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Abstract

This thesis presents a method based on the velocity singularities for the analysis

of oscillating airfoils. The method of velocity singularities bas been originally developed

by Mateescu for the analysis of the steady flows past airfoiIs. This method makes use of

special singuIarities associated to the leading edge and ridges that directly represent the

complex perturbation velocity.

Closed form solutions were derived for the pressure distributions and for the

aerodynamic forces and moments acting on the oscillating airfoils with or without

oscillating ailerons.

The solutions obtained with the velocity singularity method for steady flows past

airfoils were found ta be in very good agreement with the exact solutions obtained by

conformaI transformation in the case of thin Joukowski airfoils.. as weIl as with the

previous solutions for the case of flexible-membrane airfoils obtained by Mateescu &

Newman.. Nielsen and Thwaites.

For unsteady flows.. this method has been validated for airfoils executing

oscillatory motions in translation and pitching rotation and for airfoils with ailerons

executing oscillatory rotations. The pressure distributions and the aerodynamic forces and

moments obtained with the present method were found to be in excellent agreement with

the previous solutions obtained by Theodorsen and Postel and Leppert.

The method has then been extended to the unsteady flows past airfoils executing

flexural harmonic oscillations. Closed form solutions were aIso derived for the pressure

distributions and the aerodynamic forces and moments acting on an airfoil with an aileron

executing flexural oscillations. No comparisons were presented for the cases of flexural

oscillations since there are no previous resuIts known.

The present approacb displayed an excellent accuracy and efficiency in ail

problems studied.



Résumé

Cette thèse présente une méthode d'analyse basée sur les singularités de vitesse

pour les profils aérodynamiques ayant des mouvements oscillatoirs. La méthode des

singularités de vitesse a été développée originalement par Mateescu pour l'analyse

d'écoulements stationnaires autour des profils aérodynamiques. Cette méthode utilise des

singularités spéciales asociées au bord d'attaque et aux arêtes qui représentent directement

la vitesse complexe de perturbation.

Des solutions explicites ont été établies pour la distribution de pression et pour les

forces et les moments aérodynamiques agissant sur les profils aérodynamiques en

mouvements oscillatoirs, avec ou sans aileron en mouvement oscillatoire.

Les solutions obtenues avec la méthode des singularités de vitesse pour les

écoulements stationnaires autour des profils aérodynamiques sont en excellent accord

avec la solution exacte obtenue par transformation confonnale pour le cas des profils

aérodynamiques de Joukowski, ainsi que avec les solutions antérieures obtenues par

Mateescu & Newm~ Nielsen and Thwaites pour les profils aérodynamiques flexibles.

Pour les ecoulements instationnaires, cette méthode a été validée pour les profils

aérodynamiques exécutant des mouvements oscillatoires en translation et en rotation,

ainsi que pour des profils munies d'un aileron oscillant. Les distributions de pression et

les forces et moments aérodynamiques obtenus par la présente méthode ont été trouvées

en excellent accord avec les solutions obtenues dans ces cas par Theodorsen et par Postel

et Leppert.

La méthode a été puis utilisée pour étudier les écoulements instationnaires autour

des profils aérodynamiques exécutant des oscillations harmoniques en flexion. Des

formules explicites ont été aussi établies pour la distribution de pression et pour les forces

et moments aérodynamiques agissant sur un profil aérodynamique muni d'un aileron

exécutant des oscillations flexurales. Aucune comparaison n"est pas présentée pour le cas

des oscillations en flexion parce qu'il n'y a pas des résultats précédent connus.

La présente méthode a démontré une excellente précision et efficacité dans tous

les problémes étudiés.
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Chapter 1

Introduction

The analysis of unsteady flows past oscillating airfoils and wings is very important

for the aeronautical applications. The problem of predicting the aerodynamic

characteristics of such airioils is among the first ones that have been studied in the

development of the aeronautical sciences. This analysis has proved to be of considerable

practical importance. Studies of unsteady airfoil flows require predicting the unsteady

aerodYQamic loads acting on thin lifting surfaces. Potentially beneficial effects of

unsteadiness has aIso been given sorne attentioa such as controlled periodic vortex

generation, improve the performance of turbo-machinery, helicopter rotors.. and wind

turbines by controlling the unsteady forces in sorne optimum way. Most of these studies

concem either periodic motion ofan airfoil in a uniform stream or periodic fluctuations in

the approaching flow. There is a need ta develop efficient methods ofanalysis that can be

used in conjunction with the structural research to study the dynamics and stability of the

airfoil and wing structure subjected to the UIb1eady aerodynamic forces.

The analysis of thin airfoil theory bas been a subject under research and development

for Many years. Since it is in general difficult to develop an exact solution for the ideal

flow past an airfoil of arbitrary shape, approximate methods bave been developed to

solve this problem. Among the pioneering works are the ones of Glauert [6,14] and

Bimbaum. Glauert's method approximates the airfoil by its camber line and by modeling

this camber [ine as a vortex sheet. An integral equation resulted for the distribution of the

vortex sheet by linearizing the boundary conditions and transferring these boundary

conditions from the surtàce af the airfoil to the chordIine. Glauert solved the integral

equation by means afFaurier series. This approach is the basis ofthin airfoil thearies.
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The fact that the boundary conditions are in general non-tinear makes the problem of

finding an exact solution for the motion ofan ideaI tlow very complicated. Few solutions

are available for a limited number of geometries only. For instance~ Joukowski [21~14]

airfoils~ which can be directly obtained from the conformaI transformation of a circle.

However, these airfoils are of limited use in practice because of their pre-determined

shapes't but they are essentiaI in assessing the accuracy of the approximate methods.

The method of velocity singularities has been first introduced for supersonic tlow

past wings and wing-fuselage systems, Mateescu [Il]. Mateescu [12.. 13] has aIso

introduced a new method for the solution of the steady tlow past thin airfoils in subsonic

flows. The method of velocity singularities developed by Mateesc~ makes use of special

singularities at the airfoil leading edge and ridges aIong the airfoil. This method.. does not

directly use the velocity potential but instead operates directly on the velocity field by

considering the singular behavior of the tlow at geometrically important elements of the

airfoil. [n addition.. this solution satisfies the Kuna condition at the trailing edge. This

method is characterized by a simple and direct approach.. leading ta closed-form solutions

in aIl cases when the airfoit contour is specified. Although the initial method was

developed as a linear theory, a non-linear development is aIso possible [12]. This method

has been extended to analyze the problems of flexible airfoils and jet-tlapped airfoils, in

which the shape of the jet sheet or the flexible membrane depends on the pressure

difference across them.. see Mateescu & Newman [13], Nielsen [22] and Thwaites [27].

Studies ofunsteady-airfoil flows have been motivated mostly by efforts to prevent or

reduce such undesirable effects as flutter and vibrations. Among the best known and most

enlightening analysis of this class of problems are those by Theodorsen [26,15] and Von

Kâl1luin & Sears [28], who considered a thin flat plate and a traiIing flat wake ofvortices

in incompressible fluid. Theodorsen developed the velocity potentials due to the unsteady

flow aroWld the airfoiL The aerodynamic forces and moments on an oscillating airfoil are

then determined on this basis.

Küssner and Schwarz [5,9,25] obtained a solution of the lift and moment for an

airfoil oscillating with arbitrary mode, which depends on a Fourier series expansion.
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A more specific solution for the unsteady lift and moment for an airfoil was

introduced by Biot [5]. The solution is limited to the special cases of an airfoil executing

vertical-translation and rotational oscillations.

Many important features of the unsteady airfoil behavior were descnoed by

McCroskey [18,19]. A number of scientists snch as Die~ Schwarz, Kemp, and Basu

[2,4,8,25] covered various asPects of the unsteady flow past airfoils. In these

investigations., the primary objective was to obtain the lift forces and moments; therefore,

computations were not made to show typical pressure distnoutions. Theodorsen [26]

derived the forces and moments for the hannonically oscillating airfoil without actually

calculating the pressure distributions. Postel and Leppert [241 have calculated pressures

acting on a thin amoil with harmonic plunging and pitching oscillations of small

amplitude in incompressible flow. These previous solutions are restricted to the special

cases ofoscillatory translation and rotation of an airfoil. However, the previous formulas

of the aerodynamic forces are complicated and are obtained for special cases of the

airfoils oscillating as rigid bodies without considering the flexural oscillations.

In the present thesis.. a new analytical method of solution for the analysis of the

unsteady flow past airfoils and ailerons.. based on velocity singularities, is developed.

Closed form formulas of the aerodYnamic forces along with the pressures acting on a thin

airfoil oscillating with various harmonie motions are determined. The fonnulas obtained

are of a simple and efficient form and the mathematical treatment provides an effective

approach for the general case 0 f oscillations, including the flexural oscillations.

The first objective of the present work is to obtain the solutions ofthe unsteady flow

past oscillating airfoiIs, which could efficiently avoid the mathematical difficulties

encountered in the classical theories. The second objective of the present study is to

develop a comprehensive approach for the analysis of the unsteady flow past oscillating

airfoils.

Chapter 2 is devoted to the problem formulation of the steady and unsteady flows

past fixed or oscillating airfoils. The previous theory developed by Theodorsen [26] is

aiso presented.

3



In Cbapter 3, the method of velocity singularities for steady flows past airfoils is

discussed. This method of solution is applied for various problems of specifie airfoils.

The method of velocity singularities is first validated by comparison with the exact

solutions obtained by conformal transformation [13,14], and then with the results

obtained by Nielsen [22] and Thwaites [27] for flexible-membrane airfoils.

In Chapter 4, a new method for the analysis of the unsteady flow past oscillating

airfoils using velocity singularities is presented. The method is extended to the analysis of

the unsteady flow past airfoils with oscillating ailerons. The aerodynamic forces and the

pressure distribution on the oscillating airfoils and ailerons are then determined.

The solutions of the flow past airfoils executing more general oscillations such as.

flexural oscillations are aIso determined.

Chapter 5 presents numerical results for various cases of oscillating airfoils obtained

with the method of solution developed in Chapter 4. F~ the present solutions are

compared for validation with the results obtained by Theodorsen [26] and Postel &

Leppert [24] for the case of oscillations in translation and pitching rotation. Then't the

present solutions obtained for airfoils with ailerons executing flexuraI oscillations are

presented.

The last chapter is devoted to the conclusions and recommendations for future

further studies.
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Chapter 2

Problem fonnolation and review of Theodorsen
theory

2.1 Problem formulation

Consider the flow around an airfoil having an angle of attack a with respect to the free

stream velocity U<D as shawn in Figure 2..1..

y

x

Fig 2.1 Geometry ofan airfoil at an incidence a in uniform flow of velacity Uao •

The airfoil could be stationary or can execute various types of oscillations. The

most common types of oscillations are the linear translation and the pitching rotation

defined, respectively, as,

h(t) = ha cos (ID t+ <Il h ) , (2-1 )

e(t)=8ocos(mt+q>9)~ (2-2)

where, Q) and t are the frequency of oscillations and the time, respectively. ln linear

translation oscillations, ho and <Ph are the amplitude and the phase angle. SimiIarly, 90

and <Pa are the amplitude and the phase angle ofthe pitching rotation oscillations.

5



The above equations can aIso he expressed in complex form as,

h(t) =Re {Ji eU" }'t

9(t) =Re {ê eHtJ1
} ,

... ...
where the complex amplitudes h and e· are defined by't

h=ho e'lf)" ,

ê=90 e'f9ft ,

(2-3)

(2-4)

(2-5)

(2-6)

For simplification, in the following, the real part symbol, Re{ }'t will be omitted and thus

equations (2-3), (2-4) are expressed in the rorm.,

h(t) = Ji e'OU
,

e(t)= ê e'CU1
•

(2-7)

(2-8)

However, this will imply that the real part will have to be taken from the final compLex

solution (in fact, this is a common practice for this type of harmonic oscillation

probLems).

The ve[ocity potential equation for unsteady potential flows defined by the fluid velocity

and velocity components is,

v (, ) 1 [a2
, a( .,)~V·Y--,·V v- =-, -,+- v- ,

2a- a- ar al
(2-9)

where., ~ represents the velocity potential and V is the tluid velocity, are defined as..

(2-10)

y =(Uec ·cosa + u).i + (UœI"sina+v). j " (2-11)

The Bernoulli-Lagrange equation for barotropic incompressible fluids (for which the

density is a function ofpressure ooly) is,

a~ +.!.V1 +l:=C(t) .
al 2 p

The pressure coefficient equation in second order approximation is,

6
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It is important to note that in the case of incompressible unsteady potential flows, the

velocity potential equation and the pressure coefficient equation are,

v·v=o,

c = p-pfIJ
Pl, ,

-pu2 ~

(2-14)

(2-15)

(2-16)

In Cartesian coordinates, the perturbation velocity components (LI, v) and the

perturbation velocity potential (cp ) equations are,

8q>
u=-

ôx

ôq>
v=-

ôy
(2-17)

(2-18)

Boundary conditions

The boundary condition on an airfoil executing vertical translation and pitching rotation

oscillations is determined in the assumption of small amplitude oscillations. Consider a

body executing a small oscillations, the equation of the body surface is expressed

generally as~

f{x,y,z,t) = 0,

The boundary condition on the body surface is given by!

af +(U<IJ +q).V/=O.ac
where, U:c is the uniform stream velocity and il is the disturbance velocity.

7
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Consider a flat plate airfoil in oscillation as shown in Figure 2.2.

y

h(t)

j

:c

y

r

Fig 2.2 Geometry of a flat plate airfoil executing translation and pitching rotation

oscillations.

The equation of the body surface of flat plate airfoiI is.

y = h(t)- xtane. (2-21 )

[n the assumption of small amplitude oscillations ( tane== e ), the equation of the body

surface f (x, y, t), is expressed as,

f(X,y,l) =y+x·e(t )-h(t) =0 ..

The boundary condition on the oscillating plate is derived from,

af + (u aJ + q).VI = 0,
al

(2-22)

(2-23)

where, U:a is the uniform stream velocity and Ci is the disturbance velocity. The

equations ofwhich, are expressed as,

q=iu+jw,

in which,Vfis derived from,

8

(2-24)

(2-25)
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The values of a1 and "If in equation (2-23) are expressed as.at
al d9 dh
-=:c---at . dt dt 't

Vf=i8(t)+j 1't

The vertical translation and pitching rotation oscillations are given by,

h(t) =he'Q)I,

a(t) = ê e' Q)I ,

The value orthe time derivative af is expressed as..at .

al = i OJ [ Bx - Ji ] e'a# ,
at

Hence, the boundary condition on the oscillating plate is't

w(x,y,t~pbr = [ -u~ 8+ iW(h -8x)k".
which can be expressed as.

(2-27)

(2-28)

(2-29)

(2-30)

(2-31)

(2-32)

where the reduced vertical disturbance velocity w(x't y) is expressed as,

w(x,y~ plut~ = - UrJ fi + i w( h- fi x ). (2-34)

9



2.2 Previous studies for unsteady tlows past oscillating ainoils:
Theodorsen's theory

The unsteady tlO\V pas! an airfoil oscillating around a mean position defined by

the mean incidencea , can be decomposed into the steady flow pas! the fixed airfoil at the

mean incidencea and the unsteady motion pas! an oscillating flat plate in the assumption

ofsmall perturbations, Figure 2.3.

y

a)

_______________...10..- __.

x

b) +

x

Fig 2.3 Decomposition of the unsteady flow around an oscillating airfoil into: (a) The

steady flow pas! a fixed airfoil, and (b) The unsteady motion past an oscillating flat plate.

For the unsteady flow past an oscillating plate.. Theodorsen [15,26] bas developed

a method to determine the aerodynamic forces on an oscillating airfoil. The theory was

based on the potential flow and the Kutta condition. In this methoci, the perturbation

velocity potential, 'l', around the oscillating airfoil is decomposed into two parts:(i) the

perturbation potential 'l'l' corresponding to the motion without circulation around the

airfoil, and, (ii) the potential '1'2" corresponding to the motion with circulation due to the

shedding vortices.

10



The equation of the perturbation potential for the unsteady incompressible flow is given

by,

l a1f/J à2qJ
V m=-+-=O

y ÔX1 ày2 '

The pressure coefficient equation is given by,

(2-35)

(2-36)( ) 2 (aqJ af/J]Cp :c,y,t =--, -+UaIJ - ,

U~ at àx

Introducing the reduced potential ip (:c, y) and the reduced pressure coefficient èp (x.. y)

in the form.,

f/J(X,y,I)=q;(x,y)e'~ ..

Cp (x,y,t)=êp(x,y)e'~ ..

the above equations become..

"2 .. a2,p aJ.,p 0
v f/J = ax! + ay! = ..

êp (x, y) =- ~; (iCtlq;(X'Y)+U~ :}

The general form ofthe boundary condition on the oscillating airfoil is given by..

M{x,O,t~ IJlrffll/ =W(x,t),

where..

(2-37)

(2-38)

(2-39)

(2-40)

(2-41 )

(2-42)

For the considered case of plunging and pitching oscillations, the boundary conditions are

given by equation (2-34)..

lV(X,y~ p/Ulr =- U21 fi + iaJ( Ji - fi x ). (2-43)

In this manner, the unsteady aerodynamics problem has been reduced ta the study of the

reduced motion defined by the reduced potential.

Il



2.2.1 Motion without circulation

Consider the tlow without circulation around a fiat plate, the effect of the vertical

velocity jump is replaced by a source (+AQ)and sink(-ilQ)system situated on the upper

and lower sides of the plate as shown in Figure 2.4. The relation between the velocity

jump and the strength ofthe source (ilQ) is given by"

AQ =2bW(x1,t)d'tp (2-44)

. ~~

y =b·y

W{x1 ,t)
~~~ ....
- .- - x =bb ·:r l b ·dx l

b·x

- - -- - -
b·l b·l

••'t

+AQ

Fig 2.4 Effect of a jump in the vertical velocity on a flat plate in the motion without

circulation.

Joukowski's conformal transformation is used to transform the flat plate in the plane

z = x + i y into a circle in the plane ç =ç+ i'7 . The transformation is defmed by,

(2-45)

The complex potential ofthe source and sink is given by,

(2-46)

where,

(2-47)

12



The velocity perturbation potential for the flow without circulation is denoted by't

where'f

( )_ (X-X1Y+(P-Rf
L X'fXl - ln ( f '

(x- XI )2 + ~l- :c! + ~l-:c~

The axial perturbation velocity is given by,

The corresponding pressure coefficient is expressed by~

The pressure difference across the plate is given by't

13
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(2-51)
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2.2.2 Motion with circulation around a Oat plate

The motion with circulation around a flat plate is studied by considering an elementary

shedding vortex t1f situated downstream at z = xa. Jaukowski's conformai

transformation is used to transform the flat plate inta a circie and hence, a vortex of

opposite sense has ta be introduced inside the circie at the symmetrical point in order ta

render the circle. the streamline property. as shown in Figure 2.5.

y "l

t1f
~ ...
:/ ...

r

1 1

Xa .....

Fig 2.5 Motion with circulation around a flat plate due to a vortex placed downstream.

The complex potential is given by.

F (l') =_i df ln ç - Ça
2 \" ., r -1 / = '

_1! ., "0
where ç =z+.Jz2 -1.

The perturbation velocity potential is,

t1r _1 ~:c; -1 ~1-x2
dq>., =- tan ,

- 2n l-xo :c
The axial perturbation velocity is,

aq>2 ôr ~:c: -1
du., =--=- •

- ax 2n (x-xo) ~l-:c!
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In the unsteady case.. at anv instant of time t.. a free vortex d r dt is shedding at the
- dt

trailing edge of the profile. Sînce this free vortex is moving downstream with the velocity

UID of the uniform stream, the intensity of the free vortex distribution 1 f ' along the axis

ofthe plate, is expressed as,

() 1 df .;u
Y I t =---=y e
f' U~ dt 0 ~

(2-57)

(2-58)

A free vortex located at the instant t at the distance b Xo ' was shedding at the trailing edge

at a previous instant of time, and hence,

yf (x. ,1) = yf ( 1,1-bx~: 1
).

The reduced frequency k and the harmonie oscillations are given by,

k =rob
U'

~

( )
• Ile -li·fol ,au1f Xo,t = 10 e e e,

(2-59)

(2-60)

where, y~ is a constant that will be determined by imposing the Kuna condition at the

trailing edge of the profile. The free vortex distribution is related to the perturbation

potential by,

~r =yf (xo,t) bdxo .. (2-61)

Since the free vortex is moving towards downstream with the velocity of the free stream..

the pressure coefficient corresponding to the purely circulatory motion produced by the

perturbation velocity potential after considering the effect of all the free vortices situated

in the wake ofthe oscillating airfoil, is given by,

d A U· /1 /QII 2 1 ~f -1.1 Xo +x dx
U Pl =P =r0 e e r=ï e ~ O·

1C ,,1-x- t ".t'à -1

15
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2.2.3 Complete motion

By adding the potential corresponding to the motion without circulation around the flat

plate., due to the normal velocity jump W (Xl ,t) , and the potential corresponding to the

pure circulatory motion, produced by the shedding free vortices in the wake of the airfoil,

one obtains the total perturbation velocity potential for the complete motion around the

oscillating plate or airfoil.

Replacing the unknown constant y~ by the equatio~

• W(x, ,t) ctel
Yo = Yo il fOlI 'e e

(2-63)

and imposing the Kutta condition at the trailing edge of the profile, one obtains the

unknown constant y0 • The axial disturbance velocity is given by,

[
r:ïl2 :c U--;1]dxl Vl-Xl 1 -,i-foJ vXo -l 1

du(x,xl,t)=W(x"t)- +-Yo fe dxo ~'
Ir X - xt :2 1 Xo - x 1-x·

(2-64)

(2-66)

(2-65)

By imposing the Kutta condition at the trailing edge (x =1), one obtains,

(d u(.t,x"t)L.I = finite,

4 1 tHI
y0 = Tt H:2

) (k) + i Hg (k) 1-XI '

where H~2) (k) , H:2
)(k) represent the Hankel functions of second kind of orders

zero and one [1;0;9}. See Appendices A and B for details. The pressure difference

across the plate combines a quasi-steady term, inertia force tenn and the effect of the free

vortices in the wake ofthe airfoil. The equation ofthe pressure equation is given by,

( ) 2 U p-x If ( )p+x1 dx.IIp x,t =-p ~ - W xt,l ----
tr l+x _1 l-xl X-Xt

.!- b Il aw(xpt).L( ).J-+ P .t,Xl CL\,

Ir _1 al

+ 3.. pU., [l-C(k»).P-X [W(Xl't)PH1 dx,
K l+x -1 l-xt

16
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(2-68)

(2-69)

where Theodorsen's function C(k) t is defined as,

H!2) (k) .
C(k) = H12) (k)+i H~2) (k) = F(k)+lG(k),

where H~2) (k) , H?) (k) represent the Hankel fonctions ofsecond kind oforders zero and

one [7,20,29]. See Appendices A and B for details_

The function L (x,xt ) is given by,

( ) (x-xlf+(p-RI
L x, Xl = ln ( \1 .

(X-Xl Y+ ~1-x2 + ~l-x~ )

Theodorsen's results are presented for the following oscillatory motions of the airfoil

(Figure 2..6),

b·x

~(t)

b b

Fig 2.6 Flat plate geometry as presented in Theodorsen's solution.

The oscillations ofthe airfoil are denoted as,

h(t) =j,·e'IDI
,

a(t) =à.e'IDl
,

~(t) = p_e'IDI
,
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for x E (-1., Cl ) ,

for XE(c1,1).

The boundary conditions on the airfoil-aileron combination are defined as,

W(x,t)=-aUce -JÏ-b(x-a)ci

W(x,t) = -aUce -h-b(x-a)<i-b(x-c1)~-~U:a

The lift force is given by,

L=Ir pb3
4)2 { p. : +[p~ -(~+a)Pe ]a+pp p}.

The pitching moment equation is'l

(2-73)

(2-74)

(2-75)

M.• =lrpb{ 4)2{ [Me -(~+a )Pe]: +[M~ -(~+a)(p~ +MJ+G +arp. Ja+

+[Mp -(i+a)pp]p J

(2-76)

The hinge moment equation is given by,

MH =Ir pb' 4)2 { T. : +[T~ -(i+a)Te]a+Tpp}.
A list ofthe terrns that appear in the above formulas is given in Appendix B.
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Chapter 3

Method of velocity singularities for steady tlows

3.1 Method of velocity singularities for steady tlows past airfoils

Prototype Problem

Consider a very thin airfoil extending on the real axis in the complex plane z = x+iy

from z =0 ta z =c with a sudden change ofslope, due ta a single ridge, at z =s Figure

3.1. A typical configuration ofa flapped, otherwise uncambered airfoil Figure 3.1a is fmt

considered. This gives the basic singu1arities at the leading edge L(x= 0) and the ridge

R(x=s), where the airfoil slope suddenly changes by an angle ~.

y

a)

~L~_-S

c

T x

b)

T" ....-.

cr

---+ T'

Fig 3.1 Geometry of a thin tlapped airfoil: a) in the physical complex plane; b) in the

complex plane defined by the conformai transformation.
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The boundary conditions are,

for 0 <x<s

for s <x<c
(3-1)

where a. is the angle of attack, t is the leading-edge slope with respect to the cor~

va =U ('t - a) represents the normal-ta-chord perturbation velocity v at the leading edge

and L\ v =- pU denotes the change in v at the ridge. In the complex plane z =x +i y,

the conjugate complex perturbation velocity is defined as,

w(z)=u - i(v - vol. (3-2)

The boundary conditions (3-1) applied on the airfoil chard are, thereby, simplified ta,

lMAG[w(z)]"r ={O
-Llv

for 0 <x<s

for s < x < c '
(3-3)

and, due ta the antisymmetric nature of the perturbation flow past the airfoil in the

complex plane,

REAL [w(z)] :_% =0 for x < 0, x > c .. (3-4)

(3-5)

The local behavior of the perturbation velocities at the leading and trailing edges are..

respectively,

w(z~=...o ....~ (whereAoisindependentof z)

REAL [w{z)L-+c =0

where the first condition represents the leading-edge singularity for a fiat plate at z = 0,

and the second is the Kuna condition at the trailing edge (z = c) .

The complex velocity w(z) should aIso contain a logarithmic singularity in order to

provide the jump â v at the ridge (z = s):

w(z)I=_. = ~v ln(z-s). (3-6)
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Indeed~ considering z-s =r1 e,a in the vicinity ofthe ridge R(z = s) Figure 3.2~ one can

successively wrîte,

y

A

s

R B x

Fig 3.2 The jump of the imaginary component of the complex velocity w(z).

The expression of w(z) can be easily determined in an auxiliary plane ç =ç + ill

Figure 3.1 b, defined by the conformai transformation orthe Schwarz-Christoffel type..

., z
ç- =-(-)'c-z

(3-8)

which transforms the airfoil (the x a.xis between 0 and c) into the whole orthe reai axis

in the ç plane, and the rest of the x axis into the imaginary axis. The velocity

components do not change under conformai transformation in contrast to the usual

complex potential theory, the boundary conditions become,

{
0 for -cr <ç< cr

IMAG[w] ,,-0 = ..
-Av for; < -cr, ç> cr'

lwhere cr =~sI{c - s) l
REAL[w]~=o = 0..
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The leading-edge singularity becomes a doublet singularity 1/ç at the ori~ and the

ridge singularity becomes in this plane ±(Av/1t)In(ç +0'), ancL thus"

W=A~+Â"V[ m~:: -;"J.
where the constant A has to be determined.

In the physical complex plane z, the solution becomes"

() P--:-? l~-"'S
W Z =A -- _.::â v cash- (-) .

Z Tt cs-z

(3-11)

(3-12)

and the constant A cornes from the requirement that li = V = 0 at z~ -«> , resulting in,

(3-13)

On the upper surface of the airfoil (y =0, z =.t), the chordwise perturbation velocity

Il =REAL w(z) may, therefore, he expressed as,

~
-r" (u(x) =A --" -=-llvG c"s..x),
x 1t

where the singular ridge contribution G(c,s,x) is defined as"

(3-14)

G(c,s,x) =

h-I~-XScos
c(s-x)

sinh-
'
lc-x)s

c(x-s)
o

for 0 < x <s

for s < x < c

for x < 0 and:c > c
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(3·16)

The pressure difference across the airfoil in dimensionless form ACp =4u /U , where

± u are the chordwise perturbation velocity components on the upper and lower surfaces

ofthe airfoil, can now be expressed as,

L\Cp(X)=-~[( Vo + ~ L\vcos-
I ~)~C:X +~ L\ vG(c, s.X)] ,

where Va =('t-a)U and â V = -~U .

The lift coefficient and the pitching moment coefficient about the leading edge are

obtained by integration of the pressure coefficient over the airfoil:

(3·17)

(3-18)
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A comparison between the present closed-fonn solution and Glauert's [6~13,14] thin

airfoil theory based on a modified Fourier expansion with N tenns is given in Figure

3.3. One can notice that the results obtained with Galuert's theory using an increasing

number of terms, in the Fourier expansion oscillate about the present closed·forrn

solution or tend asymptotically~ but very slowly, toward the present solution.

1.1
1

0.9 x/c=O.601

0.8
U:. 0.7
<1 0.6

0.5
0.4
0.3
0.2

1 11 21 31 41 51

N

Fig 3.3 Comparison between the present solution (-) and Glauert's solution (o~L\.o) with

various number of tenns lV for a flapped airfoil (a. =o.~ = 0.1 ra<L sIc =0.6 ) at three

chordvnselocations.
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3.2 Flow solutions for continuously cambered rigid airfoils

Consider a thin continuously cambered airfail defined by the camber slope~

h'(X)=a +v/) (X)/U , (3·19)

where Vb is the normal·to..chord perturbation velocity v at the solid boundary, and

X = xIe is a nondimensional coordinate. Using the two typical singular contributions

for the Leading edge and ridge, the solution for any camberline shape can be obtained by

superimposing infinitesimally flapped airfoils equation (3-16) in the forro..

4{ [ , 1 ]Ff-Xâep (X) =-- v" (0)+'::' Jv; (S)cos-I JSdS -
U 1t 0 ~r

? 1 }+.:. JV~(S)G(l,S..X)dS
1t o

where X = xIe and S = s / c .

Considering a polynomial representation for the camberline slope (which \vas also

adopted in the design of the NACA 5 digit airfoil series)..

h'(X) =-!.v" (X) + Ct =Î,hk ~'(k ,

U /c.o

the pressure difference across the airfoil is obtained in nondimensional fonn as,

where,

(3-21)

(3-22)

1·3·S···(2q-l) (2q)!
gq = .... 4 6 (,) = ., ( )".!.. • ••• -q 2~q q! ~

The Lift and pitching moment coefficients are,

Cc. = 21t[a - 2t,ht ghl)'
k=O

Cm =1t[a_4 rhkgk+l k+
1
).

2 k=O k+2
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Parabolic thin amoU

Consider a parabolic thin airfoil (Figure 3.4) defined by~

h(X)=4&X(1- :).

y

c

Fig 3.4 Geometry ofa parabolic thin airfoil.

The derivative ofthe airfoil contour is expressed as,

x

(3-26)

(3-21)

(3-28)

From equation (3-21),

ho =4 & , h, =-8 & and hk =0 for k ~ 2 .

The expression of the pressure difference coefficient is given by,

âCp (X)=4(a+8<)~C:X , (3-29)

The lift and pitching moment coefficients are expressed, respectively, as,

CL =21t(Cl+2E), (3-30)

Cm = 1t (Cl +4&). (3-31)
2
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The general expression ofthe geometry ofa circular arc airfoil is given by,

h(x)=-(a-&c)+~(a _&C)2 +x(c-x),

where,

The derivative ofthe amoil is expanded in Taylor series and is expressed by,

h'(X)=(1-2 x
) 4&., [1_.!-y+~y2],

c (1-4&-) 2 8

where,

(3-32)

(3-33)

(3-34)

r(c-x)By= ., 0
c-

From equation (3-21), the 9 terms are expressed by,

(3-36)

h =(15 B2 + 25 B3 + 35 B~)A h =-A (~B2 + 45 BJ + 105 B~).. (3-37)
~ 8 0 16 0 128 0 l' S 1 4 0 16 0 64 0 .

h = A (35 B3 + 245 8 4
) .. Z. =-A (~8J + 140 B4

) .. (3-38)
6 1 16 0 64 0 .'J-r 1 8 0 32 0 .

h =AI (315 B0
4

) h =_A
I
(35 B0

4
) hL =O,k~10~

"s 128 ' 'It) 64'"

where,
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A numerical comparison made for a circular arc airfoil (with 2 and 9 terms) with a

camber ratio & =0.01 and & =0.02 (at the angles of incidence a =2" and a. =5°)

indicated that the present solution was in a very good agreement with the exact conformai

transformation solutio~ as shown in Figures 3.5é!, 3.5b.

0.8

0.7 ~-~----. -------f

0.6 +---~--

0.5

-~--------

--Conformai transformation

~ Present method with 2 terms

-.-Present method with 9 terms

~- 0.4
<:1

0.3

0.2

--~-- ------
---- -- ~~--~~------_.~-

0.80.60.40.2

.t---------~-- -

o -1-- _

o

0.1

lie

Fig 3.sa Comparison between the present solution and the exact solution for a circular arc

airfoil at a = Sil and & =0.02.
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1.8 -,.-------------------,

1.6

1.4

1.2

1 _....--

ù
<]

0.8

0.6

0.4

_ Confonml transfonmtiln

-&- Present method with 2 tel'lm

-e- Present method with 9 tel'lm
----------

---~--_.. _-

-__ J

---_. -- ----

0.2 ---- ----_ ..-

o
o 0.2 0.4

xie

0.6 0.8

Fig 3.5b Comparison between the present solution and the exact solution for a circular

arc airfoil at a =2" and E =0.01.
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3.3 Flow solutions for Oexible-membrane airfoils

When the airfoil is a flexible~ impervious~ and nonstretchable membrane (or a two

dimensional sail~ as shown in Figure 3.6)~ its shape is unknown but it bas to satisfy the

normal equilibrium equation between the tension and the local pressure difference across

the membrane:

àp =!-:::; -Th"(x)R ,~
(3-41)

The latter approximation for the radius ofcurvature R is for small slopes. The tension T.

peT unit span~ can be considered constant since the skin friction is zero in theory and very

small in practice.

y

T x

Fig 3.6 Geometry ofa flexible membrane airfoiL

mtroducing the nondimensional coefficient à Cp =2Il P1~U 2
) and the coefficient

Cr =2T I~U 2
C )~ where c is the chord len~ equation (3-41) becomes.

àCp =-cCr h"(x), (3-42)

where the nondimensional pressure difIerence is ACp =4u 1U •

The aerodynamic boundary condition on the airfoil is expressed in terms of the normal

perturbation velocity component v in the fo~

v= Vb (:c):::; [-u +h'(x)]U ~ (3-43)
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(3-44)

Nielsen [1322] treated this problem by using Glauert's [6,13,14] approach based on a

modified Fourier expansion for the circulation y =2U ACp in the form,

yeN
ACp =-,-= Ao tan, + LAi sin ka .

_U - t=1

where the constants Ao and Ai are related to the cosine Fourier expansion of the airfoil

slope, h'(x), in terms ofthe variable e=cos-I (2l' / C -1) in the form~

.V

a. - h' (x) =Ao + LAi cos ka ,
1..1

On this basis, equation (3-42) was rewritten as,

1 .v N

,Cr Lk Al sin ka =Ao(1- cose) + sineL Al sin ka .
- bl i.1

(3-45)

(3-46)

(3-47)

which had to he used to determine the coefficients Au and Al that define the membrane

shape. However, at the leading edge, e=1t, equation (3-46) leads ta Ao =0 ~ which

corresponds ta the ideal incidence for which the Kutta condition is aIso satisfied at the

leading edge. At any other incidence, the constant .40 should not he zero.. and then

equation (3-46) is not satisfied at the [eading edge.. Nielsen [13..22] avoided this particular

difficulty by expanding each term of equation (3-46), including 1 and cose ~ as sine

Fourier series, and equating the coefficients of sin ka.. The present method does not

contain the above ambiguity. By ditferentiating equation (3-43), the membrane

equilibrium equation (3-42) May he recast only in terms of u and v as..

h"( )- ' ( )IU _ 4 u(x)x - vA.:c - -----.
ceT U

For any shape of the camberline, equation (3-20) sho\vs that u contains the factor

~(l- X )1 X =~(c - x)1 x ~ which satisfies the Kuna condition at X =1 and bas the

X-1/2 = .Jel.:c singularity at the leading edge. Hence, according to equation (3-47),

h"(x) and v; (x) bath bave to contain the same singularity factor ~(1- x)/ X as u.
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The following expansion for vb (x) satisfies all ofthese requirements:

(3-48)

(3-49)

where, to satisfy the Kutta condition at the trailing edge (X =1) in equation (3-47),

(3-50)

(3-53)

The lead term of equation (3-48) contains [(1/2)- 2...\"] an~ although not essential. Leads

to a more compact expression for vb (x). The antisymmetrical chordwise veLocity

component u on the flexibLe membrane corresponding to the above expansion of "" (x)

is obtained from equation (3-20) in the form.

1 1 {a [1 l-XJ n t J}Fl-X-tiCp =-u(X)=- - ,-X+X(l-X)ln- + Lbi Lgt-J ...r -.
4 U it _ ...\" k.O }=-O ...r

(3-51 )

where gk-J is defmed by equation (3-23).

The camber shape of the flexible membrane can be obtained by integrating equation (3

49), in the fonn.

h(X}=c[ax + aJo +t ..!!.LXi""], (3-52)
l-o k +1

where,

J =lcos-I.JI-X - 1{I-X}X(.!._.2.-x +.!.X2
).

o 8 '" 8 12 3

There are (n + 2) coefficients defining the membrane camber defined by the above

equations, a and bl (k =O.l,2•..,n), which have to be determined using the condition (3-

50) and the membrane equilibrium equation (3-47). At the Leading edge (X =0) ,

equation (3-47), which involves u and v; , reduces to.

(3-54)
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Other (n -1) equations can be obtained satisfying equation (347) at other convenient

locations X; (i =1,2, "n -1) along the chor~

i =1,2, ~(n -1). (3..55)

(3-56)

The final equation is obtained from (3-52) by requiring that the chord lies along the x

axis, i.e., h(l) = h{O) ,

1t n 1
-a+ 2:-blc =-a.
16 kaok+1

Eliminating the coefficient a, using equation (3..56)" the system of equations reduces ta

the form,

[D~ J[~] =[e, J. (3-57)

(3-58)

This can be solved for the coefficients (bic 1CI), which are independent of CI .. provided

that the matrix [DtIc ] is not singular, as, for example" when Cr = 1.727 .. which

corresponds ta the case ofa flexible membrane at an ideal incidence, a =0 .

At this ideal incidence.. a = 0 and" hence, the pressure distribution.. as weIl as the

membrane curvature, do not contain the leading edge singularity x -1/2 •

The excess length, defined as & =II c -1 , is given by the relatio~

&=f1+[_1Vh (x) + a]2 tLY" - 1
o U-s;

:: a! 1[1 + Vb(X)]2 dX
2 JL aU

and the lift coefficient of the flexible membrane airfoil is expressed, using equation

(3-47), as,

CL = -CT t(!!!.).
a hl CL
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A numerical comparison (Table 3.1) of the results obtained for the overall parameters

Cl / Cl.' Cl / .Ji, and CT between the present method and Nielsen [13,22] and Th.waites

[13,27] methods, indicated that the results are generally in fair agreemen~ although there

are detailed differences. The present method is in good agreement for Cr> 8 with

Thwaites method. The comparison with Nielsen's method shows good agreement for

CT < 8. The results are presented in Table 3.1.

Table 3.1 Comparison between the present solution tor flexible-membrane airfoils and

the previous results ofNielsen and Thwaites.

Cr a./Ji a./CL

Present method 0.322 28.250
2 Nielsen 0.322 28.148

Thwaites 0.340 24.989

Present method 2.434 8.952
4 NieIsen 2.411 8.821

Thwaites 2.480 8.848

Present method 6.424 7.255
8 Nielsen 6.329 7.120

Thwaites 6.400 7.277

Present method 8.400 7.021
10 Nielsen 8.266 6.884

Thwaites 8.371 7.120

Present method 13.33 6.744
15 Nielsen 13.10 6.605

Thwaites 13.29 6.762

Present method 96.88 6.345
LOO Nielsen

Thwaites 96.86 6.349

Present method 391.69 6.298
400 Nielsen

Thwaites 391.83 6.299
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3.4 Flow solutions for jet-tlapped airfoils

Consider a thin cambered airfoil ofchard length c, provided with a thin jet flap inclined

at an angle ~, with respect to the chord, at the trailing edge Figure 3.7.

h(x)

x

1

Fig 3.7 Geometry ofa jet-flapped woil.

The jet is assumed to be a thin sheet and have a small slope, and to have a constant

momentum J per unit length of slot. The sheet curvature 11 R ~ e"(x), where y J = e(:c)

is the jet-flap shape, is related ta the pressure difference across the jet sheet by the

momentum equation normal to the jet:

tlp = JI R ~ J e"(x),

Using the dimensionless jet momentum coefficient CJ =2J I(PU 1c), this equation can

aIso be expressed in terms of u and v as,

(3-61)

The aerodynamic boundary condition (3-43) has to be satisfied on the airfaiL where h (:c)

is specified, and furthermore, the same condition bas ta be satisfied on the jet sheet itself:

v=VJ (x) =[-a +e'(x)]U . (3-62)

where the jet tlap shape~ y J =e(x), has to be determined.
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At the trailing edge (x =c), the jet slope with respect to the chord is specified as ~,

which leads to the additional conditio~

or

e' (c) = - tan~ ~ -~ ,

v(c)=-Usin(CL+~)/cos~ ~ -(a+~)U.

(3-63)

(3-64)

Due to the pressure difference across il, the jet sheet is deflected upwards and..

eventually, at large distance [ behind the airfoil, becomes flat and parallel to the free

ream direction. This can be expressed by,

or

e'(l) = e"(t) =0,

v(l) =v' (i) = 0, [aiso u(l) =0] .

(3-65)

(3-66)

where [ tends, theoretically, to infinity. However, the jet curvature practically tends to

zero at a finite distance (1 - c), measured from the trailing edge, which depends on the jet

coefficient CJ .. the jet angle ~ .. and the incidence CL .. and.. in general, has the same order

of magnitude as the chard length c.

In this situation, the jet-flapped airfoil can he considered as a fictitious rigid airfoil of an

overall chord length 1.. with the Kutta condition u (l) =0 satisfied at x =l .

Considering the nondimensional coordinates X =:c / c and L =IIc, the following

expansion of the normal-to-chord velocity component on the jet sheet, VJ ("r), satisfies

the preceding considerations:

1 , (X) "(X) ~" k+l 2sinh-I~-X-v =e =- e --+a-
U J .-2 l "rh! Tt L(X-I)'

and, by integration,

1 " 1
-vJ (X) + a. =e'(X)= ~el t:ï+ aF(X) ..
U .=2 )(

where L = 1/ C , and

F(X)=(X-l)~sinh-I ITI_../L-t 2cos-' [X.
Tt VL<X=iJ Tt VL
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The last term of equation (3-67) accounts for trailing-edge singularity appearing in u

when the jet is not tangent ta the camberline, i.e., when h' (1) * tan ~ ~ -~ .

The boundary condition regarding the jet slope ~ at the trailing edge can be expressed

in the forro,

If

Lek =-tan~ -aF(l),
k.2

(3-70)

At the other end of the jet sheet (X = i), the boundary conditions can he expressed as..

n

e'(L)= Lek / Lhl =0,
kal

"e"(L)=-L(k+ l)ej; 1L*+2 =0.
k·2

(3-71)

(3-72)

However, the terms (3-71) & (3-72) May be omitted in order ta avoid having ta many

terms in expansion (3-68) since the jet slope at X =L is at least in order of magnitude

smaller than the slope at the trailing edge ~ (since L is chosen ta be larger than 2).

The velocity Vb (S) should correspond to two different variations of the camberline slope

on the airfoil itself'l v" (S), and on the jet sheet, vJ (S). i.e.,

1-V,,(s) + Cl =
U

for 0 < S < 1

for 1< S < L

where S represents the new nondimensional coordinates with respect ta c(S =sIc). For

convenience, a polynomial expansion is considered on the jet sheet,

"F(S) = Lbk / Shi.
k=2

The chordwise perturbation velocity u on the airfoil and the jet is obtained as,

37

(3-74)

(3-75)



The expressions of I j and J j are defined by,

1 1 r;--;- 2j -1
1. =---vL-1 +--L1.
J. ? . J-l'

J 1C -1

2j 1[11 r;-: ]J. =--- --vL-l +J
J+I 2j +1L j Tt J '

The constant a is given as.,

1 1 2 -IH= --cos -
o Tt L

1 2
J =--~L-l

1 L'tt
(3-77)

(3-78)a=-~--[tan~ + h'(l)] ~ ..i-[~ +h' (1)].
C

J
C

J

The (n -1) unknown coefficients et (k = 2,3, .n)., can be determined by satisfying

equation (3-61) at (n -1) convenient locations ~'(" situated between X = 1and )( =L ..

Le..,

u(X,)=1I4C
J
v'(x,1 (1.,2,.....•.......•., n - 1) (3-79)

The lift coefficient is obtained by integrating the pressure difference, in the torm.,

fii-1 "( fii-1 1 k)CL =4aLcos-1 ---4[ Lh1 21h1COs-1 --+-.JL-ILI/ +
L bO L k +1 /aO

" { -1 fii-1 1 1-1]+L(e.t+ ab1c 2J1ccos -+-.JL-ILJJ+,1
,t.2 L k /.0

(3-80)
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Chapter 4

Method of velocity singularities for unsteady Dows

4.1 Method of velocity singularities for unsteady flows past airfoils

Consider the general flat plate airfoil given in Figure 4.1 ~

y

Fig 4.1 Flat plate airfoil with a boundary condition e(x, t) .

The vertical displacement of the airfoil surface is defined by.

y = e(x,t)~

where e(x~t) is given by

e(x,t) =ê(x)e'Glt .

The equation orthe body surface f(x,y,t) is hence

f(x,y,t) =y -e(x.. t) =0,

The boundary condition on the surface ofthe airfoil is defined by

af +[(u~ +u)i+ jv]. Vf =0,at

(4-1)

(4-2)

(4-3)

(4-4)

where u and v are the perturbation velocities in the x and y directions, respectively.
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By performing the derivatives and inserting them into the boundary equation, one obtains

the perturbation velocity vin terms of e(x,t),

ae ( )aev=-+ U rD +u -,
al ax

v=[imê(:C)+(U;a +u) 8ê]e ittJ1
•

8x

The boundary condition on the airfoil can be expressed as

v=V(x),

where,

v(x) = [illJè(X)+ (U., +U)::}"'"
The velocity V (x) can be also expressed by

v(x) =V(x)e'GlI .

where,

V(:c) =[i (l) ê(x) + (U rD +u) ôê] ,
ôx

(4-5)

(4-6)

(4-7)

(4-8)

(4-9)

(4-10)

In the small perturbation assumption.3- is smaller than the unity and hence can he
U=

negleeted in the above equations. The generai form of the velocity boundary condition is

given by

nv(x) =rbl:cl .
t.o

(4-11)

where the coefficients b. can be determined for each specifie case from the boundary

conditions on the oscillating airfoil. The complex perturbation velocity is given by

(4-12)

and can be expressed in the forro,

where,

W(z)= û(x,y)- jv(:c,y),
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Note that,

j=H. (4-15)

The boundary conditions on the oscillating airfoil can now be expressed in the complex

form, (where IMAG J [ l represents the imaginary part ofthe corresponding expression),

IMAG) lW(z)i..:c = V(x). for 0 < x< c (4-16)

T0 derive the boundary conditions on the wake of the airfoil, consider a flat plate airfoil

with a chord c, placed on the :c - axis as shown in Figure 4.2,

y

UrIJ --. c

y f (c,t)

x

Fig 4.2 Geometry ofa flat plate airfoil indicating the free vortex distribution.

The circulation r(c,t) around the airfoil is expressed as a function of the reduced

circulation t (c),

(4-17)

where co is the frequency and t is the time.

At any instant oftime t a free vortex df dt is shedding at the trailing edge of the profile
dt

as shawn in Figure 4.3.

U'IJ
---.,

_df(C,l) dt

dt

def

Fig 4.3 Free vortices shedding at the trailing edge ofthe airfoiL
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The shedding (trailing edge) free vortex is moving downstream with the unifonn stream

velocity Uz. This means that during the time interval dt<j the shedding free vortex will

move along the distance d x/ given by,

dx, =U~.dt, (4-18)

(4-19)

(4-20)

Hence, the corresponding distribution of the intensity of the shedding free vortices, in the

proximity of the trailing edge is given by,

_ dr(c,t) dt

y,(c<jt)= dt
dx,

The intensity of the free vortex distribution y, (c,t) at the trailing edge of the airfoil is

expressed as,

y,(e,I)=- 1 dr(e.l) .
U:D dt

where UrIJ is the free stream velocity.

The intensity of the free vortex distribution y,(c,t} can he expressed in terms of the

reduced intensity of the free vortex yf (c), as,

y/ (c,t)= y,(c)e'ml , (4-21)

(4-22)

After taking the derivative of equation (4-17), the intensity of the free vortex distribution

at the trailing edge ofthe airfoil is given by,

y,(c<j() = __1 r(c )iro e'ml ,

U'IJ

The reduced intensity of free vortex distribution is given by,

(4-23)

The intensity of free vortex distributio~ at a distance (j behind the trailing edge of the

airfoil, is calculated considering the faet that a free vortex at a distance behind the trailing

edge moves with the fiee stream velocity U'Zl and was initiated at a previous time interval

Ilt (time lag) trom the traiIing edge ofthe airfoiL
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The time lag is expressed as,

(j-C
ât=--.

U~
(4-24)

(4-25)

The intensity ofthe free vortex distribution at a distance cr behind the trailing edge of the

airfoil 'Y 1 (cr,!) is derived as,

yf(cr,t) =yf(C,t - (ju~C) = l dr(c,t -L\l) =_ iQ} t(c)etQ)(I-tY) .
_ U~ dt U~

The reduced frequency Â.. is expressed as,

À.=O>c.
U~

The reduced free vortex distribution at (j is given by,

(4-26)

(4-27)

The reduced free vortex distribution at cr .. is related to the reduced velocity Û(cr) by the

relation,

and hence,

Û(u) =.!.i,(u)=-i.!.~t(c)e-,,,(;-1).
2 2e

The boundary condition on the wake ofthe airfoil is hence,

REAL j lW(z)l-r =Û(x). for x> c

where, REAL j [ l represents the real part ofthe corresponding expression.
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4.2 Prototype problem

Consider a fiat plate airfoil with the jumps of velocities due to the bound vortices on the

airfoil are represented by a constant ho and a variable sV. The jump of velocity due to

the free vortices behind the trailing edge of the airfoil is represented as 5Û as shown in

Figure 4.4~

û(x1v(x)

8Û

x
s

c

Fig 4.4 Representation of the velocity jumps in the boundary conditions of the prototype

problem ofan oscillating airfoiL

Complex singularity functions

Special singularities are used to detennine the complex perturbation velocity

W(z) (rather than the complex potential) in the airfoil plane (see Figure 4.4). The

velocity singularities are expressed by~

At the leading edge, z =0

At the velocity jump on the airfoil~ s ~ z ~ c

() h-' ,j(c-z)sHl z~S =cos (_) ~
c s-~

At the velocity jump due to the free vortices outside the airfoil~ c < z ~ cr

()
-1 c-z)a

Al Z.,C1 =COS ( ).
C (j-Z
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The general behavior and the derivations of the above special complex singularities are

given in Appendix C.

The elementary complex velocity c5W~ (z) is expressed in terms of the velocity jumps.,

due to the bound and free vortices., and singuIarities related to the complex variable

z = x+ iy . The expression of the complex velocity ~V~ (z) is given by

'" () ~c-~ 2 Ir 2· Ilc-~)s"" I~-~c5Wlf z =cSA --- --bo(j-)--c5Vcosh- - +~8Ucas- -.,
z 1! 2 Ir c(s - z) 1! c(u- z)

(4-33)

The velocity Û(<r) is given by

A() i Â. A( ) -,~(cr-c)
U cr =---r c e r: .,

2c
(4-34)

The velacity jump 6Û due ta an elementary free vortex behind the trailing edge is

defmed by
A

A dU
8U =-8ada .,

where Û(0-) is defined by equation (4-29).

From equations (4-34) and (4-35),

'" , ~dU 1 À: A -,-(cr-cl
-=---,r(c)e c •

der 2 C·

(4-35)

(4-36)

Taking the effects of all the free vortices from the trailing edge c to infinity co .. the

complex velocity c5W(z) is expressed by,

A ( ) ~c-z 2 .Ir 2· -Ilc-z)sc5W z =&1 ----bo(J-)--eWcosh +
Z 1! 2 Ir c(s-z)

, aa[dU
A

] ~- [. d -( c-z+- un - (j cos
Ira.-- f du c(u-z)
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By taking into account equation (4-36), equation (4-37) can be recast as,

A() ~-z. 2" -1~-Z 2[ lÀ?" }]OW z =âA --Jbo--c5Vcosh +- ---.,r(c F(z),
z tr c(s - z) 1! 2 c-

where,

The complex function F(z) is derived in Appendix A and is given by,

(4-38)

(4-39)

() (
c) -1 F-Z ( c). {ar -'~(a-c) ~(c-z)z }F z = -- ErIJ cos -- - -- hm Je c; du ,
il c il a~_ c: 2(a-z)J(u-c)U

(4-40)

where,

[
-'~(a-d]

E~ =Hm e c: •
a~

(4-41)

To determine the constant dA, we note that at z~ co , the perturbation velocity vanishes,

c5W(co)=O,

The complex velocity at infinity is given by,

(4-42)

e5W(CO)=8A(- j)- jbo - 2OV-[jCOS-1 ~]+ 2[_.!.1: f"(C)]F(OO)=O. (4-43)
Ir V; 1t 2 c-

where,

F{oo)=lim{ (-~)E"$J[" + jlimsinh-
1 ~]-

:-.cc 1l 2:~ V~

(
c). (aJ~ -'~(a-c) (- j'N~(z-~c)Z ) }.

- -- hm e c da
i l lT~__ C (- 2)(z -CT)~((j -c)u

The real and imaginary parts ofthe complex velocity at infinity are equal to zero.

46

(4-44)



Imposing the condition~

one obtains for the indetenninate value of the constant E=,

[

-i~(a-c)l
Ern =Hm e t: =0 .

cr-+a: J

(4-45)

(4-46)

The above conclusion can aIso be obtained from the Riemann-Lebesque lemma on

Fourier Integrais [5,23], when the theory ofdistribution is used (see aIso Fung [5]).

Hence~

() . {( c). (tTf· -,~(tT-c) (- j~(z-c)z ) }
F 00 =hm - hm e ~ da .

:- iÀ. tT._ c: (-2)(z-a)~(a-c)O"

(4-47)

Imposing the condition.

(4-48)

one obtains~

(4-49)

By inserting ôA into c5W (z) and neting the fact that E~ = 0, the equation (4-38) of the

complex velocity becomes.

"
t

'" (~) ., ",[ ~ ~ ri]ôW(z)=-bo f~+ j -;ôV cosh-l
V~=-~rV-;=-cos-1 V;

1 À,2... ., ( c)+--.,r (c)'::' - -. J(z)
2 c- f( 1À.

where~

() . {tr
J
.. -,~(tT-t:) [~(C-Z)Z R-z 1 ] }J z = hm e c + -- du .

tT.~ C 2(u-z)~((j-c)U z 2~(a-c)CT
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Determination ofthe constant at(c)

The reduced circulation around the airfoil bt(c) for the prototype problem, is determined

by imposing the fact that the reduced bound vortex distribution on the airfoil is related to

the complex velocity by the following expressio~

(4-52)

The reduced circulation at any position x on the airfoil r (x) is related to the reduced

bound vortex distribution by,

t(x) =Ii, (x)dT =2Iû(x)ric =2IREAL; [W(=)1-. dT.
o 0 0

The expression of bf(x) is given by,

1 .r~ "'" K ~ ~ ~].. c-l''' t C- l C- Ils
:;br(X) =-bo J--' d'r - =-ôV cosh- . + --' cos - - dx
~ 0 X 1! 0 c(s - x) x C

1 À,2... ., ( c) of+--,c>T(c)=- --. fJ(x)câ.
2 c- tr lÀ, 0

To determine et (c), the condition of x=c is introduced in equation (4-54),

(4-53)

(4...54)

(4-55)

(4-56)

1 ~() b J:f~-x Jo 2 s:r';~ h-'~-x ~-x -1 ~]dx,Ul C =- 0 --uX--Uy cos + --cos -
- 0 x "0 c(s - x) x c

+.!. À: c>T(c) 2(-~) JJ(x)dT.
2 c- :r 1À, 0

The derivation of the various integraIs in equation (4-55) is given in Appendix A., and the

final formulas ofthe integrals are obtained as,

JJ(x)dT =- 1t

2

ce'Î [Hf) ~/2)+i H~2' (71./2)]- ~(;-),
o 8 - lÀ

where H:2
) (À/2) and H~2) (Â./2) are the Hankers integrals of second kind of orders of

one and zero [7,20,29], respectively, and
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CJ~C-X dx _ Tt-- -c-
? 'o X -

REAL j (JCOSh-, lC{-:JS) dx] = 1C ~(C - S~ •
o cs x 2

[ntroducing the above integrals into equation (4-55), one obtains<t

where,

(4-57)

(4-58)

(4-59)

(4-60)

Determination of 8 êp (:c)

The reduced pressure coefficient dêp (:c) for the prototype oscillating airfoil problem is

expressed in terms 0 f the reduced velocity potential 8 if; as,

where,

s;p = fSû cà = ~ fUû cà= ~st(x).
0-0 -

The equation ofthe reduced pressure coefficient 5 êp (:c) is then expressed as~

5êp (x) = _.2..[(~' .!-5r(x)+ dÛ] .
U7J c 2

where Â. is the reduced frequency.

The expression of the reduced velocity on the airfoil 8 û is given by,

where the term REAL jO represents the real part ofthe complex function.
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By taking the real part of the complex velocity 8W(z)~ the expression of 6û is given by,

A() ~-x 2"[ -l~-X ~-x -l[]8u x =-bo ----CW cash + --cos -
C 1! c(s-x) X c

+.!.l: 8r(c)~(-~)J(X)
2 c- "t l

(4-65)

After inserting the expressions of 8 ûand bt(x) into the expression of the reduced

pressure coefficient ôêp (x), one obtains,

- ~~ oêp(x)=C:)[-bo - ~ aVcos-
1[]~(c-X~

(il)( ., .. )[( ) l~-r] ~-r+ - -=-eW x-s cosh- . -ho --.
C Ir c{s-x) X

(4-66)

Details of the calculations are shown in Appendix D.

The above equation can he represented after mathematical arrangements as,

_ U~ 8ê (X)=(i,1.)~(c-x)r(!-~C(l/2))[-bo_2 aVcos-1 ~]
2 p c lx "V~

?.. l~c-r[il( )]_'::ôV cosh- 4 - X - s +1
1C c(s-x) c

+(!)~c-x (1-C(l/2» 2 aV .J(c-s}S
C X 1!

(4-67)

where C(À-/2) is Theodorsen's function [1526]. The values of the real and imaginary

parts ofthe Theodorsen function are given in Appendbc B.
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Determination of 8 CL

The reduced lift coefficient 8êL for the prototype problem is related to the reduced

pressure difference coefficient ô[ tlêp (x) ] by the expressio~

(4-68)

The relation between the reduced pressure coefficient 8 êp (x) and the reduced pressure

difference coefficient 8( Ilêp (x) ] is expressed as,

(4-69)

After evaluating the related integrals (see Appendix A), the expression of the reduced lift

coefficient is given by,

-u .. ( 4i )[ Ir" r;-]
i)..= oCL = 1-;: C(À./2) -ho 2 -cW cos-

I
V~

1 .. [4i ., ]--8V ~(c-s)s 1--C()../2)-=s ,
c À. c

(4-70)

..
Determination of 8 Cm

The reduced pitching moment coefficient 8 êm for the prototype problem is defmed by,

(4-71)

..
The detailed integral derivations related to selff are given in Appendix A., and the

expression of the reduced pitching moment coefficient ô ê", is obtained as.,

-u .. 1( ? i )[ Ir .. 1 r;-]
i).. /IJ SCm = 2 I-T C(l/2) -ho 2 -cW cos- V~

1 .. [1( ? i ) (1 ., i) s ? S2 ]--t5V ~(c-s)s - 1-=--C(Â./2) - -+.::.... --=-., ,
c 2 À. 3 Â. c 3 c-

where C(l/2) is Theodorsen's [15,26] function.

51

(4-72)



4.3 The complete oscillating airfoil problem

Let us consider the boundary conditions on the oscillating airfoil in the general form~

nv(x) =Lb! xie ~
1.0

The jump ofvelocity 8 Cr on the airfoil can be expressed as't

8V =[dV] ds.,
dx

.ra.,

and hence~

(4-73)

(4-74)

(4-75)

where the coefficients hl are determined for each specific case from the boundary

conditions on the oscillating airfoil as it is shawn for example in section 4.5.2. The

complete motion is obtained by inserting the elementary velocity jump defined by (4-74)

into the equations of the prototype problem and then integrating along the chard of the

airfoil~ as shawn in the following:

where~

À-,-
4i e 2

G=
À. H~2)(À./2)+iH~2)(À./2) .

The expression ofthe reduced pressure coefficient is given by,

(4-77)

- ~'" êp(x)=(il)~(C-X):c(.!._-.!....C(l/2))[-bo - 2 f cos-I ~ [ciV] ds]
- c lx " 0 V;; de .r=.'

2 Cf -1 ~-x)s [iÂ.( ) ][tiV]-- cash - x-s +1 - ds
1! 0 c(s-x) c de r-a"

( l)~-r 'CJ~dV]+ - -- (1-C(112))~ c-s)s - ds.
c X "0 dx .po.'
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The reduced lift coefficient is expressed as~

-u'JO" ( 4i ( )~[ 1! cf -1 r;-[liV] ]fT" CL = {-TC V2) -ho 2 - 0 cos V~ dx ..,ds

1C [4. , ][tiV]-- f ~(c-s)S 1__' C(À./2)-'::s - ds.
Co À. c dx

.f.....

(4-79)

The reduced pitching moment coefficient is defined by..

- U .. 1( , i ( )[ 1! cf ' [[ciV] ]_._:r:l Cm = - l--=- C À./2) -bo-- cos- - - ds
lÀ. 2 l 2 0 C d"C

.ra"

ICI [l('f ) (1 ?i)S Îs

2
][ciV]-- ~(C-S)s - 1--=-C(l/2) - -+-=- -_'::_, - ds ..

C 0 2 À. 3 À. c 3 c· ete
,no,.

(4-80)

4.3.1 The reduced circulation around the airfoil

The expression of the total reduced circulation around the airfoil t(c) is given by..

(4-81 )

The detailed derivations of the integrals are given in Appendix A.

The resultant expression of the total reduced circulation r(c) is given by..

where..

(4-82)

1t 3,
where.. Jo =1t l, =c- /., =-1tc·.

2 . 8
(4-83)

The detailed derivation of the recurrence formula of 1k. is given in Appendix A.
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4.3.2 The reduced pressure coefficient

The expression of the total reduced pressure coefficient êp (x) is determined by

introducing the expression of the velocity jump 6V into the expression of 8 êp (x). The

integral fonn ofthe equation is given as,

_U~ êp(x) = (il)[_bo _ 2 i)t kIst-Icos-I ~ds]~(C-:C)X
2 C Ir bl 0 V~

+(il)[_ 2Ï.bt k Ist-'(X-S)cosh-' ~ds]-bQ Je-x
C Jr k=1 0 V~ X

-~ Ï.bk[k fst-, cosh-t~ ds+Je-x k Ist-t cos-I ~ ds]
Ir ksi 0 V~ x 0 V~

+(2)t- X (I-C(Il./2))[-bQC- 2 Ï.bt(ek Ist-I cos-I ~ ds
C X Ir hl 0 V~

+k !st-t ~(C-S~ds) ],

(4-84)

The detailed derivations of the integrals related to equation (4·84) are given in Appendix

A. The resultant equation of the reduced pressure coefficient êp (x) is expressed as

(4-85)

Note that the reduced pressure difference coefficient 8êp (x)., is given by the relation.

L\êp(x) = -2 êp(:C).,

The pressure ditIerence coefficient for the airfoil is expressed by.,

L\Cp(x,t) =RelL\êp(x)e'd j.
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4.3.3 The reduced lift and pitching moment coefficients

By inserting the expression of the velocity jump 8 V into the reduced lift coefficient

8êL , equation (4-70), and by taking the integrals around the airfoil, the general

expression for the total reduced lift coefficient êl. is given by,

(4-88)

(4-89)

The detailed derivations of the integrals within equation (4-88), are given in Appendb< A.

The resultant expression ofthe total reduced lift coefficient èL is given by,

-u.. 1(4i )[ " "( k) ]-.-~ CL =-:; l--C(Â./2) rhi li + r - hi 1.
1Â. _ À. j.O hl k + l

+.!.t k(2k+l) b /.
2 hl (k+l)(k+2) j k·

where C(l/2) is Theodorsen's function , À. is the reduced frequency and lj is a

recurrence expression given by equation (4-83) rewritten below as,

lt 3,
where, /0 =lt II =c- 1, =-ltC- .

2 - 8
(4-90)

The total reduced pitching moment coefficient Cm is derived in the same way and is

given by, (see Appendix A fordetailed integral calculations),

-u.. 1(2i ) If
~Cm=-- 1--C(Â./2) rhj li +

1Â. 4 Â. i.O

+t ~b / {-.!.(l- 2i C(À./2))+(~+~)2k+l +_1 (2k+1)(2k+3)}
i=l k+1 k k 4 Â. 12 2Â. k+2 12 (k+2)(k+3) ,

(4-91)
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4.4 Method of velocity singularities for unsteady Dows past airfoils with

oscillating ailerons

The boundary condition on the airfoil with an oscillating aileron is given by the velocity

V(x) in the faon

(4-92)

The boundary condition on the airfoil at the position of the aileron (x = St) is given in

terms ofthe velocity jump V(s,) that is given by,

n

V(Sl)= LP" st ·
hO

(4-93)

where the coefficients ~ le are determined from each specifie case from the boundary

conditions on the airfoil with an oscillating aileron.
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4.4.1 Prototype problem for the case ofan oscillating aileron

Consider the unsteady flow past an airfoil with an oscillating ailero~ as shown in Figure

4.5.

y

u~
:c

c

Fig 4.5 Geometry ofan oscillating aileron.

The various velocity jumps on the airfoil are represented in Figure 4.6,

t5U

1 /
1

1 1
1 1
1 11 t
1 ...

SI _

- s
c

:c

Fig 4.6 Velocity jumps representations in the boundary conditions on an airfoil with an

oscillating aileron.
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Complex singularity functions

Special singularities are used to determine the complex perturbation velocity

W(z) (rather than the complex potential) in the airfoil and aileron plane(see Figure 4.6).

The velocity singularities are expressed by~

At the leading edge~ z = 0

At the velocity jump on the airfoil~ s ~ z ~ c

() h-. ~(c-z)s
Hl Z.. S =cos ( ) ~

cs-z

At the velocity jump due ta the free vortices outside the airfoiI~ c < z ~ cr

()
-1 lc-z)crAt z., cr =cos ( _) .

C (J- ..

(4-94)

(4-95)

(4-96)

The elementary complex velocity c5W~ (z) is expressed in terms of the velocity jumps..

due to the bound and free vortices., and singularities related to the complex variable

z =x+ èy . The expression of the complex velocity c5W~ (z) is given by

m~ () .,.~c-z 2 VA() h-' lc- z)s) 2 <:r' hol lc-z~u" ~ Z =CJn. ---- SI cos --u" cos +
z" c(St -z) " c(s-z)

., A ~._,.
+'=:OU COS-

I
(-) ~

ft C u-z

The velocity Û(cr) is given by.,

A() i À. ,. ( ) -'~(a-c)
U cr =---r C ej ~_c

(4-97)

(4-98)

The velocity jump 6Û due to the free vortices behind the trailing edge is expressed by

(see aIso the analysis in section 4.1)~

,. dU
âU=-8(j,

du
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The velocity jump5V for the airfoil with an oscillating aileron is given by

n

ôV =L k Pl sl-l ds.
1=1

From equation (4-98),

dÛ 1 "},} .. ( ) -,;(a-c)
-=---,r ce.
dcr 2 c-

(4-100)

(4-101)

Taking the effects of all the free vortices from the trailing edge c ta infinity CXl.. the

complex velocity bW(z) is expressed by,

mr(_) '" ~c-z 2 V"() h-l C-Z)SIurr .:. =(lI1 ---- SI cos
Z 1! c(s. -z)

2 n) h-'~-z 2 lim {CTI-[dÛ d ] _t~-Z }--av cos +- - u cos ,
Ir c(s-z) 1!cr.- c: du c(u-z)

(4-102)

By taking into account equation (4-101), equation (4-102) can be recast as..

~f() J:"A~c-z 2 V"() h-' c-z Stur, Z = (Ut ---- SI cos
Z 1! C(Sl-Z)

_ 25Vcosh-' fE"f+ 2[_1. l: t(C)]F(Z),
Ir V~ 1! 2c-

where"

cr. -,.!(cr-c) ~_~
F(z)= lim { Ie ~ cos-I

{- )du}.
cr.-.«I c u-z

c

The complex function F(z) is derived in Appendix A and is given by,

(4-103)

(4-104)

(4-105)

Ta determine of the constant SA, we note that at Z -. co the perturbation velocity

vanishes,

(4..106)
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The complex velocity at infinity is given by,

where as shawn in equation (4-41),

F(etJ)=lim{ (.E..J lim( dJe-'~(a-<) (-j).J(z-c)z du )}.
:...œ iÀ. ac~ c (-2)(z-u)~(u-c)o-

(4-107)

(4-108)

The real and imaginary parts afthe complex velocity, at infinity, are equal to zero.

From a similar analysis ta that shawn in section 4.2, one obtains,

SA =_3.V(s, )cos-I rs:- 2 .wcos-' ~
1! V~;r V~

1 À,2 A ()( c)\2 . [aIe -'~(a-c) d(j ]+--r C -- - hm e c •

2 c 2 i À. 1! a. - c: 2 ~((j - C)(T

(4-109)

By inserting 8A into c5W (z), the equation of the complex velocity becomes,

A ., A( [p_-:- if ~_-:-]c5W' (z)=_.=.V SI) -:-=-cos -1 -!.. + cash-1 (- _1)
1! ~ C C SI -,:.

2 A[ -1 l(c-z}8 p-z -I~] l,.ll ... ()2( c J ( )"--ôV cash ,,{ + -cos - +--,r C - --. J Z
1! Vc(s - z) z C 2 c- 1! 1 À.

(4-1 ID)

where,

()
• {aI

c -'~(a-c) [~(C-z)Z p-z 1 ] }J z = hm e c + - du .
a.-a c 2((j-z)~(u-c)U z 2~«j-c)ü

(4-111)
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Determination of bt(c) for the prototype problem of the airfoil with an oscillating

aileron

The circulation for the prototype aileron problem around the airfoil is given by,

8t(c) = 2fREALJW(z)L. dx,
o

(4-112)

By taking the real part of the complex velocity and performing the integration around the

airfoil, one obtains,

1 .. ( ) ., .. ()[ fi 'Jo~-:c cr c - :c ]-br c =-=-V Sl cos-I ....!... --'dx+ JCOSh-' (. I)dx
2 1! cox 0 C St - X

., .. ~ I~-:C ê-x lif] (,e .. {),(c)Cf ()'-=-cW cosh- . + --cos- - ~+?2br\C'::'" --. J x de
1! 0 c(s - x) x c - C 1! 1À. 0

(4-113)

The derivations of the above integrals are given in Appendix A.

The resultant equation of the reduced circulation for the airfoil with an oscillating aileron

is given by,

8t(c)=G { - ~ V(SI {~(c-slîfl +ccos-I~]- ~ JV[~(c-sîf +c cos-Iif])
(4-114)

where,

(4-115)

where Hf)(Â./2) and H~1)(Â./2) are the Hankel's integrals of second kind oforders of

one and zero [7,2029], respectively.
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Determination of 8 êp (x)

The reduced pressure coefficient ôêp (x) for the prototype aileron problem is expressed

in terms ofthe reduced velocity potential 8 fÎJ as,

(4-116)

where't

(4-117)

The equation ofthe reduced pressure coefficient 8 êp (x) is then expressed as~

A ( ) ? [ À. 1 A() A]8Cp x =--=- i- ..,ôr x +6u .
U'IJ c_

where À. is the reduced frequency.

The expression of the reduced velocity on the airfoil 5 û is given by~

By taking the real part of the complex velocity 8W(z) .. the expression of ôû is given by..

~A() 2 V
A

( )[R-:c -Itt h-I~'(c-x}rt]uU X =-- SI --cos -+cos
1! x C C(SI -x)

? .. [ I~-r R-r Ig] l"e "()?( c) ()-'::'c5V cosh- . + ---cos- - +--.,8r C ..:: --. J x
1! c(s - x) X C 2 c· Ir 1Â.

The expression of the partial reduced circulation at any position x is given by't

(4-120)

l '" ? "()[ ~ .rf~-:t.rr, C-'t]-br(x)=--=-V SI cos-I -1.. --"dx+ JCOSh-1 (_ I)dx
2 1! cox 0 C SI X

? A"[ 1~-r)s R-:t (g] 1 1.
2

.. ( )? ( c).rf ()--==-cW cosh- "+ --"cos- - tfr+-:;-!br c -=- --. J x tte
ft 0 c(s - x) x c - C 1! 11. 0

(4-121)

The above integrals are evaluated in Appendix A.
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By inserting the above equations into the expression of the reduced pressure coefficien~

one obtains,

U .. () (iÂ.)[ 2 ..() 1fil ,.. 1~]-~f.C x = - --V SI cos- - -'::'c5Vcos- - .J(c-x}x
2 P C f( C f( C

+(_~)~c:x(1-C(1/2)X - ~V(sJ[~(C-Sl}fl +ccos-I~-

-;t5V[~(c-s}f +ccos-l~] 1

2(iÀ.)V'"'( )[( ) h-I c-x 1] 2(iÀ.)~f[( ) h-I~-X]-- - s} X-SI cos -- - uy x-s cos -
f( C C(SI -x) Ir C c(s-x)

2 V"( {R-x -11ft h-1 c-x 1]-- S --cos -+cos -
f( 1 X C C(SI -x)

2 .crf[ h-I~-X)S R-x -I~]--ur cos + --cos -
Ir c(s-x) X C

(4-122)

Detailed calculations are shawn in Appendix D.

Determination of 0 Cr.

The reduced lift coefficient 0 êL for the prototype aileron problem is related to the

reduced pressure difference coefficient o[ l1êp (x) l by the expression..

.. 1 cr [.. ] , cr .. ( )
oCr. =- JO L\Cp(X) d:c=-=- JOCp x etc.

Co C 0

(4-123)

After evaluating the related integrals (see Appendix A)~ the expression of the reduced lift

coefficient is given by,

- ~~c li:L =-V(s.)-~(C-SJI {C(1/2)+~C:)(~-sl )}-

-t5V .~c-s}f{C(1I2)+ ~C:X; -s)}-

-[V(SI)COS-1 t+oVCOS-1 ~lW:)+CC(l/2)}
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Determination of 8 Cn•

The reduced pitching moment coefficient 8 êfil for the prototype aileron problem is

evaluated by

- 2 cf - (8C", =-Cl X âCp x)dT.,
o

(4-125)

..
The detailed integral derivations related ta â Cm are given in Appendix A" the expression

of the reduced pitching moment coefficient 8êm is given by,

U ., {( '1)( ~ ., ) }:tJC-..... C 1/1..) ., C 5,- SI---cr =-V(s ).j{c-s)S -C(À./2)+ - -c- --S -- +- -
4 ", 1 1 , 4 c 24 12 1 6 2

[") r;;-.. ~]{ 3 (iÀ. ) c
2

}- V(s, cos-
l v-; +âV cos-

l
~~ 24 -; c3 +4C(À./2) - ~

-eW~{c-s)r{':'C(À./2)+(iÀ.)(~C2 -~S- 52 )+~}
4 c 24 12 6 2

(4-126)

where C(Â.l2) is Theodorsen·s [15,26] function.

4.4.2 The complete problem for the airfoil with an oscillating aileron

(4-127)

In the equations derived in the previous section, the velocity jump 6V can be obtained

from equations (4-92) and (4-100) in the forro,

for x e(O,s,)

The reduced circulation is given in the general form as~

f"(c}=G{- ~V(s{j(C-Sjfl +ccos-
l m-

-~![~(c-sîS +ccos-
I ~][~Lsds.

(4-128)
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By using the above expression and performing the integration from x =s, to the trailing

edge ofthe airfoil x =c , the reduced circulation can be expressed as,

(4-129)

Details ofthe integrals calculations are shown in Appendix A.

After performing the integration in equation (4-129), the expression of the reduced

circulation for the airfoil with an oscillating aileron t(c) is given by,

(4-130)

(4-131),k ~ 1..

where the recurrence fonnula li for the airfoil with an oscillating aileron is given by..

Slc-I 2k-l
Ilc =T~(C-S'~1 + 2k cl,,_,

where,

(4-132)
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The reduced pressure coefficient ê p (x) for the airfoil with an aileron

The general expression of the reduced pressure coefficient for the airfoil with an aileron

is obtained by substituting the expression of the velocity jump 8V into the equation

obtained for the reduced pressure coefficient of the prototype aileron problem~6êp (x).

The expression is given in general form as"

2 V"( {R-x -t ~~ h-l (c-x 1]-- S --cos -+cos -
tr 1 X C C(SI -x)

2 cI [ h-l~-x R-x -1 ~][dV] ds-- cos + --cos - - .
Ir c(s - x) X c dx

~ ~

(4-133)
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By integrating frOID X =SI to the traillng edge of the airfoil x =c one obtains the

reduced pressure coefficient êp (x) in the general integral form.,

(4-134)
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The resultant expression of the reduced pressure coefficient êp (x) for the airfoil with an

oscillating aileron is given by,

(4-135)

where~

where,

Ç2 =t(_k)13fc(~Ik -st ~(C-SI}sI)'
hl k + 1 -

çJ(X) =Î13t[(x. -st)H(x)+ ~ ~C-Xr.X.-'I.],
,t.1 - X".O

Ç4(X) =t(_k )131 [(xhl -S~·I )H(x)+ ~ ~(c-x)r±:c.-'lq],
hl k+ 1 - '1=0

ç. =.j(C-S')S1 +ccos-
I~,

Ç1(X)=(x-sl )H(x).

(4-136)

(4-137)

(4-138)

(4-139)

(4-140)

(4-141 )

(4-142)

cosh-'
H{x) =

sinh -1 1~--'-~ Sr <X<C
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The reeurrence expression 1Je is given by equations (4-131) and (4-132),

,k ~ 1~ (4-144)

where,

10 =2cos-1 fi- ' II =~(C-SJI +C oos-I fi-. (4-145)

The values of the coefficients ( ~ Je' k = 0~ n)ean be determined from the specifie

boundary conditions on the airfoil with an oscillating aileron.

The reduced lift coefficient CL for the airfoit with an aileron

The general expression for the reduced lift coefficient ê[. is obtained by inserting the

equation of the velocity jump 8V into the expression obtained for â êL and performing

the integration from the aileron position :c =St to the trailing edge of the airfoil:c = c .

The expression is given by..

-~~CêL =-v(sIMc-s\}ç\ {C(À/2)+Hi:)(~ -SI )}-

-} ~c -S)S{C(lI2)+ ~(i: X~ -s)}[~L.ds-

-[V(S\)cos-1 fi-+ f cos-I H[~L.ds]{e~)+CC(À/2)}.

(4-146)
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The resultant expression of the reduced lift coefficient CL for the airfoil with an

oscillating aileron is given in an integral form by,

(4-147)

Detailed calculations ofthe integrals are given in Appendix A.

The expression of the reduced lift coefficient êL for the airfoil with an oscillating aileron

is then gÏven in the form
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The same analytical steps used ta obtain the reduced lift coefficient êL for the airfoil

with an oscillating aileron are repeated for the reduced pitching moment coefficient êm.

The general expression is defined by~

UflJc
2

CA v"( ~( )s {c c( ) (il)( 3 "t C S:) SI}--- =- S c-s - ll2 + - -c---s -- +- -
4 mil 1 4 c 24 12 1 6 2

[
"() -1 r;: Cf -1 ~[aV] ]{ 3 (il) J c

2

( )}
- V SI cos V~+., cos V-; the ...ds 24 ~ c +4C l/2 -

_ c:f"~(c-s}f{':'C(À/2)+(ilX2.c2 -~s- S2 )+~} [dV] ds.
4 c 24 12 6 2 dx

~ ~~

(4-149)

The resultant expression of the reduced pitching moment coefficient for the airfoil with

an aileron is expressed in an integral fonn as

U ., {(.1)( .., ., ) }flJC- "" C 1.11.. j ., C si SI---c =-V(s )J(c-s)s -C(l/2)+ - -c- --s -- +- -
4 ni 1 1 1 4 c 24 12 1 6 2

-[V(SI)COS-l r;: +'ÎkP. JS'-I cos-I Œds]{: (iÂ.)c 3 + c
2

C(.l/2)}-
v~ hl V~ _4 C 4

fI

_'ÎkP. JS'-I~(C-S)s{':'C(.l/2)+(il)(.l.c2 - C.,S_ S2)+ ~} ds.
hl 4 C 24 1_ 6 -

fI

(4-150)

Detailed calculations ofthe integrals are given in Appendix A.
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The expression of the reduced pitching moment coefficient for the airfoil with an

oscillating aileron is then expressed as~

u= c2C" V"( )~t )s {cc( ) (ilX 3 2 C S~) SI}--- =- S c-s - l/2 + - -c --s -- +- -
4'" 1 1 1 4 c 24 12 1 6 2

{3(il) Cl ~A t n (1 t)]- - - Cl +-C(l/2) V(SI)COS-I ....L+ LPi -lA: -st cos-1 ....!..
24 c 4 C A:sI 2 C

[c 3]" k (c )- 4 C(1/2)+ 24 (iÂC) t; k+l Pt 2ft -sU{C-SJSI -

-(~ -Il·~)t k k ") Pt (~ 11+1 _S~ .. l J(C-SI~1 )
- - 1.1 +- -

+(il)t~Pi (~/1+2 _S~·2 ~(C -St ~t)
6c bl k+.J -

(4-151)

..k~ 1.

The recurrence expression lA: is given by equations (4-131) and (4-132)~

S·-1 ? k-l
1 =_1_ I(c-s \.. +---c l

J: k" tPI 2k i-I

where..

(4-152)

fo=2cos-'t ' fi =~{C-Sl)S1 +C cos-
It· (4-153)

The values of the coefficients (Pi for k ~ 0) can be determined from the specific

boundary conditions on the airfoil with an oscillating aileron.
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4.5 Unsteady tlow solutions for airfoils executing oscillatory translations

and rotations

4.5.1 Boundary conditions on the oscillating ainoil and aileron

Consider an airfoil executing vertical oscillatory translation h(t) and oscillatory pitching

rotation e(t), while the aileron executes oscillatory rotational motion ~ (t), as shown in

Figure 4.7.

y

U -------~.-------- ---
~ -------.•

h(t)
~(t)

._-------- ---+---------+---~--- ......
x

c

Fig 4.7 Geometry ofan airfoil and aileron under unsteady oscillations.

The vertical oscillatory translation h(t), the pitcbing oscillatory rotation e(t) and the

oscillatory rotation ofthe aileron ~(t), are denoted by (as shown in Chapter 2),

",-

/
l

h(t) =he'ml ,

e(t)=êe,ml,

~(t) =~e'ml ,
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The corresponding boundary conditions are~

V(x~t) ={(-u.. ~ + iIV (~-~ x) )e'" . .
(-U~ (J+iOJ (h-Bx)-iOJP(X-SI)-U~P)e'Û

The vertical disturbance velocity V(x,t) can be expressed as,

V(x,t) =V(x)e'û ,

for x E (O~SI) } ,

for x E (SI' c)

(4-157)

(4-158)

where V(x) is the reduced vertical disturbance velocity given by,

for:c E (D,SI)}.
for XE (Sl'C)

(4-159)

4.5.2 Unsteady tlow solution past an airfoil in oseillatory translation

Consider an airfoil executing vertical oscillatory translation h(t), as shawn in Figure 4.8.

y..
U<IJ --.. h(t)

x

Fig 4.8 Geometry 0 fan airfoil executing vertical oscillatory translation h(t).

The vertical oscillatory translation h(t) is expressed as,

(4-160)

where Ol and t are the frequency and time, respectively.

The boundary condition on the oscillating airfoil is given from equation (4-159) by,

v(x) = iroh,
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From the method of velocity singularity for unsteady flows~ the polynomial

representation of the vertical velocity on the airfoil is given by~

n

V(x)= Lbl; Xl; ,
kal

(4-162)

By comparing the two vertical velocities on the airfail, one concludes the values of the

constants hl;'

and bl =0, for k ~ l. (4-163)

Reduced pressure difference coefficient for osciUatory translation

The expression of the reduced pressure coefficient êp (x) for an airfoil executing

oscillatory translational motion. after substituting the values of the constants bIc in the

general expression ofthe reduced pressure coefficient equation (4-85), is given by_

(4-164)

where

ho =iOlh and 10 =1t. (4-165)

The general expression of the reduced pressure coefficient êp (x) for an airfoil executing

oscillatory translation after arrangements, is given by_

The reduced pressure difference coefficient Ilêp (x) is given by,

dêp(x) = -2 êp(x),

The pressure difference coefficient dep (x) is expressed as,

dep (x,t) =Aêp (x) e,ml .
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(4-169)

1'-

I~~),

Reduced lift and pitching moment coefficients for oscWatory translation

The reduce lift coefficient is calculated in the same manner as the reduced pressure

coefficient. From equation (4-89) CL is given by~

- U:G ê = _.!. (1- 4 i C(l12}) (b 1 1
il L 2 À. 0 0 ~

The expression of the lift L for an airfoil executing oscillatory translation can he

calculated by,

L
CL=--

1 ,
-pU· c2 ~

where pis the density. The general expression of the lift is given by,

(4-170)

(4-171)

(4-172)

..
The reduced pitching moment coefficient Cm for an airfail executing oscillatory

translation is given from equation (4-91) as,

-u.. 1('i )
_21 C =-- 1--=- C(l/2) b 1il m 4 À. 0 o~

The pitcbing moment coefficient Cm is expressed as..

c =ê e'~1
m lit '

M
C", = 1

_pU1 c2

2 ~

The pitching moment around the [eading edge of the airfoil is expressed as,

8 {'J. ]
, 3 1'4 = 1-'::: C(l/2) .

p(J)-e !rh l

where the reduced frequency is given by,

Â.= me.
U~
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4.5.3 Unsteady Dow solution past an ainoil in oscillatory rotation

Consider a thin airfoil executing oscillatory rotation 9(t), as shown in Figure 4.9.

y

x

c

Fig 4.9 Geometry 0 fan airfoil executing oscillatory rotation e(t) .

The oscillatory rotation e(t), is expressed as,

(4-178)

(4-179)

The boundary condition on the oscil1ating airfoil in pure rotation 9 (t) is expressed (from

equation (4-159) as,

v(x) = -U2) ë-iroâx.

By comparing the terms in the polynomial representation of the vertical velocity V(x)

given by,

nv(x) = Lbk Xl •
k.1

one obtains,

bo =-Ur;f) , hl =-;œf) and bIc =0 fork~2.
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(4-183)

(4-185)

(4-184)

Reduced pressure coefficient for oscillatory rotation

By inserting the constants (obtained from the boundary condition on the airfoil) into the

general expression of the reduced pressure coefficient for the airfoiI, equation (4-85), one

obtains the reduced pressure coefficient êp (x) for an airfoil executing oscillatory

rotation,

~;~ ê (x)=-.J(c-:cî-c( 2; _.-::.._~)+ ie ~e-:c (.!.+(-~+~)C(À./2)J.
200- Sc p Â. 2e 4 À. x 4 4 À.

(4-182)

where the pressure coefficient Cp (x,t) is given by,

Cp (x,t) =êp(x)e'll)l ,

The pressure difference coefficient IlCp (x, t) = Ilêpexp(; ltJ t) is given by,

IlCp (X,l) = -2Cp (x,t),

Ilêp (x) =-2êp (x).

Reduced lift and pitcbing moment coefficients for osciUatory rotation

By inserting the values of the constants bi into the general equations of the reduced lift

and moment coefficients, equations (4-89) and (4-91) respectively, one obtains,

ê =1tê}} [1- 2i -~C(Â./2)-6i C{À./2)] ..
1. 4 À. I,} À.

ê = Tt âÀ.2 [~_ 3i _ 3i C(À./2)-~C(Â./2)].
m 8 8 Â. Â. Â.2

(4-186)

(4-187)

The general expressions of the lift L and pitching moment M around the leading edge of

the airfoil are given, respectively, as,

Tt 3 ., [ 2i 8 ( ) 6; ( )]L =gPC 9co- I-T - À.2 C À/2 -TC Â./2 ,

Tt ~ ., [9 3; 3i ( ) 4 ( )~M =-pc 8m- -----C Â/2 --C Â./2 .
16 8 À. À. À.2
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4.5.4 Unsteady tlow solution past an airfoil executing tlexural

oscillations

Consider an airfoil executing flexural oscillation of a parabolic type, as shown in Figure

4.10.

y

y {:c,t)

:c

Fig 4.10 Geometry of tlexural oscillations on an airfoiL

The parabolic flexural oscillation y (:c,t ) is assumed in the form,

(4-190)

(4-191)

where &0 is a constant

From equations (4-1) and (4-2) one obtains,

ê(x)= &0 c(;r·
By substituting in equation (4-10), the equation of the reduced vertical velocity V(:c) for

an airfoil under flexural oscillations is given by,

(4-192)

By comparing the terms in the polynomial representation of the vertical velocity on the

airfoil, one obtains,

ho = 0 , hl = 2U~ &0 1c , b! = ê(J) &0 1c and bic = 0 for k ~ 3. (4-193)

79



Reduced pressure coefficient for paraboUe Dexunl oscillations

By substituting the above constants ioto the general expression of the reduced pressure

coefficient (equation (4-85), one obtains the expression of the reduced pressure

coefficient êp (x) for an airfoil executing parabolic flexural oscillations,

? 1 { • ( ) 1( 2 2 )}ê (x) = -&D ~ [~(c-rî~ .!..- x+.:. __ ~+ xc+~ +
p U~ 1 2 c 3 6 8

R-X{ Cl ( X 1 3 ( ))+ -- -, 2---+-C J../2 +
x 1- c 2 2

. ( ., 5 )1 2 xc c- ,
+- x +---+-c- C(1/2) }]

1 2 4 8

where the pressure coefficient Cp(x,t) is given by,

The pressure difference coefficient â Cp (x, t) is given by,

âCp(x.t) = -2ep(r,t),

(4-194)

(4-195)

(4-196)

Reduced lift and pitching moment coefficients for parabolic Oexural oscillations

By inserting the values of the coefficients bit into the general equations of the reduced lift

and moment coefficients, equations (4-89) and (4-91) respectively, one obtains after

mathematical simplifications,

ê =~~ )..2 tr [_2.-+ 4i+~iC()../2)+~C()../2)J
L 8 0 12 3 J.. 3 Â, )..2 '

ê = -~& ;/. Ir [.!._2.~_2_1_ 5i C(J../2)- 2 C(J../2)l.
m 8 D 4 6).. 3)..2 6 Â, Â,2 J

where C(À/2) is Theodorsen's functionand À. is the reduced frequency.
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4.6 Unsteady tlow past an airfoil witb an oseillating aileron

Consider an airfoil having an aileron that is executing oscillatory rotation ~ (t), as shown

in Figure 4.11.

y

u~ --..

c

~(t)

x

Fig 4.11 Geometry of an airfoil and aileron executing oscillatory rotation ~ (t).

The aileron oscillatory rotation ~ (1) is given by,

(4-199)

The boundary condition is represented in terms of the reduced vertical velocity V(x) ,

which in the case ofaileron oscillations is given by,

V(x)= -iro~ (x-s. )-U~ ~.

The boundary condition on the airfoil with an oscillating aileron is given by,

for xE (O,s.)

for :c e (Sl'c) ,

From the above conditions one obtains the values ofthe boundary constants~

Po =-U=Î3+i(j)ps. ~ P. =-i(J)P and Pic =0 fork~2 .

In this case, the value of V(SI) is,

V(SI)= -pU=,
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The resultant expression of the pressure difference coefficient for an airfoil with an

aileron executing pitching oscillations is given by,

(4-204)

where,

where,

Ç2 =~ P.(~ I t -SI ~(c-s.).rl ).

çll:) =p{(X-SJH(X)+ ~ ~(c-x}:c 10l
Ç4 (x) = ~ PI [(x2 -sf )H(x)+ ~ ~(c- x)X(xlo + 1.)).

çs(x) =~c- x cos -1 rs: + H(x),
:c V~

(4-205)

(4-206)

(4-207)

(4-208)

(4-209)

(4-210)

(4-211)

cosh-r

H(x) =
sinh-l

(4-212)
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The resultant expression of the lift coefficient for an airfoil with an aileron executing

pitching oscillations is given by,

(4-213)

The resultant expression of the pitching moment coefficient for an airfoil with an aileron

executing pitching oscillations is given by~

where~

(4-215)
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4.7 Unsteady Dow past an sirfoil with an aileron executing tlexural

oscillations

Consider an airfoil having an aileron under parabolic flexural oscillations y (x~t). The

parabolic flexural oscillation y(x~t) on the aileron is asswned in the form,

(4-216)

(4-217)

where le0 is a constant.

From equation (4-2)" one obtains"

ê{x)=Ko{X~SI r,
From the above analysis and from equation (4-10), the equation of the reduced vertical

velocity V(x) for an airfoil with an aileron executing tlexural oscillations is given by..

where,

(4-218)

for x e (O"St)

for xe(St,c)·
(4-219)

By comparing the terms in the polynomial representation of the boundary conditions on

the airfoil, one obtains,

Po =( - 2U2J lCo St +iaJKoSt! )1 c , Pt =( 2U2J ICo -i2aJ/CoSt )1c , Pz =i aJKo1C

and Pl =0 for k ~ 3 .

(4-220)

ln this case, the value of V(SI) is,

V(St)=O,
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The resultant expression of the pressure difference coefficient for an airfoil with an

aileron executing parabolic tlexural oscillations is given by,

(4-222)

where,

(4-223)

(4-224)Çl =~p{~ II -SI~(C-S.)SI)+ ~ P2(f12_S1
2~(C-SI}SI).

Çl (x) =p{(x - SI )H(x)+ ~ ~(c - x']X 10 ] +P2[(x2 - SIl )H(x)+î~c-x)x(xlo +II)]

(4-225)

ç,(x)=îp.[(x2 -Sll)H(X)+ ~ ~(c-x)X(xlo +11)]+

+jP2[(X l -s: )H(x)+ ~ ~(c -x)x(x2Io +:cI1 +12 ))'

where.

(4-226)

cosh-l

H(x) =
sinh- t

(4-227)
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The resultant expression of the lift: coefficient for an airfoil with an aileron executing

parabolic flexural oscillations is given by,

(4-229)

where,

(4-230)

(3c
2 s(c) ) (5c

2
S2 (c) )2 2 =p, 24 II +; 4 -SI ~(C-Sl)sl +2[32 48 12+t 6'-SI ~(C-Sl)S' ~

(4-231)

(4-232)

The resultant expression of the pitching moment coefficient for an airfoil with an aileron

executing parabolic flexural oscillations is given by,

U~c! .. [. 3 1 ( )](., ) (1 il) (il)---C", =- l-À+-C l/2 c-~ +cY, - --- Y3 + - f.l'
4 24 4 - 2 12 6c

where,

Y2 = Z"

y] =îpÜ-Il -StlJ(c-SI}r. )+ ~ P2(~ 1] -si~(C-St)S. ),

~ =.!. P,(=-/3-s; ~(C-Sl)Sl) +3..P,(~I~ -5: ~(c -s, ~l)'
4 2 5 - 2

where,

(4-233)

(4-234)

(4-235)

(4-236)

(4-237)

(4-238)

(4-239)
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(5-1)

Chapter 5

Results and discussion

The present method bas been validated by comparison with the results obtained by

Theodorsen [15,26] and Postel and Leppert [24] for the case of an airfoil executing

oscillatory translation and rotation and for the case ofan airfoil with an aileron executing

oscillatory rotations.

After validation, the present method bas been used to obtain solutions for airfoils

executing flexural oscillations and for airfoils with ailerons executing flexural

oscillations.

No comparisons were presented for the case of flexural oscillations since there are no

previous results known.

For the sake ofcomparison. the following coefficients have been introduced:

dJ(. =_16ê = ~p
P À,2 Pl"

- POJ·c·
2

which is the reduced oscillatory pressure difference coefficient, and

• 1 A L
KL =-CL =---À? 1,

- POJ-c3

2

(5-2)

(5-3)

which are the reduced oscillatory lift coefficient and the oscillatory lift coefficien~

respectively, and

.1 .. 1."[
K =-C =---

tif À? tif 1.,.
- P(J)-c"
2

(5-4)

(5-5)

which are the reduced oscillatory pitching moment coefficient and the oscillatory

pitching moment coefficient, respectively.
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5.1 Case of airfoils executing oscillatory translations

The numerical results were obtained for various values of the reduced frequency À. ~such

as Â. =0.48,0.60,0.68. The results are presented in Figure 5.1 and in Figures 5.2, 5.3, for

the real and imaginary parts of the reduced oscillatory pressure difference coefficient

(- c 1(2110 ))M:, where ho = ft ~ represents the complex amplitude of oscillations, and for

the real and imaginary parts of the reduced oscillatory lift and pitching moment

coefficients, (2c I(trho))K~ and (4c I(tcho))K:, respectively. The corresponding typical

variations in time of the oscillatory lift and pitching moment coefficients have been

calculated for severa! values of .l , such as À. =0.48,0.68, as shown in Figure 5.4.

The results of the real and imaginary parts of the pressure difference coefficient are in

very good agreement with the previous results obtained by Postel & Leppert [24]. The

results of the lift and pitching moment coefficients obtained by the present method are in

excellent agreement with Theodorsen's solution [15.26].
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Fig 5.1 Real and imaginary parts of the pressure difference for an airfoil executing
oscillatory translation.
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5.2 Case of airfoils executing oscillatory rotations

The numerical resuIts \vere obtained for various values ofthe reduced frequency À. ,such

as ..t =0.48.,0.60.,0.68. The results are presented in Figure 5.5 and in Figures 5.6, 5.7 for

the rea! and imaginary parts of the reduced oscillatory pressure difference coefficient

(1/60)M~, where 80 =iJ represents the complex amplitude of oscillations, and for the

real and imaginary parts of the reduced oscillatory lift and pitching moment coefficients"

(-4/(Jr6o))K~ and (-8/(Jr9o))K:, respectively. The corresponding typical variations in

rime of the oscillatory lift and pitching moment coefficients have been calculated for

various values of À. , such as À. =0.48.0.68, as shown in Figure 5.8.

The results of the real and imaginary parts of the pressure difference coefficient are in

very good agreement with the previons results obtained by Postel & Leppert [24]. The

results of the lift and pitching moment coefficients obtained by the present method are in

excellent agreement with Theodorsen'"s solution [15,26].
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S.3 Case of airfoils executing Oexural oscillations

The numerical results were obtained for various values of the reduced frequency À. ,such

as Â. = 0.48,0.60,0.68. The results are presented in Figure 5.9 and in Figures 5.10, 5.11

for the real and imaginary parts of the reduced oscillatory pressure difference coefficient

(-c2 /4&0)âK;, and for the rea! and imaginary parts of the reduced oscillatory lift and

pitching moment coefficients, (8/(31rEo))K: and (8/(31rEo))K:, respectively. The

corresponding typical variations in time of the oscillatory lift and pitching moment

coefficients have been calculated for various values of À. , such as À. =0.48,0.68 as

shawn in Figure 5.12. No comparisons were presented for the case of flexural oscillations

since there are no previous results known.
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5.4 Case of an ainoit with an aileron executing pitcbing oscillations

The numerical results were obtained for various values of the reduced frequency À. ,such

as Â. =0.48,0.60,0.68. The results are presented in Figure 5.13 and in Figures 5.14, 5.15

for the real and imaginary parts of the reduced oscillatory pressure difference coefficient

(11 Po )M;, where Po =/J represents the complex amplitude of oscillations, and for the

real and imaginary parts of the reduced oscillatory lift and pitching moment coefficients't

(-4/ Po)K~ and (-8/ Po )K:, respectively.

The results of the real and imaginary parts of the pressure difference coefficient for an

airfoil with an aileron (St /C =0.75), were found to he in very good agreement with the

previous results obtained by Postel & Leppert [24}. The results of the lift and pitching

moment coefficients obtained by the present method for an airfoil with an aileron located

at (St /C =0.70) were in excellent agreement with Theodorsen's solution [15.26].
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)

s.s Case of an airfoil with an aileron executing Oexural oscillations

The numerical results were obtained for various values of the reduced frequency À ,snch

as À =0.48,0.60,0.68. The results are presented in Figures 5.16, 5.19, 5.22 and in

Figures 5.17,5.18,5.20,5.21,5.23,5.24, for the real and imaginary parts of the reduced

oscillatory pressure difference coefficient (-c / IC0 )L\K;, and for the real and imaginary

parts of the reduced oscillatory lift and pitching moment coefficients" (4c /lCo)K~ and

(Sc / K o)K:, respectively. The results were performed for various aileron positions such

as St / c =0.60,0.75,0.80. No comparisons were presented for the case of flexural

oscillations since there are no previons results known.

107



1... J 16- l°,o,ll Present solution
114 .

- 12
=...
~
<1 10- -+-À=0.68
~

-< 8· -&-À=0.60
~

== --z!t- À=O.48..-.. 6=
~
~
1 4-

2

0
0 0.2 0.4 0.6 0.8 1

xie

2

1

- 0
=...
~
<1 -1- ~À=O.68
C -2< -_·_~o,D,A Present saIutiln ~À=O.60

:E- -3 --z!t- À.=O.48.-.=.J!
CIl

-4.1-
-5

-6-
0 0.2 0.4 0.6 0.8 1

xie

Fig 5.16 Real and imaginary parts of the pressure difference coefficient for an airfoil

with an aileron (sil c =0.60) executingparabolicflexural oscillations.

108



Ci

~Present solution
~-

~,-
L· __ -~_T·_________ -------

~- -_._-
~ --

9

8

7
~

6.
~-..J 5<
r-1

= 4.....=
~ 3~

~....,
2

1

o
o 2 4

REDUCED FREQUENCY, À.

6 8

0r--------===~F=====-.....-----ffI

-0.5 ~Present solution
~.
~-
~

---~-

-<
~-~ -1.5=~
~

~..-
-2

864

REDUCED FREQUENCY, À.

2

-2.5 _"--- ------l

o

Fig 5.17 Real and imaginary parts ofthe reduced lift coefficient for an airfoil with an
aileron (St/ C =0.60) executingparabolicflexural oscillations.

109



,
~Present solution

)

~

~ --

\
f---.- --

\;
~ - -

- - ~Present solution -~-

16
\ )
" 14

12-e
c

~ 10-
~« 8r.1
~
.-.

6=
~.......
r:I

Z
"-' 4

2

o
o

0

-2 -

-e -4.
~-
~« -6
~-
~
~....... -8~

~.....,

-10

-12

0

2

0.5

4

REDUCED FREQUENCY, À.

1

REDUCED FREQUENCY, À.

6

1.5

8

2

Fig 5.18 Real and imaginary parts of the reduced pitching moment coefficient for an
airfoil with an aileron (St /c =0.60) executingparabolicflexura/ oscillations

110



8

, 1

lo{].d PreseDt solution 1--7

6-.....
Co.
~ 5-
<3- --&- À=0.68
~

< 4- ~À=0.60
~
~

--1!r- À=0.48~ 3= --~---

~
~
1-- 2

1 -----_._--

0
0 0.2 0.4 0.6 0.8 1

Ile

1

0.5 ----

..... 0
r:.

c

~ -0.5<3- ~À=0.68
~ -1< ~À.=O.60
~- -1.5 l°,o'â Present 50lution l--- -Ir- À.=0.48
~ ----=-
~• -2--

-2.5

-3
0 0.2 0.4 0.6 0.8 1

xie

Fig 5.19 Real and imaginary parts of the pressure difference coefficient for an airfoil
with an aileron (sil c = 0.75) executingparabo/icfle:cural oscillations.

III



G
~Present solution

,-

_.C _.0-

C

-" ~ _.

- \ --

'--. __ .-
~ - -- - -

\ ) 8-
7

6
-:

•
~ 5-..J
< 4r.l

=.-..= 3~......
~
~...,

2

1

a
a 2 4 6 8 10 12

REDUCED FREQUENCY, A.

-e-Present solution

12108

REDUCED FREQUENCY, A.

a

-0.5

~. -1~-
~

< -1.5
~-.-..=
~ -2~

""...,
-2.5 -

-3

a 2 4 6

Fig 5.20 Real and imaginary parts ofthe reduced lift coefficient for an airfoil with an
aileron (sIl c =0.75) executingparabolicflexural oscillations.

112



---~----~- ~ Present solution -

7

6·

- S-E.
~-.J 4·
-<
r.1

'" 3....=
~
~

~

~ 2....

1

0

0 2 4 6 8 10 12

REDUCED FREQUENCY, À

o

·0.5 ----~~.- --.-.-------------

-e
.~

- -1ç;
<
~..
~ -1.5
i
QG....

-2~-1---

~Present method

12108642

-2.5 .'----------------------~

o

REDUCED FREQUENCY, Â.

Fig 521 Real and imaginary parts of the reduced pitching moment coefficient for an
airfoil with an aileron (SI /C =0.75) executingparaboIicflexural oscillations

113



6 -r------------------.....

lo,DA Present solution 1

5 -~-----===:::::::::======:::::::=:~-I--+--!

c:.
if~ 4 +--~-----------J---~

<1-.J< 3 -t--1.l1t---1~~~-------gA~--ftC:..------:=I~
riIii1
~
..-.
~ 2 r-----1ft---~--~~~~--~----.-.I~ -,J----~n1
CIl
•---

1

-e-À.=O.68

~À.=O.60

~À.=0.48

10.80.60.40.2

o -L--- _

o

0.5

a ------.--=:;~~~

-
if =- -0.5
~
<1-
~< -1
:E..-..o

~ -1.5
1

---

~À.=O.68

----10,04 Present solutÎon ~ --e- À.",O.60

-ë-Â.=O.48

-2 -.~'-----~--~----- -----f

-2.5
o 0.2 0.4 0.6 0.8 1

xie

Fig 522 Real and imaginary parts of the pressure difference coefficient for an airfoil
\vith an aileron (sile = 0.80) executingparabolicflexural oscillations.

114



~)

-_.-
-ErPresent solution

--.
-~.

t
\ - .

-~~ - .-

--- --

i~)i 8

7

~
6

•
~ 5-..J
-( 4riii1

==-.
3=

~
~

~.....,
2

1

o
o 2 4 6 8 10 12

REDUCED FREQUENCY, À.

~Present solution

0

-0.5

--:; -1
c

~ -1.5-Çj
-(

-2
~--.

-2.5=
~.....
101
~ ...3..,.,

-3.5

-4

0 2 4 6 8 10 12

REDUCED FREQUENCY, À.

Fig 523 Real and imaginary parts ofthe reduced lift coefficient for an airfoil with an
aileron (sile =0.80) executingparabolicflexural oscillations.

115



Cf)

f-----

---

-e-Present solution

b

-. ~
\

~' .. - --

----- ~------ -------

- - - --

9

8

7-=c 6~-
..J 5«
~

= 4
..-.

:1

~ 3
~
~...,

2

1

o
o 2 4 6 8 10 12

REDUCED FREQUENCY, Â.

12108

REDUCED FREQUENCY, Â.

-----~---. -e-Present solution

-M--------~---~~-----·~----·---t

0

-0.5 ---~-

- -1=c

~-
~ -1.5
«
~

-2-.-.=
~
~ -2.5;c...,

-3 -,_ .. -

-3.5
0 2 4 6

Fig 5.24 Real and imaginary parts ofthe reduced pitching moment coefficient for an
airfoil with an aileron (St 1c = 0.80) executingparabolicflerural oscillations.

116



Chapter6

Conclusions

In this thesis, the steady and unsteady tlow past fixed or oscillating airfoils has

been analyzed. This work presents a new method based on velocity singularities for the

analysis of the unsteady flows past oscillating airfoils.

The method of velocity singularities developed by Mateescu [11,13,14,16] for

steady flows past airfoils. has been validated for the cases of rigid and flexible airfoils, in

comparison with the previous solutions based on conformai transformations [1421], or

obtained by Nielsen and Thwaites [13,22,27]. A very good agreement has been obtained

between the present solutions based on the velocity singularity method for steady flows

and the previous results.

Closed form solutions were obtained for the pressure distribution and the

aerodynamic forces acting on airfoils executing various harmonic oscillations. Closed

fonn formulas were also derived for the pressure distribution and the aerodynamic forces

acting on an airfoil with an aileron executing harmonic oscillations.

The method of velocity singularities for the unsteady flow past airfoils and

ailerons executing hannonic oscillations, developed in this thesis, has proven to lead to

accurate solutions, computationally efficien~ in all studied problems. The solution of the

unsteady flows obtained by the present method of velocity singularity is relatively

simple, which avoid the mathematical difficulties encountered in the classical theories.

The present method has been first validated for airfoiIs executing oscillatory translation

and pitching rotation and for airfoils with ailerons executing pitching oscillations.. in

comparison with the previous results obtained by Theodorsen [15,26] and Postel and

Leppert [24]. An excellent agreement has been obtained between the present velocity

singularity solutions for unsteady tlows and the previous results.
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The method bas then been extended to the unsteady flows past airfoils executing flexural

harmonic oscillations. Closed form solutions were a1so derived for the pressure

distributions and the aerodynamic forces acting on an airfoil with an aileron executing

flexural oscillations. No comparisoDS were presented for the case of flexural oscillations

since there are no previous results known.

In all problems treated in this thesis, the method of velocity singularities for

steady and unsteady flows past tixed or oscillating airfoils bas proven to be accurate,

efficient and stable. The mathematicaI treatment aIso provides a convenient arrangement

permitting a smooth treatment ofail cases ofoscillations.

As a suggestion for future wode, the present method can he extended to the non

tinear analysis of the unsteady flow past the oscillating airfoils. Also the method can be

extended to the case when the amplitude of oscillations is decaying exponentially in time

instead ofbeing constanl as it is often the case in practice.
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Appendix A: General integrals

A.l The integral F(z)

Consider the integral F(z) given by,

Us -;~(u-c) ~

F(z)= ;~~) fe C cos-
I
V~dCT ],

By taking the derivative, one obtains,

.!!-[cos- l ~]= ~(c-z)z ,
dC1 V~ 2(c1-z)~«j-c)(j

Integrating by parts yields..

()
C • [aI- -'~(a-c:) ~(c-z)z ]F z = - lun e c; du .
il a.- c: 2(u-z)~(u-c)CT

A.2 The integral J (x)

Consider the integral J (x) defmed by,

() . [a
f
.. -'~(a-c:) (j ~(c - xlX ]

J x = hm e c: du ,
a.-+G) c X 2(u - x)~(lT - c)C1'

By integrating J(x) from x = 0 ta x .. one obtains,

(A-t)

(A-2)

(A-3)

(A-4)

fJ(x)dr = lim [ ale -,;(a-<) CT dCT ]f~(c -x)r dr. (A-5)
o a.-.cD c ~(lT-C)(j o2x(cr-x)

The second integral is evaluated by,

rJ~(C -x)X rI c-x .rI (lT-X)-(cr-c)
~--dx= d~= dx,

o 2x(lT-x) 0 2«(j-x)~(c-x}~ 0 2(cr-x)~(c-x)X
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One obtains thus two known integrals and the overall integral is given by,

.rf~(c - :c)X ta _! .rJ dx (u - c).rI ~(u - c)o- dx

o 2x(u-x) - 2 0 ~(c-:c)X ~(u-c)d 0 2(CT-:C)~(C-x)X

-1 Hr" (a-c) -1 lc-x)a=-cos - cos
c.r=o ~(CT-C)CT c(u-x)

By substituting the second integral into the integral of J (x), one concludes,

(A-7)

.r a.i{ [H].r~}• -r-(a-cl U x c-;c
JJ(x)ttt= lim [ Je c .J( )CT -2cos-l

.:- -cos-I
(. ) der l·a.- 2 CT-C C c u-xo c x-O

(A-8)

The value ofthe definite integral from :c = 0 to :c = c is given by,

c a. À.( ) a.. .i( )

J ft [f -r - a-c CT ] Ir l -,- a-c ]J(:c)dx =- Hm e ~ der -- lim [ e c du.
o 2 a.--= c: ~(er-c)U 2 a .. - c:

(A-9)

By substituting cr =~ (ç + 1) into the finite integral appearing in the integral of J(x). one

obtains,

=I -'~(Cf-c) cr c ~f -'~(C;-l) ç+ 1
e c dcr = - e 2 dt,

c ~(cr - c)CJ 2 1 ~ç! -1 '

Note that Hankel's integrals are defined by,

~). r
Je -'ïc; '" dt; = _ 1t H!2)(À./2),
1 ~C/ -1 2

(A-IO)

(A-11)

(A-12)

where H~2)(l/2) and H?)(l/2) are Hankel's functions ofsecond kind ofzero and frrst

arder.
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By substituting the known integrals ofHankel into the above integral, one obtains,

je-~(cr-<) cr dcr=':'ej~(- Tt) [H!2)(À./2)+iH~2)(À/2)]. (A-13)
c: ~(CJ-c}:1 2 2

An important integral to note is that related ta Fourier integrals given by (after integrating

by parts),

[ ~I -,~(et-c:) ] -c [ ] c
lim e c: du =-.- E-z: -1 =-..

CTz-.o 1À. , À.
c:

where as shawn in (4-46),

[
-'~(O'-c)]E'%j =lim e C =0 .

0'-+«1

(A-14)

(A-15)

which can be obtained from the Riemann-Lebesgue lemma on Fourier integrals [5,23],

when the theory ofdistribution is used. Hence, the integral defmed in (A-9) becomes..

A.3 Recurrence formulas for the integral l t

Consider the recurrence integral defined by,
Si

I t =J~(c -s)s ds,

Note that /' can be written by..

st =- ~ [(c -2S)st-' -cst-Il,

By substituting the value of s· inta the recurrence integral, one concludes,

[

Sk-I (c - 2s) C SI-1 ]
l = - J ds- J ds

k 2~s(c-s) 2~s(c-s)'

Note that rt-! (c- 15)ds =st-I ~s(c -s} -(k -1) Jst-l ~s(c -s}ds
2~s(c-s)

The second integral can be then given by,
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(A-18)
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(A-21)

Substituting the above integral into the definition ofthe recurrence integral., one obtains,

[" =_[st-t ~s(c-s)-(k-l)(cl"_l -[,,)-; [,,_.].

By arranging the terms, one concludes.,

SI-1 ('k-l)1 =--~s(c-s)+ --- cl .
k k 2k k-I

The value of the integral at k = 0 (10 ) is given by,

1 - J 1 ds - _, -( ~s
o - ~ ( ) - - cos ,s c-s c

The value of the integral at k =1(Il) is given by,

[. =l~ t )dl- = -~s(c-s)-c cos-
I Œ.

s c-s v-;
The recurrence integral/i; with limits is given by,

(A-22)

(A-23)

(A-24)

c i

1) [" =!~(cs_s)S dl-

2k-1
Ii; = 2k C 11c_1

Tt
where, 10 =Tt , l, =c-.

2

(A-25)

(A-26)

c

a) The integral fSk-1 ~(c - s )s ds is related to the recurrence integral as follows,
o

c:

b) The integral fs· ~(c - s)s ds is related to the recurrence integral as follows,
Il

where,

2k+l and 1 _ c2
(2k+l)(2k+3) 1

11.+1 = ( )cl.. 1.+' - ( )( ) L ,
/1; 2 k+l /1; IL - 4 k+l k+2 IL
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The resultant formula is given by,

CI l ,J( c2
(2k+l)s -c-s)s ds = ( )( ll.

o 4 k+l k+2

The recurrence integral Il: is evaluated from x =SI to X =c and is given by,

(A-3D)

(A-3I)

(A-32)

(A-33)

C

a) The integral JSk-t J(c-s}s ds is related ta the above integral as follows.

C

JSl:-1 ~(c -5 )s ds =cl" -lhl'

"
where,

s~ 2k +1
lk+l =-,J{c-s,)s, + ( ) cll'

k+l 2 k+l

The resultant formula ofthe integral is given by,

(A-34)

(A-35)

(A-36)

The following integrals are related ta the recurrence integral and are evaluated in the

same manner as above,

(A-37)

(A-38)

where,

(A-39)
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A.4 Recurrence formulas for the integral Qi

Consider the integral Qi defined by,

By taking the derivative ofthe cash -1 { } functio~ one abtains,

HI =cash-1 RI ' RI = J~---~

By integrating by parts, one concludes,

X
hl

_1 l :chi ~(c - SJSI
Ok =-cosh RI - dx,
- k+l 2(k+l)(sl-:C)~(C-:C)x

l

By taking X
hl = S:+I -(St -x) Lxns:-n the above recurrence formula will he..

".0

where from section A.S,

Î
n

=_ x
n

-

l

~(c-x)x+(2n-l)CÎn_1
n 2n

where,Ï. =-2cos-' H,I, =-~x(c-x)-ccos-l ~

The following integrals are special cases ofthe recurrence integral Qi'

1) Atfc=O, Q. = Icosh-' ~~(;~~ dx

( )
_1~-x ~(c-s)S -

Qo = x - s cash ( ) + 10 ,
c s-x 2

By taking the limits ofthe above integral from x =0 ta x =c . one obtains,

Q. = fCosh-1 lc(-x}f) dr=(C-S)(j1t)+ 1t ~(c-s)S,
o C s-;c 2 2
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(A-43)

(A-44)

(A-4S)

(A-46)
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The real part of the above integral is given by,

Real [Qol =1t ~(c -s)s .
2

CJ -l~
2) Atk=l, QI =0 x casn V~ dx

Q =[(.t2
_S

2
) h_l~-XS]C ~(C-S)S~k_"/-

1 cas ( ) + ~ S If '

2 C s-x 4"'0
.x=0

1 ( )
k - - - cLS -fI ln =s/o +/1 =1t s+, ,

,..0 -

The resultant fonnula is expressed as~

The real part of the abave integral is given by,

Real [QI 1= :(s+f)~(c -s)s.

CJ2 _l~-XS
3) Atk=2, Q2 = x cash (_) dx

o cs x

By substituting iota the recurrence integral Qi' one cancludes,

O
_[(X3_S3) h_l~-XS]C ~(c-s)s~ i-,,/-

_2 - COS ( ) + ~Sri'
3 C s-x 6"'0

.1'=0

~st-·1. =s21. +s11 +12 =lt(S2 +~S+iC2).

The resultant formula is given by,

Q2 =(c3_S3 )(jTe)+ 1t(S2 +~S+~C2 )~(c-s)s,
3 2 6 2 8 J

The real part ofthe integral is evaluated as,

Real [Q2] = ~(S2 + ~ s+ ~c2)~(c-s)s .
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(A-54)
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The following integrals are related to the recurrence integral Qi: and are given as,

4) Rea{ !(:C-S)COSh-1~~c(;~~ d:c] =QI -sQ. =(;) ~(c-s)s(~-s)

5) Real [ J:c(:c - S)cosh-1 lc(- x)s) d:c] =Q2 - SQI =(Tt) ~(c - S}s(~c2 _~s _ S2 )
o C S - x 48 24 12

A.S Recurrence formulas for the integral FA:

Cansider the recurrence integral Fic defined by,

J Je -[ C-X)Sl ds
FA: = s, cash ( )' ,c s,-x

By integrating by parts, one concludes,

r:- _ S~+l h-l R _ f S~+l (-l)~(c -x)x ds
rA: - cos. l'

k+l 2(k+l)(SI-X)~S,(c-s.)

where,

dB. -~(c-x)x

d s. = 2(SI -X)~SI (c-s I )·

k

By taking s~+[ =Xk+l +(s[ -:C)Ls; xl
-
n one obtains..

".0

(A-57)

(A-58)

(A-59)

(A..60)

(

ShI _ r h [ )
F. = 1 • cosh-'

k k+l
(A..61)

From section A.5,

sn-l (2n-l)
In =--'-~SI(C-S[)+ -- cln_l ·n 2n

By taking the limits frOID x =0 ta x =c , one obtains.,

(.,~-62)

c

1) FI; = Jst cosh-'
o
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By substituting into the recurrence formula of ~, one concludes,

F, = :chi ( .Tt)+ ~(c-x)r ~ Xl-If 1
le k +1 J 2 2(k+ 1) ~ " ,

The real part of the integral is given by,

~(c-:c)x le l-"
Real [Fl 1= ( ) LX In •

2 k+l "...0

Note tha~

(A-63)

(A-64)

2n-1
1" =-?-c 1"_1_n

1t
where, 10 =Tt , Il =C - •

2

The following is a special case ofthe above recurrence integral with limits and is

concluded as,

c~Ie-I -1 c-x SF.-I =JS cosh ( ) ds !

o C s-x
(A..65)

(A..66)

The fol1owing is an integral that is related ta the recurrence fonnula and is given by,

C~( ) 1-1 h-1 le -x)s ris F. F.J :c - s s cos ( ) =X 1-1 - 1
o C s-x

2)

= (1 )~(e-x)x [ï: x
l
-

n

1. - Il]'
2k+l /PRO k

(A-67)

The recurrence integral Fi is evaluated for the case ofthe limits from x =St ta x =c

and is given by,

3) Ft =Cjst cosh-I C - x)s ris
c(s -:cl

(

:chi _ Shi )
F: = t cash-I

i k+l
c-x St ~(c-x)x ~ Ie-"

( )
+ ( ) ~x In ,

C SI -x 2 k+l n=O
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i

where,

(A..69)

A special case ofthe above recurrence formula is given below as,

C~i-I -( c-x S
F.t_1 =.Is cash ( ) ds,cs-x

ft

(A-70)

c:' _ (xi -st) h-I
rk_1 - k cos

1 H i-'c-x St _ c-x ~ i-,,/
( )

+ ~x n.
C St -;c 2k x ~

(A-71)

A.6 Integrais related to 14:

The following are integrajs related to the recurrence formula Ii'

1) JSl-1 Cos-i ~ ds
o V~

By performing the derivative, one obtains,

:s [COS-
1 If] =2J(:~S)s '

Integrating by parts,

cf i-I -1~ ds 1 cf Si ds 1 1s cos - =- =- .
o c 2k 0 ~(c-s)s 2k t

where,

(A-72)

(A-73)

(A-74)

1t
where, 10 =1t , II =C - •

2
(A-75)

The following integral is a special case ofthe above recurrence fonnula,

"') CI k-( -1 tds 1 k -1 [fIc 1 cJ Si ds
.t. s cas - =-s cos - 1S.'t +-

c k c . 2k ~(c-s)s
~ ft
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,
r

\ J

where,

(A-78)

A.7 Recurrence formula for the integral Ir

Cansider the recurrence integraI/, defined by,

xl'
1,= I-J( dx.

c-x)x

where (fram section A.4),

x,.-I 2r-l
l, =--~(c-:c)x+--C/r-l'

r 2r

(A-79)

1 , -1 r;
o =-- cos v-;; (A-8I)

The fallowing integrals are related to the recurrence integral / r •

1) l' ~c-x dx=I r c-x dt= 1-1x x ~( ) C r ,..1
X c-x X

The resultant expression is given by,

2) Ix' ~c-x dx= c 1
o :c 2{r+l) r

where,

Cf:cr 2r-l
l, = ~( ) dx =-.,- C 1,_1'

o c-x X _r

Tt 3c2

10 = 1t , /1 =c- and /., =-1t.
2 - 8
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The following integrals are related to the recurrence integral Ir at varions values of r,

3) cJ~C-X dx=:"1 =c lt
.

., 0 "')
o X - -

4) f~(C-X)X dx =fxt- x dx =:.. 1. =C! lt .
o 0 x 4 8

Appendix B: Theodorsen's formulas

8.1 Formulas related to Theodonen's results

PO) = 1-2i~(F+iG),
hm

P =.!.-i~[1+2(F +iG)]-2(~)! (F +iG),
~ 2 hm hro

,
~ o( V)T~ .V~l ( 0) (V) .. ~o (F 0G)1'. =--+1 - --1-- F+lG -2 - - +1 ,

p 1t hm 1t hm 1t hm 1t

(A-87)

(A-S8)

(A-89)

(B-l)

(8-2)

(B-3)

1
M =

CD 2' M =~-i~
.p 8 hm '

(8-4)

~ 0 V ~2 ( .) (B 6)T =---1-- F+IG , -
Q) 1t hm 1t

1[ ( 1)]. Vf(~l-c:r+21; +T.
T",=-- T7 + ct +- ~ +1

1t 2 hO) 21t

_(I....J2 1;2 (F +iG)
bm 1t
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j: )

L

Tl = c(l-c~ )_~I-Cll (1 +c~ )cos-I c+c, (COS-' Clr~

T3 = J .!.+C~)(COS-l CIr+.!..Cl~l-Cll COS-I Cl (7 + 2cr! )-.!.(I-ct! )(5c~ +4),
~8 4 8

r. =H~(~l-C~ r+ar.}
~o = ~1-c: +COS- I Cl'

~l =COS-I
Ct (I-2cJ+~1-c:(2-cl)'

~2 =~I-c:(2+cJ-COS-1 CI (2cl +1),

1
~3 =-[-T1 -{Cl -a)~L

2

1 1
~4 =-+-aclo

16 2

Notetha4

V =U'l:! °
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(8-10)

(B-Il)

(B-12)

(B-13)

(B-14)

(B-15)

(B-16)

(B-17)

(B-18)

(B-19)

(B-20)

(B-21)

(B-22)

(B-23)



(B-24)

8.2 Tbeodonen's fonction

) The function C (k) is called Theodorsen's function, The exact expression ofit is given by,

_ . _ H!2)(k)
C(k)- F +IG - (21() • (2)( r

Hl k +zHo k

where HJ2}(k) and H!!)(k) are Hankel functions [7,20,29] ofsecond kind (zero and first

arder, respectively). The standard notations for the real and imaginary parts of C(k)are F

and G, which are tabulated in Table B.l.

Table B.l Theodorsen'5 function C(k) = F+ i G .

k 1/k F -G
<XI 0.000 0.5000 0

10.00 0.100 0.5006 0.0124
6.00 0.16667 0.5017 0.0206
4.00 0.250 0.5037 0.0305
3.00 0.33333 0.5063 0.0400
2.00 0.500 0.5129 0.0577
1.50 0.66667 0.5210 0.0736
1.20 0.83333 0.5300 0.0877
1.00 1.000 0.5394 0.1003
0.80 1250 0.5541 0.1165
0.66 1.51516 0.5699 0.1308
0.60 1.66667 0.5788 0.1378
0.56 1.78572 0.5857 0.1428
0.50 2.000 0.5979 0.1507
0.44 2.27273 0.6130 0.1592
0.40 2.500 0.6250 0.1650
0.34 2.94118 0.6469 0.1738
0.30 3.33333 0.6650 0.1793
0.24 4.16667 0.6989 0.1862
0.20 5.000 0.7276 0.1886
0.16 6.250 0.7628 0.1876
0.12 8.33333 0.8063 0.1801
0.10 10.000 0.8320 0.1723
0.08 12.500 0.8604 0.1604
0.06 16.66667 0.8920 0.1426
0.05 20.000 0.9090 0.1305
0.04 25.000 0.9267 0.1160
0.025 40.000 0.9545 0.0872
0.01 100.000 0.9824 0.0482

0 00 1.000 0
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Appendix C: Special complex functions

C.I The complex fonction Hl (z~s)

Cansider the fallowing complex functio~

Hl (z~s) =cash -1 RI ~

where~

~
-z

RI = .
c(s-z)

The derivative ofthe complex function is given by,

dHl l dR I

dz = ~R~ -1 dz '

where,

dR I c-s ~

d;= 2(s -z~(c-z)(s-z) V~'

~RI2-1=tc-s)z .
c(s -z)

The derivative is given by,

dHI ~(c-s~

dz = 2(s-z)J(c-z)Z·

At z=x>s,

(C-l)

(C-2)

(C-3)

(C-4)

(C-5)

(C-6)

where. R; =lc(-z)S) .
c z-s

(C-7)

The complex function can be expressed by,

Hl =cosh-I RI =ln (RI +~Rlz -1 ),

At RI =jR;,
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'.

)
H• _J1t inh-t R-
1- +s 1"

2

where,

H; =sinh-' R; =I{R; +~(R;J +1).
The derivative ofthe complex function is given by,

where,

l~

~(R;Y +1 =V~'

dR; s-c ~

dz =2(z-s)~(c-z)(z-s) V~"

The derivative is given by,

dH; ~(c-s}s

dz =2(s-z)~(c-z)z "

From the above derivations. one concludes,

dHI dB;
-=-
dz dz

At z=x>c,

(C-IO)

(C-ll)

(C-12)

(C-13)

(C-14)

(CoolS)

(C-16)

- ~(-j)JMRI =RJ = r-=
c (- j)vz-s

Notetha~

(C-I1)

-2Rt < l, (CoolS)

H t =ln(RI +JR: -r)=ln(Rr +j~1-R,2 )=±jCOS-1 RI =±jH(" (C-19)

Note tha~

- -1-H, = COS RI. (C-20)

(C-21)
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) By comparing the derivatives, one concludes,

dHl .dHl
d;:=+}d;:'

Hl =+jHI •

For z = r < s < c ,

dHI - j ~s(c-s)

d;:= 2(s-z)~(c-z)(-z)~

1-R
i
l =(- z)(c - s) > 0 ,

c(s-z)

The complex function in this domain is expressed by.

HI =cosh -1 RI =ln (RI + j ~l-Rt! )= +j cos -1 RI =+j ill •

Note that,

dHI d f -1 R- ) -1 dRI - J(c-s)s
- - -\COS - =--~====
dz - dz 1 - ~1-R,2 dz 2(s-z)~(-z)(c-zr

By comparing the derivatives, one concludes,

dHl .dÎil-=}-,
dz dz

Hl = jH1•

Note that for s < z =x < c ,

Im(H1) =j 1t.
2

The foUowing are special cases ofthe complex function Hl(z,s),

HI(z,c)=O,
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.7t
}

2

One concludes.,

H, (z,O) =j 'Tt, for any z.,
2

H,(CXl,C)=O,

H,(CXl,O)= j Tt •
2

C.2 The complex function AI (z,a)

Considerthe complex function A,(z,cr) given by.

Al (z,a) = cos-1 RIo
where,

~
-za

R, = .
c(a-z)

-GO<Z<O

(C-35)

(C-36)

(C-37)

(C-38)

(C-39)

The derivative ofthe above complex function is given by,

dAt -1 dR,
dz =~1 - RI! dz .

where.,

dR C-(J-'=---:--~=::::;:::;::=~
dz 2((J-z)~(c-z)(cr-z)'

~1-RI2 =lcr-c)z ,
c(a-z)

The derivative is given by,

dA, ~(cr-C)cr

-;k= 2(a-z)~(c-z)z.
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For (f > Z = x > c ,

ciAl ~((f-c)(f .dA;
-;j;= ) 2((f-z)~(z-c)z =} dz '

~
-c •

RI =- j ~ _) = - j RI '
c\(f-.:.

The complex function in this range is expressed as,

(C-44)

(C-45)

AI =cos-I RI =cos -1 (- jR; )= jm((- jR;)+ j ~1-(- jR; r). (C-46)

AI =jln(- j{R; + ~1 +(R;r) =~ + jsinh -1 R;. (C-47)

Note that,

A• ·00-1 R·
1 =51 1 '

The derivative of the above complex function is given by,

_dA_; = 1 dR;
dz ~l + (R; y dz '

where,

dR; (f-C ra
--;k= 2((f-z)~((f-z)(z-c) 1/-;'

~ (.\2 lcr-c)z
1+ RI) = C (cr - z) ,

The derivative is given by,

dA; ~«(f-c)(f

dz = 2(f-z)~(z-c)z .

By comparing the derivatives in this range, one concludes,

dAt . dA;
-=)-.
dz dz
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For z =x > a > c , one obtains,

~
-C(j -

RI = ( ) =RI'
C Z-(j

The complex function is expressed by,

AI =cos- I RI =jln(RI +~RI2_1)=jcosh-1 RI'

AI = cos-1 RI =jcosh -1 R; = jA..

The above conclusion is supported by comparing the derivatives,

dAl ~(j - c)a
dz =2(j-z)~(z-c)z'

For z = x> a > c, one obtains,

dAI ~((j - c)cr .dA,--= -)--
dz 2(a- z)(- j'N(z -c)z - dz·

For z =x < 0 < c < (j , one obtains,

dAt • ~(1-c)(j
-- - - J~-----::-;:;::=~~
dz - 2(cr - z)~(c - z)(- z) ,

The complex function is expressed by,

Al = cos -1 RI = ±j ln (RI +~RI! -1 )= ±j cosh -1 RI =±j Al .
The derivative of the complex function in this range is given by,

dA1 1 dRl ~(cr-c)cr

dz =~R12 -1 dz = 2(cr-z)~(c-z){-z)·

By comparing the derivatives, one concludes,

dA, .dAl

dz =) dz'
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The following are special cases ofthe complex function At(z.,eJ),

() -llc-zJaAt Z., eJ =cos ( ) t

C eJ-Z

At (z,c) = 0,

(C-67)

(C-68)

_I~-Zcos --
C

1t + j lim(sinh-[ ~)
2 a_ V~

j lim(COSh-[ ~(-Z_)),-- V~

O<Z<C

C<Z<<<l ,

-«l<Z<O

(C-69)

The final expression ofthe complex function for this special case is given by.,

_I~-Zcos --
C

1t . 0nh-I ~z-c-+ J51 --
2 C

l jcosh-'t: z

O<Z<C

C<Z<<<l

-oo<Z<O
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C.3 Summary of the behavior of the special complex functions

Below is a summary of the behavior ofthe special complex funCtiODS, represented in

Tables C.l and C.2.

Table C.l General behavior ofa special complex singularity Hl (z,s).

Part -oo<z=x<O O~z=x<s s~z=x<c c~z=x<oo

Real(Hll 0 Hl =cosh -1 RI H· - inh-' R· 0
1 -s 1

Imag(H,l jH1 =jcos-I R, 0 .7t
jHI = jcos-1 ~j-

2

RI =l(-z~ =R, -~R, =
cS-,.

R'-~
c(z-s)

RI ~
,-Rl = c(z-s) Rd,__ =~

RII:_=~
c(s-z)

Table C.2 General behavior ofa special complex singularity Al (z,o').

Part -oo<z=xSO O<z=x<c C~Z=X<cr O'~z=x<oo

Real[A1] 0 A, =cos- I R,
1t

0-
2

Imag[A,] jAt = j cosh -1 RI 0 jA; = jsinh -1 R; jA, =j cash-, RI

RI =l(-z~ =R1 -~RI =
C 0'-.:.

~
c(z-o')

R,=

~RI c(O'-z) R· - -

RII:__ =~1 - c(a-z)

RII,_=~
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The two complex singularities al special positions along the airfoil behave as.

HI (z,c) =0,

H. (z,O) =j 1t ,
2

AI (z,c) = 0,

CC-71)

(C-72)

CC..73)

_I~-Zcos --
c

A ( ) 1t . 000-1 ~z-c
• Z,etJ = -+ JS1 --

2 C

jcosh-' ~c-z
c

O<Z<C

C<Z<CXJ 0

-«><z<o
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AppendixD

Derivation of the unsteady pressure coefficient

0.1 Unsteady pressure coefficient for the airfoil
The equation ofthe reduced pressure coefficient 8 ê p (x) is expressed as~

(D-l)

where ft.. is the reduced frequency.

The expression of the reduced velocity on the airfoil rSû is given by, (See chapter 4),

(D-2)

By taking the rea! part of the complex velocity 0 W(z) ~ the expression of 8 û is given by,

s: A() b ~-x 2 ~Î'[ h-' ~-:c)s ~-x -1 g]uU X =- ----Uy cos + --cos -
o C 1t c(s - x) x c

1 À,2 .. , ( c)+--.,ôr(c)-=- -~ J(x)
2 c· 1t 1A.

The expression of et(x) is expressed as,

(0-3)

(0-4)

.!.ci"(:c)= -bof~C-x dx - 2 5V 'lcosh-I lc(-:~) +~c-x cos-I ~]d~
2 0 x Ir II c s x x V~

+.!. 1: et(c) 2 (-~)fJ(X)dx
2 c· 1t l;{. 0

By evaluating the integra}s appearing in equation (D-4), see Appendix A, one obtains,

~ôf(x)=[J(c-xiT +{; -cos-
I tJI-bu - ~ 5Vcos-

1H]-
-~eW[(x-S)COSh-l fE!E+~ Ir -cos-1 ~J]+

1t Vc(s - x) "\" - oJ 1"'l2 Vc

1;{.2 .. ( ) 2(-C)~f ()+--,ôr c - -.- J x dx
2 c· Ir lA. 0

(0-5)
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·
1- The expression of bt(c) is given by

where,

k
-1-

4i e 2
G = ---:-:~~-"""":"':""~~

À. H~2)(À.!2)+iH~2)(À./2r

The integral J(x) is defmed by,

() . [a
f
· -'~(CT-C) (j ~(c - x)x ]

J x = hm e c du ,
a ..~ c X 2(u - :c)~(u - c)a

The above integral can be expressed as..

() . [af~ -,~(a-c)[ ~(c-x)X ~c-x 1 ] ]J x = hm e c + - du ,
IT.. - c 2((j - :c~(u - c)(T :c 2~(u - c}cr

By performing the second integral, one obtains,

(0-6)

(0-7)

(D-8)

(0-9)

J(x)= lim [''Je-~(a_.)[ ~(c-x)X ]dCT ]+!~C-X(-iJr)e'1H~2)(l/2).
17._ c 2(u -:c).J(er - c)CT 2:c 2

(0-10)

The integral of the above equation is given by,

% a.. À { [ ~]:% ~}-,-{a-cl u r c - X'

fJ(x)dl:'= lim[ fe • ~( -2cos-' :. -COS-
I

(. ) der ]tT.- ., --c)CT ecu-xo c - v ~O

(D-l1)

By performing the integrals in the above equation, one obtains,

!J(x)ttt={; -cos-t H) ~e'î(-;)[HI21(1I2)+i H~2)(1/2)1+

( c). [af.. -'~a-e) ~(c-x)X ]+ -- lim e c du
il CT.- c 2(a-x}J(u-c)Ci
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By inserting equations (D··')) and (0-5) into the expression of the pressure coefficient

ô êp (x) (equation (0-1)), one obtains,

- ~= Sêp(x)=e: )[-bo - ~ JVcos-
1m~(C-X}H{; -cos-

I~]+

(iÀ.J(-2~fJ[( ) h-1M-:C ~1C -ttr )]+ - --uy x-s cos + c-s --cos - -
C 1C c{s-x) 2 c

b R-:c 2~~[ h-tM-X R-x -tH]- -- --Uy cos + --cos - +
o x 1C c(s - x) X c

1 À.
1

A ? ( C J[il % ]+--7c5r (c)'::' - -. - fJ(x)dl- +J(x)
2 c- 1C lÀ. c 0

(0-13)

Let us consider V'(x) as..

.,t t

'II(X)=_' fJ(x)tfr+J(x),
c 0

BYinserting the tenns that appear in equation (0-14), one obtains..

(0...15)

After arrangement, one obtains,

() -tr[" -t ~r] .K~C-X -1 H(!)(,/,)'fi x =- --cos - -1- --e 0 II. - •

G 2 c 4 x
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Notetha~

of(c)\fi(X) = {-bOC- ~ aV[~c-s)S +CCOS-
l i]}{ h r{; -cos-I~+

+ itr ~C -x (1-C(À./2)) }
l x

(0-17)

By inserting equation (0-17) into the expression ofthe pressure coefficient~ one obtains,

u~ .. () (il)[ 2.. -1 r;-]- 2 SCp x = -; -ho - 1! 8Vcos V-; ~(c-X~l:

(il)( .., .. )[( ) I~-:t] ~-x+ - -=-t5V ;c-s cosh- . -ho --'
C 1! c(s-x) X

(0-18)

The above equation can be represented after mathematical arrangements as,

_ U~ sê (x)=(i l)~(c-xîl:(.!.-~C(l/2))[-bo _ 2 aVcos-1 ~]
2 p c lx 1C V-;

2.. I~-r}r[il( )]--8Vcosh- . - x-s +1
tr c{s-x) c

+(.!.)~C -x (1-C(M2)) 2aV ..J(c-s)s
C X Ir

(0-19)

where C(À-/2) is Theodorsen's funetion. The values ofTheodorsen function are given in

Appendix B.
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0.2 Unsteady pressure coefficient for the airfoil with an osciUating

aileron

The equation of the reduced pressure coefficient 8 êp (r) is expressed as~

8êp (r) = -.2-[i~ .!.8t(X)+c5Û].
Ur#J C 2

The expression ofthe reduced velocity on the airfoil § li is given by,

The expression of § û is given by,

(0-20)

(0-21)

(0..22)

8 û(x) =- 2 V(s, )[~c-:r: cos -1 rs: + cash-1 ( - :r: 1)]
1! r V~ eSt-x

2 ~r[ h-I~-X)s Ff-:c -'~] 1À.
1

~r"( )2( C )J( )--ur cos + --cos - +--.,u C - --. :c
1! c(s - :c) x c 2 c- 1! 1À.

The expression of the reduced circulation for the prototype problem at any position x is

given by,

1 A .,.. [ if ""~_x.r c-r},ç],br(x)=--=-V(s,) cos-I
-l.. f -c/:r:+ fcosh-I (._ I)dx

_ 1! cox 0 cS, :c
, A"[ ,~-r Ff-x I~] IÀ.! A()'( C)""J ()-~cW cosh- . + --cos- - dx+:;"2bT c.::. --. J x dx
Ir 0 c(s - x) r c - C 1! lÀ. 0

(0-23)

The resultant of the above equation is given by,

(D-24)
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(D-26)

The above integrals are evaluated in Appendix A.

The resultant equation of the reduced circulation for the airfoil with an oscillating aileron

is given by,

bt(c)=G {- ~V(SI)[~(C-SJI +ccos-I~] - ~av[~(c-s~ +c cos-Ii]}
(D-25)

where,

À.-,-
4; e 2

G = À. H:2) (À./ 2)+; H~2) (À./2)"

where H~2) (J1w/2) and H~!) (À./2) are the Hankel's integrals of second kind of orders of

one and zero, respectively. By inserting the above equations into the expression of the

pressure coefficient and performing a sunHar analysis to section 0.1 .. one obtains..

_ U/G fJê (x)=(iÀ.J[- 2 V(SI)COS-I rs;_2 .wcos-l Œ.]~(c-x)x
2 Pc" V~" V~

+(-;)~C:X(1-C(Îl!2)X - ~V(SI{~(C-SJI +ccos-I~]-

-;.w(~(c-s~+CCOS-1 H] }
] [ ]

,
2 il ... _\ c - X t 2 il .. _\ C - :c

--(-JV(S\)[(X-S1)COSh ( ) --(-Jw (x-s)cosh ~()-
" C C St -:c 1C c V~

2 .. ( {R-:c -\ ~t h-: c-x 1]--v St --cos -+cos -
" x C c(St -x)

2 ~;[ h-t ~-.t . R-x -\~]--Uy cos T --cos -
1C c(s - :c):c C

(D-27)
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