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Abstract

ln this thesis, dynamics and control of multi-body tethered satellite systems are

investigated. First &. dynamical model is developed that tal;es into accollnt the three

dimensional librational motion of the system dS wel1 as the nonlinear vibrations of

the tethers, both in longitudinal and transverse directions. The assumed modes

method is used to discretize the continuous tethers. Using Lagrange's eqllations,

splitting the vector of generalized coordinates to a set of subvectors, where each

subvector corresponds to a specific tether, a set of nonlinear ordinary dilferelltial

equations governing the motion of the system is obtained in the explicit analytical

form. A fourth order strain ellergy expression is used in the formulation to al10w

the possibility of moderately large deformation of the tethers. The equations are

applicable whether the lcngth of the tethers arc constant (station-keeping phase) or

changing with time (deployment and retrieva! phases). They are transformed illto

vector form for simulation purposes.

Among the external forces, the aerodynamic forces and their effccts 011 t.he dy­

namics and stability of the system are given more attention. The free mlllcclllar f10w

model is used to ca1culate the aerodynamic forces on the end-bodies as wel1 as 011 the

tethers. In addition, internai damping forces rcsu!ting from the material damping of

the tethers are considered in this investigation. These forces, which arc very difficllit

to mode! accurate!y, are model1ed using a viscous damping mode!.

Equilibrium configurations of the system, as special solutions of the equations of
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nlOtioll, ill the ahsellee or presellee of the aerodynamie forces, arc studied in more

dotai!. A c1osod form solution to the statie equilibrium equatious is obtained when

thore is 110 external force aetillg on the system otber than the gravitational force. The

s"t of 1I01llilloar e'luatiolls of motioll is then linearized analytically about a partieular

"'1l1ilibriUlII t'ullfiguratioll fol' stability and eigenvalue analysis. The lIatural frequell­

dos of sorne sillgle-tet]",r as well IL' multi-tether systems are calculated using tlwse

lilu:arized CqlUltioll:-i. "

Stahility of a singlc-tether system in low orbit missio:ls is investigated, ignoring

the aerodYllamie forces on the main-satellite as well as on the tether. Assuming

a partielliar geornetrieal COli figuration for the subsatellite and using the lillearized

e'lllatiulls, the elfect of the llerodYllamic forces, particularly aerodynamic lift, on

the sl,llbility of the system as well as the equilibriulll configuration of the system is

eXllllliued through the eigenvalue analysis. This analysis is then extellded to multi­

body systems.

Fillally the problem of controlling the nonlinear system through the application

of LYllpullov's stllbility theory is I)xamilled for multi-body tetherpd systems, ignor­

inJ.', the transverse oscillations of the tethers. lnitiully, based on the Hamiltonian of

1.11<' system, a LYllpunov funetioll is introduced fol' u system with massless and rigid

l.ethers. It leads to Il Unear tension control law. When the mass of the tethers is

tllken into llecOlmt the Lyapunov function is modified and a new tensioll eontrollaw

is developed which is no longer linear. With the Ilssumption that t,he longitudind

osdlllltiolls of the tethers Ilre small compllred to the length of the tethers, a Lyapunov

fUll<·l.illn is (·llllsl.l'\Icted for systems with elastie tethers. At the end, a hybrid control

1,,11' is examine(l to improve the performance of the controlled system.

ii
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Résumé

Celle thèse a pour objet l'étude de la dynamique et de la commande de systèmes

~atellisés composés de plusieurs élémentS 1eliés par des fils. Un modèle dynamique est tout

d'abord établi: ce modéle tient compte du mouvement de rotation tridimensionel du système

ainsi que des vibrations non-linéaires des fils, dans les sens transversal et longitudinal. La

méthode des modes imposés est utilisée pour'discrétiser les fils continus. En utilisant les

équations de Lagrange, et en séparant le vecteur de coordonnées généralisées en un ensemble

de sous-vecteurs, oil chaque sous-vecteur correspond à un fil spécifique, un ensemble

d'équations différentielles ordinaires non-linéaires dictant le mouvement du système est alors

obtenu sous une forme analytique explicite. Une expression du quatrième ordre de l'énergie

de déformation est utilisée dans la formulation pour que les grandes déformations des fils

soient possibles. Ces équations sont applicables si la longueur des fils est constante (phase

de maintien en position) ou variable dans le temps (phase de déploiement et de repliement).

Elles sont transformées sous forme vectorielle pour les besoins des simulations.

Parmi les forces externes, les forces aérodynamiques et leurs effets sur la dynamique

et la stabilité du ~ystème sont très importants. Le modèle d'écoulement moléculaire libre est

utilisé pour calculer les forces aérodynamiques sur les extiémites des éléments ainsi que sur

les fils. De plus, les forces d'amortissement internes résultant du matériau composant les fils

sont prises en compte dans cette étude. Ces forces, qui sont très difficiles à représenter

précisément, sont modélisées en utilisant un modèle d'amortissement visqueux.

Les configurations d'équilibre du système, solutions ~péciales des équations du

mouvement, sont étudiées plus en détail en l'absence 'ou la présence des forces
iii
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aérodynamiques. Une solution exacte des équations d'équilibre statique est obtenue en

('absence de forces externes agissant sur le système à l'exception de la gravité. L'ensemble

des équations non-linéaires du mouvement est alors linéarisé analytiquement autour d'une

position d'équilibre particulière pour l'analyse de la stabilité et des valeurs propres. Les

fréquences naturelles d'un seul fil ainsi que celles des systèmes composés de plusieurs fils

sont calculées en utilisant ces équations linéarisées.

La stabilité d'un système ne comprenant qu'un seul fil est étudiée lors de missions

à basse orbite, en négligeant les forces aérodynamiques sur le satel1ite principal ainsi que sur

le fil. En supposant une configuration géométrique particulière pour le sous-satel1ite et en

utilisant les équations linéarisées, l'effet des forces aérodynamiques, en particulier la portance

aérodynamique, sur la stabilité du système ainsi que la position d'équilibre du système sont

étudiés par une analyse des valeurs propres. Celte analyse est alors étendue aux systèmes

à plusieurs éléments.

Finalement, le problème de commande du système non-linéaire est étudié en appliquant la

théorie de stabilité de Lyapunov pour les systèmes composés de plusieurs éléments reliés, en

ignorant les oscillations transversales des fils. Initialement une fonction de Lyapunov, basée

sur l' Hamiltonien du système est introduite pour un système utilisant des fils sans masse et

rigides. Ceci conduit à une loi de commande linéaire de la tension. En tenant compte de

la masse des fils, la fonction de Lyapunov est modifiée pour obtenir une nouvelle loi de

commande de la tension qui n'est plus linéaire. Une fonction de Lyapunov est élaborée pour

des systèmes avec des fils élastiques en supposant que les oscillations longitudinales des fils

sont petites par rapport à leurs longueurs. Enfin, une loi hybride de commande est étudiée

pour améliorer la performance du système asservi.

iv
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General Conventions

a(O)

â

n
( )",0"
O'
6()

magnitude of variable a at initial time, t = 0

a boldface character with an arrow represents a physical vector

a boldface character with a hat represents a unit vector

first and second time derivatives of il in the inertial frame

time derivative of iLk in the k-th tether frame

column vector or matrix A with scalar elements

transpose of A

column vector or matrix .A. with vectorial elements

transpose of .A.

definition of a parameter in the bead model

magnitude of ( ) at an equilibrium point q"

magnitude of ( ) at the nominal solution q'

small deviation from the nominal or equilibrium value of ( )

Specifie Symbols

•

{O}

[oJ
o
{o}
[0]

column vector with appropriate number of 0 elements

matrix with appropriate number of 0 elements

zero vector

column vector with appropriate number of 0 elements

matrix with appropriate number of 0 elements
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• Ab

A,"

Ajk

AI'

A.

A

bk

bk
Bk

B

C'k

C'"k

C

I/;Ck

I/"k

dO.
db., dr., dt.

D

lJ jk

,.
el'

I~AI'

f

ï
-(l)) -CS)
/ ,/

ïll.ït
r'jk

•

microgravity acceleration

base surface area of a cylinder; Ab = liR~

projection surface area of a cylinderj Ac = 2RcHc

a nondimensional mass coefficient, Eq. (2.14)

surface area of a plate

projected surface area of a spherej As = li R;

generalized mass matrix in Eq. (4.44)

magnitude of bk

defined in Eq. (2.7)

a nondimensional mass coefficients, Eq. (2.14)

defined in Eq. (4.44)

an arbitrary positive constant; Eq. (7.38)

an arbitrary positive constant in Lyapunov's approach

damping matrix resulted from material damping

undeformed length of an element of the k-th tether

deformed length of an element of the k-th tether

defined in Eq. (4.7)

defined in Eq. (4.5)

damping matrix

a nondimensional mass coefficient, Eq. (7.43)

eccentrièity of the orbit

defined in Eq. (4.2)

lIlodulus of elasticity of the k-th tether

vedor of generalized forces

uerodynalllic force on u body

aerodynamic forces resulting from diffuse and speculaI' reflections

normal and tangential components of the uerodynamic, fon,e

u nondimensional lIlass c'oefficient, Eq. (2.32)
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universal gra\'itational coefficient

Gjk a nondimensioual mass coefficient. Eq. (7..=. 1)

G jk a participating term in the equations of motiou. Eq. (2.71)

h altitude of an object from the Earth 's surface

ho reference altitude

hk altitude of body k

h" altitude of an arbitrary point of tether k

hk defined in Eq. (4.10)

H Heaviside funetion; a1so Hamiltonian of the system

Ho seale height

Hcyl height of eylinder

Hjk a participating term in the equations of motiou, E'I. (2.71)

i inclination angle; also A
i",jco k" unit veetors along the orbital frame

ik,ik. kk uuit veetors along the k-th tether frame

Î, j, K unit veetors along the illertial frame

j(k stiffness of the k-th segment in the bead model

/\(,. /\0" h'"" arbitmry positive constants in Lyapunov's aJlproach eorres!'ouding

to the k- th tether
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K

Co

C.

L

stiffness matrix

referellce lellgth
. .. miL

eqlllvalelll lellgth III a slllgle-tether system; e. = --'--
mi + 7Tl~

command length correspouding to the k-th tethcr

final leugth corresponding to the J,,-th t.ether

numinal lellgth of the k- th tether

numinal length of the tether in a single-tellwr system;

also Lagl'llngian of the system
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• '"
m.

1Ttk

rnk

1;;'

M

M

Mkj

ftA

N

JÏh

N"

N'le

N"k

Pk

Pjk

q

qk

Q

Qk'

Q"I, Q[J, QE.

Qo

"k

•

an N"k dimensional column vector defined by Eq. (2.8.5)

total muss of the system

. 1 .. 1 t th t m1 m2eqUlva c;nt muss m a smg e e el' sys em; m. =
ml+m2

instantaneous mass of the k-th body

instantaneous mass of the k-th tether; 71lk = Pktk

aerodynamic torque on a body

mass of the Earth

mass matrix

Nqk X N'l, submatrix of mass matrix

unit inward normal to the surface dA

number of bodies

number of segments associated with tether k in the bead model

total number of generalized coordinates

total number of elustic degrees of freedom

number of generalized coordinates corresponding to tether k

defined in Eq. (4.3)

a participating term in the equations of motion, Eq. (2.71)

vector of generalized coordinatcs

subvector of generalized coordinates corresponding ta the

kc.th tether

vector of generalized forces

subvector of generalized forces corresponding tn qk

vectors of the generalized forces corresponding to the aerodYlIamic

forces, lIluteriul dumping of the tethers, elasticity of the tethers,
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J11ugllitude of fk

lIlugni tude of ftk

position vector of body k + 1 lIleusured from body k
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• R<

Rl1i/

R<

T

Tk

Torb

Tait

'Ï'

U

Ut,

Uk

(j

(jE

(jE,

•

position vector of an element of tether k meusured from hody k

orbit radius

radius of cylinder

position vector of the centre of muss n" 'sured from the

centre of the Earth

radius of the Earth

position vector of body k measured from the centre uf mllss

position vector of un arbitrary point of tether k mensure,l frum

the centre of mass

nondimensional distunce along tether k; Sk = Xk/ Ck

compensating term in Lyapunov approach; Eq. (7.2U)

total number of segments prior to tether k in the beud mudcl

u participating term in the equations of motion, Eq. (2.71)

time

unit tangentiul vector in the plane of V Il und nA
totul killetic energy of the system

zero order, first order, and quadmtic terms in q in the killetic

ellergy expression

tellsiùn in the k-th tether

orbi tal kinetic energy of the system

kinetic energy of the system associated \Vith uttitnde motioll

thruster force

component of V, along x-axis (Chupter 7)

longitudinal elongation of the k-th tether

elastic displucement of I1n element uf the k-th tether ulong ;r.k

total potential energy of the system

elastic potentiul energy of the system

elustie potentiul energy correspunding to the J.-th tether
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Ur;

Ur;o, Ua.

Po, PI

r'G" ..,.

UOflH

U

Uk

"/1
\·'Il
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Chapter 1

INTRODUCTION

1.1 Introductory Remarks

The idea of using tethers goes back to the last century, Connecting lar!',e mas"'s

by a long thin string in space was suggested by Tsiolkovsky [1] in IS!)1'i 1.0 hal'lu'ss

weak gravity gradient forces fol' stabilization purposes, Sixty li\'<' years later in (!lUO,

a Russian enginl'el' Artsutanov [2] proposed the idea of anchoring a g"ostationary

satellite to the Earth's surface hy a long cahle (tether), However, as far as tilt' a<:1.ual

application is Cûncel'lled, it was initially associated with the retriel'a1 of st.l'llll<bl as·

tl'Onauts [:3, 4], The problems related with such a retrieval were c1l'arly demonstmtecl

in the study by Stady and Adlhoch [:3]. Successful experiments during Gemini XI,

XII in September and November of 19lili, rcspective1y, establishl'd tl1l' feasihility of

using tethered systems [5].

l'Ill' l'l'a of tethers in space rl'ally came int.o heing when Colombo t'I. al. [Ii] l'ut

liJl'll'ard tlll' propos<d of a Shuuk~borne Skyhook fol' low·orhiud altitude l't'sean'h. In

fi"'!. B"key [il wusiders Colombo to he tlll' father of space l.ethers. Sin"" th.'n. s"lIn's

of applications of t.et.hers in spaCt' have Iwen pl'Oposed ami analyz.,,1. 'l'llI's,' indnol.·

applications in conjunction with the Simule 01' the pl'Opos,'d Spa!'.' St.ation as lwll as

indep,'nlk,nt 1<·thered missions,

B,·,'aus,' of the wid,·rang.· of potent.ial applications, tlll'r(' has 11I'.'n a IlIt or int.l'r<'st
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iu tethered satellite systems (TSS) in recent years and one can find a fairly rich

Iiterature ou their dynami<:s aud control. Since the proposed applications involveù

ouly two bodies, until recent years, the interest of the investigators was focused on two­

body tethered systems. A large number of research works concerning the dynamics

aud control of two-body tethered satellite systems have been reviewed by Misra and

Modi 181 and Bcletsky and Lcvin 191. There have been several proposaIs recently to use

tethered systems that involve more than two bodies connected together by tethers,

geuerally called multi-tethered or N-body tethered satellite systems; the available

litel'lltlll'e ou these is compamtively scarce.

The Iitemture review in this thesis starts with a brief review of the dynamics and

control of two-body tethered systems. It is not elÇhaustive; only those investigations

diredly related to the goal of this thesis are discussed. The literature review is based

on the nature of scientific development rather than the historical sequence. Thus

one can conveniently follow where the spots of difficulties lie and consequently what

issues should be addressed in a stuùy like this. The review of related investigations are

llIlllped iuto four different groups; dynamical modelling, aerodynamic effects, control

strategies, anù multi-body systems. Since our main objective is to contribute to

the stu<1y of the dynamics and control of 7n'Ulti-body tethered satellite systems, iu a

separate section the al'llilILble litel'llture on their dynamics and control is reviewed.

Prior 1.0 the litemture review, IL few applications related to multi-tethered systems

are ùes<'ribeù in the next section. The interested readers can find a fairly good number

or applications of tethered satellite systems in general in 17, lOi .

2
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1.2 Sorne Proposed Applications of Multi-Body

Tethered Satellite Systems

•

1.2.1 Upper Atmospheric Measurements

Limit.ation of the value of experimental data using sounding 1'llckets and potent.ial uf

tethered satellite systems for simultaneous mellsurement at se\'ernllocations have led

to several proposais involving multi-tethered satellite systems for upper atmospheri<'

measurements. A one dimensional constellation of probes can be lowered hy the

Shuttle or any other free-flying satellite into the atmosphere in order tu provide

simultaneous data collection al. different altitudes. The !irst probe can be tethere<l tu

the Shuttle while the others can be connected together by tethers (Rer. III Il.

1.2.2 Gravity Related Applications

Microgravity Laboratory

A laboratory facility on board the Space-Station can be situated vertically in t.he

pruximity of the center of gravity of the Space-Stat.ion. Two opposing t.ethers wit.h

end masses can be deployed vertically from the Spa(,c-Station, une upward tlnd one

downward 1111. The length of the tethers ean be varied t.o control the posit.ion of the

('enter of gravity of the system, placing it on the microgravity modules t.u minimize

their gravity gradient accelerationand set il. al. the microgravit.y level (10-4 g and less).

Among the various microgravity labol'll.tories proposed reeently, one can Illlm(! the

Muterials Technology Lab (MTL) and the Biologieal Laburntory. MTL is pl'Ojecled

1" hl! a ('ommon module, equipped as a lab, to perform a variety of experimenl.s

related 1.0 the materials tedmology. Sorne biologieal proc'esses tlllL1. ('onld he sl.udind

wuuld he aninllLl anù plant growth, und Immun performance in mierugmvil.y.

:.1
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Variable Low-Gravity Laboratory

ln contrast to the previous application, a laboratory facility can be attached by a

crawler to a tether deployed vertically from the Space Station and can be positioned

at difrerent points along this tether [Il]. The gravity gradient between the system

n'llter of gravity and the laboratory can be varied by changing the distance of the

crawler anu the laboratory from the system's center of gravity. Usually, the gravity

level inside the laboratory varies with time l'ven if it is located at a constant distance

relative to the Space-Station, because the system's gravity characteristics change with

tlll' orbital motion. A constant gravity level couId be maintained by adjusting the lab

position to compensate for orbital variations. This lab could be useu to examine the

clrects of low gravity on physical and biological processes such as crystal growth. lluid

lIlechanics, plant and animal growth, etc. It has been calculated that the laboratory

could attain g-Ievels of 10-6 , 10-4, 10-2, and 10-1 at a distance above the center of

gravity of approximately 2.25 m, 225 m, 22.5 km, and 225 km, respectively, with a

nOO kg subsatellite tethered to a Shuttle or Space-Station orbiting at an altitude of

:Ij;, km.

1.2.3 Tetber Communication Antenna

An insulated conuucting tether, with plasma contactors at both ends, may be

l'<JIlnected to a spacecraft located in the middle. Variations in the tether current

'-1111 be used to generate ULF, ELF,or VLF waves for conullunication. Waves would

1", emitted by a loop antenna composed of the tether, magnetic field lines, and the

ionosphere [II]. These waves may provide instantaneous worldwide communication

by spreading over most of the Earth via the process of ducting. With a 20 to 100 km

t..ther and a win- CUfl'ent of the order of 10 A. it appears possible to inject into the

Earth-ionosJlhert- line power levels of the order of 1 W by night and 0.1 W by day.

Then' ar" many otlwr possible applications of multi-body TSS which will not be

4



described here for the sake of brevity.

• 1.3 Literature Review on Dynamical Modelling

•

Before reviewing the literature on dynamical modelling, it may b.· useful to mak.·

a few conunents on the dynamics of tether satellites. A tethered satellite system

used for a particular mission undergoes three phases: (i) deployment, (ii) statiun­

keeping, and (iii) retrieva1. A reel mechanism is needed to perform the deployment.

and retrieval operations. After placing the main satellite on tht' desired orbit, tlll'

subsatellites can be deployed to the planned altitudes. Once they are positiOlll'd

appropriately, tasks such as atmospheric experiments couId be carried out during the

station-keeping phase. After completion of the mission, the reel mcchanism l'cds tll<'

su bsatellites back to the main satellite; this is the retrieval phase.

Dynamics of a tethered system involves orbital dynamics as weil as attitude dy­

lIluuics. The motion of the center of mass of the system around th., earth is call.,.1

orbital dynamics,. while the motion of the system relative to its center of mass is m­

ferred to as attitude dynamics. Orbital dynamics is negligibly affected hy thf' attitude

dynamics [12], as the energy associated with the former is much larger than that of

tll<' latter. On the other hand, the orbital motion does affect the attitude dynamics

significantly.

Sinœ many parameters play major l'oIes in governing the system hehaviour, t,he

gcneral dynamics of tethered systems is rather complicated. The center of mass moYes

around the Earth in a Keplerian orbitj the system swings around its center of miL'Sj

tll<' tethers oscillate longitudinally as weil as in transverse directionsj the subsatellites

mu\'<' away from or towards the main satellite during dcployment or retrieval phiL,es,

...·spectively, making the system non-autonomous; tension in the tethcrs ranges from

I..,;s than O.IN (very weak) to mort' than IOON, when the length of a tetll<'r ..,lulIIges
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l'rom say, 20 m (quite short) to 100 km (very long). The fact that the air density

varies by several orders of magnitude along the tether and that the atmosphere rotates

with the Earth complicates the motion further. A good model of the system is thus

IIcœssary to provide a basis for the analysis and control of its dynamics.

It is well-known that the librational motion of the system is inherently unstable

when it undergoes the retrieval phase [13J. The system can become unstable even

during the deployment phase if the deployment rate is larger than a certain amount

[14J. Thus a control strategy is required to control the system; however it is much

,'asier to control the system during deployment compared with retrieval. During the

station-keeping phase, when the unstretched lengths of the tethers are constant, the

dynamics of the system is much simpler compared to the other two phases. However,

it has been shown [1.5J that for a particular combination of system parameters the

librationalmotion and consequently vibrational motion of a two-body tethered system

becomes unstable even in the station-keeping phase if the atmospheric effects are taken

illto account.

The first study on the control of tethered systems was conducted by Rupp [13J.

Al''hollgh he made a key deve10pment in this area, his dynamicalmodel was a drastic

simplification of the actual system. The tether was assumed to be massless and

rigid, and the librational motion of the system was confined to the orbital plane. He

collc1uded that the deployment phase is basically stable and the retrieval phase is

illherelltly ulistable. He proposed a tension controllaw in order to control the motion

of th" system.

III sume applkatiolls, the mass of the tether is expected to he of the same order

ul' magnitude as tlidt of the subsatellite when the tether is long enough, and hence

l'llllnot hl' ignored. Another important parameter is the elasticity of the tethers,

l...caus.. th.. prolJOs..d tethet·s are very thin (sometimes less thun 1 nun ill diameter)

6
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and long (up to 100 km), and hence lIexible. Therefore the tethers vibratc a.xially Ils

well as transversely during the deployment, station-keeping or retrieml phases.

l'dany stndies have been carried ont after the preliminary work by Rupp to iuc1uùe

mass and lIexibiiity of the tether, which play important roles in thc vibratiouallLlld

consequently librational dynltlnics of the system. Sorne of the pioneering works in this

regards are cited in the following. Baker et a\. 114], Kalaghan ct a\. [16j, and Bainum

and Kumar 1171 considered mass of the tether and added the out-of·planc libration

as well as longitudinal oscillation of the tether to thc dynamical mode\. Initially thc

researchers modelled the longit\l(linal oscillation of the tether by a single ùisplaccmcnt

similar to that of a spring muss system. Ho\Vever, as the muss is distributcù along thc

tether, a more accurate representation involves combination of axial moùes similar

tu those of an elastic bar. Neglecting the longitudinal oscillation of the tether, Kulla

118] and Buckens [19] considered the transverse oscillations of the tether. Kalaghau et

a\. 116j also considered the transverse motion of the tetherj but it \Vas mixed up \Vith

the librational motion of the tether because of the way the (,oordiuate system was

selecteù. Longitudinal as wellas transverse oscillations of the tether were modelled in

the works by Kohler et a\. 120], Modi and Misra l:.Ilj, Xu 1:.12], Modi and Mism 1:.I:lj, and

Glaese aud PllStrick 124j. It is foulld that the amplitude of the t.rallsverse oscillatiolls

grew sigllificantly durillg the uncolltrolled retrieva\. Assull1illg t.hat the euct'gy allli

the mode of the vib1'lltory motion remain constant, von F'lol.ow !2[,j comc1uded l,hlll,

this amplitnde remains more 01' less uncluLIIged.

1.3.1 Formulation

Different apprlllll'hes have been used to dcrive the govel'lling equatious of motiou.

lu geuel'lll, these equations are obtained using an aualytÎl'al approach baseù on the

balance of work alld energy 01' a vectorialapproach based on the balance of forces alld

moments. Sillce a tethered satellite system has both rigid body ILlld elastic lIIotiolls,

7
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tlw '>CJlIations of motion are in reality a set of hybrid partial-ordinary differential

eCJuatiuns. However, because of the difficulties associated with th.. solution of these

bylJrid "'1l1ations, they al''' eventually transformed to a set of ordinary differential

"CJuatiuns by disc:etization.

There are a few studies in which the equations of motion are given in the hybrid

furm. XU [22J derived the set of hybrid equations for a sing\e-tether system using

extended Hamilton's principle; the partial differential equations were then converted

tu the ordinary form using Galerkin 's method. Pasca et al. [26J and Pasca and Loren­

zini [271 started l'rom Lagrangian density and came up with the hybrid equations for

the station-keeping phase. The nonlinear hybrid equations were used to study the

lilll'arized motion, and to obtain the eigenfrequencies and equilibrium configurations

uf the system. Other researchers such as Beletsky and Levin [28), Matteis and Lu­

ciano [2HJ, and Kim and Vadali [30J obtained hybrid equations using the Newtonian

method to study the dynamics or steady state configurations of the system. Using

Gal"rkin 's method Kim and Vadali [30J transformed the hybrid differential equations

tu tb.. urdinar)' form.

ln most of the investigations, starting l'rom discretization of th.. system, l'esearchers

,It'ri",'" tlll' or'dinary differential equations of motion without getting involved in hy­

"l'id I.'CJuations. Having disl'l'l·tized the system, some l'esearchers use" an energy bast'd

lI11'tho", such as Lagrange's equations or Kane's method, tu derive the equatiuns of

motion, while others IIs..d a vectorial approach such as the Newtonian one. Misra

allli Mu"i [:IIJ, Ranerjee and Kane [32J, Xu, et al. [33], and Tyc et al. [34J l'an be cited

amung lI1any rl'sClllThers who used an energ)' based approach, while reseal'chers sudt

as i':o 11111\ Codl1'illl [35. :lliJ and Quadrelli and Lorenzini [:17J l'ail bl' 1Il11l1..d all10ng

t bo,,' wbo implt'II1,'ntt''' a mt'tbod uf balance of furces an" I1IUll1l'nts to deri\'" tbe

'''l'mtions of motiun .

8
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ln general, there are two different approaches to discretize a flexible body; math­

ematical discretization and physical discretization. Mathematical discretization, in

contrast ta the physical one which must be done at the beginning of modelling, can

be done either before or after the derivation of the equations of motion. The for­

mer directly results in the ordinary differential eqllations of motion, while the latter

implies conversion of the governing hybrid partial-ordinary dilferential equations to

a set of ordinary differential equations. Finite difference procedure and Galerkin­

type methods, inc1uding Rayleigh-Ritz and the assumed modes methods, belong to

the mathematical approach. Discretization using lumped masses, rod elements, and

finite elements are the weil known physical discretization approach.

Finite difference and Galerkin-type methods are fairly standard procedures and

need no elaboration. Finite difference has been lIsed to analyze elastic oscillations

of tethered satellites by Klilla [18], Kohler et al. 1201 and Berry [381. Galerkin-type

methods, particularly the assumed modes method, have been used extensively in

tether dynamics studies. Sorne examples are Banerjee and Kane [391, Modi and

Misra [23], Bainum et al. [40J, Pasca et al. [26], Kim and Vadali [301, and Tyc et al.

[34].

Among the above-mentioned physical discretization schemes, the lumped mass

scheme is the most common one. The other two have been rarely used. However

they are reviewed here for the sake of completeness. Lumped mass or bead model

was initially used by Kalaghan et al. [16] at Smithsonian Astrophysical Übservatory

(SAÜ) to study the dynamies of TSS. Elasticity and material damping of the tether

were taken into account through massless tether segments which were assumed to

be longitudinal spring-dashpot systems. A weakness of this approach is the large

number of beads required for simulation. However unlike linear continuum models,

large lateral deformation could be easily handled. Lang 1411 has used a bead model

to develop GTOSS, a general software for tethered systems. The software has the
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capability of haudliug several tethers and end-bodies. Netzer and Kane 1421 used a

heaù modelto study the librutional dynamics. They did uot, however, cousider tether

elasticity iu their study.

Receutly Kim aud Vadali 1301 studied the tether dynamics using a bead model and

compared the results with those obtained from a Hnear and a nonlinear continuum

models. Unlike the Kalaghan et al. 1161 model, which measured the position vectors

from the ceutre of the Earth, they measured the position of a bead relative to the

wutre of mass of the orbiting system. They considered revolute joints between the

masses aud springs and used spherical coordinate systems to represent the position

vedor betweeu any two adjacent musses. The equations of motion were obtained

using the Newtonian approach. There h~ve been other investigations of tether satellite

systems that have used bead models. Sorne examples are the studies by Quadrelli

and Lorenzini 1371, No and Cochran 135, 361. It may be pointed out that ail the bead

muùels cited above were for systems in which the tether had no rotation about its

numinal axis; however, except Netzer and Kane 142], ail considered variable length.

Discretizing the tether into a series of rod elements, Puig-Suari and Longuski

1431 modelled the lateral motion of the tether. The muss density of the rods was

assullled to be uniform nnd Lagrange's equntions were used to derive the equntions

uf motion. Although the discretization nllowed for any configuration of the tether,

the elastic behaviour of the tether was not captured beeause the strain energy was

uut iucluded iu the formulation. Banerjee 144] discretized the tether into a series of

h"alll elemcuts connected by rotatioual springs to study deployment of tethers. The

modcl coulù Ilt'COllllt for large bendiug and rotation, but no axial exteusion. Finite

el"mcnt methuù. which is uSllally used for two or tIlTee dimensionni structures with

irr,,~ular g~'Umetry, was IIsed by Kohler et al. 120] to discretize the tether. For IIniaxial

stl'll"lul'l!s with uuiful'lll geometry such aS tethers, the advantage of this method is

d,·h"1a hl" .
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1.4 Literature Review on Effects of Aerodynamic

Forces

•

The major external forces on any TSS are the gravitatioulIl fort'C, solllr rllllilltiou

pressure, aerodynamic forces and electrodynamic forces; dependiul,!; ou the position of

the system one of them mllY have a dominant effect, A subslltl'llite Illay be <leploy",\

into the upper atmosphere from the Slmtt\e using a very long tether, At. this altitude

the aerodynami(, forces are siguillcant.ly large compared to the other ext.el'llal forces,

eveu gravity gradient, aud affects the ovemll dynamics and control of t.he syst.em

substantially,

Normally the station-keeping phase is stable (at least, marginally st.able) an<l

the effeets of the aerodynamk forces had been presumed t.o l'l'ovide ,Ialllpiuv. allli

hem,e enhanee the stability, However, Beletsky and Levin 1:.181 eout.euded t.hlli. iu-

plaue swiuging motiou cau become unstable due to the cOlllbiued effl'cts of air <lml,!;

gmdieut, attitude motiou, aud elasticity of the tether; but. t.hey l,!;a\'e UO det.ails.

Ouada and Watl'.uabe 1151 studied the effect of Iltmospherk deusit.y gmdieut. oU t.he

stability aud coutrol of tethered subslltellite systems Ilualytically, usiul,!; a fairly simple

Illode! for dynllmies and aerodynamies of the subsatellil.e, They have showu I.hlli. 1.1ll!

ulll'outrolled motiou of a spherieal snbsatellite deployed into Ilregiou where the effed

of t.he atmosphere is signilil-aut, cau be nustllble <lue to the ('olubiued effeds of the

tetlwr stiffuess and atlllospheril' deusity gmdieut. Matteis ct al. l:.1nj l'Ousidere,l 1.1110

lllateriai damping iu the tether and carried out Il parametrie study of the e'lnilihrium

eoufigumtiou and stability of a tethered subslltellite system,

h. the works described above, a very simple model Was used iu whkh ouly 1.1110

ael'Odyuallli(' dmg oU the subsatellite was tllkeu iuto 1I('('olluL Thus I.heJ'(· Was 1111

('xauliuat iou of the effel'ts of the aerodyuamie force ou the I.el.her as weil as of 1.1110

aer",lyualllic lift ou the subsatellite, The latter WILS iguored I"."clluse th" sllbsal.cllil.c
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uSllally was assumcd to bc a sphere on which the aerodynamic lift is zero. Pasca and

Lorcnzini 1271 studied the equilibrium configuration of the system in the presence of

atmospheric forces. They considered the aerodynamic force on the tether as weil as

the acrodynamic drag on both the subsatellite and the main-satellite, but not the

aerodynamic lift on the end-bodies. No and Cochran 135, 36] used a more complete

model for aerodynamics and dynamics of the system, which can handle non-spherical

bodies, to study the dynamics and stability of an orbiter-tether-maneuverable sub­

satellite system. They used this model to control the system in the station-kecping

phase lIsing an aerodynamic control. However they did not specifically examine in

their study the role played by the diiferent components of the aerodynamic force (lift

and drag) in the uncontrolled motion. In the existing literature, study of the eifects

of the subsatellite aerodynamic lift on the equilibrium configuration and stability of

the uncontrolled system is missing.

There are other researchers (Bainum et al. [40], Kalaghan et al. [16], and Xu

[221, Kim and Vadali [45]) who considered aerodynamic forces in their study, but

they made no systematic analysis of the eifects of these forces on the stability of the

system. Even in the numericE.I simulation of the dynamics of the system, they used

a rather simple aerodynamical model for the subsatellite.

1.5 Literature Review on Control Schemes

Because of the complicated dynamics of tethered satellite systems, their control is

a challenging problem, especially during deployment and retrieval phases. Control of

the system in the retrieval phase is much more difficult, since the system is inherently

unstable in this phase. Various control schemes have becn proposed by the researchers

from the very beginning of the tethered satellite application proposais, i.e. 1 since

1970'5. Based on the nature of the control schemes implemented, they Cali be basically

categorized into live types:

12



(i) Tension control laws

• (ii) Length or reel rate control laws

(ii) Thruster augmented control laws

(iv) Offset control laws

(v) Aerodynamic control laws

These are reviewed briefly. The control schemes can also he categorizcd hased

on other criteria, such as the design methodology like linear or nonlinear control

synthesis.

1.5.1 Tension Control Laws

ln tension controllaws, the tension in the tether is modulated using an appropriate

feedhack of the generalized coordinates and/or their derivatives. This method was

the first to he proposed to control tethered satellite systems; therefore a fairly rich

literature can he found on this control law, among which is the pioneering work of

Rupp [131. In Rupp's controllaw the tension in the tether is modulated as a function

of the command length le, actuallength land its time derivative t:

He applied this control scheme to the in-plane motion of a two-hody tethered system.

Baker et al. [14J modified the ahove law to improve the performance. Instead of an

arhitrary command length, they used a function of actuallength as command length,

i.e.:

•
Bainum and Kumar [171 applied linear optimal control theory to devise a tension

law hased on the feedhack of the tether length, length rate, in-plane pitch angle and

its rate. The control strategy was very effective during deployment, hut was not

13
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1
"li "ll("('cs"fUI ùuriug retrieval. Modi et al. 1461 showed that out-of-plaue libratioual

/Illltiou cau grow up to 45°, while using the above control scheme. They thus proposed

a modilied l'outrol law that includes the additional nonliuear feeùback of the out-of­

plauc tether angular rate. The pitch motion was damped out while the roll was

bounded to a limit cycle of about J00 amplitude through this control.

Duriug retrieval, not ouly rotations but also vibrations increase gradually. If the

dyuamieal model cousists of rotational motion and longitudinal oscillatious only, the

system is coutrollable using the above mentioned feedback. However, if transverse

vibl'lltious are alsu moùeled, the system is no longer stable. '1'0 control vibratious, Xu

1221 extendeù the work of Modi et al. 1461 by feeding back a linear combination of iu­

plauc coordinutes and nonlinear combination of out-of-plane coordinutes (including

libl'lltioual and vibrational motions).

The above mentioued tensiou coutrollaw require a feed-forward leugth command

that must be chosen carefully for proper operation of the control system. The design

Ilwthodology was uot based oU stability consideration of the nonlinear system, there­

forc the fiual state may be critically affected by the initial couditions. The teusion

coutrollaw cau also be obtained based on the Lyapunov approach (or related mission

fuul'tiou approach). It Was first implemented for the design of deploymeut/retrieval

l'uutrol Ill\\' by Fujii aud Ishijima 1471. llsing a similllr model aud similar llpprollch

V",lllli aud Kim 1481 iutroduced a dilferent teusion cout1'01 law. Later they Ilpplied

1.1,,· LY"Plll'O\' IlppnllLd, to a more realisti<- model of the system which iucluded mllss

uf 1.1ll' I.elher. These works are reviewed in more detail in Chapter 7.

1.5.2 Length or Reel Rate Control Laws

:\u altel'llaliw to the teusiou controllllws is the length or reell'llte l'outrollllws. As

oppused tu the t(!l,sion coutl'OI laws, iu the reel 1'llte ('outrol laws the uumiual leugth

of the uustwtdlCd tcther or its time deri\1ltives lire modulated usiug feedb''''k of the
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state variables. This is equivalent to specifying the rotational speeù of the ,Irulll or

reel mechanism.

Kohler et al. 120] originnlly proposed this concept. Misru nnd Modi H91 proposcd

the genernl form of this control Inw to study the plannr motion of l,wo-body t.ct.lwr{'d

satellite systems in the presence of longitudinal and transverse osci1lntions, It Wns

shown that the rotations during retrieval could be bounded, while both tl'llns\'crs('

and longitudinal vibrations grew, when the length rate involved only lincar fccdbnck

pitch rate. This suggests that feedback of vibrntions is necessary for sn""cssful rc­

trieval. Xu 122] applied this idea and compared the results with those nbt.ain(·d usin~

tension control laws. He conc1uded that reel rate control laws have bnsically similnr

performnnce as tension controllaws.

Similar to the tension control laws, the Lyapunov approach Was used by Vndnli

and Kim 1481 and Monshi et al. [50] to obtain varions l'cel rat.e laws for t.wn-body

tethered systems.

1.5.3 Thruster Control Laws

Tension control laws or length rnte controllaws nre uurelinble during t.he t.el1ninal

stng" of retrieval when the equilibrium tension becomes very smnll bel'llnse of snlllll

length of the tether. The tension might even hecome zero (slack tether) dne to

longitudinal oscillations. To alleviate this diflicu1t.y, Bnnerjcc and Kane 1:121 propos",l

tn use Il set of thrusters (in addition to a torqne control law) to control the retrievnl

dynnmics. In addition to the tether-aligned thrusters to augment the nntnl'lll t.ension,

they also proposcd the use of trnnsverse thrnst.ers t.o st.ahilize tho al.t.it.nde mol.ion

al1l1 speed np the retrieval process. In this scheme the in-line thrust.ers lired when t.hc

tension was below 2 N and ail appropriate transverse t.hrnster was lired when pit.d.

and roll angles grew beyond certain limit .
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Xu et al. [:J3] considered control of both rotations and vibrations during retrieval

IIsilll1, Il Sl·t of thrcc thrusters. They used linear feedback of rotational and vibratiollal

r"tes to modulate the thrusters. Because of the unavailability of attitude motion

illformatioll in the first TSS mission, Lorenzini et al. [51] proposed a simpler thruster

control scheme.

Thruster control laws have been used by other researchers, like Kim and Vadali

[45] and Fleurisson et al. [52], in conjunction with the other control schemes to obtain

a Iwller performance during the transition period, when the iength of the tether is

small.

1.5.4 Offset Control Laws

When the tether is short and the subsatellite is in the vieinity of the Space-Station

01' the mother spacecraft, thruster firings are not allowed due to safety reasons. On

the uther hand, tension controllaws or reel rate controllaws are ineffective during this

l.el'lllillai stage. Because of these difficulties offset control laws have been proposed

rl'l'Cntly as an alternative to the thruster controller by Lakshmanan et al. [53]. This

control law functions generally by changing the offset of the point of attachment

of the tether to the main-satellite, which must not be treated as a point mass any

morc. In their dynamical model, Lakshmanan et al. [53] considered the attitude

motion of the main·satellite, which was modellecl as a platform, as weil as the tether.

All.hullgh they considered mass of the tether, their model clid not account for the

t1t'xibility of the tether. Controllability of the linearized equations was established

allt! a compamti\'t' stlldy of thrCt' dilferent control strategies, tension control law,

l.hrustl"· control law, and offset control iaw, was conductecl. They found that the

tllI~et t'Ontl'OlIel' 1't'<luires more time to reach a steady statl' position compal'ed 1.0 tht'

otill'I' l'Ontl'OI laws. HO\\'I'\'I'I', il is likely to improve as thl' tetht'I' It'ngth diminishes.

LaI "l' on. ~Iodi l't al. [54. 55J \'alidated the mathematical mode! aimed at studying

16



•

•

the offset controllaw by a ground based experimental facility.

Pradhan et al. [56] inc1uded the lIexibility of the tether in the modelling and

studied the dynanùcs and cO\1trol of tethered satellite systems in th., pn'S"Ill'" of

offsets. The system consisted of a rigid platform from which a point mass subsatl'ililt,

..uuld be deployed 01' retrieved by a lIexible tether, and was undergoing planaI' motion

in a Keplerian orbit. Th,'y obserwd that the control of on\y th., rigid d,'gn','s of

freedom is not sufficient as the flexible dynamics of the tether beco\1ws unst.abl,'

during retrieval. The offset control strategy was found to be elfectiVl' if a passive

damper was added to l'l'duce tlll' tether oscillations.

Basically the offset control technique is similar to the act of balancing a rod on th.,

pahn of one's hand. As can be expected, for a given angular disturbance the mot.ion

of the tether would grow proportional to the length of the tether. Hel!Cl' this control

procedure is most effective when the length of the tether is sma11.

1.5.5 Aerodynamic Control Laws

ln a l'l'cent study of the effect of atmosphere 0\1 the dynamics of a tethered satl'ilit."

system, No and Cochran [35] proposed using an acrodynamic contrul law to dalllJl

uut t.he librationalmotion and lungitudinal oscillations of the tether. They deve1op"d

th.. control law using the numerically linearized equations of motion ami the LQR

method. They compared the performance of this control law with a thruster control

la\\' fol' a system in the station-keeping phase. They concluded that the aerudynalllic

l'lllltroi yil'Ids results comparable to those ohtained hy using reaetion thrllst.ers and

torquers .
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1.6 Literature Review on Dynamics and Control

of Multi-Tether Systems

•

Study of multi-body tethered satellite systems started with the work of Liu [5i]

in 1985. He forlllulated the dynamics of three-body tethered systems. The tethers

wl~re assumed to be straight and massless. Even though he considered only the in­

plane motion of a cargo transportation system, the equations of motion were veQ'

complicated. This was because of his selection of coordinates which happened to

be subjected to constraints. Pointing out this complexity, he did not present any

numerical results for his set of combined algebraic and differential equations.

Lorenzini [58] analyzed the dynamics of a proposed system for performing micro­

gmvity experiments in which the g-Iaboratory was tethered to the Space-Station. In

1!l8i, the same author discussed the control strategies for deployment of the system

alltl fol' dalllping out the oscillations in the station-keeping phase [59J. The system

considered was a tluee-body tethered system consisting of the Space-Station, the

lIlirro-gfvariable-g laboratory and another scientific platform. The g-laboratory was

in between the other two bodies and crawled along a lO-km-long, 2-mm-diameter

k"\'lar tether. The analysis was concentrated on the in-plane motion. The tethers

were assumed to be massless, but their longitudinal vibrations were considered. Two

nmthelllatical models were used, one using the Lagrangian approach and the other

Newtonian.

ln 198i, Misra, Amier and Modi [60] used the Lagrangian approach to analyze

th" in-plane motion of three-body systems for fixed-Iength as weil as variable-Iength

tt'III"I'S, Th" coordinates used were different from those of Lorenzini. The tethers

Wl'\',' assumed to have negligible mass. In the case of fixed length tethers, they

ruulltl Ihrl'e e<luilibriulll configurations, but the equilibrium along the local vertical

was found to be the only stable one. Frequencies of librational motion about the
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stable equilibrium configuration were ca1culated. The variable-length case inc1mle,1

deployment of a constellation Ils weil as cargo transportation. Among the !'l'Sults, the

most significant one was the observation that large libl'lltions "ould occur in the "m'go

transportation case when the length of one of the tethers became sl11all.

The four-mass tethered system of the Space-Station-based Elevator/Cl'Ilwler micro­

and variable gravity facility, consisting of two platforms, the Space-Station, and ml

elevator, was studied by Lorenzini et al. 1611 and by Cosmo et. al. 1621. The for­

mer study mainly calculated the accelerations and the g-Ievels of t.he Spal'e-Station

and the Elevator. The latter analysis considered the dynamics and ,·ont.rol of two­

dimensional motion of the system. The degrees of freedom inciuded lengths of t.he

tethers, longitudinal elastic oscillations and in-plane lateral dellect.ions (these are the

lateral dellections of the point masses not the lateral elastic vibrations of the tet.hers).

They formulated the problem with the Lagrangian approach and found the eigenval·

ues and eigenvectors of the system. It was noticed that the longitudinal oscillations

are strongly eoupled to the in-plane librational and lateral motions.

Ali the bodies eonnected by the tethers were modelled as point mllSses in ail of the

above-mentioned studies. On the other hand, Baehmann ct al. 16:J1 inc1nded t.he rigid

body rotational motion of the Space-Station in a thl'ce body Space-Station-hnsed

Tethered Elevator system; they also considered the offset of the t.et.her at.lnehmenl.

pc,int frol11 the Station center of mass. The equations of motion were derived nsing

the Lagl'llngian approach. Tethers were assumed massless and longit.uùinally c1nstil.'

in the fonnulation stage, but rigid in nnmericnl computntions.

None of the above studies on multi-tethered systems eonsiclerecl tfILnsverse osdl·

lations of the tethers. Kumar et al. 1641 conductecl a fnirly hnsi,· study of the in·plnne

tl'llnsverse oscillntions of n three-body, two-tethered system in a c:irculnr orhit. Tlwy

clicl not, however, include the longituclinnl oscillations of the tethers iu their moùe!.
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From the Lagrangian of the system, they obtained the linearized equations of motion,

'l'Ill' l't'sultillg equatiolls wert' "sed to analyze the librational as weil as transverse elas­

tic motiolls of the tethers in the vicinity of the stable equilibrium configuration. They

obtained no nonlinear equations of the system and their study was restricted to the

statioll-keeping phase,

Misra and Modi [65J formu\ated the general three-dimensional dynamics of N-body

tethered systems using a multiple-pendulum mode!. The tethers were again assumed

to be massless alld rigid. The equations obtained were valid for large motion as weil

as for variable-Iength tethers and for any arbitrary orbit. A study on the librational

fl'e{luCncies was carried out by considering small motion in the neishborhood of the

local vCl'ti<:al equilibrium configuration for the special case of a circulaI' orbit.

11. is dear that in the available literature there has been no dynamical modelling

uf multi-hody tcthered satellite systems that considers the transverse as weil as tlll'

longitudinal elastic oscillations; this is true even for a three-body tethered system.

1.7 Purpose and Scope of the Thesis

Although one can find a rich body of literature on th" dynamics and control of

ll·thel'cd satellite systems, it is c1ear from the literature review above that dynamics

and <'0 Il t 1'01of lI11tlti-lctllel'f:tI systems is in an early developlIlent stage. Most of the

inVl'stigatiolls dealt with the librationalmotion of multi-body systems. Only two or

tlm'l' studies considered the longitudinal or transverse oscillations of the tethers fol'

111l't~, ur four-body systems. but none considered both oscillations simultancously.

l-Il'IIl'I'. tlll' goal of this tl]t'sis is aimed at developing a general formulation of the

d~'uilmil's alld cOlltl'ol of N-bUlly tethel'ed satellite systems that l'Ousidl'I'S libl'lltions

ilS w"11 as th ...••• dilllensionall'\astic oscillations. From the control poillt of view, thel'e

a...· \'el')' fI'\\' illl'l'stigations dealillg with control of a multi-tethel'ed system ulld 1I0lle
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of these was based on stability consideration of nonlinear systems such as Lyapunov's

approach. The thesis attempts to fill this gap.

ln the existing studies on the elfects of the atmosphere on the stability and dynam­

ics of a tethered satellite system, usually simple aerodynamic models which consider

only the aerodynamic drag on the subsatellite, and occasionally the drag on the

tether, have been used so far. No study has been conducted to analyze the elfect of

aerodynamic lift on the stability of the system. This is done systematically in the

thesis.

1.8 Outline of the Thesis

This thesis may be divided into two parts. The first part presents a genera\ dy­

namical model of N-body tethered satellite systems and develops the nonlinear as

weil as the linearized equations governing the motion of the sy.tem, while the second

part deals with the study of the elfect of aerodynamic forces on the dynamics and

stability of the system as weil as development of a tension control law based on the

Lyapunov approach.

ln Chapter 2, the dynamical model is developed taking into account:

(i) three dimensionallibrations;

(ii) mass of the tethersj

(iii) longitudinal vibrations including variation of the longitudinal strain along the

tethersj

(iv) three dimensional transverse vibrationsj

(v) aerodynamic forces in a rotating atmosphere considering the oblateness of the

Earthj
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(vi) gcometric nonlinearity, i.e. , nonlinear relation between strain and displacement,

which becomes important for short tethers.

The continuous tethers are discretized using the assumed modes method and then

equations governing the motion of the system are derived using Lagrange's equations.

The set of ordinary dilferential equations is given in explicit form.

The generalized forces resulting from the aerodynamic forces acting on the end­

bodies and the tethers as weil as those due to the material damping in the tethers are

discl\sscd in Chapter 3. Free molecular ftow model is used to calculate the aerody­

namic forces in the upper atmosphere. After examining various approaches to model

the material damping of the tethers, a viscous damping model is chosen to evaluate

the elfect of material damping on the dynamics and stability of multi-body tethered

satellite systems.

In Chapter 4, the nonlinear equations of motion are initially transformed into

vector form. Possible equilibrium configurations of the system are then determined.

Static equilibrium equations of the system in the absence of external forces are solved

in a closed form. Equations of motion are linearized analytically about any equilib­

rium configuration of the system. The linearized equations are given at the end.

Natural frequencies of vibrational as weil as librational motion of dilferent multi­

body systems are presented in Chapter 5. The idea of a segmented-tether model

is presented to obtain the higher frequencies of the system. Then the dynamics

of a Tether Elevator/Crawler System (TECS) is studied for various scenarios, and

simulation results are presented.

In Chapter 6, stability of low orbit systems, which is affected by aerodynamic

forces is studied. A qualitative study of the effect of aerodynamic forces, particularly

of the aerodynamic lift, is condueted through eigenvalue analysis of the linearized
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",quations of motion of a single-tether system. Stabilization of the system \Ising aero­

dynamic panels is analyzed by considering a speeific gt'ometrical confignration fur the

subsatellite; a sphere with attached panels. The analysis is then extt'nd,'d to the cas,'

of Illulti-tether systems.

Control of the nonlinear dynamics of multi-body systems \Ising LyapnnO\"s sta­

bility theor~' is considered in Chapter i. Because of the complexity of th" systelll antl

tlifliculties associated with applying LyapunO\"s direct method, the tranS\'l'rs,' useil­

lations of the tethers are ignored and only the longitudinal oscillations are motlet""!.

SOIllt:' c10sing comments and suggestions for further work are giVt:'n in Chapter 8.
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Chapter 2

EQUATIONS OF MOTION

2.1 Introductory Remarks

ln reality ail dynamical systems are distributed-parameter systems, i.e. the pa­

rameters describing the system properties are distributed spatially. However, in

the modelling process some of them are modeled as discrete systems in the very

first step, while the others are modeled as distributed-parameter systems. Dynamics

of a discrete model is described by ordinary differential equations, in contrast to a

distributed-parameter.model which is governed by partial or hybrid partial-ordinary

differential equations.

There are different approaches to derive the governing equations (ordinary or par­

tial differential equations). They can be divided into two major categories: vectorial

and analytical approaches. In a vectorial approach, individual components of the sys­

tem are consideredj thus the calculation of internai forces resulting from kinematical

constraints is necessary. In fact, this is the main drawback of this approach as far

as the dynamical formulation is concerned. However, it has some advantage in the

design stage. Newton's approach is a weil known example of the vectorial approach.

Analytical approach, on the other hand, considers the system as a whole and formu­

lates the problems of mechanics in terms of the kinetic energy, the potential energy,

and the virtual work associated with nonconservative forces. In contrast to vectorial
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mechanics, this approach formulates the problem using generalized coordinates and

forces, which are not necessarily physical coordinates and forces. One ml\Y name

the extended Hamilton's principle, and Lagrange's method belonging to this clnss of

approach.

Ali of the methods mentioned above can be used to derive the eq\ll\tions of mo­

tion of a discrete system. To derive the partial dilferential equations governing the

dynamics of !\ distributed system, one must use either Newton 's equations or the

extended Hamilton's principle. There is some ambiguity regarding using analytical

methods for a system of variable mass (Ref. 166]). It is addressed in more detail in

Appendix F.

Since, except for some simple classical examples, there is no closed-form solution

for distributed parameter systems, one has to obtain an approximate solution by

means of spatial discretization. Discretization essentially transforms a problem de­

scribed by partial or partial-ordinary dilferential equations inta a problem expressed

by a set of ordinary dilferential equations. Discretization methods are dividcd into

two major classes; the first represents the solution as a finite series consisting of space­

dependent functions multiplied by time dependent generalized coordinates, while the

second divides the continuous element, say a tether, into a number of segments. The

first method is more analytical in nature while the second is more intuitive in char­

acter.

Among the discretization methods based on series expansions, assumed modes

method and Galerkin's method 167J are very weil known and MOSt often used methods.

The former is an energy based method, while the latter minimizes a weighted residual

based on the hybrid partial dilferential equations of motion. In the assumcd modes

method, discretization starts once the energy expressions of the system are derived.

Hence, in this method a set of admissible functions, which are dilferentiable half
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as many times as the order of the system and satisfy only the geometric boundary

conditions of the problem, is used to discretize the continuous elements of the system.

1n Calerkin 's method discretization process follows derivation of the equations of

motion and boundary conditions. Thus, instead of admissible functions one has to

use a set of comparison functions, which are differentiable as many times as the order

of the system and satisfy ail boundary conditions of the problem, for discretization

purpose. In fact this is a drawback of the second method to discretize a complex

system. Moreover, generally, it is difficult to obtain a set of comparison functions

for a rather complex system.

There are other issues such as geometry, computational objective, etc. which

must be considered in selecting a certain approach to derive the equations of motion

and an appropriate approach to discretize the continuous system. Their discussion is

beyond the scope of this thesis. The interested reader is referred to [67J.

In this ehapter, kinematics of the system is considered firstj this is followed by

the derivation of energy expressions of the system. The assumed modes method is

used to discretize the continuous tethers. Ordinary differentiai equations describing

the dynamical behaviour of the system are derived next using Lagrange's equations

applicable for discrete systems.

2.2 System Description

The system under consideration is shown in Figs. 2.1 and 2.2 . Figure 2.1 shows

the geometry associated with the orbital motion. The centre of mass of the system,

e, can be located with respect to the centre of the Earth E , by the radial distance

Re. the inclination angle i of the orbital plane to the equatorial plane, the argument

of the perigee 00, and the true anomaly Oc' Figure 2.2 shows the overall system

in some detai!. It consists of N bodies connected by N - 1 tethers. The former,
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Le. the end-bodies, have masses mi, i = 1,2, ... , N, while the tcthers have masses

Pi, i = 1,2, ... , N - 1, per unit length. Note that mi is the mass of body i including

the unreeled tether located on it. The mass of tether i is given by 'ni = Pit;. The

i-th tether, with undeformed length, ti> connects bodies i and i + 1, and the tcthers

make an open chain configuration. To have a more general model and includc systems

with crawlers, it is assumed that every tether is reeled partially by the corrcsponding

end-bodies. Tether i is reeled out at a rate of Piaiii frnm body i and reeled in at a

rate of Pi{Jiti to body i + 1. It follo\Vs that the rate of change of mass of body i is

given by

(2.1)

while

(2.2)

•

Dimensionless coefficients Qi and {Ji can be either positive or negative and in general,

they are functions of time.

Coordinate systems, Xl, YI, ZI, Xc, Y." Zc and Xi, Yi, Zi are introduced to describe

the motion. The last two coordinate systems are rotating coordinate systems, while

the first is an inertial system having its origin at the centre of the Earth. The set

of coordinates axes Xc, Yc, and Zc, the orbital frame, has its origin at the centre of

mass C of the system and is 50 oriented that Xc-axis coincides with the local vertical,

directed radially outwards from the centre of the Earth to the centre of mass, Ze-axis

is along the orbit normal, and Yc-axis completes the triad. The unit vectors Îe, je.

and ke are along the Xc, Ye, and Ze axes, respectively. The set of coordinate axes

Xi. Yi. and Zi which is called the tether frame corresponding to the i-th tether, is

located at the i-th body such that Xi is along the nominal tetherline of the i-th tether

directed from body i to body i + 1. The orientation of these axes with respect ta the

orbital coordinate system can be defined by only two rotations IIi and tPi' implying an

asstlmption that the rotation about the axis of the tether is negligible. At first, the
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rotation Oi is given about the Ze-axis resulting in x;, y;, z; axes and then the rotation

q,j is applied about the negative y;-axis yielding axes Xi, Yi, and Zi. Oi is called the

pitch angle, white <Pi is the roll angle corresponding to the i-th tether. Hence, the

transformation relatillg the unit vectors along Xc, Ye, Ze and Xi, Yi, Zi axes can be

expressed as

1
ii

l~
[ cos <Pi o ."~][ oo.~ on', 0W1

ji
- s~n <Pi

1 0 - sinOi COSOi 0 je

ki o cos <Pi 0 0 1 ke

[ cos Oi cos <Pi sin Oi cos <Pi

"~.,] U1- - sinOj cosOj (2.3)
- cos Oj sin <pj - sin Oj sin <pj cos<pj ke

The unit vectors [j,Jj, and kj are along Xj, Yj, and Zj axes, respectively.

Since the tethers are very long and thin, their flexibility is taken into account.

They have longitudinal as well as transverse displacements excited by the gravity

gradient, atmospheric forces, Coriolis forces during deployment or retrieval, and other

external forces. The transverse vibrational displacements along Yj and Zj ( in and

perpendicular to the tether plane, formed by the Xc and Xj axes, respectively) are

denoted by Vj and Wh while the longitudinal vibrational displacement is represented

by Uj. These displacements are functions of bath time as well as the spatial coordinate

:r j and together with the rigid displacement form the position vector rt" which will

be described later.

One must distinguish between the undeformed and deformed tether length. Here

li (associated with the "material coordinate") denotes the length of the undeformed

tether, while lj is the length of the deformed tether, connecting the i-th body to

body i + l, measured along the curved tetheriine. Obviously, if there is no transverse

\'ibration in the tether, lj will be measured along a straight line, called the nominal

tetherline, but it is still not equa1 to lj, sinee there is a longitudinal strain in the

tether.
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For given lij and <pj, the line connecting the two ends of tctll<'r i. the teth.,rlinc.

can be defined uniquely with respect to the orbital franll' X., }-~. Z.: with lIj. l'j. and

tL'j the position of an element of the tether can be determined uniquel~' with resp.,,'t

to this line. Since lIj. Vi. and Wj are measured from the already rotated tetherlinc. thl'

small elastie displacement assumption would be reasonable, although th!' formulation

presented here is valid for moderately large elastic deformation as wdl.

The motion of the system can be divided into three components:

1. The entire system rotates around the Earth (orbital dynamies);

2. The system rotates around the centre of mass of the system (librational dynam­

ics);

:J. The tethers vibrate longitudinally and transversely (structural dynamÏfs).

These three types of motion are coupIed to each other. The last two motions

affect the first (orbital motion) only slightly [12J. Hence it is assumed that the orbit

could be ca1culated separately without an)' significant loss of accnracy. The orbit is

assnmed here to be Keplerian. Obvionsly the librational and vibrationalmotions are

affected by the orbital motion and are more complicated.

2.3 Basic Assumptions

To introduce the dynamical model, sorne reasonable assumptions based on the

physical insight to the problem are necessary. Without such assumptions the mathe­

matieal model becomes very complicated. However, if the assumptions are not <luite

corl'l'c( or they are too simplifying the mathematical mode! will Ilot reprcsellt the

l'eal situatiun. FOI- example, iu the very early stage of research 011 this sulJject, som('

investigators neglected the out-of-plane rotatioll of the system and vibratiolls uf th"

teth"r. Corresponding mathematieal models of the system are oversilllplified all<l do
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not dcscribe the dynamics of the real system very weil. The Most important thing is

to grasp the significant factors and eliminate the trivial ones.

The following assumptions are made in this thesis ta obtain a reasonable model

of the system:

(i) The centre of mass, C, is assumed to be moving in an Keplerian orbit around

the Earth.

(ii) Orbital motion is assumed to be unaffected by the Iibrational motions and

vibrations of the tethers. This allows separate analysis of the orbital motion.

(iii) Since the sizes of the bodies are much smaller than the lengths of the tethers,

they are regarded as point masses so that their attitude motion can be neglected.

When the tethers are very short during the terminal phase of retrieval or initial

phase of deployment, the assumption is not validj however, it holds good for

the major part of the mission. The finite size of the bodies, of course, is taken

into aCC'"lUnt in calculating the aerodynamic forces.

(iv) 1t is assumed that Most of the unreeled part of the tethers have negligible

relative velocity with respect to the bodies in which they are located. The

velocity change takes place smoothly in a small portion of the tethers such that

no energy is dissipated in this process. It is also assumed that the reel inertia

is negligible and the role played by reel dynamies is insignificant.

(v) 1t is assumed that the atmosphere rotates with the Earth, and the air density

varies exponentially with altitude.

(vi) The tethers are assumed to be Iinearly elastic and have no bending resistance.

(vii) Vibrations of the tethers are small in amplitude compared to their instantaneous

length. In spite of this assumption, the nonlinearity in the strain displacement

relation is taken into accountj the reason will be given later.
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•
(\'iii) lt is assul11ed that the system is in th.. gravity fidd of tlll' Earlh. TIll' grll\"i·

tational perturbing forces due to the attraction of th<' Sun and 11ll' Moon art'

igllured. The elfect of asphericity of the Earth on ils grm'ily field is ignurt'd as

weIl.

2.4 Kinematics of the System

2.4.1 Displacements

(2.'1 )=0

Let us denote the position vector of the centre of l11ass of body i b~' it. i =

1,2, ...• N, and that of an arbitrary point on the i·th tether by Rt •• i = 1.2.... , N -1,

with respect to the centre of mass of the entire system, C (Fig. 2.:J). These positiun

vectors can be expressed in terms of the rotations Oj, <Pi, lengths li and vihrntional

dispiacel11ents Ili,!!i, and wi,i = 1,2, ... ,N -l, of the tetlll'rs. Sinn' C is the centre

uf mass of the system, we can write

N ~ N-I ft. ~

E miRi + E Pi Jo Rt, dXi
i=1 i=1 0

Now let us define ri and rt, as the position vector of th.. center of l11ass uf budy

i + 1 and that of any arbitrary point on the i-th tether, with respect to body i (Fig.

2.3). From the geometry of the system we have

(2.7)

(2.5)

•

i-l

Ri =Ri-I + ri_1 = RI +Eri ,
;=1

i-l

Rt, = Ri +rt, = RI +Erj +rt,
3=1

Substituting Eq. (2.5) into Eq. (2.4) and soiving for RI we obtain

RI = - f mi (~ri) - t Ini (~ri) - t Pi {"rt, (IXi. (2.6)
i=1 ln j=l ;=1 nt \;=1 i=1 711. Jo

II'I ...n· ';', allli 11/ dellute mass of the j·th t..ther aud tutalmm:s of tl... system. r,'spe.·-

. . III; +'''; _ plo
th,..ly. Ddinl1lg IIi = .11; = - , ami

111 111
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•
where fo is a reference length, we can simplify Eq. (2.6) to

(2.8)

with the lIuderst.anding that i'hN = 0 (there is no N-th tether). Using the Heaviside

flJlwtiou

OUe cau rewrite RI as

H(a - b) = { ~ if
if

b> a ,
b~a

(2.9)

(2.10)

If wc interchauge the sequence of summation over i and j in the first tenn and change

t.he iudex i to j in the second term , we will have

Back substituting Eq. (2.11) in Eq. (2.5) leads to

N-l [ (N )] k-l
Rk = L - r,lliH(i - j -1) rj - {ljb j +r, rj

)=1 1=1 J=1

N-I [ (N) ]=L - r,ltiH(i - j - 1) rj - {ljbj + H(k - j -I)rj
J=1 1=1

N-I [( N )]=L H(~'-j-I)-LltiH(i-j-l) rj-Iïjbj
J=I .=1

N
Silll'" 1/(1., - j - 1) = 1 - HU - k) and Lili = 1 tlll~1l

i=1

Ddiuing uOlldillll'usional mass coefficients

(2.11 )

(2.12)

(2.1:J)

•
J

Bj = Lili
i=1

(2.14 )



(2.1;;)
•

we obtain the important kinematic relation between the orbital frame position \'t'ctors

Rk,~' = 1,2, .... N, and the local position vedors rJ , rt, ,j = 1. 2..... N - 1.

N-l

Rk = L (,'hjrj - jijbJ ) •

3=1

where 6j is as defined in Eq. (2.i). One may note that the mass "Ql'fIicients B) and

Akj are generally time dependent.

2.4.2 Velocities and Accelerations

Using Eq. (2.15) and the faet that Àij = Bj while Ïlj is a constant, tl vclocity

and acceleration of the centre of mass of the i-th body with resped tu tl centn' of

nHLSS of the system, C, can be shown to be

where

• N-l ( . • )
Ri = ~ Bjrj + Aij~j - jijbj ,

)=1

.. N-\ ( .. )
R· - '" ËH +2B'~' +A--~ -libI-L.-J JJ JJ IJ) JJ'

j=1

(2.1(i)

• 0 _

- - n -rj =rj + j x rj ,

• 0

hj = 6j +nj x hj , (2.1i)

o.:. 0

allli similar relations hold good for rj and bj . Here ( )j represl'n~s the time d,~rivat.iw

of the veclor ( )j with respect to the j-th tether coordinate l'raille allli nj is the

angu\ar velocity of that frame with respect to the inertial frame. The components uf

nj along :fj, Yj, =j directions can be wrillen in matrix fonn as follows:

{
!lx,} [COS tPj!l., = 0
!l:, - sin tPj

+ [ co~ tPj
- SIl1 <Pj

•
whl'1'(' 0" is tl... orbital angular ve10city of tl ... centre of lIlass. In tlll' vI'I'lorial fOl1u

thl' augular velocity nj cau be writteu as

(2.HI)



SlIbseCillently the velocity and acceleration of any arbitrary point of the i-th tether

with l'esl'l'ct to Cart, giwn by• . .
Rtl = Ri + ft, ,

" ..
Rt , = Il; +i\, , (2.20)

where ft, is defined similar to f; in Eq. (2.1 ï)

2.5 Energy Expressions

2.5.1 Kinetic Energy of the System

The total kinetic energy of the system T consists of two parts, the k:,,'!tic energy of

the bodies and that of the tethers. Each tether has two parts, the reeled and unreeled

parts. Assuming zero velocity for the unreeled part with respect to the corresponding

hody and including its mass to the mass of the body, the kinetic energy of the system

is expressed by

T = t ~mi (fte +fti) . (âc +ft;) +~I ~Pi (, (fte +ftt,) . (fte +ftt,) dx; ,
1=1 ... 1=1'" Jo

(2.21 )

wherc It is the velocity of the centre of mass of the system with respect to the centre

of the Earth. Expanding the dot products and perfornùng some algebra we obtain

1 :.:. [ N :. N-I r":' ]:'
T = 2mRe·Re + ~miRi + ~Pilo Rt,dx; ·Re

NI' • N-1l 1" .+'"-III·R..D. + '" -p' 'R. ·R. dx'L...J? 1 l.a~ L...ti? l "1 "1 t •
;=1'" ;=1'" 0

(2.22)

Il is shown in Appendix C that the term inside the square brackets is equal to zerol ,

I,e. ,

34

Illl'ri\'al iUIl of t.his rcsult is Ilot. trivial sillet' masses mi 1 i = 1. 2, . .. 1 N l as weil as the iutegral
Iilllil:' an' gl'Iwrally I,illll' (h.·Pl·UÙt,>Ut..•

N :. N-I (,:.

EmiR; + Epilo Rt,dxi = 0
;=1 i=1 0

l-l1'1I"e. th" kin"tic t'nergy can be rewritteli as

T = Torb +Tau ,

(2.23)

(2.24)



•
where

12.25)

and

12.26)

Here, Torb is the orbital kinetic energy while Tott is the remaining part of the

kinetic energy associated with attitude motion of the system and vibrations of the

tethers. Usually Tott is much smaller than Torb and does not affect the orbital motion.

Hence the orbital motion May be calculated separately. Toit cnn be dcveloped further.

Substitution of Rt • from Eq. (2.20) into Eq. (2.26) results in

where as defined earlier, mN = O.

Differentiating Eq. (2.7) with respect to time and using the result given in Ap­

pendix A, we have

- Mlft, (li, t) + oltlft, (0, t)]

- .Bilfl] , (2.28)

•

since ft,(h t) = fi and ft,(O, t) = ii. Note that ~t. = (aa + Xl a
a

)ftl taking into
t Xl

account the fact that the tether May be moving axially and therefore introducing a

convective derivative term. Here :t represents the partial derivative with respect to

time in the inertial frame. Equation (2.28) implies that

(2.29)
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• Using Eq. (2.29) and substituting for R; and p;{3;i; l'rom Eqs. (2.16) and (B.16)

illto El(. (2.2ï) one obtains

(2.30)

1 • Pi
W lel'e l'; = -. AI'ter expanding the dot product over the brackets and carrying out

m
some algebra, one obtains

T;,tt

Definillg
N

Fjk = ~).t;A;jAik ,
i=l

(2.31)

(2.32)

fact.ol'Îng out similar terms, and implementing the results of Appendix B lead to

•
(2.3:l)



•
2.5.2 Gravitational Potential Energy of the System

Similar to the kinetic energy of the system the total gravitational potential encrgy

of the system consists of two major parts; that due to the end-bodies and the tethers,

respectively, i.e.,

N GMmi N-I fol' GM
Ue = - ~ _ _ - ~Pi _ _ dXi,

i=IIRe+ Ril i=1 0 1Re + Rt,1
(2.34)

(2.35)

(2.36)

where G is the universal gravitational constant, M is the mass of the Earth I\nd Re

is the position vector of the centre of mass measured from the centre of the Earth.

Here the end bodies are again assumed to be point masses and the Earth is assllmcd

to be spherical. .'

Using binomial expansion and retaining terms up to the third order one obtaills

GM GM (- - - - - -)-l__ = ! = GM Re·Re+2Re·R+R·R
IRe+RI [(Re+R)'(Re+R)]

= GM [1- Re·R _ R·R ~ ( 2Re'R)2]
R R2 2R2+8 R2 'ccc c

where Re = IRel. From Eq. (2.34) now we get

-GM GM - (~ - ~ fl, - )
Ue = Re m + R~ Re' f;;rmiRi + f;;rPiJo Rt,dXi

GM [~ (- 3 (- -) -) _+ 2R3 L..Jmi RI - R2 Re'Ri Re .Ri
c i=l c

N-I fl. (_ 3 (_ _ _) _ ]
+ trPiJo Rt, - RE Re·Rt.) Re ·Rt,dXI

Since by definition of the centre of mass the first bracket is eqllal to zero, the gravi­

tatiollal potential energy can be written as

•
where

Ue = Ue... +Uo... ,

GM
Uo '-' ---m

ot" Re '
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•
and is relevant to the orbi tal motion of the system. On the other hand,

(2.39)

where le is the unit vector along Xc-axis, i.e, Re = Rele.

Substituting for Rt, and Ri from Eq. (2.5) and performing similar algebra as that

performed for the kinetic energy, we come up with the following expression for Ua...

as a function of local position vectors rj and rtj,j = 1,2, ... , N - li

(2.40)

•

where 00 = JG~ and is not a constant in general.
Re

2.5.3 Strain Energy of the System

The tethers are very long and thin thus flexible. When they deform, some strain

energy is stored in the tethers. In the linear theory of strings, it is assumed that the

initial tension in the string is large enough 50 that transverse displacements cause

negligible change in this tension. But in the case of tethered satellite systems, the

tension in the tethers, which are caused more or less by gravity gradient and cen­

trifugaI forces, varies as the lengths change. When the tethers become shorter and

shorter during retrieval, these forces weaken, since they are proportional to length

t;, in genera\. Therefore one can not neglect the effect of transverse displacements

on the tension. This implies that the longitudinal vibration is strongly coupled with

transverse vibrations in this case.
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Considering an infinitesimal element AB of the j-th lether having an untll'ful'Illt'd

It'ugth dJ:, (Fig. 2:4), ont' can express th... strain energ~' stor...d in Ihis d"'lllt'nt as

where

dU
' EAj 2
E. = TfidXi , (2..11 )

(2..12)
dS j- d'l'j

li = dXj
and dS j is the deformed length of the element. Geometry of the defol'l1wd d"'llleut

(j = d~j {[(dxj +dud +dv~ +dlV~] t - dXj} =

(a )2] t+ a:; -). (2..1:1)

S· aUj aVj 1 aWj II d 1 1 • t
• lllce -.-, -a ,ane -a are sma compare to one, t Je a ~ove expreSSIOII ,or q nUi

i:JXj Xi Xi

be expanded using the billollliai theorem. Retaining tenus upto the thinl ordl'I' we

have

a ) [(8 )2 (a )2] ) (a ) [(il)2 (il )2]Uj Vi Wi Uj Vj Wj
(' = - +- - + - - - - -,- + -

1 âXj 2 a'l'j âXj 2 âXj ilxj (J"j (VI4)

•

Th... t1rst tenu in the right hand side is the strain caused by lougitllllillai dispiacellll'Ilt

Il, alld th... remainillg tel'lus art' tl1<' st rai Il caused by t1'lLIISVI"'S" llispla""III"IIt.s '''j alltl

l/.'j. Tht' thil'll arder tel'lus hal'e IllUdl smallt'r elfect t.han tlll' SI'CUlld ol'dl'I' t."I'IIIS

and iu most calculations cau be ueglected. However they are retaiut'd hl"'l' t.u IraVl' a

l'lJllsistt'nt euergy expression upto the fourth order.

Sul,stitutillg E'I' (2.44) illto E'I' (2.<11), retailling tl'l'JlIS IIpto tlll' fourtlr ol'll"r,

illtt'gratiug tht, rl'Sult over (i' and addillg up the straill ellergy of ail tlll' tl·tlll'I's, 0111'

01,1 aills

(2.'15)
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•
where

Ei= ~ {
8Ui+ ~ [( 8Vi)2 + ( 8Wi)2]}2

2 8Xi 2 8Xi 8Xi
_~ (8Ui)2 [(8Vi)2 + ( 8Wi)2]

2 8Xi 8Xi 8Xi

2.6 Orbital Motion

(2.46)

Although the kinetic energy and potential energy of the orbital motion, Torb and

Ua_., have no direct contributions in the attitude motion of the system, the orbital

motion of the system has a great effect on the dym mies of the system through the

orbital rate, 8e• Energies associated with the attitude motion of the system are

negligible comparee' to the energies associated with the orbital motion. Hence, the

orbital motion can be calculated separately. Effects of small perturbations due to the

attitude motion and other disturbance.. can be compensated with a control system

such that the entire system moves in a Keplerian orbit.

A Keplerian orbit is a planar orbit resulting from central force motion. This

motion is characterized by

. h
8e =­

Re
h2

Re = ,
GM(l +ecos8e)

. (2.47)

where h is a constant, representing the angular momentum per unit mass of the

system and e is the eccentricity of the orbit. Re,8e are as defined earlier. Angular

momp.'ltum per unit mass, and orbital energy of the system are related through

h=
(GM)2 (e2 - 1)

2 (Torb +Ua...) lm (2.48)

•
Equation (2.47) represents an ellipse, parabola, or hyperbola depending on whether

e < 1, e = l, or e > l, re~pectively. When e is zero the orbit is circular. We will
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be concerned with either a circular or an elliptic orbit, which is a closcd trajectory

around the centre of the Earth.

The mean orbital rate of the motion is given by

1

W= (C;lr '
where a is the semi-major axis of the orbit, given by

h
a= .CM(1 - e2 )

Solving Eqs. (2.47) ·(2.50) for 0and Re, one obtains

(2.49)

(2.50)

(2.51 )

In the case of a circular orbit, e = 0, Oc and Re are constants and are simply related

by

. (CM)!
6e = R~ , (2.52)

•

where Re is the orbit radius. However when e is nonzero the instantaneous orbital

rotational velocity, 8e, and the orbit radius, Re, vary with 6e, i.e. they vary with time.

Oc oscil\ates around w.

The above relations show that one can establish the orbital motion knowing Torb+
UG~. and e of the system, or equivalently angular mom"ntum per unit mass h and

semi-major axis a of the system.

2.7 Discretization of the Continuous Tethers

As was mentioned in Section 2.1, a continuous tetb,,: can be discretized using eithpr

an analytical appro!LCh or a bead mode!. Here in this thesis, we discretize the system

following the former approach, using the assumed modes method, and construct a

41



•
set of generalized coordinates based on that. Then we derive the governing ordinary

differential equations of motion in the next Section.

The elastic displacements of an element of the i-th tether at a distance Xi, mea­

sured from the mass mi along the undeformed tether, are denoted by Ui, Vi, and Wi,

along Xi, Yi, and Zi axes, respectively. The first one is the longitudinal displacement,

while the last two are the transverse displacements of the element. Therefore the

displacement vectors ri and rt, can be wri tten as

(2.53)

where Ut, is the longitudinal displacement at Xi = li'

In the assumed modes method the elastic displacements, which are functions of

both Xi and time t, can be expanded in terms of a set of admissible functions as

follows:

Ui(Xi, t) = Xr<Sj)~j(t) , Vi(Xj, t) = Y[(Sj)71j(t) ,

Wj(Xj, t) = Zf(Sj)lIi(t) , (2.54)

where Sj = Xj/li is a non-dimensional distance, and Xi, Yj, Zi are column vectors

containing longitudinal and transverse admissible functions corresponding ta the i-th

tether. The admissible functions are arbitrary, but they must satisfy at least the

geometric boundary conditions in an energy formulation.

Considering the system configuration and definition ofthe longitudinal and trans­

verse elastic displacements, one can realize that the geometric boundary conditions

of tether i can be expressed as

•
Uj(O,t) =0 ,

Vj(O, t) = vj(lj, t) = 0 ,
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Uj(lj, t) = Ut, f. 0 ,

Wj(O, t) = wj(lj, t) = 0 (2.55)



•
There are infinite sets of functions that satisfy the above boundary conditions.

Among them the following functions are chosen as admissible functions in this for­

mulation:

X () °k_1
ik Si = si t (2.56)

In three-dimensional motion, N point masses can have a maximum of 3N degrees

of freedom. Confining the centre of mass to a specified trajectory reduces this number

to 3N - 3. Since the system under consideration consists of N point masses connected

by N - 1 elastic tethers in a chain configuration, the motion of the system can be

described by 3N - 3 rigid degrees of freedom, corresponding ta the rigid body motion

of the tethers, and N. elastic degrees of freedom for ail tethers.

The generalized coordinates of the system, which make an Nq dimensional column

vector q, are chosen here as

(2.57)

where the Nq, dimensional subvector ql is the contribution of the i-th tether to the

generalized coordinates vector and consists of

_ {6 .. • ~T T T}Tql - l, 'f'l, <1''''1' 'l, ,II, . (2.511)

•

61,4>1,/' describe the rigid body motion of the i..th tether while E.i. ~I"II, describe its

elastic motion. It is clear that the total number of generalized coordinates, Nq, is

the summation of generalized coordinates corresponding ta the ail tethers, N", i =
l,2,,,.,N -l, i.e.

N-I
Nq = ENql (2.59)

'=1
Such a definition of the generalized coordinates leads ta a very interesting char-

acteristic of the system which helps us ta reduce the effort involved in deriving the

equations of motion analytically, whicb can be considerable otherwise. Considering
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•
the expressions for ri, rt" and bi in Eqs. (2.53) and (2.7) and the fact that they

are only function of the i-th subset of generalized coordinate, Qi, we can write their

partial derivatives with respect ta q" as

8ri = { {O}
8q" 'Dr.

8bi = { {O}
'8q" 'Db.

8rt, = { {O}
'8q" 'Dt.

if
if

ii'n
i = n

(2.50)

where 'Dr., 'Db., 'Dt. are Nq• dimensional column vectors with vectorial elements

defined by

'Dr. = 8r" 'Db '"' 8b", 'Dt. = 8rt. (2.61)
8q" • 8q" 8q"

Expressions for these are given in Appendix D. Note that 88() is N9ft dimensional
q"

vector in which its elements are the partial derivatives of ( ) with respect to the

elements of q". Advantage of Eq. (2.60) is taken in this formulation extensively.

2.8 Equations of Motion

For the model used and the way that generalized coordinates are defined here, the

best approach seems to be the Lagrangian approach. In the rather general case, Nq,

the number of generalized coordinates, is greater than the number of degrees of Cree­

dom and the generalized coordinates are related through the following nonholonomic

constraints:
N,

E(airdqr) +aiodt = 0 ,
r=1

i=1,2,,,.,Ne , (2.62)

where air and aiO are functions of q and t. Equation of motion corresponding ta the

generalized coordinate qr is given by

d (8T) 8T 8U N.

dt -8' - -8 + -8 = Qr+ EairAi ,
qr qr qr 1=1

(2.63)

•

where T and U are the kinetic energy and potentia1 energy of the system, respec­

tively. Qr represents the generalized force corresponding ta qr due ta nonconservative

extemal forces, while Ai, i = 1,2, ... ,Ne, are unknown coefficients ca1led Lagrange's

multipliers.
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•

ln the absence of constraints, where Nq is equal to the number of degrees of

freedom, Eq. (2.63) is simplified as

~ (8T) _ 8T + 8U = Qr (2.64)
dt 8qr 8qr 8qr

For a simple system with a constant mas~, in which i = i(q, t) and the kinetic

energy expression is given by T = mi'·f/2, one can easily show that

~ (8T) _ 8T = mi. ai (2.65)
dt 8q 8q 8q ,

where 8~q) and 8~q) are Nq dimensional vectors whose elements are partial deriva­

tives of ( ) with respect to t.he elements of q and q, respectively.

In a general case where m is a function of time or generalized coordinatcs, as in our

problem where the mass of the bodies and the tethers change during deployment and

retrieval, the above relation does not hold. There are some other terms appearing

in the right hand side of Eq. (2.65) due to the derivatives of mass coefficients with

respect to time, generalized coordinates, and generalized speeds. In this case one

should exercise more care in t'le differentiation procedure.

(2.66)
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..

Further simplification can be made by using Eqs. (B.12) and (B.13) and interchanging

indices k and i in some terms to obtain

Contribution of the gravitational potential energy in the equations of motion cor­

rl.sponding to q is a~~.lI. After some algebraic manipulation they can be written

as

(2.68)

Stl'ain t'nergy contributes the following term to the equations of motion of q :

•

au N-I a (t )r 3 = aE = l:EAja l'ejdxj .
q J=1 q 0
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(2.71)

•

•

Substituting rI, r2, and r3 into Eq. (2.64) and rearranging some terms, wc get

(2.70)

In fact q consists of the subsets qn, n = 1,2, ... , N - 1, defined in Eq. (2.58).

Since i'k, bk, i't., and ek have no partial derivatives with respect to qn except when

k = n, the above equations can be further simplified. Having done 50, one obtains

the equation of motion corresponding to qn in the following form

N-I N-I N-I 1
EGnJ + EHni + EPni +Sn = -Qn ,
i=1 i=1 i=1 m

where
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(2.i4)

(2.i5)

wherE' 'Dr", 'Db", and 'Dt" are as defined eadier.

2.8.1 Librational Motion

Equations of motion corresponding to the libration motion of the Il-th tether is

obtllined if q .. is substituted by ,p,,, where ,p" is either in-plane libration, 0,,, 01' out­

of-plane libration, 4>". Since the mass coefficients Bj have no partial derivatives with

respect to 0" or 4>", the first sununation in Eq. (2. il), vanishes. The component of

S" corresponding to the libration degrees of freedom can be also simplified by noting

that

. (d 8 8 ) ( ftn 1:.:. ) • (d fi,,:. 8rt"
p.. dt a.r. - 81/J" Jo 2rtn ·rtndx" = p" dt Jo rtn· 81/J" dx"

l
t
". 8~t ) lin.. 8rt . (. 8rt)- "d . A ... "d {3 .. 1/'" "- rt,,'F X" = Pli rt,,' ".1. X" - "p",,, rt,,' ".1.

D ""1 0 U'f"n Uo/n zn=ln

-o"p"f" (~t".~~~,,), (2.i6)
'fin .%'n=O

whel'e the last Lerm is zero because components of 'Dt" vanish at x = 0 in the cast> of

lihl'llLional degrees of freedom. Using the results of Appendix 0 one l'an note that
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(2.80)

•
After sorne manipulation, StiJ_ can be expressed as

(2.78)

Hence the equation of motion governing the libration of the n-th tether is given

by
N-I N-I Q
EHtiJ_! + EptiJ-! + S~'n =~ , (2.79)
;=1 ;=1 m

where HtiJ_! and PtiJ_! are the components of H n; and Pro;, defined in Eqs. (2.73) and

(2.74) respectively, corresponding to the libration degrees of freedom, and StiJn is as

defined in Eq. (2.78). Note that since En is a function of the spatial coordinate Zn and

elastic generalized coordinates only, the elastic potential energy has no colltribution

in the librational equations of motion directly.

2.8.2 Vibrational Motion

Similar to the librational motion the first summation in Eq. (2.71), vanishes again

and same equation as Eq. (2.79) holds for the vibrational motion

N-I N-I Q
EH,_! + Ep,-! + S,_ =~ 1

;=1 ;=1 m

provided that S,_ is re-defined as follows:

(2.81)

•

Here En is one of the elastic generalized coordinates ~nl fin' V n which describe longi­

tudinal and transverse oscillations of the n-th tethert respectively.

2.8.3 Longitudinal Rigid-Body Motion, Ln

Indeed this is the most challenging part of derivation of the equations of motion,

because of two reasons: firstly, component of Gn; corresponding to ln in Eq. (2.71)
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does not vanish since the mass coefficients are length-dependent and secondly, the

upper Iimit of the integrals appearing in the expression for Sn is our generalized

coordinate, ln, under consideration. Partial differentiation of these integrals with

respect to ln is carried out in Appendix E. The equation of motion corresponding to

ln is then given by

(2.82)

where Glni ' Hlni ' Plni are the corresponding component of Gnj, Hn;, H n; defined

in Eqs. (2.72)-(2.74), respectively, while Sin is given by

(2.83)

Combining Eqs. (2.78), (2.81), and (2.83) and using the definition of'Drn and 'Dtn

in Appendix D, one can replace Sn defined by Eq. (2.75) by the following equation

(2.84)

where Ln is an Nqn dimensional vector in which ail the elements are zero except the

one that corresponds te the generalized coordinate ln. It is giveri by

L EAn (t ) "( 1) [!o !o ]
ln = -;;- n "'n=ln + Pn On - 2 rtn·rtn "'n=O

2.8.4 Sorne Special Cases

Case 1: B; = 0

(2.85)

•
ln fact B; = 0, j = 1,2, ... , N - 1 represent the case that each body, except the

body l, are reeled in/out only from the previous body, i.e. body j + 1 is deployed or
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•
retrieved only from body j. Since Bj = 0, consequently 8:: = {O}. Hence Gnj and

Hnj vanish in Eq. (2.71), and the equations of mction arc given by

/1':,1 1E P nj + Sn = -Qn ,
j=1 m

where Pnj, Sn and Qn are as defined earlier.

Case 2: Massless Tethers

(2.86)

In the absence of tether masses Gn;, Hn; and Sn become zero and the equations

of motion are simply given by

(2.87)

These equations match those obtained by Misra and Modi 1651, if r; is dcfincd by

~ D •r; = <;1; , (2.88)

and elasticity of the tethers is ignored. Note that even in the case of massless tethers,

the tethers can be modelled as masslCl>~ springs. Hence generally the position vectors

cr; are expressed by

r; = (l; +{;)!; ,

where {; denotes the longitudinal stretch of the j-th tether.

(2.89)

•

Equation (2.71) together with Eqs. (2.72), (2.73). (2.74). and (2.84) describe the

general dynamics of an N-body tethered system. They are used extensively in this

thesis for further analysis.
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Figure 2.1: Geometry of orbital motion
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Figure 2.3: Definitions ofposition vectors in orbital and local tether coordinate frames
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Figure 2.~: Deformation uf the tether.
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Chapter 3

DERIVATION OF THE
GENERALIZED FORCES

3.1 Introductory Remarks

Although there are various environmental forces affeeting the system dynamies

suell as solar radiation pressure, the Earth's magnetie field, luni-solar perturbations,

'"'l'ody"amk forces, etc" we wouId eonsider the aerodynamic forces as the ollly signif­

kant ,'nvironmental forces here, beeause of their larger magnitude iu the case of low

altitude orbits, ln most of the researeh works in whieh atmospherie effeds were con­

sid"t,,'d, only t.he derodynamie drag on the subsatellite was taken into aecount, while

llll' ael'Odynamie lift. acting on il as well as lhe aerodynamie forces on lhe tether were

ignored, There are some studies in whieh the atmospheric drag on the tethet' was also

includ,'cl, however il. was assumed that the relative velocily of ail' remained constant

idong lllt' t...lher,

To u1Jtain a more general aerodynamieal model, in this fOl'lnulation, SOIll(> of lhe

al".\,,, slllJl'l...,mings are e1iminated, The aerodynamie forces on all the bodies as

\\,..11 as 'JlI t.11l' tethers are ei.lculated assuming free molecular flow regime, whkh is

,h'sl'l'iiJed bri..lly in the next section, Moreover the aerodynamie fOI'Ct's an' d,·termined

assuming tllilt:

• tlll' all1l0sphen' is rotating with the Earth;
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•
• the air density varies el'ponentially with tilt' altitude;

• the bodies at the end of the tethers ha\'t' no attitndt' motion rdatiw to tht,

tethers, Le, the anglt'5 of attack required in aerodynamÏl" ca\cnlations art' simply

related to the librational motion of the tethers,

In llIany of the investigations relat.ed to tether satellitt' systems, 1.1... t'Ift'ds of

material damping on the e1astic vibrations of the tethers lm\'<' bœn 1I1'glectl'd alld

the vibrating tethers have been modelled as conservative cOlltillllnm systl'ms, This

is because the inclusion of material damping increases the compll'l'ity of the nlOdd,

However, it must be included in a generalmodel because:

• it Ims a significant effect on the stability of the system;

• it has a positive effect un the computational effort requirl'd,

The generalized forces resulting from material damping are considcred ill this 1'01'11111'

lation assullling viscous damping.

III addition to these two killds of forces, there might bl' other l'l'tl'rllal ror....s

slwh as those frolll tht' thrusters that contribute to the gt'IIl'ralized rOI'l't'S, They al't'

tliseussed in a general manner at tlw end of this chapter. Splittillg tilt' gt'lIl'ralized

l'urees intu these tlHee categories wc can thl'II write

(:1.1 )

•

\\'hl'I't~ Q .." Q[), and Qo represellt gellt~ralized rorœs CUI'l'eSI'0lldillg 1.0 tilt' aerody­

lIamÏl". material dalllpillg, alld other el'tel'llal forl'l's, rl'spt,ct.i\'t'Iy,

3.2 Aerodynamic Forces

At high altitude, say 90 klll or sa, the atlllospheric' cOInl'0sitiulI is siguilic:aul.ly

different l'rom that at the sea levcl, and il. can 110 luuger hl' trl'atl'd as a C'Uul.iUIIIIIII,
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•

Tsiell [681 as weil as other researchers such as Siegel [09J, and Hayes and Probstein

FuI have proposed a division of fluid mechanics into various reginws according to

tlll' c1eg...·e of rarefaction as measured by the value of the Knudsen number. This

I",sie.' parametel' is defined as the ratio of the mean free path À, the average distance

travelled by a molecule before collision with another molecule, to a characteristie

length L, e.g. typical dimension of a subsatellite. In general, the atmosphere can

he cate,l!orized as: (i) ordinary continuum, where the density is sufficiently high so

thal. intermolecular collisions dorninate over collisions with the boundaries (À/L < l,

SllY 10-2); and (ii) free molecular f1ow, where the gas is sufficiently rarefied so that

mllisiolls with the boundaries dominate over collisions between molecules (À/L ~ l,

say (02 ). Between these two limiting regimes there is of course a wide c1ass of flows

of varying charader, which form the transient regime, ln terms of altitude, that up

to 90 km, from 90 km to 140 km, and beyond 140 km, correspond approximately to

cOlltillllum, trallsient, and free molecule regimes, respectively.

ln pradiee, a subsatellite will be located in either the transient or frce molecule

r"gillll', where tlll' aerodynamie eifects must be calculated diiferently from that in the

nlS" of the continunm mode!. Because of the simplicity of the frce molecular f10w

model on one hand and the purpose of this thesis, which is aimed at a conccptual

study of the atmospheric effects, on the other hand, we calculate the aerodynamie

fOITes using ollly the frcc molecular flow model ill this formulation.

3.2.1 Free Molecular Flow Madel

'l'Ill' free 1II0leeular lIow model 1, relies on the kinetie theory of gases. Fol' acrody­

nallli,' ca!culations, one is intercsted in the transfer of momentum l'rom atmospherie.'

moh·cul.·s to the satellite or the tcther. There are two ealloniea] Iillliting ('as,'s in

this model that bouml thc 1lI0lecular-monwntum transfcr at th,' obj,·"t surface: spec-

1For lUOrt' d"laiis th. inl.r.sll'd reader is r.rerr.d 10 Rer [il)
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•
ular reflection and diffuse reflection, where the former is essentially a deterministic

concept while the latter is a probabilistic one. The real case lies between thcse two

limiting cases and the tTansferred momentum depends on various charncteristics of

the system.

Introducing two factors, an and ae. called accommodation coefficients for normlll

and tangential momentum exchange, or for brevi ty normal and tangential accommo­

dation coefficients, we can express the aerodynamic force acting on an clement of

surface dA by

where

- -(D) -(5)
dln = andin + (1 - a,,)dln ,

_ _(D) -CS)
dit = atdlt + (1 - at)dl t .

(3.2)

(3.3)

Subscripts t and n are used to specify the tangential and normal components, while

superscripts D and S denote specular and diffuse reflections, respectively. dl~D) ,
-(D) _(5) -(5) ., 1

dit ,dln ,and dit for an element dA, FIg. 3.1-a, are glven by [71

dl':) = H(cosa)pVRcosa[VRcosa + Vb] nAdA ,

I (D} 2 • •
d t = H(cosa)pVRsinacosa tAdA ,

-(S) . 2 2
dln =2H(cosa)pVRCOSanAdA,

-(S) -
dit = 0 , (3.4)

•

where H is the Heaviside function (H(x) = 0 if x < 0, and H(x) = 1 if x ~ 0), p

is the density of local atmosphere, VR with magnitude VR is the relative velocity of

air with respect to the element, nA is the unit inward normal to the surface dA, a

is the local angle of attack, tA is the unit tangential vector in tho plane of VIt and

nA, and Vb is the mean velocity of the gas molecules which is related to the surface

temperature. At the altitude of interest, Vb is typically about 5% of Vit, and bence is
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•
ignured in this formulation. From Fig. 3,1 one eau write

where tA is clearly not defined if VR X nA = O.

(:J.5)

Suhstitutiug Eqs, (3.:J)-(3.5) iuto Eq. (3.2), ignoring Vb, and reeognizing that

we arrive al

(3.6)

dï = H(eos CI')pV~ eos CI' [(2 - 0'" - 0',) eos CI' nA +O'tVR] dA , (3.7)

wlJeI''' VTI is lhe unit veetor along VR. The aerodynamie force and torque acting on

tilt' hudy can now bl' found by integrating Eq. (:J.7) over the body surface. They are

given by

ï = pV/~ [O',S'PVR + (2 - 0'" - O'tlSpp] ,

ni = pV~ [O'tS'pëp x VR + (2 - 0'" - O't)Gpp] ,

wllt'I't'

81' = fH(l'OS CI') COS CI' dA ,

51'1' = fH(cosCl') eos2 a dA ,

ëp= .s~pfH(cos a) cos ex idA ,

~ 1 f ~Gpp = S'p H(eoso) cos2
CI' i x dA , (:J.9)

•

pl'Uvided the small elfects of rotations of the body are neglected.

TIlt' ael'llllllllodation coefficients usually have average values in tl1l' l'IInge of U.S <

(1". (1, < lUI. Thl' limiting cases. speculaI' and diffuse l'efleelions, al'<' l't'sn!ted by

st'tting 0'" = (1, = Il and (1" = O't = 1. l'espectively.
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lTsing the abo\'<' results and the geometrical configuration of a particnlar hody Olll'

ean find the aerodynamic forces acting on that particular body. Th., ilerodynilllli,'

forces are presented here for the following cases:

• For a sphere with projection surface areil A, = r. R;,

(:1.10)

• For a plate with normal unit vector n and surface area A p,

• For a eylinder along unit vector n, with base snl'face areil i1,. = r. n~ul and

projection surface area Ac = 2RculHcuh

i c = pUt (Ab j'VR'nl +Ac iVR'tl) Vfi +p(2 - 0'" - O'tl

X [Ab IVfI·nj(VR'n)n - ~Ac IVwtl(V fi x n) x ri]

• For an element dx of the tether with diameter dl along unit vcdor il,

(:l.I:!)

•

Not" that for tlll' above configurations, because of symnwtry, tilt.' aerodynamk torqnl'

ni on th,' hody is l'quai to zero.

3.2.2 Relative Velocity of Air

The relative velocity, Vfi of a particular point of the systelll with rl'slH.'eL '''' air

lk'p"IIt1s on the orhital vdocity of the cclltre of nllLSS of th... system, tlll' vdoc:ity of tlll'

atmosplwre tin" 1.0 its rotation about the Earth 's axis and th... \'l'loeity of LIli' point

rdati\'t' to tlll' celltl'l' uf Illass of the system dne to tlll' rotations antl vihrations of the

tl,thers. The last one is so small comparetl to the other two parts tlu,t il. IUL~ hL'tm

neglected in lllany investigations. However, it is inclllded ill this formulation .

(il



•
A simple model for the speed of the atmosphere is that the latter rotates at the

saille allgular velocity as the Earth. This makes calculation of the relative velocity of

tlll' air, relativdy simple. \n fact this is the model used in this formulation. However,

ill realit.y tlw atmospheric speed is greater at lower latitudes.

Hence the relative velocity of body i and of a specific point on the i-th tether of

t'le system under consideration are given by

vi =-[Ile+lli -ilx (RC+IÏ;)] ,

Vt, =- [Ile +Ilt,-il X (Re +Rt,)] , (3. \ 4)

. .
where il = AK is the angular velocity of the atmosphere, IÏ;, IÏ;, Rt" and Rt, are as.
defined in section 2.4, while the orbital velocity Re is given by

(3. \ 5)

Lt'l us dcfine the Earth-centered incrtial axes, XI. l'j, Zr, such that Zr-axis is from

sonth to north direction, Xr-axis is in the equatorial plane along the line of nodes

(assllmed fixed) and Yr-axis completes the triad. Let Î,J, K be the unit vectors along

tlll' X r, Yr. Zr axes, respective1y, The orientation of the orbital coordinate aXes with

resp.,(~t. 10 the illertial coordinates is specified by the orbit inclination angle i and angle

0, = Ou + J., wlwre Ou is the argument of the perigee while (Je is the true anomaly,

At fh'st.. the rotation i is given about Xr axis resulting in X~, l'~, Z~ axes and then

rot.ation 0, is applied about Z~ axis yielding Xc, Ye, Ze axes. Ht.'nct.' tht.' unit vectors

assodat.'d with the orbital and inertial coordinat.. systems <lI'e related by



•
where i, the inclination angle should not be mixed Ul' with index i. Performing tlll'

matrix multiplications in Eq. (3.16). we obtain

.ii=AK=A(sinO. siniic+coso. sinij,+eosik,) . (:l.17)

•

It l'an be shown that for orbits inclined to the equatorial plane, the out-of-orhit

component of the relative velodty is larger in the neighbourhood of th,' equatorial

nodes. This leads in turn to periodic attitude excitation. Hence for aerodynamÎl'

stabilization schemes one must guard against the destabilizing possibilities that ar­

company pammetl'Ïc excitation, in the case of inc1ined orbits.

3.2.3 Density of the Atmosphere

The atmosphere density l' is very difficult do mode! accurately. The mrclied

fringe of the upper atmosphere is an exceedingly complex physical system. Many

gaseous species interact continuously, influenced by outside energy sourœs induding

the Earth's rotation, the Earth's magnetic field, sunlight, and the SUIl'S unsteady

electrically charged effluent. Even more important, one must be awaTe of large lIuc­

tuations in density l'ven at a fixed altitude. The two dominant causes of thes.. IInr­

tuations are the Earth's day-night (diurnal) cyd~ and ~!llar activity fludu,Ltions. For

prer.ise calculations, the chemical composition l<Ild species temperatures 1;1lI5t also 1".

available. A good reference for the Earth's atmosphere is Rd [7~J.

Once again, sinee our purpose here is to analyze the effeets of tlw a1.lIlOspl..,l'<' from

ph"nomena point of view rather than quantitatively, a simple ,'xpon,'ntiaf 1II001,'I is

u5.·d to express th", atmospheric density variation, In other wOl'lls, tlll' air d"lIsil.y, fi,

is r"presented approximately by

l' = Po exp ( h ~:10) (:I.1il)

where Po is the reference density at the reference altitude ho and /J" is tlll' scale Iwight.

The altitudes hi and h" of body i and of any l'articulaI' poilll. 011 1.IIl' i·th 1.etlll'r ar"



•
simply given by

(3.19)

where RE is the radius of the Earth.

Measurements have shown that the radius of the Earth is slightly shorter along

the N-S direction than that along the W-E direction. Hence, strictly speaking, the

Earth cannot be assumed to be spherica1. 1t is more like an ellipsoid. The semi-major

axis ao of the Earth is 6378.16 km while the semi-minor axis bo is 6356.78 km [731 and

the equatorial plane is essentially a circle. Supposing that the air density is the same

everywhere on the Earth's surface, one can see easily from Eqs. (3.18) and (3.19) that

this 20 km oblateness would affect the air density significantly even for a circular

orbit. This is because the air density varies with altitude exponentially. The system

will have a lower altitude in the equatorial region compared to that over the north and

south poles. Thus it experiences larger aerodynamic forces in the equatorial plane.

ln this thesis the same model as in Xu [221 has been used for the oblateness of the

Earth, Le.,
aobo

RE = --------=~-------;-l
[b~(l - sin2 i sin28.) +a~ sin2 i sin28.]'

(3.20)

•

Another important parameter that affects the air density is the orbital eccentricity,

e. Re does not remain constant when e 'f O. Thus the system is sometimes far above

the Earth and therefore is inftuenced by lcss aerodynamic forces, while at some other

time it is clcser to the Earth. Obviously the difference depends on how large e is.
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• 3.2.4 Generalized Aerodynamic Forces

Once Î; and dÎt" aerodynamie forces on the i-th body and an e1ement of lht'

;··th tel]:er, are known, the generalized aerodynamic forces l'an be cakulated from

N _ aiL N-I {l, _ aRt
QA = 'i:Jr-. + 2:,10 d/t;'-,-' ,

i=1 aq ;=1 0 aq
where the first summation is the contribution of lhe aerodynamie forces on lh" eud­

bodies, whi!e the second one is due 10 that on the tethers. Once again suhstiluting

from Eqs. (2.5) and (2.15) for Ri and Rt, and considering Eq. (2.60), Eq. (:J.2!) can

be transformed to

('\ 'N)" ._-

where FA, is defined as

~ 1"-fi + dit,
Il '

i=I,2, ... ,N-I,

i= N

•

3.3 Generalized Structural Damping Forces

As the tethers oscillate, some energy is dissipated in the deforming ]>l'Oel'SS, whidl

oUP can account for through material damping. The dampiug mechauism is qllit.l'

complex and may b" deseribed adequately on!y by eousideriug the lIIicl'OscopÏ<.' 1'1",­

IlOmeuon inside the material. To stale it simply, there is sollle hysteresis phelloull'uOU

when the materia! is subject to vibration. The area enclosed by lh,' hyst.eresis ""rve

indieates the energy dissipation whieh lu rus to heai.

There are Iwo eommonly usee! models to deseribe malerial dampiug, i.e. ,st.I'lId.1II'al

damping and viscolls damping. For a IJelter IInderslaudiug, let. ns cousider il bar or

il sll'i::g 1I11l1l'rgoiug luugitudinal oscillation wlwre the guvel'l1ing ""I"aliou of llJolion

is given b~'

{Fu {Pu.
p 8t2 = EA 8x~ +CJv

(j!)
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where the gcneralized damping force, QD, for both viscous and structural damping

nUil-!.'; cali be written as

8(8t u)Q EA (3.25)D = C at 8xt .

III the <'as,· uf viscuus ùamping, c is a constant damping coefficient and in the case

uf structural dampillg, c = hlw) depends on the driving frequency w, where '"1 is a

cOllstant called structural damping coefficient.

N

l1sillg the II.Ssumed modes method, u(x, t) = LX,,(X)q,,(t), the equations of mo-
n=l

t.iull of the discretized system are given by the following matrix form

Mq +Dq +Kq = {O} , (:3.26)

pruvided that there is no external force on the system. M, D, and K will be diagonal

matrices if X" 's are chosen as the eigenfuctions of the undamped system (in the string

or bar proble1l1). In the case of viscons damping, 1l1atrix D is simp1y given by

D=cK, (3.2i)

wh.'n' as was mentioned earlier c is a constant. However in the case of structural

dallll'illg D has the followillg form

wh"l'c n is a diagonal matl'ix consisting of the natural frcquencies of the undamp!.'d

sysll'1l1.

Li)' analogy with a mass-dashpot-spring system, one cau sel' that viscous damping

prlllllln's a da1l1piug ratio pl'Oportional to the natural frequency of each mode

whil., ill tlH' caSt' of strudural da1l1piug ail dynamieal mod"s ha"t' th!.' sam!.' dumpiug

•
l'atill

-"

. ')',
ç" =:2 .

(i(i

(:3,:10)
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When some other functions rather than the eigenfuctions of the undamped system

are chosen as the admissible functions, matrices M, D, K are no longer diagonal. III

this case Eq. (3.27) is still vali'"! for viscous damping while Eq. (3.28) does not hold

any more. In order to have a diagonal damping matrix after decomposition process

D must satisfy the following matrix equation;

1t has been 5hown that the Cauchy series

00 .

D= MI: Ki (M-1K)' ,
i~-oo

(3.31 )

(3.32)

where the coefficients Ki are a set of arbitrary variables, is a solution of Eq. (3.31).

These coefficients can be set to obtain the desired damping ratio for the intercsted

frequencies. To have a constant damping ratio for all the modes of the discretized

system, (n = ~ ' n = 1,2, ... , Nq , Eq. (3.32) is subsl,ituted by

N.-l .

D= MI: Ki (M- 1K)' ,
1=0

where K;'S are obtained from the following set of linear algebraic equations

(3.33)

N.
I:ltiW~i-l = 'Y 1

i=O

n= 1,2, ... ,Nq , (3.34)

and Wn is the n-th natural frequency of the system.

ln practice instead of the above technique, Rayleigh's approach, which is in fact

a specific case of Cauchy series, is used. In this approach, the damping matrix, D, is

assumed to be a linear combination of the mass matrix, M, and the stiffness matrix,

K, i.e. ,

(3.35)

•
where again the coefficients 11:0 and KI can be calculated based on the desired damping

ratio for any two modes of interest. To obtai n an equal damping ratio for modes k
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aud n, (k = (" = ~, those coefficients must satisfy the following equations

1
-Ka + Wk"l = l' ,
Wk

(3.36)
1-"a +W,,"t = l'

W"

For a nonlinear system, introduction of damping forces becomes more complicated,

because the stiffness forces cannot be represented simply as multiplication of a stiff­

ness matrix and the gelleralized coordinate vector. The problem becomes even more

complicated in the case of a system cousisting of rigid and flexible parts, becallse of

the presence of coupling terms in the mass matrix. However we can extend the above

discussion to these cases by an extension of the definition of the stiffness matrix. For

a linear system, Iike a simple bar or string, the stiffness matrix K is simply given by

K = 8QE ,
8q

(3.37)

(3.38)

where QE is the array of generalized forces corresponding to the internai elastic forces,

given by

QE= 8:: .
Therefore, once the e1astic potentia1 energy of the system is known, one can construct

the stiffness matrix using Eqs. (3.37) and (3.38), and then introduce the appropriate

damping matrix using the viscous damping approach, Ray1eigh's approach, or Cauchy

series.

In this thesis, to avoid this comp1exity, viscous damping is used to rcpresent the

effects of materia1 damping on the system dynamics, i.e. Eq. (3.27) in conjunction

with Eq. (3.37) is used to introduce generalized forces due to material damping, i.e.

•
Q 8QE. 8 (8UE)'

D=C 8q q=c 8q 8q q .
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3.4 Other Extel'nal Forces

The generalized forces corresponding to other externa! forces, if there are any,

other than tho~;" mentioned above are simp!y obtained from

NI ~ BRF;
Qo=2:Fo,'-' ,

;=1 Bq
(3.40)

•

wherc Nf is the number of the externa! forces, Fo, is the pnysica! externa! force

vector, and RF, is the position vector of the point of application of F0, with respect

to the centre of mass of the system.

Normally, non-e!astic interna! forces have no contribution to the generalized exter­

nal forces, because of the cancellation of the work done by opposite forces. Howe'èr

for the system under consideration the work done oy the tension in the tethers, which

Ml' in fact iuterna! forces, must be taken into account in the case of retrieva! and

deployment. Using the above equation and the fact that the tension forces ad along

tlw tethers, oue can show that these forces contribute only to the generalized forces

corr't~pouding to the rigid body longitudinal motion of the tethers, fi •
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(a)

(b)

dA

•
Figure 3.1: Geometry of an object: (a) molecules incident on an element of the body
Burface; (b) Orthogonal triad of surface-oriented unit vectors.
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Chapter 4

LINEARIZATION AND
EIGENVALUE ANALYSIS

4.1 Introductory Remarks

The equations of motion given by Eq. (2.71), derived in Chapter 2, must be trans­

formed to the vector form

Mq=f , (4.1)

for any further operation such as dynamical simulation, eigenvalue analysis, or I.v:1trol

synthesis. In Eq. (4.1) M is the Nq x Nq dimensional mass matrix and is a function

of generalized coordinates, q and time t, fis the Nq dimensional array of generalized

forces and is a function of generalized speeds, q, as well as generalized coordinates

and time.

4.2 Vector Form of the Equations of Motion

Only those terms in Eq. (2.71) involving second order derivatives with respect ta
time contribute to the mass matrix. Hence it is more appropriate to rewrite this

equation in the following form

•
1

Pn+en = -Qn,
m

71

n = 1,2, ... ,N - l , (4.2)
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where p" i.. given by

(II.. j\'-1 _

p" = p"i 'Dt.. ·ftn dx" + L [-Aj,,'Dr.. ·BJfj + (Fj,,'Dr.. + it"A ..J'Dh..
o j=1

- A"j'DBn) .fj + (JtjAj"'Dr,, - {lj!ï,,'Db.. + {lj'DB.. ) .iq , (.1.:1)

while e" consists of the remaining tenns in the lcft hand side of Eq. (:1.71). III tlll'

abuve equation 'DBn is

0

0

'D BB" ~
- p"{3,,

B = a r " = run qn {O}

{O}

{O}

(4.4 )

•

It. is dear that on\y p" contributes to the mass matrix while e" IllLs no contribution

in this regard.

Noting that fj, bj , and ft, are functions of ~ only l, on(' can show t.hat their

second order time derivatives can be expressed as

The first arder time derivatives are illcluded in dr" etc. Using Eli' (B.18) and the

rleflllition of 'DB, in Eq. (4.4), we can write

1!\Oll' 1Itat 111l'Y art' fUIIl"t.iuIIS of the gClleralizcd coordillates rorrt'lipondillg to tlle j-tll tp.tiler
ollly.
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where

(4.7)

Expressions for vectors d<"db" and dt, are g:ven in Appendix D.

Substituting for l'j, bj, f ti and Bjfj from Eqs. (4.5) and (4.6) into Eq. (4.3) and

performing sorne algebraic manipulations, Pn can be rewritten as

N-I

Pn = h n + LMnjqj ,
j=1

n=1,2, ... ,N-1, (4.8)

where Mnj is an Nqn x Nq, dimensional matrix given by

• {ln T T _
M nj = 6njPnJo 'Dtn·'Dtndxn - Ajn'D<n ·'DB, + (Fjn'D<n + /LnAnj'Dbn

- Anj'DBn) .'D~ + (jljAjn'D<n - jljjln'Dbn + jlj'D Bn) ''D~i' (4.9)

and hn is given by

l N-I
hn = Pn {n'Dtn· dtndXn + L [-Ajn'D<n 'dBi + (Fjn'D<n + jlnAnj'DbnJo j=1

-Anj'DBni'n) .d<, + (jljAjn'D<n - jljjln'Dbn + jlj'DBnfn) 'db,] . (4.10)

Now we can rewrite Bq. (4.2) by substituting for Pn. After sorne manipulation,

equations of motion corresponding to qn are given by

where

N-I

LMnjêii = Cn ,
j=!

n = 1,2, ... , N - 1 • (4.11)

1
Cn = -Qn-en-hn .

m
(4.12)

•

Note that Mnj is the subrnatrix representing the contribution of the j-th tether to the

eqllations of motion corresponding to the generalized coordinates of the n-th tether,

qn, while Cn is the Nq. dimensional suhvector of forcing array corresponding to these

generalized coordinates.
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For the station-keeping phase, which is examine<! extensively in the following

sections, fn is given by

(4.13)

4.3 Equilibrium Configuration

A solution of the system, q'(t), is a set of time functions which satisfy Eq. (4.1),

Le.

where

M •··• - f'q - , (4.14)

M' = M(q',t) f' = f(q',q',t) . (4.15)

On the other hand, an equilibrium configuration of a system i8 a particular solution

consisting of a set of constants, qf(t) = Ci, i = 1,2, ... ,Nq. It is sometimes referred

to as the fixed point of the system. It can be found, if there is any, by solving the

equations of motion after putting q' = {O}, q' = {O}, i.e. ,

f"(q', {O}, t) = {O} . (4.16)

•

In addition ta the above mathematical step a physical insight of the problem is needed

to formulate the possible equilibrium configurations of the system. Following descrip­

tions try to provide such an understanding of the problem.

In the deployment and retrieval stages of a tethered satellite system the reel mech·

anisms reel the tethers out or in, respectively. Renee the nominallengths of the teth·

ers, which are also sorne of the generalized coordinates of the syst.em, do not remain
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•

("(JIIstaut. This implies that there is no static equilibrium state or fixed point in these

stages. However Juring the station-keeping stage. where the nominal lengths of tl1"

tethers l'l'main constaut, one l'an expect a static equilibrium state depending on the

al'pli..d forœs and orbital motion of the system. In the case of il nondrcular orbit

th"Tl' is again uo "quilibrinm configuration.

li th.. forcps actiug on the system are only gravItational and internal elastic forces,

a mnlti-body systenl has an infiuite number of equilibrium points. ln the case of a

two-body system with a rigid tether, there are four configurations; two along the local

vertical and two along the local horizontal. Those equilibrium states which are along

tl1" local vertical can be showu to be stable due to the gravity gradient, while the

other two positious are unstabl... In the case of three body systems, Amier and Misra

[60J obtain"d the equilibriulll coufigurations analytically. The stability of the system

al"JIIt. t.hese configurations was discussed in that study. For a general case it is very

difFicult to obtain ail possible equilibrium configurations. However, the local vertical

ami horizontal configurat.ions are equilibrium states l'ven for a general multi-hody

t.etlll'red system.

Ir in addition to the gravit.at.ional force, there are environmenta! IOrces acting on

t.IIl' syst.,'m, t.lw whole situatiou is changed, First of ail, in contrast to the case of

uo environmental forces, the!'c are no equilibrium states fol' an inc1ined circulaI' orbit

hecausc of the aerodynamic forces in a rotating atmosphere. The only pussible equi­

librillm configurations exist in the case of an equatorial circul~r orbit. Furthermorc,

1h., ,'qllilibrinlll states are significantly affected by the aerodynamie forces acting on

1111' ),odi.·s and th.· tetl1l'rs.

1."1. ns l'onsid..r a two body tct.berec\ syst.em which is 10l1lt"d iu an orbit close

tu th" Earth. For the sak.· of argument let us also assume that the ccnt.'r of mass

of the system is approximately coincident with that of the main satellite and the

;5
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•
aerodynamic force on the main satellite as well as on the tether arc negligibll'. The

equilibrium configurations along the local vertical which were stable no longer rl'main

along the local vertical and their stability depends on the syst~m parameters. The

lower position is displaced from the vertÎl'al line by an angle Q, whose magnitude

depends on the system parameters. In addition, the tether no longer has a straight.

shape in the lower equilibrium position. If the aerodynamic force on the tether is also

included in the calculation, the equilibrium position, curvature of t.he tether, aud t.he

stability of the system are changed.

In the case where environmental forces are involved, the equilibrium state can be

found ana\ytically only for r. very simple model, otherwise it must be obtained nu­

merically. The situation becomes more complicated for a multi-body, multi-t.ethered

system, and determining the equilibrium position of the system analytically is ex­

t.remely difficult, if not impossible. Hence there is almost no way except using the

numerical approach for this purpose.

4.3.1 8tatic Equilibrium Equations

Letting the lengths of the tethers remain constant and putting él = 0, li = 0 in Eq.

(2.71), lead to the equations of motion corresponding to the dynamics of the system

in the station-keeping phase, given by

N-I 1
Epn; +Sn = -Qn -,
;=1 III

where Pnj and Sn are defined by Eqs. (2.74) and (2.84), respectively, with the under­

standing that Ln appearing in Eq. (2.84) is a zero array in the station-keeping phase.

To obtain the algebraie equations corresponding to the equilibrium states, two more

steps must be taken;

•
• orbital motion is confined to a circular orbit, i.e. ,

Re = constant.
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• time derivative of the generalized coordinates are set to zero, i.e.

Ôi = Oi = ~i = ~i = 0 ,

. .. 'O}
Vi = Vi = t . (4.19)

Having done so, the desired equations can be written as

where now n; = ne (sinq\jlj +cosq\jkj).

(4.20)

•

In the following sections the static equilibrium equations are specialized for two

cases: atmospheric missions when QA '! {O}, but Qo = {O}, and systems with no

external forces, Qo = QA = {O}.

Systems Used in Atmospheric Missions

As mentioned eartier, in the presence of atmospheric forces, a static equilibrium

state can exist only in the equatorial plane. Ifonly the aerodynamic drag on the bodies

and tethers are considered and there are no other external forces, one can physically

visualize that the only possible equilibrium configurations are in the orbital plane.

The corresponding equations, after sorne manipulation, are given by

{

N-I

QÂ.. = -3mn~ le' ~ [(Fjnkn X i'~ +ilnAnjkn X b~) (le·i'il + (iljAjnkn X i'~
,=1

- iljilnkn X b~) (le·bi)] + Pnln(kn X ï'in)(le'ï'in)dzn} ,
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where after substitution for Un, Un and Wn, en is given by

(4.21 )

(4.22)

( [( )2 ( )2])2 ( )2 [( )21 8Xn 1 8Yn 8Zn 1 8Xn 8Yn
en = 2" 8xn ~n + 2" 8xn 71n + 8xn

Vn - 2" 8xn ~n 8xn 71n

(
8Zn )2]+ 8xn

vn .

Syst..ms With No Externa1 Forces

In the absence of any externa1 forces other than gravitational forces, it can be scen

by inspection that 9~ = 0, 4>~ = 0, 71~ = {O}, v~ = {O} satisfy the above equalions,

while ~~, n = 1,2, ... ,N - 1 are governed by the following equation

•

N-I

~ [(FjnXtn +PnlnAnjX.n) (lj +XtfEj) + (j1jAjnXtn
j=1

-j1jPnlnX .n) (11/210 + X.f~i) 1... PntftXn(Xn + X~~~}dXn
EAn ftft (8en)e

- 6mn~Jo 8~n dXn = {O} ,
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whic:h arc a set. of linear eqllations in terms of ~~'s. Combilling t'le eqllations corre­

spolldillg to 0.11 n and performing some algebra, one can obtain ~~ from the fo11owing

vector cqllation:

Ail AI2 AICN-I) ~~ CI

A21 A22 A2CN-I) ~2 C2

- (4.24)

ACN-I)I ACN-I)2 ACN-l)(N-I) CN-l

where A nj is an Nq• x Nq; matrix given by

and Cn is an Nq.. vector given by

t. N-I

Cn = -Pn r Xnxndxn - L [(FjnXtn + PnlnAnjX.n) lj
Jo j=1

+ (l1jAjnXln -l1jPntnX.n) l;/2lo] .

4.4 Linearization of the Equations of Motion

(4.25)

(4.26)

The equations of motion given by Eq. (4.1) are fully nonlinear and describe any

motion of the system. Once a solution of the system, q', is found, any other solution

corresponding 1.0 sma11 deviation from that solution, called the nominal solution,

can be obtained \Ising the linearized equations of motion rather than th.. nonlinear

eq\lations. The linearization is obviously carried out about the nominal solution.

Let us assume that q is a solution with sma11 deviation from the nominal solution,

• •q ,I.e.,

•
q = q' +6q
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• l1sing Taylor expansion up to th.. first ord..r. Bq. (·1.1) l'an 1,.. l'l'writtt'n a,

[M' (aM)', 0(' "J] ('" '''J f (ilf)' , (ilf)' '.+ \ oq "q + "q' q + "q = '+ iJq tlq + iJq t\q

+ O([,q~. [,q~) . (·I.:!Ii)

Neglecting the second order terms an<:l implementing Eq. (,1.101 J. Wt' olnain

[(aM)' [, ]"' +M'['" = (afY 0 (Of)' 0'8q q q q 8q) q + oq q (.I.:!!l )

•

where a starred variable indicates the valt'." of that variable at the nominal solnt.iull.

Note tll;tf [( aaM),Oq] is a matrix with its ij-th e1ement equals to i: (0,1)\1;))' [,flk.
\ q k=1 (f/k

,. l' N "1 . af d af 1 J [' . f 1 fl,J = .2, ... , q' IV atnces aq an aq are t le aco )mn nmtrlces 0 Lit' urc,', v.,,·tur,

f. with respect to the vectors of genera)ized eoordinates and specds, rcspectivdy.

4.4.1 Linearization about the Equilibrium 8tate

When an equilibrium state is chosen as the nominal solution abunt whil'h lin.'ariza-

Liun is carril:'d out, Eq. (01.29) becomes

M <0" = (af) <é ( uf )' [,.q 8q q+ Uq q 1

wben' the mass matrix M and force veetor f are defined in Section" .2. Having t.11I'

. f fil 1 JI' . Uf 1 ilf '1'1 1expression or ,we can ca cu ate t le aco )Ian matnccs, -') ml' -iJ" l''Y can Il'
l q q

evaluated either nUlllerically or analytically.

Since the statie eqnilibriulll states exist only fol' a syst"1ll in a c:ircular orl.it and in

tl)l-' station·lœ,'ping stage, only the corresponding Jacobian matricc's ar., givt!n in t.11I'

following s,'ctions. Becaust' of the disadvantagc.'s of num.'rind diff,'re'nLiaticJII (nuisl'.

•'tc. ) th...y an' obtaiut'd here aualytically, Fol' the sai", of Im'vity. just 1.111' final

furms are given. Note that in the statiou·keeping phas.', IC:lgths of tht! tl'tlll'rs an' no

louger part of the vector of generalized coordinates. Th,'rlofcJl'l' tlll' nJIVS ancl colnulIIs

eorr...spouding to lhem arc excluded from the ./aeohiau matri...·s that an' givl'u in

Appl'lIllix D.
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• M . [(Jf]
atrlx iJq

[
Of]Matrix f)q is composed of (1'1 - 1)2 submatrices and can be writtl'n as follows:

r
afl 8fl
oql oq2

8f2 8f2
of ()ql 8q2
üq =

8fN_I 8fN_I
oql 8q2

8fN_I

8qN-I

wl",re oOf" is an Nq" x Nq, matrix in which cach 1'OW is the partial dCI'iIJative of each
q"

dell/ml. of the IJee/.o!' f" with l'es/lee/. ta the e/ements of the gencralized eoordùwtt's

/'/JI'lt:spolllling ta tilt' telht'!' k, q", It is given by

':Jf {N-I
O~ " = -Ii"" L (Fj":Tr ,, + ji"A"j:TbJ' [dr , +n~ {rj - 3(i•.rj)i.}]

q" j=1

+ (Ii) Aj,,:Trn - jijji,,:Tbn ) , [db, + n~ {hj - :3(Î.'bj )i.}]}

-Ok>, {p"t' ([1't" +n~ {'Dt" - :3(i.''Dt,.}L}] ,'Dl:, + :Tt,,' [dt"

! ., {- : - : }]) 1 EA"lr
" il (oE,,) 1 }+ 2~ rt" - :J(IC'·rt,. )1(' (a: 1I + -,)- ~ -')- (.r:u

_111 U (Jq" ( q"

- {(1~"'Dr,, +li"A",,'Db,,)' [1'r, +n~ {'Dr, - :3(i,'Dr,JQf
+ (ii"r\t:" 'Dr" - il"ji,,'Db,,) ' [1'b, + n~ {'Db, - :3(i.'Db,)i.,}f}

1 8Q"+-- (4,32)
III tJq" '

wh,'r.. lIIatric..s ::r allli colullIn vectors 'Pare defined as follows:
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:T _ iJ'Dr"
r,. --rr-

q"
l' _ iJdr ,

", - iJq"



. [Of)• Matrlx oq

Similarly Matl'ix [Of) l'an he written asoq

âfl ofl
iJql Oq2

âf2 of2
âf Oql Oq2
âq =

8("'-1 âfN_1
oql âq2

\\'h~l'e

ofl
oqN-1

of2
oqN-1

(4.:1.1)

and wlullIn vectol'S n art' defined as

(4.:15)

n Odr"
rll=-ü' ,qk

'R. Üdt"
tll=~

uqu

•

Theil' expressions can also be fuund in Appendix D.

J b· . âQ d âQ
aco lan matrices -;:)' an a'

oq q

Among tlll' thrt'e cOlllpont'nts of the generalized forces Q", defined ill EII' (:1.1), th"

.Jacuhiall matrices cOl'rcspulllling tu Qo can be ca1cnlat"d if tlll' l'xplkit expr"ssioll

uf QI) as a fnnction uf the gellt'ralized coul'llillatt!S is pl'uvidl'I!. ,/awbian matl'ÎI'''s

l'()l'n'spullding 1,0 tht' generalizl'd ael'odynamÎl' forces Q,l fol' a gl'II"r;d CI""', an' Vl'l'Y

wmplirated ta evaluate. Theil' calculations for a simple CI"~(', a twu·IJUdy Syst('III, is

given analytil'ally in Chapter 6. For a more complex system tlll.'y shunld hl' caklllat('"

111111ll'rically.
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• l.isillg tlle previous formulation for the generalized force.s due 1.0 the material

"""lpilg. Qu. hen' w,' "ail express the corresponding .Jacobianmatrices in the ,'xplidt.

1'01'111. Let. ilS rewrite QD defined in Eq. (3.39) as

QD = Cq ,

wlJer<' the matrix C is a function of the generalized coordinates only. Since at the

l''1uilibrinm point q' = {O}, it is very easy to see that

(4.:38)

(4.39)

Ilnd

(8~r =(~~qr + (c~:r =C'
Hence, the corresponding Jacobian matrices al. the equilibrium point are simply given

by

wll<'I'l'

C EAnll.. a (8&n) l
Il = -')- -{) -ü' (.;1:"

_ U qn qn

4.5 EigenvaJue Analysis

[OJ
[0]

c~\' -1

(4.40)

(4.41)

•

Onl'l' tlll' cquilibriulll point and the linearized matrix cquation of motion of the

syStl'11I ahuut tllis l'articulaI' solution are obtained, we can cakulate the eigl'nfl'l"

'1I1"lIcis as wl'll as the associated mode shapes gove11ling the oscillations uf the linear

sysIl'm. 111 f,,<'t l\ll'se fl'l'qlll'ncies alld mode sllapes describe thl' mution of the lion­

lill<'ar system ill tlle vieillitY of the equilibrium point, as long as the lilleal'Îzation is

,'ali.1. B~' cakulating lhe eigenvalues of the lint'arized system. one ''1111 allalyzl' tlle



• stability of the system around the equilibrium point, in tilt' linear sen",'. CI,'"rly. this

"IHt!ysis is valid fur the motion of the system in the clos,' Ilt'ighbourholH\of Ihis 1'oilll.

This "pproach is used to ana\yze the stability of " tcthcred satt'l1itl' systt'm IIs,'d in

atmospheric missions, in Chapter 6. To ana\yze the stability of the lIunlin,'ar systt'm.

one must uti\ize a nonlinear approach such as LyapunO\"s second or indir.'!'t 1II"thud.

which is often very diflicult to implement for a general case. ",'jth some ,lSsllmptions,

this method is applied in Chapter ï, to control the motion of the system durillg th"

inherent unstable retrieval stage.

Rewriting the linearized equations of motion, given by Eq. (4.:J0), ill the fol1owillg

1'01"111

MeéCj +Deéq +Keéq = {O} , (4..1:!)

eigen\'alul's of the system l'an be obtained l'rom the fol1owing "lgehrak l'<lm.tion;

det(AÀ - B) = 0 ,

where

A _ (Mt [0]]
- [0] 1 (

_De _Ke]
B = 1 [0] ('1..14)

Since the order of the matrices A and B are 2N,,, Eq. (4.4:j) leads to a polynumialof

order 2N'1 in tel'lllS of À, which in tum rl'sults in 2N" sulutions for À. COITl'SpOlldillg

to each ,\",71 = 1,2, ... , 2Nq, there is an eigellVl'clur W" whkh is ubtained l'mm

(AÀ" - B) W" = [0) ,

III g"II,'ral À" allll W" al't' complex \'ariables alld "'li1 1", Wl'it.tl'II as

.Art = lJ" + i Wu • W" = V" +i V" . (,I"l(i)

•
w\II'I'l' i = R. For a mec\mnÎl'al system, sneh as ollrs tlll' t'ig'ml'allll's allt! l'jll;l'lI\'t""

lurs al't' t,jthel' r..alor ill a eumpll'x cOlljugatt' pair.
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• Th.. imaginary part of the n-th eigenvalue, W n , indicates the frequency of the

currespundillg mod.. and the real part, 71., relates to th.. damping ratio of this 1l10d...

Th.. stability of the linear system is evaluated by examining 71.'s. The system is

asymptotically stable if

is Inl,rgillally stabl.. if

'/" < 0 ,

71" :::; 0 ,

Il = 1,2, ... ,2N. ,

Il = 1,2, ... , 2N. ,

(4.4 i)

(4.48)

•

and is unstable if at least one of the eigenvalues has positive real part, i.e. ,

'/i > 0 •
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Chapter 5

NUMERICAL RESULTS OF
THE UNCONTROLLED
SYSTEM

5.1 Introductory Remarks

Based on the formulation developed in the previous chapters, a computer program

was generated. It is capable of handling two kinds of problems: (i) numerical inte­

gration of the equations of motion and (H) eigenvalue analysis for smal\ motions of

the system in the station-keeping phase. After discussing sorne aspects of the nu­

merical procedures and programming, typical numerical results are presented in this

Chapter. These results can be categorized in two grouPSj the first one is to llo/idole

the formulation while the second one is to get an insight into the general dynamical

behaviour of multi-body tethered systems.

5.1.1 Comments on the Numerical Procedures

After obtaining an equilibrium state of the system, eigenvalue analysis is carried

out by calculating the eigenvalues of the linearized system. The static equilibrium

equations (Eqs. (4.20)) are solved using the Newton-Raphson method for a set of

nonlinear algebraic equations. Once the equilibrium state has been obtained, matrices

A and B in Eq. (4.44) can be calculated. Eigenvalues of the system are then evaluated
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frolll E'I. (4.4::;), using the QR algorithm. Computation of the eigenva!ues was found

to 1... fast. As an examp!e, the eigenfrequencies of a 1ï -body system, in which every

elastic tether was discretized using 6 shape functions, were obtained in 66 seconds

011 a 486-DX2-66 PC computer. Of course the execution time depends on different

variables such as: proximity of the initia! guess to the equilibrium state, system

parameters, load distributions, etc.

Integration of the equations of motion was very time consuming, because of the

following maill reasons:

• The dynamical model involves many generalized coordinates. The computing

time is dramatically increased with the increased Dumber of generalized coordi-

nales.

• Tbe set of equations of motion is stiff in the numerical sense, because the time

constants of the system vary by several orders of magnitude. For a mu!ti­

body satellite system the vibrationa! frequencies are much higher than those

of librational motion. The difference becomes larger during the initial period

of deployment and final perimj of retrieval, when the lengths of the tethers are

short. Therefore to !Iand!l' the integratiou, the step size must be c!losen to bl'

wry snlllll to expect a correct rl'sult.

• Sincl' tlll' mllSS matrix, M, and force veetor, f, are time and generalized coor-

<Iiuate depeudent, Eq. (4.1) must be so!ved at each time step to obtaiu q.

!'lot much "lm be done about these faets. One eould try to model the system \Vith

as l'.'\\' lit-grl't's of freedom i"~ possible to represent the actua! dynamies of the system

l'l'asuuahly. \.1sing appropriate shape functions is the best approach to reduC<' the

ord,'r uf the s~'stl'm.

ln order to solve the set of equations given by Eq. (4,1). whieh are liuear iu tt'rms
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•

of q, an LU decomposition method is used first. Integration of the stilf dilfcrential

equations is then accomplished by implementing Genr's method.

5.1.2 Remarks on the Programming

Prior to deriving the equations of motion of an N-body TSS system as olltlined in

Chapter 2, a symbolic program, using the symbolic manipulation language MAPLE­

V, had been developed. This program is capable of deriving the governing eqllations

of motion for the system under consideration symbolically and then transfer thcse

eqllations to a FORTRAN code for simulation and numerical purposes. Although

the program can be used for an arbitrary number of bodies in principle, because of

available hardware restrictions, it encounters difficulties with a system with either a

large number of bodies or a large number of elastic degrees of frcedom. That is becallse

ail the algebraic tasks sucb as integration in the energy expressions and dilferentiation

in the Lagrange's method, are left to the computer and MAPLE-V to handle. These

tasks are very time consuming and need a reasonably high specd computer with an

appropriate memory space, while ail calculations for this thesis were carried out on a

486 PC.

Difficulties with the above-mentionOO symbolic program motivated the present

formulation and generation of a numerical program, written in the FORTRAN lan­

guage. However the symbolic program was usOO to double check the results of the

numerical program. This was done in addition to comparing the results of the nu­

merical program with those of other investigators for some simple cases for validation

purpose.

Evaluation of the integral terms associated with the tether mass and elasticity,

appearing in the force vector (Eq. (4.10)), mass and Jacobian matrices (Eqs. (4.9),

(4.32), and (4.35)), is the most challenging and time consuming part of the numerical

task. For example, computation of the force vector and mass matrix of a three-body
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T55 with 18 degrees of freedom for a given state takes 22.1 seconds on a 486/66

PC computer, if Simpson's rule with 128 divisions is used for numerical integration.

This many divisions are needed to get six-digit accuracy. Howpver it takes only 0.16

",'cUlllls if those integra! terms are excluded. Thus one has to pay a heavy penalty

fur considering the small contributions from these integrals associated with the tether

mass, if they are going to be evaluated by numerical routines.

Illdeed this fact makes the numerical integration of the differential equations of

motion very time consuming, if not impossible at times. It needs to be overcome

somehow. The conventional way to tackle this difficulty is, if possible, to break the

illl.egruis into the summation of several smaller integrals, which need to be calculated

only Ollce. These smaller integrals are computed at the beginning of the program.

Huwevel', l.hat is almost impossible in the present case, because of the large number

of thesc integrals, say over a hundred, and the very complicated and lengthy relations

resulting from the breaking up the original integrals.

Hence, to solve this problem, advantage was taken of the 'translate' feature of

MAPLE-Y. Since the above mentioned integrals have similal' form for ail the tethers,

011" can calculate them fol' a general case analytically in MAPLE·Y. Then the results

al'" ll'1lllslated to some FORTRAN files, which are used as required subroutines in

the numerÎc program, ln order to make this calculation possible, the number of

10llgitudillal and transverse degrees of freedom must be known. In fad this number

is th,' col'respOllding maximum allowable number of elastic degrees of freedom of a

t<'1.h,'1' ill tlw nllmeric pl'Ogmm. Hel'e 2 is chosen as this maximum nllmbel' in each

dil'ldion. Although 2 elastic degrees of freedom in each direction is a l'easonably

l'l'illtic.d lIuml>el' in dealing with a rigid-elastic system, it imposes a large restriction

ou the fidelity of modelliug the tether flexibility. To remove this constraint one cau

inCl'ease il to a new numl>er, say 3 or 4, and obtain the requil'ed FORTRAN subl'outine

b~' ...,.ext'Cuting the MAPLE·Y program, written for this Jlurpose. However a largel'
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lIumber could not he chosen, because of the limitation of symbolie computation on a

PC. Ta overeome this restriction. anumerical trick "'as used so that an)' large nnmb"r

of elastic degrees of freedom, say 10 in eaeh direction, ean be eonsid.'n'd. Il. will he

diseussed in Section 5.2; case 3.

Although the output FORTRAN files resulting from the MAPLE-V program have

large sizes, approximately 200 K-bytes, the computation time is much smaller than

that for the numerical integration. For the example mentioned earlier, compntation

time of the force vector and the mass matrix decreases from 22.1 seconds to only 0.2

second, using this approach.

5.2 Eigenvalue Analysis

ln this section results of several cases, considered by other researchers, are used

to validate the formulatitm first. Then il couple of new cases, tlial call/l.ol bl' /lIll1dll'li

with the pl'Cvious investigations, are presented 1.0 show the capabilily of the 111't'sen/

wOI'k to analyze a multi-tethered system with a large number of fit'xi"le tcthcrs.

5.2.1 Validation

One cannot find in the Iiterature results of an eigenvalue analysis corresponding

to a multi-tethered system considering longitudinal as weil as transverse oscillations

of the tethers. Thus the following three cases are considered for comparisoll:

(i) eigenfre'luencies of the librational motion (rigid-body motion) of a four-body

system studied by Misra and Modi [65];

(ii) eigenfre'luencies of a three-body tethered system undergoing tmnsverse oscilla­

tions but no longitudinal motion, studied by l'umar et al. [(;4]:

(iii) non-dimensional planaI' eigenfreqllellcies of a two-body tetlll'rcd systullubtailled

by Pasea and Pignataro [26J which inc1ude both longitudinal ami transverse

uscillations.
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ln ail cases the system is in a circular orbit and in the station-keeping phase.

Case 1: Librational Frequencies of TECS

Table 5.1 shows the comparison betwccn librational frequencies obtained from

the present formulation and those of Misra and Modi 1651 for a four-body TSS, called

Tcthered Elevator/Crawler System (TEeS). The system shown in Fig. 5.1 consists

of a Space-Station (m2), lower and upper platforms (ml and m4) and an elevator

(m3) between the Space-Station and the upper platform. The following parameters

were chosen by Misra and Modi 1651: ml = m4 = 104 kg, m2 = 105 kg, m3 = 102

kg, il = 12 + 13 = 10 km; 12 was varied. Corresponding in-plane and out-of-plane

frequencies are shown in Table 5.1. The frequencies have been non-dimensionalized

by dividing them by the orbital frequency so that the results are valid for any orbital

altitude. The second and third column of the Table show almost exact agrccment of

the results for the in-plane frequencies.

Misra and Modi have shown that the in-plane and out-of-plane librational fre­

quencies are related by

(~y = G::f +1 (5.1)

where wOj and Wlj are the j-th out-of-plane and in-plane frequencies, respectively,

while nc is the orbital frequency. This relation holds for the results obtained from

the present formulation as shown in the last column of the Table.

Note that the lowest in-plane and out-of-plane non-dimensional frequencies are

equal to 1.7321 (= v'3) and 2, respectively, which are the same as those of the single­

tether case. In fnet, the tethers are aligned while oscillating with these frequencies

and the system behaves like a single-tether system. It may also he noted that the

third librational frequency is suhstantially higher than the other two and is associated

primarily with the transverse motion of the light elevator.
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Table 5.1: Non-dimellsiollal librational freqnellcies of TEeS; 1111 = 10' kg, III~ = 105

kg, 1/13 = 10~ kg, m. = 10' kg, Cl = 10' 111, (2 + (3 = 10' 111.

(2 fi WI Wo "'°rP"'î
[651 Thesis Thesis Thesis
U:J21 1.7321 2.0000 1.0000

50 1.8972 1.8972 2.1446 1.0000
245.6908 245.6908 245.6928 1.0000

1.i:321 l.i321 2.0000 1.0000
1000 1.8974 1.8974 2.1448 1.0000

57.7848 57.7849 57.7935 1.0000
U321 l.i321 2.0000 1.0000

2000 1.897.5 1.8975 2.1449 1.0000
43.3548 43.3548 43.3663 1.0000

l.i:321 1.7321 2.0000 1.0000
3000 1.8977 1.8977 2.145r. 1.0000

:37.8576 37.8576 37.87û8 1.0000
ua21 1.7321 2.0000 1.0000

4000 1.8!l78 1.8978 2.1452 1.0000
3.5.4 2li4 :l5.4264 35.4405 1.0000

1.i:321 l.i321 2.0000 1.0000
5000 1.8979 1.8979 2.1452 1.0000

34.7246 34.7246 :l4.7390 1.0000
1.7321 l.i321 2.0000 1.0000

6000 1.8980 1.8980 2.145:l 1.0000
:l5.4552 35.'1552 :l5.4ti9:l 1.0000

1.i:321 1.7:321 2.0000 1.0000
7000 1.8981 1.8981 2.14.14 1.0000

37.9191 :37.9191 37.9:l23 1.0000
U321 1.7.'321 2.0000 1.0000

8000 1.8981 1.8981 2.14,54 1.0000
43.4605 43.4605 43.4720 1.0000

1.7321 1.7321 2.0000 1.0000
9000 1.8981 1.8981 2.1455 1.0000

.57.9728 57.9728 57.9814 1.0000
U321 l.i:l21 2.0000 1.0000

!l995 1.8982 1.8982 2.1455 1.l)OOO
778.:3286 778.:3287 778.:l2!1:\ 1.0000

92



•

•

Table 5.2: Ill-plane dimensionless frequencies (win,) of a 3-body system (Cl +f2 =10
km, ml =105 kg, m2 =5 X 103 kg, m3 =104 kg, P =6 kglm, EA =61645 N)

Ca.~ .. 1: tdt2 = 1/5 Case 2: edt2 = 1/3 Case :3: ttle2 - III
Mode Thesis [641 Thesis [64J Thesis -[64] Type

1 1.725 1.732 1.725 1.732 1.724 1.732 Lib.
2 6.503 6..506 5.692 5.694 5.164 5.166 Lib.
:1 22.084 - 21.959 - 21.094 - Long.
4 80.5:35 - 70.817 - 63.867 - Long.
5 81.807 81.756 89.291 90.484 13:3.075 134.088 'l'l'an.
6 161. I:31 162.917 178.665 180.366 146.909 147.642 'l'l'an.
7 244.424 24:3.821 271.027 269.843 266.:356 267.580 'l'l'an.
S :122.178 326.062 278.702 279.322 294.268 295.18:3 'l'l'an.

Case 2: Eigenfrequencies of Transverse OsciIIations of a Three-Body TSS

Table .5.2 compares the in-plane, non-dimensional eigenfrequencies (win,) of a

th l'ce-body tethered system obtained by the present formulation, with the results of

I\umar et al. [64]. The system consists of three point masses, ml = 105 kg, 7112 =5000

kg, 1l!3 = 104 kg, the two tethers having a linear mass density of PI = P2 = 6

kglkm and axial stiffness EAI = EA2 = 61645 N. Three different cases of length

l'lmfigllmtions art· considered, assuming el + e2= ID km.

Althongh the linearized in-plane librations and e1astic oscillations of tlIP system

m',· COli pIed and el'ery eigenfre'luency cont~ibutes to the motion of ail the generalized

<'oordinates, the coupling is fairly weak so that each fre'luency can be associated

"xdllsil'ely with either libration QI' one longitudinal or one in-plane transverse mode.

This cali Ill' vl'l'ifi"d by observing the corresponding eigenvector. Thus the modes are

....sil)' id"ntiliabl,' and are shown by the label 'Type' iu the last column of Table 5.2.

Sine<' l\ull1ar et al. [64] did not consider longitudinal e1astic oscillations of the

tethers iu their analysis, they have no eigenfre'luencies corresponding to thesf' modes

of th.. syswm. Although the results of the present fonnulation are in good agrf't'nlf'nl
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with those of Ref. [64], the small differences cOIn be explained as folluws: ignoring

th.. longitudinal elastic usrillations leads to omitting tIlt' gyrusrupk l'lf"fts in tl",

lin..arized form of in-plane transverse motion.

Case 3: Eigenfrequencies of a Two-Body Tethered Satellite Syst.em

Tables 5.3 and 5.4 compare the non-dimensional planaI' eigcnfrcqllend,'s uf ditf"rl'nt

rases of a two-body tethered system obtained from the present formulation with thos,'

of Pasca and Pignataro [26]. The results are fol' single-tether systems, how,'vl'I" ther,·

is a very interesting point to note, showing the capabilities of the present furmulation

for multi-tether systems.

As was mentioned in the previous section, the number of elastic modes of a t.l'thl'r

in each direction was limited to two in the computation dne to symbolk manipnlatiun

limitation. It means that each tether Olt most COll Id have six e1astk DOFs. Wit.h t.his

limitation, one cOIn expect to obtain only the first t.wo longitndinal and the Iirst.

two transverse eigenfreqllencies of the in-plane motion of a t,wo-hody (singh,-t.l'l.h,'r)

system, and the higher frequencies of the system can not. be caknlat.ed. BOWeVl'I',

using what we cali a segmcnted.tetlle7· model, i.e., by breaking the tetl"'rs to a nnlll\...'r

of snmller tethers and plltting a very small mass ,..t the connection points of the sl1HLller

tethel's, one cOIn obtain the higher freqllencies of the system tu whatever ordel' Olle

desires, limited only by the numerical compntatiun I:apahility uf the facility beillg

used. This in fact shows the very powerful feature of the present fOl'lnulatioll ill

handling multi-tether systems.

Table .').:3 compares the results of Ref. [26] and the pres"lIt formulation, elllploying

a sl'gnwnt..d-teth..r model, fol' a two-body tethered syst,'m with tetl,,'r density, fi =

5.;(j kg/km. lungitudinal stilfness, EA = 2.8 x 10" N; and varions tel.her length and

lIlass wmbinations. TIlt' orbit is a circnlar one wit.h OI'hital radius, Re = (i(j!j; km.

As an,·xample. th.. two-body t.ethered syst<'m in the firsl casl' (e = 100 km, /11.1 = 106

94



•

•

Tahl" .5.:1: ln-plane dimensionless frequencies (w/n c ) of a 2-body system (p = 5.76
kg/km, EA =2.8 x 105 N)

f = 100 km f = 20 km f=20km
Mode ml = 105 kg ml = 00 ml = 00 Type

m2 = 500 kg m2 =576 kg m2 = 115.2 kg
Thesis 1261 Thesis 1261 Thesis 1261

1 1.731 1.794 1.732 1.733 1.732 1.742 Lib.
2 6.389 6.905 12.777 12.780 6.709 6.750 Tran.
3 12.059 12.457 25.245 25.241 12.747 12.811 Tran.
4 17.879 18.269 37.795 37.771 18.929 19.014 Tran.
S 23.742 24.143 50.369 50.319 25.148 25.256 Tran.
10 53.344 53.807 Tran.
11 054.541 54.559 Long.
12 59.337 59.7SS Tran.

kg, 1l!2 = SOO kg) is represented as a 21-body system with ml = 105kg, mi = .001

kg,i = 2, ... ,20, m21 = 500 kg, and Pi = 5.76 kg/km, fi = 5 km,i = 1, ... ,20.

ln addition to the tluee rigid OOFs, three elastir OOFs (one longitudinal, one in­

plane tl'ansverse,. and one out-of-plane transverse e1astic OOF) are considered for

.'ad. segment. In total, the system has 120 OOFs of whieh 20, corresponding to

the tether lengths, are not involved in the eigenvalue problem since the system is in

tilt' station-keeping phase. It takes only 80 seconds to find the fixed point and the

cigenfrcqucncies of this system on a 486/66 PC computer.

The first colunlll of Table 5.3 shows the order of the eigenfrequencies, while th..

la.'t colun1ll l'l'presents the type of the modes. As can be seen the resulb for the

sl'coud case (f = 20 km, III] = 00,1112 = 576 kg) agree better than the two other

,·as.'s, b,'cause the parameter "'1 = pf/1II2 defined in Rer. [26], which has an important

rul., in their analysis and the employed perturbation method, has a much lower value

in this case than the other cases. As mentioned by the authors in Rer. [2G], their

results are more accurate for smaller "'l, which agree better \Vith the !>l'esent results,
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Table 5.4: In-plane dimensionless frequencies (w/n.) of a 2-body system (f = 20 km,
P= 5.76 kg/km, EA = 2.8 x 105 N)

Mode
ml = 10· kg Illl = 10· kg ml = 500 kg

Type
111.2 = 500 kg 1112 = 105 kil: 1112 = 500 kg

Thesis [26] Thesis [261 Thesis [26]

1 1.732 1.738 1.715 1.728 1.732 1.742 Lib.
2 11.956 11.993 14.<>32 8.486 8.341 Tran.
3 23.578 23.644 113.430 113.385 16.507 16.191 Tran.
4 35.286 35.368 227.023 226.736 24.637 24.155 Tran.
5 47.019 47.112 :340.934 340.095 32.799 32.142 Tran.
6 455.167 453.455 Tran.

Table 5.4 shows the effect of the mass-ratio of the end-bodies on the in-plane

eigenfrequencies of a typical two-body tethered system. Since"Y has reasonably small

values in these cases, the results given in [26] are accurate and are in good agreement

with those of the thesis. However, in one of the cases, the second mode, which is a

longitudinal mode, has somehow been missed in Ref. [26].

5.2.2 New Results for Multi-Tether Systems

VibrationaI Frequencies of TEeS

Table 5.5 presents the eigenvalues of the TEeS in both the absence and presence

of material damping of the tethers. Here the mass of the end-bodies and lengths of

the tethers are slightly different from those of the previous case (i.e. Table 5.1). In

addition, the tet,hers are considered to be elastic and massive. The new paramctCl's

are chosen as follows: ml = 104 kg, m2 = 3 x 105 kg, m3 = 5000 kg, 1114 = 104 kg,

fI = IO..'i km, f 2 = I km, f 3 = 9 km. The tethers have a linear mass dcnsity of

PI = P2 = P3 = 6 kg/km and an axial stiffness of EA I = EA2 = EA3 = 6157.5.2

N. Th.. system is ill a circulaI' orbit at an altitude of 450 km, alld is in the station­

keeping phast'. The e1astic oscillations of each tether are represented by :1 elastie

DOFs. ont' longitudinal. Ollt' in-plane and one out-of-plane transverse eillstic mode.
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Table 5..5: Eigenvalues and nominal stretches of the tethers of TEeS (ml = 104 kg.
"'2 = 3 X 105 kg, ma = .5000 kg, m4 = 104 kg, il = 10..5 km, f 2 = 1 km, fa = 9 km,
p =6 kg/km, EA =61575.2 N)

Mode
ln the absence of ln the presence of

Type
material damping material damping

System eigenvalues

1 o± 1.7247 i -0.00001 ± 1.7247 i I.P. Lib.
2 o± 1.7839 i -0.00001 ± 1.7839 i I.P. Lib.
3 o± 2.0000 i o± 2.0000 i D.P. Lib.
4 o± 2.0512 i o± 2.0512 i D.P. Lib.
5 o± 8.4160 i -0.00001 ± 8.4160 i I.P. Lib.
6 o± 8.4768 i o± 8.4768 i D.P. Lib.
7 o± 21.7990 i -0.26528 ± 21.7974 i Long.
8 o± 22.7067 i -0.28789 ± 22.7048 i Long.
9 o± 68.8932 i o± 68.8932 i I.P. Tran.
10 o± 68.9004 i o± 68.9004 i D.P. Tran.
11 U± 78.4984 i -0.00000 ± 78.4984 i I.P. Tran.
12 o± 78..5047 i o± 78.5047 i D.P. Tran.
13 o± 105.:3134 i -6.20478 ± 105.1304 i Long.
14 o± 723.1814 i o± 723.1814 i I.P. Tran.
15 o± 723.1821 i o± 723.1821 i D.P. Tran.

~ Tether Stretches: efl = 67.835 m, e~1 - 6.464 m, e~1 - 55.351 m ~

Therefore the complete attitude motion of the system is described by 15 DDFs. The

etl','d, of mat.el'Ïal damping of the tethers on the response of the system is studied by

int.roducing a damping ratio of e= 1.2% based on the first natural frequency of the

longitudinal elastic oscillation of the system.

Eigt'nvalues of the system in the absence and presence of material damping of the

tl'l.hers are given in Table 5.5. At the bottom, the longitudinal stretches of the tethers

in t.h,' eqnilibrium position of the system are given. The material damping affects the

in-plan" longitndinal modes strongly, but the in-plane transverse modes through a

weakt'r l'Oupling. Thus the eigenvalues associated \Vith the transverse oscillations

have much snllliler damping (negative l'l'al parts). That is because the steady state
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longitudinal is non-zero. This can also be observed in the dynamical response of

the system given in Section 5.3.2. Since the material damping affects tht' longitudinal

oscillations of the tethers through first order terms, while the in-plane and out-of-plant'

motions are completely decoupled in the linear sense, the material damping has nn

eifect on the out-of-plane frequencies. Also one can notice that the matt'rial damping,

here, has almost no eifect on the natural frequencies of the system (imaginary part.s).

but has a greater eifect on the l'l'al parts of the eigenvalues associated with the high..r

modes of the system.

Case 1: Eigenfrequencies of a Ten-Tethered TSS

Table 5.6 presents some results for a 10-probe tethered system deployed from the

Shuttle and compares the first ten longitudinal and the first ten transverse frequellcies

with those of a single-probe case. The two-body system is exactly the same as 11ll'

first case of Table 5.3, while the multi-body system cOllsists of 1111 = 105 kg, lIIi = 500

kg,i =2, , Il, Pi =5.76 kg/km, EAi =2.8 X 105 N,i = 1, ... ,10, fI = 55 km, fi = 5

km.i = 2, ,10. Thus the total tether length is the slUne (100 km). Both systems

have the same orbital motion. One can observe many more 10w-fre<luency elastk

modes fol' the 10-probe system. It is also noted that the ill-plalle and out-of-plane

transverse frequencies are related by (wo/nc)~ ~ (wJ/nc)~ + 1. Note that becllnse of

coupling between elastic oscillations and librations of the tethers, this relation, which

is exa<·t in the case of rigid tethers, turns to be an approximation.

5.3 Transient Dynamics

Several simulations of three-dimensional transient dynamics of tlHee-body and

fun l'-body tethered systems were carried out using the nonlinear equations of motion

(Eq. (4.1)) derived in the previous chapters. Among them some were chosell so IL~ tn

verify tlll' formulatioll alld the illtegration progralll .
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Tahle 5.6: The first ten non-dimensional longitudinal and transverse frequendes
(w/ne ) of a 2-body TSS and an lI-body TSS (p = 5.76 kg/km, EA = 2.8 x 105

N).

Case 1: Single-Probe TSS Case 2: Ten-Probe TSS
Mode ml = 105 kg, m2 =500 kg ml = 105 kg, mi = 500 kg

f = 100 km fI = 55 km, fi = 5km

Longit.
Transverse w2_w2

Longit.
Transverse loi' _1.0.12

~ WJ ~WI WO , Wo ,
1 54.541 1.731 2.000 1.002 24.209 1.726 2.000 1.010
2 208.026 6.388 6.466 1.002 93.781 4.882 4.984 1.005
3 389.134 12.059 12.101 1.002 174.065 8.356 8.416 1.005
4 577.896 17.879 17.907 1.002 251.930 11.940 11.982 1.005
5 771.800 23.742 23.763 1.002 321.395 15.605 15.638 1.006
6 971.095 29.627 29.643 1.002 370.592 19.331 19.358 1.006
7 1176.628 35.528 35.542 1.002 412.193 23.039 23.061 1.007
8 1:389.404 41.445 41.458 1.002 463.049 26.241 26.260 1.008
!I 1610.410 47.383 47.393 1.002 508.205 28.699 28.716 1.008
10 1840.492 5:3.344 53.354 1.002 .542.257 32.367 32.383 1.008

5.3.1 Verification: Librational Dynamics of a Three-Body
TSS

Transient d~'nalllicsof two different three-body tethered satellite systems with rigid

aud massless tethers are considered here, in order to verify the formulation.

Case 1: Constant Lengths

Th.. first syst..m is the Same as the one that Misra and Morli [65J cOllsidered. lt is in

the station-keeping phase and has the following parameters; ml = 105 kg, 1112 = 500

kg. 7//3 = 104 kg. CI =200 m, f 2 =:300 m. It is kllown that the motion of th.. system

abuut tlll' local vertical is composed of stable oscillations involving various natural

frl''1UI·ul·il'S. Thl'Sl' llatural fre(IUencies for th.. present system are aS follows:
• W/ _ . W/

In-plalll' frl''1UencIL'S: T = 1.1321, -' = 15.21:39 ,
.le ne

Out-of-plane frequencies: W~I = 2 , W~: = 15.2467 ,
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where they are nondimensionalized using the orbital frequency, ne. Figure 5.2·a

shows the response corresponding to small initial deviations from the local vertical:

91 = 2°,92 = 5°, </>1 = 5°, </>2 = 4°. The oscillations are stable and identical to those

obtained by Misra and Modi [651, thus validating the present formulation.

Figure 5.2-b shows the response of the above system to the following set of initial

conditions: 91 = -89.95°,92 = -89.95°,</>1 = 2.9°, </>2 = 2.3°. In fact these initial

conditions are small deviations from the local horizontal equilibrium state, which is

an unstable one. One might think that the system will move to the stable vertical

configuration, which is not the case. It is true only for a specifie energy level; other­

wise, end to end tumbling takes place. As can be noticed in Fig. 5.2-b the nonlinear

system keeps on rotating in the orbital plane, while the out-of-plane motion remains

small.

Case 2: Variable Lengths

The second system is the system that Monshi et al. [50J studied. They obtained

numerical simulation results for uncontrolled exponential retrieval of the system. Here

in addition to exponential retrieval, exponential deployment is also considered. In

order to compare the results with those of Monshi et al. [501, the length rate was

chosen as:

(5.2)

•

where ci is the exponential rate corresponding to the j-th tether. The negative value

for ci results in retrieval of the j-th tether while the positive value corresponds to its

deployment.

The system consists of three bodies with the following masses; ml = 105 kg ,

m2 = 5 x 103 kg, and m3 = 104 kg. In the deployment case the exponential rates, cis

were chosen as CI = C2 = 0.3, while for retrieval they were chosen as CI '" -0.1 and
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C2 = -0.5. The corresponding initial configuration of the system is given in the figure

captions. Figures 5.3 and 5.4 show the pitch and roll angles as weil as the length

variation of the two tethers during the deployment and retreival phases, respectively.

The pitch motion during retrieval are compatible with those of Monshi et al. [501,

while the other results were not obtained by them. As can be noticed, the system is

stable in the deployment case, while it is highly unstable in the retrieval one.

5.3.2 Numerical Simulation of TEeS

With sorne confidence that the formulation and coding are correct, a four-body

system (TECS) is now considered.

Case 1: Constant Lengths

Simulation up to 17000 sec ('" 3 orbits) of the station-keeping phase of TECS

was carried out with a set of initial conditions which perturb the system from its

equilibrium position and excite its general dynamics. The system parameters are

exactly the same as those used to determine the system vibrational frequencies in

Section 5.2.2. The initial conditions were chosen as follows:

/11 = .07 rad(4.01°), tPl = .05 rad(2.86°), ~II = 64.0 m, '111 = 10.0 m, /111 = 0.0 m

/12 = .03 rad(1.72°), tP2 = .04 rad(2.29°), ~21 = 6.00 m, '121 = 0.0 m, /121 = 0.0 m

/13 = .03 rad(1.72°), tP3 = .04 rad(2.29°), ~31 = 52.0 m, '131 = 0.0 m, /131 = 5.0 m

Figure 5.5 shows the time history of some of the generalized coordinates of the system

in both the absence and presence ofmaterial damping. The effect of material damping

on the longitudinal oscillations of the tethers is quite evident. However, as has been

mentioned before, it has almost no effect on the transverse oscillations of the tethers.

1t can be seen that sorne higher frequencies of the transverse oscillations of the tethers

are damped out even in the absence of material damping. One might explain this in

terms of numerical damping, arising from the numerical procedures.
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• Case 2: Variable Lengths

Figures 5.6 and 5.i display simulation results up to 18 orbits for librational motion

and 2.5 orbits for vibrational motion of the tethers for a two-phase operation: de­

ployment of the elevator in approximately one orbit followed by the station·kœping

phase. The elevator (tll3) is deployed from the space-station by increasing the second

tether length. The following strategy was used for this operation;

(5.3)
t ~ T

t > T1
(2 = ((2)0 + !:J.(2 (t - !..sin(211't))

T 211' T
(2 = ((2)/ = ((2)0 + .6.(2

tll2 = (m2)0 - P2 [(2 - ((2)0]

where ((2)0 = 1 km, .6.(2 = 9 km, and T = 5600 s for the present case. The same

parameters were chosen as in the station-keeping phase and the initial conditions were

set as follows:

/II = .Oi rad(4.010), <PI = .05 rad(2.86°), ~II =64.0 m, 1'/11 = 50.0 m, /111 = 10.0 m

/12 = .03 rad(l.i2°), <P2 = .04 rad(2.29°), 61 =6.00 m, 1'/21 = 10.0 m, /121 =5.00 m

93 = .03 rad( 1.i2°), <P3 = .04 rad(2.29°), 61 =52.0 m, 7131 = 50.0 m, /131 = 10.0 m

•

The deployment strategy is shown in Figs. 5.6-a,b while the Hamiltonian of the

system is shown in Fig. 5.6-c. Note that during the station-keeping phase the Hamil·

tonian is conserved which gives sorne confidence in the formulation and numerical

analysis. Examining the results shown in Figs. 5.6 and 5.i, one can see that the de­

p\oyment here has a greater effect on the librational and vibrational motion of tethers

2 and :$ rather than on the first tether. lt can be explained by a very small e(fect

of deployment on the position of the centre of mass and consequently on that of the

loll't'I' platfol'm. The Coriolis effect on the librational motions can be Sl~n c1early

from Figs. 5.6-e,f. It can be seen that during the accelerating periOlI thesc motion

tend to grow, while it is the converse for the decelerating period. Therefore it is

l'vident that the librational motion can become very large, l'ven in the deployment

plwst'. fol' some deploying rates. Bt'callse of the very close librational freqllt'ncics of
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th" system iu the final station-keeping phase, there is a beat phenomenon between

tlll' librational motion of the first tether and the other two tethers. which can be s~n

iu Figs..1.6-d,e,f

Fig. .1.7-a shows the longitudinal oscillations of the tethers. It can be seen that

during deployment, the longitudinal stretches of tethers 2 and 3 are affected more

t.han t.hat of tether I. This is because of increasing tension in these two tethers due

to the dcployment of 1113 and 1114 to large distances from the centre of mass. Typical

trausverse vibrations of the tethers, usually oscillatory motions with high frequencies

are shown in Fig. 5.7-b. The shorter the tether length, the higher the frequency.

5.4 Microgravity Evaluation

A variety of experiments, dealing with material processing, pharmaceutical re­

search, have been proposed for the Space-Station microgravity ld.boratory. The

tllreshold levels of acceleration noise for such experiments range l'rom 10-2 to 10-8 g.

l'ether ElevatorJCrawler System (TEeS) can be used for this purpose. Microgravity

experiments can be carried out onboard a stationary microgravity laboratory (SML)

that is attached to the Space-Station. ln order to minimize the gravity gradient accel­

eratiou ouboard tllis laboratory, the centre of mass of the system must be as close as

Jlos5ibll' to tlll' stationary microgravity laboratory. The abovl' range of microgravity

t'IUl Ill' acllieved by crawling the elevator between th!:' Space-Station and the upper

Jllatfol'll1 aud controlling the tether lengths.

Microgravity acceleration of body i located at il measured in the orbital frame

is defiut'd as the difference between the absolute acceleration of the body and the

a"",'It','at.iou a.·tiug on the body resultillg l'rom the Earth '5 gravity, i.e,

.... GM
ai = Rd il + - _ (Re +Ri)

1Re +R;13

:\ot.., tllat fur a circulaI' orbit. when Ri becomes zero. i.e, thl' j-th body is located at
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the origin of the orbital frame which is assumed to be coincident with the centre of

mass, the microgravity acceleration becomes zero.

Herp microgravity fluctuation of the TECS, which is initially located at its equi­

librium position along the local vertical, due to application of thrusters of the Space­

Station is studied. The system parameters are exactly the same as those of Section

5.3.2. The thruster exerts the following thrust in this operation;

t = 0 t < to,
- 'Ir(t - to):
T = To cos JI to< t < tl ,

tl - to
t = 0 t l < t < t2 ,
- To 'Ir (t - t2) •
T = - cos k l t2 < t < t3 ,

20 t3 - t2

t = 0 t > t3'

where To = 5000 N, to = 720 s, tl = 840 s, t2 = 1440 s, and t4 = 1560 s.

Figures 5.8 and 5.9 show the librational and some of the vibrational motions of

the tethers, respectively. Microgravity variation at the Space-Station as weil as the

elevator level is shown in Fig. 5.10. As can be seen the system is initially at rest, as

far as the attitude motion is concerned. Because of the thruster force, the librational

motion as weil as the vibrational motions of the tethers are excited. Consequently,

microgravity acceleration at the body levels fluctuate.

One can appreciate the value of this formulation when needs ta compare the

results for the case in which the elasticity of the tethers are ignored with those when

it is considered. In Figs. 5.8 and 5.10 the solid-lines represent the flexible tether case

while the dotted·lines correspond ta the rigid tether case. Comparing the microgravity

acceleration at the Spaee-Station and elevator levels, we can say that the closer ta the

centre of mass of the system, the more affected is the microgravity by the flexibility
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of the tethers. It can be seen that at the Space-Station level, where the laboratory is

locatcd, the radial component of the microgravity acceleration (x-component), is more

aff..cted by the tethcr oscillations than those of the transverse components (y and z­

cumJloncnts). That is b"cause, in general, the transverse components of microgravity

acccleration are mostly influenced by the Iibrational as weil as the vibrationalmotions

uf the tethers, but at this level the transverse oscillations of the tethers are small and

haw no significant effects on the transverse component of microgravity. However,

as can be seen the x-component, which is the most important component in the

mkl'ogmvity experiments is highly affected by the longitudinal oscillations of the

tethers. Hence we can conclude that ignoring the f1exibility of the tethers in evaluating

thl' microgravity accelerations leads to inaccurate results.
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m4 Upper P1atform

Upper Telher l3

m3 EI.vator

SpIC••Slation

Lower Telher l1

m1 Lower P1atform

Figlll''' 5.1: Teth,,1' Elevatol'/Crawlel' System (TECS)
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Figure 5.3: Transient response of a three-body TSS, deployment: fI (0) = 20 m,
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Chapter 6

STABILITY ANALYSIS OF
SYSTEMS IN ATMOSPHERIC
MISSIONS

6.1 Introductory Rcmarks and Assumptions

As mentioned in Section 1.4, a tethered satellite system, which is normally stable or

marginally stable in the absence of any external forces other than gravitational force,

can become unstable due to the combined effects of the stiffness of the tethers and the

Il.tmospheric density gradient. It is observed that there is no instability if one of these

two factors is ignored. So far the researchers have examined the role of aerodynamic

drag in their analysis and no study can be found that analyzed systematically the

role played by aerodynamic lift in the uncontrolled motion.

ln this chapter, to start with, the stability problem for a single-tether system is

reviewed, considering only the aerodynamic drag on the system. It is then extended

to multi-tethered systems. The effects of aerodynamic lift on the stability of the

system is studied next. Since our objective is to examine the qualitative behaviour,

only a two·body, i.e. , a single-tether system is considered for this part of analysis.

It is expected that a multi-tether system will behave similarly. It is assumed that

the system is in the station-keeping phase and moves in an equatorial circular orbit

around the spherical Earth.
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• 6.2 Stability Analysis of Single-Tether Systems

6.2.1 Equations of Motion

ln order to conduct our discussion here, let us assume that the s~·stem. shown in

Fig. 6.1, has a massless and straight but not rigid tether. Tlms one has to use onl~'

the first longitudinal mode shape, given in Eq. (2.56), to model the elastir motion of

the tether, i.e., 1

u(x, t) = (~) ~ , (6.1 )

where, L is the nominal length of the tether and is constant. Since the system is

a single-tether one and is in the station-keeping phase, it has only thret' <1egrel's of

freedom. The vector of generalized coordinates is then defined by

(ti.2)

(li.:I)

(6,4 )

•

where () and t/J represent the in-plane and out:of-plane librational angles of the tether,

respectively, while ~ represents the total stretch of the tether.

Identifying different terms in Eq. (2.iI) for the present system, ddining the lun­

gitudinal strain

~
f = L '

as a new elastic generalized coor<1inate instcad of ~, and performing some algebra,

the eql1ations ..,f motion can be obtaincd as follows:

• ['2 2 ( ')2 2( 2 2 )] EA (J,
f - (1 + f) t/J +cos t/J fic +() + fic 3 cos 0cos <p - 1 +-L1 = -L2 '

Ut. fil.

.. '). '( ')' 2 (fie +Ô) f . 2 " ,_ (Joo- _tan tp fic +0 t/J + + .lfle511I 0cos () - L2( 1 )2 2.1,'
1+ f m. + t t:os,~

)'.i. Q'
• :'t", [( ')2. 2 ,2]', 1.

4> + 1+ t + ne +0 + .Iflecos () 5111 t/J cos t/J = III. L2 (1 + f F '

1Nole lhal since the system has anly one tether, ail suhscripts carrespolldillg ta tl,,: tcther 1I111111,.r
Uft' olnittt'd in this s('ction .

Il!!



• wller.. IlL. is tlle equivalent mass defined by

(6.5)

aurl Qo, Q", and Q, stand for the generalized aerodynamic forces corresponding ta

tlle generalized coordinates, 8, t/J, and f, respectively. Using Eq. (:t22) they can be

Qo = -(1 + f) cost/J 1'·.It ,

Cd", = (1 + f) 1'.kt

Q ~.(= -rOlt , (6.6)

(6.ï)

•

wher.. ItJt, kt are the unit vectors along the tether coordinate system and l' is the

rl'slIltant at'rodynamic torque about the centre of mass and is given by

~ ~ ft. ~
l' = -(L - C.)/I +C./2 + x. dit .

-(L-t.)

III E«. (6.ï) il,ï2 and dit l'l'present aerodynamic forces acting on the end-bodies
. mIL

and an element of the tether, respectlvely, f.. = is the nominal distance of
ml +m2

th.. subsatellite with respect ta the centre of mass and x. is the distance measured

frum tlle centre of mass of the system along the unstretched tether doumward. The

at'rUllynamk forces il' i2 and (lit are calculated using Eq. (:3.8).

Tu writ~ tlll' genel'lllizl.d aerodynamic forces explicitly, which is needed for any

flirt lu'" anai)'sis. thf~ geollletricai configuration of the bodies must be known. For the

sak.. uf simplicity the following is assumed:

• 1'11.. maill satellite is Olt a higher altitude and above the sensible atmosphere
slll'Il tllat tlll' aerudYlIllInic furce acting on it can be ignored.

• Tilt' ilt'rodYllamie l'orel' un the tether is negligible.

• TIlt' subsat<'1lit<' l'Onsists uf a sphere with ail attached lifting pane\.
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•
6.2.2 Linearized Equations of motion

ln order to have the linearized equations of motion in the explkit form, ollly two

dimensional (in-plane) motion of the system is considered here. Nonlinear eqllatiolls

of planaI' motion is simply obtained by removing the last lim' of Eqs. (liA) ami (Ii.li)

and substituting zero for ~ and tP in the other equations. Using E'l' (·1.21) for a

single-tether system \Vith the above-mentioned assumptions and the delinitions of ,

and Q" one can find the equilibriulJ1 states of the system from the following sd of

nonlinear equations:

EA 3(1 )n2 20 Q,.-L '. - + '. H. cos • = -L2 'm. 7n.

~n2 . ?O _ Qo,
?H.SIIl_ • - L2(1 )2'_ m. +'. ((i.8 )

where the subscript e denotes the magnitude of a variable at the equilibriu1Il l'oint.

Using Eqs. (3.10) and (3.11) the magnitude of the geueralized aerodynamic forces at

the equilibrium point are given by

where

. Q" = Pel. (A.Veue+ A"I\~,lv., cos.p) ,

Qo, = p.l. (A.V.v. + Arl\~.Iv., sinl/J) (1 + <e) ,

p.=poexp[l.(1 +f.)cosO./Ho] ,

11" = Il, cos 1/J +v. sin I/J ,

(Ii.!! )

((LlO)

•
while .;.. represents the angle between the lifting panel aud normal to the tether, l~~

shown in Fig. 6.1-b.
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(6.11 )

•
Sul,stitllting for QG, and performing some algebra in conjunction with som.. ap­

pruximation, one can show that th.. steady state angle O. is obtained from the solution

uf the transcenôelltal e'luation
.)

sin 20. ~ -Lfl2PoR~(fl. - Il)2 exp (e. cos 0.1 Ho) [A.. cos O.
3m2 •
+ Apl sin(O. +!pli sin(O. +!p) sin !pl .

Furthermore, the steady state strain is approximately given by

tc~ (EA 311l"Lfl2 20) {poR~(fl.-1I)2exp(e.cosO.IHo)[A.sinO.
71L2 • - m. c COS e

+ Apl sintO. +!pli sintO. +!p) cos !pl +3m2Lfl~ cos2 /J.} . (6.12)

Considering small motion about the equilibrium point (/J.,E.), Le.

/J = /J. +é/J , E = E. +éE ,

tilt' linearized e'luations of motion of the system are given by:

ü =(B+ A)u

wh,'J'e U is the stat.. vector defined by

u = {é9,éi,é/J,éE}T

(6.1:3)

(6.14)

(6.J.5)

B is the Jacobian matrix of the system in the absence of aerodynamic forces, while

A is th,· contribution of aerodynamic forces in the Jacobian matrix. Matrix B can

lit' cakulat..d either directly from Eq. (6.4) or {rom the general form of the linearized

t"l'llltiuns of motion, Eqs. (.1.30)-(4.:36). Those matrices can be written as:

[

ZlIZ5 ZIOZ3 Z9Z1 + Z10Z4 +ZlIZ6 Z9Z2 +Zl1Z, +Z12Z6 ]
A = Z15 Z5 Z\.I Z3 Z13Z1+ Z14 Z4+Z15 Z6 Z13 Z2+Z15 Z,

o Û 0 0'
o 0 0 0

0 _,)flc
-:3n~ cos 2/J.

n 2

- Zo -:3 Z: sin 20,

B= 2Zo 0 'JZ n 2 " ')0 EA 3fl2 2/J (6.16)-, 0 c Slll .... ~ -L+ •cos ,m.
1 0 0 0
0 1 0 0• 121



• where

Zo =(I+f,) .
ZI = -p,(.(l + f,)sinO,/Ho

Z2 = p,C. cos 0,/ Ho

Z3 = -C. ,

Z. = R,(!1, - A) cusO,

Zs = -C.(I + f,)

Zo = -R,(!1,- A)sinO, ,

Z, = -(!1, - A)e.

Zs = l ,

Z9 =(A.V.v, +Ap\v"IV" sin1/J) /1II2L(1 + f,) ,

ZIO = p, (A.v,ll,/ II; +2Ap l V" 1cos 1/J sin 1/J) /1II2L( 1+(,) ,
Zn =p,(A.v,2/V,+2Ap\v"lsin21/J+A.V.)/1II2L(1 +f,) ,

Z12 = p, (A.V,v, +Aplll"lv,. sin 1/J) /1II2L(1 +f,)2 ,

ZI3 = (A.V,ll, +04"\1';,1\1,, cos1/J) /1II 2 L ,

ZI4 = p, (A.II,2 IV, +2.4,,111,,1 cos2 r/J +A. 11;) /1II2L ,

ZIS = p, (A.v, Il,/ \1,. +2Ap l\1,,1 cos 1/J sinr/J) /m2L

6.2.3 ~igenvalueAnalysis

(li.! i)

The formulation results for various cases in the absence of aerodynamic forces we!'t'

validated in Section 5.2. In this Section, we extend the validation tu the formulation

with ael'odYllamic forces by comparing the results obtained here (suPPI'essing tl... ont­

of-plane motion) with those of No and Cochran [:J6] and Ollada and Watanabe [I!j]

fol' a spherical subsatellite (that is with no lift). The following data have \".'''11 nsed

in their studies:

• • radius of orbit Re = (i,(j X lOG (m)



• TIl"I.· 6.1: Compllrison of Results \\'ith other n>sl'Ilrchers

1. (km) The~i~ !\o lind COChra.ll [36] OUlI.da a.nd WatauaLe [15]

~.3S x lO-!. ± 2.26 x IO-Ji 4.38 x lO-s ± 2.28)( 1O-3i
1

4.15 x 1O-!.:!: 2.23)( 1O-3 j11.10

1

16 6.98 X 10- 13 ± 2.04 X 10-31 6.41 X 10-13 ± 2.04 x 1O-3 i .

14 -1.80 X 10- 12 ± 2.04 X 10-3i -1.83)( 10-12 ± 2.Q.I x 1O-3j .

• su"satellite mass

• angular velocity of the atmosphere

• tether stiffness

• drag coefficient

• l,erudynamic effective surface

• referenC(' Iltmosphere density at R.

• SI'llle height

m2 = 500 (kg)

Il = i X 10-5 (rad/sec)

EA = J04 (N)

CD = 2.2

Ac11 = 10 (m2 )

Po = US X 10-1• (kg/m3 )

Ho = 6iOO (01)

•

l'II<' same ùata are used here, excepting Acll and CD' Since Cv = 2 for a sphere in

this formulation, we compensate for the difference by choosing A, = 11, so that the

product CvA, remains the same. Also to make the comparison possible Ap is set to

ml 11l 2 •
zero alll\ it is assumed that 1/1. = ::::: 1112. The results obtamed here and

11/1 + r1l2

those uf the abo,"" mentioned researchers are given in Table 6.1. Il can be secn that

th., <'ig.'nvalue results 1'1'<' in good agreement.

Eff,'cts uf EA. L, and Re on the stability of the system for differ..nt radii of the

spll<'ril'al subsatcllite (R, = 0.25 - :J,O m) are shown in Figs. 6,2 and 6.a. Note that

III<' "ig"lIvah",s an' nondimensionalized with respect to tilt' orbital rate. Th.. results

1'1I111il'lll \\'hal Onada and \Vatalla"e [Hi] concluded in Iheir papl.'r. Th.. system luses

stabilily if the t(,tllt'r stiffness falls bdo\\' a certain value ur if th.. subS<lt<'1lit.. is plaœd

al a sullicil'nlly lu\\' ait itud.· by eitll<'r increasing L ur d"creasing Re.
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6.2.4 Simulation Results

1'0 obtain a better understanding of the problem some simulation rt'suits for in­

plane librational motion of a single-tether system are prest'uted llt're. The system has

th.. fol1owing parameters:

R, = 6·590 km. 111. "" 1112 = 500 kg. (. "" L = 100 km. A, = 10 m2
•

Pu = 6.1:39 x 10-1-1 kg/m3 at H,. Ho = 6;00 m .

and four different cases are considered:

• cast' 1: rigid tether with no aerod~'namic force;

• case 2: rigid tether wlth aerodynanùc drag on the subsatellite;

• case:3: e1astic tether with aerodynamie drag on the subsatel1it.. (E /1 = 105 N);

• case 4: same as case :3 but with El! = 4 x 104 N.

Figure 6.4 shows the librational motion of the system due to smal1 deviation

from its equilibrium point 2. 1t can be seen that the system is marginlll1y stabl... in

,·:.St' 1. Adding aerodynamÏc effects to case 1 results in a new e'luilihriulIl l'uint and

asym)Jtutical stability of the system. Howe\·t·r, the system clin be unstable, dt'I,,'nding

un II. .. stilfnl'ss uf thl' tether. if elasticity of th... tether is includ..d (case:l is stablt"

whill' casl' 4 with a smal1er EA is unstable).

6.3 Stability Analysis of Multi-Tethered Systems

Similal'I",llll\'iuur cali 1", observl'd in thl' dynamÏl:s uf a llIulti-tethered system that

is muving in a luw Earth orbit. In the fol1owing, the eigelJ\'alues and simulation results

fur twu dilf..rent tIJl't't·-budy systems are presented. The systt'ms dilfer ullly in tlwir

:: :\oh- thut the t'quilibriurll (Joillt differs from case 10 ca.se bccaus(' of litt· af:rodywUllic and chiS-'
tkity t:lfeclS.
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t,·ther stiffness. The system parameters are as follows:

He = li600 km, TItI = 10' kg, Tlt2 = 100 kg, Tlt3 = 50 kg, fI = 90 km, f 2 = 10 km,

A" = A" = a m2
, Po = l.aS x 10-14 kg/m

3
at Re, Ho = 6. ï km, Pl = P2 = 6kg/km.

The mass of the tethers as weIl as their transverse oscillations are considered in

the analysis. For the first case, the tether stiffness is taken as EA I = EA 2 = 104 N,

while for the second one it is EAI = EA2 = 10' N. Here only the in-plane motion is

st.ndied and one longitudinal and one transverse mode are considered for each tether.

The equilibrium configuration and the eigenvalues are given in Tables 6.2 and

6.:} respectively, for the two cases. Eigenfrequencies of the system in the absence of

aerodynamic forces are also given in these tables. Il can be seen that the systems are

marginally stable, when aerodynamic forces are not taken into account. Including

t.he ail' density gradient and the resultant aerodynamic forces leads to the instability

uf system 1, in which the modulus of elasticity of the tethers is much lower than that

uf system 2. Examining the eigenvectors of the unstable system, one can find that

llIust uf the instability is predominant in the Iibrational motion of the tl'thers. This

l'an be seen c1early in Fig. 6.5-a which shows the time history of librationalmotion of

tether 1 of the two systems. Typical time histuries of transverse oscillation of tethers

1 ami 2 of the second system is shown in Fig. 6.5-b, which are stable.

6.4 Investigation of The Aerodynamic Lift Ef­
fects

TI", sallll' configuration as that of Onada and Watanabe is lIsed in this investiga­

tion, "XCl'pt that a lifting panel is attached to the spherical subsatellit,· (Fig. 6.I-b),

in ul'lb tu stud~' the effects of the aerodym.mic lift on the system stability. l'Ill'

l'Ullll'arisoll is donl' lIy examining the l'l'al part of the critical eig.'nvalue (tlll' on<' with

th., lo\\'est imaginary part). \\'hich is usually related to the s\\'inging mution uf the

125



•

•

Table 6.2: Eigenvalues of system 1 (EA = 104 N)

ln the absence of ln the present of
aerodynamic forces aerodynamic forces

o± 1.7150i +1.0472 x 10-02 ± l.ï611 i
o± 5.0,510i -3.0389 x 10-03 ± 5.1246i
o± 7.6318i -8.0668 x 10-03 ± 7.7847i
o± 14.408i -1.2325 x 10-02 ± 14.449i
o± 22.196i -2.2157 x 10-03 ± 25.66Si
o± 116.aOi -5.6389 x 10-03 ± 11 7.31 i

Eqnilibrium Point

th, = 0.0·, O2, = 0.0· °1, = 3.26·, O2, = 12.0a·
(li, = 1350.5 m, (21, = 33.07 m (li, = 1344.3m, (21, = 26.:H 111

'Ill, = 0.0 , 1/21, =0.0 1/11, =319.6m, 1/21, = 121.5m

Table 6.3: Eigenvalues of system 2 (EA = 105 N)

ln the absence of ln the present of
aerodynamic forces aerodynamic forces

o± 1.7304i -3.8ï75 x 10-04 ± 1.764:1i
o± 5.0195i -2.8754 x 10-03 ± 5.1541i
o± 7..5930i -6.2044 x 10-03 ± 7.7690i
o± 22.057i -1.8583 x 10-03 ± a4.4:.Jai
o± 45.4,56i -2.0467 x 10-03 ± 45.579i
o± 367.76i -4.2271 x 10-03 ± :169.17i

Equilibrinl11 Point

°1, = 0.0·, O2, = 0.0· 01, =2.81.,°2, = 1O.2(j·
1'3'3 '3 '1 2~ (li, = 129.6111, (21. =0.24111(li, = .... m, (21. = " 1 m

'Ill, =0.0. '121. =0.0 '111. =267.0111, 1/21. =78.8111
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tether. The following parameters, which are more or less the same as those in the

Jln'vjous "ases are used in thi.. analysis, while the other paramelers vary as indicated

iu the graphs:

III.::::: 1f12 = SOOkg, A = i X JO-srad/s, Ho = 666im, Po = 1.13 X JO-14 kg/nl,

where po is the air density at Re = 6600 km. Since the aerodynûmic force on the

tether changes the results only marginally, it has been ignored in th-e following.

Figure (i.6 shows the effects of the added panel and the surface area ratio, Ap / A.,

ou the real part of the critical eigenvalue of the system, Re(ÀJl, and its equilibrium

Iibrational angle, 0" for two different values of t/J, which is the angle between the

panel and the normal to the tether. Here Ap and A. represent the surface area of the

panel and projected area of the sphere (7fR~) , respectively. Each curve in the graphs

represents a typical value of A• . Clearly, the system is unstable [R,(À) > 0] in the.
absence of the panel (A,,/A. = 0), but it becomes stable when Ap/A. is sufficiently

large. The minimum value of Ap / A. required for the stabilization depends on the

radius of the spherical subsatellite. Comparing Figs. 6.6-a and 6.6·b, one observes

that t.he elfects of the lifting panel change with t/J. For t/J =145· the stabilizing effect

is larger than that for t/J = 90· , while the changes in the equilibrium librational angle

are just the opposite, which is desirable.

Elfects of'/J on the equilibrium Iibrational angle of the tether and the l'l'al part

of the critien\ eigenvalue are shown in Fig. 6.i for a typical value of t/J, and for two

dilferent values of q (0 and 0.8). Similar trends are seen in bath cases. For a small

vallll' ofq', the lifting pllllel makes the system more unstable. This is because the

l'and pl'OdUl'es Il lift force which is 1110re or less along the tether and increases the

t.·ther tension. For largcr 1/' this component reduces the tether tension and makes the

syst.'m stabl.,. There is a jump point lltliJ = 160·, where the lifting panel is aJong the

(,,'Ialiw velucil~" Th., most appropriate value of t/J lies betw<'en 1:30· and 150· where
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the stabilizing effect is great.er and changes in 0, are smaller.

The effect of changing the parameters EA, R" and L, in the case of a sphere with

an added panel is shown in Fig. 6.8. Figure 6.8-a shows that the stabilization effeet

of the aerodynamic panel is greater when the main satellite is locatcd at a lower

altitude. Comparing the curves in Fig. 6.8-b, one conc1udes that the more nexible

the tether, the greater is the stabilization effect. Also, it is conc1uded from Fig. 6.8-c

that the stabilization effect is usually larger for a longer tether.

Simulation results, shown in Fig. 6.9, support the above discussion. Tin1l' histori'ls

of the swinging motion and elastic oscillation of the tether for tlll' case of a spherical

subsatellite without any lifting panel are givcn in Fig. 6.9-a. The cffect of lIdding

a panel is shown in Fig. 6.9-b, where the system has been stabilized without mueh

change in its equilibrium point.

Aerodynamic lift also strongly affects the stability of the system in the case of non­

sphericalsubsatellites. Figure 6.10 shows this for a cylindrical subsatellitc rigidly fixed

to a tether, making an angle I/J with the tether (Fig. 6.10-d). Each curvc represents a

different Heyd Rey/ (heightfradius) ratio, while Ac = 2H,y/Rey/ is kept .:onstant. For

a given angle I/J , decreasing Heyd Reyl means producing more lift and wnseqlwntly

increasing the stability of the system, which l'an be seen in Fig. 6.1 O-a,b,.:.

Since the in-plane and out.·of-plane motions are dccoupled in the lincarized cas,',

one expects the in-plane characl;eristics of the system to remain unchangcd when the

out-of-plane motion is addeel to th~ two dimensional case. Comparison of the rœ<ults

shown in Fig. 6.11-a for the three·dimensional case to that of Fig. 6.6-a <:urresponding

10 planar motiun of the same system confirms this. Howewr, it shollld 1.... ('mphasizl'd

that the out-uf-plane motion affects the in-plan" motion if the orbit is dther dliptieal

or nOIl·t"IUal.orial, or if oblateness of the Earth is takell into account. Althollgh tl",
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out-of-plane motion does not affect the planar characteristics in the present case, the

out-of-plane oscillation frequency (/m(À2 ) in Fig. 6.ll-b) decrt'ases from 2 due to the

ael'Odyuamic force effects.

6.5 Physical Interpretation

lu the absence of aerodynamic force and elasticity of the tether, any deviation

from the equilibrium position, local vertical, is restored by the component of the

gravitational force on the subsatellite normal to the tether. Aerodynamic drag which

is almost perpendicular to the tether, causes a slight deviation of the steady-state

position from the local vertical. The new position is obtained from the equilibrium

between the normal components of the aerodynamic drag and the gravitational force.

ln the absence of tether elasticity, any positive deviation from the steady-state con­

figuration puts the subsatellite at a higher altitude. Since the air density decreases

fXl'olle/ltial/y with an increase in the altitude while the gravitational force decreases

with ùlvel'Sf squal'C of Irl, the normal component of the net force opposes the swing­

iug motion of the subsl~telliteand retums it towards its equilibrium point. The same

df,,"t is observed for a negative deviation.

lu the presence of tether elasticity, a positive deviation from the steady-state po­

sitiou muscs the centrifugaI force to increase and the tether elougates, aud therefore,

tlll' altitudt, of the subsatellite decreases. ln this case, the normal component of the

rl'sult.aut fOI'<,e is iu the direction of the deviation and excites the swinging motion.

Similarly, the reverse holds true for a negative deviation.

A,ldiug tlll' lifting panel to the subsatellite imposes a new aerodynamic force on the

subsatdlite, which can be decomposed into two components, normal and tangential to

th,' 1<'tlll'r. Eadl of the".. two components can be used to stabilize the swinging motion

uf t III' subsal.,·llitt· iu a dilf,'renl lI'ay. The norllla\ t'<J111pOn,'nt shifts the equilibrium
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point to a higher altitude such that the destabilizing "jf..c! is 1.'Ss. Th., tangt'ntial

cumpont'nt opposes the centrifugaI force and dt'creases the tt't\wr elongation thert·hy

reducing the aerodynamic. force, and therefore stabilizes the swinging motion. Th.,

magnitude and direction of these components are changed by changing th.. position

of the lifting panel on the subsatellite.

1:10



•

(a)

C.E.

(b)

sphere

•
Figure 6.1: Tethered subsatellite system: a): system configuration (Xc - Yc is the
orbital plane, b): spherical subsatellite with an added lifting panel.
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Figure 6.9: Simulation results (EA = 6 x 104 N, Re = 6.59 X 103 km, L =
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Chapter 7

CONTROL SYNTHESIS;
LYAPUNOV APPROACH

7.1 Introductory Remarks

The idea of using Lyapunov's stability theory to control attitude mution of a spac.'·

l'raft goes back 1.0 1968, when l\1ortenson [i4J used this method to control tlu.· dynamo

ics of an arbitrar~' rigid body. Since then man~' investigators have used this nwthod

fur analyzing the wntrol pruhl"llls assodated with spaœcraft attitud., IIUlIll'nVt'rs,

alllung which one can mentiun the works such as [i5, ili, ii, i8, i!II

As far as tethered satellite systems are concernl'd, a Lyapunuv typ.· approa"h

was used to synthesize a tension control law for deploymcnt/rl'lrieval hy Fujii and

Ishijima [4iJ. They uscd what they called a 'mission funclion' for this synth.'sis.

I1sing basically the same dynamical model, two other control laws wert· intl'Odu...·d

I.y Vadali [80J. The modcl was initially quite simplc and Silllillll' to the onc used by

Hupp [81]. However Fujii et al. [82J and Vadali and Kim [48, 45J extended thcir work

to three dimensional motion of two-body systems with massive hut rigid tdhers and

uhtained various tension ami l'cel rate control laws . lTsing the Lyapunov approach,

~Iunshi ,·t al. [50J ..alllc up with a l'cel rate control law to l'Ontl'OI tll" mution of a

two-bod~' satellite system with massless and rigid tethers.
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Ali of the abave works, based on Lyapunov's stability theory, considered single

tether systems. No study has becn conducted to control the dynamics of multi­

tethered systems, even a threc-body system, using the Lyapunov approach. Extension

from a single ta a multi-tether system is difficult because of the complexity of the

dynamics. In this chapter we attempt to do this. Using the formulation presented

in Chapter 2, we initially derive the controllaw for a multi-tether system with rigid

and mass\ess tethers. Then the work is extended to systems with massive and lIexible

tethers.

7.2 Lyapunov's Second Method

The idea behind Lyapunov's direct method, which is al50 known as Lyapunov's

second method, is to answer the stability question without actually solving the equa­

tions of motion. The method consists of finding a suitable scalar function for the

dynamical system, called Lyapunov function, defined in the state space, and using

it in conjunction with the differential equations in order to test the stability of the

system. Except for linear autonomous systems, for which a Lyapunov function can be

obtained by solving a set of simultaneous algebraic equations, there is no systematic

way of producing a Lyapunov function for a general dynamical system. There is no

unique Lyapunov function for a given system, and indeed there is a large degree of

lIexibility in the selection of a Lyapunov function.

ln the following a brief description of Lyapunov's stability theory is presented

for an n-degree-of-freedom autonomous system governed by a set of 2n-first-order

differential equations

where z and Z are real 2n-vectors.

z= Z(z) , (7.1)

•
Let us assume that the origin is a singular point orthe system, Z({O}) = {O}. Next
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• let us consider a l'l'al continuous scalar function .c(z) whose first partial d,'rÏ\'atiws

\\'ith respect to z exist and the function vanishes at the origill, L". , .c( {O} ) =O. No\\'

the stability criteria according to Lyapunov's theor)' are as follows [Sa]:

If there exists a positive definite scalar function of the statl' vari;·hl,'S,

.c(z) > 0, whose total time derivative is negative definite or semidelinite,

.è(z) :::; 0, along l'very trajectory ofthe system governed hy Eq. (i.I), tl\l'II

the trivial solution z = {O} is stable, i.e. the system is stable at th., origill

of the state space. The trivial solution is asymptotically stable, if .è(z) is

negative definite along l'very trajectory.

This method is very powerful and has two salient featnres: (1) The mcthod can

examine the stahility of nonlinear systems for large motion. (2) It can rcveal thc

stahility of the system by utilizing the diiferential equations of the system, bnt withollt

actually solving them. On the other hand, the main disadvantage of this mdhod is the

practical difficulties in applying. It requires constructing a Lyapullov flllldioll which

may not he always possible. Hence Lyapunov's direct method should be rcgartled

as more of a philosophy of approach than a method. The faet that fol' a l'articulaI'

case an appropriate Lyapunov function cannat be found gives no iudkatillll of tilt'

system's stability or instability.

7.3 Hamiltonian of the System as a Suitable Can·
didate

The Lagl'angian of a mechanical system, in general, is given by

(7.2)

•
whel'l' T~ is tl\l' non-lIl'gative quadratic function of the gelleralizcd spœds, '1'1 is a lillcal'

IlUmllgenous fUllctioll in the genel'alized speeds, and Tu is a lIulI-negative fUllctioll

uf thl' gt'lIcmlized t'Ourdillat..s alld time. The putelltial ellergy, U, of the system
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corresponding to the conservative forces. is also a scalar function of the generalized

coordinates and time. The Hami/tonian of the system is defined by

(7.3)

which. with the help of Eq. (7.2), can be expressed as

Using Eq. (7.3), together with Lagrange's equations of motion,

(7.4)

k = 1.2, .... Nq , (7.5)

the total time derivative of the Hamiltonian can be obtained as

(7.6)

When time does not appear explicitly in the Lagrangian, such as the system under

consideration, the last term in the right hand side vanishes, and the time derivative

of the Hamiltonian is given by

N.

il = LqkQk
k=!

(7.7)

•

Usually. for a mechanical system.starting from the Hamiltonian of the system,

one can find sorne indications to establish an appropriate Lyapunov function. For a

single tether system with a rnassless and rigid tether moving in a circular orbit, the

Hamiltonian is given by

The Lyapunov function used by Vadali and Kim 1481 was
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where À l'epresents a nondimensional length eqllal to l/l, and C and K are two

arbitrary positive constants. Vsing this Lyapunov function they obtained a tension

control law to control the nonlinear dynamics of the system. Monshi et al. 150111sed

a more or less similar Lyapunov function:

(7.10)

and derived a reel rate control law to control the system in the retrieval stage.

As can be seen, the two Lyapunov functions are constructed starting from the

Hamiltonian of the system. In fact in the following sections a similar appronch is

used to obtain the control law for a multi-tether system.

7.4 Hamiltonian of the Multi-Tether System

Since the equations of motion for the general case are very complicated, while

implementing the Lyapunov method is rather difficult, a special case is considered.

It is assumed here that the system is moving in a circulaI' orbit and is inftuenced by

no external forces except the gravitational ones. Transverse oscillations of the tethers

are assumed to be negligible. As far as the mass and ftexibility of the tethers are

concerned. initially they are assumed to be negligible. However, subsequently thcse

assumptions are removed one by one.

For the system under consideration the Hamiltonian of the system, Eq. (7.4), can

be re-written as

H = (T2 +UE +Uc,) - (Ta +UCo) 1 (7.11)

•

where T2 and Ta are as described earlier, UE is the elastic potential energy, Uc, and

UCo are two components of the gravitationa! potentia! energy which are defined !ater.
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(7.12)

•
Examining Eq. (2.26) one obtains

{

NNN [~~ - ~ ]}m··.. aR; aR; _ l,aRt; aRt;
T2 = - LLLqnqk J.l;-'- +pJ -·-dx; ,

2 ;=In=lk=1 aqn aqk Jo aqn aqk

T. _ ~ {~( .aR; .aR; -. fl; aRt, .aRt, d .)}
o- 2 ~ J.l. at at +PlJo at at x. .

s=1 a

1t is c1ear that both T2 and To are non-negative scalars. Performing similar algebra

as in Chapter 2, To can be rewritten as

m {N-IN-I arn ark abn abk ark abn
To = - L L Fnk-'- - ÏJ.nÏJ.k-·- + 2ÏJ.nAnk-·-

2 n=1 k=1 at at at at at at

6 - flft artft • artft dx }+ nkPnJo at 8t n .
(7.13)

Since transverse oscillations of the tethers are ignored, the displacement vectors,

rn•bn and rtft can be written as

(7.14)

•

where Un is the longitudinal stretch at any al'bitrary point of the n-th tether, while

Ulft is that of the whole tether. Recalling that the system is moving in a circular

orbit. partial derivati'les of these vectors with respect to time are given by

ain ain :-
at = rn 8t = rnOccostPnJn ,

a~ft a~ ~lit = rI" at = rlnOccostPnJn •

abn ain •
aï = bn at = bnOccos tPnJn .

Substituting back the above equations in Eq. (7.13) results in

m02N-IN-1
To = TEE cos tPn cos tPk\Fnkrnrk - ÏJ.nÏJ.kbnbk + 2ÏJ.nAnkrkbn

n=1 k=1

+6nkPnt rlnrlndXn)În'Jk . (7.15)
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Using Eq. (2.39), the gravitational potential energy of the system can be written

as t.he difference of two non-negative functions as follows

Uc = Uc, - Uc. •

where

mn2
{~ [~~ (" _)2] rt

• [_ _ (" _ )2] }
Uc, = T b.lJi ReRi - ic·Ri + Pilo Rt,·Rt. - ie·Rt, (IXi

2{~ (" _)2 rt
• (" _)2 }Uc. = mne b.lJi ie·Ri + Pilo ie·Rt. dXi

Similar to To, Uc. can be written as

N-1N-1
Uc. = mn~~ ~ IFnkTnTk - ilnilkbnh +2ilnAnkTkbn

n=l k=l

rtn "" ""+ 6nkPn10 TtnTtndXnl (ie·in)(ie·ik) .

(7.16)

(7.17)

(7.18)

Recalling Eq. (7.11), we can express the Hamiltonian of the system as the differ­

ence of two non-negative scalar functions

where

H = P1 - Po ,

Pl = T2 +Uc, +UE 1

Po =To+Uc•.

(7.19)

(7.20)

•

Pl and Po are non-negative because ail the components T2. To. UE, Uc, 1 and Uc•

are non-negative scalar functions. To construct a Lyapunov function based on the

Hamiltonian of the system, it is enough to compensate for Po which appears with

a negative sign in the Hamiltonian expression. Substituting for Uc. and TOI the

expression of Po is lo;iven by

mn2N-1N-l
Po = T ~~ [FnkTnTk - ilnilkbnbk +2finAnkTkbn

=1 k=l

+ 6nkPn[ftTl"Tl"dxnJ {cos t/>n COSt/>Jn·jk + 2(Î.,.Î..)(Îc·Îk)} (7.21)
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III 1.1..- aIN·II..... of ail lIoll-wlIsen'ati\'" external for.....s tllf' ollly g"I..-r;tliz..tl forl'<'

apl"'arillg in tllP e'lllations of motion. is Q,.. = -T.. ,II = 1. 2..... S - 1. \\'Iwre T..

tl"lIolt's the tellsion in the tl-th tether. Hence, since time does not appear expliritly

ill the Lagrangian "xpressioll in the present case. th.. total tinw deri\'ati\'" of th..

Hallliitollian, E'I' (i.i), is givell by

N-l

il = L (-enTn)
fI=1

7.5 Tension Control Laws

7.5.1 Systems with Rigid Massless Tethers

(i.22)

(i.2:l)

Iglloring the mass of the tethers, Po given by Eq. (i.21) can be simplified to

fl2N-IN-1
Po = m.) eL LFnkt·nt·k{COStPnCOStPkJn.Jk+2(ie.in)(ie.ik)} ,

- n=1 k=l

where in the absence of elasticity of the tethers t'n is given by

Henre Po is simply given by

fl2 N-IN-l

Pu = m.) e L L F..klnlk {cos tPn cos tPd,,·h +2(Îc-Î,,)(Îc·h)}
- 1&=1 k=l

(i .24)

(i.~J)

•

Let us introduce the fol1owing Lyapunov function

N-1l N- l l
! = H + 35' + L 2C:,(l" - len)2 =Pl - Po + 35' + L 2C~(ln - len)2, (i.26)

n=1 ft=!

where S, defined by
fl2N-IN-1

5' = 771
2

e L L F"kl"lk , (i.2i)
n=l k=l

is introduced to overcome the negative part of the HallÙltonian, -Po, while le.. is the

command length. ln the above, C:, is an arbitrary positive constant. First we must

show that ! is always a non·negative function.
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•
Sinn· PI and the last term in Eq. (i.26) art' always lIllll·lIt'~ali\·". il w<lllhi 1",

sllitieient if we show that :IS - Po is always non·negati\"t'. lt is cl,'ar lhal

1 COSQn cosrjkl :51 ,

IjOl·jd ~ 1 •

\ln·l,1 ~ 1 •

lik·i,\ ~ 1

This resu I.ts in

Sinee e.. is always pùi:Ïtive one concludes that

Consequently since the Fjk's are all positive, it is clear that

:3S - Po ~ 0 ,

and hence, .c is always non-negative.

Differentiating Eq. (i.26) with respect to time gives us

N-\

1:. = Ji +:35 +E C:. (éOl - é'n)( in - l,,,)
11=1

(i.:!Ii)

(i.:!!!)

(i .:111)

(i .:31)

(i.:12)

Substituting for Ji ftom Eq. (i.22) and for .~ from time derivative of El(. (i.:!i), we

can write

N-I N-IN-l N-I

i:. = E (-é,.Tn) +3mn~ E E FnkéOlld E C~(é" - é,,,)(l,, - le,,)
n=] fI=1 k=1 n=1

(i.:l:l)

•

Note that FOlk 's are symmetric with respect to the indices n and k and in the case of

massless tethers they are constant.

Usually the command \ength, len is chosen either as the fina\\ength or a flJnction of

the present \ength. As we will see later, they basically represent the same commando
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L.·" Ils I"lJllsiri.'r the fol1owing fllnction for tl1l' comlllanri IplIgth

('j.:I~)

will'I'l' =" ;,nri fT" are two positi\'e constants. DifferentÎddng the above relation and

SlIhstitlltilll, hack in Eq. (7.:3:3), we obtain

(7.:15)

Selecting the tension in the tethers such that i:. becomes a:ways non-positive leads

to thl' control law that guarantees the stability of the system in every trajectory of

the system. Let us set the tensions as

N-l

T" = C~(l - ê")(f,, - fc..) +:3mn~ L: F".i. + Kt)"
.=1

where litn is another arbitrary positive constant, then i:. reduces to

N-l

i:. = L: (-Kt);') .
n=l

(7.:36)

(7.:37)

Substituting for i Cn from Eq. (7.34) into Eq. (7.:36) and defining t:'c fo\lowing con-

stants

CT"
fin = 1 _ :

~"

Cn = C~(l - ê n )2 ,

the tension controllaw is given hy

N-I

T" = l\t)n +C"(f,, - fin) +:3mn~ L: F".f.
•=1

n = 1,2, ... , N - 1 .

(7.38)

(7.39)

•

If one c1100SL'S fin < f,,, the finallength is less than the present length, Le. the control

laI" forces the length of any tether to a sma\ler value, which is nothing but retrieving

the subsatellites. Setting fin = 0 leads to a complete retrieva1.
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7.5.2 Systems with Rigid Massive Tethers

A procedure sinùlar to that in the pre"ions case is fo\lowed to "htain th,' cunt rul

h.w for a system with massÏ\'e but rigid tethers. ln this cas".

J'tn = X n

(2
b ",,=~( •

- 0

and po. after performing some algebra. is given by

Since {l" = p"eo, the above equation can be rewritten as

fl2N-1N-I

Po = n\ ' L: L: D"ke"ek {cos cP" cos <pd" 'Jk +2(i"i" Hic-lk)} ,
- n=1 J~=l

wht,"" D"k is a dimensionless mass coefficient defined by

D '" P"Pk e ( • A e 8nkP"e
nk = r nI: - -4- ft k + Pu f~k n +-3- "

(i .·10)

(i.-ll)

(i .42)

(iA:l)

As can be seen. in contrast to F"k in the previous case, D"k is time dependent and is

not symmetric with respect to the indices Il and k. However D"k is always positive,

Next a similar Lyapunov function as before is introduced for the present case, Le.

•

,\'-11

t:. = H +38 + L :;G"(f,, - iJn)2 ,
n=l-

where G" and i /n are as defined earlier, but S is now defined by

fl2N-IN-I

S = ln? ' L L D"ki"ek
- '1=1 k=1

Since D"k like F"k is always positive it is clear that

t:. ~ 0
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(i.4i)

•
B"I.""IS'· of thl' tinw depmIdence and asymmetry of D,,),. è ubtain..d has a slightly

diff"nmt fOll11 from the C'L~e of rigid and massless tethers. It is nul\' gin'n by

. N-I. :lmIVN-1N-1 . . .

! = L (-lS,,) +~L L [D"k (l"ld f'/k) + D"kl,Jk]
u=1 - n=1 1.:=1

N-I

+ L C)"(l,, - lin) .
n=1

lJsillg tlll' defiuition of D"k, its derivative with respect to time can be written as

(i.48)

Fol' the sake of simplicity let us assume that B" in Eq. (8.16) is zero, i.e. body

i + 1 is reeled in/out only from body ij however, the fol1owing procedure can be easily

cxtended to the general case. With this assumption, Eq. (i.48) can be simplified to
• • < •

. P"Pk (' . ) • . V"kPn .D"k = --4- l"lk + lnlk +pnAnkln +-a-ln . (7.49)

Substituting for Onk in Eq. (7.47) and performing some algebra, we obtain

. :l71lfl~ ~I~ { . (PnPk . • . 5"kPn .) . }
J:, = -')- L..J L..J (Dnk +Dkn) lnlk - -2-lnlk - p"A"kl" - -:3-l" l"lk

- fI=1 1.:=1
N-I N-I

+ L (-i"T,,) +L C"in(l" - lIn) (7.50)
n=l n=1

Next let Ils define a new dimensionless mass coefficient, G"k as

G 1 (D D P"Pk l l • A l 5"kP"l )"k = :2 nk + kn - -2- n k +Pn nk n +-a- "

= ~ (2Fnk - P"Pklnik +2pnA"ki" +PkAk"ik +5nkPnin)

Then we can write è as

(7.51 )

(7.52)
N-I [ N-I ]

i:, = L in - T" +C,,( ln - i ln) +:3mfl~ L G"kik
n=1 1.:=1

Similar to the previous case, if the tension in the tethers are chosen according to the

fullowing law

•
N-I

T" = 1\ln i" +CIl (ln - i ln) +amfl~L G"kik
k=1
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n = 1,2, ... , N - l , (7.53)
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tlll' st.ahility of tlw controlled motion "'0111<1 Iw ~IHlrant.I't·11. :'\ult' Ihal in 1~lllllr;,,1

10 the caSI' of milSsless and rigid tl'lhers, the tension contn>1 la'" ht'n' is nol a lillt'ar

fllnl'tiun of the lengths of the tethers. That is bet'allse G"k is itst'If a fllllctiun uf III<'

lengths of the tethers.

7.5.3 Systems with Flexible and Massless Tethers

ln many cases, f1exibility of the tethers cannot be ignored. Ho"'t'I'"r if one consit1l'rs

ail e1astic oscillations, transverse and longitudinal, it is difficult, if nut impussihll' tu

construct a Lyapunov fundion. Hence, only the most important e1astic motion uf t,lit'

system. the longitudinal oscillations of the tethers will be considered in wnstructing

the LyapunGv function. Furthermore, the mass of the tethers will he ncglet:tcd in t.his

Section. It will be considered later,

Silice the tethers are assumed to be massless, only the first longitudinal mode of

each tether l'an be taken into account. Considering the admissible function defilled

in Eq. (2.56), we l'an write

1'. = e" +e" , (7.54 )

where e" is the longitudinal stretch of the n-th tether and clearly less than l", suh­

stituting for l'", Po is given by
n2N-tN-t

Pu = m'l C L L F"k(e" +Ç,,)(ek +ek) {cos </l" cos </ld".jk +2(Îc-Î,,)(ic,ik)} ,(7,55)
- u=tk=l

Let us aSSUllle that

e" < {lé" , n = 1,2,,,,. N - l , (7.56)

where (I is a positive number, III practice, it is a smallnumber. It is then cleU\" that
n2N-tN-t

Po < m,) C L L F"k(l+ (I)2l"edcos </l" cos </ld",jd 2(ic'i,,)(ic'ik)} (7..57)
.. n=I1:=1

•
As hefore the following function is chosen as the Lyapunov function:

N-tl

J:. = H +3.5' + L 2C"(l,, - ef,Y ,
-"ïl=1
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wlwl'l' S is lIuW "cfined \'y

(7 .i"i!l)

Onœ again olle can easily show that

;lS - Po;::: 0 (7.60)

n=I,2, .... N-I . (7.61)

Proœeding in a similar manner as in the case of rigid and massless tethers. the

control law for the present case is given by

N-\
, . 2 2"

T" = 1\ ln i" +e"(i" - i ln) +3( 1+(!) m!1c L.J F"kik ,
k=\

7.5.4 Systems with Flexible and Massive Tethers

Extending the Lyapul10v method to control a tethered satellite system with flexible

and massive tethers even for a two-body system is a very complicated job, if not im­

possible. To the best of the author's knowledge such a study has Ilot been conducted

yet. In arder ta account for the mass of the tethers to the previous case once again

we assume that the transverse oscillations of the tethers are negligible, compared tu

tlw lungitudinal ones, therefore can be ignored.

With the above assumptions the fol1owing relations for the displacements are

ohtained: 1
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1Nole thllt here U" is the longitudinal stretch of tether n and contains ail longitudinal elastic
degrees of freedom corresponding to the II-th tether.

•

l'tn = Xn + Un ,

1 fin
b" = ioJo (x" + 'U" )dx"

As in the previous case let us assume that

U" < ux" , Uln < ui" , n = l, 2, ... , N - 1 .

(7.62)

(7.63)



•
It implies that

l'" < (,,(1 +!.')

1',,, < .r,,(l + 1.')
(2

b" < :jT(l + !!)rl.r"
_lO

(7 .(i·l)

Using these relations, Eq. (7.21), and the definition of D"k given in Eq. (7.·1:1). on"

can see that

Based on the previous experience a proper Lyapunov function is then chosen as

N-1I
. S " 2I:- = H -1- 3 + L..J '2C"(t,, - t,,,) ,

fI=1

where
mn2N-IN-1

S = TL L(I +dD"kt"tk .
n=lk=l

Subse«uently one obtains the tension control law as the following

(7.66)

(7.67)

N-I

T" = J(l.in+Cn(tn-t'n)+3(I+U)2mn~LGnktk
k=\

n= 1,2, ... ,N-1 , (7.68)

•

where Gnk and Dnk are as defined in Eqs. (7.51) and (7.43), respectively.

7.5.5 Sorne Results and Discussion

Two different systems, a two-body ar.d a three-body tethered systems are consid·

el'ed to apply the tension controllaws obtained in this Section to control the dynamics

of the system in the retrieval stage. These cases are considered to show that those

control laws can stabilize the unstable motion of the system in the retrieval stage.

Optimizing the performance of the controlter is a separate issue that one can practiœ

while selecting the most appropriate gains or using Il hybrid controller.
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•

The Two Body-System

TIll' system consists of a main-satellite undergoing a circular orbit connf'I·tl'd wil h

iL long tether, initially !iD km. to a subsatellite. The subsatellite is being retrie\'f'd

l.owiLnls the main·sateiiite. The parameters of the system are as follows:

Il'1 =:l X lOG kg, 1/12 = 103 kg, PI = 6 kg/km, BAI = 61575.2 N, Re = 6828 km.

and the initial conditions of the system are set as follows:

Three dilferent cases are considered: (i) rigid and massless tetherj (ii) rigid and

massive tetherj and (iii) massive and flexible, but straight tether. The longitudinal

oscillation of the tether is represcnted by its first mode, Le. strain is constant along

the tether. The following parameters are selected for the control laws given in Eqs.

(7.:39), (7.53), and (7.68):

[(l, = 6.266 N.s/m CI = :3.51 x 1O-4N/m, eh = 0, e= 0.01 .

It is weil known that the retrieval phase of the uncontrolled system is unstable.

Results presented in this section show the plfectiveness of the tension control laws in

stabilizing the system. Figure 7.1 compares the simulation results of the controlled

system with rigid and massless tether with those of the system with rigid but massive

tether. Tllf' dotted-lines represent the system with massless tether, while the solid·

tines represent the massive one. III the figure il, TI> and PI are retrieval rate, tension

in the tether, and the required power to retrieve the subsatellite, respectively. As

cau be seen, mass of the tether has a small elfect on the performance of the system.

The dilferences are so small that it can hardly be seen in the plots. Note that when

the leugth of the tether is large and mass of the tether is comparable to that of

the subsatellite, the tension in the tether (Fig. 7.1·c), and subsequently the power
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•

required (Fig. 7.1-f) are quite different. However, this difference diminishes whell the

tether becomes short.

Effect of the f1exibility of the tether on the dynamics of the cOlltrolled system

is shown in Fig. 7.2. The dotted-lines correspond to the system with no f1exibility,

while the solid-lines represent the system with flexible tether. Since the controller

gains are selected similarly in both cases, comparing the results, one can cOllclude

that including the f1exibility of the tether leads to a faster retrieval at the cost of

larger librational motion. 1t cau be seen that the tension in the tethers in the flexible

case are slightly smaller than those of the rigid case. However the power required (P)

is reverse. This is in agreement with the physical understanding of the problem. The

longitudinal oscillation of the tether for the system with flexible tether is shown in

Fig. 7.2-c. As can be seen ~, the longitudinal stretch of the tether, is always positive.

It assures us that the tether does not become slack.

The Three-Body System

The three-body system is also in a circular orbit. It consists of a main-satellite and

two subsatellites. The main-satellite retrieves the first subsatellite. At the same time

the second satellite is reeled in by the tirst satellite. As in the case of the two-body

system, the longitudinal oscillat.ions of the tethers are modelled by their tirst modes.

The system parameters are as fol1ows:

ml = 3 x 105 kg, m2 = 103kg, m3 = 500kg, PI = P2 = 6 kg/km,

EA I = EA2 = 61575.2 N, Re = 6828 km,

and the initial conditions are set as

81(0) = 82(0) = 10·, ,MO) = 'MO) = 5·, 11(0) = 50km, 12(0) = 20km,

MO) = 296.5 m, MO) = 47.4 m .
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Sirnill1r to the two-body system, three ditferent cases are considered here: (j) ri:.\id

allli rnassless tethers; (ii) rigid and massive tethers; and (iii) massive and flexible. but

straip;ht tethers.

Figure 7.:3 compares the dynamics response of the system with massless tethers

with thuse uf the system with massive tethers. The dotted-lines represent the massless

tethcr case while the solid-lines are corresponding to the massive tether case. The

control1er gains are as fol1ows:

Kt, = 6.714N.s/m, Kt. = 2.965N.s/m, Cl = 5.26 x 1O-4 N/m.

C2 = 1.75 x 10-4 N/m, er, = eh = o.

Results of the system with massive and rigid tethers are compared with those of

the flexible tether case in Fig. 7.4. Since the preceding gains result in an undesirable

performance, the control1er gains are chosen slightly different from the previous gains.

They are chosen as fol1ows:

Kt, = 13.43 N.s/m, Kt. = 5.93 N.s/m, Cl = 6.31 x 10-4 N/m,

C2 = 2.1 x 10-4 N/m, er, = eh = 0, e= .01 .

Comparing the results shown in these two figures, one can draw similar conclusions

as those for the two-body system. Note thll.t simulating the flexible system is more

chal1enging and time consuming than the rigid case. That is because as the tethers

become shorter, the tension in the tethers reduce and the governing equations become

stitfer in the numerical sense.

7.6 Hybrid Control Laws

Resuits presented in the previous Section show the capability of the tension control

laws in stabilizing the system in the retrieval phase. However, one can see that these
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('outrul laws do uot have the desired performance. Gencml1y, il l'an 1,.. saill thnl

the l'untrollers perform mueli better iu the initial stage of the retreival thau the Iiual

stage. The tension controllaw Seems to be sluw, ln fal·t a fast retrie\'lll with bunnded

libn'.tions, specially out-of-plane librations, cannot be Ilchie\'ed using these <'ontl'Ol

laws. The faster is the retrieval, the larger are the librational mutions, That is

because in these control laws only lengths of the tethers and their rates arc fed-ba<,k,

To imprO'.e the performance of the controller, one option is to use a hybrid <'outl'OI

law. In this Section a thruster augmented control law using Lyapuuov's stability

theory is developed. One will appreciate the improvement of the performance when

the results of the hybrid controllaws are compared with those of the tension cuntrol

laws. For the sake of brevity, the analysis is presented only for a multi-body system

wi th massless and rigid tethers. However, the analysis can be extended to other cases

similar to those in Section 7.5. In the numerical results, a system with massive and

flexible tethers is cunsidered to show the eff~ctiveness of the hybrid controllaws.

Without any loss of generality, let us assume that body 1 is the main-satellite. In

order to control the librations of the system, a thruster is 10cated at each subsatelli te.

Let us denote the force of the Lhruster on body i + 1 (i = 1,2",., N - 1) by j'/.

Using Eq. (3.40), one can easily show that the generalized forces are now given by

(7.69)

where P",,,, Py", P=" are the components of the resultant force ft in the Tl-th tether

coordinate system, defined by
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Now :"L ..ô select a similar Lyapunov function as the one given in Eq. (7.26) for•
N-l

ft = P",,,În + py"J" + P="kn = EA/+l,nF/
i=l

(7.70)
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1.11" 1"'('SeUl cas". Time derivative of this fuuctiou is theu ~Ï\'(!U h.,·

1"-1 r N-I ]
i:. = Li"l-T" + Pr • +C"(e,, - ef.. ) + :lm(!~ E F"k(k

~I ~I

N-l

+ E [o"(Pv.. e,,coSeb,,) + ~,,(p:.. e,,)] .
n=1

Sclectiug

PYn = - x"o,/J"./ cos cPn 1

N-\

T" = Pr• + Kt..é" +C"(i,, - if,,) +3mn2EF"kik ,
k=l

where Kt", Ko", and Kq,,, are arbitrary positive constants, one obtains

1.

(7.71 )

(7.72)

(7.73)

Since i" is always positive, it is c1ear that i:. is always non-positive. Eq. (7.72)

describes the hybrid controllaw.

The forces of the thrusters, Fil i = 1, 2, ... ,N - 1, required to implement the

controllaw, are obtained from the components of Pn's forces. Let us define column

vel'tors P" and Fn as

(7.74)

•

where Pr.,pu.,P:. and Fr",Fu",F:" are the components of Pn and Fn in the n-th

tether coordinate frame. Denoting the rotation matrix of the n-th tether frame with

respect to the orbital frame by Rn and using Eq. (7.70), one can show that
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-'bR1Ri .43IR IR[ .4NIRIR~_1 FI

A22R 2Ri .432R2R[ .4N~R2R~_t F2

l.42"V-I~N-IRi .43.N- IRN- IR[ AN.N-IRN-IR:ç_i FN-I

PI

P 2

= (7.7;;)

Hence FI. F2, ...• FN-I are obtained by solving the above set of linear equlLtions.

For lL two-body system, Eq. (7.75) results in

(7.7H)

•

It menns that the thruster force has no component along the tethel. However, fol' Il

multi-tethered system, even by setting Px" 's zero, generally one should exped thl'ust.el'

forces with non-zero component along the tetherline, i.e. Fx" f. 0, n = 1,2, ... N - 1.

7.6.1 Numerical Results

Figures 7.5 - 7.7 show the effectiveness of the hybrid control llLw in lLchieving IL

desirable performance for the controlled system. In Figs. 7.5 lLnd 7.6 the resu\ts of

a two-body system are shown, while in Fig. 7.7 lL three-body system is considered.

For the two-body system aIl the different cases, massless tether, massive but rigid

tether, lLnd massive and flexible tether, lLre considered. However, in the case of the

tlll'ee-body system the results are complLred between rnassless-tether lLnd massive­

tether systems only. The f1exibility of the tethers are not tnken into lLccount in this
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case. The pllrameters and the initial conditions of the systems are exactly as those

considered while studying the tension controllaw (Figs. 7.1 - 7.4).

The following gains are used to retrieve the subsatellite in the case of the two-body

system:

Kt, =2.239 N.s/m, Ke, = K~, = 104 N.s/rad, CI = 4.211 X 10-4 N/m,

e" = 0, e= 0.01 ..

Figure 7.5 compares the results of the massless-tether system with those of the

massive-tether system, while in Fig. 7.6 the rcsults of rigid-tether system and flexible­

tether system are compared. From these figures one can observe that the retrieval

duration is significantly reduced by using the hybrid controllaw compared to that in

Figs. 7.1 and 7.2. At the same time the out-of-plane librational motion is bounded

to a small magnitude, which is desirable. Of course faster retrieval and smaller out­

of-plane motion can be obtained for the cost of a larger thruster force.

For the three-body system the following controller gains are chosen:

Kt, = 2.821 N.s/m, Kt, = 1.364 N.s/m, Ke, = K~1 = Ke, = K~, = 104 N.s/rad,

CI = 4.74 X 10-4 N/m, C2 = 1.44 X 10-4 N/m, elt = ef> = O.

Figure 7.7 compares the motion as weil as the time history ofthe forces of the massless­

tether system with those of the massive-tether system. The efi'ectiveness of the hybrid .

controllaw is quite evidence when the present results are compared with those of the

tension controllaw givcn in F;g. 7.3. Note that in contrast to the two-body case the

x-compont'nts of the thrusters are not zero. Comparing the results for the two-body

and three-body systems, one observes a fairly similar behaviour in the dynamics of

the controlled systems.

As far as the efi'ects of mass and flexibility of the tethers are concerned, similar

conclusion to those of the tension control law can be drawn. Looking at the results
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shuwlI Îu this Chaptel\ OllE' (·f.llll'Ondude that usiug a lCIlSiolll'ulltl'ollaw alolll' l'PS\!lts

in somewhat poor performance: thcreforc a h~'hrid conl roi la\\" shoul,l 1", us,',l 10

uhtaill a gl ad performance. Furthernlt.l1'c. iglloring tIlt' ('lastil'Ïty of t,lw tet 11l'1's ipads

to 1'001' results; henee they sl1llul<l he indu<led in the analysis.
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Figure 7.1: Dynamical response of a controlled two-body system (tensioll cont.rol
law): ... system with rigid and massless tether 1 - system with rigid alld massive
tether.
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Figure 7.2: Dynamical response of a control1ed two-body system (tension control
h\w): ... system with rigid and massive tether, - system with massive and flexible
tether.
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Figure 7.4: Contd.
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Figure 7.6: Dynamical response of a controlled two-body system (hybrid controllaw):
... system with rigid and massive tether, - system with massive and flexible tether.
Parnmeters are the same as those in Fig. 7.2 .
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Chapter 8

CONCLUSIONS

8.1 Summary of Finding

Throughout this thesis, the main objective of the investigation has been the dy­

namical analysis of multi-body tethered satellite systems: their modelling, analysis

of their stability in low-altitude missions, and control synthesis using Lyapunov's

stability theory. Both dynamical analysis and control synthesis of these systems are

extremely complex problems. The two problems are closely related so that developing

a good dynamical model makes the control synthesis easier. Rather than presenting a

massive amount of data, the emphasis has been on the modelling and understanding

of the problem.

Discretizing the tethers using the assumed modes method, a set of ordinary dif­

ferential equations describing the ~otational motion as weil as the vibrations of the

tethers has been derived. An analytical procednre has been used to linearize the

equations obtained from the discretized model to analyze the eigenvalues and stabil­

ity of the system. Aerodynamic forces on the system have been calculated using the

free molecular f10w model to study their effects on the stability of the system used

for atmosp~eric missions. In the absence of external forces, an analytical solution is

obtained for the static equilibrium equations.

Ignoring the transverse vibrational motion of the tethers, a nonlinear tension con-
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Hollaw ha~ hee:: lll-'vcioped to t'llulrol thl' sYStl'Ul tlllriu)!. lht' t't'lrip\',,1 sta~l'. 1'11,'

('otlti'ol law has hcpu ohtailH'll t1Sill~ Lyap"11',)\"'S llil'Pl'l 11Il'll11hl h~' apal~'zill~ lllt'

Hamiltonian of the system in s<'\'('ral st <'l's, TIll' ..ontrol la\\" \\"as tlll'n validai ni

hy 11lunerit'al allalysis of SOUle sampll' cases. :\ hyhrid l'outrai law has h"l'l1 Pl'oposl'd

to impn)\"e the perform<lnce of the t'llntroller s~·slem.

The important conclusions tlerivetl from this stutly ar<' snlllmariz(·,l Iwlo\\".

(i) The tlynamical motlel of llluiti-blllly tet,heretl satt'llite systems nillst l'Onsitl..r

the elustic vibrations of the tethers. Similar to the librational motion of th..

tethers. their longitmlinal as weil as the transverse vihratiOllll1 motion tend to

grow during the retrieval stage.

(ii) Longitudinal and transverse vibmtions of the tethers are stn.ngly eoupled, par­

ticnlarly when the tethers are short. The tlynamical motle! mnst ellnsitler the

nonlinear term in the strain expression eausetl by transverse vihmtillns, sin""

there l'an be Il. significant dilrerenee between the linear ILiIlI nonlincar rl'snlt,s.

During the retrieval process, the tension in the tethers beeomes wl'akl'r allt1

weaker and the nonlinear strain term becomes more antl more sigllilicant.

(iii) Dynamics and stability of the system in low-altitnde missions are signilieant,ly

ntfected by aerodynamic forces on the end-bodies Ils wellllS the tel,h"rs. Chang­

ing the geometry of the bodies changes the aerodynamic forees antl collse'lllcnt,ly

the stability of the system. Stability bchaviour Ils well Ils e'lnilibrium ('oilligu­

rntions of the system change if the bodies are changed from those with 110 lift to

bodies with lift. Consideration of the general aerodynamical model mther t,han

only the aerodynamic drag is indispensable for proper design of low-alt.itllde

orbital missions.

(iv) The elll.Sticity of the tethers plays an impurtant l'ole in the dynarnics, sl,ability,

and control of multi-body tethered satellite systems. Combilled effeet IIf t,he
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1.<'11",1' f1exi1>ility alll! the atmuspherÎC' dellsity ~radi""t ("ail leilll lu ill"la1>ilin'

IIf I.he system. Althuugh il. makes the dYllamical allalysis as weil aS ("olltrol

sYllthesis mure challenging, the tether elasticity must he induded in the allalysis

tu derive mure reliable results.

(1" i The IIlaterial dalllpill~ presellt in the tethers affects I.heir IUlIgi tUllinal oscilla­

I.iolls. Buwever they have l'ery negligible effeet 011 the transverse oseillatiolls

alld the Iibratiulls of the tethers. Ou the other hand, the material ùampiug has

a ~reat erfect on the cumputation time; in faet it may be reduced signilicantly

by damping.

•

(vi)

(vii)

The retrieval phase is the critical phase of the mission aS far as stability and

control of the system are eoneerned. Among the different well-known control

methoùs for tethered satellite systems, tension controllaws and reel rate control

laws are eusy to implement and more practica!. The reel rate of the tethers

(f;jf;) or tension affects the in-plane libration of the tethers more than the

out-of-plane motion. Therefore controlling the latter with unaided reel rate or

tension control law is a demanding task. That is because the coupling between

the in-plane and out-of-plane rotations is a weak nonlinear one.

Lyapunov's direct method is a very powerful method, since it is applicable to

the motion of the system in large and it can reveal the stability of the system

just by using the equations of motion without actually solving them. However

constructing a proper Lyapunov function is a very challenging and strenuous

task. Using the Hamiltonian of the system and then compensating for the

negative terms to form a Lyapunov function, a tension controllaw and a hybrid

control law have been formulated that stabilize the in-plane and out-of-plane

librations in the sense of Lyapunov. The control laws are linear in terms of

length of the tethers, if mass of the tethers are ignored; but they are highly

nonlinear if these masses are inc1uded. Fast retrieval and bounded out-of-plane
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libratiuual lllOtioll cannot he achic\·cd throl1~h a tPI1~iUlll'Olltrll' law "lUllt', OUl'

• has to lise other sdlemes or a hybri,lcolltrol law "teh as th" III Il' prllposell ill

this thesis. In the control analysis it was fOlllld that i~lIoring; the e1astidty IIf

the tethers mil completdy lead to inl'orrect resllits.

8.2 Recommendation for Future Work

There are many possibilities for extension of the presellt invcstig;atiull. Only sonu'

of them are mentioned below.

(i) The attitude dynamics of the end-bodies are not considered in the present lly­

namÎC'al mude!. Fnrther research shonld include these mutiuns as weil.

(ii) Spinning of the tether(s) along its (their) nominal tetherline is not included in

this study. [t l'an result in further instability for high spinning rates, partîcn\arly

in the transverse oscillations of the tethers.

(iii) Dynamics of the reeling system may be modelled in more detai! to avoid any

confusion about the interactive force due to the change of mass of the tethers.

(iv) A more complete and realistic aerodynamic model conld be developed for further

studies, particularly for the control synthesis using aerodynamic forces.

(v) The perturbing effects of other environmental forces snch as solar radiation pres­

snre and electrodynamic forces on the motion of multi-body tethered systems

l'an be investigated, for applications in which these effects are signilicant.

•

(vi) The proposed controllaws must be verified by experiments.

(vii) Control synthesis using the Lyapunov approach may be extended ta inclnde

bath longitudinal as weil as transverse vibrations of the tethers.

(viii) Further studies l'an be conducted on dynamics and control of lUnlti-l.ethered

systems with a non-chain configuration.
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(ix) ~1"t.IIl)(ls sirnilar tu t.hose empluyed in this thesis ':an be used to study d",

dY:IllIUÎ<:S and control uf deployment uf multiple beam type appellliages. soJar

puuels, etc.

(x) Other control synthesis such as LQR or feedback linearization can be used to

devise the desired control laws.
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Statement of Originality and
Contribution to Knowledge

Original contributions made in this thesis to the knowlcdge on tethercù satellite

systems may be summarized as follows:

(i) A fairly genernl dynamical model of N-body tethered satellite systems has hœn

proposeù. Both types of vibrations (longitudinal and transverse) of tethers in

multi-tethered systems have been considered simnltaneonsly for the tirst. l.illlc

in the dynamical analysis.

(ii) Analytically linearized equations of motion have been presenteù for eigenva\ue

as weil as stability analysis.

(iii) Effects of aerodynamic lift of the end-bodies on the stability and dynamics of

low-altitude missions have been studied in detai!. It has been found t.hat they

can change system stability significantly. Passive stabilization of a low-altit.uùe

tethered subsatellite using aerodynamic panels has been investigal.eù.

(iv) Lyapunov approach has been used to control the nonlinear system and varions

!lonlinear tension control laws have been deveIoped. Longitudinal elasticity and

mass of the tethers have been considered in the control synthesis.

(v) A hybrid controllaw, using thruster and tension controllaw, has been developed

to achieve the desired performance in controlling multi-tethered systems.
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Appendix A

Leibnitz's Integral

In some cases, we need to evaluate time derivative of an integral with time­

dependent limits. In fact in this thesis, they have the fol1owing form

d fal'/ = - f(Xi,t) dXi ,
dt a

whcre f(Xi, t) can be a scalar or a vector. Using Leibnitz's rule, we obtain

(A.l)

(A.2)

(A.3)

Here in our problem, body i reels out tether i at a rate aiéi. It implies that

. dXi t' d . 1 ur h .Xi = - = ai i an \S constant a ong Xi' vve can t en wnte
dt

1 = t :/(Xi, t) dXi + aii;/(ti, t) + (1 - ai)t;J(ti, t) +aii;/(O, t) - n;l;/(O, t)

(l, 8 . l . .
= Jo 8/(X;' t) dXi + aiti If(Xi, t)lo' + (1 - ai)t;J(ti, t) +ait;J(O, t)

(t'8- l"
= Jo 8/(Xi' t) dXi + Xi If(Xi, t)lo' + (1 - ai)t;/(ti, t) +ait;J(O, t)

Carrying the constant X; inside the integralleads to

•

(l, [8 8] . .
1 = Jo 8/(Xi' t) + Xi 8x/(Xi' t) dXi + (1 - ai)t;f(ti•t) +ait;/(O, t)

Since ai - {Ji = 1. we obtain

d(l, (l'd . .
dtJo f(Xi. t) dx; = Jo d/(Xi' t) dXi - (Jit;/(ti, t) +ait;f(O, t) •

where in some cases /(0, t) vanishes and in some cases does not.
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Appendix B

Mass Coefficients

Usiug the definitious of Bj, Aij, and Fij, given in Eqs. (2.14) nud (2.:12), "ud the

fnct that total mass of the system is constant, Le.

N

LJLi = l ,
i=l

(B.l )

we obtain the fol1owing relations which have been nsed in simplifying the algebra in

the formulation.

1. Using Eq. (2.14) we can write

N N N N
LJLiAii = LJLi [Bi - H(j - i)1 = BiLJLi - LJLiH(j - i) = Bj - Bi . (B.2)
;=1 i=1 i=1 i=l

Thus
N

LJLiAij = 0
i=1

(B.a)

2. Dilferentiating Eq. (B.l) with respect 1.0 time, t, and generalized coordinat,e q"

results in

(B.4)

•

a. Time dilferentiatio~of Eq. (2.14) leads 1.0

. d .
A .. = -IB·- H(J' -i)1 = B·'1 dt 1 1 ,

since H (j - i) is constant.
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•
~. t:sill~ t.he ùelillit.ions of !lij allÙ Bj, we huye

N N N t'w'

L)i!lij = L)i (Bj - H(j - il) = B/f:JLi - L,liiH(j - i) = 0 - Bj . (B.!')
i_~1 ;=1 ;=1 ;=1

Heliee
N

L,JÎiAij = -Bj
i=l

.5. Dilferellt.il1t.iug of Eq. (2.32) with respect to time, we obtuin

. ~d ~( . ')Fij = L. - (J1.kA~iAkj) = L. JÎkAkiAkj + J1.k BiAkj + J1.k Aki Bj
k=ldt k=l

Taking out Bi anù Bj from the summation and using Eq. (B.:3), we gel.

N N
Fij = L,iLkAk'iAkj = L,itk IBi - H(i - kJlIBj - H(j - k)1

k=\ k=l
N N N

= BiBjL,JÎk - BiL,JÎkH(j - k) - BjL,itkH(i - k)
k=l k=\ k=\

N

+ L,itkH(i - k)H(j - k)
k=1

N

=-BiBj - BjBj + L,JÎkH(i - k)H(j - k)
k=1

For the lust term we can write

(B.ï)

(B.8)

(B.9)

N

L,itkH(i - k)l/(j - k) =
k=1

j

'EJÎkH(j - k) = Bj
k=1

i

'EJÎkH(i- k) = Bi
k=l

Combining these two cases, we have

if

if

j < i

j ~ i

. (B.10)

•

N

'EJÎkl/(i - k)l/(j - k) = BjH(i - j) + BiH(j - i) - 5ijBi
k=l

Backsubstituing in Eq. (B.9) and using the definition of Aij. we obtain

6. Similarly dilferentiation of Eq. (2.32) with respect to qr leacls to

8Fij = _ aBj A .. _ 8Bi Ai' _ 5
i
.aBi

'" '" J' '" J J '" .vqr vqr vqr vqr
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•
i. Dilfel'elltiatillg Eq. (1.1) with respect to time implies that

. " 1 d' Pi U· 1. 1 .smce Qi - !Ji = an Pi = -. smg t tts resu t, we can wl'lte
ln

j j

Bj = L:itj = L: (Pi-ll3i-l èi-1 - Pil3ièi) = Po/ioèo- pjlijij
i=1 ;=1

Since there is no tethcr number 0, we get

8. From Eq. (B.16) we conclude that

. (13.1·1)

(13.15)

(B.lli)

aB· aB· {__J = __J =
aek aik

und

o . k i' j ,

k = j ,
(13.1 i)
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·Appendix C

Proof to Equation (2.23)

Dilferentiating Eq. (2.4) with respect to time, we get

(C.l)

Sllbstitllting for Rt; from Eq. (2.5) we have

N • ~ N :. N-l d rt; ~

~ (mi +mi) Ri +~ (mi + mi) Ri + ~ Pi dt Jo ft; dXi = 0 (C.2)

lIsillg Eq. (A.5) derived in Appendix A and the fact that fdO, t) = 0 and ft,(ii' t) =

rj, we can rewrite the above relation as

(C.3)

.
Silice Ri is not fllnction of Xi> it can be taken inside the integral sign. lIsing the

delinitioll of Rtp we obtain

N . _ N-l . [N :. N-l rt;:. ]_
~ (mi + mi) Ri - ~PiPitiri + ~miRi + ~PIJo Rtl dXI = 0

Helice

(C.4)

(C.5)

•
The right hand side can be simplified by sllbstitllting for RI from Eq. (2.5) and

for PiPiti from Eq. (8.16) and changing the index in the last summation:
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•

Fiually llsiug Eqs. (604) aud (6.7), we wOllld get

N ~ N-I rt; ~ N-I.. ~

LmiRi + LPiJo R t , d:ri = mL (Bjrj - Bjrj) = 0
i=l i=l 0 j=1
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Appendix D

Definition of Column Arrays and
Matrices

Before expressing the desired vectors, column arrays and matrices, the following

variables, which are lIsed extensively in this appendix, are defined to shorten the for­

mulation. Recalling the definitions of the admissible functions, Xi(Si). Yi(Si), Zi(Si),

we define:

(D.1)

•

Using the above definitions a set of vectors which are resulted from the elasticity of

the tethers, is defined here as follows:

- T' T: T-
{Ji = Xi ~i li +Yi '1i Ji + Zi Vi k i ,

- T' T: T­
{J.i = X'i ~j Ij +Y. j '1i Ji + Z.j Vj k j ,

- T' - T - T-Ci = X j ~i i j +Y j ilj jj + Zj Vj k j ,

- T' - T - T-C.j = X. j ~j i j +Y'i ilj jj + Z.j Vj k j ,

,T: ,T·: ,T-
çj = X 1 ~i Ij +y l '11 JI + Z i VI k l ,

_ uT: uT: liT"
th = X 1 ~I Il +y l '11 JI + Z 1 VI kl ,
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Allother set of vectors, corresponding 1.0 th" rotation of tlll' tetll<'rs, is ,l"lil,,',l as:•
-:. _ ,T ê:. ;' IT.:. . ,1".:

K., - X , '" l, + y l 7/i J, l- Z , V, k,

ii; = [~i (90 + 9i) cOSeP; + OosinePi] Îi + [-C~i (tio+ 9i) sin~'i +iiO"OSc1>i] ki

à i = (tio+9i ) COSePiÎi - (90 +9i ) Sinc1>iki ,

fJ i = [-C~i (tio+ 9i) sin I/'i + 00 cos <Pi] Îi + [-~i (lio + Iii) ,'os C"i - lïosinc".] ki

i' i = sin cPii; + cos </>jèi 1

(\ 1.:11

(D.:I)

D.l
...

Position Vectors, ri, hi, rti

Local position vectors ri. rt., IInd hi in tether coordinate system are tleline,l as:

D.2
•. ... .

Velocity Veetors, ri, hi, rti

(DA)

The time derivatives of the position vectors in the inertial frame are rclated to 1;1Iose

of tether fmme throngh the following eqnlltions;

• 0

hi = hi +ni x hi ,

•

where ni is defined earlier and the local time derivatives lire given by

0(' T')"ri = li + Xli (i ii ,

? liti' t i - li-
bi = "To'"ii + lo 1'J.i + lo I;.i ,
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• D.3

Vf'el.ol's dr,. db,. dt,. lISCÙ iu Eq. (4 ..5). arC ùefiueù as

.. .. (J .... _

d r, = 'Ul,x fi +!li x (!li X fil + Ai x fi •
'Q' 0

- t" - 2ti - - - - - - - -
db, = (~ li + ec;"i + 2nix b i +ni x (!li X b;) + Ai X b i

... -2s·{· 1) .. .. 0 .... _

dt; = t
i
' '<:i + siili + 2si'i + 2!li X ft; + !li X (ni X ft,) + Ai X ft, • (D.7)

whel'e .;i = ei
(Qi - Si), and Qi as defined earlier is the reeling rate of tether i fromei

the i-th body.

D.4 Column Vectors V'S

The eolllmn veetors 'Dr;, 'Db" and 'Dt; are in fact partial derivatives of vectors

fi, hi, uud ft, with respect 1.0 the elements of generalized coordinates corresponding

1.0 the i-th tether, qi! respectively. They are given by

ii X fi ii X bi ii X ft;

-ji X fi -Ji X bi -ji X ft;

ii 1 - ei : : 1 - Si _
li bi + 2lali li + -e-i-Çi

'Dr; = , 'Db; = , 'Dt; = ,(0.8)
Xli li

liX'i li/la Xiii

{a}
liY,Ji/la Yïli

{a} ljZ'i ki/la Ziki

D.5 Column Vectors P'S

•
The colllmn vectors l'r" 1'b;t and l't; which are partial derivatives of position

"edors drj.db;t and dt" respectively, with respect 1.0 the elements of qi are given by
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•

i, x dr•

.. _ 0_

-ji X d r , + 20 i x fi +Il i X (Oi X fil
+Oi x (fi i X fi) + i3i X fi

{fi}

{fi}

o

-ji X db; + 20 i x bi +n i x (Oi Xbi)
+ài x (ni x bi) + i3 i x bi

X' i {2ti(n i Xii) + filn i x (ni
x iill + fi(Ai Xii) } / fe

y.; {2t;(n i x j;} + f;lni x (n;

x jill + fi(A i x ji)} / fe

Z'i {2l i(ni x ki) + filn i x (ni
x kill + fi(Ai x ki)} / fe
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D.6

.. - ~-

-j. X dt, + :lo,. x ft, + !li X (Ô, X ft,)
+0" x (fi, X ft,) + (Ji X ft,

"i {!-2~:X'i + siX"dii + 2X'i(fl i x id}
+ xdfli x (fl i X id + (À i xii)!

.{I 2èi y, . Y" 1. 2Y' (i'> , )}Si - fi i + si iJJi + i oI~i X Ji

+ Yi[fli X (fl i X ji) + (À i X ji)!

Si {[-2~;Z'i + siZ"i!ki + 2Z'i(fli X kil}
+ zi[fli X (fli X kil + (Ài x kil!

Column Vectors R's

(D.9)

The column vectors R r " Rb" and Rt, are partial derivatives of vectors dr ., db.,

and dt. with respect to the elements of generalized speeds, cii' respectively. They ure

given by

o

2ii x ri +fli x (ii X fi) + ii x (fl i X fi) + ifi x ri

•

R r ,=

{ii}

{ii}

202



•
'Rb, =

o

2ii x bi +D. x (i. X b;) + i. X (ii. X bi) 1- d, x h,

c

-2Ji X bi -ni x (Ji X b;) - Ji X (sii X h;) -1- di X hi

2 " _ •
-y .((,;. + (,[l. x J")fa ., ...U 1 1 1

.. 0 _.. """

-2ji X ft, - [li X (ji X ft,) - ji X ([li x ft,) -1- (:ii x ft.

2Xi(ni x li) + 2six'ili

2Zi (U i x kil +2Si Z';ki

,(D.1O)

D.7 Matrices .J's

Matrices :Tr,,:Tb" :Tt" defined in EC(. (4.3:3), are indeed Jacobiall mat.rices uf

positioll vectors fi, bi, ft. with respect to qi, respectively, i.e.
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SilH'f~ l.llC!,Y' arc :-i,\'JJlrnct.l'Î<.' Illutrke:-i, ouly t.he lower t.riangular purt of the 11Iatl'Ït'l'~ an"

• pn,sl'UiJ,,1 "NC.

ii x (ii X fil • • • •

(ji X f;) xii ji X (Ji X f;) • • •

:Tr, = X'i eus <l,di Xliki [0] • •

{o} {o} [0] [0] •

{o} {o} [0] [0] [0]

foi i X ("Yi x bi) • • • •
fO(Ji X b;) X "Yi fOJi X (Ji X bi) * * *

1
liX.i COS <Pdi fiX.iki [0]:Tb =- * *, fO

fiY'i(sin<Piki - cos <Pili) {o} [0] [0] *

-fiZ.isin</J.Ji -fiZ.ili [0] [0] [0]

"Yi X ("Yi X ft;) * * * *

(Ji X bi) X "Yi Ji X (Ji X ft;) * * *

:Tt; = Xi cos <Pdi Xiki [0] * * (D.12)

Yi(sin </Jiki - COS <Pili) {o} li [0] [0] *

-Zi sin <Piji -Zili [0] [0] [0]
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•
Appendix E

Rigid Longitudinal Equation of
Motion

ln the cllse of length eqlllltion, qr = C,,, one should cxerdse cILre 1.0 "Ill'l'Y uUI. the

dilferentiation of integrals with lcngth-dependent limits. Let us subsl.il.ute Cil fur qll

in Sn defined in Eq. (2.75) and rewrite il. ilS

(KI)

Since all the integrands are functions of en as well Ils XII' because uf I.he \Vay t.he

admissible fllnctions were defincd, we should use Leibnitz's rule tu cany uut. t.he

differentiation inside the integrals. Having done 50, we would gel.

(E.:l)

•
In order to compute St., let us first deal with the term
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Siun' ft" is ft flll1l'tioli of lhe spatial ('ouruiuate .1: n . tether leugt.h ln. HIIlI liull"' f. i.l' .

ft" ~~ ft... {,r ll • i".l J. then wc call write'

. ort· art (lrtr = i __" +{ __'1 + --"
t" " u.' " U( (II

;l" "

oFtll 8rt" art'I-.-=--+--
c)(" ox" U{"

:'iole tllat lliis is not consistent with

8i: of
âq = ôq

1 r J • • art"
)C('.lLtlse u t le convective lernl X n -•.-.

éJx71

Using Eqs. (Li) and (A.5), 1 can he rewritten as

Bul.

(E.4)

(Li)

(E.6)

(E.i)

fa t" '- ai:t"
ft"·-.-dx,, =

o 8x"
(E.8)

and

fat" '- ai:t " ô fat" 1'- '- [1 '- ,-]
ft,,'-abdx" = ab -2ft"'ft"dx" - -2ft"'ft ,, _ 'o tn tn 0 Zn-ln

(E.9)

•

1Note that it is convenient to write it as a function of the spatial coordinate x" and time, thus

in the usual wu)', ft" Î!> given b~' "
. 8rt 8it
ft = i'n--" + --=:l.

... 8xn 8t

Howel·er. here l" is considered as a separate variable. This means :t in the above equation is

e'luil'lllent to i"...E... + !!.... in Eq. (E.4).
81" 8t
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•
hy lIsing Leihnitz's l'nie l'oll\'el'sely. Snbstilllting thes!' n-Ialions in E'I' (E.71 an,1

('ollectiu:,.!; Sinlilal' tenns. w('obtail1

fo
{"" (8ft" tlft,,) . [, (Oft" tlft,,)]1 = l't· -- + -- r/.r - 3 ( l't' -- +--

fi éJ O( n FI ri Il 'J ül'o x" fi (. l'I fi .l'II=("

. [. (8ft 8ft )] [1..]+ unen ft u ' if' fi + al Il - :)rt" ·rt.. _ .
J:f1 n r,,=O - r'l_O

From the definitioll of ft" and admissible flllwtion. one ('lin sec that

and

(E.IO)

(E.III

C• [Ô,ft" + 8ft .. ] C· ," = ni" 1

üx" OC" _{XIl- Il

Hence 1 l'an be simplified as:

[ft,,] _{ = f" .
XfI- Il

(E.I:l)

(8.1:1)

Finally we l'an write Stn in the following form by substitnting back the IlbllVe

relation into Eq. (E.2)

" - (EA)"fot.. ôenr/' (EA)" (e ) • fo'" {" .oft "
.. fil - ~'lC X n + fi X, -i, + Pn rtll ü'ln 0 v n m . ,- ~ 0 X n

[" "{- 3(' - l'}] oft"d } 1. ["{-+ l't,, +aii l't. -. le'l't" le . 8C" Xn + ïP" aii l't..

- 3(Îe·ft.. )Îe} .ft..] _ -/3"p"é"f".În+ p" (a" - -2
1
) [ftn·ft ,,]. _ (8.14)rn-tll XII_O

Since ft" = Ü at X n = O. after sorne manipulation we obtain

•

'. . {{" [" "{_ ., _ '}] (8ft" aft,,)St.. = P"Jo l't,, +aii l't.. - .3(le·l't,,).e . aen + ox" Ilx"

. " (EA)"foln oe" (EA)"+ Bn l''''ln + ôe dx" + (e,,). -lmOn m "",.- n

+p" (a" - ~) [ft•..ftnLn=o .
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•
Appendix F

Comments on the Analytical
Mechanics Approaches

(]se of the lllldyticll! mechallics approllches to derive the equations of motion has

heen "controversial subject fol' a system with a changing mass. Similar to Newton's

seconù Iu.w
~ di>
F=­

dt '

the cxtellùeù Hu.milton's princip!e

1"(6L+6W)dt =0 ,
l,

(F.l)

(F.2)

(·"n be llpplied only to a system with a constant mass. In the case of a system with Il.

chllnging mass, one has to use a modified form of these equations. Newton's second

lllW was extended for a system of changing mass, in the early stage of the development

of 1I1liù mechanics [841. Using the idea of open anù c10sed control volume, Melver

1851, 1Il0difieù the extended Hamilton's princip!e for a system of variable mass. In Il.

general form it is written as

(F.3)

•
where at position i' and time t the partic1e has the density and velocity of p and

~, respectively. Bo is the boundary of the open control volume, V, Lo and 6W are

the velocity of this bOllndary, Lagrangian of the open system and the virtlla! work
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•
performeJ on Ihe same system Jne to the "irtual displ"""lIlelll ,li. t'l·slll·,·ti\'l·l~·. In

fact p(V - f)rl.4 is the mass f10w rate crossillg the hOllndary surfa,'" l'1cm<'lIt li..l.

l;sillg the modilied form of the extelldeJ HlImitton's prilldple r<'s"ardws lik<,

~kl\'er 18.il anJ Laithier 1861. showeJ that simitar c'Illations t'ali he ohtain<,,1 as that

of :'\ewton's methoJ for a system of challging maSS such aS the rm,ket prohlcm an,l

\'ihrations of a tube con\'ering lIuiJ internally.

ln the following an illustrati\'e example is consiJered to compare 1.11<' <,,,uations of

motion using Newton's secondlaw with those of an lUIILlyticalmethml for a tctlll'rcd

satellite system. It l'an be sccn that one l'an arrive at simitar eqnatiolls of motion

nsing either of appronches. However, based on different assumptioas made dllt'ing the

modelling, one l'an come up with dilferellt equations.

F.I An Illustrative Example
F

AI----.----.--

Figure F.I: Illustrativc cxample

•

The system, which models Il. tethereJ

satellite system in Il. very simple form, con­

sists of a mass m suspended through a hale

by an inextensible tether with a mass den-

sil.Y of p per nnit length. In this model,

point A represents the attachment point of

the tether ta the reel mechanism, and F is

the tension force applied by the reel mechn­

nism at this point. It is assumed that there

is no force acting on the system other than

F. The upper part of the tether (d) mod­

els the unreeled part, while the reeled part

is moùelled by the lower pnrt (e).
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•
TI", e'lllat.illu of mot.ion is olltaiued fur t.hre,· diffpreut <"ases: (al tl", "1'1'''1' pan

is asslllued t.o he mo\'iul( with t.he same \'elocit.~' as the lower part: (hl t.h.. upper

pMI. has uo rnotiou aud the velocity chauge takes place suddeuly; and (c) most of the

IIpper part has uo 1Il0tiou aud the velocity change takes place within a small portion

of t.he upper part of the tether such that no energy is lost in this process,

F.L1 Case 1: The Upper Part Moves with the Same Ve­
locity As the Lower Part

lu this case we are dealing with a rigid body system moving with respect 1,0 the

incrt.ial frame with the displacement d. From Newton's method, we have

F = (m +pL)d', T = (m +pf)d .

Since d + f = L = constant, we l'an write

F = -(m + pL)€', T = -(m + pf)€'

(FA)

(F.5)

•

Similur equations l'an bll obtained using Lagrange's method along with Lagrange

lIlultiplier or extended Hamilton 's principle.

These relations show that the tension al, point A, the point thal, the tether is

really attached 1,0 the reel mechanism, in general, is different from thal, of point B, if

it is assllmed the IIpper part has moving. They are approximately l'quai only when

d « f. ln other words there is an inconsistency if one assumes that the ullreeled part

of the tether has the same velocity as the reeled part and uses the tension al, point B

as the regllhLting tension applied by the reel mechllnism and controller.

F.L2 Case 2: The Upper Part Has No Motion and the
Velocity Changes Suddenly

Assllming that the IIpper part has no motion and the velocity change takes place

slIùdenly between the IIpper part and the lower part and using the Newton's method
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for Cl control \"olul11('. olle ohtains

T = -(m + pO!' - pi~ (F.lïl

The term pi~ in the right haud side is the transpurt mumeutum a('J'uss the ,'unt roi

'·olullle.

To apply the modified form of the exteuded J-Iamilton's priul'ÎJlle. 1.':". (F.:l). IL-t

US aSsume that our closed control volume is the box showu iu Fip;ul'<' F.I with the

dotted-lines and the open control volume is coincident on the close,l coutrol "ulnn\(!

instantaneously. Let us give a virtual displaccment 8f and figure uut the dilrercut

terms in Eq. (F.3).

At the boundary, j: is zero, therefore the c10sed integru.l over the buuudary \'lLU-

ishes. Lagrangian of the open system is given by

(F.7)

where M = m + pl is the total mass inside the open control volume. Performiup; the

<5 operator, we would get

•

sinec <5(M) = 0 is a constraint of the open system. Hence we can write

.. d. dM· ..
61:. 0 =Ml6(f)=-(MW)-(-dl+Mf)6f,

dt t

dM .
For the present system - = pf, thus

dt

61:.0 = .!!-(Mi6f) - (pi2 +M l)6f
dt

The virtual work on the open system is simply givell by

6W = -T6f
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SlIhSl.il.lItiUl!; for 61:." and 61V. performiug some algebra. aud impl<mwul.iug M = 0

at fi all<l f~, wc "htuiu

11, ['0 "]-T - pl- - (m + pt)l 6ldt = 0
l,

Silll'c bl is auy arbitrary virtual motion, one conc1udes that

T = -(m + pt)ë - pé2
,

whieh is ideutical with the result of Newton '5 method.

(F.11)

(F.I:!)

F.1.3 Case 3: The Upper Part Has No Motion and the
Velocity Changes Smoothly Within a Small Portion
of the Tether

ln this case we assume that the velocity changes smoothly between the upper and the

luwer parts within a small portion of the tether, such that: lirst there is no energy lost

due tu the momentum transfer; and second this portion is so small that its kinetic

cuerl!;y is Ilegligible, It is equivalent to llssuming that the incoming tether enters

the c10sed control volume with the average velocity, !é. Using Newton's second law

or the extended Hamilton's principle for the open system, the equation of motion

corresponding to t is given by

.. 1'2
T = -(m + plle - -pt

2
(F.14)

Similar equation can be obtained if one starts from the conventional form of the

Lllgrange's equation to derive the equation of motion corresponding to t

where J( E = :Hm + pe)é2 and Qi = -T. After some manipulation we can write

•
.. 1 '2

T = -(In + pt)t - -pt
2
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lu the study of dynamics aud control of a tWO-bOlly tetherell sat.ellitl' systelll. I,illl

1661nsed the first assnmption and obtained the equation of motiou l'ol'l'l'spondilll,( 10

C with no extm term associated with the momentum transport at the aUadl poillt

uf the tether auù the main-satellite. He then suggested usiug a pseudo l,(ellel'lllized

cuorùinate Co iu usiug the Lagrauge's method to arrive at similar e'luat.ious as t.hose

uf the Newtuu's method. Instead of usiug this idea , whidl makes the dm'ivatioll of

llIutiOIl ùifficult in Il. general case such as N-body tethered satellite system, oue ,"111

start from Eq. (2.6.5) and integrate it for whole system.

•
F.2 Concluding Remarks

•

For the formulation of an N-body system, developed in this thesis, it is e'luivalellt

tu dropping G"i in Eq. (2.71) and Ln in Eq. (2.84). If variation of the masses is tu

be ignureù even in the kinematics, then all the Bi and Bi, j = 1,2, ... , N - 1 IllUst

be equated to zero. However as was mentioned earlier llSsuminl,( similar velocity for

the unreeled part and reeled part from one hand, and using the tensiou at ulle ellli of

the reeled part of the tether as the applied tension by the reel mechanism from the

other hand, are not consistent.

As the final words Wli: would like to mention two points here: first, the dilfereuee

betweeu assuming similar velocity between the reeled part aud unreeled part uf t.he

tethers alld assuming smooth change in the velocity from zero to deployment/retricvlLl

rate, appears only in the equation of motion corresponding to C, i.e. uuue of t,lm

equations associated with librational as well as vibrational motion are alfeeted, 110

matter which method is used. Secondly, the dilference in reality eveu in the eequlLtiulI

is so small in practical cases that it has been often ignored by the researchers.

To sense the dilference let us consider a two-body tethered satellite system moving

in Il. circulaI' orbit, where the main satellite is coincident with the centre of mass. The
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sy:;I,(!11I is .L"iS1UII('(1 to have uo lihratiol1al motion. The tetlJer i~ heiut.!; (lepl(l~'('(l al a

('oll5l.alll rat... Wil.h lhe I.hree ùilfereul as5umptiuus of the pre\'ious Sec·tiuli. Wl' would

o!>l.aiu tl!" fullowillg e"uations:

.. 1 0

-Tl = (m + pe)l - 2(m + 2pf)m~

.. 1 <J ")

-T~ = (m + pf)f - 2(m + 2pl)(n~ + pf-

.. 1 0 1'0
-T3 = (m + pf)f - 2(m + 2Pt)fn~ + 2Pl-

(F.I ï)

(F.IIl)

(F.19)

For a system with the following parameters

m = .'jOO kg, p = 4 kg/km, ë= 5 mis, ne = 0.0012 rad/s.

Ta!>11' F.I cumpares Th T~, und Ta for different leugths of the tether.

..
100 201.6 201.5 201.55
10 14.98 14.88 14.93
1 1.45 1.35 1.40

0.1 0.144 0.044 0.094

Table F.1: Comparison of tension in the tether

~ f km ~ Tl (N) 1 To (N) 1 Ta (N) ~

It l'aU be seen that exeept for the tether with a small length, the differeuee is

uegligihle. Takiug into aceount the faet that ë likely to be mueh smaller than 5 mis

iu the early/linal stage of deployment/retrieval , when the tether is short, oue ean

realize 1.111\1. the tensions will be of the same order with either of the three assumptiuus.

Note tllllt including the librational as well as the vibratioual dynamics of the tether

as weil as the dynamies of the mainsatellite will rcsult in even smaller ùifferenee.

• 214




