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ABSTRACT

Let J( be a totally real, quartic, Galois extension of iQ! whose rinv; of

integers R is a principal ideal dom,-,in. H there is a prime ideal p of R slll'h

that the unit group Inaps onto (R/p2)*, t.llen R is a Elldidean domain.

This criterion is generalized to arbitrary Galois extensions.

Let E be an elliptic curve over a number field F. Suppose [F : Q] ~ <1

and F(E[q)) 't. F for ail primes q sllch that F contains a primitive Il'' root

of unity, then the reduced elliptic Cilrve Ë( Fp ) is cyclie infillit.c1y oft,en.

In general, if r a subgroup of E( F) with the rank of r slIlfident.ly large,

there are infinitely many prime ideals p of F slIch that. t.he redllcecl eurve

Ë(Fp ) = r p, where r p is the reduction modulo p of r.
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RÉSUMÉ

Soit J( lin extension g,ùoisienne totalement réelle de degré quatre du

corps Qi, dont l'anneau des entiers R est un anneau à idéaux principaux.

S'il existe 1111 idéal premier p de R tel que le groupe des unités de R

s'applique surjectivement sur (R/p2)*, alors R est un anneau euclidien.

Nous généralisons ce critère aux extensions galoisiennes quelconques de Qi.

Soit. E une courbe elliptique définie sur un corps de nombres F. Si

[F: Q] < 4 et. si F(E[q)) et:. F pour chaque nombre prp.mier q pour lequel F

COJitient une racine q-ième de l'unité, alors le groupe Ë(F~) est cyclique pour

une infinit.é d'idéaux premiers de F. En général, si E(F) admet un sous-

groupe r de r,mg suffisamment grand, alors il existe une infinité d'idéaux

premiers p de F t.els que l'homomorphisme de réduction de E(F) dans

Ë(Fp) soit surject.if sur r(mod p).
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The Generalized ëebotarev Density Theorem provcd in chapt.er 1 does

not appear in the literature; however, the proof is a direct t.ranslat.iou of Uw

proof of Lagarias and Odlyzko (21) 1.0 the geueralb:ed set.t.iug. The Average

Density Theorem proved in chapter 2 is a slight improvemeut in t.he levcl

of distribution of the theorem of K. Murty and R. Murty [29] (from Xl 1'/-'

1.0 X1/"/(logx)B, for some positive number E), but again my proof is uniy

a slight modification of the one they give. The resliits in dtapter 3 arc

specializations of the arguments of R. Gupta, K. Murt.y, and R. Murty (15)

1.0 the case of totally real quartic fields. The material in chapters 4 and

5 are new and constitute the main contribution uf this thesis. Chapter fi

is a straightforward extension of R. Gupta and R. Murty [141 1.0 algcbrak

number fields using of the results of chapters 1, 2, and 3.
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INTRODUCTION

In Book VII, Proposit.ion 2 of his Elemc1/.t,~. Eudid dl'serihes t,hl' fullu",inl!:

procedure for det.ermining t,he great.est. conlllllln dcnominat,or of t,wu nat,ural

numbers bl > b2 • Subt.ract. a llIu\t,iple of /12 from /11 t.o yidd a nat,ural

number b3 which is smaller tha11 b2 • Repeat, this st.ep using /12 and ba in

place of bl and b2 • The procedure t,erminates whcn bll+1 = () and yÎt·!<Is

In modern terminology, Enclid's algorithm ddcrmincs a gcncrat,or for

the ideal (bio b2 ) of the ring of rational int,egers. More generally, Id. R Iw

an integral domain. A Euclidean algorithm for R is a map

cP: R \ {O} -+ Nu,

the set of nonnegative integers, such that for ail a,/l E R, b i= 0, t.Ilere I~xist,

q, r E R with a = qb + r and either t/J(r) < t/J(b) or l' = O. An integral

domain equipped with a Euclidean algorithm is called a Euclidean domain.

As might be expeeted from the exarnple of the rational intcgers, Eu-

clidean domains have the property that l'very ideal is principal. Indeed, if

21 is an ideal of R, b a nonzero clement of 21 snch that t/J(b) is minimal, and

a an arbitrary element of 21, then there are q, r E R with a = qiJ + r allli

either r = 0 or t/J(r) < t/J(b). Since r E 21 and t/J(b) is minimal, il. follows

that r =0 so that 21 is generated by b.

1
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III th" so"cial C;;L~e 21 = R, this argument shows that a nonzero dement

IL of R with (MIL) lIlillilllal is a unit of R. An example of Samuel [33] shows

that the <:Ollverse need not he true; namcly, that if u is a unit of R, then

4>("11) Ile(~(lllot he the smallest clement of <{J(R \ {O}). Consider R =Z with

(/>(71) = 1711, for 71 '" -1, alld q,( -1) chosen arbitrarily. However, another

algorit.1ull cali he collstruct.ed from q"

</J(") = min q,(a),
"ERr\(O)

which does satisfy the converse. To see that this function is a Euclidean

a!gorit.1ull, choose (1, bER, b '" O. There is b' E R with b' = be' such that

~(b) =4>(//). Since </J is Euclidean, there is r E R such that <{J(r) < <{J(b')

and (1 = q'll +". Choose q = q'e' so that a = qb + r and ~(r) < q'J(r) <

4>(b') =4>(/1).

TIIE FASTEST ALGORITIIM

Mot.zkin [26] constructed a special kind of Euclidean algorithm. Given a

nonelllpt.y collection of Euclidean algorithms q'Jo on R, the map defined by

q'J(,.) =min <{Jo(r)
o

is ;ùso a Euclidean rugorithm on R. To check this, let a, bER, b '" O.

Choose an (t 1 such tlmt. q'J(b) =q'Jo 1 (b). Since

q, is EuclidelUl. If the minimum is taken over all the Euclidean algorithms

of the ring R, t.1IC rcsult,ing rugorit1ull E is called the fastest algorithm.

2



Let E" = {O} U {l' ER: E(l') < II}. Siul'l'È = E, En is tl\(' set. of

units of R. li b E E,,+ 1 and a + RIJ is auy residue dass Ullld Rb, t.1H'u

there exist q, r E R with a = qb + l'and l' = 0 or E('" < E(b) so t,hat

l' E En' Thus, En -+ RIRb is surjective. Converse\y, l'llllsider bER sueh

that En -+ RIRb is surjective. li E(IJ) > 11 + 1 theu a r\('w llIap E' 1'0111<1

be defined by E'(I') = E(r}, for l' i: IJ and E'(b) = 11 + 1. To Sl'l' t.hal,

E' is an algorithm it suffices to consider UIC cases when Il oeeurs as dt.lH'1'

a divisor or a remainder. Since El! -+ RIRlJ is slll'jl'dive, l'Vl'ry l't'silitll'

c1ass a + Rb has a representative such that (1 = qb + 1', l' E En whkh

implies E'(r) < n + 1 = E'(b). li (1 = qc + b wit,h E(b) < E(c), t.111'11

trivial\y E'(b) < E(b) < E(c) = E'k). Thus, the set.s En llIay Iw ddirll'd

inductivclyas Eo = {O} U {units}, El = {r ER: Eu -+ RI(") is 0111.0, mll\

in general En+1 ={O} U {l' ER: En -+ RI(") is ont.u},

The importance of the sets E" is I.hat. Urey l'an he eOllst.l'Uded ill allY

ring. li

(1) UEn =R,
n~O

then R is Euc1idean with algorithm defined hy

t/J(,') =min{n : l' E En}.

On the other hand, if R is Euclidean then l'very e\emellt of R is ill S()"I1~

En. So the condition (1) is necessary and sufficîent fur R tu \w a Eudidean

domain.

The fastest algorithm has several nice properties,
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Propel'ty 1. If Il lU/ri IJ ilrc llOlJlWrO clements of R, then E(ab) ~ E(a).

P7'Oof. If En maps onto RIRaIJ, then composing with the surjection

RIRaIJ -+ RIRa

shows t.hat. En maps onto RIRa.

Property 2. If a, b, c arc nonzero clements of R, then E(ac) < E(be) if

lU/li unIy if E(a) ::; E(IJ).

P7'Oof. Suppose E(a) ::; E(b) but there exists sorne e with E(ae) > E(be).

Consider t.he set of such clements e with E(ae) - E(be) as small as possible.

From t.his set choose one with E(be) minimal. There is x E R such that

E(ba,) ::; E(I}(:) - 1 and E(ba:') > E(bx) for all bx' in the cose\'. bx + Rbe.

The coset. lia; + Rac contruns an clement ay with E(ay) < E(ae). Since

b!! E ba; + Rbc, E(b!!) ~ E(/Ie) - 1. If E(by) = E(be) - 1, then

E(au) - E(b!!) ::; E(ae) - 1 - E(be) + 1 = E(ae) - E(be),

which contradict.s t.he choicc of e with E(be) minimal. If E(by) > E(be),

t.lWJ:

E(au) - E(by) < E(ae) - E(be),

which cont.radict.s the choice of c with E(ac) - E(be) minimal. Thus,

E(ac) ::; E(/}(:). For the converse, suppose E(ac) ::; E(be). If E(a) > E(b)

t.hen the first. part. shows that E(ac) > E(be), which immediately yields a

contradidion. so E(a) ::; E(/I).
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Property 3. If Il, b are nonzero clements of R. tlJt'Il E(al,) ;::: E(a) + E(ll).

Proo/. Suppose that for some elcment. b t.herc cristo elcment.s a' sud: t.lmt

E(a'b) < E(a') + E(b). Consider the set of such a' wit.h E(a'b) - E(a')

minima!. From this set choose aIl clement Il wit.h E(a) minimal. Dy prop-

erty 1, a is Ilot a unit. There is a coset c + Ra cOIlt.aining an e1l'JIll'llt. J'

with E(x) = E(a) - 1, and E(x') > E(x) for ail a:' E c + Ra. The cosd.

cb +Rab eontains an element yb snch that E(yl,) < E(lIb) and y E c +Ra.

If E(y) = E(a) - 1, then

E(yb) - E(y) < E(ab) - 1 - (E(a) - 1) = E(ab) - Ela).

Sinee E(y) < E(a), this contradicts the ehoice of a. If E(x) ;::: E(a), t,hcn

E(xb) - E(x) < E(al,) - E(a),

which again eontradicts the ehoiee of a. This proves thc daim.

Property 4. If x E R is nonzero, thc)1J

E(x) ;::: L vT,(x),

where the sum is over all normalized valuatioIls of R.

Proof. If x is a unit, E(x) =0 and 2: vp(x) =O. Suppose that E(x) ;:::

L vp(x) for x sueh that 2: vp(x) ~ n. If 2: vp(x') = n + 1, x' = Y'T/, for

sorne prime element p'. Dy Property 2, E(x') > E(y') ;::: 2: vT,(y') =n, so

that E(x') ~ 2: vp(x').

5
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TIIE EIJCLlDEAN ALGOIUTIIM IN ALGEBRAIC NUMBER FJELDS

Th" Eudidean algorithlll on t.he ring of rational integers which was stud-

il'd by Eudid ÏH defined hy

N(J:) = Ixl = IZ/ZxJ.

Mor<: g<~nerally t.J1C funct.ion N(b) = IR/RbJ is called the norm of R. For

snhl'ings of algehraic number fields the only known examples of Euclidear!

rings have been Euclidean with t.he norm as algorithm, though the possi-

hilit.y of const.rncting rings of S-integers which are not Euclidean for the

1101'111 is illlplicit ill Gupta and R.. Murty [15).

Fur illlaginary qlladratic fields, Q( V d) whose rings of integers are Eu-

didean, t.he nurlll is a1ways a Ellclidean algorithm. To sel' this consider the

const.rudiull of the fastest algorithm. If d -::j: 1, 3, the only units in the ring

of illt.egers are 1 lUld -1. So in this case the construction terminates with

t.he nnits IIl1less t.here are clements x with N(x) < 3. If -d = l(mod 4),

t.JlCn t.he ring ufintegers ofiQ!(V-d) is generated by 1 and (l+V d)/20ver

Z. Since N(a + b(l + V d)/2) =(a + b/2)2 + d(b/2)2 ::; 3 implies d ::; 12,

t.he ehoices are cl = Î, 11. If -cl =2,3(mod 4), then the ring of integers

is geuerated by 1 and V-d. The ineqllaiity N(a + bV d) =a 2 + db2 < 3

illlplies cl ::; 3 ur cl =2.

It. l'an be verified that in each of these cases, d =1, 2, 3, Î, 11, the ring

of integers is EIlc1idean for the norm. For d = 1, 2, the ring of integers

consist.s of clements al +a2V d with aJ,a2 rational integers. If al +a:lV d

6



• and bl + b2 V d are in thc ring of integcrs. thcn look at.

al +a2V d nlb l + a2b2d + H((/2/JI -(/1/)2)

bi +b2v d == bT +db~

Pick an element ql + q2 V d of thc ring of intcgcrs snch t.hat.

then

For d == 3, 7, 11, the ring of integers consists of clcmcnts (Ill +1l2V-d)/2

with ail a2 rational integers either both evcll or hoth 0(1<1. If t1w e1cUWlltS

(al + a2V d)/2 and (bl + b2V d)/2 are in thc ring of iutcgcrs, look at

Choose q2 such that

then ql may be chosen with the same parity of lJ2 satisfying

""",.
albl +da 2b2

b~ + db~

7
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So the ring of intcgcrs of Q(";-dl is a Euclidean domain for

d = 1, 2, 3, 7, 11.

Since it is known that the ring of integers is a principal ideal domain

for d = 19, 43, 67, and 163, these rings give examples of principal ideal

c!olllains which arc not Euclidean for any algorithm.

Heilhronn [17] showcd that there are only finitely many real quadratic

fieltls whieh arc Eudide1Ul for the norm. Chatland and Davenport [4]

showed t,hat the norm is a Euclidean algorithm for the ring of integers

of Q( Vd) precisely for

li = 2, 3, 5, 6, 7, 11, 13, 17, 19, 21, 29, 33, 37, 41, 57, 73.

Davcnport, [7],[8] showcd that thcre are only finitely many fields of degree

three or four with unit groups of rank one which are Euclidean for the

norlll.

If t.1lC ring contains a unit, of infinite arder which generates RIRp for

illfinit.c1y Illany primes p of R, then by analogy ta Artin's Primitive Root

Conject.urc. thc set. El in t,he construction of the fastest algorithm would

8



.' contain these prime ideals. 'Veinberger [42] made this conlll'ction mo\'('

precise. He modified the conditi01l1ù proof of Artin's conjedurt', dlU' tu

Hooley [18], to show that for algebrak nllmber fields cont.ùning iniinit.t'ly

many units, the ring of integers is Eudidean if aud only if it. is a prinl'Ïpal

ideal domain, assuming the Generalized Riemanu Hypot.hcsis fur Dedekind

zet.a functions, The main ideas of his proof are lL~ follows. First., it. is ('nough

to show that ail primes p are in E2• That. is, in l'very uonzcru residue d'L~S

modulo p there is a unit or a prime from El, li a uuit. f is not. a primit.ivc

root module q, then f is a qUI power mod q for some ql(Nq - 1). This

is equivalent to q splitting completely in [(((,1' fl/'1). So, if. is enuugh t.o

find a prime ideal q, which does not split completely in any [((('l'fi/li),

in each residue class mod p which does not cont.ain zero or a unit.. Now,

the argument of Hooley l'an be applied using the Prime Ideal Theorem fuI'

prime ideals in ideal classes with the error t.erm implied by t.he Genemlîzed

Riemann Hypothesis.

The Euclidean algorithm has been studied for more general t.ypes of

subrings of algebrlÙc number fields. Let S be a set of valuations of the ring of

integers of an algebraic number field contlÙning the archimedean valuations.

The ring of S-integers of an algebrlÙc number field is t,he int.ersedion of t.Iw

valuation rings for valuations not in S. Euclidean algorithms on rings of

S-integers have also been studied. O'Meara [31] showed that for every field

there is a set S of valuations such that the ring of S-integers is Eudidean

for the norm. Lenstra (24) extended the l'l'suIt of WeiniJerger described

9
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ahoVl' to rings of 5-integers with 151 > 2. Utilizing the methods of R.

Gupta and ll.. Murty [12] on Artin's primitive root conjecture, R. Gupta,

K. Murty, and ll.. Murty [15] showed that the assumption of thc Generalized

Rimllmlll Hypothesis could be removcd from Lenstra's result if the number

of e1elllcnts of 5 is large cnough. More precisely, they proved:

Theorem. Lct [( he a Galois cxtension of IQ! and let 5 be a collection of

primes containing tllC irJiinitc primc.5 suell that

(1) 151 ~ max(5,2[[(: iQJ - 3),

(2) [( lms a rc;u cmbedding or '0 E J(, where

fI = gcd(Np -1: p E S\ 5(0 ),

tlwn RSUlC ring of 5-integers is Euelidean if and only if Rs is a principal

ifkal dOIllain.

III thc l'roof of thc theorcm, the usc of the Generalized Riemann Hy­

pothesis is avoided by applying sievc methods and a generalization of 'ihe

Dombieri-Vinogradov theorem on rational on primes in arithmetic progres­

siom. to algebraic 1lI11nbcr ficlds due to K. Murty and R. Murty [29].

INTRODUCTION '1'0 THIS THESIS

For t.echllical reasons the most promising point to try to improve the

Theorcm st.atcd aboveis for totally real Galois extensions of IQ! of degree

four. In chapt,cr 3, the proof in [15] is studied in detail for these fields. It

appeared t.Il1lt by improving the arguments in [15] and, more especia1ly in

10



[29], it might be possible to l'l'ove tlmt. t.he ring of integl'rs of such a fil'1d

is Euclidean if, and only if, it is a princip,ù ide,ù domain. To this <'ud,

the Bombieri-Vinogradov type theorem of [29] is studied in chapt,er 2. The

l'roof of this theorem required the use of a gener,ùized form of t.lle Cehotar<'v

Density Theorem, which is proved in chapter 1. This approm:h was uot

successful and appe<..rs to require a much more precise uud<'rstallding of

the distribution of prime ideals.

In chapter 4, the desired result is proved assuming the existeuce of a

prime p of the field such that the unit group maps onto the eoprime residue

classes modulo p2, such primes will be called special primes. Special uote

should be taken that since the ring of integers is always assul1led t.o he a

principal ideal domain, there will be a certain 1Unbiguity between prime

ideals and prime elements.

Theorem. Let [( be a totally real fJuartic G;uois extcllsicm of Q. If tlm

ring of integers R of [( contains a prime ideal p sudl tlwt tlw ullit group

m .•ps onto (R/p2)*, then R is a Euclideall domain if ;.mrl cmly if it i.~ Il

principal ideal domain

A probabilistic argument suggests that special primes 01:1:111' frCC[lleutly.

Let

8(x) = {p: Np ~ x, U maps onto (R/p2)"}.

Let q" be the exact power of an odd prime CJ dividing

I(R/p2)"1 = Np(Np -1).

11
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Consider t.he cyclic factor of (R/p2)* of order qn. In order for a unit. E not

t.o he a generat.or of this group, il. must land in the qn-I part of the group.

The prohabilit.y of this occurring is 1/q. For the prime 2, the units ±1

always generate a subgroup of order 2; otherwise, the same heuristics work.

Sincc t.otal1y real quartic fields have a rank three unit group, one would

expect that. S(x) is asymptotic 1.0

Dudunann, Ford, Pohst., and von Schmettow (2) (3) computed the inte-

gral hases, discriminants, unit groups, and class numbers of all totally real

fields of degree 4 with discriminant less than one million. From their tables,

165 of these fields satisfy the first requirement of the theorem, namely that

t,he cl,L~s number is one and the field is Galois over Q. A special prime is

found for each of these fields. Sorne of these fields are shown not 1.0 have

t,he norlll as Euclidean algorithm, providing the first such examples in the

C,L~e of algebraic number fields.

In chapter li the result of the previous chapter is extended 1.0 all finite

Galois ext,ensions [( of Q. Since these extensions are Galois, they are

either total1y real or totally complex, that is these extensions have either

"1 rcal embeddings or 2"2 complex embeddings, and the unit group has

rmlk ,. = "1 - 1 or ,. = "2 - 1, in the respective cases. In the first step,

search for ,. primes Pli, ... , PI r snch that the unit group maps onto

( 2 2 ).R/Pll . "Plr .

12
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In the second step, take these primes and the uuits mld fiud 2/' I1('W prilll('s

P21,. , , ,P2(2r) such that the group geuerated by the uuits aud PI h • , , • PI"

map onto

( )
.2 0)

R/P21 ... P2(2r)

Continue this constuction until s = ma:'C(4 - 1',2[/\ : QI -l' - 4) pruues

Pil' ... ,Pis are found such that the group generated by t,hl' uuits mul t,he

primes produced in the previous step map outo

( 2 2 )'R/Pil " . Pis .

Theorem. Let [( be a Galois extension of Q wllOsc ring of integers is Il

principal ideal domain. If the procedure dcscribed above l'rudI/ces

s = max(4 - ",2[[( : QI -/. - 4)

primes, then the ring of integers of [( is a EuclidCllll c1onwill,

Examples are given of the determination of these special primes for (IUil-

dratic fields, real cubic fields, and totally complcx Cfuartic fields,

In the final chapter, the results of chapters 1, 2 aud 3 arc usecl 1.0 exteuli

the results of Gupta and R. Murty [14] on cyclicity aud geueratiou of elliptk

curves modulo p, p a rational prime, 1.0 algebraic uumber fields. Let, E he

an elliptic curve over a number field F. For l'very prime icleal P of F, there

is a reduction map E(F) -> Ë(Fp) modulo p.

Theorem. Suppose that [F : QI :5 4. TIJC group Ë(Fp) is l:ydie: for

infinitely many primes P of F if and only if [('l = F(E[q)) rt. F for l!lI qld,

13
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i.

r,

wlu:re d j,~ tJu: Illrgl!st integcr ,mcJJ that iQ!(d) ç F. Fllrthermore, the nllmber

ofprilIws Np ~ x for wlJÎch Ë(Fp) is cycJic is grcater tlJan 62x/(logx)2+1/4,

for souu: positive constlmt 62 •

Theorem. Let r be Il free subgrollp of E(F) and

Nr(x) ={p: Np < x,r -+ E(Fp) is onto}.

Let E /Je lU) cJJiptic curve dcfined over a nllmber field F. If the rank r oEr

slltisfies l' > 2(217 - 1), tJlen

x
Nr(x) ~ (logX)2+ 1/ 4 '

wlJer(! '1 =nlax(2,d-2) and d is the order oEthe maximal abelian sllbgrOllp

of Gal (F/iQ!).

14
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CHAPTER 1
GENERALIZED ëEBOTAREV DENSITY THEOREM

Lagarias and Odlyzko [21] provcd an cifcct.ivc verHion of t.l1l' èc!lot.arcv

Density Theorem. A generalizat.ioIl of t,heir reHult. iH ['('l(uired in t.he Ill'xl.

chapter. Let [( be an algcbraic Ilumbcr ficld and defiJw III, = [I\' : iQ] and

dK equal 1.0 the absolute value of thc discriminant, of I\'. Suppose t,hat, L is

a Galois extension of [( with Galois group G =G,ù(L/l\). If p is a pl'im('

ideal of K which is unramified in Land '.P is a primc of L lying allOve

p, then the Frobenius symbol, O'c;p E G, is dcfincd hy t1c;px =a:Np (mod ':p).

Here N is the absolute norm. Let t1p he t,he conjugacy daHs of G cont,aining

the O'c;p with '.Plp. If the depcndcncc of the Artin symhol on the Iidds is

important, then the notation (p,L/IO will he used. If ~ is a d;L~S fundion

of G, Ic;p the incrtia group of '.P, and Dc;p the decolllposit,ion group of '.P,

then let

where T is a generator of the cyelic group Dc;p/lc;p. Delille

l/Jk(Z,~, L/K) = ~! L (z - Npi)k f('.Pi)(log Np).
Np'~'"

Let p be an irreducible representation and TI its charact.er. Lct V 'Je t'w

representation space of p. For each prime ideal p of J(, chose '.Plp and let

15
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VI'lJ 1", t.he vect.or sllhspace of V of clements fixed hy the image of I~ under

(Jo Tlwn the Artin L-fllndion is defined as

L(o~, TI) =Il deI. (1 - (J(I1~)Np-·IV/'lJ)-1
P

and is ahsolllt.ely convergent for Re(.~) > 1. Brauer proved that il. extends

t.o a meromorphic functiono If (J -:f; 1, Artin conjectured that il. extends 1.0

an entire function. Artin did prove a functional equation for L(s, TJ) of the

forln

L(.~, TI) = W(T/)G(s, TJ)L(1 - s, Til,

where

and TI =11/\ =a(w 0 X) + b(w 0 X).

Suppose ~ = L.,lI.ll, where the sumlllation is over irreducible characters

of G, a" E C, t.hen the forlllula

where l1u > 1 is a consequence of the following lemllla.

Lemma 1. Let I.~ be il positive integer, then

1 l<To+i'l' y.+k
- ds
271"; . <To-j'I' .~(s + 1)··· (s + I.~)

y<To+k

< 7I"kTk' for 0 < y <1,

:f-.

_1_1<To+i7' y.+k 1
....,....---:c7---,--.,..,..d.~ - -(y _1)k

271"; . <To-i'l' .~(s + 1)··· (s + I.~) k!

16
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P1'Oof. For 0 < y ::; 1.

goes to zero as u goes 1.0 +00, so thal.

1 jlTo+i'1' y"+k
- d~
27ri 1T0-il' s(s+I),··(.~+/d '

1 loo-j'I' y"+k 1 loo+i'l' y"+k
== -, d.~ - -. d.•,

27rz • 1T0-i'1' s(s + 1)", (s + 1.,) 27r1 ' lTo+il' s(,~ + 1)··· (s + 1.,)

since the integrand has 110 poIes for Re(,~) > 1. The ahslllut,e valu(' of hot.h

of these integraIs is
1 ylTo+k

< 27r1., Tk .

This proves the first inequality,

For y ~ 1,

goes to zero as u goes to -00, 50 that

1 1ITo +
i
'1' y.+k ds

27ri lTo-i7' 8(S + 1)··· (,~ + k)

1 1-00-;7' "+k d 1 1-00+i1' "+k l
~ Y ,~ Y tS

==",+- --
27ri c-;7' s(,~ + 1), .(.~ + k) 27ri, o+i'1' ,~(.~ + 1) .. (.~ +1.,)'

where E is the sum of the residues of the intcgrand al. 0, -1, ... , -1.,. 'l'Ill'

two integraIs are estimated as above, and

k -j+k
~ _ ""'( )i Y _ 1 ( )k
... - L.J -1 "(k _ ')1 - k' 11 - l ,, J, J . ,

J=O

giving the second inequality.

17



, Now Id Ec = L.J'I'll he the c:haractcristic function of a conjugacy cIass

C of G, and Il~t

1 l<7o+iT L' x·+k
h(J:, C, T) =--2,~Il" -L (,~, TI) ( 1) ( k) ds,

Tn L.J '1' S S + .. , s + .
'1 "0- 1

wlwre 170 > 1, and J: ;::: 2. Dy Lelllma 1,

1 { ( ) <7o+k }Ih(J:,C,T) -qJdJ:,Ec,L/[()I::; rrkTk ~ ;pi log Np

::; rr:Tk {~(;Pi)<7oH log Np } ,

wlll're t.he Slllll Îs over t.he prime power ideals. Choosc Uo = 1 + (logX)-I,

t.hell t.he est.illlat.c

( )

<70+k 1 N
Z ~l ~ pL Npi log Np « a' L Npi(<7o+k)

~ ~

C'. n 'x~l« xk+1..K(uo +k)« /\ ,
CK k+l

follows frolll

Tlwrdore,

(2)

for ail j: > 2 alld T ;::: 1.

Choose !/ E C, let. H he t.he cyclic group gcnerated by g, and Ethe fixed

iit'Id of H. Silice t.he L-scrics is invariant under induction,

(3)

ICI _ 1 l<7o+i7' x·+k L'
h(J:. C. T) = -IGI ~\(g)2rri <7o-iT s(s + 1) ... (s +k) L (s, X)ds,

18



where the sum mns over the characters of the abelian gronp H =Gal(L/E).

Next, the illtegral

(4)
1 1"'0+;'1' J: H+k LI

h(x,T,x)=-2' (+1) (+~)L(,~,\)d,~.
7rl (TO -iT .C4." • •• s ~

will he evaluated, where X is a charact.er of H, U = j + ~, and j is ail

illteger greater than k. Defille

1 1 x~k V
h(x,T,U'X)=-2.'. ( 1) ... ( ~')L(s,\)d,~,

'Il"Z /1'I',U S S + .~ + .

where RT,U is the rectangle with verticcs at, ao ± iT, anc\ -U ± iT.

The difference hetween thesc two intcgrals

Rk(X, T, u, X) =h(x,T, u, X) - h(J:, T, X)

may he divided into thrce parts

1 1-'1' x-U+k+it

Vk(x,T,U, X) =-2 (U ')( U l ') (U ~ ')'Il" T - + zt - + + zt .• , - +: + zl

LI ,
x L(-U + z/·,X)tl/.,

1 -t { x,,+k-iT

Hk(X,T,U,X) = -2. J ( 'T)( l 'T) ( ~ 'T)'Il"Z -u a - z a + - z . .. a + ~ - z
LI

x L(a-iT,x)

(a + iT)(a+ 1+iT)···(a + k+ iT)

LI }x L(a + iT, X) ria,

19



1 ['TU { X
CT+k

-
iT

Hj,(x, T, X) = 27fi Li (11 - iT)(11 + 1 - iT)··· (0" + 1.~ - iT)
4

L'
x L(O" - iT, X)

u+k+i7'X

(0" + iT)(O" + 1 + iT)··· (0" + k + iT)

L' }x L(O" + iT, X) dO".

Since U = j + ~ and 1- U + m + itl ;:: ~ for every integer m,

x-U+k 17' l' .
lfda:, T, U, X) «: u(u _ 1)'" (U _ k) -7' L(-U +d, X) dt,

a·-I!+k
«: .Uk T(logA(x)+nElog(T+U)),

Hk(a:, T, U, X) «: l~ x;:k (log A(X) + nE log(IO"I + 2) + nE logT) dO",

x-tH
«: Tk (logA(x)+nElogT),

\Ising LCIUnla 6.2 of Lagarias and Odlyzko [21]. By Lemma 5.6 of [21],

Hj;(3:,T,:d

1 {U"{xU+k
- i7' 1

27fi L t (0" - iT)(O" +1- iT) .. · (0" +k - iT) ~ 0" - iT- P
11+7'1:51

a,u+k+i'1' 1 }

(0" + iT)( 0" + 1 + iT) ... (0" + 1.~ + iT) L 0" + iT _ p dO"
p

1"1+7'1:51

«: .{~' ;::~ (log.4(X) +uElogT) dO",
4

(5)

20
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Lemma 2. Let p = 13 + h, Il'itIJ Î' :f. T, tlll'Il

wllere ITI ~ 2, x >2, and 1 < al < 3.

Proof. Suppose 'Y > T. Let B he t.he rectangle wit,h vert.icl's

al + iT, -t + iT, -t + i(T - 1), a) + i(T - 1).

Cauchy's Residue Theorem gives

On the sides of the rectangle other thall [- t + iT, a) + -iT] the int.egralHl is

which proves the lemma for 'Y > T. For 'Y < T, lise the rect.ILng\ll wit,h

vertices

-t+iT, aI+iT, a)+i(T+l), -t+i(T+l).

The lemma implies that

21



f'.

for 3: ~ 2 aud T ~ 2. The same estimate holds for the other integral in (5)

so UliLt,
k+1

Hk(x, T, X} «: ;k+l (logA(X) +nElogT}.

Tlwrc:forc:,

X k+1

h(3:, T, U, X} - h(3:, T, X} «:Tk+1 (log A(X) + nE logT}

Tx-U+k
+ Uk+1 (logA(X) +nElog(T +U)).

The next goal will be to evaluate h(x, T, U, X) using Cauchy's Residue

Theorelll, for T :j: 'Y for auy zero p = (3 + i-y of the Artin L-function L. If

x = X" the principal character, then L'lL has a simple pole at s = 1 with

rcsidllC -1. The rcsidlle of the integraud is

k+1x
-8(X) (k + 1)!

At Ule noutrivial zeros p of L(s, X), L'1L has a simple pole with residue

cC[lIal t,o t.IlC Il1I11t.iplicity of the zero. (Note that sinee LIE is cyclic, the

Artin L-flludions L(s, X) are entire by the reciprocity law.) This con-

trihllt.es il t,erm

p(p + 1) ... (p + k)'

for each zero p = {3 + h with hl < T, counted according to multiplicity.

At, nonposit,ivc intcgers, L'1L also has simple l'oies coming from the trivial

zeros of L(.~,X}. At, odd integers -(2j -1) < -k, LilL has residue b(X)

and at cven int,cgcrs -2j < -k, L'1L has residue a(x). These contribute

22



, the term

[ U+1J
-,- (_1)k+l a:-2i+ I+k

b(X) L (2j -1)(2j - 2)'" (2j - (k + 1))
i=[kt' ]

[if] (_1)k+ 1a,-2i+k

+ a(x) " 2 '(2 ' ) (' A)', L )) - 1 ... 2) - :
i=[kt"j

Note that if i ~ k,

s+k
X

-:--....,....-,...---~--;-----::-;-~---;----:'-;----;--:-:-';7;""--;--;--
s(s + 1)··' (s + k) (s + i)(-i)(-i + 1)'" (-1)(1)·" (-i + A:)

a;-i+k log x ,
+ , ) + (,~ + l.)hl('~)'(-z)(-i + 1),,, (-1 (1) .. · (-i + k)

where hi(s) is analytic at ,~= -i, 0 <i < k, Also,

f' 1 00 1 1
-(s) =-- -,-L(- - -)
f s s+A: A:

k=1

1 2 ;-1 1
=---. + -;- - ,- L - + (.~ + i)h 2 (s),

s + 1 1 1=1 t

where h2(s) is analytic at s = j, So for odd intcgcrs -A: ~ -(2j + 1) < 0,

V b(xl .
'L(s, xl = s + 2j + 1 + l', ,j(x) + (s + 2) + 1Ih:I,j('~)

where

ri,j(X) =B(xl - ~ log A(X) + 8(xl (2j ~ 2 + 2j ~ 1)

( 1 1) 1-". -- +-TtJ,;log1r
L 2) + 1 + {J {J 2

p

+ b(xl (; _,_E~) + a(x) (fI (-j _ ~1)
2) 1=1 t 2 f 2
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(,

For evell illt.egers -k ~ -2j < 0,

where

1 (1 1) (1 1)7'2 -(x) = B(X) - -log A(X) + 8(X) -, +, - "" , - -
,j 2 2) 2) + 1 LJ 2) - p p

p

1 IJ(X) (rI , 1) a(x) (2 j-I 1)
+'271 t,;log1T+-2- Y(-)+'2) +-2- -:-1'-Li

. ) ~I

Fillally at. .. = 0,

L' a(x) - 8(x)
-L (,~, x) = + ro(X) + sh5 (s),

s

where

Thercforc, Cauchy's thcorcm gives

h(x,T,U,X) =
x k+1 x p+k

- 8(x) (1.:+ 1)! + ~ p(p + 1)· .. (p + k)
11'I<T

+ Xk(l'O(X) + (a(x) - 8(x)) log x)

[!L±.!.J
2 -2j-J+k

( l)k+I{/( ) "" x+ - ) x ,LJ 7.:(2:-:-j----=-'1):-:"(2::-:j:--::2:7""),-.-:,(::""2):-'-(:7k-+--:'l77"))
j=[4!1

[l,i-I x-2j+k

+C1(X) L 2'(2'-1)"'(2'-k)}
.'-[ti!1 ) ) )
J- 2

[!±.lI
2 x-2j+I+k

- ~ (2j -1)!(-2j + 1 +k)! (rl,j(X) +b(x)logx)

[~I J:-2j+k
+L (2 ')'(-2.' k)' (1'2,j(X) + a(x) logx).

j=1 ), J + .
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Letting U tend t.o illfinit.y givcs

X k+1 J,p+k

h(x, T, X) + 6(X) (k + 1)! - ~ p(p + 1)", (p + ~,)
\1'1<'1'

- x k (l'o(X) - (a(x) - 8(X)) logJ:)

00 ..-2j-l+k'

-(-I)k+l{b(X) L (2j-l)(2j~2)"'(2j-(~:+I))
j=[kt')

00 -"i+k

- a(x) L 2j(2j -\)-... (2j _ ~:)}
[k1' )

[.+, J
2- x-2i+l+k

+ ?: (2j-l)!(-2j+l+k)! (l'I,i(X)+b(X)loIP')
3=1

[~l x-2j+k

- ~ (2j)!(-2j + k)! (1'2,i(X) -lI(X) logJ:)

xk+llog3:« Tk+1 (logA(x)+nE'logT)

Clearly, l'(X)<< B(X) +logA(X) +nBlogk, whcrc l'(X) is <lny of Uw

subscipted r(x)'s appearing abovc, Dy LC111111a 5.5 of [21],

1
B(X) + L -« logA(X) + n/.;,

l' p
11'1<1/2

Rence,

x k+1 x p+k 3:k log J:
Ik(x, T, X) + 8(X) (k + 1)! - ~ p(p + 1)", (p + k) - ~ fJ

hl<1' Il'1<1/2
xk+llog x

«logA(x)+nElog(kx)+ Tk+1 (logA(;t)+n/.;logT)

+ x k logx(log A(X) + nE' logk),

xk+llogx« Tk+l (logA(X) +nElogT) +xklogx(logA(X) +nBlogk),

2.5



Tlwrefore hy (3) and (4) with T not equal to the imaginary part of any

~ero of L(.~, X),

, ICI _ {Xk+1 x p+k
h(x, G, T) - IGI ~ X(g) 6(X) (k + 1)! - ~ p(p + 1) ... (p + k)

J-y1<T

_ L XkIOgX}
p P

Ipl<1/2

ICI (xk+IIogx ~
«IGIL . Tk+1 (logA(x)+nElogT)+xklogx(logA(x)+nElogk)j

x

ICI (xH1Iogx k )«IGI . THI (logd/,+n/)ogT) +xîogx«logdL)2 + nLlogk) ,

Ilsing the condllctor-discriminant formula and the estimate

"" ~ «(logdd·L.JL.J px p
Ipl<t

Theorem 1. TllCrc is an cifectively computable constant CI such that if

tllCll

ICI xHI ICI x f30

~)k(X, ~c) = IGI (1\~ + 1)! + O( IGI .80(.80 + 1) ... (.80 + k)

+O(xHI exp(-clnï l
/

2 (log x )1/2),

26



1 logtl l • + 1/1.
p(p+1) ... (p+k)« k! '

wllere the second term oCClirs only if ü(s) lUIS ml l'XI'I']Jtiowù ~l'ro I~ll'

Praof. If p = 13 + h :;6 130 is a IloIlt.rivial zero of SOliIl' L(s, \) wil.h h1~ T,

then Lemma 8.1 of [21] shows t.hat.

(
log J' )

J
xp+kl < x k+1 exp -c . ,

- log thTil /.

for sorne effectively comput,able constant, c and fol' J:, T ~ 2. TI1l' l'stimal.<'

Nx(T) «logA(X) + 1/1;;log(T + 2)

implies that

LL
x P

Ipl~i/2
l'YI:5T

for k ~ 1 by the conductor-discrimillimt formula. lu addit,ion,

p(p+ 1) .. , (p+k)

p(p + 1) ... (p + k)

(6)

and

LL
X pf.l-fJo

Ipl<i/2

«xi /2+k L L
x pf.i-Po

Ipl<I/2

X i /2+ k
2« k! (logd[,)

1

p

-1"- .

LL
X pf.l-fJo

Ipl<i/2

using Lemmas 8.1 and 8.2 of [21]. Lcmma 8.2 of [21] implies that.

1

xk+J-fJo 1
(1 - (30)(2 - (30) ••• (k + 1 - (30)

< 1 [() 1 , d . dl/",,] k+lJlin[ dn,)~o" J,. '.;lnl. J_ k! max c nL og 1., ca 1. x .
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(

and

H('Ill:(~, hy (6),

Choose

t.o oht.aill t.he t.heorem.

A reslllt. of St.ark [39, p. 148] gives an effective bound for the exceptional

~ero.

Lemma 3. Tlw Dedekind zeta function (ds) has no real zeros for

1V1wre c(nt.l = 4 if Lis Galois over iQ!, C(7lL) = 16 if tllere is a sequence of

fields Q = FI ç F2 ç ... ç Fm = L Ivith eadl Fj normal over Fj+l'

Theorem 2. TllCre exists effectively computable constants Cl, C2 such

ICI k+1
) • J: ( k+1 1/2 1/2 )

~'dJ:,~c = IGI(A~+l)!+O x exp(-Cl7lL (logx) )

+ 0 (J:k+1 exp( log x )) + 0 (xk+ l exp( log x )
c(lld logdL c2(dL)1/n L
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Proof. Apply LClllllla 3 to cst.illlat.e t.he tenn dependinv; on t.lll' (·x("(·pl.iollal

zero in the previous t.hcorelll.
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CHAPTER 2

AVERAGE DENSITY OF PRIME IDEALS

IN ALGEBRAIC NUMBER FIELDS

Domhicri [1] and Vinogradov [40] proved an average prime number the-

orem for primcs in arithmctic progrcssions.

Bombieri-Vinogradov Theorem. For every A > 0 tllere exists B > 0

sudl tlmt

~ y x
L.J max max l/J(y; q, a) - A.( ) «: A'

< 1/'/(1 )11 u=E;:r. (a,'/)=1 '1' q log X
f/_:r. og:r.

K. Murty and R. Murty [29] proved a similar result for algebraic number

fields. For thc application to Euclidean domains in the next chapter, a

more precise estimate is needed which requires only a slight modification

of thcir proof.

The notation in this chapter is the sanIe as before. For a conjugacy class

C of G = Gal(LjI\), define

7rc(x, Lj[() = L 1
Np=E;:r.

p unramified in L
CTp=C

t/Jc(X, Lj[() = L (log Np).
Npm=E;:r.

p unramificd in L
D'p,n=C

If ~ is a class function of G, define

IjJ(x,~,Lj[() = L (log Np)è(pm).
Npfn$z
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H ç = L'I a,,'7, where t.he slIlI1mat.ion is uVl'r irrl'liul"Ïhl<' eharaet.l'rs of

G, a" E C, and L(.~, '7) is t.he Art.in L-fllndioll dll'Il

. 1 llT+ioo L' J"
r/J(x, ç, L/1\) =-2. L . -L (.~, Il)- d.~.

7r/, • "'-100 ...

"
for Re(u» 1.

H L = [(((q) and [( n Q((q) = Q, t.hen

Gal(L/Q) = Gal(K/Q) x Gal(Q((,,)/Q).

Let ç(C, q, a) he the charact.erist.icfllnct.ion of C x {(I}, where Gal(Q( (,,) /Q)

is regarded as (Z/qZ)* so t.hat. a is a residllc class modulo q, t.Ill'll

t/J(x,ç(C,q,a),J((('1)/Q) =
l''''::;:r.

l'ru =Cl( mcul (/)
lTp m=Gt

f(p )(log p),

where €(p) = 1 for unramified p and €(p) :Ç 1 for rall1ified Il.

The average density result which will he proved is

Theorem. Given A > 0, there is B > 0 SUC'11 tlmt lor

then

L' max maxlt/J(y,ç(C,q,a)'[((('1)/Q) - t5(C,a,q)yl« ;r~,
<Q (a,q)=! y::;% log x

q-

where Tl = max(d - 2,2), with

d = minmax[G : H]w(l),
M lU
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(7)

(

(

itlu/ w/wrr: t/Ie' imlicates SUlIllIliltioIl over q such that J( nQ( ('1) =Q, which

illlplies IJ(C,a,q) = ICI/(q)(q)IGIJ. T/w min is taken over subfields M of J(

sm:h tlmt L(s, w 1/) x, [(((q)/M) arc llOlornorphic for all characters X and

t/w max i,~ over dmrllctcrs of H = Gal(I</ M).

If [(/ M is ahelian then each L(s, w 0 X) is holomorphie, so dis less than

the degrec of the largest suhfield over which I< is abelian. K. Murty and

R.. Murty [29] proved this result with xl/~-( instead of x!/~ /(logx)B.

R.lmUCTION '1'0 HOLOMORPIIIC L-FUNCTIONS

Let, li /) denote the characteristie function of a eonjugaey class D in sorne

group H, t.llCn

IDI"
!iD = IHI~ T/(9D)T/,

~

where !/IJ is au clement of D and the summation is over all irreducible

dmracters of H. In particular, this relation implies

. 1 ,,-
I/.(a:, etC, q,a), A (q)/Q) = 4>(q) 7 x(a)t/J(x,!ic '21 x, I«(q)/Q),

where t,he X rlUlge over characters of Gal(Q(q)/Q). From the previous

dmpt,er,

x"+J log x
1jJ,,(a:,w 0 X) <(:: T"+! 10gA(w 0 X) + nlogT.

Choose T = exp(1l 1/2 (log x) 1/2 - ~logA(W0 X). Use Lemma 3.7 to esti­

mat,e the possible exceptional zero. Since A(w 0 X) <{:: q" where the implied

coust,lUlt. depeuds only on the field,

1jJ,,(x,w@x) <(:: nlogqx"+! exp(-c(logx)!/2).

32



Renee,

. / ICI _1 1
l/J(x,8c ® 1,A((q) Q) = q.,(q)IGlx + O(xexp(-cII,,'(logJ:):F)),

where c is some absolute constant and the 0 constmlt, dcpcnds on t.\1e field

J(. Therefore,

1L max maxl1/.>(y,ç(C,q,a),f\((q)/Q) - 6(C,n,lj)yl
<Q (a,q):1 y~x

q_ 1

="""' '.1.(1) max """' 11/.>(y,8c ®X,K((q)/Q)I +O(J:cxp(_c(logJ:)1/2)),
L..J '1' q y<x L..J'I"
q~Ql - X#I

for any real number QI'

To reduee to a sum involving only primitivc eharadcrs, o1lscrvc t,hat; if

x(mod q) is induced by XI (mod qIl, thcn

This implies,

1 1L .1.( ) mt; L 11/.>(y, 80 ® x, J((('I)/Q)I
<Q '1' q y- -'1q_ 1 X....

"""' 1 1 ",. 2«(logx) L..J ~maxL..J 11/.>(y,8C®X'[((('I)/Q)I+O(log x).
l<q~Q, q) y:=:;x X

Let M be a subfield of J( sur-!! that L(.~,w0X, [((('1)/M) arc holomorphie:

for all characters X and all characters w of H = Gal([(/M). If S = Il x

Gal(Q((q)/Q), then M is also the fixed field of S. If [Jc E Il n C thcn t.\1ll

conjugacy class of H containing Oc is denoted by Cil' Dy the Învarianœ of

L-series under induction

IHIICI
1/.>(y,8c 0 x, J(((q)/Q) = 1Cil IIGI 1/.>(y, (8clI 0 x)ls, [((('I)/M).



Th" dlilrader relation (i) implies

ljJ(y, (huu 0 x)ls. J((('l)/M)

G = ;;~ 1L w(gc)t/J(y,w 0 X, J((('l)/M),
w

wlwrl' th" w range over irredllcible characters of H. Therefore,

silice q,(q) ~ q/loglogq. This redl1ces the theorem stated above to an

cst.iJ1lilte involving holomorphie Artin L-series.

TUE L-SERIES IN TUE CRITICAL STRIP

The followillg theorelll is l1sef111 for estimating fl1nctions in a strip.

Phragmen-LindelOf Theorem. Let I(s) be regular and analytic in the

stril)

s ={s E C: a ~ Re(s) < b}
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...
such tllat

If(a + if)1 ~ AIQ + a + it)l"

If(b + if)1 ~ BIQ +b+ ifl li
,

\Vith Q+ a > 0 and Cl' ;::: f3, tllOn for Sil! tlle stri]) S,

This form of the theorem is due to Radcmachcr [32].

Since the coefficients of the Dirichlet scrics L( s, w (2) X) sat,isfy A", ~ Il

with n =n(w 0 X) =nM(w 0 X)(I), it follows that for e > 0,

IL(1 + e + if, w 0 x)l < ("(1 + e).

Artin L-series have the funetional cquatioll

(8) L(s, w 0 X) =W(w 0 X)G(s,w 0 X)L(1 - .~, w 0 X),

where

and a(w 0 X) + b(w 0 X) =n. Stirling's formula in the forlll

with z =x + iy, shows that

a5



(

With these two estimates in hand the Phragmen-Lindelof theorem gives the

estimatc

(9)
.!=..ti!.

IL(s,w 0 xli ~ ("(1 + eHA(w 0 xHltl +2t) 2 ,

for -f ~ n.e(.~) ~ 1+e. Now choose e =(log(A(w 0 xHltl + 2)n))-I, which

gives

1-.
IL(a + it,w 0 x)1 ~ (A(w 0 xHltl + W) .... (log(A(w 0 xHltl +WW,

To obt.ain a similar estimate for L' (s, w 0 X), differentiate the fundiona!

equat.ion (8),

L'(I- .~,w 0 X) = -G'(s,w 0 X)L(s,w 0 X) - G(s,w 0 X)L'(s,w 0 X).

Since

r'
r-(z) «log(lzl + 2),

t.hen

G'
C(s,w 0 X) « nlog(ltl + 2),

which illlJllies

G'(.~,w 0 X) «n(A(w 0 xHltl + 2)")~-"'log(ltl + 2).

The SaIne argullIent ilS above shows

(
(10) IL'(.~,w 0 xll« (A(w 0 xHltl + 2)") ';' (logA(ltl + 2)")".
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PROOF OF 'l'III' TIIEOREM

Suppose that

1 =II (1 _ (w (5) .\:}{p)Np-H) =~ bj~(j)
L(s w (5) v) L...J JH

, " P j= 1

_ L' (s w (8) v) =~ A(j)cj.\:(j)
L' ., L...J 'H

j=l J

and define

F, = F,(s,w (8) X) = L A(j)~~X(j)
j5" J

G, =G,(s,w (8) X) =L A(j)~~X(j)
i>, J

" b'X(j)M, =M,(s,w(8) X) =L...J ) 'H '

i5" J

fol' 0' > 1 where A denotes von Mangoldt's function and z > O. Siner,

I(w (8) X)(p)l < 1, bp m = 0 for m > Tl, Ibpm 1~ C:J, and Illj1~ 2"'1(j), wherr~

pU) is the number of distinct prime divisors of j.

The identity

L'
-r;(s,w (8) X) =G,(I- LM,) + F,(I- LM.) - L'M •.

together with the formula

1 1c+ioo
L' X

H+k

tPk(x,W(8)X)=-2' . --L(·~,W0X) ( 1) ... ( k)d,~,
'In C-Il'" ,~ .~ + ,~ +

:17



valirl fur c > 1, yields

x Islls+11"'ls+k/'

whcrc t.he Huc of integration of the second integral has been moved to 1/2.

The Large Sieve iuequality in a form due to Gallagher [9] gives good

est.imat.cs of most. of thcse terms.

Large Sieve Inequality. If~n IAn l2 < +00, then

00 2 00

L Amx(rn)mit dt« L /Am I2 (m +Q2T).
ru=1 m=l .

(

Sincc lej 1< 1/, t.he Large Sieve Inequality implies
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and

For k > 2 summing this inequality over j gives the est,imatc

Observe that

1L beai/cl < 7,,+1 (j)2",'(j),
eli

e>z

where 7,,+1 (i) is the number of distinct ways of writiug j ;L~ the prudlld. of

n + 1 integers. The Large Sievc Inequality givcs

:19



(
SinCf~ h 1~ Tt,

The direct estimate of

\Ising the Large Sieve ineq\laHty is unsatisfactory. However, the Mellin

t.ransforrn

provides the relation

00 . 1 12+;00
LUjXU)c-J/ur· = -2• L(s+w,w®x)r(w)UWdw.

11'1 2 .j=1 -100

Moviug t.he Hue of iutegratiou to Cl = -1/2 - 1/ log V yields

(11)
00. 1 lcl+;00

L(.~,w0X)=L. CljC-J/Uj-. - -. L(s+w,w0X)Uwr(w)dw,
j= 1 211'1 Cl -;00

where t.I1C L(s,w 0 X) cOIues from the pole of r(w) at w = O. By the

flluctioual equatiou,

L(.~ +w,w0 X) = G(.~ +w,w0 X)L(s+w -l,w® X)
00

= G(s+ w,w0 X) LajxU)j"+W-l,
j=l
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for Re(s + w) < O. Subst.ituting this relation iut.o t.he iut.egml giVt's

(12)

Stirling's inequality implies that

H the line of integration of the second integral is moved to -1/ log V, t.llen

by Cauchy's inequality

T T =
1 IL( ~ + it,w 0 xW dt «1 1L ajx(j)c-j/Ur~+itf dt

-T -T j=1

Using this formula, writc
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l
The Large Sievc Incquality with U = v = (QnTn) t implies

00

El « L IUjl2 e-2i1 lJri (j + Q2T)
j=1

« (U + Q2T)(log Ur
2

•

E. «(Q"T")t(" IUjl2 (3' + Q2T)\
2 LJ '2+2/ log V '

j>1J 3

Q2T 2 2« U(l +U )(Iog U)" = (U +Q2T)(log u)n ,

E:s« L IUjI2rl-2/logV(j+Q2T)

j$1J

« (U + Q2T)(log u)n
2

•

These estimatcs together show

l'

L L·l .. IL(~ + it, xW dt« (A 1
/
2Qn/2Tn/2 + Q2T)(logAQT)n

2
,

'/$Q X -1

so that.

for ~, ~ 11/2 + 2. Dy the Large Sieve Inequality,
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(14)

(15)

Therefore,

100 1--00 1• 1 • 2 IfL L . + .. IL(2 +lt)1 Itl k+1
l<q~Q x 7 • -/

l "() 11/"1 '>II( T)« Tk-tl/2 LJ 4> q q - og- fi
',~Q

Qtl/2+2 Iog2tl (QT)
« Tk-tl/2 .

Renee,

ehoosing T =Q and k =n.

A similar approach ean be used to estimate the tertu iuvolviug L'. Dif-

ferentiate (12) to obtain

00
L'(s,w 0 X) =- L ajx(j) logje- j /u j-.

j=l

1 l c1
+

ioo

+-2. G(.~+w,w0X)L'(1-.~-lIJ,w0X)U"T(1II)dlll
1n cl-ioo

1 l c,+ioo
--. G'(.~ + w, X)L(l -.~ -lIJ, X)U"T(lII) dw

211'z c,-ioo

The same argument as above except that (14) is IIscd iustcad of (11) aud

(10) instead of (9) shows that

". (,+ioo Id~1
L<QLJ }cl-ioo IL'(s,w 0 x)I\~II.~ + 11: "I.~ + kl

l<q_ x
« (A l/'J.Qtl/'J. + Q2) logtl(tl+'J.) Q,



(

ComiJining the results of (13) and (15) yields

where the implied constant depends on the field /(. Choose z = Q(log x)M

with !vI > (Tl + 1)222" + D, th'm for

comes the est,imate

~ :E :E* '1/J" (x, W <81 x)l« xn+!(logx)-D.
q:5Q x

From t.I1C previolls chapter,

x 13o+n

1/J,,(x,w 0 X) «/30(/30+ 1) ... (/30 + Tl)

xn+llogx
+ T,,+I (logA(w <81 X) + TlK logT)

+ x n logx(logA(w 0 X) +nK logT).

Choose

T = exp(71-1/ 2(logx)!/2 - n-!logA(w <81 X)).

Lcmma 3.8 of (29] cstimates the term coming from the possible exceptional

;.:cro 130 of L(s,w 0 X). Since A(w <81 X) « qn, where the implied constant

depcnds only on the field [(,

t,i.,,(x,w 0 X)« 7l(logq)x"+! exp(-c(logx)!/2)),
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for sorne absolute CO'.lstant c. Renee, for Q ::; (log:/:)M,

for any positive realnumber D. Th" fimù observation is t.hat.

1 1JfU+ 1 J~m-t :L max maxl1/Jm(y,ç(C,q,a))-8(C,a,q)( 1),1« ,
<Q (a,q)=l u:5:z: ,1/1 +. Ing' ;r.

q-

implies

1 1/11& ;t~mL max max l1/Jm-.(y,ç(C,q,a)) - 8(C,a,q)-, 1« ,.
<Q (a,q)=l u:5:z: 1/1. lng' :/:

q-

To see this, let

y"'+1 ,
1/Jm(x,ç(C,q, a» = o(C,a,q) ( 1)' + "",(:I:,ç(C,Ij,a)),m+ '

From the relations

1/Jm(x,ç(C,q,a» = r ',pm-l(y,ç(C,q,a))dy,
./2

Il:Z:A 1/Jm-l(y,ç(C,q,a»dy::; 1jJ"'_I(x,ç(C,q,a»
:z:-,\

Il:Z:+'\
::; A:z: 1jJ"'_I(y,ç(C,q,a))dy

it follows that,

x m

1/Jm_I(X,ç(C,q,a» = 8(C,a,q)-, + rm_I(X,Ç(C,q,a))
m,

1( hm )= \ o(C, a, q)--, + O(A2 xm
-

l
) + O( max (,'".(y, ç(C, q, a»») ,

1\ m. u:5:z:+'\

45



(

This implies

rnaX(l''''_I(lI,~(C,fJ,a)))« t5(C,a,q)"xm- 1 + ~ max (rm(y,Ç"(C,q,a))).
y$x A y$x+À

Now dlOosing" =x(logx)-t(A+I), with Q as above, vields

1L max max Il'm-dll,~(C,q,a))1
y$x (a"il= 1

'1$Q
_ 1",

«"x'" Ilogx +"\ L..J max max Irm(y,Ç"(C,q,a))1
A <QY$:C+À (a,q)=1

'1-

« x'" (log x)-t(A-I).

Usillg a decrC<L~ing induct.ion on j starting with j = n completes the proof

of t,he t.heorem.
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CHAPTER 3

THE EUCLIDEAN ALGORITHM IN

TOTALLY REAL QUARTIC FIELDS

SIEVE LEMMAS

Let A be a finite sequence of integers, P a sequellce of rat.ional primes,

z a real number greater than 2, and

P(z) = II p.
p<=
peP

then

S(A, P, z) = I{a E A: (a, P(z)) = 1}1

is the number of elements of A whose prime factors which hclong t,o P

are all greater than z. The goal of sieve theory is 1.0 filld upper and lower

estimates for S(A, P,z).

A simple example of a sieve is B = {1 < 11 :5 x}, P t.1w selluellee of

primes less than ,;x, and z = ,;x, then S(B, P, =) is t.he lIumher of primes

between ,;x and x. For the application 1.0 Euc1idcan domaills t.he sequellce

C = {p-l: (P,E/o.) CC},

needs 1.0 be investigated with Pd = {pfd(E/o.,C)}, where (p,E/Q) is the

Frobenius symbol and d(E/o.,C) is the largest intcgcr snch that 0.(,1) C E

and Ull(l«d) = 1, for all u E C.
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For tl a S(IIJa)'(~-free integer define

AI = {Il E A: Il =O(mod d)}.

Let. X he im approximation to lAI, the number of clements in A. For each

priml~ pEP choose w(p) sncll that (w(p)/p)X is a good approximation to

AI" and set w( 1) = 1. For sqnare-free integers composed only of primes in

P, ddine

w(d) = IIw(p),

"Id
allli for other sllllilre-free integcrs set w(d) = O. The numbers

giVI' the l'l'l'or of the approximation. Let

Wez) = il (1 _W(p)) .
,,<= P

For 6, t.hc obvions choices are X = x and w(p) = 1. The ëebotarev

dcnsit,y thcorem suggest.s that good choices for C are

and w(p) = p/(p - 1) for p E Pd. With these choices,

IRdl < Rc(J:,d) = miLX max 17l'c(Y, d,a) - 'G'ri )fi(y)!.
y$;r (a,dl= 1 cP d

The l'l·;\.~oll for proving the theorcm in Chapter 2 was to provide estimates

for t.lll' rl'nH\inder t,erms Re(x, d). The appropriate form of that theorem

for est.im<lting t.his sequence is stated below. Let ven) be the number of

distinct prime divisors of n.
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Lemma 1. Gil'CIl Im-y positil'c COlJstlmt B tlJ('T(' l'xists 11 p().~itin' 11II1Il/ll'f

A sudl tl1at

wherc '7 is defiIlcd as iIl tllC tllCorclll iIl dlilptl.'r 2, iUll/ wl11'T(' t1l1' illlplil'cl

COIlstallt dcpends aIl tllC field 1\ Ill/cl 1)JJ tlJl.' comtlUlt B,

Proof. Since Re(x, d) « x/d, for a: ~ d, Canchy's ille(lnalit.y impli('s

L Jl2 (d)3 11(d) Rc(x,d)

dS:r1/. /log" '"

The estimate

L Jl2(d~911(d) _

d<x d1o ..tilJ<:z:

1,2(d• ... du)

d• •.• du

~ (L ;;)u ~ (I0IP: + If',
n<:z:

and the theorem of the p,eviolls dll1pter imply the rl.'snIt..

In the next section, the proof of the theorem will rl'l(lIire thl: l:xistl.'IlCl:

of mallY primes P sllch that if elp - l, ea prime Ilot 1'(llIal tu 2, tlwlJ e is

large. The Iinear sieve shows that mallY slleh primes exist.
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Lemma 2. As.mllw tlliLt

tlwll [or ~ ~ z tlwre is tlw lower bOlwd

S(A,'.13,Z)~XW(Z){/C~~:)-B(log~)l/:l}-L 3
v
(n)IRn l·

n<e
n!p(:)

S(A, '.13, z) ::; XW(z) { F C~~:2) + B (lOg~)l/:l } + L 3
v
(n)jRn l·

n<e
nIP(:)

This IcuuuIL is provcd in IWILniec [19). The function 1 is defined by

2e'Y
1(11) = -log(lI - 1),

11

for 2 < 'Il ::; 4. The f\lnction F is defined by

2e'Y
F(lI) =-,

11

for () < 'Il ::; 3.

Lemma 3. Tlwre i1re morc tlJiUJ

mtiolliu l'rimes Il sudJ dJilt

(1) JI::; J'.

(2) (JI. E/Q) ç C.

(3) If ( 1(JI- 1), tlJCIJ e1cl(E/Q) ore > x l/2'1 exp (-(log x )1/4),
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wlwre 81 > 0, d = d(E/o.) is tlll' 11lrgcst intcgcr .~ndl tll1lt o.(d) ç E iUlel

77 = ma:x:(d' - 2,2), ll'itll

d' = minllla..x[G: H)w(I),
At w

and the min is taken over sllbfields M of K sndl tlHlt L( .~, w ~) '\,/\ (Cl /!lI)

are llOlomorphic for aU dJaracters \: !wd tlw lIIiLX is (ll'('r dlilr!wtl'rs (lf

H = Gal(J(/M).

Praof. Consider the sequence C with P = Pd' To apply Lenuua 2, t.hc t,wo

conditions must be checked. The first condition is t.rivial sinee 2 1 tI(E/o., Cl

and 0 < 1/(p - 1) < 1/2 for p ~ 3. Since 4)(a:) '" a:, partial sUllllllat.ion

implies that

L log1) Z
-- = log - + 0(1),
p-l l/1

WS;lJ<=

which implies the second condition fol' K. = 1 since only finit.e!y lIIany pl'illlcS

divide d(E/o., C). By Lemrna 1,

L 3v(")IR,,1 «a:/(logx)4,

,,<x'/" /(Iogx)1J
nIP(z)

for sorne constant B ~ 1. Choose z = x l / 2 '/ exp(_(1oga:):l/4) ami e ­
x l /'1/{logx)B. Apply Lernma 2 to obtain

3 { (lOge) L} (x)S(A ,Pd,Z) > XW(z) f logz - BI (log{)I/:l - 0 (1ogx)4 .
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API'LICATION OF CLASS FJELD TIIEORY

Reeall t.he conHtruet.ion of the fastest aIgorithm in the Introduction. Sup­

IlOHe that. every prime of R iH contained in E2• Consider a residue class

Il +RI) =(l' ((l" +l/'R), where a" +b"R is a coprime residue class of RIRb".

If 1/' iH not in E2 , then (l" +RI/' contains an element of E2 byan extension

t.o algehmic n11lnber fieldH of Dirichlet 's Theorem on primes in arithmetic

progreHsions and if l/' is in E2 , then a" + Rb" contains an clement of El,

So by indllct.ion on Til + Tl2 the construction of the fastest aIgorithm will

reach aIl clements of R, where Til is the number of prime divisors of b in

El and Tl2 is t.llC nllmher in E2 •

The key faet. to be proved is that evel'Y prime ideal p of [( is contained

in E2 • Consider the ray class field of [( with modulus p. The ray class

field F is the maximal abelian extension of [( with the conductor of FI[(

dividillg Rp, with the infinite primes remaining unramified, and with

(16) GaI(FI[() :::: (RIRp)* jt/Jp(U),

(

where U iH the unit. group of Rand t/lp is reduction modulo p. This reduces

the p1'll0f of the daim to showing that for every residue c1ass a +Rp there

iH a prime q of R such t.lmt the Frobenius symbol (q, FI[() is mapped onto

(Il + Rp)~)p(U) under the isomorphism (16) and such that t/lq maps U onto

(RIRq)'.

Intended Theorem. Let 1\ be a totally l'cal Galois extension of Q of

dc'gn'l' fOllr wlwsl' ring of integers R is a principal ideal domain, then R is
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Euc1idean .

Let p be a primc of I\ and F the ray c111.~S field nf mo<lulus p. F is

also totally real since thc infinitc primes nf I\ <10 Ilot ramify ill F. Ll't.

WI, W2, W3 be a system of positivc fuudmucut,alllllit.s of I\. COlIsi<ll'r

L = I\ (.jWj, ..;w2, VW:ï),

LI = F· L, and L2 the smallest field coutaiuiug LI whkh is Galois over

Q. Now, L, LI, and L 2 are Ilot necessarily tot,ally l'cal hCl:Ilusl' WI, W2, W:\

need not be totally positive. GaI(LdI\) is abeliau siuce H. is a sllhg;rollp

of GaI(LI[() x GaI(FI[(). L2 is the composit.ulll of ail the emhl'<ldillg;s,

O'ILI, ... ,amLI, of LI into the l'l'al lIIullbers. Let T he ml dl'mcut. of

GaI(L21[(). Since LI is Galois over I\, T lIIaps LI t.o L, :1IId siuce l\'

is Galois over Q, T maps each aiLI to itself. Silice each aiL, is ahl'liall oVl'r

l(, the compositum is aiso abeliau over I\.

Let C = {a} be the conjugacy cIass of G:ù(FIl\) correspoudillg; t,o (Il +

Rp)t/J~(U) and

It is not obvious that Cl is nonempty. H CI were elllpt.y, t.lleU

LÇF"::{xEF: a(x)::x}.

LIl( ramifies only at the primes dividing 2, su unly t.hese l'l'iUleS ue/,,( t,u

be considered. In this case the characteristic uf RIRp is 2 su

1(RI/4J)" 1:: 2"'-1.



Sinc:e [L: J(j divides [F: J(j, [F: J(j divides 1(R/Rp)* l, and 2 is the only

prime dividing [L : J(j, a contradiction results. Therefore, Cl is nonernpty

and LnF =J(.

Let C2 he the inverse image of Cl in Gal(LdJ(), and Cs the srnallest

suhsct of Gal(L2 /Q) dosed under conjugation. Since L 2 need not he totally

rml, t.lwre might he additional roots of unity in L2 • However, the only roots

of unit,y (,/ in L2 such that

(17)

r

for aU (J' E C:1 arc ±l. The first daim is that the only roots of unity in LI

sat,isfying (17) arc ±l. Let H =Gal(LIfF) and H2 =Gal(LIfL). Suppose

therc is an integer d greater than 2 such that (d E LI and such that the

condition (17) is satisfied for all (J' E CI' Let J = Gal(LIfJ(((d)). For any

T EC..

Thcrcforc,

since [l\((,Il : I\"] ;:: 2. This implies H n H2 1 > ~IHI. Note that

H n H2 = H /Gal(L/ Ln F) = H /Gal(L/J() .

This yields a contradiction since IH n H2 1 = 1 and !HI = 8. Therefore,

the first. chùm is proved. Suppose there is sorne integer d greater than two

satisfying (1 i) for ,ùl (J' E C2. Then a prime q of J( can he found which does
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..
not split completely in I\((d) snch tll11t (q,L,/I\) E CI' Bnt. this cOl\(lit.ion

is equivalent to (q, L2 / I\) E C2 , whkh contradids t.lle ;I.~slllllpt.ion t.Imt. d

satisfies (li) for ail (1' E C2 • Clearly, from the ddinit.ioll. the "nly mot.s of

unity in L 2 satisfying (1ï) for aIl (1' E C'l arc ±l.

Lemma 4. TlJere are more tllilll 02a:/(logJ:)2+1/'1 primes p of 1\ sudl t/lilt

(1) NK/QP = P ~ x, pa ratiolliu]JriIJJc,

(2) (p,F/[()=C,

(3) (p,L/J() 'Id,

(4) If qip - 1, q a rational primc, t/J(!IJ q =2 Of

for sorne positive constant 02'

Proof. Let p he a rational prime which is nnrmnificd in L2 wit.h (JI, L2 /Q) ç

C3• H \Plp he a prime in L2, then for some 71 in Gal(L2 /Q), (7/\P7/- 1, L2/Q)

is in C2• Let p he the prime of [( Iying below 77\P7/- 1, t,hen N"/IO'p = JI

and (p,L/J() CCI' By Lemma 2 thcre arc morc thiln h2a:/(logJ:)2+1/4

primes p ~ x with (p, L2 /Q) ç Ca snch that if qJ(p - 1) illlcI q ::f. 2 t.IU:lI

q> x l / 4 exp (-(logx)I/3).

Lemma 5. The number of primes p of I( witll It/Jp(U)1 < 11 is 0(1/4/:1).

Proof. The numher of integer triples (a.,a2,(l:l) with

..".:-.
(18)



(

for some pair of t.riples sat.isfying (18), implying that p divides

The Iltlluher of primes dividing this element is O{yl/3). Thus the total

uumher of primes p such that /t/)p{U)/ < y is O{y4/3).

Cousider t,he primes p of [( fouud in Lemma 3. For these primes either

l,j'p{U)/ < a::I/4/{logx)2 or 2 is the only possible divisor of

I{RIRp)" Np{U)I·

Dy Leullua 4 t.he Illlmber of primes satisfying the first condition is

«: (a::I/4 exp ((lOg x) 1/3) ) 4/3 =X exp (4/3(log x )1/3) .

This est,imat.e is clearly worse than the trivial estimate. However, if Lemma

4 couId be slighUy improved, then the Intended Theorem could he proved.

Conjecture. For some € > 0 éUld sorne 62 > 0, tlJere are more than

h2 rl(loga:)M/:I-< primes paf [( sudJ tlJat

(1) N /\/IJP =]> ~ a:, 1) a rational prime,

(2) (p.FIl\)=C,

(3) (p. LI[\) f 1.

(4) If 1l1(]> -1), Il él mt.ional prime, tlJen q = 2 or q > x l / 4 (logx)2,
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Using the Conjecture, the number of primes sat.isfyinv; the first. l'ondition

is

so that these primes can be disregarded. hl the o!.ller C1L~e, 2 divides

J(RIRp)· !tI'p(U) 1·

This would imply that 2 splits complctcly in L, contradid.ing !.Ile fad. thal.

(p, LI[() '" 1.

This completes the conjectural argument for a proof of t.he Intcmlec1 Thc-

orem.

REMARKS ON l'IlE HOOLEY-WEINUERGER CONDITIONAL PUO<H'

It may be possible to adapt the conditional proof of Hooley [18) and

Weinberger (42) to give unconditional proofs of Artin's Primitive Root Con­

jecture and the extension of the futended Theorem provec1 in this chapt/·I'

to any algebraic number field.

The heuristics are simpler for Artin's conjecture. Let. Il he a s/Iual'/!-fre/~

integer and p, q primes. Let R(q, p) deIlote the condition !.Itat. Ijl(p - 1) and

a is a qth power residue modulo p. Hooley defines

Na (x) =I{p < x: Il is a primitive root 1II0d JI}/

N a (x,1]Il = I{p < x: R(q,p) does not hold fol' ,UJY Ij ~ 71dl

Ma(x, 1]1' 1]2) =I{p ~ x: R{Ij,p) holds for sorne 711 < Ij ~ 712}1

Pa(x,k) = I{p ~ x: R{Ij,p) holds for l'very Ijlk}l,
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(

wJwrr~ ~~ is il square-free integer. Note that

Choose J/I = ~ luglogx, Jl'l = J: 1/ 2/log2 x, '1/3 = x l / 2 10gx. Hooley shows

t.lmt.

Note t.lmt.

N,,(J:,J/1l = LIJ(l')Pa(x,e'),
l'

where the sllln is uver posit.ive square-free integers with prime factors not

ex(·.ccdiug 1/1 and

M,,(J:, J/.,'/2) ~ L P,,(x,q).
q, <q:5'1'

Hooley alsu shows

wll<'r<' rr(J'.Gk) is t.IlC uumbcr of primc ideals p of Gk =IQ(~, {t'-I) with

Np ~ J', Dy thc Cebotarcv Dcnsity Thcorcm for k ~ log x,
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Thus.

J: (/1((1)) J'
Nil (X. Tlil :;;l> -1- ,,-- :;;l> -1-.'

ogx L..J IIG og rc' '('

Let Zq =Q( ~ 1), Fq= (\'l'iï). Trivially,

Lagarias, Montgomery, and Odlyzko [20) show t.hat.

for x > exp(A(logdF.)(loglogdF.)(logloglogdf~))' ASSIIIIIl' t.11l' hY)lot.1l1'sis

(17)
q J:

7l'(x, Fq ) « 1+'(log log q) 'log J:

for x > q2 (log q)4, then the BruIl-Titchmarsh ThcorclIl illlplics t.1mt

q X
7l'(x, Gq ) « ( 1+ .loglogq) {logJ:

Hence,

By partial summation,

,,1 1
L..J (q -1)(loglogq)I+' « (log log log log J:)' .

'11 <q$172

Under thehypothesis (17), this implies that N,,(x):;;l> J:/logx.
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CHAPTER 4
TOTALLY REAL QUARTIC FIELDS

WITH CLASS NUMBER ONE AND

DISCRIMINANT LESS THAN ONE MILLION

A proof of the conjecture in the last chapter appears to he difficult.

Rewnsider the result of n.. Gupta, K. Murty, and R. Murty [15]. They

proved the fol1owing theorem.

Theorem. Let J( be il. Galois extension of Q and let 8 be il. collection of

[)rillJes cCJlJtaining tllC infinite primes SUdl that

(1) 181 ~ max(5,2[K: Q] - 3),

(2) [( 11118 il. real embedding or (g E K, where 9 = gcd(Np - 1 : p E

8 \ 8",,),

tlwn Rs, tlle ring of 8-integers is a Euclidean domain if and only if it is a

principal ideal domain.

In this chapter. the theorem stated ahove will he used to show that a

t.ot.al1y re.ù quartic G,ùois extension J( of the rational numhers whose ring

of integer is a princip,ù ideal domain is Euc1idean. assuming the existence

of a special prime in the field.

Rec,ùl the construction of the fastest algorithm. Previously we tried to

show t.1mt, ,ùl primes were in E'}.. Actually much less is required.
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Lemma 1. Let R ue a principal idc,l1 dOIllilin. ,ISSl/IlW tllilt for ("'('ry prime

p there is an integer 71l SUc1l tllilt PEE"" tlwn R is ,1 Euc1idciUl d011laiu.

Praof. For any e1ement b of R define

ht*(b) = max Illin (m : pEE",) +1.
(a,b)=l p=a(mod b)

For primes p define

{

1

h "t(p) = ht*(p),
if PEE"
ot.herwise.

'l", ,. '

By induction on the number of prime divisors of Il <1efillc

ht(b) = max (ht*(II)' q~~" ht(qt} + ht.(q:!l) + 1.
(q.), (q2);Ul

Every residue class of R/bR contains an element ,. wit.h ht.(r) < ht.(b) and

element.s with ht(b) = 1 are in El so that Il E Eht(l,)' This pl'OVCS t.!lat.

Un;::oEn = R. So R is Euclidean.

Lemma 2. Let E be Il primitive root modulo p2, wit1J Np = Il, il mtiUlW/

prime, then E is Il primitive root modulo p" for cvcry 71.

Praof. Suppose that E is a primitive root mod pa. Suppose that,

with t the smallest such positive exponent. Since

Et =l(mod pl,
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l' - 1 divi,if,s t. Also t divides p"(p - 1), 50 that t = pU(p - 1) for sorne

(lusit.ive illt.e~er 'Il. Dy assuIIlpt.ion, € is a primitive 1'001. modulo p" and

so t.lmt,

where p fil. Hence,

Thus f is a primitive root. mod p"+1 and by induction € is a primitive 1'001.

llIod p'" for ail positive integers m.

Suppose t.1mt, a special prime p cau be found such that the unit group

gCllerates t.he coprime residue classes modulo p2, then by Lemma 2 the unit

group generat,es t.he coprime rcsidue classes modulo pU for every positive

illt.cger 11. Taking int.o accouut the rcsidue classes are not coprime, then by

indudion p" is in E". The theorem of R. Gupta, K. Murty, and R. Murty

«uot('ll ahove cau be applicd with S = {p} U Soo' Sincc

Rs/qRs = R/qR

for q ~ S, Le111111a 1 i111plics that for any prime q of the ring of integers

R t,he l'l'siduc classes modulo q contaiu either 0, a unit, a p"',"er of p, or
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a prime such tian. c:!.c~h of its rl'sidue d'I.~ses l'uut.aius eithe\" 0, a uuit.. u\" a

power of p. Therefore, q is in some E". which illlpli,'s that. Il is a Eudidl'au

domain. This proves Ihe followiug Iheorl'm.

Theorem. Let [( be a totiuly reiu cluilrtk Giuoi.~ c'xt!'IJsioll of iQ. If 1111'

ring of integers R ùf 1\ COIJtiUIJS il prillJc iclc,u p sudl t.lmt. 1I1I' ullil. p;roul'

maps onto (R/p2)*, tllen R is il EudiclciUl clOIJUUIl if IlIIcI ollly if it i.~ Il

principal ideal domain

Note Ihat Ihe argument given above cuuld hilve been used iu cunjlllH"t,iuu

with a much worse average densit.y eslimillc Ihau Hw "ne giveu ;u l'hapt,..\"

2.

Buchmann, Ford, Pohst, and von Schml'ttow [2] [3] compull'd iut.egral

basis, discriminant, fundmnentaI units, and chl.~s groups for ail t.ot.ally l'l'al

quartic fields with discriminant less t.han one million. The followiug t.al)I,'

contains a list of those fields with c[;I.~s number one whic:h are Galois ove..

the rationals. In each case, a prime p <:an he found sueh t.hal t.he uuit. group

generates the coprime residue classes modulo p2. In t.lw following t.abl" t.Iw

rational prime occuring under p indicat'$ l')...:r. any linear prime of t.he fidd,

Iying above the rational prime, is a special prime.

A superscripl 9 means that Godwin [11] showed Ihat. t.lw fidcl is Eu-

clidean for the norm. A superscript c memls that. Colm amI Deut.sc~" :;!IOWI:<1

that the field is Euclidean for the norm. A superscript. TI meaw; Ihal t.lw

field is not Ellcli.dean for the norrn. For the Galois groups, G'4 ,Ienot.es t.lll'

cydic group of order 4, and V 4 denotes the Vic"'!/"UIJfJC, Z/2Z x Z/2'l..



'(,,,

SOli." "xilIllpl"s of tlw vl,rifkatilJII that a field is Ilot Ellclidean for the norlll
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T.\HI.E OF TOTAI.I.\" HEAI. QUAII1'1<' FŒ\.IlS

i Discriminant. Gcncrating Pol\'tlomial Primt' (~alois Urou"
1125' r·1 - r" - 'Ir' + 4r + 1 :W C·I
1600' .roi - {)r~ +.f :\1 V·I
2000 ,r-1 _ 2.r3 _ Ur' + 2r + 1 I!I C·I
2048' ,r'l _ -Ir:! + 2 1; C·'
2:104' r" - ·lr' + 1 2:1 V·l
:1600 "," - 2r" - 7r' + 8r + 1 il V·l
4225 r.'1 - Or:! + 4 :!!I Vol
491:1 r·1-,r" - 6"" + 1", + 1 1:1 C·'
6125 roI _ z:, _ 14.r2 - Hr. + 1 III C·l
7056 z" - 5z'! + 1 :n Vol
;225 ",' - Il,,,' + li I!J Vol
8000 "," - 2"," - Ilr' + 2", + Il 211 Col
10816 "," - 2"," - !)",' + Illr - 1 17 Vol
11025 "," - 1:Ir' + Hi -II '1-'
12544 "," - 8"" + 9 :\1 Vol
14400 "," - 22"" + 1 I!J Vol
15125 "," - "", - HJ",' - Ilr + Il I!J C4
1ï424 "," - 7",' + 4 :Iï Vol
184:12 ","-12",'+ 18 7 C4
18496 "," - 2"," - Il,,,' + 12r + 2 47 V"
19600 "," - 24",' + 4 III Vol
1977:1 "," - ",,, - 11"" - 9", +:1 17 1:4
24:1:16 ",' - 2"," - Il ",' + 12", - :1 Hi:l V4
2ï225 ",' - 2"," - 25",' + 26z + 4 2lJ V4
28224 z' - 10",' + 4 r. V4
28224 ",' - 2"," - 1:1",' + 14", + 7 17 V4
30976 Zli _ ~Oz2 + 1 7 V4
:14225 "," - 21"" + (H Il V·,

35152" ",' - 1:1"" + 1:1 2:1 1:4
41616 ",' - 2"," - 1:1",' + 14", - 2 1:1 V4
42025 ",' - 2:1",2 + 81 :\1 V4
45125 ",' - ",,, - 29",2 - 21", + (il Il 1:4
48400 z4 _ :J2z2 + :Jn Hl V4
48841 ",' - 15",2 + 1 4:1 V4
51984 ",' - 11",2 + 16 5U V4
5:1361 ",' -27",2 +9 17 V4
5:1824 ",' - 2"," - 17",2 + 18", + 2:1 2:1 V4
66125 ",4 _ "," _ :14",2 _ 2H", + 101 HJ C;4
68921 ",'-","-15",2_18",_4 2:1 C4
69696 ",' - 14",2 + Hi 2!J V4
69696 ",' - 2"," - 19",2 + 20", + :14 14!) V4
70225 ",' - "," - 45",2 + 122", + 44 29 V4
74529 ",' - 17",2 +4 17 V4
76176 ",' - 25",2 + 1 Il V4
78400 ",' - :18",2 + 81 Il V4

T 81225 ",' - :11",2 + Wu 2!J V4
1,,:- 87616 ",' - 2",3 _ 21",2 + 22", + 47 7 V4

Hf,



1)isr:ri III in<Lllf. (:f~nf:ral.ing Polynomial Prime Galois Group
!)~4Ifj r," - 18.r:! +15 17 V4...
!I:lll~r, ",. - :1:1",' + I!ll; 19 V4
!!4Hfi4 7.'1 _ t17. 2 + 1 I!J V4
!)7:l44 ",._~",a-17",'+18",+:l ~:l V4
11l1l:l',~ .r" - :J2x:l - 5fjx + 46 2:l C4

Ifm;r,:I" ",. _ ",a _ ~4",' - 2~", +~!I 29 C4
Il !JO~r, ",. - ",a _ r,7",' + l.'i8'" + 124 11 V4
1~1l1~" ",. - ",a _ 44",' _ :l0", + 21 1 29 C4
I~JIlJ4 ",. - ~",a _ I!l",' + 20'" + 1:l 1:1 V4
1~744!J ",. _ Ill",' + 1 ,., V4'10"

1:l~4!Jfi ",. _ ~",a _ I!J",' + ~O", + 9 29 V4
l:l:l~~r, ",. - ",a _ 1;0",' + 1fj7", + 149 19 V4
1:l',424 ",. - :l~",' + 49 41 V4
1:IH:lH4 J:" - :Wx2 + 1 Il Vol
14llfiOH ",. - ~",a _ :lI ",' - 4/i", + 9 23 C4
14~12!' ",. _ 21",' + Ifj 23 V4
1444011 ",. - 48"" + I9fi :11 V4
14H2~" ",. - 41"" + :124 19 V4
",!l~1l1 ",. - ",a _ ~/i"" + fi:l", _ ~I 41 V4
lfili4li4 ",. - ~",a _ Ill",' + ~O'" - ~ 19 V4
17!Ji7fi ",. - ~",a _ ~!I",' + :l0'" + 1I!J 7 V4
184041 ",. - ~:I"" + 2r, li V4
1!I:\lillO ",. - 54",' + 289 29 V4
1!l71:lli x'l _ 2.r.:t - 2:lx224%3:1 Il V4
~1l7U:lli ",. - 4/i",' + 16 29 V4
207'nfi ",,1 _ 2",a _ :II",' + :12", + 142 41 V4
211liOO ",. - Sfi"" + :124 Il V4
2lfjnS ",. - ",a _ 7S",' + 212", + :104 Il V4
~IIISOI" z'1 - za - 25.r2 + G7.r - 35 7 C4
~~/i,,7fi ",. - ~",a _ ~1",2 + 22", + 2 19 V~

2:III~S ",. - ",a _ S9"" - SI", + 4S1 11 C4
2:11 :\lil ",. - 2S",' + :lfi 53 V4
2:1:l2HlJ ",. - ",a _ :11"" + 76'" - 20 17 V4
2:m2~m zo1 - 51z:! + 529 Il V4
2:18144 ",. - 2",a - :l:l"" + :14", + 167 41 V4
2·12llfi<1 ",. - 2",a - 25"" + 26", + 4fi 23 V4
24:1114lJ ",. - 2:1",2 + 9 1:1 V4
2·lfilllli ",,1 _ 40"" + 121 23 V4
247808 ",,1 _ 48",2 _ 88", + 158 23 C4
21ifi8:lï ",,1 _ ",a _ :17",' _ :l5", + 81 43 C4
:Wn25U zo1 - :m.r.2 + 16 13 V4
~ït) 12['. ",. - ",a _ fi4",' - 5fi", + 551 19 C4
28:11124 ",. - 13",2 + lJ 31 V4
28·10811 ",. - 2i",' + 49 2:l V4
211i025 .r." - 5ïz:! + 676 29 V4
:\ll4ïO·l z'l - 50.r:! + 4 5 V4
:104 iO" ",1 _ 2,r" _ :Ii"" + :18", + 22:1 17 V4

f :114721 .1'4 - 25.r.:! + 16 67 V4
:118096 .r.'l - 3ï.r.'.! +25 Il V4
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Discriminant Gt~lH'rating Pol,'nomial PrillU' UaloÎs (:ruup]
319225 X"1 - 50x~ + i:m Il V·l1

Jo 327184 ,,' - 48'" + ·1 ·1:1 V·l
341056 ,," - 2,," - :I!),,' + 40" + 2f)4 ~a V·,
370881 .r4 - 25.r2 +-1 5 V·l
379456 ,," - 18,,' + 4 1:1 V·,
379456 ",1 _ 2,," - 41,,' + ·12" + 287 17 V·,
384400 .r'1 - i2.r2 + 6iH 11 V·,
3890n ,,' - "" - 27,,' + 41" +:1 :17 Col
390224" ,,' - 29,,' + 2!1 fi:~ C'I
393129 .r4 _ 45.r2 + :Hi 21) V·,
395641 .roi _ 2ïz2 + 25 ·li V·l
404496 ..' - 2.." - 49..' + 50" - Il Il V·I
414ï36 ,,' - 15..' + 16 I!) V·\
416025 ..' - 67,,' + 961 2!) V·I
423801 ...1 _ .." _ 41,,' + 102.. - 12 17 V·I
435125 ..' - .." - 79",' - 7l'" + 911 'Il C'I
442225 ..' - 69..' + 1024 II V'I

4558n" ",' _. ",,, - 69'" - 7", + 4!) Il Col
469225 ",' - 7 1"," + 108!) III V'I
473344 ",' - 52",' + 28!1 7 V'I
484416 ,r4 - 2x3 - 25z2 + 2Hz - 5 2:1 V'1
497025 ",' - 73",' + 1156 II V4
501264 ",' - :11",' + 196 Il V4
506944 ,.' - 2"," - 47,,' + 48", + :198 17 V4
529984 ,r4 - 54z2 + 1 4:1 V4
535824 ",' - :1,," •. :m,.' + :m" + 141 1:1 Vol
549081 z4 - ~z~j - 5:lz2 + 5t1z - 12 21l V4
553536 ",4 _ :14,,' + 1!)6 III V4
553536 ",4 _ :1",:' - 49",' + 50" + 4:1!J 7 Vol
555025 ",4 _ n",' + 12!)6 III Vol
559504 ",4 _ 2"," - 29"" + :10", + :18 III V4
561125 ",4 _ ",3 _ 89"" - 81", + 1201 71l C4
565504 ",4 _ 48",' + 521l Iï Vol
576081 ",4 _ ",3 _ 44",' + 117", + 27 17 V4
577600 ",4 _ 2",3 -77",' + 78.. + 1:1:11 Il V4
602176 ",4 _ 2",3 _ 51",' + 52", + 48:1 :11 V4
630125 ",4 _ ",3 _ 94",' _ 86", + 1:161 1:II C4
646416 ",4 _ a5",' + 256 Il Vol
648025 ",4 _ 8a",' .:.15:11 Hl V4
652864 ",4 _ 2",3 _ 5a",' + 54", + 5:17 17 V~

659344 ",4 _ :1",3 _ :17",' + 28", - 7 5a '". ,698896 "," - 15",' + 4 5 V4
704969 ",4 _ ",,, _ aa",' - :19", + 8 Il C4
725904 ",4 _ :17",' +:189 Il V4
739328 ",' - 80",' - 152", + 574 17 C<1
739600 ",' - 2",3 - 87",' + 88", + 1721 Hl V4
741321 ",' - :11",' +:15 a7 V4

'«' 748225 ",4 _ 89",' + 17fi4 2!J Vol... 753424 ",4 _ )!l",' + :16 8:1 Vol

67



DiHr.riuliliant r;(!lIf!ratilig Polynomial ~ Galois Group
7fj():IH~ .r" _.. ~X:I - 5ïr.2 + 58r + 6~:J 7 V~... 7HIJ 1~r, ",' - ",a _ IO~,,' - (Jij" + 1711 Il C~

7X:m:. ",' -91,,'+ 18~9 Il V~

7xxr,~~ ,,' - ~"a _ ~!I",' + :10", + :1 ~7 V4
7!J:1I 17" ",' - "a _ 7(j",' + :1 1(j", - 179 10:1 C4
XIIJHX" ,,' - :17",' + a:la II C4
XIMlJ!I ,,' - ",a _ 77",' - alJO" - :100 67 V4
H~(j~lJlJ ",' - ~"a _ 9a,,' + !J4", + 1979 41 V4
Hlil I~:' ,,' - "a _ 109,,' - 101" + 1!l01 19 C4
X!JlI :W ",' - (j0,,' + 841 li V4
(llJIJlJ(j 1 ",' - ~:I",' + ~25 2:1 V4
!J()fj:lll~ ",' - ~"a _ a5,,' + a6" + 86 43 V4
(JI ~fi7:1 ",' - "" - :16,,' - 91" - (jl 43 C4
lJl :'8~!I ,,' - :11,,' + 1 67 V4
!Ia122:' ",' - ml",' + 2209 31 V4
!I:18(lfi 1 ,,' - :17",' + 100 43 V4
!Jfi82:'(j ",' - 2"," - :ll,,' + :12" + 10 5 V4
!l7~lml ,,' - "" - 82,,' - a29" - :129 37 V4
!J7fi144 ,,' - 2"a _ 4:1'" + 44" + 2:17 17 V4
!1!l2lJ iii ,,' - 4:1,,' + 400 37 V4

.,.
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The fol1owing two ex<uupll's of tot,ùly real (!Imrtic Galois (·xt.l'usions K

of Q with class number one are uot Euclide'ml fur t.ll<' uurlll.

The first ex<unple is 1\, the split.t.ing field of J'" - 18J'~ + -1. /\ has an

integr<ù basis {I, a, a 2/2, a:l /2}, whl're n is a root of t.11<' polynullliai. TIl<'

unit group of 1\ is generated hy

-9 + a 2 /2, 1 - 2a - (I~ /2, 30 + 63n - 3/2n~ - ï /2n:'.

To determine the prime ideills of T\, look at. the fact.uri7.atious of J:'1-18J,~+-1

modulo p for p < 7.

x'l - 18x2 + 4 =a:'1 (mod 2)

== (x2 + a: +2)(x2 + 2a: + 2)(lIIu(1 3)

=(x 2 + 3a: + 3)(a:2 + 2a: + 3)(!11()(1 5)

=(x + 3)2(a: + 4)2(nlOd 7)

Using these factori7.ations, determine the image uf t.he uuit. group lII()(lulo

the prime ide<ù (7, a +3).

-9+ a 2/2 =-2 + a 2/2 + 7/2(12 =-2 + 4(\2 =-2 + 2(1 =-1 (7,(\ + 3)

1 - 2a - a 2 /2 =1- 2a + 3a2 =1 - Ua =1 - 40 =-1 (7,(\ + 3)

30 +63a -3/2a2 -7/2a:l =2 - 3/2(\2 =2 + 2(12 =2 + (\ =-1 (7,0 +:i)

Therefore, the image of the unit group is {±1}. Tlwr(: is only ()IW Ilont.rivial

ideill of norm less than 7, namely (2, (\) = (a) of norm 4. Ollly tlll: d;L~S"S

±1, ±3 modulo (7,a+3) contain clements ofnormless than 7. h"n!:e, t.h"
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1101'/11 is Ilot a Eudidcau ;ùgorithm for the ring of integers of J(. But, since

-9 + (~2 /2 = 102(mod (13, Cl' + 12)2), and 102 is il primitive root modulo

132, thc thcorcm implics that J( is indced Euclidcan.

Tlw secoud example is J( the splitting field of x1 - x:l - 24x2 - 22x + 29.

1\ IIiL~ au iutegral h;L~is {1,(:I,(J2, (-1 + 6(J - 6(J2 + (J:l)/17}, where (J is a

mot of the polyuomial. A hasis for the unit group is given by

where 'Y = -1 + 6(J - 6(J2 + (J:l. Look at the factorizations of the polynomial

of :1'1 - :1::1 - 24:1:2 - 22:1: + 29, modulo p for p $ 13.

== (x2 + 2x + 2)(x2 + l)(mod 3)

=(x 2 + 3x + 1)2(mod 7)

=x4 + 10x:l + 9x2 + 7(mod 11)

=(x + 3)4 (mod 13)

Dderllliue t.lll' image of t.he uuit group modulo the prime ideal (13,,8 + 3).

4 - (3 + 'Y/17 =-6 - 6,8 + 5,82 - 3(33 == -5 (13,,8 + 3)

6 + 5{'1 - (.p - 3'Y/1i =-3 - 6,8 - 3,82 - 4,83 == 5 (13,,8 + 3)

1 - 2(3 + 'Y/li =4 + 6,8 + 5,82 - 3,83 == -5 (13,,8 + 3)

Thcrefore. t.he imagl' of t.he unit group is {±1, ±5}. There are only two

l1out.rivhù idcals ofl1ormless t.han13, namely (3,,82+2,8+2) =(-,8+'Y/17)
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''1.:-0

and (3,{32 + 1) == (1 - 2.8 + 21/1ï) which hot.h have UOI"III 9. Chl'('k t.lll'

images of these element.s modulo (13• .a + 3).

-(3 + -y/li =3 - 6{3 + 5/P - 3/{' =4 (13,/'1 + 3)

1- 2/3 + 2-y/li =5 - 2(32 - 2/P =6 (13,/'1 + 3)

Henee, ollly the classes ±1, ±5, ±4, ±6 lIIodulo (13,;J +3) Cllllt.aiu l'1<'ml'ul.s

of norm less than 13. Therefore, t.he riug of illt.egers of l\ is uot. EII<-li<h',lII

for the norm. However, 4 - /3 + -y/17 =804(mod (29, ft + 1)2 ilIlll 804 is a

primitive root mod 292 , sa the thcorclII implics t.1mt. JO; is Eudili(·<lu.
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CHAPTER 5

MORE EXAMPLES

Tlw i<!Pil int.ro<!uced iu t.he last. chapt.er can be ext.ended 1.0 any fields

whkh sat.isfy t.he ILSSUlllpt.ious of the theorem of R. Gupta, K. Murty, and

R. Murt.y. Let. A" be lUi algehra.ic number field which is Galois over Q,

WIHISI~ ring of iut.egers R is a priucip,ù ideal domain. These extensions have

dt.hpr "1 rpal emheddiugs or 2"2 cOlllplex embeddings. The unit group of J{

hlLS rauk " ="1 - 1 or l' =1'2 - 1, respectively. Suppose that l' unramified

IÏJwar primes Pi, i = 1, ... , ,. cau be found such that the unit group of J{

maps ont.o t.)w coprime residue classes modulo pi ... p;. Au argument by

illliudion shows t.1111t, the uuit. group maps outo the coprime residue classes

1II0dnlo P;" ... p:~r. Suppose this cbùm has beeu proved for ail products

p't 1 ••• p:~lr, such t.hat, 11Ii < IIi for i = 1, ... , .9 and al. least one of the

ÏJw1lualit.ies st.rict.. Use t.he illduct.ive assumptiou 1.0 find a uuit fI such that

fi = 1(lIIod pil;) for i = 2, ... , .s mld fI has order p~t-2(Pl -1) modulo

whl'rl' PI f ~'. ~.I which implics t.hat fI has order p~,-l(PI - 1) modulo

p'" p'" ... p'"1 2 ,. • Similarly. uuits fi cm! be fotmd such that ri =l(mod p'ji)
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for j :f: i and fi has arder p;,;-I (Pi - 1) modulo p;" p~"" p~'. Th('u th"

multiplicat.ive group gellerated b~' fi •••• , f., maps out.o th"l'llprilll"l'esidu,'

classes modulo p;" ... p~r. If ,. > .• = IlHlx(4 - ,..2[K : Q]-,' - 4). th,'u

apply the s<Ulle argll,llent of the previous chapt,el' \Vith

ta see that R is Euclideall. Othel'wise, lilld 2,' pl'illH's pi sutÎ. that dll'

multiplicative subgroup generatecl by the ullit,s alld PI,"" P.' maps lIut,1I

t.I1C coprime resiclue classes modulo P'1 2 •• ,P2/' If 2,. ;::: .', t.111'U apply t,Ill'

the argument above. Repeat this step ulltil al. le'L.t, .. primes havI' 1"'('11

found.

Theorem. Let J( be é1 Gél1oi,~ extellsiclII of Q wJwse rill1{ of ill/,f'gl.'rs is :1

principal ideal domilln. If tlle procedure dcwcrilJed :l1mvc' produl'f'S

s = max(4 -,., 2[K : IQ)-" - 4)

primes, tJJen tJJC ring of integcrs of [( is Il Euc:Jide:1lJ dOlllllill.

Special note shoulcl be taken that. il. is Ilot. suHideut 1.0 takl' allY t.1m'I'

primes PI,"" P. such that the unit gl'OUP maps 0111.0 (R/p~)* fol' "'II:h i.

The reason is that it Ileecl not he truc that aIl resiclue CllL.SC'S, say mod PI P2

contain units.

EXAMI'LES

Next, the requirements of the theorcm arc verified for several l'cal IllIa-

dl'atic fields, l'cal cubic fields, and totally complex quartic: fields,



(

(

Real Quadratic Fields. If J( = Q{ Vl4), then R =Z[vl4]. The funda-

meutal uuit uf J( is 15 + 4.;ï4.

15 + ,,;/14 =-3{mod (5, Vl4 + 2)2)

Siuce -3 is a primitivc root nlOd'lla 25, the unit group maps onto (R/p2 )*.

l'Ill' II;cuerat,or of (5, vl4+2) is 3-.;ï4. The multiplicative group gell(;rated

by t,he uuits m.d 3 -.;ï4 maps auto (R/PÏIPÏ2)* with

PlI = (Il, Vl4 + 6) PI2 = (47, Vl4 + 22).

The lI;enerator of (Il, .;ï4+6) is 5-Vl4 and the generator of (47, Vl4+22)

is 3 - 2Vl4. The multiplicat.ive subgroup generated by the units 5 - Vl4

l1A R/222'haud 3 - 2v 14 maps outo ,P21 P22P2:l Wlt

P21 = (67, Vl4 + 9) P22 = (311, J14 + (0) P23 = (479, Vl4 + 79).

The t,heorclll implies that Z[ vl4] is a Euclidean domain.

The fol1owing table sUl1ll1lilrizes similar computations for otller real qua-

drat.k fields Q{..fï5). lu t,he table, (\' = v75 if D =2 or 3{mod 4), and

n = (1 + ..fï5)/2 if D =1{lI1od 4). The problem of determining if Z[vl4]

is Eudidean was first, raised by Samuel [33].



\ TAOLE 0,' IlEAL QUAllllATIC 1'1"I.I1S

'" R Fl.lndamcntal tJnit. Prinll'S
14 15+40 (5,0+2)

(11, <t + li), ('Ii. Il + ~~)

(6i, <t + 9), (:III. Il + !lll), ('liU, Il + i!J)
22 19i + 420 (1:1, <t +:1)

(29,<t+ 15),(1lii,<t+:12)
(17:1, <t + Iii), (2:1!I, <t + il), (2li:l, Il + 2~:1)

23 24+50 (1I,<t+ 1)
(1:1, <t + i), (2:1, Il)
(29,0+ 2ll), r,u, <t + 24), (1!J l, 0 + lif.)

31 1520 + 2730 (5,0+4)
(11,0 + 8), (Ilii,<t+ Ill!)
(17:1,0+ 1(7), (1!1!l, 0 + IlH), (2:1!I, <t + IIIf.)

38 37+60 (11,0+4)
(13,0 + 8), (71, 0 + 4ll)
(79, U + 14), (8:1, <t + 72), (:147,0 + 2ll5)

43 3482 + 5310 (7,u+6)
(1:1,0+ 11),(71,0+ 10)
(lll9,o + :12), (151,0 + 88), (2li:l, 0 + (47)

47 48+7u (1I,u+5)
(2:I,u+ 1),(:11,0+27)
(4:1,u + 2), (1li7,o+ Iii), (:111,0 + 22H)

53 :1 + 0 (11,0+ 1)
(29,<>+22),(47,0+ 18)
(59, <t + H), (199,0 + :17), (:147, 0 + IH:I)

59 530+ 690 (5, u + 2)
(11, u + 9), (47, u + 2:1)
(li7, <t + 4ll), (1!1I, u + 21), (:W7, 0 + :lll:l)

61 39+50 (5,u+4)
(19, u + 8), (41, u + :1:1)
(47, u + 12), (107,u + :17), (1:11,0 + Hli)

67 48842 + 5967u (7,<>+5)
(29,u + :1), (:11, 0 + 25)
(:17,0+ 17), (lUI, 0 + HI), (!lH:I, 0 + HlIlI)

69 25+30 (11,0+8)
(:ll, u + 2(1), (8:1, 0 + :Ill)
(107, u + 2:1), (1:17,0 + 2li), (211,0 + IH5)

71 3480 + 413u (5,u+4)
(11,u + 7), (47,u+ 27)
(109,u+92),(47IJ,u+ 10:1), (5!l!J,o + IliH)

73 943+ 2500 (19,u+ Il)
(2:1,<>+ 12),(71,o+2IJ)
(!l7, 0 + 24), (251, u + 1:14), l:15IJ, 0 + 278)

77 4+0 (1:1,,, + 2)
(17,<>+ 15),(2:I,u+/l)
(41,u+ 17),(lfi:l,u+ J4lJ),(17!J,u+81)

T..
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12 FUllclarrwlIl.al IJllil Prirnf!S
X:I X~ + !I.. (19, <> + 8):..

(~9,<> + ~~), (i9,,,+ 77)
(10:1,<>+ li),(107,,,+~6),(179,,,+21)

xn 10~0r, + J I~~.. (r,,<> + 1)
(i, <> + :1), (r,9, " + a:l)
(6i, <> + a2), (il, <> + 50), (263, (' + 136)

X!l ~H + 10f;(, (11,<>+10)
(17,,, + 9),(67,<>+ M)
(il, <> + r,a), (73, <> + a8), (179, <> + 159)

U:l la +:1.. (7,<>+5)
(Il, (' + :1), (10:1, (' + 58)
(1:li, (' + ~8), (727, (' + (55), (90i, <> + 876)

!H 21~:l2!1r, + 221lJ(j·1 .. (5,,, + 2)
(13,<>+~),(311,(,+ 191)
(:m, <> + 118), (367, <> + 185), (~Ol,,, + 351)

il7 r,0:1r, + Il :IX.. (11,<>+ 1)
!·n,,, + :12), (~i, <> + 211)
(r,:I, " + 18), (103, <> + :15), (167," + 6:1)

101 Il + ~.. (17",+6)
(19,<>+2),(23,<>+ 1)
(:17,,,+ 1~),(107,<>+ Il),(I:ll,<>+ 12)

1lI:1 22ir,2H + 2~~ 1U.. (11,<>+9)
(29,,, + 25), (~i, <> +:1)
161, " -;- ~(j), (26:1, " + 222), (:18:1, " + :I:I~)

lOi 1162 + 11:1.. (i,<>+:I)
(29,0+22),(:11,,,+ 1:1)
(~:I,<> + 8), (89,,, + i5), (191,<> +:18)

IlIU 118+2r,.. (i,<>+2)
(:11,,,+ li),(8:1,<>+72)
(89,,, + 2r,), (:I~i,,, + 1:\0), (~:19, <> + 2~:1)

11:1 iO:1 + 1~fi.. (7,0)
(11, <> + 8), (12i,,, + 8'1)
(1:11,<> + lOi), (1~9,<> + 91), (227,0 + fiO)

118 :\OfiU 1i + ·l82r)~ .. (2:1,0 + i)
(31,,, + 2fi),(~7,,, + 20)
(101," + ~~), (719, <> + 223), (823,0 + i81)

;[
•
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Real Cubic Fields•

For rcal cubic fields. the th<'llrem rl'quirl's thl' ('xist,('Ill'(' of t,\I'O priml's p. Il

snch t.hat. the uuit. group maps out,o R/P~Il~ R. DaVl'ul'ort [6]. Go(lwill [10].

and .J .R.. Smit.h [3i] have st.udied dl<' uorlll as a Eudidl'au al~oridllll ill t.1Il'S('

fields. In t.he following table. sUl'ersrripts d. !/... d('lIoks t,hal. Dal'(,lIp"rl..

Godwin, or Smit.h, rcspect.ivel)', showed t.hat. this lil'1<1 is Eudi<11'il1l for t.11<'

norm. Smith also showcd t.hat, at, most, four additioual rl'all'llhk lil'1ds wil.h

discrimiuant. Icss t.hau lOs could hl' Eudidell11 for dl<' uorm, 1'hl's(' Iif'lds

are denot,ed by sup(~rscript, p.
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,... Disr.rilllinanl
4Wl

XI"
Hj!J'
:UH'
!HjlJl

1:Ui!J'
IX~!!'

:Inl'
~~X!J'

li:J:lW
f;'l~ 1
!1~o!J

IO(iO!I"

IIXXI"
1:lfiX!!
Hii 'l!)I'

1!1:I'l1
'l'lXOI
'l~(i~!1"

:1'l7fH
:17'l~!1

:1!J(iO 1

~'lrl'.!l

'J'AHI.t; oF fl.t;AI. CUHIC FIEWS

(;'!Iwrating Polynomial
;ta _ r,2 - ;lx + 1

x"-:lx+1
z:t - z'J - 4x - 1
r.:I - ;r.'.! - Oz + 7
x"-x'-IOx+8
x" -x' -l'lx-II
x" - x' - I4x - 8
x:1 - x2 - :lUx + 9
x=t - x:! - 22x - fi

x:, - ;z::2 - 24% + 27
x" - x' - 'lGx - ~I

r,:I - x2 - :~2.r. + 79
..," - x' - :I~x + U1
x" - x' - :lUx + ~

x" - :l9x + 2(i
x" - x' - ~2x - 80
x" - x' - ~(ix - 10:1
x" -..,' .. 50x + 12:1
;ra - .r.:!' -' 52x - 64
;r.:1 - x2 - IlUx + fi;
;ra _ ;r2 - (J/1,. - 14:S
.r:1 - or:! - OUr - 59

x:J _ x2 - ïOx + 125

78

Primes
(13, <> + 8), (83, <> + 57)
(17,<>+4),(19,0+ lU)
(5,0 + ~), (83, 0 + 75)
(7,<»,(11,0+(;)

(2:1,<>+6),(263,0+ 159)
(11,<> + 7),(~:I,<> +~)

(11,0 + 5), (~7,0 + 16)
(11,0 + 8), (5:1,0 + 36)
(5,,, + :1), (~:I, <> + 21)
(7,,, + 2), (8:1, <> + 59)
(~I,o+ 16),(179,0+ 1~0)

(19,<>+ 17),(~7,<>+ 19)
(23,<> + 12), (79, 0 + 65)
(17,<>+5),(19,<>+ 1)
(11,<> + 9),(59,<> + 2~)

(19, <> + 14), (~7, <> + 16)
(2:1,0+ 15), (59, 0 + 2:1)
(19,<>+ Il),(29,<>+25)
(2:1,,, + 10), (59, <> + 2:1)
(19,<> + 7),(59,<> + :16)
(11,<»,(179,<>+ 10)

(11,<>+5),(179,<>+ 109)
(11,<> + 9), (107,0 + 82)



•

Totally Complex Quartic Fields.

Uchida [39] found ail totaiiy ('omph'x hi<lua<lrat.i,· fil'I<ls with ('Iass 1111I111",1'

one with the possihility of Olll' l'xe<'ption. ~lont.~'1I111'I'Y all<l Wl'Ïllh,'.W'1'

[25] showed Umt the exccpt.iomù fü'hl do<'s Ilot l')tist. 5<'1.;('1' [351 follli<1 ail

tot,ùly comp!cx eydk quartk fields wit.h dass IIIl1l1h<'1' 011<'. In t.l1<' I.ahl<,

below each of these fields is list(,,( t.o~l'tlll'r with t.wo rat.ional prilll<'s whkh

split completely into linear prillll's in tlll' ~iv('11 lid<l.

Lakein [22] showed that cight of thl's(' fil'Ids al'<' ElIdi<ll'an fol' t.11<' lIorm,

This is delloted by superseript. 1. Ll'I1stra [23] shO\l'<'<I t.hat. 011<' a<ldit.ional

field is EuclidellIl for the I1orm. This is d('lIot.I'(1 hy sllp<'l'slTipt. ,'.
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'l'AHI.E oF 'l'OTAI.I.Y CC~II'I.EX QUAlfnC FŒLIlS

1, 1)isr.ri III inalJ l. (:f~lIl~rali fig Pol YIIOIII ial ~
1~r,~ x'l + !jr.2 + !j (:ll,r> + 17)

(61,0 + ~5), (4:11, r> + ~81)

(1 181,r> + 810),(21 Il,0+ 11~9),(181,o+ 98)
144' x' + 8x' + 4 (7:1, r> + ~9), (157,0 + :1), (277, 0 + ~(1)

(lm, 0 + 770), (4549, r> + ~229), (:lMl,,, + 2570)
~n!j' r." - ;r.:! +4 (lU, r> + 7)

(:ll,r> + 7),(2~9,r>+ 5:1)
«(jlU,0+009),(1~79,,,+ 17.'i),(:lI,r>+ 13)

~!jfi r'l + fix:! + 1 (!17, " + 5)
(4UI,r>+~78),(1049,o+ 188)
(1:17,0 + 4!l), (155:1,,, + 1494), (:104!l,,, + ~341)

400' r'l - Mx:! + an (41,0+~~)

(~fi!J,r> + (1),(29,r> + 1)
(149,,, + 1~5), (50!1, r> + 474), (709, 0 + 4:17)

HI' x" + flr:! + 1 (:17," + 18)
(~IJ.,,-:-176),(8~:I,o+404)

(67, r> + 41), (I:lU:l, 0 + 7(5), (I!J:I,,, + 158)
ftin' x" + Illx' + 1 (HI,o + 9)

(9U7,o + :15), (:1748:1, 0 + 940:1)
(lU, r> + !l), 10&1,0 + 7li2), (1747,0 + 487)

[Jin' or" + ~.r:! +1:; (7U, r> + ~:l)

(7.,,), (:ll:l, r> + 2:16)
(~2:l.o + 15!l), (727,,, + 1:1), (lU:I, 0 + 117)

78')' x" + Ifjx' + :W (11:1, r> + 4:1)
(~!J, r> + 26), (5:1, r> + 47)
(:l8!1,o + 70), (65:1. r> + 1!lU), (757, r> + :105)

11I8!I' x" + 7x' + 4 (2~:l, 0 + 21:1)
(:ll,,, + 4), (727,0+ 515)
(~~:I, rd 8!1), (IM:l, r> + 1125), (115:1,0 + 371)

1:!2!i J'.1 + J'2 +H (71,0+48)
(179,0 + 51 ),(29,r> + 2)
(2:19,0+ 88), (11,,, + 1), (109,,, + 1i9)

lfiliO r'i - Or:! + lI!) (59,,,+:1l)
(179,,,+71),(211,,,+ 158)
(59,,, + 44), (40!1, " + 185), (131,,, + 51)

W:W x" + ~4",' + 100 (401,,,+317)
(37,,, + :13), (229,,, + 148)
(773,,, + 690), (829 +" + 23), (617,,, + 572)

2048 ",' + 4",' + 2 (7,,,+6)
(151,,, + 42), (103,,, + 28)
(23,,, + 16), (359,,, + 112), (113,,, + 7)

21!17 ","+ 1:1""+ 1:1 (157,,, + 1:1:1)
(191,,, + 92), (53,,, + 17)
(107,,, + 47), (113,,, + 106), (61,,, + 17)

2liOI x" - ïz 2 + 25 (421,,,+ 106)

cr (13,,, -'- 2), (151,,, + 50),
(859,,, + 302), (409,,, + 13), (1087,,, + 869)•
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Discriminant
2704

:1l36

3249

5ïïti

5929

ïï44

ïï44

8281

15129

16(;41

1768!)

21904

23104

24389

29584

34969

C:clIerat.illg l)ol\'llolllial
.r·1 - :!·I.r:! + 1nt)

x" + Ilx' + !fi

x" + !Ix' + 1

x" + 2(;x' + KI

x' + 18x' + Ifi!l

x" - I!lx' + 121

x< + I:lx' +!l

x< - 72",' + 1444

x' + 42",' + 28!)

,,< + 29",' + 29

",< + 88",' + 1764

",< - 3",' +49

81

Pril1lt'S
(2!I,n + 22)
(211\1, .. + Ilf.),(f.:I, .. + 'If.)
(2!I, .. + 27), (17:1, .. + If,!I), (1Iil:I, .. + 1121i)
(·1:1, .. + 21 )
(11i:l,n+ 1:\lI),(I:li,n+ f.:1)

(11.n +1i),(lIIi,n + litl),(I!I:I, .. + Il:1)
(1fi:I, .. + 1:1·1)
(28:\, .. + 228), ('lIi:I, .. + lIill)
(i2i. n + ,1·11), (1!IKi, n + li!li), (IH, .. + li)

(f.!I:I, n + :li2)
(f>, n + :1), (I·W, .. + i:l)
(Kllil,n + 118),(101:1, .. + lill),(iOI. .. + ·WK)
(:Ii,n+lf.)

(Ifi:l,n+ 1Il!1),(7I.n+ li)
(2:1, n + 5), (l!JI, n + 118), (:Ii, n + :12)
(f.I), n + :lK)
(l,Ii, n + il), (17!I, .. ;. :IK)

(5!I,n + :\K),(oII!I,n + 21i1i), (II7,n + 5f.)
(2:1. n + '1)
(1111, n + 50), (1Il:I, n + :111)
(2:I,n+ 1,1). (ïl.n+ 17),(:II,n+ Il)
(2:I,n+ 1)
(12i, n + 2'1), (1711, n + I:I!I)

(2:1, n + 18), (2fi:\, n + KI), (211,n + f.5)
(:\i, n + Il)
(1Il:I,,, + 102), (I:lil, n + 7fi)

(:1411, n + Kf,), (lf.71), n + 1117). (:11, n + 2K)
(127,,, + IIJli)
(111:1, n + 2:1), (1:1, n + K)
(IH:I, n + fml), (1:111:1,,, + K52), (17n, n +,1 r)
(11,,,+7)

(1!J7,,,+ 1!11),(2Ii:l,2r.:I)

(2:1,,, + 22),(I:l7,n+ 1:l2),(Ifi:l,n+ Il:1)
(41,n+:12)
(2!I:l,n + 274),(lï:I,"+ 5:1)

(5:1,,, + 274),(:117,,, -1- !J),(:IIi,,, + 221), (1II7,n -1- 1:14)
(11,,,+2)

(28:1,,, + 211), (:147,,, + 2ïï)
(2:m,,, + :18), (II,,, + 2), (lIi:l, n -1- lfJ 1)
(2:1,"+17)

(1fJ7,u+ 1:1),(10:1'''+11)
(2:1, u + (i), (8:1, u + :lB), (181,,, + 2:1)
(41,u+:I!J)
(1:1, u + 5), (101, u + 72)

(5:1, u + 4:1), (197, u + 87), (:l!J7, u + 2Ii!l)
(47,u+40)

(22:1,u+ 1:14), (:l5:1,u+ 185)
(47, u + 40), (10:1, u + 1(0), (5:1, u + :10)



1lisr.ri III iflallt. (;f'llf!ralillg IJolvllolllinl PrilJlf!S

( 10101 ",' + :1'",,' + ~:;(; (181,0+11)
(10:1,0+ 101),(:11,0+:11)
(8~:I,o+ 118),(~~:I,,,+ 111),(151,,,+8:1)

1:lfj81 ",' + 1:;",' + 1 (W:I," + 11)
(~~9,,,+~lï),(~51,,,+ 100)
(17,,, + ~7), (l:li,,, + H), (5, a + 1)

:. ;)fj:)a ",' - ~",a + ~O"" - 1!1", + 7 (8:1,,, + I~)

(7 l,,, + :10), (I:li, a + ,,5)
(8:1,,, + 1:1), (:;:1,,, + :10), (1~7,,, + 115)

:;:18:11 1'4 - :)1r.:! +!J(j 1 (:;!1,,,+11)
(107,,,+:11),(1:19,,,+ 1:16)
(59,,, + 51), (179,,, + 119), (:I~7, a + :1:16)

ï 1:!H!J ",' - 1:1",' + :;~!, (fi7, Il + 1~)

(:I~:I,,, + :1), ((i07, 0 + 116)
(:167," + :l1l), (fi1:1,,, + :152), (fii:!,,, + ~:l1)

718:11 ",' + l:lfi",' + 1:lf,(j (:l11,o+~:lI)

(:17,,, + :1), (~fi9,,, + :117)
(11!1,,,+~1),(1:;7,,,+ 1:11),(:;57,0+ Hm)

!lOfiOI r.'1 + :mr.:! + XI (11,0+1)
(197,0 + :1), (fi7,,, + 19)
(107,0 + 9), (:1:19, IH- 199), (:11 7,0 + (6)

Il X:I:lfi "," -1- !11I",' + 'fiX 1 (107," + (i8)
(~51,,,+ 1!J1),(97,o+19)
(8:1,0 + ~(;),(:l07,o + 1),(11,0 + 7)

IolXXii ,r" + !iaJ':! + n:, (17,0+19)
(:107,0 + 2:;~),(:I\I,o+ :1:18)
(H,o + :18), (~:l7, Q' + :18), (~81,,, + 96)

1X~:I:I!I 1'4 .- 'l.ï,r:! +2MH (HI7,,, + 90)
(~:l9, 0 + 5), (109,,, + (1)
(107,0 + !16),(II:I,a + ~1), (!fi:I.o + 13)

~~fi!IXI "," + :10"",' + fi 1 (i:!,o + 1:1)
(la7,o + :lfi), (~69, a + 50)
(17, 0+ :16), (179, 0+ aO), (7a, a + 6)

:!:I!lI:! 1 "," + 8:1x' + )(jllll (:107,0+ 112)
(:167,0+ lfil),(M7,0+184)
(499, a + 476), (2179.0 + 501), (i:!:I, 0 + 240)

~Ni~!H) x" + 1:l8x' + .122,. (17,0+ 11)
(89, a + a2), (16a, 0 + a4)
(59, a + 49), (19, a + 10), (17, a + 9)

·l:!f, llH x' + :I:!8x' + 26244 (1049,0+ 6a8)
(173,0 + 57), (97, 0+ 7)
(1109,0+ 136), (ll3, 0 + 2), (53, 0 + 37)

;)·1:11 UO x" + :l9x' + 19fi (23,0+ 16)
(157,0+ 100),(71,0+51)
(23, a + 16), (269, a + 138), (37, 0 + 28)

1:101881 x' + 85x' + 1521 (il, 0 + 37)
(263,0+ 13), (53, 0 + 18)

( (179, a + 145), (347, 0 + 92), (il, 0 + 37)
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Discriminant
16~05~9

:12 (.l8·1ll

8:100 Hi!

95!J1409

491~6081

119~682'11

Gt·lIt·rating POl\'lHllllial
r·1+ ·1:lr' + 1-1·1

r'l + 87r' + I-IH

roi + !llr' + 1~II(I

roi + 1O:lr' + 1100

Prilllt"S
(~:I." + 1:1)
(W:l." + 1:11).(17,,, + 1·1)
(~:l,,, + 8), (8:1." + 81). (7:1." + :1Il)
(f,:l," + W)
(1!lII,,, +tif.). (:18:1,,, + :W.)
(1711,,, + If.7), (7\,,, + tl~). (\17," + :17)
(71\1,,, + :I!I!I)
('J(\!!, -10), (7!J7, " + :l!I!I)
(~:l,,,+ 17),(8:l."+f.~),(I7,,,+ Ifl)

(:1-17. " + :111 )
(·II\I,,,+~),('Jml\l,,,+ 17\1)

(,17,,, + !I),('I:l,,, + :1O),I!I!l." + 17:1)
(·17,,, + ~O)

(787,,, + :WO), ( 10\11 ," + !l8·1)
(47,,, +22), (:\(17,,, +70), (17:1." + Il H)
(lf.ll7,,,,. IoIHO)
(7,1:1,,, + :l:l~), (l:l!IH, " + ~I:l)

H7,,, + :1), (71,,, + ,10), (~~:l." +Hf.)



,...
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Conclusion.

III ail tll" f'xalJ1pl"s which Wf'n~ testecl il, was possible 1,0 show that t.he ring

of illtf'l!;I'rs (,()lItaill"c1 tll" c1,~sired prime ideals. II, would he nice if a gener<ù

pJ'()of cou]d 1", l!;iVl'1I for t.IH~ exist.ence of t.hese prime ideals. Ncvert.hcless,

il, slumld 1", possible t.o fillcl tlwse ideals in any part.icular case. It. would

l'f'rtaiuly 1", of int.f'rpst. t.o cio t.his for ot.her classes of fields, in part.icular for

'·ydot.omi,· fip]cls.
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CHAPTER 6

CYCLICITY AND GENERATION MOD P OF ELLIPTIC

CURVES OVER ALGEBRAIC NUMBER FIELDS

Let

., '1
E: y- = J" + IIJ' + /1

he an ellipt.ic curve defined over a nllluher fidd F. If p is a pl'inll' idml of

F, then

is called the l'eduction of E modulo t.he prime i<leal p, Wlll'I'I' li is t.lll' ima/.(('

of /1 in Fp• In analogy to Artin's Primi.t.ive Root Coujedlll''', S('('('" [:14]

asked how orten Ë(Fp) is cyc1ic. He showed that fol' 1.111' ("L~e F = Q 1.111'

method of Hooley [18] implied the existence of » J' / log J' prim!'s Il ~ J'

such that Ë(IFp ) is cyc1ic, assuming the Generalh"ed Riemann Hypot.llI'sis

where IFp is the fini te field with Ji clements. R. MUl't.y [27], [28] gave ail

unconditional proof of the existence of infinite1y Illany sud. JI CO!' ellipt.k

curves with CM and in a few other cases. Gupta and IL Mul't.y [14] showed

that Ë(IFp ) is cyc1ic if and only if E has a non-rational 2-llivision poiut. iLnt!

that the density of such primes is » x / (log x)2.

Another question related to Artin's conjecture is how oCten the retiudion

of a free subgroup r of the F-rational points of E gencratcs Ë(Fp). Gupt.!

and R. Murty considered the case of ellip tic curves with CM over F = Q



(

(

allrl show",( tha" if f IHL~ rallk al. "~1L~t six, then there are» ,,,j(log x)2

pri"..,s such that È(IF,,) =f,,, wll"re f" is thc reduct.ion of r modulo p.

CVCLICJ'1'V OF ELLII'TIC CURVES

Ld Kil = F( E[7I)) for (~111:h positive integer 71, where E[I/.] is the set of

II·r!ivision poillt.s of E.

Lemma 1. lfp is il prime of good reduction in F, tlWIJ Ë(Fp) is cydic if

il/Ill only if p dm.'s Hot split Cflmpletc1y in /\" for IllY prime q.

Pmo/. COlIsi,ler t.he Frohcnius aut.omorphism of Fp defined by 7l"p(x) ­

;r.NP. This mal' induees an endomorphism 7l"p : Ë ..... È such that

ker(7l"p - id) =Ë(Fp).

È(Fp)[q] is isomurphic tu (ZjqZ)2 if q is coprime 1.0 Np; otherwise, il. is

isolllorphie 1..0 dt,her ZjqZ ur {O}, sec Silverman [36, p. 89]. Therefore,

È(Fp) is nolll:yeik if 7l"p ads trivially on some Ë(Fp)[q]; that is, p splits

(·olUplct.e1y in some A'".

Lcmma 2. Tlw field F((,,) is contained in /\" for every pÙ3itive integer

Il.

Pmo/. This is Corollary 8.1.1 of Silverman [36]. The Weil pairing on n-

torsion points of E is bilillear and nOIl-degenerate 050 that all the nth 1'001.05

of IIIlit.y are in it.s image. The Galois invariance of the pairing implies that

1 th l" • T.'t. le 1/. 1'001.05 0 Hlllty are m '\q'
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Lemma 3. TIlCre' ilrl' IIJorl! tll1U1 li1J' / (log J' f+ 1;'1 l'rillH's p of F \l'itll tll<'

IJrope'rtie',~

(1) N F/<O'P = JI :5 J'. JI il Tiltioual priIIJ(·.

(2) If C1(p - 1). tlleu ddle'r l'Id or l' > J,I /2"I'Xp (- (log J') 1/a) • \l'Ill 'ft , d

is dl(' 11lrgest iute'ger SUdl tlJ1lt Q((,il ç F.

(3) P does uot split cOIllpletdy iu au.!" K'I for Cfld,

Proof. Chonse nontrivial abelian extensions .4'1 ç K'I of F for Cfld. Ll't. A

be the compositum of a11 the .4'1 fur qld. The (,ol.\lition !.hat P not split

completely in any K'I is satisficd fuI' P such that I7p = T fol' SOIll(' d"IIlI'nt T

of Gal(A/F). Now apply Lemma 3 of the )>l'evious dla»t('I'.

Suppose that F is a field of degree less t,han or e([ual t,o fouI'.

Theorem. Tlle group Ë(Fp) is cyclic for iufiuitdy IlJ1llJY l'riul<w P of F if

and only if [('1 1/,. F for i/llqld, furtlwrIllore, tlle IJlJlJIIJ(,r of l'l'iUleS Np ::; J'

for Ivhich Ë(Fp) is cyclic is grcatcr tll1U1 62x/(1ogJ:)2+!/'l.

PT'oof. Let S(a, x) he the set of primes p of F satisfying the cOIHlitions

of the previous lemma with the additional pro»erty t,lmt IIp = Il, wiwn;

lai < 2x 1/ 2 • H Ë(Fp) is not cyclic then

for some rational prime q. The prime p = Np splits compldely in /('1 50 IJ

splits completely in Q(('1 ); that is, q divides p - 1. Since
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it f"lI"ws that. '12 11' + 1 - Il aud also 'lIa - 2. Since '1 ;::: xl /4 (log X)2 and

la - 21 ~ 23: 1/2, Il ,!et.,:rmiues I} for x ;::: 4. The uumber of p such that·

is bs thau 3:/'12 + O( 1) « 3: 1/2/(log 3: )'(. Counting these p for all a gives

priulPs p sueh that È( Fp ) is uot cyclic. These primes may be disregarded

t.o givr: » J:/(logJ:)2+ 1/ 15 prir'-.es p such that È(Fp) is cyclic.

GENEIIATION OF REDUCED ELLIPTIC CURVES

Let E he au clliptic curve definecl over an arbitrary field F with complex

ullllt.iplicatioll hy au order in an imaginary quadri\tic field k. Suppose that

r is il free subgruup of F-ratiomù points of E.

Lemma 4. TIJCrc arc more tlJaIJ 6:lx/(logX)2+1/15 primes paf F witll the

pllJpertics

(1) N 1''/ilJiP = Ji ~ J:, for 11 a mtioIJal prime,

(2) p is sllpcrsillgllJ;/l" alld does lIot split iIJ /(2,

(3) IUI(p + 1), tlwIJ citlwr e=2 ore> x1/ 2 '1exp (-(logx)I/3) ,

wlwrc.· 11 =max(2, il - 2) iUlel il is tlw arder of tlle maximal abelian subgroup

of Gal(F/Q).

P1'Oof. Cunsicler t.he sequence

'fi = {p +1 : p a 5upersingular prime of E, (1', [{/Q) c C} .
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By Lemll1a 3 of the prcvious chapter,

.1'

S(V,P([,=)~Ii'I(1 )"+1/1'ogJ' - .

Let Ndx) denote the number of primes p of F wH.h N /''/I()'P :5 '" slldl

that È(Fp) = r p, where r pis the redudion of r 1I10dllio p.

Lemma 5. The number DEprimes p sud! tJwt Irpi < Il is« 11 1+2/,'.

Proof. Let H(P) = (P, Pl, where (,) is t.1ie Weil pairing. DmlOt.l' t.1I1' gcn-

erators of r by PI, P2 , ••• , Pro First. not.e dmt. t.hl' n1l1l111l'r of il1l;cgcl'

solutions 1.0

is

( )"/2
1l'X + 0(3:("-1)/2+,),

VRr(~+1)

where R = detOP;, PjO, see Walfis~ (41). Choose il constant. C sl1ch j;hat.

Consider the set of ail r-tuples of int.egers (Tt 1, ••• , n,.) sllch t.hat.

The previous l'l'mark implies that the number of ,·-t.uples is gl'cat.cr t.hal1

y. In addition, since rp < y, there are two dist.inet. ,·-t.uplcs 1/.1,"" 1t,. and

ml"", m r with

Il!!
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so that p divicles the denominntor of thc non-"'cro point.

Q = (Ill - 1/11 )p\ + .,. + (II,. - 1/1,. )P,..

Let h(P) be the usual lognrit.lunic Iwight, on E(F). TIll' nlllll!ll'r of p di­

viding the denominator of Q is boundcd by h(Q). Sinl"l' Q is not. a t,OI'SiOll

point,

h(Q) ~ H(Q) ~ 2Cy2/",

which implies that the llluuber of such point.s q is 0(11). Ea<"h Q givl's l'isl'

1.0 O(y2/r) prime factors, which implies t.I1C dcsired l'csult,

Theorem. Let E be aIl elliptie eurvc rIcfilwd over Itlllllll/)('r fielrI F. If /;/H'

rank r oEr satisfics ,. > 2(2'1- 1), t1Jen

a:
Nr(x)>> (logX)2+ 1/ 15 '

Proof. Consider the primes estimated in Leuunn 4. Since t.he51: an: 5U()('I'-

singular primes of E, up = O. H

then e> x l /2"exp(-(logx)I/:l). This implic5 t.Imt,

Lemma 5 shows that the number of sueh p is

(
. . ) 1+2/,'

~ xl-I/2~exp((logx)1/.I)

= xl+2/r-I/2~-1/"r exp((1 + 2/r){logx)1/:I,

so that these primes may be disregardcd.
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