
, ' 

c· 

1 1 

) 
/ 

VERTICAl AXIS WIND TURBINE 

USING SAILS 

by 

,-' 

T.M. NGABO 

.... 

, . 

" . 

A Thesis submitted to th.e Facu1 ty of Graduate 
" 

____ Sl.ydies and Research in ~artial fulfillment of 

~- the requir~ents for the degree of Master of 

Engi neering. 

Department of Mechanical Engineering 

McGill University 

~al, Quebec, Canada 

Apd l, 1978" 

CT.M. NGABO 1978 

/' / 

1 
1 
1 : 
j 

., 



" rk 
~ .. 
" " l' 

t 
r' 
" 

\ 
l 

1 

~~~Ifi~'!; l'A ..... wue.;u •• rjJMlju •• r IIfA.lU 1 Ll#&A .ta .. nl.l. tn .' li 

"\ 
j 

( 

1 

SUMMARY 

This studf is an extension of an'earlier one by J. Robert on 

the feasibility of using sail blades onÎVertical\axis wind turbines. A 

three bladed wind turbine 9 ft. high by 6 ft. diameter ~as tested in a· . 
15 ft. diameter open jet vertical wind tunnel for R~ynolds numbers 

based on diameter,ranging from 5.6 x 105 to 7.9 x 105. The turbine 

had a high solidity of 1.4 and as a resu1t the operating range of 
1 

tip speed ratios was from 0 to about 2.5. 

Two types of sail blades were tested. One consisted of 

two layers of Dacron 'sail cloth wrapped around a circular leading ~t 

edge dowel while the other was a single Dacron sheet or jib with 

the leading edge held by a taut braided wire .. The turbine when 

fitted with double sail blades was found ~o be se1f-starting at low 

trailing edge pre-tensions. In bath cases the maximum power output 

was about half of that ,normally obtained with vertical axis wjnd 

turbines fitted with solid aerofoil blades operating at tip speed 

ratios ranging from 0 toi 6. 

Due to the simplicity of the design, it i& anticipated 

that the cost and know-how required to'manufacture the turbine 

would be low. As a- resul t, the turbine would. be ideal for use in

deve10ping nations. whe~e it cou1d have wide applications for 

small jobs requiring a power of l kW. 
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RESUME 

Cette étude est un développernen't dl une investigation 

antérieure,'de J. Robert portant sur la possibilité d'employer des 

voiles c~e pales dans les turbines ~ àir. Une turbine a trois 

pales m~surant 9 p. de longue et 6 p. de diam~tre a été testée ~ans' 
! 

une ?o~fflerie ouverte de 15 p. de diamêtre pour ,des nombres de 
\, 5 5 

Reynolds basés sur la diamêtre allant de 5.6 x 10 a '7.9 x 10 • 

LA" t'urbi ne .avait une grande surface de pale par rapport a la surfaée 

balayée (raRPort: 1.4) et, par conséquent. llêtendue des rapports 

d~ vitesse aux extrémités vari~~ 0 a environ 2.'5. 

Deux types de voiles ont été essayés. La première 

était faite de deux cQuches de Dacron entourant un goujon circulaire 

périphérique alors que la seco~de était constituée'd1une seule 

r cquche de Dacron (foc) dont un des bords était tendu par un fil 

métallique tressé. Quand la turbine avait pales doubles elle 

était autodébutante a des pré-tensions de traîne périphérique-peu 

élevées. Dans les deux cas, le rendement maximum était environ 

la moitié de celui normalement obtenu ~vec des turbines ~ axe 

vertical, équippées de pales â voilure solide dont les rapports 
, 

de vitessef aux extrémit~s variaient entre 0 et 6, 

Dû a la simplicite de la conception, on anticipe que le 

coat et les connaissances requises pour manufacturer la turbine 

seraient bas. Par consêquent, la turbine serait id~ale pour les 

pays en voie de d~veloppemenf 00 elle pourrait connattre des 

applications multiples pour de petits travaux nécessitant une 

énergie de l kW. 1 
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NOTATioN 

" (Symbols not included in the Notation list are defined in the text.) 

A 

CR 

C - .....--"-D--=o -, 2 
2 pcV 

C = p 
p t pAV3 

C - X 
X - 1 l cU2 

! p . 

, ! 

Frontal swept area of the wind turbine 

Area of one sail blade 

Length ofo leading edge dowel 

Chord of a b l ade or $trut 

Mean chard 

Chard of blade at maximum radius R 

Drag coefficient of strut section 

Disc drag coefficient based on ambient wind 

speed 

Drag" coefficient of a fully solid turbine 

Moment coefficient of a ~otating disc 

Wind turbine power coefficient 

• 
Maximum power coefficient 

Wind turbine starting torque coefficient 

Pre-tension coefficient 

Coefficient of the a~rodynamic force on the 

blade in the direction of the chard 

(J,I 
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vii 

Coefficient of the aerodynamic force on the , 

blade in the direction perpendicular to 

the .chord 

Diameter of leading edge dowel 

Drag oi wind turbine or strut 

F.orce per unit width of the sail for each piece 

of cloth required to produce unit strain in 

the sail in the direction of the chord 

Force required to produce unit strain 

Force required to produce unit strain in 

the luff 

Force required to produce unit strain in 

the leech 

Young's Modulus of the shaft 
l 

Moment' of inertia of shaft dbout a diameter 

Length of the trailing edge of the blade 

when wi nd loadéd 

~ ~I)S tretched 1 engt h of the tra il i ng edge of 

the bl ade. 

length of the trailing edge after pre

tension wifh wind off 
, 

Length of the turbine shaft 
\ 

Mass of the shaft per unit length 

Moment of one side for a rotating dise 

Coneentrated mass at the centre of the shaft 

l 
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R 

Re = pV(2R) 
l1" 

s 

v 

~, 

1') 

V~ 
Vt 

(-
D 

viii 

Humber of blades or struts 

c 

Wind turbine solidity 

Wind turbine power output 

Wind turbine starting torque 

• • 

Local radius of a strut for any azimuthal 

position 

Maximum radius of the wind turbtne 

Wind turbine Reynol ds number ,based 

,on maximum diameter 

n Radius of curvature of irai 1 i~ edge when 

wind loaded 

Tension force with wind load 

Pre-tension force in the luff wire 

for single sail'blades 

Pre-te~sion force in the le~h line 

J Net air velocity relative ~he,blade 
section 

Normal velocity through sail blade material 

associated with a pressure·differenee ~p 

Ambient wind speed with solid\blockage 

correction \ 
1 

Aetuator 'dise velocity 

~\ Tunnel speed without solid bloekage 

correction 

. 1 " 
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( ,,0 J 
w Work done against drag of one' strut in 

, ' 

one revolution 
~ .. 11 

Il X Tra il i ng e~ge 1 eeéh ho ll-ow with wi nd, load 
p 

" ·xT Original leech hollow after pre-tensioning 
4~ 

1 

, 
without wind load 

, 
r. 

~ ~{' 

,. • ' X Chordwi se aE!rodynalTli c . .,force on the trailing 6 

tdge per unit sp~n of sail 
, 

1 y Aerodynamic forée on the trailing'edge 
r".:; ! 
(, .. 1 

• nonna l to the blade chord per unit span 

1 .ç 

of sail . " 
.., z = r Ratio of local radius of strut to maximum 

, 
R 

radius 
" Extension of the sail chordwise after '; ô pre-

'\ . tension with w·ind off' / li: f: " / 

ôCp Los~ of power coefficient associated with 

• • , 
the central dise 

" llP Pressure difference across a sail bl ade 
, . 

~ ,'. 
~,' e: Change in angle of attack when sail blade , 
.fJ~' • 

is wi~d loaded i', \ /' 

l ES Solid blockage correction factor for wina ) 1 

1 
t~ i 

-f 
1 

~ tannel measurements 1 
! 

( Angle as defined in fig. A-2 , n 
f"-
" ~a Azimuthal angle of strut \; , , 
If ), _ ;jR 0 

-V- Hp speed ratio of wind turbine 

\ "'1';;' " , 

>t <\ Air vlscosity \ . ". li' ., 
\ , d' 
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" Suescripts 
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$ 1111 ILl!' $311 'm. 

x 

. .. 
Shape factor tn the expression for solid 

blockage correction 

Air density 

Density. of leading'edge dowel. 

Mass of the ~ail cioth per unit ~rea 
\,'j 

~ltimate stress of, 1eading edge dowel 

• JI'.' """,' 

A factor in solid blockage correction depe ding ~ 

on the shape of the c,ross-sectional area f 

the tunnel and the nature of its 

An ~ngle as defined in Fig. A-l 

Angular velocity of the wind tùrbine 

First critical speed of shaft 

First critical speed due ta a central' 

concentrated mass on the shaft ! 
Resultant first 'critical speed of ) 

~e turbine 

/ 
1 

Applies ta pre-tension in the luff wire 

Appl1es to pre-tension in the leech 
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1. INTRODUCTION 

The extrav'agant use of fossil fuels will eventually lead 
, . 

to a shortage-of energy and theref6re renewable sources are of 

increasing importance. Researc~ has thus been undertaken to find 
~ / 

alternati.ve sources of energy. Windmills or wind turbfnes have , 

been used in most parts of the wbrld. The earliest of these machines 

were of the horizontal axis type and sorne of them like the ancient 

Greek and Portuguese wind turbines used sai1s [lJ. Although they are 
, 

simple to qonstruct and can be furled jn high winds their efficiencies 
1 

are low and if the wind changes direction they have'to be realigned 

with the new wind direction. The later Dvtch and English wind turbines 
,~ 

also used sail cloth on a ,wooden lattice to form more sophisticated 

furlab1e blades. 

The vertical axis machines of the Savonius and Darrieus 

types have the advantage over the, hori zonta 1 machi nes in that they 
41 

are insensitive to the wind direction. The Savonius type is usua11y 

~mpractical i~ sizes that produce power of about 1 kW, due to their 

excessive use of material and high weight. They tYPic~ly gi~e about 

0.1 kW [2]: The Darrieus wind turbine, as re-invented by Rang; and 

South at the National Aeronautical Establishment in Canada"was' 

originally patented by J.M. Darrieus in Fr.ance i'ft the 1-920's. This 

type of wind turbine has been built in large sizes to giye power 

outputs of up to 200 kW but thi~ probably not the 1imiting power 

this type of wind turbine can produce. The 200 kW Darrieus wind 

turbine has been built in Canada on the Magdalene Islands in the 

St. Lawrence Gulf [3, 4, 5]. 

.' 
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Neverthe1ess in s~e of the developing countries due to 

the level of' prevail1ng technology even wind turbines have not been 

used extensively. Parl<.es and van de La,al<. [6] note for instance that 

in Tanzania, only thirty wind turbines have been found and most of 

'them are no longer in use notwithstanding the fact that wind speeds 

average up to 16 mph in most parts of the country. Possibly what is, 

needed is a cheap macnine which can ge built and repaired at the local 
.' village 1evel. 

There are two distinct advantages of the vertical axis wind 
t 

turbines over the horizontal axis ones, namely: 

1) The vertical axis wind turbi~e is insensitive to the wind -

direction. The horizontal axis machine requires re-alignment 

if the wind ch\nges direction. 

2) The vertical axis machine requires a smaller tower size ta 

support it because the top bearing may ~e SUPRorted by 
dt,. , 

guy wi res':. 

> Effor~s have been made at McGill University to develop the 
> , 

Oarrieus type wind turbine to suit technologies of the deve~oping 

n,rtions.of the world. Instead/of solid metal blades, sail éloth 

material was used. A model ve~sion of this wind turbine with sail 

" blades' was tested by Robert [7]. In.his tests, Robert used a 9 in. 
1 

high "two-dimensional" model with parallel blades $upported between" , , 

two thin aluminum dises, 11.5 in. diameter, The blades were o~ 

constant chord. usinl9 computer simulation, Robert, showed that the . 

_fol1owing s~eeifications"would give a désign which could be close te 

the optimum:" 

J 
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1) Impervious sail cloth such as Dacron shou1d be used. 

2) The solidity of the wind turbine should •. be close to one. 

With a high solidity the turbine runs at low tip speed ratios 

and high bending moment stresses in' the leading edge dowels 

dué to centrifuga1 loads·are hence reduced. 

_ 3) Three sail blades to obtain self-starting for any wind 

direction. 

The present study iRvolved testing two wind ~urbine mode1s . ; 

which were designed to meet the specifications for QPtimu~outPut 
estab1ished by Robert. One was a smaller mode1 16,in. high and )1.5 i~ . 

maximum diameter while the othe~ was a much bigger' model :9- ft. high 

and 6 ft. in diameter. The sma11er model consisted of 3 blades 

inclinéd at 30° to the vertical axis of rotation and was tested in 

the McGill 3' x 2' wind tunnel with a closed working section~ The 

, tests on the smaller model 'were performed at a Reynolds number of 

2.2 x 105 based on the turbine maximum diameter and for constant 
'\ 

trailing edge t~nsions. Due to structural limitations, this m0gel 
.J.' 

. GPuld only be run at the low Reynolds number quoted above. The wind 
; 

,:r .0 . 
turblne was however self-startlng. 

The bigger wind turbine model was tested in Ottawa in a 

15 ft. open jet vertical tunnel. It had three blades inclined at 
. .:l' 

an angle of 30° to the axis of rotatiun. Two types ei sail blade , , 

werè tested with this model. One was a double sail formed by 

wrapping th~ s~il around a circular wooden leading Jdge dowel; 

while th~ second type of sail was t single flat sheet bf sail'cloth 

.1_ "'\"\ 

·1 
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or simplé jib. The leading edge of the single sail was kept very 

1 taut, by a braided ~teel wire under nigh ten~ion which kept the 
1 \. 

1 leading edge nearly straignt under load. The single sail had the 

same overa11 dimensi~ns as the double sail. 

Tests on bath the double sail and single sail turbines ~ 

, were o>refonned at wind turbine Reynolds nunYbers based on the turbi ne 

maximum diameter ranging from5 .. 6 x 105 ta 7.9 x 105• Fore. the double 
....... " 

sail blades ~he trailing edge tension was varied and the trailing. 
, 

edge elasticity altered in some tests. For the single sail both the 

leadijng edge and trailing edge tensions were var; d during the tests. 
1 c) 

• 
\ 

--
1 

\ 
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1 
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1 

1 
! 1 



r ", .. , ....... 

( 

5 

2. DESCRIPTION Of THE TEST TURBINE 

The wind turbine design was based on the recommendations 

of Robert [7J. Its size was designed ta be as large as possible for 

a 15 ft. diameter open jet wind tunnel consistent with keeping the 

wind tunnel interference corrections on the speed ta about 1%. The 

turbine was 9 ft. high and about 6 ft. centr3l diameter. The central 

shaft was an a1uminum pipe 1.36 in. internal diameter and 1.66 in. 

outside diameter. Alumintlm was chosen ta keep down the weight. The 

central dise was made from p1ywood 0.7 in. thick and mounted on the 

axis shaft by means of two small aluminum flanges (Fig. '). The dise 

was lightened by cut-outs in the lightly stressed sections to reduce , 

its weight and the possibility of whirling at operating speeds. The 

cut-outs were covered,by dop~d cotton fabric. The end dises were 

made of plywood 0.7 in. thick and about 1 ft. diameter, mounted on 

small threaded aluminum f~nges. Pins were used ta locate all the 

flanges relative to the shaft at the appropriate azimuthal posi~ons. 

The double sail blades were,made of Dacron fabric of density 

3 oz. per square yard wrapped roun~ a wooden leading edge dow~l of 

diameter l 3/8 in. The blades had symmetrical aerofoil cross-sections. 

The dowels were inclined at an angle of 30~ ta the axis of rotation. 

This angle would be suitable for supporting the top bearing by guy 

wires in the case of a field application. The sails tapered fram 

16.5 in. at the equatorial diameter to 8.5 in. at each end, giving 

a taper ratio of about 2 ta l and an average thiekness ta chard ratio 

of 11%. The chard line of the blades was in the direction of the 

r 

, ,i 
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cloth warp. The trailing edge of the sail blades was hollowed in 

order ta facilitate tensioning the sail. The average maximum leech 
, ... ' 
1 

line hollow of the blades was 1.95 in., which was 3% of the sail . 
) 

length, and is a ratio co~ventlonally used on yacht sails (Fig. 2)' ., 

The leech was a 3/32 in. diameter Dacron li~e running through a 

seam in the sail at the trailing edge. For one se~ of tests, the 

leech line was sewn ta the sail in the ~eam thereby effectively 

qecreasing the trailing edge elasticity. The application of the 

trailing edg~ tension was by means of a torque wreneh which wound 

each leech line on a small ratchet mounted drum. Each drum assembly 

was made from a ratehet soeket wrench: an aluminum pulley of diame er 

1.5 in. tight fitted to the out~ide of the soeket and a bolt glued 

to the inside was mounte~on a supporting bracket. The bracket wa 

fixed on the outside of one end dise of the turbine (Fig. 3b). Th 
1 

cloth on the double sail blades was eut ~n such a way that the blfdes .~ 
were continuous on the outsi.d~ while the inside was separated int? 

two parts at the 1 argest rad; us of the turbi ne'. Each sail bl ade was 

reinforced at its edges and ends. The outside ;art of the sail r~sted 
tangentially on the central dise at the cent~e, and the inner, setarated, 

parts of the sail were laced together by a Daerdn line which paSSld 

through e,yelets (grommetst in the sail and holes driljled in the 

central dise. The lacing was tight enough to eliminate creases 0 

the inside part of the sail. 

The single sail was a flat sheet of Dacron clotho The 1 ~ 

leading edge or luff was tensioned through a 3/32 in. diameter braided 

J 

\' 1 

l, 
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wire, the tensioning being done by a screw mechanism similar ta that used 

on cable brakes of bicyct~diFig. 4b). The single sail had almost the 

.... same overa~ dimensions of chord length. taper ratio and traqing edge 
J , 

.geometry as the double sail blade (Fig. 2). The tensianing of the 

trailing edges was done in the same was as for the double sail (Fig. 4c). ':" 
~ , 

The single sail was made' in. two parts with thÇ. braided wire running 
o 

throu,gh a seam in the leading edge 'of both parts and the Dacron line 

running through another seam in the trailing edge. The two parts 

were laced througn eyelets to holes in the central dise. Both the 

trailing edge and the leading edge of the Si~gle(sail we~e r~inforced. 
The whole turbine structure was mounted on two 5el~-aligning 

ball bearings. The bearings were fitted into rectangular metal blacks 

whieh werJ in turn attached to the tunnel mounting arms; 50 th\t it 

. was possible to swing the turbine 0Jf the tunnel stream to mak~ 
adjustments (Figs. 3a, 4a). 

<'. 
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3. DESCRIPTION OF THE ANCILLARY APPARATUS 
1 

The experiment was performed at the National Aeronautieal 

Establishment, Ottawa .... in the 15 ft. diameter open je-t 's.pinning' 

tunnel. The tunnel has an upward flowing airstream and the" turbinb 

was therefore mounted horizont~lly in it. The tunnel is run by a 
\ -

\250 hp motor and the speed ranges fram D'to Be ft/sec. T-he tunnel 

\peed was determined by measuring the reference pres$ure in the 

s~ttling chamber relative to the pressure in the working section. 
\ . 

wh\ich was taken as atmosphe.ri'c. ~ 

\ The wind turbine angular velocity was determined by the use ... , 
\ 

of ~n electronic counter and an instrument composed of a photocel1 

and a light bulb. Cutting off the illumination from reaching the 

~hotocell activated a pulse which could be picked up by the electronic 
! 

counter. A thin dise with 18 equally spaeed-holes was mounted'on 

the wind turbine shaft between one end dise and the bearing black 
J' 

(Figs. 3b, 4c). The complete instrument was mounted on the bearing 

block~ When the wind turbine rotated, the thin dise !nterrupted the 
1 

light beam and the pulses activated by the photocell were recorded by 

the electronic counter. 
. , , 

A pU1J1Y ?n the wind turbine shaft connected it to a l hp 

220 volts 1800 rpm 3 phase synehronous motor through,a VTe~belt system 

giving a speed increase of 6 to 1. The motor acted as a load on the 

turbine, and was run as a generator through a variable frequency 

suppl Y of a Ward Leonard system, drtving a rotary transformer with 

the secondary windings connected to the 6D Hz mains supply. 1 t was a 

. , 

• 1 

1 •• 

, i 
-1 
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power absorbing system wnich could operate at nearly fixed frequency 

for each setting ev en at relatively low tip speeg'ratios. The 

driven motor was fixed' below the bearing block and can be seen in 

Figs. 3b and 4c. 

Ta measure tne output torque, the"turbine shaft was connected 

to a 1/4 in. diameter 5 ft. long steel rod p1aced inside an equally 

long outer tube about 2 in. outside diameter and was firmly attached 

to it at the far end. The outer tube was bolted ta the pulley 

(Figs. 3b. 4c). The torque output from the turbine was therefore 

measured as the relative rotation between the shaft and the pulley 
1 

during the rotation of the wind turbine. A pointer indicated this 

relative rotation on a scale mounted on top of th~ pulley and was 

vie~~d using a,synchronized stroboscopie light. The output torque 
. 
was calculated fram earlier static torque calibrations of the assembly 

using dead weights. Bath the speed cpunter and the dynamometer were 

mounted on the same ~~d of the shaft (Figs. 3b, an~,4c). 

A tension meter for measuring tension "'lP ~ircraft w;res 

and cables was used ta measure the tension in the luff wire. The 

1, , instrument applied a cross-load to the wire and the accompanying 

deflection was measured. 

• 
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4. EXPERIMENTAL PROCEDURE 
( 

With the turbine swung out of the tunnel, the required 

tension in the leeeh line WqS applied beforê eaeh test using the 

torque w.rench. When tensioning the leeeh line it was necessary ta 

make sure that the applied tension was uniform throughout its length. 

To facilitate this, the slot in the central dise through whieh the 

leeeh line passed had to be waxed accasionally to reJuce friçtion. 
L 

The central dise was also oscillated baek and forth manually to 
./ 

equali{é' the tension on both sides. For the single sail the luff 

wire w~ also ten~ioned Qefore each test. 

A zero reading of the dyn~ometer was taken'before each 

test. After setting the required tensions in the leech line (and 

the luff wire in the case of the single sail), the wind turbine was 

\ swung into the tunnel. The tunnel was run at a speeified dynamic 

pressure for each frequency settlng of the mo~or whieh ran as a 

generator for most of the readings, and was adjusted to vary over· 

the working range. The wind turbine torque and angula1 velocity 

were measured fôt a variety of loads obtained by changing the l' 

fretency settings of the matar gen,~ratar ·supply·. The tunnel 

reference pressure and'ambient air pressure were also noted for each 

test. The tests were repeated for other tunnel speeds and leading 
1 

and trailing edge tensions and elasticities. 1 The free-wheeling 

tests we~e performed at zero load with the ve~-be lt removed from 
\ '\ 

the dynamometer, and were made for a wider ran~ of tunnel speeds. 

.. . . l 
, 

" 
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5". ÊXPERIMENTAL RESULTS 

5.1 -Identification of the Relevant Non-dimensional Coeff:icients 
. î\5 

For a specifie turbine geometry the following coefficients 

\ were identified as being suffTtient to define the opèrating conditions 

of the wi nd turbi ne: , 

'" 

1 
1 

a 

~'l. The Reynolds num~er based on the maxi~m di~meter of the wind 

) 

J 

D 

turbine. • 1 

'""\ 

Re=~ 
II ' 

w,he"e /' ' , 

p is the Jensity of air 

V is the tunnel speed corrected for solid blockage 

R is the central radius of the turbine 

II is the dynamic Viscosity of air. 

2. rThe wind turbine tip-speed ratio 
.---."". , 

where 

À 
- nR -r 

n is the,angular velocity of the wind turbine. 

3. A non-dimensi6nal leech-line pre-tension coefficient" 

\ 

where 
" , 

TT is the pre-tension force in the leech-line 

As is the area of one complete sail blade. 

" _____ 1 
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A aan-dimensional lUff:Wire pre-tension CO~ient. 
T 

C ::; t L 
TL 1 2 

'2 pV As 

,.\ 1S the pre-tension force in the luff-wire., 
.1' 

For the stngle sail tests both CTT and CTL coefficients are 

quoted. 

5. A non-dimensional elasticity coefficient, defined as the 

strain in the leech or luff produced by the pre-tension force: 

whe'te 
'~' 

T 
E 

T is the ~re-tension force 

E is the force required to produce unit strâin, 

t~at is <th~ force ideallf required to double 

the l.ength of the luff or leec~. 

The a?dttion,of subscripts ,r or.\ to both T and E denotes 

that the coefficient relates to the' trailing edge or leading 
, . 

J edge respectively. The valu~s"of E w~re determined 

experimentally and found to be: 
~ 

a) 0.78, x 103 lbs/stra1n for the unsewn leech line 

b) 1.86 x 103 lbs/strain for the ~ewn.trailing edge 
'3 ~ 

c) 150 x 10 lbs/strain for the 1uff wire. 

Although quoted ta three significant figures, these values 

are probably accurate ta about ±10%. 

• 1 
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\ 

6. A non-dimensiona1 coefficient/b~sed on the elastic propertie~ 
o 

of,~he sail cloth and the leech liRe: (J' 

w~ere 

\ 

ec 
-r.; 

T 

ë is the mean chard length ~f the turbine blades 
A " 

def\ned as 2È-, As betng, the turbine blade area 
, , 

and b bei n9 ha l f the' 1 ea~ilng edge l ength of each 

turbine blad~. Substitution gives c = 11.2 in. fOr 

t the do~b1e sail and 11.3 in. for ~he single sail. 

e i SO the force per unit w,i dth of' the sail for each 
\ ..; 

\ a 
piece of cloth requi,red ta produce'unit strain in 

the sail in the direction of the chard. 

In determining e, four small waaden blocks'3 ~n. long by 

3 in. wide and 0,7 in. thick were used. Sand paper was glued 
. 

on one face of each black ta pravide a better grip when the 

blacks were clamped to the sai\ clotho A leng~h of 10 in. 

~long the warp of th: sail fabrïc was measured and the waoden '\ 
,~- '" 

,blacks were Plac~ cross-wise, twa .a~ each end of the measured 

length 'and parallel ta each other. ,The sail was sandwiched 1 

between the twa blacks and then the blacks were c1amped 
, 

tig~tly, The lenQth of t~e blacks was taken as the test . 
, wid,th of the sail. One pair ~f blacks was held' in a vice 

while. the other pair hung free', Weights were added ta it and 
, 

the extension of the clamped length of the sail was measured 

by a dial gauge. It was therefore possible ta determine e 

. ,.-

\ 
\ 

\ 

\ 

i 
I-
I , 

1 
l 
\. 

\ 

--------------.~.-



1 

fi' 

..... III'!IA;~~,p ... __ 'Jl'I!lIaW""'$"'i .... =""'# _AA_-----.----.... -~--·-~---~~----- ----
1 

14 

l' 1 

from,th~ measured values of' the extension and the weights. 
' ''' ,1 ~ 

The whole procedure was repeated wi~h the test length being 

measured ~long the weft direction of the"sail fabric. e was 

found to be 10.5 x 103 lbs/ft. 'per strain of the sail for bath .. 
the warp and weft directions of the sail material. This value 

is accurate ta about ±lO%. 

In relation to the sail blade geometry, the warp 'of the sail 

material was along the blade chord and the ~eft direction was 

perpendicular to the chord . . 
7. A non-dimensional density,coefficient of the sail cloth given 

by: 
o 

cr 

pC 

where 
" 

, 1 
, 

"- ' 

cr is the mass of the'cloth per unit area. 

cr = 3 oz. per square yard. Thè average value of cr_ was 0.30 
~ . pC 

'and,did not vary more than ±1.4~ during the tests. 
/ 

8. A non-dimensional poroSity coefficient of the sail: 

\ 

where 
Jr v is the normal velocity through the cloth associated 

• 

with a pressure difference 6p . . 
The cloth was considered impervious, ~nd as a result this 

Ob 

last number is\~ffectively zero. 

',' 
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5.2 Wind Tunnel Interference / , 

Because tne tests were performed in an open jet tunnel, 
• 

wind tunnel interference corrections were only applied for solid 
o 

blockage. Wake blockage was neglected. 

speed; 

where 

Hence applying solid bloc~~ge correction to the tunnel 

l 

V is the tunnel speed aftér soljd blockage correction 

Vt is the tunnel speed without sol)d b10ckage correction r, 

~ 

ES is the solid blockage factor. 1 

For an open jet tunnel, Lock (Pankhurst and Holder) [8], 

gives the fol1owing relationship for thè solid blockage factor 

for a bédy of revolution: -

where 

émaximum cross-s~ctional area Of_bOdy)3/2 
. ES = "Cv cross .... sectional area of tunnel 

1 

v is a factor ~epending on the shape of the body which 
, ' 

has been taken as l for a rotating turbine 

T is a factor depe'nding on the -shape of the cross

sectional area of the tunnel and the nature of its 

boundary. For a,circular open jet tunnel, T = -0.206. 

Afte! substitutîon~ ES = -0.014 and the relationship between 
, . 

corrected and uncorrectJd tunnel speeds becomes~ V = O.98~ Vt • 

Hence after application of solid blockage interference corrections, 

the tip speêd ratios are increased by 1.4% and the powe~ coefficients 

•• r 

1 

1 

-i 

[ 
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are increased by 4.2%. lt is~nteresting to note that a very 

similar value for, soHd blockage factor 1S obtained using, Thom's 

short-form equation for solid blockage for a three-dimensional 

bOdy of revolution [9J . 

. 
'l,Evaluation of R,sults 

, / , 

5.3 

The output po~er from the wind turbine was expressed in 

the form of a non-dimensional power coefficient given by the 

conventional relationship, 

f 

whare 

1 

Cp = _..!-p-

t pAV
3 

A is the front~l swept area of the turbine 

P is the power output from the wind turbine computed 

from the shaft torque. 

Cp was plotted against the til speed ratio À = ~ for 

each test run. The results are shown in Figs. 5 and 6 for the 

turbine when fitted with double sails, for different Reynolds 

numbers, pre-tension coefficient, CTT and trailing edge elasticity, 
! . 1 

T T/ET' The l etter S denotes tests where the ] eech li ne was sewn" 

tO.the trailing edge. Results of Cp pl~tted against À for the 

single sail are shown in Figs. la and 11 ,for a range of Re, 

CTT , ÇTl and trailing and leading edge elasticities TTIET and 

TL/EL respectively. ' 

Dué 'to the relatively high solidity of the wind turbine, 

, n 
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the tip speed ratios for POSit~\,Ve power we"re between 0 and 2.5. 
i : 

=fhe tests w~re perfonned at Rèy\' olds numbèrs ranging fro~ 5.6 x lO~ 
5 ' , 

to7.9xlO. \ '. 

Free-wheeling results for the double sail are plotted as 

tip speed ratios, (~) against ~he leech pre-tension' coefficient, 
v 0 \ ' 

CTT in Fig. 7 for a range of tunn~l speeds. Corresponding results 

for t~e single sail are sh.own in ~\i9~ 12.' 
f , 

The double sail was found to be self-starting at low' 
, \ , 

leech-lfne pre-tension, for values ~f CTT < 3 ~d trai1ing edge . 

e1asticity, TT/ET> 10-2 or more. ire starti~ torque was positive 

/: for all azimuthal po~itions when the l,turbine was -self-starting. 

1 

, 
The starting torque coefftci\ent was given by· the expression: 

\ ;}I 1 , 

C = Q-

Q ~ pARV2 \ 

1 CQ was found to be equal where Q is the average starting torque. 

to 0.03. 

The single' sail was not self-st~rting but required only 

a small torqu~ te start. it in all cases. 
t 

l \ 

1 

1 • " 
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6. DISCUSSION OF RESULTS 

6.1 Experimental Results, 

Due ta the very 1arQe number of parameters which are 

required to specify the turbine performance it was not possible 

ta vary one parameter at a time whi1e keeping all the others 

constant. An app~oximate ahalytical theory was therefore 

developed for sail distortion [10] (Appendix A). The theory 

t'ves approximate formulae for the change in blade chord and. 
1 

change in angle of attack due to the sail tlistortion when under 

wind load. 
-

The elastic coefficient of the sail material, ~c ~ was 
. T 

initial1y investigated as this had a direct bearing on the choice 

of sail cloth.-- The change in blade chor~ due to the trailing-edge .. 

pre-tension was therefore estimated. A small change in chord 

would indicate that eEë had 'negligible effect on the turbine per-
T - , 

.. formance. The analysis (Appendix A) shows that if the applied 

pre-tension force in the trailing edge is TT and the extension of 

the sail in the direction of the chord is é~ then the equil,ibrium 

of the double sail blade in the direction of the chord per unit 

length 1s: 

where 
e 1S the force per unit width of ,the sail for each piece of 

c10th required to produce unit strain in the sail in the 

direction of the chard 

ë i s the n$an chord of the b 1 ade 

s is the radius of curvature of the trailing edge of the sail. 
• 1 

, \ 

., .1 



o 

l'Mn 

1,9 

,<, b2 
\ From' the geometry" 5

J
= 8xr' 

where 
b is the leng'th of half the sfil 'blade ' 

xT is the trailing edge hol1ow under pre-tensi~n 

'without wind load. 

Substituting for sand re-arranging we get, 

o 1 ET TT 
-:-.-" 4 ë xT -.--c ec ET b b 

1 lit 

Substituting typical numerical values, ec = 9.80 x 103 lbs/strain" 
x 

for the' present sa il cl oth, ~ :: O. 18, rI-:: 0.03 and t'a~ i ng an average 
ro 4 

value of TT :: 50 lbs: =:: 1.10 x 10- in. and 0 :: 0.001 in. approximately 
c 1 

for the double sail blade. For the-single sail 0 = 0.002 in. Therefore . 
\ very litt'~ change in chord occurs for both sails under typical leech 

-
tensions and it can safely be concluded that rt did not have any 

significant effect on the turbine petformance: it could thus be 

considered an unimportant parameter. This eliminates the necessity ~ 

of matching ~c for tests where a different sail material would be 
T ' 

used.! Only a very big decrease in e for the sail material would 

affect the blade geometry under load and' thus the turbine perfor-

mance. 

The effect of the trai 1 i ng edger pre-tens ~ on coeffi ci ent, 
1 

CrT and the trailing edge elasticity. TTIET on the turbin~ perfor~ 
~ 

mance can be estimated by con~~dering the change in angle of atta~ 

and the change in chard due to sail distortion under wind load. 

The aerodynamic forces on the trailing edge causing distortion 
1 

can be resolved into components X per unit span along the chord 
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.J 

and towards the leading edge, and Y per unit span perpendicular 

to the, chord in the direction of positive lif~ These forces are 

expressed as non-dimensional coefficients based on the mean chord 
• 1 

ë, Cx and Cy respectively. It ts shown in Appendix A, that the 

change in angle of attack. of the sail when loaded ,by the wi'nd is 

given approximate1y by the expression: 

-E.'=(- x ')~ \C + xT ,~ 
, (A.14) 

where 

7 

.. 

ë i s the mean chord of the b l ade 

ex is the trailing edge farce coefficient along the 

, chord 

Cy is the tr~iling edge force coefficient perpendicular 
'1 

ta the chard 

x is the trailing edge hol1ow when the blade is aero

dynamically loàded . • 
. xT i's the trai l ing edge hol1ow after pre-tension 

". 
without wind load. ~ 

The average change in blade chard when the blade is under wind load 

is given by the relatio~$hip: 

(A.27) 

where 
bis ha l f the l ength of th.e 1 eadi ng edge of "the 'b 1 ade 

1 

• 
CTT ts the trailing.edge pre-tension coeffici~rit 

1 

ET is the force required ta produce unit strain in the 

l, 

. , 
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trailing ed.ge 

TT is the trailing edge pre-tension force 

À is the tip speed ratio. 
x-xT . 

To evaluate c and ~,values of Cx' Cy and their associated change 

in camber al ong the chord are used. The,se va 1 ue~~e been measured 

by Rpbert [7] on tWQ dimensional sail aerofoils fo~ariety of 

"Reynolds numbers and angles of attack. The change in chord may be 
x-xT expressed in a non-dimensional fonn as --. For a. very taut sail 

x-x c 
aerofoil, _ T < 0.01, eX ranged from 3-to 5 .-mile ey = 0.5. For 
x-x c 
_ T = 0.03 , eX = 2 and Cy = 1. 
c 

If we consider a case where there is negligible change in 

camber along the)ChOrdl e:uation (A.27) redrces _to: 

- , .. 
. b ( 2 2) Cx .' 
~ l+'5À --1=0 ' 16xT CTT 

! · J \ 
Therefore the value of CTl for neg1igib1e camber change depends on 

~he tip speed ratio squared and the pre-tension trailing edge hol1ow. 
J 

1 

~Sing ~he values of Cx = 3 to 5 and noting that for the t~rbine 

blade .:l. ='0.03 the above equation can be solved for a particular 
l 'b 1 
, 

~tp speed to give the range of CTT which is associated with negligible 

~amber change. T'aking À::: l, the val~es of Crr lie between 9 and 15. 
\ 
rIt is worth noting tnat by increasing the tip speed ratio À ta say 

1.5, th: values of CTT for negligible camber change increase to 12 

and 20. When the change in camber 1S neg1igible, the ~orresponding 
( 

change in angl~of attac,k c ~ 1° (equation A.14). Therefore with 

~ very sma11 chqnge in angle of attack and negl~ible change in 

chard and hence change in camber, the sail blade is effectively 
.J 

1 i 



, 
" 

( 

/' 

22 

f 
1 

rigid. The turbine performance is then independent of CTT and , 

The relative effects of CTT and TT/ET on the turbine 
, 

performance can be compared for a particular change in chord using 

equation (A.27). By taking the case when the change in chord 
x-x l, ' 
_ T = d.oi and a' tip speed ratio À = l, if TT/ET = 10-2, the 
c 

corresponding value of CTT = 5.4. On the other hand for the s me 

change in chord and for the same tip sP1ed rat~o, increasing T /ET 
twenty times ta 2 x la-l , only.modestly increases CTT to 5.8. 

Therefore a relatively small change in CTT is equiva1ent to a ' 

proportionate1y much 1arger change in TT/Er in its effect on sail 

di storti on and ·hence turbine performance. If CTT is· increased . , 

sl ightly the camber change decr~asés'. The same effect i s achieved 
,,' 

by a much higher decrease of TT{ET' From this ana1ysis therefore 

CTr is the m6re important param~,ter. 

Power coefficient results for the double sail are shawn 

in Fig. 5 for a constant Re = 5.6 x 105. The letter S in the 

legend of the figure indicates tests in which the leech 1ine was 

sewn ta the 'sail. Sewing the leech 'ri,ne ta the sail reduced the 

elastic coefficient TT/ET' of the tr~iÙng edge, by a factor o~ /,4, 
and this is theoretically equivalent to a very small increas~ in 

CTT , At low tip speed ratios, the power coefficient Cp is seen to 

Hecrease when CTT and TTIET are increased. At higher tip speed 

ratios, Cp increases as Crr increases ta about 12, For values of 
1( 

Crr between 12 and 15, the trend reverses at higher t,ip speed 

ratios unt11 the performance becomes independent of CTT for values 

" 
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of CTT ~ 15 approxlmately. In Fig. 5, for a CTT = Jl .7, sewing 

the leech line results in a reduction of/Cp at high tip speed ratios 

which is contrary to the theory. 

Results for the double sail at higher Reynolds numb~rs 

(7.1 x 105 to 7.9 x 105) are sho~n in Fig. 6. For a given Reynolds 
• 1 

number, Cp increases at low tip speed ratios when CTT decreases~ 

whPe, at hjgher tip speed ratiosl. Cp 'increases when Cn'increases., 

In th;s case at CTT * 3.4 a decrease of TT/ET due to sewing the 

leeçh line to the sail. produces an effect equiva1ent to an increase 

of CTT in agreement with the theory . 

. ' Free-wheèling results (~) for the double sail dre plotted 
_ ' a 

against CTT in Fvg. 7. The results do not seem to support the 

conclusion that the performance of the turbine becomes independent 

of \T1 when CTT is large enough and 'the blades are rigid. To 

determine if the deviation from the theory ;s a viscous effect. 

th/free-whee1ing results are re-plottetl against the Reynolds, 
1 

number in Fig. 8. The numbers beside each data point are the 

values of CTT . For CTT greate~than about 15 a11 resu1ts f?ll 

onto a single curve except perhaps 'at the lower Reynolds numbers 
1 

where {here is scatter which may"be attributed to low dynamic 

pressure. Thus a1though the tests have beeo made on a fair1y 
" , 1 

largei~scale model there are still scale efi\e&s'~ This is l seen 

further in the values of ,the p,ower coefficient for Cn > 14 which 

ar~[ shown in fir' 9. The power coefficient for three Reynolds 

numbers is compared and significant improvement in performance ... 
with an increase of Reynolds number is clearly observed. The 

.. 

• 1 

\ 
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additional results for Re = 2.2 x 105 were performed on a smaller 

wind turbine model of maximum radius R = 5.75 in., height of 16.5 in. 
NCR ! 

and a solidity T:: 1.57.' It was tested in a closed wind tunnel 

with a 3 ft. x 2 ft. working section. Wind tunnel interference 

corrections were however not applied to the results, and the values 
• 

of Cp in thi? case are higher than those which would be expected if 

wind tunnel interference c~rrections had been applied. 

The turbine when fitted with double sails was self-starting 

for low values of CTT < 3 and TTIET > 0.01 or more. From equation 

(A.27) this was a range of large camber changes. The maximum power 
'"l 

• coefficient CPmax obtained was 0.16 and'occurs when ~TT ~ 3.3, 
, \ 

TTIET = 0.02,,, À = 1.25 and Re 1= 7.8 x 10
5

. The rangje for positive 

power 'output in this case extends to À = 2. Increasing CTT increases 

the range for positive power output but decreases CPmax' Thus in 

,Fig. 6 increasing C
Tr 

to about 15, the value of À for positive Cp) 

increases to 2.6. This increase is accompanied by a reduction of 

Cp at low À and a 0.01 reduction in Cp max' 

The single sail has two extral criteri~p.f similarity, the 

leading edge pre-tension coefficient CTL and the leading edge 

elasticity coefficient TL/EL. Power coefficient results for the 

single sail are shawn in Fige;. 10 and 11. In Fig. 10, the results 

are shown for a constant Reynolds number and near constant CTT and 

TTIET' while the leading edge'coefficients CTL and TL/El are varied. 

lncr~asing CTL progressively increases the turbine performance and 

CPmax ' However it is noted that the two curves fO~.CTLI equa1 to 41.4 -, 
and 24.5 coincide at higher tip speed ratios. This is probab1y due 

\ 
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to the slight difference in CTT for the two curves. The graph 

for CTL = 24.5 has a slightly higher CTT = 6.j compared ta the 

• Il_ ... ftJIIY 

value 'CTT = 5.1 for the curve with CTL = 41.4. As estab1ished with 
u 

the double sail results, an increase of CTT produces an increase in 

Cp and an increase a1so of the range for positive power output 

at high9r tip sp€ed ratios. 

In Fig. 11, TL/EL is kept constant while the Re, CTT , 

TTtÉT and CTL are varied. The perfonnance increases with Reynolds 

numbers except at the higher tip spe~d ratios where the results 

tend to coincide, For constant Reynolds number and CTL the results 
" 

for the single sail at low tip speed,ratios behave in a similar 

manner as those for the double sail. Cp increases at low tip speed 

ratios as CTT is, decreased. The maximum power coefficient for 

the singlr sail was 0.16 at À = 1.23 wit~ CTT = 3.1 and TT/ET = 0.02 

at Re = 1.1 x 105. Maximum range for positive Cp was À = 1.95 when 

Cn = 1217, 
\ Free-wheeling results for the single sail are shown in 

Fig. 12./ The·results do not resemble those obtained for t'he double 

sail b1~des and appear to be relative1y insens~tive ta bath CTT and 
l ' 

Re. Thj latter may be due ta the comparative insensitivity of 

aerofoi~s with sharp leading edges at small incidence to changes 

in Reynolds number for Reynolds numbers in the rangè 104 to 105. 
\ 
\ 

At srnall~· incidences, sharp leading edges have ca fixed separation 

point and this does not change irrespective of changes in Reynolds 

numbers whèreas the laminar separation point on conventional aero

'foils tends to vary with Reynolds nurnber over th;s range. 
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The power coefficient for both the single sail and double 

sail blades were of comparable magnitude. The} range, of positive 

power output was however smaller with the single sail than with the 

double sails. Ma~imum power coefficient was obtained with almost 
, . '" 

'~he same values of CTi and À, for both types of blades. Whereas 

the double sail was self-starting for a11 azimuthal positions for 

!ow values of CTT (less than 3), the single sail was not self

starting for any values of CTT " However it might self-start in a 

field application where the wind is turbulen~ and of a scale which 

significan.tly varies the wind direction. 

6.2. Comparison of Experimental Results with Simulated, Results 

A theory for vertical-axis wind turbines has been proposed 

by Templin [4J. The ,induced veloeity through the turbine, termed 

the disc velocity, is related to the wind turbine drag using one . 
dimensional aetuator dise theory. Using Blade Element theory, the 

drag and torque of a b1ade element of th~ turbine can be de,termined 

wh en the local blade characteristics are known. For given values 

of the rotational speed and ambient wind speed, the turbine torque 

and power output are evaluated as follows: 

1) A dise velocity. that i5 wind velocity at,the turbine is 

assumed. 

2) The turbine drag iS then found by integrating the contributions 

'of each blade element over the full height of the turbine and 

over one complete révolution. , 

; 

, 
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3) , The dise velocity assoèiated with this drag ;{calculated 

using Aetuator'Di~e Theory IllJ. 

) 4) The new value of the dise velocity is then used for a repeat 

ealcu1ation and the iteration is continued until the cha~ges 

in dise veloeity become small enough to be unimportant. The 

output torque and power are then computed .. 

5) The procedure is then repea~ed for a,differePt rotational 

speed. 

The computer program u~ed in the simulation of the turbine 

p'érfonnance wa~ written. by, Robert [7] and only minor changes were 

reQvi red to take lnto account ~he characteri st"i cs of the wi nd turbi ne 

tested. The data used J'n the program were Robert 1 s measurements 
l(-

of thrust and n~rmal forc~oefficient for a'two dimensional aero-

foil fo~various angles of attack and Reynolds numb~rs. 

From Actuator Dise Theory, the dise velocity can only 
• 0 

have a value 1ying between the ambient wind speed and ha1f the 

ambient wind speect. For lower values of the dis1c velocity, the 

wake velocity beeomes negative and the theory fails. Turbine~ with 

high solidity operate more in this low range of 9isc velocity.. . , In 

applying Templin's method for turbines with high sOlidity, the 

relat'ionship'between .the dise veiocity and the turbine drag has 
"- . . ( 

to be extended empirically. Three extensions are"presented in 

.this text. 
',1 

ln Fig. 13, the drag coefficient is plotted against the 

dise velocity ratio, 
, . 

, ''"'-. 

1 
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Vo is the indueed dise veloeity 

V is the ambient wind speed-. ~- . 
---:;or-

~ '1.. ':-->' 

. '. 

Curve No. l in th~ figure shows thê plot aceording to Actuator 
, Vo' !' 

Dise Theory, and in the range 0 < V < 0.5, the th~ory does not 

work. Curve No. 2 shows an-empirical representation by Robert.[7] 
V ' 

to cover the ranga.-,l > vD > 0.5 ...... The dise velocity ratio is 

expressed in the form: 

where 

v ~. C"1 Y" o - 0 
-= 1--
V . Co 1 

" PL 

J CD i s tlle drag coefficient 
~ \( 

CD is the drag coefficient of a fully 
PL 

turbine 

V is the ambi~nt wind speed 
{ 

VD ;s the indueed dtse velocity 

y is an exponent, 

sol id wind 

By matching the same optimum conditions l as stipulated by 

, the Aetuat9Y' Di sc Jfteory, CD and y were determi ned. Robert' s 
PL 

fi~~l expression was: 

v ( C) 0.254 o _ l 0 . 
. V - - 1.1147 

~ 

1 

From·~his relationship, Co clearly cannat exceed 1.1147. When 

this relationship was used·in the program, it was found that for 
, / , 

. the s611dity of, t~e turbine tested, th.e value 'of Cn exceeded' 1.1147 

/ 
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for À > 1. Alternative expressions were therefore, tried. Curve ' 

No. 3 in Fig. 13 is based on an expression where the dise ve10city 

ratio is expressed in the form: 

\ ~ = 1 - (c:;J 
where 

Co is the drag coefficient 

C' i s the drag coefficient of a fully sol-dt wind turbinb 
DpL '" 1 

n is an exponent . 
1 

V is the ambient wind velocity 

VD is the induced dise velocity. 

_ By assuming again the same optimum values as given by the Actuator 

~isc theory, the exponents Co ·and n were calculated. The final 
" . PL 
expression is: , 

Curve No. 4 in Fig. 13 is an empir.ical expression/in rough agreemènt 

with data collrcted by Stoddard [12] for ~elicopter and ~ind turbine 

rotors from references [13, 14J. 

Experimental results for the double sail blades with 

CTT > 14 are compared with theoretical results based on the three , 

extensions to the Actuator Dise theory for Reynolds numbers 5.6 x 105 

and 7.1 x 105 in Fig. 14. By comp~ring experimental values'with 

Cn > 14, distor..tion of 'the san blades did not have to be con-
~ , 

sidered: two dimensional results for the'''taut condition were u.~ed. 
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The resu1ts show very 1itt1e differe~ce between the thre. theorl. 

up to a tip speed ratio À = l, 'which is equa1 ta a dise velàcity 
• Vo -

rat,lo V- ~ 0.5, and further the theories are in good ag,reement w,i th 

·the experimenta1 values in this range. As À increases above l, 
V ~ 
~ decreases be10w 0.5 fallin~r in the region in which Actuator Dise 
v 1 

theory fails, and the experimental and theoretical results show 

marked'deviation. Stoddard [12JI refers to this region in wbich 

Actuat6r Dise th1eory breaks down as the "turbule~t wake" regian. 

It is charaeterized by high turbulence,/wake expansion and increased -, 

drag~ The variation between theory and experimental results is no 

doubt broadly due to the one dimensional approaçh used in the theory. 

There are 'also differenees between the three pairs of 

theoretical results (Fig. 14). The results based on Robert's 

expression eould on1y give positive power output up ta À = l at 

which point the turbine ·drag coefficient, CD = 1.1147, was the 

maximum allowable by the expression. A comparison of the remaining 

two expressions shows that from Fig. 13 for algiven Co value above
f 

1.2, the dise velocity is higher for curve No. 4 than for curve 

No. 3. As a result the power coefficient based on curve No. 4 

is higher than that based on curve No. 3 (Fig. 14). The difference 

between experimental and theoretical results for À > l is probably 

due to wake effects. The.forward blade reduces the dynamic pressure 
, 

over the rear blade. In Fig. 14, at higher tip speed ratios, the 

trend between experimental and theoretical resu1ts reverses. 

Experimental values of Cp are higher than the theoretica1 results at 

large À; Co is then very high and perh~ps the empiric~l expressions 

used in the theory become unrealistic. 
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7. DISCUSSION OF THE FACTORS GOVERNING THE DESIGN 
/" 

By designing the wind turbine with a high solidity, 
NCR ' 
Ir = 1.4'0 the wind turbine's tip speed ratio~ were low and as ,. 

, .li ,. 
a result the t~rbine operated over the complete range of angles 

of attack, unnke the small range typical with"solid blades 

~perating"at, higher tip speed ratios. Thus the de$ign was less 
/ 

efficient and the measured values of Cp were about half of those . , 

.norm,ally assoeiated with the- Darrieus turrnes w~~h solid blades. 

For example the National- Research Couneil s 14 ft. diameter , 

.Vertical Axis wind turbine with sol id blades gave a maximum Cp 

of 0.37 [15J. ' 

/ 
Notwithstanding the low values of Cp, operation of the 

~urbine at low tip speed ratios has the following advantages: 
, 1 

1) Excessivè loads on the bl~des are avoided. 

2) Self-starting may be achieved. 
c ' 

/ 3) Vibrationsl Qriginating fram dynamic imbalance are reduced. 

In this case the wind turbine was only ba1aneed statically 

~d not.dynamiea1ly. 

4) The power 1055 associated with the adverse torque of the 

central supporting dise was redueed. 

5) For the case of the double sail blad~, the centrifugal 
\ 

stresses in the leading edge dowels were reduéed. . / 

1 
The first eritical whirling speed for the wind turbine 

was analytically determ,ined by sumn1'lnJ the separate eff~cts of a 
'\ ' 

, . 
concentrated mass representing the central dise and a distributed . 

mass representing the wind turbine" shaft. Since the turbine 

1 

i 

1 
i 



( 

32 

bearings were self aligning pin jOinted ends were ~ssumed. 

, DUhkerley's method [16] was used to calcu1ate the resultant 
, ,. . 

critical speed, as shown: 

)'Ihere 
fiC is the resu/ltant critical speed- acco,~ng to Dunkerley 

.- "1 is the first critical speed for t~e:;;shaft alone 

02 ts the first critical speed due td" the central dise 
• 1 

mass ignoring the mass of the shaft. 

Su bst hu t 1 n9--l'@.1 ev an t val u es for n 1 and n2 [i:7]. above weget! 
\ 

where 

3 \ 
...L = m L4 + Mc L 

> ,,2 96 'Ey l 48 Ey l 
c 

Ey is the Youngls Modulus of the shaft 

l is the moment of -inertia of the cross-seetjon of tre 

shaft about a diameter 
-

L is the 1ength of the shaft between the bearings 

m is the distributed mass of the shaft per unit 1ength 

~c is the addi~ional mPss concentrat~d at the centré of 

(-

< • 

the shaft. 

SubstituUon of numerical Iva'~es gave ~c = 340 rpm. This ca1cu1ated 

value for the whirling speed is probably tao low as no allowance 

has been mad~ for the stiffenin'g effect of the frame due to the 

1eading edg~ dowe1s or due to the taut wlre-in tDe case of the 

si~gle sail. The turbine was run at speeds of 200 rpm or less, 
, 1 

1 

/ 
/ 
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/ 

that 15 well below the calculated critical speed, and the shaft 

did' not whirl. 

A numerical analysis of the loading of the leadlng edge 

dowels when the turbine is fitted w1th double sa11s, showed that 
" 

the maximum stresses in the dowel s due to tentrifugal loads were ' 

proportional to: ~ 

\ 
where 

b is the length of the leading edge 'dowel 

d is its diameter 
/ 

Pd is its density. 2 1 

For a given turbine geometry, k"iS a c;onstant. Therefore for a 
1 

specifie wind speed V, the maximum stresses are prbportional to 

the density of the ~wel and the tip spe,ed ratio À squared. To 

reduce these stresses entails a reductioÂ in t;p speed ratio and 

thus the advantages of running the turbine at low À is apparent. 

Furthermore as a determinant of failure the sighif1cant parameter 

. 1s Pd/cry. where cry 1s the ult1mate stress~ Wood;s therefore as 

good a choiee as' any other mater;al. 

The central ,dise provided support for the lea~ing edge 

dowels or wires-and the trailing edge leech lines. It was made 

from a plywood dise of 6 ft. diameter and was lightened with eut-
, . 

ou~s in the li~ht1y stressed,areas. The 10ss o~ power for a 

rotating dise of similar form tO,the one used in the presen~ 

design, is: 

.. 

'~ 
1 
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where CM is the moment coefficient which is a function of the 
2 

rotatio!1a1 Reynolds number, e.B...B." [18]. Assuming a wind speed of 
11 2 ; 

22 ft/sec and a À ::; 1, for the tests ~ = 4.2 x 105, and from 
11 , 

r'eference [18], CM = 0.01. Hence 6Cp = 0.003. 

A supporting structure consisting of a solid dise there

fore resu1ts in an acceptable 1055 of power. However such an' \ 

arrangement would probably be impractical due to structural reasons 

in turbines producing about lkW at 15 mph (22 ft/sec) wh;ch would 

be about three times the size of tHe model tested. 

As a matter of comparison, an estimate of the power 

absorbed py N struts of constant chord c and drag coefficient Co 
1 ~ 

is given in Appendix B. The 1055 of power in terms of the power 

coefficient is given by the expression: 
o 

where the last term in parentheses applies only when À > 1. ' 

for the present design, N ::; 3, R ~ 3: A = 213 R2, c = 1.5 ft. 

and taking À = 1; 

I1Cp ::: 0.20 CO' 

Therefore to limtt the l,oss of power ta about 6.Cp ::; 0.005, the . 
. Il 

drag ,coefficient of the'individual struts must be less than 0.025. 

Thus the struts must be well streamllned. 
( 

'> 1 

1 
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" From equation (B.13), tt'can be seen that'at high,tip 

5peed rat{os,' the 10s5 of power-become5 proportional to À3 and . ' 

mayjltherefore.become ver~_~~]e. Operating at low À, therefore 

reduces th.e power "10s5 :::Jted wit"" the 'drag of the centr,al 

structure. 
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8. ÇONCLUSIONS 

A 9 ft.J! high, 6 ft. diameter vertical axis wind turbine 

has been tested using two types of sail b1ade. Due to its 

relatively high solidity of 1.4,' t~e turbine operate~ at low tip 
J 

speed ratios and produces comparatively low power output vis a vis 

the low solidity Oarrieus machines with solid aerofoil blades which 

operate at tip speed ratfo@ of ~bout 6. 
1 

For low trailing edge pre-tension coefficient CTT < 3 

and stiffness TT/ET> 0.1, the turbine when fitted with double sail 

blades is found to be self-starting with a starting torque coefficient 

CQ = 0.03.' Maximum power coefficient, CPmax = 0.16 was obtained 

when CrT = 3.3; TT/Er = 0.02, at a tip speesi ratio, À = 1.35 and 

at a Reynolds num'bh, Re = 7.8 x 105. Positive power output is 

obtained up to À = 2.0 and by increas;ng Cn to'l5,. the positive 
4 \ 1" 

power output range may be increased to À = 2.6 at the expense 

of a slight reduction of CPmax' A theoretical analysis of blade 1 

distortion for the double sail when aerodynamically loaded has 
) c.~ 

been presented and found to çompare fairly well with the experimental 

observations. From the theory ft has been shown that the turbine 

perfonmance is independent of the elastic properties of the sail 

cloth. r: for the sail used in the tests. It has also been shown 
T 

that t~ turbine performance becornes independent of CTT and TT/ET 

when Crr > 15. Theoretical resu1ts based on computer simulation 

of blade element theory have been!compared with ex~eriments for 
\ ' 

CTT > 14. Agre~nt was found to be ~atisfactor~ at low \, but 

.dJlnl!i 
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for values of À > ~, the Actuator Dise theory;which was,used to 

give the inflow factor (dise velocity ratio) 'becomes inaccurate. 

Empiricar modifications ta extend the range of the theory have b~en 

only partial1y su\cessful. ~, 
When fitted with single sail b1ades, the turbine was , 

not self-starting. The maximum power coefficient obtained in this 

case was 0.16 at Re = 7.1 x 105 when the trailing edge pre-tension 
1--/ l ' 
coefficient CTL > 25, tip speed ratio À = 1.23 and the trailing 

1 

edge stiffness ITIET = 0.02. With the single sail blades,\ positive 

, power output is obtained up to À = 1.9. The single sail performance 

is again independent of CTT when CTT > 15. 
r, 

~ 

The turbine performance, especially when fitted with 

double sail blades wou1d likely inc'rease with an increase in scale. 

For a larger turbine it would ~robably ~e undesirable to use a 

central dise to support the blades; instead separate arms rnight 

be used but these would have to be well streaml i'ned to avoid 

unacceptable lo~s of power, or even removfj!d completelyt 

It is possible to use wood for most parts of the wind 

turbine and sorne other type of cloth su ch as cotton for the blades. 

In'such a case the material should be made irnpervious, resistant, 
, , 

against decay and also light enough to easily change camber during 

rotatiqn. However it would be unattractive to re'place the metal 

bearings with wooden bearings. This 1S parti cul arly true for the .. 

lower bearing which supports the weight of the turbine and there-
f 

fore would have a higher fr'ictional torque. The wind turbine shou1d' ...,. , ' 

be statically ~alanced, but dynamic balancing is probably unnecessary. , 

, 1 
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The critical whirling speed of the (urbine should be checked 'and 

the design modified to operate below the critical speed. 
1 ~ # • io , 

Al'thougtl. producing comparatively low power coefflclents, 

the vertital axis sail wind turbine may be useful when power out

puts of about l kW are required, especially in the developing 

, countries of the world. "" _ ' 

Finally one can~rize the advantages of a sail 

wind turbine producing a power output of about 1 kW when compared 

to a similar size with solid b1ades: 

Advantages 

1) It is cheaper and requ}res less sophisticat~d technology to 

build it. It can therefore be ideal for use in developing 
1 

t:lations where the 1evel of tec'hnology i slow and the cost 

'can oe reduced by using local materials. 

2) It can be self-starting and gives higher torques at low 

angular velocities. 
1 

3) It may be furled in high winds. which eliminates the use 

of spoi1ers typical with designs using solid aerofoil blades. 
1 

Disadvantages 

1) lt is less efficient by ~ factor of over two. 

2) lt is less durable, as the sails are liable to 'Be affected 
t 

. ~J--~ 1 

by weather conditions and possibly ultra violet radiation 

after sorne time. 
/ 

3) 

! 
It requires a central supporting structure which results in 

some loss of power • 
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LIST OF fiGURES" 

Side view of the wind turbine with the p'rincipal 
.1 

Figure 2 

Figure 3 

figure 4 

dimensions in jnche$. 
" , 

Plan' view of half sail blade wit~; the_ average 
, 

dimensions for the double and single sails in 
" 

inéhes. 
, 

a) Wind turbine with double sail blades mqunt~d 

, horizontally on arms in the vertical open jet 

wind tunnel. 

b} Close up of the end d'sc showing the ratchet 

mounted drums for tensioning the leeeh 11ne,. 

the small dise with equal spaeed,-hol es used 

1 for measuring the turbine angular velocity, 

,the scale~for measuring the torque ~ounted on 

the pulley, the vee-belt and the motor generator. 

la) .Wind turbine with single sail blades mounted 

horizontally on arms in the wind tunnel. 

~~--~ - --b} Close'up Oftne end-âiSe showing tHe stf'éW 

mechani~ for tensioning the luff wire. 
• J 

Figure 5 \ 

1 ~ 

c) Close-up of the other end dise showing simi1ar 
/ ' 

arrangement as in Fig. ·3b. 

power coefficient plotted against tip speed ratio 

for the double sall blades at Re = 5.6 x 105. 
" b-

S in ~hè legend indicates a sewn leech 11ne. 
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1 Figure 6 Power coeffitient plotted against tip speed ratio 

1-

Figure ,7 

~ 

figure 8 . 

Figure 9 

Figure 10 

Figure 11 
~ 

Figure 12 
,/ 

for the double sail blades at Re = 7.1 x 105. 

S indicates a ~ewn leech line. 

Free-wheeling tip speed ratios (when Cp = 0) plotted 

against the leech-1ine pre-tension co~fficient for 

the double sail b1ades. S indicates a sewn' 1eech 

Hne. 

Replot of Fig~ 7 showing the variation of free

, wheel in'g tip speed ratio~ with Rèynolds numbers 

for the double s~il blades. The values of CTT 
are shown for each data point. .. 
Power coefficient plotted against tip speed ratiqs-

for the double sail blades for values of Crr > 14, 

iQdl cating the effect of va~yl ng 'the Reyno i d~ , 
number. • . 

Power coefficient p1otted-against tip speed ratios 1. 

for' the single sail blade, showing the -effect of , 

i~creasin9 the leading edge pre-tension coefficient. 
'f 

Power coefficient plotted against tip speed ratio 

for the single sail blade, showing the e'ffect of 

,varying the trailing edge pre-tension coefficient 
1 

and the Reynolds numb~r. 

free-wheel1ng ttp speed ratios (whe~ Cp = ~) 
1 

plotted dgainst the trailing edge pre-tension

coefficient for the single sail blades. 
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Drag coefficient plotted against dise veloci ty 

rat~o according to the Actuator D;S~ theory and also 

three extensions to the theory • 

Power coefficient ~lotted against tip speed 
" ratio for the doub~e sail blades ICTT > 14, 

compared with theoretical results based on 

• extensions to the Actuator Di sc theory at two 

Reynolds num6ér~. 

Sketch of a rectangular half-sail bla4e with 

hollow trailing edge. 
/ 

Plan view of a double sail blade showing 

distortion when aerodynamically loaded. 
1 

Plan view of a rotati,ng strut of constant 

chord. 
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Figure 1 Side viewlof the.wi~d turbine with-the p~inclpal 
dimensi.onS in inches. 
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Fi9~re 2 Plan view of half sail blade with the average 
di,mens i ons for the double ard si n9 1 e sa 11 sin 
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WIND TURBINE FITTED WITH DOUBLE SAIL BLADCS 

Flgure 3a: Wlnd turb1ne w1th double sail blades mounted 
horlzontally on arms ln the vert1eal open Jet 
wind tunnel. ( 

Figure 3b: Close-up of the end dise showing the ratehet mounted 
drums for tensloning the leeeh 11ne, the small dise 
used for meaSUrlng the turbine angular velocHy, the 
seale for measurlng the torque mounted on the pulley, 
the vee-belt and the motor generator. 
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WIND TURBINE FITTED WITH SINGLE SAIL BLADES 

Figure 4a: Wind turbine with slngle sail blades ll10unted 
horizontally on arms in the wlnd tunnel. 

Figure 4b: Close-up of the end dlSC showlng the screw 
mechanlsm for tensioning the luff wire. 
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Fi qure Ife: Close-up of the other end di se show; n9 the 
ratchet mounted drums for tensioning the 
l eech li ne, lhe small dl sc for measuri ng 
the turbine angular velocity. the scale for 
measuring the torque mounted on the pulley, 
the vee-belt and the mator generator. 
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APPENOIX A 1 
'~Analxsis for Satl Distortion 

A sail of rectangular shape with uniform' chard c, 

length b and a trailing edge hollow x is~onsidered for simplicity: 

it is ,shown below iry Fig. A-l: ii 

. ' 
,. 

1 

b c 

Fjg.A-l 

Taldng tfîe' trail ing edge as a circul ar arc of length .t-and radius 

of curvature s. 

. From geometry: 

for--sina 11 ~, 

From geomet 

Also ~ = ~+s 
• '" _ t ··"-rs' 

r / 

(A.l) 

,.fA. 2) 

(A.3) 

, . i ' 
J \ 

.. 

\ 
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'Substituting (A.'3) into (A.2) gives 
, 

b . ,1 } 2s = sln\.2s" (A.4) 

, Applying a sine expansion to equatton (A.4) and iPprOXima~ing to 

2 tenus, " 

b l' 3 -_ R. (R.) + rs-rs"n 2s ... 

. 1.3 

~ 
b = R. --

24s2 

1 ' 2 
( 

" 

R. _ 
1 + k (~) 'f)- \ (A.5) 

\ 

Substituting for s fram (A.l) into (A.5) and noting 
1 3 . 

(l» ~ 1, 

~ = l + i (~)2 ,(A.6) 

t· . . 
IfJf is 're tension jn the"leech, the chordwise force 

acting in the direcyon GO is T/s 'per unit length of saU. " 

~ 1 The safl distortion under wind 'load in plan view 1S as 

shown in Fig. A-2: 

\ 

i < 

... Fig. A-2 

.... ---- ----. ------ , 

~>~ ,:- ,,-' ~, r ~ - F 
J .1 '" " " 

, , 

. . 

. ' 

o 

"' J.,. -;,~ "", 1 • "'l"" ~ 

F is the original .position of the trai) lng edge after pre-tension.' 
". ~ .. ~ ~ 1: 1" ,~1 .. <p , t> U 

and xT the ~rlginal valu'~ or' the)~iet~' hollow~ ':x.' âAd'· y. a~e 5hor.dw'i~e 
, Ir " ",.~, ~ 

and norm~1 components of the force on the tralling edge per unit' 
( '. "" ,P, .. [). 

~ . 
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length of sail. Tile angles E. and n are small. 

Resolving forces along the chord gives 

x = ! cos(E+hl 

for small & and 11 equation CA.7) redutes to 

x=l s 

Resolving forces perpendicular to the chord gives 

y ;; l sin{t+T1) 
'5 

For smal1 t and 1'\, equation (A.9} reduces to , 

v = l (&+n) 
S 

Combining (A.a) and (A.10) 

il V 
&+1'1 = l 

(A.7) 

(A.8) 

(A.9) 

(A.10) 

(A.11 ) 

coefficients and U ;.5 the net air velocity relative to blade section .. ' 

" 
C 

11+& =-t.: 
X 

x sin ( 11+&) = ( c+xT) sin & 

(n+&) = (C:XT) E 

Substituting for 11+& in (A.12) 

;(A.12) 

(A.13) 

(A.14 ) 

Equation (A.14) '.glves -the change in incidence due ta 

di stortton.- -

, 

1 

d 

/ 

\ 
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\. 

1 ; 
If TT ts the pre-tension for~iJ1 thè ~ eech and; ET is 

1 

thè foree in the leech required to produce unit strain in it, then 

T ::; E T 0 
( 

R, -1 ) 

T T "0 (A.15) 

Iwhere 
1 

1 
; ~ 

10 is the unstretched len9th of the leech 
1 ) 

1T is the length of the leech after ~re-tension 

:T'is the tension in the leech with wind lQad. 

Then, T ::; ET( t:10) , (A.16) '1 

0 1 ; 
Combining (A'.lS) and (A.16) to eliminate .to and re-arranging we get 

fi 

T = TT '+ (TT+ET) ( !T - 1) (A.l1) 

Combining!(A.8) and (A.17) gives 

X = t ~T + (~T+ET)(fr - I)J (A. lB) 

/1 

Substituting for s from (A.l) into (A.1B) 

x = ax T , b2 T 
(A.19) 

from (A.6) we can writ~ < ' 

f 

a x 2 1,. 1 8 ( XT)2 t = l + '3 (1)) and b = l + 3" b" 
, 

Hence substituting for t and 1T into (A.19), we get 

. 
ax 

X = :-2" TT 
b 

(A.20) 

\ 
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'$ 

;. 

By d~finition, / 

C Tt,:; i'p2bCV2
Crr 

. and 

2 l ' 
U , obtained from a vectorial addition of the velocity vectors on 

, ~ 

the wind turbine blad~ section, is averaged over one complete 

revolut'ion of the' turbine and tne Mean of the squares of the turbi ne , / 
, 

radii. Therefore, 

(A. 21) 
• >, 

where rm
2 is the m~an of th~ squa'tes of the windfturbine radii. 

Re-arranging equatio ".(A.21) gives, 

U2 = y2 + (nR)2 (;mf (A\22) 
/ 

From the turbine geo
l 
etry, 

, / 
r ? 
J!L = ~ 
R2 

',' 

r 2 
Substituting the ratio ~ in equation (A.22), we get, 

R ' ' 

U2 = y2 ~. + t A~ sinee ~ = À \ 

,....".,. 

(A. 23) 

1 

Substituting for X and TT in (A420) we now get 
{ , 

c = 8x • 2bC-
X b2 -TT 

\ 

/ 
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Expanding (A.2~) gives 

,~ (x+xT)(x-xT) 

1 + ~(~t 
(A.25) 

x X"X 
For small ~ and ~ equation (A.25) becomes 

, . 

(1 + ~ A2) eX = Sr 16 ~r + [1 + ~ ]f::~ [X-Xrl]} (A. 26), 

1 

,The approximate change in chor~ of the sail becomes 

, , 

1 

.1 
1 

(A. 27) 

.. 

\, 
; 

l' 

- 1 . 
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1 

1 

APPENDIX 8 .<J . 
Power Absorbe~by centr~upporting St~ut~ 

Consider one strut of constant chard c, and lenglh R , 
'l' ..~ • 

. as ShOWr in Fig. 3-1. Ignore any aerodynamic interference €etween 

'the struts. ~ 

Fig. 8-1 ,/ , 

r 
\ 

Assume c «R. Th~ drag coeffi c"; ent Co of the st~t 
~'j '\, 

section is taken to be constant and the dr\g dependent o~ly on 

the veloci~, normal to t~e leading edge. \ 
, ' 

r At'radius r, the drag 'per unit span on one strut in 

the direction of the normal velocity component 
, . . 

1 

o = l pcCO [VSire - nrJ.2 ·(B.l ) 
. ,1 

Hence work do ne against drag through a small ~gle de, for a strip . . 
dr of the strut is 

dW = - ~ pcCO [Vsine - nr]2 rde 'dr , 
Therefore work done through one r:volution opposing rotation 

o ti 
\ .. 

.f \ 

(B.2) 

J. 

\ l 

\1 

, . 

'1 
1\ 
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, Il 

'" , 
, R 211"' o' 

il = - t peCD l l (Vstne - Or J 
, 

IVsine - orl rde·dr '" 
1 
' , IJ 

o 0 ) . , " 1120 
. = "î,pc~o , ,± ~2sin2e - 2Vsineor + ,ir2] rda'dl' (B.3) 

J 0 0 . ' . 
, ;', • 0 

.. when or > Vsine, W is positive. 
1 " 

t' 

~arranging ~B.3) ,gives 

, \ 
1 "2 l 1 , ;, 

\ ' . 
\, \ . , 1 IRI21T 

~ , W = ! pcCo ± V (! -'2 cos2e) 

o 0 ' 

2~SI noo; ,+ 02:~, rdo, dr 

' ... (B.4) 1 

\ , , 

\ 
\ 
\ 
\ 

, , 

. 'Be~ause of t,he change of sign of the integrand, thé integration 
- " 

with respect ta e 1s done first and in two parts: 

- \ 

\ 
\ . where ~ 

when nr < V \. sino, = f-
'l'" \' ,. , J 

="1 when Qr- > V ., 
o 

fter re-arranging 0 
" , 

'w = hCCD ( r( f + il;2) 401 ~ ~2sln;âl + 8vor::so1
1 rdr , 

)O~ , ' .~ 

; g1ves '1 

,. 
'" 

\ . 

'" , ), , 
\ 

, .•. (B.5) 

r\" 
\, 

Î 

'17 

) 
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Putting 'z = ~, :. dr = Rdz 

wherè 
6
1
, = sin-l~'Àz . whe'n;z '< l, 

= t when À'Z > 1 

Equa~ion (B.7) is integrated in parts: 

\ 
After" re~rr~ng'tng , \\ ' 

l e < 

(2e1 z dz = ~ + t f~ -~ 1 .Jo 4Â . Â 

the, term in the parenthesi~ b~ing applicable when 'Â >.1. 
(/, 

f 

., 

.' 
. \ 

, (B.S}' 

: . 
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lf/2. . 

= ~ J ~lSln2e,;, t Si~4eJ d~; + .~~ Tl oC ~}. 
o ., " . l' 1 ~ , À> l 

After reàrranging 'and integrating we get 

J~:2èldZ'= ,::2 + ~ [1 i ~ 1 
-;0) Il 

tha last term in the pare~thèsis bejng àpplicable w~en À>l 
, 

Thi ~d Integral: 

1 
1 • . \ 

/" 

- 1 

'. 

/" • l' 

: 

'~ 
(8.9) 

(8.10)-

• 
" 
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\ 

= ~2 _ 2'- \ cos4e.1 de-1 

1,- 0 " 
, _ 'If \ 

-27 -~ \ 
\1 

(B.l1) 

Summing up the resu1~s fro~ eq~attQns (B.8), (B.9), (B.l0), and 
~ - \ 

(B.11): \ 
\ 

W = 1 pC ~2V2 r(l,. +- 5. _ • \+ L) 
2" 0 ~ ~ 16), 2 a;! \ 2;2 

, ' 1 1T>. 2 ( 1 \ 7l ' 
~ t À \ 

~ l JI +"2 1 -:4), tI 1 

where the ter in parenthes1s is app1icab,e ohly ~hen 'À > 1. 

\ 
\ 

,\ Final1y rearra~ging 

-:2)( 1+ ~)IJ ' 
i . \ 
~he last terfu in parenthesis being applicable when À > 1.: 

Powe'~, P = ~~o for tI struts. 

Hence t 
âCp = P 

~ pV
3
A 

= NWo 
1 3 ! pV A2Tf 

~. 1 

the laft tenn -in par,entnes"ts befng appl icable when " > l. 
- 1 

1 
, . 

è 

, 

(B.12)' 
'-, 

. 
c 

(B.13) 

. 
/ " 

• 1 


