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SUMMARY 

In the past, an inadequate understanding of the dynamio soil response 

to the simplest vehioular load has hindered suooessful prediotions of soft.. 

soil vehicle performance. A new approaoh to this problem is desoribed, 

whereby a Ciné Flash ~ray technique is used to study the translation paths, 

velocities, and accelerations, of small objeots buried within the sand, as 

a function of depth and relative wheel position. This mensurational tech-

nique is described and the precision levels, of the derived radiographie 

information, defined. 

The study is limited to two scaled driven rigid wheels, rolling on an 

initially loose, dry, fine grained sand, under a variety of parametric 

restraints. The essential description of the deformations that character-

ise the soil domain, under the centre-line of the rolling whe91, has been 

defined. D,vnamic similitude is established and the scaling of deformations 

and soil dependent forces are examined. 
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SUMMARY 

In the past, an inadequate understarding of the dynamic sail response 

ta the s1mplest vehicular load has hindered successful predictions of soft­

soil vehicle performance. A new approach ta this problem is described, 

whereby a Ciné Flash ~ray techniqua is used ta study the translation paths, 

velocities, ard aocelerations, of sma1l abjects buried within the sand as 

a function of depth and relative wheel position. This mensurational technique 

is described and the precision levels of the derived radiographie information 

defined. 

The study is llDlltoo ta two scaled driven rigid wheels, rolling on an 

initially loose, dry, fine grained sard, under a variety of parametric 

restraints. The essential description of the deformations that characterise 

the sail domain under the centre-line of the rolling wheel has been defined. 

Dynamic similitude is established ard the sl~aling of deformations and soil 

dependent forces are examined. 
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CHAPl'ER l 

INTR ODlX!T ION 

Historically there is evidence to support the olaim that weels were 

used for transportation purposes prior to 3,000 B.C. It is thus surprising 

that despite the long histor.y or development, the increasing sophistication 

of vehicular transport, ard the ~iad demands of the user, ver.y little is 

known about the sort soil performance of even the s1mPlest vehioular loading 

devioe: namely, the rigid weel. The soil appears to be the single Most 

important faotor _ and ret the least understood one - affeoting vehiole 

performanoe. other faotors includes variations in mioro- and macro­

topography, obstacle performance, seasonal and diurnal olimatic changes, 

physiological effects of machine vibrations, etc., but these are considered 

as subservient to the soil problem. 

The practica1 objective of soil_vehic1e research is the effective pred­

iction of vehicular performance. Invariably the criterion of performance 

is the ability of a vehicle to deve10p a tractive effort greater than that 

required for forward motion on a smooth horizontal soil surface. The 

'excess' tractive energy is a measure of the vehicle's ability to perform 

useful drawbar work or may be interpreted in other ways; e. g. hill-climbing 

capacity. At the present time there is no theoretical or empirical tech­

nique of successfully predicting the performance of a given vehicle on the 

simplest soil medium; which may be considered as a homogeneous, non 

stratified, soil vith a smooth horizontal surface. 

A survey of the related 1iterature reveals that in only a few cases have 

attempts been made to determine the behaviour of soi1s beneath a vehicular 

load. The considerable 'weight' of research effort has been concentrated 

1 
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on the measurement of the $,1stem parameters and variables above the soil 

surface. Since purely surfid!a1 measurements can reveal virtually no 

information on the mechanisms, or behaviour, of the soil to a vehiclÙ.ar 

forcing function, a considerable amount of speclÙ.ation has arisen concerning 

the 'soil' oomponent of the soil.vehicle $,1stem. Although some of the 

reasons for this speclÙ.ation stem from inadequate information of the sub­

surface soil behaviour, the problem i8 confounied by the difficlÙ.ties 

inherent in describing (a) the stress-strain behaviour of soils, (Drucker, 

1961), (b) a suitable yield criterion (Yong and OsIer, 1966), and (c) the 

vehiclÙ.ar forcing function, (Leflaive, 1966). Attempts to predict vehicle 

performance using empirical relationships, have thus been made in order to 

bridge the gap between theory and practice. However these attempts have 

only met with limited success, (Reece, 1965). 

For a consideration of previous related research it is convenient to 

subdivide the subsequent discussion into three sections: 

A) Some basic considerations of Soil Behaviour. 

B) Previous theories used to predict Vehicle Performance. 

C) Mensurational techniques used in previous subsurface invest­

igations of the Soil-Vehicle problem. 

In order to restrict the discussion, the case of a rigid driven wheel 

rolling on a dry loose sand will be considered as the reference soil.vehicle 

system. This conveniently reduces the problem to the simplest realistic 

case, where such influences as tire carcass stiffness, inflation pressure, 

track tension, etc., can be temporarily laid aside. 

A) Some Basic Considerations of Soil Behaviour 

4E) From a theoretical standpoint the problems associated with accounting 

for the dynamic soil ~eaction beneath a driven rigid wheel ~re considereble. 
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The absence of suitable stress-strain relationships presents a serious 

obstacle to a theoretical development. stress-displacement curves obtained 

from triaxial and direct-shear devices can not be related to other conditions 

if the distribution of either stress or strain is unknown. For static 

analyses a notable advance has been made by Arthur et al (1964) who deter­

mined . the strains below 'y1eld' within a soU mass behind a model retaining 

structure, and related the strain fields to stress fields using a stress­

strain relationship derived fram a direct shear device. In this context 

'y1eld t is defined as the onset of soU fiow; that is, large rE;lative inter 

particle movements. However 'y1eld' in the plasticity context refers to 

non recoverable deformations, which in soUs can and do occur under small 

loads. This behaviour 16 analogons to a work hardening phenomenon in metals, 

and the stress state associated with now is defined as 'faUure' 0 Yong 

and OsIer (1966) have emphasized that the specification of a 'fallure' 

criterion becomes essential if the conditions beneath the wheel are to be 

rationally analysed. The problem is indeed complex since this dynamic soU 

régime is characterised by stress-states resulting in non-linear so11 dis­

placements with now, by rotations of the principal stress axes am by sig­

nificant material property changes (associated with significant volume 

changes). The specification of a locus that defines the stress state, in 

principal stress space, corresponding to the onset of now is not yet possible 

for the general case _ as a study of the avallable literature reveals con­

nicting experimental results, (B~, Japp, Leitch, 1966). An analysis of 

the results of Habib (1953), Kirkpatrick (1957), Shibato and Karube (1965), 

Wu, Loh and Malvern (1963), Haythornthwaite (1960), Cornforth (1964), and 

Yong and Mc~es (1967) revealed that the widely used Mohr.Coulomb parameters 

provide a conservative estimate of the stress state corresponding to the 

onset of • now' • Once flow is established the necessary governing relation-
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ships that de scribe the now phenomenon are - ideally - required. For 

certain weIl defined limiting cases now relationShips have been developed, 

(Yong am. Japp, 1967) am. (Savage, 1966), but unfortunately these are not 

directly apPlicable to more complex situations at the present time. 

Sinoe the loading pattern is transient the dynamio equilibrium ot the 

soil system must neoessarily be oonsidered. That 1s, inertia effeots must 

be oonsidered when operative. 

In summar.y, the absenoe ot suitable mathematioal relations desoribing 

the meohanioal properties of soil doss not permit a direot theoretioal anal­

ysis to be made of the soil response to vehicular loading. However it is 

emphasized that if these essential 'tools' were available it would first be 

neoessary to establish experimentally the stress and strain fields within 

the soil domain, the related soil translations and rotations, the oorrespond­

ing volume changes am. the extent of influenoe of the wheel. 

B) Previous Theories Used To Predict Vehiole Performance. 

The work of Bekker (1956), (1960), represents one of the few attempts to 

provide a ooherent framework for the quantitative prediction of vehicle per-

formance on both clay and sand soils. For the case of the reference rigid 

wheel _ sand system Bekker' s theory appears to be the only one available to 

predict the drawbar pull, the sinkage and the rolling resistance. The 

theory is basad on the assumption that the soil pressure-sinkage relation-

ship is of the forro 

p = [!2 + Ksd] ~ 
b 

= pressure (lbs./sq.1nch). 
true 

where: Kc, K~, and 'n'are cons1dered as ,~, soil parameters 

e b, i6 the wheel width 

y, 1s the s1nkage. 

(I-l) 
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.Al though not d1ll1ensionally accurate it is based on the equation propose<! 

by Bernstein (1913) : p = JrTl. 

The parameters Kc, K,s and ln' are determined exper1ll1ental1y from two plate 

penetration tests, and the assumption that a plot of p vs. y reduces to a 

linear log.log plot • see Bekker (1959) for a desoription of the method. 

Unfortunately al1 these parameters appear to be functionally depement 

on the size and shape of plate used am thus can not reasonably be considered 
true 

as '.'MM' sofi parameters, (Terzaghi am Peok (1948), Yong and Warkentin (1966». 

The relationship (J,..1) to prototype vehicles, thus requires considerable 

extrapolation of 'parameters' that are test depement. 

The second assumption made by Bekker is that the work expended by the 
for a given soil 

wheel in rut formation·. is constant,tand irdependent of wheel slip. He 

further assume<! that this work could be equated to the work expended in 

forcing a plate vertically into the sofi to a depth corresponding to the 

sinkage. Thus if R is the work lost irrecoverably to the soU per unit of 

distance travelled by the wheel, then for a rut length, l, Bekker assumed: 

R1 = 611~~y = bll~~ + KJ!S] yDdy (J,..2) 
~"o ~.o[b 

where Yo represents the equilibrium sinkage. This assumption is apparently 

the sarne as that made by Bernstein, (Reece, 1965~ who also coined the term 

Rolling Resistance for R, which is seen to have the dimensions of Forceo 

As will be explained in Chapter V, this fact has 100 to considerable confusion 

in the literature. 

If the axle load of the wheel··is denoted as W, ard the wheel radius as 

r, Bekker has used equations (1.-1) and (1.-2) to der ive an expression for the 

equllibrium. wheel sinkage y d: 
2 

y d = [ 3W ] 2rri1' 
O.n),(KC+ bK~' j2F' 

(I-3) 

and for Rolling Resistance, R; 



R= (1-4 ) 

The derivation of both these equations, together with the simplifying 

assumptions, have been inoluded as Appendix 1. Using the assumption that 

the gross traotive effort may be equated te W Tan ~, the approximation is 

then made that the drawbar pull foroe, pa, may be equated to the algebraio 

differenoe between the gross traotive effort and the rolling resistanoe R, 

i.e. 

po = W Tan ~ _ R (1-5) 

where ~ is the "angle of internal soU friotion". 

E'lquations (1-3), (l-4) and (I.-5) reprIsent the Bekker Theory for a 

driven rigid wheel on sand. 

6 

Experiments by Wills et al (1965) have shown that, for a towed wheal on 

sand, where equations (I-3) and (I-4) are applioable 'by assumption', Bekker's 

prediction of sinkage, Yb' was reasonably aoourate. Hawever the prediotion 

of Rolling Resistanoe, R, was shawn to be speotacularly wrong. Measurements 

of R up to twioe that of the predioted value were reoorded. Sinoe we ohose 

to consider R as the energy expended per unit distanoe travelled it is clear 

that energy is expended in other meohanisms in addition to the assumed 

vertioal soil deformation. Deformation in the horizontal plane must there-

fore be considered explicitly in subsequent analyses. 

It will be notioed that equations (1-3) and (I-4) are independent of 

wheel slip, and thus neither acoount for nor explain the slip-sinkage 

phenomenon that is readily observed in the field with sandy soilso This 

phenomenon, oharaoterised by inoreased sinkage with inoreasing slip rate, 

would indioate that both Yo and Rare strongly dependent on wheel slippageo 
here assumed ta be in practice is faund ta be 

Equation (I-.5) isA. en!,lieitly independent of slip rate but l1mpJ.1Qitly 

dependent on it. The assumption is made that the soil behaves as a 
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C01Ùombic mater1al. Ir this i8 temporarfiy accepted as a convenient assump­

tion, then the full friction will. only be mobilised by the soil as a res1Ùt 

of strains induced by wheel slippage. This mechanism helps to explain the 

experimentally observed increase in drawbar pull, F, with normal slip rate 

- see Nicholson am Booker (1963) and Lefiai:ve (1966). This equation must 

therefore be regarded as explicitly dependent on slip rate and, if valid, 

can only refer to the F, W Tan ~, am R values corresponding to a given slip. 

The W Tan ~ term represents an approximation sinee the load W, is assumed to 

act on a horizontal surface, and not over the actual curved interface of the 

wheel-soil contact region. From a practical standpoint the determination of 

a meaningf1Ù soil friction angle, ~, also presents problems, sinee ~ appears 

to be dependent on strain and initial density, (Rove, 1962). 

In summary; it appears that equations (1-1) to (1-5) do not offer a 

promising avenue for predicting wheel performance, since th~ fall to aceount 

for the Observed wheel performance. 

c) Mensurational TechniQues Used in Previous Subsurface Investigations 

of the Sol1.Vehicle Problem. 

One of the earliest attempts to measure the behaviour of sol1 under a 

rigid wheel was the work carried out by McKibben (1938). In this study 

McKibben traced the paths followed by lead shot, buried in a soil boxwith 

plate glass sides, under a slowly towed, rigid Wheel. From these visual 

observations the translation paths showed a pronounced horizontal component, 

in contradistinction to the Bernstein-Bekker assumption, and the patterns in 

both clay and sand 8011s were seen to be similar. 

Attempts to measure free field strains using electrical devices have 

been limited to ragions in the soil MaSS where deformations are bath linear 

and below 'yield', Selig et al (1961); their application 16 thus extremely 
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limited. Attempts to measure tree-field stresses have been made, Freitag and 

Knight (1962), and have provided soma usetul qualitative information. Hawever 

the praotioal problems of measuring just one oomponent of stress, normal to 

one plane in the soil mass, are extraordinarily oomplex. The pressure 

"sensing" devioes used by Freitag am Knight were founi to both migrate and 

rotate during the stressing oyole imposed by a vehiole. Sinoe the history 

of movemem was not reoorded during the stressing cyole the neoessary oorrec-

tions oould not be made. There i8 also oonvinoing evidenoe that the presenoe 

of the sensing devioe within the soil mass influenoes the pressure distribut­

ion, (Selig, 1964), so that it is unlikely that a~ oorreotions, for oel! 

orientation, would provide meaningful quamitative stress values. Sinoe it 

is neoessary to obtain the prinoipal and shear stresses to oompletely de scribe 

the stressing at a~ one 'point' in a soil medium, this approaoh to subsurfaoe 

measuremems is not promising. 
e 

The fo~oing statemems do not, in generaJ., apply to stress measurements 

at a boundary. 

More reoently the experimental work of Wong and Reeoe (1966),provided 

some interestj~ qualitative information on the flaw of sand beneath a drive~ 

rolling, rigid wheel. Observations on the flow patterns were made using a 

plate glass sided soil box similar to MoKibben' s and were reoorded photo-

graphioally. Sinoe no traoer teohnique was used, no reoord was made of 

oomponent so11 translations or velooities. 

These four examples are representative of previous subsurfaoe invest-

igations of the meohanioal properties and behaviour of so11 under vehioular 

loads. 

It is hoped that the preceding seotions provide a general baokground ~ 
statement 
A.~À8 ppuaRt 'itate gr tàe aM'. With the notable exoeption of the research 

reported in Section cl, virtually nothing is knawn of the nature of soil 
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behaviour under vehicular loading. Since even these attempts were of a 

l1m1ted nature it becomes mamatory that an exper1mental investigation must 

preoede theoretioal or, due to the oomple:rlty of the problem, empirioal 

prediotions. Once the behaviour of the physical model is umerstood then 

the appropriate s1mplity1ng assumptions, or theoretical developments, oan 

be made. 

Purpose & SO(!J?e of the Current st udy 

A complete am rigorous desoription of the soil-vehiole system requires 

the speoification of both the vehicle foroing funotion am the stress am 

strain histories of the dynamio so11 régime. 

The study reported herem is direoted tawards this ultimate objective, 

with the emphasis on a desoription of the dynamio so11 response to controlled 

'vehicular' loads. Beoause of the difficulties inherent with in-field stress 

measurements this investigation was directed tawards a description of the soil 

response in terms of measured deformations and translations within the soil 

masse 

The purposes of the study may be summarised as: 

1) To provide quantitative information on the dynamic response of soil 

2) 

to a variety of controlled wheel loads as one step towards the ul timate 

objective outlined above. The soil response is examined from measure-

ments of translations and velocities of 'particles' within the soil 

mass, using a oiné Flash X-ray technique that provides much hitherto 

unavailable information. 

To examine the assumptions invoked in the prediction of wheel per­

formanoe, in the light of information provided Qy 1), ab ove 0 In 

particular, to examine the conoept of Rolling Resistance in the 
the 

context of possible horizontal soil translations,/nature of the slip-
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sinkage phenomenon, the influence of wheel slip on the gross tractive 

effort develaped by' the weal_soil system, am the nature of the suh­

surface soil deformations that resw.t in the surficially measured wheel 

sinkage, y~. 

3) To examine, from dynamic similitude studies, the practically desirable 

objective of extrapolating information from model wheel studies in the 

laboratory to prototype weel performance in the field. 

In order to restrict the study to sensible proportions the scape of the 

study is limited to the following cases 1 

i) A 'vehicular' load described by' two driven rigid wheels. The loading 

patterns were dynamically scaled combinations of five basic test para­

meters: a) Wheel size, b) Wheel translational velocity, c) Wheel slip 

rate, d) Wheel load, and e) nature of weel rim surface material. 

ii) AIl tests were conducted on a dry, initially loose, fine grained 

sand. 

iii) Observations basad on measurements of sand translations and velocities 

in a plane parallel to the 1vheel sido 'vrall and co-plamr with the centre 

lino of the rolling 't'Theel. 
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CHAPTER II 

THE EXPERIMENTAL P'ACn.rrr 

A; INrRCDret'IŒ 

The experimental fac11ity vas previously located at. the Canadian A:rrrr:! 

Research and Development EstabliShment Vehicle Mob11ity Laboratories, CARDE! 

VML, Quebec. A change in reae&rch emphasia has necessitated the major 

mod11'icationa described belON' and in Appendix II. Because of the deciaion 

to use wheeled loading patterns the CARDE tracked vehicle modela have been 

temporarily Shelved and the tac 11 it y has been redea1gned to enaure Adequate 

parametric control of the forcing function. In this context the known 

loading pattern is cona1dered as the Wependent component of the soil-wheal 

system, and the unlmown soll response as the deperxient component. 

B; SPECIFICATIONS OF THE 0lERALL TEST FACn..rry 

B1; General Description. 

The soll bin, the dynamometer carr:la.ge frame and the hydraw.ic drive 

mechanisms are substantially the same as those described by Nicholson and 

Booker (1963). Although the study reported herein is restricted to invest­

igations with single wheels, the original soll bin width of 6 fto has been 

retained to permit subsequent studies on vehicular models. The bin is 4 ft. 

deep and was filled with a fine grained sand. Mounted on either side of the 

bin are Z rails to support and guide the dyna,tT1ometer carriage; used both as 

an anchor 'vehicle' for wheel testing and for sand preparationo This 

carriage supports: the wheel and its flexure frame, the wheel drive housing, 

the sand happer and an instrumentation box - referred to subsequently as 

srltching box' A'. This carr:1a.ge is ptù.led along the bin Z ralls by an 

endless double-link drag chain, located on either side of the bin and driven 

11 
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PLATE l 

The following annotations apply to both Plates l and II : 

A = hydraulic control panel, B = dynamometer carriage, C = wheel carriage, 

D = gear housing, E = switching box 'A', F = sand preparation hopper, 

G = soil bin, H= dynamometer carriage drive reducers, l = oil reservoir, 

J = Howell electric motor, K = flash X-ray control console, L = recording 

console, M = flash X-ray pulser, N = cassette holder, 0 = rheostat, P = 
telescopic drive shaft, W = test wheel, Q = sand 'container~ 
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hydraulically via two worm am wheel reducers. The speed of the carriage can 

be regulated trom 0 ~ 35 inches/ sec., by hydraulic fiow control. Both the 

electrical leads from the carriage mounted transducers to the recording console 

am from the D. C. wheel drive motor to the rheostat are supported by runners 

suspended from a guid~g track on the ceiling. 

The physical arrangement of the experimental facility is shawn in Plates 

l am II, overpage. Plate II also shows the geometric arrangement of the 

essential ~r~ equipment components. 

B2 : The Hydraulic System. 

The circuitry and essential components are shawn in detail in Appendix 

IL.B2. The pump unit is set to provide a working pressure of 2000 po s. io, 

am flow is controlled by temperature compensating Vickers valves. A limit 

switch control system provides a safety mechanism for stopping the carriage 

at either em of the soil bin by a circuit that includes a solenoid activated 

by-pass valve. This electrical circuit is alsodesor1bed in Appemix IL.B2. 

B3: The D,ynamometer and Wheel Carriages. 

The dynamometer carriage spanning the Z rails, acts as an 'anchor' 

vehicle for the wheel carriage assembly shown in Appendix II-B3. The inner 

- or wheel _ carriage consists of a fiexure frame within which the test whee~. 

is mounted. The flexure frame assembly permits freedom of wheel movement 

vertically, prevents 'yawing' and 'rolling' motions and provides a means of 

measuring the drawbar forces via strain gauges mounted on the flexures. One 

of two sets of spring steel flexures was used depending on the drawbar forces 

anticipated. In order to ensure that the flexure frame was horizontal, a 

support was made that accommodated both different wheel sizes and a range of 

anticipated sinkages. This support also provided the means of attaching 

the wheel carriage to the Dynamometer carriage. 
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B4; The Whee1 Drive Mechanism. 

In order to satisfy the requirements for dynamic similarity, severe 

restrictions are imposed on the choice of a drive mechanism. As shawn in 

the following section, a ratio of ~ is used for scaling app1ied wee1 torque, 

from considerations of the whee1 parameters a10ne. Here, "- denotes the 

ratio of a characteristic prototype to mode1 wee1 1ength. This ratio 

imposes considerable demands on the power range of the wee1 drive unit, am 

for a.given drive unit restricts ~ to small values. However, for the wheel 

sizes chosen a variab1e-speed, constant torque, shunt wound 1/2 horse power 

D.C. motor _ with a 29:4 reduction ratio _ proved satisfactor,y. It should 

be noted that this reduction ratio and an imposed upper 11mit on angular whee1 

ve1 oc it y of 2.5 rads/sec. prevented the maximum rated Horse Power from being 

deve1oped. A schematic of the driving mechanism is given in Appemix II-B4, 

together with diagrams of the drive chain housing. The te1escopic drive 

shaft connecting the drive unit to the test.whee1 axie permitted freedom of 

vertical whee1 movement. In order to minimise the sinusoidal variations of 

drive ve10city, from the universal joints, the drive housing w~s mounted on 

supports that permitted vertical adjustment. 

C; THE TEST-WHEEIS AND THE CHœEN LOADnlZ PARAMEn'ERS. 

Cl; Selection of the Test Whee1s. 

Having restricted the choice of a vehicular load to the case of rigid 

whee1s a sca1ing criterion was required for mode1 studies. However, without 

a know1edge of the soil behaviour the S,1stem parameters are undefined and so 

it was necessary to consider the vehic1e parameters a10ne in the initial 

formulation. From an ana1ysis of the results an inspectiona1 analysis 

(Birkhoff, 1961) is made to inc1ude • or account for. the soil reaction. 

The equiva1ence of the Frou1e Number, V2/g1, was assumed for scaling 
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time dependent variables; where the gravitational force, g, is necessarily 

constant for both model and prototype. A second assumption used in the 

derivation of the scaling ratios was that the density of both prototype and 

model wheel materials was the same. Using these two assumptions the scaling 

ratios for dynamic similitude were obtained. Details of the Buckingham l( 

formulation are included in Appendix Il-C1, and a listing of the wheel scaling 

ratios is shawn in Table ~1, below: 

QtJAI'l'rI'Y 

• 
Angles, densities, Accel. due to gravit y 

Angular Accelerations 

Angular velocities 

Translational Velocities, Time intervals, 

Linear Dimensions, nominal pressures, -

Area 
*1 

Vol~es, Forces, Mass 

(Horse Power, Rate of Doing Work)*1 -

(Moments of Force, Work, Energy)*1 

Mass Inertia 

RATIO 

- 1 

-~ 
/(Ik 
)(e 

À.. 
t( 
X 
f!!.e 

~ 
)( 

TABLE Il-1: DYNAMIC SIMn.TrUDE SCALING RATICS USED Fœ 

WHEEL QUANTTrm 

where À.... = ratio of characteristic prototype to model length, eo g. 
wheel diameter. 

*1 = denotes those terms whose magnitude and ratio are 
dependant on the nature of the soil reactiono 

Those terms not marked by the superscript *1, can be specified completely 

in the chosen loading pattern, as they are independent of the surface on which 

the wheel rests. However the range that any of these ratios can take is 

limited by the supporting experimental facility. As an example: the ciné-
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radiographie s,ystem imposes an upper l1mit on the translational wheel velocity 

of c10 inches/seeond, whereas the hydraulic eireuitry imposes a practical 

lower control lim1t of 3 inches/secom on this parameter. Also the ciné­

radiographic technique provides an upper 11mit to the Wheel diameter, when 

using the equipment described in Section II-E, for reasons that are deseribed 

later. 

ln arder ta meetthe requirements of Table II-1 am keep within the 

limits imposed from considerations of the supporting mechanical facility, the 

instrumentation am the cina.radiographic system, two wheels were chosen for 

the study. The largest wheel • referred to as the 'prototype' • measured 

13.5 inches in diameter by 3.75 inehes wide, am the 'model' Wheel was at 

2:3 scale. Bath wheels were supplied by the DeHavillam Company of Canada 

Ltd. am were manufactured fram aluminum. A photograph of these wheels, 

together with a listing of the specifications, has been included in Appemix 

II-C1. 

The practical difficulties of ensuring equivalent distributions of MaSS 

in bath model and prototype, in a situation where it was decided to study the 

influence on soil behaviour of different loads on the same wheel, did not 

permit the mass inertia ratio to be satisfied. All scaling of wheel loads 

was achieved by external application of dead.loads above the wheel axle. 

However, this single deviation fram the scaling scheme does not reduce the 

wheel.soU system to the kinematic case (Sedov, 1959) and it may be assumed, 

from considerations in Chapter V, that the external wheel forces are homo­

logous: that is, that dynamic similitude is achieved. 

It is of interest to note that the ratios of Table 11-1 are identical 

to those developed by Blagoveshchensky (195!j·) for scalirlg ship motions. 

However, these ratios are significantly different from those proposed by 

Nuttall (Bekker, 1956) for previous model vehicle studies on soUs. 
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C2: The Selection of Wheel Loading Parameters. 

For this study five loading parameters were chosen in order to examine 

the soil behaviour beneath a variety of wheel loads. These were: 

1) Wheel Size, Di ( i = 1, 2) 

2) Wheel Load, Wi ( i = 1, 2) 

3) Applied Torque, Mi ( i = 1, 2, 3) 

4) Rim surface texture, ~i ( i= 1, 2) 
• 

5) Translational Wheel Vel., Xior'Vi ( i = 1, 2) 

where there is no summation over the subscripts. The wheel sizes, loads and 

translational velocities were contrOlled in accordance with the ratios of 

Table II-l. The applied Torque Parameter is related to slip rate, the two 

being directly proportional, where slip rate i8 defined as: 

a) Normal Slip rate = S = (wr - i )/wr 
• • 

am b) DifferentiaI Slip rate = G = (wr - X )Ii 
where w = angular wheel velocity radiaŒ/sec. 

r = wheel radius, inches 
.:. 

and x = translational wheel velocity) inches/sec. 

In the subsequent discussion normal slip rate will invariably be considered, 

and the numerical values taken on by the subscripts will be listed. 

D; INSTRm-mNTATION AND CALIBRATION. 

Six wheel loading variables were measured continuously during each test. 

These were: 

1) Driving torque to Wheel (inch_lbs.) 

2) Drawbar pull on Rt.hand Flexure (lbs.) 

3) Drawbar pull on L. hand Flexure (lbs.) 

4) Wheel Sinkage (inches) 

----_.------

CHANNEL NO. 

1 

2 

3 

4 
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CHANNEL NO. 

5) Angular Wheel Velocity (rads./sec.) 5 

6) Translational Carriage V810city (inches/sec.) 6 

The devices used far the above measurements, together with their circuitry 

and calibrations are included in AppeMix rr..D. The torque dencej (W1Misoh, 

1967) was located on the câ.rriage eM of the telescopic drive shaftl Thus 

the torque input to the wheel could be measured with some precision since the 

losses to the wheel carriage bearings may be considered negligible.* 

In order to aooommodate the range of torques aM drawbar pull values 

anticipated, yet provide sensitive measurements over a wide range, the oentral 

strain gauged oomponent of the torque measuring davioe (W1ndisoh, 1967) and 

the two flexures were replaoaable. 

The transducers in the circuits of Channels 1 to 5 inclusive were located 

on the moving wheel and dynamometer carriage, together with the associated 

power supplies and switching circuits of Box 'A' - see Plate I. The signals 

from these devices were passed via a suspended moving cable assembly - see 

Plates l and II - to the recording console. An ultra violet light recorder 

provided the output for all the variables listed above. AlI calibrations 

were carried out using the 'black box' technique described in detail in 

Appendix II-D. This sarne Appendix includes sample calibration curves o 

During the early part of the study attempts were made to measure stresses 

normal to the wheel surface, by embedding a smallpiezo-electric pressure 

transducer** in the wheel rtm. Because of technical diffieulties wdth the 

* Supplementary tests showed that a torque of approximately 4 in-ozs. was 

neeessar,y to induee rotation with the 9" diarn. wheel and a superimposed axie 

IOAn or 20 lhs. With lower aile loads, wheel motion and earriage vibra-

tions\this value probably represents a conservative estimate o 

** Kistler model GOlL transdueer with 1/4" diameter sensitive area. The 

charge amplifier model No. was 555B-50. 
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in-line oharge amplifier the attempt had to be abandoned. 

In order to control the slip rate, am thus the applied torque to the 

wheel, a voltmeter was wired in parallel to Channel 5 and a oalibration of 

voltage output to angular wheel veloeity was made - see Appemix II-D. This 

enabled approximate slip rate control by continuous rheostat adjustment 

during each test. However, the indeterminate nature of soil wheel dependence 

on slip, tachometer generator fluctuations, and the transition from the 

• approaoh' to the 'prepared' region as eaeh test procéeds, al1 combine to 

prevent r1gid control of this parameter. 

E; THE CINE-RADlOORAPHIC SYSTEM. 

El; Introduotion. 

In Chapter l the speoulation surrounding the nature am meehanism of 

soil behaviour beneath a rigid wheel was emphasised. Recent technologieal 

advances have provided a variety of mensurational devices whose application 

to the field of soil mechanies is largely unexplored. These tools include 

radioactive tracing, hypersonic devices and Flash X-Ray equipment. A Flash 

X-ray unit being used prior to this study in the Mechanical Engineering Dept. 

of McGill, led to the suggestion by Mr. L. J. Vroomen that it might offer 

potential for examining the soil-vehicle problem. Exploratory studies 

carried out with the cooperation of the Radiological unit at CARDE supported 

this suggestion and the technique described in Chapter III was developed. 

It should be noted that any non-destructive device that offers a means of 

examining dynamic phenomena in an opaque material off ers considerable poten­

tial in the field of soil-mechanics. 

Recent developments in Field emission (D,yke, 1963), have made it possible 

to record these transient phenomena in a variety of opaque media with high 

information rates. Field emission - as opposed to thermionic emission -
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enables a 'Flash' of ~Ra.diation to be emitted from a cold cathode with a 

short pulse duration (exposure t1me) and high intensity. There is thns 

little analogy with medical - hot cathode - X-rQ1 units. 
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A literature survey reveals that the only precedent in 'soil-mechanics' 

was the exploratory study by Bloedow (1962) who successfully penetrated five 

inches of dry sand, but did not apply the technique to a~ specifie problem. 

In the fOllowing section orily the basic design considerations and 

equipment specifications are included. 

E2: Radiographie Considerations. 

Since a radiograph is a shadow-graph on photographie film exposed to 

~rays, it was necessary to determine the radiographie resolution, contrast 

and density required to detect the movement of particles embedded in the soil. 

The absorption, (attenuation) , of t-rays is a function of the thickness, 

the densi:t~ but i MOst important of ail, the atomic nature C'f the test medium. 

Unfortunately there is no analytical method of determining the total atten­

uation of t-rays and only first approximations of total effective penetration 

can be obtained from known empirical relationships. 

and factors accounting for this situation are: 

Some of the more import-

i) That theoretical studies have been concerned primarily with mono-

energetic t-ray sources whereas the 300 XV source chosen for the 

study emits a multi-energetic, though bounded, radiation (McMaster, 

1959). 

ii) At 300 XV, the photoelectric effect and Compton - and Rayleigh -

scattering account for most of the absorption in so11s. When one 

considersthe randomness of the resulting secondar,r radiation, or 

Bremsstrahlung, and the stochastic nature of the inter- and intra­

'atomic' movements in a heterogeneous two - or three - phase so11 
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system the total attenuation cannot at present be predicted from 

theoretical considerations. 

iii) The wide beam geometr.y, 300 , of the chosen t-ray emitter does not 

satisfy the comition of narrow-beam geometr.y used in many of the 

theoretical attenuation component calcUlations - see Richtmeyer and 

Kennard (1947), McMaster (1959), Evans (1955). 

However, despite the se limita.tions a first order approximation has been 

obtained fram Victoreen's (1948), (1949), mass attenuation coefficients and 

from some simplifying assumptions. This method, included in Appemix IJ,.E, 

relates the mass attenuation ooeffioients of a material, whose linear atten­

uation ooefficients are known, to the attenuation ooefficients of the so11. 

From this information radiographie equivalence factors, R.E.F.'s, have been 

derived for sand-air and sand-water systems as a function of source to film 

distance, S.F.D., and void ratio, e. These R.E.F. values have provided a 

MOst satisfactor.y first approximation of anticipated so11 penetration -

(proved by subsequent experimentation). 

Since maximum penetration consistent with acceptable limits of geometr.y 

and object defin1tion was considered a prerequisite, a minimum S.F.D. of 16.5 

inches has been used for all testing. The geometry of the radiographie 

cassette, the sand fllled region, and the X-ray source thus impose a maximum 

thickness of sand absorber of 7.25 inches - perpemicUlar to the plane of the 

cassette. This takes into account the attenuation caused by the lateral 

cor~inir~ plates and permits acceptable radiographic contrast am tracer-

object definition. 

In order to follow the movement of soil particles with X-rays, as a 

function of position and time, it is necessary to embed tracer-objects in the 

soil masse The fundamental requirement that the embedded object possess 

properties identical to those of the soil - size, compressibility, etc. -
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is difficult, if not impossible, to satisfy. The net result is invariab1;y 

a compromise that attempts to satisfy as mal73' of the furrlamental requirements 

without detracting fram the usefulness of the test technique. 

Using a Flash L.ray technique, it i8 possible to eliminate the intrus ive 

effects of leads - associated with electrical mensurational devices. It is 

not possible however to satisfy the condition of soil-object density equality. 

The reason for this is based on the attenuation requirements. Within the 
o 0 

effective wave-length range of the 300KV unit, name1y .0413A to c.2,5A, there 

is only a slight variation in the mass attenuation coefficients of al.l e1emeDts 

in the periodic table - and thus, implicitly, of aU compounds. Thus it is 

only the influence of density, within this wave-length range, that oreates the 

oondition of differential linear absorption that is neoessary for buried objeot 

identification. It may be shawn, again by using Viotoreen' s results, that 

under the above oonditions a 1 mm. thiokness of lead produoes differential film 

densities greater than the minimmn distinguishable visible limit of two peroent. 

Sinoe maximum penetration has been specitied, the generally accepted maximum 

penumbral image width of 0.25 mm. has to be forgone, as this would diotate an 

S.F.D. greater than 8 feet (MoMaster, 1959). However this does not present 

a major problem sinoe the oentre of a cross May be identified almost independ-

ently of the penumbral image. A second souroe of image unsharpness, oaused 

by seoondary radiation, or Bremsstrahlung, is less easy to oontrol. 

The outcome of these oonsiderations was a three dimensional oross with 

six orthogonal arms - eaoh of length 3 mm. _ giving a maximum dimension of 7 

mm. Each arm is 1 mm. in diameter. This shape and size make it possible 

to measure both translations and rotations, with an aoouraoy that will be 

disoussed in a later Seotion. These traoer-objeots were made from a compo-

sition of 94% lead and, to reduoe the malleability, 6% Antimo~o Details of 

the fabrioation and assembly of these traoer-objects are inoluded in Appendix 
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Il-E. 

The possiblIity that differential inertia effeots might ooour, caused b,y 

an objeot to sam density ratio of 4.2, has been examined experimentally. 

Using a oOloured sand tracer technique, am gelatin fixation, no measurable 

differential inertia effeots vere observed under controlled vertical loading, 

at strain rates of 30 inohes per second. This adds experimental support to 

the requirement that the buried objects move 'vith', rather than 'through', 

the surrounding sand - see Appendix Il-E. 

The requirements of maximum penetration am good traoer-objeot definition 

are, in large measure, depement on the film am soreening teohniques used. 

Experimentation vith a variety of films and soreens led to the choice of Kodak 

Royal Blue Medical Film, 8" x 10", am DuPont, oaloium tungstate, fiuoresoent 

intensifying soreens. General Electric Supermix ohemicals vere used vith 

development times correspoming to the maximum contrast listings. For double 

exposure on the same radiograph a single .002 inch !lford lead sore en vas 

plaoed in the cassette, on the source side of the X-ray film, to reduoe the 

cumulative effects of Bremsstrahlung. 

E3; Description of Ciné Radiographic Equipment. 

A sohematio of the X-ray system is contained in Appendix TI-E. The 

essential feature of this system is that it can pulse a suocessive train of 

up to 10 exposures, at 300KV, at a maximum rate of two pulses per seoond. 

Speoifications of the essential features of the MoG1ll unit are listed in 

Table 11-2, below. AlI components of the Flash X-ray train were supplied 

by the Field Emission Corporation of McMinnville, Oregon. 
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TABLE II-2. ESSENTIAL SPPX:MCATIONS OF FLASH LoRAY UNIT 

Model Number 730/233 

Output Voltage (Kilovolts) 

Output Current (amps) 

Output impedance (ohms) 

Pulse Width (microseconds) 

Peak Power (megawatts) 

Source Diameter (mm.) 

Dose rate at tube surface (r/sec.) 

Penetration of Aluminum (inches) 

300 

1400 

215 

0.1 

420 

4.0 

1 x 108 

6.0 (at l ft.S.F.D.) 

25 
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CHAP'l'ER III 

THE EXPERDŒNTAL TECHNIQUE 

A. mrR<DUCTION. 

The method of measuring translations"rotations, velocities and accel-

erations of a co-planar tracer-object network, located in a sand Maas beneath 

the centre-line of a rigid wheel, forms the subject of this Chapter. 

In the field of So11-Mechanics, where X-rays have been used almost 

exclusively in spectroscopic applications, there are orily a few examples of 

thermionic X-ray emitters being used to study deformations occurring within 

a so11 masse Roscoe et al (1963), describe an X-ray method for studying 

plane-strains, occurring in a so11 mass behind a retaining wall, and refer to 

previous studies by Gerber (1929) and Davis & Woodward (1949). More recently 

a s1ml1ar low kl1ovoltage thermionic emitter was used by W11son and Kizywicki 

(1965), to measure deformations that occurred in an organic 5011 (moi sture 

content ~ 600~) under a rigid wheel moving at 24 inches per minute - in what 

appeared to be the first X-radiographic application to the sol1-vehicle problemo 

However quite different deman:ls are imposed on the mensurational device 

when one attempts to measure deformations occurring in Mineral so11s under 

'dynamic' wheel loads. The technique described herein is developed for these 

conditions, and has been made possible by the recent development of small high 

powered field emitters, (D,yke, 1964). Appendix III contains detal1ed suppor­

ting information relevant to this Chapter. 

B. SAND PREPARATION AND TRACER.-OBJ~T PLACING T~NIQUE. 

B1; Properties of the sand. 

4t) The soil bin contains over 40 tons of crushed s111ca sand supplied by 

Canadian S11ica Corporation Ltd., st. Jerome, Quebec. This angular sand has 
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a specifie gravit y of 2.67 and a void ratio, e, range of: e loose = 0.905, 

e dense = • .58 • This corresponds to a density range of:"'ploose = 1.40 to 

.fl dense = 1.69, where..f1 = mass density in gms/cc. These ranges were 

determined using Kolbuszewski's (1948) pouring techniques. A grain size 

analysis has been plotted as the àiH.i:à~ieR and is included in Appendix 

IIl-B _ where it can be seen that the sand is predominantly fine grained. 

B2; The Sand Container. 

The ~rays produoed b,y the 730/233 unit can effectively penetrate 7.25 

inches of sand perpendicular to the plane or the Cassette. This 'dictates' 

the side wall spacir..g of the region where soil behaviour can be examined. 

The 300 cone produced by the ~ray source, together with the 16.5 inch S.F. D. , 

restricts the area of study to approximately 7 inches b,y 7 inches in the plane 

of the wheel centre line. Hawever to reduce end effects and to ensure a 

steady_state loading pattern, the sand is prepared for a distance of 40 inches 

parallel to the side walls. The sand container dimensions are thus 7.25" x 

40" x 48". The side walls of the container were polished aluminum for the 

majority of tests, although a supplementary series of tests was undertaken 

using 1/4" plate-glass side walls to evaluate the influence of the side wa1ls 

on the measured soil translations. The location of the 'sand container' is 

shown in Plate II. 

B3; The Sand Preparation and Tracer-Object Placing Technique. 

The essential requirement for sand preparation and for tracer-object 

placing was considered to be repeatability. In order to obtain this the 

follawing technique was devised: 

A sand hopper, shawn in both Plates :r and ~ was mounted on the dynamo­

meter carriage, as l1luBtrated diagrammatically in Figure 1I1-1, belaws 
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fiGURE m- ,: SCHEMATIC OF SAND PLACING TECHNIQUE 

The dynamometer carriage speed, regulated by the flow control values, 

was ad,justed so that the sam now rate prov1ded the required depth of sam, 

to satisfy the following sequence: 

i) The 'sam container' was excavated to a depth of approximately 

6.1/2 inches, and then levelled to this depth by a scraper blade 

mounted to the dynamometer carriage. 

1i) A template, measur1ng 7.25 x 12 inches, with 7 cross shaped 

holes spaced one inch centre to centre and in a line corresponding 

to the centre..line of the test wheels _ see figure rrI-2- , was 
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placed on the levelled sand. surface. One tracer-object vas placed 

in each of these holes vith a pair of tveezers, and care vas taken 

not to disturb these tracer-objects once placed. 

then removed. 

The template vas 

iii) The scraper-blade vas th en raised one inch an~ the carriage moved 

to location (A2) - see figure nl-l. The sand cut-off blade vas 

removed to start fiow and the carriage moved towards position (Al). 

The carriage speed vas adjusted to ensure that just over 1 inch of 

sard vas poured.. The corresponding fiow control value settings are 

listed in AppeD:lix :rr...B2. Ch reaching position (AÛ the cut-off 

blade vas used to stop flow, and the carriage vas halted. 

iv) The next layer of tracer-objects vas placed at the 5.5 inch depth 

using the template as in ii), above, ensuring a coplanar netvork 

spacing. The entire process is then repeated for successive layers. 

v) Aiter placing the sixth raw of tracer-objects a 1.5 inch layer of 

sand is placed using the value settings listed in Apperrlix II-B2, am 

the appropriate scraper blade settings. 

In order to obtain the translation paths am tracer-object velocities an 

assumption of superposition is invoked in a later section. The validity of 

this assumpt10n 1s largely dependent on the precision vith whiCh the tracer­

ob,ject matrix can be positioned. 

An analysis of the accuracy of the placing technique, Appemix III-BJ, 

shows that for a representative test the var iab il it y of the tracer-object 

placing about the Mean raw depth is less than ± .022 inches at the 95 per cent 

confidence level. 

The average inter-raw spacing for the sarne test vas 1.042 incheso These 

values include components of variation contributed by the data reduction tech­

nique, discussed in Sections F and G of this Chapter. 
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Variations in the column spacing, or x coordinate, are of little conse­

quence since a~ variation is aocommodated b.1 the subsequent analysis. 

A complementary experiment vas oarried out to determine the variation in 

density, with depth and height of sand drop, of the poured sand. The greatest 

variation in density, jJ, occurred in the surface to 1.5 inch depth, from a 

surface value of"'p = 1.43 gm/cc to a 1.5 inch value of ~ = 1.46 gm/cco The 

in situ density range between the 1.S" and 6.5" depth was seen to be neglig-

ible, and averaged"p = 1.49 gm/cc. The actual method used to derive these 

values, together with additional experimental reaults, ia described in Appendix 

The curves oontained in th1s Appendix do not account for minor density 

variations ca~sed by scraper action, the boundar,y influence, etc.. Attempts 

to measure these, using in situ chemical fixation techniques all proved un-

satistactory; the chemicals used included Canadian Cyanamide AM 9, Paraffin 

and gelatin. Hawever, on the basis of the results reported in Appendix III-

B3 only minor density variations, caused by these extraneous influences, ~1ght 

reasonably be expected between the top and bottom raw of the tracer-objects. 

The average density of 1.49 gm/cc., within th1s depth range, represents 

a reasonably loose packing arrangement as the minimum dens1ty of the sand is 

1.40 gms/cc. Thus the preparation technique results in a stratified sand 

S,1stem with three distinct layera characterised Qy different densities: 

C. 

i) The top layer: surface to 1.5" depth: 1.43~"'p < 1.49 gro/cc. 

ii) The m1ddle layer: 1.5" to 6.5" depth: ~ -!::: 1.49 gros/cco 

11i) The bottom layer: > c. 6.5" depth ./J> 1049 gms/cc 
as undisturbed during sand 
preparation. 

THE WHEEL-, TRACEa-OBJEX::T-, CASSETTE-, SOURCE-, GEOMEl'RY. 

The physical arral~ement of the flash X-ray pulser, the sand container 

and the cassette holder is shawn on Plate II. Hawever, the relationship of 
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these components to the wheel and the tracer-object network is shawn in Figure 

III. 2 , overpage. 

It will be noticed from this figure that the tracer-objects are placed 

with their "arms" in the coordinate directions. This enables easier detee-

tion of rotations about the Y and Z axes and aIso permits more precise 

location of the image centres on each series of radiographs. 

The Wheel positions relative to the undisturbed tracer-object network 

are also shawn on Figure m-2. These positions correspond to the relative 

wheel position when the two intermediate Ciné radiographie exposures are 

taken. The two l-ray pulses are synchronised so that the complete velocity, 

and translation history of the tracer-objects May be obtained for each test. 

This is achieved experimentally by adjusting distances Xl and x2' and exam­

ining the radiograph obtained,for a given loading pattern,from the two 

consecutive pulses. The time delay from triggering to firing lIlly be con-

-6 sidered the same for both triggering devices, and is in the order of 10 

secs. 

The duration of the l-ray flash is 10-7 sec, and since this is 106 times 

as fast as the effective loading time of the wheel aIl motions within the 

soil May be considered as "stationar,y" for the instant of each flasho The 

circuitr,y of the triggering devices is shawn in Appendix II-E, but it should 

be noted that the minimum time delay between two consecutive pulses with the 

McGill flash X-ray unit is 0.5 seconds. Since Xl could not exceed 505 

inches for the range of loading patterns considered, this imposed an upper 

limit to the translational wheel speed of 11 inches/secondo 

The Cassette holder contained four lead reference markers permanently 

attached on the inner side of the Aluminum plate located nearest the sourceo 

A fifth triangular lead Marker was aIso placed on this plate in the position 

corresponding to the optical centre. This position was located with a 
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theodolite and i6 the point t'rom which all optical corrections are made. 

AIl t'ive reference points t'orm images on the radiograph, and thus one source 

of Cassette placement variation is accommodated. An upper t spring' type 

fitting ensures that the Cassette is at a constant distance, Z1 + Z2, t'rom 

the X-r&y' source. The importance of locating the Cassette in the same 

position for each X-ray pulse (or pulses) is paramount, since variations in 

the Cassette positioning result in diaplacements of the images not causad by 

tracer_object movements. These 't'ictitious displacements' have been dis­

cussed in some detail by Rosooe et al (1963). 

D. THE X-RAY PULSE SEQUEll;E. 

For each test a series of four X-r&y' pulses were firad. The sequence 

May be broken down as t'ollows 1 

i) The first pulse was firad after the soil preparation had been 

completed, in order to establish the initial position of the tracer-

object network. After one exposure the first Cassette was removad. 

At this stage the dynamometer carriage and wheel were stationary and 

at a distance of some 12 feat from the centre-line of the I.-ray pulser. 

ii) A second, loadad, Cassette was then placed in the holder and the 

wheel, under controlled loading conditions, was passed over the 

prepared region. A spring loaded arm on the wheel carriage trig­

gered two consecutive ciné pulses s.ynchronisad to two preselected 

wheel positions. The actual delay between consecutive pulses i8 

dependent on the spacing Xi - see figure n:r,..2 - and the translat-

ional carriage velocity. This Cassette containad a .002 inch lead 

sere en to reduce the Bremsstrahlung effects from two exposures. 

The Cassette was removed once the wheel was sorne six feet beyond 

the centre-line of the I.-ray pulser. 
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iii) A third Cassette was used to determine, with a fourth - and final 

- pulse, the final position of the traee~object network. 

E. TRANS FER OF RAD100RAPHIC DATA TO DlGITIZED INFCRMAT10N. 

The need to reduee the basic radiographie information of some 70 tests, 

required for the overall study, led to the development of a semi-automatic 

data reduction s,ystem. This was eonsidered essential since a minimum number 

of 300 radiographie 'bits' of information per test, was required for subse­

quent computer calculations. 

A contact print of the initial radiograph, for test number 14, is shawn 

in Appemix 1:0;..8, as a typical radiograph. The tracer-object network and 

the identification Marker images can be clearly seen, as can the image of the 

optical centre 'triangle'. In order to combine the radiographie information 

from four exposures, per test, the following procedure was carried out: 

Each radiograph was plaeed on a "light table and a PAtex acetate sheet 

placed over eaeh reference grid, aligned, and the image centres were then 

transferred to a common base. The translucent properties of the Matex 

facilitated this basic data transfer as the differential object-sand image 

density was often close to the minimum distinguishable limit - a compromise 

necessitated by maximum penetration requirementso A less translucent piece 

of graph paper was then placed over the acetate sheet and aligned so that 

the initial tracer-object network rows coincided with the horizontal grid 

lines. The information was then transferred to the graph papere This 

additional step was necessar,r to align the coordinates of the image locations 

for the subsequent reduction to digital voltage meter, D.V.Mo, values. 

The precise coordinates of each image location were then obtained as 

digitized voltagô values using an X-Y pIotter, the Mechanical Engineering 

Dymec D.V.M. S,Ystem and two heliopotentiometers connected as shown in Appendix 
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rrI-E. This sem:1-automatic data reduction technique was developed by Mr. 

J. L. Vrooman of' the Mechanical Engineering Dept., McG111 University. The 

graph paper was f'ixed. in position on the I.-Y pIotter am the carriage need.le 

was moved manually, by adjusting the heliopots., to each image location and 

the voltages correspording to the coordinates were recorded.. The linearity 

of' voltage output is shown in Appendix II-D. 

A manual keyboard in the D,ymec system made it possible to ref'erence the 

recorded, punched., D. V.M. output. A f'our digit number was assigned to each 

set of' images of' the same tracer-objecte The first two digits corresponded 

to the test number and the last two to the matrix number as shawn in Appendix 

III-E, for Test 14. The coordinates of' the optical centre were ref'erenoed. 

as II99, (where XI denoted the test number). 

The 'eight level' paper tape output from the Dymeo was edited using the 

P.P.R.I.C.'s 1601 l.B.M. oomputer which aIso provided the card output neces­

sary f'or subsequent computations on the McGll1 Computing Centre' s IBM 7044. 

Details of this editing are included in Appendix rrI-E. The Flow gra.ph, 

overpage, shows the sequence of operations desoribed in this section and 

their relationship with the follow1ng section, III-F. 
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F. THE BASIC REDUCTION OF TEST RESULTS. 

Fi. Introduction. 

In order to obtain meaningful information of the translation-, velocity., 

and acceleration. histor,y of sand behaviour beneath a given loading condition 

it was necessar,y to reduoe the radiographie and loading information to a 

meaningful format. 

Two programs were written to obtain the follow1ng information: 

i) The calibrated wheel loading information. 

ii) The precise coordinates of the four co-planar tracer.object network 

looations corresponding to their positions at the time of each ~ray 

pulse. This inoludes the necessar,y reduction of all radiographio 

information from the plane of' the ~ray film to the plane of the 

traoer-objeots, by an optioal oorreotion - disoussed in Appendix 

III-F. This Cartes1an referenoe framework was arbitrarily termed 

the 'absolute coordinate' (x, y) ~stem. 

1ii) A listing of the coordinates of the second, third and fourth image 

locations relative to their respective initial tracer-object loc-

ation. The resulting 'relative coordinate', (r," s), Cartesian 

reference framework is convenient for cornputing the translation 

paths on a row by row basis and is also required for subsequent 

velocity calculations. 

iv) As a criterion for checking the rel iabil it y of results from aqy one 

test a statistical control section was inc1uded o The chosen 

statistics were the relative coordinates of the tracer-objects 

corresponding to their final positions, by row, at the time of the 

fourth ~ray pulse. 

v) The velocity components by row, as a function of cuml.Ùative loading 



time am relative and absolute ooordinates. 

vi) The aooeleration oomponents by raw as a funotion of oumulative 

lOllding tima. 
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Beoause deformations beneath the 9" diameter whee1 were less than those 

ooourring under the 13.5" diameter wheel it was only possible to resolve 

four images per traoer-objeot for the top three raws ot objeots in tests with 

the modal wheel - as opposed to satisfaotor,y optioal resolution for six raws 

umar the la.rger wheel. Beoause the subsoript notation had to be adjusted 

aooordingly, two oomputer programs liere writtenl the first listed as "SoU­

Vehiole Study'I", S.V.S.I., was used in reduoing results trom the model wheel 

tests, whereas S.V.S.III was used for the oorresponding prototype wheel data 

reduotions. A listing of S.V.S.I is ineluded as .A.ppemix IIl-P', together 

with explanator,y notes. 

The assumptions 1mplioit in the above oaloulations are: 

(1) The mass of sand in a~ one layer strains homogeneously under a 

steady_state loading pattern. 

(2) There is no relative movement between the sand grains am the 

lead. and. ~nt1mo~ traoer-objeots. 

(3) The network of tracer-objeots remains co-planar with the centre 

line of the wheel, for the ent1re test durationo 

A discussion of the validity of these assumptions is contained in Section 

111-G3, at the end of this Chapter. 

12. Translation Path Computations. 

The above assumptions are invoked to determine the path described by a 

tracer_object located in a~ given rowo The path can not be drawn directly 

from the four known locations of a given tracer-ob,ject, because the incre­

ments between each location are too large. However, by superposing the 
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initial tracer_object locations for a~ one row, and us1ng the relative 

coordinates _ rather than the absolute coordinates - the resulting increments 

are surficiently small to describe a continuous translation path. A diagram 

of this procedure is shawn below as Figure I~). 

t~ '1 ' ~x ~BSOLOTE. COOIaOINA.TE.S 

where: PN and QN are two tracer objects located in the same row. (N = 1, 
2, ) or 4 refers to the location of P or Q at the instant of the 
first, sycond, third or fourth X-ray flaSh, respectively). 
PN and QN are the corresponding trylativel coordinate locations of 
the tracer-objects f and Q. e.g. Qi and Pi have the relative co­
ordinates (°'1°), Q2 has the relative coordinates «X4 - X2), 
(y~ - Y2», P2 has the relative coordinates «X) - Xi), (Y) - Yi»} 
etc. 

Figure: III-) SCHEMATE OF SUPERPœrrION TFnHNIQUE USED 

TO OBrAIN TRANSLATION PATHS FOLLCMED BI TRACER­
OBJECTS IN ANY ONE RCM. 

In this Figure only two tracer_objects, P and Q, are shawn although in 

practice seven tracer-objects per row are superposed to obtain 14 intermediate 

locations along the translation path. In Figure IIl-4 an example fram the 

results of Test 14 - see Appendix III-F - is shawn. The path described by 

tracer-objects, initially placed 1.5" beneath the undisturbed sand surface, 

during the total stressing cycle has been plotted fram the optically corrected 

relative coordinate values. 
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The scatter of the initial and final tracer-object positions is shawn for 

the 9S~ confidence limit - where the associated small sample staMard devis-

tions have been corrected using the Bessel approximation for the best estimate 

" of the pop1Ùation staMard deviation, <f • This Figure illustrates the 

importance of correctly S,Ynchronising the wheel position aM ~ray Flash to 

obtain the oomple~e translation path histor.y, with the necessar.y overlap of 

radiographie information. 

13. Velocity and Acceleration Computations. 

The teohnique of oomputing velocities fram the radiographie information 

derived in this testing differs signiticantly fram that used in the vida­

plastioity methods of Thomsen, Yang and lobayashi. (196S) for studying metal 

flow. Using their technique an analogous situation would be represented by 

ta king two radiographs in rapid succession and then obtain the velooity 

vectors from a division of the difference between successive positions of 

Any tracer_object by the time interval between X-ray pulses. With the X-ray 

facility installed for the testing reported herein, a minimum time delay 

between successive pulses of O.S seconds renders this analogous method ~ 

feasible for the range of wheel velocities used. 

Thus in order to obtain meaningful velocity information the simple 

expedient of converting a 'space' base to a 'time' base was used. This 

procedure is described with the aid of Figure llI-S. below, am the following 

rationale: 



Tracer objects P and Q 
P, and Q, denote initial 
undisturbed position 
P2 and Q2 denote position 
corresponding to 2nd 
radiograph flash. 
p~ denotes relative 
coordinates or pt. P2 

~Wheel Positions (not to scale) 

Wbeel velocity = V ~ 

Figure rn-5. Diagram for explaining rationale for 
Velocity Computations. 

With reference to Figure 1II-5: 
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i) At instant t = tt,let tracer-object P occupy location P2 (Xj'YJ) and 

tracer object Q location Q2, (X4,Y4). 

ii) At time tl + A t, where À t = (X2-xl) Iv, the wheel centre, 0, would 

be in the same position relative to the undisturbed position of Q, i.e. 

Ql' as it was to position P1 at time t l • 

iii) From assumption. (1), ab ove , the position of tracer-object Q at time 

iv) 

• • t + Â. t should correspond to the relative position P2' where P2 repre-

sents the relative coordinates of P2' i.e. «~xl)' (YJ-Y1» transferred 

ta position «X2+(x3-xl», (Y2+(YJ-Y1». That is, in time L1t the 

• tracer_abject has hypothetically moved from position Q2 ta P2. 

The horizontal component of veloci+,y~ ;.n this case denoted by li, where 



4J 

(111-1) 

The vertical component of velocity, in this case denoted by li, 

(III-2) 

which fram the above assumptions acts at position 

(m-J) 

(111-4) 

where i and Y refer to the 'absolute'cartesian reference system. 

v) The vel oc it y components can also be expressed in terms of the 

'relative' coordinate system, described in the previous subsection. 

With reference to Figure 111-5 it can be seen that the relative 

coordinates of Q2 are «X4-X2)'(Y4-Y2» and thus u and v are ~ 

changed since the increments of x and y are identical to those in 

equations (III-1) and (II1-2), respectively. The corresponding 

relative coordinates of u and v, designated as r, s, are: 

(111-5) 

s = (YJ-Y1) - (Y4-Y2) + (Y4-Y2) = Y3-Y1+Y4-Y2 (111-6) 
2 2 

From a computing standpoint it was considered easier to determine the 

components of velocity in the 'relative' Cartesian frame, (r,s), and then 

convert to the 'absolute' Cartesian frame, (x,y), from the relationship 

x = (x1+X2) + r 
2 

for the particular case illustrated in Figure III-S. 

(111-7) 

(111-8) 
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This formulation has been general1sed for both programs used in the anal­

ysis, am oan be followed through step by step from the program listing in 

Appendix III-F. Figure III-4 lllustrates the ooordinate positions of the 12 

velocity computations for the 1.5" row translations of Test No. 14. From 

this information the velocity components along the path can be plotted. 

However to plot these cauponents as a function of the cumulative loading time 

or in terms of the 'absolute' coordinate referenoe system the time interval 

between the second and third radiographs is used. This time interval, ~ t, 

is obtained from the knawn spacing between the limit ewitohes am the knawn 

translational velocity of the carriage. In Figure 1II-6, below, the position 

of the recorded tracer-object locations relative to an instantaneous position 

of the wheel is shawn with reference to the tracer-object network locations. 

The importance of correot experimental synohronisation of Pulses is emphasised, 

as a continuous record of the entire translation histor,y was considered desir­

able. In practice, as shawn in Figure III-6, it was not possible to achieve 

this with the soil-wheel systems chosen for the testing reported herein. It 

was, however, possible to 'overlap' or 'abutt' radiographic information from 

the second, third and fourth radiographs. This particular combination was 

chosen because of the higher component velocity and translation magnitudes 

within this range. 

These computations may be used with appropriate modifications, to des­

cribe the velocity histor,y of the sand beneath a rigid wheel in bath the 

Merian and Lagrangian systems; although only the Eulerian formulation will 

be developed in Chapter V. 

This statement ie limited to the velocity histories examined within the 

boundaries imposed by the mensurational technique. 

The VELOC subroutine of the Computer Programs, included in Appendix 

III-F, also includes instructions for computing Acceleration components by 
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finite difference techniques, similar to those described abave for the veloc-

ity computations. These instructions were included solely to obtain an idea 

of the order of magnitude of the acceleration terms. The Acceleration print 

out should therefore be examined only in this light. For the detailed accel_ 

eration computations used in Chapter V graphical methods have been used and 

thus will be discussed later. 
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flOURE m- e DIAORAN OF INSTANTANEOUS WHŒL POSITION REFERENCED TO RADIOGRAPHIC 

PLATE, AND TRACER-OBJECT NETWORK. POSITIONS. 

G. A DISCUSSION OF THE RELIABlLTIY OF THE DERIVED RESULTS AND THE 

VALIDm OF THE INVOIŒD ASSOMPTIONS. 

1. The rel iabil it y of the Derived Translations. 

Three distinct sources of error can influence the rel iabil it y of the 

derived translations: 



i) A~ geometric variation in the p!acing ot the Cassettes, the 

location of the field emission source, the placing of individual 
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tracer-objects in a position away fram the network plane or in the 

data transfer technique, results in measured radiographie displace­

ments not caused b,y movements of the tracer-objects. 

ii) Variations resulting from the possible inapplicabllity of the 

three assumptions listed in Section IU-F. This potent1al source 

of variation could result from two possible situationss a) that 

the assumptions were valid, but the necessar,y conditions were not 

realised experimentally (e.g. irihomogeneities resulting from the 

sand preparation technique), or b) that the assumptions were in-

val id. 

iii) The assumption of tracer-object superposition applied to tracer-

objects in the same row but not at the sarne Mean depth. 

An itemised analysis of the magnitudes of source i) variations of image 

locations, reduced to the tracer-object plane, is included as Appendix IIl-G. 

The maximum realistic displacement fram this source is seen to be approx. 

± .04 inches at the 95 percent confidence level. This magnitude of varia-

tion could be reduced considerably by increasing the source-to-object distance, 

Z2' - see Figure IIl-2. However, for the same limiting test conditions this 

could only be achieved with a higher kilovoltage, capacity, pulser. 

For the majority of tests the measured range of displacements, at the 

sarne confidence level, was considerably sma11er than the + .04 inch limita 

of source i). It is thus difficult to isolate the magnitude of source ii) 

variations for displacement differences ~.04 inches. However, for 

variations ~ .04 inches it ~ppears that the applicability of the Section 

IIl-F assumptions must be questioned. In practice these large variations 

only occur in soil regions near the wheel at high slip rates - see Chapter 



ri - and apparently result fram. non-hanogenoaous deformations in the sol1 

layers near the surface. 
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The third source of variation, 11i), can only be considered within the 

framework of the assumptions of Section III-F. The principle of super­

positi~n is only strictly applicable when the tracer-objects of a~ one row 

are initiaUy located at exactly the same depth, y. From Appemix III-B 

the precision of object placement for a~ depth y was seen, for one test, to 

be y ± .022 inches at the 95" confidence level. This source of variability 

18 diff10ult to isolate since object placement away fram. the tracer-object 

network plane could possibly account for th1s variation - see Appemix I~G. 

Turn1ng fram these genera1ities to the specifie case of test number 14 

- Appendix ~F - the final relative tracer-object coordinates exhib1ted 

displacement variations <:.025 inches (95~ level) in aU but one case. 

For the translation pattern of the top row tracer-objects, plotted as Fig. 

1II-4, the scatter of the final relative coordinate positions is seen to 

represent J\.. 15;t and ~ 8" of the gross translations in the r am s di'l'eo-

tions respectively. 

test series. 

This test is considered as representative of the complete 

G2. The Reliability of the Derived Velocities. 

The computation of velocity is based on a finite difference technique, 

that is considerably more 'sensitive' to displacement variations than are 

the translation computations. 

In Section ~F an analogous visioplasticity technique was described 

for obtaining velocity components. In this technique only three main sour-

ces of variability influence the derived velocities: 

i) as for Source i) in Section III-Gl above. 

ii) as for Source ii) in Section III-Gl above. 
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iii) The accuracy of measuring the appropriate time increment. 

Using the method of velocity determination described in Section ~F, 

another source of variation 1nf1uences the aecuracy of the resultsl 

iv) Deviations from an assumed row level, y, which from the assumed 

superposition causes corresponding deviations in the ~ s increment 

used in evaluating the ~sl cft term (this source ia equivalent to 

that in Section III.-G1.iii). 

The first two souroes, listed ab ove , have been shawn previously to lead 

to measured deviations usually l8SS than :t .040 inch at the 95 percent level. 

However source iv) variations, although not completely separable from souroe 

. i) variations, are usually of a lower magnitude am will be d1scussed with 

referenoe to Figure ~7. 

Upper & Lower 
Confidence levels 
(for Test No. 14) 
at 95~ confidence 
level. o..:t. oez" 

Origin for superposition 
in (r,s) Cartesian refer. 
ence plane. 

Figure In.. 7. 

,TrajectOl'Y or translation path. 

-\ /(WT T 
---- " // :"''' f>, ) S, 1 

S2 

\' (r,,) 52.) 
\ ( 1') Diagram to illustrate possible Y"Zo, c. 

sources of error in derivation of 
~ sI ~ t component of velocity. 
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Only the possible variation of one component of velocity, resolved in the, 

s, direction of the r,s reference plane will be oonsidered as the cf r/d t 

component variations are of a simUar nature. 

With reference to Figure 111.7, thed~Jtcomponent of velocity at the 

coordinates «rl+r2) /2, (sl+S2) /2), is oomputed as (s2-s1) /Jt. This is 

only correct if the following conditions apply: 

a) The tracer-objeot was in the network plane and was located at the 

mean rem depth, 7, and thus trom superposition May be assumed to 

have started trom pt. 'a' in Figure I~7. 

b) The geometry of the Cassette and souroe oonf'ormed to the assumed 

in situ looations. 

c) The time inorement J t was oomputed from exact wheel translational 

velooity and initial tracer-objeot looation, information. 

In the extreme oase this situation May not be exaotly represented and 

beoause of the finite difference teohnique large variations in calculated 

velocities can result from small variations of a), b) or c). The most 

extreme situation May be emphasised with reference to Figure III-7. If the 

- " initial position of (rl,sl) had corresponded to an ordinate value of y + .022 

in the absolute (x,y) reference frame, the equivalant initial position in 

Figure TI1.7 should be 'b' and thus (rl,sl) should be (rt, b'). Similarly 

if the initial position of the tracer-object corresponding to (r2,s2) was 
11 (x,y _ .022"), the corresponding position of (r2,s2) would be (r2'c ). 

For this case the computed velocitywould bej 

«s2 - d(!s» - (51 + ~(ds») /~t 
or ( (52-51) + 2 ~ ds» /St. or ( Js + 2 d ([s) ) /dt. 

Since 2 [( Js) = .044" at the 95~ confidence level, ds must be greater 

than .044" if the variation in velocity computations is to be < 100~. 
Reference to the printed output of Test No. 14, included in Appendix III-F 
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shows that d s is seldom > .044". 

For these reasons, and accepting that the above example represents an 

extreme situation, the accuracy of velocity determinations is seen to depend 

largely on the averaging techniques used to obtain vel oc it y values for suh-

saquent calculations. 

It should be noted that the time incremen,t, J t, is subject to consistant 

error for a~ one test, since the calibrated wheel translational velocity, V, 

is constant for each test. 

From an analysis of possible errors in the velocity calculations it would 

appear that large displacement inorements, cl s, would minimise the error mag-

nitude. Unfortunately large ~s values result in averaging errors not con-

sidered under a~ of the source of variation headings listed above. One is 

thus conoerned with a oompromise that i8 in turn, dependent on the accuracy 

of the radiographic technique. The overall accuraoy oan thus oru.y be improved 

by reducing the variability caused by all souroes listed. 

G3. The Validity of the Invoked Assumptions. 

The validity of the assumptions listed in Section III-F may be examined 

from the above discussion of the derived translations and from results of 

complementary tests. As previously stated there is experimental evidence to 

support the assumption that the tracer-objects move 'with' rather than 'through' 

the sand - see Appendix II-E. The translation patterns of the tracer-objects 

are thus considered to be representative of actual sand translation patterns. 

From an experimental standpoint the accuracy of the measurement technique is 

oonsidered acceptable. When the measured deviations are less than the bounds 

of tha source i) variation, the assumptions of Section III-F are considered 

acceptable. When the measured deviations are ~utside this range the basic 

assumptions are not necessarily invalidated, but raquire a different inter-
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pretation. As an example: at high slip rates the tracer-object rows near 

the sand surface 'enjoy' characteristically different - but recognisable -

translation patterns, within a given row. The basis for Assumption (3) ia 

thought to rest in the e&syl7IIletric nature of the loading pattern. However 

the possibility of deviations from Assumption (1) and (3) will be discussed 

in detail, when necessary, in the subsequent analyses. 
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CHAPTER IV 

THE SURFACE AND SUBSURFACE DISPLACEMEm' 

OF SAND ,ONDER A Viam! OF' DRIVER 

RIGID WHEEL LOADING PATl'ERt5. 

A. INTRODUCTION 

As emphasised in the tirst Chapter, tbere has been considerable specula­

tion surrounding the question ot how soU behaves under a moving wheel. This 

situation has developed trom a diversity ot theoretical studies unsupported by 

experimental investigations. There are, however, two notable exceptions; 

specitioally the experimental work of McKibben (1938) and Wong and Reece (1966). 

McKibben made some detalled measurements ot the translation patterns of traoer-

objects plaoed adjaoent to glass plates, in sand, under a towed rigid wheel. 

The more reoent work of Wong and Reece, has been in the study of, in1t1ally 

dense - sand movement beneath driven rigid weels. Using a photographie 

technique, and a glass sided box they have determined the mode of deformation 

directly beneath a rolling rigid roller, (8.1/4 inch diameter). This method 

is useful to determine general trends of gross longitudinAl soil transportation 

phenomena, but does not provide detailed measurements of these and other 

aspects of soil behaviour, to be discussed in this Chapter. 

In the following sections some of the results fram a series of experiments, 

designed to investigate the influence of wheel - translational (ground) 

velocity,_ slip-rate, - load, and - rim surface material. on the sand behaviour 

beneath the longitudinal centre line of the wheel, are examined. In con-

junction with this the influence of scaling the wheel loading variables, on 

these same soil parameters, is also studied. 

Due to the physical arrangement of the side walls, the sand contained 
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therein, and the geometr,y of the wheel, any measurements under the centre 

line of the wheel, (x,y) plane, Ihust account far the influence of sand fiow 

and translation in the Z direction. Since the test series to be described 

was conducted in this quasi three dimensional setup, a supporting test series 

was conducted to establish the sol1 behaviour in the two dimensional case. 

In order to obtain radiographie continuity, the same effective thickness of 

sand was retained and a pair ot additional glass plates was installed at a 

separation just gr.aater than the width ot the wheel under test. Another 

series ot supporting tests was conduoted to determine the influenoe of ra-

plaoing the Aluminum retaining walls with glass plates. The results of both 

supporting test series are considered in the fOllow1ng analysis. 

A synopsis ot the essent1a1 teatures ot the experimental design is 

included in Table IV-i, be10ws 

MODEL WHEEL Di = 9" Diameter PRororYPE WHEEL: Î\..DI = 13.5" Diameter 

TEST TEST SPECIFICATION cl TEST TEST SPECIFICATION 
~ NO. W V M NO. W V M 

4 Wl V2 M2 ~1 39 ,,3wi ~Vl Ml* [1 
5 Wl V2 ~ 1 40 " " M2* " 6 Wi V2 1 41 " " ~* " 
8 Wi Vi M2 1 42 " ,fi\. V2 i* " 
9 Wl Vi ~ i 43 ft " M2* " 10 Wl Vi 

6~ 
44 ft " M3* ft 

11 Wi Vl Ml 45 " fR Vl M2* " 12 Wl Vi M2 2 46 " " Mf" " 
13 Wl Vl M3 2 47 " " M3* ft 

14 Wl V2 Ml 2 48 ft " Ml* d2 
15 Wl V2 M2 2 49 ft ft M2* ft 

16 Wl V2 M3 2 50 ft ft M3* ft 

19 W2 Vl Ml 2 51 " .f?\ V2 Ml* ft 

20 W2 Vi M2 2 52 ft ft M2* ft 

21 W2 Vl ~ 2 53 ft " ~* 
ft 

22 W2 V2 2 54 ,,-Jw2 ft 1* ft 

23 W2 V2 M2 2 55 ft ft M2* ft 

24 W2 V2 M3 2 56 ft ft M3* " 
57 " ~~1 Ml* ft 

58 1\.3w2 M3* [2 

TABLE IV.l The Experim~ntal Design of the Main Test Series. 



vhere: ,,-, represents ratio of characteristic prototype to modal length = 312 
V1,2 represents wheel translational valocity Vi < V2 
W1,2 represents weight of wheal plus axle load Wi < W2 
cl 1 2 represfJJlts static friction angle of whe~ rim surface am sam 

, where d1 = 210 (polished aluminum.) am d2 = 340 (hard Rubber) 
M1,2,3 Torque Moment, M1 <. M2 <:M3 
M*1 2 3 Torque developed by Prototype wheal where the .scaling ratio 

., is 'dictated' by the interaction or wheel and sand. 

The specifications of the two supporting experimen,tal series are con-

tained in a second table,IV.2, using the same notation. 

Dl!5CRlPTION TBST TEST SPECIFICATION 
~ OF SUPPLEMENTARY SERIES NO. D W V M 

1. 2-Dimensional Test 

~2 Series, W1th âdd1tloliâl 29 D1 W1 V2 M1 
glass plates spaced 2.5/8" 30 Di W1 V2 M2 

6~ a~rt analogous to Tests 31 D1 W1 V2 M3 
1 , 15, 16. 

II. Exptl. Set-up as for 

i~ 
Tests of Table lV_i, but 33 D1 W1 V2 M1 
1/4" glass plates placed 34 Di W1 V2 M2 
adjacent to aluminum valls 35 Di W1 V2 M3 
of sand container _ see 
fig. III-

TABLE IV_2. Experimental Design of Supplementary Test Series. 

The numerical values of the controlled parameters D, W, and V, am the 

developed torques, M, are listed for each test number appearing in Tables 

IV-1 and IV_2, together vith the recorded surficial variables, in Appendix 

IV-A1. Slight variations in the vheel diameters, D, caused by the addition 

of a hard rubber layer, for~2, vere accommodated by adjusting the ratio ~ 
accordingly. 

B. MEASUREMENTS OF SOn. Mom-ŒNT BENEATH A VARIE1'Y OF CONTRCLLED LOADINJ 
PATTERNS. 

1. Some Kinematic Consid~.tion8. 

Reynolds (1876) vas one of the first to investigate the phenomenon of a 

rolling wheel on an elastic medium. With reference to fig. IV-1, the case 
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of an undeforming wheel rolling on an elastic surface is illustrated. R6,Ynolds 

experim~nts showed that for this partioular 
1 

situation the horizontal distanoe, %S, is less 

than the oorresponding peripheral distanoe, 

sl' due to the elastic extension of the sur-

face. Thus for one revolution the forward 

displaoement of the axle will be less than 

the wheel oiroumferenoe. In this oase the 

instantaneous centre of rotation is looated 

above the wheel rim - as shown - and thus 

Fig. IV-l. Sohematio of 
Situation desoribed by 
Osborne R!ypolds. (1876) 

any point on the rim describes a ourtate troohoid. Since the motion of a~ 

point on the rim in contaot with the soil has - for this case - a clockwise 

component of motion, backward motion of the elastic medium is facilitated by 

a na-slip condition occurring along some portion of the contaot zone. This 

prevents accumulation of compressed material in front of the rolling wheel. 

MoKibben (1938) appears to be one of the first to consider the kinematics 

of a rigid Wheel rolling on a non elastio surface. This contribution May be 

summarised with the aid of Fig. IV_2. The magnitude of the Velocity veotor 

at any point P is Tdl 
}Il-

.. l'here V is the trans_ 

lational velocity of 

pt. Ct d is the dist-

ance from. P to C' and 

r' is the distance CC'. 

If the point P is loc_ 

ated on the circle CC' 

the vector direction is 

Fig. IV_2 • 

Rigid Wheel 
Towed on non 
elastic surface. 
(After McKibben 
(1938) ). 

AC' 
instantaneous centre 

~I 



parallel to the wheel radius on whieh it is located. Ir the point P is 

located inside this circle, Pit the vel.ocity direction has a counter-clockv1se 

component perperrlicular to the radius on which it is located. However 1t' the 

point P is located outside the circle, e. g. point Po, it has a component 

vector direction acting clockw1se and perpendicular to the radius on whioh 

it acts. This means that in the region of whee1-soil contact AB the rim 

surface will have clockHise components ot motion resisted b,y counter-clookwise 

so11 reactions that tend to retard motion. In the region DB clockwise 

components of so11 reaction will be encountered. For this reason the region 

BD is orten referred to as the skid zone, when it exists. For the case of 

driven wheels, not considered b,y Mofibben, the eme situation can be repres-

ented in the negative slip zone. However with positive slips the instant-

aneous oentre of rotation, r t = V lu, i8 located above the wheal rim and thus 

al.l velooity oomponents perpendicular to the rim surface are clockNise. 

From an analytical approach Poletayev (1964) has suggested that the 

wheel-so11 interface may be subdivided into three characteristic zones of 

- slip, - cohesion, and - skid. The extent of any one zone has been 

expressed as a function of the soil_whael rolling frictional value, t·, and 

the angle 7f' where rp is the angle between the radius to any point on the rim 

- on the soil-wheel interface - and the wheel vel oc it y vector at that point: 

Skid zone Ci 0< y < - Je 
Cohesive zone -J"< 1jr< J~ 
Slip zone d'< y<C2° 

where Ci and C2 are dimensionless 

constants deperrlent on the boundary 

cond'ts., and proportional to sinkage. 

However Poletaye.v' s predictions of the tra.1ectories of particles initially 

on the soil surface bear little relation to those trajeotories observed e~ 

perimentally, by MoKibben (1938), Berlyn (1961) and Sitkei (1966). The S&me 

criticism may be made of the cycloidal trajector,y proposed b,y Vincent (1960). 

The path traced b,y a point on the rolling wheel' s rim surface has the 



ooordinat-es 

x = r ( ~ (1.s) + Sin 9 ) 

Y = r ( 1 + Cos 0 ) 
(IV.1) 

'Where the axes are as shawn in Fig. IV.3 below. 

SINKAG1&. 
-T-

~------ yl[(I-s)----~ 

Fig. IV.3 Curtate Troohoid of Rig1d Wheel 

on Detorming Soil (Positive Slip Condt. Shawn). 

It will be noted from this figure that for normal slip, s, the wheal 

advanoe per revolution will be 2r 1(1.s). Thus the wheel advanoe is iA-
greater than 2 r~(I-s) Iess than 2 r1(l-s) 

~e~8e*':r !JP8!JaNb!ll!lll fo'rslip in the (~" s <10~) range andlèiP8aU:~ pp.".. 

el"liieRIW.. in the negative slip range ( s <0 ~). 

In synopsis it should be said that although something is known about the 

kinematios of a rigid wheal virtually nothing is known about the kinematios 

of the soil on whioh this wheel rolls. In oonsequenoe the following questions 

arise: 

1) What are the oharaoteristio features of soil displaoement beneath 

2) 

a driven rigid wheel under a presoribed loading pattern and how do 

the displaoements vary as a funotion of radial distanoe from the 

wheel? 

Is this oharaoteristio displaoement pattern dependent on ohanges 



of the whee1 1oad1ng pattern? That 1s to say: what 1s the speoifio 

influenoe of wheel-1oad, - rim surfaoe texture, - trans1ational 

ve1ooity, and _ slip rate? 

3) What is the speoifio influenoe of whee1 size on the measured 

disp1aoements? 

With the aid of experimental information ga1ned from the radiographio 

results of the tests of Tables IV-l and IV_2, these questions oan, in part, 

be answered. 

B2. Three trpioal Disp1aoement Patterns. 

The translation patterns of dr,y sand beneath the oentre 1ine of a 9.25" 

diameter, hard rubber ooated, d2, whee1 rOl1ing at an average speed of 4.83 

ins. per seo., under three slip oonditions are shawn in figures IV-4, IV-s, 

and IV-6. The whee1 load, W1, was in aIl oases 24.2 lbs. In aIl figures 

the troohoids fo11awed by a point on the whee1 rim have been p1otted: pro1ate 

in the oase of Test No. 11 for a negative slip oondition and ourtate for the 

positive slip oonditions of Tests 12 and 13. The instantaneous oentres of 

rotation and the whee1 rim ve100ity veotors are also ino1uded in 811 figures. 

it should be noted that the trans1ation81 whee1 ve1ooity, V, and the rotat-

ional angular ve1ocity, ~, are considered constant for each test. This 

assumption is valid for the steady state conditions of the loading pattern 

in the region of study. 

Under these three loading patterns the coordinates of the tracer object 

locations, taken from S.V.S.I. output, have been plotted. The line, or 

path, connecting the two object locations is an averaged oomposite of the 

plotted translations. The variation in final tracer-object location is 

shawn by a shaded zone where measured variations had Bessel corrected standard 
~ 

deviations, ~ , greater than 0.0125 inches. The final tracer object . 
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location was attained for all points to the left of an approximate boundar.y 

shown in all figures. This boundar.y is, of course, a function of the res­

olution of the measurement technique. The shaded zones have been drawn 

with rectangular boundaries although in reality the corners should be curved 

and not square. It was observed that raised ridges, perpemicular to the 

plane of wheel rolling, were left behirxi the wheel in the rut for positive 

normal slip loading patterns. TheBe ridges of sand increased in frequency, 

though not in magnitude, as the positive normal slip inoreased. TheBe 

ridges resulted fram the development of shear planes in the near.surface 

layers ot the sand, manitested in the subsurface translation patterns and in 

oorresponding, measured, wheel torque fiuctuations. 

ooourred in all oases. 

Partial rut reoover,y 

The ridges in the case of test No. 12 ooourred at intervals of cl. 5"-. 

2" am for Test No. 13 at intervals of cl.25"-r 1.5". 

An examination of the translation paths in ditferent rows shows very 

similar translation patterns)for the three tests)for all corresponding rows 

below the first. This similarity is borne out statistically in Section 

IV-B3, with reference to the final tracer object locations. The top row 

'experiences' quite different translational histories. The initial trans-

lation is similar for the three tests in that it 'experiences' an upward 

component of movement and follows a similar path until negative component 

increments, in the .r direction, are 'experienced'. At this stage the 

patterns change for the three tests. The average displacement of the final 

tracer-object position, relative to the initial position, and plotted as 

(r,8) in the (r,s) coordinate reference plane have essent1ally similar 8 

values for the three tests but significantly different r values. This 

phenomenon is discussed with reference to all the other tests in Section 

IV.B3. 
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In this test series there appears to be a boundary located between Rows 

1 ard 2, below whioh the inf'luenoe of slip has little • or no • effeot. 
recognized in the resulting 

Above this bourdary there is an appreoiable influenoe of slip rate~8R 4èe 

translation patterns. Sinoe the S oomponents of each correspording row 

May be oonsidered of the sarne magnitude below this bourdary _ from Seotion 

IV.B3- it is evident that as the slip rate increases there must be an 

increasing amount of soil transported from in front of, to behird, the rolling 

wheel if the increased sinkage is to be aooounted for. It Sh01Ùd be noted 

that the measured sinkage of test No. 11 (.2.4~ normal slip) was • .591 inches 

ard of Test No. 13 (+33. 3.5~ normal slip) was 1.01 inches, am that the bow-

wave attained a steady.state magnitude. The longer translation path in Row 

1 ard the significantly dU'ferent r values would thus be oonsistant with this 

observed sinkage phenomenon ard the pattern of the wheel rim ve1 00 it y veotors 

at maximum wheel sinkage (for the three tests, imividually). 

With these general observations as a framework the translation patterns 

under the loading ranges listed in Tables IV.l and IV.2, oan be studied. 

BJ. An Analysis of Sand Di~lacement Patterns in Raw 1. 

Tracer.objects placed at an initial depth of 1 • .5 inches are referred to 

as first Row objects. The final translation history of these objects is 

examined in this section, as a function of the loading patterns described in 

Tables IV.l and IV.2. Since the actual 'translation path' is derived at by 

- Â: - ~ subjective interpretation, the statisties of r ± 2 vr and s ±2Vs have been used 

as a standard of eomparison; • where (r,s) are the averaged final relative row 

A " coordinates and (\rr, (fs) are the corresponding best estimates of the pOp1Ù. 

ation standard deviations. This statistic in eaeh case, ineorporates all 

errors res1Ùting from a) the radiographie technique, b) the superposition 

assumption, and e) any irihomogeneities resulting from the sand preparation 
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technique. Thus the only variation not accounted for is that of "between-

test" differences in the assumed 1.5 inch depth of object placing. This 

variation is not large - see Appendix m-B3. - and will be assumed to vary 

normally about a mean of 1.5 inches. ,.. 
Figure rI-7A has been plotted f'rom the r :!: 2 ~r results of' the main 

experimental tests and the two supporting test seri,js. The loading intorm-

ation corresponding to eilch test number can be seen in Appendix IV-Al. The 

following observations can be made f'rom this Figure, and are contined to the 

range of Parameters, D, W, V, M, and ~ used in this study. 

" 1) The final tracer-object position, r :!: 2~r, was for both wheels 

strongly dependent on the applied Torque, M, (or slip rate). The ,. 
trend is shawn by a curve drawn through the averaged r j; 2 <T"r values 

(positive slip only). It is clear that the results of low positive slip 

displacements, in this raw, at the 95 per cent confidence limits do 

not overlap with the abscissal values of the 95~ confidence bands of 

the same statistic at high positive normal slip rates. The slope 

of the trend line is shallower (CX2<0C:t) for the prototype wheel, as 

might be expected. That is, the position of the first row relative 

to the large wheel corresponds to an equivalent row at a depth less 

than 1. 5" under the scaled model wheel (i. e. at a depth of 1.5"/ À ). 

In this 'equivalent' row both forward (positive r) and backward 

( negative r ) values would be greater and thus the shallower angle 

<X2. 

The final tracer object position is thus in front (positive r) of 

the initial position for normal slips less than c9~, under the 

initial position (zero r) for slips in the c(8';t.(s -<20:t) region 

and behind the initial position for slips c ~ 20~. There is no 

significant difference in the zero r, normal slip cross over point 
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for the two wheels tested. 

2) The r :t 2 ~ r values appear to be uninfi ue no ed by the translational 

wheel velooities (Vl , V2) am (J1\. V1,{R.V2 ) the material of the wheel 

rim (hard rubber, [2, polished aluminum, ~) or the wheel loading 

range tested - for eaoh wheel - (Wl,W2 and ~1,~2) 

3) The substitution of glass side walls in the Series II supplementary 

tests had no signifioant effeot on the chosen statistio for the small 

wheel, Dl. 

4) The series l supplementary tests followed the same trem as that 

followed by the quasi three dimensional test series. (Test No. 30 

to be disoussed later). 

" Figure IV-7B has been plotted from the corresponding s :t 2,," s values for 

all tests, am the following observations oan be made: 

1) That, for the main test series, a horizontal line can be drawn 

that interoepts the 95 per oent oonfidenoe bands of al1 tests. This 

line, at s = _0.416", is oommon to both the results of the prototype 

and model wheel tests. Thus a sample from all populations is oommon 

to a11 tests in the series. 

2) There is no evidence that the parametrio variation of V, or d, -,.. 
for the ranges tested _ influence the statistio of s ± 2~. 

3) At low normal slip values the magnitude of the standard deviation, 
,. 
\J's, tems to be smaller than at high positive slip values, under 

both wheels, and greater under the prototype than under the model 

wheel. The noted ridges left in the rut after the passage of a 

wheel, at positive slip rates, attest to the fact that characterist-

ically different subsurface displacements are expected to occur near 

the surfaoe. These characteristically different modes of trans-
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" lation are observed from the radiographs aOO obviously lead to:7 ~ s ,. 
values at high positive slip rates aOO to :> <s values under the 

prototype wheel. !gain the 1.5 inch depth under the prototype wheel 

is analogous to a (1.5"/ Î\.. ) depth under the model wheel. 

lJ.) There is no apparent influence of the glass substitution, in the 

Series II supplementary tests. . 

5) The Series l supplementar.y tests resulted in characteristically 

smaller s values at the low positive slip rates. Test No. 30 i8 

not considered representative and w1l1 be discussed later. 

The significance of the above observations is discussed in Section IV-D. 

BlJ.. An Analysis of So11 Displacement Patterns in Row lJ.. 

The tracer_objects initially buried at a depth of lJ..5 inches are referred 

to as Row I~, objects. This raw was chosen as being typical of those rows 

beneath a boundary where slip rate appears to have no detectable influence on 

the Mean final, relative, s coordinate, s. The sarne statistic has been used 

for comparative purposes as that used in Section IV-B3 above. 

Fig. IV-8A shows the variation in the chosen statistic fcr all tests with 

the model wheel, in this row. Tt will be noticed that the treOO indicated 

in Section IV-B2 is followed c10sely by the other tests. Horizontal lines 

intercept all test variation populations. There is no apparent influence of 

any of the test variables on the final r coordinate value. The same stats-

ment applies to the s coordinate values with the exception of the supplement-

ary Series l results, which show a slight slip rate influence. 

In Figure IV-BB a similar plot has been made for all the Prototype tests 

and the same conclusions can be drawn as for Figure IV-8A. However the 

intercepts of the common horizontal lines are significantly different under 

the two wheels. It should be noted that the r value common to all Fig. IV-8A 
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populations.:is OlÙ.y common to test No. 43 of the Figure IV.B&poplÙations and 

OlÙy tests 21 am 49 overlap the common lines of the relative coordinate s. 

It is also worth noting that the 'common line' intercept on the s ordinate of 

Fig. IV-BB is equal to the scaling ratio À. J times the common \oille intercept, 

s, of Figure IV.BA (i. e. s10 = \ s9). However for the r intercept, r10.ft-

2r9 which represents a scaling ratio greater than Î\ = 1.5. 

These results w111 be discussed in Section IV.D. 

c. Rolling Wheel Sinkage. 

The sinkage beneath the urrlisturbed grourrl level (y = 0), am measured 

before the recover,y of the rut i8 reierred to as the rolling, or dynamic, 

8inkage (and denoted yo). 

If yo i8 nondimensionalised the influence of scaling the whee1 on the 

measured sinkage can be evaluated. These ratios are listed in Appemix V.B-1. 

The influence of variations in V, W, M, and ~, can also be studied on this 

basis. In Figure IV.9, Yo/D has been plotted against slip rate, for aIl the 

tests listed in Tables IV.1 and IV.2. It can be seen from this Figure that 

aIl the yo/D values for bath wheel sizes collapse into the same barxi of var· 

iation for aIl but the Series l tests. A study of the test specifications 

reveals no obvious trends to the variation within this barxi and thus, for the 

range tested, there appears to be no measurable inf1ùence of variations in V, 

d or W for either wheel. However the influence of slip rate, or developed 

Torque, produces marked differences in the sinkage ratio, yo/D. The two 

dimensional arrangement of Series l resulted in a quite different trend, that 

is discussed in section IV.D. It is considered significant that the scaling 

of sinkage • 'dictated' solely by the soil reaction • fOllows the linear 

scaling ratio, ~, adopted for the model study. 

The lins drawn through the plotted points has not been fitted matha-
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matically am is just included to demonstrate the trem of y olD vs. normal 

slip rate. 

D. Discussion of Results am Conclusions. 

D1. The Influence of the Side Wall am Lateral Constraint on the 

Measured results. 

A cocparison or all the ptotted results in Seotion IV-B shows that there 

is no deteotable influenoe on the ohosen statistio resulting from the substi­

tution of glass side walls _ as opposed to Alum1num ones - for the quasi three 

dimensional set up. The results of the supplementary test Series II, followed 

the trends of the main test series, despite the friotional differenoes of glass 

am Alum1num, with dry sam. 

The results or the supplementary Series l tests were, however, sign1fi-

cantly different from the results of the main test series, bath in magnitude 

am in the basio trends. Here the possible influence of lateral oonstraint 

on the translation path is oonfused by the possible side wall influence created 

by narrower separation of the constraining walls. Test No. 30 presents a 

case in point. The loading measurements of Test No. 30 - see Appendix IV.Al 

- are considered atypical not only of all other tests reported herein but 

fram the results of others, _ see proceedings of lst international I.S.T.V.S. 

meeting. The decrease in the recorded sinkage value, Yo' for this test from 

a greater value at a lower slip rate is one manifestation of this atypicality 
i\ 

- see Fig. IV.9. This would, in turn, affect the 8 + 2<> s value of Test Noo 
.1\ 

30, which when plotted in Fig. IV.7B shows a smaller 8:!: 2 ~ s value 

than both tests 29 and 31. The results of Tests 29, 30 and 31 when plotted 

in Fig. IV.BA show a significant influence of the 2.D constraint at low slip 
A 

rates and form a slip rate vs. (8:!: 2 <f s) trem. However, the sinkages, Yo' 

recorded for tests 29 am 31 only vary by 0.035 inches. It can th us be 
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concluded that the influence of the glass side valls in the 2.D tests produced 

differences in the measured displacements and sinkages that prevent a useful 

comparison of the two test series. These differences do not follow a simple 

'distortion' relationship and thus must be attributed to the side vall 

influence. 

A discussion of soil translation that occurs at right angles to the 

plane of the rolling wheel can more usefully be eX8JDined from another starr:1-.. 
point. Any Z component of translation will result in a corresponding image 

translation on the plane of the radiograph - see Appendix ~-1 • Since 

the tracer-object translations are 'assumed' to be confined to the (x,y) plane 

any actual Z oomponent translation will appear as a component of variation 

A " buried in the <0; or ~ terms. The traoer-objeots are, however, buried 

in the sand approximately ooplanar to the centre-line of the rolling wIleel. 

(i.e. the (x,y,O) plane). The wheel loading is thus ~symmetric. A 

detailed consideration of these facts and the sand preparation technique 

reveal no reason for a 'preferred' positive_ or negative- Z component of 

translation from the (x,y,O) plane, at any depth. There is no evidence to 

suggest that these component Z translations should not be normally distrib­

uted about the Mean relative final coordinate points (r,s) for any layer of 

tracer-objects. Considering the hypothetical case that the entire variation, 
A ,... 

(Js or <rr, resulted fram ± Z component translations this would restrict 

any conclusions to a study of the mean values (r,s) alone. If the resul ts 

of Section IV-B are re-examined in this light the conclusions require only 

slight modification. However, it is quite apparent that the component 
/'0 /' 

variations c:r rand çJs do not result solely from ::!:. Z component translations. 

The ridged appearance of the rut under positive slip rates attests to the 

fact that variation in the final s value of layers near the surface are not 
/'0 

only anticipated, but measured - see s ::!:. 2 <Çf s values in Fig. IV-7B. 
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Component variations resulting from all the sources discussed in Chapter III 
1\ " 

also contribute to the measured <S r and <J s values. 

The conclusions that fo11aw, have been generalised to accommodate the 

possibility of these ± Z component translations from the (x,y,O) plane. 

D2. Conclusions: 

The mensurational technique desoribed in Chapter III has, trom the 

limited resu1ts described in this Chapter, provided considerable insight into 

the nature of soil behaviour under rigid wheels. The measurement ot signifi-

oant horizontal sand translations provides oonvincing evidenoe that the Bern-

stein-Bekker assumption, ot equation (I-2), is unju8tified. Rolling resist-

anoe, R, is not orily dependent on horizontal sand translations but also on 

the wheel slip. From the preoeding results, it is clear that applied wheel 

slip..rate must be considered explioitly in Any theoretical or empirical 

prediction of vehicular performance. However the influence of slip-rate 

oruy extends to a limited depth beneath the rolling wheel. The entire slip-

sinkage phenonenon shawn quite graphically in Figure IV-9, is thus accommodated 

within this limited depth. 

In order to examine the nature of subsurface sand translations that 

result in the surficially measured sinkage, Yo' and in order to explain the 

slip..sinkage phenomenon, it is convenient to define an arbitrary boundary. 

This boundary is a plane, para11el to the undisturbed sand surface and occur-

ring at a depth, Ys: where Ys is the maximum depth to which slip rate can 

exert an influence on the measured tracer-object translation patterns. The 

sand translations above this boundary are characteristically different to 

those at depths greater than Ys. 

With reference to Figure IV.10, Region Athus includes sand translations 

that result from shear induced flow beyond 'yield'. Where 'yield' was 
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defined in Chapter l as the 

onset of significant inter-

particle displacements. 

('Significant', in this con-

ten is qualified by the 
REGION 

A 

limiting precision of the 

measurement teohnique and 

observations at a macroscopic 
REGION 

B 

level). Region B is charac-

terised by translation patterns 
Figure IV.1a Diagram Defining 

Regions 'A' and 'B' 
that are independent of slip­

rate, w1th1n the imposed experimental limitations described in Chapter III. 

However, the essential diagnostio features ot both regions are summarised 

below: 

Region A. 

i) The translation paths desoribed by traoer.objeots are dependent 

on the magnitude of wheel slip within this region, but independent 

of parametric changes in W, J, and V - for the range tested. 

ii) The relative coordinate, r, of the final tracer-object position 

iii) 

1s proportional to the slip rate, St in the follow1ng way, (for 

tracer-objects originally placed at a depth of 1.5"): 

for s <: c 9", r > 0 

for c9~ < s < c20(, r:!h 0 See Figure rI-? 

for s > c20~, r <:: 0 

" A Both ~r and \fs increase as normal slip rate increases. 

This reflects the nonhomogeneous strains resulting from shear 

induced 'yield' and flow within this region. The observed 
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transverse ridges across the wheel rut are surfioial manifestations 

of these non-homogeneous rlaw patterns. 

Region B. 

i) The translation paths are 1r:depem.ent of parametrio variations in 

ii) 

slip rate, s, am. in W, d, or V - for a given wheel size. Thus the 

relative ooordinate, r, of the final tracer-objeot position, is 

1r:dependent of slip rate within this region. 
" ,.. 

Both <f r and <J" sare oharaoteristioally independent or slip 

rate, thus rerleoting the homogeneity of strains within this reg ion. 

Relative inter_partiole movements within this region result in 

particle rearrangement and. overall 'oonsolidation', as opposed to 

large movements characteristic of rlaw. 

iii) The relative coordinate, s, within this region was dependent on 

the wheel used. For the fourth row tracer-objeots the magnitude of 

ë connnon to all the test popu1ations correspom.ing to the prototype 

wheel wes equal to \ } (the soaling ratio) l times the common s value 

for all the model wheel tests. This observation did not apply to 
analogous 

the Region A translations where the~onnnon line was found to be the 
- ,. 

same for s .:!: 2 cr s populations under both model and prototype wheels. 

The actual depth Ys' was found to lie at 1. 5"-P- 2. 5" for tests with the 

model wheel and at a depth of 2.5"- 3. 5" for tests with the prototype wheel 

- or approximately at .75b". 

Having defined these two distinct regions it is possible to oonsider the 

slip sinkage phenomenon; that is, Figure IV-9. From this Figure the sinkage 

ratio, Yo/D, is seen to va~ with wheel slip orily within the region (04% ~ s 

~ 024~). At slip rates above and below this range a constant, though 

different, ratio is attained. It is thus apparent that the increased sinkage 



in the (c4j ~ s ~24~) range is accommodated completely by ~and movement 

in Region A, sinee Region B translations are independent of slip. 

In the (s ~ 4~) slip region the measured, r, coordinate of the final 

tracer-object position is seen fram Figure IV-?A to be characteristically 

independent of slip in the Region A. This observation, coupled with the 

invariant equUibrium sinkage, Yo' supports the hypothesis that sand move­

ments characteristic of RegionS actuallyextend into Region A tor this slip 

range. This i8 conf'irmed, in part, by the representative translations ot 

Test No. 11, plotted as Fig. IV-4, lIbere s = _2.~. 
When slip rate is increased in the (c4~ ~ s ~c24~) range the ratio 

yo/D increases almost linearly. The subsurtace translations are seen from 

Figure IV-? to describe slip rate dependent translations in the horizontal, 

r, coordinate direotion. 
in part 

This increased sinkage is explained "by the 

measured increase in longitudinal soU transportation from in front of, to 

behind, the wheel. As slip increases, within this range, the discontinuities 

of flow created by an associated increase in the number of shear fallure sur. . 
/\ 1\ 

faces becomes evident in the <J r and () s values, and the increasing 

frequena,r of the ridges appearing in the rut. 

At slip rates greater than c24~ no significant variation in final hori. 

zontal coordinate, r, was observed, however the increased magnitude of both 
A 1\ <r r am c::Js reflect increased variation in the shear 'fallures' within 

Region A, am behind the wheel • see Figure IV.6. 

An examination of the translation patterns reveals that vertical comp-
,1\ 

onents of translation)(S ~ 2 ~s), appear to follow the linear scaling ratio 

adopted for the wheel scaling within the Region B. Since the measured 

sinkage, yo' followed this ratio it is thus evident that Region A translat­

ions result in the same ratio 1\, although this can not be measured in 

- !.t-terms of s ± 2 ~ s • see Figure IV.? The explanation for this 'effective' 
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scaling in Region A must thus be explained in terms or sand transportation -

or excavation _ rrom in front or, to behind, the Wheel. 

Horizontal translation components did not rollow the Î\. ratio or the 

scaled Wheels. This observation has considerable bearing on the scaling 

or torque in the Wheel-sand system, on Rolling Resistance as a variable 

quantity and on energy-dissipation mechanisms, that will all be considered 

in the following Chapter. 

It should also be noted that the translation patterns described by 

McKibben (1938) are significantly different to those shawn in Fig. IV'-4 

under a driven Wheel at a low negative slip. McKibben' s test wheal was 

towed at a similar slip value yet the translations contained only forward 

components (positive Â r) of horizontal translation. Thus the translation 

patterns beneath a driven and a towed rigid wheel at a simllar slip value 

are seen to be radioally different. 
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CHAPTER V 

ENERGY CONSIDERATIONS 

A. INTRODUCTION 

Ov'er the years various criteria have been used to evaluate vehicle 

performance. It is a fair generalisation that Most of these criteria are 

based, either directly or indirectly, on considerations of energy terms. 

Since nearly al1 previous measurements of the so11-vehicle system have been 

restricted to the measurement of vehicle parameters, the energy terms have 

correspondingly been associated with the vehicle and not the so11. 

In this Chapter the energy considerations are divided into two mutually 

dependent sections, namely a) considerations of the energy balance of the 

wheel and b) considerations of the possible mechanisms of energy dissipation 

within the soil. The concept of 'rolling resistance' is examined from a 

theoretical standpoint, and the scaling of soil-dependent energy terms is 

examined on the basis of experimental results. 

B. THE COMPONENT OF ENERGY LOST BY THE WHEEL TO THE SOlL. 

Bl The Plane Motion of a Rigid Wheel. 

The forces and couples acting on the test wheels can perhaps best be 

described by considering the wheel as a free body, as in Fig. V-l. 

For the conditions of these tests: 

1) The wheel is assumed to be plane rolling in the (x,y,z = constant) 

plane, on a smooth-, level-, longitudinally homogeneous-, sand 

surface. 

2) At the axle a driving torque, M, a vertical force, W, and a hori-

zontal force, F, are applied. The couple, M, is considered as the 
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net applied couple acting at the hub: being the algebraic sum of the 

driving couple, Mel , and the bearing friction couple, Mt, , acting on 

the axle. The force F is often referroo to as the Draw Bar PW.l am 

is considered positive when the wheel deve10ps a tractive effort and 

negative when the wheel is towed. The force, W, represents the 

"load" acting through the centre of gravit y of the wheel. 

In the associated literature a force, Q, representing the vector 

sum of aIl the resultant soil reaction forces in the contact region, 

is added to complete the free body diagram. Although measurements 

of stresses on the wheel rim have been made by severaI researchers 

virtually nothing is known of the stress distribution within the soil 

that could be used to de scribe the force Q. Naturally a complete 

speciri~ation of the magnitude and direction of this resultant soil 

reaction would provide the essent1al information required for pre-

dicting wheel performance. Using the mensurational technique des-

cribed in the previous Chapter it is possible to de scribe the 

deformations and translations occurring within the soil mass as a 

first stage towards the specification of Q. However the necess~ 

stress-strain and stress-flow relationships are not presently 

available to speciry the stresses from the measured deformations. 

It is for these reasons that the resultant soil reaction is assumed 

to act at a distance di from the axIe arrl at an angle~, from the 

vertical line through the axIe. The direction of Q, shawn in Fig. 
a 

V-i, corresponds to the case of/positively slipping wheel with a 

developed drawbar pull. 

The wheel is assumed to be rolling in a steady state condition 
. 0 d 

where the vectors i and E;= w (and thus slip-rate) are constant • 
.... 

Since the accelerations i andw are zero, and sinkage, y 0' and slip 
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rates, s, are constant, time May be considered as a dl~y va~iable. 

The equations or motion ror the plane rolling wheel: 
oe 

mi = Q Sin ex: - F 
GO 

myC = 0 = Q Cos ex: - mg 
o 

Izz If = M - ~l 

w 

1 

~~~~~~~~~. --1 

~;t 1'-
Fig. V_l The Driven Wheel as a Free Body 

(Case or Positive Slip is represented). 

(V-l) 

where m = W/g and Izz is the moment of inertia about the axle, thus reduce to 

the equ:Uibrium equations: 

Q SinOl- F = 0 

Q Cos ()(,_ W = 0 (V_2) 

and M - ~1 = 0 
00 

Since x = ~ = zero. 

The forces acting on the side wall or the wheel are neglected in this 

representation, but with this one restriction equations (V_2) are valid for 

any chosen loading combinat ion or resultant soil deformation encountered 

in this testing. 
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B2. Energr Definitions and the Conoept of Rolling Resistanoe. 

The basio energy quantities have been considered b.1 Bekker (1956), 

Leflaive (1966), Schuring (1966), and others, for the case of a driven rigid 

wheel. In the most general terms,three quantities can be considered: 

1) The torque energy: This is the work done by the torque M, am may 

be positive or negative • see sign oonvention of Fig. V.1. In all 

cases oonsidered herein this term is positive. 

2) The Pull energy: This is the work done b.1 the draw bar pull, F, am 

May be positive or negative depending on whether the wheel is devel. 

oping a traotive effort or being towed. 

3) The dissipated er.ergy: This is the difference between the torque 

energy and the pull energy ard is a1ways positive. Since the wheel 

is rigid and M = Md+(.Mb),this energy is lost to the soil. It is, 

in fact, the component of energy that causes the resulting trans. 

lations, rotations, volume changes and acoelerations that constitute 

the soil reaction to the wheel loading. This term will be denoted 

as Einput. 

From first principles the rate of energy input, or rate of energy dis-

sipated to the soil from the wheel is 
o ~ 

Einput = Mw. Fx (V-3) 
C> 

where Mw is the rate of torque energy input and Fi is the rate at which energy 

is supplied or recovered (as a pull). 
o 

The rate of energy dissipation, Einput, may be written as a function of 
o 

slip. Since normal slip, s, is defined as s = (1 • x/~), equation (V-3) 

becomes: 

Éinput = M [ i J. Ti 
r{1-s) 
o 0 

or Èi t = i (M - Fr + F1"s) = x f(Fs + M • F~ (V.4) 
npu (rn-s» (1-s) L r J 
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Ch:udakov (19S0), Phillips (1961) and others have suggested that the 

Einput term should be proportional to the wheel load, W, am have thus termed 

the proportionality constant,~', the non-dimensional coefficient of Rolling 

Resistance. Thus: 

Einput!unit distance travelled by weel = ,/J' W 

o , JI. 
or Einput =...,p Wx 

(V-s) 

1 Both Phillips and Chudakov chose to consider the coefficient...!" as 

analogous to the CoUlombic frictional coefficient, since the (Einput!unit 

distance travelled) term has the dimensions of force. The fallacy of this 

argument may be seen from equation (V-4). By substitution, 

,. .. 
.fi w = ~ (Fs + M - F) 

(1-s) r in Phillips 1 context 
(v-6) 

The CoUlombic relationship orily hOlds~when s = 0 and there is no applied 

torque (i.e. M = 0). Then: , 
~W= - F (V-7) 

Schuring (1966) has made the claim that the CoUlombic relationship (V-7) 

oruy holds for "fUll slip" comitions and thus points out the questionable 

nature of Equation (v_6). In practice it is questionable whether the 

Coulombic relationship is even approached in a sandy soil under ~ reasonable 

slip condition. Because Einput!unit distance)has the dimensions of a Force, 

Rolling Resistance has been regarded by maqy as a "Force". Not orily is this 

incompatible with aquations (V_2) but it has also led to much confusion in 

the associated literature. It is this writer' s contention that the concept 

of "rolling resistance", per se, be dropped and that either "Einput per unit 
o 

distance travelled by the wheel" or "Einput" be adopted as more meaningful 

parameters of Vehicle performance. In comparing test resUlts from scaled 

wheels it is convenient to express the energy components of equations (V-3) 

or (V_4) as dimensioruess quantities. Leflaive (1966) has suggested the 
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following dimensionless relationship, by dividing a11 terms of equation (V-3) 
0 

by W!} 
0 

Etyut = Mw F 

~ li 

~' A 
(V-8) 

or = '? 
Dissipated Torque Pull 
Energy Energy Energy 
Coeffioient Coeffioient Coeffioient 

Thus..;p', although identioal to Phillips (1961), ooeffioient of rolling 

resistanoe, will now be referred to as the energy that is not reoovered 

meohanioally per unit of Load per unit of distanoe travelled am referred to 

by Le fla ive (1966) as the "dissipated energy ooeffioient". 
, 

Unfortunately it is not possible to evaluate the parameter ~ , for a11 

the tests listed in Chapter IV, as the drawbar pull flexure measurements did 

not prove to be entirely satisfaotor.y. Referenoe to a sample Drawbar pull, 

D.B.P., output signal traoe in Appendix ~C1-3 shows a oharaoteristioally 

large fluotuation. The reason for this i6 thought to rest in the faot that 

the wheel.frame-assembly is vibration sensitive, whoreb,y minor fluotuations 

in the torque output and the angular .meel velooity result in an overoompen-

sation in the D.B.P. signals. The net result is a Mean D.B.P. value 

approaohing zero pull for eaoh flexure. It is evident that the U.S. Army 

Waterways Experiment Station researchers experienoed similar mensurational 

problems during their early testing on sands, (persona! communication with 

D.R. Freitag). 

Fortunately, however, the torque energy coefficients, f( , can be 

evaluated more precisely and can be compared: to provide a meaningful esti. 

mate of the scaling of forces in the wheel.soil system. It is tirst 

necessary to consider the basis for scaling the test wheel loads, as this 

has considerable bearing on the subsequent conclusions. 
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B;3. The Similitude Parameters. 

A successful scaling scheme is defined b.1 four basic parameters, Sedov 

(1959), which provide the "necessar,y and surficient" conditions for describing 

- in this case - the state of motion and régime of the soil-wheel system: 

1) The scale parameter: represented in this case by the linear 

scaling ratio, ~. 

2) The Kinematic parametersi these contrOl the relationships of time, 
• 

t, translational ve1ooity, x, and angular 

wheel velooity, Ir. 

:3) The dynamo parametersl the ooordinates of the oentre of gravit y 

of the wheel; the moment of inertia Izz' 

relative to ooordinates at the ax1e passing 

through the centre of gravit y: the vertical 

component of the given external force, (W= mg). 

4) The physical constants: acceleration due to gravit y, g, the sand-

density~ , -preparation tecnnique and -type. 

In view of the speculation surrounding the nature of soil behaviour it 

was necessary to consider the wheel parameters alone in the initial fo~ul-

ation of the ratios - see Appendix IL-Cl-l. This is only justifiable if 

the resulting scaled loading patterns are run on the sarne soil medium, 

prepared in the same manner, for &11 tests (compared). There are some 

scaling ratios - for instance, those describing force - that are 'dictated' 

by the soil reaction and can not be completely described by considerations 

of the wheel parameters alone. It is thus essential that precise simula-

tion of the loading patterns be made if valid conclusions are to be drawn 

on the 'soil-dependent' scaling ratios. 

From the previous Chapters it 1s readily apparent that Sedov's conditions 

1), 2) and 4) are met by the loading patterns described in Appendix IV-Al. 
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However, the fact that the spatial distribution of mass is not analogous in 

the model and prototype requires further consideration. 'flle vertical cam-

ponent of force, W, has been scaled in accordance with the designated ratio 

of ?\!, but this vas achieved by mounting additional loads above the wheel 

ax1e and not by sca1ing the inert1al moment Izz by 'A:. The centre of 

gravit y of the whee1 load may be c'onsidered to act through an homologous 

point in both model and prototype wheal, and thus satist'y the necessary 

BCal1ng ratio. &luations V_2 contain neither angular or translational inertia 

terms as, for each test, both angular and translational velocities may be 

considered constant. Coupled with these considerations is the observed sand 

reaction to the wheel loading. For a given whee1 and slip rate the trans-

lational paths of the tracer objects appear to be independent of the angular 

wheel velocity, •• This is equivalent to saying that the vector summation 

of the interface so11 reactions, Q, - see Fig. V-l - is independent of the 

~ngular velocity, and thus of any effective rotational inertia term, Iz~ 

for the range of loads tested. It is therefore concluded that, for the 

experimental test conditions used, the loading patterns meet the l''equire­

ments of dynamic similitude and thus Sedov's condition 3) is effectively 

satisfied. 

B4. Variations in the Recordad Torque Energy Coefficient, TL • 

The torque energy coefficients,"1 ' have been calculated from results 

tabulated in Appendix IV_Al, for each test, and are listed in Appendix 

V -B-l. Since slip rate must be considered as a primary physical process 

the ~ values for each test have been plotted against the corresponding slip 

rate, s, in Figure V_2. From this figure it may be obserVed that: 

1) All '1. values corresponding to the prototype wheel fall within a narrow 

band wbere 1 is shawn to be dependent on slip rate, but - for the range 
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tested _ is independent of wheel surface material, cS , translational 

wheel velocity, V, and slight load variation, W. 

2) The t values corresponding to the model wheel tests plot above the 

prototype wheel values and, vith the exception of 6 tests, also faIl 

within a weIl defined band. Three ot these exoeptions oorrespond to 

the two dimensional tests ot Series l - Table IV_2. (The other three 

correspoM to the V2 &1 test series). However, within this upper bard 

the parameters ot axie load, W, translational wheel velocity, V, or 

wheel rim surtaoe material, è, exert no signiticant influence on the 

developed torque, M. 

3) Although the resUlts trom both wheels are dependent on the slip rate, s, 

the 11miting-dotted-bands Show a divergence between wheel sizes; i.e. 

they are not parallel. 

4) The t values trom the supporting Series II tests - see Table IV'-2 -

showed no recognizable influence resulting from the substitution of glass 

for aluminum as the side walls of the sand container. 

These results clearly demonstrate the distorted scaling of "force" and 

"moment of torce" that result fram a consideration of the wheel parameters 

alone. The OlÙy • soil dependent· parameter in the torque energy coeffie-

ient "'L ' is the applied torque, M. If the developed torque of the proto­

type, Mp, f'ollowed the scaling scheme (Mp = Mm ",4) the prototype 1. popul-

ation would all reduce to the model '« band. In practice however it is 

quite apparent that the scaling of' torque corresponds to a lower power of 

the scaling ratio. Designating this relationship as: 

fT orque developed J 
Lby prototype wheel 

= '\ lA rTorque developedl 
ALby model wheel J 

(V-9) 

for a given slip rate. The power, ~, has been evaluated in Table V-1 below 

for two slip rates: namely at c5~ and c20~ slip, where ~ = 2.8 and 3.0 

respectively. 
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MODEL, Il, 

'l • SLIP(~) TEST NO. or PROl'Ol'YPE, p W u V or '% M 

22 m .46 28.2 1.78 7.79 4.99 .56.53 

(22)* p .28 92~ 1.46· 9.6* 4.99* 169* 

20 m .692 28.2 1.36 5.06 19.74 72.98* 

(20)* p .465 92. 1.12* 6.18* 19.74* 237* 

SCALOO RATIO ~W~ 
~. tc.1,.. Vp·V~ Sp=S-"\ l1r-J4..\1l Â... = 1.48 'IR 

* = AlI items so marked have been calculated t'rom observed ~ values - see 

Fig. V_2 and known scaling ratios. 

wheres tA" = { Logio (lIpi!Mmi) l 
Logio 1\: for slip rate si 

lA~ = 2.8 for Test 22 l , c 5~ slip 

U1 0 = 3.0 for Test 20 ~ c 20~ slip 

Table V-1 Sample Determination of the Torque Scal ing Ratio, ~. 

The scaling of forces follows a ~-' relationship and thus for the two 

slip rates arbitrarily chosen this t'oree component is approximately 1l2• The 

experimentally determined 1\2 relationship for scaling force is considered 

Most significant as a J\? relationship would have resulted t'rom ascribing a 

Coulombic behaviour to the sand. Here, however, it is necessar,y to dist~ 

guish between externally applied forces that are either a) independent of, 

or b) dependent on, the soil reaction. 

In previous model studies, where plates and segments have been loaded 

vertically on sand soils, Schuring (1961), Hegedus (1965), and Wills (1966h 

have measured the penetrations corresponding to externally applied scaled 

(category a» loads. In all cases they observed.that t'or a ~3 ratio of 

scaled load they obtained a penetration, sinkage, that t'ollowed the linear 

scaling ratio, "-. This same observation m&y be drawn t'rom Figure IV-9, 
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where under an analogous zero sinkage condition the ratio yo/D was shawn to 

be the same for both wheels, within the limits of experimental accuracy. 

However, the limitation of vertically loaded plate penetration tests 

is clearly emphasised by the results of the previous section. When the 

total soil reaction to wheel loading is examined, the scaling of sorne 

'soil-dependent' forces are seen to follow a cl\: scaling ratio and not a 

~ ratio - as predicted from plate bearing tests. Without a considerable 

degree of empiri.cism, the only viable plate bearing test would be one that 

reproduces the subsurface deformations and translations created by a 

dr1ven rigid wheel. Since the translation patterns of soil movement are 

functionally dependent on both wheel slip and the method of load application -

see Chapter IV - it is readily apparent that vertically loaded plate 

penetration tests do not even approximate the loading conditions of a wheel. 

Plate penetration tests with a horizontal component of load application, 

have been developed by Dickson (1963) and Reece (1966). to provide more 

information on the slip sinkage phenomenon. However, it is unlikely that 

either of these penetration tests produce translations within the 80il. that 

are even similar to those occurring beneath a rolling, rigid wheel. 

C. CONSIDERATIONS OF ENERGY DISSIPATION WITHIN THE SOIL 

Cl. Preliminary Considerations 

From the definitions on page 81 the Einput term May be considered as 

that energy which is dissipated within the soil. since the energy losses in 

the wheel carriage bearings and in overcoming air resistance to wheel motion 

May be ne~lected under the loading conditions considered. 

To undertake a rigourous analysis of the constituent components of this 

Biaput term and quantitatively evaluate the magnitude of these component 
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dissipative mechanisms it is necessary to specify both the stress and strain 

fields occurring within the soil mass. Unfortunately there appear to be 

no viable constitutive equations available to relate stress and strain in 

this complex deformation process and for this reason the stress histories 

can not be deduced from measured deformations,in the absence of stress 

measurements. Thus it is not possible to quantitatively evaluate the Einput 

term by following either the continuum approaches of Hill (1950), Prager 

(1961) or Ziegler (1963) or the particulate approaches of Rowe (1962), 

Horne (1965) or Barden and Khayatt (1966). In the context of the testing 

described previously any discussion of energy dissipation within the soil is 

neccssarily speculative. However, although it is not possible to attempt 

to evaluatc the contribution of each of the energy components that together 

constitute the Einput term it is possible to speculate on the possible 

mechanisms of energy dissipation from considerations of soil behavio~~ 

beneath the test wheels. Here again it must be cmphasised that the recorded 

deformation measur~ments were restricted to a plane with an upper boundary 

1.5 inches from the undistrubed sand surface. Thus the following discussion 

of energy dissipation is bas~d on the approximately two dimensional soil 

deformation history of a restricted region. 

In dry sand, energy is dissipated wh en adjacent particles or assemblages 

of particles change their relative positions. In the following discussion 

an attempt is made to isolate some of the possible mechanisms of energy 

dissipation from a decomposition of the deformation and velocity gradients 

and from an examination of analogous components of dissipation. Despite the 

speculative nature of the following development it is hoped that a clearer 

understanding of the physical model May be realised and that a framework will 

be cstablished for subsequent analysis - once stress information i8 made 
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available. 

Before discussing the contributing mechanisms it i8 first neces8ary to 

establish a suitable coordinate refcrence system. In figure (V - 2a) the 

reference configuration of material particles P of the sand in the undeformed 

state are given by ai(P) in a generalised coordinate system. This con-

figuration undergoes a rigid translation and deformation beneath the wheel 

and the material particles adopt the new - spatial - position Xj(P) in a 

second coordinatc system. Both of these configurations arc related by a one-

to-one mapping of points fram the undeformed volume VO)to the points contained 

in the deformed volume V. That is: 

(V-a) 

At this stage it should be emphasised that this representation of 

deformation is essentially different to that illustrated in figure 111-6. 

Hcre the wheel may be thought of as rotating but not translating and the soil 

as being transported ~ masse (as if on an endless belt) at a velocity of 

magnitude equal to that of the wheel in Figure 111-6, but in the opposite 

direction. 

OE.F<J\:::MEO 
CONF! (:.V!lÂT 1 

SAN D 
UNOEroeKEO 
<.O'-lFI"O~T,OIll 

Since components of energy dissipation that depend on powers of the 

velocity of deformation will be discussed it is convenient - but not essential -

to consider dissipation as a polynormal of the form: 

O[Xj(P)] = a. + b[x}p)} + ClXj(p)lZ+ , .. (V-IO) 
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where Xj are the genera1ised spatial coordinates, and the coefficients a, b, c, 

are associated with mechanisms of energy dissipation to be described be1ow. 

Because wc are eoncerned with the gradients of deformation and deformation 

rates - sinee energy is dissipated in relative sand motion - equation (V-10) 

serves only as a general statement of energy dissipation velocity dependenee. 

C2. The Dissipation Funetion (V-lO) and Som.:! Exp~rimental Results 

In his discussion of energy dissipation in a deforming assemblage of 

cohesion1ess partieles, Horne (1966) eoneludes that solid body friction not 

only governs the overall behaviou~ of the assemblage but also acts as the 

primary dissipative meehanism. In this section frietional dissipation is 

eonsidered under two categories: the first where the dissipative mechanism 

may be considered as quasi-statie, and the second where friction eontributes 

to a 'viseous-like', or deformation-rate dependent form of energy dissipation. 

This first eategory is contained in the "a" coefficient of equation (V-lO) 

and is thus assumed to be independent of the rate of dissipation. 

In order to consider the "a;/ coefficient in more detaii. it is first 

necessary to define, for an assemblage of sand particles, the assumptions of 

finite strain homogeneity, the coordinate referencc system and a formalism 

for deriving the invariants of finite strain and finite rotation from 

measured deformation gradients. 

Finite homogeneous strain has been defined by Jacger (1962) as the special 

case of general strain where straight lines remain straight after straining 

and parallel lincs remain parallel, though their direction may be altered. 

In addition, a sphere imagined to be embedded in the unstrained materia1 at 

any point becomes an ellipsoid after straining. This ellipsoid is termed the 

strain ellipsoid and its axes are defined as the principal axes of strain. 

These assumptions appear to be justifiable for sma!! assemblages of sand in 
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either region A and/or B - see Chapter IV - but not in the transition zone. 

From the assumption of strain homogeneity it i8 possible to reduce the 

generalised coordinate systems of Figure (V-2a) to two simple Cartesian 

reference systems with origins, for the purpose of discussion, at the points 

With ref~rence to Figure (V-2a) the àeformation of a vector dai in a 

rcstricted two di~ensional region is now examined. In the undeformed con-

figuration a contiguous 'line' of sand particlcs laying betwcen points ai and 

(ai + dai) may be visualised. In the deformcd configuration these particles 

remain in a straight lino, consistant with the assumptions of strain 

homogeneity, and lay bctween the points Xj and (Xj + dXj)' 

From equation (V-a): '\. 1 . '\ 
dXj = dXJ C\C{l JO l =: cJC\( otXj (V-b) 

~Cll dÏJ 
The deformation gradients, ~XJ' and ~~l , may be decomposed into their 

~i 'âij 
constitu8nt components of strain, rotation and translation, by invoking the 

polar decomposition theorcr.l described by Toupin (1956), Truesdell and Toupin 

(1960), Coleman and Noll (1961) and Eringen (1962). This theorcm states 

that any invertible dcformation gradient may be written as the product of a 

symmetric positive definite tensor and an orthogonal tensor, or vice ~. 

This formulation of decomposition not only provides a framework for the 

analysis of finite deformations but also reduces the essential components to 

physically meaningful - and measureable - quantities. To relate the 

decomposition theorem to the physical model the geometric nature of homogeneous 

strain decomposition can be explained with the aid of Figure (V-2b). 

In the plane of interest a circ le in the undeformed state is deformed 

into an ellipse - consistant with the assumptions of strain homogeneity. With 

reference to Figure (V-2b) a circle with radius dS=J~~()~o..iJ.aj 'and centred at 
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FIGURE (V - 2b) 

ds = magnitude of undeformed vector da 
l, 2, denote principal strain direction 

FJGURE (V - 2c) 

80th diagrams are used to illustrate the mapping 

dx' :1: 'JXj d.(1~ 
J ~, 

which by the decomposition theorem, Toupin (1956), 

reduc:es to the form d'Xj = ~pj L\p",\r4' -"R "'~ SSL ck.
t 

'l'he diagram is not to seai e and i5 oë1sed on the physi~;['situation illustrated 
in FTGUf<E (V - 2a). 
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ai, is distorted into a spatial ellipse at Xj. Here Sij is kronec~er's delta. 

The theoretical justification for an ellipse may be found in the positive 

definite nature of the Cauchy-Green deformntion tensors - see Eringen (1962). 

The components of translation, rigid body rotation, pure strain, and 

volume change, are now considered individually with reference to the undeformeè 

vector, dai' and its final deformed position, dXj. 

1) Translation: The particles of sand laying along the vector dai 

are translated by a one-to-one mapping from the ai to the Xj systems, 

i.e. 

J.x.s = ~SlJo. ( 
where ~Si is KronecWcr's delta. 

(V-c) 

ii) Rigid Body Rotation: The principal axes of strain are shown 
~ 

diagramatically, Figure (V-2b), to have undergonc a rigid body rotation 

of 1f degrees. The finite rotation tensor, Rqs, ùcfined by Spain 

(1956) and Jeffreys and Jeffreys (1967), can be rcduced to the two 

d imens ionll.1 f orm : _ 

'K'ts = L cœ ~ E1s - ~ÙA 0/ e~vs rlv 1 
where ~~vSi8 the Levi-Civita dcnsity; q~s=l, 2 or 3, r=3. Using 

this ten80r the principal .train axes of the circl~ may be brought into 

allignrnent with those of the ellipse and consequently the line element 

èxs i8 rigidly rotated 1[ degrces, i.e. 

cÀx" = 1è't~ J X", 
(V-d) 

Consider the diagram below: 

Unstrnirl<!d Statc 

1 
( 

/ 

'. 0 

1 

0(2 

Strnincc1. State 
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If the length of the unstrained line OB is r, and that of the strained 

line OB' is r' then the stretch of line r is dcfined as \.== 1('1. If 
Y 

the principal axes of strain are orientated as shown above then 'X:=XI~' 

élnd -:..c~ =x 2~1where A l 'fA! are defincd as the principal stretches, 

(À I>Àz). It can be shown - see Eringen (1962) - that the principal 

stretches, or the semi axes of the strain ellipse, are equivalent to 

the reciproca1 of the square root of Cauchy's finite deformation tensor 

eigenvalues, for the formulation illustrated in Figure (V-2b). In 

the situation ùcscribed the principal strain axes arc not co1inear 

with the refcrcnce axes - see Figure (V-2c). If zl and z2 represent 

the principal stretch axes in this figure and dXq represents the 

coordinates of the translated and rigid1y rotatcd vector dai' in the 

(Xl' x2) coordinate system, it is first necessary to refer the dXq to 

the (zl' z2) system. By the simple linear transformation: 

JZ r == ~.YCY J X" (V-e) 

where ~yj is a two dimensionai array of direction cosines. The 

are then deformed by pure stretch to form the vector components 

by contraction with the stretch tensor ~pv-: Le. 

(V-f) 

where L\pv = lÀ, 0 l 
L 0 "'A2 J 

Note that unlcss the dZr lay aiong the principal axes of strain this 

stretch will incur él further rotation. The dz'p are then transformed 

linearly to the (xl ' x2)coordinate system by using the transpose of 

the direction cosine matrix to give the final position of the deformed 

vector - sec Figure (V-2c) 

(V-g) 
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iV) Area and Volume change: The area of the ellipse in Figure (V-2b) 

is Tl~)..tJs~ , whereas the area of the undeformed circle is 1(d'5~ . 
Thus the product À,Àl' is identica1ly equiva1ent to the relevant 

Jacobian of this deformntion and lÀI~l-I)Tfc..t,,>t represents the change of 

area in deformation. It may be shown thnt the corresponding volume 

change) \1.,::\ , is (À)\L -~)~J? It is therefore obvious that the 

thirè invariant of the stretch tensor, ~r~' is in fact the relevant 

Jucobien. 

Co11ccting terms in the equations (V-c, -d, -0, -f, and -g) the components 

of translation, rotation and stretch can be groupeè together to give one 

equation describing the mapping of dUi to dx
j

: 

av (V-h) 

Both the scretch tensor, ~pv, and th~ finite rotation tansor Rqs' can 

be evaluated diractly using a variant of the radiographic technique described 

in Chapter III. For the assumptions of strain homogeneity to be valid the 

tracer-object grid shou1d be fincr than that chosen for the experiments 

r~porteè in this thesis and for this rcason the invariant fields of the two 

tansors can not b~ dctermined at this til~C. However there are no theoretical 

difficultics, other than those described by Roscoe, Arthur et al (1963), 

associatcd with the use of a considerably finer grid. It should be noted that 

the rotation of the tracer-objects in the deformation process provide a check 

on the rigid body rotation ~ derived from the decomposition of the deformation 

gradients. 

Equation (V-h) has bcen deve10ped as an example of one representation 

of the decomposition of deformation. It shoulc1, however, be emphasised that 
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the theorem of decomposition May be used for both material and spatial 

coordinate reference systems and that the mapping is independent of the 

order of application of translation, rotation or stretch. A proof of this 

statcment May he found in a theorem by Toupin (1956). The introduction of 

this formalism for finite deformation analysis is seen as an essential 

step towards a complete analysis of energy dissipation, by rate independent 

mechanisms. In the absence of stress information it is only possible to 

discuss some of the mechanisms coni.:ributing to the ;'a" coefficient of 

equation (V-lO), and here only in a qualitative way. 

First by considering the deformation of an assemblage of sand particles 

the isolation of rigicl body rotations and pure strains immediately separates 

volumetrie and surface components of energy dissipation in a manner 

analogous to Prager's (1961), continuum approach. Frictional dissipation 

of energy resulting from relative sand motions within the assemblage 

resul~from a stretch, or pure strain, situation whereas in the case of 

rigid body rotations relative particle movement only occurs on the surface 

of the rotating assemblage. As Horne (1966) discusses, energy is not only 

dissipated in sol id-body friction resulting fram inter-partie le motions 

but also in cracking, crushing and possibl~ plastic d~formation of the 

constituent sand particles. To what extent these latter mechanisms 

contribute ta energy dissipation under the loading conditions considered ia 

not certain, although Horne considered their contribution small enough ta 

be ignored. Since the history of deformation of an elemental volume can 

be traccd and decomposed it is possible ta separate recoverable from 

irrecoverablc volume changes. Thus, once stress information is availablc, 

the above analysis of strain will permit separation of the elastic or 

'elastic-like' strain energy component from the net energy supplied. 
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Since both the soil translations and the measured wheel torque appeared to 

be independent of the translational wheel velocities used it is evident 

that the "a" term of the polynciliai (V-lO) accounts for Most of the energy 

expended in the tests report eL herein. 

The second coefficient, lib", on the right hand side of equation (V-IO) 

accounts for those dissipative mechanisms that are proportional to the 

first power of the velocity,or rate of deformation/gradients. In ~iscussing 

this coefficient it is convenient to restrict the discussion to results of 

the two dimensional test No. 29, as this allows for the extrapolation of 

measurements under the centre line of a wheel - see shaded area in 

Figure (V-3) - to adjacent parallel planes extending to the containing side 

walls. The following formulation is with reference to the spatial 

coordinates, Xj' which have taken the form Xl = x, x2 = Y and x3 = z. A 

typical subsystemJèefined as an assemblage of particles,is illustrated in 

Figure (V-3) insert. It should be noted that the influence of the 

containing side walls on the measured translation patterns and thus on the 

velocity and acccleration histories, will be assumed negligible in this 

development. This is 
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INSERT 

Efrictxr 

Efrictyx 

1..4--1-+-+--- AREA OF 

Diagram of Test 29 Geomet~ 

RADlOORAPHIC 
COV'ERAGE 

E:rI'ENT OF 
WHEEL INFLUENCE 

SAND CONTAlNED WlTHIN 
THIS WIDTH (TEST 29) 

a convenient assumption that does not necessarlly follow fram the discussion 

of Chapter ri. 

Having already defined the s;ubsystem: an elemental volume dV, with mass 

centre (x',y',z') will be considered with reference to Fig. V-3, above. The 

rate of energy loss due to the displacement of frictional forces will be 
Il 

termed, Efrict. Considering the elemental cube shown, above, an expression 
o 

for Efrict can be derived using some simplifying assumptions. If it is 
.CI • 00 ' 00' 

assumed that the averaged accelerations of the mass are i and y (where z = , 
0) then the forces normal to the Y and X faces of the cube are ~ 1 dV and 

00' 

.Jx dV respectively - where.,)) i6 the instantaneous Mean density of the 

elemental vol ume. If,)t'fi a~X are the frictional coefficients on the 

x and y facing surfaces of the cube then the friction forces acting along , , 
"0 _00 

these faces are~~~ dV and~y~Y dV respectively. The distance 
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, 
moved by these forces is forkl}!f dV, 'di dx and for the force on the Y 

"\ Y 'dx 
facing surface is d~ dy. Thus the rate of energy dissipation due to Friction 

7Y 
forces is, on the two surfaces: 

Ë!:rictn: '1'n:..;O i' dV ~ ~ dx 

• - «'01' JO (V. 11) 
and Errict.yx =fyx 1) Y dV x dy 

'/ TY 
respectively • see insert to Fig. (V.3) 

The coefficient 'b' in equation (V.l0) is seen to be proportional to the 

density, and accelerations of the elemental volumes as weIl as to the ve10city 

gradients and the frictional properties of the cube surface. If (V.11) is 

converted to a finite dirference form it is possible to evaluate all but the 

frictional coefficients, using the experimental results obtained from the 

methods of Chapter III. Rowe (1954), (1962), (1963) and others, have shawn 

that the frictional coefficient of a particulate medium is dependent on the 

density (or packing), the strain and the principl~ stress ratio of the suh­

system. For this reason it is unlikely tha~IY ~YX, and probable that 

the~ and~ values var,y considerably for different ~bsystems. This 

precludes a numericalevaluation of equations (V.l1). However the velocity, 

acceleration, and density distribution ~Tith respect to a fixed spatial co­

ordinate system (X, Y, Z) and an instantaneous wheel position Ci,y, zc) can be 

evaluated. 

Using a fixed reference coordinate system the instantaneous velocity and 

acceleration fields are referred to an instantaneous wheel position and the 

formulation is Eulerian. A change of variable from an Eulerian to a Lagran-

gian system May be obtained by evaluating the relevant Jacobian,(Jeffreys and 

Jeffr~sJ1962). However the Soil Vehicle Programmes, l and III, were written 

to account for an Eulerian formulation. 

The component velocity fields were obtained from the 'smoothed' velocity 
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vs. cumulative time ourves plotted from the computer output. This 'smoothing' 

is necessar,y in view of the Chapter III discussion on the accurae.y of the 

vel oc it y computations. Since the absolute coordinates (x,y, z) are also 

plotted against a cumulative time base, the component velocities may be 

plotted with respect to an instantaneous wheel position by 'row'. The 

component x and y fields are obtained fram graphical interpolation of the 

'row' information. - 00 The component acoeleration fields x and y, are plotted 

in a s:1m1lar vay to the velocity fields: the basic acceleration against 

cumulative time information being derived fram the graphical diff'erentiation 

of' the vel oc it y vs. cumulative time plots. 

Appendix V_C-1 contains the x and y component velocities and acceler_ 

ations, plotted by row against cumulative loading time, for test 29. The 

component vel oc it y and acceleration fields, with respect to an instantaneous 

whee1 position, are included as Figures (V_4) and (V-5). These figures give 

some idea of the complexity of the dynamic sand behaviour beneath a rolling 

rigid .meel - in addition to providing a basis for the evaluation of equation 

(V-11). 

To determine the density distribution sorne additional assumptions are 

made. It is first assumed that with a negligible side wall influence, the 

translation patterns of sand particles in the two dimensional loading arrang-

ement of Test No. 29, are essent1ally coplanar. Under this circumstance the 

area changes in the tracer object matrix provide a basis for estimating the 

density distribution, i. e. p ~ (x,y). Since mass is conserved: 

{ .oovo1 _ = [~Vil (where L = 1,2,3) 
/ Jt-to }t.ti 

(V_12) 

with no summation over i; where at time t=to the tracer-object matrix is in 

its undisturbed (initial) position and at time t=ti has been exposed to the 

wheel forcing. The subscript i corresponds to the tracer object matrix 
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looations of the second third and fourth sequential ~ray pulses. Volume 

is denoted by, V. Beoauae of the assumed two dimensional behaviour the 

density ~ i oan be related to the area ohange of the tracer-objeot matrix 

i.e. 

(V-13) 

for a~ one element of the matr~ (Ai represents the area oorresponding to 

"i). The initial area Ao of a~ 'element' of the matrix is related to the 

three corresponding areas Ai = 1,29'3 and the instantaneous wheel position. 

Thus, ainoe the averaged initial sand maas denaity /0 = 1.49 gals/oo = 0.0.539 

lbs (maas)/ou. in. , - see Appendix IIl-B3-2 - thejJi values, and thus the 

spatial distribution of density fl =./J (x,y) oan be evaluated. It is again 

emphasised that this is the instantaneous mass distribution. Sinoe the 

spaoing of the tracer object matrix is approximately 1" x 1" the area 'elemerIts' 

are large and the resulting distribution results in rather gross averaging 

ideDtified by abrupt boundaries. However, refinements associated with 

assuming ourved, rather than straight, boundaries are not considered justif-

iable at this stage, and the distribution determined from the above technique 

i8 used. The tracer.object matrices corresponding to the four sequential 

X-ray pulses are included as Appendix V.C-2. The resulting distribution is 

shawn as Figure (v.6), with respect to the instantaneous wheel position. 

The density variations are seen from this figure to be greater in the 

1 • .5" ~2. 5" depth of sand than they are in the 2. 5"~3. 5" layer. However 

the final averaged dansities in the lower layer were found to be slightly 

greater than the corresponding value for the layer nearer the wheel. 

Approximating equation (V. 11) by a finite difference form: 

-"-:,.ftxy5 ~' l'N. ~.t..x } • 
Efrictxr (V-14) 
• -"-0yyOg'!N.~,A~ Efrictyx 
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all but th~ values can be evalua.ted, from figures (V-4,.? &-6). 

It is convenierIt to consider elemental volumes of .25 inches cubed 

(= .015725 cu. ins.) with centres located in a matrix .5· x .5" in the plane 

under the centre line of the wheel (x,y,z = constant). Thus each Av 

extends .125" on either side of this plane in the + Z directions. For easy 

reference the x and y coordinates of these elemental vOlume centres has been 

coded using 41 y=constant rows, labelled l, II, III and !)l, and 19 x=constant 

columns, labelled 1 ~ 19 inclusive. This reference scheme i8 inc1uded in 

Figures (V-4, -5 and-6) 80 that the information contained therein may be 

related in order to evaluate equation (V_14). Since the product of frict-
C> 

ional force and deformation rate represents a dissipation term, Efrict, both 

accelerations and decelerations only have meaning as positive quantities, , , 
thus 1 i , and \ y lare used in this evalua.tion. Also the velocity component 

sign convention* dictates the direction in which the frictional force acts 

but, whether positive or negative, the work associated with this deformation 

rate is always positive. 

Using the information contained in Figures (V_4,-5 and-6) the Efrictxyl 
Jtn terms have been evaluated for the matrix positions discussed above and 

are tabulated in Appendix V-C-3. The units of these terms are: in.lbs./sec, 

since the coefficien~is dimensionless. However, since the distribution 

o~yX an~xy i8 unknown it is necessar,y to consider the rate of energy 
o 

dissipation, under the centre line of the rolling wheel, as Efrict surfaces 

unmodified by the frictional coefficient, i.e. the Ëfrict xy~XY and the 

EfrictY~X surfaces, which have be:n plotted, and appear overpage as 

Figure (V-7). Although the actual Efrict surfaces will be different the 

* The sign convention follows from the 'absolute' coordinate reference axes 

chosen for the basic data reduction, see for example: Fig. V-3. 
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fOllowing observations have been generalised to accommodate such differences: 

1) 
o 

For both surfaces the energy dissipation, Efrict, decreases vith 

distance from the instantaneous wheel position. This situation 

might be anticipated from figure (V-4) where the velocity (defo~ 

ation) gradients - and thus relative sand particle movements - are 
~ 

seen to be greater nearer the wheel. The Efrict terms are seen to 

be negligible at depths greater than 3.25" beneath the undisturbed 
o 

sand level - for test 29. Sinoe Erriot terms also fall off rap~ 

for • oOlumn' referenoe positions less than 7 (i. e. 1 -- 6), the 

surfaoe has not been extended in this direotion. 
u 

2) The vertioal oomponent of friotional energy, Efriotxy, is dis-

3) 

sipated almost entirely direotly beneath the wheel - and not ahead 

of it. In this region the relative vertioal partiale movements, , 
A'!r/l1x, as well as the foroes (~~ ), are greater. Also note 

o 

that the peak Errictn value on Figure (V-7)(a) occurs at Matrix 

location 1-12. This location oorresponds to the 'valley' of the 

Figure (V-7)(b) surfaoe, where peak ~y/Llx gradients and near zero 

ÂX/l1y gradients oocur. 

This region _ column 12, Fig. (V-7) - is associated with the 

transition zone between sand movement in the direction of wheel 

travel (columns 11 ~1 inclusive) and sand movement in the reverse 

direction (col umns 12 ~19). 
o 

The horizontal component of energy, Efrictyx, 1s dissipated in 

two distinct regions, separated by the transition zone described 
o 

above. The increase in the EfrictyX term to the right of this 
o 

transition zone has no equivalent in the Exy surface since the 

/J.'i/ L::.y gradients are larger in this region than the JJ.y/ D.x 

gradients. That is, the soil translation is predominantly 
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horizontal in this region, and since the x component velocities 
CI) 

increase on approaching the wheel, and sand surface, the EfrictyX 

term increases aocordingly. HOW'ever, in the zone to the left of 
o 

Column 12 the Errictyx terms inorease in magnitude since both the 

forces and gradients are greater. 

4) A summation of the two energy surfaoes shows that b.Y far the most 

friotional dissipation ooours direotly beneath the wheel, in the 

Column 12 ~19 reg ion. It will be noted that the densities in this 

region • Figure (v.6) • are greatest and thus the d~tant frictional 

oomponent of th~xr an0n terms can be expeoted to be greater in 

this region than in regions of lower density • 

• 
5) Even assuming an Erriot surface wit~ ~YX = 1 J the total rate 

of energy dissipation for the region studied, summed over the vOlume 

contained within the containing side walls of test 29, is still less 
(1 

than one half of one percent of the Einput terme If is therefore 

unfortunate that no soU measurements were made above the 1.5" depth, 

so that the extended surfaces of Figure V-7 could be used to provide 
o 

an estimate of the total Efrict terme However it is evident thet 
~ 

the Efrict terms can be expected to increase in the region bounded 

by Row l and the sand surface. 

Although it is possible to derive an expression for the rate of change 

of Kinetic energy - for the shaded region of Fig. V-3 - it is difficult to 

justify using the absolute, rather than the algebraic, sum of the components 

because of the difficulty of separating 'recoverable' from 'irrecoverable' 

terms. However the greatest component of dissipation is probably emco~ 

passed by the irrecoverable terms. 

Having discussed the l:(~l) term)three terms remain: the coefficient 'a' 
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In the above analysis the displacements through which the frictional 

forces act are assumed to be colinear with the associated force. This would 

be true only for non dilatant deformation, nt a critical voids ratio value, 

(Druclfer (1954) and Rowe (l962»),and thus the analysis must be viewed with 

this reservation. 

Having discussed the first two terms on the right hand side of 

equation (V-10) on~ additional term, c,[Xj(v)]2remains. By using the velocity 

or rate of deformation gradient to providc the rate èimension,energy losses 

proportional to the square of velocity may be accounted for in this third 

terme From a mechanistic viewpoint the C~o(j(P)]~erm can include los ses 

from inclastic collision of the sand particles and also losses from 

overcoming dilatant effects. Although both phenomena are difficult to 

evaluate quantitatively an idealisation of the losses due to dilatant 

influences is considered useful. 

An analogous situation has been developcd by Inglis (1951), who 

considered the energy losses duc to the passage of a rigid wheel over a series 

of pot-holes. Considcr three hypùthetical spherical sand grains SI' S2' 

S3, that are stationary and a fourth grain, S4, which is moving over the 
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FIGURE (V_B 2 
Diagram to 
illustrate considerations 
of enert; los ses ==:;» AVG. VELOCm = V=nr units/sec. proport oîi81 to the 
ve1 oc it y squared. 

stationary s~face, without slip, at a mean ve10city V - see Fig. (V-B). Ir 
the spherical grains are ine1astic, Vo is the ve1 oc it y of .phere 34 before 
striking point B, and V1 the ve10city after impact, then the corresponding 
angular ve10cities of this sphere are Wo = VoIr and W1 = V1/r. On impact 
there is no change in the moment of moment um about B, thus if l = moment of 

e 
GO 

~ . (V-15) 

Since the kinetic 

'ID L Mv - IIr l 
energy 10ss per 2r h~rizontal distance trave11ed by 34' i5 

E-s = 1(M~-I- l )( Vo'2- - V,~) 
which, from equation (V-15), becomes 

h= -k(MV'?~I)ll -1~1-it}Jvj 
\ ----------------~/ Y (v-16) 

W K 
Thus if 34 trave1s at a Mean ve10city of V = ~~unit5 per second, the 

rate of energy dissipation becomes 

.!1Y: . k:. Vo
Z = !L K:. '10 e 

2Y' e 
(V-17) 

lvhich is c1early seen to ba proportiona1 to the square of the velocity just 
before impact. 
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In reality the sand particles are obviously not spherical and relative 

displacement is not maintained at a constant average velocity V = nr. How­

ever velocity gradients are Plainly evident and thus los ses of a similar 

nature probably occur. 

The polynomial nature of the dissipation function (V_10) is thus seen to 

be realistic from a qualitative standpoint. It is unfortunate that the step 

to an explicit quantitative statement of energy dissipation, numerically 
., 

equivalent to the Einput term, can not be made at this stage. 

D. A SUMMARY S'rATEMENT OF CHAPTER V 

From the previous sections of this Chapter, it is evident that only one 

side of the basic energy equation is known. Although it i8 possible to write 

an expression for, and experimentally evaluate, that energy dissipated by a 

rolling wheel, it has not been found possible to evaluate the precise mechan-

isms of dissipation within the soil masse This diffictù. ty stems largely 

from the observed fact that the sand does not behave as an 'ideal' material. 

In addition, manY of the necessary conditions, required for an evaluation 

of the theoretical dissipation functions, are not met by the conditions of 

sand behaviour under a moving wheel load. The measured net volume changes 

- up to 8~ _) the absense of any stress measurements and the diffictù.ty of 

defining a stress-strain relationship to adequately define the dynamic régime 

beneath a moving wheel, are seen as major obstacles to the practical eval-

uation of a meaningftù. dissipation function. 

Despite these limitations, the measurements of velocity and acceleration 

fields within a soil mass have made it possible to examine for the first tinte 

- to the best of this writer's knowledge - the complexity of the soil reaction 

to a moving rigid wheel load. Using this information one mechanism although 

not the primary contributing one, of energy dissipation i9 examined in some 
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detail - namely the Errict terme From considerations of other possible 

mechanisms or energy dissipation, it appears that a polynomial, in pawers 

of soil velocities, might provide a meaningful dissipation function. 
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CHAPTER VI 

SUMMARY & CONCLUSIONS 

A. Summary 

In the past the speculation surrounding the question of how soUs behave 

under vehicular loads haD provided a constant obstacle to the development of 

meaningful predictions of vehicular performance. For this reason an e:~peri-

mental approach was considered as a mandatory prerequisite, and the specifie 

case of a driven rigid llheel, rolling on an initially 100se dry sand has been 

studied. In order to examine the dynamic subsurface soil response a Cine-

Flash X-ray technique Has deve10ped, to circumvent many of the inadequacies 

of previous experimenta1 investigations, and to provide a basis for rea1ising 

the objectives of this study - out1ined in Chapter 1. 

This technique is seen to have considerable potentia1 in this application 

as it provides a I.lethod of measuring the previously unknown translation 

patterns and ve10city - and acce1eration - fields ~'lithin a soU mass subjected 

to a whee1 forcing function. This advance on previous experimenta1 invcst-

igations is seen as one step tm~ards successfu1 predictions of vehicular 

performance based on an understanding of the subsurface soi1 behaviour. It 

is, h~lever, readily apparent that the history of stress states must be 

specified before this ultimatc objective can be realised. The essential 

description of the characteristic deformations that occur v1ithin the soil 

domain has been defincd in this study, as one stage in the development of 

appropriate constitutive equations. This appreciation of the physical model 

has been used to e:œmine certain surficia1ly observed phenomcna, to appraise 

previous assumptions, and to study soi1-wheel similitude relations. 
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t. Conclusions 

The foll~iing conclusions are restricted to the limiting conditions that 

define the soil-wheel system, namely: 

i) a vehicular load described by two rigid scaled wheels under the parametric 

restraints listed in Tables IV-l and IV-2; 

ii) a dry, initially loose, fine graincd sand; and 

iii) observations based on measurements whose precision levels have been 

specified in Chapter III. 

The conclusions are listed below under three headings relating to the tripartite 

division of the objective5 outlined in Chapter 1: 

1. Conclusions relating to soil behaviour. 

a) The complex patterns of sand translation beneath a variety of con-

trollcd "lhccl loads have been measurcd in a region co-planar with the 

wheel centre line. Representative particles are secn to 'enjoy' both 

horizontal and vertical movements, and to reflect two distinct 

mechaninmG of soil behaviour depending on Hhether the particle lies 

within Region A or TI - sec Figure lV-IO. Region A, extending from 

the surfac~ to a depth of approximately 3/ l , the whecl width, is 

characteriscd by translation patterns that are influenced by the 

magnitude of \olheel slip. The horizontal componcnt of sand trans-

lation is shmm to be significantly cffected by whecl slip, l-lhereas 

the vertical component only reflects a 'magnitude of variation' 

dependcnce on this parameter, within Region A. Region B, extending 

bel~i this upper region, is characterised by yield deformations 

bel~'l failure that arc independent of any parametric variations in 

the loading pattern, for either of the t'iO whcels tested. 
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b) Wheel slip rate l·,as seen to be the only parameter to produce a 

measurable influence on the translation patterns, and the developed 

wheel torque, for a given l-lheel. Parametric variations in: a) 

translational l·,heel velocity, (3 ins/sec~V~10.5 ins/sec); b) the 

rim surface material, (polished aluminum and bard rubber); and 

c) axle loads, (± 20% W); produced no measurable influence on either 

of these quantities. Slip rate must therefore be considered as a 

primary physical process. 

c) The energy lost to the soil by a driven rigid wheel can be specified, 

although a quantitative evaluation of the constituent mechanisms is 

not possible at the present timc. This situation arises from the 

absence of information on the stress history of loading. H~,ever,as 

one essential step towards this quantitative evaluation of energy 

terms) u frnmeuork for the analysis and decomposition of finite 

dcformations is presented. An example of one such decomposition is 

illustrnted und thc trnnslations) rigid body rotations nnd stretch 

invariants are isolated both conceptualy and in a physicnl sense. 

Possible mechanisms of energy dissipation that are depcndent on 

first nnd second pm-lers of deformation rate or velocity gradients 

nre introduced and in one case exnmined in sorne depth. 

2. Conclusions rclating the results to the nssumptions of previous theorics. 

a) It has beeLl shmm by Leflaivc (1966) nnd Schuring (1966), that the 

energy lost per unit distnnce travclled by the lolheel is a more 

menningful interpretntion of the traditional Bernstein (Recce, 1966) 

concept of Rolling Rcsistnncc, R. In his formulation of nn 

expression for Rolling Resistnnce, Dekker has assumed that this energy 
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loss can be: a) equated to the energy expended in purely vertical 

components of deformation, equation (1-2), and b) expressed 

functionally as equation (1-4), which is independent of wheel slip. 

Both expressions are contradicted by the experimental results reported 

in the previous chapters. It is readily apparent that energy is 

expended in the horizontal translation of soil, although the precise 

mechanism of dissipation can not be specified at the present tLmc. 

Since horizontal soil translations occur and are proportional to 

slip in the (cO% ~ slip ~ c30%) region it i5 conc1uded that the 
o 
Einput term is dependent on the applied wheel slip rate. 

b) The slip-sinkage phenomenon was observed from surficial mcasurements 

of the rolling sinkage, Yo, - see Figure IV-9. Observations based 

on sub-surface measurements reveal that for the slip sinkage region 

(cO% ~ slip ~30%) the magnitude of sand flot'1 from in front of to 

behind the 'Hheel is directly proportional to the slip rate - being 

accommodated completely within Region A. 

The Bekker assumption of a unique equilibrium sinkage for any one 

soil-wheel system, cquation (1-3), is thus clearly inadequate. 

3. Conclusions related to the results of the scaling studies. 

a) From plate bearing tests, and the Bernstein-Bekker formulation, 

equation (1-2), Schuring (1961) concluded that forces in a sand-

wheel syatem l'1Cre scaled to the third pot'1cr of the linear scaling 

ratio À..; Le. as 1...3 . This observation is in conflict with the 

results reported in Chaptcr V, l-1hich shot.] that at least somc soil 

dependent forces arc scalcd to the second power of the linear scaling 

ratio ~ , since the driving torque was scaled in a c ~3 ratio. 
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For this rcason it appcars essential to distinguish betl-leen those 

forces in the sand-l-lheel system that arc a) dependent on, and 

b) independent of, the soil reaction. This inspectional analysis 

revcals that the scaling of soil-dependent forces can not be 

obtained from: 

i) con~idurations of the ~7heel variables alone, and 

ii) fram ascribing a Coulombic behaviour to the soil. 

The observed non-Coulombic scaling of the torque energy parameter, 

rt ' uill in a"Il probability extend to the non dimensionalised 

drm-1bar pull-s Hp rclationship since the drallbar pull coefficient, 

~ , is itself dependent on the soil-dependent forces. 

Thus considcrably more research emphasis is required if model vchicle 

studies are to be extrapolated to field conditions. 

b) Because the vertical plate and segnent loading tests of Schuring 

(1961), Hegedu3 (1965) and Wills (1966) have been limited to the 

zero slip condition the study of 8inkage, Yo' under dynamically 

scaled l'7heels can provide considerably more information. These 

previously reported plate bcaring test3 had shm1n that for loads 

scaled \1it:h a ratio \3, a lincar scaling of sinkage lias obtained in 

3and soils. (Here, 7l denotes the ratio oE a characteristic proto-

type to model plate dimension). In the sccled uheel loads, reported 

on herein, it ;1as found that the lincar scaling ratio, À. ,uas also 

foll~led by the rolling sinkage, Yo' for the entire slip range 

studied, - see Figure IV-9. This is considered an important con-

clusion from the standpoint of cxtrapolating the mcasured surface 

deformations from model studies. 
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An analysio of the total component translations in Region TI rcvealed 

that the vertical component also 'enjoyed' deformations scaled in 

accordance lJ5.th this linear scaling ratio. Thesc componel1t trans­

llcrc, hoocver, indcpcndcnt of applied ~]hcel slip ratc. 

c) The value of vertically loodcd plate hearing tests is questioned, 

in that they providc no information on slip-rate depcndent behaviour. 

It is aIse considered unlikcly that the modificd plate bcaring tests 

of Dickson (1963) or Rccce (1966) con reproducc translation patterns 

llithin the soil that ore similar to those occurring undcr 0 drivcn 

whcel, and for this rcason their application is nccessarily limited. 

d) A comparison of the translation patterns that occur under l'1heels 

drivcn ot a similar negative slip ratc to McKibben' s (1938), toued 

nheels reveols significant differences. Thc widely used practice 

of relating pOllered ",heel performance )via scalcd plate tests ,to 

t0l1ed \1hee1 performancc., although at identical slip rates, thercforc 

appears to be questionablc. 

C. Claim to Original Hork. 

The dcvelopment of the Cine Flash X-ray technique, "1ith the acknowledged 

aSGistoncc of others, has made it possible to study the non-linear translations, 

the ve10cities ond the acce1erations that occur uithin the sand under a varicty 

of contro11ed l7heel loads. The quantitative description of thc soil response, 

under the centre-1ine of a driven rigid uhee1, has thus been dcfined for the 

first time in teros of these variables. This is seen as an cssential step 

touards the predictior. of soft-soil uhee1 per':ormance, and is uscd as a basis 

for examining previous thcorieo. 

To the best of this \1riter' s knOl'11edge, dynamic similitude of the ooil­

l7hec1 systco has been established for the first time, thuo permitting a 

rational analysis of bath ocaled deformations and sca1ed forces. 



CHAP'l'ER VII 

R~œMENDATIONS Fœ FURTHER STUDY 

The following recommendations, basad on this research, are considered to 

be integral steps in the development of successful predictions of vehioular 

performance: 

1) That a two phase researoh program be followed 1 the tirst phase 

direoted towards an extension of the experimental teohnique am the 

seoond phase direoted towards a oomplementary theoretical development. 

Phase 1) should inolude: 

i ) Measurements of the subsurface translations in the surface to 1.5" 

depthJ in the plane of the rolling wheel centre-line. 

require modifications to the existing facility. 

This will 

ii ) Measurements of the three dimensional translation patterns of 

tracer-objects initially placed in planes exposed to an aS,Ymmetric 

stressing condition. The development of a stereoscopie Ciné Flash 

X-ray system - using an additional pulser and an augmented power 

supply _ is seen as one means of achieving this. 

iii) The modification of the wheel flexure frame to provide reliable 

drawbar pull measurements, in order to evaluate the dissipated 

energy coefficient,~', from known values of the D.B.P. coefficient~ 

A . This would provide essential information on the scaling of 

jJ', for an evaluation of the Chudakov-Phillips assumption - see 

Chapter V. 

iv ) More detailed investigations of the sand preparation technique and 

the in situ density changes. 

Phase 2)would necessarily be directed towards the develcpment of approp-

113 
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riate constitutive equations to de scribe the complex deformations occurr-

ing beneath a driven wheel. A complete mathematical description of the 

soil response must not orily account for such items as a) three dimensional 

translations that result from 'yield' bath below and beyond (i.e. fiow) 

failure; b) non.-unique stress strain relationships; c) large, non­

recoverable, volume changes resulting from both deviatoric and isotropie 

stresses; d) non.-unique physioal properties (e.g. dilatant dependent 

frictional parameters), to mention a few; but must also provide a 

solution. This phase is, in consequence, extremely complexe 

2) That the scope of the experimentation be extended to other soil con-

ditions; including silts and clays, under a representative range of 

moi sture contents. 

3) That the similitude relations explored in this study be examined over a 

wider range of wheel sizes, and thus at larger values of the linear 

scaling ratio, "'l\... 

4) That, if greater precision is required from the mensurational technique, 

the dimension Z2 - Fig. 1II-2 - be increased by the use of a higher Kilo-

voltage Pulser unit. The justification for this statement is found in 

Appendix III-G-1. 
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APPENDIX l 

The Derivation of EBuations (1-;3) am (1-4) 

FIGURE (1-A) 

Notation for a Plane Rolling 

wheel (zero-slip). 

b = width of wheel. 

~ dy:!: rd9 Sin e 
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DIRECTION 
OF TRAVEL 

Bekker assumed that thesoil reaction was purely radial, dN, and equal 

to the normal pressure beneath a horizontal footing at the same depth. 

Repeating equations (1-1) and (1-2), with Che same assumptions: 

(1-1) 

(1.2) 

(1) 

(2) 

from (1) 

en 
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From the geometr,y of Fig. (1-A) 

x 2 
.. (Z~ - (~o- j )J(~o - :J) 

or for small sinkages the approximation 

x,2.=2v ( ~o - j)) I,e, 2 x.J:x.. c - 2v-Jj (4) 

is used in the evaluation or equation (2) in terms of the sinkage. That i81 

[
l'je. <.2l'"-:le)' Jj 

'«1 = b t~ ~ K!b}l,\t\ Jx = b f~ -~ } /27 'jrt -, J~. (5) 
b V .. -.0 2.J(\t\ -t·) ~-o . 2· OJ Jf> :J 

To integrate equation (5) let s = yo-y and thus dy = _2sds and 

" 'S-J50 
W ~~ b t~ ~1<(!}L(!j.-sn"J.s (6) 

Taking the firet two terms of the exparxied (Yo_s2)n series 

i.e. 

(7) 

fram (7) 

(I-3) 

and from (3) 

(I-4) 
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APPENDIX rr...C1-1 

THE DERIVATION OF THE VIREE[, SCALOO RATlœ 

The following, n, variables were considered in the derivation of the 

sca1ing ratios: 

D = characteristic length, inches. 

t = characteristic time, seconds • 

..fl. = power supplied to wheel, in.lbs./sec. 

P = nominal ground pressure, p.s.i. 
CUlt 

{AJ = angular wheel velocity radi~ïsec. 

V = translational wheel velocity, ins./sec. 

M. I. = moment of inertia. 

M = moment of force (Torque), in.-Ibs. 

F = characteristic force, lbs. 

W = wheel load, lbs. 

124 

It is also assumed that both accelerations, g, and specifie densities~, 

are equivalent for model and prototype. 

i. e. where subscripts 'm'and 'p' denote 

model and prototype respectively. 

From the ab ove variables the following dimensional matrix may be cons-

tructed. 

K1 K2 K3 K4 K5 K6 K7 Kg K9 Kl0 

w F M M.I. V W P ft t D 
Dimensional 

M 1 1 1 1 0 0 1 1 0 0 
Matrix 

L 1 1 2 2 1 0 -1 2 0 l 

T _2 _2 _2 0 -1 -1 _2 -3 1 0 
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APPENDIX Il-C1-1 (Cont'd.) 

Since the third order determinant, invol ving the exponents of the dimen­

sions of variables SL , t and D, is nonzero, the rank, r, of the matr1x is 3. 

Thus a complete set of d1mensioruess products contains (n-r) or 10-3, 

i.e. 7 components, (Langhaar, 1951). 

From Buckingham' s if theorem, any product of the n variables has the 

form: 

Substituting the dimensions of eaoh variable in the above equation one 

obtains the exponents of M, L and T in terme of the unknown K values and their 

coefficients. These exponente are used to obtain the solution matrix fram 

the above dimensional matrix)since by eubstitutlI:ms 

K8 = -K1 - K2 - K3 - Irq. - ~ 

~ = - K1 - K2 - K3 - 314 + K5 + K6 - K7 

K10 = K1 + K2 - K5 + 3Krr 

and the Solution matrix becomes 

'll 
Jt2 
1[3 
'l4 
ïf5 
1[6 

1(7 

1 

o 

û 

o 

o 

o 

o 

o 

1 

o 

o 

o 

o 

o 

o o 

o o 

1 o 

o 1 

o o 

o o 

o o 

o 

o 

o 

o 

1 

o 

o 

o 

o 

o 

o 

o 

1 
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Since it has been assumed that gravitational accelerations can not 

realistically be scaled, and that the Fronde number for both model and pro­

totype must be equivalent, then: 

= or 

where \. = ~ 

Since densities have not been scaled 

= = 

Thus the following scaling ratios may be obtained from the seven 1'( termss 

1[1 = ~]p = ~]m J2. p = )V,...L.À. = t!~ 
.!2.m À.~ .. 'if2 = 

[HJp 
= ~]m !2 = '){(2 ,1 f.r'l = 'té 

Fm '"7\. . 

1f3 = [~tJp = 
[1:t ] m 

• ~ = t.:~ ((t. = ~ . . 
Mm 

1[4 = ~B?t§ ] p = [(~It~] m • '. = À7~À~ = À'S 

'\[5 = [~tJp = [~tJ m YE = ~, ~i1. = ~12_ 
Vm 

1[6 = ~t]p = [t.>t J m ~= 1 = ,;Yz. , . 
>--Y1-c.vm 

1(7 = [ PD
3

] = [PD
3

] :. 1J? = Î\7/? . .L . 'f(h =,," 
J1.t P ..nt m Pm ,,3 
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APPENDIX II-D-2 

ADDTIIONAL INFORMATION ON ELrerRIC SIGNAL CIRCUITRY OF TEST FACn.ITY 

CHANNEL 1 2 AND 3 4 

MEASUREMENl' TORQUE DRAWBAR PULL SINKAGE 

MANUFACTURSR OF L & T INSTRUMENTS L & T INSTRUMENl'S L.G.COLLINS CORP. 
DEVICE CO., MONTREAL MONTREAL Lom BEACH, CAL. 
(& MCDEL NO.) (To our specifie. (To our specifie- (LVDT No.5s..108) 

ations). ations). 

DEVICE SPECS. See Windisoh (1967) Spring steel. two L.V.D.T. 
Wheatstone, temperature sets. Wheatstone 3" extension. 
oompensated, bridge bridge circuit, Linear motion 
circuit with augmented temperature com- transducer. 
output. pensated) augmented SIN. (4526) 
4 strain gauges: output. 
Budd C6.141.B 2 strain gaugesl 

flexure. 
Budd C6.141.B. 

SLIP ROOS TYPE SR10M N.A. N.A. 
Michigan Scientific. 

PGYER SUPPLY 4.5 volt dry ce11 4.5 volt dry ce11 6 volt dry ceil 
TO DEVICE + Zena diode. + Zena diode. + Zena diode 

(Santarzantype V.R.4.5) (Santarzantype V.R.4.5) (Santarzantype 
v.R.6.0) 

, 
PREAMPLIFIER BURa BRam CORP. as for Channel 1 ij.A. 

, 

(& SE'l"l' ING ) Ga1vanometer driver 
l model 1632 l 

(12) Burr Brown 1600-12R Power Supply , 

AMPLIFIER Burr Brown Corp. 
1 

as for Channel 1 
1 

as for Channel 1 
(& SETTING) model 1631 

(XiOO) Burr Brmm 1600-12R Power Supply 1 

i 

S.E.L. C 300 C 300 C 300 , 
GALVAN OMET ERS 

240 c/s 240 c/s 
, 

(NATURAL FREQ.) 240 ols 
(SENSTIIVITY) • 12 ma/cm. .12 ma/cm. .12 ma/cm • 
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APPENDIX n-n..2 (Cont' d. ) 

ADDrrIONAL INFœMATION ON ELEX:TRIC SIGNAL CIRCUITRY OF TEST FACn.1TY 

CHANNEL 5 6 

MEASUREMENT ANGULAR VEL. CARRIAGE VEL. 

NANUFACTURER OF INSTRUMENT MarOOS INSTRUMENT MarŒS 
DEVICE CœP., STANFCRD, Cœp., STANFORD, 
(& MODEL NO.) CONN. CONN. 

(L2:3.02:3.4056) (1.2:3.02:3.4056) 

DEVICE SP~S. Tachometer Generator. 
:3V(D.C.)/100 r.p.m. 

(As for channel 5) 

Max output: 5 watts 

SLIP RIN1S l'f.A. N.A. 

PCMER SUPPLY N.A. N.A. 
TO DEVICE 

PREAMPLIFIER l'f.A. N.A. 
(& SETTING) 

AMPLIFIER N.A. N.A. 
(& SETTING) 

S.E.L. C :300 C :300 
GALVANOMETERS 240 c/s 240 c/s 
(NATURAL FREQ.) 
(SENS rr IVIrY) • 12 ma/cm. .12 ma/cm • 
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APPENDII IJ,..n.. 3 

CALIBRATION EQUATIONS Fœ COO'LETE T&ST SERIES 

In the following listings the ciroumfiex, over the deperdent variable, 

denotes the best estimate relationship. This is in all cases basad on a 

least sum of squares criterion. The non 'Y' component of the dependent 

variable denotes the variable notation usad in the subsequent S. V .S. l oom­

puter program. Th irdependent variable 'X' refers ta the galvanometer 

deflection of the U.V. Recorder (in centimeters): 

Angular Velocity: 
1\ 

YA = .001 + .327X revs/sec. (for tests 01-10 inoh) 
1\ 

YA = -.OOB + .335X revs/sec. (for tests 11~58 inch) 

Translational Carriage Velocity: 

" YB = .36 + 5.1X ins/ sec. (for tests 01 -- 58 inch) 

Drawbar Pull Flexure - Left Hand Side: 

yè = .039 + 3.496x - .388x2 + .103X3 lbs. (for tests 01--35 inch) 

fc = .2125 + 13.4994X - 1.844x2 + 2.1166X3 lbs. (for tests 36--58 inch) 

Drawbar Pull Flexure - Right Hard Side: 

A ~ 3 
YD = .159 + 2. 752X - .002X + .023X lbs. (for tests 01-.-35 inch) 
A 

YD = .2.8729 + 19.3514X lbs. (for tests 36 -58 inch) 

Sinkage: 

" YE = .048 + .513X inches (for tests 01~35 inch) 

YÈ = .02897 + .2368X + .0311x2 - .0025X3 inches (for tests 36~58 inch) 

Torque: 

iF = .. 0981 + 1.885X + .0433x2 Ft.-lbs. (loading, for tests 01 and 02) 
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~F = .07967 + .867X + .2222i Ft.-Lbs. (unloading, for tests 01 and 02) 

IF = .00208 _ 1.0633X + 9.6112X2 _ 10.4387X3 + 5.1347X4 - 1.1718X5 

+ .1006x:6 inch-lbs. (loading for tests 03 --35 inch) 
/\ 

YF = - 2.2123 + 82.0738 inch-lbs. (loading for tests 36 -- 58 inch) 

DIGITAL VCLT METER (unm::) TRANSFER 

where the independent variable, V, refers to voltage. 

ABSCISSAL CALIBRATIONS: 
/\ 

X = 1.01V inches (for tests 01_28 inch) 

~ = .184 + .7921 - .0003v2 inches (for tests 29 .... 58 inch) 

mDINATE CALIBRATIONS: 

f = - .1745 + 1.2135V - .0898V2 + .0156V3 inches (for tests 01-.-28 inch) 

i = - .4059 + 1.3614V - .159~ + .0184V3 - .0008v4 inches (for tests 

29 ~58 inch). 
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THE CALIBRATION PROCEDURE 

RECœDER CHANNEL 1; APPLIED WHEEL TœQUE 

The mechanical torque measuring device is described in detall by Windisch 

(1967). The telescopic drive shaft was first disconnected and the whe81 was 

locked rigid1y to a firm immoveable base. A steel lever arm was looked into 

the torque devioe drive &hart aperture, am a lmown moment was applied by a 

system ot pu1leys, ha~ers and weights. The U.V. galvanometer deneotion vas 

then reoorded tor a series of' ooDtrolled applied moments. A representative 

calibration ourve is inoluded as Apperdix rr..n..6, Ybere a pronounoed hysteresis 

loop is observed on unloading. The plotted points represent an average of' 

three loading-unloading oycles. This hysteresis resulted tram internaI 

mechanical friction within the torque device, which umer the dynamic condit­

ions of the actual testing is reduced by the vibrations ot the wheel carriage­

drive mechanism assembly. 

RECORDER CHANNEIS 2 and 3; DRAW BAR PULL 

The wheel 101as placed on an aluminum plate and the wheel carriage levelled 

by adjusting the support fixture. After disconnecting one flexure the co~ 

acted one 101as loaded with a 10111"e a.nd pullay system; steps being taken to 

ensure S,Ymmetric loading; the U.V. galvanometer trace deflection was then 

recorded against knawn load increments and the results plotted as in Appendix 

II-D-7. A similar process 101as repeated for the secom. flexure. The I.B.M. 

CURFIT subroutine being used to obtain the least sum of squares, best fit, 

polynomial. Virtually no hysteresis 101as noticed on unloading. 

RECORDER CHANNEL 4; SINKAGE 
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A pair of vernier calipers was attached to the L.V.D.T. and the U.V. 

galvanometer trace deflection was recorded for knawn L.V.D.T. extensions. 

The calibration was of the first degree, as anticipated, and a sa.mple oal-

ibration is included in Appendix II-D-6. It should be noted that a no-

sinkage L.V.D.T. setting is used for the zero adjustment of the galvanometer 

trace. 

RECORDER CHANNEL 5: AIGULAR WHEEL VELccm 

This calibration was obtained simply by recording the titne taken for ten 

wheel revOlutions, at a constant rheostat setting, and noting the corresponding 

galvanometer trace deflection. The procedure was then repeated for 14 other 

rheostat settings. Appendix n..D-5 contains a sample calibration. 

RECORDER CHARNEL 6; TRANSLATIONAL WHEEL VELOCITY 

After setting the flow control valves to a constant value the time taken 

for the dynamometer carriage to travel a distance of 20 feet was recorded 

together with the corresponding galvanometer trace deflection. This was 

repeated three time,s for a total of 14 now control settings, and plotted in 

Appendix II-D_ 5. It should be noted that the valve settings shawn in Appen-

dix II-D-5 are unreliable estitnates of wheel velocity as the setting varied 

widely for a constant wheel translational speed. This necessitated trial 

checks before each test, based on the more reliable galvanometer denections. 

VCLTMEl'ER REGULATION OF SLIP RATE 

This simply consisted of calibrating the tachometer generator output 

from Channel 5, against the Channel 5 galvanometer deflection. The cali-

bration results are shown in Appendix II-D-8. 

THE x,..Y PLCYl'l'ER - DYMEC SYSTEM 
-

The power supply, Dymec and x,..y pIotter were given 30 minutes ta 
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stabilize. A grid with halt inch orthogonal spacings vas Placed on the ~y 

Plotter, the bridge neecUe was placed on a given ordinate, am halt inch 

abscissal increments were punched on to tape. The potentiometer controlling 

the ordinate value was lett untouched tor this first phase. An analogous 

procedure was carried out to obtain the ordinate calibrations. The tape was 

interpreted and the calibrations made. The linearity ot output is illus­

trated in Appendix II-D-8. 

APPENDIX II-B2-:3 

Flow control valve settings tor soil preparation, 

For 1" inorements Left hand valve setting: A-2 

Right hand valve setting: E 10.5 

For 1.5" inorements Lett hand valve setting: A-2 
Forward 

Right hand valve setting: E 10.5 

Left hand valve setting: A-2 
Reverse 

Right hand valve setting: E 50 
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APPENDIX Il-E2-1 

THE DERIVATION OP' RADIOORAPHIC EQUIVALENCE 

FACTœS FŒ rwo..PHASE SAND SYSTEMS 

141 

Two systems will be considered in detall below, namely a sand.air and a 

sand.water system. It is a simple extension of the following approach to 

calculate Radiographie Equivalence Factors, R.E.F.'s, for a three phase soil-

air.water system, providing one has a measure of the degree of saturation of 

the test specimen. 

If the void ratio, e, is known then it may be assumed that a sand.air 

or sand-water system is oomposed of equivalent volume components of pure sand, 

Si02, and pure air or water; as shown in figure (1) be1.ow: 

INCIDm 

RADIATION 

1 
A 

~Il. 

Figure (1): 
Elementary volume of two 
phase soU system. 

INTENSITY OF X-RADIATION 
I~ > I~ ~ le. 

From the Basic Exponential Attenuation law - see Richtmeyer and Kennard 

(1947): 

(1) 

where: 

lA = Incident Photon lntensity (mono energetic). 

lB = Intensity of Mono-energetic Photon Bearn, having passed through a 
thickness of material, x, at B. 

(~)= Mass Attenuation Coefficient. 

IJM\,n = Linear Attenuation Coefficient j where ~ i5 the material density 
Çtl)1- (unite of reciprocal cms.) .1 



142 

APPENDII Il-E2-1 (Cont'd.) 

The intensity of a mono-energetic I-ray beam at B is thus: 

(2) 

am at C: 0) 

Substituting Eq. (2) in (3) gives: 

l l -[~. ·AiOt-X, +~)~:)4,.~1 
c = A. e ~- SlOz. ~ ( 4 ) 

But sinoe 

ffl-) - fA) 2S + (Atl32. va SL~- ,,/JI,. 60 V· GO 
Sl 2 

(5) 

from the mass Attenuation of a oompound _ see for example Compton & Al1ison 

(1935) - and ~) air ma.y be fourxi from Viotoreen' s (1949), tables, equation 

(4) beoomes: 

(6) 

The mass Attenuation ooeffioients for all elements, on the periodio 

chart, together with those of water and air have been calculated by Victoreen 

(1949) for a range of wavelengths below the Ko{ absorption edge. The range 

of wavelengths of interest in the present study were 'dictated' by the 300 XV 

flash X-ray unit used in this study. 

The minimum wavelength, À..,min, was O~ 0413A being dependent only on the 

applied voltage (300 K.V.) and derived fram the Planck-Einstein relationshipo 

The maximum wavelength ia controlled in the Field Emission units by the long 

wavelength filters covering the X-ray tubes. From Buchard's (1962) study 

it appears that '" max of .20A represents a reasonable upper wavelength limit 

for the subsequent calculations. 
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A peak imensity at O. OBA has also been assumed. Using this wavelength 

range (.042A< '\.<.201), the oomponents of equation (6) have been oomputed 

am. are listed in Tabl6 It whioh also inoludes the appropriate linear li.tten-

uation ooeffioients for Aluminum. The information from C?lumns vm ~ II, 
inolusive, is plotted as Figure (2) in order to demonstrate the strong 

dependenoe of absorption on inoident l-ray waveleDgth. 

TABLE I. Evaluation of onems as a Funotion of 

-
LINEAR ATTEN. COEFS. 

MASS ATTtN. COEFS. 

l n nI IV v VI VII VilI IX 1 n 

IdA) ~)~~ ~)~. ~ ~)o ~)o~ ~St~ ~)~ ~~ ~c·(2.~ Si01 
~~t.~ ~)~.OOIZ) 

.042 = ~ min. 

.OB .1417 .0661 .1342 .0718 .1379 .1337 .1486 .371 .366 .00016 

.12 .1788 .0835 .1529 .0815 .1650 .1520 .1686 .446 .45 .00018 

1.0 17.51 8.0 3.305 1.77 9.77 2.879 2.979 26.4 37.7 000345 

3.0 406.2 190. 80.70 43.1 233.1 67.80 71.76 629. 884. .0814 

It May be seen from Figure (2) that the variation of linear attenuation 

coefficients within the '" range of interest is, for each material, quite 

small. 

Having determined the attenuation of a mono-energetic X-ray beam for a 

sand-air system - equation (6), and thus with the appropriate substitution 

for a sand-water system, it was then neoessar.y'to·determine what useful 

penetration might be expeoted in these systems. 
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IL is first assumed that a mono-energetic pulse passing through 1 cm3 ot 

Aluminum 280 is reduced fram an original intensity of 10 to Iz. Knowing the 

void ratio, e, it is possible to set up an equation to determine what appro~ 

imate thickness of soil, z, produces an equivalent intensity reduction from 

10 to Iz. Since the absorption of alum1num 250, as a tunction of source to 

film distance, S.F.D., is knawn for the 300 IV., 730/233 Field Emission 

system, the ratio csl may thus be determined for a variety of so11 systems. 

This ratio i8 reterred to as a Radiographie Equivalence Factor, R.E.F. 

For a two phase sam-air qstem this re1ationship takes the tollowing 

torms 

o 
"0 RE.F.= z = 

-1-

Assuming a void ratio range of 0.67 <. e ~ 0.96 a range of radiographie 

factors can be co.1culated fram the information contained in Table 1. Equation 

(7) may, with the appropriate substitution, be used to determine the distance, 

z, for a sam.water system. The eomputed R.E.F. values are listed below in 

Table II. These values have also been plotted as Figure (3) which shows the 

ealculated absorption ranges for two 2-phase sand systems as a function of 

void ratio, moi sture content and S.F.D. Table II also shows that for each 

soil condition the R.E.F.ts are approximately the same for both wavelengths 

within the effective range (. 042A<À <. 20A). Although not shawn, these 
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TABLE II. Calculated R.E.'. Values. 

SIS'l'EM 

~ 
AIR..SAND WATER-SAND 

e:: · rD7 e='9~ e.· "7 e :·96 

0 

.08 À 1.65 1~94 1.32 1.40 
• 

• 12 À 1.67 1.97 1.34 1.45 

values var,y widely for a given sand condition at .greater wavelengths. 

Figure (3) represents a first c.pprox:1mation of anticipated absorption 

ranges that has proved indispensible in the development of the ciné-radio-

graphie tecnnique. It is however derived fran gross s1mpl1fying assumptions: 

i) That a continuous, but bounded, spectral distribution with vide 

beam geometr,y, 300 , can be represented by a mono-energetic source 

(at an equivalent effective \. ) an:! the assumption of a narrow 

beam. 

ii) That the Attenuation law is val1d for Flash sources of 1-

radiat'ion. 

In the final analysis the good experimental agreement with calculated 

values, ha's been used as a justification for thes9 assumptionso 
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THE FABRICATION OF TRACER œJPI:TS 

The tracer_objects were manufactured in the Department Laboratories fram 

a 94'" lead l 6<f, AntimODY' alloy. The arms of the three dimensional crosses -

or • jacks' - vere made fran 1.09 mm (= .043 incbes) vire, extrud8d from a 

simple jacket heated die. The extrusion pressure was applied using the 

Department· s &nery Test Machine. 

From this vire four 3 mm am one ? mm lengths were cut to produce each 

tracer-objecte These components were glued together, with Epoxy resin in a 

j1g, to ensure orthogona1ity. Since Epoxy resins do not adhere to Teflon 

the j1g was made from this material. Attempts to solder the tracer-object 

arms did not prove fruitful. 

After the initial testing it became apparent that the maximum dimensions 

of the tracer_objects could be decreased without affecting the resolution of 

the image centres. However, the glueing technique makes harxil.ing of smaller 

object components difficult arrl thus a nominal 7 mm. maximum dimension was 

used for a11 tracer-objects fabricated. 
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A CCJIIPLEMENTARY STUDI TO DETERMINE WHETHER 

THE TRACER- œJECTS MO'IE RELATIVE TO THE 

SAND SURROUNDIR1 THEM 
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The possibUity that the tracer-objects might move 'through' rather than 

'with' the sam was examined using the follawing technique. 

METHOD: 1) A sam specimen was prepared using a technique simUar to that 

described by Lambe (1951), for a triarlal cClllpression test with 

a 6- x 2.S- fi sample. Atter pouring - to ensure a loose initial 

packing arrangement - two inches of sand, a 0.05- layer of dyed 

black sand was poured. Five tracer-objects were then placed, 

with four 'arms' in this dyed layer, in the sample. The remain-

ing four inches of sand was poured, and the final steps taken in 

the sample preparation (Lambe, 1951). 

2) The specimen was then transferred to the high strain-rate 

dynamic loading unit, (Japp, 1967). A controlled strain rate 

of 30 inches/second was used to deform the specimen, although 

it should be noted that complete destruction of the specimen 

is prt!tvented by a buUt-in restraint (Japp, 1967). 

3) The deformed specimen was then carefully removed, the top cap 

ta ken off, am gelatin at a temperature of SOoC was poured 

slowly into the open end of the membrane - untU it had completely 

penetrated the depth of the distorted specimen. 

4) After the gelatin had set, the rubber membrane was removed 

and slices were cut longitudinally through the 'fixed' specimen. 
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REStlL 'l'S : The s1ioing prooess revealed that the blaok sand lqer had 

been displaoed approximately 1/2 inCh from the original layer 

position in a manner shawn diagramatioally in Figure Cl} below: 

Initial speoimen 
shape. 

Deformed speoimen 

_-----""1f.+- 2.i" ---ooow 

shape. - .... ';;;..."'--------il-+ 

Initial position 0 -.f:-_----ti,J' 
Blaok sand layer.-

Final position of 
Blaok sand layer. ----./ 

Despite this considerable movement the tracer-objects did not 'enjo,t' a~ 

movement relative to the black sand layer. For all five tracer-objects the 

four orthogonal arms were se en to have remained within the black, reference, 

layer. It was thus concluded that for this loading condition there was no 

measurable differential inertia effect, and thus the tracer-objects moved 

'with' rather than 'through' the sand. 

For the conditions of the wheel testing the effective strain rates can 

be considered significantly less than 30 in/sec. and it is thus unlikely that 

Any differential inertia effects occur at a measurable level. 
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ESTIMATES OF TRACER- œJPX:T PLACING A.CCURACY 

Since test Number 14 has been chosen tor 1llustrative purposes, it: 1. 

convenient to use the results ot the same test tor estimating the accuracy 

ot the tracer-object placing technique. 

1.54 

rrom Appendix ~1I', the corrected coordinates ot the initial tracer .. 

object locations can be use<! to derive the essential statistics ot mean row 

depth and dev1ations trOll the mean. From the "corrected coordinate" listings 

tor Test No. 14 the tollowing Table can be obtained. 

MEAN RCM 
R(lrl DEPTH DEVIATIONS FR()t 5 ' BY CCLUMN i. e. (~- 5 ) 

1 

2 

3 

4 

5 

6 

1.491 

2.565 

3.667 

4.663 

5.709 

6.723 

.009 ... 001 .007 _.004 .016 _.004 

-.010 -.010 

-.009 .000 

.007 _.006 .003 -.005 

• 008 ... 005 -. 025 -. 005 

-.007 .000 _.001 -.008 -.001 _.002 

_.004 .002 .006 -.009 .005 -.016 

-.014 -.010 .030 .017 .001 _.028 

Since S = j~ (y_g)'2 
42 

.011 

From Snedecor's (1956) Text; t95 tor (n = 42) is 2.02 

.... 024 

... 013 

.011 

.003 

.013 

.006 

Thus: best est_te of deviation from Mean (tor ordinate value) 

at the 95~ confidence level = y + (2.01 x .011) 

= y + .022 inches. 

Considering next the inter _ y values i.e. 1.0.54, 1.102, .966, 1.046 

and 1.014, the average distance between rows = 1.042 inches, for this test. 
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SAND DENSITY VARIATION WITH DBPTH 

In order to establish the variation in sand density as a function of a) 

height of drop &rd b) height of both drop aDi overburden, the following 

technique was used: 

MErBOD: A. plexiglass tray with inside base measuring 12.04 x 20.9 oms am 

with an effective depth of 1.85 cms was made. The volume of this 

shallow trq was thus 465 ces. 

as follows: 

Using this tray the procedure was 

1) The tray was placed at a known distance benea.th the orifice of 

the saDi hopper located on the carriage. 

2) The saDi was then poured, the carr:1a.gemoved at a controlled rate, 

am the tray f1lled. 

3) Excess sam was cleaned from the surface of the tray with a 

Metal blade, am the tray and sard was weighed. This inform­

ation was entered in a plot of "density vs. height of sard drop 

from hopper orifice". 

4) The tray lias replaced at the same depth beneath the hopper and. 

1/2 inch of soil was poured, by moving the carriage and with­

drawing the cut-off blade - see Figure IIl-1. 

5) A sheet of polythene was placed over this sam ard tray, ard 

the additional layers of sand placed in one inch 1ncrements to 

obtain the appropriate averburden sand height. 

6) The sand contained within the polythene sheet was removed by 

pulling the polythene sheet vertically (in a 'basket' - like 

fashion). 
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7) The excess sard on the plexiglass tray vas scraped cle&l" 

with a single stroke of·& Metal blade, &rd the tray ard 

contents reweighed. This information vas plotted on the 

curve of "density vs. height of drop and overburden". 

8) The process vas repeated at different tray "depths". 

RE9ULTS: (VaL. Oll' COm'AINER = 465 oos.) 

wr.OlI' 
~ TEST gpPJ:IFICATICBS SAND 

BT. OP' DRC!' DBPTH OP' SAND 
(INCRPS) OIERBURDEN gms. gma/oc. 

11.5 . N.A. 667 1.43 

11.5 N.A. 664 1.43 

12.75 N.A. 680 1.46 

12.75 1.25" 691 1.49 

15.75 N.A. 684 1.47 

23.25 N.A. 686 1.48 

23.25 11.75" 703 1.51 

20.75 N.A. 678 1.46 

20.75 9.25" 692 1.49 

16.00 N.A. 676 1.46 

16.00 4.5" 696 1.50 

156 

COOŒNT: The results plotted on the curve, overpage, show the influence of 

drop height on the sand density, together vith the influence of sard over. 

burden height. The use of a plexiglass tray thus gives a first approx:im.-

ation of the initial density distribution, with depth, of the poured sand 
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layers. However, without further exper1menta1 inf'Ol'JIIltion these approxim­

ations must not be considered as ab solute va1ues. Such influences as the 

nature of the tray materia1 - in this case, plerlglass - am the infiuence 

of scraper action on the resulting dens1ty determination have not been 

evaluated. 
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UNDISTURBED TRACER-OBJECT NETWORK, where'O' is the optical centre. 
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APPENDIX In-E-3 

A SCHEMATIC CIRCUITRY DIAGRAM OF THE X-Y PLarTER - D~ SYSTEM 

MœELEY 135C 
X-Y PLarTER 

GRAPH SHEET WITH 
ALL RADlOORAPHIC 

-
IMAGES FOR ONE TEST. - .... 

B ECKMAN 1 Ir 11-
1 5 TURNS NO.1KBl 

\ 
X VOLTAGE 
ADJ USTMENT L 1 

:.' ::-E 

X Y 

NO.1 Iœl 

d r Y VCLTAGE 
ADJUSTMENl' 

Rm~'mA~T~ED~--------~------JI"-~~~--~~~~--------~ 

12V 
Pa-ro:R SUPPL Y DYMEC 2010B 

AUTOMATIC SCANNI~· 
DIGITAL VOLT METER 

CHANNELS 
24 = X 
25 = Y 
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TAPE OUTPUT TO CARD OUTPUT 
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Typical Tape output for Test No. 14, and matrix position 11 i. e. 

designated as region 1411 read as follows: 

1411 T201854 
24 + 0095414 
25 + 0673184 

T 201900 
24 + 0152884 
25 + 0668504 

T 201905 
24 + 0135044 
25 + 0624064 

T 201911 
24 + 0131734 
25 + 0622824 
1412 etc. 

Where: 1411 is matzoix reterence region; 
24 ard 25 repeated J are channel 
numbers; TIIIXXX is the time 
record. 

The voltage record correspording to a 
coordinate point is followed by the 
digit 4. This i8 the negative 
exponent of the D. V.M. value. 

Al1 tape output thus contained redundant information that was e1iminated 

by an editing program and the Pulp and Paper Research Institute of Canada's 

1601 IBM Computer. The coordinates of successive radiographie images of each 

tracer-object were punched on a single IBM card as output fram this editing 

program. For the above case the card output read as fo11ows: 

1411 009541 067318 015288 066850 013504 062406 013173 062282 

X Y X Y X Y X Y 
~~~' V A ",.-_--JI 

/' Image of Image of Image of Image of 
~ Tracer_object tracer-object tracer-object tracer-object 

Identif:i- 11 from first 11 from 200 11 from 3rd 11 from 4th 
cation ~ray Pulse. ~ray Pulse. ~ray Pulse. ~r~ Pulse. 
Code. 

Where: X = X coordinate 

~ y = y coordinate 
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DIGITAL PROORAH DESCRlP'l'ION Fœ 

"Son... VEEICLE STUDY 1" 
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This program was written in the principal source language of Fortran 4, 

and was run on McG1ll Computing Centre' s IBM 7044 machine. The operating 

system used was the $ IBSIS. 

The SOIL-VEHlCLE STOD! l, or S.V.S.I., program was written in order to 

reduoe the wheel loading information and radiographie results, of each test, 

to an organised am meaningful forme The program also contained a statis­

tical control seotion that was used as a basis for accepting or rejecttng 

the results from a~ one test series. 

PROORAM DESCRlP'l'ION 

A. Nomenolature. 

IXY The matrix of Digital Voltage Values corresponding to the radio-

graphic image locations from the three radiographs. 

XY Optioally corrected image locations in adjusted l, Y coordinate 

xx 

DTVEL 

system. 

Translation of each reduced image centre fram its original (first 
to give the 

radiograph) location/'relative' cartesian reference frame. 

Time increments for successive velocity components. 

DUDT ~?G;I~t component of velocity. 

DVDT ~~;'~~ component of veloc1ty. 

XRVEL Relative absc1ssal value corresponding to DUDT and DVDT value with 

same subscript. 
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YRVEL Relativ;e Y' coordinate correspoming to DUDT am DVDT value with 

same subscript. 

IVEL x coordinate correspoming to DUDT anq DVDT value with same 

subscript. 

YVEL Y' coordinate correspoming to DUDT, DVDT·value with same suh­

soript. 

TPLor Cumulative time inerement corresponding to ve1ocitY' computation 

with same subseript. 

TACC Cumulative time increment oorrespoming to acceleration comput-

D2UD1' 

BAR(N) 

ation with same subscript. 

~(~);'~/component of acceleration. 

~~J)jI~~>component of acceleration. 

N odd: average x displacement/row from initial to final position. 

Neven: average y displacement/row fram initial to final position. 

BIAS(N) N odd: unadjusted standard deviation about BAR(2N+1) position. 

BES(N) 

Neven: unadjusted standard deviation about BAR(2N) position. 

N odd: BIAS(2N+l) adjusted with small-sample size correction. 

Neven: BIAS(2N) adjusted with small-sample size correction. 

A Uncalibrated angular velocitY" cms. on S.E.L.2005 output. 

B Uncalibrated Linear carriage vel., cms. on S.E.L.2005 output. 

C Uncalibrated Drawbar Pull L.H.S., cms. on S.E.L.2005 output. 

D Uncalibrated Drawbar Pull R.H.S., cms. on S.E.L.2005 output. 

E Uncalibrated sinkage; cms. on S.E.L.2005 output. 

F Unca1ibrated Torque; cms. on S.E.L.2005 output. 

y (-A, -B, -Ct 
-D, -E, .FJ Calibrated loading information (in appropriate dimensions). 

J Number of Test. (two digit integer). 
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JJ 

G 

Kl0 

K11 

D.V.M. output matrix identification. 

Spacing bebreen trigger 1imit switches, (inches). 

D. V .M. output for x component of optical centre. 

D.V.M. output for y component of optica1 centre. 

PARAI x coordinate of optical centre. 

PARAY 

CCRR 

y coordinate of optical centre. 

Optical reduction factor for reducing images from plane of 

radiograph to plane under centre-1ine of whee1. 

B. Notes. 

A listing of the source statement is inc1uded as part C. of this Apperxiix. 

However the actual instructions are described in sorne detaU, be1ow, where the 

annotations correspond to the open snded bracketed "notes" of the fo11owing 

section. 

RorE 1. The wheel loading information is converted in this section from 

S.E.L.2005/.12 output to ca1ibrated values. Appendix II-D contains 

a listing of the calibration curves and procedures, of the complete 

test series. 

The 'loading' information is 1isted on the first data card from 

the recorded galvanometer deflectionso For Test No. 14, this card 

appears as fo11ows: 

Test 
No. A(cms)B(cms)C(cms) D(cms) E(orns) F(crns) G(inches) 

14_--.835--1.460--O. 570--~ 645--10110--1.865--40 688 
f t 

1st Co1umn 51st Column 

The normal slip-rate 1s computed in this section, as is the optical 

centre for subsequent corrections to the plane of the tracer-object network. 
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(Here K10 and K11 are converted to PARAX and PARAY). 

NorE 2. The matrix of D.V.M. values is converted first to a pseudo 

coordinate system - fram the D.ymec System Calibrations - and then 

ad.1usted by an optical correction factor (CœR) to reduce the 

pseudo coordinate system to the plane of the tracer-object network. 

In Figure (1), below, the correction factor (Z2/Z1+Z2) reduces the 

measured value (X2,Y2) to the value (X1,Y1). 

Fig (1) showing 
derivation of 
correction factor 
for CORR (x com­
ponent of pseudo­
coordinate system 
is shawn) 

+ 

CORR = Z2 = SOURCE TO TRACER-OBJ • DISTANCE 
(Z1+Z2) SOURCE TO Fn.M DISTANCE 

This corrected coordinate system is 

then referred to a reference point, the 

initial position of tracer-object in the 

top row and L.H.S., which is assigned 

Zz. the arbitrary coordinates (0,-1. 5). The 

newly defined pt. (XY(1), XY(2» is then 

used as a pivot for converting the 

corrected pseudo-coordinate system to 

what will subsequently be termed the 

'Absolute' cartesian reference frame. 

The allocation of (0,-1.5) to this pivot, 

is entirely nominal for the 'x' component 

but dependent on the accuracy of the placing technique for the ordinate value 

- See Appendix III-B3. 

Note that XY(N) refers to an abscissal value when N is odd and an 

ordinate value when the subscript is even valued. 
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NorE 3. 

NorE 4. 

In order to evaluate the relative movements of each tracer-

object the coordinate components of displacement of the 2rd, 3rd 

and. 4th tracer_object locations are subtracted from their initial 

undisturbed positions. This creates a second Carte sian reference 

frame - referred to as the 'Relative' coordinate system, XX(N), 

and given the coordinate dea1gnation (r, s) in the texte 

These instructions are used to calculate the statistic of 'net' 

total displacement from the initial to final tracer-object position 

and its variabllity within each row. The mean component values 

are oalculated from the row sample of 7, and tabulated as 'relative' 

reference coordinates. The standard deviation, s, is then 

determined, BIAS(I), for each oomponent on a row basis. Thes 

values are then adjusted using the Bessel correction factor for 

small samples. Thus BES(I) represents the best estimate of the 

population starxlard deviation. 

i.e. 

where: 

/1. 

0(1) = 
n = sample size 

n. 
lt1.-\ 

x represents the chosen statistic 

In order to obtain the 95~ confidence levels the factor 1.96 is 

taken from a t distribution with DO degree of freedom, 

Fisher (1950) to give: x ± 1.96 ~rJ 

'fi ± 1.96ô(x) 

NorE 5. In the S.V.S. l program the subroutine VELOC is only called 

three times sinee it was only possible to resolve four images per 

tracer-object for the top three rows. In S. V .S. III, four images 
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per tracer-object were resolved for the top six rows. However, 

because of the magnitude of translations analyzed by S.V.S. III 

only six tracer.objects could be resolved in the top row. This 

necessitated a complete change in the subscript notation and thus 

a completely revised program. 

Using the principles described in Section III - F the velocity 

computations are generalized on a row by row basis. Thus the 

VELOO subroutine is called by row. The 'arguments' refer either 

directly or ultillBtely to the subscripts. 

The cumulative time computations coordinate the results from 

both intermediate radiographs, through the known G/YB time incre-

ment - referred to as At: in the texte Corresponding adjustments 

have been made in the !VEL am YVEL coordinates. 
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ISN SOUkCE STATEMENT 

0 
1 

l 

3 
5 
6 
7 

10 
13 
14 
1~ 
16 
17 
lO 
II 
22 

Z3 
Z4 
.!5 

l6 
Z7 
30 
31 

3Z 

33 
34 

35 
3b 
37 
't0 
't1 

4Z 
't3 
44 
45 
53 
60 
61 
6l 
63 
65 
66 
67 
75 

10l 

5IBFTC MAIN 
COMMON Xy,XX,OTVEL,OUOT,OVOT,XRVEL,YRVEL,XVEL,YVEL,TPLOT,OlUOT. 

102VOT,TACC,G,YB 
OIMENSION XYIZ~0I,XXIZ80I,OTVEL(36I,OUOT(36).OVOTI36),XRVELI36). 

lYRVELI36I,XVELI36I,YVELI36I,TPLOTI36I,OlUOT(30),OZVOT130),TACC(30) 
Z,IXYIZ~0),BAKI1ZI,BIASIIZI,BESI1ll 

1 REAU 5,J,A,B,C,0,E,F,G 
5 FORMATIIZ,7F7.31 

PRINT3,J 
3 FORMATIIHI,100X,1IHTEST NUMBER,ZX.IZI 

REAO 15,K10,Kll 
15 FORMATI4X,ZI71 

XK10=KI0 
XKll=Kll 
PARAX=IXK10/10000.1-1.01 
PARAY=lxK11/10000.1*1.01 
YA=-0.008+.335*A 
PRIhT 13,YA,PARAX 

13 FORMATIIHO,lOX,IZHLOAOING OATA//Z5X,16HANGULAK VELOCITY,F8.3.lX. 
113HkEVS. PER SEC,ZOX,7HPARAX ,F5.31 

YB=O.1746+5.084*B 
PRINT Z3,YB,PAkAY 

Z3 FURMATIIH ,Z3X,11HCAkRIA~E VELOCITy,F7.Z,3X,IZHINS. PER SEC, 
1Z1x,7HPARAY ,F5.31 
YC=.039+3.'t96*C-.3~8*C**l+.105-C**3 
YO=.159+Z.75Z*O-.00Z*O*-Z+.Ol3*O**3 
YE=.04~+.513*E 

YF=I.020B-l.0b3*F+9.611-F**Z-10.439*F**3+5.13S*F**.-I.17l*F**S 
1 +.1006*F**bl-lZ. 
FF=I.OZOB-l.0b3*F+9.bll*F-*Z-10.439*F**3+S.13S*F**4-1.17Z*F*.S 

1 +.lOOb*F**bl-1Z. 
PRINT 33,YC,YD,YE,YF,FF 

33 FORMATI1H ,l4X,lbHO.B.P. L.H.S.,FB.3,lx,4HLBS./3SX,6HR.H.5., 
IF8.3,2X,'tHL&S./34X,7HSINKAGE,FB.3,lX,bHINCHES/Z4X.17HTORQUE LOA 
lOING,F7.2,3X,7HIN.LBS./3ZX,9HUNLOADING,F7.l,3X,lHIN.L85.1 

SLIP=(1.-YB/IYA*Z9.10011*100. 
PRINT b3,SLIP 

63 FORMATIIH ,31X,9HSLIP RATE,F7.l,3X,BHPER CENTI 
PRINT 73 

73 FuRMATIIHO,lox,14HO.V.M. OUTPUT //10X.4HCOOE,4X,IHX.7X,lHy,7X,lHX, 
1,7X,lHY,7X,IHX,7X,lHY,lX,IHX,7x,IHY/I 
L=l 
M=B 
DO 4 1=1,21 
READ 10,JJ,IIXYIKI,K=L,MI 
PRINT B3,JJ,IIXYIKI,K=L,MI 

B3 FORMATIIH ,lOX,14,8IBI 
10 FURMATI14,~I71 

L=L+S 
4 "="+8 

M=M-l 
00 1't 1=1,14 
REAO lO,JJ.lIxYIKI,K=L,MI 
PRINT 93,JJ,IIXYIKI,KsL,MI 

93 FORMAJIIH ,10x,14.6IS) 
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BOYO -S.V.S.I- FORTRAN SOURCE LIST MAIN 
ISN SOURCE STATEI1ENT 

103 
101t 
106 
107 
110 
11b 
ll3 
lllt 
ll!J 
ll7 
130 
131 
133 
1310 
135 
136 
137 
lit 1 
lItl 
lIt3 
lit'" 
11t6 
11t7 

1!J0 
151 
152 
1!J3 
1!)1t 
1!J5 
156 
157 
160 

161 

16l 
16'" 
1b5 
166 
Ib7 
170 
171 
173 
174 
176 
177 
200 
201 
202 
lOIt 
l05 
201 
210 

L-L+6 
lit 11-M+6 

11-H-2 
00 l'" 1-1,7 
KEAO 10,JJ,IIXYIK"K-L,H' 
PRINT 103,JJ,IIXYI",,"-L,", 

103 fORMATI1H ,lOX,IIt,lt181 
L-L+1t 

21t I1-M+'" 
DO 31t ""1,280 
XU-IXYIK' 

31t XYCKI-CXAX/IOOOO.'.l.Ol 
CORR-0.835 
XY1-IXYC1'-PARAXI~ORR+PARAX 

00 " K-1,279,l 
XYCKI-IXYIK,-PARAX,.CORR+PARAX 

Itlt XYIK'-XYCKI-XY1 
XY2-IXYI21-PARAYI~ORR+PARAY 

DO 51t "-l,280,2 
XYIK)-IXYCKI-PARAY).CORR+PARAY 

51t XYIKI-XYIK'-XY2-1.5 
PRINT 113 

113 FORI1ATIIH1,99X,l1HCORRECTEO COOROINATESI15X,ItHSU8S,3l,lHX,ItX, 
1ltHSUBS,3X,lHY,5X,ltHSUBS,3X,lHX,ltX,ltHSUBS,3X,lHy,5X,ltHSU8S,3X,lHX, 
2ItX,ItHSUBS,3X,lHY,5X,ItHSUBS,3X,lHX,ItX,ItHSU8S,3X.lHYI 

OU 61t 1-8,280,8 
L 7-1-7 
L6-1-6 
L!)-1-5 
Lit-l-it 
L3-1-3 
Ll-I-2 
L1"'1-1 
PRINT lZ3.L7.XYCL7',L6.XYCL6I,LS,XYCLSI,LIt,XYILIt"L3,XYCL3',L2, 

1XYIL2I,L1,XYIL1',I,XYCII 
123 FORMAT 11H ,bX, J::I ,F7. 3, Ilt,F7 .3, 16,F7 .3,·IIt,F7.3, 16,F7.J,IIt,F7. 3,16, 

1F7 .3, IIt,F 7.3' 
61t CUNTINUE 

L-1 
M-7 
DO 71t ,,"'1,21 
DO 81t I&L,M,2 
XXCI''''XYCI,-XYCLI 

81t XXI1+11-XYII+11-XYIL+11 
L-L+8 

74 11-11+8 
M-H-2 
DO 9'" "-1.11t 
00 104 I-L.M,2 
XXII'-XYIII-XYIl' 

101t XXll+l'-XYII+lI-XYCL+lI 
L"'L+6 

91t 11-11+6 
""H-2 
00 131t K-l.7 
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BOyD -S.V.S.I- FORTRAN SOURCE LIST HAIN 
ISN SùùRCE STATEMENT 

211 
LI2 
213 
215 
Zlb 
220 
zn 

222 
ZZ3 
224 
.2.25 
2Zb 
227 
23u 
231 
232 

233 

234 
23t. 
2j7 
240 
21tl 
2 .. 2 
2 .. 3 
2 .... 
2 .. 5 
2"b 
Z47 
250 
251 
252 
254 
255 
25b 
Z!>7 
2bO 
2bl 
202 
2b3 
2b4 
Zo, 
2b7 
270 
271 
272 
274 
277 
300 
301 
30Z 
303 

OU 144 I:L,M,Z 
XXIII:l(YII'-XYIL) 

144 XXII+ll=X"I+l'-XYIL+ll 
L:L+4 

134 1'1='1+4 
PRINT 133 

133 FO~HATllHl,80X,33HUNOROERED LISTING OF TRANSLATIONS//I0X,~HSUBS, 
14X,lHX,4X,4HSUSS,4X,lHY,5X,4HSUSS,~X,lHX,~X,~HSUBS.4X,lHY,5X, 
24HSUSS,4X,lHX,4X,4HSUBS,4X,lHY,5X,4HSUSS,4X,lHX,4X,~HSUBS,~X.lHY/J 

Où 114 1=1,09,Z 
Ml:I+1 
'1Z:I+70 
H 3: 1 + 71 
H4:1+140 
11~=1+141 

110=1+210 
H7=I+Zll 
PKI~T 14J,I,XXIII,Hl,XX'H11,H2,XXIH21,H3,XXIH31,H~,XXIH41,H5, 

lXXII'1!>1 ,l1b,XXI Hol ,M7,XXIH7I 
143 FORHATl1ux,14,fB.J,IS,F8.3,lo,F8.3,1:',F8.3,lb,F8.3.15.F8.3,lb, 

1Ftl.3, 15,Fll. JI 
114 CGNTIN.J~ 

1=1 
... 3=7 
K4=119 
1\5=50 
1\0=;:' 

1< 1=41! 
18 ua 224 1<1=K3,1<4,1<, 

lOI! K2=1<1+1<7 
5UH=0. 
5UM2=0. 
DO 234 N=Kl,K2,Ko 
SUMZ:SUM2+XXIN)**2 

234 SU~:SUI'I+xXI~1 

tlARI 1 l "'!"iH/l. 
tlIASIII=SVRTISUH2/1.-ISUM**ZI/49.1 
BESII 1=1.07*SIASI 1) 
Klb=Kl+1 
1<.2:KZ+1 
5UI1=0. 
5UH2=0. 
DO 244 N=Klb,Kl,Ko 
SUM2:SUM2+XXINI**Z 

244.SUH=SùH+XxINI 
BARll+1):SUI'I/7. 
SIA51I+ll=SwRTISUH2/7.-ISUH**21/49.1 
tlESII+11=1.01*SIASII+11 

2i.4 1=1+2 
lFll.GT.ll GO Ta 88 
1< 3=173 
K4=21S 
1<:'=42 
Ko=b 
K7:3b 
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SOYD -S.V.S.I- FORTRAN SOURCE LIST MAIN 
IS~ SOURCE STATEHENT 

304 
305 
310 
311 
312 
313 
3110 
315 

31b 
317 
320 
321 
322 
323 
325 
32b 
327 
HO 
331 

332 
333 
334 
335 

3'02 

3'03 
3410 
3'05 
.Hb 
350 
351 

352 
353 
354 
355 
3b2 
3b3 
3610 
3b5 
3b6 
370 
371 
376 
371 
10010 
1005 
Io1l 

GO TO 71l 
88 IFII.GT.111 GO TO 98 

1(1=255 
K 7=210 
K6=10 
GO TO 108 

9tl PRINT 223 
223 fOkHATIIHl,99X,19HTOTAl DISPlACEMENTSI127X,13HDISPLACEMENTS,20X. 

119HSIANDAkD OfVIATIONS/17X,3HROW,7X,IoHXSAR,6X,~Y8AR.9X.8H8IASEO X 
2,3X,dHBIASfD Y,6X,tlHBESSEL X,5X,8HBESSEL YI 

K<,/=l 
llO 2510 1=1,11.2 
K8=1+1 
PKINT 233,K9.BARIII.BARIK8I,BIASIII.8IASIK8I,8ESIII.8ESIK81 

233 FORMATIIHO.18X,11.7X.F5.3,5X.F5.3,10X,F6.4,6X,F6.4,1X.F6.4.Fll.41 
25" K9=K9+1 

CALl VElUe lIo8.1,b.l.11 
CALl vELOC 1104.13.18,13.111 
CAlL VELO(, 1160.25.30.25,211 
PklNT 163 

103 FORMATIIHl.21HVELOCITY CAlCUlATIONSII15X,20HABSOlUTE COOROINATES, 
15A.lOHKtlATIVE COORDINATES,7X.11HVELOCITIES,8X,15HCUMULATIVE TIHEI 
25x,7HDElTA T.7x,lHX.9X,lHY,14X,lHX,9X,lHY.IOX,5HDX/DT,4X.5HDY/OT, 
3'x.lUHINCKtMENT~.11X.5HSUBS./1 

L P=l 
~1'=12 

OU 18" J=l.3 
~klNT 173,IDTVElIII.XVElII',YVElll'.XRVElIII,YRVELIII,DUDTII" 

IJVDTIIJ,TI'LOTII'.I,I=lP,NP' 
173 FOKMATIIH ,'X,Fo.3,5X,F6.3,IoX,F6.3,9X,Fb.3,4X.F6.3,7X,F6.3,2X, 

IFb.3,10x,Fb.3.1lX,121 
PRINT 183 

Id3 FURMATIII 
LI'=lP+12 

It1" NP=NP+12 
PKINT 193 

193 FOKHATIIH1,25HACCElEkATION CAlCULATIONSI15X,5HSUBS.,5X, 
115HCuMULATIvE TIHE.5x,13HACCElERATIONS/15X,10HINCREHENTS.8X, 
27HD2A/DT2,IoX,7H02Y/DT2/1 

l T=l 
NT=10 
Ou 1<,/4 J=1.3 
PKINT 203,ll.TACCIII,D2UDTIII,D2VDTIII,I-LT,NTI 
PRINT 213 

203·FukHATIIH ,bx.12,11X,Fb.3,8X,F7.3,4X,F7.31 
213 FORMATIII 

lT z lT+I0 
194 NT=NT+I0 

GO TO 1 
PUNCH 7,IXVIII,I=l,2801 

7 FURMA TlIlF7.::H 
PUNCH 17,IXRVElII"VRVElIII,DUDTIII.DVDTIII.TPlOTII,.I-1,361 

17 FURMATI5f7.31 
PUNCH 27,ITACCll'.DlUDTIII,D2VDTIII,I-l,301 

27 FORMATI3F7.31 
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ISN SOURCE STATEMENT 

413 NC=3 
411t ND=8 
415 DO 204 J=I,21 
4lb PUNCH 37,IXXILI,L-NC,NOI 
1t23 37 FORMATlbF7.31 
424 NCsNC+8 
425 204 ND=ND+8 
427 STOP 
430 END 

FORTRAN SOURCE LIST MAIN 01106/67 PAGE 5 
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80YOO-S.V.S.I- FORTRAN SOURCE lIST 
ISN SOUKCE STATEMENT 

a 
1 
2 

3 

4 
5 
6 
7 

la 
11 
12 
13 
14 
15 
16 
17 
20 
21 
22 
23 
24 
26 
27 
30 
31 
34 
35 
36 
37 
40 
42 
43 
44 
45 
46 
51 
52 
53 
54 
55 
57 
60 
61 
62 
b3 
64 
65 
66 
70 
71 
72 
73 
74 

U8FTC SP1 
SU8ROUTINE VElOC Illl.N,M,MA,Ml' 
COHMON XY,XX,OTVEl.OUOT.OVOT.XRVEL.YRVEL,XVEL.YVEL.TPlOT.OZUOT. 

102VOT,TACC,G,Y8 
UIMENSION XYI2BOI,XXC2BOI,OTVEll36.,OUOTI36J,DVDTC36J,XRVELC36J, 

1YRVEll36I,XVEll361,YVEll361.TPlOTI361,D2UDTI30J,02VOTC30l,TACCC301 
L-lLl 
DO 12'0 IzN,M 
OTVELlllclXYCL+11-XYIL-711/Y8 
OUOTIII=IXXIL-51-XXIL+311/0TVElIIJ 
OVOTIJlcIXXCl-ItI-XXIL+411/DTVElIJ' 
XRVELIII .. lxXIL-51-XXIL+3"'Z.+XXIL+31 
YRVElIJI-IxXIL-41-XXIl+4'1/2.+XXIl+4J 
XVELIJI-XRVELIII+IXYIL-71+XYIL+1'1/2. 
YVELIII .. YRVELIII+IXYIl-61+XYIL+ZII/2. 
OTVElIJ+61"OTVELIII 
OUOTII+61-IXXIl-31-XXCl+511/0TVELIII 
OVOTII+ol=IXXIL-21-XXIL+6'I/OTVElCJI 
XRVELII+6/ a lxXIl-31-XXIL+5"/2.+XXIL+51 
YRVELII+ol=lxxlL-21-XXll+611/Z.+xxIl+61 
XVELll+bl=XRVELll+6'+IXYCL-71+XYIL+1"/2.-G 
YVELCI+61-YRVElII+61+IXYIl-61+XYll+ZII/Z. 

124 L=l-Ij 
TINV=O. 
L8=MA+5 
DU 134 JaHA.L8 
IflJ.GE.IHA+lll GO TO 38 
l"OTIIELC JI /2. 
GO JO '08 

38 l-OTVElIJI/2.+0TVELlJ-1112. 
48 TlNV=TlNV+l 

134 TPLOTIJI=TINV 
TINV-G/Y8 
lA:HA+6 
lO=HA+ll 
Où 15'0 JaLA.LO 
IFIJ.GE.lHA+711 GO Ta 58 
laOTVElIJJ/2. 
GO TO 68 

5& l-OTVELIJI/2.+0TVELIJ-11/2. 
68 TlNV=TlNV+l 

154 TPlOTIJI=TINV 
TINV-O. 
lC-Hl+4 
00 164 J-Hl,LC 
02UOTIJI"IOUOTIJ+11-0UOTIJII·Z./IOTVElIJI+DTVElCJ+1" 
02VOTIJI .. IOVOTIJ+11-0VOTIJII.Z./IOTVElIJI+OTVElIJ+111 
Z-OTVELIJI 
T INVaT1 NV+l 

16'0 TACCIJI=TINV 
TIN'Ia G/Y8 
LEsHl+5 
lF"'Hl+9 
DO 174 J-LE.lF 
D2UDTIJI-IOUOTIJ+ZI-OUOTIJ+111.Z./IDTVElIJ+11+DTVELIJ+ZIl 

e 
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BOYO -S.V.S.I- FORTRAN SOURCE LIST SPI 

IS~ SOURCE ~TATEMENT 

75 OZVOTIJ,-IUVOTIJ+Z'-OVOTIJ+l',.Z./IOTVELIJ+1I+OTVELIJ+21' 
7b Z-UTVElIJ+ll 
77 TINV-TINV+Z 

100 174 TACCCJI-TINV 
10Z RETURN 
103 ENO 

NO MESSAGES FOK ABOVE ASSEMBLY 

OBJECT PROGRAM IS BEI~G ENTEREO INTO STORAGE. 
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TEST NUMBER lit 

LOADIN(, DATA 

ANGULAR VELOCITY 0.272 REVS. PER SEC PARAX 1t.627 
CAKRIAGE VELOCITY 7.bO INS. PER SEC PARAY 3.576 

D.S.P. L. H.S. -2.099 LBS. 
R.H.S. -1.623 LBS. 
~INKAGE 0.617 INCHES 

TuRQUE LOADING 43.97 IN.LBS. 
UNLOADING 43.97 IN.L8S. 
SLIP RATE 3.92 PER CENT 

D.V.H. OuTPUT 

CODE X Y X Y X Y X Y 

lit 11 95"1 b731H 15288 66850 13504 621t06 13173 622B2 
1412 21773 b1438 25773 b7585 255b8 61584 25042 62472 
1413 34152 b7347 3bb03 b7730 38907 b1345 37220 621t25 
1414 46103 071071 "7927 b7b05 52045 62922 4B992 62302 
1415 58138 67232 59"68 67310 b4256 61t643 61ltl1t 62196 
141b 70332 b7lt72 71291 b711t8 75221t 66790 73 7BIt 62264 

L-' 1417 82327 b7712 112903 6751t9 85bOI b7759 856b2 621t76 
j>-j Ilt21 9580 5"lIb9 12939 53704 11809 5182b 11525 51894 1'-:' 
i --0 1422 21871 5"803 24419 53935 210398 51482 23832 51875 
1 1423 34047 54b02 35175 53772 36751 51084 36023 51655 
10 1424 45979 5475b 47219 54507 49501 51771 48195 51819 1 C_' 

Jr";; lIt25 58182 54b60 5925b 54421 61525 5264S b0307 51532 
1 142b 70395 51ob32 70787 544ltl 73417 53354 72370 51666 1-' ]"'27 82019 54537 82713 54594 84364 54356 84355 51731t l;j ~431 9794 41724 11429 40910 11925 39961 11351 39903 : ' 1432 22058 41619 23599 40929 231t44 39798 23317 39971 
it~ 1433 34029 41524 35328 41035 35952 395bO 351t07 39531 
1-'- 11034 Iob129 Io1b79 Io704b Io14b7 IoB281o 1t0153 H651 39905 
j;,,) 1435 58362 419111 58919 41506 60101 40144 59642 ~040 

1436 70430 41b8d 70901 41689 72280 1t0903 71712 39858 
1437 82789 1011091 &3092 41421 84187 41059 839B1 39945 
lHl 9551 29725 10552 29219 10222 2B7b2 
1442 21934 29810 22938 29677 22674 28848 
1443 3419b 29830 34951 29735 34950 28715 
141010 46083 2990b 106649 29898 46b89 2B781 
1445 5Hld9 291130 511b09 29973 58854 28743 
1446 70190 29792 71031 29535 70856 28972 
1447 82402 29783 83018 29486 83073 28901 
1451 9249 171t56 9978 1699b 9979 Ib997 
1452 211107 173112 22179 17035 22325 1b739 
1453 34014 17341 31033b 16835 310336 Ib83b 
1454 4b164 17521 4b535 17293 46848 16759 
1455 58300 17350 58515 17121 58809 Ib530 
1456 70509 17598 70842 17245 71077 16770 
1457 82380 17256 82878 17017 82878 16607 
1461 9311 5180 9746 4988 
1462 21b92 5550 21887 51bO 
14b3 33889 5372 34116 5045 
1464 1t6205 5503 Io64bO 5172 
1465 58304 5723 58714 5399 ....... Iltb6 70531 5027 70923 lt798 ~ 
1467 82646 5314 82949 5017 C .... 
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!>UBS x suas y SUBS x SU8S y 
1 -0.01l0 2 -1.500 3 0.485 .. -1.539 .. 1.032 10 -1 ..... 0 11 1.369 12 -1.477 

17 2.076 18 -1 ... 98 19 2.282 20 -1.4b5 
25 3.01:13 26 -1.401 27 3.237 28 -1.476 
33 1t.09b 34 -1.507 35 4.211 36 -1.501 
Itl 5.127 42 -1 ... 87 "3 5.208 44 -1.514 
49 6.138 !·O -1.467 ~1 6.187 52 -1.481 
57 0.003 56 -2.550 59 0.287 60 -2.648 
65 1.0 .. 0 66 -2.555 61 1.255 68 -2.629 
H 2.001 74 -2.572 75 2.212 76 -2.642 
81 3.073 82 -2.~59 83 3.178 84 -2.580 
69 4.102 .. 0 -2.568 91 4.193 92 -2.588 
97 5.132 9B -2.570 99 5.165 100 -2.586 

105 6.112 106 -2.578 107 6.171 108 -2.573 
113 0.021 114 -3.658 115 0.159 116 -3.727 
121 1.050 122 -3.067 123 1.186 124 -3.720 
129 2.065 130 -3.b75 131 2.175 132 -3.717 
137 3.01:16 130 -3.662 13" 3.163 140 -3.680 
145 4.117 146 -3.042 141 4.164 14a -3.677 
153 5.135 15 .. -3.0b2 155 5.175 156 -3.6bl 
loi 6.177 162 -3.67a 163 6.203 16 .. -3.684 

> 169 0.001 170 -4.07J 171 0.085 17l -4.713 '"U 
'"U 117 1.130 17B -4.674 IN 1.108 1~0 -4.744 

~ 1B5 2.143 ISo -4.756 187 3.082 IB8 -4.655 

d 193 4.103 1~4 -4.6~' 1 .. , 4.130 l"b -4.649 

H 201 5.100 202 -".600 203 5.171 204 -4.134 
X 209 6.201 210 -4.74U 211 -0.025 212 -5.705 

H 
217 1.034 210 -5.111 219 1.060 220 -5.741 

H 225 2.091 ,lo -5.757 227 2.091 228 -5.757 

l' 23.j 3.146 234 -5.704 235 4.112 236 -5.714 

~ 
241 5.142 242 -5.093 243 5.17u 244 -5.723 
249 6.185 250 -5.742 251 0.185 252 -~.177 

' ..... 2~7 1.025 25B -6.709 2~9 1.041 260 -6.742 
0 2b:' 3.092 2b6 -0.713 267 3.114 2b8 -6.741 

273 5.14. 274 -6.753 275 5.177 276 -6.773 

SU8S X SU8S y 
5 0.3310 6 -1.910\ 

13 1.352 14 -1.984 
21 2.477 22 -2.004 
29 3.585 30 -1.871 
37 4.614 38 -1.726 
1t5 5.539 46 -1.545 
53 6.1t15 54 -1.463 
b1 0.191 62 -2.807 
69 1.253 70 -2.836 
77 2.295 78 -2.869 
85 3.370 8b -2.1111 
93 4.384 91t -2.737 

101 5.387 102 -2.678 
109 6.310 110 -2.593 
117 0.201 118 -3.807 
125 1.173 126 -3.821 
133 2.227 134 -3.841 
141 3.267 142 -3.791 
149 4.264 150 -3.792 
157 5.291 158 -3.728 
165 6.295 166 -3.715 
173 0.057 174 -4.752 
IBl 2.079 182 -4.662 
1~9 3.130 190 -4.h56 
1 .. 7 4.159 198 -4.753 
205 6.145 206 -4.666 
213 0.037 214 -5.71t4 
221 1.078 222 -5.766 
229 3.0d9 230 -5.700 
231 4.130 238 -5.733 
245 5.190 246 -5.763 
253 -0.019 254 -6.740 
261 2.053 262 -6.724 
2b9 4.112 270 -6.695 
277 0.165 278 -b.729 

suas 
7 

15 
23 
31 
39 
0\7 
55 
63 
71 
79 
87 
95 

103 
III 
119 
127 
135 
143 
151 
159 
167 
175 
183 
191 
199 
207 
215 
223 
231 
239 
247 
255 
263 
271 
Z79 

CORRECTED CDORDIHATES 

x suas y 

0.306 a -1.925 
1.307 lb -1.909 
2.334 20\ -1.913 
3.327 32 -1.923 
0\.375 0\0 -1.932 
5.-U8 0\8 -1.926 
6.420 56 -1.908 
0.167 60\ -2.801 
1.205 72 -2.802 
2.233 80 -2.821 
3.260 88 -2.8D7 
4.281 96 -2.831 
5.299 104 -2.820 
6.309 112 -2.814 
0.153 120 -3.812 
1.162 128 -3.806 
2.181 136 -3.843 
3.210\ 141t -3.812 
4.225 152 -3.800 
5.243 160 -3.816 
6.278 168 -3.809 
1.045 17b -4.663 
2.143 184 -4.670 
3.133 192 -4.750 
5.115 200 -4.665 
6.197 208 -4.691 
0.037 216 -5.744 
2.064 224 -5.715 
3.120 232 -5.719 
4.155 240 -5.783 
0.143 248 -5.722 
0.017 256 -b.757 
2.073 2610 -b.752 
•• 147 272 -6.722 
6.191 280 -6.75. 
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UNORDERED LISTING OF TRANSLATIONS 

SUcS 1- SUtlS y SIJBS X sues y SUBS X SU8S y SU8S X SU8S y 

1 -0.000 2 -0.000 71 0.16, 72 -0.2107 1101 0.182 H2 -0.129 211 -0.000 212 -0.000 
3 0.4t15 4 -0.039 73 0.000 JI. -0.000 lit 3 0.128 144 -0.150 213 0.061 214 -0.039 
5 0.33" 6 -0.414 75 O.llob 76 -0.070 145 0.000 146 -0.000 215 0.062 216 -0.039 
7 0.30b c -0 ... 25 77 0.228 78 -0.291 1107 0.047 148 -0.035 217 0.000 218 -0.000 
9 0.000 10 -0.000 7'1 0.lb7 80 -0.2109 1109 0.147 150 -0.150 219 0.031 220 -0.029 

11 0.337 12 0.012 tl1 0.000 82 -0.000 151 0.108 152 -0.158 221 0.044 222 -0.0510 
13 0.320 14 -0.494 83 0.105 84 -0.021 153 0.000 154 -0.000 223 0.000 224 -0.000 
15 0.276 10 -0.419 85 0.291 8b -0.252 155 0.040 156 0.000 225 0.021 226 -0.043 
Il 0.000 Id -0.000 tll 0.1t17 tld -0.248 157 0.156 158 -0.066 227 0.027 228 -0.043 
19 0.207 20 Il.032 89 0.000 '10 -0.000 159 0.108 160 -0.151t 229 0.000 230 -0.000 
21 0.401 22 -0.:>06 'il 0.091 92 -0.020 161 0.000 162 -0.000 231 0.031 232 -0.019 
23 0.259 24 -u.415 '13 0.2S2 94 -0.170 163 0.02t> 164 -0.006 233 0.058 234 -0.064 
25 O.OOJ 20 -0.01l0 95 0.179 9b -0.2610 165 0.118 166 -0.036 235 0.000 236 -0.000 
27 0.154 2i:! 0.011 97 0.000 9S -0.000 167 0.101 168 -0.130 237 0.018 238 -0.019 
27 0.501 30 -0.3tl4 99 0.033 100 -0.016 169 0.000 170 -0.000 239 0.01t3 240 -0.069 
31 0.244 32 -v.430 101 0.255 102 -0.108 111 0.0810 172 -0.01t3 21t1 0.000 21t2 -0.000 
33 0.000 34 -0.01l0 103 0.167 104 -0.250 173 0.057 174 -0.081 21t3 0.028 244 -0.030 
35 0.112 36 1l.OJ7 105 0.000 lOb -0.000 175 0.000 176 -0.000 21t5 0.01t8 246 -0.070 

~ 
J1 U.'lb 3d -0.21& 107 0.059 10d 0.005 177 0.085 178 -0.011 21t7 0.000 21t8 -0.000 
39 0.27b 40 -0 ... 25 109 0.198 110 -0.015 179 0.062 180 -0.081 21t9 0.01t2 250 -0.020 

'U 41 0.000 42 -ll.OOO 111 0.197 112 -0.236 181 0.000 182 -0.000 251 0.042 252 -0.055 l%J 
Z 4~ O.Obl .... -0.027 113 0.000 114 -0.000 183 0.0610 184 -0.008 253 -0.000 254 -0.000 
t::I .. :> 0.413 "0 -0.05t! 115 0.138 110 -0.069 185 0.063 186 -0.0910 255 0.037 256 -0.016 
H 47 0.291 .. Ii -0.1039 117 0.180 118 -0.1109 187 0.000 188 -0.000 257 0.000 258 -0.000 ;..; 

.. 9 O.llOù 50 -:>.JOO 119 0.131 120 -0.1510 189 0.0108 190 -0.001 259 0.016 260 -0.033 
H :>1 1l.0 .. 9 ':>2 -li. 01 .. 121 0.000 122 -0.000 191 0.051 192 -0.095 261 0.000 262 -0.000 
H ,3 0.270 54 0.004 123 0.130 124 -O. OSt! 193 0.000 l'lit -0.000 263 0.019 264 -0.028 
tt 55 0.2131 5b -0.442 125 0.117 126 -0.154 195 0.035 196 0.012 265 0.000 266 -0.000 

'âl ':>7 1l.000 5B -0.000 127 0.106 128 -0.139 197 0.056 198 -0.092 267 0.022 268 -0.028 
.... 59 0.2b3 60 -V.09& 129 0.000 130 -0.000 199 0.000 200 -0.000 269 0.000 270 -0.000 
0 01 v.lllt! b2 -v.2~7 131 0.110 132 -0.01t1 201 0.071 202 -0.022 271 0.035 272 -0.027 

03 U.lo4 04 -0.251 133 0.162 1310 -0.166 203 0.056 204 -0.069 273 0.000 274 -0.000 
oS u.Ollll ob -J.OJO 135 0.116 136 -0.168 205 0.000 206 -0.000 275 0.033 276 -0.019 
;,7 (J.215 bB -o.on 137 Ci.OOO 138 -0.000 207 0.052 208 -0.025 277 0.000 278 -0.000 
c.9 0.213 711 -0.2130 139 0.077 140 -0.0111 209 0.057 210 -O.OH 279 0.026 280 -0.025 

~ 

~ 
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3 

4 

5 
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OISPlACEHENTS 
XBAR YBAR BIASED X 

0.216 -.429 0.0190 

0.175 -.249 0.0119 

0.114 -.150 0.0109 

u.051 -.084 0.0039 

0.046 -.056 0.0105 

0.021 -.025 0.0075 

STANDARD DEVIATIONS 
BlASED y BESSEL X 

0.0096 0.0203 

0.0075 0.012B 

0.0115 0.0116 

0.0093 0.0042 

0.0114 0.0112 

0.0052 O.OOBO 

BESSel Y 

0.0103 

O.OOBO 

0.0124 

0.0100 

0.0122 

0.0056 

TOTAL OISPLACE"ENTS 
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~ELOCITY CALCU~ATIONS 

A8S0LUTE COORDINATES RELATIVE COORDINAlES 
DELTA T X Y X Y 

0.133 5.b97 -1.1097 O.OoS -0.021 
0.135 4.709 -1.508 0.097 -0.010 
0.1310 3.724 -1.488 0.133 0.009 
0.133 2.760 -1.471 0.180 0.022 
0.137 1.826 -1.471 0.272 0.022 
0.136 0.927 -1.508 0.~11 -0.01~ 

0.133 1.289 -1.504 O.~. -0.027 
0.135 0.389 -1.635 O.~o~ -0.138 
0.1310 -0.589 -1.798 0.509 -0.301 
0.133 -1.057 -1.937 0.4S1 -0.4105 
0.137 -2.774 -1.994 0.361 -0.500 
0.136 -3.845 -1.<J~9 0.327 -0.~5~ 

0.129 5.668 -2.580 0.046 -0.000 
0.136 4.b79 -2.567 0.002 -0.018 
0.135 3.685 -2.5810 0.096 -0.021 

~ 
0.132 2.b95 -2. bl1 0.125 -0.~5 
0.135 1.734 -2.6~6 0.160 -0.072 

t"l 0.136 0.771 -2.036 0.249 -0.086 

§ 0.129 1.101 -2.b35 0.226 -0.062 
0.136 0.198 -2.707 0.268 -0.139 

!:t 0.135 -0.811 -2.774 0.289 -0.211 
0.132 -1.8Sb -2.640 0.263 -0.274 

H 0.135 -2.914 -2.652 0.221 -0.288 
H 0.136 -3.966 -2.821 0.201 -0.266 )i 
'fJ ..... 0.137 5.b89 -3.073 0.033 -0.003 
0 0.134 4.b70 -3.bb9 0.043 -0.017 

O.13b 3.6b4 -3.078 0.Ob2 -0.026 
0.134 2.6b9 -3.098 0.093 -0.030 
0.133 1.680 -3.721 0.120 -o.oso 
0.136 0.672 -3.726 0.13~ -0.063 
0.137 1.10) -3.721 0.137 -0.051 
O.13lt 0.090 -3.760 0.151 -0.108 
0.13b -0.922 -3.791 O.lblo -0.139 
0.1310 -1.941 -3.816 0.172 -0.147 
0.133 -2.988 -3.831 0.140 -0.160 
O.13b -4.001 -3.8H 0.148 -0.151 

VELOCITIES. 
DX/DT DY/Dl 

0.2~3 -0.102 
0.231 0.250 
0.312 0.035 
0.399 0.158 
0.951 -0.145 
1.085 -0.382 
1.025 -0.~62 
0.7M -1.18a 

-0.111 -1.237 
-0.755 -0.924 
-0.589 0.091 
0.10~ 0.585 

-0.197 -0.162 
0.~2~ -0.030 
0.103 -0.006 
0.311 -0.370 
0.512 -0.O2~ 
0.501 -0.184 
0.4~2 -0.717 
0.200 -o.~57 
0.111 -0.606 

-0.521 -0.339 
-0.110 0.123 
-0.18~ 0.172 

0.103 0.0410 
0.054 -0.260 
0.224 0.124 
0.240 -0.174 
0.154 -0.128 
0.058 -0.077 
0.278 -0.217 

-0.070 -0.623 
0.258 0.154 

-0.1" -0.275 
-0.3~1 0.091 
0.~62 0.036 

CU"UUTlVf Tl"E 
INCRE"ENTS sueS. 

0.067 1 
0.201 2 
0.335 3 
0."8 • 0.603 5 
0.7~ 6 
0.6M 7 
0.818 8 
0.952 9 
1.016 10 
1.221 11 
1.357 12 

0.065 13 
0.197 1. 
0.332 15 
0.466 16 
0.600 17 
0.736 18 
0.682 19 
0.814 20 . 
0.9<\9 21 
1.083 22 
1.217 2J 
1.353 24 

0.069 25 
0.204 26 
0.339 27 
0.47. 28 
0.608 29 
0.742 30 
0.686 31 
0.821 32 
0.956 33 
1.091 3. 
1.225 35 
1.359 36 
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ACClLE~ATION CALCULATIU~S 

suas. CUMULATIVE TlME ACCELEKATI0'<5 
INCREMENT:> OU/OTZ OU /OT2 

1 0.133 -0.08~ 2. b25 
2 0.2b9 O.bOO -1. bOO 
3 0.402 0.b52 0.923 .. 0.535 4.0ba -2.2 .. 5 
5 0.b72 0.984 -l.73b 
6 0.750 -1.944 -5.410 
7 0.886 -b.50b -0.3bo 
8 1.019 -4.833 2.356 
9 1.152 1.225 7.513 

10 1.269 5.u77 3.bl11 

11 0.137 5.077 3. bl Il 
12 0.273 -2.279 -5.643 
13 0.402 4.b91l 0.999 
14 O. ~3B -2.3bl: 0.174 
1~ O.b73 1.548 -2. 71 ~ 
lb 0.752 -0.076 -1.177 
17 0.869 -0.443 -4. OUI 
18 1.01 B -1.b35 1.9b8 
19 1.153 -0.b51 -1.101 
20 1.2d9 -4.720 1.9d9 

21 0.135 -4.72u 1.989 
22 0.2b8 3.007 3.455 
23 0.403 -0.543 0.3bO 
2" 0.540 2.101 -0.937 
25 0.677 -0.3:>,l -2.2'00 
2b 0.153 0.120 -2.207 
27 0.B87 -0.,,46 0.347 
21l 1.020 -0.109 0.317 
29 1.156 1.607 -1.026 
30 1.293 -2.5b5 -2.992 

ENo-OF-OATA ENCOlJ;.TEREO ON SYSTEM INPUT FIU. 
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SOURCES &: MAGNITUDES OF RADlOORAPHIC DlSPLACEME~ 

Nor CAUSED BY MC1IEMENTS OF THE TRAC~œJ~TS 

182 

~ discussion or the reliabllity of measurements obtained from radio­

graphs must include a consideration of what Roscoe et al (1963) have termed 

'fictitious displacements'. In the technique described in Chapter III,three 

main sources of 'fiot1tious displacements' are present. 

1) Movement of the I.-ray source. 

2) Misa1ignment of the I.-ray cassette. 

3) Departures from the assumed co-planar tracer-object matr~ This 

includes departures resulting from initial misplacements and from 

movements away from the assumed plane that occur during the wheel 

loading cycle. 

1) Movements of the X-Ray Source: 

The Flash X-ray tube anà pulser arè iiîOuntsd on a dolly which is in turn 

mounted on guide rails. This limits possible movements to the single case 

of departures in the Z direction - see Fig. (1) below. Because the primary 

X-ray beam May be considered as unrefracted, simple optics Can be used to 

obtain the image-centre displacement, (J x2h, caused by a source displace­

ment, S z2: 

( JX2h = xl (zl+z2) -
z2 

Xl (Zl+Z2+ J" z2) 
z2+ SZ2 

The difference on the tracer-object, reduced, plane would be: 

(1) 



APPENDIX nJ..G-1 (Cont'd.) 

-=~~------~~--~---À 
1 

XI~ 
+ + t 

1 

Tracer <bject 
Plane 

A,.A = plane of 
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Fig~~e (1): The Influence of 

X-ray Souroe Movements on 

Image Location. 

l.'here: O.C. is the Optical 

Centre. 

(2) 

Since the X-ray pulser position was checked frequently it is unlikely 

that J z2 values greater than .25 inches occurred. From equation (2) this 

corresponds to a displacement in the tracer-object, T. O., plane of (Jx2)~ 
= .019 inches)for a maximum xl = 3 inch value. (Zl = 3.5 inches, Z2 = 13.0 

inches unless otherwise stated). For xl < 3", (J-x2)i < .019 inches. The 

same reasoning holds for (dlY2)! displacements in the y direction in the 

T. O. plane. 

Since the reference grid on the inside of the Cassette holder forms an 

image pattern uninfluenced by ~Z2 movements of the pulser the resulting 

errors are manifest in the translation and velocity calculations. 

2) Misalignment of the X-Ray Cassette: 

As the Cassette holder is bolted to the noor and surrounded by sand 
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APPENDIX rrT..a-1 (Cont'd.) 

it May be considered to occupy a constant, unmoveable, position tor the dur­

ation of the testing. However, the locating of the Cassette within the 

holder is performed three times during each Test and thus represents a 

source of 'fictitious displacement'. This source can be divided into the 

fOllowing possible components, caused b,y: 

a) Rotations about the vertical, y, axis s 

With reterenoe to 'ig. (2), below, the greatest potential cause 

of fictitious displaoements fram this source is represented b.Y a 

rotation J'e tram the oorrect fUm plane A.A. to the displaced 

plane B.A. This causes a corresponding displacement ot images 

in the x coordinate direction, on the radiograph, equal tOI 

(dX2)2a = xJ Sin d<9 (Tan(d9 +@2) - Tan~) (J) 

This is equivalent to a displacement on the T. O. plane of: 

( dX2)~a = Z1:~2 (cf X2)2a (4) 

J~2 

A--+---------------~--~--~~----~~ 
x'2..----~ 

~r----------------+---~--~3 

1 

+XI~ 
Figure (2): Influence of 

Cassette Rotations about 

y axis. 

~I 
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APPENDIX IIl-G-1 (Cont'd.) 

Assuming the worst condition to be: ~2 = 130 and ~~ = 1°, where 

x3 = 9", equation (4) gives: 
1 

([, XÛ2a =.031 inches. This value does, hawever, represent an 

overestimate since the reference grid images will sut fer corres-

porxiing displacements thus terxiing to compensate for this 'fict-

itious displacement·. 

b) Rotations about the horizontal, x, axis. 

This source of image diaplacement May be calculated using a 

similar formulation to equation (4). It should be noted that the 

y dimension of the Cassette is only 8 inches and thus errors in 

the T. O. plane ,TUI be Iess than .031 inches - assuming the sarne 

maximum rotation of 1 degree. 

c) Displacements of the Cassette in the Z direction. 

Assuming that the Cassette remains in the ~y plane, displace-

ments in the Z direction of < .1 inch can possibly occur. With 

reference to Figure (3), below, 

( f X2);C = Xl ~ zl (S) 
z2 

or: (J X2)~c = ~ (S x2)2c (6) 
z1+z2 

for a displacement of the image on the T.O. plane • 

• 1 inch with Xl = 3 inches, the maximum anticipated displacement 

from this source is equal to .018 inches. 
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APPENDIX III..G-l (Cont'd.) 

_--J~----- displacec1 fUm plane. 

, SOURCE 

-----Film Plane. 

~T.O.PLlNE 

Figure (3): Influence of 

Cassette displacement in 

the Z direction. 

3) Departures from the Assumed Co-Planar Tracer-Cl:lject 'Matrix'. 

_~r-_____ =-__ ~=-___ O~~_._Ge __ ~_re_. ~FnM~NE 1-1----~-----'l~ ~ 

+ + 

Zz. 

SOURCE 

+ ~T.O. PLANE 

Figure (4): Influence of 

Tracer-Cl:lject Di~lace~ent 

from Plane of Network. 
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APPENDIX IIr...G-l (Cont·d.) 

The displacement, or misplacement, of a tracer-object from position 

(T.O.)a to (T.O.)b results in a radiographie image displacement. 

( ~ %2)3 = xl (zl+z2 ) [1 --1J 
(Z2-JZ) z2 

which causes a corresponding change in the Tracer-object plane ofs 

(dX2)~ = z2 ([X2)3 
\ zl+z2 

(8) 

For a displacement az = .05 inches,( dX2); = .015 inches. 

It should be noted that the net eftect of such a displaeement i8 small 

if the T.O. was origina1ly misplaced and describes a translation path 

parallel to the T. O. plane. Ir z compone~s ot translation oceur then 

this source of variation becanes important. 

SUMMARY: 

From the forgoing considerations it is evident that the magnitude of aU 

sources of 'fictitious displacelllents' are directly proportional to the magni-

tude of the dimension z2. In this particular application}where maximum 

penetration was required, z2 was limited to a maximum value of 13 inches. 

The 'fictitious displacements' are thus corresporrlingly high. Since dis­

placements from equations (2), (4), (6) and (8) can not be added algebraicly 

the total scatter from these sources can not be obta1ned diractly. However 

as a first approximation a value of .08 inches for the maximum possible 

'fictitious displacement' may be obtained from: ( (~x2)i + (J %2 )~a + 
1 

2( [; X2)3). This corresporrls to an approx1mate value of .02 inehes for the 

associated standard deviation. 
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APPENDIX IV-Al 

SURFICIAL LOADING INFœMATION (BY TEST). 

APPLIED WHEEL TRANSLAT. A~ULAR NORMAL DYNAMIC WHEEL 
TŒQUE LOAD VEtcx:. VEL. D.B.P. SLlP SINnGE DIAMET~ 

-
~ TEST M W V F S Yo D 

NO. (In-lbs) (lbs) (ins/sec) (rads/sec) (lbs) (~) (ins) (ins) 

4 41.54 23.8 7.75 1.9 -3.845 9.2 .689 9 

5 49.51 ft 7.8 2.58 -5. 25 32.95 .874 ft 

6 33.4 ft 7.9 1.78 -4.946 1.5 .651 ft 

8 57.89 ft 5. 23 1.37 -1.863 15.29 .776 ft 

9 68.9 ft 4.8 1.8 -4.188 40.87 .923 ft 

10 55.7 ft 5.0 1.17 -3.536 5.01 .680 ft 

11 42.68 24.2 4.9 1.04 _2.704 _2.4 .592 9.25 

12 62.05 ft 4.83 1.23 +0.391 14.8 .748 ft 

13 70.61 ft 4.75 1.54 -1.753 33.35 1.010 ft 

14 43.97 ft 7.6 1.72 -3.713 3.92 .617 ft 

15 56.53 ft 7.72 1.92 _0.868 13.03 .682 ft 

16 68.69 ft 7.65 2.56 _2.933 35.49 .894 ft 

19 56.26 28.2 4.93 1.02 _2.099 -3.99 .605 ft 

20 72.98 ft 5.06 1.36 -3.736 19.74 .733 ft 

21 75.38 ft 4.90 1.54 _4.142 31.21 .935 ft 

22 56.53 ft 7.79 1.78 -4.316 4.99 .692 ft 

23 65.33 ft 7.70 1.92 -2.636 13.32 .774 ft 

24 75.72 ft 7.67 2.64 _4.482 37.58 .912 ft 

29 41.30 24.2 7.67 1.73 +0.11 4.14 .608 ft 

30 51.02 ft 7.98 2.02 +1.592 15.49 .505 ft 

31 70.61 ft 7.55 2.66 +0.236 38.37 .643 ft 

33 47.05 ft 7.90 1.73 _2.061 1.28 .582 ft 
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TEST 
NO. M W V VJ li' S 1'0 D 

34 60.46 24.2 7.55 1.9 +1.259 13.62 .661 9.25 

35 
1 

71.45 " 7.6 2.61 -1.174 36.7 .751 " 
LARGE WHEEL (Prototype) 

39 96.69 80.2 7.24 .975 _20.11 -10.43 .850 13.5 

40 139.78 " 7.24 1.05 -8.354 _2.64 .938 " 
41 173.84 " 7.39 1.3 4.39 15.61 1.195 " 
42 130.75 " 9.55 1.43 -6.716 .63 .839 " 
43 63.17 " 9.45 1.57 .255 10.91 1.107 " 
44 200.51 " 9.53 1.95 .951 27.25 1.:312 " 
45 147.57 " 6.05 .97 9.926 6.78 .896 " 
46 85. 20 " 6.86 .84 -17.009 _21.78 .817 " 
47 211.59 " 6.40 1.:32 3.176 28.09 1.415 " 
48 160.29 80.7 6 • .58 1.01 16.785 5.49 .979 13.75 

49 193.95 " 6.58 1.11 13.668 1).57 1.15:3 " 
50 224.:31 " 6.22 1.25 :3.445 27.85 1.516 " 
51 123.77 n 9.45 1.:39 -4.7 1.20 .875 " 
52 174.25 " 10.04 1.53 12.922 4.48 1.024 " 

. 
5:3 214.05 " 9.76 1.92 8.926 26.0 1.:387 " 
54 117.62 " 9.10 1.42 -12.5:31 6.:34 1.066 n 

55 195.18 n 9.55 1.55 -8.345 10.31 1.162 " 
56 248.52 n 9.43 1.98 _2.606 30.41 1.558 n 

57 208. :31 " 6.61 1.01 17.765 5.1) 1.115 n 

58 282.17 " 6.28· 1.22 19.796 24.7:3 1.457 " 
* Note: The broken sequence in the test numbering is due to the ra ct that one 

group or experiments have not been included. These were carried out 
in a lower velocity range (<pc:. Vl) where it was not possible to con­
trol the slip rate, s, and translational wheel velocity, V, within 
acceptable limits. 
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TE3T 
Nm1BER 
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5 
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8 

9 

10 

11 

12 

13 

14 

15 

16 

1'1 

20 

21 

22 

23 

21..j, 

29 

30 

J1 
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APPENDIX V_B.1 

A LlSTING OF THE TalQUE ENERGY COEFFICIENT, t, 
AND THE DIMENSIONLESS SINKAGE RATIO ~, Br TEST 

rt:~ ~ D 

TI!ST 

Z=~~ NUMBER 

.430 .0765 34 .626 

.690 .0971 35 1.01 

.316 .0725 39 .163 

.640 .0865 40 .254 

1.090 .102 41 .383 

.550 .0735 42 .244 

.376 .064 43 .338 

.662 .081 44 .527 

.940 .109 45 .320 

.410 .067 46 .130 

.574 .073 47 .540 

.950 .099 48 .310 

.412 .0655 49 .406 

.692 .0792 50 .564 

.841 .101 51 .225 

.46 .0750 52 .327 

.576 .0837 53 .524 

.925 .0986 5l~ .195 

.385 .066 55 .338 

.54 .0516 56 .555 

1.10 .0695 57 .336 

.426 .063 58 .584 

191 

~~ 

0 
.0715 

.0815 

.0630 

.0695 

.0886 

.062 

.0820 

.0975 

.0665 

.061 

.104 

.071 

.084 

.110 

.0646 

.0745 

.101 

.0775 

.0845 

.113 

.0812 

.106 
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INITIAL PŒITION (1ST FLASH) 
FIRST INTERMEDIARY PULSE (2ND FLASH) 

-- --
1 1 

A 1 B 
1 

c D E F 

1 

T-- --- --r- --
1 G H 1 l J X L 1 
1 _____ J ----------

SECOND IMTERMEDIARY PULSE (3RD FLASH) 

E 
A B c D 

G H l J 
K 

r FINAL pœrrION (4TH FLASH) 

A B C D E 

G H l J K , 
The Tracer .. Cbject Matrices for Subsequent Density Determinations 

- Test No. 29. 

F 

L 

F 

L 
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APPENDIX v.c-3 

THE EVALUATION OF EQUATION (V.14) FŒ TEST 29 

! n In IV V VI vn VIn IX X 

~ ~I 

I~ ? ~'-dV ~~I::.~ ::, 
~~ ~),~ 9&V ~).1t,~ oc.- SIJ-3 'j 

~ klO ')c 'O-~ A~ XIO
l 

)C IO-~ 

Row 1 .4 0 .0538 .341 0 0 0 .0538 0 0 
l 2 .7 .01 .0.544- .6 .00150 .1 .01 .0,544 .085 .00021 

3 1.1 .01 .0544- .94 .00234 .1 .05 .0,544 .085 .00106 
4 2 .01 .0545 1.71 .00420 •• 1 .05 .0,544 .085 .00106 
5 2.5 .03 .0545 2.13 .0159 •• 4 .02 .0544- .341 .0017 
6 2.1 .01 .0545 1.8 .00450 ·.7 .06 .0544- .6 .0090 
7 1.4 .04 .0545 1.19 .0118 .1. .08 .0544- .85 .0170 
8 .6 .05 .q545 .54 .0067 .1.6 .1 .0545 1.44 .036 
9 •• 1 .07 .0545 .09 .0015 .2.1 .1 .0545 1.88 .047 

10 .1.2 .08 .0580 1.07 .0216 .2.7 -.08 .0580 2.42 .048 
11 .2.5 .1 .0580 2.24 .0.56 ·3.0 1. .0580 2.7 .0675 
12 ·3.6 .2 .0570 3.24 .162 .2.0 .01 .0570 1.81 .0045 
13 .4.9 .06 .0570 4.66 .07 ·.5 .1 .0570 .47 .0117 
14 .6. .06 .0604 5.7 .086 1.9 .15 .0604 1.8 .0675 
15 .4.6 .1 .0604 4.18 .104 5 .12 .0604 4.5 .135 
16 .2 .2 .0578 1.82 .091 9 .1 .0578 8.1 .203 
17 .8 .1 .0604 .7 .0174 4 .1 .0604 3.5 .087 
18 5. 2 .01 .0604 4.55 .0113 .5 .1 .0604 .44 .011 
19 4.5 .01 .0604 4.2 .0105 ·.5 .1 .0604 .47 .013 

Row 7 .7 .02 .0545 .60 .003 ·.9 .08 .0545 .78 .01.56 
II 8 .4 .03 ft .341 .0026 -1.5 .08 ft 1.28 .0254 

9 0 .05 .057 - 0 .2 .08 .057 1.71 .0242 
10 •• 6 .07 ft .540 .0094 .2.2 .08 " 1.96 .0392 
11 .1. .12 ft .896 .0269 .1.8 .09 ft 1.61 .0362 
12 .2. .15 ft 1.792 .067 .1 .01 ft ·9 .0022 
13 -3 .08 .0604 2.84 .057 .5 .03 .0604 .475 .0035 
14 ·3.5 .1 ft 3.32 .083 3 .08 ft 2.84 .057 
15 ·3.5 .1 .0578 3.18 .0795 4.1 .15 .0578 3.73 .140 
16 -3.5 .15 ft 3.18 .104 3 .15 ft 2.72 .102 
17 •• 2 .02 .0556 1.75 .0088 1 .2 .0556 .875 .~ 
18 1.5 0 ft . 0 .4 .15 " .35 .013 
19 2.5 0 .0604 . 0 •• 1 .1 .0604 .095 .00023 
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l II III IV V VI VII VIII IX X 

~ !l' 1~1 )J yJv ~l:)'Qi) .b •• 1 1:t jJ ~JV ~)bI)'~ 1.. 5 ~ '( \O-~ )( \0-3 ÀtJ "'10-3 ,,\O-"!l 

Rem 7 .55 .02 .05.54 .48 .0024 .1 .02 .0554 .872 .00436 
III 8 .35 .02 .057 .312 .0015 .1.4 .03 .057 1.25 .0094 

9 0 .03 ft · 0 .1.6 .03 ft 1.43 .0106 
10 ·.5 .05 .058 .45 .0056 .1.5 .03 .058 1.36 .0102 
11 •• 8 .05 ft .715 .0089 .1 .02 ft .91 .0045 
12 .1.2 .03 .057 1.07 .0080 0 .01 .057 · 0 

" . 13 .2 .05 .0595 1.85 .023 1.5 .01 .0595 1..4 .0035 
14 .2.5 .15 ft 2.33 .076 3 .01 ft 2.8 .0070 
15 .2.3 .05 .059 2.13 .027 2.5 0 .059 · 0 
16 .2 .04 ft 1.85 .0185 1 .15 " .925 .0348 
17 ·.5 .02 .058 .456 .0023 .4 .1 .058 .365 .00915 
18 .8 0 ft - 0 .2 .08 " .182 .00364 
19 1.6 0 .057 . 0 0 .06 .057 · 0 

Rem 7 .55 .02 .0554 .47 .0024 .1.1 .08 .0554 .96 0.0193 
ri 8 .3 .04 .057 .268 .0027 .1.1 .08 .057 1.00 .020 

9 0 .02 " · 0 .1.1 .08 " 1.00 .020 
10 •• 6 .03 .058 .546 .0041 .1.0 .07 .058 .91 .016 
11 ·.9 .02 " .82 .0041 .0.3 .06 " .273 .0041 
12 ·1.3 .02 .057 1.16 .0058 .2 .05 .057 .178 .0022 
13 .1.8 .03 .0595 1.68 .0126 1.1 .03 .0595 1.02 .0076 
14 .2.3 .03 ft 2.14 .016 2 .02 " 1.80 .0090 
15 .2.1 .05 .059 1.94 .0242 1.8 .05 .059 1.66 .0083 
16 .1.5 .02 " 1.39 .007 1.2 .02 " 1.12 .0056 
17 •• 1 .02 .058 .091 .0004 .6 .02 .058 .545 .0027 
18 1.2 .01 " 1.1 .0027 .2 .02 " .183 .0009 
19 1.2 0 .057 · 0 0 .02 .057 · 0 

tpp~IP1A .. .-n7'T.-"·III.JJ""."I:rl"_·',. ...... , ....... - ............. .--. ...... _____________________________ _ 
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