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Abstract

Every convex polytope is both the intersection of a finite set of halfspaces and
the convex hull of a finite vertex set. Transforming from the halfspaces (vertices,
respectively) to the vertices (halfspaces, respectively) is called verter enumeration
(facet enumeration, respectively). It is an open problem whether there is an algo-
rithm for these two problems polynomial in the input and the output size. For each
of the known methods, this thesis develops a characterization of what constitutes
an easy or difficult input. Example families of polytopes are presented that show
that none of the known methods will yield a polynomial algorithm. On the other
hand, a family of polytopes difficult for one class of algorithms can (sometimes) be
easily solvable for another class of algorithms; the characterizations given here can
be used to guide a choice of algorithms. Similarly, although the general problems
of vertex and facet enumeration are equivalent by the duality of convex polytopes,
for fixed polytope family and algorithm, one of these directions can be much easier
than the other. This thesis presents a new class of algorithms that use the easy
direction as an oracle to solve the seemingly difficult direction.



Résumé

Tout polytope convexe est l'intersection d’'un ensemble fini de demi-espaces.
C’est également l'enveloppe convexe d'un ensemble fini de sommets. La transfor-
mation de l'ensemble de demi-espaces en I’ensemble de sommets correspondant s’ap-
pelle l’énumération des sommets. La transformation inverse s'appelle l’énumér-
ation des facettes. Pour ces deux transformations duales, le probléeme de 1’existence
d'un algorithme, de complexité polynomiale relativement a la taille de ’entrée et
de la sortie, est toujours ouvert. Cependant, certains algorithmes peuvent s’avérer
de complexité polynomiale pour certaines familles d'entrée. Ceci définit une notion
de complexité dépendante, de 1'algorithme, de la nature de ’entrée ainsi que de la
taille de I’entrée et de la sortie. Nous présentons, en premier lieu, une caractérisation
de ce qui constitue des données d’entrée faciles ou difficiles, ceci pour chacune des
méthodes d’énumération des sommets et des facettes. Cette caractérisation pro-
duit une aide au choix de l'algorithme adéquat, s'il existe, et permet également de
démontrer qu’aucune des méthodes connues ne peut conduire & un algorithme poly-
nomial. D’autre part, nous présentons un nouvel algorithme générique qui, pour
tout algorithme d'énumération des sommets (ou des facettes), calcule la transfor-
mation inverse avec une complexité similaire (i.e. polynomiale ou non), dépendante
de la famille de polytopes considérée. Cette nouvelle classe d'algorithmes permet
de résoudre efficacement le probléme de ’énumeration de sommets (ou des facettes)

s'il existe un algorithme pour lequel la transformation inverse est aisée.
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Chapter 1
Introduction

A convex polyhedron is the intersection of a finite number of halfspaces JH. A
bounded convex polyhedron is called a polytope. An extreme point of a convex
polytope P is some point in P that does not lie on an open line segment between
two other points in P. The convez hull conv(X) of a set of points X denotes the
intersection of all halfspaces that contain X. A classical theorem from convexity
is that every polytope P can be expressed as the convex hull of its extreme points
(or vertices) V. These descriptions of P will be referred to as the halfspace and
vertez descriptions, respectively. Converting from the halfspace representation to
the vertex representation is called vertex enumeration. Converting from the ver-
tex representation to the halfspace representation is called facet enumeration or
convez hull. These problems are essentially equivalent by duality of convex poly-
topes. Although methods for solving this problem were sketched by Fourier [22] in
the early 19th century, the computational complexity of vertex/facet enumeration
remains open. Indeed, until recently it was not known if the general methods due to
Fourier could result in an algorithm polynomial in |V, |3|, and the dimension d (in
the rest of this thesis we call such an algorithm simply polynomial). In this thesis
we answer the latter question in the negative. Known methods of vertex/facet enu-
meration can be broadly grouped into those based on the simplex pivot operation
(along with some method of dealing with degeneracy) and those based on incre-
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mental construction (i.e. the double description method of Motzkin [34]). For each
of these general classes of algorithms, we give “difficult” families of polytopes for
which the corresponding algorithms are superpolynomial. Several of our families
are “universal” i.e. difficult for all of the main known types of algorithms.

For any given instance of vertex/facet enumeration, there is a corresponding
dual instance of transforming the output back to the input. In this thesis we ar-
gue that for certain hereditary families of polytopes (i.e. those where every subset
of the output for a given polytope is in the family) the complexity of these two
transformations is polynomially equivalent (note that this is quite distinct from the
dual interpretation of a vertex enumeration problem as facet enumeration problem).
We then show how to refine our constructive proof into an efficient and practical
algorithm for vertex (resp. facet) enumeration of simplicial (resp. simple) polytopes.

The rest of this chapter is organized as follows. In Section 1.1, we discuss
theoretical and practical motivations for the study of vertex/facet enumeration. In
Section 1.2, we discuss previous work on this topic, and point out some connections

to this thesis. In Section 1.3 we provide an overview of the remainder of the thesis.

1.1 Motivation

The problem of converting between the two representations of polytopes is funda-
mental from a theoretical point of view. Indeed several of the proofs that every
polytope has both halfspace and a vertex representation (see e.g. Minkowski [106],
Motzkin [31], or Ziegler [113]) proceed by showing the existence of an algorithm
to convert between these two representations. From an algorithmic point of view,
the existence (or non-existence) of a polynomial vertex/facet enumeration algo-
rithm would have important implications for the tractability of several arbitrary
dimensional geometric problems such as Voronoi diagrams [55, 89] and Power Dia-
grams {51].

Vertex/facet enumeration is also an important practical problem. Much of the

interest in convex polytopes has stemmed from their use in mathematical modeling.
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Vertex enumeration is typically applied when the situation to be modeled can be
characterized (or approximated) by a set of linear constraints, but the objective
function (or measure of solution “goodness”) is either non-linear or linear but un-
known. An illustrative example is the work of Ceder et al. [56] where the authors
model the minimum energy state of an alloy lattice by a linear program with an
unknown objective function. From the Fundamental Theorem of Linear Program-
ming (see e.g. [85]), the optimal solution to this linear program must occur at a
vertex. By enumerating the vertices and checking each candidate solution for phys-
ical reasonableness, they are able to find the global solution. Other applications
include combinatorial optimization {53, 59, 60, 58, 61, 64], game theory [34, 52],
multi-objective linear programming [63], quantum chemistry [54], and robotics [65].

1.2 History

Known algorithms for vertex and facet enumeration can be broadly divided into in-
sertion or incremental algorithms and pivoting algorithms. Insertion algorithms
(for vertex enumeration) are based on the observation that to compute the inter-
section of a set of halfspaces H = {H,H;,...Hn_1, Hn }, it suffices to inductively
compute P, = ﬂ{:' H; and then compute P,,_; N H,,. Pivoting algorithms are
based on the simplex method of linear programming (see e.g. [85]) which provides
a method to find all of the vertices adjacent to a given vertex of a polyhedron.

1.2.1 Insertion Algorithms

Research in vertex enumeration predates the discipline of computer science by about
a century. In his 1824 paper on linear inequalities, Fourier [22] proposes a method
for finding extreme solutions of systems of linear inequalities based on successively
eliminating variables. Minkowski [106] made the important observation that every
extreme point (vertex) of a d-polytope defined by halfspaces } satisfies a set of
d affinely independent constraints from J} with equality. Based on this he noted
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that all vertices could be found by simply testing all affinely independent d-sets of
constraints. Stokes [38] gives an early exposition of point-hyperplane duality, and
rediscovers Minkowski’s algorithm in the dual setting of facet enumeration. None
of these algorithms are practical for computation without modification.

The first practical algorithm for vertex enumeration was developed by Motzkin
in his doctoral dissertation [31] and refined in [34]. Motzkin’s double description
method is roughly the following!. At each step we maintain both a vertex and
halfspace description of a current intermediate polytope (hence the name “double
description method”). Initially, choose some set of d + 1 halfspaces forming a d-
simplex. Compute the vertices and edges of their intersection. At each succeeding
step, compute the intersection of the current intermediate polytope and one of
the remaining halfspaces. The vertices of the new intermediate polytope are those
of the old polytope feasible for the new halfspace plus the intersections of edges
of the old polytope and the bounding hyperplane for the new halfspace. Before
this can be termed an algorithm, several details must be specified. In particular,
the order in which the halfspaces are inserted (or insertion order) can make the
difference between whether the double description method is polynomial or not on
a particular family of polytopes. It was later observed that Motzkin’s method is
dual to that of Fourier (see Section 4.1 for discussion). What makes Motzkin’s
method computationally useful, while in general the original method proposed by
Fourier is not, is that the double description method only generates and keeps the
intersections of edges with the bounding hyperplane of the inserted halfspace, while
Fourier’s method additionally (in the language of the double description method)
generates and keeps redundant points that are the intersection of a non-extreme
line segment between two vertices of the previous intermediate polytope with the
bounding hyperplane of the new halfspace.

The double description method was rediscovered by (among others) Burger [9]
and Chernikova {14]. Fourier’s elimination method was rediscovered by Dines [18].

lIn order to work for unbounded intermediate polytopes the method needs to lift the polytope
into a homogeneous cone in one higher dimension. For details see Section 4.1.
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Available implementations of the double description method include [41, 44, 47, 50].

In the computer science literature, the first work on convex hulls in dimensions
higher than three seems to be that of Seidel [36], who rediscovered and refined
Motzkin’s algorithm in the dual setting of facet enumeration. In the beneath and
beyond method instead of adding halfspaces one at at time, points are added one at
time with the convex hull of the added points maintained at every step. From the
upper bound theorem of McMullen [103], it is known that for fixed d, the the convex
hull of n points in R has O(nl4/2}} facets, and this bound is achieved by the cyclic
polytopes. In order to match this bound in even d, Seidel (and most of the computer
science literature that follows him) makes the assumption that the input points are
in general posttion, i.e. that no d + 1 of them are contained in a hyperplane. Such
an assumption can be removed by either perturbing the input set or by (essentially
equivalently) maintaining a triangulation of the intermediate polytopes. While
neither perturbation nor triangulation affects the bound of O(nl4/2l), we shall see
that in terms of polynomiality in the output size, it makes a huge difference, since
the perturbed or triangulated output is generally much larger than the the actual
output.

In 1983, Dyer [19] used a construction of Klee [100] to show that on-line incre-
mental algorithms (i.e. those that insert the input constraints in the order given) are
superpolynomial in the worst case. Chapter 4 of this thesis generalizes and extends
this work in several ways.

An incremental algorithm that meets the worst case bound of O(nl!4/3]) for
all fixed d (as opposed to just even d) was provided (in an expected sense) by
Clarkson and Shor [16] and (in a deterministic sense) by Chazelle [13]. Both of
these algorithms maintain a triangulation of each intermediate polytope.

The work of Seidel [36], Clarkson and Shor [16], and Chazelle [13] on finding a
worst case optimal algorithm can be viewed in part as looking for good insertion
orders. In the case of [36], the insertion order is lexicographic. In the case of [13],
a central part of the algorithm is a sophisticated insertion order that simulates the

random ordering used in [16]. In order for an incremental convex hull algorithm to
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be polynomial each intermediate polytope must have polynomial size. In fact, it is
not hard to see that if this condition holds, then a fairly naive implementation of
Motzkin’s double description method (with this hypothetical insertion order) will
be polynomial. Thus the question “Is there a polynomial incremental convex hull
algorithm for polytope family I'” is equivalent to “Is there a polynomial insertion
order for polytope family I'". One of the results of this thesis is that there are
families of polytopes (see Section 4.4) for which there is is no polynomial insertion

order.

1.2.2 Pivoting Algorithms

The notion of pivoting also seems to have been first explored by Fourier [22], al-
though not formulated explicitly algebraicly until the late 1930’s by Kantorovich
(see [98]) and independently by Dantzig in 1951 [86] as the simplez method. Con-
sider a d-polytope P defined by a set of halfspaces J{. An affinely independent set
of d elements of H whose bounding hyperplanes intersect in some vertex of v of P is
called a basts for v. Minkowski [106] showed that every vertex has a basis. A ptvot
is the replacement of exactly one element of a basis to yield a new basis. In this
manner a basis graph of a polytope is naturally defined with nodes corresponding
to bases and edges corresponding to pivots. The problem of enumerating the ver-
tices of a polytope can be reduced by the theorem of Minkowski to the problem of
traversing this graph. In 1953 Charnes [12] gave an algorithm a using depth first
search on the basis graph, which included a perturbation procedure to deal with
degeneracy. Maiias and Nedoma [29] gave an algorithm using breadth first search
on the basis graph. Altherr [1], Dyer and Proll [20], Dyer [19] and Chvatal [85] gave
more refined versions using e.g. balanced trees to store the bases found so far rather
than unordered lists. Avis and Fukuda [5] described the reverse search algorithm
based on the depth first traversal of the basis graph that has the significant advan-
tage that it does not need to store any of the bases previously discovered. Pivoting

can also be used for the problem of facet enumeration, where a basis is a set of
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d affinely independent vertices lying in a facet. Dual pivoting or gift wrapping
algorithms for facet enumeration where given by Chand and Kapur [11], Swart [39],
and Seidel [37]. Rote [35] gave a gift wrapping algorithm based the reverse search
technique of Avis and Fukuda interpreted in the dual.

Polytopes where every vertex has exactly one basis are called simple. Polytopes
where every facet has exactly one basis are called simplicial. Where every item
to be enumerated (vertex or facet) has exactly one basis pivoting algorithms are
polynomial and quite fast in practice. In the general case there can be (superpoly-
nomially) many bases corresponding to a single vertex. The most popular technique
for dealing with this problem in practice is to perturb the input to reduce the num-
ber of bases of the polytope (see e.g. [74, 46, 75]). An alternative approach, taken
in [11, 39, 35], is to recursively compute (in the context of facet enumeration) the
facets of each facet. Dyer [19] previously observed that such algorithms perform
superpolynomially on some families of polytopes. In Chapter 3 we argue that such
algorithms are superpolynomial even if they use an optimization due to Swart [39].

1.3 Overview of Thesis

The rest of the thesis is organized as follows. In Chapter 2 we give some definitions
and preliminary results from the theory of convex polytopes. In Chapter 3 we
argue the general method of pivoting is unlikely to provide a polynomial algorithm
for vertex/facet enumeration. In Chapter 4, we show that incremental algorithms
cannot be polynomial in our sense. In Chapter 5 we introduce a new “primal-dual”
method of facet/vertex enumeration that is polynomial for a natural and non-trivial

class of input. In Chapter 6 we present some conclusions and directions for future

work.



Chapter 2

Preliminaries

This chapter presents some definitions and fundamental results from the theory of
convex polytopes that will be useful in the sequel. Several of the results belong to

the mathematical folklore; for completeness the easy proofs are included here.

2.1 Convex Polytopes

This section introduces some fundamental notions of convex polytopes from a com-
binatorial point of view. We start by defining polyhedra and polytopes, and consider
the notions of the face lattice, duality, and redundancy. For general references on
convex polytopes, and terms not defined here, see [92, 84, 113].

This thesis is primarily concerned with the affine properties of the d-dimensional
real vector space R4, d > 1. We shall occasionally restrict ourselves to the the d-
dimensional rational vector space Q9. A hyperplane is a set of points satisfying
some linear inequality ax = b. Similarly, a kalfspace is the set of points satisfying
some linear inequality ax < b (i.e. an open halfspace) or ax < b (i.e. a closed half-
space). A convex polyhedron is the set of solutions to a system of linear inequalities
Ax < b, or equivalently the intersection of a set of closed halfspaces. A bounded
convex polyhedron is called a polytope.

Given a set of points X = {x;...x, }, a combination } @, A;x; is called affine
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if 3 A; = 1. A combination is called nonnegative if each A; > 0, and convez
if it is both affine and nonnegative. The affine hull aff X is the set of all affine
combinations of X, or equivalently the smallest affine subspace containing X. The
dimension dimX is the dimension of aff X. A set of k points is called affinely
independant if it has dimension k. A set of k hyperplanes in R? is called affinely
independant if its intersection has dimension d — k. The relative interior relint X
is the interior in aff X. The convez hull conv X is the set of all convex combinations
of X. Point p is extreme for X if p is not a convex combination of X\ {p}.

The following can be considered the fundamental theorem of convex polytopes.
For an outline of a proof, see Section 4.1. Further details can be found in e.g.
Brgndsted [84] or Ziegler [113].

Theorem 2.1 (Minkowski-Weyl) Every convex polytope is bota the intersection of a
finite set of halfspaces and the convex hull of its extreme points.

Given a polytope P = (XK, a halfspace H € X is called redundant if P =
N(FH \ H). Similarly for a polytope P defined as the convex hull of a set X, x € X
is called redundant if P = conv(X \ x) (i.e. x is not an extreme point of conv X). In
what follows, unless otherwise noted, we assume that any descriptions of polytopes
under discussion contain no redundant elements. This assumption is justified by the
fact that redundant elements can be removed by solving a linear number of linear
programs, and by the existence of practically and theoretically efficient algorithms
for linear programming. }(P) (respectively V(P)) is the non-redundant halfspace
(respectively vertex) description of P. We use m for [H(P}|, n for [V(P)|, and d
for the dimension dimP. We use O (OX) and 1 (1*) to denote the vector of all
zeros (of length k) and all ones (of length k) respectively. Let e; denote the ith
elementary vector, i.e. the vector with element i equal to 1 and every other element
0. By convention we define the Oth elementary vector as the origin O.

From a combinatorial point of view, the important information about a polytope
is the combinatorial structure of its boundary. A hyperplane H supports a polytope
Pif HNP # 0 and P is contained in one of the closed halfspaces (the supporting
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Figure 2.1 The face lattice of a square.

Dimension
d

L 4
T d-—1

d-—2

—1

halfspace) induced by H. The faces of a convex polytope P are §, P (the :mproper
faces), and the intersection of a supporting hyperplane of P and P itself (the proper
faces). Faces of dimension k are called k-faces. By convention we say that the
empty face has dimension —1. fi(P) denotes the number of k-faces of P. Let
f(P) denote the total number of nonempty faces of P, i.e. f(P) = & fi(P). The
names vertices, edges, ridges, and facets refer to 0, 1, (d — 2), and (d — 1)-faces
respectively. We use V(P), E(P}, and F(P) to denote respectively the vertices, edges,
and facets of P. The natural graph defined by the vertices and edges of P is called
the skeleton of P.

The face lattice of a polytope is the poset of its faces partially ordered by inclu-
sion. Lattice L, is anti:-isomorphzic to lattice L, if it is isomorphic with the partial
order reversed. Polytopes P and Q are combinatorially equivalent (respectively
dual) if their face lattices are isomorphic (respectively anti-isomorphic). For a face
F of d-polytope P, the codimension codimF denotes d —dim(F) — 1. We use cx(P)
to denote the number of faces of P with codimension k. If P’ is a polytope dual to

P, then we have

fi(P') = ck(P) f(P') = f(P)

Figure 2.1 illustrates the face lattice for a square, which is is easily seen to be
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self-dual, since the face lattice is symmetric top to bottom.

A d-polytope P is called simple if every vertex is the intersection of exactly
d-facets. P is called stmplicial if every facet contains exactly d vertices. From the
definition of duality, we see that the simplicial polytopes are dual to the simple
polytopes.

We treat sets of points and matrices interchangeably where convenient; the rows
of a matrix are the elements of the corresponding set. Where the origin is in the
interior of a polytope, each facet defining inequality can be written as ax < 1 for
some a; for facet F we write «(F) to denote such a vector a. For vector h, we adopt
the convention that h*, h—, and h® respectively denote the set of points x such that
hx < 1, hx > 1, and hx = 1, respectively. Where there is no danger of confusion,
we sometimes identify the halfspace h* with the corresponding constraint hx < 1.
We use P(H) to denote the polyhedron {x | Hx < 1}. Similarly we use J((P) to
mean the matrix A where P = {x | Ax < 1}. For a set of points V we use H(V) to
mean H(conv V); similarly for a set of halfspaces H, we use V(H) to mean V(P(H)).
We say that a halfspace h' is valid (or hx < 1 is a valid inequality) for a set of
points X if X C ht.

For any point set X, the polar X* of X is defined as {y | Xy < 1}. It is known
(see e.g. [84]) that if P is a polytope containing the origin in its interior, P* is a
polytope dual to P, containing the origin in its interior.

For a facet F with outward normal h, we write F* or h'* for the corresponding

supporting halfspace and F~ or h™ for the other (open) halfspace induced by h.

2.2 Bounds on Face Counts

Many of the lower bounds in this thesis will be based on families of polyhedra with

particular bounds on face counts. Here we recall the two most well known such

families, and the two fundamental theorems of polytope theory that they realize.
A cyclic d-polytope C4(n) on n vertices is the convex hull of n distinct points
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on the moment curve! c(t) = (t,t?,...td). It is known (see e.g. [92]) that the convex
hull of any n distinct points on the moment curve is combinatorially equivalent.
Let vi(n,d) denote f;(C4(n)). Let yv(n, d) denote yv4-1(n, d). Cyclic polytopes are
neighbourly, i.e. every k < |d/2] vertices define a face (see e.g. [92]). It follows
that

Yi(n,d) = ( " ) 0<i<|d/2]

i+1

The facets of a cyclic polytope are completely characterized by “Gale’s evenness
condition” [90], as follows. Consider the bit vector corresponding to the set of
vertices of Cq(n) lying on some hyperplane h°®. h° defines a facet if and only if
there are exactly d 1s and every consecutive set of ones is either even in length
or contains the first or last vertex. It follows [90, 92, 113] from Gale’s evenness
condition that

n n—d/2 ]
n——d/Z(n—d) d even;
2(n—(d+l)/2) d odd

n—d

In fact 'yx(n,d) can be computed for the remaining values of k from the “Dehn-
Somerville Equations”; see [93] for details and formulae.

Theorem 2.2 (The Upper Bound Theorem [103]) A convex d polytope with n vertices

has at most v (n, d) k-faces.

Let ¥(n, d) denote f(C4(n)). Since cyclic polytopes are simplicial, the following
(rather crude) bound holds: y(n,d) < ¥(n,d) < 2%y(n, d). The following lemma,
due to Altshuler and Perles, says that in some sense, the cyclic polytopes are as

degenerate as possible.

1Several other curves will serve equally well; see [92] p. 63 and the references there for more
examples.
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Lemma 2.1 ([77], p. 102) For even dimension d, every vertex of C4(n) is contained
in exactly y(n —1,d — 1) facets.

A truncation polytope is either a simplex, or the intersection of a truncation
polytope with a halfspace that cuts off precisely one vertex. A stacked polytope is
either a simplex, or the convex hull of a stacked polytope P, along with a point x
beyond exactly one facet of P. The following can be proved from polarity.

Proposition 2.1 The dual of a stacked polytope with n vertices is a truncation poly-

tope with n facets.

Let Bx(m, d) denote the number of k-faces of a truncation polytope. The following
is known (see e.g. [84]):

(d=1m—-(d+1)(d—-2), k=0

(2.2) Bx(m,d) = d d
(k+])(m—d)+(k)' 1<k<d-2

We use 3(m, d) to denote Bo(m, d).

Theorem 2.3 (The Lower Bound Theorem(78, 79, 82]) For any simple d-polytope P with
m facets, fi(P) > Px(m, d). Furthermore, for d > 4, if fy(P) = B«(P) for any k then

P is a truncation polytope.

Unlike Theorem 2.2, the bound of Theorem 2.3 holds only for simple (or in the dual
interpretation simplicial) case. A natural lower bound for the number of vertices of
an m facet polytope is provided by “inverting” Theorem 2.2. Define A(m, d) to be
the smallest integer | such that m < y(l, d). For any m facet d-polytope P,

(2.3) fo(P) = A(m, d)

Deza [87] has shown that the bound (2.3) is tight for m or d even.
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2.3 Products and Sums of Polytopes

Many of the results of this thesis will be based on the Cartesian products of poly-
topes construction. Here we present some well known properties of this construction
that will be useful in the sequel. Let P be a k-polytope and let Q be an l-polytope.
Let PxQ, called the product of P and Q, denote{(p,q) Ip € P, g € Q}. We regard
Rk x R! as naturally embedded in R(*+!, with coordinatization (x;,...xx, Y1, ...yt

where x; and y; are the coordinates of R* and R' respectively.

Lemma 2.2 For nonempty subsets S and T of R*, R! respectively
(a) aff(SxT)=affSxaff T

(b) conv(SxT)=convS x convT

(c) dim(SxT)=dimS+dimT

Proof.

(a) Consider an affine combination (s, t) = 3_;c;¢; Aii(si, tj) of S x T. By setting
0i = ) ey Ay and T; = 3, Ay we obtain affine combinations s = }_ ;. gisi,
t =3 ;c Tjs;- To go the other direction, simply set A; = 0y71;.

(b) Note that both of the mappings between combinations given above preserve

non-negativity.

(c) Let Ay =x;+L;and A; =x; + L, be affine subspaces, where ; and L, are
linear subspaces. Let L] ={(x,O')|x € L;}, and let L} ={(O%,x) [x e L}

A x Az = (x1,%x2) + (L x ) = (x1,x2) + (L] + L3)
A standard result of linear algebra (see e.g. [108]) is that

dim(L; + L;) =dim(L}) + dim(L;) — dim(L; N L3)
=dimL; +diml; =dimA; +dimA; O



CHAPTER 2. PRELIMINARIES 15

Lemma 2.3 (The Product Lemma) Let P be a k-polytope and Q an l-polytope.

(2)
(b)

(c)

P x Q is a (k + l)-polytope.

Fori>j >0, the i-faces of P x Q are precisely F, x F; where F,, is a j-face of

P and Fq is an (i —j) face of Q.

P x Q is simple iff P and Q are simple.

Proof.

(2)

(b)

(c)

Since P and Q are convex, P x Q = convP x conv(Q. By Lemma 2.2b,
P x Q = conv(P x Q). It follows that P x Q is a polytope. The dimension

follows from Lemma 2.2c.

Let R**! be coordinatized by (x;...xx,y;...y;). Let ax < b be a facet defin-
ing constraint for facet F of P. The constraint ax < b is valid for P x Q.
Moreover {(x,y) € P x Q| ax = b} =F x Q hence by (2.3a) has dimension
k +1—1. It follows that the facet defining inequalities for P x Q are precisely
the the facet defining inequalities for P and Q, interpreted in the higher di-
mensional space. Any j face must satisfy an affinely independent set of j of
these inequalities with equality, and at most k (respectively 1) of these can

come from P (respectively Q).

Note that a vertex (p, q) only satisfies with equality those facet defining con-
straints of P and Q that p or q satisfy with equality. |

From Lemma 2.3, we draw some easy conclusions about the face counts of products.

Corollary 2.1 Let P and Q be k and l-polytopes.

()
(b)
(c)

fo(P x Q) = fo(P) - fo(Q)
co(P x Q) =co(P) +co(Q)

f(P x Q) = f(P) - f(Q)



CHAPTER 2. PRELIMINARIES 16

For polytopes P C R* and Q c R!, we define the orthogonal sum P® Q as

P& Q =conv({(p,O") [p e P}U{(D*q)lqe Q}.

Lemma 2.4 Let P and Q be k and | polytopes respectively that contain the origin

as an interior point. P& Q = (P* x Q*)".

Proof. By Lemma 2.3 and polarity, we know the defining halfspaces for P* x Q*

can be written as [vg ’ V%]] x < 1. Taking the polar one more time, we arrive at
the definition of P & Q. O

We again note some easy but useful consequences for face counts.

Corollary 2.2 Let P and Q be k and | polytopes respectively that contain the origin

as an interior point.
(a) fo(P® Q) ="fo(P)+f(Q)
(b) co(P & Q) =co(P)-co(Q)
() f(P®Q)=Af(P)-f(Q)

Closely related to the orthogonal sum is the diagonal sum. Given k-polytope P
and an l-polytope Q, define the diagonal sum PO Q as

P® Q = conv({ (x, x1') [ x € P}U{{yi1*,y) ly € Q).

The idea behind the diagonal sum is that P and Q are embedded in the two

subspaces

(24&) Xk =Xk+1 = .. Xl

(2.4b) X1 =X2 = - = Xg =Xk+1
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where the subspace defined by (2.4a) intersects the subspace defined by (2.4b)
exactly in the point O. It turns out that this is equivalent in a very strong sense to
the orthogonal sum construction. Call two polytopes linearly equivalent if there is

a bijective linear transformation from one to the other.

Lemma 2.5 Let P and Q be polytopes containing the origin in their interior. R =
P ® Q is linearly equivalent to R’ = P’ & Q’, where P’ (respectively Q') is linearly
equivalent to P (respectively Q).

Proof. Let k =dimP, | =dimQ and d = k + 1. Let L; (L; respectively) be the
linear subspace defined by (2.4a) ((2.4b) respectively). Let B, denote a basis for L;
(i.e. a set of k linearly independent vectors in L;). Let B, be a basis for [;. Since
dim(L; UL;) = d, B = B; UB, forms a basis for R%. The linear transformation B~'
transforms B to the identity matrix I. Let R’ = RB~! (i.e. the transformation B’
applied to R). Since [ N L, = O, B; and B, are transformed to disjoint subsets
(of rows) of I, hence R’ has the desired form P’ @ Q' (possibly after reordering

coordinates). By construction,

V(R) = V(R')B = [V(P') O ] [Bl}
O V(Q1] (B2

Let X = V(P) and Y = V(Q).

X —xik| _ V(P')B1J
Y1 Y V(Q’)Bz
It follows that e.g. P = P’§; where §1 denotes the first k columns of B;. 0

From Lemma 2.5, we can use the diagonal and orthogonal sum interchangeably,
depending on which is more convenient. One advantage of the diagonal sum opera-
tion is that it preserves the vertex coordinates of the two polytopes, set of the two
polytopes. We will use this create a sum of polytopes with coordinates +1 that also
has coordinates +1.
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2.4 Complexity

We consider the input (respectively, output) size to be the number of real (or ratio-
nal) numbers needed to represent the input (respectively output). For convenience,
we use size(P) = dim(P)(/V(P) + |3(P)]) to denote the summed input and output
size.

We assume each single arithmetic operation takes a constant amount of time.
This assumption is merely to simplify the discussion, and everything here could be
reanalyzed in the binary complexity model without qualitative changes.

All logarithms are binary, unless otherwise specified.

A famaly of polytopes is used here to mean an infinite set of polytopes. Usually,
but not necessarily, families arise in some natural way from a problem such as the
traveling salesman problem [61], or a construction such as those described below.
Given a family of polytopes I', a function g : ' — R is called polynomial for I if there
exists some univariate polynomial p(x) such that for every P € I', g(P) < p(size P).
A function g : ' — R is called weakly polynomzial for I' if there exists positive
function f(x) and polynomial p(x) such that VP € I", g(P) < f(dim P) - p(size P); this
corresponds to the notion of considering d to be a constant. If g is not (weakly)

polynomial for I' we say that g is (strongly) superpolynomial for .

Bibliographic Notes

The numbers ( fo(P), fi(P),...fa—1(P) ) are often called the f-vector of the polytope
P. Characterizing the f-vectors of (various families) of polytopes is a central theme
in polytope theory. The Upper Bound Theorem (Theorem 2.2) was first conjectured
by Motzkin [107] in 1957 and proved by McMullen [103] in 1970. The f-vectors
of simplicial (and by duality simple) polytopes are completely characterized by
“McMullen's f-vector conditions”. These algebraic conditions were conjectured by
McMullen [104, 105] in 1971. The necessity of these conditions was proved by
Stanley [111] in 1980. In 1981, the sufficiency of the conditions was shown by
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Billera and Lee [82]. The Lower Bound Theorem (Theorem 2.3), although first
proved by Barnette {78, 79], is also a corollary of McMullen’s conditions. Deza and
Fukuda [88] also use McMullen’s conditions to give a tight lower bound for the
number of vertices of a polytope with m i-faces, 0 <1 < [d/2].

Some results are also known for families of polytopes other than simple/simplicial.
Blind and Blind [83] show that any d-polytope without a triangular 2-face has an
f-vector bounded below by that of the d-cube. Kortenkamp et al. [102] give an
upper bound of d! — (d — 1}! + 2(d — 1) facets for an n-vertex d-polytope whose
vertices are 0/1-vectors. They give an example family of 0/1-polytopes with more
than (2.76)4 facets for sufficiently large d.

For notational convenience, the same algebraic construction of orthogonal sum
is used for two different combinatorial purposes here. If P and Q are both full
dimensional, then P & Q corresponds to what is known in the literature as a “free
sum”. Otherwise, it corresponds to a “join”. The “diagonal sum” construction ap-
pears in a paper by Kortenkamp et al. [102] under the name “direct sum”. The free
sum operation can be defined in sufficient generality to include both the orthogonal
and diagonal sum, by defining it is any operation that embeds the two polytopes in
complementary subspaces (two subspaces that intersect in a point and whose union
is the entire space) before taking their convex hull. For more details, see [95, 102].
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Pivoting Algorithms and Triangulation

A basis for (a vertex of) a d-polytope P is a set of d affinely independent supporting
hyperplanes whose intersection is feasible. A pivot operation moves from one basis
to another by exchanging exactly one hyperplane. It turns out that the basis graph,
whose nodes are bases and whose (directed) edges are pivots, is connected. This,
along with the fact that every vertex has a basis means that the vertices of a
polytope can be enumerated by exploring the basis graph; such an algorithm is
called a pivoting algorithm. The number of bases can be much larger than the
number of vertices: a vertex where m, facets meet can have as many as (") bases.

The earliest (and most popular in practice) technique to reduce the number of
bases visited by a pivoting algorithm is to perturb the input hyperplanes so that
the resulting polytope is simple. In general the number of vertices of the perturbed
polytope is significantly larger than that of the input polytope. In Section 3.3
we give example families for which every perturbation produces a superpolynomial
blowup.

The main step of pivoting algorithms is finding the neighbouring vertices of the
current vertex (as opposed to the neighbouring bases of the current basis). Find-
ing the neighbouring vertices to the current vertex v is equivalent to enumerating
the edges adjacent to v. By considering a hyperplane that cuts off only v, we can

recursively reduce this problem to a vertex enumeration problem in one less dimen-

20
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sion. Such algorithms (see e.g. [11, 39, 35, 40]) are equivalent to computing the
entire face lattice of the polytope. Families whose face lattice is superpolynomial
in m, n, and d are well known. In Section 3.1, we give examples of such families
with an infinite number of members in a given dimension. We also consider the
variant of this method proposed by Swart [39] which computes a subset of the face
lattice. Although this defeats certain simple lower bounds, it turns out also to be
superpolynomial in the worst case.

In the facet enumeration setting, a basis is a set of d vertices defining a facet. A
dual-pivoting or “gift-wrapping” (see e.g. [39]) algorithm moves between adjacent
bases {those that share d—1 vertices) in much the same way as a pivoting algorithm
for vertex enumeration. In order to reduce the number of bases visited, the input
vertices are either perturbed, or the boundary of the polytope is triangulated,
i.e. decomposed into (d — 1)-simplices. Triangulation will be the bridge between
bounds for face lattice producing algorithms and bounds for algorithms based on
perturbation. The results on the face lattice of Section 3.1 will imply lower bounds
on the size of triangulations in Section 3.2, and these triangulation bounds will in
turn imply bounds on the size of the perturbations in Section 3.3. It should be
noted that although triangulation does not provide a polynomial upper bound, the
bound of O(n!9/2!) provided by the upper bound theorem is much better than the
Q(n9) possible total bases.

The lower bounds in this chapter apply to pivoting based algorithms using either
perturbation (e.g. [42, 12, 46]) or lattice enumeration [35, 39, 40]. They further apply
to incremental algorithms that use triangulation (see e.g. [16, 48, 13]). Because the
worst case complexity of the face lattice is asymptotically the same as the worst
case output size (vertices or facets), several authors (see e.g. {15, 10]) define the
“convex hull problem” as computing the face lattice of the polytope. The bounds
of this chapter show that this can be prohibitively expensive for applications that
only want the vertices or facets, especially since the face lattice is relatively easy
to compute given the vertices and facets (see [26]). Several of these algorithms
compute the face lattice of a perturbed polytope, and are thus potentially subject
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to two superpolynomial blowups. Finally, the lower bounds in this chapter apply
to algorithms that apply pivoting to the dual polytope as a method of verifying the
output, such as those developed in Chapter 5.

3.1 Computing the Face Lattice

This section presents examples of families whose face lattice is superpolynomial in
their size. These families show that no convex hull algorithm that computes the
face lattice is polynomial. Let T, denote the d-dimensional simplex. Since every

subset of vertices of a simplex defines a face (see e.g. [92]),
(3.1) f(Ty) =294+ —1.

Although computing the face lattice might be a useful technique if it were bad only
for simplices, given (3.1) it is not hard to see that the face lattice is superpolyno-
mial for any polytope that contains (or whose dual contains) a “high dimensional”
simplicial face and whose input and output sizes are polynomial in the dimension.

If P is a truncation d-polytope, d > 3, then
f(P) > 289 size(P)
This can be seen as follows. Let m = co(P).

fo(P) = (m — d)(d— 1) +2 By (2.2)
<2(m-djd d>2

Since for a simple polytope fo(p) > co(P), it follows s = size(P) < 4d?(m — d).
Summing (2.2), we get

fP)=(m—-d+1)(2¢—2)+3
> (m—d)(2¢ —2) > s29-2lesd-3 d>3
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Swart [39] observed that instead of computing the vertices of a simplicial k-face
recursively, one can can compute them directly. Such an algorithm computes the
abbreviated face set §(P), defined recursively as follows:

s =(pr} Y

FeF(P)

-~

{F} if Fis a simplex,
&(F) otherwise

Let f{P) denote |F(P)|. Obviously f(P) < f(P). For simple or simplicial polytopes,
both f(P) and f(P) are linear in m and n, although exponential in d. Consider
the simplicial case. Every facet is a (d — 1)-simplex, hence by (3.1) has 2¢ — 1
non-empty faces. It follows that if P is simplicial (respectively simple), f(P) < 2¢m
(respectively f(P) < 2¢n). In [39], Swart conjectures that f{P) is linear (or “similar”
to linear, i.e. bounded by a small polynomiai) in n + m for general polytopes. We
will see below that for certain (non-simple and non-simplicial) families of polytopes,
f(P) is not bounded by any polynomial in m and n independent of the dimension.

Computing the abbreviated face set instead of the complete face lattice is only
advantageous if the polytope has one or more “large dimensional” simplicial faces.

The following consequence of the Product Lemma suggests how to construct poly-

topes with large face lattices, but with no “large dimensional” simplicial faces.

Lemma 3.1 Let Py and P, be polytopes. P; x P, is a simplex iff dimP; = 0 or
dim P, =0.

Proof. The “if” direction is clear from the Product Lemma. Let n; and n;, be the
number of vertices of P; and P; respectively. Let d; = dimP; and let d; = dimP,.

Suppose P; x P; is a simplex.

di+d;+1=n-ny By Lemma 2.3

n; >d;+1 je{1,2}
di+da+12(di+1}(dz+1)=did2+dy +dy + 1

S.0>did; a
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Corollary 3.1 Let P and Q be polytopes containing the origin as an interior point.
P& Q is a simplex if dimP = 0 or dim Q = 0.

Proof. The observation here is that P & Q is a simplex if and only if (P & Q)*,
i.e. P* x Q® is. By Lemma 3.1 this holds if dim P* =0 or dim Q* =0. O

In order to make use of Lemma 3.1 and Corollary 3.1, we need families of poly-
topes whose face lattice is extremely large in terms of the number of vertices. A
natural candidate family is the cyclic polytopes. On the other hand, cyclic poly-
topes, at least those realized as the convex hull of a set of points on the moment
curve, are not well behaved numerically, since the bit complexity of the coordinates
grows linearly with the dimension. Since the other dth order curves (see Section 2.2)
seem to have similar numerical behaviour, it will prove useful to have (non-cyclic)
families that behave in some ways like the cyclic polytopes, but have tighter bounds
on the values of coordinates. We define two such families using the sum construc-
tions of Section 2.3. For a polytope P, let P, P denote the k-fold sum of P with

itself, i.e.

Define (), P analogously (recall that © is the diagonal sum operator linearly equiv-
alent to &; see Lemma 2.5). Let 7t, be a convex polygon with n vertices. For odd

N choose points as follows:

x(1)=n—-1)/2—-1
y(i) = 2x(1)2 -3 i=0...n—1

If n is even, construct 7,_; and then add a vertex with coordinates (0, n?/2 — 2n).
Let Hy denote the d-dimensional hypercube with vertices in { —1,+1}4. Define
Ma(n) = @4 n and Uzg = (4 Hs. Recall that fo(P) and ¢o(P) denote respectively
the number of vertices and facets of P. f(m,) = 2n + 1. From Lemma 2.3 and
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Lemma 2.4, we know the following:
fo(T24(n)) = dn co(Mza(n)) =nd f(Mya(n)) = (2n+ 1)
H; has 1 3-face, 6 facets, 12 edges and 8 vertices. It follows that f(H;) = 27.

fo(Uszq) = 8d co(Uszq) = 64 f(Usq) = 3%

In both cases we have the desired property that the face lattice size is much larger
than the vertex representation.

We now introduce three families of polytopes that are somewhat of a recurring
theme in this thesis. Although there are perhaps easier ways of achieving our
immediate goal of superpolynomially sized face lattices, these three families will
turn out to be useful in Chapter 4 as well. Loosely speaking, we will take the v/d-
fold product of polytopes in dimension v/d. In order to have families with members
in every (sufficiently large) kth dimension for constant k, we interpolate in the
following manner. For any d > 2 define a = [V/d], b = |d/a], and ¢ = d mod a.
Define

Cza(n) = CB,(n) x Cae(n)
M2a(n) = M5 (1) x Mye(n)

Usa = U3, x Usc.

The last term is omitted if ¢ = 0, since multiplying by a O-polytope merely changes
the ambient space. Define sgn(x) as 0 if x = 0, x/abs(x) otherwise. Let b’ =
[d/a] = b + sgn(c). We will make use of the fact that b’ < a and ¢ < a.

fo(Cza(n)) =n* By Corollary 2.1a
co(C14(n)) = by(n, 2a) +sgn(c) - y(n, 2¢) By Corollary 2.1b
€ 0O(n?) d fixed
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Thus we have
(3.2) size C4(n) € O(n?) d fixed
Similarly, for TT24(n) we have

fo(TT2a(n)) = (an)®(cn )=
< (an)®
co(TT2a(n)) = bn® +sgn(c)n®
(3.3) size TT24(n) € O(n%) d fixed

It should be noted that (3.3) hides a constant of approximately dv? and hence is
only of interest when n >> d. Similar arithmetic to the above reveals

fo(Usa) < (8a)® < (8a)?
co(Uza) < b'6° < (8a)*
size Uzq < 6d(8a)® < 23a+3ga+2
— pal3+loga+(2loga+3)/a)
(3.4) < 3alega d sufficiently large

Using the fact that the size of the face lattice multiplies under both the sum and

product operations, we have

f(Ca(n)) €©®n?)  d fixed
(3.5) f(TT2a(n)) € O(n?) d fixed
f(Usq) = 3
By Lemma 3.1, C,4(n) has no simplicial face with dimension greater than [\/E.I .

By Corollary 3.1, neither IT,4(n) nor Usy has a simplicial face with dimension higher
than 1. By Lemma 3.1 it follows that neither do products of either of these families.
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Since every 1-face is simplicial, it follows that
f(iTza(n)) > f(iT2a(n))/2 f(iliza) > f(Uiza)/2

We summarize the results of this section as follows.

f(Ca(n)) € O(s¥1Vdl) where s, =size Cg(n)  d fixed
fTi2an)) € @(Sg/r\/i]) where Sp = size [Tz4(n) d fixed

Alillra) € Q(Sid/( [vd] log[ \/5“) where Su = size Uzqg

3.2 Triangulation

In this section we work in the context of facet enumeration; as usual this is merely
a matter of convenience, and everything here can be interpreted in the dual vertex
enumeration context. It will be useful in the next two sections to work with objects
slightly more general than polytopes. A set of polytopes I' is called a polytopal

complez if
1. The empty polytope is in T,
2. If P € I', then the faces of P are also in I', and
3. for any pair { P, P;} C T, P;N P; is a (possibly empty) face of both P; and P;.

Since the only complexes we are interested in here are polytopal, we usually abbre-
viate polytopal complex to complez. The polytopes that make up a complex are
called its faces. By the maximal faces of complex we mean those not contained in
any other face. The boundary complez of a polytope P is the complex consisting of
all of the k-faces of P, k < d. Note that the face lattice of a polytope can be viewed
as a complex, but a complex is not necessarily a lattice. A complex A is called a
decomposition of a polytope P if P = [Jgcs Q. Complex I is called a refinement
of complex I if it consists of decompositions of the faces of . A complex T is
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called simplicial if each P € I is simplex. A simplicial refinement of a complex is
called a triangulation. Triangulation is used not only in pivoting based algorithms
for facet enumeration, but in certain incremental algorithms. In the former case,
the idea is to reduce the number of bases (facet defining sets of vertices) visited
by the algorithm. In the latter case, the idea is to improve the performance of the
algorithm in low dimensions or to meet the worst case bound of O(nl!%/2). In the
case of pivoting algorithms, although triangulation is no worse than enumerating
all bases of a polytope, it cannot guarantee a polynomial algorithm. In the case
of incremental algorithms, not only does triangulation not guarantee a polynomial
algorithm, but it can make an algorithm superpolynomial for certain families of
polytopes, even given a good insertion order.

Triangulations without extra vertices (i.e. those whose 0-faces are the vertices
of the polytope) are of special interest, both from a theoretical point of view and
from the point of view of facet enumeration algorithms. It will turn out that the
bounds in this section hold for the more general case of allowing additional vertices;
we will see in Section 3.3 that they hold even for more general sets of simplices than
triangulations.

There are several problems closely related to triangulating a polytope, namely
triangulating its facets (individually) and triangulating its boundary complex. Given
a triangulation A of the boundary complex of P, we can extend it to a triangulation
of P (see Section 3.2.1). On the other hand, a triangulation of the facets is not nec-
essarily a triangulation of the boundary: consider for example a ridge of a 4-cube
(itself a 2-cube) where the triangulations of the adjacent facets choose different diag-
onals (see Figure 3.1). A lower bound on the number of (d—1)-simplices necessary to
triangulate each facet will provide a lower bound for the number of (d —1)-simplices
neccesary to triangulate the boundary and the number of d-simplices neccesary to
triangulate the polytope.

Several known bounds on the size of triangulations are based on volume. By
providing a lower bound for the volume of the polytope P to be triangulated, and
an upper bound for the volume of a simplex contained in P, a lower bound for the
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Figure 3.1 The ridge x; = x2 = 0 of a 4-cube triangulated in two different ways by
triangulations of facets x; =0 and x; =0

0001 0011

number of maximal simplices necessary to triangulate P is obtained. Section 3.2.1
comprises an exposition of two such bounds.

Similarly to the bound on the face lattice size in terms of the number of facets
of a simplicial polytope, we can obtain a bound in terms of the number of maximal
simplices in a triangulation. Suppose we have a triangulation A of d-polytope P
with t d-simplices. For k < d, every k-face of P must be triangulated by A, i.e.
must contain at least one k-face of some T € A. Since k-faces of P do not intersect

except in j-faces, j < k, it follows that

d
<
fk(P)_t(kH) k<d

B d—1 d
(3.6) flPy<t ( ) +1<t2¢
2 (it

Note that (3.6) does not depend on whether A contains extra vertices or not. Here
we are interested in the interpretation of (3.6) as a lower bound on the size of a
triangulation. Let tmin(P) denote the minimum number of d-simplices necessary

to triangulate a d-polytope P.

(3.7) tmin(P) > f(P)27¢
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Let tming(P) denote the minimum number of (d — 1)-simplices necessary to trian-
gulate the facets of P.

tming(P) = Z tmin(F)
FeF(P)

tming(P) > 27" Y~ (f(F)) By (3.7)
FeF(P)

(3.8) > f(P) 24+

From (3.8), and the bounds (3.5) on face lattices from Section 3.1, we have the

following
tming(Caq(n)) € Q(nd) d fixed
tming(1T24(n)) € Q(MY) d fixed
tming(Uizq) > 3%4/2%¢
> 34

Use the size calculations of (3.2), (3.3), and (3.4), we have almost the same results

as for the face lattice sizes.

tming(Caq(n)) € Q(s¥ V) where  s. =size Coq(n)  d fixed

tming(iT2a(n)) € Q(s¥/MV) where s, =size[Ta(n)  d fixed

;t/(r Vd] log[v/d] ))

tming(Usq) € Qs where s, = size U3a

3.2.1 Triangulation and Volume

This section gives an exposition of two lower bounds for triangulation sizes based
on volume considerations. We start by presenting some relevant background on
volume in R%. By the d-dimensional volume Vol(P) we mean the standard Lebesgue
measure. If P is not full dimensional, we use Vol(P) to mean the volume of P in
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aff P. Let Ty denote a d-simplex. We take the following as given! (see e.g. [81, 95]).
1
(3.9) Vol Ty = — abs IV(Td) n|

For a k-polytope P C R? and point v ¢ aff P (the apez), define the (k + 1) di-
mensional pyramid Pyr(P,v) as conv(PU{v}). Let h(p, P) denote the denote the
perpendicular distance from p to aff P. From properties of determinants (see e.g.
(24.16) in [81]), we have the following:

(310) VO].PY!'(Td_I,V) = h(V, Td—xc)lvchd-' R

Suppose we have a polytope P containing the origin as an interior point. Let F
be a facet of P. Let (F) be the d-vector such that a(F)x < 1 supports P in F.

(3.11) h(O, F) = 1/]|(F}]|

If we consider some arbitrary triangulation of F, from (3.10) and (3.11), we have:

Vi
(3.12) Vol Pyr(F, O) = aﬁ;” :

By considering the decomposition of P into pyramids with the origin as apex it
follows that

Vol(F)
(3.13) Vol P = —_—
2 TN

Lemma 3.2 Let P and Q be polytopes. Vol(P x Q) = Vol(P) - Vol(Q)

Proof. Let k =dimP and | =dim Q. We proceed by induction. The lemma holds if
k+l = 0. Now suppose k+1 = d > 0, and the lemma holds for k+1 = d—1. Without
loss of generality, suppose that both P and Q (and hence P x Q) contain the origin

as an interior point. As in the preceding discussion, consider the decomposition of

1For our purposes this could serve as a definition of volume, since the volume of any polytope is
defined here in terms of a triangulation.
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P x Q into pyramids with the origin as apex. We know by Lemma 2.3 that every
facet of P x Q is the product of a facet of one polytope with the other polytope.
Let F=F, x Q for some F, € F(P).

Vol F

__ Vol{F;) - Vol(Q) . . .
= Al By the inductive hypothesis
_ Vol(Q)k Vol(F;) . .

el Kol since [|oe(F) | = [|ac(Fy)]

By summing over all such facets F, and considering the symmetric case of facets of

the form P x F4, we arrive at

Vol(Q) k Vol(F,) Vol(P) 1 Vol(F,)
Vol}(P = —_— Z
ol(P x Q) ( ) FZ?(,,,kuoc(Fp)n) +( ket G UledFa) ”)

= Vol(P) - Vol(Q) By (3.13) O
Perhaps the most well known family of difficult to triangulate polytopes are the
hypercubes Hy. Haiman [70] gives the following bound:

24d!
(d+ 1)@nz-

(3.14) tminHg4 >

We include here a sketch of Haiman’s argument. The essence of the argument is
to give an upper bound on the size of the largest simplex contained in Hy. Let
ball(c, r) denote the d-ball of radius T centered at c, i.e. {x | ||[x—c|| < r}. If we take
the standard {+1, —1} coordinatization of Hg4, every vertex lies on the boundary
of ball(D, Vd). Fejes Téth [112] proved that the maximum volume d-simplices
contained in a d-ball are the regular ones (where the distance between every pair of
vertices is the same). According to [112] the regular d-simplex with circumradius
v/d has volume Vg = (d+ 1)4+"/2/d!. As a consequence of LLemma 3.2, the
{+1, —1 }-hypercube has volume 2¢. It follows that any triangulation of H; must
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contain at least

24 244!
Vaax  (d + 1)(@+1)/2

d-simplices. Summing over all facets, we have the following.

Theorem 3.1 Let Hy be a d-cube.

tmin;: Hd 2 52/4] loglogsq—1/2

> s&]”) logd—1/2

Proof. The hypercube H, has 2¢ vertices and 2d facets. Thus we have

sizeHg = d(29 +2d) =54 < 2% = uy4.
By (3.14), the number of (d — 1)-simplices required to triangulate the 2d facets of
Hq4 (each of which is a (d — 1)-cube) is at least

2d29-'(d—1)! 244! _ 24qg¢ d4/2

= 2
dad/2 - dd/2 dd/2ed - J(loge—1)d > [d/Z)d/

But (d/2) = (1/4)loguy > (1/4)logsq and thus triangulating the boundary of Hy4

requires at least

(d/2)42 > [(1/4) log s (1/4) 108 sa s£]/4) loglogsa —1/2

(d — 1)-simplices, as claimed. The second inequality follows from the fact that
logsq > d. O

By the Product Lemma, f(H4) = 3¢. Since size Hy > 29, it follows that f(Hg) <
size(H4)"9¢3 (recall that logarithms are binary unless otherwise noted). Thus we see
that the the triangulation complexity of a polytope is not always bounded above
by the face lattice size.
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The lower bound of Theorem 3.1 is only slightly superpolynomial in size(P). We

now show how to obtain a much stronger bound.

Theorem 3.2 [67, 70, 69] Let T4 denote a d-simplex. Every triangulation of T, x T,
without extra vertices requires exactly (*}') (k + l)-simplices. Every triangulation
of Ty x Ty requires at least (*7*) (k + l)-simplices.

The proof of Theorem 3.2 uses the tools of unimodular matrices. A matrix is
called totally unimodular if every square submatrix has determinant —1, 0, or +1.
We will use (but not prove) the following theorem, due to Ghouila-Houri [91] (for

a more accessible proof, see [110])

Theorem 3.3 [91, 110] Let A be a matrix with entries {—1,0,+1}. A is totally
unimodular iff every collection of columns of A can be split into two sets such that
the sum of the columns in one set minus the sum of the columns in the other set is

a vector with entries { —1,0,+1}.

The following lemma will allow us to extend the bound (based on unimodular

matrices) for triangulations of Ty, x T, without extra vertices to the general case.

Lemma 3.3 Let P be a d-polytope, and T a d-simplex such that T C P. There exists
a d-simplex T’ C P such that Vol T’ > Vol T and V(T') C V(P).

Proof. Let v be a vertex of T, i.e. T = Pyr(Q,v) where Q is d — 1 simplex. By
(3.10), ¢(x) = VolPyr(Q,x) is a linear function of h(x,Q). By the Fundamental
Theorem of Linear Programming (see e.g. [85]), there exists some x* € V(P) such
that ¢(x*) > ¢(v). O

Proof. (of Theorem 3.2) Let T4 denote convex hull of {e;...eq}. Let P be the
product Ty x T,. Let A € {0, 1}™*k**1) be defined by a; = (v;, 1) where v; is the
ith vertex of P. We claim that A is totally unimodular. Consider some collection
@ of columns of A. Let y; be the sum of columns from € with index at most k (i.e.
columns from T;). Let vy, be the sum of columns from € with index between k + 1



CHAPTER 3. PIVOTING ALGORITHMS AND TRIANGULATION 35

and k+1 (i.e. columns from T;). If the last column of Aisin €, let vy = 1 —vy; —v;3;
otherwise let v = y; — v;. In either case, y € {0,+1}™. By Theorem 3.3, it
follows that A is totally unimodular. In particular it follows by (3.9) that every full
dimensional simplex with vertices in V(P) has volume 1/(k+1)! (note that since the
determinant of an integer matrix is an integer, this is the smallest possible volume
for a (k + l)-simplex with integer vertices). By Lemma 3.2, P has volume 1/(k!l!).
It follows that every triangulation of P without extra vertices has at exactly (*7')
(k + 1)-simplices. By Lemma 3.3, every triangulation of P has at least this many
(k + 1)-simplices.

To generalize to products of arbitrary simplices, it suffices to note that transform-
ing from an arbitrary simplex to conv{e,...eq } amounts to a translation followed
by a change of basis, i.e. an affine transformation. Taken together, these two trans-
formations are also an affine transformation in R**!. Since affine transformations

preserve triangulations, Theorem 3.2 follows. O

We can restate Theorem 3.2 in terms of the size function. Let T4 denote T4 x Tg.
Theorem 3.4 Let s = size(T2q4). For d > 3,
tming(T2a) 2 2% > %s‘*’“““”

Proof. From Lemma 2.3, every facet of T,4 is combinatorially equivalent to T4_; x
T,4. By Corollary 2.1a, fo( T24) = (d+1)? and by Corollary 2.1b, co(T24a) =2(d+1);

hence

size(T2q) = 2d((d + 1)2 + 2(d + 1)) = (2d?® + 2d)(d + 3)
< (2d*+3d—2)(d +3) d>3
=2d-1)(d+2)(d+3)<(2d—-1)} d>3

By Theorem 3.2, we know the number of (d — 1) simplices to triangulate all facets
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is at least

2d-1
2(d+])(2dd l) N Z (Zd.—l)
i=0 t

This establishes the first inequality. Note that for d > 4, s < 8d3, hence

1

ZZd——l — ZZdz—-T — zsld/logs 2 SZd/(3uogd.+l)) ]

Na| =

In contrast to the d-cubes, the face lattice is also superpolynomial for T,4. By (3.1)
and the Product Lemma, f( T24) > 224 > size(T24)9/(2'°¢4) (d sufficiently large).

3.3 Perturbation

In this section we analyze the relationship between triangulation and perturbation.
To avoid a dualization step, we again work in the context of facet enumeration. Per-
turbation is a useful practical technique to reduce the number of feasible bases of a
polytope. Conceptually, one moves each input point a small amount, thus breaking
ties within large sets of points lying on the same facet. In order to apply this tech-
nique to facet enumeration, one must characterize what kinds of perturbation are
permissible. This is possible either by giving numerical bounds [74], by defining the
perturbation symbolically [76], or in terms of limits [75]. Here we give a geometric
definition, and show that the lower bounds of Section 3.2 apply to algorithms using
these perturbations.

It will be convenient in this section to identify faces of polytopes and complexes
with their vertex sets. For d-polytope P, v € V(P), and v/ € R9Y, we say that
V(P)\{v}u{v'}is a local perturbation of P if the half-open line segment (v,V’]
does not intersect any hyperplane induced by a (d — 1)-face of P\ { v}. In this case,
we write p¥ (P) for V(P)\ {v}iu{v'}

Lezicographic triangulations [73, 68] are defined in terms of two refinements.
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A point v is beneath (respectively beyond) a facet Q of a polytope P if it is in the
open halfspace induced by aff Q containing (respectively not containing) int(P). Let
I' be a complex (for definitions of complexes, refinements, and triangulations, see
Section 3.2). The refinement pull(v, ') is defined as follows. For each F € I,

1. Ifv&F, then F € pull(v, ).

2. If v € F, then pull(v, ') contains G U{v} for each face G of F such that v ¢ G.
The second refinement push(v, I') is defined as follows. For each Fe T,

1. If v¢ F, then F € push(v, ).

2. If ve Fand dim(F\ {v}) < dimF, then F € push(v,I).

3. If ve Fand dim(F\ {v}) = dim(F) = k, then push(v, ') contains F\ {v}, the
faces of F\ {v}, and GU{v} for each (k — 1)-face G of F\ {v} such that v is
beyond G (in aff F).

For a polytope P, we use push(v,P)} (respectively pull(v, P)) to mean push(v,T)
(respectively pull(v,I')) where I' is the complex of faces of P. A lezicographic
triangulation is the decomposition of a polytope obtained by choosing an ordering
vi...v, of V(P) and applying either a push or a pull operation to each vertex in this
order. To see that this is a triangulation, note that after a vertex v has been pushed
or pulled, for every face F of the decomposition containing v, dim(F\ {v}) < dimF.
After every vertex of a polytope has been this is true for each vertex v of each face
F, thus the complex is simplicial.

We now argue that the combinatorial pushing and pulling operations correspond
to certain local perturbations. We can view local perturbations as a certain kind of
incremental construction. The following lemma, due to Griinbaum [92], character-
izes the combinatorial structure of adding a vertex to a full dimensional polytope.
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Lemma 3.4 Let P, and P be two d-polytopes such that P = conv(PoU{v}). Fisa
face of P iff

(a) Fis a face of Py such that v ¢ F and there exists facet Q O F of P such that v
is beneath Q,

(b) F=GuU{v} where G is face of Py and v € aff(G), or

(c¢) F=GuU{v} where G is face of Py and G is contained in two facets Q. and
Q- of Py such that v is beneath Q. and beyond Q..

We say that two complexes are combinatorially equivalent if they have iso-
morphic face posets. Let us fix some d-polytope P and some local perturbation
P’ = pY'(P). Define a mapping ¢(F) as follows

oF) =J {{v’} ey

«F | {x} ifx#v.

Let Q denote some facet of P containing v. Let I'(Q) denote the complex of faces
of P’ that are subsets of ¢ (Q). Let P, denote P\ {v} and let Qo denote Q \ {v}.

Lemma 3.5 If dimQp < dimQ then I'(Q) is combinatorially equivalent to both
push(v, Q) and pull(v, Q).

Proof. If dim Qo < dim Q, Q is a pyramid, and hence combinatorially unchanged
by locally perturbing v (see e.g. Theorem 7.7 in [84]). Furthermore, if dim Qo <
dim Q, by definition both push(v, Q) and pull(v, Q) are simply the complex of faces
of Q. O

Lemma 3.6 Ifv’ is beyond Q then I'(Q) is combinatorially equivalent to pull(v, Q).

Proof. The mapping ¢ is one to one and preserves inclusion. It remains to show
that F € pull(v, Q) iff ¢(F) € I'(Q). By Lemma 3.5, we need only consider the case
that dim Qo =dim Q.



CHAPTER 3. PIVOTING ALGORITHMS AND TRIANGULATION 39

Suppose @(F} € I'(Q). Further suppose v’ ¢ ¢ (F). It follows that F = @(F) is a
face of Qp. Since F is preserved when adding v/, by Lemma 3.4 there must be some
facet Q_ D F of Py that v’ is beneath. By the definition of local perturbation v must
also be beneath Q_, so Fis a face of Q and hence of pull(v, Q). If ¢(F) = Gu{v'},
then by Lemma 3.4 G is a face of Qo. By the argument immediately preceding, G
is also a face of Q); it follows that G U {v} is a face of pull(v, Q) by definition.

Suppose F € pull{v, Q). Further suppose that v ¢ F. It follows that F must also
be a face of Q (from the definition of pull{(v, Q)) and Qo. By Lemma 3.4 (working
in aff Q) there must be some ridge R of Q such that v is beneath R (in aff(Q)),
and hence beneath the corresponding facet Q. O R. From the definition of a local
perturbation, v’ is also beneath Q., hence by Lemma 3.4a @(F) = F is a face of
P’. Suppose F = {v}U G. It follows by definition of pull(v, Q) that G is a face of
Q. Since v ¢ G, as above G must be contained in some facet Q. of Py such that
v and V' are beneath Q.. But G is also contained in Q and v’ is beyond Q, so by
Lemma 3.4c @(F) = ({v'}UG) is a face of I'(Q)- O

Lemma 3.7 IfVv’ is beneath Q then I'(Q) is combinatorially equivalent to push(v, Q).

Proof. As in the proof of Lemma 3.6, we need only show F € push(v, Q) iff ¢(F) €
' (Q) and we may assume that dim Qo = dim Q.

Suppose @(F) € I'(Q). If v ¢ @(F), then F = @(F) is a face of Qo, hence a
face of push(v, Q) by definition. If v/ € ¢(F), then by Lemma 3.4 ¢(F) ={Vv'}UG
for some face G of Py. Since v ¢ aff G, by Lemma 3.4 G C Q4+ N Q_, where
{Q.,Q_} C F(Py) and V' is beneath (resp. beyond) Q. (resp. Q_). By definition
of a local perturbation v is also beyond Q_, and hence beyond the corresponding
ridge of Qp. It follows that G U {v} is a face of push(v, Q).

Suppose F € push(v,Q). If v & F, Fis a face of P5. Since F C Q and V' is
beneath Q, by Lemma 3.4a, @(F) is also a face of P’. Suppose that F = {v}U G.
By Lemma 3.4, G must be a face of Py. From the definition of push(v, Q), there are

two cases.
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1. If dim G < dimF, then v cannot be in aff G, hence by Lemma 3.4, there must
be some facet Q_ D G of P,y such that v is beyond Q._.

2. If dim G = dimF, then by definition of push(v, Q), G must be contained in
some ridge of Qo such that v is beyond the corresponding facet Q_.

In either case, since v’ is also beyond Q_ (and beneath Q), by Lemma 3.4c ¢(F) =
GuU{Vv'}is a face of P'. a

If v’ is either beneath every facet containing v or beyond every facet of P contain-
ing v, then we call p¥'(P) a lezicographic perturbation. In this case we see from
Lemma 3.6 and Lemma 3.7 that the boundary complex of P’ is combinatorially
equivalent to the refinement of the boundary complex of P induced by push(v, P) or
pull(v, P). Thus by lexicographically perturbing each vertex of a polytope P sequen-
tially, we obtain a simplicial polytope whose boundary complex is combinatorially
equivalent to a lexicographic triangulation of the boundary complex of P. Lexi-
cographic perturbations date back at least to the “right hand side” perturbations
proposed by Charnes [12]. Interpreted in our (polar) context of perturbing vertices,
this perturbation is defined as follows. Given a polytope P = conv V containing
the origin as an interior point, P(€) is defined as conv V’ where v = v;/(1 + €') for
some 1> € > 0. For € sufficiently small, this is equivalent to pushing the vertices
of P in the order vy, vy, ...v,. Other lexicographic perturbations/triangulations can
be obtained by setting v{ to v;/(1 — €') for certain vertices. Dantzig, Orden and
Wolf [17] showed how to implement a lexicographic (pushing) perturbation without
computing a value for € (see Section 5.4.1 for discussion).

For a (not necessarily lexicographic) local perturbation pY' (P), v/ may be beyond
some facets containing v, but beneath others. In this case the boundary complex of
the perturbed polytope is not necessarily combinatorially equivalent to a refinement
of the boundary complex of the original polytope. For example, d vertices in a ridge
of P may map to facet of p¥ (P). Since these vertices have dimension d — 2 in P,
they cannot be a basis of some facet of P. Call a set of d-polytopes {P;...Py}
a cover of a d-polytope P if P = [ J, Pi. We claim that neither the face lattice
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based bounds nor the volume based bounds of Section 3.2 depend on properties of
a triangulation other than its being a cover. For volume based bounds, allowing
simplices to intersect arbitrarily does not affect the bounds on the volume of a
simplex contained in P. For lattice based bounds, the bounds follow from the fact
that every k-face of a polytope P must contain some k-face F of a cover, and F is
contained in a unique k-face of P.

Given any d-polytope, we can always lexicographically perturb it to a simplicial
polytope without increasing the number of bases (since the corresponding lexico-
graphic triangulation takes a subset of bases as (d — 1)-simplices). Thus for the
purposes of lower bounds, we may assume that our perturbed polytope is simpli-
cial. Now consider locally perturbing the vertices of some polytope P one by one. At
each step, we have an induced cover of each facet (with the additional property that
no pair of simplices intersect in their interiors). Locally perturbing a vertex of some
facet Q of the perturbed polytope decomposes the corresponding (d—1)-polytope in
the cover. By this recursive decomposition process we arrive at a cover of each facet
of P using no more simplices than the number of facets of the perturbed simplicial
polytope. Thus we see that the lower bounds of Section 3.2 apply to algorithms
using local perturbation (or equivalent symbolic schemes) as well.

3.4 Experimental Results

In this section we examine the performance of four programs that directly or indi-
rectly use triangulation. Irs [42] is an implementation of the reverse search algo-
rithm of Avis and Fukuda [5] using exact arithmetic. Irs uses lexicographic pertur-
bation. hull [45] and qhull [43] are insertion based programs that use triangulation.
pd is a primal-dual algorithm that uses lexicographic perturbation on the dual
polytope (see Chapter 5 for details). In order to compare the size of the triangula-
tions computed by all three programs from the point of view of lower bounds, the
measurements for pd presented here for performing the dual transformation to the
other two. All experiments in this section are on a Digital AlphaServer 4/233 with
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256M of real memory and 512M of virtual memory. The notation “memory limit”
means working storage exceeded 128M; this limit was imposed to avoid problems
with thrashing.

3.4.1 Lattice Based bounds

For all three families with lattice based lower bounds, we report the triangulation
sizes for qhull summed over intermediate polytopes.
We consider first the products of cyclic polytopes t'g(n). Figure 3.2 shows a

plot of triangulation complexity versus size(P).

Figure 3.2 Triangulation Complexity, Cg(n).
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Table 3.1 shows measured triangulation sizes for 1Ts(n). We can see that even
for a polytopes with relatively few vertices and facets, in relatively small fixed
dimension (8 in this case), triangulation can be prohibitively expensive. Table 3.2
shows measured triangulation sizes for Usq as d increases. Since our lower bound

is less than 39, it is far from tight for small d.
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Table 3.1 Triangulation size, [Tg(n).

n fo(P) co(P) Irs pd ghull
5 100 50 34595 28881 40745
6 144 72 78408 74620 100907
7 196 98 187376 142131 201413
8 256 128 322176 275942 overflow
9 324 162 640791 454623
10 400 200 960200 765906
Table 3.2 Triangulation size, U3a.
d fo(P) co(P) Irs pd qhull
1 8 6 12 12 12
2 16 36 144 144 190
3 128 42 72540 63600 87776
4 256 72 9579672 8818410 overflow
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3.4.2 Volume Based Bounds

There is ongoing research on the minimum number of simplices necessary to tri-
angulate a d-cube, both in an asymptotic sense and for small d; see e.g. {70, 71]
and references therein. Tight lower bounds are known for tminH, for d < 7, and
hence for tminf Hg for d < 8. In Table 3.3 we compare the size of triangulations
computed by various programs with these best possible lower bounds (computed
from those given in the paper of Hughes and Anderson {71]). For both of the incre-
mental programs we report only the size of the the triangulated output, rather than
summing over all intermediate polytopes. It is interesting to note that the number
of simplices for hull, and for Irs up to dimension 7 is exactly 2d-(d —1)! = 2d!, which
is the largest possible.

Table 3.3 Triangulation size of cubes, versus best possible

d best possible hull Irs pd qhull
3 12 12 12 12 12
4 40 48 48 47 44
5 160 240 240 228 210
6 804 1440 1440 1314 1242
7 4312 10080 10080 9038 8472
8 23888 80640 80635 68284 63684

For the products of simplices we know from Section 3.2.1 that every triangulation
without extra vertices is exactly the same size. It is therefore encouraging that all
four programs tested (hull, Irs, pd, and ghull) computed the same size triangulations

for runs completed. Figure 3.3 shows the running time in CPU seconds.

Bibliographic Notes

The theorem that every vertex has a basis was first proved by Minkowski [106, 94].
The first published pivoting algorithm known the author [12] includes a discussion of
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Figure 3.3 Running time for products of simplices T4 x T,.
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using perturbation to deal with degeneracy. The standard reference for lexicographic
perturbation is [17]. A reference probably more useful to implementors is [72].

The observation that truncation polytopes have much larger face lattices than
vertex and facet sets occurs in Dyer [19].

Polytopes constructed by taking sums and products of intervals (such as the
products of sums of cubes introduced in this chapter) are known in the literature
as Hanner polytopes. Kalai [97] conjectures that the size of their face lattice, 39,
provides a lower bound on the size of the face lattice of any centrally symmetric
polytope, i.e. a polytope P such that pc P = —p € P.

The proof of Theorem 3.2 given here is mostly based on the one due to Haiman [70].
For general references on unimodular matrices, the reader is referred to the books
of Schrijver [110] and Nemhauser and Woolsey [109]. A proof that uses algebraic
tools instead of volume is given in [69] and [67].

Bayer [66] defined the class of weakly netghbourly polytopes, defined as those
where every k+ 1 vertices are contained in face of dimension at most 2k, 0 < k < d,
and showed that ever triangulation of weakly neighbourly polytope has the same
number of full dimensional simplices. It is not difficult to see that products of
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two simplices are weakly neighbourly, since a vertex (p,q) of T4 x T4 lies on all
of the facet defining hyperplanes that p does, along with all of the facet defining
hyperplanes that q does.

Borgwardt [6] considers the expected performance of a gift wrapping algorithm
on certain rotation-symmetric distributions of random points. Of course such point

sets are in general position, and hence easy for gift wrapping from our point of view.



Chapter 4

Incremental Algorithms

Pivoting algorithms are vulnerable to degeneracy, in the sense that degenerate poly-
topes can have a number of bases (facet defining simplicies or vertex defining sets of
supporting hyperplanes) superpolynomial in the output size. In Chapter 3 we have
seen that neither of the known methods for dealing with degeneracy — perturbation
and face lattice generation — can yield a polynomial algorithm. The algorithms
most widely used for degenerate problems in practice are the incremental algorithms
based on the double description method of Motzkin et al. [34]. Incremental algo-
rithms are not necessarily affected by degeneracy, but have a fundamental weakness
of their own. In an incremental facet enumeration algorithm, after some initializa-
tion, we insert points one by one, maintaining the convex hull of the points inserted
so far at every step. A necessary condition for such algorithms to be polynomial is
that the size of each intermediate polytope be polynomial. It turns out the order
the points are inserted can make a huge difference in the size of the intermediate
polytopes. This is analogous to the simplex method of linear programming where a
family such as the Klee-Minty [101] cubes can be superpolynomial for one pivoting
rule but easily solvable using a different pivoting rule.

In the most general sense, insertion orders are procedures to determine at each
step of an incremental algorithm, what input element should be processed next. In

some cases, such as lexicographic or random ordering, all of the choices can be made

47
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before the input is processed. In other cases, such as the maxcutoff rule (where we
choose the next element which causes the largest drop in intermediate size), the
insertion order is inherently dynamic. In either case, for every input and for every
insertion order there are one or more possible permutations of the input generated.
We will say that 7t is a good insertion order for a family of polytopes I' if the size of
intermediate polytopes created by 7t is polynomial for I' (obviously a much stronger
bound is necessary for an insertion order to be “good” in practice). A good insertion
order does not by itself guarantee a polynomial algorithm: in particular the use of
triangulation can still cause an incremental algorithm to be superpolynomial (see
Section 3.2). On the other hand, a naive implementation of the double description
method will be polynomial given a good insertion order. Dyer [19] gave a family of
polytopes for which inserting the halfspaces in the order given (for vertex enumera-
tion) yields superpolynomially sized intermediate polytopes, most of whose vertices
are deleted. In this chapter, we give three extensions and generalizations.

1. Section 4.2 describes families with superpolynomially sized intermediate poly-

topes all of whose vertices are deleted.

2. In Section 4.3 we show that there are families of non-degenerate polytopes for
which the largest drop possible in intermediate size (in the sense of the Upper

and Lower Bound theorems) occurs for several common insertion orders.

3. In Section 4.4 we show that there are families for which superpolynomial drop
in intermediate size occurs for any insertion order. This may be contrasted
with the situation of the simplex method, where the existence of a polynomial

pivoting rule remains an open problem.

We start the chapter by explaining a few of the details of incremental methods,
that while not directly necessary to understand the theoretical results in the rest
of this chapter, are helpful in understanding some of the experimental results, and

possibly of independent interest.
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4.1 Initialization, Unboundedness and Elimination

For simplicity, most of thesis takes a rather abstract view of incremental algorithms.
There are at least three details that we have been ignoring (and will continue to
ignore outside of this section). The first detail is the construction of an initial
polytope. The second detail is the possible unboundedness of intermediate poly-
topes. The third detail is the claimed equivalence of Fourier-Motzkin elimination
and incremental construction.

There are two main approaches taken to constructing an initial polytope. We
work initially in the context of facet enumeration. The first approach is to find
a set of d + 1 affinely independent input points and take their convex hull, a d-
simplex, as the initial polytope. The other approach is to work inductively on the
dimension. Starting with a O-polytope, with each point we add that lies outside
the current affine hull, increase the dimension by one. The first approach has the
advantage of simplicity, the second of dealing automatically with input that is not
full dimensional.

If we consider the problem of initializing an incremental vertex enumeration
algorithm, a subtle difference not covered by the usual tool of duality becomes
apparent. While one can always find a set of d+1 input halfspaces whose intersection
is full dimensional (corresponding to our initial set of affinely independent vertices
in the facet enumeration case), it is not always possible to find such a set whose
intersection is bounded (consider e.g. a d-cube). Rather than introducing special
cases like simplices with a vertex at infinity, the double description method [34,
25] homogenizes the input constraints, i.e. for each input constraint ax < b, one
generates a constraint ax —bxg.; < 0. This gives a polyhedral cone in R4*! with a
unique vertex at the origin (presuming the original polytope was full dimensional).
As well as the intersection of a set of inequalities, every polyhedral cone is also the
nonnegative hull (set of nonnegative combinations) of its extreme rays, i.e. rays not
nonnegative combinations of two other rays in the cone. We can recover the vertices

of the original system by setting x4+; = 1; in the (for us normal) case where the
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original system is bounded, this merely requires scaling each extreme ray. We now
give a brief sketch of the double description method for finding the extreme rays of
a cone. Start by finding some linearly independent set of d + 1 constraints defining
a cone with d + 1 extreme rays. Suppose we have computed the set of extreme rays
for Cy = ﬂisk h{ and we wish to compute the extreme rays of Ci.; = Ci N h{ ;.
The extreme rays of C. are the extreme rays of Ci feasible for h{, ,, along with
the intersection of 2-faces of Py with h{_ ,. We can check if two extreme rays are
adjacent, i.e. lie in a 2-face of C,, either by computing the rank of the appropriate

matrix, or by a simple combinatorial test (see e.g. Proposition 7 in [25]).

Figure 4.1 Elimination and projection

For vector x and | C Z™*, let x; be the vector of elements of x indexed by J. For
X € R4*", the kth orthogonal projection proj, (X) is defined as { x{1_apsx) [ x € X}
The kth elimination elim; (X) is defined as { x+Aey | x € X,A € R}. For polyhedron
P, note that the facet defining inequalities for proj,(P) and elimy(P) are the same;
it is merely a matter of what space they are interpreted in (see Figure 4.1).

Fourier-Motzkin elimination is a technique first proposed by Fourier [22] to com-
pute the halfspace representation of elim,(P) for a polyhedron described by inequal-
ities. We are given a homogeneous system of inequalities C = {x | Ax > 0}. For
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rows with nonzero a;y, solve for x;.

a- — -
i > (ai — exay)x

Qik
(4.1) '
Ay — exa;)x
xks( k k )) 'uri ajk<o
Qjx

L aix >0

The inequalities a;jx > O where a;x = 0, along with inequalities 1; < u; for all
possible pairs, form an inequality description of elim, (P).
Let P be a d-polytope with vertices V = {w,v,,...v,}. The following linear

system describes the set of convex combinations of V, (i.e. P).

Z Aivi =X

(4.2) A >0 1<i<n
S A=

We can transform system (4.2) into a homogeneous system of inequalities and apply
Fourier-Motzkin elimination to eliminate the A;’s. If we substitute A; =0, k+1 <
j < n, into (4.2), then we have system of inequalities describing conv{v;... v }.
From the definition of the elimination operation, this is still true after {A;... A}
are eliminated from (4.2). Since this substitution operation does not introduce any
new constraints, it follows that after {A;...Ax} are eliminated, the current set of
inequalities must contain each element of H{{v;...v}), lifted into R4+"%,

Many of the inequalities generated by the elimination procedure described above
will be redundant. If we consider the polar interpretation of the inequalities (4.1)
as vectors, the combined inequality 1i < uy corresponds taking a nonnegative com-
bination that lies on the polar hyperplane a; = 0. It follows that the generated
constraints are non-redundant iff the corresponding vectors (extreme rays) are ad-
jacent. Thus a small variation (inserting hyperplanes, rather than halfspaces) of the

double description method can be used to perform elimination.
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4.2 Pairs of Piercing Polytopes

In this section we define a set of combinatorial conditions on a pair of polytopes P
and Q such that for any pair of polytopes that satisfies these conditions, size(PN Q)
is quadratic in |V(P})| and H(P N Q) = H(P) U H(Q). We then show the existence
of such pairs where size Q is superpolynomial in size P. Let F(P) denote the facets
of P and let £(P) denote the edges of P. Given polytopes P and Q, we say that P
pierces Q if the following conditions hold:

(4.3a) VF € F(Q) FNP CrelintF
(4.3b) VF € F(Q), Je € E(P) relint(e) NF#0 and e aff F
(4-3¢c) Ve € £(P),3F € F(Q) relint(e) NF #0 and ed affF

If P pierces Q then we claim the following:

(44) V(PNQ)=(V(P)nQ)U | J (enaQ)
ecE(P)

Certainly every v € (V(P) N Q) is a vertex of PN Q. For any edge e € £(P), by
condition (4.3c) we know that Jx € relint(e) N 0 Q, and x must also be a vertex of
PN Q. It remains to show that these are all of the vertices of PN Q. Consider some
basis B (set of d-affinely independent facets) for a vertex of PN Q. By (4.3a), B
contains at most one facet of Q. But then it must contain at least d — 1 facets of
P, and (4.4) follows.

It is easy to construct redundant families of inequalities difficult for (naive)
insertion algorithms, e.g. by placing a small simplex inside a dual cyclic polytope.
Since it is relatively easy to remove redundant constraints using linear programming,
these families are not really difficuit, hence we would like our example families to

be non-redundant. If P pierces Q, then we claim the following:

(4.5) H(PN Q) =H(P)UKH(Q).
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Here it is trivial that H(P N Q) C H(P) U H(Q). It remains to show that each
H € H(P) and each H € H(Q) is non-redundant. We start with H(Q). For
convenience, we define some notation. Let ball(x, r) (sphere(x, r)) denote the d-ball
(d-sphere) of radius T, centered at x. Let P 5 H denote ((H(P)\ H). Let F; be
some facet of Q. From condition (4.3b) and condition (4.3a), we know there is some
edge e of P such that x = relint{e) Nrelint(F;) # @. There must be some € > 0
such that enball(x, €) C relint(e) and ball(x, €) C int(QEF;). We know one of the
vertices w of e must be outside Q. Define x’ = xw N sphere(x, €). By construction
x' € relint(e) Nint(Q B F;) NF,. It follows that x" € (PN Q)BF NF, hence Flis
not redundant.

We now argue that no H € H(P) is redundant either. Let F, € F(P). Let
e € £(F,). By condition (4.3c) and condition (4.3a), we know there is some facet F,
of Q such that x = relint(e) Nrelint(F;) # 0. Let € be defined as above. Let x’ be
some point in [int ball(x, €)] N F; Nrelint(F,). By considering some point along the

outward normal of F, from x’ close to x’, we see that F; is not redundant either.

4.2.1 Examples of Piercing Pairs

We now show the existence of families of piercing pairs of polytopes. Qur example
family will achieve a superpolynomial drop in intermediate size by piercing a cube
with a stacked polytope. We start by defining a family of stacked d-polytopes with
2d + 1 vertices. Let T4 be the polytope defined by the constraints

(4.6a) xi >0 1<i<d
(4.6b) Ix <1
(4.6¢) x: < 3/5 1<i<d.
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Lemma 4.1 T, is a truncation polytope with 2d + 1 facets, and d? + 1 vertices con-
sisting of the origin O, along with (3/5)e; + (2/5)e;, fori > 0, j #1i.

Proof. The constraints (4.6a) and (4.6b) define a simplex T4 with vertices ey ... e4-
Consider the new vertices introduced by intersecting T4 and one of the constraints
(4.6c), h : x; < 3/5. The only vertex of T, infeasible for h} is e;, thus the new
vertices are convex combinations of e; and some e;. Since the new vertices lie on
the hyperplane x; = 3/5, it follows that they have coordinates (3/5)e; + (2/5)e;-
Since the new vertices strictly satisfy every other inequality (4.6c), any ordering of

the constraints (4.6c) produces a truncation order for Ty. O

Let T4 denote the polyhedron defined by the following constraints:

Ix>—-d
(3de; —1)x < d 1<i<d
(3de; +2de; — L)x < d {i,7}c{1...d}

Lemma 4.2 ?d is a stacked polytope dual to Td, with vertices 1/4 and { —de;, M%lei 1,
1<i1i<d.

Proof. Consider the polyhedron defined by the following constraints:

~1/d <x; £ -1/d +3 1<i<d

(4.7)
Ix<4

The reader can verify that this polytope is obtained by scaling T4 by 5 and trans-
lating by —1/d, hence it has vertices —1/d, 3e; — 1/d, and 3e; + 2e; — 1/d. "I:d is
the polar of the polytope defined by constraints (4.7). 4

We conclude the section by arguing that there exist polytopes with few facets
and many vertices (namely certain cubes) pierced by the stacked polytopes Ta
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Theorem 4.1 For d > 3, Hy is pierced by "T}, where Hy is the hypercube defined by

(W) xi <1/3 1
(Ly) xi > —(d—1) 1

IA
(o
IA

i<d.

IA

Proof. We consider the intersection each bounding hyperplane of H,y with ?d, and
show that such an intersection is in the relative interior of the corresponding facet
of Hy. It suffices to consider the intersection of the bounding hyperplane with the
edges of ?d.

Consider a bounding hyperplane defined by U;. There is exactly one vertex of Ta
infeasible for U;, namely s; = ;2;e;. From the fact that T, is a stacked polytope, it
follows that s; is adjacent to (i.e. shares an edge with) vertices 1/4 and —de;, j # i.
The first case is easy, since both 1/4 and s; strictly satisfy every constraint of Hy
other than than U;; thus any point on that edge must lie interior to the (d—1)-cube
defined by Uy, Ly, k 7 i. Let x be the intersection of the edge between s; and —de;
and the hyperplane x; = 1/3. From the definition of a convex combination, we have

3d-1 —~de;
= +

3d Si 3d since As; = 1/3e;

x = As; + (1 —A)(—de;)

=(ei—e;5)/3.

x is also in the relative interior of the appropriate facet.

The case of bounding hyperplanes defined by L; is analogous. The vertex in-
feasible for L; is —de;. It is adjacent to 1/4 (this case is again easy), —de;, and
d/(3d — 1)e;, j # i. The intersections between these edges and the defining hyper-
plane for L; have the form (1 — 1/d)s; + (1/d)s;. In the second case, we have x;
coordinate —1 which is greater than —(d — 1) for d > 2, and in the third case we
have x; coordinate 1/(3d — 1), which is less than 1/3 for 4 > 1.

We have seen that conditions (4.3a) and (4.3b) are satisfied. To see that (4.3c)
is also satisfied, we note that every edge of ?d contains a vertex outside Hy, and

that no vertex of T’d is on the boundary of H,. O
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Figure 4.2 Pierced cubes, memory use in kilobytes.
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The pierced cubes (i.e. HygN T’d) are difficult for insertion algorithms in much
the same way as the earlier examples of Dyer [19]: if an insertion algorithm inserts
the constraints in the order given, then an adversary can force the construction of
the d-cube as an intermediate polytope, which has a superpolynomial number of
vertices in the final output size. They differ from the earlier examples in that all of
the vertices of the large intermediate polytope are infeasible for the final output.

4.2.2 Experimental Results

The lower bounds of this chapter are lower bounds on the space used by particu-
lar classes of algorithms. Such bounds of course imply corresponding bounds on
time complexity, but from a practical point of view are even stronger, since waiting
twice as long is often more practical than doubling the available memory. In this
section we consider the space usage of three incremental facet enumeration pro-
grams. cdd+ [47] is an implementation of the double description method, using
either floating point (cddf+) or exact arithmetic (cddr+). porta [44] is an implemen-
tation of Fourier-Motzkin elimination using exact arithmetic. ghull is an incremental
algorithm using floating point and triangulation.

In Figure 4.2 we compare the memory usage of cddf+, porta, and qhull for the
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Figure 4.3 Pierced cubes, summed intermediate size.
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Figure 4.4 Pierced Cubes, triangulation size.
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pierced cube examples. These measurements are on a Digital AlphaServer 4/233
with 256M of real memory and 512M of virtual memory. To prevent problems with
thrashing, we have imposed an arbitrary limit of 128 megabytes of working space.
The notation memory lim:t indicates the last run of series able to complete due
to this limit. Since size(P) is polynomial in the dimension, the super-linear curves
in Figure 4.2 are suggestive of memory usage superpolynomial in size(P) (since c¢
would be a line on a logarithmic plot).

For incremental algorithms, a machine independent measure of the work done
is the sum of sizes of the intermediate polytopes created. In Figure 4.3 we com-
pare this statistic for cddf+, porta, and qhull. The number reported by porta is the
sum of intermediate sizes over all iterations; thus an inequality is counted once for
each iteration that it exists, rather than just once when created. qhull and cddf+
report the total number of hyperplanes created over all iterations. Note that qhull
stores the triangulation of each intermediate facet, thus even when the intermediate
polytopes are smaller (in terms of vertices) than those produced by cdd+, qhull uses
significantly more memory. The number of intermediate rays created by cddr+ is
identical to the number created by cddr+, suggesting that the pierced cube examples
are reasonably numerically stable.

Although the pierced cube examples were not designed to be difficult for tri-
angulation/perturbation based algorithms, experimentally it seems that they are.
Figure 4.4 shows triangulation size for Irs, pd, and ghull. Note that in the case of pd,
this is the size of the triangulation of the dual polytope (see Chapter 5).

4.3 Dwarfed Polytopes

In this section, rather than intersecting a large intermediate polytope with another
polytope, we intersect with a single halfspace. In order to prevent redundancy,
we must preserve a small number of the vertices of our intermediate polytope.
Nonetheless, the drop in intermediate size achieved will be asymptotically larger
than in the previous section. A halfspace of R is said to dwarf a d-polytope P
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with m facets if PN H is a simple polytope with m + 1 facets and
(4.8) Bm+1,d)=(d—-1)(m+1)—(d+1)(d—2)

vertices; in this case we say that PN H is a dwarfed polytope. Note that (4.8) is the
minimum number of vertices for a simple polytope with m+1 facets permitted by the
Lower Bound Theorem. It follows that for d > 3, dwarfed polytopes are truncation
polytopes, and have at at least one good insertion order, namely the truncation
order. In this section we will provide example families of dwarfed polytopes where
fo(P) is superpolynomial in fo{P N H), and show that there are several natural
insertion orders that inserted the dwarfing halfspace last (or late).

Before proving the main result of this section, we will need two preliminary
results. The first is characterization of the vertices and facets of the polytope
formed by intersecting a polytope with a single halfspace. Let P be a d-polyhedron
and H a halfspace in R¢ with bounding hyperplane h such that h P #  but h

contains no vertex of P. We argued in Section 4.2 that by dimension considerations,

(4.9) V(PAH)=(V(P)nH)U | J enh.
ecE(P)

The following is a consequence of the definition of a facet.
(4.10) FPNH)={Pnhju |J FnH
FEF(P)

Let P be a polytope, and H an open halfspace. We call a vertex v of P surviving if

v € H. We call an edge surviving if both of its vertices are surviving.

Lemma 4.3 Let P be a polytope and H an open halfspace. The graph of surviving

vertices and edges of P w.r.t. H is connected.

Proof. Define a linear program with the constraints 3{(P) U{H} and an objective
function of the inward normal of H. Every vertex of P N H is either a surviving
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vertex or contained in the bounding hyperplane of H. From the correctness of
the simplex method with Bland’s pivot rule (see e.g. [85]), there is a path in the
skeleton of P from any surviving vertex to a unique optimum face F of PN H. Since
the simplex method monotonically increases the value of the objective function
(i.e. the distance from the bounding hyperplane of H), this path does not intersect
the bounding hyperplane of H, hence is entirely contained in surviving edges. By
Balinski’s Theorem (see e.g. [80]), the skeleton of F is connected and the lemma
follows. a

We are now ready to prove the central result of this section.

Lemma 4.4 Let P be a simple d-polytope with m facets. Let H be halfspace with no
vertex of P on its boundary. If the surviving vertices and edges form a tree with t
nodes, PN H has (d — 1)t + 2 vertices and d + t facets.

Proof. We start by showing that P’ = PN H has (d — 1)t + 2 vertices. Call an edge
of P a cut edge if it is adjacent to exactly one surviving vertex, i.e. if it intersects
the bounding hyperplane of H. Since there are t surviving vertices, it suffices by
(4.9) to show that there are (d —2)t + 2 cut edges. P is simple, so the total number
of adjacencies between edges of P and surviving vertices is dt. The surviving edges
form a tree, so 2(t — 1) of the adjacencies are consumed by surviving edges. This
leaves dt — 2(t — 1) adjacencies to cut edges, each of which generates a new vertex
of PN H.

We now argue that P’ has d + t facets. By (4.10) it suffices to show that d +
t — 1 facets of P contain surviving vertices. Let T be the tree of surviving vertices
and edges. Consider T as a “pivot tree” where each edge corresponds to a pivot,
interchanging exactly one incident facet. Root T at some arbitrary node. Label
each edge of T with the entering facet, i.e. the facet incident to the child but not
to the parent. For any node v in the tree, every facet incident to that node must
either be incident to the root, or have entered the set of incident facets at some step
on the path from the root to v. It follows that there are at most d + (t — 1) facets
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incident to surviving vertices. By Lemma 4.3, the surviving vertices and edges in
a given facet form a connected subgraph of T (here F is considered as a polytope in
its own right; notice that Lemma 4.3 does not depend on the polytope being full
dimensional). It follows that every entering facet is unique, hence that there are

exactly d + t — 1 facets incident to surviving vertices. O

The following is then a straightforward consequence of the previous lemma.

Theorem 4.2 (Dwarfing Theorem) If P is a simple d-polytope with m facets and H is
a halfspace with no vertex of P on its boundary so that the surviving vertices and
edges form a tree with m + 1 — d nodes, then H is a dwarfing halfspace for P.

The following illustrates an easy application of the Dwarfing Theorem.

Theorem 4.3 (Dwarfed Cubes) Let Hy be the d-cube specified by the 2d constraints
0<x;<3/5 for 1 <1i< d. Hy is dwarfed by the halfspace h* = {x | Ix < 1}

Proof. The surviving vertices are the origin, and those vertices adjacent to the
origin. The theorem then follows from the Dwarfing Theorem. The theorem can
also be proved directly, since Hy N h* is the the polytope T, from Lemma 4.1. O

In retrospect, the pierced cube examples of Section 4.2.1 are the intersection of
dual dwarfed cubes (i.e. “dwarfed cross polytopes”) and cubes. Next we show that
for simple polytopes, the highest drop in size permitted by the Upper and Lower

Bound theorems can indeed occur.

Theorem 4.4 (Dwarfed Dual Cyclic Polytopes) For every m-facet d-polytope dual to a
cyclic polytope there is a dwarfing halfspace.

Proof. Let P be a polytope dual to a cyclic polytope C4(m). Suppose P has a 2-face
F that is a polygon with m + 2 — d vertices. Let v be one of those vertices and let R
be the remaining m + 1 — d vertices. Let € be a line in aff F that separates v from
R. By perturbing hy = aff F slightly we can find a hyperplane h containing ¢ that
separates R from V(P)\R. Let H be the closed halfspace bounded by h that contains
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R. Then by construction there are m + 1 — d surviving vertices strung together into
a path by m — d surviving edges (the boundary of the polygon F without v and its
two incident edges). Now apply the Dwarfing Theorem.

It remains to show that polytope P has such a 2-face F with m — d + 2 vertices.
It turns out that P has many such faces (actually y(d — 3, m) of them). Let Q
be the cyclic polytope that is the dual of P with vertices p;,p2,...,pm in their
natural order along the curve used to generate Q. Let U = {p;y,...,pa-2}. Then,
according to Gale’s evenness condition (see Section 2.2) for each of the m + 1 —d
indices 1 with d — 2 < i < m, the set U U {p;, pi+1} spans a facet of Q; moreover,
U U {pq—1,Pm} spans a facet of Q, and this yields all facets containing U. Thus U
spans a (d — 3)-face F* of Q that is contained in m + 2 — d facets. Taking the dual
we thus get a 2-face F of P that contains m + 2 — d vertices. O

Figure 4.5 The polygon Wj.
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Since cyclic polytopes are difficult for many implementations for numerical rea-

sons independent of intermediate size, we consider numerically better behaved (but
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non-cyclic) family with about the same dwarfing behaviour. Let W, be convex
polygon with vertices as follows:

x(i)e{Oon,n+1,n+2,...,2n—3,2n}

(4.11)

y(i) =n? — (x(i) —n)?

Figure 4.5 illustrates Wy. The defining halfplanes for W, are as follows:

—nx+y<o0
RQi+1)x+y < (n+i)jn+i+1) 0<i<n—-4
(2n —3)x +y < 2n{2n — 3)
y=0

Let W3s(n) denote the 5-fold product W3. From the Product Lemma, we know
Ws(n) is a simple polytope with dimension 25, §n facets, and n® vertices, where
the vertices Was(n) are the products of vertices of W, and the facets are defined
by the facet (edge) defining inequalities of W, lifted into R%.

Theorem 4.5 (Dwarfed Products of Polygons) For § > 2, Was(n) is dwarfed by the con-

straint x; +x2 + ...+ xs < 2n — 1 where R? is coordinatized (xi,y1,%X2,Yz...)-

Proof. By simple arithmetic, we can see that no vertex of Ws(n) with more than
one non-zero x; coordinate, or with x; = 2n for some i, will survive. Consider some
surviving vertex v. By possibly reordering coordinates, we may assume that v =
(O*-2 x(i),y(i)) where x(1) and y(i) are defined by (4.11). By the Product Lemma,
the edges of W;s(n) are the product of edges of W,, and vertices of W2(s—1)(n). Hence
v is adjacent exactly to surviving vertex (vertices) v’/ = (O*-2,x(j),y(j)) where j
is the index before or after i. It follows that the surviving edges form & paths
emanating from the origin with n — 2 edges each, one along each “x-coordinate”
direction. Thus the surviving vertices and edges form a tree with é(n -2} +1 =
m —d + 1 nodes. Now apply the Dwarfing Theorem. |
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It should be clear that for any algorithm that inserts halfspaces online, an adver-
sary merely has to present the dwarfing halfspace last in order to force superpolyno-
mial performance. We now consider how to use the families defined in this section
to argue that more sophisticated insertion orders are superpolynomial. The next
theorem shows that for many polytopes, ordering the halfspaces at random is nearly

as bad as the worst case. Let E{X} denote the expectation of random variable X.

Theorem 4.6 Let P = ((H be a d-polytope and let H’ be a set of k halfspaces of
RY such that HNH’ = 0. Let Q be the polyhedron formed by intersecting the
halfspaces appearing before any element of H' in a random ordering of HU H'.

e (Q)} 2 oi(P) -
Proof. Every face of codimension j must be the intersection of at least one j-basts
of j + 1 facet defining halfspaces. If a j-basis B of some face of P occurs before any
halfspace of H’, then it will also define a face of Q. The probability that any such
basis B from H occurs before any halfspace from H’ is the probability that in a

permutation of B U H’, B occurs at the beginning, i.e. |B|!/|B U H'|!. O

Note that for dwarfed polytopes, we have
E{size(Q)} > size(P)/(d+ 1).

Another well known insertion order is to insert the halfspaces in lexicographic
or reverse lexicographic order. If the constraints are not reduced to some canonical
form before ordering then it is trivial for an adversary to enforce whatever ordering
is desired by scaling the constraints. Two natural canonical forms for coefficient
vectors are unit form where the most significant nonzero entry is 1 (considering
the right hand side as a (d + 1)st entry) and reduced integer form where the
coefficients are relatively prime integers. The following lemma shows that these two

are essentially equivalent for the purposes of lower bounds.
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Lemma 4.5 For any inequality system Ax < b, A € Q™4 b € Q™, it is possible to
translate and scale the the coordinate system so that the unit form and the reduced
integer form of the transformed inequality system are identical.

Proof. Assume without loss of generality that P = {x | Ax < b} is full dimensional.
Let z be some interior point of P. Let P’ denote the translation of P by —z. Since
O € intP’. we can write constraint i describing P’ in the form 3 ;(o;/Bs)x; < 1
where the «;;'s are integers and the fi;'s are positive integers. For each j, let §;
denote the least common multiple of the B;;'s. Let wi; = (o;/B84) - 85 and y; = x;/85;.
Then Uy < 1 is affinely equivalent to Ax < b, and furthermore is in both reduced

integer and unit form. O

It will be slightly more convenient to work with unit form. We call the lexico-

graphic order after reduction to unit form unit lezicographic order.

Theorem 4.7 Let P = {x | Ax < 1}, be a d-polytope containing the origin in its
interior. There exists an affine transformation that places any fixed row of the

transformed system first or last in unit lexicographic order, as desired.

Proof. Consider hyperplane h?. If h;y; # 0, h? intersects the x; axis at the point
e;/hy;. Since the origin is in the interior of P, both the positive and negative x; axes
must intersect some bounding hyperplane of P. The first hyperplane intersected by
the positive x; axis will be the lex maximum one (i.e. largest positive a;;) and the
first intersected by the negative x; axis will the lex minimum one (ignoring ties).
Now suppose we wish to make some hyperplane h? lex minimum or maximum.
Let F; be the corresponding facet. Choose some x; such that the x; axis is not
parallel to h?. Reorder coordinates so that x; is x;. Let ¢ be line parallel to the x;
axis intersecting the relative interior F;. Let u be some point in int(P)N¢. Translate
so that u is the origin and ¢ the x; axis. From the discussion proceeding, we see
that (the transformed) h? is now either lex minimum or lex maximum. We can

switch between these two options by swapping the positive and negative x; axes.
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Note that since € intersects the relative interior of F;, lexicographic order is entirely

determined by the first coordinate, i.e. there are no ties. O

4.3.1 Experimental Results

Figure 4.6 Summed intermediate size, dwarfed cubes
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Figure 4.6 plots summed intermediate size for cddf+, porta, and qhull on dwarfed
cubes. On completed runs, cddr+ produces the same intermediate sizes as cddf+.
Random insertion (the numbers here are averaged over 100 runs) behaves badly for
dwarfed cubes as predicted by Theorem 4.6. This means that in a probabilistic
sense, most insertion orders are bad. On the other hand, common heuristics such
as lexicographic ordering and maxcutoff seem to work quite well. The “farthest
outside” heuristic of qhull also works significantly better than random ordering. It
turns out that maxcutoff degenerates into lexmin on these examples by a quirk of
initialization. When using a dynamic insertion order such as maxcutoff, the initial

simplex must be chosen by some other method (since initially the maxcutoff rule
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Figure 4.7 Summed intermediate size, 10 dimensional dwarfed products of polygons
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does not make any sense). In the case of cdd+, the initial simplex is chosen lexico-
graphically. After the initial simplex is chosen, then each remaining hyperplane cuts
off the same number (1) of vertices, and ties are broken lexicographically. Since at
every step we have truncation polytope, lexmin and maxcutoff (given lexicographic
insertion orders) are polynomial insertion orders for dwarfed cubes.

We consider the growth of intermediate size for dwarfed products of polygons
with the dimension held fixed and the number of input halfspaces varying. Fig-
ure 4.7 shows a plot of summed intermediate size versus summed input and output
size. The results for dwarfed cubes and dwarfed products of polytopes support the
intuition that maxcutoff ordering behaves well for dwarfed polytopes, since it will
tend to insert the dwarfing halfspace early.
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4.4 Families Hard for All Insertion Orders

In the previous section, we have seen that there exist families of polytopes where
the insertion of one particular “dwarfing” halfspace last causes a huge drop in inter-
mediate size. Here we consider the natural extension to the case where every input
halfspace causes a huge drop in intermediate size when inserted last. This will im-
ply a superpolynomial lower bound for any insertion order. It will convenient in
this section to consider the dual situation for facet enumeration where every vertex

causes a huge drop in the number of intermediate facets when inserted last.

4.4.1 The Main Result

At each step of an incremental facet enumeration algorithm, we maintain (at min-
imum) the vertex description V; and the halfspace description H; of the current
intermediate polytope (the “double description” of Motzkin et al. [34]). We are
interested here in the drop in the size of the halfspace description caused by in-
serting the last vertex. This is the same as the increase in the number of facets
caused by removing one vertex of a polytope and recomputing the convex hull of
the remaining vertices. In the following definitions, let P be a d-polytope and let v
be a vertex of P. Let P © v denote conv(V(P)\ {v}). Let F(P) denote the facets of
P, F,(P) the facets of P containing v, and let §'V(P) be defined as follows:

F.(p) = {{Fe FPPov)|veF} ifdim(Pov)=d;

{(PoV} otherwise.

We define loss(v,P) = |§",(P)l as the number of halfspaces deleted by inserting v
last!. Similarly, we define gain(v,P) = |F,(P)| as the number of halfspaces created
by inserting v last. The net drop in intermediate size is then drop(v, P) = loss{v,P}—
gain(v, P). Finally we define gain(P) = max, gain(v, P}, loss(P) = min, loss(v, P},

lwe make the notation simplifying assumption that in the case where dim(P © v} = dim(P) — 1,
the affine hull of P ©v is stored as two halfspaces
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and drop(P) = min,drop(v, P). If there is a vertex whose removal decreases the
number of facets (as in for example a stacked polytope) then drop(P) is negative.

The lower bounds in this section follow from using the product and sum of
polytopes constructions defined in Section 2.3. The central geometric observation
is that while the number of facets of the final polytope sums under the product
of polytopes operation, the number of intermediate facets multiplies. We call a
polytope P robust if dim(P © v) =dim P for every vertex v of P.

Theorem 4.8 Let P and Q be polytopes with dimension at least 2. P x Q is robust
and drop(P x Q) = loss(P) - loss(Q).

We prove Theorem 4.8 via several lemmas. Since gain(v, P) is non-negative, the
following holds: loss(P) — gain(P) < drop(P) < loss(P). Let P and Q be polytopes
with dimension at least 2. Theorem 4.8 follows from the following two facts.

(4.12) gain(P x Q) =0
(4.13) loss(P x Q) = loss(P) - loss(Q)

We start with (4.12), which is equivalent to saying that every facet of P x Q is
robust. Since each facet of P x Q is the product of a facet of P (respectively P) and
Q (respectively a facet of Q), this follows from the next lemma.

Lemma 4.6 Let P and Q be polytopes with dimP > 1 and dimQ > 1. P x Q is

robust.

Proof. Let v = (p, q) be a vertex of P x Q. Let P’ denote (P x Q)@ v:
P'=conv({(Pop) x QlU{Px(Qoq)}).

Ifdim(Q®q) = dim Q, then the lemma follows by the Product Lemma. Otherwise,
q ¢ aff(Q©q). Let p’ be some vertex of P other than p. By Lemma 2.2a, if (x,y) €
aff(X x Y), then x € af X and y € aff Y. It follows that (p’,q) & aff(P x (Q © q)).
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But (p’,q) € P/, so

dimP’'>dim[P x (Qo q)] >dimP +dimQ —1 O
We now turn our attention to (4.13).

Lemma 4.7 Let P and Q be polytopes containing the origin as a vertex.

FoPx Q) ={F,@F,iF, € Fo(P),Fq € Fol(Q)}

Proof. Let P’ denote (P x Q)©O. Suppese we have facets F, € Fo(P), Fq € Fo(Q).
We can write linear constraints ax > 1 and by > 1 that support P’ in F, and Fq
respectively. The constraint ax + by > 1 supports P’. The vertices of P x Q that
lie on ax + by = 1 are precisely the vertices of F, ® F4. It is known (see e.g. the
proof of Lemma 2.2c) that if aff Py aff P, = () and P, is not a translate of P, then
dim(P, ® P;) =dimP; +dimP, + 1.

Now suppose we have some F € Fo(P x Q). Let h° denote aff F. Every vertex of
P x Q in h® must have at least one adjacent edge e in F~, since otherwise P xQ C F*.
The other vertex of e must be O, since otherwise h? is not a supporting hyperplane
for (P x Q) © ©. By the Product Lemma, the vertices defining h® must be of the
form (p,O) or (O, q) for p € V(P), q € V(Q). It follows that any basis (set of d

affinely independent vertices) B defining h® must have the form B = [%5’ ;)q ] where
B, is a basis of some F, € Fo(P) and B, is a basis of some F, € F5(Q). O

Since by change of coordinates we can assume without loss of generality that an
arbitrary vertex of P x Q lies on the origin, (4.13) and hence Theorem 4.8 follows.
From Lemma 4.7 we also get a complete characterization of the facets of (P x Q) ©v
since F(Px Q)ov) ={FeFPxQ) |ve F*} U F,(P x Q).
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4.4.2 Consequences

We now present some consequences of Theorem 4.8 for particular families of poly-
topes. To comstruct families of polytopes hard for incremental convex hull algo-
rithms, it suffices to take products of families with large loss functions. In this
subsection we present three such families. Recall that C4(n) denotes the cyclic
d-polytope with n vertices.

Lemma 4.8 For even d, n > d + 2, for any vertex v of C4(n),

_(n—d/2-2\ din—-d)
loss(v, C4(n)) = ( n—d—1 ) = [(Zn— d—Z)n] v(n,d)
€ O(n¥21) d fixed.

Proof. Let the dimension d = 2k for some positive integer k. Let v be a vertex of
P = C4(n). By Lemma 2.1, each vertex of an even dimensional cyclic polytope is
contained in y(n—1,d—1) facets. Since P is simplicial, gain(v,P) =y(n—1,d—1).
Since P © v is full dimensional, f4_;(P ©® v) — f4_i(P) = loss(v,P) — gain(v, P). It
follows that

loss(v,P) = fyg_1(P © v) — f4—1(P) + gain(v, P)
=y(n—-1,d)—v(n,d)+yv(n—-1,d-1).

Substituting in the appropriate values of y(n, d) from (2.1) for odd and even d,

loss(v, P) = n—l_(n—k—l)n+2n—2k—2 (n—k—-2)!
oSSV = 1T m—2Kk n—2k | m—2k—1)!(k=1)!
The term in brackets simplifies to 1. |

As usual, we now give two alternative families to products of cyclic polytopes. A
polytope P is called centered if for every v € V(P), P © v contains the origin as an
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interior point. As in Section 3.1, define 7, as follows. For odd n, choose points:

x(i) = mM—1)/2-1
y(i) = 2x(i)*-3 i=0...n—-1

If n is even, construct m,_; and then add a vertex with coordinates (0, n%/2 —2n).
Figure 4.8 illustrates Ps. The reader can verify that Ps is centered. Since V(Ps) C
V(P.} for n > 5, P, is centered for n > 5.

Figure 4.8 ¢
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The following lemma gives a general method for constructing families of poly-
topes with large loss functions.

Lemma 4.9 Let P be a centered polytope. Let Q be a polytope with m facets con-
taining the origin in its interior. Let v = (p, O) be a vertex of P & Q.

loss(v,P & Q) = loss(p,P)-m.
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Proof. Note that (P& Q)o(p,D) = (Pep)® Q. Since P is centered, by Lemma 2.4,
ax + by < 1 defines a facet of (PO p) ® Q iff ax < 1 defines a facet of P© p and
by < 1 defines a facet of Q. Vertex (p, D) is infeasible for ax + by < 1 iff p is
infeasible for ax < 1. O

Again following the development of Section 3.1, let T (n) denote &P, 7.

Corollary 4.1 For even d, n > 5, lossTTy(n) = n%/2-1,

From Lemma 4.8 and Corollary 4.1, we have two families of polytopes with
large loss functions. Intuitively, our construction takes the vd-fold product of
2\/d-polytopes from these families. In order to have example polytopes in each
sufficiently large even dimension, a slightly more complex construction is necessary.
Following Section 3.1, for any even dimension 2d > 4 define a = [Vd], b = |d/a],
¢ = d mod a, and K;4(n) = QY (n) x Q2c(n) where Qx(n) is either a cyclic polytope

Ck(n) or a sum of polygons IMx(n) (and we again omit the term Q,.(n) if c=0).
Theorem 4.9 For d > 2 held fixed,

(a) s =sizeKya(n) € O(n/Vd), and

(b) dropKaa(n) € Q(s¥Val-1),

Proof. Let b’ = [d/a] = b + sgn(c). We will make use of the fact that b’ < a. By

(3.2) and (3.3), size Kzq(n) € O(n®). By Lemma 4.8 and Corollary 4.1, loss Qax(n) €
©(n*~'). By Theorem 4.8, drop Kxa(n) € Q(n®¢)) where

¢(d) =(a—1)b+sgn(c)-(c—1)
= (ab +sgn(c) - (c — 1) +sgn(c)) — (b + sgn(c)))

=d-—-b’
=a(d/a —b'/a)
> a(d/a—-1) a
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From this theorem we can see that incremental convex hull algorithms are
strongly superpolynomial in the worst case, irrespective of the insertion order used.
Since these same families were shown in Chapter 3 to be hard for perturbation
(triangulation) and for face lattice producing algorithms, it follows that no method
consisting of running several of the well known methods in parallel will be polyno-
mial either.

An important class of polytopes for facet enumeration is the 0/1-polytopes,
whose vertices are a subset of {0, 1 }9. Because of their importance in combinatorial
optimization, a facet enumeration algorithm polynomial for 0/1-polytopes would be
significant result; unfortunately incremental algorithms fail here also. We consider
the equivalent case of polytopes whose vertices are a subset of { +1,—1}9. Let Hq4
denote the hypercube with vertices {+1,—1}9. The reader can verify that H, is
centered for d > 3. Recall that U3k denotes (), H;. Taking the definition of a, b,

and c from Theorem 4.9, let {i34 denote UY x Uj..
Theorem 4.10 For d sufficiently large,

drop i34 > s Vd] log[Vdl) where s = size U3a.

Proof. By (3.4), for d sufficiently large, size {34 < 3%!°¢?. By Lemma 2.5, Lemma 4.9
also holds with the @ operation replaced by ®. Since loss H3 = 1, it follows that
loss U3, = 6%~'. Let b’ =[d/a]. By Theorem 4.8,

drop Uizq4 > 6! 1bFsenlc)(c=1)

=647% see proof of Theorem 4.9
2434

= 2b’log6é

> 34 ifb'logb<d

> sd/(alogal d suff. large 0
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4.4.3 Experimental Results

This subsection presents experimental results for incremental facet enumeration

programs on our three “universal” families Cj4(n), TT24(n), and {isa.

Figure 4.9 Maximum intermediate facets versus size(P) for Cs(n), cddr+

10° T
(]
°
8
8
« 4
== 103
(-F]
5
I
g oz 4 e theoretical lower bound
g o lexmin
g o maxcutoff
= s random

ke 'l L ] L 'l d

]O] Ll L L g v L] L L L L]
280 624 968 1312 1656 2000 2344 2688 3032 3376

size(P)

Figure 4.9 plots the maximum number of intermediate facets versus size(P) for
the products of cyclic polytopes Cs(n) = C2(n). These measurements are all for
cddr+; measurements for porta are identical to those for cddr+ with the lexmin
insertion order. The numbers for random ordering are the average of 100 trials.
Although Theorem 4.9 provides a lower bound for all insertion orders, in practice
there is a wide variation between the best insertion orders and the worst ones.
Figure 4.10 shows the intermediate size (in facets) at each step for several insertion
orders. The trace for random ordering is from a single trial. The order labeled
“dual” is the order the vertices are produced by cddr+ using lexmin ordering for
the dual vertex enumeration problem. Both this order and lexmin somehow reflect
the product structure of these polytopes since all vertices of the form (v;, x) for a
particular v; are inserted sequentially (or at least close together). In [4], the authors
observe that for random ordering, the lower bound of Theorem 4.9 can be improved
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by a factor of n (for d fixed).

Figure 4.10 Trace of intermediate size for Cg(10), cddr+.
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A natural question for examples such products of cyclic polytopes where one
transformation is difficult, is whether there is a good insertion order for the dual
transformation. Table 4.1 shows the results of various halfspace insertion orders
for ffg{ n). There is again a fairly wide variation among insertion orders. The best
order is minindex, which again refiects the product structure of the polytopes, since
the halfspaces from each factor polytope (i.e. C4(n)) are grouped together in the
input files. The results for this order are very close to the best of the orders for
facet enumeration, included as the last column of Table 4.1. The difference between
the best and worst insertion orders is quite significant in practical terms: while the
best order takes several minutes for Es( 10) (which has 100 vertices and 70 facets),
the worst order takes over four hours (both on a Digital AlphaServer 4/233).

The products of sums of polygons T14(n) have the same asymptotic lower bound
as products of cyclic polytopes (see Theorem 4.9). Their better numerical behaviour
allows the use of floating point, which fails quite quickly for Cq(n), even in 8
dimensions. In Table 4.2, rather than fixing the dimension, we fix the number of

vertices as a function of the dimension. Once again there is large variation among
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Table 4.1 Maximum intermediate facets, Es(n), vertex enumeration.

n

O 00 O !

10

cddr+
lexmin

25
42
70
112
202
364

cddr+
maxcutoff
25

46

74

182

260

cddr+
minindex

25
42
70
112
171
250

cddr+
random
25
50.210
111.790
245.540
472.360
819.270

porta

25
42
70
112
171
250

cddr+ lex.,
facets

11

24

46

80

129

196

the insertion orders; as the dimension increases the best of the insertion orders is
much farther from the theoretical lower bound.

Table 4.2 Maximum intermediate size, [T,4(5), facet enumeration

d

1
2
3
4
5
6
7

fo(P)

10
50
100
150
225
1125

co(P)

25
30
50
150
250
255

lower
bound
6

30

35

75

275
875
880

cddf+
lexmin
5

25

45

125
525
2125
7755

cddf+

maxcutoff

5

25
166
1658
6367
35379

cddf+
minindex
5

25

45

125

525

2125
7755

porta

25
45
125
525
2125
7755

As before we consider dual problem of vertex enumeration for [124(5). Table 4.3

suggests that the best insertion orders for vertex enumeration are better than those

for facet enumeration.

Table 4.4 shows maximum intermediate size for the products of sums of 3-cubes.

If we compare with the experimental results of Section 3.4.1, we can see that for all

three “universal” families, even though the asymptotic lower bounds given for piv-
oting algorithms and incremental algorithms are about the same, the experimental

performance of the incremental algorithms seems much closer to the lower bounds,
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Table 4.3 Maximum intermediate size, [1,4(5), vertex enumeration.

d

W 00 3O O i W~

fo(P)

10
50
100
150
225
1125
2250
3375

cddf+
lexmin
5

14

65
130
260
390
1950
3900
5850

cddf+
maxcutoff
5

23

71

195

2836
4246
4248
4506

porta

13
50
130
195
360
1125
2925
5400

Table 4.4 Maximum intermediate size, i34, facet enumeration

d fo(P)

N O W

8

16
128
256
384
576
4608

co(P)

6
36
42
72

252
432
438

lower
bound
7

42

48
108
468
1728
1734

cddf+
lexmin
7

42

60
180
900
4320
6918

cddf+
maxcutoff
7

42

918
33671

cddf+
minindex
7

42

60

180

900

4320

porta

42
60
180
900
4320
8214
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Figure 4.11 Running time in cpu seconds, H4
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size(P)

and hence much larger problems are solvable by incremental methods within a given
amount of time. In all three cases, the examples solvable in a reasonable amount of
time on current hardware are really too small for the asymptotic bounds to be very
meaningful. For example, for d < 10, drop(U3za) < size(U34)-

The three families from this section are in some sense universally difficult for
facet enumeration algorithms, since in Chapter 3 we saw that they are difficult
also for pivoting algorithms. By way of contrast, we consider two other families
polytopes shown to difficult for pivoting algorithms, namely cubes and products of
simplices. In each case, it turns out that at least empirically, there are good insertion
orders for these families. Figure 4.11 and Figure 4.12 compare the running time of
cddf+ using two different insertion orders with qhull and the pivoting based irs. It
is interesting that the two greedy insertion orders {maxcutoff and ghull) perform
quite badly on these examples. In the case of qhull this can be partially blamed on
triangulation, but as Table 4.5 shows, the untriangulated intermediate size grows
quite quickly as well. In [4] the authors show that a family closely related to T24
is difficult for maxcutoff insertion order. Lexicographic order seems to work very

well, even for the 30 dimensional product of simplices example, whose facets would
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Figure 4.12 Running time in cpu seconds, T4
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Table 4.5 Summed intermediate size, T 24.
d cddf+ cddf+ qhull
lexmin maxcutoff

1 6 6 6
2 14 15 12
3 23 35 25
4 34 79 62
5 47 175 171
6 62 383 609
7 79 831 2240
8 o8 1791 8774
9 119 3839 overflow
10 142 8191
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require more than 500 million (d — 1)-simplices to triangulate.

Bibliographic Notes

The first published lower bounds for incremental algorithms seem to be those of
Dyer [19]. In this paper Dyer uses a construction of Klee [100] which build a
polytope with many facets, all incident to one “universal” facet?. Dyer shows that
one can find a halfspace that creates a prism out of the universal facet. This yields
a drop in intermediate size almost as extreme as Theorem 4.4.

The description of the double description method in [34] is in terms of cones.
Although as we discuss in Section 4.1, this is the cleanest way to deal with un-
boundedness, it seems to have the unfortunate effect of making the algorithm less
accessible to the computational geometry community. For a description and exper-
imental comparison of several variations of the double description method, see [25].

The results of Section 4.2 were first presented in slightly different form in [2]
and [3]. The dwarfed polytope examples of Section 4.3 first appeared in [4], which
also included several arguments showing that particular families of dwarfed poly-
topes (rather than dwarfed polytopes in general) are bad for greedy insertion orders
that choose the next halfspace that cuts off the maximum or minimum number of
intermediate vertices. The results of Section 4.4 appeared in a preliminary form
in [7]. Raimund Seidel suggested the use of products of sums of polygons for The-
orem 4.9. The use of products of sums of cubes for Theorem 4.10 was suggested to
the author by David Avis.

2such polytopes are called Kirkman polytopes, after the Reverend Thomas P. Kirkman, who
characterized them in 3-dimensions [99]



Chapter 5

Primal-Dual Algorithms

5.1 Introduction

It follows from the duality of convex polytopes that the vertex and facet enumer-
ation problems are polynomially equivalent, that is, the existence of a polynomial
algorithm for one problem implies the same for the other problem. Several polyno-
mial algorithms (see e.g. [5, 11, 85, 19, 37, 39]) are known under strong assumptions
of nondegeneracy, which restrict input polytopes to be simple in the case of vertex
enumeration and simplicial in the case of facet enumeration. On the other hand,
we have seen in Chapter 3 and Chapter 4 that none of the known methods are
polynomial for general polytopes.

In this chapter, we extend the known polynomially solvable classes by looking at
the dual problems. The dual problem of a vertex (facet, respectively) enumeration
problem is the facet (vertex) enumeration problem for the same polytope where
the input and output are simply interchanged. For a particular class of polytopes
and a fixed algorithm, one transformation may be much easier than its dual. One
might be tempted to explain this possible asymmetry by observing that the standard
nondegeneracy assumption is not self-dual. Are the dual problems of nondegenerate
vertex (facet) enumeration problems harder? More generally, are the complexities
of the primal and the dual problem distinct?

82
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Recall that an algorithm is said to be polynomial if the time to solve any instance
is bounded above by a polynomial in the size of input and output. A successively
polynomial algorithm is one whose kth output is generated in time polynomial in
k and the input size s, for each k less than or equal to the cardinality of output.
Clearly every successively polynomial algorithm is a polynomial algorithm.

In Section 5.2 we will show in a certain sense that the primal and dual problems
are of the same complexity. More precisely, we will show the following theorem:
if there is a successively polynomial algorithm for the vertex (facet, respectively)
enumeration problem for a hereditary class of problems, then there is a successively
polynomial algorithm for the facet (vertex) enumeration problem for the same class,
where a hereditary class contains all subproblems of any instance in the class. We
propose a new class of algorithms that take advantage of this phenomenon. Loosely
speaking, primal—-dual algorithms use a solution to the easy direction as an oracle
to help solve the seemingly hard direction.

The non-degenerate polytopes are in some sense the least complicated of all
polytopes. The simplicial polytopes have the fewest possible vertices on each facet;
the simple polytopes have the fewest possible number of facets containing each
vertex. Which of these properties is most desirable depends on the problem at hand.
If we are given a halfspace description and want to enumerate its vertices, then we
know how to efficiently solve the problem if the halfspaces define a simple polytope.
Similarly, if the problem is to enumerate the facets given the vertices, then we know
how to solve the problem if the polytope is simplicial. In both of these cases we say
the problem input is primal-nondegenerate. If, on the other hand, the problem
is vertex (respectively facet) enumeration and the input is simplicial (respectively
simple) enumeration then we say that the problem is dual-nondegenerate. In the
language of Chapter 3 we can measure the primal (respectively dual) degeneracy
of a polytope in a quantitative sense by its primal (respectively dual) triangulation
complexity.

From the general result of Section 5.2 relating the complexity of the primal
and dual problems, and known polynomial algorithms for the primal nondegenerate
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case, we arrive at a polynomial algorithm for vertex enumeration for simplicial
polytopes and facet enumeration for simple polytopes. In Section 5.3 we show how
to refine this algorithm to yield an algorithm with time complexity competitive
with the algorithms known for the primal-nondegenerate case. Section 5.4 considers
how to modify the algorithm of Section 5.3 to perform well when the polytope is
(moderately) dual-degenerate. Section 5.5 contains some experimental results and
Section 5.6 some concluding remarks for the chapter.

The only published investigation of the dual-nondegenerate case the author is
aware of is a paper by Peter Gritzmann and Victor Klee [27]. Their approach,
most easily understood in terms of vertex enumeration, consists of intersecting the
constraints with each defining hyperplane and, after removing the redundant con-
straints, finding the vertices lying on that facet by some brute force method. David
Avis (private communication) has independently observed that this method can be
extended to any polytope whose facets are simple (or nearly simple) polytopes. The
method of Gritzmann and Klee requires solving O(m?) linear programs (where m
is the number of input halfspaces) to remove redundant constraints. Our approach

does not rely on the polynomial solvability of linear programming.

5.2 Primal-Dual Algorithms

In this section we consider the relationship between the complexity of the primal
problem and the complexity of the dual problem for vertex/facet enumeration. We
will fix the primal problem as facet enumeration in the rest of this chapter, but the
results can also be interpreted in terms of vertex enumeration. For convenience we
assume in this chapter that the input polytope is full dimensional and contains the
origin as an interior point. While it is easy to see this is no loss of generality in
the case of facet enumeration, in the case of vertex enumeration one might need to
solve a linear program to find an interior point. We call a family ' of polytopes
facet-hereditary if for any P € T, for any H’' C H(P), if H’ is bounded then (| H'
is also in . The main idea of this chapter is summarized by the following theorem.
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Theorem 5.1 If there is a successively polynomial vertex enumeration algorithm for
a facet-hereditary family of polytopes then there is a successively polynomial facet
enumeration algorithm for the same family.

Simple polytopes are not necessarily facet-hereditary, but each simple polytope
can be perturbed symbolically or lexicographically onto a combinatorially equivalent
polytope whose defining halfspaces are in “general position”, i.e. if we consider the
natural arrangement of hyperplanes induced by the polytope, no d + 1 meet in a

point.

Corollary 5.1 There is a successively polynomial algorithm for facet enumeration of
simple polytopes and for vertex enumeration of simplicial polytopes.

Proof of Theorem 5.1 is constructive, via the following simple algorithm. Algo-
rithm 1 takes as input a set V of points in R4, and a subset Hy C (V) such that
N Ho is bounded. We show below how to compute such a set of halfspaces.

Algorithm 1 PrimalDualFacets(V, Hy)

chr &~ HO

while 3V € V(H.:) \ V do FindWitness
Find he H(V)s.t. ve h™ DeleteVertex
Heyr — Hepr U{ R}

endwhile

return Hcy,.

At every step of the algorithm we maintain the invariant that convV C P(Hc,).
When the algorithm terminates, we know that V(H..;) C V. It follows that P(Hc,) C
conv V. There are two main steps in this algorithm that we have labeled FindWit-
ness and DeleteVertex. The vertex V € V(H...) \ V is a witness in the sense that for
any such vertex, there must be a facet of }(V) not yet discovered whose defining
halfspace cuts off V. From the precondition of the theorem there exists a successively
polynomial algorithm to enumerate the vertices of H.,,. It follows that in time poly-
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nomial in |V| we can find |V|+ 1 vertices of P(H.y ), or discover V(H.,.} = V. If we
discover [V|+1 vertices, one of these vertices must be a witness. In order to find the
facet cutting off a witness (the “DeleteVertex” step), we need to solve a separating
hyperplane problem for a point and convex set. The separating hyperplane problem
can be solved via the following linear program: maximize ¥y subject to Vy < 1. If
y* is a basic optimal solution (i.e. a solution corresponding to a vertex of the polar
polytope P* = {y | Vy < 1}) of the linear program then y*x < 1 is the desired
separating halfspace. While there are linear programming algorithms polynomial in
the bit size of the input, there are not yet any known that are polynomial in n = |V/|
and d, which is what we need for our theorem. It turns out that because we have
a halfspace description of the convex hull of the union of our two sets, we can solve
the separating hyperplane problem via a much simpler algorithm.

Our main tool here will be the pivot operation of the simplex method of linear

programming. Any inequality system
(5.1) Hx<1

can be represented in the standard “dictionary” form (see e.g. [85]) as follows. We
transform each inequality into an equality by adding a slack variable, to arrive at

the following system of linear equations or dictionary:
(5.2) s=1—Hx

More precisely, a dictionary for (5.1) is a system obtained by solving (5.2) for some
subset of m variables (where m is the row size of H). A solution to (5.2) is feasible for
(5.1) if and only if s > O. In particular since HO < 1, s = 1 is a feasible solution to
both. The variables are naturally partitioned into two sets. The variables appearing
on the left hand side of a dictionary are called basic; those on the right hand side
are called cobasic. The solution to (5.2) obtained by setting the cobasic variables
to zero is called a basic solution. In particular s = 1 is a basic feasible solution.

A pivot operation moves between dictionaries by making one cobasic variable (the
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Figure 5.1 The raindrop algorithm
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entering variable) basic and one basic variable (the leaving variable) cobasic.
If we have a feasible point for a polytope and a halfspace description, in d pivot
operations we can find a vertex of the polytope. If we ensure that each pivot does

not decrease a given objective function, then we have the following.

Lemma 5.1 (Raindrop Algorithm) Given H € R™4, w € R? and vy € P(H), in time
O(md?) we can find v € V(H) such that wv > wv,.

Proof. We start by translating our system by —v, so that our initial point is the
origin. As a final row to our dictionary we add the the equation z = wx (the objec-
tzve row). Note that by construction, x = O is a feasible solution. We start a pivot
operation by choosing some cobasic variable x; to become basic. Depending on the
sign of the coefficient of x; in the objective row, we can always increase or decrease
x; without decreasing the value of z. As we change the value of x;j, some of the basic
slack variables will decrease as we get closer to the corresponding hyperplane. By
considering ratios of coefficients, we can find one of the first hyperplanes reached.
By moving that slack variable to the right hand side (making it cobasic), and mov-
ing x; to the left hand side, we obtain a new dictionary in O(md) time (see e.g. [85]
for details of the simplex method). We can continue this process as long as there
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is a cobasic x-variable. After exactly d pivots, all x-variables are basic. It follows
that the corresponding basic feasible solution is a vertex (See Figure 5.1). |

Figure 5.2 Pivoting from a valid inequality to a facet.

By duality of convex polytopes we have the following.

Lemma 5.2 (Dual Raindrop Algorithm) Given V € R™*¢, w € R? and h, such that
V C h{, in O(nd?) time we can find h € (V) such that hw > how.

Essentially this is the same as the initialization step of a gift-wrapping algorithm
(see e.g. [11, 39]), except that we are careful that w is on the same side of our final
hyperplane as the one we started with. Figure 5.2 illustrations the rotation dual to
the pivot operation in Lemma 5.1.

We can now show how to implement the DeleteVertex step of Algorithm 1 with-
out linear programming. A basis B for a vertex v € V(H) is a set of d rows of H
such that Bv = 1 and rankB = d. We can obviously find a basis in polynomial
time; in the pivoting based algorithms in the following sections we will always be

given a basis for v.
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Figure 5.3 Illustrating the proof of Lemma 5.3.
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Lemma 5.3 (DeleteVertex) Given V € R™*4, Hy C H(V), ¥ € V(Hy) \ V, and a basis
B for ¥, we can find h € H(V) such that ¥ € h™ in time O(nd?).

Proof. Let h =} 3, .5 b. The inequality hx < 1 is satisfied with equality by ¥ and
with strict inequality by every v € V (see Figure 5.3). Let Y = max,cy hv. Since
O € intconvV, vy > 0. Let hy = h/y. The constraint hox < 1 is valid for conv V,
but hov > 1. The lemma then follows from Lemma 5.2. O

If we are not given a basis for the vertex ¥ we wish to cut off, we can use instead
the mean of the outward normals of all facets meeting at V. This mean vector can

be computed in time O(|Hp/d) time.

Corollary 5.2 Given V € R™*4, Hy C 3((V), and Vv € V(H,)\V, we can find h € H(V)
such that ¥ € h™ in time O(nd? + [Hp|d).

It will prove useful below to be able to find a facet of conv V that cuts off a

particular extreme ray or direction of unboundedness for our current intermediate

polyhedron.

Lemma 5.4 (DeleteRay) Given V € R™¢ and r € R\ {0}, in O(nd?) time we can
find h € H(V) such that hr > 0.

Proof. The proof is similar to that of Lemma 5.3. Let Yy = max,cv 1v. Since O €
intconvV, v > 0. Let ho = r/y. The constraint hpx < 1 is valid for conv V, but
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hor = (r-1)/v > 0. By Lemma 5.2, in O(nd?) time we can compute h € J{(V) such
that hr > hor > 0. d

In order to initialize Algorithm 1, we need to find some subset Hy C (V)
whose intersection is bounded. We start by showing how to find a subset whose

intersection is pointed, i.e. has at least one vertex.

Algorithm 2 FindPointedCone

H—§ T«—1. A R4

while |H| < d do
h « DeleteRay(¥, V)
He—HuU{h}
A—ANh®
Let a and b distinct points in A.
T—a—b.

endwhile

return H

Lemma 5.5 Given V € R™*¢, in O(nd3?) time, Algorithm 2 computes subset H C
H(V) such that (|H defines a vertex.

Proof. We can compute a parametric representation of the affine subspace A de-
fined by the intersection of all hyperplanes found so far in O(d?) time by Gaussian
Elimination. With each DeleteRay call in Algorithm 2, we find a hyperplane that
cuts off some ray in the previous affine subspace (see Figure 5.4). It follows that

the dimension of A decreases with every iteration. (]

We now show how to augment the set of halfspaces computed by Algorithm 2
so that the intersection of our new set is bounded. To do so, we use an idea due to
Jack Edmonds [21].

Lemma 5.6 (Edmonds’ Oracle) Given H € R™*¢ and v, € P(H), in time O(md3) we
can find V C V(H) such that vo €convV and |V|< d+ 1.
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Figure 5.4 Successive affine subspaces A; computed by Algorithm 2
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Proof. (sketch) Let P = P(H). Apply Lemma 5.1 to find v € V(H). Find the point
v; at which the ray V] exits P (see Figure 5.5). If v, is a vertex, we are done,
otherwise intersect all constraints with the minimal face containing v; and recurse
with v; as the given point in the face. The recursively computed set, along with v,

will contain v in its convex hull. O

By duality of convex polytopes, we have the following:

Lemma 5.7 (Dual Edmonds’ Oracle) Given a d-polytope P = conv V and hy such that
V C hg, we can find in time O(|V|d3), some H C H(V) such that hy € conv H.

Figure 5.6 Primal and dual Edmonds’ oracles.

(a) Using Edmonds’ Oracle to (b) The dual problem of finding a set
find a set of points whose con- of facets that imply a given valid con-
vex hull contains z. straint zx < 1.

Figure 5.6a illustrates the application of Edmonds’ oracle to find a subset of
vertices of a polygon containing an interior point z in their convex hull. In Fig-
ure 5.6b the equivalent dual interpretation of finding a set of facets that imply a
valid inequality is shown. In order to understand the application of Lemma 5.7, we
note the following:
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Proposition 5.1 Let P ={x|Ax < 1}and Q ={x| A'x < 1} be polyhedra such that

each row a’ of A’ is a convex combination of rows of A. P C Q.

Figure 5.7 Illustrating the proof of Lemma 5.8

Using Lemma 5.5 and Lemma 5.7, we can now find a subset of (V) whose

intersection is bounded.

Lemma 5.8 Given V € R™*4, in time O(nd?) we can compute a subset H C H(V)
such that (| H is bounded.

Proof. We start by computing set B of d facet defining halfspaces whose intersection
defines a vertex, using Algorithm 2. The proofis then similar to that of of Lemma 5.3
and Lemma 5.4. Compute the mean vector h of the normal vectors in B (see
Figure 5.7). Let vy = max,cv ~hv. Let hg = —h/vy. Note that hg is valid for V,
but any ray feasible for (| B will be cut off by this constraint; hence P(B) N hy is
bounded. Now by applying Lemma 5.7 we can find a set of halfspaces He C H(V)
such that hy € conv H.. By Proposition 5.1, P(B U H.) is bounded. O

We can now state a stronger version of Theorem 5.1.
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Theorem 5.2 For any facet hereditary family of polytopes I' if we can generate k
vertices of an m-facet d-polytope P € " (or certify that P has less than k vertices)
in time O(f(k, m, d)) then we can enumerate the m facets of P in time

O(nd® + mnd? + m2d + i fln+1,i—1,4d)).
i=d+2
Proof. By Lemma 5.8 we know that preprocessing takes O(nd?) time. Computing
the witness for the ith facet takes O(f(n+1,1—1, d)} time. Each call to DeleteVertex
costs O(nd?), plus an additional O(md) if we are not given a basis for the witness
(see Corollary 5.2). a

In certain cases (such as the dual-nondegenerate case considered in the next
section), we may have a theoretical bound for f(k, m, d} polynomial in k, m, and d.
In other cases, such a theoretical bound may be difficult to obtain, but we may have
experimental evidence that a certain method (e.g. some heuristic insertion order for
an incremental algorithm) is efficient for vertex enumeration for I'. In either case the
techniques described in this section can be used to obtain an efficient method for
facet enumeration as well. It is worth noting that there is no restriction of the input
points to be in “convex position”. Although the algorithm will be more efficient
if there are no redundant interior points as part of the input, it will still function

correctly if there are such points.

5.3 The Dual-Nondegenerate Case

In this section we describe how the results of the previous section lead to a polyno-
mial algorithm for facet enumeration of simple polytopes. We then give a refinement
of this algorithm that yields an algorithm whose time complexity is competitive with
the known algorithms for the primal nondegenerate case.

From the discussion above, we know that to achieve a polynomial algorithm for
facet enumeration on a particular family of polytopes we need only have a polyno-
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mial algorithm for vertex enumeration for each subset of facet defining halfspaces of
a polytope in the family. Dual-nondegeneracy (i.e. simplicity) is not quite enough in
itself to guarantee this, but it is not difficult to see that the halfspaces defining any
simple polytope can be perturbed so that they are in general position without affect-
ing the combinatorial structure of the polytope. In this case each dual sub-problem
is solvable by any number of pivoting methods (see e.g. (5, 85, 19]). Equivalently
(and more cleanly) we can use lexicographic ratio testing (see Section 5.4.1) in the
pivoting method. A basis is a subset of H{(P) whose bounding hyperplanes define
a vertex of P. Although a pivoting algorithm may visit many bases (or perturbed
vertices) equivalent to the same vertex, notice that any vertex of the input is simple
hence will have exactly one basis. It follows that we can again guarantee to find
a witness or find all vertices of P(H..) in at most n + 1 bases (where n = |V|, as
before) output by the pivoting algorithm. In the case where each vertex is not too
degenerate, say at most d + & facets meet at every vertex for some small constant
5, we may have to wait for as many as n- (}°) + 1 bases. Of course this grows
rather quickly as a function of 8, but is polynomial for & constant. In the rest of
this section we assume for ease of exposition that the polytope under consideration
is simple.

It is not completely satisfactory to perform a complete vertex enumeration for
each verification (FindWitness) step since each succeeding input to the vertex enu-
meration algorithm consists of adding exactly one halfspace to the previous input.
We now show how to avoid this duplication of effort. We are given some subset
Hewr € H(V) such that P(Hc) is bounded and a starting vertex v € V(H.,) (we
can use the raindrop algorithm to find a starting vertex in O(|Hc,/d?) time).

Algorithm 3 is a standard pivoting algorithm for vertex enumeration using depth
first search. The procedure ComputeNeighbour(v, j, Heur) finds the j-th neighbour
of v in P(Hcy). This requires O(md) time to accomplish using a standard simplex
pivot. To check if a vertex is new (i.e. previously undiscovered by the depth first
search) we can simply store the discovered vertices in some standard data structure

such as a balanced tree, and query this structure in O(d logn) time.
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Algorithm 3 dfs(v, H.y)

forjel...ddo
v/ « ComputeNeighbour(v, j, Heur)
if new(v’) then
dfs(v’, Heye)
endif
endfor

We could use Algorithm 3 as a subroutine to find witnesses for Algorithm 1,
but we can also modify Algorithm 3 so that it finds new facets as a side effect.
We are given a subset Hy C H(V) as before and a starting vertex v € V(H,)
with the additional restriction that v is a vertex of the input. In order to find
a vertex of P(Hp) that is also a vertex of the input, we find an arbitrary vertex
of P(Ho) using Lemma 5.1. If this vertex is not a vertex of the input then we
apply DeleteVertex to find a new halfspace which cuts it off, and repeat. In what
follows, we assume the halfspaces defining the current intermediate polytope are
stored in some global dictionary; we sometimes denote this set of halfspaces as H.,;.
We modify Algorithm 3 by replacing the call to ComputeNeighbour with a call
to the procedure ComputeNeighbour2. In addition to the neighbouring vertex v/,
ComputeNeighbour2 computes the (at most one) halfspace defining v’ not already
known. Suppose we have found v (i.e. v is a vertex of the current intermediate
polytope). Since P is simple we must have also found all of the halfspaces defining v.
It follows that we have a halfspace description of each edge leaving v. Since we have a
halfspace description of the edges, we can pivot from v to some neighbouring vertex
v’ of the current intermediate polytope. If v/ € V then we know v’ must be adjacent
to v in conv V; otherwise then we can cut v’ off using our DeleteVertex routine. If P
is simple, then no perturbation is necessary, since we will cut off degenerate vertices
rather than trying to pivot away from them. Thus ComputeNeighbour2 can be
implemented as in Algorithm 4.
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Algorithm 4 ComputeNeighbour2(v, j, Hey)

repeat
¥V « ComputeNeighbour(v, j, Heu)
IfVv &V then
h « DeleteVertex(v, Heyr, V)
AddToDictionary(h, Hcyr)
end if
untilve Vv
return v

Lemma 5.9 With O(mnd) preprocessing, ComputeNeighbour2 takes time O(md +

k(md + nd?)), where k is the number of new halfspaces discovered.

Proof. As mentioned above, ComputeNeighbour takes O(md) time. The procedure
AddToDictionary merges the newly discovered halfspace into the global dictionary.
Since P is simple, we know the new halfspace will be strictly satisfied by the current
vertex v; it follows that we can merge it into the dictionary by making the slack
variable basic. This amounts to a basis transformation of the bounding hyperplane,
which can be done in O(d?) time.

Since the search problem is completely static (i.e. there are no insertions or
deletions), it is relatively easy to achieve a query time of O(d + logn), with a
preprocessing cost of O(n(d + logn)) using e.g. kd-trees [30]. Suppose logn > md.
It follows that

— (md/Z)Zm/ logm .,

but from the Upper Bound Theorem [103], we know n € O(ml%/2!). It follows that
d + logn < md. Since each pivot in ComputeNeighbour2 that does not discover a
vertex of V discovers a facet of conv V, we can charge the time for those pivots to

the facets discovered. O
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Algorithm 5 pddfs(v, Hy)

Heur HO
Forjel...ddo
v’ «— ComputeNeighbour2(v, j, He.,) add new h.s. to Hcy
if new(v’) then
Heur &« Heur U pddfs(v')
endif
endfor
return Hc,,

A depth first search based primal-dual algorithm is given in Algorithm 5. Note
that we no longer need an additional query step in Algorithm 5 to determine if the
neighbour of the current vertex v is new. We simply mark each vertex as discovered
when we search in ComputeNeighbour2. Furthermore, for P simple, m < n. Thus

we have the following:

Theorem 5.3 Given V € R™*9, if convV is simple, we can compute H = (V) in
time O(n|H|d?).

5.4 The Dual-Degenerate Case

We would like an algorithm that is useful for moderately dual-degenerate polytopes.
In a standard pivoting algorithm for vertex enumeration based on depth or breadth
first search, previously discovered bases must be stored. Since the number of bases
is not necessarily polynomially bounded in the dual-degenerate case! we turn to re-
verse search [5] which allows us to enumerate the vertices of a non-simple polytope
without storing the bases visited. The rest of this section is organized as follows.
Section 5.4.1 explains how to use reverse search for vertex enumeration of non-

simple polytopes via lexicographic pivoting. Section 5.4.2 shows how to construct

1Even if the number of bases is bounded by a small polynomial in the input size, any super-linear
space usage may be impractical for large problems.
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a primal dual facet enumeration algorithm analogous to Algorithm 5 but with the
recursion or stack based depth first search replaced by the “memoryless” reverse

search.

5.4.1 Lexicographic Reverse Search

The essence of reverse search in the simple case is as follows. Choose an objective
function (direction of optimization) so that there is a unique optimum vertex. Fix
some arbitrary pivot rule. From any vertex of the polytope there is a unique se-
quence of pivots taken by the simplex method to this vertex (see Figure 5.8a). If
we take the union of these paths to the optimum vertex, it forms a tree, directed
towards the root. It is easy to see algebraicly that the simplex pivot is reversible;
in fact one just exchanges the roles of the leaving and entering variable. Thus we
can perform depth-first search on the “simplex tree” by reversing the pivots from
the root (see Figure 5.8b). No storage is needed to backtrack, since we merely pivot

towards the optimum vertex.

Figure 5.8 Reverse search on a 3-cube
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tive —1.
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In this section we discuss a technique for dealing with degeneracy in reverse
search. In essence what is required is a method for dealing with degeneracy in the
simplex method. Here we use the method of lexicographic pivoting (also used in
Avis’ implementation of reverse search [42]), which can be shown to be equivalent
to a standard symbolic perturbation of the constant vector b in the system Ax < b
(see e.g. [85] for discussion). Since the words “lexicographic” and “lexicographically”
are somewhat ubiquitous in the remainder of this chapter, we sometimes abbreviate
them to “lex”.

In order to present how reverse search works in the non-simple case, we need to
discuss in more detail the notions of dictionaries and pivoting used in Section 5.2.
Let P be a d-polytope defined by a system of m inequalities. Recall that we create a
dictionary by converting each inequality to an equation (by adding a slack variable)
and solving for some subset of m (slack and original) variables. We can find (possibly
after renaming variables) a dictionary for P where all of the original variables are
basic, along with the first m — d slack variables. For | C Z* and vector x, let x;
denote the vector of elements of x indexed by J. Similarly, for matrix A, let A;
denote the subset of columns of A indexed by J. Let B denote {1...m — d}. Let
C denote {1...m}\ B. We can partition our initial dictionary into two sets of

equations:
(5.3) x=b—Asc
(5.4) sg=b'—A'sc.

We can use (5.3) to transform any nonnegative solution to (5.4) into a solution of

our original problem. We can rewrite (5.4) as
(5.5) 1 A]s=v, A’ € Rm-dixd

We call (5.5) the slack representation of P. Geometrically, this transformation can
be viewed as coordinatizing each point in the polyhedron by its scaled distance from
the bounding hyperplanes. Suppose slack representation (after renaming the slacks
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as xj to xp) is
(5.6) Ax =b, A € R(m-dixm

If rankA; = rank A, we call J a basts for A. Suppose B C {1...m} defines a
basis of (5.6) (i.e. a basis of A). Let C (the cobasis) denote {1...m}\ B. We can

rewrite (5.6) as

b = Agxg + Acxc.
Rearranging, we have the familiar form of a dictionary
(5.7) xg = Ag'b—Az'Acxc.

Each basis of (5.6) corresponds to a basis of some vertex of the corresponding poly-
hedron, in the sense of an affinely independent set of d supporting hyperplanes;
by setting x; = 0, 1 € C we specify d inequalities to be satisfied with equality. If
the corresponding vertex is simple, then the resulting values for xg will be strictly
positive, i.e. no other inequality will be satisfied with equality. In the rest of this
paper we use basis in the (standard linear programming) sense of a set of linearly
independent columns of A and reserve cobasis for the corresponding set of sup-
porting hyperplanes incident on the vertex (or equivalently, the set of indices of
the corresponding slack variables). To pivot to a new basis, start by choosing some
cobasic variable x; in C to increase. Let B = A;'b and let A’ = A5'Ac. Let B,
denote {i € B | aj; > 0}. For vector «, define minset(«, J) as the set of indices i
such that
: . X

The set of variables indexed by minset(B, B.) is the set of candidate leaving vari-

ables, i.e. those forced to zero first as x; increases. If minset(f3, B..) contains a unique
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index then this defines the unique candidate hyperplane to enter the cobasis. In
general there will be ties for this minimum ratio. In order to have a unique choice
of hyperplane to enter the cobasis, a method to break ties must be adopted. Here
we use the technique of lexicographic ratio testing (for more details see e.g. [72]).
Lexicographic ratio testing breaks ties by successively applying the same ratio test
to the columns of A3', starting with the lowest indexed. Define the matrix L(B) as

LB =B A

We can more formally restate lexicographic ratio testing as follows. Let 1 denote
column k of L(B). Let T; denote minset{, B,.) = minset(l;,B.). For i > 1 define
T; as minset(l;, Ti—1). For some i < m — d + 1, T; must contain a single index
(otherwise Ag is singular), and we choose this index as our entering hyperplane. A
vector x is called lezicographically positive if x # O and the lowest indexed nonzero
entry is positive. A basis B is called lexicographically positive if every row of L(B)
is lexicographically positive. Let B be a basis set and let C be the corresponding
cobasis set. Given an objective vector w, the objective row of a dictionary is defined
by

Z = Wwx

= WX + WcXc
substituting for xg from (5.7),

= wBAg'b + (we — wBAEtAc)XC .

The simplex method chooses cobasic variable to increase with a positive coefficient
in the cost Tow wc—wgAgz'Ac (i-e. a variable x; s.t. increasing x; will increase the

objective value z). The following is a standard result of linear programming (see
e.g. [85]).
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Proposition 5.2 If the cost row has no positive entry, then the current basic feasible

solution is optimal.

If the entering variable is chosen with positive cost row coefficent, and the leaving
variable is chosen by the lexicographic ratio test, we call the resulting pivot a lex:-
cographic pirvot. A vector v is leticographically greater than a vector v/ if v — v’
is lexicographically positive. The following facts are known about lexicographic

pivoting:

Proposition 5.3 [72] Let S be lexicographically positive basis and let T be a basis
arrived at from S by a lexicographic pivot.

(a) T is lexicographically positive, and
(b) w+tL(T) is lexicographically greater than wsL(S).

A basis is called lez opfimal if it is lexicographically positive, and there are no
positive entries in the corresponding cost row. In order to perform reverse search,
we would like a unique lex optimal basis. The next lemma suggests how to achieve
this.

Lemma 5.10 Let S = {1...m — d} denote the initial basis defined by the slack
representation. For objective vector w = [(D""d, —]ld] , a lex positive basis B has a

positive entry in the cost row if and only if B # S.

Proof. The cost row for S is —19. Let B be a lex positive basis distinct from S,
and let B denote the basic part of the corresponding basic feasible solution. Let k
denote the number of non-identity columns in Ag. If wgf < 0, then there must be
some positive entry in the cost row since f is not optimal. Suppose that wgf =0.
It follows that B = [B’, O] since wg = [O™ 9%, 1%]. Let j be the first column of
Ag that is not column j of an (m — d) x (m — d) identity matrix. Let a = [O, @]
denote row j of Ag. Since the first m — d — k columns of Ag are identity columns, &
is a k-vector. Let b = [b’, S] be column j of Ag', where b is also a k-vector. Since
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ab = 1, we know b # ©O. By the lex positivity of L(B), along with the fact that
B = [B’, O"], it follows that b has no negative entries. It follows that element j of
wgAg' is negative. Since identity column j is not in Ag, it must be present in Ac,
in position j’ < k. It follows that element j’ of wgAj'Ac is negative, hence element

j’ of the cost row is positive. 0

From the preceeding two lemmas, we can see that the lexicographically positive
bases can be enumerated by reverse search from a unique lex optimal basis. The
following tells us that this suffices to enumerate all of the vertices of a polytope.

Lemma 5.11 Every vertex of a polytope has a lexicographically positive basis.

Proof. Let P be a polytope. Let v be an arbitrary vertex of P. Choose some
objective function so that v is the unique optimum. Choose an initial lex positive
basis. Run the simplex method with lexicographic pivoting. Since there are only
a finite number of bases, and by Lemma 5.3 lexicographic pivoting does not repeat
a basis, we must eventually reach some basis of v. Since lexicographic pivoting

maintains a lex positive basis at every step, this basis must be lex positive. 1]

5.4.2 Primal Dual Reverse Search

In this section we discuss how to construct an algorithm analogous to Algorithm 5
which uses reverse search instead of a standard depth first search. As before, we re-
place the ComputeNeighbour routine (which consists of a single simplex pivot) with
the ComputeNeighbour2 routine (Algorithm 4). In schematic form, the resulting
algorithm is given in Algorithm 6.

We suppose that the preprocessing steps described above have given us an initial
set of facet defining halfspaces Hy such that P(Hp) is bounded and there is some vy
that is a vertex of the input and of P(Hy). We number the jth halfspace discovered
(including preprocessing) as m — j (of course, we do not know what m is until
the algorithm completes, but this does not prevent us from ordering indices). By
possibly renumbering variables, we choose our initial cobasis as {m—d+1...m}, i.e.



CHAPTER 5. PRIMAL-DUAL ALGORITHMS 105

Algorithm 6 ReverseSearch(Hy, vp)

C & Cqpt, j & 1, AddToDictionary(Ho, Heyr)
repeat
whilej < d
C'’ « ComputeNeighbour2(C,j, Heu:)
if IsPivot(C’, C) then

Ce—C'je1 down edge
else
je—j+1 next sibling
end if
end while
(C,j) & PivotToOpt(C) up edge
je—iji+1.

until j > d and C = Cgp:

the lexicographically maximum possible set of indices. As in Lemma 5.10, we choose
the objective vector [O™ ¢, —19] in order to force this cobasis to be lex optimal.
We make use of the same ComputeNeighbour2 routine as before, except that we
now use lexicographic pivoting and return a cobasis rather than the coordinates of
the vertex.

If Hy = H(P), then Algorithm 6 reduces to the standard reverse search algorithm.
For a given Hg and vy, and for a fixed numbering of the initial halfspaces, there is
a fixed ordering the halfspaces are numbered (discovered) by Algorithm 6. Rather
than considering the dynamic discovery of halfspaces, we can consider Algorithm 6
as a “restricted” variant of reverse search that only considers candidates for leaving
variable (i.e. candidate hyperplanes to enter the cobasis) that have index greater
than some bound. We claim that this restriction does not change the set of cobases
discovered. Let Ax = b, A € R(m~4)*™ he the slack representation of a d-polytope.
Let K denote {k...m} for some k < m — d. For any cobasis C C K, let B denote
K\ C. We define the k-restricted basts matriz for C as the last m—k+1 rows of Aj.
Let R denote the k-restricted basis matrix for C, and let p denote R~'bk. By the
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k-restricted lezicographic ratio test we mean the lexicographic ratio test applied
to the matrix [p R™']. By way of contrast we use the unrestricted lexicographic
ratio test or basis matrix to mean the previously defined lexicographic ratio test or
basis matrix. If at some step of Algorithm 6 the smallest indexed hyperplane that
has occurred in a previously visited cobasis (i.e. the smallest indexed hyperplane
discovered so far) is k + 1, the choice of leaving variable (entering hyperplane) is
equivalent to the choice made by the k-restricted lexicographic ratio test (i.e. we
may discover at most one more hyperplane in the neighbouring cobasis during the
call to ComputeNeighbour2). We claim that the choice made by the restricted
ratio test is the same as that made by the unrestricted ratio test (given the same
number of hyperplanes). We start by observing that the restricted basis matrix
is a submatrix of the unrestricted basis matrix for a given cobasis, and that this
property is preserved by matrix inversion. Let R denote the k-restricted basis for
C. Let U denote the (unrestricted) basis matrix for C. Since k < m — d, we know

columns of U before k must be columns of a m — d identity matrix. It follows that

usfo 3]

for some matrix M. The reader can verify the following matrix identity.

(5.5) oM 1 -mr
' o R o R

Lemma 5.12 Let P be a d-polytope and let Ax = b be the slack representation of P.
Let C C {k...m} be a cobasis for Ax = b. For k < m — d and for any entering
variable xg, if there is a candidate leaving variable x, with t > k then the leaving
variable chosen by the lexicographic ratio test is identical to that chosen by the

k-restricted lexicographic ratio test.

Proof. Let B denote U~'b. As above, let p denote R~'bx. One consequence of (5.8)
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is that p = Bx. If there is exactly one candidate leaving variable, then by the
assumptions of the lemma it must have index at least k, and both ratio tests will
find the same minimum. If on the other hand there is a tie in the minimum ratio
test applied to B then a variable with index at least k will always be preferred by
the unrestricted lexicographic ratio test, since in the columns of U~' with index less
than k, these variables will have ratio 0. 4

The previous lemma tells us that for a fixed entering variable and cobasis, the
restricted and unrestricted reverse search will choose the same leaving variable. It
remains to show that in a (backtracking) pivot towards the optimum cobasis they
will choose the same entering variable. As above, let K={k...m} and B=K \ C.
Analogous to the definition of a k-restricted basis matrix, we define the k-restricted
cost row for cobasis C as w¢ — wgk“ﬁc where R is the k-restricted basis matrix

and KC is the last m — k + 1 rows of Ac.

Lemma 5.13 For objective vector w = [O™ ¢, w’], for k < m — d, the cost row and

the k-restricted cost row are identical.

Proof. As before, let R and U be the restricted and unrestricted basis matrices
respectively. From the form of the objective vector, we know wg = [O", wg].
By (5.8),

I —MR'] [A’
wsU™Ac = |0+ wﬁ] [(D R~ } [7\]
Cc

= wzR'Ac O

The previous two lemmas can be interpreted as claiming that locally, the re-
stricted reverse search of Algorithm 6 behaves identically to the standard reverse
search algorithm. We can use this to argue inductively that the two algorithms
behave the same globally as well. Reverse search is just depth first search on a
particular spanning tree; hence it visits the nodes of the tree in a sequence (with
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repetition) defined by the ordering of edges. The ordering of edges at any node in

the reverse search tree is in turn determined by the numbering of hyperplanes.

Lemma 5.14 Let P be a polytope. Let Hy be a subset of H(P) with bounded inter-
section. Let vy € V(Ho) N V(P). There exists a labeling of 3{(P) \ H, such that the
sequence of cobases visited by ReverseSearch(Ho, vo) is identical to that visited by
ReverseSearch(JH(P), vo).

Proof. We can think of the sequences of cobases as chains connected by pivots.
Each edge in the chain is either a reverse pivot (a down edge) or a forward pivot
(an up edge). Let C, = (C;,C,,...) (the “restricted chain”) be the chain of cobases
visited by ReverseSearch(Hg,vo). Let €, (the “unrestricted chain”) be the chain
of cobases visited by ReverseSearch(J(P),vy). Both sequences start at the same
cobasis, since the starting cobasis is the one with the lex maximum set of indices,
and hence by the way the hyperplanes are numbered must be contained in Hy. Now
suppose the two sequences are identical up to element j; further suppose that we
have a partial numbering of the hyperplanes k+1...msuch that C; Cc {k+1...m}
for i < j. There are two cases. If the edge in C; from C; to C;;, is a reverse edge,
then we start by pivoting from C; to Cj;1 by fixing some entering variable and
choosing the leaving variable lexicographically. C;;; contains at most one variable
not present in C;, i < j; this variable is numbered k, if present. Let s denote the
position of the entering variable in C; (i.e. the column to leave the cobasis matrix).
Since the cobasis in position C; will have occurred s —1 times in both sequences, we
know that ReverseSearch(J}(P), vy) and ReverseSearch(Hy, vo) will choose the same
entering variable. By Lemma 5.12, they will choose the same leaving variable. The
test IsPivot(C;+1, C;) is another lex ratio test, so by Lemma 5.12 the next cobasis
in €, will also be C;.;. Suppose on the other hand the pivot from C; to Cj; is a
forward pivot. We know from Lemma 5.13 that both invocations will choose the
same entering variable, and we again apply Lemma 5.12 to see that they will choose

the same leaving variable. (]
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Theorem 5.4 Given V € R™*¢, let m denote |3(V)|, and let ¢ denote the number of
lexicographically positive bases of (V).

(a) we can compute H(V) in time O(¢dmd?) and space O((m +n)d).
(b) we can decide if conv V is simple in time O(n2d?).
Proof

(a) Total cost for finding an initial set of halfspaces is O(nkd?), where k is the size
of the initial set. Since every DeleteVertex call finds a new halfspace, the total
cost for these calls is O(nmd?). In every call to ComputeNeighbour2, each
pivot except the last one discovers a new halfspace. Those which discover
new halfspaces have total cost O(m?d) which is O(¢md); the other pivots
cost O(¢pmd?) as there are ¢d calls to ComputeNeighbour2. The ¢ forward
pivots (PivotToOpt) cost O(dmd).

(b) At any step of the reverse search, we can read the number of halfspaces satisfied
with equality by the current vertex off the dictionary in O(m) time. If we
reach a degenerate vertex, or discover more than n facets, we stop. If the
reverse search terminates, then in O(nmd) time we can compute the number

of facets meeting at each vertex. O

Theorem 5.4b is of independent interest since the problem of given H, deciding
whether P(H) is simple is known to be NP-complete in the strong sense [24].

5.5 Experimental Results

Ambros Marzetta has implemented Algorithm 6 using rational arithmetic in C. The
memory requirements of this implementation are twice the input size plus twice the
output size, as the program stores four dictionaries: a constant vertex dictionary V
and a growing halfspace dictionary H., in unpivoted form, and a working copy of

both. The program uses an earlier version of the preprocessing step, with an upper
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bound of O(nd?*), compared to the current bound of O(nd3). The source code is
available at http://wwwjn.inf.ethz.ch/ambros/pd.html.

In what follows pd is Marzetta's implementation of Algorithm 6, Irs is Avis’
implementation of reverse search [42], and qhull is Barber et al.’s incremental algo-
rithm which uses triangulation. Figure 5.9 shows the running time of these three
programs on products of two simplices. Recall from Chapter 3 that these polytopes
are simple, but have extremely high triangulation complexity. On this plot, we
show the times for enumerating both the facets and the vertices. Since pd is always
triangulating the polytope dual to that triangulated by the other two programs, it
is not surprising that it performs well (respectively badly) exactly when the other
two perform badly (respectively well).

Figure 5.9 Running time for products of simplices Ty x T4
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A less asymmetric example is the product of cyclic polytopes Cza(n). In Chap-
ter 3 we saw that both the primal and the dual triangulations of these polytopes are
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superpolynomial; nonetheless experimentally it seems that the dual triangulations
are smaller than the primal ones (see Figure 5.10). Apparently this constant factor
is not enough to make up for the difference between floating point arithmetic (qhull)
and exact rational arithmetic (see Figure 5.11); on the other hand pd is able to

complete larger problem sets using the same amount of memory.

Figure 5.10 Triangulation size, C4(n) x C4(n).
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5.6 Conclusions

An alternative approach to achieving an algorithm polynomial for the dual-
nondegenerate case is to modify the method of Gritzmann and Klee [27]. An idea
due to Clarkson [15] can be used to reduce the row size of each of these linear pro-
grams to O(m’) where m’ is the maximum number of facets meeting at a vertex.
If we assume that m' < d + 6 for some constant § then we can solve each linear
program by brute force in time polynomial in d. It seems that such an approach
will be inherently quadratic in the input size since a quadratic number of linear

programs may need to be solved.
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Figure 5.11 cpu time, C4(n) x C4(n).
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It would be interesting to remove the requirement in Theorem 5.1 that the
family be facet-hereditary, but it seems difficult to prove things in general about
the polytopes formed by subsets of the halfspace description of a known polytope.
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Chapter 6

Conclusions

6.1 Summary of Thesis

For any convex polytope P, there are two fundamental algorithmic problems. Trans-
forming from the halfspace representation to the vertex representation is called ver-
tez enumeration. Transforming from the vertex representation to the halfspace rep-
resentation is called facet enumeration. A theoretically and practically important
question is whether there are algorithms for these problems whose time complex-
ity is polynomial in the input and the output size. Answering this question seems
quite difficult; the goals of this thesis are to better understand the performance of
existing methods, and to provide algorithms whose performance is polynomial for
new (restricted) classes of input. For each known class € of algorithms, we give a
measure Me(P) with the property that the time complexity an algorithm in class
C on input P is bounded (above, below, or both) by a polynomial in me(P). For
each such measure, we provide one or more example families of polytopes where
the measure (and hence the corresponding class of algorithms) is superpolynomial
in the input and output size. It is well known from duality of convex polytopes
that a polynomial algorithm for vertex (respectively facet) enumeration of a fam-
ily T of polytopes provides a polynomial algorithm for facet (respectively vertex)
enumeration of a family '* dual to I'. On the other hand, the relationship between

113
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the complexity of vertex enumeration for a family I' and the complexity of facet
enumeration for I' itself has not been widely studied. In this thesis we show that
under certain restrictions, an efficient algorithm for vertex (respectively facet) enu-
meration for ' can be used as a subroutine to provide an efficient algorithm for facet
(respectively vertex) enumeration for I'.

Broadly speaking, known algorithms for vertex/facet enumeration can be divided
into those that enumerate the face lattice, those that use triangulation or perturba-
tion, and those that use incremental construction. We consider three corresponding

measures for a d-polytope P:
1. The lattice complexity f(P) is defined as the number of non-empty faces of P.

2. The triangulation complexity tming(P) is the minimum number of (d — 1)
simplices necessary to triangulate the boundary of P.

3. The intermediate vertex (respectively facet) complexity of P is the maximum
size of an intermediate pclytope constructed by an incremental vertex (respec-

tively facet) enumeration algorithm.

In all three cases we considered the asymptotic behaviour of these measures relative
to the input and output size of the polytope. For convenience we defined the
function size(P) as d(m + n} where m and n are the number of facets and vertices
respectively of P.

In Chapter 3 we considered the relationship between lattice complexity, trian-
gulation complexity and perturbation. In general, algorithms for vertex or facet
enumeration that enumerate the face lattice will perform well (badly) on families
of polytopes with low (high) lattice complexity. That is, there are algorithms to
compute the face lattice (see e.g. [24, 39]) whose complexity is polynomial in f(P)
and size(P). Facet enumeration algorithms that use perturbation or triangulation
will perform well (badly) on families with low (high) triangulation complexity. In
particular, pivoting algorithms for facet enumeration such as [5, 11, 85, 19, 37, 39]
will be polynomial or superpolynomial depending on the triangulation complexity.
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By duality, the same algorithms will be polynomial or superpolynomial for ver-
tex enumeration depending on the triangulation complexity of the dual polytope.
Furthermore, in Chapter 5 we argued that if either the primal or the dual trian-
gulation complexity is bounded above by a polynomial then both facet and vertex
enumeration are solvable in polynomial time. In Table 6.1 we summarize the bounds
presented in this thesis related to lattice, triangulation, and dual triangulation com-
plexity. In this table and the next, s denotes size(P) = (m +n)d, which corresponds
to the number of real or rational numbers required to write down the input and the
output. The column “bits” is the number of bits required to write down a single
coordinate. For families of polytopes with two parameters, asymptotic statements
are for d fixed. Of course one could always fix the other parameter to some function
of d. For families with only one parameter, namely d, in statements involving s and
d, d can be regarded as some slowly growing but non constant function of s.

The performance of incremental algorithms for vertex/facet enumeration de-
pends on the size of the intermediate polytopes constructed. It turns out that
for some families this depends on the order the input is processed (the insertion
order). Even for families where every insertion order causes a superpolynomial
blowup, experimentally it seems some insertion orders are much worse than others
(see Section 4.4.3). Table 6.1 summarizes the results of Chapter 4 regarding incre-
mental constructions. Unlike the case of lattice and triangulation based bounds,
for each family we have theoretical bounds for at most one one of vertex and facet
enumeration. For several families, we present experimental results for one or more
directions where no theoretical bounds are given. Insertion orders for which upper
or lower bounds are given include lexmin (i.e. lexicographically), random, maxcut-
off (insert the point or halfspace that causes the largest drop in intermediate size),
and minindex (insert the input in the order given). Statements about minindex
insertion order can be considered existential statements: if minindex is good (bad)

then there is a good (bad) insertion order.
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Table 6.1 Summary of bounds for triangulation and lattice complexities
description notn. lattice A size dual A bits
size size
prod. of cyclic | = O(sV9) Q(sv9) Q(svVd)
polytopes C24(n) . ) ,| ©m)
prod. of sum | 5 0y | ©(sV9) Q(sV?) 0(sv?) O(logn)
of polygons 1 2 2
prod. of sum Uiz O(s3Vd/logd) | Q(sVa/logd) | (VA Togd) |
of 3-cubes 1 2 2
p.mdu-ct of o > §d/(2lgd) | > cd/(2logd) | S 54 5 1
simplices 3 s d 5
S slch Z sclogd i -2
d-cubes Ha 6 ol d d 5 1
-~ d/(4logd y y
pierced cubes | TaNHq [ =S /(o )3 high , high , | ©(logm)
— d/(41 ;
dwarfed cubes | Tq | Z SV | high o o(s) | e
dwarfed dual
e(d
eyclic > 29 . o(s) .| am
polytopes
dwarfed o(d) .
products of 2 s2 . high . o(s) s | ©logm)
polygons

(1) Assuming d = k?, k integer. §3.1

(2) Assuming d = k?, k integer. §3.2

(3) P or P* has a simplicial facet, but
size(P) is polynomial in d. p. 22

(4) By volume ratios. §3.2.1

(5) Simple polytope.

(6) §3.2.1

(7) Experimentally. See §4.2.2

(8) Experimentally. §5.5

(9) This is only superpolynomial if s sub-

exponential in d. §3.1

sults

(10) ztalic text denotes experimental re-
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Table 6.2 Summary of bounds for insertion algorithms

description | notn. Vertex Enumeration Facet Enumeration
bound order bound order
prod. of V-
cyclic Caa(n) Q(svVi) all
polytopes !
rod. of . -
gu; of Tiza(n) good lexmin, Q(svVd-1) all
polygons 2 | maxcutoff 1
Pl | >eat |y
3-cubes !
product of good lexmin, good -
simplices Tz 2 | maxcutoff 2 lexmin
} good lexmin, good .
d-cubes Ha 2 | maxcutoff ) lexmin
pierced T > gd/(3logd) .
cubes TanHy ; | minindex
= d/(4logd) | minindex,
Suw;:sfed Ta 2s . lexmin,
random
<s lexmin
5 maxcutoff
dwarfed Q(s4) minindex,
dual cyclic . lexmin,
polytopes random
dwarfed Q(s4) minindex,
products of . lexmin,
polygons random
(1) Assuming d = k?, k integer. §4.4 (4) §4.3
(2) Experimentally. §4.4.3 (5) §4.3.1

(3) §4.2

(6) ttalic text indicates experimental re-

sults
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6.2 Future Work

Our understanding of incremental algorithms is still much less satisfactory than
for those based on pivoting. Experimental results (see e.g. Table 4.3) suggest that
for certain families of polytopes, facet enumeration is much easier than vertex enu-
meration for incremental algorithms. It would thus be interesting to comsider a
primal-dual incremental algorithm along the lines of those presented in Chapter 5,
where the finding of witnesses is done by an incremental algorithm rather than by
pivoting. Unfortunately there are few families for which incremental algorithms are
known (in a theoretical sense) to work well for either transformation. Even when
polynomial bounds are known incremental algorithms on a particular family, it is
usually only for particular insertion orders (see e.g. [57]). It would be particularly
interesting to better understand the relationship (if any) between degeneracy and
intermediate size. One curious experimental result is the maxcutoff insertion order
seems to be very bad for facet enumeration of polytopes with high triangulation
complexity.

The more general question of whether there is a polynomial algorithm for ver-
tex/facet enumeration remains open. If the answer should turn out to be negative,
or if the problem continues to defy resolution, then a fruitful line of research is
probably to continue to find algorithms that behave well for restricted classes of
input.

While there is evidence (see e.g. [56, 57, 52, 54, 61, 62]) that many polytopes
that occur in applications are degenerate, and have high intermediate complexity
for standard insertion orders, a more systematic experimental study would no doubt
be valuable.
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