytic solution for

the radial velocity dispersion σr(r) from Ref. [41] (see eq. (14) of that reference),

derived by solving the Jeans equation for an NFW proőle. This determines σr(r) for

given NFW parameters rs, ρs. The latter can be related to the virial radius r200,

concentration c200, mass M200 and velocity V200 through

ρs
ρc

=
200

3
c3200 g(c200) ,

r200 = c200 rs ,

M200 =
4π

3
200 r3200 ρc ,

V 2
200 =

GM200

r200
, (6.31)

where ρc is the present critical density, and g(c) = [ln(1 + c)− c/(1 + c)]−1.

6.5.1 Model 1

We applied this procedure őrst within Model 1 for a particular dwarf spheroidal

galaxy, DDO 154 [43], that has been discussed from the point of view of self-interacting

dark matter in Ref. [42]. There the NFW parameters were determined using data

from Ref. [44] and the mass-concentration relation from Ref. [45]. The resulting

NFW proőle is shown in Fig. 6.5.1 (top left). This proőle disagrees with the observed

5To model effects of anisotropic velocity distribution, one could for example assume that F
factorizes into spatial and k⃗-dependent functions, F = n(r)f(kr, kt), where kr and kt are the radial
and tangential momentum components, and take an additional moment

∫

d 3k kr of the Boltzmann
equation to obtain coupled equations for n and f . We have checked that f is in fact isotropic in the
N -body simulations described below; hence we do not pursue such a more detailed investigation in
the present work.
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Figure 6.5.1: Left: density proőles for dwarf galaxy DDO 154. NFW and modiőed
proőles from SIDM are from Ref. [42] (solid curves), while dot-dashed curves are the
predictions of Model 1 (Model 2) for different indicated values of the vector mediator
mass mV (dark őne-structure constant α′). Right: corresponding results for galaxy
cluster A2537, where SIDM result is from Ref. [9]. Top row is for Model 1 (vector),
bottom for Model 2 (scalar).

rotation curve in the inner part of the galaxy, whereas the solid łSIDMž curve, which

arises from elastic DM self-interactions adjusted to the appropriate cross section, gives

a good őt.

The dot-dashed curves show the results for our model, with mχ = 100MeV,

α′ = 0.02, and several values of mV . The proőle is signiőcantly cored, depending

on the value of mV , and has a different shape from that predicted by SIDM. The

closest match between the SIDM proőle and ours is produced for mV = 34MeV,

which however is inconsistent with the constraint (6.8). It means that we should

not neglect the effects of elastic scattering by itself, which go into the usual SIDM

treatment. This problem can be overcome by simultaneously increasing mV and α′;

for example mV = 60MeV and α′ = 0.1 gives a reasonable őt. However neither of
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Figure 6.5.2: Left: χ2 per degree of freedom versus the vector mediator mass mV in
Model 1, for őts to the circular velocities of dwarf spheroidals DDO 154 and 126, with
DM mass mχ = 65MeV. Right: similar to left, for Model 2 with varying α′. In either
model, acceptable joint őts can be found by taking intermediate values of mV or α′,
respectively.

these models are consistent with data from galaxy clusters, as we discuss next.

Ref. [9] presents evidence for the DM proőles of galaxy clusters also being cored, to

a somewhat lesser extent than dwarf spheroidal galaxies. These larger systems have

much higher velocity dispersions, which leads to a stronger reduction of the central

density by our mechanism, using Model 1. This is shown for the cluster A2537 in

Fig. 6.5.1 (top right), where for the same values mχ = 100MeV and α′ = 0.02 as

before, the best match to the SIDM curve is for mV
∼= 51MeV; the lower value of

mV = 34MeV, favored by dwarf spheroidals, leads to unacceptably large suppression

of the central density to be compatible with measured stellar velocity proőles. More

detailed quantitative comparisons between the theory and data will be presented in

section 6.6, in terms of the predicted versus observed velocity proőles.

One may also wonder to what extent a given model can match the observed

properties of different spheroidal dwarf galaxies, whose density proőles can be diverse.

Although an exhaustive comparison is beyond the scope of the present work, we have

studied a contrasting example, DDO 126, whose DM density proőle (like that of DDO

154) was estimated by Ref. [44]. The best őts to the circular velocity measurements

for the two galaxies occur at different values of the model parameters, as shown in

the left panel of Fig. 6.5.2, where we őxed mχ = 65MeV, α′ = 0.015 and allowed mV
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to vary. (Notice we have chosen a lower value of mχ in this example; it is motivated

by the discussion in section 6.5.3.) However, an acceptable őt to both systems can be

found at an intermediate value mV
∼= 20.6MeV, resulting in χ2/d.o.f. ∼= 0.8 for either

system. We have allowed for systematic uncertainty in the magnitude of the DM

density proőles, reŕecting an estimated ∼ 25% uncertainty in the baryonic content of

the galaxies [9]. Since the baryons comprise ∼ 10% of these systems, this translates

to a 2.5% uncertainty in the overall DM densities, that we have marginalized over to

slightly improve the őts.

6.5.2 Model 2

In Model 2, the situation is the opposite, though with a smaller discrepancy. In this

case nothing depends on the scalar mass mϕ, as long as it satisőes the consistency

condition (6.8). For a őxed value of mχ (here still at 100 MeV), only α′ matters.

The SIDM proőle can be approximately matched by taking α′ ∼= 0.01 in the DDO

154 dwarf galaxy, while for the same parameter choices, the predicted inner proőle of

cluster A2537 lies somewhat above the SIDM őt, a factor of 1.7 higher as illustrated

in the density proőles shown in Fig. 6.5.1.

We have found that this qualitative difference between scalar and vector mediators

is generic: the velocity dependence of the decoherence mechanism in Model 1 makes

it more effective for cusp suppression in high-velocity systems (clusters), whereas the

lack of such dependence in Model 2 leads it to be more efficient in higher density

systems (dwarfs).

The mild tension in simultaneously explaining the density proőles of different

spheroidal dwarf galaxies, described for Model 1, is also present in model 2, as illus-

trated in the right panel of Fig. 6.5.2 for the case of mχ = 65MeV: the best őts occur

at different values of α′ for the DDO 154 and DDO 126 galaxies. Like for Model 1,

it is not a serious difficulty since an intermediate choice α′ ∼= 0.0053 results in an

acceptable χ2/d.o.f. = 0.72 for both systems. We leave a more exhaustive study,

both of the allowed parameter space and including more galaxies, for future work.
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6.5.3 Hybrid models

The previous results suggest that the challenges for Models 1 or 2 to simultaneously

őt the rotation curves of both dwarf galaxies and clusters could be overcome in a

model with both mediators present. Here we present an example that supports this

hypothesis, leaving for future work a more rigorous or detailed analysis.

Since it is technically difficult to implement both kinds of mediators simultane-

ously, we will be content here to give an example in which a vector mediator gives

a good őt to a cluster, while leaving a dwarf galaxy relatively unaffected, and at

the same time a scalar mediator that achieves the opposite. Since each model has a

relatively small effect on one of the systems, it seems likely that by combining them,

one can add the coring effects to both systems in a roughly linear fashion.

For example we őnd that for lighter DM with mχ = 65MeV, and Model 1 pa-

rameters α′ = 0.015, mV = 44MeV, we őt the observed stellar line-of-sight velocity

dispersion proőle (described in more detail in the next section) for A2537 extremely

well, while leaving the predicted circular velocity Vcirc(r) in DDO 154 too high from

not sufficiently reducing the central density in the dwarf system. On the other hand,

choosing a lower coupling α′ = 0.004 in Model 2 gives an excellent őt to the DDO

154 rotation curve, while having a small impact on the inner proőle of A2537. These

outcomes are shown in Fig. 6.5.3, indicating that by combining the two mediators, it

is possible to get as good a őt as an elastic SIDM model with a velocity-dependent

cross section that is tuned to őt both systems. In elastic SIDM, a cross section of

σ/m ∼= 3 cm2/g [42] is needed to agree with dwarf spheroidals, whereas a smaller

value ∼ 0.1 cm2/g is used to explain clusters [9].

6.6 N-body simulations

To more quantitatively predict the evolution of galactic structures in our scenario, we

have performed N-body simulations that take into account the peculiar interactions

described by the Boltzmann approach of the previous sections. The two approaches

should be viewed as complementary since each has its own limitations. The challenge
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Figure 6.5.3: Illustration of how combining vector and scalar mediators could give
a good simultaneous őt for both dwarf spheroidals (left) and clusters (right). Left:
predicted circular velocities due to the DM component alone from the same two
models and from SIDM (Ref. [42]), and data from Ref. [44]. In each case, one mediator
dominates the coring effect of the central proőle in one system, while having little
effect in the other system. Right: stellar velocity dispersion along the line-of-sight
for cluster A2537, with predictions based on the DM density proőle from two of our
models, from SIDM (Ref. [9]) and data from Ref. [29].

for N-body simulations, even if modiőed to account for self-interactions, is that they

treat test particles classically, with scatterings occurring probabilistically rather than

quantum mechanically. For conventional self-interactions this is not a serious limi-

tation, but in the present context, the overall coherence of the DM ensemble is of

primary importance.

To address this, we have modiőed the public version of the GADGET-2 code [46, 47],

which is widely used to generate N-body cosmological simulations. 6 The novel fea-

ture, apart from including DM scattering and annihilation (see appendix 6.C for

implementation details and code tests), is to keep track of the phase φ of each test

particle, that describes the oscillations as in eq. (6.12). We assume that all particles

in the halo are initially in phase with each other. Depending on whether the model

is ŕavor-sensitive (Model 1) or ŕavor-blind (Model 2), this phase plays different roles,

and evolves differently. In the absence of interactions, the phase of each particle

would evolve trivially as φ = δm t. To mock up the behavior predicted by the quan-

tum Boltzmann equations while still treating the particles classically, we implement

6https://wwwmpa.mpa-garching.mpg.de/gadget/
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scattering as follows.

Model 1. Elastic scatterings damp the quantum coherence, as described by the

off-diagonal elements of the collision term in (6.17). Integrating the off-diagonal

elements over a collision time ∆t = 1/Γs = (n⟨σv⟩s)−1 leads to a phase change

∆ ln(cφsφ) = −3/2, as shown in eq. (6.20). For strongly damped systems such that

Γs > δm, this can be modeled by replacing the phase of each particle undergoing

elastic scattering by

φ→ (φ mod 2π) e−3/2 , (6.32)

leading to decoherence of the ensemble, that allows annihilations to occur. The

annihilation probability of two particles with respective phases φ1 and φ2 is reduced

relative to its usual value by the factor sin2(φ1 − φ2), as derived in eq. (6.19).

Model 2. In this case, the scattering self-interactions have no effect on the phases,

and they play exactly the same role as in conventional SIDM. Instead, decoherence

is caused by the annihilation interactions themselves. The phase reduction described

above now becomes a factor of e−1 each time an annihilation would have occurred,

for a fully decoherent mixture of χ and χ̄. The annihilation probability is modulated

by the different factor sin2(φ1 + φ2) as was explained below eq. (6.22).

As initial conditions for DM halos corresponding to the dwarf galaxy DDO 154

and the galaxy cluster A2537, we took Hernquist proőles [48], which are described by

the total mass M and the scale radius a. Unlike NFW, these proőles have őnite mass

without any need of truncation and they are perfectly stable in time when evolved

with collisionless DM [49, 50], as we show in appendix 6.C.

To match the initial N-body proőles to the ones assumed in section 6.5, we used

the procedure described in Ref. [49]. It consists of choosing the value of the Hernquist

mass M as the virial mass M200 of the NFW proőle and requiring the two density

proőles to coincide in the inner region where r ≪ r200. The latter condition gives a

relation between the Hernquist scale radius a and the NFW one rs, namely

a = rs
√

2 [ln (1 + c200)− c200/(1 + c200)] , (6.33)
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Figure 6.6.1: Like Fig. 6.5.1, but including comparison with the N-body simulation
results. The latter are shown as solid lines surrounded by the 1σ uncertainty band,
obtained by assuming that the number of particles in each bin is Poisson-distributed.
The black solid curve corresponds to the original NFW proőle, whereas the matched
Hernquist proőle is shown with the red dashed line. The other dot-dashed curves are
the results of Fig. 6.5.1. The orange solid line is the SIDM prediction from Ref. [42]
for DDO 154 and from Ref. [9] for A2537. The dashed vertical line shows the position
of the gravitational softening length ϵ used in the simulations.

where c200 = r200/rs is the concentration index. The values of c200 we use for our

examples are displayed in Fig. 6.5.1. The comparison between the original NFW and

the matched Hernquist proőle for our simulated halos is shown in Fig. 6.6.1. The

agreement between these two proőles is excellent in the inner halo regions of interest

for our study, suggesting that the simulation outcomes should model to a very good

approximation the same dynamics as in our complementary treatment of section 6.5,

on the subgalactic or subcluster scales where they are most relevant.

Fig. 6.6.1 shows the results of the N-body simulations for both Model 1 and

Model 2 and their comparison with those obtained previously in Fig. 6.5.1. The
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overall agreement observed for both DM models suggests that the N-body simulations

model reasonably well the physics encapsulated in the quantum Boltzmann equation,

where the coherence of DM particles plays a decisive role. Differences between the

simulation and the approximate approaches are perhaps more evident in the dwarf

galaxy because gravitational effects and DM dynamics have a relatively larger effect

in small systems than in large ones.

To compare our model predictions with existing data, we converted our results

for the DM density into observed quantities, namely the circular velocity for dwarf

systems and the projected stellar velocity along the line-of-sight for galaxy clusters.

The former is deőned as Vcirc(r) = [GM(r)/r]1/2, where M(r) is the enclosed mass

at radius r. The left panels of Fig. 6.6.2 show our DM predictions for the rotation

curve of DDO 154 dwarf galaxy within the two classes of models considered in this

paper compared to current data. The grey points show the total circular velocity of

the dwarf as observed by the LITTLE THINGS survey [44], whereas the white points

represent just the DM contribution to Vcirc(r), obtained by subtracting the gas and

star components after carefully modelling their distribution within the galaxy [44].

The vector model with mV = 34 MeV provides the best őt to data among the models

displayed in the top panel of Fig. 6.6.2, with a χ2/d.o.f. < 1, comparable to the SIDM

curve found in Ref. [42]. For the scalar case, a choice of α′ somewhat smaller than

0.01 would provide good agreement between our model and observations as shown in

the bottom left panel of the same őgure.

For relaxed clusters dominated by a central early-type galaxy, such as in A2537, it

is possible to measure the stellar line-of-sight velocity dispersion proőles σ⋆LOS(r) with

spatially-resolved spectroscopy [29, 51]. In order to convert our model predictions into

σ⋆LOS(r), we used the procedure outlined in appendix A of Ref. [52] combined with

the information for A2537 cluster contained in Ref. [29]. In particular, as done in the

latter reference, we modeled the stellar luminosity density ν⋆(r) with a dual pseudo

isothermal elliptical proőle (dPIE) [53] and converted it into a baryonic density via

the relation

ρb(r) = Υ⋆V ν⋆(r) . (6.34)
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Figure 6.6.2: Comparison between our model predictions and observational data.
Left: circular velocity as a function of distance from the galactic center of the dwarf
DDO 154. The data points and the corresponding error bars are taken from Ref. [44].
In particular, the grey dots show the total effect of DM, gas and stars on the rotation
curve, whereas the white dots show just the DM contribution obtained after a careful
modelling of stars and gas components (see Ref. [44] for details). Right: projected
stellar velocity dispersion along the line-of-sight as a function of radial distance for
the cluster A2537. The data points and the error bars are taken from Ref. [29]. In
all panels, N-body simulation results are shown as solid lines surrounded by the 1σ
uncertainty band, obtained by assuming that the number of particles in each bin is
Poisson-distributed. The black dotted curve corresponds to the original NFW proőle,
whereas the matched Hernquist proőle is shown with the red dashed line. The other
dot-dashed curves are the results of Fig. 6.5.1. The orange solid line is the SIDM
prediction from Ref. [42] for DDO 154 and from Ref. [9] for A2537.

Here Υ⋆V ≡M⋆/LV is the stellar mass-to-light ratio in the V-luminosity band, which

is usually assumed to be spatially-independent across the cluster [29, 52]. The value of

Υ⋆V could be inferred from the stellar population synthesis (SPS) up to an unknown

initial mass function (IMF) and therefore one usually parametrizes this ignorance

with the free parameter log (Υ⋆V /Υ
SPS
⋆V ), where ΥSPS

⋆V is the SPS predicted mass-to-
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light ratio for a given IMF. We considered a Chabrier IMF [54] as done in Ref. [29]

and őxed the value of log (Υ⋆V /Υ
SPS
⋆V ) for the A2537 cluster by matching the baryonic

density computed by eq. (6.34) with that obtained in Ref. [9]. The results of this

procedure are shown in the right panels of Fig. 6.6.2 for both the vector and scalar

models. Good agreement between them and the existing data is obtained for a wide

set of parameters in both classes of models because of the large error bars in the

observational data.

The N-body approach allows us to distinguish between the complementary effects

of ordinary self-interactions by scattering, versus the novel one from annihilations,

which we have investigated in both Models 1 and 2. To estimate the annihilation

contribution to the total proőle, we turned off the elastic scattering processes. Sim-

ilarly, the scattering contribution can be estimated by turning off the annihilations.

The top panels of Fig. 6.6.3 show that the major effect in shaping the halo density

proőle is given by DM annihilation for the choices of parameters both in Model 1

and Model 2 considered in this paper. This veriőes that the annihilation mechanism,

investigated here for the őrst time in quantitative detail, has the capacity to alleviate

the small-scale structure problems of CDM in the way originally suggested by [22].

The comparison between annihilation and scattering is more evident by looking

at their effect on the velocity dispersion of DM particles within the halo. As well-

known in standard SIDM, particle scatterings lead to a net energy transfer between

the outer and inner parts of the halo, causing an increase in the velocity dispersion

in the central region with respect to the collisionless cold DM case [3, 8]. However,

such an effect is absent in the DM annihilation scenario if the annihilation products

are not reabsorbed within the halo, as occurs for the choice of parameters for both

Model 1 and Model 2 considered in this paper (see discussion at the beginning of

section 6.5). On the contrary, the halo is expected to become overall colder than

that in the collisionless cold DM scenario because high-velocity particles have higher

chance to őnd a partner to annihilate with than low-velocity particles. This is nicely

displayed in the bottom panels of Fig. 6.6.3, where the velocity dispersion of DDO

154 shows a net decrease at intermediate distances from the galactic center because
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Figure 6.6.3: Top: Radial density proőle of the dwarf galaxy DDO 154 for Model 1
with mV = 26 MeV (left) and for Model 2 with α′ = 0.01 (right) from N-body simu-
lations. The other model parameters are the same as in Fig. 6.6.1. The contributions
of DM scattering and DM annihilation to the total proőle are shown separately. The
black solid curve corresponds to the result with just collisionless cold DM and the
Hernquist proőle for the initial halo is shown with the red dashed line. The gray
dashed vertical line shows the position of the gravitational softening length ϵ used in
the simulations. Bottom: Corresponding radial velocity dispersion of DDO 154 for
the same Model 1 and Model 2 considered in the top row.

particles there have normally a larger radial velocity.

Using dark matter annihilation to solve the core-cusp problem naturally gives

a roughly constant value of the rate of core formation [10], as is suggested by őts

to astrophysical objects spanning őve decades in mass [9]. Relying on dark matter

dynamics to resolve these issues is potentially under some tension from the measure-

ment of cusps in the centers of classical dwarf spheroidal galaxies [55, 56] and from

recently discovered ultrafaint galaxies [57], although out-of-equilibrium dynamics like

tidal effects of the host galaxy may play a role in contributing to the diversity of these

systems [58ś62]. Doing self-consistent őts to the observational data across many dif-
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ferent systems will be critical for determining if the mechanism we investigate in this

paper is as quantitatively successful as the elastic SIDM mechanism has been. Explor-

ing this model in cosmological N-body simulations to compare against the subhalo

abundance, for instance, will also be an important route for future work.

6.7 Conclusions

The long-standing discrepancies between gravitational N-body simulations of struc-

ture formation in the ΛCDM paradigm and observations of cored density proőles con-

tinue to motivate exploration of alternative dark matter models and mechanisms. In

this work we have revived one of the earliest such proposals [22] by showing that dark

matter annihilations in galactic structures can be responsible for erasure of the cusps,

using distinctive properties of asymmetric dark matter (ADM). The key idea is that

very strong annihilations would freeze out early in cosmic history, solving the problem

of removing the łsymmetricž ADM relic density, and are reactivated at late times rele-

vant for structure formation by oscillations of DM into its antiparticle. The preferred

annihilation rate per unit mass σv/mχ ∼ 100 cm2/g km/s can be őt in our model

by dark matter and mediator masses of order 30MeV ≃ mV,ϕ,a ≲ mχ ≃ 100MeV, a

perturbative self-coupling as given in Eq. (6.6), and a Majorana mass term δm within

the range (10−31 − 10−28) eV.

To obtain a large-enough annihilation cross section while respecting perturbativity

of couplings constrains the DM and the mediator of the strong hidden force to be light,

typically below 100 MeV. We have illustrated the mechanism in two representative

models, with vector or scalar mediators respectively, and using two complementary

approaches to model the structure formation dynamics. A fully consistent simulation

is challenging because it must incorporate the quantum coherence of the oscillating

dark matter while tracking the spatially-dependent annihilation rates within a DM

halo. Our N-body simulations, which treat the coherence in an approximate way, give

relatively close results to a quantum Boltzmann equation approach, which models the

structure formation less rigorously. We have tested the scenario on two representa-
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tive dwarf spheroidal galaxies, as well as a galactic cluster. Both methods lead to

signiőcant coring of the density proőle, qualitatively similar to the effects of elastic

SIDM scattering that have been widely used to address the cusp-core problem.

Like the elastic SIDM paradigm, the new mechanism we propose here does not,

in its simplest forms, address the diversity of halo proőles on all scales. In elastic

SIDM this is accomplished by assuming velocity-dependent scattering, with a cross

section that goes down at larger DM speeds. Within our mechanism, scalar medi-

ators generically have a relatively stronger coring effect on small halos than larger

(less dense) ones, while vector mediators have the opposite behavior. We presented

evidence that the combination of both mediators could provide a good universal őt,

leaving a detailed investigation for future study.
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Appendices

6.A Scattering term in Model 1

In this appendix we derive the collision term for elastic scattering of χχ or χχ̄ through

exchange of the vector boson, needed for the quantum Boltzmann equations. The

diagrams in Fig. 6.A.1 are the analog of Fig. 4b in Ref. [26]. We can read off the

imaginary part of the self-energies Σ>,<, in analogy to their eq. (A26) of Ref. [26],

Σ>,<(k) = i
g′4

4

∫

dk′dp′dp (2π)4δ(4)(k + p− k′ − p′)

·
[

1

((k − k′)2 −m2
V )

2
O−γ

µS>,<k′ O−γ
ν Tr

(

S<,>p O−γµS
>,<
p′ O−γν

)

− 1

((k − k′)2 −m2
V )((p− p′)2 −m2

V )
O−γ

µS>,<p′ O−γ
νS<,>p O−γµS

>,<
k′ O−γν

]

,

(6.35)

where dp = d 4p/(2π)4 and the Green’s functions are given by

S<k = −2πδ(k2 −m2)(/k +mχ)
[

θk0Fk − θ−k0(1− F̄k)
]

,

S>k = +2πδ(k2 −m2)(/k +mχ)
[

θk0(1−Fk)− θ−k0F̄k

]

. (6.36)

Here F̄ is the matrix with the diagonal entries interchanged, as in (11) of [26], and

O− = diag(1,−1). The trace is over both Dirac and ŕavor indices. We also deőne

F̃ = O−FO− ,
˜̄F = O−F̄O− . (6.37)
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This has the effect of reversing the signs of the off-diagonal elements.

Considering the relevant physical processes, it is not necessary to take account

of all eight of the terms that arise from each diagram, from the products of the

S>,< functions. First, since annihilation diagrams are suppressed while k0 > 0, we

can ignore k′0 < 0, which would give the s-channel diagram. Second, by energy

conservation, we must have either p0 > 0 and p′0 > 0, representing χχ scattering, or

p0 < 0 and p′0 < 0, representing χχ̄ scattering. Let us őrst write the terms that arise

from the middle line of (6.35), apart from the factors of 2πδ(. . . )

1

((k − k′)2 −m2
V )

2
γµ(/k

′
+mχ)γ

ν Tr
(

(/p+mχ)γµ(/p
′ +mχ)γν

)

×

Σ>
k : (1− F̃k′)

[

θp0θp′0 Tr
(

(−Fp)(1− F̃p′)
)

+ θ−p0θ−p′0 Tr
(

(1− F̄p)(− ˜̄Fp′)
)]

,

Σ<
k : − F̃k′

[

θp0θp′0 Tr
(

(1−Fp)(−F̃p′)
)

+ θ−p0θ−p′0 Tr
(

(−F̄p)(1− ˜̄Fp′)
)]

.

(6.38)

Similarly the last line of (6.35) contributes

− 1

((k − k′)2 −m2
V )((p− p′)2 −m2

V )
γµ(/p

′ +mχ)γ
ν(/p+mχ)γµ(/k

′
+mχ)γν ×

Σ>
k : (1− F̃p′)

[

θp0θp′0
(

(−Fp)(1− F̃k′)
)

+ θ−p0θ−p′0
(

(1− F̄p)(− ˜̄Fk′)
)]

,

Σ<
k : − F̃p′

[

θp0θp′0
(

(1−Fp)(−F̃k′)
)

+ θ−p0θ−p′0
(

(−F̄p)(1− ˜̄Fk′)
)]

.

(6.39)

The collision term comes from Σ>,< by

Cs = i

∫

d 4k

(2π)4
tr

[(

/k +mχ

4mχ

)

({Σ<
k , S

>
k } − {Σ>

k , S
<
k })
]

(6.40)

where unlike Tr above, tr denotes only the trace over Dirac matrices. Since we are

interested in low densities, we can neglect terms of order F3, which means that we
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need only keep terms of order

Σ<
k : O(F2) , S>k : O(1) , Σ>

k : O(F) , S<k : O(F) . (6.41)

After carrying out the Dirac traces and combining like terms, we őnd that the re-

spective contributions from the two diagrams are

C1 = −4g′4
∫

dΠkdΠk′dΠpdΠp′
(2π)4δ(4)(k + p− k′ − p′)

((k − k′)2 −m2
V )

2

×
[

(k · p)(k′ · p′) + (k · p′)(k′ · p)−m2
χ(k · k′ + p · p′) + 2m4

χ

]

× θk0θk′0
{

θp0θp′0
[

F̃k′ Tr F̃p′ −Fk TrFp

]

+ θ−p0θ−p′0
[

F̃k′ Tr F̄p −Fk Tr
¯̃Fp′

]}

,

C2 = −4g′4
∫

dΠkdΠk′dΠpdΠp′
(2π)4δ(4)(k + p− k′ − p′)

((k − k′)2 −m2
V )((p− p′)2 −m2

V )

×
[

(k · p)(k′ · p′)− 1

2
m2
χ(k · k′ + p · p′ + k · p+ k · p′ + k′ · p+ k′ · p′) +m4

χ

]

× θk0θk′0
{

θp0θp′0
[

F̃p′F̃k′ −
1

2
{Fp,Fk}

]

+ θ−p0θ−p′0
[

F̃p′F̄p −
1

2
{ ¯̃Fk′ ,Fk}

]}

,

(6.42)

where dΠp = d 4p δ(p2 −m2
χ)/(2π)

3.

In the non-relativistic limit, it further simpliőes since the squared matrix element

in brackets is equal to 2m4
χ for C1, while for C2 it depends on which of the theta

functions are taken: [. . . ] = −m4
χ for positive energies and +m4

χ for negative energies.

The resulting collision term is

Cs = − g′4

4(2π)8m4
V

∫

d 3k · · · d 3p′ δ(4)(· · · )
[

4
(

F̃k′ TrFp′ −Fk TrFp

)

− F̃p′F̃k′ +
1

2
{Fp,Fk}+ F̃pF̄p′ −

1

2
{ ¯̃Fk′ ,Fk}

]

. (6.43)

Here, we used the identities Tr F̃p = Tr F̄p = Tr ¯̃Fp = TrFp, as well as the fact

that any terms with negative energies can be transformed to the corresponding phase

space integrals with positive energy by changing p↔ p′.
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The next step is to make the ansatz

Fk = e−βωk
n

neq

, (6.44)

where ωk ∼= mχ + k2/2mχ ≡ mχ + Ek,

n =

(

n11

n21

n12

n22

)

, (6.45)

and neq is the equilibrium number density. Then the momentum integrals can be

carried out to get collision terms as a function of the density matrix n

Cs = − g′4 e−2βmχ

4(2π)8m4
V n

2
eq

∫

d 3k · · · d 3p′ δ(4)(· · · )
[

e−β(Ek+Ep)
[

4(ñ− n) Trn− ñ2 + n2
)

+ e−β(Ep+Ep′ )ñn̄− e−β(Ek+Ek′ )
1

2
{˜̄n, n}

]

. (6.46)

The integrals are all equal to (mχT )
9/2/T times a dimensionless number, and there

are only two different possibilities, depending upon whether the two energies in the

Boltzmann factors are both initial/őnal state, or one initial and one őnal. We get

Cs = −g
′4m

3/2
χ T 1/2

16πm4
V

[

Is
(

4(ñ− n) Trn− ñ2 + n2
)

+ Id

(

ñn̄− 1

2
{¯̃n, n}

)

]

,(6.47)

where the two dimensionless integrals are

Is =
1

8π4

∫

d 3p d 3k d 3p′ d 3k′ δ(4)(p+ k − p′ − k′) e−(p2+k2)/2

=
1

8π4

∫

d 3p d 3k d 3p′ δ(p⃗ · k⃗) e−(p⃗+p⃗′)2/2−(k⃗+p⃗′)2/2 ∼= 2.26 ,

Id =
1

8π4

∫

d 3p d 3k d 3p′ d 3k′ δ(4)(p+ k − p′ − k′) e−(p2+p′2)/2

=
1

8π4

∫

d 3p d 3k d 3p′ δ(p⃗ · k⃗) e−(p⃗+p⃗′)2/2−p′2/2 = ∞ , (6.48)

and the zeroth component of the delta function is in terms of the non-relativistic

dimensionless energies. The second forms of the integrals, in which the delta function

of energies simpliőes, are obtained by shifting p⃗→ p⃗+p⃗′ and k⃗ → k⃗+p⃗′. We evaluated
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Is numerically. The divergent integral is inconsequential because it multiplies ñn̄ −
1
2
{¯̃n, n} ≡ 0, which vanishes identically. In retrospect we understand that this term is

unphysical, since it corresponds to the interference of the t- and u-channel scattering

diagrams, which vanishes for scattering of χ with χ̄. The relevant matrix evaluates

to

4(ñ− n) Trn− ñ2 + n2 = −6(n11 + n22)

(

0

n21

n12

0

)

, (6.49)

so the collision term from scattering is

Cs =
3Isg

′4m
3/2
χ T 1/2

8πm4
V

(n11+n22)

(

0

n21

n12

0

)

≡ 3

2
⟨σv⟩s(n11+n22)

(

0

n21

n12

0

)

, (6.50)

which would appear in eq. (20) of Ref. [26]. The normalization of ⟨σv⟩s is cho-

sen to agree with the usual deőnition, in which the low-energy cross section is σ ≈
g4m2

χ/(4πm
4
v), and the thermal averaging is done as in Ref. [63].

6.B Thermal decoherence in the Boltzmann equa-

tion

For the vector model, we have simulated the effect of thermal decoherence due to the

oscillation rate depending on the momentum in the quantum Boltzmann equation for

the density matrix

dFk

dt
−Hk

dFk

dk
= −i[Hk,F ] + C[F ], Hk = ωk1+

mχδm

ωk

(

0

1

1

0

)

, (6.51)

where H is the Hubble rate and ωk =
√

k2 +m2
χ. The k-dependence in the second

term of the Hamiltonian implies that high-k parts of the distribution oscillate with

slightly lower frequency than low-k parts, which is an additional source of decoherence

that is neglected by integrating over momenta to reduce eq. (6.51) to an equation for

the number density matrix n. Our goal is to verify that this neglect is justiőed. For

the scalar model, this issue is less important since decoherence is not a requirement

for annihilations to occur.
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To model the effect one would like to divide the particle distribution into several

momentum bins. We will be content to take just two, labeled by s, l for small and

large momenta, relative to the midpoint of the distribution. Accordingly, we split the

density matrix into

nt = ns + nl (6.52)

and one őnds separate Boltzmann equations for each component, that are coupled to

each other through the collision terms. The Boltzmann equations take the form

ṅs + 3Hns = −i[Hs, ns]−
⟨σv⟩s
8

(Ss + S)− ⟨σv⟩a
2

(

As − n2
eq

)

,

ṅl + 3Hnl = −i[Hl, nl]−
⟨σv⟩s
8

(Sl + S)− ⟨σv⟩a
2

(

Al − n2
eq

)

, (6.53)

where ⟨σv⟩s,a are the scattering and annihilation cross sections, the matrices Si, S,

Ai are deőned as

Si =





ni,11(6n11 + 8n22)− ni,12n21 − ni,21n12 7ni,12nt − ni,tn12

7ni,21nt − ni,tn21 ni,22(8n11 + 6n22)− ni,12n21 − ni,21n12



 ,

(6.54)

S =





−3n2
11 − 4n11n22 + n12n21 3n12nt

3n21nt −3n2
22 − 4n11n22 + n12n21



 , (6.55)

Ai =





2ni,11n22 − (ni,12n21 + ni,21n12) (ni,12nt − ni,tn12)

(ni,21nt − ni,tn21) 2ni,22n11 − (ni,12n21 + ni,21n12)



 ,

(6.56)

and we deőned nij = ns,ij + nl,ij, nt = n11 + n22, and ni,t = ni,11 + ni,22. These

expressions can be read from the form of the collision and annihilation terms in terms

of the F matrices, before doing the őnal integral over the momentum k of the particle

whose distribution is being tracked in the Boltzmann equation. If one adds the two

equations together, they revert to the standard equation in terms of nt alone. The

decoherence effect comes from the fact that the free Hamiltonians Hs,l are slightly
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different for the two components, which for non-relativistic particles is

Hs,l
∼= mχ

(

1

0

0

1

)

+ δm

(

0

1

1

0

)

+
⟨k2⟩s,l
2mχ

[

1− δm

mχ

(

0

1

1

0

)]

. (6.57)

The important feature is the difference between ⟨k2⟩l and ⟨k2⟩s, so for simplicity one

could take, for example, ⟨k2⟩s = 1
2
⟨k2⟩ and ⟨k2⟩l = 3

2
⟨k2⟩, which is a temperature-

dependent split. For temperatures such that scattering is still in equilibrium, we

can estimate ⟨k2⟩ ∼ 3m2
χ/x, where x = mχ/T . After scatterings freeze out, the

wavenumber redshifts as 1/a, so ⟨k2⟩ ∼ 3m2
χ xf/x

2.

This effect can be important only in the early Universe when the momenta are

sufficiently large that k2/m2
χ is not negligible. We have applied this formalism to

check the early-Universe solutions of section 6.4. We found no appreciable effect from

this extra source of decoherence.

6.C N-body simulation details

In this appendix, we describe the scattering and annihilation algorithms used in the

simulations presented in this paper. Validation tests of the code are also presented

and discussed.

6.C.1 Scattering

Elastic scattering between DM particles has been implemented stochastically on top

of GADGET-2 in the same way as done by Ref. [50], which was derived directly from the

classical Boltzmann equation [7]. We summarize below the main relevant information

and refer the reader to Ref. [50] for a more detailed description.

The scattering rate for a DM particle of mass mχ at position r⃗i and velocity v⃗i,

moving in an equal-mass particle background characterized by a normalized velocity

distribution fv(r⃗, v⃗) and a local density ρ(r⃗), is

Γi, scatt =

∫

fv(r⃗i, v⃗) ρ(r⃗i)
σ

mχ

|v⃗i − v⃗| dv⃗ . (6.58)
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Here σ/mχ is the DM scattering cross section per unit particle mass, which can be

velocity-dependent. In simulations, individual physical particles cannot be resolved

and all the properties of the latter should be translated to those of the simulation

particles. For instance σ/mχ should be replaced by σp/mp, where σp and mp are

the scattering cross section and the mass of the simulation particles, respectively.

In a similar manner, the quantities fv(r⃗, v⃗) and ρ(r⃗) should be estimated from the

volume within a sphere of radius hS, called scatter search radius, centered at the

DM particle position r⃗i. Assuming all the simulation particles within the scattering

volume contribute equally, independently of their location (top-hat kernel), eq. (6.58)

can be written as a sum over the Np neighboring particles [50]

Γi, scatt =

Np
∑

j=1

σp |v⃗i − v⃗j|
4
3
πh3S

. (6.59)

Hence the probability for particles i and j, separated by a distance smaller than hS,

to scatter within the next time step of size ∆t, is given by

Pij, scatt =

(

σ

mχ

)

ρij |v⃗i − v⃗j|∆t ,

ρij =











3mp

4πh3S
0 ≤ r̃ ≤ hS

0 r̃ > hS

(6.60)

where r̃ ≡ |r⃗i− r⃗j| and ρij is the target density, which is constant in this case because

it is estimated using a top-hat kernel function. This is the simplest choice, but not the

most common one used to implement DM self-interaction in N-body simulations. For

instance, refs. [7, 8, 64] used a cubic spline kernel W (r, hS) like the one already used

in GADGET to compute the gravitational force in the context of smoothed-particle

hydrodynamics (SPH) [65]. Such a kernel allows nearby particles separated by a

distance less than hS to have higher scatter probability than those further apart

because W is a smoothing function peaked at r̃ = 0. For appropriate choices of hS,

both the top-hat and cubic spline kernels provide results in agreement with analytical

expectations [7, 8, 50, 64] and with each other, within numerical uncertainties [50].
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Therefore, we preferred using the simple and intuitive top-hat kernel with ρij given by

eq. (6.60) and with a őxed value of hS of the same order of the gravitational softening

length ϵ. In particular, we consider hS = ϵ as chosen by Ref. [50] because it gives the

expected scattering rate, as discussed in section 6.C.3.

To see which particles do actually scatter at each time step, the probability in

eq. (6.60) is computed for each pair of nearby particles and compared with a random

number drawn from a uniform distribution. For isotropic scattering and equal-mass

particles, the post-scatter velocities are computed as v⃗′i,j = v⃗CM ± (vrel/2) ê, where v⃗i

and v⃗j are the initial velocities, v⃗CM is the center-of-mass velocity between particle

i and j, vrel is the magnitude of their relative velocity and ê is a randomly oriented

unit vector.

This scattering algorithm is very similar to that used in several SIDM cosmological

simulations [6, 8, 66ś71], which mainly differ in the number of neighbors within the

scattering volume. The majority of these simulations have treated the DM scatter-

ing as isotropic, which usually results from a short-range interaction mediated by a

massive particle. In particular the mediator mass mV,ϕ should be much heavier than

the DM particle momenta, which translates into mV,ϕ ≫ 10−3mχ for DM particles

moving in Milky-Way-like galaxies today. If this is not the case, the cross section will

depend on the momentum exchange, which increases with the collision velocity or the

scattering angle, leading typically to velocity-dependent anisotropic scatterings. The

latter are common in long-range interactions via light or massless mediators, which

occur in several motivated DM scenarios such as mirror [72ś74], atomic [75ś78] and

hidden sector DM models [79ś83]. The simplest way to take them into account is to

assume the scattering is still isotropic but the cross section σ in eq. (6.60) is replaced

by the momentum transfer cross section σT , deőned as [84ś86]

σT =

∫ π

0

dσ

dΩ
(1− cos θ) dΩ , (6.61)

where θ and dΩ are the scattering and solid angles, respectively. Here, the differential

cross section dσ/dΩ can be derived within the Born approximation [87] from particle
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scattering mediated by a Yukawa interaction [4, 88]

dσ

dΩ
=
σs
4π

(

1 +
v2rel
ω2

sin2 θ

2

)−2

, (6.62)

where σs is given by eq. (6.7) and ω = rm c with rm = mV /mχ or rm = mϕ/mχ

depending on the model under consideration. In the limit vrel ≪ ω, dσ/dΩ becomes

velocity-independent, σ =
∫

(dσ/dΩ) dΩ ≈ σs and the scattering is isotropic. In the

opposite regime, eq. (6.62) scales as ∝ v−4
rel like in Rutherford scattering which is

mediated by the Coulomb potential. The approximation of using σT instead of σ as

the scattering cross section captures most of the effects of more complicated scattering

dynamics where the DM velocity distribution is close to isotropic, which is the case

of dwarf galaxies [86] 7. This is because σT estimates the average forward momentum

lost during the collision, and several simulations used it to model DM long-range

interactions [8, 91ś94]. Ref. [89] proposed an alternative deőnition of σT , namely

σT̃ = 2

∫

dσ

dΩ
(1− | cos θ|) dΩ , (6.63)

to account for particle indistinguishability, which implies that dσ/dΩ is invariant

under cos θ → − cos θ. The overall factor of 2 is used to give σT̃ ≈ σ in the isotropic

regime, as done in Ref. [95]. This new deőnition of the scattering cross section

has been shown to provide better results than σT in simulations of isolated DM

halos [90]. An even better description of anisotropic scattering within the isotropic

approximation seems to be given by the replacement of σ with the viscosity (or

conductivity) cross section [86]

σV =
3

2

∫

dσ

dΩ
(1− cos2 θ) dΩ (6.64)

because σV takes into account of both forward and backward scatterings at the same

time in addition to particle indistinguishability. Again, in order to match σV ≈ σ

7Although in most astrophysical systems DM is expected to have an approximately isotropic
velocity distribution, this is not the case of colliding galaxy clusters where there is a preferred
direction along which DM particles collide [89, 90].
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in the isotropic regime, the original expression is multiplied by an overall factor of

3/2. In the present case, the DM particles are treated as being distinguishable since

they have an associated oscillation phase φ, which might evolve differently during the

simulation from particle to particle as discussed in section 6.6.

As noticed by Ref. [4], σV differs just by a O(1) factor from σT and σT̃ for distin-

guishable particles and apart from the rescaling factor, any of them can be taken as

good measures of DM self-interactions, since systematic uncertainties in astrophys-

ical observations are still too big to allow for discrimination between the different

prescriptions. They become identical in the isotropic regime where vrel ≪ ω, which

is well satisőed for the choice of model parameters and DM halos considered in this

paper (see section 6.5). We have chosen σT because of its wide use in SIDM simula-

tions, and we checked a posteriori that the use of the other prescriptions lead to the

same simulation results for the DM models considered in this paper.

With eq. (6.62), which is valid within the Born approximation for rm ≫ α′ (re-

call α′ is the dark őne-structure constant), the momentum transfer cross section in

eq. (6.61) and its modiőed version in eq. (6.63) turn out to be [96, 97]

σT = σs
2ω4

v4rel

[

ln

(

1 +
v2rel
ω2

)

− v2rel
ω2 + v2rel

]

,

σT̃ = σs
4ω4

v4rel

[

2 ln

(

1 +
v2rel
2ω2

)

− ln

(

1 +
v2rel
ω2

)]

,

(6.65)

and, analogously, the viscosity cross section in eq. (6.64) becomes

σV = σs
6ω4

v4rel

[(

1 +
2ω2

v2rel

)

ln

(

1 +
v2rel
ω2

)

− 2

]

. (6.66)

The tests for the code implementations of DM scattering are presented in section 6.C.3.

6.C.2 Annihilation

We have implemented DM annihilation in a stochastic way similar to what was done

for scattering. To the best of our knowledge, the őrst self-consistent implementation

of DM annihilation in N-body simulations was performed in Ref. [98], followed by
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Ref. [99], where the energy released from annihilations to the surrounding gas particles

was properly accounted for throughout the simulation. We followed a simpliőed

version of this annihilation algorithm, without including the energy transfer between

different particle species, because our simulation considers only DM particles χ and

the annihilation products escape the galaxies without affecting their environment and

therefore the observable quantities.

In detail, the annihilation rate for a DM particle of mass mχ at position r⃗i, moving

in an equal-mass particle background of density ρ(r⃗), is

Γi, ann = ρ(r⃗i)
⟨σannv⟩
mχ

, (6.67)

where ⟨σannv⟩ is the velocity-averaged annihilation cross section. Depending on the

particle nature of DM, the estimation of ρ(r⃗) can include all the DM particles in the

system (for Majorana fermions or real scalars) or just antiparticles (for Dirac fermions

or complex scalars). Following the same steps as in section 6.C.1 and introducing the

annihilation search radius hA, we can generalize eq. (6.67) and write the probability

for DM particles i and j, separated by a distance smaller than hA, to annihilate within

the next time step of size ∆t as

Pij, ann =

(⟨σannv⟩ij
mχ

)

ρij ∆t ,

ρij =











3mp

4πh3A
0 ≤ r̃ ≤ hA

0 r̃ > hA

(6.68)

where r̃ ≡ |r⃗i − r⃗j| and ρij is the target density, which is estimated using a top-hat

kernel function. The velocity-averaged annihilation cross section ⟨σannv⟩ij depends

generally on the relative velocity vrel = |v⃗i − v⃗j| between particles i and j. In the

non-relativistic limit, valid in the context of galaxies, it is usually expanded in powers

of vrel as

⟨σannv⟩ij ≃ σann, s + σann, p v
2
rel +O(v4rel) , (6.69)

where σann, s and σann, p are constants corresponding to the s-wave and the p-wave
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annihilation terms, respectively. For the models considered in this paper, only σann, s

contributes to ⟨σannv⟩ij, which is given by what we refer to as ⟨σv⟩a in eq. (6.5).

This makes the annihilation probability in eq. (6.68) velocity-independent. As in

the scattering case, the annihilation search radius hA entering the density ρij is in

principle a free parameter that should be chosen to reproduce analytical results. As

we will discuss in section 6.C.3, hA = ϵ turns out to be the best choice (recall ϵ is

the gravitational softening length). To see which particles annihilate at each time

step, the probability in eq. (6.68) is computed for each pair of nearby simulation

particles and compared to a random number. If the latter is below than the former,

annihilation happens and the two particles in the event are removed from the system.

6.C.3 Validation tests

The simplest test for both our scattering and annihilation algorithms is a uniform cube

of Nc particles moving through a background of stationary particles with constant

number density nb. All the particles making up the simulated system have the same

mass mp. To allow simple predictions, we impose that the cube particles move with

constant speed v0 along the same axis, they can scatter with constant cross section

σp at most once, and gravity is turned off [50].

The scattering or annihilation rate for each simulation particle in the cube is

Γ = nbmp(σv0/mχ), where mχ and σ are respectively the mass and the cross section

of the physical particles, whose properties have been translated into those of the

simulation particles via σp = mp (σ/mχ). Naively, we can estimate the expected

number of interactions after a time t as

Nexp = Nc Γ t = Nc nbmp(σv0/mχ) t . (6.70)

This expression has however several limitations because not only it does not take into

account that not all the particles in the cube have interacted between zero and time

t but also that those that have scattered or annihilated could do it just once. These

effects are properly captured by considering how the number of cube particles changes
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Figure 6.C.1: Ratio of the number of cube particles scattering (annihilating) in our
test simulations to the expected number of the same events given by eq. (6.72), as
a function of the scatter (annihilation) search radius h. Points correspond to the
results of simulations where only scattering was turned on, whereas stars are used
for simulations in which only annihilation took place. Different color points represent
different choices of the simulation time step ∆t, which is measured in units of ℓ/v0
with ℓ being the side of the cube. The left and right plots show the same data with
different axis scales, linear on the left and logarithmic on the right. The solid (dashed)
lines in the right panel show N ∝ h3, which is the result expected from łprobability
saturation,ž as originally noticed by Ref. [50]. The error bars show the 1σ uncertainty
assuming N is Poisson distributed.

with time, which can be described by

dNc

dt
= −Γ t . (6.71)

With this in mind, the expected number of scattering or annihilating particles in the

simulation after a time t can be better expressed by

Nexp = Nc(0) {1− exp [−nbmp (σv0/mχ) t]} , (6.72)

where Nc(0) is the initial number of particles in the cube.

The comparison between Nexp and the number N of cube particles that have scat-

tered (annihilated) in our test simulations is plotted in Fig. 6.C.1 as a function of the

scatter (annihilation) search radius h. Here, each point corresponds to a simulation

where only scattering was turned on, while stars are used for simulations in which

only annihilation was active. As already noticed in refs. [7, 50], N falls below than ex-
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pected only for h smaller than 20% of the mean background interparticle separation,

but this minimum value depends heavily on the chosen time step ∆t [50], as conőrmed

by Fig. 6.C.1. The h-dependence of the number N of scattering or annihilating parti-

cles in simulations arises in the łprobability-saturatedž regime, where the probability

for a particle to scatter or annihilate within a time step, given by eqs. (6.60) or (6.68),

becomes greater than unity. The latter probability enters the deőnition of N , which

depends on it (∝ h−3) and on the number of neighbouring particles that a particle

őnds at each time step (∝ h3). This makes N generally insensitive to h, except in the

probability-saturated regime, where N ∝ h3 as shown by the solid and dashed lines

in the right panel of Fig. 6.C.1. In order to avoid probability saturation, a shorter

time step should be used when using smaller h, since the probability for a pair of

particles to scatter or annihilate is proportional to ∆t/h3.

Although Ref. [50] suggested that probabilities exceeding unity within each time

step should not appear in SIDM simulations powered by GADGET for reasonable values

of σ/mχ, we decided to implement a time-step criterion. In particular, similar to what

was done in Ref. [69], an individual particle time step ∆t is modiőed by rearranging

eq. (6.60) as

∆t̃ =
4 πh3S
3mp

mχ

σ vrel

Pmax (6.73)

if the probability of interaction for any pair involving such a particle was greater

than Pmax = 0.1 during the last tree-walk. This restriction is important only for

scattering particles, because annihilating particles are removed from the system as

soon as the interaction takes place and therefore their time step becomes meaningless.

Although limiting the individual time step makes the Monte Carlo method more

computationally costly, it allows for suppression of the probability of having multiple

scatterings in the same ∆t, which is an important issue in SIDM simulations.

For simulations with only scattering, the directions and velocities of the scattered

particles can also be compared to the expected normalized distributions. The latter

can be obtained by transforming the differential cross section from the centre-of-

mass frame of the collision to the simulation frame. For isotropic scatterings, these
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Figure 6.C.2: Distributions of polar and azimuthal angles (top) and velocity mag-
nitude (bottom) of scattered particles in one of our test simulations. The expected
results are the red dashed lines, and their 1σ uncertainty regions are shaded red,
computed assuming that the number of particles in each bin is Poisson distributed.

distributions turn out to be the same for both background and cube particles and take

a simple form, with f(θ) = sin 2θ, f(ϕ) = (2π)−1 and f(v) = 2v, where the latter

is valid for v ≤ v0, and becomes zero otherwise. Fig. 6.C.2 shows the comparison

between the expected distributions and those reconstructed from one of our test

simulations, which agree to within 1σ uncertainty.

Another important test of our code is to check whether particle scattering and

annihilation are well modeled in isolated DM halos. We focus on halos with Hernquist

proőle [48], whose density distribution can be written as

ρ(r = x a) =
ρH

x (1 + x)3
, (6.74)

where ρH ≡ M/(2πa3), M is the total halo mass and a the scale radius. We have
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chosen this type of halo because it has a őnite mass without need of truncation and

the phase-space distribution function f(E), with E being the particle energy, has an

analytic form [48]. The latter property allows to easily generate equilibrium initial

conditions for N-body simulations and compute scattering or annihilation quantities

analytically. The initial conditions for particle positions and velocities making up our

test halos have been generated randomly from the Hernquist distribution function

f(E) using the von Neumann rejection method [100], as originally done in Ref. [101].

To prevent centroid motion of the generated DM halo during the simulation, we set

its initial centre-of-mass position and velocity to zero by an overall boost.

Since we consider a large range of halo masses in this paper, ranging from 1010 to

1015 M⊙, we tested our code with simulated Hernquist halos having different values

of M and a, őnding good agreement between the analytical expectations and the

simulation outcomes for all of them. As a prototype example, we focus here just on an

isolated Hernquist halo with total mass M = 1014 M⊙ and scale radius a = 225 kpc.

The simulations for such a halo were run with N = 1283 particles, each having mass

mp ≃ 4.8 × 108 M⊙, and the Plummer-equivalent gravitational softening length was

set to ϵ = 4.4 kpc. We evolved the generated halos with collisionless DM őrst to

study their stability and to check whether cores can form as numerical artifacts. The

results for our prototype halo as a function of the simulation time are shown in the

top left plot of Fig. 6.C.3. For a suitable choice of time-integration and tree-force

accuracy parameters, η = 0.005 and α = 0.0012 respectively, the density and velocity

distributions remained unchanged except for the formation of a small constant core

with size similar to the gravitational softening length ϵ, as observed by Ref. [50].

When DM scattering is turned on, these cores quickly become larger because

particles scatter mostly in high density regions until the cores settle to a size that

is independent of the value of σ/mχ [66]. The right panel of Fig. 6.C.3 shows the

results for the density proőle of our prototype halo at different simulation times for

a constant scattering cross section per unit DM mass of 1.0 cm2/g. The resulting
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Figure 6.C.3: Top: Radial density proőle of a DM halo with Hernquist mass M =
1014 M⊙ and radius a = 225 kpc as a function of the distance r, in units of ρH =
M/(2πa3) and a respectively. The black dashed line displays the original density
proőle in eq. (6.74). The left panel shows the halo stability across a time window of
10 Gyr. The right panel shows how the density proőle evolves with time assuming
particle scattering with constant σ/mχ = 1.0 cm2/g. Here we chose the scatter search
radius as hS = ϵ. The solid lines correspond to the best-őt cored-Hernquist proőles,
given by eq. (6.75), where rc and β are left as free parameters. The 1σ error bar
for each data point is computed assuming that the number of particles in each bin
is Poisson distributed. Bottom: Extracted scattering rate per particle for the same
Hernquist proőle DM halo after 3 Gyr, for different choices of the scatter search radius
hS, and its comparison with the theoretical expectation. Although the simulations
were run with σ/mχ = 1.0 cm2/g, the result is independent of the scattering cross
section since a ratio is considered. The colored crosses along the analytical curve
correspond to the radius equal to hS. The 1σ uncertainty for each colored line is
computed assuming that the number of particles in each bin is Poisson distributed
and displayed with a same-color shaded region. In all three panels, the gray dot-
dashed vertical line shows the position of the gravitational softening length ϵ used
in all simulations for the considered halo. We used a time-integration parameter of
η = 0.005 and tree-force accuracy of α = 0.0012 in each simulation run.
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proőles are well őtted by a cored-Hernquist proőle of the form [90]

ρ(x) =
ρH

(1 + x)3
1

[xβ + (rc/a)β]1/β
, (6.75)

where x ≡ r/a, rc is the core-radius and β is an index controlling the sharpness of the

transition from ρ ∝ x−1 to a constant density. Leaving rc and β as free parameters

in the őt, we found that their best-őt values across a time evolution of 10 Gyr are

rc/a ∈ (0.06, 0.14) and β ∈ (3.5, 62.0), in agreement with refs. [66, 90].

The results shown in the right panel of Fig. 6.C.3 have been obtained by choosing

the scatter search radius equal to the gravitational softening length in the computation

of the scattering probability, given by eq. (6.60). This was done in light of the result

shown in the bottom panel of Fig. 6.C.3, where the scattering rate extracted from

simulations is compared to the analytical prediction. In particular, the latter can be

computed by integrating eq. (6.58) over the velocity distribution function, obtaining

the average rate for particles at position r⃗ [50]

Γscatt(r⃗) =
⟨σ vpair⟩(r⃗) ρ(r⃗)

mχ

, (6.76)

where ρ(r⃗) is given by eq. (6.74) and ⟨σ vpair⟩ = σ ⟨vpair⟩ if the scattering cross section

is velocity-independent. The mean pairwise particle velocity ⟨vpair⟩ can be computed

from the one-dimensional velocity dispersion σ1D for Hernquist halos [48]

σ2
1D =

GM

12 a

{

12 x (1 + x)3 ln

(

1 + x

x

)

− x

1 + x

[

25 + 52 x+ 42 x2 + 12 x3
]

}

(6.77)

as ⟨vpair⟩ = (4/
√
π) σ1D, where we have assumed the velocities are isotropic and

follow a Maxwell-Boltzmann distribution. From simulations, the scattering rate per

particle as a function of the radius r can be estimated as the ratio between the

number of particles that have scattered within the radial bin including r, and the time

averaged number of particles within the same bin [50]. To avoid any modiőcation of
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the density proőle and velocity distribution due to DM self-interactions that would

lead the scattering rate not to follow the analytic prediction, we turned off the change

in the momenta of the scattered particles in the simulations used in the bottom panel

of Fig. 6.C.3.

Such a plot clearly shows that our code accurately reproduces the scattering rate

within the halo except for distances less than hS, where the extracted rate falls below

the analytic result. This can be explained by the fact that the scatter search radius

acts as a scale below which the particle density entering the scattering probability

becomes smooth, preventing a faithful reconstruction of the real density. Although

it suggests choosing a small value of hS in order to correctly capture the scattering

dynamics in small high-density regions, there is a natural lower bound for hS set

by the gravitational softening length ϵ. As we have found in simulation runs for

collisionless DM, the density gets affected by a small core of size of the order of the

softening length, which arises from smoothing the gravitational potential at r < ϵ

and thus the particle distribution at these scales. This explains why Γscatt ceases to

change for scales smaller than ϵ in simulations where hS < ϵ, as displayed in the

bottom panel of Fig. 6.C.3. Therefore, reducing hS to values below ϵ cannot improve

the agreement between the extracted rate and the analytic result, but rather it tends

to create probability saturation problems that can be solved by choosing smaller

time steps or a time-step delimiter, as already discussed above. Considering all these

factors and the results in the bottom panel of Fig. 6.C.3, we őnd that setting hS = ϵ

provides the best reconstruction of scattering dynamics at low scales, and it limits

the occurrence of events where the scattering probability becomes greater than unity.

With the same Hernquist halos it is possible to also test the goodness of our anni-

hilation algorithm. For instance, the annihilation rate extracted from simulations can

be compared to the analytic result, which is given by eq. (6.76) with the replacement

of ⟨σ vpair⟩ with ⟨σann v⟩. The extracted annihilation rate as a function of the radius

r has been obtained in the same way as done for scattering events, namely as the

ratio between the number of annihilated particles located in the radial bin including r

and the time averaged number of particles within the same bin. To allow for a direct
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Figure 6.C.4: Top left: Similar to the bottom panel of Fig. 6.C.3, but for the extracted
annihilation rate per particle and different choices of the annihilation search radius
hA. The simulations for the prototype Hernquist halo were run with ⟨σannv⟩/mχ =
100 cm2/g km/s. Top right: Radial density proőle of the prototype Hernquist halo
undergoing DM annihilation for 10 Gyr, for different choices of hA. The black dashed
line displays the original density proőle in eq. (6.74). The violet solid line corresponds
to the theoretical prediction given by eq. (6.80) at (t−tini) = 10 Gyr. Bottom: Similar
to the right panel of Fig. 6.C.3, but for particle annihilation with the same constant
velocity-averaged cross section considered above. Here we chose the annihilation
search radius as hA = ϵ. Each colored solid curve shows the analytical expectation
given by eq. (6.80) at the time of the corresponding same-color data points. The
dotted lines represent the best-őt cored-Hernquist proőles, given by eq. (6.75), where
rc and β are left as free parameters.

comparison to the analytical result we did not remove the annihilated particles from

the system, but the annihilation algorithm was used to count and localize the parti-

cles that actually annihilate. The results from this comparison are shown in the top

left panel of Fig. 6.C.4, where we have chosen a constant (s-wave) velocity-averaged

annihilation cross section per unit DM mass of 100 cm2/g km/s. Similarly to what

was observed in the scattering case, choosing an annihilation search radius hA equal
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to the gravitational softening length ϵ provides the best reconstruction of the anni-

hilation rate. This is because the particle distribution at scales below hA and ϵ are

smoothed, leading to a decreased annihilation rate compared to the true unsmoothed

one.

The effect that DM annihilation has on the time evolution of the halo density

proőle was őrst studied by Ref. [22], which proposed the following analytic formula

for ρ(r, t)
d

dt

(

ρ(r, t)

ρA

)

= − 1

t0

(

ρ(r, t)

ρA

)2

, (6.78)

where ρA ≡ mχ/(⟨σann v⟩ t0) and t0 is the age of the Universe today. This equa-

tion comes directly from the deőnition of the DM annihilation rate and can be eas-

ily adapted to our simulation setup, where the annihilation probability is given by

eq. (6.68), by replacing ρA with ρA/2. The factor 1/2 arises because the halo density

is reduced by two units of the simulation particle mass in each annihilation event.

The general solution of eq. (6.78) is given by

ρ(r, t) =

[

1

ρcore(t)
+

1

ρ(r, tini)

]−1

,

ρcore(t) ≡
mχ

2 ⟨σann v⟩ (t− tini)
, (6.79)

where the latter deőnition is valid for our simulations and tini is the initial time,

which can be taken as the time when the simulation starts and the density proőle is

ρ(r, tini). One observes that the core density ρcore(t) is generally greater than ρA and

the equality is reached when (t− tini) = t0.

Focusing on just DM halos with initial Hernquist proőle and taking tini = 0, we

őnd that the density proőle of halos undergoing DM annihilation should be described

after a time t by

ρ(x, t) =
ρH

x (1 + x)3 + ρH/ρcore(t)
(6.80)

with x ≡ r/a, which has been obtained by substituting eq. (6.74) into eq. (6.79). The

halo density is therefore characterized by a core of constant density ρcore(t) at small

scales. The bottom panel of Fig. 6.C.4 shows the evolution of the density proőle of
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the prototype Hernquist halo in the simulation at different times t and its comparison

with the theoretical prediction.

Although the data points and the solid lines given by eq. (6.80) match very well at

large radii, there is some disagreement at small distances. These differences are not

eliminated by changing the annihilation search radius, as shown by the right panel of

Fig. 6.C.4, where the analytical prediction is compared to the simulation outcome at

t = 10 Gyr for different values of hA. A graphical comparison between the analytical

curve and the colored lines suggests that eq. (6.80) does not provide a good őt to the

simulation data at low scales, independently of the choice of hA, although it accurately

captures the physics at large radii. We conőrmed this observation by őtting the

simulation data with eq. (6.80), in which ρcore(t) was left as a free parameter, leading

to agreement within 1σ between the best őt value and that computed by eq. (6.79)

at different times t, independently of the value of hA.

In analogy to the case of scattering, as shown in the top right panel of Fig. 6.C.3,

we investigated the cored-Hernquist proőle function given by eq. (6.75) for őtting the

annihilation data displayed in the bottom panel of Fig. 6.C.4, leaving rc and β as free

parameters. The results of this őt are shown with colored dotted lines in the same

panel, with best-őt values rc/a ∈ (0.06, 0.48) and β ∈ (1.2, 2.0). They do not give

signiőcant improvement with respect to eq. (6.80).

6.D Upper bounds for the DM-number violating mass

In this appendix, we will investigate the upper bound on the Majorana mass δm.

This parameter determines the timescale on which annihilations recouple after the

initial asymmetric dark matter freezeout epoch. For convenience, we deőne α =

Y11 − Y22, β = Y12 − Y21, θ = Y12 + Y21, γ = Y11 + Y22, s = s̄m3
χ/x

3, H = κm2
χ/x

2,

where s̄ = 2π2

45
g∗s, κ = 1.66

Mp

√
g∗.
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6.D.1 Flavor-blind interactions

From the Boltzmann equations after freeze-out we get

x2β′ −
(

s̄ ⟨σv⟩amχ

κ
ηDM

)

β −
(

2iδm

κm2
χ

ηDM

)

x3 = 0, (6.81)

with β(x̄) = 0 as initial condition. Here we used α ≈ Y11 ≈ ηDM (this does not imply

α′ = 0), as we are working before the moment of residual annihilations. The solution

to this equation can be approximated to β(x) ≈ iBx(A+ x)/2, where

A ≡ s̄ ⟨σv⟩a mχ

κ
ηDM , B ≡ 2 δm

κm2
χ

ηDM . (6.82)

Plugging this result into the Boltzmann equations for Y11 and Y22, we get

16 ηDM Y ′
11 = B2(A+ x) (A(A+ x)− 4) ,

16 ηDM Y ′
22 = B2(A+ x) (A(A+ x) + 4) ,

(6.83)

with initial conditions Y11(x̄) = ηDM and Y22(x̄) = 0.

Taking the solutions for Y11 and Y22 and solving for x when Y11(¯̄x) = Y22(¯̄x) gives

¯̄x = 1.53
mχ

√

δmMp

g1/4∗ . (6.84)

Now that we have found γ = Y11+Y22 near the epoch of residual annihilations, let us

calculate how much it can deviate from ηDM . Deőning the fractional change in the

dark matter comoving density from γ = ηDM (1− δη), we get

δm ≲
342√
g∗

δ
1/2
η

⟨σv⟩2a η2DMM3
p

, (6.85)

for x > ¯̄x. As a numerical example, for our set of parameters and taking δη ≃ 3%

(as limited by the change in the dark matter density after the formation of the CMB

[27]), we get δm ≲ 3 × 10−30 eV. This bound will be relaxed if the second epoch of
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annihilation freezes out before the formation of the CMB [28].

6.D.2 Flavor-sensitive interactions

In this case, the equation for β reads

x5/2β′ +

(

3Isg
′4m3

χs̄ ηDM

8πκm4
V

)

β −
(

2iδm ηDM
κm2

χ

)

x7/2 = 0 (6.86)

where we considered α ≈ ηDM and

⟨σv⟩s =
Isg

′4m2
χ

4πm4
V

1√
x
= ⟨σv⟩s

1√
x
. (6.87)

This time, A is redeőned to

A ≡ 3Isg
′4m3

χs̄ ηDM

8πκm4
V

. (6.88)

Working with our set of parameters, it is possible to approximate the solution of

eq. (6.86) to

β(x) ≈ i

(

2

3

)7/3

A4/3B Γ

(

− 4

3
,

2A

3x3/2

)

, (6.89)

where the incomplete gamma function is deőned by Γ(a, z) =
∫∞

z
ta−1e−tdt. Now we

can use this result and solve for α. Taking the limit Γ(s, r)/rs = −1/s when r → 0

for Re(s) < 0, we get

α(x) = ηDM

(

1− δm2

2κ2m4
χ

x4
)

. (6.90)

Solving α = 0 for x gives us the previous result of eq. (6.84).

Now, let us rearrange the Boltzmann equations as an equation for the total DM

comoving density γ

xHγ′ = −1

2
⟨σv⟩a s

(

γ2 −Υ2
)

(6.91)

and an equation for its łlate-time equilibriumž function Υ =

√
f(x)

2δm
,

f ′ = −3⟨σv⟩s
s√
x
ηDMxH(α′)2, (6.92)
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where

f = (xHα′)2 + 4δm2α2. (6.93)

We will not attempt to solve the full set of equations from before freeze-out to today.

Instead, let’s try to evolve our functions from their states in the ŕat land to new

states in the region of residual annihilations.

As we are working with smaller and smaller values of δm, let us explore what

happens when δm → 0. In this limit, there should be no residual annihilations, i.e.

the total DM density must follow a constant equilibrium function, limδm→0 Υ = ηDM .

Consequently,

lim
δm→0

f(x) = 4δm2η2DM . (6.94)

From this result, and equations (6.92) and (6.93) we get, α′ → 0 and α → ηDM ,

in this limit. Also, β → 0. Thus, Υ2 → α2. Now, eq. (6.90) was obtained using

α ≈ ηDM . Performing the inverse substitution we get

α(z) =
ηDM

(

1 + z2

2

) , (6.95)

where we deőned z ≡ δm
κm2

χ
x2. From now on, we will use z instead of x. For example,

from eq. (6.90), the moment when Y11 = Y22, i.e. α = 0 , is given by z =
√
2. Now,

the equation we need to solve is,

z3/2δ′η(z) = W ηDM

[

1− 2δη(z)−
1

(

1 + z2

2

)2

]

, (6.96)

where we have parametrized the total DM density as γ = ηDM(1− δη), where δη ≪ 1

and we have used (1− δη)
2 ≈ 1− 2δη. Also, we deőned

W ≡ ⟨σv⟩a s̄
4κ3/2

√
δm = W

√
δm. (6.97)

To a good approximation, we obtain

δη(z) ≈
W ηDM

2

√
δm

z3/2

2 + z2
. (6.98)
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In this way,

δm ≈ 1521√
g∗

δ2η

⟨σv⟩2a η2DMM3
p

(2 + z2)2

z3
. (6.99)

Before getting an upper bound for δm, let us go back to eq. (6.92) and eq. (6.93).

These can be merged into

x5/2α′′ +
(

2A− x3/2
)

α′ +

(

B

ηDM

)2

x9/2α = 0. (6.100)

We notice there is a dramatic change in this equation when the damping term changes

sign. For this reason, we will take

¯̄x =

[

3

1.66
√
g∗
⟨σv⟩ss̄ mχMp ηDM

]2/3

(6.101)

as a better approximation for the starting point for residual annihilations. Numeri-

cally, this gives us ¯̄z ≪ 1, so we can make the following approximation

(2 + ¯̄z2)2

¯̄z3
→ 4

¯̄z3
. (6.102)

Since this is our starting point, for any z > ¯̄z we have from eq. (6.99)

δm < 16.3
m

1/2
χ

g
1/4
∗

δ
1/2
η

⟨σv⟩s ⟨σv⟩
1/2
a η

3/2
DMM

5/2
p

. (6.103)

As we can see, for a őxed δm, the change in the DM comoving density δη goes to zero

when we turn off scatterings. For our parameters, we obtain δm < 5× 10−28 eV.
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7.0 Prologue

In the "little theory of everything" presented in chapter 5, neutrinos and DM particles

played pivotal roles. This naturally raises the question of whether any potential

interaction between these two species could be constrained through astrophysical or

cosmological observations.

In this chapter and in the next, we will explore potential and promising sources of

neutrinos, such as active galactic nuclei (AGNs). AGNs are compact regions at the

center of galaxies with luminosities far exceeding that produced by the stellar popu-

lation alone. The non-stellar radiation from an AGN originates from the accretion of
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matter by a supermassive black hole at the galaxy’s center [1], resulting in a highly

energetic jet of plasma perpendicular to the accretion disk. The inclination of the

AGN system relative to the observer determines the different AGN types [2ś4]. When

the relativistic jet points directly toward the observer, they are known as blazars. On

the other hand, if the observer sees the jet from the side, they are referred to as radio

galaxies [5].

The properties of an AGN are described by its spectral energy distribution (SED),

the energy-dependent spectrum of electromagnetic emission. In blazars, the UV and

X-ray parts of the SED are attributed to synchrotron emission from electrons moving

in the highly magnetized jet. For the γ-ray part of the SED, three scenarios have

been proposed based on which process dominates [5]:

• Leptonic models suggest that γ rays are mainly produced by inverse-Compton

scattering, where high-energy electrons interact with low-energy photons in the

jet and transfer part of their energy to them.

• Hadronic models propose that proton synchrotron radiation is the primary

source of γ rays.

• Lepto-hadronic models predict that the γ-ray part of the spectrum is generated

by secondary leptons produced in proton-photon interactions within the jet.

Neutrinos can only be produced in proton-photon interactions, such as the photo-

meson processes

p+ γ → p+ π0 π0 → 2γ ,

p+ γ → n+ π+

p+ γ → p+ π+ + π−







π+ → µ+ + νµ → e+ + νe + ν̄µ + νµ ,

π− → µ− + ν̄µ → e− + ν̄e + νµ + ν̄µ ,

(7.1)

which rule out leptonic models as neutrino sources. Pure hadronic models are also

disfavored because they require extremely high proton density and luminosities ex-

ceeding the Eddington limit 1, which are in conŕict with the electromagnetic SED
1The Eddington limit is the maximum luminosity achievable by an AGN when the outward

radiation force of the gas orbiting the central engine is balanced with the inward gravitational force.
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data. Moreover, these models require very strong magnetic őelds and the predicted

neutrino ŕux at high energies contradicts the IceCube observed ŕux for the blazar

TXS 0506+056 [6]. 2 Thus, lepto-hadronic models are the favored scenario for pro-

ducing γ rays and neutrinos that are compatible with observations if no DM-neutrino

interaction is involved. In the case where such interaction exists, we will show in

the rest of the chapter that hadronic models would lead to stronger constraints on

the scattering cross section than lepto-hadronic ones, making the latter the most

conservative choice.

It is worth noting that the above conclusion is based on one-zone emission models,

where all radiative and neutrino processes originate from a single spherical emitting re-

gion in the jet [9]. However, if multiple emitting regions are considered, pure hadronic

models remain still viable [10].

Regarding the nature of DM considered in this chapter, we focus on the keV-GeV

mass range. This choice is motivated by the fact that within this parameter space,

direct detection constraints on DM become less stringent. However, the results we

derive are applicable to a broader range of DM masses, speciőcally mχ ≳ 10−6 eV. In

this regime, the DM spike formed around a black hole could potentially be detected

by upcoming space-based gravitational wave observatories [11, 12].

A őnal remark concerns the size of the DM spike, which should be thought to be

independent of the speciőc nature of the DM particle, as its determination should rely

on observational considerations. Speciőcally, the mass of the central black hole (BH)

is determined based on the enclosed mass within a certain spherical region centered

at the galactic center. Consequently, it is reasonable to assume that the inferred BH

mass is a combination of both the DM spike and the true mass of the BH itself, given

that these two components cannot be distinguished from an observational standpoint.

Therefore, when estimating the size of the DM spike, it should be considered at least

as large as the radius of the spherical shell used to estimate the BH mass [13].

2The association between the single neutrino event observed by IceCube and the blazar TXS
0506+056 was conőrmed by follow-up measurements from several electromagnetic satellites, which
observed the blazar undergoing a ŕaring-stage [7]. Prior to the 2017 observation, IceCube found a
∼ 3.5σ evidence for other neutrinos coming from the same blazar in its 9.5 years of data [8].
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Abstract

Neutrino emission in coincidence with gamma rays has been observed from the blazar

TXS 0506+056 by the IceCube telescope. Neutrinos from the blazar had to pass

through a dense spike of dark matter (DM) surrounding the central black hole. The

observation of such a neutrino implies new upper bounds on the neutrino-DM scat-

tering cross section as a function of the DM mass. The constraint is stronger than

existing ones for a range of DM masses, if the cross section rises linearly with en-

ergy. For constant cross sections, competitive bounds are also possible, depending on

details of the DM spike.

7.1 Introduction

The possible interactions of dark matter (DM) with ordinary matter have been con-

strained in many ways. The most challenging category is DM-neutrino interactions,

due to the difficulty of observing neutrinos. A promising strategy is to consider astro-

physical sources of high-energy neutrinos that could accelerate light DM particles to

energies that would make them detectable in ground-based DM and neutrino search

experiments [14ś16]. This only works if, in addition to DM-ν interactions, there can

also be scattering of DM from nuclei or electrons in the detector.

A more model independent strategy is to use the fact that a 290 TeV neutrino,

known as event IC-170922A, has been observed by the IceCube experiment and was

identiőed as coming from the blazar TXS 0506+056 [7]. Reference [17] set limits on

the DM-ν scattering cross section using the fact that the neutrino had to pass through

cosmological and galactic DM between the blazar and the Earth. In this paper, we

derive stronger limits, using the fact that the neutrino also had to traverse the dense

DM spike surrounding the supermassive black hole powering TXS 0506+056.

IceCube additionally reported a statistical excess of lower energy neutrinos prior

the 2017 ŕare of TXS 0506+056 [8], but the claimed excess is too large to be ex-

plained by state-of-the-art one-zone blazar models, likely requiring more complicated
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modelling [18ś23]. Hence we do not include it in the present analysis. There have

also been several candidate associations between neutrinos detected by IceCube and

known γ-ray blazars subsequent to IC-170922A (e.g. [24ś31]). Since none of them

have been conőrmed by the IceCube Collaboration, we do not include them in this

study.

7.2 Expected neutrino events

We start by describing the theoretical models of neutrino emission from blazars and

the expected ŕux from TXS 0506+056. The observed spectra of electromagnetic

emission from blazars is well described by lepto-hadronic models [6, 9, 22, 23, 32],

in which protons and electrons are shock-accelerated to create a relativistic jet in a

magnetized region that produces synchrotron radiation. The jet extends to distances

∼ 1011 km [6, 23], around 1000 times smaller than the extent of the DM spike to be

described in Section 7.3. Proton-photon interactions in the jet produce pions, whose

decays are the source of high-energy neutrinos.

Purely hadronic models are also able to őt the combined electromagnetic spectra

at optical, x-ray and gamma-ray frequencies, but they lead to either a detectable

neutrino ŕux at much higher energies or a negligible low ŕux at energies compatible

with IC-170922A [6, 9]; hence we focus on lepto-hadronic models in the following.

The impact of different choices is discussed at the end of section 7.4. Under the

steady state approximation, the hadronic model of Ref. [6] predicts a neutrino ŕux

between Eν ∼ 100TeV and 10EeV, that peaks at a value Eν ∼ 10PeV, which is orders

of magnitude higher than IC-170922A. We őnd that the probability of observing a

neutrino with energy ≲ 300TeV is ∼ 3% in this model. Hence we consider it to be

disfavored for explaining IC-170922A.

On the other hand, the neutrino ŕux predicted by the lepto-hadronic model of

Ref. [23], based on a fully time-dependent approach, peaks near Eν = 100TeV and is

compatible with the observation. Within the quasi-two neutrino oscillation approxi-
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mation [23], the ŕux is well őt by the formula

log10 Φν(Eν) = −F0 −
F1 x

1 + F2|x|F3
(7.2)

with F0 = 13.22, F1 = 1.498, F2 = −0.00167, F3 = 4.119, and x = log10(Eν/TeV) ∈
[−1.2, 4.2]. The expected number of muon neutrino events observed at IceCube is

given by

Npred = tobs

∫

dEν Φν(Eν)Aeff(Eν) , (7.3)

where tobs is the time interval of observation, Φν is the predicted neutrino ŕux from

the blazar, and Aeff is an effective area for detection, which depends on the geometry

of the source direction and Eν , and encodes the probability for a neutrino to convert

to a muon through weak interactions. Data for Aeff from TXS 0506+056 is provided

by IceCube [33].3 For the campaign IC86c during JD (Julian day) 57 161−58 057 that

observed IC-170922A, tobs = 898 d, and the reconstructed energy was Eν = 290TeV.

This yields Npred ≈ 2.0 from the ŕux (7.2), compatible with the observed event. We

adopt this as the input model for constraining the DM-ν cross section in the following.

7.3 Dark matter spike

The overdensity of DM surrounding the central black hole plays a crucial role for

constraining ν-DM scattering from the blazar. The possibility of adiabatic accretion

of DM around the black hole (BH) was őrst considered by Gondolo and Silk in Ref.

[34]. They derived an inner radius for the spike of ri = 4RS, where RS = 2GMBH

is the BH Schwarzschild radius, and an outer proőle ρ′(r) ∼= N (1 − 4RS/r)
3 r−α

with α = (9 − 2γ)/(4 − γ) ∈ [2.25, 2.5], depending on the inner cusp of the initial

DM halo density, ρ ∼ r−γ, with 0 ≤ γ ≤ 2. The normalization N of ρ′ can be

determined using the őnding that the mass of the spike is of the same order as MBH

[35], 4π
∫ ro
ri
dr r2ρ′ ∼= MBH , within a radius of typical size ro ∼= 105RS [13]. The BH

3The effective area can be őt in the region x ∈ [−1, 6] by log10Aeff/cm
2 ∼= 3.57 + 2.007x −

0.5263x2 + 0.0922x3 − 0.0072x4.
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mass of the blazar TXS 0506+056 is estimated to be 3.09× 108 M⊙ [36]. In Ref. [37],

it was argued that gravitational scattering of DM with stars in the central region

would lead to dynamical relaxation to a less cuspy proőle with α = 3/2; hence we

also consider this possibility below.

The spike density is reduced relative to these initial proőles if there is subsequent

DM annihilation, leading to a maximum density of ρc = mχ/(⟨σav⟩ tBH), where mχ

is the DM mass, ⟨σav⟩ is an effective annihilation cross section, and tBH is the age

of the BH. The spike density then becomes ρχ = ρcρ
′/(ρc + ρ′). The quantity ⟨σav⟩

is łeffectivež in the sense that it could be negligible even if the actual annihilation

cross section is large. This would be the case for asymmetric dark matter, in which

the symmetric component has completely annihilated away in the early Universe.

Then annihilations would have no effect at later times, when the DM spike is formed.

To illustrate the range of possible outcomes from varying ⟨σav⟩, we follow Ref. [16]

by considering three benchmark models BM1śBM3, in which ⟨σav⟩ = (0, 0.01, 3) ×
10−26 cm3/s, respectively, and tBH = 109 yr. These models assumed α = 7/3 in

ρ′ ∼ r−α. We also consider models BM1′śBM3′ using the less cuspy value α = 3/2.

The probability for neutrinos to scatter from DM in the spike depends on the DM

column density,

Σχ =

∫ ∞

Rem

dr ρχ ∼= AΣ

( mχ

1MeV

)1−BΣ

MeV , (7.4)

where Rem ≈ R′ δ ∼ 2× 1017 cm is the distance from the central BH to the position

in the jet where neutrinos and photons are likely to be produced [36]. R′ ∼ 1016 cm

is the comoving size of the spherical emission region and δ ∼ 20 is the Doppler factor

for the lepto-hadronic model of Ref. [23]. One őnds that Σχ/mχ can be accurately őt

by a power law, Σχ/mχ = AΣ (MeV/mχ)
BΣ , with BΣ = 1 for the case of ⟨σav⟩ = 0,

and a fractional power when annihilation occurs. The parameters AΣ, BΣ for the

benchmark models are given in Table 7.3.1. Although the DM spike does not extend

to arbitrary distances, the integral in (7.4) converges around 10RS in the case of no

DM annihilation, and at larger radii ∼ (106− 108)RS for the cases with annihilation.
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⟨σav⟩ Model α log10AΣ BΣ Model α log10AΣ BΣ

0 BM1 7/3 31.4 1 BM1′ 3/2 31.9 1
0.01 BM2 7/3 30.0 0.48 BM2′ 3/2 30.8 0.73
3 BM3 7/3 28.7 0.43 BM3′ 3/2 29.5 0.66

Table 7.3.1: Normalization AΣ and exponent BΣ of power law őt to DM spike column
density per mass Σ/mχ; see Eq. (7.4). Models are distinguished by different values
of the effective DM annihilation cross section (in units of 10−26 cm3/s) and the spike
proőle exponent α. AΣ is in units of cm−2.

7.4 Neutrino attenuation by DM

One can make an initial estimate for the maximum DM-ν scattering cross section

σνχ as being inverse to the column density Σχ/mχ of the DM spike surrounding the

central BH of TXS 0506+056. To be more quantitative, we recompute the expected

number of IceCube events from the 2017 ŕare that led to the observed event, taking

into account the attenuation from scattering on DM. The analogous computation for

scattering of neutrinos by galactic DM has been considered in Ref. [38]. The evolution

of the ŕux due to scattering is described by the cascade equation,

dΦ

dτ
(Eν) = −σνχΦ +

∫ ∞

Eν

dE ′
ν

dσνχ
dEν

(E′

ν→Eν) Φ(E ′
ν) , (7.5)

where τ = Σ(r)/mχ =
∫ r
dr ρχ/mχ is the accumulated column density. The second

term represents the effect of neutrino energies being redistributed, rather than simply

being lost from the beam.

To proceed, we must make an assumption about the energy dependence of the cross

section. In section 7.6 we will discuss particle physics models that predict σνχ(Eν).

A particularly simple and well-motivated choice is linear energy dependence,

σνχ = σ0Eν/E0 , (7.6)

taking the reference energy E0 = 290TeV to be that of the observed event. Approx-

imating the scattering as being isotropic in the center-of-mass frame, one can show

that dσνχ/dEν = σνχ/E
′
ν = σ0/E0. The cascade equation can be discretized, choos-
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ing equal logarithmic intervals ∆x in x = log10(Eν/TeV). Deőning a dimensionless

column density y = (mχ/Σχ) τ , it takes the form

dΦi

dy
= A

(

−ÊiΦi +∆x ln 10
N
∑

j=i

ÊjΦj

)

(7.7)

where A = (Σχ/mχ)(σ0/Ê0), Êi = 10xi is the energy in TeV units, Ê0 = 290 and

y ∈ [0, 1].

To solve Eq. (7.7), one can either evolve the initial condition from y = 0 to y = 1

by incrementing in y, or use the algorithm presented in Ref. [39]. We have checked

that both methods give the same results, resulting in the 90% Conődence Level (C.L.)

limit

A ≡ Σχσ0

mχ Ê0

< 0.0047 (7.8)

by demanding the number of events giving a neutrino of energy Eν ≥ 290TeV be

greater than 0.1. The corresponding constraints in the plane of σ0 versus mχ are

plotted in Fig. 7.4.1 for the six DM spike models. The constraint (7.8) can be ex-

pressed as σ0 < 1.4mχ/Σχ, in agreement with the initial estimate. The effects of

other kinds of energy dependence of σνχ are considered in Section 7.6. 4

We őnd that the constraint (7.8) is strengthened by a factor of ∼ 4 − 10 for

hadronic production models, like those of Refs. [6, 23], relative to lepto-hadronic ones.

In fact, a nonvanishing σνχ at such levels could reduce the too-high energies predicted

by hadronic models, to better explain the IC-170922A event, but interpreted as an

upper limit it is more stringent than Eq. (7.8), hence our adoption of lepto-hadronic

models is a conservative choice.
4If the cross section is exactly constant, the second term of the cascade equation (7.5) is zero and

the neutrino ŕux is exponentially suppressed according to Φ ∼ exp (−σνχ Σχ/mχ). The correspond-
ing 90% C.L. bound on σ0 becomes σ0 ≲ 1.7mχ/Σχ, which is very similar to the result obtained for
the case of linear energy-dependent σνχ.
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Figure 7.4.1: 90% C.L. upper limits on the ν-DM scattering cross section at reference
energy E0 = 290TeV, for the six benchmark DM spike models. Previous constraints
are shown for comparison, assuming energy-independent cross section: (cyan) CMB
and baryon acoustic oscillations [40]; (pink) Lyman-α preferred model [41]; (dark
violet, blue) diffuse supernova neutrinos [15]; (orange) stellar neutrinos [42]; (yellow)
supernova SN1987A [43]; (green) IceCube bound from TXS 0506+056 [17].

7.5 Comparison to previous limits

A model-independent signal of neutrino-DM interactions is the suppression in the

primordial density ŕuctuations at temperatures ∼ 1 eV, which would produce de-

tectable effects in the cosmic microwave background (CMB) and matter power spec-

trum [40, 41, 44ś47]. For a constant scattering cross section, Ref. [47] derived a

limit of σνχ ≲ 10−36 (mχ/MeV) cm2 for massless neutrinos, which becomes weaker by

about 5 orders of magnitude if a neutrino mass of ∼ 0.06 eV is properly included [40].

A more recent analysis using Lyman-α forest data found a mild preference for DM

interacting with massive neutrinos, which requires conőrmation [41].

Besides its effect on cosmology, DM-ν scattering can also be probed in direct de-

tection experiments and neutrino observatories, if further assumptions about the DM

interaction with either leptons or nucleons are made. A prominent example involves

boosting DM within our galaxy by astrophysical neutrinos such as those coming from

stars [42, 48], diffuse supernovae [15, 49ś51] or from supernova SN1987A [43], leading
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Figure 7.5.1: Previous constraints on ν-DM and e-DM scattering, rescaled to E0 =
290TeV assuming σνχ ∝ Eν , compared to the least (BM3, BM3′) and most restrictive
(BM1, BM1′) new limits of Fig. 7.4.1. The ν-DM scattering bounds are the same as in
Fig. 7.4.1, while for e-DM scattering they are labelled with ⋆ and are as follows: (slate
blue) solar reŕection [59], (brown) Super-K for DM boosted by cosmic-ray electrons,
(turquoise) blazar BL Lacertae for BM3 model [16], (gray) direct detection for light
DM interacting with electrons [60ś63].

to larger energy deposition than could occur for light DM particles. Alternative ways

to probe DM scattering with neutrinos is via attenuation of neutrino ŕuxes from super-

novae [44, 52] and the galactic center [53], delayed neutrino propagation [54ś56], and

through effects in the extragalactic distribution and spectra of PeV neutrinos [57, 58].

Figure 7.5.1 shows a compilation of the most stringent bounds on σνχ after rescal-

ing them to the common energy scale E0 = 290 TeV, assuming Eq. (7.6). Here we

include also constraints on DM-electron scattering, since it is natural for neutrinos

and electrons to interact with DM with the same strength, as discussed in the next

section. DM-e scattering can be probed in a variety of ways. It would alter the CMB

anisotropies, the shape of the matter power spectrum and the abundance of Milky

Way satellites [64ś66], cause CMB spectral distortions [67, 68], and heat or cool the

gas in dwarf galaxies [69]. Similarly to the neutrino case, DM particles can be boosted

by cosmic rays [70ś90], particles in the solar interior [59] or in the relativistic jets of

blazars [14, 16] and be directly detected. Standard direct detection constraints on
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light DM particles can apply [60ś63, 91ś100]. DM-electron scattering can alter the

cosmic ray spectrum [101] and potentially heat neutron stars [102ś104] and white

dwarfs [105].

The new blazar limits on σνχ shown in Fig. 7.5.1, assuming σνχ ∝ Eν , are several

orders of magnitude stronger than existing ones for sub-GeV DM, when the latter are

rescaled to the blazar neutrino energy. In the case of light mediators that could lead

to a constant-in-energy cross section, we lose this advantage, as shown in Fig. 7.4.1.

7.6 Particle physics models

The simplest models for DM-ν scattering involve the exchange of a vector boson Z ′

between DM and neutrinos. We assume coupling gν to all ŕavors of neutrinos, and

coupling gχ to DM, taken to be a complex scalar; by dimensional analysis, the results

are expected to be insensitive to the spin of the DM. [Exact expressions for σ(E) in

various models can be found in the appendix of Ref. [38].] At energies Eν ≫ mχ, the

cross section goes as

σνχ ∼=
g2νg

2
χ

4πm2
Z′

[

1− m2
Z′

s
ln

(

1 +
s

m2
Z′

)]

, (7.9)

where s ∼= 2mχEν . For m2
Z′ > mχEν ≳ 1GeV2 (considering mχ as low as 1 keV), σνχ

rises linearly with Eν by expanding the logarithm to second order in s/m2
Z′ , while

for Eν ≫ m2
Z′/mχ, σνχ saturates to a constant value. The corresponding differential

cross section that appears in the second term of the cascade equation (7.5) is

dσνχ
dEν

(E′

ν→Eν) =
(g2νg

2
χ/4π)(mχEν/E

′
ν)

(m2
Z′ + 2mχ(E ′

ν − Eν))2
. (7.10)

This model is similar to that in Eq. (7.6) in having σνχ ∝ Eν at low energy, but

it is physically distinct because the differential scattering implied by (7.10) is not

isotropic. One can show that its behavior in the cascade equation is determined by
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Figure 7.6.1: Constraint on the dimensionless parameters deőned in Eq. (7.11) in the
model with a Z ′ mediator.

just two (dimensionless) parameters, that we take to be

A′ =
g2νg

2
χΣχ · (1TeV)
4πm4

Z′

, B′ ≡ mχ · (1TeV)
m2
Z′

. (7.11)

With this choice, A′ plays the same role of A in Eq. (7.7) in the low-energy regime

where σνχ ∼ g2νg
2
χmχEν/(4πm

4
Z′). By solving the cascade equation on a grid of values

in the A′-B′ plane, again demanding at least 0.1 predicted IceCube events above 290

TeV, we obtain the constraint shown in Fig. 7.6.1. We translate the A′ versus B′

bound into the microscopic model parameters, gνgχ versus mZ′ in Fig. 7.6.2, for some

choices of the DM spike models and DM masses. For comparison, the most stringent

related constraint from Z → 4ν is also shown [106, 107], for the case that gχ = gν .

In a realistic model, Z ′ should couple not only to neutrinos, but to charged leptons

in the SU(2)L doublets, and to baryons so that the theory is anomaly-free. This leads

to numerous further constraints in the parameter space of gν versus mZ′ , which are

beyond the scope of the present work. This aspect will be considered in a follow-up

paper [108].
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7.7 Summary and conclusions

It is not disputed that dark matter accumulates in the vicinity of supermassive black

holes that power active galactic nuclei, but there are signiőcant uncertainties from

astrophysics, including the initial neutrino ŕux, the location along the jet where

neutrinos are likely to be produced, the density proőle of the DM spike, and the ef-

fective DM annihilation cross section. Despite these uncertainties, we őnd strong and

conservative constraints on the elastic scattering cross section σνχ for DM-neutrino

scattering, so long as the IceCube event IC-170922A indeed came from the blazar

TXS 0506+056 during its 2017 ŕare, as is widely believed.

Since the single event has a unique neutrino energy E0, our constraint applies to

σνχ at that energy. A natural hypothesis is that such interactions arise from exchange

of a massive mediator, which leads to the prediction of linear energy dependence

σνχ = σ0Eν/E0 at sufficiently low energies. Under that assumption, we compared

our limit to previous ones in the literature, which are set at much lower energies.

Even in the least optimistic case (models BM3śBM3′), our limits improve on the

existing ones by several orders of magnitude, if rescaled to E0, for sub-GeV DM

masses (see Fig. 7.5.1). The stronger of our constraints (BM1śBM1′) are likely to
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be applicable in the case of asymmetric DM, where the effective annihilation cross

section is essentially zero, due to the negligible proportion of a symmetric component

that is necessary to have annihilation. Our constraints are weakened if the mediator

mass is sufficiently small, which causes the cross section to stop rising with energy at

a scale of order m2
Z′/mχ, becoming constant at higher energies, and thereby reducing

the leverage of our bound coming from the 290 TeV scale (see Fig. 7.4.1).

A further natural assumption, motivated by SU(2)L gauge symmetry in the stan-

dard model, is that charged leptons should have an equal cross section with DM

relative to neutrinos, allowing us to compare to existing electron-DM scattering con-

straints. Here too our constraints improve on previous limits, for linearly rising cross

sections.

We look forward to future observations by neutrino telescopes that may conőrm

the multimessenger signals from blazars, and perhaps lead to reőned constraints on

lepton-DM scattering.
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8.0 Prologue

In the previous chapter, we used blazars to set strong limits on the DM-neutrino scat-

tering cross section. However, other AGN types can also be employed for this purpose

if neutrinos from these sources are detected by ground-based neutrino observatories.

Recently, IceCube detected several neutrinos originating from the nearby radio

galaxy, NGC 1068. Unlike blazars, radio galaxies are obscured by a thick torus of

gas and dust, preventing the escape of γ-rays [1]. Neutrino emission in radio galaxies

occurs in regions closer to the supermassive black hole, such as in the corona, which

is an ultra-bright, billion-degree ring of high-energy particles surrounding the black
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Figure 8.0.1: Schematic picture of a radio galaxy producing neutrinos. Gas accreting
onto a supermassive black hole forms an accretion disk and hot corona emitting opti-
cal, UV, and X-rays. This electromagnetic radiation is obscured by the surrounding
gas and dust. Infrared radiation comes from a dusty torus. Winds and jets may also
be launched. Figure taken from Ref. [1].

hole’s event horizon [2]. An illustration of the structure of a radio galaxy is provided

in Fig. 8.0.1.

The smaller neutrino-emitting region in radio galaxies, compared to blazars, sug-

gests that constraints on DM-neutrino cross section inferred from the interactions

between neutrinos and the DM spike could potentially become stronger than those

derived in the previous chapter. We will explore this possibility in the following.

Abstract

The IceCube collaboration has observed the őrst steady-state point source of high-

energy neutrinos, coming from the active galaxy NGC 1068. If neutrinos interacted

strongly enough with dark matter, the emitted neutrinos would have been impeded by

the dense spike of dark matter surrounding the supermassive black hole at the galactic

center, which powers the emission. We derive a stringent upper limit on the scattering

cross section between neutrinos and dark matter based on the observed events and

309



theoretical models of the dark matter spike. The bound can be stronger than that

obtained by the single IceCube neutrino event from the blazar TXS 0506+056 for

some spike models.

8.1 Introduction

Neutrinos and dark matter (DM) are the most weakly coupled particles in the Uni-

verse; it is intriguing to imagine that they might interact very weakly with each other.

Much effort has been made to search for signals of ν-DM interactions, through their

effects on cosmology [3ś8], astrophysics [3, 9ś15], and direct detection of boosted DM

[16ś22] and fermionic absorption DM [23ś30]. Neutrino emission from active galactic

nuclei (AGN) can provide a sensitive probe of ν-DM scattering, in particular from

the blazar TXS 0506+056, from which a 290 TeV neutrino was observed by IceCube

[31]. It was pointed out in Ref. [32] that the ensuing constraints could be signiőcantly

improved by taking into account the dense łspikež of DM that is believed to accrue

around the supermassive black hole (SMBH) that powers the AGN engine.

Recently the IceCube collaboration reported observing 79+22
−20 neutrinos from the

nearby active galaxy NGC 1068, mostly with energies of ∼ (1 − 15)TeV, the őrst

continuously emitting point source of neutrinos to be discovered [33]. Unlike a blazar,

in which the jet points toward Earth, NGC 1068 is a radio galaxy, with the jet pointing

∼ 90◦ away [34, 35], thereby exposing Earth to the equatorial emissions perpendicular

to the jet. The neutrino emission in this case can be dominated by regions closer to

the SMBH, where the DM spike plays a more important role. We thus anticipate

that it can further strengthen the constraints on ν-DM scattering, beyond what is

possible with a blazar. In the following, we will show this is indeed the case.

8.2 Neutrino ŕux

We use similar methodology to that in Ref. [32]. To set a constraint on the ν-DM

scattering cross section using AGNs as neutrino sources one must specify the initial
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Figure 8.1.1: Normalized neutrino ŕux Φνµ+ν̄µ(Eν)/Φref and IceCube effective area
Aeff(Eν) from the direction of NGC 1068. The ŕux, described by Eq. (8.1), is shown
in slate blue along with its 95% conődence region [33]. The orange curve is the
effective area, which is taken from Ref. [36].

neutrino spectrum and the density of the DM spike. The IceCube collaboration has

found that the neutrino ŕux at Earth is well-described in the energy range Eν ∈
[1.5, 15] TeV by an unbroken power-law of the form [33]

Φνµ+ν̄µ(Eν) = Φref

(

Eν
Eref

)−γ

(8.1)

based on the observation of ≈ 80 events. Here, Eref = 1 TeV, Φref ≈ 5×10−11 TeV−1cm−2s−1

and γ ≈ 3.2. This ŕux, shown in Fig. 8.1.1, accounts for the muon neutrino and anti-

neutrino contributions only since these are what the IceCube detector can measure; it

is expected that all ŕavors contribute equally to the spectrum, due to neutrino oscil-

lations over cosmic distances, for sources dominated by pion decay [37, 38]. Therefore

we can view Eq. (8.1) as the ŕux where neutrino oscillations are included and the

all-ŕavor ŕux would be a factor of 3 higher.

In the following, we will carry out two complementary statistical analyses for

setting limits on the ν-DM scattering cross section, based on different reasonable

null hypotheses. In the őrst approach, we will assume that the initial neutrino ŕux

311



coincides with the one observed by IceCube, and derive 90% C.L. limits on σνχ by

requiring this assumed initial ŕux not be attenuated too much. In the alternative

approach, carried out in Section 8.5, we will instead assume the initial ŕux is that

predicted by theoretical models from the literature. It will be shown that the two

methodologies give results that are in agreement up to factors of a few.

As a consistency check, we őrst recomputed the number of expected muon neutrino

events observed by IceCube in the case of no ν-DM scattering,

Npred = tobs

∫

dEν Φν(Eν)Aeff(Eν) , (8.2)

where Φν ≡ Φνµ+ν̄µ is the ŕux in Eq. (8.1), tobs ≈ 3186 days [33] is the observing time,

and Aeff is the detector’s effective area, shown in Fig. 8.1.1. The relevant events were

observed between 2011 and 2020, and data for Aeff from the direction of NGC 1068

is provided by IceCube [36]. Integrating Eq. (8.2) over the range Eν ∈ [10−1, 104]

TeV [33] gives Npred ≈ 80 events as expected. Since IceCube considered the ŕux in

Eq. (8.1) to be reliably determined only within the smaller energy range Eν ∈ [1.5, 15]

TeV, we őnd that the corresponding number of predicted muon neutrinos is reduced

to Npred ≈ 31± 7.

8.3 Dark matter spike proőle

The second ingredient needed to set a constraint on ν-DM scattering is the density

proőle of the DM spike. The accretion of DM onto the SMBH has been widely studied

in the literature, e.g., Refs. [39ś47]. If the accretion is adiabatic and relativistic effects

are neglected, it can be shown that an initially cuspy DM proőle of the form

ρ(r) ≃ ρs

(

r

rs

)−γ

(8.3)
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in the region close to the SMBH, with rs the scale radius and ρs the scale density,

evolves into a spike whose density is [39]

ρ′(r) ≃ ρR

(

1− 4RS

r

)3(
Rsp

r

)α

. (8.4)

Here RS = 2GMBH is the Schwarzschild radius, Rsp is the characteristic size of the

spike and ρR ≈ ρ′(Rsp). The slope α of the spike proőle in Eq. (8.4) was found

in Ref. [39] to be related to the slope of the initial proőle γ in Eq. (8.3) by α =

(9− 2γ)/(4− γ). For 0 ≤ γ ≤ 2, α can vary between 2.25 to 2.5 and for a Navarro-

Frenk-White (NFW) proőle γ = 1 and α = 7/3.

8.3.1 Spike relaxation

However, the likely presence of a dense stellar component in the inner region of the

galaxy can induce gravitational scattering off of DM, causing a softening of the spike

proőle to a slope of α = 3/2, independently of the value of γ [42ś45]. We consider

both the cases of α = 7/3 and α = 3/2, with γ = 1. More precisely, the modiőcation

of the slope of the spike due to stellar scattering with DM is relevant only within the

inŕuence radius of the SMBH, rh [43], which is generally smaller than the size of the

spike Rsp.1 Therefore, for the case of α = 3/2, the spike proőle in Eq. (8.4) should

be modiőed by

ρ′3/2(r) ≃



















ρN

(

1− 4RS

r

)3(
rh
r

)3/2

ri ≤ r ≤ rh

ρ′N

(

Rsp

r

)7/3

r ≥ rh

(8.5)

1The inŕuence radius is deőned as rh = GMBH/σ
2
⋆, where σ⋆ is the stellar velocity dispersion.

This is the radius within which the gravitational effects of the SMBH directly affect the motion of
the surrounding stars.
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where ri = 4RS is the inner radius of the spike, and the outer proőle at r ≥ rh

converges to that predicted by Ref. [39] for r ≥ rh ≫ RS, which we rewrite as

ρ′7/3(r) ≃ ρN

(

1− 4RS

r

)3(
Rsp

r

)7/3

, r ≥ ri . (8.6)

8.3.2 Effect of DM annihilation

If DM particles are allowed to annihilate, the spike proőle in the innermost region

tends to a maximum density ρc = mχ/(⟨σav⟩ tBH), where mχ is the DM mass, ⟨σav⟩
is an effective annihilation cross section,2 and tBH is the age of the SMBH. We take

the latter to be tBH ≃ 109 yrs for NGC 1068, which is well motivated by studies on

the mass assembly history of SMBH at high redshift [48]. This value is also similar to

that adopted for the blazar TXS 0506+056 [32, 49ś51], which allows a fair comparison

between the new limits derived in this paper and the previous ones. Considering that

the spike proőle should merge onto the pre-existing galaxy proőle for r ≥ Rsp, which

we take as a NFW halo of the form

ρNFW(r) = ρs

(

r

rs

)−1(

1 +
r

rs

)−2

, (8.7)

then the total DM density can be written as [39, 40, 51ś53]

ρχ(r) =































0 r ≤ ri

ρ′α(r) ρc
ρ′α(r) + ρc

ri ≤ r ≤ Rsp

ρNFW(r) ρc
ρNFW(r) + ρc

r ≥ Rsp

(8.8)

where ρ′α(r) is given by Eq. (8.5) for α = 3/2 and by Eq. (8.6) for α = 7/3. In

Eq. (8.8) we accounted for the possibility that DM annihilation is strong enough to

deplete the outer NFW halo as well, in addition to the internal spike.3

2If the dark matter is asymmetric, then the effective ⟨σav⟩ = 0, even if the actual ⟨σav⟩ is large,
since in that case annihilations cannot occur within the DM spike.

3We found that the DM proőle considered in Ref. [51] suffers from the lack of the additional DM
annihilation in the outer halo for some values of mχ and ⟨σav⟩. This problem does not occur for the
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8.3.3 Fixing spike parameters

We have to determine ρN , ρ′N , rh and Rsp for the spike density ρ′α(r), and ρs and rs

for the NFW halo. Concerning the latter two parameters, they are determined by the

virial mass of NGC 1068, which can be inferred independently of the DM spike, since

the latter cannot appreciably impact the overall halo shape. More precisely, N-body

simulations in a ΛCDM Universe predict that the DM halo is related to the SMBH

mass via [54]

MBH ∼ 7× 107M⊙

(

MDM

1012 M⊙

)4/3

, (8.9)

which is consistent with relations found in Refs. [55, 56].

Estimates of the NGC 1068 SMBH mass vary. From the water maser emission

line, Ref. [57] estimated a central mass of MBH ∼ 1×107 M⊙ within a radius of about

0.65 pc ≃ 6.5×105 RS, which we can take as a proxy for the inŕuence radius rh of the

SMBH. Similar values of MBH were found by Refs. [58ś62], but estimates as large as

MBH ∼ (7−10)×107 M⊙ have been inferred from the polarized broad Balmer and the

neutral FeKα emission lines [63]. In the following, we consider MBH = 1×107 M⊙ for

which rh is provided, but we checked that the impact of considering different SMBH

masses within the range ∼ 107 − 108 M⊙ would impact our results by at most one

order of magnitude in the case without DM-annihilation, making them stronger for

smaller values of MBH.

From Eq. (8.9) we őnd that the DM halo mass for NGC 1068 is of order MDM ≃
2.3 × 1011 M⊙, which is consistent within a factor of ≲ 4 with the predictions from

Refs. [55, 56, 64, 65] and input parameters from Refs. [66, 67]. Taking MDM to be

the virial mass for a NFW halo, we can then use Ref. [68] to infer rs ≃ 13 kpc and

ρs ≃ 0.35 GeV/cm3. The halo parameters we estimated are reasonable in the sense

that they are similar to those of the Milky Way galaxy [39, 40, 69], which is known

to host a SMBH with similar mass to that in NGC 1068 [70].

The normalization ρN of the proőles in Eqs. (8.5) and (8.6) depends only upon

the combination N ≡ ρN r
3/2
h or N ≡ ρN R

7/3
sp , respectively, which can be determined

NGC 1068 case because the outer halo turns out to give a negligible contribution.
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⟨σav⟩ Model α Model α
0 BM1 7/3 BM1′ 3/2

0.01 BM2 7/3 BM2′ 3/2
3 BM3 7/3 BM3′ 3/2

Table 8.3.1: Models considered in this paper, distinguished by different values of the
effective DM annihilation cross section (in units of 10−26 cm3/s) and the spike-proőle
exponent α. They are the same as considered in Ref. [32]. The case ⟨σav⟩ ∼= 0 could
correspond to asymmetric or freeze-in dark matter.

by the mass of the SMBH [40, 41, 52, 53, 71]

MBH ≈ 4π

∫ rh

ri

dr r2 ρχ(r) , (8.10)

where rh is the radius of inŕuence of the black hole and ρχ(r) is given by Eq. (8.8).

The integral in Eq. (8.10) is dominated by the contribution from r ≫ ri, in which

regime ρχ(r) ≃ ρ′α(r) since ρc ≫ ρ′α(r). Therefore, we őnd that N obtained from

Eq. (8.10) is approximately given by

N ≃ MBH

4π [fα(rh)− fα(ri)]
, (8.11)

where

fα(r) ≡ r−α
(

r3

3− α
+

12RS r
2

α− 2
− 48R2

S r

α− 1
+

64R3
S

α

)

. (8.12)

For the α = 3/2 case, the normalization density ρ′N in Eq. (8.5) is determined

by requiring the proőle ρ′3/2(r) to match at r = rh, giving ρ′N ≃ ρN (rh/Rsp)
7/3

≃ N r
5/6
h /R

7/3
sp . On the other hand, the value of Rsp can be obtained from the match-

ing condition between the spike and the outer halo, namely ρ′N , ρN ≃ ρs(Rsp/rs)
−γ

for α = 3/2, 7/3, respectively, since RS ≪ rh < Rsp ≪ rs. This translates into

Rsp ≃



















( N
ρsrs

)3/4

r
5/8
h , α = 3/2

( N
ρsrs

)3/4

, α = 7/3

, (8.13)

where N is given by Eq. (8.11). We őnd that Rsp ∼ 0.7 kpc ≫ rh for the parameter
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Figure 8.3.1: DM density proőle ρχ(r) for the galaxy NGC 1068 (left), given by
Eq. (8.8), and its corresponding accumulated DM column density Σ(r) (right), given
by Eq. (8.14), as a function of the distance from the galactic centre, for the different
benchmark models considered in Table 8.3.1. The DM mass is őxed to mχ = 1 GeV.
The gray dot-dashed curve represents the contribution of the NFW host-halo alone,
described by the density in Eq. (8.7). Its contribution to Σ(r) is negligible compared
to that of the spike. The blue shaded region delimits the region within the galaxy
where neutrinos are not likely to be emitted. Its right edge corresponds to the value
of Rem used in Eq. (8.14).

values used in this paper. The DM proőle of NGC 1068, described by Eq. (8.8), is

shown in the left panel of Fig. 8.3.1 for different choices of the effective DM annihila-

tion cross section ⟨σav⟩ and the spike-proőle exponent α, according to the benchmark

models considered in Ref. [32] and summarized in Table 8.3.1.

8.3.4 DM column density

An important quantity for ν-DM scattering is the DM column density, which is the

projection of the 3D density of DM along the line-of-sight, integrating over the dis-

tance that neutrinos travel during their journey to Earth. The accumulated column

density is deőned by

Σ(r) =

∫ r

Rem

dr′ ρDM(r
′) ≈

∫ r

Rem

dr′ ρχ(r
′) , (8.14)
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where Rem is the distance from the SMBH to the position in the radio galaxy where

neutrinos are őrst likely to be produced. Neutrinos with energy below 100 TeV are be-

lieved to be generated through hadronic interactions occurring in the AGN corona [72ś

84], whose radius has been estimated to be a few tens of the Schwarzschild radius

RS [1, 80ś82, 85, 86]. We take Rem ≃ 30RS as in Ref. [82], whose neutrino spectrum

matches well the IceCube observation from NGC 1068, and supported by a model-

independent study in Ref. [1]. In the second step of Eq. (8.14), we neglected the

cosmological and Milky-Way DM contributions to Σ(r) (see for instance Ref. [87])

because they are orders of magnitude smaller than that given by the DM spike pro-

őle [32, 51].

The right panel of Fig. 8.3.1 shows the accumulated DM column density as a

function of the distance from the central SMBH, for the different benchmark models

of Table 8.3.1. Given that Σ(r) stays constant for r ≳ O(100 pc), similarly to that

found in Ref. [49, 50] for the blazar TXS 0506+056, we can take the DM column

density at the Earth location, roughly distantDL ≃ 14.4 Mpc from NGC 1068 [88, 89],

to be approximately Σ(DL) ∼= Σ(r ≃ 100 pc) ≡ Σχ.

In contrast to Ref. [51], we őnd that the inclusion of the halo of the host galaxy

(which becomes important for r ≳ Rsp) gives a negligible contribution to Σχ, as also

suggested by Ref. [50]. This can be explained by the fact that the normalization of the

outer halo ρs cannot be inferred through the SMBH mass, given by Eq. (8.10), since

the latter can constrain at most the DM spike normalization density ρN . Instead,

ρs should be chosen so that the total DM mass of the host halo matches reasonable

values as found by observations and cosmological simulations, since the spike makes

a negligible contribution to the total halo mass.

We note that a more accurate description of the adiabatic accretion of DM onto

SMBH would require the inclusion of relativistic effects. Ref. [46] found that not only

the inner radius of the DM spike reduces to ri = 2RS from its nonrelativistic value of

4RS, but also the spike reaches signiőcantly higher densities. For a rotating SMBH,

the density enhancement is even more important [47]. However, such relativistic

effects become irrelevant for distances r ≳ 20RS [46], which is where neutrinos are

318



likely to be produced in NGC 1068.

8.4 Constraints on neutrino-dark matter scattering

If neutrinos scatter with DM along their journey to the detector, the attenuation of

the neutrino ŕux can be described by a form of the Boltzmann equation known as

the cascade equation [32, 90, 91]

dΦ

dτ
(Eν) = −σνχΦ +

∫ ∞

Eν

dE ′
ν

dσνχ
dEν

(E′

ν→Eν) Φ(E ′
ν) , (8.15)

where τ = Σ(r)/mχ is the accumulated column density, deőned in Eq. (8.14), over

the DM mass and Eν and E ′
ν are the energies of the outgoing and incoming neutrino,

respectively. The őrst term of the cascade equation describes the ŕux depletion of

neutrinos with energy Eν due to their interaction with the surrounding DM, whereas

the second term corresponds to the effect of energy redistribution of the neutrinos

from high to low energy.

The cascade equation is designed to predict the change in the energy spectrum

due to downscattering, for high-energy beams that are scattered predominantly in the

forward direction. If dσνχ/dEν is nonzero, then it can be seen that
∫∞

0
dEνdΦ/dτ = 0,

indicating that the total number of particles in the beam is conserved, and only

their spectrum changes. On the other hand, if one sets dσνχ/dEν = 0, the equation

describes the inelastic process of neutrino absorption in which there is no őnal-state

energy Eν . For elastic scattering with constant cross section, the neutrino does not

lose energy in the process (only its direction changes), translating into dσνχ/dEν ∝
δ(E ′

ν − Eν) and resulting in a conserved ŕux according to eq. (8.15).

As will be shown in Section 8.6, another situation where the cross section is

approximately constant is the high-energy regime of a model with a mediator of mass

mZ′ ≪
√

Eνmχ. Even though dσ/dEν is not strictly zero in that case, we showed in

Ref. [32] that to a good approximation, it can be neglected for such high energies, and

we will use this approximation where appropriate below. Including or neglecting the
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second term in the cascade equation therefore corresponds to different microscopic

origins of the scattering, and the results should be interpreted accordingly when

comparing to speciőc particle physics models.

We consider two different cases that describe important regimes for the cross

section in particular particle physics models [32]:

(a) σνχ ≃ σ0 = const;

(b) σνχ ≃ σ0 (Eν/E0), with E0 = const.

For the former case, Eq. (8.15) leads to an exponential attenuation of the neutrino

ŕux according to Φ(Eν) ∼ Φν(Eν) exp (−σ0 Σχ/mχ), where Φν(Eν) is the initial ŕux

at the source location, given by Eq. (8.1), and Φ(Eν) is the őnal ŕux at the detector

location.

To set limits on the scattering cross section, we require the number of neutrinos

reaching the detector at Earth to be no less than what IceCube observed. In particu-

lar, the 90% Conődence Level (C.L.) upper limit on σ0 follows from demanding that

the number of events in the energy range Eν ∈ [1.5, 15] TeV exceed ≃ 22.2; this is

the 90% C.L. lower limit on the number 31± 7 of observed IceCube events, assuming

a Gaussian distribution. For energy-independent scattering and initial ŕux given by

Eq. (8.1), this corresponds to a ŕux attenuation of ∼ 30%, resulting in the bound 4

σ0 < 0.34
mχ

Σχ

. (8.16)

The left panel of Fig. 8.4.1 shows the resulting constraints for the different benchmark

models of Table 8.3.1.

The new bounds for the four annihilating DM models (BM2, BM2′, BM3 and

BM3′) are a factor 2-3 stronger than those inferred from the blazar TXS 0506+056

by Ref. [32], as can be seen by comparing the black dotted curve with the dotted

green one in Fig. 8.4.1. On the other hand, the constraint from TXS 0506+056 on
4For the IceCube observation of a single neutrino from the blazar TXS 0506+056, the 90% C.L.

lower limit on the Poisson-distributed number of observed events is ≃ 0.1 [92], as used in Ref. [32].
This corresponds to a 90% absorption of the initial ŕux if the scattering cross section is energy-
independent, as previously considered in the literature [32, 51, 87].
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Figure 8.4.1: Left: 90% C.L. upper limits on the ν-DM scattering cross section,
assumed to be energy-independent, for the six benchmark DM spike models of Ta-
ble 8.3.1, compared to previous constraints. The latter are: (cyan) CMB and baryon
acoustic oscillations [7]; (pink) Lyman-α preferred model [8]; (dark violet, blue)
diffuse supernova neutrinos [20]; (orange) stellar neutrinos [17]; (yellow) supernova
SN1987A [22]; (green, light steel blue) least and most restrictive bounds, namely for
BM3 and BM1 respectively, from TXS 0506+056 [32]. Right: Same, but assuming lin-
ear energy-dependent ν-DM and e-DM scattering cross-sections. All the constraints
are rescaled to the energy E0 = 10 TeV according to the relation σνχ = σ0(Eν/E0).
Only the least (BM3, BM3′) and most restrictive (BM1, BM1′) new limits are shown.
The ν-DM scattering bounds are the same as those in the left panel, while for e-DM
scattering they are labelled with ⋆ and are: (slate blue) solar reŕection [93], (brown)
Super-K for DM boosted by cosmic-ray electrons, (turquoise) blazar BL Lacertae for
BM3 model [50], (gray) direct detection for light DM interacting with electrons [94ś
97].

σ0Σχ/mχ was ∼ 50 times stronger than the analogous one derived here, Eq. (8.16).

The apparent discrepancy arises because Σχ for NGC 1068 is much greater than that

for TXS 0506+056. Indeed, the total DM density proőle ρχ(r) for TXS 0506+056

peaks at larger distances from the galactic centre than that for NGC 1068, with a

smaller spike amplitude, given that the mass of the SMBH within the former galaxy

is larger than the one in NGC 1068, and so are the corresponding Schwarzschild radii.

In other words, the smaller the black hole mass, the larger is the effect of the DM

spike, which would peak at a distance closer to the galactic centre compared to a

heavier black hole. This effect is even more pronounced in the nonannihilating DM

models BM1 and BM1′, which give stronger limits than those obtained in Ref. [32]
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for TXS 0506+056, thanks also to the smaller value of Rem for the radio galaxy than

that for the blazar. In particular the limit for the model BM1 surpasses any existing

bounds on σνχ in the literature by several orders of magnitude.

For the linear energy-dependent σνχ = σ0(Eν/E0) case, the cascade equation (8.15)

can be solved by discretizing it in equal logarithmic energy intervals and using the

methods outlined in Refs. [32, 91]. The 90% C.L. limit on σ0 is derived in the same

way as described for the energy-independent case. Taking E0 = 10 TeV, which lies

within the range of validity of the IceCube ŕux in Eq. (8.1), we őnd that

σ0 < 1.25
mχ

Σχ

, (8.17)

which is roughly a factor of four times weaker than the energy-independent scatter-

ing case considered above, given by Eq. (8.16). The corresponding limits on σ0 for

the different benchmark models are shown on the right panel of Fig. 8.4.1, where the

strongest constraints on the ν-DM scattering existing in the literature are included, af-

ter being rescaled to the common energy scale E0 using the relation σνχ = σ0 (Eν/E0).

Bounds on electron-DM scattering are also included in the right panel of Fig. 8.4.1

(labelled with ⋆), since it is natural for DM to interact with neutrinos and charged

leptons with equal strength, due to the SU(2)L gauge symmetry of the standard

model. We refer the reader to Ref. [32] for the description of the existing limits. We

do not include the recent bounds on σeχ inferred by Ref. [98] because they are model-

dependent. Our new limits on σ0, shown in the right panel for the case of σνχ ∝ Eν ,

are generally weaker than the constraints implied by the 290 TeV neutrino event from

TXS 0506+056, except for the most optimistic BM1 spike model 5.

5It was recently argued that the 290 TeV IceCube neutrino from the blazar TXS 0506+056 might
have originated from a region closer to the central black hole, such as the corona, rather than
coming from the jet [99]. This is based on the observation by the MASTER Collaboration of a rapid
change in the optical luminosity of the blazar between one minute and two hours after the IceCube
detection [100], which raises the question whether such fast variability could occur at very large
distances from the central engine, pertaining to the jet. If this was indeed true, the bounds on σ0
derived in Ref. [32] at energy E0 = 290 TeV would become stronger by about a factor of 50 (5) for
the BM1 (BM1′) model, assuming the initial neutrino ŕux used there can still be valid. We thank
Francis Halzen for brining this to our attention.
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Color in Fig. 8.4.2 Ref. of Φν (color curve) σνχ ∼ const [mχ/Σχ] σνχ ∼ Eν [mχ/Σχ]
slate blue (IceCube) Fig. 4 of [33] (slate blue) σ0 < 0.34 σ0 < 1.25

brown Fig. 2 of [80] (blue, upper) σ0 < 0.27 σ0 < 1.33
lime Fig. 1 of [83] (red) σ0 < 0.36 σ0 < 1.13

hot pink Fig. 4 of [83] (deep pink, upper) σ0 < 1.52 σ0 < 5.32
medium orchid Fig. 12 of [83] (green, thin) σ0 < 0.11 σ0 < 0.34
deep sky blue Fig. 5 of [101] (black-green) σ0 < 0.44 σ0 < 1.67

crimson Fig. 3 left of [1] (black) σ0 < 0.29 σ0 < 1.09
gold Fig. 3 right of [1] (black) σ0 < 0.17 σ0 < 0.64
green Fig. 6 of [102] (green, dashed) σ0 < 0.30 σ0 < 1.06
orange Fig. 6 of [102] (orange, solid) σ0 < 0.03 σ0 < 0.10

Table 8.4.1: 90% C.L. upper bounds on σ0 (in units of mχ/Σχ) for different initial
neutrino ŕuxes Φν , both for energy-independent and energy-dependent scattering
cross sections. The őrst column contains the color of the curve used in Fig. 8.4.2, the
second column displays the reference and őgure where each input ŕux is taken and
what color is used to show the curve there. The third and fourth columns contain
our derived bounds on σ0. The őrst row corresponds to the bounds in Eqs. (8.16)
and (8.17) using the IceCube observed ŕux in Eq. (8.1) as the input spectrum.

8.5 Astrophysical uncertainties

The results derived in the previous sections and summarized in Fig. 8.4.1 are subject

to astrophysical uncertainties, which we elaborate on in this section. So far, we

considered variations in the shape of the DM spike proőle, by allowing for a range

of possible values of the proőle exponent α and DM annihilation cross section ⟨σav⟩.
Another parameter is the size of the emission region, characterized by the radial

distance Rem from the central black hole beyond which neutrinos are likely to be

produced. A third is the initial neutrino ŕux Φν . In the foregoing analysis, we kept

the latter two quantities őxed, namely to Rem ≃ 30RS and Φν = Φνµ+ν̄µ , as given by

Eq. (8.1).

A largely model-independent study on the connection between neutrinos and

gamma rays in NGC 1068, based on the recent IceCube ≈ 80 events, found that neu-

trinos in the TeV range are most likely to be emitted from regions within ∼ 30−100RS

from the galactic center [1]. Dimensional analysis arguments on neutrino production

in AGN obscured cores reach similar conclusions [99]. Allowing for Rem ≃ 100RS,

the value of Σ(r) implied by Eq. (8.14) would decrease by a factor of ∼ 4 (2) for the

non-annihilation DM model BM1 (BM1′), weakening the corresponding constraints
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Figure 8.4.2: Left: The initial neutrino ŕuxes Φν used in this paper and summarized
in Table 8.4.1. The corresponding models used to explain the observational data are,
in order of appearance: (slate blue) corona pp scenario with gyrofactor ηg = 30, which
is the mean free path of a particle in units of the gyroradius [80], (lime) stochastic
scenario with high cosmic ray (CR) pressure and with x-ray luminosity LX = 1043

erg/s [83], (hot pink) same with LX = 1043.8 erg/s [83], (medium orchid) magnetic
reconnection fast acceleration scenario with injected CR power-law exponent s = 1,
acceleration efficiency ηacc = 300 and maximum proton energy Erec

p = 0.1 PeV [83],
(deep sky blue) corona plus starburst model [101], (crimson) minimal pp scenario [1],
(gold) minimal pγ scenario [1], (green) wind plus torus model with magnetic őeld
strength B = 1130 G and gyrofactor ηg = 4 [102], (orange) same with B = 510 G
and ηg = 1. The slate blue curve is the IceCube observed ŕux in Eq. (8.1) as shown
in Fig. 8.1.1. Right: 90% C.L. limits on the cross section σ0 at energy Eν = 10 TeV
in the linear energy-dependent scattering scenario, for the spike model BM1 and for
different choices of the initial ŕux Φν . The black curve is the result shown in the
right panel of Fig. 8.4.1 using the IceCube observed ŕux in Eq. (8.1) as the input
spectrum. The rest of the color coding is the same in both panels.

on σ0 by the same factor.

Concerning the initial neutrino ŕux, we recomputed the limits by considering

dozens of predicted neutrino spectra for NGC 1068 found in the literature. These vary

in terms of source modeling, production mechanisms for both photons and neutrinos,

and model parameters [1, 80, 82, 83, 101ś106]. Among them, only the nine examples

shown in the left panel of Fig. 8.4.2 give at least as many expected muon neutrinos

as observed by IceCube within the energy range Eν ∈ [1.5, 15] TeV, according to

Eq. (8.2) in the absence of ν-DM scattering. Carrying out the same analysis as

in the previous section, we derived the 90% C.L. upper limits on σ0 for all of these
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initial neutrino spectra, for both the energy-independent and linear energy-dependent

scattering cases.

The results are summarized in Table 8.4.1 and shown in the right panel of Fig. 8.4.2

for the example of the BM1 spike model. Although there is a factor of ∼ 10−15 (50−
60) scatter in the upper limits of σ0 for the energy-dependent (energy-independent)

scattering cross section limit inferred from the nine ŕuxes, only one of them provides

a weaker limit (by a factor of 4−5) than we obtained using Eq. (8.1) as the input ŕux.

The associated spectrum, taken from Fig. 4 of Ref. [83] (hot pink curve in Fig. 8.4.2),

was derived within the stochastic acceleration scenario with high cosmic ray pressure

for the largest x-ray luminosity LX ≃ 1043.8 erg/s allowed by observations [107]; hence

it could be considered to be an outlier. We refer the reader to Ref. [83] for model

details.

Since all but one of the available initial neutrino spectra give stronger constraints

on σ0 than we obtained using the IceCube observed ŕux in Eq. (8.1), the latter can be

viewed as not only the most model-independent option, but it also gives a conservative

choice for setting limits on ν-DM interactions 6.

8.6 Z ′ interpretation

To relate the derived constraints to an underlying particle physics model, we consider

a new gauge boson Z ′ that couples equally to all three ŕavors of leptons with strength

gν . It is not sufficient for our purpose to couple to a single ŕavor, because the new

interaction induces a neutrino self-energy in the dark matter spike [112], analogous to

the Wolfenstein potential for electron neutrinos in the matter. We őnd that for the

cross sections of interest, it suppresses oscillations, such that the other two ŕavors

would escape from the DM spike unimpeded. A simple anomaly-free choice is to

6Most, if not all, of the initial neutrino ŕuxes we tested were tuned to reproduce both the NGC
1068 electromagnetic data [106ś110] and the IceCube neutrino data [33, 111]. It is possible that
by relaxing the requirement that the neutrino spectrum emitted by the source should be consistent
with IceCube observations, the ŕux normalization may be higher than that assumed so far in the
literature, giving more room for nonstandard neutrino interactions, such as ν-DM scattering, to
match IceCube data and potentially weakening the constraints derived in this paper. We leave this
question for future investigation.
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Figure 8.6.1: Left: Dashed lines are contours of log10(
√
gνgχ) ≡ log10 geff correspond-

ing to the limit on the cross section from dark matter spike model BM1. Horizontal
red (diagonal black) lines indicate where the cross section is approximately linear in
(constant with) Eν . Green region is that allowed for U(1)′ corresponding to B − L
gauge symmetry. Right: Constraints in the plane of gB−L = gν versus m′

Z . Gray
regions are excluded by laboratory and astrophysical probes taken from Ref. [113].
Colored lines are contours of constant dark matter mass such that the NGC 1068
constraint is saturated, for the BM1 DM spike model, with gχ = 1. The green shaded
region corresponds to the same as in the left panel.

couple Z ′ to baryon minus lepton number, B − L.

For deőniteness, we take the dark matter χ to be a complex scalar, with B − L

charge gχ, while the leptons have charge gν . The cross section for neutrinos of energy

Eν to scatter on DM at rest has the limiting behaviors [32]

σ =
g2χg

2
ν

4πm2
Z′







1, Eν ≫ m2
Z′/mχ

mχEν/m
2
Z′ , Eν ≪ m2

Z′/mχ

. (8.18)

This demonstrates the relevance of the choices of σ being constant or linearly rising

with Eν .

The left panel of Fig. 8.6.1 illustrates the typical values of mZ′ and the effective

coupling geff =
√
gχgν that would saturate the constraint in Fig. 8.4.1 arising from the

BM1 spike model. The dashed lines indicate contours of log10 geff for given choices of

mZ′ and mχ. The entire region shown is consistent with perturbative unitarity, for

mZ′ ≲ 130GeV. However, gν is constrained by numerous experimental tests of the
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B −L model, summarized for example in Ref. [113]. The allowed parameter space is

indicated in Fig. 8.6.1 by the shaded green region, assuming that gχ ≲ 1. To match

to the weaker limits corresponding to a different spike model X, the values of the

couplings would have to be rescaled as geff → geff × (σX/σBM1)
1/4. For example with

the BM1′ model, geff increases by a factor of ∼ 3, hence log10 geff → (log10 geff + 0.5).

A complementary view of our new constraint, versus existing limits on gν versus

mZ′ , is shown in the right panel of Fig. 8.6.1. The gray region is excluded by labora-

tory and astrophysical considerations. The colored curves are contours of constant mχ

that saturate the BM1 constraint derived above, for the case of gχ = 1. For smaller

values of gχ, the curves would move upward by the factor 1/gχ. The break in the

curves for mχ ≲ 0.1MeV occurs at the transition between constant cross section and

σ linearly rising with energy. The shaded green region therefore corresponds to pa-

rameter space where our new constraint can be saturated while remaining consistent

with other probes of the B − L model.

8.7 Dark matter relic density

It is striking that the ν-DM interaction may play a crucial role in determining the

relic density of the dark matter, through the annihilation process νν → χχ̄. For

mχ ≳ 1MeV, this could occur through thermal freezeout, or by having an ini-

tial asymmetry between χ and its antiparticle, giving asymmetric DM (ADM). The

thermally averaged annihilation cross section (times relative velocity) should satisfy

⟨σav⟩ ∼ 3× 10−26 cm3/s [114] for symmetric DM, and it should be greater for ADM,

in order to suppress the symmetric component.

For lighter DM with mχ ≲ 1MeV, thermal production is not viable since it results

in warm dark matter, which is observationally disfavored. Instead, the annihilation

process can slowly build up the DM density over time, while remaining out of thermal

equilibrium. This is the freeze-in mechanism [115], which requires much smaller values

of ⟨σav⟩.
Although the annihilation cross section is not identical to the elastic scattering
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cross section, they are closely related in typical particle physics models. In the model

with a massive Z ′ gauge boson, at low energies the effective interaction Lagrangian

is

L =
1

Λ2
(χ∗

↔

∂µχ)(ν̄γ
µν) (8.19)

in the case of complex scalar DM, where Λ = mZ′/
√
gνgχ, the ratio of the Z ′ mass

to its couplings. Then the elastic cross section scales as σ ∼ mχEν/Λ
4, while the

annihilation cross section behaves as

⟨σav⟩ ∼



















m2
χ/Λ

4, T ≪ mχ

T 2/Λ4 , mZ′ > T ≫ mχ

(gνgχ)
2/T 2, T ≫ mZ′

(8.20)

The low-T limit is appropriate for the case of freeze-out, while the high-T limit dom-

inates in the case of freeze-in. The third line of Eq. (8.20) indicates the behavior

ensuing when the effective description in Eq. (8.19) breaks down due to the Z ′ prop-

agator.

The freeze-in production is determined by the Boltzmann equation (see for exam-

ple Ref. [116])
dYχ
dx

=
x s ⟨σav⟩
H(mχ)

Y 2
eq , (8.21)

where Yχ is the DM abundance, x = mχ/T , s is the entropy density, H(mχ) is the

Hubble parameter at T = mχ, and Yeq is the χ equilibrium density. DM production

is dominated by the high-T contributions near T ∼ mZ′ . Integrating Eq. (8.21) and

imposing the observed relic density Yχmχ
∼= 4× 10−10 GeV [117], we őnd that

(

Λ

mχ

)4

∼ 5× 106

(

ln(mZ′/mχ)

g
3/2
∗

)1/4

, (8.22)

which can be used to estimate the magnitude of σ0 for the case of ν-DM scattering

with linear energy dependence.

This procedure results in the heavy orange line (labeled łfreeze-inž) on Fig. 8.7.1.

Values above the line would lead to overabundant dark matter, in the absence of
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Figure 8.7.1: 90% C.L. upper limits on the ν-DM and e-DM scattering cross sections
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DM in the case of fully symmetric DM or leads to a suppression of the symmetric
component in the case of ADM.

an additional annhilation channel. Similarly, one can estimate that mχ/Λ
2 ∼ 5 ×

10−5 GeV−1 for the desired relic abundance through thermal freeze-out. This deter-

mines σ0 versus mχ as shown by the heavy blue line (labeled łfreeze-outž) in Fig.

8.7.1. Values of σ0 above the line correspond to a subdominant DM component, in

the case of fully symmetric DM, or suppression of the symmetric component in the

case of ADM. Dark matter in the region of parameter space between the two lines

would require some additional interactions for achieving the observed relic density.

Comparing to the results of the previous section, we see that the freeze-out scenario

is not viable for pure B − L gauge models that saturate the BM1 constraint, but

freeze-in is consistent.
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8.8 Conclusions

IceCube has now observed neutrinos from two active galactic nuclei, and other re-

searchers have suggested that additional AGNs have produced excess IceCube events

with lower statistical signiőcance [118ś125]. It seems likely that in the coming years,

more such sources will be discovered, which may further strengthen constraints on

dark matter-neutrino interactions.

In the present work, we derived new limits on ν-DM scattering, which depend

strongly on the details of the DM spike density surrounding the AGN’s central super-

massive black hole, in particular, the power α in the assumed density proőle ρ ∼ r−α.

Previous work on the blazar TXS 0506+056 considered only the case α = 7/3 [51, 87],

which neglects relaxation of the initial DM spike by gravitational scattering with stars,

whereas α → 3/2 when this effect is maximal. Here we have considered both possi-

bilities, as did by Ref. [98] in the context of dark matter boosted by electrons in the

blazar jet. Probably α = 3/2 is more realistic due to the complex stellar environment

in AGNs [126], but we do not feel qualiőed to make a deőnitive statement, and we

defer to workers who specialize on this issue to conőrm such a statement, which would

signiőcantly reduce the astrophysical uncertainty of the constraints.

Other astrophysical uncertainties that can signiőcantly affect the predictions for

AGNs concern the position Rem within the relativistic jet where neutrinos are likely

to be produced, and the choice of the initial neutrino ŕux Φν . In these respects, radio

galaxies like NGC 1068 allow for more robust predictions than blazars. Observations

of different radio galaxies (see e.g. [85, 86]) suggest that the black hole corona, where

neutrinos with energy of ∼ O(10 TeV) can be generated, has to extend at most several

tens of the Schwarzschild radii RS from the galactic center [1, 99], which is one to

two orders of magnitude smaller than the radius of the neutrino-emitting region in

blazar jets [127]. Furthermore, the initial neutrino ŕux we used to set constraints

on the ν-DM scattering comes directly from the IceCube observation of NGC 1068

and does not rely on the result of numerical simulations, which might be affected by

simplifying assumptions in modelling the astrophysical source. Choosing a different
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initial neutrino spectrum, as derived from theoretical modeling or simulations of NGC

1068, generally strengthens our results or, in the worst case scenario, weakens the

limits by a factor of a few.

The remaining important uncertainty is on whether dark matter can annihilate

within the DM spike, and this cannot be easily resolved. However we can say that

a consistent picture emerges if the DM obtains its relic density through freeze-in,

mediated by the same interactions that we are constraining. In this case the DM

annihilation cross section can be much smaller than the values where annihilation

would signiőcantly deplete the spike, and our strongest limits would then apply.
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Chapter 9

Conclusions

In this thesis, we explored some experimentally-viable extensions of the ΛCDM model,

addressing various challenges in the standard cosmological picture, including inŕation,

baryogenesis, dark matter (DM), neutrino masses, and the core-cusp problem.

Chapter 4 introduced a scenario where the inŕaton őeld carries baryon number and

features a potential similar to the Affleck-Dine one. This setup allows the generation

of a baryon asymmetry during inŕation, which can persist until the present day.

Notably, this model makes clear predictions for inŕationary observables with just a few

new input parameters. Among these predictions, a signiőcant tensor-to-scalar ratio

r stands out as a testable quantity that upcoming CMB-polarization experiments,

like LiteBIRD [1], could potentially measure. Contrary to initial claims, isocurvature

perturbations are too small to be observable when both isocurvature observables are

taken into consideration (see section 4.6).

The transfer of the baryon asymmetry from the inŕaton to the SM particles is

achieved by three new scalar color-charged particles, which could be observable at

colliders if they are sufficiently light. If pseudo-Dirac heavy neutral leptons (HNLs)

are used for this transfer instead (with the inŕaton carrying lepton number now), the

model naturally explains the DM nature, its abundance, and neutrino masses. This is

the "little theory of everything" presented in chapter 5, which is a very minimal model

in the sense that it requires only three new HNLs and a new scalar particle at low

energies. Moreover, it is highly predictive providing testable signatures in laboratory
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experiments. Two HNLs are predicted to be unstable and highly degenerate, with a

mass close to a stable third HNL acting as the DM candidate. DM in this scenario

is partially asymmetric with a Dirac mass below 4.5 GeV. Additionally, a light scalar

singlet, coupling with the Higgs boson and responsible for depleting the symmetric

DM component, can mediate intriguing DM self-interactions, which potentially ad-

dress small-scale structure problems in the ΛCDM model (see section 3.1.5). While

we showed that the scalar singlet might also have explained the KOTO anomaly in

certain parameter regions, it was later found that the anomaly was merely due to

previously-unknown systematics (section 5.9).

Among the small-scale structure problems, the most well-known one is the core-

cusp problem. While the standard new-physics explanation involves self-interacting

DM (SIDM) with elastic scattering to erase cusps, we proposed an alternative solu-

tion in chapter 6: strong DM annihilation can also lead to the formation of cored

proőles. However, DM annihilation, especially with large cross sections, typically

poses a problem as it depletes the DM abundance, which is tightly constrained by

observations between the cosmic microwave background (CMB) era and the epoch of

structure formation. We found a way to overcome this issue by considering asymmet-

ric DM with a small Majorana mass. In this scenario, strong annihilations freeze out

early in the cosmic history, effectively resolving the problem of removing the symmet-

ric ADM relic density. Furthermore, these annihilations can be reactivated at later

times during structure formation. It is important to note that this mechanism, like

elastic SIDM, can not address the diversity of DM halo proőles on all scales in its

simplest form. To achieve this, a combination of a scalar and vector light mediators

is likely required, contrary to what occurs in elastic SIDM where a rather őne-tuned

velocity-dependent scattering cross section is invoked.

Regarding the models presented in chapters 4, 5 and 6, certain simpliőcations were

made to facilitate the analysis. For instance, in the Affleck-Dine inŕationary model,

we considered the simplest scenario of perturbative reheating and neglected any direct

coupling between the inŕaton and the Higgs őeld. Relaxing the former assumption

could lead to a larger coupling between the inŕaton and the color-charged scalars,
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potentially affecting reheating efficiency through parametric resonance. Additionally,

allowing direct inŕaton decay into Standard Model (SM) particles through the Higgs

portal might impact the baryon asymmetry if CP -violating decays occur in the Higgs

sector [2, 3].

Furthermore, in the "little theory of everything" we assumed one of the SM neutri-

nos to be exactly massless to ensure the stability of the DM candidate. However, this

perfect DM stability is not strictly required to remain consistent with cosmological

observables (see e.g. Refs. [4, 5]). The effects discussed in chapter 6 at galactic scales

may be applicable to a generalized version of the "little theory of everything", where

a small Majorana mass for DM particles is allowed. Though the mass ranges for DM

and the mediator responsible for annihilation differ slightly between the two scenar-

ios, as presented in chapters 5 and 6, further analysis is needed to draw deőnitive

conclusions, which we plan for future studies.

The conclusions derived in chapter 6 for the oscillating asymmetric dark matter

(ADM) model are also limited, and a more comprehensive analysis with both scalar

and vector mediators should be undertaken. Additionally, we focused on model pa-

rameter regions where DM scattering was negligible compared to annihilation. Al-

lowing both DM channels to be important might signiőcantly alter our conclusions,

potentially requiring just one particle to mediate both processes and relaxing the

őne-tuned value of the Majorana mass of the DM particles. This is an intriguing

avenue which we think is worth exploring in the future because it contains all the

characteristics that a generic DM model could have: annihilation and scattering.

Shifting focus to chapters 7 and 8, we demonstrated that active galactic nuclei

(AGNs) serve as powerful probes of DM interactions with SM particles, particularly

with neutrinos (for the case with other SM particles, see Refs. [6ś9]). DM accretes

onto black holes similarly to visible matter, forming over time a DM overdensity in

the central region known as a spike. Therefore particles produced in the AGN jet or

in the corona have to travel through this DM spike before being able to reach Earth

and likely be detected. The latter could be hampered if there exists a non-negligible

interaction between DM and the particles produced by the AGN. The detection of
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neutrinos from the blazar TXS 0506+056 and the radio galaxy NGC 1068 by IceCube

enabled us to set strong limits on DM-neutrino scattering in a model-independent

manner, relying solely on an energy-dependence assumption for the cross section.

AGNs, as the most powerful sources of high-energy neutrinos [10], offer an excel-

lent opportunity to explore DM interactions in an energy regime almost unexplored,

because of the lack of high-energy physics processes where both neutrinos and DM

are involved. Neutrino observations from a larger AGN population in the future could

tightly constrain DM scatterings with SM particles at energies ranging from TeV to

PeV, potentially excluding signiőcant portions of the dark-sector parameter space.

However, the results from chapters 7 and 8 are subject to uncertainties arising

from our limited understanding of the extreme AGN environment. For instance, the

density proőle of the DM spike, ρ ∝ r−α, depends on whether baryons play a role in

DM accretion onto the central black hole, leading to different exponents α ≃ 1.5−2.3.

Additionally, DM annihilation can alter the spike shape, signiőcantly affecting the

derived DM-neutrino bounds.

On the astrophysical side, the aforementioned bounds depend on the location of

the neutrino emitting region within AGNs, which remains largely unknown. This

uncertainty in the location is especially relevant for blazars, where neutrinos are be-

lieved to be produced within the relativistic jet, extending to distances ∼ 1011 km

from the central engine. In contrast, neutrino emission from radio galaxies arises in

the corona, which is a region roughly two orders of magnitude smaller than the size of

the jet. Moreover, the initial neutrino spectrum emitted from the source, before being

affected by DM scattering, is not directly observable and relies on simulations with

many free parameters. These parameters are inferred by őtting the model to the elec-

tromagnetic spectrum (SED) observed from AGNs. The lack of experimental data in

certain energy ranges, like X-rays and MeV γ-rays, makes it challenging to determine

the correct normalization of the neutrino spectrum [11]. The situation is even more

complicated when DM interactions are included. The introduction of new DM param-

eters can become degenerate with those controlling neutrino emission [11], requiring

a direct integration of DM interactions in AGN modeling for reliable constraints on
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neutrino secret interactions, such as those involving DM [12]. This challenging task

will be the focus of future studies.

Overall, this thesis presents a collection of innovative ideas aimed at overcoming

the limitations encountered by the standard cosmological model and the SM of parti-

cle physics when confronted with experimental observations. The research presented

here opens up exciting avenues for further exploration, and there is no boundary to

our capacity for imagination when it comes to uncovering the mysteries of the Uni-

verse. The quest to deepen our understanding of fundamental physics and cosmology

continues, and I am grateful to have been part of this journey.
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