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ABSTR'ACT 

. ' 
• 

The of this study is 
\ 

purpose to develo~ an anolytlcal 
, ~ 

tec~nique <& for preQlcting the response of a deep snow 
• 1> 

layer 
\ 

under a rigid ~trip footing. The study is llmlted in scope 

to the verlflcatlon of the valid1ty of the application of on 

a~alyt~cal(computer m0gel ~o slmulate fhe process of 
l) 1 

p~netration intq a de~8~lt of deep snow. 

The model 1$ based on the f.inlte element technlque 
\ 

( , 
sUltably adapted to take Into conslderatlon ,the high 

~ 

compressiblilty of the material and the progressive shoor 

fa i 1 u or e mec han ~ sm de v e 1 ope d dur i n 9 the f à 0 t l n 9 pen e t r n t l 0 n 
~ ~ 0 

"p roc e s s.. The S '0 1 U t l a n 0 b t a l n e d /u s). _ n 9 t h 1 S m 0 d e 1 pro v i (j e s ,~ 
v 14} .. 

dlsplacement flelds. and density 

footlng, the depth of 'shear along 

{ 

., j ~ 
the st ess-slnkage ~elationship of 

• ~ 1 

The val~dl~y,of the proposed 
~ 

a comparlson ~f pre,dicted and 

r e sul ts . Mo \ t 0 r e sul t s 0 b t a l n e d 

dlstrlbution beneath the 
J 

'f a 11 ure pla n e sas w e l 1 " 8 S 

the footing: 

mod~l IS verlfled through 

• experlmentally oblaincd 
o 

From the· f1nite elemonL 
.:J 

model ar\ found to be in reasonably good agre~ment 
.t • 

'experlmental da.ta whlle sorne ,discrepancles 
~ '. 

exist between specifJc ty_es of results. 
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RESUME 
.. 

• 1 • 1 .. 

-" " 11." \ 

L'objectif de cette 'étude est de' trouver un moyen 

analytique tatlonnel pour prédire le comportement d'un dépôt 
- '. 

)Cl e ne Ige pro f o· n d e ~ sou mis à un e C! h a r g e . L a po r t é e de cet t e 
1 

J 1 
étudelse limIte à la vérificatlon d'un modèle analytique --
adapté pour l'ordinateur et utIlISé pour. l'analyse d'un Q 

socle rigIde pénétrant le dépôt de neIge. 

" 
Le modèle est basé l sur la 

~ 

"~ , tech.rllquE! ~des elements finl~ 

laquelle esé. adaptée pouf le' cas' présent afin d'inèlure , 

l'effet de la graJlde. compress.:wnlité de cette substance et" 

d u .~ é c a n i ,s n1 e de I!J c i sai Il e men .f pro g r e s s if, qui s e dé v e l 0 p' P ~ 

~r deux plans verticaux pendant .la pénétratIon du socle • 

La solutIon ainsi obtenue prédit les champs de déformation 

et la cdistribution de densit,é sou's le' ~oc1e, la pi'o'fondeu.r 

du mécanisme de cIsaillement vertical ét enfin, la 'relation 

o pression-pénétratIon du socle. • 
La 'valtdi té du modè~'e proposé 

1 
est vérifiée 

,? 
à travers 

d ',une comparalson en général fa,vo rab le des valeurs 

expérImentales e't prédites par le modèle des paramètres 

"'1 men t ion n e s ~c i - h a u L 
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~: 

l 
Nat ur e~ JJ f 

<' 

Snow 

l 

CHAPTER l 

" 1 ., INrRODUCT l ON '\ \ 

r 

" 

h f. f t , d "t t' ~, The -mee anies o. snow. orma 10n an preclpl a lon lS 1 a 

.complex subjeet, involving many' factors and is gdverned by 

, l ' 
the laws of physies, 'chemistry, \herm1Jdynamics as weIl as by 

meteorologieal çonditions. In "general, ,snow preeipitatl0n 1 

oeeurs provided 5uffieiênt atmospherie moisture is: pr-e~' 

in th e ,ar r and that the elimatic environment\is sUltable to 

initiaOte and' 'maintain meehanisms by which this moisture lS 

converted into snowfall. . Condensation of water ~apoùr in . ' .\ . , r-J T 

the a ~ mas p h el e r e sul t s' in t a the for mat ion 0 f a cIo u d w i th 1 n 

-
whieh, provided the temperature drops b..elow fréezing, 

d r apI e t s j 0 i n t t a ~e n e rat; e i c-e cry s t a l s . Con tin u e d gr 0 w t h -

of' an ice crystal -leads ta t~e formati(n af a snaw crys'tal, .. 
which ·is a partiele sufficlently large ta be visible to the 

. 
~ 

resuit naked' eye. A snowflake i,s produced 'as a of 

Eiggre-gation of several huridreds Clf snow crystals. 
Ij \ 

" J . 
Snowflake slzes vary (rom a fractlon of a milllmeter t'd 

several centimeters. 
... 

Nal'mally, larger snowflakes are 
1. 

9 en e l'·a t e d wh e n the am b i en t te m p e rat ure i sne a r" 0 Il C and s i z e 
\ 

de cre as e s w i th de cre a sin 9 te m p e rat ure '( H 0 b b s, l 9 7 3) . 

. ' 

\' 
/ 

r 

, , 

• it 

~J 
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2 

J he acc umul a t lon 0 f snow, flBke s on the gr ound le ad-a to 
• 1 

the generation ôf :the snowcover. EV'1dentl.y, characteristi.cs 

~f the snow-coveri such ,as crystalline structure and 

denslt~, are h{~hly controlled by the type of weather ~uring 

pre c l p l ta 't l 0 n (l. e, t e m p e rat ure, w l n d s pee d, hum i d l t y, etc) 

. a'nd are 'likely to change with ti\'1~' acC~l'dlng to' the 

,meteorologlcal' cQndl.tJ..ons prevai 11ng aftel' 

Propertles of the silo ~ 7' c·o ver . s>tJ cha s . s t r e n 9 th, s t1 f f n ~ s ~ a n.d 

pal'ticular ioterest ta -transport~J ,density are of' 

engineers, concerned with travel over snow in northern 

'countrles. 
~ 

TransportatIon of supplles and good's ta r~mote d 

t 

communl ties, mines, 
1 

construction S l t es, etc, i5 heavily 

dependent on the eff~ciency of oversnow vehlcle5. P roplH 

design of such vehicles requir~s not only a sound mechanlcal 

enginéering .basls but adequate understanding of the response , ' 

of snow un'der loading. Sirt'ce engineering design essentlslly . . . 
~ 

and in~vitably involves. a' mathema'tical 1 d e a Il z a t ion _0 f the 
? 

real problem at hand, the prC?blem of 'analytlcally desc'ribl~g 

(fi r i~ es. 

. 
the behaviour of snow under 

study addresse& tl)IS ~roblem 

a, technique 
'. .. for 

slmulatiàn of t.he. response 

conditions, 

L 
, 

l-

,\ é 

" 

loadlf.lg The present 

ancf' ilS a humble attempt ta 

tl~~ 'mathema)ical/numerlcal 

of snow under 's e t (J 1 a ~ d i n 9 

f 

f ... 

\ 
~ 

" ~ "' ., , . 
'; 

I 

• 
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1.2 Summary of the General Problem' 
i 

1 

" 1.2.1. The SCl>ent~ f~c' Problem 

• t 

The scientiflc problem· addressed in the present 

c' 0 n sis t SIn t the, pre d.i c t ion 0 f the study 
j 

loa d -pen et ratIon 

response of a rigid footlng penetratlng into 
• 0 

a deep snow 
-

deposi t.) The· term "dèep snow" generally applies when the 

thickness o'f the snow layer 15 greater than ~ the largest 

dimension of the loaded area ai the surface. The materJral 

is assumed to. be a contInuum exhiblting the followlng 
. 

characterlstlcs: 
) 

a·) 'large de fo l'ma ti on" behaviour 

b) highly compressible 

c) weightless 

L 

d) the materlal fails " accordihg 

she a·r failuré mode 
,i( 

b) failure mode 
~ 

l'o 
\ . 

stress path dependent 

. , 
f~ 'st ra ln rate dependent 

\,' . 

-co • 

" 
./ 

to the· so-called local 

the general . . 
\ 

'" . \ ., ! 

~ :g) comp ressib i lit Y lS irlVers'el y proportiona l to densit y 
. 
sti ffenlng type 

, ... 
of stress-strain 

purely aXIal compressIon ;oading) /, 

.' 

{ 

curve 

-' 

" 

" 
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negligible lateral e~~ansion under purely axial 

compression 10adIng (i.e, Poisson's 
\ . 
ratio 18 

apRroximately zero).' 1: , 
~, l; 

shear strength is governed by th.e' strength of bonds 
b ' 

b~tween particles~ 
1 .... 

, 
The EngineerIng Problem ànd Its tàmp1exity.' 

., 
• , , J 

Various sU,bjects' on snow .me~hanics h!,!ve b,een studied 

over the yea,rs in o'rder ta develop a methodology ta analyzé 

and prepict the stabilIty of, a snow 
/ 

mess and i ts respons8' 
Q , 

when subj~cted to éxternàl loading. Resp8~tive examples 1 are 
" 

avalanche prediction, which has been studiel:l by Perla and 

Martinylli (1976) and Fraser (1978), arT'd over-snow travel 

problem's for 

) (1979) have 
, 

, 

which Harrison (1975).', 

proposed approac(hes and 

Yong (1979) and Brown 
r!b 

solution technlques. 

Strength analyses of snow are difficult be,cause of the 

nature, of the mat'erial at hand but 'a theoretl(~al evaluation 
, 

has been proposed by Ballard and McGraw (1965). 

In the propose~ study, the problem is concerned wlth 

the evaluation of the response 'of relativelY 100 se materIa1 
~ 

wh l ch, wh e n 1 0 a d e d Il Y a r i 9 i d f 00 tin g, f a"l 1 sac cor d i n 9 ta a 

·punching shear type of mechanlsm. The dlffl.cultles 
..... 

associated~with such . anqlysis pertàln ta both abtalning 
<. 

useful and reliable experime.ntaL dafa' qS/ weIL ÇlB ta the 
, • û' 

-,...theoretical formulation of the problem. 'Non~à~(J<genelty 18 

more severe for s'now than for inost soils due to the hlgh 

« 
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~ ~ thér'modynamic activi ty of snow'parbcles. Non-t:Jni formity of , 

grain faeking and' hence de!nsity 
) 

CoQ m p 11 c a tes 

charaeteriz~tion. E x/eflme~ t~l' data, sueh aq . , . 
e 0 m pof e s 5.J. b i li t yan d s·h e ars t r e n 9 th, mus t b e 0 b t a l ~ e d f rom 

~ 

~ 

tes t s ,0 n sa rnp les who se, r e pli c a t i an i seo m pILe a t e d b Y t.li e 

-Jaria,ble nature of the materia-l. Engineering propertlesoof 

sam pIe s p_r e par e d for.& h e d if fer en t tes t s var i e d som e w h a t 

according to the amblent temperature, humidlty and other 

"-factors that can potentlally affect the formation, (jJf the 
, 

materia.}.. In addiJ:l.on, non-uniform 'density distributlon in 
't , ~ 

the snow b'Oxes arising from sel f-~eight· of the material may 
Il 

have been a factor against any kind of idealizatipn of the 
- ; 

problem:t.. '" ~ 

As 
f 

be expected, the mathematical Idealization of can 

the' problem, is eomplica~d by the fact that the desired) 

ob jec.tï v'e is not \i calcu l a te a J..imi t state candi t ion; such 

,as the bearing capaclty.failure of sl2.il under a footlng, but 

rather ta simulate the entlre process of penetration of the 

footing lnto the snow. A lack of in formation, 

q~antitatively descrlblng the kinematics of the prob lem', 

eXl~ts ànd, although a qualitative descrlptlon ot the 

pen e t r-a t ion mec han l sm i s a v a 11 ab le f rom pas tex p e fie n ce, 
~ 

this is not sufficlent to develop math~matlcal expressions 

'representing the pro~ess from beginning ta end. The 

(7 apprClach adQ.pteg in this study was orlented ln such a way 

.. 

a 

.. 

J 
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the t "'the kinemati cs of the problem wqu Id be a r esu lt (ra t he r 

than an input) of a 'procedure developed Jl to p.rèdict 
. 

displacement fields, denslty dlstribubon etc, as a function 
"\J 

of f<€loting penetration. SimUarly, reaction forces on the 
.J 

foo t lng and stress fIelds wlthin the snow mass ~ouid also be 
\ <- -

qua'ntl fled. The success of the analyticai formulab.on used 

. to represent- the problem at hand would also heavily de pend 
c 

ont h e in cor p a i a t ion o·f a pp r 0 p ria t e mat e r l aL pro p e r t f"e s ln 

the above p'rocedure. 
~ 

The step by step approach of the problem thus 
''0 

.' , 
implied the, need to adopt sorne klnd of numerical simulation 

t 
scheme designed to be easily handled by a computer. Sorne of 

l 

the work accomplished in the present study was th us devoted 

to investigQte possible vàriations of existlng numerical 

mebhods that orequlred lnp'j- parameters which couIc) be 

obtalned through experimen~ speciflcally deslgned for the 

pro~lem at hand but easily fmplemented in practice . 

.. 
1.3 Purpose of the Study 

Increasing lnterest -in "the evaluation of vehicle 

flotation capability an~ performance on snow covered terr8~n 
'\ $.' .' 

~. 

con s t it u tes the mai n-m a t i vat 1. on for the pre sen t st u d y . The ~ 

beh a,v i our of the . snow materlal under static liJadlng and 

t r ans i e n t ve hIC let r a c t ive l 0 a d sis th e s u b j e c t of s t u d y . a f 

'a research program currently operatiqhl at! the 

j' 

.. 
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Geotechnical Research Centre of McGill University., The 
... , 

pres'ent work can thus be considered as the first step in the 
~ < 

de'velopment of a rational method of analysis for assessing " , , , 

vehicle performance of snow. Its SpeCl.fIC purpo'se is ta. 

1 
predict the load-deformation behaviour of a snow depos,it 

loaded by a rigid strip footing and to identify -!he 

engin~erin~ properties required for the analysis. 

In 

0-

real i zes 

solutIon 

addition, the value· of the developed 

the 

mOGel can ~, further apprecl.ated if oné' 

applicabi1{Îty of the proposed general .. 
chnique ,car be, in theory, extended to sail 

materials as certain ~type~ of ~.msaturat,\d. clays, 

etc. , exhibitIn.g a significant degree of 

a low valuer of POIsson' s ratIO. 

it beœomes obvious from the arguments 

éhapter '2 that the present study consl.ders a L 

to that of the analysis of a footing 

failing by the local or "puching. shear" mechanism (Fig. 
a 

1. la) rat h e r t h.a n b y the 9 e n e raI s h e a r f a il ure m 0 d e ( ~ i 9 • 

l.lb) propose,d by Terzaghi. which assumes the material to~ be 

incompressible. The SOlu.tlon schem~c, developed in the 

.' present work may therefor~ provide useftll gUIdance on how to 

attack such a problem. 

) r 

f 
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Fig. 1.la· Punching Shear Fallure Mechanism 

Q 

Fig. 1.lb General Shear Failure Mechanism 

• 

o' 
, 
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1.4 Scope of the Study 

,. J 
". The scope of thlS study extends to the development and 

\ 1 
" . 
validatIon of a 'c'omputerized mathematical mo'del predicting 

the load-slnkage relationship Gf a "rigid strlp footIng on 
CI 

• (J 

deep snow. The creatIon of such a model' focused on the 

volume change and shear characterlstics of the material and , \ 
their relatIonshlp to the overall behaviour under plate 

,loading condi tlons. " As shawn in Fig. 1.2, it therefo're 

• 
became necessary 

) 
to obtain information on 

snow under the followlng" conditions: 

a) 
, 

volume change only 
, 1 

bJ shear only r 

the response of , . 

c) comblna'tion' of ~both volume . change and shear 

''"l,) I!Jccurrinq simultaneously. 

" t:' 
The. conflned compr,ession test was the obv t'ous choice 

for investlgating the volume change lJehaviour or .. 
compresslbility of the snow (condition a above) whereas the 

direct shear test, was sEdected to characterize the material 
« 

response ln pure. sh~ar (condl tlon b above). 

" . . plate, or footing tept, was performed in order to assess the 

valldity of the'model,through a ~comparison of experimentally 

obtalned curves and those predicted by the computer model 
• 

... based on the propertles of ttfe snow material in compression 
~ . 

and shear. The schematic diagram ln Fig. 1.2 illustrates 
• 

the relatIon ,between the _ method of analysis and the 

experimental prqgram adopted in th~s st~dy. 

" 

i 
\ 

~-----------------------------
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ANALYTICAL PROGRAM Il MATERIAL l EXPERIMENTAL PROGRAM 
PROPERTIES 

q. , 1 

ANALYTICAL MODEL FORMULATION 1 
..... COMPRÈSSIBILITY CONFINED COMPRESSION 

1 
CHARACTERISTICS TESTS 

;r 
1 1 . 1 : VANE SHEAR TESTS 1 SHEAR' STRENGTH 

FINITE ELEMENT COMPUTER MODEL 1 
CHARACTERISTICS 

.. 
1 

\' 

PLATE PENETRATION . 
1 1 . 1 l . TESTS 

~SSURE BULB DENSITY 1 DI SPLACEMENT 1 LOAD~PENETRATION -ND CUTTING DISTRIBUTION FIELD RELATIONSHIP OF 
HEAR DEPTH BENEATH PLATE RIGID,PLATE 

., r .,~ '-

f t . r RESULT~ 1 r- I '- 1 

1---

C 0 M PAR 1 SON 

-. ", 

\ '/ 
.., / 

q! 

'Fig. 1.2 Anal~ical and ExPer:uœntal ProgratlS in Present Study : ~~, ., ~ .~ 

' .. 
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" ,. , 1-'" 

o 
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" ... , 
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for purposes of.rationëlization of the analysas as weIl 

as for minimization o~own factors entering the problem, 

plate penetratlon t'ests were perfomed using a narrow box"'so 

thLt plane st ra ln condltions could be ~ssumed ln the 
. 

a n a lys i san d, con s e que n t l y, t 0 a Il 0 w the de v e l 0 pm e n.t 0 f thé 

analytical/com~uter formulatlon and solution on a two 

çh men s ion a l bas i s . In la d dit ion, a Il tes t s we r e p e r for m. e d a t - ) 
the same (-constant) rat: el so that a relatlonship ~etween the 

three types of tests could be establlshed. The strain rate 
/ 

selected for the tests was sufficientl'y .high to cause the 

so-called brittle behavlo~r of snow descrlbed by fukue 

(197?) and schematically represe~ted in fig. l.la. 
l , 

The' parameters pert inent, to" plate penetrafion 

performance in the 
'1 

concern snow pr,esent study solely 

materlal 're~~sej ageing tline,. denslty, stress-strain 

response ln c,on fined compression and shear. Rigid plate 
Q 

par a met ers suc h as S l Z e and p e f"! et rat Ion s p ~ e d are k e p t, 

conslant. 

1.5 Analysis of the Problem 

The analytical predIctIon of the .load-penetratlon curve 

of a rlgid footi~g on snow is a complex problem involving, a 
IJ 

series.., of stress ~naly~es of a highly compres~lble material 

'(' n d e"r ~a 9 ive n set 0 f . b 0 und a r y con dit Ion s . The ôetermlnation 

of stresses and deformatlons within a mass of materlal is a 

<0 
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highly stati ca {l'y ind~er.i·n.te: P;Ob lem, the solution 
. "'" 

c'onditions 

of 

wh l c h r e qui re's s t a tl 5 f yin g, t he ~ Il 0 win 9 

dicta ted by basic mechan,ic5 o0erl s'ls: 

as 

the 

3) 

,) 

Equilibrlum of the mass i5 maintained~ 

Compatlbillty of deformations (i,e, deformatlo~ 

field, is cont inuous within the ma~s and is 

geo~t~rically consistent with ~.he 

condi tions), 

equatioHs o f ~ The c?nstitutlve rel{t'ons'hiP (o~ 
mat e r i'a l b eh a v i 0 ur) ~s r e s p e c t e d a t any point 

within the mass • 
, 

• 
In so far as the mate~ial is assume~ to be a c6ntinuum, 

o 
solution bf the problem can be investigated throucJh • 

contlnuum mechanics. 
... 0 

Tbe cl~lcal theory of line~ 

c en s t 1 tut e sap 0 Ille r f ~ l ~o 1 for' sol v l n 9 man y 0 f . 
r 1 

elasticity 

such problems. The method IS purely analytical and conslsts • 

equations o f 0 s t r e 5 s w i th, a par ti c u.l a r set of ., 
boundary condltions. The above theory Involves many 

, 
assumptions ,regarding th~ behavlour of the material under 

• 0 
st u d y. . The m 0 st s i,g ~ i f l C an t are: . 

a) the materlal IS Isotropic and homoqeneous 
o 

1 "\ 

" b) '" the mat e ria 1. i s 11 n e are las tic 

c) small stral~ the ory applies 

d) the defor<mati~ fIeld is contlnuous such that no 

gaps or relative dlsplacements between parts of the 
1 

body occur. 
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The analytical solutIon of continuum mechanics problems 

is only possit;le for simple case,s of l~ading 
f 

and boundary 

conditions. The p L\ob l em o.f det e rmi n i n~ the load-s inkage 

1 
re&ponse 9f a footIng in the type of ~eep snow consldered in. 

, 
this study is already complicated by the prese'Tlce oT shear , 
stresse~' al,ong the sides of. the pressure bulb generated !J'y 

the plate penetration process • Moreover, the deformation .. 
(, 

fie Id 'a l a n 9 the si des • 0 f the bu l bis ' ~ 0 t con tin u 0 usd u e ta 
( . ' 0 

the differential vertical displacement of points on either 
" ~ r- y 

side of thf;! planes' of shear.' ~ssumption "d" above therefore 
, 

automat,lcally rules out the possibility of using classfcal .0 

elastic.ity ras a solution p,rocedure. The. f'act bhat the 
. , 
materiâl: i8 highl'y compressible and that-l,.;rge defoTmatl~s 

occur during the plate penetration process also opposes 
, 

assumption "c". In addition, snow is a non-linear mat~ 

whose sti ffness lncreases 'with volumetric" strain and 

th-erefore, in this case, 

fïi:!ally, it lS also eVJ.dent 
.",. 

.Isotropie and hOmogeneous 

• 

assumption "b" 

that no material 
~ 

but assumptlon 

is vlolated. 

i5- per fect1y 

"a" is a 

justification a)ways applled for ldealJ.zation for these .. , 
types of problems. 

> 
In 'light of the above, J.t is' obvio~s that simulation of 

the plate penetration proeess cannot be performed by purely 

analytical means .. The method required should be able .fPo 

easily handle 

'di scon t i nuous 

ma'terial non-linearity, as weIl as large 

element met(od deforrnations. The finlte 
" 

thus Judged .best ·sui ted for the present problem. 

and 

was 

An 
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i~eremental~pptoach, 
, ," . 

according to which the 

dlsplaced downwards in steps for each of 
'. 

pr'opertles and deformations are updated, 

... 
14 

rigi<\ ~late 19 <> 

which 1aU.f181 

lS selecte~ 

isÎdivh:led Into a serles of linear Accordirtgly, the prob~m 
'~ 

elasticity problems (the mater~al is not elastic but al~. 

elements are essentlially undergoing loading 'such that 

rebound of the materiaJl is not allowed) for which a finlte 

e'le~ solution is obtained, The met~od is elegant due to 
, 

that ~he body ânalyzed . (Le, the snow beneath the 

penetrating plate) is assumed to be' composed ~ series of 
~ 

triangular- platels of mate,rial or elements for each of which 

s~resses, strains, vertex displacem'ents, 'etc, corresponding 

.~ # 

to each of the plate dlsplacement increments Introduced 

ab ove, are .. know~. ~ Simllar l y, on"e":dimens i~l elemen ~s 
t t l th"e repr~~en ing he s~ea~lng mechanlsms develope a ong 

~ 

vertical side~f the p.ressure bulb are also incorporated 

Stresse~ 
, 

and dlsplacements for these lnto the 
) 

analysis. 

Ke m; n t~ are aIs 0 u p d a t e d w i t h pla t e dIS pla c e me Il t • 
• 

, 
lzatiotl of the Thesis 

~ 

The present thesis is dlvlded )nto two 

1) The first part dealing wlth the 
. 

statement of the 
" 

0 

problem, the development of the model used in the solution , 

of the problem, the experlmental prog~am, a dISCUSSIon 

anà,lyzing and comparing experimental a.nd predic.ted results 

/ 

.. 

'\ 
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aryd, finally\ 
, .î\ 

conclusions. ·This part i8 subdivided into 

fi~e chapt,ers: 

o f wh i c h th i 6 sec t i,o n ' l sap art, i san 

introductory ~h ... apter discusslng the' nature, scope and 

v need for, the sôlution of the problem at hand and 

. presenting the adopted stl]ution tèçhniql;le ln a general 

way. 

Chapter 
, 

2 describes in detail the proposed 

analytical/computer model and corresponding algorithm 

deve'1opedll> 

Chap te l' 3 - descr ibes ttie expe r imenttl work pel' form'ed 

duri)ng the course of the study inctC"dlng a des-cription 

of equlpment, test pl'o~edure and results. 
':1 

Chaptel' 4 - lnvolves a px:esentation and discussion of 

the 1edicted rig4-d plate load-penetration beha v·i our 

versus tne corresponding experimentally 
~ 

obtained 
\ 

relationships. 

Chaptel' 5 contains cpnclusions qnd ~ommendation5 
for ful'ther work. 

-A llst of referen1es ta prevàous work relat.ed to "the 

presen~ studr'is inClud~ at the end of thi. first ~art, 

2) The second part consists of appendIce, and p.r,o,!ideq 

additional ,Information useful ta 'the readel' for a more 

complete understan~~_, of 

pre"sent study: 

the techniques i,nvolved in the 

r 
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Appendi?, A - Photographs of e~perimenta1 rigld plate 

penetration tests. 

~~ndix ,~ 
. , 

- Computer Pro,gram F 1ow'charts. 
li< APper Program lnput d~a. • 

P~gram output lnformation Appendi x 0 

Appendix-E - Program listing. -
IThe organlzation of the thesis is schema t fc ~ 11 Y 

des cri b e d in the b 1 0 c k dia 9 r a m s h.o w n in Fig. 1. 3 • 

/ 

.. 

, 

• 

. . 
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CHAPTER 2 

GENERAL PROBLEM DEVELOPME~T AND AP~LICATION ur THE PINITE 

ELEMENT METHOD 

2.1 Introduction 
/J 

•• 
The fini te element method i8 a powerful numerical 

continuum mec'i,ha/iCS problems. 

structur~l mechanics applIcations,' 
/" 

for sol,v Ing 
\ 

riglna!ly developed for 
~ . 

the method has been extended ta handle a great variety of 

~robléms often complicated for a closed form 

mathematical solution. With . the development of new 

algorlthms and .. technIques deslgned treat 

non-linear stress-strain behavlCiur (materiai non-linearity) 

as weIl as large deformation problems (geometricai non-

'llnearity), inter~st and çonfidence in uSlng fdnite elemen~s 

have grQwn amongst geotechnical enginee"rs so that today, 
~ 

many,geotechnicai problems are solved by this tool rather 

than by converftlonal classicai sOlI 'mechanics the'ories. In 

the present study, a specIal algorithm, based on the finite 

element ~ethod of analysls and deslgned to model the beha-

v i 0 u r 0 f sn 0 w mat e r'i aI, l s pre sen t e dan d dIS C U S s e d . The 

applicablilty of the finite element method to analyze a snow 

mechanics problem may; at first glanee, appear questlonable 

" because of the nature of the material itseIf and Its 

inelastic and large deformation beraviour. In the solutIon 

.. 

, , 
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" m't}hod, however; finI te element analysis is simply a 

computational step in an algorlthm speciflcally. develpped 
. 

~or the rwmerical slmul@tion of the materi'al at hand and 

emphasizing îts characterlstic n'o n ~l in e a rit Y , high 

compressibility and stiffening behaviour. Evidently, 

success ln proper modelling the response'JI of snow, to the 
• 

, loadlng condItions considered ln this study largely depended 

on the memory space and s~eed of the computing machine used. 

Fortunately, the availabiiity and time efficiency of the 

computer utilized during the course of the pr:esent study 

confirmed the feasibility of the project. 
t 

2.2 Analytical Model Adopted In The Present Study 

2.2.1 General ConsideratIons \ 

As the first step ln the development of an analytical 

model for the prediction of snow behaviour under controlled • 
rate plate penetration conditions, ,it is essential to 

identify the stress transfer 4,anisms occurring wlthin the 

snow mass and to approximately d~fine the dimensIons and 

shape of the pressure bulb generated by penetratIon of the 

plate ln the materlal. Photo9raphs taken durlng plate 

pen e t r a ti 0 n tes t s s h 0 W e d the bas i c dl \f fer e n c e b e t w e e n the 
'" 

b e h a v l 0 U r 0 f sn 0 w and m 0 s t SOI l mat e rIa l s ( Fig. 2 . 1) wh en 
.. 

s u.b j e c t e d t 0 suc h l 0 a d l n 9 con dIt ion s . As Illustrated in 

Fig: 2.1, the deformation pattern ln snow is characterized 

, 
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Fig. 2.1 Typical Photograph of a Plate Penetraiton Test 
\ : 
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cut ting effect of the edg.e:,s of t~enetrating plate 

causing the- development of a pair of vertical shear planes 

by the 

which, with the plate-snow interface, 
1 

de fine three 

bOLjndaries o f the pre s sur V u 1 b i n duc e d b Y the, pen e t rat ion 
. 

process. Furthermore', lt can al 50 be obs~rved from the 

typlcal test photograph ln FIg. 2.1 (also see Appendix A for 

more photographs) that snow material 'on the outside of the 

shea'r planes remalns ~ssentially unaffected by the pene-

tratlon of the plate thus implying negllglble lateral 

expansion of the snow as It deforms vertically. This, 'of 

course, is typical of a-nraterial w,slth a low Poisson's ratio. 
~ 

Th~ depth of the pressure bulb, imp1ying a fourth boundary 

(the bulb is practically rectangular), is a functiop of the" 
" 

penetratIon of the plate and lS mainly governed by the' 
, 

r/latlve values of compreSSIve and ,shear stresses developed 
~ 

wlthin and alofg 

( w~lch 
the sldes of the pressure bulb, 

respectlvely turn depend on the re1atl-Z 

stlffnesses of the snow in comprèssl'on and shear) and the 
, 

shear strength. For a given plate penetration, a relatlvely 

hi 9 h s h e ars tIf f nas san d sn 0 W st r en 9 the a u)s es' a m 0 r e s h 9110 w 

-pressure bulb as a gréater portion 
\ 

of the reactlon 10ad on 

the plate lS carried byothe shear stressés actlng along bath 
( , 

sides of the pressure bulb. ,Converse1y, a decrease in shear 
, 

sti ffness and sfloW strength lmplles a deeper pre~sur(} bulb. 

" The Influence of the .propertles in shear of the material lS 

analyzed through both' experlmental and pre~icted plate 

load~penetratlo'n ',?e1VIOUr and diScussed ln Chapter 4. 
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The s imu l t aneou s shea r\ and vo l ume change mechani 9ms 

that ~ occur durlng plate penetratlon are 'schemahcally 

i l' lus t rat e d in Fig. 2 • 2 s h 0 win 9 the s h e a r and co m pre S S.l 0 n 

actions undergone by elements A and B, respectively., As 

• menëloned earlier, the strésses assoclated with these 

a c t ion s are con t roll e d-b y the s tif f ne s san d s t r e n 9 t h 0 f 4: e 
. 

Sil 0 w mat e ria l wh i ch, ln general and as"proved by conflned 

and vane shear .test result~ (presented 

are a function of density. The success of 

solutfon procedure thus relie.s on the ability to determln'e 
\. 

the denshty dlstribution beneath the plate, From which 
. 

stiffness and strength vat-ues can be correctly assigned ta 

any glven pOlnt. within and alo~g thE!l sides of· the pressure 

bulb as a Functlon of pl~te penetratlon. The knowledge of 

the resultlng system stiffness at a given plate slnkage then 

. permi ts the calculation of IncrementaI reactlon forces"on 
~ 

the plate From which . , a load-peneçratlon 'curve jcan bJ 

constructed. -The resultlng predlcted curve can 

to experimentai ~ts for ven ficat 10n 

then be 

compared 

of the proposed model. 

The problem th us )r:lVolves the 

purposes 
~ 

determlnation of the 
. 

loa d-de f lect i on rela t i OOShlp ~o f a non -Il near sys tem ln which 

the total stlffness K lS a functlon of deflection and 

deflection ~ate. As dlscussed earl~he mechanlcs ~f the 

o 
S y ste m s üg 9 est th a t the r e a c t Ion for c éon the pla te a t a 

penetratlon z lS composed , bas .. ica 11 of two parts (Fig. 

2.3a): 
~ 

\S 'l 
" ~ 

. ~ 

~', 

., 

' .. 
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a) a for c-e P v due t ci the vol ume cha n 9 e r e SIS tan c e 0 f 

·t he sn 0. w w lt h l n the pre s sur e b u lb. 
o 

b) a force Ps resultlng from the reslstance of the 

snOw to shear along the fallure planes. 

The nature 0 f th~ problem' thus Impl1es that" ln fact, 
o 

these forces are also !3 functlon of the plate penetrat.lon z, 

&s a result of the varlatlon of' propsrtles of the"'materlal 

stlffenlng effect due to snow denSIfIcatIon and 

softenlng effect due to local shear failures along the 

planes of cuttIng shear) as plate penetratIon progresses. 

In addition, the penetration speed of the plate u constltutes 

- another parameter ta conslder ;51nce, for a VISCOUS material 

such as snow, the veloclty fIeld 

effect on matenal- propertles and .. 
, 

, 
generated has 

h.e n ce, 0 n the 

a dire, 

reactlon 

force: The t 0 t aIs y ste m s tl f f n e s s c â n th u S b e exp r e's s e d ln 
-of 

\. terms a.f tne volume change and. sheer components as follows: 
.. 

(2: 1) 

( 
~(z,u) where = total reaction force on the plate as a 

\ , 
\ . , 

functlon of plate "penetratIon and plate z 

'penetratiqn rate u. ' J ,.. 
Pv(z,u)= reaction force {ln the plate due ta volume 

~ 

"change reslstance of snow. 

Ps'(z,u)= reaction force- on the plate due ta shear 

~ ~ resQlstance of snow. , 

o 

.. ' 
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Differentiabng the above expression Irnth respect ta plate 

penetration z and rewrIting lt ln dlffe~entlal form: 
'" 

\ 

dP(z,u) = ap,,(z,u) dz + aps(z,u) dz ( 2 . 2 ) 

az az 

\ 
dP(z,u) = (Kv(z,u) + l<s(Z'u)) dz ( 2 • 3.) 

\ 
where Kv(z,u) = tangent' volumetrIe stiffness functlon 

(FIg. 2.3b) 

Ks(z,u) = tangent sheal' st.lJfne~ function (FIg. 2.3b) 

o ' 
EquatIon (2.3)01S the baSIC relatlo~sh.1p that mathematicall'y 

repr~sents the process of a rlg.1d plate penetrating Into a 
• 

snow mas~ at a constant rate. 

The sol ut l 0 ~ 0 f the pro b 1 e m th u s r e q u,i r e s k n a w l e dg f!­

of the vol ume t r .1 c and s h e ars t I.,f f ne s s fun ct 1:-0 n s K v ( z , u) B n d 

Ks (c1- ' u) bot h a f wh l cha r e e s s e ~ t .1 a Il-y de pen den ton the p 1 B t e 

penetration z an.d the penetratIon rate u. The 

load-penetratlon relatlonshlp can then be determifled by , ' 

Integration of equatlon'(Z.3): , 
,/ 

pC z,u) 

The following 
) 

two 

functlons in more detail. 
1 

/ 

( 2 .4) 

sectIons dlseuss the above \ 

. \ 
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2.2.2 Volumetr~c St~ffness Function Kv(z,u) 

For a g~ven plate penet"ration rate, the volumetric 

s tl f f n e s s - ,.f un c t ion ~ n"'-t h ~ pre sen t m 0 deI ~ s con t roll e d b-y 

ete n s lt-y dl S tr i but 1 0 n w lt hi n the st r e s s bu l b due t b the 

(Ii a r i â-t ion -0 f t hr m pre s s i tH lit Y 0 f the sn 0 W mat e ria l w i th" 

density. prio"r<\toJ-'any penetration of the ,plate,·,. the snow 

~ 

deposit in thé sltuation under study has a more or less 

unlform denslty. As pen~tr~t~on proceeds, thé snow directly 

l' 
'" bel 0 w the pla te co m pre ~ e s sOo m e w h atm 0 r eth a n th a t fur the r 

. "-
below due 'ta the simultaneous act~on of shear' stresses along 

o 

the pair of planes of cutting ~ shear. A qiven plate 

penetrat~on therefore ylelds a density· profile in whieh tJ 
" . 

dens~ty ~s highest near the' plate and decreases wlth dept.h 
li> • 

untll the or~ginal value corr&sponding to the u~loaded 

s t a te. The r e for e p rio r ,t 0 • a n y , pla tep e net rat Ion, the sn 0 w 
, 

,exhJJ;lits uniform volumetrie _ stlffness properties but as 
, 

penetratlon Inereas~s, the stlffness at a glven,point in the 

snow mass' changes and therefore affects the subsequent 

density dIstributlons whlch, as a result~ cau~es change in 
,-JI '_ 

the volumetrie stilffness ~function K v (z,u) w~th plate 

penetration. , 
'7 

Consider an infinitesi al elemerit of snow, of type 

liB" in Fig. 2.2, P, l'es sur e bu lb, a ft e r apI a t e 

pen e b-r a t ion Z pan d h a v 1 n g a ~o t ume d V ~ n wh i c h the c;1 en s i t Y 
) 

i s yan d the in s tan t a Ife 0 u s st ra 1 n' rat e i s .. ~ ( Fig., 2. 4 ) ". 

Aiso let ~i3 the . d l compreSSIve mo u us, deflned her'eïn as the 
1 

·ration of stress to 
., 

st rain unde( pure axi a 1 de fo l'ma tJ. on 
[p .. 
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con d l t ion 8 , b e E c ( y , u) for the d e,n s ~ t Y yan d the st rai n rat e 
6 

u. Upon an additlonai increment oF plate d~5placement lIZ p ' 
o 

bot h a x laI and 5 he a r in 9 ~ t rai n S Ex , ' E: y' E: X Y de v e 1 0 P , the 

lat\!loer ~du-e to the dlstortlon effect of shear~ng stresses 
a 

generated along the planes of cuttIng shear. These strains 
o 

are then 'relatld ,to stresses through the compressive modulus .. , ,. 
de~p above and-thé POlsson's ratio of the material. The ~ 
work done ln deforming the given~ snow element lS then: 

d(= (cr xe: ~ 0ye: y + °xye: xy ) dV ( 2.5) 

/" 
, 

1 nt e 9 r'a t 1 on of the above expression over the ent i re pressur·e 
, . , . 

0 

b u l b Y i e 115 the total energy spent in camp r esslng and 

dis t~ r t u/g the snow for the given plate increriiéntal 

displac.ement. Due to !th e par t 1 cul a r bounda ry condi t 10ns of 

the present problem and the low Poisson' s rat10 ";OF. the 

. mfterial, the energy involved ln the d1stortlon of the. snow, 
~ 

mass wit~in the pressure bulb is small relatIve to the 

'"'- volume change )ener gy . It . can 
~ ther'èFore safely bè stâte,d 

. . 
that evaluatlon of the integral of equati.on (2.5) over the 

volume of the pres~ure bulb i8 ba~J.cally equal ta the ·volume 

change en&-r g y componen t. duEf" to an 'increment -of 

penetration Z 

JDfPWfPL ° e: = volume chaQge energy:: a a 0 x x + Gye:y +Gxy exy dx dy dz 

Assuming plané 
1 

pressure bulb 

penet ra t: ion Z p: 

st rai n con d i ~ ion s. and r e a IlZ i n g t h'a t the 

depth 15, in general, a 
~ 

.. ( 

o( pla-te 
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( Z. 7) 

T,he is equa l ta th~ work done by the 

incremental force Pv ' . Therefore; / 

<-.JI. 1 ( 2,8) 

tŒv = LlPvLlZp 

from wh~ch the volume c~nge-stiffness function evs1usted st 

a pl~t~~tration Zp ~:~ be obtained: . 

( 2,9) 

Substituting for Ev (eq, 2.6) in c equation (2,9), the 
, 
) 

volumetrIe §tif;fness function' is thus: ,\;).< '. 
(2.10) 

K v (z , u) '= 

key ln the determination of the function Kv(lp,u) 

thus defining the following 
/ 

relationshl 

J 

1) ~istribution of 

density-, shain 

i ne remen t a l~ s t\esses 
() 

rate and pressure bulb 

functlon of plate penetration Zp: 

Le, 0x(x,z,zp) 

OyeX,z,zp) 
( . 

o x y ( x , z " z p ) 

y(x,z,zp) 

functIona1 

and _strains, 

dept~ as\ 

, 
(2.1l) 

\ . 
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-
These fun ct ions can be det ermine d from the- proposed 

-~ 

fini te element model and are thus obtained. by numer.ioal . ' 
) . 

CGlmputation. 

~. 

2) Com~ressive modulu~ of sndw as a function of ~ensity and 

plate penetration u: ~ 

, (2.12), 

Le, Ec(y,u) 

lS a characteristic descl'ibing the 
, 

ThiJ function 

co mp r e s s i b i 1 i t Y of the material and therefore -needs to 

be o'btained through tests. Conflned compression tests 
~ 

\ . 
(see Chaptel' 3) were carl'ied. out for such a purpose. 

< 

It should be noted that the a~ov~ relationship allows 

the Introduction of fi' material parame ter in the stiffness 

matrix of elements ~ the. finite element analysis and 
1 

therefore controls the values' of the above functions (i.e, 

eqs. 2.11). 

2.2.3 o5hear Stiffness Function Ks(z,u) 

, 
The shear 'stiffness function is linked with the 

effect of shear stresses supporting \thé stress bulb along . 
th\ t'wo plal1'es of, cutting' shear described ln section 2.2.1. 

As for the .. volume change compon,ent, the shear stlffness of 
Ji 

tHe system is dependent on the amount of plate penetration, 

density dIstribution and penetration rate. 

) 

v 
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When the plate penetrati~n process is Inltiated) high 

ver tIC aIs h e ars t r e s s E' s de v e l 0 p bel 0 w bot h e dg e s 0 f the 
o 

plate 50 that the shear f the snow material at 

these points is llkely to be thus starbng the 

cutting shear mechanlsm. pOInt, lt shauld be noted 

that the main difference between the proposed analytical 

ma d è l and, the real situation lS the quest~on of the 
-l 

predetermination of the planes of cutting shear. The 

klnematlcs of the problem, as observed dunng actual plate 

penetration tests, . , 
shearing~ planeS. 

imply a prO?reJ3SirVelopment of the 

In the present flnite elemènt idealizatlon 

(see sectIon 2.3), these planes are defined prior to any 

penetratl,on of the pla'te. However, it can be argued that 

sinc~ shear displacements furlher down the sheanng planes, 

as computed by the ,model for a glven plate penetratio~may 

be very small then the dlfference between Idealized and 

actual shear mechanlsms becomes academic. 

In any case, If one considers that the two planes of 

~hea.r~ composed of a series of elements of the "A" type 

in FIg. 2.2, lt lS clear that, as 1:he plate beglns to 
, 

penetrate inta the snow mass, such an element located 

lm m e dia tel y bel 0 won e 0 f the e dg e ~ 0 f the pla t'e e ven t LJ aIL Y 

und erg 0 e sas h e a r d ~ for mat ion s l:lYf CIe n t toc a use 8- s h e a r 

stress bUlld up and consequently faliure of the element. 

Other elements further below ta smaller .... ' 
displacements WhICh, depending on the strength 

of the material ln shear at the denslty across 

deformation,. may' also imply fj.allure. However, at 

...,' 

• 1 
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dis tance be low the edges 0 f the pl a te, these di'spl acements 

not oeeut. 

even t ûa,ll y ç, 
-Upon ari 

and stresses are 

does 

ins i gn l fl~ant so tha t 

additional increment of 

failure 

plate 
\ 

penet'ratlon, bhe shear elements may or may not fail 

dependIng on the respectIve cumulative shear)1 str"ess and 

shear strength associated with them. The failure condition 

for sn 0 w i n- s h e a ris the r e for· e de fin e d b Y con s ide rat :t. 0 n 0 f 

the e ,u m u lat 1 ve s h e ars t r e s sin agi ven e l e ~ e n tan d the val u e" • 

corresponding to failure, determined by the shear resistance 

1 

of the snow materlal at a density equal ta that along the 

plane of shear: 

i : e, fa i l ure d' ecu r s i f Tc> T r ( y ), wh e r eTc = cu mu lait ive 

shear stress in the given shear element. 

y = snow dens'ity along th.e shear plane of the 
. 

element. 

Tr(Y) = shear resistance of the snow at a density 

equal to tha t aeross the pla. of shear. 

Failure in the presl!3nt context refers ta the ppint of 
1 

breakage of bonds between snow partieles, corresponding to 

the max Ilflum or peak shea r 5 t ress tha t t he s~ow mate r Ï a l. can 

resist at a g'lven density. At larger strains, the behaviour , 

of the m'Sterlal "lS some~hat questionable. In ticase of a 

relat~vely ra~id shearlng action (i.e, higH straln rate) the 

materlal exhiblts a strain softening behaviour with a 
\ 

steadily decreaslng residual ahear strength due te the 

( 
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, . 
self-polishing action (heat generated due to frictIon malts 

down parti-cles) of the two surfaces rubbing against ~one 

'1> ' anot.,per. Such post peak sheat stress-straln behavlour of 
. 

snow has been prevIously discussed by Yong and Muro (1981) 

who proposed a .. mathematlcal re.la'tlonship. descrIbing the 

fal1ing portion of the \tress-straln curve, as obtained From 

vane shear lests. Such ~xperimerits were condJcted on 

a'I' tif ici a 1 ~ no w a t a rot a t ion al s pee d of 1. 75 r. r . Ïn., IN hIC h 

for the diameter'of the vane used, cqrresponds to a shearing 

velocity of 0.~5 mm/sec. The prciposed analytlcal expression 

lS: ( 

( (2.13) 

L = L'oe - 2 Y 

L = shear stress for a given angular displacement oF 

the vane . 
..-

Lo = peak shear stress or shear strength of snow. 
, 

y = angular displacement oF the vane (in radians), 

/ 

Res u 1 t s f rom C '0 n t roll e d rat e van e s h e art est s we rem a d e 

a v ail ab 1 e b y 0 the r r es e a,r,c he r s ( Yon 9 ( 1 9 8 5 )) d u'r l n 9 the 

cou r seo f t h l S s t u d yan d pro v e d t 0 b e .U s e FuI 9 u' 1 dan cel n 
, 

( 

modelling. A typical curve From a vgne shear test conducted • 

ïh_-'lr tif i c ~ al, sn 0 w a t a r 0 ~ ion a ; s pee d ~ 0 r r e ~ p 0 n d i n 9 t 0 a 

~~earing veloclty of 0.0073 mm/sec l~ shown in Flg. 2.5. It 

. should .... be noted tha t thl S the case, curve IS 

characterized by a decrease in stlrfness (probably due to 

bond breakipg) at a vane rotation of approxlmately 

.... 

'. 
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. ....... 
but tha t t 0 r que, and hence shear stress, increaseSl, ra the r 

th.an dec'feases, as suggested' in the previous case, with vane 
1 ! 

r~9 t a t i 0 r'l • The di f fer en c e b e. t w e e ,n the t w 0 t Y P e s 0 f l'es p 0 n se 

seems to be. due to Ure di fferenc'e in shear.ing rate. A 

relatlvely rapid shear test ylelds a ~traln softenlng 

type of curve whereas for a slower test, a strain hardening .. " 

behaviour lS observed. In the light of this, 'te.,choiee of 

response for the purpose Of( modelllng a 
\ 

the appropriate 

plate penetratIon tes t i s som e w h a t a r b i tr.- a r y a n.d .s hou l d b e 

governed by the shearing velocity along the planes of 
lit t .. 

cutting shear. Sinee, throughout the 
1 

course of the study, a 
, 

plate 
... '-

speed of 0.58 mm/sec was used, penetratlCln whl-ch i9 
) 

not too dissimilar to the average of the shearlng rates 

considered above, an Intermediate conditIon, 

\. 
Le, a constant 

stress post pea~ tesponse (Flg. 2.6) was adopted. The 

au t h 0 r, f e 1 t t h a t t h l. S l de a 1 i z a t Ion i s no t un r e a 1 i s tIC and i s 

both--- PFactleal a expedient to implement ln the developed 

model since thë, t vane shear tests performed tù obtaln 

shear strength-de si'fty curves ~ (see Chapter 3) exeluded any 

type of post peak 
o 

H a vin 9 est b Il s h e d the bas i e par a met ers' 'd e s c l'lb i n 9 
• 

" \ 
the respons~Ç)0( snj~w in shea r, the shea r st l ffness fune t ion 

Ks(z,u) is d-~erml~ed by the foiiowing analysis. Con~:Hder a , 
she.jBr element of s l'face area dA, as shown ln FIg. 2.4, in 

WhlCh the snow den Ity and Instantaneo-1Js straln rate at !ta 
. 

center are y and i, respeetlvely, when the total 'Pene,tration 
, " 

" 

" 
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v = Shearing Ve-l-=i ty 
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'" ... .... ....... .... -...... 

Deformation 
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-of th-e 'plate is Zp • IJ the plate is further di sp la,ced 

downwa.rds b.y'SSl amolJnt "flZpo, ,a she,a:", ~n' develOPs;,' who~ .. 

val u e l s rel a t e d' t 0 a cor r e s P 0 n d i n 9 ~ he ars t r es s 1. th r 0 U 9 h 

the stiffnes~ of the material in shear, which, ln qE'neral, 
\ 

~ a function of density y, strain t,: and strain rate ~: 

The total sheat forc~ d~ueloped "­in the process 

= 1dA = tdydz 

'--'-

"-
Tbè", total area of s h e a r i.n 9 . con sis t s of the 

(Z.14) 

is: 

(2.15) 
fi 

~~) , 
two vertical 

pla n ~o f cu t tin 9 sM e a r pas s i n.g t h r 0 u 9 h the e dg e S 0 f. the 
'-. 

penetratin~ plate. Th~refore, integration of the above 
} 

equation °ov'er thlS area yIelèls the shear facce d~e ta an 

IncrementaI plate dlsplacement flZ p : 

D PW = zI I 1dydz o 0 

Far plane strain' conditIons and setting the stress bulb 
• 

depth 0 to be a function of,the plate penetration Zp! 

flP' , s 

1# 

= Z pwID(Zp)TdZ 
o .' 

The shear s toi f fness function evaluated
A 

at.~ a 

penetratjon Zp is then: 

.. 

KS CZ p ' t1'f 2PW JD{ Zp), . 
= tls / 6 Zp = T ,dz 

6Z p 0 

\ \ 
\ 

' • .'Jo Cl 

(? 

(2.17) 

piate 

\ " 
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Agaln, as for the volume change stiffness functlon, the 

determlnatlon of the shear" stlffness functlon thus requlres 

investlgatlon of two types of functlons: 
u 

1) DIstrIbution of shear stresses along the planes 

'0 f cuttIng shear as a functlon of plate 

2 ) 

(2.19) 

1. e , 

ThIS Junctlon lS obtainab1e through the finlte 

e1ement form of ana1ysis proposed ln, th~studY. 

Parameters descrlblng the shear stress-straln 

behavlour as a fune t 10,1 of denslty y , str~n t;; 
. 

and straln rate t;;: 

(2.20 ) 

i . e , . a) shear st ren-g t h Tr(Y,U) 

b) shear modu1us G(y,~,~) 

These functlons are materlal propertlas requiring 

", 

testïng (l.e, shear tests) for their ide'ntiflcation (see 

Cha 'p ter 3 ).. and go ver n the ab 0 v e s h e â r st r es s dIS tr i but Ion 

function (eq. 2.19). 
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2.3 finlte Element formulatIon and Solution in the Present Study 
1 

The mathematical relatlonshlps developed ,in 

40 

the 

precedlng sections cônstrtufe the basis for the solution of 

the plate penetratIon problem. the cample\< nature of the 

equatlons developed ln the precedlng section and the , 

particular nature of the boundary conditions involv d 
. 

dlscolFage à p~rely an~lytIcal solutIon. The finite element' 

method of anliilysis not only provides a solutIon to 

problem but the similarity between the actuel physical 

process and the corresponding numerical sImulation renders 

It attractive and choice as a .solution 

technIque. 

2.3.l. Idealizatlon of the PrOblem 

The solutIon of engineerIng problemsalways implles a 

certaIn degree of ideallzatlon of the material considered. 

In the present study, snow lS assumed ta have the following 

propertles: 

a) The mate1'ial is homogeneous nnd IsotropIe. 

b) 
') 

The materlal is weightless. 

c) 'PalSSOn's.. ratiorr i8 O. 
, 

d ) , T~h e mat e l' i ale ,k, i bIt 8 a 1 i n e, a r - pla s tIC b e h a v 1 0 U r 

111 pure 8h~a r -.,such that stress Increasea. 

Il n e a l' 1 Y w i th. S t·r a i n until fallure 
~ \J 
and remains 

'. constant a ftérwards. 
" 

1 
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e) The materlal is no,,-frict~onal "(l.e, shear 

stresses and strength are independent of normal 

stresses). 

In addition, the material lS known. ta exhl.b~t the 

following characterlstlcs: 

a) oThe materîal lS non-Ilnear and 

co~~ess~ble thus 1,mplYlng large 
o 

behavlour. 

b) The material exhlbits a stlffening 

highly 
-r 

stra .i.-n· 

type of 

stress-straln curve ln compression such that ibs 

stlffnèsp increases with strain. 

c) The shear strength of the- material depends on 

r 
density and sKearlng velocity. ,. , 

lechniques for modelllng the ldealized mater~al 

havlng the praperties descrlbed above are dlscussed ~n later 

sectlons of t~s chapter. 

Further assumpt~ons concern the Solutl0n scheme 

itself: 

a) The plate penetratlon ~roblem can be treated on a 

plane straln basis. This seems reasonable in the 

light of the loading conditions " ~mposed dur~ng 

testing ~n. wh~~ch the snow deposit is constrained 

to deform in basically two directions (see 

Chapter 3 for dErtàils on experiment'abon). 
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\ 

b) Body forces due ta gravit.y are negleeted sinee' 

stresses, strains, reaetlons, etc., due to e~ternal 

loadlng only are of- interest: 

c) The material falls ln she!ar when t~e cumul~t~ve 

shear stress at a 

planes exc~eds the shear 

point 'along the shearirg 

strength correspondlng to 

·t~ density at that same point. 

d) The stlf'fness of snow ln cÇlmpr'ession lS dll,"ectly .. 
dependent on accumulated volume change and, hence ~n 

density (detal1s on how this is Included in the 
. 

f ln i tee lem en tan a lys l sis dis c u s~ e d ln the ne)( t, ....,. 
"\' 

section). .. 

e ) ,T hep l an e s 0 f ' c ut t ln 9 s h e a r pas S l n 9 t"h r 0 u 9 h the 

_,edges of the plate are vertIcal and symmet'rlcal wlth 

" respect_ ta the plate. , 
lS lncluded ln tlie ana-

~ 

The effect of straln rate 

lySIS only through the use ~f material propertiéB in 

-comp res sion a nif she a r cor r e spand l ng t a a de fa rma t 1 on 

velocity ~qual ta that of the pe~etrat~ng plate. In· 

so dOln/' the effect of a non-Ounlfqrm straln rate 
/' 

distributIon throughout the snow mass and along' the 

-" 
pl a'1es, of shear i $ thus i gnored. Although it is 

r e c a 9 n Ize d
v 

t h a t the l n c lus ion rate dlStrl-

"" butlon an ad d l'ti 0 na 1 describing 

" , material response results' Into and 

realistlc analysis, the author feit that 1:.he extra 

·f \ 
/' 

1 
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computer' Ume required for convergence an 
<" 

additional non-llnear type of ana l Y 5/1 5 not 

• 1 1. 
justlJy the f.ldditlonal degree of accuracy obtained. 

g) The shear sti ffness' parameter K s' 15 kept constant 

throughout the analysis ~lthough it 15 recog1'lized. 

that, as outlined. earlier in s-ection 2.2.3, Ks, is in 
, / 

general a function of denslty, strain and strain 

rate. 

2.3.2 Finite Element Mesh and Boundary Conditions 

The initiél step in the finlte element solutIon of a 

• 
given problem is the desIgn of a mesh physically, repre ..... 

sent.ing the. body und·~r study with p~oper consideratIon of 

boundary condItions. In the present'case, the b.ody in 

questIon is, 't'he snow mass extending sufficiently far from 
, 

th'e" pla te to cove r the ma x 1 mum pressure bulb dep th and 

contaif1ed between the two shearing planes passing through 
, 
" the edges of the plate. In addition,. a layer of snow just_ 

outslde the, shear planes lS included for a more realistic 

..,." 
representatlon. c Thi,s bOdp is dlvided into constant plate 

strain trlangular elements and joint e)ements (Goodman et al 

(1968» are used to model the effect of, vertical shear 

stresses supportlng the pressure bulb along l\S walls. Due 

t 0 the s y mm et r i cal na t ure 0 f 0 the pro b lem, 0 nI y on e ha l ç 0 f 

the bulb is consldered ln the fini te element analY,Zls. The 

mesh used in thls study is snown in Figs. 2.7 and 2.8 

displaying nod~ and element numbers .respectively. 
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The choice of tlisplacement boundary conditions, 

rather than load boundary éondi t lons, for the fini te element 

analysis is ~otivated by two main factors pertaining to tne . -
nature of the problem at hand: 

lS a 

... 
a) In the plate penetration tests, displacement of 

the plate is controlled by the constant 
~ 

penetration rate and the corresponding 

reacb.on force on the plate is measured. The 

use of displacement boundaTY cQnditions combined 

with the incremental finite element technlque 

used in this' study, ln whloh the plate lB 

progresslvely displaced into the 
• l/! 

snow materlal 

and correspondlng reactions are computed from 

nodal , displacements, therefore renders the 

numerlcal simulation that much more realistlc. 

b) A better control on the large straln be.havi~ur 

of the materlal 

displ~çement boundary 

l,S achieved with 

condi ti~n " approah 

the 

which, 

in add~tlon, favourlzes the constant updating of 

material propertles (bath in compression and 

shear) as plate peh~tratlon progresses. 

As outlined in 2.2.2 and 2.2.3" point b) 

basic requiremen of the sdl~tI0n techmque used if a 

realistIc analysls ~ to be performed. Furthermore, the 

selectIon of relatlvely small Increments of dIS pla c e. men t not 
-

o.nly enablés the han'dling of the britt~ behavlour of the 

material in shear but also prese.rves the validlty of the 

sma~l stral~ assumption induced ln the stiffness matrix 

/ 

• 1 

, 

\ 
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formulation of the 
...., 1 

constant 1 strain triangular 

Consequently, the 
• 

non-llnearity 
1 

~l S also 

! 
det r imen,ta l 

, 

e ffeet of 

by the' use pf 

4,9 

elements .• 

geometrie 

such an 

the snow. Thes~ surface nodes are however free ta dis~lace 

harizontally thus implYlng a smooth plate. 
1 

The le ft -hand ' 

side boundary, bounding one of the layers just outside t'he 

planes of cutting shear is fixed. Joi~ element nodes are 

allowed" to- move freely ln the! vert~al direction .whl1e 
1 

horizontal motion is prevented. The bottom boundary, which 
, 

lS located su,fficlently far away from the plate in arder ta 

minimize bottom boundary effectS', is also fully, restralned. 

Motion of th~ nodes along the right-hand slde (i.e, the 

plane of symmetry) is constrained bo"be vertlcal only due ta 

~ideratlOns of symmet~ of the c')problem. f) 

2.3.3 Solution Procedure 

The finite element algorithm used in the solution of 

the problem is derived From a computer program developed by 
. 

Hanna (1975) and beglns with the initiallzation ot material 

properties according to th~ initial density of the snow, 
t 

1 

" 

( 
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1 

i.e. before any,plate penetration occurs. As outlined in 

sectlon"s 2.2.2 and 2.2.3, the "stress~strain prope~ties of 

snow in compression and shear are funct.Dons of denslty and 
( 

plate" penetratlon 

parameters; 

( E (y,u) 
c 

t (y',u) 
r 

sa that the .cor re spond i ng 

(compressibi11ty) 

(she:ar strength) 

'obtained From confined compression and va ne shear tests 

respectively, are aIl initially de fi ne d ,pcco rding ta .the . 
'" . { 

rèsult~ From" tests performed on snow 

J ~pecifieallY, the value. of 

at the initial density. 
? 

mo-dulus of elastlcity 

in'itially assigned to the trian~lar celntinuum elements is , 
'-equal to the tangent modulus of the stress-strain curve in 

,eonfined compression ât zero strain. The value of Poisson's 
o ~ e 

ratio is set to zero and is kept constant throughout the' 

enti re snalybs. Similarly. the shear stiffness of Joint 

el (m e n t sis in i t i a 11 }l as sig rre d a val u e w h ~ as 0 u t Il n e d i n 
4 , 

s~ction 2.3.1, is assumed to remain ~onsta~t and the maximum 

stress tolerated bi these elements corresponds to the shear 

st rength 0 f the snow at the in~ t laI densl t y.~ The norm'al 

stl ffnesa IS irrelevant in the present analysis, sinee the 
<)0 • 

normal disPlaeemenl of JOInt elements is 

to the speeiffectl boundary cOFl"ditions, 

given a value tif 100000. 

The Slze of the 

t 
prevented aceording 

" 

but is arbitrarily 
• '1\ 

incremental ~lat~ 

dlsplacement (i.e, 2 mm) used in the finite element analysis 

i9 dete rmi ned 
t" 

by dividing the !;llaXlmum pla te 

.. 

ok ...... ___ ~ ___ _ 

~) 
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5;2 

pe(letration 

increnfents, 

lS set 

( approx'1mately 

Wh1Ch. in t~ 
to/s. 

70 mm) by the total number 

pro 9 r am pre sen t e c). i n th .i" s" s t u d, y , 

Th pr'oposed method of solutlop thus çonsists of a • 

se r J. e s 0 f f l nit e e l e m~e n tan a lys es, e a cha p ply l n 9 t 0 a n 

Incremen of 

ln 

plàte displacement, 
" 

for 
'\ 

which. matensl' 

, the for m 0 f . ___ s t l f f ne s spa r am e t; r s.' are 

.characteristics derived from tests results. 

The non-linearlty oof the material' iryplies the use of an 
~ ~ ~ 

~ i t ~ rat ive t e c h n l que, de v e l 0 P e d for the' tri a n guI are lem e FI t s ; 

wh l ch' l S ' dis c u s s e d in sec ti'a n 2" • 3 • 4~ . , 

Followlng a particular iricrement of plate 

displacement, stresses and stralns ln ,trlang';;llar elements 

are computed "from 

displacements and 

the resultlng 

the· non-linear 
,.,. 1 

incremental nodal 

analys'ls, - procedure 
Q 

mentiOTled above is undertaken~.,and is carrled through for .a 

maximu~of twelve ite!ations. Ugon completlon of the 

,a l 9 0 r l t il m for mat e ria 1. non -li nea r l t Y , stresses in' jOlnt 

e l e m.e n t s are e x ami ne d • Failüre in shear at Itarious pOln'1:s 
~ 

a l 0 J1 9 t$..e ver tic a l, cu t tin 9 . s h e a r 1 pla n e'S l S reflected, J.n the 

propo~!d model, by a total o.r- cumulatlve shear stress in a 

given 'jolnt elemen~ greater than that t'olerated by the sn!)w 

material at<ja density equal .... to that across the plane of 

sITear {n~. Whep failure does occur, a very small value, (Le. 
, 

0.0001) of 
\ 

shear stlffness is asslgned to the element' and 

shear stresses subsequently remain constant at the fallure 

value according to the ldealized stress-stralQ curve ln 

d 
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shear Introduced in section 2.2.3. As a result, afteL' 

fallure of a glve~ Joint element, the difference between the 

cumulatIve shear stress and the stress correspondlng ta 
f 

fallure must be "released" back into the snow mass on bath 

sldes of the plane of shear. Jhis IS do ne by canvertiDg the 
o 

Hxcess shear stress Into an equivalent system of vertIcal 

forces (sectIon 2.3.52 WhlCh are then applied' on nades on 

either slde of the planees) of shear. A finite element 

analysis also includlng the non-lin~arlty algarithm, IS then 

perfarmed 'for thlS loadlng situatlon ~hile keeplng the plate 

statlonary. The r e sul tIn 9 r e a c t i.o n son the pla tep r 0 v e t 0' 

be Opposlte to ,those generated durlng increments of plate 

pen e t rat l O,n . Ideally, the stress release cycle' should be 
) , 

V repeated until the exces! shear stress ln any JOInt element 

lS zero but, because of computer tlme costs, addltlonal 

analyses are undertaken only If the last IncrementaI 

(negatlve) reaction load on ,the plate IS of slgnIt!J.cant magnitude 

wlth respect ta the value corresponding to the 'prevlOus stress release 
6 

cycle. IncrementaI reactions due to either plate penetration' 

or ex ces 

of the 
1 

~ 

stress release are defermlned by summation 

ividual vertIcal reactions exertèd on the nodes 

represent· ng the pla~-snow interface and mult'Ipllcation of , 

the the, plate width PW (FIg.2:4) a.s a result of 

conditlon. The resulting value, is , ,. the 
. 

the n do u b l e d sin ce, a s i t c !'fi ber e calI e d , the f ln i t e. 

élement analysis performed applies to 

J 

only half of the , 

'. 
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plate., The equation for reaction load qn the plate is thus: 
1 

RY (3). 

(2.21) 

RL = 2PW(RY(3) + Rv'(4) + RHS) + RY(6) + Ry(7) 

where PW = plate Wl.dth 

RY (7) = Vertical rewction 
• D 

for nodes "3,4,5,6,7 

Ci . e , t h'e sn a w·- pla te' i ri ter Fa c e no des for 

either a plate displac~ment increment or 

excess sh,ear stress analysis~ 

where RL ~ lncremental reaction load on 

plate. 

The total updated load on the plate -is then comp'uted by 
. 

summatlon of the lncremental reactl.on loads on the plate 
> 

computed for each plate 

shear stress analyslS. 

dlsplacement 

f" 

increment or excess 

At the end of every lnçrement of either plate 

displacement or shear stress release ~cycle, the nodal 

cdordlnattes are then by adding the 

incr~mental horizontal and vertical displacements ta the 

coordinates at the of the previous increment. The density 
. \ , 

distrlbutlon beneath ,the plate can thus be obtained. The 

basis for computing density is the change in area of the 

triangular element's as deformatlons occur. The area of 

the 9 e e lem e f1 t s a·t a n y stageo of plate penetration , is cal-

cûlated from 1:he updated coordinates a..f the nodes as 

sChematically described in Fig. 2.10. Since lhe initial 'l'. 
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each element in 

mesh is computed 
4i-

the orlginal, 

and stored ln 
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undefo.rmed flnlte 

the fini'te element 

mesh geherÇlting subroutine INMESH, the ratio of deformed to 

undeformed element areas can be determlned. Due 'fa the 

pla n est rai n con d it ion i,~ p 0 s e d t 0 the pro b 1 e m , these l'atlas 
,. ------, 

are also the volume ratios from WhlCh density 

through the following express4on: 

is ob~ned 
// 
\ 

y = (Ao/A) x Yo ( . (2.22) 

where ."X.../ = updated density ln given element· . 

Ao = initial area of undeformed element (l.e, 

area computed from initial undeformed mesh 

coordin~tes) • 

A = area of de fo rmed element area 

comp'uted from updated Inodal coordinates) 

(Fig. 2.10) 

Yo = initial snow density (snow denslty prior 

ta plate penetratipn) 

From the resulting density distrIbutIon within the 

snow mass, an equivalent average strain in each triongular 

element is then determined ~ arder tci prepare the non-linear 

analysis in the next increment. The corresponding 

computatlonal procedure and the motives. justlfYlng lts 

lncorporation in the 
, It 

propos ed ma de 1 are dlscussed in the 

next section. 

( 
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1 The 

recorded 

shear stress 

in order to 

in falled JOlnt elements 

mai n t a i~ the b 0 0 k k e e pin 9 
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is then 

on the 
.,) 

updated state of shear stress in joi-nt elements subjected ta 

subsequent excess stresses which must < then be removed 

le~ding to the stress release effect discussed ea'riier ln 

this sectlon. 

The finlle element algorithm then proceeds to another 

increment of plate displacement and the entire analysis is t ) 
each time with proper {consideration/ of t~.e 

o f mat e ria l pro p e r t i es w i)t h \. den s il y dis ~ r i but l 0 n J 

repea t ed, 

variation 

which is dependeht on the total plate penetration. The 

procedure lS termina~ed wh~n the plate peneàration equals a 

value selected a~ordin~ to the maximum plate penetration 

achieved ln the experiments (about 70mm.). 

2.3.4 Technique for Non-Linear Analysis - Triangular Elements 

In the incremental type of finite element analysls of 

a' non -1 i ne a r ma ter i al, the lev e lof s tr e s san d s t rai n 0 f the 

matarial must be known at the beg,inning of each increment. 

For a ltelastic ll 
~ 

material undergoing relatively non-l inear 

small volume change, such as saturated clayey soil, 

incremental stresses and strains are added ta obtain 
" 

cumulatlve values from which principal stresses and s{rains 

can be abtained at a particular stage of laading. These .. 
stresses end streins are then compared ta a reference 

~ 
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stre~s-strain curve obtained from tests on the matenal 

(e.g. triaxlal texts) and an iterative non-linear analysis 
1 

bas e don t,a n 9 en tel a s tic m 0 d u lus c a n t h u s b e p e r for m e d . 

ç X a m p l e·s 0 f tee h n l que s for non -li n'e a r a na lys i s wh i ch ca n b e 

used with such' an incremental pro~edure are lllustrated in 
.. 

Fig. 2.11. 

For a compresslble inelastlc materl&l such as snow and 

.. for the type of test performed to determ.lne its response ta 

compresslon ( i. e • con fi~d compression test) , the above 

procedure .lS not applicable because of the following 

arguments. The a!Pllcatlon of the finite element pro.cedure 

USlng the small strain formulation and noda l coordinate 

updating approach lmplles 'the use of a true stress-strain 

ëurve as opposed ta an ordlnar)\ eng,lne,ering stress-strain 

curve. In obtainlng a true stress-true straln curve From a 

glven test, strèsses and stralns are calculated on the basis 
'() 

of constantly changlng sample dimensions caused by the 

loading process whereas For, an ardin.ary stress-strain curve, 

the values are .calculated From original s~mple dimensions . 

. , Since, in the present incrlilmental flnlte element procedure, 

strains in a given increment are computed on the basia oF 
Il 

the deformed 'mesh correspondlng ta the end of the preceding 

increment, these va lues 

appraximately true strains. 

may be consldered to b~ 

For a mater,ial such as snow, 
i 

tested in conUned compression, true strain!1 can be computed 

~ 

/ 
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Fig. 2. 11 Exan'ples of Non-Linear Analysis Solution Techniques 

(Mter Zienkiewicz, 1977) ~ 
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From ordinary strains From the follow~ng equation: 

e: = ln (Q. - 6. 1 9,)- (2.23) 

where Q, = original sample height 

• 6. = total sample compression 

Sl.milarly, true stresses..._ are calculated From the original 

cross-sectional are a and the lateral deformations occurring 

during the test. Since, ~n the presentjcase 1 the cross­

sectIonal area of the sample remains unchanged dùnng the 

test, true stresses are .thus equal ta 'ordinary engineering 

stresses. The shape of ~he resulting true stress-true 

strain curve, as obtained From a confined compression test 

and shown in Fig. 2.12, exhibits an Inflectlon p.oint and 

th us misrepresents the actual stiffening behaviour of the 

snow material' under these particular loadlng conditIons. 
'" . 

A -simple different procedure, comblning ~ncremental 

and direct iteration techniques and based on the- volume 

change of\he ~terIal, is adopted i'n the present model. As 
~ r 

mentioned in the previous section, the updated density 

associated with each triangular element at the end of each 
i~\ 

plate displacement release increment iB or shear stress 
\ 

calculated and recorded • Since, in a conFined comp1'eSSIOn 

test, wolume change can be directly related to axial straIn, .. 
an "equivalent" axial strain for a given element can 

therefore be obtained (Fig. 2.13): 
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Confined Oampr~sion Test 
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Fi;. 2.12 Engineering and True Stress-Strain CuIv'es 
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Flg. 2.13 Updating of State of Strain of Continuum Elements 
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E ~'q = l - Y 0 / 'Y .(2.24) 

where Eeq = "equivaient" axial strain 
. 

y = updated snow density for a glven element 

Yo = in~tiai snow density prior to plate 
\ t 

penetrat~on. 

The corresponding stress value, 0e , can b'e obtained 

b yin ter pol a t ion f rom the con fi n,e d ssion curve. The 

quantities Eeq are thus assumed to represent the 
, 

average state of stress and strain within a given element at ' 

the begrnning of a part~cular increment. 

.., . 

In the technique for Ithe analysis of non-I~nearity 

adopted in the present model, the strain level (or 

"equlvalent" strain discussed above) for each 

tri an guI are lem e n t i s fi r ste h e c k e d a gai n s t a val u e' 0 f O. l • 

If i~ is found that the strain level in aIl elements is less 

than this/value, the ~terat~ve non-linear analys~s procedure' 

is omitted simply on account of the fact that for strains up 

to 0.1, the confined compress~on curve was found to be linear 

for the types of snow tested and for the Ioading rate used. 

When the non-linear analysis is required, an equivalent 

stress-strain curve is generated for every element and 

essentially depends on the state of strain within each" 

elemen t., The resulting curve represents the' stress-strain 

behaviour at a part~cular 'levei of strain of the snow (Fig. 

/ 
/ 

... 
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2.14). Given the average state of strain and stres's in a 

given element to be (e:eq , the equivalent 

stress-strain curve is generated by taklng the poi.nt .. .., 
(€eq' (Jeq) as the origine descrlbing, the new 

curve for the given increment 

(i = 

wt::Îere 

iIJFr " ' • j.' 

1,2,3, .... N) 

N 

STRAIN i 

e:. 
l. = STRAIN i - 1 e: eq 1 (2.25) 

STRESS I?eq 1 
, ) O· = i ' -l. ~' 

~ 

:: number of points describing the digitized 

confined compression stress-str~~urve. 

:: strain J(computed as the ratio of semple 

deformatfon to original sample helght) 

coordlnate, of point i of the confined 

compression curve. 

STRESS i ~- ~tress coo'rdinat.e of point i of the 

compression curve.-

:: straln and stress coordinates of palnt i 

of the new equi valent stress-st tain 

curve. 

e:eq, 0eq :: "equlvalent" strain and stress values of 

s n'o w a t the· s ta r t 0 f agi ven l n cre men t , 

as discussed earlier. 

- " 
The nan-linear analysis procedure is' then based on ~he 

comparison between the value of, stress correspending te the 

maximum principal stress computed for t~e lncrement ~nd that 

,. 

t 
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Stress-Strain Curve From Confined 
Compression Test 

Strain e: 

l 

Strain e; 

l 

Stress-Strain Curved Used in 
Increment 

\ 

i 

Fig. 2.14 Updating of Stress-St~ain êurve for Continuum Elements ~ 



:. 

J 

j 
1 

'0 

,i 

·66 

obtained by interpolation, àt the seme stl"ain, of the new 

equivalel1t stress-stl"ain cuFve del"ived 'as described above" .. 
F 0'1" agi ven' el e men t , the d<l sc l" e pan c y ERR ORb e t w e e n t4' e s e 

stress values can be e~pres~ed as a pertent errGr:" 

ERR 0 R = ï la a x (101 cal c - ai nt), 1 a ~n t (2.26 ) 

" " - IJJ 

where a c,lc • = calculated stress value cOl'respondinq 

~, 

the " 1 

to maximum principal B t ress for a 

.particular ~'ncrlilment . 

" 
a iît = interpçllated value of stress fl"om the 

ne w e qui val e n .t stl"ess-stl"ain curve 

corresponding to the average st ra in 

level or "equ.ivalent" strain at "the 
, 

9tart of the particular Increment. 

Th'e maximum error so ,computed 
~ , 
for aIl tr l a~gu l a r 

assoclated 
, 

'elements is' taken as the degree of convergence 

with the proposed non-lin~ar analysls,o technIque. In the 

case when for a n y e lem e n ~, the 

convergence 

the lrror exceeds 

lS ju ged ~nadeqU~te --< 
and a new value of' elastic 

m 0 d.u l"u sis cal cul a t e dan dus e d i n the ne x t i ter a t Ion: .. 

E = Oint 1 E.calc ( 2 .. 27 ) 

where E = elastic modulus used ln the next 
" 

~ 

,iteration. 

oint = same as previou~ly deflned. 
Plv , 

(, . 
tcalc = maximum prJncip'Bl r;tr~lJn computed for 

the particular Increment. , 
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The procedure lS repeated untll the maXlmum error 

value ERR OR for any element lS less than or equal to 5% or, 

in arder ta maintaln a reasanable computer cast for a given 

pragram run, untii twelve Iteratlons have been performe"d. 

Convergence of the proposed t~chnlC~ue for a glven element-

lS guaranteed, as schemat.rcally described ln Flg. ,2.15, but 

may sometimes be ~ very slow particularly ln the case where 

there is an abrupt change in slope of the confined 

~ompression stress-strain curve . 

Once the 
...-

deslred de~ree TIf copvergence has been 

achieved for a glven Increment, the non-linear analysls 

technIque 'for the next increment begïns, with values of 

elastic modulus for each element equal ta thase used in the 

last Iteratlon of the precedlng Increment. . 

The pro c e dur e de v e l ope d for the non -11 n e a r 'a n a lys 1'5" 

descrlbed in this sectIon is approxima te but ~onsidering the 

hlgh compressibllity of the material, Hs Inelastic 

behaviqur and the strong' depende,nce of Its stl ffness 

properties on volume 'change, the author felt that the 

applIcation of such a method was appropriate for 
'i 

sucn a 

mat er l al unde l'the laading ~ndi t Ions imposed dur ing· the 

plate penetration tests. 
, , 

Il 

c 
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En ~Iastic modulus used in Iteration n 
!Il 

. '\ !Il 

~ 
+J 
!Il 

o stress-straln point from FEM analysls 
< ~ 

• stress-strain point from conflned compression test 

~ 
'r-! 
!Il 
!Il 

CIJ ~ CIJ 
W 
0: 
l-

l CIJ 

'STRAIN (maximum ccxrpressive &train) , 1 

, 
Fig. 2.15 Iterative Procedure f9r Non-Linear Analysis of Continuum E1E:!fœnts 
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2.3.5 Anal~sis For Failure In 
~ 

Shear Of Joint Elements 
.. 

The analysls, for failure of jOlnt elements is 

performed for every increment of, plate displacement. First, 

the a ver age den s 1 t Y a c r 0 s s th e pla n e 0 f s h e a r i n 9 0 f agi ven 

Jo.nt element is comput~ based on the area of the adjacent. 
, 

triangular e~ement inside the pressure bulb. Area is 

computed from 

"" 
the' resultlng uRdated coordinates, as 

<;-

dlscussed in section 2.3.3 and shawn schematically in 

2. 10. The shear strength of the sno~ material at that 

density ls then computed by interpolation of the shear 

9 t reng th -d,ens i t Y curve ob t a i ned, From vane shea r test sand 

inputted in the computer model 
11, 

as', a material 

characteristic. T he cumul at Ive shear stress in. a JOInt 

element resulting From the sùperposltlon' of stresses From . . 
the p~esent a~d prevlous increments i~ then computeQ. 

, ~\ 
Shear 

st r e 5 sin j 0 i nt. el e men t s 1 s 0 b t'a]. n e d as the pro duc t of the 

shear stiffness per' unIt length .and the average shear 

displacement, ca leu lat e d' as th~ averag6 relative 

.d i's pla c e men t 0 f e a c h 'p air 0 f no des • 

As int roduced in sectlon 2.2.3, fai lure at any point 

along the planes of 9Utting shear occurs when the cumulatIve 

- shear stress in the. joint element representing a series of 

such pOInts exceeds the shear strength of, the snow at a 

density equal tQ that across the plan~ of shearlng: 
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Le. failure if Tc > T r (y) 
.. 

where = cumulative shear stress in joint element. 

T r (y) 
o 

= shear strength of snow at 

the plane of shearing. 

denslty 

) 
y acroKs 

Therefore, Slnce the shear resistance 
.". 

of snow at any -, 
pOl nt a Ion 9 the pla n e s 0 feu t tin 9 s h e a r var '1 e s w i t h den s i t Y ~ 

and therefore is a function of, the plate penetration (Le, 

'density distribu,tiJn al~ng the planes of shear changes wl,th 
. r ~ . 

plate penetrati~n), the analysls for failure consists in 

comparing the shear resistance functlon at any point and the 

corresponding cumulative shear stress function for ... the same, 

pOl~t. Failure th us 

intersect· as ~graPhlCa,llY 
After ~allure of 

occurs when these two 

descrlbed ln FIg. 2.16. 

a givel'l Joint element, 

, 

functions 

stress lS assumed to remaln constant according ta the 

idealizatlon' introduced ln section 2.2.3 and excess shear 

stresses must therefare be elimlnated for 8 prope r 

~lmulatièn. The procedure for doïng sa is Insplre'd From 

flnite element analysls of strain softening ma'teriais. The 

method of stress re!ease and transfer was first used by 

Z i e n k 1 e w 1 c z et al, (I 9 \8) for st l' es san a lys 1 S . ..; 
materla!. Lo and Lee (1973) 

in a no-tension 

Iater addressed the problem of 

slope stablilty analysls ln strain softenlng materlals vla a 

slmilar approach. Accord"~kg ta thlS method, the dlfferencc 

between the maxl~um shear,stress in a glven eleme~t anJ-the 

/" 
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="..---:-- Pos t Failure CUrve 

c 

Plate Penetration z 

1'r = shear resistance at Point A as a 
function of plate penetration 

l' = total shear stress at Point A as 
c. a function of plate penetration 

Analysi;s for Failure of Joint Elements 

.. 
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shear s t,,~f n 9 t h 0 f the mat e rl ail s t a ken a san e x ces s shea\.. , 

stress (Le, the material cannot tolerate a shear stress 

greate'r than its shear strength) and must be thus released 

back into the assumed continuum. Thls is done by generating 
) 
~ a se 't . a f e qui val en t nad al" for ces ù sin 9 the p r i ne i pie a f 

virtual work. Equal.and Opposlte forces are th en applled at 

the element nodes 50 that the net effect is to transfer the 

excess shear stress to neighbourjng elements. 

In the present case, applicatlon of the above method 

consists of ge,nerating four nodal forces, equlvalent to the 

d i f fer e n c e {j, 'T i (F i g. 2.0.1 7) b e t w e e n the cumulative shear 

stress 'T i in a glven jOlnt element at the end o(·~ given 

increment i and the applIcable shear stre~h 'Tf (i) along 

Hs plane of shear. These nodal forces are actually .. equal 

t 0 0 n e h a 1 f 0 f the 1 na d 0 b t a i n e d f rom the pro duc t· 0 f the 

above excess shear stress and the shearing. area of the 

eleme.!}..t- since It can be assumed that each node belonglng to 

one side of the jOlnt element carrie;s an equal share of 

load. 
... 

Therefore "cons ide r a joint element fo r which an excess 

o shear stress 

subsequently 

faîlure value 

{j,'Ti has been calculated 

lower . the cumu\ative 

'T f ( y,) • The. e ~ ces! s he a r 

"\ ~ 

and whose removal will 
1 

shear stress to the 

load' i9 thus: ..... 

.. 
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y = average snow density 
across joint element 

= y 
2 

Adjacent Triangular Elements 

1:. 
). 

Density y 

e: e:! f ). 

y 

Shear Strain e: 

\ 

Fig. 2.17 Post Faliure Analysis of Joint Elements 
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Pe = ÔTi x area of shear (2.28) 

P~ = ÔT l X 1 x PW 

~ = length of joint element 

PW = plate wldth • 

.. 
The equivalent forces to be applied at the four nodes of the 

element are thus equal to: 

P = P e/2 = (~T x 1 x PIN) / 2 (2.29) 

and their direction is opposite to those developed- during a' 

plate 

Such a 

penetration 

calculation 

increment, i.e. as 

lS pet'formeJ for 

shown in Fig. 2.18. , 
every faillng joint 

• 'element and the excess shear stress analysis consisting of a. 

flnite element analysis with aIl appropriate vert,lcal' loads 

on joint element nodes lS undertaken for ev~ry required 

cycle as outlined ln th.e solution procedure described in 

section 2.3.3. 

" 

1 

" 
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EXPERIMENTAL PROGRAM AND RESULTS 

3.1 Introduction 

The proposed method of anal~s~s described in the 

previous chapter implies assumptions and approximations ~ 
J 

.) 

necessary to the formulation and solution of the J;)resent 

prob lem. In addition, the components of the proposed model 

require the fo1Io~i.ng éharacteris~ics of the snow material: 

out 

1) compressibility, as 'a function of density (axial 

stress-sb'ain relationship for fully confined 

condi tions), 

2) shear stress-strain response as a function pf 

density. 

In Vlew Of(the above, the experimental program carrled 

du:ç-ing the ~ of thlS study wes designed to p~ovi~ 
required material input parameters as weIl as fo r 

verlficatl~n purposes of the proposed model and, by the same 

token, ,of the assumptions and approx~matlons intro1duced in 
~\ . 

the so~tion procedure. As ~entioned earlier, the objective . 
.... 

of the present ,work lS the numerical simulatIon of the load-

deformation. response of snow to rlgid plate penetratlon wlth 

proper consideration of the- dependence of material response 
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on de~sity distribution within the pressure bulb beneath the 

plate. Consequently, the experimental program consisted of 

three types of test: 1 
\. 

1 ). p V tep e net r 13 t ion tes t s pe r for m e don sn 0 W 0 f t W 0 

different ages (Le, different bonding strengths) 

at a given deformation rate. Results From the se 
, 
tests could then be compared to corresponding 

predrcted values. 

2) confined compression tests performed on the same 

typ-es of snow et the same deformation rate as for 

plate penetration tests. 

3) vane shear tests performèd on the same types of 

.snow and at approximately the same deformation rate 

as for plate penetratlon and confined compression 
\ 

tests. These tests. were carried out for snow of 

diff~rent density so .. that results could then be 

use d t 0 r e pre sen t the 's n 0 w-'('b e h a v i our l n s h e a r for 

the ra n 9 e 0 f den s l t les con s i,d e r e d • -

3 • 2 Exp e r i men t a l Pro gr am 

The three different types of tests and typlcal results 
" 

are dîs~ussed in the following sections. 
(7' 

, .' 
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3.2.1 Preparation of Snow Semples 

Arti fieial .snow material was used in this study because 
J 

of the criti~al need to replieate test samples of snow. It 

was felt that better control on snow properties wauld be 

a chi e v e d b Y 9 e n e rat l n 9 sn a w in the lab 0 rat 0 r y . Snaw was 

produced by crushing 3-'day ald ice wi th a pulve~izing 

machine {Fig. 3.1) in' a cold room of inside average 

temperature -13°C ~ith fluctuations of +3°C due ta 

de frasting cycles. ., The ice crushing pracess wes repeaJed 

three" times in order to achieve a snaw density of 

app~oximately 0.35 Mg/m'. 

Q 

In aIl, twa types d'f.,,; snow, distinguished by the 
-

number of ageirg days in the cold room, were used: 

\1) 4 day ald snaw (Age 4 days) 

2) 30 day ald snow (Age 30 days) 

~ 
Snow samples were age~ in the same cold room inside 

which the'snow was produced. \ . 
Ageing was ob~erved to cause a 

density Increase of the snaw as shown in Flg. 3.2. 

Correspondingly, grain Slle distrlbutlon also varled wlth 

ageing time as depicted i~ Fig. 3.3. 

; 
; " 
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~ -, d 3.2.2 ' ~~' __ "e ComEression 
~ 
Testing 

Cr,,,f.tne0 c'ompresslon tests basically c~nsl_ed in 
\ 

co m pre 8 tlÏ n 9 J at a spec i fied de fo l'ma t Ion rat e , cylindrical 
-'7 

sam~es • density 
1( 1 

of snow from Hs i.nltial to a final 

speocifled density of appl'oximately 0.60 Mg/m' while 

recol'ding the load-deformation response. -The rate of 

J 
deformation used was 0.58 mm/sec. 

The basic .. experimental apparatus for confined 
.v' 

compl'eSSl0n testing consic:::tod of a' compression ,testing , 
machine dl'iven by:' a 1/4' HP electric moter as sh,wn in Fig. 

3.4. A Kulite TC 2.000 tempe rature éomp1satëd 500 lb (2224 
.-

N) load cell, having a calibration factor of 3 .66 N /mV 

output and teceivin~ input from a la v power source located 

~riving 

the cold room J measured 

piston. DisPla~ent of 

the, load al')p~ied b'y the 'outside 

the pist.on was measured 

w it h aPi c k e r i n g L VOT 7·312 - V 2 d 1.s pla c e men t t ra n s duc e r h a vin 9 
\ 

8' calibration factor of o . l rI/tl / m,V 0 u t put and b e i n 9 ,.. 
po w e r e d b Y a 6 IV sou r ce. Bath load and dlsplacement were 

recorded on a two-channel Sanborn 320 chart recorder locqted 

outside the cold room. 

plexiglas cylinders of 38, mm inner diameter, (; mm wall 

th i c k n es s'a n d 1 7 8 mm h e i 9 h t, p e r for a t e d b Y sm a l,l ho 1 e f, t a 
'\ 

allow~ for air extrusi~n dUflng compression of snow sampies • 

• Artlficially prepared snaw was dep~slted into the 

cylinders with a 2.4 mm SlZe sieve fram a height of 100 mm. 

,,.1 
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The initia,l density of snow ~ ... determined using a Ohatfs t-r i p le 
-. "ll . \ 

Qeam bal'ance with a precision of 0.1 . 9 , was more or less 
• 

o,constant and equal to O. 3,;; Mg/m' ± 1. 2~o. Àgelng of samples 
Il ,.. 

took ,place inside the cold room, as rnentloned' ea,rl.ier, ln 

boxes to avoid temperature 
1 

change . . 
effects due ta defrosting cycles. , Thesé bo,.xes ~:)rovided, 

prot~ction to the samples from. air mcvement, h\Jmldity, light 
~ . 

and 0 the r fa c t 0'1' S po s ~l y' in fl u e h c i n 9 the age i n 9 pro ces s '. " 

Each ihdividual test began jby plaèing a, cylinder 
/-------.... 

contalning a snow sample on the compressIon machine piston, 

just small enough to~ fit !'in~id.e the cy,linder. Friction 

between· the piston and-de interio'L' "wall of the cyllnder was 

thus mInimal. 'The 'compression machIne was then started 
'; 

--/ 
mov i.Ilg the piston upwards at a c,onstant, speci fied rate, thus 

" . ' 

compressing the sn~w. FrIction betweén 

cylinder wa-ll :~/neg1Ig1blY 5mall due 

snow and ,the 

ta both. tne 

self-lubri;ating p~'opertie"~ of the snow and the' smoothness 

of the plexiglas m'aterial. 
J 

As othe piston nloved, the 

load-displacement response was recorded on the chart 

"'" "recorder .- The, compression machine was stop'pedo at pistaI') 

penetration of approximateliy 76 mm, corresponding ta ci 
a 

den s i t Y 0 f a bau t 0 •. 6 0 M 9/ m ) ~ , \01' the 30 da'y old sQ,ow 

~amples, the machine 

pene,tration 6f 76 mm 

was stop~d som~~~t be~ore : Pl.~ton 

sa as t a a Il a w an a dè qua t e ma r g \iJ 0 f - , 
c' 

.safetY ln reference ta" load cell capacity. Confined , . . , 

compression tes~ were repeated three 

check the rep1'odù eability·of results. 
't.ri" " '& • l' Il 

times 
, .' in arder ta 

, . 

\ , 

.~ 
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Shear. Testlng '. l ;,) 

\ 
• 1> 

vane shear 
,­

te s t.s on snow comp.J?essed to a given d~nsity. 
S 

More specifically, the set est s - 'w e.r e perfo1:med on the 

corripre:ssed' during \the. plate penetratlon p,poceS's. 
6 

Once the 

desired • maximum plate penetration was achleved,. the 
~ 

. plexiglas boxes were turned on thelr side 8~d tbe front slde 
~ ~}" , 

wall removed. Samples were· theh extruded fr'om ~e snow mass 

using thin 'walled aluminum. ,t
7
ubes for determinatlon of./ 

cren s i t Y • Densi tY"\, was calculated fr'Om 

and the volume of' thlY'h.ubes. 

tti~ weight of the 
::'~ 1 !~ 

A ~ortable haQd v~ne samples 
(!J-

was' 
. v 

the n ut 111 z e d t a de ter ml ne- the s h e ars t r e n'g t h 0 f 't h e 
J 

a t a p p FOX 1 ni a t·e l y' the sam e 1 0 c a t ion f rom w hic h the sn 0 w snow 

saJples were (ken l ~ , 
(Fig.,3.5). The vane was ~inserted into 

the snollt and urned ver y s l a w l y (i n a r de l'- • .• ~h 0 a p pro x i mat e 1 y 
y~~", 

~ . , 

match the deformatlon rate selected for conflned ~ompression 

testing) until failure was 0bserved. By' 

prdcedure for man y p01nts inside and outside 6 

\ . '" 
bulb (highest derÙnty'occ,urr.e"d near the 

.t' , 
- decreased with " dlst~,n'ce), a relati,?nship 

, 
strength , . ': \ -

and ~sity could then be g~ner8ted 

given age. 
1 

this 

and then 

shes r ~ 

for snaw of a 

1 

It should be noteà that during vane shear testlng of 

no st ress q nar(Jlal ta the . surface "0 f shea r wa!>\.. snow, 
" 

with the real externally"applied. This is conslstent 
, " .4 

> 

1 

.. /'..... 
< 

, 

\ t 
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Fig. 3., V·ne-Shear Test on Snow PrevioUSly Colpressed by Plate 
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, ,- - si tua t ion fa und dur i n g pla tep e De t rat ion tes t s dur i n g w t'li ch 

-

. 
no significant stresses normal" ta the planes of cutting:, 

• 0 

shear are Tlke'ly ta 'develop due ta the law POlssori'S ratio 

of material. 

• 

3.2.~. Plate Penetration lesting 

--.; 
Speed cont rolled plate penetrati,?n. tests were-

" 

p e r for m e don" de e Pa ~ n a W 0 f" a" r a x i 111 a t e ~ nit i a Ide n s 1 t Y O. 3 5' 

Mg/m' and.,aged for â specified number ~f days in the co,ld, 
" 

room. One a f t Il e ob j e c t Ive s bel n 9 tOI' e lat e" the b e h a v i 0 u r 
- " , 

d"f sn Q w • su b j e c t è d t a di f fer e n t 
• J 

. 
la ad l n g - 't: and it ion s, i t wa S' 

»thtJs necessary ta test the same snow' ~ypes at a defofQ'latlo.n 

" . 
• rate indentic-al' to 1::hat use d l n con fin fi! d cam P, r e S S Ion and 

vane shear tests (i.e, D,58 mm/sec). 
(> 

The experimental app~ratus- èleslgned and' utili,zed fn 

this Sef1.eS of tests is shawn in FIg. 3.6~ The. laading 

system consis'ted of a m.ove!l.ble pla.tform driven by a 3/4 HP 
. ,) Be mator lacated at the bottom of an alu,tninum frame of 1.75' 

~tl,.i 

m h~ight~ 0.90 m width and 0 .• 46, m depth ~ A switvch box 
< 

enabled ta have control. of the de fa rma t-i on rate Ci. e, t,he 
~ 

vertical speed n of 

mm/sec. " 

Plexiglas 

, . 
m ln 

p contained the snow 

;:;, 

\~ 

'-

the platform) which could reach up to 30 

, 
boxes, 

0'.1 m· 

me~'8ur.l,ng 0.54 m" in 

in wl~ttg Coutside 

length,0.79 

dimensions), 
: \ 

samples for plate penettation' 'testing. 
lof 

~~ 

cl 
, 

, . 

.. 

( 
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1. swi tch bpx _ .6 • tlisplacerœn t transducer 
2. speed control unit 7. IfDving platforru 
3. load cell 8. driving system 
4. rigid plate .\ . 
5. snow [)px . 

9. record~g ,system 
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1;) 
The !.ength ahd depth of th,e boxes ""eTe chosen ln relation to ' 

the loadîng plate length and rn-aximum penetr,ation d'epth so as 

ta avoid side and bottom efl='ects~ tÏespectiye',ly. In 
• ---..w, ) 

additiun, tl")e widt,l:I of ·the box~s was-- s\Jch that the dlstance 

between(the walls was just l~rQe enough to allçw passage of 
\ " 

the l oae:li n 9 
, 
plate. A 71 71 :squ'a re plate of 13 mm x mm mm . 

, 
" th i ckne'ss was used. 

\ 
~ 

dî~plâc-ement The inst rume~t'a't-ion (load c'e.ll , 
/ . 

t 1.' ans d'u cel.' and chart recorder) 
J 
which rec o'r de-d the 

jIl . 
load-penel r.a~on relatlonshiP _ was the 's8me~ as. that used '>for 

• the confined " 
compress~on tests. 

\. 
~ 

Tes t began by, placing a given snow box on "the 
1 , 

platform and Settlng the de for mat i'O n rate control switch ta . 
the posItion cor.responding to the ... '5 pee i fie d valu~ of 

f) .-

op lat f a Dm 5 pee d. • A n a t l'l e. r s w i t ch s t art e d the. m a vin 9'" pla t for m 
, c-

upwa,rd~.- The load cell and displa·ceme.nt tr'ansduc'er recol'.ded 

the-' reaction 
.J 

$1atform. plate force the and the on 
• -<:),. 

displacement (corresponding ta the, .'plate penetration ln the 
1 • ~ 

snaw), respecti""ely", whose- magnItudes appeare,d ~-9raphically 
, "i 

,,' \ on the" chart recorder. 
• 

, , \ 

grid, drawn on~thè·snaw . 

Slmultan'eously, 'photogr,~phs of a 
~ 

d~ring samplè preparation using flne 

'1. 

• 

black sand, were taken at given tlme. Intervals thus 7 
r e car d ln 9 the de for ma tJ 0 n pat ter: n s below t"ep)~ induced 

b Y the la a d l n 9 p r~o ces s . 

/ . , 

-

,-
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3.3 Exp~r Imental Results and DIScussIon 

:YP1cal resut'rram 
.. 

the three' types of tests desêtibed 
1 • 

in sec t l 0 n 3 , 2 a s h o.IN n a n d~ dl S C U s fie d ln 1 tHe followlng 

sections. 

• 
~.3 . 3 . l '\.C 0 n fin e d Camp r es s l 0 n Res p o.n s e and Res u.l t s 1 

'<0 
l ' 

In a confined compression tes t , the material 

unde rgoe's an axial .... .. 
dp.f...o'rmation while latera-l dis-placements 

(>':1> 

witl'l ~ relatively high are p.revented., Flo r a ~ a ter laI 
11 

POIsson 1 S ratio, a lateral pressure develops and t:herefore .. . 
, 

the conflning .stress on the sample increases due to the 
1 

restrlction of; lateral 'mqvement' by the rigid wall of the 

.pIe~igIa$l eontainer~For s~HIs, stress-strain behaviour is ... 
dependent on 'con'fin1ng pressure and consequently, ~-confined 

cam pre s s i '0 n tes t y i e Ids i n for ma t- l 0 n 0 f que s t i"O n a b levaI U e 

sinee thç ~onfin'lng pressure varies throughout the test. , 
H 0 ~ e ver, wh e rv a mat e ria l w l t h a l 0 w Po i s son 1 s rat i 0, suc h~ as 

the types use,d ln the - present study, 
• 

15 tested in ... snow 

sim i ~ r con (H ti o.n 's , lat e raI,. de. for mat l 0 n s are min i mal and 
.. 

. thus lateral pressure is 

l 

small rel a t ion ta the a x i a l 
10 

pressure. It can therefore be deduced that for such a 

material, the effect 6f.conf~ning pressure is insignificant. 

Stress-strain relatlonships under eonfined 
; 

compression conditions . . were obtained From test results 

( 

d 

\. 
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4 simply ~y-~rdi-vldlng 'the recor_ded l~ad and pIston displacement 

v'a lue s b y the c r 0 s s - sec t Ion a l are a and 0 r i gIn a l' ~ h.e l 9 h t'a f. 

the s ~ m pIe, r e s p e c t l V e l y . A n e x a m pIe '0 f cf t Y P l cal c u r v e 1 S 

lflustrate~. 3.7, showlng a generally increaSlr.I.9 

slope, Le. characteristic of a stlffenlng ma~erial, 'and tt'le 

presence of 
Q 

mic.rô'fractures also referred to as the 

" saw -tooth" effect and prevlausly reported, by Y'on-g and Fukue 

(1977) • This microfracturlng tlehavlour is reflectlve of 
b~ , . 

cau sC d b Y f ra ct ure 0 ft 1 ban d S· b è t w e e n sn oow 1&"'6 a: 1 failures 

partlcles due ta local stresses exceeding the bond str·en['1~.:-l. 

Are sul t 1 n 9 l a a d t r ans fer t 0' 0 the r' b 0 n(d soc a urs un t Il, the l r 

strength IS in turn due to stress superposltion. exceeded, 
"" ,/ 

A stress release' lS' exhibl'ted 'whencev\er bon,ds are broken and 

a subsequent stress build-up occurs as other t'londs accept a 

,har..e €If the load transferred ta them. The process',' however, 

also cause~ packing of "the snow pa r tl c (es~ch then 

further ~lmpress{on. 
affer 

more and more reslstance to ThIS 

o 

effect seems to be dominant as the ,Phape of the 

î stre$S-straln curve, lncludlng both the bond fracture and ... 

dens~flcafl0n mechanisms, lS typlcally concave up thus/, 

implying that the material becomes st ronger as load 18 

lncreas,ed, ln spite of the Incr.easlng number of broken 

bonds. It can ',a l so be seen From the s t r e ~s - s t raI n cutlfe 

that ~ontlnued co"'presSlon eventually produces a condltlon ..... HI 

WhlCh ml c,r 0 f r a c t url n 9 e ven t u aU y stops ri thus "- seemlng ta 

lndlcate that bond, breakage becomes negllglb1e after a 

<i 

.. 

" 

f 
1 

\ 
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certain point . This conditioQ arises when ~he snow . 
~ 

material, havlng undergo~e a glven volumetric st r n i.n ,~ ,-;; , 

r e a che s the "t h r e s h j l d den S l t Y " , also 
l' • 

Fukue (1977), Thresho Id denSl ty can be forma ll,y de f Incd fiS 

.the - snow de~sity at WhlCh no mlcrofracturlng w 11'1 

subsequently develop when the snow 18 subJected ta speed 

controlled conflned. compreSSIon 

J- ,~. 

,the deformatlon rate. 

testlng 
q 

c cin d l t Ion s 8 n d 

depen,Çls on Beyond the volumetric 

'. strain corresponding ta the threshold density, stress 
r 

-" increases rapldly wlth r,esl'ect to strain as mlcrofracturlng 
, . 

no Ion 9 e roc c urs and as the de 9 'r e e 0 f par tic lep a c k l n 9 

inc reases • Ultlmately", further 'compression would ___ produce a - ... 

o "high density Sf!OW (0.60. Mg/ m'and greater) wlth a hlgher 

Poisson'sratlo and thus for WhlCh the COnfl"l'llng stress 

dur l n g.,) con fi n e d cam pre s s 1 0 n tes t l n 9 ,c an no longer be 

dlsregarded. The a n a lys i s a f the b e h a v l ou?,,,, 0 f suc h t Y P e 0 f _ .. } 
snow r8 however beyond the scope 0 f,. the present study. , 

the "present work, resul ts From ~ conflned 
1:." {/ 

. compress.:J.0n tests are viewed slmply as a characterlotlc to 
1 

be Input t.ed ln the developed fln l te element 'mode 1. The data 

descrlbes the stress-straln behaviour ln compression or 

compresl31billty of the snow-materlal. TKe amplItude of the 
, \ 

stress releases o~erved durlng tests wer~ seer to be sm~ll 

W l t h ,r e 8 pee t to the stress values themselves 80 that, 

~ 0 n se que n t l y, the "s a w - tao th" e f f e c t due tom 1er 0 f r a c t u,r l n 9 

l sig n 0 r e d a sap a r am ete r de 8 crI b l'tn 9 the 8 t r e 3 S - 8 t r a l n 

" 
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response. An average curve , was thus fi ~ted through the 

center of the' recorded peaks and traughs, as shown in Fig.' . , 

3.7. ' The resulting stress-straln relationshlps obtained for 

the two snow types (i.e, age 4 and 30 days) are shown in 

! 
Figs. 3.8 and 3.9 respectively. The same ,stress-strain 

data, presented differently in Fig. 3.10, schematically 
, 

descrfbes the effèct of age on stress-strain rrsponse. 

Ageing of e snow inc~eas~ the degree of bonding ~nd, as 

· ., 
ex~ected, the stress qor~esponding to a particular value of 

, 

serain increases with the number of ageing days, thus .... 

demonstratlng the higher reslstance of aIder snow. 

3.2.2 Résponse in Shear and~esults 

In'à vané shear test; l't is assumed that the snow lS 

tested at essentially constant density. The fac~ that the 
''i 

failur~ plane lS predetermined' ~s consistent wIth the 

idealized verSlon of the real situation of plate penetratIon ~ 

"!l~ in which the location of the s'hear plane is known (i.e~o 
~ 

vertical planes through the edges of the ~late). Although, . 
in reality, the failure pJane deve~ops p~ogresslvely as~ 

~ 

opposed to being estab!'isl;1~d completely prl0r to loadlng .as 

in the 

shear 

~ 

analytlçal. model,' it Was felt 
, ) 

tes t s cou 1 d b et use f"u 1 l n 

that resul ts from vane 

the description· of 

characterlstics represent{ng the'behaviour of sn~w~at ~oints 
1:> 

where the material is actfng principally ~n pure' shear -(i.e. 

slang the failure planes). 
" , 

1 

. , 
D 

... 

1 , 
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Resul,ts From 'Vane shear tests essent.ially éonsisted 

) ~ 

a f s h ~ ars < r e n 9 t h - den s ,it y rel a t i o~ sn i p s: ~c 0 r,~ e s p 0 n d i n 9 t 0 

the glven deformatIon rate, for the two 'ty'pes of snow ·used. 

Shear strength of snow was computed From the vane re(ding 

and a cal i b rat Ion fa c t 0 r • ",R es u l t s, i Il u s t rat i n 9 the e f f e c t 

o f age, are 9 r a phI c a Il y dis p la y e don Fig. 3. 11 • A general 
, 

pat ter n i s 0 b s e r v e d .-, ace 0 r d i ~ 9 t 0 wh i ch, as----expected, shear , 

strength of snow increases ~it~ denslty' as well as with the 

number of ageing days. 
'j" ~ ~ 
Durlng the vane sHear tests 

p e J' for m e d du r'i n 9 the. st u d y , it wa s na t pas s i b let 0 r.-»i-a sur e ~ 

the shear resistancè as, a function"'of vane rotation since 
ôj 

th~ record.ed vane, readin~orresponaed to the maximum sheal"" 

stress developed (i.e, the shear strength). This, howéver, 
r# 

di d ho t c au se., ma,n X. pr ob l ems_ in the fo rmu l?J2 iTon 0 f t.he 

pr'esent model as the post-peak behaviour in .shear was-
, 

a c tua l ~'Y ide a l i z e d i n th i s st u d y, and wa s d 1. S eus s e d ln m 0 r e 

detail.in Chapter 2 (sect10n 2.Z.f). 

model·does require a stîffness parameter 

Since the proposed 

. ; 
for sn 0 win s h e a r, ' 

WhlCh can only .. be obtained From a ,shear stress .... deformat10n 

curve, such a number was thus aS,sumed and considered as an 

Ci 
~ddltional paramet~r in th~ pres~nt study • 

Sh~ar tests th us provided means to determine the 

\. s h e arr e SIS tan c e cl f sn 0 w a t a 9 Ï'tl e n d.e n s i t Y but 0 the r 

" 
parameters describlng the shear ~stress-deforma~on curves ,g 

(required in:*-the model as o'"utlined in Chapter 2) had ta be 

obtained From other sources due ta lim1tations of the 
" • 

experimental facility. \' 
.> 

• 

.. ------~~~----------------------
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As mentloned earlier, a plate. penetratron test 

rep.resents a load1' ng SI ~uatton in whlC::ti both v~lume cha~ge 
, \. . 

and shear mechani s occur slmultaneously. As penetration 
~ , 

of the plate ln the~now .sample progresses, a reactlon load 
• .:, Û 

on the plate develops because- of the resistance of the snow . , 
beneat:h 

, 
ehe ' plate to undergo volume change and shear along 

• If' 

the vertical plan~s' of cutting shear passlng through the 

edges of the plate . 
~ 

The recorded load-penetration response 
. 

of a 
o 

glven snow type corresponding to a 0 gi ven peneot rat lon . 
rat e ~s therefore the r~sul t of the('o cqmbJ.ned action of the 

t~o ~echanlsms mentioned above. IJ • 

The Hl a d - pen e t r a tl 0 n . c u r v e ~ for age s 4. and 3 0 d a y s 
. . 

are shown in figs. 3.~2 and 3.13. The )' 5 a IN .:.. t 0'0 t hile f f e ct, . 

observed 11) conf:ned, compressl0n)t~sts, is also exhIbited 

due 'ta elements of snow withir.1 the stre~s bulb beneat/il the 
~ ~ 

. plate beIng~subj~cted tq a loading condition sImIlèr to t~at 

.. of' confined compression as 
'\ \ .' 

a l'esult of the 
\ 

low Poisson 1 s 

'P ratio of the materlai. As the plate p'enetr'ates deeper Into 

-
t h ~ sn 0 w, .' m'o r e and ma r e 0 f the s e e 1 e men t s are in vol v e d ln 

the volume 0 ~hange process, i. e the stress bulb extends 

deeper as pe.netl'ati.on p'rogresse's. ThIS l'~asonlng s.eems to" t: 
, . 

be suppo r t-e d 'by the' fact tha t the amp Il t udes 0 f stress 

releases Increases wlth plate slnk~ge, dué to a greatet, 

amount of snow' materlal undergolng' the bond breakl.ng 

m~chanlsm described in section 3.3.1. 

.. .... 

{ , 

\ 
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As mentioned earlier, a"plate load-penetration, curve 

reflects the combined action of volume change and shearing 
~ 

mechanisms and, therefore, lot can be expected that Its shape 
'" ':1 

l. S 90 ver n e d b Y the in d l V l. du à l- cha r a ct e h#s t les, des cri b in 9 
.. 

, the behavl.our ln volume change and pure shear, as obtalned 

From confl.ned compression and shear tests, respectively. 
, 

The h y pot h e s l. s dl S. cu s s e d 
<il 

l.n Chapt'er 2 su~gest·ed that 'durlng 
" 

plat~ penetration in d~ep snow, the depth of the pressure , ~ 

bulb beneath the plate is controlled by the magnitude of, - t&. 

shear st~esses supporting it along lts sldes. As the pla,te 
... 

sinks lnto the snow, the shear strength of snow et any point 

along . the 
l 

planes" of cu.tting shear could be exceeded 

de~endlng on',thl. densl,ty, of the snow' and cumulatl.ve shear 

's t r e s s a t th Çl t po i nt. l t i s the!' e for e 0 b v l 0 U'8 th atm a x lm u m 
'1' 

stress bulb support i~ terms of slde shear actlon occurs et 

,.the beglnnlng of th~ plate penetratlon process and decreases 

as more snow material is stressed beyond its shear strength. 

Slnce the stiff~éss- in shear of snow elements located along 
190 ~ \ 
the planes of cutting shear 18 reducéd ta a negligible value 

Q 

after she?r fal.lure occurSr It thus becomes eVldent that the 

total stiffness system ln shear decreases wlth , q f the 

inc re,asing' pla te penetra t l on. On the 0 ther ha.nd, the vo l ume 

change mechanlsm occurs simultaneously du~ing WhlCh the 

. den s it y 0 f sn 0 IN w i t h l n the st r e s s bu lb 9 e ne r f1~ l Y 1 n cre a ses. 
1 

As a result, and referrlng' ,back ta the s~if.renlng behaviour 

of snow under compre~sion loading, the resistance' of the 
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system to volume change increases (i.e, compressibility 

dec,reases )'. Th:' shape of a glven plate penetration curve 
~ 

therefore depends on two mechanisms wltf: OpposIte effectos,' 

i.e softening effect in shear and stlffening effect in 

volume change. A p1ate load-penetration c~rve of- thè 
\ . ~ , 

softening tjpe (i.e, tangent slbpe decreases with increas1ng -
plate penetratIon) therefore represents a situatIon ln which 

'. a 

the ,cutting" shear mechanism along' the failure plan,es is 

dorillnant over, the. volume < change actIo~ of the snow witJ:\in 

the stress bulb ben'eath ti plate. Siml~~rly, a curv'e of 

the stiffening type (I.e, t~nge~t s~ope increases with plate 
. 

penetration) indlcates tha!;. the, volume change effèct is. more 

signlficant than the cuttIng shear effect. It lS suspected 

that the first case applies ta relatlvely old snow with a 

hi 9 h de 9 r e e a f b.o n d iJl 9 ( h i 9 Il s h e ars t r en g th) and 1 0 w 
.() 

co~pressibi:lrty whereas ,the s'econd case 
, 

is typical of fresh 
l 

~r Iow age snow, ch~r~cterized by a Iow shear strength and a 

hign ~ompressibllity. ~Followlng'the same type of reasonlng, 

are 1 a ti v e l y lin e a r p -1 a tel 0 l- pen e t rat Ion c u r ver e f 1 e c t s 

the situation in whlCh both volume change and shear 
, " ( 

mechanisms particlpate equally in the vertical support of 

the pressure bulb and thus J 
tend ta .counteract one another. 

- , 
The validily of the abovJ:) statements lS demonstrated by the 

results of the plate 
.Q Q 
"penetration tests . 'The . ". 

1 

load-perf'etratlon curves From a, test performed on 4 day old "'" 

snow (Fig. 3.12)show that the response i5 essentlally linear 

) 
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whereas )resul'ts From the tests per formed on older sn«tJw, aged 
• 

30 days, shows a strain softening behavlour (Fig. 3.13). 

The plate penetration behavlour for the two snow types 

cons i dered 
ç;l 

lS thus as expected. The curves fitted through 
-

the experimental plots in Figs. ,3.12 and 3.13 serve as 

refere~ce for 

predictions, as 

comparative purposes with 

discussed ln sec~on' 4.2.3-0 

analytical 

, 

( 

1 

! , 

, 

• 
• < 

, 
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CHAPTER 4 

ANALYTICAL'·PREDICTION AND COMPARISON WITH EXPERIMENTAL,RESUUS 

, " 4.1 ,General 

T h i s cha pte ris con c e r'fl e d w i t h the r 8'5 u l t s . a f the' 

flnite element model and its ·capacity ta correC'tly simulat,e 
• i 

a c a ne tan t [' a ter i 9 id, pla te' pen e t rat ion pro c e ,s SIn de e p 

snow . Resul ts From çonflned compresslon and • vane shear 

tests were used to deflne the compressibillty and shear , 

strength,respecttvely,of-the material. The rasulting curves. 
l .. 1 -

de'f,:ining material charat:terlstlcs served as Input to the 
, 

model which , predicted c~ the pla te stress-penetration 

r e1 a t ion shi p, • dIs pla c e men t pro fil es, den s i t Y 1 pro Fil e san d 

depth of shear along the failure planes.' . \ . 
,~ 

The validlty of' the proposed computer model relled on a 

fa~ourable comparison between the experlmentally observed 

and analybcally pred'Icted behaviour of the system. ThIS 

involves slmult&neously satlsfylng condItions of slmllarIty 

b e t w e e n par a met ers des crI b I n 9 the r e s p 0 n seo f the r e a l and 

'slmulated systems. EVldently, the 1iSt of such parameters 

may be very long and therefore a perfect simulatIon Impl1es 
Ir, « 
~ V 

an exhaust).ve comparison of aIl the varIables describing the 

behaVlour of the system at anytime in addItIon to a' flawless 

analY~lcal formulatIon of the problem. Due to llmitations 
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of time and sc ope 0 f the.. pre s efl t 
~. 

s t uod y "<"'4.n l y par a met ers 
\ 

judged most _ lmportant and relatively easy to obtain throljgh 

exper.lments are consldered. As scheinatlcally descnbed in 

proposed 

ln the Introductory chapter, t~e performance of the .. 
model is evaluated in terms of the followlng 

1 .. 
descriptors of tbe behaviour of the system: 

a) 'p l a te stress-penetration respons'e 

b) displacem'ent profile 

) c) depth of shear 
,Y . 
c 

d) density profile 

In the next sectïan, an experimènt-al vs predicted -
camparlson is establlshed fàr each of the above four itew. 

fi, 

The capability of the model to predict the load distributIon 

beneath the rigld plate and the density at failure of shear 

elem~nts alang , the fellure plE\,nes- is discussed in the 

subsequent sectlon._ 

... 
4.2- Comparlson of Analytlcal and Exp,erlmental Results 

.... 
The 'f l r s t s u b sec t Ion de a l s w it h the var l 0 U ste c h n .1 que s 

of data reductlon which had ta be delfeloped during the 

course af the present study in arder to obtaln the ~eq~lred 
\ 

exper.lmental data. 

\ 
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4.2.1. Data Reductlon Techniques 
o . . 

Phatagraphs ot ; , the distortlng bla~k sand gr i d· " 

'(applled ta the snow~ prlor ta loading) plate 

penetratlon ~ests were the bas'is of ,analysis fo:r generat.ing 

displacement and 'density profiles as weIl as depth of shear 

as a function o~ plate penetration. The intersection of the 

grld l1nes of "nodes" were digltized using a pIotter 

equ lpped Wl th an eye piece which cou Id be./ focused ex a ct l y on_ 

the' node. separate program was . . deve loped for the 

digltizing process and noda~ coordlnates, in terms of 

p.h 0 t a 9 r a ph di men. s 1 0 n s , w e r eth usa b t a i ne dan d s t 0 r e d i n 

computer fl1es . The measurement of the p.late length on the· 

phatogra,ph and a comparlson ta its real length allowed the' 

computation of A . scale factor 50 that the stored noda'l 

coordinates could be translateq ta v'alues descrlblng actual 
,..,4'\. 0 

dimenSlons. An addItIonal Fortran program was wrltten to 

treat t~e nodal coordl~ate flles to obtaln dlsplacement and 

denosity pMflles. 

DIsplacement profile were obtained From the 

difference in nodal coordinates between ·a pnotograph 

--' 
corresponding to a giver: plate' penetration and that of the 

• "'l· 

.lnitial undeformed gr-id. In the output of the program an'd 
I/J' , ".~~ 

if? the analysis 'of results, the - positl0n of 
(jJ 

the nodes was 
\ 1 \ 1 

:always 
\ 

o 
defined with respect to a point' located at the center 

of. the plate, along its battom surface, be fa re any 

'0 

------- -------------------------
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snow su,!' face 

snow\ ~t the 

beglnning of the test. 

obtalned experL..~entally 

Disp,lacement. profIles, whether 

. 
or t h r 0 u'g han a l y tic a l pre' d i c t ion s , 

were always along vertical colu~ns of nodes origlnally (p'rior, 
~ 

to arv plate penetration) located a' g,iven horizontal 

dis ;~ n c e a w a y f rom the pla tee e; n.t e r . (r. n the )c a seo f 

pro files obtaln~ from photog ra~hs. the gr\d li nes ~ nat, 

originalJy' exactly vertical and therefope an average of the 
\ \ 

horizontal coardin~tes of the nod~s alang a given column waS 
"-

used ta. define 3. t,s original positIon wlth respect ta the 

cer:lt e r of the plate. 
, 

Density profiles • generateÇ,l the wer-e ,.using same 

.program From cOonslderatlan of· the change. in area of square ., 
elements bounded by the grlg Ilnes. 

/ 
Divlsion of these 

o < 

square element q into trIangles' facll1tated the computation 
- 1 

of area WhlCh was carrled out as for the denslty calculatlon 

in the finI te element madel CF 1 g. 2.10) • As for 

displacement, . density profiles are also computed along . 
ve~tical llne~ ~efined by th~ average horIzontal coordlnates 

o f the ce n tir o~ d s a f the' s qua r e el e men t s • . \) 

The de p th 0 f full S he a ris ,d e fin e d he r e a ft Er ras the 
o ' 

depth bene~th ,the plate, (along 1 tli'e plfnes of cutting shear 

th r 0 u g h the ' e dg e s 0 f è-h e pla te) a t wh i c h the no r mal J,Z e d 

shear deformation (I.è', ra~o of shear deformatlon p'er unIt 

length) is at least equal ta l or, in other words, the depth 
1 

~ 

, 

• 
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, , 

" . 
ha s s h e a·r e d cam pIe tel y • l n 

.' -

untii which an element of sn'ew 

the ill u s t r a ~ i'v e e x a m pIe s h 0 w n in Fig". 4.1" elements l to 3 
, 

have sheared cemplet~ly whe rea s elements 4 te 7 have not. 

T h e~ de p th 0 f full s h e a r de f l n e d a b a v e i s th (J s r e fer r e d as 

Os" on the same rfi~ur~ value' is another bas.is for 
, 1 , 

comparis9n between experimentall"y observed and analytically 

predicted plate penetration behaviour and proves ta be 

useful.as a check of th,e suitability of the inp(ùt shear 

s t r e n 9 t h ,- den s i t Y ~ u Çv e . The exp e r i men t al, val u es' 0 f D s we r e 

"obtained from the- plate pênJt.ration tèst photdgr;aphs "of 

hor~zontal gr-id llne deformatlons a.loJng the 'planes of cutting 

shear. 
. . 

The.- number of horizontal grld lines on eitl1er side , ~ 

• 0 

of the f,allure plane(s} were counted and.n~'tnbered f9~low~g 

the example 1n Fig. 4.1. It was then posslb'le to de,termIne 

WhlCh shear element's, repr~sented by palrs of'vertical~ 

. Ilne se.gments bounded by .nodes, falle'd cpmpletely as 

descrlbed earller. 80th planes of shear in the' photograph 

were considered From which an a v e-r age" val u e 0 f de p th 0 f 

~ 
shea~ was obtained~ In terms of the pre sen t da t a r 'e d u c't l 0 n ' 

-
techn1que, eleme.Qts for which the dlf"ference in elevatlon of . 

the center of t'he two sides ofwthe e'lement was great~r than 
) 

the a r i l g i n aIl e n 9 t h ( ob t a i ne d f rom che und e for m e d gr l d 
, .., 

photograph) were consldered completely failed. The distance 
. 

from 'the center of the inner side (Le, on the inside of t~ 

faliure plane(s)), of the lowest completel,y failed element to 

·.~he plate was taken as the depth oT full shear Ds ... a( shown 

" . 
in Fig. 4.1. 

o' 
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4.Z~ The \Role of Shear Stiffness 

\-
'\ 
As ~nt roduced ear Il e r in chap ter 2, .the st i ffness , ~ 

1 
modulus ln 8h~ar K§I 18 un~v~ilable fro~ the re8ults of the --- . ~ 

per formed set of 'e'xperiments. Th l 8 qua n t it Y ~'S r e q u ~ re d ~ n 
... 

the model toc ha r a ct e r.i z e 
(j, 

th'~ behav~04r of the snow as i t . 
fai ls along the two" planes 1r of cutting 8hear developed as 

plate penetration progresses. E s sen t i al fy , the v a r.l a b J e 

j Ks defines degree of snear deformation at which snow 

i1 ~ Fails 
, 

and thus can no longer accumulate additional shear 

stress:', 

Due ta the absenc~ of infornJttlon about shear 

sti f fness,' the de gr e e 0 f sen s i t ~ vit Y sJ.- the 'f in J. tee lem e nt 

modèd to .thlS parameter was investlgated. Th e de v e l 0 P e d 
., 

computer program was run several times wlth different vaLues 

oF shear stiffness. , The reactl0n of the model to a change 
td 

in ,_ ln ter m S 0 f the fou r des cri pt 0 r s 6 f pla te· 

pene.tra~lon behaviour considered in this study and 

introduc;ed in section - 4.1, lS discussed in the next few ;. 

.. sec t ion s a l 0 n 9 W l t h the co m par ISO n b e t we e n ~-p e ~ i men t al, and 

predicted response. " 

.J 
G . 

1\ \.. 

..- , '. , 

• 
" 

• 
, , . ~ 

(. 

'17 

-) 
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4.2k3 Comearison of Ex~er~mental a'nd Predicted Plate 

Penètration Curves 
~ 

, , 
The p'ta t e penê'\ratlon curves 'are expre,ssed in terms 

~ D 

of st r'ess on the pla t e as a function of penetration. Plate 
~ 

.. 
stress is obtained by dlvidlng the reaction 10ad by the_ area 

of the plate. . The 5 t r e s s - pen e-t rat ion rel a t 1 0 n shi p s for 4 

-d a y 0 Ids n 0 w 0 b t a in e d f rom the pla t ete st, 11 n d pre d 1 'c t e d b Y 

thet finlte element model are depicted on the plot 1n FIg . 

4.2 for comparison purposes. • The experlmental curve shawn 

in the-- same qgure i5 
" 

the same as that fitted through the 

whl~ passes (section 3.3,.3) experime~tal grap~ 
applroximately ha.lr-w 

lest curve (Fig. 3.12 

between the mean of the band a f the 

and the lower boundary of the same 
, 

curve. Tlie' reB"f0n for the selection of such a reference 

cu r v e i 8 due tp the fa c t t ha t the ( l nIt e e lem e n t ma deI 

pre d i c.t s the pla tel a a d a ft e r 8 t r e 8 8 rel e a ses € cau s e d b Y 

f a il i n 9 8 he are le m"!'ffi t s • In the a c tua Ica se, tn e . s t r e 9 8 

vibrations observed are pr9duced by'both the mlcrof~8cturing 
J ~ , 

Q f sn 0 w wh Il e co m pre s s'e d ( dl 5 C us s e Cl 1 n Cha p t. e r 3) and the 

stress release effect. mentl0ned above. l t 18' there fore .. 
~ 

di f fic)J l t t a a f f 1 r m th a t the" l 0 w est b 0 und a r y a f the pla t e 
~ 

~enetration curve represents the behaviour after shear 

el e m ~ s t r e s s rel e a 8 e s 8 i n cet h e III l C r 0 f r a c t url n 9 e f f e c t- • l S 
-,!'t .' . 

a180. incorporated into the resp'onse wlth the re8ult th~ il::.. 

is ImpOSSIble to separate the two components . Slmilarly, 

. . 

-----~~-~-----'----------
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PLATE PENETRATION - AGE 4 OAYS 
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Ils 

the mean of the same curve does not necessarily represent 
1 

the response that can be compal'ed to the finlte element, 

Rl'edictio~ because of the stress l'elease effect although the 

lat ter i s no t sus p e c t e d toc a use l ~lr 9 e d r op s i ,n pla t e 

stress. Therefore, due to the above arguments, a", curve in 

the mi d d 1 e a f the me a n 0 f the ban dan d the 10 w,e r b 0 und a r y 
fJ 

was sel e ete d as the reference experimental c~rve: 
1 . 

predicted response, the' effect of shear 

For the values oJ Ks considèred. 
, 

In the 

sti ffness i5 inc1uded. 

the agreement between experlmenta1 and finite element 

" , 
result5 is reasonable (see Fig. 4.2). The shape of both. 

-
experimenta1 and wedlcted curves is similar in that the 

relationshlps are characteri2ed by a bi-linear type of 

behavlour .. such that the response lS easentia11y linear, 
( 

startlng at a given slope, and th en fo11owed by a decrease 

in slope. It should also be noted tha't the predlcted' 
Il Q 

stress-penetration resp,onse is somewhat sensitive ta, the 

val u e p f s h e ars tif f n e s s K san ct· t h u s t\ a t d i f fer e n t val u e s 

gene r a te di f fe ren t c,urv es. In the set of curves 

\ t' O""t 4 500 shown in Fig'). 4.2, the relatlonships per alnlng a K s = 

'. 
and Ks=6000 seem -ta glve the best results or closest 

agreem~nt wi th the, experlmenta1 curve. , The cu r ve 

'corresponding ta Ks =3000, overestlmates the response 
-

whereas that for Ks =15000 tends ta underestlmate it. In 

genera1, the plot on FIg. 4.2 Implles that an incl'ease in I<'s , 
la w ers the pre die te d cu r v e wh e 1'-e a sad e c, r e <;l sel n K ste n d s t 0 

ralse it. 
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The reac t i on 0 f the curve to a change in shea r 
o 

stiffness ,can be explained as follows; a low value of . ~ 

i m pli e sa" 1:l,u c t 11 e " b e h a v l 0 U r 0 f sn 0 win s h e ars 0 th a t 

elements of the materia1 along the failure planes J and "'thus 

ac'ting pr-incipally in shear f tolerate relatively large 
\ >U:Io , 

displacements before moblllz'lng th~ fu!'l shear strength. In 

such a case, if the value àf Ks' lS too low 

the total shear stlffness of the system (l.e, 

ln the model ''i <II 

the sti ffness ' ~ 

contrlbuted to by the shear elements along the planes of 

sQear) decreases too slowly, as compared to the real 

situation, since less elements hav~ 
~ 

failed for a given plate 
" 

penetration. Convers,ely, a high value of shear stl ffness 

results into a "brittle" behaviour in shear such that , 
failure accurs at a small shear deformation.' A high valu~ 

in the model 
, 

causes 
\ 

a rapid progressive fallure of 

shear elements resulting into a low v,alue ôf the shear 

stiffness of the system starting at a small va'lue of plate ~ .. 
li • penetration and thus applylng for Most of the penetratlon 

The corrf1spcinding ~ plate stress-penetration • curves 

process. 

for 3 0 d a y 0 l d- sn 0 w are s h 0 w n .i n Fig. 4 . 3 . The agree!1lent 

between experimental and predlcted curves is not as' good- as 
'~ 

for the lt day old snow especic!lly for the higher values of Ks 

( i . e , ~o a 0 and 15 0 0 0 ) but the curve correspondlng to 

Ks =4500 yle1ds relative1y good results. Agaln, the 

predicted curves are bl-linear, but "ta a lesser degree than 
. , 
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those for 4 dey old snow. The enalytical model is 

consistent, in that its sensitivitYI parameter is similar 

ta that for 4 'day old snow; an increase in Ks results into 

a lower plate stress-penetratIon response and viceversa. It 

i9 also interestlng to note that, as for 4 day old, 

predictions are quite good ,when the snear stiffness 
L 

parameter Ks is 4500.' 
/ 

4.2.4 Predicted Distribution of Components of Total Plate 

Resistance 

01 n the fIn i tee lem e n t m 0 deI, pro vis ion s iwe rem a d e 

for determlning the individual components Of pla te' 

penetration reslstance: 

plate 

a) resistance due ta shear along t~~ .planes of 

shear. 

b) resistance due to compression of snow'inside the 
, "" t.> .. 

pressure bul~, Le,. snow beneath the plate and 

bounded by the shearing planes. 

c) resi\stance due to compression of snow outside the 
• 

shearIng planes. 

The predicted distribution of the three components of 

penetration resistance for bath types of snow 

gr a phi c a Il y J dIS pol a y e d. i n Fig 5 • 4 • 4 and 4 • 5 for the b est 

predi cted For both types of snow, ~ the greatest 

.. 

--
• 
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of plate resistance,;'~& tha\: of compression beneath 
, hl\ 

the' plate 
,/ - followed by that due"~t:o shear along the fallure 
~ '--.--,.-. ' 

planes. Compression outslde of the shearing planes stays 

pra"ctically constant and co~tributes very -l1ttle ta the 

total plate resistance in both cases. The relative 
, 

rf!agnitudes pertaining to compression and shear vary with the age 

of the snow and wlth plate penetratl0n. For 4 day old snow, 

the pla ter e sis tan c e due t 0 s h e a r 1 sap p l' 0 x i m a ~e l y h a l f 0 f 

~hat due to compression benaath the pla t e fo r low 

pen e t r a ti 0 n .va lue san cl de cre a ses t 0 ab 0 u t 2 0 ~o 0 f the la t ter --­va~est ,penetratlon. This 1.S a result of less 

load being carried in shear as more shear elements have 

fa 11 e d ' a t hi 9 h e r' pla te pen e t rat ion • In the case of 30 doy 

old snow, the shear strength of the snow lS hlgher and plate 

reslstance due to .shear contributes a greater percentage of 
b 0 " 

.l 

the total respons~ as ,shown ln Fig. 4.5. 

The abovS" relative amounts of plat"e resistance due toc 
. , 

compression and shear are" consistent with results obtained 

by MeGxas (19~4). , 
. , 

) . 
4.2.5 Comparison of Experimental and Pre~lcted· Dlsplaceme.nt 

Fields 

11 
,11 

'-obtained aRd predlcted displacemen't fields" lS establlshed Ih 
" il, f!l 

• J ~ 

teTms qf' verli-cal displacement profiles only. . \ ~'-----

in thlS study, the slmllarity between experrmental.ly 

Obser\tations 
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d'u r l n 9 pla t ete s t san d 9 r:l cP' li n e ph 0 t 0 g r a phs s h 0 W e d th a t, b Y 

ans:' -large, t:)orlzontal dlsplacements ln the snow mass were 
~ 

-negllg'1ble and could therefore oe omitted From the 

comparative study. 

The exp e rl men t a l and' P, r e d i c t e d c u mu lat ive ver tIC a l 

dlsplacements unde.,r two pOInts below- the plate pen ter for 4 . 
day old snow ~at penetrations of 36 mm and 64 mm are snown in "r 

o 
4.6 and 4.7 respectively. Predicted. vertIcal 

dlsplacement profiles -were obtained from the displacement of 

selecte.d nodes originB:lly located a given dlstance aWqy'from 
," 

the plate accordlng to the structure of the finlte èlement 

mesh sholfjn- ln Fig.' 2.7. For both plate positions, the 

'agreement between experlmental and analytical values IS good 

especiaily for points orlglnally less than 1.5 plate lengths 

away from the orlginal snow sur fa c'e • Exp e r'i men t a/a n d 

predicted values dlverge From eac.h other for some distance 

" below and then seern tà conv.e'rg,e ag'al'n. A slmilarDcompar~son 
, "---

.. v 

--... -'~ be t~een ' ver t ic al displacement \, p-ro fi les unde r a pOl nt sorne . - . . .. 
dlstsnce. away from the plate .. center for the same plate 

penetrations 18 11lustrated in F 19S~ 4.8 and 4.9 

respectlvely. For a plate displacement of 36 mm, the 

ag·reemen t +be tween expe rlmen t a land pred i c ted 

ve r y goo d r'or point s,or ig i na Il Y""loC a ~"'e q les s 

lengths from the origInal snow sur face. 

values is ag~in 
' ..... 

tha~ 1.5 plate 

The above 
o 

dlverge-converge effect between exp e r i rrl e n t al:' and pre CI i c t e d 
o , 

displacenient val.ues is also observed in -thls case. For a '" 
'1 

o 

.. ' 

1 
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plate penetration of 64 mm, the discrepancy is more uniform 

aU lalon~ cùrve(s~...({ '\ 1 
,It should· be noted that fo r a . ,given p,.l a t E' 

penetratIon, bath experlmental and predlcted displacement 
~ 

profiles are essentially linear up to a certaIn depth" thus 

imp l Y ing an unI form '\ e rtlca l st ra i n 

c~r.ized by a Cha~g,e ln gradIent . 
dIstribution, and 

below that depth. 
, 

are 

The 

change in slope df the dlsplacement profile ls mainly due to 
~ ) 

the var.ljation ln 

./1 

stIffness of the system shea r. 

discussed earlier, s~r ~lements along the planes of 

cutting shear fall progressively sa that for a given plate 
~( 

penetrati,on, snow has falled abol{,e a ce,tain point and has 
; 

not below. th"at same po~nt. 

, ~ (h~s 
The stlffness o'f the system 18 

~ 0 w ~ /e the 9 Ive n po in t a rrd hi g h e r bel 0 W sot h a t 

dis pla c e men t s are aIs 0 exp e ete d t 0 b e hl gR e r for the, reg Ion 

s.tiffness. A s are 5 u l t , t he g rad 1 e n t 0 f L h e 

rofile, or strain, i5 also expected ta be 

higher for the Iess stiff snow an'd lower for the stlf.fer 

sn 0 w. . T.h e è han 9 e 0 f dis pla c e men t gr a dIe ~ l spa r t l cul a r 1 y 

ObVIOUS ln the profIles shawn ln F\.lgS. 4.6 and 4.8. The , ~ 

above ar.,9uments th us ~em to lmply a relatlonship be~een 

, the p-o l n t: 0 f cha n gel n dl spI ace men t 9 rad l en tan d \ hep 0 l n t 

above WhlCh the snow has falled completely, I.e, depth of 

full shear, 
o '" 

lntroduced ln sectIon 4.2.1. ThIS reiationship 

is discussed ln more 

The predicted 
) 

detall 'f seCbO~ 4020:; 
disPlacem~fi~es in Flgè. 4.6 to 

" 
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'4,9 also show their sensitivlty to the shear stiffness 

par~meter Ks, wh~eh in al! ·cases, praves ta be relatively. 
~ , 

small and, ~n any ease, lawer than tnat' observed for the 

plat~ stress-penetrat~on eurves. 

The displae'ement profiles obtained far 30 day old 

snow below two different po~nts on the plate and for two 

plate penetrations are shown ln Figs. 4.10 ta 1',13. The 

agree~ent between exper~mental and pr~dicted values can be 

seerJto very good. As for 4 day old snow, the displacemsnt 
\ 

profiles are linear for sorne depth and~then feat~re a change 

in s 1 0 p e , the r e a1 0 n\s .1" 0 r . wh i ch. ' h a v e 'a 1 r e a d y b e end i s c u s s e d 

in this sect~on. 
1 

Also, as for 4 day old 
, 1 

that the ~hepr stiffness parameter K~ has 

snow, 

les s 

it appears r­

effect an the) 

resultlng displacement .,. 
response. 

• 

pr,ofile thao on plate 

, 
, 

" , 

penetratIon 
1 

4.2.6 Depth of Full Shear 

~ 

The depth of full shear Ds (in~ra~ueed in section 4.2.1) 

i8 a deseriptor of the pla t e - sno"w system whlch quanti,fies 

the progressive shear fallure mechanism generated by the 

-plate penetration proeess. The ,predicted values of depth of 

fu·ll shear Ds are obta~ned From 'the flnite element analysis 

\ W~iC'h, f~'r eaeh increment, updates the values of tatal shear 

deformafion for eaeh Joint el~m~nt along the plane of sheai. 

The depth of full shear value Ds i5 abtained by searching . 
'V 
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the d~epest element for which the total shear deformation 

greater or equal
l 

to the origirlal depth. < 

For 4 day ~ld snow, a èomparlson be~ween exper~ntal 
.. 

and predicted v-alues of Os for' varlOUS values of the shea r 
1 

sti ffness parame ter Ks is presented in. Tab le 4.1- The 
-j ~ 

tabu la ted figures are consistent with the sensltivity 

analy'sis ~erforme~ for t':e plate penetratlon respo,nse of the 

4 day old snow ln that there ex~sts an optlmum value of 

,Ks which generates a shear depth value quite close ta the, 
Jh 

experimental one obtained from plate penetrahon tes t . , 
ph 0 t.o g r a phs. ' A s for the '!) lat est r e s s - pen e t rat ion r e s p 0 n se, 

reasonable agreement. between "'experimental and' predlcted 

values lS obtalned for the range of Ks 

Best results \ate obtained for values 

""" 

values considered. 

of K D =4500 and 

Ks = 30-00. For the lower value of shear stlffness, the 

predicted shear depth implles "that the failing 'meChanlSQ1 

along th~ planes of shear does not ex tend as deep as for the 

actual plate pen~tratidl1 test whereas the opp.oslte applles 

for the higher Ks value thus lndicat'lng that the best 

- prediction of Os would be uSlng à Ks valuê in between the 

hlo vcrlujs. 
fi 

D~h of full shear values for 30 day old snow are 

,fshown ln Table 4.2. For apI a tep e' net rat Ion 0 f 2 4 ~ m, the 

.. 

dl sc repanc y 

èonsiderable 

" 

between 
<, 
experimental and predictèd 

for both values of shear stlffness 
- . 

values '~\. 
K '. conSI­s 

dered whereas much better agreement 19 obtalned for a plate 

) 
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o 

penetration equal ta 36 mm. Note that for 30 da~ld snow, 
o fP. (, . 

the sensltl~lty analysis l~tent~onallY involves ~s values 

. , "-
of the shear stlffness Ks since InformatIon about r~allstlc~ 

t • . 
values of Ks wa s a 1 r e a d y a val 1 ab 1 e f rom the corn put e r r uns . 
for 4 day old snow. 

The relatlonshlp between the point of change in 

g'f'adient of the di8placement ~rC?file and t~e depth of full, 

shear, Introduced ln 8ectJ.on 4.2.5, can now be verified. 
<. 

For the 4 d a y 01 d s rto w, in s p e ct ion ofF i g 5... 4 • 6 ' .. a n d 4. 8 ~ ho w 

, " 
th-at for a plate dlsplaèement of 36 mm, the point of change , 

ot dlsplacement gradIent the case of the actual 
, 

experlment occurs at a depth, of approximatély 1.9 plate 
~ ~ 
lengths whereas for the prec!llct,lon, this., value 1,8 about 1.5 

plat. l.eng ths. from Table 4. ~e exper imen tal va ~~e of_ 

, de p th 0 f s h e a ris 8 l l'lill t 0 wh 1 ch t" hep lat e pen e t rat ion 
• 

val Ut) 0 f 37 fl'l m must be added for a prop~r comparison with 

the values obtained from displacement~ profIles.. The 

) 
reslIl tIng value t,here fa re 118 1. 67 plate length,~ . J.s mm or 

/ .. 
-- . 

Predicted values of depth, of full shear from table 4.1 
r 

correspondlng plate dlsplacement of 36 m,m lS - about 95' to ). 
.0.....,,--

added 
• 

mm,which when t o' the plate penetration value ylelds a 
0 

val~e of 131 mm' .. .c,r 1~86 ,plate lengths'. a plate " . , dlsplacemeent of 64 mm; f:-lgS. 4.7 and,' 4:9 indica~e that the 

c~ang~ ./ sl~pe of the dlsplacemen4:+>roflle, alt~ol;l9h not as 

ObVIOUS, occurs at a dIstance betweén 2.0 and 2.25 plate 
'. 

lengEhs for bath the· actual cas e and the pre"d 1 C t 1 a, n • 
o 

./ . \ 
.' .' 
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Tab 1,e 4.1 
,-

of \full 

\. 
- ... 

shows .expe:rimenta1 and 

she~r of 135 !"lm and 

135' 

" , 

/t!e~' val,ues' of, ~ 

(bout 165 mm r~spectively 

~.i:c.h, when' adjusted for plate penetration, yield values of 

199 mm 

• 
( 2. 82 pla t e -1 e n 9 t h s ) and 229.0 mm (3.24 plate 

lengths) • .1 
/' 

~ 

SIm i l a r 1 y, ln the cas e 0 f 30 d a y 0 l d sn 0 w and for a 
0-

plate penet'ration of 36 mm, Figs. 
\ ' 

4 . Il and 4 • l 3 s h 0 w t h '8 t 

the change ln gr-adient of the displacement, profIle occurs 

at a depth of approximately 1. 75-2.0 platè l~ngshs below 

the orIginal snow surface. Consultation ~f Table 4.2 

indicatesexperimental and predicted values of shear depth of 

98 mm and appro,ximately 90 mm, WhlCh when corrected for 

plate displacement, corresp~d ta 134 mm 0.9 plate 

lengths) and 126 mm (l.8, plate lengths). For a plate 

displacement of, 24 J mm, the agreement, ~etween depth of fu~l 

shear and pOInt of ctiange of displacement gradient is qUlte 

pOOl' • 

The above· tomparison between the point of change of 

\ ... ""\ ' 

dlsPla~ement 'g'radient the depth of full . ' shear and lS 

summarlzed in Table 4.3. ,and shows that in general there 
(J 

seems ta eXlst a relati~shlP between the two parameters. 

, 

: 

.. 

.. 
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1 • 

( 

Plate Pen. ~~ " 

n mn 

.. 
Experimental 36.8 

Pred~cted 36.0' 

" 36.0 

" 36.0 

" 36.0 

n 36.0 

-
~rimental 63.7 

Predicted 64:0 .., 

" 
, 

64.0 

" 64.0 
0 . 

" .. 64.0 
. 

" " 64.0 

-

K s 

-

15000 

tJ 
9000 !f, 

6000 

~ 

4500 

3000 

-
" 

15000 
,. 

9000 

6000 
, 

4500 

3000 

\ \, 

1 

. .,. 

\,?-
D s 

mn 

80.6 

97.4 

93.3 

93.1 

92.8 

73.7 

135.2 

166~ 
166.4 

162.2 

158.2 

124.1 

TABlE 4.1 Experimental and Predicted ~pth of 

FUll Shear - Age 4 Days 

{/ 
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1\ 
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;7 
fi 

r 
1 

jJ-

... 
o 0 

Plate Pen. KS 

- mn. 
, 

Experimental 23.8 -
0 

Predicted 24.0 9000 
~ , 

" 24.0 4500 
, 

Experimental 36.5 , .,. 

Predicted 36.0 , 9000 . 
,1 

fi 
, 

36.0 4500 
~ 

.. 

... ~ 
\ 

TABLE 4.2 Exper:imental and Predicted DePt111 of 

1 Full Sheru;- - Age 30 Days 

-\ 
p , 

... . , 

.J 

137 

0 
, 

/ 
S 

mn 

34.5 

052.7 

60.9 

, 97.8 

88.9 

93.2 

1 

~ '\ 
1 

\J 
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Age 
of snow 
( days) 

4 

4 

" f 
, 

> 

30 . . 
30 

138 

\ 

, Plate ~ Depth or~ Full Shear Point of Change of -Penetration D .r , Displacement Profile p 
(mm) 1 (Plate Lengths) (Pl~te Lengths) 

, 

EXP .. PRED. EXP. o'f\RED. . 
0 

, 

. 
, t 

36 1.67 1.86 1.9 1:5 
0 

, 
0 

64 2.82 3.24 2.0 - 2.25 2.0 - 2.25 . 1 

- -, 
~ 

~ 

24 0.5 0.9 1.5 - 1. 75 1.5 - 1. 75 

36 • .1.9 . 1.8 1.75 - 2.0 1.75 - 2.0 
." , , 

o ' 

Table 4.3 Depth of Full Shear' vs Point of 
Change of Displacement Grapient 

.,. 
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4.2.7 

139 

\ 

Comparison between Experimental and Predicted de~sity Profiles 

Density profiles derived fro!" the change ln area of 

square elements of the grld photographed during plate 

penetratlon tests and those predlcted by the finlte element 

m 0 deI are dis pla y e d in 'F i g s. 4 • 14 t 0 4. 2 1 for bot h t Y P e ~ f f ( 

snow ûsed. ~s shawn in the plots, 
.. 

the experlmental profiles 

feature 0 a considerable scattering of the points although 

(ollowing more or less the same pa'ttern\ as the' predicted 

ones J Le, density decrease with depth. The predicted 

density profiles are, of 'course, more clearly defined and in 

aIl are characterized by a more qI' less constant , cases, 

val u e fa r som e de p t h bel 0 w the pl 8 t ,e f Q Il a w e d b Y a de cre a s e 
\ \ 

to the initial denslty (prior ta laadlng)." ThlS i8 

,therefore d'can,~i-stent wlth the predicted (and experlmen~al) 

d,isplacement, profile$ (sectlon 4.2.5) which followed a 

similar pattern by which a linear' dlsplacement proflle 

~ 

implied a constan0egree. of strai"n. Slnce, ln the prese,nt, 
,/ 

~.oadl.ng sltuatian, 

(and denslty clearly 

a relationshlp 

eXlsts, it lS 

between vertical stLaln 
o 

hence not surprlsing to 
o 

observe a unifol'm density for sorne depth below the plate. 

The agreement between experimental and density 
, 

profiles can be sa.l.d ta be satisfactory in sa far as the 

trends are simi~ar 

experimental va l ufe: , 
dens'i'ty d'istribution 

on both cases. 

m81nly due to ,the 

of the 

scatterlng of 
'" 

l'obably non-uniform 

prior ta loading, 
,. 

- ( 

. , 
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DENSITY (Mgla3> 
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1 4, 
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.• 25 ~~ FEM PREDICTION - KS~4S33 - PLATE DISP. - 36 
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~ • se 9 - J 
LU J 
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l, ~ .75 ~. " 
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LL 1 
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ffi 
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2.25 
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DENSITY'PROFILE UNDER PLATE CENTER - AGE OF SNOW 1 4DAYS 
n1' .' 
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Fig. 4.14 Exper.i.rœntally Obtained a and predicted Densi ty Profiles Under 
, Plate Center - Age 4 Days (Plàte Pen. = 36 mn) 
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DENSITY CMg'/a3) 

1 
• 313" • 325 .353 • 375 • 400 • 425 • 4513 • 475 • 5111" • 

3. 3~ 

, 
.25 

EXPERIMENTAL ~ PLATE OISP. - 63. 7 ~~ 
, 

.. " FEM PREDICTION • KS-45313 - PLATE OISP. - 64 m~ 
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~ 

1.25 

ül 
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Cl 

Fig. 4.15 
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DENSI'T-r....-tROFILE UNDER PLATE CENTER - AGE OF SNOW 1 4 DA YS 

Ext>erirœntally Obtained and Predicted Density Profiles Under 
Plate Center - Age 4 Days (Plate Pen. = 64 mn) 
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DENSITY <MgI~ 
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2.25 

~ 
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-
Note: Profile Beneath Point 

~ 

Locat~ -0.3 Plate Lengths 
from Plate Center 

DENSITY PROFILE - AGE OF SNOV 1 4 DAYS 

Fig. 4'.16 Experi.mentally Obtained and Predicted ~nsity Profiles 
, Age 4 Days (Plate Pen. = 36 nm) 
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• DENS ITY <Mg/ilia> 
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DENSITY PROFILE UNDER PLATE CENTER - AGE OF SNOW 1 311S CAYS 

Fig. 4.18 Experilœntally Obtained and Predicted Density Profiles Under 
Plate Center - Age 30 Days (Plate Pen. = 24 rrm) 
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Fig. 4.19 E;xperiIœntally Obtained and Predicted Density Pro'files Under 
Plate Center - Age 30 Days (Plate ,no 36 nm) 
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OENSITY <Mg/aS) 
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1 

does not allow an accu rate comparison 
"" 

between in~ividual, 

experlmental and predicte·d density values along the 

profiles. 

f 
4.2.8~ Predicted Load DistrIbution on the Plate 

l 

"The developed mod'el has the capability of predIctlng 

the load distribution on the plate as a function of plate 

penetration. Load at a given ,point àlo~9 the plate is 

~Ut'èd as the produft of the reaction on a given node 

repre,Spenting 'the plate-snow intifac~ in the finite element 

mesh . a late width ~Ince the ""'problem is analyzed 1.n 

terms of pla strain conditions. . . 
The load distribution on· the plate ~for severa{}- levels 

of plate 'penetrat>ion and for both types of snow used are 

.both c ases.Jt, the ~h{wn in Figs. 4.22 ~nd 4.2~. In 

distributIons follow' {,the same trend in that th~ portion of 
-

load carried inc r-eases "from the center to the edges of the , 

plate. Points near the plate center are subjected to 

~ 
,J. 

~ 

reactions resulting from the r e sis tan c_e of the 'snow to 

" undergo v~lume change. At or neap the edges, the snow tends 
. 

ta simultaneously compress and shear along the failure 

pla n e s sot h a f' a nad d 1. t ion aIr es i s tin 9 for c e i s· ~ n,vol v e d • 

·The predicted behaviour is therefpre as expected. 

,,; 

," / 

'J) 

'1 
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- 4.2.9 P~edicted Densitr at railure of Shear Elements 

As discu,ssed in 'Chapter 2, joint or shear el~me,nts 

fa ~ 1 when the 'cumu latl v e shea r . st r e S5 ex ceeds the shea r 

strength at the density across the plane of shear of the 

" el e men t. ' ,5 U c h den S it y v' a lue s 0.9 are un k no w n qua n t i t i es p rio r 

to any plate penetration and are generated. by the model frqm 

the pre d i c't e d dis pla c e ~ e n t q, e 1 d S • 

The de~sity at .failure of each joint element in "t:he 

'model and the corresponding, distance from the original snow' 
> 

sur fa e e ( i . e ,or i gin a l p l â tep 0 s·~ t ion) a t wh i ch the fa i l ure 
-

proeess o Geu r sis plo t t e d ion F ~ 9 s . 4.24 and 4.15 for both , . . 

types of snow. It can be 'observeç! that joint' elements near 
l' 

t he ) pla t e fa ~ lat a hi 9 h e r de n s i t Y th a n t he r es tes pee i a Il y 

in the cas e 0 f the 4 d a y 0 Id· sn 0 w (nt i g. 4 . 2 4 ) • 
p 

This can be 
,,~ 

expected since at the begiJ)ning L of the plate penetration 

process, support along the fa~lure' planes" is highèr due ta 

that the failure process has not. develaped appreclably. , 

Higher density' in triangular elements. near the fai Lure 

~ planes can thu~ result. 

For j 0 i nt el e men t sor i 9 ~ na 11 y 1 o'e a t e d a t de pt h s a f 

0'.5' p-late lengths and greater, density at failure stays 

practically co~stant 

Comp~rison of Figs. 

anq even more so . . for 4 day old snow. 

4.24 and 4.25 shows·that the densit,ies 
o 

at 0 fai!ure for 30 day oid snow are in gen~ral hlgher than 

t:hose for 4 day old snow thus implying that the l'atte,r type of 
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snow.i fails earl i e r in the pl a te penetra t ion process. This 

is ta be expeeted sinee the, shear strength of the lower age 
-> 

snow is lower a,s shown by the vahe shear r strength results 

presented ln Chapter 3. 

t. 

\. \ 
\ 
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CHAPTER 5 

CONCLUSIONS ANDtRECOMMENDA\IONS 'fOR FURTHER RESEARCH 

5.1 -Conclusions , 

" 
On the basis of the. tests performed and the results of 

. 
th e de v e l ope d pre die t ive a n a l y tic a l m 0 deI , the fa Il a w fn 9 

conclusions may be drawn: 

1. The compressibili & of snow, 

compression tes;, increased with 

type of curve was obtained for aIl 

" " 

as shown - by confined 

density. Asti ffening 
. 

tests on bath types of 

snow used. As expected" the response for 30 day old snow 

was stiffer due ta the higher degrJee of sinteJring. 

2. The shear strength of snow Increased with age, due ta 

the· greater strength of bonds between partlcles, and with 

density, as demonstrg:.ted by ~esults of vane shear tests. 

3. The experimental plate stress-penetration curves were 

essentlally bi-linear with a change of slope occurring 

relatively early in the penetration procèss. Significant 

stress vibration due to microfracturing was observed. 

'" 4. A method to mode l a highly compressible 

non-linear materia! which failed according to a punching 

shear type of 1echanism was developed. The model 
,.... ' 

includes the effect. of non-linearity and strain hardening 

behaviour in compression as weIl as the effect of 

,-



( 

(~ 

L 

( 

J 

156 

shear stresses generated along the vertical sides of the 

p ress\e bul b. 

shea rel e"men t was 

The maximum 

l i mit e d b y" 

turn depended on densüy. 

b-h i s "\ e f f e'ct sot h a t 

sh,ear stress tolerated by a 

.shear strength Whlch ln 

ion s were made ta Slmu l a te 
f 

includes an algorithm by 
. 

~cess shear s ss ln failing joint elements are 

redistrlbuted within the snow mass. In sa doing, the shear 

stress in any shear element' never exceeds the value 

corresponding to the shear strength. 

, 
5. The plat e resistance-penetration curves as predicted by 

the analytical model compared ra ther well with the 

experimenta1ly obtained on es . The predicted response was 

somewhat ~ens.itive ta the single value of shear stiffness 

employed in the model but a value of 4500 for this parameter 

gave satisfactory results for bath types of snow used. As 

expected, the predicted value for 30 ·daY old.snow lS,higher 

than· that for 4 day old snow. 

The good agreement between predicted and experimenta1 

plate stress-penetration curves demonstrates the ability of 

the prapose~ model to simu"late . the plate penefratlon 

mechan~sm . The success of the fini te element method of 

an!31ysls as a solution technique is indicative that the 

energy balance of the system is preserv~ 1 n t e rm~ a f an 

energetics approach ta 

relationship describing, the 
) 

, 

the pràblem, the 

plate penetration 

governing J 
process lS' 

." 
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thst the wark done on t'he system is equal ta the total of 

the deformation energy of the snow, energy lasses due ta 

snow-plexiglas frict~, s~raln energy of the "plJexiglas box 

which is not entirely' rigid, etc. Comparlson of expt'l'1-

mental and predicted results based on the energy balance 

concept would simply il)volve Integrating the experimental 

plate stress-penetration curve to obtain the total energy 

in put and co m par i n 9 the lat ter qua n b t Y t 0 t he est rai n en erg y 

associated the abave process requires summation of the 

strain energy developed ~n each triangulaI' and joint element 

in the finite element mesh over the number of plate 

displacement increments and excess shear stress analyses 

pe r fo l'me d when applicable. Each increment of plate 

displacement or excess shear stress a-nalysis lS treat.ed as a 

'linear elastic problem in which, by the, theorem of nîinlmum 

-
potential energ~ used in the finite element formulation, the 

r 
product of the, reactions - on the nodes representing the 

pla te - s n 0 win t ~ e l'fa ce, the i n cre men t a.l pla t e dis pla c e men tan d 

i~ 
the plate width is equal to the stress-slI'aln integratlon 

over the entire volume of snow considered. An experuental 

vs predictIon comparison of the plate penetration energy 

balance i5 therefore superfluou5 Slnee the compare-d ,values 
c 

of ener-gx are derlved from results already available From i) 

the experimental plate stress-penetration curve, when 

computing the real energy input and ii) the finite element 

an a l ysis per fo rmed for each pla t e disp 1 acemen t inc r emen t 0 r 

1 

') 

(' 
" 

• 
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e'f.cessl shear stress analysis, when computing the total 

strain energy associated with snow deformation. 

6. The predicted displacement depth profiles below the 

plate were, in general, in good agreement with the ones 

derived from ~xperimental data. In bath cases, the 

di'êplacement prqfiles were found to be 11near with a change 

of slope occurring at some depth more or less r~lated ta the 

she a r . Di splacements and s trains were found t'o J 
' l 

of tting 

be g'eâter 

deg r ee of failure exhibited along the planes 

in .the snow above the point of displacement gradient change. 

The displacement profile- prediction was less sensitive ~han 

the plate penetration response ta a change in shear 

sti ffness. 

7. The predicted values of depth of full shear~ which arEq 

representative of the degree of failure along the planes of 

cutting shear were, in general, in relatively good agreement 

w it h th ose 0 b"t a i n e d f rom a n a lys i s a f e,x p e r 1 men t a Ida ta. The 

proposed relationshi~s between these values and the point of 

displacement gradient change was established. 

B. Density profiles as obtained experimentally yielded 

sca t t ered' resul t § prab ab l y -due ta the ini t i a 1 non - uni farm 

density distribution with depth and the non-homogeneity, of 

the material. Pre d i c t e d den s i t Y pra f i l~ s we r e sm a a t h 

continuous curves who se shape was consistent with the . 
predicted displacement profiles. Comparison of experimental 
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and predieted results wes difficult due to the d~ee of 

scattering of experimental points but predicted curves, in 
,t 

general, fitted the points reasonably weIl, 

9. The predlcted load dlstribution on the plate was such 

th a t· . a gr e a ter po r tl 0 n 0 f the r e a et 1 0 nIa a d w a s car rie d b Y 
" . . '. 

the edges' a f the plate. This is malnly due ta the 

a d"d i t ion aIt e sis tan c e 0 f the sn 0 w tas h e a raI 0 n 9 the f a il ure 

planes. The e f f e c t wa s mol' e pro n. 0 une e d for 4 da y 0 Ids n 0 w • 

Due ta tee'hnical dlfficulties, no exper'imental values were 

avail able for compa'r ison purposes. ) 

IO • 0 e n s i t les a t wh i eh s he are lem e n t s fa i l e d a Ion 9 t h-e 

plane s'of eut tlng shear con v e rged ta a p r ae ti e a 11 y e ons t,an t 

value at a short distance From the plate. Agâin, no 

experimental data was available for eomparison "due ta 

experimental diffieulti~s. 
o 

11. Discrepanc{es between predicted and experimental values 

ot paramaters describing the plate penetration meehanism 

were due to combined effects of th~ol1owing.:. ~ 

a) Dep os it i on of snow ln the deep boxes weB Jr far;e d wi th 

care but n,evertheless resulted in a/fon-hOmOgeneous 

layer of non-uniform density. In addi tian, snaw is not 

isotropie in reality.o 

b) The pres ence 0 f sorne fr ie t i on be tween the snow and 

the si des of the plexiglas boxes and that existing 
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between the snow sample and the wa1ls of the confined 

compres~ion test cy linders. 

c) The problem is 

,r e. al i t Y , st r es ses, 

not exactly p}ane strain since\ in 

s t rai n s , dis pla c'e men t s , etc., aIs 0 

\jary across the width of the plate. 

d) The behaviour of snow in shear is possibly that 

shear stiffness is "not constant and may actually vary 

with density. The stress-de~ormation curve L~ shear may 
, 

t h u s ben 0 n -1 i n e a r. . AIs 0, dur i n 9 va, n, e s ne art est s, sn 0 W 

is not sheared at an abso'lutely constant value of 

dens~ty d~e to the compressing action of 'the blades on 

the Enow upon rotation of the vane. 

e) The viscous nature of the material' is such that 

response i8 quite' sensitive to strain rate, partlcularly 

in the case of shear. An implicitly assumed uniform 

strain raté f~eld, generated in the snow may be afl 

addition source of error. 

f) The algorithm developed qn the basis of the finite 

element method involves assumptions and idealizations, 

such ,as the handling of the large volume change 

behaviour of the material by a stress-strain curve 

updatlng procedure. 

g) Good replication of snow samples is very difficult 

due to the the~mOdyn;~iC activity of the material and 

/-

." 
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, 
its sen si t i v.i t y 

.. d' 
to variation in surroundi'ng c,o nd i t ion ~ 

such as'" tempe-rature, humidity, wind and light. 

h) similar1y, the correspondence of snow pt'oduced for 

confined' compression and plate penetration tests i8 

q u e-s t1 0 na b l e due t 0 ,t h e di f fer en t the l'ma lis 0 1 a ti 0 n 

, conditions. 

12. -The ~nalysis of the present', prob'lem emphasizes on the " 

prediction of 

plate 'in deep 

the 

snow 

st l'es 5 - pen e t rat). 0 n 

and, consequently 

, , 

behaviour of a rigid 
;r~ 

a n an i n v est i
V 

9 a t \0 n 0 f 

tt"le required material characteristics and parameters" 
l 

'introduced in the solution procedure. Con fined camp'ression 

l 

and vane test results proved to be legitimate and practica1 
" 

tes t s t 0 0 b t a ~ n the c 9 m pre' s s i b i li t yan d s h e ars t r en 9 t h d s' t s 

demanded by the developed model.' A's mentioned in Chapter 2, 

the shear sti ffness parame ter is not obtalned ex~perim'entally . 

but ra~her~ is the focus of a sensltivity' analysis of the 

mode 1. Suc cess in thè model1ing' procedure lies ln the 

selection of a narrow range of shear stiffness values such 

that experimenta'l and predicted plate stress-penetration 

curves, displaceme,nt and densl.ty profiles, and 'depth of 

shear along the pair of planes of cutting shear agree 

, relatively as weIl as can be expected consl.dering the nature 

of the material itself and the assumptions and idealizations 

introduced in the devel,oped predictive model. In the light 

of this, it can be said" that ttie 

satisfied the objectives of the study. 

proposed mode 1 
~ 

has 
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(.2 & 

Recommendations For Further Research 
i 

1. The s,tress-deformation bshaviour ofl snow,in shear 

requ~re9 further investigation. The deve l opmen t 0 f a 

constitutive law desyribing the stress-deformation response 
c 

of snow under vane testing conditions appears ta be an 

immediate priority. 
, 

, , 
2. A similar set of vane tests s~ould be performed but 

uBing a rate controlled vane and recording the 

-torqufil-rotation resronse. Values of shear stiffness woulct 
1 

th)us be ob ta ine d throu gh an indep endenJ . exp e r imen t • The 

resultlng values, for Different densities, could then be 
"" 

used in the 'present model and the effect on the predicted 

plate penetration responses could be inv~stigated. 

:L Fur t h er r e s e arc h i s r e qui r e d t 0 rel a t eth e pla t e 

al r e s s - pen e t rat ion r e s p 0 n se u h der pla n e s Cr a i ~ con dit ion s' t 0 

that in three dimensions. 

4; The -present computer model can ~ extended to -handle the 

dependence 0 f she ar ~ti f fnes's on den sity _ simp,l y by suppl y ing 

an extra input curve and slightly modifying the main program 

1 and sorne subroutines. 
p 

5. The ~ffect of plate dimensions should also be 

investigated. A ,di fferent plate srize implies a di fferent 

distribution of comp~essive stresse·s withln the pressure 

bulb and shear ~tres'ses along ,the failure planes. iJ 

j 

.... 
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APPENDIX A A-l 

PLATE TEST PHOTOGRAPHS 
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APPENDIX B - Program Flowcharts 

2.1 Ma,in Pregtam 

-
START -

',,-

1 
READ PLATE DIMENSlpNS /. 

, 

CALL INMESH . . 
- ferm finite element mesh 
- calculate and store initial 

area of continuum elelements 
- set boundary ~onditions 

. 

DETERMINE BAND WIDTH AND TOTAL 
NUMBER OF EQUATIONS IN THE SYSTEM 

, 

/' 

.~ALL SNMAPR 

- read ow material l?roperties 

, 
~ 

1 
. 

r 



( 

( 

INITIALIZE VARIABLES 

- stresses,strains,initial 
stiffnesses of continuum 
and joint elements,Poisson's ' 
ratio 

- array of failure indicator of 
joint elements 

- no~al displacernents ' 
- reactions 

Î 

~----------~------------~~ 
COMPUTE INCREMENTAL DISPLACEMENT 
TO BE USED AS BOUNDARY CONDITION 
IN MAIN LOOP 

~ _______ ~~~ LOOP ON NUMBER OF INCREMENTS , 

-

2 3 4 

,RECORD STATE OF STRESS AND 
STRAIN IN CONTINUUM ELEMENTS 
AT END OF PREVIOUS INCREMENT 

.... " ,. 

CALL FORMK " 

- form global stiffness rnatrix 
.. 

• 
, 

CALL SOLVE 

1 

solve linear system of equations 

5 

B-2 
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4 ~ -'1 t COMPUTE CUMULATIVE DISPLACEMENTS -
, 

CALL CSTRES 
, J, 

- calculate stresses and strains 
in continuum elements 

-
~ , 

, 

ITERATE~FOR MATERIAL NON-LINEARIT'f 

TEMP-ORARILY UPDATE NODAL COORDINATES 

'" . 
Ct. 

CALL JSTRES 
\l 

, - calculate stresses in joint elements , 
-, 

/ . , 

... -'r\. CALL SHDJNT / 

- anaLyze for state of shear stress 
and failure of joint elements 

, 

0 

COMPUTE REACTIONS 

, 

\ 

4 
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(~ 

, 

, 

JI' 

1 

~ 

yes 

2 

( 

, 
COMPUTE PLATE 

o , 
. 

~ - , 

DISPLACEMENT, REACTION 
LOAD ON PLATE AND LOAD DISTRIBU~ION 
ON PLATE AND PRINT 

d 

-

C'OMPUTE INDIVIDUAL COMPONENTS OF PLATE 
RESISTANCE AND PRINT 

. 
0 

COMPUTE VERTICAL FORCES TO BE APPLIED ON 
NaDES OF FAILING JOINT ELEMENTS DUE TO 
EXCESS SHEAR STRESS 

~ -

COMPUTE TOTAL PLATE STRESS AND INDIVIDU~ 
PLATE STRESS COMPONENTS AND PRINT 

, 

-
~ 

CALL UPDATE 

- update nodal coordinates and 
material properties 

, . 
) 

, 

DECIDE TO PERFORM SHEAR STRESS 
RELEASE ANALYSIS 

no 

, 5 . , 

\. 
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1, 
, 
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1 

'.' 'J 

" 

B-5 
J' , 

0, 

PRINT INCREMENTAL AND TOTAL . ~ 
NOpAL DISPLACEMENTS 

END LOOP ON NUMBER OF INCREMENTS~ 

END 

t. 

o ,r 

1 
.' 
! . , 

) 

\ , 
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_ 2.2 Subroutine INMESH 

~ 

'" .' , 

.. 

" 

. 

'> 
+)START{ 1 

, 1 -

ASSIGN . , . . 
- nurnber of degrees of freedorn 1 

per node 
- nurnber of elements 
- nurnber of nodes v 
- number of ~ou~ry nodes 
- nurnber of lnc men ts 
- nurnber of iterations 

~ , 
1 

GENERATE FINI TE ELEMENT MESH 
IN TERMS OF PLATE LENGTH . 

, 
..--.... "1 

~ . . ' 
, "'CALCULATE , INITIAL AREA OF CONTINUUM 

ELEMENTS AND LENGTH OF JOINT ELEMENTS . 
AND STORE 

, 
SPECIFY BOUNDARY CONDITIONS -

, 

R~TURN 
V 

B-6'" 
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1 

l 

-
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(~ 
2.3" Strbroutlne SNMAPR 

, 
START 

'\ ----~ \ 
r 

REAI1 CONFINED COMPRESSION 
STRESS-STRAIN CURVE 

. 
.L 

READ SHEAR STRENGTH-OENSITY 
C\JRVE . .. 

D 

\ 

READ SHEAR STIFFNESS 
" , 

) 

l END t -

L 

.. 

c 

" 

) 

.-

" 

,; '. 

. .. 
1. 

'. 

rI-7 

, , 



-

-­l 

2.4 Subroutine FQRMK 
o 

.... J 

• 

START 

INITIALIzt GLOBAL STIFFNESS 
MATRIX TO ZERO 

,.. 1 LOOP ON NUMBER OF ELEMENTS 0 

(! 

CONTINUUM 

CALL CSTK 

ELEMENT 
TYPE 

1 

JOINT 

CALL JOINTK 

."", 

- f~rm stiffness 
matrix of conti­
nuum element 

- form stiffness 
matrix of joint 
element 

" 

STORE ELEMENT STIFFNESS 
MATRIX IN GLOBAL STIFFNESS 
MATRIX 

END LOOP ON NUMBER OF ELEMENTS -- I~ _______________ ~ __________________ ~-J 

1 

B-B 

v 

," 



1 

FORM ARRA Y OF NODAL LOADS ( FOR 
LOAD BOUNPARY CONDI TI ON PROBLEMÎ 
AND STORE IN GLOBAL STI FFNESS \ 
MATRIX 

, 
'. 

, r----'iJII--i , 
LOO? ON NUMBER OF BpUNDARY 
NODES / 

-

-'-----1 

CALL MODIFY 

- alter global stiffness 
matr!x to take into account 
specifièp displacement of 
node-:(flJ displacement 
bound~y condition pLoblem) 

END LOOP ON NUMBER OF BOUNDARY 
NODES 

t RETURN 1 
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2.5 Subroutine CSTK 

-
AREA ZERO OR 
NEGATIVE 

( NO 

- " 

'FORM STRAI N-DI SPLACEMENT 
MATRIX ' 

FORM STRESS-STRAIN 
MATRIX 'AND ELEMENT 
STIFFNESS MATRIX 

~RETURN 

\ 

YES 

"PRINT 
ERROR 

MESSAGE 

" 

- STQP 

0 

-

B-10 
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2.6 Subroutlne JOINTK 

.. 

: 
f 

o 

q ,.. 

v 

START 

COMPUTE INCLINATION; 
LENGTH AND CENTROID 
OF JOINT ELEMENT 

(J 

FORM LOGAL ELEMENT 
STIFFNESS MATRIX 

p FORM ROTATION OF AXES 
MATRIX 

GENERATE STIFFNESS ~\TRIX OF 
ELEMENT IN TERMS OF GLOBAL 
COORDINATES 

RETURN 

B-ll 

" 

,,' 

t 
/" 
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2.7 Subroutlne MODIFY 

, " 
START 

MODIFY LOAD VECTOR 
ACCORDING TO SPECIFIED 
NODAL DISPLACEMENT 

~ . 

SET ALL OFF-DIAGONAL 
ELEMENTS OF GLOBAL 
STIFFNESS MATRIX 
TO ZERO 

SET DIAGONAL ELEMENT 
OF GLOBAL STIFFNESS 
MATRIX TO UNITY 

-, 

( 

INCLUDE DISPLACEMENT 
CORRESPONDING TO DISPLACEMENT 
BOUNDARY CONDITION I~{~YSTEM 
MATRIX 

RETURN 

( 

B-12 
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-

~--

,1 



2.8 Subroutlne SOLVE 

-,. 

,~ 

" 1 START 

LOOP ON NUMBER OF EQUATIONS 
IN SYSTEM 

COMPUTE MODIFICATIONS TO TERMS 
WITHIN BAND 

A ~ __________ ~ ________________ ~ 

MODIFY LOAD VECTOR 

( 

END LOO? ON NUMBE~ OF EQUATIONS 
IN SYSTEM 

BACK -SUBSTITUTION 

1," RETURN 1 

) 

JI B-13 
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2.9 

-

-
1 

\ 

Subrout1ne CSTRES 

. 

1 START' 1 

" 
LOOP ON NUMBER OF CONTINUUM 
ELEMENTS . 

'COMPUTE'ELEMENT STRAINS AND 
STRESSES FROM NODAL DISPLA­
CEMENTS AND ELEMENT STIFFNESS 
MATRICES 

END LOOP ON NUMBER OF CONTINUUM 
'ELEMENTS 

LOOP ON NUMBER ON NUMBER OF CONTINUUM 

1 

ELEMENTS 

COMPUTE ELEMENT CUMULATIVE STRESSE( 
AND ISTRAINS (EQUAL TO rNCREMENTAL 
VALUES BECAUSE OF ZEROING IN EACH 
INCREMENT) 

2 

i 

• 



,'. 

\ 

YES 

END LOOP ON NUMBER OF CONTINUUM 
ELEMENTS -~ 

LOOP ON NUMBER OF CONTINUUM 
ELEMENTS 

COMPUTE PRINCIPAL STRESSES ~ 
AND STRAI NS.:. . 

END LOOP ON NUMBER OF CONTINUUM 
ELEMENTU ).. 

CALL CSTNL 

- perform non-linear 
analysis for continuum 
elernents 

NO 

r 

. 
B-l? 

.... 

1 

~ .. 

,. 



. ' 

--

" . 

.... . . 

" 

. 
NUMBER OF ITERATIONS 
COMPLETED LESS THAN 
SPECIFIED MAXIMUM 

NO 

(. 

LOOP ON NUMBER OF CONTINUUM 
ELE~ENTS 

PRINT STRESSES AND STRAINS 
IN CONTINUUM ELEMENTS 

END LOOP ON NUMBER OF 
CONTINUUM ELEMENTS 

LOOP ON NUMBER OF CONTI~UUM 
ELEMENTS 

PRINT PRINCIPAL STRESSES 
AND STRAINS 

YES 

RETURN 

/ 

; 



{ 

... 

\ 

END LOOP ON NUMBER OF -CONTINUUM 
ELEMENTS 

RE TU 

" 

--,. - ..J 

B-17 
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2.10 Subroutine CSTNL , 

r 

1 

J 
1 

. , 

/ 

,r 

1 START J 

. ., 
~OOP ON NUMBER OF CONTINUUM 

,ELEMENTS 

ELEMENT STRAIN SIGNIFICANT 
FOR NON-LINEAR ANALYSIS 

YES 

COMPUTE EQUIVALENT STRESS-STRAIN 
CURVE CORRESPONDING TO STATE OF 
~TRAIN AFTER PREVIOUS INCREMENT 

INTERPOLATE FOR STRESS 1 GrVEN.II :fI· 

STRAIN IN PRESENT INCREMENT, 
FROM STRESS-STRAIN CURVE IN 
CONFINED COMPRESSION 

COMPUTE DISCREPANCY BETWEEN 
INTERPOLATED AND COMPUTED 
STRESS VALUES 

2 

. 

') 
',-

~1''''-

~ .,-
" 

( 

NO 

.-: .. 

a-18 
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. 
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, 
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" 

-, 
.~ .. 

~ . . 
. ' 

. 

.' ; 

If 
.; 



· Il 

( 

.1 

SET DISCREPANCY EQUAL TO 
MAXIMUM ERROR IF GREATER THAN 
DI SCREPANCY COMPUTED FOR 
PREVIOUS ELEMENTS 

DI SCREPANCY 
A~CEPTABLE 

" 

~--,----" NO 

ITERATION NUMBER 
EQUAL TO MAXIMUM 
SPECIFIED 

"-. 

Il 

NO 

COMPUTE ELASTIC MODULUS 
FOR NEXT ITERATION 

RECORD THAT DI SCREPANCY 
l S -NOT ACCEPTABLE 

END LOOP ON NUMBER OF CONTINUUM 
ELEMENTS 

YES 

B-19 

,/ 

YES 



-
, -, 

.J 

') , 

-

.' 

DISCREPANCY IN NON-LINEAR 
ANALYSIS NOT ACCEPTABLE 
AND, ITERATIONûNUMBER NOT 

~ EQUAL TO MAXIMUM SPEer FI ED 

PRINT RESULTS FROM NON-LINEAR 
ANALYSIS 

RS:TURN 
• d 

/ 
( 

YES 

RETURN 

B-2~ 
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2.11 Sub~outine SHDJNT 

1 STAR~ 1 

r-----~·~~~l LOOP ON NUMBER OF JOINT ELEMENTS 1 

no 

~ - -- -

1 

CALL INTERP 
\ 

-,interpolate for shear strength 
from shear strength-density curve 

CUMULATIVE SHE~ STRESS LESS THAN 
SHEAR STRENGTH AND ELEMENT HAS NOT 
FAILED 

no 

ELEMENT HAS JUST FAILED 

yes 

RECORD : 

- shear stress and strain at fai1ure 
- density at failure 
- distance from original snow surface 

to centroid of element 

2 

• 

B-2I 

" \ 

yes 

3 



-
COMPUTE EXCESS SHEAR STRESS IN JOINT ELEMENT 

PRINT INFORMATION ABOUT STATE OF SHEAR STRESS 
AND SHEAR STRAIN IN ELEMENT 

END LOO~ ON NUMBER OF JOINT ELEMENTS 

END 

B-22 

3 



.... ------------------------ ----

2.12 Subroutlne REAC 
, 

CONTINUUM 

\ 

START 

ELEMENT 
TYPE 

l' 

\ 1 

JOINT 

CALL CSTK CALL JOINTK 1 

- recalculate stiffne~s 
matrix of continuum 
element 

- recalculate stiff­
ne 5 5 ma tri x 0 f 
joint element 

LOCATE NODAL DISPLACEMENTS 
OF NODE~. BELONGING TO 
ELEMENT 

COMPutE REACTIONS CONTRIBUTION 
FOR NODE FROM THE ELEMENT NODAL 
DI SPLACEMENT VECTOR AND THE 
NODAL ST! FFNESS 

RETURN 

3-23 
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2.13 Subroutine OENSIT 

START 

COMPUTE AREA OF CONTINUUM 
ELEMENT FROM ITS PRESENT 
NODAL COORDINATES 

COMPUTE DENSITY OF SNOW 
IN CONTINUUM ELEMENT 

" IN 
UPDATING 

PROCESS 
( in subr out ine 
UPDATE) 

YES 

UPDATE STATE OF 
STRAIN IN CONTINUUM 
ELEMENT AND PRINT 
UPDATED DENSI TY 

RSTURN 1 

NO 

B-24 



l " 

, 
\ 

2.14 Subroutine UPDATE 

l 'STARTI 

UPDATE AND RECORD 
NODAL COORDINATES 

'" LOOP ON NUMBER OF CONTINUUM 
~----~,~ ELEMENTS 

CALL DENSIT 

- compute updated snow 
density in continuum 
element and print 

- update state of strain 
in cont inuum element 

END LOOP ON NUMBER OF CONTI NUUM 
ELEMENTS 

1 

B-25 
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cv 
1 

LOOP pN NUMBER OF JOINT ELEMENTS 1 ,. 
1 

, no 
JOINT ELEMENT HAS FAILED 

. 
yes 

ASSIGN A VERY SMALL SHEAR , 

- SHEAR STIFFNESS VALUE . 
" ,l 

, 
" , 

. 

J END LOOP ON NUMBER OF JOINT ELEMENTS J 
" 

, 

\ 

\ 
PRINT INFORMATION 

'" 
Il 

, 

END t 

-. , -, .. 



2.15 Subroutine INTERP 

START 

GIVEN A FUNCTION IN DIGITIZED 
FORM,THE NUMBER OF POINTS 
USED TO DESCRIBE IT AND A­
CERTAIN VALUE OF ABCISSA, 
INTERPOLATE FOR THE CORRESPONDING 
ORDINATE 

RETURN 

B-27 
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APPENDIX C 

PROGRAM INPUT DATA 

The input data to the finite element program developer ~-
during the course of this study is described below. AlI input 

is in S.I. units and must be entered using free format: 

LINE l Number of incremen~s for which detailed output-

information 

is Plovided 

LINE 2 Array cont~ining numbers of ~ncrements for which 

dej:ailed 

information is provided 

LINE 3 Plate lengtp (m) and width (m) 

LINE 4 Initial density of snow (Mg/m3) 

LINE 5 Number of points describing compressibility of the 

snow, 

i.e, stress-strain curve from a copfined compression 
1 

test 1 



( 

( 

Lr~E 6 TO line (6+NC-I) 

order) 

the 

curve. 

curve) . , j 

l 

~tress (kPa) and strain values (in 

corresponding to a given point on 

above descr ibed' compressibility 

(~C=number of points describing the 

LINE (6+NC) Number of points describing the shear strength-
'" 

density 

curve obtained from vane shear tests 

LINE (6+NC+l) to LINE (6+NC+NS) Shear strength (kPa) and 

Densi ty (Mg/m3 ) values 

corresponding 

to a given point on the 

above çurve. 

(NS=number of points on the 

curve) 

LINE (6+NC+NS+I) : Shear stiffness parameter Ks (kNjm3) 
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APPENDIX D 

PROGRAM OUTPUT 

'1 

,. 
The output information produced by the program developed 

/ 

/ is s-ununarized in the fo,~ lowing Unes: 

a) dimensions of rigid plate 

b) finite element mesh specifications 

- horizontal and vertical coordinates of the nodes 

triangular and joint element connection array (i.e, 

~odes 

pertaining to each element) 

- boundary conditions assigned to the mesh 

~ type of nodal restriction (numerical code) 

- hor i zontal displacemen t or force on node 
, Jj 

- vertical displacement or force on node 

(Note: finite element mesh specifications are an output of the 

program 

due ta that the mesh is generated inside the program) 

c) input snow properties : 

compressibility curve 

- shear strength-density curve 

- shear stifJness paramater 



1 

-\ d} finite element results: For each increment (plate 

displacement or excess shear stress analysis): 

- number of perforrned iterations in non-linear analysis 

- shear depth to plate sinkage ratio 

- load distribution on plate 

- dens i ty a t failure fof~ joint 'elements and cor responding 

distance ~rom original snow surface ( detailed 

informa tion) 1 

- results of stress aJalYSis of joint e'lements (detailed 

information) 

,- pl~te load, stress and penetratioh coordinates and 

distr~ibution 

of various components of p~ate resistance 

densi ty 

information) 

distribution within snow mass (detailed 
\ ' 

- incremental and cumulative nodal displacements 
~ 

.. 

1 

D-2 
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C SN 0 W· MODEI. 
C 
C 
C ( THESIS ) 
C .. 
C 
C 

'C 
C 
C 
C 

C 

C 

C 

C 

C 

C 
C 

MAIN PROGRAM 

COMMON/CONTR/NP,NE,NB p NOF,NCN,NSZF,ITITL(50),IPRIN,SFLAG,FPL,OELPL 

COMMON IDA TA ICORD (580,2) ,NOP (999,4) ,1 MA T ( 1 l'OÔ) ,NBC (580) , CODE (700) , 
+UX(700) ,UV(700), T( 1100) ,ORX( 1 100) ,ORY( 1100) ,PRCORD(580, 2) 

C,MMON/STIFF/ESTIFM(12,~2),A(3,6),B(3,6),SK(1100,92),AREA(IIOO': 
+G ( 1100) ,R (B) ,H (8) ,D( 1 100) ,AR (2000) ,AS (999,3,6) , BS (9~q, 3 , 6) ,NOAND 

',' ~ 

COMMON/ANAL/NOINC,KOUNT,NITER,NOITER,COROI(580,2) 

COMMON/STRES/OISTO(2,580),SIGTO(999,4),STRTO(999,3),SMAXTO(lI00), 
+SMINTO ( 1 100), ANGTO (1100) ,EANGTO ( 1100) ,EMAXTO( 1100), EMINTO( 1100) , 
-t-FORCé( 999,4), STR(999, 3) ,PSIGTO(999 ,4), PSTRTO(999, 3) ,POl STO(2, 580l', 
-t-PEMtNT( 1 100) ,PSMINT( 1100) ,EXSH( 1100) 

COMMON 1 JO 1 NT 1 Tl (8,8) , BL (8, 8) ,AL ( 1 100) ,ANG ( 1 100) ,OK S ( 1 100' ,OK~( 1000 
+) ,SD(2, 2) ,W(999, 2) ,P(999, 2), V(999, 2) ,AVP(999, 2) ,CV(999, 2), 
-t-CAVP(999, 2) ,PCV(999, 2) ,PCAVP(999, 2), B 1 (8,8), IFA 1 L( 1100) ,ALO( 1100) 

~ COMMON/SNOATA/STRESS(40),STRAIN(40),SHEAR(40},DENSSH(40), 
+GAMMAO,NPTSCC,NPTSSH,STIFFS 

COMMON/ELAS/EE(1100),ENU(1100) 
EQUIVALENCE (DIS,C) 

.j DIMENSION DIse 2,580), AREAO( 1 100} ,PAREA ( 1100), TCORO(S80, 2) ,UYR (700·) 
+, FSHSTE (1100) ,IAINCP(30) ,PLR( 10) 

READ(5,*) NINCP 
READ(5,*) (IAINCP(I),I::l,NINCP) 
WRlTE(6,-) (IAINCP(I),I=I,NINCP) 

C •• READ AND PRINT PLATE LENGTH AND WIDTH 
REAO(5,*) FPL,FPW 
WRITE(6,9) FPL,FPW -t 

9 FORMATC'1',//I,10X,'MODEL - RIGID PLATE PENETRATION IN SNowr/1 3 
+9( '-') Il Il 1 ISX,' PLATE_ LENGTH (M)' ,FIS.61 15X, 'PLATE WIDTH (M)', 
+FI5.6) ~ 

PREPL=O 0 
EC=O 0 

C 
C 

SUMPCS=O 0 
SUMPC=O.O 

C FORM FINITE ELEMENT MESH 
CALL INMESH(AREAO,vCTOP) 

C 
C TQTAL NUMBER OF EQUATIONS IN SySTEM 

NSZF=NP*NDF 
c 

,1 

r 

" 



, < 

DETERMINE BAND WIOTH C 
C FIND LARGEST DIFFERENCE IN No.DAL NUMBERS IN ANV ELEMENT 

JJ=o. 

365 
360 
350. 

DO. 350. N= l ,NE 
DO. 350. 1=1,4 
DO. 360. L=1,4 
KK=IA8S(No.P(N,I)-NOP(N.L» 
IF(KK-JJ) 360.,360.,365 
JJ=KK 
CDNTINUE 
CDNTINUE 

C 
C CDMPUTE AND PRINT BAND WIDTH AS 2*JJ+No.. DF DEGREES DF FREEDDM 

tJ NBAND=2"JJ+2 
WRITE(6,lo.DO) NBANO 

1000 FORMAT(' ',/II,5X,'BANO WI0TH'.Il0.//1) 
C 
C REAO SNOW MATERIAL PRDPERTIES 

CALL SNMAPR 
C 
C INITIALIZE STRESSES.STRAINS AND STIFFNESSES 

00 2o.yN=I,NE 
DO. ?60 1::1,4 
SIGTO(N,I)=O 
PSIGTO(N,I)=O 

50.0. CON TI NUE 
00.4991=1,2 
PCV (N , 1 ) =0 
PCAVP(N,1)=O 
CV(N.I)=O 
CAVP(N,I)=O 

• 499 CONT 1 NUE 
00 30. 1 1 =1,3 
STRTO(N, l )=0 
PSTRTO(N. 1) =0 

~O 1 CONT 1 NUE 
SMAXTO( N)=O 
SM1 NTO (N) =0 
PSMINT(N)=O 
EMAXTO(N)=O 
EMINTO(N)=D 
PEMINT(N)=O 
EE(N) =STRESS (2) ISTRAIN(2) 
ENU (N ) =0.0 
OKN(N)=IOOOOO. 
DKS(N)=STIFFS 

j'OO CONTINUE 
00 759 IKK=3. 7 

759 PLR ( 1 KK) =0. 

" 

C ••• IN1T1ALIZE ARRAY OF INDICATORS OF FAILURES OF JOINT ELEMENTS 
DO 20. 2 II = l ,NE 

202 
C 

1FAIL(II)=o. 
CONTI NUE 

C INITIALIZE ALL No.DAL 
DO 60.0. M= l ,NP 
00 600. J=1.2 
OISTo.(J,M)=O 

OISPLACEMENTS 

E-2 
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... ' 

Î 

-

600 
C 

CONTINUE 

C INIT~ALIZE ALL REACTIONS TO a 
DO 437 j=I.NB 

437 
C 

M=NBC (j) 
N=2*M-l 
L=2*M 
AR(N)=O 
AR(L) =0 
CONTINUE 

j 

C COMPUTE INCRËMENTAL OISPLACEMENT TO BE USED AS BOUNDARV CONDITION 
C 

'& DO 800 K=I.NB 
NN=NBC (K) 
U~N)=UX(NN)/NOINC 
UV(NN)=UV(NN)/NOINC 
UVR(NN)=UV(NN) 

C 

800 CONTI NUE 
DISINC;ABS(UV (6» 

C LOOP ON NUMBER OF INCREMENTS 
C 

DO 700 IK=I,NOINC 
SFLAG=O. 
LCSRA=O 
DO 8000 K= 1 • NB 
NN=NBC (K) 

8000 UV(NN)=UVR(NN) 
IPRIN=O 
DO 547 IINC=I,NINCP 

( 

547 IF(IK.EQ IAINCP(IlNC» IPRIN=1 
WRITE(6, *) IPRIN 
IPUP=O 

C ••• PRINT DISPLACEMENT INCREMENT NUMBER 
WRITE(6.991) IK 

E-3 

/ 991 FORMAT(' • / / ,---------------------------------------------------
+---·//5X. ,rNcR. NO '. IlO.1l ' 

C .•. DETERMINE STATE OF STRESS AND STRAIN OF CONTINUUM ELEMENTS 
711 IF(SFLAG.EQ.I.) WRITE(6,6258) LCSRA 
6258 FORMAT(' ·./I,T10.·STRESS RELEASE CVCLE ... ·.15./1) 

DO 333 l PSS= 1 • NE 

333 
C 

IF(IMAT( IPSS) . EQ 2) GO TO 333 
EQEMI N=PEMI NT ( 1 PSS) 
CALL l NTERP( NPTSCC. EQEM 1 N, STRA IN. STRESS. SINT) 
PSMINT(IPSS)=SINT 
CONTINUE 

C ,FORM STIFFNESS MATRIX THEN SOLVE SIMULTANEOUS EQUATIONS 
C 

701 

C 
C 
C 
C8003 
844 

NITER=O 
NITER=NITER+ 1 
IF(IPRIN.NE.l) GO TO 844 
DO 8003 K= 1 • NB 
NN=N8C (K) 
WR!TE ( 6, *) NN, CODE (NN) , UX (NN) • uv (NN) , 
CONTINUE 
CALL FORMK 

( 

r 



CALL SOLVE 
C COMPUTE TOTAL DISPLACEMENT~ • 
C NODAL DISPLACEMENTS DUE TO INCREMENT ARE ADOEO TO THOSE EXISTING 
C SEFORE TO OBTAIN TOTAL OISPLACEMENTS 
C 

00 280 M= l ,NP 
00 280 J= l ,2 
IF(NITER.NE.l) GO TO 601 
POIS,O(J,M)=DISTO(J,M) 

601 OISTO(J,M)=PDISTO(J,M)+DIS(J,M) 
280 CONTI NUE 

C 
C 
C 
C 

CALCULA TE STRESSES IN CONTINUUM ELEMENTS 

612 CALL CSTRES(NLFLAG) 
C ITERATE FOR NONLINEARITY 

995 
C 

IF(NLFLAG.EQ.1.AND.NITER.NE.NOITER) GO TO 701 
WRITE(6,995) NIT&R 
FORMAT{' ',//,5X,'NUMBER OF ITERATIONS',lIO,III) 

C . . TEMPORARILY UPDATE NOOAL COROINATES 
DO 606 N= l ,NP 
TCORD{N,l )=CORD{N, 1 )+DIS( l,N) 
TCORO(N.2)=CORD(N,2)+DIS(2,N) 

606 CONTINUE 
C •. COMPUTE STRESSES IN JOINT ELEMENTS 
C 

CALL JSTRES 
C 
C CHECK STATE OF SHEAR STRESS IN JOINT ELEMENTS AND COMPARE WITH SHEAR 
C STRENGTH OF SNOW 
C 

C 
C 
C 
C 
C 

CALL S\1DJNT( IMAT ,NOP. TCORD. AREAO. DI S. l PUP, FSHSTE, ORY) 

DETERMINE REACTIONS 

8004 00 436 l = l ,N S Z F 
AR ( l ) =0 

436 

705 

422 
901 
438 

C 
C203 
C 

CONTI NUE 
DO 438 L= l ,NB 
M=NBC(L) 
00901Nl=1.NE 
IF(IMAT{NI).EQ 1) NCN=3 
IF(IMAT(NI).EQ.2) NCN=4 
DO 901 I=1,NCN 
IF(NOP(Nl,I)-M) 901,705,901 
N=N! 
J=I 
IF(COOE(M» 438,438,422 
CALL REAC{J,M,N) 
CONTINUE 
CONTI NUE 
IF(IPRIN EQ.l) WRITE(G.203) 
FORMAT{' • • //I/,5X, 'REACTIONS AND LOAD-OISPLACEMENT COORDINATES OF 

+ PLA TE' / /5X, T2 ,-' NODE' ,7X. 'X-REACTION' , l1X,' Y-REACTION' ,/T!7, • (KN)' 

E-4 
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c 

C 

~,T37,'(KN)' ,II) 
SRX=O 
SRY=O 
DO 439 K=l,NB 
M=NBC(K) 
N=2*M-l 
L=2*M 
IF(COOE(M) .NE 1) GO TO 501 
AR(N)=AR(N)-O(N) 
GO TO 503 

501 IF(COOE(M) EQ 2) GO TO 502 
AR(N)=AR(N)-O(N) 

502 AR(L)=AR(L)-O(L) 
503 CONT l NUE 

PRINT INCREMENT REACTIONS 
C 

201 
IF(IPRIN EQ.l) WRITE(6,201) M,AR(N) ,ARC-Ll 
FORMAT(I5,FI6 6,5X,FI6 6) 
SRX=SRX+AR(N) 
SRY-= SRY~AR (L) 

439 CONTINUE 
C 

440 
C 

IF(IPRIN EQ 1) WRITE(6,440) SRX,SRY 
FORMAT(' ',III, IX, 'TOTAL', 2X, FI5.B, 5X, F15. B) 

~-5 

C. COMPUTE PLATE DISPLACEMENT AND REACtION LOAD ON PLATE 
C 

POIS=DISINC*IK 
C WR ITE (6, .) AR (6) ,AR (B) ,AR ( 10) ,AR ( 12) ,AR ( 14) 
C ••• LOAO DISTRIBUTION ON PLATE 

SUMPLN=O 0 
DO 458 III=3,7 
Il=2*III 
PLR(III)=PLR(III)+FPW*AR(II) 
SUMPLN=SUMPLN+PLR(III) 
WRITE(6,459) III,PLR(III) 

459 FORMAT(' ',I,'REACTION ON NODE (KN)',IIO,5X,'=',5X,FI5.6) 
458 CONT l NUE ( 

SUMPLN=2000 ·SUMPLN 
WRITE(6,460) SUMPLN 

460 FORMAT(' ',/I/,'îOTAL REACTION LOAD ON PLATE (N)',FI5 6,//1l 
C ••• 

C 

DELPL= 2000. • F PW* (AR ( 6) +AR (8) +AR ( 10) ~AR ( 12) +AR ( 14) ) 
IF(SFLAG EQ.l ) OELPL=OELPL+UY3 
PLOAD=PREPL+DELPL 
EC=EC+O 5·(PLOAO+PREPL)~DISINC 
WRITE(6,961) DELPL 

,-

961 "FORMAT(' ',/I/,5X. 'INCREMENTAL REACTION LOAO ON PLATE (1'4)' ,F15.61 
. WRITE(6,960) PLOAO,PDIS 

960 FORMAT(' ',I//,5X,'TOTAL REACTION LOAO ON PLATE (N)',FI5 61/5X,'PL 
+ATE DISPLACEMENT (M)',FI5.6,/II) 

C ••• SEPARATE LOAD COMPONENTS INTO COMPRESSION AND SHEAR 
SUMES=O 0 

1:r 

1 

SUMEC=O 0 
1'4=0 
DO 512 1=1,70 
DO 5 1 2 J = l , 1 1 
N=N+l 
IF(IMAT(N) EQ 2) GO TO 512 
DO = 0 0 

... 



DO 204 12 :: 1,3 
204 DO:; DO + ( SIGTO(N,I2) * STRTO(N,I2) ) 

DO = DO • AREA(N) 
IF(J LT 3) SUMES=SUMES+DD 
IF(J.GE.4) SUMEC=SUMEC+DD 

5'12 CONTINUE 
IF(SFLAG.EQ:O.) GO TO 508 
SUMES=-SUMES 
SUMECc-SUMEC 

B08 DPCS=2000.*SUMES*FPW/DISINC 
DPC=20DO ·SUMEC·FPW/DISINC 
DS=DELPL-OPC-OPCS 
WRITE(6,222) DS,DPCS,OPC,OELPL 

222 FORMAT(' ',/II,Tl0,'INCREMENTAL LOAO DUE TO SHEAR (N)',F15.6/, 
+Tl0, 'INCREMENTAL LDAO DUE TO COMPRESSION OUTSIDE PRESSURE BULB (N) 
+',F15.6/Tl0, 'INCREMENTAL LOAD DUE TO COMPRESSION INSIDE PRESSURE B 
+UL8 (N)',F15.6/Tl0, 'INCREMENTAL LOAD ON PLATE (N)' ,F15.6,/I) 

SUMPCS=SUMPCS+OPCS 
SUMPC=SUMPC+OPC 
SUMS=PLOAD-SUMPCS-SUMPC 
WR 1 TE (6,223) SUMS, SUMPCS, SUMPC, PLOAO l 

223 FORMAT(' ',/lII/II,Tl0,'TOTAL LOAD DUE TO SHEAR (N)',F15.6/, 
+Tl0, 'TOTAL LOAD DUE TO COMPRESSION OUTSIDE PRESSURE BULB (N) 
+' .F15 6/Tl0, 'TOTAL LOAD DUE TO COMPRESSION INSIDE PRESSURE B 
+ULB (N)',F15.6/Tl0,'TOTAL LOAD ON PLATE (N)',FI5 6,/1) 

C . COMPUTE STRESS RELEASE FORCES DUE TO STRESS RELEASE IN 
C OVERSTRESSEO JOINT ELEMENTS 

SLOAO=O 0 
DO 555 N= l ,NP 

555 UY(N)=O.O 
DO 510 N=l,NE 
IF(IMAT(N).EO.l) GO TO 510, 
IF(IFAIL(N) EQ.O) GO TO 510 
RSREL=EXSH(N)*AL(N)*FPW*1000 
NI ::NOP ( N, 1 ) 
N2=NOP(N,2) 
N3=NOP(N,3) 
N4::NOP(N,4) 
UY(3)=0.O 
UY(NI)=UV(NI)+RSREL/(2 *FPW*1000.) 
IF(N.EQ.3) UY3=-UY(Nl)*ZOOO.*fPW 

C WRITE(6,4445) UY3 
C4445 FORMAT (' ',l, T5, 'UY3 ' ,F 15 6) 

UY(N2)=UY(N2)+RSREL/(2.*FPW·'000.) 
UY(N3)=UY(N3)-RSREL/(2.*FPW*1000.) 
UY(N4)=UY(N4)-RSREL/(Z *FPW.,000.) 
SFLAG= 1 . 
CAVP(N,l)=CAVP(N,I)+EXSH(N) _ 

C IF(IPRIN.EQ. 1) WRITE(6,4444) N,EXSH(N),AL(N),FPW,RSREL,PPLOAD 
C4444 FORMAT(' ','N', I5,5X, 'EXSH(N)' ,F15.6,5X, 'AL(N)' ,Fl0.6.5X, 'FPW', 
C +Fl0.6,5X, 'RSREL' ,F15.6.5X, 'PPLOAD' ,F15.6,1l 
C IF(IPRIN.EQ.l) WRITE(6,·)N,Nl,UY(Nl),N2,UY(N2},N3,UY(N3),N4,UY(N4) 

510 CONTItlUE 
DO BOIN N=3, 7. 
UY(N)=O.O 

BOO 1 CONT 1 NUE 
CLOAD=PLOAD-SLOAD 
FACTOR=1000 *FPL*FPW 
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PSTRES~PLOAO/FACTOR 

PS1=SUMS/FACTOR 
PS2=SUMPCS/FAC~OR 

PS3=SUMPC/FACTO~ 
WRITE(6,521) PS1,PS2,PS3,PSTRES 

521 FORMAT(' ',///,5X,'Pl.ATE STRESS CARRIEO IN SHEAR (KPA)',FI5,61 
+,SX, 'PLATE STRESS CARR1EO IN COMPRESSION OUTSIOE PRESSURE BULB (KP 
+A)' ,F15,6/5X, 'PLATE STRESS CARRIED IN COMPRESSION INSIOE PRESSURE 
+BULB (KPA)'.F15,6/5X,'PLATE STRESS (KPA)',F15,6./In 

PREPL=PLOAD 
C UPDATE NODAL COOROINATES AND MATERIAL PROPERTIES 

CALL UPDATE(AREAO,PAREA,PDIS,VCTOP) 
l.CSRA=LCSRA+l 
WRITE(6,9000) SFLAG,LCSRA,DELPL,PLOAD 

9000 FORMAT(' ',/5X,'SFLAG',F6,3/5X,'LCSRA',I5/5X,'DELPL',flO 3/5X, 
+'PLOAD',Fl0,3) 

IF{SFLAG,EQ,1 AND LCSRA EQ, 1) GO TO 711 
IF{SFLAG,EQ, I,O,AND,LCSRA LE,3,AND,DELPL,LT O,AND ABS(DELPL),GT,Q, 

+OS.PLOAD) GO TO 711 
C, ,PRINT NODAL DISPLACEMENTS 

IF(IPRIN,NE,1l GO TO 700 
WRITE{6,603) , 

603 FORMAT(I/I ,5X, 'NODAVDISPLACEMENTS' ,III7X, 'NODE', T23, 'X', T38, 'V', 
+T50, 'XTOTAL' ,T65, 'VTOTAL' ,T81, 'ORIG HOR,DISTANCE' ,Tl06, 'ORIG,VERT, 
+DISTANCE') 

WRITE(6,710) 
710 FORMI\T(' ',T22,'(M}',T31,'(M)',T52,'(M)',T67,'(M)',TB1,'FROM PLATE 

... CENTER', Tl06, , FROM PLATE CENTER' IT87,' (PLIS)', T113,' (PUtS)' ,II) 
DO 604 M= l , NP 
RX=(CORDI (7,1 )-CORDI (M, 1) )/fPL 
RY=CORDI(M,2)/FPL 

605 
604 

/' 700 

WRITE(6,605) M,(DIS(J,M),J=I,2),(DISTO(J,M),J=I,2),RX,RY 
FORMAT(' ',19, IX,4(5X, FIO ,6), T85,F9, 6, TIll, f 10,3) 
CONTINUE 
CONTINUE 
STOP 

C 
C 

C 

C 

c 

C 

C 

END 

SUBROUTINE INMESH(AREAO,VCTOP) 

COMMON/CONTR/NP,NE,NB,NDF,NCN,NSZF,ITITL(50) ,IPRIN,SFLAG,FPL,DELPL 

COMMON/ DA TAI CORD (580,2) , NOP (999,4) , l MA TC 1 100) ,N8C (580) ,CODE (]OO) , 
+UX(700) ,UV(700) ,T~1100} ,ORX(1100),ORY(1100) ,PRCORD(5BO,2} 

COMMON/STIFF/EST1FM(12,12),A(3,6),B(3,6),SK(1100,92),AREA(1100), 
+C( 1100), R(8) ,H(8) ,D( 1100) ,AR(2000) ,AS(999, 3,6),85(999.3,6) ,NBAND 

COMMON/ANAL/NOINC,KOUNT,NITER,NOITER,CORDI(580,2) 

~ COMMON/STRES/DISTO(2,580),5IGTO(999,4) ,5TRTO(999,31 ,$MAXTO( 1 100), 

C 

+SMINTO( 1100) ,ANGTO( 1100) ,EANGTO( 1100} ,EMAXTO( 1'100) ,EMINTO( 1100), 
+FORCE(999,4},STR(999,3},PSIGTO(999,4),PSTRTO(999,3) ,POISTO(2,580), 
+PEMINT(1 100),PSMINT(1100) ,EXSH(1100) 

CdMMONI JOINT IT 1 (8, B), 8L(8, 8) ,AL( 1100) ,ANG( 1100), OKS( 1100), OKN( 100U 
+} , SD (2,2) ,W (999, 2) , P (999.2) , V (999,2) ,AVP (999,2) ,CV (999,2) , 
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+CAVP (999,2) ,PCV (999,2) ,PCAVP (999,2) ,B 1 (8,8) , 1 FA l L ( 1 100) • ALO ( 1 100) 
C 
C 

C 

COMMON/SNDATA/STRESS(40),STRAIN(40) ,SHEAR(4Q) ,DENSSH(40), 
+GAMMAO,NPTSCC,NPTSSH,ST1FFS(40),NPTSDK,DENSK(40) 

COMMON/ELAS/EE( 1100) ,ENU( 1100) 

DIMENSION AREAO(1100),NFR1(180),NFR2(180),NBBN(4) 

\." 

DA TA NFR 111 , l ,9.8.8.2. l ,2,9,9.3,3. t 0,9,2,4,3,4,10,10,5,4, 1 l , 10,10, 
+ 6 ,4. 12, 1 l , 1 l , 7,4.5, 12, 1 2 , 8 , 5 ,6, 12 , .1 2,9,6, 13 ,,1 2 , 12, 10,6, 14, '3, 13, 
+11,6,7,14,14/ 

DATA NFR 2/12,8,9, 15, 15, 13,9, 16. 15, 15, 14, 10, 17, 16,9, 15, 10, 18, 17, 17 • 
.. 16, 10.1 l , 18.18,17,1 1,12, 18, 18,18, 12, 19,18, 18, 19,12,20, 19, 19,20,12, 
+ 1 3 , 20,20,2 l , 13, 14,20,20,22, 14,21 ,20,201 

DATA NBBN/l,2,3,71 
C. ASSIGN NUMBER OF OEGREES OF FREEDOM PER NODE 
C ASSIGN MAXIMUM NUMBER OF INCREMENTS AND ITERATIONS 

NDF=2 
N01NC=36 
NOl TER= 1 2 
PDMAX=0.072 
NP=O 

C •..•..• GENERATE MESH IN TERMS OF PLATE LENGTH 
C. NODES 

DO 10 J=I,71 
DO 10 1=1,7 
NP=NP+ 1 ~ 
CQRD(NP,I)=(I-l)*FPL/8. 
CORo(NP,2)=(J-l)*FPL/16. 
COROI(NP, 1 )=CORD(NP,I) 
COR01(NP,2)=CORO(NP,2) 
WRITE(6,222) NP,CORO(NP,I),CORD(NP,2) 

222 FORMAT(' ',T2,I3,Tl0,FI5.6,T26,FI5.6) 
10 CONTINUE 

YCTOP=CORO( 1,2) 
C ..• ELEMENTS 

DO 200 1=1,35 
DO 21 1 1=1 ,2 
1K=O 
DO 21 J= 1,11 
IK=IK+1 
IF(II EQ. 1) N=NFR1(IK)+(I-l)*22 
IF(II EQ.2) N=NFR2(IK)+(I-l)*22 
DO 300 K=l ,4 
IK=IK+1 
IF(II.EQ. 1) NOP(N,K)=NFR1(IK)+(I-I)*14 
IF(II.EQ 2) NOP(N,K)=NFR2(IK)+(1-1)*14 

300 CONTINUE 
IMAT(N)=l 
IF(J.EQ.3) IMAT(N)=2 

860 FORMAT(' ',T11,6Il0) 
21 CONTINUE 
200 CONT 1 NUE 

NE=N 
DO 888 N= 1 • NE 
WRITE(6,860) N. (NOP(N.KKK) .KKK=I,4), IMAT(N) 

BBB CatH 1 NUE 
C ... CALCULATE INITIAL AREA OF ELEMENTS, INITAL LENGTH OF JOINT ELEMENTS 
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C 

C 

41 

AND STORE 
DO 400 N=I,NE 
IF(IMAT(N).EQ.2) GO TO 41 
I=NOPCN,l) 
J=NOP(N,2) 
K=NOP(N,3) 
AJ=CORD(J, 1 )-CORD(l, 1) 
AK=CORD(K,l )-CORD(I, 1) 
BJ=CORD(J,2)-CORD(I,2) 
BK=CORD(K,2)-CORD(I,2) 
AREAO(N)=(AJ*BK-AK*BJ)/2. 
WRITEC6,*) N,AREAO(N) 
GO TO 400 
l =NOP (N, 1 ) 
J=NOP(N,2) 1 
ALO(N) =SQRT( (CORD(J, 2)-CORD( 1,2» "2+ (CORD( J, 1) -CORD( 1,1» .*2) 

400 CONTI NUE 
C •• BOUNDARY CONDITIONS 

DO 806 l=I,NP 
CODE( l )=0 
UX(I)=O 
uv ( l ) =0 

806 CONTINUE 
COOE(1)=30 
CODE ( 2) = 1 .0 
COOE(3)=3 0 
UV (3) =PDMAX 
NBC ( 1 ) = 1 
NBC ( 2) = 2 
NBC(3)=3 
NB=3 
00 807 N=4, 6 
NB=NB+ 1 
NBC(NB)=N 
CODE(N)=2.0 
UV (N) =PDMAX 

807 CONTI NUE 
NB=NB+ 1 
CODE( 7 )=3.0 
UV (7) =PDMAX 
NBC(NB)=7 
DO 809 1=1,69 
DO 810 J=I,4 
NB=NB+ 1 
NBC(NB)=NBBN(J)+I*7 
NN=NBC(NB) 
COOE(NN)=1.0 
IF(J. EQ.l) CODE(NN) =3.0 

810 CONTINUE 
809 CONTINUE 

DO 811 K= 1,7 
NB=NB+ 1 
NBC (NB) =NBC (NB- 1) + 1 
NN=NBC(NB) 
COOE(NN)=3.0 

811 CONTINUE 
DO 812 1=1, NB 
NN=NBC (1) 

) 
; 
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WRITE(6,·) NN,CODE(NN),UX(NN),UY(NN) 
B 12 CONTINUE 

C 

C 

C 

C 

C 

C 

C 

Co 
C 

c 
C 

RETURN 
END 

SUBROUTINE SNMAPR 

COMMON/CONTR/NP,NE,NB,NDF,NCN,NSZF,ITITL(50),IPRIN,SFLAG,FPL,DELPL 

COMMON/DA TA/CORO (580,2) ,NOP(999, 4) , IMAT( 1 100) ,N6C (580) ,CODE( 700) , 
+UX(700) ,UY(700), T( 1100) ,ORX( 1100) ,ORY( 1100) ,PRCORO(580,2) 

COMMON/STIFF/ESTIF~(12,12),A(3,6),6(3,6),SK(1100,92),AREA(1100), 
+C( 1100) ,R(8) ,H(8) ,D(1100) ,AR(2000) ,AS(999,3,,6),BS(999,3,6) ,NBAND 

COMMON/ANAL/NOINC,K~UN~,NITER,NOITER,CORDI(580,2) 

COMMON/STRES/OISTO(2,5BO),SIGTO{999,4),STRTO(999,3),SMAXTO(1100), 
+ SMI NTO ( 1 100) ,ANGTO ( 1\100) , EANGTO ( 1 100) ,EMAXTO ( 1100) , EMINTO( 1100) , 
+FORCE(999,4),STR(999,3),PSIGTO{999,4),PSTRTO(999,3),POISTO{2,580), 
+PEMINT(1100) ,PSMINT(1100) ,EXSH{ 1100) 

COMMON/JOINT/TI (8 ,8) ,BL{8 ,B} ,AL( 1100) ,ANG( 1100) ,DKS( 1100) ,OKN( 1000 
+) , SO (2,2) , W (999.2) , P (999 ,2) ,v (999,2) ,AVP (999,2) , CV (999.2) • 
+CAVP(999, 2), PCV(999, 2), PCAVP(999, 2) ,81 (B, 8) ,IFAIL( 1100) ,ALO( 1100) 

COMMON/SNDATA/STRESS(40) ,STRAIN(40), SHEAR(40) ,OENSSH(40), 
+GAMMAO,NPTSCC,NPTSSH,STIFFS 

COMMON/ELAS/EE(1100),ENU(1100) 

C SUBROUTINE TO ENTER SNOW PROPERTIES 
C 
C 
C READ AND PRINT INPUT DATA 
C 

WRlTE(6,20) 
20 FOR MAT (' ',/ 1 Il / / , 5 X, ' SN OW PRO P E RTl ES' / S X, 1 5 ( , - ' ) , / / / ) 

C READ INITIAL SNOW DENSITY 
REAO(~,.) GAMMAO 
WRITE(6,10) GAMMAD 

10 FORMAT(' ',/II,5X,'INITIAL SNOW DENSITY (MG/M3)',F15,6)~' 
C" ,CONFINEo COMPRESSION DATA 

REAO(S,-) NPTSCC 
WRITE(6, 2) 

2 FORMAT(lI,5X,'CONFINEO COMPRESSION STRESS-STRAIN' ,///:T15,'STRES 
.. S' ,T30,'STRAIN'/T16,'(KPA)',111l 

DO 30 1=1 ,NPTSCC 
REAO(S,.) STRESS(I) ,STRAIN(I) 
WRITE(6,31) STRESS(I),STRAIN(I) 

31 FORMAT(" ,SX,2FI5.6) 
30 CONTINUE 

C .OIRECT SHEAR DATA 
REAO(S,.) NPTSSH 
WRITE(6,5) 

? FORMAT(III,SX,'SHEAR STRENGTH-DENSITY' ,IIIT10,'SHEAR STRENGTH' ,T29 
r +, 'DENSITY'/T15,'(KPA)',T29,'(MG/M3)' ,/11) 

, 
(' 
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DO 50 I=l,NPTSSH .(.' 
REAo(5,") SHEAR( 1) .OEN$SH( 1) 
WRITE(6.31) SHEAR(I).OENSSH{I) 

50 CONTINUE 
C • SHEAR STIFFNESS 

REAO(5.") STIFFS 
WRITE(6.12) STIFFS 

c 
c 

c 

c 

c 

c 

c 

C 

,,) C 

c 
c 
c 
c 

c 
c 

'C 

C 
C 
C 

C 
C 
C 
C 
C 

12 FORMAT(//,lX.'SHEAR STIFFNESS/UNIT LENGTH (K~/M3)'.F15.6,111) 
RETURN 

300 

END 

SUBROUTI NE FORMK 

COMMON/CONTR/NP.NE,NB.NDF.NCN,NSZF .ITITL(50), IPRIN,SFLAG,FPL.DELPL 

COMMON/DATA/CORD(580,2) ,NOP(999.4) ,IMAT(1 100) .NBC(580) .CODE(700). 
+UXOOOJ .UYOOOJ. TC 1 laD) .ORX( 1 100) .ORY( 1 100), PRCORO(580. 2) 

COMMONI ST! FF / EST! FM( 12. 12) • A (3.6) • B (3.6) , SK ( 1 100.92) • AREA ( 1 100) • 
+C ( 1 1 QO) • R (8) ,H (8) .0 ( 1 100) • AR (2000) • AS (999.3.6) • 8S (999.3.6) • NBAND 

COMMON/ANAL/NOINC.KOUNT.NITER.NOITER,CORDI(580,2) 

COMMON/STRES/OISTO(2.580) .SIGTO(999.4).STRTO(999.3) .SMAXTQ(1100). 
+SMINTO ( 1 100 J, ANGTO( 1 100) , EANGTO ( 1100) ,EMAXTO ( 1 100) ,EMI NTO ( 1100) , 
+FORCE(999.4),STR(999,3),PSIGTO(999.4),PSTRTO(999,3),POISTO(~,5UO). 
"PEMINT C 1 100) • PSMI NT ( 1100) ,EXSH( 1 100) 

COMMON/ JO 1 NT ITl (8,8) ,BL( 8,8) ,AL ( 1 100) ,ANG ( 1 100) ,DKS ( 1 100) ,OKN ( 1000 
+) ,SO( 2.2) ; W (999.2) , P (999,2) ,V (999, 2) • AVP (999 , 2) , cv (999, 2) , 
+CAVP(999, 2) ,PCV(999, 2) • PCAVP(999, 2) ,B 1 (8.8) .1 FAIL( 1100) ,ALO( 1100) 

COMMON/ELAS/EE( 1100) .ENU( 1100) 

1 
FORMS STIFFNESS MATRIX 

DIMENSION XE(3,2), 

ZERO STIFFNESS MATRIX 

00 300 N= l ,NSZF 
C(N)=O 0 
D(N)=Q a 
DO 300 M = I.NBAND 
SK(N ,M) =0. 

SCAN ELEMENTS .. 
DO 400 N= 1 • NE 
·IF(IMAT(N) EQ 1) CALL CSTK(N) 
IF(IMAT(N) EQ.2) CALL JOINTK(N) 

RETURNS ESTIFM AS STIFFNESS MATRfx 

STORE ESTIFM IN SK 
FIRST ROWS 
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( 

t) 

\ 

C 

C 
C 
C 

305 

IF( IMAT(N) .EQ. 1) NCN=3 
IF( IMAT(N). EQ. 2) NCN=4, 
DO 360 JJ= 1, NCN 
NROWB=(NOP(N,JJ)-l)*NDF 
IF(NRDWB)360,305,305 
DO 350 J=l,NDF 
NROWB=NROWB+l 
I=(JJ-l)*NDF+J 

TH EN COLUMNS 

00330 KK=l,NCN 
NCOLB=(NOP(N,KK)-l)*NDF 
DO 320 K=l,NDF 
L = (KK-l)*NDF + K 
NCOL = NCOLB + K + 1 -NROWB 

C SKIP STORING IF BELOW BAND 
C 

C 

C 
C 
C 
C 

IF(NCOL)320,320,310 
310 SK(NROWB,NCOL)=SK(NROWB,NCOL)+ESTIFM(I,L) 
320 CONTINUE 
330 CONTINUE 
350 CONTINUE 
360 CONTINUE 
400 CONTINUE 

296 
298 
295 

301 

425 

426 
297 

ADDITION OF CDNCENTRATEO FORCES 
DO 291 l = l ,NB 
N=NBC(I) 
K=Z*N 
IF(CODE(N)-l.) 295,295,296 
IF(CDDE(N) EQ 2.) GO TO 301 
IF(CODE(N)-3 ) 425,297,425 
C(K)=C(K)+UY(N) 
IF(CDDE(N) NE.O.O) GO TD 297 
C(K-l)=C(K-l)+UX(N) 
GO TD 291 
WRITE(6,426) N 
STOP 
FORMAT(5X, 'ERROR IN' CODE NUMBER-NOOE-EXECUTION TERMINATEO':I4) 
CONTINUE 

TRANSFER LOAD VECTOR TO 0 

DO 601 I=l,NSZF 
O(1)=C(I) 

601 CONTINUE 
602 CONTINUE 

C DISPLACEMENT BOUNOARY CONDITIONS 
C 

DO 40 1 J = 1 • NB 
M=NBC(J) 
U=UX(M) 
N=2*M-l 
IF(COOE(M» 401,401,311 

311 IF(CODE(M)-l 0) 401,325,331 
331 IF(COOE(M) EQ.2 '). GO TD 335 

\ 
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C 
C 

C 

C 

C 

C 

C 

C 

C 

C 
C 
C 
C 
C 
C 
C 

C 
C 
C 

IF(CODE(M)-3.) 401,340,401 
325 CALL MODIFYCSK.C,NSZF,NBANO,N,U) 

GO TO 401 
340 CALL MODIFY(SK,C,NSZF,NBANO,N,U) 
335 U=UY(M) 

N=N+l 
CALL MODIFY(SK,C,NSZF,NBAND,N,U) 

401 CONTI NUE 
RETURN 
END 

SUBROUTINE CSTK(N) 

COMMON/CONTR/NP,NE,NB,NDF,NCN,NSZF,ITITL(50),IPRIN,SFLAG,FPL,DELPL 

COMMON/DATA/CORD(580.2),NOP(999,4),IMA~(1100) ,N8C(580),CODE(700), 
+UX( 700) ,UY(700) ,T( 1100), ORX( 11 (}{) ,ORY (T 100) ,PRCORD( 580,2) 

COMMON/STIFF/ESTIFM( 12,12) ,A(3,6) ,8(3,6) ,SK( 1100,92) ,AREA( 1100), 
+C( 1100) ,R(8) ,H(8) ,D( 1100) ,AR(2000) ,AS(999,3,6) ,8S(999,3,6) ,NBAND 

COMMON/ANAL/NOINC,KOUNT\NITER,NOITER,CORDI(580,2) 

COMMON/STRES/DrSTO(2,580),SIGTO(999,4),STRTO(999,3i,SMAXTO(1 100), 
+ SMI NTO ( 1 100) ,ANGTO ( 1 100) , EANGTO ( 1 100) ,EMAXTO ( 1 100) , EM 1 NTO ( 1 100) , 
+FORCE (999.4) , STR (999,3) , PS l G TO( 999.4) , PSTRTO (999,3) . PO 1 STO ( 2 .580) , 
+PEMI NT ( 1.100) , PSMI NT ( 1 100) ,EXSH( 1100) 

COMMON/JOINT/Tl (8,8) ,8L(8,8) ,AL( 1100) ,ANG( 1100) ,OKS( 1100) ,OKN( 1000 
+),50(2.2) ,W(999, 2) ,P(999, 2) ,V(999, 2) ,AVP(999, 2) ,CV(999, 2), 
+CAVP(999, 2), PCV(999. 2). PCAVP(999, 2), BI (8 ,a), IFAIL( 1100) ,ALO( 1100) 

COMMON/ELAS/EE(1100).ENU(1100) 

CONTINUUM ELEMENT STIFFNESS MATRIX 

DETERMINE ELEMENT CONNECTIONS 

I=NOP(N, 1) 
J=NOP(N,2) 
K=NOP(N,3) 
ORX(N)=(CORD(I,l)+CORD(J,I)+CORO(K,l».O 333333 
ORY(N)=(CORD(I,2)+CORD(J.2)+CORD(K.2»·0.333333 

SET UP LOCAL CO~ROINATE SYSTEM 

221 

AJ=CORD( J, 1) -CORD( 1,1) 1 

AK=CORD(K.l)-CORD(I,l) 
BJ=CORD(J.2)-CORD(I,2) 
BK=CORD(K,2)-CORD(I.2) 
AREA(N)=(AJ·BK-AK·BJ)/2 
IF(AREA(N).LE 0,) GO Ta 220 

C 
C 
CCo-' 

FORM STRAIN DISP MATRIX 
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.......... ---------------------------------------------------

( 

.1 

C 
C 
C 

C 
C 
C 

C 
C 
C 

10 

A(l,l)=8J-8K 
A(l,2):aO. 
A(l,3)=BK 
A( 1,4) =0. 
A(li5)=-BJ 
A ( l ,6) =0 
A(2,l)=0 
A(2,2)=AK-AJ 
A(2,3)=0 
A(2,4)=-AK 
A(2,5)=0. 
A(2,6)=AJ 
A(3,l)=AK-AJ 
A(3,2)=BJ-BK 
A(3,3)=-AK 
A(3,4)=8K 
A(3,5)=AJ 
A(3,6)=-BJ 
DO la 1 = 1,3 
DO la J = 1,6 
AS(N.I,J) = A(I.J) 
CONT 1 NUE 

... -.. 

FORM STRESS STAIN MATRIX 

COMM=EE(N)/( (1 .+ENU(N) )*(1.-ENU(N)*2. )*AREA(N» 
ESTI FM( 1.1 )=COMM.( 1. -ENP(N» 
ESTIFM( l,2)=COMM·ENU(N) 
ESTIFM(3, 1 )=0. 
ESTIFM(3,2)=O. 
ESTIFM(3,3)=EE(N)/(2.·( 1.+ENU(N»·AREA(N» 
ESTIFM( 1,3)=0. 
EST 1 FM (2, 1) = E S TI FM ( l , 2) 
ESTIFM(2,2)=ESTIFM( 1,1) 
ESTIFM(2,3)=O. 

B 15 THE STRESS BACKSUBSTITUTION 

4 DO 205 1 = 1,3 
DO 205 J= l ,6 
B(I,J)=O. 0 

DO 205 K-l,3 
205 B(I ,";+:8(1 ,J)+ESTIFM( l ,K)I2' ·A(K,J) 

00 20 1 :; 1,3 
00 20 J = 1.6 
BS(N,I,J) B(l,J) 

20 CONTI NUE 

ESTIFM 15 STIFFNE5S MATRIX 

00 210 1 = l ,6 
" 00 2 1 0 J = l , 6 

ESTIFM( l ,J)=O. 

c 
c 

00 210 K= l ,3 . 
210 ESTIFM(I,J)=E5TIFM(I,J)+B(K,I}/2.·A(K,J) 

RETURN ' 

ERROR EXIT FOR BAD CONNECTIONS , 
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C 

C 
C 

C 
C 
C 

C 

C 

C 

C 

C 

C 

220 WRHE(6, 100) N 
100 FORMAT('ZERO OR NEGATIVE AREA ELEMENT NO',I4/'EXECUT!ON TERMINATED 

, o') 

WRITE(6,*) AJ,BK,AK,BJ 
STOP 
END 

SUBROUTINE JOINTK(N.) • 

JOINT ELEMENT STIFFNESS MATRIX 

COMMON/CONTR/NP,NE,Ne,NDF,NCN,NSZF,ITITL(50),IPRI~,SFLAG,FPL,DELPL, 

COMMON/DATA/CORD (580,2) ,NOP(999, 4) , IMAT ( 1 100) ,NBc{ 580) ,CODE (700) , 
+uxnOO) , uv (700) , T ( 1 100) ,ORX ( 1100) ,ORY ( 1 100) ,PRCORO (580,2) 

_ COI.\MON/STIFF/ESTIFM{12,12),A{3,6),B(3,6),SK('1100,92),AREA(1100), nll' 

,+C{ 1,109) , R (8) ,H (8) ,0 ( 1100) ,AR (2000) ,AS (993 ,3,6) ,en 999,:3,6) ,NBAND 

COMMON/ANAL/NOINC,KOUNT,NITER,NOITER,CORDI(580,2) 

COMMON/ STRES/DI S TO (2,580) , S IGTO (999,4) , STRTO (999,3) ,SMAXTO ( 1100) , 
+SM1rHO ( 1 100), ANGTO( 1100) ,EANGTOU 100), EMAXTO( 1100) • EM1NTO {J 100), 
+FORCE (999,4) ,STR (999,3) • PS l GTO (99~<4l • PSTRTO (999.3) • PD l STO (2,580) , 
+PEM1 NT ( 1 100) ,PSM l NT ( 1100) ,EXSH ( 1 fOO) 

COMMON/ JO l NT IT 1 (6.8) ,BL (6 ,8) ,AL ( 1 100) ,ANG ( 1 100) ,DKS ( 1100) , DKN ( 1000 
+), 5D(2, 2) ,W(999, 2) ,P(999, 2) ,V(999, 2) ,AVP(999, 2), CV(999, 2), 
+ CAVP (999,2) ,PCV (999,2) , PCAVP (999, 2) ,B 1 (6,8) ,1 FA l L ( 1 100) ,ALO ( 1100) 

COMMON/ELAS/EE( 1100) ,ENU( 1100) 

I=NOP(N. 1) 
J=NOP(N, 2) 
K=NOP(N.3) 
L=NOP (N', 4) 
IF(CORD(I,I).EQ.CORD(J,l» GO TO 11 . 
ANG (N) =A TAN ( (CORD (J, 2) -CORD CI, 2) ) 1 (CORD (J, 1 ) -CORD ( l , 1.)) 
GO TO 12 

L
'1' 
12 

ANG(N)=90.0/57.29578 
CONTINUE 
AL(N)=SQRT«CORD(J.2)-CORD(I,2» •• 2+(CORD(J,l)-CORO(I.1».·2) 
ORX (N) = (CORD CI , 1 ) +GQRD (J , 1 ) +CORO (K, 1) +CORD (L, 1 ) ) /4. 
ORY(N)=(CORD(1,2)+CORD(J,2)+CORD{K,2)~ORD(L,2»/4. 

C 
C ESTIFM 1S STIFFNESS MATRIX 
C, 

DO 3 1 = l ,6 
DO 3 J= l ,6 

3 ESTIFM( l, J)=O.O 
ESTIFM( 1,1 )=DKS(N) *AL(N) 13~ 
ESTIFM(I.3)=ESTIFM(I,I)/2. 
ESTIFM(I.5)=-ESTIFM(I,3) 
ESTIFM(I,7l=-ESTIFM(I,I) 
ESTIFM(2,2)=DKN(N)*AL(N)/3. 

~., .... 

" 

- '. 

L 

E-l;> 

1 
j 



.. 

(~ 

~STIFM(2,4)=ESTIFM(2,2}/2. 
ESTIFM(2,6)=-EST1FM(2,4) 
ESTIFM(2,B)=-EST1FM(2,2) 

" fSTIFM(3,3)=ESTlFM( 1,1) 
ESTIFM(3,5}"'-ESTIFM( 1,1) 
ESTIFM(3,7)=-EST1FM( 1,1)/2. 
ESTIFM(4,4)=ESTIFM(2,2) 
ESTIFM(4,6)=-EST1FM(2,2) 
ESTIFM(4,8)=-EST1FM(2,2)/2. 
ESTIFM(5,5)=EST1FM(I,I) 
ESTI FM(5, 7) =ESTIFM( 1, 1) 12. 
ESTIFM(6,6)=ESTIFM(2,2) 
ESTIFM(6,B)=ESTIFM(2,2)/2. 
ESTIFM(7,7)=ESTIFM(I,1) 
ESTIFM(8,8)=ESTIFM(2,2) 

C WR1TE(6,40) 

C 

00 <4 K= 1,7 
KI ='<"'1 
00 4 J;:I< 1,8 

4 ESTIFM(J,K)=EST1FM(K,J) 

C DETERMINE TRANSFORMATION MATRIX 
C 

C 

E=COS(ANG(N» 
S=5IN(ANG(N» 
DO 5 1=1,8 
00 5 J=I,B 

5 Tl(I',J)=O.O 
PO 6 1= 1,8 
J=I 

6 Tl(I,J)=E 
00 7 1=1,7,2 
J=1 + 1 

7 T1(I,J)=S 
DO B 1=2,8,2 
J;:I-l 

a n(I.J)=.JS 

C TRANSFORM STIFFNESS TO GLOBAL AXES 
C 

DO 9 1= 1,8 
DO 9 J= 1,8 
6l(I,J)=OO 
DO 9 l=l,8 

r 

9 6l ( l ,J) =8l ( l , J) +EST l FM ( l ,L).T1 (L, J) 
DO la 1= 1,8 

C 
C 

DO la J= 1,8 
ESTIFM(I,J)=O.O 
00 la l= 1,8 

la ESTIFM(I,J)=ESTIFM(I,J)+Bl(L,I)*TI(L.J) 
RETURN 
END 

SUBROUTINE MOOIFY(SK,B,NUEQ,NBAND,N,U) 

" 

C 
C 
C 

5UBROUTINE MOOIFV MODIFIES THE 5TIFFNE55 MATRIX 
50 AS TO ACCOUNT FOR THE SPECIFIEO DISPLACEMENTS 

r 

t 

" 

• 

i 
" 1 

1 :/ 



~ 

-, 

C 
C 

c 

C 

C 

C 

C 

C 

C 

C 
C 
C 
C 
C 
C 
C 
C 
C 

DIMENSION B(1100),SK(1100.92) 
DQ 240 M = 2, NBAND 
K=N-M+ 1 
IF(K) 210,210,220 

220 B(K)"B(K)-SK(K,M)"U 
SK(K,M)=O.O 

210 K=N+M-l 
IF(NUEO - K)240,230,230 

2'30 B(K)=B(K)-SK(N,M)"U 
SK(N,M)=O.O 

240 CONTI NU E 
SK(N,1 )=1.0 
B(N)=U 
RETURN 
END 

SUBROUTINE SOLVE 

,f COMMON/ CONTR/NP, NE, NB, NDF ,NCN, NSZF , !TI TL (50) , l PR IN, SFLAG, FPl, DElPL 

COMMON/ DA TA/CORo (580,2) , NOP (999,4) , l MA T( 1 100) ,NBC (5BD) ,CODe (700) , 
+UX (700), uv (700) , T ( 1100) ,ORX ( 11 00) ,ORV ( 1 100) ,PRCORD (580,2) 

COMMON/STIFF/ESTIFM(12.12) .A(3,6) ,B(3.6) .SK(1100,92l,AREA( 1100), 
+C ( , 100) , R (8) ,H (8) , D ( 1100) ,AR (2000) ,AS (999,3,6 h 6S (999,3,6) , NBAND . 

COMMONI ANAL/NOINC, KOUNT, NI TER, NOl TER ,CORDI (580,2) 

COMMONI STRESfDI STO (2,580) , SIGTO (-@-.99 ,4) ,STRTO(999, 3) • SMAXTO ( 1100) , 
+SMINTO( 1 100) ,ANGTO (1100) ,EANGTO ( 1 100), EMAXTO( 1100) ,EMINTO ( 1 100), 
+ FORCE (999,4) ,STR (999,3) , PSI GTO (999,4) ,PS TRTO (999,3) ,POl S TO ( 2 ,580) , 
~eMI NT,( 1 100) ,PSM l NT ( 1100) , EXSH ( 1 100) 

COMMON 1 JO l NT IT 1 (8 ,8) • Bl (8 .8) ,Al ( 1 100) • ANG ( 1 100) • OK S ( 1 100) , DKN( 1000 
+), SO(2, 2) ,W(999, 2), P(999. 2) ,V(999, 2) ,AVP(999, 2) ,CV(999, 2), 
+CAVP (999,2) ,PCV (999,2) , PCAVP(999 , 2) ,B 1 ~8 ,8) ,1 FA l l ( 1 100) ,A lO ( 1100) 

COMMON/ElAS/EE( 1100),ENU( 1100) 

SPECIFICATION STATMENTS 

DO 900 1 = 1,40 

REDUCE MATRIX 
\ 

C700 
WRITE(6.700) (SK(I.J),J=l,40) 
FORMAT(' ',10Fl 0.6 ,Il 
CONTINUE C900 

1 DO 300 N = I,NSZF 
l = N 
DO 290 L " 2,NBAND 
l = l + 1 
1 F (SK (N • L) ) 240,290,240 

240 G =SK(N,L)/SK(N,l) 
J = 0 
DO 270 K " L,NBANO 
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C 

c 

c 

c 
c 
C 

C 
C 

C 

C 

c 

C 

J = J .. 1 

IF(SK(N,K»260, 270.260 
260 SKCI,J)::SK(I.J) _ G*SK(N,K) 270 CONTI NUE 

c 
C 
C 
C 

280~SK(N.L) :: G 

290 
300 

AN'À LOAD 

~
F-eR":E:ACH 

C(I)=C(I)-G*C N) 
CONTINUE 
C(N):C(N)/SK(NI. 1) 

VEcrOR 
EQUATION 

C 
C 
C 

N=NSZF 
BACK-SUBSTrrUrION 

350 

360 

N " N - J 
rF(N)SOO,500,360 
L :: N 

DO 400 K 7 2,NBAND 
L cL .. , 

IF(SK(N.K»37 0 .400.370 
370 C(N)=C(N)-SK(N,K)*C(L) 
400 CONTI NUE 

GO TO 350 
500 CONTI NUE 

RETURN 
END 

SUBROUTINE CSTRES(NLFLAG) 

CO"ON/CONT"NP'NE,NB,NOF'NCN'NSZF"T'Tl(SO) "P"N,SFLA G,FPl,DElPl 

CONNONIOA T AlCO'D (saD, 2) , NOp (g", 4) • lMAT ( 1 100), NBC( SBD) ,CODE (00) , 
·U'l'DD), UVODD), r( Il DO), O'X( 1100). O'V( Il DO), PReO,O( 5BO, 2) 

COMMONlSrrFFlE'n FM"', 1 Z) ,A(3, 6), B (3, 6), SK (lIDO, 92) ,"EA (1100), 
>C( 1100)" fa) ,H(a), D( 1100) '''''000), AS(g99 , 3,6) ,as (999,3,6) ,NBAND 

COMMDNIANAL/NOINC, KOUNT.NITER.NOIrER.COROI (5BO,2) 

COMMON/5r'ESID1SrO(Z'5BD)'51G'O(999'4)'5"rO('99'3)'SMAxrO(IIDD), 
> SNl Nro" 1 00) ,ANGro ( 1 1 Olle' , <ANGrO( 1 1 DO) "NAxro ( "DO) , EM1NTD ( 1 100), 
>FORCE(99., 4), ST, (999,3), PS1GTO(g99, 4), PsrRrO 19" , 3), PDlsrD", SBD); +PEMINT( 1100) .PSMrNT( 1'100), EXSH(IIOO) 

COM'D"'Ol Nr 'li", 8), Bl". 8) ,"( 1 1 DO) ,"G( 1 1 00) ,DKS (II DO', OKN (IODa 
>',50",2), "(999, '), P(999,,), V(g99 , 2), AVP(999,,,, CV(999, Z), 

>"VP(999 , Z) ,

PCV

l9",,), PCAVO (1" , 2), B I(B, 8), l FAll( 1 100), 'La ( 1100, 
COMMON/ELASI EE( , 100) • ENU( 1 100) 

OIMENSION OIS(2,5BO) 
EQUIVALENCE(OIS,C) 

CALCULA TE ELEMENT STRA tNS 
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00 200 N = l ,NE 
IF( IMAT(N) EQ. Z) GO TO ZOO 
00 260 1 = 1,3 
M=NOP(N,I) 
IF(M. EQ O)GO TO 260 
K = (1 - 1) *NDF 
DO 240 J = 1, NDF 
IJ = J + K 

240 R(IJ) = DIS(J.M) 
260 CONTINUE 

lA = K + NDF 
DO 500 1=1,4-

500 FORCE(N,I)=O. 
DO 300 l = 1,3 
STR ( N , 1 ) =0 . 
DO 300 J = l,lA 

1 

STR(N,I) = STR(N,I) + (AS(N,I,J)*R(J»/(2.*AREA(N» 
300 FORCE(N,I) = FORCE(N,I) + BS(N.I,J)*R(J) , 

FORCE (N, 4) =FORCE (N, 4) +ENU (N). (FORCE (N, 1 ) +FORCE (N. 2) ) 

1 

( 
200 CONT 1 NUE 

C 
C CUMULAT IVE STRESSES AND STRAINS 
C 

c 

C 

C 
C 
C 

DO 801 N=l,NE 
1F(IMAT(N).EQ.2) GO TO 8~1 
DO 290 1=1,3 1 
IF(NITER,NE 1) GO TO 802 
PSTRTO(N,I)=STRTO(N. 1) 
PSTRTO(N,I)=O ' 

802 STRTO(N,I)=PSTRTO(N. I)+STR(N.I) 
290 CONTINUE 

'DO 30'4 1 = l , 4 
IF(NITER.NE 1) GO TO 803 
PSIGTO(N,I)=SIGTO(N, 1) 
PSIGTO(N,I)=O 

803 SIGTO(N,I)=PSIGTO(N, I)+FORCE(N.Il 
304 CONTINUE 
801 CONTI NUE 

TOTAL PRINCIPAL STRESSES AND STRAINS AND DIRECTIONS 

DO 301 N= l ,NE 
IF(IMAT(N) EQ.2) GO TO 301 
Cl=(SIGTO(N, 1 )+SIGTO(N.2»/2. 
D'l=SQRT«(SIGTO(N,2)-SIGTO(N,1»)/2 )*·2+SIGTO(N,3)**2) 
SMAXTO(N)=Cl+Dl 
SM1NTO(N)=Cl-61 
1F(SIGTO(N,2) EQ.SMINTO(N» GO TO 701 
ANGTO(N)=rl 29578*ATAN(S1GTO(N.3)/(SIGTO(N,2)-$MINTO(N») 
GO TO 702 

701 ANGTO(N)=90 0 
702 CONTI NUE 

El=(STRTO(N.l )+STRTO(N,2))/2. 
Fl=SQRT«(STRTO(N,2)-STRTO(N.l) )/2 )··Z+(STRTO(N,3)/2. ) .. Z) , 
EMAXTO'(N)=E l+F 1 
EMINTO (N)=E l-F 1 
IF(STRTO(N,2).EQ.EMINTO(N» GO TO 703 
EANGTO(N)=57. 29578*ATAN«STRTO{N,3)/2. )/(STRTO(N,2)-EMINTO(N») 
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GO TO 704 
703 EANGTQ(N)=90.0 
704 CONTI NUE 

C 
C 
C 

301 

PERFORM NON-L~NEAR ANALYSIS 

CONTINUE 
CALL CSTNL(NLFLAG) 
IF(NLFLAG EQ.l.ANO NITER.NE.NOITER) RETURN 

C40 WRITE(6.299) 
C299 FORMAT('I'.5X.'STRESSES AND STRAINS IN CST ELEMENTS' ,III) 
C WRITE(6.298) 
C298 FORMAT(' '.T2.·ELEM'.T14.'SIG l'.T29.'SIG 3',T44.'TXY',T59. 
C +'SIG 2·.T75.'E 1'.T90.'E 3'.TI04.'EXY'.II) 
C SLIM=0.OI"FORCE(NE.2) 
C 00 302 N=I.NE 
C IF(IMAT(N) EQ.2) GO TO 302 
C IF(ABS(FORCE(N.2».GT.SLlM) 
C +WRITE(6. 303) N. (FORCE(N, 1),1=1,4) ,(STR(N, 1),1=1,3) 
C303 FORMAT(' ·,I5,7(5X.Fl0.5» 
C302 CONTINUE 
C WRITE(6,310) 
C310 FORMAT(' 1·.5X,·TOTAL STRESSES AND STRAINS IN CST ELEMENTS'.III) 
C WRITE(6,298) 
C DO 305 N=1 .NE 
C IF(IMAT(N) .EQ 2) GO TO 305 
C WRITE(6,303) N,(SIGTO(N,I).I=I.4),(STRTO(N,n,I=l,3) 
C305 CONTINUE 
C WRlTE(6,307) 
C307 FORMAT(·I·.5X.·PRlNCIPAL STRESSES, AND STRAlNS',//1) 
C WRITE(6,308) 
C308 FORMAT(' ',T4, 'ELEM' .T16, 'SIGMAX' ,T31,'SIGMIN',T47, 'EMAX' ,T62, 
C ... ·EMIN'/TI7.·(KPA)·.T32. '(KPA)',11) 
C SLlM=O OI"ABS(SMINTO(NE» 
C DO 309 N= 1 • NE 
C IF(IMAT(N) .EQ.2) GO TO 309 
C 1 SHMAX=(SMAXTO(N)-SMINTO(N»/2 
C " IF(AOS(SMlNTO(N» GT.SLIM) 
C +WRITE(6.303) N.SMAXTO(N)'.SMlNTO(N),EMAXTO(N).EMINTO(N) 
C TSTRO(N)=TSTRO(N)+EMINTO(N) 
C309 CONTINUE 
C311 CONTINUE 

C 
C 

C 

C 

C 

C 

C 

RETURN 
END 

SUBROUTINE REAC(J,M,N) 

COMMONI CONTR/NP, NE ,NB, NDF • NCN, NSZF , ITITL (50) ,IPRI N, SFLAG. FPL, DELPL 

COMMON 1 DA TA/CORO (580.2) , NOP( 999,4) • IMAT ( 1 100) • NBC (580) • CODe (700) , 
+UX (700) , uv (700) , T ( 1 100) ,ORX ( 1100) ,ORY ( 1 100) ,P~CORD (580.2) 

COMMON/STIFF/ESTI FM( 12,12) .A(3. 6) ,6(3,6) • SK( 1100.92) .AREA ( 1100). 
+ C ( 1 100) , R (8) • H (8) .0 ( 1100) • AR (2000) ,AS (999,3,6) ,BS (999.3,6) ,NBAND 

COMMONI ANAL/NOINe , KOUNT , NITER, NOL TER, COROl (580.2) 
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C 

C 

C 
C 
C 

, ( 
\..._j 

COMMON/ STRES/DI STO (\2,580) , SIGTO( 999,4) ,STRTO (999,3) , SMAXTO ( 1 100) , 
+SMINTO( 1 100) ,ANGTO( 1100), EANGTO( 1100) ,EMAXTO( 1100) ,EMINTO( 1100), 
+FORCE! 999,4) ,STR (999,3,) , P S IGTO(999 , 4) ,PSTRTO (999,3) , POl STO ( 2,580) , 
+PEMINT( 1100) ,PSMINT( 1100) ,EXSH(1100) 

COMMON/JOINT/Tl (8 ,8) ,8L(S, 8) ,AL( 1100) ,ANG( 1100) ,OKS( 1100), DKN( 1000 
+) , SO (:2,2) , w (999,2) , P (999, 2) ,1;1 (999,2) ,AVP (999, :2) ,CV (999,:2) , 
+CAVP(999, 2) ,PCV(999, 2), PCAVP(999, 2) ,61 (8,8) , 1 FAI L( 1100) ",ALO (1100) 

DIMENSION U( 10), TEMP( 10) 

RECALCULATE STIFFNESS MATRIX FOR ELEMENT N 

IF (IMAT(N) .EQ.2) GO TO 504 
CALL CSTK(N) 
Jl=2*NOP(N,I)-1 
J2=2*NOP(N, 1) 
KI =2*NOP(N, 2)-1 
K2=2*NOP(N,2) 
LI =2*NOP(N, 3)-1 
L2=2*NOP(N ,3) 
U( 1 )=C(Jl) 
U(2)=C(J2) 
U(3)=C(KI ) 
U(4)=C(K2) 
U(5)=C(Ll ) 
U(6)=C(L2) 
IF(COOE(M) .NE 1.) GO TO 501 
I=2*j-l 
K=2*NOP(N • .J) -1 

C AR(K)=O 
SUM=O.O 
DO 425 L=1 ,6 

425 SUM=$UM+ESTIFM(I,L)*U(L) 
AR (K )=AR (K) +$UM 
GO TO 503 

501 IF(COOE(M) .EQ 2.).,.GO TO 502 
I=2*j-l i 
K=2*NOP(N,.J) -1 
SUM=O 0 
DO 426 L= l ,6 

426 SUM=SUM+ESTIFM(I,L)*U(L) 
AR(K)=AR(K)+$UM 

502 I=2*j 
K=2*NOP(N,.J) 
SUM=O.O 
DO 427 L=1 ,6 

427 SUM=SUM+ESTIFM(I,L)*U(L) 
AR(K)=AR(K)+SUM 

503 CONTINUE 
GO TO 3 

504 CALL jOINTK(N) 
Il =2*NOP(N, 1 )-1 
l 2=2*NOP(N, 1) 
JI =2*NOP(N. 2)-1 
J2=2*NOP(N,2) 
Kl=2*NOP(N,3)-1 
K2=2*NOP(N ,'3) 
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C 
C 

C 

c 

Z 

5 

4 

6 

3 

LI = 2. NOP (N ,4) - 1 
LZ=Z*NOIl(N.4) 
U(l)=C(Il) 
U(2)=C(12) 
U(3)"C(Jl) 
U(4):::C(J2) 
U(5)=C(Kl) 
U(6):::C(K2) 
U(7)=C(Ll) 
U(8)=C(L2) 
IF(COOE(M).NE.l) GO TO 1 
1 =2*J-l 
K = 2 * NOP ( 1'1 , .J ) - 1 
SUM=O.O 
00 2 L= l ,8 
SUM=SUM+ESTIFM(I,L)·U(L) 
AR{K)=AR(K)+SUM 
GO TO 3 
IF(CODE(M).EQ 2 ) GO TO 4 
I=2*J-l 
K=Z*NOP(N,.J)-l 
SUM=O 0 
00 5 L= 1,8 
SUM=SUM+ESTIFM(I,L)*U(L) 
AR (K) =AR(K) +SUM 
I=2"J 
K=2 *NOP(N,.J) 
SUM=O 0 
D06L=1.8 
SUM=SUM+ESTIFM(I,L)*U(L) 
AR ( K) =AR (K) + SUM 
CONTINUE 
RETURN 
END 

$UBROUTINE UPDATE{AREAO,PAREA,PDIS,YCTOP) 
COMMON/CONTR / NP, NE, NB, l'lOF, NCN, NSZF, 1 TI TL (50) ,1 PRIN. SFLAG, FPL ,DELPL 
COMMON/DA TA 1 CORO (580, 2) ,NOP (999,4) , 1 MA T ( 1 100) ,NBC (580) ,CODE ( 700) , 

+UX ( 700) ,UV ( 700) , T ( 1 100) ,ORX ( 1 100) ,ORY ( 1 100) , PRCORD (580,2) 
COMMON/STIFF/ESTIFM( 12, 12) ,A(3,6) ,9(3,6) ,SK( 1100,92) ,AREA( 1100), 

"C( 1100) ,R(S) ,H(6) ,D( 1100) ,AR(2000) ,AS(999,3,6) ,BS(999,3,6) ,NBAND 
COMMON/ANAL/NOINC,KOUNT,NITER,NOITER,CORDI(580,2) 
COMMON/STRES/DI STO (2. 5BO) , SI GTO(999, 4) ,STRTO (999,3) ,SMAXTO ( 1 100) , 

+SMI NTO( 1 100) ,ANGTO ( 1 100) ,EANGTO( 1100) ,EMAXTO ( 1100) ,EM 1 NTO( 1 100) , 
"FORCE (999,4) , STR (999, 3) ,PS 1 GTO (999,4) , PSTRTO (999,3) , PO 1 STO ( 2 ,560) , 
+PEMINT( 1100), PSMINT( 1100), EXSH( 1 100) 

COMMON/JOINT /Tl (6;8), 9L(S, 8) ;AL( 1 lQ.Q), ANG( 11 00) ,DKS( 1100), OKN( 1000 
+) • SO( 2,2), W(999, 2). P( 999,2) ,V(999, 2) • AVP(999. 2) ,CV(9,99, 2), 
+CAVP(999,2) ,PCV(999.2) ,PCAVP(999,2) ,BI (6,6), IFAIL( 1100) .ALO( 1100) 

COMMON/SNDATA/STRESS( 40), STRAIN(40) ,SHEAR(40) ,DENSSH(40), 
+GAMMAO.NPTSCC.NPTSSH,STIFFS 

COMMON/ELAS/EE( 1100), ENU(' 100) 

DIMENSION OIS(2,580) ,AREAO( 1100) ,PAREA( 1100) 
EQUIVALENCE(OIS,C) 

C UPDATE AND RECORD NODAL COORDINATES 
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DO 100 N= 1 ,NP 
CORD(N,I)=CORD(N,I)+DIS(l,N) 
CORD(N,2)=CORD(N, 2)+DIS(2, N). 
PRCORD(N, 1 )=CORD(N, 1) 
PRCORD(N,2)=CORD(N,2) 

100 CONTlNUE 
C COMPUTE NEW DENSITV FOR CONTINUUM ELEMENTS AND 
C UPDATED SHEAR STRESS AND STIFFNESS IN JOINT ELEMENTS 

IF(IPRIN.EQ 1) WRITE(6,610) 
610 FORMAT(' ',/I/I,T5, 'DENSITV AND STATE OF STRAIN IN CONTINUUM éLEME 

+NTS',///TI4,'ELEM';T22,'INITIAL AREA',T37,'PRESENT AREA',r55,'DENS 
+ITY',T66,'EQUIV AX.STRAIN',T86,'SHEAR STIFFNESS',Tl06,'SHEAR STRES 
+ S' / T 28, ' (M2) , , T 42, • (M2) , • T55, ' (MG/M3) , , T89, ' (KN/M3) , • TIll •• (KPA) , , 
+ 11/ ) 

l PUP= 1 
DO 200 J=l ,NE 
IF(IMAT(J) .EQ 2) GO Ta 201 
CALL DENSITCCORD,J,AREAO,PAREA,DENS.!PUP) 
GO TO 200 

201 IF(IFAIL(J).LT,I) GO TO 200 
DKS (J )=0.0001 
IF( IPRIN EQ. 1) WRITE(6,202) J,DK5-(J) ,CAVP(J. 1) 

202 FORMAT(' '.T6,Il0,T88,F9.3,Tl08,F9.4) 
200 CONT l NUE 

RETURN 
END 
SUBROUTINE DENSIT(SCORO,N,AREAO,PAREA,OENS,IPUP) 
COMMON/CONTR INP, NE. NB, NOF • NCN, NSZF , l TITL (50) , l PR IN, SFLAG, F- PL, OELPL 
COMMON/DA TAI CORO (580,2) ,NOP (999,4) , l MA T ( 1 1,00) ,NBC (580) ,CODE (700) , 

+UX ( 700) ,UV ( 700) , T ( 1 100) ,ORX ( 1 100) ,ORY ( 1 100) , PRCORD (580,2) 
COMMON/SNDATA/STRESS(40),STRAIN(40),SHEAR(40),DENSSH(40), 

+GAMMAO,NPTSCC,NPTSSH,STIFFS 
COMMONI STR ES/O 1 STO ( 2 ,580) , 5 l GTO (999,4) , STRTO (999,3) , SMAX TO ( 1 100) , 

+SMINTO(1100) ,ANGTO( 1100) ,EANGTO( 1100) ,EMAXTO( 1100) ,EMINTO( 1100), 
+FORCE (999,4) , STR (999,3) , PS l GTO( 999,4) , PSTRTO (999,3) , PD l STO ( 2 ,500) , 
+PEMINT( 1100) ,PSMINT ( 1100). EXSH( 1100) 

COMMON/ANAL/NOINC,KOUNT,NITER,NOITER,CORDI(580,2) 
DIMENSION SCORD(580,2),AREAO(1100),PAREA(1100) 

C. COMPUTE PRESENT AREA OF CST ELEMENT 
I=NOP(N,I) 
J=NOP(N,2) 
K=NOP(N,3) 
AJ=SCORO( J. 1) --.,SCORD( 1,1) 
AK=SCORO(K, 1 )-SCORD(I, 1) 
BJ=SCORO(J,2)-SCORD(I,2) 
BK=SCORD(K,2)-SCORD(I,2) 
OX=(SCORD( 1,1 )+SCORD(J ,1 )+$CORD(K,l» *0 333333 
OY=(SCORD(I ,2)+SCORD(J,2)+SCORD(K,2) )*0 333333 
XRAT=(CORD(7,1)-OX)/FPL 
VRAT=OV/FPL 
PAREA(N)=(AJ*OK-AK*BJ)/2, 

C. COMPUTE DENSI TY IN CST ELEMENT 
DENS= (AREAO (N) /PAREA (N)) *GAMMAO 

C. COMPUTE EQUIVALENT TOTAL AXIAL STRAIN 
IF CI PUP EQ. 0) RETURN 
PEMINT(N)=I-GAMMAO/DENS 
IF(OENS,LT GAMMAO) PEMINT(N)=O 

\IF(IPRIN EQ.1) 
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-WRITE(6. 1) N.AREAO(N) .PAREA(N) .OENS.~INT(N) .XRAT.YRAT 
FORMAT(' ',5X. l 10 ,4F15. 6, 5X,' X. OIST (P'L#S)', FIO. 6, 5X, 'Y DI ST (PL#S 

+)' ,F 10 6) 
RETURN 
END 
SUBROUT l NE $HOJNT (IMAT ,NOP. TCORO, AREAO, 0 l S, l PUP, FSHSTE, ORY) 
COMMON/CONTR/NP,NE,N8,NDF,NCN,NSZF,ITITL(SO),IPRIN,SFLAG,FPL,DELPL 
COMMON/SNOATA/STRESS(40) ,STRAIN(40) ,SHEAR(40) ,OENSSH(40j, 

+GAMMAO. NPTSCC, NPTSSH, STr FFS 
COMMONI S TRES/O l STO (2,580) , S IGTO (999,4) • STRTO (999.3, ,SMAXTO ( 1100) , 

+SMINTO( 1100) ,ANGTO(1 100) ,EANGTO( 1100) .EMAXTO( 1 100), EMINTO( 1 100), 
+FORCE(999,4),STR(999.3) .PSIGTO(999.4).PSTRTO(999,~J ,PDISTO(2,580), 
+PEMINT(' 100) ,PSMINT( II{lO) ,EXSH( 1100) ( 

COMMONI JO 1 NT IT 1 (8.8) ,BL (8,8) ,A L ( 1 100) ,ANG ( 1100) , OKS ( 1100) ,OKN( 1000 
+l ,SO(2. 2) ,W(999. 2) ,P(999, 2) ,V(999,2) .AVP(999, 2), CV(99~, 2), 
+CAVP(999, 2), PCV (999, 2) ,PCAVP(99,.9, 2) ,BI (8,8), IFAIL (1100) ,ALO( 1100) 

DIMENSION IMAT(1100),TCORO(580.2),FSHSTA(1100) , 
DIMENSION NOP(999.4) .ORvlI100). DENSF( lIDO) ,DISTF( 1100) 
DIMENSION AREAO(ll00)'.PAREA(1100).DIS(2.580).FSHSTE(1100) 

C ••• COMPUTE DÈNSITV ACROSS JOINT ELEMENTS 
IF(IPRIN EQ.l) WRITE(6.3) 

3 FORMAT(" ,/11/, TS,'CHECK FAILURE OF JOINT ELEMENTS'IIIT3, 'J.EL', 
+TB, ' T • EL ' , T 16, ' L' , T21 , 'UPOT AV. OS' , T33, ' SH, RES. ' , T42, 'SH. STI F. ' , 
+T52,'PREV STRE',T64,'SH STRE',T75,'TOT.STRE',T86,'FAILURE STRAIN', 
:>Tl10, 'TOT STRAIN~/ 
'>T15,' (M) , ,Tn, ' (MG/M3)' ,T34,' (KPA)', T43, '(KN/M3)' ,T53,' (KPA)', T63, 
... ' (KPA) , , T77 , ' (KPA) , ,1/ /) 

DO 20 N= l ,NE 
IF(IMAT(N) EQ 1) GO TO -10 
IA=N"" 
IB=N-l 

C .COMPUTE AVERAGE OENSITY ACROSS PLANE OF SHE~R OF JOINT ELEMENT 
C FROM DEFORMATIONS OF PRESENT INCREMENT 

CALL DENSIT(TCORD,IA,AREAO,PAREA,DENS1,IPUP) 
C CALL DENSIT(TCORO,IB,AREAO,PAREA,DENS2,IPUP) 

D2=DENS 1 
IF(D2 LT.GAMMAO) D2=GAMMAO 

C, . , l NTERPOLATE FROM SHEAR STRENGTH-DENSITY CURVE TO GET SHEAR STRENGTH 
CALL INTERP(NPTSSH,D2,OENSSH,SHEAR,SHINT) 

C .• , IS JOINT ELEMENT SHEARING ? 
SHSTRA=V(N,1)/ALO(N) 
SHSTRE=AVP(N, 1) 
PRESTA=PCV(N,1) 
PHESTE=PCAVP(N, 1 ) 
STRTO(N,I)=CV(N,l)/ALO(N) 

C •• COMPARE CUMULATIVE SHEAR STRESS TO SHEAR STRENGTH AND PRINT rNFO 
IF(ABS(CAVP(N. 1» LE SHINT.AND. IFAIL(N) ,LT.!) GO TO 50 
IFAIL(N)=IFAIL(N)+1 
IFtIFAIL(N},NE. 1) GO TO 60 
FSHSTA(N)=SHINT/OKS(N)/ALO(N) 
FSHSTE(N)=SHINT 
DENSF (N) =02 
DISTF(N) =ORY(N) IFPL 

C COMPUTE EX CESS SHEAR STRESS IN JOINT ELEMENT 
60 I=NOP(N,l) 

J=NOP(N.2) 
K=NOP(N.3) 
L::NOP(N,4) 

j 
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....... 

CENT=(TCORD(I,2)+TCORD(J,2)+TCORD(K,2)+TCORD(L,2»/4. 
SRAT=(CENT-DISTO(2,6»/OISTO(2,6) 

C WRITE(6.*) N,CENT.DISTO(2,5),SR<\T 
C ARG=-4.0*3,14159265°(ABS(STRTO(N,I»-FSHSTA(N» 

EXSH(N) =ABS(CAVP(N, 1» -FSHSTE(N) ) 
IF(CAVP(N,I).GT.O) EXSH(N)=-EXSH(N) , 
IF(IPRIN. EQ.l) 

+WRITE (6,5) N,lA, AL (N) ,02, SHI NT, DKS (N) ,PRESTE, AVP (N, 1) ,CAVP (N, 1) , 
+FSHSTA{N) ,STRTO(N,I) 

IF(IFAIL(N) .GE.l) WRITE(6,666) N,DENSF(N) ,DISTF(N) 
666 FORMAT(' ',I,'JOINT ELEMENT NO",Il0,10X,'DENSITY AT FAILURE (MG/M3 

+)',FI5.6,10X,'OISTANCE FROM PLATE (PL S)',F15.6) 
GO TO 20 

50 IF(IPRIN.EQ.I) 
+WRITE( 6,4) N, lA. AL (N) ,02, SHINT • DKS(N) ,PRESTE, AVP (N, 1 )~~ VP (N, 1 ) 

4 FORMAT (' ',215, F 7.4, F 1 0 • 6 , F 11 ,4 , FI 0 4, FIl. 6 , F 10. 6 , F 12 • b'J-
5 FORMA T (, " 215 • F 7 . 4, F 1 0 . 6 • F 1.1 . 4 , F 10 4, FIl • 6 , F 1 D . 6 • F 1 2 . 6, ' SH' , 4 X 

+,FI2.6,T113,Fl0.6) 
IF(IFAIL(N).GE.l) WRITE(6,666) N,DENSF(N),DISTF(N) 

20 CONTINUE 
WRlTE(6,100) SRAT 

100 FORMAT(' ',//I,5X,'SHEAR DEPTH TO PLATE SINKAGE RATIO',F15 6) 
RETURN 
END 
SUBROUTI NE INTERP (NPTS, X, XX, VY • y) 
DIMENSION XX(40), YY(40), SL(40) 

C .• INTERPOLATION SUBROUTINE 
C WRlTE( 6. *) NPTS 

DO 2 I=2.NPTS 
SL( 1-1 ) = (YY (1) -YY ( 1 -1 ) ) 1 (XX ( l ) - xx ( 1 - 1) ) 

C WRITE(6.*) SL(r-l) ,YVel) ,VV(I-l) ,XX(1),XX(1-1) 
2 CONTINUE ' 

IF(X NE XX(NPTS» GO TO 5 
V=VV(NPTS) 
RETURN 

5 DO 3 I=2,NPTS 
IF(X.GE.XX(I-l) .AND.X.LT.XX(I» GO TO 4 

3 CONTINUE 
4 Y=VY(r-l)+SL(I-l)*(X-XX(I-l» 

C WRITE(6,*) V,YYjI-l),SL(I),X,XXN-l) 
RETURN 
END 
SUBROUTI NE CSTNL (NLFLAG) 
COMMON/CONTR/NP, NE, NB, NDF • NCN, N SZF, ITITL (50) ,1 PR IN, SFLAG, FPL, DELPL 
COMMONI STRES/D 1 STO (2,580) , SI GTO (999,4) ,STRTO( 999,3) ,SMAX TO ( 1100) • 

+SMINTO( 1100) ,ANGTO( 1100) ,EANGTO ( 1100), EMAXTO( 1100) ,EMINTO( 1100), 
+FORCE (999,4) ,STR (999,3) , PS l GTO (999,4) ,PSTRTO'( 999,3) ,PO l S TO (2,580) • 
+PEMINT(1100),PSMINT(1100) .EXSH( 1100) • 

COMMON/SNOATA/STRESS(4Q) J STRAIN(40) ,SHEAR(40) ,DENSSH(40), 
+GAMMAO,NPTSCC,NPTSSH,STI~~S 

COMMDN/DATA/CORD (5BO, 2) ,NOP(999 ,4) ,IMATe 1 100) ,NBC (580) ,CODE (700) , 
+UX (700) , UV (700) , T ( 1100) , ORX ( 1100) ,ORV ( 1 100) ,PRCORD (580.2 ) 

COMMON/ANAL/NOINC,KOUNT,NITER,NOITER.CORDI(580,2) 
COMMON/ELAS/EE( 1100) ,ENU( 1100) .... 
DIMENSION STRE(40) ,STRA(40) ,PRE(999),ERRMAX(999) ,ERRORP(999), 

+SRSIP(999) 
NLFLAG=O 
TOLERR=5 . 0 
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ERROR=O.O 
ERRHI=O.O 
00 200 N=1 ,NE 
ERRMAX(N)=O 0 
ERRORP(N)=O 0 

200 CONTINUE 
001 N=I,NE 

! 

IF(IMAT(N) .EQ.2) GO TO 1 
PRE(N)=EE(N) t: 
STRINT=ABS(EMINTO(N» 
IF(ABS(PEMINT(N».LT.O 1.0R.ABS(EMINTO(N)).LT 0.0001) GO 100 

C .• COMPUTE STRESS-STRAIN CURVE WITH RESPECT TO PREVIOUS EQUIVALENT 
C PRINCIPAL STRESS 'AND STRAIN 

00 11 l=l,NPTSCC 
STRE(I)=STRESS(I)-AB5(PSMINT(N» 
STRA(I)=STRAIN(I)-ABS(PEMINT(N» 

11 CONTINUE 
C ••• CHECK FOR NON-LlNEARITV 

CALL INTERP(NPTSCC,STRINT,STRA,STRE,SIGINT) 
ERRORP(N)=100*«ABS(SMINTO(N»-ABS(SlGINT»/ABS(SIGINT» 
ERROR=ABS(ERRORP(N» 
IF(ERROR.GT ERRHI) ERRHI=ERROR 
ERRMAX(N)=ERRHI 
SRSIP(N)=SIGINT 
IF(ERRHI LE.TOLERR) GO TO 1 

C. • COMPUTE ELA ST 1 C /.lODULUS FOR NEXT 1 T ERA TION 
IF(NITER NE NOrTER) EE(N)=SIGINT/STRINT 
NLFLAG= 1 

c 

GO TO 1 
100 ERRORP(N)=O 0 

1 ERRMAX(N)=ERRHI 
CONTINUE 
IF(NLFLAG.EQ.l AND NITER.NE NOITER) RETURN 
IF(IPRIN.EQ.O.OR SFLAG.EQ. 1.) RETURN 
WR 1 TE (6, 10) 

10 FORMAT(' ',IIII,T22,'NON LINEAR ANALVSIS',III,T6,'N',T10,'PEMINTO' 
.. , T20,' PS,MINTO' ,T31 , 'EMINTO' ,T41, 'SMINTO' ,T48, 'SIGINT' ,T58, 'ERROR' , 
+T68,'MAX.ERROR',T80,'E USED',T92, 'E NEW',T104,'EMAXTO',Tl14, 
.. ' SMAXTO' IT21,' (KPA)' ,T42, '(KPA)', T49,' (KPA)', T81,' (KPA)', T92. 
+' (KPA)', Tl05,' (KPA) , ,Tl 15,' (KPA)' ,III) 

DO 300 N= l , NE 
IF(IMAT(N) ,EQ.2) GO TO 300 
IF(ABS(PEMINT(N» .GE.O 1) 

+WRITE(6,20) N,PEMINT(N) ,PSMINT(N) • EMINTO(N), SMINTO(N), 
+ SR 5 1 P (N) , ERRORP (N) • ERRMAX dn . PRE (N) , EE (N) • EMAXTO (N) , SMAXTO (N) 

IF(A8S(PEMINT(N».LT 0 1) 
+WRITE(6, 22) N, PEMINT(N), PSMINT(N) ,EMINTO(N) • SMINTO(N), 
+ERRORP(N) ,ERRMAX( N) ,PRE(N) ,EE(N), EMAXTO(N) • SMAXTO( N) 

20 FORMAT(' ',I5,11Fl0.5) 
22 FORMAT(", 15.4Fl0.5,10X,6Fl0.5) 
300 CONT 1 NUE 

RETURN 
, END 

SUBROUTINE JSTRES 
COMMON/CONTR/NP,NE,NB,NDF,NCN,NSZF,ITITL(50) ,IPRIN,SFLAG,fPL.DELPL 

COMMON/DATA/CORD(580,2),NOP(999,4) ,IMAT(1100),NBC(580),CODE(700), 
+UX ( 700) ,UV (700) , T ( 1 100) ,ORX ( 1 100) • ORY ( 1 100) , PRCORD (580.2) 

( 
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- C 

C 

COMMONI ST 1 FF / EST 1 FM{ 12, 12) ,A (3,6) ,B (3,6) , SK ( 1100,92) ,AREA ( 1 100) , 
... C( 1100) ,R{a) ,H(B) ,O( 1100') ,AR(2000) ,AS(999,3,6) ,8S(999,3,6) ,NBAND 

COMMON/ANAL/NOINC,KOUNT,NITER,NOITER,CORDI(5BO,2) 
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COMMON / JO 1 NT IT 1 (8 ,8) • BL (8, B) ,AL ( 1 100) ,ANG ( 1 100) , DKS ( 1100) ,OKN ( 1000 
T), 50(2.2) ,W(999. 2) ,P(999, 2) ,V(999, 2) ,AVP{999, 2), CV{999. 2). 

C 
C 

C 
C 
C 

"-CAVP( 999 , 2) • PCV (999,2) , PCAVP (999 ,2) • BI (a, 6) ~ 1 FA 1 L ( 1 100) • A LO ( 1100) 
DIMENSION DIS(2,SaO) .!' 
EQUIVALENCE (DIS.C) 

IF ( l PR 1 N • EQ. 1) WR!TE ( 6 • 6000) 
IF (IpR 1 N . EQ. 1) WR!TE ( 6 • 604) 

DO 301 N=I.NE 
Ir(~OP(N.3) .EQ.NOP(N.4» GO TO 301 

DO 1 1 = 1 ,2 
DO 1 J= 1 .2 
SO(I,J)=O.O 
SO(1.1)=OKS(N) 
SD(2,2)=OKN(N) 

FORM STRESS-STRAIN MATRIX 

~ 
DO 7 I= 1,2 

7 veN. 1) =0:0 

C DETERMI(!E =SFORMATION 

- ~ E=COS(AN.G( » 
S=SIN(ANG{N ) 

MATRIK 

14 

15 

DO .13 1=1,8 
DO 13 J= 1,8 
Tl(I.J)=O.O 
DO 14 1 = l ,a 
J=I 
T1(I,J)=E 
DO 15 1 = l , 7 , 2 
J=I+l 
Tl(I.J)=S 
DO 1 6 1 = 2 , 8 , 2 
J=I-l 

16 
C 

Tl(I,J)=-S 

C 
C 

C 

ELEMENT NODAL OISPLACEMENTS 

DO 260 1 = 1.4 
M=NOP(N. 1) 
IF(M EQ. 0) GO TO 260 
K=(I-l)*NDF 
DO 240 J= l .. NDF i3' 
IJ=J+K 

240 R(IJ)=DIS(J,M) 
260 CONTI NUE 

C DISPLACEMENTS WITH RESPECT TO ELEMENT LOCAL AXES 
C 

• DO 12 1 = l ,a 
H(I)=O.O 
DO 1 2 1 J = 1 • 8 • 

12 H(I)=H(I) ... T1(I,IJ5*R{IJ) 

0, 

• 



( 

( 

c 
C 
C 

c 

X=-AL(N)/2. 
00 1000 11= l ,2 

'--
FORM STRAIN-DISPLACEMENT MATRI 

F= 1 -2 ·X/AL(N) 
G=I .... 2 ·X/AL(N) 
'DO 2 1=1,2 
DO 2 J= 1,8 

2 BI (I • J) =0.0 
Bl(l.l)=-F/2 
BI (1. 3)=-G/2. 
B f( 1 • 5) =G /2 
BH1.7>=F/2. 
BI(2.2J=-F/2 
BI(2.4)=-G/2 
Bl(2.6)=G/2. 
Bl(2.8)=F/2. 

C FORM RELATIVE DISPLACEMENT VECTOR 

C 
DO 3 1:= 1,2 
W(N. IJ=O 0 
DO 3 J= 1,8 

3 w(N,Il=W(N,I)+BI(1,J)"H(J) 
C 
C AVERAGE RELATIVE 01SPLACEMENT 
C 

DO III = 1.2 . 
Il V(N,I)=I(N,O+W(N,I) 

C 
C 
C 

FINO SHEAR AND NORMAL STRE~SES 

4 
1000 

C 
C 
C 

10 

6 

0041=1,2 .,.~ 
P(N,I)=O 0 '-,-
DO 4 J= 1,2 
P(N,I)=P(N,1)+SO(I,J)·W(N,J) 
X=X+AL(N) 

FIND AVERAGE SHEAR AND NORMAL STRESSES ACROSS THE ELEMENT 

! 
DO 10 1:: 1,:2 
V(N,I)=V(N,I)/2 
DO 6 1=1,2 
AVP(N,I) = 0.0 
DO 6 J= 1,2 

< 

, 
C 
C 

AVP(N,Il = AVP(N.Il + SO(1,J) " V(N.J) 
ANG(N)=ANG(N)*(360 1(2.0*3.141593» 
IF( IPRIN.EQ. 1) WRITE(6,4000) N.ANG(N) .AL(N) ,ORX(N) ,ORVeN) ,veN. 1), 

+V (N. 2) • AVP (N, 1) ,AVP (N. 2) 
301 

C 
C 
C 
·c 
C 

CONTINUE 

,CUMULATIVE tVERAGE STRESSES AND DISPLACEMENTS 

IF(IPRIN EQ 1) WRITE(6.5000) 
IF(IPRIN.EQ 1) WRITE(6.605) 
00 2000 N= 1 • NE 
IF(NOP(N.3) EQ NOP(N.4» GO TO 2000 

-
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- DO 9 1= 1 ,2 
PCV(N,I)=CV(N,I) 
PCAVP(N,I)=CAVP(N,I) 
CV(N,I) = CV(N,n + V(N,n 
C~VP(N,I) = CAVP(N,I) + AVP(N,I) 

9 CONTINUE,~ 
60 1 DO 1 7 1 == 1 "2 

CV (N, 1) =" PCv (N, 1) + V (N, l ) 
CAVP (N, '1 ) =PCAVP (N, l ) +AVP (N, l ) 

17 CONTINUE' , , 
C IF(IPRIN.EQ,I) WRIT~(6,300) N,CV(N,I),CV(N,2),CAVP(N,I),CAVP(N,2), 
C +oKS(N), DKN(N) " 

4000 FORMAT( 'O',I5,4Fl0,3,2F15.7,2F14.6) 
300 FORMAT(' 0' , I5, 4F 1 5 • 7 ,F 15 • 7, E 15.5) 

'i' 

2000 CONTINUE 
6000 FORMAT(' l ',5X,'TABLE 9 - STRESSES AND DISPLACEMENTS IN JOINT ELEME 

+NTS' !) 
5000 FORMAT(II,5X,'TABLE 10 - CUMULATIVE STRESSES AND DlSPLACEMENTS IN 

T JOINT ELEMENTS'/) , 
604 FORMAT( '0' ,5X, 'N' ,4X, 'ANGLE' ,4X, 'LENGTH' ,6X, 'CENTROlO' ,12X, 'AVERAG 

+E DISPLACEMENT' , 13X,' AVERAGE STRESS' /32X, 'X' ,9X, 'V' ,9X, 'SHEAR' ,9X, 
+'NORMAL' ,10X,'SHEAR',9X, 'NORMAL') 

605 FORMAT( 'O',4X,'N' ,5X,'CUMULATIVE DISPLACEMENTS',4X, 'CUMULATIVE STR 
,\, +~SES'. 1 OX, 'STI FFNESS VALUES' / 1 2X, 'SHEAR ' ,1 OX, 'NORMAL' ,9X, 'SHEAR' , 

+ l.oX, 'NORMAL' ,ex, 'SHEAR' ,11 x, 'NORMAL') 
RETuRN 
END 

.-
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