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Abstract

The dynamics of truss structures, articulated via a specific actuator arrangement,
is examined in this thesis. The structure is treated as a flexible multi-body system,
and sub-divided into numerous truss and actuator links. The resulting configuration
becomes that of a crane-type manipulator. The prismatic actuator is modelled as
a separate cylinder and piston-rod component, and considered rigid. Frame desig-
nations and kinematic expressions associated with each link-type, are established in
order to evaluate the motion of the structure. Kinematic loops are introduced by the
actuator installation, and the orientation angles of links dependent upon the loop are
solved using the Newton-Raphson method. By virtue of the kinematic arrangement
considered, only planar motion of truss cranes is examined in this thesis. The base
of the structure is also considered to be fixed.

Initially, the equations of motion are formulated for the individual link with La-
grange’s equations, and modal discretization is employed to model truss link flexibil-
ity. The finite element method is used to geometrically discretize the truss links, and
only linear axial deformation of the members is modelled. The eigenvectors obtained
from the eigenvalue problem of free vibration for each truss link, are employed in
the modal discretization. The equations of motion for the entire structure are then
assembled, and the non-working constraint forces between adjacent links are elimi-
nated using the natural orthogonal complement of the velocity constraint matrix. As
a result, a minimum set of dynamical equations are obtained in terms of the actuator
extension and elastic (or modal) coordinate variables.

To address the active vibration control of truss crane manipulators, the singular



perturbation method is employed to establish a reduced-order model for the equations
of motion. The resulting forms allow for the composite control design of the quasi-
static motion and the modal coordinates. In this work, the robotic-based computed
torque with PD control is applied to maintain the quasi-static motion, and an optimal
LQR design of a specific configuration of the structure is considered for vibration
control. Operation characteristics of the actuators are not modelled, and full state
feedback of the vibration modes are assumed. These simplications allow for the initial
assessment of this control approach, which was applied in a continuous manner.
The code GENMAN was developed to perform the dynamic and vibration con-
trol simulations for the planar motion of a N-link truss crane. Initially, inverse
dynamics are executed using prescribed actuator extensions, in order to obtain the
corresponding actuation forces. These values are then employed in the simulations
of the forward dynamics to examine the resulting motion and structural vibrations.
This thesis presents simulation results obtained for a space crane model of dimensions

corresponding to that of a NASA concept.
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Résumé

Cette theése étudie le dynamique des structures en treillis flexibles qui sont articulés
par une installation spécifique des actuateurs. La structure est composée de plusieurs
corps classifiés comme treillis ou actuateur. L’actuateur, de type prismatique, se
compose de deux membres; un cylindre et un piston qui sont considérés rigides.

Le mouvement de la structure est décrit en utilisant des repéres cartésiens fixés sur
chaque corps et par les expressions cinématiques attribuées a chaque type de corps.
L’installation des actuateurs introduit des boucles cinématiques pour lesquelles, il
faut obtenir les angles d’orientation de ces membres impliqués. Celles-ci sont résolues
par la méthode de Newton-Raphson. Seul le mouvement planaire est considéré pour
les structures en treillis étudiées dans cette thése. En outre, le base est choisit fixe.

D’abord, les équations du mouvement sont formulées pour chaque corps individuel,
en utilisant les équations d’Euler-Lagrange. Premiérement, la méthode des élément
finis est employée pour la discrétisation spatiale des corps en treillis, et seule la
déformation linéaire le long de ces membres de treillis est considerée. Ensuite, un
certain nombre de vecteurs propres (eigenvectors), obtenues du probléme des valeurs
propres pour chaque corps en treillis, est employé pour la discrétisation modale. Les
équations du mouvement du systéme en entier sont ensuites assemblées, et les forces
et moments de contrainte passifs sont éliminés par 'application du complément or-
thogonal naturel. Le résultat est un systéme d’équations d’un ordre minimum, qui
comporte les variables d’extensions des actuateurs et les variables modales.

Quant & 'amortissement actif des vibrations, la méthode de perturbations sin-

gulieres est employée afin de réduire le degré des équations dynamiques. Le systéme
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résultant permet 1'application de commande individuelle pour la maneuvre de base
et pour les variables modales. Dans cette étude, la méthode de contréle “computed
torque with PD feedback” utilisée pour les robots manipulateurs, est employée pour
le mouvement de base. Le contrdle de “state feedback” est utilisé pour les modes
vibratoires.

Le code GENMAN a été développé pour exécuter les simulations du mouvement
planaire et pour contréler les vibrations de structures en treillis comportant N corps.
Premierement, le probleme de la “dynamique inverse” est résolu en utilisant des
extensions d’actuateurs prescrites, afin d’obtenir les forces requises pour le mouve-
ment rigide. Celles-ci sont alors employées en exécutant la “dynamique directe”, afin
d’observer le mouvement flexible et les vibrations résultantes. Des simulations d’une

structure spatiale, congue par la NASA, sont finalement présentées dans cette thése.
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Nomenclature

General Conventions

bold bold variables designate a column vector or matrix
non-bold an index or single value parameter

033 3 by 3 zero matrix

1as 3 by 3 identity matrix

i arbitrary link index under consideration

i—1 link preceeding link i per structure connectivity

(") absolute time derivative of vector (w.r.t. inertial frame)
(o) local time derivative of vector (w.r.t. rotating frame)
() skew symmetric matrix of 3D vector

ors X component of vector

(), Y component of vector

()2 Z component of vector

Specific Symbols

a general 3D vector

[al]; element j nodal displacement vector expressed w.r.t element j frame

al element j nodal displacement vector expressed w.r.t. link ¢ frame

a’;, p element j dispacement vector of forward node (no. 1), w.r.t. link i frame
ai,g element j dispacement vector of aft node (no. 2), w.r.t. link ¢ frame

al element j nodal rigid position vector w.r.t. link i frame
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0

Co

element j rigid position vector of forward node (no. 1), w.r.t. link 7 frame

element j rigid position vector of aft node (no. 2), w.r.t link ¢ frame
node k nodal displacement vector, w.r.t. link i frame
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assembled nodal displacement vector of link ¢
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cross-sectional area of cylinder or piston-rod link 4
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system vector containing all elastic coordinates

control matrix of linear time-invariant state space form

general representation of shape function matrix for flexible link ¢
deflection shape functions of node j, on flexible truss link ¢

vector of nonlinear terms in the independent dynamical equations
of motion, for elastic coordinate equations
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Young’s modulus of element, j

complex modulus of elasticity

elastic modal force vector for the system

quasi-static elastic modal force vector

vibration control state feedback gain of reduced-order-model

acceleration due to gravity vector



h*

l/
LI

MI

number of nodes per truss link

number of elements per truss link

represents inverse of mass matrix in reduced-order-model derivations
inertia matrix of link i, based on pose vector rate q;

assembled modal stiffness matrix of the total system

element j stiffness matrix per link i element displacement a’
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total number of independent coordinates in the system
total number of links in the structure (system)

natural orthogonal complement for the system

element interpolation matrix for rigid position vector a’
element interpolation matrix for displacement vector [al];
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Chapter 1
INTRODUCTION

1.1 Background and Motivation

The concept of truss manipulators originates from two areas of aerospace research.
The first involves the field of adaptive structures, in which a structural assembly is
equipped with certain self-sensing-self-actuating devices embedded into the members
or substituted for entire members. The installation of these elements transforms
the structure into an active system, allowing for autonomous motion and vibration
control, [Crawley et al.’87]. As a result, and with proper control design and imple-
mentation of the sensing/actuation systems, a structure obtains the capability to
actively vary the geometry or mechanical properties of its members to yield a more
acceptable configuration in terms of structural integrity or vibration suppression.
Hence, as variable geometry truss (VGT) arrangements were proposed for the de-
ployment masts of space antennaes, other manipulating truss configurations evolved,
[Miura’93], [Chen et al.’90).

Truss cranes were also examined for the in-orbit construction of future space-
craft. The requirements associated with interplanetary missions suggested that the
dimensions and mass of manned spacecraft vehicles will exceed the capabilities of
any present day launch vehicle. Various examples include Lunar and Mars trans-
fer vehicles that have masses on the order of 190,500 and 862,000 kg, respectively.

Their representative dimensions are 15.2 m diameter/ 22.8 m length, and 33.5 m



diameter/ 51.8 m length, respectively, [Dorsey et al.’92]. More recent concepts of a
Mars vehicle propose an arrangement with mass and dimensions of larger magnitudes,
[Sherwood’94]. These figures far exceed the payload capabilities of the present day
space shuttle, which is of the order of 19,500 kg, and the maximum allowable payload
shroud size is 4.8 m diameter/18.3 m length, [Dorsey et al.’92]. Hence, it appears
inevitable that the main assembly of future interplanetary and manned spacecraft
will be performed on an in-space construction facility (ISCF) located in low-earth
orbit, illustrated in Figure 1.1.

The deployment operations for orbiting structures and the future in-space construc-
tion of space vehicles, therefore imply that considerable manipulation capabilities will
be needed. The ISCF facility would be equipped with various manipulator systems,

in which three typical arrangements include:
e remote (telerobotic) manipulator systems (RMS),
e articulated truss space cranes, Figure 1.2, [Dorsey et al.’92|, and

e variable-geometry truss (VGT) manipulators, also referred to as adaptive truss

manipulators (ATM), Figure 1.3, [Chen et al.’90].

According to conventional terminology, the first two systems are anthropomorphic
manipulators consisting of “multi-joint-multi-link” configurations, [Chen et al.’90].
The joint manipulation is generally independent of the adjacent links. The third
system is denoted as an adaptive configuration in which a collection or module of
members vary in unison to effect the overall joint function or geometry change of the
structure. In general, the joint modules of these systems are typically of octahedral
assemblies.

The kinematic, dynamic, and control simulation of serial robotic manipulator sys-
tems receives considerable attention by the research community. Largely employed

for industrial applications of production and materials handling, these manipulators
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operate ideally for reasonable dimensions of link members which usually possess a
beam-type geometry. Present space applications of robotic manipulators include the
renowned space shuttle’'s CANADARM and the proposed space station’s remote ma-
nipulator system (SSRMS). Concepts and analyses of free-flying space robots are also
under review.

During the development of adaptive structures, there has been considerable re-
search in the field of VGT’s. Efforts by the Japanese community are documented in
[Miura et al.’85] and [Miura’93], and that of the United States stem from cooperative
interests between NASA and other groups involved with adaptive structures (such as
Jet Propulsion Labs, MIT, etc.), [Wada et al.’90]. Canadian involvement in this area
includes the activities documented in [Hughes et al.’90].

In contrast, it appears that the dynamic modelling and vibration control of the
truss crane arrangements per Fig. 1.2, has not been thoroughly addressed. These
structures would contain truss-type booms to perform the gross manipulation of mas-
sive components or mobile transporter platforms. The truss geometry possesses a
high stiffness-to-mass ratio, and provides both structural integrity and function dex-
terity. However, as the actuator and joint configurations become more complex, the
kinematic dependencies between adjacent links in a truss crane require additional
treatment when performing kinematic and dynamic analyses.

The focus of this thesis is to examine the dynamic simulation and vibration con-
trol of the planar motion for truss crane manipulators. A research survey regarding
the modelling schemes and analyses thus far considered for various manipulating
truss structures is initially provided in the subsequent section. The following sec-
tions presents a general discussion regarding the formulation methods for multi-body
dynamics, and the vibration control schemes most applicable to truss-type configu-
rations. This introductory chapter is then concluded with the main scope and orga-

nization of the thesis.



1.2 Manipulating Truss Structures
1.2.1 Articulating Truss Cranes

The development of the articulating truss crane concept in Fig. 1.2, has been mo-
tivated by NASA activities initiated in the late 1980’s. Various joint arrangements
are documented in [Vail et al.’91], [Sutter et al.’92], and [Wu et al.’92]. A summary
of this work is provided in [Sutter et al’90], which focuses upon the criteria used
to characterize the joint configurations. These include the provisions for maintain-
ing adequate structural stiffness with large joint rotations, and reasonable actuator
stroke. Corresponding test results are also provided for a specific truss boom assem-
bly, illustrating the rigid joint articulation, actuator load-deflection response, and the
fundamental frequencies for specific configurations of the structure.

A form of the dynamical equations of motion for a truss crane were initially pre-
sented in [Das et al.’89], and derived using Hamilton’s principle. The resulting equa-
tions are in terms of the angles between adjacent truss sections and in terms of the
full elastic nodal deflections. A mass lumping scheme was also applied, but a dis-
placement field (between the nodes of an element) was assumed that is inconsistent
with the linear displacement field employed in the strain energy formulation. The dy-
namic simulations performed in this work, use prescribed link angle trajectories and
integrate the equations of motion to obtain the resulting nodal deflections. Hence,
the effect of the elastic motion upon the rigid body motion is essentially ignored. The
corresponding actuation forces for this “flexible” motion are then computed. The
structural configurations considered and simulation results provided, do not facilitate
comparisons with a typical truss crane arrangement. In addition, with the flexible mo-
tion integrated from the prescribed rigid body motion, the high frequency vibration
components associated with a true forward dynamics simulation are not obtained. As
a subsequent activity to this work, an actuator compensation scheme that accounts

for elastic deformations associated with a maneuver, is presented in [Das et al.’90a].



This procedure determines the actuator force correction needed (in addition to that
calculated from the rigid body inverse dynamics) for tip point adjustment of the flex-
ible structure. Again, these are essentially inverse dynamic simulations where the
rigid body motion is specified and the corresponding elastic deflections are obtained
from integrating the equations of motion for the nodes.

The trajectory planning of slow moving space cranes, for which inertial effects
are neglected, is presented in [Ramesh et al.’91b] and [Utku et al.’91b|. Forward and
inverse kinematic relations are derived to determine the corresponding actuation of
specified members. The governing equations are established from the static response-
excitation relations of truss structures presented in [Utku et al.’91a). This Newtonian-
based approach provides a linear set of equations which satisfy nodal and member
force equilibrium, geometric compatibility between nodal deformations and member
elongations, and the constitutive relation between the member force and elastic stiff-
ness balance. The rearrangement of these expressions yields the member actuation
needed to provide a specified trajectory of certain nodal degrees of freedom. A form
of the Jacobian matrix relating the incremental change of end effector position due
to incremental changes in the actuator lengths, is also obtained. The computational
efficiency of the forward and inverse kinematic scheme is dependent upon the algo-
rithm of [Ramesh et al.’91a] used to update the Jacobian matrix during the iteration
of the trajectory solution. The justification given for neglecting the structure inertia,
is that member actuation will occur over long durations of time. As a result, the for-
ward kinematics would be ideally satisfied by the member actuation commanded. For
this simplified scenario of negligible structural inertia, [Utku et al.’91b] also present
an actuator compensation strategy to account for elastic deflections resulting from a
payload.

Due to the highly nonlinear equations of motion and the changing vibration charac-
teristics associated with articulating truss cranes, vibration control can be considered

for final configurations of the maneuver, [Lu et al.’90]. This is achieved by intro-



ducing either passive or active members into the truss-links, which are intended for
vibration suppression (and not gross manipulation). With the implementation of ac-
tive members, the structure becomes adaptive. The governing equations of motion
for the truss nodes are now linear and pertain to small deformations about the sta-
tionary configuration. Schemes developed for the vibration control of stationary truss

structure are now applicable, as will be discussed in Section 1.4.1.

1.2.2 Adaptive Variable Geometry Trusses

Although VGT structures are not the topic of this thesis, the various research
performed for this configuration is reviewed here for completion.

Two VGT concepts that correspond with the length dimension of the CANADARM
manipulator, are presented in [Hughes et al.’90]. The resulting forms of the kine-
matic and rigid body dynamic equations of motion for the highly densed member
topology are presented. Flexible body contributions are not modelled in the “ar-
ticulation” dynamics, however, the modal characteristics of the structure are eval-
uated with NASTRAN for numerous configurations. The authors mention that a
proportional-integral-derivative control model for each joint was established to effect
the commanded trajectories. A laboratory model designated as the Trussarm (Mark
I) structure was also introduced.

A general kinematic description for a typical variable geometry truss arrangement
is presented in [Naccarato et al.’91], along with a classification of the various con-
straints associated with the highly densed configuration of members. These efforts
focus upon the solution to the inverse kinematics problem of obtaining the required ac-
tuator lengths to yield the end-effector trajectory. The conventional scheme (applied
to redundant robotic manipulators) of solving the pseudo-inverse of the differential
kinematic Jacobian matrix, is used. In addition, the authors present a method which
solves the required truss configuration conforming best to a reference curve of the

desired shape of the structure. The scheme allows for the specification of certain



configuration constraints, such as for obstacle avoidance, and employs less compli-
cated kinematic expressions. As a result, this reference curve inverse scheme is more
computationally efficient, and hence quite promising to real-time applications.

The application of variable geometry trusses to the docking of a free floating struc-
ture is given by [Natori et al.’92a]. The inverse kinematics is based on the spatial
description of the base planes of each module (or bay), and the dynamic equations of
motion are formulated from principles of momentum conservation. The constraints
governing the docking control equations are addressed, and an experimental demon-
station of the docking operation is provided. Deployement and dexterity scenarios
for a specific VGT structure are illustrated in [Chen et al.’90]. Many other activities

regarding VGT arrangements are documented in [Miura’93].

1.3 Dynamical Formulation of Multibody Systems

The articulating truss manipulator of Fiig.1.2 conforms to a consistent arrangement
of the actuators and corresponding kinematic loops. For this thesis, the structure
will be modelled as a collection of flexible links, driven by rigid actuated/extending
members. Hence, it is ideal to select a formalism that facilitates this topology and
establishes the governing dynamical expressions. Newton-Euler methods of deriving
the equations of motion are convenient for serial configurations, in which the forces
and moments transferred to adjacent bodies can be readily identified and treated as
such. This is the case for serial robotic arrangements considered in [Hollerbach’80],
but not necessarily for configurations involving kinematic loops. The flexible body
problem also renders Newton-Euler derivations somewhat cumbersome.

Kane's method [Kane et al.’65|, provides a very efficient formalism from which
computer algebraic forms of the equations of motion have been developed,
[Amirouche’92], [Singh et al.’85], [Huston’90]. Each body is modelled as part of the
entire system, and with the method being an energy based approach, the inter-link

constraint forces and moments do not appear in the final forms of the equations
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of motion. As a result, a minimum set is obtained. This methology readily ac-
commodates the consideration for structural flexibility, linearization of the equations
of motion, and the simulation of constrained motion [Sadigh’95]. Although the fea-
tures associated with Kane’s method are most enviable, the Euler-Lagrange equations
maintain extensive application throughout the various fields of dynamic simulation,
[Chang et al.’91b], [Cyril et al.’91], [Chan et al.’90], and [Nagarajan et al.’90]. To ac-
count for structural flexibility, an assumed modes scheme is usually applied with the
Euler-Lagrange equations. As a result, the partial differential equations of motion
for the continous system are approximated by ordinary differential equations of a
discretized system, [Meirovitch’90]. For a system of multibody chains, constraint
forces and moments between adjacent bodies can either be included in the equations
of motion with the use of Lagrange multipliers [Park et al.’90], or removed with an
appropriate transformation of coordinates as obtained with the natural orthogonal
complement method [Angeles et al.’88a). The use of Lagrange multipliers introduces
a larger system of equations to be simulated. Even though hybrid solution schemes
exist to reduce simulation time [Park et al.’90], it is preferrable to obtain a minimum
set of equations for (time integration) simplication.

The dynamic simulations of flexible manipulators and mechanisms employing the
natural orthogonal complement, have been performed in [Cyril et al.’91],
[Darcovitch’91], and [Fattah et al.’94]. The assumed modes method can be applied
to model flexible beam-type members, and Lagrange's equations employed for the
discretized system. The formulation initially derives the unconstrained equations
of motion for each body or “link” in terms of the link origin velocity, frame angu-
lar velocity, and rates of the elastic coordinates. By appropriately introducing the
natural orthogonal complement and the independent coordinates of the system, the
non-working constraint forces are eliminated and the minimum set of dynamical equa-
tions of motion are obtained. The scheme additionally facilitates the general assembly

and algorithmic treatment of consistent manipulator arrangements, provided that the
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kinematic configuration is properly defined for the computation of the natural orthog-
onal complement of the velocity constraint matrix.

For structures consisting of numerous members, as is the case for the main truss
booms of a truss crane, the flexible characteristics of each individual link can be
readily obtained with finite element (FE) discretization. The application of the FE
method to the dynamics of flexible mechanisms with complex geometries has been ex-
amined in [Sunada et al.’81]. The treament of planar-loop systems and the modelling
of flexible members with FE modal discretization, is presented in [Fattah et al.’94].
The scheme employed in this latter work is most applicable to truss-type links, in
which the system dimension of the dynamic equations is reduced with the considera-

tion of only a few modes of vibration.

1.4 Vibration Control Methods
1.4.1 Vibration Suppression by Conventional Schemes

There is an extensive collection of research work regarding the vibration control of
truss-type assemblies. For stationary applications, truss arrangements constitute the
main support structures for the proposed space station platform, future spacecraft,
space masts, optical interferometers, and the precision structures of reflectors and
antennae used in space [Umland et al.’92], [Wada et al.’92|, and [Voth et al.’94]. The
majority of these arrangements consist a single truss, such that there is no articulation
of adjacent segments. The governing equations of motion for these flexible structures
are therefore linear differential equations expressed about the nominal configuration,
obtained either through the finite element method or from the response-excitation
relations presented in [Utku et al.’91a]. The equations may then be arranged in
the linear state space form, in order to apply the schemes of independent modal
space control [Meirovitch et al.’82], [Baruh et al.’92|, or direct output feedback con-

trol [Meirovitch’90]. The equations of motion associated with the gross manipulation
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of truss cranes are, however, nonlinear with time-varying inertial properties. There-
fore, unless the equations can be linearized, or reduced into two separate systems
consisting of the rigid body motion and linearized flexible body motion, the above
control strategies are not applicable.

Damping augmentation or active local vibration control can be obtained by ex-
ploiting the truss geometry and introducing either passive and/or active struts. The
implementation of these members into the main truss booms of a manipulating truss
crane, would compensate for insufficient structural damping. The use of simultane-
ous sensing and actuation members would transform the structure into an adaptive
or “intelligent” one. With the numerous members contained in truss structures, the
effectiveness of the resulting vibration suppression is dictated by the actuator or
damper placement. Considerable effort has already been focussed towards the de-
termination of optimal actuator placement in stationary truss configurations and the
criteria for assessing these. The application of optimal and linear control theory is
usually employed for such analyses, and various optimal placement strategies have
been addressed [Das et al.’90b], [Lu et al.’90], [Utku et al.’91a], [Maghami et al.’93],
[Sener et al.’93|, [Lammering et al.’94], and [Tongco et al.’94].

Experimental results of actively damping a truss structure are presented in
[Preumont et al.’90]. A collocated piezoelectric actuator and force transducer is used
to implement force feedback control. The work performed in [Dunn’92|, established a
control syntheses for different compensators. Details regarding the active and passive
design methodologies, and implementation into a truss testbed typical of future space
platforms are documented in [Voth et al.’94]. The active control is provided with the
use of jet thrusters, hence, according to conventional terminology the structure is not
adaptive. Viscoelastic struts are also installed for damping augmentation, and their
placement is initially assessed using a modal strain energy method. It was demon-
strated that proper integration of both active and passive control schemes allow for

effective vibration suppression of truss arrangements.

12



O

1.4.2 Vibration Suppression by Actuated Motion

An initial study regarding the vibration control of the truss crane presented in Fig.
1.2, has been performed in [Reisenauer et al.’92]. The crane was allowed to rotate
(out-of-plane) about its revolving base joint, and the resulting vibrations associated
with several fixed orientations of the articulating booms were considered. A reduced-
order FE model of the full structure was used, as obtained by modelling the three
dimensional truss geometry by a Timoshenko beam. This simplified (beam) model
reproduced the low frequency vibration characteristics of the full truss. By assuming
small rotations at the base joint, and since the vibration characteristics of various
fixed orientations of the truss were considered, then linear forms of the equations of
motion were obtained. A linear quadratic regulator controller was initially examined
to suppress the lower vibration modes, and destabilization of the unmodelled modes
was observed. A compensator scheme using a series of residual mode filters, was then
implemented and indicated good stabilization performance. The study demonstrated
the complications involved when designing vibration control for such a complex 3D
structure.

The open loop technique of pre-shaped command input can also be implemented
for the vibration control of truss crane structures, [Dorsey et al.’92]. The maneuver
actuation is applied so as to minimize the excitation of selected frequencies of vibra-
tion. Hence, the commanded extension rates of the actuators are modified to induce
small residual motions while effecting the required maneuver. The advantages of this
control scheme is that it is an open loop system, only the frequencies of vibration
of the structure are required for its design, and for a specific operation bandwidth it
can be designed to be insensitive to the physical system characteristics of vibration
frequencies and damping, [Dorsey et al.’92].

The vibration control for in-plane motion of articulating trusses is addressed in

this thesis. Since the theory regarding control of linear systems is well established,
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it would be ideal to obtain the conventional linear state space form of the equations
of motion. However, by virtue of the multibody system and the kinematic loop
dependencies associated with the truss manipulators considered here, the governing
dynamical equations are highly nonlinear. Linearization of the equations about an
equilibrium state or trajectory, as performed in [Sadigh’95] with Kane’s methodology,
may become numerically unpractical for a specific formulation scheme. This is usually
the case when the natural orthogonal complement is used to eliminate constraint
forces of a Lagrangian formulation, and therefore other means of altering or reducing
the order of the system must be sought.

One scheme that has been applied in the field of serial robotic manipulators is
that of the singular perturbation method [Aoustin et al.’93], [Chedmail et al.’91],
[Lewis et al.’93], [Siciliano et al.’88]. This procedure originates from the analytical
theory of differential equations and boundary layer problems in fluid dynamics. In
robotics, the technique establishes a quasi-static form of the equations of motion for
a flexible structure, by exploiting the property that elastic vibration frequencies are
usually greater than the frequency content of the rigid body motion trajectory. Hence,
highly coupled differential equations of motion can be rearranged into two reduced-
order systems, consisting of a “slow” (quasi-static) subsystem, and a “fast” (boundary
layer) subsystem, for which the latter possesses a much faster time scale. A detailed
explanation of the singular perturbation technique and its application in control sys-
tems modelling is provided in [Kokotovic’84|, [Naidu’88] and [Suzuki’81]. The control
scheme for each subsystem may then be addressed almost separately, to establish a
composite control design. The resulting model of the flexible cooridinates becomes
that of a linear time-varying system, and must be addressed accordingly. Therefore,
the actuation forces and torques can be used to effect the maneuver while suppressing
structural vibration. It is essential that the appropriate singular perturbation form
ensures adequate separation in time scale between the two subsystems, which is fun-

damental when considering small but fast deviations about a nominal state of the
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singular perturbation method. Then, as for every stable control system design, the

assessment of controllability and the control strategy, must be addressed.

1.5 Scope and Organization of the Thesis

This work examines the simulation of the dynamic motion and vibration control
of articulating truss cranes, confined to planar motion. The vectorial notation and
derivations of the thesis are applicable to spatial (3D) motion, and the forms specific
to in-plane motion will be distinguished. The equations of motion for each link
are initially derived from application of modal discretization along with the Euler-
Lagrange equations. The corresponding mode shapes of each truss links are obtained
from finite element discretization. The natural orthogonal complement method is then
employed to enforce the kinematic constraints between adjacent links, as detailed in
[Cyril’88] for flexible serial manipulators. The resulting equations of motion are in
terms of the independent coordinates for the system, which consist of the actuator
extensions, and the flexible coordinates of the truss links. This scheme was selected
over a Newton-Euler formulation or Kane’s method, since it easily accommodates
the computational assembly of the individual links defined per the structure topology
used in the thesis. Hence, any articulating truss crane arrangement can be simulated,
as long as the joint assembly between neighboring links corresponds with that used
in constructing the natural orthogonal complement of the system. The actuator
members are modelled as rigid bodies in this work, however, the formulation will
allow for their flexibility considerations in future work.

The objectives of the dynamic simulations of truss manipulators, are those gen-
erally used for robotic manipulators. Firstly, the inverse dynamics problem is
addressed, which involves the computation of actuator forces associated with the mo-
tion of the rigid system, obtained with prescribed actuator extension histories. These
actuator forces are then used in the simulations of the forward dynamics of the

rigid or flexible system, to examine whether the initial structure motion is obtained.

15



O

The forward dynamics is basically the time integration of the dynamical equations
of motion, to yield the resulting actuator extension and flexible coordinates profiles.
By modelling the desired number of flexible modes for each truss link, the resulting
flexible body motion can be observed. The inverse kinematics problem of determining
the required actuator extension histories to follow a certain end-effector path, is not
addressed in this work.

A procedure for implementing vibration control of truss cranes, is also examined
from the reduced-order models of the equations of motion, as obtained with the singu-
lar perturbation method. This scheme has been implemented for flexible manipulators
in [Siciliano et al.’88], and individual control strategies can be designed for the main
(quasi-static) maneuver and the vibration modes. For the quasi-static motion, the
method of “computed torque” with proportional-derivative control (denoted as the
feedforward control method in robotics) is used in this work. The control strategy se-
lected for the flexible modes is that of full state feedback, which employs the optimal
linear quadratic regulator (LQR) gains computed for only one specific orientation of
the structure. Full state feedback will not usually be available in practice, therefore
the implementation of state observers is recommended for future work. Vibration
control simulations are performed here assuming ideal actuators with no limitations,
however typical actuator characteristics should be modelled for subsequent activities.

The thesis is organized as follows:

e Chapter 2 introduces the structure configuration and topology for the truss

manipulators considered in this work.
e Chapter 3 presents the kinematic description employed for arbitrary links.

e Chapter 4 provides the derivations of the dynamic properties associated with
each link, namely the mass matrix from the kinetic energy expression, the truss
stiffness from the potential strain energy, as well as the modal discretization

and structural damping schemes applicable to the truss links.
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Chapter 5 presents the formulation of the equations of motion for each indi-
vidual link, the assembly of the dynamical equations of motion for the entire
system, and the details regarding the computations of the natural orthogonal

complement.

Chapter 6 presents the vibration control scheme, namely the reduced-order sys-
tems derived from the singular perturbation method, and the control strategies

applied to the individual rigid and flexible systems.

Chapter 7 explains the code GENMAN developed to perform the simulations
of the dynamic motion and vibration control of truss cranes, and discusses its

various features and capabilities.

Chapter 8 introduces the truss crane model examined in this thesis for the
simulation of the dynamic motion, and presents the corresponding results and

discussion.

Chapter 9 presents the conclusions established in the thesis and recommenda-

tions for future work.
The Bibliography contains the various references.

The Appendices include the more detailed formulations and simulation data.
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Chapter 2
STRUCTURE DESCRIPTION

A manipulating truss structure contains certain length adjusting members to effect
motion of the truss booms, as depicted in Fig. 2.1. The structure may be situated in
a gravity environment such as for ground usage, or in micro-gravity when installed on
an orbiting platform. For the work of this thesis, the base upon which the structure
is attached is assumed to be stationary. However, if this is not the case, then a
general model of the structure would assign specific generalized coordinates to the
base frame to reference its orientation and location with respect to an inertial frame.
For orbiting cases, if the base platform mass is either less than or of the same order
of magnitude as the truss structure, then momentum principles must be applied to
define the center of gravity of the entire system as the origin of the orbital frame.

For the configuration of Fig.2.1, the truss manipulator is modelled as a collection

of substructures or links consisting of:
e statically determinate or indeterminate truss booms,

e prismatic actuators that act as length varying elements to effect the required

geometry change of the overall structure, and
¢ possibly a remote manipulator as the end effector of the truss crane.

Each truss boom is treated as a separate body or link, and its flexibility is mod-

elled using the finite element (FE) method, such that only axial deformation of its
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Figure 2.1: The member arrangements of a manipulating truss.
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members is considered. The prismatic actuators are modelled as separate links, con-
sisting of a cylinder component and an extending piston-rod, which is typical of the
basic geometry of a hydraulic or servo cylinder actuator. As a result, the cylinder
component contains inner and outer diameter dimensions, and it is assumed that the
extending rod possesses the diameter of the inner dimension of the cylinder. In this
thesis, the actuator members are considered as rigid elements, however their treat-
ment as individual links in the formulations to follow will accommodate flexibility
considerations for future work.

The following section presents the variables designating the generalized coordinates
for an individual link i, and the recursive relations that express the link orientation
and origin location of the assembled structure. Figure 2.2 illustrates the frame des-
ignation assigned to a typical seven link truss manipulator, and Table 2.1 presents
the corresponding link definition and connectivity data. This information constitutes
the topology of the structure, and fully describes the link arrangement. By virtue of
the actuator installation of Fig.2.2, manipulating truss structures are not of a serial
configuration, but rather contain multi-kinematic loops. The treatment of these loops
and the dependent revolute angles associated with them, will also be addressd.

For the remainder of the thesis, variable N denotes the number of individual links
contained in a truss manipulator, variable n represents the total number of actuated
joints, and [ is the total number of kinematic loops per the arrangement of Fig.2.2 .

Many other variables will be defined during the course of the derivations.
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Figure 2.2: Link frames and structure topology of a seven link manipulating truss.
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Table 2.1: The link connectivity/structure topology of the seven link truss manipu-

lator.

N =7 (Number of links)
n = 2 (Number of actuated joints)
| = 2 (Number of kinematic loops)

Link Link Joint | Preceeding
i Type Type | Link, i—1
1 truss fixed 0
2 truss | dependent rev. 1
3 cylinder | dependent rev. 1
4 | piston-rod prismatic 3
5 truss | dependent rev. 2
6 cylinder | dependent rev. 2
7 | piston-rod prismatic 6
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Chapter 3
SYSTEM KINEMATICS

The manipulating truss structures considered in this work are confined to planar
(2D) motion by virtue of the joint and actuator arrangements considered. However,
the vector notation and formulations presented in the following sections retain the
general forms for spatial (3D) motion, unless explicitly noted. The allowance for
spatial motion (of these structures) will require a more specific definition of the joint
arrangement between adjacent links, such as to incorporate misalignments of the
revolute axes. This will also be commented upon in the following section.

It is equally important to note that all vectors associated with a specific link will
be expressed within its own frame. This choice provides some convenience during the
formulation of the kinematic and dynamic equations of motion. In addition, in this
thesis bold lower case letters represent a vectorial or array quantity, and bold upper
case letters pertain to a matrix quantity. Variables which are of the standard (i.e.
non-bold) type-face, generally represent a scalar quantity such as for a material or
geometric property, or an index. All variables may contain superscripts and subscripts

to clarify their representation, and will be defined upon presentation.

3.1 Kinematic Description of the Link Frame

The spatial position and orientation of an arbitrary link ¢ with respect to an in-

ertial reference system X,Y,Z, is illustrated in Fig. 3.1. A body-fixed frame X,Y;Z;
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is defined on each individual link and situated at its revolute base, and axis Z; corre-
sponds to that axis of rotation. Angle 6; is used to represent the rotation about the
positive Z; axis, and is the angle from the X;_; to the X; axes. The index notation
i — 1 refers to the link preceeding a given link 7 per the structure topology, and does
not necessarily represent the numeric assignment of the links, (see the final column
of Table 2.1 and configuration of Fig. 2.2 as an example).

As denoted in Fig.3.1, vector p; represents the position vector of the origin of
link frame i from that of the inertial frame. In addition, the prismatic actuation of a
piston-rod is defined to occur along the rod’s X; axis. This deviates from the modified
Hartenberg-Denavit (HD) parameters used for serial manipulators in [Cyril’88], where
actuation of a prismatic joint is along the link’s Z; axis. For future work regarding
the spatial motion of truss cranes, it is foreseen that the links would require a similar
HD parameter description, specifically when there are: individual robotic systems on
the truss crane, angular misalignments between the revolute axes of adjacent links,
or prismatic joints that incur out of plane motion.

The angular orientation of link frame 7 with respect to the inertial frame X,Y,Z,
is denoted by rotation matrix Q;, which contains the direction cosines of the frame
¢ axes. Only three of the nine components in Q; are independent, and the othogo-
nality property of the rotation matrix Q7 Q; = 133 provides six constraint equations.
When using the Lagrangian method to derive the equations of motion, the angular
orientation of frame ¢ with respect to the inertial frame must be represented with

generalized coordinates employing one of the following:

e three Euler angles of roll, yaw, and pitch,

o four dimensional vector of Euler parameters which represent the direction of the
frame’s local axis of rotation and corresponding angle of rotation, as discussed
in [Cyril’88| and [Nikravesh et al.’85], or

e the four dimensional vector of a linear invariant set, discussed in [Cyril’88].
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Figure 3.1: Kinematic descriptions of an arbitrary link.
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The use of a four parameter set is preferred, and regardless of the set selected,
this vector will not appear in the final form of the dynamical equations of motion.
Denoting the chosen parameters for link frame i as q;, it is shown in [Cyril'88]
and [Nikravesh et al.’85] that the following identities between él,- and the link’s 3-

dimensional angular velocity vector w; exist,

Ww; = Li(:ii (31)

~

(:ii = Aiwi (32)

The algebraic constraint equation associated with the four parameter set is given as,
4;8:=1 (3.3)

Matrices f,- and .71,- represent the transformations from c"i,- to w; and vice versa,
respectively, and their components are given in [Cyril’88]. Although these relations
are employed in the derivations to follow, matrices ii and fli will not be present in

the final form of the equations of motion.

3.2 Kinematic Description along the Link

The kinematics of an arbitrary point located on a link may be described using
the link frame definitions presented in the previous section. As illustrated in Fig.
3.1, vector s; denotes the inertial position of any point on link 7, and given the local

position r; of the point with respect to the link origin we obtain,
S;i =pi+r; (34)

If the link is modelled as a flexible structure, then r; can be represented in the general
form of,

i =Ty, + Te,i (35)

where r, ; is a 3-dimensional vector denoting the rigid body location of the point

with respect to the link’s origin, and r. ; is the elastic deformation component. The
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deformation may be discretized using a matrix of shape functions B;, and the corre-

sponding m;-dimensional vector of elastic or flexible coordinates b;(t) denoted such
as,

bi(t) = (bin(t) bia(t) ... bim(t))T (3.6)
where, the elastic deformation is expressed by,

r.; = B;b(t) (3.7)

The shape functions contained in matrix B; correspond to the deformation modes
considered. For the case of beam type members of robotic manipulators, [Cyril’88]
uses analytical mode shapes for lateral deflections of beams (to model the in- and out-
of-plane deformations), and similarly for the torsional deformation about the longitu-
dinal axis. In this thesis, a finite element (FE) discretization scheme is employed to
model the in-plane deformation of each truss link. (Out-of-plane deformations would
also result by virtue of dynamic coupling, and should be modelled in further exten-
sions of this work.) The FE discretization scheme varies somewhat from the analytical
discretization of [Cyril’88], therefore eq.(3.5) is not directly applicable. Initially, the
structure is geometrically discretized and interpolation functions are used to express
elemental deformations in terms of the nodal quantities. Then, subsequent to the as-
sembly of the elemental mass and stiffness matrices for the link, the eigenvectors of the
corresponding eigenvalue problem are obtained. Only a few of the lower eigenvectors
are retained to represent the nodal deformations. Therefore, the local deformation of

any given node j on link i can be denoted as r.;/;, and expressed as,
rejisi = Bibi(t) (3.8)

where now B‘Z is a 3 by m; matrix containing the elements of the eigenvectors corre-
sponding to node j. The exact details of FE discretization will be presented in the
formulations of Section 4.1. The following section describes the flexible pose and twist
vectors, as well as the generalized coordinates used in the Lagrangian formulation of

the equations of motion for each link.
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3.3 Kinematic and Generalized Coordinates

The kinematic state of each link may be described using the flexible pose vector
q;, defined as,
. T
q: = (pT & b) (3.9)
and the flexible twist vector v; containing,
vi=(pT wT b (3.10)
The dimension of q; is denoted as p;, and for general 3D motion is given as,

pi=B+4+my) =(T+my) (3.11)

Similarly, p’; is used to represent the dimension of the flexible twist v;, and is equal

to,

p'i= (3+3+my) = (6+m;) (3.12)

Recall that for rigid links, m; = 0, and then the above vectors become more specif-

ically the rigid pose and twist.

By using eq.’s (3.1) and (3.2), the following relations can be constructed,
vi = L;q; (3.13)
qi = A,'V,' (314)

where matrices L; and A; are of the form,

[ 133 O3 Ogm, ]|
L; = | 033 L; O3, (3.15)
_0m¢3 0m.~4 ]-m,'m.'_J

[ 133 033 O3,
A= 1043 A; Oy, (3.16)

_Om,~3 0m;3 lmgm; i
With the substitution of eq.(3.13) into eq.(3.14), we obtain,

AiLi = lp,'p.' (317)
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elastic coordinates used to model their flexibility. In addition, if a flexible manipulator
arm is mounted on the structure and driven at its revolute joint by a torque, then the
independent coordinates for the manipulator link would contain % ;; =< 0; bl >T.

The generalized coordinates for the entire system consist of all the independent

coordinates for each link. Hence, the generalized vector of independent coordinates

is represented by v;, and for a general structure arrangement is assembled as,

’¢I=<’¢'{1 'I”{,i wT,N>T (3.22)

Note that only links with independent coordinates 1, ;, contribute to the above.
Therefore, both rigid truss links and cylinder links that are dependent upon a kine-
matic loop, have no contributions to ;. The total number of elastic coordinates used
to model the flexibility of the assembled manipulator will be denoted by variable m,

and is given as the sum of the number of elastic coordinates modelled per link,
m=(m;+mo+---+mp) (3.23)
Therefore, the dimension of ¥; will be denoted by n', and is given as,
n' = (n+m) (3.24)

Similarly, the total vector of dependent coordinates can be assembled and denoted
by, ¥ p,

'¢’D = ("»sz),I "/’g,i "J’g,N )T (3-25)
and contains only those dependent angles associated with a kinematic loop. For
the actuator arrangement in the truss manipulator of Fig. 2.2, there exists two
dependencies per kinematic loop. Therefore, the dimension of 1 is (2 x ), where
recalling from Chapter 2, ! is the number of kinematic loops present in the truss
manipulator.

In the treatment of the kinematic loops, a nonlinear 2-dimensional constraint equa-

tion is established, and can be expressed in the general form of,

C(¥nvp) =02 (3.26)
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from which the dependent angles 6; for the truss link i, and 6; for cylinder link
j (associated with the loop under consideration), are obtained. The details of the
kinematic loop and corresponding derivations are presented in Appendix D. In this
work, the nonlinear eq.(3.26) is solved using the Newton-Raphson iterative scheme
per [Nikravesh’88]. The corresponding angular rates are subsequently obtained by
differentiating the the constraint equation ¢ with respect to time, to yield linear

equations that can be written in the general form of,

¥p = Nopr (%1,%p) ¥, (3.27)

'J’D = NDI ("/’1, '/’D) "2’1 + NDI ("l’[; ¢D) "pI (3-28)

For the derivations of Appendix D, more specific forms of eq.’s (3.27) and (3.28) are
presented in terms of twist vector components and some of the independent speed
variables. These pertain to eq.’s (D.37) and (D.44). The construction of the natu-
ral orthogonal complement for the system will also employ these latter relations, as

discussed in Section 5.3.

3.4 Recursive Relations

3.4.1 Frame Orientation Matrix

The orientation matrix Q; of link frame i presented previously in Section 3.1, is

obtained by the recursive relation of,
Q:=R;---Ri R4 (3:29)

where again it is emphasized that the recursion is based upon the link connectivity
defined for the structure, and notation ¢ — 1 refers to the link preceeding link i. In
addition, the first rotation matrix R, is that corresponding to the first truss link of
the structure which is fixed, and will be constant for the arrangements considered

here.
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For link i being either a truss or a cylinder, and since only planar motion of truss

manipulators is examined in this work, then R; has the form of,
R;=D:_,C; (3.30)

where matrix C; accounts for rotation due to the revolute angle at joint ¢,

cos(9;) —sin(f;) O
C;=|sin(6;) cos(d;) O (3.31)
0 0 1

If the truss i — 1 is modelled as a rigid structure, then D!_, is simply the identity
matrix. On the other hand, if it is modelled as flexible, D_ ; is the rotation matrix
to account for the deflection slope §;/;_;(;) at the connection node corresponding to
joint i, and is given by the complete form of,

. cos(5,~/,--1(z)) —Sin(5i/i—1(z)) 0
D;_, = |sin(8iji-1¢z)) c08(8iji-1(z)) O (3.32)
0 0 1

Note from Fig. 3.2 that if the deflections are quite small compared to the length

of the boom, then rotation 6;/;_;(.) is approximately,

Te,ifi— i*
8ifi-1(2) = ﬂ = Bi~](y)bi—1(t) (3.33)
0,i/i—
where,
% _ 11"—1(y)
i) = God/i1 (3.34)

The one dimensional row matrix B?_, (y) TePresents the Y-axis eigenvector components
of the link ¢ — 1 evaluated at the node corresponding to joint ¢, and a,;/;-1 represents
the rigid body length of joint ¢ from 7 — 1, given by the magnitude of its rigid body
position vector Toifi—1s

Qoifi-1 = |1’o,i/i—1| (3.35)
Therefore, by differentiating eq.(3.33) with respect to time, the rates associated with
0i/i~1(z) are given simply as,

fele)

bifi-1(z) = Biiz(y)l"i—l(t) v 0ifi-1(z) = Bi':l(y)];i—l(t) (3.36)
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—A Node connecting
jc}int i

Joint i-1 ¢ "X. 1
-

a) Undeformed link i-1.

re,i/i-1

e

b) Deformed link i-1.

Figure 3.2: Deflection rotation defined for a flexible truss link.

So for the small deflection assumption, matrix D:_, can be written as,

. 1 —8iji—1zy O
Di_; = | bijim1(2) 1 0 (3.37)
0 0 1

Note that if there exists angular misalignments between the revolute axes of ad-
jacent links, or out-of-plane deflection and bending to produce a rotation 8;/i—(y),
and/or or torsional deformation that provides a rotation §;/;_;(;) of the link mem-
bers, then these terms would have to be included in the computation of R;, as done
in [Cyril’88] for flexible robotic manipulators.

For link 7 being a piston-rod and since the actuator components are modelled as
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rigid members, we have simply,
R; =133 (3.38)

3.4.2 Frame Origin and Rotational Vectors

The first link of a truss manipulator will be modelled as a fixed truss per Fig. 2.2.

Therefore, the inertial position of the origin expressed in the link frame, is given by,
p1=Rry, (3.39)

where ry/, represents the vector from the origin of the inertial frame to that of the
first link frame, in terms of the inertial frame coordinates. Since the base of this truss

link is fixed, then the velocity and acceleration vectors are simply,

p1 =03 (3.40)

p1 =103 (3.41)
and the angular velocity and acceleration are similarly,

w; = 03 (3.42)

Now proceeding along the structure, the inertial position of an arbitrary truss or
cylinder link was illustrated previously in Figures 3.1a and 3.1b, and is given by the
recursive relation,

pi =R} (Pi—] + r,-/,-_l) (3.44)
where, p;_; is the inertial position vector of the origin of the preceeding link frame,
and r;/;_; is the local position vector of the end of link i — 1, i.e., the position vector
of joint ¢ with respect to joint ¢ — 1. By differentiating eq.(3.44), the velocity of the

origin of the i** frame is,
p;=RT (I"i—z twi Xryg+ i"i/i—z) (3.45)

34



where, r; /i1 is the local velocity of the joint ¢ relative to frame i — 1. For link i — 1
being a flexible truss, this is simply the local velocity of the node associated with

joint 4. Similarly, the acceleration of the origin of frame i is given as,

p; = RT [ﬁi—z +wiog X (Wimg XTy/iq)

twi_ g xXriiog; + 2w X ;'i/i—l + ol?i/i—z] (3.46)

Since only planar motion is considered for the truss manipulators of this work, then
no transformations between the links are required for the angular velocity and accel-
erations of the frames. Hence, the angular velocity for the truss and cylinder links is
given as,

Wi =wi-1 + 5,’/,'..1(2)2 + 9,~z (3.47)
which may also be written as,
Wi = Wiz = (Wim1(s) + 8ifiv1() + 0:)z (3.48)
where §,- Ji—1(z) is given by eq.(3.36). Similarly, the angular acceleration is,
W =w;_; + ?i/i—](z)z + éiz (349)
or,
Wi = Wiz)2 = (Wi—1(z) + 30;/;'-1(:) +6;)z (3.50)

Note that the unit vector z is common for all links, by virtue of planar motion
of the truss manipulators considered here. However, as mentioned previously for
the computation of the frame orientation, if there are misalignments between the
revolute axes or if bending and torsion of the links are considered, then appropriate
modifications must be undertaken in the above expressions.

The vectorial illustration for a piston-rod link was given previously in Fig. 3.1c.
Since it is preceeded by the cylinder link and R; = 133, then the inertial position of

the origin of its frame is expressed as,

Pi = Pi—s + (Li-1 +di)x; (3.51)
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where, x; signifies the unit vector of the piston-rod’s X axis, L;_; is the length of the
previous cylinder link, and d; is the extended length of the piston rod. The velocity
and acceleration of the origin of the piston-rod’s frame are given by differentiating

the above, and are respectively,

I:)i = I')"_I + w‘i—l X (Li_]_ + di)xz' + diXi (3'52)
Pi = DPict +wiogrx[wiogx (Licy +di)x
+(b,'_1 X (L,;_l + di)x,- + 2w,-_1 X (iixi + d'ix,- (353)

Again, since the cylinder and piston-rod links are modelled as rigid members and
there is no rotation between adjacent cylinder and piston-rod links, then the angular
velocity and acceleration of the piston-rod frame is simply that of the previous cylinder
link, i.e.,

W; =Wi;_g (354)

Wi = Wy (3.55)

36



Chapter 4

LINK DYNAMIC PROPERTIES

The following sections present the derivations of the kinetic and potential energy
terms associated with the individual truss, cylinder, and piston-rod links. These
quantities are required when deriving the dynamical equations of motion which will
be presented in Chapter 5. The following formulations apply to general 3D motion,
and the applicable 2D forms are obtained by simply retaining from the final 3D
mass and stiffness matrices the components associated with; the X and Y dimensions
for the origin displacements and elastic deformations, and the Z component of the
rotational terms. The mathematical properties associated with vectors and their skew
symmetric cross-product matrices will be used extensively, as presented in Appendix

A.

4.1 Truss Links
4.1.1 Element Details

The bar members (or elements) of a truss link will be considered as slender, such
that the diameter is much less than the length dimension, hence the cross-sectional
contribution to the rotational inertia won't be significant (as is the case for a slender
rod). To assist in the formulations that follow, several variables which designate the
nodal and member dimension of a specific truss link will first be defined. Variable h*

1s used to represent the number of nodes contained in a truss link, and 4 is the number
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of elements. In addition to these, x* is the total number of nodal degrees of freedom
(DOF) per link, & is the number of nodal DOF per element, and x’ represents the
number of DOF modelled per node. Therefore, x* is simply given by, k* = &’ X h*.
These variables will be used to define the dimensions of the local truss vectors in the
subsequent derivations.

Using the notation defined previously in eq.(3.4), the inertial position s; of an

arbitrary point located on element j of truss i, is expressed as,
§i =Pp;+r; (41)

where p; is the inertial position of the origin of the link frame, and r; is the local
position of the point with respect to the link’s frame. Vector r; may be expressed per

eq.(3.5),
Py =T,; + T (4.2)

where again vector r, ; is the rigid body position vector, and the elastic deformation
is represented with r. ;. Using the finite element method, the elastic deformation is
expressed in terms of,

e = RiNl[al]; (4.3)
where [al]; is the k-dimensional element displacement vector expressed with respect
to the frame of the j* finite element, N is a matrix of interpolation functions rep-
resentative of the displacement field, and R is the transformation matrix from the
element frame to the link frame (hence contains the direction cosines of the element
frame axis with respect to the link). If the element is within the plane of the link
XY frame, and angle Bf is defined as illustrated in Fig.4.1, then rotation matrix Ri:
is simply given by the form of eq.(3.31) with the substitution of 6; by 7.

It is preferrable to express the element displacements with respect to the link frame,
which will be denoted by al. This is possible by performing a transformation given
by,

all; = R] o (4.4
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where 1:_{? will be defined shortly. Hence, eq.(4.3) becomes,
. —T .
r.; = RINR] a’ (4.5)

and al is a k-dimensional vector of the element DOF with respect to the link frame.

The rigid body position vector r, ; can be similarly expressed per,
ro: = Niaj (4.6)

where matrix N7 contains linear functions for a truss geometry with non-curved mem-

bers, and for the 3D description of a truss, a{, is a 6-dimensional vector containing,
. ) . r
al = (a; T al,T) (4.7)

Nodal vectors a{;’ ; and a’,;, 2 are the rigid body position vectors of the first and second

nodes of the element, respectively, given in the typical form of,

. . ) o . . : r
ao1 =% 1@y T Soi(e)) o o2 =(8) sz osw) %hoe)) (4.8)

In this thesis, the members of the truss links are modelled as axially deformable
elements, as illustrated in Fig. 4.1. Therefore matrix N is also of linear form and the
displacement vector a’ is 6-dimensional, and contains simply the linear deformation

components of the two nodes of the element,
al = (al,T al,T)" (4.9)

where the respective nodal displacement vectors are given by,

. . o . . .
ag, :<ai,1(x) ai,I(y) aJe,I(z)) ,aJe,2=(ai,e(z) a]e,2(y) a‘{a,Q(z)>T (4.10)

Matrices N’ and N7 are therefore equivalent, and will be denoted henceforth by

N7,
Ny, 0 0 N, 0O O
N=N=N=|{0 N, 0 0 Ny 0 (4.11)
0 0 N 0O 0 N
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Undeformed, node 2 (aft node)

Figure 4.1: Element details of a flexible truss link.

where,
J J
x T

NMi=l-2, No=,;

(4.12)

[t should be noted that for space frames in which torsion and bending deforma-
tion modes of the elements are to be modelled, higher order functions would be re-
quired in matrix N7, such as that considered in [Necib et al.’89]. Other schemes that
model the out-of-plane motion of truss frames are presented in [Berry et al.’84] and
[Karpurapu et al.’93]. With the linear interpolation functions considered in eq.(4.11),
the transformation matrix R_{ of eq.(4.4) takes the form of,

—T [R} 0y,]7 _[RI" o
Y i 33 — i 33
Ri B [033 Ri ] [ 033 RZTj, (413)
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T
and the term RINJRJ in eq.(4.5) simplifies as follows,

RIN‘R] = RIN'R]
IN¢ O 0 N, O O
=RI|0 N 0 0 N, O [

R‘ZT 033]
0 0 N 0O 0 Ny

T
033 R’
RI" 0y

T
033 R

= [MRIR{" NRIRIT]

= RJI[Nils; Nolss] [

[N1lsz Nolas] (4.14)

Therefore, with the linear interpolation functions we obtain,

. . —=T
RiNIR} =N’ (4.15)

which will provide considerable simplications in the calculations to follow, that would
have not resulted with higher order interpolation functions for the element deforma-

tion model.

The velocity of the point on element j, is obtained by differentiating eq.(4.1) as,
Si =p; + (w,- X l‘i) + f‘i (416)

again, where w; is the angular velocity of the link frame. By substituting the result

of eq.(4.15) into eq.(4.5) , the local time derivative r; is given by,
r; = N'al (4.17)
Eq.(4.16) may also be expressed as,
8; = p; — Taw; + Ty (4.18)

where T; is the skew symmetric matrix associated with the local position vector r;,

with its components arranged per eq.(A.2) of Appendix A,

0 -z Y
ri = z 0 -z (4.19)
-y =z 0
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To facilitate further derivations, eq.(4.16) will be expressed in the form of
[Fattah et al.’94],
$; = Evl (4.20)

where

E=[13 -T; Nj] (4.21)
and the flexible twist vector v{: for element j is given by,
I=(pT wT aiT)" (4.22)

With these definitions, the kinetic energy of the element and then of the assembled

link can be established, as described in the following section.

4.1.2 Kinetic Energy

The kinetic energy T’,-' of element j is given by evaluating the expression,
1 f o7 1 Ty
T == ;3¢ 8iP dv = 5V M;v;] (4.23)
where p’ and ¥’ represents the material density and volume of the element, respec-
tively, and the elemental mass matrix M{ is evaluated from,
M M o
Mi = [/ [ETBA = | MY, MY M (4.24)
Med Mé’r M'Zze
Subscripts d, r and e represent the displacement of the origin of link frame ¢, rotation

of the frame and elastic deformation, respectively. The mass matrix components are

given by,
M, = o Lj 1a3dV = M1, (4.25)
M), = —p [ﬂ_ad\/ (4.26)
M, = W_dev (4.27)
Ml = -0 [ Fav = (M7 (4.28)
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M = g Lj FTEdv
Mi, = —pj/vji'?deV
, T
MI, = (N’) v = (M)T
, T
2 _ 3 T
Mer = p’/w (N) rdv = re)
. T
MI, = (N’) Ny

(4.29)
(4.30)
(4.31)
(4.32)

(4.33)

where M7 is the total mass of the element. For simulation efficiency, it is desirable

that the integrations involving the interpolation functions be expanded and performed

explicitly off-line from the time integration of the dynamic motion. Fortunately, this

is possible with the linear interpolation functions employed for the truss structures of

this work. However, if bending of the truss elements is to be modelled for the case of

space frames, then the integration terms of the mass matrix become quite complex

and on-line integrations may be required. It is shown in Appendix B.1 that eq.’s

(4.26) to (4.33), expand to the forms of,

My, =
M), =
M =

rr

M/ =

Te

Ml =

€e

_pj [( Iao 1t Q2ao 2) (Q1a91 + Qeae 2)]
P 1Qilss , Qilss]

~p [ 1(ao 1 + ae )2+ sz(so ; +al 1)(5%,2 + 5{:,2)
+87, (~o s +a] 2)(50,1 + 2"e,z) + S5 (53;,2 + 5];,2)2]

o[ (Sha, +Siaad ), (S0, + Shil,)]

+0’ [(5115{;,1 + 5125{:,2) ; (5125{:,1 + Sgea{:,ﬂ)]

I

[ 571133, 512133]
| Siolas, Spelss

where the integrals of the interpolation functions are given by,

Q{ = Jui N1dVv
Qé = fvj Nad¥

3
Sy

S 22

= fvj(N1)2dV

= fi(Na)2av

= fi(l1- ""j/Lj) av
= i (£7/L7) a¥

fi (1= 27/L7)* av
fs (1= & 19) (a9/19) d¥
Jus (&7 /17)* av
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(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)



It should be noted that the mass matrices in eq.’s(4.35) and (4.38) are constants,
where as in eq.'s (4.34), (4.36) and (4.37), only matrix operations with the nodal
vectors remain. By further expansion of the M, components, it is also possible to
obtain explicit terms involving only the rigid nodal position vectors, and other terms
involving the elastic deformation vectors (as is the case with Mﬂ,. and MZ,). Hénce,
the mass matrix components containing only the constant integral values and the
rigid nodal vectors can be computed once prior to the dynamic simulation, and then
added to those varying mass components involving the nodal displacement vectors
(which must be re-computed throughout the flexible body simulation).

The mass matrix for the total truss link is obtained by assembling the elemental
matrices, which can be represented using an element-node association matrix &7, such
that,

al = ®a, (4.41)
where a. is the total nodal deflection vector for the truss link, and is of dimension «*.
The element-node association matrix @’ consists of zeros and ones which properly
associate the element j nodal DOF'’s to that of the total link nodal DOF vector, and
is therefore of dimension (k x k*). By substituting eq.(4.41) into eq.(4.22) we obtain

the element twist vector in the form of,
vi=(pT wT (@3)7)" (4.42)
from which the link’s nodal twist vector v} can be extracted as,
vi=(p" wT ah)” (4.43)

Hence, the full kinetic energy of the link is obtained by summing the elemental energies

of all h elements,

h .
Ti=) Ti= —;—V:TMZ‘V,-‘ (4.44)
j=1

7
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where the assembled mass matrix M} for truss link ¢ is given by,

h M;dT M, Mffedv Mas Mar Mg
M=) | M, . M7 . Mi @ | = Md,: M,,T M:, | (4.45)
= (ML) (ML#) &TMIe Mi. M;~ M.

It should be noted that this mass matrix is in terms of the full number of nodal
DOF’s. In addition to the mass of the elelflents, there may be concentrated nodal
masses, which must also be included in the kinetic energy of the truss link. The
consideration of these additional terms are addressed in Appendix B.2. Given that
a truss link may consist of numerous nodal degrees of freedom, Section 4.1.4 will
present the modal discretization operations in which only a few of the lower vibration
modes of the truss link are used to represent the nodal deformation. By employing
these, the order of the full mass matrix M} above is reduced to obtain the modal
discretized mass matrix M; corresponding to the link flexible twist vector v, defined
previously by eq.(3.10). Prior to implementing the modal discretization scheme, the
stiffness matrix for the link must be established, as presented next by considering the

potential strain energy of the elements.

4.1.3 Potential Energy

The potental strain energy of truss links modelled with linear interpolation func-
tions for the element displacement field, is given in [Cook’81]|. The resulting strain

energy of an element, U{, is simply that due to the axial strain € along the element,

dai
16)

= —= 4.46
. (4.46)

where az,(z) represents the deformation along the element’s z7 axis. Therefore, the
strain energy for element j is given by,

Ul = -;- [, Bty = %[a{;]’f ( / :([ale)TEfAf([a]Nf)dx) @l  (447)
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where E7 is the Young’s modulus of the material, A7 is the cross-sectional area, and

the matrix operator [8)] is of the form,
00 £ 00
[B]=({0 0 0 0 0 O (4.48)
0 0 0 0O
Substituting in for the matrix N7 from eq.(4.11) yields,

Ul=-2 J]J ((LJ) / Ajdx) S[al; (4.49)

where,
1 0 0 -1 0 0]
0 00 0 00O
o RertamiTramdy |0 0 0 0 00
0 00 0 0O
0 00 0 0 O

By recalling eq.(4.4), the nodal displacements will be expressed with respect to link

frame, and eq.(4.49) becomes

Ul = ’TR’ Aldz | SR al = —alTKIa’ 4.51
1 2 ((L])2 2}:0 Z‘) 1 ae 2ae a ( )

where the element stiffness matrix K{ with respect to the link frame, is given by,

i wi( B 7 Rl
K =R | oy /1:0,4 da:) SR’ (4.52)
Now, the nodal pose vector q} for link i consists of the total nodal DOF’s, i.e.,
qf =(p.T &l a.T)7 (4.53)

The quadratic form of the strain energy for link i, in terms of the nodal pose vector,

is expressed as,

1
Ui =za} TK!q (4.54)

where the stiffness matrix K} is in terms of the full nodal DOF and given by,

033 034 03
Ki=|0g5 04 04 (4.55)
0.3 04 K.,
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Recall that x* represents the total number of nodal DOF for truss link i. The elas-
tic stiffness matrix K}, is a square and symmetric matrix of dimension «*, and is

assembled from eq.(4.52),
h

K. =Y (#)TK|® (4.56)
Jj=1
The following section will demonstrate that only a few of the vibration modes of the

truss link will be employed to represent the nodal deflections. Hence, the full matrices
M; and K} will be reduced to the link mass M; and stiffness K; matrices used in

the final equations of motion.

4.1.4 Modal Discretization

To reduce the order of the truss mass matrices for the flexible body dynamic
simulations, and hence the computation time, only a few lower vibration mode shapes
of the truss link will be considered. These can be obtained by applying the appropriate
boundary conditions to the eigenvalue problem for free vibration of the truss link,
established from,

M?’a. +Kia, = 0, (4.57)
By imposing nodal constraints that remove rigid body modes, and since the corre-
sponding mass and stiffness matrices are symmetric, then real orthogonal eigenvectors
will be obtained. Only those of the lowest m; modes will be retained to establish a
modal matrix B;, for which the r* column contains the " eigenvector. Hence, B; is
of dimension «* by m;. The corresponding modal or elastic coordinates are denoted

by vector b;(t), and the nodal deflections can be modelled by,
A = Bibi(t) (458)

The truss link mass matrix M; to appear in the equations of motion, is now obtained

by transforming eq.(4.45) in terms of the elastic coordinates b;,

MddT Mdr M:ieBi Mdd Mdr Mdc
Mi=| Mg’ =~ M, M:B; |=|Ms' M, M, (4.59)
(M;eB,) (M;.eBi)T B?M;Bz MdeT M'reT Me.
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Similarly, the stiffness matrix corresponding to the quadratic form of the potential

energy expressed in terms of the elastic coordinates, is given by,

033 034 Oy,
Ki=|0; 0w Ogm, (4.60)
0m,~3 0m,-4 Kee

where,

K. = BTK:B; (4.61)

Since orthogonal eigenvectors are contained in the modal shape matrix B;, then the
forms of M., and K. will be diagonal. Hence, the stiffness matrix K., for link %, can

be written as,

Kee = diag [ki,l» ki’g, ceey k‘i,m,-] (462)

This fact will be used in the vibration control scheme presented in Section 6.1. The
methods by which to consider the structural damping of truss links, will now be

addressed in the the following section.

4.1.5 Structural Damping

The structural damping associated with specific truss structures for space applica-
tions, has been experimentally evaluated in [Voth et al.’94] for NASA'’s space station
test model, and in [Soucy et al.’84] for a typical space mast. In these activities, damp-
ing is expressed in terms of modal damping factors corresponding to FE computed
modes. Since modal discretization is employed in this thesis, then the damping val-
ues observed in [Voth et al.’94] and [Soucy et al.’84] could be examined for the truss
structures of this work, if a Rayleigh proportional damping model is implemented per
[Bathe’82] or [Cook’81].

There exists yet a more simplified scheme to account for structural damping, and
is that of the complex elastic modulus. As discussed in [Nashif et al.’85], struc-
tural damping results from the energy dissipation due to cyclic stress and strain,

in which the latter lags the former during sinusoidal deformation. In addition,
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[Kimball et al.’29] demonstrated that damping is proportional to the square of the
strain amplitude, and is almost unaffected by the frequency of deformation. There-
fore, the stress-strain lag may be modelled per [Jaar’93], by the complex modulus of

elasticity F*, expressed as,

)
+_ g 4.63
E*=E (1 +u6t) (4.63)

where v will be referred to hereafter as the complex damping ratio. The complex
modulus of elasticity is substituted for the Young’s modulus appearing in the resulting
elastic force terms of the final equations of motion for the truss link (and not into the
initial strain energy expression). In addition, if the elements are of different materials
with different v’s, then the proper element summations of the elastic force are required
to correctly apply the complex damping model.

If we recall the vibration equation of a single degree of freedom system modelled
with mass m, viscous damping c, and stiffness &, the conventional damping ratio ¢ is
defined as,

¢ =c/cer (4.64)

where ¢, is the critical viscous damping given from co = 2(mk)'/2. It can be shown
that the relationship between damping ratio ¢ and the complex damping ratio v, is

approximately,

Aw = vw? (4.65)

where w represents the natural frequency of vibration of the system. Given a complex
damping ratio v, the above expression can be used to establish a rough order of

magnitude of the damping ratio ¢ for the lowest frequency of vibration of a structure.

4.2 Actuator Links

As mentioned previously in Chapter 2, the prismatic actuators will be modelled
as two separate links given by a cylinder component and an extending piston-rod.

As assumed for the truss members, their cross-sectional diameters will be considered
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much smaller than that of the length. In addition, the acuator components will be
considered structurally rigid, hence, kinetic energy contributions will be that of the
rigid body displacement and rotation, and there will be no potential energy terms
(since material strain is not modelled). The treatment of the actuators as two separate
links, will facilitate flexibility considerations, as well as detailled modelling of either
hydraulic or servo actuator control, for future work. The following sections present the
evaluation of the kinetic energy for each actuator component, and the corresponding

link mass matrix.

4.2.1 Kinetic Energy of Cylinder

Inertial position s; of an arbitrary point along the cylinder component of the actu-
ator can be expressed as done for the truss in eq.(4.1), and is illustrated in Fig.3.1b.

For this rigid member, the local vector r; of the point is simply that given by,
i =Ty = IX; (466)

where z represents the position along the unit x; axis of the cylinder link. Hence, as

done for the truss link, the velocity along the cylinder component may be written as,
é,‘ = f)i + (w,- X ri) = f)i — xiiw,- (4.67)

where, X; is the skew symmetrix matrix of the unit vector x;. Eq.(4.67) may also be

expressed in the form of eq.(4.20),
8; = Ev; (4.68)
where v; is the rigid twist vector of the cylinder link,
vi=(p7 wT)T (4.69)

and matrix E contains,

E = [133 —xfci] (470)
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The resulting kinetic energy T; of the cylinder link is therefore given by evaluating
the expression,
1 T 1
T,' = 5./\# S?Sip,'dv == §V¢TM¢V,' (471)

where the link mass matrix M; consists of,

v | (4.72)

M, AE Ep;dV [MdrT Mo

and fvi represents integration over the cylinder volume and p; the material density.

More specifically, the M; components can be evaluated as,

Mdd = pi/; 133dV= M1133 (4.73)
My = —pi / %AV (4.74)
M, = p; L T RdY = —py L o?52av (4.75)

For a cylinder geometry with uniform inner and outer diameters, eq.’s(4.74) and (4.75)

reduce to,
M;L;\ _
Md,- = —( 5 )X,‘ (4.76)
.[,2
M, = _(_f‘!si) X2 (4.77)

where, M; is the total mass of the cylinder link and L; is the length. Comments

regarding the derivations of the above, are presented in Appendix B.3.

4.2.2 Kinetic Energy of Piston-Rod

For the piston-rod component, the inertial position s; of an arbitrary point along
its length can be expressed as done previously for the cylinder. Hence, eq.’s (4.67)
to (4.75) are applicable. The difference to be noted, is that the origin of the piston
rod is situated at the aft end of its length. Hence, the integral for the kinetic energy

expression must be evaluated from the negative of its full length to its origin, (such
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as f;_.):_ ;). For a piston-rod with a uniform diameter, the final forms of the mass

c matrices become
Mg = Ml (4.78)
Lo\
Mg = +(M; 1) X; (4.79)
1,2
M, = —(%) X2 (4.80)

where, M; is the total mass of the piston-rod link and L; is the length. Appendix
B.4 contains the derivation details, and also presents the additional terms for a con-
centrated mass located at the origin of the piston-rod. The following chapter now
considers the equations of motion corresponding to a general link ¢, and the assembly

procedure required to obtain the dynamical equations for the entire system.
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Chapter 5
EQUATIONS OF MOTION

5.1 Individual Links

The dynamical equations of motion for an unconstrained link undergoing arbitrary
spatial motion will now be derived. The procedure employed here for truss manip-
ulators corresponds to that used in [Cyril’88] for robotic manipulators, and will be
briefly described.

The equations of motions for an individual link %, can be obtained from the Euler-

Lagrange’s equation,

= Wi (5.1)

d (aT,-) _ 9T, N oU;
dt \ 9q; Oq; 0Oq
where w; is the wrench vector accounting for non-conservative forces and moments,
and represents the sum of the: externally applied components wf-g , algebraic con-
straint wrench w#, and inter-link kinematic constraint wrench w¥. (Note that a
damping term may also be included here and represented as w”. However, this
component will not be carried throughout the following derivations.) The potential
energy due to gravity will be treated in the manner of [Cyril’88|, and as suggested by
[Luh et al.’80], where the inertial frame is assigned an acceleration of p, = —g, and
g is the gravitional acceleration vector.

The kinetic energy expression for link ¢ may be written in the quadratic form of,

) 1. 5.
T, = f(%w CIi) = §Q?Ii% : (5-2)
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where I; represents the inertia matrix for link i. However, if eq.(3.14) is substituted
into the above, the kinetic energy may also be expressed in the form previously

considered for each link,

Ti = f(qi, vi) = zvi Myv; (5.3)
where mass matrix M; is that already derived in the previous chapter for each link
type. By substituting eq.(3.14) into eq.(5.2), and comparing the result with eq.(5.3),
yields the relationship,

M; = ATT;A; (5.4)
From the derivations to follow, it will be mass matrix M; that prevails in the final

forms of the equations of motion for an individual link.

The first two terms of eq.(5.1) can be evaluated using eq.(5.2), as

d (OT; W
ll = 1,4; + 1,4, 55
= (661.-) i + 1ig (5.5)
8
oT: _ Lyl (5.6)
0q; 2 Bq,

Substituting these two expressions into eq.(5.1), the equations of motion for link %

may be written in the form of,
Ld; = wi + wi +wi + wf (5.7)

where the system wrench wf contains the terms,

1. 70l oy,
S T i
- It z' 5.8
By recalling eq.(3.13) and differentiating it with respect to time gives,
Vi = L;q; + L4, (5.9)

Pre-multiplying the above expression by A;, rearranging terms, and employing
eq.(3.17), yields,
di = A (Vi — Lidy) (5.10)
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Substituting this into eq.(5.7) provides the form,

Now, as demonstrated [Cyril’88], the algebraic constraint wrench w2 may by elim-
inated by pre-multiplying the above by AT. Hence, performing this operation and

using the relation of eq.(5.4), eq.(5.11) reduces to,
Miv; = 67 + ¢7 + &7 (5.12)

where we now denote the transformed wrenches by,

¢? = M;Liq; + ATw? (5.13)
¢ = ATw? (5.14)
o = ATwi (5.15)

It is also shown in [Cyril’88] that eq.(5.13) can be written as,

oU. : : i
@7 =—AT (8—?‘) —-2ATLTMv; — Myv; + %AT [V:F (%) Vi] (5.16)

For mass matrix M; of the form,

Ma Mg Mg
M; = |Mpn M, M, (5'17)
Med Mer Mee

the system wrench d),-s be written more specifically as,

¢f,d = - (Mddi)i + Mgw; + Mdebi) (5.18)

1,7

¢S = —-2;1Tf4;r (M,d]'),- + M"wi + Mrel:’i)

— (Myaps + Mypw; + Mcby) (5.19)
8U;
_351',/:
1 7M. 78Mar M

+-w; w ; w; +w
3 B, U TP G

- (Medpi + Merw; + MeeBi)

T "h:k=12..m; (5.
1 ab,l,k 1 ?2) 7m'l (5 20)
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The following relation is also derived in [Cyril’88],

apir - 0 ~wip Wwiw
2Ai Li =Ww; = Wi (2) 0 —Wi (x) (521)
~Wiy)  Wia) 0

and if the motion is planar, we obtain
— 2ATLT (Moabs + Mppw; + M cby) = 0g (5.22)

The mass rates M; required in the system wrench calculations of eq.’s(5.18) to (5.20),
are derived in Appendix C. The assembly of the individual link equations of motion to

obtain the full system equations of motion is now addressed in the following section.

5.2 Assembled System

The equations of motion for the entire system are given by the forms used in
[Cyril’88] and [Jaar'93],

Mv = ¢° + ¢F + ¢ (5.23)

where according to the definitions of [Cyril’88], the generalized extended mass matrix

consists of,

M= diag [Ml, M2, ey MN] (5.24)

and the generalized extended vectors of acceleration v, system wrench ¢S , external

wrench ¢Z,and kinematic constraint wrench ¢, are assembled respectively as,

V1 é1 oy 1
v={"" ¢ = fQ ¢F = fQ of = {2 (5.25)
VN b oN b

These vectors are p’-dimensional, where p’ is given by recalling eq.(3.12),

P=01+0+--+0'y) (5.26)

Therefore, eq.(5.23) represents a system of p’ equations, for which it is preferred to

obtain a minimum set in terms of the generalized vector of independent coordinates

56



;. This is performed by establishing the natural orthogonal complement N of the
velocity constraint matrix for the system. The relationship between the twist vector

and independent coordinates of the system is given by,
v = N, (5.27)

It is demonstrated in [Cyril’88] that the kinematic constraint wrench is eliminated

when it is premultiplied by the transpose of the natural orthogonal complement, i.e.,
NT¢¥ = 0, (5.28)

which signifies that the kinematic constraint wrench performs no work. Therefore,
by premultiplying eq.(5.23) with N7, and substituting in eq.(5.27), yields the n’

dynamical equations of motion,
My, =T + ¢} (5.29)
where the independent system inertia matrix is,
M = NTMN (5.30)

The actuator forces associated with the prismatic joints (and the torques of actuated

revolute joints) are contained in vector T,
T = NT¢* (5.31)
and the reduced system dynamics vector is,
¢7 = NT (¢° - MN4;) (5.32)

Calculation schemes for the natural orthogonal complement N and the term N’(/) ] are

presented in the following section.
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5.3 Orthogonal Complement Calculations

The natural orthogonal complement N associated with the manipulator sys-
tems considered here, can be computed by two methods. The scheme presented in
[Darcovitch’91], establishes the natural orthogonal complement by individually com-
puting the system twist vector obtained with the s independent speed coordinate
activated with a value of 1.0, while the others are nulled. The resulting twist vector
corresponds to the s column of the natural orthogonal complement matrix. This
method is described by considering the contents of the natural orthogonal comple-

ment, presented in [Darcovitch’91] as,

Vi -Nll ... Ny ... N T ( 1/}1,1 )
Ve 0= |[Nm ... Ny oo Ny | < 1/).1,3 r (533)
VN _NN1 NNs NNnI_ \&I’n“

where the non-bold ¥ 1,s Tepresents the s** component of the independent speed vector
1,2),. Therefore, the twist vector of the rt* link v,., computed with the s** indepen-
dent speed component set to 1.0, yields the column components N, of the natural
othogonal complement matrix N.

For systems consisting of numerous links and modelled with many flexible coordi-
nates, the above procedure may be computationally demanding. A second method
examined in this work, is that of initially constructing the expressions between the
system twist vector and both the independent 7p; and dependent 4, vectors, to yield

matrix Ny,

v = N (5.34)

Vector ® is the assembly of all the individual link vectors v; defined in eq.(3.18), and

therefore contains both the independent and dependent coordinates of the system,

v={(v] v] - )T (5.35)
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Matrix N, is established from the recursive equations that provide the origin velocity
and angular velocity of the link frame. The kinematic forms associated with planar
motion of the truss arrangement of Fig. 2.2, will now be used to generate N,.

Initially, the matrix N, is zeroed,
N, = O (5.36)

where p’ is the dimension of the system twist vector given in eq.(5.26), and !’ it the

dimension of the vector % obtained from,
U!'=n"+2x1) (5.37)

Recall that [ is the total number of kinematic loops in the truss, and there exists two
dependent angles per loop for the actuator arrangement of Fig. 2.2.

By commencing with the first link attached to the base, which will be that of a

truss, its origin is fixed,

I')l - 02 (5.38)

and the angular velocity is simply,
wiz) =0 (5.39)
Therefore, with the flexible twist vector for the first link denoted as,
vi=(p] wiy )7 (5.40)

the first entries corresponding to the link i = 1 in N, consist of,

P1
e T )
by J L[ ™ : (5.41)

1m1m1 :
: {vn}
{vn}

where, per eq.(3.18) v,_, = 12:1,,-:1 = b;. We now proceed along the structure to

consider the following links. For a link ¢ that is either a truss or cylinder preceeded

59



by a flexible truss, eq.(3.45) is used to write the velocity of the frame’s origin in the
matrix form of,

pi=|[RT RTIGryi-; RTBi_||vi (5.42)
where, v,_; is the flexible twist of the truss link ¢ — 1,

vior = (P, Wi-1(2) B?—z) (5.43)

Note that matrix G is used to maintain the cross product between the angular velocity

and local position vector of eq.(3.45), such that,
Wi-1(2)Z2XTi/4—-1 = Gri/i—1wi—1(z) (5-44)

where

(5.45)

o[t 7]

1 0

For the angular velocity of link frame i, we rearrange eq.(3.48) in a similar fashion to
obtain,

Wiy =[012 1 B, ]vies +0; (5.46)
where the (kinematic loop dependent) rate §; is the dependent component p;i of
coordinate vector 1,[)t Hence, the rows in matrix N, corresponding to link ¢ may now
be furnished by the proper multiplication of the coefficient matrix of eq.’s(5.42) and
(5.46), to the corresponding contents contained in the rows for vectors v;_;. For the
8; contribution in eq.(5.46) a value of 1.0 will be simply inserted into the respective
row and column location of wy(;y and ;. If link ¢ is a flexible truss, then the identity
matrix 1,,,m, is assigned to the rows and columns of N, corresponding to the flexible
twist and 1 locations, respectively, for b..

If link ¢ is a piston-rod, then we have after rearranging eq.(3.52),
Pi =12 Gxy_y(Liy +di)|Viog +xd; (5.47)
and the piston-rod angular velocity is simply that from eq.(3.54),
Wi(z) = Wi-1(z) (5.48)
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Therefore, we update the rows of N, corresponding to p;, by multiplying the co-
efficient matrix of eq.(5.47) to the contents of the rows of v, ;. In addition, we
insert a value of 1.0 into the N, location corresponding to the X -axis row for p; and
the column associated with the piston-rod extension rate contained in 1p. The row
corresponding to the angular velocity w;(,), is simply assigned the contents of w;_(z)-

After considering all the links to complete the construction of matrix N,, the nat-
ural orthogonal complement can now be established. Firstly, the reader should note
that within the actual simulation code, vector index pointers are used to indicate the
corresponding locations of the independent and dependent speed variables within ma-
trix N,. Therefore, the matrix partitioning scheme of the following explanation is not
exactly that implemented, but effectively describes the fundamental procedure used
to remove the dependent speeds 1 p from matrix N,. For symbolic representation

and clarification, matrix N, is partitioned according to,
N, = [Nyro Ny, (5.49)
such that eq.(5.34) takes the form of,
v = No¥ = Ny, + Nvpo¥p, (5.50)

and vectors 9 ; and P p each consist of only the independent and dependent coordi-

nates, respectively, per,
. .T . T
“r o= (b1, o Brn) (5.51)
. . T . T T
Yo = {($p, - ®pn) (5.52)

The dependent coordinates associated with the first kinematic loop will be rep-
resented as 121;),1 , and can be expressed in terms of the flexible twist components

preceeding it v ; , and the independent speed vector ¢’ I
'bo,l = Npvuv,1 + Nprat, (5.53)
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Matrix N pv,; represents the dependence of vector ’¢’;11 upon the preceeding flexible
twist v ; components (that are not dependent upon the first loop), and similarly N py;
contains the dependence of 1});)’1 upon the coordinates of ; affecting the loop. The
contents of Npy,; and Npr; , and the corresponding twist and independent speed
components involved in the formulation of eq.(5.53) for a specific loop, are presented
in eq.(D.37) of Appendix D. It is emphasized that the components of v ; are not
dependent upon the first loop or upon the subsequent components contained in ¢ D

therefore we can extract from eq.(5.34),
vi=Nypny, (5.54)

where Ny ; contains those rows of Ny, associated with the twist components con-

tained in v ;. Substituting eq.(5.54) into eq.(5.53) yields,
¢;,1 = [Npv,iNvz1 + Npr1] ¥, (5.55)
By rearranging the last term in eq.(5.50), we obtain,
v =Ny + NVD,oltb;),l +Nyp1¥p, (5.56)

where vector 9 Do of €q.(5.34) contained the components,
12’::
Ypo= { 'D'I} (5.57)
Yo,
and vector p,1 corresponds to those dependent coordinates of subsequent kinematic
loops yet to be removed. Substituting eq.(5.55) into (5.56), yields the system twist

vector in the form of,

v =Nyn¥; + Nvp1¥p, (5.58)

where,

Nvi1 = Nyro+ Nvpoa[NpyiNyy1 + Npj] (5.59)

Note that the subscript (,1) in eq.(5.58) corresponds to the system twist vector, after

the removal of the dependent coordinates 1));),1 associated with kinematic loop number
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1, (i.e. the first kinematic loop from the base). Therefore, the above operations can be
re-performed for the subsequent kinematic loops of the structure topology, hence the
dependent coordinates of 9, can be removed from eq.(5.34) in a recursive procedure,

to yield the natural orthogonal complement N given by,

!
N =3 [Nvie-n + Nvoe-neNbrw)| (5.60)
k=1
where,
N1k = Nov,gNvp,k) + Nprk) (5.61)

and matrices N pv,x), Nvp,k) and Npy ) correspond to the k™ kinematic loop, and
constructed per the scheme described above for the first kinematic loop. The reader
is referred to eq.(D.37) of Appendix D for the expressions used to establish matrices
N pv,x) and N py ), (previously defined in eq.(5.53) for the first loop of k = 1).

The procedure to compute the term Ntp; required in eq.(5.32), will be that em-
ployed by [Cyril’88] and [Darcovitch’91]. If the relation v = N1p; is differentiated

with respect to time, we obtain,
v = Np, + Nap, (5.62)
We note from the above equation that the system twist vector is comprised of two

terms, one that’s a function of 1,b ; and the other a function of w ;- This can also be

expressed as,
"’(12’1) = N!Z’I (5.63)
V(‘PI) = N‘/’I (5.64)
Therefore, eq.(5.63) simply indicates that the term N1, consists of the flexible twist
vector for the system calculated with zero acceleration of the independent speed vec-
tor. Recalling the definitions of v, and v given in eq.’s (3.10) and (5.25), respectively,
we obtain, )
Vi)
N"Z’I = V('Z’I) = V2(:¢I) (5.65)
v (%)
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Therefore, for a specific link ¢ we require,
C Vi) = (BT @) i) (5.66)
For the first truss link being fixed, the corresponding twist term is simply,
Vi(¥;) = Oy, (5.67)

For the remaining truss and cylinder links, the kinematic equations of eq.’s(3.46)

and (3.49) are employed with %; = 0,

p: = RT [ﬁi—1 (¥) +wior (W) x {‘«%‘—1 (1) x ri/i—l}
+w;_y (1),1))(1','/;_1 + 2w;_; (1,bI) X;i/i—l] (5.68)

@i = wior (W) +6:i(P )z (5.69)

Note that the dependent angular rates, 9; (1/) 1), will not be zero even if the terms for
P ; = 0, This is by virtue of the kinematic loop dependencies as represented per
C eq.(3.28), and more specifically given in eq.(D.44) of Appendix D.
For the piston-rod link, eq.’s(3.53) and (3.55) are similarly used,

Bi = But(y) +wics () x {wies(r) % (Lims + di)xi}
+wi_; (1/)1) X (Li-l + di)x,- + 2w;_; ('l,bI) X dixi (5.70)

wi = Wi (P;) (5.71)

For all flexible truss links, since the elastic coordinates b; are also generalized coor-

dinates, then for the computation of N 1& ; We set,
bz(¢1) = Om, (5.72)

The following chapter presents the control scheme examined for the vibration sup-

pression of the elastic coordinates.
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Chapter 6
VIBRATION CONTROL

The singular perturbation method for reducing the order of a system of equations,
was introduced in Section 1.4.2. Its application to the general nonlinear equations of
motion for truss manipulators is presented in the following section, and is similar to
the scheme developed in [Siciliano et al.’88] for the dynamical equations of flexible
serial manipulators. This method is applicable when the lowest frequency of vibration
of all individual links is greater than the highest frequency content of the rigid body
motion, (such as & 10 times). It should be noted that this condition is not necessarily

the case for spinning flexible spacecraft.

6.1 The Reduced-Order Model

For notational convenience, the independent speed vector for the system will be
partitioned according to,
0,
where, vector 8; contains all the n independent joint variables in the structure (i.e.

all the prismatic extensions, and independent revolute angles of serial manipulators),

and b contains all the flexible coordinates and is of dimension m. Then, the equations

of motion given by eq.(5.29), can be rearranged in the form of,
é"I 00(01,913 b)i)) On _ { T
MO0 {3+ {ooronmty ) * b} = Lon ) (62)
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where cg and cy, represent the nonlinear terms of the dynamical equations of motion.
Recall that by using orthogonal shape functions for discretizing the elastic deflections
in Section 4.1.4, the link stiffness matrix K. would be diagonal per eq.(4.62). In
addition, since the flexible coordinates b; have no dependence upon other coordinates
when constructing the natural orthogonal complement matrix in Section 5.3, then

matrix K in eq.(6.2) will also be diagonal and written in the form of,
K= diag [kh ks, ..., km] (63)

It should be noted that K contains the total number of m modal stiffness values
modelled in the assembled system.

The mass matrix will be partitioned as,

Mgg(01,b) Mg, (6;,b)
MO:0) = [0 0 Mo b)) (6.4)

Since it is positive definite, the inverse of M (@}, b) exists, and for the derivations to

follow will be represented as,

M(6;,b)"! = H(8;,b) = [Eggﬁﬁj :; Eitgj Eﬁ] (65)

where, Hgg is a square matrix of dimension n, Hgy, of size n x m, Hyg of size m x n,

and Hy,y, is a square matrix of dimension m. Now, eq.(6.2) can be re-written as

6; = —Hgg(61,b)cg(6;,6;,b,b) — Hgy (0, b)ey, (81, 07,b,b)
—Hyg, (67, b)Kb + Hgg(8;,b)T (6.6)
b = —Hypg(6;,b)cg(81,0;,b,b) — Hpp(6;,b)cy(87,0;,b,b)
—Hpp(8;,b)Kb + Hy (6, b)T (6.7)

It is required to obtain the standard singular perturbation form of [Kokotovic’84].
Provided that the modal stiffness components are roughly of the same order of mag-

nitude, we define elastic modal forces per [Siciliano et al.’88],

f = kKb (6.8)
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where k is the smallest common modal stiffness of matrix K, and
K = (1/k)K (6.9)
The perturbation parameter for the system is defined as,
p=1/k (6.10)

and premultiplying eq.(6.7) by K, the perturbation form is given by,

61 = —Hgg(81, pf)ce(01, 01, uf, uf) — Hoy (01, uf)cp (61, 01, uf, pf)
—Hgy, (01, uf)f + Hegg (01, uf)T (6.11)
uf = —H'yg(81, uf)ce (81, 81, uf, uf) — H'on (81, uf)cn (81, 01, uf, uf)
—H'pp (01, uf)f + H'yg(071, pf)T (6.12)
where,
H'ig =KH,g , H'pp=KHy (6.13)

As p — 0 and assuming f is a bounded quantity, the system is converted to the

reduced form, which will be represented with the use of overbars as follows,

6, = —Hgg(B1,0)ce(Br,8;,0,0) — Hg,(8;,0)c, (81, 81,0,0)
~Hgy,(8:1,0)f + Hygg(81,0)7 (6.14)

0 = —H'yo(B1,0)cg(B1,85,0,0) — H'py(8;,0)c, (81, 871,0,0)
~H'y,(07,0)f + H',9(8,,0)7 (6.15)

After rearranging eq.(6.15), the “quasi-static” elastic force f, is given by,
f = —Hg.(05,0)Hyg(8;,0)cy(81,61,0,0) —cy,(81,84,0,0)
+H;. (81,0)Hyg(0;,0)7 (6.16)

To establish the two reduced subsystems, eq.(6.11) and (6.12) will be written in

the state space form. The following state variables are defined per [Siciliano et al.’88],

{2}:{3;} {ZZ}={ff} (6.17)
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where,

e=+p (6.18)

With these forms, eq.’s (6.11) and (6.12) become,

X1 = Xg

X = —Hgg(x1,€%21)cg(X1, Xz, €721, €29) — Hgy (%1, €221)cp (X1, X2, €221, €22)
—Hgy, (x1,€%21)2) + Hgg(x1, €221)7 (6.19)

€21 = 29

ez = —H'pg(x1,€%21)cg(X1, Xo, €221, €29) — H'pp (X1, €221 )cp (X1, X2, €221, €22)
—H'pb (X1, €°21)21 + H'pg(x1, €°21)T (6.20)

So as the perturbation ¢ — 0, we obtain the quasi-static or slow subsystem equations

of motion given by,

X1 = X2
xo = —Hgg(X1,0)ce(X1,R2,0,0) — Hgy(X1,0)cp (X1, X2, 0,0)
~Hgy,(%1,0)2; + Hgg(%1,0)7 (6.21)
where,
21 = _Hl—)l].;Hbo (il) O)CO()—C].) i2) 0) 0) - Cb ()-{1) i2’ 0) 0)
+Hpp Hpg (%1, 0)7 (6.22)

For the fast subsystem, a new time scale t is defined,
t=t/e (6.23)

and implemented into eq.’s (6.19) and (6.20), to obtain,

dx1
—= = €X
dt 2
dxy —H 2 2 2 2
di’ = € Oa(xl, € 21)09(){1, X2, € Z1, 622) - Heb(xla € zl)cb(x11 X2,€ 21, 622)
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—Hgy, (x1, 6221)21 + Hgg(x1, e2z1)‘r] (6.24)
dz1

—_— = 3z
di 2

dz
d_t? = "'Hlba(xlae2zl)c0(x1ax2)€2zlaez2)_Hlbb(xl:ezzl)cb(xlax2,e2zlaﬁz2)

~H'pp (X1, e2z1)z1 + H'pg(x1, €2z,)T (6.25)

Now as ¢ — 0, only eq.(6.25) remains, and by defining new variables per
[Siciliano et al.’88],

n, = 21 — 21, Mo = 22 (6.26)

the fast or boundary layer subsystem is described by,

dn, _

dt~ = 79

d

% = —H,ba(ilx O)CO(ila iQ) Oa 0) - Hlbb (ih O)Cb(ila iQ) 0) 0)

—H'pp(X1,0)(n, + Z1) + H'yg(X1,0)T (6.27)

where, for differentiations with respect to the fast time scale, the quasi-static force
varies slowly,
If we substitute Z; from eq.(6.22) into eq.(6.27), the fast subsystem simplifies to the

linear state space form of,

dn,

i ™"

M2 L Hy(x H'yg(X 6.29
d{ - bb(xlao)nl"_ ba(xl’o)‘rf ( )

where the control input for the fast subsystem is given by,
Ty = T—-T (630)

Hence, using eq.(6.29) we can establish the control scheme for suppressing the vi-
bration coordinates. The overall composite control strategy for the slow and fast

subsystems, is now addressed in the following section.
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6.2 A Composite Control Strategy

The gross maneuver (i.e. quasi-static motion) of the articulating truss may be con-
trolled using the conventional robotic computed torque schemes [Paul’81],[Craig’86].
If we consider actuators forces ¥, for a specific maneuver, initially computed from
the rigid body inverse dynamics (performed off-line from the forward dynamic simu-
lations), then the actuation of the gross maneuver may be commanded according to

the simple proportional-derivative (PD) scheme of,
‘T’=1-'0+Kp(01’d—01)+Kp(é],d—9[) (631)

where 0 4 and 0 1,4 are the desired prismatic joint extensions and extension rates
(or angular values for independent revolute joints), while 8; and 0 1 are the actual
measured values. Kp and Kp are the corresponding gain matrices, and when of
diagonal form decouples the control between joints.

Implementing vibration control based on the fast subsystem of eq.(6.29), implies
that either full state feedback is available or a state observer model be employed to
provide estimates of the unmeasured states. Of course, both schemes require the
installation of high performance measurement systems to detect the modal states of
concern. Assuming these capabilities exist for our simulations, then the selection of
a control scheme for the linear time-varying system of eq.(6.29) can be addressed.

In this thesis, vibration control will be applied using the gains computed for a
specific orientation of the manipulator, hence, the system is treated as linear and
time-invariant. It will be assumed that measurements for all modes of interest are
available. In addition, actuator characteristics of sensitivity and response are not
modelled, therefore no limitations are imposed on their operation. These ideal con-
ditions are intended for the initial examination of vibration control obtained with
the reduced-order model scheme. (In actuality, however, high operation bandwidths
of the actuators would be required to suppress the high frequency flexible modes.

Their operation characteristics must therefore be modelled for a complete assess-
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ment of the stability and performance of the control system in question.) For the
specific orientation considered, either the conventional pole placement or the linear
quadratic regulator (LQR) design methods can be applied to the resulting linear

time-invariant form of eq.(6.29). Therefore, the standard state space representation

of [Takahashi et al.’70] will be employed per the following,

where, 5 = (9T ¥ )T, and is of dimension m*, where m* = 2 x m. The system

and control matrices are given by,

0ynm lmm _ Omn
=l ol e la) 639

and matrix B must assure controllability of the states. If this is satisfied per the
conditions of [Takahashi et al.’70], then with a state feedback control law given by

75 = —Fn, the closed-loop system and LQR performance index are given by,

7 = (A-BF)p

J = A n" (Q +FTRF)n dt (6.34)
where weighting matrices Q and R are symmetric, and Q 2 Opepne, R > Oppagne.
The optimal stabilizing gain F that minimizes the performance index J, is given per

[Takahashi et al.’70],
F =R!'BTP (6.35)

where matrix P is the solution to the matrix Ricatti equation,
ATP + PA - PBR'BTP + Q = 0 e (6.36)

This optimal LQR scheme will be applied in the following control simulations to
compute the modal control gains F for the specific orientation of the truss manipula-
tor. Figure 6.1 represents the continuous-time, composite-control approach presented.
Note that the inner loop corresponds to vibration control of the flexible coordinates,
and the outer loop is that of the computed torque scheme with PD feedback (for

control of the gross maneuver).
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Chapter 7

SIMULATION CODE
DESCRIPTION

The simulation code developed to perform the kinematic and dynamic calculations
for planar truss manipulators was written in the FORTRAN77 standard language.
The resulting execution code was designated as GENMAN (for general manipula-
tor), because in addition to the truss, cylinder and piston-rod links, the corresponding
dynamic terms for flexible beam type members of serial robotic manipulators were
also included. The main motive for implementing the beam type links was to assist
in verifying the simulation scheme used in GENMAN, since numerous simulation re-
sults are available for serial robotic configurations. The mass and stiffness matrix
derivations for beam links are contained in [Cyril’88], and will not be provided in this
thesis.

The main operation flow of GENMAN is illustrated in Fig.7.1, and the correspond-
ing simulation sequence of the inverse and forward dynamics is presented in Figures
7.2 and 7.3, respectively. It should be noted that the same “SYSTEM DYNAM-
ICS” block is used for both simulations, and hence, its contents are presented only in
Fig.7.2.

Since four different link types are modelled in GENMAN, the code contains nu-
merous identifier arrays to indicate not only the link type, but also the joint type.

The various joint types consist of independent revolute or prismatic joints, and de-
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pendent revolute joints associated with the kinematic loop considered in this work.
The forward kinematic computations employ these identifier arrays exensively to dis-
tinguish the appropriate recursive relations for the link under consideration, and the
instance when a kinematic loop has to be evaluated. Within the routine of the kine-
matic loop, the Newton-Raphson iterative scheme is employed to solve the nonlinear
equations that provide the dependent angles, and to perform the linear computations
of the corresponding dependent angular rates (per eq.’s(D.14), (D.37) and (D.44) of
Appendix D). The inverse and forward dynamic simulations both require that the
kinematic calculations be performed, since the twist vector components are required
to evaluate the wrench vector per eq.’s(5.18) to (5.20).

In addition to the identifier arrays discussed above, vector index pointers are also
established for the flexible twist, independent and dependent speed vectors. These
are constructed automatically by the code (prior to commencing the iterative com-
putations of the simulations), for the structure arrangement defined per the input
file requirements. The vector index pointers are used for the assembly of the global
mass matrix, dynamic vectors, and in the computations associated with the natural
orthogonal complement.

Other features of the code include:

e The manipulator structure is defined and simulation specifications assigned via
a user prepared input file. The corresponding joint trajectories of the actuators,
needed for simulations of the inverse dynamics or gross manuever control, are
also provided by a user supplied subroutine. If simulations of the forward dy-
namics are to be performed, then the user must provide either the corresponding

data file or subroutine of the actuator force trajectory.

e Prior to the simulations of the equations of motion, the finite element solution
to the eigenvalues and eigenvectors of each truss link are performed. After

assembly of the nodal mass and stiffness matrices, the eigenvalue problem is
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solved using routines of the EISPACK library of FORTRAN routines. The
requested number of modes to be used in the simulation are retained, and
the correponding eigenvectors ortho-normalized. The nodal mass (M},) and
stiffness (K?,) matrices are then reduced to that of the modal mass (M) and

stiffness (Ke.) matrices, respectively.

Integration of the equations of motion can be performed using either the GEAR
routine originating from the IMSL library, Adams method, or fourth order

Runga Kutta.

The solution of the matrix Ricatti equation given in eq.(6.36), and of the optimal
LQR control gain F, are obtained through calls to a routine of the CASCADE
linear control systems FORTRAN library. The operations of CASCADE also
rely upon the LINPACK linear algebra and EISPACK eigenvalue systems li-

braries.

As discussed in the first item above, the input file is used to define the articulating

truss or robotic manipulator structure, and also specifies the type of simulation to

perform; i.e. forward kinematics, inverse dynamics, or forward dynamics (with or

without control). If control is to be performed, then the corresponding maneuver

gains K,; and Kg4; can be specified for each prismatic joint. If vibration control is

also examined, then either the time(s) at which to perform the vibration control gain

calculations, or specified values of F can be assigned. Simulation output is stored in

ASCII data files, and the results consist of:

finite element eigenvalues and eigenvectors for each truss link,

the trajectories of the inertial position and orientation (and corresponding rates)
of the link frames,

joint states,

actuator states,

total system energy and work calculations,
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e modal coordinate or local deformation states, and

e the LQR gains calculated for the time(s) specified in the input data.

Simulations performed with GENMAN were executed on 486DX personal comput-
ers. The code was confirmed with the dynamic simulations of planar serial robotic con-
figurations from [Cyril’88], and the vibration control simulations of [Siciliano et al.’88].
The solution of the eigenvalue problem for the truss links were verified with other in-
dependent codes. The following chapter presents various simulations performed for
a truss crane based on a NASA concept. Calculation checks and observations of the

results are discussed.
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Figure 7.1: Main simulation flowchart for GENMAN.
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Figure 7.2: Rigid body inverse dynamics flowchart.
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Figure 7.3: Forward dynamics flowchart.
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Chapter 8
SIMULATIONS AND RESULTS

Simulations have been performed for the planar truss structure of Fig.8.1, situated
in a zero-gravity environment and attached to a fixed base. This configuration
originates from the 3D space crane concept of [Mikulas et al.’88b] and [Wu et al.’92],
and employs material density and modulus of elasticity properties to reflect the 3D
structure mass and stiffness. The extended length of the structure is 95 meters, and
the width is 5 meters. The total mass of the structure is 1106 kg, which includes 300
kg of additional mass (as a platform and additional hardware) situated along the end
batten. Such a structure could be intended to manipulate payloads on the order of
10% kg, which was not modelled in the simulations presented here.

The crane consists of three articulating truss booms, which are actuated via the
joint configuration shown in Fig.8.1. This arrangement allows for a robust 90 degree
planar articulation of each boom, by virtue of the two actuators per joint. The 3-
member truss section located between the actuators of each joint, varies somewhat
from that of [Mikulas et al.’88b]. The joint was defined here as such, since the work
of [Wu et al.’92| considered three various arrangements which would require more
detailed modelling. Appendix E contains the member properties used to model the
flexibility effects, and the following sections discuss the simulation and calculation

checks performed, along with the observations.
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Figure 8.1: A space crane model.

(For more details, refer to Figure E.la of Appendix E)
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8.1 Fully Articulated Crane

Inverse dynamics were performed for the structure of Fig. 8.1, to examine the
actuation forces associated with a 20 second maneuver from the extended orientation
to the final configuration shown in Fig. 8.1b. Such a fast maneuver would not be
recommended for a structure of such dimensions (especially with a massive payload at
the end), and is only used here to examine the resulting dynamic behaviour. All six
actuators were activated, hence each attributed a degree of freedom to the motion.
The resulting dynamic model consists of 19 individual links; 7 trusses, 6 cylinders
and 6 piston-rods. Initially, each actuator piston-rods have zero extension, however,
to effect the motion of Fig. 8.1b, the first two actuators are commanded to extend

during the 20 second maneuver per the following trajectories,

d(t) = % :t - % sin (?t)]
dit) = % Tl — cos (%’rtﬂ (8.1)
d(t) = % F2?7r sin (%t)]

where, T = 20 seconds, and Ad = 3.832 meters. The remaining four actuators
are commanded to have zero extension throughout the maneuver. For times greater
than 20 seconds, actuators 1 and 2 maintain the extended position of d = 3.832
meters. It should be noted from the trajectories in eq.(8.1), that actuators 1 and 2
are specified to yield zero velocity and acceleration at the initial and final maneuver
times. However, based on the acceleration trajectory, a jerk will be imparted to the
structure at t =20 seconds. The final actuator extension of 3.832 meters was simply
pre-computed based upon the joint geometry of Fig. 8.1, corresponding to the final
orientation.

Figure 8.2 illustrates the extension trajectories commanded for actuators 1 and 2.
The resulting history of the main truss angle is presented in Fig. 8.3, as computed

when performing the kinematic computations of the rigid body inverse dynamics.
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These were confirmed by simply considering the basic geometry relations of (the
triangles formed by) the joint configurations, and then computing the angular rates
obtained with the extension length and rates of the actuator. The actuator forces
associated with the maneuver and as obtained from the inverse dynamics, are given in
Fig. 8.4. For the joint configuration modelled in this space crane, the magnitude of the
force between adjacent actuators will be similar, namely by virtue of the symmetry of
their placement and of the small inertia contribution of the three member truss links
interfacing the actuator pairs. This result is noted in Fig. 8.4 for all actuator pairs,
i.e. 1 and 2, 3 and 4, and 5 and 6. The force values of actuator 6 were also confirmed
by performing a manual computation of the free-body dynamic force balance with
the final truss link.

The actuator force profiles of Fig. 8.4 would be used to perform the simulations
of the forward dynamics. However, in an attempt to reduce the computation time
anticipated with the flexible body forward dynamics, actuators 3 to 6 were replaced
by non-active members, and assigned values of Young’s modulus equivalent to that
of the longeron truss members. The simulations corresponding to this model, are

presented in the following section.

8.2 Reduced Articulated Crane

For the truss configuration of the previous section, actuators 3 to 6 are substituted
with static members, to reduce the rigid degrees of freedom of the full truss crane from
6 to 2. The simulations of the rigid body inverse dynamics were re-performed using the
same extension trajectories of actuators 1 and 2, given previously in eq.(8.1) and Fig.
8.2. As expected, the computed actuator forces agreed exactly with those of Fig.8.4,
since the same mass properties were used. The simulations of the forward dynamics
can now be performed by using this inverse dynamic actuator data, provided in an
ASCII file (“look-up table”) at a given storage rate, and interpolating linearly between

the two stored data points (that bound the time of interest). The following sections
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describe the forward dynamics for both a rigid and flexible structure, respectively.

8.2.1 Initial Simulation Validations

As mentioned previously in Chapter 7, simulations of the rigid and flexible body
dynamics for serial robotic manipulators were used to initially verify the operations
of GENMAN. Hence, the simulation results presented for the planar configurations
in [Cyril’88], were duplicated by GENMAN. Vibration control simulations using the
reduced-order models and as performed by GENMAN, were also validated with those
presented for the serial manipulator considered in [Siciliano et al.’88]. Free-body dy-
namic force balances were manually computed to verify the inverse dynamics actu-
ation of the multi-loop truss crane arrangements (as described previously in Section
8.1 for actuator number 6). Other validations performed specifically for truss crane

structures are addressed in the simulation results of the following sections.

8.2.2 Rigid Body Simulations

As mentioned, the rigid body forward dynamics are performed by the linear in-
terpolation (between two data points that bound the specific time of interest) of the
pre-computed inverse dynamic data filee. When this was initially attempted, it was
observed that the simulations of the forward dynamics became unstable depending
upon the frequency at which the inverse dynamic force data was previously stored in
the ASCII file. This instability is illustrated with the extension velocity of the actua-
tors, given in Fig. 8.5. The dotted curve is the forward dynamics using actuator data
of the inverse dynamics that was stored in an ASCII file every 0.1 seconds. Similarly,
the dashed line is the forward dynamics using actuator data that was stored in an
ASCII file every 0.01 seconds. From these curves, we note they diverge in opposite
directions from the original prescribed trajectory of the solid line.

To investigate these behaviours, the energy characteristics the simulations were

examined. Figure 8.6a presents the total kinetic energy associated with the rigid
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body inverse dynamics. The energy discrepancy due to the numerical calculations, is
illustrated by the solid line of Fig. 8.6b, which represents the difference between the
kinetic energy and the work done on the system, divided by the maximum kinetic
energy. This energy discrepancy increases gradually during the computations of the
inverse dynamics (as would be expected), and is only of the order of 10~%. The energy
discrepancies associated with the two unstable simulations of the forward dynamics,
are given by the dotted and dashed lines in Fig. 8.6b. These correspond with that of
the inverse dynamics, up until their respective instance of divergence.

In an attempt to identify the source of these instabilities, numerous aspects of the
simulation procedure and code were investigated. Firstly, the occurrence of the insta-
bility was observed to be very sensitive not only to the frequency rate at which the
pre-computed inverse dynamic actuator values were saved to the data file, but also
to the precision of the data retained. For the simulations presented here, 16 digits
were used. The implementation of the Adams and Runga-Kutta integrators (instead
of Gear’s integrator) were also attempted, and experienced the same simulation in-
stability. The computation of the natural othogonal complement using the scheme
given per eq.(5.33) was also performed. The same instability behaviour resulted at
approximately the same instances, and hence no improvement was obtained. The
numerical instabilities can also result with a simpler manipulator configuration, but
do take longer to appear. Therefore, the simulations of inverse dynamics provide the
required actuator values for a specified maneuver, with an additional small numerical
error of non-zero mean. This error is larger for more complex systems, and when the
computed actuator values are integrated in the simulations of the forward dynamics,
the non-zero mean term produces an unbounded response, and hence the instabilities
as observed in this work.

In an attempt to stabilize the simulations of the rigid body forward dynamics (for
this truss crane arrangement), the computed torque with PD feedback control, was

implemented. Feedback gains which provide successful execution of the rigid body
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forward dynamics, consist of K, = K4 = 5000 for both actuators. Figure 8.7 contains
the resulting additional actuation forces, which are only on the order of 1076 of the
nominal forces of the inverse dynamics presented previously in Fig. 8.4. The actuator
extension trajectories of the original prescribed values were re-duplicated, therefore

the maneuver control scheme effectively stabilized the integration.

8.2.3 Flexible Body Simulations

The flexible body simulations performed for this truss configuration employ the
ortho-normalized eigenvectors of the main truss boom, presented in Table 8.1. These
were computed from the FE eigenvalue problem discussed in Section 4.1.4, using
the boundary conditions illustrated in Fig.8.8. For these nodal constraints, the first
and second vibration frequencies are 0.531 and 3.893 Hz, respectively. As a matter
of comparison, a 3D space crane model presented in [Sutter et al.’90] that includes
specific joint details (such as that of a revolving base joint), indicated a fundamental
frequency of 0.135 Hz. Therefore, the truss crane model considered in this work
is considerably stiffer than the detailed model of [Sutter et al.’90]. In addition, the
frequency of the maneuver examined in these simulations is 0.05 Hz, as obtained from
€q.(8.1). Therefore, the fundamental frequency of the crane simulated here is over 10
times that of the nominal rigid body maneuver, as recommended with the application
of the singular perturbation method for vibration control. Conversely, the structure
of [Sutter et al.’90] does not satisfy this requirement. But again, the fast maneuver
examined here is only for simulation demonstration, and not recommended in actual
practice.

The simulations of the flexible body dynamics presented here, were performed
with the same PD feedback gains used for controlling the maneuver of the previous
rigid body simulations, and no structural damping was modelled. The resulting
actuator extension profiles are illustrated in Fig.’s 8.9 and 8.10, and the corresponding

trajectories of flexible modes 1 and 2 are presented in Fig. 8.11. It is observed from
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— — —Fwd.dyn w/ inv.dyn actuator data file rate of 0.01 sec.)
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this latter figure that the vibration modes are obviously damped, by noting their
attenuation and the disappearance of the higher vibration frequency components
which are initially visible at 0 and 20 sec (when maneuver jerks excite the system).

This damping is attributed to the PD feedback gains employed to stabilize the
rigid body simulations. This was confirmed by performing flexible body simulations
for the truss boom of Fig. 8.8, modelled to rotate simply about its origin (i.e. node
1) at the same angular rate of the truss crane, and driven by a torque. (Recall,
as mentioned previously in Section 8.2.2, for simpler manipulator configurations the
simulation instabilities of the forward dynamics take longer appear, and hence the
use of simulation control is not immediately necessary.) Figure 8.12 illustrates these
results. Fig. 8.12a corresponds to the flexible body simulations of the pivotting truss
boom without control action, and Fig. 8.12b demonstrates the damping provided
with the use of computed torque PD control on the driving torque. It should be
noted that the high frequency components are maintained throughout the maneuver
in Fig. 8.12a without the use of control. The simulations of the pivotting truss boom
also confirmed the magnitudes of the vibration modes for the truss crane.

To additionally verify the modal magnitudes of the simulations of Fig. 8.11, a
quasi-static loading analysis was performed by fixing the truss boom of Fig. 8.8 at its
base nodes 1 and 2. Hence, for given maneuver time, the inertial loading distribution
associated with the angular rotation of the boom was properly assigned to each node
as a force vector (i.e. the net acceleration vector of each node was computed and
multiplied by an equivalent lumped mass at the node). The corresponding nodal
deflections of nodes 38 and 39, obtained from a FE static loading analysis, were
observed to agree perfectly with that of the flexible body dynamics. As an example,
for the time of 5 seconds, the magnitudes of modal coordinates 1 and 2 are 4.25 and
-0.01 meters, respectively (as can be observed from Fig. 8.11). Using the eigenvector
elements of node 39 from Table 8.1, this results in a nodal deflection of -0.0072 and

0.1912 meters in the X and Y directions, respectively. The corresponding quasi-static
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Figure 8.8: Boundary conditions for the main truss boom.

deflection for the angular rates at this time, suggested deflections for node 39 of

-0.0073 and 0.1917 meters, respectively.

8.2.4 Vibration Control Simulations

The use of the vibration control gains F computed from the LQR solution of the
reduced-order model for the modal coordinates, are now examined. For the final
orientation (at the maneuver time of 20 sec), the corresponding gains are given in
Table 8.2. It is noted from these values that actuator 1 has negligible authority.
When this control is activated at 20 seconds, the resulting vibration suppression can
be observed from the flexible mode rates of Fig. 8.13a. The solid line represents
the controlled vibration and the dotted line corresponds to the original flexible body
simulations of Fig. 8.11. The control scheme appears to be reasonably effective for
vibration suppression. The additional control actuation was observed to be quite
insignificant, as discussed in Section 8.3 for another truss configuration. In addition,
Fig. 8.13b examines possible control spillover onto the higher modes 3 and 4, which is
noted to be small. However, more uncontrolled modes should be examined, and recall
that the presence of the PD feedback control required to stabilize the simulations,
also provides damping (as observed initially in Section 8.2.3).

Now, the same flexible control gains were employed to examine the effect of ac-

tivating this control immediately at 0 sec. The corresponding results are provided
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Table 8.1: Ortho-normalized eigenvectors for the truss boom.

Mode 1: Eigenvalue = 11.139, Freq. = 3.338 rad/s = 0.531 Hz.
Mode 2: Eigenvalue = 598.182,Freq. = 24.458 rad/s = 3.893 Hz.

Node Mode #1 Mode #2
# X | Y X | Y
1 0.000E4-00 | 0.000E+00 | 0.000E+00 | 0.000E+00
2 -1.499E-04 | -1.499E-04 | -6.986E-04 | -6.986E-04
3 2.277E-04 | -1.395E-04 1.364E-03 | -4.201E-04
4 -3.777E-04 | 5.104E-04 | -2.104E-03 | 4.228E-03
5 4397E-04 5.208E-04 2.309E-03 4.505E-03
6 -5.897E-04 | 1.595E-03 | -3.091E-03 | 1.107E-02
7 6.360E-04 1.605E-03 2.842E-03 1.134E-02
8 -7.860E-04 | 3.071E-03 | -3.665E-03 | 1.897E-02
9 8.167E-04 | 3.082E-03 | 2.975E-03 | 1.923E-02

10 -9.667E-04 | 4.909E-03 | -3.839E-03 | 2.711E-02
11 9.817E-04 | 4.909E-03 | 2.733E-03 | 2.711E-02
12 -0.810E-04 | 6.691E-03 | -3.788E-03 | 3.328E-02
13 1.147E-03 | 7.066E-03 | 2.490E-03 | 3.437E-02
14 -1.034E-03 | 7.451E-03 | -3.599E-03 | 3.547E-02
15 1.281E-03 | 9.314E-03 | 1.647E-03 | 4.132E-02
16 -1.048E-03 | 9.304E-03 | -3.548E-03 | 4.116E-02
17 1.401E-03 1.183E-02 | 6.010E-04 | 4.639E-02
18 -1.182E-03 | 1.182E-02 | -2.738E-03 | 4.627E-02
19 1.505E-03 1.458E-02 | -5.912E-04 | 4.921E-02
20 -1.302E-03 | 1.457E-02 | -1.724E-03 | 4.913E-02
21 1.596E-03 | 1.755E-02 | -1.870E-03 | 4.946E-02
22 -1.407E-03 | 1.784E-02 | -5.637E-04 | 4.942E-02
23 1.672E-03 | 2.068E-02 | -3.173E-03 | 4.T00E-02
24 -1.497E-03 | 2.068E-02 | 6.840E-04 | 4.698E-02
25 1.749E-03- | 2.396E-02 | -4.476E-03 | 4.169E-02
26 -1.503E-03 | 2.339E-02 | 8.017E-04 | 4.265E-02
27 -1.526E-03 | 2.454E-02 | 1.233E-03 | 4.071E-02
28 1.800E-03 | 2.729E-02 | -5.604E-03 | 3.540E-02
29 -1.532E-03 | 2.728E-02 | 1.350E-03 | 3.551E-02
30 1.839E-03 [ 3.071E-02 | -6.548E-03 | 2.670E-02
31 -1.582E-03 | 3.070E-02 | 2.450E-03 | 2.684E-02
32 1.867E-03 | 3.421E-02 | -7.276E-03 1.603E-02
33 -1.621E-03 | 3.420E-02 | 3.368E-03 1.618E-02
34 1.884E-03 [ 3.776E-02 | -7.766E-03 | 3.869E-03
35 -1.649E-03 | 3.775E-02 | 4.072E-03 | 4.026E-03
36 1.893E-03 | 4.134F-02 | -8.016E-03 | -9.267E-03
37 -1.667E-03 [ 4.133E-02 | 4.541E-03 | -9.111E-03
38 1.893E-03 | 4.494E-02 | -8.035E-03 | -2.277E-02
39 -1.675E-03 | 4.493E-02 | 4.771E-03 | -2.269E-02
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in Fig. 8.14, and illustrate acceptable vibration control. However, it is cautioned
that this may not always occur, since the controllability and the reduced-order model
gains of the flexible modes varies with the orientation, as discussed in Section 6.2.
Simulation results for the truss motion considered later in Section 8.3 will more
clearly demonstrate the vibration suppression of the reduced-order model vibration
control, in which the computed torque PD control is not needed to stabilize the
simulations of the forward dynamics. The following section considers the forward

dynamics performed in a different manner.

Table 8.2: Vibration LQR control gains of the singular perturbation reduced model for
the truss crane, computed at the final orientation (for maneuver time of 20 seconds).

Actuator Mode #1 Mode #2
Fp | Fq Fp | Fa
1 -2.2952E-9 | -1.7665E-7 | -8.8149E-9 | -3.2608E-9
2 9.5991E-2 | 7.3881E0 | 3.6867E-1 | 1.3638E-1

8.2.5 Simulations with Prescribed Extension

As a matter of interest, the simulations of the flexible body forward dynamics
were performed using prescribed actuator extension trajectories, and integrating
the equations of motion to obtain the corresponding flexible modes. This in effect,
assumes that the rigid body motion is not influenced by the flexible system. The
corresponding flexible body actuation forces were also computed, and are provided in
FFig. 8.15. The resulting vibrations obtained with the prescribed actuator extensions,
are given in Fig. 8.16. It is noted that the vibrations persist after the maneuver, as is
expected without structural damping or control. In addition, the observed vibration
frequencies do not correspond to those of the true simulations of the forward dynamics
performed previously, but are basically those of the eigenvalues presented in Table
8.1. This reflects the significance of the coupling between the rigid body and flexible
body modes, and indicates the influence the former has upon the resulting flexible

structure dynamics.
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8.3 Single Actuated Maneuver

To demonstrate a truss crane arrangement for which simulation instabilities were
not observed, and hence the forward dynamics are performed without computed
torque PD control, only actuator 2 was activated per eq.(8.1) and Fig. 8.2, and
actuator 1 was treated as a static (non-active) member. Therefore, the resulting
structure has only one kinematic loop, and the configuration of Fig. 8.1a slews only
45 degrees clockwise. In addition, only half the angular acceleration and loading of
the original crane is obtained (since actuator 1 is now inactive). The force of actuator
2 obtained from the inverse dynamics, is presented in Fig. 8.17a and was stored in an
ASCII file at a rate of 0.01 seconds for the forward dynamics extrapolation. The sim-
ulations of the forward dynamics were observed to be stable for this case of the single
kinematic loop, and hence no control of the maneuver was required. The simulation

results of the flexible body dynamics are presented in the following section.

8.3.1 Flexible Body Simulations

Figure 8.18 presents the actuator extension of the flexible body forward dynamics,
in which the slewing truss boom is again modelled by 2 modes, as contained previously
in Table 8.1. The resulting vibration is illustrated in Fig. 8.19, in which no damping
is observed, the high frequencies prevail, and the vibration persists as there is no
control. Note that since the actuation magnitude of Fig.8.17a is approximately one
half that of the previous Section 8.2.3, the vibration magnitudes are approximately

one half those of Fig. 8.11.

8.3.2 Vibration Control Simulations

The vibration control simulations were again performed at the final maneuver
time of 20 seconds. The corresponding LQR control gains for the flexible modes,
are presented in Table 8.3. Since actuator 1 was given little control authority in the

previous crane arrangement, it was expected that the control gains for actuator 2
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should be similar to those of Table 8.2, as can be observed. Figure 8.17b presents the
additional control force associated with this scheme, which is quite small compared
to the magnitude of the nominal actuation force of the maneuver of Fig. 8.17a. The
effectiveness of vibration suppression is illustrated in Fig. 8.20a for the rates of modes
1 and 2. As an initial control spillover check, Fig. 8.20b presents the rates for the
uncontrolled modes 3 and 4. These are again suppressed, and destabilizing spillover
is not observed.

The use of the vibration control gains (of the 20 second configuration) immediately
at the start of the simulation, is examined in Fig. 8.21a. The corresponding actuation
force is presented in Fig. 8.17c, which is again quite small in comparison to the
magnitude of the nominal actuation force of the maneuver. However, it should be
noted that the fast rates and small magnitude of the control force, imply fast response
and very sensitive actuation. Hence, this vibration suppression scheme proves to be
very effective, assuming ideal actuators with no operation limitations.

To examine the resulting vibrations obtained when introducing the computed
torque PD control, which was needed to stabilize the simulations in Section 8.2, PD
feedback gains of K, = K4 = 5000 were implemented for actuator 2. Figure 8.21b
presents these results, and confirms the vibration suppressing previously observed in

Fig. 8.11 with this basic control scheme.

Table 8.3: Vibration LQR control gains of the singular perturbation reduced model
for the truss crane with only actuator 2 active, computed at the final orientation (for
maneuver time of 20 seconds).

Actuator Mode #1 Mode #2
Fy | Fq Fy ‘ Fu
” 2 ] 9.6015E-2 | 7.3882E0 | 3.6861E-1 | 1.3637E-1—H
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8.3.3 Structurally Damped Vibrations

The effect of structural damping was examined by selecting a complex damping
ratio v as defined in Section 4.1.5. From Fig. 8.19, the lowest vibration frequency is
noted to be approximately 2.725 Hz (17.12 rad/s). For damping ratios of the order
¢ = 0.002 and 0.01 (per that observed in the space truss structures of [Voth et al.’94]
and [Soucy et al.’84]), the corresponding complex damping ratios are v = 0.00024
and 0.0012, as computed using eq.(4.65). Figure 8.22 illustrates the vibration sup-
pression obtained with these two structural damping values. It is apparent from these
results that inherent damping of these magnitudes are very desirable, and additional

vibration control may not be necessary.
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Chapter 9
CLOSURE

9.1 Conclusions

The dynamic equations of motion for a specific articulating truss topology, were
derived in this thesis. For the link connection, actuator installation, and resulting
kinematic arrangement considered, the motion is confined to a plane. The actuator
members are modelled as rigid, however, their treatment as individual links by the
formulation will accommodate flexibility considerations for future work. Truss flexi-
bility is modelled with linear axial deformation of the elements, and modal discretiza-
tion of the corresponding nodal deformations was implemented to reduce the order
the system. The dynamical formulation consisted of utilizing the modal discretization
method along with the Euler-Lagrange equations, from which the equations of motion
for an individual link were initially obtained in terms of its twist vector. By applying
the natural orthogonal complement to the assembled system, the non-working con-
straint forces were eliminated to provide the minimum set of dynamical equations in
terms of the actuators’ (piston-rod) extensions, and the flexible (modal) coordinates
of each truss link. If vibration frequencies of the flexible links are considerably greater
than that of the rigid body motion, then reduced-order models can be obtained by
applying the singular perturbation method, and a composite control strategy can be
implemented. In this work, a robotic based computed torque with PD control scheme

was selected for the main (quasi-static) maneuver, and the optimal LQR control gains
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determined for a specific orientation of the truss crane was employed for the flexible
modes. The control schemes were applied in a continuous fashion, hence, a discrete
control system has not been considered.

The code GENMAN was developed to contain the simulation algorithm of the
dynamical equations of motion for truss cranes. Simulations with planar arrange-
ments of robotic manipulators were used to initially verify the results obtained with
GENMAN. For the multi-loop kinematic arrangement associated with truss cranes,
manual calculations were performed to verify the kinematic loop computations and
the computed actuator forces of the simulated inverse dynamics. To simulate the
forward dynamics, the actuator forces are computed off-line, that is, the inverse dy-
namics are initially performed for a prescribed extension trajectory of the actuators,
and the computed actuator forces are saved to an ASCII file. The simulations of the
forward dynamics then interpolate from this ASCII file to obtain the corresponding
actuator forces.

Based on the simulations and dicussion presented for the truss crane models con-

sidered here, the following conclusions are presented,

1. The instabilities observed in simulating the rigid body forward dynamics of
the multi-loop truss arrangement in Section 8.2, result when the actuator val-
ues computed from the inverse dynamics (which contain a non-zero mean of
numerical errors) are integrated in the simulations of the forward dynamics
to produce an unbounded response. This argument is made per the following

considerations,

(a) The instability is not an integrator instability since the Gear, Adams, and

Runga-Kutta schemes experienced the same behaviour.

(b) The simulations of the forward dynamics experienced opposite divergence
when using ASCII files, of the off-line computed actuator forces, containing

different storage rates.
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(c) The introduction of the computed torque PD control scheme for the ma-
neuver adequately stabilized the simulations, and the additional actuation

was only of the order of 107¢ of the original maneuver actuation.

(d) When using prescribed actuator extension trajectories to perform the sim-

ulations of the flexible mode dynamics, the instabilities did not occur.

(e) For less complex manipulator arrangements, the numerical instabilities

take longer to appear.

. The introduction of the computed torque PD control scheme intended for the

main maneuver, also provides damping of the vibration, as observed in the

flexible body simulations.

. The vibration control simulations performed here with the reduced-order mod-

els, did not consider the characteristic of the actuators, and assumed full-state
feedback of the vibration modes. Therefore, the observed performance cor-
responds to ideal actuators with no limitations on their operation or on the
feedback loops. (High operation bandwidths of the actuators would actually be
required to damp the high frequency flexible modes.) In addition, the control
was applied in a continuous fashion. The simulation results of this initial in-
vestigation indicate favorable vibration suppression. Although no destabilizing
spillover was observed for the unmodelled modes examined, more unmodelled

modes should be considered in future work.

. When performing dynamic simulations of the flexible modes, in which the pre-

scribed actuator extension trajectories are used directly, we do not observe the
high vibration frequencies obtained during the simulations of the forward dy-

namics of the coupled rigid and flexible body motion.

. Structural damping is most desirable, since it may alleviate the need for complex

vibration control,
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6. The code GENMAN is a simulation tool for the dynamic analysis of space
cranes, confined to planar motion. Its flexibility model is restricted to the linear
deformation of truss elements, and the structure arrangement must correspond
to that of the actuator and link connection considered. Although GENMAN
was executed on 486 PC’s, the code is by no means optimal and the formulation
it employs is computationally demanding. Therefore, such simulations should
be performed on more powerfull platforms, namely with greater memory and

processing capacity for large structural systems.

9.2 Recommendations

The following recommendations are made for future investigations regarding the

dynamic simulation and vibration control of truss (crane) structures,

1. The link joint and inter-link kinematic details be extended to allow for the

simulation of 3D motion.

2. Higher order deformation models be examined for the truss elements, to consider

in-plane and out-of-plane bending and deformation of members.

3. Flexibility models of the actuator members be developed, especially since the

dimensions of a truss boom are much greater than that of an individual actuator.

4. The reduced-order model is only valid when the vibration frequencies are greater
than the frequency content of the rigid body motion trajectory. If this is not
the case, then other vibration control schemes should be examined, and the
installation of passive damping or active members into the local truss links be

addressed.

5. Operation characteristics of typical actuators be considered, and digital control
modelled, in order to fully assess the stability and performance of the control

system.
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Appendix A

Vector and Matrix Operations

Several mathematical properties regarding vectors, and the use of their skew sym-

metric matrices are provided here. The following relations are those presented in

[Nikravesh’88|.

Given 3D vectors a and b, which contain the components,

a=(ay ay a,)T

Their skew symmetric forms are denoted by a and l~), and constructed as,

0 -—a, ay
a= a, 0 —a,
—0y ay 0

ab

where 133 is the 3x3 unit matrix.

b=

_by

As shown in [Nikravesh’88], the following properties exist,
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b=(b, b, b,)T

(A1)

(A.2)

(A.3)
(A.4)
(A.5)
(A.6)
(A7)
(A.8)
(A.9)
(A.10)



Appendix B

Link Mass Matrix Details

B.1 Truss Link Elements

The components of the elemental mass matrix from Section 4.1 for eq.(4.26)-
(4.33), are evaluated in this section. Firstly, the expansion of the skew symmetric

matrix T; is considered using the vectors of eq.’s (4.7) and (4.9),
, . o . . T
a, = (a7 a,,") ,al=(ay,T ag,”) (B.1)

where, al , and a{,’2 are defined in eq.(4.8), and aJ ; and al , are defined in eq.(4.10).
Using the linear shape function matrix of eq.(4.11) and the nodal vectors given

above, we can rewrite eq.(4.2) as,

al aJ'I
r; = [Nilas Nzlss]({]o }+{Je })
o a. z

2
= Ni(al, +al;)+Na(ad, +al,) (B.2)

where 133 is the 3x3 unit matrix. Using the property of eq.(A.8), F; is given as,
[Nl( 01+aeI)+N2( 2+a52)] (B3)

where the tilda indicates the skew symmetric matrix of the vector, as defined in

eq.(A.2). With this result, mass matrix component M’ from eq.(4.26) becomes,
Mﬂr =-p [(Q] a) gt Qia) 2) + (Q§5£,1 + Qéai,z)] (B.4)
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where,
Q@ = faNid¥ = fy(1-27/Li)aV (5:35)
Q2 = JfyNedvV = foi (£7/L7) dv :

For mass matrix Mﬂe, we obtain after expanding the expression of eq.(4.27),

Mg,

F | Nigv
v?

P Lj (Nilss Nolss]dV (B.6)

Therefore, substituting the integrals evaluated in eq.(B.5) into the above, yields,
M=/ [Qiln , Qflx] (B.7)

To evaluate the terms of M7, in eq.(4.29), it is necessary to expand T, which is

given as,

(N1)*(@&,0 +3%,0)° + NiNo(&,, + &, ;) (&5 + & p)

+N1N2(§{w,2 + 5{;,2)(5{:,1 + 5;,1) + (N2)2(5];,2 + 5{:,2)2 (B.8)
Therefore, mass matrix component M?,. becomes,

Mz.,. = ‘P’ [511(301 +§{:1) +Si12(a01 +ae1)(§{22+a{’,2)

+83,(&, 2t ae 2)(~J 1+ ae 1)+ S3e(a b2 +aL 2)2] (B.9)

where the shape function integrals are evaluated as,

Si, = fs(Np)%vV = Jui (1 — 29/L9)% av
81y = [y NiNadV = [y (1—a?/L9) (a7/L7) Y (B.10)
Sy = fu(No)2Y = i (&9 /L9)° av

Mass matrix component M?, from eq.(4.30) will be evaluated by first expanding,

FiNJ; = [Nl(ol +ae1)+N2(o2+ae2)][N1133) N2133]
= [((Nl) a01 +N1N2a,, 2) (N1N2aol + (No)*&, 2)]

+ [((N1) aez + Ny Noa, 2) (NlNgael + (N,)%a,, 2)] (B.11)
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Hence, M/, becomes,

Mi, = o [(SL&, +8ls8hs), (Sied); + Shedls) ]

+ 0 [(5115{,,1 + 5125{;,2), (5125];,1 + 5525];,2)] (B.12)

Finally, from the expansion of,

INT NI 1433
(N1)"Ni [N2133] [N1las, Nalsa]
(N;)*13, N1N2133J 3
[N1N2133, (Ng)*133 (B.13)

the mass component MZ, from eq.(4.33) becomes,

: ; Sj 133 Sj 133
M = [ 11133, Sis } B.14
w="r Si9133, Shplss ( )

B.2 Truss Link Node Masses

If there are concentrated masses located at each node, or in order to reduce
computation time, the mass of the truss elements may be simply lumped at the
nodes. Hence, when considering the expression for the inertial position s; of an
arbitrary node in eq.(4.1), then, the local nodal vector is required for r; eq.(4.2). In
this case, vectors r,; and r.; correspond simply to that of the node k position and

deflection vectors, designated respectively as,
Toi =20k = (Goka) Gok(y) Gok(z)) (B.15)

Tei = ack = (Gek(z) Qekly) Gek(z)) T (B.16)

The velocity of the node k is obtained as in eq.(4.18), and can be expressed in the
form of eq.(4.20),
é,; = EViyk (B17)

where

E=[133 -—-Fi 133] (B.18)
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and the flexible twist vector v, for the node k is given by,

o
T TaT

ek

Vik =(piT w; )T (B.19)

Hence, as done with the truss elements in Section 4.1.2, the kinetic energy T x of the

concentrated mass M, is given by,

1
Tix = %éTM‘i,kéi = Evi,kTMi,kvi,k (B.20)

where the concentrated nodal mass matrix M, ; contains components,

Mair =  Miglas (B.21)
Mark = —Migr; (B.22)
Mger = Miglas (B.23)
Mpe =  MigTi T = — Mty (B.24)
Mrep = —Mixl; = Mt (B.25)
Meji =  Miglss (B.26)

¥

The ¥; matrix is obtained by the forming the skew symmetric matrix of vector r; =
a, % +a.k, the components of which were given previously in eq.’s (B.15) and (B.16).
To assemble the link mass matrix due to all the concentrated nodal masses, the

concept of a k** node association matrix & ; is used, such that,
Qe k = 45,kae (B27)

where a. is the total nodal dof vector as presented previously in eq.(4.41), and the k"
node association matrix @ ; consists of zeros and ones which properly associate the
node k DOF’s to that of the total link nodal DOF vector. Hence, @ j is of dimension
k'x k* (ie. the number of DOF per node by the total number of nodal DOF per
link). So by substituting eq.(B.27) into eq.(B.19) and reforming the kinetic energy

in terms of the link’s nodal twist vector v}, given previously in eq.(4.43), the kinetic
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energy due to all of the concentrated nodal masses is obtained from the summation

of T, i for all nodes h*,

h#
Lo
ic= ) Tix==vi'M] v} B.28
Ty ’g vk 2vt ,cvt ( )

where the assembled concentrated node mass matrix M;’C for truss link 7 is given by,

h* Mgk Mgr k Mge kP
M. =Y 1Y . Mk . M e i ® & (B.29)
k=1 (Mde,kﬁ,k) (Mre,k¢,k) ﬁ,kTMee,lc¢,k:

Again, it should be noted that this mass matrix is in terms of the full number of
nodal DOF’s, which will replace that of eq.(4.45) if the concentrated node masses
M i represent lumped values of the elements. However, if the node masses M, are
additional concentrated values such as to account for the node hardware, then matrix

M; . will be added to that of the element mass contribution of eq.(4.45).

B.3 Rigid Cylinder Link

The actuator cylinder cross-sectional dimensions were assumed to be considerably
smaller than that of the length (i.e. such as a slender rod), and will be modelled
with uniform internal and outer diameters. Hence, the integrals of the mass matrix
component My, of eq.(4.74) can be evaluated as,

_ L, . M.L:\ _
Mg = —p,-/ XAV = —p; ( . Az d:z:) X; = — (%) X; (B.30)
i r=
where, M; is the total mass of the cylinder link, L; is the length, and X; is the unit

skew symmetric matrix of the X; axis,

00 0
%i=[0 0 -1 (B.31)
01 0

Similarly component M,.. of eq.(4.74), becomes,

L; 1,2
M,, = —p; / 22%20Y = —p; ( Aa® dz) %2 = - (%) % (B.32)
i z=
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If the diameters are not uniform, then the appropriate cross-sectional area A; variation
over the component length should be included in the integrations performed above.
However, if their dimensions are again much smaller than the length, then their effect

on the rotational inertias above would not be significant.

B.4 Rigid Piston-rod Link

The piston-rod mass matrix is formulated as done previously for the cylinder in

equations (B.30) and (B.32), however, the integration must be performed as,

Mg = —p,-_L» X;dV = —p; (/:_L. Az dl‘) X; =+ (M;Li) X; (B.33)

)

and,

2~2 9 - M;L?\ _,
M, = —pi/ Ry = —pi ([ Awtdz)Ri-- ()R (B39
V5 r=—I;

where, M; is the total mass of the piston-rod link, L; is the length, and X; is as given
in eq.(B.31). The discussion given in the previous section regarding the diameter
dimension of the cylinder, is also applicable to the piston-rod.

If a concentrated mass is located at the origin of the frame of the piston-rod, as is
the case with inter-link assembly hardware, then its contribution to the mass matrices
is considered by evaluating eq.’s (4.66) to (4.75), with the introduction of z = 0 and
the integral replaced by the concentrated mass, M;.. This correponds to the velocity
of the concentrated mass being simply that of the link frame origin. Hence, only a

contribution to the displacement components My, is obtained, i.e.,

Mdd = (Mi + Mi,c) 133 (835)
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Appendix C

Mass Matrix Rates

The mass matrix rates required in eq.’s(5.18) to (5.20), are established in this
section. These quantities are derived by performing the absolute time derivatives of
the vectorial contents within the original mass matrices. It is first necessary to recall
the general expression for the inertial velocity of an arbitary point on a link described
by eq.(4.16),

8 = Pi + (wix ;) + T (C.1)
where as before p; is the velocity of the origin of the link frame, w; is the angular
velocity of the link frame and r; is the local velocity of the point. The local vector r;

is 3-dimensional and of the form of eq.(3.5),
Fi =Toi+ Fei (C.2)

where again r, ; denotes the rigid body location of the point with respect to the origin
of the link frame, and r. ; is the elastic deformation component. For the derivations

to follow, the deformation is expressed in the general discretized form of eq.(3.7),
Cei = Bib,' (03)

where b; is the m; dimensional vector of elastic coordinates per eq.(3.6), and B; is
the shape function matrix of dimension 3 by m;.

By rearranging eq.(C.1) in a form similar to eq.’s (4.18), we obtain,
éi = l.:),' - (I‘,'XUJ{) +§',
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= p;— Fiwi + Bib;
Now, if we recall the arrangement of eq.(4.20), we can rewrite the above as,
8; = Ev;
where
E=[13 -T: Bi]

and the flexible twist vector v; for the link is that given by eq.(3.10), i.e.,

vi=(pf wT B)"
The kinetic energy of the link T; is obtained by evaluating,

T; = % L 578, pdY = —;-viTMiv,-

where the mass matrix M; is given by the general form of,
Mo Mg Mg

M; = / ETEpdY = |M,q M, M,
Y Med Me'r Mee

(C.5)

(C.6)

(C.7)

(C.8)

(C.9)

and as before, notation d represents displacement of the origin of link frame ¢, r

represents rotation of the the frame, and e is the elastic deformation. The mass

matrix components consist of,

My = p L 133d¥ = Milas
M, = —p L F.dv

Mg = p L B,dV

M, = —P/jf'?dv =M,
M, = p L 5.V

M, = —p/vf'ffB,-dV

Mg = P/{Bg‘dv =M,
M. = —p [BITa¥ =ML,
M., = o [, BTB,dv

(C.10
(C.11

(C.12

(C.13



In performing the time differentation upon the above matrices, the properties of
skew symmetric matrices presented in Appendix A will be used considerably.

Firstly, it should be noted that there is no scalar mass addition or reduction in
the links considered for the truss manipulator. If this was not the case, then the
corresponding change in mass associated with each link would have to be included in
the following expressions. Therefore, to evaluate Mgy, we note from eq.(C.10) that

its scalar value yields,
Mgy = 033 (C.19)
The time derivative of Mg, is obtained by considering the absolute rate of the local

vector r;, given by,

d o ~ =]
Et_(ri) =F =W;XT;+T; = &;r; +r; (C.20)
According to eq.’s (A.7) and (A.8), we can write,

d -~ 3
E(‘f,) = (Giri) + r; (021)

Now applying eq.(A.9) to the first term on the right hand side of the above equation

we have,

d . -~~~ s
E(ri) = (@;T; — Tyw;) + 1y (C.22)

Recalling the integral for evaluating eq.(C.11), we obtain,

Mdr = —P/(‘:’ii‘ —-Trw,; + ;i)dv
%
= &My — My + Mar (C.23)
where,
Mar = —P/Vf'idV (C.24)

Matrix rate Mg, is obtained by noting that the rows of the elastic shape function
matrix B; correspond to the local axes of the link frame, which change with time

by virtue of frame rotation. But since B; contains only functions of the spacial

139



coordinates of the link, then we require only the cross product term due to the

angular velocity of the frame, to yield,

Mg, = pﬂ&')iBid‘v’

- 5Mg (C.25)

The derivative of T;T contained in M,q4, is obtained by performing the transpose

of eq.(C.22), to yield,

My = —p [T - GTF +iT)av
= Mp®] —&T Mg+ M ra (C.26)

where, by recalling the symmetry of M,q = MZ, we can write,
Mra= ~p [ FidV = (Mar)" (C.27)

and,

M, @] = (@:;Mg)T (C.28)

Matrix M, is similarly established by considering the differentiation of,

d ~ T 55
E(‘r’fn—) = L+
= (&F; — Fi@; + 1) TF; + T2 (@;F; — Ti@; + 1) (C.29)

By using the property of eq.(A.5), then the term ¥7 @TT; + T+ @;F; = 033, and M,
becomes,
M, = PL—(G’?i‘?ﬁ + T Fi@;) + (£ T + T 1y)av
= —~?Mrr - Mrr‘;i + 1\317'1'
= @M, + Mo + Mer (C.30)
. ~T ~ .
where again the property @; = —; is used, and,

My = p L (rTT; + F1r;)dY (C.31)
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The rate of mass matrix M, is obtained by performing,

d — e~ 3
m (i'?Bi) = (@OF; —Tiw; +r1; ) B; + rl(w,B )

- &iTB;+i'B; (C.32)

where the results of eq.’s (C.22) and (A.5) are used. Hence we obtain for M,.e,

M, = —p[f(&’:ﬁ",—rBiJrIg'TBi)dV
= CiiMre'*‘].\‘;.[re (C.33)
where,
M, = —p L #TB,aV (C.34)

Matrix Mg, is evaluated by recalling eq.(C.16) and including the cross product

term due to the angular velocity of the frame as done in eq.(C.25),
Mo = p/d(CJiBi)Td‘v’
= Meo?
= (@:Mg)"
= ML (C.35)

To construct Me,, we recall the form of eq.(C.17) and the corresponding time

differentiation of eq.(C.22), to obtain,

Zt (BT“') = (@;B)TF; + BT (GF, - 7, + g,) )
= BI&TF, + Bf& - BIt,0, + BT,
— _BT%3; + BT (C:36)
Therefore M, becomes,
Me,- = —p/(—B?fﬂf)i +B?f‘,)d\7’
v
= —Mer‘;i + I\;Ier
~ T o T
= (wiM’r‘e) + Mre (037)
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where,
) ° o T
Me,’, = —p/ BIT'[’TdV = Mre (038)
v

Finally, M., is obtained from eq.(C.18) and by maintaining the vectorial signifi-

cance of the matrix B; when performing the time differentiation. This results in,

d - ~
E (B?Bi) = (wiB,-)TB,- + B;Tr(wiBi)
= BJ&]B;+B]&,B;
= Omm, (C.39)
where the property of eq.(A.5) was employed. Therefore, M, is simply,
Mee = Opmim, (C.40)
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Appendix D

Kinematic Loop Details

Based on the kinematic loop details illustrated in Fig.D.1, the expressions required
to generate the solution of the dependent angles #; and 6;, and the corresponding rates
will be derived here. The motion is considered to be planar, hence the positional
vectors will be two dimensional and contain only the X and Y components. In
addition, the rotation matrices will be expressed in their 2D forms. Therefore, the

transformation from link frame i to the frame 7 — 1 is denoted per eq.(3.30),
Rfi = D:E_Ici (D']')

where, D!_, is the rotation component due to the deflection of the end of truss link
i — 1, given previously by eq.(3.32). For planar motion with small deflections, this

matrix is approximately,

- 1 =6y
D! |, = i/i-1(2) D.2
1 6ifi-1(2) 1 (D-2)

where 8;/;_1(z) is defined in eq.(3.33) and re-presented here for convenience,

bifi-1(z) = B:":](y)bi—l (t) (D.3)

Row matrix B ;) is as defined in eq.(3.34),

1

. B:_
ix i—1(y) (D4)

i=1(v) Qo,ifi—1
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where constant a,;/;_1 represents the rigid body distance of the origin of frame 7 from

i — 1, given by the magnitude of its rigid body position vector r, ;/;—1,
@o,ifi-1 = |Yo,ifi~1] (D.5)

Matrix C; is that given before in eq.(3.31), but here only the components of the XY

dimensions are retained,

_ [cos(8;) —sin(6:)
* 7 |sin(8:)  cos(6:) (D.6)

And similarly for link frame j we have the rotation relations,

R; =D!,C; (D.7)

where D{:_ ; has the same form of eq.(D.2) but contains the deflection slope of §;/;_ 1),

corresponding to the node of frame origin j, given by,

bifi-1(z) = B{:I(y)bi—I (t) (D.8)
. BY
B].t - i—1(y) D.9
i—1(y) Go /i1 ( )

where, again Bf_ 1(y) Tepresents the Y axis shape function components of link 7 — 1
(corresponding with the node at frame origin j), and constant a, j/;—; represents the
rigid body distance of frame origin j from i — 1, given by the magnitude its rigid body
position vector r, /i1,

oj/i-1 = |Po/i-1] (D.10)

Matrix C; accounts for frame j rotation due to dependent angle 4;, and is given as,

cos(8;) —sin(8;)

i= sin(6;)  cos(6;) (D.11)

The loop equation can be constructed within frame i—1, according to the following,
¢ =Ri(pi +rj+1/i) — Rj(Pj +1j11/5) = 02 (D.12)
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link i-1 X linkj T

X

Figure D.1: The kinematic loop details.
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where vector p; is the inertial vector of the origin of frame ¢ expressed in frame i,
and r;;;/; is the vector of connection point j + 1 with respect to frame : (and also
expressed in frame 7). Vectors p; and r;,/; are similarly defined and correspond to

frame j. As well, inertial positions p; and p; are given as,
pi = R (pics + Tifi-1) ; pP; = R?(Pi-z +rj/i-1) (D.13)

where p;_; is the inertial position vector of the origin of frame i — 1, r;/;_; is the
position vector of frame origin ¢ with respect to frame origin i — 1, and r;/;_; is the
position vector of frame origin j with respect to frame origin 1 — 1; where all these
vectors are expressed within the frame i — 1. Substituting eq.(D.13) into eq.(D.12),

we obtain the loop equation in the form of,
Rirjyi/i — Rivje1s5 = Tjijiog (D.14)
where vector rj;/;_; is given by,
Tjifi-1 = Tjfi—1 — Yifi—1 (D-15)
Now vector r; /i—1 contains,
Tifi—1 = To,ifi—1 T Teifi—1 (D.16)

where r, ;/;—; is the rigid body position vector of frame origin 7 with respect to ¢ — 1,
and r.i/;_; is the elastic deflection given by the components of the shape function
matrix for node 1,
Teiji-1 = Bi_;bi_;(t) (D.17)
Similarly, vector r;/;_; is,
Tj/ie1 = Tojfi—1 + Tej/i-1 (D.18)

where r, j/;_; is the rigid position of frame origin j with respect to i — 1, and r, ifi-1
is the elastic deflection given by the components of the shape function matrix for
node j,

Tejfi-1 = BI_;bi_ (t) (D.19)
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Therefore, vector rj;/;_; can be written as,

Tjifi-1 = Tjfi-1 — Tifi—1

= (Fosiet = Toifi-1) + (BI_; — Bi_;)bi_4(t) (D.20)
Truss link ¢ vector r;,/; is also written using the similar notation,
Tit1/i =Tojt1/i T Tej+1/i (D~21)

where again the flexible deformation r.;i;/; of node j 4+ 1 is modelled using the

corresponding truss ¢ shape function components,
re,]-H/,- = B'Z+1bt(t) (D22)

The actuator vector r;.;/; consists of the cylinder link j length denoted as Lj, and

the extended length d;; of the piston-rod link j + 1,
Yjyi1/5 = (Lj + dj+1)x (D23)
where x signifies the X axis of link j, and is therefore represented vectorially as,
T
x=(1 0) (D.24)

From these detailed descriptions of the vectors contained in the kinematic con-
straint eq.(D.14), the Newton-Raphson iterative scheme outlined in [Nikravesh’88|,
can be applied to obtain the dependent angles 6; and 6; of truss ¢ and cylinder j,
respectively.

Now differentiating eq.(D.14) with respect to time, we obtain,
R; (w,- XTjt1/i + ;j+1/i) -R; (w,- XTjit1/5 + ;j+1/j) = Wi g X Tjifim g +5pi-1 (D.25)

where, from eq.’s(D.20) to (D.23) we have the following local vector rates,

Liiog = (B, -Bi_ )b, (D.26)
;j+1/i = B'z+1l;)i (D27)
Io'j+1/j = dj+1x (D28)
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Since only planar motion is examined for the truss structures considered in this work,

then the angular velocities of frames i — 1, i, and j are about a common 2z axis, and

can be written as,

Wi = Wi(z)2 = (wi—z(z) + 3;‘/;’—1(:) + 91)2 (D.29)

W; = Wiz = (wi—l(z) + 6i/i-1(z) + éj)z (D-30)
The cross product operation for planar motion can be expressed in the form of,
WiXTjp1/i = Wi(2)ZXTj11/i = Gr]-+1/,~w¢(z) (D.31)

where, matrix G is given by,

G = [(1) ‘01] (D.32)

By using this operation, and substituting eq.’s (D.29) and (D.30) into eq.(D.25),

yields,

RiGrjy1/ii — R;Grjy1/6; = (Grji/i—-l - RiGrji1/i + Rle'j+1/j) Wi-1(z)
—(RiGrjp1/5)8e/i- 1) + (RiGTjn1/5)83i-1(2

+ Tjijicg — RaTjpa/i + RyTipays (D.33)

From the above, we can construct the coefficent matrix [{,] corresponding to the

dependent angles 6; and 6;, given as,
[Col = [RiGrjpssi —R;Grjpg;5] (D.34)
Substituting eq.’s(D.26) to (D.28), along with,

biji-1z) = B?—1(y)5i—-1 (D.35)

gj/i—l(z) = 3{11(!,)"31'—1 (D.36)
into eq.(D.33) and premultiplying the result by the inverse of ¢,, yields,
b; -1
6, = [Col [Grﬁ/i—l = RiGrjy1/i + RyGrjy g /j] Wi-1(z)
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+[¢ol ™ [("RiGer/iBiiuy) +R;Grir1/Bil ()
+(BL_, - B§—1)] bi—s
~ [¢ol 7 [RBIT by + [Co] 7 [Ryx]ds s (D.37)
Note, that this is the form required in eq.(5.53) for the construction of the natural

orthogonal complement for the system.
The angular acceleration is obtained in a similar manner by differentiating eq.(D.25)

with respect to time, to obtain in full vector notation,

. (=] 00
R; (“-’i XTipg)i t Wi XWiXTipp+2Wi X0/ + 1‘j+1/i)
. 2 o) [ole]
—Rj (w,- Xl‘j+1/j +L4Jj ij Xl‘j+1/j + wj X rj+1/j + rj+1/j)

. (e} oo
= Wi XTjifing + Wi XWi_g XTjii_g +2Wi; XTjisig + Tjifig (D.38)

where the local vector accelerations are given by,

ci?ji/i—l = (B{q - Bﬁ_,)f),-_I (D.39)
ol'°j+1 /i = B{+ll‘;)i (D40)
ci?j+1/j = (IJ‘+1X (D41)

Therefore, substituting into eq.(D.38) the forms of frame angular accelerations for
planer motion, given by,
Wi = Wi)2 = (Wi-1() + 61/im1(z) + 0:)2 (D.42)
Wi = Wj()2 = (Wi—1(z) + 85/i-1(z) + 6;)z (D.43)

and using the planar cross product notation of eq.(D.31), yields for the dependent

angular acceleration rates,
ol {Zj } = [Grjiji-s — RiGrjyysi + RiGrp g 5]0i 42
+HG2rji/ic 1 |wi-1(2)® = [RiG2rj+1/i]wi(z)2 + [RjG2rj+1/j]wj(z)2
+2[GTsi/i-1]wim 1) = 2RiGT4 1/ilwicz) + 2[R Gy /5]wsz)
+Fjijie1 = Ri¥aayi + BTy (D.44)
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Note that the above equation is in terms of the angular velocities wy(;) and wj),
which are obtained by substituting the solution of eq.(D.37) into eq.’s (D.29) and
(D.30).
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Appendix E
Truss Model

The truss structure of Figure E.1 originates from the 3D truss crane of
[Mikulas et al.’88b]. The joint arrangement is modelled with an intermediate 3 mem-
ber truss section, mainly for simplification sincé the joint concepts of the original space
crane would require more detailed modelling. The specific truss member designations
of longeron, diameter, and batten, and the structure dimensions , are illustrated in
Fig. 8.1 of Chapter 8.

The actual members are of a tube geometry with 5.08 cm (2 inch) outer diameter
and 0.15 cm (.06 inch) wall thickness. The material is a graphite epoxy with Young’s
modulus of 275 GPa (40 x 10° psi) and density of 1744 kg/m® (0.063 1bm/in®). To
establish an approximate 2D model of the 3D geometry, the material density and
Young’s modulus were scaled to account for the true number of truss members con-
tained within the structure. The Young’s modulus was additionally scaled by 3/4
inorder to examine a more flexible configuration. Hence, the following properties
were used for the dynamic simulations presented in this thesis.

The material density presented in the above Table for the end-batten also accounts
for the mass distribution of a 300 kg platform mass. The cylinder and piston-rod
components of the actuators were modelled with the same density as the diagonal
members. The cylinder maintained the original tube outer diameter (5.08 cm) and

wall thickness (0.15 c¢m), and it was assumed that the piston-rod diameter was the
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Table E.1: Model properties of the planar truss crane.

Member type | Density | Young’s modulus | Cross-sect. Area
(kg/m?) (Gpa) (m?)
longeron 8000 412.5 2.3592 x 10™*
diagonal 4000 412.5 2.3592 x 10~*
batten 12000 618.7 2.3592 x 10~*
end-batten | 8.49 x 10° 618.7 2.3592 x 10~

corresponding inner diameter of the cylinder. For the flexible link model of Section
8.2.3, actuators 3 to 6 were modelled as static members with a Young’s modulus of the
longerons (but maintained the same dimensions of the actuator components). The

element numbering configuration of Figure E.1b pertains to the FE model presented

in Figure 8.8.
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b) FE model of main truss boom (Section 8.2. ).




