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Abstract

In the current paradigm of contemporary cosmology, the universe begins with an initial
singularity known as the Big Bang. However, the corresponding standard model of cosmology
suffers from a number of unresolved conceptual issues. The aim of this thesis is thus to explore
aspects of cosmology that go beyond the current paradigm with regard to the evolution of
the very early universe and the nature of the initial Big Bang singularity. In particular, this
involves the study of many models proposing the existence of a ‘pre-Big Bang’ universe, i.e.,
models that postulate that the generation of today’s structures in the universe occurs before
the Big Bang. Moreover, additional theories explore the possibility of resolving the initial Big
Bang singularity into a non-singular bouncing cosmology. A common methodology in this
thesis consists in using cosmological perturbation theory to connect such alternative theories
and models of the very early universe to observational constraints from, e.g., the cosmic
microwave background radiation. In particular, the primordial curvature perturbation and
primordial gravitational wave power spectra, as well as the scalar bispectrum, are computed
in several contexts. For instance, it is found that a certain class of models, known as single
field matter bounce cosmology, suffers from a no-go theorem, which invalidates those models,
i.e., they cannot agree with observations. How general the no-go theorem can be applied is
explored, and it is discovered that a theory of massive gravity can evade the theorem and can
resolve several issues in single field matter bounce cosmology. In a slightly different context,
it is shown that black holes can generally form in a contracting universe before the Big
Bang, representing an interesting prediction. It is then investigated whether a string theory
inspired model for the very early universe could take advantage of such primordial black holes
in its evolution. Finally, theoretical aspects such as the stability of modified gravity theories
resolving the initial Big Bang singularity are explored. It is found that certain models are

better suited in terms of describing gravity up to higher energy and curvature scales.
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Abrégé

Dans le paradigme actuel de la cosmologie contemporaine, I'univers commence avec une
singularité initiale connue sous le nom de Big Bang. Par contre, le modele standard de
cosmologie correspondant souffre d’un grand nombre de problemes conceptuels non résolus.
Le but de cette these est donc d’explorer des aspects de la cosmologie qui vont au-dela du
paradigme actuel par rapport a I’évolution de l'univers primordial et la nature de la sin-
gularité initiale du Big Bang. En particulier, cela implique I'étude de plusieurs modeles
proposant ’existence d’un univers <pré Big Bang>, c¢’est-a-dire des modeles postulant que
la génération des structures de l'univers d’aujourd’hui se produit avant le Big Bang. De
plus, d’autres théories explorent la possibilité de résoudre la singularité initiale du Big Bang
en un univers non singulier rebondissant. Une méthodologie récurrente dans cette these
consiste a utiliser la théorie des perturbations cosmologiques pour établir un lien entre de
telles théories et de tels modeles alternatifs de I'univers primordial et les contraintes observa-
tionnelles venant, par exemple, du fond diffus cosmologique. En particulier, les spectres de
puissance des perturbations de courbures primordiales et des ondes gravitationnelles primor-
diales, ainsi que le bispectre scalaire, sont calculés dans plusieurs contextes. Par exemple,
nous trouvons qu’'une certaine classe de modeles, connue sous le nom de la cosmologie re-
bondissante dominée par un seul champ de matiere a pression nulle, souffre d’un théoreme
de type no-go qui invalide ces modeles, c’est-a-dire qu’ils ne peuvent étre en accord avec
les observations. Nous explorons a quel point le théoreme de type no-go peut étre appliqué
et nous découvrons qu’une théorie de gravité massive peut éluder le théoreme et résoudre
plusieurs problemes en lien avec les modeles de la cosmologie rebondissante dominée par
un seul champ de matiere a pression nulle. Dans un contexte légérement différent, nous
démontrons que des trous noirs peuvent généralement se former dans un univers en contrac-
tion avant le Big Bang, représentant une prédiction intéressante. Nous investiguons ensuite
si un modele d’univers primordial inspiré de la théorie des cordes pourrait tirer profit de tels
trous noirs primordiaux dans son évolution. Finalement, nous explorons certains aspects
théoriques tels que la stabilité de théories de gravité modifiée qui résolvent la singularité
initiale du Big Bang. Nous trouvons que certains modeles sont plus appropriés pour décrire

la gravité jusqu’a des échelles d’énergie et de courbure plus élevées.
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Chapter 1
Introduction

Cosmology is the science of the universe as a whole, where one tries to understand its
evolution (past, current, and future), as well as its structures on large scales. This thesis
focuses on the evolution of the very early universe, also known as primordial cosmology, i.e.,
the universe at its inception in the far past. In the standard model of cosmology, the universe
‘begins’ about 13.8 billion years ago with a Big Bang, a singular point in time where the
universe was infinitely dense and hot. In this sense, very early universe cosmology tackles
Big Bang-related issues. More precisely, we attempt to answer fundamental questions such
as “What happened at the time of the Big Bang?”, “Was there a Big Bang?”, “Where do the
structures observed in the universe today originate from?” and “Why do they originate like
that?” For lack of fully satisfying answers, we at least try to provide a small contribution to
our understanding about these issues and try to make incremental progress in fundamental
physics.

Before introducing the different theories of primordial cosmology and explaining why
we study them, let us briefly digress in the following section and use this introduction to
put the reader up to speed with respect to what we know about the very early universe,
i.e., what are the latest observations that give us information about primordial cosmology.
Indeed, while this thesis is mostly theoretical in nature and tackles abstract theories of
gravity and cosmology, science only progresses by making testable predictions. For a lot
of the work presented in this thesis, observational measurements serve as the ‘judge’ as to
whether certain theories are viable or whether they are falsified, in which case they should

be rejected. The latter situation is nevertheless encouraging, in the sense that it allows

2019/06/08
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theorists to move forward and focus their attention on alternative approaches. This thesis
covers many ‘alternative’ ideas, and hopefully, they will allow the reader to have a better
understanding of where physics stands at the extremely high energy scales pertaining to the

very early universe.

1.1 The observational status of primordial cosmology

The observational pillar of primordial cosmology is the cosmic microwave background (CMB),
which is a unique prediction of the hot Big Bang model. Indeed, Big Bang cosmology
proposes that the universe starts in a highly dense and hot state, where elementary particles
interact strongly with one another. In fact, the universe is so dense that photons cannot
travel freely in space and time, hence the universe is opaque. The Big Bang model predicts an
expanding universe, so as the universe expands, matter cools down and interactions become
more sparse. At some point, it becomes dilute enough for photons to start moving freely,
i.e., with a mean free path at least the size of the observable universe. This corresponds to
the moment nuclei and electrons combine to form atoms for the first time. This moment is
called recombination, happening roughly 300, 000 years after the Big Bang, and the photons
that are emitted at that time constitute the CMB, the oldest electromagnetic signal that
can be observed in the universe. The signal is in the microwave band today because light
redshifted from the time it was emitted due to the expansion of the universe. Also, it is a
‘background’ radiation in the sense that it is present homogeneously and isotropically across
the universe.

The latest, state-of-the-art measurement of the CMB was performed by the Planck satel-
lite [4, 6, 21]. In Fig. 1.1, we show the sky temperature map from the Planck 2015 data
release [4]. The average temperature of the CMB is measured to be T, = 2.7255 K [290],
and Fig. 1.1 shows the fluctuations in temperature of the microwave radiation about the

average. We note that the temperature fluctuations are of the order of

07|

cmb

~107%, (1.1.1)

and this is a first observational measurement that should be explained by primordial cosmol-
ogy. In fact, explaining the origin of the fluctuations in the CMB is paramount in primordial

cosmology.
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Figure 1.1 Planck 2015 CMB sky map taken from Ref. [4]. The color code indicates the fluctu-
ations in temperature in pK.

To be more quantitative about the information that Fig. 1.1 encodes, we decompose the

temperature fluctuations as follows,

T K&
T Z Z amYem (0, 8) , (1.1.2)
cm g

=1 m=—

where Y, (0, ¢) are the spherical harmonics, which are functions of the spherical angles
and ¢ on the sky. The parameters ay, encode the size of the fluctuations, and under the
assumption of isotropy, i.e., assuming there is no preferred direction in the universe, we can

sum over the index m and define

14

1
TT 2 : *
Cg = m <a£magm> i (113)

m=—

In the above, angular brackets can be thought of as the expectation value of a random
variable. Hence, the ag,,’s have a vanishing mean value, (agz,,) = 0, but non-zero variance,

(a}, apn) # 0. The resulting parameters, the C77’s, thus represent a measure of the tem-
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perature variance or two-point correlation function, (0T 6T'), as a function of the multipole
moment ¢. Hence, C77 is also called the temperature-temperature angular power spectrum.
In Fig. 1.2, we show the results from the Planck 2018 data release [18]. The plot shows
the data points for DT = ¢(¢ + 1)C7T/(27) with their 1o error bars. Also, the blue curve
represents the best fit model, called ACDM, which will be further discussed below. Fig. 1.2
constitutes a very good example of what precision cosmology has become today. As such,

any successful model of primordial cosmology should be in agreement with the data points
in Fig. 1.2.
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Figure 1.2 Planck 2018 temperature-temperature angular power spectrum taken from Ref. [18].
The red dots are the observational measurements and the purple lines are the 1o error bars. The
blue curve shows the best fit ACDM model from Ref. [18] and the bottom panel shows the residual,
i.e., ADIT = DT [measured] — DI [best fit ACDM].

The CMB represents a snapshot of the universe at the time of recombination, but at
300,000 years after the Big Bang, this is still very far from the very early times right after
the Big Bang. Fortunately, physics in the approximate time range [107!?s, 3 x 10°yr| is

relatively well understood (see, e.g., Refs. [258, 393] for reviews and details). The universe is
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first radiation dominated, going through the quark, hadron, and lepton epochs. Then, Big
Bang nucleosynthesis occurs, where the basic atomic nuclei (mainly hydrogen and helium-4)
form. After nucleosynthesis, the universe is dominated by a plasma composed of atomic
nuclei, electrons, and photons until recombination occurs. As gravity and the microscopic
physics are relatively well understood during these epochs, one can compute how initial
fluctuations coming from the very early universe (anything happening before the onset of
radiation-dominated expansion) evolve and compare them to the observed fluctuations in
the CMB (see, e.g., Ref. [434] and references therein).

The reversed process can also be performed: starting from the observed data at the
time of the CMB, such as the temperature-temperature angular power spectrum shown in
Fig. 1.2, one can evolve physics backward until the time of the very early universe. The
result is depicted in Fig. 1.3, which is a plot of the primordial curvature perturbation power
spectrum (or two-point correlation function), denoted P.(k), where k is the wavenumber of
the fluctuations. The concept of curvature perturbation will be defined in the next chapter,
but for now, one can understand this quantity as being a combination of both spacetime and
matter perturbations, and it is such primordial fluctuations that can evolve to give rise to
CMB temperature fluctuations. Fig. 1.3 shows that the primordial power spectrum is nearly
scale invariant across a wide range of scales, meaning that P¢ is almost independent of the
wavenumber k. Yet, considering for example the 1o confidence region in Fig. 1.3, rather
than being horizontal the power spectrum has a slight tilt toward the red (i.e., toward larger
wavenumbers /smaller wavelengths). Hence, we say that the power spectrum is nearly scale
invariant and has a red tilt. As a consequence, it is useful to parameterize the primordial

power spectrum as

Pg(k):AS( k )ns_l, (1.1.4)

Kpivot
where Ay is the amplitude of the scalar fluctuations, kpivot is an arbitrary pivot scale for the
parameterization, and ng is the scalar tilt. With this definition, ny = 1 corresponds to exact
scale invariance, and a red tilt means ny < 1 (though close to 1).

The current best fit cosmological model has only six parameters and is called ACDM. The
letter A refers to the cosmological constant A that could explain the late-time acceleration of
the universe (see, e.g., Refs. [543, 572]), and CDM stands for ‘cold dark matter’, a necessary
ingredient to explain the formation of the large-scale structures in the universe and the

rotation curves of galaxies (see, e.g., Refs. [74, 217, 243]). Among the six parameters of
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Figure 1.3 Planck 2018 curvature perturbation power spectrum reconstruction taken from
Ref. [22]. The bottom horizontal axis shows the fluctuations’ wavenumber k and the top hor-
izontal axis shows the corresponding angular scale in the CMB as a function of the multipole
number /. The vertical axis is the rescaled curvature power spectrum P.. Note that the Planck
collaboration uses the variable R instead of ¢ for the curvature perturbation. The color code gives
the confidence level of the measurement. For example, the two darkest shades of red indicate a
confidence level of up to 65% (< 1o), the next two lighter shades of red (neutral red) indicate a
confidence level of up to 95% (< 20), and the next two lighter shades of red (light red) indicate a
confidence level of up to 99.7% (< 3¢). For the very lightest shade of red, the confidence level is
greater than 99.7% (> 30).
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ACDM, only two refer to the primordial universe: Ag and ns. The current best measurements
are [18]:
In(10"A,) = 3.047+£0.014  and  ng = 0.9665 4 0.0038 . (1.1.5)

Hence, it is crucial for a theory of the very early universe to give rise to a curvature perturba-
tion power spectrum in the form of Eq. (1.1.4) with an amplitude and a tilt in concordance
with the numbers above.

The scalar amplitude and tilt are the only parameters about the very early universe that
are known with very high precision. Yet, we can gain more information about the primor-
dial universe from the CMB. For instance, beyond the two-point correlation function, we
can compute the three-point correlation function, which can be thought of as skewness in a
probability distribution. Similar to the discussion about the two-point function above, cor-
relations of the form ((47)%) can be decoded from the CMB temperature fluctuation map,
and one can transform this into knowledge about the primordial three-point function of the
form (Cx, Ck,Cks)» also known as the bispectrum. The amplitude of the primordial three-point
function is then usually stated in terms of the fy; parameters, which quantify how ‘non-
linear’ the perturbations are or how much they deviate from a perfect Gaussian distribution.
In this sense, the terms ‘non-Gaussianity’, ‘three-point function’, and ‘bispectrum’ are some-
times used interchangeably. The function fyr, typically depends on three wavenumbers, but
we often focus on certain limits or ‘shapes’ of the three-point function, which have names
such as ‘local’, ‘equilateral’, or ‘orthogonal’. We will define the function fyr, as well as the
various shapes appropriately in the next chapter, but for now, let us state the current best

measurements coming from the Planck telescope [13]:
local — 0.8 +5.0, il = 4443, qthe — 96 4 21. (1.1.6)

We see that the three quantities are currently consistent with zero given the 1o uncertainties.
This is why primordial non-Gaussianities do not enter in the ‘standard model’ of cosmology.
Nevertheless, they constitute key information about the very early universe since models
should be consistent with Gaussianity, or at least, predict only small deviations from Gaus-
sianity. As will be clear from this thesis, this is very useful since models predicting too large
non-Gaussianities can thus be ruled out.

There is one more piece of information that can be extracted from the CMB that is very

useful for primordial cosmology. If primordial gravitational waves (also known as tensor
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perturbations) are produced in the very early universe, they can affect the polarization
of photons in the CMB [582]. Beyond the measurement of the CMB temperature, the
polarization of the CMB photons also carries a lot of information about the physics of
the early and late universe. Polarization comes in two types: the ‘gradient’ or E-mode
component and the ‘curl’ or B-mode component. Primordially, almost only! gravitational
waves can induce B modes; density perturbations cannot. Accordingly, the BB correlation
function is a direct probe of the primordial gravitational wave power spectrum.

The primordial tensor power spectrum is usually parameterized as follows,

E ™
kpivot

where A; is the amplitude and n, is the tilt. We note the difference in convention compared

to the scalar modes since now ny = 0 represents scale invariance. A measurement of both A

and ny would yield a lot of information about the very early universe. However, there is no

confirmed detection of primordial gravitational waves. At this point, there exist only upper

bounds on the amplitude. It is useful to define the tensor-to-scalar ratio,

Ll
P

r

(1.1.8)

since this is the quantity that is usually constrained by observations. Currently, the best

measurements [11, 22] indicate

r <0064  (95% CL, kpives = 0.002Mpc™1),
r<0.070  (95% CL, kpivor = 0.05Mpc™) . (1.1.9)

Similarly to non-Gaussianities, while the measurements are still consistent with zero, such
bounds nevertheless tell us a lot of information about very early universe models. Predicting
a tensor-to-scalar ratio in serious excess of the observational bounds can serve as the basis

to rule out certain models (as will become clear in this thesis).

LAt leading order, vector perturbations can also contribute to form B-mode polarization in the CMB
radiation. For instance, cosmic string wakes can lead to a strong BB correlation function [241]. Nevertheless,
signals from vector modes (e.g., due to cosmic string wakes) and tensor modes (e.g., primordial gravitational
waves) should leave relatively distinct features in the CMB BB angular power spectrum (see, e.g., Ref. [509]).
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1.2 Why pre-Big Bang cosmology?

In the previous section, we lay down the current observational measurements that constrain
the very early universe. As was stressed, successful theories of primordial cosmology should
predict numbers in agreement with Eqgs. (1.1.5), (1.1.6) and (1.1.9), as well as resolve theo-
retical issues. There exists a paradigm in contemporary cosmology: the universe begins with
the Big Bang singularity, subsequently expands exponentially fast for a very short time in-
terval, and then standard radiation-dominated expansion follows. The phase of exponential
expansion is known as inflation. As we will explain in Chapter 3, inflationary cosmology
is successful in solving many of the problems of standard Big Bang cosmology and makes
several predictions in good agreement with the constraints outlined in the previous section.
However, inflation has problems of its own and cannot resolve every issue of standard Big
Bang cosmology. Just the fact that the universe begins with a singularity remains confound-
ing. These facts motivate alternative views for the very early universe. As will become
clear in Chapter 3, many of the alternative scenarios require the Big Bang singularity to be
replaced by a non-singular cosmology, often a smooth transition from a contracting universe
to an expanding universe. In those models, the processes of primordial cosmology occur

before the ‘Big Bang’, hence we explore topics in ‘pre-Big Bang cosmology’.

1.3 Outline of this thesis

The thesis is organized as follows: Part I serves as a review of contemporary primordial
cosmology, while Part II presents original research articles published by the author of this
thesis. The goal of Part I is to introduce the necessary tools and provide up-to-date the-
oretical developments to follow and appreciate Part II of the thesis. In other words, Part
I presents the methodology often used in Part II, as well as sets the context in which the
chapters of Part II lie.

Specifically, Chapter 2 of Part I begins? with a review of cosmological perturbation theory,
which is the key theoretical approach to connect concepts of primordial cosmology to the

observational constraints discussed earlier in this introductory chapter. Among other topics,

2Since it is not possible to review everything, one has to start somewhere. In this thesis, the author more
or less assumes that the reader is comfortable with general relativity and certain concepts of cosmology at
the level of, e.g., Refs. [189, 258]. Nevertheless, key concepts are reviewed, and an emphasis is given on
notions that are used throughout the rest of the thesis.
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we review basic background cosmology, the perturbed Einstein field equations, and how
to compute two- and three-point correlation functions. The idea is that the reader should
understand how one can compute quantities such as Aq, ng, A¢, ny, 7, and fxr.. Chapter 3
then introduces the underlying principles of theories of the very early universe. We review
the conditions that theories of primordial cosmology should satisfy and show how inflationary
cosmology as well as models of bouncing cosmology can realize these conditions. For every
class of models, we try to emphasize what are the theoretical predictions, their status with
respect to the observations, and discuss the remaining theoretical issues. In the last chapter
of Part I, Chapter 4, we present the current knowledge in the field of resolving the Big Bang
singularity. We explain why this is a difficult task, what are the approaches that can be
undertaken, and present a few theories that succeed in resolving the Big Bang singularity to
yield a non-singular cosmology. An emphasis is also given on the remaining theoretical issues
of those theories, mainly with respect to the stability of the cosmological perturbations.

The papers presented in Part II have been mentioned in the Preface, and the reader may
notice that they are not ordered according to their publication date. Instead, we tried to
regroup topics that fit together. In that sense, Part II starts with Chapter 5, the first article
to propose the existence of a no-go theorem for single field matter bounce cosmology, an al-
ternative to inflationary cosmology that proposes a matter-dominated contracting universe
before the Big Bang. The no-go theorem involves the connection between the enhancement
of curvature perturbations, the production of non-Gaussianities, and the suppression of the
tensor-to-scalar ratio through a non-singular bounce phase. Chapter 6 is an immediate
follow-up to Chapter 5 since it presents an extended no-go theorem, again connecting cur-
vature perturbations, non-Gaussianities, and the tensor-to-scalar ratio. Chapter 7 presents
an idea that could rescue the matter bounce scenario by evading the no-go theorem. This
is done at the expense of modifying the gravitational theory, hence a focus is given on the
evolution of the primordial gravitational waves (related to the tensor-to-scalar ratio) among
other things.

We move on with Chapter 8, which is connected to the idea of the matter bounce sce-
nario. However, the aspiration is greater: the goal is to describe the general evolution of
cosmological perturbations in a contracting universe before the Big Bang dominated by a
generic fluid (of which a matter-dominated contracting universe is a subcase). By charac-
terizing the evolution of the cosmological fluctuations, we derive the conditions under which

black holes can form from the collapse of large inhomogeneities. Chapter 9 is an immediate
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follow-up, which starts with the picture of a pre-Big Bang universe dominated by large black
holes (possibly formed from the processes described in Chapter 8). The idea is to explore
whether it is feasible to construct a possibly new scenario for the very early universe in which
black holes would play a key role. The article presented in Chapter 9 is only a first step
forward in that direction by exploring whether string theory (as a proposal for the theory
of quantum gravity) can support a phase of cosmological evolution dominated by a gas of
stringy black holes.

The remaining two articles presented in Chapter 10 and Appendix A focus on more the-
oretical issues related to the Big Bang singularity. In Chapter 10, we explore the concept
of limiting curvature as an approach to construct non-singular cosmologies. As the name
says, the theory proposes a way of bounding spacetime curvature to avoid reaching singular-
ities. In the paper of Chapter 10, we explored the cosmological perturbations for different
implementations of limiting curvature. In particular, we assessed the viability of several
models by deriving the conditions to prevent catastrophic instabilities in the perturbations.
Appendix A is separated from the other chapters since it lies in a slightly different context.
We explore extendibility (very roughly speaking, whether a spacetime has a singularity or
not) in the context of inflationary cosmology. It is related to the rest of the thesis since it
tackles aspects of the Big Bang singularity and in particular since we apply the theorems
derived to a model of limiting curvature presented in Chapter 10 to prove its extendibility®.

Finally, we conclude with Chapter 11, where we summarize the key results of this thesis,
essentially giving the take-home messages of the original research articles presented in Part
II. We also end with a section on future research directions. We give a short summary of
what are the big questions that remain unanswered and what the author believes deserves
to be tackled in the future.

1.4 Notation and conventions

Throughout Part I of the thesis, we try to be consistent in our notation and conventions.
Greek indices indicate spacetime coordinates, u, v, ... € {0, 1,2, 3}, while Latin indices indi-

cate spatial coordinates, i, j,... € {1,2,3}, unless otherwise noted. Also, we use the mostly

3 Anecdotally, the analysis presented in Appendix A was motivated by us following a question by the
anonymous referee of the article presented in Chapter 10. In that sense, Appendix A was a follow-up to
Chapter 10.
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plus metric signature, (—, +, +, +). We define the reduced Planck mass by Mp; = 1/1/87Gx,
where Gy is Newton’s gravitational constant. Unless otherwise stated, referring to the Planck
mass implicitly means the reduced Planck mass. The speed of light and Planck’s reduced
constant are set to unity: ¢ = h = 1. Cosmic (or physical) time is denoted by ¢, and a
derivative with respect to cosmic time is denoted by an overdot, "= d/dt¢. Conformal time,
which will soon be appropriately defined, is denoted by 7, and a derivative with respect to

conformal time is denoted by a prime, ' = d/dr.

Disclaimer Note, however, that the notation may change from one chapter to another
in Part II. We apologize for the inconvenience, but this is due to the fact that different
conventions were used in different publications. As an example, Chapter 5 uses the mostly
minus metric signature, (+, —, —, —), the letter n for conformal time, and M, for the Planck
mass. Changes in convention should nevertheless be clearly identified and consistent within

a given chapter.
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Part 1

Review of contemporary primordial

cosmology
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Chapter 2

Cosmological perturbations:

computing observables from theory

In the introduction, we introduced a set of cosmological observables that carry a lot of
information about the primordial universe. The main ones are the primordial curvature
perturbation power spectrum (or two-point correlation function), the primordial scalar non-
Gaussianities (or three-point correlation function), and the primordial tensor power spec-
trum. Finally, the ratio of the tensor and scalar two-point functions’ amplitude is called
the tensor-to-scalar ratio. One of the goals of this chapter is to explain how one computes
these observables theoretically given a model for the very early universe. This chapter is
based on many textbooks, lecture notes, and review articles; we particularly recommend
Refs. [58-60, 121, 270, 403, 416, 448, 474, 482, 512, 518, 537, 547-549, 573], but many more

exist.

2.1 Background

We now begin by reviewing background cosmology. The starting point is the Einstein field

equations of general relativity!,

1
G,ul/ = R;u/ - EgpuR = 87TGNT;U/7 (211)

'We assume that there is no cosmological constant, i.e., we set A = 0, unless otherwise stated.

2019/06,/08
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where G, is the Einstein tensor, 7, is the Ricci tensor, g, is the metric tensor, R = ¢"VR,,,
is the Ricci scalar, and T}, is the energy-momentum tensor. The Einstein field equations
can be derived by the variational principle starting with the Hilbert-Einstein action together

with matter,

/d TN — R + Smatter s (212)

where the energy-momentum tensor is then defined by

2 6Smatter
V=g ogm

In the above, g = det(g*,) is the determinant of the metric tensor.

(2.1.3)

2.1.1 Homogeneous and isotropic cosmology

At the background level, the idea behind the cosmological principle is that the universe is
homogeneous and isotropic, hence the metric is best described by the Friedmann-Lemaitre-
Robertson-Walker (FLRW) line element,

Gudr’da’ = —dt* + a(t)?6;;dz"da’ (2.1.4)
= a(7)*(—d7? + §;;dz'da’) (2.1.5)

where g, indicates that this is the background expression for the metric tensor, a is the
scale factor, which characterizes the size of the universe as a function of time, and d;; is
the Kronecker delta function. Here and throughout this thesis, unless stated otherwise, we
assume that spatial sections are perfectly flat at the background level. We wrote the FLRW
line element in both physical and conformal time above. It is straightforward to see that the
latter is defined by

dr =a'dt. (2.1.6)

It will be convenient to go form physical time to conformal time and vice versa throughout
this thesis.
In the spirit of the cosmological principle, let us assume that the energy-momentum tensor

is that of a homogeneous and isotropic perfect fluid with energy density p and pressure p,

T", = diag(—p,pd';), (2.1.7)
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where at the background level, p and p are only functions of time. Substituting the above ex-
pressions for the energy-momentum tensor and FLRW metric in the Einstein field equations,

we obtain the Friedmann equations,

SM2H?*=p, 2M2H=—(p+p), (2.1.8)
where H = a/a is the Hubble parameter. Equivalently, in conformal time,
SMAH? =a’p,  6MpH = —a*(p+3p), (2.1.9)

where ‘H = d’/a is the conformal Hubble parameter. A useful identity that will be used
throughout is
H =aH. (2.1.10)

From the Bianchi identity, V,G*, = 0, where V,, denotes the covariant derivative, follows
the conservation of the energy-momentum tensor, V, 7%, = 0. In FLRW, the latter implies

the following conservation equation,
p+3H(p+p)=0, (2.1.11)

or equivalently,
p+3H(p+p) =0, (2.1.12)

which is also straightforward to derive by taking the time derivative of the first Friedmann
equation and substituting in the second Friedmann equation.

We then assume that the pressure and energy density can be related through a barotropic
equation of state of the form p = wp, where w is the equation of state parameter. With this

assumption, the conservation equation can be integrated once to find
pox a3+ (2.1.13)

Substituting this result back into the first Friedmann equation and upon integration, one
finds

a o || o |7 (2.1.14)

For example, typical matter contents include ‘dust’ with vanishing pressure, radiation with
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equation of state p = p/3, and a stiff fluid with equation of state p = p. In these instances,

one finds
w=0 = acx|t|’? o |7]?, (2.1.15)
1
w=g = 0 t1Y2 o |7, (2.1.16)
w=1 = ao|t|”? o |7]"2. (2.1.17)

Such background solutions will be studied in greater detail throughout this thesis.
A useful variable that will often appear is
_H H'

From the Friedmann equations, it is straightforward to check that

3 D 3
=—(1+%5)==(14+w), 2.1.19
=3 (1+8) =2a+w (2.1.19)
where the last equality follows for an equation of state of the form p = wp. Accordingly, € is
another way of expressing the equation of state.

Lastly, let us notice that from the definition w = p/p, the time derivative of the equation

of state parameter can be expanded as
W= 3H(1+ w)(w - c?), w = 3H(1 +w)(w - c?), (2.1.20)

where the conservation equation (2.1.11) has been used and

—
L (2.1.21)
P

o
Il
0B

defines the adiabatic speed of sound squared. We thus notice that a fluid with constant
2

S

equation of state, w = 0, satisfies w = ¢
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2.1.2 Anisotropic cosmology

Let us briefly comment on the inclusion of small anisotropies about an FLRW background.

One can introduce deviations from isotropy by writing the metric as

3
g drtdz” = —dt* + a(t)? Z W dzida’ (2.1.22)

=1

with the constraint ), 6; = 0. This metric is in the Bianchi type-I form and bares the
following physical interpretation: a(t) becomes an ‘average’ scale factor, the 6;’s being cor-
rections (i.e., the anisotropies) about the average expansion/contraction. As such, H is also
an average Hubble parameter, while H; = H + 0, is the value is the expansion rate in a given
spatial direction ‘.

Substituting the above metric into the Einstein field equations yields

SMAH? =p+4py,  2MEH = —(5+5) — (po + o), (2.1.23)
6, +3H6; =0, (2.1.24)
where?
M
Py = Tpl > 6. (2.1.26)
=1

Solving 0; +3H0; = 0 immediately yields 6; o< a3, hence py ~ 02  a~°. In comparison with
Eq. (2.1.13), we notice that anisotropies thus behave as a perfect fluid with stiff equation of
state of the form py = py (w = 1).

2.2 Arnowitt-Deser-Misner formalism

Before considering cosmological perturbations, let us introduce the Arnowitt-Deser-Misner

(ADM) formalism [35] (also known as the 3 4+ 1 formulation of general relativity; see, e.g.,

2We note that anisotropies are related to the concept of shear, with o2 ~ P 9227 where o is related to
the shear tensor o, through the definition 6% = 0,0/ /2. This is why the shear equation of motion is
sometimes written as

G +3Hop, = 0. (2.1.25)

2

Also, the energy density in anisotropies is then simply pg ~ o°. For more details about shear, see, e.g.,

Ref. [270].
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Refs. [63, 329, 537, 552, 616] for introductions and reviews) as an aside since it is a very
useful tool in cosmology.

In the ADM formalism, the metric tensor is written as

gudrtdz” = —N2dt* + v,;(dz’ + N'dt)(da? + N’de)
= —(N? 4+ N,N¥)dt? + 2N, daldt + y;daida? (2.2.27)

where N(t,x) and N'(t,x) are the lapse and shift functions, respectively. Also, v;; = g¢;; is
the spatial metric (the metric on the spatial hypersurface), which is quite explicit from the
above expression. Note, however, that ¢ # ~%. In fact, one can verify that ¢°° = — N2,
g0 =g¢" = N2N' and ¢g¥ =Y — N"2N'NJ. Defining v = det(7*;) to be the determinant
of the spatial metric, one can check that the following property holds

V=g=N7. (2.2.28)

To be more precise, the idea of the 3 + 1 formalism is to start with a four-dimensional
spacetime (M, g) and to let ¥ C M be a spacelike, three-dimensional hypersurface. The
hypersurface ¥ is the “3” and time evolution is the “1” in the 3+ 1 formalism. With n being
a future-pointing (timelike) unit normal vector, hence satisfying g,,n*n” = —1, the induced
metric on X is

Vv = Guv + Nl (2.2.29)

Here, v, is purely spatial, i.e., it resides entirely in ¥ with no piece along n:
nl‘%”/ = n'ug,uy + nl‘n#ny =n,—Nn, = 0 . (2230)

This confirms that g;; = 7;;. For the ADM metric (2.2.27), we have n, = (—N,0) and
nt = (N1, —N"INY).

Let the hypersurface (X, ) have a covariant derivative D such that D,v,, = 0. The
extrinsic curvature K of the hypersurface ¥ is defined as

K = =ZnVuw = 1.0 Vang = Dyny, (2.2.31)

| —

where .Z is the Lie derivative. The trace is often called the mean curvature of the hyper-
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surface X:

K=~9K;;. 2.2.32
J

The extrinsic curvature is useful in the sense that it allows us to relate curvature in the four-
dimensional spacetime M (e.g., the Ricci tensor and scalars, (4)R“,, and R) to curvature in
the three-dimensional hypersurface ¥ (e.g., the spatial Ricci scalar, ®)R) through the Gauss-
Codazzi relations (see, e.g., Refs. [63, 329, 537, 552, 616] for expressions). We do not write

all of them here, but for instance, the scalar Gauss relation reads
DR 4+ 2R, n'n” = PR + K? — K K" | (2.2.33)
and by combining different relations, one can show that
DR =OR - K? + KK — 2V ,(-Kn" +n"V,n"). (2.2.34)

That way, the full Einstein equations reduce to a set of constraint and evolution equations,

known as the ADM equations. The constraint equations, ‘living’ entirely on >, are

®R + K? — KK = 167Gye,
Dij(K" — 4" K) = 8xGnJ", (2.2.35)

where € = T),,n*n” and J* = T),'n#, and they are known as the Hamiltonian and momentum
constraints, respectively. The evolution equations then tell us about 0,K; (see, e.g., Refs. [63,

329, 537] for the expression) and the time evolution of the induced metric:
iy = 2N Kij + DiNj + D;N; . (2.2.36)

The same way we can ‘split’ the Einstein equations, the ADM formalism can be used to

‘split’ the spacetime into 3 + 1 dimensions at the level of the action as follows:

2
_ Mg

=

M3 .
/ d'z v=g"R = =7 / dt / dPx AN (PR + K K7 — K?) . (2.2.37)
Indeed, this immediately follows from Egs. (2.2.28) and (2.2.34) and noting that the right-
most term in Eq. (2.2.34) is a total divergence term, which is a vanishing boundary term in

general relativity. The concepts of the 3 + 1 decomposition such as the above action will be
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used, for instance, in Chapters 5 and 7.

2.3 Cosmological perturbation theory

2.3.1 Perturbed metric

We now go back to cosmology and implement perturbations about the cosmological back-

ground. The idea is to expand the full metric tensor as a Taylor series,
9W<t, X) = g#’/(t) + 5gNV(t’ X) + O(égiu) ) (2338)

introducing linear fluctuations of the form ¢g,, and ignoring higher-order fluctuations,
schematically written as 5gfw. It is understood that g, is the FLRW background met-
ric introduced in the first section of this chapter, and in order to have a valid perturbative
expansion, it should always be true that the linear fluctuations remain small compared to the
background, i.e., schematically [0g,,| < |G |. It is then useful to parameterize the linearized

metric as follows,

gudatdz” = — (14 2A)dt* + 2a(t)(9;B + S;)dz'dt

In the above, A(t,x), B(t,x), C(t,x), and E(t,x) are scalar perturbations, S;(¢,x) and
F;(t,x) (with the conditions that 9;S° = 0 and 9;F" = 0) are vector perturbations, and
hi;(t,x) (with the conditions that h’; = 0 and 9;h’; = 0) is the transverse and traceless
tensor perturbation. Note that parentheses in the indices indicate symmetrization, i.e.,
0. F; = (0;F; + 0,F;)/2. An important result of cosmological perturbation theory is that
scalar, vector, and tensor perturbations evolve independently at linear level, so they are
treated separately in what follows.

In comparison with the ADM metric (2.2.27), we note that we can think of the lapse,

shift, and induced metric as receiving perturbations:

N(t%) = N(0) + V(6 x), N x) = W) 4+ 0N (1,%) s gt 0) = 1) + S, ).
(2.3.40)
With an FLRW background, we simply have N = 1, N* = 0, and 7;; = a(t)?d,;, and the
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cosmological linear perturbations are N = A, dN; = a(9;B + S;), and 7y;; = a*(2C0;; +
20,0,FE +20,F})+ hij). A calculation then shows that the Ricci scalar curvature on a spatial

hypersurface is given by
4
(G)) » __QVQC (2.3.41)
a

to linear order, where V2 = D'D; is the spatial Laplacian (or Laplace operator). Hence, we
see that C is related to curvature perturbations.
2.3.2 Gauge degrees of freedom

In general relativity, coordinates such as (¢,x) carry no physical meaning. Therefore, when
one performs a gauge transformation, i.e., a small transformation of the spacetime coordi-
nates, fictitious fluctuating modes can appear, which need to be ‘gauged away’. In general,

the following coordinate transformation,
ot = Tt = ot (2.3.42)

corresponds to four independent gauge degrees of freedom: the time component £°, which is

a scalar mode, as well as the space components, which can be decomposed as

fl = féransverse + ﬁ/l]a]é. ? (2'3'43)

where the transverse® three-vector &, . ... carries two (vector) degrees of freedom and ¢ is
a second scalar mode. Note that 7;; is the spatial background metric. In sum, there are two
scalar gauge degrees of freedom as well as two vector gauge degrees of freedom, while tensor
perturbations are gauge invariant.

2.3.3 Scalar degrees of freedom

Let us first consider scalar perturbations. The gauge transformations are

t—t+&° and ' — '+ a 257 04€ (2.3.44)

31t is also sometimes called the divergenceless component since it must be that 9;& ., sverse = 0-
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Under these transformations, one can check that the scalar perturbations of the perturbed

metric (2.3.39) transform according to

A= A—af® —aHE,

B — B+¢&"—ag,

C—C—aHE,

E—FE-¢. (2.3.45)

We note that the combination* £ — B /a transforms independently of the spatial gauge &;
its transformation only depends on the temporal gauge £°, similarly to the transformations
for A and C'. Therefore, one can construct the following quantities, known as the Bardeen

potentials, in terms of the quantities A, C', and E-B /a such that they are gauge invariant:

d=A—0,[a®(E — B/a)],
= —-C+a*H(F — B/a). (2.3.48)

The most common approach, however, is to ‘fix’ the gauge by setting certain conditions on
the perturbation variables. Several gauges exist, but we will review only a subset below,
focusing on the ones that are used most often in this thesis.

2.3.4 Matter perturbations

At this point, we have only perturbed the metric. On top of that, the matter content should

also fluctuate. For example, let us consider a perfect fluid with energy-momentum tensor

T = (p+ p)upty + DY » (2.3.49)

4In fact, .
E—Bja=o0/d®, (2.3.46)

where o is the scalar component of the shear tensor,
1
Ouv = gK')/;Lu - K,uua (2347)

when expanded to linear order.



2 Cosmological perturbations: computing observables from theory 27

where u* is the four-velocity of the fluid particles, satisfying u,u* = —1. The energy density

and pressure are then perturbed as follows,

p(t,x) = p(t) + op(t,x), p(t,x) = p(t) + op(t,x) . (2.3.50)

The energy-momentum tensor is then perturbed as follows,

é‘T‘OO - _50,
0T = (p+ p)oui ,
6T'; = 6pd'y, (2.3.51)

where du;(t, x) is the velocity perturbation of the fluid. We assume that there is no anisotropic
stress, i.e., dT"; = 0 for i # j, which is a valid approximation for the most common types of
matter, including the ones studied in this thesis.
We note that dp and dp are scalar perturbations, hence they transform under the temporal
gauge as
dp — 6p — ap€’, Sp — 6p — ap€’ . (2.3.52)

Accordingly,

6p®) =6p—a?p(E — B/a) and  0p® = p — a*p(E — B/a) (2.3.53)

are gauge-invariant constructions for the energy density and pressure perturbations.

Let us define the three-momentum density perturbations,
dq; = (p+ p)du; , (2.3.54)

and its scalar part dq such that 9;0¢ = dq;. Then, dq is also a scalar perturbation, and it

transforms under the temporal gauge as

5q — 6q+a(p+p)E°. (2.3.55)
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Hence,
6q®) = 5q + a*(p + p)(E — B/a) (2.3.56)
sul® = du; + a*9;(E — B/a) (2.3.57)
PA = 0p — 3Hsq = dp + —L—5q (2.3.58)
p+p

are gauge invariant. We note that we simply used the conservation equation p+3H (p+p) = 0
in the last equality. The quantity A is called the comoving gauge density contrast, since as
we will see below, in the comoving gauge d¢ = 0. In such a case, we find A = dp/p = 4,
which is the definition of the density contrast.

Comparing with the transformation of the scalar metric perturbations, we can construct

new gauge-invariant quantities, mixing metric and matter perturbations. For example,

R

H
-R=-C+ gép (2.3.59)

defines the curvature perturbation on uniform density hypersurfaces, while

H
p+Dp
defines the comoving curvature perturbation. Very often, R and ¢ are equivalent to one

another on large scales. Indeed, we notice that

~ H H
(—R=——""-09q— =0p=—"-A=—7-—""A] (2.3.61)
p+D p p 3(1+w)
and often the comoving gauge density contrast is vanishing on large scales. We will see
that this is the case in Einstein gravity when we perturb the Einstein equations in the next
section (in the Newtonian gauge as an example). The concept of curvature perturbations

will be used repeatedly over this thesis.
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2.3.5 Scalar fields

Scalar fields are a common form of matter to study, and they will occur frequently over the

course of this thesis. A canonical scalar field ¢ has a Lagrangian density of the form

1
L=-59"0.90,0 - V(9), (2.3.62)

where V(¢) is the potential. The Euler-Lagrange equation of motion for the scalar field

(known as the Klein-Gordon equation) reads

dVv
Op — — =0 2.3.63
where O = ¢"'V,V, is the d’Alembertian or d’Alembert operator. The energy-momentum
tensor for the scalar field is

Ty = LGy + 0,00, . (2.3.64)

This is equivalent to a perfect fluid with

1
p=—59"0u00,0 + V(g), p=2L, (2.3.65)

and with fluid velocity
g vV V¢8V¢

In particular, in an FLRW background one finds

(2.3.66)

u

1 = - 1 - —
=30 +V(O),  p=30-VI(9), (2:3.67)
and the equation of state can be written as
2 —2V(d 52
e ¢ (2.3.68)
¢ + 2V (9) 2Mp H

Also, the Friedmann equation can be expressed as

(38— )MpH* =V (0), (2.3.69)
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and the scalar field equation of motion becomes
0+3Ho+ —| =0. (2.3.70)

As for a generic perfect fluid, we introduce linear fluctuations such that

o(t,x) = o(t) + 0p(t, %), (2.3.71)

S0 0¢ is a scalar perturbation. Accordingly, it transforms under the temporal gauge as
5 — 66 — ade®, (2.3.72)

and o) = §¢ — a2$(E — B/a) is a gauge-invariant perturbation variable for the scalar field

fluctuation. The comoving curvature perturbation then becomes

(——C- %w. (2.3.73)

2.3.6 Popular scalar gauges

Let us briefly review of a few of the gauges that will be used throughout this thesis. First,
a popular gauge is the conformal Newtonian gauge (or longitudinal gauge). This gauge is
defined by setting B = E = 0, so in particular, £ — B/a = 0. Therefore, from Eq. (2.3.48)
we can write

d=A, V=-C, (2.3.74)

hence the perturbed metric is simply
gudatdz” = —(1 +2®)dt* + a(t)*(1 — 2V)d,;dz'da’ . (2.3.75)

Also, from Eqs. (2.3.53) and (2.3.56) it follows that dp, dp, and du; (and equivalently dq) are
all gauge-invariant matter perturbations. In this gauge, the comoving curvature perturbation

is generally

H
(=¥ —-—=dgq, 2.3.76
p+p ( )
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and it is

(=V-— gécb (2.3.77)

for a scalar field.
A second gauge that is quite common is the comoving gauge (or unitary gauge), where
one sets 6g = 0 (or d¢ = 0 for a scalar field) and £ = 0. In this case, we notice that ( = —C.

Consequently, we can write the perturbed metric as
gudatdz” = —(1 + 2A)dt* + 2a(t)0; Bdz'dt + a(t)*(1 — 2¢)6;;da'da’ . (2.3.78)

A third gauge of interest is the spatially-flat gauge, where one sets C' = EF = 0. As a

result, the perturbed metric is
gudrtdz” = —(1 + 2A)dt* + 2a(t)0; Bdz'dt + a(t)*6;;dx'da’ | (2.3.79)

which explicitly has a flat metric on spatial hypersurfaces. Matter perturbations remain and
carry the information about curvature perturbations. For example, for a scalar field one is
left with
H
(=—=00. (2.3.80)

2.3.7 Vector degrees of freedom

For vector modes, we recall that the gauge transformation is the following: =" — 2+ . oree-

It follows that the vector perturbations transform as
Si - Sz + aé;ransverse’ E N E _ fltransverse, (2381)

and so the combination F} + S; /a is gauge invariant. Alternatively, one can fix the gauge by

setting, for example, S; = 0. This gauge will be used in Chapter 7.

2.4 Perturbed Einstein equations in the Newtonian gauge

We have seen that there exist many gauges in which one can study cosmological perturba-
tions. In this subsection, we pick the Newtonian gauge together with a generic perfect fluid

as a example. We now want to find out the dynamical equations for the perturbations, and
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we do so by perturbing the Einstein equations:
0G", = 8rGNOT", . (2.4.82)

Substituting the perturbed metric for the Newtonian gauge [Eq. (2.3.75)] into the Einstein
tensor and expanding up to linear order, one finds the following perturbation equations of

motion:
3H(W + H®) — a”2V*WU = —4nGxdp,
Oi(¥ + H®) = —4nGn(p + p)ou, ,
U+ 3H + HO + (3H? + 2H)<I>] 5+ 55 V(@ — )3,

1 . .
—ﬁ(slkakaj (q) — \I/) = 47TGN5]? (52]' s (2483)
where we used Eq. (2.3.51) for 67%,. An immediate consequence of the third equation above
is that ® = W. Indeed, considering the case ¢ # j, the right-hand side of the third equation

vanishes since there is no anisotropic stress. The left-hand side must therefore vanish as

well, which is generically only true if & = W. Consequently, the set of equations of motion

becomes
3H(® 4+ H®) — a 2V2® = —4nGydp (2.4.84)
0i(® + HP) = —4nGx(p + p)ou; , (2.4.85)
O+ 4HD + (3H? + 2H)D = 4nGxp . (2.4.86)

At this point, let us define the matter’s speed of sound ¢, according to

;= (a—p)s , (2.4.87)

where the subscript S means at constant entropy. In particular, if the equation of state of
matter is purely barotropic and independent of entropy, the pressure perturbations will be
entirely adiabatic and we have

6p = c26p. (2.4.88)
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Substituting this expression into the right-hand side of Eq. (2.4.86) and using Eq. (2.4.84)

to eliminate dp, after simplification we are left with
O+ H(4+32)® + 3H*(1 + ) + 2H|® — a 2V?0 = 0. (2.4.89)

Transforming physical time derivatives into conformal time derivatives, this equation can be
rewritten as
"+ 3H(1+ )P + [2H + H* (1 +3¢2)]|® — ZV?D = 0. (2.4.90)

This equation will be studied for example in Chapter 8.
Another useful equation can will be used in Chapter 8 can be derived: starting from

Eq. (2.4.84), converting to conformal time, and solving for § = dp/p yields

2

"= |

V20 — 3H(P' + HP)] , (2.4.91)

where the Friedmann equation 3H? = 87Gya?p was used. Alternatively, solving Eq. (2.4.84)
for the Laplacian of the Newtonian potential (V2®) and using the scalar part of Eq. (2.4.85),

d+ HP = —4rGnoq, (2.4.92)

we obtain

V20 = 4rGna*(6p — 3HOq) = 4nGna’pA = ;H2A : (2.4.93)

where the comoving gauge density contrast A was defined in Eq. (2.3.58). The above equation
is known as the Poisson equation. It is then straightforward to see that on large scales® (i.e.,

as V2®/H? — 0), the comoving gauge density contrast goes to zero. This implies that the

5This is easier to see upon transforming the perturbation ® to Fourier space,

3
d(1,x) = / %@k(ﬂeik’x : (2.4.94)

in which case the Poisson equation becomes

2
%@k = —%A, (2.4.95)

where k£ = vk -k. Therefore, large scales correspond to k < H, when the comoving wavelength of the
fluctuations are large compared to the comoving Hubble radius:

)\comoving o8 k_l > (aH)_l . (2496)
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right-hand side of Eq. (2.3.61) vanishes in that limit, and therefore,

(=R (2.4.97)

on scales where a 2V2® < H?. This is why it is said that the two definitions of curvature
perturbation are often equivalent on large scales.

Finally, let us write down a few properties about how the comoving curvature perturba-
tion relates to the Newtonian potential ® in the Newtonian gauge. Recalling Eq. (2.3.76),
using Eq. (2.4.92) to eliminate dq and using the background Friedmann equation, we find

2(d + HO)

(=0 3H(1+w)

(2.4.98)

Also, taking a time derivative of the above and using Eq. (2.4.89) to eliminate ®, we obtain

: 2 —2 272
=2 0V, 2.4.99
where the background Friedmann equations and Eq. (2.1.20) for w are also used for sim-
plification. These equations will be useful in Chapter 8. An immediate implication of the
above equation is that on large scales (as V2®/(aH)?> — 0), we find { — 0, meaning that

the comoving curvature perturbation is conserved on large scales.

2.5 Perturbed action in the comoving gauge and equations of

motion

As another example of application of cosmological perturbation theory, let us consider the
comoving gauge for a canonical scalar field in general relativity. In this case, d¢ = 0 and the
perturbed metric is given by Eq. (2.3.78). This time, rather than performing the expansion
at the level of the equations of motion (i.e., perturbing the Einstein equations), we are going

to do the expansion at the level of the action,

S = /d%; V=9 (MTE’IR - %gwamayfb - V(¢)> . (2.5.100)

Analyzing the perturbations in Fourier space will be done in more detail in the next sections.
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Furthermore, let us set up the problem in the ADM formalism, so the action reduces to

[recall Eq. (2.2.37)]

oo 8o s
. NiNJ
_§<7J T) 0;0;¢ — V(fb)] (2.5.101)

We then introduce linear perturbations in the unitary gauge, so already ¢(t,x) = ¢(t) implies

that terms with 0;¢ go away:
1 | - _
=3 / dt / d3x\/§[M§1N<3>R+ MHENTY (By;E7 — B*) + N7'¢* = 2NV ()| . (2.5.102)

In the above, we defined E;; = N K, so using Eq. (2.2.36) to solve for the extrinsic curvature,

one has .
Eij =5 (335 — 2DuNy) (2.5.103)

and F =~ E;; = NK (not to be confused with the metric perturbation F, which is zero in
the comoving gauge anyway).
The lapse and shift act as Lagrange multipliers in the action above, so we can immediately

deduce a set of constraint equations by varying Eq. (2.5.102) with respect to N and N*

05

s =0 = M{PR - MAN (B, EY — B?) - N2 —2V() =0, (2.5.104)
5651' =0 = D;[N"'(E';—&,E)] =0. (2.5.105)

We now perturb the lapse, shift, and induced metric in the comoving gauge as
N=1+A, N; = ad;B, vij = a*(1 — 2¢)dy; . (2.5.106)
Also, the three-dimensional curvature expanded to linear order in the comoving gauge is

given by [according to Eq. (2.3.41)]

®R = ivzc. (2.5.107)

a2
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Substituting the perturbed functions into the definition of the rescaled extrinsic curvature

E;; and expanding to linear order yields
Eij = a®6;j(H — 2HC — () —aDud;B,  E=3H —3(—a'V’B, (2.5.108)
hence we find

Ey;EY — E* = —6H* 4+ 12H( + 40 *HV*B,, (2.5.109)
Bl — 6B =28,(—H +{) +a ' (67,;VB — DY, B). (2.5.110)

Substituting everything into the constraint equations (2.5.104)—(2.5.105) and expanding to

linear order again gives

AMEa2V2 — ME(—6H? + 12H( + 4a " HV2B + 12H2A) — ¢ + 26°A — 2V(8) = 0,
2D, +2HD;A=0. (2.5.111)

The constraint equations should be satisfied order by order. This is confirmed at the back-
ground level in the above equations since 3SMZH? = p = ¢?/2 + V(¢). There remains to
solve the constraint equations at the linear perturbation level. This is done with

A=—-=>  and aB= % +a%eV, (2.5.112)

where we recall € is given in Eq. (2.3.68) for a scalar field and we introduced the inverse
Laplacian V=2 such that V™2(V2f) = f for any scalar f.

Substituting these solutions for A and B (the linearized lapse and scalar component of
the shift) into the action (2.5.102), integrating by parts and using the background Friedmann

equations to simplify yields the following second-order perturbed scalar action:
SO = M / dtdx a®e ((’2 - a*Q(ﬁc)Q) , (2.5.113)
where we use the notation (V¢)2 = 9;¢8°C. Equivalently in conformal time,

S a2 / drd*xa’e ((¢) — (V¢)) . (2.5.114)
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Let us introduce the Sasaki-Mukhanov [514, 577] variable defined by
v =2, 2* = 2Mpa’e. (2.5.115)

The advantage of the Sasaki-Mukhanov variable is that it allows us to rewrite the perturbed

action in a canonical form,

s = % / drd®x <(u’)2 — (Vo)? + Z—vz’) . (2.5.116)

Upon variation of the action, the perturbed equation of motion is

"

- %v — V2 =0, (2.5.117)
or back in terms of (, we have
"+ 27‘;/@ —-Vi=0, C+B4+nHE—a 2V =0, (2.5.118)
where we defined ]
n= Hie . (2.5.119)

The above equation of motion for the comoving curvature perturbation ¢ will be used re-

peatedly over the course of this thesis.

2.6 Tensor perturbations

We have so far focused on scalar perturbations, in particular in the Newtonian and comoving
gauges. Let us now turn our attention to tensor perturbations, which we recall are gauge
invariant. Thus, we can start with the Hilbert-Einstein action and substitute the perturbed

metric
gudrtda’ = —dt* + a®(t)(8;; + hij)da'da’ . (2.6.120)

Expanding up to second order in h;; yields

M3 : - M2
Stoteor = / atd’xa® (i - a~2(Vhy)?) = =2

tensor

/ drd®x a? (hg. - (ﬁhiﬁ) ,
(2.6.121)
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where it is understood that, e.g., hfj = h”h” and (ﬁhij)Q = O1h;;0'h9. We recall that the
tensor perturbations h;; are transverse and traceless, i.e., 9;h'; = 0 and h%; = 0, so it is

useful to expand them into Fourier space as follows,

d®k o
hij(T, X) = / W Z Egj)hk,)\(’r)elk ) (26122)
T A=+, X
where the tensor quantities eg\) satisfy
Ked =0,  gled =0,  gmgme)el) = 25M (2.6.123)

to ensure the transverse and traceless properties of h;j. Accordingly, hy +(7) and hy «(7)
become the two polarization states of the tensor modes. That way, the perturbed action for

tensor modes becomes

M2
St(ezr)lsor - TPI Z /de3ka2 [( i{,)\)z - k2<hk,)\)2] ) (26124)
A=+,X

and we can define the Sasaki-Mukhanov variable

M,
Uy = %ahm, (2.6.125)

which renders the perturbed action canonical:

1 , a”
St(BQI)lsor = 5 Z /degk |:(uk,)\)2 - (k2 - ;) (uk,)\>2:| . (26126)

A=+,X

Upon variation, the resulting equation of motion is
" 2 CLN

for both polarization states A = + and A = x. Equivalently, in terms of iy ) the equation

of motion is

. : k2
oa + 20y + EPhy =0, iy + 3Hhyy + 5l =0. (2.6.128)
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Let us drop the index A from now on and keep in mind that the equations apply for both

polarizations A\ = +, x. The equation of motion for the Sasaki-Mukhanov variable can be

written as
uy, 4+ wi(T)u = 0, (2.6.129)
where
5 - 5 a//

defines an effective frequency. We note that the equation depends only on k& = |k|, hence a

generic solution to the equation of motion is of the form
ue(7) = aug(7) + alyup(r), (2.6.131)

with ug(7), satisfying
uf +wi(t)up =0, (2.6.132)

and its complex conjugate uj(7) being two linearly-independent solutions, which depend

only on the magnitude of k. The solutions are usually normalized such that
Wlug, ui] = upuy — upuy = —i, (2.6.133)
where Wuy, ui] is the Wronskian.

2.6.1 Generic evolution of the perturbations

Let us consider the case where
a o [t|P o |7[p/(=P) (2.6.134)

for some real power p. Upon evaluating a”/a, the effective frequency is found to be

p(2p —1)

W%(T) - kQ - (1 _p)27_2 )

(2.6.135)

and the equation of motion to solve is

2_1/4
uj + (k2 - u) up =0, (2.6.136)

72
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where we defined (1 - 3p)
2 _ \L—9JIp
= v 2.6.137
e (20457
The ordinary differential equation is recognized to be a special form of the Bessel equation,

hence its solution is given by
un(7) = V17l [Coa ) (i) + Cor B (RITD] (2.6.138)

where H |(Vl‘) and H |(V2‘) are the Hankel functions® of the first and second kind, respectively, with
index |v|. Such solutions will appear throughout the thesis. We will see in the next subsection

how to set the initial (or boundary) conditions to determine the integration constants Ci j
and Cg,k.

2.7 Computing the two-point correlation function

Let us describe the methodology to compute the two-point correlation function. We will do
it for tensor perturbations, but the same method applies for scalar modes.
We recall that the solution to uy(7) is of the form of Eq. (2.6.131). We can relate this to

a real space perturbation u(7,x) by the following Fourier transform:

u(r,x) = / % [a;uk(r) + atkUZ(Tﬂ e = /% [aiuk(T)eik'x + aIuZ(T)e_ik'x} )
(2.7.139)

We then promote the canonical perturbation variable u to a quantum operator 4 such that

the following commutation relations are satisfied,
[a(r, %), [(r,y)] =i’ (x —y),  [a(r,x),a(r,y)] = [[I(7,%),[(r,y)] =0, (2.7.140)

where II(7,x) = «/(7,x) is the conjugate momentum to u. Hence, we have

~ d3k ~— ik-x ~ * —ik-x
(T, x) :/W [y ur(7)e™™ + afuj(r)e ™) | (2.7.141)

6The same generic solution could be written in terms of the usual Bessel functions of the first and second
kind, J),| and Y|,|. Indeed, this is completely equivalent since H‘(yll) = Jjy| + 1Y}, and Hl(f\) = Jp| — 1Y}y, so
only the integration constants would be different. This does not matter as long as the integration constants
remain arbitrary, i.e., as long as the boundary conditions have not been set.
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and the commutation relations for 4 and II imply that
lag, ] = 2m)°6° (ke — ko), [ag,s g, ) = [0, 4] = 0. (2.7.142)

Accordingly, a, and @, can be interpreted as annihilation and creation operators, respec-

tively. In particular, the action of the annihilation operator on the vacuum state |0) vanishes:
a|0) =0. (2.7.143)
Then, the two-point correlation function can be evaluated as follows:

(fheythey) = (Oliney ey |0) = (O] (i, un + 675, 1) (g + @7, u)[0)
= g, i, (0][ay,, 73, ]10)
(

= wp,up, (2m)°6% (k1 + ko) = P, (k1) (27)°6% (ki + ko) . (2.7.144)

Therefore,
P,(k,7) = |ug(7)? (2.7.145)

defines the power spectrum, though we will make use of the dimensionless power spectrum
more often, which is defined by
k3 k3 9

Puk,7) = ﬁPu(k,T) = ﬁ|uk(7)] )

2

(2.7.146)

Unless otherwise stated, by ‘power spectrum’ we will implicitly mean the dimensionless power

spectrum, and it is related to the two-point function as follows:

Pu(’ﬁ)

= (27m)°6% (k1 + ko) . (2.7.147)
2k}

<uk1uk2> =
Since we recall uy = %Mplahk, the tensor perturbation two-point correlation function is

(hye, b)) = Po(k1)(27)36% (ky + k) (2.7.148)
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and the corresponding (dimensionless) power spectrum is

P(k )_ k4 |uk(7-)|2_ 2k? |u/€<7-)|2
T = o M2 a(t)?  w2M} a(r)?

(2.7.149)

Finally, we recall that there are two polarization states for tensor modes, i.e., hy + and hy x,
which evolve the same way. Therefore, the tensor power spectrum must be multiplied by

two, the number of polarization states, to get the full contribution:

AR Jun(7)?
m Mg, a(r)?

Pi(k, 1) =2Pn(k,7) =

(2.7.150)

As already mentioned, the same quantization procedure applies for scalar modes. In

particular, the curvature perturbation two-point correlation function is
(Galie) = Po(k)(2m)*0 (ki + ko), Pe(k) =[G, (2.7.151)

and with the Sasaki-Mukhanov variable vy = z(;, we can write the power spectrum as

K Jop(7)?
212 22(T)

]{73
Pe(k,7) = 55 |G(T)]* = (2.7.152)

The mode function vg(7) is found by solving the Fourier transform of the equation of motion
for v(,x) [recall Eq. (2.5.117)]:

Z//
vy + (k2 - ?> vy = 0. (2.7.153)
Similarly, ¢, satisfies
2’ . R
"+ 2;@; + k¢ =0, G+ (3+nHC + ggk =0. (2.7.154)

Let us show an example of how the tensor and scalar power spectra can be calculated.
For tensor modes, we solved the equation of motion for a generic background evolution and
the mode function wu(7) was given by Eq. (2.6.138). To find the appropriate boundary

condition, we separate the equation of motion, u} + (k* — a”/a)u;, = 0, on different scales of
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interest. First, we note that there are two obvious regimes:

o> H +H| = u] +kup ~0
"

<M+ M| = ull - %uk ~ 0, (2.7.155)

where we used the fact that a”/a = H?* + H'. Therefore, the first regime where the fluctu-
ations’ comoving wavelength satisfies” Acomoving ¢ k7! < (a|H|)™! is called the sub-Hubble
regime, while the second regime in which Acomoving < K71 > (a|H|)™! is called the super-
Hubble regime since |H|™' = (a|H|)™" defines the comoving Hubble radius. Furthermore, the
sub- and super-Hubble regimes are sometimes defined by the limits k|7| — oo and k|| — 0,
respectively, since the comoving Hubble scale satisfies |H| ~ |7|7L.

In the sub-Hubble regime, we immediately notice the equation of motion of a harmonic
oscillator with solution

ug(T) Hirlre crre” T 4 ey e (2.7.157)

In flat Minkowski spacetime, it can be shown (see, e.g., Refs. [77, 513]) that the appropriate
vacuum mode is the positive frequency mode, i.e., uj o exp(—ik7). Normalizing according
to Eq. (2.6.133), which sets |1 x|* = (2k)~!, defines the Bunch-Davies vacuum [158]:

( ) k|7—|:—>oo

up (7 e kT (2.7.158)

T

This will serve as the initial/boundary condition for cosmological perturbations in most
cases.
Back to the general solution (2.6.138) for u(7), we can take the sub-Hubble limit®,

k|7|>1 2 o o
up, (7_) ‘ |: _k (OLke—szezﬂ, + ic«Q’keszem%r) ’ (27159)
s
"We note that
(H2 +H| = (aH)?|2 — €| ~ (aH)? (2.7.156)

as long as € is not excessively larger than O(1) and as long as € # 2. Usually, 0 < € < 3 for typical equations
of state with —1 < w < 1 [recall Eq. (2.1.19)]. In the case where |w| > 1, one should be cautious and instead
compare the amplitude of k modes with the quantity a|H|/|¢|. Radiation with w = 1/3 (so € = 2) is also a
very special sub-case.

8 An assumption that is made when doing the expansion is that 7 < 0. The sign matters to differentiate
the positive frequency mode from the negative frequency mode. For all models of the very early universe
that will be studied in this thesis, the vacuum initial conditions will be set in a regime where 7 < 0.
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where ¥4 = Z(x|v| — ). Comparison with the Bunch-Davies vacuum immediately sets
Cg,k =0 and
Cip = \/7%@“9— . (2.7.160)

Therefore, the solution becomes

u(7) = ge—wmlﬂﬂﬁ(mﬂ) . (2.7.161)

As we will see in the next chapter, cosmological perturbations have to evolve from sub-
Hubble scales to super-Hubble scales, thus exiting the Hubble radius, in order to have a
successful structure formation scenario. Accordingly, the primordial power spectrum con-
strained by CMB observations (i.e., the power spectrum that sets the initial conditions at the
onset of radiation-dominated expansion in the standard model of cosmology) is the power
spectrum of super-Hubble perturbations. Therefore, to evaluate P;, we must expand the

solution for ug(7) in the limit k|7| — 0:

kirj<1 271l e=— | 7| 1/2

V(1 +[v])

(7 [1 + i cot(m|w)] (k)T = 22T ([ YT(L + [v]) (k[7]) )
(2.7.162)

where I' is the gamma function. We note that the two solutions behave very differently: as

U (7'

|7| = 0 (this corresponds to forward time evolution when 7 < 0), |7|l decays (we say that
it is a decaying mode), while |7|7" grows (we say that it is a growing mode). The growing
mode dominates as time progresses, hence we keep only the growing mode to evaluate the

power spectrum. The super-Hubble solution becomes

kir<t a2 le T (|u))

up(T) NG

and we can evaluate the tensor power spectrum as follows:

kW /2= (2.7.163)

4k° 22(|V‘_1)F(|y|>2k—2\u||7_|1—2|l/| _ AMT(|w])?

k ~
Pulk, 7) w2 Mz a(T)? T T ME,

G(T)_2 |T|1_2|V|k33_2|yl )

(2.7.164)

The amplitude of the resulting tensor perturbation power spectrum is model dependent
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(because of the time dependence), but we can read off the generic spectral index:

0In Py 1—3p
= =32 =3— . 2.7.1
= S 3—2y|=3 ’ 1—p‘ (2.7.165)
Some models that will be reviewed in the next section have, e.g., p = 0 = |v| = 1/2

(Ekpyrotic), p=1/3 = |v| = 0 (pre-Big Bang), p = 2/3 = |v| = 3/2 (matter bounce),
and p > 1 = |v| =~ 3/2 (inflation); therefore, they predict ny = 2, ny = 3, ny = 0, and
ny =~ 0, respectively.

Let us repeat the calculation for scalar perturbations in the particular case of a back-
ground evolution with constant equation of state (so € = constant). In this situation, ¢ =0

implies that

Z// a//

A 2.7.166
= ( )
since we recall 22 = 2M3,a%c. Consequently, the equation of motion for the scalar Sasaki-

Mukhanov equation reduces to
" 2 a”
v+ | B°— o= 0, (2.7.167)

which is exactly the same equation of motion as for tensor modes wu;. Thus, the same
generic solution follows, and upon setting the same Bunch-Davies initial state, the same
super-Hubble solution results. Only the amplitude of the final curvature perturbation power

spectrum? differs:

B o AMEr(v)?
2m2 2M3a(T)%e —  meME

Pek,7) = a(r) 2|z (2.7.168)

Indeed, the scalar spectral index is the same as the tensor spectral index in this case:

n — 1= 0lnP;
s T Olnk

1—3p
l—p

=32y =3— . (2.7.169)

9This assumes that all the curvature perturbations come from the adiabatic perturbations of a single
fluid or scalar field. If fluctuations from several fluids or fields exist, then usually non-adiabatic or entropy
perturbations will appear. Those have not been discussed in this review chapter (see, e.g., Refs. [326, 327,
619, 624] for an introduction), but can play key roles in certain very early universe models. In particular,
entropy modes can in certain circumstances be converted into curvature perturbations, hence contributing
to the primordial curvature perturbation power spectrum. In such a case, the expression (2.7.168) certainly
does not apply.
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Two cases of interest are p ~ 2/3 (matter-dominated universe) and p > 1 (accelerated
universe), i.e., when |v| & 3/2, in which case ns—1 & 0, indicating near scale invariance of the
curvature perturbation power spectrum, in agreement with the observational measurement'’
[recall Eq. (1.1.5)]. Finally, the tensor-to-scalar ratio reads
Py
r=— = 16e€. 2.7.170
P (27.170)
In the case of acceleration, we have € < 1, hence the model predicts r < 1, while in the case
of matter domination, we have € &~ 3/2, hence the model predicts r &~ 24. The latter is in
strong tension with the current observational upper bound [recall Eq. (1.1.9)]. This will be

a key issue in the matter bounce scenario, reviewed in the next chapter.

2.8 Computing the three-point correlation function

2.8.1 Bispectrum

Similar to the two-point function, the three-point correlation function is given by'!
(G Cies Caes) = (2m)20% (kg + kg + k3) Be (Ko, kg, is) (2.8.171)

where, in analogy with the power spectrum, Bc(k1, k2, k3) is the bispectrum. A convenient

parameterization of the bispectrum is

2

Be(ky, ko, k3) = (27)'——5—
§( 1, M2, 3) (ﬂ-) (klkgk’?,)g

Ay, o, ks) (2.8.172)

where A(ky, ko, k3) is called the shape function. The dimensionless shape function is

A<k17 k27 k3)
kikoks 7

10A good model should also predict ng — 1 < 0 according to the observational measurement (1.1.5). How
this is done in the cases of matter domination and acceleration will be discussed in the next chapter.

11'We only discuss the scalar three-point function in this thesis. However, other correlation functions are
possible, such as the scalar-scalar-tensor correlator, (fklflq ﬁkg), scalar-tensor-tensor correlator, <ék1 iLk2 ilk3>,
and tensor-tensor-tensor correlator, (hi, hi,hi,). Although those can be computed theoretically, hence
providing new observational predictions, their signals are usually extremely faint. In fact, experiments
have not succeeded in measuring the tensor two-point function, so we are far from measuring three-point
correlators involving graviton legs.

.F(kl,kg,k3> - (28173)
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and finally, the dimensionless amplitude parameter is

10 A(ky, ko, k3)

ki, ko ks) = ————7—5%. 2.8.174
fNL(h 2 3) 31{5?—{—]{7%—}-]6% (87)

2.8.2 Shapes

Particular shapes (i.e., relations among the k’s) of the bispectrum bear particular names and
physical interpretation. First, the real space curvature perturbation, ((x), can be expanded

into a Gaussian contribution, (¢ (x), and a non-Gaussian contribution as follows,

((x) = Ca(x) + gffw‘fal [(Ca(x))* = (Ca(x)%)] (2.8.175)

where the parameter fi5 quantifies the size of the non-Gaussianity. It is coined ‘local

non-Gaussianity’ since the expansion is local in real space. Also, we understand that a
positive i enhances the probability distribution of curvature perturbations at large ¢
(for a fixed power spectrum), hence more non-linear structures are formed. This is why
non-Gaussianities are also understood in terms of non-linearities. In momentum space, the

above equation becomes .
G 3 local d3k G G
Gk =G + /NI @quckk. (2.8.176)

Substituting the above into <(Aklék2 §k3> and expanding yields the following bispectrum:

6
Be (k1 k2, ks) = ¢ N [P (b)) P (ko) + Pe(kn) Pe(ks) + Pe (ko) Pe(ka)] - (2.8.177)
In the case of a scale-invariant dimensionless power spectrum, k*Pq(k)/(27%) = Pr =
constant, one finds
3 1 1 1
Be(ki, ko, ks) = (2m)*'— [ P? 2.8.1
c(k, ks k3) = (2m) o/ P; [ki’)kg’ +k§k§’+k§k§’] : (2.8.178)

from which we can read off
3
A(ky, ko, kz) = 0 N R + RS+ KS)

thmziﬁﬂk%+%+k§. (2.8.179)
T 10 koks  kiks | kiks
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This matches the definition for fxi,(k1, ke, ks) given in Eq. (2.8.174). We notice that the
dimensionless shape function is largest in the case where one of the k’s is much smaller than

the other two. Without loss of generality, one could have
ki < ko ~ k3 (squeezed shape) , (2.8.180)

which defines the limit in which the squeezed shape of momentum-space non-Gaussianities is
calculated. The fact that ks =~ k3 in that limit comes from the momentum-conserving delta
function. The shape is said to be ‘squeezed’ since forming a triangle with sides of lengths
k1, ko and k3 produces a squeezed triangle (approximately isosceles), where one side is much
smaller than the other two sides.

Another shape is called the equilateral configuration, where all three (i,’s have equal

wavelength at the time of horizon exit:
ki =ky = ks (equilateral shape) . (2.8.181)

The name comes from the fact that the corresponding triangle is equilateral. In the folded

(or flattened) configuration, defined by
ki1 = 2ky = 2ks (folded shape), (2.8.182)

the triangle is exactly isosceles and very flat (hence the name). Finally, the orthogonal

configuration is defined by

ki =\/k24+k2=+V2k, ky=ks=k  (orthogonal shape), (2.8.183)

since it is orthogonal'? to both the squeezed, equilateral, and folded shapes.

120rthogonality is defined in the sense that the ‘scalar product’ of two bispectra, defined by

By (k1, ko, k3)Ba(k1, ka2, k3)
By - By = 2.8.184
VB = 2 T R ) P (2.8.184)
vanishes. In the above definition, the sum is over all momentum vectors ki, ko, k3 satisfying momentum
conservation. See, e.g., Ref. [59] for details.
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2.8.3 In-in formalism and third-order perturbed action

Practically, in general after computing the power spectrum, one knows the result for P, so
upon evaluating the three-point function <§k1§k2 ék3>, the shape function A is derived, from
which immediately follows the dimensionless shape function F and amplitude parameter
fnr- It is those quantities that are usually compared with observational constraints. This is
the strategy used for instance in Chapters 5 and 6. The question is thus how to compute the
three-point function (ékl fk2ék3) explicitly. This is most often done using a key result from
the in-in formalism of quantum field theory'3: the expectation value of an operator Q(T) is

given by the following expression to n-th order in perturbation theory,

T n Tno1
Q7)) =i" / dr / dr... / A7 (0| Hing (7)s [Hine (Tn—1), -y [Hine (71), Q7 (7)]...]] 0)

v b (2.8.185)

where 7y corresponds to the initial time at which the vacuum |0) is set (usually the Bunch-

Davies vacuum, so often 7 — —oo at finite momentum k), Hy, is the interacting Hamilto-

nian, and Q' is to be evaluated using interaction picture operators (see, e.g., Refs. [59, 201,

620]). In particular, to leading order the expression for the expectation value is
Q7)) = —i/ d7 (0][Q"(7), Hue (7)]]0) - (2.8.186)
70

In deriving this expression, the Hamiltonian is expanded into a background component plus
perturbations, H = H+ 6H, and the perturbations themselves are expanded into a quadratic

component and an interacting part:
SH=H® 4+ Hyy . (2.8.187)

If we want to compute the three-point function, then it is sufficient to expand the interact-
ing Hamiltonian to third order in perturbations, so Hy,, = H® + O(¢*). The third-order

Hamiltonian is related to the third-order Lagrangian and Lagrangian density through

HO — 6 _/d3x Lo (2.8.188)

13We do not review the formalism here, but details can be found, e.g., in Refs. [59, 201, 481, 620, 623].
See, e.g., Refs. [51, 302] for approaches that do not make use of the in-in formalism.
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which are also related to the third-order action via
S® = / dtd®x £B) = / dt L@ (2.8.189)

The methodology for expanding the action up to third order can be found, e.g., in Ref. [620].

In the case of Einstein gravity and a canonical scalar field, the result is found to be

L£® 3( 2 € ‘2 2 2 : i Q€T a9 ¢ 2
—5 =a € —en— =) (CCHae’((0,0)* —2aeC0i(0 x ——-¢*V(+—((d:0;x)", (2.8.190)
Mg, 2 2 2a

where y is defined such that it satisfies

V2y = d®eC, (2.8.191)

so we can write Y = a2eV~2(. With the expression for £® in hand, we then have all the

information to compute the three-point function as follows:

<<Ak1 ék2§k3> =1 /Tend dr <0| KAIQ (Tend)ék2 (Tend>§k3 (Tend)v L(3)<7)”0> ) (28192>

70

where 7,,q denotes the end of the primordial evolution. Expanding the right-hand side
above and performing the integral is very model dependent, so we refer to Ref. [161, 181,
201, 481, 566, 597, 620] and references therein for further details. When non-Gaussianities
are calculated in Chapters 5 and 6, this shall be done explicitly.

2019/06/08
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Chapter 3

The status of theories of the very

early universe

3.1 Horizon and flatness problems

As we stressed in the introduction of this thesis, a successful theory of the very early universe
should be able to explain the origin of the CMB temperature fluctuations. Since the CMB
is observed to be nearly homogeneous in temperature, photons in the early universe must
have been in causal contact within a volume of at least the size of the observed CMB patch
in order to reach thermal equilibrium. As massless particles, photons follow null geodesics
with ds? = 0. Since ds? = a(7)?(—d7? + dx?) in FLRW, null geodesics satisfy dx? = dr?,
and the maximal comoving distance traveled by a photon (and therefore by any particle) is

given by
t g a(t
dt @ q1
dcomoving(t) =Ar=AT=7— Tini = / = = / na s (311)
tini a(t) a(tini) CLH(a)
where we used the fact that H = dIna/dt in the last equality.
In the case of an expanding universe with equation of state w, the scale factor evolution

is given by Eq. (2.1.14), so

2
H= " xq30+tw)/2 3.1.2
50+ W)t x a , ( )
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hence we find (aH )~ oc a1+3%)/2 and

a(t) )

dCOmoving(t) 0.8 / da a(_1+3w)/2 X

a(t)IH3/2 g (t,) 3302 (3.1.3)
a(tini) 1 + 3w ( )

assuming 143w > 0. In standard Big Bang cosmology, the universe begins its evolution at the
initial Big Bang singularity with a(ti,;) = 0. Consequently, deomoving (temb) o< @(temp)HH3%)/2]
meaning that there is a maximal finite distance over which particles can interact to reach
thermal equilibrium, and it can be checked that for simple radiation- and dust-dominated
expansion from the Big Bang to the CMB, the corresponding value for deomoving is much
smaller that the actual observed comoving size of the CMB. This is known as the horizon
problem. The question is how to make dcomoving(temn) much bigger.

The resolution to the horizon problem comes from ensuring a sufficiently long phase of

evolution over which

4
dt

in other words, the comoving Hubble radius must shrink. There are two simple ways of

(alH)™ ' <0; (3.1.4)

achieving this. If one wants a universe that is always expanding, then consider having a
universe with equation of state 1+3w < 0 over the time interval ¢ € [t;,;, t,.]. This corresponds
to violating the strong energy condition (see, e.g., the textbooks [189, 348, 552, 616] and
Refs. [233, 615] for a review of the energy conditions in general relativity). As a result,

computing the comoving distance at the time of the CMB involves splitting the integral as

a(tcmb) a(tcmb) a(t?“)
[ 519
a(tini) a(tr) a(tini)
and the second integral contributes as

a(tr) 2
da a(~1+3w)/2 atiy) 32 g g, )~ 1+Bwl/2 3.1.6
/a(tini) |1 T 3U)| ( ( ) ( ) ) ( )

when 1 + 3w < 0. Therefore, as' a(ty;) — 0, the comoving distance receives an infinite,
positive contribution. Consequently, causal contact is ensured at the time of the CMB.

The second possibility to achieve condition (3.1.4) is to have a phase of contraction

!The evolutionary phase during which 1+ 3w < 0 may not last all the way to a(ti,;) — 0, but as long as
the phase is long enough, dcomoving can be made sufficiently large and the horizon problem can be solved.
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(keeping 1 + 3w > 0) before the Big Bang (let it occur at the time ¢gg). Indeed, when this

is the case, computing the comoving distance at the time of the CMB involves splitting the

a‘(tcmb) C"(tcmb) a(tBB)
/ - / + / , (3.1.7)
a(tini) a(tBB) a(tini)

and since contraction implies @ < 0 = H = a/a < 0, the second integral contributes as

integral as

a(tBB) d ln a a(tBB) d ln a 2
== x ating) T3/2 () AH3W)/2) 318
/a(ti“i) aH /“(tini) alH| 1+ 3w ( (Fini) (tsn) ) ( )

The second term on the right-hand side vanishes as® a(tgg) = 0, but the first term can be
arbitrarily large as long as one takes t;,; sufficiently far in the past — a(t;,;) can be made
sufficiently large because we are in a phase of contraction, where the larger the universe is the
farther back in time one is. Finally, this shows that a sufficiently long phase of contraction
before the Big Bang also solves the horizon problem.

We now turn to the flatness problem. Let us introduce curvature in the FLRW metric

and express it as®

d 2
Gudatdr” = —dt? + a(t)? (1 rk 5 + r?(d6? + sin® 9d¢2)) : (3.1.9)
— kr
Then, the Friedmann equation becomes
N 2
a k 1
- —=—=7. 3.1.10
(a) i a? 3MP2’lp ( )
Defining the critical energy density,
pe = 3MAH?, (3.1.11)

2The conclusion still hold if the Big Bang is replaced by a non-singular bounce, in which case the cor-
responding value of a is non-zero at that point in time, but the contribution from that term remains small
compared to the contribution coming from the a(t;,;) term.

3The curvature is usually characterized by the parameter k, but to avoid confusion with the wavenumber
of cosmological perturbations that we also denote by k, we use the variable k instead.
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to be the flat space (k = 0) energy density, we introduce the density parameter

k

Q CHP

=1+

PSRN

(3.1.12)

We see that the ) parameter is linked to the geometry of the universe: 2 = 1 for a flat
universe (k = 0), © > 1 for a closed universe (k > 0), and 2 < 1 for a open universe
(k < 0). Using the Friedmann equation (3.1.10) to eliminate H? in © and using the solution

p = poa >0+ for matter with an equation of state parameter w, we can find

Q-1 3M1§1k 143w
= a

; 3.1.13
q o ( )
and upon taking the logarithm and derivative, we obtain
dQ2 d|Q — 1| a
=(1 Q-1 — =1 - QIQ-1]. 1.14
fhs = rsone -y = El s (Sop-n. e

Therefore, if the universe is exactly flat (2 = 1), the above expression implies d|Q2—1|/dIna =
0, so the universe will remain flat as time evolves. However, this is an unstable fixed point
solution. Indeed, for 143w > 0 and @ > 0, we find d|2—1|/dIna > 0, meaning that any small
perturbation about {2 = 1 will lead to curvature moving away from flatness (either positive
or negative). There are two possibilities to overcome this conclusion: either 1+ 3w < 0 (the
strong energy condition is violated) keeping @ > 0, or @ < 0 (the universe is contracting)
keeping 1 + 3w > 0. We notice that those are exactly the same two solutions to the horizon
problem. Therefore, we will see in the next sections that models of the very early universe

typically lie in one of these two classes.

3.2 Inflationary cosmology

As we saw in the previous section, a way of solving both the horizon and flatness problems
is to have a period of expansion during which the strong energy condition is violated, i.e.,

1+ 3w < 0. Noting that the Friedmann equations (2.1.8) can be rewritten as

2 _ . _
p i p

-] =L — = 1+3 3.2.15
(a) 3MZ° o« 6M§,1( +3u), ( )
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it is clear that strong energy condition violation is only possible if @ > 0, meaning having
accelerated expansion (we ignore the possibility p < 0). Primordial cosmology with a phase
of accelerated expansion is known as the inflationary paradigm (some original papers include
Refs. [49, 150, 274, 333, 335, 347, 463-465, 468, 470, 517, 576-578, 590593, 613]).

Let us assume for now that 1 +w > 0 (in addition to p > 0) so that at least the
weak energy condition remains satisfied. Since 1 4+ 3w = 2(e — 1) and 1 + w = 2¢/3, the
requirement —1 < w < —1/3 can be recast as 0 < e < 1. Since € = —H/HQ, the condition
€ < 1is equivalent to imposing the Hubble parameter to evolve slowly, i.e., to remain almost
constant. For this to be satisfied over a long period of time, € itself must not change too
much as a function of time, hence we ask for |n| < 1, where we recall n = é/(He).

The lowest limit, w = —1 or € = 0, is the case of exponential accelerated expansion.

Indeed, in this case H = 0, H = constant > 0, and
a(t) oc et (3.2.16)

In conformal time, the expression for the scale factor becomes

a(t) = —HLT’ 7<0. (3.2.17)
Exponential expansion in FLRW is also known as de Sitter spacetime [249].

A constant Hubble parameter immediately implies a constant Hubble radius H !, so it
is nice to sketch a space and time diagram depicting the scales at play in the evolution of
cosmological perturbations. In Fig. 3.1, we see that a typical perturbation with wavelength
A o k7! starts at the beginning of inflation deep on sub-Hubble scales (A < H~'). The

Ht and

perturbation is then stretched (redshifted) exponentially during inflation since a(t) o< e
the physical wavelength grows as A = aAcomoving. The perturbation exits the Hubble radius
(the point where the red and blue curves intersect during inflation) and the perturbations
become super-Hubble (A > H~'). When inflation ends, the time known as reheating?,

the universe enters the phases of standard Big Bang cosmological expansion with radiation

4The issue of reheating is not discussed in this thesis, but the idea is as follows. During inflation, any
matter with typical equation of state is diluted exponentially (recall, e.g., p{d®t) o q=3 and plradiation) o
a~*). Therefore, when inflation ends, the universe is empty of standard model particles that fill the universe
today. Accordingly, the universe has to ‘reheat’ (i.e., particles must be produced) at the end of inflation. See,
e.g., Refs. [25, 28, 405, 406, 585, 599] for reviews of how this is done. A similar process of particle production
often has to occur in alternative models to inflation (for instance, see Refs. [192, 330, 342, 354, 561, 579]).
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domination and then matter domination. The Hubble parameter starts growing, and in fact,

it grows faster than the redshifting of the perturbations’ wavelength. From Eq. (2.1.14),
H(t) ™' = =———2t, (3.2.18)

while A ~ a(t) ~ t¥G0+) wwhich grows less fast as long as w > —1/3. Accordingly, the
perturbations reenter the horizon (i.e., they become sub-Hubble again) at a later stage (the
point where the red and blue curves intersect in the post-inflationary era). The perturbations

can then explain the fluctuations in temperature in the CMB.

ta Ao kL H!

post inflation|

treheating Tp

-

inflation e

Linflation begins |

tBig Bang

Figure 3.1 Space and time sketch of inflation and cosmological perturbations. The horizontal
axis represents physical space coordinates, the vertical axis is physical time, the solid blue curve is
the Hubble radius H !, the dashed blue curve is the particle horizon, and the solid red curve is the
wavelength A oc k=1 of a typical perturbation with wavenumber k. Various stages in the evolution
of the universe are denoted on the vertical axis such as the time of the Big Bang, the beginning of
inflation, and the end of inflation (reheating).
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3.2.1 Predictions of inflation

Models of inflation and de Sitter space are mostly studied in the appendix of this thesis,
so we shall not spend too much time reviewing them here. Nevertheless, let us state a
few predictions that inflationary cosmology makes (for reviews of inflationary models and
derivation of the predictions, see for instance Refs. [58, 59, 61, 110, 114, 115, 393, 466, 469,
471, 475, 532]). First, the curvature power spectrum is expected to be nearly scale invariant.
Indeed, we saw that a(t) o< t* with p > 1 (in which case d@ > 0) gives rise to a scalar spectral

index very close to scale invariance. The exact number can be found to be
ns—1=-2—n (3.2.19)

under the slow-roll approximations, i.e., ¢ < 1 and |n| < 1. In this case, we see that
ns — 1~ 0 and ny — 1 < 0 in agreement with the observational measurement [Eq. (1.1.5)].
The scalar power spectrum amplitude is given by
2

As = é% (3.2.20)
The tensor-to-scalar ratio, which was derived to be r = 16¢, is predicted to be small, but non-
zero. A wide range of models with different values for H (a few orders of magnitude below
the Planck mass) and € < 1 can agree with the observations to various levels of confidence
(see, e.g., Refs. [8, 14, 22, 208, 334, 461, 487, 488] and references therein). Let us note that a
detection of primordial gravitational waves consistent with » = 16e would reinforce inflation
as the theory of the very early universe. The amplitude of the tensor power spectrum for

inflation is predicted to be
2 H?

A= ——. 3.2.21
v 2 Mgl ( )

For that reason, measuring the primordial gravitational wave spectrum would also give infor-
mation about the energy scale of inflation, i.e., the value of H during inflation. The tensorial
tilt is predicted to be

ng = —2€ <0, (3.2.22)

which can be recast in the form of a consistency relation with the tensor-to-scalar ratio:

r=—8n. (3.2.23)
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Verifying this consistency condition observationally in the future would be a really stringent
test for inflation. Finally, different inflationary models can predict different shapes and
amplitudes of non-Gaussianities. However, because of the model dependence we do not state
any result here. We note that canonical single-field inflationary models typically predict very
small non-Gaussianities, much below current O(1) constraints. Nevertheless, constraints
on non-Gaussianities can still be used to constrain various models of inflation (see, e.g.,
Refs. [9, 13, 51, 201, 202, 620] and references therein).

3.2.2 Problems of inflation

While inflationary cosmology makes several predictions, most of them having been confirmed,
it suffers from various conceptual issues. We review only a few issues here, but more extensive
discussion can be found, e.g., in Refs. [99, 115-118, 120, 123, 126, 128, 133, 369, 370, 485].

A first problem that arises is known as the trans-Planckian problem. As it is clear from
Fig. 3.1, since inflation lasts for a long period of time, the perturbations that account for
the CMB fluctuations at late times start their evolution deep in the sub-Hubble regime. In
fact, they are so short in wavelength that they can be in the trans-Planckian regime A < /p,
where /p; = ]\41;11 is the Planck length. This is shown explicitly in Fig. 3.2. The problem with
the trans-Planckian regime is that we do not have a good handle on the physics on these very
small length scales. In fact, we certainly expect semi-classical quantum field theory in curved
spacetime to break down and be replaced by a yet-to-be-found satisfying theory of quantum
gravity. Accordingly, the derivation of the scalar and tensor power spectra outlined in the
previous chapter would be invalid for those trans-Planckian fluctuations, hence the final
results cannot be trusted. One can nevertheless estimate how much trans-Planckian physics
can affect the predictions by parameterizing the unknown physics of the trans-Planckian
regime. This has been explored, e.g., in Refs. [119, 142, 486] (we also refer to these papers
for more details about the trans-Planckian problem in inflation).

A second problem that is relevant for inflationary cosmology is the initial Big Bang
singularity. Indeed, it can be shown, as will be discussed in the next chapter, that inflationary
cosmology is inevitably preceded by an initial cosmological singularity. In other words, while
inflation is a candidate for the theory of the ‘initial conditions’ of our universe, it still does
not tell us what happened before inflation. The period before inflation would correspond to

very high energy scales and high densities. When H 2 Mp), we say that the universe is in
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Figure 3.2 Same spacetime sketch as Fig. 3.1 with the regimes of ignorance (sub-Planckian
distances and super-Planckian densities) highlighted by the hatched magenta regions.
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the super-Planckian density regime, and again, it this regime we do not know what is the
appropriate theory of quantum gravity that should prevail. In particular, it is still a question
of ongoing research whether inflation can start generically from arbitrary initial conditions
(see, e.g., Refs. [23, 103, 141, 188, 215, 216, 253, 287, 323, 324, 378, 462, 467| and references
therein). This is not at all clear, especially that the universe in the trans-Planckian density
regime could be very inhomogeneous and anisotropic.

We discussed two key issues of inflationary cosmology. We chose these two since they
are generally avoided in alternatives to inflation (see the next section). However, we want to
end by stressing again that there are more issues than just these two, which are still subject
to intense debate (see, e.g., Refs. [100, 102, 113, 116, 120, 126, 334, 369-371, 461, 485]).

3.3 Alternatives to inflation

The problems of inflation can serve as motivation for exploring alternatives to inflation that
could act as theories of the very early universe. Moreover, we saw that inflation is the not
the only possibility to solve the horizon and flatness problems, and it is not the only theory
predicting a nearly scale-invariant curvature power spectrum. Below, we review a few theories
(namely, Ekpyrotic, matter bounce, pre-Big Bang and string gas cosmology), but we quickly
note that there exist many other alternative scenarios, which are not discussed here, such
as: the anamorphic scenario [330, 359, 364, 366]; conflation [279, 282]; adiabatic Ekpyrosis
with rapidly-evolving equation of state [390, 391]; varying sound speed [62, 374, 389, 479];
varying speed of light [24, 221, 478]; the slowly-expanding universe [317, 318, 373, 385, 394];
the conformal scenario and other genesis models [223-226, 350-353, 439, 440, 442-446, 523,
524, 534, 574, 621].

Let us start by mentioning that many of the alternatives to inflation lie in a class of
models known as bouncing cosmology (see, e.g., Refs. [56, 109, 452, 529] for generic reviews
of the subject). The idea here is the the Big Bang was not the beginning of time, but rather
the universe existed before the Big Bang. In other words, there existed a ‘pre-Big Bang’
universe, hence the title of this thesis (note, however, that the title is not meant to refer
to the pre-Big Bang model only). In fact, bouncing cosmologies typically replace the Big
Bang singularity by a bounce, i.e., a transition from a contracting universe to an expanding
universe. As we saw in the first section of this chapter, if the contracting phase prior to the

bounce is sufficiently long with matter satisfying the strong energy condition (w > —1/3),
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then both the horizon and flatness problems are resolved.

In Fig. 3.3, we plot the space and time sketch of a prototypical bouncing cosmology. The
universe ‘begins’ its evolution at large negative times with a low-energy (|H| is small), big
universe (|H| ™! is large). As the universe contracts, the Hubble radius shrinks (hence solving
the horizon problem) and perturbations exit the Hubble radius (the first moment the solid
red and blue curves intersect in Fig. 3.3). The universe keeps contracting and ultimately
reaches a maximal energy scale, |H(tp_)|. At that point, H = 0 and the universe enters
the (non-singular) bounce phase. For this to happen, new physics beyond standard general
relativity or exotic matter has to be invoked. This will be discussed briefly below and in
greater detail in the next chapter. The bounce point, corresponding to H(tp) = 0, marks the
transition from contraction (H < 0) to expansion (H > 0). At that point, the Hubble radius
goes to infinity. At tp,, the bounce phase ends with another moment at which H = 0,
and the energy scale, H(tp,), is high again. Standard Big Bang cosmological expansion
follows with growing Hubble radius. At a later stage, the perturbations completely reenter
the horizon.

In bouncing cosmology, let us note that perturbations of observational interest remain
far from the trans-Planckian window at all times. Indeed, even though the perturbations
originate deep on sub-Hubble scales, the Hubble radius is so large initially that all relevant
perturbations remain on super-Planckian length scales. In other words, the physical wave-
length of perturbations satisfies A > fp;, where we trust our low-energy effective theories
of quantum field theory and general relativity. Therefore, the trans-Planckian problem that
affected inflationary cosmology is completely avoided in bouncing cosmology.

Let us now discuss the details of some specific bouncing cosmology models.

3.3.1 Ekpyrotic cosmology

The original Ekpyrotic model [386, 387, 594, 595] was modeled by a 5-dimensional spacetime
in string theory consisting of two (3 + 1)-dimensional branes that act as boundaries of the
spacetime, separated by a finite dimension. In this setup, gravity lives in the 5-dimensional
spacetime, whereas the other fundamental forces and matter live in the (3 + 1)-dimensional
branes. The distance between the branes acts as a modulus of the theory, and the potential
of the resulting scalar field is taken such that there is an attractive force between the two

branes. Because of that, the branes approach one another (this is called the Ekpyrotic
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Figure 3.3 Space and time sketch of a prototypical bouncing cosmology adapted from Ref. [109].
The horizontal axis represents physical space coordinates and the vertical axis is physical time.
The times tp_, tp, and tp, indicate the beginning of the bounce phase, the bounce point, and
the end of the bounce phase, respectively. The trans-Planckian regime is shown by the purple line.
The physical wavelength A of a perturbation with physical wavenumber k& is shown in red. Finally,
the blue curve depicts the physical Hubble radius, |[H| .
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phase of contraction) and collide. By having a sufficiently long phase of contraction, the
horizon and flatness problems are solved. When the branes pass one through the other,
the branes experience a Big Crunch/Big Bang transition or a bounce. The collision of the
branes produces matter and radiation (equivalent to reheating). Also, the branes are slightly
rippled because of quantum fluctuations, so the collision does not happen everywhere at the
same time. This explains the small temperature fluctuations in the CMB.

In our (3 + 1)-dimensional effective world, we can describe Ekpyrotic cosmology as a
contracting universe with canonical scalar field and negative exponential potential of the

form
V() = —Voe (3.3.24)

with Vo > 0 and ¢ > V6. Defining the constant

2

so 0 < p < 1/3, the resulting solution to the Friedmann equations in FLRW is

a(t) o () = (=t H(t) = ——2 =P (3.3.26)

which corresponds to a slowly contracting universe with equation of state

2 c? 2 1
i 3 ’ ‘T2 ) ( )

Also, the scalar field evolution is given by

c p(1 —3p)

o(t) = 31n< %(—t)) - mn( L<—t>) ,

o(t) = — (3.3.28)

and
Vip(t) = ——— - (3.3.29)
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A key feature of the Ekpyrotic scenario is that it allows the universe to isotropize. To

see this, let us write the Friedmann equation as

3M2 k p(dust) p(radiation) (stiff) o2 p(qS)
2 r72 __ Pl 0 0 0 0 0
3MP1H = PA — D) e + v + e + 5 + m ) (3330)

where we include in the total background energy density the possible contributions from
a cosmological constant A, curvature k, dust, radiation, a stiff fluid, anisotropies o, and a
scalar field ¢ with equation of state parameter w. In an expanding universe as a — 0o, we
see that the contribution from anisotropies decays very rapidly. In a contracting universe
as a — 0, it is the inverse: anisotropies grow and tend to dominate the energy content very
rapidly. This is overcome, however, when there is a component with equation of state w > 1.
Accordingly, the energy density in the Ekpyrotic field with w > 1 rapidly dominates over
everything else, in particular anisotropies, thus anisotropies are diluted or ‘washed out’. It
is in that sense that Ekpyrotic contraction isotropizes the universe®.

The problem of growing anisotropies is intrinsically linked to the Belinsky-Khalatnikov-
Lifshitz (BKL) instability [67] (see also Refs. [64-66, 68, 235-238, 252, 450]). Roughly
speaking, the BKL instability states that as the average volume of the universe contracts,
the universe becomes highly anisotropic: it contracts in two directions while expanding in
the other in a way that can be approximated by the Kasner solution to the Einstein field
equations [384]. In fact, the contraction rates can abruptly change from one Kasner-like
solution to another. This effect is known as the chaotic mixmaster oscillatory behavior
[504, 505], rendering the universe also highly inhomogeneous. Ekpyrotic cosmology with
w > 1 has been shown to be free of these issues [273] as the chaotic mixmaster oscillations
are suppressed. In this sense, Ekpyrotic cosmology does not only dilute anisotropies, but
it resolves the whole issue of BKL instability, so the homogeneous and isotropic FLRW
ansatz with w > 1 is well justified in a contracting universe. This has been confirmed
by a numerical study [306], where highly inhomogeneous and anisotropic initial conditions
were implemented in an Ekpyrotic phase of contraction. It was found that homogeneous
and isotropic regions with w > 1 ultimately dominated the cosmological evolution. In this
sense, Ekpyrotic cosmology is very robust with respect to arbitrary initial conditions (see
also Ref. [433]).

®See, however, Ref. [50], which shows that contributions from anisotropic pressures with ultra-stiff equa-
tions of state tend to mitigate this conclusion. This will be briefly discussed in Chapter 7.
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Looking at Egs. (3.3.25) and (3.3.27), in the limit ¢ > v/6 one has 0 < p < 1/3, w > 1,
and € > 3. From the calculation of the previous chapter, it follows that the scalar and tensor
spectral indices are given by [recall Egs. (2.7.165)—(2.7.169)]

1—-3p
I—p

ns—lznt:?)—‘ ‘%2. (3.3.31)
The resulting power spectrum of curvature perturbations is thus predicted to be deeply
blue [107], in clear contradiction with observations. This led to the proposal of the New
Ekpyrotic model [155, 285, 427, 528|, where the idea is to implement two (Ekpyrotic) scalar
fields. Then, entropy modes can acquire a nearly scale-invariant power spectrum, which can
subsequently be converted into curvature perturbations. However, the proposed model was
found to be unstable [156, 433]. Therefore, the latest and most accepted Ekpyrotic model
[281, 361, 436, 557] implements one Ekpyrotic scalar field together with a massless spectator
scalar field kinetically coupled to the Ekpyrotic field. This model is stable [433] and has
predictions in agreement with observations. In particular, the resulting curvature power
spectrum can be nearly scale invariant, with a small red tilt (see, e.g., Ref. [431] for the
expression) and with a sensible amplitude [283]. Also, the model predicts non-Gaussianities
of order 1 to order 10 [283, 361]. A blue spectrum of primordial gravitational waves remains
a prediction (i.e., ny ~ 2), which concretely means that there should be no detectable
primordial gravitational waves on scales of observational interest (i.e., effectively r ~ 0).
More details about the Ekpyrotic scenario can be found in the specific reviews [366, 368,
424-426] as well as the general reviews [56, 109]. The Ekpyrotic scenario is not studied in
detail in this thesis, but the concept appears at a number of instances. In particular, we
will see in the next subsection about the matter bounce scenario that a phase of Ekpyrotic

contraction could play an important role.

3.3.2 Matter bounce cosmology

Matter bounce cosmology is another alternative scenario which postulates a contracting uni-
verse before the Big Bang. The difference with the Ekpyrotic scenario is that the primordial
curvature fluctuations are generated (i.e., they exit the Hubble radius) in a matter-dominated
phase. The motivation comes from the fact that this automatically yields an exactly scale-

invariant power spectrum of curvature perturbations [132, 286, 618]. Indeed, as we saw in
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the previous chapter, the equation of state of dust (w = 0) predicts ng — 1 = 0 (recall
Eq. (2.7.169) where w = 0 = a(t)? with p = 2/3).
In the original matter bounce model, the basic idea was to use a coherently oscillating,

massive, canonical scalar field,
1 1 5,
L= —3 PO P — gm o°, (3.3.32)

in the regime m > |H|. For such a Lagrangian, the background energy density and pressure
are given by

1, 1, C1e, 1,
p= §¢2 + §m2¢2 ; p= §¢2 - §m2d)2 ; (3.3.33)

and the scalar field equation of motion 5—# 3H gg +m?¢p = 0 is solved for

- 2 M, 2

o(t) =2 gm—;sin(mt), H(t) == (3.3.34)
Also, the Friedmann equation 3M3 H? = p is satisfied to leading order in m > |H|, and
the second Friedmann equation QME)IH = —(p+p) is satisfied in average to leading order in

m > |H|. To be more specific, by satisfied in average we mean that

—(PD) \ w2, o
<W> =M 9(cos?(mt)) =1, (3.3.35)

where angled brackets here indicate the usual definition of time averaging,

1

= [ ar. (3.3.30)

for some periodic function f(t) with period P. In our case of interest, the period is P = 27/m,
which is much smaller than the Hubble time |H|~! in the large mass regime. The same applies

for the equation of state parameter, which is found to be

m>|H|
~Y

(w) "~ 1—2(sin?*(mt)) =0, (3.3.37)

hence the average equation of state is that of dust.

The main issue with a model of matter bounce cosmology where w = 0 (at least in
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average) is that the curvature power spectrum is predicted to be exactly scale invariant.
However, according to observations [recall Eq. (1.1.5)], ns — 1 = 0 is ruled out by more than
5o. Also, in the case of a constant equation of state (again, at least in average), we saw in
the previous chapter that the tensor-to-scalar ratio is predicted to be r = 16¢, so for matter

domination with w =0 = ¢ = 3/2, we find®
r=24. (3.3.38)

Such a large tensor-to-scalar ratio is in strong tension with current upper bounds from
observations [recall Eq. (1.1.9)]. Not all predicted observable quantities are in disagreement

with observations though. Indeed, the scalar amplitude is given by (see, e.g., Ref. [438])

1 (H(tso))’
AS_487r2( Vo ) , (3.3.39)

where tg_ is the beginning of the bounce phase and assuming curvature perturbations re-
main constant during the phase phase. Accordingly, the scalar amplitude can match the
observational measurement (1.1.5) provided the energy scale of the bounce, |H(tg_)|, is a
few orders of magnitude below the Planck scale. In turn, if there was strong evidence for
matter bounce cosmology to be the theory of the very early universe, the scalar amplitude
would immediately tell us the scale of ‘new physics’ where the bounce occurs. Another
prediction in agreement with observations is regarding the three-point function. Indeed,

non-Gaussianities are found to be relatively small, O(1). Specifically, Ref. [181] found that”

35 ~ 255 9
local _ _ 9% equil 499 folded __ _ < 3.3.40
NL 16 ) NL 128 ) NL 8 ) ( oI )
in agreement with observational constraints [recall Eq. (1.1.6)]. Nevertheless, the discordance
of ng and r with observations renders such a basic model unviable as the theory of the very
early universe.

Moreover, matter bounce cosmology suffers from an important theoretical issue. In the

6In Chapter 5, we note that the number r = 967 is stated as the result for matter bounce cosmology.
However, this is due to an incorrect normalization of the Sasaki-Mukhanov variable for tensor perturbations.
The qualitative results presented in the publication of Chapter 5 remain unaffected by an O(10) difference
in the value of 7.

"In Ref. [438], we corrected an algebra mistake from Ref. [181]. Therefore, the numbers presented here
truly come from Ref. [438], which is presented in Chapter 6.
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previous discussion about the Ekpyrotic scenario, it was mentioned that anisotropies grow
proportionally to @ in a contracting universe. Therefore, it is clear that a phase of matter
domination, where the energy density grows only proportionally to a2, is unstable to the
growth of anisotropies. This is the BKL instability. The issue can be alleviated by intro-
ducing a phase of Ekpyrotic contraction subsequent to the matter-dominated contraction.
This possibility was studied in Refs. [167, 175], where it is shown that, indeed, the Ekpy-
rotic phase can successfully act as an isotropization mechanism. However, it was shown in
Ref. [432] that there remains a large level of fine-tuning for this to work.

Various modifications to the original matter bounce scenario have been proposed to re-
solve the main issues (scalar tilt and tensor-to-scalar ratio). The most obvious strategy to
reduce the tensor-to-scalar ratio consists in amplifying curvature perturbations. In Ref. [562],
which is presented in Chapter 5, we explored whether it is possible for curvature perturba-
tions to be enhanced in the bounce phase. The physics in the bounce phase appears, at first,
very model dependent. Indeed, we will discuss in the next chapter several approaches to
have a non-singular cosmology. However, it turns out that it is generally difficult for pertur-
bations of observational interest to grow significantly during the bounce phase. Under the
strict conditions that allow curvature perturbations to grow in the bounce phase, it was then
shown in Ref. [562] that the enhancement of scalar modes implies the production of large
non-Gaussianities in the bounce phase, beyond observational constraints. Consequently, we
conjectured that matter bounce cosmology suffers from a ‘no-go’ theorem, stating that it is
impossible to satisfy the bound on r and the constraints on fyr, simultaneously, i.e, if one
constraint is satisfied, the other is inevitably not met.

The conclusions were then extended in Ref. [438], which is presented in Chapter 6. The
idea there is to use a k-essence scalar field, a scalar field with a non-canonical kinetic term,
which allows for a speed of sound different from the speed of light. In particular, k-essence
allows for ¢, < 1. In that situation, it is shown that, indeed, curvature perturbations are
enhanced, and as a result, the tensor-to-scalar ratio is r = 24¢s < 1, which can agree with
observations. However, a small sound speed implies a smaller strong coupling scale [62], i.e.,
as the universe contracts and the energy scale of the universe rises, one quickly enters the
strong coupling regime where £ ~ £ indicating that we cannot trust the perturbative
expansion and so the results derived from it. Equivalently, this means that non-Gaussianities
become very large, e.g., fig! = —% + % > 1, well beyond observational constraints. As

such, the no-go theorem remained valid and was extended to include the possibility of a
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non-trivial speed of sound via a non-canonical scalar field.

Another proposal was coined the ACDM bounce model [174, 180]. The idea is to have
a fluid or a combination of fluids, such as the mix of dark energy and dark matter, that
has an effective equation of state weg < 0, yet |weg| < 1. For instance, one could have a
ACDM-like contracting universe (hence the name of the model), and the transition from the
A-dominated contracting phase to the CDM-dominated phase gives such an effective equation
of state. This yields a red tilt for curvature perturbations in agreement with observations®
(ns — 1 = 12w};). An issue with this model is that it predicts a large, positive running of

the scalar spectral index, i.e., how much ng changes across scales. The running is defined as

dng
s = T 3.3.41
“= Ak (3:3.41)
and it is observationally constrained as follows [12, 14, 18, 22]:
as = —0.005 £ 0.013 (95% CL). (3.3.42)

The running in the ACDM bounce model can be suppressed if interaction in the dark sector
is introduced [171, 174]; then a; = (ny — 1)?/2 > 0 is quite small, within the above bound.
Also, CDM typically has a very small sound speed, so the model predicts r = 24¢; < 1, again
in agreement with observations. However, just as for a scalar field with a small sound speed,
this leads to further issues, namely the growth of inhomogeneities up to non-linear scales and
the formation of black holes [200, 559]. Chapter 8, which corresponds to Ref. [559], tackles
this issue. Finally, we note that the model predicts® ny = 12w.g < 0.

Some of the phenomenology of the ACDM bounce can be mimicked by having a scalar
field with the appropriate potential. This idea is known as the quasi matter bounce model
[341] since it leads to a quasi-matter-dominated contracting phase. This approach allows

w < 0 and |w| < 1 by using a potential of the form

V(¢) = Voem V3Imlol, (3.3.43)

8The star (x) means that weg is evaluated at the time a mode with wavenumber k, (the pivot scale for
ns — 1 in this case) exits the horizon. This must be stressed because weg is not constant in this model. We
drop the star from here on, but it is always implicitly assumed.

9As before, weg is evaluated at the time of horizon exit. We note that the horizon for tensor modes (the
Hubble radius) and for scalar modes (the Jeans radius) is not the same if ¢, < 1. This implies ng—1 < ny < 0.
The concept of Jeans radius will be appropriately introduced in Chapter 8.
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with V) > 0 and 0 < a < 1. Indeed, one can check that the above potential yields an FLRW
solution with w = —a;, hence the model predicts ng — 1 = —12a and ag = 0, in agreement
with observations. Since the kinetic structure of the scalar field remains canonical, the sound
speed remains unity and there are no issues with respect to strong coupling, large non-
Gaussianities or inhomogeneities. However, the issue of large tensor-to-scalar ratio remains
unsolved in this case.

An approach that allows to resolve many issues at once is to leave the scalar sector of
the theory untouched and try to only tweak the tensor sector. This is achievable if gravity is
modified such that gravitons acquire a mass. This possibility is explored in Ref. [459], which
is presented in Chapter 7. While there exist a few different theories of massive gravity,
the approach explored in Chapter 7 is to use a Lorentz-violating massive gravity theory,
which allows for a non-zero graviton mass much larger than |H| at all times during the
contracting phase. As a result, the tensor power spectrum is shown to be blue, hence
effectively unobservable on scales of cosmological interest, just as in Ekpyrotic cosmology.
The issue of large tensor-to-scalar ratio is thus solved, and since scalar non-Gaussianities
remain those predicted in the original theory (i.e., O(1) amplitude), the model evades the
no-go theorem of Chapters 5 and 6. Moreover, adding a mass to the graviton changes the
equation of motion for shear in an anisotropic universe: it adds a mass term to it, exactly
equal to the mass of the graviton. Consequently, the solution for the energy density in

anisotropies is altered and is found to grow as a~3.

This alleviates the fine-tuning issue
related to the BKL instability. The remaining issues here are more conceptual, with regards
to the implementation of the massive gravity theory.

Finally, another possibility to evade the no-go theorem of Chapters 5 and 6 is to consider
the addition of a second scalar field, more specifically a canonical, spectator scalar field with
non-zero mass that generates a scale-invariant power spectrum of entropy modes. This is
known as the matter bounce curvaton model [168] since the mechanism is similar to the
inflationary curvaton model [52, 476]. The entropy modes are then converted into curvature
perturbations, thus enhancing the latter. Consequently, one can get » < 1, and it is claimed
that non-Gaussianities remain order 1 to 10 [168, 283]. Therefore, the no-go theorem is

evaded. However, the fine-tuning of anisotropies remains for this model.
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3.3.3 Pre-Big Bang cosmology

The pre-Big Bang model (see, e.g., Refs. [308, 314-316, 449, 609]) is another alternative to
inflation. We will not review it in great detail here, but aspects of the model will be mentioned
in Chapter 9. For now, let us simply note that the pre-Big Bang model is motivated by string
theory and its dualities. In the Einstein frame (i.e., the frame in which gravity looks like
Einstein gravity) and in (3 + 1) spacetime dimensions, the model proposes a contracting
universe dominated by a massless scalar field, £ = —0,00"¢/2, which behaves as a stiff fluid
with equation of state p = p (recall Eq. (2.3.65) and set V(¢) = 0). Consequently, in FLRW
one has a(t) o< /—7, 7 < 0, and as seen in the previous chapter, the corresponding scalar
and tensor power spectra are blue (ng — 1 = ny = 3). Near scale invariance of the curvature
perturbation power spectrum can nevertheless be achieved when taking into account the
possible contribution from the string theory axion [220, 263, 308, 315, 612].

3.3.4 String Gas Cosmology

To end this chapter, let us briefly mention string gas cosmology [147] as an alternative to
inflation. In the string gas scenario, the universe starts in a quasi-static phase, dominated by
a gas of fundamental, closed superstrings. The temperature of the gas is assumed to hover

at the string theory Hagedorn temperature,

Thag = ﬁgs ; (3.3.44)
where!'® /4, is the fundamental string length. The Hagedorn temperature is the maximal
temperature for the gas to be in thermal equilibrium. The string gas scenario further assumes
that the spatial sections are compact. In the early phase, the universe is dominated by strings
winding those compact spatial sections, but as these winding strings annihilate, string loops
are produced and this leads to a transition from the quasi-static phase to a phase of radiation-
dominated expansion of the universe (the onset of standard Big Bang cosmology). The
intersection and annihilation of the string winding modes can only occur with three large
spatial dimensions, hence explaining why the observable universe has three dimensions of

space. The rest of the string theory spatial dimensions remain compact and unobservable.

10Note that we could define a ‘reduced’ string length by Ls = v/8m/s, in a similar fashion to the reduced
Planck mass definition. Then, the Hagedorn temperature is simply Thag = Ly L
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In the early quasi-static phase, the Hubble radius is very large, so the thermal fluctuations
of the gas originate on sub-Hubble scales and their physical wavelength remains constant. As
the Hagedorn phase ends, the Hubble radius shrinks to a very small value and the fluctuations
exit the Hubble radius. This is the transition to standard cosmology in which the universe
becomes radiation dominated, so the Hubble radius starts increasing, and the fluctuations
reenter the Hubble radius later on.

The primordial spectra are all determined by the evolution of the gas temperature as a
function of the fluctuations’ wavenumber, T'(k). The main results are derived in Refs. [108,
139, 144, 146, 199, 422, 520], and we summarize them as follows. The curvature perturbation

power spectrum is given by

Pek) = (%) ?Ii’“g) — (]1@ e (3.3.45)

so the scalar spectral index presents a small red tilt:

ns—lzk% (1—%’2)_ <0. (3.3.46)

The running ay is proportional to ng — 1 < 0. The tensor-to-scalar ratio is small:

The tensor spectral index shows as small blue tilt:

ny = —(ng — 1) (2% — 1) > 0. (3.3.48)

Hag

Finally, non-Gaussianities are practically vanishing on scales of observational interest:

local fs ? k —-30
e (2 x 10730 < 1. (3.3.49)

kpivot

In summary, there is no tension between the predictions and the observational constraints.
Moreover, there are new predictions, e.g., the tensor blue tilt, that could serve as strong

tests for the theory in the future.
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The issues with string gas cosmology are more theoretical. For example, deriving the
required background evolution from full (i.e., non-perturbative) string theory is a difficult
task (see, however, Refs. [73, 104-106] for recent developments). Specific details about string
gas cosmology will not be discussed in this thesis, but the concept will be mentioned at a
number of instances. More detail can be found in the reviews [57, 109, 122, 124, 125, 127,
130, 131, 134, 135, 145].

2019/06/08
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Chapter 4
The status of non-singular cosmology

As we saw in the previous chapter, many alternative models to inflation are ‘pre-Big Bang’
or bouncing cosmologies, in the sense that the primordial evolution happens before a Big
Crunch/Big Bang transition or a non-singular bounce. The goal of this chapter is to review
how the latter can be done, i.e., how we can resolve the Big Bang singularity to obtain a

non-singular bounce.

4.1 The singularity theorems

The difficulty in resolving cosmological singularities comes from the fact that singularities are
hard to circumvent in general relativity. Indeed, there exist rigorously-proved mathematical
theorems that imply geodesic incompleteness (either past or future incompleteness), meaning
that a particle moving along a geodesic inevitably has a starting point (past incompleteness)
or an end point (future incompleteness), often a singularity in the spacetime. An example
of these theorems is the following (attributed to Penrose [544]; see also Refs. [348, 616] for

good reviews):

Theorem 4.1. Let us consider a spacetime (M, g) in general relativity. If:
(a) the Null Convergence Condition holds;

(b) there exists a non-compact connected Cauchy surface in M;

(c) and there exists a closed trapped null surface in M;
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then M cannot be null geodesically complete.

We shall not dissect every hypothesis of the theorem (see, e.g., Ref. [348] for details),
but let us mention how the conditions could be evaded to avoid geodesic incompleteness. A
first possibility is to allow for closed timelike curves. We shall exclude this possibility on
causality grounds. Another possibility is that there exists no non-compact connected Cauchy
surface in M. This technical condition can actually be relaxed, and it turns out to be not
so important (see the discussion in Ref. [348]). A third (more likely) possibility is that the
correct underlining theory is simply not general relativity. An obvious solution would be
quantum gravity, especially that singularities often occur where we expect quantum effects
to become important. It is certainly valid to explore this avenue, but it is difficult. Possible
solutions (string theory, loop quantum gravity, etc.) are still incomplete and have their own
issues. An easier approach may be to construct an effective field theory. Such avenues shall
be developed in the next sections. Finally, there exists the possibility of violating the Null
Convergence Condition (NCC).

The Null Convergence Condition stipulates that

Vk = ke, 3 guk"k’ =0, R,k >0  (NCC), (4.1.1)

i.e., for every future-pointing null vector field k with components k*, R, k"*k" > 0. We

recall that the Einstein field equations can be written as

1
RMV = 87TGN (ij — §g'm,T) + Agl“” (412)

where T = T* , is the trace of the energy-momentum tensor and where we reinserted the pos-
sibility of a cosmological constant A. Accordingly, it is manifest that the NCC is equivalent
to the Null Energy Condition (NEC):

Vk = k"e, > g k"'k" =0, T,k"k" >0 (NEC). (4.1.3)
In the case of a perfect fluid with 7, = (p+p)u,u, +pg,., the NEC reduces to the condition
p+p>0 (NEC, perfect fluid), (4.1.4)

and furthermore, for an equation of state p = wp, this becomes 1 + w > 0 (with p > 0)
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or p < 0 (with w < —1). Therefore, in the case of general relativity it becomes clear that
violating the NCC can only be done by violating the NEC, e.g., by having matter with either
an equation state parameter w < —1 or negative energy density.

A first implication of the above is that inflationary cosmology with —1 < w < —1/3, so
with matter obeying the NEC, is inevitably past incomplete (see Refs. [87-90]). The con-
clusion was generalized to any inflationary cosmology as long as the appropriately averaged
Hubble parameter in the past is positive (see Ref. [86]). This will be reviewed in Appendix
A of this thesis, which presents Ref. [634]. In this paper, we make the link between the
implication of past (in)completeness and the issue of spacetime singularity. Indeed, the two
concepts do not necessarily imply one another. A good example is de Sitter spacetime, which
is geodesically past incomplete the flat FLRW patch, but nevertheless the full spacetime is
non-singular in the global patch. Ref. [634] addresses when it is possible to extend the space-
time beyond the point or boundary where it would normally appear geodesically incomplete.
We shall see in Appendix A that the condition for extendibility is related to the presence or
absence of a parallely propagated curvature singularity, which will be appropriately defined.
This type of singularity is not necessarily a scalar curvature singularity, which is what is
usually implicitly meant by a singularity. A scalar curvature singularity occurs when any

scalar curvature-invariant quantity such as
R, RuR"™ | RuapR"™, CasC' | etc., (4.1.5)

where C\qp is the Weyl tensor, diverges. For example, the Big Bang singularity is a scalar
curvature singularity. As we will see in Appendix A, there are cases where the spacetime
has no scalar curvature singularity, but still a parallely propagated curvature singularity; the
singularity is then said to be an intermediate or non-scalar singularity. For a review of the
different types of singularities, see Refs. [270, 348, 616].

4.2 Non-singular bouncing cosmology

As it was made clear in the previous section, one needs to either modify Einstein gravity or
include matter violating the NEC to construct a non-singular bouncing cosmology. In this
section, we review one approach in that direction that is studied in this thesis, but many

more exist that will not be reviewed here (vast literature is cited, e.g., in Chapters 5, 6, and
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10, though this remains far from exhaustive).

An approach is to consider Horndeski theory [355]. The idea is to modify Einstein
gravity by adding a new degree of freedom to the theory, specifically a scalar field ¢. The
most generic covariant action for the resulting scalar-tensor theory of gravity yielding at

most second-order equations of motion® is then Horndeski theory?:

S ¢ = /d4fc V=9 Ln, (4.2.6)

with
£2 - GQ((b,X) 5 (427)
L3 =—G3(¢p, X)0¢, (4.2.8)
Ly= Gi(¢, X)R+ Gix[(00)* — (V,.V,0)(VIV 9)], (4.2.9)
Ls = Gs(¢, X)G"'V ,V,¢ — %G&X [(D9) — 30¢(V,V,0)(VIV"¢)
+2(V,V,00)(VFV*9) (Vo V¥ )] (4.2.10)
where
X = —%gﬂ”vmvm, (4.2.11)

0 = ¢g"V,V, is the d’Alembertian, G, = R, — %ngy is the Einstein tensor, and a coma
in the index denotes a partial derivative, e.g.,
IG (9, X)

In particular: Gy = G3 = G5 = 0 and G, = M3,/2 yields vacuum general relativity;
Gy = X —V(¢), G3 = G5 = 0 and G4 = M3,/2 is a canonical scalar field; arbitrary
Ga(¢, X), G3 = G5 = 0 and G4 = M3,/2 is known as k-essence [32-34, 307]; G3 = 2(w/¢) X,

LA theory yielding higher-than-second-order equations of motion is known to suffer from Ostrogradski
instabilities (see, e.g., Refs. [511, 628, 629] and references therein). This is why we generally restrict our
attention to classes of theories such as Horndeski theory. Alternatively, the presence of an Ostrogradski
instability can be used as a tool to discredit a certain theory. This approach will be used for example in
Chapter 10.

2We more or less follow the notation of Ref. [401] here. See also Ref. [401] for more details, including the
general equations of motion in FLRW.
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G4 = ¢ and G5 = 0 is Brans-Dicke theory [148, 276, 284]; arbitrary Ga(¢, X) and G3(¢, X),
G5 =0 and G4 = M2 /2 is known as kinetic gravity braiding [251, 555].
To see how Horndeski theory can allow for non-singular bouncing solutions, consider the

sub-case of k-essence with
Gy, X) = Ay H(X = C?)? = V(9), (4.2.13)

where C' and Ay > 0 are constants with dimensions of mass square and mass to the power
four, respectively. Upon expanding the bracket squared in the above, we notice that the
kinetic part of the theory is of the form —2A;'C?X + A;' X2, where the leading term in
X appears to have the wrong sign, indicating a runaway quantum instability (known as
the ghost instability [214]). However, the above Lagrangian has a non-trivial minimum at
X = (C?, which is called the ghost condensate [31], about which fluctuations have the correct
kinetic sign. The energy density and pressure of a k-essence scalar field in FLRW are given
by

p=2XGyx(, X) — Ga(9,X), p=Ga(9, X), (4.2.14)

so for the above example of ghost condensate Lagrangian, we have
p=MA"0BX*-20°X -CH+V(p), p=MNYX-C*?-V(p), (4.2.15)

S0 p+p=4A' X (X — C?). When 0 < X < C?, we notice that p+p < 0. Thus, the NEC
is violated and a non-singular bounce is achievable.

In a more realistic model, the ghost condensate can form dynamically, i.e., there can be a
phase where the ghost condensate forms and the NEC is violated, while outside that phase,

the NEC remains satisfied and standard cosmology follows. For example, we could have
G2(0, X) = [1 = g(d)| X + Mp'BX* = V(9), (4.2.16)

where > 0 is a dimensionless constant and g¢(¢) is a dimensionless, Gaussian-shaped
function peaked at gy = maxyerg(¢) > 1. That way, as g(¢) < 1 and | X| < Mg, we simply
have a canonical scalar field, while for g(¢) > 1 and |X| ~ Mg}, the kinetic part of the
Lagrangian is of the form —|1 — go| X + MP714,6X2, i.e., it is a ghost condensate. This is the
type of model that is studied in Chapter 5 (Ref. [562]; see references therein).
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A key issue with regard to such non-singular constructions is that of stability. Upon
perturbing the Horndeski theory action in the comoving gauge, the tensor and scalar second-

order actions are found to be [401], respectively,

1 -
S = S / dtd*x a®Grp { (Vh ) } (4.2.17)
2
S = /dtd3xa3g { - —g } (4.2.18)
where z F
2 YT 2 Y8
Ch = — and Co = —/— 4.2.19
"= Gr %7 Gs ( )
are the definitions for the tensor and scalar sound speed squared, respectively. Furthermore,
we defined
Fr = 2[Gy — X(¢Gs.x + Gs.0)] (4.2.20)
QT = 2[G4 — 2XG47X — X(HQBG&X — G5’¢)] s (4221)
1d¢
=-—=— 4.2.22
FS a dt fTa ( )
Gs = @QT +3Gr, (4.2.23)
a
= 6g%’ (4.2.24)

=— ¢XGsx +2HG, —8SHXG,x —SHX?Gyxx + 0Gup + 2X 0G4 px

— H?0(5X G5 x + 2X%G5.xx) + 2HX (3G 4 4+ 2X G5 4x) (4.2.25)
Y= XGox +2X%Gyxx + 12H6X Gs x + 6HOX G xx — 2XGs p — 2X*G3 5x — 6H*G,y
+6[H*(TXGyx +16X°CGyxx +4X°Cuxxx) — HP(Gap + 5XCupx + 2X*Cupxx))
+30H3pX Gy x + 26H3p XG5 xx + 4HpX3Cs xxx
— 6H?X (6G5,4 + 9X G5 4x + 2X*Gs sxx) - (4.2.26)

The conditions to avoid ghost instabilities in the tensor and scalar sectors are

Gr >0, Gs >0 (no-ghost-instability conditions), (4.2.27)
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while we must further ensure no gradient instability by having
Fr >0, Fs>0 (no-gradient-instability conditions), (4.2.28)

in the tensor and scalar sectors, respectively. If the no-ghost-instability conditions are satis-
fied, then the no-gradient-instability conditions are equivalent to requiring real sound speeds,
ie, ¢& > 0and ¢ > 0. Let us see why an imaginary sound speed leads to a gradient in-
stability by considering scalar modes as an example. First note that the equation of motion

from the variation of the above second-order scalar action is

@G dinzdg

k%G =0 4.2.29

where z = ﬂa(FSQS)l/‘l, dy = a~'cgdt, and noting that we transformed to Fourier space.

On small scales (|cs|k > aH) and in the case ¢ < 0, the solution is found to be

Qi(t) ~ exp <k: /t df%) : (4.2.30)

indicating an exponential growth of the perturbations, an instability due to the sign of the
gradient term in the action. Such an instability is present in the model of Chapter 5, but it
is usually not necessarily catastrophic since the time scale of the instability remains small if
% is not negative for a too long period of time given a certain value of k. Furthermore, the
length scales where the instability occurs are usually very small, possibly outside the regime
of validity of the effective field theory® (see Ref. [404]). Nevertheless, a more successful
theory of non-singular cosmology should be able to avoid instabilities altogether.

Let us show why this may be challenging in the case of Horndeski theory. Let us first
assume that the no-ghost- and no-gradient-instability conditions are satisfied in the tensor
sector. From the definition of Gy and Fr, there certainly is parameter space in G4(¢, X) and
G5(¢, X ) over which this assumption is met. Similarly, let us assume the condition Gg > 0 is

met, so there is no ghost instability in the scalar sector. Again, from the definition of Gg and

3We are not trying to state that gradient instabilities are generally not an issue. The point is simply
that, case-by-case, one should compare the time duration of the instability as a function of the scale k up to
the strong coupling scale, usually the ultraviolet cutoff of the effective field theory, kyy. This will vary from
one model to another. The result for the model of Chapter 5, as studied in Ref. [404], is that for k < kyy
the gradient instability is only very small, if not completely absent.
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¥, above, there certainly is parameter space in the G, (¢, X)’s for this to be valid. Ref. [398]
(see also Refs. [20, 441]) then showed that under these assumptions, it is impossible to have
both full geodesic completeness and avoid gradient instabilities in the scalar sector. The
argument is as follows: to avoid gradient instabilities in the scalar sector, we want Fg > 0,
which can be written as (using the assumption Fr > 0 and the fact that a(t) > 0 Vt)

% >aFr >0 < £(t) — E(ty) > M3, /t: dta(t) >0,  Vt>tg, (4.2.31)
where without loss of generality we set* Fr = MZ. An immediate implication of the above
condition is that £(¢) must be a monotonically increasing function of time V¢ > t5. Then,
for the spacetime to be geodesically complete, we require past and future completeness of
the FLRW cosmology. We will show the argument for past completeness, but it is easy to
repeat for future completeness. Past completeness is equivalent to

t

lim dt a(t) = oo, (4.2.32)

to——o0 to

which is satisfied for instance in bouncing cosmology. Taking the limit t; — —oo of
Eq. (4.2.31), we find that we must have

lim £(ty) = —o0, (4.2.33)

to——o0

together with the fact that £(t) needs to cross 0 at some time t, € (ty,00), so that £(t >
t,) > 0 since £(¢) is monotonically growing with ¢. Recalling £(t) = Mpa(t)/O(t), since we

work in the frame where Gy = M3,, we find that £(¢) can cross 0 at some time ¢, only if:
(a) lim,_,+ O(t) = 00 = lim,_,,+ {(t) = 0%;
(b) ©(t) has a finite discontinuity at ;

(c) orlim, .+ O(t,) = 0% = lim, .+ &(t) = Loo.

4The reason this can be done is that one can always perform a conformal transformation of the metric
to move from the Jordan frame, where the coefficient in front of the Hilbert-Einstein term in the action,
Ga(¢, X), is not Mg,/2, to the Einstein frame, where G4(¢, X) = M3,/2 and G5 = 0 (hence Gr = Fr =
2G4 = M3 = % =1). See Ref. [227] for details of how this is done. Note, however, that the argument
carries without this simplification.
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If (a) occurs, then since for instance © D 2ME H, it means that a physical quantity like H
blows up as ©® — +oo. If (b) occurs, then the discontinuity in © implies a discontinuity in
some physical quantity like H, in which case H — +oo. Finally, if (¢) occurs, then it means
that the perturbed action blows up as Gs = M3,(3 + M3X/6?) — oo, indicating infinitely
strong coupling, i.e., the perturbative expansion breaks down. In sum, it appears impossible
to realize a geodesically complete, non-singular cosmology with stable perturbations (and
not infinitely strongly coupled). This was claimed to be a no-go theorem for non-singular
bouncing cosmologies in Horndeski theory [20, 162, 165, 227, 398, 407, 441, 502].

One of the only ways of evading the resulting theorem lies in condition (c¢) above. Indeed,
it is still possible to have ©-crossing® (i.e., © goes through zero), while keeping Gs and Fg
finite. The key is to move away from the Einstein frame to allow time dependence in Gr (and
Fr), so that G2(t) scales the same way as O(t)? close to the ©-crossing time. That way, the
divergence is canceled out and the action remains finite (and within perturbative control).
This is the approach applied in Refs. [42, 360, 367], which find fully stable non-singular
cosmologies within Horndeski theory.

Another possibility to avoid the no-go theorem is to go beyond Horndeski theory (see,
e.g., Refs. [37, 69, 230-232, 299, 300, 321, 322, 418, 420, 421, 458, 510]). We do not develop
on how one can go beyond Horndeski theory here, but essentially, higher-order terms can
be added to Horndeski’s action as long as they satisfy particular degeneracy or constraint
equations. With these higher-order terms, it has been possible to construct several models
of stable, non-singular cosmology (see, e.g., Refs. [162-165, 227, 402, 407, 408, 503, 631]).

4.3 Limiting curvature

In the previous section, we showed one example of non-singular cosmology construction
within Horndeski theory. There exist several more within the realm of scalar-tensor theories
of gravity, and a key issue with many of them is always concerning stability. The approach
is often to start with an action known to yield second-order equations of motion and see
where in parameter space the NEC can be violated for the scalar field ¢. We review another
approach in this section, known as limiting curvature, which is the topic of Chapter 10

(presenting Ref. [635]), where the idea is to build a tailor-made theory for non-singular

®Note that some authors, such as in Refs. [360, 365, 367, 407, 503, 565, 631], use the variable ~ instead
of ©, so they call this ~y-crossing.
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cosmology at the level of the action.

The principle of limiting curvature (see, e.g., Refs. [111, 112, 143, 320, 507, 516, 600,
633, 635] and references therein) goes as follows: under the assumption that a successful
theory of quantum gravity (or at least of classical gravity up to high enough energy scales)
should resolve spacetime singularities, there should exist a fundamental length scale ¢ in
that theory that bounds all (infinitely many) curvature-invariant functions of the spacetime

manifold, e.g.,
|R| < (7%, |R,,R"| < 5;4, |VoR,,, VR | < 6;6, |C'WQBC“”°‘B] <078 ete. (4.3.34)

For instance, the fundamental length could be of the order of the Planck length, £; ~ fp
(more generally, ¢; > (p)). However, this is difficult to obtain in practice since one could
bound one or more curvature invariants and still have other curvature-invariant functions
blowing up. For example, at the center of a Schwarzschild black hole, we have R = 0 and
R,R" =0 (in fact R = 0 and R,, = 0 everywhere in Schwarzschild spacetime), but
RyvapR"*P — oo. Therefore, the approach of limiting curvature is to ensure the finiteness
of a finite number of curvature-invariant functions and arrange for the spacetime to approach
known non-singular spacetimes asymptotically, where all curvature invariants are bounded.

Before setting up the theory of limiting curvature in gravity, let us do a quick aside about
limiting curvature in special relativity as an analogy. Let us start from the action of a point

particle in classical mechanics:

1
S = /dt§m|>'(|2. (4.3.35)

To go from classical mechanics to special relativity, we need to impose the bound that speeds
can never exceed the speed of light. This can be thought of as a ‘limiting speed hypothesis’.
To do so, let us introduce a Lagrange multiplier ¢ multiplying the speed squared |x|? together

with a ‘potential’ V' (¢), so the action becomes

S = m/dt <%|5<|2 + o|x|? — V(@)) : (4.3.36)

Varying the action with respect to ¢ gives the constraint equation

12 = 9

4.3.37
i (4337)
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We see that if the potential V() is chosen appropriately, i.e., if dV/dy < 1 Vi, then we
realize the limiting speed hypothesis, i.e., v = |X| is always less than or equal to the speed

of light (v < ¢ =1). For example, we could choose

2p? dV 1

IR TR

(4.3.38)

and indeed, it follows that |X| < 1 Vi € R. Moreover, if we solve the above result for ¢ in

terms of |x|?> and substitute this back into the action (4.3.36), we obtain

S = m/dt %P (4.3.39)
up to an irrelevant constant, which is exactly the action of a point particle in special relativity
(see, e.g., Ref. [415]).

A similar approach can be applied in gravity. We start with the Hilbert-Einstein action

and add to it a (finite) number of Lagrangian multipliers,

M2

i=1

Thus, the theory has n dimensionless scalar field Lagrange multipliers y; with potential
V(x1, X2, -+, Xn), and the I;’s are curvature-invariant functions (with dimensions of mass
squared in this convention), i.e., any scalar polynomial constructed from the Riemann cur-
vature tensor R¥,,3, contractions thereof (with the metric tensor g, ), and covariant deriva-
tives thereof. Some examples were given in Eqgs. (4.1.5) and (4.3.34). From the variation of

the action with respect to y;, we obtain the following set of constraint equations®:

ov
I, = . 4.3.41
% ( )
Manifestly, if we solve the above constraint equations for the y;’s as
Xi = Xi(l1, Loy o 1) (4.3.42)

6To avoid confusion, let us clarify that i, j, ..., are not space indices here, but just labels.
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we can write the theory as a pure higher-order tensor theory of modified gravity,

- Mg,
2

s / d'e V=G (R + F(Iy, oy 1,)] | (4.3.43)

where F' stands as the Legendre transformation:
F(Li Iy 1) = Xi(l, Iy o L)L = V(I o L)oo Xn(Ls o 1)) - (4.3.44)
i=1

As an example, with only one Lagrange multiplier (n = 1) and I; = R, we obtain F(R)
gravity, where the exact functional form depends on the potential V' (x1).

As in the analogy with special relativity, it is clear from the constraint equation (4.3.41)
that the idea is then to have |V,,| < 6;2 so that the curvature-invariant functions | ;| are also
bounded from above. We further require the solution to approach a well-known non-singular
spacetime when the I;’s take their limiting value (e.g., 6;2) as |x;| — oo. As an example, let

us consider the case of two Lagrange multipliers (n = 2), so the constraints are

ov ov

! Ix1 o ? X2

(4.3.45)
The requirement on V' (x1, x2) is then |V, ,| < co and |V,,| < co. Moreover, let us consider
the case where we force the spacetime to approach de Sitter asymptotically (i.e., in FLRW,
H — constant and H — 0), which is known to be non-singular (in the global patch).
Therefore, it would be useful to construct I; and I5 such that in an FLRW background

I, < H? and LxH, (4.3.46)
whence we impose
ov ov
—— — constant and — =0 as X1, X2 — £00. (4.3.47)
Ix1 Ix2

This was the approach explored in Refs. [143, 516] (see also Chapter 10), where the theory
was confirmed to yield non-singular background cosmologies with either asymptotically de
Sitter spacetime or Minkowski spacetime (the sub-case where H — 0).

To end this section, let us mention that the question that naturally arises is whether such
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non-singular constructions have well behaved perturbations. This is the topic of Chapter 10,
where we explore the (tensor, vector and scalar) cosmological perturbations. In particular,
we quantify when the resulting equations of motion are at most second order in derivatives

and when the theory is (in)stable with respect to ghost and gradient instabilities.
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Chapter 5

Evolution of cosmological
perturbations and the production of
non-Gaussianities through a
nonsingular bounce: Indications for a
no-go theorem in single field matter

bounce cosmologies

5.1 Introduction

As was realized in [286, 618], there is a duality between the evolution of curvature fluctuations
in an exponentially expanding universe and in a contracting universe with the equation of
state of matter. In both cases, curvature fluctuations which originate as quantum vacuum
perturbations on sub-Hubble scales acquire a scale-invariant spectrum at later times on
super-Hubble scales. The observed small red tilt of the spectrum of curvature perturbations
which has now been confirmed by observations (see e.g. [7, 12]) can be obtained in an
expanding universe by a slow decrease of the Hubble constant during the period of inflation
[517], whereas in a matter-dominated phase of contraction a small cosmological constant

(with magnitude comparable to what is needed to explain today’s dark energy) yields the

2019/06,/08
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same tilt [180] (see alternatively [341]). To avoid reaching a singularity at the end of the
contracting phase, it is necessary to either modify gravity or consider matter violating the
null energy condition (NEC). Then it is possible to obtain nonsingular bouncing cosmologies
which have the potential to yield an explanation for the structures in the universe which
we now observe. This scenario of structure formation alternative to inflation is called the
“matter bounce” scenario (see e.g. [128, 132] for reviews).

Examples of modified gravity models which yield bouncing cosmologies include the “non-
singular Universe” construction of [143, 516], nonlocal gravity actions like [81], or Hofava-
Lifshitz gravity [101]. It is in general very hard to study the evolution of fluctuations in these
models. We will hence focus on models in which the bounce is obtained from the matter
sector. One method of obtaining a nonsingular bounce with a single scalar field involves the
formation of a ghost condensate during the bounce phase (see [155, 228, 267, 455, 546, 556]
for initial developments). A general problem for bouncing cosmologies is the Belinsky-
Khalatnikov-Lifshitz (BKL) instability [67], the fact that the energy density in the form of
anisotropies will explode and destroy the homogeneous bounce [167]. This problem can be
“solved” by endowing the scalar matter field with a negative potential which leads to an
Ekpyrotic phase of contraction before the bounce [172, 175, 561] and hence can mitigate the
anisotropy problem [273] '

In the matter bounce scenario, primordial quantum fluctuations exit the Hubble hori-
zon while the universe is in a matter-dominated contracting phase and the resulting power
spectrum of curvature perturbations is scale-invariant [286, 618]. On the other hand, the
gravitational wave mode obeys the same equation of motion on super-Hubble scales as the
curvature perturbations (considering the canonical variables in each case). Hence, before
the bounce phase the tensor-to-scalar ratio » would be of order unity. Thus, if the pertur-
bations passed through the nonsingular bounce unchanged, it would imply that curvature
perturbations and primordial gravitational waves would have the same amplitude after the
bounce. In terms of the tensor-to-scalar ratio, it would mean that r ~ O(1), well above
current observational bounds [7, 10, 12].

Since the curvature fluctuations couple nontrivially to matter during the bounce phase,

whereas the tensor perturbations are determined simply by the evolution of the scale fac-

'Such a negative potential may arise from the standard model Higgs field since, based on the recent Higgs
and top quark mass measurements, the standard model Higgs develops an instability at large field values (in
the absence of new physics) [136].



5 Evolution of cosmological perturbations and the production of non-Gaussianities through a
nonsingular bounce: Indications for a no-go theorem in single field matter bounce
cosmologies 90

tor a(t), one may expect that the curvature perturbations would be enhanced relative to
the tensor modes during the bounce. In fact, early calculations indicated that curvature
perturbations grew exponentially during the bounce phase, hence suppressing the tensor-
to-scalar ratio [172, 178]. A more recent study [54] numerically explored the evolution of
scalar fluctuations through a nonsingular bounce model similar to the one studied in [172]
and found no enhancement of curvature perturbations through the bounce. In light of the
relevance of a possible enhancement of the curvature fluctuations for the predicted value of
the tensor-to-scalar ratio, the growth of curvature fluctuations during a nonsingular bounce
needs to be reconsidered. This is what we aim to do in this paper.

The second goal of this paper is to carefully track the evolution of the three-point func-
tion (bispectrum) of curvature perturbations through the bounce. In earlier work [181] it
was shown that the bispectrum of curvature fluctuations before the bounce phase has an
amplitude of the order fy;, ~ O(1) with a specific shape. As we argued above, if the per-
turbations were to pass through the nonsingular bounce unchanged, it would imply a large
tensor-to-scalar ratio in excess of the observational bounds. On the other hand, if curva-
ture perturbations were to experience a nontrivial growth through the bounce, one should
expect additional nonzero contributions to the bispectrum coming from the bounce phase,
and there would then be the danger that the final amplitude of the bispectrum exceeds the
observational upper bounds from [9, 13]. Thus, a potential conflict looms: either the tensor-
to-scalar ratio is too large, or else the non-Gaussianities exceed observational bounds. This
problem has indeed already been found in a model of a nonsingular bouncing cosmology in
which a nonvanishing positive spatial curvature is responsible for the bounce [302, 303]. We
will study this issue in the context of the more realistic models in which the nonsingular
bounce is generated by the matter sector. In particular, we will explore the question in the
context of a ghost-condensate bounce.

We will indeed demonstrate that, at least in our model, the evolution of the curvature
perturbations in the bounce phase connects the value of the tensor-to-scalar ratio with the
amplitude of non-Gaussianities. The suppression of the tensor-to-scalar ratio to restore
compatibility with the observational bounds requires an enhancement of the curvature fluc-
tuations during the bounce phase. Such an enhancement will increase the magnitude of the
non-Gaussianities to a level inconsistent with the observational bounds on the amplitude of
the bispectrum. Based on our result we conjecture that there exists a “no-go” theorem in

single field nonsingular matter bounce cosmologies which relates the tensor-to-scalar ratio
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and non-Gaussianities, preventing these models to satisfy the current observational bounds.
A tensor-to-scalar ratio below current observational bounds would imply a too large am-
plitude of non-Gaussianities, whereas non-Gaussianities of order fyi, ~ O(1) would imply
a too large amplitude of the primordial gravitational wave spectrum. Therefore, a single
field nonsingular matter bounce cannot be made consistent with current observations if the
primordial perturbations arise from vacuum initial conditions.

Our analysis assumes that both curvature perturbations and gravitational waves originate
as quantum vacuum fluctuations in the initial phase of contraction. A model with thermal
fluctuations (as obtained for example in the context of string gas cosmology [79, 147]) will
easily avoid our “no-go” theorem. As shown in [144-146, 520], we obtain a tensor-to-scalar
ratio much smaller than order unity while obtaining non-Gaussianities which are negligible
on cosmological scales [199].

The paper is organized as follows. We first start with a short review of cosmological
perturbation theory in Sec. 5.2. We then motivate the idea of the no-go theorem proposed
in this paper in Sec. 5.3. In Sec. 5.4, we briefly review the general picture of bouncing
cosmology in terms of a single scalar field of Galileon type. After that, in Sec. 5.5 we
analyze the perturbation equation for primordial curvature perturbations at linear order
during the nonsingular bouncing phase. We point out under which conditions there can be
an enhancement of their amplitude. Then in Sec. 5.6, we perform a detailed analysis of the
bispectrum generated in the bouncing phase of our specific model. We combine the analyses
of scalar and tensor perturbations together with non-Gaussianities in Sec. 5.7, and we show
how current observational bounds severely constrain the parameter space of the single field
bouncing model. The analysis is expected to hold quite generally for single field matter
bounce cosmologies. We conclude with a discussion in Sec. 5.8. Throughout this paper, we
adopt the mostly minus convention for the metric and define the reduced Planck mass as

M? = 1/8rGy where Gy is Newton’s gravitational constant.

5.2 A brief review of cosmological perturbation theory

Linear perturbations of the metric about a homogeneous and isotropic background space-
time can be decomposed into scalar, vector, and tensor modes (see [518] for a review of the
theory of cosmological perturbations and [121] for an introductory overview). The scalar

modes are those which couple to matter energy density and pressure perturbations. We call
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these the cosmological perturbations. Tensor modes exist in the absence of matter - they
correspond to gravitational waves. In the case of matter without anisotropic stress at linear
order in the amplitude of the fluctuations, there is only one physical degree of freedom for
the scalar fluctuations. For the purpose of computations it is often convenient to work in the
conformal Newtonian gauge (coordinate system) in which the perturbed metric for scalar

modes reads
ds* = a*(n) (11 + 20(n, )] di’ — [L — 20(n, 7)] d7?) . (5.2.1)

where 7 denotes conformal time, a(n) is the cosmological scale factor, & represents comov-
ing spatial coordinates, and ® denotes the gravitational potential. For tensor modes, the

perturbed metric reads
ds* = a®(n) (dn® — [6; + hi;(n, T)] da'da’) | (5.2.2)

where h;; is trace-free and divergenceless.
Let us consider the matter content to be described by a single scalar field of canonical

form with Lagrangian density
1
L, = gMgg‘“’V#gbVHqﬁ - V(o). (5.2.3)

Note that we take the scalar field to be dimensionless throughout this paper as a convention.

Linear perturbations of the scalar field then have the form

o(n, %) = ¢o(n) + do(n, ), (5.2.4)

where ¢q is the unperturbed homogeneous part of ¢. In the scalar sector, metric and matter
perturbations couple to one another, so it is useful to define a linear combination of these

perturbations,

R="so4 . (5.2.5)

0
There are two reasons for focusing on this variable. First of all, it gives the curvature
fluctuation in comoving coordinates (coordinates in which the matter field is uniform), and is
hence the variable we are interested in computing. Second, it is simply related to the Sasaki-
Mukhanov [515, 577] variable v in terms of which the action for cosmological perturbations

has canonical form. Note that in the above, H = a’/a is the conformal Hubble parameter and
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a prime denotes a derivative with respect to conformal time. In fact, the Sasaki-Mukhanov

variable is

v=2R, (5.2.6)
with /
z = a%Mp. (5.2.7)

The equation of motion that results from expanding the perturbed action for gravity and

matter to second order is given by
" 212 ZU _
Uk + Csk — ? Vi = O (528)

The equation is written in Fourier space, where k represents the comoving wave number of
the curvature perturbations, and ¢, is the speed of sound which is equal to one for a scalar

field with canonical action (5.2.3). Similarly, for tensor modes the Mukhanov variable is
uw = ah, (5.2.9)

where h is the amplitude of the polarization tensor h;; (the two polarization states evolve
independently at linear order and obey the same equation of motion) and the resulting

equation of motion is
a//
wy + (c§k2 — —) pr=0. (5.2.10)
a

Alternatively, without the use of the Mukhanov variables, the equation of motion for curva-

ture and tensor perturbations can be written as

/
R+ 25R, 4+ PRy =0, (5.2.11)
z

/
W2 b 4 2R2hy, = 0, (5.2.12)
a

respectively.

Finally, let us introduce the scalar perturbation variable

29 +HD

=t e

(5.2.13)
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where w = P/p is the equation of state parameter (P is the pressure and p is the energy
density). On super-Hubble scales, i.e. for k < H, this variable is equivalent to the curvature
perturbation variable Ry [48]. In other words, Ry = (i, and thus, throughout the rest of
this paper, we will use Ry and (i interchangeably to denote curvature perturbations on

super-Hubble scales.

5.3 Outline of the no-go conjecture

As explained in the introduction, a careful study of the evolution of curvature perturbations
and the production of non-Gaussianities during a nonsingular bounce may lead to a “no-go”
theorem, the impossibility of obtaining a sufficiently small tensor-to-scalar ratio while main-
taining a bispectrum with an amplitude smaller than the current observational bounds. In
this section we will provide a qualitative analysis of this problem by giving simple estimates
of the tensor-to-scalar ratio and of the amplitude of the bispectrum assuming that the curva-
ture fluctuations undergo some growth through the bounce phase. We first start by setting

up the matter bounce formalism.

5.3.1 Fluctuations in the matter bounce

In the matter bounce, primordial quantum fluctuations originate on sub-Hubble scales dur-
ing a matter-dominated contracting phase and exit the Hubble radius during this phase.
The perturbations then remain on super-Hubble scales as the universe contracts and passes
through the bounce phase, except for a very small time interval right at the bounce point
(at which time the Hubble radius goes to infinity). The fluctuations with wavelength of
cosmological interest today will then reenter the Hubble radius in the standard radiation or
matter-dominated expanding phases. If the bounce is completely symmetric, then fluctua-
tions which exit the Hubble radius in the matter phase of contraction reenter the Hubble
radius in the matter phase of expansion. However, we expect the bounce to be asymmetric
and entropy to be generated during the bounce. In this case, the radiation phase of expansion
is longer than the radiation phase of contraction.

To understand the evolution of quantum fluctuations in a contracting universe, one needs

to determine the form of the variable z and then solve Eq. (5.2.8). Using the Friedmann
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equations, the time derivative of the Hubble parameter is given by

9%
2 )

H= (5.3.14)

where a dot denotes a derivative with respect to cosmic time, ¢, and the subscript 0 indicates

that we are referring to the background field. Defining the parameter ¢,

i

==, (5.3.15)
and using Eq. (5.3.14), one finds
%, — V2eM,
z=apM, =a 2eM,, . (5.3.16)

It is straightforward to show from the Friedmann equations that
3
€= 5(1 +w), (5.3.17)

so for a matter-dominated contracting universe with w = 0, we have ¢ = 3/2. As a conse-
quence, z = a\/gMp and

Z” al/

— = —, 5.3.18
poliion ( )
and we conclude that the scalar and tensor fluctuations evolve in exactly the same way. This
is not true in general since w can vary in time. For example, in the case of inflationary

cosmology, we recognize € as the slow-roll parameter and it is time-dependent.
2/3 2

and since ¢2 = 1 for a canonical scalar field, the equation for the Sasaki-Mukhanov variable

In a matter-dominated contracting universe, the scale factor scales as a ~ (—t)

is
2
vy + <k2 - —2) v = 0. (5.3.19)
U

On super-Hubble scales, the k? term is negligible, and so the solution reads
ve(n) = e’ +ean . (5.3.20)

Using the fact that vy = 2(j, the first term yields (; ~ constant, but in a contracting
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universe, the second term is the dominant solution,
Ce~vm 2, (5.3.21)

which implies that curvature perturbations grow in a contracting universe. In fact, the
growth rate is precisely the correct one to convert an initial vacuum spectrum into a scale-
invariant one (see e.g. [128] for a review).

5.3.2 Bound from the tensor-to-scalar ratio

The tensor-to-scalar ratio is defined as

(5.3.22)

where k, is the pivot scale which is used to parametrize the power spectra for tensor and

curvature perturbations. The individual power spectra are defined by [447]

— k° 2 k2 ||
3 k3 Jug2

respectively. The factor of 2 in the first step of the first line comes from the two polarization

states of gravitons and the factor of 167 is a convention reflecting the fact that it is 167 M,h

which yields the canonical action of a free scalar field in an expanding background [518].
As we found in the previous subsection, z = a\/§Mp for the matter bounce, so the scalar

power spectrum becomes

Py = A ol (5.3.25)
672 a? M2
and furthermore, the tensor-to-scalar ratio becomes
r — 967 | 2M2, (5.3.26)
Uk, P

where the factor Mg reflects the fact that we have defined vy to have dimensions of mass,

whereas i is dimensionless.
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Since 2”/z = a" /a for the matter bounce, the evolution of scalar and tensor modes given
by Egs. (5.2.8) and (5.2.10), respectively, will be identical. In addition, if they originate from
the same quantum vacuum, then vg(n) = Myuk(n). Consequently, we find that r = 96mx.
If perturbations passed through the bounce unchanged, it would result in » = 967 at the
beginning of the standard big bang cosmology phase which is three orders of magnitude
larger than the current observational upper bound.

To gain some intuition on the effect of passing through the bounce phase, let us assume

that curvature perturbations are enhanced by an amount A(, through the bounce, i.e.

G(nB+) = Ge(np-) + AG, (5.3.27)

where npy denote the conformal time before (—) and after (4) the bounce. Then, the

tensor-to-scalar ratio measured after the bounce becomes

D, (773+)
Cr. (MB—) + A,

r(np+) = 96 (5.3.28)

Assuming that tensor modes remain constant through the bounce, i.e. hy(ng_) = hx(nps),
one finds that

AG, '2 _ r(ns-) (5.3.29)

Ce.(na=)| — r(nBy)

Taking the value of the tensor-to-scalar ratio before the bounce to be what we found earlier,

‘1+

i.e. 7(np—) = 967, and demanding that the tensor-to-scalar ratio is sufficiently suppressed
after the bounce so that it satisfies the observational bound r(ngy) < 0.12 (95% CL from
[10, 14]), we find that curvature perturbations must be sufficiently enhanced during the

bounce phase so that

A
’1 + i’ >50.1, (5.3.30)
or using the triangle inequality,
A
#‘ >49.1. (5.3.31)
Cr. (nB-)
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5.3.3 Bound from the bispectrum

The primordial bispectrum, B¢, is defined in terms of the three-point function as

—

(C(k1)C(R)C(ks)) = (2m)30@) (ky + ko + ki) Be(ky, ko, ks) (5.3.32)

which we can rewrite as
(R Ry)) = (2m)780 (Z i ) Alks. o, k). (5.3.38)

where k; = |k;| and where the index i runs from 1 to 3. The function A(ky, ks, ks) is known

as the shape function and its amplitude defines the nonlinear parameter fyi, via

10 .A(kl, kg, k3)
3 Zz % '

Of particular interest is the local form of non-Gaussianities for which one of the three modes

Iu (K, ko, k) = (5.3.34)

exits the Hubble radius much earlier than the other two, i.e. k; < ko = k3. For this case,

one can write

() = ¢o(T) + flocang(f) (5.3.35)

where ¢, is the Gaussian part of .

In order to compute fyr,, one must evaluate the three-point function. To leading order
in the interaction coupling constant, the three-point function is related to the interaction
Lagrangian, Ly, via [481]

— ~

(€t F)C(L Fo)C(E F) = i / (G RO R)C 1 ) i (D)) (5.3.36)

where the square brackets denote the commutator and where t; denotes the initial time before
which there is no non-Gaussianity. The interaction Lagrangian is obtained by evaluating the

action up to third order in perturbation theory

Lint(t) = / 7 Ls(t,7), (5.3.37)
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and for a canonical scalar field, the Lagrangian density for ¢ to cubic order is given by [481]

T ( 2 ) a*¢¢ + €ag(9C)* — 2%a°C(AC) (9x) + §a3<<aiajx>2 Q%2

W € — 5 6C ’
(5.3.38)

F(O) = 4((;])2((%)2 B Wa_2ai8j(8i(aj(> _ %CC — ﬁaigaix + ﬁaﬂ&'@(@ix@jo ;
(5.3.39)

where 072 is the inverse Laplacian and where we define y = 972(. Also, the equation of

motion for ¢ coming from the second order perturbed Lagrangian density L, is given by

oL 0 NS

As we saw in Sec. 5.3.1, curvature perturbations grow on super-Hubble scales during the
matter-dominated contracting phase until the bounce phase. While on super-Hubble scales
the spatial gradient terms are negligible, i.e. 9;,(, 0;x =~ 0, the growth in  implies that the

interaction Lagrangian is dominated by

3
z\% ~ (62 - %) A - %gc’%(az%). (5.3.41)

As was first shown in [181], the production of non-Gaussianities on a comoving scale k is
dominated by the period between when the scale crosses the Hubble radius in the phase of
matter contraction until the onset of the bounce phase, and the resulting non-Gaussianities
are of order fx, ~ O(1). For example, for the local shape, the authors of [181] found

local — _35/16.

Following what was done in the previous subsection, let us now assume that curvature

perturbations grow during the bounce phase. For simplicity, let us assume that they grow

linearly in time with constant rate
_ AC
- Atg’

where the duration of the bounce is given by Atg =tp, —tg_. Then, in the limit £ — 0 on

¢ (5.3.42)

super-Hubble scales, the contribution to the three-point function coming from the bounce
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phase is schematically given by

(¢(tB+)’)bounce ~ C(i@*)g (AAfB)z / " dt a(t)® {e(t)z — 6(?3] [C(tB_) + f—é(t —tg )|,
" (5.3.43)

p
and one expects that the dominant contribution to fyi, that results from evaluating the

three-point function would scale as

(AO2M2 (5.3.44)

fNLN AtB P

plus terms of order A¢! which would be subdominant for a large amplification A(.

We already see that a growth in the curvature perturbations during the bounce, A(,
would enhance fyr,. From the previous subsection, we expect A to have a lower bound
to match current observational bounds on 7, and thus, we expect to find a lower bound on
the amount of non-Gaussianities that are produced during the bounce phase. However, we
cannot determine whether this contribution will be significant to fxr, ~ O(1) and whether
the resulting lower bound will exceed current observational bounds without going into the

details of the calculation.

5.3.4 The no-go theorem

Now, let us state our conjecture.

Conjecture 5.1. For quantum fluctuations originating from a matter-dominated contracting
universe, an upper bound on the tensor-to-scalar ratio (r) is equivalent to a lower bound on
the amplification of curvature perturbations (A(/C) which in turn is equivalent to a lower
bound on the amount of primordial non-Gaussianities (fxi). Furthermore, if the initial
quantum vacuum is a canonical Bunch-Davies vacuum with cs = 1, if the nonsingular bounce
phase is due to a single NEC violating scalar field, and if general relativity holds at all energy
scales, then satisfying the current observational upper bound on the tensor-to-scalar ratio
cannot be done without contradicting the current observational upper bounds on fxr, (and

vice-versa).

In the rest of this paper, we will give an example of realization of this conjecture.
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5.4 A brief review of single field bouncing cosmology

In the context of Einstein gravity, matter which violates the null energy condition must
be introduced in order to obtain a cosmological bounce. A simple toy model is quintom
cosmology, i.e. a model in which a scalar field with opposite sign in the action compared to
a usual scalar field is introduced, and it is arranged that this field comes to dominate late
in the contracting phase, thus yielding a nonsingular bounce [176]. A specific realization of
this can be obtained in the Lee-Wick theory [177]. These models, however, suffer from a
ghost instability [214]. To avoid this instability (at least at the perturbative level) one can
make use of the ghost condensation mechanism [455] or the Galileon construction [267, 556].2
These mechanisms involve a modified kinetic term in the action.

As mentioned in the introduction, bouncing models typically also suffer from the anisotropy
problem, and to mitigate this problem, one can build into the scenario an Ekpyrotic phase of
contraction which occurs at some point after the matter phase of contraction. Specifically,
one can use a single scalar field with a kinetic term designed to yield a nonsingular bounce,
and a potential energy function with a negative potential over some range of field values
which is designed to yield Ekpyrotic contraction [172]. In this approach, a second scalar
field with canonical kinetic term and with quadratic potential can be used to represent the
regular matter of the Universe [175]. In this paper we will not consider the role which this
second scalar field may play (for some ideas see [168]) but only consider the field ¢ which
generates the Ekpyrotic contraction and the nonsingular bounce.

Throughout this paper, we assume only Einstein gravity plus matter. Thus, the action

is given by 2
S = /d4:c N (_TPR + .cm) : (5.4.45)

where ¢ is the determinant of the metric, R is the Ricci scalar, and £,, is the matter La-
grangian. We assume that the matter content is dominated by only one scalar field (¢) before
reheating (the energy density of matter created via reheating becomes only important after
the bounce phase — see [561]). Thus, for the dynamics of the matter-dominated contracting

era and the bounce phase to be described by second order equations of motion, we consider

2 Alternative possibilities of alleviating this instability may be achieved by considering various modified
gravity implementations such as models of extended F'(R) gravity [40, 526], modified Gauss-Bonnet gravity
[41], and torsion gravity scenarios [29, 170].
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a Lagrangian of the most general form [522]
Lo = K(6,X) +G(6,X)06 + Ly + L, (5.4.46)
where the kinetic variable X is defined as

X =-¢""V,0V,0, (5.4.47)

N | —

and where the d’Alembertian operator is defined as
O¢ = ¢g"'V,V,0. (5.4.48)

We do not write down the explicit form that £, and L5 can take here, but the key point
is that they involve higher order derivatives. If we assume that the energy scale at which
the bounce occurs is low enough so that higher order derivative terms in the Lagrangian are
negligible, then we can assume that L4, L5 =~ 0.

For the bounce to be nonsingular, the above Lagrangian must violate the null energy
condition (NEC) at high energies. To do so, we assume the first term of the Lagrangian to
have the form

K (6, X) = M2[1 - g(6))X + BX2 = V(9), (5.4.49)

where [ is some positive constant. We see from Eq. (5.4.49) that when g(¢) > 1, the sign
of the kinetic term is reversed and a ghost condensate which violates the NEC is formed
[155, 228, 267, 455, 556]. For this reason, one typically chooses the function g(¢) to have the

form
240

N 6_ V 2/p¢ + ebg V 2/p¢ ’

where p and b, are positive constants. As ¢ — 0 at the bounce point, g(¢) — go, and

9(¢)

(5.4.50)

the constant gq is naturally chosen to be gy > 1 to allow the NEC violation. We can also
see from the form of g(¢) above that as ¢ goes away from 0 and as the kinetic variable X
becomes small outside the bounce phase, g(¢) rapidly goes to 0 and the Lagrangian recovers
its canonical form.

The potential V' (¢) can be chosen in order to obtain an Ekpyrotic phase of contraction.
This can be done by means of a potential which is negative for small values of |¢|, but which

approaches V' = 0 exponentially at large positive and negative field values. Specifically, we
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have chosen the potential

W
e—V/2/a6 | bva/2/a0

where Vj, ¢, and by are positive constants. Without the second term in the denominator,

Vig) = (5.4.51)

one obtains the potential postulated in the Ekpyrotic scenario [387].

One can then parametrize the background evolution during the bounce phase as follows.
The Hubble parameter grows linearly in time, passing through zero at the time ¢t = t5 (the
bounce point),

H(t) = T(t—t5), (5.4.52)

where T is a positive constant. The scale factor immediately follows,

a(t) = ape 872 (5.4.53)
Also, the scalar field evolves as

H(t) = ppe-tB)/T? (5.4.54)

Since ap and tp can be arbitrarily redefined, we see that the parameters which describe the
bounce phase are T, ¢p, tz_ (or Lz, assuming a symmetric bounce), and 7. First, T gives
the growth rate of the Hubble parameter. Second, bn gives the maximal growth rate of the
scalar field. Third, Atg/T gives the dimensionless duration of the bounce. They can be
related to the Lagrangian parameters via (see [172, 175])

2090 —1)
¢B— 3ﬁ MP’

H 2
T~ =5t — (5.4.56)
T 1n(¢3/6H3+)
where Hg, = Y(tgy — tp).

Given the model we have discussed and the bounce solution which we have given in

(5.4.55)

parametric form, we will now follow the evolution of the curvature fluctuation variable ¢

through the nonsingular bounce phase.
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5.5 Evolution of curvature perturbations during the bounce

As we saw in Sec. 5.2, the equation of motion for curvature perturbations [Eq. (5.2.11)] can

be written as

" (Zz)/ / 21,2
Pt R+ Ry =0, (5.5.57)

For a noncanonical Lagrangian of the form of Eq. (5.4.46), the variable z and the sound

speed are given by [172]

sy
2Mpa2gb273

&= YR (5.5.58)
(2M2H — G x07)?
) 1 : G o' ., o
= [Kox +4HOG x — 220 = 2G4+ Gxod® + (2G.x + Gxxdd|, (5.559)
p

where a comma denotes a partial derivative and where we defined

P=Kx+@PKxx + =0 Gy + 6HG x +3HPG xx — 2G4 — $*Gyx . (5.5.60)

3
2M?
As explained in Sec. 5.3.1, the perturbation modes that are of cosmological interest today
were on super-Hubble scales during the bounce phase (except in the immediate vicinity of the
bounce point), and thus we are most interested in the infrared (IR) regime of Eq. (5.5.57).
In the limit £ < H, and recalling that R and (; are equivalent quantities in this limit, the

equation that we want to solve is

dC/ (22)/

¢'=0, (5.5.61)

where we drop the k index when it is clear that we are on super-Hubble scales. It is obvious
from the above equation that one solution is the constant mode solution, ¢’ = 0, that
one expects on super-Hubble scales, e.g. in inflation [49, 138] (see, however, [423]). More

generally, the solution to Eq. (5.5.61) can be written as

2% (mi)

¢'(n) = ¢'(m) 20)

(5.5.62)
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where 7; denotes the initial time where the initial conditions are set. The evolution of ¢ is
thus governed by the evolution of z?, and we notice from the denominator of Eq. (5.5.58)

that the evolution of z? has different regimes of interest:

Regime I: 2M2|H(t)] > |G x(1)|$°(2) (5.5.63)
Regime I : 2M2|H(t)] < G x (1)]$%(1) (5.5.64)
Regime 111 : 2M2H(t) = G x(£)¢*(t) . (5.5.65)

We represent these different regimes in Fig. 5.1, and we explore the consequences of each

regime in the following subsections.

Regime 11

2
203

Regime 111

Regime I Regime I

2
2M2H

Figure 5.1 Sketch of the different regimes in the bounce phase (not to scale). The horizontal
axis represents physical time. The green solid curve shows 2M,H (t) and the dashed version depicts
its absolute value. The bell-shaped blue curve represent |G x (t)|¢?(t), where we take G x = 7 to
be a positive constant for simplicity. Regimes I, II, and III, defined by Eqs. (5.5.63), (5.5.64), and
(5.5.65), are depicted by the pink, purple, and cyan regions, respectively.
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5.5.1 Evolution in Regime I

When Eq. (5.5.63) is valid, the expression for z? reduces to

2 o M (1 _9(¢)) . (5.5.66)

H? 2

Since the bounce phase is defined by g(¢) > 1 and since 2% must be positive to avoid ghost
instabilities, the model parameters must be chosen such that this regime does not occur
during the bounce phase. Outside the bouncing phase, the equation of motion in Regime 1

reduces to the standard one.

5.5.2 Evolution in Regime II

As the bounce point approaches, H(t) goes to zero and we can expect Eq. (5.5.64) to be

valid. To explore this regime, let us simplify the treatment by setting
G(p,X) = vX (5.5.67)
for some positive constant 7, so the regime becomes
2MIH(t)| < v¢%(t) . (5.5.68)

Using the parametrizations introduced in the previous section, this condition can be rewritten

as .
9%

2M2YT ’

|At|3A*T « (5.5.69)

where we defined At =t — tp. Since Atg/T determines the dimensionless duration of the
bounce, remaining close to the bounce is equivalent to demanding that |At|/7T < 1. In

particular, if we demand that

T A
At — 5.5.70
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then it is ensured that we are in the regime set by Eq. (5.5.68). Thus, the expression for 2?
given in Eq. (5.5.58) reduces to

36M,) a?(t)

0= ¢*(t)

(5.5.71)

in this regime. In fact, there exists a time interval, which we define as [tamp—, tamp+] With
tampt = tp £ Atamp, where the above approximation for 2%(t) is certainly valid. We note
that this expression is everywhere finite in that interval, so the solution to Eq. (5.5.61) can

be directly written as

(1) = é(ti)%, (5.5.72)

where the initial condition must be taken in the interval, i.e. ¢; € [tamp—, tamp+], SO logically

we take t; = tamp—. Also, the solution will only be valid up to tamp+. Inserting Eq. (5.5.71)

and using the parametrizations introduced in the previous section, one finds

C(8) 2= C(tamp=) +  (Famp-) d ( ® ) <¢<fi)>>
= (tamp-) + C(famp-) ( a5 ) ( Fap )
X/t:mp_df exp |- (T3+ 1) (@t
= Cltamp) + Cltamp) (a(t;‘j))g <¢(tffp_>>2T\/%

t—1tp 3727 tamp— — B 37277
f 2 —erf [ 2224 /2
X [er ( T + 5 > er ( T + 5

Close to the bounce point, the scale factor remains nearly constant, so a(t) ~ ap. This
implies that T(At)? < 2, or in other words, that H(t)At < O(1). We will assume this to be

valid throughout the rest of this paper whenever we are in the time interval |At| < Atamp.

[\CR GV

(5.5.73)
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Therefore, the solution for () reduces to

0t (2 ) L ot (52202 o (Pt
(5.5.74)

From the above solution, we see the constant mode and the growing mode. Whether the

constant or the growing mode is dominant depends on many factors. For instance, the
duration of this regime and the growth rate will play a crucial role. From the prop-
erties of the error function, we note that the growing mode grows at most linearly in

time. Furthermore, the growth rate is maximal at the bounce point tp and it is given

by émax = C( amp— )[¢B/¢( amp— )} :

5.5.3 Evolution in Regime III

One can notice from Eq. (5.5.62) that if 22 — oo, then ¢’ — 0, and curvature perturbations
remain constant on super-Hubble scales. One can see from Eq. (5.5.58) that this happens at

some physical time ¢ (or 75 in conformal time) when
2MIH(t,) = G x(t,) % (ts) . (5.5.75)

At this point, the equation of motion for the curvature perturbations becomes singular, and
furthermore, the Mukhanov variable v, = zR;, diverges. For this reason, the evolution of
the curvature perturbations has been explored in another gauge, the harmonic gauge (first
introduced in the context of cosmological perturbation theory in [630]), where this singularity

may disappear. Using the harmonic gauge, it has been shown in [54] that at 7;,

dRy,

i =0 (5.5.76)

N="s

for all £ modes. Carefully dealing with the singular equation of motion in the conformal
Newtonian gauge, one can find that in the IR limit, the solution in conformal time close to

the singular time 7, is (see Appendix 5.9)

C(n) = Clmi) + ¢'(mi) ((n — g()?:t(;); m)g) . (5.5.77)
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This indicates that perturbations can grow before the singular point (coming from Regime
IT), and that they could grow after the singular point (toward Regime I), but we saw that
this regime is not present in the bounce phase (Sec. 5.5.1), so the bounce phase will end

shortly after the singular point 7.

5.5.4 Discussion

1 1 1 1 1 | >
14

lp- tampf lp tamer ls tBJr t

Figure 5.2 Sketch of the evolution of curvature perturbation ¢ on super-Hubble scales as a
function of physical time ¢ (not to scale). The beginning of the bounce phase, the bounce point,
and the end of the bounce phase are denoted by tp_, tp, and tp,, respectively. We defined
tamp+ = tB £ Atamp, and t, is the time at which 2% = oco. The purple region corresponds to Regime
IT of Fig. 5.1, where { grows at most linearly. The cyan region corresponds to Regime III of Fig.
5.1, where ( is almost constant.

Let us summarize the evolution of curvature perturbations on super-Hubble scales through
the bounce phase. Figure 5.2 is a sketch of the evolution of  according to the results found
above. If ¢ enters the bounce phase with a nonvanishing time derivative®, then we find that
curvature perturbations can grow at most linearly in some time interval [tamp—, famp+| and
that the growth is maximal at the bounce point. This happens in what we call Regime II.

We highlight this regime in purple in Fig. 5.2. Regime III follows Regime II at which point

3If ¢ enters the bounce phase with a vanishingly small time derivative, then curvature perturbations will
remain constant throughout and exit the bounce phase unaffected.
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2% blows up and becomes infinite at some time ¢,. At this point, curvature perturbations
become constant, and the bounce phase ends shortly after. We highlight this regime in cyan
in Fig. 5.2.

In the end, the amplification that ( receives is dominated by the growth during the
interval [tamp—, tamp+]. Between the beginning of the bounce phase and the beginning of the
amplification phase, we expect little growth of the curvature perturbations, and so, the initial
time derivative of  at the beginning of the amplification phase should be of the same order
as the time derivative of ¢ at the beginning of the bounce phase, which we expect to be small.
In fact, in the Ekpyrotic phase of contraction (where w > 1) which precedes the bounce
phase, the dominant mode of ( is constant in time while the second mode is decaying (as
shown in Appendix 5.10). Hence, the amplitude of ¢ at the end of the period of Ekpyrotic
contraction is the same as the amplitude at the end of the matter phase of contraction
(assuming for a moment that there is no intermediate radiation phase). Consequently, this
could lead to a suppression of ¢ (tp—), and hence to a suppression of the growth of ¢ in the
bounce phase since, as we argued, (tp_) ~ ¢(tamp_)-

The reason why we can match ¢ and C at the end of the Ekpyrotic phase of contraction
with the beginning of the bounce phase comes from the matching conditions of cosmological
perturbations [177, 254, 358]. These conditions impose that the gravitational potential ®y(n)
and the modified curvature perturbation variable ¢, (n) are continuous across any transition

(e.g. from the Ekpyrotic phase of contraction to the bounce phase). The variable fk is defined

as [177] A 1 e o
Gk = G+ 3¢ (ﬁ) Dy (1 - —) . (5.5.78)

On super-Hubble scales (k < #H), we note that the second term of the above expression is
suppressed, so ék ~ (. Thus, (; must also be continuous across a transition. That is why
the values of (}, and ék at the end of the Ekpyrotic phase of contraction are taken as the
initial conditions of the bounce phase.

At this point, we note that the maximal growth rate for { is given by

émax = é(tB—) (gb(%::p_)) 5 (5579)
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and that ¢ grows at most linearly in time. Therefore, one can say that

C(tampt) = C(tamp-) S C(t5-) (wf—i_)) (tampr — tamp-) - (5.5.80)

Furthermore, since ¢ receives essentially no amplification outside the interval [tamp—, tamp+]s
we can place an upper bound on the total growth that curvature perturbations on super-

Hubble scales receive from the bounce phase,

AC _ ((tsy) —Clt-) _ C(ts) o\ 2AL (5.5.81)
~ ((tp-) \ ¢ ) o N

((ts-) ¢(ts-) (t5-)

(tamp—

where we divide the growth A by the initial size of { before the bounce to get a dimensionless

quantity.

5.5.5 Comparison with tensor modes

We recall the equation of motion for tensor modes given by Eq. (5.2.12), which in the IR

limit on super-Hubble scales reduces to
a/
h'+2—h =0. (5.5.82)
a

Once again, we drop the k index when it is clear that the modes are in the IR limit. Close
to the bounce point, we recall that the scale factor is almost constant, i.e. a(n) ~ ag. Thus,

we are left with the equation h” ~ 0, and consequently,

h(n) == h(n:) +h'(n:)(n — i) , (5.5.83)

or, equivalently,

h(t) ~ h(t;) + h(t;)(t —t;). (5.5.84)

Thus, as in the case of curvature fluctuations in Region II in the vicinity of the bounce
point, there is a linearly growing mode. Dimensional analysis, however, tells us that this
growing mode will not overwhelm the constant mode. The argument is as follows: we can
estimate A(t;) to be of the order Mh(t;), where M is the mass scale at the bounce. On the

other hand, we expect the time interval of the bounce phase to be of the order M !, and



5 Evolution of cosmological perturbations and the production of non-Gaussianities through a
nonsingular bounce: Indications for a no-go theorem in single field matter bounce
cosmologies 112

hence we expect the linearly growing term to be comparable at the end of the bounce phase
to the constant mode.

Comparing the coefficients of the linearly growing modes of the curvature fluctuations
and the tensor modes, i.e. Eq. (5.5.79) and the coefficient of the growing mode in Eq. (5.5.84),
respectively, we see that it is the extra factor of [5/@(tamp- )]? in the coefficient of the scalar
modes which leads to the enhancement of the scalar power spectrum relative to the tensor

power spectrum.

5.6 A comprehensive analysis of the production of primordial

non-Gaussianities during the bounce phase

Now that we have identified the conditions under which the tensor-to-scalar ratio can be
suppressed, we turn to the study of how the bispectrum evolves during the bounce phase.
We make use of the formalism developed in [481] (see also [201, 620]).

Our starting point is the expression (5.3.36) for the three-point function. From this
expression it is clear that the bispectrum builds up over time, which is to say that the three-
point function after the bounce equals the three-point function before the bounce plus the
result of integrating the right-hand side of (5.3.36) over the time interval of the bounce. From
the form (5.3.38) of the interaction Lagrangian it follows that the terms which dominate the
three-point function in the infrared are given by three powers of ( and two powers of its
time derivative. As shown explicitly in [181] in the computation of the three-point function
in the matter-dominated contracting phase, the absolute amplitude of { cancels out in the
definition of the shape function. Furthermore, Cai et al. [181] show that the bispectrum at
the end of the period of matter contraction has an amplitude of the order 1 with a shape
which is different from what is obtained in simple inflationary models. Since the dominant
mode of ( is constant during the Ekpyrotic phase of contraction, no additional contribution
to the bispectrum is generated during that phase. We have not computed the contribution
generated during a possible radiation phase of contraction between the end of the matter
period and beginning of the Ekpyrotic period. This calculation could be done using the
methods of [181] and we would find again a contribution with amplitude of the order of one
and with a shape similar to that generated in the matter phase of contraction and different
from that in simple inflationary models, the reason being that the same terms which dominate

the bispectrum in the matter phase will also dominate in the radiation phase, and they are
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terms which are slow-roll suppressed during inflation.

Hence, we now turn to the evaluation of the contribution of the bouncing phase to the
three-point function. However, we must keep in mind that the equations of [481], in particular
the third order perturbed Lagrangian given by Eq. (5.3.38), are only valid for a canonical
scalar field. We must generalize the analysis to the case of the matter Lagrangian studied
here (this generalization will not affect the evolution of the three-point function outside of
the bounce phase because the extra terms which we derive below are negligible except in
the bounce phase). This has already been done in the case of inflation for very general
Lagrangians (see, e.g., [206, 301]).

For the Lagrangian given by Eq. (5.4.46), perturbations up to third order in ¢ yield the

action

Ss :/d4x (Bl (0COXD°C — €0:0;(8:60;X)] + BaC*0°¢

+ BsCOCOX + BiC(9;0;%)* 4+ B5C(9C)* + B> + B:(C? — 2 f(g)%) . (5.6.85)
where
F6) = 4 (100 - 0720000, + 35 (000X - 072004005
~ 2A2232—c_§ Al (5.6.86)

The derivation of this action and the form of the functions A,,, B,, and C, (n =1,...) can
be found in Appendix 5.11.1. As expected, this action is equivalent to the action given by
Eq. (5.3.38) in the limit where the Lagrangian (5.4.46) is canonical in a matter-dominated
contracting universe. This is shown in Appendix 5.11.2.

In order to cancel the last term in Eq. (5.6.85), we make a field redefinition in Fourier
space ((n, E) — ((n, E) — f(n, l;) in the third order Lagrangian. This way, there will be
two contributions to the three-point function. The first part of the three-point function is
the third order Lagrangian without the last term and the second part is related to the field
redefinition terms where ((7, IZ) is replaced by f(n, E) Using the Lagrangian formalism, we

note that in Fourier space, we can canonically express the modes ((n, E) as follows,

COn, k) = Gelmal + Gi(ma_g, (5.6.87)
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where a;|0) = 0, so aj, is the annihilation operator, and a% is the respective creation operator.
Then, if we consider the interaction picture, the three-point function to leading order in the

interaction coupling constant is given by

n

(¢, k)G, k2)C (0, ko) ins = i / dij ([C(n. k)¢, ko)C(n Ks). L (), (5.6.88)
i

where 7; corresponds to the initial time before which there is no non-Gaussianity. Also, Liy
is associated with the third order action (5.6.85) without its last term.

Here, we are interested in the production of non-Gaussianities during the bounce phase,
so we consider the initial time to be the beginning of the bounce phase and we consider the
end time at which the three-point function is evaluated to be the end of the bounce phase.
However, as we saw in the previous section, curvature perturbations are nearly constant, and
hence do not contribute to the three-point function, except during the small time interval
[Mamp—» amp+] Where ¢ grows. Thus, the integration bounds are taken to be from 7ump— to
Namp+, and the evolution of the curvature perturbations is taken to be

" o o\
6u1) = G2 m-) + G 05) (52 ) 0 ) (5.6.50)
&' (Namp—)
The above expression follows from taking the maximal linear growth rate given by Eq.
(5.5.79) throughout the amplification interval [amp—, Namp+]. This expression slightly under-
estimates (i for Namp— < 1 < np and slightly overestimates ¢ for ng < 1 < Namp+ but it is a
good approximation on average over the small interval [amp—, Tamp+]-

We recall that curvature perturbations are more or less constant during the Ekpyrotic
phase of contraction that precedes the bounce phase. Therefore, it is natural to take the
end conditions of the matter-dominated phase of contraction as the initial conditions of the
bounce phase. As shown in Sec. 5.5.4, (; and (; must be continuous across any transition
on super-Hubble scales. Hence for the initial conditions of the bounce phase, we put the
superscript “m” which denotes the matter bounce solution [181]

_ AN — ik(n — i)

Ce(n) = VI ) : (5.6.90)

where 7jg_ is the conformal time at the singularity if the matter-dominated contracting
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phase were to continue to arbitrary densities (i.e. without NEC violating matter). Also,
A is a normalization constant which is determined from the quantum vacuum condition at
Hubble radius crossing in the contracting phase, and it is found to be

A (Bs ) (5.6.91)

B \/gaBMp ’
where Ang_ =1 —np_.

Let us comment on the wave number dependence of Eq. (5.6.89). We first solved the
equation of motion in the bouncing phase in the limit where k¥ < H to 0"" order. Then,
matching the solution at the beginning of the bouncing phase with the one at the end
of the matter contraction phase, we introduced some wave number dependence since the
solution in the matter contraction phase has higher order terms in k/H. Thus, one may
worry that obtaining the correct k-dependent solution in the bounce phase up to leading
order requires one to solve the full k-dependent equation of motion. However, we note
that we will be interested in the IR limit again when evaluating the three-point function.
Thus, any k£ dependence not included in the above solution is suppressed during the bounce
phase as long as k£ remains much smaller than the largest energy scale attained during the
bounce, i.e. as long as k < Hp_,Hp., and as long as the corresponding wavelength of the
fluctuations remains much larger than the bounce length scale, which can be reformulated
as k < (Ang)™t.

Substituting the interaction Lagrangian L;,, associated with the action (5.6.85) without
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its last term into Eq. (5.6.88) and using Eq. (5.6.87), we find

—

(C (k)¢ (F2)C (K3) Yine =
(2m) 3503) (Z 7,> Ckl N+ Ck2(77+)<k3(77+)

=1

T+ k- k. ko - (kg — k3)|[ks - (Ky + k
i [ g | B ( e 3”><k1<n><k2<n>c,zg<n>
Bs(n) Bs(n)2*(n) kv - ks Ba(n)z*(n) (k2 - k3)>  Bi(n) ) )
+< ap k%—i_ MI?CLB kg + M4CLB k%k}% + 5 )Ckl<n><-k‘2(77)<-k3(77)
- Ba(n)an(Fy o) (190G () + (P4 ) G, (6, )G, ()] + 5 permtations).
B
(5.6.92)
Moreover, the contribution from the field redefinition is
— (C(k1)C (2) £ (K3)) redet =
3
(27)36® <Z ki
=1
A 2 L. kp - ka)|(ks — ky) - K
e R e s “) G () o (02
A 2 ky - (ks — k ki - ks)[(ks — k1) - ks ), .
B 18(7”?\352 i ( : (ljf s _( : 3)[(qu3k;§ 2 3]> Ckl(U+)Ck1(77+)|Ckz(77+)’2
3 _
(PRUE L) G0, ()G (1) + (5 permutations).— (5.699)
2z (77+)Cs

The permutations that we refer to are over the I; vectors for i = 1,2,3. We note that, to

simplify the notation, we set 171 = Mamp+. The general form of the full three-point function

can be expressed as

(C(k1)C (k)¢ (R3)) = (C(R1)C(Ra)C (k3)Yimt + (C(R1)C (Ra) £ (Es))redet
75(3 7 Pe
= (2m)"6® (Z kz) H—C]{;;;A(/ﬁ, ko, ks3) (5.6.94)
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and so, if we substitute Egs. (5.6.92) and (5.6.93) into the above, we find the shape function
to be given by

A(kb k?? k3) ==

kSCkzl (77+)Ck2(77+)C 3(7I+)
A, ()G, (04) Gy (04 G (1)

X i/nJr dn | By (77)22(77) 1k§ 3k§ _ (ko - (ko + ks);;gfg - (ko + kS)]) Cer ()G, (77){1;3 ()
- <sz,(9 )kz Bg’ﬁZli(”) kl,;;g + 34%2277) (kzg :§>2 + 375377)) Cra (1) iy (1) Gy (1)
L Bsln)

+ By(man(Fy - Fa)on ()G ()G (m) + 22t ()l ><,;3<n>]

2
B
+ —AQO(ZX}S%@ (—151 (R R+ )[(IZ%_ 1) k?’])
A18(77+)CLBZ (77+)k’ E (Es - El) . (lgl ) Es)[(lgs - El) ) Es] C}gl (77+)C1}kl(77+>
My ki kiks [Cea ()17
+ k3 (2A4(n;22a(?7+)§’1( )) CIICI|(CZ+()§§1)(|Z+) + (5 permutations) . (5.6.95)

At this point, we should note that the contributions coming from the terms with coefficients
By, By, Bs, and Ay are of order O(k®), and consequently, these terms are vanishingly small
compared to other terms, which are of order O(k?), on super-Hubble scales. Therefore, the
three main contributions to the shape function are the (¢’? term, the ¢"* term, and the field
redefinition term. We evaluate each of these terms separately in Appendix 5.12 and we find
the general expression for the shape function after the bounce phase [see Eq. (5.12.165)].
Three important forms of non-Gaussianity in cosmological observations are the local form,
the equilateral form, and the orthogonal form. The local form of non-Gaussianity requires

that one of the three momentum modes exits the Hubble radius much earlier than the other
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two, i.e. ky < ky = k3. Evaluating the shape function (5.12.165) in this limit yields

local — EA(kl < kQ = ]{53)
A R W

10 —A &5\ [ Bi(np)2s
= 3 s () (55" + oo

342 ¢\’ Bs(np) , Awslni)apz’(ny) | 244(ns)al, — Ci(ny)
<<z>' )) i -

- 8ANEL  Alamp (n_ a% 8 M2 Afarap 822 (14 )2 ANamp
(5.6.96)
The equilateral form of non-Gaussianity requires that k; = ko = k3, so one finds
equil 10 A(kl = k2 = k3)
NL T g Sk
_ 1o A? ¢w \? [ Bs(ng)zk  Ba(np)zh
- / 2 - 4 a 2B7(778)
3 16apAngy_ \ ¢'(n-) Mz 2M;
B 3A° ( P )2 Bs(n5) + 3Ais(ny)apz*(ny) | 2A4(ny)ak — Cl(’7+>}
8A77437A77amp ¢'(n-) GZB 16M1§1A77amp 822 (N1 ) 2 ANamp
(5.6.97)

Finally, the orthogonal form of non-Gaussianity requires that k = /k2 + k3 = v/2k, so one
finds

ortho — 10 A V k2 + k2
A 3 Zz 7

~ 130[16a£773 (¢'?;]73_)>2<(4 3\/’)Bg(Mp) . 2\/-)%

3A2 5 \° Bs(ns ) Ass(ny)apz®(ny)
— 2B — 1
7073)) 8ANE Ay (cb’(n—)) a% +1+V2) 16 M} Anamp
2A4(n4)a — Ci(n+)
8Z2(77+)C§A77amp .

_|_

(5.6.98)

Substituting in some values for the model parameters (T, T', ¢'5, 7, etc., introduced in
Sec. 5.4) would yield specific numbers for the amount of non-Gaussianities that has been
produced during the bounce. However, instead of giving exact values now, we will try to

constrain the parameter space from observations. This is what we do in the next section.
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5.7 Combination of the observational bounds on

non-Gaussianities and on the tensor-to-scalar ratio

Let first rewrite the expression for fiof2 using Eqs. (5.6.91), (5.12.156), (5.12.157), (5.12.159),
(5.12.163), and (5.12.164),

5) (b/ 2
local 2 2772 416 4.8 8 6 6 2174112 B
NL = — m (3@B6")/ MpgblB + 3’}/ ¢IB + 12aB5MpT + 16&B’)/ Mp¢IBT) <¢,<n>)
B 25a% M) (263,802 + 31272) 1 ( s )2 . SapBM,) 1 ( o )5
6739’5 P Afamp \ ¢/ (1) AV3¢ Anamp \ @' (1-)
5aLM? 1 o \P 10y 1 &,
+— X (,B)+ N (,B). (5.7.99)
V9B Namp \ &' (10-) 3B¢5 Aamp \ ¢ (1-)

The equilateral and orthogonal fyi, have similar expressions, only with different coefficients.

At this point, we do not want to insert specific values for the model parameters. Yet, in
order to have a healthy bounce, i.e. one that yields a bounce free of ghost instabilities, we
expect the model parameters to lie in specific regimes. From [172, 175, 178], we expect that
¢ < apM,, T < M2, f ~ O(1), and v < 1. Also, from Eq. (5.4.54), it is obvious that

'2/®'(n_) > 1. Therefore, keeping only dominant terms, the expression for £ reduces to

11\?[?8.125(143/8]\4;}( gb,B )2 _G%MZ?T_ 5 + 1 ( ¢IB )3 . (57100)
oy \¢(n-) VR 3Aamp Ay \ (1)

In the square bracket, the three terms come from Ac2, Aps, and Aseqer, respectively. How-
ever, let us recall from Appendix 5.12 that the results for A¢-» and A¢s were actually upper
bounds in absolute value. Since we expect that Anam, ~ O(1/apM,) from Eq. (5.5.70),
it results that the field redefinition term is dominant over the other ones, just like in the

regular matter bounce [181], so we can write

local 5@%5]\/[;1 1 ¢IB °
ocal o B / . (5.7.101)
AP Afamp \ ¢ (1-)

In order to combine the bound on curvature perturbations and the above result, it is

useful to rewrite the expressions for fyr, in terms of the ratio A(/{(np-). In Sec. 5.5, Eq.
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(5.5.81) told us that

AC <2<’(n3)( o
Cnp-) ~ Cne-) \¢'(n-

In the previous section, we argued that the initial conditions at np_ were given by the end

)) Alamp - (5.7.102)

conditions of the matter-dominated phase of contraction, so we can say that

o) = sy, Csl) R ). (5.7.103)

Recalling that (}* is given by Eq. (5.6.90), we find that

COm-) oy SOs-) 3 (5.7.104)

Cnp-) — w/H=0 () Anp-

and thus Eq. (5.7.102) becomes

(512 (@) = () 1)

This allows us to place a lower bound on Eq. (5.7.101) as follows,

oo 50BNy 1 (An3_>5/2( A¢ )5/2' (5.7.106)
~ 144\/6’}/5¢/E5; A77amp ATIamp <(nB*)

Our initial estimation in Sec. 5.3.3 showed that we expected fyr, to have terms of order
(AC¢/¢)! and (AC/¢)?. The terms of order (A¢/¢)! in the full calculation corresponded to
terms of order [¢;/¢/(n-)]* in our approximation scheme and they originated from A¢c2 and
Aes. A term of order (AC/()?, i.e. of order [¢}/¢'(n-)]*, could have originated from A
but the full calculation showed that it did not have any real component [see Eq. (5.12.152)].
Instead, the full calculation showed the presence of terms of order (A¢/¢)%2, (A¢/¢)3/?, and
(A¢/¢)Y? coming from the field redefinition contribution to the shape function. In the large
amplification limit, we are left with one term of order (A(/¢)%? as shown in Eq. (5.7.106).

Let us recall that A/ is bounded from below in order to satisfy the current observational

bound on the tensor-to-scalar ratio r. Using the bound (5.3.31), we can further constrain
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the bound (5.7.106),

M, b (CLBM )_1 AT]B_ 5/2
local > 9,40 (ﬁ) (“B p) ( v ) < > , 5.7.107
NL ~ ~3 &y Aamp ANamp ( )

Let us note that Anp_ ~ Hz', and since the bounce energy scale is taken to be much less

than the Planck scale, it results that Anp_ > (apM,)~'. Thus, since every dimensionless
ratio in Eq. (5.7.107) at least of order 1 or much greater than 1, it results that fioc® > 240.
Including the negative contribution to fiof® from the matter-dominated contracting phase
which is of order 1 [181] and the negative contributions from A2 and Ags would reduce
this bound, but really not significantly.

The best observational bounds on primordial non-Gaussianities currently come from the

Planck experiment, which reports [13]
ol = 0.84 5.0, il — 4443, oo — 26 + 21, (5.7.108)

at 68% CL. We see that the lower bound on £ coming from the bounce phase is already
excluded by the observations at very high confidence level. Following the same analysis as
above for the equilateral and orthogonal shapes yields the bounds fe! > 359 and fgitho >

Y

289, which are also excluded at very high confidence level, although to a smaller extent than
e

To summarize, in this section we took the non-Gaussianity results derived in the previous
section and imposed that there had been a sufficient amplification of curvature perturbations
in order to satisfy the current observational bound on the tensor-to-scalar ratio. As a result,
the theoretical lower bounds on fifa, 13%”11, and fgithe are excluded at high confidence level
by the current observational constraints on non-Gaussianities. This shows that the model
suffers from the “no-go” theorem that we conjectured in Sec. 5.3.4.

Looking at Eq. (5.7.107), we see that this could be alleviated if, for instance, the ampli-
fication period was very long compared to the Planck time, or if the model parameters were
such that 8/7* < 1 or agM, /¢’y < 1. However, these conditions seem unlikely to occur in

a physically admissible matter bounce scenario.
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5.8 Conclusions

In the present paper, we have studied in detail the nonlinear dynamics of primordial curvature
perturbations during the nonsingular bouncing phase in a matter bounce model described
by a single generic scalar field minimally coupled to Einstein gravity. This type of model can
be made consistent with the observational bound on the tensor-to-scalar ratio by realizing
an enhancement of the curvature perturbations in the bouncing phase. We derived the
conditions on the model parameters for which such an enhancement can be achieved. We
then expanded the action for perturbations up to the third order, computed the full set of
three point correlation functions and then derived the nonlinearity parameters fyi, in the
cases of specific shapes of observational interest. Our results show that if the primordial
non-Gaussianities mainly arise from a manifest growth of curvature perturbations during
the bounce, then the nonlinearity parameter would become dangerously large and lead to a
disagreement with the observational constraints from cosmic microwave background (CMB)
data®. Specifically, we examined the relation between the nonlinearity parameter in the
local, equilateral, and orthogonal limits and the growth of the curvature perturbations and
explicitly showed that the observational bounds on the tensor-to-scalar ratio and the CMB
bispectrum cannot be simultaneously satisfied. This leads us to conjecture that there is a
“no-go” theorem for single field matter bounce cosmologies, assuming that the nonsingular
bounce is realized by a generic scalar field minimally coupled to Einstein gravity, which would
rule out a large class of matter bounce models.

We note that this “no-go” theorem might be circumvented by dropping certain assump-
tions imposed above. For instance, if one introduces more than one degree of freedom such
as in the matter bounce curvaton mechanism [166, 168], the constraints from the tensor-to-
scalar ratio as well as from the primordial non-Gaussianities can be satisfied at the same
time, the reason being that in the curvaton scenario the scalar fluctuations are generated
by a different mechanism than the tensors. As another example, if the initial Bunch-Davies
vacuum is noncanonical (e.g., in the ACDM bounce [180], the initial quantum vacuum has
¢s < 1), the initial ratio of the tensor modes to the scalar modes can be suppressed, in which
case there is no need for the curvature perturbations to be enhanced during the bounce.

Our analysis also does not immediately apply to nonsingular matter bounce models in

4We recall that it has also been found in [302, 303] that non-Gaussianities could become dangerously
large in a certain nonsingular bouncing cosmology and it has been conjectured that this could be generic to
a large family of nonsingular bouncing cosmologies.
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which the violation of the null energy condition is obtained by changes in the gravitational
action (e.g., in Loop Quantum Cosmology [179, 626], Horava-Lifshitz gravity [101], extended
F(R) gravity [40, 526], modified Gauss-Bonnet gravity [41], or torsion gravity scenarios
[29, 170]). We might expect that the no-go theorem will extend to modified gravity matter
bounce models which have the same number of degrees of freedom as General Relativity,
in which case the tensor-to-scalar is generically large [178]. However, if the gravity model
contains new degrees of freedom, then we might be in a situation similar to what happens in
the curvaton scenario: the new degrees of freedom source the scalar modes but not the tensor
modes, thus suppressing the tensor-to-scalar ratio during the bounce phase. Yet, it would be
interesting to explicitly analyze the conditions under which the bispectrum constraints can

be made consistent with the observed bound on the tensor-to-scalar ratio in such models.

5.9 Curvature perturbations expanding about the singularity

The equation of motion for curvature perturbations in the IR limit is [see Eq. (5.2.11)]

()
dn 22

¢=0. (5.9.109)

Let us parametrize 2% close to the singular point 7, as

1

2

2%(n) ~ (5.9.110)

(n —ns)
so the equation of motion becomes

ac’ 2
ac’ _ ' (5.9.111)
dn 0 —ns

Since after the singular time we have n > ns > 7;, we integrate as follows,

w(o) 2 UL L)ss e
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for some constant €. As we take the limit € — 0, the second integral vanishes by definition

and we are left with the first and third integral. Evaluating them, we find

()~ 2 (55 e (54

e—~0 (M —ns)e
:21n<"_778) . (5.9.113)
Ns — 1)

Therefore,

¢'(n) = ¢'(m) (:77__7;) (5.9.114)

as expected if there were no singularity. A final integration yields

¢(n) = ¢(mi) +¢'(m:) ((n — g();t(g); m)g) . (5.9.115)

As expected, we recover the constant mode solution ¢’ = 0 as n — 7;.

5.10 Perturbations outside the bounce phase

Let us consider matter with an equation of state P = wp with w independent of time. In
this case z(t) ~ a(t)M, (see Sec. 5.3.1). Then, the solution to the long wavelength curvature
perturbations is given by [see Eq. (5.5.72)]

C(t>:C(ti)+é(ti)a(ti)z(ti)2[ % (5.10.116)
— ¢(t) + C(talt)? / | af(’;) | (5.10.117)

For a constant w # —1, the solution to the scale factor is given by

a(t) = agt?30+) (5.10.118)
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for some positive constant ag, so we find

() = () + C(t)tET / g i (5.10.119)
= Ct) + C(ttTT (Z—i) (tiﬁ —t?*i) : (5.10.120)

as long as |w| # 1. Thus, for matter with |w| > 1, the solution for { exhibits a constant
mode and a mode which is growing in an expanding universe (decaying in a contracting
background), whereas for matter with |w| < 1, it exhibits a constant mode and a mode
which is decaying in an expanding universe (and growing in a contracting background). For
example, this implies that an Ekpyrotic phase of contraction in which w > 1 has a constant
mode and a decaying mode.

For w = —1, one would recover the standard result of inflation where the constant mode
is dominant on super-Hubble scales in an expanding background, and the second mode
dominates in a contracting space.

The w = 1 case of fast roll expansion is relevant for the dynamics of our nonsingular
bouncing cosmology right after the bounce phase. A phase of fast roll expansion occurs if
the Lagrangian for the scalar field is dominated by its kinetic term, i.e. V(¢) < $? /2. Tt then
follows that the solution for the curvature perturbations in this case is (here in conformal

time)

C(n) = C(m) + ¢ (mi)a(m)? /n a7 (5.10.121)

n @)
Solving the background dynamics tells us that the solution to the scale factor in a phase of

fast roll expansion is
a(n) = ce(n—ne)'?, (5.10.122)

where cp and ng are some constants. Thus,

31

() = ¢(m) +¢'(m:)( / = (5.10.123)
= ((m) + ¢'(n:) (g = m) In (:77 _Z’;) . (5.10.124)

So, for w = 1, curvature perturbations exhibit a constant mode solution and a logarithmically

growing mode, i.e. ((n) ~ Inn. We note that this is also true in physical time since a ~
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/3 ~ 771/2 implies that ((¢) ~ In t2/3 ~ Int.

5.11 Third order perturbed action

5.11.1 Derivation of the general form of the third order action

To study the three point correlation function in this matter bounce model, we have to
evaluate the action up to third order in perturbation theory. We use the metric in the
Arnowitt-Deser-Misner (ADM) form (see, e.g., [620])

ds® = N?dt* — ~;;(N'dt + da') (N dt + da?) (5.11.125)

where N; = 'yiij is the shift vector and NV is the lapse function. The tensor +;; is the
metric of the 3-dimensional spacelike hypersurfaces in this 3+ 1 decomposition. It is related
to the full 4-dimensional space-time metric tensor g, via /=g = N,/7, where g and v are
the determinants of the tensors g, and v;;, respectively. The action (5.4.45) in this ADM
decomposition is given by

2

M, 3
TP (R + kyr' — k%) + K (¢, X) + G(¢, X)O8| | (5.11.126)

S:/d‘lx\/—_g{

where R®) is the three-dimensional Ricci scalar and the extrinsic curvature is defined by

1

5 (i = DilNi = DiNi) (5.11.127)

liij =

We define the covariant derivative D; on the spacelike hypersurfaces such that it is torsion-

free and satisfies
D7 =0. (5.11.128)

Then, Ri(ﬁc)l is the Riemann tensor associated with this connection, and

(3) _ pk(3)
RY =R (5.11.129)

ikj

R® = 4URY (5.11.130)
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are the Ricci tensor and Ricci scalar, respectively. In the uniform field gauge where

5 =0, (5.11.131)
%6 (5.11.132)

’)/]_ae Zj7

one can use the Hamiltonian and momentum constraints to determine the scalar contribu-

tions to the lapse function and shift vector,
N=1+4a«a, N; =00, (5.11.133)

up to leading order. Substituting Eq. (5.11.133) into the metric [Eq. (5.11.125)] and expand-
ing the action [Eq. (5.11.126)] up to third order, we obtain the following,

. 2
Sz = / A o’ [a1a3 + asCa® + azCa® + a4aa_0a2 + ‘ZSaCa a + agalC + a7CVCa—
. M? 9.2 _ (A2 20 2
+3Myal® — =~ (9:9;9) X (%), 2M2H(8C00 - 2M2(a - 2M2§a%
0? 8 0¢)? . .0 6
. 0% 8,-8 — (0%0)? 81(8'08@-840
+2M§cc7 — 7}’ ( J )a4 (9%0) ¢ — QME# , (5.11.134)
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where we defined the following coefficients,

/1 . 1.
a, = 3M§H2 — ¢? (éK’X +¢°K xx + 6¢4K,XXX>

. 11 . 1. . 7. 1.
- 2H¢3 (5G,X + Z¢2G,XX + Z¢4G,XXX) + ¢2 (G,qs + 6¢2G,X¢ + 6¢4G,¢XX) )

/1 1. : 1.
as = — IM>H? + 3¢ (in + §¢2K7XX) + 18H®? (G,X + qu?G,XX)

) 1.
— 3¢? (G,d, + §¢2G,¢X> ,

. 1-
as — GMZ?H + 6¢3 <G7X + ZﬁbQG,XX) s

as = 2M*H — 24° (G,X + }l&G,XX) :
as = — 2M2H + 3¢°G x

46 =—9 <—2M§H n qéb?’G,X) ,

a7 = — 2M§H + 3¢3G,X )

We note that the Hamiltonian and momentum constraints yield (these can also be obtained

by varying the action above with respect to o and o)

2M?
o= —pC, (5.11.135)
u
0o = agd*¢ + %y, (5.11.136)
respectively, where we defined
uw=2MH — ¢°G x (5.11.137)
2M?

ag=——L (5.11.138)
u



5 Evolution of cosmological perturbations and the production of non-Gaussianities through a
nonsingular bounce: Indications for a no-go theorem in single field matter bounce

cosmologies 129
and where
2 Zzé 2/ 2M5a2f 2772 | 12 14 13 15
0P = 1 = 3a¥ + <—6MpH + QK x + ¢*K xx + 12H*G x + 3HP G xx
p
— 282G 4 — ¢4G,X¢> . (5.11.139)

If we substitute Eqgs. (5.11.135) and (5.11.136) into the third order perturbed action [Eq.
(5.11.134)], we obtain

Sy = / @'z a* [ AiC* + ACC + Ag(DC)C + AU (DC)? + AsICOXC + ACCO*C + ArC(0C)?

+ AgDCOXC + AgC20%y + A1gC20%C + A CP0%y + A120;€0;¢0;0;C + A130;€0;C0;0;x

+ A10:C0;x8:0;C + A150:C0;xDi0;x + (Ar6¢ + Ar7C)(9;0;€)* + (Ars + A19C)(8:0;x)*
+ (Agl + A9 ()0;0;C0;0;x + (Aas€ + A230)(07C)* + (Azal + A25()(9%x)?

+ (A6 + ArQ)0*C0°x + A2s((O°X | + S, (5.11.140)

where we defined the following,

2M?2)3 2M?)? M? 2M?2)? 2M?
AlE( 3p) a1+( 2p) a3—|—6—p, AQE( 2p) as + pa6—9M§,
u U u u U
2M2)? 2M?2)? 202 2M*  2M?2
A3E( ») Cl4@8—( ») ag, Ay =—7asag — — + —as,
u?a? ua? ua? ua? a?
2M? 2M? 20?2 (2M2%)?  2M?
A5 = ua; as + a2p s A6 = anP agy — uaz + a2p as ,
2M2 M? 2M2*H (2M?2)? (2M2)?
A= —LHag — —2 g = —=> Ay = P qq — £
a? 27 a? u?a? ua?
v, My MpH Ay 202
Aloz——Q‘F—QHCLs, An = 2 a—5A13:A14E— Y as,
8
2M2 4 M2 M4
P2 — P2 — P
Az = — ol Ag = — a4CLg, A17:_2a4a8’ A18:_w7
M? 204 M? M?
Ay = —27:;7 Az = — af ag, An = —a—fas, Agp = aia§7
M? M4 M? 202
A23—2aia8, A24_u_ai’ A25:2_az’ 26 = afa87
Mg 2M5 ZMI?
Ao = R Az = 2 + a7
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We note that S, is a short-hand notation for all the boundary terms, which do not make a

contribution to the calculation at 3rd order. After many integrations by part, we obtain

Ss :/d% (Bl [0COXD*¢ — (0:0;(0:C9;x)] + B2(0%¢

+ B3COCOX + BuC(9:0;x)" + BsC(9C)* + BsC® + Br(*¢ — 2f(<)55_%> ,  (5.11.141)
where 5e 5 5
: C.Z
5_5 = 9,(az?¢) — 57324“, (5.11.142)
and where
Agpa? Ajga?
F(Q) = T35 [(90)* = 0720,0,(0:€0,)] + =75 (960X — 0720,0,(9:€ 03]
_ 2Agi; el (5.11.143)

We also introduced the following,

1 A
B, =— A21a3 — 58,5(1420&3) + %agH - 2A18220§a7
5 22a?
By = Aza® + (Ags + Ag) 2
P

22a3
M2
B4 = — 8t(A18a3) - 31419@3 + 2A18HCL3 s

2

B3 = A5a3 + A15

B5 = @t (A4 + Alg c ) (l3 — 21410&3 + A7CL3,

202
2\ 2 2.3 3
_ 3 Z 3 z?a>  2A40° — C)

BG = Ala + (Alg +A24) (@) a +A9 Mp2 + 20% a
2 2

B7 = A2a3 + [A15a3 + (‘3t(A18a)a2 — 8t(A18a3) — 31419@3 —I— 2A18HCL3 + A25(13] <%)
p

az? _ [(244a® — C))a az?\ (2A40® — C1)a 22\’
+ =0 { o } — 0, (7) o ~- B, (ﬁg) o (5.11.144)
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Furthermore,
22a?

Cl = A6a3 + (A27 — AQl)W s (511145)
p

and ¢, is the speed of sound introduced earlier in Eq. (5.5.59).
5.11.2 Third order perturbed action in the limit of the matter-dominated
contracting phase

Let us evaluate the third order action given by Eq. (5.11.141) in a matter-dominated con-
tracting phase when G(¢, X) = 0 and K(¢, X) = M2X — V(¢). In this case, we have

I 3.
ar =3MpH® = SMJG?, ay = —OMJH® + S MJ6", az = —6MH
ay =2MH , a5=—2M}H, ag=18M}H, a;=—2M}H,

together with u = 2M2H, ag = —2M /u, and 0*x = z2Q."/Mp2 — a2¢2(/2H?. Then,

M2¢2 3M2q52 M2 IM?2
A = — p —= p A g O A = — p A g O A g p
1 2H3 ) 2 2H2 ) 3 ) 4 CL2H y 5 ) 6 CLQH )
2 2 2 2
A __3Mp A _2MpH Ao — A __2Mp A _MpH
7T — a2 ) 8 — a2 9 9 — 07 10 — az 9 11 — a2 9
Aio 2M? 2M? M2 M?
A= A, = p Ar = — p A = b 2 Aqr = _p 2
s 13 =g s gL 0 e nat 80 AT 9t 18
M2 M2 2M4 2 M4
Aig = —2(14]}{ y 4119 = —2—6;1, 20 = —h—f&s, Ao 4 a8, Ao h Zaé,
2 4 2 4 2
Aoy = Mp a§ Aoy % Aoy = % Ao = 20, as, Aoz %Gs
2a4 ¢’ hat’ 2a4"’ hat '’ a*
2M? 2M?
Ao = L+ L a;
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0+ 2H(t)
PO=N wmar ~"
Bg(t) — 0,
Bs(t) = — Mya®)o(t)” = —2¢(t)Ma(t),

H(t)>2
MgH(t) B Mge(t)
T 2a()H@)? T 2a(t)

2H(LPH(E) + 26() H(D(W) — $(1)* |3H(E) — H(1)?]

By(t) = MZa(t) SR = MZe(t)%alt).
Bg(t) =0,
M2a(t*o(t) {$(t) [S(6)? + 4B (12| H(t) - 8H(1)*d(1) |
Bilt) = 8H ()5
= — M) — 20 )a(t)’.

Here, we consider ¢(t)? = 2¢(t)H(t)?, €(t) = —H(t)/H(t)?, and ¢, = 1. Therefore, we find
that

Sy = / de { — 2eM7a(t)9CCOX + %g(@@x)? + M2ea(t)¢(0¢)
- FMAE ~2a(0PC - 260 | (511,146
and
1O = gz [0 — 900,0600)] + e [-060x +07200,(060,)]
_ ﬁ“" (5.11.147)

This is equivalent to the third order action given in [181] noting that we defined 9%y = aQGé
whereas they considered 82y = (.
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5.12 Evaluating the shape function in the bounce phase

We want to evaluate Eq. (5.6.95) which, as explained in the text, has three dominant terms:
the ¢’ term, the ¢’® term, and the field redefinition term. Let us start with the contribution

from the ¢¢(’? term to the shape function, which is

L) (B0 R Bt
ACCIQ4Ck1(77+)Ck2(TI+)Z/n an Mzap g k3 " Mjap g k3ks
B
+ 208 ) 6 i )] (5,124

where we omit the 5 additional permutations for now. Using Eq. (5.6.89) for (x,(n), we get

Ager = Zk?? CIZ:: (77+)Cl$/(773—)<;2/(7)3_) (¢/¢IB ))4/,7+ N {<B3(n)22(n) El | E3
n_

4aB Ckl (n+>€k2 (n+) (77— M;z? k%
e *2 L2
) B4(7]z\)4 al) (kkg :5) N 37(77)) Ckl(n)} | (5.12.149)

We note that taking ;. from Eq. (5.6.89) actually gives an upper bound on A¢c» since Eq.
(5.6.89) used the maximal growth rate (5.5.79) for the full range [_,n,]. This introduces
some small error in the final result but this will turn out to be unimportant since, as we will
see, the field redefinition contribution to the shape function will dominate over this upper
bound on A¢er.

The time-dependent terms that remain inside the integral are Bs, By, By, 22, and (.
The latter, (;,, may experience a nontrivial enhancement during the interval [n_, 7], and
consequently, it may contribute significantly to the integral. The other terms, i.e. Bsz?,
Byz', and B; defined in Egs. (5.11.144) and (5.5.71), contribute as almost constant terms
in the integral over the range [n_,n;]. Therefore, we rewrite Eq. (5.12.149) in the following

form,

AC‘CIQ ~

ik3 G, (0 )G (nB-)C m/( B-) ( P’ )4 (33(773)2129 kr - kg n Ba(ng) 7 (ka - k3)?
dagp Gl 77+)Ck2 n4) ¢'(n-) M2 kS M, k3k3

(
+rm) [ an [+ @ (525) -] (5.12.150)

where we denote zg = z(np). Performing the integral and using Eq. (5.6.89) for (x,(n+)
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(again, this contributes to obtaining an upper bound for A:2), we obtain

ik; &5 \' [ Bs(np)zh ki - ks B4(773)Zj49 (ky - k3)? Chy iy Sk~ C
12 Y — _ B

gl (% )Z <m’*(¢39 )Z
U gy ) A | (14280 () e

_ —1
S ) o ( s )
142k Ay 1 Alamp| 5 (5.12.151
T (¢’(77) ! ] i ! (312151

Ga \d'n-)
where the modes (' are implicitly evaluated at np_ and where we recall that 2Am,mp = 14 —

X ANamp

n-. At this point, one could substitute ¢} (nz-) with Eq. (5.6.90) and write the full expression
for A¢c2. However, to satisfy the observational bound on the tensor-to-scalar ratio, we expect
there to be a large amplification of curvature perturbations during the interval [n_,n;]. In
fact, from Eqs. (5.3.31) and (5.5.81), it must be that |(; /¢ |[¢%/ ¢ (1-)]? Alamp > O(1).
In that limit, the shape function (5.12.151) reduces to (to leading order)

Apern ~ ik (&% \"'(Bs(ns)zh ki ks _ Bu(ng)zh (k2 - ks)®
CC'2 - ¢/ ) +

B Alammp |G

(5.12.152)
which is purely imaginary, and hence, does not physically contribute to the physical shape

function. The next-to-leading order terms are

.13 / 2 B 2 7. . 7 B 4 (1 . 7. \2
A= g (505) ( S N +B7(773))

8ap (777 M2 k% M;I k%k%
C m/*
m/ ~m/ ~ms 2 m/ ~m/* m2 ~m m ~m
Ckzl ksl k3 Ckl + C Ckl/ / Ck12Ck2 Cklc i 5.12.153
X Cm C/?/C]rgn/ C C Cm/2 + Cm/ m/2 : ( ’ ’ )
ko 2 k1>k3 ki Sko k1

k1 >kg

Using Eq. (5.6.90) for ¢;*(np-) and taking the limit k¥ < H, we find the leading order
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real-valued contribution to be

A? ¢IB ? : 33(773)22 El : E:s B4(77B)Z4 (E2 . E3)2
o~ _k,3 k3 k,d B B
A 16apAng_ (¢’(?7)) (Thitkt 3)( M2OK M RR

The B, (np) terms can be evaluated using Egs. (5.11.144), (5.5.71), and (5.4.55):

Bs(ng)zs _ 68Mjaj (38Mpay + 29°¢%)

~ , (5.12.155)
M? Violh
Bu(np)zp 982 Mjal; (4M;Yafy — 377f5) (5.12.156)
E 20 |
3M§a3B 4 52 2774 116 2 A28 6 /10 10 52 1 /8
B7(T]B) ~ W —9CLBﬂ Y Mp B+6CLB/B’Y Mp B+6’Y ¢B +126LB MpT
B

+ 24a By MIGET + 32@%74M;1¢’]§T> : (5.12.157)

Similarly, we can use the previous procedure to find the contribution from the ¢’ term

to the shape function (again, omitting the additional permutations for now),

Ao = — sl () [ (B (n)éél(n)622(n)C23(n)>

6
Ak, (N4) Cry (N a%
_ Zk??:gl;kg(n'i‘) Bﬁ(nB) m/ ~m/ ml< ¢/B )6A
e )Gl @y o RS Gy ) e

_ikéBemB)( Ol ) o SEGE (¢'<n>>2[l_£(£ <_m>]
=2 \F00) VT 2 \ ) o\ o)) T

< 12B6(n3) < ¢jB )2
~ — 3+ kS + E3). 5.12.158
16a23AnampA774B_ gb’(n_) ( ! 2 3) ( )

The ellipsis in the third line denotes higher-order terms in [¢* /¢ |[¢'(1-)/@5]* (ANamp) ",

and in the fourth line, we took the leading order real-valued term in the expansion. From
Eq. (5.11.144), the Bg term is given by

_10Mya [26Mag; + 39°¢]

Bs(np) ~ - (5.12.159)
B
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From the same argument as for A2, the result (5.12.158) is actually an upper bound (in
absolute value) for Ags, which we will comment on later.
The contribution from the field redefinition term to the shape function is (again, omitting

the additional permutations for now)

Avedes = k2 { B Ass(ny)apz*(ny) (/ﬁ (ks — k1) (ki ks)[(ks — k) - k3]>

4M} k2 k2k2
2A4(77+)a?j3 — 01(77-1-)} Cllﬂ (77+)
822(n+)cs Cry (0
_ g A )asz(ne) (k- (ks — k) (k- ks)[(ks — k) - Kl
3 AM! k? k2k2
2A4(ny)al — 01(77+)} Gy ( P )2 [ Chy < P )2 ]1
+ = 1+ == 2ANam
22 |G \ o) G\ @)
- k§’ _ Als(n+)a322(77+) ki - (kg - kl) . (k’l : k3)[<k53 B kl) ) k3]
T 2ANamp 4M? k2 k2k2
2A4(ny)ag — Ci(ny)
5.12.160
M (012160
where we took the leading order term in [ /GY|[¢(1-)/d’5)* (ANamp) " Here,
2 3 4 M4
A18(77+)af2 (7+) ~ ?Bf P (5.12.161)
M V3¢5 (ny)
2A4(ny)a — Ci(ny) 4 2 772 2 172
~ 3axzM:5 + 2 . 5.12.162
22(ny)c? By (ny) (30510, 5+ 27767 ()] ( )

Recalling Eq. (5.4.54) and the fact that |ny —ng| = |7 — 15| = ANamp, We have ¢'(n;) =

¢'(n_), and so we can rewrite the terms above as

A 2 3apBMY (¢ \°

sl S (7)) 210
2A4(n+)a%_01(77+)~12a23Mp2< P )3 8y ( ¢ ) 9 164

2o0E ek \em)) T \dn) (5.12.164)

Combining the different contributions (including all permutations), the general form of
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the total shape function is found to be

A(kl,kg,kg) ~
Bs(np) ZB 71.2 574 51.2]
5 2aB ( E k;k —25 kk: E k:k

A2 ¢I 2 1
By(ns)2p 9 67.3 71.2 51.4 4131
My ( Zk +2) KR 46> kK6 Kk -2 kKK

i#£] i#£] i#£] i£j#L
A2 gb’ 2 B7(’I’]B) 3A2 gb’ 2 Bﬁ('r/B)
-+ 2 k5]€2 < B ) + < B )
Z#JZ# > SAU%_ ¢'(n-) 4B 8A77j49—A77amp ¢ (n-) CLQB

_ 2A4(n4)ai — Cilny) 3 Aus()apz*(ny) 1 712
ki k;
822(1+ )2 Alamp Z 32MA ANy, T K7 Z v

11

i#]

=2 KK =2 ) KRR 4 KK - ) KKk ) . (5.12.165)

i#£] i£j#L i#£] i£j#L
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Chapter 6

Matter bounce cosmology with a
generalized single field:
non-Gaussianity and an extended

no-go theorem

6.1 Introduction

Matter bounce cosmology [132] is a very early universe structure formation scenario alter-
native to the paradigm of inflationary cosmology (see, e.g., [129] for a review of inflation,
its problems and its alternatives). The idea is that quantum fluctuations exit the Hubble
radius in a matter-dominated contracting phase before the Big Bang, which generates a
scale-invariant power spectrum of curvature perturbations [286, 618]. The contracting phase
is then followed by a bounce and the standard phases of hot Big Bang cosmology. This con-
struction solves the usual problems of standard Big Bang cosmology such as the horizon and
flatness problems, but in addition, it is free of the trans-Planckian corrections that plague
inflationary cosmology [486], and one can naturally avoid reaching a singularity at the time
of the Big Bang (contrary to standard! inflation [86, 87]) under the assumption that new
physics appears at high energy scales [129, 132]. Nonsingular bounces can be constructed

in various ways using matter violating the Null Energy Condition (NEC), with a modified

IThe singularity before inflation could be avoided with, for example, bounce inflation (e.g., [617]).

2019/06,/08
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gravity action, or within a quantum theory of gravity (see the reviews [56, 109, 132, 166, 529]
and references therein).

A typical way of constructing a nonsingular matter bounce cosmology is to assume the
existence of a new scalar field. With a canonical Lagrangian, the oscillation of the scalar field
can drive a matter-dominated contracting phase when the ratio of the pressure to the energy
density averages zero. As the energy scale of the universe increases, new terms can appear
in the Lagrangian that violate the NEC and drive a nonsingular bounce. For example, using
a Galileon scalar field [522] (or equivalently, in Horndeski theory [355]), one can construct
a stable NEC violating nonsingular bounce [54, 167, 172, 267, 535, 556] that may be free of
ghost and gradient instabilities [365, 367] (see, however, the difficulties in doing so as pointed
out by [165, 227, 398, 441]).

To distinguish the matter bounce scenario from inflation observationally, studying pri-
mordial non-Gaussianities is a useful tool®. In the case of inflation, after the calculation of the
bispectra generated in single field slow-roll models [481], there have been many studies in the
past decade trying to extend the simplest result, which largely enriched the phenomenology
of nonlinear perturbations (see [201, 620] for reviews). In particular, one important progress
has been to generalize the canonical inflaton to a k-essence scalar field [33, 34], such as k-
inflation [32, 307] and DBI models [27, 586], which are collectively known as general single
field inflation [202]. In these models, due to the effects of a small sound speed, the amplitude
of the bispectrum is enhanced and interesting shapes emerge [201, 202, 204, 527, 581, 620].
In a matter-dominated contracting phase, the calculation of the bispectrum has only been
done by [181] for the original matter bounce model with a canonical scalar field. A natu-
ral extension is thus to consider a k-essence scalar field® similarly to what has been done
in inflationary cosmology, especially since the appearance of a noncanonical field is quite
common in the literature of nonsingular bouncing cosmology in order to violate the NEC as
explained above. Because the perturbations behave differently in matter bounce cosmology
compared to inflation, in particular due to the growth of curvature perturbations on super-
Hubble scales during the matter-dominated contracting phase, the canonical matter bounce
yields non-Gaussianities with negative sign and order one amplitude, which differs from the

results in canonical single field inflation. It would be interesting to explore how these non-

2 Another observable quantity, besides non-Gaussianities, that would allow one to differentiate between
inflation and the matter bounce scenario is the running of the scalar spectral index (see [174, 431]).

3This could be easily further generalized to a Galileon field [250], which has also been done for inflation
(see, e.g., [160, 222, 304, 400, 401]).
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Gaussianity results change when one generalizes the original matter bounce scenario to be
based on a k-essence scalar field.

Besides non-Gaussianity, another interesting observable for very early universe models is
the tensor-to-scalar ratio r. In the original matter bounce scenario, this ratio is predicted
to be very large [177, 178]. Indeed, the scalar and tensor power spectra share the same
amplitude, and accordingly, the tensor-to-scalar ratio is naturally of order unity [562]. This
is well beyond the current observational bound from the Cosmic Microwave Background
(CMB), which states that r < 0.07 at 95% confidence [11].

A resolution to this problem is to allow for the growth of curvature perturbations during
the bounce phase, which suppresses the tensor-to-scalar ratio. However, curvature pertur-
bations tend to remain constant through the bounce phase on super-Hubble scales [54, 630].
In fact, amplification can only be achieved under some tuning of the parameters, and the
overall growth is still limited* [562]. Yet, if the scalar modes are amplified, another prob-
lem follows in that it leads to the production of large non-Gaussianities [562], a problem
that might be generic to a large class of nonsingular bounces [302, 303]. Again, these large
non-Gaussianities are excluded by current measurements from the CMB [13]. This leads
to conjecture that single field matter bounce cosmology suffers from a no-go theorem [562],
which states that one cannot satisfy the bound on r without violating the bounds on non-
Gaussianities and vice versa.

There is another way to suppress the tensor-to-scalar ratio if the sound speed of the per-
turbations can be smaller than the speed of light during the matter-dominated contracting
phase. For example, in the ACDM bounce scenario [180] (and its extension [171]; see the
review [174]), if there exists a form of dark matter with a small sound speed that domi-
nates the contracting phase when the scale-invariant power spectra are generated, then the
tensor-to-scalar ratio is already suppressed proportionally to the sound speed. Therefore,
this provides another motivation to study non-Gaussianities when the sound speed is small
during the matter-dominated contracting phase. An immediate question is whether the no-

go theorem still holds true in this case or whether it can be circumvented. In this work, we

4The studies of Refs. [54, 562, 630] have been carried out for models where the nonsingular bounce is
attributed to a noncanonical scalar field. Loop quantum cosmology (LQC) provides an alternative class
of nonsingular bouncing models that could suppress r during the bounce. In LQC, the amplitude of the
suppression depends on the equation of state during the bounce; if it is close to zero, then the suppression is
very strong (see [178, 180, 627] and references therein for a discussion of LQC effects in nonsingular bouncing
cosmology).
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want to explore this possibility of having a k-essence scalar field that would mimic dust-like
matter with a small sound speed at low energies and that could play the role of the NEC
violating scalar field during the bounce.

In this paper, we will evaluate the bispectrum produced by a k-essence scalar field in a
matter-dominated contracting universe. This more general setup will yield richer features,
which have the potential to be detected by future non-Gaussianity observations. In partic-
ular, the shapes, amplitudes, and scaling behaviors will be studied systematically. We will
show that a small sound speed implies a large amplitude associated with the three-point
function. Accordingly, we will claim that the no-go theorem is not circumvented but rather
extended: in single field matter bounce cosmology, one cannot suppress the tensor-to-scalar
ratio, either from the onset of the initial conditions in the matter contracting phase or
from the amplification of the curvature perturbations during the bouncing phase, without
producing large non-Gaussianities.

The outline of the paper is as follows. In section 6.2, we first introduce the background
dynamics of the matter bounce scenario and introduce the class of k-essence scalar field
models that we study in this paper. In section 6.3, we calculate the power spectra of curvature
perturbations and tensor modes and show how a small sound speed coming from the k-
essence scalar field allows for the suppression of the tensor-to-scalar ratio. We then consider
the primordial non-Gaussianity in section 6.4. Using the in-in formalism, we evaluate every
contribution to the three-point function and give a detailed analysis of the size and shapes
of the resulting bispectrum. In section 6.5, we compute the amplitude parameter of non-
Gaussianities in different limits and finally combine these results with the bound on the
sound speed from section 6.3 to show that the no-go theorem in matter bounce cosmology is
extended. We summarize our results in section 6.6. Throughout this paper, we use the mostly
plus metric convention, and we define the reduced Planck mass to be Mp; = (87Gx)™V/2,

where G is Newton’s gravitational constant.

6.2 Setup and background dynamics

The idea of the matter bounce scenario is to begin with a matter-dominated contracting

phase. At the background level, this corresponds to having a scale factor as a function of
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physical time given by

a(t) = ap ( L=t )2/3 : (6.2.1)

tp —tp

and the Hubble parameter follows,

2
Ht) = ————, 6.2.2
0= 3= (622
where t5 corresponds to the time of the beginning of the bounce phase and ¢z corresponds
to the time at which the singularity would occur if no new physics appeared at high energy
scales. Accordingly, ap is the value of the scale factor at tg. In terms of the conformal time

7 defined by d7 = a~'dt, the scale factor is given by

- N2

T—T

a(r) = agp (—B) : (6.2.3)
™8 — 7B

where 7 and T are the conformal times corresponding to tp and tg. Throughout the rest

of this paper, the scale factor is normalized such that ag = 1.

One can define the usual “slow-roll” parameters of inflation by

EE——.:§<1+’LU) , n=-— (6.2.4)

where a dot denotes a derivative with respect to physical time, and w = p/p is the equation of
state parameter with p and p denoting pressure and energy density, respectively. In the case
of the matter bounce, the matter contracting phase implies that pressure vanishes, which is

to say that
w=0, €= — n=20. (6.2.5)

If the pressure does not vanish exactly but is still very small, i.e. |p/p| < 1, then the values
for w, €, and 7 in equation (6.2.5) are only valid as leading order approximations, and they
will be time dependent rather than constant. In this paper, we will work in the limit where
equation (6.2.5) is valid.

In the usual matter bounce scenario, one would introduce a canonical scalar field to drive
the matter-dominated contracting phase and describe the cosmological fluctuations. In this

paper, we aim for more generality and assume that the perturbations are introduced by a
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k-essence scale field ¢ with Lagrangian density of the form®
Ly=P(X,9), (6.2.6)

where X = —0,00"¢/2, and we assume that the scalar field is minimally coupled to gravity.

The energy density and pressure of this scalar field are then given by
p=2XPx—P, p=PFP, (6.2.7)

where a comma denotes a partial derivative, e.g. Px = 0P/0X. Thus, the Friedmann
equations read
3SMAH? =2XPx - P, MiH=—-XPx. (6.2.8)
Since we want a matter-dominated contracting phase, the pressure of the scalar field should
vanish (at least in average), and p = 2XPx o< a™>.
It is helpful to have one specific example where a k-essence field drives the matter con-

traction. Let us consider the following Lagrangian density:
Lo=K(X)==(X—-c*)?. (6.2.9)

This type of Lagrangian belongs to a subclass of k-essence models P(X, ¢) where the ki-
netic terms K (X) are separate from the potential terms V' (¢), i.e. P(X,¢) = K(X) —V(¢).
Moreover, the above Lagrangian has vanishing potential. Then, the ghost condensate solu-
tion is given by X = ¢ and ¢(t) = ct + 7(t), with 7(t) < c. In this case, the background
equations yield p ~ 0 and p ~ 7 o< a3, which exactly corresponds to a matter-dominated
universe. More details about this model can be found in [455]. We note that there should
be also other forms of P(X,¢) that can drive a matter contraction, and remarkably, the
analysis that follows in this paper is done in a model-independent way and does not rely on

the specific model of equation (6.2.9).

5For an introduction to such a Lagrangian in early universe cosmology with the derivation of the back-
ground equations of motion and the definition of the different parameters, see, e.g., [32, 202, 307, 581].
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The sound speed and another “slow-roll” parameter are defined by®

o)

p_ PX és

C

p  Px+2XPxx ' H

V2)
Il

2 (6.2.10)
Calculations will be done for a general sound speed, but as we will argue, we will be inter-
ested in the small sound speed limit, which can be realized with the appropriate form for
P(X,¢). For instance, the explicit example given by equation (6.2.9) yields ¢s >~ 7/c < 1.
Furthermore, we will generally assume later that the sound speed remains nearly constant,

which is to say that |s| < 1. We also define two other variables for later convenience,

M3, H?
£ =XPx+2X?Pyxx = 2% (6.2.11)
CS
and 5 % .
A= X’Pxx + §X3RXXX = 38x 3% (6.2.12)

The ratio \/X will be of particular interest in the following sections. For inflation, it depends
on the specific realization of the general single field, such as DBI and k-inflation models. For
the matter bounce scenario, it can be obtained in an approximately model-independent
way. The detailed calculation is in Appendix 6.7, where we find that the ratio A/¥ can be

expressed in terms of the sound speed, as shown by equation (6.7.81).

6.3 Mode functions and two-point correlation functions

We begin with an action of the form

S = /d% V=g <%M§1R + £¢> : (6.3.13)

where ¢ is the determinant of the metric tensor and R is the Ricci scalar. Importantly, we
assume that the matter Lagrangian £, has the general form of equation (6.2.6), but we do

not restrict our attention to any specific model. By perturbing up to second order the above

6We assume that the cosmological perturbations will remain adiabatic throughout the matter-dominated
contracting phase.
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action, one finds”

5@ = / drd®7 22 [g@ —&(ve)? (6.3.14)

where (7, Z) denotes the curvature perturbation in the comoving gauge, i.e. on slices where
fluctuations of the scalar field vanish (6¢ = 0). Also, a prime represents a derivative with
respect to conformal time, V= 0; is the spatial gradient, and we define 22 = 2ea® M3, /2.

Transforming to Fourier space, the second-order perturbed action becomes
(2) d?% QA INA T 212 (1. n
SO = [dr [ G55 2 [CRCR) - @R (6.3.15)

where k2 = k - k = |k|2. Upon quantization of the curvature perturbation, one has

~ -

C(r k) = alug(7) + a_gup(7) | (6.3.16)

where the annihilation and creation operators satisfy the usual commutation relation [ay, &2/} =

(27)36® (k — k). The equation of motion of the mode function is then given by
"
vy + (cgkzz - z—) vy =0, (6.3.17)
z

where the mode function is rescaled as vy = zuy (vy is called the Mukhanov-Sasaki variable).
Together with the commutation relation [C(k;), (k)] = (2m)36®) (k1 + ks), one finds (see,
e.g., [181])

1A[l —icsk(T — T)]

= tesk(r—7p) 6.3.18
i (7) 2Vecsk? (T — )3 ¢ ( )
, iA —3[1 — icsk(T — 7B)] c2k? ieck(r—7p)
_ : 3.1
() 2v/ecsk? < (1 —7p)* * (1 —7p)? ‘ (6:3.19)

to be the solution to the equation of motion (6.3.17) in the context of a matter-dominated
contracting universe as described in the previous section. Here, A is a normalization constant
that is determined by the quantum vacuum condition at Hubble radius crossing in the

contracting phase, which is given by A = (75 — 75)%/Mp.

TAgain, see, e.g., [201, 202, 307, 581] for a derivation of the perturbation equations in k-essence early
universe cosmology.
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The general two-point correlation functions are given by

—

(C(11, k1) (70, Ka)) = (2m)38(ky + Eo)ug, (11)uugy (72) (6.3.20)
(1, k1) C (72, Ko)) = (2m)2 (o + B )u, (m1)ug, (72) | (6.3.21)

and in particular, the power spectrum, evaluated at the bounce point 75 (well after Hubble

radius exit), is given by

(7, k) (1B, k) = (21)26P (k + k') =P (78, k) , (6.3.22)

where

A? 1

~ 8n%ecs(tp — 75)0 12w M2 (1p — 75)°

P(75, k) (6.3.23)

The scale invariance of the power spectrum in matter bounce cosmology is thus explicit from
the above.

The above focused only on the scalar perturbations, but as mentioned in the introduc-
tion, the matter bounce scenario also generates a scale-invariant power spectrum of tensor
perturbations. Considering the transverse and traceless perturbations to the spatial metric,

dgij = a*h;;, which can be decomposed as

hij(T’ f) = h+<T: f)ej; + hx(Ta 5)62 (6324)

X

with two fixed polarization tensors e;; and e;;, the second-order perturbed action has con-

tributions of the form 2
s 5 =2 / drd®7 o [h’Q - (%)2} (6.3.25)

for each polarization state h, and h,. By normalizing each state as u = aMph/2, the
second-order perturbed action is of canonical form (y is the Mukhanov-Sasaki variable), and

the resulting equation of motion for each state is

" 2 CL”
e+ | 5 — ) = 0, (6.3.26)

2

where the equation is written in Fourier space. Since a ~ 7° in a matter-dominated con-

tracting phase, one has a”/a = 2/7%, and so, one expects a scale-invariant power spectrum
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just as in de Sitter space. The tensor power spectrum is given by

2\ K

Po=2P,=2(——) —|ml*. 6.3.27
=P =2 () gl (6:3.27
where the first factor of 2 accounts for the two polarizations + and x, and the factor
[2/(aMp)]* comes from the normalization of pu. Upon matching with quantum vacuum
initial conditions at Hubble radius crossing similar to the above treatment for scalar modes,

one finds the power spectrum of tensor modes at the bounce point to be given by

2
k) = 6.3.28
Pt (TB7 ) ﬂ_QM}Q)l(TB _ %B)Q ) ( )

which is indeed independent of scale.
The tensor-to-scalar ratio is then defined to be
Py

= —. 6.3.29
=g (6:329)

It follows from equations (6.3.23) and (6.3.28) that
r = 24c, (6.3.30)

in the context of matter bounce cosmology with a general k-essence scalar field®. On one
hand, this highlights the problem of standard matter bounce cosmology, which is driven by a
canonical scalar field with ¢ = 1, in which case r = 24. On the other hand, the above result
provides a natural mechanism to suppress the tensor-to-scalar ratio provided the k-essence
scalar field has an appropriately small sound speed. For example, satisfying the observational

bound [11] r < 0.07 at 95% confidence imposes a bound on the sound speed of the order of

¢ < 0.0029 . (6.3.31)

80f course, this assumes that the perturbations remain constant on super-Hubble scales after the matter
contraction phase, in particular through the bounce and until the beginning of the radiation-dominated
expanding phase of standard Big Bang cosmology.
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6.4 Non-Gaussianity

The previous section showed that a k-essence scalar field could yield a small tensor-to-scalar
ratio in the context of the matter bounce scenario. This is done at the expense of having a
small sound speed. In what follows, the goal is to compute the bispectrum and see how a

small sound speed affects the results.

6.4.1 Cubic action

To evaluate the three-point correlation function, we must expand the action (6.3.13) up to
third order. Let us recall the result of [202], the third-order interaction action of a general
single scalar field?,

56 :/dtd3:)3‘{ [2(1—63) +2)\}[€[—Z+—(6—3+30 )¢

25— 254 1= (00 — 2050000000 + e () 6%
# 5200002 + OOV 210 5|} (6.4.32)

where it is understood that (9¢)? = 9,(°C, (9¢)(dx) = 0;(D'x, 0*C = 9;0°¢, and where we
define x such that 92y = a2¢C. Also, we have

oLy _ (dizx HO?y — ea%) , (6.4.33)
Q) = 15 + <+ g —00(00 + 0 200,00
+3 iH{<ac><ax> 0210000} (6.434)

where 972 is the inverse Laplacian.

The first and second terms in the last line of equation (6.4.32) can be reexpressed as

gwcxax)a?wi(awax)?:——cc? S C@9,0@0 ) + K, (6.435)

9From here on, we take Mp; = 1 for convenience.
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where the boundary term is given by

£ =0, [0 000 + 500N - (0] (6.4.30

Since the 9;[...] term above does not contribute to the three-point function, the third-order

action, equation (6.4.32), is equivalent to

S(S)Z/dtd3§:’{ [2(1——>+2)\L§—2+—4€(6—3+3C )¢¢?

. d
+Z§<e_23+1_c><<ao - 2050(0)(0x) + g;dt( )CC
53 oL

_ng o g(a@jx)(aw ) +2f(C) =

} (6.4.37)

In the case of a canonical field with ¢ = 1, this action returns to equation (15) of [181].

Meanwhile, as usual the last term in this action is removed by performing the field redefinition

¢— ¢+ f(Q), (6.4.38)

where ¢ denotes the field after redefinition.

6.4.2 Contributions to the shape function

In this section, we calculate the three-point correlation function using the in-in formalism

(to leading order in perturbation theory; see, e.g., [201, 481, 620] for the methodology),
t —
(O(t)) = -2 Tm / A7 (0]0() L (B)]0) , (6.4.39)

where O represents a set of operators of the form é 3 in our case of interest. Then, the shape
function, A, is defined such that!°

(G, ¢, Cry) = (2m)760 (Zk ) i A(ky, ks, k3) (6.4.40)

10We use (g, to refer to 6(7', EZ) to simplify the notation from here on.
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In what follows, we list all the contributions to the shape function coming from the field
redefinition and the interaction action (6.4.37). It is easy to check that, when taking the
limit ¢ = 1, one recovers the results of [181] for the matter bounce with a canonical scalar

field as expected.

Contribution from the field redefinition

In momentum space, the field redefinition can be written as
. A3k, 3 3¢k -(k—Fk) (k-k)[k-k=k)]\| > »
- - — |- - — — - (eozo. (6.4.41
GGt / (2m)? [ 22 4 ( k3 K2kt Gy - (6441

This redefinition has the following contribution to the three-point correlation function,

S| 3 3¢ (K-(ks—F) (ks K)(Fs- ks — F
<CE1<EQCE3>redef=/W [ 202 46 ( (k:a/2 ) ( 3 )(l{;gkﬂ[ 3 )])]

X (Cr S, CerCrapr) + (2 permutations) (6.4.42)

and accordingly, the contribution to the shape function is

Aredefz( 402)2 K+ Zk:k:2 e k2<2k7k2+2k6k3 23" KK
” 7 (6443)

When ¢? < 1, this contribution is enhanced compared to the canonical case.
Contribution from the C@ term

The term (2 in equation (6.4.37) yields the following contribution to the bispectrum

3

(G, CaCins ) ez = — 2><21m/ a7 (2m)? Zk> [ —3432) - 62

X g, (T )k, (T)up, (T)uy, (T)ug, (T8)uy, (T) + (2 permutations).  (6.4.44)
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To leading order in ¢.k;(75 — 75) < 1, i.e. on scales larger than the sound Hubble radius'!
and recalling the solutions for u; and u), [equations (6.3.18) and (6.3.19)], we get the following

contribution to the shape function,

2
S

Agr =S | 2(e—3+3¢) } Z K (6.4.45)

8 |t
Again, when ¢ < 1, this contribution is enhanced compared to the canonical case.

Contribution from the (9¢dy term

A similar computation for this term yields the following contribution to the shape function

Acocox = Z ki + k’2 (Z kik; — Z k4k5> (6.4.46)

i#]

We note that this contribution is independent of c.

Contribution from the ((9;0,x)? term

For this term, the contribution to the shape function is given by

2 2
Ac@ion? = Zk3 Si > Kk

i#]
T ( Z K= KK 3 kK =3 kK2 (6.4.47)
H i#] i#] i#£j

When ¢ < 1, this contribution is suppressed compared to the canonical case.

Contribution from the ¢? term

The C‘5 term is a new element in the Lagrangian caused by the nontrivial sound speed, which

does not show up in the cubic action of canonical fields. Its contribution to the bispectrum

UThis is also called the Jeans radius; see [180, 559] for an explicit definition of this scale and its role in
matter bounce cosmology when ¢ # 1.
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18

ool ==0x2im [ @nat (S8 (- S5H) (1= 5+ 25)

)

X ukzl(TB>uk1( )Uk2(TB)Uk2( )ukg(TB)ukg( ), (6.4.48)

where we have used the expression for ¥, equation (6.2.11). Then the contribution to the

shape function is expressed as

Ass = ‘3 (1 - S +25 ) Z k3 (6.4.49)

Since this is a new contribution compared to the canonical case, it vanishes for ¢ = 1.
Indeed, when ¢z =1, \/¥ ~ (1 — ¢2)/(6¢2) = 0 (see equation (6.7.81) in Appendix 6.7) and
1 —1/c? = 0. We note though that when ¢ < 1, this contribution is large.

Secondary contributions

The contribution from the term

in equation (6.4.37) is exactly zero since n = 0 during the matter contraction. We can also

neglect the contribution from the term

ae
2 —(e—25+1—c3)((0¢)?
since the leading order term of the resulting bispectrum is proportional to ¢?k?(15 — 75)?,

which means that it is suppressed outside the sound Hubble radius.

The above results differ from the ones of general single field inflation. As pointed out in
[181], two main reasons account for the different non-Gaussianities between matter bounce
cosmology and inflation. First, here the “slow-roll” parameter e is of order one rather
than being close to zero, so the amplitudes are larger and the higher-order terms in € are
not suppressed. Second, curvature perturbations grow on super-Hubble scales in a matter-

dominated contracting universe, and this behaviour manifests itself in the integral of equation
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(6.4.39), while for inflation, ¢ usually remains constant after horizon-exit, so there is no such

contribution.

In what follows, we summarize the above results and give a detailed analysis of the
bispectrum. In particular, the differences with the canonical single field matter bounce
scenario are discussed.

6.4.3 Summary of results

One can gather all the contributions above and get the total shape function,

105 39 9 3 3
o= | "% t 5+ oe k4 =— (B3 +6) Y klkj+ =3
Aros ( 32+16c§+128>zi: a8 >§ 6 T A

X [3@21@9 (10— 9¢2) Y "k[k? — (32 +6) > kSkS + (92 —4) > kK|
{ i#£] i#£j i#£]
(6.4.50)

where we have used € = 3/2 and A\/¥ = (1 — ¢?)/6¢2 for the matter contraction stage. Now
the only free parameter in the total shape function is the sound speed ¢,. In what follows,
we shall discuss several interesting aspects of this result.

Amplitude

The size of non-Gaussianity is depicted by the dimensionless amplitude parameter

J 10 Atot(EbEZ?E:})
ki, ko, ks) = —
fNL( 1, h2, 3) 3 Zl kjf’

As one can see in equation (6.4.50), for most values of ¢5 € (0, 1], the first term dominates

(6.4.51)

the total shape function, and roughly, fx1, becomes

175 65 1ad
16 ' 82 ' 64 °

AN (6.4.52)

which yields fyr, < 0 for 0.87 < ¢, < 1 and fxr, > 0 for ¢5 < 0.87. Thus, besides the negative

Y

amplitude in the canonical case [181], a small sound speed in matter bounce cosmology can

produce a positive fyr,. In the next section, we shall further discuss its behaviour in different
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limits to confront observations.

Shape
The shape of non-Gaussianity is described by the dimensionless shape function

Atot
kikoks

F(ki/ks, ko /ks) = (6.4.53)
Then, the first term in equation (6.4.50) gives exactly the form of the local shape. Thus, when
the prefactor of the first term is nonvanishing (¢; % 0.87), the shape function is dominated
by the local form, while the remaining terms just give some corrections. The total shape
of non-Gaussianity is shown in the left panel of Figure 6.1, which looks very similar to the
plots in [181] for the canonical matter bounce except that the amplitude is much larger here

with ¢g small.

600
400
200

0.0

10 00 10 00
Figure 6.1 The shape of F(ki/ks, ka/ks) for cs = 0.2 (left panel) and ¢ = 0.87 (right panel).

At the same time, this result differs from the one of general single field inflation, where
the equilateral form dominates the shape of non-Gaussianity for ¢, < 1 [202]. This is mainly
caused by the different generation mechanisms of non-Gaussianity in these two scenarios.
For the matter bounce scenario, the growth of curvature perturbations after Hubble radius
exit makes a significant contribution to the final bispectrum. Meanwhile, the local form is
usually thought to be generated on super-Hubble scales since “local” means that the non-

Gaussianity at one place is disconnected with the one at other places. For general single field
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inflation, the dominant contribution is due to the enhanced interaction at horizon-crossing.
Thus, these two scenarios behave quite differently with a small sound speed.

It is also interesting to note that for ¢; ~ 0.87, the first term in equation (6.4.50) vanishes,
so the shape function is dominated by the remaining terms. The shape of non-Gaussianity
is plotted in the right panel of Figure 6.1 for this case, which is a new form different from
the local one. To the best of our knowledge, no other scenario can give rise to such a kind
of shape, thus it can be seen as a distinguishable signature of matter bounce cosmology for

probes of non-Gaussianity.

The squeezed limit

Usually people are interested in the squeezed limit of the bispectrum (k; < ks = k3 = k),
since its scaling behaviour is helpful for clarifying the shapes of non-Gaussianity analytically.

Here in the squeezed limit (k;/k — 0), the dimensionless shape function can be expanded as

3/ 33 13\ k 3 k k)2

The leading order term gives the scaling F ~ k/k; and

1
<CE1CE2C]§3>Squeezed ~ ﬁ s (6455)
1

which is consistent with the dominant local form. The only exception is when the coefficient
of the first term vanishes (¢; = /26/33) and another scaling, F ~ k;/k, follows from the

next-to-leading order term.

6.5 Amplitude parameter of non-Gaussianities and implication for

the no-go theorem

There are three forms of the amplitude parameter fyr, that are of particular interest for
cosmological observations. They are called the “local form”, the “equilateral form”, and the
“folded form”. The local form requires that one of the three momentum modes exits the

Hubble radius much earlier than the other two, e.g., ky < ko = k3. In this limit, one can
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simplify the total shape function, equation (6.4.50), to find

165 5
local
~ 4 — 6.5.56

The equilateral form requires that the three momenta form an equilateral triangle, i.e. ky =

ks = k3. In this case, we obtain

335 65 4502

il o % 82 T im (6.5.57)
The folded form has ki = 2ky = 2ks3, hence
folded —¥ % . (6.5.58)
As a result, in the limit where ¢? < 1, we find that
N A i a0 86—653 >1. (6.5.59)

Let us recall from section 6.3 that in order to satisfy the observational bound on the tensor-

to-scalar ratio, we must impose ¢s < 0.0029. This immediately implies
local o peanil oy flolded > g 55 % 10° > 1 . (6.5.60)

This amplitude of primordial non-Gaussianity is clearly ruled out according to the observa-
tions [13],
local — 0.8 £5.0, foI=_4443, fuho— 26421, (6.5.61)

thus ruling out the viability of the class of models studied here.

Alternatively, if one requires that, e.g., —9.2 < fig8l < 10.8 (i.e., imposing i to be
within the measured 20 error bars), then one would need'? ¢, > 0.62. However, this lower
bound on the sound speed yields a tensor-to-scalar ratio r 2 14.88, which is again clearly
ruled out by observations [11].

In summary, there is no region of parameter space where ¢s can give a good, small tensor-

12Note that this constraint does not exclude cs ~ 0.87, for which the new shape of non-Gaussianity in the
right panel of Figure 6.1 emerges.
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to-scalar ratio (i.e., of order 0.1 at most) and good, small non-Gaussianities (i.e., of order 10
at most). Therefore, independent of what happens during the bounce, we extend the no-go

theorem conjectured in [562] to the following one:

No-Go Theorem 6.1. For quantum fluctuations generated during a matter-dominated con-
tracting phase, an upper bound on the tensor-to-scalar ratio (r) is equivalent to a lower bound

on the amount of primordial non-Gaussianities (fxy). Furthermore, if
e the matter contraction phase is due to a single (not necessarily canonical) scalar field,

e the same single scalar field allows for the violation of the NEC to produce a nonsingular

bounce,
e and General Relativity holds at all energy scales,

then satisfying the current observational upper bound on the tensor-to-scalar ratio cannot be

done without contradicting the current observational upper bounds on fx (and vice versa).

6.6 Conclusions and discussion

In this paper, we computed the two- and three-point correlation functions produced by a
generic k-essence scalar field in a matter-dominated contracting universe. Comparing the
power spectra of scalar and tensor modes, we found that the tensor-to-scalar ratio can be
appropriately suppressed if the sound speed associated with the k-essence scalar field is
sufficiently small. In turn, we showed that the amplitude of the bispectrum is amplified
by the smallness of the sound speed!'®. As a result, it seems incompatible to suppress the
tensor-to-scalar ratio below current observational bounds without producing excessive non-
Gaussianities. This leads us to extend the conjecture of the no-go theorem, which effectively
rules out a large class of nonsingular matter bounce models.

Although this seriously constrains nonsingular matter bounce cosmology as a viable al-

ternative scenario to inflation, there remain several classes of models that are not affected

13With a small sound speed, one may also reach the strong coupling regime where the perturbative analysis
breaks down. This is known as the strong coupling problem [62, 374], which affects many non-inflationary
scenarios (see in particular Appendix C of [62], which focuses on non-attractor models). It represents a
general independent theoretical constraint, but in the context of the matter bounce scenario, our no-go
theorem is more constraining due to current observational bounds.
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by this no-go theorem. Indeed, one could still evade the no-go theorem assuming certain
modified gravity models as stated in [562] (see references therein) or with the introduction
of one or several new fields. For example, in the matter bounce curvaton scenario [168] (see
also [5, 26, 556] for other nonsingular bouncing models using the curvaton mechanism) and
in the two-field matter bounce scenario [175], entropy modes are generated by the presence
of an additional scalar field, which are then converted to curvature perturbations. In both
models near the bounce, the kinetic term of the entropy field varies rapidly, which acts as
a tachyonic-like mass that amplifies (in a controlled way) the entropy fluctuations while not
affecting the tensor modes. As a result, the tensor-to-scalar ratio is suppressed (see [166, 178]
for reviews of this process). Furthermore, the production of non-Gaussianities in the matter
bounce curvaton scenario has been estimated in [168], and it indicated that sizable, negative
non-Gaussianities appeared, yet still in agreement with current observations. Accordingly,
such a curvaton scenario does not appear to suffer from a no-go theorem. However, there
still remains to do an appropriate extensive analysis of the production of non-Gaussianities
when general multifields are included in the matter bounce scenario.

A similar curvaton mechanism is used in the new Ekpyrotic model [155, 427] (extended
in [436, 437, 557, 625]), which generates a nearly scale-invariant power spectrum of curvature
perturbations. In this case, however, the smallness of the observed tensor-to-scalar ratio must
be attributed to the fact that the tensor modes have a blue power spectrum when they exit
the Hubble radius in a contracting phase with w > 1. The new Ekpyrotic model originally
predicted large non-Gaussianities [156, 157, 428-430] (see also the reviews [424, 425]), but
some more recent extensions can resolve this issue [280, 281, 283, 361, 433]. Thus, here as
well, it appears that these types of models do not suffer from a similar no-go theorem!*.

We note that one might be able to prove the no-go conjecture of this paper borrowing
similar techniques to the effective field theory of inflation [204], i.e. by constructing an
effective field theory of nonsingular bouncing cosmology (e.g., see the recent work of [165,
227]). In complete generality, this could allow us to find the exact and explicit relation
between the tensor-to-scalar ratio (which involves the power spectra of curvature and tensor
modes) and the bispectrum. In fact, the goal would be to find a consistency relation for the

three-point function in single field nonsingular bouncing cosmology similar to what has been

MFurthermore, Ekpyrotic models are robust against the growth of anisotropies in a contracting universe.
This is another challenge with the matter bounce scenario (see [167, 432]) that will have to be overcome to
have a viable theory.
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done in inflation [205, 229, 481]. This will be explored in a follow-up study.

Finally, we would like to emphasize that, for matter bounce cosmology, although the
simplest k-essence model is ruled out by the no-go theorem, the bispectrum with ¢; # 1 (as
an independent result of this paper) remains to be a probable target for future probes of non-
Gaussianity. This possibility relies on the aforementioned bouncing models that can evade
the no-go theorem with other mechanisms. In those cases, a nontrivial sound speed may still
lead to the same behaviour of non-Gaussianities found in this paper, which potentially can be
detected by future observations. Particularly, we predict a new shape with an amplitude still
consistent with current observational limits, which can serve as the distinctive signature of

matter bounce cosmology and help us distinguish it from other very early universe theories.

6.7 The ratio \/X

Let us recall the definition of ¥ and A in equations (6.2.11) and (6.2.12). Their ratio is thus
given by

A1 ¥ x

Ss=- | X<Z& - . .7.62

s=3 ( - ) (6.7.62)
Recalling the definition of ¢? in equation (6.2.10), we note that

Px
—
CS

S = X(Px +2XPxyx) = X (6.7.63)
Also, recalling the expression for p and p in equation (6.2.7), we find that 2XPx = p + p,

and so, the above expression for ¥ becomes
p+p

S=55 (6.7.64)

Consequently,

5 :
X _ xPX PN gyGxX (6.7.65)
X p+Dp Cs

Working in the limit where p = 0, we note that p = 2X Py, and so, p x = Px = p/(2X),
which implies that p x/p = 1/(2X). Also, px = px/c from the definition of the sound

X

speed, and thus,

px px 1
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Therefore, equation (6.7.65) in the limit where p = 0 becomes

EX 1 1 Cs. X
=X o s oy
by 2c2+2 Cs

S

(6.7.67)

Alternatively, one can evaluate the ratio A/¥ as

A1 /2y 1(2X
2o (22 x 1) =-([Z22 1) . 1.
> 3<z ) 3<2X ) (6.7.68)

Since we can write 3 = H2M3e/c? and recalling the definition of the slow-roll parameters

in section 6.2, we get

)
—— = -2+n—2s. 7.
v €+n—2s (6.7.69)

Now, we note that we can write
S A
S YV (6.7.70)

"“He  mwp “H2 T mm

Also, the Friedmann equation M}%IH = — X Px implies that

H 1 (X Px
—=— | =+ = 6.7.71
and so, _ .
X Px
= — 99— 2% .72
X =2 P (6.7.72)

Therefore, combining equation (6.7.69) and the above yields

X —2e+n-—2s

i . (6.7.73)
EX e
In the limit where p = 0, we recall that ¢ = 3/2 and = 0, and as a result,
X 342
A _shes (6.7.74)
XX 34 Lfx
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Comparing the above with equation (6.7.67), since (X/%)(X/X) = X¥ x/%, we find

3+2 1 1 s
+P3 D (6.7.75)
3 + % QCS 2 Cs
but XY HX 9
- 2XCS7X = —2—% = —25 D = 0 P ) (6776)
Cy X Cs X n— 26 — P:_i

where the last equality follows from equation (6.7.72). Thus, equation (6.7.75), with ¢ = 3/2

and n = 0, leaves us with

3 1 1
and consequently, ‘
Px _ 1-¢
E — _3 (1 " c§> _ (6.7.78)
As a result, equation (6.7.74) becomes
¥ X Yx 1 2
2A _xE2X L (i) 6.7.79
> X > 203<+3s>(+cs), (6.7.79)

and in the end, (6.7.68) is equivalent to

A1 1 2 )
S=3 {@ <1+§3) (1—|—cs)—1] . (6.7.80)

In the limit where |s| < 1, this reduces to

X 3

A 1142 1—¢2
51| = 5. 6.7.81
{ 2c2 } 6c2 ( )

In comparison, DBI inflation has /3 = (1 — ¢2)/(2¢2) (see [202]).
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Chapter 7

Massive gravity and the suppression
of anisotropies and gravitational
waves in a matter-dominated

contracting universe

7.1 Introduction

The inflationary scenario [150, 274, 333, 578, 590] is the current paradigm of very early
universe cosmology. It solves a number of conceptual problems within standard Big Bang
cosmology and makes predictions for the structure in the Universe, which are confirmed
to great precision by observations, in particular the slight red tilt [517] in the spectrum of
scalar cosmological perturbations [14]. However, current realizations of inflation have some
conceptual problems (see, e.g., [115, 129]), in particular the Trans-Planckian problem for
cosmological perturbations [142, 486]. Hence, it is of interest to consider possible alternative
very early universe scenarios.

In fact, alternatives to cosmological inflation exist (see, e.g., [109, 132, 133] for reviews).
In particular, bouncing cosmologies [56, 166, 529] may provide alternatives to cosmological in-
flation. The Ekpyrotic scenario [387] is one candidate scenario. This scenario is based on pos-
tulating the existence of a new form of matter with an equation of state (EoS) p > p, where

p and p are the pressure and energy density, respectively. In this case, an isotropic phase of

2019/06,/08
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contraction is a local attractor in initial condition space [273, 306] (see also [433] regarding
the fine-tuning of the initial conditions), in the same way as for inflationary cosmology an
inflating expanding background is a local attractor in initial condition space [103, 141, 278].
However, the spectrum of adiabatic cosmological perturbations has a deep blue spectrum
[107, 388, 473], and one needs to make use of entropy fluctuations to produce a spectrum
of nearly scale-invariant curvature perturbations at late times [155, 228, 255, 285, 427, 528§]
(see [424] for a review).

The matter bounce scenario is another alternative to inflation. It has opposite strengths
and weaknesses compared to the Ekpyrotic scenario. On one hand, one does not need to
specify any new forms of matter (except new physics required to obtain a non-singular
cosmological bounce). The idea is that the universe starts in a homogeneous and isotropic
contracting phase with the same matter content of the current expanding universe, i.e. with
cold matter, radiation, and possibly a very small cosmological constant, required to explain
the currently observed dark energy component. Then, it can be shown [286, 618] that
adiabatic fluctuations with comoving wavelengths which originate in their quantum vacuum
state and exit the Hubble radius during the matter-dominated phase of contraction acquire an
almost scale-invariant spectrum at late times in the contracting phase. In fact, the presence
of the dark energy component leads to a slight red tilt of the scalar spectrum [174, 180], in
agreement with the observed spectrum. On the other hand, the homogeneous and isotropic
contracting trajectory is not an attractor in initial condition space. In fact, the energy density
in anisotropies grows faster than the energy density in the matter components, leading to an
instability of the model [167], known as the Belinsky-Khalatnikov-Lifshitz (BKL) instability
[67]. This problem is usually evaded with the inclusion of either higher-order curvature
terms in the gravity action [500], a phase of Ekpyrotic contraction (see the models studied in
[167, 172, 175, 561]), or another source with ultra-stiff EoS [98]. However, these resolutions
are often fine-tuned [98, 432] or simply not robust to all types of anisotropies [50].

A second problem for matter bounce scenarios is that the scalar cosmological perturba-
tions and gravitational waves grow at the same rate on super-Hubble scales since the squeez-
ing factors in their mode equations of motion (EOMs) are the same (see, e.g., [121, 518]
for reviews of the theory of cosmological perturbations). Because of that, the scalar and
tensor power spectra have the same amplitude at the end of the contracting phase, i.e., the
tensor-to-scalar ratio r is of order unity (see, e.g., [177, 178, 438, 562]). In addition, the am-

plitude of non-Gaussianities (characterized by the quantity fxr) is of order unity [181] (see,
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however, [302, 303]). Although it is possible to construct single field bounce models which
boost the scalar fluctuations relative to the gravitational waves, these mechanisms typically
also boost the non-Gaussianities to a level which is in contradiction with the current limits,
which led to the conjecture of a no-go theorem for the class of single field matter bounce
models [438, 562]. We call this the large r problem.

In this paper, we suggest a possible solution to both of these problems of the matter
bounce scenario in the context of a modified gravity model with a massive graviton. The
idea of modifying general relativity so that the graviton acquires a non-trivial mass has been
extensively studied (see, e.g., the review [567] and also [234, 244] in the context of cosmology),
especially as an attempt to explaining the accelerated expansion of the universe (see, e.g.,
(337, 338]). Massive gravity has also been studied in the context of very early universe
cosmology, e.g., during inflation, in which case the propagation of gravitational waves would
be affected by the non-trivial mass of the graviton [336, 412, 460] (see also [259]). Using
this setup in the context of matter bounce cosmology, we find that the fluctuation equation
for the gravitational waves has a mass term which prevents the squeezing of the modes on
super-Hubble scales and hence solves the large r problem. As it turns out, the massive
graviton also leads to a mass term in the EOM for the anisotropy parameter, and hence
provides a natural isotropization mechanism in the contracting phase.

In the following, we first introduce the modified gravity theory we will be using. A
Hamiltonian analysis shows that the theory is free of ghosts at the fully non-perturbative
level and contains only two propagating gravitational modes. In section 7.3 we study the
background evolution and show that the functions appearing in the gravitational action can
be chosen such that a non-singular cosmological bounce results. In section 7.4 we study
the evolution of cosmological fluctuations in the theory, discussing scalar, vector, and tensor
modes. In particular, we show how the mass term due to the non-trivial graviton mass arises
in the gravitational wave EOMs. In section 7.5 we show how a mass term also arises in the
EOMs governing the anisotropies. Section 7.6 presents explicit solutions for the anisotropies
and for the graviton spectrum in a matter phase of contraction. We discuss both the limits
of large and small graviton masses and connect the results with observations. We summarize
and discuss our results in section 7.7.

A word concerning notation: we work in natural units (¢ = A = 1) with the reduced
Planck mass and time defined by Mp| = t;ll = 1/4/87Gxy, and we assume for computational

simplicity that the universe is spatially flat.



7 Massive gravity and the suppression of anisotropies and gravitational waves in a
matter-dominated contracting universe 165

7.2 The modified gravity theory

7.2.1 Setup

Our goal is to construct a modified theory of gravity that allows for a non-trivial graviton
mass, while being as close as possible to Einstein gravity. In order to achieve this, we work
with the Arnowitt-Deser-Misner (ADM) [35] decomposition of the four-dimensional metric

g,uln

guwdatda” = —=N?dt* + hy; (dz’ + N'dt) (da’ + N7dt) | (7.2.1)

where N (t,x) and N'(¢,x) are the lapse and shift functions, respectively, and h;; is the three-
dimensional induced metric tensor on the spatial hypersurface. In our theory, the graviton

mass arises! from the non-trivial vacuum expectation value of four Stiickelberg scalar fields,
©O(t,x) = M*f(t), O (t,x) = M*2"6;* (7.2.2)

where a € {1,2,3} and the Stiickelberg scalar fields have mass dimension (f(¢) has dimen-
sion [—1] and M is a mass scale). In the scalar field configuration, the following internal

symmetries are imposed [260, 261],
0 — A%°, 0 = %+ E%(Y), (7.2.3)

where A% is the SO(3) rotation operator, and Z%(¢°) are three generic functions of their
argument. The internal symmetry between the space-like Stiickelberg scalar fields ¢* and
the time-like Stiickelberg scalar field ¢, i.e. p* — % + Z%(¢"), is crucial to eliminate the
vector modes in the gravity sector, as we will see later in section 7.4.2. This symmetry
projects out all temporal derivative terms of ¢ and therefore, one finds at the end that
these scalar fields are actually non-dynamical. A more rigorous proof will also be given with
the Hamiltonian analysis in the next sub-section (see section 7.2.2).

At the first derivative level, we have the following quantity that respects the symmetries
of equation (7.2.3) (see [260, 261)),

9" 0,0°0,") (9" 00?0 ")
X )

!The following setup to generate a non-trivial graviton mass is a generalization of the Lorentz-violating
massive gravity theory of [260, 261].

Z% = g 0," L0 — ( (7.2.4)
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where X = ¢"79,0°0,¢° represents the kinetic term of the time-like Stiickelberg scalar field
¢%. We note that in unitary gauge, one has Z% = M*h%§,6,°. Then, the graviton mass
term can be written as a generic function of Z%. However, it is useful to first define the
following traceless tensor [456, 460],

Zab ZaCZcb

2_3 72

62% = (7.2.5)
where the internal indices are raised or lowered with 84, ie., Z = Z%y, Z% = 2%,
and Zy, = Z°%,,04. The graviton mass is then written in terms of the contraction of this

traceless tensor,

Linass ~ Mpm20 26 Zy, (7.2.6)

which is a term that breaks space-time diffeomorphism invariance in unitary gauge, and
my =my(t, Z, d,p) is a scalar function of its arguments in the internal space. The resulting

action of our minimally-modified effective field theory (EFT) of gravity reads
S = /d3xdt \/_l ( 5 @R — Ay (t )) - ngglm;gZangab —As(t)] (7.2.7)

where A;(t) and Ay(t) are some functions of time, which will be fixed later by the EOMs.
The four-dimensional Ricci scalar is denoted by R, and according to the ADM formalism,

it can be decomposed as
WR = K;; K7 — K* + ®R + total derivatives, (7.2.8)

where Kj; is the extrinsic curvature tensor, K = h" Kj;; is its trace, and )R is the three-
dimensional Ricci scalar on the spatial hypersurface. Accordingly, due to the broken temporal

diffeomorphism invariance, the action could actually be written in even more generality as
S = /d3xdt x/_{ ( 5 [01( ) (KiK' — K?) +c2(t)(3>R] —Al(t))
9 o
- gMglmde“b(SZab - Ag(t)} , (7.2.9)

of which phase space has even dimension, hence it is free from pathological inconsistencies

[457]. With the above action, we would find that the propagation speed of gravitational waves
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is given by ¢,(t) = \/W However, in what follows, we will often set ¢; = ¢ =1
so that® ¢, = 1. The m term is the graviton mass term, and it does not contribute to
the background evolution. Its non-trivial contribution only appears in the equations for
perturbations. In particular, this theory is a generalization of one of the theories discussed
in [457] (see also [453]).

In the action of equation (7.2.7), we note that A; is akin to a cosmological constant as
in ACDM cosmology. However, we allow it to be time-dependent, which can be done in a
consistent manner as long as the appropriate constraint equation is satisfied as we will see
in section 7.2.3. This is similar to the constraint equation that follows from allowing the
cosmological constant, Newton’s constant, and the speed of light to actually be non-constant
(see, e.g., [221, 294]). Here, the key is that we allow for another cosmological constant-like
function, A,, which is independent of the lapse function in the EFT and which can also be
time dependent. This type of function can appear in different modified theories of gravity,
for instance in Cuscuton cosmology [16, 17, 325].

Note that we are working in unitary gauge. As always, rather than starting from an EFT,
it is possible to recover the four-dimensional general covariance by introducing a scalar field,
e.g. A(t) = A(¢°(t,x)) and so on. From the point of view of such a covariant description
of the same theory, the action of equation (7.2.7) written in terms of N, N*, h;;, and without
the scalar field, is nothing but the action in the so-called unitary gauge, in which the time
coordinate is chosen to agree with a fixed monotonic function of the scalar field.

As we will see later, this theory is ghost free and able to realize a non-singular bounce, and
at the same time, it yields a mass correction to gravitational waves and anisotropies. It also

has only two degrees of freedom (DOFSs) in the gravity sector as we will now demonstrate.

2Thus, the model is consistent with the constraints coming from the joint observations of gravitational
waves and electromagnetic signals from GW170817 [3].
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7.2.2 Hamiltonian analysis

The conjugate momenta of the theory are given by

2
o= 08 My (K7 — K'Y (7.2.10)
8hij 2
oL
== 0, 7.2.11
TN ON ( )
= 3.5' =0, (7.2.12)
ON'?

where the Lagrangian density £ can be read off from the action of equation (7.2.7), and a

dot denotes a derivative with respect to physical time ¢. The Hamiltonian then reads
H= / d3x (wl‘jhij — L4 ATy + x‘m) (7.2.13)
— /d3x [Nc + N'H; + Ay + N — VR G(RY 1) | | (7.2.14)
In the above, Ay and the \’s are Lagrange multipliers, and so, we have
N ~ 0 and m ~ 0 (7.2.15)
as primary constraints. Also, we defined
G(h. 1) = —%M}%lmngangab Wy (7.2.16)

which represents the lapse-independent terms in the action, and

2 g 1 M2
o Zx2) _ T7PL /p(3) hA(t 2.1
¢ Mgl\/ﬁ (77 Tij 27T> 2 VhOR +Vh 1(t) (7.2.17)

H; = —2VhD;, (ﬁ) . (7.2.18)

In the above, D; is the covariant derivative on the three-dimensional spatial hypersurface,
and the indices of 7% are lowered or raised with the three-dimensional metric tensor, i.e.,

7 = hyym, w7 = hym, ete. The consistency conditions of the four primary constraints in



7 Massive gravity and the suppression of anisotropies and gravitational waves in a
matter-dominated contracting universe 169

equation (7.2.15) give us

dﬂ'N

_— ﬂ-N?H :—C%O7 7.2.].9
dt
dr:
T HY = =, ~ 0, 7.2.20
dt

which represent the Hamiltonian and momentum constraints, respectively, and they are the
secondary constraints. The consistency condition of the Hamiltonian constraint gives us the

following tertiary constraint,

ac ac AN 4 1 0 i ) = Co

(7.2.21)

On the other hand, the consistency conditions of the momentum constraints give us the
following three tertiary constraints,
dH; OH;

We can explicitly check that the one Hamiltonian constraint, three momentum con-
straints, as well as the corresponding four tertiary constraints are all of second class. On the
other hand, the four primary constraints in equation (7.2.15) are of first class. Therefore,
since each first class constraint eliminates two phase space degrees of freedom and each sec-
ond class constraint eliminates one such degree of freedom, the total number of configuration

space DOF's is
1
#DOFS:§[2X10—2X(1+3)—(1+3+1+3)]:2. (7.2.23)

Consequently, the graviton has only two tensor polarizations, and there is no scalar or vector
gravitons in the theory. This is in agreement with the general analysis of [218]. This will
also be explicit from the analysis of metric perturbations in section 7.4. Another similar

example in which the graviton has only two polarizations can be found in [247].
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7.2.3 Recovering the space-time diffeomorphism invariance

The space-time diffeomorphism symmetry is broken in the action of equation (7.2.7). To
recover the space-time diffeomorphism invariance, Z® should be rewritten in terms of scalar

fields, i.e. as in equation (7.2.4), and let us also write

Ai(t) = V(¢°), (7.2.24)
Ay(t) = MANV-X , (7.2.25)
m2(t, 2%, 6ay) = NV—=XF (", Z% ba) (7.2.26)

where ¢%(t,x) = M2f(t) + d¢°(t,x), F is a generic dimensionless function of its arguments,
and we assume that f(t) is a monotonic function of time (otherwise there may be some
ambiguity in the unitary gauge). Then, in a Friedmann-Lemaitre-Robertson-Walker (FLRW)
background,

gudrtdz” = —dt* + a(t)?6;;da'da? | (7.2.27)

and assuming that ¢° > 0 (thus X = —N"2(¢%)? and Ay = M?$Y), the background action
of the time-like Stiickelberg scalar field reads

Spo = — / d’xdt a® [V (¢°) + M?¢°] . (7.2.28)

Taking the variation of the above action with respect to ¢, we get

10 . .

M T IPR TR, (7.2.29)

where we use the chain rule in the second equality, and H = a/a represents the Hubble
parameter. We note that equation (7.2.29) is a constraint equation that determines the
allowed functional form of A; and A, in the EFT for a given FLRW background.

7.3 Nonsingular bouncing cosmology

7.3.1 Background evolution

We are interested in studying the matter bounce scenario with the action of equation (7.2.7).

We first study the background evolution in this context, which should consist of a least a
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matter-dominated contracting phase and a non-singular bouncing phase. The bouncing
phase serves as a transition from contraction to expansion, and we should recover standard
Big Bang cosmology in the expanding phase.

In an FLRW background, the consistency condition of the Hamiltonian constraint, i.e.

equation (7.2.21), reduces to®
Ay = 3HA,. (7.3.31)

This equation is actually the EOM of the non-dynamical Stiickelberg scalar field ¢° if we
want to recover the general covariance of the theory. Indeed, we notice that it is the same as
equation (7.2.29) that one finds when recovering the space-time diffeomorphism invariance
of the action.

To represent the matter sector of the theory, one can introduce a canonical scalar field ¢

minimally coupled to gravity,

1
Simatter = / d'z g <—§gw  G0,6 — U(¢)) . (7.3.32)
The Einstein equations then read*
2 2 _ Lo
3MpH” = 5@5 +U(¢) + A1, (7.3.35)
. 1. A
M H = —26% + =7 (7.3.36)

and the variation of equation (7.3.32) with respect to ¢ yields

¢+3Ho+U'(¢) =0. (7.3.37)

3The generalization with the action of equation (7.2.9) is

Ay 4+ 6M2 H?¢, —3HA, = 0. (7.3.30)

4Again, for the sake of completeness, these can be generalized to
2 2 _ 1o
3Mpye  H” = §¢ +U(¢) + A1, (7.3.33)

. 1. A
Moy H = —5 6% — Mj Héy + 72 . (7.3.34)
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One can check that the two Friedmann equations (7.3.35) and (7.3.36) are consistent with
each other, provided the constraint equation (7.3.31) and the EOM of matter [equation
(7.3.37)] are satisfied. We can input the time dependence of Ay(t) in the first place, and
then, A;(¢) evolves according to equation (7.3.31). In order to transition from a contracting
universe (H < 0) to an expanding universe (H > 0) through a non-singular bounce, one needs
to violate the Null Energy Condition (NEC), which in this case is equivalent to requiring
the condition H > 0. Thus, from equation (7.3.36), the condition is simply Ay > ¢? during
the non-singular bouncing phase.

Alternatively, one could describe the background evolution by simply introducing a gen-
eral fluid with energy-momentum tensor 7}, = (2/v/—9)Smatter/0g"” such that at the back-
ground level T,,” = diag(—p(t), p(t)d;). Then, the EOMs are (with ¢; = 1)

SMEH? =p+ Ay, (7.3.38)
OMAH = —(p+p) + Ay, (7.3.39)

together with the conservation equation
p+3H(p+p)=0. (7.3.40)

Then, in order to consider the matter bounce scenario, let us assume that the matter content
has an approximately vanishing pressure, i.e. p =~ 0, in which case the conservation equation
immediately implies that p oc a=3. Also, this means that the NEC can be violated if Ay > p.

Let us now construct a specific example that reproduces the desired background evolution.

Let us take the following ansatz,

o

Ag(t) = Aggexp (—“_—23)2> : (7.3.41)

where Ag, 0, and tp are free constant parameters at this point. It is clear that in the limit
where |t — tg| > o, one finds that Ay ~ 0, and thus, Ay = 3HA, ~ 0, hence A; ~ constant
(let us call this constant A;). In the limit where |t — tg| < o, one finds that Ay >~ Ayy.
This suggests the existence of three regimes.

First, as t — —oo, we have a — oo and p < a™® — 0, so A; — A1 > p, and thus in this
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limit equations (7.3.38) and (7.3.39) become

1 /A -
H ——/— H—Q0. 7.3.42
e\ 3 — ( )

This is the cosmological constant-dominated contracting phase.
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Figure 7.1 Background evolution for the matter bounce model presented in section 7.3.1. In
particular, As(t) is taken according to equation (7.3.41) with Asp = 1.0 x 107 M3, and o =
18.441 tp;. These numbers are chosen such that |H(tp_)| = 8.0 x 10~% Mp,, where tp_ represents
the time when the NEC starts being violated (so H(tp_) = 0). In other words, H(tz_) is the value
of the Hubble parameter at the end of the contracting phase, just before the bouncing phase, so it
is the maximum of the absolute value of the Hubble parameter. Note that we set the bounce point
at tp = 0. Then, one can solve equations (7.3.38) and (7.3.39) together with equation (7.3.31)
with p = 0 and p = pg(ag/a)®. The initial conditions are taken at the time t,; = —1.6 x 103 tp| as
follows: a(tini) = 1, H(tini) = —2.758 x 107% Mpy, and p(tini) = 2.282 x 1077 Mg,. The plots above
show the evolution of the scale factor a as well as the Hubble parameter H = a/a and its time
derivative H. The plots on the left show the evolution from the time at which the initial conditions
are set until slightly after the bouncing phase. The plots on the right show a blowup of the same
evolution restricted to the bouncing phase.

Second, there is a regime during which |t — t5| > o0, so Ay ~ Ay and Ay ~ 0, but
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where we still have p > A;. If we write p(t) = polao/a(t)]?, then there is a time toq when

plteq) = A1, and thus, p(t) > Ay for 0 < |t — tp| < teq. In that case, M3 H? ~ p < a™3,

and so, a(t) o< (—t)?/*> and H ~ 2/(3t). This is the matter-dominated contracting phase.
Third, in the regime when |t —t5| < o, we have Ay >~ Ay, and so, if Ay > p(t) in that

time interval, we have 2M2 H ~ A, 4. Consequently,

H(0) = gy (= ts), (7.3.43)

where we set the integration constant such that H(tg) = 0, i.e., t = tp is the bounce point
where the transition from H < 0 to H > 0 occurs. Therefore, this is the non-singular
bouncing phase. In that case, A; = 3HA, ~ 3A3 (¢ — t5)/(2M%), which implies

3A3,

AM2

Ai(t) ~ (t—tp)*+C, (7.3.44)
where C' is another integration constant. Requiring H(tg) = 0 implies p(tg) + A1(tg) = 0,
hence C' = —p(tg) = —po(ap/ap)® with ag = a(tp).

The above solutions can be verified numerically. Setting the initial conditions in the
second regime with a non-vanishing but initially sub-dominant cosmological constant Ao
and taking the ansatz for Ay according to equation (7.3.41), we can numerically integrate
the Friedmann equations (7.3.38) and (7.3.39) together with the constraint equation (7.3.31).
The resulting dynamics is shown in figures 7.1 and 7.2. The background evolution clearly
exhibits the phases of the matter bounce scenario with a non-singular bounce. There is a
first phase when H < 0 and H < 0 where the universe is matter dominated and contracting
(see the plots on the left in figure 7.1 for t < —40¢p;). Then around ¢t ~ —40tp;, A2 becomes
non-negligible (see figure 7.2), and it triggers the NEC violating phase, i.e. the bouncing
phase, during which H > 0 and H transitions from being negative to positive (see the plots
on the right in figure 7.1). After the bounce, the universe is expanding as in standard ACDM
cosmology since Ay — 0 and A; — 0 (see figure 7.2), i.e., the action reduces to standard

Einstein gravity with a small positive constant.
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Figure 7.2 Plots of the lapse-independent function in the EFT As(¢), the cosmological constant-
like function A (t) and its time derivative A;(t) for a time interval more or less corresponding to the
bouncing phase. The time axis is the same as in the plots on the right in figure 7.1. As explained in
the caption of figure 7.1, Ao(t) is taken according to equation (7.3.41) with Agg = 1.0 x 107* My,
o = 18.441tp), and tg = 0. Then, the evolution of A;(t) and its time derivative follows from solving
the Friedmann equations and the constraint equation (7.3.31).
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7.3.2 Reconstructing a potential for the time-like Stiickelberg scalar field

We saw in section 7.2.3 that we can associate Ay = M?@° and Ay = V(¢°) together with
the constraint 3H = V'(°)/M?. With the ansatz of equation (7.3.41) for Ay(t), this sug-
gests MAf(t) = Agge~(18)*/7" [recall that at the background level ¢ = M2f(t)]. After

integration, this implies

fit)=fi+ 40]\1\424,0 {erf (t _OtB) + erf (tBU_ ti) ] ; (7.3.45)

where we let f; = f(¢;). This is a monotonic function of ¢ as wanted. Then, in the limit
where |t — t5| > o, one finds that f(t) ~ constant, and so, almost any potential V (¢°) will
lead to Ay ~ constant in that limit. Thus, there is no important constraint on the potential

from that regime. Near the bounce, i.e. for |t — t5| < o, equation (7.3.45) gives
F(t) = For 220 g (7.3.46)
— ) M4 B 5 «J.

where we let fi = f; + (V7/2)(0Aso/MYerf[(tg — t;)/o]. Then, a good ansatz for the

potential is

1 2
V(") = A+ gmio (¢7) (7.3.47)
Indeed, this implies
2 L oy 27 A2,0 ’
A1<t) = V(M f(t)) ~ A + §m@0 M fz + W(t — tB> . (7348)

In comparison with equation (7.3.44), which is an expression for A;(¢) in the same limit, we
see that we must set A = C' = —po(ao/ap)’, m2oA3,/(2M*) = 3A3,/(4M§)), and f; = 0.
This last condition is equivalent to demanding f; = —(v/7/2)(0Aso/M*)erf[(tp — t;) /0],
which is to say that we set the integration constant in equation (7.3.45) such that f(tg) = 0.
In sum, a good potential is

V(e®) = =m0 (¢°)" — po (ﬂf : (7.3.49)



7 Massive gravity and the suppression of anisotropies and gravitational waves in a
matter-dominated contracting universe 177

where the ‘mass’ of the time-like Stiickelberg scalar field is my0 = +/3/2M?/Mp); and the
time evolution of the field ¢° = M2f(t) is given by

f(t) = YT oA (t_tf‘> . (7.3.50)

7M4e o

We can check that equation (7.3.49) implies V'(p°) = 3M*p°/(2M3,), and so, the constraint
equation 3H = V'(¢")/M? gives
CO3MUf(t)  3Ag0

H(t) = ~ t—1 .3.51

in the limit where |t — tg| < 0. This is in agreement with equation (7.3.43). Let us also
note that by combining equations (7.3.49) and (7.3.50) we find

3mo?A2 t—t ao \*
A (t) = V(M2 (1) = ——22erf? E) —po () - 7.3.52
() = VO (0) = et (<2 ) < o (2 (7352
Thus, in the limit where [t —t5| > o, one finds Ay ~ 3m0A3 ) /(16M3)) — po(ao/ap)?, which
can be a small positive constant if the parameters are tuned appropriately. This is what
we see in figure 7.2 where the shape of A; resembles an error function squared, and A; is

asymptotically a positive but small constant.

7.4 Cosmological perturbation analysis

We now consider the linear cosmological perturbations of the theory about an FLRW back-
ground. Due to the SO(3) rotational symmetry of the background spacetime, one can
decompose the metric perturbations into scalar, vector, and tensor modes, and the helicities
completely decouple at the linear perturbation level. We define the metric perturbations as

follows,

goo = = (1 + 2a) ,
goi = a(Si +0iB) ,
1
gij = @ (5z‘j + 2005 + 0;0; E + 5(@-17} + 0;F}) + ’m) : (7.4.53)
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where «, 3, ¥ and E are scalar perturbations, .S; and F; are vector perturbations, and the

7ij's are tensor perturbations. Vector modes satisfy the transverse conditions,
98" =0, F" =0, (7.4.54)
and tensor modes satisfy the transverse and traceless conditions,
07 =0, v =0. (7.4.55)

Since we work in unitary gauge, the perturbations of all four Stiickelberg scalar fields are
turned off.

As we will see, the perturbation analysis reveals that there are only 2 tensor modes in
the gravity sector, and there is no scalar and vector graviton. This is consistent with the

Hamiltonian analysis of section 7.2.2.

7.4.1 Scalar perturbations

The derivation of the second-order perturbed action for scalar modes can be found in ap-
pendix 7.8. Consistent with the Hamiltonian analysis in section 7.2.2, no helicity-0 mode of
the graviton is spotted in our perturbative expansion. The only scalar perturbation in our
theory is the one from the matter sector, which is represented by a canonical scalar field.
The resulting perturbed action in Fourier space is

5(2)

) / d*k dt (méi —fmi) , (7.4.56)
where Ry, is the Fourier transform of the curvature perturbation [defined in equation (7.8.123)]
with wavenumber k. The expressions for K and Q are given in equations (7.8.127) and
(7.8.128).

During a matter contracting phase, if we assume that Ay < MZH and thus MZH ~
—%qp, the quadratic action of scalar perturbations simplifies to

. k2
SB o~ 2 / Pk dt a®e <Ri— Rz) : (7.4.57)

scalar CL2

where € = ¢%/(2M2,H?). This is the standard perturbed action for curvature perturbations
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in general relativity with a canonical scalar field (see, e.g., [58, 121]). In other words, the
scalar perturbation is the same as the one in general relativity as long as Ay, Ay < M3 H?
during the matter contracting phase, no matter how large the graviton mass mg is.

During a bouncing phase, one would need to know the exact time dependence of K and €2
in order to solve the EOM that results from varying the action of equation (7.4.56). However,
since the curvature perturbations of observational interest remain mostly on super-Hubble
scales during a non-singular bouncing phase, they tend to remain constant [54, 562, 630, i.e.,
their amplitude and spectral shape are unaffected. One can understand this fact by realizing
that the duration of the bouncing phase is usually much shorter than the wavelength of
the perturbations that are considered, hence they cannot receive significant amplification.
In fact, it has been shown that the curvature perturbations can grow at most linearly in
time®, and the amplification that can be received is therefore bounded from above by the
duration of the bouncing phase [562]. Consequently, we do not perform the full analysis
of the evolution of curvature perturbations during the non-singular bouncing phase is what

follows and only assume that they remain unchanged through the bounce.

7.4.2 Vector perturbations

Using the same methodology as the one described in appendix 7.8 for scalar modes, one finds
that the quadratic action of vector perturbations reads (again in momentum space, but we
omit the subscript &k to simplify the notation)

vector 4

1 1 oo . 1 ‘
S =M / d’k dt (ZkQa?’FiF’—k?azSiFUr k*aS;S" — ZmzagFin) . (7.4.58)

®One caveat, though, is the possible presence of gradient instabilities (see, e.g., [404]), in which case
modes with shorter wavelength would grow exponentially with time with an exponent which increases as k
increases. In the model presented here, gradient instabilities are expected to be absent from the EFT point
of view. From that perspective, the graviton is a gauge boson which couples to the density fluctuations
from the matter sector (in fact, the matter fluctuation could be considered as a Nambu-Goldston boson),
and the coupling would occur at the mixing scale corresponding to A2, ~ H. These two sectors are well
decoupled on scales well above the mixing scale Aix. Indeed, an explicit computation tells us that in the
limit where (k/a)? > H , we have a free field theory at leading order with positive sound speed equal to
unity during the bouncing phase, hence the theory is free from the possibly pathological ultraviolet (UV)
gradient instabilities.



7 Massive gravity and the suppression of anisotropies and gravitational waves in a
matter-dominated contracting universe 180

The vector mode S; does not have a kinetic term, and it gives us the constraint equation

1 .

Substituting the above solution back into the action of equation (7.4.58), one finds

1 .
A OA——, -} / P’k dt mik*a®FF" . (7.4.60)

vector 16
This clearly shows that the kinetic term for vector perturbations has canceled out. It is by
no means an accident, because a kinetic term of vector modes is prohibited by the internal
symmetry p% — ¢ + Z%(¢") [recall equation (7.2.3)]. After integrating out F;, the whole
action for vector perturbations vanishes, and there is no vector mode left in the theory. This

result is also consistent with the Hamiltonian analysis of section 7.2.2.

7.4.3 Tensor perturbations

Following the methodology described in appendix 7.8 but for tensor modes, one finds that

the perturbed action for tensor perturbations reads®

(2)
Stensor a g 'y

M3 i)
_ TPl /dSX dt a3 [01712] _ 62% — m2f)/2:| . (7461)

Converting to conformal time 7 defined by dr = a~'dt, we can write

M2
Stfr)lsor = ?Pl /dgx dr a’ [61%{32‘ — ¢2(yi5)? — mzaZ’V%} . (7.4.62)
Letting
d3k A iex
i3 (T, %) :/W Z €§j)’7k,,\(7')€k ; (7.4.63)
A=+, X

where ¢V =0, kie%\) =0, and eg.‘)e(’\')ij = 20, the action becomes

M2
St(ezr)lsor = TPI Z/d3k dr CL2 |:Cl (71{,)\)2 - <02k2 + m3a2) <7k,/\)2} ) (7464)
A

6In this sub-section, we perform the analysis starting with the gravity action of equation (7.2.9), which
allows for a non-trivial propagation speed of gravitational waves.
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where 7y ) represents the two polarization states of the tensor modes, the + and x polar-

izations. Varying the above action and defining cg = ¢y/¢1, one obtains the EOM

/

a C 1
ny 9% 1./ 272 Zm2aty. =0 7.4.65
Ve T+ Pl + o Vi T CgR ™k o Mgl Tk ( )

for each polarization state A. From here on, let us assume that ¢; is a constant, and let us

normalize it to unity, so ¢; = 1. Therefore,
!/
v+ 2%’7}2 + Ry +mlaty =0, (7.4.66)

where ¢,(7) = y/c2(7). Then, defining the Mukhanov-Sasaki variable

M,
Uk = Tpla%g)\, (7.4.67)
we can rewrite the action as
5 1 a’

Stersor = 3 EA: dledr |(ug2)? = (c2K? +mla® = =) (we)?] (7.4.68)

Upon variation, the EOM becomes

" 212 20 0 _

up + | k" +mya® — = 0, (7.4.69)

again for each polarization state \. We note that the differential equation is of the form
uf + wiug = 0 with effective time-dependent frequency given by
2 27.2 2o d
wi (7)) =ck*+mia* — —. 7.4.70

k( ) g g a ( )
In comparison with the tensor mode EOM in general relativity [121], we notice that our the-
ory allows for a non-trivial speed of sound for the gravitational waves, but most importantly,
the effective frequency picks up a mass term. Therefore, while the mass term in the action of
the form of equation (7.2.6) did not affect the background dynamics and did not introduce
additional DOF's for scalar, vector, and tensor perturbations, we notice that it can affect the

evolution of gravitational waves. This will be crucial in the context of the matter bounce
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scenario as we will soon see in section 7.6.2.

7.5 Anisotropies

While the previous section explored the characteristics of inhomogeneities about an FLRW
background, one may also consider the theory in an anisotropic background. Let us slightly

deform the FLRW metric by introducing anisotropies as follows,
3
gudatdz” = —dt* + a(t)? Z i dzida’ | (7.5.71)
i=1

with the constraint equation ), §; = 0. This represents a metric of Bianchi type-I form. One
can think of a(t) as the average scale factor of the universe, and the 6;(¢)’s are corrections
(or anisotropies) to the average expansion or contraction. Accordingly, H = a/a is the mean
Hubble parameter, and the Hubble parameter along a given spatial direction x? is [167]
H; = H+0,

Linearly expanding our action of equation (7.2.7) with the metric of equation (7.5.71),

where we think of the 6;’s as small anisotropies about an FLRW background, we find
&DA@/@&&@%@—mya, (7.5.72)

where we see that the anisotropies receive a mass term (just like tensor modes). The corre-
sponding EOM reads
0; + 3HO; + m20;, = 0, (7.5.73)

and if one associates an energy-momentum tensor with the variation of Sy, then the anisotropies

carry an energy density given by
M3~ ¢,
po="32%" (93 + mgeg) . (7.5.74)
i=1

It makes sense that the anisotropies pick up a mass term just like tensor modes because the
two are very similar. Indeed, one can think of the anisotropies as traceless (>, 6, = 0) and
transverse (9;0" = 0) just like tensor modes [c.f. equation (7.4.55)]. Accordingly, taking the

limit & — 0 of equation (7.4.66) for tensor modes and converting from conformal time to
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physical time, one finds the same EOM as equation (7.5.73) for anisotropies.

In comparison with the case where the graviton is massless, the metric of equation (7.5.71)
in general relativity yields the Lagrangian density £y D MZ60? and the EOM 6; + 3H6; = 0,
which usually suggests that 6; oc a2, hence py ~ MZ,6? o< a5 (see, e.g., [167]). This is rem-
iniscent of a massless canonical scalar field, e.g., call it © with Lagrangian £ = (1/2)(9,0)?,
which at the background level has an effective EoS pe = pe = (1/2)©? (in agreement with
the energy density scaling as a=%). With the massive gravity action of equation (7.2.7), a
comparison with equation (7.5.72) tells us that the anisotropies behave like a massive scalar
field with Lagrangian £ = (1/2)(9,0)? — (1/2)m2©?, where the ‘mass’ of the anisotropies is
the mass of the graviton, i.e. mg = my. In that case, the energy density of the massive scalar
field is po = (1/2)02 + (1/2)m©? [in agreement with equation (7.5.74)], and so the energy

density no longer necessarily grows as a~%

in a contracting universe. In fact, if me > |H|,
we expect to recover the result of a coherently oscillating massive scalar field in cosmology,
in which case the energy density would scale as a~2. In other words, the anisotropies would

behave as pressureless matter. This will be shown explicitly in the next section.

7.6 Solutions in a matter-dominated contracting phase

We derived the general EOMs for tensor perturbations and anisotropies in the previous
sections for our massive gravity theory. We now want to solve these equations during a
matter-dominated contracting phase, so let us set up the background evolution during such

a phase. The scale factor is given by a(t) oc (—t)?/3 and so the Hubble parameter is

2
H(t)=———— 7.6.75
(t) i) ( )
for t < tg_. Here, t5_ denotes the time at which the singularity would be reached if no new
physics appeared at high energy scales to violate the NEC and avoid a Big Crunch. Without

loss of generality, we set fp_ = 0 in what follows.
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7.6.1 Evolution of anisotropies

Let us first solve the EOM for anisotropies [equation (7.5.73)] in a matter-dominated con-

tracting phase. Since H = 2/(3t), the differential equation is
. 2. )

whose general solution is

1
0;(t) = m {C1 cos[my(—t)] + Cysinjm,(—t)]} , (7.6.77)
where we have assume that the graviton mass mg is a constant. For simplicity, let us consider
one of two modes only, e.g., 0;(t) = C cos(myt)/t (we would find the same result below if
we considered the other mode or both). Then, according to equation (7.5.74), the energy

density for the anisotropy 6; is given by

M3, /-
po. = =5 (6 +miff)
MZm2 [\ 2 3/ H\ . 9 ( H\>
= 5 J (—_t) ].+§ (@) Sln[2mg<—t)]+zl (Eg) COS2[m9<—t)] y (7678)

where we used the fact that H = 2/(3t). If we consider the limit where m, > |H|, then it

follows that - )
Mzsm= [/ C
po, ~ — 9 (—1> xa? (7.6.79)

2 -t

since a(t) oc (—t)*3. Therefore, if the mass of the graviton m, is larger than the absolute
value of the Hubble parameter in some time interval in a matter-dominated contracting
universe, then we find that the total energy density in anisotropies pg = Y, pg, scales as a™?,
i.e., it grows at the same rate as the background energy density of the pressureless matter.

The above result implies that as long as the anisotropies are sub-dominant at some initial
time in the far past, they will always remain sub-dominant (in the regime when m, > |H|).
Furthermore, one can even show that this result is independent of the background EoS.
Indeed, as long as m, > |H|, one finds that py o< a® for any background EoS parameter
w = p/p > 0. The proof can be found in appendix 7.9. For example, if the model included

radiation in addition to pressureless matter, radiation would get to dominate at higher energy
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scales, and the already sub-dominant anisotropies would be washed out since the energy
density of radiation (ppaq o< a™*) would grow faster than that of anisotropies (pg < a™3). As
a result, the model is free of the BKL instability.

We note that the above resolution to the BKL instability problem in a contracting uni-
verse is also free of the problems that one encounters in trying to resolve the BKL instability
with an Ekpyrotic phase of contraction as in [167, 172, 175, 561]. In that context, the Ekpy-
rotic scalar field has an EoS parameter w > 1, and thus, the background energy density in an
Ekpyrotic phase of contraction scales as a2+ i.e., it grows much faster than the energy
density in anisotropies that scales as a~% when the graviton is massless. While this appro-
priately washes out the anisotropies for an Ekpyrotic field with isotropic pressure [167, 273],
it has been shown in [50] that the presence of dominant ultra-stiff pressure anisotropies,
which one should certainly expect in an anisotropic background, does not necessarily lead to
isotropization on approach to a bounce. Indeed, the presence of anisotropic pressures in the
background fluid would add a source term on the right-hand side of equation (7.5.73), which
could enhance the growth of anisotropies. It would be interesting to reproduce the analysis
of [50] with our massive gravity theory, but at least in the context of a matter-dominated
contracting universe, one would not expect important anisotropic pressures to source the
right-hand side of equation (7.5.73) since a pressureless fluid does not have any pressure by
definition. Therefore, our resolution of the BKL instability with massive gravity should be
robust with regards to that issue in the matter bounce scenario.

Resolving the BKL instability with an Ekpyrotic phase of contraction after a matter-
dominated contracting phase also introduces a fine-tuning problem. As explained in [432],
in order to generate N e-folds of matter contraction with sub-dominant anisotropies, one
needs the initial ratio of the energy density in anisotropies to that in matter to be smaller
than e~V which can be an extremely small number. With our massive gravity theory, we
showed that the energy densities in anisotropies and matter grow at the same rate, so their
ratio remains constant. Thus, one only has to require the initial ratio to be smaller than

unity, which is a much smaller fine-tuning requirement compared to a factor of order e ®V.

7.6.2 Evolution of gravitational waves

To solve for the evolution of tensor modes in a matter-dominated contracting phase, we

need to solve equation (7.4.69), which we recall is of the form u} + w?uy, = 0 with effective
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frequency given by equation (7.4.70). Converting the scale factor evolution a(t) oc (—t)%?

to conformal time with d7 = a~'dt, one finds

2
a(t) = (—T) : T<0, (7.6.80)
Tm
where 7, is some constant at which a(7,,) = 1 by convention. Then,
a 2
n=%-° (7.6.81)
a T

“_2 (7.6.82)

Noting that H = aH and using equations (7.6.81) and (7.6.82), we note that

1a"_[—]22_H2

i 7.6.83
a?a  H272 27 ( )
and thus, the physical effective frequency of equation (7.4.70) can be written as
2 2 " 2 2
Wy ok o, 1ad' Lk , H
? —Cg¥+mg—¥;—cg¥+mg—7. (7684)

This suggests that the size of the graviton mass compared to the Hubble parameter (in
absolute value) will determine the evolutionary behavior of the tensor modes. Thus, we
separate the analysis depending on whether the graviton mass is small or large compared to
|H.

Small graviton mass regime

In this subsection, we will assume that m, < |H| within some time interval during which
the nearly scale-invariant power spectrum of curvature perturbations is generated, i.e. during
which the scales of observational interest exit the Hubble radius.

Equation (7.6.84) suggests that we can write the effective frequency as

1 m?
wp = cok? — <§ - Fg) H?, (7.6.85)
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using the property H = aH once again. Recalling equation (7.6.81), we can finally write

v2 -1
wp = cok? — % , (7.6.86)
where we defined the index
L (7.6.87)
vy =4/-—4—. 6.
! 4 H?

Provided m, < |H|, we can assume that v, is approximately constant (and not complex) in
the time interval of interest. Let us further assume that ¢, is a constant, i.e. ¢ (7) = 0. In
fact, we will most often set ¢, = 1, but we do the calculation in more generality. Therefore,

the solutions to the EOM,

22 Vi~ i

/

uy + (cgk - 4) ur, =0, (7.6.88)
are the Hankel (or, equivalently, Bessel) functions of the first and second kind:

up(t) = V=1 {AHP [c,k(—7)] + BLHP [e,k(—7)]} - (7.6.89)

In the limit where c,k|7| > 1, we impose Bunch-Davies initial conditions, u(7) ~ —efi;gk; ,
\ 4Cg

which sets the integration constants as follows: Ay = (v/7/2)e” and By, = 0, with ¥ =
(7/2)(vy — 3/2). Therefore, the above solution becomes

u(T) = gew\/—_TH,S)[cgk(—T)] . (7.6.90)

Expanding on large scales, where ¢ k|7| < 1, and keeping only the growing mode of the
Hankel function that scales as (—7)~** (there is also a decaying mode that scales as (—7)";
recall here that —7 — 0% in a contracting universe, and from equation (7.6.87), v, > 0), one
finds i
2= leif T
ug(T) ~ —%cytk—”ﬁ(—ﬂm—w , (7.6.91)

where I' denotes the gamma function. Then, the corresponding power spectrum of tensor
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perturbations defined on large scales is

9 \2
Pk, 7) =2 x Py(k,7) =2 x (a ) X Pu(k,T), (7.6.92)
Pl
where 3
_ 2
Pu(k,7) = o2 lur(T)]” (7.6.93)

and ug(7) is given by equation (7.6.91). The first factor of 2 in equation (7.6.92) accounts for
the two polarization states of the gravitational waves, and the factor of 2/(aMp;) is due to
the conversion from the Mukhanov-Sasaki variable to the variable 7 [recall equation (7.4.67)].

The resulting power spectrum of tensor perturbations on large scales is

4l/t1—‘(yt)2 k,372l/t (_7_)17214

k,T)= 7.6.94
Pt( ) T) Wgcg,jt CL2M1%1 ( )
Already, we can calculate the tensor spectral tilt:
dIn P, 9 m2

= =3-20,=3—-24/-—4-2. .6.

= 3—21,=3 1 772 (7.6.95)
Since we are working in the limit where m, < |H|, the above can be simplified to
gm;

~——= 7.6.96
REEY-E (7.6.96)

It is thus clear that the tensor tilt is small and positive, i.e., it is a blue tilt (opposite to
the tilt one obtains in inflationary cosmology [58], but the same sign as the tilt obtained
in string gas cosmology [146]). Also, in the limit where m, — 0, we recover n; — 0, i.e. a
scale-invariant power spectrum, as expected.

Using the property H = aH and equation (7.6.81), one can re-express the amplitude of

the power spectrum as

Pty = T (L )3 (5 @')W . (7697

WSCSW aMp Mp

We note that & is the comoving wavenumber here, so k/a represents a physical wavenumber.

In the limit where m, — 0, we have 1, — 3/2, and at the time tp_ at the end of the
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contracting phase (or right before the bouncing phase), one finds

2
Pk s ) — 27:203 (%1) | (7.6.98)
where we defined Hg = H(tp_), i.e., it is the energy scale of the bounce. This matches the
usual result (see, e.g., [438]) with ¢, = 1. We evaluate the power spectrum at the end of
the contracting phase because this is the point at which the amplitude stops increasing. As
we argued in section 7.4.1, the perturbations will remain more or less constant during the
non-singular bouncing phase, so we can immediately match the above power spectrum with
the primordial power spectrum after the bounce, i.e., at the beginning of standard Big Bang
cosmology. Thus, we will drop the argument tg_ when it is clear that we are talking about
the primordial power spectrum that can be connected with observations.

In comparison to the tensor power spectrum, the primordial power spectrum of curva-
ture perturbations generated during a matter-dominated contracting phase on super-Hubble

scales is given by (see, e.g., [438])

2
Pr(k) = 4871203 (E—Z) | (7.6.99)
In order to avoid the over-production of scalar non-Gaussianities in the matter-dominated
contracting phase, it has been shown that ¢, cannot be too small. In fact, in order to satisfy
the current constraints on fyr, one must have [438] ¢, 2 0.62. Imposing Pr(k) = As =
2.2 x 107 (to match the amplitude observed by Planck [12]), one would therefore need
|Hg| 2 8.0 x 107* Mp;. Comparing equations (7.6.97) and (7.6.99), the tensor-to-scalar ratio

is given by

3—21 2v4—3

.= Pi(ky) _ 96 T (1) cs <£) (@) (7.6.100)
" Prky) T \Mp Mp, 7

where k, represents the physical wavenumber at which the observation is made. Let us set
¢y =1, cs =0.62, and |Hp| = 8.0 x 10~* Mp, to have an idea of the size of the above tensor-
to-scalar ratio. Furthermore, let us say that we consider a mode with physical wavenumber
k, that exits the Hubble radius at a time ¢, at which point m,/|H| = 0.13. Then, v, ~ 1.477,
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and the above expression for r, becomes

L 0.0454 Lk 0.0454
7. ~ 20.546 ( = ) ~ 0.048 (—1) : (7.6.101)
My, 0.05 Mpc

Thus, we see that for modes of observational interest, the tensor-to-scalar ratio is suppressed
within the current observational bound (for k, = 0.05Mpc™, 7, < 0.07 at 95% confidence
[11]). However, this is true only if my is sufficiently non-zero, because as m, — 0, one
finds vy — 3/2 and r — 24c¢,/ cg on all scales and independently of the value of Hg. With

the constraint ¢, 2>

Y

0.62, this cannot satisfy current observational bounds without tuning
¢y 2 5.968, and such a large super-luminal propagation speed of gravitational waves does

not sound very realistic.

Large graviton mass regime

Let us now explore the possibility that m, > |H|, and as before, we assume that this is
valid within some time interval during which the nearly scale-invariant power spectrum of
curvature perturbations is generated. Then, there are three regimes to be considered (we

assume that ¢, = 1 from here on):
L (kfa)?>m2> H? = w} ~ k%
2. m2 > (k/a)* > H*> = wji ~m2a*
3. m2 > H*> (k/a)* = wi~mla®

Regimes (1) and (2) represent sub-Hubble modes and regime (3) represents super-Hubble
modes in the conventional sense. However, the scale of interest here is m,. It separates the
evolution of the perturbations into actually only two regimes. There are the ‘sub-graviton’
scales, where (k/a)? > m? (this is regime (1) above), in which case the modes are deeply
sub-Hubble; and there are the ‘super-graviton’ scales, where (k/a)? < mg.

On sub-graviton scales, the EOM for tensor modes reads u} + k?uj, = 0, so the general
solution is ug(7) = C’l,ke_“” + C27ke“”. We require the usual Bunch-Davies normalization,
which sets the integration constants Oy = (2k)~'/2 and Cy, = 0, so that

up(7) = e kT (7.6.102)

9
o
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On super-graviton scales, the EOM reads u} + mzaQUk = 0, hence the differential equation

becomes

4
-+ m? (l> we =0, (7.6.103)

Tm

and the solutions are Bessel functions,

u(7) = (%?)1/6 {AkJ_w (%2)3) + BiJyjs <%_;3)1 , (7.6.104)

where Aj and By are two integration constants. One can show that m,(—7)%/(372) =
(2/3)(mgy/|H]), so in the limit where m, > |H|, the argument of the Bessel functions is

large compared to unity. Thus, the Bessel functions can be expanded to find

2 1/3 3 3
w= 7 (i) e (G-mag) roen ()
(7.6.105)
in the limit where m, > [H|.

We now match the solutions to the EOM on sub- and super-graviton regimes at “graviton
horizon crossing”, i.e. when the perturbation wavelength is equal to the graviton Compton
wavelength. This is the case when k/a = m,, which happens at the time (—7) = 7,,1/k/m,
for a given mode with comoving wavenumber k. Specifically, we equate equation (7.6.105)
with the Bunch-Davies vacuum equation (7.6.102) at the time of graviton horizon crossing,
and we do the same thing with their conformal time derivatives. One obtains a set of two

equations that can be solved for the unknowns A, and B to find

\/2777'7%/3 l m
g
27?7'},/3 1
Mg

where we defined 0y, = k%/?7,/ m}/ ?. Therefore, the solution to the EOM on super-graviton

scales, which reduces to the properly normalized Bunch-Davies vacuum on sub-graviton
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scales, is given by

3 3
ug(T) ~ 2 T ek /3 {e”/ﬁ cos (E _my(=T)” ) — ™3 gin (E + my(—7)" )] ;

my (—7) 6 372, 6 372
(7.6.108)

and what is physically relevant for the power spectrum is the modulus squared:

(P = m% <%>2 (1-11) _ m (7.6.109)

Finally, the power spectrum is [recall the definition from equations (7.6.92) and (7.6.93)]

8 K 1 2 (kla)
a?M2 272 2mya(t) w2 MZm,’

Pt(k, t) =

(7.6.110)

which is a highly blue spectrum (the tilt is n, = 3). Dividing by equation (7.6.99), we get

the tensor-to-scalar ratio: X

= 06, 7.6.111
r c e ( )
For instance, if we set ¢ = 0.62 and |Hp| = 8.0 x 10™* Mp;, we have
k. 511073 M
roR2x 107108 107" Men (7.6.112)
0.05 Mpc myg

Therefore, with a typical pivot scale k, = 0.05Mpc™' [and more generally for physically
observable scales in the cosmic microwave background (CMB)] and with a large graviton
mass of the order of |Hp|, the tensor-to-scalar ratio is highly suppressed, well below current
observational bounds. The model would effectively predict no observable primordial B-mode
polarization in the CMB, similar to the prediction in Ekpyrotic cosmology [424] and pre-Big
Bang cosmology [314, 315].
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Connection with observations

Let us now connect the above results with cosmological observations. Currently, we note

that the most constraining bound on the graviton mass is” [568]
my, < 7.2x107%eV (95% C.L.). (7.6.113)

Let us first consider the possibility that m, = constant throughout comic history, including
the matter-dominated contracting phase in the context of the matter bounce scenario. Let
us say that m, = 7.0 x 10* eV, i.e. right below current constraints. Then, this means that
for |[H(t)] < 7.0 x 10732 GeV, the mass of the graviton is effectively large compared to the
background Hubble parameter in absolute value, and so, the primordial power spectrum of

gravitational waves is given by equation (7.6.110), which we can rewrite as follows,

2 3
Pt(l{?p) ~ 1.269 x 10_127 (W“) , (76114)
) pc

where k, = k/a represents the physical wavenumber at the time of Hubble radius crossing.
The above thus applies only for modes with k, < m, = 7.0 x 10732 GeV =~ 5.489 x 107 Mpc .
Therefore, this applies for really all of the observables modes in the CMB (the CMB includes
modes in the approximate range [1074,10°] Mpc ™). Therefore, we see from the above that
the primordial gravitational wave spectrum is highly suppressed: even for the observable
modes on the smallest CMB length scales, e.g., k, ~ 1Mpc ™', we have P; ~ 107125, Tt is
only in the far UV, for k, > m,, that the blue spectrum becomes closer to scale invariant (but
still with a blue tilt). This corresponds to the regime where modes exit the Hubble radius
when the graviton mass is effectively small compared to the background Hubble parameter in
absolute value, so the primordial gravitational wave power spectrum has a blue tilt given by
equation (7.6.96). In fact, the power spectrum is asymptotically scale invariant for k, — oo
[recall equation (7.6.98)].

In the previous setup though, i.e. with a constant graviton mass that satisfies equation
(7.6.113), the anisotropies grow in a controlled way only for |H (t)| < m,, but for |H(t)| 2 m,
they can rapidly dominate over the background and lead to the known BKL instability before

the bounce. Indeed, we recall that the results of section 7.6.1, in particular equation (7.6.79),

"Latest bounds from gravitational waves observations [1, 2, 39] are of the same order.
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are only valid if m, > |H|. Therefore, it would be preferable if one had m, > |H(t)| for
the whole contracting phase, i.e. for 0 < |H(t)] < |Hg|. In that case, it is natural to
take my, > |Hp|. As a result, the anisotropies are under control for the whole contracting
phase (all the way to the bounce), and the gravitational wave power spectrum is given by
equation (7.6.110), i.e., it is suppressed and scales as k3 across all scales (for 0 < k, < |Hpl).
However, since we expect |Hpg| to be relatively large, m, cannot be constant throughout
cosmic history in that case; my, would have to be a time-dependent function in the EFT. For
example, if we take |[Hg| ~ 8 x 107* Mp), then we could have m, = m, o ~ 1073 Mp, for the
whole contracting phase and m, would have to go to zero [or at least below the constraint
of equation (7.6.113)] rapidly before or after the bounce®.

The action of equation (7.2.7) allows for a time-dependent function m, (¢, Z%, §4). How-
ever, the analyses in sections 7.6.1, 7.6.2, and 7.6.2 assumed that m, was constant in time, so
we must set the functional form of mg (¢, Z*°, d,) so that m, is approximately constant (and
large) before the bounce, quickly transitions at the beginning of the bounce and becomes
very small (or zero) during the bouncing phase and for the rest of cosmic evolution. For

instance, we could have

o

t—t
mg(t, 2, 8.) = % [1 - erf< B)] . (7.6.115)

in which case for |t —tg| > o and t < tp (i.e. before the bounce), we get my(t) ~ myo,
and similarly, for |t —tg| > o and t > tp (i.e. after the bounce), we get m,(t) ~ 0. The
transition time between the two constant mass phases would be of the order of o, i.e. of the
order of the duration of the bouncing phase.

One can then recover the space-time diffeomorphism invariance of the action by con-
structing the appropriate function F(°, Z%, §4;) so that equation (7.2.26) matches the above
functional form of my(t, Z%, d,). It is straightforward to reconstruct such a function with
a similar analysis to the one performed in section 7.3.2, although the resulting form of F
might be complicated due to the appearance of the error function. However, we recall that
the Gaussian ansatz in equation (7.3.41) as well as the subsequent error functions were

taken for simplicity to make the different limits explicit. One could very well reconstruct the

8Most current constraints on the graviton mass apply only today in cosmic history, but a non-trivial
graviton mass across time in standard Big Bang cosmology would still leave observable imprints in different
CMB observations (see, e.g., [149]). Therefore, the graviton mass must already be sufficiently small after
the bounce.
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diffeomorphism-invariant action with different choices of functions such as rational functions

that still yield the desired background dynamics.

7.7 Conclusions and discussion

We introduced a particular modified gravity model with a massive graviton, and we showed
that it only propagates two gravitational degrees of freedom and is free of ghosts. We also
showed that this model admits homogeneous and isotropic cosmological solutions with a
non-singular bounce. We further studied the evolution of cosmological perturbations in this
model. Whereas the scalar cosmological fluctuations grow on super-Hubble scales in the
contracting phase like in other models, the finite graviton mass suppresses the growth of the
gravitational waves. The finite graviton mass also enters in the EOM for anisotropies and
leads to the conclusion that the energy density in anisotropies scales like pressureless matter.
Hence, our model admits a realization of the matter bounce scenario which is free of two of
the key problems of such scenarios: the large r problem and the anisotropy problem (also
known as the BKL instability). Indeed, our model predicts a naturally highly suppressed
tensor-to-scalar ratio on observational scales, and there is no anisotropy problem (no BKL
instability).

While the analysis performed in this paper assumed a particular model of massive gravity,
there is no a priori reason why the main conclusions should not hold with a different theory
of gravity, as long as it admits a non-trivial mass for the graviton. For instance, the theories
of [343, 344, 419, 569, 570] could all represent massive gravity theories in which the matter
bounce scenario could be embedded to solve the large » and anisotropy problems. However,
due to the existence of scalar and vector polarizations of the graviton in these theories, the
scale invariance and near Gaussianity of the primordial curvature perturbations might be
spoiled by the additional DOFs in the gravity sector. It would be interesting to investigate
these theoretical possibilities.

In this paper, we did not study the evolution of the cosmological perturbations through
the non-singular bouncing phase, although we argued that they should remain more or less
unchanged. Yet, a proper analysis should be done in a follow-up paper. Accordingly, one
may also wish to properly compute the strong energy scale of the theory, which determines
the range of validity of the EFT. This is of particular interest when studying perturbations
in non-singular bouncing cosmology in the context of EFT (see, e.g., [404, 571]). Finally,
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it may also be interesting to extend the analysis of this paper to explore non-Gaussianities
from primordial perturbations generated during the matter contracting phase. We expect
that at the three-point function level, similar to the case studied in [259], the graviton mass
term will only contribute to the scalar-scalar-tensor and scalar-tensor-tensor couplings. How-
ever, due to the highly suppressed tensor perturbations, we do not expect sizable three-point
correlation functions arising from those graviton mass terms. Thus, the amplitude of non-
Gaussianity at the three-point function level should be the same as the one in the literature
[181], i.e. fnr, ~ O(1). Nevertheless, at the four-point function level, there could be inter-
esting and sizable observational effects due to the non-trivial graviton mass. It would be
interesting to investigate these non-linear effects and find new distinguishable features for

very early universe models.

7.8 Second-order perturbed action for scalar modes

We start with the full action given by equation (7.2.7) plus the matter action of equation
(7.3.32), i.e., we parametrize the matter content by a canonical scalar field ¢ with potential
U(¢) for simplicity. Then, we linearly perturb the metric as in equation (7.4.53) and consider

only the scalar perturbations. Similarly, we linearly perturb the scalar field as

o(t,x) = o(t) + do(t,x) . (7.8.116)

Then, the second-order perturbed action of scalar perturbations can be decomposed as In
what follows, we drop the overbar on ¢(t) when it is clear that we are only referring the
background evolution of ¢.

S(Q) - 5(2) + Sr(riitter ’ (78117)

scalar gravity
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1 . 1 .
S iy = M3 / Pk dt {— T Mok B = 3a%0% 4+ ak?? + PR E — Sa*HRWE

—2a?k2B0 — 3P H?a? + a (2a2Hk:2B + 2ak?) — APHKE + 6a3H1/}>
1 N
L (3a3H2k2¢ n a3Hk2¢) . §a3Hk2E14 , (7.8.118)
(2) 3 Logoig 1 g0y IR
Siatter = | d°kdt 3¢ Y0, — 3@ gb(k: E+2a—6¢)5¢+§a¢a

_ %a(sgb? (k% + a2U"(¢)] — %w [2&&/&5 + (K2E — 2a — 6¢) , <a3¢>] } ,
(7.8.119)

where we recall that 2M2 H = —?+A\,. We note that the above action has been transformed
to Fourier space where k represents the wavevector with magnitude k& = |k|, also known as
the wavenumber, and each perturbation variable represents its own Fourier transform, i.e., we

omit the subscript k£ on each perturbation variable to simplify the notation in this appendix.

Varying Ss(filar with respect to o and 3, one obtains
v, 90
==+ —— 7.8.120
“Cutarm ( )
Y 1o addp ap*3¢ ap’) apdo
=——+ -aF - — - 7.8.121
b o T2 T 2k2M2H  AK2MAH?  2k2M3H?  2Kk2M3H'’ ( )

which represent the Hamiltonian and momentum constraints, respectively. Substituting

equations (7.8.120) and (7.8.121) back into the quadratic action of scalar perturbations, one
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2) 1 k2 H a ¢2
Ss(calar - /dSkdt { 12Mf2’1m2k4E2 + Mlgl H?2 ,lvb 35¢ + 2H?2 ’QD
5 o U ¢ (—H + 6H?)¢? + 4H g
0p | 3o — — a’o
+a%og ( ve ) ¢ [ @ Tonm M2, H?

+3H¢+S;H¢+¢ 35¢[¢< 2¢+9H¢+3¢>

w( ¢ +3H¢+¢)

2M2 H? H

} . (7.8.122)

We find that E does not have a kinetic term, and thus, it yields the constraint £ = 0. Then,

we introduce the curvature perturbation variable,

H
=) — ﬁ (7.8.123)
¢
so the above action can be rewritten as
asp? 3A q'52 . a3A¢2(6M2H2+A)
@ _ | PBkdt ¢ 2 OR2 a A2 _ 2 Pl 2
Sscalar / 2H R + R +1/} QMIngSR 4M1§1H4 R
302,72 2 212
o [ a’A5¢ ak*Ny  3alsa”p
7.8.124
+v <8M§1H4 + 2H? * 4M§IH2 ’ ( )

where € is a function of the background quantities ¢, Ay, H, etc. Although the above action
depends on both R and 1, we note that there is only one scalar DOF in the theory, i.e. the
one from matter fluctuations. The graviton itself does not have a helicity-0 component. This
is consistent with the Hamiltonian analysis in section 7.2.2. The presence of v, which does
not appear in general relativity, is a consequence of the broken temporal diffeomorphism of
the theory. The variable 1) is actually a Lagrangian multiplier, and it gives us the following
constraint:

&2 (6M§1H2R + AR — 2M1§1HR>

V= AMAH?E 1+ 6MZH2G + Ayg?

(7.8.125)
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Substituting the above constraint back into the perturbed action of equation (7.8.124), one
finds
5(2)

scalar

- / Pk dt (lCR? - QR2> , (7.8.126)
where K and Q are given by
B 2k M3 a®d? + 3MEa®¢*
AK2MA H? + a2 (6MZH? + Ag) ¢
. 2
(4k2Mf§1H2 +a? (6M2H? + Asy) ¢2)

(7.8.127)

Q=

2712 .
A3 <4k ]2\4“ +2¢2>
a

[ Ak2 M : 242> 8¢ k2 M2 3¢*
2 Pl 2 2 2 Pl
— MZHA, ( < +6¢ ) — M4 H A2<a2 =+ <_¢ + 24) e ENE

: 2k2MZ, L\’
+ 24¢2> + 2ME H? (TPI - 3¢2) ] : (7.8.128)

i.e., they are two functions of the background quantities ¢, Ay, H, etc. We immediately
notice from the above that the scalar mode is always ghost free, because K > 0. Also, in the
UV limit where k?/a? > H, we have

5(2)
scalar az

g2
~ Mgl/dSkdt a’e (7?? - —RQ) : (7.8.129)
where € = ¢?/(2M2,H?), and thus, the theory is free from UV gradient instabilities.

7.9 Evolution of anisotropies in a general background
We consider a general contracting universe dominated by matter with EoS p = wp, assuming
w > 0. In this case, the scale factor and Hubble parameter are given by

2

alt) ~ ()T, H () = gy

(7.9.130)

Then, the general solution to equation (7.5.73) is

0i(t) = (=1)"™ {UC1 b [my(=1)] + CoYo, [mg (1)1} (7.9.131)
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and its time derivative is
Bi() = —mg (=) {[C1 Ty [y (—8)] + CoYy 1 lmy(—1)]} (7.9.132)

where J,, and Y,,, are the Bessel functions of the first and second kind and where we defined
the index
=t L (7.9.133)
2 14w
In the limit where m, > |H|, we note that my(—t) > 1, and so, the asymptotic form of all

-1/2

the above Bessel functions is [m,(—t)] ="/, ignoring constant factors and oscillatory functions

of time, i.e., we only stress the time dependence of the overall amplitude. Thus, equations
(7.9.131) and (7.9.132) give

0i(t) ~ m (=) T2 0(t) ~ my () (7.9.134)
and so, the energy density given by equation (7.5.74) becomes
po ~ 07 +m207 ~ mg(—t)*", (7.9.135)

where the power of the time dependence can be expanded in terms of the EoS parameter w
as
We—1 = ——2 (7.9.136)
1+w
Using equation (7.9.130) to convert the time dependence back into a scale factor dependence,
one finds )
po ~ (—) T ~ <aw)_m —— (7.9.137)

Therefore, this shows that the energy density in anisotropies grows as a3

in a contracting
universe no matter what is the EoS of the dominant background matter content provided

mg > |H|.
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Chapter 8

Black hole formation in a contracting

universe

8.1 Introduction

The latest observations of the Cosmic Microwave Background indicate that a good theoretical
model for the very early universe should predict a nearly scale-invariant power spectrum of
curvature perturbations with a small red tilt [12], a small tensor-to-scalar ratio [11], and
small non-Gaussianities [13]. Inflationary cosmology [49, 333, 463, 517] currently stands up
as the best candidate for explaining these observations [14]. Yet, it is still an incomplete
theory conceptually [102, 128, 129], because, for example, it suffers from a singularity at the
time of the Big Bang [86, 87]. Thus, in addition to trying to resolve the issues of inflation, it is
helpful to study competitive or complementary ideas that could enlighten our understanding
of the very early universe.

One such idea is bouncing cosmology: one assumes that the universe existed forever before
the Big Bang in a contracting phase, after which it transitioned into the expending universe
that we observe today. In addition to solving the usual flatness and horizon problems of
standard Big Bang cosmology, assuming that quantum cosmological perturbations exit the
Hubble horizon in a matter-dominated contracting phase leads to a scale-invariant power
spectrum of curvature perturbations [286, 618]. Furthermore, there exist many models that
can avoid reaching a singularity at the time of the Big Bang, hence leading to nonsingular

bouncing cosmologies (see [132, 166, 529] and references therein). Yet, it is still hard to

2019/06/08
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construct models that can agree with all observational constraints (see, e.g., [562] and also
[56, 109] for reviews).

An additional difficulty with bouncing cosmology comes from the fact that it appears less
robust against certain instabilities as many unwanted features tend to grow in a contracting
universe. One example is anisotropies: as a — 0, anisotropies grow as p o< a~%, whereas the
background matter and radiation evolve according to p o< a2 and p oc a=*
is known as the Belinsky-Khalatnikov-Lifshitz (BKL) instability [67]. This can be resolved if

the background before the bounce can satisfy p oc a=? with ¢ > 6 [167, 273], which naturally

, respectively. This

occurs within the Ekpyrotic model [387, 388] (see also [424] and references therein).

There is another type of instability, always in a contracting universe, that has not been
explored in as much detail, namely the growth of inhomogeneities. This type of instability
was already known from the 1960s [451], but it is only in the 2000s that the work was
extended [44], and it suggested that the growth of inhomogeneities in a contracting universe
could lead to the formation of black holes.

The goal of this paper is thus to revisit the analysis of the growth of inhomogeneities in a
contracting universe, and more specifically, characterize the formation of black holes. On one
hand, we want to determine in which cases a contracting universe is robust or not against the
formation of large inhomogeneities and black holes. This will determine in which cases it is
justified to ignore the growth of inhomogeneities and allow us to claim which corresponding
models remain healthy or not. On the other hand, we want to determine in which cases a
contracting universe inevitably leads to the formation of black holes. These cases could be
relevant in light of other alternative theories of the very early universe in which black holes
could be the seeds of the current universe.

The outline of this paper is as follows. First, in section 8.2, we begin by setting the general
framework in which we work, and we solve for the evolution of the gravitational potential in
a contracting universe, aiming for generality. In section 8.3, we move on to find the density
contrast in a generic contracting universe, and we comment on its evolution over the different
length scales of interest. We also determine the power spectrum of the perturbations over the
different scales of interest. In section 8.4, we explore two types of possible initial conditions
for the fluctuations, quantum vacuum initial conditions and thermal initial conditions, and
we find the power spectra in each cases. We also determine when the perturbations become
non-linear. Then, in section 8.5, we derive the condition for black hole collapse, and we use

the Press-Schechter formalism to determine which cases lead to the formation of black holes.
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We also describe the black holes that form. Finally, in section 8.6, we summarize our results
regarding the models that are robust (and those that are not) against the formation of black
holes. We end by suggesting possible alternative theories that could take advantage of the
formation of black holes. Throughout this paper, we adopt the mostly minus convention
for the metric, and we define the reduced Planck mass by Mp, = (87Gx)™"/? where Gy is

Newton’s gravitational constant.

8.2 Evolution of the gravitational potential in a contracting

universe

8.2.1 General background setup

We begin by finding the general evolution of the cosmological perturbations in a contracting
universe. We try to be as generic as possible, and we do not specify any initial conditions

for now. We start with an action of the form

1
167TGN

/d% VvV—gR+ Sn , (8.2.1)

where g, is the metric tensor, g = det(g,,), R is the Ricci scalar, and S, is the action for
matter. We work in a flat Friedmann-Lemaitre-Robertson-Walker (FLRW) universe, so the

background metric is
ds? = gfg)dx“dx” = a(n)*(dn* — §;;da’'da?) , (8.2.2)

where a is the scale factor, 7 is the conformal time (defined by dn = a~'dt, where t is
the physical time), and the z%’s represent the Cartesian comoving coordinates. The energy-

momentum tensor is defined by

)
@
=)

= (8.2.3)
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: vo_ 5 J
and we assume that it takes the form T,,” = diag(p, —pd,”), where p represents the pressure

and p the energy density. Accordingly, the background equations of motion (EOMs) are

H? = @a% , (8.2.4)
4
H = —FTGNan(l + 3w) , (8.2.5)

where ' = d/dn and H = o’ /a is the conformal Hubble parameter. Furthermore, w = p/p is
the equation of state (EoS) parameter.

From here on, we assume that the action for matter takes the form

S = —/d% V—gp , (8.2.6)

which is to say that we will work in a hydrodynamical fluid setup. The fluid has an EoS

parameter w, and its sound speed is defined by

dp
2 = —_
&2 = (ap)s , (8.2.7)

i.e. it is the variation of the pressure with respect to the energy density at constant entropy
density, s. We note that we will ignore entropy perturbations throughout, i.e. we assume
that the fluid has only adiabatic fluctuations.

8.2.2 Cosmological perturbations

Let us introduce linear scalar perturbations about the background introduced above. The
perturbed metric written in the longitudinal (or conformal Newtonian) gauge with no anisotropic
stress (i.e. 07;; = 0 for i # j) is

ds* = a(n)® {[1 + 2®(n,x)] dn* — [1 — 2®(n, x)] §;;dz’dz’ } . (8.2.8)

The perturbation ¢ is the Newtonian gravitational potential. The resulting EOM from the

perturbed Einstein equations gives rise to the following partial differential equation [518],

" + 3H( + ) + [2H + (1 + 32)H*|® — 2V?d =0, (8.2.9)
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where V? = 0;0' is the spacial Laplacian associated with the comoving space coordinates z°.
Alternatively, using the Friedmann equations (8.2.4) and (8.2.5) and transforming to Fourier

space, the EOM can be written as
Y 3H(L+ AP+ 3(2 — w)H Dy + KPP =0, (8.2.10)

where k represents the magnitude of the comoving wavenumber associated with the pertur-
bations.

From here on, we will assume that we can split the cosmological evolution into one or
more separate phases of constant equation of state (EoS) parameter and constant sound
speed. Therefore, for a fized (time-independent) FoS parameter w = constant, the solution
to the background FLRW EOMs is!

a o (=) (8.2.11)
SO 9
_ _\—1
H 1+3w( nt, (8.2.12)
and
TR (—=n)~? (8.2.13)
T 13w Vo -

The resulting EOM for the gravitational potential is

6(1+c2) 1 12(2—w) 1
o — s o 212 s b, =0. 8.2.14
S I s ( T swe (—n2) (8.214)

For w = constant and for a fized (time-independent) sound speed ¢, = constant, the general

solution to the above ordinary differential equation (ODE) is?

O (n) = 21+ 3w)(=n)]"" [Cridu (=cskn) + Cop Y, (=cskn)] (8.2.15)

1Since we are interested in a contracting universe, we consider the physical time to be negative, i.e. t < 0.
The time ¢ = 0 would correspond to a possible Big Crunch, Big Bang, or bounce. A negative physical time
is equivalent to having a negative conformal time, n < 0, when w < —1 or w > —1/3, hence we have (—n)
in the scale factor since this quantity is positive. We can safely restrict ourself to matter with w > —1/3 for
the rest of this paper and ignore exotic matter which could have w < —1. The case where —1 < w < —1/3
should be analyzed separately, but it will not be of interest in this paper.

2We note that the above ODE is invariant under n — —7. Thus, the general solution is valid for both 1
and —7n. We take the —n branch of the solution for a contracting universe.
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where C ;, and Cy, are two constants of integration that will of set by the initial conditions.
Also, J,(z) and Y, (x) are the Bessel functions of the first and second kind, respectively.

Finally, for shorthand notation, we define the indices

5+ 6¢2 — 3w
2(1 + 3w)

q /25 +12¢2 + 36¢2 + 18w — 362w + Jw?
and m= 2(1 + 3w)

V=

. (8.2.16)

From the definition of w and ¢y and from the usual conservation equation [which follows
from equations (8.2.4) and (8.2.5)],

P+ 3Hp(l+w)=0, (8.2.17)
it is straightforward to show that
w = 3H(1 4+ w)(w—c?) . (8.2.18)

Since a constant EoS parameter means w’ = 0, the above equation implies that w = ¢? under

our assumptions. In this situation, the indices defined above simplify to become

5+ 3w S+ 3w
= —— d = — 8.2.19
= 2(1 + 3w) o "2 2(1+3w) ’ ( )
and hence, we define the index v = v, = —14 to simplify the notation from here on.

8.3 Density contrast, Jeans scale, and power spectrum

8.3.1 Density contrast

The gauge-invariant density contrast in a flat universe, §(n, x), is related to the gravitation

potential via [518]

2 ! 2
PO (V?® — 3HD' — 3H*P) (8.3.20)

where §p(n, x) denotes the energy density fluctuations and p(®(n) denotes the background

energy density. In Fourier space, this becomes

_opE 2 k2 3
="l =5 (30t 7% 3% ) (8.3.21)
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Using equation (8.2.12), we have

(14 3w)?

5k (=) @e(n) + (14 3w) (=)@ (1) — 2P4(n) , (8.3.22)

or(n) = —

and given the general solution for ®;(n), equation (8.2.15), we get

ox(n) = — 3. 2 (1 —|—13w)V(—77)” {6(1 + 3w)z[Ch g Jy—1(x) + Co Y1 ()]
+ [12 — 6(5 + 3w) + M} [Cl,ka(a:) + Cz,kyy(x)} } , (8.3.23)

s

where we further define x = ¢;k(—n) for shorthand notation.

8.3.2 Jeans scale

We will be interested in characterizing the formation of physical black holes, so we will
primarily be interested in the sub-Hubble limit of the above density contrast. Since we are
working with a fluid with a sound speed c¢s possibly different from the speed of light, there
is another scale of interest, the Jeans scale. It is defined to have a comoving wavenumber k;

such that the physical wavenumber is

]{ZJ \/47TGNp . §|H|

a Cq 2 ¢y

(8.3.24)

or alternatively, we can write

ky = \/@H' _ V6] (8.3.25)

2 ¢ 1+3weln|

The associated comoving wavelength is \; = 27/k;. Thus, the sub-Jeans scales correspond
to the limit A < Ay or & > kj, which is equivalent to the limit where x is large; the super-
Jeans scales correspond to the limit A > A; or k& < kj, which is equivalent to the limit
where z is small. For dust, we have w = ¢ — 0, and so A; — 0. In other words, there is no
sub-Jeans scales asymptotically, only super-Jeans/sub-Hubble and super-Hubble scales. For

radiation, we have w = ¢ = 1/3, and so k3 = 3/(v/2|5|). In comparison, the Hubble scale is
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given by
2

(1+3w)|n|

and so, for radiation, it is kg = 1/|n|. Thus, although we still have A\; < Ay in this case,

ke = [H] = (8.3.26)

the two scales are really of the same order and nearly equal. Thus, there are very few scales
in the super-Jeans/sub-Hubble regime. Most scales are either sub-Jeans or super-Hubble in

this case.

Evolution below the Jeans length

We can expand the density contrast [equation (8.3.23)] to leading order in the limit where x
is large (A < Aj) to find

AAg (1 + 3w)2—uk3/2(_7]>3/2—y
5k(77> ~ — 6 9 e
1% ) v
X (O — Capp) cos <Csk5(—77) - %) + (Cy ) + Co ) sin (csk(—n) — %)] .
(8.3.27)

Thus, we see that the density contrast oscillates with frequency wy = csk. However, we are
more interested in the amplitude which goes as (—7)%?7". Recalling the definition of v in
equation (8.2.19), we note that

3 _Bw—1

V= )
2 3w+1

As physical time evolves in a contracting universe, n — 0~ or (—n) — 07 for w > —1/3.

(8.3.28)

Thus, we see that the amplitude of the density contrast grows in a contracting universe if

3 1 1
- —v<0) &= ——<w<<; 8.3.29
5V s <w<g; ( )
the amplitude of the density contrast is constant if
3 1
§—y:0<:>w:§; (8.3.30)

and the amplitude of the density contrast decreases in a contracting universe if

3 1
§—u>0<:>w>§. (8.3.31)
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Consequently, in a dust-dominated contracting universe with w = ¢ = 0, we see that

s
the amplitude of the density contrast grows as (—n)~'. However, one needs to be careful
since taking the limit ¢, — 0 would also imply that the density contrast blows up while
the sub-Jeans regime of validity vanishes. In fact, for normal baryonic matter (or even for
dark matter), we expect the sound speed and the EoS parameter to be small, but non-
vanishing, i.e. 0 < w < 1 and 0 < ¢ < 1. For a radiation-dominated contracting universe

(w = c? =1/3), we find that the amplitude of the density contrast is constant.

Evolution on super-Jeans/sub-Hubble scales

On one hand, on super-Jeans scales, x is small, and so, to leading order, equation (8.2.15)

for the gravitational potential becomes

Oy () ~ Gl ()

~ .3.32
(14 3w)Vctkv(—n)? (8.3.32)

where I'(v) is the gamma function. On the other hand, on super-Hubble scales, k/H is large
in equation (8.3.21), and so, the density contrast reduces to
(14 3w)?

Or(n) =~ —TkQ(—U)Q@k(W : (8.3.33)

Therefore, substituting the super-Jeans solution for ®; into the sub-Hubble regime for dy

yields
2—v
50(1) =~ (14 3w)**I'(v)

" Cy 1 k> (=)0 (8.3.34)

The amplitude of the density contrast goes as (—7)27*). Recalling the definition for v
is equation (8.2.19), we note that

3(w—1)

21-v) = 3w+ 1

(8.3.35)
Thus, we see that the amplitude of the density contrast grows in a contracting universe if

1
21-v) <0 <= —§<w<1; (8.3.36)
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the amplitude of the density contrast is constant if
20—v)=0 <= w=1; (8.3.37)
and the amplitude of the density contrast decreases in a contracting universe if
20—v)>0 <= w>1. (8.3.38)

Consequently, in a dust-dominated and in a radiation-dominated contracting universe, we
find that the super-Jeans/sub-Hubble modes of the density contrast grow in amplitude as

they approach a possible bounce.

Evolution on super-Hubble scales

On super-Hubble scales, the general form for the density contrast is 05 (1) ~ —2(®},/H + Di).
Substituting in equation (8.3.32), the super-Hubble (and necessarily super-Jeans) solution

for the density contrast is

T

Copk™ (=)~ . (8.3.39)

This time, the amplitude goes as (—n)~%, but —2r < 0 given our assumption that w > —1/3,

indicating growth in the amplitude of the perturbations in all cases.

8.3.3 Power spectrum

We saw above that the resulting density contrast oscillates with a time-varying amplitude
on sub-Jeans scales. Since we will be primarily interested in the amplitude, let us average
out the oscillations. Moreover, the general solution in Fourier space is generally complex,
so let us take the magnitude squared to get the more physically meaningful real amplitude.

Thus, equation (8.3.27) becomes

x< (14 3w)*Y)

((m)|*) "= TR (=m)* 2k (|C” + |Conl) (8.3.40)

Here, (-) really means averaging over the oscillations, i.e. (cos|wy(—n) — 7v/2] sin|wi(—n) —
7v/2]) = 0 and (cos®[wy(—n) — 7v/2]) = (sin?[wi(—n) — 7v/2]) = 1/2.
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On super-Jeans/sub-Hubble scales, we simply have

o (14 3w)2ET(y)?

3672020 |Co PR3 (=) ) (8.3.41)

[0 (n)]

and on super-Hubble scales, it is

A1 — v(1 + 3w)PT(v)?
(1 + Bw)2 e

[65(m)]* = |Co R (=)™ (8.3.42)
One can interpret the above quantities as the power spectra of the density contrast,
i.e. Ps(k,n) = |0x(n)]*. In dimensionless form,
k3 k3

Ps(k,n) = ﬁpé(kﬂ?) = ﬁwk(ﬁ)’? ' (8.3.43)

The averaged power spectrum on sub-Jeans scales is then identified with equation (8.3.40),
so denoting the average by a bar, we have
— k3 o\ A
Ps(k,n) = = ([oe(m)]") "=

272

(1 + 3w)2—v)

3—2v1.6 2 2
SYprra (ICR* +1Conl?) - (8.3.44)

Equivalently, on super-Jeans/sub-Hubble scales, the power spectrum is

5 (14 3w)?2(v)?

k3 21.7—2v 4(1—v
Ps(k,n) = 55 ok = TomicE |Co oK™ (=) ) (8.3.45)
and on super-Hubble scales, we have
2[1 — v(1 4+ 3w)]*I'(v)? Y Cy
Ps(k,n) ~ | ( ITw) |C 1| PK> 2 (=)~ . (8.3.46)

(1 + Bw)2e
8.4 Examples of initial conditions

8.4.1 Quantum vacuum

At this point, we did not specify the initial conditions, which is why the above resulting power

spectra still depend on the integration constants Cj and Chj. A typical initial condition
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would be a quantum (Bunch-Davies) vacuum,

ini e leskn

3

where v is the Mukhanov-Sasaki variable. For example, in matter bounce cosmology, match-
ing the super-Hubble evolution of the cosmological perturbations in a matter-dominated
contracting universe at Hubble crossing with quantum vacuum initial conditions yields a
scale-invariant power spectrum of curvature perturbations [286, 618]. Initially, one has
an oscillating quantum vacuum state, but at Hubble radius crossing, the quantum fluc-
tuations ‘squeeze’ and emerge as classical fluctuations on super-Hubble scales (see, e.g.,
[55, 550, 553, 589]). Similarly, in the case where the Jeans length is different than the
Hubble radius, we associate quantum vacuum fluctuations with the sub-Jeans regime, and
the squeezing of the fluctuations at Jeans length crossing leads to classical perturbations on
super-Jeans scales, the growth of which might lead to the formation of black holes. Since we
showed above that the Jeans and Hubble lengths are nearly equal for radiation, the quantum
vacuum will be of more interest for dust when w = ¢ < 1. Yet, we must ensure that we do
not set ¢; = 0, since otherwise, the Jeans length would vanish, and we would no longer be
able to define a quantum vacuum state on sub-Jeans scales.

We need to relate the variable v with the density contrast for which we computed the

power spectrum. The Mukhanov-Sasaki variable is related to the gravitational potential via
[518]

B vy’

Vp=——i (= , 8.4.48
\/§Mp10§7‘[ (Z> ( )

where VB

a
5= Tl (8.4.49)
and

B = H?—H . (8.4.50)

Upon transforming to Fourier space, the initial condition in terms of the gravitational po-

. (ini) \ /
e — P Y . (8.4.51)
ﬂMplch <

tential reads
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Using equation (8.4.47), we have 0™ = —ickv!™ | and so, the above becomes
o (ini) / 3/2 1x Y
. ekt ) = BT P ZIEY g
\/§Mplc§7-[k:2z z 2MpHz x3/2 z

where again, x = ¢;k(—n). To leading order when z is large, i.e. on sub-Jeans scales, the

initial condition for ®; becomes

q)(ini) — 1/5)( )3/2 iz
o 2MP1HZ :)33/2 ’

(8.4.53)

We recall that we found the general solution for ®4(n) in equation (8.2.15). We now

demand that the large x limit of equation (8.2.15) matches the above expression for q)(ml)

To leading order, equation (8.2.15) becomes

vvoe OF (O — iChy) + e FD(Cy +iC
By (n) "X C D(Cur —iCo) te (Cup +1Cok) (8.4.54)

23 (L + Bu) () '

For the above to match with the initial condition [equation (8.4.53)], which only goes as €7,

it is clear that we must have (', +iCy = 0, so that the term e”% goes to 0 in the above.

Thus, C = —iCy, and the above becomes
T—00 27_’/ i(e=5-7)
O(n) "X i Oy (8.4.55)

VA + 3wy ()l

Equating this to equation (8.4.53) imposes

2" 73/m(1 + 3w)y(—77)y+%ﬁei(u+%)g

C’ —
2,k csMpHzk
2R 30 () VI =T s (8.4.56)
Mpl(lk’ 7 B

where we use the definition of § and z to simplify the second equality. Using equations
(8.2.12) and (8.2.13) for H and H', the integrating constant further simplifies to become

1

25 /6 (1 + w)(1+3w)" (=n)""2 ;12
e 2/2
Mplak’

Cog = (8.4.57)
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The left-over time-dependent factor is actually just a constant after simplification since

2

3 113w
(=n) o (8.4.58)
a(n) Qg

if we normalize the scale factor as a(n) = ag(—n/n0) s . However, it will be more convenient

to keep the scale factor in the expression. In the end, we are left with

s 3m(L - w)(1+ 3u)2) (!

Ca 2T M2 R

(8.4.59)

Substituting the above integration constant found for quantum vacuum initial condi-
tions on sub-Jeans scales into the general power spectrum on super-Jeans/sub-Hubble scales
[equation (8.3.45)] leads to

L2214+ w)(1 4 3w)’T(v)?

Ps(k,n) ~ 0635 N a3 K% (=) (8.4.60)
S Pl

As we saw earlier, the super-Jeans/sub-Hubble regime is valid for dust, but not so much for

radiation. Thus, to leading order when w = ¢ < 1, we obtain

3 3H?

e 3 e 3HT 8.4.61
735( ,77) 167T202M}2>1a2( 77) 647T202M1%16L2 ’ ( )

or 3H*(t)
)~ S 8.4.62
Ps(k,t) 64m2c3 M2, ( )

where we use the fact that H = aH with H = dIna/dt being the physical Hubble parameter.
As a result, the density contrast power spectrum on super-Jeans/sub-Hubble scales is scale-
invariant (independent of k) and grows in amplitude as time evolves (|H| grows in time in a
contracting universe).

We will soon be interested in describing the formation of black holes. A necessary con-
dition (but not sufficient) for black hole formation is Ps(k,t) > 1, which can be viewed
as defining the scale of non-linearity. However, since we obtain a scale-invariant power
spectrum, there is no specific non-linear scale, but rather, a non-linear time after which

all super-Jeans/sub-Hubble modes become non-linear. In terms of the Hubble parameter,
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non-linearity is reached when

8
|H| 2 ﬁWCE/QMpl ~ (8.4.63)

Hence, all super-Jeans/sub-Hubble scales become non-linear when the energy scale of the
universe becomes larger than a fraction of the Planck scale. The fraction may be very small
depending on the smallness of the sound speed, and so, this may occur well before a Planck

time before a possible bounce.

8.4.2 Thermal initial conditions

As another example of initial conditions, let us consider the case of thermal fluctuations.
In this situation, the averaged energy density fluctuations on sub-Jeans scales for a thermal
statistical system of characteristic size L and temperature T is given by (see [78, 182, 480)]

and also [542])
T2 Op

2
= — . 8.4.64
@)= iz (5.4.64)

In Fourier space, the averaged density fluctuations become

272
L= dp

|* = — 8.4.65
2 (3.4.65)

where the constant +; depends on the choice of window function when doing the Fourier
transformation (see [78] for details).
In our context of an ideal fluid with EoS parameter w, one can express the energy density

as a function of temperature by (see [78])

14w

o(T) = %4T <m%) C (8.4.66)

where my is a preferred mass scale associated with the fluid. We note that the above
expression is only valid for 0 < w < 1, so when we consider dust, we will take the limit 0 <
w < 1 as before. For radiation (w = 1/3), we recover the Stefan-Boltzmann law p(T") oc T,

where there is no preferred mass scale. For a general EoS, taking p(a) = po(a/ag) 30+*) and
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using the above expression for p(7"), equation (8.4.65) becomes

21 4+ w) [ md\ T
162 = 7f(3 - ) (i . (8.4.67)
QoMp wpPo

Setting w = 1/3 for radiation, the resulting dimensionless power spectrum on sub-Jeans

sy (i) (2) = somgtaes (o)

where in the second equality, we use the Friedmann equation 3M3Z H? = p and equation

scales is

(8.4.66) (the Stefan-Boltzmann law for radiation). We note that the power spectrum is blue,
and also, it is time independent for a fixed comoving wavenumber k. It follows that the

scales that are non-linear (Ps > 1) must satisfy

i a\1/3 7\ 2/3
- > <§> (%) V/Mp|H| . (8.4.69)
Thus, at later times, when the energy scale |H| of the universe is higher, there are fewer
physical scales k/a that become non-linear. However, as |H| — 0 in the infinite past, it
would appear that all physical scales become non-linear, which seems to render unphysical
this choice of initial conditions. Yet, there is a subtlety that allows us to still consider thermal
initial conditions.

We note that thermal fluctuations can be interpreted as a Poisson process, which pre-
supposes a set of regions with coherence length /¢ (see [480]). In fact, we can express the

averaged density contrast in position space as

(6% = (f>3 : (8.4.70)

where the temperature-dependent coherence length is given by €2, = (T/p)*(0p/dT). For
example, for radiation, we find that /¢ oc T~! o< a. With this interpretation, a requirement
for the fluctuations to be non-linear is that the coherence length must be larger than the
scale of the thermal system, i.e. /o > L. However, a requirement for thermalization is
that ¢ < L, and so, when the thermal fluctuations become non-linear, it must follow that

they are no more thermal. In particular, this implies that in the far past when /¢ is large,
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one cannot consider thermal fluctuations on arbitrary small length scales. In this sense,
the thermal initial state is well defined in the far past as long as we consider length scales
that are large enough compared to the coherence length at that time. These set the initial
conditions, and as the fluctuations evolve gravitationally without interactions, they loose
their thermality, and in particular, they may become non-linear.

For dust in the limit w < 1, the density contrast squared, equation (8.4.67), should go

to )

Yfmr
3

Wpoay

on sub-Jeans scales. In comparison, the general solution for dust on sub-Jeans scales, equa-
tion (8.3.40) with w = 2 < 1, is
k?’

2\ 2
<|5k| > - 11527_‘_08(_77)2 (|Cl,k| + |02,k

%) . (8.4.72)

Thus, if the C ; and Cy;, terms contribute equally, it follows that we must take

57672 csmp(—1ini)?

|Col? = : (8.4.73)

wpoagk?

where 7, is the initial conformal time at which the initial conditions are set. In other
words, at ny,;, we set the hydrodynamical cosmological perturbations to have the amplitude
and spectrum of thermal fluctuations. From that moment onward, and especially as we
consider the super-Jeans regime, the fluctuations are no more thermal.

On super-Jeans/sub-Hubble scales, the power spectrum for dust (equation (8.3.41) with
w=0) is

C 2
e

— W . (8.4.74)

Substituting in equation (8.4.73) yields

Pl ) o (22) ( 1 )QmT (3) - (8.4.75)

- 32nctw \ a Mpy

where we use the relations p = po(a/ag)™ = 3M3H? (-n) = —2/H = —2/(aH), and

a/aimi = (/Mini)? to simplify the expression, and we note that we define aiy = a(nni). It
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follows that non-linearity occurs when

k 37} (aini) H\?
. 4 — . 8.4.76
a " 32r2dw \a ) \Mp) """ (8.4.76)

Thus, as |H|/Mp, and a;,;/a grow in a contracting universe, more physical scales become

non-linear on super-Jeans/sub-Hubble scales. Also, it appears that the largest length scales
become non-linear first. This suggests that larger black holes form before smaller ones. We

will confirm this result in the following section.

8.5 Black hole formation

The evolution and the spectrum of the cosmological perturbations found in the previous sec-
tions allow us to address the question of black hole formation. We found that the amplitude
of the perturbations increases in many instances, and so, we expect some of the overdensities
to collapse to form black holes as one approaches a possible bounce. However, we need to

determine under what conditions one can claim that a black has formed.

8.5.1 General requirement for black hole collapse

Let us consider an element of physical volume dV = d3q at some physical time ¢ and physical
position q. Then, the amount of mass excess enclosed in this physical volume element at

position q as a function of time is given by
ddM(t,q) = d*q dp(t,q) . (8.5.77)

We argue that a black hole forms when an amount of mass excess 0 M > M, is found inside a
ball of radius R < Ry, where R, is the (physical) Schwarzschild radius given by R, = 2M,Gx
for a black hole of mass M,. This appears to be a fair requirement assuming that the hoop
conjecture holds (the original idea of the hoop conjecture comes from [505, 598] ; see also
subsequent papers on the subject, e.g. [291, 319]). Therefore, a black hole forms, i.e. an

event horizon appears, if
/ doM > M, . (8.5.78)
R<R
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More precisely, using equation (8.5.77) for the mass excess element, we say that the condition

for a black hole to form at the point q, and time t, is

R,
/ dq Sp(t, q) > 2 | (8.5.79)
B(Raas) 2Gx

where the integral is over the volume of a ball of radius R centered at q,, or more formally,

over the region
B(R;,q.) = {q € R’

la—a.| < Rs} : (8.5.80)

8.5.2 Smoothing

The goal is thus to evaluate the integral on the left-hand side of equation (8.5.79). In order
to do so, let us review the idea of smoothing. In general, the definition of a smoothed

perturbation § over a characteristic scale & is

1
where W is the window function, assumed to be spherically symmetric with comoving radius
Z. The comoving volume associated with the smoothing region of characteristic scale Z is
defined by

V(®) = / dx W(|x|/ &) = An® / dy W (y) | (8.5.82)

where y = x/%, y = |y|. Then, in Fourier space, dx(t; Z) = W(kZ#)0x(t), where we denote

the Fourier transform of W by W. Also, the variance is related to the power spectrum by

> dk 1 o
7(,0) = (e D) = [ WERP) = 5 [k W)
0 0
(8.5.83)
A commonly used window function is the top-hat window function,
1 for 0 <y <1 (x| <Z%)
Wi(y) = (8.5.84)

0 fory > 1 (|x| > %) .



8 Black hole formation in a contracting universe 220

Its Fourier transform is

3[sin(k#) — k% cos(k%)]

W(kZ) = o

(8.5.85)

Using the top-hat window function, we recognize that smoothing the perturbation dp with

characteristic scale® R,/a yields

1 - -~ -
dp(t,x; Rs/a) = m/d%{ W(alx — X|/Rs)dp(t,X) (8.5.86)
3@3 3~ ~
=R /|x,~(|<Rs d°x 0p(t,X) , (8.5.87)

but since comoving coordinates x are related to physical coordinates q by q = ax, we get

Spltox Rfo) = o [ @ 6p(t.@) = dpltai Ra) . (5.5.88)
‘CI*E]‘SRS

 4TR3

Therefore, we notice that the left-hand side of equation (8.5.79) is simply related to the
smoothed perturbation dp(t, q; Rs). Specifically, at a fixed time and position, we find

47

/ B Sp(ts. @) = —R*p(t,, qu; R.) - (8.5.89)
qu(R57Q*) 3

8.5.3 Critical density contrast for black hole collapse
Combining equations (8.5.79) and (8.5.89), we say that a black hole forms when

3

> — . 8.5.90
- SWGNRE ( )

(5p(t*aQ*§ Rs)

Dividing by the background energy density on both sides and recalling the Friedmann equa-
tion H(t)? = 87Gxp® (t)/3, the condition becomes

P (4 o H7'(t)\
W(t*vqﬂRs) > ( R. : (8.5.91)

3R, is the physical Schwarzschild radius, so we divide by the scale factor to have a comoving quantity.
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We define the critical density contrast as a function of physical size R and time ¢ to be

H_—l(t)y | (8.5.92)

auro = ("

Alternatively, as a function of conformal time and for a comoving scale Z = R/a,

5.(%,m) = <H1(”>>2 | (8.5.93)

74

Finally, the condition to form a black hole of Schwarzschild radius R, at any time ¢ and
position q is
o(t, q; Rs) > 0c(Rs, 1) ; (8.5.94)

or at conformal time 1 and comoving position x, a black hole forms if d(n, x; %Zs) > 6.(%s,n),
where Zs = Rs/a is the comoving Schwarzschild radius.

From the form of our critical density contrast equation (8.5.92), we notice that a necessary
(but not sufficient) condition for black hole formation is § > 1 on scales where R < |H|™!,
i.e. on sub-Hubble scales. This is to be expected since black holes are highly non-linear
objects. In general, the smaller R is compared to the Hubble radius, then the larger 6. is,
and so, the larger the density contrast d needs to be to form a black hole of size R. In other
words, the smaller the black hole we want to form, the more difficult it becomes. However,
since ¢ is a smoothed quantity in the condition § > ¢, i.e. integrated over space, its particular
spectrum will affect the condition for black hole formation. For example, more power on
smaller scales could lead to the production of smaller black holes before larger black holes.
This is why we focused on computing the spectrum of ¢ in Fourier space in the previous
sections.

We point out that equation (8.5.92) is only valid for R < |H|™'. Naively, it is obvious
that this equation cannot hold for super-Hubble perturbations since for long wavelength
fluctuations, the critical density contrast for black hole formation would become very small,
which would imply that small fluctuations would collapse into large black holes. In fact, if one
takes R — oo, then 6. — 0, and it would seem to imply that any fluctuation would collapse
into a black hole, which is physically inadmissible. The underlying reason comes from the
fact that no black hole horizon can actually form above the cosmological apparent horizon.

Indeed, any observer inside the cosmological horizon cannot know about the existence of the
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formation of a black hole if this black hole’s horizon is greater than the cosmological horizon.
Yet, there can still be large density fluctuations on super-Hubble scales, and these can form
black holes if they re-enter the cosmological horizon at later times. In the context of a
nonsingular bounce?, large density fluctuations that exit the Hubble radius in the contracting
phase could collapse into black holes once they re-enter the Hubble radius in the expanding
phase. This is similar to the formation of primordial black holes [184, 187] in inflation
where large density fluctuations can exit the Hubble radius during the inflationary phase
and re-enter the Hubble radius in the subsequent radiation-dominated expanding phase, at
which point the large density fluctuations can collapse into black holes (see, e.g., [305, 632]).
The fact that no black hole horizon can form on length scales larger than the cosmological
horizon is also explicit in general relativistic constructions such as in Schwarzschild-de Sitter
spacetime (see, e.g., [96, 275, 584] and references therein) or McVittie spacetime (see, e.g.,
(275, 277, 379] and references therein).

8.5.4 Press-Schechter formalism and a condition for black hole collapse

Following the idea of the Press-Schechter formalism [554], we say that d(n, x) is a Gaussian
random field, and thus, the fraction of mass in spheres of radius # with overdensity § > d.

has a Gaussian probability,

1 o 62 1 (%, ) }
PR, n) = ——— do - | = —erfc | —————| |, 8.5.95
) = e o) /5C(%,n) eXp{ 202(92,77)} 5 ¢ L@;(%,n) (8:5.95)

where we recall that the variance 0%(Z,n) is given by equation (8.5.83) (simply replacing
physical time with conformal time in this case). To account for the fact that there is an
equal amount of matter in underdense as in overdense regions, relative to the background,
we say that the actual probability is

F(%#,n) =22(%,n) = erfc [M] . (8.5.96)

V20(%,n)

Accordingly, the probability to form a black hole of comoving size Z at conformal time 7 is
large when the ratio d.(%Z,n)/o(#,n) is small. In fact, FF — 1 as d./0 — 0. Therefore, it is

4However, in the context of a nonsingular bounce, one would need to consider the possible effect of the
formation of sub-Hubble black holes, so it is not yet clear how density fluctuations would evolve through a
nonsingular bounce.
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fair to say that black holes of characteristic radius #Z can only form in significant numbers
when o(Z,n) 2 0.(%,n) (see, e.g., [506]). This makes sense intuitively since we found
earlier that a black hole was formed at position x when 6(n,x; %) > 0.(%,n). Now, we say
that a necessary condition is o(Z,n) = /{([0(n,x; %Z)]?) 2 0.(%,n), which is more or less
equivalent.
In general, we evaluate o2 as follows:
) = [ W R = | P )+ |
0 kn kjy

(8.5.97)
We note that instead of integrating from k£ = 0, we set an infrared cutoff at the Hubble scale
kg = |H| = a|H| since we argue that no black holes could form on super-Hubble scales.
In general, on super-Jeans/sub-Hubble scales, Ps(k, n) is given by equation (8.3.45), and on
sub-Jeans scales, Ps(k,n) is given by equation (8.3.44). Accordingly, one could determine
the general expression for the variance on arbitrary scales and for arbitrary matter, but the
two most interesting cases, dust and radiation, are only applicable on distinct scales. Thus,

we put generality aside, and we only consider them separately below.

Dust on super-Jeans/sub-Hubble scales

Let us begin with dust with quantum vacuum initial conditions. In this case, the density
contrast power spectrum on super-Jeans/sub-Hubble scales is given by equation (8.4.62),

and so, the variance is found to be

R dk k3 W?(kz,@)
2 o 2
o*(R,t) _/k — WA ER)Ps (k. ) =~ —64W205MP1 / dk — (8.5.98)

H

Taking equation (8.5.85) for the top-hat window function, the integral reduces to

= )~ (k) + +O[(knZ)"] + O[(ks2) "], (8.5.99)

/ dk W2(k#Z) 7 (kyZ#)?
. 10

where we use the fact that k3% > 1 on super-Jeans scales and kg% < 1 on sub-Hubble
scales. In the above, v ~ 0.577 is the Euler-Mascheroni constant, which appears in the series

expansion of the cosine integral. Keeping only the constant and logarithmic terms to leading
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order, the variance is found to be

3H?

2
Rit)~r ———
o (R1) 6472 M3,

7
{Z —7—1n(2|H|R)} , (8.5.100)
where we use kyZ = |H|%Z = a|H|Z = |H|R. Then, recalling equation (8.5.92), the

condition for black hole formation, o 2 d., reads

3HSR* [7
4

1
|- —~—In2-— -In(H’R?)| > 1. 5.101
G4m2co M2, 72— 5 R)}N (8.5.101)

This expression cannot be reduced analytically, so let us consider the formation of black
holes which have a radius equal to a fraction of the Hubble radius, i.e. let R = o|H|™! for
some constant a < 1 not too small so that we remain on super-Jeans scales. In this case,
the above condition for black hole formation reduces to

87TC§/2MP1 7 —1/2
HZz>——|-—v—In2—In(a . 8.5.102
H2 T = (@) (85,102
We see that the larger « is, the smaller the expression on the right-hand side of the above
condition, which implies that a smaller energy scale (smaller |H|) needs to be reached to
form black holes of size R = a|H|™!. In particular, this implies that Hubble-size black holes,
i.e. black holes with Schwarzschild radius R = |H|™!, form first when

8mcl* M,
|[H| ~ e T (8.5.103)
V3(7/4—~v—1n2)

a small fraction of the Planck scale when ¢, is small. In comparison, we found in equation
(8.4.63) that we entered the non-linear regime when |H| ~ 8mcl > Mpy/V/3.
For dust with thermal initial conditions, the density contrast power spectrum on super-

Jeans/sub-Hubble scales is given by equation (8.4.75), and so, the variance is found to be

372ainimT H 2 ks W2 (k%)
2( R, t) ~ 1 / dk ——= . 8.5.104
(%) 32m2ctw \ Mp & k2 ( )

H
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Using the top-hat window function again, the integral reduces to

e OWR(kR) I . 1 ku#®  (kyZ)? .
/kH dkT_%{—£+0[(kﬂ) |+ + +O[(kH%)]} |
(8.5.105)

in the limits kgZ < 1 and k;% > 1. Keeping the leading order terms and converting to

physical quantities, the variance reduces to

372 /am H\>/ 1 O9rR
2 f ni
Rt)~ ———— (—) — —_— = . 8.5.106
o (B,1) 2m2ctw \ a mr (MP]) (|H| 35 ) ( )

The condition for black hole formation ¢ 2 d. becomes

3’)/f2 (aini> mTH6R4 1 97 R
—_— — | —=—— ] 21. 8.5.107
2m2ctw \ a M, |H| 35 )~ ( )

As before, let us consider black holes with radius R = a|H|™!, i.e. a fraction o < 1 of the

Hubble radius. Also, we note that, since p oc ™% and p oc H?, we have a/a;; = (Hini/H ).
Thus, the condition reduces to
6/5 —3/5 172/5 4 16/5
\H| > B (TN sz (1 9TQ Higi My (8.5.108)
~ 33/5 Ve s 35 m3/5
T

We see that the larger the fraction « is, the earlier black holes form. Consequently, Hubble-
size black holes form first once again in this case. Associating the preferred mass scale of
the fluid my with the energy scale at the time at which the initial conditions are taken,

i.e. letting my = Hj,;, we find that

6/5 -3/5 1/5
T o Mpy
H|l~8|— 3(1—== 12/5,,3/5 [ 22 M 8.5.109
| ‘ (7f> [ ( 35)] a v Hiy Pl ( )

corresponds to the Hubble parameter at the time that the first (Hubble-size) black holes are
formed. On one hand, since 0512/ Swd/s = 0518/ P < 1 for dust, the critical time for black hole
formation may be well before a Planck time before a possible bounce. On the other hand,
we normally consider initial conditions such that H;,; < Mp, so this pushes the critical time
closer to the Planck time.

To visualize the above results, we plot the probability of black hole formation, equation
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Figure 8.1 Plots of the probability F' = erfc[d./(v/20)] that a black hole has formed with di-
mensionless radius o = R/|H|~! (vertical axis) and at Hubble parameter |H| (horizontal axis).
The probability is color coded on a log, scale. The left and right plots show the probability for a
sound speed ¢; of 107* and 1073, respectively. The form of o is taken from equation (8.5.100) for
quantum vacuum initial conditions.

(8.5.96), in figures 8.1 and 8.2 for different cases. The plots are color coded on a log,, scale
in terms of the probability F' ranging from 1 (100% chance that a black hole has formed ;
in dark blue) to® 0 (no chance that a black hole has formed ; in dark red). In each plot,
the vertical axis represents the radius of the black hole as a fraction of the Hubble radius,
i.e. a = R/|H|™", on a log,, scale, ranging from the Jeans scale a = a|H|/k; = /2/3c, to
the Hubble scale o = 1. The horizontal axis represents the Hubble parameter as a fraction
of the Planck scale on a log,, scale.

In figure 8.1, we show the probability in the case of quantum vacuum initial conditions,
so we take equation (8.5.100) for 0. The left plot shows the result with a sound speed of
cs = 107* and the right plot shows ¢, = 1073, In all cases, we see that the probability to
form a black hole changes abruptly from nearly 0 (dark red) to nearly 1 (dark blue). In the
left plot, the lowest energy scale at which this occurs is around |H| ~ 107 Mp;, at which
point a ~ 1, meaning that the first black holes that form are of Hubble size. With a larger
sound speed, in the right plot, the same is true, but it occurs when the Hubble parameter is

|H| ~ 107" Mp;. In other words, the first black holes would form later with a larger sound

®We actually put a hard cutoff at log;, ' = —12, because as the probability goes to 0, the log scale would
go to —oo. As F < 1072, the probability is negligible, and we associate it with 0 probability.
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Figure 8.2 Same plots as in figure 8.1, but for thermal initial conditions, so the form of o is
taken from equation (8.5.106). Also, we take Hiy = 10716 Mp; and ¢ = 2v/2m3/4,

In figure 8.2, we show the probability in the case of thermal initial conditions, so we take
equation (8.5.106) for o2. In addition, we pick the Hubble parameter at the initial time to
be Hi; = 107'Mp, and following [78], we take 4t = 2v/27%%. Again, the left and right
plots show ¢g = 107* and ¢, = 1073, respectively. Just like in figure 8.1, the transition from
a low probability of finding black holes to a high probability is abrupt, and the plots show
that Hubble-size black holes (aw = 1) form first. The critical value of the Hubble parameter

is quantitatively different but remains well below the Planck scale for a small sound speed.

Radiation on sub-Jeans scales

For radiation with thermal initial conditions, the density contrast power spectrum on sub-

Jeans scales is given by equation (8.4.68), and so, the variance is found to be

2 2 00
oX( R, t) ~ 5 / dk W2(kZ)K? . (8.5.110)
3m2ad Mp) " |H|3/? Ji,

Taking the top-hat window function, equation (8.5.85), the integral reduces to

/ "k WAk ~ 2 {3; - %(kJ%)?’ + (9[(/@@)5]} (8.5.111)
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in the sub-Jeans limit k;% < 1. Keeping only the leading order term, the variance becomes

2
oX(R,t) ~ i . (8.5.112)
T M | H /2R
Therefore, the condition for black hole formation o 2 d. reduces to
T2 M3 P
H|Z (/2 . 8.5.113
2 (S (85.113)

Thus, the larger R is, the smaller the quantity on the right-hand of the above expression,
and the earlier black hole formation occurs. Since this is only valid on sub-Jeans scales, it
implies that Jeans-size black holes form first. Taking R = (a/ky) = v/2/(3|H|) for radiation,

these black holes form when

972 1/3
| H| ~ (2—741) Mp . (8.5.114)
f

The numerical constant [972/(27#)]*/? is only of® O(1), and consequently, the first black holes
in a radiation-dominated contracting universe with thermal initial conditions form only when
the energy scale reaches the Planck scale.

In nonsingular bouncing cosmologies, one usual assumes that new physics appears in
the effective theory well below the Planck scale, and thus, one could expect to enter the
bounce without forming any black hole. In this sense, a nonsingular bouncing cosmology in
which the radiation-dominated contracting phase starts early in its cosmological evolution
is robust against the formation of black holes. However, it remains to be shown that such
an early transition from matter domination to radiation domination does not spoil the scale
invariance of the power spectrum of curvature perturbations at the scales of observational

interest in the usual matter bounce.

8.6 Conclusions and discussion

In this paper, we studied the adiabatic cosmological perturbations of a hydrodynamical fluid

with constant EoS parameter and constant sound speed in a flat” contracting universe. We

3/4 and so,

6For example, it is shown in [78] that a Gaussian window function yields v = 2v/27
[972/(2v})]Y/? = 0.28, which is marginally smaller than O(1).
7 Although we did not include the possible effects of spatial curvature in our analysis, we believe that our

results would not be greatly affected by those effects since the contribution of spatial curvature decreases in
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found the general evolution of the density contrast over the different regimes of interest:
sub-Jeans scales, super-Jeans/sub-Hubble scales, and super-Hubble scales. The key results

that are independent of the initial conditions can be summarized as follows:

e for a radiation-dominated contracting universe, the amplitude of the density contrast

on sub-Jeans scales is constant in time;

e for a matter-dominated contracting universe, the amplitude of the density contrast on

super-Jeans/sub-Hubble scales grows with time as one approaches a possible bounce.

We then considered two sets of initial conditions: quantum vacuum initial conditions and
thermal initial conditions. This allowed us to find the general form of the power spectrum,

and the main results are given below.

e By setting quantum vacuum initial conditions at Jeans crossing, the density con-
trast power spectrum in a matter-dominated contracting universe on super-Jeans/sub-
Hubble scales is scale invariant, grows as H?(t)/Mg, and is enhanced by the smallness
of the sound speed (P; ~ ¢;°). In addition, we find that non-linearity is reached well

before the Planck scale when the sound speed is small.

e By setting thermal initial conditions at a fixed time on sub-Jeans scales, the density
contrast power spectrum in a radiation-dominated contracting universe (on sub-Jeans
scales) is blue (Ps ~ k?), and, in a matter-dominated contracting universe (on super-
Jeans/sub-Hubble scales), it is red (Ps ~ k~'). Accordingly, for radiation, non-linearity
occurs first on smaller length scales (Planck scale), whereas for matter, non-linearity

occurs first on larger length scales (Hubble scale).

Then, under the assumption that the hoop conjecture is valid, we derived a general require-
ment for black hole collapse. By smoothing out the density contrast power spectrum and
using the Press-Schechter formalism to describe the probability of black hole formation, we

arrived at the following final results.

e For a matter-dominated contracting universe with quantum vacuum initial conditions,
Hubble-size black holes, i.e. black holes with Schwarzschild radius R = |H|™!, form
first when the Hubble parameter reaches |H| ~ &/ ®Mpy, a small fraction of the Planck
scale for ¢y < 1.

a contracting universe.
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e We find the same results when we take thermal initial conditions instead of a quantum
state, except that the critical energy scale for black hole formation goes as |H| ~
cig/ 5(Mp1/ Hiyi)Y/5 Mpy, which depends on the value of the Hubble parameter at the
time that the initial conditions are taken. Yet, in most cases, this is still a small

fraction of the Planck scale.

e For a radiation-dominated contracting universe with thermal initial conditions, no
black hole can form before the Hubble parameter reaches |H| ~ [972/(2+{)]"/3 Mp) ~

Mpy, i.e. order the Planck scale.

In light of these results, we showed in this paper that nonsingular bouncing cosmology is
robust against the formation of black holes if the sound speed is large enough. In particular,
for a radiation-dominated contracting universe with ¢ = 1/3, we found that no black hole
could form before reaching a Planck time before the bounce. Equivalently, we expect this
result to hold for even stiffer equations of state. In particular, this goes in line with the
results of [521] according to which no black hole can form in an Ekpyrotic contracting phase
where w > 1. However, one needs to be slightly careful in applying our results to a model
where the background is driven by a scalar field® since it may have w # c2, or equivalently,
w may be time dependent.

As we mentioned in the text, there remains to show that models of nonsingular bouncing
cosmology which could have a mixture of matter and radiation (e.g., the ACDM bounce and
its extensions [171, 180]) can still agree with observations. To avoid the formation of black
holes, radiation needs to dominate early enough, and in turn, this will affect the perturbation
modes that are of observational interest today and that acquire a nearly scale-invariant power
spectrum of curvature perturbations in the matter-dominated contracting phase. In fact, it is
known that the transition from matter domination to radiation domination would produce
a break in the power spectrum from scale invariance to a very blue spectrum. Such a
break is highly constrained from observations, and it implies that the radiation-dominated
contracting phase must be shorter than in our expanding universe [435]. Yet, it appears

to be still possible for these models to satisfy the observational constraints on the power

8We conjecture that an oscillating scalar field with ¢ = 1 would not lead to the formation of black
holes. Accordingly, the original matter bounce scenario would be stable against this type of instability. The
situation is less obvious for a scalar field with a non-canonical kinetic term in its action (e.g., a k-essence
scalar field), which could result in ¢2 < 1. In this case, the result might be closer to that of hydrodynamical
pressureless matter where black holes are produced.
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spectrum and avoid the formation of black holes in the contracting phase.

In this paper, we also showed that bouncing cosmologies that are solely driven by matter
with w = ¢ < 1 (or for which the matter-dominated contracting phase lasts long enough
before radiation dominates) are not robust against the formation of black holes. Since we
find that these black holes form well before reaching the Planck scale, the corresponding
nonsingular bouncing cosmologies cannot ignore the formation of these black holes. This
agrees with the results of [44] which find an unstable growth of inhomogeneities and the
formation of black holes, hence the name “black crunch” that they gave to describe this
scenario.

Finally, we showed that when the conditions for black hole formation are satisfied, the
first black holes that form are of Hubble size (the Schwarzschild radius is equal to the Hubble
radius). Once these Hubble-size black holes form, our perturbative analysis breaks down,
hence we did not present the subsequent evolution of the universe. Still, we can comment
on a number of possible outcomes.

It is argued in [44] that such Hubble-size black holes behave as a w = 1 fluid. This leads
to an alternative scenario to inflationary cosmology, named holographic cosmology [43, 45—
47], in which the so-called dense p = p “black hole gas” serves as the seed to the observed
large scale structure of our universe. Also, in line with our motivation coming from bouncing
cosmology, it is suggested in [610] that such a dense black hole gas could lead to a model
for the “big bounce”. The idea is that, in string theory, the black holes would evolve to
become a dense gas of “string holes”, string states that lie along the correspondence curve
between black holes and strings, as the string coupling evolves. Furthermore, it is believed
that the Hubble-size string holes saturate the conjectured cosmological entropy bound (see,
e.g., [93, 289, 608], the review [97] and references therein), and thus, the entropy associated
with the Hubble radius would be proportional to the area. Since this is the same holographic
scaling of the entropy and of the specific heat that is found in string gas cosmology, one may
hope to have a successful structure formation scenario just as in string gas cosmology (see
[139, 144-147, 520] and also [127, 131, 134] for reviews). Alternatively, [533] proposes the
idea that a black hole could serve as a nucleation cite of a false vacuum bubble that could
tunnel, under some conditions and assumptions, to an inflationary universe, and thus, the
black holes that naturally form in a matter-dominated contracting universe could undergo
such a tunneling and lead to inflationary universes. At last, it could be that the black holes

that are produced in the contracting universe simply “pass through” any given model of
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nonsingular bounce and form primordial black holes when they re-enter the Hubble radius,
as suggested by [185, 186]. These would leave specific imprints in today’s universe, in the
form of, e.g., dark matter or gravitational waves (see, e.g., [76, 211, 212]), which could allow
us to constrain the given model.

In summary, although the formation of black holes in a contracting universe is an unde-
sired feature in typical bouncing cosmologies, it seems to be of particular interest in many
alternative scenarios of the very early universe and may allow us to probe new physics and
lead to the emergence of new ideas. Consequently, we plan to expand upon the possible

outcomes outlined above in more detail in a follow-up paper [558].

Note added: While this paper was under preparation, we were informed that a similar
study had been undertaken by an independent group. This study reaches similar conclusions

to ours with a slightly different approach [200].
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Chapter 9

Stringy black-hole gas in o'-corrected

dilaton gravity

9.1 Introduction

Since the rise of string theory as an effort to unify quantum field theory and general relativity,
there has been a number of attempts to construct very early Universe cosmological scenarios
embedded in string theory. Notable string cosmologies include string gas cosmology [131,
147], pre-Big Bang cosmology [310, 314-316, 609] (see also the review [449]), and Ekpyrotic
cosmology [387, 388, 424]. There has also been a lot of effort put into trying to build a
stringy realization of inflationary cosmology (see, e.g., Refs. [61, 169, 375-377, 587]), though
with limited success, given the difficulty of finding (quasi-)de Sitter solutions in the string
landscape (see, e.g., Refs. [242, 413] and also [82, 240] and [19, 530]). Overall, current string
cosmologies have led to interesting predictions, but the theories often remain incomplete, or
conceptual issues persist. Nevertheless, studying string cosmology might be one of the best
approaches to test the validity of string theory.

A common feature of many string cosmologies is that they do not start with an initial
Big Bang singularity. In string gas cosmology and pre-Big Bang cosmology, it is the T-
duality of string theory that protects the models from reaching a singularity. T-duality
roughly states that a small value of the ‘radius of the Universe’ (R) is equivalent to a large
value of the radius. More precisely, the symmetry goes as R — o'/R, where o/ ~ (2 is the

string theory dimensionful parameter related to the fundamental string length ¢;. Thus, one

2019/06/08
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expects R ~ (5 to define a minimal length scale at which point the Universe experiences a
curvature bounce, i.e., a transition from growing to decreasing spacetime curvature. Details
of how this is realized dynamically remains a challenge, but there has been recent progress
in the context of string gas cosmology [104, 105]. In pre-Big Bang cosmology, the duality
is called the scale factor duality [583, 602, 603, 606], and the symmetry goes as a — 1/a,
where a is the scale factor. Again, resolving the singularity dynamically in this context
is nontrivial but can be realized, for instance, with a nonlocal potential [312, 314], with
quantum loop corrections [152, 191, 604], or with limiting curvature [137, 266] (see also the
reviews [308, 309, 315]), though the latter might be unstable to cosmological perturbations
[635]. A key difference between the T-duality of string gas cosmology and the scale factor
duality of pre-Big Bang cosmology is that the former requires space to be initially compact,
while the latter does not need compactification as the Universe can be infinitely large.

The approach of this paper is to consider a generic universe before the Big Bang, so
generally a contracting universe in the Einstein frame. The goal is to describe the state of
matter and the corresponding cosmological evolution at very high densities, when the energy
scale is of the order of the string mass, My = ¢;!, from the point of view of string theory.
As the universe contracts, one expects matter that satisfies the usual energy conditions of
general relativity to clump and become inhomogeneous. In fact, the overdensities can be
such that matter undergoes collapse and forms black holes. More precisely, it was shown
in Ref. [559] (see also Ref. [200]) with the theory of cosmological perturbations that in a
contracting universe hydrodynamical matter with small sound speed suffers from the Jeans
instability and collapses into Hubble-size black holes well before a bounce is reached. This
instability in a generic contracting universe was first studied in Ref. [451], an analysis that
was extended by Ref. [44] to argue that the final state of a contracting universe is a dense
gas of black holes with a stiff equation of state (in which the pressure equates the energy
density). In the context of string theory, it was shown in Ref. [159] that the past-trivial
string vacuum of the tree-level low-energy effective gravidilaton action is also generically
prone to gravitational instability, leading to the formation of black holes. All these studies
thus indicate that the state of a contracting universe at high densities is composed of many
black holes.

When the universe reaches the string scale, the black holes are then expected to become
more stringy in nature. In fact, the state of a ‘black-hole gas’ is argued in Ref. [610] to become

a ‘string-hole gas’. String holes represent marginal black holes with mass equal to M g;? (see
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Refs. [596, 605] as well as [239, 610, 611]), where g is the string coupling. This represents a
correspondence curve along which the physical properties of black holes and strings match
spectacularly well (see, e.g., Refs. 239, 339, 340, 356, 357]). In particular, the Schwarzschild
radius and Hawking temperature of a string hole are given by the string length and mass,
respectively. Therefore, string holes naturally describe the state of collapsed matter at
the string scale. Correspondingly, a string-hole gas is the logical outcome of a contracting
universe in the Einstein frame at high curvature. The challenge that is tackled in this paper
is to find a string-motivated action that can describe the dynamics of a string-hole gas in
agreement with its properties. In the string frame, Ref. [610] argued that a string-hole
gas should have vanishing pressure and be described by a constant Hubble parameter and
constant dilaton velocity, though it was not shown explicitly how these properties can arise
from a string theory action.

The outline of this paper is as follows. We first review in Sec. 9.2.1 the concept of string
holes and carefully derive in Sec. 9.2.2 the properties of a string-hole gas, both in the Einstein
frame and string frame. We then show in Sec. 9.3.1 that with tree-level dilaton gravity as
a low-energy effective action of string theory dynamics that matches the properties of a
string-hole gas is only obtained in finely tuned situations. It is only when o’ corrections
are included that we find more appropriate solutions. We study two different first-order
o/-corrected actions. First, we extend the work of Ref. [310] in Sec. 9.3.2 to include the
contribution from matter in the dynamical equations. Second, in Sec. 9.3.3, we study the
O(d, d)-invariant action of Ref. [497]. In Sec. 9.4, we perform a phase space analysis to judge
the stability of the string-hole gas solutions for both «o'-corrected actions, and we comment
on the overall evolutionary scheme. In particular, we address the issue of connectivity to the
string perturbative vacuum. We summarize the main conclusions in Sec. 9.5. The section
is also devoted to a discussion about the possible subsequent fate of a string-hole gas and
its role in leading to a nonsingular bouncing cosmology, and we mention future research
directions.

Throughout this paper, we work with h = ¢ = kg = 1, and the reduced Planck mass and
length are defined, respectively, by M2 = 87G and fp; = Mp', where G (also denoted
Gp) is Newton’s gravitational constant in D = d + 1 spacetime dimensions. The number of
spatial dimensions is denoted by d, and we assume that it is an integer greater than or equal
to 3 throughout.
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9.2 String holes

9.2.1 Black hole/string correspondence

One defines a string hole (SH) as an object that has the mass of a Schwarzschild black hole
(BH) confined within a radius given by the string length, i.e. Mgy = Mgy ~ R5:%/G and
Rsu = Rpn = (s, so Msg ~ (P=3/G. (For a review of D-dimensional black holes, see, e.g.,
Ref. [272]). Introducing the string mass given by the inverse of the string length, M, = ¢,
the string coupling gs, and the dilaton ¢, we recall the following relation that holds in the

weak-coupling regime of the closed string sector (see, e.g., Ref. [308]):

o\ D2 M.\ P2
<%) = (M ) =g =e<1. (9.2.1)
s P1

From this relation, one can say that a string hole lies along the correspondence curve [239,
596, 605, 610, 611]

It follows that the properties of strings and black holes match impressively well along this
correspondence curve [239, 339, 340, 356, 357]. For instance, the black hole’s Bekenstein-
Hawking temperature,

D -3

Ty = 9.2.3
BH 47TRBH ) ( )

and the string’s Hagedorn temperature (see, e.g., Ref. [36] or [636] for an introduction),

1
Aol

both scale as ¢! for string holes, where 2ra’ = ¢2. Similarly, the black hole’s Bekenstein-

THag = (924)

Hawking entropy for a string hole,

D—2 D—2
QD—2RBH -~ gs -2

iG (=2 "%

Spu = (9.2.5)
where 2p_o is the area of a unit (D — 2)-sphere, is of the same order as the entropy of a

string,
Sstr = 47T\/JE ~ gsMSH ~ 9;2 5 (926)
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where we make use of Eq. (9.2.2) in the last proportionality for a string hole.

From the above correspondence, it is natural to expect a black hole that reaches the size
of a fundamental string to become a string hole. Furthermore, if a contracting universe is
populated with a dense gas of black holes, then the appropriate description of the gas at the
string scale must be a string-hole gas. Hence, the main subject of this paper is the study of
a string-hole gas as the state of matter at the string scale at the end of an Einstein-frame
contracting cosmology. The main thermodynamic properties of a string-hole gas are derived

in the next subsection.

9.2.2 String-hole gas

Let us consider a gas composed of N string holes. Considering a dense gas, the string
holes have negligible momentum, and the energy of one string hole can be expressed as
Esg = Mgy ~ (;1g7% = (:'e™? by use of Egs. (9.2.1) and (9.2.2). The gas with N string
holes thus has total energy

Eps=E = NEsy ~ N(;'e™®. (9.2.7)

In the same way, the entropy of one string hole is Sgg ~ g;2 = =%, so for a gas of N string
holes, one finds

Spas =S = NSqyy ~ Ne™?. 9.2.8
g

Let the physical volume of the gas be given by V,s = V = fNVgsy, where one string
hole has volume Vs ~ £2~! and where f is a function that quantifies the separation of the
string holes (e.g., f = 1 for a densely packed string-hole gas, while f > 1 for a dilute gas).
Here, we consider a dense gas, so we take f to be of order unity and nearly constant. Thus,

N ~ V=P and the energy and entropy of the string-hole gas are, respectively, given by
E~VIEPe? ~VIG! (9.2.9)

and
S~ VP v vVitG, (9.2.10)

where one uses Eq. (9.2.1) to express e? ~ G2>~P. Accordingly, the energy and entropy



9 Stringy black-hole gas in o’-corrected dilaton gravity 238

densities are given by

~Pem PG (9.2.11)

>
Il

~Pem G (9.2.12)

»
Il

<l <|tm

respectively.

Einstein-frame properties

At this point, there are several ways in which one can relate the energy and entropy together.
Let us consider the Einstein frame in which the fundamental constant is Newton’s constant,
i.e., G = constant, while the string length can vary as a function of time. From this point of
view, one can eliminate /5 from Eqs. (9.2.9) and (9.2.10) and relate the energy and entropy

through the expression

EV
S~y — 9.2.13
— (92.13)

or equivalently, from Eqgs. (9.2.11) and (9.2.12), the densities are related by s ~ /p/G.
We note that these equations correspond to the entropy and entropy density equations of a
black-hole gas (see Refs. [489-491] as well as [43-47]). This makes sense; when viewed in the
Einstein frame, the string-hole gas is dominated by its gravitational nature, i.e., the strings
behave more like black holes, at least thermodynamically.

We note that the entropy equation (9.2.13) has been shown [490] to be the only formula
that is manifestly invariant under the S- and T-dualities of string theory, at the same time
as approaching the standard Bekenstein-Hawking black-hole entropy at small densities. This
entropy expression also appears in different high-energy physics contexts (see Refs. [489-491]
and references therein).

Using the thermodynamic identity T—! = (0S/0F)y, keeping G constant since we are in
the Einstein frame, and using Eq. (9.2.11), one finds

T ~ E7G = \/pG ~ (1 (9.2.14)

and one notes that the temperature is proportional to the Hagedorn temperature (9.2.4).
Furthermore, using the identity p = T7'(0S/0V ) g for the pressure, and using Eq. (9.2.14) for
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the temperature, one finds the equation of state (EOS)
p=p. (9.2.15)

This matches the EOS of a black-hole gas (see Refs. [489-491] as well as [43-47]).

Similarly, if one considers a Friedmann-Lemaitre-Robertson-Walker (FLRW) universe
with scale factor a and if one requires the entropy in a comoving volume Va~? to be constant,
then it follows from Eq. (9.2.13) that £ ~ V! ~ a~¢ and furthermore

p~a? (9.2.16)
Consequently, from Eq. (9.2.11), this implies
a~ (Y~ T (9.2.17)

where one uses again the fact that G is a constant in the Einstein frame. Therefore, if one
considers a string-hole gas in a contracting universe, then the scale factor, the string length,
and the size of the string holes become smaller as time progresses, while the string coupling,

the dilaton, the energy density, and the (Hagedorn) temperature grow.

String-frame properties

Let us consider an alternative point of view: the string frame in which the fundamental
constant is the string length, i.e., {; = constant, while the gravitational constant can vary
as a function of time. From this point of view, one can eliminate G from Egs. (9.2.9) and

(9.2.10) and relate the energy and entropy through the expression
S~ UE, (9.2.18)

and equivalently, it follows that s ~ f;p. From T—! = (0S/0F)y and keeping the string

length constant, it is straightforward to see that

T~ 07" ~ T (9.2.19)
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which is a constant temperature. Furthermore, from p = 7(95/0V)g, it follows that
p=0. (9.2.20)

This confirms the result of Ref. [610] and again matches what one could have guessed: in
the string frame, the string-hole gas is dominated by its stringy nature, and this is why the
EOS is that of a string gas with equal contribution from momentum and winding modes
(see, e.g., Ref. [308]). Also, the expression (9.2.18) matches the leading-order behavior of
the entropy of a string gas (see, e.g., Refs. [127, 147]).

Similarly, if one requires adiabaticity (S = constant) in a constant comoving volume in

FLRW, then it follows that the energy must be constant; hence,
p~a?t (9.2.21)

From the standard conservation equation (more on this in the next section), this is in agree-
ment with an EOS p = 0. With Eq. (9.2.11), this implies

an~ GYe o~ ed/d (9.2.22)

where one uses again the fact that ¢ is a constant in the string frame. Taking the time

derivative of the above, this further implies

H=" (9.2.23)

where H = a/a is the Hubble parameter and a dot denotes a derivative with respect to the
(string-frame) cosmic time t.

To be consistent with the fact that the size of the string holes is constant in the string
frame (Rsy = {5 = constant), there are two possible cosmological evolutionary paths consis-
tent with the constraint (9.2.23). First, it could be that the universe is static in the string
frame (H = 0), similar to the (quasi)static Hagedorn phase of string gas cosmology [147] (see
also Refs. [57, 122, 131] for reviews that highlight the challenges in that context). Second, it
could be that the radius of the string holes is of the order of the Hubble radius (Rsg ~ H ™)
with the string-frame Hubble parameter being constant (H ~ ¢;!). In that case, a dense

string-hole gas coincides with having one string hole per Hubble volume. This last avenue
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was conjectured in Ref. [610] to correspond to the string phase in pre-Big Bang cosmology,
and this is what we explore in the rest of this paper. We note that a dilute gas could also
be possible with less than one string hole per Hubble volume in average, but naively, in this
situation, curvature would continue to grow until the gas becomes dense. Conversely, an
‘overdense’ gas with more than one string hole per Hubble volume is most likely forbidden
by entropy considerations. Indeed, a string-hole gas as defined above exactly saturates the
appropriate entropy bound [38, 93-95, 97, 151, 154, 268, 607, 608] (see Refs. [315, 610] and
additional references therein). This is also confirmed in the Einstein frame in which satura-
tion occurs when the EOS is p = p [43, 45-47, 490], and this is the only safe outcome with
respect to entropy bounds in a contracting FLRW cosmology (see, e.g., Refs. [154, 610] but
also [491]). These entropic considerations also reinforce a string-hole gas to be the state of
matter at high densities.

In summary, assuming expansion in the string frame, the evolution of a string-hole gas
corresponds to a constant Hubble parameter equal to the string mass, while the dilaton
grows linearly with string-frame time according to the constraint (9.2.23). We note that
expansion in the string frame is consistent with contraction in the Einstein frame; this is
shown explicitly in Appendix 9.6. The goal is then to find a string-theoretic effective action
that can support the evolution of a string-hole gas, i.e., an action of which the equations of

motion (EOM) have a phase of string-hole gas evolution as a solution.

9.3 Dynamics from dilaton gravity

9.3.1 Tree-level dilaton gravity

We first study the string-frame, tree-level, low-energy effective string theory action (see, e.g.,
Refs. [308, 315])

1
- 20d-T

So = /dd“x lgle™® <R + "'V, oV, + 2€g_1U(¢)> , (9.3.24)
where g = det(g",) is the determinant of the metric tensor, U(¢) is the potential energy of the
dilaton field, and R denotes the Ricci scalar in this section. Since we focus on the gravidilaton
sector of the effective string theory action, we set to zero the potential contribution from the

antisymmetric field strength coming from the Neveu-Schwarz/Neveu-Schwarz 2-form.
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The above action represents the effective action for vacuum string theory, but we want to
consider the addition of matter; hence, we take the total action to be S = Sy+ S, where S;,
represents the matter action. The energy-momentum tensor associated with Sy, is defined

as usual by T}, = 2|g|~'/26S/5g"”. The matter action may also depend on the dilaton, so

y= 2 05m (9.3.25)

VI 8

defines the dilaton (scalar) charge density.
Varying the action (9.3.24) in a homogeneous, isotropic, and flat FLRW spacetime,

gudatdr” = dt* — a(t)*6;da'da? | (9.3.26)

a set of dilaton-gravity background EOM in the string frame can be written as (see, e.g.,
Refs. [308, 315])

d(d —1)H? + ¢* — 2dH = 2047 (e?p + U(9)) , (9.3.27)
H—Hp+ dH? = (7 <e¢ <p - %) - U7¢> , (9.3.28)
26 — ¢* + 2dH¢ — 2dH — d(d + 1)H? = 204! (w% —U(p) + U,¢) , (9.3.29)

where one assumes that the energy-momentum tensor can be decomposed as a perfect fluid!
with T#, = diag(p, —pd’;). Combining Eqs. (9.3.27)-(9.3.29), one can derive the fluid’s

conservation equation, which goes as
) r .
p+dH(p+p) = §a¢ . (9.3.30)

General power-law solutions to these equations are well known (see, e.g., Refs. [308, 3009,
314, 315]) but mostly for vanishing potential, vanishing dilaton charge, and an EOS of the
form p = wp. We want to consider a string-hole gas, in which these assumptions may not
all be met. From Eqgs. (9.2.11) and (9.2.21), a string-hole gas in the string frame has energy

density
p=Cl;% e = ppa™?, (9.3.31)

'We comment on the possible presence of viscosity as a deviation from a perfect fluid description later in
this section.
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where C' is a dimensionless positive constant and p, is a positive constant with dimensions
of energy density. As seen in the previous section, this implies the constraint equation
H = ¢/d. Substituting this constraint and Eq. (9.3.31) into the conservation equation
(9.3.30), one finds

o=2p, (9.3.32)

independent of the EOS (only assuming H # 0). Therefore, one notices that if the dilaton
charge density vanishes, the pressure is zero, which is the naive EOS for a string-hole gas
in the string frame as shown in the previous section. Conversely, if we expect the pressure
to vanish from thermodynamic arguments, then this tells us that the string-hole gas matter
action should have no explicit ¢ dependence, so the dilaton charge density vanishes.

Inserting the constraint H = ¢/d = constant (which implies ¢ = H = 0) and Eq. (9.3.32)
into Eq. (9.3.28) immediately yields U, = 0. Therefore, a fixed-point solution satisfying the
constraint H = gb/ d = constant is only possible with a constant potential independent of the
dilaton. Then, Eqgs. (9.3.27) and (9.3.29) further reduce to

—gHQ =C02+ 17U (9.3.33)

—%HQ = wCl? — 17U, (9.3.34)

where we set the EOS to be of the form p = wp. For the above equations to yield a real

solution for H, the only possibility is to have a constant negative potential,

1 (d C

where the positive constant H, should be of the order of /;! to yield the solution H =
H, ~ (;'. This is equivalent to introducing a fine-tuned negative cosmological constant,
A ~ —O(¢;P), in the string frame®. Any other forms of the potential U(¢) generically cannot
support a string-hole gas evolution with H = q§/ d = constant. Furthermore, the potential
(9.3.35), which yields the solution H,, is only consistent with Eqgs. (9.3.33)—(9.3.34) provided
the EOS is also tuned to be
w=—1-— @
c

2We note, however, that such a negative constant value of U may naturally appear in the tree-level string
effective action, but this would require a noncritical number of dimensions (see, e.g., Ref. [308]).

(9.3.36)
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which violates the null energy condition. In summary, this avenue does not seem particularly
appealing, considering it would require tuning an ad hoc negative cosmological constant and
the EOS to a physically unexpected value.

This conclusion generalizes to nonlocal potentials of the form U(¢), where
¢=¢—Ina’ (9.3.37)

is the shifted dilaton. Indeed, we note that ng = ¢ — dH = 0 for a string-hole gas satisfying
the constraint H = ng/ d. Thus, regardless of the modifications to the EOM for a nonlocal
potential (see, e.g., Refs. [308, 309, 315] for the exact modified EOM), ¢ has to remain
constant during a string-hole gas evolution, so any potential U(¢) would simply be a constant,
i.e., a cosmological constant.

In summary, it appears that one cannot support the evolution of a string-hole gas with
tree-level dilaton gravity, no matter the form of the potential (unless it is a fine-tuned
negative cosmological constant). Therefore, one should explore the possibility of higher-

order corrections.

9.3.2 Action with o' corrections

The low-energy effective action Sy introduced in the previous subsection is only compatible
with the conformal invariance of quantized strings on a curved background to zeroth order
in o/ ~ (2. When going to first order, conformal invariance allows new higher-derivative
terms such that the effective action contains terms that scale as the square of the spacetime
curvature and so on. As long as curvature is small, e.g., (2R < 1, then the perturbative
expansion is dominated by the zeroth-order action. However, when the curvature reaches
the string scale, which is the case when H ~ ¢!, then higher-order terms are necessary.
In fact, when the perturbative expansion breaks down on substring scales, working with an
effective action is no longer viable, and one would have to work with a proper conformal field
theory that could account for o corrections nonperturbatively (see, e.g., Ref. [395]). This
approach, however, is beyond the scope of this study, and in what follows, we assume that
a first-order o/-corrected effective action is a sufficient approximation when H ~ (7.
Demanding general covariance and gauge invariance of the string effective action, one can
write down many perfectly valid actions that are compatible with the condition of conformal

invariance to first order in o/. Those actions are related by simple field redefinitions of the
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metric and dilaton; hence, it is ambiguous which action to choose (see, e.g., Refs. [308, 315]

and references therein). For instance, the simplest consistent action to first order in o' is

S =Sy + Sy with
ko'

~Rpd

Sy / Az \/Igle P R R (9.3.38)

where R, is the Riemann tensor and either £ = 1 for bosonic strings or k = 1/2 for
heterotic superstrings. However, working with the above action (i.e. with the square of
the Riemann tensor) in a cosmological context is rather cumbersome, because the field
equations contain, in general, higher than second derivatives of the metric tensor. Such a
formal complication can be avoided, however, by performing an appropriate field redefinition

[310] and considering the action with

<, ko'

o = g / A" /lgle™® (G = (VugV o)) | (9.3.39)

where § = R\ R*""* — 4R, R" + R? is the Gauss-Bonnet invariant, R,, = ¢" R, is
the Ricci tensor, and R = g"”R,,,, is the Ricci scalar. This was first considered by Gasperini,
Maggiore & Veneziano [310] (GMV hereafter; also studied in Refs. [152, 190, 191, 477]
and discussed in [308, 315]). Therefore, for a first attempt, we examine the action S =
So + So + Sm with S, given by Eq. (9.3.39), and for the rest of this paper, we assume that
the dilaton has no potential; i.e., we set U(¢) = 0 in Sp.

GMYV already showed that this action admits no homogeneous and isotropic fixed-point
solution with QE = 0, i.e. with H = ¢/ d = constant for a string-hole gas. However, GMV
only considered the vacuum action with no matter, i.e. S = Sy + Sy. To find dynamics for
the string-hole gas, one must include the matter action Sy, as before. The EOM that follow

from varying the corresponding action in a FLRW background are

3ko/ :
T H, ¢>) ,

1 : :
p= éﬁg_de_‘ﬁ <¢2 +d(d—1)H* —2dH¢ —

o=—("%" (—2& +2dH + ¢* +d(d+ 1)H? — 2dH ¢ + %O‘IU(H, o, H, é)) ,

p= %zng( —2d(d —1)H + 2d¢ — d*(d — 1)H? + 2d(d — 1)H¢ — d¢?
+ %O‘/;fp(ﬂ, o, H, é)) : (9.3.40)
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where we define

Fo(H, ¢) =cH'+ CBH% - <ZB4>
Fo(H,$,H,¢) = 3csHH? — 126¢* + (¢c1 + des) H* — 4dH¢* + 3¢*
Fo(H, ¢, H,$) = 12¢; HH? + 3c3¢H? + 6¢s HH + 3dey H — 2(2¢1 — des) H? ¢ — 3cs H24?
+ dé* (9.3.41)

and

= —g(d—l)(d—Q)(d—?)),

%d(d —1)(d—2). (9.3.42)

C3

These equations generalize the EOM that were already derived, e.g., in Refs. [308, 310, 315],
to include matter; the vacuum limit (p = p = ¢ = 0) reduces to the EOM in Refs. [308, 310,
315]. We note that the above three EOM are not all independent. Indeed, one can verify

that the continuity equation
1 .
p+dH(p+p) = §a¢ (9.3.43)

relates the three EOM.

We now seek to find solutions to the above EOM that could describe a string-hole gas. To
do so, one sets p = Cl;%e=¢ o = 2p, and H = ¢/d. Furthermore, we relate the pressure
and energy density through an EOS of the form p = wp. We expect the EOS to be p =0
for a string-hole gas in the string frame from the thermodynamic arguments of Sec. 9.2.2, so
the EOS parameter w is set to zero later on. Nevertheless, the more crucial property for a
string-hole gas is that peg = p — 0/2 = 0; thus, we perform a slightly more general analysis
in what follows with a generic EOS parameter w. One then looks for fixed-point solutions
with y; = H = constant, y» = ¢ = constant, and ¢ = H = 0. The constraint H = gb/d
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implies yo = dy;, and the three differential EOM reduce to three algebraic equations for y,

/ 2A
—dy? (1 _ M) =202,

4
/2A
dﬁ@-hfl):—mwf,
/2A
_d@fc—ka? ):2@@@% (9.3.44)

where we define A = 2d? + d — 2. We note that A is strictly positive (in fact, A > 19 for
d > 3). The second and third equations above are completely equivalent, which is due to
the fact that the three EOM are not independent. Therefore, one only has to solve the first
and second equations for y;. Requiring real solutions for y;, one can show that these two

equations yield the same nontrivial solutions,

2 | 2r(1 —w)
—H=+2, Y 3.4
h G\ (1= 3w)A” (9:3.45)
if and only if w < 1/3 and
8rd(1 — w)
=~ 7 3.4
O = i —swea’ (9:3.46)

where we use 2ra’ = (2 to simplify the expressions. The solution for ¢ immediately follows
by multiplying Eq. (9.3.45) by d.

A couple of comments are in order. One first notes that |H| ~ ¢;! as expected. Second,
one notices that the restrictions w < 1/3 and Eq. (9.3.46) impose C' > 0, which means
that no real and consistent solution (except the trivial solution H = ¢ = 0) would have
followed from setting C' = 0. This reproduces what was stated by GMV, i.e. that there
exists no consistent nontrivial solution satisfying the constraint qg = 0 (which is equivalent
to H = ¢/d = constant) in vacuum. In summary, the GMV o/-corrected action that includes
a string-hole gas matter action does allow for consistent solutions with the properties of a
string-hole gas for any w < 1/3 and provided p has the appropriate amplitude, with C' given
in Eq. (9.3.46).
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The unique physical solution for the EOS p = 0 (w = 0) is then

2

_¢_2
H —_— E g_s m 9 (9.3:47)

taking the positive solution for expansion in the string frame. For instance, in d = 3
dimensions and for £ = 1, the solution is H = 2/ 1\/%- In the case w = 0, the
physical solution is valid only if C' = 87d/(kA), which might appear as a fine-tuning problem.
However, we recall that C' is only an arbitrary constant amplitude for the energy density
[c.f. Eq. (9.3.31)], and it is certainly tunable depending on the total energy density of the
universe and the other matter contents prior to the string-hole gas phase. In sum, the o/'-
corrected action considered in this subsection has background EOM that have a unique and

natural solution [Eq. (9.3.47)] corresponding to a string-hole gas evolution.

9.3.3 O(d,d)-invariant o'-corrected action

As we mentioned in the previous subsection, there are several consistent o'-corrected actions

related through field redefinitions. In this subsection, we consider a different choice for S/,

specifically
ko' B )
Sy = 8d—1 /dd+1x lgle ¢(Q—(VN¢VM¢)2_4GM VM¢VV¢+2(VM¢VM¢)D¢)7 (9.3.48)

where G, = R, — Rg,,/2 is the Einstein tensor and O = ¢**V,V, is the d’Alembertian.
This action shares the Gauss-Bonnet and (V¢)* terms with the action (9.3.39), but the sec-
ond in line in Eq. (9.3.48) is new; nevertheless, this action is still free from higher derivatives
in the cosmological field equations. The actions (9.3.39) and (9.3.48) are related by a field
redefinition (see Ref. [308]). This action was first introduced by Meissner [497] (see also
Ref. [380, 381]) who showed that it is invariant under the O(d, d) symmetry to first order in
the o/ expansion.

The O(d, d) symmetry plays a key role in string theory and even more in the context of
pre-Big Bang cosmology (see Refs. [308, 315] and references therein). Indeed, the cosmo-
logical scale factor duality a — 1/a [606] is actually extendable to a continuous symmetry,
the transformation group of which is O(d,d). It was found that the action of the group

transforms known solutions to the effective cosmological string theory into new solutions
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[311, 498, 499, 539, 583]. The symmetry was shown to be present for the low-energy action
to zeroth order in o/ with the presence of matter [313], but it was also argued to apply to
all orders in o' [583, 606]. The action that has the symmetry to first order in o' is the one
found by Meissner [497], and it is the one introduced above that we consider below.

Since Sy is already invariant under O(d, d) transformations [308, 313, 315], it is natural to
consider the o/-corrected action (9.3.48) that bares the same symmetry. Let us comment on
the nature of the symmetry for a string-hole gas. Considering an isotropic and homogeneous
cosmology for simplicity, the EOM of the full action S = Sy + Sy + S are O(d, d) invariant
under the transformations a — 1/a, ¢ — ¢, p — p, p — —b, and & — &, where the shifted
dilaton is given by Eq. (9.3.37) and the other shifted variables are p = pa?, p = pa?, and
o = oa?. Thus, for a string-hole gas with p = 0/2 = 0, we expect p = Cé;d*16*¢_5 =po, p =0,
and ¢ = 0, and readily, we notice the O(d, d) invariance. Let us mention that in general,
though, deviations from a perfect fluid description could change this conclusion. Indeed, it
was shown in Ref. [313] that a particular nontrivial action of the O(d, d) group can transform
a perfect fluid with a diagonal stress tensor into a fluid with nondiagonal elements in its stress
tensor. More precisely, a perfect fluid with EOS p = wp transforms into a pressureless fluid
(so p — 0) with shear viscosity given by n = —wp/(2H). However, for a string-hole gas, the
perfect fluid EOS is precisely expected to be that of a pressureless fluid to start with (w = 0),
so the transformation turns out to be trivial, and no shear viscosity appears. Therefore, a
string-hole gas with vanishing pressure in the string frame has a valid and consistent perfect
fluid description from the point of view of O(d, d) invariance of its action. If one allows w # 0
to describe a string-hole gas (but still with p.g = p —0/2 = 0), then a more refined analysis
should drop the perfect fluid description and include the possible effects of viscosity, as was
first considered in Ref. [491]. We keep the exploration of this possibility for future work.

Let us now derive the EOM. We consider the FLRW metric

gudatdz” = N(t)2dt? — e*PWs,;dr'dad | (9.3.49)

where, in this subsection, we introduce the lapse function N(¢) [which we later set to N(t) =
1]. Also, the scale factor is written as a(t) = ¢’®, so the Hubble parameter becomes
H(t) = B(t). This is only a matter of convenience to compute the EOM below. The action
S = So + S thus reduces to the form S = —(¢,/2) [ dt V,L(t), where V; = (7 [, d%z is

the volume of the spatial hypersurface of constant time 3, (at time t) in string units, and
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the Lagrangian density is

,C(t) _ edﬁ¢{% [ — Qdﬂ — d(d + 1)62 + QdFB + ¢2]

- f;; [ —3e3F 3% + (d+1)d(d — 1)(d — 2)8* + 3¢355% — 2d(d — 1)$* 5% + 2¢¢°

+2ddPB — 2F ® — M } : (9.3.50)

where F = N /N. After integration by parts, the action reduces to

/

+ %ddpg _ %M 3 (9.3.51)

e - esd — 2d(d 1)

Let us add to the above action a matter action Sy, described by an energy density p, pressure
p, and dilaton charge density o as before. Then, varying the total action with respect to IV,
¢, and [ [and afterward setting N(t) = 1], one finds three EOM, which are the same as the
set of equations (9.3.40), except the functions F,, F,, and F, that are replaced by

: : o 4 1.
Fo(H,¢) = ciH* + c3H?>$ — 2d(d — 1) H?*$* + gdﬂ¢3 — §¢4 : (9.3.52)

F,(H, ¢, H,¢) = 3csHH? —8d(d — 1) HH¢ + 4dH $* — 4d(d — 1) H? + 8dpH — 4>
+ (1 + des) H* — 4d?(d — 1) H3¢ + 2d(3d — 1) H?¢? — 4dH$® + ¢*
(9.3.53)
Fo(H, ¢, H,$) = 12¢c; HH? + 6cs HHp — 4d(d — 1) H? + 336 H? — 8d(d — 1)pH o
+ 4dpd* 4 3dey H* — 2(2¢1 — des) H3d — (3¢ + 2d*(d — 1)) H?¢?
+4d(d — 1)H¢® — dg* . (9.3.54)

Note that we reexpressed the Hubble parameter 6 with H.

As in the previous subsection, we consider a string-hole gas with p = C¢; 9 1e=? o = 2p,
p = wp, and H = gb/ d. One looks for fixed-point solutions with y; = H = constant,
ys = ¢ = constant (so H = ¢ = 0), and y» = dy;. The three EOM then reduce to two
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independent algebraic equations:

3(d — 2)ka’ 20
—dy? (1 - %ﬁ) =5 (9.3.55)
d—2)kd/ 2wC
dy? (1 - %yf) =g (9.3.56)

Those two equations share the same nontrivial solutions,

a2 27(1 — w)
yl—H_iZ\/k(d_Q)(1_3w), (9.3.57)

if and only if the amplitude parameter satisfies

8wd 1—w
C = Hd—2) (1= 3wy (9.3.58)

and as long as w < 1/3. These expressions are not the same as Egs. (9.3.45) and (9.3.46),
but they only differ by numerical factors that depend on the number of spatial dimensions.
Essentially, A = 2d*+d —2 in Eqgs. (9.3.45) and (9.3.46) is replaced by d —2 in Egs. (9.3.57)
and (9.3.58). The solutions are certainly of the same order, and as before (as expected),

|H| ~ (', The physical solution with w = 0 reduces to

b 2 o
H=2<
d

= 7 —k(d —o) (9.3.59)
and it requires C' = 8nd/(k(d — 2)). As before, we argue that C' is an arbitrary constant,
so this does not represent fine-tuning. Therefore, the O(d, d)-invariant o'-corrected action
of this subsection yields a unique and natural solution, which corresponds to a string-hole
gas evolution but which is different from the solution of the previous subsection. The dif-
ferences are due to the fact that the physical effects of the higher-curvature corrections are
not invariant, in general, under field redefinitions truncated to first order in o/. Such an
ambiguity affects all models truncated to any given finite order of the o/ expansion and can
be resolved, in principle, only by considering exact conformal models, which automatically
include the corrections to all orders. In the following section, restricting our discussion to

the first order in o/, we perform a phase space analysis of the two previous solutions in order



9 Stringy black-hole gas in o’-corrected dilaton gravity 252

to find the most appropriate one to describe — in this approximation — the main properties

of the string-hole gas and of its dynamical evolution.

9.4 Phase space analysis

At this point, two distinct solutions that correspond to a string-hole gas evolution given
two different o/-corrected actions have been found: the solutions (9.3.47) and (9.3.59) follow
from GMV’s action and Meissner’s action, respectively. In the perspective of a greater
evolutionary scheme, we now seek to determine the stability of those fixed points in the whole
phase space of cosmological solutions. For instance, the nontrivial fixed points found by GMV
[310] in vacuum were shown to be attractors in phase space and smoothly connected to the
string perturbative vacuum (i.e., to the asymptotic state with vanishing string coupling and
flat spacetime, gs — 0 and H — 0). Conversely, the attractor fixed points from Meissner’s
action in vacuum are disconnected from the low-energy trivial fixed point (see Refs. [308,
315]). We analyze the phase space with the addition of matter and in particular for a

string-hole gas in the subsequent subsections.

9.4.1 Stability of the fixed point with GMV’s action

Recall the GMV EOM given by Eq. (9.3.40). In general, for an EOS of the form p = wp and
assuming that o is also proportional to p, one can see that there are only three independent
variables in configuration space: H, ¢, and e®p. One can choose to use the Hamiltonian
constraint [the first equation of the set (9.3.40)] to eliminate e?p from the other two evolution
equations. This amounts to projecting the configuration space onto a two-dimensional vector
space, where the vectors are of the form y* = (H, (b), A € {1,2}. One can thus reexpress

the set (9.3.40) as two independent differential equations, written in vector form as y* =
(H,¢) = CA, where C! and C? are functions of H and ¢ only [i.e. C* = C*(y?)]. For example,
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when p =0/2 =0 (w = 0), their expressions are

2? [323 (-4 8)H* — 2213 — o(d — 1)(2d — P

) L1 .
C(H,9) ——7—){16H(dH—gz§) 5

+2(2d — 3)H¢® — é‘*} Il [303 (d+1)HS + 3c, HA9? + 2= (2d — 3) H3¢®
an? 116d ! d
ic?’ H2G* + | } (9.4.60)
2 N o l _ 2 2 k‘g 363 4 363 9
CH(H,$) =~ sla@—nm? - &) + == . [4 (d=T)H" + 22 (2d - 3) 2

S(d— 12 H + (4d — 3] — 258 1[50 15 1 6001 + 30y HEG?
—8(d—1)"H¢” + ( _)¢}_167er [Cl +6c1H ¢+ 3csH ¢
+4d(d — 3)H?¢> — 3(4d — 3)H* + 6&5] } : (9.4.61)

where
2 . .
D= 164 Mo ((d+ 3)H? + 2H¢ — %0;2)

3k’26303 H (303

=y 7 H? —3(d — 3)H¢* + 6¢3> (9.4.62)

For w = 0, we recall that the string-hole gas fixed point is given by Eq. (9.3.47), and here

.2 [on
yl = (H,., ) = 7 ‘/m(l d). (9.4.63)

One can check that C'(H,, $,) = C2(H,,$,) = 0 (C(yP) = 0), so H, = ¢, = 0 (y* = 0) as

expected.

we denote it as

The Jacobian matrix for the system of differential equations is then
JaP = 0aCP | (9.4.64)

and its eigenvalues are

/
=T %{chl +0,C" £ [(chl +0,C%)" — 4(0C10,C* — aé)clch?)} 1 2} . (9.4.65)
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After calculating the partial derivatives and evaluating at the fixed point (H,, qg*), one finds

2 [2mdA
=4+ 9.4.66
T+ ‘es kQ ) ( )
where
Q = 16d° — 32d* — 46d° + 47d* + 36d — 20 . (9.4.67)

Since ry > 0 > r_, it follows that the fixed point (H,, (;S*) is a saddle point, and therefore,

it is generally not stable and certainly not an attractor in phase space.
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Figure 9.1 Phase space trajectories for GMV’s action in a FLRW background with matter sat-
isfying the continuity equation and p = 0/2 = 0. Setting k = 1, ¢ = 1, and d = 3, H and d)
are computed from Eqs. (9.4.60) and (9.4.61), respectively. The red dot denotes the string-hole
gas saddle point (9.4.63), and the black dot denotes the attractor fixed point of vacuum pre-Big
Bang cosmology. The dashed gray curve depicts the line ¢ = dH, along which the saddle point is
stable. The left and right plots show different ranges in H and ¢. The left plot is a blowup of the
right plot near the two nontrivial fixed points. In the right plot, the green line shows an example
of trajectory that starts near the trivial fixed point at H = ¢ = 0 and goes to the attractor fixed
point.

If one worries only about perturbations around the fixed point that preserve the condition

H = gzﬁ/ d, one may check the directional derivative of C* with respect to the unit vector

parallel to the line corresponding to H = d)/d The unit vector is expressed as u? =
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(14 d?)7'/2(1,d). The expression for the directional derivative is then

OuCA + do,c”
Vi+az

D, C* = uPopCt = (9.4.68)

and upon calculating the partial derivatives and evaluating at the fixed point (H,, (é*), one
finds

D Cl‘ _ 7)1 27'('
Wiy~ o\ it B+ d—2)
P? 2 A

D.C| 4., = o\ &) (9.4.69)
where
Pt =4d(d+2)(2d — 1)A,
P? = 8d* — 8d* — 18d* + 20d, (9.4.70)
Noting that P4 > 0 and Q > 0 for any d > 3, it follows that
DuCA\(H*’é*) <0, A=1,2, (9.4.71)

and thus, the fixed point (H,, gb*) is stable in the direction corresponding to the line H = ¢ /d.
This implies that if one considers perturbations about the string-hole gas saddle point that
respect the condition H = gb/ d the string-hole gas evolution is stable. However, for general
perturbations about the saddle point, the trajectories might flow away from the string-hole
gas evolution.

Further insight can be gained numerically. For example, setting k =1, ¢, = 1, and d = 3,
one finds two real positive nontrivial fixed points that satisfy CA(H,¢) = 0: the string-
hole gas fixed point with y2 = (24/27/19,64/27/19) and another fixed point approximately
located at (1.546,3.520). The phase space trajectories are plotted in Fig. 9.1. The string-

hole gas fixed point is depicted by the red dot, and visual inspection confirms that it is a

saddle point (see the left plot of Fig. 9.1 for a close-up). The other fixed point, depicted
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by the black dot, is the attractor of standard (vacuum) pre-Big Bang cosmology® (see, e.g.,
Refs. [308, 310, 315]). We note that this is ezactly the fixed point found by GMV, and it
appears in the phase space no matter what the EOS parameter w is since e?p — 0 at that
point.

The dashed gray curves in Fig. 9.1 depict the line gb = dH. When projecting the tra-
jectories onto that line, it is clear from the left plot that the flow is attracted toward the
string-hole gas saddle point in its vicinity. This is in agreement with the earlier (analyti-
cal) result that the string-hole gas saddle point is stable in the direction of the constraint
H=¢/d.

In the right plot of Fig. 9.1, we show the phase space including the trivial fixed point
(H, ¢) = (0,0) corresponding to the string perturbative vacuum, and the green curve shows
one trajectory passing infinitesimally close to that fixed point. We notice that it smoothly
reaches the attractor fixed point (black dot), confirming the result of GMV* [310]. This also
implies, however, that it is not possible for a trajectory to start near the string perturbative
vacuum and evolve toward the string-hole gas fixed point smoothly. In the context of pre-Big
Bang cosmology, the goal would be to start at the string perturbative vacuum and evolve
toward a string-hole gas as the high-energy state of the universe before a bounce. Although
GMV’s o/-corrected action allows for a unique string-hole gas solution, it does not seem
to be sufficient to describe the evolution of the universe thoroughly from the perturbative
vacuum to the stringy state at high energies. This is not surprising because black-/string-
hole formation is not a continuous process; rather, the holes collapse instantaneously from
the vacuum fluctuations that have grown in amplitude. Therefore, asking for continuous
trajectories connecting the vacuum to the string-hole gas fixed point is ill posed.

Nevertheless, there are arguments to support that a string-hole gas should be connected
to the vacuum in some way. In a broader cosmological context, one could imagine starting
asymptotically far in the past in a contracting universe (in the Einstein frame) which has

‘normal’ matter (e.g., a mix of dust [w = 0] and radiation [w = 1/d]). As shown in Ref. [559]

30ur numerical values differ from those of Refs. [308, 310, 315] simply due to the choice of units. We
work with k& = ¢ = 1, while Refs. [308, 310, 315] set ka’ = 1, so basically the numbers differ by a factor of
Ver.

4This time, we note that this curve may not be ezactly the solution found by GMV. However, it is
close enough since e?p is subdominant at all times along the green trajectory. In particular, it shares its
qualitative behavior: the perturbative evolution starts in the region ¢ = d;f dH > 0 (above the dashed gray
line), crosses the gray line (where ¢ = 0), and ends at the attractor fixed point in the region ¢ < 0 (below
the gray line).
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(see also Refs. [44, 200, 451]), starting with vacuum initial conditions, the pressureless matter
would collapse into a black-hole gas, and as stated in the present work, it would evolve into
a string-hole gas with EOS p = p. From that point of view, a string-hole gas with EOS
w = 1 is naturally an attractor®, and the same conclusion would necessarily follow in the
string frame, although the physical intuition might be less obvious in the string frame. In
that context, one cannot describe the entire cosmological evolution with the stringy actions
studied in this paper; they would be applicable only at the time of formation of the string
holes. In that case, when the condition H = gzﬁ /d is met, as we showed above, the string-hole

gas evolution is an attractor in the string frame.

9.4.2 Stability of the fixed point with Meissner’s action
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Figure 9.2 Phase space trajectories for Meissner’s action in a FLRW background with matter
satisfying the continuity equation and p = 0/2 = 0 (and setting k = 1, {s = 1, and d = 3). The
red dot denotes the string-hole gas saddle point (9.4.72), the yellow dot denotes the repeller fixed
point, and the black dot denotes the attractor (see the text). The two plots show different ranges
in H and (;5 The left plot is a blowup of the right plot near the string-hole gas fixed point. Also
in the left plot, the dashed gray curve depicts the curve ¢ = dH, along which the saddle point is
unstable this time.

SMatter with the EOS w = 1 is generally (marginally) an attractor in a contracting universe, whether it is
a black-/string-hole gas, anisotropies, or a massless scalar field. We use the word ‘marginal’ since any other
component with EOS w > 1, e.g., an Ekpyrotic field with negative exponential potential, would overturn
this conclusion and become the new attractor (see, e.g., Ref. [349]).
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We now perform the same stability analysis as in the previous subsection, except starting
with the EOM derived in Sec. 9.3.3 for Meissner’s action and setting p = /2 = 0. Here the
fixed point is [recall Eq. (9.3.59)]

2 2

yr = (H,,,) = 7 m(1,d). (9.4.72)

As before, we put the set of differential equations in the form ¢4 = (H , qb) = CA(H, ¢) and
compute the eigenvalues of the corresponding Jacobian matrix J4? = 94C® evaluated at the
fixed point y. As a result, we find that there is one positive and one negative eigenvalue
indicating that the fixed point is again a saddle point. This is confirmed by visual inspection
of Fig. 9.2 (see the left plot for a close-up; Fig. 9.2 is generated the same way as Fig. 9.1, in
particular, setting k = 1, £ = 1, and d = 3). Contrary to the saddle point of the previous
subsection, though, the saddle point here turns out to be unstable in the direction of the
string-hole gas constraint H = ¢/d Indeed, evaluating D,C4 at y? yields two positive
values. This is confirmed by looking at the direction of the flow along the dashed gray line
in the left plot of Fig. 9.2, which depicts the line ¢ = dH; the trajectories are moving away
from the fixed point (in red).

Additional fixed points are found by numerically solving C4(H, gb) = 0, and they are
shown by the yellow and black dots in Fig. 9.2. The black dot is an attractor and was also
found in the context of vacuum pre-Big Bang cosmology (see Ref. [308]). However, in this
case, one notices that the attractor fixed point is disconnected from the trivial fixed point
at the origin (see the right plot of Fig. 9.2), which confirms the results of Refs. [153, 308].
Furthermore, we find that the string-hole gas saddle point is also not connected to the string
perturbative vacuum as it was the case with GMV’s action. In fact, trajectories that start
near the origin tend to grow rapidly in ¢, while H remains small, and go nowhere near the
fixed points.

In summary, the string-hole gas fixed point, which is a solution of Meissner’s action,
shares several characteristics with the solution of GMV’s action: both are saddle points,
disconnected from the string perturbative vacuum. However, the trajectories in the vicinity
of the saddle points behave very differently for both actions. Indeed, the latter (GMV) is
stable in the direction of the string-hole gas constraint H = ¢/d, but the former (Meissner)

is unstable. Therefore, Meissner’s action appears very unlikely to be the physical action that
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can describe the evolution of a string-hole gas and of the universe at high energies.

Let us end by noting that, although the analysis outlined in this section focuses on the
case w = 0, we found that the qualitative results about the characterization and (in)stability
of the fixed points are the same for any value of w € (—1,1/3). We do not include the

quantitative details for a generic value of w for the sake simplicity and readability.

9.5 Conclusions and discussion

In this paper, we revisited the proposal that the stringy high-energy state of the Universe
is a string-hole gas, i.e., a gas of black holes lying on the string-/black-hole correspondence
curve. By analyzing its thermodynamic properties, we confirmed that a string-hole gas has
the same EOS and entropy equation in the Einstein frame as a black-hole gas with p = p and
S ~ \/W/G In the string frame, we found that a string-hole gas has vanishing pressure,
and we derived the corresponding evolution to be given by H = gb/ d ~ (7', Our goal was
then to find such a fixed point solution from the dynamical cosmological EOM of a string
theory motivated action. We studied the gravidilaton sector of the low-energy effective action
of string theory and found that, to zeroth order in the o/ expansion, there is no string-hole
gas solution without adding a tuned negative cosmological constant. However, going to
first order in o/, we studied two different actions, and both yielded a natural string-hole
gas solution. Stability of those fixed point solutions was assessed by performing a phase
space analysis. We found that both solutions are saddle points in (H, (;5) phase space, but
the solution coming from the action of GMV [310] tends to be better behaved since it is
stable in the direction of the string-hole gas constraint H = ¢/ d. The solution coming from
the action of Meissner [497] is unstable in the same direction and thus less appealing, even
though it possesses the desired O(d, d) symmetry of string cosmology to first order in /. In
summary, our results show that string theory consistently supports a string-hole gas phase of
cosmological evolution, at least at the level of a gravidilaton effective action and minimally
to first order in the o/ expansion. Our stability analysis also indicates that a particular
choice of action (GMV’s action) is more appropriate at the level of our approximation.

We would like to point out some of the limitations of the current analysis. As mentioned
before, the scale at which a string-hole gas forms and evolves is right at the limit of per-
turbative string theory in terms of the o’ expansion. Our analysis showed that one needs

an action that is valid at least to first order in o/, but one could seek for a yet higher-order
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action (e.g., to second order in o/) or an exact conformal model (valid to all orders in o) for
a more robust implementation. Beforehand, it might be more straightforward to try to find
a description of a string-hole gas such that its corresponding matter action has first-order o/
corrections. Indeed, if first-order o/ corrections are included in the gravity sector, they may
as well be first-order o’ corrections at the level of the matter action. For example, higher
energy-momentum tensor corrections in the matter sector have been considered in Ref. [83]
for Einstein gravity, but this has never been studied in the context of a string theory effective
action or for any other theory beyond Einstein gravity. We note that such a possibility might
also open the window to obtaining a nonsingular curvature bounce following the string-hole
gas phase.

Another limitation comes from the fact that the current analysis was only performed
within effective field theories of string theory and did not use perhaps the full ‘strength’ of
string theory. As future work, one could try to construct the proper matter action for string
holes from first principles rather than using a thermodynamic approach. At the level of gen-
eral relativity, there has been recent progress in describing a black-hole lattice in cosmology
(see, in particular, Ref. [213] in a nonsingular bouncing cosmological background as well as,
e.g., Ref. [T1, 72, 262] and references therein), which may be viewed as an approximation of
a black-hole gas. Similar ideas with the addition of appropriate stringy ingredients could be
used to develop a nonperturbative action for a string-hole gas.

Let us also mention the fact that black holes in string theory may not be best described
by the semiclassical picture used in this paper. The singularity at the center of black holes
may be resolved in full string theory, and even the concept of a black-hole horizon may need
to be revised. For instance, a stringy black hole might be better described by a ‘fuzzball’
(see, e.g., Ref. [492-494] and references therein). In that context, a black-hole gas may be
realized as a set of intersecting brane states [490], which is related to the concept of fractional
brane gas (see, e.g., Ref. [207, 382, 383, 495, 496] and references therein).

Within the context of a string-hole gas as studied in this paper, we plan to extend the
present work to determine what is the cosmological evolution subsequent to the string-hole
gas phase and what the cosmological observable predictions intrinsic to the resulting very
early Universe scenario are. First, the goal is to determine how a string-hole gas phase can be
connected to standard Big Bang cosmology starting with radiation-dominated expansion. A
string-hole gas phase is not expected to be stable for an infinitely long period of time. The gas

will ultimately (Hawking) evaporate into radiation [610], a nonadiabatic process of entropy
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production that can be viewed as quantum particle creation in curved spacetime. Given
that the string-hole gas is already saturating the appropriate entropy bound, the entropy
release from the evaporation of the string holes cannot occur if the spacetime curvature
remains constant or grows to a higher energy scale. Instead, the decay of the string holes
must coincide with a (nonsingular) curvature bounce; in particular, the string- and Einstein-
frames Hubble radii have to start growing. This would naturally coincide with the beginning
of the expanding radiation-dominated phase of standard Big Bang cosmology.

Finding dynamics for the process of nonsingular curvature bounce shall be one of the key
issues in follow-up work. Even though the actions studied in this paper contained higher-
curvature corrections, they did not allow for nonsingular transitions from the string-hole gas
phase to radiation expansion. Since the process of string-hole gas decay into radiation is
quantum mechanical in nature, one may expect to find the desired dynamics from an action
including quantum loop corrections. This is physically equivalent to taking into account the
‘backreaction’ from particle production due to quantum fluctuations in curved spacetime
[315]. It is precisely this backreaction that might effectively violate the null energy condi-
tion, hence avoiding a Big Crunch singularity after the string-hole gas phase. Nonsingular
bouncing backgrounds have already been found with string-theoretic loop corrections (see,
e.g., Refs. [152, 191, 308, 315, 604] and references therein), but never in the context of a
string-hole gas phase. Loop corrections might not be the only way, though, to obtain a
nonsingular bounce in string theory. Another possibility, for instance, would be to consider
an S-brane, a stringy object that can prevent the Universe from reaching a Big Crunch (see
Ref. [140, 292, 409-411], also studied in Ref. [136]).

Finally, once a full very early Universe scenario has been developed at the background
level, we shall be able to study the generation and evolution of the cosmological perturbations
and determine what the observable predictions are. If fluctuations are seeded in the string-
hole gas phase, one may find interesting results. On one hand, the quantum perturbations
for a gas of black holes at the string scale may deviate considerably from the usual Bunch-
Davies initial state. On the other hand, one shall not underestimate the effect of thermal
fluctuations from the gas of string holes. Indeed, since the radius of the string holes equates
the Hubble radius in the string frame, one may obtain holographic scaling of the specific
heat capacity (Cy ~ R?) on Hubble scales, similar to what is obtained from a string gas
[127, 131]. Tt shall be interesting to see what spectra of primordial perturbations result

and how they differ from the results of string gas cosmology (see, e.g., Refs. [127, 131]
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and references therein), pre-Big Bang cosmology (see, e.g., Refs. [308, 315, 316, 449] and

references therein), and other very early Universe scenarios.

9.6 String-hole gas evolution in the Einstein frame

Given a consistent string-hole gas solution with H = <b/ d = constant in the string frame,
one can derive the corresponding solution in the Einstein frame by using the relation (see,
e.g., Refs. [308, 315])

H= (H — %) e?/(d-1) (9.6.73)

In this Appendix, a tilde denotes an Einstein-frame quantity, while no tilde means the string

frame. The constraint H = ¢/d thus implies

e d—i ¢?/(d=1) (9.6.74)
so one notices that for a constant-Hubble expanding phase in the string frame (H > 0), the
Einstein-frame Hubble parameter must be negative (ﬁ < 0) and therefore contracting.

Let us recall that the Einstein-frame time is related to the string-frame time via (see,
e.g., Ref. [308])
dt = e=¢/=1qt . (9.6.75)

Since gb = dH = constant, where one now views H = H, ~ ( 1 as one of the constant

fixed-point solutions found, e.g., in Secs. 9.3.2 or 9.3.3, one can write
o(t) = dH(t — to) (9.6.76)

for t < to. The integration constant ty is set such that ¢(¢y) = 0, at which point g5 = e?? =1,
corresponding to strong coupling. Thus, the evolution in the perturbative regime (where

gs < 1) translates to t < t5. Upon integration of Eq. (9.6.75), one can then show that

o d—1
g =L — ) (e 9®/@D _ 1y | (9.6.77)

for t < t,, where t; in the Einstein-frame time equivalent to the string-frame time ¢,. Let us
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choose tg = —(d — 1)/(dH) < 0, so then

d—1 1

e®/(d=1) _ e (9.6.78)
Therefore, Eq. (9.6.74) becomes '
H(t) = rank (9.6.79)
which confirms H < 0 since £ < fy < 0. The above expression further implies
a(t) ~ (—t)¥4 (9.6.80)

when integrating H = dIna/di. Combining with Eq. (9.6.78), this implies G ~ e~¢/(@(d=1)
which is in agreement with how one expects the Einstein-frame scale factor to behave for a

string-hole gas [recall Eq. (9.2.17)].
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Chapter 10

Cosmological perturbations and
stability of nonsingular cosmologies

with limiting curvature

10.1 Introduction

One of the biggest problems with the classical theory of general relativity is the occurrence
of singularities, which are inevitable under realistic assumptions [345, 348, 544] and which
signify the breakdown and the incompleteness of the theory. The big bang singularity in
cosmology and the singularity at the center of a black hole are two well-known instances of
singularities in general relativity that one would like to resolve. These singularities often
find themselves in regions of high density, high energy, and high curvature, where one may
expect the breakdown of the classical theory and the emergence of quantum behavior. For
this reason, there is hope that a quantum theory of gravity would provide the resolution to
the otherwise pathological classical singularities.

Without a proper theory of quantum gravity, one may approach the problem with an
effective theory that could mimic the low-energy behavior of the full quantum theory. The
effective theory could be constructed with one or more new degrees of freedom, e.g. a new
scalar field. This allows one to study nonsingular theories of the very early Universe within
effective field theory (EFT) [162, 165, 227] as is done in, for instance, bouncing cosmologies
(172, 267, 404, 556] or genesis scenarios [223, 226, 402, 523, 525, 551] with a generalized scalar
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field such as in Horndeski [355] and generalized Galileon [250] theories, whose equivalence
was first proved in [401]. Alternatively, one may attempt to modify the Einstein-Hilbert
gravity action to include higher-order curvature terms (e.g., [80, 81, 219]). Interestingly,
this can serve as the basis for implementing the limiting curvature hypothesis, which seeks
to incorporate the idea of a fundamental limiting length (that would be realized in the full
theory of quantum gravity) into the effective theory for gravity.

In line with special relativity where the speed of light is bounded from above and quan-
tum mechanics where the Heisenberg uncertainty relation holds, the idea of the limiting
curvature hypothesis comes from the fact that one may expect quantum gravity to possess
a fundamental length scale ¢; below which no measurement can be made and on which all
physical observables must be smeared out. Presumably, this fundamental scale is at least of
the order of the Planck length fp; = \/W, although it could be larger. Taking £ ~ (py,
it is straightforward to see that if all curvature invariants are bounded throughout the space-
time manifold (|R| < €7, |RuwB*| < lp, |V, R VPR | < 050, |ClupeCHP7| < U}, etc.,
where R, is the Ricci tensor, R is the Ricci scalar, C,,,, is the Weyl tensor, and V is the
covariant derivative), then the spacetime is nonsingular. Indeed, in the well-known cases of
the big bang and black hole singularities, some of the physically measurable curvature in-
variants such as R, R, R*, and C? := C,,,,C*"?? blow up; hence finding theories in which
all invariants are bounded is certainly a necessary condition for constructing nonsingular
cosmologies.

Unfortunately, bounding an infinite number of curvature invariants is rather nontrivial.
Indeed, there are well-known instances where low-order curvature invariants are bounded
while higher-order invariants are still unbounded (e.g., | R, R*| < (g while |V, R,,, VP R*| —
00). This is where the limiting curvature hypothesis comes in handy. The hypothesis states
that [296, 297, 320, 483, 484] if one finds a theory that allows a finite number of curvature
invariants to be bounded by an explicit construction (e.g., |R| < fpf and |R,, R*| < 65),
and when these invariants take on their limiting values, then any solution of the field equa-
tions reduces to a definite nonsingular solution (e.g., de Sitter space), for which all curvature
invariants are automatically bounded. We note, though, that the assumptions of the lim-
iting curvature hypothesis generally do not ensure that solutions avoid singularities when
curvature scalars are not on their limiting values.

The limiting curvature hypothesis has been used and tested in the context of black hole
physics [85, 111, 112, 196, 264, 295-297, 508, 600]. In this context, the geometry outside



10 Cosmological perturbations and stability of nonsingular cosmologies with limiting
curvature 266

the black hole horizon is described by the usual Schwarzschild metric, but inside the event
horizon, the black hole singularity is replaced with a nonsingular de Sitter spacetime, which,
in turn, could be the source of a new “baby” Friedmann universe. Similarly, in a cosmological
context [111, 112, 143, 265, 507, 516|, a nonsingular universe can be constructed, in vacuum,
such that it is asymptotically de Sitter in the past and Minkowski in the future (or vice
versa). This is in line with Penrose’s vanishing Weyl tensor conjecture [545] (see also the
discussion in Ref. [346]), which states that the Weyl tensor should vanish at the beginning of
the universe, since de Sitter space has C),,,,,C*"?? = 0. With the addition of matter sources,
one can obtain asymptotically de Sitter and Friedmann cosmologies, remaining nonsingular
throughout cosmic time. Recent works also show that the ideas of limiting curvature could
allow one to construct nonsingular bouncing cosmologies [84, 197, 417].

In this paper, we want to revisit nonsingular cosmological models that make use of an
effective theory for gravity in which the limit curvature hypothesis is realized. It was shown in
Refs. [143, 516] that interesting background cosmologies can be found within this framework
by constructing a theory in which the curvature invariants R and 4R,,, R** — R? are bounded.
However, these studies did not explore the cosmological perturbations [518] for the action
containing the above curvature invariants. Recent developments in nonsingular cosmology
within EFT [162, 165, 227] have shown that it is often rather difficult to avoid instabilities
in the cosmological perturbations (e.g., see Refs. [20, 398, 441] for no-go theorems within
Galileon and Horndeski theories; see, also, Refs. [363, 365, 367]). For this reason, one could
tend to believe that nonsingular models constructed as in Refs. [143, 516] are going to be
very unstable at the perturbation level, thus rendering the models unviable.

In this work, we will show that the naive models of Refs. [143, 516] are indeed generically
unstable. We will see that minimal extensions in which one also includes the Weyl tensor
squared, C,,,C""*?, in the curvature invariants are more robust, i.e. there are fairly large
regions of parameter space that are stable. Yet, there do not seem to exist nonsingular
cosmological solutions that remain stable throughout cosmic history, and moreover, the
theory will be shown to be equivalent to a f(R,G) theory of gravity (where G is the Gauss-
Bonnet term), which has unavoidable ghosts [248]. We will then construct a completely
new curvature-invariant function and show that it allows for stable nonsingular cosmological
solutions throughout time. There will remain some difficulties though in constructing a
physically relevant model in certain cases.

The outline of this paper is as follows. In Sec. 10.2, we will review the construction of
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a nonsingular cosmology in which the limiting curvature hypothesis is realized, set up the
action for the theory, and find the background equations of motion. In particular, we will
discuss two specific scenarios: an inflationary scenario and a genesis scenario. We will then
study the cosmological perturbations, determine the general stability conditions and check
them for specific models. The equivalence with f(R,G) gravity will also be demonstrated.
In Sec. 10.3, we will construct a new model with a new curvature scalar, derive the resulting
cosmological perturbations and the stability conditions, and comment on the case of an
anisotropic background. We will then discuss the recovery of vacuum Einstein gravity and
Friedmann cosmology with the addition of matter sources. We will end with a summary of

the results and a discussion in Sec. 10.4.

10.2 Nomnsingular cosmology with limiting curvature

10.2.1 Setup of the theory and background evolution

The approach taken in Refs. [143, 516] to implement the limiting curvature hypothesis con-
sists of introducing a finite number of nondynamical scalar fields y;, or Lagrange multipliers,

such that the action takes the form

2

=7

/d%: V=g |R+ ZX’L — V()| (10.2.1)

where the I;’s are functions of curvature invariants that can depend on R, R,,, R',,,
Clwps and combinations and derivatives thereof. Accordingly, given an appropriately chosen
potential V' (x;), one can rewrite this action into a general F'(R, R, k", ...) effective theory
of gravity. By virtue of the Lagrange multipliers, a given potential imposes constraints on the
I;’s, hence the idea that the right choice of V' (x;) can naturally bound the curvature invariants
and satisfy the limiting curvature hypothesis asymptotically. We will give examples where
this is realized below.

As is done in Refs. [143, 516], we are going to consider two nondynamical scalar fields

and start with a general action of the form

2

5=

/d4ZL’ vV —3g [R+X1]1(V, RMVpU)_‘/i(Xl)+X212(V7 Ruupa)_%(XQ)] +Sm 5 (1022)
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where S, is the action for possible matter sources. At this point, we do not make any
assumption on the functional form of I; and I, but we want them to scale as R, so let us

require that we recover a certain limit at the background level:
19 =12m%, 1Y = —6H. (10.2.3)

The superscript (0) refers to the metric of a flat! Friedmann-Lemaitre-Robertson-Walker
(FLRW) universe,
gg,)j)da:“dx” = —N(t)*dt* + a(t)*6;;dz"da’ (10.2.4)

where N is the lapse function and a is the scale factor. Accordingly, H := a/(Na) is

the Hubble parameter, and a dot is a derivative with respect to physical time, t. At the

background level, we can further ask that y; = X§0> (t) and xo = Xéo) (t). The original action

then becomes?

M2 a\’ 1d [ a
(0) — 7P1 3z 3 _ _ iy I NN A (0)
S 5 /dtdea 12(1+X1)(Na) +6(1 XQ)th(Na) Vi—Vo| + S5
(10.2.5)
Varying S(®) with respect to x; and x» yields the equations of motion (EOMs)
N\ 2
a dV;
12(-) =— 10.2.
(a) dx1 (10.26)
and ,
a a dVs
—6l=—=1(= = = 10.2.
- (@)] -2 .

respectively, where we set the lapse function to N = 1. Letting T#, = diag(—e(t), p(t)d";),
where T),,, is the stress-energy tensor associated with the matter action Sy, and where € is the
energy density and p is the pressure, one can then vary the background action with respect
to N to find

N\ 2 .
€ a . a 1
—3M§1 =(1—2x1 — 3x2) (E) — X2 (—) — 6(‘/1 +Va), (10.2.8)

a

1t is straightforward to generalize this to include curvature (see Ref. [143]).
2We omit the superscript (0) for x; and x2 when it is clear that they represent background quantities.
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again setting N = 1. Finally, varying with respect to a gives (setting N = 1 once more)

_MLF%I = (1—2x1—3x2) [2 (g) + (3)2

Let us denote V{ := dV;/dx; and Vj := dV,/dx» for shorthand notation from here on. We

can then summarize the set of EOMs as

—2(2x1 +3X2) (g) —X2— %(Vl—i-vz)- (10.2.9)

12H? = V{(x1), (10.2.10)
—6H = VJ)(x2), (10.2.11)
€ ) 1
YWE =(1-2x1— 3X2)H2 —xoH — é[vl(Xl) + Va(x2)], (10.2.12)
Pl
p

P = (120 = 3x) 28+ 3H7) = 2240+ 35)H — Kz — 5[Vi0) + Valiea)].
(10.2.13)

In the limit where y; = xo = V7 = V5, = 0, we note that we recover the usual Friedmann
equations, as expected. Also, in the limit where € = p = 0, one obtains the EOMs in vacuum.
Demanding that V/(x1) > 0 for all x; values so that H is real and looking at an expanding
universe (so H > 0; this could be generalized to a contracting universe with H < 0, in which

case a minus sign would appear in certain equations), we can write the EOMs as

) Vi
= 4 10.2.14
a=a TE ( )
V/ V/
o= — 44 L2 10.2.1
Xl 12 Vvl// ) ( O 5)

. %4 2(V1 +Va) de
= /= 21 — 1 . 10.2.1
X2 B {3){2 + 2x1 + v + VIME (10.2.16)
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Furthermore, the equations can be written in the following form:

"

o _ W

2Vi +Vo) | 4e

= 3 2y, — 1 10.2.17
dx1 4 Vz/
AL 272 10.2.1
o = avr (10.2.18)
dye 1 2(Vi +Va) 4e
——==——13 2y, — 1 10.2.19
da ~ a { e VR V) (10.2.19)

Example of inflationary scenario

H2
H2

max L

0.0

0 é 1‘0 1‘5 20
X1 X2

Figure 10.1 Background trajectories for the inflationary model given by the potentials (10.2.20)

and (10.2.21). The left-hand plot shows H?/HZ,, as a function of y; as computed from Eq.

(10.2.22), and the right-hand plot shows H/H2 _ as a function of Yo as computed from Eq.
(10.2.23). Note that y; and x2 are dimensionless.

ax

To solve the background EOMs, one needs to specify a form for the potentials Vi(x1)

and Va(x2). As a first example, one can consider

2 In(1
Vl(Xl) = 12Hr2nax X1 (1 _ M) , (10‘2.20)
1 + X1 1 + X1
2 X%
Vaxe) = — 12H,, : 10.2.21
2(X2) maxl + X% ( )

which is inspired from Ref. [143], and as we will see, this gives rise to a nonsingular infla-
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tionary scenario. In vacuum (¢ = p = 0), the EOMs are given by

H? Vi) 2xa+2x3 + 18 — 2y In(1+ x1)

— = 10.2.22

Hmax 12Hr2nax (1 + X1)3 7 ( )
el Vzl(X2) 4xo

= — = . 10.2.23

72, = 6HR, (1t (102.29)

We plot these functions in Fig. 10.1. As we can see in the left-hand plot, the Hubble
parameter is finite everywhere: as x; — 0, the spacetime is asymptotically Minkowski (H —
0; recall that we are in vacuum), whereas when y; — 0o, the spacetime is asymptotically de
Sitter since H — Hyax. Similarly, looking at the right-hand plot, H is finite everywhere, and
it is asymptotically vanishing as xyo — 400. Accordingly, this verifies the limiting curvature
hypothesis as in Ref. [143].

We note at this point that since we regard our theory as a low-energy effective theory
of a possible quantum theory of gravity, there should be a cutoff scale beyond which the
EFT is no longer valid. The model here includes only two dimensionful parameters: Mp
and Hp... Therefore, the cutoff scale should naively be given by these parameters as Aoy, =
(Mp H?, )Y+ for a given integer n # —1, and in particular, it should be at least of the
order of H ... Determining the exact value for A,y involves a rather nontrivial computation
for the given theory, but since the energy scale of our cosmological solutions is always less
than H,.x by construction, the validity of EFT is naturally ensured.

The phase-space diagram for the model is plotted in Fig. 10.2, where the arrows show the
vectors with components (x1, x2) computed from Egs. (10.2.15) and (10.2.16) (in vacuum
with € = 0) with the potentials (10.2.20) and (10.2.21). We highlight a specific trajectory
in green for illustration. In this case, the universe starts asymptotically at y; — oo and
X2 — 0 and ends asymptotically at y; — 0 and xo — 0, so as we saw from Fig. 10.1, the
universe starts in a de Sitter spacetime and ends in a Minkowski spacetime.?

At this point, one may wonder how the given scenario evades the singularity theorems of
86, 87, 89] regarding the past incompleteness of inflationary cosmology. First, it is important
to recall that the singularity theorem for inflation [87, 89] is proved under the assumption
that gravity is given by the Einstein-Hilbert action and that inflation is driven by matter
obeying the null energy condition. Our higher derivative gravity terms, when taken to the

matter side of the equations of motion, act as matter violating the null energy condition.

3With the addition of matter sources, it would end in a FLRW spacetime as shown in Ref. [143].
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X2 I ?

0 2 4 6 8 10

Figure 10.2 Phase-space diagram of (x1, y2) computed using Eqs. (10.2.15) and (10.2.16) show-
ing different background inflationary trajectories. The arrows indicate the flow of time. The green
curve illustrates a specific trajectory.

X1 X2

Figure 10.3 Background trajectories for the genesis model given by the potentials (10.2.24) and
(10.2.25). The left-hand plot shows H?/H2,. as a function of x; as computed from Eq. (10.2.26),
and the right-hand plot shows H/H?2,  as a function of y as computed from Eq. (10.2.27).

ax
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Hence the theorem does not apply in our setup. We also note that some of the past directed
geodesics would have finite affine length (in agreement with the situation in Ref. [86]), but
this is simply due to the fact that the flat FLRW chart does not cover the entire de Sitter
space. One can extend the spacetime so that all geodesics are complete as in the case of de

Sitter space. Thus, our inflationary universe is free from initial singularities.

Example of genesis scenario

As another example, let us consider

8
V; = —12H> —— 10.2.24
1(X1) max g + X% ) ( )
2 X%
Vs = —12H ) 10.2.25
Q(XQ) max ] + X% ( )
In vacuum, the EOMs become
H? vll(Xl) 161
— — 10.2.26
B2, " 12HL,  BrnlR (10.2.26)
a V2’(X2) 4xo
= — = . 10.2.27
B2 = OHE, (14 3P (102.27)

We plot these functions in Fig. 10.3. As we can see in the left- and right-hand plots, the
Hubble parameter and its time derivative are again everywhere finite: as y; — 0 or xy; — oo,
the spacetime is asymptotically Minkowski with H — 0, and H — 0 as y2 — fo0o. We note
that H .y is now reached when y; — 1. Thus, this is another type of scenario that verifies
the limiting curvature hypothesis, namely a genesis scenario, which starts in Minkowski space
rather than de Sitter space.

The phase-space diagram for this model is plotted in Fig. 10.4, where again, the arrows
show the vectors with components (X1, X2) computed from Egs. (10.2.15) and (10.2.16) (in
vacuum with ¢ = 0) with the genesis potentials (10.2.24) and (10.2.25). We highlight different
trajectories in green, red, black, and purple for illustration. All of these curves either start
or end at x; — oo, which corresponds to Minkowski spacetime. However, the green and
red curves are pathological trajectories since they either end or start at x; — 1, at which
point it can be shown that V;" — 0. Accordingly, from Eq. (10.2.15), one finds xy; — Fo0
at that point. More interestingly, the black and purple curves start and end at y; — oo,
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Figure 10.4 Phase-space diagram of (x1, x2) computed using Egs. (10.2.15), (10.2.16), (10.2.24),
and (10.2.25) showing different background genesis trajectories. Note that the right-hand plot is
simply a zoomed-in version of the left-hand plot. The green, red, black, and purple curves show
four different trajectories, which are discussed in the text.

and they turn around at some minimal y; > 1 value, so they never reach the “singularity”
at x1 = 1. Also, these trajectories always have y; < 1. When looking at the left-hand plot
of Fig. 10.3, these trajectories suggest that the universe starts in the far right at y; — oo
(Minkowski spacetime), rolls up to the left but does not reach Hp,x, and rolls back down
to Minkowski spacetime again. In light of a structure formation scenario for the very early
universe, one would like to have some form of reheating® near the maximal value that the
Hubble parameter reaches. Thus, the universe would start as Minkowski spacetime, but it

would end as a radiation- and then matter-dominated FLRW spacetime.

10.2.2 Cosmological perturbations and stability analysis

We now turn to the study of the cosmological perturbations for the action given by Eq. (10.2.2).

At this point, one needs to specify the form of the curvature-invariant functions I; and Is.

“4For instance, reheating could occur via gravitational particle production [540, 541] (see Refs. [402, 561]
for examples of gravitational particle production in nonsingular cosmologies).
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Motivated by Refs. [143, 516], let us take

I := R+ \/12R,, R — 3R% + 3KC.,p0 CHP7
IQ = \/12R‘LWR‘LV - 3R2 + 3KCHVpUC/JVpU ’ (10228)

where at this point & is just some real constant. In a flat FLRW background, these curvature
invariants reduce to
19 =122, 1Y = _6H?, (10.2.29)

under the assumption® that H < 0, which was the hypothesis of Eq. (10.2.3) that allowed
us to find the general background EOMs in Sec. 10.2.1. We note that the background
expressions for the curvature invariants do not depend on the constant x since flat FLRW
spacetime is conformally flat, so the term proportional to the Weyl tensor squared does not

affect the dynamics of background spacetime.

Tensor modes

Let us begin by studying the tensor fluctuations. We start by perturbing the metric linearly
as .
glgly)dx“dx” = —dt2 + Cl2 (5” + hij + éhzkhk]) dﬂfld{lf] s (10230)

where the perturbation tensor h;; is transverse and traceless, i.e. h’; = 9;h'; = 0 (adding
the last term on the right-hand side does not change the linear equations but simplifies the

derivation). We define the Fourier components of h;; by

&’k . -1 i
by = [iﬁ LR + hxes ()| o 10.2.31
s~ [ o e+ e )] (10.231)
where {e”, e;;} represents the polarization basis. Given the curvature-invariant functions of

Eq. (10.2.28), we can now perturb Eq. (10.2.2) to second order with the above metric to find

M2 N . k2
s - M, / s Z <gTh£.hi ¢ Kohth! = Mo hih! k) (10.2.32)

I=+,%

5We note that the requirement H < 0 restricts our attention to the regions of phase space in which ys < 0
for the examples given in Secs. 10.2.1 and 10.2.1.
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where

X1+ X2

Gr =—(2+ k) , (10.2.33)

and the coefficients K and M7 will be specified shortly. We pause here to note that, in gen-
eral, since the second-order action in the tensor sector has nondegenerate higher-derivative
terms (o< 712), there appear to be ghost degrees of freedom according to Ostrogradski’s the-
orem. The only way to avoid those Ostrogradski ghosts would be if Gr were to vanish
identically (Gr = 0). We see that this is not possible for a generic real constant x, but if one
sets k = —2, then the model is safe with regards to Ostrogradski instabilities. The original
models of Refs. [143, 516] did not include C,,,C**? in their curvature invariants at all,
so they had k = 0. Accordingly, the above implies that these models are inherently unsta-
ble. Yet, the addition of the Weyl tensor squared in the invariants with a specific prefactor
(k = —2) avoids this conclusion while having no effect on the background evolution. Still,
it does not mean that the theory is necessarily free of all types of instabilities as we will see
shortly.
The other coefficients of Eq. (10.2.32) are given by

1 H? HH Hd
) (X1 + x2) (10.2.34)

1
T 2( + x1) <2+H+H2 @

1 1 g H* g Hd 1d
Mp=—(1 —-|l=+——-2—=+=4+2—= - == : 10.2.35
T 2( +x1) <2+ I H3+H2+ dr Hdt2> (X1 + x2) ( )
The criteria to avoid ghost and gradient instabilities are K7 > 0 and My > 0, respectively.
By using the background EOMs (see Eq. (10.2.14), which can be rewritten as H = /V{ /12,

Eq. (10.2.15), and Eq. (10.2.16) in the case for vacuum with € = 0), the conditions can be
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written solely in terms of the fields i, x2 and their potentials V;(x1), Va(x2) as

V12 1 1Vi+ V5
b= ‘/21// + (X1 + x2) — Z(Xl +1) + 5% (Vo = (x1+ x2)Vy)
1 2 1/ 1 ‘/2/2
1
oo 4 (Vi+V)?0a+x2) ()2 (a+xe) (2x +3xe — 1)V (1)?
n (2x1 +3x2 — 1) (Tx1 + Ix2 — 2) VYV n 2(6x1+ Tx2 — 1) VIVY
2‘/22 ‘/2‘/1/1
2V, 3) (V1 4+ V3) 2 (x1+ x2) _ (5x1 +8x2 —3) V/
VEV 2V,
+ Vo® (x1 + x2) (2x1 + 3x2 — 1) 2V
2V22
AV VR) 203 + (xe — 1) xa + x2 Bxe — D] (1) 2
V23
n (Vi +Va) (11x1 + 15x2 — 4) V' n 202x7+ (B5x2 — 1) x1 + x2 Bx2 — 1) VY’
vy Va
n 2V, (Vi + Vo) [2x3 + (Bxz — 1) x1 + x2 (3x2 — 1)]
V22
A1) SWEOV 8 4G+ A1 3(h V)
‘/'22‘/1/ (‘/1//) 3 V*l// VQV'I// V'l// ‘/2

1

+ 5 (=81 — 13x2 +5) > 0. (10.2.37)

These conditions will be tested for the different models of Secs. 10.2.1 and 10.2.1 shortly.

Vector modes

We shall consider vector fluctuations in the following gauge, where
gf}u)dx“dx” = —dt* + 2aBidtdz’ + a*5;;dx'da’ . (10.2.38)

Here, the vector perturbations 3¢ satisfy 9;8° = 0. The Fourier components of 3; are then
defined by

Bi = / % > [ﬁl(l%')e{ (l%')] o (10.2.39)

I=1.2
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where {e},e?} are orthogonal spatial vectors perpendicular to k. The second-order action

7 Z

for vector perturbations becomes
2 _ MPI 3k‘2 K, )
Sy a2 [gV <51 - pﬁ]) + ’Cvﬁz] ; (10.2.40)
1 1,2

where Gy = Gr and Ky = Kr. Accordingly, when x = —2, which sets Gr = 0 to avoid
Ostrogradski ghosts, it turns out that Gy = 0 as well, and as a result, there are no dynamical

vector modes.

Scalar modes

We shall then focus on the scalar fluctuations in the spatially flat gauge, where y; = Xgo) +
5X17 X2 = XgO) + 5X27 and

gf})dx“dx” = —(1 + 2®)dt* + 2a0; Bdtdz' + a*;;dz"da’ . (10.2.41)

The second-order action for scalar modes is then given by

M3 &k 4k k2
R —l / dt { —Gs(®+aB)* +2 (—QQB — 3H<I>) X2 + MU\III\I!J] ,
a

2 (27r)3
(10.2.42)
where Gg = Gr and® W! := (®, B, 6x1,0x2). The matrix M, is given by’
SIRCutx) K 4 6H [H (2x + 32 — 1) + Xo) * £

M;; = %as (41 H + 6X2H —2H +x2) & K 2k4(2A1+§;<21+3X2—1) « .

_GH? — 1 4HK? _VT{’ 0
—om -4 -4 we g oY
(10.2.43)

where * stands for symmetric components. Since no time derivatives of ®, B, and 0y,
appear in the second-order action with kK = —2, these modes are nondynamical. Then, these

variables can be eliminated by their equations of motion. After removing the nondynamical

SWe omit the subscript k from the perturbation variables U7 when it is clear that they represent the
Fourier components.

7 As before, we omit the superscript (0) for x; and y2 when it is understood that they represent background
quantities.
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modes, the resulting action can be written solely in term of dx» as follows:

(2) Mlgl dgE 3 - \2 2
SS = /dt 3 a [K5(5X2) —M5(5X2) } y (10.2.44)
2 (2m)
where
4k (x1+x2)  X2\2
Kg = 12ICT[<§¥—H + E)
4 k* (x1+x2)  2Hx1 X2 -1
- 8/CT<§§ S T 2 B 1)] , (10.2.45)
IC% k8 kS k* k2
MS - K:_% <Cg$ + Cﬁ% + C4¥ + CZE + C'0 ’ <10246>
with

Cg = 192H2H2(X1 + XQ)ZX [4HHX2(X1 + X?) — 4HH<X1 + X2)2 — HX1X2] . (10247)

2
We do not write down the form of the other ), coefficients because they are not so relevant
in the following stability analysis.
In the small scale limit (k/a — 00), one finds
Ks >~ AsKr, (10.2.48)

MS ~ BS}CSX_ 4HHX2<X1 + XQ) — 4HH(X1 + X2)2 — HX1X2:| , (10249)
2

where Ag and Bg are simply two real positive constants. Thus, the ghost instability in the
scalar sector is avoidable when it is absent in the tensor sector, i.e. when Cr > 0 is satisfied.

In addition, the gradient instability is absent when Mg > 0, so when

Fy = — | AHH o (x1 + X2) — 4HH (x1 + x2)* — HXaxXz | > 0. (10.2.50)

X2
By using the vacuum background EOMs, this condition can be rewritten as

(V3)?
‘/'lll

Fy=(xa+x2)l0a +x)Vs = V] - >0. (10.2.51)

Regarding gradient instabilities which can occur on sub-Hubble scales (k/a > H), the
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X1 X1

Figure 10.5 Phase-space diagram of the inflationary model of Sec. 10.2.1. On top of the phase-
space trajectories, we show the regions that are stable according to the conditions that were derived
in the text. In particular, in the left-hand plot, the blue, orange, and green regions show where the
conditions I > 0 [Eq. (10.2.36)], I > 0 [Eq. (10.2.37)], and F3 > 0 [Eq. (10.2.51)], respectively,
are satisfied. The gray shaded area in the right-hand plot shows where all three conditions are met
at the same time.
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general procedure is to check for the stability of modes within the validity range of the EF'T,
i.e for H < k/a < Ay (see for instance Ref. [404]), where for our models H < Hyax < Acyt-
The condition given by Eq. (10.2.51) can be viewed as the one which ensures that the shortest
wavelength modes (k/a ~ Acy) do not suffer from gradient instabilities. However, since the
perturbed action exhibits a modified dispersion relation, i.e., since Eq. (10.2.46) has terms

-1

cuts but still smaller than

of order k2, k*, k5, and k%, longer wavelength modes (longer than A
H™1) could still suffer from gradient instabilities. As long as the duration for such gradient
instabilities is not too long though, their amplification remains controllable in comparison
to the smaller wavelength modes which easily blow up (within a time scale of the order of
AL

cut)- This is why we only focus on the stability of the shortest wavelength modes.

Stability analysis

In summary, with kK = —2, we saw that there is no Ostrogradski instability. Then, we
derived three conditions given by Eq. (10.2.36), which determines when the model is free of
ghost instabilities in the tensor and scalar sectors, and Eqgs. (10.2.37) and (10.2.51), which
determine when the model is free of gradient instabilities in the tensor and scalar sector,
respectively. The conditions depend on the potentials V;(x1) and Va(x2) and on the field
values x1 and Y2, so we need to study specific models to comment on the stability of the
given theory.

Starting with the inflationary model of Sec. 10.2.1, where the potentials are given by Eqs.
(10.2.20) and (10.2.21), we plot the regions of phase space that satisfy the three conditions
in Fig. 10.5. The individual conditions are shown in the left-hand plot, and we see that there
are large regions of phase space that can avoid ghost or gradient instabilities in the tensor
or scalar sectors. However, when we look at the right-hand plot, which shows the combined
region where all stability conditions are met, we see that there is, actually, only a very small
region of phase space that is not unstable. In particular, the trajectories that correspond
to asymptotically de Sitter and Minkowski (e.g., the green curve in Fig. 10.2) are generally
unstable throughout their evolution, except in a very small region of phase space.

We show the same types of plots in Fig. 10.6 for the genesis scenario of Sec. 10.2.1. There
as well, there are large regions of phase space that can avoid ghost and gradient instabilities
in the tensor or scalar sectors, but it remains that only small portions of those can be stable

with regards to all types of instabilities at the same time. In particular, the interesting
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X1 X1

Figure 10.6 Phase-space diagram of the genesis model of Sec. 10.2.1. The convention used to
illustrate the stable regions is described in Fig. 10.5.

trajectories (e.g., the black and purple curves of Fig. 10.4) are unstable throughout their

evolution.

10.2.3 Equivalence with f(R,G) gravity

We have shown that the Weyl square term with £ = —2 kills the dangerous degrees of
freedom and can relax the instability around a flat FLRW background spacetime. This result
can be understood because this theory is included by f(R,G) gravity, whose cosmological
solutions are perturbatively stable. However, it is shown by Ref. [248| that the perturbations
of flat FLRW spacetime in f(R,G) gravity lose a degree of freedom, which reappears as a
ghost around anisotropic spacetimes. Therefore, our theory necessarily suffers from the same
instability.

Let us demonstrate the equivalence between the above model and f(R,G) gravity. The
Gauss-Bonnet term G is defined by

G :=R®>—4R,, R" + R,,,, R . (10.2.52)
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Plugging the relation
1
Rpe RMP7 = Clppe C*P7 + 2R, R* — §R2 (10.2.53)
into the definition of the Gauss-Bonnet term, we obtain
2 2 v uvpo
g = §R — 2R, R" 4 CppeC . (10.2.54)

Then, we note that the second curvature-invariant function of Eq. (10.2.28) can be written
as (with kK = —2)

Iy = \/12R,, R* — 3R2 — 6C,,,,,CHr° = \/ R? — 6G . (10.2.55)

Accordingly, we see that Iy and I; (which are given by I = Iy + R = v/ R? — 6G + R) are
functions of R and G. Thus, the solutions of the EOMs for y; and x» can be written as

xi=x1(R,G),  x2=x2AR,9), (10.2.56)

and by plugging these solutions into Eq. (10.2.2), the original action becomes only a function
of R and the Gauss-Bonnet term @G, i.e.

S = /d% vV—9f(R,G). (10.2.57)

In conclusion, this theory is a specific model of f(R,G) gravity.

10.3 New nonsingular model with a new curvature scalar

10.3.1 Setup

Let us investigate other curvature scalars, which reduce to H and H at the background
level. In particular, we focus our attention on curvature scalars that are functions of the
Ricci scalar and its derivatives.

Let us consider the following tensor constructed from the first derivative of R,

X", := g""V ,RV,R. (10.3.58)
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For a flat FLRW background, this quantity reduces to
xXH0 = — [6(4HH + H) i diag(1,0,0,0). (10.3.59)
The trace of the tensor X*, is
X =X",=V,RV'R, (10.3.60)
and at the background level, it reduces to
X© = \6(4HH + H) c (10.3.61)

Since the second time derivative of the Hubble parameter appears here, we need to consider

another curvature scalar to remove H. Thus, let us consider the second derivative of R,
RN, :=VI'V,R, (10.3.62)
whose expression in a FLRW spacetime reduces to

Ly S (HH n —)53] . (10.3.63)

#0) — _24Hdji
R 98 T AH' 4

Since H appears only in the (0,0) component, it can be removed by the tensor defined by

X*,

PH, = §H, , 10.3.64

o (10364

whose FLRW limit now is P*{" = diag(0,1,1,1). In fact, we can construct the scalar
quantity tr[PRPR]|, which gives

tr[PRPR|"” = —3X H?, (10.3.65)

at the background level. Therefore, the following quantity is a good candidate as a limiting
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curvature-invariant function,

. tr[PRPR]
I .= 123—X (10.3.66)
4
= %3 [Xz(VuV,,R)(V“V”R) —2X(V*RV'R)(V,V,R)(V,V’R)
+ (V“RV”RVMVVR)Q] (10.3.67)
1
= -5 [4X?*(VVR)® —2X(VX)*+ (VRVX)?] , (10.3.68)
which satisfies
19 = 12142, (10.3.69)
as required. In order to bound H, we introduce as before
I,:=1, —R; (10.3.70)
hence
1Y = —6H , (10.3.71)

again as required.

10.3.2 Cosmological perturbations and stability analysis
Tensor modes

By substituting the definition of tensor perturbations [Eq. (10.2.30)], the second-order action

for tensor modes can be obtained as

5@ _ M [, &k S(Krhih! . — M R gt 10.3.72
T Ty (27T)3Za TRk T 2 k) (10.3.72)
I=+,%x
where
1+14
Kr = +X++3X27 (10.3.73)
1—
Myp = — 22 (10.3.74)

2
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Thus, the tensor sector does not include higher-derivative terms, so the number of degrees
of freedom is 2, and no Ostrogradski instabilities appear. The stability conditions for ghost

and gradient instabilities in the tensor sector are then given by

Vector modes

Using Eq. (10.2.38), the second-order action for vector modes can be derived as

M3 A3k k2
S — TPI / dt (%)Sai” > ;ICVB?, (10.3.77)
I=1,2

with ICyy = ICp. Therefore, no vector modes exist in this theory.

Scalar modes

Let us investigate the scalar perturbations defined in Eq. (10.2.41). Let us introduce a new

perturbation variable ¢ in terms of ® and B by the equation

kQ
Pi = CI)E — ?)G—HBE, (10378)
and we regard the components of U! := (B, §x1,dx2, p) as independent variables.
The second-order action for scalar modes can then be calculated as
M2 A3k
(2 _ HMp 3 22 I Iy J
Sy’ = 5 /dt(zﬂ)ga [K* + LV o+ M v'v’] | (10.3.79)

where we omit writing down the specific form of the terms K, L;, and M;;. Since the action
does not include the time derivative of B, dx1, and dx2, we can remove these variables by

the EOMs. The resulting action is given by

5 _ 1\?1

a3k .
/ o a? (KS@Q _ ./\/lgg02) , (10.3.80)
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Figure 10.7 Phase-space diagram of the inflationary model of Sec. 10.2.1. On top of the phase-
space trajectories, we show the regions that are stable according to the conditions that were derived
in the text. In particular, in the left-hand plot, the blue, orange, green, and red regions show where
the conditions F; > 0 [Eq. (10.3.75)], F> > 0 [Eq. (10.3.76)], F5 > 0 [Eq. (10.3.83)], and Iy > 0

[Eq. (10.3.84)], respectively, are satisfied. The gray shaded area in the right-hand plot shows where
all four conditions are met at the same time.
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where the coeflicients, in the limit where k/a — oo, are given by

Ks = Z—iFg + O[(S)G} , (10.3.81)
Mg = lcsj—iﬂ + O[(S)O} , (10.3.82)
with
Fy=- M {awa -+ + noprer - )
8[3(x1 + x2)VI'V5" = 2V (V] — V)]

1200+ x2) (VY + V| = 1600+ x2) V31

— [4xT + (x2 + 3)x1 + xalx2 +3)] VI'VY + 8(1/2’)2} } , (10.3.83)

(x2 — 1) [Bx1 + x2)V'VS" +2VI(V]" + V)]

F,=— |
’ 2(dx1 + 3x2 + VIV + V5') + [4xE + (5xe + 3)x1 + xa(x2 + 3)] VIV

(10.3.84)

Stability analysis

L ‘/A/_ N&
L o =
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L //‘. R L
e
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Figure 10.8 Phase-space diagram of the genesis model of Sec. 10.2.1. The convention used to
illustrate the stable regions is described in Fig. 10.7.

In summary, we derived four conditions given by Eqs. (10.3.75)-(10.3.76) and Eqs. (10.3.83)-
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(10.3.84), which determine when the model is free of ghost and gradient instabilities in the
tensor and scalar sectors, respectively. Once again, the conditions depend on the potentials
Vi(x1) and V,(x2) and on the field values x; and x», so we need to study specific models to
comment on the stability of the given theory.

Starting with the inflationary model of Sec. 10.2.1, we plot the regions of phase space
that satisfy the four conditions in Fig. 10.7. Once again, there are large regions of phase
space that can avoid ghost or gradient instabilities in the tensor or scalar sectors. The major
difference with Fig. 10.5 is apparent in the right-hand plot of Fig. 10.7, which shows the
combined region where all stability conditions are met. Indeed, whereas the previous theory
had only a small strip of phase space that was stable, there is now a large portion of the
phase space that is free of all types of instabilities. Furthermore, it is precisely in this region
that we obtained the interesting background trajectories starting from de Sitter spacetime
and ending in Minkowski spacetime (e.g., the green curve in Fig. 10.2). For this class of
trajectories, there only seems to be a small region of phase space around 0 < x; < 2 and
—0.5 < x2 < —2.5 where there still appears to be some instability. Yet, it seems clear
that the curvature invariants given by Egs. (10.3.66) and (10.3.70) lead to a much more
stable theory compared to the curvature invariants of Eq. (10.2.28) that were analyzed in
Sec. 10.2.2.

For the genesis model of Sec. 10.2.1, the stable phase-space regions are shown in Fig. 10.8.
There as well, there now are larger regions of phase space that can avoid all types of instabil-
ities. In particular, the interesting trajectories (e.g., the black and purple curves of Fig. 10.4)
are stable throughout their evolution. This reinforces our conclusion that the limiting cur-
vature theory with curvature invariants (10.3.66) and (10.3.70) is more stable and leads
to interesting nonsingular cosmological scenarios that can remain stable throughout their

evolution.

10.3.3 Stability around an anisotropic background

At this point, the new curvature-invariant function leads to generally stable nonsingular
solutions around isotropic backgrounds. Still, one may worry that this new theory might
still possess undesired ghosts. Indeed, it appears that the new curvature scalar of this section
is not included in the ghost free theories found in Ref. [519], which can be further mapped
into multifield extensions of Horndeski theories [399, 531, 536].
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One situation where new ghosts may appear is around anisotropic backgrounds. In the
model of Sec. 10.2, which we showed to be equivalent to a f(R,G) theory of gravity, a degree
of freedom is lost around a FLRW background and such a mode reappears as a ghost once
the background is deformed to an anisotropic Bianchi type I universe. The purpose of this
subsection is to investigate the stability of our new theory against such a nonperturbative
deformation of the background spacetime. We shall investigate the perturbations around a
Bianchi type I universe with the rotational symmetry in the y — z plane, so the background

metric is given by
g0datda” = —dt* + a(t)? |e P Vda? + e*O)(dy? + dz2)] : (10.3.85)

At the background level, the curvature scalar invariants now include shear terms,

19 = 12H? + 2402, (10.3.86)
IV = —6H + 1802, (10.3.87)

where the shear o is defined by
a(t) :==0(t), (10.3.88)

and so, the background dynamics is different from that analyzed in Sec. 10.2.1.

We focus on whether or not additional degrees of freedom of perturbations appear inde-
pendently of the background dynamics. One would usually start with the action given by
Eq. (10.2.2) with curvature invariants given by Eqs. (10.3.66) and (10.3.70) and perturb the
action according to the scalar-vector-tensor decomposition of the perturbed metric given by
Egs. (10.2.30), (10.2.38), and (10.2.41). Following the methodology of [622] for perturbations
around an anisotropic background, thanks to the axisymmetry of the background spacetime

given by Eq. (10.3.85), the linear perturbations can actually be decomposed into scalar and
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vector modes only, with respect to rotations of the y — 2z plane,®
0Gu = §gzc,/alar + 5gl‘ieft°r . (10.3.89)
The Fourier components of & nglalar and 5gl‘fft°r are given by
_Qq)E * * 0
. _4sk _gs k2
eotar _ | a(ikaBy — e B, ) a’e”ih, g * 0 (10.3.90)
uvk (k B+ 20 kx ﬂ) _ kakyh - 2 65@}1 o 0 ’ e
Wy B T €% Pk ATz Ny Gl
5
0 0 0 —a*e®h__ ;
0 00 ae‘sﬁm
00 0 —a%e®hp .
0g e = T I (10.3.91)
’ 00 0 a%e %h, i
x *x 0 0
where k is defined by
k= eVk + e k. (10.3.92)

Here we have fixed the arbitrariness of rotations in the y — z plane so that k= (ky, Ky, 0). We
have also fixed the gauge degrees of freedom of perturbations. Our gauge choice corresponds
to the spatially flat gauge [defined by Egs. (10.2.30), (10.2.38), and (10.2.41)] in the limit
where 6 — 0 because the perturbed metric reduces to

UT (AR U (), (10.3.93)

iy 39,7 =

8Since there is no spherical symmetry in an anisotropic background, the usual (three-dimensional) scalar-
vector-tensor modes cannot develop independently. However, thanks to one rotational symmetry, the one in
the y — z plane, a (two-dimensional) scalar-vector decomposition works well. For example, the 2 component
of a three-dimensional vector is just a scalar, and the y and z components can be decomposed into one scalar
(gradient) mode and one vector (transverse) mode. The reason for the absence of (two-dimensional) tensor
modes is just that 2 x 2 symmetric tensors can be written as two scalar modes and one vector mode only. In
this sense, the ten components of the metric tensor can be decomposed into seven scalar modes and three
vector modes generally. Since three scalar modes and one vector mode can be killed by gauge symmetry, we
have four scalar modes and two vector modes in the metric tensor.
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—2(131;' alkBE CLﬁl aﬁg
AR =| ° . (10.3.94)
* x  a’hy  a’hy
* * * —a?h,

The rotation matrix U (k) is defined by

1 0 00
. 0 kAo
UOE A (10.3.95)
k k
0 0 0 1

and it transforms the vector (0, k,, &k, 0) into (0, k, 0, 0).
Since the time derivative of Bj only appears through the following combination in the

second-order action, 5 .
pr = B — el%;(;—;[%B,;, (10.3.96)
it is useful to regard ¢ as a dynamical variable instead of ®, analogous to Eq. (10.3.78).
Thus, we now have six scalar mode perturbations (¢, B, 1, hy, dx1, and dy2), and two
vector mode perturbations (82 and hy). By a straightforward calculation, one can show
that the second-order action does not include any time derivatives of B, 1, dx1, dx2, and
[y after integration by parts. Thus, these variables are nondynamical and the remaining
dynamical degrees of freedom are ¢ and h,, which are scalar modes, and hy, which is a
vector mode. This result shows that no additional degrees of freedom appear at least in this
anisotropic background. Therefore, our new model is not disturbed by the deformation of
the background spacetime given by Eq. (10.3.85). This is a crucial difference compared to

the model of Sec. 10.2 or f(R,G) gravity.

10.3.4 Recovering Einstein gravity and the addition of matter sources

At this point, it looks like the action (10.2.2) with curvature invariants (10.3.66) and (10.3.70)
can lead to interesting nonsingular cosmological background models such as an inflationary
model and a genesis model that would remain stable against all types of instabilities through-

out most of their evolution. These models start in de Sitter or Minkowski spacetime, respec-
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tively, and both end up in Minkowski spacetime. To be viable structure formation scenarios
for the very early universe, as we already pointed out, one needs a reheating mechanism that
would produce radiation and matter in a sufficient amount after the universe has acquired
its adiabatic, scale-invariant curvature perturbation power spectrum. At this point, let us
suppose that such a reheating mechanism exists and that it produces matter and radiation
in large amounts. Then, at the background level, one is left with the nonsingular theory
described in Sec. 10.2.1 with nonzero energy density, and possibly, nonzero pressure as well.
For the theory to successfully describe our universe, it is then necessary to recover the usual
Einstein equations, i.e. the Friedmann equations in our context.

For the inflationary scenario, this is not a problem. Once matter is included, and as x;
and X2 (and their time derivatives) go to 0, one notes from Egs. (10.2.20) and (10.2.21) that
Vi — 0 and Vo — 0. Thus, we see that Egs. (10.2.12) and (10.2.13) reduce to the Friedmann
equations and can lead to the expected radiation- and matter-dominated era of our universe.

In the context of the genesis scenario, one runs into difficulty though. Once reheating
has occurred and matter is included, one remains in the regime ys < 1, but y; — oo. From
Egs. (10.2.24) and (10.2.25), this still implies V; — 0 and V5 — 0. Then, simply at the level
of the action (10.2.2), one notices that recovering the Hilbert-Einstein term alone is only
possible if x1/; — 0, which is to say that I; vanishes faster than xy; — oo. However, since
I ~ O(R), it is not possible to have a nonzero Hilbert-Einstein term while I; — 0. One can
also see that, for Eq. (10.2.12) to be valid as x; — oo, the only possibility is that H and ¢
vanish faster than y; — oo. Once again, this implies an empty Minkowski spacetime rather
than a FLRW spacetime. Accordingly, it seems impossible, in the context of this genesis
scenario, to have the higher-derivative terms from the curvature invariants vanish, i.e. to
recover the Einstein equations, and be left with a nonempty Friedmann universe. Therefore,
the genesis scenario within this theory remains at the level of a toy model.

It should be noted that nontrivial couplings between matter fields and y; or x2 may relax
this problem [266]. In this case, the bounds on the curvature are, however, weakened because
I; and I, include matter fields. Such matter couplings must be subdominant at high energy
scales in order to ensure the avoidance of curvature singularity, but they must be dominant

at low energy scales in order to recover Einstein gravity.
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10.4 Conclusions and discussion

In this paper, we revisited the nonsingular cosmologies of Refs. [143, 516], which implement
the limiting curvature hypothesis. We extended the analysis beyond the background cosmol-
ogy to include the linear cosmological perturbations and determined the criteria for stability.
This showed that the original models of Refs. [143, 516] appear to have, generically, undesired
additional degrees of freedom leading to Ostrogradski instabilities. These instabilities could
be killed with the addition of the Weyl tensor squared in the curvature-invariant functions
given the appropriate coefficient. Still, by exploring two nonsingular cosmological scenar-
ios in which the limiting curvature hypothesis is realized (one inflationary and one genesis
scenario), it appeared that the cosmologies inevitably possess either ghost or gradient insta-
bilities through large portions of their evolution. Furthermore, we showed that the theory
could be rewritten as a f(R,G) theory of gravity, which is known to suffer from instabilities
in anisotropic backgrounds.

We then constructed a new curvature-invariant function by taking a specific combination
of covariant derivatives of the Ricci scalar. Given the same inflationary and genesis scenarios
at the background level as before, we showed that the new curvature scalar could lead
to stable cosmologies with respect to Ostrogradski ghosts, as well as ghost and gradient
instabilities throughout most of their evolution. Furthermore, the theory does not possess
additional new degrees of freedom around anisotropic backgrounds, contrary to f(R,G)
gravity.

In light of constructing a nonsingular theory for the very early universe, there remain some
challenges though. If one starts in a vacuum universe (either de Sitter or Minkowski), one
would need to provide some form of reheating mechanism, possibly via gravitational particle
production, so that the universe can contain matter and radiation after the early epoch.
Furthermore, one would need to assure that the theory reduces to the Einstein limit for
gravity fast enough. This appears to be satisfied in our inflationary scenario, but it remains
an issue in the genesis scenario. Finally, given a successful scenario at the background level
and which is stable perturbatively, it would be straightforward to solve the perturbation
equations to find the power spectra of these perturbations and compare with observations
to validate the theory.

The analysis performed in this paper opens the window to construct and study other

nonsingular cosmologies, e.g., bouncing cosmologies. As mentioned before, this has been
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explored in Ref. [197] (see also Refs. [84, 417]). However, other nonsingular models with lim-
iting curvature [196, 197] could also suffer from instabilities as suggested by Ref. [397]. This
might be due to the fact that Refs. [196, 197] implement the limiting curvature hypothesis
within a mimetic theory [194, 195, 198, 580], whose stability (or instability) does not appear
to have been settled yet (see, e.g., Refs. [53, 70, 193, 288, 564, 580]).

Finally, it would be interesting to study how the approach to implement the limiting
curvature hypothesis used in this paper fits in the grand picture of general scalar-tensor
theories of gravity (e.g., [37, 69, 70, 230232, 245, 299, 300, 321, 322, 418, 420, 421, 453, 458,
510, 575]). In particular, it would be interesting to find general classes of curvature-invariant
functions in which the limiting curvature hypothesis can be realized and where solutions are
stable.
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Chapter 11
Conclusions

Let us end this thesis with a short summary of the main results, i.e., what are the most
important contributions presented in this thesis.

In Chapters 5 and 6, we showed that matter bounce cosmology suffers from a no-go
theorem preventing it from matching with observations: the tensor-to-scalar ratio is naturally
large, and when trying to suppress it by enhancing curvature perturbations, large scalar non-
Gaussianities are produced. In Chapter 7, we saw that allowing for a non-zero graviton mass
may resolve the no-go theorem. Indeed, by only changing the tensor sector, no additional
scalar non-Gaussianities are produced and the primordial gravitational wave power spectrum
becomes highly suppressed on observationally-relevant scales.

In Chapter 8, we studied the evolution of cosmological perturbations in a contracting
universe dominated by a generic hydrodynamical fluid. We showed that the smaller the
fluid’s sound speed, the more likely black holes have formed at a given time, or put differently,
black holes are most likely to form earlier on. Also, the results indicate that the largest black
holes, those with a Hubble-size radius, are the first to form. Therefore, for the matter bounce
scenario with a dust-like fluid, black hole formation is inevitable and may represent an issue.
Alternatively, black holes may constitute a signature or key feature of other scenarios. In
particular, in Chapter 9 we revisited the concept of string holes, i.e., black holes lying at
the string scales. We studied how such a state of matter in the universe would behave and
explored how it could be embedded in string theory. We found that a low-energy effective
action of string theory can support the cosmological evolution of a gas of stringy black holes,

as long as appropriate o’ corrections are included.

2019/06/08
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In Chapter 10, we revisited the concept of limiting curvature as an approach to build an
effective action for gravity that yields non-singular spacetime solutions, in particular non-
singular cosmological background solutions. We studied the behavior of scalar, vector and
tensor perturbations, characterizing the presence of Ostrogradski, ghost and gradient insta-
bilities. We found that it is generally difficult to avoid all types of instabilities throughout
cosmic evolution in a non-singular cosmology. We managed to construct curvature invariants
that allow for more stable solutions, though at the expense of complicated functions. Finally,
in Appendix A we studied the past extendibility of asymptotically de Sitter spacetimes. We
derived necessary and sufficient conditions to ensure extendibility beyond a given boundary
in a flat, exponentially-fast expanding FLRW background in the infinite past. In addition to
toys models, the conditions were applied to physical inflationary proposals for the very early
universe. For instance, small field inflation could be continuously extended to the infinite
past, but such models remain unstable against initial condition fluctuations. As another

example, Starobinsky inflation turned out to be strongly inextendible to the infinite past.

11.1 Future directions

While future directions were mentioned at the end of every publication included in this thesis,
we gather here what we believe are truly the key big questions that remain unanswered and

what should deserve to be tackled next.

Matter bounce cosmology This thesis severely constrained the matter bounce model.
As already mentioned, the few surviving models include the matter bounce curvaton sce-
nario (a two-field model, which loses the simplicity of the adiabatic, single-field model) and
the original matter bounce scenario with massive gravity (which requires a large graviton
mass only entering at the perturbative level). We note that there might be another possi-
bility to solve both the BKL instability problem and the large tensor-to-scalar ratio issue.
It has recently been shown that a negative anisotropic stress tensor can isotropize a bounc-
ing universe [298]. In the context of a fluid, a non-zero shear viscosity could provide such
an anisotropic stress, and thus isotropize the universe. Furthermore, shear viscosity would
affect the propagation of gravitational waves (see, e.g., Ref. [328]) by adding damping. Con-
sequently, shear viscosity could very well suppress the tensor-to-scalar ratio. It remains to

be shown whether the magnitude of the effects (the isotropization and the damping of the
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gravitational waves) is quantitatively sufficient to solve the problems of the matter bounce
scenario. Also, a microphysical explanation for the origin of the viscosity would be needed,
although there are arguments and conjectures stating that there exists a generic lower bound
on viscosity (see, e.g., Refs. [203, 293, 588]).

Black holes in bouncing cosmology Chapter 9 presented novel ideas where black holes
played an interesting role in a possibly new (stringy) scenario of pre-Big Bang cosmology.
However, the investigation remains at an early stage. In fact, in Sec. 9.5 we already presented
many future directions to improve the analysis and bring it further. Let us add that more
insight may be gained by revisiting certain issues in a different context. In fact, dealing
with black holes in cosmology in a rigorous way is a difficult task. When several black holes
are in the picture, it is practically impossible to mathematically solve the Einstein field
equations analytically. Therefore, simpler but nevertheless enlightening problems could be
tackled to progress in that direction. For instance, there are studies of dynamical black holes
embedded in slowly-rolling scalar field cosmology (see, e.g., Refs. [331, 332]). In the context
of a contracting universe, this may be a tractable problem, allowing us to understand what

happens to black holes of cosmological size.

Non-singular cosmology The theories of limiting curvature explored in this thesis did
not perform so well in terms of avoiding instabilities. As explained also in the introductory
chapters, it is often quite difficult to obtain fully stable non-singular cosmologies. While it
is achievable within quartic Horndeski theory or beyond-Horndeski theories (see references
in Chapter 4), there remain many open questions with regard to general (possibly non-
perturbative) stability (see, e.g., Refs. [362, 630] for first steps forward in that direction),
strong coupling (see, e.g., Refs. [257, 571]), and more. It is therefore interesting to ask
whether it could possible to construct new models of non-singular cosmology using the
wealth of modified gravity models explored in the literature, trying to seek for simplicity and
symmetry. A couple of ideas in that direction include the cuscuton [15-17, 75, 91, 325, 372]
and a new class of minimally-modified theories of gravity [30, 183, 454, 457]. The cuscuton is
simply a sub-case of k-essence scalar field, but it is actually a very peculiar model as its scalar
degree of freedom does not propagate [15, 17, 246, 372] and the theory has infinitely many
symmetries [538]. Moreover, the cuscuton is a limiting curvature theory (see Ref. [563]), and

it is with no surprise that it can give rise to non-singular bouncing solutions [92]. As we are
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currently investigating [563], it turns out that the cuscuton shares many interesting properties
with other models of non-singular cosmology, and it appears to be a robust conclusion that it
is free of all types of instabilities. In the new class of minimally-modified gravity, the theories
have the property of propagating only two degrees of freedom (the two tensor polarization
states of gravitons) and nevertheless differ from general relativity. In particular, recent
advances have shown the possibility of naturally violating the null energy condition [454]. It
would therefore be very interesting to keep digging in that direction, obtaining non-singular

bouncing solutions, studying the stability of the cosmological perturbations, and so on.

To end, we believe that theoretical primordial cosmology is at an interesting stage. On
one hand, many alternatives to inflationary cosmology have been proposed, but for several
reasons, none have really risen to gain acceptance and to be treated on an equal footing with
inflation across the community. On the other hand, we continue to discover that the theory
of inflationary cosmology, as it currently stands, cannot be the final answer to fundamental
questions such as “Where does the universe come from?” and “How did it all begin?”
Therefore, the field should be more stimulated than ever to go back to the blackboard and

try to be creative and do new things.
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Appendix A

Maximal extensions and singularities

in inflationary spacetimes

A.1 Introduction

Spacetime singularities remain deep mysteries in gravitational theories. According to the
singularity theorems of Penrose and Hawking [345, 348, 544], the occurrence of singularities
is inevitable in General Relativity when the stress-energy tensor satisfies some energy con-
ditions. For example, the singularity theorems ensure the presence of the initial Big Bang
singularity in cosmology, also known as the initial singularity problem, which is characterized
by incomplete timelike geodesics, provided the strong energy condition is satisfied.
Inflation [333] is a well-studied structure formation scenario for the very early universe,
and it is supported by recent observations of the cosmic microwave background anisotropies
[12, 14]. Since inflationary cosmology violates the strong energy condition, it was expected
to solve the initial singularity problem. For example, Starobinsky’s inflationary model [590]
was originally proposed as a possible resolution to the initial singularity problem. However,
even though the strong energy condition is violated, it does not guaranty the absence of
a singularity. In fact, Borde and Vilenkin [87, 89] showed that eternal inflation® models

are null-geodesically incomplete to the past provided the null energy condition is satisfied.

1Strictly speaking, the theorem was shown under the assumption that the volume of the past of an
inflationary region is finite (assumption D in Ref. [89]) rather than the assumption of eternal inflation itself.
However, this assumption is naturally satisfied in eternal inflation models based on the old inflation scenario
as explained in Ref. [89].

2019/06,/08
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After that, another interesting theorem was shown by Borde, Guth and Vilenkin [86]. They
generalized the concept of Hubble parameter to a general (inhomogeneous and anisotropic)
spacetime where comoving geodesic congruence is defined. Then, they showed that a geodesic
is incomplete if the averaged Hubble parameter along this geodesic is positive. Interestingly,
neither the null energy condition nor eternal inflation is assumed, and the theorem can be
applied to a very wide class of inflationary models. This result motivates the exploration of
alternative very early universe scenarios that could evade the assumptions of the theorem to
be past complete (see, e.g., Refs. [143, 227, 516, 635] and references therein).

Let us quickly review the analysis of Ref. [86] with an emphasis on the case of a flat
Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetime. In this case, the averaged Hub-

ble parameter along a null geodesic is defined by

)= [ v (A1)

Hylty, t; —/ H(\), 1.1
)‘(tf) - )\(ti) A(t;)

where A(t) is an affine parameter of a null geodesic at time ¢, and H is the Hubble parameter.

One can show that the integral on the right-hand side is smaller or equal than unity by

suitably choosing the affine parameter (see Ref. [86]). Thus, if H,[tf, —oc] > 0, one obtains

1 Alty) ( )
0 < lim —/ d\H(\
timr=oo M(ts) — A(ti) Sy
< fm o — (A.1.2)

= 5 (Ep) — A(E)

This means that the affine parameter A(¢) has to be finite in the limit where t — —o0,
and consequently, the corresponding flat FLRW spacetime is past incomplete. If the initial
stage of the Universe is described by inflation, then the averaged Hubble parameter must be
positive. Therefore, there appears to be no hope of avoiding the past incompleteness of any
inflationary flat FLRW spacetime.

Nonetheless, it might be possible to extend the flat FLRW spacetime beyond the end
points of the incomplete geodesics, which we call the past boundary #4~. The important
observation here is that the above discussion can be applied even when the spacetime is
exactly flat de Sitter space. This implies that flat de Sitter space must be past incomplete.
This does not contradict the fact that de Sitter space is free of singularities, because the

flat patch of de Sitter space covers only half of the entire de Sitter space (see Fig. A.1).
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Thus, even though flat de Sitter space is actually past incomplete, #~ is not singular, and
the spacetime can be extended to the entire nonsingular de Sitter space beyond Z%~. In the
context of the general setting of Ref. [86], this would happen when the comoving geodesic
congruence, which defines the Hubble parameter, does not cover the entire spacetime.

Since inflationary spacetimes are effectively described by flat de Sitter space, it is natural
to expect that the past incompleteness of inflation in a flat FLRW coordinate patch is just
an apparent one and that there might exist a nonsingular maximal extension of it. The
purpose of this paper is to explore such extendibility of inflationary spacetimes with flat
spatial geometry.

The question that must be answered is how one can judge the extendibility of the past
boundary Z~. The classification of a boundary of spacetime was studied in [271] (see also
[348]). In Ref. [209, 210], it was shown that a spacetime is locally inextendible (or inex-
tensible) if and only if any component of the Riemann tensor and its covariant derivatives
measured in a parallely propagated (p.p.) tetrad basis diverges in the limit to the boundary.
This kind of singularity is called a p. p. curvature singularity [348] or simply a curvature sin-
gularity [271]. We note that the more common scalar curvature singularity, where a scalar
curvature invariant blows up, is necessarily also a p.p. curvature singularity. However, the
converse is not always true, i.e., it is possible that a p.p. curvature singularity may not be
a scalar curvature singularity. This kind of singularity is called an intermediate singularity
[269] or a nonscalar singularity [271]. One notes that a locally extendible spacetime also in-
cludes a globally inextendible one. A boundary that can be extended locally but not globally
is called a locally extendible singularity [269] or a quasi-regular singularity [271]. A conical
singularity and the singularity in Taub-NUT spacetime correspond to locally extendible sin-
gularities (see, e.g., Ref. [271]). A globally extendible boundary is called a reqular boundary,
and there is no obstacle to extend spacetime beyond this boundary. An example of this is
the boundary of flat de Sitter space discussed above. To summarize, the finiteness of the
components of the Riemann tensor with respect to a p.p. tetrad basis is crucial to discuss
the extendibility of spacetimes, at least locally.

Our paper is organized as follows. In the next section, we construct an affine parametriza-
tion of a null geodesic and explicitly demonstrate its past incompleteness as t — —oo. Then,
in Sec. A.3, we explicitly construct a p.p. tetrad for flat FLRW spacetimes and discuss the
extendibility of inflationary cosmologies. We find that a flat FLRW spacetime is continu-
ously inextendible if the quantity H /a? diverges in the limit ¢ — —oo. On the other hand,
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Figure A.1 Penrose diagram of de Sitter space: The upper half triangle region corre-
sponds to the spacetime region which is covered by the flat FLRW coordinate patch. The
bold line represents a null geodesic. The null geodesic is incomplete in the flat FLRW
patch and reaches the past null boundary %~ (represented by the dashed line) at finite
affine length. However, this geodesic is complete in the entire de Sitter spacetime. In the
flat FLRW patch, the vertical gray lines represent surfaces of constant radius r, and the
horizontal lines represent surfaces of constant time . Examples are highlighted in blue.
Also, i® and i~ denote spatial infinity and past timelike infinity, respectively, while .#*
and #~ denote future and past null infinity, respectively.
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it is continuously extendible if H /a? is finite in the limit ¢ — —oo. In Sec. A.4, we give a
concrete method to extend the spacetime (when it is shown to be extendible). After that,
we give examples of analytic spacetimes in Sec. A.5. There, we demonstrate the maximal
extension of each inflationary spacetime or show the presence of the p. p. singularity explic-
itly. In Sec. A.6, we discuss the implications for inflationary models. Specifically, we derive
the condition for single field slow-roll models to be continuously extendible, and we find that
the Starobinsky model has a continuous p. p. singularity, but a small field inflation model
does not. Moreover, we investigate the absence of p.p. curvature singularities in a model of
modified gravity studied in Refs. [143, 516, 635]. The final section is devoted to the summary

and discussion.

A.2 Setup and past incompleteness of inflationary spacetimes

Throughout this paper, we focus on flat FLRW spacetime,
gudatde” = —dt* + a(t)® (dr® 4+ 72 dQy) | (A.2.3)

where dQ7, = df? + sin? # d¢? is the metric of the unit 2-sphere. We assume that the early
stage of cosmological evolution is described by inflationary exponential expansion, which
leads to the past boundary Z~ as we will see below. Precisely, we assume that the comoving
geodesics (for which the spatial coordinates r, 6, and ¢ are constants) are past complete?, i.e.,
the comoving time ¢ is defined all the way to ¢ — —oo, and the scale factor a(t) approaches
that of de Sitter space in the limit where t — —oo. Specifically, the assumption is that,
asymptotically,

a(t) ~ aert ast — —oo, (A.2.4)

where a and H, are positive constants. In that limit, H, represents the Hubble parameter
since H = a/a ~ H,. Throughout this paper, a dot denotes a derivative with respect to
physical time ¢.

Under the above assumption, we can directly confirm the incompleteness of a null geodesic.

In order to construct an affine parametrization of a null geodesic, it is useful to introduce

2We note that extensions of spacetimes where the comoving geodesics are past incomplete, e.g. cosmologies
with an initial Big Bang singularity, was discussed in Ref. [396].
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the conformal time 7 defined by
t dt/

Then, it is straightforward to see that a curve parametrized by \ as follows,
#(3) = (n0), 70,000,600 ) = (X,-2,0,0) . (A.2.6)

is a null geodesic. However, the parameter ) is not an affine parameter because the right-

hand side of the geodesic equation,
R a -
k'V , kH = 2——kH (A.2.7)
a

does not vanish. Here, k is the tangent vector of the null geodesic (A.2.6), and it is given by

. 8\
k=k"o, = dxdg) 8,=8,-9,. (A.2.8)

An affine parameter of the null geodesic (A.2.6) can be derived by re-parameterizing A. Let

us consider a new parameter A = A(A) and its corresponding tangent vector k* = dz*/dA.
Then, the tangent vector with respect to A can be expressed in terms of \ as
~ dzt dAdz”  dA

kﬂ = = = —= —/ = _~kﬂ A29
dy  dxdxoax ( )

and one can derive the geodesic equation for k*:

” 1 Opa
E'V, k' = — G (8,27>\ — 2%8,7)\) k* . (A.2.10)

In order for A to be an affine parameter, the right-hand side of Eq. (A.2.10) has to vanish.
This is only the case if
d\ < a*dn = adt. (A.2.11)

Thus, the null geodesic (A.2.6) is past complete if and only if the affine parameter diverges
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in the limit where t — —o0, i.e., if the integral

ty
Aty —o0] = / dt a(t) (A.2.12)
is infinite for arbitrary t;. In the case of inflation, with the assumption (A.2.4), the integral

(A.2.12) converges:
ty =
Alty, —o0] =~ EL/ dt eflat = HieHAtf : (A.2.13)

oo A
Therefore, flat FLRW spacetime with the assumption (A.2.4) has incomplete null geodesics,
and there is a past boundary %~.

In the next section, we construct a p. p. tetrad basis along these incomplete null geodesics

and discuss the extendibility.

A.3 The parallely propagated curvature singularity in inflationary

spacetimes

To discuss the local extendibility of an inflationary spacetime, one needs to construct a p. p.
tetrad basis along the null geodesic from the previous section since that is the basis which
is well defined on the boundary Z~. First, one can construct a simple tetrad é*, which we
call the FLRW tetrad, as follows:

e’ = dt = adn; (A.3.14a)
é' =adr; (A.3.14Db)
é>=ardf; (A.3.14c)
é* =arsinfde. (A.3.14d)

Though the FLRW tetrad components are p.p. along comoving timelike geodesics, they
are not parallel along the null geodesic of the previous section. This can be confirmed by

calculating Vé™. Indeed, the covariant derivatives of €° and é' along k are nonvanishing:
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kv ,e° = Hdr; (A.3.15a)
kv ,e' = Hdn. (A.3.15b)

We note that only € and &3 are p.p. along k.
Let us now construct a p. p. tetrad e simply by parallel transport of the FLRW tetrad
at a point (n,r) = (1o, 7o) along the null geodesic. Since any two tetrad bases are related

M

through a Lorentz transformation, we can write a p. p. tetrad basis e as a Lorentz trans-

formation of the FLRW tetrad,

e’ = cosh ((n,r) €° +sinh ((n, r) &', (A.3.16a)
e' = sinh ((n,r)€” + cosh((n,r) &, (A.3.16Db)

with e? = €2 and e® = &3. The Lorentz factor (or rapidity) ¢ satisfies ((ng,79) = 0 so that
eM coincides with €M at the given point (19, r9). Then, the covariant derivative of e™ along

k can be expressed in terms of the Lorentz factor ( as

_ Oha+a(9,¢ —9,Q)

KV e . e', (A.3.17a)
et — 1A (af =90 0. (A.3.17D)
a

For the e’s to be parallely propagated, the right-hand sides in Eq. (A.3.17) have to vanish.

Thus, one solution for the Lorentz factor ((n,r) is

¢(=-In (ﬁ> , (A.3.18)
Qo

where ag = a(np) is the value of the scale factor at n = 7y. In the limit where a — 0,

i.e. toward the boundary %™, the expression (A.3.18) tells us that the p. p. basis is obtained

by parallel transport through an infinite boost from the FLRW tetrad basis. Since the p. p.

tetrad is a well-defined basis to discuss the extendibility of the curve beyond #~, this fact

also tells us that the FLRW tetrad basis is ill defined in the limit to the boundary %~.

By plugging (A.3.18) into the definition of €™, we obtain concrete expressions for our p. p.
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tetrad,
1 2 1 2
= (1+5 )0 (1-5 ) e, (A.3.192)
2 ag) a 2 ag) a
1 2 1 2
e=-(1-5) e+ (1+5) 2e. (A.3.19D)
2 ag) a 2 ag) a

1 2 1 ’
éo:§<1+%)@e0_§<1—“—2>@e1, (A.3.200)
1 2 1 ’
élz__(l_a_2>@eo+_(1+a—2>@el. (A.3.20b)
2 ag) a 2 as) a

As studied in Refs. [209, 210, 271, 348], components of the Riemann tensor (and deriva-
tives thereof) are crucial to discuss the local extendibility of a boundary. Since flat FLRW
spacetime is conformally flat, any independent components of the Riemann tensor is de-
scribed by the Ricci tensor. In the FLRW tetrad basis €M, the Ricci tensor can be expanded

as follows,
Rdit @ de” = —2Hé’ ® &° + (3}12 + H) mve” @ &N (A.3.21)

where 73,y denotes the Minkowski metric tensor with tetrad indices. Since H — H, and
H =0 by the condition (A.2.4), the components of the Ricci tensor with respect to the
FLRW tetrad are finite. Thus, there appears to be no ill behavior for comoving timelike
observers. Also, any scalar curvature invariant constructed from the Ricci tensor is finite in
the limit to the boundary #~. Nevertheless, any component of the Ricci tensor with respect
to the p. p. tetrad e™ could possibly diverge, because the p. p. tetrad is related to the FLRW

tetrad through an infinite boost. Concretely, by using the expressions (A.3.20), we can write

H2 2\ 2 4 2\ 2
Ruudx“®dx”:ﬂ[—(l+a—2) eo®e°—|—2(1—a—4)e(0®el)—(1—a—) e'®e'

2 2
2a ag ag ag

+ (3H2 + H> miveM @ eV (A.3.22)

where in general eé™ ® e) is shorthand notation for (eM ® eV + e ® e)/2. From the
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above, we can see that the (0,0), (0,1), and (1, 1) components include the possibly divergent
quantity H /a? as t — —oo and a — 0. Therefore, we arrive at the following statement, the

key result of the present work:

Theorem A.1. The boundary P~ is a p.p. curvature singularity, or more precisely an

intermediate singularity, if

— 0, (A.3.23)

lim —
t——00 (12

and consequently, the corresponding inflationary spacetime cannot be extended beyond 9B~ .
On the other hand, if H/oz2 converges, then the past boundary %~ is not singular, and it can

be extendible at least locally.

The above statement relies solely on the behavior of the Ricci tensor (not on its deriva-
tives), so the statement is pertaining to continuous (C) extendibility and C° p.p. curvature
singularities. The precise definition of C" p.p. curvature singularities and C” extendibility
for any integer r > 0 can be found in appendix A.8, and as expected, the criterion depends
on the behavior of the r-th covariant derivative of the Ricci tensor. For example, continu-
ously differentiable (C') extendibility is possible if the first covariant derivative of the Ricci
tensor is continuous and does not diverge, i.e., Ry, must be of class C''. Similarly, smooth
(infinitely differentiable or C'*°) extendibility requires the Ricci tensor to be smooth as well.

In what follows, we focus on continuous (C°) extendibility, and that is what is implicitly
meant unless specified. Parallely propagated curvature singularities of class C', C? and
all the way to C* are ‘weaker’ or ‘milder’ in the sense that they may only involve the
divergence of quantities with higher derivatives of the Hubble parameter (see appendix A.8),
e.g. quantities like H/a®, [T /a*, etc.

A.4 Coordinates beyond the past boundary

In previous section, we found that an inflationary spacetime is possibly past extendible if
the quantity H /a? is finite all the way to the infinite past. The question that is raised in this
case is how one can extend the spacetime beyond the boundary. In this section, we construct
a new set of coordinates for the flat FLRW spacetime analogously to Eddington-Finkelstein

coordinates in Schwarzschild spacetime. Let us consider a new set of coordinates {\, v, 8, ¢}
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defined by

A = At —oo] = / "t (A.4.24)

—0o0

v=n4r. (A.4.25)

Note that, with these coordinates, the null geodesic (A.2.6) corresponds to the curve char-
acterized by v = # = ¢ = constant. Now, the affine parameter is chosen so that A\ = 0

corresponds to the past boundary #~. Using the relations

1
dt = . dA, (A.4.26)
1
dr =dv—dn=dv— —dA\, (A.4.27)
a

we can write the FLRW metric in terms of the new coordinates as
gudatdr” = —2dAdv + a® dv* + a®r? dQ(22) . (A.4.28)

In the limit toward %, the quantity ar converges under the assumption (A.2.4), because

it can be evaluated as

1 1
_H —H
ar ~ —an~ — (ae™") (—me At) =T (A.4.29)

Thus, the metric is regular at 4~, and it is given by
Y 1
gudatda”| ,_ = =2dXdv + H_f\ dQ%Q) : (A.4.30)

We note that the metric components are regular on %~ even if £~ is a p.p. curvature
singularity, because H /a? does not appear in the expression (A.4.30). In the inextendible
case, an ill behavior only appears in the components of the Ricci tensor, which can be

expressed as

It .
Ryydatda” = —2— d\? + (31{2 + H) Gapdzdz? . (A.4.31)
a

As it is clear from Eqs. (A.4.30) and (A.4.31), when H/a? converges, there is no ill behavior
at A = 0. Thus, the spacetime can be extended to A < 0 by making use of this coordinate
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system.

A.5 Examples

A.5.1 Exact de Sitter spacetime

As a first example of our general discussion, we first demonstrate the maximal extension of

flat de Sitter space, where the scale factor is exactly given by
a(t) = aer', (A.5.32)

Here, the FLRW time coordinate ¢ is defined in the region ¢ € (—o0,00). Since the affine

parameter A can be evaluated as
a eHAt

Hy

the coordinate region t € (—o00,00) corresponds to A € (0,00), hence the null geodesics are

A\ =

(A.5.33)

past incomplete. From Eq. (A.5.33), the scale factor can be written as a function of \ as
a(A) = Hpa\. (A.5.34)

Also, the conformal time can be evaluated as

6—HAt

1
= — = — . A5.35
m aH)y Hi\ ( )

Since the coordinate region ¢ € (—o0,00) corresponds to n € (—o00,0), flat de Sitter space
is conformally isometric to the lower half of Minkowski spacetime as shown by the upper
triangle of Fig. A.1. Using Egs. (A.5.33) and (A.5.35), we can write the metric in the
coordinates {\,v,0, ¢} as

1
gudatda® = —2dNdv + HIN* dv® + 5 (14 H3w)® d0, . (A.5.36)
A

Now, the metric tensor is well defined even for nonpositive values of A. Thus, we can extend?®
flat de Sitter space with A € (0,00) to the entire de Sitter spacetime with A € (—o0,0).

3In the language of appendix A.8, exact de Sitter space is one of the examples where the spacetime is
actually smoothly (C°°) extendible.
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Since A is nothing but the affine parameter of a null geodesic, this geodesic is now complete
in the entire de Sitter spacetime. We note that with the closed FLRW coordinates of the

entire de Sitter spacetime, also known as the global coordinates, the line element is given by

cosh?(Hyt,)

gudatde” = —dt? +
H g H/Q\

(dy? + sin?  d02,) | (A.5.37)
where ¢, is the global time coordinate, and ¢ € (0,7) is the third angle describing the 3-
sphere with line element dQé) = dyp? +sin? ¢ dQé). The above metric can be obtained from

our coordinates by the following coordinate transformation:

1
A= 7 (cosh[Hat,) costp + sinh[Ht,]) ; (A.5.38)
A

1 —eMtan(y/2)
V= e T tan(6]2) (A.5.39)

A.5.2 Inextendible toy model

As a toy model, let us consider a flat FLRW spacetime with scale factor given by

a etat aetst ast — —oo,
= g ~ (A.5.40)
1 ast — 00.

a(t)
This scale factor represents a universe which starts from de Sitter and approaches Minkowski

at t — 0o. One can evaluate the conformal time as

e*HAt

aHy '’

n=t-— (A.5.41)
and since the coordinate region ¢ € (—o0, 00) corresponds to n € (—oo, 00), this spacetime
is conformally isometric to the whole Minkowski spacetime. However, since

0

a? a efiat

— —00 as t — —o0, (A.5.42)

the past boundary Z~ is singular (i.e. it is a p. p. curvature singularity) according to the key
result of the previous section. The Penrose diagram of this spacetime is shown in Fig. A.2.

Let us explicitly see the inextendible nature of the spacetime by deriving the metric com-
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Figure A.2 Penrose diagram of the inextendible toy model with scale factor given by
Eq. (A.5.40). The past boundary %~ is a p.p. curvature singularity, and consequently,
the spacetime cannot be extended beyond %~. The bold line represents a null geodesic,
which ‘starts’ on 4~ at A — 0 and ‘ends’ on £ at A\ — co. Note also that i denotes
future timelike infinity.
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ponents in our new coordinate system {\, v, 6, ¢}. Following the definition in Eq. (A.4.24),
A can be written as
A=H'In(1+ae™"). (A.5.43)

Therefore, the scale factor a and the conformal time 7 can be written in terms of \ as
a(\) =1 — e Har (A.5.44)

n() = HLA (ln FHA;_ 1] - eml_ 1) . (A.5.45)

Thus, we can evaluate an as

e~ Har €
an = <eln H - 1) , (A.5.46)
A a
where € is a function of A\ defined by
e(\) = e — 1. (A.5.47)
Then, the metric can be written as
v a2 g2, €T € 02
gudatda” = =2dAdv+ (1 — e ") " do® + 0 (e In [5] -1- HAev> dQfy) . (A.5.48)

As one takes the limit A — 0 towards %, the above expression becomes exactly equal to
Eq. (A.4.30), and so the metric components are well defined in that limit. However, the
metric is not differentiable in that limit because of the term of the form elne. Thus, the

Ricci tensor is not C?, and the spacetime cannot be extended beyond A = 0.

A.5.3 Extendible toy model

Let us consider another toy model with the scale factor given by

= a
CL( ) o eHAt+6—HAt '

(A.5.49)
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In the limit ¢t — o0, the scale factor behaves as that of a contracting or expanding flat de

Sitter universe:

© aeflst  ast — —o0; (A.5.50)
a(t) ~ 5.
ae Irt ast — 0.

Since the conformal time,
Hat G*HAt

aHy
is defined in the parameter region n € (—oo, 00), the flat FLRW region ¢t € (—o0, 00) is again

e

n= : (A5.51)

conformally isometric to the whole Minkowski spacetime. Since H /a? is now finite,

L A (A.5.52)

any component of the Ricci tensor is well behaved in the limit to the past null boundary
9B~ . Therefore, this spacetime is extendible! beyond the past null boundary the same way

flat de Sitter space can be. The affine parameter A is obtained as follows,

A= -2 arctan eHat (A.5.53)

Hy
and so the region t € (—o00,00) corresponds to A € (0,ar/2H,). Hence the original region
is both future and past incomplete. Let us denote the future null boundary at A = an/2H,

by %". The scale factor can then be written in terms of \ as

a()\) = gsin (2]2“) : (A.5.54)
hence . SF )
_ 1 A
a(A)n(A) = . cos ( p > : (A.5.55)

4The toy model here is actually smoothly (C*°) extendible just like exact de Sitter space. This is due to
the fact that H/ a? = constant, i.e. H ~ a?, and it is shown in appendix A.8 that C> extendibility follows
if H ~a?as a— 0 with ¢ € Z>3. The present case corresponds to ¢ = 2.
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and so the metric in the original region A € (0, HiAg) can be written as

=2
gudatde” = — 2d\dv + “Z sin?(2H N /@) do?

1 2H\N] C [2HAN
+ m(Qcos[ - } +aHAvsm[ - }) dQé). (A.5.56)

The important point here is that the scale factor and the components of the metric are
well defined in the whole parameter region \ € (—o0, 00), and therefore, we can extend the
spacetime to that entire region. Since the scale factor is periodic, each spacetime region is

characterized by the quantity
2 Hy

N e+ 1), (A.5.57)
T a

where n € Z denotes the n-th copy of the original spacetime. The Penrose diagram of the

entire spacetime is depicted in Fig. A.3.

The resulting maximally extended geodesically complete spacetime is a cyclic universe
with periodically repeating phases of expansion and contraction, and the transitions from
contraction to expansion at A\ = nma/2H, are bounces. With a(\) given by Eq. (A.5.54),
we notice that a(A = nwa/2H,) = 0, so the scale factor vanishes at each bounce point.
Yet, those bounces are nonsingular since the boundary region at A = nma/2H, cannot
be described by the usual FLRW coordinate system. Rather, we see that the metric of
Eq. (A.5.56) reduces to Eq. (A.4.30) when A\ = nwa/2H,, which is the correct description
of the nonsingular bouncing surfaces. In other words, the ‘physical’ scale factor is the one
with respect to the comoving observer in the flat FLRW spacetime, and it is meaningless on
%* (or on any other boundary region at A = nwa/2H,). This is very similar to the case
of de Sitter space, where at A = 0, the scalar factor given by Eq. (A.5.34) would appear
to be singular. However, there exists a coordinate system in which the bounce is explicitly

nonsingular, as can be seen from Eq. (A.5.37).

A.6 Implications for inflationary models

A.6.1 Energy condition for subleading component

We have seen that convergence of the quantity H /a? is crucial to extend an inflationary

cosmology beyond the past null boundary % ~. Since there is no contribution from vacuum
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Figure A.3 Penrose diagram of the extendible toy model, where the scale factor is given
by Eq. (A.5.49), and we take @ = 1 and Hy = 1 (in Planck units) for illustrative pur-
poses. The original flat FLRW spacetime corresponds to the triangle region surrounded
by dashed lines, with " and i~ representing future and past timelike infinity for comov-
ing observers in the original universe. The spacetime can be extended beyond the future
and past boundaries %=, and the whole spacetime is geodesically complete.
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energy to H in Einstein gravity, the behavior of H /a? is determined by the next-to-leading
order contribution to the energy density during inflation. In order to describe this situation
effectively, let us consider Einstein gravity with a cosmological constant and a fluid which
follows the equation of state,

P =wp, (A.6.58)

where w is a constant, P and p are the pressure and the energy density of the fluid, respec-
tively. We note, though, that a fluid description with the above equation of state might not
be a fully realistic situation for inflation, but it serves as an effective description. By solving

the conservation equation for the fluid as usual, we obtain
p ox a3+ (A.6.59)

We now assume that w < —1 so that the vacuum energy is dominant in the total energy
density, i.e.
Prot =N+ p= A asa— 0. (A.6.60)

In that case, the evolution of the Hubble parameter is dominated by the vacuum energy A,
and our assumption (A.2.4) is realized. Then using the Friedman equations, we can write

the key quantity H /a? as a function of the scale factor a,

H 1 p+P 14w
which converges in the limit @ — 0 only if w = —1 or 5 + 3w < 0. The former case exactly

corresponds to the vacuum energy A. Thus, if there is a correction to the vacuum energy, the

equation of state of the next-to-leading order component has to satisfy the latter condition,

w < -3 (A.6.62)
This clarifies the discontinuous nature between exact de Sitter space and inflationary cos-
mology satisfying Eq. (A.2.4): although the spacetime is nonsingular if w is exactly equal
to —1, any arbitrary small deviation from w = —1 leads to a p.p. curvature singularity.
The singularity is avoided only if the next-to-leading order component to the energy density

goes to zero fast enough as a — 0. The above result shows that it is not enough to violate
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the Null Energy Condition with w < —1 since an equation of state parameter in the range
w € (—5/3,—1) would still lead to a p. p. curvature singularity.

We note that the condition w < —5/3 generally ensures C° extendibility. However, if
—5 — 3w is an integer in addition to the condition w < —5/3 (i.e. if w € Z<_5/3), then the
spacetime is C'™ extendible as shown in appendix A.8. If w is not an integer multiple of 1/3
but still w < —5/3, then the spacetime is at most CL=3*1=5 extendible.

A.6.2 Single field slow-roll inflation

Let us derive the expression for the key quantity H /a? in the case of slow-roll inflation models
driven by a canonical scalar field ¢ with a potential V(). The complete set of equations of
motion is given by®

V(p) : V(o)
~ — A.6.
sz 7 3H (A.6.63)

provided the following slow-roll approximations are satisfied:

T (A.6.64)
3H|g| 2V (p)

From these equations, we can write the scale factor as a function of ¢,
a(p) = a.e™ N (A.6.65)

with N (i), the e-folding number, given by

1 [ Vv
N(p) ~ M—gl/ de Tk (A.6.66)
Pe

Here, a. and ¢, are the values of a and ¢ at the end of inflation respectively.

Using Egs. (A.6.63) and (A.6.65), we can then write the key quantity H/a? in terms of
¥ ) ,
!/ /
L (v): 1 (V) L2N(9) 1

a2 6a2 V. 6a2 V “ea2! ) (A.6.67)

5From here on, a prime denotes a derivative with respect to the argument of the function.
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where the function f is defined by

(V)2 oney . (V) 2 /“0 14
= ~ — do — | . A.6.
() e % exp iz ), Y T (A.6.68)

Thus, a necessary condition for a slow-rolling inflationary cosmology to be free of p.p.

singularities can be written as

lim  f(p) = finite, (A.6.69)

p—rp(—00)

where ¢(—00) is the value of ¢(t) in the limit ¢ — —oo. Thus, for any given potential V' (¢),
we can judge the presence of a singularity by evaluating (A.6.68) and its limit. In the rest of
this section, we evaluate (A.6.69) for the Starobinsky model and for a small field inflationary

model.

Starobinsky model

Let us consider the Starobinsky model [590] with Einstein frame potential given by
3 5.9 /2 2
Vip) = " Mg (1—e V3dMp | | (A.6.70)

where m is the ‘mass’ of the inflaton. Inflation occurs at large positive field values, and ¢
slowly rolls toward 0 as time ¢ increases. Inversely, ¢ approaches 400 in the limit ¢ — —oco. In
that limit, V() ~ 3m*M$3 /4 = constant, so the potential acts like a cosmological constant,
i.e. the spacetime is asymptotically de Sitter. With the above potential, the e-folding number
N can be evaluated following Eq. (A.6.66), and one finds

3 /2 ¢
N(p) ~ Ze\/;MPI as p — 00. (A.6.71)

Since the quantity (V’)?/V is given by

2
(V,) _ 2m2€f2\/§ﬁ;l

A6.72
- , (A672)
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it cannot suppress the factor of ¢*V in the expression for f(¢). Indeed,
2 2N(0)-2v/F 5 2 3 2 ¢
f(p) =2mce SMp1 ~ 2miexp | —exp [\/=——| | = o0 (A.6.73)
2 3 Mp

as ¢ — 00. We see from Eq. (A.6.72), which is proportional to H, that the Hubble parameter
approaches a constant exponentially fast as ¢ — oo in field space. This matches the intuition
that Starobinsky inflation rapidly approaches de Sitter in field space (at large field values).
However, the scale factor reaches zero even faster than H as a ~ exp(— exp(¢)). The subtlety
comes from the fact that the potential is very flat at large field values, which implies that
large time intervals are needed for small field displacements. Consequently, de Sitter is
actually approached only very slowly in physical time compared to the rate at which the
scale factor goes to zero. Thus, the ratio H /a? and equivalently f(y) blow up, and the
spacetime is inextendible. We can conclude that if Starobinsky inflation starts from the
infinite past at t — —oo for comoving observers, then the past boundary 4~ must be a p. p.
curvature singularity.

We note, however, that Starobinsky inflation is unlikely to start from the infinite past in
the first place. Indeed, this would require the initial field velocity to exactly vanish, which
represents extreme fine-tuning. In general, the field equation of motion is ¢ + 3H¢ ~ 0
for a nearly flat potential, and with ¢ =# 0 initially, this implies ¢ o« a™3 and p ~ a~°
(kinetic domination as a — 0). Accordingly, the first slow-roll approximation in Eq. (A.6.64)
would not be satisfied. This is known as ultra-slow-roll or non-attractor inflation (see, e.g.,
(173, 256, 392, 601]). In that situation, the effective equation of state parameter w would
tend to unity as a — 0, and the Universe would be past incomplete (standard Big Bang
curvature singularity).

Another comment is in order: Starobinsky inflation with the Einstein frame potential
V(p) given above is equivalent to an f(R) modified theory of gravity of the form f(R) =
R+ R?/(6m?) in the Jordan frame after a conformal transformation. It would be natural
to extend the above analysis to inflationary scenarios with different f(R) theories of gravity,
e.g., slight deviations from Starobinsky inflation or generalizations thereof (see, e.g., [501]).
This shall be the subject of a follow-up study.
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Small Field inflation

Let us consider another slow-roll inflation model with a Higgs-like potential [472, 614] of the

Vip) =Vp (1 . <£>2)2 , (A.6.74)

2m

form

where 1} is a positive constant, and m is another mass scale. We would like to focus on
small field inflation, which occurs when® ¢ < m. We note, however, that such small field
inflation models are unstable against initial condition fluctuations [103, 324]. From the above

potential, we find that the e-folding number is given by
Nig)= -2 il (A.6.75)
=——1In|— —c 6.
4 SN2,
and it diverges in the limit ¢ — 0. Thus, the limit ¢ — —oo corresponds to the limit ¢ — 0.

Then, f(¢) can be evaluated as follows,

2 2

f(@) — ‘/0 g02 (410) Mg, e 4Ml%1 , <A676)

— R
m Pe

and one finds that f(y) converges in the limit ¢ — 0 when m < Mp;. Thus, if small field
inflation starts from the infinite past at ¢ — —oo for comoving observers, then the Universe
can be continuously (C?) extended beyond the past boundary %~. In other words, nonco-
moving geodesics exit the original inflationary region sufficiently far in the past. However,
the above does not tell us whether the past boundary £~ is C" extendible for r > 1, and the
spacetime could very well be C! inextendible. This remains to be verified, but the condition

(A.6.69) would be much more complicated.

A.6.3 Limiting curvature models

In this subsection, we demonstrate how to evaluate the key quantity H /a? in the limit cor-

responding to de Sitter in a class of modified gravity models. Specifically, we focus on a

6Chaotic inflation is also possible when ¢ is much larger than m, but we note that in the case of such
chaotic inflation models (and more generally for V() o< ¢P, p > 0), the inflaton potential energy diverges
as ¢ = oo (l.e. t & —o0). Consequently, the effective description of the inflationary cosmology based on
classical gravity would no longer be valid near #~. Thus, the present analysis cannot address the past
extendibility of such inflationary models.
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gravitational theory with limiting curvature, which is claimed to have nonsingular cosmo-
logical solutions, as proposed and investigated in Refs. [143, 516, 635] (see also references
therein, and Refs. [197, 265, 266] and Refs. [196, 600, 633] for other applications to cosmo-
logical and black hole spacetimes respectively). Let us briefly review the theory and the
inflationary solutions investigated in Ref. [635]. The action of this theory is given by

_ Mp /d4 <R+Z X1 )]) : (A.6.77)

where y; and ys are scalar fields, and I; and I are curvature invariant functions, which
reduce to
JFRRW — o2 [FLRW — _6H (A.6.78)

in a flat FLRW spacetime. We note that there are many choices of curvature invariant
functions which satisfy the condition (A.6.78), and the stability of the cosmological pertur-
bations’ strongly depends on the choice of I; and I,. However, the background dynamics
can be uniquely determined only from the condition (A.6.78).

Varying the action (A.6.77) with respect to x1 and y» gives rise to the following constraint

equations at the background level,
12H? = V{(x1), —6H = Vi(x2), (A.6.79)

which ensure the finiteness of H and H if V/ and VJ are finite for any value of y; and y,.
This is the mechanism to limit the divergence of the curvature invariants in this theory. The

other independent equation of motion is given by (see Ref. [635] for a derivation)

—0. (A.6.80)

The above equations of motion can be rewritten as a set of first-order differential equations

only involving a, x1, and x». In particular, the x; — x2 phase space trajectories are governed

"See Ref. [635] for examples of covariant curvature invariant functions that reduce to Eq. (A.6.78) and
for the analysis of the perturbations.
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by the following equation:

% ‘/'1//

2(Vi + Va)
= 3 21— 1+ ———= | . A.6.81
T AR .
Similarly, the solutions in the y2 — a space satisfy the following equation:
dx 2(Vi + V%)
= — 21 — 14+ ——=| . A.6.82
o (3X2+ X1 + v (A.6.82)

In order to determine if an inflationary solution [one which satisfies Eq. (A.2.4)] is past
(in)complete, we need to check the limit of the ratio H /a? as a — 0 (which is equivalent to the
limit ¢t — —oo when Eq. (A.2.4) is satisfied). In order for the spacetime to be asymptotically
de Sitter, the potentials are going to be chosen as follows [143, 635]:

2
X1 ln(l + Xl))
V; = 12H? 1———22) A.6.83
2
X2
V = —12H? , A.6.84
2(x2) A (A.6.84)

where H,x is a positive constant. Then, one can use Eq. (A.6.81) to draw the phase space
trajectories as shown in Fig. A.4. As it is clear from the diagram® in the limit t — —oo,
trajectories go to y; — constant and y, — 400, and in that limit, the trajectories are
asymptotically de Sitter [143]. Taking the limit |x2| — oo with x; kept constant, Eq. (A.6.82)
with the potentials (A.6.83) and (A.6.84) reduces to

dxe
o=~ —3x2, (A.6.85)

and upon integration, the solution is

2=

xa(a) ~ — (A.6.86)

where K is an integration constant. Substituting this solution into Eq. (A.6.79) with the

8We note that only the region where x» < 0 was plotted in Ref. [635]. This region corresponds to the
region H < 0, because I, and I, satisfy the condition (A.6.78) only when H < 0 in the model investigated
there. However, in general, some trajectories enter the region where xyo > 0 if I; and I, are appropriately
defined in this region.
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-10

X1

Figure A.4 Trajectories in the x; — x2 phase space following Eq. (A.6.81) with the
potentials (A.6.83) and (A.6.84). The arrows point forward in time. In the limit ¢ — —oo,
there are two kinds of trajectories: those that go to x1 — constant and x2 — 400 (an
example is highlighted in red) and those that go to xy; — constant and y2 — —oo (an
example is highlighted in blue).

potential of Eq. (A.6.84), one obtains

H(a) 14KH2 _a® 4H2?
- 29(}@_‘_@6)2 ~ a” =0 asa— 0. (A.6.87)

Therefore, the above trajectories that are asymptotically de Sitter are not past incomplete;
one could construct an extension beyond the past boundary %~. More precisely, the space-
time is smoothly (C*) extendible since H ~ a? with ¢ =9 € Z, (see appendix A.8).
Finally, we would like to comment on the stability of these solutions. The stability against
cosmological perturbations strongly depends on the choice of I; and I, which satisfy the
condition (A.6.78). In Ref. [635], the stability for two kinds of curvature invariant functions

was investigated. From those results, it appears the trajectories that are asymptotically de
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Sitter are unstable in the infinite past (when y; — constant and x, — o0). Therefore,
although the solutions shown above are examples of past extendible inflationary cosmologies
in modified gravity, they remain at the level of toy models that cannot describe the real

Universe.

A.7 Summary and discussion

In the present paper, we showed that an inflationary spacetime with flat spatial curvature
i.e. a flat FLRW spacetime with a scale factor which satisfies the condition (A.2.4)] has
a p.p. curvature singularity if the quantity H /a? diverges in the limit ¢ — —oo. On the
other hand, if H /a?® converges, then the past boundary is regular and continuously (C°)
extendible. We presented concrete examples of both inextendible and extendible models in
Sec. A.5. In the context of Einstein gravity with a cosmological constant and a perfect fluid,
which follows the equation of state p/p = w = constant, we found that the p.p. curvature
singularity is only avoidable if w < —5/3. In the case of slow-roll inflation with a canonical
scalar field, the key quantity H /a? can be written in terms of the inflaton potential, and we
derived the condition to judge whether the past boundary is singular or not for the given
potential. By using this formula, we found that Starobinsky inflation has a CY p. p. curvature
singularity, but a small field inflation model does not. Moreover, in the context of a theory of
modified gravity with limiting curvature as investigated in Refs. [143, 635], we computed the
asymptotic expression for H /a* and determined that the inflationary solutions are smoothly
(C*) extendible.

Throughout this paper, we have discussed extendibility of flat, asymptotically de Sitter,
FLRW spacetimes. Of course, it could be possible that there is a noninflationary epoch before
inflation or that inflation never occurs in the very early universe. This would necessarily
happen if the vacuum energy became subdominant in the limit ¢ — 0. In Einstein gravity,
candidates are, for example, spatial curvature with p o< a=2, dust with p oc a3, radiation

4 or anisotropies with p oc a=%. If there is a positive spatial curvature component,

with p ox a™
the early stages of inflation would be described by closed de Sitter space, where the universe
enters a contracting phase sufficiently far in the past. In the case of a negative spatial
curvature, we expect the situation to be similar to the flat case, because open de Sitter
space also has a past boundary %~ that is extendible. If some thermal matter components

or anisotropies are dominant over other components, it would lead to a Big Bang initial
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singularity or a Belinsky-Khalatnikov-Lifshitz singularity [67]. However, this might not be
the case in a quantum theory of gravity (see, e.g., [414]). We stress here that the entire
analysis performed in this paper is in the realm of classical General Relativity. The situation
is certainly expected to be different when we better understand the quantum gravity effects
at high energies.

We also only considered spacetimes that are perfectly homogeneous and isotropic. Thus,
we did not include the effects of anisotropies or cosmological perturbations. The presence
of cosmological perturbations would most likely change the criterion for past extendibility,
as known in the case of eternal inflation models [468]. In such a case, our analysis is not
applicable. Therefore, an interesting direction is to investigate how to develop the present
analysis in the context of eternal inflation models, as it was done for the singularity theorems

by Borde and Vilenkin [87, 89].

A.8 General extendibility

In this appendix, let us precisely define the concepts of singularity and extendibility. For
fully rigorous mathematical definitions and theorems, we refer to Refs. [209, 210, 271, 348].

Let us call a spacetime (M, g), where M is the manifold and g the metric tensor, to
be of class C" when C" (r € Zx) is the differentiability class of the Riemann tensor. This
is equivalent to the metric tensor being of class C"*2. Then, a boundary £ C M is a C"
p. p. curvature singularity if any component of the r-th covariant derivative of the Riemann
tensor is not of class C° in the limit toward % when measured in a p.p. tetrad basis e.
In particular, if the spacetime is conformally flat, i.e. if the Weyl tensor vanishes, then the
Riemann tensor is fully determined by the Ricci tensor. In that case, Zis a C" p. p. curvature
singularity if the quantity

42

Vm vuz o VMT‘RNT+1NT+2 ® dz™ (A-8-88)

j=1

expanded in terms of the eM’s diverges in the limit toward %. Then, we say that the
spacetime is C" extendible if and only if there is no C" p. p. curvature singularity. Similarly,
the spacetime is C" inextendible if and only if there is a C" p.p. curvature singularity.

Following the above statements, the requirement derived at the end of Sec. A.3 for an in-
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flationary spacetime is pertaining to a CY p. p. singularity and C (continuous) (in)extendibility.
However, the statement can be generalized. Starting with one covariant derivative of the

Ricci tensor in FLRW, one can write

VoR,,de” @ da" @ do” = — 2(H — 2HH)(e°)®? + 4H Hnpné™ @ eV © v
+(H +6HH)nyne’ © M @ eV (A.8.89)

in the FLRW tetrad basis. Thus, when assumption (A.2.4) is satisfied, H—0and HH —
0, and there appears to be no scalar polynomial curvature singularity. However, when

transforming to the p.p. tetrad basis, one finds

(H—2HH)a}

VoRuda? @ dot @ de” = — =

(e — e')®? (A.8.90)

to leading order in the limit a — 0. Therefore, as the spacetime approaches de Sitter, the
Hubble parameter is asymptotically a constant, and one needs to check the convergence of two
quantities, H/a® and H/a?, in order to assess C' (continuously differentiable) extendibility.
Strictly speaking, there are also subleading terms to Eq. (A.8.89) of the form H/a and
H/a that could generally diverge as a — 0. However, if H/a® and H/a® are shown to be
convergent, then necessarily the quantities H /a and H /a approach 0 as a — 0.

Equivalently, one may evaluate the covariant derivative of the Ricci tensor in the coor-
dinate system defined in Sec. A.4, where d\ = adt. That way, the Ricci tensor is given by
Eq. (A.4.31), and its covariant derivative is found to be

2(H — 2HH) (@)

20 H H+6HH
+ 2 s (A2 @ da’ @ d + do® @ dA @ daf) +
a

V,R,dz’ ® dz" @ dz¥ = —

Jopd\ ® dz* @ da” .
(A.8.91)

It is straightforward to see that the coefficient of the d\? term follows from evaluating 0\ F,
where F = —2H/a? is the coefficient of the dA? term in Eq. (A.4.31). For the second
derivative of the form V,V,R,,, the most divergent component is the coefficient of the d\*
term, and it is given by 93F. In general, for the r-th covariant derivative, it is 9} F.

In sum, we arrive at the following statement:
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Theorem A.2. A flat, asymptotically de Sitter, FLRW spacetime with boundary B~ at
t — —oo (equivalently a — 0 or X — 0) is C" inextensible and B~ is a C" p.p. curvature

singularity if

.0 (H

}\12% BIR (?) ‘ = 00. (A.8.92)
Alternatively, %~ is not a C" p. p. curvature singularity and the spacetime is C" extendible
if the quantity 05(H /a?) is finite as X — 0.

For r = 0, this is the statement given at the end of Sec. A.3. For r = 1, one needs to

evaluate the limit of

(1) - La (1) - F=2in hss

a? a? asd

and so on. Alternatively, one can check that

; r H _ T r H
}\1{)1{1)@\ <§> = HA (111_1}(1] aa (@) s <A894)

provided the spacetime has already been shown to be C"! extendible. Interestingly, this
implies that C*® (infinitely differentiable) extendibility is possible if, as a — 0, H ~ a9 with
q € Zy. Indeed, in that case, 9% (a=2H) ~ a9 > — 0 for r < ¢ — 2; 9"(a"2H) ~ constant
for r = ¢ — 2; and Gg(a‘zH) =0 forr > q—2 If H~ af with ¢ not an integer but still
q > 2, then the spacetime is at most Cl9)=2 extendible. As expected, exact de Sitter space
with H = 0 is another example of C* extendibility.



330

Bibliography

1]

Abbott, B. P. et al. (LIGO Scientific, Virgo), “Tests of general relativity
with GW150914,” Phys. Rev. Lett. 116, 221101 (2016), [Erratum: Phys. Rev.
Lett.121,n0.12,129902(2018)], arXiv:1602.03841 [gr-qc].

Abbott, B. P. et al. (LIGO Scientific, VIRGO), “GW170104: Observation of a 50-
Solar-Mass Binary Black Hole Coalescence at Redshift 0.2,” Phys. Rev. Lett. 118,
221101 (2017), [Erratum: Phys. Rev. Lett.121,n0.12,129901(2018)], arXiv:1706.01812

[gr-qc].

Abbott, B. P. et al. (LIGO Scientific, Virgo, Fermi GBM, INTEGRAL, IceCube,
AstroSat Cadmium Zinc Telluride Imager Team, IPN, Insight-Hxmt, ANTARES,
Swift, AGILE Team, 1M2H Team, Dark Energy Camera GW-EM, DES, DLT40,
GRAWITA, Fermi-LAT, ATCA, ASKAP, Las Cumbres Observatory Group, OzGrav,
DWF (Deeper Wider Faster Program), AST3, CAASTRO, VINROUGE, MASTER, J-
GEM, GROWTH, JAGWAR, CaltechNRAO, TTU-NRAO, NuSTAR, Pan-STARRS,
MAXI Team, TZAC Consortium, KU, Nordic Optical Telescope, ePESSTO, GROND,
Texas Tech University, SALT Group, TOROS, BOOTES, MWA, CALET, IKI-GW
Follow-up, H.E.S.S., LOFAR, LWA, HAWC, Pierre Auger, ALMA, Euro VLBI Team,
Pi of Sky, Chandra Team at McGill University, DFN, ATLAS Telescopes, High Time
Resolution Universe Survey, RIMAS, RATIR, SKA South Africa/MeerKAT), “Multi-
messenger Observations of a Binary Neutron Star Merger,” Astrophys. J. 848, 112
(2017), arXiv:1710.05833 [astro-ph.HE].

Adam, R. et al. (Planck), “Planck 2015 results. I. Overview of products and scientific
results,” Astron. Astrophys. 594, A1 (2016), arXiv:1502.01582 [astro-ph.CO)].

Addazi, A., S. Alexander, Y.-F. Cai, and A. Marciano, “Dark matter and baryoge-
nesis in the Fermi-bounce curvaton mechanism,” Chin. Phys. C42, 065101 (2018),
arXiv:1612.00632 [gr-qc].

Ade, P. A. R. et al. (Planck), “Planck 2013 results. I. Overview of products and scien-
tific results,” Astron. Astrophys. 571, A1 (2014), arXiv:1303.5062 [astro-ph.CO)].



Bibliography 331

[7] Ade, P. A. R. et al. (Planck), “Planck 2013 results. XVI. Cosmological parameters,”
Astron. Astrophys. 571, A16 (2014), arXiv:1303.5076 [astro-ph.CO].

[8] Ade, P. A. R. et al. (Planck), “Planck 2013 results. XXII. Constraints on inflation,”
Astron. Astrophys. 571, A22 (2014), arXiv:1303.5082 [astro-ph.CO].

[9] Ade, P. A. R. et al. (Planck), “Planck 2013 Results. XXIV. Constraints on primordial
non-Gaussianity,” Astron. Astrophys. 571, A24 (2014), arXiv:1303.5084 [astro-ph.CO].

[10] Ade, P. A. R. et al. (BICEP2, Planck), “Joint Analysis of BICEP2/Keck Array and
Planck Data,” Phys. Rev. Lett. 114, 101301 (2015), arXiv:1502.00612 [astro-ph.CO].

[11] Ade, P. A. R. et al. (BICEP2, Keck Array), “Improved Constraints on Cosmology and
Foregrounds from BICEP2 and Keck Array Cosmic Microwave Background Data with
Inclusion of 95 GHz Band,” Phys. Rev. Lett. 116, 031302 (2016), arXiv:1510.09217
lastro-ph.CO.

[12] Ade, P. A. R. et al. (Planck), “Planck 2015 results. XIII. Cosmological parameters,”
Astron. Astrophys. 594, A13 (2016), arXiv:1502.01589 [astro-ph.CO].

[13] Ade, P. A. R. et al. (Planck), “Planck 2015 results. XVII. Constraints on primor-
dial non-Gaussianity,” Astron. Astrophys. 594, A17 (2016), arXiv:1502.01592 [astro-
ph.CO].

[14] Ade, P. A. R. et al. (Planck), “Planck 2015 results. XX. Constraints on inflation,”
Astron. Astrophys. 594, A20 (2016), arXiv:1502.02114 [astro-ph.CO].

[15] Afshordi, N., “Cuscuton and low energy limit of Hofava-Lifshitz gravity,” Phys. Rev.
D80, 081502 (2009), arXiv:0907.5201 [hep-th].

[16] Afshordi, N., D. J. H. Chung, M. Doran, and G. Geshnizjani, “Cuscuton Cosmology:
Dark Energy meets Modified Gravity,” Phys. Rev. D75, 123509 (2007), arXiv:astro-
ph/0702002 [astro-ph].

[17] Afshordi, N., D. J. H. Chung, and G. Geshnizjani, “Cuscuton: A Causal Field The-
ory with an Infinite Speed of Sound,” Phys. Rev. D75, 083513 (2007), arXiv:hep-
th/0609150 [hep-th].

[18] Aghanim, N. et al. (Planck), “Planck 2018 results. VI. Cosmological parameters,”
(2018), arXiv:1807.06209 [astro-ph.CO].

[19] Agrawal, P., G. Obied, P. J. Steinhardt, and C. Vafa, “On the Cosmological Impli-
cations of the String Swampland,” Phys. Lett. B784, 271 (2018), arXiv:1806.09718
[hep-th].



Bibliography 332

[20] Akama, S. and T. Kobayashi, “Generalized multi-Galileons, covariantized new terms,
and the no-go theorem for nonsingular cosmologies,” Phys. Rev. D95, 064011 (2017),
arXiv:1701.02926 |[hep-th].

[21] Akrami, Y. et al. (Planck), “Planck 2018 results. I. Overview and the cosmological
legacy of Planck,” (2018), arXiv:1807.06205 [astro-ph.CO].

[22] Akrami, Y. et al. (Planck), “Planck 2018 results. X. Constraints on inflation,” (2018),
arXiv:1807.06211 [astro-ph.CO].

[23] Albrecht, A., R. H. Brandenberger, and R. Matzner, “Inflation With Generalized Initial
Conditions,” Phys. Rev. D35, 429 (1987).

[24] Albrecht, A. and J. Magueijo, “A Time varying speed of light as a solution to cosmo-
logical puzzles,” Phys. Rev. D59, 043516 (1999), arXiv:astro-ph/9811018 [astro-ph].

[25] Albrecht, A., P. J. Steinhardt, M. S. Turner, and F. Wilczek, “Reheating an Inflation-
ary Universe,” Phys. Rev. Lett. 48, 1437 (1982).

[26] Alexander, S., Y.-F. Cai, and A. Marciano, “Fermi-bounce cosmology and the fermion
curvaton mechanism,” Phys. Lett. B745, 97 (2015), arXiv:1406.1456 [gr-qc].

[27] Alishahiha, M., E. Silverstein, and D. Tong, “DBI in the sky,” Phys. Rev. D70, 123505
(2004), arXiv:hep-th/0404084 [hep-th].

[28] Allahverdi, R., R. Brandenberger, F.-Y. Cyr-Racine, and A. Mazumdar, “Reheating
in Inflationary Cosmology: Theory and Applications,” Ann. Rev. Nucl. Part. Sci. 60,
27 (2010), arXiv:1001.2600 [hep-th].

[29] Amords, J., J. de Haro, and S. D. Odintsov, “Bouncing loop quantum cosmology from
F(T) gravity,” Phys. Rev. D87, 104037 (2013), arXiv:1305.2344 [gr-qc].

[30] Aoki, K., A. De Felice, C. Lin, S. Mukohyama, and M. Oliosi, “Phenomenology in
type-I minimally modified gravity,” JCAP 1901, 017 (2019), arXiv:1810.01047 [gr-qc].

[31] Arkani-Hamed, N., H.-C. Cheng, M. A. Luty, and S. Mukohyama, “Ghost condensation
and a consistent infrared modification of gravity,” JHEP 05, 074 (2004), arXiv:hep-
th/0312099 [hep-th].

[32] Armendariz-Picon, C., T. Damour, and V. F. Mukhanov, “k-Inflation,” Phys. Lett.
B458, 209 (1999), arXiv:hep-th/9904075 [hep-th].

[33] Armendariz-Picon, C., V. F. Mukhanov, and P. J. Steinhardt, “A Dynamical solution
to the problem of a small cosmological constant and late time cosmic acceleration,”
Phys. Rev. Lett. 85, 4438 (2000), arXiv:astro-ph/0004134 [astro-ph].



Bibliography 333

[34] Armendariz-Picon, C., V. F. Mukhanov, and P. J. Steinhardt, “Essentials of k essence,”
Phys. Rev. D63, 103510 (2001), arXiv:astro-ph/0006373 [astro-ph].

[35] Arnowitt, R. L., S. Deser, and C. W. Misner, “The Dynamics of general relativity,”
Gen. Rel. Grav. 40, 1997 (2008), arXiv:gr-qc/0405109 [gr-qc].

[36] Atick, J. J. and E. Witten, “The Hagedorn Transition and the Number of Degrees of
Freedom of String Theory,” Nucl. Phys. B310, 291 (1988).

[37] Babichev, E., C. Charmousis, D. Langlois, and R. Saito, “Beyond Fab Four,” Class.
Quant. Grav. 32, 242001 (2015), arXiv:1507.05942 [gr-qc].

[38] Bak, D. and S.-J. Rey, “Cosmic holography,” Class. Quant. Grav. 17, L83 (2000),
arXiv:hep-th/9902173 [hep-th].

[39] Baker, T., E. Bellini, P. G. Ferreira, M. Lagos, J. Noller, and I. Sawicki, “Strong
constraints on cosmological gravity from GW170817 and GRB 170817A,” Phys. Rev.
Lett. 119, 251301 (2017), arXiv:1710.06394 [astro-ph.CO].

[40] Bamba, K., A. N. Makarenko, A. N. Myagky, S. Nojiri, and S. D. Odintsov,
“Bounce cosmology from F'(R) gravity and F'(R) bigravity,” JCAP 1401, 008 (2014),
arXiv:1309.3748 [hep-th].

[41] Bamba, K., A. N. Makarenko, A. N. Myagky, and S. D. Odintsov, “Bouncing cosmology
in modified Gauss-Bonnet gravity,” Phys. Lett. B732, 349 (2014), arXiv:1403.3242
[hep-th].

[42] Banerjee, S., Y.-F. Cai, and E. N. Saridakis, “Evading the theoretical no-go theorem
for nonsingular bounces in Horndeski/Galileon cosmology,” (2018), arXiv:1808.01170

[gr-qc].

[43] Banks, T. and W. Fischler, “An Holographic cosmology,” (2001), arXiv:hep-
th/0111142 [hep-th].

[44] Banks, T. and W. Fischler, “Black crunch,” (2002), arXiv:hep-th/0212113 [hep-th].

[45] Banks, T. and W. Fischler, “Holographic cosmology,” (2004), arXiv:hep-th/0405200
[hep-th].

[46] Banks, T. and W. Fischler, “The holographic approach to cosmology,” in 8th Interna-
tional Conference on Particle Physics and the Early Universe (COSMO 2004) Toronto,
Canada, September 17-21, 2004 (2004) arXiv:hep-th/0412097 [hep-th].

[47] Banks, T. and W. Fischler, “Holographic cosmology 3.0,” Proceedings, Nobel Sympo-
sium 127 on String theory and cosmology: Sigtuna, Sweden, August 14-19, 2003, Phys.
Scripta T117, 56 (2005), arXiv:hep-th/0310288 [hep-th].



Bibliography 334

[48]

[49]

[50]

[51]

[55]

[56]

[57]

[58]

[59]

[60]

Bardeen, J. M., “Gauge Invariant Cosmological Perturbations,” Phys. Rev. D22, 1882
(1980).

Bardeen, J. M., P. J. Steinhardt, and M. S. Turner, “Spontaneous Creation of Almost
Scale-Free Density Perturbations in an Inflationary Universe,” Phys. Rev. D28, 679
(1983).

Barrow, J. D. and C. Ganguly, “Evolution of initially contracting Bianchi Class A
models in the presence of an ultra-stiff anisotropic pressure fluid,” Class. Quant. Grav.
33, 125004 (2016), arXiv:1510.01095 [gr-qc].

Bartolo, N., E. Komatsu, S. Matarrese, and A. Riotto, “Non-Gaussianity from inflation:
Theory and observations,” Phys. Rept. 402, 103 (2004), arXiv:astro-ph/0406398 [astro-

ph].

Bartolo, N. and A. R. Liddle, “The Simplest curvaton model,” Phys. Rev. D65, 121301
(2002), arXiv:astro-ph/0203076 [astro-ph].

Barvinsky, A. O., “Dark matter as a ghost free conformal extension of Einstein theory,”
JCAP 1401, 014 (2014), arXiv:1311.3111 [hep-th].

Battarra, L., M. Koehn, J.-L. Lehners, and B. A. Ovrut, “Cosmological Perturba-
tions Through a Non-Singular Ghost-Condensate/Galileon Bounce,” JCAP 1407, 007
(2014), arXiv:1404.5067 [hep-th].

Battarra, L. and J.-L. Lehners, “Quantum-to-classical transition for ekpyrotic pertur-
bations,” Phys. Rev. D89, 063516 (2014), arXiv:1309.2281 [hep-th].

Battefeld, D. and P. Peter, “A Critical Review of Classical Bouncing Cosmologies,”
Phys. Rept. 571, 1 (2015), arXiv:1406.2790 [astro-ph.CO].

Battefeld, T. and S. Watson, “String gas cosmology,” Rev. Mod. Phys. 78, 435 (2006),
arXiv:hep-th/0510022 [hep-th].

Baumann, D., “Inflation,” in Physics of the large and the small, TASI 09, proceedings
of the Theoretical Advanced Study Institute in Elementary Particle Physics, Boulder,
Colorado, USA, 1-26 June 2009 (2011) pp. 523-686, arXiv:0907.5424 [hep-th].

Baumann, D., “The physics of inflation: A course for graduate students in parti-
cle physics and cosmology,” http://www.damtp.cam.ac.uk/user/db275/TEACHING/
INFLATION/Lectures.pdf (2011), [Online; last accessed 6-April-2019].

Baumann, D., “Primordial Cosmology,” Proceedings, Theoretical Advanced Study
Institute in FElementary Particle Physics: Physics at the Fundamental Frontier
(TASI 2017): Boulder, CO, USA, June 5-30, 2017, PoS TASI2017, 009 (2018),
arXiv:1807.03098 [hep-th].



Bibliography 335

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

Baumann, D. and L. McAllister, Inflation and String Theory, Cambridge Monographs
on Mathematical Physics (Cambridge University Press, 2015) arXiv:1404.2601 [hep-th].

Baumann, D., L. Senatore, and M. Zaldarriaga, “Scale-Invariance and the Strong Cou-
pling Problem,” JCAP 1105, 004 (2011), arXiv:1101.3320 [hep-th].

Baumgarte, T. W. and S. L. Shapiro, Numerical Relativity: Solving Finstein’s Fqua-
tions on the Computer (Cambridge University Press, 2010).

Belinski, V., “Cosmological singularity,” The sun, the stars, the universe and general
relativity. Proceedings, International Conference in honor of Ya. B. Zeldovich’s 95th
annwersary, Minsk, Belarus, April 20-23, 2009, AIP Conf. Proc. 1205, 17 (2010),
arXiv:0910.0374 [gr-qc].

Belinski, V. A., “On the cosmological singularity,” Proceedings, 13th Marcel Grossmann
Meeting on Recent Developments in Theoretical and Fxperimental General Relativity,
Astrophysics, and Relativistic Field Theories (MG13): Stockholm, Sweden, July 1-7,
2012, (2014), 10.1142/5021827181430016X, [Int. J. Mod. Phys.D23,1430016(2014)],
arXiv:1404.3864 [gr-qc].

Belinsky, V. A. and I. M. Khalatnikov, “On the Influence of Matter and Physical Fields
Upon the Nature of Cosmological Singularities,” Sov. Sci. Rev. A3, 555 (1981).

Belinsky, V. A., I. M. Khalatnikov, and E. M. Lifshitz, “Oscillatory approach to a
singular point in the relativistic cosmology,” Adv. Phys. 19, 525 (1970).

Belinsky, V. a., I. m. Khalatnikov, and E. m. Lifshitz, “A General Solution of the
Einstein Equations with a Time Singularity,” Adv. Phys. 31, 639 (1982).

Ben Achour, J., M. Crisostomi, K. Koyama, D. Langlois, K. Noui, and G. Tasinato,
“Degenerate higher order scalar-tensor theories beyond Horndeski up to cubic order,”
JHEP 12, 100 (2016), arXiv:1608.08135 [hep-th].

Ben Achour, J., D. Langlois, and K. Noui, “Degenerate higher order scalar-tensor
theories beyond Horndeski and disformal transformations,” Phys. Rev. D93, 124005
(2016), arXiv:1602.08398 [gr-qc].

Bengtsson, 1. and 1. Galstyan, “Black Hole Lattices Under the Microscope,” Class.
Quant. Grav. 35, 145004 (2018), arXiv:1802.10396 [gr-qc].

Bentivegna, E., T. Clifton, J. Durk, M. Korzynski, and K. Rosquist, “Black-
Hole Lattices as Cosmological Models,” Class. Quant. Grav. 35, 175004 (2018),
arXiv:1801.01083 [gr-qc].



Bibliography 336

[73]

[74]

[75]

[76]

[79]

[30]

[81]

[82]

[83]

[84]

Bernardo, H., R. Brandenberger, and G. Franzmann, “T-dual cosmological solutions
in double field theory. I1.” Phys. Rev. D99, 063521 (2019), arXiv:1901.01209 [hep-th].

Bertone, G., D. Hooper, and J. Silk, “Particle dark matter: Evidence, candidates and
constraints,” Phys. Rept. 405, 279 (2005), arXiv:hep-ph/0404175 [hep-ph].

Bhattacharyya, J., A. Coates, M. Colombo, A. E. Giimriik¢tioglu, and T. P. Sotiriou,
“Revisiting the cuscuton as a Lorentz-violating gravity theory,” Phys. Rev. D97,
064020 (2018), arXiv:1612.01824 [hep-th)].

Bird, S., I. Cholis, J. B. Munoz, Y. Ali-Haimoud, M. Kamionkowski, E. D. Kovetz,
A. Raccanelli, and A. G. Riess, “Did LIGO detect dark matter?” Phys. Rev. Lett. 116,
201301 (2016), arXiv:1603.00464 [astro-ph.CO].

Birrell, N. D. and P. C. W. Davies, Quantum Fields in Curved Space, Cambridge
Monographs on Mathematical Physics (Cambridge Univ. Press, Cambridge, UK, 1984).

Biswas, T., R. Brandenberger, T. Koivisto, and A. Mazumdar, “Cosmological per-
turbations from statistical thermal fluctuations,” Phys. Rev. D88, 023517 (2013),
arXiv:1302.6463 [astro-ph.CO].

Biswas, T., R. Brandenberger, A. Mazumdar, and W. Siegel, “Non-perturbative Grav-
ity, Hagedorn Bounce & CMB,” JCAP 0712, 011 (2007), arXiv:hep-th/0610274 [hep-
th].

Biswas, T., E. Gerwick, T. Koivisto, and A. Mazumdar, “Towards singularity and
ghost free theories of gravity,” Phys. Rev. Lett. 108, 031101 (2012), arXiv:1110.5249

[gr-qc].

Biswas, T., A. Mazumdar, and W. Siegel, “Bouncing universes in string-inspired grav-
ity,” JCAP 0603, 009 (2006), arXiv:hep-th/0508194 [hep-th].

Blumenhagen, R., “Large Field Inflation/Quintessence and the Refined Swampland
Distance Conjecture,” Proceedings, 17th Hellenic School and Workshops on Elementary
Particle Physics and Gravity (CORFU2017): Corfu, Greece, September 2-28, 2017,
PoS CORFU2017, 175 (2018), arXiv:1804.10504 [hep-th].

Board, C. V. R. and J. D. Barrow, “Cosmological Models in FEnergy-
Momentum-Squared Gravity,” Phys. Rev. D96, 123517 (2017), [Erratum: Phys.
Rev.D98,n0.12,129902(2018)], arXiv:1709.09501 [gr-qc].

Bodendorfer, N., A. Schéfer, and J. Schliemann, “Canonical structure of general rela-
tivity with a limiting curvature and its relation to loop quantum gravity,” Phys. Rev.
D97, 084057 (2018), arXiv:1703.10670 [gr-qc].



Bibliography 337

[85]

[36]

[87]

[33]

[39]

[90]

[91]

[92]

[93]

[94]

[95]

Bogojevic, A. and D. Stojkovic, “A Nonsingular black hole,” Phys. Rev. D61, 084011
(2000), arXiv:gr-qc/9804070 [gr-qc.

Borde, A., A. H. Guth, and A. Vilenkin, “Inflationary space-times are incompletein
past directions,” Phys. Rev. Lett. 90, 151301 (2003), arXiv:gr-qc/0110012 [gr-qc].

Borde, A. and A. Vilenkin, “Eternal inflation and the initial singularity,” Phys. Rev.
Lett. 72, 3305 (1994), arXiv:gr-qc/9312022 [gr-qc.

Borde, A. and A. Vilenkin, “The Impossibility of steady state inflation,” in Relativistic
cosmology. Proceedings, Sth Nishinomiya- Yukawa Memorial Symposium, NYMSS-8,
Nishinomiya, Japan, October 28-29, 1993 (1994) pp. 111-127, arXiv:gr-qc/9403004

[gr-qc].

Borde, A. and A. Vilenkin, “Singularities in inflationary cosmology: A Review,” Quan-
tum gravity. Proceedings, 6th Seminar, Moscow, Russia, June 12-19, 1995, Int. J. Mod.
Phys. D5, 813 (1996), arXiv:gr-qc/9612036 [gr-qc].

Borde, A. and A. Vilenkin, “Violations of the weak energy condition in inflating space-
times,” Phys. Rev. D56, 717 (1997), arXiv:gr-qc/9702019 [gr-qc].

Boruah, S. S., H. J. Kim, and G. Geshnizjani, “Theory of Cosmological Perturbations
with Cuscuton,” JCAP 1707, 022 (2017), arXiv:1704.01131 [hep-th].

Boruah, S. S., H. J. Kim, M. Rouben, and G. Geshnizjani, “Cuscuton bounce,” JCAP
1808, 031 (2018), arXiv:1802.06818 [gr-qc].

Bousso, R., “A Covariant entropy conjecture,” JHEP 07, 004 (1999), arXiv:hep-
th/9905177 [hep-th].

Bousso, R., “Holography in general space-times,” JHEP 06, 028 (1999), arXiv:hep-
th/9906022 [hep-th].

Bousso, R., “The Holographic principle for general backgrounds,” Strings ’99. Proceed-
ings, Conference, Potsdam, Germany, July 19-24, 1999, Class. Quant. Grav. 17, 997
(2000), arXiv:hep-th/9911002 [hep-th].

Bousso, R., “Adventures in de Sitter space,” in The future of theoretical physics and
cosmology: Celebrating Stephen Hawking’s 60th birthday. Proceedings, Workshop and
Symposium, Cambridge, UK, January 7-10, 2002 (2002) pp. 539-569, arXiv:hep-
th/0205177 [hep-th].

Bousso, R., “The Holographic principle,” Rev. Mod. Phys. 74, 825 (2002), arXiv:hep-
th/0203101 [hep-th].



Bibliography 338

[98] Bozza, V. and M. Bruni, “A Solution to the anisotropy problem in bouncing cosmolo-
gies,” JCAP 0910, 014 (2009), arXiv:0909.5611 [hep-th].

[99] Brandenberger, R., “Topics in cosmology,” Proceedings, School on Particle Physics,
Gravity and Cosmology: Dubrovnik, Croatia, 21 Aug-2 Sep 2006, PoS P2GC, 007
(2006), arXiv:hep-th/0701157 [hep-th].

[100] Brandenberger, R., “Alternatives to cosmological inflation,” Phys. Today 61N3, 44
(2008).

[101] Brandenberger, R., “Matter Bounce in Hofava-Lifshitz Cosmology,” Phys. Rev. D80,
043516 (2009), arXiv:0904.2835 [hep-th].

[102] Brandenberger, R., “Do we have a Theory of Early Universe Cosmology?” Proceedings,
Philosophical Aspects of Modern Cosmology: Granada, Spain, September 22-23, 2011,
Stud. Hist. Phil. Sci. B46, 109 (2014), arXiv:1204.6108 [astro-ph.CO].

[103] Brandenberger, R., “Initial conditions for inflation — A short review,” Int. J. Mod.
Phys. D26, 1740002 (2016), arXiv:1601.01918 [hep-th].

[104] Brandenberger, R., R. Costa, G. Franzmann, and A. Weltman, “Dual spacetime and
nonsingular string cosmology,” Phys. Rev. D98, 063521 (2018), arXiv:1805.06321 [hep-
th].

[105] Brandenberger, R., R. Costa, G. Franzmann, and A. Weltman, “Point particle motion
in double field theory and a singularity-free cosmological solution,” Phys. Rev. D97,
063530 (2018), arXiv:1710.02412 [hep-th].

[106] Brandenberger, R., R. Costa, G. Franzmann, and A. Weltman, “T-dual cosmological
solutions in double field theory,” Phys. Rev. D99, 023531 (2019), arXiv:1809.03482
[hep-th].

[107] Brandenberger, R. and F. Finelli, “On the spectrum of fluctuations in an effective
field theory of the Ekpyrotic universe,” JHEP 11, 056 (2001), arXiv:hep-th/0109004
[hep-th].

[108] Brandenberger, R., G. Franzmann, and Q. Liang, “Running of the Spectrum of Cos-
mological Perturbations in String Gas Cosmology,” Phys. Rev. D96, 123513 (2017),
arXiv:1708.06793 [hep-th].

[109] Brandenberger, R. and P. Peter, “Bouncing Cosmologies: Progress and Problems,”
Found. Phys. 47, 797 (2017), arXiv:1603.05834 [hep-th].

[110] Brandenberger, R. H., “Quantum Field Theory Methods and Inflationary Universe
Models,” Rev. Mod. Phys. 57, 1 (1985).



Bibliography 339

[111]

[112]

[113]

[114]

[115]

116

[117]

18]

[119]

[120]

[121]

Brandenberger, R. H., “Implementing Markov’s limiting curvature hypothesis,” in
Quantum gravity. Proceedings, 6th Seminar, Moscow, Russia, June 12-19, 1995 (1995)
arXiv:gr-qc/9509059 [gr-qc].

Brandenberger, R. H., “Nonsingular cosmology and Planck scale physics,” in Rela-
tivistic astrophysics and cosmology. Proceedings, 17th Symposium, Munich, Germany,
December 11-17, 1997 (1995) arXiv:gr-qc/9503001 [gr-qc].

Brandenberger, R. H., “Some key issues confronting inflationary cosmology,” in Critical
dialogues in cosmology. Proceedings, Celebration of the 250th Anniversary of Prince-
ton University, Princeton, USA, June 24-27, 1996 (1996) pp. 280-284, arXiv:astro-
ph/9609045 [astro-ph].

Brandenberger, R. H., “Inflation and the theory of cosmological perturbations,” in
High-energy physics and cosmology. Proceedings, Summer School, Trieste, Italy, June
2-July 4, 1997 (1997) pp. 412-445, arXiv:astro-ph/9711106 [astro-ph].

Brandenberger, R. H., “Inflationary cosmology: Progress and problems,” in IPM
School on Cosmology 1999: Large Scale Structure Formation Tehran, Iran, January
23-February 4, 1999 (1999) arXiv:hep-ph/9910410 [hep-ph].

)

Brandenberger, R. H., “A Status review of inflationary cosmology,” in Proceedings,
10th Workshop on General Relativity and Gravitation in Japan (JGRG10): Osaka,
Japan, September 10-14, 2000 (2000) arXiv:hep-ph/0101119 [hep-ph].

Brandenberger, R. H., “Frontiers of inflationary cosmology,” Particles and fields. Pro-
ceedings, 21st Brazilian National Meeting, Sao Lourenco, Brazil, October 23-27, 2000,
Braz. J. Phys. 31, 131 (2001), arXiv:hep-ph/0102183 [hep-ph].

Brandenberger, R. H., “Principles, progress and problems in inflationary cosmology,”
AAPPS Bull. 11, 20 (2001), arXiv:astro-ph/0208103 [astro-ph].

Brandenberger, R. H., “Trans-Planckian Physics and Inflationary Cosmology,” in
Proceedings, 1st International Symposium on Cosmology and particle astrophysics
(CosPA 2002): Taipei, Taiwan, May 31-June 2, 2002 (2002) pp. 101-113, arXiv:hep-
th/0210186 [hep-th].

Brandenberger, R. H., “Challenges for inflationary cosmology,” in Themes in Unifica-
tion. Proceedings: 10th International Symposium on particles, strings and cosmology,
(PASCOS 2004), Pran Nath Festschrift. Part II: Boston, USA, August 18-19, 200/
(2004) arXiv:astro-ph/0411671 [astro-ph].

Brandenberger, R. H., “Lectures on the theory of cosmological perturbations,” Proceed-
ings, 5th Mezican School on Gravitation and Mathematical Physics: The early universe



Bibliography 340

[122]

[123]

124]

[125]

[126]

[127]

128]

[129]

[130]

[131]

and observational cosmology (DGFM 2002): Playa del Carmen, Mexico, November 24-
29, 2002, Lect. Notes Phys. 646, 127 (2004), arXiv:hep-th/0306071 [hep-th].

Brandenberger, R. H., “Challenges for string gas cosmology,” in 59th Yamada Confer-
ence on Inflating Horizon of Particle Astrophysics and Cosmology Tokyo, Japan, June
20-24, 2005 (2005) arXiv:hep-th/0509099 [hep-th].

Brandenberger, R. H., “Looking beyond inflationary cosmology,” Theory Canada 1
Vancouwver, British Columbia, Canada, June 2-5, 2005, (2005), 10.1139/P06-041, [Can.
J. Phys.84,437(2006)], arXiv:hep-th /0509076 [hep-th].

Brandenberger, R. H., “Moduli stabilization in string gas cosmology,” Proceedings,
Yukawa International Seminar on The Next Chapter in Einstein’s Legacy (YKIS2005):
Kyoto, Japan, June 27-July 1, 2005, Prog. Theor. Phys. Suppl. 163, 358 (2006),
arXiv:hep-th/0509159 [hep-th].

Brandenberger, R. H., “String Gas Cosmology and Structure Formation: A Brief Re-
view,” Proceedings, 3rd International Symposium on Cosmological and particle astro-
physics (CosPA 2006): Taipei, Taiwan, November 15-17, 2006, Mod. Phys. Lett. A22,
1875 (2007), arXiv:hep-th /0702001 [hep-th].

Brandenberger, R. H., “Conceptual Problems of Inflationary Cosmology and a New
Approach to Cosmological Structure Formation,” 22nd IAP Colloquium on Inflation
+ 25: The First 25 Years of Inflationary Cosmology Paris, France, June 26-30, 2006,
Lect. Notes Phys. 738, 393 (2008), arXiv:hep-th/0701111 [hep-th].

Brandenberger, R. H., “String Gas Cosmology,” in String Cosmology, J.Erdmenger
(Editor). Wiley, 2009. p.193-230 (2008) pp. 193-230, arXiv:0808.0746 [hep-th].

Brandenberger, R. H., “Cosmology of the Very Early Universe,” AIP Conf. Proc. 1268,
3 (2010), arXiv:1003.1745 [hep-th].

Brandenberger, R. H., “Introduction to Early Universe Cosmology,” Proceedings, 4th
International Conference on Fundamental interactions (ICFI 2010): Vicosa, Brazil,
August 1-7, 2010, PoS ICFI2010, 001 (2010), arXiv:1103.2271 [astro-ph.CO].

Brandenberger, R. H., “Alternatives to the inflationary paradigm of structure forma-
tion,” Proceedings, 5th International Symposium on Cosmology and Particle Astro-
physics (CosPA 2008): Pohang, Korea, October 29-November 1, 2008, Int. J. Mod.
Phys. Conf. Ser. 01, 67 (2011), arXiv:0902.4731 [hep-th].

Brandenberger, R. H., “String Gas Cosmology: Progress and Problems,” Class. Quant.
Grav. 28, 204005 (2011), arXiv:1105.3247 [hep-th].



Bibliography 341

[132]

[133]

134]

135

[136]

[137]

[138]

[139)]

[140]

[141]

[142]

[143]

[144]

Brandenberger, R. H., “The Matter Bounce Alternative to Inflationary Cosmology,”
(2012), arXiv:1206.4196 [astro-ph.CO].

Brandenberger, R. H., “Unconventional Cosmology,” Lect. Notes Phys. 863, 333
(2013), arXiv:1203.6698 [astro-ph.CO].

Brandenberger, R. H., “String Gas Cosmology after Planck,” Class. Quant. Grav. 32,
234002 (2015), arXiv:1505.02381 [hep-th].

Brandenberger, R. H., “Beyond Standard Inflationary Cosmology,” (2018),
arXiv:1809.04926 [hep-th].

Brandenberger, R. H., Y.-F. Cai, Y. Wan, and X. Zhang, “Nonsingular Cosmology from
an Unstable Higgs Field,” Int. J. Mod. Phys. D26, 1740006 (2017), arXiv:1506.06770
[hep-th].

Brandenberger, R. H., R. Easther, and J. Maia, “Nonsingular dilaton cosmology,”
JHEP 08, 007 (1998), arXiv:gr-qc/9806111 [gr-qc.

Brandenberger, R. H. and R. Kahn, “Cosmological Perturbations in Inflationary Uni-
verse Models,” Phys. Rev. D29, 2172 (1984).

Brandenberger, R. H., S. Kanno, J. Soda, D. A. Easson, J. Khoury, P. Martineau,
A. Nayeri, and S. P. Patil, “More on the spectrum of perturbations in string gas
cosmology,” JCAP 0611, 009 (2006), arXiv:hep-th/0608186 [hep-th].

Brandenberger, R. H., C. Kounnas, H. Partouche, S. P. Patil, and N. Toumbas, “Cos-
mological Perturbations Across an S-brane,” JCAP 1403, 015 (2014), arXiv:1312.2524
[hep-th].

Brandenberger, R. H. and J. H. Kung, “Chaotic Inflation as an Attractor in Initial
Condition Space,” Phys. Rev. D42, 1008 (1990).

Brandenberger, R. H. and J. Martin, “The Robustness of inflation to changes in super-
Planck-scale physics,” Mod. Phys. Lett. A16, 999 (2001), arXiv:astro-ph/0005432
[astro-ph].

Brandenberger, R. H., V. F. Mukhanov, and A. Sornborger, “A Cosmological theory
without singularities,” Phys. Rev. D48, 1629 (1993), arXiv:gr-qc/9303001 [gr-qc].

Brandenberger, R. H., A. Nayeri, and S. P. Patil, “Closed String Thermodynamics and
a Blue Tensor Spectrum,” Phys. Rev. D90, 067301 (2014), arXiv:1403.4927 [astro-
ph.CO].



Bibliography 342

[145]

[146]

[147)

[148]

[149]

[150]

[151]

[152]

[153]

[154]

[155]

[156]

157]

158

Brandenberger, R. H.; A. Nayeri, S. P. Patil, and C. Vafa, “String gas cosmology
and structure formation,” Int. J. Mod. Phys. A22, 3621 (2007), arXiv:hep-th/0608121
[hep-th].

Brandenberger, R. H., A. Nayeri, S. P. Patil, and C. Vafa, “Tensor Modes from a
Primordial Hagedorn Phase of String Cosmology,” Phys. Rev. Lett. 98, 231302 (2007),
arXiv:hep-th/0604126 [hep-th].

Brandenberger, R. H. and C. Vafa, “Superstrings in the Early Universe,” Nucl. Phys.
B316, 391 (1989).

Brans, C. and R. H. Dicke, “Mach’s principle and a relativistic theory of gravitation,”
Phys. Rev. 124, 925 (1961).

Brax, P., S. Cespedes, and A.-C. Davis, “Signatures of graviton masses on the CMB,”
JCAP 1803, 008 (2018), arXiv:1710.09818 [astro-ph.CO].

Brout, R., F. Englert, and E. Gunzig, “The Creation of the Universe as a Quantum
Phenomenon,” Annals Phys. 115, 78 (1978).

Brustein, R., “Cosmological entropy bounds,” Lect. Notes Phys. 737, 619 (2008),
arXiv:hep-th/0702108 [hep-th].

Brustein, R. and R. Madden, “A model of graceful exit in string cosmology,” Phys.
Rev. D57, 712 (1998), arXiv:hep-th/9708046 [hep-th].

Brustein, R. and R. Madden, “Classical corrections in string cosmology,” JHEP 07,
006 (1999), arXiv:hep-th/9901044 [hep-th].

Brustein, R. and G. Veneziano, “A Causal entropy bound,” Phys. Rev. Lett. 84, 5695
(2000), arXiv:hep-th/9912055 [hep-th].

Buchbinder, E. 1., J. Khoury, and B. A. Ovrut, “New Ekpyrotic cosmology,” Phys.
Rev. D76, 123503 (2007), arXiv:hep-th/0702154 [hep-th].

Buchbinder, E. 1., J. Khoury, and B. A. Ovrut, “On the initial conditions in new
ekpyrotic cosmology,” JHEP 11, 076 (2007), arXiv:0706.3903 [hep-th].

Buchbinder, E. I.; J. Khoury, and B. A. Ovrut, “Non-Gaussianities in new ekpyrotic
cosmology,” Phys. Rev. Lett. 100, 171302 (2008), arXiv:0710.5172 [hep-th].

Bunch, T. S. and P. C. W. Davies, “Quantum Field Theory in de Sitter Space: Renor-
malization by Point Splitting,” Proc. Roy. Soc. Lond. A360, 117 (1978).



Bibliography 343

[159]

[160]

[161]

162]

[163]

[164]

[165]

[166]

[167]

[168]

[169]

[170]

[171]

[172]

Buonanno, A., T. Damour, and G. Veneziano, “Pre-big bang bubbles from the gravi-
tational instability of generic string vacua,” Nucl. Phys. B543, 275 (1999), arXiv:hep-
th/9806230 [hep-th].

Burrage, C., C. de Rham, D. Seery, and A. J. Tolley, “Galileon inflation,” JCAP 1101,
014 (2011), arXiv:1009.2497 [hep-th].

7

Byrnes, C. T., “Lecture notes on non-Gaussianity,” The Cosmic Microwave Back-
ground, Astrophys. Space Sci. Proc. 45, 135 (2016), arXiv:1411.7002 [astro-ph.CO].

Cai, Y., H.-G. Li, T. Qiu, and Y.-S. Piao, “The Effective Field Theory of nonsingular
cosmology: II,” Eur. Phys. J. C77, 369 (2017), arXiv:1701.04330 [gr-qc].

Cai, Y. and Y.-S. Piao, “A covariant Lagrangian for stable nonsingular bounce,” JHEP
09, 027 (2017), arXiv:1705.03401 [gr-qc].

Cai, Y. and Y.-S. Piao, “Higher order derivative coupling to gravity and its cosmolog-
ical implications,” Phys. Rev. D96, 124028 (2017), arXiv:1707.01017 [gr-qc].

Cai, Y., Y. Wan, H.-G. Li, T. Qiu, and Y.-S. Piao, “The Effective Field Theory of
nonsingular cosmology,” JHEP 01, 090 (2017), arXiv:1610.03400 [gr-qc].

Cai, Y.-F., “Exploring Bouncing Cosmologies with Cosmological Surveys,” Sci. China
Phys. Mech. Astron. 57, 1414 (2014), arXiv:1405.1369 [hep-th].

Cai, Y.-F., R. Brandenberger, and P. Peter, “Anisotropy in a Nonsingular Bounce,”
Class. Quant. Grav. 30, 075019 (2013), arXiv:1301.4703 [gr-qc].

Cai, Y.-F., R. Brandenberger, and X. Zhang, “The Matter Bounce Curvaton Scenario,”
JCAP 1103, 003 (2011), arXiv:1101.0822 [hep-th].

Cai, Y.-F., F. Chen, E. G. M. Ferreira, and J. Quintin, “New model of axion
monodromy inflation and its cosmological implications,” JCAP 1606, 027 (2016),
arXiv:1412.4298 [hep-th].

Cai, Y.-F., S.-H. Chen, J. B. Dent, S. Dutta, and E. N. Saridakis, “Matter
Bounce Cosmology with the f(7") Gravity,” Class. Quant. Grav. 28, 215011 (2011),
arXiv:1104.4349 [astro-ph.CO].

Cai, Y.-F., F. Duplessis, D. A. Easson, and D.-G. Wang, “Searching for a matter
bounce cosmology with low redshift observations,” Phys. Rev. D93, 043546 (2016),
arXiv:1512.08979 [astro-ph.CO].

Cai, Y.-F., D. A. Easson, and R. Brandenberger, “Towards a Nonsingular Bouncing
Cosmology,” JCAP 1208, 020 (2012), arXiv:1206.2382 [hep-th].



Bibliography 344

[173]

174]

[175]

[176]

[177]

[178]

[179]

[180]

[181]

182]

[183]

[184]
[185]

Cai, Y.-F., J.-O. Gong, D.-G. Wang, and Z. Wang, “Features from the non-attractor
beginning of inflation,” JCAP 1610, 017 (2016), arXiv:1607.07872 [astro-ph.CO)].

Cai, Y.-F., A. Marciano, D.-G. Wang, and E. Wilson-Ewing, “Bouncing cosmologies
with dark matter and dark energy,” Universe 3, 1 (2016), arXiv:1610.00938 [astro-
ph.CO].

Cai, Y.-F., E. McDonough, F. Duplessis, and R. H. Brandenberger, “T'wo Field Matter
Bounce Cosmology,” JCAP 1310, 024 (2013), arXiv:1305.5259 [hep-th].

Cai, Y.-F., T. Qiu, Y.-S. Piao, M. Li, and X. Zhang, “Bouncing universe with quintom
matter,” JHEP 10, 071 (2007), arXiv:0704.1090 [gr-qc].

Cai, Y.-F., T.-t. Qiu, R. Brandenberger, and X.-m. Zhang, “A Nonsingular Cosmol-
ogy with a Scale-Invariant Spectrum of Cosmological Perturbations from Lee-Wick
Theory,” Phys. Rev. D80, 023511 (2009), arXiv:0810.4677 [hep-th].

Cai, Y.-F., J. Quintin, E. N. Saridakis, and E. Wilson-Ewing, “Nonsingular bouncing
cosmologies in light of BICEP2,” JCAP 1407, 033 (2014), arXiv:1404.4364 [astro-
ph.CO].

Cai, Y.-F. and E. Wilson-Ewing, “Non-singular bounce scenarios in loop quantum
cosmology and the effective field description,” JCAP 1403, 026 (2014), arXiv:1402.3009

[gr-qc].

Cai, Y.-F. and E. Wilson-Ewing, “A ACDM bounce scenario,” JCAP 1503, 006 (2015),
arXiv:1412.2914 [gr-qc|.

Cai, Y.-F., W. Xue, R. Brandenberger, and X. Zhang, “Non-Gaussianity in a Matter
Bounce,” JCAP 0905, 011 (2009), arXiv:0903.0631 [astro-ph.CO)].

Cai, Y.-F., W. Xue, R. Brandenberger, and X.-m. Zhang, “Thermal Fluctuations and
Bouncing Cosmologies,” JCAP 0906, 037 (2009), arXiv:0903.4938 [hep-th].

Carballo-Rubio, R., F. Di Filippo, and S. Liberati, “Minimally modified theories of
gravity: a playground for testing the uniqueness of general relativity,” JCAP 1806,
026 (2018), [Erratum: JCAP1811,n0.11,E02(2018)], arXiv:1802.02537 [gr-qc].

Carr, B. J., “The Primordial black hole mass spectrum,” Astrophys. J. 201, 1 (1975).

Carr, B. J., “Primordial Black Holes and Quantum Effects,” Proceedings, 1st Karl
Schwarzschild Meeting on Gravitational Physics (KSM 2013): Frankfurt am Main,
Germany, July 22-26, 2013, Springer Proc. Phys. 170, 23 (2016), arXiv:1402.1437

[gr-qc].



Bibliography 345

[186] Carr, B. J. and A. A. Coley, “Persistence of black holes through a cosmological bounce,”
Int. J. Mod. Phys. D20, 2733 (2011), arXiv:1104.3796 [astro-ph.CO].

[187] Carr, B. J. and S. W. Hawking, “Black holes in the early Universe,” Mon. Not. Roy.
Astron. Soc. 168, 399 (1974).

[188] Carrasco, J. J. M., R. Kallosh, and A. Linde, “Cosmological Attractors and Initial
Conditions for Inflation,” Phys. Rev. D92, 063519 (2015), arXiv:1506.00936 [hep-th].

[189] Carroll, S. M., Spacetime and geometry: An introduction to general relativity (Addison-
Wesley, San Francisco, USA, 2004).

[190] Cartier, C., E. J. Copeland, and M. Gasperini, “Gravitational waves in nonsingular
string cosmologies,” Nucl. Phys. B607, 406 (2001), arXiv:gr-qc/0101019 [gr-qc].

[191] Cartier, C., E. J. Copeland, and R. Madden, “The Graceful exit in string cosmology,”
JHEP 01, 035 (2000), arXiv:hep-th/9910169 [hep-th].

[192] Celani, D. C. F.; N. Pinto-Neto, and S. D. P. Vitenti, “Particle Creation in Bouncing
Cosmologies,” Phys. Rev. D95, 023523 (2017), arXiv:1610.04933 [gr-qc].

[193] Chaichian, M., J. Kluson, M. Oksanen, and A. Tureanu, “Mimetic dark matter,
ghost instability and a mimetic tensor-vector-scalar gravity,” JHEP 12, 102 (2014),
arXiv:1404.4008 [hep-th].

[194] Chamseddine, A. H. and V. Mukhanov, “Mimetic Dark Matter,” JHEP 11, 135 (2013),
arXiv:1308.5410 [astro-ph.CO].

[195] Chamseddine, A. H. and V. Mukhanov, “Inhomogeneous Dark Energy,” JCAP 1602,
040 (2016), arXiv:1601.04941 [astro-ph.CO)].

[196] Chamseddine, A. H. and V. Mukhanov, “Nonsingular Black Hole,” Eur. Phys. J. C77,
183 (2017), arXiv:1612.05861 [gr-qc].

[197] Chamseddine, A. H. and V. Mukhanov, “Resolving Cosmological Singularities,” JCAP
1703, 009 (2017), arXiv:1612.05860 [gr-q].

[198] Chamseddine, A. H., V. Mukhanov, and A. Vikman, “Cosmology with Mimetic Mat-
ter,” JCAP 1406, 017 (2014), arXiv:1403.3961 [astro-ph.CO).

[199] Chen, B., Y. Wang, W. Xue, and R. Brandenberger, “String Gas Cosmology and
Non-Gaussianities,” The Universe 3, 2 (2015), arXiv:0712.2477 [hep-th].

[200] Chen, J.-W., J. Liu, H.-L. Xu, and Y.-F. Cai, “Tracing Primordial Black Holes in
Nonsingular Bouncing Cosmology,” Phys. Lett. B769, 561 (2017), arXiv:1609.02571

[gr-qc].



Bibliography 346

[201]

202]

203]

204]

[205]

[206]

1207]

208]

209

210]

211]

212

213]

Chen, X., “Primordial Non-Gaussianities from Inflation Models,” Adv. Astron. 2010,
638979 (2010), arXiv:1002.1416 [astro-ph.CO].

Chen, X., M.-x. Huang, S. Kachru, and G. Shiu, “Observational signatures and non-
Gaussianities of general single field inflation,” JCAP 0701, 002 (2007), arXiv:hep-
th/0605045 [hep-th].

Cherman, A., T. D. Cohen, and P. M. Hohler, “A Sticky business: The Status of the
cojectured viscosity /entropy density bound,” JHEP 02, 026 (2008), arXiv:0708.4201
[hep-th].

Cheung, C., P. Creminelli, A. L. Fitzpatrick, J. Kaplan, and L. Senatore, “The Effective
Field Theory of Inflation,” JHEP 03, 014 (2008), arXiv:0709.0293 [hep-th].

Cheung, C., A. L. Fitzpatrick, J. Kaplan, and L. Senatore, “On the consistency
relation of the 3-point function in single field inflation,” JCAP 0802, 021 (2008),
arXiv:0709.0295 [hep-th].

Choudhury, S. and S. Pal, “Primordial non-Gaussian features from DBI Galileon in-
flation,” Eur. Phys. J. C75, 241 (2015), arXiv:1210.4478 [hep-th].

Chowdhury, B. D. and S. D. Mathur, “Fractional Brane State in the Early Universe,”
Class. Quant. Grav. 24, 2689 (2007), arXiv:hep-th/0611330 [hep-th].

Chowdhury, D., J. Martin, C. Ringeval, and V. Vennin, “Inflation after Planck: Judg-
ment Day,” (2019), arXiv:1902.03951 [astro-ph.CO].

Clarke, C. J. S., “Local extensions in singular space-times,” Commun. Math. Phys.
32, 205 (1973).

Clarke, C. J. S., “Local extensions in singular space-times ii,” Commun. Math. Phys.
84, 329 (1982).

Clesse, S. and J. Garcia-Bellido, “Massive Primordial Black Holes from Hybrid In-
flation as Dark Matter and the seeds of Galaxies,” Phys. Rev. D92, 023524 (2015),
arXiv:1501.07565 [astro-ph.CO)].

Clesse, S. and J. Garcia-Bellido, “The clustering of massive Primordial Black Holes as
Dark Matter: measuring their mass distribution with Advanced LIGO,” Phys. Dark
Univ. 15, 142 (2017), arXiv:1603.05234 [astro-ph.CO].

Clifton, T., B. Carr, and A. Coley, “Persistent Black Holes in Bouncing Cosmologies,”
Class. Quant. Grav. 34, 135005 (2017), arXiv:1701.05750 [gr-qc].



Bibliography 347

214]

[215]

216]

[217]

[218]

[219]

[220]

[221]

222]

223

[224]

[225]

[226]

Cline, J. M., S. Jeon, and G. D. Moore, “The Phantom menaced: Constraints on
low-energy effective ghosts,” Phys. Rev. D70, 043543 (2004), arXiv:hep-ph/0311312

[hep-ph].

Clough, K., R. Flauger, and E. A. Lim, “Robustness of Inflation to Large Tensor
Perturbations,” JCAP 1805, 065 (2018), arXiv:1712.07352 [hep-th].

Clough, K., E. A. Lim, B. S. DiNunno, W. Fischler, R. Flauger, and S. Paban, “Ro-
bustness of Inflation to Inhomogeneous Initial Conditions,” JCAP 1709, 025 (2017),
arXiv:1608.04408 [hep-th].

Clowe, D., M. Bradac, A. H. Gonzalez, M. Markevitch, S. W. Randall, C. Jones, and
D. Zaritsky, “A direct empirical proof of the existence of dark matter,” Astrophys. J.
648, 1.109 (2006), arXiv:astro-ph/0608407 [astro-ph].

Comelli, D., F. Nesti, and L. Pilo, “Nonderivative Modified Gravity: a Classification,”
JCAP 1411, 018 (2014), arXiv:1407.4991 [hep-th].

Conroy, A., A. S. Koshelev, and A. Mazumdar, “Defocusing of Null Rays in Infinite
Derivative Gravity,” JCAP 1701, 017 (2017), arXiv:1605.02080 [gr-qc].

Copeland, E. J.,; R. Easther, and D. Wands, “Vacuum fluctuations in axion-dilaton
cosmologies,” Phys. Rev. D56, 874 (1997), arXiv:hep-th/9701082 [hep-th].

Costa, R., R. R. Cuzinatto, E. M. G. Ferreira, and G. Franzmann, “Covariant c-
flation,” (2017), arXiv:1705.03461 [gr-qc|.

Creminelli, P., G. D’Amico, M. Musso, J. Norena, and E. Trincherini, “Galilean sym-
metry in the effective theory of inflation: new shapes of non-Gaussianity,” JCAP 1102,
006 (2011), arXiv:1011.3004 |[hep-th].

Creminelli, P., K. Hinterbichler, J. Khoury, A. Nicolis, and E. Trincherini, “Subluminal
Galilean Genesis,” JHEP 02, 006 (2013), arXiv:1209.3768 [hep-th].

Creminelli, P., A. Joyce, J. Khoury, and M. Simonovic, “Consistency Relations for the
Conformal Mechanism,” JCAP 1304, 020 (2013), arXiv:1212.3329 [hep-th].

Creminelli, P., M. A. Luty, A. Nicolis, and L. Senatore, “Starting the Universe: Stable
Violation of the Null Energy Condition and Non-standard Cosmologies,” JHEP 12,
080 (2006), arXiv:hep-th/0606090 [hep-th].

Creminelli, P., A. Nicolis, and E. Trincherini, “Galilean Genesis: An Alternative to
inflation,” JCAP 1011, 021 (2010), arXiv:1007.0027 [hep-th].



Bibliography 348

[227]

[228]

229]

230]

231]

[232]

[233]

[234]

[235]

[236]

237]

238

239]

240]

Creminelli, P., D. Pirtskhalava, L. Santoni, and E. Trincherini, “Stability of Geodesi-
cally Complete Cosmologies,” JCAP 1611, 047 (2016), arXiv:1610.04207 [hep-th].

Creminelli, P. and L. Senatore, “A Smooth bouncing cosmology with scale invariant
spectrum,” JCAP 0711, 010 (2007), arXiv:hep-th/0702165 [hep-th].

Creminelli, P. and M. Zaldarriaga, “Single field consistency relation for the 3-point
function,” JCAP 0410, 006 (2004), arXiv:astro-ph/0407059 [astro-ph].

Crisostomi, M., M. Hull, K. Koyama, and G. Tasinato, “Horndeski: beyond, or not
beyond?” JCAP 1603, 038 (2016), arXiv:1601.04658 [hep-th].

Crisostomi, M., R. Klein, and D. Roest, “Higher Derivative Field Theories: Degeneracy
Conditions and Classes,” JHEP 06, 124 (2017), arXiv:1703.01623 [hep-th].

Crisostomi, M., K. Koyama, and G. Tasinato, “Extended Scalar-Tensor Theories of
Gravity,” JCAP 1604, 044 (2016), arXiv:1602.03119 [hep-th].

Curiel, E.,; “A Primer on Energy Conditions,” FEinstein Stud. 13, 43 (2017),
arXiv:1405.0403 [physics.hist-ph].

D’Amico, G., C. de Rham, S. Dubovsky, G. Gabadadze, D. Pirtskhalava, and A. J.
Tolley, “Massive Cosmologies,” Phys. Rev. D84, 124046 (2011), arXiv:1108.5231 [hep-
th].

Damour, T. and M. Henneaux, “Chaos in superstring cosmology,” Phys. Rev. Lett.
85, 920 (2000), arXiv:hep-th/0003139 [hep-th].

Damour, T. and M. Henneaux, “E(10), BE(10) and arithmetical chaos in superstring
cosmology,” Phys. Rev. Lett. 86, 4749 (2001), arXiv:hep-th/0012172 |[hep-th].

Damour, T., M. Henneaux, and H. Nicolai, “Cosmological billiards,” Class. Quant.
Grav. 20, R145 (2003), arXiv:hep-th/0212256 [hep-th].

Damour, T., M. Henneaux, A. D. Rendall, and M. Weaver, “Kasner like behavior for
subcritical Einstein matter systems,” Annales Henri Poincare 3, 1049 (2002), arXiv:gr-
qc/0202069 [gr-qc].

Damour, T. and G. Veneziano, “Selfgravitating fundamental strings and black holes,”
Nucl. Phys. B568, 93 (2000), arXiv:hep-th/9907030 [hep-th].

Danielsson, U. H. and T. Van Riet, “What if string theory has no de Sitter vacua?”
Int. J. Mod. Phys. D27, 1830007 (2018), arXiv:1804.01120 [hep-th].



Bibliography 349

[241] Danos, R. J., R. H. Brandenberger, and G. Holder, “A Signature of Cosmic Strings
Wakes in the CMB Polarization,” Phys. Rev. D82, 023513 (2010), arXiv:1003.0905
[astro-ph.CO].

[242] Dasgupta, K., R. Gwyn, E. McDonough, M. Mia, and R. Tatar, “de Sitter Vacua in
Type IIB String Theory: Classical Solutions and Quantum Corrections,” JHEP 07,
054 (2014), arXiv:1402.5112 [hep-th].

[243] Davis, M., G. Efstathiou, C. S. Frenk, and S. D. M. White, “The Evolution of Large
Scale Structure in a Universe Dominated by Cold Dark Matter,” Astrophys. J. 292,
371 (1985).

[244] De Felice, A., A. E. Giimriik¢iioglu, C. Lin, and S. Mukohyama, “On the cosmology
of massive gravity,” Class. Quant. Grav. 30, 184004 (2013), arXiv:1304.0484 [hep-th].

[245] De Felice, A., K. Koyama, and S. Tsujikawa, “Observational signatures of the theories
beyond Horndeski,” JCAP 1505, 058 (2015), arXiv:1503.06539 [gr-qc].

[246] De Felice, A., D. Langlois, S. Mukohyama, K. Noui, and A. Wang, “Generalized in-
stantaneous modes in higher-order scalar-tensor theories,” Phys. Rev. D98, 084024
(2018), arXiv:1803.06241 [hep-th].

[247] De Felice, A. and S. Mukohyama, “Minimal theory of massive gravity,” Phys. Lett.
B752, 302 (2016), arXiv:1506.01594 |[hep-th].

[248] De Felice, A. and T. Tanaka, “Inevitable ghost and the degrees of freedom in f(R,G)
gravity,” Prog. Theor. Phys. 124, 503 (2010), arXiv:1006.4399 [astro-ph.CO].

[249] de Sitter, W., “Einstein’s theory of gravitation and its astronomical consequences.
Third paper,” Mon. Not. Roy. Astron. Soc. 78, 3 (1917).

[250] Deffayet, C., X. Gao, D. A. Steer, and G. Zahariade, “From k-essence to generalised
Galileons,” Phys. Rev. D84, 064039 (2011), arXiv:1103.3260 [hep-th].

[251] Deffayet, C., O. Pujolas, I. Sawicki, and A. Vikman, “Imperfect Dark Energy from
Kinetic Gravity Braiding,” JCAP 1010, 026 (2010), arXiv:1008.0048 [hep-th].

[252] Demaret, J., M. Henneaux, and P. Spindel, “Nonoscillatory Behavior in Vacuum
Kaluza-Klein Cosmologies,” 27th Liege International Astrophysical Colloquium on Ori-
gin and Fa Farly History of the Universe Liege, Belgium, July 1-4, 1986, Phys. Lett.
164B, 27 (1985).

[253] Deruelle, N. and D. S. Goldwirth, “Conditions for inflation in an initially inhomoge-
neous universe,” Phys. Rev. D51, 1563 (1995), arXiv:gr-qc/9409056 [gr-qc].



Bibliography 350

[254] Deruelle, N. and V. F. Mukhanov, “On matching conditions for cosmological pertur-
bations,” Phys. Rev. D52, 5549 (1995), arXiv:gr-qc/9503050 [gr-qc].

[255] Di Marco, F., F. Finelli, and R. Brandenberger, “Adiabatic and isocurvature pertur-
bations for multifield generalized Einstein models,” Phys. Rev. D67, 063512 (2003),
arXiv:astro-ph/0211276 [astro-ph].

[256] Dimopoulos, K., “Ultra slow-roll inflation demystified,” Phys. Lett. B775, 262 (2017),
arXiv:1707.05644 [hep-ph].

[257] Dobre, D. A.; A. V. Frolov, J. T. G. Ghersi, S. Ramazanov, and A. Vikman, “Un-
braiding the Bounce: Superluminality around the Corner,” JCAP 1803, 020 (2018),
arXiv:1712.10272 [gr-qc].

[258] Dodelson, S., Modern Cosmology (Academic Press, Amsterdam, 2003).

[259] Domenech, G., T. Hiramatsu, C. Lin, M. Sasaki, M. Shiraishi, and Y. Wang, “CMB
Scale Dependent Non-Gaussianity from Massive Gravity during Inflation,” JCAP
1705, 034 (2017), arXiv:1701.05554 [astro-ph.CO)].

[260] Dubovsky, S. L., “Phases of massive gravity,” JHEP 10, 076 (2004), arXiv:hep-
th/0409124 [hep-th].

[261] Dubovsky, S. L., P. G. Tinyakov, and I. I. Tkachev, “Massive graviton as a testable cold
dark matter candidate,” Phys. Rev. Lett. 94, 181102 (2005), arXiv:hep-th/0411158
[hep-th].

[262] Durk, J. and T. Clifton, “A Quasi-Static Approach to Structure Formation in Black
Hole Universes,” JCAP 1710, 012 (2017), arXiv:1707.08056 [gr-qc].

[263] Durrer, R., M. Gasperini, M. Sakellariadou, and G. Veneziano, “Seeds of large scale
anisotropy in string cosmology,” Phys. Rev. D59, 043511 (1999), arXiv:gr-qc/9804076

[gr-qc].

[264] Easson, D. A., “Hawking radiation of nonsingular black holes in two-dimensions,”
JHEP 02, 037 (2003), arXiv:hep-th/0210016 [hep-th].

[265] Easson, D. A., “The Accelerating Universe and a Limiting Curvature Proposal,” JCAP
0702, 004 (2007), arXiv:astro-ph/0608034 [astro-ph].

[266] Easson, D. A. and R. H. Brandenberger, “Nonsingular dilaton cosmology in the string
frame,” JHEP 09, 003 (1999), arXiv:hep-th/9905175 [hep-th].

[267] Easson, D. A., I. Sawicki, and A. Vikman, “G-Bounce,” JCAP 1111, 021 (2011),
arXiv:1109.1047 [hep-th].



Bibliography 351

268]

269

270]

271]

272]

[273]

274]

[275]

[276]

277]

1278]

279]

[280]

[281]

[282]

Easther, R. and D. A. Lowe, “Holography, cosmology and the second law of thermo-
dynamics,” Phys. Rev. Lett. 82, 4967 (1999), arXiv:hep-th/9902088 [hep-th].

Ellis, G. F. R. and A. R. King, “Was the big bang a whimper?” Commun. Math. Phys.
38, 119 (1974).

Ellis, G. F. R., R. Maartens, and M. A. H. MacCallum, Relativistic Cosmology (Cam-
bridge University Press, 2012).

Ellis, G. F. R. and B. G. Schmidt, “Singular space-times,” Gen. Rel. Grav. 8, 915
(1977).

Emparan, R. and H. S. Reall, “Black Holes in Higher Dimensions,” Living Rev. Rel.
11, 6 (2008), arXiv:0801.3471 [hep-th].

Erickson, J. K., D. H. Wesley, P. J. Steinhardt, and N. Turok, “Kasner and mixmaster
behavior in universes with equation of state w > 1,” Phys. Rev. D69, 063514 (2004),
arXiv:hep-th/0312009 [hep-th].

Fang, L. Z., “Entropy Generation in the Early Universe by Dissipative Processes Near
the Higgs’ Phase Transitions,” Phys. Lett. 95B, 154 (1980).

Faraoni, V., “Cosmological and Black Hole Apparent Horizons,” Lect. Notes Phys.
907, pp.1 (2015).

Faraoni, V. and S. Capozziello, Beyond Einstein Gravity, Vol. 170 (Springer, Dor-
drecht, 2011).

Faraoni, V., A. F. Zambrano Moreno, and R. Nandra, “Making sense of the bizarre
behaviour of horizons in the McVittie spacetime,” Phys. Rev. D85, 083526 (2012),
arXiv:1202.0719 [gr-qc].

Feldman, H. A. and R. H. Brandenberger, “Chaotic Inflation With Metric and Matter
Perturbations,” Phys. Lett. B227, 359 (1989).

Fertig, A., Alternatives to Inflation — non-minimal ekpyrosis and conflation, Ph.D.
thesis, Humboldt U., Berlin (2016).

Fertig, A. and J.-L. Lehners, “The Non-Minimal Ekpyrotic Trispectrum,” JCAP 1601,
026 (2016), arXiv:1510.03439 [hep-th].

Fertig, A., J.-L. Lehners, and E. Mallwitz, “Ekpyrotic Perturbations With Small Non-
Gaussian Corrections,” Phys. Rev. D89, 103537 (2014), arXiv:1310.8133 [hep-th].

Fertig, A., J.-L. Lehners, and E. Mallwitz, “Conflation: a new type of accelerated
expansion,” JCAP 1608, 073 (2016), arXiv:1507.04742 [hep-th].



Bibliography 352

[283]

[284]

[285]

[286]

[287]

288

289

290]

291]

[202]

293

294]

[295]

296]

Fertig, A., J.-L. Lehners, E. Mallwitz, and E. Wilson-Ewing, “Converting en-
tropy to curvature perturbations after a cosmic bounce,” JCAP 1610, 005 (2016),
arXiv:1607.05663 [hep-th].

Fierz, M., “On the physical interpretation of P.Jordan’s extended theory of gravita-
tion,” Helv. Phys. Acta 29, 128 (1956).

Finelli, F., “Assisted contraction,” Phys. Lett. B545, 1 (2002), arXiv:hep-th/0206112
[hep-th].

Finelli, F. and R. Brandenberger, “On the generation of a scale invariant spectrum of

adiabatic fluctuations in cosmological models with a contracting phase,” Phys. Rev.
D65, 103522 (2002), arXiv:hep-th/0112249 [hep-th].

Finn, K. and S. Karamitsos, “Finite measure for the initial conditions of inflation,”
Phys. Rev. D99, 063515 (2019), arXiv:1812.07095 [gr-qc].

Firouzjahi, H., M. A. Gorji, and S. A. Hosseini Mansoori, “Instabilities in Mimetic
Matter Perturbations,” JCAP 1707, 031 (2017), arXiv:1703.02923 [hep-th].

Fischler, W. and L. Susskind, “Holography and cosmology,” (1998), arXiv:hep-
t1/9806039 [hep-th].

Fixsen, D. J., “The Temperature of the Cosmic Microwave Background,” Astrophys.
J. 707, 916 (2009), arXiv:0911.1955 [astro-ph.CO].

Flanagan, E., “Hoop conjecture for black-hole horizon formation,” Phys. Rev. D44,
2409 (1991).

Florakis, I., C. Kounnas, H. Partouche, and N. Toumbas, “Non-singular string cosmol-
ogy in a 2d Hybrid model,” Nucl. Phys. B844, 89 (2011), arXiv:1008.5129 [hep-th].

Fouxon, I., G. Betschart, and J. D. Bekenstein, “The Bound on viscosity and
the generalized second law of thermodynamics,” Phys. Rev. D77, 024016 (2008),
arXiv:0710.1429 [gr-qc].

Franzmann, G., “Varying fundamental constants: a full covariant approach and cos-
mological applications,” (2017), arXiv:1704.07368 [gr-qc].

Frolov, V. P., “Notes on nonsingular models of black holes,” Phys. Rev. D94, 104056
(2016), arXiv:1609.01758 [gr-qc].

Frolov, V. P., M. A. Markov, and V. F. Mukhanov, “Through a black hole into a new
universe?” Proceedings, Friedmann Centenary Conference: 1st Alexander Friedmann

International Seminar on Gravitation and Cosmology: Leningrad, Russia, June 22-26,
1988, Phys. Lett. B216, 272 (1989).



Bibliography 353

[297] Frolov, V. P., M. A. Markov, and V. F. Mukhanov, “Black Holes as Possible Sources
of Closed and Semiclosed Worlds,” Phys. Rev. D41, 383 (1990).

[298] Ganguly, C. and M. Bruni, “Quasi-isotropic cycles and non-singular bounces in a
Mixmaster cosmology,” (2019), arXiv:1902.06356 [gr-qc].

[299] Gao, X., “Hamiltonian analysis of spatially covariant gravity,” Phys. Rev. D90, 104033
(2014), arXiv:1409.6708 [gr-qc].

[300] Gao, X., “Unifying framework for scalar-tensor theories of gravity,” Phys. Rev. D90,
081501 (2014), arXiv:1406.0822 [gr-qcl.

[301] Gao, X., T. Kobayashi, M. Shiraishi, M. Yamaguchi, J. Yokoyama, and S. Yokoyama,
“Full bispectra from primordial scalar and tensor perturbations in the most gen-
eral single-field inflation model,” PTEP 2013, 053E03 (2013), arXiv:1207.0588 [astro-
ph.CO].

[302] Gao, X., M. Lilley, and P. Peter, “Production of non-gaussianities through a positive
spatial curvature bouncing phase,” JCAP 1407, 010 (2014), arXiv:1403.7958 [gr-qc].

[303] Gao, X., M. Lilley, and P. Peter, “Non-Gaussianity excess problem in classical bouncing
cosmologies,” Phys. Rev. D91, 023516 (2015), arXiv:1406.4119 [gr-qc].

[304] Gao, X. and D. A. Steer, “Inflation and primordial non-Gaussianities of ‘generalized
Galileons’,” JCAP 1112, 019 (2011), arXiv:1107.2642 [astro-ph.CO].

[305] Garcia-Bellido, J., A. D. Linde, and D. Wands, “Density perturbations and black hole
formation in hybrid inflation,” Phys. Rev. D54, 6040 (1996), arXiv:astro-ph/9605094
[astro-ph].

[306] Garfinkle, D., W. C. Lim, F. Pretorius, and P. J. Steinhardt, “Evolution to a smooth
universe in an ekpyrotic contracting phase with w > 1,” Phys. Rev. D78, 083537
(2008), arXiv:0808.0542 [hep-th].

[307] Garriga, J. and V. F. Mukhanov, “Perturbations in k-inflation,” Phys. Lett. B458,
219 (1999), arXiv:hep-th/9904176 [hep-th].

[308] Gasperini, M., Elements of string cosmology (Cambridge University Press, 2007).

[309] Gasperini, M., “Dilaton cosmology and phenomenology,” Lect. Notes Phys. 737, 787
(2008), arXiv:hep-th/0702166 [hep-th].

[310] Gasperini, M., M. Maggiore, and G. Veneziano, “Towards a nonsingular pre-big bang
cosmology,” Nucl. Phys. B494, 315 (1997), arXiv:hep-th/9611039 [hep-th].



Bibliography 354

[311] Gasperini, M., J. Maharana, and G. Veneziano, “From trivial to nontrivial conformal
string backgrounds via O(d, d) transformations,” Phys. Lett. B272, 277 (1991).

[312] Gasperini, M., J. Maharana, and G. Veneziano, “Graceful exit in quantum string
cosmology,” Nucl. Phys. B472, 349 (1996), arXiv:hep-th/9602087 [hep-th].

[313] Gasperini, M. and G. Veneziano, “O(d,d) covariant string cosmology,” Phys. Lett.
B277, 256 (1992), arXiv:hep-th/9112044 [hep-th).

[314] Gasperini, M. and G. Veneziano, “Pre-big bang in string cosmology,” Astropart. Phys.
1, 317 (1993), arXiv:hep-th/9211021 [hep-th].

[315] Gasperini, M. and G. Veneziano, “The pre-big bang scenario in string cosmology,”
Phys. Rept. 373, 1 (2003), arXiv:hep-th/0207130 [hep-th].

[316] Gasperini, M. and G. Veneziano, “String Theory and Pre-Big Bang Cosmology,” Pro-
ceedings, Current Problems in Theoretical Physics: Vietri sul Mare, Italy, March 18-21,
2015, Nuovo Cim. C38, 160 (2016), arXiv:hep-th/0703055 [hep-th].

[317] Geshnizjani, G., W. H. Kinney, and A. Moradinezhad Dizgah, “General conditions
for scale-invariant perturbations in an expanding universe,” JCAP 1111, 049 (2011),
arXiv:1107.1241 [astro-ph.CO].

[318] Geshnizjani, G., W. H. Kinney, and A. Moradinezhad Dizgah, “Horizon-preserving
dualities and perturbations in non-canonical scalar field cosmologies,” JCAP 1202,
015 (2012), arXiv:1110.4640 [astro-ph.CO].

[319] Gibbons, G. W., “Birkhoff’s invariant and Thorne’s Hoop Conjecture,” (2009),
arXiv:0903.1580 [gr-qc].

[320] Ginsburg, V. L., V. F. Mukhanov, and V. P. Frolov, “Cosmology of the superearly
universe and the ‘fundamental length’,” Sov. Phys. JETP 67, 649 (1988), [Zh. Eksp.
Teor. Fiz.94N4,1(1988)].

[321] Gleyzes, J., D. Langlois, F. Piazza, and F. Vernizzi, “Exploring gravitational theories
beyond Horndeski,” JCAP 1502, 018 (2015), arXiv:1408.1952 [astro-ph.CO)].

[322] Gleyzes, J., D. Langlois, F. Piazza, and F. Vernizzi, “Healthy theories beyond Horn-
deski,” Phys. Rev. Lett. 114, 211101 (2015), arXiv:1404.6495 [hep-th].

[323] Goldwirth, D. S., “On inhomogeneous initial conditions for inflation,” Phys. Rev. D43,
3204 (1991).

[324] Goldwirth, D. S. and T. Piran, “Initial conditions for inflation,” Phys. Rept. 214, 223
(1992).



Bibliography 355

[325] Gomes, H. and D. C. Guariento, “Hamiltonian analysis of the cuscuton,” Phys. Rev.
D95, 104049 (2017), arXiv:1703.08226 [gr-qc].

[326] Gong, J.-O., “Multi-field inflation and cosmological perturbations,” Int. J. Mod. Phys.
D26, 1740003 (2016), arXiv:1606.06971 [gr-qc].

[327] Gordon, C., D. Wands, B. A. Bassett, and R. Maartens, “Adiabatic and entropy per-
turbations from inflation,” Phys. Rev. D63, 023506 (2001), arXiv:astro-ph/0009131
[astro-ph].

[328] Goswami, G., G. K. Chakravarty, S. Mohanty, and A. R. Prasanna, “Constraints on
cosmological viscosity and self interacting dark matter from gravitational wave obser-
vations,” Phys. Rev. D95, 103509 (2017), arXiv:1603.02635 [hep-ph].

[329] Gourgoulhon, E., “3+1 formalism and bases of numerical relativity,” (2007), arXiv:gr-
qc/0703035 [gr-qc.

[330] Graef, L. L., W. S. Hipolito-Ricaldi, E. G. M. Ferreira, and R. Brandenberger, “Dy-
namics of Cosmological Perturbations and Reheating in the Anamorphic Universe,”
JCAP 1704, 004 (2017), arXiv:1701.02654 [gr-qc].

[331] Gregory, R., D. Kastor, and J. Traschen, “Black Hole Thermodynamics with Dynam-
ical Lambda,” JHEP 10, 118 (2017), arXiv:1707.06586 [hep-th].

[332] Gregory, R., D. Kastor, and J. Traschen, “Evolving Black Holes in Inflation,” Class.
Quant. Grav. 35, 155008 (2018), arXiv:1804.03462 [hep-th].

[333] Guth, A. H., “The Inflationary Universe: A Possible Solution to the Horizon and
Flatness Problems,” Phys. Rev. D23, 347 (1981).

[334] Guth, A. H., D. I. Kaiser, and Y. Nomura, “Inflationary paradigm after Planck 2013,”
Phys. Lett. B733, 112 (2014), arXiv:1312.7619 [astro-ph.CO].

[335] Guth, A. H. and S. Y. Pi, “Fluctuations in the New Inflationary Universe,” Phys. Rev.
Lett. 49, 1110 (1982).

[336] Gumriik¢iioglu, A. E., S. Kuroyanagi, C. Lin, S. Mukohyama, and N. Tanahashi,
“Gravitational wave signal from massive gravity,” Class. Quant. Grav. 29, 235026
(2012), arXiv:1208.5975 [hep-th].

[337] Gumriik¢iioglu, A. E., C. Lin, and S. Mukohyama, “Open FRW universes and self-
acceleration from nonlinear massive gravity,” JCAP 1111, 030 (2011), arXiv:1109.3845
[hep-th].



Bibliography 356

[338] Gumriik¢iioglu, A. E., C. Lin, and S. Mukohyama, “Cosmological perturbations of
self-accelerating universe in nonlinear massive gravity,” JCAP 1203, 006 (2012),
arXiv:1111.4107 [hep-th].

[339] Halyo, E., B. Kol, A. Rajaraman, and L. Susskind, “Counting Schwarzschild and
charged black holes,” Phys. Lett. B401, 15 (1997), arXiv:hep-th/9609075 [hep-th].

[340] Halyo, E., A. Rajaraman, and L. Susskind, “Braneless black holes,” Phys. Lett. B392,
319 (1997), arXiv:hep-th/9605112 [hep-th].

[341] de Haro, J. and Y.-F. Cai, “An Extended Matter Bounce Scenario: current status and
challenges,” Gen. Rel. Grav. 47, 95 (2015), arXiv:1502.03230 [gr-qc|.

[342] Haro, J. and E. Elizalde, “Gravitational particle production in bouncing cosmologies,”
JCAP 1510, 028 (2015), arXiv:1505.07948 [gr-qc].

[343] Hassan, S. F. and R. A. Rosen, “Bimetric Gravity from Ghost-free Massive Gravity,”
JHEP 02, 126 (2012), arXiv:1109.3515 [hep-th].

[344] Hassan, S. F. and R. A. Rosen, “Confirmation of the Secondary Constraint and Ab-
sence of Ghost in Massive Gravity and Bimetric Gravity,” JHEP 04, 123 (2012),
arXiv:1111.2070 [hep-th].

[345] Hawking, S., “The occurrence of singularities in cosmology. III. Causality and singu-
larities,” Proc. Roy. Soc. Lond. A300, 187 (1967).

[346] Hawking, S. and R. Penrose, The Nature of space and time, The Isaac Newton Institute
series of lectures (Princeton University Press, 1996).

[347] Hawking, S. W., “The Development of Irregularities in a Single Bubble Inflationary
Universe,” Phys. Lett. 115B, 295 (1982).

[348] Hawking, S. W. and G. F. R. Ellis, The Large Scale Structure of Space-Time, Cam-
bridge Monographs on Mathematical Physics (Cambridge University Press, 2011).

[349] Heard, I. P. C. and D. Wands, “Cosmology with positive and negative exponential
potentials,” Class. Quant. Grav. 19, 5435 (2002), arXiv:gr-qc/0206085 [gr-qc].

[350] Hinterbichler, K., A. Joyce, and J. Khoury, “Non-linear Realizations of Conformal
Symmetry and Effective Field Theory for the Pseudo-Conformal Universe,” JCAP
1206, 043 (2012), arXiv:1202.6056 [hep-th].

[351] Hinterbichler, K., A. Joyce, J. Khoury, and G. E. J. Miller, “DBI Realizations of the
Pseudo-Conformal Universe and Galilean Genesis Scenarios,” JCAP 1212, 030 (2012),
arXiv:1209.5742 [hep-th].



Bibliography 357

[352] Hinterbichler, K., A. Joyce, J. Khoury, and G. E. J. Miller, “Dirac-Born-Infeld Genesis:
An Improved Violation of the Null Energy Condition,” Phys. Rev. Lett. 110, 241303
(2013), arXiv:1212.3607 [hep-th].

[353] Hinterbichler, K. and J. Khoury, “The Pseudo-Conformal Universe: Scale Invari-
ance from Spontaneous Breaking of Conformal Symmetry,” JCAP 1204, 023 (2012),
arXiv:1106.1428 [hep-th].

[354] Hipolito-Ricaldi, W. S., R. Brandenberger, E. G. M. Ferreira, and L. L. Graef, “Particle
Production in Ekpyrotic Scenarios,” JCAP 1611, 024 (2016), arXiv:1605.04670 [hep-
th].

[355] Horndeski, G. W., “Second-order scalar-tensor field equations in a four-dimensional
space,” Int. J. Theor. Phys. 10, 363 (1974).

[356] Horowitz, G. T. and J. Polchinski, “A Correspondence principle for black holes and
strings,” Phys. Rev. D55, 6189 (1997), arXiv:hep-th/9612146 [hep-th].

[357] Horowitz, G. T. and J. Polchinski, “Self-gravitating fundamental strings,” Phys. Rev.
D57, 2557 (1998), arXiv:hep-th/9707170 [hep-th].

[358] Hwang, J.-c. and E. T. Vishniac, “Gauge-invariant joining conditions for cosmological
perturbations,” Astrophys. J. 382, 363 (1991).

[359] Ijjas, A., “Cyclic completion of the anamorphic universe,” Class. Quant. Grav. 35,
075010 (2018), arXiv:1610.02752 [astro-ph.CO)].

[360] Ijjas, A., “Space-time slicing in Horndeski theories and its implications for non-singular
bouncing solutions,” JCAP 1802, 007 (2018), arXiv:1710.05990 [gr-qc].

[361] Tjjas, A., J.-L. Lehners, and P. J. Steinhardt, “General mechanism for producing scale-
invariant perturbations and small non-Gaussianity in ekpyrotic models,” Phys. Rev.
D89, 123520 (2014), arXiv:1404.1265 [astro-ph.CO].

[362] Tjjas, A., F. Pretorius, and P. J. Steinhardt, “Stability and the Gauge Problem in
Non-Perturbative Cosmology,” JCAP 1901, 015 (2019), arXiv:1809.07010 [gr-qc].

[363] Tjjas, A., J. Ripley, and P. J. Steinhardt, “NEC violation in mimetic cosmology revis-
ited,” Phys. Lett. B760, 132 (2016), arXiv:1604.08586 [gr-qc|.

[364] Tjjas, A. and P. J. Steinhardt, “The anamorphic universe,” JCAP 1510, 001 (2015),
arXiv:1507.03875 [astro-ph.CO)].

[365] ITjjas, A. and P. J. Steinhardt, “Classically stable nonsingular cosmological bounces,”
Phys. Rev. Lett. 117, 121304 (2016), arXiv:1606.08880 [gr-qc].



Bibliography 358

[366] Tjjas, A. and P. J. Steinhardt, “Implications of Planck2015 for inflationary, ekpy-
rotic and anamorphic bouncing cosmologies,” Class. Quant. Grav. 33, 044001 (2016),
arXiv:1512.09010 [astro-ph.CO].

[367] Ijjas, A. and P. J. Steinhardt, “Fully stable cosmological solutions with a non-singular
classical bounce,” Phys. Lett. B764, 289 (2017), arXiv:1609.01253 [gr-qc].

[368] Tjjas, A. and P. J. Steinhardt, “Bouncing Cosmology made simple,” Class. Quant.
Grav. 35, 135004 (2018), arXiv:1803.01961 [astro-ph.CO].

[369] Tjjas, A., P. J. Steinhardt, and A. Loeb, “Inflationary paradigm in trouble after
Planck2013,” Phys. Lett. B723, 261 (2013), arXiv:1304.2785 [astro-ph.CO].

[370] Tjjas, A., P. J. Steinhardt, and A. Loeb, “Inflationary schism,” Phys. Lett. B736, 142
(2014), arXiv:1402.6980 [astro-ph.CO].

[371] Tjjas, A., P. J. Steinhardt, and A. Loeb, “Pop Goes the Universe,” Scientific American
316, 32 (2017).

[372] Iyonaga, A., K. Takahashi, and T. Kobayashi, “Extended Cuscuton: Formulation,”
JCAP 1812, 002 (2018), arXiv:1809.10935 [gr-qc].

[373] Joyce, A. and J. Khoury, “Scale Invariance via a Phase of Slow Expansion,” Phys.
Rev. D84, 023508 (2011), arXiv:1104.4347 [hep-th].

[374] Joyce, A. and J. Khoury, “Strong Coupling Problem with Time-Varying Sound Speed,”
Phys. Rev. D84, 083514 (2011), arXiv:1107.3550 [hep-th].

[375] Kachru, S., R. Kallosh, A. D. Linde, J. M. Maldacena, L. P. McAllister, and S. P.
Trivedi, “Towards inflation in string theory,” JCAP 0310, 013 (2003), arXiv:hep-
th/0308055 [hep-th].

[376] Kachru, S., R. Kallosh, A. D. Linde, and S. P. Trivedi, “De Sitter vacua in string
theory,” Phys. Rev. D68, 046005 (2003), arXiv:hep-th/0301240 [hep-th].

[377] Kallosh, R., “On inflation in string theory,” 22nd IAP Colloguium on Inflation + 25:
The First 25 Years of Inflationary Cosmology Paris, France, June 26-30, 2006, Lect.
Notes Phys. 738, 119 (2008), arXiv:hep-th/0702059 [hep-th].

[378] Kaloper, N.; M. Kleban, A. Lawrence, S. Shenker, and L. Susskind, “Initial conditions
for inflation,” JHEP 11, 037 (2002), arXiv:hep-th/0209231 [hep-th].

[379] Kaloper, N., M. Kleban, and D. Martin, “McVittie’s Legacy: Black Holes in an Ex-
panding Universe,” Phys. Rev. D81, 104044 (2010), arXiv:1003.4777 [hep-th].



Bibliography 359

[380]

[381]

382

383]

[384]

[385]

[386]

387

388

[389)

[390]

391]

392

393

Kaloper, N. and K. A. Meissner, “Duality beyond the first loop,” Phys. Rev. D56,
7940 (1997), arXiv:hep-th/9705193 [hep-th].

Kaloper, N. and K. A. Meissner, “Tailoring T-Duality Beyond the First Loop,” in
Conference on Black Holes: Theory and Mathematical Aspects Banff, Alberta, Canada,
May 31-June 4, 1997 (1997) arXiv:hep-th/9708169 [hep-th].

Kalyana Rama, S., “Consequences of U dualities for Intersecting Branes in the Uni-
verse,” Phys. Lett. B656, 226 (2007), arXiv:0707.1421 [hep-th].

Kalyana Rama, S., “Entropy of anisotropic universe and fractional branes,” Gen. Rel.
Grav. 39, 1773 (2007), arXiv:hep-th/0702202 [hep-th].

Kasner, E., “Geometrical theorems on Einstein’s cosmological equations,” Am. J.
Math. 43, 217 (1921).

Khoury, J. and G. E. J. Miller, “Towards a Cosmological Dual to Inflation,” Phys.
Rev. D84, 023511 (2011), arXiv:1012.0846 [hep-th].

Khoury, J., B. A. Ovrut, N. Seiberg, P. J. Steinhardt, and N. Turok, “From big crunch
to big bang,” Phys. Rev. D65, 086007 (2002), arXiv:hep-th/0108187 [hep-th].

Khoury, J., B. A. Ovrut, P. J. Steinhardt, and N. Turok, “The Ekpyrotic universe:
Colliding branes and the origin of the hot big bang,” Phys. Rev. D64, 123522 (2001),
arXiv:hep-th/0103239 [hep-th].

Khoury, J., B. A. Ovrut, P. J. Steinhardt, and N. Turok, “Density perturbations in the
ekpyrotic scenario,” Phys. Rev. D66, 046005 (2002), arXiv:hep-th/0109050 [hep-th].

Khoury, J. and F. Piazza, “Rapidly-Varying Speed of Sound, Scale Invariance and
Non-Gaussian Signatures,” JCAP 0907, 026 (2009), arXiv:0811.3633 [hep-th].

Khoury, J. and P. J. Steinhardt, “Adiabatic Ekpyrosis: Scale-Invariant Curvature
Perturbations from a Single Scalar Field in a Contracting Universe,” Phys. Rev. Lett.
104, 091301 (2010), arXiv:0910.2230 [hep-th].

Khoury, J. and P. J. Steinhardt, “Generating Scale-Invariant Perturbations from
Rapidly-Evolving Equation of State,” Phys. Rev. D83, 123502 (2011), arXiv:1101.3548
[hep-th].

Kinney, W. H., “Horizon crossing and inflation with large n,” Phys. Rev. D72, 023515
(2005), arXiv:gr-qc/0503017 [gr-qc].

Kinney, W. H., “TASI Lectures on Inflation,” (2009), arXiv:0902.1529 [astro-ph.CO].



Bibliography 360

394]

395]

396]

397]

398

399]

[400]

[401]

402]

[403]

[404]

[405]

[406]

[407]

Kinney, W. H. and A. Moradinezhad Dizgah, “Flow in Cyclic Cosmology,” Phys. Rev.
D82, 083506 (2010), arXiv:1007.0753 [astro-ph.CO].

Kiritsis, E. and C. Kounnas, “Dynamical topology change in string theory,” Phys.
Lett. B331, 51 (1994), arXiv:hep-th/9404092 [hep-th].

Klein, D. and J. Reschke, “Pre-big bang geometric extensions of inflationary cosmolo-
gies,” Annales Henri Poincare 19, 565 (2018), arXiv:1604.06372 [math-ph].

Kluson, J., “Canonical Analysis of Inhomogeneous Dark Energy Model and Theory of
Limiting Curvature,” JHEP 03, 031 (2017), arXiv:1701.08523 [hep-th].

Kobayashi, T., “Generic instabilities of nonsingular cosmologies in Horndeski theory:
A no-go theorem,” Phys. Rev. D94, 043511 (2016), arXiv:1606.05831 [hep-th].

Kobayashi, T., N. Tanahashi, and M. Yamaguchi, “Multifield extension of G inflation,”
Phys. Rev. D88, 083504 (2013), arXiv:1308.4798 [hep-th].

Kobayashi, T., M. Yamaguchi, and J. Yokoyama, “G-inflation: Inflation driven by the
Galileon field,” Phys. Rev. Lett. 105, 231302 (2010), arXiv:1008.0603 [hep-th].

Kobayashi, T., M. Yamaguchi, and J. Yokoyama, “Generalized G-inflation: Inflation
with the most general second-order field equations,” Prog. Theor. Phys. 126, 511
(2011), arXiv:1105.5723 [hep-th].

Kobayashi, T., M. Yamaguchi, and J. Yokoyama, “Galilean Creation of the Inflationary
Universe,” JCAP 1507, 017 (2015), arXiv:1504.05710 [hep-th].

Kodama, H. and M. Sasaki, “Cosmological Perturbation Theory,” Prog. Theor. Phys.
Suppl. 78, 1 (1984).

Koehn, M., J.-L. Lehners, and B. Ovrut, “Nonsingular bouncing cosmology: Consis-
tency of the effective description,” Phys. Rev. D93, 103501 (2016), arXiv:1512.03807
[hep-th].

Kofman, L., A. D. Linde, and A. A. Starobinsky, “Reheating after inflation,” Phys.
Rev. Lett. 73, 3195 (1994), arXiv:hep-th/9405187 [hep-th].

Kofman, L., A. D. Linde, and A. A. Starobinsky, “Towards the theory of reheating
after inflation,” Phys. Rev. D56, 3258 (1997), arXiv:hep-ph/9704452 [hep-ph].

Kolevatov, R., S. Mironov, V. Rubakov, N. Sukhov, and V. Volkova, “Cosmological
bounce in Horndeski theory and beyond,” Proceedings, 20th International Seminar on
High Energy Physics (Quarks 2018): Valday, Russia, May 27 -June 2, 2018, EP.J Web
Conf. 191, 07013 (2018).



Bibliography 361

[408]

[409]

[410]

[411]

[412]

[413]

[414]

[415]

[416]

[417]

[418]

[419]

Kolevatov, R., S. Mironov, N. Sukhov, and V. Volkova, “Cosmological bounce and
Genesis beyond Horndeski,” JCAP 1708, 038 (2017), arXiv:1705.06626 [hep-th].

Kounnas, C., H. Partouche, and N. Toumbas, “S-brane to thermal non-singular string
cosmology,” Class. Quant. Grav. 29, 095014 (2012), arXiv:1111.5816 [hep-th].

Kounnas, C., H. Partouche, and N. Toumbas, “Thermal duality and non-singular cos-
mology in d-dimensional superstrings,” Nucl. Phys. B855, 280 (2012), arXiv:1106.0946
[hep-th].

Kounnas, C. and N. Toumbas, “Aspects of String Cosmology,” Proceedings,
12th Hellenic School and Workshops on Elementary Particle Physics and Grav-
ity (CORFU2012-ST), (CORFU2012-PU) and (CORFU2012-SM): Corfu, Greece,
September 8-27, 2012, PoS Corfu2012, 083 (2013), arXiv:1305.2809 [hep-th].

Kuroyanagi, S., C. Lin, M. Sasaki, and S. Tsujikawa, “Observational signatures of the
parametric amplification of gravitational waves during reheating after inflation,” Phys.
Rev. D97, 023516 (2018), arXiv:1710.06789 [gr-qc].

Kutasov, D., T. Maxfield, I. Melnikov, and S. Sethi, “Constraining de Sitter Space in
String Theory,” Phys. Rev. Lett. 115, 071305 (2015), arXiv:1504.00056 [hep-th].

het Lam, H. and T. Prokopec, “Singularities in FLRW Spacetimes,” Phys. Lett. B775,
311 (2017), arXiv:1606.01147 [gr-qc].

Landau, L. D. and E. M. Lifshitz, The classical theory of fields, Course of Theoretical
Physics — Volume 2 (Butterworth-Heinemann, 1987).

Langlois, D., “Inflation, quantum fluctuations and cosmological perturbations,” in
Particle physics and cosmology: The interface. Proceedings, NATO Advanced Study
Institute, School, Cargese, France, August 4-16, 2003 (2004) pp. 235-278, arXiv:hep-
th/0405053 [hep-th].

Langlois, D., H. Liu, K. Noui, and E. Wilson-Ewing, “Effective loop quantum cos-
mology as a higher-derivative scalar-tensor theory,” Class. Quant. Grav. 34, 225004
(2017), arXiv:1703.10812 [gr-qc].

Langlois, D., M. Mancarella, K. Noui, and F. Vernizzi, “Effective Description of Higher-
Order Scalar-Tensor Theories,” JCAP 1705, 033 (2017), arXiv:1703.03797 [hep-th].

Langlois, D., S. Mukohyama, R. Namba, and A. Naruko, “Cosmology in rotation-
invariant massive gravity with non-trivial fiducial metric,” Class. Quant. Grav. 31,
175003 (2014), arXiv:1405.0358 [hep-th].



Bibliography 362

[420]

[421]

[422]

[423]

[424]

[425]

[426]

[427]

428

[429]

[430]

[431]

Langlois, D. and K. Noui, “Degenerate higher derivative theories beyond Horndeski:
evading the Ostrogradski instability,” JCAP 1602, 034 (2016), arXiv:1510.06930 [gr-

qcl.

Langlois, D. and K. Noui, “Hamiltonian analysis of higher derivative scalar-tensor
theories,” JCAP 1607, 016 (2016), arXiv:1512.06820 [gr-qc].

Lashkari, N. and R. H. Brandenberger, “Speed of Sound in String Gas Cosmol-
ogy,” Proceedings, 20th International Conference on Ultra-Relativistic Nucleus-Nucleus
Collisions (QM 2008): Jaipur, India, February 4-10, 2008, JHEP 09, 082 (2008),
arXiv:0806.4358 [hep-th].

Leach, S. M., M. Sasaki, D. Wands, and A. R. Liddle, “Enhancement of super-
horizon scale inflationary curvature perturbations,” Phys. Rev. D64, 023512 (2001),
arXiv:astro-ph/0101406 [astro-ph].

Lehners, J.-L., “Ekpyrotic and Cyclic Cosmology,” Phys. Rept. 465, 223 (2008),
arXiv:0806.1245 [astro-ph].

Lehners, J.-L., “Ekpyrotic Non-Gaussianity: A Review,” Adv. Astron. 2010, 903907
(2010), arXiv:1001.3125 [hep-th].

Lehners, J.-L., “Cosmic Bounces and Cyclic Universes,” Class. Quant. Grav. 28,
204004 (2011), arXiv:1106.0172 [hep-th].

Lehners, J.-L., P. McFadden, N. Turok, and P. J. Steinhardt, “Generating ekpy-
rotic curvature perturbations before the big bang,” Phys. Rev. D76, 103501 (2007),
arXiv:hep-th/0702153 [hep-th].

Lehners, J.-L. and S. Renaux-Petel, “Multifield Cosmological Perturbations at
Third Order and the Ekpyrotic Trispectrum,” Phys. Rev. D80, 063503 (2009),
arXiv:0906.0530 [hep-th].

Lehners, J.-L. and P. J. Steinhardt, “Intuitive understanding of non-gaussianity in
ekpyrotic and cyclic models,” Phys. Rev. D78, 023506 (2008), [Erratum: Phys.
Rev.D79,129902(2009)], arXiv:0804.1293 [hep-th].

Lehners, J.-L. and P. J. Steinhardt, “Non-Gaussian density fluctuations from entropi-
cally generated curvature perturbations in Ekpyrotic models,” Phys. Rev. D77, 063533
(2008), [Erratum: Phys. Rev.D79,129903(2009)], arXiv:0712.3779 [hep-th].

Lehners, J.-L. and E. Wilson-Ewing, “Running of the scalar spectral index in bouncing
cosmologies,” JCAP 1510, 038 (2015), arXiv:1507.08112 [astro-ph.CO].



Bibliography 363

[432]

[433]

[434]

[435]

[436]

[437]

438

[439)]

[440]

[441]

[442]

[443]

Levy, A. M., “Fine-tuning challenges for the matter bounce scenario,” Phys. Rev. D95,
023522 (2017), arXiv:1611.08972 [gr-qc].

Levy, A. M., A. Tjjas, and P. J. Steinhardt, “Scale-invariant perturbations in ekpyrotic
cosmologies without fine-tuning of initial conditions,” Phys. Rev. D92, 063524 (2015),
arXiv:1506.01011 [astro-ph.CO].

Lewis, A., A. Challinor, and A. Lasenby, “Efficient computation of CMB anisotropies
in closed FRW models,” Astrophys. J. 538, 473 (2000), arXiv:astro-ph/9911177 [astro-

ph].

Li, H., J-Q. Xia, R. Brandenberger, and X. Zhang, “Constraints on Models
with a Break in the Primordial Power Spectrum,” Phys. Lett. B690, 451 (2010),
arXiv:0903.3725 [astro-ph.CO].

Li, M., “Note on the production of scale-invariant entropy perturbation in the Ekpy-
rotic universe,” Phys. Lett. B724, 192 (2013), arXiv:1306.0191 [hep-th].

Li, M., “Entropic mechanisms with generalized scalar fields in the Ekpyrotic universe,”
Phys. Lett. B741, 320 (2015), arXiv:1411.7626 [hep-th].

Li, Y.-B., J. Quintin, D.-G. Wang, and Y.-F. Cai, “Matter bounce cosmology with
a generalized single field: non-Gaussianity and an extended no-go theorem,” JCAP
1703, 031 (2017), arXiv:1612.02036 [hep-th].

Libanov, M., S. Mironov, and V. Rubakov, “Non-Gaussianity of scalar perturbations
generated by conformal mechanisms,” Phys. Rev. D84, 083502 (2011), arXiv:1105.6230
[astro-ph.CO.

Libanov, M., S. Mironov, and V. Rubakov, “Properties of scalar perturbations gener-
ated by conformal scalar field,” Cosmology - the next generation. Proceedings, Yukawa
International Seminar, YKIS 2010, Kyoto, Japan, June 28-July 2, 2010, and Long-
Term Workshop on Gravity and Cosmology 2010, GC 2010, Kyoto, Japan, May 24-July
16, 2010, Prog. Theor. Phys. Suppl. 190, 120 (2011), arXiv:1012.5737 [hep-th].

Libanov, M., S. Mironov, and V. Rubakov, “Generalized Galileons: instabilities of
bouncing and Genesis cosmologies and modified Genesis,” JCAP 1608, 037 (2016),
arXiv:1605.05992 [hep-th].

Libanov, M. and V. Rubakov, “Cosmological density perturbations from conformal
scalar field: infrared properties and statistical anisotropy,” JCAP 1011, 045 (2010),
arXiv:1007.4949 [hep-th].

Libanov, M. and V. Rubakov, “Conformal Universe as false vacuum decay,” Phys. Rev.
D91, 103515 (2015), arXiv:1502.05897 [hep-th].



Bibliography 364

[444]

[445]

[446)

[447)

[448]

[449]

[450]

[451]

[452]

[453]

[454]

[455]

[456]

[457]

Libanov, M., V. Rubakov, and G. Rubtsov, “Towards conformal cosmology,”
JETP Lett. 102, 561 (2015), [Pisma Zh. Eksp. Teor. Fiz.102,n0.8,630(2015)],
arXiv:1508.07728 [hep-th].

Libanov, M. V. and V. A. Rubakov, “Comparison of dynamical and spectator models
of a (pseudo)conformal universe,” Theor. Math. Phys. 173, 1457 (2012), [Teor. Mat.
Fiz.173,149(2012)], arXiv:1107.1036 [hep-th].

Libanov, M. V. and V. A. Rubakov, “Cosmological density perturbations in a
conformal scalar field theory,” Theor. Math. Phys. 170, 151 (2012), [Teor. Mat.
Fiz.170,188(2012)].

Liddle, A. R. and D. H. Lyth, “The Cold dark matter density perturbation,” Phys.
Rept. 231, 1 (1993), arXiv:astro-ph/9303019 [astro-ph].

Liddle, A. R. and D. H. Lyth, Cosmological inflation and large scale structure (Cam-
bridge University Press, Cambridge, UK, 2000).

Lidsey, J. E., D. Wands, and E. J. Copeland, “Superstring cosmology,” Phys. Rept.
337, 343 (2000), arXiv:hep-th/9909061 [hep-th].

Lifshitz, E. M. and I. M. Khalatnikov, “Investigations in relativistic cosmology,” Adv.
Phys. 12, 185 (1963).

Lifshitz, E. M. and I. M. Khalatnikov, “Problems of relativistic cosmology,” Uspekhi
Fiz. Nauk 80, 391 (1963).

Lilley, M. and P. Peter, “Bouncing alternatives to inflation,” Comptes Rendus Physique
16, 1038 (2015), arXiv:1503.06578 [astro-ph.CO].

Lin, C., “Resolving the Ostrogradsky Ghost Problem for a Class of Scalar-tensor The-
ories,” (2017), arXiv:1702.00696 [gr-qc].

Lin, C., “The Self-consistent Matter Coupling of a Class of Minimally Modified Gravity
Theories,” (2018), arXiv:1811.02467 [gr-qc].

Lin, C., R. H. Brandenberger, and L. Perreault Levasseur, “A Matter Bounce By Means
of Ghost Condensation,” JCAP 1104, 019 (2011), arXiv:1007.2654 [hep-th].

Lin, C. and L. Z. Labun, “Effective Field Theory of Broken Spatial Diffeomorphisms,”
JHEP 03, 128 (2016), arXiv:1501.07160 [hep-th].

Lin, C. and S. Mukohyama, “A Class of Minimally Modified Gravity Theories,” JCAP
1710, 033 (2017), arXiv:1708.03757 [gr-qc].



Bibliography 365

[458]

[459)]

[460]

[461]

[462]

463

[464]

[465)
[466]
467
[468]

[469]

[470]

[471]

[472]

Lin, C., S. Mukohyama, R. Namba, and R. Saitou, “Hamiltonian structure of scalar-
tensor theories beyond Horndeski,” JCAP 1410, 071 (2014), arXiv:1408.0670 [hep-th].

Lin, C., J. Quintin, and R. H. Brandenberger, “Massive gravity and the suppression
of anisotropies and gravitational waves in a matter-dominated contracting universe,”
JCAP 1801, 011 (2018), arXiv:1711.10472 [hep-th].

Lin, C. and M. Sasaki, “Resonant Primordial Gravitational Waves Amplification,”
Phys. Lett. B752, 84 (2016), arXiv:1504.01373 [astro-ph.CO)].

Linde, A., “Inflationary Cosmology after Planck 2013,” in Proceedings, 100th Les
Houches Summer School: Post-Planck Cosmology: Les Houches, France, July 8 - Au-
gust 2, 2013 (2015) pp. 231-316, arXiv:1402.0526 |[hep-th].

Linde, A., “On the problem of initial conditions for inflation,” Black Holes, Gravita-
tional Waves and Spacetime Singularities Rome, Italy, May 9-12, 2017, Found. Phys.
48, 1246 (2018), arXiv:1710.04278 [hep-th].

Linde, A. D., “A New Inflationary Universe Scenario: A Possible Solution of the Hori-
zon, Flatness, Homogeneity, Isotropy and Primordial Monopole Problems,” Quantum
Cosmology, Phys. Lett. 108B, 389 (1982), [Adv. Ser. Astrophys. Cosmol.3,149(1987)].

Linde, A. D., “Scalar Field Fluctuations in Expanding Universe and the New Infla-
tionary Universe Scenario,” Phys. Lett. 116B, 335 (1982).

Linde, A. D., “Chaotic Inflation,” Phys. Lett. 129B, 177 (1983).
Linde, A. D., “The Inflationary Universe,” Rept. Prog. Phys. 47, 925 (1984).
Linde, A. D., “Initial Conditions for Inflation,” Phys. Lett. 162B, 281 (1985).

Linde, A. D., “Eternally Existing Selfreproducing Chaotic Inflationary Universe,”
Phys. Lett. B175, 395 (1986).

Linde, A. D., “Particle physics and inflationary cosmology,” Contemp. Concepts Phys.
5,1 (1990), arXiv:hep-th /0503203 [hep-th].

Linde, A. D., “Hybrid inflation,” Phys. Rev. D49, 748 (1994), arXiv:astro-ph/9307002
[astro-ph].

Linde, A. D., “Inflationary Cosmology,” 22nd IAP Colloquium on Inflation + 25: The
First 25 Years of Inflationary Cosmology Paris, France, June 26-30, 2006, Lect. Notes
Phys. 738, 1 (2008), arXiv:0705.0164 [hep-th].

Linde, A. D. and D. A. Linde, “Topological defects as seeds for eternal inflation,” Phys.
Rev. D50, 2456 (1994), arXiv:hep-th/9402115 [hep-th].



Bibliography 366

[473)]

[474]

[475]

[476]

[477]

[478]

1479]

[480]

[481]

[482]

[483)]

[484]

[485]

[436]

[487]

Lyth, D. H., “The Primordial curvature perturbation in the ekpyrotic universe,” Phys.
Lett. B524, 1 (2002), arXiv:hep-ph/0106153 [hep-ph].

Lyth, D. H. and A. R. Liddle, The primordial density perturbation: Cosmology, infla-
tion and the origin of structure (Cambridge University Press, Cambridge, UK, 2009).

Lyth, D. H. and A. Riotto, “Particle physics models of inflation and the cosmological
density perturbation,” Phys. Rept. 314, 1 (1999), arXiv:hep-ph/9807278 [hep-ph].

Lyth, D. H., C. Ungarelli, and D. Wands, “The Primordial density perturbation in the
curvaton scenario,” Phys. Rev. D67, 023503 (2003), arXiv:astro-ph/0208055 [astro-

ph].

Maggiore, M., “Massive string modes and nonsingular pre-Big Bang cosmology,” Nucl.
Phys. B525, 413 (1998), arXiv:gr-qc/9709004 [gr-qc].

Magueijo, J., “New varying speed of light theories,” Rept. Prog. Phys. 66, 2025 (2003),
arXiv:astro-ph/0305457 [astro-ph].

Magueijo, J. and J. Noller, “Primordial fluctuations without scalar fields,” Phys. Rev.
D81, 043509 (2010), arXiv:0907.1772 [astro-ph.CO].

Magueijo, J. and L. Pogosian, “Could thermal fluctuations seed cosmic structure?”
Phys. Rev. D67, 043518 (2003), arXiv:astro-ph/0211337 [astro-ph].

Maldacena, J. M., “Non-Gaussian features of primordial fluctuations in single field
inflationary models,” JHEP 05, 013 (2003), arXiv:astro-ph/0210603 [astro-ph].

Malik, K. A., Cosmological perturbations in an inflationary universe, Ph.D. thesis,
Portsmouth U. (2001), arXiv:astro-ph/0101563 [astro-ph].

Markov, M. A., “Limiting density of matter as a universal law of nature,” Pis’'ma Zh.
Eksp. Teor. Fiz. 36, 214 (1982).

Markov, M. A., “Possible state of matter just before the collapse stage,” Pis'ma Zh.
Eksp. Teor. Fiz. 46, 342 (1987).

Martin, J., “Cosmic Inflation: Trick or Treat?” (2019), arXiv:1902.05286 [astro-
ph.CO].

Martin, J. and R. H. Brandenberger, “Trans-Planckian problem of inflationary cos-
mology,” Phys. Rev. D63, 123501 (2001), arXiv:hep-th/0005209 [hep-th].

Martin, J., C. Ringeval, R. Trotta, and V. Vennin, “The Best Inflationary Models
After Planck,” JCAP 1403, 039 (2014), arXiv:1312.3529 [astro-ph.CO].



Bibliography 367

(488

[489)]

[490]

[491]

[492]

[493]

[494]

[495]

[496]

[497]

[498]

499

[500]

[501]

Martin, J., C. Ringeval, and V. Vennin, “Encyclopadia Inflationaris,” Phys. Dark
Univ. 5-6, 75 (2014), arXiv:1303.3787 [astro-ph.CO].

Masoumi, A., “State of matter at high density and entropy bounds,” Int. J. Mod. Phys.
D24, 1544016 (2015), arXiv:1505.06787 [gr-qc].

Masoumi, A. and S. D. Mathur, “An equation of state in the limit of high densities,”
Phys. Rev. D90, 084052 (2014), arXiv:1406.5798 [hep-th].

Masoumi, A. and S. D. Mathur, “A violation of the covariant entropy bound?” Phys.
Rev. D91, 084058 (2015), arXiv:1412.2618 [hep-th].

Mathur, S. D., “The Fuzzball proposal for black holes: An Elementary review,” The
quantum structure of space-time and the geometric nature of fundamental interactions.
Proceedings, 4th Meeting, RTN2004, Kolymbari, Crete, Greece, September 5-10, 2004,
Fortsch. Phys. 53, 793 (2005), arXiv:hep-th/0502050 [hep-th].

Mathur, S. D., “The Quantum structure of black holes,” Class. Quant. Grav. 23, R115
(2006), arXiv:hep-th/0510180 [hep-th].

Mathur, S. D., “Fuzzballs and the information paradox: A Summary and conjectures,”
(2008), arXiv:0810.4525 [hep-th].

Mathur, S. D., “What is the state of the Early Universe?” Gravitation and cosmology.
Proceedings, 6th International Conference, ICGC 2007, Pune, India, December 17-21,
2007, J. Phys. Conf. Ser. 140, 012009 (2008), arXiv:0803.3727 [hep-th].

Mathur, S. D., “What can the information paradox tell us about the early Universe?”
Int. J. Mod. Phys. D21, 1241002 (2012), arXiv:1205.3140 [hep-th].

Meissner, K. A., “Symmetries of higher order string gravity actions,” Phys. Lett. B392,
298 (1997), arXiv:hep-th/9610131 [hep-th].

Meissner, K. A. and G. Veneziano, “Manifestly O(d,d) invariant approach to
space-time dependent string vacua,” Mod. Phys. Lett. A6, 3397 (1991), arXiv:hep-
th/9110004 [hep-th].

Meissner, K. A. and G. Veneziano, “Symmetries of cosmological superstring vacua,”
Phys. Lett. B267, 33 (1991).

Middleton, J. and J. D. Barrow, “The Stability of an Isotropic Cosmological Singularity
in Higher-Order Gravity,” Phys. Rev. D77, 103523 (2008), arXiv:0801.4090 [gr-qc].

Miranda, T., J. C. Fabris, and O. F. Piattella, “Reconstructing a f(R) theory from
the a-Attractors,” JCAP 1709, 041 (2017), arXiv:1707.06457 [gr-qc].



Bibliography 368

[502] Mironov, S., “Mathematical Formulation of the No-Go Theorem in Horndeski Theory,”
Proceedings, 7th International Conference on New Frontiers in Physics (ICNFP 2018):
Kolymbari, Crete, Greece, July 4-12, 2018, Universe 5, 52 (2019).

[503] Mironov, S., V. Rubakov, and V. Volkova, “Bounce beyond Horndeski with GR asymp-
totics and ~y-crossing,” JCAP 1810, 050 (2018), arXiv:1807.08361 [hep-th].

[504] Misner, C. W., “Mixmaster universe,” Phys. Rev. Lett. 22, 1071 (1969).

[505] Misner, C. W., K. S. Thorne, and J. A. Wheeler, Gravitation (W. H. Freeman, San
Francisco, 1973).

[506] Mo, H., F. van den Bosch, and S. White, Galazy Formation and Evolution (Cambridge
University Press, 2010).

[507] Moessner, R. and M. Trodden, “Singularity-free two-dimensional cosmologies,” Phys.
Rev. D51, 2801 (1995), arXiv:gr-qc/9405004 [gr-qc].

[508] Morgan, D., “Black holes in cutoff gravity,” Phys. Rev. D43, 3144 (1991).

[509] Moss, A. and L. Pogosian, “Did BICEP2 see vector modes? First B-mode con-
straints on cosmic defects,” Phys. Rev. Lett. 112, 171302 (2014), arXiv:1403.6105
[astro-ph.CO.

[510] Motohashi, H., K. Noui, T. Suyama, M. Yamaguchi, and D. Langlois, “Healthy de-
generate theories with higher derivatives,” JCAP 1607, 033 (2016), arXiv:1603.09355
[hep-th].

[511] Motohashi, H. and T. Suyama, “Third order equations of motion and the Ostrogradsky
instability,” Phys. Rev. D91, 085009 (2015), arXiv:1411.3721 [physics.class-ph].

[512] Mukhanov, V., Physical Foundations of Cosmology (Cambridge University Press,
2005).

[513] Mukhanov, V. and S. Winitzki, Introduction to quantum effects in gravity (Cambridge
University Press, 2007).

[514] Mukhanov, V. F., “Gravitational Instability of the Universe Filled with a Scalar Field,”
JETP Lett. 41, 493 (1985), [Pisma Zh. Eksp. Teor. Fiz.41,402(1985)].

[515] Mukhanov, V. F.; “Quantum Theory of Gauge Invariant Cosmological Perturbations,”
Sov. Phys. JETP 67, 1297 (1988), [Zh. Eksp. Teor. Fiz.94N7,1(1988)].

[516] Mukhanov, V. F. and R. H. Brandenberger, “A Nonsingular universe,” Phys. Rev.
Lett. 68, 1969 (1992).



Bibliography 369

[517]

518]

519

[520]

521]

[522]

[523]

[524]

[525]

[526]

[527]

[528]

[529]

[530]

Mukhanov, V. F. and G. V. Chibisov, “Quantum Fluctuations and a Nonsingular
Universe,” JETP Lett. 33, 532 (1981), [Pisma Zh. Eksp. Teor. Fiz.33,549(1981)].

Mukhanov, V. F., H. A. Feldman, and R. H. Brandenberger, “Theory of cosmological
perturbations. Part 1. Classical perturbations. Part 2. Quantum theory of perturba-
tions. Part 3. Extensions,” Phys. Rept. 215, 203 (1992).

Naruko, A., D. Yoshida, and S. Mukohyama, “Gravitational scalar-tensor theory,”
Class. Quant. Grav. 33, 09LT01 (2016), arXiv:1512.06977 [gr-qc|.

Nayeri, A., R. H. Brandenberger, and C. Vafa, “Producing a scale-invariant spectrum
of perturbations in a Hagedorn phase of string cosmology,” Phys. Rev. Lett. 97, 021302
(2006), arXiv:hep-th/0511140 [hep-th].

Neves, J. C. S., “Are black holes in an ekpyrotic phase possible?” Astrophys. Space
Sci. 361, 281 (2016), arXiv:1509.03304 [gr-qc].

Nicolis, A., R. Rattazzi, and E. Trincherini, “The Galileon as a local modification of
gravity,” Phys. Rev. D79, 064036 (2009), arXiv:0811.2197 [hep-th].

Nishi, S. and T. Kobayashi, “Generalized Galilean Genesis,” JCAP 1503, 057 (2015),
arXiv:1501.02553 [hep-th].

Nishi, S. and T. Kobayashi, “Scale-invariant perturbations from null-energy-condition
violation: A new variant of Galilean genesis,” Phys. Rev. D95, 064001 (2017),
arXiv:1611.01906 [hep-th].

Nishi, S., T. Kobayashi, N. Tanahashi, and M. Yamaguchi, “Cosmological match-
ing conditionsand galilean genesis in Horndeski’s theory,” JCAP 1403, 008 (2014),
arXiv:1401.1045 [hep-th].

Nojiri, S. and S. D. Odintsov, “Mimetic F(R) gravity: inflation, dark energy and
bounce,” Mod. Phys. Lett. A29, 1450211 (2014), arXiv:1408.3561 [hep-th].

Noller, J. and J. Magueijo, “Non-Gaussianity in single field models without slow-roll,”
Phys. Rev. D83, 103511 (2011), arXiv:1102.0275 [astro-ph.CO].

Notari, A. and A. Riotto, “Isocurvature perturbations in the ekpyrotic universe,” Nucl.
Phys. B644, 371 (2002), arXiv:hep-th/0205019 [hep-th].

Novello, M. and S. E. P. Bergliaffa, “Bouncing Cosmologies,” Phys. Rept. 463, 127
(2008), arXiv:0802.1634 [astro-ph].

Obied, G., H. Ooguri, L. Spodyneiko, and C. Vafa, “De Sitter Space and the Swamp-
land,” (2018), arXiv:1806.08362 [hep-th].



Bibliography 370

531]

532]

[533]

534]

[535]

536

537

538

[539)]

[540]

[541]

542
[543

[544]

[545]

Ohashi, S., N. Tanahashi, T. Kobayashi, and M. Yamaguchi, “The most general second-
order field equations of bi-scalar-tensor theory in four dimensions,” JHEP 07, 008
(2015), arXiv:1505.06029 [gr-qc].

Olive, K. A., “Inflation,” Phys. Rept. 190, 307 (1990).

Oshita, N. and J. Yokoyama, “Creation of an inflationary universe out of a black hole,”
Phys. Lett. B785, 197 (2018), arXiv:1601.03929 [gr-qc].

Osipov, M. and V. Rubakov, “Scalar tilt from broken conformal invariance,” JETP
Lett. 93, 52 (2011), arXiv:1007.3417 [hep-th].

Osipov, M. and V. Rubakov, “Galileon bounce after ekpyrotic contraction,” JCAP
1311, 031 (2013), arXiv:1303.1221 [hep-th].

Padilla, A. and V. Sivanesan, “Covariant multi-galileons and their generalisation,”
JHEP 04, 032 (2013), arXiv:1210.4026 [gr-qc|.

Padmanabhan, T., Gravitation: Foundations and frontiers (Cambridge University
Press, 2014).

Pajer, E. and D. Stefanyszyn, “Symmetric Superfluids,” (2018), arXiv:1812.05133
[hep-th].

Panvel, J., “Higher order conformal invariance of string backgrounds obtained by
O(d,d) transformations,” Phys. Lett. B284, 50 (1992), arXiv:hep-th/9204024 [hep-
th].

Parker, L., “Particle creation in expanding universes,” Phys. Rev. Lett. 21, 562 (1968).

Parker, L., “Quantized fields and particle creation in expanding universes. 1.” Phys.

Rev. 183, 1057 (1969).
Peebles, P. J. E., Principles of physical cosmology (Princeton University Press, 1993).

Peebles, P. J. E. and B. Ratra, “The Cosmological constant and dark energy,” Rev.
Mod. Phys. 75, 559 (2003), arXiv:astro-ph/0207347 [astro-ph].

Penrose, R., “Gravitational collapse and space-time singularities,” Phys. Rev. Lett.
14, 57 (1965).

Penrose, R., “Singularities and time-asymmetry,” in General Relativity: An FEinstein
Centenary Survey (1979) pp. 581-638.



Bibliography 371

[546]

[547]

(548]

[549]

[550]

[551]

552]

[553]

[554]

[555]

[556]

[557]

558
559

Perreault Levasseur, L., R. Brandenberger, and A.-C. Davis, “Defrosting in an Emer-
gent Galileon Cosmology,” Phys. Rev. D84, 103512 (2011), arXiv:1105.5649 [astro-
ph.CO].

Peter, P., “Cosmological Perturbation Theory,” in 15th Brazilian School of Cosmol-
ogy and Gravitation (BSCG 2012) Mangaratiba, Rio de Janeiro, Brazil, August 19-
September 1, 2012 (2013) arXiv:1303.2509 [astro-ph.CO)].

Peter, P. and J.-P. Uzan, Primordial Cosmology, Oxford Graduate Texts (Oxford Uni-
versity Press, 2013).

Piattella, O. F., Lecture Notes in Cosmology, UNITEXT for Physics (Springer, Cham,
2018) arXiv:1803.00070 [astro-ph.CO].

Pinto-Neto, N., G. Santos, and W. Struyve, “Quantum-to-classical transition of pri-
mordial cosmological perturbations in de Broglie-Bohm quantum theory: the bouncing
scenario,” Phys. Rev. D89, 023517 (2014), arXiv:1309.2670 [gr-qc].

Pirtskhalava, D., L. Santoni, E. Trincherini, and P. Uttayarat, “Inflation from
Minkowski Space,” JHEP 12, 151 (2014), arXiv:1410.0882 [hep-th].

Poisson, E., A Relativist’s Toolkit: The Mathematics of Black-Hole Mechanics (Cam-
bridge University Press, 2009).

Polarski, D. and A. A. Starobinsky, “Semiclassicality and decoherence of cosmological
perturbations,” Class. Quant. Grav. 13, 377 (1996), arXiv:gr-qc/9504030 [gr-qc].

Press, W. H. and P. Schechter, “Formation of galaxies and clusters of galaxies by
selfsimilar gravitational condensation,” Astrophys. J. 187, 425 (1974).

Pujolas, O., I. Sawicki, and A. Vikman, “The Imperfect Fluid behind Kinetic Gravity
Braiding,” JHEP 11, 156 (2011), arXiv:1103.5360 [hep-th].

Qiu, T., J. Evslin, Y.-F. Cai, M. Li, and X. Zhang, “Bouncing Galileon Cosmologies,”
JCAP 1110, 036 (2011), arXiv:1108.0593 [hep-th].

Qiu, T., X. Gao, and E. N. Saridakis, “Towards anisotropy-free and nonsingular
bounce cosmology with scale-invariant perturbations,” Phys. Rev. D88, 043525 (2013),
arXiv:1303.2372 [astro-ph.CO].

Quintin, J. and R. H. Brandenberger, [in preparation].

Quintin, J. and R. H. Brandenberger, “Black hole formation in a contracting universe,”
JCAP 1611, 029 (2016), arXiv:1609.02556 [astro-ph.CO].



Bibliography 372

[560] Quintin, J., R. H. Brandenberger, M. Gasperini, and G. Veneziano, “Stringy black-hole
gas in o/-corrected dilaton gravity,” Phys. Rev. D98, 103519 (2018), arXiv:1809.01658
[hep-th].

[561] Quintin, J., Y.-F. Cai, and R. H. Brandenberger, “Matter creation in a nonsingular
bouncing cosmology,” Phys. Rev. D90, 063507 (2014), arXiv:1406.6049 [gr-qc].

[562] Quintin, J., Z. Sherkatghanad, Y.-F. Cai, and R. H. Brandenberger, “Evolution of cos-
mological perturbations and the production of non-Gaussianities through a nonsingular

bounce: Indications for a no-go theorem in single field matter bounce cosmologies,”
Phys. Rev. D92, 063532 (2015), arXiv:1508.04141 [hep-th].

[563] Quintin, J.,; D. Yoshida, and R. H. Brandenberger, [in preparation].

[564] Ramazanov, S., F. Arroja, M. Celoria, S. Matarrese, and L. Pilo, “Living with ghosts
in Horava-Lifshitz gravity,” JHEP 06, 020 (2016), arXiv:1601.05405 [hep-th].

[565] Raveendran, R. N., “A Gauge Invariant Prescription to Avoid y-Crossing Instability
in Galileon Bounce,” (2019), arXiv:1902.06639 [gr-qc|.

[566] Renaux-Petel, S., “Primordial non-Gaussianities after Planck 2015: an introductory
review,” Comptes Rendus Physique 16, 969 (2015), arXiv:1508.06740 [astro-ph.CO].

[567] de Rham, C., “Massive Gravity,” Living Rev. Rel. 17, 7 (2014), arXiv:1401.4173 [hep-
th].

[568] de Rham, C., J. T. Deskins, A. J. Tolley, and S.-Y. Zhou, “Graviton Mass Bounds,”
Rev. Mod. Phys. 89, 025004 (2017), arXiv:1606.08462 [astro-ph.CO].

[569] de Rham, C. and G. Gabadadze, “Generalization of the Fierz-Pauli Action,” Phys.
Rev. D82, 044020 (2010), arXiv:1007.0443 [hep-th].

[570] de Rham, C., G. Gabadadze, and A. J. Tolley, “Resummation of Massive Gravity,”
Phys. Rev. Lett. 106, 231101 (2011), arXiv:1011.1232 [hep-th].

[571] de Rham, C. and S. Melville, “Unitary null energy condition violation in P(X) cos-
mologies,” Phys. Rev. D95, 123523 (2017), arXiv:1703.00025 [hep-th].

[572] Riess, A. G. et al. (Supernova Search Team), “Observational evidence from supernovae
for an accelerating universe and a cosmological constant,” Astron. J. 116, 1009 (1998),
arXiv:astro-ph/9805201 [astro-ph].

[573] Riotto, A., “Inflation and the theory of cosmological perturbations,” Astroparticle
physics and cosmology. Proceedings: Summer School, Trieste, Italy, Jun 17-Jul 5 2002,
ICTP Lect. Notes Ser. 14, 317 (2003), arXiv:hep-ph/0210162 [hep-ph].



Bibliography 373

[574] Rubakov, V. A., “Harrison-Zeldovich spectrum from conformal invariance,” JCAP
0909, 030 (2009), arXiv:0906.3693 [hep-th].

[575] Saitou, R., “Canonical invariance of spatially covariant scalar-tensor theory,” Phys.
Rev. D94, 104054 (2016), arXiv:1604.03847 [hep-th].

[576] Sasaki, M., “Gauge Invariant Scalar Perturbations in the New Inflationary Universe,”
Prog. Theor. Phys. 70, 394 (1983).

[577] Sasaki, M., “Large Scale Quantum Fluctuations in the Inflationary Universe,” Prog.
Theor. Phys. 76, 1036 (1986).

[578] Sato, K., “First Order Phase Transition of a Vacuum and Expansion of the Universe,”
Mon. Not. Roy. Astron. Soc. 195, 467 (1981).

[579] Scardua, A., L. F. Guimaraes, N. Pinto-Neto, and G. S. Vicente, “Fermion Production
in Bouncing Cosmologies,” Phys. Rev. D98, 083505 (2018), arXiv:1807.06118 [gr-qc].

[580] Sebastiani, L., S. Vagnozzi, and R. Myrzakulov, “Mimetic gravity: a review of recent
developments and applications to cosmology and astrophysics,” Adv. High Energy
Phys. 2017, 3156915 (2017), arXiv:1612.08661 [gr-qc].

[581] Seery, D. and J. E. Lidsey, “Primordial non-Gaussianities in single field inflation,”
JCAP 0506, 003 (2005), arXiv:astro-ph/0503692 [astro-ph].

[582] Seljak, U. and M. Zaldarriaga, “Signature of gravity waves in polarization of the mi-
crowave background,” Phys. Rev. Lett. 78, 2054 (1997), arXiv:astro-ph/9609169 [astro-

ph].

[583] Sen, A., “O(d) ® O(d) symmetry of the space of cosmological solutions in string theory,
scale factor duality and two-dimensional black holes,” Phys. Lett. B271, 295 (1991).

[584] Shankaranarayanan, S., “Temperature and entropy of Schwarzschild-de Sitter space-
time,” Phys. Rev. D67, 084026 (2003), arXiv:gr-qc/0301090 [gr-qc].

[585] Shtanov, Y., J. H. Traschen, and R. H. Brandenberger, “Universe reheating after in-
flation,” Phys. Rev. D51, 5438 (1995), arXiv:hep-ph/9407247 [hep-ph)].

[586] Silverstein, E. and D. Tong, “Scalar speed limits and cosmology: Acceleration from
D-cceleration,” Phys. Rev. D70, 103505 (2004), arXiv:hep-th/0310221 [hep-th].

[587] Silverstein, E. and A. Westphal, “Monodromy in the CMB: Gravity Waves and String
Inflation,” Phys. Rev. D78, 106003 (2008), arXiv:0803.3085 [hep-th].

[588] Son, D. T. and A. O. Starinets, “Viscosity, Black Holes, and Quantum Field Theory,”
Ann. Rev. Nucl. Part. Sci. 57, 95 (2007), arXiv:0704.0240 [hep-th].



Bibliography 374

[589] Stargen, D. J., V. Sreenath, and L. Sriramkumar, “Quantum-to-classical transition and
imprints of wavefunction collapse in bouncing universes,” (2016), arXiv:1605.07311

[gr-qc].

[590] Starobinsky, A. A., “A New Type of Isotropic Cosmological Models Without Singu-
larity,” Phys. Lett. B91, 99 (1980).

[591] Starobinsky, A. A., “Dynamics of Phase Transition in the New Inflationary Universe
Scenario and Generation of Perturbations,” Phys. Lett. 117B, 175 (1982).

[592] Starobinsky, A. A., “Multicomponent de Sitter (Inflationary) Stages and the Gen-
eration of Perturbations,” JETP Lett. 42, 152 (1985), [Pisma Zh. Eksp. Teor.
Fiz.42,124(1985)].

[593] Steinhardt, P. J. and M. S. Turner, “A Prescription for Successful New Inflation,”
Phys. Rev. D29, 2162 (1984).

[594] Steinhardt, P. J. and N. Turok, “Cosmic evolution in a cyclic universe,” Phys. Rev.
D65, 126003 (2002), arXiv:hep-th/0111098 [hep-th].

[595] Steinhardt, P. J., N. Turok, and N. Turok, “A Cyclic model of the universe,” Science
296, 1436 (2002), arXiv:hep-th/0111030 [hep-th].

[596] Susskind, L., “Some speculations about black hole entropy in string theory,” (1993),
arXiv:hep-th/9309145 [hep-th].

[597] Takahashi, T., “Primordial non-Gaussianity and the inflationary Universe,” PTEP
2014, 06B105 (2014).

[598] Thorne, K. S., “Nonspherical Gravitational Collapse: A Short Review,” in Magic With-
out Magic: John Archibald Wheeler (W. H. Freeman, San Francisco, 1972).

[599] Traschen, J. H. and R. H. Brandenberger, “Particle Production During Out-of-
equilibrium Phase Transitions,” Phys. Rev. D42, 2491 (1990).

[600] Trodden, M., V. F. Mukhanov, and R. H. Brandenberger, “A Nonsingular two-
dimensional black hole,” Phys. Lett. B316, 483 (1993), arXiv:hep-th /9305111 [hep-th].

[601] Tsamis, N. C. and R. P. Woodard, “Improved estimates of cosmological perturbations,”
Phys. Rev. D69, 084005 (2004), arXiv:astro-ph/0307463 [astro-ph].

[602] Tseytlin, A. A., “Duality and dilaton,” Mod. Phys. Lett. A6, 1721 (1991).

[603] Tseytlin, A. A. and C. Vafa, “Elements of string cosmology,” Nucl. Phys. B372, 443
(1992), arXiv:hep-th/9109048 [hep-th].



Bibliography 375

sujikawa, S., R. Brandenberger, and F. Finelli, “On the construction of nonsingular

604| Tsujik: S., R. Brandenb d F. Finelli, “On th i f ingul
pre-big bang and ekpyrotic cosmologies and the resulting density perturbations,” Phys.
Rev. D66, 083513 (2002), arXiv:hep-th/0207228 [hep-th].

[605] Veneziano, G., “A Stringy Nature Needs Just Two Constants,” Europhys. Lett. 2, 199
(1986).

[606] Veneziano, G., “Scale factor duality for classical and quantum strings,” Phys. Lett.
B265, 287 (1991).

[607] Veneziano, G., “Entropy bounds and string cosmology,” (1999) arXiv:hep-th/9907012
[hep-th].

[608] Veneziano, G., “Pre-bangian origin of our entropy and time arrow,” Phys. Lett. B454,
22 (1999), arXiv:hep-th/9902126 [hep-th].

[609] Veneziano, G., “String cosmology: The pre-big bang scenario,” in The primordial
universe. Proceedings, Summer School on physics, 71st session, Les Houches, France,
June 28-July 23, 1999 (2000) pp. 581-628, arXiv:hep-th/0002094 [hep-th].

[610] Veneziano, G., “A Model for the big bounce,” JCAP 0403, 004 (2004), arXiv:hep-
th /0312182 [hep-th].

[611] Veneziano, G., “Quantum hair and the string-black hole correspondence,” Class.
Quant. Grav. 30, 092001 (2013), arXiv:1212.2606 [hep-th].

[612] Vernizzi, F., A. Melchiorri, and R. Durrer, “CMB anisotropies from pre-big bang cos-
mology,” Phys. Rev. D63, 063501 (2001), arXiv:astro-ph/0008232 [astro-ph)].

[613] Vilenkin, A., “The Birth of Inflationary Universes,” Phys. Rev. D27, 2848 (1983).

[614] Vilenkin, A., “Topological inflation,” Phys. Rev. Lett. 72, 3137 (1994), arXiv:hep-
£1/9402085 [hep-th].

[615] Visser, M. and C. Barcelo, “Energy conditions and their cosmological implications,” in
Proceedings, 3rd International Conference on Particle Physics and the Farly Universe
(COSMO 1999): Trieste, Italy, September 27-October 3, 1999 (2000) pp. 98-112,
arXiv:gr-qc/0001099 [gr-qc].

[616] Wald, R. M., General Relativity (Chicago Univ. Pr., Chicago, USA, 1984).

[617) Wan, Y., T. Qiu, F. P. Huang, Y.-F. Cai, H. Li, and X. Zhang, “Bounce Inflation Cos-
mology with Standard Model Higgs Boson,” JCAP 1512, 019 (2015), arXiv:1509.08772

[gr-qc].



Bibliography 376

[618] Wands, D., “Duality invariance of cosmological perturbation spectra,” Phys. Rev. D60,
023507 (1999), arXiv:gr-qc/9809062 [gr-qc].

[619] Wands, D., “Multiple field inflation,” 22nd IAP Colloquium on Inflation + 25: The
First 25 Years of Inflationary Cosmology Paris, France, June 26-30, 2006, Lect. Notes
Phys. 738, 275 (2008), arXiv:astro-ph/0702187 [astro-ph].

[620] Wang, Y., “Inflation, Cosmic Perturbations and Non-Gaussianities,” Commun. Theor.
Phys. 62, 109 (2014), arXiv:1303.1523 [hep-th].

[621] Wang, Y. and R. Brandenberger, “Scale-Invariant Fluctuations from Galilean Genesis,”
JCAP 1210, 021 (2012), arXiv:1206.4309 [hep-th].

[622] Watanabe, M.-a., S. Kanno, and J. Soda, “The Nature of Primordial Fluctuations
from Anisotropic Inflation,” Prog. Theor. Phys. 123, 1041 (2010), arXiv:1003.0056
lastro-ph.CO.

[623] Weinberg, S., “Quantum contributions to cosmological correlations,” Phys. Rev. D72,
043514 (2005), arXiv:hep-th/0506236 [hep-th].

[624] Welling, Y., Multiple Field Inflation and Signatures of Heavy Physics in the CMB,
Master’s thesis, Utrecht U. (2015), arXiv:1502.04369 [gr-qc|.

[625] Wilson-Ewing, E., “Ekpyrotic loop quantum cosmology,” JCAP 1308, 015 (2013),
arXiv:1306.6582 [gr-qc].

[626] Wilson-Ewing, E., “The Matter Bounce Scenario in Loop Quantum Cosmology,” JCAP
1303, 026 (2013), arXiv:1211.6269 [gr-qc].

[627] Wilson-Ewing, E., “Separate universes in loop quantum cosmology: framework and
applications,” Int. J. Mod. Phys. D25, 1642002 (2016), arXiv:1512.05743 [gr-qc].

[628] Woodard, R. P., “Avoiding dark energy with 1/r modifications of gravity,” The invis-
ible universe: Dark matter and dark energy. Proceedings, 3rd Aegean School, Karfas,
Greece, September 26-October 1, 2005, Lect. Notes Phys. 720, 403 (2007), arXiv:astro-
ph/0601672 [astro-ph].

[629] Woodard, R. P.; “Ostrogradsky’s theorem on Hamiltonian instability,” Scholarpedia
10, 32243 (2015), arXiv:1506.02210 [hep-th].

[630] Xue, B., D. Garfinkle, F. Pretorius, and P. J. Steinhardt, “Nonperturbative analysis
of the evolution of cosmological perturbations through a nonsingular bounce,” Phys.
Rev. D88, 083509 (2013), arXiv:1308.3044 [gr-qc].



Bibliography 377

[631] Ye, G. and Y.-S. Piao, “Implication of GW170817 for cosmological bounces,” Commun.
Theor. Phys. 71, 427 (2019), arXiv:1901.02202 [gr-qc].

[632] Yokoyama, J., “Formation of primordial black holes in inflationary cosmology,” Pro-
ceedings, 9th Yukawa International Seminar on Black Holes and Gravitational Waves:
New Eyes in the 21st Century (YKIS 99): Kyoto, Japan, June 28-July 2, 1999, Prog.
Theor. Phys. Suppl. 136, 338 (1999).

[633] Yoshida, D. and R. H. Brandenberger, “Singularities in Spherically Symmetric Solu-
tions with Limited Curvature Invariants,” JCAP 1807, 022 (2018), arXiv:1801.05070

[gr-qc].

[634] Yoshida, D. and J. Quintin, “Maximal extensions and singularities in inflationary
spacetimes,” Class. Quant. Grav. 35, 155019 (2018), arXiv:1803.07085 [gr-qc].

[635] Yoshida, D., J. Quintin, M. Yamaguchi, and R. H. Brandenberger, “Cosmological
perturbations and stability of nonsingular cosmologies with limiting curvature,” Phys.
Rev. D96, 043502 (2017), arXiv:1704.04184 [hep-th].

[636] Zwiebach, B., A first course in string theory (Cambridge University Press, 2006).



