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Summary 

. Axisymrnetric frce turbulent jets and wilkes 

may be self-similar if the external flow has a 

suitable adverse pressure gradient. live Gu'ch flows, 

were measured~ one wake and four jets. ' AlI flows 

were found to be satisfactorily, self-preserving in 

bath mean and turbulent quantities and the non-dimf~nsional 

tùrbulence levels are also found to be almost the same 

for aIl flows. 

. A~Open-j.et wind t~ntlel was built and a 

perforated working section was added to produce the 
~ 

, 
~ desired pressure gr~dients. The /flows were measured 

using hot-wire anemometer connected to an on-line 
" 

computer. 

Two integral theories are developed to 

1 
predict the growth. The first uses Townsend's (1956) 

original large eddy equilibrium hypthesis. The second, 

more satisfactory theory' uses the ~integ·ral energy 
l ' 

equation by Townsend (1966), but includes a more 

apprQBriate relation relating the shear stress to the 
1 
1 

turbulent energy. 
1 

.. 



1 

t 

-ii-

Sommaire 

Le développement de 'jets ou de sillages r ds, , 

dans un milieu fluide en mouvement, 'peut se faire en 

équilibre' (" se lf-preserving") ~ l'écoulement exterieur 

est ~odifié par un gradient de pression positif. Cette 

thèse contient un ensemble de résultats cQncernant ce 

type d'écoulement. On a établi en laboratoire cinq jets 

et- un sillage où l'écoulement était en équilibre relatif 

à la fois au profil d~s vitesse de l'écoulement moyen 
( 

et de l'écoulement de fluctuation. On a trouvé, entre 

autres, q~e l'intensité relative de la turbulence était .. 
semblable dans tous les cas. 

Pour effectuer les mesures on a construit'~ 

soufflerie rGnde dans laquelle le jet ou le sillage 

-.r évol uait au c,entre. Le gradient de pression a été établi 

a la fois en bloqua~t la sortie de la soufflerie et en 
, 

entourant l'écoulement exterieur de gril~ages avec une 

densité de perforation variable. 

Deux tHéories de type "integral" ont ~té 

utilisées pour calculer le développement des ~coulements. 

La premiere uti~ise l'hypothèse de Townsend (1956) selon 

laquelle les gros tourbillons sont ,en équilibre. La 
t:> 

deuxième constitue une amélioration d'une autre théorie 

, de Townsend (1966), et utilise: (1) l'equation de la 

somme de l'énergie moyenne et ,turbulente; et (2) une 

relation entre ~a tension et l'énergie turbulente • 
. " , 
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L,LI - measure of large eddy size, subscript 1 refer~ 

to value for B=O 

Lo - distance from centerllne of flow to point where 

velocity increment (or decrement) is half of 

maximtom 
"'\ 

1 M .. Mach number 

P - klnematlc mean pressure, also poly~omial in G 

Po - kinematic total pressure 

P 
00 

kinernatic ambient pressure 

Re Reynolds number ~ 

~ - tu~bulent Reynolds number [U~~ol 

U rnean velocity in x-direction , -
Uo difference between veloci)X at centerline of 

jet or wake and the free stream velocity 
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- mean vel?City in x-djrection at end of tunnel 

working sec,tion 
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b 

constant.s f~m Equ. (44), aiso coefficients 

used in fitting ve1Qcity for setting up working 
Q 

section tape pattern 

- jet (or wake body) diameter 

el,e2'- constants used in theory using integral energy 
e 3, elj 

f 

9 

90 

h(T)} 

k 

III 

n 

p 

p* 

Po /'! 
....... ,l'""J q2 >, 

-2 
qo 

U 

v 

W 

equation 

- mean·velocity shape factor (e-k T)2) 

[Uu~o~ - shear stress parameter bJ 

< 

- shear stress parameter at y=Lo 

- shape factor for turbulen~,energy distribution 
l'-

- constant=ln(2)=.693; 

- 9row~h exponent fOF self-preserving flow, 

(U I cc (x-xo lm) 

- exponent relating shear stress. and turbulent 

kinetic energy to total str~in 

fluctuating kinematic pressure 

static pressure when M=I 
-2 

st.agnationôpressure, aiso 1 +p 

Ü2 +V2
.tW

2 

q2 a~ center of f!o~ 

.. , 

fluctuatina component of velocity in x-direction 
li' ~ ? • 

1 
'fluctuating component of veloci~y in y-direction 

fluctuating compQnent of velocity in a-direction 

. ~ 
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x 

Xo 

y 

-xi-

- distance àlong symmetry axis of flow, measured 

from s,art of working section 

~-posit~n of virtual origin of f~ow 

distance radially outwards from symmetry axis 

of flow. 

Y.5 - average position of bobndary between vortical and 

non-vort1cal fluid in jet or wake 

Greek Letters 

constant in relation f~ go in large eddy 

hypothesis, also total strain » 

a - maximum total strain max 

- constants in relation for go in large eddy .. 
hypothesis 

1 

y - constant relating shear stress to turbulent 

kinetic energy for still air jet, defined in 

equation (84) 

E - kinematic energy dissipation rate 

À - pipe flo~ friction factor (AP=~ p~2) 
.. 

n - similarity parameter 
, . 

p - fluid density 

cr length for Gaupsian wèig~ting in predicting j 

, 
working section flow, also standard deviation" of , 

boundary between vortical and pon-vortical fluid 

in jets and wakes 
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1. Introduction 

l~l Self-prescrving Flows 

In this thesis jets and wakes in streaming 
. 

f10w are considered and emphasis is p1aced on predicting 

th~ir me an f10w characteristics. Such flows are of 

interest in the design of, for example, jet pumps, 

thrust augmenters, and combustion chambers. Sinee 

the difference~~en the central velocity and the 

surrounding streaming flow velocity decreases with 

~nstrearn distance theapossibility exists that suc~ 

flows can be self~preserving (self-similar) if th~ 

free strea,It1 velocity is also reduced in the downstrearn 

directien r i.e., if the jet (or wake) were in a suitable 

,adverse pressure gradient. 

A self-preserving flow is of interest 

because of ~he theoretical simplicity of its description. 

Partial differential equations are replaced by ordinary 

• 
differential equations and ~ince aIl properties ,scale 

À! ' 
with a single veloeity and le~th scale, the non-

dimensional properties Qf the turbulent structure can 

be unambiguously related te the properties of the mean 

flow. Consequently, experimental information on such 

flows ean provide usêful tests for the6ries relating 

such quantities. 
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The requJred free-stream velocity for 
, 

self-preserving flow lS obtained from the mean 

momentum and turbulence ener~y equatlons. These 
~ 

dcflnc the neccssary mean flow condltjons for a 

self-preserving flow to cxist. Whether or not such 

a flow will be self-preservlng caTI only be answered 

b~ experiment Or furthcr theoretical development. 
, 

F~r example, the mean momentum equatlon sa ys that 

both the small-deficlt two-dimensional and axisymmetrlc 

wakes in zero pressure gradient are possible approximately 

self-p~eserving flows. The existence of the two­

dimensional self-p'r:eserving flow is-well established 

experimentally, but the axisymmetric one does not 

seem to become self-preservlng, at least not universall~ 
" / 

Work by Baldwln and Sandbo~n (1968), Gibson et al 

(1968), Bukrgev et al (1973), and Antonia alld Bllger 

(1973)- have aIl lent support to this finding. It 

is interesting that Townsend (1970) predicts thlS 

difference between these two types of wakes. 

Another theoretlcally possible self-preserving 

flow that doeg'no~ become selt-preservlng ln practlce 

is the laterally strained two-dimensional wake as . 

studled by Reynolds (1962). 

The experimental study of self-preserving 
1 . 

free shear flows has naturally had to follow their 

theoretical recognition. In the case of symmetric 

r-r 
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"- jets and wake~ the first to be examined was the jet 

.' 

i~ still surroundings, and axisymmetric and two-

dimensional flows have been extcnsively studied . . " 
(Table 4-9 has information on sorne of the work on the 

,...j 

axisymmetric jet in still surroundings). Both these 

jet flows seern weIl established as self-preserving 

cases, a1t~?u1P there appear to be u~1xplainably 
-') '1 , 

large variations in measured turbulent quantities 

from one experiment to another. 

'Only fairly r~cent1y has it been recognized 

that the still-air jet is but one member of a family 

of self-preserving jets and wakes in-a pressure 

gradient. Patel and Ne'Nman (1962) developed this 

concept.tor two-dimensional wall jets and free jets. 
; 

The concept was then developed in general for both 
• 

two-dirnensional and axisymmetric free jets and wakes 

by Newfuan (1967). 

Even more recentiy the small-deficit wake 

li in zero pressure grad~ent has also'been recognized 

as one member of a family of approximately self-

preserving wakes and jets in pressure gradients by 

Gartshore and Newman (1969). 

1-2 
1 

Integral Methods of Analysis 

One of the most striking characteristics of 

!' 
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both two-dimensional and axisyrnmetric free jets and 

k . h '~'l' fI' wa es lS t e Slm1 ar1ty 0 t1e mean 1nCrement or 

decrement velocity profiles, bath in the streamwise 

fi direction in a particular flow and among flows of 
v 

different character (Ü~lleen (1964), Harsha (1971») . 
.. 

This makes the use of an integrat method of analysis , 
particularly attractive, as it not only reduces the 

. 
motion equations to ordinary differential equati~np, 

but also makes the effect af turbulent models more 

apparent. 

A jet in uniforrn streaming flow, Which lS 

physically simple, is thearetically more difficult 

ta analyse. It cannot be self-preserving except close 

ta the jet origin (where it might behave like a'jet 

in still surroundings) and far down'stre~e it' 
1 

might be expected te approach a se1f-prcserving srnall-

deficit wake behaviour). But even the latter may not 

be possiple for the axisyrnrnetric jet. 

A number of appr?aches ~:e been used to 
, '-

" 

try and predict the behaviour of this jet flow. Squire 
" 

and Trounccr {1944} used a mixing length proportionFl 

ta the f10w width and obtained the constant of . 
proportionality from the jet in still surroundings. 

This does not take into account the substantial change 

in the turbulent structure as the flow changes froID a 

" strong jet to a weak, small-increment jet. See, for 

'1 

) 
; 

l' 
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example, Bradbury and Riley (1967). 

Other workers have explicitly or implicitly 

. used a frame~ reference rnovlng with t~e 

deal with the streaming flow caSes, using 

fluid to 

information 

from the strong jet. Exarnples are Kruka and Eskinazi 

(1963) and Pa~el (1970). , . 
1 •• . 

Bradbury and Riley (1967) rneasu~~d the 

development of plane jets in zero pressure,gradienf 

with varying ratios of initial jet to free stream 

ve1ocity. They obtained a satisfactory collapse 

of the results using excess $9mentum and the distance 

from a virtua1 origin 'as scaling pararneters. However, 

the position of the virtual origin varies 50 muc~ 

between flows that the me~hod cannot be used as a 

basis for predicti9n. 

Bilge~ (1968) has attempted to prt-~dict the 

plane jet measured by Bradbury and Riley (and others), 

and the plane wake measured by Townsend and others, 

us ing the total energy equation proposed by 'rownsend 

(1966). He obtains good correlation between 

experirnent and his theory, but the variation of virtual 

origin is still not dealt with. In a later work 
, 

Bilger (1969) atternpts to use the same apprùach for the 

axis~etric jet anq wake, but without much success. 

He ascribes this to a lack of strong structure for the 

small increment jet (and small-deficit wake) . 

/ 

... 
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For predicting the behaviour of a~isymmetric 

jets in st,roarninq f low Wi th a pressure gradient, Hi Il 

has developed a quit~ successful method us~ng an 

integral approach and assuming t~at ~ ( a turbulent 

Re~nolds number defined from a velocity and length 

scale of the flow and the turbùleJ:{t ""'i,cosity) is a 

constant and equi~ to the value ~r the jet i~ still 

surroundings. The theory adequ~elY prediets the 

statie pressure even after the jet has irnpinged on 

the walls of the duct and there is sorne backflow. 

Two reviews, by Halleen (1964) ëlnd Harsha 

(1971), are of j nterest, and the proceedings of a 

conference on free turbulent shear flows (NASA Langley 

(1973» have been published. 

1-2-1 The Large Eddy Equilibrium Model 

A model used to relate the turbulent 

structure to the'mean motion was proposed by Townsend 

(1956) and was independently developed and used to predict 

'the bch~viour of two~dimensional free jets, wall jets, 

and wakes by Gartshore (l9~4), (1965) and Bradbury 

(196 7 ). This approach postulated that the turbulent - .' 

Reynolds number (~) could be calculated as a function 

of th~ ratio of the mean transverse to longitudinal 

rates of strain at sorne representative point in the flow. 

» 

'\ 
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This function involved two e~pirical constants 
'pi! 

which were to be .~valuated from the growth rates for 
/ Tt 

the jet in still surroundings and the small-deficit 

wake in zero pressure gra~ient. 
~ . 11 

Since the thc~~y is essentially a mixing 

length theor~ with the mi.xing length proportional to 

the large eddy size rather than flow width, the 

turbulent -Reynolds number should be inversely proportional 

to the square of this eddy size for a given class of 

flows. Gartshoré (J966) checked this by measuring 

intermittency in a number of two-dimensionai shear 
c 

flows andoassuming that the standard devi~tion of the 
" , 

bounding surface between turbulent and non-turbulent 

fluid was a measure of large eddy size. The agreem~nt 

with theory was quite good. 

However, the theoretical basis for the 

large eddy equi1ibrium hypothesis i5 now in sorne doubt . 

Townsend (1966) first raised these doubts, and p05tu1ated 

a different mechanism (Section 1-2-2) to control the 

process of entrainment. 

Both models inval ve an equilibrium hetween 

the large eddies which define the shape of the boundary 

between vortical and non-vortical fluid and the sma11er 

eddies that contain the bulk of the turbulent energy. 

AIso, both models ·attempt to explain how the entrainrnent 
, 

pr?cess i5 pontrolled by this interaction. The difference 

J 
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is in how this control process i~ postulated to act. 

In the earlier theory, the transfer of energy 

from the mean flow is ~nvisioned as a two-step process, 

with energy ~ranSferred first from the mean flow ~o 
the large eddies by a" process of stretching. The 

) stretching is accompanied by rotat~on which affects 

the energy transfer by changing the orientation of 

the eddy until no more energy can be added. The 

second step is a transfer of energy from the se farge 

eddies to the smaller eddie~. This second stop is also 

accompli.shed by stretch:i:ng, but of the srna 11er eddies, and 

may be described by an apparent eddy viscosity. Thus 

the growth and decay of the large eddies is controlled 

in a quasi-viscous manner. 

Townsend's (1966) later criticisms of his 

earlier work were threefold. He used a uniform two-

dimensional fluid flow around a str,ip of fluid \-lith 

a highe~ vlscosity and, pO~6ibly, a different density 

to model the behaviour of the bounding surface of a 

turbulent wake characterized by an eddy viscosity. 

He then showed that such a surface is uns table to 

disturbances of aIl wave number. This i8 ,not in 

agreement with experiment~~hich indicates that only 

dist~ances of a narrow range of wave number are 

amplified. Furthermore, the entrainment predicted 

by this process i5 shown to vary proportionally to the 
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. 
ratio of the density of the ambient fluld to the mean 

jet'density. While the experimental evidence for 

this is not 50 convincing, it does support, the belief 

that the prediction is incorrect. 

Thirdly he objected te his earlier theory 

on the grounds that it fails to provide the reduced 

entrainment into a boundary layer in zero pressure 

gradient. According to Gartshore's formulation this 

reduced entrainment would require a positive aujax 

which does not existe 

1 

1-2-2 The Townsend Entrainment Madel 
\ 

As an alternative to his previous mqdel, 

• 
\ Townsend (1966) advanced a model in which the incrementa1' 

stresses induced by disturbances of the boundary surface 

of the turbplence are resisted in a quasi-elastic way 

by the turbulent structure. If the energy containing 

eddies are distorted rapid1y then the anisotropy and 

accompanying shearing stress is proportional to the 

incremental strain, rather than rate of strain, and 

an e1astic mode1 i8 thus appropriate. This model 

• 
predicts that only disturbances of a certain wa~ nurr~er 

are unstable and thus amplified. He shows that this 

1 

is in qualitative, and, ta a reasonable extent, quantitative 
" 

agreement with the measured experimenta1 behaviour of the 

f" 
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boundary surface. Furthermorè, this model predicts that 

the entrainment varies ~ith the square root of the 

ratio of the densitles, und thlS 16 ln soroewhat better 

agreement with experiment. 

In his second paper Townsend (1970) investigat~d 

the details of the turbulent structure associated with 

the quasi-elastic behaviour of ~he rap~d distortion 

theory. Thus a relalion cxists connecting the turbulent 

shearing stress, uv, to the to~al turbulent kinetic 

energy per unit mass (q2/2). This relation i5 a 

function of the average to~al strain experienced by 

an eddy during its lifetime. The effective strain is 

predicted by an eguation which includes a diffusive 

term ta account for the fact that eddies which arrive 

at a certain place have ~een strained by different 

amounts due ta the turbulence itself. It is therefore 

appropriate ta assume that the associated diffusivity 

éoef~cient is approximately equal ta the 

turbul~nt eddy viscosity. He showed that for a rangè 

of flows the ratio of tâtaI strain ta turbulent 

Reynolds nurnber is approximately constant. 

Newman (1968), following suggestions from 
.(-

Townsend (1966), u~ed the total energy Integral equation 

and two integrals of tbe momentum equation ta develop 

two prediction methods for two-dirnensional self-preserving 
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, 
free jets and wakes. The first method linked these 

,( , 

equations by using the concept of geometric -similarity 

expressed as UV/q2 = constant at a representative 

point in the flow. The second rnethod used a mixing 

length model, expressed as uv rr ~ Uo at this 

representative point, to link the equations. 

Fekete (1970) compares the prediction 
, 

of the large eddy hypothesis and of the two variations 

on the'entrainment model to Gartshore's (1967) self-

preserving wake results, and his own measurem~nts 
" Jl\..' 

on t~o~dlmensional self-preserving jets. He finds 
• 

that the prdaictions using the large eddy hypàthesis 
, I~ . 

and those of'~ne entrainment model using the mixing 

length ~ssumption both do a reasonable job of predicting 

the growth of these flows. 

It is worth hoting t~t both models (the 

large eddy equilibrium model and the entrainment 

model) by Town5end predict that the lateral displacement 

of the bounding surface is, esse,ntial1y proportional ... ~.. y-~~ 

to a mixing length, so that Gartshore's (1966) work 
, . 
. ', . 
th~t shows the square of the standard 

il 

deVia/ion of the 

RT ij in agreement 

l " 
;' /l , . 

bounding surface varying inversely as 

o 
with this newer theory as weIl. 

Q 

..... 
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" 
1-3 1='ield Meth'ods of Analysis " 

In Lecent years the availability of large 

dig ital computers has led to the devcll)pment of 

boundary layer prediction methods in which the basic, 

time averaged partial differential equations describing 

the motion a~~ solved numerically. The methods 

differ in the number of eqtiations which are modelled. 

Early methQds mere1y used a m~xing ~ength or eddy 

viscosity formula for the shearing stress (~.g. Mellor . ~ 

and Herri~g" (1968)) and modelled the st.reamwise 

momentum equation and the continuity equéltion. 111 

later methods the shearing stress fdas obtained from 

the turbulence energy equation assuming structural 

• 

similarity of the turbulence (Rradshaw et al (lQ67), 

~Glushko "(1965). A model equation tor the dissipation -----
of turbulence energy has been added (Spalding (1969», 

and nh~ latest methods attempt'to model the equations 

for the individua1 components of the turbulent stress 

tensor (Launder et' al (1973), Donaldson (1972)'). 
,1 , 

~. 

Those mcthods complex 

, " 
flows and appear to give good results. No doubt the 

1) " 

experiments described in this thesis will pravide useful 

test'cases for these methods~ but the methods themse1ves 

have not beer~ considered in the present work .. '.; 

, 0 
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() \., 

The basic theory describing axisymmetric 
\' 

" 

turburlent jets and \'lakes that are se1f-preserving is 

• 0 

1 

deve10ped in Sectiqn 2-1. Fo11owing Newman' (1967) 1 

(196,8) and using an assumed, universa1 velocity profile, 

the ~ean momentum and tota~ energy eq~ations are 

transfo~med to integra1 e~uations describing these 

axisymmetric flows. < , , 

1 In Sections 2-2 and 2-3 two prediction 

methods are d~veloped to useythese basic equations 

" ta deal with those flows. The previous deve10pment 

and use of these two mode1s, the large eddy equilibriurn 

model and,the entr~inment model, has already been 
... 

'described in Section I-i-l and 1-2-2. 
o 

The con~ersion 9f the first,theory for 

"' .axisymmetric f10w was first given by Vog~ (1968), 

(1969) and is p esented in somewhat different forro 
• 

( 

in-Section 2- .. Sorne modifications to the original theory, 

the predi~tio~ c.[ wh~t appeared to be unreasonab1e 
« 

values of growth for medium str'ehgth jets in both 
• # 

two-dime~sional .nd axisymmetric flow~. Subsequent 
II ... , ~ ~. • t 1 \.l #' ..... 

:weasurements qy Fekete (1970) 'on two-dimeJY.3'iona1 

" 
'-

.. ' 

\. 

. . 

·'iI 

.. 
• 
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self-preserving jets and the pres'ent work on axisymmetric 

jets support the validity of'this choree. 
,,\ . . 

Ta ev~aluate certain canstaJ)ts in the. theory,' 

méasured growth is needed for two self-preservingg 

. . 
flows; the jet in still surrounding$ and the small-' 

deficit wake in zero pressure g~adierit. 

The second model uses Townsend's (1970) 

th~ary relating relative stress intensity (uvjq2) ta 

the turbulent Reynolds number of the flow. From this 

it is seen that over lirnited ra~ges o~ ~, UVj~~'Œ ~-n. 
. l " 

Predictions are calculated for the value of n appropriate 

ta the measured flows. It is also shown that the 

two equations Lor the relative stress intensity used 

by Newman for two-dimensional flows are equivalent to 
< 

,the above relation for different val~es of n (and 

thus range of R.r).- The predictions using these values 

of n are given, and also the prediction for another 
2--

value of n that is equivalent to 9.!.:.. = 
D02 

the full range of self-pre·serving flows. 

constant \ 

The theory uses a number of empirical 

constants derived fram rneasurernents on the jet in still 

surround~ngs. In tpis it is better than the ~heory 

, of Section 2-2 which needs empirical information from 

two flows. 

; 
:, f 

" J 
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1-4-2 Experimental program 

Five seIf-preserving flows were stu~~d; 

one wake with Do/Dl =-.54,_ and four jets with 

UO/UI = .85,' 1.83, 3.00, and 00 (the last one is 

the jet in still surroundings}~ As weIl, sorne 

measurements y,tPre made of the small-déficit wake 

in zero pressure gradient. 

Details of the results of these measurements 

are presented in Sections 4-1 to 4-3, with general . ,. 
discussion in Section 4-4. 

Sinpe the flows have an externa1 stream 

cO-fléwing with the jet or wake, a blower cascade wind . 
.. 

tunnel with a ~O inch diameter working section was 

designed and bui1t. It incorporated a test section 

with controlled air bleed ta generate the necessary 

~erse pressure gradients and prevent ~oundary layer 

separation on the walls. The tunnel, working section, 

jet supply, traversing gear, and instrumentatïon are 

described in Sections 3-1 to 3-5. As weIl, the 

design and construction of the novel wide-angl~ 

expansion used in the wind tunnel is given in Appendix A, 

and the eiectricai power and contro~ system is described 

in Appendix B. 

Section 3-6 describes the experimental 

procedures used. 

i 
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1-4-3 C1aim for Originality 

It is reasoqable to suggest that the 

following three areas represent original work and 

are a contribution to knowledge: 

Setting up and measuring'one axisymmetric 

wake and three axisymmetric jets i~ an adverse ;,. 

pressure gradient such that the flows àr~use1f-preserving4 

Developinq an'integral rnethod of predicting 
. . 

the growth of such flows using the large eddy 
.,. 

equjlibrium hypothesis by Townsend (1956). This 

involved modifying the two-dimensional formulation 

of the prediction meth<Jd by GartshÇ>re (1967) to handle 

aXlsymmetric flows, and an improvement of the me~hod 

of evaluat~ng the ratio of longitudinal to transverse 

rates of strain. This improved the predictions of 

growth for medium strength jets; 

Following Newman (1968), developing a 
~~ 

second integral prediction rnethod using the total 

~nergy equation and Townsend's (1966), (1970) entrainment 

theory. The prediction mcthod vias modified ta deal 

with axisymmetric flows. Several relations linking 
~..,.. 

the relative str~s intens~y to a turbu\ent Reynolds 

number were used to predic~ the growth . 

• 
• 
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~" s 

.... 2. THEORY 

-J 

The development of the theory des~ibing 

symmetric free turbulent jets and wakes may be roughly 

divided into two areas, basic theory dnd l'l.uxiliary 

theory. Basic theory describes the developMent of 

the mornentum and ~nergy boundary layer equations to 

descrihe syrnrnetric free turbulent jets and wakes, 

their simplification to integral cquations and 

the~r specialization to treat self-preserving flows. 

In this the assumptions used are fairly standard 

and generally quite respectable. The only now 
r 

ft 

fcature is the use fuI demonstration that the 

tntroduction of the self-preserving conditions allow 

the reduction of the ordinary differential equations 

ta algebraic ones. 

This approach, of CDurse, always qene~ates 

more unknowns than equations .. This necessita~s the 
\/'- . 

developrnent of models and their resultant auxiliary 

relations. These auxiliary,equations usually relate 

sorne turbulent quantity (present in the basic equŒtions) 

ta sorne mean prop~rty of tha flow, and, togethcr wit~ 

other auxiliary equations necessary ta provide one 

independent equation for each unknown, allows the growth 

of the flow ta be calculated. In aIl the rnod~ls used 
, 

here the relations lack one or more constants of ,. 
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proportionality, and these are supplied by using 

measurements made on sorne 'standard' Gr 'asymptotic' 

f1ow, such as the jet in still air. Such models are 

usua11y greeted skeptically and need experimenta1 

testing (on f10ws that differ as much as possible 

from the 'stan1ard' f10w used to define the constants) 

before they can be used with confidence. 

2-1 Basic Theory 

• 
The theory presented here f~llows in part 

that by Newman (1967), (1968) and is a modiflcation 

and expansion of ,the th~ory given in two publications 

by the author (1968), (1969). 

The first assumption made is that the flows 

ta be studied èan be adequately desdribed by boundary 

layer equations. An adequatc measure of the validity 

of this assump\ion is the ratio of the mean 

longituqinal velocity gradients, and for 

flows measured this ratio is less than .07, 

to 

transverse 

aIl the 

Th~ coordinate system to be used in aIl the 
1 

flows is given in Fi9. 2-1. The x-axis is along the 

centreline of the jet or wake, and~y is used as the 

radial direction at right-angles to the x-axis. Lo 

is the distance from the c"entreline of the jet or wake 
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to the point wher~ the mean increment (qr decrement) 

of velocity is half the maximum yalue. Uo is th€ / 

increment (or \decrement) of velocity at the centre of 

the jet (or wake) . 

2-1-1 Momentum and Energy Boundary Layer Equation 

In this coordinate,system the time averaged 

turbulent boundary layer equation for momentum is: 

" This assumes axisymmetric flO\". , Usinq .e usué1ll 

assumptions that 

and 

the term 

d - d­
-( )«-( ) 
dX 'dy 

.. , 

(1 ) 

~s discarded. ~he self-preserving rela~ions «38)-(42» can 

be developed with this term left in the eguation, but, as it is 

subseq~entIy disèarded it was felt wJrthwhile to simplify 

the relation at this stage. and only carry along terms that 

are essential. As weIl, if the assumption of large Reynolds 

number is made the terin 
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May be discarded, as the term representing the turbulent 

transfer of momentum shauld greatIy exceed this term, 

wbich represents the viscous transfer due ta Mean shear. 

This then leaves the mamentum boundary layer 

equation as used in this report. 

(2) 

/ 

Ta the same level of approximation as (1) 

" the time averaged total energy boundary laye. equatian is, 

3 -2 -2 'J 3 d U2 q"2 
+"l'\[U(u -v ) ]==-[y-(- +- ) J-E: 

aX ydy 3y 2 2 . (3) 

where q2 ~ u 2 + v2 + ~2 

_ .9.2 ~ 
Po - 2 + p"" 

and E=\) [(~v) 2 + (~~) ~ + (âv) 2 + (âw) 2.;. (~~) 2 ! 
'ay yo8 Y 'aX 1 CJy Y 8 Y 1 

, 1 

(4) 

The latter term is the ki~ematic dissipation rate 

of both Mean and turbulent energy. , 
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This is a rather complicated expre~sion, 

and as it is not used explicitly the symbol E will 

be used in its place. A further simplification is 

made by noting that the term· 

( 

. . 
is generally of higher order than the other turbulent 

, terms, and can be ignore-d ~ 

This then leaves the total energy boundary 

, layer equation as used in this report. 

equation: 

a u2 -U1 a2 a Ü2 _u 2 - 2 
~a5({-Y- +2 )+Vay(--y-l+t )+€ 

Also used is the time averaged continuity 

!.L{ V)+dU_O yay y dX 

This thesis rnakes use of the rnomentum and 

energy equations integrated in a direction transverse 

to the flaw direction. More correctly, ~his integral 

is the control volurn~ equation over a disk of radius 

y trànsverse to the flow direction, and of thickness 

dx; axial sy~try is assumed. It is given by: 

',1\ 
, 

r 

(5) 

(6) 
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la
y 12TI dy F(x,y)yd~dx 

0, 0 

=2ndx (YYF(X,y)dY Jo , 

where F(x,y) is one of the boundary layer equatio~s. 

The 2ndx is subsequently ignered as it 18 cemmen te 

aIl terms in the resultant relations. 

It is convenient at this point to change 

the independent variables, and thus introduce what 

will become a simi1arity parameter. This variable 
" 
is defined as: 

n 
y 

Lo (x) 

Lo(x} being defined as in Fig. 2-1. The change from 

an x,y system to an x,n system is made by noting 

the follawing relations: 

) 

a F ( x , n J 1 == ~ 1 + d F 1 d n 1 = () F 1 _ n!: b () F 1 \, 
dX dX an ax dX n La ~ l' y JI x Y '1 x 

àF(x/ll) 1 _rlFI rl'll ~l dPI 
ély 1 -anl al -Lo an 1 x x x x 

(where ' indicates differentiation w~th respect ta 

• 

(7) 

!' 

~B) 

t 

(9) 

(10) 
.-

(Il) 
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, ,. , 

indicates a partial derivative 

holding the subscripted variable constant). When 

these changes are introduced, equations (2), (5) and 

(6) become: 

• (12) 

1 d 1 (TlV)+dU! =0 
- LoTldn x x n 

and the integral relation (7) is: 

la
n . 1 

L~ TlF(x,n)dn 
o , 

Integrat1ng equation (12) with respect to n and using (15), 

rnTl~xl (U 2 )dn+
L

l (T)~nl <nUV)dTl+L
l (n}-I (T)uv)dTl= Jo y oJo x oJo n x 

which becomes 

• 

(13 ) 

(14 ) 

(15) 

(16) 
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Now using the integrated continuity equation 

n :!or] au -v = n~n 
Lo n 0 ax 

1 

(16) becomes: 

1 

1 

Now add to this the-identity 

~nd the result is: • f 

!a nn~\ (U (u-Ud ]dn- (U -U df nn~utd1'1+ddUlf n n (U-U 1) dn , 
dX n· 0 oX x Ù 1 o y y 1 

n -=-- uv L 0 1'1 

~ 1 

Before the energy equation can be integrated 

it must first be modified 'by having the continuity 

~quation mu1tiplied by added to it. 

This is given by: 

l 

(14 ) 

(17) 

(18) 

. ., 
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with this addition (13) becomes: 

~'. 

Applying (lS) te this gives~ 

For thls werk only the 1imit n = 00 will 

be used for the~integral energy Aquation, and the 

resulting,relation is: 

,\ , 
In order to proceed further with either 

the integra1 momentum or energy equation, a relation 

for the "mean velocity profile is needed. Here pse 
. 

'is made of,the experimental fact that"suitably 

non-dimens~onalized mean velocity profiles of syrnmetric 

free'jets a~d wakes are closely simllar excep,t near 

their origins (Halleen (196~». Thes it has usually b~n 

(20 ) 

(21) 
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~ 'l.. 

o assumed that: 

U(X,n)::O:UI (x)+Uo (x) f(n} 
0' 

1> • 

Introducing thid into (18) results in: 
: 

~ 

0 
t, • 

'-________ L ° ' (2 U 0 U li; (n) + 2 U % l 2 (n) - U 0 U l Tf 2 f (n ) - 2 U Ô f (n ,) l l (n r) 
U ' ' , 

+ LoU ~ ( U 0 U 1 l l (n) + 2 U ~ 12. (rl) - U ~ f (7Ï ) l 1 tn) ) 

, UI' ( n 2 _ 
+LoUl. 2UC\,UIIl~-UOU12 f(n»)==-n(uv> 

where 

Il '<n>={nnf(Tf)dn 
o 0 

fn j 

l , 
t 

and I;(n)= nft(n)dn 
, 0) 

'1' ' 

No'tl introduce a change in the éPependent - ' 
variable that, will be useful when dealing'witb self-, 

preserving fldWS. 

'G( )_Uo x --, , U 1 . , 

o 

With this defin~tion (23) becümes 

2 L 0 ' ( (1 '- G~f (n) ) l l (n) + G I;; (n) -t 2 

f (Tl) ) 

- . , • a 

,+bog~' (3-Gf(n»Il,(n)+2GI2Sn)-~2 f(n:] 

1 \' 
G'[n2 ), +Lo G 2 :(n)-2I l(n) =-nGg{n,x) 

fJ 

.. 

r 

(22) 

" 

, 
1 _ 

1, 
! 
1 

1 

~ 
(23) 

, 
1 
Ir, r 

'f, 

~ 

(24) 

'" 

(25 } . , 

, . 

(26 ) 

(27) 
J 
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e \ • 
where 

uv{11,x) 
1 -do g (T) ,x) . 

(:> 

. U~(x) 
f, 

/' 
li> 

Siroilavy 1 introducing (22) and (26) -

into (21),gives 
'. . 

() 

, 

t 3 f~ {L~U6 (G21 3 (oo)+3GI2 (00)+ 2I 1'(00) 
, 

(29) Lo Ua x' - ... ' 0 

" ,r" 

. +GI4 (oo,x)+G 21 5 (~x» )+G216 (oo,x)=O ~ 

~, " 
~ ~I where .. 

';. ~ 1. , ~ 

E LoE -P (30) '1 

i u51 

e -2.t 
h(n,x)H=9 n,x) 

(H= 
-2 

) \ 
'(31 ) 

u~ ~lo 

'U~ 

13 (11)= f:nf 3 (n)dn 

\ 

(32) 
.. 

, 1 

fn . 
~ \ 

1 4(n,x)= oT)Hh(n,X)d n ' \ " . (33) 

"-
1 

~ 

15(n,x)~fn11f(n)Hh(n'X)dn C1(34) 
! o , , 
i . .. 

• 
'" 16(n/x)=f:nEcn/X)dn (35) 

v , 
These forros of the momentum and el)ergy 

<-

'e .,j' 

.\ " -......... 
'r 

~ '. 
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integHal equations, while still describing a general 

wake, arc readily modified to 
o 

axisymmetric ~ 

show the effect~of the assumption of self-preservation. 

2-1-2 Self-preservation 

In the context of the incompressible jets 

, and wakes studied here, the concept of ~elf-preservati0n 

means that aIl flow characteristics seale with Uo 

and Lo (or sorne other veloeity and length seale). This 

can only be true to the extent that the effect of 

Reynolds pumber can be igrfored. Physically, this means 

that, while viscosity is direetly involved in the 

turbulent transport of momentum and energy, and in the 

qissipation of turbulent energy, the flow is driven 

by the gross properties of the flow, and changes ih 

viscosity affect only the very fine details of the 

turbulence. 

Following Townsend (1956), a jet or wake is 

self-presecving if the integ~als rl(~,x)-I6 (~,x), 
'\..~ -ri. ~ ~ 4 

r., 
and the relations g(~,x~ and f(~) àre assumed to 

be independent of x. (This has already been assumed 

for f, Il, and 12). Wi th the se' aSSuIflptions, (27) and 

(29) become 1 

• 

'. , 

( 

(:1 
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• 

and 

{ 2 ,3 2 U~ . 3 . U ' 
G L 0 +~ LoU J (I 3 + l 5 ) + [G L 0 '+~2 L 0 -

0 
] (3 l 2 + l .. ) 

o Uo 

G' 
-[LoG] (2Ir>+[/GIGl (Id=O 

This follows Newrnqn's approach (1967). The terms . , 

in the square brackets are functions of x on1y, and 

,the terms in the round b~~6kets are functions tf n 

only. Self-preservation thus requires that the ratios 
.. 

of the terms in the square brackets be constant& for 
dl 

a particular f1ow. This leads directly ta the 

requirement tha~, 

l' 

G= 'const. 

r. 0 1 = const. ' 

Uo 1 
Lo~ :: const .. \ 

Uo 

, 

(36) 

(37} 

(38) 

(39) 

... 
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which in turn 1ead to, 

Lo=C o (x-xo) 

U 1 ==c 1 (x-x 0) rn 1 
1 

where m is a constant for a particular flow. 

Thus a self-preserving jet or wake grows 

linearly with distance from a virtual origin (xo) 

with a growth parameter given by COi the ratio 

of the free stream velocity and the jet or wake 
f 

scaling velocity rernains constant; and both these 

velocities change at sorne power of the distance 
, 1;) 

from the virtua1 origin of thè flow. 

The integra1 mornentum equation for self-

preservinq flow is then, 

2e, [ (l, (n)"-f f (n) ) +G (l, (n) -f (nn, (n» 1 

+c'm( 01, (n)-ff(n»);G(2I, (n)-f(~)I, (n) ]=-nGg(n) 

and the energy integra1 equation 'is, 

C 0 (1 +~) ( 2 l l (00) +G ( 3 l 2 (00) + l ~ (00) } +G 2 (1 3 (00) + l 5 (00) ) ) 

1) 

(41 ) 

(42) 

(43) 

(44) 
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ÂIn prdcr tO'calculate sorne of these constants 

an explicit expression for f(n~ is needed, and 

where k == In(2) = .693. 

k 2' 
f(n)==e- n i 

1 was chosen, 

This has been used before by other researchers, 

and was chosen here as being mathematicaIIy simple, 

and, except.near the edges of the flow, fitting the 

experime~tal data weIl. 

For the integral momentum equation two 

limits will be used. One 'is n == 00. This gives the 

overall momentum balance that must be obeyed by a 

self-preserving flow, and will be called the full 

integral momentum equation. The other limit is n = 1. 

The resulting relation here gives the momentum balanc'e 

between the central part of the flow and the shear 

stress near its point of maximum (for a Gaussian 

profile), and will be called the half-int,egral momentum 

equation. For these limits f, Il, 12, and 13 become 

-k 
f (1) =e =.5 f(m)=O 

l 
Il (00) =2k--=' 72 

(45 ) 

1 -2k 
I2(1)=4k(l-e )=.27 12 (oo)=4t-· 36 (46) 

l -3k 
13(1)=6k(1-e )=.21 
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Usinq these constants the full integral 

equation reduces ta, 

.. 
_-(2+G) 

m- (3+G) 

When this is introduced into (43), the 

half-integral momentum equation becomes 

where 

and 

~-, 

a2 

al 

ao 

Co == G ( 3+G) go 

azG 2 +alG+aO 

1 

go=g(T)~l) 

J . 

= l 1 (1) 
::: .18 2 

== 31 1(1) -2I2 (1) +. 25 

== 1 

= .79 

Putting (47) into the integral energy equation 

gives another relation for Co as follows 

Co= !G!(6+2G)I6(0'1} 

G Z ('I 3 (ex» + l 5 (00) } +G ( 3 I 2 (oo) + l It (00) ) + 2 l l (00) 

This is essentially as far as the se relations 

may be taken on sa~e grounds. Further progress de~ends 

upon developing expressions relating the shear stress, 
• 

turbulent energy, and dissipation ta the mean properties 

of the flow, and thus to G. As' the basic energy 

and momentum eq,?Çitions have been 'used up', models 

(47) 

( 48) 

(49) 

(50) 
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must be developed vlhich lead to plaus ible and tractable 

relations. Two methods of approaeh will be used, 

bath using th..esc integral eCJua t ions. 

2-2 The Large Eddy Equiljhrium Model 

2-2-1 Development of ~odel 

This model was first proposed by Townsend 

(1956) 1 and independently developed as a prediction 

method for two-dimensional wakes and jets hy Gartshare 

(1964), (1965) and Bradbury (1967). Townsend 

pastulated that the energy' transfer from the mean 

f10w to the bulk of the turbulent struetpre was a 

two step procedure. First the enerqy is transferred 

from the mean shear ta larqc oddies with dimpnsions 

comparable ta the width of the shear regian. '(These 

eddics are tbo'se that give the characteristic 

intermittent structure to the boundary of free shcar 

flows). The energy is then transferred to the more 

ncarly isotropie turbulence (that eantains the hulk 

o[ Lhe LUô)lllenL eneryy, or a constanl proportion of 

the lot~l tUFbulent ener~y) by turbulent transport 

processes describablc by an eddy viscosity. 

Tt was furth~r postulated that durinq an 
J 

~ppreciablc part of the eddy's li~ctime, the rate of 

~nput of energy from the mean sh~as balanced by 
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the energy 10ss rate -ta the bnlk of the turbulence. 

This leads to a mjxing 1ength type of relation, 

2:..aL 2 (dU) :; 
p '(\y 

where L is a measure of the large eddy 'size rather"" 

than a measure of flow size. 

To get a relation between L and sorne 

measure of the mean f1ow, Gartshore considered an 

eddy with a character consistent with the measure-, 

ment.s of Grant (1958); this eddy beinq placed in a 
"-

steady two-dimensional flow field snch that 

au ==_dV ==B 
dX dy , 

dV 
8x =0, 

and furthcr that 
A -»1 
B 

au =A 
8y 

w=o 

f 
Energy is trans ferred to an eddy in this 

field by a process of stretching. The mean shear 

also rotates the eddy to an orientation where no , 
more energy can be,added; but energy transfer to 

smal1er eddies continues, and the large eddy lS 

destroyed by the mean shear. The time taken to rotate 

the eddy from 90° ta the x-direction ta 45° to the 
.. 

x-direction is A-l, ànd consequently the eddy is assumed 

(51) 

(52 ) 
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. to have a lifetime 

T = S/A 

where S weuld be expected te have a value of 2 or 3. 

Using these assumptions, the instantaneous 

v<?rticity equatian was used ta predict the grovlth of 

such an eddy, first with B non-zero, and then'with 

B = O. Assuming that the circulation rernains constant 

through its lifetime, it is possible te calculate 

..;; 

the ratio of the eddy sizes in the two cases. Gartshore 

obtained the relation 

= B/A 

LI2 sinh{B/1V 

where LI refers to the large eddy size for B = O. 

Newman (1967) places an unspecified eddy 

in similar flew conditions, and uses the instantaneous 

and average vorticity equations to develop , 

--= l + (const.) B 
A 

He also used independent dimensional arguments to 

show that 

which approximates to (54) for B/A « 1. 

(53 ) 

(54 ) 
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The next step is to consider these large 

eddies in the non-uniform shear f~ow of one half of 

a wake or jet. The assumption here is made that, 

while the effect-of the mean flow on the large eddies 

is'different for the two cases (B zero and non-zero) 

from that for the uniform flow, the relatlon 

given by (53) or (54) is unchanged. This 

assumes that the starting size of the eddies are 

the same in the two cases despite th~_ fGct that tfie 

flows are similar but not identical. 
/ 

An expansion of (53) gives 

~ l -+ (const.) 

although Gartshore actually used Equation (54) in 

his calculations. As will be seen later, the predictions 

using (54) and (55) differ by a neg1igible amount. 

USlng I R ~-- and Equation (53), 
T L2. 

I (const. ) (1 + S 
B 

= 
~ A 

using (54), and 

1 :::: (const.) [1 + !3Q [:J] RT , Cl 

(55) 

(56)/ 

(57) 
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using (53). The B for the two relations must 

obviously be different. This assumes sorne average .. 
RT across the flow; however, for use in free shear 

f~o\vs it is more convonient to use RT evaluated at 
j 

sorne non-dimensional point in the flow. This 5eems 
~ 

, 
a reasonable thing to do as RT is usually fairly 

constant across the central regions of such a flow, 

and the point to be chosen (near the point of maximum 

aU/ay) shoul~ be near the centre of a large eddy. 

The constant and 8 for two-dimensional 

flow were evaluated by considering two self-preserving 

flows~ the small defici~ wake in uniform flow, and 

the still air jet Jthe first of which has B/A = 0). 

Relations (56) and (57) have here been -adopted directly for use in describing axisymmetric 

flows (with, of course, different constants). This 

involves the obvious assumption that the concept is 

valid for such flows. 

For the case of symmetric jets and wakes 

considered here, where the rnean velocity profiles 

sel f-prcser'ling , 

... 
", can be replaced by 

= LoUa dU 
3y uv 

j 

= LoU 0 (cons t .) U 0 
U 2 1 

=:: (const.) _0_0:: -'---

Lo 1 Uvl 1 go (x) 1 

) 
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where g(n,x) is defined jn (28). Since this shear 

stress paramete~ is us~d throughout this work, (56) 
" 

1 

and (57) will be restated as, 

Igol = a(l-SIB/AI> 

and 

where go is here less restrictive than as described 

in (49), as only local self-preservation is demanded. 

(This is the assumption that the energy transfer is 

affected onl~ by the local B/~ and not by what the 

eddi es have experienced in vthe past. A criterion for 
, 

it to be true is that B/A,change relatively little 

in a time period of A -1). 

One of the consequences of the existence 
"-

•• l' \ 

-of large eddles 19 that these eddies will distort 

the boundary between vortical and non-vortical fluid 

at the edge of the flow. By measuring the size of 

these distortions it should be possible to get a measure 

of the size of the eddies. This twas done in this 
Cl 

experiment by measuring the mean and standard 

deviation of the intermittency as a function of the 

, .; 

(58) 

,f 

(59 ) 

" 
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. 
distance from the centreline of the flow. This will 

be assumed to be proportional ta the size of the 

large eddics, and will be the only check petfor.med 

oh the large eddy equilibrium hypothcsis other than 

cotRparing predicted results with experiment. 

One of the unexpected rewards of the 

development of a closed form solution for the 

bebaviour of self-preserving jets-and wakes was the. 

discovery of a 'problem in the concept of hO\ol Bj/l\ is 

evaluated. This ùffected both Gartshore and Bradbury 

in th~ir calculations of the dcvelopm~nt of two-

dimensional jets. 

When ,predicted grm~th for the whole range 

of G,from -1 to 0 (wakes) and 0 to +00 (jets) were 

calculated for two-dimensional and axisymmetric flows, 

anomalous behaviour was seen for medium strenqth jets. 

(See Figures 2-2 and 2-3). The predicted growth not 

only S8ems unlikely, but is wronq, as subsequent work 

by Fekete (1970) (two;-dimensional jets) and the author 

(axisymmet ric jets) shov.J. 

The Cduse u[ t~~se unusual predic~ions and 

the approach adopted to deal with themoare covered,more 
, 

" 

thoroughly in earlier reports by tpe aùthor (1~68), (1969) . 
• 

~ 

Briefly, however, the equilibriu~ theory evolved by 

considering a flow field in which B is constant. When 

.' 

'\ 
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~ 

th~concept is transferred to a turhulent jet or \'lakc 

B obviou$ly cannotobe constant everywhere, but it 

would be expect~d thatAthe character of B woald he 
" 

similùr in sorne ~ocal region. For e'xample-y ail thè 
~ 

self-preserving two-dimensional and axisymmetric 

wakes and jets considcred hcre have the aU/dX of 

the external flow negative. 
p 

Thus the eddies in , , 

the tu"rbulent part of the ~low should 'be experÎ'encing 

a rising pressure and a lo~gitudinal compression, 

which in turn should be reïlected by a value for B 

which is rlegative. 

The usual approach toueyaluating B is as 

) B = dul 
dX y 

1 
\.,t 

. • which means the rate of change of U with x, holding 

y constant. Using 

U = Ul;+ UofCn) 

, dUI ( dUl dUo J +(~kn2Uof(0) ') , 
" dX y = + f(n) -~, 

dx dx. Lo 
~~.-

(1 ~ (2) 

• L 

/ 

0 

" 

... (60) 

(22) 

( 61) 

-, 
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An incrementa1 moyement in the x-direction, holding y 

'" constant, is thus seen to change the m~ân ve10ci ty 

." 

in two way&. First, there is the decreilse of Mean 

ve10city due to adverse pressure gvadient. This is 

expressed by pa~t (1) of (~1). Second, because of 

the grm.,th of -the jet as the flm., progresses, the 

movement is to a reglon that i5 non-dimensiona11y 

closer the centre of the~~low, a~d thus (for jets) a 

èregion of possibly higher velocity. Thus it is possible 

to get B ~ 0, or ev en B > 0 for f10ws where aUl/~x 

i8 negative, and in fact this is what happe.ns ",hen 
. ~ A \ 

the calcu1ations are carried out. 

As weIl as 'the above physical and conceptual' 

objections to evaluating B as in (60), there is an 

objection that the character of the f10w prediction 

is critically dependent on the value of n chosen ta 

evaluate B/A. 

The way chosan here to overcome this probl~m 

was to redefine B as 
" i 

B = aul = dU} + f(n) dUo 
" dX 1 n dx. dx 

(which \'1i11 be recognized as term (1) of (61)}, whi1e 

leaving A as 1. 

A = ~~ 
x 

# , 

\ 

. l 

(62·) 
Î 

1 " 
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• 
This is the mathematical expression of.the 

. 1 
• physical assumption that the ?ath of the lar9,"e eddy -1 

is such as to keep it non-dimensionally in the same 

place in the flow. This means that ~he eddy is not 

travelling along a rncan ve10city streamline, which 

for jets and part of the wake region have V negative 

at y = Lo. HowG'ver, flow visualization experimenl.s 

on boundary layer deve~oprnent wou1d lead one to 

expect that during the~r active period that the 

large eddies do move 'outwar?s, and that the assumption 
, 

given here about their paths may not be too bad a 
'''!'j 

guess.' f 

Two appro~hes were used ~o justify this 

choicc .• One was the use of cylindrical (for two­
f 

dimensiènal)or spherical (ior axisymmetric) coordinates 
c 

in which to calculate B/A. Using x and y along thcP 
, 

coordinate direction plus use of the boundary layer 

approximations then leads to (62) a~d ~) for Self­

preserving f1ow. This is the epproach adbpted in 

Voge1 (1968). 

1he other approach, from Vogcl (1969), assumes 

that the position of the eddy remains fixed relative'to , 

the nOD-dimensional profile, and thus, to the boundary 

layer approximation, the l0ngitudina1 strain rate 

~ expe'rienced by the eddy is ~ given by (62). 

,. l 

) 
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The first approach is perhaus qeometrically .. 
better justified, but is applicable only to self-preserving 

flows with their resultant linear growth. The second 

approach is phy~ically more satisfying and more 

generally applicable. A way to justify it iS,to state 

tnat the ori9ina~ concept involved,an eddy in a field, 

",here the mean transverse and longitudinal rates of 

strain were everywhere constant. This cannot bel true 

when the concept is transferred to a jet or wake, but 

it seems"reasonable to evaluate these rates of strain 

along a line 'in the flow along which and around 'Ylhich \ 
t;J 

they are constant. This means that aU/dX shoulà .... 
, \ 

be evaluated along a line of constant n, and at the 

inflection point in the profile. (This should mean . 
• 

that n = .,85. Hmvever, n = l is fel t to be close 

enough). The rate of chanqe of U in a direction at 

right angles to th"is line i8 (63), tOr;the boundary 

layer approximation. 

" 

( 

\ 
usin, (63), (22) apd (45) 

~ u 0 
-k­

Lo 

UoCo rn--
La 

(1/G+l/2) 

" 

/ 

l , 

'1 

(64 ) 

(65) 



• 

le 

.. 

-44-

and, using (47) . .. 
<- B CO(2+G)2 ........ , A- 2kG (3+G) 

, 
For G ~ -1 (jets and wakes ,ithout back 

flow) m < 0, so 
~ 

B - = 
A 

Co (2+G) 2 

2kIGI0+G) 

and putting this into 

Igol = 0.(1- BIB/A') 

it becomes 
\ 

[ 
C 0 (G+ 2 ) 2 II 

go = (siCJn G) 1- B 2k 1 G 1 (3+G) a 

combining this with (48) gives analytic relations for 

Co and go 

Co = a 1 G 1 (3+G) 

," 

go' = Ct (a2G 2 +aIG+aO) (sign G) 

(a2G2+alG+a~) + aB (2+G)2 
2k 

\ 

(66 ) 

.. 

(67) 

(58) 

(68) 

(69) 

(70) 
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using the other relation for go, 

go=(sign G)a(l-B ( C~(2+G)~ JJ 
Q 4k 2 G2 (3+G) 2 

" 

Combining this with (48) gives another set of analytical 

~relations for Co and go 

éo ,2k lGI (3+<1) ({kl(a2G2+alG+ao)2+~2B(2+G)4}~ 
• a 13 Q ( 2 +G) 4 

-k(a2G2+alG+aO) ] 

- k (a 2 G 2 ;t a 1 G+ a 0 ) ] (s i gn G) 

2-2-2 predicted Growth for Large Eddy Equilibrium 
Model 

The next step is te eptain values ~or a 

and e so thùt numeric~l prcdicti~ns for Co and go 
li 

c~n be obtained. Values for the;e are given in 4 

Table 2-1. Using these values, 
1,1 

co:::: 
.04921GI (3+G) 

.540G 2 +2.232G+2.442 r 

\ 

(59) 

(71) 

(72 ) 

(73.) 

(74) 
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1 9 0 1::: . 0 4 9 2 ( • 18 G 2 + • 7 9 G+ l ) 

.540G 2 +2.232G+2.442 

.) 
and (72) and (73) bccome 

< " 

where 

.182IG! (3+G) {Pl (G)} 

(2+G) It 

UJol= .182(.18G
2
+.79G+l){Pl CG)} 

(2+G) It 

P, (G)={ (.39lG'++3.136G 3 +9.472G 2 +12. 758G+6.480)~ 

-(.125G 2 +.548G+.693) } 

The pxedicted values' from equations (74) 

and (76) are plotted on Fig. 2-4, and those from 

equations (75) and (77) o~ Fig. 2-5. As can be seen, 

the two metnods of calculating go «58) and (59}) 

produce quite similar answers except perhaps for the, 

strong wake region. 

2~3 The Townsend Entrainment Model 

An alternative theory may be developed by 

using the complete energy equation integrated across 

the flow, and, as a connection between this and the 

• • 

(75) 

(76 ) 

(77 ) 

(78 ) 
.'. 



-47-

momentum integrals, a model connecting shear stress 

to turbulent energy. 

Townsend (1966), (1970) argues that in the 

'control loop' of turbulent shear floW5, where 

entrainment providcs enerqy ta eddies that in turn 

determine the entrainment, thè -dominant element is 

the average total strain experienced by the large 

eddies of turbulent motion~ He thon argues that"for 

turbul~nt shear flows, the effect of this total strain 
, 

on the Reynolds stresses is similar to that predicted 

by rapid distortion theory~ In particu1ar, Figure 3 

in Townsend (lq~) gives a prediction of how the ratio 
~ uv 

varies with a, the total strain. Over a of 

• 
limited range of a, this curve can be approximated 

" by -n <ra 

where n varies from near -1 (for 0 < a < 1.5), ta 0 

(for 1.5< a < 3.5), and approaches a vùlue somewhat less 

th an l for a larger than 4. The-assurnptton i5 made 

that this applies to non-uniform shear flows such as 

jets and wakes. nhrt t:.hn"> (Rn) ynay be restated .:lS 

uv 

(BO) , 

max ex: a -n (81) 
-2 max q 
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where uv is a representative value of shear stress 
max 

near the position of maximum mean velocity qradient. 

a is similarly evalu~ted at a position dcross 
max 

the flow where it is a maximum, and represents th~ 

average total strain experienc~d by a large eddy during 

its lifetime. 

The equation describing the total strain 

following the mean motion (equation 5.1 in Townsend 

(1970)) involves an eddy diffusivity for effective 

strain. If this ls taken to he universa11y prop0rtiona1 

to the eddy viscosity, vT ' it fdl1ow$ that for se1f- -

preserving flmv 

a: 
max 

Expcriments and comparisons with the two-

dimensional small deficit wake, the two-dimensional 

still-air jet, the mixing layer and the boundary layer 

in zero pressure gradient tend to confirm thi~ (see 

Table 3 in Townscnd (1970)) and indicate that' 

Cl IR 
max!::! 6" T 

Thus the flow rcglme for the two-dimenGional sma1l 

d.eficit wake has Ct ::: 
max 

2.5 and equation (81 ) has 

n ::::: 0, whi1e for self-preserving jetSJd wakes 

a: '::' 6 and n ~ .75. max 

(82) 

" 
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For flows with 

U=U1+Uof{y/Lo) 

UoLo 

(uv /~u)' 
y m~ 

and using (81) and (82) 

which leads to 

-n 
a:(l 

uv max 

U~ 

a: u~ 

uv max 

To calculate growth predictions for self-
. 

preserving axisymmetric jets and wakes, sorne further 

assumptions and numerical values are needed. Looking ., 
at relations (48) and (50) it is seen that the value 

of a number of integrals are needed. f, III 12, and 
. 

13 have already been assumed to be constant for the 

full range of G (-1 to +(0) and values calculated 
r 

"--...... 

assuming a Gaussian profile. The assumption is here 

made that the remaining iRtegrals (14 - 16) have 

universal 'shapes for these flows. Relations 

(35) can be restated as (uslng 
-2~ 

E -9.l.) 
avg L 

c 

rOO 

IIt::::::H J 0 Il'h (Il) dr) 

I S=HJ:llh(r)f(r)dn 

1 

, 
, 
" 

(33) -

(22 ) 

(83 ) 

(84) 

(85) 

(86) 
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where h(n) is the shape factor for the distrlbution 

of turbulent energy acros~ the flow, L is the 
E: 

dissipation length scale for the flow and n.s, the 

value of n for which the intermittency is '5, defines 

the average width of the turbulent region. 

The assumption lS now made that h(n} , 

Lo LE and n·s are independent of the value of G, and 

thus values measured for the still-air jet will apply , 

to aIl axisymmetric self-preserving flows. Thus aIl 

the experimentally determined constants in this theory 

are derived from measurements on just one flow, the 

jet in still air, and this flow is, furthermore, a 

member of the self-preserving family ofaxisymmetric 

jets and wakes. This is an obvious improvement over 

tbe large eddy equillbilum,theory which requires, as 

weIl, measurements on the small-deficit axisymmetric 

wake in zéro pressure gradlent. This latter flow lS a 

member of another possibly self-preservlng group, and is 

one about w~lch doubt eXlsts whether lt can ever be 

self-preserving. 

From measurements ~ Rodl (1972) and from 
") 

the present work (Sec Section 4-4-2), 

H(for still-air jct}=.J24 (88 ) 

\ 
\ 



and 

-1 .. = .701xH . 

15= .387xH 

1 6 = .300XH1.5 

using these in (50) gives 
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2IG[J3+G}(.300)H1 • 5 
Co= . -

H(.387G 2 +.701G)+(.24G 2 +l.08G+l.44) 

1 

whi1e rep1acing go in (48) by-(84) gives 

1 

Co= 
1 G 1 (3+G) yH1-

n 

.18G 2 +.79G+l 

where y is ca1culated from (88) and the value of go 

for the still air jet, 

go (still-air jet)= .0164 

using Rodi's(1972) corr~ction to the measured grDwth. 

Letting 

y 

. 
e3 (G)= G(.387G+.70l) 

.; 

7 __ .7 .. 7-. _________ ~~ _. __ _ 

(89) 

(90) 

(91) 

(92) 

(93) 

~ 
t ., 
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and equating (90) and (91) resu1ts in 

(94) . 

and this is, in general, soluble for given values of • 

n and G. From the calculated H CG) , 

1 go 1 =yH (I:n) (95) 

and 

Co 
G(3+G)go O( 96) 

.18G 7 +.79G+I 

N~merical solutions for Co and 1 go 1 for 

n=.75 are,presented in Figures 2-6 and 2-7. (On these 

and subsequent figures in this section experirnental 

values from this thesis are plotted, and will be 

referred to in Section 4.) f 

Thore are sorne other models for the turbulent 

structure that can be formulated in terrns of a value of 

n in cquation (84). The concept of-geornetric similarlty 

UVmax 

ëIT 
= constant for aIl flows) 'which was proposed by 

Townsend (1966) is eq\}i valè~t ta n~O. Predictions using 

this value of n are shawn in Figures 2-8 and 2-9. AQother 

muùel, used by Newman (1968) in prcdicting the grm.,th of 

'. two-dimensional s.~lf-preserving flows, has'uv,O: qoUo. 

This is equivalcnt to n=-l in equation (84). ·Predictions 

using this value of n are shown in Figures 2-10 and 2-11. 

~ 

... _ .. __ s ____ ~ ___ ~~ ___ . __ _ 
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Finally the effect o~ assuming H = const.-­

for the whole family ofaxisyrnmetric self-preserving 

flows could be considered. This is equivalent ta 

n :: l in equation (84). In this ca'se only equation 

(90) is needed and (91) is not valide Predictions 

using this value or n arè shawn in Figures 2-12 and 

2-13. 

o Ad interesting sidelight came out of 

investigating a range of values for n. For n = i, 
equation (93) becomes 

and thus 

Hel (G}e3 (G)+el (G)elt (G)==e3 

'. ~ 

",. 

H= e2-e 1 e ,,= 82/e 1"-e" =~ (.18G 2 +.79G+l}-(.24G 2 +1.08G+1.44) 
ele3 e3 Y G ( . 38 7 G+ . 7 0 1 ) 

For G == 0 this becomes 
,} 

H::~l 1-1 • 441 
'- a ""OC) 

!. 

50 H tends to <XI as IGI becomes small. In practice, 

numerical solutions to relation (94) ~ended to '~low u~' 

near IGI = 0 for .25 ~ n ~ .4. It is not clear what 

physical significance should be attached to this 
. 

finding, as it is not known ~f this range of n is 

physically possible, or if 'the basic assumptions leading 

to (94) apply here. 

~ ... \ , . 

(94) 
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\ 

2-4 The Srnall-Defi~t Wake in Zero Gradient 

\ 
For the axisymmetric wake whe~e 

I ~l « l Ul -

Ul = const: 

equation (27) becomes 

UIDoLo' [2Il (n) - n 2 f(n)] 

+ LoD l'U 0' l 1 (n) + nU 0 2 9 (n , x) = 0 

This already assumes a self-preserving 

rnean velocity profile. ~f it is furtDer assumed 

that 

g(n,x) = g(n) 

then this leads to 

J 

. . 

, 

Uo a: (x-xo)-2/3 

L02UOUI = const. 

Thus (95) becomes, 

9 (n) = U Lo' 11 f(n) 
Uo 

1 

l,' 

J 

(95 ) 

(~6) 1) 

, . ('97) 

<' 

1 

t 
l 

. ,. 
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a and 13 in 
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.' 

J 

\ " 
~ " "- -5!),-

fi /' l,. 
For n = l, Lo 1 == Lo , 

" 
3 (x-xo) > .,-

(98) 

go = UlLO' = Ul Lo, \ 
2tJ 0 6' U,o (x.-xo ) 

Gaussian velocity profile. 
Î 

c 
This value of go is needed to calculatEiL _~ 

(58) . and (59) ." 

• .g 

'Ill' 
, 

• ~ 
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0 

-
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3. EXPERlMENT~L PROCEDURES 

3-1 ~\vi nd "Tunnel 
It 

) 

, 
•• 

The wind tunnel is ~ the open return tyPe. 

The outlet diameter is 30 inches, and the velocity , 
""-

can be varied continuously ~om less tban'l ft./seç. 

to a maximum of 124 ft./sec. The variable speed 

system is described in Appendix B. 

As hot-wire anemometers are to be used in 

this work, considerable care was taken in the 'design 

to have a iow level of vibration and turbulence~ a~d 

ta remove'. atmospheric dust. 

Pankhurst and Ho1der (1952), Pope (1954), 

,and Bradshaw and pankhurst (1964) were found help-

fuI in the qésign of this tunnel. In particular, 

the report by Bradshaw and pankhurst was used 

extensi\lely. 
\ , 

The design was also compnr~d w~th the , , 

specifications and performance of an existirlg blower 

wind 'tunnel (WygnansK''i and Gartshore "(1963)) . 
-~ f 

A n6vel two-dimensional expansion was 

d5~veloped from the theory pro~~d by HUg'his (1944). 

A large area-rati~ expansion w~s needed in a limit~d 

space, and it was desired that this expansion have 
f' 

low turbulence and good spacial uniforrnity of flow 

'\ 

"" , 

• 

1\, 

.. 
1 

7[ ~' , 

.. 

'" 

1; , , 

" 
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at it~ exit even at the expense of no recovery in 

the static pressure. Appendix A gives the theory 

for this expansion in deta~l, how the theory. 'was 

adapted for construction, and its performance. 

A sketch of the tunnel i;Jshown in 

Figare 3-1. With the exception of the fan unit 

the tunnel is 'almost entirely constructed of ply-, 

wood~ 

3-1-1 Air Filte·r anq Fan Unit 

~ 

The tunnel is driven b~ a fingle stage 

centrifugaI fan with b~ckward curved blades 
") 

(Buffalo N~. 805 B.L., douole lnlet type). At 

the maximum operating speed of 900 RPM it delivers " . 37,000 CFM of air at a ,pressure differential of 

4.6 inches oA ;ater~ The fan is belt-driven through 
\ l ) .,t 

ca 2: l reduction from a 40 HP:.IIO Volt DC electric 

motor. The air velocity is controlled by varying 

the motor speedOthrough a ~ard-Leona~d' system. (See . , 

Appendix B). The speed controls are conveniently 

located on the -tunnel just before the end of the, 
1 

contraction. 
, , 

The fan and mptor are mounted on a steel 
,. " 

frame. This frame is ib turn mounted on vibration 
4 

J 
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iso1ators. To further isolate fan vibra~ions from 

the rest of the tunnel, the fan· is connected to the 

transition section by a 6 inch wide rubber sleeve. 

This also allows for the sma1l movement of the fan 
. 

on the ~ibration isolators as the speed (and thus 

the ~ssure r.ise) varies. 
\ "1 

The entir~ fan unit is enclosed by a 

12 ft. x 12 ft. x 8 ft. high fiiter box. The up-

stream wall'of this enclosure is occupied by 
, 

2~-L ft. x 2 ft. Dripak high efficiency air filters 

(American Air Filter Co., Typ~ 2090), and thei~ 

associated prefilters. These filters remov~ most 

dust particles down to .5 microns diameter. The 
• 
pressure drop throu9h the filters is apprcciable, 

being .7 inches of wator, but the use of filtered 

air greatly improves the performance of hot-wire 

anernometcrs. As a test of the filters, a. hot-wire 

anemometer~was operated for a 4-hour period. No 

measurable drift was !l0ted, and later exarnination 

of the hot-wire probe under.a microscope showed 

no accumulat(on of dust par:ticles. • 

3-1-2 Transition and Two-Dimensi'onal Expansion" 
Sections 

Following the,fap there a 48 inch long 

.. 

, 
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transition section. Thi, section, whlch is of 

essential1y constant area, has inlet dimensions of 

55-3/4 inches wide by 7/4 inchet> high (ta match 

the fan outlet) , -and autlet dimensions of ~8-1/2 inches 

wide by 30 inches high (to match" the inlet ta the 

expansion section). This{transition section a1so 

10wers the centre 1ine of the flow by 5 inches to 

coincid~ with the centre line of the rest of t~ 

tunnel. 

The expansion section ha~ an in1et to 
. 

out1et area ratio of 1~1.62, and i5 two-dimensional. 

The wall shape fo1low5 a free stream1ine theory 

first suggested by Hughes (1944) which permits the 
• 

rational design of a rapid expansion. This is 
, 

achicved without static pressure recovery in ,the 

expansion. 

The 1ength of the expansion i~~80 inches" 

or 1.02 times the exit height. The inlet of the 

section matches that of the' transition, whilc the 

outlct, which is 78-1/2 ~hes square, joins 
. .) 

directly tu the settling dldmhf..'r. A curveù ::,c.:reen 

stretches across the expansion "at the section where 

thcre is an abrupt rise in pressufe along the curved 

wall. The screen i5 designed ta supres5~sepa~ati~n 

• 

'. 1 

• 

'" . 

J 



-. ' 

7 

, 
-60-

at that point. An optimum choice of ~creen pressure 

drap coefficient would have the expansion produce 

zero net static pressure rise. However, ovailable 

sereen material dictated th~ use of a perforated 

plate with a pressure drop coefficient 30% higher 

than optimum. By the usual definition of diffuser 

efficieney the expansion section has an efficiency 

of -30% instead of perhaps +90% that could be expected 

from a weIl designed diffuser with 5 degree cane 

angle. However, sueh a diffus~r would have ta be in 

exeess of 32 feet long qnd available space prohibited 

sueh a choic~. The pifference amounts to about 6% 

of the total tunnel power. 

Appendix A gjves the theory for the design 

ôf the pxpansion. 

~ 

J-1-3 Settling Chamber 

The settling chamber is 80 inC'hes long 
Q " 

and 78-1/2 inches square at the in~et. It tapers 

~long its lcngth ta ~ _rcgul~r oct~gon31 c~oss ccctlon 

at the outlet. As the sides ~hich forroed the square 

cross section at the inlet'are kept par~llel, the 

'A.'" ,~' 

chàmber has a 1.2l:1'contraction ratio. 

The settling ,chamber has four screens ta 
(1 

ft 
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reduce spatial variations of vclocity and turbulence . .... 
These are equally spaced a10ng the length of the 

1 

section, and are approxirnately 2 ft. apart. The first 

scrcen is of steel, 18 rncsh, 24 SWG wire, and has a 

pressure drop coefJicient of about 4. The othcr thre..e 

screens are bronze, 20 mesh, 30 SvvG wire. The ir 

pressure drop coefficient at thè highest tunnel speed 
, 

.~ is 1.5 and they hav€ an open area ratio 
r 

of .5G • 

value wis chosen as it app~ars that values of open 

~~ca ratio less than this may produce spatial non­

uniformltics in the flow $radshaw (1963}). AlI the 

This 

screens are mounted on wooden frames thJt can easily 

.be Slld out of the tunnel for cleaning. The stee~ 
.,J-t... 

screen was made up of two pieces carefully wovèn 

'togethcr, while cach bronze screen i s i~ one Picce.) 

AlI the screens were supp1ied ~y the Sankcy Gre 0 n 

Wi rc tvcaving Co., Thelwall, England. 

~ 
~ A honeycomb section is also includcd ln 

the settling chamber. It tao j s ITlt1untec1 on a w'oodcn 
~. 

'frame for easc of remova1 and cl(~an ing, tlIlc1 is 

posi tioncd bctvvcen thE: first two screens. Thë hUlley-

comb is a] urninum (Hcxcc11 Milnufilcturing Co.), and 
A-

is 1-1/2 inches thick.with 1/4 inch ~ell size. The 

bigg0~t piece of honcyco~b avajlüble was ilpproximately 

48 lnches wiJe, sa it WilS dccided ta join thrce piaccs~ 
~ 

together. One 48 inc~ ~ieGe was plilccd in the centre 
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on either side filled of the frame and ~re space 

with narrower pieces. The joints were made by glu-

ing the pieces to a 1-1/2 inch side by ]/32 inch 

thick strip of aluminum placed between thern. This 

rnethod of construction was choGcn to give a c1ear . 
aFea of hOneycomb in the centre of the tunnel. 

3-1-4 Contraction Section 

Th~ contraction has an area ratio of , 

-

7.2:1, and is 90 inches long. The inlet shape is 

that of a regular octagon, which changes to a 

32-sided shape at the outle~e calculations 

for the contraction followe~~ of Cohen and 

Ritchie (1962). Extensive "use of a 'digital computer 

was made in this desiqn, first to ca1cu1atc the 

shape of the theoreticaL axisymmetric cont.raction, 

ana then to calculate the detailed shctpe of the 

frames and wall piebes. This allowed these complicated 

shapes to be prccut to close toleranccs, and, very 

li.ttle f,i tting was requ~red. It was built around a . 
~ ~ 

male 1 1 9· ,.r \ 
'''-'.. 

, 
Il .> 

3-1-5 Joining, Hounting, and Access 

The sections of the tunnel, and the pieces . ' 

1 " 
1 
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,p 

that make up the sections, are all built with flanges, 

which form part of the framework. These pieees 

and sections are joincd together with bolts. This 

was done to allow for the possible disassembly and 

relocation ot the tunnel. 

Each seeLion of the tunnel is mounted , 

on its own set of wooden legs, and w~s adjusted in 

position to maintain the tunnel centreline 56 inches 

from the floor. 

~~ccss to aIl parts of the tunnel is 

provid~d by a dOGr and 4 hatches. A full size door 

allows entry into the filter box, and access to the 

back of the high efficiency filters and to the fan 

and rnotor assembly. A hatch in the bottom of the 

transi tiop . section permi ts~ a,ccess to ~he outlet end 
;1 ' 

of the fan and to the expapsion as far as the 
) ..J 

expansion screen. Anothcr hatch in the downstream 

end of the expansion gives aecess to this area, ~hile 

• 
a hatch in the side of the settling chamber givcs 

access to the region between the ~econd and third 
1 

screen. partial rE:movdl of sorne of the screen 

frames makes the rest of the settling chamber 

accessible as weIl as the inlet~to the contraction. 

Finally, a hatch in lhe bot tom of the contraction 

section,allows access ta this r~ion. 
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3-1-6 Total Pressure Investigation 

Two total pressure surveys were made at 

the outlet of the tunr'lel. The fi r..s t was made with 

no scrcens in the settling section, and (l.]lowed an 
\ 

assessment of the performance of the expansion 

section. The second survey was made with Qll screens 

and the honeycomb ln place. In both cases the static 

pressure was found ta be essentially constant across 

. 
the outlet, and equal ta atmospheric pressure. Both 

l 

surveys were made,by comparing the readings from a 

1/16 inch diametor total head tube with a similar 

one mounted 2 inchr~s out from the wa 11 of the 

contree tian and 4 fC8t up;;tream from the outl(!t, 

and were made at Ils f~./sec. outlet velocity. In 

the first survey measurements werc made every inch 

in the horizontal direction, and every two inches 

vert ica 1ly. The second survey was made cvery two 

inches i~ both directions. These measuremerits 

excludcd the boundary layer rcgion. 
t 

Contour plots 

of thcso two survE'ys are ~'Jivon in Figures 3-2 and 3-3. 

The results arc expressed relative ta an averdqu 

velocit-.y, and assume con~tant statie pressurf across 
'l ), 

the e~it plane. 
'\ 

The first survey shows that the fjn plus 

• the expansion sect Lon proJuce a h Ll]h_ dcqrec of unj formity 

.1 
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in the outlet velocity, the total velocity variation 

over the working section being less than .5%. It 

would be expected that the two-dimensional expansion 

section might dcvelop sorne secondary flows in the 

corners, as weIl as thicker boundary layers on the 

parallel (vertical) sides where the pressure gradient 

is adverse. This would perhaps explain the four 

~ions of reduced velocity on the diaqonals of the' 

tunnel outlet and the generally reduced velocities 

on the sides indicated in Flqure )-2. 

With the screens in position the outlet 
, 

velocity shows less variation (.3%) and the pattern 

of variation is much simpler (Figure 3-3). The 

contours of constant velocity are approximately 

concentric circles, with the maximum velocity in 

the centre . 

A static pressure tap was installed at 

the entrance to the contraction section 8 inches 

downstream from the last screen, and tw'o others w~;re 

installed 8 inches from the contraction section 

outlet ~nd on oppo~itc sidcs of the tunnel. The 

downstream static taps are connccted togcthcr, a~ 
~ 

the pressure difference between thorn and t~ upstream 

tap i8 used ta monitor tunnel speed. This pressure 

.. 

~ 
JI 

) 
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difference was not calibrated against tunneol speed 

as the vented working sections that wou~d be attached 

to tne tunnel would produce large s~atic pressure 

variations across the tunnel outlet. . -- 1 

A boundary layœr survey was made on the 
~ 

bottom of the tunnel outlet using a hot-wire anemometer. 

The test was made at a velocity of 85 ft./sec. The 

boundary layer was turbulent, with a thickness of 

.35 inches. 

3-1-7 Tu~nel Turbulence 

~ 

A survey of the longitudinal component 

of turbulence was mctde, using a normal hot wire. 

Without the scre,ens, the relative longitudinal 

turbulence intensity (/u 2 /U) varied from 1% in the 

centre of the outlet to about 1.5% near the walls 

(but ou~side the boundary layer). With aIl the 

, screens in place, the relative intensity was .2% 

or less, and was essentially constant-over the 

tunnel outlet. In bath cas~s there 

'\ / 'little variation with tunnel speed. 

to be 

<b 

,) 
\ 
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3-2 Jet Supply 

The.experiment required Rn axisymmetric 

source in the ce~trc of the air flow from the tunnel. 
• ~ ... .f, 

~ prèlimihary experiment with an axisymmetric wake 

body suspende~ on piano wire was done. The tunnel 

working section was adjusted for an adverse pressure 
o 

gradient similar ta what was eventually used for the 

rest of the,experi~ents. In this relatively ~t~ong 

adverse pressure gradient the originall~ ,small two-

dimensional wakes from the ~upporting wires grew 
o 

rapidl~ and soon swamped the wake "from th~ axi-' q 

symmetric body. In rctrospcct this was not surprising, 

as the adverse pressure gradIcnt needed for self-

" pteserving grawth of ~ two-dimensional wake is 

consid~rably less than that for an axisymmetr~ wake. 
1 _ 

It mean't, ho.weyer, that the jet producing apparà'tus 

should be truly 'axisymmetric and have no supporting 

struts or wires that cou1d produce a Wl1k(.) . 

The design 'evolved around a 2~C~ dlamete~ 
lignt~weight aluminum pipe extendinq the whole length 

of the tunnel, and s~pported on and cantilcvered. from 

the wind tunnel scrcens. Figure 3-4 giyes the general 

arrangement· of,the jet supply. T~e foed into the 

,longitudInal pipe was an aerofoil section jbst down-

• 

_ stream of the w~nd tunnel fan, and 110 evidence of 3)1y 

(' 
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( 

wake from 'i t was found at the outlet of the tunnel , 

contraction. 

Halfway along the~contractio~ the diameter 

of the_pipe \..,..as smoothly reduce.d ~o 3/4 of an inc,h 

.' and there was a f~tting to allow longitudinal adjust-
" 1 

me~t~ of the j~t prpe outlet. The fittingoconsisted 

of a sliding O-ring seal for air tightness, and part 

of a 3/4 of an inch lathe"collct to lock the pipe 

into position. (See Figure 3-5). In sorne cases 

this 3/4 of an incn pipe was further reduced in 
" 

diameter ~efore the pipe outlet was reached. 

The air supply came from a 15 H.P. alr 

compressor used ~r the general building supply, 

and passed thrcJugh il \ filter that removed ail and 

wat~r droplets down to 2 micron size. The air. 

co~pJbssor was run continuously ta maintain a fâirly 

steady pressure at the~input to the pressure regulator. 

(ThiS' pressure \Jas typically 100 te 110 p,. s. i. ). This 

was done by yleeding Lflfr off with a valve ahead of 

the fiiter until a stBblc condition was obtaincd. 

In pracL..i.ce lhl.s t:!llLctileù 15 to 20 minutc!:5 or alternately""-

adjusting the b1eed valve and pressure regulator until 

a stable conditlon was achieved with the ùesired pressure 

in the pipe ~o the jet . 
.. 

.... jAs hot-wire an~mometers are scnsj ti ve to 

/ 

r 

, 
J 
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cnsur.e l-h(' i ct hntt the 
" 

..... 
flo\<l fn)m th" 11111nr> J • 

its tc~mp(!raturc~ closcly m<it.chf~d thdL ur th" room and 
o • 

tu~'tnc 1 • 

thtottl~~d to room r)r.éê!SSUn~ and s1(~wed tü' él low f·l(lC'h 

l~mb('r should be the srlme' a~ the staqnat_io~ temp0raturc 
, ? 

JJcforè· throti.-.l ing (\Îl ssuml nq a.d iahî tic llmv and' C <1, 
p, 

L' , 
üÎnction of tc;mpcrat_urc only) 1 this dppr!z-ucd sufEicjJ~nt~ 

Measurements of dvcrago 't,,,mD,'ratu'r~ l'he jel: " fow ' 

inches from the olltlt't show(,rj no measurabl (~ tcmperat.'urc '" 
r 

diffcrel1ce bcbveen that and Uw [rce ~;trc;d;n' (les[,; than" 

O. 5°C). As t:-he jet. downst rEc'éiIn consi-stc'ct' mostly of 
. .. 

entrainect flow" (volume flux 5 to 15 Limes larsrer thd.n 

'thatJemerging from clle ict ,pipe; 1 no further 
. 

conccrn 

was felt in this area. " . 
In aIl the cases used, the length/intcrnal 

\ 

. diameter ratio of the f1néll jet pipe was 50, and 
, , 

essentiallY.3cmtrolled the flow for ,à qivch"~sctting 

~ 1 of the pressure rC'qu l ator. - . 
Using a pipe R of'2~0,OŒO and standard e 

curves l,for the smooth pipe fr ictiÇ)n, Iactor <'flr' gi vos 

'~(t> ~ 1. \- \vi th "an L/D~ ,50.' From the perfG'c;t (Jas 
t 

relation fqr fI. ictioncll adiabatic 'fflow in a p lnl~ 

.. 
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(r'anno Ll,n~) ~d élssuming M.= 1 at exit f J'.l -:::: .41, 

ùt the entrilnee ItO the pipe, and the stati e prr'ssure 

r(llio from the ('ntr<lnc(~ ta exit ~s 

~ p/p* !:: 2.28 , 

whcre p* is the pressure at the exit ·from the pipe 

where M '"!; 1.' 

, From the ifentropic relations for a , 

perfect gas, the ra~io pf the stagnatlon pressure 

tQ static 
• 
\ J, 

pressure at M-=. 47 is • 
',-

PO/p = 1.163 

and the overa1l press~re ratio is 

, 
,po/p* = 2.6.? .. 

k _ ) 

Thus ta just achieve sonie velocity at the pipè.exit 

d 

it is necessary to have ~ a SUP~ly pressu}e~ of at 1east 
~ 

24.3 p.s.i.g. rhc supply pressure~ used for the three 
( , 

jet cases -studied were 191' 20, ànd 30 p. s i. gaug~s. 

Thus·the jet using 30 p.s.i.g. was choked flow and 
" . 

<' 

P*/Patm = 1.15 
,\ (<9, 

~ 
( ~ 

For the 20 p.s.i. jet the e'Xit~Maeh ,l).llmbelf is 

1 

,j M . . ~ . ~1 
eX'lt 

dnd fdr the 19 p.~.i. jet, "', 1 

d.J 
, ' 

( 
A • . 

. , 
" . -

. 
~ 

-, 
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, ~ 

The total vGlume flow from the jet (at 

atmospheric pressllrt'') i5 <lb'out .5 cu. ft./sec. ilnc1
j 

> 

lcads Lo .. } v('loc i j-v ljl thc~ 2 inch sup,Ply pipo 

(ùt 2 dtm) Qf 10 ln 1S ft./sec. With an cffectlve 
1 

pipe lcngthjdlQmeter ratio of GOa in the 2 inch 
. 

supp 1 y pipe fram th.c pressure qauq(~ ta 't.he fina 1 î . 
small diameter -Jet plipe, the pressure drop in this .. 
pipe is very smo}l (c~,.03'p.~.i.), and mi1y bo 19nored 

~n thcse calculi1tions. 

3-3 Working Section 

, AlI s~lf-preserving jets and wakes of 

practlcal intcrcst require an ~dverse pressure qrad{enti 

conscgucntly the working section of the tunnel must 

provide for an adJustable axisymmetric dccreasé in 
, 

velocity down the working section. Thore arc two 

basic~ ways to accomplish thi s - ci.ther wi th aIl adjustable 

~ross-scctihn ~r an adjustable air bleed (or so~c 

combinatjon of bath). 

s~emed insurmountably 

sorne form of boundary 

As in adjustaGle cross-spction 
1 ~ • 

1 
çompltca1:ed as weIl as requi~g 

layer control to clvoid separa~j)n 1 

the latter t~pproach was taken. Thus the work-in~ 0 

section was of uniform cross~section and it could be 

made up of identical short clements .. 

'" 

1 

l' 
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• 1 . 
1\ syst(~m of air bJoc:ds brlngs p~-Ob](~lT~, of-

i t ~3 o\'lll, l
, .. i 

<J~~ l1R rC'cpll rCnlcnts of dn ëlXl.symmetrJ.c .U l 

blced ar0 in ~nnfJjct wjth the necd for ~ccC'ss tn 
"if 'l)'<r 

the vl,-J)-k l.nq élrca, support fol. traversl_ng (:v'ar, ùnü 

-- qcncrd! support for t hE' structure. 

. 
It \Vas dE.Tid(~d to m;e'a light"--wcight, low-

bJocknge wooden suprort fo~ a cylinctricnl working 
1 

section made of high-porosl ty p:rf0:t:ated sheet rnellaH. 

'rhe holes in thl.:' p~atc wer.e "3/16 of an inch on 1/4 

of an inch sti1gqcrcd centres. This sets an upper 

liml t on the porosl ty , but ln prnc tj ce the dcslred 

porof;lty was much ] css than lhis maximum cxcept right 

at the start of the working sectiqn. 

'J'h6 working sect ion Has IDddo up of a numb~r 

of identical elements, each 3 (cct long and 30 inches 
.. 41' , 

-in djameter. They were made as two ha~f cylinders 

split horizontally and hlnged on one ~idc. The scmi-
., ,,,,1 

cylinders bf pe~for~ted plate were held hy a 3/4 inch 

flange at each'0nd and along the horizontal scam. There 

was also~ ~/4 inch ~illel ~joce in thR hor~zontùl 

't"r>rnoved élnrl r(>plac(~(l hj thA support c; 

for the travcrsinq gear. See r Lgure. 3--6. 

The su;:_'port for lhese 3 f~'pt sccti ons \V~re 

two ' ... ooden rr1l1S to which the seceions could be cla.mRed. 
\ 

Tn use, Lhc sections werc hcld to<)e.!=her with large 

1.. 

1 

1 

/ 
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C-c 1 cl mp:; , 

" 

stl' C.!d m end. 

nurnbl' n'cl f rom the Lunnl' l 

th(_~ fitlh trélv(>r;;in~l' qCdr l'O'.;iliu!1 j 

• 
wOl-klnq secli on downstreilTn f rom ' 

(2 - ~)). 'rlle' zero for x Wi:l~; tlw lcadinq face of the 
\. 

f\[yt workinq section, i:ll1d 'l'able 3-1 qives a li"St 

of the Vosltions u~cd and the resultnnt ~istancc qf 

thc~ rrob~ tip from the x == 0 position. 
, . 

The bl{)ckagl~ of the perforated p1at-e to 

S(~t the r l"(:ssurc' qrac1j c!1l' Wd s dcme hy cover ing sorne 

of the hol(><; wLl.h mar..;kinq ti1pc~. ConsidcrRble carl' 

was télken\to ·-:nsure that t.he blocké1ge rroùuced vliJS' 

"' consistent,:) rcproducllJle, Rnd axially ;3ymmf~t-rjc. 
Cons(~qucnt]y tlw tape-: \v<l~; plar;cd on thl~ in8H10 of 

thl' <j('ctions, dl1d tbe pat.t orn' was rtrranÇJed sa lh,lt 
\ 

('dl.1l ho] e i Il the pcrf0ra~' p] a Le 
4 • 

OpPll or ('omp 1 etc 1'/ cove rl..'c1. 'l' tl~S t11Pt"P w~,'rp no 
( 

unùdhercd .cc]qc>s in the> tape p.Jtt('rn ln' ~.,t.r ,·t.ell or 

age anél th", f10w \/d;, l ikely ta bc axisyrnJl10 t rie:- ùnc1 

1nVJrJdnt with tim0. 

Wh0re the 

holos (Ud no*, excc'ed 

l, 

r{~t-io of cloF,0c1 lib10s to open 
. ·fI 

r, , ~~ 

12 or 14 ta r, the paLtern WdS 

1 

..... ~ 

..' 
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r 

~cL 11[1, by 1(:E1Vllî0 C'ircumfclC'ntL,l st,-ip;; of holc" 
) 

uncovC' n'cl hy lapI'. rl'hi~~ c1:~:)ur('d th,ü UlJ! nnx i mUl.l 

di:-::t ill1f:{.' bct ;'l'::::C~1 rel,,!:; of Op? hoh~:, \"dS 3~ 5 inch,~"-;. 

For raU.of; ldrqr'1 thzm tbis the' \<lholc of th(~ p~Y[uri1tcd 
. j 

plaie 'Hé1 s cove rod (.mcl t.he md~.;ki ng tape dri 11c.1 out 

and nr~<1tly trinuned wi.th a spec.iéll cutter. 
1 

Idt~Gd 1y,. tho rcsul t;:mt por03,i t:y a f the 
, \ 

workin<] section should vùry'fsmoothly in the axial 

direction and ho con~--.tdnt around any circumfcrence. , 
Obvjou~ly,with say 14 rows of holes b1acked and one 

open the porosity does not vùry smoot.hly in the axial '\ 
1) 

direct.i on; an9. when the change is Irde ta hclving 

im:tivic1ual hales open rather than co ,"cte circum-

fE~rcntL:ll E;trips, it is' no longer circum entJ.~~ 

uniform cHhcr. 1'h8 a'5snmpUon is m"cIoi> that thi; ! 
is Dot important hQ'Vlever, wh0n the scalo of thcse non-

unlformitics arc small, rclativ~ ta the distance from 

the cdg(' 0 f the, je l: to the wall, and \'1l1Cn the cllango " 

in 

at 

{JI" i~; gmall. 'l'his WclS t.ypicùlly 8 ta 10 inclws 

lhc ~oint '\."lh0n~ a LOVl of opkn hole:; ~\!as 3.5 inches 

from lhc prcccecl i 119 ro:" élnd whcre U 1 m19ht: bo CXP(~C b:c1 

3 " 1. • • h \ to dccrcasc by _~ Ln tlllS 3.5 1no as. No calculatioi1s 

or ny'u falrCmCn lé, WC~ rr mùc1c to check th {~-; bul. iL \'1él c; 

{, 
fcll that trhc aTnG'unl of non-unifon\\it.y Hl tl~'" vrJL.~a\:i.on 

. ) , . 

1 

~ 1 
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, 
b(~t\'lt'('n hoh''''-, 'h1rlcr1 cl.~; -Llv_' ~>q'l<lrC foot of t-h(' np,?11 

tn toLal hole' ratio, ,l.nd tht, m,lx1mll~1 cllcd:lllCn éle 

~ .. l , 

m(',l '-,llr~~d st" r1 Of!'; cl i cl not. (lxl'''(~(1 2 i nch{'::". Hert"> 

to ~ll th in :1- 1~7 j nC'h(~') of Lh0 

" -
w<i1J, nrJr1 LI1 v ,r 1J'd hy 1.15 ':, ove r 2 J nch<~~, i 1'1 Lll(' 

1; . 
x-dlr~ctlon.. .. .,', ! . , 

l' "" 

1 
: 'l'b'' enW c: f Ui.c· 'tl()rk:i ng sec Lia,n wd1 blocked' 

by c' ,1 ,d- picci' of P0r'1r-atE'c1 plate' of !?om('\vhé~t ,'low<>r 

p()rj,Jr, ,_ t-y lhdn that f~ng the/workinfJ sC'ct ion' j.' 
) , 

(Ji n i.nch holes on :1/16 incJ) centres). This provided 

th,! '-0.Sj E;t{1nC'-~ lh,ll: enol.L 1 ed the adverse pressure 
,. 

grél( J('11r( to dr..;velop. 

of 

11-_ is difficult to c1etermillC' ~ pilt.:.tern 

." p~ Iwl\ ici: 0''1'' " de 5 ircrl vel oc it'Y dis tnbut ion. 

m /" 
C~ (x-xa~: Thp ouLflow vclocity must he Iargcst 

i 
nc, r the jr 1 t oriqln, ItlheJ:c unforlunately the pr,c~.;sure 

" diffprence to dr-lve lt is E-.mallest tvhile t'he oppo~3iLe 
) 

'ThuG the ri1I1rrC' of pressure 
"'. 

dl't'l;) coefficient from bC9inninq GO ('nel of J">h(~ workin<J 

sc'ct 1 on mu\;t be la r:ge. In addition, the jet entrains 

the sLrcaming f1()W Ul, and the amounJ:: c)[ entrainment 
. " 
1.8 st rongly dcpendent on' U l, parti:cularly near .x = o. 

As weIl, the ·cll1.ptic character of the flow meant th dt 

Chélll'JCS J.n tape p<J t tern a t one s1:atioh wo~ld affect the 

\ 
r 

\ . 

,. 

• 
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(, 
, \ 

VC10Clly <Jr(îdH~lll o l st'vT}lrn-' in ,1 mùnn(\~ritll;1t woulc1 be 

cliff L!;1l11, to pn'dLct lnl\llt IVl'ly. \'Jh('n \11 this WùS 

. . 
ChaTI()!"' 1 Il Llp,' P,ltt('rn ,Incl t0~;L Lt1CJ ln mp,'1surc its 

, 
'Ie-llt and try" ,tPl'l'o'lc;h V(ou 1 d be ret rogrt',~-;s ive. 

Cons('(!~v!ntly rHulytic <1r1<1 sC!tni--,loalytlc meLhods worc 

adopt.ed. , , . 
f'trst"to' pLé!dict 

th,--, me<ln vC'1 od ty field àt the wor~ing scction walls 
~ 

using J form of the cootlnu~ty ~quatior, ~nd second, 
., '~ 

to usC"thesc velo~ltles plus a simplc'theory for 

thp ~rcssure drop coefficient of a perforatcd plate 

ta prcdl.ct the ra t j () 0 f open to C!losed' hales 
, 

as a 

func~on 0 [ x. 

There were two assumptions used in predicting 
, ' 

the behaviour of tllP' flold thrpugh the perf?rated plate. 

- --~ ----J.:~st, that the pressure drop across ~ section of plate 

, 

, lt 

WQS j functLon of the perpendicular cOf'1ponent of velocity 
~ < 

only. (Tdylor anel Batchelor (l949V)' Thus 

2 
, 1 

P ) -
w c 

p 

whe~e ~o lS the i~nematic total pressure in the tunnel, 

p 
co 

• 

i~, ambient klnG!11atic stft ic pressure outsidc 
the working section, 

\. 

, . 

l 
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II i"lncl V arc ('v;1111ilL(·d dt- i'hc \Vorkinq Sf'ctlon \V,"l11:'! 

and C 1." d loC'dl pn:c;~;un.::' i1roP coC'ffic1J'llt for thf~ 
p 

p.cr.7or;\tI'd pl:tt. r', '1 

il ole ,L 0 th" p l (1 L l' 1,; :' fun c tIn non 1 y () f the p r (' , ) ,.:; ure 

drop acro,;" i t 1 ana L:, not .l r fr~ctc(î' by whcther 

neiqhbourioCJ hol(~'; dr'~ opr;r}? ur not. Tlv:n the t~ffcctive 

local pr('~~surc dUr) C<JCf-fiCien: 'iS (JjJven by 10 

,.~ 

( 

ûny êlrca, êlnd C J S th,) prcssur0 drup coe#ff1.cü~nt. for 
• pJ . 

tho complet~ly opan:p\atc. 

Thes(' d C~Sun;\ptj on:, .::.trc known te> be i nêlcCt1'ra te, 

as C is a fnnctlon cf H~ynolcJs numbcr and the amount 
po 

of tanqent 1. cl L ~] ow 1 and hlocking off sorne of the holes 

doos affect those ncarhy .. ITowévor, they c1id dllow the 

d - . h' . 1 f pre l ctlon Q f 'u. t ~lpe. pattern \V l tu the r l qn t sort 0-

Chélrù.c tc:r to USe! a'-) a stùrting (;ondj tlon for th., 
~ ( 

subsequent e:xpt·~r.i.m('ntc11 lt t'rat.lon w~li.ch \Va:.:> 'U30t! to 

detcrmine th,~ rc.?qUl rcd pat tern. . . -Sinc0 the doslred Erce ~trfam v01ocit~ on 
• 

the nX1S of the flow wilsospeclfied by'an ~nalytic 
• 

,expresSlon, Dl .;;; 'CIX
ffi

, which hu:::; continuous derlvat:ives 

of âl1 orders, î t sec:med attr~tivc to calculatc the 
• 1 

ve]ocLty field nt the working section w1111s b~ using an 
r· 

't 
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• 
cxpa1?Jon of t}1(' SI-okcs-BcILrami 0.qud.tion 

of r~dius ~ of the worklnq scctlon. 

il'l,.power') 
\ 

Bl~ltrilnn :cJU'".ltlon 1.5 tHe; axisymmnLr le lèTlivdlC'~l of 

Lilp1dCf"S equdtJOn in cyl.L~lric~11..,potat" cnol-rllndUl:,). 

The mel thcm~ tied l procedure used by CoJl'~,1 l,and .R l i ch le 

(1962) ta prcdü.:l th;:: sbr(~D113.nps foy iln aXlsYl\ll1.1ct~ric 

contrè1ction Vlas U:JCl1. Thc' att.ractLvr~ Ecalure of this 

approach was the promise ,of moro roalistic vaIuc~ of 

U and V for x/Y small than would be obtained by 

: 
This procedure was u$ed ta sel up the' 

. 
first tape pattern. While the rcsultin<j flow '..vêlS 

used successfull y as the start ing pO:lnt f(H the 

• • 
subsequent iterilt\ve approach ta improving the flow, 

\ 

) 

the hoped-for accuracy in !low prediction, partjculatly 

near t.hc virtual or Le; in 0 [ tl;e flow, \-las nc.t rca l lzcd. 

Consequcmty the sj;n1p-.. er approa(~h aS3uminq U -= const. 

across the fIo\\! should have been us~d, (è!specially as 

it alsa allaws inclusion of the ef~.fs of jet 
f 

en l.~ inment ~ 
Q ~ 

ThlS slmpler approach was, howevcr, used 

in t~ iterative procedure ta predict improvern~nts 

for the t.ape patte'rn in setting pp aIl sllhsequ~nt 

... \ , 
,flows. The equation 15 .1 

• 

\ 

" 1 

• 
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1tJhcro Y is bhe radl1JS of the wor}:inq Sf'ctlon, th(~ 'J 

\ 

Gù1Jssi"n form of jet- or \v:Jk,' proLi10 i!", <l'·;'',llml~rl, .. and 
~ 

The v('loc1.lY throU~lh the: plan(~ p(\rforaled 

l 

plate at th,r\l('n rl of the workinq section 1;' assn:n\~cl un i.torrn 
Il ... 

". 

across the plate, clnJ giv(~n by 

1 

('or v,l]ues of 'UI, Uo, and 1,0 oC'xpccted qt Uüs pLlte 

positjon. This sùtü;fies vol ume. flux r0qllircm0nts. 

rrhe Iterative procedure ID.:1Je u::;c of 
~ . '\ 

measurcd valUf\s of U1 & Uo," and Id) t,p calculab~ valu.cs 

of,Vy(x) and UF' using thlS continuity cquation. 

Then analyllc reL?t ion .... for U 1, U (17 and Lo' 

werc used to calculate the ,dcs'ircd valups of Vy (x) 

1 
and U fi'., Them the~.,(! two sets of Vy (x) 1 sand UF • ,;' 

along wi th 'tunnel tota l pressure, t-lere u~;(~d to 

predict' the change in tape pattern neodcd to produce 

• thls flow, using the assuffied behaviour of the perforoted 
"-, .., 

If meas~rernents on t~e [low resulting from 

this ne\.., tape pa~~ern wcyb stifl unsat.isfactory, these 

.~ measured values b~came the4nput to a new itcration 

r 
stop. Approximate values of Co and G werc sclcctcd 

, 
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~ 

and Lhll~; m caleu]ot()(l, <lnù <ln approxim(lt(~ vellu" of 

Xo c1i:'terTfllnocl by (~xtrapol(lLin(J JJÇ. to z~ro. Th(; .0 

, 0;- tl10 peL\Ord t,_'d prate; \Vor}:t',1, hr'cd use -ih(~ me ,·1 su rec1 

["low and existyj\q tdrH' pùttern Wl~r,{' usul tn calculal.0. 

fln e[fectivl~ local C , ëlnd il nc\v v,llue of N (the 
Po 

ralio of totdl tn open holns) calculatcJ for the 

• desircd flow using,lhis C 
- po 

'T'hus, as the rnea[,urcd. . 
and d0S ired f1 ows become closer 1 lhe more' i1ccu.ca te t, . ' 

should be the prcdi'ction of the tape p<1t-lern change.' 
\ 

As noted~ the values measureù [0r a flow 

pattern wcre used to calculate outflow velocities 

and"walJ pressure drop coefficients as they act~ally 
exis,ted.:, This was donc by

Q
" ion t(~rpolat ing the eXl)(;r i.­

men~jl V~luCS for TTl clnd (UoLo:) to gat in~ermcdg-tc 
values and derivativps. The proccss for'dojnq thLs 

interpoli1tlCm turncd out to be crucial to the suceess i 

of this rnethod. Several reasolldblc choiees, which 

~ . 
rnight tempt a future experirnenter, turned,out to ~e 

, ~~ 

unsatlgfactory. Consequently i t seerns Idorthwhi le 

ta explain they:;c Iüc:LhcJlls alla \vl1y lbey ùlc1n't work. .. . , 
It ~lou1 (,1 be no"téd that ê1l1' the methocls us(;d or 

considercd produ~cd satisfactory answcrs for the 

intcrpolatcd values of 'VI, (Uo La? ) 1 and . , d 2) 
:J- (HoLo • 
CtX ' .. 

It WilS the proble1l1 of ohtaining, t.he dorivdtivG of UI • 

that crcated,thp difficultics. 

--..J . " 

", 

, 
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The f J n;; t and mOf;t obviou::; cha Lce \Vi1S lo 

po lnt~~' by ù (n-) ) th 

c 

polynomÎi11 ln;c 'T'hlf l'muld prnr1u r '(' () ,~fnr)(JLhly v,n'y-

infJ clcriv(ü1ve t-hdt 1') ('<,<aly 0V,Jhl;ltJ'd ('lt any v,llnr; 
" ~ t'f:... ~ ~. 

of x, ëlnd st <1n(1;ll d pyr)qrrlmr,' 1nd tcchniqll(,c; être 

't 
availaL]c tç> calculiJ.b~ the c()C'ffici('nts. 1'hi8 approach 

" wa~, \ however::, n.'-jccted aL the outsct, n.~-;-, a hi 9h or(1<:;r 

polYAomial llkc this would be expect~d ta 'show ripplcg 

about Cl. 'smooth' I1np throu(~ ri seL of points lhJt . 
. :l m '. 1 ' 

0pproXlmatc~ rln x r0 allon 

Thus the tJpe piltLern correction~ woul<1 S110'4 

periodicities that had l~t~le tü do with co~recting" 

the !j'cal flow tJhlt. éxistcd. 

In Lt. ial1 y a quad ra tic po l:ynomial~ wa 5 fit ted, 

throu9h the f~ur cxperim0n\<.d points noarcst the x-value 

of the point at which interpo1atcd rcsults wprc needfd~ . ,,~~ 

A least-squar~ orror approach,w~s used ta fit t~~ 

curve to thp datJ. ~ quadra~ic polyno~ial scemcd a 

simple cu:t;'vc thJt had the desi~ed propertic~ of a . ' 
smoothly varying d.rivativ0 and n~ inflection p~int, 
• <J • 

. , 

and agdln, standard pfograms and techniques arc dV311able 

to evaluatc th~ coef ficients. Whcn th5.s was tried 
i 

il prob lem 'lu l.ckly f';f\Owed \Ip in tha t the predic'tcd 

changes HI ho if' pd ttcrn sl10wed per iodic 1 anJc't 

... 

Q 

-

,p 

.. ~ -

.~ 
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abrlll)t jum')C, l'; 11)., y vdlu·' "T.I'; cll,lnqC'J. 
1 

lcngf h YI.li-, ."11Jnlli ')'.1 \- ()f t hl' '-:;r ',lC i nq }Y'l-\':,'('T\ 

1 . ' 

in t h(' :;r t 
" 

of !-h,~ rn'IIC ('xpt~rITT,,~nLll 

, " 
lnterv(;l the> intcrp(lL1L,~d dr:l lv.ît.ive>:l ,'JOuid h· d,.;! Ll'r':: 

the four ':'xr)(~rirnent;d points nedr thl:', r(~qion. 

Conscqu0ntly" ClS the intArpol.d,i'-m pOInt VlcJ.S stt.'pp'ed 

dlOl:i..'f tric d~r l Velt ive woul ,l,vùry ,j li il smooth 1 in')':'lr t • 
v, • <~ • 

~ ~. 

marll1-:-'I,. nut then Cl rY)J nL woul (1 be rCdchpc1 Ylhcrr~ thCE3C 1: ! '-

fOLYÀ e;,xp('r~nK:.nt(11 pC)Jnt_~) were no lonqer Ul(.~ closest, 
\" 

and the qUdc1ratlC' s!cJ(.'ffiri0nts and t.hus ~h~~ vaJut' of' 

the c1c1"lvatlve w uld dl.1nge abl-U.l,?L\'1 d:.;.(\nr:- of the , ',,. t 
- ~ ~- expel;; Lffic:nta 1 poi ~ ,_~; 'Vlch:, d.J-()p~('d and .1 nf'\V one ,'ic1clert 

,~" 

, ' 

In 'th'c [ùce of thc~;e di ff j~ l L L!~s 

modifications w~e mad.' j n thç~ inlcrpolnt ion program 

to srnooth the t.rans i t ion caused by tIte ChdW] i ng .. 
• Cl _, • J 

lnflijcnce of the experimentùl poinLs on the cal~ulJtcd 
~ , ",,1 

derivative. T1 f . ~ ~ l" . 10 onr- It0lnt proccc.lurc \'l'.U-; ,-0 ucte.çnllne 

, 

" 
; :' . , 

", 

, 

- ô 
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wher~~j = I~l ' and F(xr was the exparimental value 

of èither UI (x) or UoLoz (x) at x. and n is chosen so 
l 

that the [our experimental pOlnts are the closest 
, 

available to the point at which interpolated values 
, 

1" 

are desired. To elirninat~ the effe~t of changing the 

set of experimeptal points, this was changed to 

a!J:Î':'l (~ (:i) - (a, xi+a 1 xi +a 0) ) 'exp [-(x~ ~4'p)tlll =0 

where x is the x-value for the interpolat8d 
p 

point. This used a~l the expe~~al.points but 

- weighted their importanée so~ly those near x had p 
,; 

much influence. The value of cr was chosen to be 
, 

approxïrnately one-half the distance between experi-

mental points-. 

This relation gave a smoothly varying 

derivative, and the interpolated values of UI and 

UoL9 2 qave arl excellent fit to a hand drawn curve 

through the_experimental points. 

This rel~tion was used in the calculations' 
"'" 1 ~. t'.' 

for ~he ~ressure gradient for aIl the self-prdserving 
~' . 
• jets. 'l'wo to three i terations seemed to be 1j1mough ,. 

to sen up a reasonable flOw for these·cases. 

The jet with' G = .85 (wea~est jet) g~ve 
\ 

the most difficulty. ,/ 

.. 

f , 
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,f 
When this procedure was useC for the self-

preserving wakc, it did not converge. After thrée 

i terations not mueh improvement h 'ld been' achieved,' 

and jt was decidcd to re-examine the numerical aspects 

of the pr,Pcedurc. The apparently inconsistent finding 

was then made that while the interpolated values of 

UI fit the experimental data weIl, the' value of the 

derivative was alwa'ys too large in .. magnitude by a 

lew percent. The discrepancy was not very big, but 

the resultant tape pattern consistently had too mueh 

, , 
1 

bioekage, and this caused an accumulated error between 

theory and reality. 

The basic cause of the problem was that 

a quadratie polynomial was not a good function to 

~se for fitting U m 
~ C (x-xo) where -1/2 2: m 2: -1. 

A segment of sueh a velocity versus x curve will have 

its maximum curvature at the high velocity end. When 

~ quadratic polynomial is fitted to such a curve the 

part of the parabola chosen will aiways have its .. 
maximum curvature at the low velocity end, anJ at the 

centre of the parabolic segment th~ magnitude of the 

gradient is always larger than that of the curve 

being,fitted .. 

The solution to this preblern was te use 
• 

. ' 
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a more suitable function to fit the experimental , 
points, and 

-a2x . U=a}c +a3 

1 

was chosen. (It might be notcd here that in sorne 

simllar carlicr work an unsuccessful attempt had been 

a~ made t.o use U = al (x-a2) - as a fitting function .. 

Although the problem may have been due to other causes 

than the cho~ce of function, this experi~nce Ied to/~_, 
using the exponential relation above}. As before, 

the 'algorithm was to make 

for j = l, 2, 3. 1 

Any suitable nume~ical routine can be used to find the value 
1 

of the coefficients a.; în this case a three-dirnensional 
. J 

Newton-Raphson method was incorporated into th~ program 

for thls purpose. 

-When this more s~table function was used 
Q 

ta predict the tape pattern the first iteration 

produced a satisfactory flow. !t is probable that 

it would also have been easier te set up the jet cases 

using this· function. 

t 
" J. 
~ 

." 
.. 
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3-4 Traversing Gear 

The traversing gear used in thi~ experiment 

was able ta provide movemen't hoth horizoI1,tù.lly and 

vertically. It consistcd of a horizon~al slide that 

.... 
ext~nded the width of the tun~el and which was supported 

in the 3/4 inch slats available between the two halves 

of each working section segment. This slide in turn 

carried a shorter vertical slide on which was mounted 

the instrument probes. T~e traversing gear is shawn 

in Figure 3'-7. .. . 
Obviously there had to be some compromise 

in the design between obtaining maximum horizontal 
o 

and vertical traversing distances as a long vertical 

slide would allow only limited horizontal movement. 

The choicce made gav~ approximately 22 ulches of travel 
, , 

horizontally and 15 lnches of travel ~ertically. This 

gave sufficient vertical travel to allow checks of 

axisymmetry'whilc allowing measurements to be made in 

the horizontal direction to within 4 inches'of the 

working section walls. In practicc the vertical 

slide was used primarily to find ,and pasi ti~l~J~, )!he 

probes at the centre of the jet or wake. 

The horizontal slide consisted of t,vo 

~18 inch segments of aluminum dovetail slide supported 

.. 



r 

* • 

in a steel frame. The structure was 3/4 of an inch 

th;i.ck and 4 inches wide, with i1 wooden fairing ta 

keep f]ow disturbances to'a minimum. The vertical 

s l.i..de \vas a Iso an aluminum dovi~ai1 unit " 18 i nrhos 

hpverall 1 1/2 of an inch. ttlck, and 2-1/2 inches 

Jide,' and it aiso had a wooden fairing. The slides 

were commercial Velmex Unisiides. The probe tip 

was 13 inches ahead of the vertical siide and 16 inches 

ahead Qf the horizontal slide. 

Bloc~age effects from the two slides were 

calcu1ated by simple inviscid theory by replacing the 

slid'es by appropriate line sources. 'l'he total change 
. , 

in v~l?city at tbe probe was ~hus Astimated at <2%. 

Tfiis was checked (for the part caused by th~ vfrtical 
_ t, / 

siide) 1 by comparing static pressures at th~ probe 

position (with a separate static probe) wlth and 

without the vertical slide in proximity, and this 

agreed with the calculated values. No corrections 

were applied and since aIl results are presented 

nôn-dimensionally, the only error is due ta the change 

of intert~rence due ta the non-unitQrmlty of the tlow, 
( , 

an error which ~hould be much les~; l,th an 2%. 
I, i 

The pro"be holder moupteëft:'6n the vertical 
, 1 

l' .. 
siide had provision for carrying a ryvt-wire prob~ 

) v 
and,two pressure measuring probes, positioned in a 



/ 
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, 
vertical row 1/2 of nh inch ap~rt. In pra~tice cither 

a. stùtic and tata] pressure prohc \Vere used loqct_her 

ta mca~:ùlrC' menn vl'Jocity, or il total pressure probe <'lnd 
, , 

a hot \-J1.re wcrc carrie'd to mei1snre mcan '3.nd f1uctu(1.ting 
J _ 

vc H;)Clty component s. In this case the pressure probe 

was uscd only for hot-wire calibrations. 

AlI dcflnitive measurements of the flow werc 

donc with a hot-wire ancmometer. ~~an velocity and 

1ongitudin~1 turbul~nce were measured using a normal 

hot wire with the wire in the plane of the traverse. 

The other stress tensors were calculated usinq readings 

from a single slaniing hot wire. For the slanting wire 

~ two readings werc tak0n at each position of the traverse 

with the wi~e positioned in the plane of the traversp, 

" rotating the wirc 180 0 around the probe's longitudinal 

axis between readings. As wpll, a similar set of two 

readings were also taken at sorne positions with the 

plane of the wire vertical. Calculat€d values of 

Reynolds stresses that invo1ve slanted hot-wire meRsure-

rnents were corrected for longitudinal coolinq using 

]1lPRSllred v;:üue s of V/ire angle and aspect ratio. (Çhampaqnc 

et al (1967), Patel (1968». No higher order corrections 

were taken into account. 

The h?t-wire probes were rnounted in a special 

holder that held them rigid1y in alignment while aIJ.o~ing~ 

rotation of the probe around the longitud~nal axis. Thus 
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aIl slnnting-wirc mcasurcmcnts at il particular position 
, 

could be made very clos~ in time to each other. Indexing 

accuracy tas not ~casurcd, but was cstimatcd to be about 

3-5 "!E s trume'n ta t ion. 
t 

... 

Figuré 3-8 is a black diàgram of the 

instrumentation used in the mcasurements. A Disa 
1 

(, -
constant-temperature hot-wire anemometer was used for 

mean flow and turbulence measurcments. The output 

voltage was made lincar with velocjty by mean~ of il 

Disa linearizQr. This output was, mcasured directly 

to obt01D mean velocity, and fed to a Hewlett Packard 

true R.M.S. meter ta measure the fluctuating , ' 

components of velocity. This meter has a low frequency 

cutoff of 5 Hz. 

~~ , Sorne mean flow measurements were also made 

~ith\pressure probes, and these probes were also used 

in callb~ating the hot wires. With the exception of 

the tunn~) reference pressurc, aIl prc~sure measurements 

were made with a single Statham ,0.3 p.s.i. pressure 

transducer,' which gave excellent linearity and 

repeatability. It in turn was calibrated against an 
,1 

Askania water manometer . 

The technique for obtaining time averages 

.. 
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is .important when making éJccurate ,measurements in 

turbulen t flow. For ù few seconds average visual 

integration from a meter may be satisfactory, but 

for longer times it becomes tcdious and inaccurate. 

The use of R-C ana log circuitry to length0n th~ 

response time of measuring instruments is useful, 

but beyond p time-constant of 10 to 20 seconds the 
. 

problems of transient recovery and charge leakage 

become important. 

The solution chosen here was ta use a 

combinat1on of ana~og and digital averaging, using 

a C\')rnputer controlled multiplexer and analog-to-

digital converter. Each voltage that was ta be 

measured was first, averaged, using an R-C time 

constant of 10 se"conds. Then a measurmnent of each 

voltage was made every 5 seconds by the computer 

system, and ultimately averages were calculated 

and printed out. As weIl as sol.ving the problems 

mentioned above, other benefits were realizcd from 

the use-of this system. Because satisfactari1y 
l ' 

accurate meas~rements of the ~veraged'analog voltages 
.. 

took less than 20 milliseconds, it was rcasanable ta 

average bath the mean and fluctuating componcnt of 

nveloci,ty over the same ~~me interval. With lon'g 
G 

total integration time (50 seconds), this cut the 

Il 

" 
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time for hot wire traverses tllmost in ha If. Sc>cond ly , 
\ 

having short term psl~m~tes of the volt~ges (set by 

the 10 socond R-C tima consfants) en~bled the 

compuler program to compute il ~unning estirnatc of 
j 

the accuracy of the readlng, uSlng standard statistical 

techniques. 

These estimates were used in two ways. 
, 

The last estirnate uSlng aIl the ddta was printed out 

a10ng with the data and gave a measure of the accuracy 

of the aVerage. Second~y, if. the estimate of the 

accuracy got,beLler than a set amollnt beforc the , 

maximum averaging time,of 5~ second~,I{hc pro gram 

stoppcd taking readings and printed ou't the averages 
. 

calculated for this shorter integration t~m~. 

TypicLi 11y one-quarter ta one-th ird of the rc'adings 

would take less than the maximum time. 

Thi~ program was one of three usod in data 

gathering, and, as noted, printed out for eaeh position 
. J 

~ the values of mean and fluctuating voltages (taking .. 
into account the gain setting on the R.M.S. meter), 

and esti~ates of the accuracy of the readings. 

The second program was used when mean 

velocity profiles were ~athered using the pressure 

prob~s. The output o~ the pressure transducer was 

averaged, the zero voltage subtracted, and the velocity 
4 

calculated using appropriate constants for the transducer 

> , 

• 

" 

( 
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calibratimLctnd air density. The voltage and velocity 

for each Eosition was then~printed out. 

The third program ~ used to calibrate 

the hot-wire and set up the linca~er. It h~d 

previously becn empirically determined that the 

p~rforrnance of the hot-wire probes used could be 
. 

adequately described by 

(Volis1 2 = A + B(Vel.)·~ 

Consequently the calibratiqn prograrn measured the 

pressure transducer voltage to obtain velocity 

along with output from the anernorneter bath before 

and after the linearizer. It then printed out the 

values of transducer voltage, calculated velocity, 

anemometor output voltage (unlinearized), linearizer 

output~ (velocity) "4 , (bridge voltage)2, and the 

value of transducer zero voltage used in the 
. 

calculations. (In this and the previous prograrn 

the transducer zero voltage to use could be updated 

at-any' tirne by taking a zero reading). This program 

- \~ 
was used both to set up,the linearizer and to 

subsequently check the linea'lrized output. Fi'gures '" . , 

3-,9, 3-10, and 3.!YI are exarnp1es of outp,t from the 

three prograrns. 

•• 

" 
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3-6 ' Experimental Pr'.J.ccdures \ 

Th~ major aim of this research was.to 

measurc the growth ~nd relatcd.parameters for self~ 

preserving axisymmetric free shear flows covering 

the range from wakes ta fairly strong jAtS. As weIl, 

sorne measurements were made on two other axisymmetric 

flows, the still-air jet and the small-deficit wake 

in zero pressure gradient. 

_3-,~-1 Axial Syrrunetry 

Axial symmetry was ensured in a number 
L, 

of ways. First of aIl, considerable care wùs taken 

ta provide a symmetric environment. The jet or 

wake producing apparatus wa~ cylindrical, had no 

sup~ort struts, and was carefully centred in the 

tunnel. The working sections were cylindrical and 

"the hale pattern to control the flow was axially 

symmetric except at the division between the top and 

bottom halves of the sections. The L-l/4 inch wlde 

blockage here was compen~ated by extra openings on 

both sides of ,this blocked are~. 

When a satisfactory flow ·was achieved, 

, 
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part of ~he information available was the centre 

position of the.jet at eaeh station. Any wanderinq 

of the flow Vlould have ind~catecl an asymmetry ln 

the mean flow field. In practice the varLation 

was in the order of :!..l' in.chC''S, which is 'not much 

more than the absolutc positioning aceuracy of 

traversing gear from station t~~ation . .. 
Another çheek was to 'make vertical mean 

• velocity traverses and compare thern with a horizo~tal one 
,~ 

at the same station. In aIl cas~s the profiles we-re 

identieal. As weIl, a contourlplot of mean velocity 

at one station was generated a~d i5 s~own in Figure 

3-12. j\s ,the other indicatoXis \seemed favourab le th i5 

~was only done at one station for one self-preserving 

flow. 

As a final check on one sel~~preserving 
. , 

flow, shear stress pro~iles w~te made in a vertical 

traverse at one station, and again the agreement 

with the horizontal traverses is excellent. 
• C 

. . 
3-6-2 Setting Up the Flows , 

The procedure used to generate the appropriate 

pressure gradient has been described in th~ section on 

the working sections. 1n eaeh case an'approximately 

correct flow would be g€.t1erated by changes in jet-pipe 

If 
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. 
size and longituùinal posjtion,: and jet and ttmnel 

, 
working pressure. Mean vclocitt measurements w6re 

\ 
.made: of the streamlnq flow and 1\ he 'jet (or wake) 

, ' 

profile at R ta 10 stations in l"he flow tha~ cxtended 

over approximately a 3:1 ratio ,[ distance from the ,. 
" 
jet (or wake) source. i 

, f 
1 

3-6-3 Self-preservation 

( 

In gractice, the primary decision on whether 
Q 

a satisfactory flow had been achlcved was based on G 

becoming nearly constant for a significant length of 

flow. Havinq 1.0 varying linearly with x Wc1S also 
! 

importan~, but this was always sntisfactory when G 
,1 

became con'stant as' G :;:: constant seemed trJ be a much 

more sensitive ind~cator. , 
That Uo and Ut, varied at the é,l'ppropriate 

j 
1 

power of x was also chccked, as was the self-preserving / 

behaviour of the longitudinal compon0n~ of turbulence. 

The value ,of m for UI :;:: Cl (x-xo)m agreed well with 

that predlcted from the momentum equation.. The best 

fit of m for Uo = G'Cl(X-XO)m did not seem to be in 
() 

as good an agreement with the momentum equation pre-
1 

diction, but this disagreement was due to what were 
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assumed ta be acceptably small changes in G down the 
/ 

flow. 

The longitudin\l turbulence took longer 

ta reach a self-preserving form, and was therefore 

a severer test of self-proeservation. 

3-6-4 Self-preserving Streaming Flow Cases 

, 
Four se1f-preserving axisymmetric flow 

cases were studled. Three were jets, with a 

G (= UO/U l ) of .85, 1.83, and 3.00; the founth was 

a wake wit~'G = -.54. Details of the. jet pipe 
J 

positions ~hd jet operating conditions are given in 
< 

Table 3-2. The axisymmetric bodY'used to produce the 

wake was one of the jet pipes with its exit blocked. 
" '\. ~ . ' 

The end 12 inches of this pipe was 1/4 inch outside 

diameter. Upstream from this was a smooth transition, 

to the 3/~ inch diameter pipe, that was in turn 

supported by the.2 inch jet supply pipe within the 

contraction section of the tunneL. This i8 described 

more fully in section 3-2. __ 

In the p~bcess of setting up this wake 

several wake productng bo~ies we~e tried. "Ali used 

the je~ pipe Japparatus as support. A bluff body 
~ " 7 W 

1 
1 

(a 2 inch diameter disk) , and a square-ended 3/4 inch 

were tried as weIl as the wake source ultimately used, 

\ 

" 

; 1 

/' 

( 

0' , 

rod 
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and the alm WéJ.$ to produce as strO'flg a wake as possible. 

The disk was unsatisfactory as the wake produced was 

broad and ~exW shallow~ The 3/4 inch rod'was better, 

,so the jet pipe with the 1/4 inc~ end section was 

tr~ed and proved satisfactory. It appears that the 

,strong ~ddies behind a bluff body are,very effective 
, 

at distributing momentu,m across the' flm'l, and make 
• 4 

for a wide, shallow wqke. The wake from the slimmer 

pipe probably was largely composed of boundary layer 

from the 3/4 inch pipe upstream, with correspondingly 

'lower turbulent intensity and scale than a separated 

flow. To further try and reduce the compone nt of 

separated flow in the wake, and thus possibly , 
making a deeper wake, a streamline~plug was added 

to the end of the 1/4 ihch pipe. No-change in the 
"\ 

wake was noted, possibly Qecause,fhe boundary layer 

would not stay attached to ~he plug in the strong 

adverse pressure gradient existing at that point. 

In fact, this boundary layer may even have separated 

before the end of the pipe. No tests were conducted 

of tlle cunùi tions nedr the end of the plpe. 

As noted in Table 3-2, the end of the 

wake-producing apparatus was 17 inches further down-

st~eam than the jet outl~t for any of the jet cases. 

This was necessary to enable the wake ta be started 
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in a strong adverse pressure gradient. When an 

attempt was made ta start the wake further upstream 
• 

it deeayed tao mueh before the pressure gradient 

became established. 

~~r the ~hree jet cases more detailed 

~easurements ~ere made at one or more stations. These 

" stations were chosen to be ones at which measurements 

of longitudinal turbulence indicated that the turbulent 

structure had $ettled down to a self-preserving forme 

Measurements were made with a 'single slanting hot 
..J'~ 

wire rotated about the x-aX1S to lie ln the x-y and 

x-z planes. (More details are given in Section 3-4). 

These readings, combined with normal hot-wire measure-

22-2- ;-
ments enabled u , v , w , uv, and uw to be calculated. 

For the self-preserving wake only mean 

velocity and longitudinal turbqlence measurements 

were made. 

Intermittency profiles for the outer part 
, 

of each jet flow were also measured at one station. 

At eaeh traverse position 10 seconds of output was 

recorded onan F.M. tape recorder (Bruel and Kjaer, 

Type 7001). To emphasize the high frequencies and 

thus better distinguish rotational from irrotational 

flow the signal was differentiated with re~pect to 

time-before recording, using an operationa1 amplifier. 
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.' 
Slibsequently the analog signal was 

digitized Rnd reçorded at 12,000 samples/second. 

l This tirne series was thel1 digitally filtered to 
,,' 

removc the average value and the components with ' 

frequencies above 3000 Hz. 

The intermittency was calculated by ex-

lmining each sample to see if its magnitude was 

" 
bove a certain threshold. The interrnittency at 

~ach position was calculated as the nurnber of 

~arnPles above thi~ threshold divided by the total 

umber of samplcs in this 10 second interval. 

Clearly, sections of the record ~hat are 

completely turbulent will have short intervals when 

the magnitude is less than the threshold as the 

signal crosses the zero axis from large values of 

one polarity to large values of the other. Ta take 

into account these zero crossings, samples which 

werc below the threshold for a period of less than 

.4 milliseconds were counted as turbulent. 

The threshold level and the above period 

of .4 mil li seconds ~vere determined empirically by 

examining a number of segments of the signal from 

a traverse po~ition which was turbulent about 40% 

of the time. There was clearly a uniform background 
\ 

signal between segments thqt were turbulent, and the 

/ 
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threshold was set to roughlyi 1.S times the maximum 

of this background. Examination of a number of 

turbule,nt regions then suggested that .4 milliseconds 

would cov~r rnost of the zero crossings when the signal 

'.../ 
was below the threshold. 

3-6-5 l~asurements on Other Flows 

Sorne measurernents were also made on two 

related axisY$ffietric flows; a jet with still surround-

ings and a small deficit wake in zero pressure gradient. 

For the still-air jet mean velocity and 

longitudinal turbulence was measured at a number of 

stations. The jet pipe was the sarne as that for the 

. ; b h . streamlng flow cases, ut t e working sectlon of the 

tunnel was removed 50 the jet exhausted directly 

~nto the room. The tunnel was of course not r4nning. 
c~ 

Because of,the unexpected value of the 

rneasured growth, other configurations were tested. 

Sorne measurernents were made with the-tunnel outlet 

blocked with a sheet of plywood to see if entrainment 

flow direction woul~ influence the growth. other 
. 

tests were made using a jet source with a 'top-hat' 

velocity profile rather th~n the fully developed .. 

pipe flow of the main tests. The jet source consisted 
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of a 1/2 ~nch thick orifice plate fastened directly 

to the end of an extension of the 2 inch jet'supply 

pipe. This had a smooth contraction to a .218 inch 

hole in the centre of the plate. Two horizontal 
1 , 

and one vertical' traverses were made using this 

source. 

The other flow measured was1the small 
f . 

deficit axisymmetric wake in Zéro pressure gradient. 

This flow was. produçed by si~ply removing the per'forated 
, 1 

plate from the end of the working section. The wake-

producing body was the pipe described in Section 3-6-4 . 

• 
• 

i, 

( 
~, 

/ 
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4. Resu1ts and Discussions 

4-1 Resul ts for Self-pre_:>~..E9 Jets and Wakes 

j n ~eam~.E:LJ?lOW 

The data for these flows is presentcd 

in Figures 4-1 ta 4-34, plus Tables 4-1 ta 4-4. 

The data for the three jet flows are cach presented 

in tan flgures, and four more figures are used to 

present the data for the self-prE'serving wake. 

The first three figures for each flow , 

shows the develtopment of the meàn flow. The first 

figure shows values of Gand Lo as functions of 

downstream distance, with lines drawn ta calcula~e 

an average value of G, the slope of the Lo line, and 

Xo (the virtual origin of the flow). In each case 

the value of G devlates no more than a few percent 

from the average value, and the Lo values from the 

line Lo==C o (x-xo) by 1% or less. 

For éach of the jet cases the virtual origin 

of the flow is upstream of the outlet of the jet pipe. 

Close to the pipe outlet the jet might be expected 

ta grow with a larger rate, gradually reducing ta 

the lower rate for tpe particular value of G for that 

This would produce the observed effect on" , 

position of the virtual origin relative to the jet outlet, 

z« 

... 
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and the,difference goes down with larger values of 

G as might be, expected. 

Thp. sçcond figure has experimental values 

of log (U 1) and log (U 0) plot ted ag~inst log (x-xo). 

m Since -Ul q (x-xo) these points should lie on a straight 

line and the SlOpè shou~ 9'e,,~qual to the value of m 
;' > ) 

predicted by equ~tion (4~)~- ~est lines are drawn 

through the experimenta~points and the slepe indicated. 

For the log (Ul) data a dashed line with the slope 

given by~equation (47) is drawn for comparison. Generally 

the fit ta the log (U1) points is very good, while 

that of the log (Uo) is not as good. Since, if 

UO/Ul == constant and Ul ex: <x_xo)m, then Uo a: <x_xo)m, , 

then Uo rr (x-xo)m also. SA the variation of log (Ua) 

values from the expected slope must be due ta the 

small variations in Gand should be acceptable. 

One table for each flaw collects the data , 

from these figures, and presents measured values_of 

Ul, Ua, G, La, and Re for each station. 

The next figure in each set presents the 

normalized rnean veloc i ty pro~iles plol Led l1uLl-ùlmeIl~ionally. 

It is seen that for each flow·they aIl collapse satisfactorily 

onto one curve, and, as was assumed in the theoretical 
-/ 

developme~t, the curves are identical for each flow. Aiso 

droawn on each of 'these figures is the assumed Gaussian 
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pro fi 1 e. us ed in the ttù~1rIry. It is secn te be in 

close agroêment over most of the width of the flow, 

but over-estimates the amplitude in the outer part. 

The nÛJtt ,;,f i ve figures of each set 
, " 

l,' 

present th~ measurcd Reynolds stress profiles of 

each flow. These are suitably, non-dimensiona1ized 

wïth Uo and Lo. 
'1 

U
2 /UO? 1 d -"lU ? <,n uw o. (For the wake on1y U 2 /Uo 2 data 

is presented as no slanted-wire measurements were 

made in that flow). LorrgitudinaJ. turbulence measure­

ments were made at. each station that mean f10w 

measurcments were made", and were used as a measure 

of hm.; we Il the turbulent structure was s~-preserving. 
The figures showlng radial shear stress 

(uv lu 0 2 have drawn on them a 1 ine of sh~ar stress p(ofile 

predicted using the rnomenturn cquation and the measure~ 
growth. It is calcu1ated assuming self-preservation 

and the Gaussian velocity profile. For the f10ws with 

G == .85 and G == 1.83 the agreement between the data 

prints and this line is very good out ta the value 

of n at which the measured mean ve10city étl1Ù LIle 

Gaussian profile start to differ. For the flow with. 

G == 3.00 the agreement between the predicted and 

measured shear str~Gs is not as go~d as for the other 

two jet flows; the measured values being ~ 10% lower 
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th an the calculated curve. It is possible that this 
\ 

is an effcèt of high turbulence lntensltYi the Iarger 
, ~ 

valué of G for this flow means that the ratio of 

turbulent velocities to rnean flow velocity can be 
i 

relatively high. Looking at the term J~~ across 

the flow indicates that it reache's a maximum of 

-30% for ~ ~ 1.4 and 22% at the point where uv/Uo 2 

" 
i5 maximum. This' can he compared wi th values of 

22% and 20% for the fIôw with G = 1.83. 

For the flows with G = .85 and G = 3.00 

shear stress measurements are made at a nurnber of 

stations, and the fact that the measurements collapse 

onto one curve can be taken as another indication 

that the flows are Sjlf-preserving in the stress 

tensor term. For these flows the other two normal 

There is considerably more scatten in the data 
i 

than for the ~/Uo2 ~ues, and, for the flow with 
1 

G = .85 a trend towards increasing values down the 

flow. 

~. The three normal stress terms are c9l1ected 

, together and plotted as twice the turbulent kinetic 

ener~y (q2/U0 2) in Figures 4-9, 4-19, and 4-29. 

Phe last of the measured Reynolds stress 

profiles (uw/Uo 2
) are plotted in Figures 4-8, 4-18, 

and 4-28. F~om symmetry considerations these rneasured 
\ 



t 

.r r 

106-

values should be zero, and this seems ta be the 

case for aIl the measu~ed flows. 

For each of the jet cases the intermittency 

in the outer part of the flow was measured, and profiles 

for the three jet flows are presented in Figures 4-10, 

4-20, and 4-.30. Values of y.5/Lo and a/Lo are. 

calculated by fitting a curve of erf(~) ta the 
a 

data points, and the calculated values are included 

with the figure. 

In the Tables 4-1 to 4-4 where information 

for each of the flows is collected the values of 

(x-xo}/b (where b is the jet out1et diameter or 

wake body diameter) are listed for each station. The 

choice of a value of b for the wake is not obvious, 

as ,the wake is probably made up to a considerable 

extent of boundary layer that has built up over 

the 314 inch diameter pipe that supported the final 

12 inches of the 1/4 inch diameter pipe at the end' 
" 

of the wake body. The value of b was chosen as 

1/4 of an inch; but the values of (x-xo) lb at the 1 

measured station should be cons1dered in light of 

the above information. 

," 
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4-2 Resul ts fbr Jet wi th Still Surroundings 

Mean velocity and lon0itudinal turbulence 

measuremcnts were made at six stations for this jet. 

The range of x/b was 43 ta 290. 

Figur~ 4-35 gives the values of Lo at 
, 

each station. The growth of the jet is Jinear, with 

Co = .0964, and the virtual origin js 0.7 inches 

downstream from the jet source. This distance was 

unaffected by whether the jet source was a fully 

developed, turbulent~pipe flow from the jet pip~ 

or a top-hat profile from the orifice-plate source. 

The growth rate measured also was not affe~~ed by 

the change in jet source, and, at the one station 

measured, Lo' from a vertical traverse was the same~ 

as for the horizontal traverse. 

Although not noted in Figure 4-35, a traverse 
\ 

~ , 
at one station was also made ta determine if the 

growth rate was affected by a change of entrainment 

conditions. To test this, a 4 foot square board with 

a ihol~ in the centre for the jet was fitted over the 

tunnel oublet perpendicular ta the flow axis and 

plane with the end of the jet pipe. No diff~rence 

in the measured Lo w~s noted with and without this 

board. , 

Fi;rre 4-36 shows how the centreline 

o 
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velocity of the jet vari~s with x. The value of 
\ 

~/U 0 is seeh to vary 1inea't:-ly with x (m == -1 for 

G ~ 00), and the virtual origin defined by the values 

of Uo is very close to that defined by Lo. 

Figure 4-37 is a plot of the non-

dimensiona1ized rnean velocity profiles, and the y 

are seen to be fair1y well self-preserving. The 

self-preserving shape is, however, distinctly 
. 

different in the outer part of the flow from that , 

of the jets and wake with external flow. This is 

like1y to be a measurement error due ta the 

extremely high intensity turbulence in this region, 
, . 

The longitudinal turbulence Iprofiles are 

presented in Figure 4-38. As noted earlier, rather 

hurried measurements were made of the jet i~ still 
~I' (~ 

surroundihgs using a source that gave a non-turbulent 

, 'tbp-hat' profile at the jet exit. "Figure 4-43 shows 

the longitudinal turbulence at one station for both 

a horizontal and a vertical traverse. These were 

measured at the x = 58 inch station, and; can be 
7J 

compareà with the measurements from th~t stttion ~ç.\ 
Figure 4-38. At the tirne it was only 1nten ed that 

o 

Lo be measured for this different jet sourçe, so 

the hot wire was not calibrated (the outPJ~: ~'Was r 
hm'lever, linear wi th veloc i ty). Consequently U 0 

is not known directly, but calculations fr~ the 

o 
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jet condition wou1d indicate that Uo at each station 
0 

was 1.0 - 1.2 times its value for the flow using 
) 
the jet pipe. 

These ,profiles do not secm to 

reach a self-preserving form, there being large 

differences in the la8t two stations. This is 

most likely a 'fèature of the instrumentation, 

as the R.M.S. m~er used (see Section 3-5) had 

, a low frequèncy c~toff of 5 'Hz and the work by 
~ 

~ygnanski and Fiedler (1969) indicated that the 

longitudinal turbulence of the still-air jet 

has a significant portion of its'energy at low 

w~e numbers. Using their spectrum of u 2 and 

assuming that the measured frequeney for a 
, 

~articula~~value of (k La) ln the spectrmm varies 
,-

as Uo/Lo, the 5 Hz cutoff for the R.M.S. meter 

would be expected ta give answers that are ~20% 

tao low. This' i8 assuming that the shape of the 

spectrum of the Reynolds, stresses scale with La 

ln wave nurnher space. Tnen it should be possible 

to say 't~at the relation between the cutoff freguency. 

ol a measuring instrument and a specifie point in 

the non-dimensionalized spectrum of a Reynolds 

stress term is (' 

u F ,- -
cutoff Ct LO 

" 

,. 
',' 
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() 

where U is the velocity wîth which the fluid is being 

~transported past the meàsurin~ prob~ and F cutoff 

~s, say, the frèquency at which a specified , , 

·percentage of the measured quantity will be lost 

-by the measuring in?trument. 1 If U is defined as 
, 

p 

Ul + ~o it also allows cemparison between the -jet 

with still surrounding~ and the ether ~elf-preserving 
.-

flows with finite values of G. Table 4-8 gives 

values of this frequency for thefirst acceptably 
, ' .-, 

self~preserving station and the last IDeaSured 

station for eaçh of the flows, and includes thé , ~ 

station from Wygnanski and Fiedler (1969) where 

the spectrurn measurements were macle. Indications 

from their .work and Ithe present measurements on .. 
the jet in still surroundings would indicate that 

• 
as long as the measuring instrument cutQff frequency 

\ 

was below l - 1~5 times tpe values given in the 

table that the 1 ss of signal will be <3%. From 

this it is that perhaps ~he last station 

me~sured far the}:lf-prese~~ine wake might turn 

out to Qe low in alue at the centre of the flow. 
, - 1 

} 
i J 
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4-3 Small-Deficit Wake in Zero Pressure Gradient 

From equations (96), the growth of the 
. 

wak~ (for « 1) should be such that 

Lo~ 0: (x-xo) 

1 ex: (x-Xo) 

The experimeptal 'values of Lo are 

plotted on Figure 4-39, and those for Uo on Figure 4-40~ 

Both L03 and Uo- 3/ 2 exhibit satisfactorily li;~ar 
variation with x when UO/Ul becornes small, apd the 

virtual origins calculated by extrapolating best lines 

~hrough these points are ~n fair agreement. Also, 
. 

the momentum flux, expressed as UoUlLo2, is (for the 

last six statiops) constant, ±1.3%. 
> , 1> 

Table 4-7 gives the growth information for 

" 
this f10w and the measured mean ~low vâl~s at 

station. The calcu1ated gO's for each st~~on 
from the average by +2.5%,- 1.2%. 

• each 

vary 

• 
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• The normali~d'mean velocity profiles 

are givGn in Figure 4-41. Except for the first 
~ 

station they collapse satisfactorily onto one curve. 

Thus mean velocity measurements aIl 

indicate that this wake is self-preserving when 

UO/UI become reasonably small. When the longitudinal 

turbvlence meas~rements (Figure 4-42) are examined, 

however, the evidence contradicts this assumption. 

The values of U
2 /U0 2 do not reach a self-preserving 

form and do not evel1 seem to be tending towards a 

stable value. Clearly, then, thfs flow is not 
, 

completely self-preserving for turbulence. Since 

Uo, Lo and f(n) satisfied the self-preserving 

relation, the uv/Uo 2 profiles must have been invariant 

aiso. No 'direct measurements were made of this 
<J 

quantity, but calculations from the measured mean 

quantities should be accutate. ~hus this is a 

situation where one component· of the stress tensor, , 

uv/uo 2 remains essentially constant while another 

component, U
2 /U0 2 increases by over 65%. 

These results should be considered in tne 

light of recent work on çoth the s~ll-deficit wake 

and small-increment jet. Bukreev et al (1973) have , 

measured the wakes from two different axisymmetric 

bodies, a slender streamlined body and a sphere. They 

, 

.J 

1 

t 



{ 

\ 

r • 

-113-

found-that the mean and turbulent structure reached 

a self-prEfoerving forro in each flow, but that the 
r 

growth for the two cases was very different. For 

" example, the ca1culated sh~ar stresses, as expressed 

by RTf the turbulent Reynolds number, are 
. . 

R.r == 20.4 for ,the slender body 

R.r == 3.2 for the sphere 

r 
- (The calculated and measured·values of uv are in 

good agreement), and 

u 2 

max 

Uo 2 

u 2 
max 

Uo 2 

== .086 for the slender body 

( 
== .488 for the sphere 

Rodi (1972) has surveyed experiments 

involving axisymmetric small-deficit wakes, and he 
',-

:. 

t?~ finds that there are large variations in the rates 

\ of growth and the non-dimensionalized Reynolds stresses 

from one flow to the other in spite of the apparent 

self-preservation of the individual flows. 

In another related experiment Antonia 
....... 

and Bilgerl (1973) studied two jets in uniform streaming 

flow, following thei~ development from c1os~ to t~e 

jet source (where UO/UI > 1) to far downstream 

'. 
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(where ~o/Ul.< 1) ... "They studicd two jet flows, and 

found thât although the mean velocity measurements 
~ 

appeared reasonably se1f-preserving'whcn UolUl 

becam0 sma11, the growth rates w~re differen~ for 

the two flows and were gencrally ~uitc a lot lowcr 

than investigators have found for srna1l-dcficit 

wakes. (The pres~nt-work is an ~xcePti~~ to this). 
i 

AlI the evidence of thes~ investigations 

point to the conclusion that the universa11y se1f-

preserving axisyrnmetric wake in uniform f10w does 

not deve1op, at least not in the 1ength of flows 

studïed 50 far, dcspite the presence of th~ 1 

necessary condition as provided by the rnomentum 

and energy bounda~ayer equation. It is still 

poss ible tha t there is a uni versa11y sel f-pres.erving 

• form for this flow that is being approqchcd very 

slowly, but the Reynolds number for these f1ows~is . 

generally falrly low and, fram the v~~ation of 

UA and Lo, is continuing to fall in the downstream 

direction. Consequently thcr~ can only be at best 

ct limiLeJ reyiun of self-preservdtion. It 15 interesting 

to note that Townsend (1970) predicts from a study 

of the mechanism of entrainment in shear flow that 

the small deficit wake in zero pressure gradi~nt can 

never becorne self-preserving. 
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This leaves the pr~blem of choosing a 

value of go for this flow to use ta evaluate a and 

a in equations (58) and (59). Sinee the present 

rneasurements indlcate that the flow is not self-

preserving anq the value of ~ calculated is much 

higher than other small defieit wake rneasurements, 

a rnedian value from the literature was chosen for 

go, as shown in Table 2-1. 

4-4 Generat·Review and Cornparison with Theory 

In this work five flows have been studied, 

• " aIl belonging to the family of exactly self-preserving. 

axisymmetrie jets and wakes. These extended from a 

fair1Y strong wake through three jets with streaming 
\ 

flow to the jet with still surrou\dings. 

The questions that need 0 be answered 

about these flows fall into three ar as; are the 

, 

flows self-preserving, what are th~ me n and turbulent 
, . 
'parameters of tl).e flow and how do they c'a,mpare with 

'\ 
each other, and is there an adequate theor~ co 

''''''', 

predict their behaviour? These will 12e dealt "~ith 

in turn. 
'~, 

.. 
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!'e 4-4-1 Self-Preservation 

This subject has already been covered 

ta sorne extent in Sect ibn 3-6-3. The theory 

predicts that if m 
UI a (x-xo) then G == constant 

down the flow, Lo varies linearly with x, and the 

non-dimensionalized velocity profiles arc the sarne 

at aIl stations. These condition~ seem to be met 

satisfactorily for aIl the flows studied, as described 

in Section 4-).. 

The non-dimensionalized profiles of aIl 

the terms in ~he Reynolds stress tensor should 

also be invariant àown the flow when the flow i8 

self-preserving. The longitudinal turbulence 

(uÊ/U O
L

) was taken as a measure of this, and again 

for aIl the flows it reached a self-preservlng form, 

although, as might be expected, it took further ta 
.. 

reach this state than the mean flow, particularly 

when IGI was small. For two of the jet flows the 

other two normal stress terms were also measured at 

mnrp th~n oDe station, and here the similarity of 

the profiles at the different stations is not as 

good, especially for the jet with G = .85. 

The radial shear stress term (uv/Uo L
) of 

the stress tensor was also measured at the same 

stations as the previous tW0 normal stress termSi 



\ 
-117-, 

the profiles were self-prcservihg, and except 

for the jet with G = 3.00/ were in excellent agree-

ment \·dth the profiles calculatcd from th'c momentum 

e4'uation. 'l'his should probably not. be considered 

evidence of self-preserva~ion ap~rt from that of 

the mean flow, as the connection between the mean 

flow growth and the shear stress through the momentum 
,. 

equation, as expressed by equation (27)', is weIl 

éstablished theoretically and it would be surprising 

if ~here was much difference. This is differcnt from 
,; 

the situation for two-dimensional flows where 

relatively small departures from two-dimensionality 

can produce sizeable disagreements between measured 

and calculated shear stress. 

For the jet with still surreundings(G = 00)" 

the requirement that the longitudinal turbulence be 

self-preserving appeared to be violated. However, 

as explained in Section 4-2, this is believed te be 

due te lack of low frequency response in the R.M.S. 

meter. Certainly there is ,plenty of evidence from 
1 

other research that thlS particular flow is se.Lt-
~ 

preserving for the values of (x-xQ)/b measured 

~n this work. 

'As' çan be ~en from Figures 4-31, 4-3;, 

and 4-34 the sëlf-preserving wake took longer ta 

reach self-preservation than the jet flows. It was 

-------_-..-._--._c __ ~~_ ~ __ 



2 7 

• . 

-118- ~ 

also much more difficult to set up than the others. 

Part of this'may be due to the fact that the wake 

body was further downstrc~m than the normal positIon . . 
for the jet pipe and that there was no fasy, independ~nt 

way of adjusting wake strength as there is for the jet. 

It may also be, however, that the se.f­

preserving wake is inherently less stable than the 
, 
jet. A self-preserving jet involves a jet in a co-

flowing stream with an adverse pressure gradient 

adjusted to give the external flow a specified 

longitudinal variation. Since the velocity in the 

jet is higher than the external stream, then, if 

there were no shearing stresses Bernoulli's equation 

would apply., and the jet would be less affected by 

the pressure gradient. Thus the jet-to-free-stream 

velocity ratio would continuously increase. The 

effect of the turbulent shear is to counteract this 

by 'holding back' the jet, and self-rreservation 

i~ achieved when these two effects balance and Uo/U} 

is a constant. A similar pattern describes the self-

preserving wake, with the slower wake being 'pulled 
\ ' 

along' by the external flow and the turbulent shear 

stress. 

Whcn the pressure gradient is not exactly 

that called for.by the value of G, the jet and wake 

« 
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, 
are seen to behave differently, if the shearing stress 

is assumed to be unaffected by the perturbation. 

If the pressure gradient is too strong for the local 

value of G, the effect will be to slow the external 

flow more than the jet and G(= UO/Ul) will rise. 

By equation (47) a larger G demands a larger value 

of m and thus a steeper pressure gradient for ! 

self-preservation. Thus the flow tends to the 

value of-G appropriate to the new pressure distribution 

él-nd i5 1 stable' . , 

For a wake the situation is different. 

Here a stronger pressure gradient than required also 

increases the magnitude of the ratio UO/Ul but now 

by slowing the wake more than the free stream. This, 

however, produces a more negative value of Gand .. 
thus the m calculated from equation (47) is smaller 

in magnitude. This means that deviation from ~elf-

preserving conditions tends ta produce a flow that 

is even farther from self-preservation and the flow 

i5 now 'unstable'. 

It is not implied that the wake is impossible 

to set up in practice because changes of shear stress-

will occur to counteract the changes of G. The present 
" 

argument, however, helps to explain why the wake 

was a more difficult flow ta stabilize. 

= . 



2 

-120-

4-4~2 Comparlsoh Betweenythe Flows 

Table 4-5 collects together sorne of the 

parameters for the five self-preserving flows studied. 

The growth rate (as' expressed by Co) obviously 

~ncreases with IGI. The val ue of uv (as go == 
U0 2 

calculated from Co and G using equation (48) or 

from direct turbulence measurements) show remarkably 

little variation over the range of G from~ strong 

wake ta the jet with still surroundings. For the 

Gaussian profile RT (the turbulent Reynolds number 

k 
at y == Lo) i5 related tG go by ~ = gô 

range go varies by .~IO%-l5%. 

In this 

Leaving out for the moment consideration 

of the jet with still surroundings (G = 00), this lack 

of varjat~on of turbulent structure extends to the 

other components of the stress tensor. For the 

three self-preserving jets the variation of the{ 

normal stresses are again ~10%, using values for the 

centre 'of the flow. The u 2 /Uo 2 values for the 

self-preserving wake are considerably lower, although 
-,. 

"re value in-'::'he tab,le exaggerates this trend as the 

pr~file of u 2 /Uo for the wake shows a much more . / 
pronounced di~ in the centre than the jets. It might 

be noted here that there does seem ta be a trend 

, . 
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~n the profile of Ü 2 /Uo 2 from a pronounced central 
". 

dip for the wake to a barely noticeable one for the 

jet in still surroundings. 

AlI this seems to indicate that the 

turbulent structure of the flows are,remarkably 

unaffected by the strength of the external flow 

r~Iative to!the jet or wake. The external flow 

merely convects the turbuleripe along and this is 

the principal reason for the variation of Ca with 

G. 

The measurements of intermittency at 

the edge of the ~urbulent flow aiso indicate ~ittle 

difference between the three jet flows studied. 

~he value of y.s/Lo is 1.8 to the accuracy of the 

measurement,s, and this is the value found for the 

jet in still surroundings by Wygnanski and Piedlcr 

(1969). The value of a/La for the three jet flows 

studied was essentially constant at ~.27, but this is 

in disag~eement with Wygnanski and Fiedler who 
{ 

measure a/La = .36 for the still-air jet. Their 

interpretation of signaIs may have been different, 

however. 

The constancy of ~5/Lo for the measured 
'( : 
flow and the agreement with the value for the still-

air jet is good support for the assumption in Section 

~-3 that it is constant for the full range of G. The 
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constancy (ta trre accuracy of the measurements) of 

a/Le for the three measured jet flows, for which 

'go is fairly close to constant, is in agreement 

with the measurements of Gartshore ('1965) for two- . 

dimertsional flows.' Gartshore predict:s that go and 

(cr/LO)2 shculd be proportional on the basis of the 

large eddy equilibriuffi hypothesis. This hypothesis 

is now somewha.t suspect, as expounded by Townsend 

",(1966), but iOn the~same paper he aiso shows that 

the mechanism of entrainment bas~d on a quasi-elastic 
l 

behaviour of the turbulent eddies is still consistent 

with go being proportional to (cr/LO)2. This is 

conBfdered in more detail in the introduction. 
" 

The measurements on the jet in still 

surroundihgs (G = 00) were intended to confi~m 

that the growth rate (Co) for this flow was the 
) 

genérally accepted value of .085 (see values collected 

by Newman (1967) and measurements by Wygnanski and 

Pied1er (1969». However, the value of Co measured 

(over a range of x/b from 43-290) was .0964. This 

was unaffectcd by the presence or not of a back wall 

and whether or not the jet sourc~ was a~orifice 

producing a 'top-hat' profile or a pipe providing 

:\ fully dev~loped pipe flow. 

Subsequent work by Tjio (1971) and Rodi (1972) . 
and an investigation and reassessrnent of the literature 
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have indicated that this value of Co is reasonab1e, 

and furthermore, t~at the q,uestion of universSlity 

of the turbulent structu~e of the flow for the jet 

in still surroundings is still an open question .. 
~ , 

Table 4-9 11sts information from a representative 
.. , 
sample of the experirnents with the jet in still 

sur round i ng s·~ 

~t'h r;:gard ta growth rate, resul ts falll 

into two grdups. First there are the expe~irnents 

dLo . with Co (=dx ) very close to .095, and secondly a 

group with values of 0.8~Co~.092. For the following 
o 

, , 

reasons the results by Rodi (1972) have been recalculated 

to give Co=.0956 lnstead of .090. From the reported 

results it appears that mean velocity profiles were' 
" 

'f· 
taken only at an x/b of 68 and 75, which.are probably 

~ ., 
not enough to accurately define the virtual or~gin of' 

the jet. Measurements of centerline velqcity in the 

same flow over 50~x/bS75.indicat~~hat xo/b=4. Whe~ 

this value of.xa/b, is us~d ins~ea4 of' the vàlue 0 

used.by.Rodi, ~oz.095~ instead of .090. 
, , 

This concern about the value or xo·is 

one that has affected the work of most experimenters. 
ù 

Froi the work of Albertson et al (1948) and Wygnanski 

" and Fi~dler (1969) is is apparent that only points with 

'J 

J 

r 

. , 

r. 
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an x/b beyond ~30 should be used to define Xo and 

dLo/dx. This is rnost apparent in ~lots of Ujet/Uoo 

If it is arbitra~ily assurned that ~nly" 

values of Co for flows where rneasurernents o~ L6 

were made beyond a value of x/b of 50 will be 

recognized, the only value of Co that diff~rs 

appreciably fr~ .095 is tha"t of Wygnanski and' Fiedler. 

For their jet the grow~h ~ate defined by the longitudinal 
, 

variatiôn of Lo between an x/b of 30 and 97.5 is .086, 

and ~~ the virtual'~rigin at thé jet exit. How~;er, 
the longitudinal vnr~ation of UA defines a virtual 

1 ~ 

origin having x/b = l. This sort of difference in 

Xo is equivalent to about a 10% difference in Co " 

, .. ... 

. {using a rnedian value of 70 for x/b}". For their jet, ~ 

( X ~ )-1 
Ua 0: ~ 0 , and Lo 0: ~, so that {UOLO)2 X 0:: __ 

x-xo 

2 

and this varies by 23% between x/~ = 40 and x/b = 97. 

But (UOLO)2 is proportional to the momentum flux for 

a self-preserving profilè, and shoulà be constant 
j 

down thè flow. Thus tfiere is a question 'about tDe 
~ 

growth rate for this flow. 

Table 4-9 notes if the rexpe"rimental set-' 

up used a back wall (a plane surface perpendicular 
~ 

to the jet axis and placed at the jet outlet). This 

was of conccrn because experirnents on the two-dirnensiona1 
-[ 

jet in still ~urroundings 1ndica~e that the pres6nce 

or absence qt a back wall causes a difference in t?e 

, 
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grovlth rate of '\..10%. (See Fekete (1970) and Smith 
o 

(1970». The evidence fro~ the table indicates that 

~his is not the case for the axisymmetric je_t. The 
4..... to 

following argument lends support to this finding. 

For a jet issuing from a hole in a wall 

the induced entrainment of velocity will be radia11y 

inwards. If there is no wall, however, there shou1d 

~e sorne -longitudinal component of velocity and thus ( 

G{= UO/UI) will not be infinite. Using equation (48) 

and assuming that go is const.ant for large G îeads 

to the result that a 10% reduction in Co can be 

induced by changing G from 00 ta ~12. 

-1 
Assuming a Gaussian profile, Uo œ x" , 

and La = Cox, the volume entrainment Late is constant 

and is given by 

dQ UoLoCo 
dx = -Tf k 

) 

Thus to ca1cu1ate the mean flow outside the jet, 

the jet may be.replaced by a line sink of that stren~h 

extending from 0 $ X S 00. ~ 
The flow field induced by this line sink ' 

has ., 
DoLoCo 

U = , 
4k(X 2+y2)"1 

~ . 
and the v~locity of U just outside the je,t 1s 

UoLoCo 

ft 

'=' 
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(assuming A ~ 2~3 and Co = .095). 

Since L = Cox, then 

2 

U• ~ Uo Co 
1 4k·' 

and G ~ 340. • 

Thus, the mean longitudinal entrainment 

velocity is not nearly enough to cause the observed 

variation in growth rate. 

When measurements of the turbulent 

energy (us'ing the lo~gi tudinal turbulence as a 

measure) are examined, a great variation is found 
t.I 

in published work; values of U0
2 /U0 2 (the centre-

line turbulence) varying from .042 to .082. The 
" J 

values from Corrsin (1943) of .068 and Corrsin 

and Uberoi (1949) of .p42 might be ignored as they 

were made at an x/b of only 20. ~his leaves the 

rneasurements of Wygnanski and Fiedler (1969) and of 
.'" 

Rodi (1972) with values ,of u0 2/U0 2 in the range of 

.075 - .082, and those of ~jio and the present work 
# -. 

with values' of .058 and .055 respectively. Rodi / . \ 

used a very similar experimental setup to Wygnanski 

and Piedler and the jet in both.cases had a low-

turbulence 'top-hat' profile. Tjio and the present 

work, on the other hand, used a jet source that gave 

turbulent pipe flow. However, as noted earlier, sorne , .. 
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rneasurements were made by the author with a-Jet 

source having a top-hat profile and the turbulence 

profiles wcre essentiaIly similar in the two cases. 

(See Figures 4-38 tlnd 4-43) . 

. The explanation given by WygnànsJ<'i and 

Fiedler that the scatter in the turbulence measure~ 
• 

rnents is due to tack of low frequency response in 

the measuring instrl~ents does ~ot seem to be valid. 

As explained earlier, the effect of a particular 

cutoff frequency of a measuring instrument is a 

functio~ of the ratio of this frequency to a 'flow 

frequency' defined as 
-2 

This varies as x 

anQ thus profiles which are affected should show a 

rapin change with long~tudinal station. 

In the present work the profile.s of 

U
2 /Uo 2 do show a distinctive change for the last 

two stations, whilc the stations further upstream 
i 

do nGt seem to be affected. ~P i5 in agreement 
, 

with the c~lculations (based on the work of 
. 

Wygnanski and Fiedler) that measurements' will be 

rclat1vely unaffectcd if-the ratio of 'flow freq~enci' 

to instrument cutoff frequency is above 1 - 1.5. 

For the cxperiments by Tjio (which were on 

a water jet) the velocity and length scales werc 

much different, but the 'flow frequencies' were similar 

and calculation indicates that only the measurements at 
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the last two stations should be affected by instrument 

cutoff; the profiles presented seem to bear this out. 

The predictions for the Townsend entrairtment 

model use information from the jet in still surroundings 

to evaluate constants in the theory. The question is, 

what values to use? For the growth rate it was 

relatively easy to choose the .096 value. However, 

Rodi has shown that the effect of the high turbulence 

intensity is to make the estimates of Lo, and thus 

Co 'too high . Since the theory is going to be used 
.. 

to predict the growth of the self-preserving jets 

and wake in streaming flow where the effect of this 

high intensity correction to Co will be small, it( 

was Jecided not to use his linearized readings but 

instead to use those for which the response was 

made proportional to the square of the velocity so 

that corrections for high intensity turbulence 

became more accurate. These results give a rate of 

growth Co = .091. 

Getting a value for 
go 2 

H (= at the 
Uo 2 

centre of the flow) and the constants for the 

integral 14 - 16 in (89) was more difficult as no 

measurements were made of 
vr ·w 2 

-"-- and - for the 
2 2 

Uo~....... Uo 

, jet in still surroundings. 1 The choice was to 

\ 
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assume that the shape and amplitude relative to 

U
2 /U0 2 were the same as meàsured b~ RO~i (19~ 

Thus ~he numerical values of I4 and Is can be 

calculated. II for this flow is l'ben assumed to 

equal q02/Uo 2 for Rodi's measurements multiplied 

by the ratio of U0
2 /Uo 2 from the present work 

to U0
2 /U0 2 from Rodits jet. This sets H = .124 

for the jet in still surroundings. 

It is unfortunate that the 'Qther two 

normal stress terms were not measured, but at the 

time the measurements were made only th~ theory 
".. 

based on the large eddy equilibrium hypothesis 

was avai1able, and that only required knowing the 

growth rates, for two specifie self-preserving flows . 

') 
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4-4-3 Comparison with Theory 

The prcdicted values of growth and shear 

stress parametcr for each theory and their variants are 

shown in Fig&rcs 2-2 to 2-13. For comparison the cxper-

imenta1ly measured values are plotted on each figure. 
, 

As noted in Section 2-2, using the x-axis as 

the direction along which to evaluate the longitudinal 

rate of strain produced growth predictions that appeared 

unlike1y. Figures 2-2 and 2-3 compare these predictions 
tr 

with the measured values, and the results are clcarly in 

disagreement with this theory. Using the line of y~Lo 

alpng which to evaluate this longitudinal rate of strdin 

gives a much more resonab1e predlctlon, as shown in 

Figures 2-4 and 2-5. Thore is not much differcnce shown 

between the 'predlctions of the Ilnear and quadratic 
r 

relaJf?nS for BIA, and as the former lS mathematicàlly 

slmpler it clearly IS to be prcferred. / 

As noted carl ier, the constants in this theory 

depend on the growth rate of the small-deficit wake in 

zero pressure gradient and a wide range of values h~vc 

been measured for this growth ratc. cons~quently better 

a~r~ment between theory and experiment cou Id probably 

be L-::hieved by using a different value from that given 

in Table 2-1. However, sinee the basis of this theory 
-1 
~. 

is now being questioned and the second theory giv~~ 

~ 

" 
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bet ter results nothing more was done in - this direction. 

Predictions using the integral energy equation 

are shown in Figures 2-6 ta 2-13. Four dlffeient variants 

are shown, each representing a difforcnt relation het\lleen 

the shear stress parameter and the non-dimensional 

turbulent klnetic energy, and are charaeterized by a 

particular value of n in equation (83). Townsend' s (19:]0) , 
work indlcates that for the range of RT in these axi­

symmetrie f10ws n shou1d he ~.75. Figures 2-6 and 2-7 

show results using this prediction. The results are 

reasonable, but the agreement wi th expcrirncn t is not mueh 

better than for the large eddy eguilibrillrtl theory. Using 
, -2 

n~l, which is eguivalent ta assuming that ~~ is the same 

for all f10ws in this family, gives a littlc better 

predict ion of the gr\)wth rates as shown in Figures 

2-12 and 2-13. 

The ~ssumption of gcometric sirnilarity given 

by n=O leads to a rather poor agr~ernent with experiment. 

This comparison is shown in Figures 2-8 and 2-9. 
.J 

The best fit ta the experimental data~hO\vE'ver, 

is achicved with n=-1. This is one of the relations used 

by Newman(1968) for two~dimensional flows, and assumes 

that the stress to intensity ratio is directly proportional 
. 

This prediction is compared with cxperiment i~ 

Figures 2-10 and 2-11. 
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As an empirical prediction method the 

assumption that go (and thus RT ) is constant for aIl 

flows and equal te the value for the jet in still 

surroundings produces predicted values for growth that 

are in as good an agreement with experiment as using­

n=-l in the integral energy equation. This lends support 

to the work by Hill (1967) who used the assumption of 

constant ~ to obtain predictions for axisymmetric jet 

mixing in a converging-diverging duct. 

\ 

Dl 

J 
t 



• 

• 
- . 

-133-, 
5. Conclusions 

5-1 Major Conclusions 

Axisymmetric jets and wakes have been set up 

according to the constraints of the mean momenturn and 

turbulence energy equations for self-similar flow. 

The measurements indicated that each of the five flows 

were satisfactorily self-preserving in both mean 

velocity and turbulence. 

Probably the .dominant character of these 

axisyrnmetric flows is that the ~rbulent structure is 

relativ~ly independent of the value of *:. This is 

illustrated by the fact that the shear stresp parameter 

uv go (=- at y=Lo) varies 'from a minimum of .0155 to· a 
U~ 

ma~imurn of .0170, a range of less than 10%. Since go is 

inversely proport;ional to R
T

, this means.... that R.r varied . 

from 40.7 to 44.7. 

The turbulent kinetic energy shows little 

varia~ion between flows for the three jets in which thîs 

was measured. Measurements'of the longitudinal turbulence 

in the wake would lead one to expect the turbulent kinetic 

energy of this flow is somewhat less than that of the 

jets. 

Two methods of prediction have been developed. 

Both are integral methods and assume a Gaussian shape for 



--- -- - ------------ ------ -----------------------------------------

,1 

_ c 

-134-

the mean ve10city profile. The first is based on Townsend's 

orig1na1 1arge-eddy equilibrlum hypothesis in which the 

transfer of energy down the seale of e9dies is assumed 

to occur in a quasi-viscous manner and the turbulence is 

aiso assumed to be structura11y similar in aIl flows. 
~ 

When combined with an equation which relates the 'large 

eddy size ta the rates of strain in the mean flow 

(assumed ta be homogeneous) a solution is obtained. Two 

empirical constants are required, and are determ1ned 

from the measured growth of the jet in still surroundings 

and the small-deficit wake in zero pressure gradient. 

The latter flow is not weIl established and'jndeed is 

not strictly un,lversal; neverth<;less it is shawn that if 

a slanting axis system is used in which the longitudinal 

axis corresponds to the locus of y=Lo along which the 
, 

rates of strain are~more nearly homogeneous, the rate of - . 
growth is reasonably well predicted . . . 

The second theory is based on Townsend's 

1" 
later work in which the integral form of the complete 

energy equation is used, LLc is assumed constant, and the 
... • D 

unknown shearin'] stress, uv; is ilssumpn to hA a constant 
-2 

proportion of the average turbnlent energy, iD, whlch 

depends on the strain which the flow has experienced. 

Good predictions are made when ~~ is assumed to be .. qô 
dir~ctly proportional to the average total strain. 
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An equally good empirical predlction method 

is to assume that the turbulent Reynolds number of the 

flow is the same for all values of g~ and equal to that 

for the jet in still surroundings. 
~ 

5-2 Minor Conclusions 
,f 

A satisfactory method has been developed for 

setting a prescribed adverse pressure gradient which 

involves an approximate one-dimensional theory ussd 

iteratively with experlmental measurcments. Two or three 

Iterations are usually sufficiènt to give an adequate 

distribtiLion of porosity for the ventilated w?rking section. 

The rate of growth of the jet in still 

surroundings seems to be weIl (established (~l%), although 

there are Sorne measurernents that disagree with this 

universai growth rate. The turbulence, which is more 

difficult to measure, is much less unlversal. 

In agreement with recent work,of others, 

it is concluded that the seIf-preserving smail-deficit 

wake in zero pressure gradient is not universal, but , . , 
always depends on the turbulence introduced by the body 

which produced the wake. 

Intermittency measurernents indicate that the 

non-dimensional standard deviation, Ëo' for the position 

of the ~face separating the turbulent rotational from ~ 
~ 
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~ 

the"outer irrotational flow is 'the same for all the qelf~ 

preserving flows. This is consistent with RT bèing 

effectively the same since both theories show that cr is 
~o 

a function of RT·-

5-3 Suggestions for Further Wo!tk 

A self-preserving wake with larger Ig~1 
should be rneasured, sinee it would provide a more stringent' 

test of the theories. 

The present results should be eompared with 

differential methods of prediction in which the' turbulence 
. 

energy and the individual components of the Reynolds 

stress tensor are modelled. 

The rate of dissipation of turbulence energy 

should be 'measured for these flows. 

, , 

... 

) 

" 

, 
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Values of go and B/A from Measured Flow 

and the Resultant Values of a and 8. 

Still-air Round Jet 

Rodi (1972) i 
present work (with 
Rodi's high intensity 
correction) 

.0164 

.0656 

.0492 

10.16 

154.9 

Srnall-Deficit Round Wake 

Rodi (1972) 
(collected values) 

.0492 

o 

Table 2 - 1 
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Longitu9inal Probe Positions for 

Traversinq Gear Stations 

Station x (in. ) Station x (in. ) Station x (in.) 

(2-1) 23.1S (3;;-1) 59.25 (4-1) 

(2-5) 32.06 (3-5) 6,8.13 ( 4-5) 

(2-6 ) 39.44 (3-6) 75.51 

(2-10 ) 48.18 (3-10) 84.26 

" 

Table 3-1 

Jet Working Conditions for Se1f-preserving 

Streaming-flow Cases 

Pipe inside Working pressure 

95.37 

104.25 

Longitudinal 

-. 

G diameter (in. ) (psig. ) position (in. ) 

.85 . 178 ... 19 -2.12 

1.83 .303 20 -7.88 
\ 

3.00 .303 30 -6.00 

Table 3-2 

. " 

,r 

, 
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Table 4-1 

Growth Information for Self-preserv~ng Jet, G = 0.85 

1&--

f 

Diameter of jet outlet (b) = .178 

Jet pressure (at pipe inlet) = 19 p,.s.i.g. 

x. t-XO 
Je = +10.1 in. 

Xc (virtual erigin) .....- = -12.3 in. 

(best fit to U1a: 
m = -.732 m (x-xc) ) 

" 
(best fit te UoO: 

m = -.719 m (x-xc) ) 

m (calculated for G = .a5) = -.740 

Co (Lo = Co (x-xc» = .0311 

Values at Measured Stations 

station .. x-xc x-xc 
VI Uo G I.. a (in. ) Re (UoLc/v) 

(in. ) p- (ft/sec) . (ft/sec) (xl0 '+) 

(2-1 ) 35. v4 199 r;7..-49 49.11 .SS4 1.10 2.81 
-

(2-5 ) 44.3 249 49.53 41.43 .836 1.38 2.98 
(2- 6) 51.7 290 44.49 37.03 .832 . 1.61 3.10 

- (2-10) 60.4 339 39.01 33.45 .857 1.88 3.28 
(3-1 ) 71.5 402 35.14 29.93 .852 2.21 3.45 
(3-5 ) 81.4 457 31.31 27.08 .865 2.50 3.53 
(3-6 ) 87.8 493 29.86 25.59 .s?? 2.75 3.67 

(3-10) 96.5 542 27.78 23.73 .854 3.01 3.72 
(4-1 ) 107.6 604 25.56 23.31 .873 3.35 4.07 
(4,...5 ) 116.5 654 25.04 _ 20.44 .816 3.61 3.84 

-----



e 

.' 

station 

(2-1) 

(2-5 ) 
., (2- 6) 

(2-10) 

L 
(3-1) 

(3-5 ) 

(3-6 ) 

(3-10) 

# " 

e 

Table 4-2 

Growtn Information for Self-preserving Jet, G = 1.83 

Diarneter of jet out1et (b) 

Jet pressure (at pipe in1et) 

Xjet-XO 

X~ (virtua1 origin) 

rn (best fit to Ulœ(X-XO)rn) 

m (best fit to Uo~{x-xo)m) 

ID (ca1culated for G = 1.83) 

Co (La = Co (x-xc)) 

= .303 in. 

, 20 p.s.i.g. 

= +3.6' in. 

= -11.5 in. 

= -.777 

= -.836 

= -.793 

= .0452 

Values at Measured Stations 

X-Xo 
x-xc UI Ua 0' -b-

(in. ) (ft/sec) (ftïsec) 

34.7 115 54.1 97.1 1.79 

43.6 14,4 , 43.2 81.2 1.88 
-

50.9 168 38.8 70.8 1.82 
, 

59.7 197 33.6 63.0 1.87 

70.8 234 29.5 54.3 1.84 

79~ 263 27.0 49.0 1.81 

87.0 287 25.3 45.7 1.81 
.... 

95.8 316 23.4 41.8 1.79 

., 

e 

"'" 

L 0 (in. ) Re (UoLo/\!) 

(x10 '+) 

1.56 7.89 

1.98 8.37 

2.32 8.56 

2.69 8.83 , 
3.23 9.13 

3.56 9.09 

3.91 9.31 i 

4.37 9.51 
--

r" 
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station 

*(2-1) 

(2-5 ) 

(2-6 ) 

(2-10) 

(3-1) , 

(3-S) 

{3-6) 

*(3-10) 

1 

e 

Table 4-3 

G=owth Information for Self-preserving Jet, G = 3.UO 

-

• Diameter of jet outlet (b) 

Jet pressure (at pipe inlet) 

x, t-XO 
Je 

Xc (virtual 

m (best Jit 

m (best fit 

origin) 
m to Ulcx:{x-xo} ) 
m to Uocx:(x-xo} ) 

m (calculated for G = 3.00) 

Co (Lo=Co{x-xo») 

= .303 in. 

= 30 p.s.i.g . 

= +0.5 in. 

= -6.5 in. 

= -.837 

= -.852 

= -.833 

= .0570 

Values at Meas~ed Stations 

) 

x-xc x-xc Ul {Jo G 
(in.) - -b- (ft/sec) (ft/sec) 

*29.7 98 41.6, 124.4 2.99 

38.6 127 33.0 98.4 2.98 

45.9 151 29.6 88.7 3.00 

54.7 181 24.7 74.4 ;3.01 

65.8 217 21.3 63.9 3.00 

74.7, 246 19.3 56.6 2.93 

82.0 271 17.9 52.9 2'.96 

*90.8 300 16.2 47.8 2.9'5 
--- "--

*from pressure profiles 

e 

L 0 (in.) Re (UoLo/v), 

(xl0 5
) i 

1.70 1.10 

2.21 1.13, 

2.61 1.21, 
, 

3.13 1.21 

3.72 1.24 , 

4.26 1.26 

4.65 1.28 

5.20 1.29 

~ 
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station 
. 

0 

(2-6 ) .. 
<:> 

(2-10) 

(3-1) 

(3-5 ) 

(3-6 ) 

(3-10) 

(4-1 ) 

(4-5 ) 

~ 

.... 
r 

t-

e 
.. 

Table 4-4 

Growth Information for Self-preserving Wake, G = -.54 

~ Diameter of wake pody (b) - .25 in. 

Xbody-XO = +3.7 in. 
'b 

Xo (virtual origin) = Il.1 in. 

m (best fit to Ul~(X-XO)m) = -.600 

m (best fit to Uo~(x-xo)m) = -.630 

m (calculated for G = -.54) = -.593 
"- Co (L 0 = C 0 (x-x 0 ) ) == .0358 

Values at Mèasured Stations 
f 

, . 
x-xc x-xc Ut Uo G 

(in. ) -b- (ft/sec) (ft/sec) 

28.3 113 45.90 -28.70 -.625 

37.1 148 40.77 '-24.27 -.595 

48.2 193 35.85 -19.90 -.555 

57.0 228 32.50 -17.70 -.545 

64.4 258 30.30 -16.40 -.542 

73.2 293 28.04 -15.12 -.540 

84.3 337 25.68 -14.10 -.549 

93.2 373 24.15 -13.00 -.538 -

#' 

.>' 

($: 

l e 

(J 

Lo(in.) Re(UoLo/v) 

(XI0") 

1.09 1.6~ 

1.34 1.69 
, 

- .. 

1-.72 1.78 

2.03 1.87 

2.31 1.97 
1 

2.63 2.07 1 

3.05 2.24 

3.32 2.25 
-.J 

1 

, 
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Average Values of Normal Stress~s at Center of Flows 

i u Q 'i2 W"2 -2 

G -- - - sc. 
u~ Ua lJ~ u~ 

.85 .O4l2 .0397 .0393 .1202 
l'JI' II. 

1. 83 .0454 .0380 .0390 .1224 
~ , 

1 1 

, 
~ 3.00 .0404 .0374 .03~8 .1146 

-.54 .0321 
, . 

, 

CIO . .0546 , 

Measured Constants , 

1 .. 

. . 
. -

:J , uv n=l) 
-

Intermittency 
J' G Co go (m- at 

<t::a1c. from from meas. 
y .5 cr 

Co and G turbu1ençe Lo, ~ 

.., .85 .0311 .0170 .0170 1.79 J .265 

4~ 1.83 .0452 .0155 .0154 1.86 .264 . 
J 

3.00 .0570 .0158 . 0145 1.77 .280 

-.54 .0358 .0168 - , - -, 

00 
. '.0910 .0164 \ 

, . 
l : 

Average Values of Mean and Turtiu1ent Quantities 

~ for sel~-p!eservirlg F10ws 

. 
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- x-xo 
. (in.) 

, 7.6 
, 

11.6 

15.6 

19.6 ' 

39.6 r 

51.6 
r 

39.6 

51.6 
f- ...... --
1 

39.6 

-
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Table 4-6 

Growth Inf0rmation for Still-Air Jet 

for jet pipe sourca 

Diameter of jet outlet (b) 
Jet pressure (at pipe inlet) 
x. t-XO 

Je 
xQ~(virtual origin) 
Co ...... (Lo ::: Co (x-xc) } ., 

for square profile seur,ce 

Diameter· of orifice 
Jet pressure (upstream 
X jet -x6 _ 

~o (virtual origin) 
Go, (Lo := Co (x-xo) ) 

of orific-e) 

.. 
.... 

Values at Measured.;'Stations 
~ 

1 

""' " ..... C' 

= .il.78 in. . 
= 2 0 p. s . i ,....g • 

= -0.7 in. 
= 18.4 in. 
.' .0964 

= . 21-t in. 
= 9 p.,s.i.g • 

= -0.7 in . 
= 18.4 :i.n. = .0964 

x-xo Uo Lo (in. ) Re ~~~o/v) Detaiis 
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,~ = +3.5 in. 
t 

Xo (ca1cu1ated by fitting Lo 3<:x:(X- XO)* -, 14.1 in. 
_1. 5 
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Appendix A 

• 
TWO-DIMENSIONAL EXPANSION 

Most wide-angle expansions are built 

with straight sided wa11s, and sufficient screens 

are added ta eiiminate or reduce unsteadiness 

assoc iated wi th f'low separation: As the number, 

placement and pressure drop coefficient of the screéns 
." 

are usually determined by a combination of guesswork , 

and experiment, such an expansion is often wasteful 

of power and may still have regions of high turbulence 

due ta local separation and reattachment. 

• 
The more rational approach used in the 

present expansion was first sugges~ed by Hughes (1944) 

and SqUire and Hagg (1944). Hughes developed the 

thcory and pointed out the salient features of the 

design. His nurnerical solution made use of a series 

expansion. The present availability of digital 

computers now rnakes direct integration the more. 

logical arrroach. 

Gibson (1959) described the design and 

• .. 
./ 

building of such an expansion for a wind tunhel, and 

his theoretical approach is followed, although the 

calculations are déscribed in more detail. The 
1 

expansion described by Gibson was rendered axisymmetric 

by making its.area at each ~ation the same as an, 
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appropriate two-dimensional expansion of the same 

length. There is, however, an ambiguity in such 

a co'nversion, as the length to diameter ratio, and (" 

thus the wall slope, of such an axisymmetric 

expansion depends on the width of the two-dimensional 

, expansion, and there~ appears to be no rational way 

of choosing this width.' Although not stat~d, it ", 
appears that Gibson chose the width of the two-

dimensional expansion to be the sarne as the inlet . 
height. 

'1 

~his problern plus the relative ease of 
. 

constructiop, led us to build a two-dirnensional' 

expansion. 

! 

" ' 

/ .. 

. '. 
'4 

'1 
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THEORY 

A desirablc wide-anglc diffuser would have 

the velocity on the walls èonstant everywhere except 

at one point. The separation induccd by the large 

adve~se pressure gradient at that point may thcn 

be controlled by a sereen or by blowing or suction* . 

• 
The theory should give the wall profile and indicate 

the arnount of boundary layer control needed at the 

discontinuity. Half such a proposed ,symmetrical 

diffuser is sketched in Figure Al. 

For the purposes of calculation the flbw 

is considered Ideal and irrotational. The diffuser 

has an expansion ratio'of À. The outl~t velocity 

i5 assumed ta be l, and the outlet half-width to 

be TI. On the curved walls the velocity is to be 

constan~, and equal to À and l, upstream and down-

1 stream of the discontinuity, rcspectively. This 

problem is best solved using cornplex variables. In 

this representation position is represented by a 

complex variable Z = x + 1y, and the flow is represented 

by a, complex potential, W :::: cp + ~ wherc cp and IJ! are 

the potential and stream functions of the velocity 

fjeld, respe~tively. Letters A-F identify points in 

this complex plane. 

*If il a screen is used, there will ,probably he no pr~ssure 
recovery, and rexpansion' woulù be a better description 
than 'diffuse\....r. However, to avoid confusion, the 
word'diffuser will be used. 
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Solution of the problem involves operating 

on the complex variable Z with an analytic transformà­

tion, or transforma~ions, that convert the boundàries 
~. 

" . of the flow into ones that have a recognizable solution. 

For this problem, the first transformation is to 

the hodograph plane defined by \ 

l (dw) 1 (1) 1'0 H =:: - n Ù7. ::. n ~ + 

which transforms the problem to that of flow in a 

semi-infinite channel with a source and sink of 

strength TI in the corners, as shown in Figure A2. 

Letters A-F identify points that correspond ta . 
those in Figure Al. v is the magnitude of the flow, 

} 

and 0 is the angle of the flow direction, both measured 

in the physical Z-plane. 

~hS originally postulated, there is a 
/' 

discontinuity at the point where the flow changes Speed\ 

abruptly, and there is aspirai boundaBo/ there, as 

the flow angle mus~ go to infinity as the discontinuity 

is approached. 

The problem jn the H-plane is now transformed 

to that of a source and sink on a semi-infinite plane, 

the T-plane, by means of the Sdhwarz-Cristoffel 
il> 

transformation 

, 

, 
(Al) 

(A2) 
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This plane is shawn in Figure A3, and again the 

characteristic points are denoted by the 1etters 

A-P. It is easily seen that thîs is the upper 

ha1f of the prablem with a source and sink strength 

2TI lacated on the'real axis -1 and +1, respective1y, 

and with no boundaries. The solution to this is 

well-known, and is 

T-f l 
\'1 - ln ---­

'f-l 

when the real part of T is zero or i~finite 

~ = 0 from expression (A). Then points F, El, and 

E2 are points where ~ = 0 and are also shawn in the 

physical Z-plane (~iq. Al) . Similarly, 1Ji = -TI from 
.. 

A,D te B,oC, and equals 0 fram El to A,D, and from 

B,C to E2. 
fA 

-
SOlving (A3) for T gives 

1 T :;.::: '" c + 1 
c \., - 1 

coth rH) 
~- \ 2 

then 

II -- ! ln Cx.) co~)h -1 

but 

ru 
dZ :::: e dW 

and thus 

(A3) 

(A4)/ 

(AS) 

(A6) 

(A7) 



, 

where 

Now· 
cash 

and thus 

- A6 

-1 

M = In{\) 
1T 

(x) == ln [x 

(AB) 

-lI" +~x2 
-'"",,"-, 

... 

-1 [ (~)l 
2 oosh (~} 

ln [cath (~)] ln 4 
cash cath == == 

2 J 
(~) 2 sinh , 
4 

50 that 

dz = exp [ i M ln [coth (~)J] dW 

, 

This cannot be integrated in closed forrn 

and was.therefore solved numerically ari a digital 

cornputeE. A proqram could have been written to 

integrate the general complex equation, but only 

the values of x and y when ~) == 0 (for the walls) 

and for ~ = 0 (for the screen position' are required. 

\ The choice of the <p = .Q line as the posi tion for the 

screen vas made for two reasons. rirstly, the ~ 0 

line goes through the discontinuity where boundary 

layer con'trol is needcd; and seconélly, the line, l ikc 

aIl constant ~ lines, is at right angles to the local 
':'\ 

streamlines and, as will be shawn in relation (A21), 

'the flow s.peed, across this l ine is the same at a 11 

(A9 ) 

:/ 

(AIO) 
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points on the line. Thus the drop in total pressure . " 
.l:: 

across'the screen is the samè for aIl streamlines, 

and therefore the ideal flow pattern is not affected 

by the presence of the screen, and at the diffuser 

out let 

but 

where 

Thus 

and 

.. 

.. 
the flow will have uniform velocity. 

When 1J1 = 0 

dz c" ~"p i M ln ~oth (~ill d;6 

coth (*) = Gi~n coth I{I 

{: = 0 

== l 

ln Eoth (~~~:: 

1 iM(nhr) 
e -== e 

p>o 
, 

when 

when p < 0 

ln Eoth !~ïl ni1T + 
_1 

''-.... 

Using (AI3) and (AI4) in (AlI) and separating 

Z into its real and imaginary parts gives 

cos 1·1 
dy. -

ln ~oth 
)..n 

(AlI) 

(A12 ) 

L 

(A13 ) 

(A14 ) 

(AIS) 



• 

le 

( 

- AB -

\ 

_8 _in~~_Ù _1_n....::~=-O_t1_1 _l.-;.:.~Qd~ 
dy ::: 

Xn 
.. 

For the other case of interest, where 

~ = 0, -1T ~ ~ :::: 0 

and 

then 
/ 

and 

1 

\ coth (!...)';) _ Ir 1 t colh (-1 îi ) = - i 

dy = 

/ 
dN:= idy, /-l 

Itl cot 4 

In generfl, the s~eed of the flow is given by 

.. 

(A16) 

(AI7) 

{A18 } 
... 

(A19) 

(A20) 

.. 
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and for ~ = 0 this becomes 

v --

" Thus the speed of fluid across the ~ :::%; O· 

line is constant across the width of the diffuser 

J • 

and 1.S equal to the geometric mean 0 f the inlet and 

outlet speeds. This is different from that predicted 

by the one-dirnensional actuator disk theory which .. 
predicts this speed to be the arithmetic mean of the 

inlet and'outlet speeds. Gibson apparently was not 

aware of this relation when he designed his diffuser 

as he used Squire and Hogg's one-dimensional theory (7) 

to determine the screen pressure drop coefficient that 

(A21) 

would maintain constant wall pressure. This one-dimensional 

theory predicts that the pressure coefficient for such a 

screen should be 

~l-D 
._ 2~ (\-11 

\+1 

whereas the above two-dimensional theory pred1.cts that 

),2 _ l • 
À 

1 -

These become significantly different as À increases. 

.f 

(A22) 

(A23) 

,. 
; 
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o 

When (AIS), (AI6), (A18) , and (A19) are 

integrated numerically a difficulty arises, as both 
1 

co th and cot becorne infinite as their arguments tend 

. ' 
ta zero. However, for small values of the arqument 

coth 
1jJ cp 4 4" and c'ot 4 rnay be approxima ted by ïjJ 

and 
4 
~ , respectively, and then the equatian is 

integrable in c10sed forro. If these equations are 
; 

integrated between the limits of 0 and ~, and 0 and . 
~, respectively, the follawing equations result. 

When 1); ::: 0, G • .. 
fi tO+ lnl~ - ~ ))~ 

X ::: 
( !.1?1-l ) >-. n 

M .in ',M ln I~.~ (A24) , 

f2 ~i+ lnl~ , ~-l 
y =- + H' cos ~ ln 1~ll, 

'(1-12'11) >-.11 - -=-1 
L-

(A25) 

for small <P (it)s 

noted that these relations differ from those given 

by Gibson (6». 

When <fi = 0, 0 ~ 1/J ~-1f 

(A26) 

y ::: 

(A27) 

"' 
'\ 

for srnall lP. 
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This allows a choice of finite starting 

value of dx and dy for the numerical integrqtion 

with the starting values of x and y determined by 

equations (A24) - (A27). 

Sorne trials had ta be made ta deterrnine 

, a satisfactory matching point between thË approximate 

analytic solution and the solution using numerical 

integration. Further, it was fa und that the step 

size for the numerical'integration had to be very 

smal1 near the discontinuity and therefore had to 
" 

be increased further out in order~to maintain 

reasonabl~ computation times. 

,1 

, 
) 

, . 

-
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DESIGN AND CONpTRUCTION 

• 
The previous theory gives the wall 

shape for a~,infinitely long diffuse~ witD ~n ex-

pansion ratio À i This theoretical design must be 
jl. 

, , 
truncù teq to an acceptable length, 'the choice being 

~ 

set by À, the acceRtable discontinulty in wall slope 

at the 'inlet and outlet, and the available room. This­

in turn 'means that th~ actual bxpansion ratio will 

be somewhat less than À. A few trial €alculat.ions, 

are usually needed to achieve a sat~sfactDry compromise. 

A second problem with the theoretical design is that . 
the walls and"the screen approaching the discontinuity 

form a tight logatithmic spiral around the discontinuitYI 

and must be sui tably fair,ed. 

For the proposed 'dif~user', an ov~rall 
1 

expansion ratio of 1:2.62 was needed, and a 'diffuser' 
, 

~ith a theoretical expansion ratio of L:2.9, suita~ly 

truncated, was chosen. The degree of truncation wùs 

,'based on Gibson' s tests. Figt!re, A4 shows the pro"fi le 

of half of this 'diffuse~l. Tho dotted lines nenr 
1 ~a 1 • 

". 

the dlscontinuitv are the faired positions for the 
r -
\ ' 

!wa1ls and the screen that were used in the actual 

l.diffuser f 
•• 

Befor~ the prototype was cdhstructed tests 

/ 

( 

Il 

" 
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were made on a 1/20 scale model. A piece of square 

mesh wire screen of appropriate pressure drop 
.. 

coefficient was used ta control separation. ~ufts 

were placed on aIl the walls to find any,regions ol 

separation, and none wer~.o As bath the 
-

turbulence level and Reynolds number for the model 

were~lower than for the prototype, this gave 

.confidence tbat the desig~ was sound. 
~ ~ 

\ 
PERFORMANCE TESTS 

\ 
As noted in t~e maln section of this 

report a total prêssure survey was made at the tunnel 

out let before the screens and honeycomb were installed 

" 
in the settling chamber. No unsteadincss'was noted 

and the variation of mean velocity over the outlet 
"1 

(outside of the 'boundary layer) was less than .5%. 

As weIl, tufts were fastened ta aIl the walls and 

the screen inside the ~user to see if there were 

any regions of separation, especially in the corners 

iust upstream ~nrl do~nstream of the screen. Observdtion 

at several speeds showed no evidence of separation or 

any.~ignificant secondary f~ows. 
'1 

" 
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APPENDIX NOTATION 

A, S, C, D, E, F1 1 F2 - points on the complex physical 

H 

K 1-1) 

M 

T 

u 

v 

w 

x 

y 

Z 

1) 

e 

plane, and on the transform 
1.1 

planes. 

CO~rlex number, position on hOdOgrap~lane 

pressurè drop coefficient for one-dimensional 
expansion theory 

pressure drop coefficient for two-dimensional 
expansion theory 

constant in two-dimensional expansion theory, 
= ln (À.) J'TT 

complex number, position on a transform plane 
in complex flow theory 

mean flow velocity in x-direction 

flow speed in Z-plane 

complex potentiàl, = ~ + i~ 

• real part of Z 

imaginary part of Z 

co~x number, position on physical plane 

imaginary component in T-plane 

direction of flow in Z-plane 

À ~ theoretical expansion ratio for streamline 
diffuser 

real component in T-?lane 

velocity potential ~upction, r~al part of W 
( 

v~locity stream function, imaginary part of W 

Q 

) 
., --' 

'0 
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" Appendix B 

WARD-L~ONARD CONTROL SYSTEM 

INTRODUCTION 
• 

\ 

} ~ l 
'1\ Ward-Leonard control sysrtem <w~s bU1.1 t 

ta control the tunnel speed. A 40 H.P. 550 Volt 

3 Ph. AC 1700 RPM electric motor drives a gener.ator 

capable of delivering 240 Amps. of D.C. current at 

125 Volts. This is connected ta the 40 H.P. drive 

motor on the wind tunnel. The control unit mounted 

on "the tunnel supplies 120 Volts, 2 Amps. D.C., to the 

fan motor field, and 0-120 Volts, 0-5_ Amps. D'I.C. te 
, . 

the generator field windings to control the speed. 

Figure BI is a block diagram of the complete circuit . 
• 1 

1,> 

. MOTOR-GE~ERATOR CIRCUIT 

As can be seen from Figure BI the motor-

generatôr unit is used to power another \·lind tunnel 

drive. A 400 Amp. DPDT knife switch ,is used to trans-

fer the high clirrent D. c. between the;"two systems. Ty.;'O 
Il ' 

''< 
DPST~120 Volt A.C. relays switch the field winding of 

the generater between the two control units of the 

tunnels, and these relays are in,turn operated from 

micro:~witches mounted under the high current knife 

switch'. When this knife switch is completely closed 
" 

, , 

Il 
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it actuates one of the micro-switches. 

In the high current D.C. line between 

the gener~tor and the switch there is a hand reset 

over19ad relay set to trij at 260 Amps. When this 

.... -,-

relay trips it opens the stop line on the 40 H.P. A.C.~ 

motor control, and the motor-generator set stops. 
, . 

Figure B2 shows the circuitry for this section. 

FAN MOTOR CIRCUIT 

Figure B3 shows the fan-motor circuit. 

The 300 Amp. shunt for the motor-current meter is in 

the same box as thé main disconnect switch. The 

motor field wiring also passes through this Qox. . 

-The Klixon (Texas Instrument Co.) 'tempera-

turc sensars are four normally-open bi-metallic 

switches, one in each field winding, that will clos~ 
. 
if the motor overheats. They are ~onnected in 

parallel. 

Hl~IN CONTROL PANEL .. 

The main control panel operates on 120 Volt 

A.C. which is obtained through a standard magnetic 

motor control switch. A green pilot light indicates 

when power is on. The A.C. current is fed to two 



• 

• 
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autotransformers, arid each transformer in turn feeds, 

a bridge rectifier to supply D.C. cq(rent to the 

fan-motor and generator fi~lds. The autotransformer 

in the fan motor field circuit is a tapped transformer 
lit 

giving a ranqe 'of output voltage of approxjmately 

40 Volts. It is opcrated by a six position switch 

that is screw~river adjustcd from the front panel of 

the control box. In pract iee this [' witch is adjusted 

ta give rated output voltage. 1 

J, 

The autotra)lsformer for rthe generator field 
't! .r 

current is continuously variable from 0-135 Volts by 

mea~s of a fro~t panel knob. It serves as the main 

speed control. An identical auto-transformer is also 

mounted in'a separate portable b9X to serve as an 

extension speed control (Figure B4). 'It is connected 

to a four pronq plug-in on the front panel of the main 

control box, and a switch on the main control box 

transfcrs control bctween the two autotransformers. 

Th9re is also a green light on the portable box to 

indicate when it js switched into the circuit. 

Four meters on the main panel monitor the 

electrical system. A 0-300 Amp. meter indicates the 

main motor current. In practice this is a most 

important meter, and it is monitorea whenever the 

tunnel speed is increased to en~ure that' the rated 

amperage is not exceeded. 
~ 
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The other meters monitor the generat~ 

field current and voltage, and the main motor voltage. 

A number of safety features are included in -the circuit. In addition to fuses in the lines feeding 
, 

each autotransformer, there are circuits that monitor both 

the motor field current and the motor temperature. A 

relay in series wlth the motor field current line is 

held in by the motor field current. If the field 

current falls significantly the relay opens and turns 

off the~main control panel power. It does this by 

opening the stop line of the magnetic motor control 

switch. It should be noted that because of the 
, 

inductance of the motor field windings, it takes 

approximately 2 seconds for Lhe motor field'curren~ 

to build up sufficiently to a~tivate this protcctive 

relay. Consequently, when switchinq on, the start 
t 

button must be held down until this relay operates. 

If the motor field windings should over-

heat at anytime one of the Klixon sensors will be 

activated, supplying 120\volt A.C. to a second relay 

in the main control box, as well as to a red panel 

light. The contacts of this relay are also wired into 

the stop circuit of the magnetic motor control. 

Figure BS is the circuit for the main control , 
box. 
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Although not connected to the electrical 

system, an aircraft airspeed indicator i5 mounted in 

the front panel of the control box,. and indica~es 

the approximate tunnel speed • 

. . 

\ 
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