An introduction to functions of bounded variation, sets of finite
perimeter and some applications to geometric variational

problems

Department of Mathematics and Statistics
McGill University, Montreal

June 2022

A thesis presented for the degree of Master of Science in Mathematics

and Statistics

(©Ke Liang Xiao



Abstract

In this thesis, we explore how the theory of functions of bounded variation (BV)
establishes an appropriate and versatile framework in the study of geometric variational
problems. We begin with a presentation of some fundamental results on BV functions
that will allow us to link them to Radon measures. In the special case of characteristic
functions with bounded variation, we present structural results on sets of finite perimeter,
including a generalization of the Gauss-Green Theorem. This machinery will allow us to
assign a notion of perimeter to any set of finite Lebesgue measure, hence allowing non-
smooth competitors to be considered in minimization problems involving the surface area.
We will then address Plateau’s problem and the first variation of the area functional.
Finally, we will present the ideas of Steiner symmetrization to provide a proof of the

[soperimetric inequality.



Abrégé

Dans cette these, nous explorons comment la théorie des fonctions de variation
bornée (BV) établit un cadre approprié et polyvalent dans 1’étude des problémes vari-
ationnels géométriques. Nous commencons par une présentation de quelques résultats
fondamentaux sur les fonctions BV qui nous permettront de les relier a des mesures de
Radon. Dans le cas particulier des fonctions caractéristiques a variation bornée, nous
présentons des résultats structuraux sur des ensembles de périmetre fini, incluant une
généralisation du théoreme de Gauss-Green. Cette machinerie nous permettra d’attribuer
une notion de périmetre a tout ensemble de measures de Lebesgue finie, permettant ainsi
de considérer des concurrents non lisses dans les problemes de minimisation impliquant
la surface. Nous aborderons ensuite le probleme de Plateau et la premiere variation de
la fonctionnelle d’aire. Pour terminer, nous présenterons les idées de la symétrisation de

Steiner pour fournir une preuve de I'inégalité isopérimétrique.
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Notation

For x € R", denote the Euclidean norm on R" by |z| = /> | x%.
CHQEY = {6 = (61,64 |6 € CHQ) for alli € {1, n}}.
For ¢ € CH(;R™), denote ||@||eo = Sup,eq |6(x)].

B, is the open ball of radius » > 0 centred at the origin. We write B,(x) for the

open ball of radius » > 0 centred at x € R".
Sl ={reR"||z|=1}.

If E CR™, then xg is the characteristic function of E, i.e. xg(z) =1 if and only if
x € E,and xg(r) =0 if and only if z ¢ E.

We denote ¢; for i € {1,...,n} to be the unit vector in the direction of i-th coor-

dinate axis.
If V C Q such that V is compact in €, then we write V CC Q.

For {E},}5°, a sequence of subsets of R" and F C R", we write £, — E in L'(R")

to mean yg, — xz in L*(R"™).

If 11 is a measure on R™ and f : R® — R is y-measurable, then we denote v = pL f

to be the measure defined by v(B) = [ g J du, for every p-measurable set B.

If 11 is a measure on R” and £ C R", then we denote v = L E to be the measure

defined by v(B) = u(B N E), for every p-measurable set B.
If G : R" — R", then denote DG to be the Jacobian matrix of G.

If M is an n X n matrix, then denote |M| to be the determinant of M.



Introduction

Originally posed by Lagrange in the 1760s, Plateau’s problem aims to find the surface
with the least area amongst all surfaces with a prescribed boundary curve. The problem is
named after the physicist Joseph Plateau, who experimented with soap films; by dipping
a closed wire into soapy water, the resulting film always took a shape that minimized the
area. This suggested the existence of minimal surfaces. Translating Plateau’s experiment
into a formal proof has been an elusive problem for mathematicians for over a century,
with major advancements made only in the mid-1900s [6]. The classical approach in R3
is to treat 2-dimensional surfaces as the mappings of smooth functions over the closed
unit ball in R?, i.e. f: B; C R? — R3 such that f(B;) is homeomorphic to B;. Through
this approach, J.Douglas and T. Rado were able to present the first complete proof of the
existence of minimal surfaces for all Jordan curves, smooth functions ¢ : 9B; C R? — R?
such that ¢(9B;) is homeomorphic to dB;. Unfortunately, there was no generalization
to higher dimensions as their method relied on conformal mappings, hence they were
intrinsically limited to functions with domains in R? [4]. Moreover, there were other
drawbacks to treating surfaces as mappings, such as the lack of compactness properties
in the natural mapping topology. A compactness result would later prove to be essential
in showing the existence of minimal surfaces in higher dimensions, in what would be
known as the Direct-Method [§].

To generalize to higher dimensions and to obtain a compactness result, mathemati-
cians started working in more abstract spaces, often employing the tools of geometric
measure theory. Several different formulations of the surface were proposed during this
time, including Federer’s rectifiable currents, Almgren’s varifold and Reifenerg’s clever
use of Cech homology []. In the perspective of De Giorgi, (n — 1)-dimensional surfaces
are the boundaries of n-dimensional subsets for which the characteristic function has
bounded variation (BV). In the setting of BV, these characteristic functions induce finite
Radon measures, which not only capture information about the area but also possess
compactness properties. De Giorgi named these subsets “sets of finite perimeter”. He

showed that many of the desired properties of smooth surfaces may be generalized to sets



of finite perimeter, while still allowing the possibility of singularities and other complex
geometry.

For example, one such generalization of smooth sets comes in the Gauss-Green The-
orem. In the classical statement, the integral of the divergence of a vector-field over a
smooth set is equal to the flux. As an alternative to the topological boundary in the
computation of the flux, De Giorgi suggested a measure-theoretic notion of the bound-
ary that he dubbed the reduced boundary. With this, he showed that the Gauss-Green
Theorem may be extended to sets of finite perimeter without any additional assump-
tion on the regularity of the boundary. In his Structure Theorem, he argued that the
reduced boundary of a set of finite perimeter is a C! hyper-surface up to a null-measure
set. Moreover, De Giorgi showed that if a set is a minimizer to the Plateau’s problem,
then its reduced boundary must be an analytic hyper-surface. This was the first major
regularity result to Plateau’s problem in higher dimensions [4].

In this thesis, we will follow De Giorgi’s approach. We begin by introducing the
foundation of BV functions; its connection to Radon measures and general approxima-
tion methods including the lower-semi continuity property and compactness. In Chapter
2, we shift our attention to sets of finite perimeter and discuss the alternative notions
of the boundary along with De Giorgi’s regularity result. Once we have established
the setting we will be working in, the remaining chapters will be dedicated to study-
ing minimization problems, with a particular focus on the problem of Plateau and the

[soperimetric problem.



1 Functions of Bounded Variation

1.1 The Structure Theorem of BV

In the first chapter, we will introduce the basic properties of BV functions and
establish the primary tools of the space. We begin with one of the defining characteristics
of BV functions; a link between the distributional derivatives and Radon measures. From

this point and onwards, we will always assume 2 C R" is open.

Definition 1.1.1. A function f € L'(Q) has bounded variation in 0, if

D516 =sup{ [ 7 divto)de |0 € CHORY, oll < 1f <00 (1)

We call || Df]|(2) the total variation of f in 2, and we denote the space of functions with

bounded variation in 2 by BV (Q).

If we equip BV (€2) with the following norm

A Bvie) = [1f 1o + D),

then BV (Q2) forms a Banach space. We will prove this claim in the next subsection once

we have established the necessary tools.

Definition 1.1.2. A function f € L} .(Q) has local bounded variation in S, if for all

loc

VvV ccq,

IDF(V) = sup{ [ sa@as|o e vz, ol < 1} <o, (112)

Likewise, we denote the set of functions with local bounded variation in Q by BV..(2).

We are primarily interested in characteristic functions with bounded variation, so

we give this special class of BV (€2) an appropriate name.

Definition 1.1.3. For E C R", we say E has finite perimeter in Q, if xg € BV (Q).
If xg € BVioe(Q2), then we say E has local finite perimeter in Q). We write E € BV ()

bt



and E € BV,.(2) respectively. Furthermore, we will denote ||0E||(2) = ||Dxg||(2) as
mn , and refer to it as the perimeter of E in 2.

We wish to link these functions with Radon measures. We begin by recalling the

Riesz Representation Theorem.

Theorem 1.1.1. (Riesz Representation Theorem.) [[3], Theorem 1.38] Let L : C.(R™; R™) —

R be a linear functional satisfying

am{Lwﬁ¢eaﬂCR%Hmus1}<ax (1.1.3)

for all compact sets V. C R™. Then, there exists a Radon measure pn on R™ and a -

measurable function o : R™ — R"™ such that
1. lo(-)| =1 p-a.e.
2. L(g) = f W O odu, for all p € C.(R™;R™).

Observe the set in which the supremum is taken over in (1.1.3)) looks similar to the
set criterion of ([1.1.2]) for local bounded variation. If we can find an appropriate linear
operator L for fQ fdiv(¢) dx for all ¢ € C1(Q;R™), then a direct application of the Riesz

Representation Theorem should allow us to connect f to an appropriate measure.

Theorem 1.1.2. (Structure Theorem for Functions of Local Bounded Variation. )[[3], Theorem
5.1] Let f € BVio.(2). There exists a Radon measure p on Q and a p—measurable func-

tion o : 0 — R" such that
1. lo()] =1p —ae,

2. for all p € CH;R"),
/ fdiv(¢) dx = —/ o-Qdpu. (1.1.4)
0 Q
Proof. Let L : C}(;R") — R be defined as

L) =~ [ saiv(e)de.
6



We wish to extend L to C.(2;R™) before applying the Riesz Representation Theorem.

To do this we define for all £ € N, the open sets
1
Qk = {$ S Q‘d(m,aQ) > E} N By.
Clearly, €, C Q41 and Q = U2, Q.. Now let

Cr = sup {/Qfdlv(gzﬁ) dz | ¢ € CH U R™), [|9]]0e < 1}.

Since f € BVje(2) and Qp CC Q, we see that Cp < oo. This implies L|c1(q,rny is

continuous. Next, we define the sublinear functional py : C.(2%;R") — R by

Pr(@) = C[9]|oo-

Observe, for all ¢ € CH(Qy; R"),

o\ L(®)
L(wnw) = Tl =

That is, L|c1o.rn) < pPrlor@urn). By the Hahn-Banach Theorem, there exists a contin-
uous linear functional Ly, : Ce(€2; R™) — R such that Li|c1o,rn) = Llci (o), and for
all ¢ € Co(; R™),

Li(¢) < Crl|9]]oo- (1.1.5)

By density of C!(Q4;R™) in C.(Q;R™), Ly is a unique extension of L on C.(;R™).
Now notice if I > k, then €, C ;. Which in turn implies if ¢ € C}(Q;R"), then
Li(¢) = L(¢). Therefore, L; is also an extension of L on C.(€;R™). The uniqueness of
the extension of L on C.(Q; R™) would imply L;|c, o,z = L. We now define the linear
functional F': C.(;R™) — R by

F(¢) = lim Ly(¢).

k—o00

We note if ¢ € C.(Q2; R™), there exists k large so that supp(¢) C Q. Thus, for all [ > k,



Li(¢) = Li(9). So, F is well-defined. Likewise, if ¢ € C}(Q;R™), then F(¢) = L(¢) by
the same argument. Lastly, we note if V' CC 2, there exists k large so that V' C Q. By
(1.1.5]),

sup {F () |¢ € Co(V;R"), [[¢lloc <1} < sup{Li() | ¢ € Ce(i; R™), [|9][oc < 1} < G

By the Riesz Representation Theorem, there exists a Radon measure p on ) and a pu-

measurable function o satisfying the desired properties. O]

We will denote the measure p that arises from the Structure Theorem as ||D f]|| for
f € BVj,(2). In the special case f = yg for some E C R", we will denote the associated
measure by ||0E|| and v = —o. In addition to (1.1.4), there is another property of || Df]|
we may deduce as a consequence of the Riesz Representation Theorem. If V' CC ) is

open, then

||Df||<v>=sup{ / fdiv(e) de| 6 € CH(ViRY), ||¢||oos1}. (1.1.6)

Remark. If f € BV(Q), then ||Df|| is a finite measure on Q2 and ||Df||(?) equates to
the total variation of f in Q as in .

The Structure Theorem coincides with some well-known results. Let us look at some

examples.

Example 1.1.1. Let Q = R? and E = B,. If we denote v as the outward unit normal

vector along OBy, then by the Divergence Theorem, for all ¢ € C!(R?;R?)

/B1 div(¢)d:c:/ v-pdH'. (1.1.7)

0B,

If ||6]lee < 1, we see by the Cauchy-Schwarz inequality is bounded by H'(OBy).
Therefore, xp, € BV (R?). From the Structure Theorem we may deduce v, = —v along
OBy and ||0B;|| = H' L 0By. This tells us for a given function ¢ € C}(R?*;R?), the
behaviour of ¢ along 0B, dictates the duality formula of the perimeter of . We
claim H'(0By) = ||0B1||(R?). It only remains to show ||0B:||(R?) > H'(OB;). Let

8



n € CHR) such that n = 1 on [0,1]. We know v(x) = x for all x € dB;. So, if we
take N(z) = n(|z|)z, then N € C}(R*R?) and N is a continuous extension of v. If
g € CH(R?), then gN € C}(R?*;R?) and becomes

/div(gN)dx:/ gdH'.
B 0B1

Consequently,

10B,]|(R2) > sup{ / gdH'| g € CHR), |g| < 1} — 4 (0By).
0B,

We conclude ||0B,||(R?) = HY(OBy). Moreover, for any open V- C R?, utilizing
and the same prior argument, we may deduce ||OE||(V) = HY OB, N'V). That is,
[|OE||(V') equates to the arc-length of By in V. It follows ||0B1|| captures information
about the perimeter of Bj.

In general, if E C R" is open and bounded with smooth boundaries, by applying the
same argument we see that ||OE||(R™) = H""Y(OE). More precisely, ||0E|| = H" ' L_OE.

Theorem 1.1.3. If f € WHH(Q), then f € BV(Q) and

1DAII(Q) = / IV f d. (1.1.8)

Moreover, from the Structure Theorem, o = ‘g—jﬁ‘ and ||Df|| = L L |V f].

Proof. Let ¢ € C}(Q;R™) with ||¢||s < 1. By the Cauchy-Schwarz inequality,

/QVf-qbdx
S/Q|Vf-¢>|drr

< /Q 1V f| da.

That is, [, |V f|dz uniformly bounds [, fdiv(¢) dx for all ¢ € C}(Q; R™) with ||¢]|s < 1.

/Q f div(¢) da

It follows that f € BV(Q) and |[Df[[(Q) < [,|Vf|dz. For the reverse inequality, we



define the normalized gradient ¢ : R” — R" by

—f VA0

g:
0 if Vf=0.

Next, we construct an increasing sequence of nested open sets by

Qk:{IEQ

1
dist(z,00) > E} N By.

Clearly, 2 = U Q. If gr = gxq, and € > 0, we notice upon convoluting each component

of g; by the usual mollifier p., as in

Pe * gk, = (pe * (gkz)b ceey Pek (gk)n)a

then for e sufficiently small, p.xgp € C1(Q; R™). Furthermore, we may extract a sequence
{€}1en such that p, * gk Al gr point-wise L"-a.e. Next, we see by Jensen’s inequality,

for all z € €,

P = ([ pue-vaar) < [ ple-plawPast 0L

Thus, ||pe, * gi|loo < 1. Moreover, |V f - (pe, * gx)| < |V f|xq. By the Dominated Conver-

gence Theorem,

lim/fdiv(pq*gk)dx:hm— Vf-(pq*gk)dxz—/Vf-gkdx:/ |V f|dx.
Q Q Q Q,

€—0 e—0

Therefore, for all ¢ > 0 and k € N, there exists ¢, € C1(2; R") with ||¢p]|oc < 1 and

/QfdiV(Qbk)dxz |V fldx — €.

Qg

We now take the lim sup across both sides with respect to & — oo to get

limsup/fdiv(@)delimsup \Vf|da:—e’:/|Vf\dx—e’.
Q Q

k—o0 k—o0 Qp

10



Sending € to 0 and noting [|Df]|(2) > limsup,_,, [, fdiv(dy) dz, we see that

IDFII(©) 2/9|Vf|dx.

We conclude [|Df[|(Q) = [, |V [f|dz. O

Theorem implies if f € WH(Q), then || f||pv) = ||fllwi1). It follows as an

immediate consequence that W1 () may be embedded into BV () as a closed subspace.
In fact, this subset relation is strict. Example shows this. If £ C () is open and
bounded with smooth boundaries, then xg € BV(Q). But, xg € WH(Q). Therefore,
C>°(€) while dense in W1(Q), is not dense in BV (£2).

1.2 Approximation and Compactness

The results of this subsection will be our primary tools in studying BV functions.
We begin with one of the most versatile properties and our main method of bounding

the total variation.

Theorem 1.2.1. (Lower-Semicontinuity. )[[3], Theorem 5.2] Let {fr}32, € BV (Q) and
fk - f i Llloc(Q)z then
IDFII©) < imint DA (). (12,0

Proof. Let ¢ € CH(Q;R™) with ||¢]|s < 1. Denote K = supp(¢), then fi — f in L'(K).

So,

/Qf div(¢)dz = ]}LIEO/ka div(¢)dz = ligglf/g fr div(g)dx < li]£1_1>ioro1f || D fr]|(€2).

That is, liminfy,_,« || D fi||(2) uniformly bounds [, fdiv(¢) dx for all ¢ € C1(Q; R™) with
||¢]]oe < 1. Hence, (T.2.1) follows. =

Remark. Theorem also implies ||Df||(V) < liminfy_ o0 |[Dfi||(V), for all open
V CC Q. However, it does not imply f € BV (), nor f € BV,.(2), as the right-hand

side of may be infinite.

11



As we will later see in Chapter 3, Theorem [1.2.1] allows us to verify candidate func-
tions as solutions to minimization problems involving the total variation. Indeed, if given
a sequence of BV functions such that the total variation converges to the infimum across
all competitors, and if the limit exists, then by lower-semi continuity the total variation
of the limit must be bounded from above by the corresponding infimum. For a simpler
application, we will utilize the lower-semi continuity property of BV to show BV (2) is

Banach.
Theorem 1.2.2. [[6/, Remark 1.12] BV (Q2) is Banach.

Proof. Recall, if f € BV (), then

A Bvie) = [1f 1L + D).

Let {fi}p2, € BV(R2) be a Cauchy sequence under || - ||py(q), then there exists M > 0
such that || fx||pv) < M for all k € N. Notice, {fx}72, is also Cauchy in L*(2), so by
completeness of L'(Q), there exists f € L'(Q) such that f;, — f in L'(Q2). By Theorem

Tz
IDFI) < Timinf || DAl (2) < M.

We conclude f € BV(Q). It only remains to show ||D(fx — f)||/(2) — 0. Let € > 0,
there exists N € N such that for all k,5 > N, ||f; — fellpv) < e In particular,
|D(f; = fo)ll(©2) < e. We observe that for a fixed &, ||(f; — fx) — (f — f)llor) =

1f5 = fllore. Thus, f; — f 5% f — fi in LY(Q). If k > N, then by Theorem [1.2.1}

ID( = PI) < limind DU = L) < e

It follows ||D(fx — f)]|(2) — 0. O

Despite our prior comment on the lack of density of smooth functions in BV (§2) under
|| - [|Bv(), we may still wish to approximate BV functions through smooth functions.
Given that we know the total variation of smooth functions to be the L'-norm of the

gradient by Theorem and we know we can approximate the L!'-norm component of

12



the BV norm using smooth functions, it seems we are very close. We present a weaker

form of approximation, but sufficient for our applications.

Theorem 1.2.3. (Smooth Approxzimation.)[[3], Theorem 5.3] For f € BV(Q), there
exists { fr}32, € BV (Q)NC>®(Q) such that fr — f in LY(Q) and || D fe]|(2) — || Df]|(Q).

Proof. Let € > 0 and m, k € N. We construct a double indexed increasing nested sequence

of open sets by

Q;”:{er

. 1
dist(z, 02) > p— k} N Btk

Clearly, 2 = U2, QF for all m € N. Similarly, we also have Q0 = Upo_,Q". We may use

the latter to obtain

IDFI() = lim [|DFII@).

Since f € BV(Q), ||Df]|(2) < oo, so there exists m € N so that

DA Q) < e (1.2.2)
For such m, let QF* = (). For k > 1, define

A=\ O (123
The set { Ay }2, forms an open cover on €2, hence there exists a partition of unity {¢x}32,

subordinate to the open cover {A;}72,, such that

(P1) ¢ € CX(Q), 0 <19y <1forall keN,
(P2) supp(yy) C Ay for all k € N,

(P3) > °r2 ¢x(x) =1forall x € Q.

We now let p. denote the usual mollifier for € > 0, then for each k there exists ¢, > 0

such that

*1 Supp(ka *f¢k) C Ak’a

%2. || pe, * fibr — fwkam) < 5%

13



#3. ||pe, * VUL — VUL 1) < 57

Define
fo=>_pe* . (1.2.4)
k=1

We observe that for a fixed z € 2, there exists £ € N such that z € A,. Since, A; is
open, there exists r > 0 such that B,.(x) C Aj. By , B,.(z) N supp(pe, * f1p;) = 0 for
all j > k+ 2 and j < k — 2. Thus, for all y € B,.(x), f.(y) is a finite sum of smooth
functions. We deduce f. € C*(Q). To see that f. € L'(Q), we observe

Iz

We apply the Monotone Convergence Theorem on Yy | |peprfu, — fUi| to get

S ey * ik da:s/ngk*fwk—fwmﬂfwldaa
k=1 Q=1

/Q|fe|dass;/ﬂm*fwk—f¢k|dx+/9k§:;|f¢k|dx. (1.2.5)

Then, by Property 2] and [P3] we see

oo € o0
/Qlf€|dw§kz:;ﬁ+/§2;|f|¢kd$§€+/g|f|dx'

It follows that f, € L'(Q2). Consequently, f. € BV (Q). For L'(Q) convergence of f, to
f, we apply the Monotone Convergence Theorem as in ([1.2.5)), along with #2|to see that

/Qlf — feldx < /Q; | [tk — pe, * x| dx (1.2.6)
= |fok — pe x fioi| dz (1.2.7)
<> % (1.2.8)
k=1
= e (1.2.9)

14



Thus, f. =% f in L*(Q). By Theorem [1.2.1]

IDF1(2) < lim inf || DL]|(€).

It remains to show limsup,_q||Df||(2) < ||Df||(2). Let € > 0 and f. be defined as
before. Let ¢ € CL(Q;R") with ||¢||s < 1, then

/Q fudiv()dz = /Q (Z P, * f1/1k> div(¢)dz. (1.2.10)

Since ¢ has compact support, supp(¢) C UJL A, for some finite subset {Ay;}7, C
{Ar}p2,. We note that each Ay, intersects only finitely many A’s, so there are only
finitely many non-zeros functions in {p., * fr}32, on supp(¢). This implies Equation
(1.2.10)) is actually a finite sum. We may interchange the summation and integral, giving

us

/Qfediv(é)dx:Z/Q(pek*fwk) div(¢) dz. (1.2.11)

We wish to relate the left hand side of (1.2.11]) to an expression involving the integrand
of f and the divergence of a compactly supported function. We note that for each

ie{l,...,n}, forall k € N,

/Q (pey * [tr) Oicpy dr = / / per(@ = y) f(y)¥r(y) 0idi(x) dy du. (1.2.12)

Given that p., and 0;¢; are continuous with compact support, we see that p., 0;¢; €

L*>*(R™). By Young’s Inequality,

(e, * [1r)0i0ill L1 mry < ||pey Osil | oo ey [ f k]| L1y < 00

15



By Fubini’s Theorem, we may interchange the order of integration of ((1.2.12]), giving us

/ ) / ) Pe. (@ —y) f(Y)Yr(y) Oigi(z) dy dx = . FW)ve(y) / Pe, (Y — 2)0;¢i () dx dy

n

= /wak(Pek * 0;¢;) dy
= /Q T 0i(pe,, * i) dy.
Next, we note upon rearrangement that
wkdiV(ﬂek * ¢) = div(wk(pﬁk * ¢>> - vwk ’ (IOEk * (b) (1'2'13)

We further integrate the latter term against f along with an application of Fubini’s

Theorem as before to obtain

/wak (pe, * @)dz = /Qf(:z:) V() - (/ oo (& — 1)) dy) .
- / A @VU() - pa (@ —y)oly) dy de
- / L) | F@) V(@) pe (@ —y) dudy
N /Q(b (P > (FVY)) da. (1.2.14)

If we combine (1.2.12)), (1.2.13)) and (1.2.14)), then (1.2.11]) becomes

Z/Q (Pe, * fihr) div(e) dox = Z /Q fior div(pe, * @) dx
k=1 k=1
= fdiv(¢e(pe, * @) dz
. J it
- NV (pe, * ¢)dx
X J v
= fAiv(yr(pe, * @) dx
2 J it

- Z/ ¢ (pe, * (V) — V) dz
k=179

= I+ 17
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By construction of € in ,

2| < Z/ 16 (9o * (f Vi) — £ Vi) | da
k=179

s;/gwpek*(fwk)—fwk)rdx

< e.

By the same application of Jensen’s Inequality in (1.1.9)), we see that ||k (pe, * )]0 < 1.
Next, we claim each point x € €2 is contained in no more than three sets of {A;}2,. To
see this, we note z € Ay if and only if 1/(m +k+1) < d(z,00) < 1/(m+k —1). Now

if | >2orl < -2, then

1 1 - 1 1 iy
m+k+Il+1"m+k+1-1 m+k+1Um+k—1)

Therefore, © ¢ Agyy for all | < —2 or [ > 2. This implies we can subdivide {4}, into
three subsequences of pairwise disjoint sets, { AL}, {A7}%2, and {A3}%°,. Since each

subsequence of {A}}%2, for i € {1,2,3}, is contained in Q \ Qy, by (1.2.2)) we see that

12| =

/Q Fdiv(1 (oo % 0)) do+ Y / £ div(n(pe * 8)) de

< |IDAIE) + Y IDSICAR + IDAICAR) + 1D (AD)

k=2

< [[DFII€2) + 3[IDFII(€2\ ()

< [[DFII(€2) + 3e.

Putting I! and I? together, we see for all ¢ € C}(;R") with ||¢||e < 1,

| £.div(@)de < |IDAII@) + 4e.
0
Taking the supremum across all ¢ € C}(;R™) with ||¢]|s < 1 yields

IDFl[(2) < |IDFII(€2) + 4e.
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Thus,

limsup || D fef|(62) < [[DFI[(€2),

as desired. O

Notice, if we replace 2 in Theorem|1.2.3|with V' CC Q open, then f. malN fin LY(V),

so lower-semicontinuity still holds. Furthermore, we may show limsup,_,, ||Df||(V) <
[|Df]|(V) by applying the same argument as in the prior proof. In other words, we obtain

the following:

Corollary 1.2.1. If{f}32, is the sequence stated in Theorem[1.2.5, then for allV CC Q
open,

T [IDAI(V) = IDFII(V). (1.2.15)

If we recall the Relich-Kondrachov Theorem, we know W11(Q) may be compactly
embedded into L'(Q). Theorem will allow us to to obtain a generalization of the
Relich-Kondrachov Theorem for BV ().

Theorem 1.2.4. (Compactness.) [[3],Theorem 5.5] Let Q@ C R"™ be open and bounded
with Lipschitz boundary 0Q). Assume {fr}32, € BV (Q) is a bounded sequence under
|- ||v, then there exists a f € BV(Q) and a subsequence { fi,;}52, such that fy, 7%, ¢

in L'(Q).

Proof. By the assumption of || - || gy (o) boundedness, there exists M > 0 such that for all

keN,

1 fellBviey = [l fellLr@) + 1D fell(€2) < M.

By Theorem , we may choose a smooth function g such that ||gr — fillp) <
1/k, and ||Dgy||(€2) is sufficiently close to || D fi|[(2) so that ||Dgg||(£2) is also less than
M. Since g, € WHH(Q), it follows from Theorem that |[Dge|[() = [|Vak||L1 -
Therefore, for all £ € N

arllBv) = llgrllwii@) = llgrllzr @) + IVl < 2M + 1.
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By the Rellich-Kondrachov Theorem, there exists f € L'(£2) and a subsequence {gy, 152

such that gy, — f in L'(Q). We see by construction of gy,

Jim |Ifi; = fllove) < Bmflfi; = gellzre + lim llge, = fllo

Thus, f, EimiaN f in L'(Q). Tt remains to show f € BV()), but this is immediate by
Theorem [[.2.1] as
IDAIN) < limind |[Dfi,[|(©) < 1.

which completes the proof. n

By combining a diagonal argument with Theorem [1.2.4|we may obtain a compactness

result for BV,.(R™).

Corollary 1.2.2. Let {fi}?2; € BVioe(R™) such that for all compact V-C R", {fp}22,
forms a bounded sequence in || - ||gv(v). There exists a f € BVjo(R™) and a subsequence

{fr; 1521 such that fi, i fin L}

loc

(R™).

As we have alluded to before, the compactness result of BV is essential in proving
existence of solutions to minimization problems via the Direct-Method. It allows one to
validate the existence of a limit from a minimizing sequence of competitors, while the
lower-semi continuity property allows one to show the limit is indeed a minimizer. We

will see the Direct-Method in its complete form in Chapter 3.

1.3 Isoperimetric Inequalities

We have seen W11(€2) is dense in BV (£2) in the weak sense of Theorem [1.2.3] We will
utilize this smooth approximation by W1(Q) to derive Sobolev-like inequalities for BV .
We will then show these Sobolev-like inequalities implies the Isoperimetric inequality.

The following two theorems we will state but not prove, as their proofs are either

a straightforward application of the Gagliardo-Nirenberg inequality or identical to the
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proof for WL (R™).

Theorem 1.3.1. [[3], Theorem 5.10 (i)] There exists Cy > 0 such that for all f €
BV (R™),

Al o @y < CLlIDFIIR™), (1.3.1)

where 1* = 2,
n—1

Theorem 1.3.2. (Poincare’s Inequality for BV.) [[3], Theorem 5.10 (ii)] Denote (f)q.r

by
1
Der = G0 Jy T

There exists a constant Cy > 0 such that for all f € BV,.(R™) and for all r > 0,

1 = (Pawllor 5,y < CollDFINB(2))-

Theorem [1.3.1/and [1.3.2] allows us to relate the total variation of a function to its L' -
norm. In the special case of characteristic functions, these inequalities become statements
about the volume of a set and its perimeter. This relation between volume and perimeter
is commonly known as the Isoperimetric inequality. In the following theorem, we will
present a weak variant of the Isoperimetric inequality, then in Chapter 4 we will refine

the bound, and discuss the relation to the Isoperimetric problem.

Theorem 1.3.3. (Isoperimetric inequality.)[[3], Theorem 5.11] There exists C' > 0, such
that if E € BV (R"), then
n L n
(£"(E))™ < CllOE[|(R"). (1.3.2)

Furthermore, there exists Cy > 0 such that for all x € R™ and for all r > 0,

1
=

min{ L"((B,(x) N E), L(B,(x) \ E)}T < 2Co||0E]|(B,(x)). (1.3.3)

11.3.5) is known as the local Isoperimetric inequality.

Proof. (1.3.2) is immediate by taking f = xg into Theorem [1.3.1, To get (|1.3.3)), we first
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observe

then

L(B,(x)) = £"(B,(z) N B) |

/B(x IxE — (XE)J:,TP* dx_/ Br(2)N (B )1) :
el
= L"(B,(z) N E) ﬁ(B(gzx\))E)
+ LB, (z) \ E) CL( (gi)(;)) |

Now assuming without loss of generality that £L"(B,(z) N E) < L"(B,(z) \ E), we have

L7(B,(x)) = L"(Bo(x) \ E) + L(B,(x) N E) < 2£7(B,(x) \ E).

Thus,

Likewise, if L*(B,.(z) \ F) < L™(B.(z) N E), we get

1
1
(/ |XE - (XE):B,TP dx) >
B, ()

L'(By(x) \ E)™.

| —

In general,

</B e el dx)l* > L min{£M(B,(2) N E), £'(B.(x) \ E)} . (1.3.4)

[\

By Theorem [1.3.2] there exists Cy > 0 such that for all r > 0,

1
i

ColIDf|(B () > ( / e (el dx)
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Then, combined with (|1.3.4) we see

min{L"(B,(z) N E), L"(B,(x) \ E)}"" < 2C5||0E]|(B,(x)).

1.4 Coarea Formula

In this subsection we give a short presentation of the coarea formula and its appli-
cations. Given that we will not utilize the coarea formula directly in the later chapters,
we will omit its proof to the appendix.

Assume 2 C R™ is open and f : 2 — R. For t € R, we define the level set of f by
E,={z Q] f(x) >t}.

As we will see, the coarea formula will allow us to relate the level set of a function to its

total variation.

Theorem 1.4.1. (Coarea Formula.)[[3], Theorem 5.9] If f € BV (Q)), then for L'-a.e

t € R, E; has finite perimeter. Moreover,

IoAl@ = [ oEl@)dr (141

o0

Conversely, if f € L*(Q2) and

/ 10B,]|(Q) dt < oo,

—00

then f € BV (Q).

If one recalls a result from probability, then (|1.4.1)) may look familiar; the expectation
of a positive random variable X may be obtained by integrating over the probability of
the level sets of X. The coarea formula states exactly that. Let us look at a simple

example.
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Example 1.4.1. Let 2 = R and f : R — R be a continuous and compactly supported
function. By continuity, we observe for each t € R, E; is open, hence may be expressed as
the union of countably many disjoint open intervals. Let us fix at € R, and for simplicity
let us assume E; = (a,b). We wish to evaluate the perimeter of E;. Notice, if ¢ € CH(R),

then by the Fundamental Theorem of Calculus,

[ aa- / o dz = 6(b) — 6(a). (1.4.2)

Now if |¢| < 1, then is bounded by 2, and we conclude ||0E||(R) < 2. On the
other hand, it is easy to construct ¢ € C}(R) such that |¢| < 1, ¢(b) =1 and ¢(a) = —1.
See Figurefor an example. For such ¢, [, ¢' dv = 2. It follows ||0E||(R) = 2, which
is precisely the number of boundary points of (a,b). Since f is continuous, we also have
OE, = {x e R|f(x) = t}. If we repeat this argument for finitely many open intervals, as

f has compact support, we would get
10E]|(R) = H"(OE,) = H({z € R|f(z) = t}).

More precisely, ||OE:||(R) counts the number of times f(x) =t. The coarea formula then

translates to

IDfI|(R) :/OO OE|(R) dt = /_Oo HO({x € R| f(z) = 1)) dt.

In the general case, letn > 2 and f : R™ — R a smooth compactly supported function.
By the Morse-Sard Theorem, for L'-a.e t € R, E; is open with smooth boundaries.
We see by the same argument with the the Divergence Theorem as in Example
[|OE:||(R™) = H" Y (OF;). The coarea formula then implies

IDAI®Y = [~ HoE)ar = [ i eR1pw) = ) ar

We will explore more on the implications of when ||OE||(R") = H"Y(OF) for E a set of

finite perimeter in the next section.

23



Figure 1: The level set of f at ¢ and ¢ € C}(R) such that ¢ = £+1 on JE;.

The coarea formula, as we saw allows one to decompose the total variation of f €
BV () into a formulation involving only the perimeter of its level sets. Now if f is smooth,
these level sets are open with smooth boundaries. Naturally, one may ask, through an
approximating sequence of smooth function, if it is possible to extract a sequence of

smooth sets converging to a set £ € BV (2) from the level sets of smooth functions?

Theorem 1.4.2. [[7], Theorem 13.8] If E € BV (R"), then there ezists a sequence of
smooth sets {Ep}52, such that By, — E in L*(R™) and ||0F||(R™) — [|OE||(R™).

We will provide only a sketch of the proof, the complete details may be found in [6]
and [7].

Sketch of Proof of Theorem[1.4.9. We first assume F is bounded. As we wish to bound
the approximating sequence of smooth functions, instead of taking the sequence that
arises from Theorem [1.2.3] we take a sequence of mollifiers on xg. Let f. = p. x x&.
Clearly, f. =% g in L*(R™). By noting that for all ¢ € C}(R";R™) such that ||¢||e < 1,

we see that

fediv(e) dz = /Ediv(p6 *x ¢)dz.

R”

By Jensen’s inequality, we know ||pc*¢||o < 1, thus ||Df||(R™) < |[|OE||(R™). Combined
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with Theorem [1.2.1, we obtain
1OEI|(R") < lim inf | DA|(B") < [|9]|(R").

Therefore, liminf. g ||Df||(R") = ||OF||(R™), we may assume up to a subsequence

ep,—0

{en}2,, |IDf, ||(RY) == [|OE||(R"). Let us denote the level sets of f.,, by El =

{z e R"| f,, (x) > t}. Utilizing the coarea formula and the fact that 0 < f,, <1, we get
1
ny _ 1: ny _ 1: : h n
OBIIE") =l [1Dfo|(R") = timint [ 0| (R") .
By Fatou’s Lemma,
1 1
|OE||(R") = liminf/ OB |(R™) dt > / liminf ||OE}]|(R™) dt. (1.4.3)
ep,—0 0 0 ep,—0

We may show that for all ¢ € (0,1), El i x& in L*(R™) by observing that if z € EM\ E,
then f., (r) — xg(z) > t. Likewise, if x € E'\ E!', then xg(x) — f., (r) > 1 —t. By noting
that

o= xeldo= [ 1y = xeldes [ 1f, - xeld
R E\E}! E\E}

it is easy to show that

1

"EAEM < ———
£ t>_min{t,1—t} Rn

|f€h - XE’ dﬂj

Since, fe, 20 yp in LY(R"), we see that E! 2% Ein LY(R") for all ¢t € (0,1). By
Theorem [1.2.1} [|0F||(R") < liminf,, o |[0E"||(R") for all ¢ € (0,1). Plugging this into
[L3) yields

1 1
0BIIR") > [ timigt OB de = [ OB dt = 105 (R,

That is, liminf., . [|OE!||(R") = |[OF||(R") for L'-a.e t € (0,1). Hence, by taking a
further subsequence, we may assume ||0E?||(R") i [|OE||(R") for L'-a.e t € (0,1).

Moreover, by the Morse-Sard Theorem, these level sets are smooth.
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T—00

In the case £ € BV (R"™) not necessarily bounded, one may show that B, N F ——
E in L'(R") and ||0B, N E||(R") =>% ||0E||(R"). Since we may approximate each
B, N E with a smooth and bounded set, by a diagonal argument, we may construct a
sequence of smooth bounded sets { F}, }5° | such that Ej, — F in L'(R") and ||0E}||(R™) —

IOE||(R™). O

We remark, the original formulation of sets of finite perimeter by Caccioppoli, be-
fore it was refined by De Giorgi, was through the approximation by polyhedral sets [4].
Through a further diagonalization argument onto Theorem [1.4.2] where we approximate
the smooth boundaries by a sequence of affine functions, we may recover Caccioppoli’s
polyhedral approximation. This approximation technique will be prove to be very con-

venient in solving the Isoperimetric problem in Chapter 4.

Theorem 1.4.3. [[7]/, Remark 13.13] If E € BV (R"), then there exists a sequence
{En}52, of open bounded sets with polyhedral boundary such that E, — E in L'(R")
and [|0E[|(R") — [|OE][(R").

1.5 Single Variable Case

An important aspect of the theory of BV is the restriction of multi-variable functions
onto 1-dimensional lines. To be precise, if f € BV(R"), x € R, and v € S"!, then we
define the restriction f2 : R — R by fY(t) = f(x + tv). Effectively, this reduces a
problem involving several variables down into a problem of only a single variable. In the
particular case of BV functions of a single variable, there exist an alternate formulation
of the variation that provides a more geometric interpretation of this function class. In

this subsection, we will look at this alternate definition and discuss the implications it

has on our duality definition of (1.1.1)).

Definition 1.5.1. If f € L(R), we define the the total variation function of f by
Ty(x) = sup {Z |f(x5) = flzi-)l|{zj}jeos n €N, mg < --- <2 < x} . (1.5.1)
j=1

We say f has bounded total variation if lim, .., Tf(x) < oo.
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Let us start with some basic properties of functions with bounded total variation,

all of which we will state without proof.
Lemma 1.5.1. If f has bounded total variation, then f € L>®(R).

We note the converse is not true. Take for example

sin(1/z) if z € (0,1)
fz) =
0 ifzeR\(0,1).

Clearly, f € L*(R). However, we notice on (0,1), f oscillates indefinitely between 1
and —1. In fact, for all x+ > 0 and m € N, it is easy to construct a finite sequence

{7;}7 C (0, 2], in which sin(1/x;) alternates between —1 and 1. For such a sequence
> Isin(1/a;) = sin(1/2;)| = 2m.
j=1

It follows T'¢(x) = 0o, so f cannot have bounded total variation.
On the other hand, bounded functions that are also monotonic do have bounded

total variation. In fact, lim, o Ty(2) = sup,cg f(y) — infycr f(y).

Lemma 1.5.2. If f € L'(R) is monotone and bounded, then f has bounded total varia-

tion.

One of the characterizing features of functions with bounded total variation is the

Jordan decomposition. We state the result in the following:

Lemma 1.5.3. [[3], Lemma 3.26] If f has bounded total variation, then Ty+ f and Ty — f
are non-decreasing. Moreover, f = %(Tf +f)— %(Tf — f). That is, f may be decomposed

into the difference of non-decreasing functions.

We shall relate functions with bounded total variation to a unique signed Radon

measure. In turn, we will obtain an integration by parts formula similar to ((1.1.4)).
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Theorem 1.5.1. If f : R — R has bounded total variation, then there exists a finite

signed measure p such that for all ¢ € CH(R),

[rode==[oan (1.52)

Furthermore, for all open intervals (a,b) C R, u satisfies

p((a,0)) = f(b7) = f(a®). (1.5.3)

Proof. We first prove the result for f non-decreasing and bounded. Define A : C}(R) — R

——Afaw.

Clearly A is linear. Let ¢ € C}(R) and define for i > 0,

by

¢z +h) - ¢(z)

on(z) = b

By definition ¢, LimaN ¢' point-wise. By the Mean Value Theorem, there exists z €
(z,z+h) such that ¢, (z) = ¢'(z). Since ¢ € C}(R), there exists M > 0 so that M > ¢/(-),
and there exists compact set K C R such that supp(¢’) C K. Hence, ¢, < My for all
h > 0. By the Dominated Convergence Theorem,

=— /R f(x)¢'(x)dx = —1lim [ f(x) z+h) = é(z) dx.

By a change of variables, we may write

fro g (/”— oeydz [ fla) oo
/fx_ 19 4a) da

A9) = hm/ J(@ )gzﬁ(a:) dx.

h—0

Then,
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If ¢ > 0, since f is non-decreasing, it follows A(¢) > 0. Thus, A is a positive linear

functional. Now suppose |¢| < 1 and supp(¢) C (a,b) for some a < b, then

z)— flx —h
o <y [ LI,
1 b b—h
:}gr(l)ﬁ( ’ f(x)dx—/ah f(x)da:)
b a
=f(07) = fla”)
< 2[| f]]

Hence, A is a bounded positive linear functional on C}(R). By the Hahn-Banach Theorem,
there exists a positive linear functional X : C.(R) — R, such that A|c1g) = A. Since C!(R)
is dense in C.(R), this extension is unique. By the Riesz-Representation Theorem, there

exists a unique Radon measure p such that for all ¢ € C.(R),

X@=A¢w.

In particular, for all ¢ € C}(R),

[ £6de==x0) =~ [ oan

as desired.

To prove for a non-decreasing and bounded function f, we claim that
also holds for Lipschitz functions ¢ with compact support. We know by Radamacher’s
Theorem, if ¢ is Lipschitz, then ¢’ exists L!—a.e, so is well-defined. Now let p,
be the usual mollifier, then p. x ¢ € C}(R) and p, * ¢ <0 ¢ uniformly. In addition,

;) €0

(pex @) —= ¢’ in LY(R). Therefore, for all Lipschitiz function ¢,

/Rffﬁ'dflf:lig%/ﬂ%f(pe*@’dx:—lg%Ape*¢du=—/ﬂ{¢du-
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Now let a < b and € < (b — a)/2, define a Lipschitz function ¢, by

0 ifz<a

=4 ifr € (a,a+¢)
de(x) =41 if v € a+¢€b—¢€

br if ge (b— €, b)

0 if x > b.

\

As € — 0, ¢. increases to X(q)- By the Monotone Convergence Theorem,
((@5) = [ xian do
R
=lim [ ¢.dp
e—0 R

e—0

1 a-+te 1 b
:_lii% (E/a f(x)dx—; bef(x)dm)

= f(b7) = fa®),

=4méfdw

which proves (1.5.3). Since f is bounded, |f(b™) — f(a*)| < 2||f]|z for all a < b. Then,
as a — —oo and b — oo, we get u(R) < 2||f||p~. Therefore, if f is non-decreasing and
bounded, p is a finite Radon measure.

To extend this result to all function f with bounded total variation, we know by
Lemma [[.5.3] f may be expressed as the difference of non-decreasing functions f; and
fo. That is, f = fi — fo. In addition, Lemma [I.5.1] and [I.5.3] tells us f; and f, must

also be bounded. From our prior work, there exists finite Radon measures p; and puo
corresponding to f; and fy respectively, satisfying (1.5.2). We now define the signed

measure p = pu; — po. Clearly, u is finite. It follows, if ¢ € C!(R), then

_/qus/dx_—/R(fl—fQ)gzs’dx—/qudul—/Rczﬁdm—/Rqﬁdu-
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Moreover, for all a < b

1((a, b)) = pa((a, b)) — p2((a, b))
= f(07) = fi(@®) = fo(b7) + fo(a™)
= f(b7) = fla®),

which concludes the proof. ]

Theorem 1.5.2. Conversely, if f : R — R and there exists a finite signed measure [
satisfying , then there exists a function g : R — R with bounded total variation

such that f = g L -a.e.

Proof. By the Jordan Decomposition Theorem, there exists unique Radon measures p
and p~ such that p = u* — p~. Since p is finite, it follows p* are also finite. We now

define the functions ¢* : R — R by

g (z) = p*((=o0,z]) and g7 (z) = p ((—o0,a]).

Clearly, g* are monotone and bounded. By Lemmal[l.5.2 g* are functions with bounded
total variation. If we define g(z) = g™ (x) — g~ (z), then g also has bounded total variation

and g has the property

g(x) = p((—o0, z]).

By Theorem [1.5.1] there exists a finite signed measure u, such that for all ¢ € C}(R),

/Rgddw:—/Rcbdug,

and for any interval (a,b),

pg((a,)) = g(b7) — g(a™).

Notice that ¢ is right continuous by continuity from above of measures, so g(a™) = g(a).

If {,};°, C R is an increasing sequence such that z,, — b, then by continuity from
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below of measures, we see that

g(b) = Tim g(a,) = lim p((~o0, 2,]) = (=00, b)).

n—o0 n—oo

Therefore, for all a < b

pg((a,0)) = g(b™) = g(a™) = p((=00,b)) = p((—00,d]) = p((a,b)).

We deduce that u(B) = p,(B) for all Borel sets B. This implies for all ¢ € CL(R),

/R(f—g)cb’dx:—/Rqﬁdqu/qudpg:O.

We conclude f = g L-a.e. O

We have shown there is an intimate link between signed Radon measures and func-
tions with bounded total variation. Let us now link this alternate notion of variation to
our definition of BV (R) from (L.1.1). Let f : R — R be a function of bounded total
variation and let u be its associated signed measure from Theorem [I.5.1} As in the prior
proof, we may write u = u* — u~, where p* are finite Radon measures. Recall, the total
variation of a signed measure p is defined to be |u| = u* + p~. We notice if ¢ € C!(R)
and |¢| < 1, then

/Rfcb'dx - /Rcbdu’
_ /cbd;ﬁ—/cbdu"
/chldu + [ 1ol

pr(R) + p (R)

= [l (R).

However, |u|(R) < 0o, so [, f¢' dx is uniformly bounded for all ¢ € C}(R) with |¢| < 1.
It follows f € BV(R) and ||Df||(R) < |u|(R).
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Conversely, if f € BV(R), by Theorem [1.1.2] there exists a finite Radon measure
|IDf|| and o : R — R with |o| =1 ||Df||-a.e, such that for all ¢ € C}(R),

/Rﬂb’d:c:—/RcbodllDfll.

If we define u™ = ||Df||Lo" and = = ||Df||L o™, then u* are finite Radon measures.

Hence, p = pu™ — p~ is a finite signed measure satisfying ([1.5.2). Moreover,

IDFI|(R) = / o d|Df]| = / o d||Df|| + / o~ d||Df|] = it (R) + 5~ (R) = 1| (R).

By Theorem ([1.5.2)), there exists g : R — R with bounded total variation such that f = ¢

L'-a.e. We summarize the equivalency in the following theorem.

Theorem 1.5.3. f € BV(R) if and only if there exists g : R — R such that f = g

L'-a.e. Moreover, ||Df||(R) = |u|(R), for u the associated signed measure of g.

We end the study of the single variable case with a short analysis on the geometry
of BV(R). In light of Theorem [I.5.3 we may assume f € BV(R) and f has bounded
total variation. The name bounded variation suggest functions of this class have minimal
fluctuation. This can be seen in the definition of (1.5.1)). Indeed, Tf(z) quantifies the
frequency and size of oscillations before the point x. Then as x — oo, the bounded total
variation of f is in some sense the total oscillation of f. Therefore, functions in BV (R)
may characterized by those whose graph have finite oscillatory behaviour. In addition,

Lemma [1.5.3] tells us these functions are also continuous £!-a.e.
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Figure 2: The BV perimeter of a set is invariant under attachment of an infinite tail but
the (n — 1) Hausdorff measure becomes infinite.

2 Sets of finite perimeter

With the machinery we have developed thus far, we are ready to shift our attention

to the special case of characteristic functions with bounded variation and begin our study

of sets and perimeter. In Example[l.1.1]and [1.4.1] we saw that under sufficient regularity

conditions on the boundary, the perimeter of a set F is equal to H" 1 (OF). Moreover,

we were able to deduce

[|OE|| = H" 'L OE. (2.0.1)

In other words, all information on the perimeter of a smooth set E is embedded into its
boundary. We would like to generalize these results to non-smooth sets.

As we will soon see, there are many instances in which the topological boundary is
too crude for such task, as its Hausdorff measure may lead to an overestimation of the
perimeter. Take for example 2 = R? and F to be the closed unit ball B; with an infinite
tail attached. See Figure 2] Recalling the definition of the total variation in (L.1.1J),
we notice that functions that are equivalent up to £2-measure 0 output the same total
variation. Therefore, F' is equivalent to the unit ball in BV (R?) and ||0F|| = ||0B]|.
But notice by , this implies ||0F|| is computed using only H' on 9B;. Indeed,
F has finite perimeter whereas H!'(OF) = oo. This suggest ||0F|| omits OF \ dB in
its computation of the perimeter. Therefore, if we wish to obtain a similar expression
to , we will need a new notion of the boundary. In this section, we introduce
the reduced boundary and the measure-theoretic boundary. We will show these new
boundaries are the analogs to the topological boundaries for smooth sets, which in turn
will not only allow us to derive an expression similar to ([2.0.1)), but also the generalized

Gauss-Green Theorem.
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2.1 BV Boundaries
2.1.1 The Reduced Boundary

Definition 2.1.1. Let E € BV,.(R") and vg be the associated function to ||OE|| of
Theorem [1.1.3. We define the reduced boundary O*E to be the set of x € R™ such that

1. ||0E||(Br(x)) > 0 for all r > 0,
2. im0 momrsay JB. ) VE AIOE|| = vE(2),
3. |ve(z)| =1.

We call vg(x) the measure-theoretic normal on x.

Before proceeding with the ongoing theory, there are some simple geometric implica-
tions that we may deduce from the given definition. We notice Property (1) of Definition
accounts for the addition of any £"-measure 0 appendages and removes them from
the reduced boundary. To see this, let us look at the previous example. Let F = B, UT,
where T = {(z1,0) |z, > 1} as in Figure 2l We observe for all z € T'\ By, there exists

r > 0 such that B,(z) N By = 0. Now if ¢ € C}(B,(z); R"), then

/F div(¢) dz = / div(¢) dz = 0.

T

Thus, ||OE||(B,(z)) = 0 and x ¢ 0*E. This suggests that sets that are equivalent
up to L"-measure 0 should have the same reduced boundary, and under the pretext of
H"1(0*E), the same perimeter.

We claim the perimeter of a set is computed using only the reduced boundary. Let
us recall Property (1) of Theorem [1.1.2} for ||0E||-a.e € R™, |vg|(z) = 1. We also know

by the Lebesgue Differentiation Theorem, for ||0F||-a.e x € R",

1
lim—/ vedl|OF|| = ve(x). 2.1.1
M BT B @) S,y = MNOEI = ve(2) (2:1.1)

Therefore, Properties (2) and (3) hold ||0F||-a.e. But for equality in (2.1.1)), it must be
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that x satisfies Property (1). This implies the perimeter is at most restricted to 9*E as
[|OE||(R™\ 0*F) = 0. (2.1.2)

We claim ||0F|| = H" 'L §*E. Before we can prove this claim, we will need some

additional results pertaining to 0* E. The first are several useful local inequalities of 0* F.

Lemma 2.1.1. [[3], Lemma 5.3] If E € BVj,.(R™), there exists constants Ay, ..., As > 0,
such that for all x € O*F,

L"(Br(x)NE) > Al

rn

1. liminf,_,q

LUB@NE) 5 4

Tn

2. liminf,_,

3. liminf, g W > As,

4. limsup,_,, W < Ay,

5. limsup,_,q Ha(Emf;(i))H(Rn) < As.

Note, (1) and (2) tells us 0*E C 0F. This makes sense as 0*F is a more restrictive
notion of the boundary. In contrast, (3), (4), and (5) suggest ||0F|| is comparable to
H™ 1 locally.

Our primary method of studying the reduced boundary will be through blow-ups

and hyperplanes.

Definition 2.1.2. Let E € BV,.(R"). For each x € 0*E, define the hyperplane
H(x) ={y € R"|vp(z) - (y —x) = 0},

and the half-spaces

H'(x) ={y € R"|vp(z) - (y — =) = 0},

H™ (z) ={y e R" |vp(x) - (y —z) < 0}.
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Forr >0, define the blow-up of E at x by a factor of% to be

E.={yeR" r(y—z)+xe€E}

r—0

Theorem 2.1.1. [[3], Theorem 5.13] If E € BV,.(R™) and v € 0*E, then x5, —
XH_(I) in Llloc<Rn)'

Proof. If x € 0*F, then upon a change of coordinates, we may without loss of generality

assume x = 0 and vg(x) = (0,...,1) = e,. Then,

H(0) ={y € R" |y, = 0},
H*(0) = {y € R" |y, > 0},

H™(0) = {y € R" |y, <0},

and for r > 0,

E,={yeR"ry e E}.

The proof will be broken down into 3 main steps. Step (1) will be to show x g, converges

to a characteristic function in Lj,.

(R™). Step (2) will be to show that this characteristic
function is a half-space. And finally step 3, we show this half-space is H~(0).

Fix an L > 0 and define the following sets for » > 0,
D, =FE,.NBy.
We will also define a function g, : R™ — R" by
gr(2) = ;

If ¢ € CHR™;R") with ||¢||.c < 1, by applying the change of variables * = z/r and
noting

div(¢og,) = %div(qﬁ) ° g,
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we see that

/ div(¢) dx = 1 div(¢) o g, dz (2.1.3)

n
T r ENB,L,

= — / div(¢ o g,) dz
™" JEnB,,

1
- L / Vo, - (60 9) dllO(E N Boy)).
ENB,p,

-

_ 110 0 B,y IR

— Tnfl

(2.1.4)

By Property (5) of Lemma [2.1.1] there exists A5 > 0 and 0 < rg < 1 such that if

0 <r <rg, then (2.1.4) is bounded by A;. Hence,

T

It follows for all » < rq,

10D, [|(R") < As,

hence D, € BV (R"). Clearly,
XD, @wey = L£(Dr) < L™(Bp).
There exists C' > 0 such that for all r» < r,

XD, |Bv@n) = 10D |(R") + [|xD. |1 @ny < C.

Thus, we may bound || - ||pv(s,) of xg, for all L > 0. By Corollary [1.2.2, given a
sequence {r;}22; C R such that r, — 0, there exists f € BV,.(R™) and a subsequence

(R™). In addition, by extracting a further

{si3521 C {rr}32, such that XEs; 7, fin Li,
subsequence, we may assume E,, converges to f point-wise L"-a.e. Now note that XE,
is either 0 or 1, so if f is the point-wise limit, f must also only take on the values of
either 0 or 1 £"-a.e. Therefore, f = yp L"-a.e for some F' € BV,.(R"). It remains to

show that F' is a half-space.
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For notational convenience, we will write £; = E,; and v; = VE,, - Let » > 0, for all
¢ € CH(B,;R™), we see by applying the change of variables z = :/s; as in (2.1.3), along

with Theorem [1.1.2]

. 1 )
0 1,105, = [ divo)ds = [ aiv(o-g,)dn = [ (G00,) vedloE].
R E; S E R

(2.1.5)
We note that if ¢ € CH(B,;R"), then ¢ o g,, € CY(B,,,;R"). So, upon taking the
supremum across both sides we obtain
_19E|(B..,)

n—1
J

1OE;[|(B:) (2.1.6)

If {&n )55, € CH(B,) such &, forms an increasing sequence and &,, MmN B, point-wise,

then plugging ¢,, = e,&,, into (2.1.5)) yields

[ &en- ) dloB| = [ on-vydoE|
R™ R™

1
_ {/<%m%»»@ﬂWM|

n
§j

1
= -1 /n(fmogsj)(VEen)dHaEH

S

By the Monotone Convergence Theorem, as m — oo,

1
By

j Brsj

Since 0 € 0*F and vg(0) = e,, by Property (2) of the reduced boundary it follows

1 2
lim vg — e,|*d||0F :hm—/ 1—-vg-e,d||[0E|| =0 (2.1.8
0 |[0E|(B,) BT‘ 5 = en|” d||OE]| "2 [[OE](B,) s, B |OE]| (2.1.8)
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Now combining ([2.1.6]) and ( - we get

n— 1
lim —————— / len — vj|* d||OE,|| = _ len, — v;|* d||OE,||
= [[0E,][(B,) || ! ||3E||(Brsj) B, ! !
1 —2 d : 1 d||oF
]ggoHaE”(BmJ)/ —VjrCn || J||
2
hm—/ 1 —vg-e,d||0F]||
J—eo ||8E||(BTSJ-) v
=0.
Therefore, for all » > 0
lim len — v d||OE;|| = 2 lim / 1 —v;-e,d||0E;|| = 0. (2.1.9)
= Jp. ji—= Jp.
Since, xg, — xr in Lj,.(R"), we have for all ¢ € C}(R™;R"),
lim ¢ - v;d||0F;|| = lim / div(¢) dx = / div(¢) dx = ¢ -vpd||OF|| (2.1.10)
]_>OO R” ]_>OO Ej F R”
Now if £ € C1(R") and ¢ = e,&, then (2.1.10)) implies
/ Eep - vp d||OF|| = hm/ e, - v, d||OE)]|. (2.1.11)
n ]_)OO R"
If » > 0 such that supp(¢) C B,, then (2.1.9) implies
lim / £ —&e, - v;d||0E;|| = 0.
= Jp.
So (2.1.11]) becomes
/ €ep - vp d||OF|| = lim / e, - v d||0F;|| = lim / Ed||OE;]|. (2.1.12)
n J—=0 JRrn J—=0 JRrn

Let r > 0, if we take & € C}(R") such that £ >0, =1o0n B, and £ =0 on R"\ B, 4,
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for some h > 0, then by Theorem |1.2.1f and (2.1.12)),

0FI(B,) < limint 05,]/(B,) < lmint [ o]l = [ €, ved|oF|
j—o0 j—o0

Br+h

As h — 0, we get
10F|[(B) < [ e vedoF ]|

T

(2.1.13)

By the Cauchy-Schwarz inequality, e, - vy < 1. So, (2.1.13) is bounded above and below

by ||OF||(B,) for all r > 0. But, equality of the Cauchy-Schwarz inequality holds if and

only if vp = e, ||0F||-a.e. Therefore, vp = e, ||0F||-a.e.

It remains to show that Fis H(0). Given that vp = e,, for all ¢ € C}(R";R"),

/div(gb)dx: 6 e d|OF].
F Rn

(2.1.14)

Let € > 0, then using the usual mollifier p., we define f. = p. *x xp. For all ¢ € C}(R"),

fediv(¢) dz = /Fdiv(p6 *x @) dx

Rn

— [ (ox0)-cadior
~ [ pxto e djor|.

Since f. € C®(R*) N W, (R"), we also have

loc

/n fediv(e) de = — Vi odr.

R’I’L

Therefore,

_ Vfﬁ-a)dx:/ pex (6~ en) dI|JOF]).

R" n

(2.1.15)

Observe for all g € CH(R"), if we define ¢ = e;g for i € {1,...,n — 1}, then (2.1.15)

implies
afe

R” 821

gdzr = 0.
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Thus, for alli € {1,...,n — 1},

ofe
5 =0 (2.1.16)

Now suppose there exists z € R™ such that %(x) > 0, then by continuity there exists a

neighbourhood U of = such that %

;> 0. We may choose a positive g € C1(R") such

that supp(g) C U. Upon setting ¢ = e, g, we see that

—/ afegdycz/ pe x gd||OF|| > 0.

U 8Zn

But this contradicts the negative integrand of —gi glu. Therefore,

Zn

df.
<0. 2.1.1
9. =0 (2.1.17)

We will use (2.1.16)) and (2.1.17)) to recover the precise set F'. Since f, amalN xr in Li (R™),

loc

we may extract a sequence {e; 521 such that f, 520, XrF point-wise L"-a.e. Let x € F
such that the limit converges. By (2.1.16), we see that for allé € {1,...,n—1} and r € R,
fe;(x +1e;) = f;(x). By the point-wise convergence of the sequence; f, () S7% 1 and
fe,(w+re;) N xr(xz+re;), we deduce yp(z+re;) = Lforallr € Randi € {1,...,n—1}.
That is, up to a L™null set, F' is invariant under translation along the i-th coordinate
axis for all i € {1,...,n —1}.

On the other hand, if z € F' such that lim,,_,o fc, () = xr(2), tells us for

all 7 <0, f,(z) < fe,(z +re,). Upon taking the limit we see that
= = i < li _ = < 1.
1 =xr(2) Elj1£n>0 fe; () < 61j1£n)0 fe; (v +ren) = xp(r+1e,) <1

Thus, xp(z+re,) =1 for all < 0. That is, F' is invariant under downward translations

along the n-th axis. We conclude for some v € R,
F={zeR"z, <~}

It only remains to show v = 0. Suppose for contradiction v > 0, then we see that
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B,NF = B,. Let w, = L"(By), then given xg, — xr in L, (R"), we have

loc

wy" = L"(B,NF)=lim L"(B,NE))

Jj—00
LMBy, NE
:hm—l—%——l. (2.1.18)
Jj—o0 s"

J

Implying

But this contradicts Property (2) of Theorem [2.1.1] It must be that v < 0. Suppose

v < 0, then B, N F = (). Thus,

0= [,n(BM N F) = lim [,n(BM N Ej)
j—o0
L"(Byyjs; N E)

= lim
Jj—o0 3?
_ L"(Byys, N E)
= lim m .
J—00 S

J
But this contradicts Property (1) of Theorem m Therefore, it must be that v = 0.

This concludes the proof. O

If we recall for ¢t € [0, 1], the set of points with density ¢ of E is defined by

lim =
r—0 WpT™

E@Z{xeRn

LM(E N B, (z)) t}

where w,, = L£"(B;). Utilizing Theorem we claim 0*E C E1/?). To see this, let

x € 0*F, upon translation of the set F, we may assume without loss of generality that
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x = 0. By the change of variables z = y/r and Theorem [2.1.1] we see that

r—0 WpT™ r—0 W, " .

=i " d
lim — / (2)d

= 11m — z z
T—%OCUn Bl:XET
1

= —L"(H (0)N By)
Wn,

B 1

2

Thus, 0 € E1/? | completing the proof of our claim. Moreover, Theorem tell us
that points on the reduced boundary are locally flat and their outward unit normals
corresponds to their measure-theoretic normal vg. In light of this local flatness of the

reduced boundary, we deduce the following properties:

Theorem 2.1.2. [[3], Theorem 5.14] Let E € BV,.(R"™). If v € 0*E, then

L™(Br(x))NENHT (z)) _ 0,

rn

1. hnlpﬁo

(Br(@\E)NH* (2)) _ 3

rn

. rn
2. lim,_,q

LB @) _ .

wn_lrn—l

3. lim,_,

Notice that Property (3) of Theorem is a refinement of properties (3) and (4)
of Lemma [2.1.1} We shall use this local comparison between the two measures to derive

an absolute-continuity like result between H"~! and ||0E|| on 0*E.

Lemma 2.1.2. [[3], Lemma 5.4] Let E € BV,,.(R™). There exists a constant C' > 0 such
that if A C 0*F, then
H"H(A) < CllOE]|(A).

Proof. Lete, 6 > 0. Since ||0F]|| is a Radon measure, there exists an open set U containing
A such that
IOE]|(U) < [[OE]|(A) + €.
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By Lemma [2.1.1], there exists A3 > 0 such that for all x € 0*F

lim inf W > As.

r—0 rn—1

Since every point in A is an interior point of U, we may define the following open cover

of A by

10’ rn—1

F={5.

xeA,Br(a:)gU,r<£ WEA;),},

By the Vitali Covering Lemma, there exists a countable collection of disjoint balls { B, (x;)}2, C
F such that
i=1

Notice by construction, 7~ < M for all « € N. It follows that

Hy~'(A) < f; aln —1) <dmm(3;5ri(x,~)))"‘l

a(n —1)5"1
20 =D oml(4) + 0,

IN

Set C' = %, then as € — 0 we obtain

My~ (A) < CJ|0E||(A).

Sending § to 0 gives H"1(A) < C||0E||(A) as desired. O

We are ready to prove De Giorgi’s regularity result on 9*E. We claim 0*E is C! in

a measure-theoretic sense.

Theorem 2.1.3. (Structure theorem for sets of finite perimeter.)[[3], Theorem 5.15] If

E € BV,.(R™), then
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1. O*FE = U, Kx UN, where N is a ||0E||-null set and K}, are compact subsets of

C' hypersurfaces Sy,
2. vglg, is normal for each Sk,
3. ||OE|| = H" 'L O*E.

Proof. Let r > 0, define ¥, ¢, : 0*E — R by

and
Lr((B,(z) \ E)n H* (2))

T’I’L

or(z) =

By Theorem [2.1.2] for each z € 9*E, ¢,.(z), 1,(x) — 0 point-wise as r — 0. By Egoroff’s
Theorem, there exists a sequence of disjoint ||0F||-measurable sets {F;}32, C 0*F such
that

1OEN[(0"E\ U, Fi) = 0,

and .., ¢, converge uniformly to 0 on each F;. Next, we apply Lusin’s Theorem to each ¢

for a collection of disjoint compact sets {G; 21 C L such that vg|s: is continuous, and
J

OBII(F\ U2, G = 0.
Up to reindexing, we may denote {G5}35_; as {K;}32,. Let N = 0*E \ U2, K}, then

IOE[|(N) = [[0E|[(9"E\ UZ, Fi) + [[0E||[(UZ, Fi \ UL, Ki) = 0.

Clearly,
OE=U Ky UN,

and by construction, ¢, and 1), converge uniformly to 0 on each Ky, and vg|k, is contin-

uous. The objective for the remainder of the proof is to apply the Whitney’s Extension
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Theorem to show the existence of hypersurfaces Sy containing K. We define for § > 0,

pu(0) =sup { =M o oy <0y i

We want to show pg(J) 229 0. Fix k € N, and let 0 < € < 1. Denote w, = LY(B). By

the uniform convergence of 1, and ¢,, if r is sufficiently small, for all x € K,

po(r) = @O EDHT@) ;:f’; (2.1.19)

,,nn

and
L((Br(x) \E)NH (x))  €"wy

rn 2n+2 ’

or(z) =

(2.1.20)

Equation ([2.1.20)) implies

L(Ba) NENH(x)  £'(B,(r) N H (x) = L((Bo(x) \ E) N H~ (x))

TTL /r-TL
Lo L(B@0)\ B)N H-(x))
- 2 on
Wn  €'wn
> 5 T a2 (2.1.21)

In particular, there exists dy such that for all r» < 24, for all x € K, both (2.1.19)) and
(2.1.21)) hold.

We claim that for r < dy, |vg(x)- (y—x)| < €|y —z| for all z,y € Kj. Suppose for the
purpose of contradiction that there exists x,y € K}, such that vg(z) - (y —x) > €|y — z|,
and 0 < |z —y| < r. Let ro = |xr —y| and 2z € B, (y). There exists w € R" such that

z =y+w and |w| < ery. By the Cauchy-Schwarz Inequality, |vg(x)-w| < |w|. Therefore,

vg(z) - (z—2)=vg(x) (y—x) +ve(x) w>erg—|w| >0.

Since this holds for all z € B, (y), it follows B, (y) € H"(x). In addition,

v — 2] < o =yl + |y — z[ < 2o,
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80 2z € Bayy (). In summary, B, (y) € H*(x) N By, (z). Now observe by (2.1.19)),

€"wn,
2n+2

L"(Bay,(x)NEN H(2)) < (2ro)"

=< 4”%{;. (2.1.22)

Likewise, (2.1.21)) implies

LY(EN Bery(y)) = L (Bero (y) N ENH™ (y))

- €W Ty (1_ € )
- 2 2n+1

>

(2.1.23)

Putting (2.1.22)) and ([2.1.23]) together, we get
L"(E N Bery(y)) > L"(E N Bayy(x)) N H ().

However, we first showed B, (y) € H*(x)N By, (x), so this contradicts the monotonicity
of £". The same argument shows there does not exist =,y € K}, such that |z — y| < r,
and vg(z) - (y — ) < —e|lr — y|. Therefore, for all k& € N, there exists 6§ such that if
r < 265, then pi(r) < e. By the Whitney’s Extension Theorem, there exists g, € C1(R")

for each k € N, such that
g,=0 and Vg, =vg on Kj. (2.1.24)

Let

1
Sk = {x € R"|gi(x) =0, |Vgi(x)| > 5} :
Since |vg(x)| =1 for all z € Ky, (2.1.24) tells us K} is contained in Si. By the Implicit
Function Theorem, S, is a C'* hyper-surface.
We have thus proved Properties (1) and (2), it remains to show Property (3). Let
A CR"™ By (2.1.2), we may assume A C 9*E. We may further assume that A C U, K},

as |[[OF|[(ANN) = 0. Let Ay, = AN Ky, then A = U, Ax. We have A, C Sy for all
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k € N. Define
- HnilLSk.

By Lemma [2.1.2] v, << ||OF||. Since Sy is C, for all z € Sy, we have

o VB:(@))

r—0 (W17 L

= 1. (2.1.25)

By Property (3) of Theorem for all z € Ay,

BB () |

Wn—lrni1

Combining this with (2.1.25)), we get

B
D||6EHV hm V( T(m)) =1.

=0 ||OE[[(B,(x))

By the Radon-Nikodym Theorem,

1OE||(AL) = / Ld|joE|

= / Dyjog v d||OF]|
A

= v(A)
= Hnil(Ak)
Therefore,
1OE]|(A Zl\aEll (Ae) = ZH” HAR) =H"H(A).
We conclude ||OFE|| = H" 'L 0*E. O

We have just characterized the measure ||0F|| for sets of local finite perimeter and
derived a direct method of computing the perimeter that aligns with our intuition. In light
of the recent regularity result, we end this subsection with the generalized Gauss-Green

Theorem.
Theorem 2.1.4. (Gauss-Green Theorem.)[[3], Theorem 5.16] Let E € BV,.(R"), then
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for all ¢ € CHR™R™),

/ div(¢p) dx = ¢-vpdH"
E o E

Proof. Let ¢ € C}(R™;R™), then by Theorem and Property (3) of Theorem [2.1.3]

/ div(¢) dx = ¢-vpd||OE|| = ¢-vpdH"
E

Rn o*E

as desired. n

2.1.2 The Measure-Theoretic Boundary

We have seen the reduced boundary characterizes the Radon measure of a set of local
finite perimeter. We have also seen the geometry of points along the reduced boundary
are quite limited to being locally flat. In this subsection, we introduce a more robust
notion of the boundary, one that possess all of the perimeter computing properties of the

reduced boundary, but allows for more complex local geometry.

Definition 2.1.3. Let E € BV, (R"). For x € R", we say x € 0.F, the measure-

theoretic boundary of E, if

LB, (x) N E)

lim sup > 0,
r—0 e
and
"(B, E
lim sup LY(Bi(z) \ E) > 0.
r—0 rr

It is easy to see that 0,F is a further generalization of 0*F. To see this, we recall
a consequence of Theorem [2.1.1f 9*E C E(/2). Next, we notice if » € R\ (E° U E'),
then limréow £ 0or 1. So, v € 0,E. Therefore, we have 0*E C E1/?) C

R™\ (E°U E') C 0,E. We claim 9*FE and J,F are equivalent in a measure-theoretic

sense.

Theorem 2.1.5 ([3], Lemma 5.5). If E € BV,.(R"), then 0*E C 0,E and H" ' (0.E \
0*E) = 0.
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Proof. We only need to show H" 1 (9,E\0*FE) = 0. Fixaz € 0,F and define f : R* —» R

by
) = L'(B,(x) N E)

Wpr™

By continuity of £, f is continous. Since = € J,F, there exists a sequence {r;}32, and
0 < o1 < ag < 1 such that

aq S f(’f’j) S Q9.

Hence,

min{L"(B,(z) N E), L"(B,(x) \ )} > min{ai, 1 — ag}riw,.

By the relative Isoperimetric inequality of Theorem there exists constant Cy > 0

such that

min{L"(B,(x) N E), L"(B,(x) \ E)}!'~'/"
2C)
(min{ay, 1 — az}riwy,)
- 20,
(min{ay, 1 — as}w,)
20,

10E[(Br,(25))) >

1-1/n

1-1/n,.n—1
"j

Therefore,

|OE|(Br(x))

rn—l

lim sup > 0. (2.1.26)

r—0
Now define

BB . L]

lim sup
r—0 Tn_l 2k

Equation (2.1.26) implies 0,F \ 0*FE = U2 Ly, so it suffices to show H" (L) = 0 for all
k € N. We will apply a covering argument as in the proof of Lemma [2.1.2] Let €, > 0.
We know that ||OF|| = H" 'L *E, so ||0F||(Lg) = 0 for all k£ € N. Given that ||0E|] is

a Radon measure, there exists an open set Aj containing Lj such that

€ €
1OE(I(A%) < [1OE[|(Li) + o5 = - (2.1.27)
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Next, define

Fi = {Br(x)

5 n—1
€ Luy By(o) € 44,0 < < 15 IOEI|B0) > T}

Fi. clearly covers L. By the Vitali-Covering Lemma, there exists a countable collection

of disjoint balls {B,,(x;)}2; such that

Ly C UBsn(ﬂﬁi)-

i=1
Notice by construction diam(Bs,,(z;)) < J, hence

o0

Hy Y (Ly) < Z a(n —1)(5r,)" !
<a(n—1)5""2 Z |OE| (B, (2:))

< a(n —1)5"12%|0F||(AS).
However, (2.1.27) implies 2¥||0F||(A$) < €, so we get
Hy N (Ly) < aln —1)5" e

As e — O’ we get H?il(Lk) =0. ThU.S, Hn_l(Lk> = 0. L

Remark. The measure-theoretic boundary is related to the topological boundary by the
following; OE, C OF. To see this, we note if x € 0,E \ OF, then there exists v > 0 such

that B,(z) C R\ E or B,(z) C E. In both scenarios, either limsup,_,, =" 2r&0E) _

rn )

L™ (Br(2)\E)

rn

or limsup,_, = 0, contradicting x € O, E.

In summary, we have three different notions of the boundary for sets of finite perime-
ter; the topological boundary, the reduced boundary, and the measure-theoretic boundary.
We showed 0*E C 0,FE C JF. The topological boundary is the coarsest boundary and
often leads to overestimation of the perimeter. The reduced boundary captures infor-
mation about the perimeter. However, it is only composed of points that upon blow-up

resembles that of a half-space. On the other hand, points on the measure-theoretic bound-
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Figure 3: On the left, the reduced boundary comprises of only the edges of the polyhedron.
In the middle, the measure-theoretic boundary comprises of all edges and all vertices. On
the right, the topological boundary comprises everything.

ary are less limited with their blow-ups, allowing for cusps and other more complicated

geometry. See Figure (3| for an example. Nonetheless, the reduced boundary and the

measure-theoretic boundary are interchangeable in the study of the perimeter.
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3 Plateau Type Problems and The First Variation of
the Area Formula

There are numerous geometric minimization problems which are accessible through
the setting of BV. Such problems may include boundary value constraints, fixed mass
constraints, or prescribed mean curvature. Although each problem relies on a different
set of analytical techniques to derive an explicit solution, there is a universal approach
to proving the existence of a solution. We call this the Direct-Method. The idea of the
Direct-Method is rather simple; the goal is to establish a compactness result in order
to obtain a solution as the limit of a minimizing sequence of competitors. Through an
application of the lower-semicontinuity property of BV functions, we show this limit is
in fact in our space. In this section, we will demonstrate the Direct-Method by proving
the existence of solutions to a Plateau-type problem. In addition, we will derive a first
derivative test result as a means of verifying solutions of minimization problems pertaining

to the perimeter.

3.1 Plateau-Type Problem and the Direct-Method

If we wish to solve a perimeter-induced minimization problem, then we must have a

notion of minimality. We define the following;
Definition 3.1.1. Let A C R"™ be open and bounded. Let E € BV,.(R™). We say E is
a minimal in A, if for every F' € BV,.(R"™) such that F\ A= E\ A,

1OE]|(A) < [|OF[(A).

The classical Plateau’s problem consists of finding a surface with minimal surface
area amongst all surfaces with a prescribed boundary curve. We present a simpler, more
topological based problem in the same spirit of that of Plateau. Fix L € BVj,.(R™) and

A C R" open and bounded. We wish to find a set with the least perimeter amongst all
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sets that coincides with L outside of A. More precisely, let

O ={F € BV, (R")|F\A=L\ A}. (3.1.1)

We say E* € BV,.(R") is a solution to the Plateau-type problem in A, if £* € © and

10E*||(A) = inf{||0F||(A) | F € ©}. (3.1.2)

In short, we say E* solves

(L, A) = int{||0F||(A) | F € O} (3.1.3)

In some sense, the criterion of L\ A acts as a boundary constraint for this problem; we

are only interested in sets with boundary 0AN L in A.

Theorem 3.1.1. (Ezistence of Minimizers.)[[6], Theorem 1.20] For all open and bounded
A CR™ and L € BV,.(R"), there exists a solution to . That is, there exists a set
E € BV,.(R™), such that E is minimal in A, and E\ A= L\ A.

Proof. Let © be defined as in (3.1.1). Given that A is bounded, we may choose R > 0
so that A is compactly contained in Bg. Recalling (1.1.6)), for all F' € O, we know the

measure ||0F|| captures the perimeter of F' on all open sets. Hence, we may write

1OF||(Br) = [[0F[|(A) + [[0F[|(Br \ A).

But since F'\ A = L\ A, it follows that 0*F = 0*L outside of A. By Proprty (3) of
Theorem [2.1.3]

10F||(Br\ A) = H"H(0"F N (Br \ A)) = H"(9"L N (Br \ A)) = [|0L]|(Br \ A).

Therefore,

10F|(Br) = |[OF[[(A) + [[OL||(Br \ A). (3.1.4)
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It suffices to find a minimal set in Bg. As in (3.1.3), let
(L, Br) = inf{||0F||(Bg) | F € ©}.

By definition of the infimum, there exists { £} }72, C O such that ||0E||(Br) — v(L, Bg).
Since, {||0FEk||(Br)}:2, is a converging sequence, there exists M > 0 so that ||0Eg||(Bg) <

M for all k£ € N. Therefore,

X BV BR) = |IXE L1 (BR) + [|OER]|(Br) < L"(Br) + M.

By Theorem [1.2.4] there exists f € BV(Bg), and a subsequence {E;}52, C {Ex}i2,
such that XE., EmiaN f in L'(Bg). Given that XE,, takes only the values of 0 or 1, and
up to a subsequence XE, Emaa f point-wise L"—a.e on Bg, we may assume f = yp for

some F C Br. By Theorem [1.2.1],
10BN (Br) < liminf | |9E,,||(Br) = 1(L. Br). (3.1.5)

We notice for all z € Br \ A, xg,, (¥) = x(z). Thus, for L-a.e z € Br\ A, xp(z) =
Xz (z). Now recall by definition of , sets that are identical L™-a.e are equivalent in
BVoe(R™), so we may assume F'\ A = L\ A. Furthermore, by the same decomposition
as in (3.1.4), we see ||0F||(Br) < oo for all R > 0. Therefore, E € ©. Moreover,

now implies ||0FE||(Bgr) = v(L, Bg). We conclude F is a minimal in A. O

3.2 First Variation of the Area

We have shown that minimal sets exist, but how do we verify if a given set is minimal?
Following the usual methodology of Euler-Lagrange equations, one idea is to obtain a
necessary criticality condition on minimal sets by looking at small local perturbations.
We see that if F is minimal in A, then we can construct a series of new sets Ej for t € R,
by continuously deforming F in A. See Figure [ By restricting these deformations to

the interior of A, the acquired sets would agree with E outside of A, i.e. Ef\ A= E\ A.
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Figure 4: By restricting the deformation of E to the interior of A, we may obtain a new
set £*, such that £*\ A= E\ A.

Since F is minimal in A, we see that for allt € R, ||0E||(A) < ||OE[||(A). If we assume at
t =0, Ef = E, and upon further assumption that the perimeter function ¢ — ||0E}||(A)

is differentiable, then the minimality of £ would lead us to expect

d
LoEsNA)| =0, (3.2.1)
dat' Tt —o
and
d2
wHaEz‘H(A) > 0. (3.2.2)
t=0

If E satisfies (3.2.1) and (3.2.2)) for all continuous deformations, then Fermat’s Theorem

on stationary points would allows us to conclude that E is indeed a minimal set. The
goal now is to derive an explicit formula for the left-hand side of , more commonly
known as the first variation of the area.

A natural method for defining these deformations on a set F is through a diffeomor-
phism G : R” — R". We will denote DG to be the Jacobian matrix of G and |DG]| to
be the corresponding determinant. The following lemma will allow us to compute the
perimeter of a set under a diffeomorphism transformation in terms of the perimeter of

the original set. We present the general result for BV functions.

Lemma 3.2.1. [[6], Lemma 10.1] Let f € BVj,.(R") and G : R* — R" be a diffeomor-
phism. Define f* = foG™'. For all A C R" open and bounded, we define A* = G(A).
If o is the resulting function associated to f from Theorem[I.1.3, then

IDF|(A%) = / |Hol|d||DJ]|, (3.2.3)

where H = |DG|(DG)™ .
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Proof. 1f ¢ € C}(A;R™), denote ¢* = ¢ o G~1. We first claim

10511 =sup{ [ praivior) do

6 € CHARY, [|6]l < 1}. (3.2.0

That is, taking the supremum across ¢ € C}(A;R") with ||¢]|s < 1 is equivalent to tak-

ing the supremum across n € C}(A*;R") with |||/ < 1. To see this, let ¢ € C}(A4;R™).

Clearly, if ||¢]|ec < 1, then ||¢*||cc < 1. By definition, supp(¢) = {z € R |p(x) # 0} =

o T(R\{0}) €C A. Likewise, supp(¢”) = (¢*)'(R*\{0}) = G(o~'(R"\ {0}). By
continuity, G(¢=1(R™\ {0}) = G(¢~}(R"\ {0}) CC A*. Thus, ¢* € C}(A*;R"). Simi-

larly, if n € C!(A*;R"™), then by the same argument, we see that no F' € C!(A;R™). This
concludes the proof of the claim.

Next, we notice that if for all ¢ € C}(A;R"), f satisfies

/* Frdiv(¢") da — —/AHU -6d||Df|] (3.2.5)

where H = |DG|(DG)™!, then by (3.2.4), taking the supremum across both sides with

respect to ¢ € CH(A;R") and ||d||s < 1 yields

IDF[(A7) = Sup{—/AHa-cbdllDfll ‘cb € C.(AR"), |19l < 1}. (3.2.6)

By applying the same argument as in the proof of Theorem [1.1.3] the right-hand side of
(3.2.6) can be shown to be equal to [, |[Ho|d||Df||. Thus,

IDFI(A%) = / |Ho|d||DJ]||.

Therefore, it suffices to show holds for all f € BVj,.(R").
We first show holds for f € BVj,.(R") N C®(R"). Let ¢ € C}(A;R") and
g =G, then
/ frdiv(¢*)dx = — Vo de.

A*
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By the Chain-rule, Vf* = (DgV f) o g, so

/ fediv(e) dr = - / (DgVf)og)- (6o g)de

We apply the change of variables y = G~!(z) = g(z) to get

[ (0gvpeg)- (@09 ds - / (DgoG)VS) -6|DGldy. (327

By the Inverse Function Theorem, Dgo G = , SO - becomes

/ (Dgo G)VS) - 6|DG|dy = / (DG)'Vf -6 |DG|dy = / HYS - gy
A A A

It follows for all ¢ € C}(A;R™),

Frdiv(e*) dw = —/AHVf - ¢ da.

A*

Moreover, f € BVjo(R*)NC>®(R"), so f € W,2'(R"). Recalling Theorem we know

loc

that ||Df|| = L"L|Vf| and 0 = |§§| Therefore,

paiv(o)de = = [ HZhovsldn = [ Ho-od D),

A*

and (3.2.5)) holds for BVj,.(R™) N C*(R").
For the general case, let f € BV,.(R"). By Theorem [1.2.3] there exists {fx}22; C
BV (A)NC>(A), such that f, — fin L*(A). We see by the change of variables y = g(z),

im [ 17~ fildo = hm/!f FullDyldy < max Dot !hm/\f Feldy = 0.

k—o0

So, fy = f* in LY (A*). Tt follows for all ¢* € CL(A*;R"™),

frdiv(¢") dz = lim fadiv(e™) du. (3.2.8)

A* k—oo A*

We now note that for all ¢ € C1(A;R™), if HT is the transpose of H, then H'¢ €

29



CL(A;R"), so by Theorem [1.1.2]
/ fdiv(HT ¢) / o-H ¢d||Df||.
Thus,

lim
k—o0

HV f - — [ Ho-¢d||Df||| = li -HT¢dx — -H'¢d||D
[ i¥hods- [ o oalnsl| = i | [ V4 mods - [ o mTodiDs)

— lim |— / Fodiv(HT ¢) dz + / Fdiv(HT ¢) dx
A A

k—o0
= lim / (f — fo)div(H ¢) da
k—oo A
= 0.
That is,
lim Hka-qﬁdx:/Ha-gdeDfH. (3.2.9)
k—o0 A A

Combining (3.2.8)), and (3.2.9)), we see for all ¢ € C}(A;R"),

frdiv(e®)dz = hm/ frdiv(¢ =— lim/Hka-qbdx:—/Ha-gdeDfH,
A

as desired. 0

Before we apply Lemma to sets of local finite perimeter, we first recall some
results from prior points in the thesis. If £ € BVj,.(R™), then vg is the measure-theoretic
normal of E along 0*FE, as well as the associated function to F from Theorem [1.1.2]
Moreover, by Theorem 2.1.3] we know [|0E|| = H" 'L 0*E. If we take f = yp for
E € BVi,(R"), then upon noting that (xg)* = xg o G~ = xg-, where E* = G(E),

Lemma [3.2.1) may be written as

H(’)E*H(A*):/\HVE\dH@EH:/ |Hug|dH . (3.2.10)
A

ANO*E

Notice that this is only for a single diffeomorphism. To obtain a continuous series of

diffeomorphisms, we will need the following:
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Definition 3.2.1. Given an open and bounded sets A C R", we say F: R" x R — R"

forms a local variation in A if
1. F' is smooth,
2. Fy() = F(-,t) is a diffeomorphism for all t € R,
3. Fo(-) = I, the identity function,
4. {r € R"|Fy(x) #x} CC A for allt € R,

If we set Ef = Fi(A), then by the smoothness of F, we see {E;}icr forms our
desired continuous deformations of E. Moreover, Property (4), ensures the deformations
are restricted to the interior of A. Hence, Ef \ A= E\ A and F;(A) = A for all t € R.

It is easy to see that if T" € C°(A;R"™), then Fy(z) = x+tT'(z) forms a local variation
in A. For our applications, it suffices to assume all local variations in A are of this form.
The choice of variation is convenient because we wish to compute the derivative at t = 0
as seen in , so we are only interested in the behaviour of the local variation around
t = 0. If F is a local variation in A, then by the Taylor expansion of F' with respect to

t, for some € > 0,

F(z,t)

d
F(x,t) = t

+ O(t%), (3.2.11)

dF(z,t)

for all [t| < e. Setting T' = =

yields the generalization.
t=0

The following Lemma will be useful in expressing (3.2.10) in a more differentiable

form when DF, = Id+tT for T € C°(A;R"), and Id the identity matrix.

Lemma 3.2.2. [[7], Lemma 17.4] Let M be an n x n-matriz. Denote Id to be the identity

matriz, and M? = Mo M. The second order Taylor expansion close to the identity states
1. (Id+tM)™' =1d —tM + t*M? + O(t?),
2. |Id+tM| =1+ tTrace(M) + £(Trace(M)? — Trace(M?)) + O(t%).

We are now ready to derive the first variation of the area.
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Theorem 3.2.1. (The First Variation of the Area.)[[7], Theorem 17.5] Let A C R™ be
open and bounded. For E € BV,.(R") and T € C*(A;R"), define the local variation in
Aby Fi(z) =x+tT(x). If Ef = F,(E), then

10E;||(A) = ||0E]|(A) +t/ div(T) — vg - (DTwg) dH™ + O(t).
O*ENA

Moreover,
d||0E¢||(A)
dt

= / div(T) — vg - (DTvg) dH™ . (3.2.12)
t=0 o*E

Proof. By Lemma [3.2.2]
(DF,)™' = (Id —tDT)™" = Id — tDT + O(t?),

and

det(Id +tDT) = 1+ tTrace(DT) + O(t*) = 1 + tdiv(T) + O(¢?).

Therefore,

(DF,)'vg|* = vg - vg — 2tvg - (DTvg) + t*(DTvg) - (DTvg) + O(t?)

=(1—tvg - (DTvg) + O(tZ))Q.
It follows that

|Hyvg| = det(Id +tDT)(DE) ™! = (1 + tdiv(T) + O(#*))(1 — tvg - (DTvg) + O(t?))

=1+ tdiv(T) — tvg - (DTvg) + O(t?).
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Plugging this into Lemma [3.2.1] yields

1OE;||(A) = / \Huwg| d|OE|
_ / | 4 tdiv(T) — tugs - (DTwg) + O(2) dH"!
0*ENA

— |I0E||(A) + ¢ / div(T) — vg - (DTwi) dH™ + O(#2),

9*ENA
as desired. O

Equation (3.2.12) provides the necessary condition of (3.2.1)) for minimal sets. We

define the following:
Definition 3.2.2. Let A C R" be open and bounded. We say E € BV,.(R") is stationary
for perimeter in A, if for all T € CF(A;R"),

/ div(T) — vg - (DTvg) dH" ™ = 0. (3.2.13)
O*ENA

It is clear that if F is minimal in A, then F must be stationary for perimeter in
A. However, as in the case of real-valued functions, having a zero derivative does not
imply a local extremum, so the converse is not true. To see this, consider F = {(z,y) €
R?|zy > 0}. It is easy to see that 9*E = {(x,0) |z # 0} U {(0,y) |y # 0}. If A = By,
and T = (Ty,Ty) € C°(By; R?), then

/ div(T) — vg - (DTvg)dH" ' = / div(T) — vg - (DTvg) dH™
0*ENB1 {(z,0)|z#0}NB1

+/ div(T) — vg - (DTvg) dH" .
{(0.9)ly#0}NB1

Now observe that

{(2,0) |2 #0} N By = {(,0) |z € (1,00} U {(2,0) |z € (0,1)} = X~ U X~
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B1 Bl

Figure 5: F is stationary for perimeter in B;, but not a minimizer in B;.

We note vg = (0,1) on X, and vg = (0, —1) on X . Thus,

/ div(T) — vg - (DTvg)dH" ' = / div(T) — (0,1) - (%,@> dH"
{(2,0)[z#0}NB1 - dy ' Oy

+/X+ div(T) — (0, —1) - (_% _@) -

T T
:/ @cm”—w/ T4 gy
X 31’

0T Lo
= 716_x(x’0>dx+ i %(x,O)dx

=T1((0,0)) = Thi((=1,0)) + T1((1,0)) — T1((0,0))

= 0.
By a similar decomposition, we see that

/ div(T) — vg - (DTvg) dH" ' =0,
{(0.9)ly#0}NBy

for all T € C°(By; R™). Therefore, F is stationary for perimeter in By. However, E is not
minimal in By. As illustrated in Figure[5| there exists a set £ such that F1\ B; = E'\ By,
and ||0E1||(B1) < ||OF||(By). To differentiate between sets that are stationary but not
minimal, from those that are truly minimal, one relies on a stability result on stationary
sets. This is commonly known as the second variation of the area. This topic is beyond

the scope of this thesis, we instead refer to Chapter 17.6 from [7] for the complete theory.
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4 FEuclidean Isoperimetric Problem

In this section, we study a different geometric variation problem from that of Plateau.
Instead of boundary constraints, we now impose a mass constraint. This problem is
famously known as the Fuclidean Isoperimetric problem, and it is one of the oldest
mathematical problems to be studied. The original problem aims to find a closed curve
in R? which minimizes the perimeter and also encloses a specified area. The Direct-
Method provides a means of proving the existence of a minimizing curve. However,
unlike most minimization problems, the unique solution to the Isoperimetric problem has
been known for centuries. The ancient Greeks knew that the circle was the minimizing
curve, but their proof was flawed due to the exclusion of irregular curves. A complete
rigorous proof was only obtained in the 1800s by Steiner, who proposed a symmetrization
algorithm that turned any closed curve into a circle of the same area. This algorithm is
the key to solving the Isoperimetric problem not just in R?, but all dimensions greater
than 2.

We start by posing the Isoperimetric problem in the setting of BV (R™). As we have
seen in the previous chapters, by working with sets of finite perimeter, we are not limited

to sets with smooth boundaries. Let m > 0 and denote
A, ={F € BV(R")|L"(F) =m}. (4.0.1)
We wish to find a solution to the following minimization problem,
Ym = Inf{||OF||(R") | E € A} (4.0.2)

That is, we wish to find a set E* € A,, such that ||0E*|[(R") = vp. If we recall the

Isoperimetric inequality of Theorem [1.3.3] there exists C' > 0 such that for all £ € A,,,
m®=Din < CJ|9B||(R").
More precisely, the Isoperimetric inequality tells us the perimeter of a set is bounded from
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below by the volume of the set. Therefore, if F is a solution to (4.0.2)), then ||0E||(R")

must be atleast m(n;)/n. This implies if we know the precise value of this constant C'

and if we can find a set with perimeter m<";>/n, then we have solved the Isoperimetric

problem.

Theorem 4.0.1. [[7/, Theorem 14.1] Denote w, = L"(By). If E € BV (R"™), then
|OE||(R™) > nw/mLr(E)m=bin, (4.0.3)

We notice that the ball of volume £"(FE) has perimeter nw,lq/n(E”(E))(”*l)/”. There-
fore, if we show the ball is the minimizer of 7,»(g), then this solves both the Isoperimetric
problem and Theorem [4.0.1}

We will need the ideas of Steiner symmetrization in order to prove Theorem [£.0.1]
thus we postpone the proof of Theorem [4.0.1]to the end of this section. Before proceeding
with the precise construction of Steiner symmetrization, we begin with the general idea
as presented in [2]. For our demonstration, we will assume n = 2, and we will reduce our

sample pool of to only convex sets. That is, we only consider sets in
A® = {F € BV(R?) |E is convex and L*(E) = m}.
As before, we wish to solve the following minimization problem
inf{||0F||(R") |E € AY}. (4.0.4)

Now if E € A9, there exists convex functions 1,5 : [a,b] — R, for some a < b, such

that

E={(zy)la<z<b ¢u(r) <y < ()}

It is clear that,

b
m = £2(E) —/ 1/}2 —wldl’
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In addition, by Theorem [2.1.3]

DE]|(R") = HY(OE) = vs(a) — () + (D) / JIF W+ /15 (LR da.
(4.0.5)

We define the Steiner symmetrization of E to be

a<z<b lyl <

E={mw

U1(2) ; V() } .

We see that the Steiner symmetrization of a set E results in a new set E* that is symmetric

with respect to the xz-axis. Clearly,
2(E®) —2/ il )dx—ﬁg( E)=m,

so E® preserves the area of E. It is easy to see that E* is also convex, so E* € AS.

Likewise, we compute the perimeter of E* to be

b /AN
OE||(R) = HI(DE®) = bala) = a(a) + va(t) ~ va(8) + 2 [ \/ 1y (U5
(4.0.6)
Notice by the convexity of f(z) = v/1+ 22, for all £ € [0,1] and 21, 25 € R,
fltzr 4+ (1 —t)z) <tf(z1) + (1 —1)f(22) (4.0.7)
Choosing t = 1/2, z; = ¢, and 2z = —}, yields
b - 2 1 [t 1 [°
/ 1+(43—%(M§§/\ﬂ+@m%m+§/\ﬂ+W@Mm
Plugging this into (| and ( - we see that
10E7||(R?) < [|0E|(R?). (4.0.8)

Now, observe equality in (4.0.7)) holds if and only if z; = 2, or more particularly when
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) = —h. Therefore, ||OE*||(R?) < ||OF||(R?), unless ¢y = —y + ¢, for some ¢ € R.
That is, equality holds when E already possesses a horizontal axis of symmetry. In such
a case, Steiner symmetrization translates the set so that the axis of symmetry is precisely
the z-axis. Thus, equality holds if and only if £ = E* 4 ¢ for some ¢ € R.

Now notice, we may apply the same symmetrization argument across any hyperplane
y = ax, for a € R. We claim if £* is a solution to , then it must follow that for
every hyperplane P through the origin, EF* must possess an axis of symmetry that is
parallel to P. If not, then we may apply the Steiner symmetrization to obtain a new
set with an even smaller perimeter. We notice the only convex set that satisfies this
symmetry criterion is the circle with area m.

It is now clear that the objective for the remainder of this section is the following;
obtain a general form of for all sets of finite perimeter, derive a convexity result for
the case of equality of , then apply the symmetrization argument above to conclude
the ball minimizes the perimeter. We now define Steiner symmetrization for arbitrary

sets in R™.

Definition 4.0.1. Let E C R" and z € R", we define the vertical slice of E at z by
E.={t eR|(z,t) € E}.

Definition 4.0.2. If E C R", we define the Steiner symmetrization of E as

1
E® = {(z,t) c R XR‘ t] < £ (2E)}

In essence, Steiner symmetrization converts each vertical slice of E into an interval
of the same length, then situates the interval so that the midpoint lies on the hyperplane
{z € R" |z, = 0}. See Figure[f] It is easy to see by Fubini’s Theorem, £"(E*) = L"(E).
So Steiner symmetrization preserves the volume of sets. As we will now see, the perimeter

is decreased under Steiner symmetrization.

Theorem 4.0.2. (Steiner’s inequality.) [[7], Theorem 14.4] If E € BV (R") and L"(E) <
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Figure 6: Steiner symmetrization preserves the volume but decreases the perimeter of a
set.

oo, then

IO0E°[|(R") < [[OE]|(R™). (4.0.9)
Moreoever,

1. If equality holds in , then for L' '- a.e z € R ', E, is equivalent to an

terval.

2. If E is equivalent to a convex set, then equality of holds if and only if there

exists ¢ € R so that E° = E + ce,.

Although Property (1) will be crucial to proving the convexity of the solution to the
[soperimetric problem, we will omit its proof as it requires several geometric results that
we have not covered in Chapter 2 on sets of finite perimeter in 1-dimension. The proof
of Property (2) follows by a very similar convexity argument as in our demonstration of

Steiner symmetrization in R?. The complete details of both proofs may be found in [7].

Proof of Theorem[{.0.3 We will first prove the result for a set £ with polyhedral bound-
aries, then through an application of Theorem [1.4.3] we obtain the result for all sets of
finite perimeter.

We start by assuming £ is open and bounded with polyhedral boundaries. Let

us denote the faces of E by {0;F}Y . It is clear that 0F = UY 0;E. By rotating
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E we may assume the outward normal vector vg on O;F for all i € {1,..., N}, is never
orthogonal to e,,. Hence, by the Implicit Function Theorem, for each i € {1,..., N}, there
exists U; C R"! and an affine function u; : U; — R, such that the graph I'(u;, U;) =
{(z,ui(2)) | z € U;} = O;E. 1t follows,

OF = UN T'(u;, Uy). (4.0.10)
We define the projection of E onto R"™! to be
G={zeR"LYE,) >0}

Through a series of finite intersections between G and {U;}¥ |, we may obtain a partition
{GL})L, such that G = UM | G}. Moreover, by taking the restriction of u; on Gy, for all
i € {1,...,N} such that G, N U; # 0, we obtain a finite collection of affine functions

ub vl G — R, for 1 < k < N(h), satisfying
Loul >of forall 1 <k < N(h).
2. If 1 < j <k < N(h), then u}} > o7, and v} > u”".

3. Ifi € {1,..., N} such that G;,NU; # 0, then for some k € {1,..., N(h)}, ul = uilg,

if (vE)nlu, >0, or v = wlg, if (Vg)n|v, <O0.

In other words, {uf, v }k 1, forms the faces of E over G},. By |D we get

M N(h)
= U U (ug, Gr) UT vy, Gr), (4.0.11)
h=1 k=1
and since E is a polyhedral set,
M
E=J {(z,t) €GLxR:te U,ﬁﬁ?@ﬁ@),ug(z))} . (4.0.12)
h=1

We now define m : R"™' — R, by m(z) = L!(E,). Clearly, if z ¢ G, then m(z) = 0. We
see from (4.0.12)), if z € G}, for some h € {1,..., M}, then m(z) = ij:(}f) ul(2) — v(2).
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Therefore, m is a continuous piecewise affine function on R"~!. Recall, E* = {(z,t) €
G x R|[t| < m(z)/2}, so OE®* = T'(m,G). That is, the boundary of E* is the graph of a
piecewise affine function. We deduce that E? is also an open bounded set with polyhedral

boundaries. By Theorem [2.1.3] ||0E*|| = H" 'L JE*, so by the surface area formula,

[[OE||(R™) = H"*(OE*)

_2/\/V—m

= Z/G V4 + | Vm(2)]2 dz. (4.0.13)

Likewise, ||0F|| = H" 'L OF, so combined with (4.0.11)), we see that

10E|(R") = H"(OE)

M N(h)

:Z H"_l( (ugp, Gn)) + H" (T (vp, Gr))
h=1
M )

:Z / IV @R + /1 + Vi ()P dz. (4.0.14)
h=1 k=1 Y Gn

By convexity of x — /1 + x2, we see for all t € [0, 1],

VI 090+ (1= OVull2) < 03/14 Vo2 + (1= 0)y/1+ [V (4.0.15)

Taking t = 1/2, we apply (4.0.15)) to (4.0.14)) to get

M N(h)

||OE||(R™) —ZZ/ \/1+|vu;;(z)|2+\/1+|vug(z)\2dz
h=1 k=1
\/ e wk( )

3y
{ [+ NZ TR

2

v

dz

k=1

WM: NE

dz . (4.0.16)




Noting that

1+Nz(}f)v Vvk _ )VuZ—Vv,’;
— 2N (h) 1 2
k=

and Vm(z) = chv:(}f) Vul(z) — Vok(z), we see that (4.0.16) becomes

2

"y SR Vib(z) = Vep(e)
IOE]|(R™) hg /h L+ ; 2N (h) o
M N(h) ’
_ / ANR))? + D Vub(z) = Vol(z)| dz
h=1"Gn k=1
Z 2+ |Vm(2)[? dz.

Combining (4.0.13) with (4.0.17), and noting that N(h) > 1 for all h € {1...,

conclude

[OE]|(R™) > Z/G VAN (R)? +|Vm(2)|? dz

> ;/G I Vm)] d

= [[OE”||(R™).

Therefore, (4.0.9) holds for all bounded polyhedral sets.

(4.0.17)

M}, we

(4.0.18)

We are now ready to prove the general case. Assume F € BV (R") and L"(E) < oc.

By Theorem there exists a sequence { £, }7° ; of bounded open sets with polyhedral

boundaries such that E;, — F in L'(R") and ||0F||(R") — [|OE||(R"). Define for all

heN, my: R = R, by my(z) = LY((E}).). In addition, we define

Dy, = {z € R" | E, is not an interval}.
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From (4.0.18)), we see that for all h € N,
[OE;[[(R™) < [|OE|[(R™). (4.0.19)

We want to show Ej b2 B in LY(R™). We first notice that for all z € R*7! ¢ €
(E,AE), if and only if (2,t) € E,AE. Now (z,t) € E, \ FE if and only if t € (E}), \ E..
Similarly, (z,t) € E\ Ej if and only if t € E,\ (E},).. Hence, we conclude for all z € R"™1
(ELAE), = (E}),AE,. By Fubini’s Theorem,

L' (E,AE) = XE,aE(2,t)dtdz

L)
:/Rnl/RX(EhAE)Z(t) dtdz

J

J

L'((EyAE),)dz

LY(Ey).AE,) dz.

Now recall, for all z € R*! ¢ € (E*), if and only if |t| < L'(E,)/2 = m(z)/2, and

t € (E3), if and only if |[t| < LY((Er).)/2 = mu(z)/2. Tt follows, if my(2) > m(z), then

(ED-AE. = (B (). = fre k- D <y < ™2

and if m(z) > my(z), then

(BR:A(E). = (B): \ (B): = {t er: M << méz)} |

In the case of equality my(z) = m(z), then (Ef), = (E®), and (E}).A(E®), = 0. In all
cases, we compute

LY(BR):A(E):) = [mn(2) —m(2)] (4.0.20)
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We may relate (E}).A(E®), to (Ep).AE, through the following

m(z) = mn(2)| = [L(E:) — L1((En):)|
< |CHE.) = LYE: N (En):)| + [L1(E: 0 (EBr)z) — L1((En):)

= LY((E).AE,). (4.0.21)

By Fubini’s Theorem, (4.0.20)), and (4.0.21]), we see that

CEAED) = [ CE)AE).) &

= /]Rn1 |m(z) — mp(2)| dz
< LYE.A(E),) dz

Rn—1

/ /XEAEh z,t)dtdz
Rn— 1

= L"(ELAE).

Given that F, — FE in L'(R"), it must follow that E} o B in LY(R™) as well.

Therefore, by Theorem [1.2.1] u and ( m,

[0E°[[(R") < lim inf [[0E[[(R") < lim inf [[0E[[(R") = [|OE]|(R"),

thereby proving (4.0.9). ]

The following lemma will provide a stronger topological implication of when equality
in (4.0.9) holds. This will be essential for arguing that minimizers of the Isoperimetric

problems are convex.

Lemma 4.0.1. [[7], Lemma 14.6] Let E € BV(R") and EW the Lebesgue set of E, i.e.

E(l):{xER" : limwzl}.

r—00 WpT™

If for almost every z € R"™1, E, is equivalent to an interval, then EY has the property

that for all z € R*1, (EW), is an interval.

74



Before we proceed with the proof of Theorem we remark Steiner symmetriza-
tion may be applied to any hyperplane through the origin. To be precise, if v € S"~!, we
denote the hyperplane v+ = {x € R" |z - v = 0}. And for z € v+, we define the vertical

slice at = with respect to v+ to be
E!={teR|z+tv e FE}.
We define the Steiner symmetrization with respect to v+ by

Ej:{x—kw revh |t <

We see by a change of coordinates, Theorem and Lemma still hold for E, for

all v € Sn L.

Proof of Theorem[{.0.1. As stated before, it suffices to show that the ball of a fixed
volume is the minimizer across all sets of the same volume. We will first show this for

bounded sets. Let m > 0 and R > 0, so that m < w, R". We define
Ap={F € BV(R")|F C Bg and L"(F) =m}.

We note, by choosing R so that m < w, R", we guarantee Ag is non-empty and also not

a singleton set. We wish to solve the following minimization problem
Yy = E{||OF[|(R") |F € Ag}.

By the Direct-Method as in the proof of Theorem [3.1.1] there exists aset E € Ag such that
|0E||(R™) = ~E. By the Lebesgue Differentiation Theorem, we know L"(EWAE) = 0,
so we may assume without loss of generality that E) = E. Now, let v € S" ! and
vt be the hyperplane through the origin with normal vector v. If E? is the Steiner

Symmetrization of F with respect to v+, then by Theorem m,

IOES[|[(R™) < ||OE]|(R™).
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We note if z € v+ andto—sup{t>0|m+tV€BR} then £ E)<t0and|x+toy|<R

We see that if = + tv € E for |t| < & E £E) then

2

|z +tv)? = ]x\z + ]t\z < | \2 < ]x\Q + ]t0|2 < R.

LY(EY)
2

That is, £ C Bgr. Now combined with the fact that £"(E$) = L"(F) = m, we see

E$ € Ag. But E is the minimizer, so ||0F||(R") < ||[0E:||(R™). It follows
10EJ[(R") = ||9E7[[(R™),

for all v € S"~!. By Theorem {.0.1, for all v € S"1 E” is an interval for all z € v*.

We claim E' is convex. To see this, let x,y € F and v =

‘z:;. There exists zy € v+ and

t, € £, such that = x¢ + t,v. Now observe

—
y:xo—i—(tm—i—\y—x\)y =z + (tu + |y — x|)v.

ly — x|

So, t,+|y—x| € E}, . But EY is an interval, hence for all t, <t <t,+|y—x|, vo+tv € E.
In other words, tz + (1 —t)y € F for all t € [0,1]. We deduce E is convex. We have by

Property (2) of Theorem [4.0.2] for all v € S"~!, there exists ¢, € R such that

E=cv+ E.

To show F is a ball, although not necessarily centred at the origin, we construct a new
set F' by

F=—(ceer+--+ceen) + E. (4.0.22)

Since F is a translation of F, F is convex, and for all v € S"~ F$ = x + E3, for some

x € vt. It is easy to see that the perimeter operator is invariant under translation, so

I10F||(R") = [[0E[|(R") = ||OES[[(R") = [|OF7||(R").
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By Property (2) of Theorem for all v € S"~1, there exists d, € R so that
F=dyv+ Fe (4.0.23)
If we choose v = ey, then upon noting £ = E — ¢, e; and (4.0.22)), we get

deyer + I = —(ce 1+ -+ cepen) + E

= —(Ceyer + -+ e en) + 7.
Through rearrangement, we see
E; =de e+ ce,ex + -+ ceen + FYL

However, by construction E7 and F? are symmetric with respect to et. So any transla-
tion in the direction of e; would contradict this symmetry. Thus, d; = 0. By the same
reasoning we see that d; = 0 for all 4 € {1,...,n}. In summary, we have shown F' = F;,
for all i € {1,...,n}. In other words, F' is invariant under reflection with respect to the
coordinate hyperplanes. Equivalently, F' is invariant under the mapping x — —x. We
claim this implies d, = 0 for all v € S™ . The invariance of the antipodal mapping

implies F' = —F. Consequently, for all v € S"~! —F% = F* so by (4.0.23))
dv+F =F=—-F=—-dyv—F =—-dyv+ F.

But this implies d, = —d,,, so it must follow that d, = 0. Thus, F = F? for all v € S"1.
We have shown that F' is symmetric with respect to all hyperplanes through the origin,
and we know F' is convex. Therefore, F' must be a ball of volume m and by (4.0.22), F

must be a ball of volume m. We conclude the ball of volume m is the minimizer across
all bounded sets of volume m. It is now clear that if £ € BV (R") is bounded, and noting

that the ball of volume £"(E) has perimeter nwy "(L™(E))"=D/" we see

|OE||(R™) > nw/™(L™(E))"-D/m, (4.0.24)
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For the general case where £ € BV (R"), by Theorem (|1.4.3)), there exists {E,}7°; C
BV (R") such that Ej, is bounded for all h € N, Ej, — E in L}(R") and ||0E,||(R") —

[|OE||(R™). By (4.0.24)), we get
19B1I(R") = lim |95, |(B") > i nisl/"(£"(£)/" = nal/"(£2(2)) =",

which concludes the proof. O]
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Conclusion

In summary, we have shown that sets of finite perimeter provide a simple but effec-
tive framework for studying geometric variational problems. The structural nature be-
tween BV functions and Radon measures allows for seamless transitions between measure-
theoretic notions and geometric ones. We have seen that the associated Radon measure of
sets of finite perimeter possesses perimeter computing capabilities. At the same time, the
compactness property gives accessibility to the Direct-Method, which almost trivializes
the existence of solutions to minimization problems.

What we have presented is only the tip of what De Giorgi’s approach has to offer.
In Chapter 2, we established a regularity result on the reduced boundary. One may take
this further by studying the regularity of minimal sets. As it turns out, minimal sets
have analytic reduced boundary. Another key aspect of De Giorgi’s theory is the study of
minimal cones; sets that are “tangent” to the boundary of a minimal set. By the method
of blow-ups, one may extract a converging sequence in measure to a cone C', defined by
C ={tx|t>0, x € A} for some A C R™ . Moreover, if the blow-ups are minimal, then
C' is also minimal. There is a direct relation between minimal cones and regularity of
minimal sets. Effectively, the problem of singularities along the topological boundary of
a minimal set may be reduced to the problem of the existence of minimal cones in R"
with singularities [6]. De Giorgi, Almgren and Simon showed that there does not exist
minimal cones with singularities in R™ for n < 7, thus proving regularity of minimal sets
up to dimension-7[4]. The example of Simon’s cone provides the counter argument in RS.

Henceforth, there may exist minimal sets with singularities in dimensions greater than 7.
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Appendix A Some Additional Theorems

Theorem A.0.1. (Hahn Banach.)[[1], Theorem 1.1] Let E be a vector space over R, and

p: E — R satisfying
1. p(Ax) = Ap(x), for allx € E and X\ > 0,

2. plz+y) <plz)+py), forallx,y € E.

If G C E a linear subspace, and g : G — R a linear functional such that g(z) < p(z), for
all x € G, then there exists an extension f : E — R, such that f|c = g, and f(z) < p(x),

forallz € F.

Theorem A.0.2. (Whitney’s Extension Theorem.)[[3], Theorem 6.10] Let C C R™ be a
closed subset. Suppose f: C' — R and d : C — R™ are continuous functions. For each

compact set 'V, define

|f(x) = fly) —d(z) - (y — v)]
lz =yl

pv(é):sup{ 0<|m—y|§5,x,y€\/}.

If for all compact V- C R", py 920, 0, then there exists a function g : R™ — R such that
1. g is C1,
2.9g=f,Vg=donC.

Theorem A.0.3. (Relich Kondrachov Theorem.)[[3], Theorem 4.11] Assume @ C R™ is
open and bounded with Lipschitz boundary Q. If 1 < p < n and {fx}2, C W?(Q)

satisfying supyey || frllwir) < oo. Then, there exists a subsequence {fx;}52, and f €

Whe(Q) such that f, EimiaN fin LY(Q) for all1 < g < np/(n—p).

Theorem A.0.4. (Morse-Sard Theorem.)[[7], Lemma 13.15] If f € C*(R"), then for

Ll-aet eR, {x € R"| f(x) =t} is a smooth hyper-surface in R™.

Theorem A.0.5. (Vitali-Covering Lemma.)[[3], Theorem 1.24] Let F = {B,,(x;) }icz be
a collection of balls such that sup{r;|i € I} < co. Then there exists a countable subset
{B,;(z)}jen € F such that

F | Bsi,(x)).

jEN
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Theorem A.0.6. (Jordan Decomposition Theorem.)[[d], Theorem 3.4] If p is a signed

measure, there exists positive measure 't and p~ such that p = p*™ — =,

Theorem A.0.7. (Lebesgue Differentiation Theorem.)[[5], Theorem 3.21] If f € L}, (R™)

with respect to measure i, then for p-a.e v € R",

1
}grg)u<3) fdp= f(z).

Theorem A.0.8. (Lusin’s Theorem.)[[3], Theorem 1.14] Let u be a Borel reqular measure
on R" and f : R" — R" be p-measurable. If A CR"™ such that u(A) < oo, for a fix e > 0,

there ezists K C A such that n(A\ K) < € and f|k is continuous.

Appendix B Proof of the Coarea formula

Proof of Theorem[I.].1 We first show that if f € L'(Q) and ¢ € C}(Q; R"™), then

/ﬂ Fdiv(¢) dz = / Z [E | div(¢) dz dt.

First assume f > 0 and x € €, then if f(z) is finite, we observe that for all ¢ € R,

X () = 1if and only if f(z) > t. Equivalently, we may write

f(@) 00
f(:c):/o ldt:/o i () d. (B.0.1)

Since f is integrable, f must be finite £L"-a.e, so (B.0.1) holds for L™-a.e x € Q. By

Fubini’s Theorem,

| £aiv(o)a ( | e >d1v(gb)d
([ suanira) o

/ div(¢) dx dt.
E:

o

Il
c\:o\:o\
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Now notice that if ¢t < 0 and f > 0, we get E; = (2. This implies

/E t div(¢) dz = / div(¢) dz = 0.

Q

Thus,
/Q fdiv(¢) dz = /_ Z [E t div(e) dx dt.

Likewise, if f <0, for a fix z € , if f(x) is finite, then xg, () — 1

t > f(z). We may then write for £L"-a.e x € Q,

flz) = / (xE,(z) — 1) dt.

—0o0

By Fubini’s Theorem,

0

= —1 if and only if

/Q Fdiv(e) do = /Q ( / i (e, (z) — 1) dt> div() dx

oo JQ

= /_ OOO /E div(¢) dz dt.

(xg, div(e) — div(¢)) dz dt

Since f < 0, we notice if ¢ > 0, then E; = (). Combining this with the above we get

/Q fdiv(e) de = /_ Z /E t div(¢) dx dt.

For an arbitrary f € LY(Q), we may write f = fT — f~. We will denote E;f = {z €

Qlff(x)>tyand By ={z € Q| — f~(z) > t}. Ift >0, we have E; = E;” and E; = 0.

If t <0, we have E; = E; and E;" = Q. Putting all this together we see

[ satoyds = [ (£ = riv(o) dr

—/: (/Ejdiv(¢)dx+/E
_ / Z /E div(o) dedr

t
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Now if ||¢]|co < 1, then (B.0.2) implies

/Qfdiv(gb)dxﬁ/ |0E,||(€) dt.

—00

That is, [, fdiv(¢)dz is uniformly bounded by [ [|0E||(2)dt for all ¢ € CL(Q;R")
with ||¢||cc < 1. Therefore,

[e.e]

IDfII(2) < / ||OE]|(€2) dt. (B.0.3)

—00

If the right-hand side of (B.0.3) is finite, it follows that f € BV ().
To establish equality in (B.0.3), we will first show we have equality when f €
BV(Q)NC*>®(Q2). We start off by defining m : R — R by

- dr = dx.
() /Q\Etw v /{fﬁ}wﬂ v

If t1 < tg, then {f < t1} C {f < to}, so m(t;) < m(tz). In other words, m is non-

decreasing and its derivative m’ exists L£-a.e. Next, we notice for all [a,b] C R,

b
"(t) d b) — = Vild Vfldz.
/am<t> £ < m(b) — m(a) /{a<f<b}| /l xs/9| f] dz

Given that m’ > 0 L!-a.e, by taking the limit as a — —oo and b — oo, we see that

/OO m/(t) dt S/Q|Vf|dx. (B.0.4)

—00

Now fix ¢t € R, and define 1, : R — R for r > 0 by

0 ifs<t
n(s) = § ==t Hft<s<t+r

1 ifs>t+r.

Then,
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S =

ft<s<t—+r
n(s) =
0 otherwise.

We have that 7, o f € W1(Q), hence we see that for all ¢ € C}(;R"),

—Amumw&ww¢waémw@»Vﬁ¢m

1
»@ww f-éda (B.0.5)

r

Now observe that for all ¢ € R such that m/(t) exists, (B.0.5) gives

m(t+7”)—m(f)_1( _ )
" = /§2\Et+r|Vf|d$ /Q\Et|Vf|dx
1

o AL
r E\Et4r
1

>0 Vi
r E\E¢4r

Z—/mﬁwwmwwm
Q

As r — 0, we see that {n, },~o forms an increasing sequence that converges point-wise to

X(t,00)- By the Monotone Convergence Theorem,

l(t) = ~tim | (@) div(o) dz

r—0

=j4qummmwm

. [E div(o) dr
_ /E div(=0)dr

But notice that

sup { /E | div(—¢) dz

¢e@mmmuwmg§=wmmm-
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Thus,
m/(t) > ||0E]](5).

By (B.0.4), we get

/mHaEtH(mdts/” m'(t)dts/QWﬂdx:||Df||<9>.

—00 — 00

Together with (B.0.3), we see that for all f € BV (Q) N C>(Q),

IDFII(82) = /Oo |OE[($2) dt. (B.0.6)

o0

To prove the general case, let f € BV(Q2). By Theorem [1.2.3] there exists {fx}72; C
BV (Q)NC>=(Q) such that f, — f in L'(2) and ||Dfi||(2) — [|Df]|(Q). We will denote
the level sets of f, by EF = {x € Q| fx(z) > t}. Fix x € Q and k € N, without loss of

generality we assume fi(z) < f(z). We see that

(

Xer(®) = XE (@) = (1 if fi(z) <t < f()

0 ift> f(x).

\

It follows,

b = xa@li= [ vde= 11 - o

k()

By Fubini’s Theorem,
[ i@ = s@lae= [ [ po = xaldtas= [ [ g - xaldedr
Q QJ -0 —o0 JQ
But, fr — f in L'(Q), so by Fatou’s Lemma,

/ liminf/ IXgr — X |dedt < liminf/ |f(z) = fr(z)|dz. =0
Q t k—oo  Jq

oo k—o0
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Since the integrand is always greater or equal to 0, we get that for Ll-a.e t € R,

k—o0

liminf/ Xgr — X | dz = 0.
Q

We may extract a subsequence {k;}32; such that x ElmiN Xg, in LY(Q) for Ll-a.e
t

t € R. By Theorem [1.2.1],
10E|() < liminf |2E;” (%)

Finally, by applying Fatou’s Lemma once again, we get the desired inequality

/ HaEtH(Q)dtg/ lim inf [|OE;7 [|(€2) dt
—c0 oo JT®
gnmmf/ OB |(5), dt
J—00 oo
= liminf || D fi, [|(€2)
Jj—oo
= [IDfII(%).

Putting this together with (B.0.3)), we see that if f € BV(Q2), then
1071 = [ lloEi(@) dr

o0

Hence, ||0E||(Q) < oo for L1-a.e t € R. O
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