
'l'HE ZL.lXTROI~:iliGl-lli'I'IC PROPERTI.:.;;S 01•' üPB' L'ACLL-'l'Y.l?E -·--· 
Dl.J.!:LLC'l'HlCS lil'.L'H Rl1GULAR Am 

IRFfuGULAR STRUC'i.'ULiliS 

by 

H. J • .i?eppiatt 

A the sis subJ1li tted in partial fulfilment of t.he 

r equirements for the degr ee of J..Jocto r of .l:'hilosophy 

to the .J:"acul ty of uraauate Stuà.ies e.nd Hesearch, 

lhcGill Univers ity • 

.!!;aton bl ectronic s .:.{esee rch Laboratory , 

1\ilCGill university. 

Augu s t 1953 . 



Tl>.llLE OF CON'l'.;!.l"'I'S 

:Page 1~0. 

ABSTRA.GT • • • • i 

ACKNŒiLEOOEi'iill\fTS ii 

LIS'T.' Qiï' SYlviROLS . . . . . . . . ~ iii 

1 I.NTRODUCTI ON • • • 1 

2 THEORY OF ARTH'ICI.AL DIELECTRICS • 5 

4 

5 

(?:1) 
(2:2) 

( 2:3) 

( 3:1) 
\3 :2) 

(3 :3) 

Types of Artificial Dielectrics. • • • 5 
Simple Theory of O~stacle Type Artificial 
Dielectrics. • • • • • • • • • • • • • • • 8 
Interaction Theories of J~tificial Dielectrics 12 

Description of Apuaratus • • • • 
Propagetion Const::::rts and "'J.,ave hipedances in 
Rectanr;ular v;a'7egui des • • • • • • • •• 
Theory of the Short circuit-Open circuit 
~easuren~nts • • • • • • • • • • 

20 

20 

23 

33 

Homogeneous Isotropie Dielectrics. • 37 
Homogeneous Ani sotropie Dielectrics. 40 

. . . . . 47 

(4:1) Experi mental .i!:rrors in the Short circuit-Open 
circuit i~Ieasurenients • 47 

(4: 2 ) I .. ccuracy of Sar1.ples. 55 

E::ŒZRH!:i!:NTiU. RESULTS • 

(5 :1) 
( :- : 2) 
(5:3) 

Alumirum and Ccpper Powders in ~·iax • 
Aluminum Di s c Array in ~vax • • 
Aluminurn Di sc Arrays in Polystyrer..e ••• 

59 

59 
63 
68 

6 CONCLUSIONS . . . . . . . 84 

APPENDIX A ••• 87 

1\PPETŒ IX B .. . . . . . 92 

BI'tlLIOGRAPRY • 95 



i 

Abstract. 

It 1-J.as been chowr quantitatively that t he diamagnetic 

effect of lare:e fle_ke-like metal powder dielectrics is smaller 

ttan predicted by simple theories. 1.~easurements v:ere mad e on 

regular arrays of alur.ünum foil dises of uniform circuler 

contour in an a tt m:vt to i solate the nillin cause s ·:>f this eff8ct . 

To do this the theory of the Short circuit - Open circuit 

;:ave gui de t ecluli que was enlar.:.;e ci in scope to treat certain I1te dia 

of electric and mag:netic anisotropy. Experimental values o f the 

permeabili ty, dielectric constant and lo s s tengents of the di sc 

arrays v:ere obtained. It was found t hs.t the metal pov,rder 

dielectrics e >Jübit small dieme gn e tic effects because of the 

interaction betv.e en p2rticles of a oproximc tely circul a r contours 

and b e cau se of' the sr~all Ïi:':lgnetic polarizabili ties of the more 

elongated particles . A pra cti ca l procedure for e stü;.eting t he 

ex:oe rimental erro r s in the measured electric and magn etic pararnet ers 

h a s be en given. 
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LIST OF SYlviliOLS 

= rectangular waveguide dimension. 

= real part of fid. 

A, A1 , A2 = symbols introduced for convenience in the discussion 

of the theo~y of the measurements (see equation (J:J:B)). 

= lattice structure correction terms. 

~ = rectangular wavep,uide dimension. 

= imaginary part of ~d 
_.. 
B = magne tic induction. 

= symbols introduced for convenience in the discussion 

of the theory of the measurements (see equation (3:3:7)). 

c = the velocity of electromagnetic waves in free space. 

è = length of the dielectric sample. 

~ 

D = displacement vector. 
...... 
E = electric irtensi ty. 

E = inverse standing wave ratio. 
0 

f = frequency. 

'F = vector potential. 
...... 
H = magnetic intensity. 

I I = weveguide currents analagous to ordinary transmission 
(pq), [P qJ 

line currents. 

j = J-1. 

ke = dielectric constant. 

km = nernieB.bili ty or relative permeabili ty. 

kè = dielectric constant of the sunr orting medium. 
Il 

k - · dielectric const.Bnt of the obst ar"!les. e 
-' 
K = wave number vector. 

L separation between the plates of a 111aveguide medium. 
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.... 
K magnetization vector. 

n = refractive index. 

N number of particles per unit volume. 

p = electric di pole moment. 

~ electric polarization. 

R = radius of circular dise. 

S = spacing between dises (see Figure 7). 

s1 , Sn:, TI, TTI = numerical values of quanti ties obtained from the 

measured values of the po si ti ons of the first 

minima and the inverse standing wa ve rati.os. 

= T functions used by Schelkunoff20 • 

1T, vT = transfer coefficients introduced to represent coupling 

between the propagation modes of waveguides. 

U = scalar potential. 

V1 = scalar potential. 

Vlpq)' V[pq] ~ waveguide voltages analagous to ordinary tranrunission 

line voltages . 

X ~ distance f rom the Sê:mple to the first voltage minimum. 

Y(:rq) ( st), etc, = transfer admittances i ntroduced to r epresent coupling 

between the propagation modes of waveguides. 

z(pq)(st)' etc., transfer impedances introduced to represent 

coupling between the propegat ion modes of waver:uides. 

Zki = characterist ic vvave impedence in a dielectric filled guide. 

z = ko 
characteristic W8ve ir; ~pedance in an emp+.y guide. 

z~n ~ see page 33. 

'7 
""'ki2 = see page 33. 

Zki[lOJ = characteristic vvave im.pedance for the TE[lQl mode. 

zt t ermination imuedance. 
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Q.e = electric polarizabili ty. 

Ci. = magne tic polarizabili ty. m 

~e' l3m :::; 11apparent n electric and magnetic polarizabili t ies. 

j30 = propagation constant in an eropty guide. 

)j_ = propagation constant in a àielectric filled guide. 

Y; = propagation constant in an empty guide. 

'Ç1 , }j: 2 = see page 33. 

f = complex permittivity • 

.6X = distance bet ween the t wo t wice minimum power positions in the 

standing wave patte rn. 

) .,. = free space Vi-a velength. 

}..0 = eut-off wavelengt h . 

ÀCl'l. ' } .. cro 
b :-:> 

guide wavelength in dielectric filled and empty gui de . 

"f = stream funètion. 

rr = stream function. 

Xtw) = eigenvalues corre spond i ng to the T functions. 

w = aneular frequency. 

~ = complex permeability. 

9, 91 , G2 = symbols introduced for conveni ence in t he discussion 

of the theory of the measuren~ent s l see equation U: 3 : 8 )). 

~' ~1 , ~2 = symbols introduced fo r convenience i n t he discussion 

of the theor'J of the measurer.tent s lsee e qua tion (3:3:7 )). 

t anù e, t anbm = electric and macnetic loss t angents. 

. l'tan~ = t he total l o ss tanrent •• 

:A • • R~lther t ':tan deviate f r om stm lard notations, i n a f e':: cases 

a symrol is u sed t o reorese~t more t han one CJUantity . No 

confus.i..on nhould arise since the .:mrticular representations 

are ma de clear i n the cor+.ext . 
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Cbapter 1 Introduction 

Ever since the realization that optical techniques might lead to 

important developments when applied to the microwave re~on of the 

electromagnetic spectrum, the search for a low loss, light weight dielectric 

bas been intensive. The dimensions of lenses, prisms, etc., at these 

wavelengths must be large in order to avoid diffraction affects and to 

produce the required phasechange. For example, a typical lens a.t a wave-

length of 3.2 ems. with a refractive index of 1.5 would have an aperture 

diameter of about 3 meters and a thickness of about 20 ems. If it were 

made of glass or polystyrene ' its large weight would present many difficulties 

in most practical applications. To avoid these difflculties W.E.Kockl,2 

developed two types of "artificial dielectrics". The firs t was made of 

parallel metallic strips separated from one anot her by a distance L. The 

focussing affect arose by virtue of the high phase velocity between t he 

plates which act as waveguides. The refractive index is given approximately 

by the relation 

where f is the frequency and c is the velocity of light in free space. This 

shows tbat the dielectric exhibits dispersion to a marked degree, a property 

undesirable for wideband applications. The second dielectric consisted of 

a reguYar array of metallic abjects supported in space b~ insulating material. 

Each abject polarizes, both electrical ly and magnetically, in an electro-

magnetic field. A simple analysis of such an array shows that the refractive 

index is given by the relation 

n = ~~l + UeN ) (l + CiraN ) 
where N is the number of objects per unit volume and am ,ae are the 

magnetic and electric polarizabilities respectively. Here, again, diffraction 

effects occur, but only when the spacing between the objects is of the arder 
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of a wavelength. Also, resonance affects are present if the dimensions 

of the object are comparable with the wavelength. The construction of 

a lens free from such affects at the shorter micro-wavelengths would be 

impractical. 

J.A.Carruthers3 has recently developed an artificial dielectric 

material consisting of small aluminum particles randomly embedded in a light 

weight insulating medium. Such a material should not exhibit the troublesome 

diffraction and resonance effects of the dielectrics of Kock1 s. 4 E.L.Vogan 

has investigated the properties of these Aluminum Flake Dielectrics in a 

waveguide by ·~he Short circuit -Open circuit method developed by W.B.Westphal5. 

Since he found that the diamagnetic effect was small, most of his investig­

ation was concerned with the electric properties. Carruthers has attempted 

to explain the small diamagnetic effect from a consideration of the-finite 

conductivity of the partiales, all previous theories having been based on 

the assumption of infinite conductivity. He concluded that aluminum flake 

particles of thicknesses of the order of skin depth or less would not exhibit 

diamagnetism. 

The work which this thesis reports was done principally to gain a 

better understanding of the magnetic properties of the dielectric. First~ 

an investigation of thick aluminum and copper particles embedded in a wax 

medium was carried out to determine whether Carruthers' theory gives a 

complete explanation of the small diamagnetic effects. A simple but effective 

method of making homogeneous samples was devised which produced consistent 

and more accurate values of the electric and magnetic parameters. 

A quantitative interpretation of measurements of randomly positioned 

and or.iented partiales with sizes and shapes which vary over wide r anges 

is obviously not possible. For this reason a series of measurements on 



v 
\' 

- 3 -

regular arrays of aluminum dises of uniform size was necessary. To make 

the mefisur·elilents,the Short circuit- Open circuit ws.veguide method, which 

considered only isotropie media, ,,as extended to apply to anisotropie 

electric and !;tagnetic media by the use of Schelkunoff 1 s Generalized 

Tele--sraphists Equationi9. Because of errors associated V;i th the Interface 

Probler::, measuref;i.ents for two orientations of the anisotropie medium are 

required fol' the ace urate determination of the complex pem.i tti vi ti es and 

permeabili ties. The theory of this measurement has not previously appeared 

in the literature. 

The measurements of the thick aluminurn and copper particles in a 

wax medium indicate that the diamagnetic effect i s still small. Renee, 

Carruthers 1 explanation of the absence or the d.iamagnetic effect which 

applies only to thin particles is not complete. 'l'he simple theoretical 

express ions ro.,., ~<ekm, ke "'nr 1<-Tfl "''"'"~"eP, ,.rith the exoerimental values for 

the altuninum dise array samples when the dises are not too close to one 

another. From this i t is eoncluded that the expressions for the polariz­

abilities are cor·reet, tbat is, that the;r are 'lot modified by the effect. 

of the fini te conductivity of the obstacles. Hovrever, when t he dises are 

closely paeked! the experimental vRJ.ues devi ~:,te r-adically from theory, the 

values of km beinf, closer t o unity than predicted. Renee , i t appears that a 

complete theoretical explanation of t he small mae;netic ef:t'er::t will result 

from a ri ,q;orous r::onsid.eration of the inte r action betwP.Pn t he obstacles. 

Rec ently C .Flarnmer 17 ha s cDlculs.t eë. the propagation const ant in an infini te 

array c:f metallic obje-::"'".f by <'n extension of the Seitz-Slat er cellular 

method used in S')] id State T11~~ry. T':r- r es'1, t is not exoress i ble in analvtic 

form and . es yet, no numericel re.eult;s he.ve been r enorted. f'or cor:tt'ari son 

with the values obte ined in this 'NOrk. 
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The expresc.ions for the electri~ and magnetic parameters in terms 

of the positions oi' the first minima anà. tbe voltage standing wave ratios 

obtained fro_:-: the Short circuit-Open circuit theory have been revised, 

thus resulting in a considerable reduction in the nwnerical ca.lculations. 

Alm, becauPe of the se revisions, compara ti vely simple express i ons for 

the errors involved '1.re obtained. 
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Chapter 2 Theo~ of Artificial Dielectrics 

2:1 Type~~f Artificial Dielectrics 

Although there are various kinds of artificial dielectrics in use 

at the present time, they may be classed in either one of two groups 

according to the malli~er in which the phase change is achieved. One of these 

groups may be called the waveguide or metal plate dielectrics. They were 

' 1 6 7 developed independeutly by Kock, Rust and ~tuetzer ' ' • It is well known 

that when an electromagnetic wave passes between two parallel metal plates 

spaced a distance, L, apart, the phase velocity is increased to the value 

v = c/ n - (c/2Lr)2 

where c is the phase velocity in free space and f is the frequency, thus 

resulting in a refractive index given by 

n = ~1 - (c/2Lf)2 • 

In a lens these metal plates are made to suitable contour s and are equally 

spaced side by side. Such lenses are lighter and less expansive than those 

of glass or polystyrene with the same properties. The principle disadvantage 

of lenses made of this medium arises from the fact that the refractive index 

depends explicitly on the frequency. Kock bas observed that lenses having 

large apertures (in wavelengths) have very serious bandwidth limitations. 

Also, the lens action is restricted to one polarization. 

In 1948 Kock2 proposed artificial dielectric materials which did 

not suffer from the serious limitations of the waveguide media. It is this 

group of dielectrics which will be discussed in the res t of this thesis. These 

materials consist of metallic obstacles supported in a regular three dimensional 

array in an attempt to simula te the crystalline l attice of ordinary dielectrics. 

Each particle becomes polarized in the presence of an electromagnetic wave, 

the effect of the whole array thus resulting in a phase delay and a refractive 
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index greater than one. The analogy with the polarization of an atom 

in a crystalline lattice is not nearly complete however, since there is in 

general a comparatively large diamagnetic polarisability associated with 

the metallic obstacles which is absent in ordinary dielectrics. 

Such obstacle type dielectrics have been constructed using various 
~ 

shaped objecta supported in lattice structures in many different ways. 

Polystyrene foam has been used extensively as a supporting medium since 

it is a light weight material with negligible loss. Spherical obstacles have 

been used, but there is an upper limit to the value of n because of space 

requirements and their large diamagnetic effect. Cor~ shows that the 

theoretical limit is 1.273 and states that the practical value obtained is 

much less. Susskind9 has pointed out that dielectric spheres of high 

dielectric constant also produce a delay effect similar to that of the 

metallic spheres and that the refractive index might be made larger since 

the diamagnetic effect is absent. However, materie~s of high dielectric 

constant are usually lossy and the attenuation in such an array would 

prohibit their use. Dise shaped metallic obstacles also have been used 

extensively. Their shape is such that the magnetic polarizability is 

negli(.lble when the dise face is orienteQ parallel to the magnetic field. 

There appears to be no upper limit to the refractive index in this case 

since the number of dises per unit volume can be very large. When used 

as a lens, however, the dise ar ray displays anisotropie effects since it 

is not always possible to have the magnetic vector parallel to the face 

of the dise. However, EstrinlO has shown that it might be possible to 

design a lens corrected for these effects. 

The obstacle type dielectricshave many other attractive features 

which make them more suitable as lens materials. For example, an obstacle 
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type 1P.71S can hA matched t.o free spece by reducing the size of' t .b e obste~les 

at the surfaces, thus fornùng a qucr•ter 1;Jave matchir.J; devi::!e. lùso, the 

refract.i ve index: mey be made a fu net io-n. of pof"i ti011 by var yin'; t h") si 7~ of 

the ohstacles or hy a continuons chBn.Q"f.' of the lA-ttice liin:ensirms. 

The:re cre tvw m·1jor re •JU} :rements t.Lat e:r8 ir::po2c>d or the l att.ice 

Jr,edium. which make their cc'1strèwtion i . .prectical for use at the shorter nticro­

\';l~velengths. li'irst, the lattice sracing must be much less +.han < wavelen~jth 

to avoid diffraction effects s1rülar t.o those wttch occur in ordinary {li e lectri cE 

11t X-ray vvave.lengths. 'l'he other reo_uireme'1t !-"laces ";!. limi t<>.tion of' the size 

of tl ce C'"stecles wi +.h ree" ect to t he wavelength. .Any mAt.allic C'':lject has 

2ssociated with it E9.tur!'!l n~odes 0f elec-+;roma :··netic oscillat ion wi t h 

frequencies 1::hich are related to the size and shape of the abject. Hence, 

anomalons dispersion occ·-~.- v11hen th~~ f'requency of the ~~~ -1. i 0" f'~ n(' +-r>or,~: ··netic 

•·i -'-} the lo·:.!eP+. -- ~+t•ral fro r~uency is of the crder of the dirr.ensi ons of 

the obstacJ.e, in which c:ase t.he dispersioTJ is not noticable when the 

v:avelen~Sth o :' t he applied Y;ave i s :lluch gree ter +.ha n the obs+.~'cle 'l 'me:r don:-;. 

B"r.e.use o.D th :;sP rest.,.; (' ti ')ns i t is doPbt.ful +.hat a Jens cou ld be 

b•.t:Jt fo r .,_.,CJ.vel "l~"-ths belo --J ": .5 ems. T_l-,e '.'TBi1·ht and t.hP nu.mb'3-r> C'f ')h:tacles 

·.r'.']d h ' : ] r>:r-{?'e 3 !lè t !lf' rr:.ech.'lr ica.l è.i "ficult ies jr. l)lP-.cin,:_s "" . .rem ir a 

regulP. r a rr.:-.:;· v;oul<'- be ~reat. 

C:'-:::·ruthers suP,r;est.ec' t hRt the o hs+.'-'cl e s need not nec0~SB.,.il;r b'3 

p l e.ced in a l a tti <·e and +.ba t to l'l.Vo i d diffrac+,j o."' end unomal~nP ôiP.persion 

the Obs t acle s r·culd be !:":malJ met EtlJ iC nerticJes SU8t 3. S those USed in raints 

l\ieasuremP:rts made b:-r V,y an4 on f l Fke-like aluminum par t.icl e s embedded in 

wa x indica t.e that hi ~h •:Elues of refr a c t ive index c an be o bts.ir.ed. iùt.bou r;h 

'Sr~(' diel '?ctric cons t. ent of these r endonùy ":."'ienteéi. p s.·:+icle s ·:l.ich resembled 

c1i s e s more t.her any ·îthe r simpl 0 r' eomot.ri~ 'ô' ] . fi w .re , i '1c-reesf;d almost lirearl y 
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with the mass of the particles per unit volume, the permeability decreased 

very little from unity. Actually, he did not measure any permeabilities 

less than 0.900. Wax, of course, cannat be used as a supporting medium 

for a lens. A light weight artificial dielectric was made by mixing 

aluminum povider in an alkyd resin foam with some success. However, the 

resultant dielectric was slightly anisotropie and the lasses were excessive. 

At the present time researcb workers at Dow Chemical Company are attempting 

tc place the aluminum in polystyrene foam to lower the losses inherent in 

the supporting medium. 

2:2 Simple Theon of Obstacle Type Artificial Dielectrics 

The simple theory of obstacle type artificial dielectrics is based 

on the assumption that there is no electromagnetic interaction between the 

obstacles, bence it will be referred tc as the No-interaction Theory. It 

is diffieult tc say at what lattice spacing this assumption is valid. 

However, a simple calculation shows that the dipole field set up by a 

metallic dise in an applied electric field is as little as one-twentieth 

of the applied field at a distance of twice its own radius. At distances 

smaller than this the dipole fields increase rapidly and the interaction 

î·s probably not negligible. This No-interaction theory also requires 

that the obstacle size is much less than the wavelength. Only in this case 

do ke and km have any meaning either theoretically or operationally. For 

example, suppose the dielectric constant of an array of obstacles of 

dimensions greater than a wavelength is tc be measured at 9370 mcps. In 

arder that the measurement may be made, the dimensions of the apparatus, 

for example plane parallel condenser plates, must be much less than a 

wavelength, in which case the comparatively large size of the obstacles 
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would make the measurement impossible for mechanical reasons. However, 

the refractive index does have meaning even though none can be as sociated 

~r.Lth ke or km, and it could be determined by measuring the phase delay by 

the free space mE!lthod. Nevertheless, this is not an important restriction 

on the theory since the obstacle size of the dielectrics of interest must 

be much less than a wavelength to avoid resonance. 

According to the No-interaction assumption, each obstacle in the 

array polarizes under the influence of the fields, the polari~ationsbeing 

linearly dependent on the applied fields. In the electric case P, the 

polarization is given by the relation 

P = ~oaeNË 

where Ê is themacroscopic field, N is the number of obstacles per unit 

volume and u.e is a constant with dimensions of volume which depends on the 

shape and size of the obstacle. ~e is defined by the relation 

where p is the dipole moment of the obstacle when placed in a uniform 
.... 

applied field, Ea• ~e is called the polar.izability of the obstacle and is 

usually obtained by solving Laplaces Equation subject to the boundary 

conditions at the surface of the obstacle and at large distances ,,~here the 

field is uniform. This st.atic solution does not differ from the quasistatic 

one if the conduotivity of the abject is infinite. ae is 16/3 RJ for a thin 

circular dise of radius R if the electric vector lies in the planw of the 

dise and zero if it is perpendicular. This r esult can also be obtained by 

examining the electric dipole radie.tion scattered by the dise for wavelengths 

greater than its dimensions. If the obstacle is embedded in a dielectric, 

the new expression for the polariza.bili ty is simply the polarizabili ty of the 

abject in free space multiplied by k~, the dielectric eonstant of the 
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supporting medium. In this case the polarizstion becomes 
... -
P =ék 'a. NE o e e 

Using these expressi<?ns for P along wi th the definition of the displacernent, 

the dielectric constant is 

when the obstacles are supported in a medium of dielectric constant unity and 

k8 = k~(l + o.8N) 

for a dielectric medium. This latter modification, although not obvious, 

bas been justified in a recent report by H.E.J.Neugebauer11• 

Satisfactory theoretical explanations of magnetic effects in ordinary 

magnetic rnaterial~t are usually based on a microscopie theory of matter, bence 

on Quantum Mechanics. Diame,gnetic effects in such materials are extremely 

small and very accurate expe:dmente.l equipment must be used to measure 

permeabilities different from one. However, the diarnagnetism of obstacle 

type dielectr:las has its origin in current loops of macroscopic size end 

the corresponding pennee.bilities might be rnuch less than one. This is a 

decided disadvantage in the delay-type media. If an arre.y of obste.cles is 

pla.ced in a magnetic field varying sinusoidally with the time and if the 

interaction between obstacles can be neglected, the No-intere.ction expression 

for the magnetization is 

... 
where H is the macroscopic magnetic intensity, N is the number of obstacles 

per unit volume and am is the me,gnetic polarizability. This polarizability 

is defined by 
_. -
1'1. = a.Jla 

where ~ is the magnetic moment of one such obstacle pl aced in a uniform 
~ ~ 

magnetic field, H ; H siru;..t. Again, am depends on the size and shape a ao 

of the obstacle and i s usu8lly obtained by solving a magnetic t oundary 

value problem. In this solution it is assumed that the frequency i s large 
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so that the skin depth is small and the field within the metallic obstacle 

is zero. Even an arre.y of ferromagnetic obstacles will exhibit diamagnetism 

if the skin depth is less than the dimension of a domain. Because of the 
....... 

discontinuity in the tangential component of H at the boundary of the 

obstacle, làrge currents flow along the surface. It is these surface currents 

which produce the diamagnetic effect and the polarizability is obtained by inte-

grating the product of the loop current and loop area over the complete surface. 

Corkum8 has derived the polarizability for a sphere in a recent paper in which 

the physical si tuEtion was made cler r. The polarizabili ty f or a circular 

dise of r adius R was found by Estrin12 to be -8/3 R3 when the dise is perpend-

iculc.r to the magnetic _field and zero when parallel. He considered an oblate 

spheroide.l metallic obstacle and by a sui table limi ting process obtained 

an expression for the currents on the surface of a dise. From this the 

expression for the polar i zability was evident. All derivations were based 

on t he assumption that the obstacles are perfectly conducting, although Estrin 

suggests a means of extending his solution to the case of finite conductivity. 

If the expr~ssion for the magnetization is substituted into the 
-' ~ ....... 

rela tion B:: tJ.0 (H + M), km is given by the relation 

km = 1 + <lrJ'T .. 

The r efractive index, n, i s obtained by t aking the squar e root 

of the product of the dielectric constant and the permeability, thus 

n = ( 1 + a: eN) ( 1 + y) 

uhich must be modified in t he usual way to give 

n = V k é ( 1 + 0.6N) ( 1 + o:.mN) 

f or a diel ectric suppor ting medium~ 

It was ment ioned the,t circuler dise obstacles have dif f er ent properties 

f or different orientations with r espect to the fields. Thus both the dielectric 

cons tant and the relat i ve permeability of a dise érray may be represented as 



2:3 - 12 -

tensors -vJi th principle axes which coincide ·r. i th the coordim)te axe s . S'lCh 

an arrey i s depi~ted schematical 1y in F:igure la ''i th the principle axes 

dra~n paral1e1 to the coordinate axes. If an electric field, E , is applied 
:x: 

in the x-direction, a displacement of charge is not possi ble and hence 

Dx = ~oEx• An electric field applied in the y and z direction re sul ts in 

similar displacenents of charge vJi th a resu1t that 11, = eEy, Dz = EEz. Henee, 

it is not po :_ sible to describe the eleetric proper ties of the dielectrie by 

means of a single conDtant but a tenso r quanti ty 

(q = (: : :) 

must be used. In a similar way i t may be seen th at the medium is anisotropie 

in its magnetic properties and the penneability tensor is 

(~) = (: ~0 :) 

If the dises are randomly oriented, the medium becomes isotropie and it 

can be sho'An ths. t the refrac tive index i s given by the relation3,4 

1j 2Na Na 
n = V(l + ~) (1 + ~) 

3 3 . 
••• (2: 2 :1) 

which is modif'ied in the usuel v;aywhen k~ is not one. 

2 :3 Intera ction Theories of Artificia l Di. electrics 

I :f the No-int.er-=:.ction e q_uations deve1oDed in the l a s t s ect ion a re 

examine d clos el y i t viill become evident th.-;;. t a medium of high refraeti ve 

index is not popsible unl ess the numb er of obstacles pe r unit volume is larp:e . 

Hmiever, if th i s is oo, the expressions fo r n a re no longer valid and theo r ies 

which attempt t o incl ude the interaction Im.lst be examined . I n t hi s section 

the physical basis a nd limita tions of the exis'ti ng theories will be discussed 

i n detai l \d th special emphasi s on tho se whi ch c P- n be a r:plied t o di se shaped 

obsta cle s. 
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Figure 1. Rectangular l.attice arrays of Circular Vise Obstacles 
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Perhaps the most useful of such theories at the present time is 

the extension of Lorentz 1 s method of t rec:tment of dipolar interaction. 

Lorentz v;as ac_are that there are two types of interaction forces betvveen 

atoms or molecules in an ordinary dielectric. The van de waal, chemical 

bonds and others which are short range saturated forces form one group 

which must be ex.plained bythe ~~uantum Theory. Because of their saturation 

properties and short range, only the interaction between nearest neighbouring 

atoms is considered. The ether type of forces is the long range dipole-dipole 

interaction forces. Such forces bsve no saturation properties and the 

field at any one atom is influenced by all other atoms or molecules. 

In his theory, Lorentz neglccted the short range interaction forces 

and proceeded to calculate the dipole interaction in an ingenious way. He 

sought an eAJJression for the field acting on one particular dipole, v;hich 

he calleCi the local field, E • This field was considered to be made up of 
L 

three separate fields by imagining a spherical region a oou t the dipole in 

question. 'l'he radius of the sphere i s such tm t the n:e di um outside appeared, 

electrically spea:dng, to be a c:Jntinuous rrhcdium rather than an array of 

~ 

dipoles. 'l'he three contributions to the field at the center are, .!:!;, the 

macroscopic field; E
8

, the field set up by the polarized charge at the 

surface of the sphere and %, the field due to the dipoles inside the 

sphere. If the dielectric is betv:een tv\lD parallel plates, 1Ê1 is V/dp where 

V is the applied voltage anci dp is the separation of the plates. Jts can 

be calcula ted by sol ving L?nlacE!s e queti on for the field inside a 

spherical cavity in a homogeneous isotropie dielectric vd.th a uniform applied 

field. This is a simple boundary value problem v.hich gives E8 = -P/3f0 

~ 

where p is the polarization. 'l'he third term is the sum of the field. of the 

àipoles in the lat ti ce array which lie inside the sphere. J:i'ortunately, if the 
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_.. 
lattice i 2 spherically symmetric it can be shawn that Ed is zero, a 

result which is alruost intuitively obvious. By using the relations 

ÊL = E -'P/.3(:
0

, P = f 0 No.J!L, and D = fo 0 keË, the dielectric constant becomes 

a:. eN 
ke = l + ~l___;;~~ -O:.aN 

3 
which, when wri tt en as 

k - l 
e 

••• (2 :3:1) 

is knovm as the Glausius-Mossotti equation. This expression describes the 

dielect.ric propertie s of gaseous and some li qui d dielectrics but it cannet 

anply to solid ëidectrics. This is due t o the negl ect of the short ran ge 

forces. 

The ahove analysis vrould s e em t o apply t o artificial dielectrics 

v.i thout revision, e special ly si nee there are no short range forces, the only 

tYPe of interaction be ing of electrical origin. .l.f the obstacles are 

e1'1'ecti v ely supported 1n 1' ree spa ce, the expr ession 1' or n bec ames 

••• (2:3: 2) 

which, again, is multiplied by kéto account f or the surrounding medium. 

Because of thl assumptions in the derivation of the Glausius-Mossotti 

equation, it appears tha t the equation cannat be a pplied to a latt ice 

structure v,hich i s not spherica l or arrays v:hich exhibit an i sotropie properties 

such as a dise array. HovvevP-r, .l:i.E. J .Neu.~ebauer13 has shown that this 

equation sti ll a}înlie s if the expression for the polarizability i s replaced by 

an "apparent" polarizabili ty, Be or Bm, v;hich incl udes the effect at: the lat -

tice structur·e and the anisotropy. .l!'or ex<:unple, in the electric c a se, kex' 

the dielectric constant a l ong a principle axes of a d i se ar ray is gi ven by 
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= NBex 
3 

where 1/~ex = Ax+ 1/Uex' and Œex is the polarizability of the obst.ade 

along the x direction. The terni. Ax_ is the lat ti ce structure correction 

term given by 

where f'k is the vector from tbe center of the 11I,orentz Sphere 11 to the 

kth obstacle and xk is the x component of this vector, the summation 

being cEœrie d out over the sphere. Similar expressions hold for the o ther 

co~onents. Physically speaking, the correction terms represent the 

polarizing ef'fect of the other obstacles in the Lorentz sphere. 

Corkum8 h8s attempted to check the Clausius-lviossotti equations 

experimentally for Rphe:!"'ical obstecles. He used the Short circuit-OnAn 

circuit method at 6 ems. in rectangular guide. The obstacles were placed 

in R cubic array and were supported in polystyrene foam. He observed large 

deviations in the measureè values of k 8 n.nd km as the selllple length was 

changed and hence could not check equation (2 : '3 :1). IR. spi te these 

discrepancies the measured values of the refractive index were consistent. 

This unusual behaviour vvas also noted in the measurements made with the 

di sc arrays in this work and i t will be di scu ssed in H la ter section. 

Corkwr1 found that the experimental value of n agreed favourably wi th the 

v~. ue given by equation (2:3:2). 

14 
Lewin has derived a method of finding the relative permeability and 

dielectric constant of a cubic array of sph8res of dimensions much smaHer 

than a wavelength. He made use of electromagnetic scatterinr, relations 

derived by Mie The final expressions are, however, the same as the 

Clausius-liiossotti equations. Nevertheless, by considering the effect of the 
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finite conductivity of the spheres, he was able to obtain expressions 

for the loss tangents. Susskind9 has suggested that the dise array 

rnight be treated in a similar fashion, elthough he adroits the mathematical 

difficulties would be great. 

An electrolytic tank method has been devised by S.B.Cohn15 for 

the measurement of the static dielectric constant of any array of 

obstacles. The principle of the method is based on the well-know.n analogy 

between displacement flux lines in space and current flow lines in an 

electrolyte. Since the medium can be reduced by symmetry considerations 

to a single rectangular cell containing one obstacle, a measurement of the 

relative conductance of an electrolytic cell model gives an estimate of the 

dielectric constant. Susskind9 summarizes his experimental measurements of 

circular and square dises and compares them with values calculated by the 

Clausius-Mo~ti relation. Large deviations between calculated and 

experimental values occur for closely packed arrays ie: -for large N's. 

Recently, an entirely new and perhaps completely rigorous analysis 

of the propagation characteristics of artificial dielectrics has been 

developed independently by several authors
16

• It is based on an electro-

magnetic extension of the cellular method of solid state physics. The 

calculations involved in the numerical evaluation of the propagation 

constante in such media by this method are extremely difficult end as yet 

no reliable results ..flave been published. It is probably trae, however, 

that any rigorous analysis would suffer from a similar disadvantage. 

C. Flamme;t-7 has be en the first to publish a paper concerned wi th a three 

dimensional structure which considers many obstacle shapes, and the principles 

of his procedure will be outlined briefly here. 

FDOm the symmetry of the lattice, the problem of the solution of the 
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wave equation for a field component is reduced to finding the Block wave 

function 

in a unit cell defined by the planes perpendicular to the lines joining 

ea~ ~attice point to its nearest neighbours. The wave function must be 

continuous with continuous normal derivative at the boundary of each cell. 

The problem then is to find a solution of Maxwell's Equations which satisfies 

the well-known bxodary conditions at the surface of the obstacle in the cell 

and is such that the field components satisfy the conditions mentioned above 

at the boundary on the unit cell. This problem has been put into veriational 

form by Flammer and the wave number vector, K, can be obtained, in principle, 

by using the vector wave functions appropriate to the obstacle in question 

as the trial functions in the Rayleigh-Ritz pro_cedure. Because of the labour 

involved in such a procedure, it bas not as yet been used to obtain numerical 

resulta. Flammer has obtained numerical data Qy a very approximate procedure 

of numberical evaluation of the surface integrals involved in the variational 

problem similar to that used Qy Slater18• In this case the conditions at the 

boundary of the unit cell are satisfied at only four points, the mid-points 

of each_ pair of faces. These results were given only to illustrate the 

general features of propagation in such media and are not compared with 

experimental measurements. Flammer has indicated that more accurate resulte 

are forthcoming. 

It was mentioned before that&ll the existing theories which might 

be applicable to dise shaped array of obstacles have not considered the effect 

of finite conductivity. However, Carruthers, in an attempt to explain the 

absence of the large diamagnetic affect in the aluminum powder artificial 

dielectrics,has considered the effect of the conductivity on the magnetic 

polarizability of a dise with a thickness of the order of skin depth. He 
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observed, that for infinitely conducting obstacles, the impedance presented 

to the emf induced b,y the high frequency field is purely reactive, thus 

resulting in a diamagnetic effect. This impedance would be somewhat resistive 

if the conductivity is finite. He assumed this resistive component is 

negligible for a dise with a thickness much greater than skin depth and 

showed that the impedance is mainly resistive for thicknesses less than 

skin depth. The aluminum particles in the dielectrics measured by Vogan4 

had thicknesses of this order and these considerations gave a possible 

explanation of the diamagnetic permeabilities close to1n1ity as well as the 

high magnetic lasses. 
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Chapter 3 .sperimental Measurements, Apparatus and 'l'heory 

3:1 Description of the Apparatus 

All measurements were taken at a free space wavelength of 3.2 ems. 

in a waveguide excited in the TE1o mode by a 2K39 Reflex Klystron oseillator. 

The Klystron was operated by a P.R.D. Type 801 Power SUpply using square 

wave modulation with a modulati~n frequency which was adjustable at around 

1000 eps. In Figure 2 a schematic diegram of the experimental set-up 

is shawn. The oscillator output was fed to the waveguide by a short coaxial 

line and an adjustable stub matching deviee was placed nearby. A 10 db 

attenuator was used to isolate the oscillator. The absorption type cavi ty 

wave meter placed before the attenuator was calibrated in terme of guide 

wavelengths. Variable flap attenuators were used to vary the power passed 

to the standing wave section of the guide. An adjustable stub matching 

section served to match into the standing wave section 1~ieh waa of hign Q. 

The standing wave detector was an accurate instrument made by P.R.D. 

A vernier scala which could be read to one-ten thousandth of an inch was 

added to the coi!IIllercially built standing wave section. The power sampled 

was detected by a 1N23A crystal and audio signal was amplified by a high 

gain linear amplifier and then rectified, the resulting direct current 

appearing on a D.C. microamrneter. The short used was the same as that 

which E.L.Vogan describes in his report. 

All dielectric samples were measured at a frequency corresponding 

to a guide wavelength,Àgo• of 4.4705 ems. To do this, the cavity gap 

spacing of the Klystron had to be adjusted to counteract the affect ot 

temperature changes in the laboratory. However, during any one measurement 

the Klystron output was stable and the changes in the guide wavelength 

were negligible. 
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The voltage standing wave ratios were obtained by the twice minimum 

technique rather than by the direct method. This is done by measurinc 

the distance between the two probe positions at which the power detected 

is twice the power at the minimum. The inverse standing wave ratio• E0 

is then given by5 

= l 

h + csc2 7r0!\X 
À go 

where 4i:X: is the distance between the two twice minimum points. The 

approxime. te relation i s valid to wi thin l percent tor inverse standing 

wave ratios less than 1/133. This technique has many advantages over 

the direct method if large standing wave ratios are measured. 1be etfect 

of the nonlinearity of the crystal power response is negligible. Also, 

this method does not require the use of a calibrated attenuator and 

hence the errors associated wi th such an instrument are avoided. In 

addition, since the probe is in the region of low field at all times 

during the· measurement, the8rrors associated w1 th the probe are greatly 

reduced. It also might be pointed out that the position of the minimum 

is more accurately determined by averaging these two probe position 

points, rather than by tinding the position of zero slope in the standi~ 

wave pattern. Using this technique, standing wave ratios as high as 500 

could be measured and the losse a associated wi th the waveguide wall a could 

be determined, thus resulting in more accurate estimates of the losses 

present in the dielectric samples. 



\ .' .. ,. 

/ 

(3: 2) - . 23 -

3:2 Propagation Constants and ïvave Impedances in Rectangular Waveguides 

It v;ill be shawn in the next section that the Short circuit - Open 

circuit method of measuring the magnetic and electric parameters of A dielectric 

can be a_uplied to certain homogeneous anisotropie medis. if the corresponding 

propagation constants and characteristic wave impedences can be found. These 

quanti ties will be deri ved in this section by making use of Generalized 

Telegr':'phist 1 s Equations obtained by Schelkunof~9 in a recent paper. 

The analysis involved in setting up and solving these equations for the 

anisotropie media of particular interest in this thesis is extremely lengthy. 

For this reason, and also since Schelkunoff considerei a gyromagnetic medium 

as an exrunple to illustrate the principles involved in the analysis, complete 

derivations v;ill not be given. However, an attempt will be r.:.ade to make the 

final results seem more plausible by first considering the simple telegraphist 

equations associated with the n~des of propagation in a rectangular guide 

filled with a homogeneous isotropie dielectric. 

The ordinary telegraphist equations of transmission line theory are 

dV = - ZI 
dz 

di = _ YV 
dz 

where I and V are the current and vol tage respecti vely at a point z of the 

line and Y and Z are the distributed shunt admittance and series impedance 

respectively. Equations l:hich are formally similar to these can be obtained 

for each of the modes of the propagation in a guide. li'or the ~q] mode (the 

square bracket will henceforth refer to TE modes) in rectangular guide the 

equations are 20 

dV [IXJ] = 
dz 

••• (_3:2:1) 
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where Y[PCl] and Z[Pq) are to be defined later. The q_uantities I[PCl] 

and V [PC!] whicr are functions of z only, J.:_ g_ve dimensions of current and 

volta~e respectively, but cannat be interpreted as s uch in any simple .manner. 

They a·re obtained from vector and scalar potentiels v;hich may be used to 

de scribe transverse electric plane waves. The scalar potential, U, can be 

introduced si n ce there is no longitudinal electric current, the transverse 

magnetic intensity being the negative o f its gradient. Also, since 

?Ey = 0 
'()y 

the transverse electric intensi ty can b e rep r esented by the curl of a 

~ 

vector F which has only a z-co~nponent, "f, usually c alled a str eam f unction. 

-In this case the curl operator oper~ting on F reduces to 

...... 
VxF 

"':''AJ. ~ = '!....c' l -
7>y 

and i s usually deno t ed by flux y.,. Both t he scalar potentiel and stream 

f unction will depend on (x,y, z), the po si tipn coordinate i n the guide. h owever, 

e a ch can be represented by the product of a function of z , and a f unction 

of x and y where t he lat t er i s a solution of the partial di ff erentiai e quation 

-i!(xy) + ~~(xy) 
ô x 2 ~Y2 

sub ject to the boundary conditions 

ë..!(oy) = 
ë>x 

= ~T (xo) 
a y 

= ~T(xb) = 
7Jy 

0 

.•• (J: 2 : J ) 

where a and b a re +he x and y dimens ions of the gui de r especti ve l y . I f t he 

eigenvalues and eigenfuncti ons are rep resented by 1_P'l] and T[PC!] (xy), 

can be written 
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u fPl] 

It. might be expected that fl[pq] (z) could be interpr eted as a voltage lJl.ich 

depends on the position along the waveguide. Also, f 2 jpqJ (z} c an be int erpr eted 

as a current similar to the current A.t a point on a transmission J .i.ne. Hence, 

writing 

fl(pq](z) =-V[pqJ ( z) 

r 2 (pq](z) =-I[pqJ ( z) 

equations (3: 2:4) and (3 :2:5) become 

U [Pq) "' - V [Pq] . T [P1] 

~pq) =- I (Pq] • T [Pfl] . 

It i s not dif f'icult to show by i'fJaXWell 1 s equat ions that I [pq] and V ~N] 

defined in this way satisfy the telegraphist equations, (3:2:1) and (3:2:2) 

if 
••• (3:2 :6 ) 

and 

A solution of the f or m 

v 
(P'l] 

v:here r and ~ a r e const ant amplitude f a ctors , i s obt ained i f 
[Po] [r l] · 
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For a TE [lO] mode the expression for the nropagat.ion constant becomes 

r;(lO] = :;: 

2 2 
sin ce xf)..o] =: ~ 2 • 

c 

The characteristic wave impedance Zki [Pq] can also be obtained from the 

telegraphist equations by the well-known relation 

If scalar and strerua functions V' and II are introduced to describe 

the transverse electric and magnetic intensi ty of TM: modes, equations of 

the form (round brackets surrounding subscripts will henceforth refer to 

TM modès) 

2 
dy(pq) 

= - (jWH ~1~)) l(pq) dz 
••• (3:2:8) 

di ( ) 
- jW' V(pq) - pq = dz 

e.re obtained villere V(pq) and l(pq) are related to the potential and 

stream functions in the followin~ way: 

= -

= -

T(p'1) (xy) 

T(pq)(xy). 

T(pq) is a solution of e quation (3: 2 :3) suhj ect to the boundary conditions. 

T(oy) = T(ay) = T(xo) = T(xb) = 0 

Also, by solving thi s problem, the eigenvalues JC(p n ) a re obtained. Th en 
' 

the propagation constant and charac t eristic impedance can be derived in a 

manner simile r to that outlined previously in the transverse electric case. 
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To summarize, the system of equations 

= ••• U; 2:10a) 

di (pqJ = - y fPq] v 
dz (Pq) 

••• (J: 2 :10b) 

dV (Pq) = - z (Pq) I (pq) dz 
••• (3:2:10c) 

~ tJq) = - y (Pq) v(pq) dz 
••• (J:2:10d) 

a long wi th the T functions can be used to descri be completely wave propagation 

in a homogeneous, isotropie, dielectric filled, rectangular guide. 

The problem of wave propagation in an anisotropie medium bounded 

by perfectly eonducting guide v'all s v:ould b e extremely difficult if attacked 

in the eonventional way, that is, as a boundary velue problem. The auproach 

used by Schelkunoff, although auite mathematical, was motivated by the 

follm,ing physical reasoning. From eauations (3:2:10) the eleetromagnetic 

bourdary value problem for a homo~eneous isotropie medium can be transformed 

into the problem of the soluti on of an infinite se t of independent ordinary 

differential equations resemblinr; the familiar telegraphist 1s equations. 

Each e auati on corresponds t o one or the modes of p1·opagati on in the guide . 

If any irregularity is i n trodueed into the guide, coupling may arise between 

some or all of these modes and tbe solution of this new problem is obtained 

by a judicious e ombinati on of the uncoupled normal mode solutions. This 

ensures tha t the boundary condi tians at the 1.ïaveguide walls are satisfied . 

The irregulari ty may take the for.m of di scontinui ty in the guide or an 

ani sotropy in the dielectric . In terms of the transmission line analogy, 
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this coupling may be represente d ly distri buted transfer impedances and 

admittances (or transfer coefficients). Renee, the Generalized Teleg!·aphist 1 s 

Equations take the following form if tensor notation i s used. 

dV~P ) 
z(p~)(st) I(st) z~pr) [st] I [st] 

_ __ q 
= - -dz 

- vT(pq)(st)Vlst) - VT lp q) l}3tJ V [_st] 

••• \3:2: lla) 

di 
(pC1) = - Y(nq) (st)V(st) Y(pq) [stJV [stj dz 

I 
- T(pq)(st)l(st) -

I 
'l'(pq) ~tJI {.Sid 

••• \3:2: llb) 

dv 
_IpqJ = - z (Pq] @tj I [§t] - Z [Pq] lst)I(st) dz 

y - v'l' [llq] ~tJ V [pt] v,1'[_Pq] ~st)V(st) 

••• lJ:2:1lc) 

di 
_[pq] = - y f.Pq] [st] v rs~ - y(PqJI.St)V(st) dz 

- IT (pq] [st] I (.st] - I,1'[pq] l.st)I~st) 

••• lJ:2:lld) 

where p,q,s,t, take on positive inteeral values. Hy making use of relations 

between the I 's, V 1 s and T 1 s end the electromagnetic field component s, 

and wi th the help of the ivia:X:vl'ell' s Equations, ::ichelkunoff obtained expressions 

for the transfA.:r coefficients jn the form of integrals involving permeability 

and nernüttivity tensor components andd3rivatives of the T(xy) functions. 

For the general anisotropie medium these coefficients are extrerllely 

compliceted. Sche7.hmoff treAts the case of a meditun isotropie in its 

dielectric propert.ies, but wi th ferromac:;nctic properties characterized 

hy the tAnSO"':.' 
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= 

He shows how the propa~ation constant for the Tl'~ [lü] mode is modified 

due to coupling wi th the TEfOlJmode. Also, if the mutual permeabili ty, 

~l' is zero, he shows that tbere is no coupling, the only modification 

being a cr_ange in 'D.o]which is 

V"' .w ( l l. E- - j.!. ).._~) 1/2 . 'üol= J-· ~ 
c J..l.ofo i-L~c 

One of the anisotropie media of particular i ntere st here i s that 

characteri zed by the tensors 

(€-) 

where f 0 and ~0 are the permi tti vi ty and permeabili t.y of free space, 

respecti vely . Such is t he ce.se for a dise array medium i n which the 

dise faces lie parallel to the yz plane (se e Figure la). The z axis 

coincides with the p ropa:;at ion direction of the wa veguide . The 

derivat i on of the transfe r coefficients for this medium follows closely 

with that of the special case treat eo by Schelkunoff , bence it will 

not be g iven here . It m.ight be mentioned , hovvever, Uat t he i nt egrals 

involved are r;omev,hat differ ent . The coefficients VT(pq )( st ) .•.•. , 

1T (PqJ ( st) are all ze ro a.nd t he trans fe r impedances and admittances 

are given by the foJlowin~ rel ations : 
2 

2 (pq )( st ) = jWlr2 ( t qi-J. + ps!J.o) + 
~) 

if p = s 
)((pq_ )X( st) a2 b2 j<.ù ê t = q 

= 0 for all other ca s es . 
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0 for all other cases. 

= 0 for al1 other case s. 

y(prt} [stJ = jwrr2 ( sqf - pt~o) X Y. ab \pq) "1.St] 

= 0 for all othe r ceses. 

Z fp cJ [stJ = 
iWrr2 

= 0 for all other cases. 

= 0 for all other c~ses. 

y[pq] [stJ 

0 for al1 o~her cases . 

= 0 for a11 other cases. 

if 9 = s 
t = q 

if p = s 
t = q 

if p = s 
t = c 

if p = s 
t = q 

if p = s 
t = q 

if p = s 
t = q_ 

if p = s 
t = q 

If the TE [lQ]mode is propagated in a guide fil1ed with thi s anisotropie 

medium, t he only non-zero coeff icients appea ring i n the 1a st tvJo 

te1egraphist equations a r e 

y [10] (10] = y [10] jWE- + 

B. nd Z [10] [101 = Z [10] = ju:tJ. • 

by comparison with equations (3: 2 : 6 ) and (3: 2 :7) it is seen that only 

the second term in Y (lO] i s changed , the ~ being replaced by 1-i-
0

• 
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Since there is no coupling with the transverse magnetic modes 

the last two telegraphist equations 

~~[10] 
dz 

dl t).O] 
dz 

= 

= - ( jWE + ~\oJ \ v [10] 
JL4-Lo 

are independant of the first t-wo and can be solved hy asswning a 

solution of the form 

A 
exp(~ {lQJ z), v [10) = v 

[10] 

I [10] = " 
I [lo] eXÇ>( ~[101 z) • 

This solution gi ves 

(p.o] = 
2 

since )(l).o] =~ The characteristic wave i mpedance Zki (lO] 2 • 
Àc 

defined by 

Zki[lO, = 1~ then becomes 
J ~~· 

2ki[lO] = 

It will be seen in Chapte r 5 t hat in arder to deter mine accurate 

values of the electric A.nd rnagnetic parameters for the dise array it 

wa s necessar y to take measurem.ents f or two different or-ientations of 

s e.mple in t he guide. One of these i s the one considered above . The 

other is that for which the planes of the dises coincide with t h e 

xy plane. By referring to Figure lb, it is easil;r seen that in t he 

latter case the tensors (€) and (~) become 
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Again, for this case the transfer coefficients vT's and 1T 1s 

are zero and the only non-zero transfer i mpedances anà admittances 

are 

z(pq) (st) 

y 
(pq)(st) 

if 

= 0 for ail other cases. 

= + jW€ if s = p 
q = t 

= 0 for all other cases. 

Z = + j~0 if s = P 
[pq) (.StJ q = t 

= 0 for all ether cases. 

s = p 
q = t 

Y = + (jw~ + ~) 
[pqJ [st] J""1"" 

if s = p 
q = t 

= 0 for all other cases. 

Thus, as before, the last two telegraphist equations do not contain 

any coefficients villich couple them iüth the corresponding equRtions 

f'or the transverse magnetic modes. The equations for a TE[lOJ mode 

become 

dl Q.OJ 
dz 

=- (jw~ + .inoJ) 
j<4J, 

~ain, assuming a so l ution of the form 
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I [10] = Î 0.0] exp( ( [lOJ z) 

the expression for the propagation constant becomes 

\./"' jwë ( !o ri [10) = c;-

1/2 
!-loo }..2 ) . 
1.1. }..2 

c 

The characteristic wave impedance obtained by taking the square root 

of the ratio Z[lOJ/Yn_oJ becomes in this case 

zki [loJ = jüJ.Lo 
YinoJ 

In order to distinguish the propagation constants and characteristic 

impedance for this orientation from that of th e previous, the subscript 

2 v·i ll be substi tuted for the subscript (10]. The suhscript 1 will he 

used when referring to the p!>evious orientation treated. 

3:3 Theory of the Short circuit - Open circui! lvleasurerœnts_ 

The measurement is based on the fact that the input impedance, Zb, 

near the generator end of a section of a dielectric filled waveguide 

can be expressed in terms of the distance from the dielectric to the 

f i rst voltage minimum, X, and the inverse standing wave ratio, ~' both 

of which can be measured. This input impedance can also be e:x:pressed 

in terms of the termination impedance at the oppo site end of the 

dielectric sample, the propagation constant in the medium and the 

thickness of the sampl e by a well-known transmi s sion line r el a tion. 

I f the t ermination impedance is a short circuit, the expression is 

relativel y simple and the propagation constant in the dielectric filled 

guide is s imply related to E0 and X. If the expression for }i" i s knovm, 

the pr onert ies of the medjum may be e:z::Jre ssed i n terms of E0 and X. 

If the medium is a pure dielectric (l-lo= !-loo and tanèm = 0) k
8 

and t anè8 
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e~e then expressible in terms of E0 and X. If, however, the mediwn has 

magnetic p r operties, the short circuit termination meas'.lrements are not 

sufficient. ~o obtain another independent relation, E0 and X Nust be 

measured for a different terrnination impedance. A +.ermi.nation vllich 

yields a relatively simple relation and whi ch at the same tirrP- i s easily 

realized in practice is the open circuit impedance obtained by displacing 

the sample one-quarter of a wavelength from a perfect short. In the 

following analysis explici t relations are established bet-ween the p~.rameters 

of the rueùium and the quantities measured. 

The transmission line relation which is basic in the whole of the 

theory is that v;h ich expresses Z(z), the impedance at a distance z from 

a waveguide terraination of impedance Zt in terms of z, zt and Y= a + jl3, 

the pr opagation constant in the guide, namely 

= 
+ ~ tanh Yz 
+ Zt tarih h 

••• (J:J:l) 

where Zk is the characte ristic impedance. For the lossless case ~is 

equal to jl3 and equation (3:3:1) becomes 

zt + j~ tan l3z 

~ + jZt tan ;Jz 
• ••• (J:J: 2) 

The se e quations ca n be obtained by solving the ordinary telegraphist 

equations 

dV = ZI - , 
dz 

di = Tl 
dz 

subject to certain conditions at the termination~1 In order to emphasize 

the s imilari ty of the short c i r cuit and open circuit t heory, the analogous 

relation s in e ach '11111 appear si de by si de in the fo11owin<?; two colurnns. 

The super sc r ipts I and II refer t o t he shor t and open terminations 
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respectively and Zb is the impedance at the fro nt face of the 

dielectric. Also, zko represents the characteristic wave i mpedance 

in an empty guide and Zki the characteristic wave impedance in a 

dielectric filled guide. 

' \ 

a 

zi 
b 

\ ' 
\' 

By applyinf relation (3:3:2) to 

section ab of the guide, the 

expression for the normalized 

impedance at the first minimtun 

becomes 
_ _I z1 + jZ tanl3 x1 

z(r) = ~ = .....:b~_::.,:ko~_.:::...o_ 
Zko Zko + jZ~ tanl30 X1 

..• (J:J:J)J 

It is easily shown that z(X1 ) 

is related to ~~ in the 

folloviing way5 

and hence by (3:3:3) 1 

z~ = Z~ = E! - jtan{30r 
zko 1 - jEitan~I 

where si and TI cEn be obtained 

from E~ and r . 

d 

' , ', , 
' ' v 

By Rpplying relation (3:3: 2. ) to 

section de of the guide, the 

expression for the normalized 

i mpedance at the first minimum 

becomes n 
.][ :0: Z + jZk tanl3 J2I 

z ex- , = z (x ' = _b~-~o;.--__.....;o=--
~o Zko + jZ~ tanl30 X:D: 

••• (J:J :J)rr 

lt is easily shawn that z(~ 
II: is related to E
0 

in the 

following wa? 
z(x?l) = E~ 

and hence by (J:J:J)TI 

JI .•• (J:J:4) 

where Sn: and ~ can be obtained 

from E~ and r. 
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By applying (3:3:1) to the section 

be the normalized impedance at the 

face of the ùielectric becomes 

z~ = = tanh )id 
I 

•.. '3: 3:5) 

By a comp arison of (3:3:4)1 and 

(3:3:5)1 a relationship between 

the measured quantity s1exp(jT1 ) 

and quantities characteristic of 

the medium and the gui de i s 

obtained which is 

By applying (3:3:1) to the section 

ef' the normalized imp edance at the 

face of the dielectric becomes 

= l ' 
tanh Yi'd JI 

••• (J!J:5) 

By comparison of (3:3:4)II and 

(3:3:5)ll a r elationship hetween 

the measured quanti ty S~xp( jTJI) 

and quantities characteristic 

of the mediwn and the guide 

is obta ined ~hich is 

TT" "TT = zki 1 s.LL exp( jT.u.) -~~ 
Zko tanh Yid TI 

••• (J: 3: 6) 

By suitable manipulatio~s of equations (J:J:6) 1 and (3:3:6)llthe 

followin ,c; two important rel&ti ons can be obtained: 

zki Vs1 sn 
I l[ 

= exp( j !....!__~) = B exp(j~) 
zko 2 

Yi = ~ tanh-l o~: exp (jT
1z TI J A exp(-jQ) 

Yô j2Trd 
••• (J:J:8) 

v,here A, B, e and ~ are introduced for convenience in the discussions which 

follow an_d ~ is the propagation c onstant in an empty waveguide 

and i s given by 

= 
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Homogen.eous, Isotropie Dielectric :-

If the medium is homo~Zeneous and i sotropie i n bot h i ts 

elec t ric and mar;netic prot)e:cties then 

li = 

and 

2) 1/2 J~ (!:±.!..... - 1:- . 
c \foeo À~ 

The cha racteri stic v..ave i mpe dance i n an empty guide , Zk
0

, i s j<.4J.0 /to 
and hence equations (3:3:7) and (3~3:8) become 

and 

~~ = B exp(j~) 
1-l-oY"i 

= A exp(-j9). ••• (3:3:10) 

From t he à.ef'ini tion of t anom,the r a tio fia becomes km\1 - jtanbml 

and if (3:3:9) is multiplied by (3:3:10) t he rel a tion 

i s evident. Unon e quat ing moduli anü. angles t he following rel at ions 

f or tano and km result: 
m 

t anbm = - tan(~-9) 

k m 
AB ___ , .. ___ . 

h + ta~ bm 

••• (J :J:l2 ) 

It i s i nt er esting t o note t :tet t hese f orr.ml ee a re exa ct and hence the 

permeabili t i e s and ;·,iB-<snet i c loss t angent s of rnate r i als of high r.ïBgnetic 

loss C (m be measureà. by t hi s t echnique . 

F r ovided i t cen be assurn.eC. the.t both the elect r ic and magnet ic 
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1oss tangents of the mediwn are small, kekJn and the total 1oss L,tanù 

can be expressed in terms of A and ~ respectively, in the manner 

outlined below: 

J~ (~ - }._2t/2 
Yi c ~-"o'o }. . .2 

= c = A expl-.iQ) ... ~,.J:3:l3J 

Yo j~ (l 
À2r/2 
}.2 

c 

and ifE and~ are put equal to ke~oll - jtanù
8

J and km~0 ll - jtanùm) 

respectively, equation ~3:3:131 becomes 

_:.::g,Q_ k
8

kmll - jtanù
6

)(l - jtanbm) - ~ = A expl-j~) À ( 2)1/2 
À À2 

c 
Upon squaring, equation U:3:14J becomes 

~ 2 ~ (k k ll- jtanù6 )(l - jtanùmJ - ~) 
~ em ~ 

= A2 exp(-j2Q) 

or 

2 

~~0 (kekmh+ta~6Yl+tan2ùm exp[-jtan-1~-L;tanc[J) -

= A2 expl-j2~). 

If the loss tangent s are such that the approximations 

VU+tan2c
8 

J (l+tan2cmJ l 

exp r- Jtan-1. l,2;tanb J] • 1 - j.L.ta nb 

are valid,then equation l3 :3:15J becomes 

or 

and there:t'ore 

2 À 
j ~ k km~1tano} 2 e 

À 

. . 

···~3:3:15) 
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••• (J:J:lf)) 

and 
2 

; 2(1 - ~ \ e • 
Àcke~ 

2: tan~ • •• (J:J:l?) 

iùthough (3:3:16) r:nd (3:3:17) "'-rpiy o:r.l;r to materials of small 

loss tan{!ents, ke~l and L:tanb can be obtained for materials of large 

loss tangents by using the approxim~t.e values ~i ven by the se equations 

as the initia l VP~ues in a method of successive app roximations which 

m?y be applied to the rigorous equation (3:3:15). Ho\ever, this v'a s 

not necessary in any of the measurement s reuorted in this the sis. ke 

anc1 tanbe are easily obtained from ea.uAtions (J:~:ll), (3:'3:12), (3:1:16) 

a nd (3:'3:17). This meth0cl of deriving the rela tions be twee n the parameters 

A.nd the 111eesured quPrt iti es emphasizes the f act that the vaJues of the 

r efr active i ndex and the total loss tangent depend only on the values 

A. And e resp ecti vely. 

I f doue in a rigorous manner, tü e inversion of tanh l'id given 

in equation (3:3:3) is the most time consrnning part of the numeric al 

evaluation of the quantities A, B, e and~ from the measured X 1s and 

EJs. In appendix A, thi s inversion is car ried out using valid approx-

imetions r esulting in a considerable reduction in the time ~ent on 

calculations. The use of this anproximate procedure along >Ji th the 

fac t that the frequency we.s kept the sarne for all measurements reduC'ed 

the celculation t ime by about 75 p ercAnt. 

I I ::[ JI 
The formulae used to 0htain S , T , S and T are not d erived here 

4 
since they have been t r eated thoroughly elsevihere • It migh t be 

mentione d, however, tha t the values of X have been correct.ed to 

include the effect of the slotted portion of the s tanding wave section 
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and the EJs have been corrected for the losses present in the wells 

of the .guide. A typical calculetion which shm. s these correction t.erms as 

well as the revisions introduced by the ebove analysis is given in 

Appendix A. 

~omogeneous, .Anisotropie Dielectrics 

The propegation constant and characteristic wave impedance for the 

anisotropie medium first considered are 

1/2 

~1 = ••• (J:J:l8) 

and 

If these expressions are substituted into eQuations l3:3:7) and (.3:~:8) 

the following l"elations are al)parent 

= B1 exp ( jyt_} 

••• (~:J:?l) 

In order to account for the loss associated v;ith the electric and magnetic 

polari7;ations the tensor components E '3Jld !..!. may be wri tten 

= E
0 

ke(l-jtanb 8 ) and!..!. == j.l.0 km(l-jtanbm)• Then if equation (_3:J:20) 

is multiplied by (.3:.3:21) the relation 

re sul ts and the formulae 

tanbm = - tan(~l - gl) ••• (,3:,3:22) 

and AlBl 

tî + tan2bm 

are obtained. Again it is noted that the permeability and magnetic 
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loss tane;ent of materials of high magnetic loss can be measured by this 

method. 

By comparin~ equation (J:J:21) with the corTesponding equation 

of the isotropie case, it is seen that kekm and Ztanb cannat be expressed 

in terms of A:L and e
1 

respectively. However, by the following procedure, 

it is possible to obtain eÀ~ressions for ke and tanbe. 

1/men squared, equation \.3:3:21) becomes 

or 

and exp E jt~n -l (L:tànb B 
expGjtan -l( tanbJ} = A~ exp(-j29

1
) • 

••• (J:J! 24) 

If the loss tangents are such that 

and exp Ejtan-1 (tanbm)] ~ 1 - jtanbm 

equat i on \3:3: :24) he cames 

2 
A1 ex:p(-j2Q1 ) 

••• (J: J :25 } 

A~ exp(- j 291 ) 

••• (3: '3: 26) 
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Renee by equating moduli ke is given by 

By equating the angles in equation (3:3:26) 

v 

or À2 
tanùe . (1 - :::x-)(2Ql - tanùm) 

À0ke 

. (1 À2 
+ ~1). ••• (3:3:28) . - ~)(gl 

Àcke 

Renee, by the use of equations (3:3:22), (3:3: 23), (3:3:27) and (3:3:28) 

approximate values of the electric and magnetic parameters can be obtained from 

measurements made hy the Short circuit-Open circuit method. Again, if the 

loss tangents are not small the approxirnate values can be used to obtain 

more accurate values by the method of successive approximations applied to 

the rigorous formulae given in (3:3:24). 

In the case of the second orientation considered in the previous 

section, t he propagation constant and characteristic i mpedance are 

'Ç2 = ••• (3:3: 29) 

and ~i2 
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If these are substituted into equations (3:3:7) and ~3:3:8), the 

follovJing two relations are o btained: 

Y'o 
li2 

= B2 exp(j yi2} 

~2 A2 e:x:p(-j92). = 
Yo 

••• (J:J:J2) 

It is immediately evident that the short and open circuit terrninations 

do not g ive independant relations, in vmich case it is impossible to 

solve for the required parameters k8 , km, tanb8 and tanbm. 

In the next chapter it will be shown th at there are comnarati vely 

large errors in B and yi due to the errors inval ved in the measur ement of 

the X1 s and EJs. This, ho\;ever, is not the case for A and Q, t h e errors 

in these quantities being comparat i vely small. Also, it is shawn that 

the expected error in B is a minimum when the sarr~le length is an odd 

multiple of one-eighth of a wavelength and it increases rapidly as the 

sarnple length is changed from this value. Aga in, thi s is not true of A. 

J\.ctually, this quantity can be rneasured accurately for any length, with 

the accuracy increasing sligntly as the sample length is increased. Because 

of these facts, i t rni ght be necessary to measur e the dise array s amples f or 

the two orientations in the guide. If this i s done, the four electric 

and magnetic perameters can be obtained f rom t he relations 

'Çl 
Al exp (- jQl ) = r; ••• (J:J:JJ) 

Yi2 
A2 exp(-jQ2)• = 

)ô 
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First, equation (3:3:34) must be put in more convenient form. Usjn~ 

the expression for ~2 equation ~3:3:34) becomes 

1. ( 2 1/2 
~ .!.. - ~L) = A_ exp(-jO,) 
1. ~0 ~ 1,2 --~ "-

c 

which vvhen squared is 

••• (3:3:35) 

bec ornes 

or (ke{l+tan2b9 exp[-Jtan-1 t tanb9 Û 

- f ).~ 2 exp [Jtan-1(tanbm)t ~ exp(-j292 ) 
km l+tan bm 1.c !J} 

If the loss tangents are such tha t 

[ 
-1 11 • exp -jtan ~ tanb9 ~ :;: 

equation (3:3:36) becomes 

2 
À go 

2 }.. 

••• (3:3:36) 

l-jtanb9 
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from which it is evident that 

and 2 
2GzA-2 
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ke -

••• (3:3:38) 

By equation (3:3: 25) the correspond ing eQu at i ons for t he first orienta tion 

considered are 

••• (3:3:39) 

and 

If k
9 

is obtained f rom equation (3:3:37) and substituted into (3:3:39) the 

fol lowing r elation for~ results: 

k8 i s t hen given by 

k m 

2 2 2 
~- 1.~/Àc 

• 2 2 • 
. A2 - ).go IÀc 

I f (3 :3:40) i s divided by ~ and t he r esult subtract ed f rom (3:3:38) tano 
e 

may be elimi na ted thus giving 

••• (J: _) :4J_c) 
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and 
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Chapter 4 

4:1 ~perimentàl Errors in the Short circuit -_Qpen c~it Measurements 

Because of the complicated calculations involved in determining 

the electric and magnetic parameters from the measured values of the 

positions of the first minimum and the standing wave ratios, it is difficult 

to see what errors result from experimental inaccuracies in these measured 

values. It has been known, however, that the measurement must be made on 

samples with lengths of an odd multiple of one-eighth of a wavelength if 

the resulte are to be relie"ble. However, previous to this research no 

practical procedure for calculating the errors of a measurement has been 

published. Because of certain simplifying revisions in the formulaes 

used in the calculation, it was possible to outline such a procedure. This 

is done in Appendix B. 

Since the electric and magnetic parameters for either isotropie 

or anisotropie media are expressible in terms of A, B, 9 and~, considerable 

attention will be given to the possible error in these quantities. It is 

shovm in Appendix B that bB the error in B due to bxi and bxii the errors 

in the position of the first minimum for the short circuit and open circuit 

terminations respectively,is given by 

bB - B~ ~ 
(

sel- 21rXI 

- Xgo sl 

The error in A is shawn to be given by 

bA = 1 fsec2 (?!f..X
1

) br - v2sec2(~x3 bi!I)- ~bd • 
Bd(l+v2) \ go go d 

The errors, bXI, bxii and bd, are algebraic symbols which may be positive 

or negative for any particular measurement. It is difficult to see what 
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order of magnitude these errors vrill b e \~i thout gi ving defini te values 

to km, k and d and hence àetermining B, -J!, SI, XTI , sii. 
e Hmoever, i t is 

evic.ient that the absolute error in A v~ill in most cases be less than that 

in B. This is due to the d and d2 in the denominator of the first and 

second terms of bA. In almost all media of interest the value of Ais at 

least fi ve times great0r than that of B and hence the percentage error in A 

is much less than that in B. To demonstrate this, the errors for A and B 

have been celculated for a medium having the characteristics of polystyrene 

The est inn te of bX 

was obtained from a consideration of repeated measuremen ts .mede on a lucit e 

sample, durin~ the course of the v.ork included in this thesis, and it probably 

represents a maxinrum error. In Figure 3 the percentage errors in A and B 

v' are plotted as a function of the sample length at lengths around t wo and 

one-eir-,hth of a v.avelen,q;th. The plot shows that the percen tage error in B 

is lilUch great e r than tha t in A. Also, the percentage error in B i s a minimum 

at an odd multiple of one-eighth of a v;avelength, v;hereas the percentage 

error in A decreases slightly as the length is increa sed. In Fi13ure 4 

the percentage errors in keknl' kmand ke are plotted at the same sample 

l engths. The error in kekzn i s small since it can be expressed in t e rr11.s of 

A alone, whereas in orde r to calculate k 9 or km, B must be used. 

The expected errors in the loss tangents for such a sa~le ( tanh9 = 

.00096, tanèm = 0) ha ve al so been ca lculated assum.ing an error in the AX 1s 

of ±.0003. The graphs of the absolute error in tanbe and the percentage 

error in L:tanb are plot ted in :ngure 5. It i s seen th at the error in tance 

i s about lOO percent even a t the l ength co rresponding to an odà multiple 

of one-eighth of a 'Navelength. HovJever, the e rror in Ltanb ca n be as low 

a s 7 percent, wh ich rilust be consi à.ered g oo à. fo r a measurement of a i;tanb 

of .00096. The reeson for thi s discrepcncy is due to t he fact that 1tanb 



... 
0 ... .. 
liJ 

5 

4 

., 
0 
0 3 .. 
c ., 
u ... ., 
Q. 

2 

B 

A 

02 
-------- --r----------=+----- -- ---•--- ----

2 ·. 118 2 3/16 2 1/16 
· d (in À

1s) 

Figure 3. Estimated percentage error in A and B for Polystyrene sample at 
length near 2-1/8 Àgi• 

2 1/4 

1 

+­
'9 



5 

e 
4

r \ Ke or Km 

-----· KeKm .... 
w 

~ 3 
c -c 

1 \ 1 ., 
u 
~ ., 
o.. 2 

~----------b---------t---------~----------~ 0 . 
2 2 1/16 2 118 2 3/16 2 1/4 

d (in Xs) 

Figure 4. Estimated percentage error in kekm, ke and km f or Polystyrene samples 
at lengths near 2-1/8 Àgi• 

\Jl 
0 

1 



• CD 
c 
0 .. 
c -... 
0 ... ... 

LLI 
u .. 
~ 

0 ., 
.Q 
<( 

xeo-3 
20 

16 

12 

8 

4 

60 
CD 
c 
a .. .... 
c 
... 
0 ... 
~ 40 
u 
0 
0 -c: 
u 
u ... 
u 
0.. 2 0 

- 51 -
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can be exoresseci in te uns of Q and does not in volve ~. It .Ls not easy 

to see 1Nhy there is a small error in Q, but the large error in y5 i s readily 

evident. ]'oT a medium of small lasses T1 and sm must be angles ï.hich are 

very nearly equal but opposite in sign. Since, ~ = (TI+ Tn)/2, small errors 

in TI and Tn ••ill re sul t in a large percentage error in ~. For a two and 

one-eighth Navel ength s81nple the expected error in )If is .0011, v.hereas that 

in Q i s only .000042. 

Eeasurements were made on a polystyrene sample of about t-..o and 

one-eighth wavelengths l ong. This v;as done to verify the. t a neasurement 

could yield re sul ts to vdthin the accuracies estirr.ated. The v alues of 

the dielectric e::mstant and p er meabili ty \ ere in error by 1 percent, whereas 

the error in the product k8 km was negligible. Also v;hile t he error in L.tanà 

was negligible that in tanàe vras 20 percent . The se are much less than the 

estimeted errors. 

In arder to estimate the errors i nvolved in the measurement 

of the dise array a medium >Nith km= .7500 and k 8 = 4.073 was con s idered. 

The maximum expected errors in A1 and B1 are plotted in .i!'igure 6. This 

shows tha t at l-5/81.gi the percentage er:ror in B1 ir" mor-e t.han ten times 

t.het of ~ • The r::ener a1 feature~ of the curves are similar to the 

corresponding ones obtained for the po1yst.yrene sample. The same can 

be said for the estiw.teà error curves of o1 and !'11 elthough t.h ese are 

not plot.ted. Eence, i t may be s E- i d t hat ne rcentac e estim?ted erro ~·s in 

B1 and Y\ are comparB.ti vely high, t .hose in A1 and 91 being small. 

Si nee mo <>t . of the alurni num p0'1dP.r in wax sa~les were measured a.t 

1-1/Ef>... . it i s only necessary tha t the errors 1' e estimet ed f o r 8 typical gl 

s am:ple at that l engtb . F0:r a sample '!Jith parar,leters ke = 5.000, km= . 900, 

t anbe = . 0000 and t anbm = .0200, t .he corresponü.ing e s timated absol·tte 
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errors are :!".030, :!:.029, :!. .008 and "!:'.0072. A 1arger value of bX( .003) 

is used here, because of the larger error involved in measuring the length 

of these soft wax samp1es. It is interesting to notice that since b{tanb8 ) = 
!.oos, it is possible for a measurement to yield a negative loss tangent. 

Negative 1oss tangents of this order were obtained by Vogan, but were 

attributed to inhomogeneities in the sample. 

In order to give an idea of the deviations in the measured 

parameters of a given sample the following table lists measurements made on 

an accurate lucite sample 5/8ths of a wavelength long. 

-· - Luci te Samp_le --
ke k k~m ta.nb

8 tanbm 1ta.nb m 
- 1 

2.6310 .9986 2.6268 .00885 -.00055 .00830 

2.6110 1.0017 2.6154 .00744 .00010 .00745 

2.6395 .9935 2.6225 .00754 -.00011 .00745 

2.6079 1.0027 2.6157 .00775 -.00014 .00763 

2.5997 1.0061 2.6156 .00700 -.00013 .00688 

2.6034 1.0050 2.6171 .00761 -.00027 .00734 

2.5913 1.0069 2.6092 .00681 .00125 .00806 

2.5844 1.0078 2.60$ .00790 .00036 .00826 

2.5990 1.0086 2.6114 .00780 .00026 .00806 

__ __g~ML_ 1.0066 2.6082 . ..!00706 !--· .00072 .00788 

Average 2.6058 1.0038 2.6147 .00758 .00015 .00772 

Average ±.0132 ±.0037 + -.0050 ±.00041 ±.00026 + - .000;38 
deviation 

These repeated measurements were made on the same sample over a period of 

about two years under various conditions. Even for this small length of 
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san1ple it is evident that k k anà. 2;tenb are measureà. more accurately 
e m 

thau the other parameters. 

4:2 Aocuracy of Semples:-

Preliminery rr.e asurements on the aluminum and copper pov•·ders did 

not yielo consistent :results. For exar;1ple, th e deviation between measure-

ments of km mHde on t 'i.O smnples vh ich had the same powder content was a 

much as 30 percent. This inconsistenc;' was thought to be due to inhomo-

~eneities in the samples, V>hich were made by mixin~ the powder in molten 

v1ax un til the mixture cooled suffi cie ntly to ens ure that the partiel es 

did not settle 8Ut. Another, and P''rhapsequally importar.t error v·as due 

to the fac t thE t sample s could not be eut to the exact àimensi ons of the 

guide. A simple but more effective method of mrkins sample s was devised 

which removeà inhomogenei ti es to a large extent and at the same time produced 

extremely accurate samples. First, a mixture of solid wax and pm•Jder was 

ohtained by mixing as describeà. abovA. A larse piece was eut from this 

and placed in a r.ülling attach.rnent on a lathe. This piece was cu t up by 

the milling tool anà the small shavings were collected. The shavings 

were thoroughly mixed and then firrrùy p·r.•essed into a rectangular hole in 

a brass block, the à.imensions of the hole being the same as the inside 

dimensions of t he vJBveguide. A tight fi tting plunger was made to facili tate 

the packing which 1N8s done on a drill press. The hole was closed off at 

one end by a plate v.hich c ould be r emoved at' t er suffi cie nt packing. The 

sample v;a s r emoveà. an0 ple.ceà. in th 0; measuring section of the guide. The 

end s of the s ample were eut \'hile i t was in the guide. Ts.hle 1 g i ves the 

result s of me2.surement s of a co pp er powde r sampl e made in thi s manner. The 

sample was milled and r ep acked f o :r:- eRch of th e f our measur e!llent s. 
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Table 1 

ke ~ ke~ tano tanè"'m l;tanù 
e 

----- ----- - ·-· ~--- ·-·-- --
2.888 .964 2.71:35 -.0009 .0056 .00462 

2. 92.'3 .943 2.762 .0031 .0010 .00418 

2.838 .981 2.785 .00':5 -.0042 .00536 

2.930 ·956 2.80:' -.0014 .0059 - _.oo~--

2.896 .961 2.784 .0026 .0041 .00467 

± .o:r~ ±.012 ±.o1o ±.0037 ±.0037 ±.00035 - · 

The va lues of k8 and km show only a 1 percent Rverage devi ation, that 

of kekm being about • 4 percent. The results of the mer-sure·'le!lt of tance 

and tanùm are not reliable since the average deviation is of the same order . 

as the average. The measurements of i,tanù are fairly consistent hov.•ever, 

the percent devia tion being only 7.5. Renee, it was concluded tha t the 

samples vre re quite homogeneous, the deviations being of the same order as 

those eaused by inaccura cies in the measurement of the X1 s and 4X 1 s. 

A dise array sample v;as made by placina: alwninum dises on wax strips 

of the same wi dth as the sr,l8ll à.imensi on of the waveguide. The strips had 

R uniform thickness of 2.08 mms. a pd eleve; n st :dps, plElced si de by si de, 

forme d fl. sample of the same vdd th as the l arge dimension of the guide. The 

dises were pressed slightly into the face of the ~~x strips to avoid a 

disarrangement of the lat ti ce structure during the measuremen ts. 

In order to inve stigate dise arrays for which the interaction between 

dises mi ght be consi derable, i t was necessary to develop a better method 

of suspenning t he dises. Fi r s t a conwaratively l ong polystyrene sample 

was mR de to fit accurately into the measuring section of the guide. A 

o::;çuare array of ho les eaeh of diameter 2.14 JJJms. was th en à.rilled in the 
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sainple, t he helAs being a lonz the l ength o f' t he sample eorresponding 

to th:;, l a rge transverse dimensi on of the gui de. }i'igure 7 shows e. diagrarn 

oi' this sa.mple. Since t he other guide dimen s ion is 1.017 ems., t h e 

spacing be t ween the eenters of t1;Jo adja c ent hole s \.as made equal t o 1/3 

of this or .) 39 ems. TLe aluminum di s c s we -re pla ced in the se ho les separated 

by polystyren e spacers o f the same di ameter. The dises were p rodueed from 

alw-.:inum feil sheets by plaeing the f eil she 8t on a ha rd rubber mat and 

punchin~ out the dises VJi th an aecurately machined steel punch. The 

polystyrene spaeers were pnnehed .from th i n po l ystyrene sheets t hr oug h a. 

steel die. The punch and die T: ere set up on a drill pres s . i!ith 

polystyrene spacers of diffe rent thiekne s se s the separat i on b etv.;reen the 

alwninum di ses could b e varied. . It vas fo und t. h:o t. the a ver a ge dev i ation 

in the thicknes s of t he spacers -v,· a s as low as one percent . I n or der to 

dete rmine the e f fect of t he smzll air sp a ce s het;.een t h e s pacers , a 

s ampl e made by merely f i l lin g the hale s v:ith spa cers was measured. l!'or 

thi s s e.mple ke was 2 .4b6 .and tanbe was .00086 , wh ·::œeas f or a s olid polystyrene 

s ample k 8 i s ;2 . ) 1 '7' an d tanbe i s .00097 . lienc e , i t was concluded th at t he 

spacer s were a.ccuretely made . 

Lono,; s ruiiples \;ere used, si nee t h e experi mental errors in ~ and ~l 

a re small fo r s uch sari1ple s. Thus, t he ti me · inval ved i n maxing a sampl e 

was c:onsiderable. To gi ve an idea o f t h e t edious •.or k inval veà , one 

sa mple containing 45 ha l e s requi red a bout 3600 dises and s p e cers . 
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Chanter 5 ~1cperimental Results 

5:1 A.luminum and CoE.,Per Powders in Wax 

The re sul ts of the measurements made on the samples of thick 

aluminum and copper particles in wax are given in Table 2. 

Tl'lb1e 2 

2a A.luminum 66 - 44J.J. 

- ·-
Il 

Sample Length k ke m ke tanbm taube L:tanb 
_,,.. 

l-l/8 )..gi .899 ;;.022 2.232 .022 .005 .0264 

1-1/8 ).. . gl .910 ).050 2 . 244 .022 .004 .0261 

1-1/8 ).. . gl .• 920 5.000 2.222 .016 .009 .0255 

l-3; 8).. . gl .925 4·993 2.219 .018 .008 .0262 

Average values .911 5.016 2.229 .020 .006 .0261 

Average deviatio ~±.009 ± .020 ±.009 ±.002 ±.uo2 ±.0003_ 

2b Aluminwn 177 - 14<)1.1. 

··- -· . .. 
Il 

Samp1e Length Isn ke k 
e tanbm tanb

8 
Ztanb 

-

7/8 )..gi .924 5.02 2.23 .020 -.003 .0170 

1-1/8 À . gl -923 5.10 2.27 .0';'7 -.009 .0174 

l-1/8 ).. . gl .964 4.87 2.16 .012 .005 .0165 

7/8 Àgi .873 5 .Zj 2.34 .018 -.002 .0158 

Average values .921 5-07 2 .25 .019 -.002 .0166 
Average 

deviation :!:.024 :!:0.12 :!:.05 :!:.004 :!:.004 :!:.0005 
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2c Aluminwn 500 - 3501J. 

--
Il 

Ztanb S'l!Tlp1e Length ~ ke ke tanùm tanù
8 

-
1-3/8 \ ,.i .917 3.90 1.73 .0045 .0007 .00520 

0 

1-3/8 À. . 
gl 

. 898 3 ·94 1.75 .0064 .0012 .00517 

1-3/8 ).gi .988 3·5'1 1.60 .0060 -.0008 .00608 

1-1/8 À.gi .968 3.67 1.63 .0051 -.0003 .00481 

--- ---· .. . 

Average values ·943 3.78 1.68 .0055 .0002 .00532 
Average 

+ + + + + + deviation -·035 -·14 _.07 _.0007 _.0007 _.00039 

'--· 
~ ··-- -

2d Copper 500 - 3501J. 

Il 

Samp1e Length km k ke e t anèm tano e Ltanù 

1-1/8 À . .964 2.89 
gl 

1.28 .0056 -.0009 .u0462 

1-1;8 Àgi ·943 2.93 1.30 .0010 .0031 .00418 

1-1/8 À . gl .981 2.84 1.26 -.0042 .0095 .00536 

1-1/8 À . gl ·956 ~ .93 1.30 .0059 .0014 .00451 

Average values .961 2 .90 1.285 .0041 .0026 .00467 
Average 

deviation :t .012 :t.03 :t.013 :t .0037 :t.0037 ±.00035 

-

tl 

ke i s the dielectrj c constant of t he oartic1es a1one and i s obt ained by 

dividi ng t he raeasured di electric const ant by that of the wax , which i s 2 . 25. 

The notation 500-350 microns refers to the range of dimensions of the 

part i c1es. Thi s r ane;e vJa s obta i ned by f irst siftin(S powde r througb. a 500 

micr on scr een and t hen sifti ng out the sma1 l er parti c1es thr ough a 350 micron 
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screen. All pohders were obtained from Canadi2!1 Bronze Powder \jorks 

Limi ted. No attempt was made to deterr.J.ine the exact particle t.hicknesses, 

but an examination of the partiales unoer a microscope indicated that the 

ratio of thickness to diameter was of the order of one-twentieth for both 

alwninum and copper parti cl es. Renee, the particle s were flake-like, 

reselilbling à.i scs more than any other simple geometrical figure, but generally 

they ><ere of completely irregular outline. Each sample contained roughly 

.07 gms. of metal per cc. It i s noted that in each case the measurements v< ere 

made at sample lengths near an odd multiple of one-eigh'tilof a wavelength in 

the dielectric filled guide. It was assumed that the partiales were r andonùy 

oriented in which cas e the analysis pertaining to i sotropie media was used 

to obtain the parameters from the measureà. values of the po sit ions of the 

minima and the standing wave ratios. 

A comparison of these results v:ith the val ues p :r·edicted by the 

No-interac tion theory is easily i-.iade by examining the experimental value of 

the ratio 

1-k m 
k 11 -l e 

= 

This is a ctually the ratio of the magnetic to el ectric susceptibility. 

Since , f or circular dises a_ = - _g a3 and~ = l6 R3 this ratio is 
-~ 3 e 3 

·5 and is independant of the s i ze distribution of the p articles. A 

somewhat similar r a tio i s available which serves t o compare experimental 

r esults vvi t h the Clausius-llllossotti equation. This r a tio is 

= 

which a gain, according to theory,is ·5· In Ta ble 3 the experimental values 

o f t hese ratios are g i ven for the four samples mea sured. 
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Sa.mple 

Al. 66-44 

Al. 177-149 

.hl. 500-350 

Cu. 500-350 

- 62 -

Tahle 3. 

ExperimentBl 
of 

1-km 

k 11 -l e 

.145 

.127 

.084 

. 272 

value Experimental value of 

1-k 1 k"-1 m e 
~+2 k~+2 

.106 

.092 

,105 

.151 

In each case the ratio i s much less than !lredic ted by theory. It should 

be not ed, hov:ever, that the theoreticel values of the se ratios do not take 

into consider2tion the fact the.t tl:e particles are randomly oriented. A 

glanee at equation(2:2:l) makes it evident that 

a:. 
l Iil = .250 
2 "e 

for dises which are randonùy oriented. It is also easily shawn that 

(l-~)/(km+2) 

(k~-1 ) ... "'\kg+2) 

also equals .250 if the Cleusius-lv.ossotti equeti ons apply. Neverthele ss, 

it is evident that in general the agreement betv.een experiment and theory 

i s poor. If the partiel es making up the di electric are generally of 

more elongated shape s, the theoretical values of the ratios will be 

smaller sin ce 0m is less th an one-half U9 for su ch parti cle s~ In this 

case better agreement vd fu experiment would be expected. 
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From this investigation it must be·concluded that a complete 

explanation of the small diamagnetic effect in the aluminum samples 

must be applicable to partiel es vn th thicknesses much grea ter than skin depth. 

The experimental values of the tanb 1 s serve only to confirm the 

findings of E.L. Vogan, namely, that the greater part of the loss is associated 

with the circulating currents in the particles rather than with the 

electric polarization effect. 

5:2 !lJ.urllinum Dise Array in V:ax 

In order to understand completely the phase delay property of the 

aluminum powder dielectrics, it is necessary that the small diamagnetic 

e:t'fect be explaineà.. The main di ffi cul t y in a quantitative interpretation 

j of the re sul ts of the metal p0111der measurements arises fror.J. the fact that 

the size and separation of the particles vary over wide ranges. An invest-

i gation of the electric and magnetic properties or a regular array of 

dise obstacles of uniform size and separation should yield information 

which could be more easily inter:!Jreted. If the l"'t.ti~e di.mensions Are 

lAr~e, the interaction i s small and the expressions for the polarizabili ties 

can be checked . Also, if the l attice dimensions are varied the i nteraction 

between the dises can be investigatéd. The first investi.n;etion was carried 

out on a s2rnple of dises supnorted in wax as desc l"ibed in Chapter 4 and 

the latter will r1e considered i n the nP.xt section. The sample v,·f:lS oriented 

in the guide v.:i th the di se s pe r allel to t he p r onEG"ation direction f:uch 

tha t its electric and rna~netic properties ~nuld be represented 1-q :--

··· the 

tensors 

(f ) and 
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and the ve l ues of the ten s0 r eomnc:nent s v;ere o htai ne d from the positions of 

the rünima and the standing wave r ati0P through ecuati.ons (3 : 1 : 22 ), (3 : 3 : 23 ), 

The diame t er of the aluminum foil d i se s was 2.13 r'll1ls . r.rd S , the 

separr.tion betvreon ad j acent pl anes co ntaining the di ses v;as :2 .08 mms . The 

number of particles per cubie cm. was 55.4. The result s of 18 measurements 

taken at differen t sample lengt hs ar e given i n Table 4 . 

.. ·-·-_.:.; .:.._;_:::::_ :::;::=:= 
Sample 
length 
ems. 

2.J943 
?. . ')868 
2 .4208 
2 .4492 
2 . 5184 

'~ · 5512 
? · 5715 
2 . 5951 
2 . 6500 
2 .[50?? 

2 . ô357 
2 . 8730 
2 . 9058 
2 . 9528 
2 . 9964 

J .0622. 
3 . LK:>b2 
3 · 9187 

k elSn 

2 
2 
2 
0 ,_ 

2 

2 
2 
2 
2 
2 

2 
2 
2 
2 
2 

'? 
2 
2 

· 5430 
. 5642 
. 5659 
. 5733 
. ()165 

·5555 
. )632 
. r:;4o7 
. 6056 
. 5773 

· 5976 
-5715 
. 6171 
· 5327 
. 5844 

-5709 
. 6J25 
. 60J 

Aver agP. 2 . 583 

- · -·-·-

km 

.757 

. 771 

. 7941 

. 81?.8 

. 8892 

. ?651 

. 817 

. 776 

. 8964 

. 8340 

.8745 

. ë301 

. o736 
· 7197 
. 7990 

. 7765 · 

. o914 

. 7927 

···-

. 821 

-
k e 

- --··-
J · 3593 
3 .3258 
1 . 2312 
3 .166 
2 . 9425 

3 · 3401 
3 ~ 1173 
3 -2844 
2 .9067 
1 -0903 

2 . 9704 
J . 0978 
2 . 995é5 
3 · 5191 
3 · 2345 

3 -3109 
2 . 9532 
3 . 2012 

1-·- ----

J . l59 

- · r--· 

+,an 

.oo 24 

.oo, 'Î C:: ., 

.6 .001 
.oo 
.oo 

.oo 

.oo 

.oo 

.oo 

1.3 
324 

13 
37 
16 
77 
3 -.001 

-.00 
-.00 
- . 00 
- .00 
-.00 

- . 00 
.oo 

- . 00 

32c5 
07 
22 
09 
52 

825 
062 
4l 

--·-
t w .be Ztanb 

- . 00077 .00163 
- . 00076 . 00174 
-.00003 . 00157 
+.00012 . 00142 
-.OC'l53 .00171 

+ .00015 .00141 
- . 0020 . 00170 
- .00016 . OOJ 44 
-.00528 . 00242 
+.00209 .00079 

+.00Jb5 . 00057 
+ . 00195 . 001 25 
+ . OOJ04 .OOOd4 
+ .00224 . 00215 
+ . 00618 . 00098 

+ .00882 . 00057 
+ . 00073 .00135 
+ . ON90 .00090 

. 00135 

----~---- ------- - --:-=:=========---- - -----====--============ 
The pereentage devia ti. ons from the mean va lue of Isn are p1ot.ted in Figure 8 . 

It i s seen that the de viation j s as much a s 10 pe rcent f or some of the 

measurements . ~'.!hile sorne experimental errors du e to errors in the mee.suremen t 
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of thP- X's and Eds are present, it is obvious fro lll the discussion of 

errors in tl1e previous chapter that such large deviati on s Jliust hc.ve a 

different or-igin. The se irregular variatio:ls h a ve been o bser ved by Corkum 

for an array of suherical obstacles. He ass1uœd that they are due to a 

difference in the actual physical l ength and the 11effecti ve 11 length of the 

s am:ple. Tha t i s, the r efracti ve index of th ese obstacle type artif'icial 

dielcctrics increases from uni t y to the true or bulk value throu~h a 

transition region. Two samples, one an artificial, the other a natural 

dielectric, ,.,hich have the same bulk ret'ractive index as \; ell as the sane 

t otal pha se delay, in general r,i 11 not be the same physical length . The 

l ength of t his ordinary dielectric sakple i s termed the effective length of 

the artificial dielectric saüiple. Corkwn8 observed that although the percent 

deviations in ke and km were lar,::;e the values of the prodœ t kekm vue re 

constant. 'l'his mey be explaine d by the discussion of errors carrie d out 

in the pr·evious chapter. A large error in the length of the sarnple will 

I II 
cause l arge errors in the quantities :X: and X • These errors will cause 

a large error in :3 , but only a COlllparatively smal l error in A. Since 

Corkum 1 s sphe r e array v:as i sotropie t he product }~ekm can be expressed in 

t,orms of A a l one c:.nd hence, the error in til i s product 1iJill be comparatively 

small. 

Rec alling t hat for a dise array i n which t he di ses are parall e l to 

t he direction of propagati on elonr; the r.;uide 

= 

i t i s e vident tha t e ven in thi s ani sotropi c case the re will be a small 
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percentage error in kekm. This i :::: because of the fact that the second 

to~"m is ah_rays small co:;1pared. to the first. .l:!'or eX8.lilple, in this case 

}.2;).~ = .4877 and km= .820, è.he reas kekm = 2 .58 • .tience, the romnarativel" 

lP.:rP'e ~1"!'0r in the second term clue to th2 fPct that B must he used to 

determine km will have little effect and the error in kekm wi 11 result 

principally from the error in A1 • By examining the complex part of 

Acua .... ion (3:3:25), similar reasonüg willlead to the conclusion tb.at 1tanb 

y;ill have a smeller error tb an tho se a ssocinted wi t'l. t .çmb':l nr ts.n.t m. frr 

:r-eferP-rce to the results in Table 4 it is seen that. the values of· the 

nroduct k8 km. and i': tanb r.re much n:ore consistent th"ln those of the other 

nPrameters. Actuall~', the deviations in tanbe end tanbm are so l arge 

t.ha t it is not log ica l to a verage the r A.sults. Hov:ever, tho se in the otb.er 

pnramet.e rs are not too l a rge and the average ve lues have meanin";. Si:rce the 

perr:d.tti vi ty of the medium i s e qual tC' th t::t. of the sup:rorting medium multiplind 

by t:->.~ t of the obstacles11 , it can be shown tha t t.'I-J.e elef'!tric loss düe to 

the dises i s equal to the total 1 os s r0inus that of rfax. tanbe is .00038 

f or wax , hence the total 1 oss due t o the dises is. 00097 . I n Table 5 the 

a verage of the expe rimental values of kelsn• ke FJ. nd km are compared vrith 

the CL-l'sius-l\!1o s sotti and the No-intera ction values. 

Table 5_ 

----- ---- - ·--·--- ~ -.. --- ----------· . - .- - - ··- .. -
EX]1erimenta l Cl ausius- Ivlossotti No-interaction 

k km ke~ ke k 
e m 

. . ----1- - ·· - -·- 1---· - ·- · --·-·- " -·-- ·---- 1-·· - --
2 .582 J.l6 0.821 3.16 0 . 8'11 2 .51 3·05 0.822 

~--~~----=-~~~========~-~--~=~ =~::: .. 

Since t.he product N~. is small for this pP rticula::r- sample, the difference 
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betv:een the two theoreticel values for each parameter i s Alil:;ht and i t is 

impossible to tell which of the two best de seri bes the ,:;;xperimental 

results. Certairùy +;he a.greement betwe en experiment and theory is as 

.~ood as can he ex:oected . Because of this i t must be concluded +hat the 

electric and roognetic polarizabilities serve to describe the properties of 

a dise arrA.v when the interaction is small. H8-rce, any theoreticFù invest­

i gatlon of the properties of' ar.. in di vidual di sc, for exemple , an e.ttempt to 

extend the result s of l!:strin 1 s theory to include t he effect of the finit e 

conductivity of the dise, should not alter the expression for the real part 

of nolarizability. 

5:3 Aluminum Dise Arraysin Polystyrene 

From the r esearch carried out on the thick aluminum and copper powder-, 

i t was leA.rned that pr,rmeabili tie s only slightly less than uni ty are observed 

f or thick as well as thin particles. This, alon,~ v.1ith the resultE just 

obtained, makes it possible to conclude that a satisfactory explanation of 

this small rrJS gne tic effect cannot be ac qui r ed through .<~. more cri t ical 

examination of the megnetic polarizahility of' a single particle. Hence , 

by a process of elimination i t appeered that the explanation might have i ts 

origin in the interaction between the p 'U'ticles. 

In order to investigate the effect of the interaction experimentally, 

five samples of aluminum dise arrays supported in p olystyrene were r~de 

as described in Chapter 4. The di~neter of each dise was 2.14 mms., the 

distance from the center of a dise to the center of a nearest neighbour 

in its own plarewas 3.39 mms . s, the spacing between adjacent planes 

conta ining the dise faces was different f or each sample and was as small 

as 0.55 nuns. for one sample . Table 6 ~i ves t he re sul ts of such measurem.ents 

made on a sample for whi ch the s pacing vJas .852 mm. 
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Table 6 

--r--· 

Sample 
Length kekm km ke L:tanh t ant> tanbm 

ems. e 
L __.;_ 

2.7753 2.875 .6714 4.519 .00190 .00347 -.00157 
3.6281 2.898 .6H81 h.211 .00335 -.00723 .01058 
3-6454 2.877 .6901 4.169 .0052 -.0195 .0247 
3.6654 2.H93 .6995 4-136 .00363 -.00753 .01116 
3.6810 2.b93 .7082 4.085 .00354 -.00661 .01015 

3-6933 2.88H .7042 4.101 .00402 -.00901 .01303 
3-7067 2.893 .?103 4.073 .U04)6 -.01136 .01592 
3·7199 2.895 .7153 4.047 .00466 -.01211 .01697 
3·7332 2.695 .7172 4.036 .00520 -.012.92 .01812 
3-7607 2.894 .7150 4.047 .00576 -.01557 .02133 

3·7858 2.ob7 .7030 4.106 .00551 -.01407 .01958 
3.b067 2.879 .6900 4.173 .00481 -.011 23 .01604 
3.8191 2.889 .7011 4.121 .00399 -.00672 .01071 
3·8472 2.860 .6547 4.368 .00378 -.00397 .00775 
3.8821 2.833 ·5934 4.774 .00347 -.00567 .00914 

,3.9129 2.872 .6362 4.514 .00230 .00337 -.00107 
3·9334 2.875 .6568 4.378 .00248 -.00016 .00264 
3·9413 2.914 .7342 3-969 .00228 .00093 .00135 
4-2354 2.853 .6271 4-550 .00278 -.00436 .00714 
4-2371 2.890 .7005 4.125 .00372 -.004.35 .00807 

4.2411 2.935 .7059 4.105 .00364 -.00557 .00921 
4.2607 2.848 .6123 4-651 .00358 -.00493 .00851 
4.2629 2.850 .62?~ 4.582 .00335 -.00260 .00595 
4-2700 2.b47 .6167 4.617 .00353 -.00345 .00698 
4.2773 2.851 .6152 4-634 .00330 -.00191 .00521 

4.2842 2.849 .6133 1~.646 .002b8 .00017 .00271 
4-3125 2.988 .8847 3 ·377 .00325 -.00394 .00719 
4·3347 2.974 .8620 3 ·450 .00361 -.00578 .00939 
4·3483 2.971 .S524 3·485 .00377 -.00703 .01080 
4.3995 2.939 -7922 3 .no .00203 -.00029 .00232 

4-7493 2.886 . 6860 4.207 .00280 - .00197 .00477 
4. 7493 2.885 .6743 4.278 .00303 -.00209 .00512 
4-7511 2.878 .6666 4.318 .00237 -.00051 .00288 
4· 7511 3·040 .6870 4-425 .00167 .00324 -.00137 
5.1038 3·043 -9241 3·293 .00000 .0127 -.0127 
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There are large variations in the mea sured values of a l l quantities 

except k
8

km and L;tanb. In J!'i gure 9 t he percent devi ati on of kri1 is plotted at 

se veral sample l engths anà. i t i s shov,n that this d eviation i s a s h i gh as 20 

percent. ]'rom this it is evident tha t errors a ssoc i r.=. t eà ·v;i t h t he transit ion 

regi on of the array are lar g.sr than tho::e encountereéi in t he previous i nvestig-

a tion. Thi s i s to be e xpe cted sinc e t!le r e are a grea t e r number of dise s ne ar 

both interfeces of the salilpl e. To g ive a à ded weigh t to t he assumption t hct t h e 

interf ace probleiJ is of con siaerable i mp or·tance , gr aphs or t he varia tion of t h e 

p arrune t e r r' ~:ü t h s B.llipl e l ength fo r sever al l engths ne&r 1-7/8 Àgi a r e g iven 

i n E'i.~re 10. Ori gina lly th e sa n:ple was 1-15/ 16 v1a vel en gt h s long and 

measurements v-.ere t Hken as it ·was milled to a lenn;th sli ghtl y l e ss than 

1- 13/ 16 Àgi. The d i agr am of the sartpl e serves t o i nàicate the p ositions of 

the dises re1at i ve t o t he physical interface. As t h e length is c hanged by 

small aUlounts t he vlliu e s of the p ar2Wleters c hang e only slightly a nd in a 

continuous manner. Thi s i s to be e xpected f or when t he lengt h i s cha nged 

slightly t h e corr e sponding change in t he d i ff erence bet;;een the ef f ective 

and physical l ength i s smal l . Th e di s continuous variation s occur only v,h en 

t he sar11pl e length is alt ered a g r eat deal, f or exar,:pl e from 2-1/ b to 1-7/ 8 Àgi. 

Changes o1 thi s sort, of course, in general vould seriously alte r th e 

di s crepan cy bet·~r;een the e f f e ctive c.nd [; Ctua1 l ength si nc e the dimue ter of 

t he dises is of the or der of 1/8).., .• 
gl 

It ha s been noted t hat e:ll..-p e r ir.wntal errors i n the n:e a su red v d u e s 

of the po sitions of' the f irst mi ni ma a nd t he stani i ng wave r atios pro duce 

coinparati vely l a rge errors in B1 and ~l' t ho se i n ~ and 91 be ing small. 

'l'o i l lustrate this, t he v:d ues of~' B
1

, ri
1 

~;nd 91 a r e p; i ven in 

Tnble 7. 
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-- -
Samp1e 
Length B1 Ç$1 ~ Q1 
(ems.) 

---
2.7753 ·3012 .0026 2.2292 .00123 
3.6281 ·3077 -.0118 2.2363 .00125 
3·6454 ·3099 -.0113 2.2267 .00134 
3.6654 ·3134 -.0098 2. 2319 .00136 
3.6810 ·3176 -.0088 2.22<)8 .00138 

3.6933 ·3160 - .Oll6 2.2286 .00146 
3·7067 ·31S6 -.0144 2.2293 .00157 
3.7199 ·3208 -.0153 2.2293 .00167 
3. 7332 .]218 -.0163 2.2287 .00178 
3·7607 ·3208 -.0194 2.2289 .00189 

3-'1858 ·3155 -.0177 2.22ti1 .00188 
3-8067 ·3097 -.0143 2.2279 .00174 
3-8191 -3144 -.0091 2.2299 .00161 
3.8473 .2940 -.0060 2.2269 .00173 
3.8821 .2663 -.0076 2.2284 .00151 

3.9129 .2849 .0025 2.2332 .00143 
3 ·9334 .2941 -.0014 2.2334 .00129 
3·9413 ·3287 -.0001 2.2335 .00125 
4·2354 .2812 -.0060 2.2299 .00119 
4-2371 .3141 -.0064 2.2302 .00164 

4.2411 .3162 -.0077 2. 2325 .00151 
4.2607 .2745 -.0069 2.2305 .00159 
4.2629 .2790 -.0043 2.2296 .00161 
4o27ü0 .2766 -.0053 2. 2294 .OOJ ~5 

4.2773 .2757 -.0036 2.2313 .00163 

4.2842 .2?49 -.0012 2. 2311 .00154 
4.3125 ·3961 -.0059 2 . 2336 .00131 
4·3347 .3861 -.0080 2.2325 .00135 
4-3483 ·3bl7 -.0095 2 .2331 .u0134 
4·3995 ·354<J -.uo10 2.2323 .0013'7 

4.?493 ·3074 -.0034 2. 2316 .00133 
4.7493 ·3019 -.0036 2. 2335 .00145 
4-7511 .2986 -.o017 2 . 2323 .o0121 
4.7511 -3078 .0026 2.2320 .00120 
5 .1038 .4206 .0099 2 .2112 .00119 

-· 
Aver&ge ·3143 .oo,S6 2.2J06 .00143 
Average 

deviation ±.024 i;.0050 ±.0018 ±.00017 

- -
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Because of this interfc.ce dif~.îcul ty the average va lues of the 

p a rameters do not h <?;ve much meaning. Hov.ever, if' the sample is oriented 

i n the guide dth the dise faces perpendicular to the propagation 

direction, the permittivity anè permeabilHy tensors become 

(: 
0 

:) (:0 
0 

:) ( é) = E ü.J.) = t-1-o 

0 0 0 

and the second analysi s of m1isotropic m~dia considered in vhapter 3 

applies. J1:1easu1·enJents were made on this sample for sucb. an orientation 

and the electric and magnetic paramete rs -,;ere obta ined f r om the t wo 

sets of velue s of A and ~. The pertinent relations are g iven in equations 

D:3:4l). It is noted alsn in C.hapter 3, tha t the theoretical va lue of 

the p roduct A2B2 should be ex.qctly uni ty. 'rhe avera:se experiri:ental val ue 

Detter agreerli.ent could not be expected because of the 

large errors in the values of B2 • The average va lues of A a nd Q are 

A1 = 2.2306, 91 = .00143, A2 = 2.4763 and Q2 = • 00091, 2nd when substituted 

into equ a.t,ions ~3:3:41) the foHo1.:ing values or the electric and magnetic 

parameters are obtained: 

~ = .779, 

k = 3 .?68, e t ance = .u012<J. 

The re sul ts of similsr measurement s made on f our other samples are 

gi ven in 'l 'able 6 . 'l'he A 1 s and ~~~ s r ep r·e r, ent a ve rages of v al ue s obtained 

f~·om sever a l measurements for e a ch of the two orientations. ln .i!'igure 

l.L, the experimental values of km are cor.lparea. wi tu t ho se predicte6. from 

the No-inte raction and Clausius-llio ssotti eqm;t i ons . futh agree wi th 

exp e r ir.lent 2. t the larger spa cings . Thi s is to be expected since at these 

spa cin"'S the interaction bet'.. een niscs i s negligible. 
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Table 8 

,._ 

Spacing 
betv;een Al Â2 Ql Q2 ke km tanb8 t a nbm 
di.scs 

-- -

0.055 2 . 2971 2 .5ë58 .00167 . 00101 4.073 ·754 . 001 42 .001'/3 

0.110 2.2080 :G.4101 .00137 .00093 3·5i::lO . 808 .00135 . uOll9 

0.171 2.1326 2.2866 .00105 .00090 3 · 259 . 841 . 00139 .u0047 

0.256 2.0822 2 .1667 . 00075 .00075 2 . 945 .904 . 001 23 -.u0ü04 

-~ -

At the smal1er spacin,~s , however , the expe ri Eental di ffer ro8rkedly from 

theoretical values . It S:tould be pointecï. out that a t these sepa rat i on s 

the lattice structœ:·e is far f r on cubic e. nà. the lattice structure corr ection 

terms, Ax_, Ay, A.z, nentioned in the theory in connection wi th the Cl ausius-

i.iO ssotti e0_uation are not nogligi ble. l n any case , the se experimental 

results indicate that t h e per mee.bility effect i s small when the d i ses are · 

closely packed . 

In Figure 12 the experimental vs.lues of the dielectric const ant are 

compared ,,--1 t h the correspond i ng No-inter action and Clausius-iY"'ssotti values . 

1-~ein the agreement i s good at the l s r p;er di s e separations , t he experimental 

v ;: l ues bcing s mal le r for tht:: à.ens ely packed arrays. These e xperiment al v el ues 

of the die1ectric constent are in a greement wi th the static values of 

S . B.Cohn obtained by the e1ectro1ytic me thod. lie found th& t the measured 

di e1ectric constant was lo1:er th<Ul theor e tic: 1 v é.lues v.hen the r atio of the 

separetion betvveen di ses t o the distance bet-.,een adj<:.cent d i ses in the sam:l 

plane wes le ss t han . 75. 

In an attemut to g i ve tbeoreti cal conf irmr::. t ion to the exper i n:ental 
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values of ke and km, the lattice structure cor rection t er ms Ax' Ay and Az 

·~:.ere obtained by nwnerica l calcula tion f or two rectangular lattices. 

l';n'en the dise faces are parallel to the xy plane the apparent ele ctric and 

magnetic polarizabili ties are gi ven by 

1 

~e:x: 

l3ez 

1 
~mz = 

= 

...1....+ 
Omz 

= 

+ 

= 0 

One of the rectangul ar lattice structures considered was that f or 

which the x and y latt ice di stance s vrer e .339 cm., t he z dist ance being 

. 200 cm. The constant 

l ~ .1..(1 - ~) 
41r r? r 

k k 
~= 

obtained by sw.wing over all latti ce points in a Lorentz sphere of radi us 

1.695 ems is ~qual to -35 . 23 cm-3. Also, it was shawn tha t Ax = Ay = -1/2 Az• 
The effective polarizabilitie s were then obtained fron1 e quations l5:J:l) 

and i nserted i nto' the Clausius-.i\:iossotti expressi on . The dielectric constant 

and permeability obtai ned in this way a r e 1.320 and . 866 re spectively. 

If the actual polarizabilitie s are use d t he values are k~ = 1.352 and 

km = . 850. 'l'he modif ied equation predicts a lower dielectric constant and 

a higher permeability. Thi s is true in general for this type of l a ttice if 

S is smaller than .339 cm. Also, as the spacing i s decreased Az becomes 

l arger in absolute value and the discrepanc i es bet ween the values predicted 

by the effective and actual polarizabilities be come greater . .l!;xperimentally 
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i t was found that at dense paeking the dieleetrie eonstent was lmver and 

the permeability higher than the corre sponding quantities given by the 

ordinary equation. .tience, in this way the modified équation i s in qualitative 

agreement wi th experiment. However, the a 7reement is no better than t his . 

This is evident from the values given by the modif ied equation for a spacing 

of .1 cm. 'l'he structure constant, Az, i s - 140.6 and the calculc.ted 

dielectric constant and permeability a re 1.327 and .86ü respectively. 

'l'hese values do not agree with e2..-perilfient ~see l!'igures 11 and 12) . This 

disagreement results l'roM applyins the modif'ied equation to an array tor 

wl:lich the radius of t he dise is conpara ble with the spacing . \ijhen this 

is the case the interact1 on is such that the current and charge displacement 

on a dise cannat be adequatel y represented by magnetie anci electric dipoles 

respecti vely. 

The loss tangents are also plotted against dise separ ation in l!'igure 

13. 'l'he eleetric loss tangent i s srnall and does not vary appreciabl y lJIIi th 

élise seue.rat ion. Th is small loss tangent coulè possibly be due to the 

i mpurities introduced in the handling of the polystyrene spaeers. The 

magnetic loss tangent inereases as the dise sepE.ration i s de ereased . 

PJot; s of the de-rer.deniJe of t h8 electric FIJ1 d rnagnetic parameters 

on the n1lfllber of particlAP per unit vol.lune are r i ven i n Fi !"'u:r-es 14, 15, 

a:r.d l"S. Th:if! i s don.e t.o facilitate com:oarison with t he more familiar 

methods of plotting th8 theoretical curves . 

• 
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Chapter 6 Conclud.QQ.ê 

It was posEible ta show in a quantitative meunET that the 

diamagneti~ effect associated wi.th compa:-co.ti vely thick fhke-sllaped 

metallic particle:: rendoiEl;r positioned in a vœ.x medium is smaller 

than existing theories i;redict. This was done by comparing the 

experimental and theoretical values of certain quantities which according 

to the theory ar·e independent of the distribution in size of the particles. 

It should he pointed out, hov:ever, t.hat to get the theoreticaJ. values it 

was assumed that ell particles were of circuler contour. If the particles 

in general have a :nore elongateo. contour the agreement between e:>.rperiment 

snd theory is better. These considerations indicate that Carruthers 

qualitetive eJ1.1ùanation of pen:1es.bilities only slightly less than unity, 

v.rhich applies t.o particles wi th thicknes:::es of the arder of skin deptb, 

is not coMplete. 

The experimental velues of the loss tangents of these samples 

also indicate that the gree.ter part of the total loss is associated with the 

circulating currents. This is in agreement wi th results obte.ined by 

E.L.Vogan from measurements made on fine aluminum powders. 

The controlled experiments on the alurninum dise arre.ys gs.ve resul ts 

which point ta the chief r e&.sons for the smalJ diamagnetisro ot served in the 

alumin~m powder samples. The agreement betvreen experiment end theory 

for the sparsely packed dise array in a wax supporting medium made it 

posdble ta conclude that the expression for the magnetic pole.rizabili ty 

is correct. That is, the pole.rizabili ty of ~ dise is essentie.lly a real 

quentity(-8/3 R3), being very little effected b;y the finite conductivity 

of aluwinuP. Also, the results of the investigation of the densely packed 

arre.ys show tha t the diemagnetic permeabili ty is much closer to unity than 
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predicted by the No-interaction or the urunodified Cle.usius-Mossotti equations. 

The smellest permee.bili ty measured i s a bout • 75 e.nd fro!!l the gra.ph drev.n 

in Figure D ., it is not possible th~t it could be rr:uch smaller t.han this 

for mo:t·e densely packed arrt.ys. It was shovm tha.t these findings a.re 

in qualite. ti ve agreement witt' the Clausius-Mosset ti equation rnodifi ed to 

include the effect of the noncubic structure of the le.ttice. 

The results of this investigation of the ordered arra.ys presents a 

possible explcnation of the small diamagnetic effect contrihuted by the 

aluminum pa.rticles of appro:xim8,tely circu.J.e:r contour, the slieht effect 

being due to intere.ction. Tha.t part of the diB.magnetism due to the more 

elongated purticles is small because of the small polarizabilities associated 

witb such particles. 

The values obtained from the measurement of the loss tangents of the 

dise arreys show that the magnetic lasses increase with the number of dises, 

wheree.s the electric loss is small and almost independent of the number 

of dises. Because of the errors involved, the plot of the measured velue 

of tanbm gave little indica.tion of the explici t relation betvteen tentm 

and the numher of particles. 

The experimental values of the dielectric const~nts of the densely 

packed dise arrays are much lower than the simple theories predict. This 

is in agreement with static measurements made by S.R.Cohn by the electrolytic 

tank metbod. These values are alsc in qualitative agreement ~i.th the modified 

Clausius~~ossotti equation. Because of this result,the expl~netion of 

comparatively lRrge r efrs.ctive indices which can be obtained with the 

aluminum powder dielectric is not immedie.tely evident. However, a reasonable 

eÀ~lenation follows from a consideration of the shape of the fleke particles. 

Microphotographs of the particles taken by E.L.Vogan indicete that the dise 

contour is in general very irregular v.rith compar atively few contours being 
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circulEr. The maj ori ty of the lE,rger parti cl es are elon ga ted. This 

is to be expected from a considerlï.tion of the sifting process previously 

discussed. The electric poh.rizabili ties of these elongated particles 

are much greater than their magnetic polarizabilities and bence they are 

more effective in producing the high refra.ctive indices. 

The Short circuit -Open circuit method of measuring dielèctric 

parameters vras enls.rged in scope by making use of expressions for the 

propagation constants and cha.rs.cteristic wave impedances of certain 

anisotropie medi8. in rectangular waveguide. This was done through the 

use of Generalized ·relegraphists Equations developed by Schelkunoff. A 

similEr treatment of the most general anisotropie media, if possible, 

would be extrem~ly complicated and from a practioal standpoint would be 

useless. However, it is possible that the theory could. be applied· to 

certain anisotropie medie of practical interest, for exemple a gyromagnetic 

medium. 

Because of certain simplifications in the formulee used in the 

numerical calcul~tions of the Short circuit -Open circuit technique, it 

was possible to give a practical procedure for estimating possible errors 

in the measured parameters. With this procedure unusual experimental results 

obtained by this and other authors were explained. 
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Annendix A ---·---
I~ orde~ to e ffect the invers1on 

••• \.1) 

it is first convenien+ to vvrite 

exp UT -T ) g I II 

s 2 
= u + j v 

and hence eq_'lP.tion (1) becomes 

tanh-1 (u + jv) = a + j b 

The pro l)Jem i s t hen reduced to finding a and h if gi ve'l ll and v. 

Equ2tion (J.) can be written in the foll01 'ing 11ay:-

t !!rh(a + ~ h) = u + .i v 

Rpd s inc e t anh j b = j tan b 

u + j v t anh a + j t En b 
1 + j t.arù1 a t sn b 

= tanh a + ; tan h (1 _ J. t .anh a tan b) 2 . 2 
1 + t arb a t e:r b 

:::; 

= 

~aJili~ t anh a tan2b +j tan b - t anh?a t~n b 

1 + 4-.e nh2a te.n2b 1 + t e.nh2a tan2b 

t8.nh a~_+ tan2b ) 

1 + t.anh 2a tan 2b 
+ ; 

,J 

2 
t an b (l - t anh a) 

2 ?_ • 
1 + t anh a tan~b 

••• ( 2) 

Eqw-=.tion (3: 3 :17) shov1s t hPt 9 is of the order of one-half t he 

tot.R.l 1oss of the di e1ectric sine e i s small compared to one. 
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But Q is rele t ed to a and b by the erpression Thus a 
0 

is of the order of one·-r.elf t he totel lo9s tangent and a is of the 

order of Qi'tan" . :B'or a sarï:.ple one end one-eighth v:avelP-ngths long 
2 

b ( :;::~) is approxima tel y 7 and ? is of the order of 3.5 L:t :=m0 and hence 
),gi 

a «1 1'0"" low loss samples. Si.nce tanh a = a - a3 + 2a
5 - • · • eq_uation 

3 15 
(2) •nty he V.'ri tten 

u + j v fl ( 1 + t &n 2b) 

l + tanh2a tan2b 
+ j tan b 

1 + t anh 2a tan 2b 
lt ••• (3) 

Also, if the m.easurement is ne de for e. sa'Tl.ple length near an odd multiple 

of one-eighth of a ~avelen1th, tan b 

(3) becomes 

u + j v - a(l + tan2b) + j tan b 

from which +-.he relations 

b tan-1v ••• (4) 

and a u 
l + v2 

••• (5) 

arP- evident.. Previous t.o this inv~sti e;8.t.ior. '1 end b have been determined 

by t he riforous formulae 

b 
( 

2 2 -1 1 - u -v tan -----2v 
2 2 ) + ( !_:...;:,__-..!.._) 

2v 
•.• (6) 

cosh a = ~sin ~ cos b + sin~ ••• ( 7) 

'l'his method of get.ting b i s straight forward but l ong . The ter m on the 

right hand of ecluat ion (7) rrtust be very little grec.ter than one since a 

is srr.all. Thus in arder to get accurate values of a, co s b and sin b 

had to be accur ately known . In fact , values extrapolat ed in cos and sin 

t.al)J es of argume nt s to the neares t one-thousandth of a r adian had to he used. 
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The errors invol ved in such a procedure rüght easily be grea te r than the 

error due to the use of the Ft~oproxirw,te rela tion given in ec,ua tion (5). 

For example, consider a sample for which Ztanb = .0340 and tanh(a+jb)=.l580 + 

jl.0681, .1580 and 1.0681 bei ng actual r;_easured values of u and v respectively. 

By equations (6 ) en d (7) 

a = .073.'3 

b -- 3o9h5 7 

and by t he apnroxima te e quations 

a = .0738 

b = 3·9599. 

Hov;ever, a and b can be determine d more accurately by substi t uting these 

latter approximate value s i nto the ri cht hand s i de of the equc.tions 

tanh a = u(1 + t anh 2a t an2b ) 
1 + ten2b --

tan b = v(l + tanh 2a tan 2b) 
1 - tanh2a 

th us 12;i vinr; 
a = .0744 

b = 3 .9657 

Hence it i s seen that the value of a obtained by equations ( 6 ) and (7) i s 

about 1.5% lower than the true value. 

On the follov;ing page a typicaJ calculation i s c arried out from 

measurement s made on a lucite smnule . 'l'he term (nJ n~) ~ accounts 

for the effect of the slot of the de tecting sec t i on on the positi on of 

the minimum and the second terr.t in the expression fo r .âX serves to correct 

f o r the lo ,-. s es in the guide waus4• The equations appearing on this 

calculation sheet will be used in the discussion of e rrors in Appendix B. 
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Calculation t>heet for Short circuit - Open circuit 1\ieasurerœnt 
of Isotropie D~~·~ e:..:::l..::.ec::..:t::..::r-=.i.:::.:cs~-------

Sample: Lucite 

Run: 7 Date;:: bth January 1953 

0 Temp;:: 20 C 

k ;:: 2.589 e 

lsn = 1.0086 

)..0 ;:: 4.5822 

A).. = .0270~ Thickness= 1.3698 

tanb 6 = .0104 

tanbm ;:: -.0024 

Âgo;:: 4.4705 

AXa_=2.514l 
2.5093 

= .0048 

Na = 2.5188 

AXa= 2 .5141 
?..5095 

;:: .0046 

2 AXa,_ .u0042 
nJ..go 

I Sarnp1e at short 

<D -2 = 1.9122 

® Llr = .0116 
I 

Q) E~ = 'IT~X = .01239 
À go 

(n 1 - n 1) 41. - d - f Àgo! 
a s 2 \ 4 : 

Àg0 = 4.4705 

AX1
5=1.3266 AX1=1.3270 s . 

1.3054 1.3057 
= .0212 = .0213 

N~ = 1.3162 

~n'-n' )1 4).. = .0073 
a s 2 

Àg0 = 4.4705 

AXg~ •8631 
~ 

= .0264 

NIT = .8497 s 

TI Samp1e Àgo/4 from short_ 

<D rr = .3312 

® IJ.-r = .0185 

Q) E~ = • 01848 

A2; =.8630 
.8362 

=.0268 

I 
@ ton 2n'X,_ = tan 2. 6875 = - .4861 

À go 
® tan~= tan .4655 = .5023 

A go 

G) \ (2) 2+ @ 2 )1/2= .4833 ® t Q) 2+ @ 2
)
112= ·5026 

@ tan-1@/ Q) = t an-1-39.4= -1.5454 @ t an- 1 @; 0) = t an-127.18 = 1.5340 

('j) t an-1 Q)x@ = -.0060 (J) t an-1Q)x@ = .00928 

@ (1 + G) 2x@2 )1/2 = 1 @ ,1 + Q) 2x @ 2 )1/2 = 1 

@ si exp(jTI)= ~exp(j(-@+(ù) {2) sllexp(jTJI) =$exp il-@+®) 

= . 4683 exp(j 1.5394 ) 
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tanhYi d = t anh(a + j b) 

b ~ tan-1 v+ nrr = .7778 + ~ = 3.9194 

a ~ _E__ = .0194 
1+v2 

.4954 exp\j .00732) 

yi =~b2+e2 exp(-j 
}Q 21rd 

tan-1 ~) = 
b 

A expl..-j9) = 2.0359 exp(-j .00495) 

tanb 
ill 

kekm 

~tan() 

ke 

À go 

= - tan(~-Q) = -.00237 

AB = 1.0086 
~1 + tan2bm 

2 2 
~ (A2 + Àgo) = 2.6115 
],2 À2 

go c 

2 

- 2Q(1 - ~ - 1
-) = .00805 

),2 kekm c 

~= 2.5892 

tanb8 :i= @ -@ = .01042 
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.Appendix B 

In the follmüng analysis of the errors in the Short circuit-Open 

circuit measurement, it is assumed that the experimental error associated 

vnth the measurement of Àgo is negligible. This is a valid assumption in 

view of the precision of the microwave co111ponents involved in such a 

r.1easurement. 

The indi vi dual steps in the procedure e.re not explmned in detail 

since they involve simple differentiations and approximations based on the 

assumption that the electric and magnetic loss tangents are small. .Also, 

the steps are numbered to correspond to those in the calculation sheet 

given in Appendix A. 

A b preceding a symbol r efers t o the algebraic value of the experimental 

error associated \'.ith the quantit.y represent.ed by that symbol. No confusion 

should arise betvieen thj_s b and tho se associ ated vJi th tt'le electromagnetic 

attenuation in the dielectric sarr1ples. 

Calculation Procedure for the Estimation of ~rrors 

G) and ® The errors in X and ilX are e stimated in the usual rnenne r by 

conside riug the precision of the instruments in vol ved. 

Û) bE0 = Àrr b(AX) 
go 

@ Negligi blA error 
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® bS ::: 2Tr sec
2

( 21rX) bX 
À go )..go 

bT = - o@ + o(j) 

@ bB = b V s1sll = !l ~sr+ os~ 
2 SI S:O: 

@ Since u = ~:~ ~ - T\Tj 
and v = ~ :~ 

and bv 

= 1 (os1 - v2bsli ) 
2B(l+v2) 

1 
ba = l+v2 bu 

Since A = ~ 
27rd 

bA = Àgo bb 
2Jrd 

Also since Q a/b 

be = - ba+~ 
b b 

The calculation procedure up t o this point i s the same for e i ther 

isotropiG or ani sotropie meai a . The errors i n the el ectric and magnetic 

pararaetGrs can easily be obtaine à. by making use of the r el:c,tions betV<een 

ke,km,tanbe, tanbm and A, B! 0, ~ which a re pertinent to the medi a under 

consideration. 
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\Ji th this outline i t is not difficul t to estiruat.e the errors in 

the p e.rameters of a sa;•;3_:Jle after a measurement has been me. oe and t.t1e 

values of the parameters obtained. If the estimated errors t'or a sample 

t o be measured, :i:or which approxima te values of' tre parameters a:re known, 

are needed, considerably more numerical wor1-:: is required. 'l'hat is, the 

calculation procedu:re outlined in Appendix A must be inverted so tha t 

a pproximete vc::lues of xl, -21, ôX1 and .d.XII may be obtained from the known 

dielectric parameters. 'l'his was doue to obtain the plots given in Chapter 4. 

It shoulci be mentioned that this inversion process is co r.iparatively simple if 

the proposed measurement is to be mad e for a sample with a length which is 

close t o an odd multiple of one-eightllof a wavelength. 
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