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This work characterises the starting vortex and unsteady shear layer generated by an impulsively started National
Advisory Committee for Aeronautics 0010 (NACA 0010) airfoil at angles of attack ranging from 3◦−7◦. Measurements
are obtained by using time resolved Particle Image Velocimetry. The net circulation in the field is accurately predicted
by Wagner’s function. It is observed that the starting vortex detaches from the shear layer whilst the airfoil is surging.
Starting vortex circulation at detachment is presented for a range of surge speeds at pre-stall angles of attack for a given
surge distance. Kinematic conditions resulting in starting vortex detachment are examined qualitatively through Finite
Time Lyapunov Exponents and quantitatively through a non-dimensional velocity ratio. Furthermore, the formation of
secondary Kelvin-Helmholtz-type vortices in the shear layer is found to depend on the Reynolds number rather than
the detachment of the starting vortex.

I. INTRODUCTION:

Vortices are ubiquitous in several natural and engineer-
ing systems. For example, jellyfish employ vortex rings for
propulsion1, insects rely on the leading edge vortex to gener-
ate lift2 and tip vortices generated at the aircraft wing tip con-
tribute to overall drag. The relative motion between a body
and a fluid leads to the formation of a shear layer, which,
in turn, rolls up to form a drag vortex. Vortex strength, or
circulation, dictates forces and moments acting on the body.
Large vortex circulation is desirable in some scenarios, such
as prolonging dandelion drift3, enhancing the lift generated by
insect wings4, and undesirable in some systems, such as gust
encounter in micro aerial vehicles5, as well as tidal stream tur-
bines6. A better understanding of the vortex formation process
enables more accurate reduced-order models that incorporate
the most dominant flow features, improving the systems’ en-
gineering design.

During formation, the primary vortex grows in size and cir-
culation by entraining vorticity provided by a feeding shear
layer. The growth is not indefinite and there is an upper limit
to vortex circulation for a given set of initial conditions7. In
a vortex generator which employs a cylinder-piston appara-
tus to push fluid through a nozzle, mean piston speed, U p

and nozzle diameter, D, are used to non-dimensionalise time.
Non-dimensional time, t∗ = t ×U p/D simplifies to t∗ = L/D,
where L is the length of the ejected fluid column obtained from
∫ t

0 up(t)dt. Didden 8 had originally devised this model, also
known as the slug flow model, in an attempt to link vortex
ring circulation to the initial conditions of the vortex genera-
tor, namely the ratio of the length of the ejected fluid column
to a natural length scale of the vortex generator.

The formation number is the non-dimensional time corre-
sponding to an upper limit on primary vortex circulation. In
several studies, the formation number was found to be around
47,9–12. Gharib, Rambod, and Shariff 7 had asserted that the
value of 4 was universal. The concept of a universal forma-
tion number was further supported by the Kelvin-Benjamin
variational principle which says that for a given impulse and
vorticity distribution, there exists a stable energy maximum,
beyond which the vortex generator cannot supply the energy

required by the primary vortex ring13,14. At this time, termed
pinch-off, the primary vortex ring detaches from its feeding
shear layer, thereby completing the formation process. The
Kelvin- Benjamin principle provides a dynamic argument to
describe pinch-off, i.e., the attainment of a local maximum
in energy. Such a description obscures the critical kinematic
condition that must be met for pinch-off to occur. Shusser
and Gharib 15 provided the kinematic argument that pinch-
off takes place because the convective speed of the primary
vortex ring exceeds the velocity of its feeding shear layer.
This kinematic argument also holds for orifice-generated vor-
tex rings, where the feeding shear layer breaks into secondary
vortices16. Several experiments following Gharib, Rambod,
and Shariff 7 ’s work tested the universality of the formation
number for different vortex generators and found different val-
ues of the formation number. DeVoria and Ringuette 17 stud-
ied vortex formation due to a rotating low aspect ratio flat plate
fin and reported a formation number of 0.2-0.7. Dabiri and
Gharib 12 found values between 5-8 for vortex rings gener-
ated by variable nozzle diameters. For orifice-generated vor-
tex rings, Limbourg and Nedić 18 observed a formation num-
ber of 2. The discrepancy in the formation number can be
attributed to the fact that Gharib, Rambod, and Shariff 7 had
linked the final state of the fully formed vortex ring to the
initial slug flow conditions, without considering the interme-
diate formation process which strongly depends on the vor-
tex generator. Dabiri 19 subsequently developed a formation
number which included a factor to account for the vortex gen-
erator a posteriori, C ∝ (dΓ/dt)−1. Limbourg and Nedić 20

later presented a unifying formation number for orifice and
nozzle geometries, which directly incorporated the geometric
properties a priori via the vena contracta effect on the start-
ing flow. This model was then successfully used to predict the
flow invariants for a variety of outlet geometries21.

The majority of prior studies on vortex formation have
been from axisymmetric geometries or those where there
is some form of rotational symmetry e.g., O’Farrell and
Dabiri 22 . Starting vortices, however, can also form from im-
pulsively started flows around two-dimensional bodies, such
as cylinders9 or airfoils. Jeon and Gharib 9 had employed
the impulsive start of a cylinder to study the formation pro-
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Starting vortex strength in an impulsively started airfoil 2

FIG. 1: Experimental setup for the present study, consisting of a NACA0010 airfoil, laser sheet generating apparatus and a
high-speed camera.

cess of the resulting drag vortex pair, which was said to be
qualitatively analogous to the vortex ring in Gharib, Ram-
bod, and Shariff 7 , except the former was a momentum sink
as opposed to the latter, which was a momentum source. The
drag vortex pair was found to develop symmetrically at short
times for all acceleration values. Past a critical acceleration,
it was found that the vortex pair eventually became asymmet-
ric. The starting motion of the airfoil generates an unsteady
velocity field, which in turn, causes the stagnation point to
form upstream of the trailing edge on the suction side of the
airfoil, as opposed to at the trailing edge in a steady field. The
stagnation point creates a large velocity gradient around the
trailing edge, which further results in the formation of a start-
ing vortex. Owing to Kelvin’s circulation theorem, an equal
and opposite signed vortex develops around the airfoil, also
called the bound vortex. The starting vortex counteracts the
circulation over the airfoil, due to its close proximity. As
the airfoil surges farther away, its circulation asymptotically
tends to the steady state circulation predicted by thin airfoil
theory. The starting vortex has been observed and studied ex-
tensively following Prandtl 23 ’s flow visualisation, both ex-

perimentally24–26 and numerically27,28. Kaden had modelled
the roll-up of a semi-infinite vortex sheet by employing the
Birkhoff-Rott equation, and found that the vortex sheet rolls
up into a self-similar spiral29. The ‘Kaden problem’ was re-
visited by Pullin 30 , who employed a numerical approach to
solve the Birkhoff-Rott equation, as opposed to Kaden’s an-
alytical self-similar roll-up, and reported good agreement be-
tween the two methods. Over the years, models predicting
vortex sheet roll-up and development have been extended to
impulsively started and rotated flat plates with varying ve-
locity profiles31 and arbitrary solid bodies with any number
of edges32. Inviscid models, however, do not capture vortex
pinch-off and the formation process. Starting vortex roll-up in
the case of an impulsively started airfoil is unique from pre-
vious studies on vortex formation, since the starting vortex is
part of a free vortex sheet, whereas, an equal and opposite cir-
culation resides in the bound vortex, which in turn, is forced
to enclose the surging airfoil in order to satisfy the no through-
flow condition.

The objectives of this work are as follows: a) to characterise
the unsteady wake generated by an impulsively started airfoil,
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Starting vortex strength in an impulsively started airfoil 3

b) to measure starting vortex evolution whilst it rolls up in the
presence of an external stain field of the bound vortex and c)
to provide kinematic arguments that explain circulation limits
of the starting vortex.

II. EXPERIMENTAL SETUP:

The experiment is designed for a 30 inches long, 12.5
inches wide and 19 inches deep water tank. The vortex-
generating airfoil has a NACA0010 profile, with a span of
17.5 inches and a chord size of 2.9 inches, machined in alu-
minium and anodized. The aspect ratio is 5.8. The blockage
ratio, defined as the ratio of the airfoil frontal area to the cross-
section area of the test section, is 0.3%. The wing is attached
with end plates on either end to hinder vortex roll-up at the
wing tips, thus ensuring that 2D line vortices are generated,
similar to the end plates used by Leweke and Williamson 33 .
It is towed through various surge distances along the width
of the tank using a Newmark LC Series 300 mm linear tra-
verse, which attaches to the end plates through an attachment
plate, 18 inches in span. The spatial accuracy of the traverse
is 6× 10−4 mm/mm of travel. It contains a built in encoder
with a sampling frequency of 500 Hz. The angle of attack can
be altered from 1◦ to 8◦ in 1◦ increments. The velocity field is
obtained via time-resolved planar particle image velocimetry,
with the field of view illuminated by a light sheet generated
using a 1W FN Series Dragon Laser. The light sheet is in-
cident on the at roughly the mid-span of the wing. Images
acquired with a Photron Fastcam Mini WX50 camera with
a 100 mm lens. The flow is seeded with 20µm polyamide
particles with a specific gravity of 1.03. Figure 1 shows the
experimental setup. Images are acquired at 750 fps and post-
processed using LaVision’s DaVis 10.1 software. Images are
preprocessed with a subtracted sliding average filter to min-
imise noise. A multi-pass variable window size processing
method is employed. The first four passes use a 64 × 64-pixel
window with 1:1 square weighting and 50% overlap. The final
pass uses a 24 × 24-pixel window with 1:1 circular weighting
and 50% overlap. Once the velocity field is obtained, spatial
velocity derivatives are obtained using a fourth-order central
differencing scheme.

The airfoil is required to start from rest impulsively, hence
a velocity program is chosen such that airfoil acceleration is
maximised, while maintaining a smooth velocity profile. An
example of a motion profile for a constant velocity of 0.5 c/s
is shown in Figure 2. Figure 2a shows the airfoil position
measured by the encoder, compared against the trailing edge
position obtained through image processing. The two profiles
agree well with each other. Figure 2b shows the corresponding
velocity profile, obtained by taking a central difference of the
position obtained by the encoder.

III. DESIGN SPACE:

The three initial conditions are airfoil angle of attack (α),
the distance through which the airfoil surges, (∆x) and surge

speed (Usurge = ∆ẋ). Surge distance was chosen to be half a
chord length to avoid the influence of wall effects on starting
vortex formation. Wall effects may affect vortex ring forma-
tion at a spacing equal to the ring diameter34. For the present
experiment, assuming that the vortex ring diameter equals the
surge distance of 0.5 c, wall spacing is about two times the
vortex ring diameter. Consequently, it is assumed that vortex
formation and evolution are unaffected by the walls of the wa-
ter tank. Huang et al. 35 , who investigated vortex formation
and evolution on the suction surface of an impulsively started
NACA0010 wing, showed that there are five distinct regimes
of vortex evolution based on the angle of attack and chord-
based Reynolds number. At angles of attack lower than 10◦,
a separation region was not observed on the suction side for
all Reynolds numbers considered. For this study, the highest
angle of attack was chosen as 7◦. A lower limit of 3◦ was set,
partly due to the weak vorticity that would be produced and
the challenges in obtaining accurate measurements. Finally, a
range of surge speeds were tested and three distinct regimes
were identified for a given angle of attack: one at low surge
speeds, where the feeding shear layer remains intact. The sec-
ond at higher surge speeds, where one part of the shear layer,
close to the starting vortex, breaks into secondary vortices
while the other remains intact. The third regime is at much
higher surge speeds, where the entire shear layer breaks into
smaller, Kelvin-Helmholtz-type secondary vortices. Figure 3
shows the angle of attack versus the chord-based Reynolds
number, where the three regimes are denoted based on sec-
ondary vortex formation. Transitional surge speeds can be
viewed as critical speeds, Ucritical, above which the shear layer
breaks into secondary vortices. Therefore, a critical Reynolds
number can also be defined using this speed and the chord,
which decreases as the angle of attack increases. For example,
at α = 3◦, Rec ≈ 4000, followed by α = 5◦, where Rec ≈ 2900
and at an angle of attack of 7◦, the critical Reynolds number
was found to be Rec ≈ 2600.

IV. WAKE CHARACTERISTICS:

From Kelvin’s circulation theorem, the circulation in the
airfoil wake must be equal and opposite to the circulation of
the bound vortex enclosing the airfoil. The dynamic response
of the fluid to an impulsively started airfoil was first solved
analytically by Wagner36, who modelled the wake of an im-
pulsive airfoil as a line of point vortices shed from the trail-
ing edge of an impulsively accelerated flat plate, with the last
point vortex from the trailing edge being the starting vortex.
Wagners’ function predicts the lift acting on an impulsively
started, thin airfoil at angles of attack lower than steady state
stall. Beckwith and Babinsky 37 provided an empirical rela-
tion for Wagner’s function, Equation 1, which relates bound
circulation to chords travelled by the airfoil, where Γsteady is
the circulation predicted by thin airfoil theory and s∗ is the
ratio of surge distance to chord length of the airfoil.

Γb/Γsteady = 0.9140−0.3151e−s∗/0.1824 −0.5986e−s∗/2.0282

(1)
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Starting vortex strength in an impulsively started airfoil 4
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(a) Airfoil trailing edge position measured by the encoder, as
compared to that obtained through image processing.

(b) Velocity profile, computed as a derivative of position.
Shaded region demarcates the bounds of velocity fluctuation.

FIG. 2: Position and velocity programme.

FIG. 3: Angle of attack versus chord-based Reynolds
number, demarcating three flow regimes- attached shear

layer, transitional and secondary vortices.

Wake circulation, Γfield must, therefore, be equal and opposite
to the bound circulation, Γb. Figure 4 shows the magnitude
of wake circulation for three angles of attack, namely, 3◦, 5◦

and 7◦ at various surge speeds, ranging from 0.37 c/s to 1.5
c/s, compared against Wagner’s prediction, using Equation 1,
for a surge distance of 0.5 c. The net circulation in the field
agrees well with Wagner’s prediction. Consequently, one can
speculate that the circulatory lift acting on the airfoil would
also be equal to Wagner’s lift prediction.

Apart from the starting vortex, the wake consists of a shear

layer shed by the pressure side of the airfoil, with the same
sense of vorticity as the starting vortex, and a suction side
shear layer with an opposite sense of vorticity, as shown in
Figure 5. At surge speeds where secondary vortices do not
form, shear layers can be characterised through velocity and
vorticity. Figure 5 shows typical velocity and vorticity pro-
files along y/c at a fixed downstream location, x/c =−0.033
from the airfoil trailing edge. Along y/c, the streamwise com-
ponent of the velocity, u, decreases to a local minimum, Umin

at the lower edge of the pressure side shear layer, denoted
as y5. Roughly in the middle of the suction side shear layer,
u/Usurge inflects and increases to a local maximum, Umax, at
y3 and finally, tends to zero away from the shear layer. The
vorticity reaches a local maximum, ωmax in the middle of the
pressure side shear layer, denoted as y4. Further, vorticity in-
flects and reaches a local minimum, ωmin at y2. At y1, which
corresponds to the top edge of the suction side shear layer,
vorticity begins to tend towards a local minimum. The spatio
temporal evolution of Umax, Umin, ωmax and ωmin completely
characterises both shear layers.

Figure 6 describes the Eulerian approach that is employed
to record velocity and vorticity. Whilst the airfoil is surging,
its trailing edge position, xte is a function of time. At the first
time step, t1, consider a point, S1 = xte(t1)− dx, where dx is
at a small offset behind the airfoil trailing edge (of the order
10−1 mm). Consider a vector of interest, P = f (x,y, t). At t =
t1, we extract the value of P at a location S1 = xte(t1)−dx∀y,
where y is discretised into M terms. At the next time step,
the airfoil trailing edge has passed a point, S2 = xte(t2)− dx.
The quantity, P, is now extracted at x = S2 as well as x = S1

for t = t2. As we march forward in time, we establish a lo-
cation, Si at every time step, which is at a small offset from
the trailing edge. At a given time step, n, we record the vector
P at Sn, where i = 1,2, ..,n. Velocity and vorticity along y at
every Si position for every time step, ti is recorded using this
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Starting vortex strength in an impulsively started airfoil 5

FIG. 4: Field circulation, Γfield, normalised by steady state
circulation, Γsteady at angles of attack of 3◦, 5◦ and 7◦ at the
following surge speeds- Usurge = 0.37 c/s ( ), Usurge = 0.45

c/s ( ), Usurge = 0.50 c/s ( ), Usurge = 0.70 c/s ( ),
Usurge = 1.00 c/s ( ) and Usurge = 1.50 c/s ( ) . Wagner’s

function is shown in blue.

method. The x position corresponding to the first time step
will have the longest time series containing N terms (where N

is the total number of time steps during airfoil surge) and the
x position corresponding to the last time step will have one
data point. This method yields two time series. The first is

that of P at the trailing edge whilst the airfoil is surging, i.e.,

P(xi,y, ti), where i = 1,2, ...,N. The second time series is that
of how the vector P evolves in time at a given point in space,
i.e., P(xi,y, ti:N). We are only extracting data at x positions
excluding the starting vortex and at time steps after starting
vortex detachment, which will be presented subsequently. Fi-
nally, S1 would be the x position closest to the starting vortex
and SN would be the x position closest to the airfoil trailing
edge at the end of the surge. Once we have recorded the ve-
locity and vorticity values for all y at each Si in time, we can
extract the specific values at the five y locations of interest.

A. Streamwise Velocity

From the streamwise velocity profile shown in Figure 5,
we expect to identify the maximum streamwise velocity, Umax

and the minimum streamwise velocity, Umin, at each down-
stream position, Si = xte−dx, at y3 and y5, respectively. While
the airfoil is surging, at a given time step, ti, the surge distance
is given by Usurge×ti. Thus, we can represent Si by the net air-
foil displacement at a given time step, normalised by the air-
foil chord length. Figure 7a) shows maximum and minimum
streamwise velocities normalised by the surge speed, at the
trailing edge whilst the airfoil is surging. Since the maximum
streamwise velocity acts away from the starting vortex i.e., to-
wards the airfoil, it is representative of the convective speed of
the shear layer. In contrast, the minimum streamwise veloc-
ity acts towards the starting vortex and is representative of the
velocity induced by the starting vortex towards itself. At short
surge times, i.e., at t/tsurge < 0.2, while the airfoil trailing
edge is in close proximity of the starting vortex, the magnitude
of Umax and Umin are nearly equal. As the distance between
the starting vortex and airfoil trailing edge increases, the ve-
locity induced by the former decreases proportionally, which
results in Umin tending to zero at longer surge times, past
t/tsurge > 0.2. The convective speed of the shear layer, Umax

increases with surge time and plateaus to about 0.7×Usurge.
In a laminar, steady wake, one would expect Umin to be zero,
while Umax would maintain a steady value. Through Figure
7a), one can see that as the airfoil surges away from the start-
ing vortex, the wake characteristics tend to that of a steady
wake. Figure 7b) shows the temporal evolution of maximum
and minimum velocities at three fixed points in space: s/c=
0.15, 0.25 and 0.35. At a fixed spatial location, the maximum
velocity tends to 0.2×Usurge at large surge times, while the
minimum velocity tends to about −0.12×Usurge. The surge
speed correctly scales both the maximum and minimum ve-
locities in the shear layer.

B. Vorticity

Two sets of time series, the maximum and minimum shear
layer vorticity, can similarly be extracted, and are shown in
Figure 8. Vorticity values are scaled with the surge speed
and airfoil thickness, d. In Figure 5, it was shown that
the minimum vorticity, ωmin corresponds to the suction side
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Starting vortex strength in an impulsively started airfoil 6

FIG. 5: Instantaneous vorticity contour at Usurge = 0.5 c/s. Also shown are streamwise velocity and vorticity profiles along y/c

at a fixed x/c position downstream of the surging airfoil.

FIG. 6: Eulerian approach of extracting velocity and vorticity for all y (ranging from 1 to M) at time steps and x spatial
locations ranging from 1 to N.

shear layer, while ωmax corresponds to the pressure side shear
layer. From Figure 8a, the instantaneous normalised vor-
ticity, ωmaxd/Usurge is maximum at t/tsurge ≈ 0.1, and ta-
pers to a constant value of 2.8 by the end of surge, i.e., at
t/tsurge = 1. In contrast, normalised suction side vorticity is
relatively smaller at the beginning of surge. At t/tsurge ≈ 0.1,
ωmind/Usurge = −0.3. Thereafter, the normalised vorticity
decreases and plateaus to a steady value of about −2 by
t/tsurge = 0.4.

Normalised vorticity at s/c = 0.15, 0.25 and 0.35 is shown
in Figure 8b). For the suction side shear layer, it is observed
that normalised vorticity decreases over time and tends to a
value of 1 at higher times. Minimum vorticity, corresponding

to the pressure side shear layer, initially has a value of −2 and
tends towards −0.1. Figure 8c) shows the relative strength
of the two shear layers at the trailing edge as well as at fixed
spatial locations. The ratio of ωmin/ωmax is always less than
1, which shows that the pressure side shear layer is stronger
than the suction side. At the trailing edge, the ratio increases
from nearly 0 to 0.7 at t/tsurge = 0.4 and plateaus thereafter. At
fixed spatial locations, ωmin/ωmax tends to 0 at larger times,
which is a consequence of ωmin tending to zero.

The wake of an impulsively started airfoil has been char-
acterised by net circulation and spatio-temporal evolution of
velocity and vorticity. Starting vortex characteristics are pre-
sented in the following section.
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Starting vortex strength in an impulsively started airfoil 7

FIG. 7: a) Umax/Usurge and Umin/Usurge values for three surge
speeds a) at the trailing edge whilst the airfoil is surging, b)

at fixed locations from the starting vortex, namely
s/c = 0.15, s/c = 0.25 and s/c = 0.35. Data are shown for

three surge speeds, namely- Usurge = 0.37 c/s (*), 0.45 c/s (◦)
and 0.50 c/s (□).

V. STARTING VORTEX CIRCULATION

Using the λci criterion, the starting vortex is identified and
isolated from both shear layers. Also known as the swirl
strength, the λci criterion has been used in several studies to
distinguish between regions of high shear and coherent vor-
tices, where vorticity contours fail to demarcate the extent of
a vortex38,39.

In vortex formation studies, it is common practice to com-
pare the net circulation in the field with that of the primary
vortex7,18,22,40. The formation number is defined as the slug
flow time corresponding to the circulation generated by the
vortex generator, beyond which excess circulation is rejected
by the primary vortex ring. Pinch-off is identified as the in-
stant at which primary vortex circulation ceases to increase
despite the presence of excess vorticity generated by the ap-
paratus, in this case, the surging airfoil. In Gharib, Ram-
bod, and Shariff 7 ’s work, as well as studies that followed, it
was argued that primary vortex circulation ceases to increase

once the pinch-off process is complete, resulting in the accu-
mulation of excess vorticity within the trailing jet, which in
turn, rolls up to form secondary, Kelvin-Helmholtz type vor-
tices9,10,22. The time at which the vortex achieved its maxi-
mum circulation coincided with the vortex detaching from its
feeding shear layer, shortly followed by secondary vortex for-
mation in the shear layer. The simultaneity of all three events
masked cause and effect. Although Gharib, Rambod, and
Shariff 7 had cautioned that pinch-off is not a discrete process
and can take up to two non-dimensional time units for com-
pletion, the definition of pinch-off time encompassed primary
vortex detachment from its trailing jet and the formation of
secondary vortices. Limbourg and Nedić 18 studied vortex
ring from an orifice, and observed that the primary vortex ring
detaches from the vortex generating apparatus at a ‘detach-
ment time’. Subsequently, secondary vortices were released
by the vortex generator. At a limiting stroke ratio (or L/D),
the detached primary vortex subsequently merges with trail-
ing secondary vortices and attains a saturation in circulation,
indicating the completion of the formation process in the sense
proposed by Gharib, Rambod, and Shariff 7 , where primary
vortex ring circulation ceases to grow. Limbourg and Nedić 18

had further defined a maximum circulation formation time, t∗
Γ

which marks the end of primary vortex merger with trailing
secondary vortices. Their observations highlighted that the
primary vortex can detach from its feeding shear layer with-
out attaining saturation in circulation. Furthermore, secondary
vortex formation is not caused strictly due to pinch-off, rather
it can occur due to shear layer instabilities.

Two non-dimensional times are considered. The first is an
analogous slug flow time, t∗ =U p t/d, which would simplify
to ∆xsurge/d, where d is the airfoil thickness. This definition
is consistent with previous experiments, such as that of an im-
pulsively started cylinder, where non-dimensional time was
defined as the ratio of surge distance to cylinder diameter9.
The second non-dimensional time, t ′ is obtained by normal-
ising time with surge time, tsurge, consistent with the work of
DeVoria and Ringuette 17 on an impulsively rotated, low as-
pect ratio trapezoidal plate. Figure 9 shows the temporal evo-
lution of a starting vortex for two cases, one at Usurge = 0.5
c/s, where secondary vortices do not form and another at
Usurge = 1.5 c/s, where the shear layer breaks into secondary
vortices. In the former, starting vortex circulation is equal to
the net circulation in the field at short non-dimensional surge
times, i.e., at t ′ < 0.16. Vorticity contours at t ′ = 0.12 show
a nascent starting vortex rolling up at the airfoil trailing edge.
By t ′ = 0.16, non-dimensional circulation, Γ

∗ = Γ/Γsteady, at-
tains a value of 0.14, which remains constant throughout the
time series shown here. At half the surge time, t ′ = 0.5, Γ

∗ still
equals 0.14, despite the presence of excess vorticity contained
within the shear layer, visualised through vorticity contours.
In this case, the ‘detachment time’, t ′d defined by Limbourg
and Nedić 18 , where the starting vortex is no longer attached to
the feeding shear layer, corresponds to pinch-off time, where
the starting vortex rejects additional circulation in the field,
which equals to t ′ = 0.16. The formation time, i.e., the time
corresponding to the maximum circulation attained by the
starting vortex, t ′F is also 0.16. Furthermore, Gharib, Ram-
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Starting vortex strength in an impulsively started airfoil 8

FIG. 8: a) ωmax d/Usurge and ωmin d/Usurge values for three surge speeds a) at the trailing edge whilst the airfoil is surging b) at
fixed locations from the starting vortex, namely- s/c = 0.15, s/c = 0.25 and s/c = 0.35. c) Ratio of ωmin/ωmax at i)the trailing

edge whilst the airfoil is surging and ii) at fixed locations from the starting vortex, namely- s/c = 0.15, s/c = 0.25 and
s/c = 0.35. Shaded regions denote the maximum standard deviation. Data are shown for three surge speeds, namely-

Usurge = 0.37 c/s (*), 0.45 c/s (◦) and 0.50 c/s (□)

bod, and Shariff 7 had observed that starting vortex detach-
ment from its feeding shear layer results in secondary, Kelvin-
Helmholtz-type vortices. From the vorticity contours shown
in Figure 9a)ii), one can see that the shear layer remains intact
despite starting vortex detachment, indicating that secondary
vortex formation is not solely a consequence of primary vor-
tex detachment. In terms of slug flow time, t∗, the formation
time is t∗F = 0.83, while the detachment time is t∗d ≈ 1.

In the second case, where Usurge = 1.5 c/s, Γ
∗ remains

nearly constant at a value of 0.11 from 0.1 < t/tsurge < 0.7.
The slug flow detachment time in this case would be t∗d =
0.51, while t ′d = 0.1. The vorticity contours at t ′ = 0.1 show
the starting vortex rolling up at the airfoil trailing edge. Be-
tween 0.7 < t/tsurge < 0.8, the starting vortex merges with a
neighbouring secondary vortex, visualised through the vortic-
ity contours shown at t ′ = 0.8, where the λci criterion identi-
fies the primary vortex as a contour enclosing both the starting
and first secondary vortex. Consequently, Γ/Γsteady increases

from 0.11 to 0.19. At 0.8 < t/tsurge < 1.2 non-dimensional
starting vortex circulation decreases from 0.19 to 0.16, likely
due to viscous dissipation as a result of the merging process.
Thereafter, starting vortex circulation remains nearly constant
up until t ′ = 3.1. At t/tsurge = 3.1, the primary vortex once
again begins to merge with a neighbouring secondary vortex,
resulting in Γ/Γsteady increasing from 0.16 to 0.20. The vor-
ticity contour at this time instant shows a secondary vortex
near the starting vortex. The λci criterion mostly encloses the
primary vortex, unlike the vorticity contour shown at t ′ = 0.8,
which encompasses both the primary and first secondary vor-
tex. For this case, t∗F as defined by Gharib, Rambod, and
Shariff 7 would be 1.27 and tΓ

∗, defined by Limbourg and
Nedić 18 would be 16. The corresponding non-dimensional
times using tsurge would be t ′F = 0.25 and t ′

Γ
= 3.1.

The results suggest two distinct formation processes, one
for cases when there are no secondary vortices, and another
when there are i.e., Re>Rec. The analysis is extended to other
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Starting vortex strength in an impulsively started airfoil 9

FIG. 9: Starting vortex circulation, Γ, normalised by circulation obtained from thin airfoil theory for two cases- a)
Usurge <Ucritical and b) Usurge >Ucritical. The extent of the starting vortex is defined by using the λci criterion. Wagner’s function

( ) is superimposed.

angles of attack and shown in Figure 10for a surge distance of
0.5 c. Since the non-dimensional circulation in the field agrees
with Wagner’s prediction, the value of Γ

∗ at the end of surge
for every case presented in Figure 10 is equal to 0.43. For each

angle of attack, at surge speeds where secondary vortices do
not form, i.e., Usurge < 0.50 c/s, non-dimensional circulation
plateaus to a value of about 0.13, which is ≈ 33% of net field
circulation, at a non-dimensional time of 0.16. At higher surge
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Starting vortex strength in an impulsively started airfoil 10

speeds, Γ
∗ attains a value of 0.18 − 0.2, which is approxi-

mately 42−47% of the total circulation in the field. Due to the
consistency in the value of Γ

∗, one may speculate that starting
vortex circulation can be explained by the formation number
argument, where the starting vortex is unable to absorb addi-
tional circulation. However, with the higher surge speeds for
the same angle of attack, the starting vortex subsequently ab-
sorbs the circulation from the secondary vortex, implying it
could not have attained its maximum value before separating
from the shear layer. In other words, the starting vortex is not
fully formed when it separates from the shear layer; hence the
appearance of the secondary vortices in the shear layer is not
a formation-type related problem. Starting vortex detachment
from the feeding shear layer, as well as merging neighbouring
secondary vortices corroborates the work of Limbourg and
Nedić 18 . These observations emphasize that starting vortex
detachment and secondary vortex formation do not necessar-
ily occur simultaneously and aren’t strictly an effect of pinch-
off. Another noteworthy observation is that a primary vortex
can detach from its feeding shear layer despite not being fully
formed.

From Figure 9, each kinematic event, namely starting vor-
tex detachment and merging with neighbouring secondary
vortices, can be associated with a slug flow time, denoted us-
ing t∗ as well as a non-dimensional time normalised by tsurge,
denoted by t ′. The final circulation of the starting vortex can
also be associated with two non-dimensional formation time
values. Table I summarises the results for the circulation time
series shown in Figure 10.

Since the limit on starting vortex circulation is not due to
the formation number argument, it is more likely that the start-
ing vortex forms due to it detaching from the shear layer, simi-
lar to what is observed in vortex ring formation from orifices18

and rotating plates39. We postulate that detachment occurs
due to a competition between the velocity induced by the
nascent, clockwise starting vortex towards itself and the ten-
dency of the shear layer to convect towards the bound vortex,
enclosing the airfoil, which is away from the starting vortex.
In the following section, this is demonstrated both, qualita-
tively and quantitatively.

VI. FINITE TIME LYAPUNOV EXPONENTS

FTLEs indicate regions of maximum particle separation
over a finite integration time, T . Particle separation is mea-
sured through the Jacobian of the flow map, φ to+T

to . Maximum
eigenvalues of the Jacobian, λmax, are used to compute the Fi-
nite Time Lyapunov Exponent, a scalar quantity, σ , given by
Equation 2.

σ(φ to+T
to ) =

1

|T |
log

√

λmax (2)

Regions of local maxima, called ridges, are analogous to sep-
aratrices in non-linear dynamic systems, and demarcate dy-
namically distinct regions in the flow. The integration time, T

can be either positive (pFTLEs), in which case ridges denote

FIG. 10: Starting vortex circulation, Γ, normalised by steady
state circulation, Γsteady at angles of attack of 3◦, 5◦ and 7◦ at

the following surge speeds- Usurge = 0.37 c/s ( ),
Usurge = 0.45 c/s ( ), Usurge = 0.50 c/s ( ), Usurge = 0.70
c/s ( ), Usurge = 1.00 c/s ( ) and Usurge = 1.50 c/s ( ).

Also plotted is Wagner’s function ( ).

maximum particle separation, or negative (nFTLEs), where
ridges denote maximum particle attraction.

FTLEs are computed by averaging particle trajectories,
thereby serving as a reliable visual tool at time steps leading
to detachment, where the starting vortex is attracting particles
towards itself, whilst the bound vortex enclosing the airfoil is
pulling fluid particles in the opposite direction, away from the
starting vortex. One would thus expect to see positive FTLE
ridges between the starting vortex and the shear layer close
to detachment, while negative FTLE ridges would be visi-
ble within the starting vortex and shear layer. Furthermore,
FTLEs are preferred to visualise detachment over vorticity
contours, since the latter can be misleading. For example,
in Figure 9, the vorticity contour shown for Usurge = 1.5 c/s,
at t ′ = 3.1 appears as though the primary vortex has merged
with a neighbouring secondary vortex, while the λci criterion
does not encompass both vortices. The circulation value at
this time step does not increase significantly, as compared to
the increase at t ′ = 0.7, where vortex merging first takes place.
Another way of visualising the field is through streamlines,
which was used by Gan, Dawson, and Nickels 41 to identify
the extent of vortical structures and used by Sattari et al. 42

to demonstrate detachment. Interpreting streamlines for un-
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Starting vortex strength in an impulsively started airfoil 11

TABLE I: Summary of normalised time values for cases where secondary vortices do not form (Re < Rec) and where the shear
layer breaks into secondary vortices (Re > Rec)

Normalising Parameter Quantity Re < Rec Re > Rec

tsurge

Detachment Time, t ′d 0.16 0.10
Maximum circulation formation time, t ′

Γ
0.16 1.5-3.1

Formation time, t ′F 0.16 0.21-0.25

d/U p

Detachment Time, t∗d 0.78-0.95 0.5-0.75
Maximum circulation formation time, t∗

Γ
0.78-0.95 7.8-15

Formation time, t∗F 0.78-0.95 1.1-1.3

FIG. 11: Forward and negative time FTLEs superimposed with vorticity contours and velocity vector at four times- a) shortly
after surge, b) before detachment, c) at detachment and d) several time steps after detachment. Inset are individual negative and

positive FTLE contours.

steady flows can be erroneous, especially for identifying criti- cal points, since streamlines are computed using the instanta-
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Starting vortex strength in an impulsively started airfoil 12

neous velocity field and there is no correlation between con-
secutive snapshots in time. Consequently, what appears as a
critical point at one time step may not be a critical point at
the next time step. FTLEs, on the other hand, are identified
based on particle trajectories over a finite time, thereby mit-
igating the errors introduced by using instantaneous vorticity
and streamlines.

FTLEs have been successfully used to identify structures in
vortex-dominated flows38,43–46. There are two considerations:
the integration time, T and the spatial resolution. To avoid
long computation time, the integration time is chosen as the
shortest time for which resulting FTLEs capture the bound-
aries of the vortex. O’Farrell and Dabiri 22 had used an inte-
gration length slightly shorter than the formation time for vi-
sualising detachment. For the FTLE plots presented here, the
integration length equals 0.5× tdetachment of the starting vor-
tex. Similar considerations apply to the choice of grid size.
O’Farrell and Dabiri 22 had employed a resolution of 0.01×D,
where D is the natural length scale of the vortex generator. In
the present study, the natural length scale would be the thick-
ness of the airfoil, d = 7.5 mm. Thus, the resolution in x and
y was fixed as 0.07 mm.

Figure 11 shows positive and negative time FTLEs super-
imposed with vorticity contours and velocity vectors, at four
time intervals. Shortly after the airfoil begins to surge, at i.e.,

t ∼ 0+, the pFTLE encloses the starting vortex. The region
between the starting vortex and the airfoil trailing edge shows
a higher value of the pFTLE, as compared to the rest of the
starting vortex. This highlights the effect of vortex roll-up
in the absence of rotational symmetry, since one would ex-
pect pFTLE ridges enclosing a symmetric primary vortex to
be nearly equal in magnitude. The higher pFTLE value at
the junction between the starting vortex and the shear layer
demonstrates that particle trajectory at short time scales, of
the order of vortex detachment, is dictated by the asymmetry.
The nFTLE shows a local maxima between the starting vortex
centre and the nascent shear layer, indicating regions of high
particle attraction. During roll-up, at t < tdetachment, the pF-
TLE ridge continues to enclose the starting vortex, albeit with
a higher value at the junction between the starting vortex and
shear layer. Backward-time, or nFTLE ridges, also continue
to enclose the starting vortex, in addition to showing a higher
value at the starting vortex and shear layer junction (denoted
as maxima 1), as well as the middle of the shear layer, closer
to the trailing edge (denoted maxima 2). Since an FTLE is
a scalar quantity, the maxima indicate that both the starting
vortex and shear layer are regions of high particle attraction.
However, the maxima do not indicate the direction of particle
attraction and therefore, do not show whether the two struc-
tures are competing against each other. The pFTLE maxima,
which lie between the two structures, indicate that the junction
is a region of high particle separation. Thus, one can speculate
that nFTLE maxima 1, which lies on one end of the pFTLE
maximum, entrains fluid particles in one direction, that of the
starting vortex, whereas nFTLE maxima 2, which lies within
the shear layer, attracts particles towards itself in the opposite
direction, competing against the starting vortex. The points
of intersection of forward and backward time FTLEs indicate

saddles, which have been used in previous studies to identify
vortex detachment47,48. As mentioned previously, vortex de-
tachment is not a discrete process and thus we interpret the
emergence of a saddle point as an indicator of the onset of
vortex detachment. At detachment, i.e., t ∼ tdetachment, we ob-
serve two distinct, disconnected pFTLE ridges, one associ-
ated with the starting vortex, indicated as pFTLE maxima 1,
and another with the shear layer, labelled as pFTLE maxima
2 in Figure 11. At later time steps, t > tdetachment, the two
forward-time FTLE ridges continue to be disconnected. The
emergence and continued appearance of disconnected pFTLE
ridges indicate that both flow features associated with a pF-
TLE ridge are dynamically distinct, thereby, indicating that
the starting vortex has detached from its feeding shear layer.

It is also observed that pFTLE ridges in 11c) and d) do not
fully enclose the starting vortex. One could speculate that this
occurs because of the choice of integration time, T . Longer
integration times yield fine, distinct FTLE ridges. However,
increasing the integration time by 3 times its present value of
0.5×tdetachment yielded similar pFTLE ridges that did not fully
enclose the starting vortex at time steps leading to and after
detachment. It is conjectured that the asymmetry in starting
vortex roll-up results in uneven velocity gradients, with higher
velocity gradients existing at the airfoil trailing edge. Conse-
quently, pFTLE ridges, which indicate regions of maximum
particle separation may favour some parts of the vortex over
others, which results in partial enclosure of the starting vortex
by the corresponding pFTLE ridge. In contrast, the nFTLE
ridge, which occurs in regions that attract fluid particles in
backward-time, fully encloses the starting vortex up until its
detachment from the shear layer. Since the starting vortex at-
tracts fluid particles regardless of symmetry, it is unsurprising
that nFTLEs fully enclose the starting vortex.

Through FTLEs, regions and time scales where starting
vortex roll-up competes with shear layer convection have been
identified. In the following section, the competition between
the two structures is quantified.

VII. KINEMATICS LEADING TO DETACHMENT

Shortly after the airfoil begins to surge, the starting vortex,
elliptical in shape, rolls up at the airfoil trailing edge. The ma-
jor principal axis, defined as the longest diameter of the vor-
tex, makes an angle, θ with the x axis in a Cartesian coordi-
nate system, shown in Figure 12. In general, θ increases from
roughly 50◦−60◦ to 90◦ at short times. Thereafter, the tilt an-
gle decreases to about 60◦ and eventually asymptotes to 90◦

for all surge speeds, with the exception of Usurge = 0.37 c/s,
where the value tends to 75◦. One can speculate that the initial
increase in θ to 90◦ is due to the proximity of the airfoil to the
starting vortex, which imposes an asymmetric strain field on
the latter and governs its short-time dynamics and structure.
The initial elliptic shape of the starting vortex is reminiscent
of vortical streamlines in external strain fields. With an in-
crease in distance between the surging airfoil and the starting
vortex, the effect of external strain on the starting vortex can
be expected to diminish.
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Starting vortex strength in an impulsively started airfoil 13

An average vortex radius, r, is defined as the mean distance
between the vortex centre and each point of the contour en-
closing the starting vortex. Figure 13 shows r normalised
by airfoil thickness, d. At surge speeds lower than 0.7 c/s,
the average vortex size increases whilst the airfoil surges and
plateaus to approximately 0.2 d shortly after detachment. As
the surge speed increases to cases where secondary vortices
form, i.e., at Usurge > 0.5 c/s, the average vortex radius contin-
ues to increase after starting vortex detachment due to merg-
ing with neighbouring secondary vortices. The plateau in r/d

is observed at higher t/tsurge of 0.6-0.8, as opposed to 0.2-0.3
for lower surge speeds, without secondary vortex formation.
With the exception of Usurge = 1.50 c/s, where r/d asymptotes
to 0.15, the normalised mean vortex radius tends to 0.2.

Sattari et al. 42 had studied starting vortex formation from
an impulsively started jet intending to describe vortex pinch-
off in the absence of a natural length scale of a vortex gen-
erator, such as the diameter of the cylinder. They had ex-
plained that pinch-off occurs due to a competition between
the inertia of the shear layer that forces it to remain in the
streamwise direction and the velocity induced by the start-
ing vortex. They had defined a non-dimensional parameter,
Γ
′ = Γ/SUmax, where Γ/S is the starting vortex induced ve-

locity at a distance S from its centre and Umax is the maximum
convective speed of the shear layer. At pinch-off, Γ

′ tended to
a value of 1.5. For this study, the same parameter is computed
using the measured starting vortex circulation and maximum
streamwise velocity, Umax. Figure 14 shows the parameter,
Γ
′ at various surge speeds for an angle of attack of 7◦. The

detachment time, t ′d lies between 0.1 to 0.16 for all Reynolds
numbers considered here, as shown in Table I. Consistent with
Sattari et al. 42 , the non-dimensional parameter converges to a
value of 1.5. Similar results were obtained for angles of at-
tack of 3◦ and 5◦, although not shown here for brevity. This,
in turn, proves that starting vortex detachment, for the set of
initial conditions considered here, can be explained through
a kinematic argument, instead of the formation number argu-
ment. As such, if a limiting process exists for this specific
problem, it occurs at higher surge speeds or angles of attack.
This also proves that a limiting process would result in de-
tachment, however, detachment does not necessarily imply the
occurrence of a limiting process that results in a saturation of
vortex circulation. Finally, the results also suggest that vortex
detachment is not necessarily followed by secondary vortex
formation. Thus, all kinematic events that were observed to
occur simultaneously in some of the previous studies on vor-
tex formation7,9,10, occur discretely in the case of an impul-
sively started airfoil, which lacks rotational symmetry. The
starting vortex, which has not attained its maximum circula-
tion, detaches from the feeding shear layer, which, in turn,
may or may not form secondary vortices, depending on surge
speed.

VIII. CONCLUSIONS

The starting vortex and shear layers generated by the impul-
sive start of a NACA0010 airfoil were measured and analysed.

The design space consisted of angles of attack ranging from
3◦ to 7◦ and surge speeds ranging from 0.37 c/s to 1.5 c/s.
For a given angle of attack, the shear layer remained intact up
to a critical surge speed, beyond which the shear layer broke
into a train of Kelvin-Helmholtz-type vortices. The critical
surge speed was found to be a function of the angle of at-
tack, where small angles of attack resulted in a higher critical
surge speed, and thus, Reynolds number. For the smallest an-
gle of attack of 3◦, Rec was found to be 4000, whereas for
7◦, Rec was 2600. Net circulation within the wake was ac-
curately predicted by Wagner’s function. The unsteady shear
layer was characterised by its vorticity and streamwise veloc-
ity at various downstream locations from the starting vortex.
Furthermore, the starting vortex was found to detach from the
shear layer and attain about 33% of the net circulation in the
field in cases where secondary vortices do not form (Re<Rec)
and ≈ 42−47% at higher surge speeds, where the shear layer
breaks into Kelvin-Helmholtz type vortices (Re > Rec).

Despite detaching from the shear layer, the starting vor-
tex was able to merge with neighbouring secondary vortices
within its vicinity for Re > Rec. For Re < Rec, the starting
vortex attains its max circulation at t ′F = 0.16 for all three an-
gles of attack. For Re > Rec, the corresponding t ′F is between
0.21-0.25, after which the circulation drops and the starting
vortex merges with a secondary vortex, finally reaching its fi-
nal state at 1.5 < t ′

Γ
< 3.1. If a limiting process exists for

the starting vortex formed by an impulsively started airfoil, it
was not observed for the present set of initial conditions. It is
postulated that starting vortex detachment occurred as a result
of competition between the velocity induced by the starting
vortex towards itself and the opposite convective speed of the
shear layer. This was ascertained qualitatively through for-
ward and backward-time FTLEs, which highlighted regions
of maximum particle separation and attraction, respectively.
At time scales leading to detachment, the pFTLE showed lo-
cal maxima between the starting vortex and the rest of the
shear layer, indicating the separation of fluid particles. Once
vortex detachment occurred, two distinct pFTLE ridges were
obtained, where one is associated with the starting vortex and
the other with the shear layer. Forward-time FTLE ridges
highlighted the sensitivity of FTLEs to asymmetry, where
parts of the starting vortex closer to the shear layer, which
is associated with high velocity gradients, showed higher pF-
TLE values than the rest of the ridge enclosing the start-
ing vortex. It was also observed that pFTLE ridges did not
fully enclose the starting vortex at t ∼ tdetachment as well as
t > tdetachment. Finally, vortex detachment was quantified by
using a non-dimensional parameter, Γ

′, originally devised by
Sattari et al. 42 , which compares the velocity induced by the
starting vortex on the shear layer to the convective speed of the
shear layer, away from the starting vortex. The parameter was
found to converge to a value of 1.5 at detachment, in agree-
ment with Sattari et al. 42 ’s observations. Through this study,
it has been shown that a limiting process for vortex circula-
tion entails detachment, however, vortex detachment does not
always manifest due to a limiting process. Furthermore, the
formation of secondary vortices does not necessarily occur as
a result of starting vortex detachment. Thus, asymmetric vor-
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FIG. 12: Starting vortex tilt angle, θ at an angle of attack of 7◦ for Usurge = 0.37 c/s ( ), Usurge = 0.45 c/s ( ), Usurge = 0.50 c/s
( ), Usurge = 0.70 c/s ( ), Usurge = 1.00 c/s ( ) and Usurge = 1.50 c/s ( ).

tices, formed without any rotational symmetry, exhibit more
complex short-term dynamics than their axisymmetric equiv-
alents.
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FIG. 13: Mean starting vortex radius, r, normalised by airfoil thickness, d at an angle of attack of 7◦ for Usurge = 0.37 c/s ( ),
Usurge = 0.45 c/s ( ), Usurge = 0.50 c/s ( ), Usurge = 0.70 c/s ( ), Usurge = 1.00 c/s ( ) and Usurge = 1.50 c/s ( )
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FIG. 14: Detachment parameter, Γ
′, proposed by Sattari et al. 42 at an angle of attack of 7◦ for various surge speeds.
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