
ABSTRACT 

Tchebycheff Type Inequalities 

Consider a random variable X, defined on a probability space 

en,a,P) , whose distribution is not known comp1etely. Wi th probabili ty 

one we can say that, for a set AE.O'l, 0 ~ peXEA) ~ 1. This probability 
y 

statement does not offer us any significant information in terms 

of the upper or lower bounds OlT P(XEA). orten, a limited amount of 

information about the distribution of a randoM variable X is avai1able. 

This limited amount of information May sometimes enable US to make 1 

probability statements on the unknown random variab:J.e. Wh~n bounds 

are determined from the avai1ab1e information, the inequali ties thus 

formed, which offer us upper and lower probability bounds for PeXeA), 

are lmown as Tchebycheff type inequalities. This thesis contains a 

stùdy of Tchebycheff type inequalities. In the the sis we trace the 
. . 

. deve10pment of a general theorem which will provide us with a method 

of obtaining sharp Tchebycheff type inequalities for restricted and 

unrestricted random variables in RI.l-le use' this general theorem as 

our background when we disouss the'development of a multivariate 

inequali ty for different types of regions in R:n. We shall also 

illustrate various methods of obtaining probability bounds for suros 

of randOM variables. 
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CHAPTER OlŒ: INTRODUCTION AND NOTATION 

Consider a random variable X, defined on a prob ab ilit y space 

(n,Ol., p), whose distribution is not kno'\om completely. vlith probability 

one we Cfln say that, for a set AEOt., 0 ~ P(XEA) ~ 1. This probability 

statement does not l'eally offer us any significant information in terms 

of the upper or lOi'1er bounds on P (XEA) • If X is a random variable lor.i th 

mean /Il a~d vari~mce 0.2 we may intuitively expect the variance ta have 

2 sorne influence on tb" dist'l"ibution of X. If lU and cr are knol·m, to what 

extent can '\ore make' a pr ob abilit y statement a'Qout the distribution when 

the fun~tion.:tl forro of the distribution function F(x) is not known? 

Such a probability statement 11hich gives us bOlmds on the pl" ob abilit y 

of the devlation of the random varial:>le X from its mean value)U in terms 

of the stand2.rd deviation a loTaS first given by Bienaymé' [13J in 1853. 

Tchebycheff [113J 5.ndependont.ly obtained the satne result in 1867 and 

Pizetti [95J did 1ikel1ise in 1892. 

l10st oiten, only a limited amount of infor".ïJatiol1 about the distrihu-

t.ion of a rando1il variable is a;vailabJe. Som3times this information 

consists of expected values of funct.ions of the ral1dom variable, fOl' 

example, moments, cUIimlants, etc. At other times a general infol'mation 

about the shape of the distribution is a,,-e.ilable, for example, f(x) is 

monotone, unimodn1, etc~. This limited amount of information may some-

til:nes ellable us ta m~kc p:cobabili ty s-tatoments on the unknOtm den si ty 

funct:i.on.. 1-Th::m bou.l"l':ls al'0 determined fl'om the av,9.ilable information, 

the inequaJ.it.ies thus fO:Clli'?d» which oifer us upper and lov10r probability 

bounds for the unlm01m funct:i.on" are kn(j';-1l'l as Tchebycheff type inequalities. 

Hizto:cically HO note that Tch::bychcff f S ol'iE1.nD.l result '-Tas obtained 
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i 
by simple algebraic calculations without using any approximation or any 

calculus. It Was stated as follows and it will be proved in;chapter 
.' 

two by means of a general method. 

Theorem 1.1.1 [llOJ. Let a, b, 0, ••• be the mathematioal expeotations 

of the quantities X, Y, Z, ••• and let al' bl' 01"" be the mathematical 

expectations of their squares X2, y2, Z2, •••• The probability that the 

suru X + t + Z -1:' ••• is included 'ton. thin the limi ts 

a+ b+ c+ ••• 

and (1.1.1) 

2 2 2 1 
Cl + ••• - a - b - 0 - ••• )2 a' + b + 0 + ••• - a.(al + bl + 

will al ways be lal'gel' than l - 1/ a.2 , regardless of the size of a.(a. # 0). 

Remark: Though a. is chosen al'bi trarily, no useful information can be 

obtained fol' a.~ 1. 

The fil'st inequality i'lhich fell into the categol'y of Tchebycheff 

type inequali ties Has that one conje"ctul'ed by Gauss [31J in 1821 and 

only later pl'ovecl. by 'vlincklel' [124J in 1866. If X is a c~ntinuous 

random val'if!.ble lli th a unimodal distribution i-1hose mean is lU and variance 

is 0 2 , then, for any k > 0, 

(1.1.2) 

(1.1.3) 

2 2' " 2 
,"rhere Xo is the mode and t :: 0 + (xo - /Il) is the second moment about 

the mode. If l'7C nm-T apply the Pearson measure of skmVh3ss, S = Vu - x )/0, o 

• (1.1.4) 

Becn.use of the adc1it:i.on:?l infoTmation about the dintributj.on, i. 13" 
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unim09-ality, for smaU /s/, (1.1.4) offers a sharper bound than the 

" 
bound obtained in the case of a single l'andom variable from Theorem 1.1.1. 

:. 

Tchebycheff type inequalities can be used in industrial situations 

such as quality control, in setting up tests of hypothesis and in setting 

confidence intervals about a given point~ These inequa1ities are on1y used 

when one does not have complete knOi'Tledge of the distribution of the ral1dom 

variable. Among its many applications in probability theo~ it is explicit1y 

used to p"l'ove ~he weak 1aw of large nurabers and Bernoulli's Theorem. 

There are several expository papers, e.g. Godwin [33J, Isii[53J, 

Savage [~.Ol], and books, e.g. God~ [34], Halsh [J21], Karlin and Studden 

[60J, Savage [102J, concerning these types of inequa1ities. In this expo-

sitory work we shal1 attempt to restriet ourse1ves to the more reeent ra

sults "-"'ithout negleeting sorne of the earl:ier l'esu1ts. l'Je shall ShOrT hOvI 

sorne new"ly fOl'mulated genel'al theorems uni te sorne of the previous \oTark done 

thus enabling us to obtain sorne of the earlier elassical results. We shall 

revlet-r sorne work, both old and ne't-T, loihich ha.s never been diseussed in any 

of the above expositions. He sha11 construct examples to illustrate the 

sharpness of Theorem 2.1.2 and the use of Theorem 2.3.1; .. Te shall give 

some numerical compal"isons for unimoda1 dist,.ibutj.ons; i'Te shall partially 

allSi-1er a. question raised by Hudholkar and Rao [88J and ive shall illustr<.lte 

an application of Tchebycheff' type inequalities to Medical pl'oblems. 

Throughout the papel' 'He 5ho.11 coneentr:.:'..te on developing shal'p upper pl"o'ba

bility bOU21dso 

In chaptel' tHO He 5ha11 CO:rlcentrate on the development of a genera1 

theorGm and vIe sha11 sho~'J hmT this' t.heorem enables us to obta:i.n certain 

u.ni variate inequal:l. tios under genel'al conditions 0 

Ch~.pte:t' th:cce "r:t11 ofier tmivariate j.ncqlla1.i.t.iE-ls for distribution 
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which"are subject to sorne restrictions. 

In chapter four we shall discuss the development of a multivariate 

inequality for different types of regions in Rn. 
Chapter five deals with inequalities for SQms of random variables; 

some classical limit theoroms will be introduced but not emphasized. 

In chapter six we offer some applications of these inequalities 

and in g~nEœal we discuss their usefulness in practical situations. 

The bibliograp~y list.s only those papers l-lhich have been directly . 

dealt with or referred to in this thesis. For an exhaustive bibliography 

of Tchebycheff and related Tchebycheff type inequalities, the reader 
1 

can refer to either Savage's "Bibliography of Nonparametric Statisticslr 

[102J or the bibliography in Savage's paper [lOlJ. 

Notation 

Throughout this paper 1'Te shall be dealing vTÏ th a pl'obabili ty space 

(il., ~p) and random variables or random vect.ors defined on this proba-

bility space. 

Notatio~_ Definition 

r.'V. random variable 

R+n The Positive Orthant of R n 

Al E(X) 

.ut E(Xll
) 

11 

J1n(a) E(X,- a)n 

/11 n 
E(X ~ /U)n 

0 2 E(X _/u)2 
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v' .. 
n 

vn(a) 

v n 

v 

~ni 

Sn 

2 
sn 

'Bn
3 

l 

vihen A is a so'::', At 

l'lhcm A is a Eat.rix, A' 

\-men A is a r·jatrix, ft. 

'l'he Vcctor 0 

5 . 

Definition 

EIx - ,ul 

Elxî - P-ï/n 

n 
i~lXi 

n 
E v3" i=l ~ 

Identity I-iatrix 

Independent Identically Distributed 

Corl'elation Coefficient Bet~veen 'l'tvo 

Random Variables 

The Complement of A 

The Indicator FUnction of the Set A 

The î'ral1spose of A 

The Determinant of A 

The 'l'r~ce of A 

The Transpose of a 
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l'p this papel' l'Te often chooseAl = O. This can be done without any 

loss of generali ty since a distribution ~Ti th mean /Il can be transformed 

to a distribution with mean zero by means of a linear transformation. 

In the earlier sections of this papel' proofs lvill be offered for 

continuous random variables. Analogous proofs for the discrete r.v. 

can be constructed by the reader if he ~shes. 

A bound ~Till be called sharp if it is the best possible bound that 
'-

cau be obtained for the situation. In most cases we shall exhibit the 

sharpness of an inequality tm-ough a distribution which attains 

equality in the inequality. 
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CH.I\P'l'ER 1'\'10: UNIVARIATE INEXlUALITIES UNDER GENERAL CONDITIONS 

:. 

2.1 Introduction .' 

If X is a r.v. and if u(x) is an arbitr3-~ real valued function 

of the real number x, then Y = u(X) is also a r.v. With this in mind 

we develop Tchebycheff's inequality. 

Theorem 2.l.~ (ï·!arkov). Let u(X) be a nonnegative function of a r.v. 

X(discrete or continuous). If E[u(X)] e7~sts, then, for any arbitrary 

constant K > 0, 
p(u(X) ~ K) ~ E[ueX)]/K. 

Remark: The above theorem i·Jill be referred to throughout this paper 
1 

as Hal'kov' s inequali ty. 

Proof: let X be a continuous r.v. i·dth distribution function F(x). 

let A = {x: u(x) ~ KJ. 
E[u(X)] = ruu(x)dF(x) = r u(x)dF(x) +r u(x)dF(x) JO . JA JA' 

Therefore p(u(x) ~ K) ~ E[u(X)]/K. "A s:ir.rl.lar proof can be given uhen 

X is a discrete valued r.v. 

Corollary. If X is a r.v. (discrete or continuous) whose mean~ and 

variance 0
2 exist, then, fOl' any constant k > 0, 

2 
pUX .- /Il/ ~ 1..-0) ~ l/k • 

Proof: Let u(X) = (X _/U)2 ~ 0 and let K = ~2. 

(2.10 1) ~ p( (X - /ù.)2 ~ k2
0

2 ) ~ l/k2 

2 
P(fX -/J! ~ kV) .~ l/k • 

Equi valently ue can iorri te 

(2.1.1) 

(2,,1.2) 

. P(fx -;al < kG) ~ l - 1/k2 • (2.1.3) 

r·Dequa:t:it..y (2.1.2) is knQ;'m as t.he Tcilebyc:hcff inequality... F'or a 
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suita~1y chosen X the inequality is the best possible. 

Examp1e. Let X be a discrete valued r.v. such that 
:. 

2 . 2 
P(X = ka) ::: p(X = -ka) ~ 1/2k , p(X = 0) = 1 - ~Jk • 

E(X) = 0, Var(X) ::: 0
2

, and by (2.1.2) 

p(fx -fi/ ~ ka) = P (fX/ ~ kG) ~ 1/k
2

• 
. 2 

Also, pC/X/ ~ ka) ::: pCX = -ka) + p(X ::: ka) ::: l/k • 

Thus equa1itjr is attained for this example. This implies that 

Tchebychérr's ~nequality is sharp. 

In chapter one it Has indicated that for a unimodal distribution 

a sharper inequality cou1d be obtai~ed. A much simp1er restriction 

than unimodality, name1y that of boundedness of the r.v.~wi11 give us 

an inequa1i ty 't·rhich is sharper than (2.1.2). 

Theorem 2.1.2. Let X be a r.v. with mean/u, variance 02 and let 

/X -)l/ ~ Z. Then, for 0 < k < 1, 

/
' / 0

2
(1 _ k2 ) 

p( X - JJ. :E ka) ~ 1 - 2 2 2 
Z.-ko 

Z2 2 2 ( )2 2 2 Proof: - k 0 X - /Il + k 0 ;::. O. 

B,y Theorem 2.101 we have, for an arbitrary K > 0, 
222 222 p(Z - k 0 ~. (X -lU) + k 0 ~ K) ~ 

2 2 2 ·2 2 2 
E(Z - k 0 - (X -lU) + k 0 )/K • 

Let 222 
K = Z - k cr > o. 

/ 1 02(1 - k2 ) 
p( X -.!U ~ ka) ~ 1 - 2 2 2 

Z - k 0 
• 

Example: (2.103) is shar-p. Consider the rovo X distributed as follo'iTs: 

p(X ::: - O/k) = p(X = cr/k) = k2/2, 

p(X::: 0) ::: 1 - k2• 

E(X) ::: 0, Val'(X) ::: cr2• Let Z = cr2 (l/l'? - 1 + k2). Since 0 < k < l, 

,z.. ~ cr2(1/k2 _ 1) = 02C1 .• Jl)/k2 ~ a2
/k

2
• 
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Thus Z ~ 1 ~ 1. By Theorera 2.1.2 l'le have 
• , 2 2 

pUX l ~ ka) ~ 1 - .J!....{l - k) = 1 - k2• 
02(1/Il-·- 1) 

However, p(/XI ~ ka) = P(X = 0) = 1 - k2• Thus equa1ity is attained 

for this examp1e. 

Remark: Had we considered the function Z2 - (X - ;u)2 + k2a2 > 0, we 

l10u1d have obtained Lurquin's resu1t [7.5J, name1y, 
2 2 

pUX - J41 $ ka) ~ 1 - a (1 2 k-L • 
z 

VIe nOi-l consider another restriction on the r. v. X. The fol1o't-1ing 

theorem ,.lill be used to prove sorne resu1ts in section 5.6 of t.his 

paper. 

Theorem 2.1.;0 If u(X) is a nonnegative function of the rov. X such 

that u(x) ~ b whenever x ~ a, then 

p(X ~ a) ~ E[u(X) J/b • 

J
t'O 0-;) 

Proof: E[u(X) J:: _CC' u(x)dF(x) ~ fa :u(x)dF(x) 

o::J 

~ ifa dF(x) = bP(X ~ .. a). 

He nO'Vl consider the one-sided Tchebycheff ÏJJequaJ.ities as offered 

by Cantelli [21J. 

Theorem 2.1.4. If X is a r.v. with 0 Mean and variance (32, then 

0
2 

P(X ~ le) ~ ____ , k < 0, 

a
2 + k2 

2 
P(X ~ le) ~ -z- a , k > O. 

a + k
2 

(2.1.5) 

(2.1.6) 

(2.1.8) 

Prooi': The proof will be gi ven for the continu.ous case 0 E(X - k) = -k, 

E(X - kt::: a2 + k
2

• Now, for k < 0» 
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Thus (2.1.?) is proven. For a discrete r.v. a simi1ar proof:can be 
. 

given. To prove (2.1.8) we shall use a m~thod based on Theorem 2.1.1. 
2 

Let u(X) = (X + c) be a nonnegative r.v. for c > O. 
2 2 

(x + c) :;: (k + c) ,x ~ k > O. 

2 
P(X >. k) < E(X + c) (2 1 9) 

...."' 2 • • • 
(k + c) 

"-
Minimizing the right hand side of (2.1.9) "dth respect to c, we get 

c = cr2/k. Substituting this value of c in (2.1.9) gives us (2.1.8). 

Under the given conditions,(2.1.?) and (2.1.8) give the sharpest , 

possible bounds. As an example consider a discrete r.v. taking on two 

values. 

cr2 
p(X = k) = 2 2' 

0' + k 

2 k
2 

p(~ = - cr /k)= 2 2' 
cr + k 

E(X) = 0, Var(X) ::: cr2• For k < 0, (2.1.?) tells us that 
2 

p (X ~ k) ~ . 2 cr 2' 
cr + k 

cr2 
Ho"tvever, by our example, P(X ~ k) = p(X = k)::: 2 • 

cr + k~ 

For k > 0, (2 0 1 0 8) tells us that 

• 

2 
H01'J0Ver, p(X ??. k) = p(X ::: k) = 7-: k2"' Thus (201.?) and (2.1.8) are 
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2.2 Moments and Abso1ute Homents of Order 1', r >: 2. 

He now ex~end 11arkov's inequal:ity to moments of higher order. 
r : 

Theorem 2.2.1. If X is a r.v. such that E/X/ exists for r > l, then, 

for any k > 0, 

p(/X/ ~o k) :$ ELx/
r 

• 
o kr (2.2.1) 

Proof: E/X;r = f]xràF(X) 1'tx/<k /x/rdF(x) {tx/~/X;ràF(X) 
0- ';t!t~/~,{ /x/rdF(x) ~ krp(/X/ ~ k). 

This completes proof. 

Examp1e: Whenever k ~ (E/X/r)J./~ inequality (2.2.1) is sharp. Let us 

define the distribution of the r. v. X as fol101'TS: 

p(x = k) = ELx/
r 

, p(X = 0) = 1 - E/xL!' • 
k

r 
kr 

By Theorem 2.2.1 P(/X/ ~ k) ~ (E/X/r)/k
r

• Hmvever, P(/X/ ~ k) = 
r r 

p(X = k) = (E/X/ )/k. Thus (2 0 2.1) is sharp. 

Corol1~,10Consider the r.v. /X -jU/ such that E/X _~/r exists and 

let k = t(E/X •• IU/rl/
r

• Then 

pUX - JJ./ ~ t(E/X - ;i/r)l/r) ~ l/tr
• (2.2.2) 

This result was obtained by Lurquin [7l,72J and by Guldberg [37J. 
o 0 

Corollary 2. If r == 28, s == l,o..,n, thon, for the r.v. /X -;ut such 
o 2 1 

that E/X - JJ./2s 
= .u2s exists, and for k == t(E/X -)l/ )2, 

• 

This is Pearson' s il1equa.1i ty [93 Jo Though othis resu1t is a.n improvemant 

ovel~ (201 0 2), it still 1acks the nccesstœy precision uhich 1'Tould males it. 

useful in pl"actica1 situations requiring statistical al1alysis. 
n 

COY.'oD.al'y 3. For a r"v~ /x ~ /4 such that Elx '.)J/ :::: Vn exi~;ts nnd Vr 
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This result was obtained by Guldberg [39,40J. 

Corolla.ry 4. If X is a nonnegati ve r. v. such that.Al t n exists, then, 

for k = tVu'n)l/n, 

(2.2.4) 

pCX ~ t(r.t' n)lIn) ~ I/tn • (2.2.5) 

This reault is due to Guldberg [38J. 
. . l' 

Let X be a l'.v. such that for any arbitrary point xo,vl'(xo) = Eix - xol , 
1 . 

l' > l, exists. B.Y Theorem 2.2.1, 

P(/X - xi ~ k) ~ vl'(xo) 

kr 
(2.2.6) 

. Ill' 
cannot be improved upon for k ~. (vr(xo)) • When Xo =..;u, (2.2.4) indi-

cates that an improved bound is poss.ible if two absolute moments about 

the raean are kl1O't-m;· hO\-rever, (2.2.4) is not sharp. It ""TOuld appear thst 

if more than two absolute moments about an arbi trary point are knol·m, a 

sharper inequality than (2.2.4) can be obtained. Wald [119,120J offers 

a raethod by ,·rhich discrete distl'ibutions, whose values are aIl positive 

and ",,1hoso absolute moments about the origin are equal to the absolute 

moments about an arbitrary point of the unkllOiffl r. v., can be constructed. 

Probabiltty bounds are then obtained on these constructed discreto distl~i-

butions. The restriction to nonnegative random variables i5 possible 

for, if Y = lx - xi, then ET = Eix - xir. ·8:.1d pey ~ k) = p(/x - xJ ~ k). 
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the spectrum. of the nevrly constructed distribution will consist of 

ei~her the point k and n/2 other points or the points 0, k, ~', and 

iCn - 2) other points. Zero probability is given to aIl points not 

in the spectrum of the discrete distribution and an infinitely small probabi

lit y is given ta the point at infinity such that this probabiJ~ty only af-

fects the nth order absolute moment • A discussion of the concept of plac

ing a probabiD:ty at the point CO can be found in Royden [98J. For n odd, 

the distribution will consist of the points 0, k and iCn - 1) other 

points. l'laId shoH~ that the discrete distribution which is conl?tl'Ucted 

is unique in sach situation. The sharp 101-rer probabili ty bound of 

pC/x - xol < k) is obtained by summin~ ail the probabilities correspond

ing to the points on the left of the point k, and the sharp upper bour~ 

of pC/x - xol < k) is equal to the lower bound plus the probability at 

the point k. 

Let us illustrate the use of this method in the case where two abso-

lute moments are given. In order that ,the numbers vr, vs, s > l', be 

realized as absolute moments of a distribution, we must have [120J 

vr > 0, Vs ~. Cvr)s/r • C2.2.7) 

Since t,vo absohrle moments are given, '-Te must construct dis crete 

distributions 't-rhose spectra consist of either 

01' 
I) the points k and À vrith respective probabilities p and l - p 

II) the point8 k, ° andCOl-rith respective probabiUties p, l - P 

lmd[ (fis infinitely sronll and o~ly affects vs), 

From I), pkr + (1 - p)Àr = v1" À
r = (vr .- pkr)!(l - p) 

s S s SI' pk + (1 - p)À' ::: vs' À = (vs - pk ) (1 - p) 
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Therefore 
(

vr - Pkr)s/r = (Vs _ pks ) • 
1-p 1-p 

o-

From il), r r, 1 
pk = vr ' k = vr' P 

let s = 2:r. Froln (2.2.8) 

by{2.2.?). r 
A1so r v k - v 

À = r 2r ~ O. 
r 

k - vr 

" 

Thus from (2.2.?) either k
r ~< v °or" Il >--v2 and k

r > ..... v. From 
~r r'- r "r 

(2.2.9) l-le require that k:r ~ vr such that p ~ 1. If k
r ? ... v2/vr 

and kr ~ vr ' then, from (2.2.12) .and 1) 101e have 

r r- ) 1 rI À = (k - "2 v1' ) (k vr - 1). 

Thus À ~ k and by v!ald' s method of obtaining upper and lower bounds 

1 - p~ pUX -/Ill < le) ~ 1-, 

(2.2.8) 

(2.2.9) 

(2.2.11) 

"1hel"e p is definoo. by (202o11). Similal"ly, if kr ~ vr ' then (2.2.12) 

and 1) tell us that À ~ k and 

(2.2.14) 
r 

If vr ~ k ~ v2ri'vr ,then from (2.2.9) p-.nd II) 

. r . 
l - vr/k ~ pUx - /ul < k) ~ .Jo~ (2 .. 2.15) 

The above inGqu.alities l'7ere first pro1.Ten by Cantelli [21J. If vIe 

let le:: ta, r = llUld ,~\= vl/ü~ th(m (2.2013) givos us Peo!{t s 
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inequality [94J as a special case; 

pUx :~ /UI ~ ta) ~ 1 _6
2 

t 2 _ 2t~ + 1 
, t ~A. (2.2.16) 

" 

(2.2.16) is an improvement over (2.1.2) in the case lihere vI is known. 

Equation (2.2.7) has stated the conditions which must be satisfied 

such that vI' and Vs can be absolute moments of a distribution. In 

general, what conditions must be satisfied in order that'a set of 
'-

numbers can be· realized as moments of a distribution? The answer i5 

given by the Hamburger moment problem [l06J l'ihich states that if 

1 JU'l ••• }l'n ' 

;:: 0 , 

••••••••••••••••• 

)J. ' ,,' }l" n ,... n+1·· 2n 

i.e. nOlmegative definite, then the set of moments rdll determine a 

probability distribution. If the determinant is strictly positive 

definite, then there will exist many distributions which are solutions 

of the moment problem and the set of lrioments is cal1ed non-degenerate. 

Shohu-c. a..'1d rramo.rkin [106J have added severa1 other conditions rihich 

must be satisfied in order that the set of nlOments in (202017) will 

ofrer a uniquo pl' ob abilit y distribution. In cases rThen either 

/Il • l' •• 0 t }.l' n or lU' l' 0 •• , ,u' 2n are gi ven and satisfy' the moment ineq uali ty , 

Shohat al1d Tamarkin have gi ven Tilothods of constructing discrete distl~i-

butj.ons "1hose moments. are equal to ·those of the unknovIn distribution. 

Their lllethod of COl1sb:'ucting the discl'ete distribut.ions ::md of obtai:nine the 

uppc:t' and J.oHe:r bc.u:ods is s:iJ1~.1f-lr ·co VIa1d' s methcd. Throughont the l'est 
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i 
of this paper we shall assume that for any given set of moments the 

conditions fo~the solution of the Hamburger moment prob1em ~e 

satisfied. 
.' 

If F(x) and G(x) ara two distribution functions determined from 

the srune fini te set of moments, v1hat can be said about !F(x) - G{x)!? 

1sii [52J and Khamis [63,64J have both offered bounds on the above 

expressi~~ under vcr,y general conditions; they have sharpened their 
-

results by in~osing certain restrictions on the r.v. X and on f(x) 

and g(x). 

2.3 A General Theorem 

Theorems 2.1.1 and 2.2.1 have offered us general methods of 

obtaining some non-trivial Tchebycheff type inequali ties l-rhich had 

previously been obtained by various other methods. In 1959 1sii [54J 

proposed a generalized method of ob~aining bounds for P(XEA) in tenns 

of a given set of moments, 't-l'here AE!02is a closed set in.lZ= RI. This 

method offered us a unified w~ of obtaining many of the earlier results 

uhich wore based on a kn01üedge of moments. Let lA be the indicator 

function of some set AC:..04 let a = (aO' ••• ' ~1)~ ~+l (a real valiled vec

tor) and let fi' i = l, ••• , n, 'be Borel meaGUl~able functions from 

.11 into RI such that f = aO + al fI + ••• + anfn and J fdP e::d.sts. 

vJhen f ~ lA o~.n., loTe have 

P(XCA) = SlAdP ~rfdP = aO + a1111 + ••• + ~~, (2.3.1) 

fOl' a.ll probability distributions P 't-l'hich reà.lize NI'. eo, Hn as 

moments fol' flso •• , fno 
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~. P(XEA) ~ in'Cf(ao + al}!l + ••• + B.nMn), 
af; 

where C = {a:a~ + alfl + ••• + Bnfn ~ lA onJ2 J. 
Similarly, p(xrA) ~ ~B(ao + a1M:t + ••• + anMn), (2.3.3) 

where ~ ~ fa: ao + alfl + ••• + Bnfn ~ lA on ..n..l. We note that for 

fi = x~, Mi =~ti. Are inequalities (2.3.2) and (2.3.3) sharp? Isii 

[54,55,56J has considered the sharpness .of these inequalities under the 

restricted conditions of 12 = (-cqQ...J, n = [O,e») and..Q = [O,lJ, respectively, 

where the corresponding fi have respectively been defined by fi = xÏ, 

i 
fi = !iI· and fi = any given function; sharp probability ineq:ualities are 

obtained through the use of linear functionals on Banach spaces'. 

In 1963 Isii [57J unified the previous 1~ork and offered a general theorem 

for aIl abstract spacesJl. The proof of bis theorem is based on the 

theory of convex sets and the separating hyperplane theorem; a specifie 

case of the theorem 1·ras independently obtained by Karlin & Studden [60J. 

Let (11 ,02.) be a measurable spa~e and y be a family of nonnegative 

measures defined on (fl ,0.:.); for UJ~12, let f(r..ù) = (fOC't» , ... , fn(Lo.») be 

a Borel measurable function from.fi to ~+l such' that . 

j!f(0..)!dP(f\l) <e>;?, for ail pey, 
and let g(lJ) be a real valued measurable function such that 

. S /gP)/dP(U» <0". for all PEy. 
've define peN) = [p:p;:r,Jr(l'-\)dP(t") = M, for ail}f= (11

0
, .••• , l1n)f..'Rn+l~ 

• .1 

vle thel'l hava the follm.ring theol'em. 

ThoOl'cm 2.3.1 [57J. If'p i5 convex"fi.'l = {YC(J)dP(W): Pt!J1iS a convex 
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set in ~+l. If H = (110, ••• , ~) is an interior point ofvYL.}then 

U(g; H) = sll:~ ç(r.JJ )dP(Gt,» 
:" P e.r(1)Jto . 

= inf (.~o~N, + s~p. fcg - ,f aJ.,fJ.:')dP). 
aO'· •• ,~J.- "'l. t'c::r J \ 3.=0 

(2.3.4) 

Further, if U(g;H) <CD , there exist reai constants aO' ••• ' 3n that at

tain the inf in the right hand side of (2.3.4). 

Proof: Sincey i5 convex, dlis a convex set in Rn+l[67J. For a€ Rn+l 

0- SU:f>Jg - ,~ ~fi)dP ;:;. SUy( ) ~(g - ,E ~fi)dP 
~ 3.=0 h M ~o . . 

Therefore U(giH) ~ inf 
ao,···,~ 

"'e must nO .... T 5h01-1 that the left hand side of (2.3.4) is greater than 

the right" hand sid"e of (2.3.4). The set (;.I!r:{ <!fodP, ••• ,!ndP,JdP):Péfj{ 

i5 also a convex set in Rn+2[67J. 
- . ~r 

Lete/;f2denote the clozure of~'/. For 

U(giN) < W, Z = (HO, ••• ' Hn, U(giN» i5 a boundary point of Y. Since 

tA· .... is a clos cd conVEJX set, ,ve can construct a supporting hyperplane at 

Z. let the equation of the hyperplane be 

Since the projection of Jil"'on ~l+l is the point H (an interior point 

of~l),o~n+l f 0 and the equation of the r~~0rplane becomes 

n 
x ,'-1 = }: a,x., + k, (2.3.6) --n, i::::O J. J. 

" ,r 
interiOJ:' point of(AI', the definitiol1 of JI' says that 

n 
x1Hl ~ .}: aix-l + k. 

1.:::0 
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JgdP.:s k + JOaiYidP, for aIl P~y. 

:, k ~ fgdP - igoafridP, for al1 Rêf. 
-

Ho'to1ever, sinee Z is a bounda1'Y point of/f, i.e. l.i.es on the hyperplanes. 

n 
U(g;I-1) = k + i~08j,l\. (2.3.8) 

Combining (2.3.7) and (2.3.8), we see that the loft hand side of (2.3.4) 

is greater than the right hand side of (2.3.4) and eombining this result 

with (2.1.5) we see that (2.3.4) is verified. We note that in the proof 

we have shown that there exist real constants aO'.'" an that attain 

the inf in the right hand side of (2.3.4). 

Coroll~. L(giN) = in! (g(jj)dP(Caj) 
P~(l.1)J t 

The eOl'ollary can be proved similarly to the theorem. 

Remark 1: If, fol' any a = (aO' ••• ' .~), 

n 
inf' E a·H·, 

. j,=O. 1. 1. 

anD. , 

where in!' is taken over aIl vectors (aO' ••• ' an) such that 

The probabili ty distribution l1hich actuD:lly attains the bou.l'ld in 

(2.3 0 11) is cE • .J.l.ed an extrema1 distribution. 
11 

Similarly, L( g ; H) ::: sup' i~Oa.}ri' 

Hhe:r'e sup' is taken 0\'8):' aIl vectors (aO' ~ " ., 8,n) such that 

(2.3.10) 

(2.3.11) 

(2.3.l2) 
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15ii [58J has aIso proved the above results by treating Tchebycheff 

type inequalities as a problem in linear programming. Kingman [65J, 

through the use of convexi ty arguments offers results lvhich are ana1o-

gous to those above in the case l'Then fO(W) = 1. 

Remark 2: If, as a special case, we let fO(D~ = l, }~ = 1 and 

g(w) = lii.-cw).., t4en inequality (2.3.2) is sharp l'The11 H ~_s an interior 

point of{/'1. As mentioned befox'e, this case was treated by 15ii [54,55,56J. 

Using ga~e theoretic arguments, Marshall a..l1d Olkin [83 J have proved 

similar' results when fi = xi, i = 1,; •• , n :mdft is any of the follo'to1-

ing: (-((;"0) ,[Osco), [O,lJ. 

Remarks 1 and 2 1-rlll be used extcnsively to p::t'ove several resu1ts 

which hOO ol'iginally be~n proved" by various methods. 1-1hen we refer 

back to Theorem ·2.3.1 in thi.s paper, we shall actuaD.y be referl'ing 

to remarks ). and 2 of Theol'em 2.3.1. 

Exan~nle: Let us consider establishing the Tchebycheff in~qua1ity, 

pUx -./U! >,. ka) ~ l/l?, k > 0, 

by means of the genel'a.l theorem. If X is a r.v, such' tha.t E(X) =/Ll, 

and Var(X) = rl, then pUX - /lI! ~ ka) = pUy! ~ k) ,l'There Y = (X - /n)/a, 

E(Y) = 0 and Varey) = 1. Let A = (-!",-kJU [k,Q.'). Let us consider n. 

polynomial of the form 

f(y) = a + by + cy2. (2.3.13) 

Theorem 2.3.1 tells us tha.t -Che shal'p upper.bound of P(YEA) is attained by 

inf E(f(Y» :: a + c; (2.3.14) 

t-There the inf is ta1œn over (a,b,c) satisfying t(y) ? IA(y) onJlo 

Since f( -k) = rek) ::: 1, thcJ:8fore b = 0 0 'l'hus f(y) :: a + cy2. 
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Fig. 2.1 

-k 0 k .' 

We would now like to Im'1er f(y) subject to the condition f(k) = f(-k) = 1. 

By algebra, the 10ivest point of f(y) oceurs at -b/2c. Therefore, a = 0, 

2 2 
c = 1/k , f(y) ~ IA(y) and f(k) = f(-k) = 1. E(f(Y» = l/k and 

p(YeA) ~ 1/k
2

• Thus Tchebycheff's inequality is obtained. 

'-

2.4 Bounds in TerIns of Hean Deviation 

Peek [94J has .offered us a probability bound for symraetric inter

val about the mean in ternls of the meall devlation (equation 2.2.16). 

''lhen the interva1 about lU is not syrllllletri~a1, Glasser [32 J offers a 

probÇl.bili ty bound in terms of the mean deviation; bis bound is an 

improvement oval' Peek's. The reason for choosing v, the Mean devla-

tion, rather than cr can be attributed to the fact that extreme values 

in the distribution will make cr considel"él.bly la:r.ger than v. 

Theorem 2./-1-.1. Le:t X be a r. v. wl th rnean;u and fini te mea~ deviation 

v > o. 

Proof: Though Glasser's method of pl~oof is quite. simple, we shp.l1 

(2.4.1) 

provo the result threu.gh the use of l'heo1"6;"11 2.3.1 fo1lowi11g the develop-

ment given by Karlill a.nd Studden [60J. Let Y = (X -/U)/v; E(Y) = 0, 

E/Y/ = 1 and for A =(.oo,~tlJV[~~oo) l·re l-rish to deternd.na P(YE-A). let 

us cons:i.der a polynomial of the forIil 

By T11601'0::1 2 0 3 .. 1 the upper b01:md on P(Y~A) 1s achieved by 

(2.4.2) 
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inf E(r(Y» = ao .+ a2 , (2.4.3) 
' . 

. where the inf 1s taken ovel" aIl vectol"s (aO' al' ~) such that 

-' 

(2.4.4) 

r(y) is linear for ye(-~OJ and y~[O,~). f(O) = aO ~ 0 and sinee by (2.4.3) 

aO + a2~ 1, we can conclude that aOE[O,lJ. Subject to conditions 

(2.4.2) ~d (2.4.4) we can say that f(-tl ) = f(-tz) = 1 (i.e. f(y) < 1 

on (-tl'tz». 

f(-~) = aO - altl + az~ = 1 

f(-tz) = aO + al~ + az-tz = 1 

So1ving the above equations, we obtain 

Aceol"dingly, ioTa must lllinimize 

(2.4.6) 

aO + 1 - ao ft + i ~ "= ao(l- p) + p, (2.4.7) 
2 \:1 2) , 

whare p = t(l/tl + 1/tz)o Choosing aO appl"opriate1y,- ioe. ° Ol~ 1, 

the min1.murtl of (2.4 .. 7) is eque.1 to p if P ~ 1 and is equa1 to -1 if 

P ~ 1. Q~E.Do (2 0 4.1). 

Coro11ary 1. If t 1 = t 2 = t, then 

( 1, 
1 - p(-tv < X --;u < tv) <) 1 ... L 1 t~_ 
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Exampfe: Through a distribution which attains equality in (2a4.1) 

we ShOloT that the resu1t is the best ·possib1e. Define the distribution 
.' 

of a r. v. X as fo11ov1s: 

1 1 
p(X = - t1v) = 2t1 ' p(X = ~v) = 2~ , 

p(X = 0) = 1 - t(1!t1 + 1/~). 

E(X) = 0, EIx! = v. By Theorem 2.4.1, 1 - P(-t1v < x < ~v) ~ t(l/tl+l!~). 

However, for our examp1e 1 - P(-t1v< X < ~v) = pCX = -t1v) + pCX = ~v) 

Therefore, G1asser's inequa1ity is sharp •. 

2.5 Unsymmetrical Interva1s 

In this section we shall not restrict ourse1ves to Sj~etric inter-

vals about the mean but we sha11 consider any arbitrary interva1 con-

taining the mean, 

Theorem 2.5.1. let X be a r.v, with mean}J. and finite variance (j2. 

Then, for ~ ~a. > 0, 

1-P( -cr. < X,'J. < ~) ~ 

1~ 

2 
(j 

2 
(j ~ a.13. 

2 a.(~ - 0;) ~ 2cr , 

The above, knC1-1h as Se1berg' s inequa1ity [103J, U8.S first proved 

(2.5.1) 

(2.5.3) 

thl~ough the use of SchHarz t s inequali ty. \{e will n01'1 dari va the result 

thl'ough the use of Theol'el!! 2.3.10 

P:.r·oof.: 18t Y :: X - /-l; thus E(Y) = 0 and Va:r(Y) 
2 -= cr • "le must nO"H find 
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ail polynomials of the formA 

. . 2' 
t(y) = aO + alY + fV;.Y ~ IA(y) 

" 

and we must minimize 

with respect to· ail polynomials of the form (2.5.4). The 10l·Test 

point of (2.5.4) occurs l'Then y = - al!2~, and (2.5.4) is symmetric 

'-
about this point. We "TOuld like to lower (2.5.4) ~uch that 

f(- al!2a2) = O. 

ao - ~12!2~ + ~a12!4~2 = 0 

aO = a12/4~ 
Thus (2.5.4) can be written as 

(2.5.4) 

22· . 2 
t(y) = ~ !4a.z + ~Y + ~y = a2 (y + ai2.~) • (2.5.6) 

Let (- al!2a2) = s, the point about which (2.5 .• 6) is synmletric. Now 

(2.5.6) must equal l at either y = - a or y = ~ depending on whether 

- a < s ~ (~ - a)!2or (~ - a)/2~ s <~, respectively. If y = - a, then 

2 2 
t( - a) = ~(- a - s) = l and ~ = l/(~ + 5) • 

2 2 
Similarly if y = ~, then f(~) = a2(~ - s) = l and a2 = l/(~ - s) • 

Thus (2.5.6) can be '-1l'itten as 

. f(y) = 

(y _ s)2 

(a + s)2 ' 
-~ < s ~ (~ - oJ/2, 

(~ - a)/2 :s. s < ~. 

Correspanding ta (2.5.l~) and (2.5.5) we must r.lil1imize 

(2.5.7) 

(2 • .5.8) 
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'. - et < s ~ (~ - et)/2, 

(~ - et)/2 ~ s < ~, .' 

with respect to a11 polynomials of the forms (2.5.7) and (2.5.8). 

Minimizing (2.5.9) 'With respect to s, we see that for s = o2/a. 

(2.509) is a winimum. The minimam value of (2.5.9) is therefore 

'- cl/(et2 + ( 2
). 

-
Similarly minimizing (2.5.10) liith respect to s we see that for 

s = (~ - et)/2,(2.5.l0) takes on a minimum value of 
2 2 

(É! - et) + lKJ 

(et + ~)2 
• 

(2.5.10) 

(2.5.11) 

(2.5.12) 

If the condition of (2.5.1) prevails, then the minimum value of 

P(YGA) is given by (2.5.11) and is attained by (2.5.9). If the condi

tion of (2.5.2) prevails, then the minimum of p(yeA) is giyen by (2.5.12) 

and is attained by (2.5.10). ~le have thus proved (2.5.1) and (2.5.2). 

To obtain (2.5.:3> loTe consider a discrete distribution consisting of 

two points xl and x2 such that xl and x2 are not in (- a,~). Assmne 

fi! = O. 
E(X) = pXl + (1 - 'P)x2 := 0 

Var(X) = pX12 + (1 _ p)~ 2 
:= a2 . 

. 2 2 2 
So1ving (2.5.13) and (2.5 0 14) we see that p := x2 I(a + x2). If 

xl := (p - l)-xz/p = - a
2/-xz < - et and y~[~,a2/a.J (i.e. to conform lvith 

the condition of (2.503», then, (2.5.3) is satisi'ied. 

(2.5.13) 

Remark 1. [60J The:ce ex:i.st extremal distributions -t-rhich satisfy these 

bounds~ The spectrUln of the e:x-tl'emal distribution in the case (2.5.1) 

consists of the points)l - a. tll1d}l -1- u2/a. l-rith respective probabilities 
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a2/(a~ + CJ.2) and CJ.2/(a2 + CJ.2). In the case of (2.5.2) the spectrum 

consists of the points)l - a.,,Al + (13 - a.)/2 and"u + f3 l-lith :re.spective 
. . 

pr6babilities of (i3(13 - a.) + 2r:l)/ (13 + 0.)2, 4(f3o: - ( 2
)/ (?t + "~l and 

(n2 - f3o: + 2cr2 )/(f3 + a.)2. The extremal distribution for (2.5.3) was 

given immediately after (2.5.14). Note that the extrema1 distributions 

have been transformed 50 as to have meanftl.. 

Let ~ be a r.v. ~lith me::m,.u and abso1ute moments vr and v2r" We 

~Jish to determine an upper bound for the probability statement 

P(X'ËA) = P ~~(-P.?,p - f3J~[,u - a,p + aJuCu + B,co~ • {2 .. 5.15} 

Assume)J. = O. '-'le ]mm-1 that if f(x) and g(x) are two density i'ul1C-. . 

tions satisfying g(x) = 0, x< 0, and g(x) = f(x) + fe-x) for x ~ 0, thell 

J;rf(X)dx = fo:2rg(X)dx, l' ~ 1, 
-ex> 

cC co . L /xrf(x)dx ~ S 0 xrg(x)dx, r <> 1, 

J,... k (k 
and -k f(x)dx ~)o g(x)dx. 

The original probabj.lity bound of P(Xf:A) can be given by the proba

bility bound P(YGAU[O,co», "\-1he1'eY is a nonnegative r.v. such that 

E(r) =.Alr = vr and E(y
2r

) = ..u2r: v2re The idea here of considering 

a nonnegative r.v. is similar.to the idea in section 2.2 of this paper. 

r 2 
Let Z = y ; E(Z) = /~, Va.r(Z) = .I.lzr - Pl" • 

p(Y.{O,a]u[p,cq) = P(ZE[O,clJII[f{,cc~) (2.5.16) 

From remarIe 1 of the above theol'E:rll "le knO"tv that the extremal distri·· 

butions arc nonncgative only \·Then.!~l - 0: ~ 0.. Thus the upper bounds for 
l' r . 

P(X;~A), 'Hhenforc:.(CJ. ,P ), ara the Satne as those for Theor'em 2.5.1 provided 
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t \..-t· 2 2 r' r 
UèI. . .iU = A1z., ° = ~r -t'Ur , a. = Alr - a. , f3 = f3 - flr are substituted 

" 
in the right ~and side of the inequalities. In the case when 

.Alr f- (o.r ,f3r ) the probabi1ity bound is 1. 

The above deve10pment by Karlin and Studden [60J gives a genera1i

zation of Guttman's result [41J w}ùch states that, for À > 0, 
. '-2 

1- P(XEV,t - k10,}l - k~)U(,u + k~,J.l.+ k10» ~ À , (2.5.17) 

2 4 .! .! 
where }.l4 = (a + 1)0 , k1 = (1 + Àa) 2 and k2 = (1 - Àa) 2. To sh01-l 

this connectioil let r = 2 and let us re1'irite (2.5.2) in the forro of 

(2.5.15) ldth the notation used in (2.5.16) • 

. 1 - p(XE'(,u - f3~}l - o.)U(.u + o.,)l + f3» 

(f32 _ 2~ + 0.
2 )2 -1- 4(P4 - J.l? 2) 

~ . 
(f32 _ 0.2 )2 

(2.5.18) . 

If f3 = k1o, a. = k20, the condition of (2.5.2) is satisfied and the right 

hand side of (2.5.18) equa1s À-
2 • 

2.6 Trigonometrie NOmEl1'lts 

Let us reconsider some of the comments made at the beginning of 

section 2.3 3...'Yld app1y them to obt.ain a Tchebycheff type inequality in 

a situation lvhen trigonometric moments are lmo .... m. 

Theorem 2.6.1 [83J w If X i5 a random angle :i.n [O,2TT) and E(sinX) = o., 

E(cosX) = ~, then 

1 - p(2e < X < 2/J) E .L::...û:: sin~-±...M - f3 cos (0 + 12l , 
1 - cos (~ - El) 

p(2e ~ X ~ 2M ~ 1 + Ct s:l:!:l (e..±.l) + ê cos (e +. M. , 
1 + cos (~ - e) 

,.,.here 0 ~ e ~ ~ ~ Tf 0 

Proof: Let A' = (28 < x < 2 (J) Hhel'a A' d.enotes the complelilent of A. 

(2.6.2) 
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The p~ob1em will be to find an upper bound for P(X€A). Let us con-
t 

'. 
-sider the fo.1101ving function, , 

.' 

E(f(X» = aO + ~o. + ~f3 

\.,re must now find the mininrum of (2.6.4) ldth respect to aU po1y

nomia1s satisfylng (2.6.3). 

(2.6.4) 

Subj~ct to the conditions of the hypothesis and (2.6.1) we can let 
-

f(20) = f(2~) = 1 and f(e + ~) = O. 

aO + al sin (e + M + a2 cos (e + (J) = 0 

aO + ~ sjn (29) + ~ cos (29) = 1 

aO + al sin (2~) + az cos (2p) = 1 

Solving the above eq"\.lations v;re can write (2.6.3) as 

f(x) = 1 _ ~in (e t P) sin x _ cos cos x ( 6 6) 
l - cos (~ - é) l - cos 0'5 -0) l - cos ( _ e)· 2. • 

AccordingJy (2.6.4) becomes 

l ~ 0. sin (e + P) - ê cos (e + p) 
l.- cos (p - 0) 

and we have provcd (2.6.1). 

(2.6.7) 

If l'Te nou let A ::. (2e ~ x ~ 2M 2.nd let f(x) be defined as in (2.6.3), 

then upon setting f(2e) = f(2P) :: 1 and f(e + ~ + rr) = 0 and cal'rying 

out the same procedure as above, i-le obtain (2.6.2). 

The 2.bove :r~)sults are due to Hal'shall and Olkin [83Jo 

207 Other Il1equalitios 

In this sectien ,·re shall briefly review tHO Tchebychcff type incquali tics 

l'Ti thout o:r.ferin~ thElir proofs; Do th:Lrd j.nequali ty Hill also be mentioned. 
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Vçn !{ises [1l8J considers a nonnegative r.v. X such that the 

expected values of any tvl0 arbi trary' functions of X are known,. Let 

gel), h(X) be any two monotonie increasing functions of X satisf,ying 

the condition g(O) = h(O) = O. 
y B 

Fig. 2.2 

'- T2 
x 

Let x = g(t), y = h(t), and let (x,y) a curve K which is 

concave upwards in Rz. Let 0 den ote the point (0,0). We define 

a = E(g(X», b = E'(h(X» and let A den ote the point (a,b); p = g(co) , 

q = h~X) and let B del10te the point (p,q). l'le note that if either 

q or p and q are infini te , 't'Te only consider the value for which 

q/p is fini te. Let t l and tz be defined so as to satisfy the equa-

tions h(tl ) _ b 
g(tl) - a ' 

h(tz) - b b - q 
--,.~:--- = -- • 
g('tQ) - a a - p 

For t ~ t l , or t~ t 2 the equation 

a - gçt) = b - h(t) 

g(tt) - g(t) h(tt) - h(t) 

adrnits only one E:olution t,' different from t. let x' = g(tt) and 

Geornetrically, 'He can j,nter'pl'et t l and tl"o as being the points • e, 

satisfying the pal"aruct:dc equations, x = g(t) and y = h(t), uhen OA 

and AB meet K at Tl ru1d T2~ respectivelyo Fa; M = (g(t),h(t», M~ 

= (x' ,y') i5 thG point 01taincd uhen HA intersects K. 

Von ]{i.ses claims that the problem of find:i.ng pl'obability bounds 

for ~my dist'l':jJJUti011 can be restl'ictecl to that of find:ing probability 

(2.7.1) 
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bounds for a distribution taking on at most three values. Through 

the lal-ls of s~atics he obtains the follolnng results. 

.' 

(a - p)(b - h(t»-(a - g(t»(b - g) < P(o < X < t) 
ph(t) - qg(t) " , 

ah~t~ - bg~t~ ~ 1 - pnrt - qg t 

a - g(t) ~ p(o :$. X ~ t) ~ l, tl ~ t. 
x' - g(t) 

The above inequalities are sharp. The first an~ third inequalities 

are obtained by distributions taking on two values and the second ine-

quality is obtained by a distribution taking on three values. 

An inequality which may be of s9me assistance to a statistician 

dealing ldth control chart procedures lias offered by vlinsten[125J. 

Let us den ote the mean range of a sample of size n by v1n , 

wn = J[~(F)dx. [62, page 339J (2.7.4) 

where nn(F) = 1 - rn - (1 - F)n and F is a Qtstribution function. 

For fixed t > 0 vre uniquely define an integer m by 
m-l m 
i~l Rn(i/m) ~ lIt <'i~l Rn(i/(m + 1). (2.7.5) 

Then for 11 (m + 1) < p ~ llm we define p by the follovling aquation; 
m 
~l P~(ip) = lIt. (2.7.6) 

Subject to the above~ \'linsten has sho't·m that for any :rixed intei:val 

l-7hose length j.s t times l'ln' 

î'ho authol~ ShOHS' that (2. 7 ~ 7) is sha:rp. 
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Certain ways of representing f(x) for a r.v. X whose distribution 

is .not comp1etely lr.,no .... 'n have been given through Gram-Charlier series 

and Hermite po1ynomia1s. f(x) is represented as an infinite series 

whose terms are linear functions of the density fUnction of a N(O,l) 

r.v. and its derivatives. Aoyruna [lJ uses Hermj.te polynomials to 

claire that 

•• + 

1""(d2f/ 2 C = (D dXZ exp(x /4)dx. and n j.s a positive integer. 

1,-Jhen k = 3 and n = l,the value in the r:i.ght hand side of (2.7.8) 

is O~1111; this is equal ta the value obtained from 'l'chebych€:ff's 

inequêl.li ty e Ho~,reYer, i'J"hen k = 3 and n = 2, the value in the right 

h[j.îd side of (2.708) is 0.0370; this is an ilrprovement over t.he 

value obtained l'rom Tchebycheff's inequa1ity. 

(2.7.8) 
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- CHAPTER THREE: lNEQUALITIES FOR RESl'RICTED UNIVARIATE DIS'rRIBUTIONS 

,. 

3.1 Introduction 

Most of the inequalities in chapter two were sharp; their shal~ness 

was exhibited by a distribution which attained equalityin the inequality. 

Under a general set of conditions, the results of chapter t~iO cannot be 

improved upon; hOv1ever, if additional information about the random 
-

variable X, f(x) or F(x) is available, we may be able to improve our 

inequalities. This ~dditional infonnation may be in the forro of an 

added restriction such as boundedness of the-r.v. (Theorem 2.1.2) or 

it may ~t.ell us that f(x) assumes a specific shape, e.g. unimodal. 

Throughout chapter tHO ue assumed that the conditions of the Ham-

burger moment problem 'uere satisfied. . In the case of unimodal distri

butions, Johnson and Rogers [59J have stipulated the moment conditions 

which must be satisfied so that a set of real numbers can be realized 

as moments of a unimodal distribution. They have shmm that for any 

set of real numbers, )ll' , ••• '1-\'l!.1' there exists a 'Ui'limodal- distribution 

function F(x) 'W"ith mode at zel'O l-Thich satisfies 

fJd.F(x) =-:.Alr ', 1 ~ r < n, 
-co 

iff thel:"e exists 8nother dist.ribution func:ticn G(x) such that 

~[:xr dG(x) = (l" + 1)}lr', 1 ~ l' < n, 

1-1here n is odd o They h~~v0 shoHn that for a, l'.V. loJ"ith mean /1.1, vz-triél:tlCe 

2 
cr and mode xo, the il' condition simplifies to 

When doa1ing l'lith unirrlOdal distributions :i.n this chapter, loTe shall aSSUlilE: 

that the cond::i.tions for the 1.lnbJOdal moment p:l"oble!1l are satisfied. 
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In the next tvro sections of this chapter we shall obtain probabili ty '. 
inequalities·tPrough the use of geometrical arguments. In the later sec-

tions we shall use remark 1 of Theorem 2.3.1 to obtain upper pl' ob abi1it y 

bounds. Our method of proof in the later sections of thi~ chapter will 

re1y heavi1y on the lV"orks of Godwin C34] and Kar1in and Studden [60]. 

It is to be noted that most of the inequalities obtained in this 

chapter are sharp; uhen dealing i·rith unimoda1 distributions, equality 

'-
is often obtained by distributions l-:hich are uniform on some finite 

interva1 and 1-1hich nlay have some additional mass attached to one or more 

points. 

3.2 Restrictions on F(:>::) Ovel' Soma Gi ven Range 

Let X be a nonnegati \TE: r. v. such th~t /u;. exists fol' l' ~ l and let us 

consider three possible v[-'.luE:'-: of X, xo' Xl' and z, lV'her9 0 ~ Xo ~ Xl ~ z, 

such that F(y.) is ccncave dO~·;lr:;[:.Yd in (xO' 7.). If WB join the points 

(z,l) and (xl'F(xl) and ext.end the li ne to xO' F(x), for x € (xO'z) uill 

lie entirely belo ... r this lille. Let G( x) de110te the equation of this litJE~f 

G{x) 
~.; .... ~.~ur:=::::-:.;.:.:.:----
~. ,,\ -----=n F{x) 

- .. -__ . l , ' 
xÔ-·---5ii--- ··--_···z-·--······-········,;? 

Fig. 3.1 

Then$ from geom6t~, 

(3.2.1) 
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l
z JZ l z 

. 
; l' l' l' 
~ ~ x dF(x) ~ x dG(x) ~ x [(1 - F(xi»/(z - Xi)]dx 

Xo Xo Xo 
1 - F(~) zr+1 _ X 1'+1 : 

_ ~ o.' - . 
Z - xl l' + 1 

1 - F(x1) :s (1' + 1) ..u~(z - Xl)/(zr+l _ xar +l ). 

The right hand side of (J.2.3) assumes a unique maximum value for sorne 

a satisfying 

._ 1'+1 r+1 ( ) r( ) 
a _ - Xo = r + 1 a a -. xl ta> xO; 

by rearranging we obtain 

xOr+1 + rar +1 - (1' + l)xlar = O. 

(J.2.J)' can be 'Hl'itten independent1y of Z$ i.e. 

1 - F(x1) ~ (1' + l)/~(a - Xl)/(ar +1 - xor+l) • 

Combilling t1.ùs "rith (J.2.4) 1-1e obtain 

l' 
1 - F(x1) ~ ~ la , 

1-1hich is the saIlle as 

p(x ~ xl) ~)l; lar. 

. ......... . 

If a, as obtained in (3.2.4), i~ gl'eater t.han ~o in (3.2.2), 

(3.2.5) is the bast possible e If, hm-1ever, a < Zo ' (J.2.5) can be 

improved upone Let Z = zO; (3.2.3) becomes 

. 1 1'+1 1'+1 
1 - F(xl ) ~ (1' -1- l)}l;(zO - xl) (zO - Xo ). 

By (3.2.2) we have 

Zo - xl (1' + l);U;(zO - xl) 
--- ~ --:tq.'l 1'+1 . , 
Zo - Xo Zo - Xo 

(J.2.4) 

(J .. 2.6) 

(3.2.7) 

z 1'+1 1'+1 
o - XS>_ ~ (l' + l)pt • (3.2 0 8) 
Zo - Xc l' 

Subst5,t.nt.ing (3 0 2 0 8) into (30 2.6) He conclude 
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where "zl ~ Zo is the real root obtained from 

Remark: It can be seen easilythttt eq~aJ.i~Y' cal1b~:'èbttd~ed: U,l:·(3.:2~9);,·· 
for if X is uniformly~distl-ibuted.oV~r'[xO,zIJ, 

PCX ?xl) ='(Zl -: xI)/(zl- xo). 

", '.:, 
" 

Theabovel"esults were obtained by Von Kises [ll7J. The idea behind 

the argument used to obtain this result seem to be quite similal' to those 

, argrullents used by narumi [89J to obtain upper probabilJty bounds for a 

nonnegativer.v. whose density i'unction, f(x), obeyed some constl'aint. 

Narumiconsiders the cases when f(x) is either non-incl'easing or non

dE)creasing ovel' some interval beginning at the ol'igin and using geo-

metricalargurl1ents similar to) but- more tedious than the ones abova.) ob-

tained M's probabili ty bounds. 

An argument somevlhat similal' to the one used aboveV1ill be used, ih' 

.. ' ' 

. ,., 

a subsequent section to obtaina probabili t.y bOl.md for a unimOdal dist:l:'ibùtion o 

A much strongel'restriêtion ,on F(x) thal1 v.sed by Von Mises l'Tas . iinp,os~d , 

by Van Dantzig [116];in a pi'acti~4. situation ::it· niay:b~ ".vel~:d:i:rfiduit.to 
. .' . . . - ." '.' '. .' '" 

verify his condition. I.etXbe a nonnegativ01'.V~~dl~t F6o= i-p(x) . ..' - . . .... . . . '. ". ." 

be its distribution function. let P(x)be dii'f~rentiabl~t.oorderh on 

some intel'val [a~bJ and let (-l)jp (j ,l(x) > 0 fol" 0 ~ j ~ h àl'ld non-incl'e~s
ing for j = he If for sorne xOéi [a,b], h* is the integral part of 

(b - XO)f(xO)/ (P(xO) w. P(b» $ 

'tV'here f(x) = - èJ.P.<~, and H:: llI.:i.~·!(h~h>~)~·r = x.o + H[P(xo) - P(b)]/f(x
O

) 
b ~ . 

and ~~ = - fa (xk - ak)dP(x) , thens Va.n Dr.nt7..ig pl'oves the follo~.;ing 
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Theorem 3.2.1. Subject to the above conditions, Cf)1 correlation coefficient) 

p(x ~ xO)' ~ P(b) + 1 H:k(D./r)a.~/xok , : (3.2.10) 

whare r;:k(CI) = ~rk(1 _fO)H/k J~-1(1- y)Hdy} , 0 ~ CI:S 1, 

can be obtained fro~ the solution of an equation of dcgree~ H + k. 

Proof: Let us consider another distribution function G(x) = 1 - Q(x) 

satisfying 
i) Q(x) ~ p(x) , for ail x ~- 0, 

Q(xO) ::: P(xO) , i:t) 

iii) (te k " 
I3 k = -Jo x dQ(x) ~ f3 k > O. 

Here, as befol'e, G(x) ~ F(y.) for ail x. Using a lemma attributed to 

Kemperman, Van Dantzig ShOi'7S that the conditions of the hypothesis per

lTdt us to v1l'ite Q(x) in the follmdng forme Fol' a ~ Xo -E r, 

p(x) , O~ x < a, 
- h 

1 P(b) + [P(xO) - P(b)][(r - x)/(r - xO)] ,D.~ x~ r, 
Q(x) :-: 

P(b) , r ~ x < b, 

p(x) , x ~ b. 

vIe must note that the best Q(x) is obtained fol' h = H = min(h,h*). 

"le shall nevel'theless continue the pro of using h. The construction of 

O.2.il) 
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Thus, by a change of variable, 

-k [ _ ( a k ]x-k . r ~ ,.-k 
S00 = -Jo x dP(x) 0 -[) b x dP(x) J-"{O 

.' 

+ (p(al - p(bl - [P(xo' - P(bl]~1-_~5o.k 

+ h[P(xo) - P(b) JJ: 1 k h-l 
,)fel-Y) dy 

f k(l _/)h o./~ 

= (_foa,xdP(xl - ~CL~dP(Xl] xO-k + [p(al - p(bl] è 
. k h 

+ [P(xO) - P(b)] l(~)1~ (1 ~j?) , (3.2.12) 

whel"e 

1: 1 k h-l . h k k 
l(o.f) = h Y (1 - y) dy - (l - or) { 0. 

o.;: . 

{a; 1 k-l h . 
= k y (l - y) dy 

~~ 

_ h! k! ~ ( 1) j h~ 
- (h + k)'.' -.LI - .• Ch ') S 

.)=0 . J. - J • 

k . k+j . 
- (o.o) > 0, 05-0 < 1. 
k+j 1 1 .... 

. A 

l(o.t) is a poly.norn:ta.l in (> of degrce h -1- k. Let jJ be such that 

pk{l -f)h/I(Ctf) assumes a maximum value fol" 0 :5f.:5- 1. Than, by (3.2.12)~ 

Also, o.k ::: _ f b (xk _ ak )dl'(x) ~ ~,((.\ikdP(X) +faXkdP(x) +(k xkdP{x) 
• a. )0 0 lb 

- [P(a) - P(b)Jnk • (3.2~14) 

Comb:i.ning (3.2013) and (3 .. 201l~) ... .fa see that. 

o.k ?! [P(xO) - P(b) JXok/ ~~k (0:,)". 

p(x ~ xO) ~P(b) + r~~k(a.)Œk/xok 
anel (3c2~lO) fo11o:n; f:com (3.2.11). 
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Va,n Dantzig also· sho .... rs that if ,.;re wish to a,;oid the te1'm f:,k(a.) 

,-re can obt~d.n 'a simplel' and more gene1'a.l result. 

. [a.k + Jo a~dP(x) + fb
W 

0dP(x)}' 

p(x ~xO) ~ P(b) +6h,k -----k-------
xo (1 + ~) 

[P(a) - P(b)J cr 
+---~=--_ ..... 

1 + (J-l 
, 

lThel'e 

D h,k = 
k h 

Ch + k):k h 

h!k% (h+k)h+k 
, '-

Il) __ . I k+1 ,h(a.) !oro~ 
1 --, a.k = - O'X"c1P(x) , 

k+h a. 
h-l . l (a.) = ,L. (L + h - 1) a.L+j(l _ a.)h+l-j 

L,h J=O L + j 

and (J = kkhha.k+h/(k + h)k+h(l - a.)h. He note that both Godt·1in [33J 

and Isii [53J have made er1'o1's in lœiting out equation (3.2.16). If, 

(3.2.16) 

(ak 
as a. special case of (302.15), l-TC le.t h = 1, b =(0, k = 21', Jo x dP(x) = 0 

and if= 1, lie obtairi Camp's inequality [18J; if a = 0, b =0;) and h = 1, 

ne obta.ir! 1·!eide11's inequalities [84,85J. 

3.3 UllimodaJ. Disb'ibtrl:.ions: Homents of Highe1' Order 

In subsequent sections we shall obtuin sharp inequa1ities fOl" unimodal 

distl'ibutions :i.n terms of the fil'st tHO moments. Hotivated by Pearson' s 

impl'ovemmt (2<2.3) OVOl:' 1'chobycheff' s inequal:i.ty through the use of 

hi[;hel' even momellts~ &~ith [107J has offOl,'ad a. pl'ob8.bi1itjT bound for a 

bou~~deà. nonnee~.tivc l'. v. y;hose d:i stY'Hmt,j.Œl 'is mdJiJodalo Let 0 $- X .:::. k 
27.' . 

2.nd let E(X ) ex:i.st, r ~ J.. 

. (' k 1 (k 21' p(x ~ d) = f(x)clx ~ -,:- X f(x)d,X 0 

. d ù2r . cl 
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Also \ ~ d 
, p(X ~ d) ~ ~ [~- XZ1~f(x)dxJ '= ~ ~ 'R; .';'. 00 .' c (3.3.1) 

:. d l' l' 0 t l' '. 0 0 • 

a o" r._ 

where R.= (1/d2l')fodx2rf(X)dx. nnd d = tWr)1/2r •. let ~(XJ:be a . 0 ,00:' 

k ~" 

functioll satisfying (d/dx.)[~(x)J = f(x), p(x) = J. f(x)dx and ~(x) = -p(x). """ 
. x 

Integrating by parts He get 

21' 21' 21'-i d d 
o-x f(x)dx = - d P(d) + 2r~ ~ ~(x)dx, 

21' {d 21'-1 
R = - P(d) + (2r/d ) x P(x)dx. 

·0 

Combining (3.3.1) and (3.3.2) ,·re obtain . 

l'le nou consider f(x) under three dirfel'ent restl'ictiol1s o 

C:l,S9 1. let r(x) be a monotone increasing f1mction on [O,lkJ; :-dnce the 

second dE):rivative of p(x) is negative, p(x) is conc?~ve dN'iTit'Taro. Let us 

drai-T a line joining the points (OIlP(O» and (d,P(d». l'he equatiol1 of 

this line i5 

y = (x/d)(P(d) - 1) + 1. 

If l'TO substitute y fol' p(x) in (3e3.3), 'toJ"e obtain 

(d 21' 'Jd 21'-1 
(2r/d)(F(d)-1)Jo X dx,+ 2r oX ·dx~)l2r·." .. 

Upon integrat.iol1 t 21' . '.' . 
P(d) ~ {pZ,/d ) (1 + 1/21'} , -1/21'. ' 

1/2r 
If cl = t(Pir) , thcin 

2r 
peel) ,~(l/t )(1 -1- 1/2r) - l/2r. 

. . 
.. .. ' 

, l/'?.r 1/2r 
In orac:c ta a})ply (3,,3.6), k.$ (1'1-21') (~r~ • To see·thi1:l~ 'tole 

cons:i.dcl' a tmifo:;"';:l1 distl'ibution y ::: fez) on [O,k]. 
2r 2r J 12',' 2r ~ ~I /?,~ 

E(Z ):: k /(2r+l); k ::: (21·-:-J.) -. ---[B(Z . )J" ...... 0 

Sinc8 our r(x) is lllOnotohc :lncrousing in [O~l~J, it foD_OIv8 that 

1/21' [ 21' Jl/2r ()-1/2r l' . t 1_' k 
( .. 9) ~ E( z) =- k 21'+1 ~,hence ClUX' ~m~ a'cJ..on on _r 0 

V"'21' 7 

(3.3,.6) 
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Case n. Letf(x)bea'monotone'd~c1'easing:f'un~tionon [O,dJ:' p(x}. 

is concave up'tiard. . and if '\-Te drai-T a ~angent to P (x) at x = 9d :(0,< e.:s 1), 

p(x) will not cross the t2.l1gent 2.t any other place o let 
.' 

y = - xf(0d) + P(EJd) -:- eaf(9d) 

be the equation of the tHngent. As befor0~ if Vl€ subst.itute (3.3.7) 

into (3.3.3) and integrate~ we get 

._ p(ed) + df(ed)[O .• 21'/(21" + 1)J .~/Ll~r/d21' • 

1ve 't·Tol.1.lcl 1ike to minilllir.e 

JJ21'/d
21' 

- P(Od) -1- df(9d)[e •• 21"/(21' + 1)J 

wi th respect to e. l'!ininùzing '\oTe obtain e = 2i.j (2r + 1) and subst.i tu.t-

ing this va.lue of e into (3,,3 0 8) g:hïes 

21' 
P(I ~ [2rc1./ (21" + 1) J) ~ -'J.

2
' /d - ; 
_l' 

2r . 2r 
p(x ~ cl) ~JU2r/d (1 -:- 1/21') • 

If d = ·t('l' )1/21", them, 
21' 

p(x ~ d)~ J./t
21'

(J. + 1/21')2r. 

Result (3.3 .. J.O) Has obt.a:i.ned by l'~eidell [811.~85J as \orell. 

a monotonE! dGC1'easing func-::':i.on in [cO ,kJ" . Thus pCx) is COnCa\70 dOHn-

wal'd fOl' :x: [O~cO') :md CClnCél.ve np~·r2.:t'd. fOl' x ~ w. Let U~ dl'2:VT a chord 

joining the points (O~? (0» al1d (co ~p (o:J » as in (;09.39 l tl.nd let us 

(3 .. 3.10) 

dl'ai.)' a te.ngent to SO!i!-;j po:i.nt Od~ ca < ad < d~ 0 ~ 0 ~ 1\1 ~.S in CLl.se II. 

If~ in (3 .. 303) p(x) is repln.cecl b~r the eql..1at.ion 0;(' the cho:::,<l f?i1d the 

equc.t:i...on of the tangent in the reef0ctive in'tor'-vals [O~r:::r) and [ca ,dJ~ 

th~n, by ca1'~"yii1g out the proCCdU1."0 illust1'8.tcd in thG fi1'st. tHO cases, 

&.ni-::'h [107] obtn.ins -(-,ho follOi'ling result ... 
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,21~ . 
JJ2r - c [(2rP(X ~ cü) + 1)/(21' + 1)J 

p(x ?; ta) ~ 
0 21' 
~---------------------------------- , (3.3.11) 

.' 

where e is defined by the equation 

Smith originnlly shm·:-ed that P(X ~ ccr) in the right hand siclE: of (3.3.11) 

could be replacE;d by P (X ~ ta), hOHever, in a. subsequent papel' [108 J he 

shoHed that (303.11) cou1cl be improved UpOl1 by l'eplacing p(X ~ C$J) by 

1 + c[p(X ~ ta) - 1]ft. 

. ,:.., 

3.4 Gauss' Inequal:i.ty 

Unti1 nm, l'Te hr\.iiC t1.sed diffel~ej'lt geomotl':i.cal Ii1e1:.1100s to obtain proba-

bi1ity b01.mds fo!' random val'iab1es s\.1.bject to seme r03stl'j.ction.. In this 

and the relil:3.:tnin~ sections of this chaptal' 'H('~ shall ~h01'1 how remark 1 of. 

Theol'em 20301 1-ri11 emable 'Us to obtain S0T:18 of the c1assica1 Tchebycheff 

tyPe in0qualities fol' unimode.lly c1:i.&t}·:i.bute:d r;.ndc:, variables. The 

methods used T,li11 be based 011 tJ1e works of Godl-rin [34] and Karlin nncl 

Studden [60J. 

In chapter one it. l·ras pointed out that Gauss offered a.."l impT'ov8ment 

overTcheqyohefr's inequallty when the l'.v. had a. unimodal distribution, 

'We snall nm? prov~ the result. 

Theol"er,l 304.1 (Gauss-H:J.11ckle:r·)~ If X is a l".Vo such that Ji;(X) ::: AIs 

2 Val'(X) = 0' fthd X has P.. urdque mode at lU Il tho11 s 

(3.4.1) 
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\ 
Remark: Through a change of variable vTe can get the forros (1.1.2) and 

(1.1.3) given in chaptel' one. 
.' 

Pr~of: Assume tU = O. By the method discussed in the latte:r- pa:r-t of 

. section 2.5 of this pape:r- the p:r-oblem of (3.4.1) and (3.4.2) i5 l'educed 

to that of detennining max p(X ~ k) where max is taken ove:r- all unimodal 

distributions satisfying 

._. tF(O) + (Xf(t)dt, 0 ~ x < cc , 
.F(x) = Jo 

o 1 X < 0, 

lvhere f(t) is nOl1-inc:r-easing. t-le 'Would. also like f(t) to satisfy 

J:~2dF(X) = cl' :: f;t2f(t)dt~ 

Assume that FeO) = O. If F(O) t 0, the d1st:r-ibution function F(x) 

can be 50 adjusted that the probability F(O) at 0 becomes unifor.mly 

distributed ovel' the lllterval [O,~J. Using the :r-esults for the 

(3.4.3) 

case when FeO) -=: 0 and letting €.~ 0, lve can obtain the required solu

tion. F(O) will be defin-ed by 

. FeO) + locr(t)dt ::: 1. 

Let us cOi"lsider a function H(t) satisfying 

dH(t) '= - df(t). 
. CO co [co f,(j;) 

1 =J f(t)dt::. tf(t)! - tdf(t)!: tdH(t). o 0 )0 0 

Similarly, int.egrating by pa:rts, 
Ct1 cc 

0
2 =.ro t

2
f(t)dt = Jio (tJ/J)dH(t) 

S
b::> (CC 
k t(t)dt =Jk (t - k)dH(t). 

must consider pol)~omials of the fo~m 

(3.h.l/·) 

(3.4.5) 

0.4·.6) 
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i 3 {Ot ° ~ t ~ k, 
~(t) = at + bt ~ g(t) = 

. t - k.' t ~ k, 
:. 

and we must determine 
.' 

where the rŒin is tru~en with respect.to all po1ynomials of the form 

(3.4.8). To deterndne ~ and b we vTould like to 101.]"er ~(t) such that 

~(t) will touqh the non-zero part of g(t) at sorne point z~[k~) and 

~(t) t-rillstiD.: satisfy (3.4.8). 

~(z) = az + bz3 = z - k. 

~'(z) = a+ 3bz
2 = 1. 

Solving' the tHO simultaneous equations we get' 
. . 3 

. a = 1 - 3k/2z, b = k/2z • 

Thus (3.40 9) becomes 

.' mine (1 - 3k/2z) + 3l-:cl!2z3 ). 
'1 

l'.:.inimizing 't·Tith respect to z, for a ~ 0, 't're obtain z = (3)20 t-Thenever 

2 2 2' 2 
l.jcr ~ 3k and z = 3k/2 whenever 3k ~ ljcr. Substituting these values 

of z into (3 0 4.10), vTe obtain (3.4.1) and (;.4.2), respective1y. 

(3.4.8) 

Remark 1: Equality in (3~4.1) can be obtained by a uniform distribution 
1 1 

on [lu -(3)"20~)l + (3)2crJo ril (3.4.2) equality can beobtained by a distri-

bution i'l'hi.ch is uniform ovel' Cu - (3!2)k,Jl + (3/Z)kJ and 't-1hich has an 

extra mass added to the point ).lo. Th:i.s extra mass is added at the mooe. 

Remark Z: Ulin [~15J has also obtnined probability bounds fol' unimo::lal 

distl:'ibutions. His bounds, however, al'C not a1107ays sharp. 

Under an additional restrict:i.on, Kar}jl1.and St.udden [60J are able ta 

cxtond Thcorem 304.1. 

'fheol'0ffi 3.ho20 Let X be a l'.V. satisfyine the conditions of Theorem 

3.,lJ·ol 211d Jet the distribatio:n of X also satisfy the ac1.d:1.t.ion:ü rostl':i.ct:iOl1 
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fVu -' m) = f(,u + m) = O. Then, e -k/{J)~, J~.$- /j;J2 , 

p(/X -}Il/ ~ k) ~ l ~2/9k2, 3k2~ ~2 , 3k ~ 2m, 

2 222 
Jo" (1 - k/rn)/m., 3k ~ ~ ,k ~ m ~ 3k/2. 

Proof: As in Theorem 3.4.1 lie 1et}l = 0 and our problem i5 again 

(3.1-1-.11) 

(3.4.12) 

(3.4.13) 

reduced to that of determining p(X ~ k). Let to = min(t:f(t) ~ (l/m». 
(m 2 2 

'_ Jo [t - to ][f(t) - l/m]dt S 0 

f m'2 (m 2 
o t f(t)dt ~jo [t /m]dt 

i.e. 0
2 ~ rrf/3. (3.4.14) 

If 3k2 ~ 1/(J2 , then by (3.4.1/.j.) l'le see that (3.4.11) = (3.4.1) must 

ho1d. S:i..rni1ar1y, if 3k2 ~ 1.;02, (3.4.2) "d1l a1so ho1d vlhenever 

3k ~ 2m. 

Let us consider the situation Hhen 3k2 ~ ~2 and k~ m~ 3k/2. 

We must consider polynomia1s of the forro 

3 f 0, 0 ~ t ~ k, 
~(t) = at + bt ~ g(t) =' 

t - k, k ~ t~ m, 

and l'le mu.st determine 

, . 
with respect to the above po1ynomia1s. If at the point ro, for a > 0, 

~(m) = mil + bm3 = m - k, 

then b = [m(l - a) - k]/m3 and 

a + 3002 = a(l - 'Jcr2/m2 ) + 3(1 - k/m)a2/m2 

2 2 
?- 3(1 - k/m)a /m , 

. 2 '2n-2 
Sl.l1ce li1 ~..I"" • The minimum of P(X ~ le) .is givon by (3 0 4 0 15) sinee 

(3.4.15) ~ (3. l r·.,2) i-ThElnever k < TIl ~ 3k/2. 

Remark: EquaJ.:it~T can be obt~,-ined in (3.4.13) by a distl':i.bution tvhich 

is l.mifœ.'f,l over [JJ. - l;l~)l + m] and 't-.rhich has DJ1 oxt:!'él. pl'obabDit.y ac1dcd 

to the peint p" 
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3.5 ~eyden's Inequality [98J 
'. 

Theerem 3.5.1. Let X be a r.v. such that f(x) has a unique mode at ° 
and such that vi and v2 existe Then 

p(/xl > k) < 

'-
2 

3v:' - 4v' 2 1 
2 

3a - 8v.'a + 3v' 1 2 

where a is defined as the large st roet ef 

2a3 - (3k + 4vi)a2 + 8vika - 3v2k = O. 

" 

(3.5.1) 

(3.5.2) 

(3.5.4) 

Preef: As in sectien 3.4 the prob1em i5 reduced te that ef determin

ing p(X ~ k) ever al1 distributiei1s (3.4.3) satisfying the mement cen

ditiens Vi' v~. Aga.i.nt as in Theorem 3.4.1,. "Te may assume that F(O) = O. 

Let dH(t) = - tdf(t). Integrating by parts as "le did in'sectien 3.4, 

1 = J: f(t)dt = J: dH(t) (3.5.5) 

(3.5.6) 

(3.5.7) 

(3.5.8) 

Hemark 1 ef Theer~;n 2.3.1 and cenditiens (3.5.5) te (3.5.8) tell us 

that in erder te obtail1 p(X ::: k) 't-TC must c0l1r.:ider po1Yl1omials of the 

fom 

~(t) = a + bt + ct ~ g(t) = 2 [0, ° ~ t $ k, 
, 1 - k/t~ t ~k, 



4 ' 

\ 
and "7~ must find 

:m:i.n(a + 2bvi + JCVz) , ' 
where the min is taken ln th respect to ail po1ynomia1s of the forro 

(J.5.9). Let ~(t) touch the non-zero part of g(t) at z. 

~(z) = a + bz + cz
2 = 1 - k/z. 

Differentiating with respect to z we get 

'- b + 2cz = k/z2, 

and solving the simu1taneous equations 

a = 1 - 2k/z + cz2 , b = k/z2 - 2cz. 

(J.5.10) becomes 

min[(z2 - 4v
1
'z + Jv')c + (z2 '- 2kz + 2v t k)/z2J. 

2 1 

Alternate1y, the simultaneous equations can be solved so that 
, 2 

b = [2 - Jk/z - 2aJ/z, c = (2k/z - 1 + a)/z • 

Under the'se sub:;;titutions, (J.5.10) beccmes 

min[(z2 - 4viz + Jvi)a/z2 + (4viz2' - (Jvi + 6kvi)z + 6vik)/zJJ. 

Note: From our rèp~esentations in (J.5.6) and (3.5.7) and Schwarz's 

inequality, Jvi ~ 4vi2 , i.e. z2 ~ 4viz + Jvi ;?: O. 

'ole shall nOioJ' determine (3.5.10) uhen z ranges over the interva1s 

[2k,cc), [Jk/2,2k] and (k,Jk/2]. 

Let us consider the case when z ~ 2k. Since ~(t) ~ 0, (3.5.11) 

tells us that a ~ 0 and b ~ 0 l-rheneveY.' c :: O. Let c = 0; to deter-

mi110 (J.5.10) 'He need only to mini.rnize the right hand term in (J.5.12). 

l'5.rd.mizing 1-;:L th respect t~ z He get z = 2vi' l'Then vi ~ k and z = 2k 

loJ'hc;:jovcr vi ~ ko Substitutil1g these values of z into the l'ight hand 

te:;:'m of (305.12) 'He get 
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'. 
t~.5.1) 

(3.5.15) 
.' 

Let us consider the interval when 3k/2 ~ z ~ 2k, i. e. 2k/ z ~ 1, 

and 3k/z ~ 2. $ince pet) ~ 0, we see, from (3.5.13),that for a.= 0, 

b ~ 0 and c ~ O. As before we assume that a = 0; in order to obtain 

(3.5.10) loTe must minimiza the right hand term of (3.5.14) .. l'Tith respeot 

to z. N:i:ninrl.zing 'With respect te z we get z = 2k for 0 ~ k ~ 3v2/4vi' 

z = 3v~/2vi for 3v2/4vi $ k ~ v2/vi and z = 3k/2 for k ~ v2/vi. Substi

tuting these values of z into the right hand sida of (3.5.14) we get 
1 

.00' 

f
V
1
'/2k' 0 < k < 3v'/l}v' , ..... ... 2 1 (3.5.16) 

4v f 2 8v' ~ ':lV,2' 'V:2' .. , 1 1,.1 

l
-- ,-~k~- , 
3v' 9v'Z 4v' v' 

2 2 1 1 

4v~/9k 0 , ~ ~ v2/vi • 

P(X~k)~ 

(3.5.17) 

Combining (3.5.15) and (3.5.16) we get (3.5.2). 

\\'e lilust nOH consider the remaining interva1 k < z ~ 3k/2. One condi

tion which must ba satisfied is that pet) ~ O. Let a.and b take on the 

values described in (3.5.11); l-Te thus have a qua.dratic equation in t 

which must be ~ O. Exa.mining the discriminant D 
2 2 2 

(k/z - 2cz) - 4c(1 - 2k/z + cz ) , 

l-1e seo that D < 0 uhenever c >,: k
2/[4z\z - k)] = c* > O. Therefol'e, for 

c ~ c>!<, pet) ~ O. Also, ~(t) ~ 1 - kIt whenover t ~ k. Agai11, by using 

the values of a and b obtained frOl7l (3.5.D:) and rearranging the terms, 

(1 - 2k/z + kt/z2) + c(z - tl ~ 1 - kIt. (305.18) 

Since th0 1eft hr.:.nd term of (3 .. 5.18) is gl'oater than 0 whenovor c ~ c*, 

it folloHS thnt for (3.5.18) to be sat.isfied, c ?, c*. 
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Rel'll'i ting (3.5.12) l'li th c replaced by c*, loTe get 
'. 

4z4 - l2kz3 +. (8vik + 9~)z2 - 12vi~z. + JV2~ 
min(a+2bvir3cv~)= min • (3.5.19) 

4z3(z - k) 

Differentiating l-lith respect to z and equating to 0 we obtain 

4z
2

k(4z - 3k)[2z3 - (3k + 4vi)z2 + 81YikZ - 3vik] = O. 

We can immediately discard the roots z = 0 and z = 3k/4 sinee these 

values of. z 00 nbt fall into our interval. "le must nOvT examine the 

third degree polynomial for l'oots. Differentiating with respect to z 

and equating to 0 1iO get 

B.Y exandning the third degree polynomial for maximum and minimum values 

we see that the polynolnial is negative between the t'Wo la.rgest groups 

and that i t aSSIDues i ts lllÏnllrlU1l1 velue at z ::: k. Also t by :t"eplacing z 

by 3k/2 in the third degree polyno:r.tial,'N'6 see that the largest root 

will nevar exceed 3k/2 iff k ~ v~/vi~ Thus the large st root of the 

thil'd degree pol~omial will give a satisfactory minimizing z. This 

polyno=n1.al of degree 3 can alte:rnately be vrritten in the follo~r.ing 

fom: 

d= • 

If we substitute this value of d into the l'ight hand side of (3.5.19) 

and rearrange the terlils, we shB.ll get (3.5.4). 

Rem.'lrk: The above proof is due to Kal'Un and Studden [60J. The 

inequalities obtaincd are sha:cpo \·lhen Royd~n [98J first proved these 

inequalities, he e::d1ibited distributions l·rhich attained eCJ.u~.lity in 

each of the four im~quali ties 0 
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Bounds for a,Nonnegative Random Variable with Unimodal Distribution 

Karlin and' ~tudden [60J have offered probability bounds f~r a non-
.' 

negative r.v. '\-Those distl'ibution has a unique mode at x = xO. 

Theorem 3.6.1. Let X be a nonnegative r.v. such that E(X) =/11 and such 

that f(x) is unimodal at x = xo' i.e. . [5 oXf(t)d~ , 

F(x) = . f x 
F(xô) + 0 f(t)dt, 

f(t) is non-decreasing, 

f(t) is non-increasing, 

,yhare F(xo) = F(xo+) - F(xo-). 

. / 2 ~ 
1 - (k - xO) 2Vu - xO)' k ~xO ' 2p - Xo ~ k +(k - XOk)2 , 

(3.6.1). 
~ ~ 2 2 ~ 

(2p-xO)/(k2 +(k-xo) 2) , k ~xO ,2)1- Xo ~ k +(k - XOk)2 , 

p(x ~ k) ~ < (3.6.2) 

(2~ - k)/xo ' k ~ xO' 2~ - xo ~ k, (3.6.3) 

1 , (3.6.4) 

Proof: As in the pl"evlolls tHO secti.ons, we can, 't-."'ithout tmy 10ss of 

generality, let F(xO) = O. Let us consider a function dH(t) which 

satisfies dH(t) = -Ct - xO)df(t)c Analogous to t.he la.st two sections, 

1 = S;f(t)dt = S:DdH(t,) (3.6.5) 

/Il ~ j;tfCtldt ~ xO/2 +S ;Ct/2ldllCt) 0.6.6) 
c>o 

t
f [Ct - k)/(t - xo)]dH(t), k ~ xo 

S CCl • k (3.6.7) 
f(t)dt::: J d .. co 

k [(xO - k)/(xo - t)]dH(t) +J dH(t) , k <. xo • 
o k 

Let us consicler the case 't-rhsn k ~ xO- Renw.l'k 1 of Theorom 2 0 3.1 



e· 

4 ' .50 

and conditions (3.6.5) to (3.6.7) tell us that in order to obtain 

p (X ~ k) we must consider polynom..i.als of the ,forro 
,", . .' 

~(t) = a + bt ~ g(t) 
= . fO , 0 ~, t ~ k, 

let - k)/(t - Xo) , t ~ k , 

and we must. find 

min(a + b(~u - xO», 

where the min is taken ~dth respect to all polynomia1s satisfying 

(3.6.8). Let z ~ k be a point such that 

a + bz = (z - k)/(z - xO). 
, 

Differenti8.ting (3.6~lO) 'Hith respect to z He get 

2 
b ~ (k - xO)/(z - xO) • 

Substitutj~g this value of b into ()o6.10) gives 

2/2 a = (z - 2k7. + 10::0) (z - xO) ~ 0 

(3.6,,8) 

(3.6.10) 

(3.6.11) 

and soJ.ving the q.u~.dratic equation =i;n the numel~ator of (3.6.11) we 
1 

can see tha"i:. z ~ k + (k
2 

- xOk) 2:. Substi tuting the values of a and b 

into (3.6.9) and rca.rr~.nging the terms ~ve get 

min(1 - 2(k - xO)(z ~/u)/(~ - Xo)2). 

Hini:.t.i.z:i.ng this exp:1'ession uith l'espect to z, "Je can get. (3 0 6,,1) alid 

Let us no-:.; conside!' the :i.nte:c-va.ls l·rhey·a le < x. (3.6.7) tells us o 
thnt loTe Illust cons"i.der polynom:lals of the for'ru 

(3.6.12) 

~(t) :: a + be. ~ g\t.)::: ". 
.. "' 1 { (XC - k)/(xO - t), 

. l " t ~ k. 

.O .... <t~k, 
(3.6.13) 

In ol'del' to obtain P(X ~ k) v:e must. detel'mine 

(3.6,14·) 

''(oihcl'O the T:lin iG t9.~-:8n i'rit.h J::''?'spect to 8.11 polynom:i.als satisfying 
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(3.6.~~). If t = 0, then a ~ (xo - k)/x
O

; therefore l ~ a ~"(xo - k)/x
O

• 

Sinee (xO - k)!(X
O 

- t) is convexand b(4U - xO) is an increasing func

tien in b, (3.6.14) must be achieved when 

a + bk = (xo - k)/(xO - k) = l, 

i.e. b = (1 - a)/k. 

Upen substituting this value of b inte (3.6.14) we ebtain 

"- min (a + (1 - a)(2p - XO)/k) 

= min [(2Jl - xo)/k - a(2}l - Xo - k)/kJ. (3.6.15) 

If in (~.6.15) we let a take on its minimUi11 ya1ue(x
o 

- "k)/x
O
" whenever 

2? - Xo < k, then we obtain (3.6.3). If in (3.6.15) we let a = l when-

ever 2p - Xo > k, then we get (3.6.4). 

Remark: [60J If in the above theorem Xo l'TaS not specified,we cou1d 

still obtain a bound by Inaximizing e~ch of the inequalities VTith respect 

Karlin and Studden exhibit distributions which attain equality in 

(3.6.1), (3.6.2) and (3.6.3). 

3.7 Numerica1 Comparisons 

In this section "Te shall offer sorne numerica1 resu1ts ' .... hich coillpare 

soue ·~Te11 kno~-m uni!ilodal distributions l'Ti th the appropl'iate Tchebycheff" 

type inequalities. He shall c011sider the fol1oH:i.ng distribu~ions vrhich 

are symmetrical about the origin, i.e.)U = 0" and the mode lies at O. 
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LIDEND DIsrRIBUTIOH f(x) RANGE VARIANCE 

N Normal _.!. 2/ (2lT) 2exp(-x 2) - «j <x:< co 1 (3.7.1) 

f'l>tX)/b
2 , 

-~~o 
b
2
/6 T Triangular 

(b_x)/b2 . 
(3.7.2) 

~~b 

C Cosine (l+cos x)/2Tr -TT~~ (TT
2
/3)-2 (3.7.3) 

L Logistic [sech2 (x/ d) J/2d -~<x:<co (TTd)2/12 (3.7.4) 

LA ,_Laplace c exp(-2c/x/), -cc<x:< co 1/2c2 (3.7 • .5) 

c>o 

We shall compare the actual probability values attained by each of 

the above distributions lf.lth the best Tchebycheff type inequality which , 

corresponds to the situation. Our· legènd lf.lll be as follows: 

G - Gauss (Theorem 3.4.1) 

G.T. - Truncated Gauss (Theorem 3.4.2) 

\'lithout loss of generality we shall assume that (J2 = 1. This can be 

done since 

p(/x/ .~ kCJ) = P(/~/ ~ k). 
. , 

. Houever, by assuming that (J2 = l, we must appropl.'iately adjust the 

trQ~cation points of the triangular and cosine distributions. 

The probability values used for distributions (3.7.1) to (3.7 • .5) 

. have been taken fram Chm'T [22bJ; they have been rnodified to suit our 

situation 0 

TABLE l 

pUx/ ~ k) 

k G. N. 

0.2 

0.4 

L. 

0.8206 

LA. 

0.7.524 

0.5680 



... . 53 

l k G. N. L. LA. 
.~ 

0.6 0.6536 0.5486 0.5040 0.4280 
0.8 0.5381 0.4238 0.3796 0.3226 . 
1.0 0.4226 0.3174 0.2804 0.2432 
1.2 0.3086 0.2302 0.2038 0.18.32 
1.4 0.2267 0.1616 0.1462 0.1380 
1.6 0.1736 0.1096 0.1040 0.1040 

"-1.8 0.1372 0.0718 0.0736 0.0784 
2.0 0.1111 0.0456 0.0508 0.0592 
2.2 0.0918 0.0278 0.0364 0.0446 

1 2.4 0.0772 0.0164 0.0254 0.0.336 
2.6 0.0657 0.0094 0.0178 0.0254 
2.8 0.0567 0.0052 0.0]24 0.0188 
3.0 0.0494 0.0026 0.0086 0.0144 

TABLE II 

pC/xl ~ k) 

k G.T. c. k G.T. c. 
0.2 . 0.8845 0.8560 1.6 0.1736 0.1]28 
0.4 0.7690 0.7156 1.8 0.1372 0.0660 
0.6 0.6536 0.5824 2.0 0.1086 0.0336 
0.8 0.5381 0.4596 2.2 0.0666 0.0138 
1.0 0.lJ226 0.3496 2.4 0.0519 0.0036 
1.2 0.3086 0 .. 2544 2.6 0.0236 0.0004 
1.4 0.2267 0.1756 2.7662 0.0000 0.0000 

• -
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TABLE III 

pC/X! ~ k) 
k G.T. T. k G.T. .T. , 

0.2 0.8845 0.8630 1.6 0.1736 0.1202 

0.4 0.7690 0.6998 1.8 0.1326 0.0702 

0.6 0.6536 0.5698 2.0 0.0918 0.0336 

0.8 0.5381 0.4732 2.2 0.0509 0.0104 

· .. 1.0 0.lJ226 0.3500 2.4 0.0101 0.0004 

1.2 0.3086 0.2602 2.4495 0.0000 0.0000 

1.4 0.2267 0.1836 

3.8 other Inequalities 

In this section we briefly mention sœne other probability bounds 

which have been obtained for random variables loThich are restricted in 

sorne 'Nay. Bar10l-1 and Harshall [2,3J obtained a set of inequalities 

which are of practica1 use. Let X be a nonnegative r.v. such that 

log(l - F(x» is either concave or convex on [o~); if 10g(1 - F(x» 

is concave, then F(x) is said to have inci'casing hazard rate lo1hile if 

10g(1 - F(x» is convex F(x) is said to have decreasing hazard rate. 

Let us ëonsider q(x) = f(x)![l - F(x)J. q(x) is increasing (decreasing) 

if! 10g(1 - F(x» :i.s concave (convex). q (x) is called the hazard rate 

and t'Then considel~ing certa..:i..n life expectancy pl'ob1ems involving ei:ther 

human beings or mechD~ical components, tho authors point out that 
, 

q(x)dx denotes the conditionaJ. pl'obabilit.y that A will d.i..e in t:i.me 

(x,x +dx) given tbat A has survived till tirtlo x. Using geometrical 

arguMents, BarIo.·r and l-ja."t'shall arc· able to obtain sharp probabili ty 

bounds for dist:ribu.tio~s having either illcreasing or decreasing hazard 

rate. 



55 .. . 

IA chapter one we mentioned that \finsten [12SJ had obtained proba-

bility inequalities in terms of the ,mean range, 'Wn , of a samp;te of 

size n. 'Hinsten also obtained probabili ty bounds for unimodal sym-

metric distributions in terms of wn • The inequalities which he ob

tained are sharp; \'Tinsten is able to construct distributions which 

attain equality. 

Shoha~ [lOSJ considers bounded random variables whose distributions 

are ei ther n shaped continuous syrmnetric, n shaped continuous asym.'l1etric, 

IJ shaped continuous symmetric or U shaped continuous asymmetric. He 

obtained probability bounds for 1 - pUxl?:. k) in terms of ,u,.. , s > l, 
• ~s 

k and the upper and lOrTer boundal'Y points of X in each of the above 

cases. 

Mallows [76J has offered a method of obtaining probability bounds 

through the use of "extremal distributions". He defines a distribution 

function to be smooth of order k with bound À, i.e. to satisfy the smooth

ness condition (k,À)~ if 

i) the (k + l)th derivative of F(x) exists and is continuous for 

aIl x; 

ii) there exists k + 2 numhers ~0,131' ••• ,f3k+1 such that 

o < ( - l)iJk.+~(x) < À, 13. < x < P. l' i = O,l, ••• ,k. 
~ ~+ 

130 and Sk+l are the t"ro end points of a bounded distribution; when X is 

unbounded Nallous takes ~O = -co, Pk+l = + co. 11allol-TS descl'ibes a 

method of obtaining bm functions L(x) and U(x) such that the distl'ibu-

tion i\mction wh:i..ch satisfies the 2m momellt conditions of the problem 

and the smoothness condition (ksÀ), i .. e. satisfies (2m,k,À) also 
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\ 
satisfies the inequality 

'L{x) < F{x) < U(x). 

To obtain L{x) and U(x) for À =~ , he constructs certain "extremal 

distributions", E(x) , lvh.i.ch satisfy the follovring conditions. \-lb,en 

xO, ••• ,xm are the distinct values of X arranged in a non-decreasing 

order, then, 

j
CC 

i) xl' dE{x~ =)11- = 
-co 

ii) 

iii) 

~o, x ~ xC' 
E{x) =) 

ll, x~xm; 
each intel~al (x.,x. 1)' J. J.+ 

of degree ~ k; 

r = 0,1, ••• ,2m: 

E(x) i5 a segment of a po~omial 

iV) (k-nJ 
at each x., i = O,l, ••• ,m~ E (x) has a simple discontinuity: J. 

ni is caJ~ed the characteristic n~~ber of ~, i = O,l, ••• ,m and satis

m 
fies nJ.' ;::: 0, En. = k. (no, ••• ,n), is called the character of E(x); i=O J. -~ 

v) E{x) is the lirnit of a sequence of distribution functions each 

of which satisfies the smootm19ss condition (k,oo). 

11allm'1s sho-;'1s that the distribution function F(x)" intersects al1y 

extremal distribution function in at rllost 2m + l points and probability 

bounds can thus be fourld by examining the E{x)'s over various intervals 

which contain F(x). 1\~llol'1S has conjectured the existence of L(x) and 

U{x) if the extl'omal distributions satj.sfy smne restricted conditions, 

but a general solution of the problem (2m,k,CO) does not e:i:ist. As a 

pal~ti cular case he sh01,rs tha t uhena. r 0 vox', ln. th zero mean and va't'iance 

l, satisfies the: smoothness condition (l~rO), 'i.e. it i5 unimodal, then 
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1 

o ~ k ~ (S/3)"2 , 

.' 

:Ha.1low·s, in a later paper [77J, erlended bis definition of a 

smooth distribution function and offe~ed an alte~nate method of con-

structing e>...-t.remal dist~ibutions so as to obtain sharp probability 

bounds for smooth and bell-shaped distri~utions. The inte~ested 

reader May ~efel' t~ the papers by Hallo1'1s [76,77J for a thorough 

study of tbis subject or he May refel' to Karlin and Studden [60, 

page 498J for an extension of some of l1alloivs' results. 
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CHAPTER FOUR: INEQ~ALITIES FOR ~~~IATE DISTRIBUTIONS 

4.1 Introduction .' 

Let X = (Xl, ••• ,~) be a random vector defined on (l1,~p) where 

..n..= Rn. In this chapter we shall obtain upper probability bounds for 

P(XEA), Ae oz, in terms of kno .. m moments of the distribution. The ine

qualities obtained . for sets in RI cannot be extended to sets in I\t • 

Using Tbeorem 2.3.1 we shall concentrate on the development of a general 

theorem :for sets in Rn and we sha11 show hOI-1 this theorem enables us 

to obtain other results, e.g. the inequality in section 4.5 l-Till be 

obtained from the general theorem by the change of variable technique. 

The general theorem ldU indicate that the solution to the problem 

of obtaining sharp upper bounds l'or sets in ~ lies in the solving of 

a matrix equation; the equation, ho\orever, does not alt-lays have a simple 

general solution. 

He shall also briefly revie1-1 sorne of the earlier work which has 

been done. 

4.2 A General Theorem 

Through the use of Theo~em 2.3.1 we have been able to obtain rnany 

of the inequali t:i.es in chapters tl-l0 and thl'ee. In the formulation of 

the theorem fi 1-78.S taken as any abstl'act space; bence in particular let 

~= Rn and let X = (Xl, ••• ,Xn ) be a randomvector defined on (n,~p)o 

For TE.e:. let f(x) = f(xi' •• 0 ~)~) be a nonnegati ve function on Rn snch 

that fex) ~ 1 for aIl ~~To . 
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p(xeT) ~ ( f(X)dP + ( f(x)dP = Ef(X). 
'. JXST Jxfr 

(4.2.l) 

In accordance with Theorem 2.3.1 let f(x) be a nonnegative function 

of the fom 

f(x) = aO + xa' + xAx', 

where aO is a constant, a is a 1 x n rOto1 vector, A is a symmetric n x n 

matrix and ' denotes transpose. Let T be a symmetric region in Rn such 

that T' is an Qpen bounded symmetric rectangle and f(x) ~l for all 

xeT. Let Y be a family of probabili ty measures on 01,0.) such that 

y (11) = ~:Pp. E(Xi) = 0, i=l, ••• ,n,~(XiXj)=tTij,i,j=~, ••• ,~, (4.2.3) 

'2 ( \ 2 2 where tTii = tTi ' i = 1, ••• ,n,lT= tTij), and M = (l,O, ••• ,O,tT l ,TT12 , •• ,frn ). 

is an interior point of the moment space 

~(= (l,E(~) = 0, i = l, ••• ,n,E(XiXj) = tTij,i,j=l, ••• ,n,PEJ). 

Since T is a symmetric set, (4.2.2) becomes 

From the above equations we see that a is the null vector and we can 

rewrite f(x) as 
f(x) = aO + xAx' ~ IT(x). 

Ef(X) = aO + trAlTand by Theorem 2.3.1 

p(Xé T) = inf[aO + trÂf[j, 

(4.2.4) 

(4.2.7) 

"Thore inr i5 taken loli th respect to all polynomials satisfying (4.2.6). 

Since P(ZET) ~ 1, 0 ~ aO -'Z 1. NO~·1 

(4.2.8) 

By our initial assumptj:ons '·10 note that g(x) = xAx' / (1 - aO) satisfies 
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all the necessar.y conditions of the nonnegative function f(x), and that 

Eg(X) = [trATr]/(l - aO). Also, if p(XET) < l, then, by the above, 
, 

Thus for ao > 0, g(x) would provide a loWer bound than f(x); therefore, 

aO = 0 and 
f(x) = xAx'. 

peleT) ~ min ( tr A1T), 

where min is taken over al1 AecAand 

cA. = [A: xAx' ;::. IT(x), for aU XGR~. 
l'le note that A, as defined above for the set T, is' posi ti ve 

definit~. ~ is c1osed, convex and bounded from belov1. 

(4.2.10) 

(4.2.11) 

(4.2.]2) 

To illustrate the above, let us consider a random vector Y = (Y1 ,Y2 ) 

such that E(Y) = 0 and E(YiYj ) = 0ij,i,j, = 1,2. Let T' den ote the 

set iJrilkiOif < l, i = 1,2:1
2 

and consider a no":eg~ative function 

2.. (Yl _ 2~YIY2 Y2 _ t 

f(Yl'Y2) = 2 l} 2 2 + 2 2 - xAx , 

l-a. kl 0 1 kl k20 1: 2 k2 , °2 (1 a\-l 

where X = (X1 ,X2 ) = (Yl/kl0l'Y2/k202) ,a < 1 and A = a 1 J • 
(4.2.13) ~1 for aIl xeT. ~ (4.2.11), 

PUX1/ ~ 1 or /X2/ ~ 1) ~ E(XAX') = ~ 1.. 1
2 - ~ or~) , 1-a \k1 k1k2 k1 

l-1here fI= 0]2/0102. ~.d.niraizing the right hand side of (4.2.14) 't-Tith 

respect to a, '\oTe obtain 

2 2 [2 2 2 2 2 2J.!. 
a = k1 + k2 - (k1 + k2 ) - ~o k1 k2 2 • 

2fk1k2 

Substituting this value of a into (Jh2.14) giyes 

(4.2.14) 

(4.2015) 
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(4.2.16) 

The. ab ove is Lal's inequa1ity [68J. .' 

When k1 = k2 = k, (4.2.16) becomes 

(4.2.17) 

The above is Berge' s inequa1i ty [8 J; through an examp1e which attained 

equality in (4.2.17), Berge has shown that (4.2.17) is sharp. 
-

The method just i11ustrated can be extended to an n dimensiona1 

random vector Y = (Y1, ••• ,Yn) by choosing 

f(y) = 1 1 L--J l. - 2aL-J -~ f~ y-~ ~ y-y- J 
fA{ i~l ktoid.. i~j=l kikjOiO j , 

l'There A = -a. 1 ••• -a. 
•• • •••••• 
•. •• •.• l 

(4.2.18) 

(

1 -a. ••• -a ) 

l 
'n-1 

is a n x n positive definite matrix; i.e. lA = [l-{n - l)aJ{l + a) > O. 

For n odd a < 1!(n-1) and fol" n even'-l < a < 1/{n-1). For an n dimen-

5iona1 rectangle T' defined by {/Yi/. < ki O'i,i=l, ••• ,1, f(y) ~ 1 for a11 

y~T • Therefore 

p(YET) = PC/Yi! ~ kiO'i fo~ some i)'~ Ef(Y) 

1 0;:-1 2 2 ~ Q.J f
n 1 n D. - ] = .?.....l:--z- a • TAï i=l ki i=j=1 kikj 

(4.2.19) 

Hinim~zing the right hand side of (4.2.19) with respect to a, lfe obtain 

an upper boundo 

The dl:'al'rba.ck irl the above method is that. a sharp inequa1i ty cal'l on1y 

be obtained \orhan n = 2. In doil1g the abov0 examp1es matrix. A \-Tas chosen 

arbitrarily; let us see if can charact0rize~4, the set of aIl positive 
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definite matrices A satisfying (4.2.12) for sorne given symmetric 

region TéRn such that T' is an open.bounded rectangle in Rn defined 

by {IXJ.I < 1,i=1, ••• ,nJ- P(X~T) is equivalent to pUxil ~ 1 for some i). 

The development will be based on the works of Olkin and Pratt [9lJ and 

Whittle [123J. Note E(X'X) =TI • 

Since A is positive definite B = A-
l 

is also positive definite. 

.-
- {all a ~ _ Gbll 

b J _ -1 A ,B- -A, 
a' Az2 b' ~ 

where a and b are 1 x n-l vectors. .BA:: l implies 
. -1 

1) bIla + b~2 = (0, ••• ,0); b = -bllaAz2 ; 

2) bllall + ba' = 1; therefore by (4.2.20); 

.;.1 
bll(all - ~2 a') = 1. 

Let z = (XZ, ••• ,xn). 
(xl'z) A(xl'z)' = allx12 + 2az~xl + zAz2zt 

(4.2.20) 

(4.2.21) 

2 2 ( -1) ( -1) = xl a11 - xl aAz2a ' + z + aA22 xl Az2 z + aA22 xl' 

= X12bll-l + (z - bll-lbXl)A22(Z - bll-lbXl)'. (4.2.22) 

Since Az2 is positive definite 

2 -1 
xAx' ~ xl bll " 

and by (4.2 0 22) the minimum value of xAx' occurs when bllz = bXl" 

If xl :: 1, then (40 2.10) and (4.2 012) tell us that bll-\ 1. In an 

(4.2.23) 

equivalent "Tay loTe ohtain the conditions b .. -l~ l,j.=l, ••• ,no We swnmarize 
. ~~ 

the above results in t,he fo11o',jing lemmu. 

Lenuna 40201 [91J. A2~A.iff B ::: A-
l 

:l's positive. definite and bii -E 1, 

i=l,o 0 0 ,no 

Since E (XAX') :::: tr A7fis Co J.in8a1' fUl'lC:t:i.on of. A, the minimum value 
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of tr AlT 1s realized at an extreme point of A . 
. , [ /J-1 

T,~eorem 4.2.~ 91Jo A is extreme in~iff B = A 1s positive definite 

and bii = 1,i=1, ••• ,n. 
.' 

Proof: Sufficiency. Assume B = A-
1 

is positive definite and bii= 1, 

i=l, ••• ,n. If A is not extrema in~,then A can ba expressed as a con

vex combination of Al and ~, 101here Al'Ivz ~cA. let 

By (4.2.23) ~~1 x .A1x' ~ 1 and minI x Azx' ~ 1. Thus by (4.2.25) 
x~_. ~= . 

mi~l xA1x' = 1 = mi!!1 xA2x' and by (4.2.22)the min must occur at an 
xi - ~-

identica1 point and Al and A2 must be identica1. Thus we have a con

tradiction of (4.2.24) and A€J1is extreme. 
n· /) . -1 

Necessity. If A~~is eÀ~rema in~, then,by le~~a 4.2.1, B = A is 

positive definite. If B is positive'definite but bU < 1, ua would 

like to ShOH that A is not éxtreme and thus obtain a contradiction. 

B(Ô) = B +(6 0) =(bll + ô b \ 
\0 0 b' ~2) • 
-1 A . 

By Lemma J}.2.1 (B(ô» = A(ô )~(./6for small ô. Also, since AB = l, 

correspondil1g to (4.2.20) and (4 .. 2.21), we get 

(4.2.24) 

(4.2.25) 

;..1 
a = -allb~2 , (~,.2026) 

all(bll - bB22-~t) = 1. (4.2 .. 27) 
-1 

Usil1g (l/'c2.26) and' (4.2 .. 27) 't-Je can 'Hrite (D(Ô» as a fUI1ction 

(4.2.28) 



.. . 64 

SinceB(ô) = (A(ô»-l, we can, by matrix algebra and (4.2.27) write 

'a11(ô)o=,l/(b11 + Ô - b~2-\') = a11/(1 + ôa11). (4.2.29) 

For 0 < e < l, we can choose ôbô2,ôl :/ ô2, to satisfy 

96 1 + (1 - 9)ô2 = 0 
1 + ô1a11 1 + ô2a11 

which is equivalent to 

Hence, by-the above, 

9A(ô1) + (1-9)A(ô2) == A • 

Thus A is a convexcombination of A(Ô1 ) and ~(ô2) and thus not extreme. 

Therefore, bU = 1 and in general bii = 1,. i=l, ••• ,ne Q.E.D. 

In Theorem 4.2.1 we justified having chosen A as l'Te did in the 
. -1 

first examp1e of this section; i.e. ones along the diagonal of A • 

More genera11y, if from the set~we consider matrices of the forro 
-1 

A = [(1 - a)I + aeteJ 0' -l/(n - 1) < a < l, (4.2.30) 

where l is the identity matrixand e = (1, ••• ,1) is ·a 1 x n vector, 
0' 0 

we can see from tho above theorem that, providing A is positive 

defini te, A l'Jill be extrema inllt. It i5 easy to see that A as defiried 

in (4.2.30) is positive definite. let B =A-l; IB/=(1+(n-1~a)(1-a)n-1 > 0 

provlded that (l+(n-l)a) > 0 and (l-a) > 0; i.e. 1 > a > -1(n-1). There",· 

-1 
fOl"e, by (l~.2.30) B i5 positive definite and so is A • 

Theol'em 14-0202 [91J ... Let Y be a n dimensiona1 random vectol' sueh that 

'E{Y) = 0 ""d E{Y'Y) =L:. Let T' be defined by{IYi/lki"i= \x.\ < 1.i=1 .... ,ns' 
Then, 

P(Xé:T) == p(/~/ ~ 1 for some i) 

.:S (n-l)t - (n-2)u 
--;--- ~2-
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.!. .!.2 
= [U2 + [(nt-u)(n-1)J2] , (4.2.31) 

n2 

where E(X'X) =TT,t = tr TT and u = e1Te'. " 

Remark. Birnbaum and l1arsha11 [15J offer an upper bound on P(Xé.T) 

when only certain terms of rr are kno-vm. Thai; inequality is not sharp. 
-1 

Proof: trC(l-a)I + ae'eJ 7T = tr[(I - ete'e)iij/(l - a) 

= (t-Œu)/(l-a), (4.2.32) 
'-

where Ct = a/(I~ (n-l)a). Differentiating (4.2.32) with respect to Ct 

and equating to 0 -V1e get 
1 

t ± [u(nt - u)/(n - 1)J2 
a= 

u - (n - l)t 

B,y the condition of (4.2.30) only 
1 

t - [u(nt -·u)/(n - 1)J2 
a = ----------

u - (n - l)t 

• 

is a satisfactory solution. Substituting (4.2.33) into (4~2.32) lvill 

give (4.2.31). The value of a in (4.2.33) insures a minimum value 

, since (4.2.32)-r co as either a-) l or a.-?r' -l/(n-l). 

If n = 2, (4.2.31) is identical to (4.2.15). 

Theorem 4.2.2, ,ho'tvever, has not yet given us an upper bound lvmch 

(4.2.33) 

is sharp for all ni i.e. min tr A Tr, for all A satisfy-lng (4.2.30) does not 

necessarily gi ve a sharp upper bound. 

He restate the problem in an alterna.te fa shi on in an attempt to 
-1 

establish a unique sharp upper b01.lnd. \-le must n01-1 minimize tr B Tf 

for all matrices BGjB, the set of positive d~finite matrices'B sucb 

that bii = 1,i=1,o.o,n. 

Lerr~a 4.2.2 [91J~ tr B-lvis a strictly conv~x function of ~ for B~ 
and has a unique minimum nhicb occu!'s at an j.nterior point Bo oif • 
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Proof: B(t) i5 a linear funetion of a variable t; dB/dt i5 a synnnetrie 

~atrix and d
2

B/dt2 = O. 

" 

.' = 2 tr B-l(~:)B-l(~~)B-llT> 0, 

sinee B and 1T ~e positive definite. tr B-llT i5 therefore a strietly 

convex funetion of B and i t must have a unique minimum. vle must ShOi-T 

that t~s unique minimum oceurs at an interior point Bo ofj9. NOvT, 

tr B-lif :::. tr B-l(smallest characteristic root ofF). (4.2.34) 

By (4.2.34) tr B-17T7 c;:(las B'" boundary ofjl; therefore, Bo is an interior 

point of~. 
-1 -1 

Lennna 4.2.3 [91J .. Bo is the unique point Qff3 such that Bo 7T Bo 

is diagonal. 

Proof: In order to de termine Bo' the unique minimum, we must talce 
.' 

derivatives and equate to zero. Let bij be a non-diagonal element of 

d -1 -l!dB \ -1 ' dB -1-1 
dbij tr B Tf = -tr B \ dbijJB ft= -tr dbij B 1rB = -2cij = 0, (4.2.35) 

where C = B-J'TfB-
l 

and dB/dbij is' a syznmetric matrix whose (i,j)th and 

(j,i)th elements are one and l'l'hose other elements are O. Thus by (40 2.3.5) 

-1 -1 
Bo 7TBo must be diagonal. 

If ne combi:ne Lemmas 4.2.2 and 4.2.3 l'l1t,h equatiol1 (4.2.11), we 

obtain the folloHing sharp upper bound. 
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Theorem 4.2.3 [91J. P(/Yi/ ~kiai for sorne i) = pC/xiI ~ 1 for sorne i) 

-1 -1 -1 . -1 -1 .:s tr Bo Tf = tr Bo 7{Bo Bo = tr .Bo 'TrBo , 
. (4.2.36) 

where Bo is the unique positive definitematrix such tbat bii = l, 

i=l, ••• ,n and su ch that Bo-frBo-l is diagonal. 

Remark: Tl;lrough an exa.'llple whic~ attains equality in (4.2.36), Olkin 

and Pratt illustrate that fox: tr Bo-y,.. ~ l, the inequali ty.is sharp. 
-

A problem does arise in that the matrix Bo cannot alw~s be deter-

mined from7.7; i.e. if D is a positive definite diagonal matrix such 

that -1 -1 
D = l30 7(Bo , 

then 

does not have a general solution which can be obtained by ordinar.y 

matrix calculus. 

Example: Let X = (Xl, ••• ,In) be a random vector such that E(X) = 0, 

E(~) = ai
2 , i=l, ••• ,n and E(~Xj) are unknown for i?tt j. By Boole's 

inequality al1d the univariate Tchebycheff inequality 

PUXI/ ~ 1 or /X2/ ~ 1 or ••• or /Xn/ ~ 1) 

= pUxi / ~ 1 for sorne i) 

- Ô - P(i:l (/xi / ~ 1» 
n n 2 

-E .I: pUXi / ~ 1) ~ '~lai • J.=l J._ 
.. -1 -1 

If Bo = l and the coval'ia.'I1ce values of7T are zero, then Bo TrBo 

is a diagonal matrix 77" and by Theol'em 4.2 .. 3, inequality (4.2 .. 38) i5 

sharp pl'ovicled that . E ai2 .:s 1 .. 
J.:::1 

(4.2.37) 

(4.2.38) 



.. . 6a 

4.3 À One-Sided Multivariate Inequality 

Corresponding to the theory of séction 4.2 of this paper,.MarshaIl 

and Olkin [aoJ offer a one-sided mu1tivariate generalization of the 

Tchebycheff inequality for a random vector X = (Xl, ••• ,Xn ) with 0 mean 

and with variance covariance matrix of the forro 

1T= 
(. 

2 2 2) C1 op ••• 0jJ 2 i 2 = C1 [(l~)I +te'eJ; 
0.;0. • •• C1 

(4.3.1) 
'-

(4.3.1) is of the forro (4.2.30). 

Let T' denote a region defined by {~ < l, i=l, ••• ,n]. We .wish to 

determine a sharp upper bound for P(X~T) = P(Xi ~1 for sorne i,i=l, ••• ,n). 

For a positive definite n x n matrix A and a 1 x n vector b = (b1, ••• ,bn), 

let us, by Theorem 2.3.1, consider a nonnegative function 

f(x) = ao + xb' + xAx', (4.3.2) 

where tex) ~ 1 tor aIl xET. Because A is positive detinitB we can re-

write (4.3.2) as 
tex) = (x - a)A(x - a)' + C, (4.3.3) 

1 -1 
"1here a = (a1' ••• ·'an) = -fbA and C = aO - aAa' ~O. Simi1ar to what 

was done to equation (l}.2.6), "1e .can show that C = o. (4.3.2) can be 

rewritten as 
tex) = (x - a)A(x -a)', 

such that tex) ~IT(x). 

Er(X) = tr A(1T+ a'a), 

and the upper bound for p(X~) "dll be given by min tr A(TT+ a'a) 

subject to f(x) ~IT(x)o 

(4.3.4) 

(4.3.5) 

Theorem 4.301 [aoJ .. let X = (X1,.~.,Xn) be a.random vector 117ith E(X);;" 0 

and E(X'X) =iJiwhererris defined in (4.3.1). 
2 

If i) 1 - C1 t > 0, 

1i) 11 ~ 02(}1 - 1)(1 + t), l;haro t = (n - 1) (1 -;;)- l, then, 
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\ 2f1 2 2 t 12 
P(XET).5'. rIJ [(1+(n-1)p)(14CJ -a (n-1)(1-p»] +(n-1H1-p) , (4.3.6) 

~ {2 ' :)2' , 
: nw [1+(n-1~JJ : 

otherldse P(xe.T) ~ 1. .' 

Remark: Through an examp1e it is illustrated that inequality (4.3.6) is 

sharp. This fact l-r.ill justify an intuitive guess,and assumption which 

are used in the pro of of the theorem. Kar1in and Studden [60, page 520, 

Theorem 5.1J justify the assumption. 
~ ~ 

Proof: Let D}~a = diag(1-a1, ••• ,1-an), Z =(X - a)(DI_a) , A* = D1-aAD1-a 

and B = (A*)-l, where Dl is defined'in our notation. B,y matrix mani--a 
-1 -1 

pu1ation A = (DJ.-a) A*(DJ.-a) and thus 
-1 -1 -1 

, tr AIJr + a'aJ = tr B (~-a) (1T+ a'a)(~_a) • (4.3.7) 

(4.3.4) becomes ., 
-1 -1 

fez) = zD}-a(DI-a) A*(D1_a ) DI_az ' = zA*z'. (4.3.8) 

fez) ~o for all z and fez) ~l for all z€T. B,y Theorem 4.2.1, the 

minimum upper bound l1ill be attained iff (A*)-l = B is positive definite 

and bii= l,i =l' ••• $n. If l1e consider~~, the class of matrices Q of 

the fom (4.2.30). 

Q = [(I-q)I + qeteJ, 

we have already shmm that Q is positive definite iff· -11 (n-l) < q < 1. 
2 

NOÏ"T Tf/a is of the fom (4.3.9); intuitively, through the syrmnetry 

conditions, ne expect B€Q,and a = a.e, [a. < 1J. 

B = [(l-b)I + be'eJ 

Let P be an n x n orthogano1 matrix such that each e1ement of the 

first 1'0"11 Plj = l/ln, j = l, ••• ,n. 

PClP' = diag (1 +(n-1)q, 1-q,.oe ,l-q). 

Using (4.3.10) and (4.3.11) "le cm vll"ite (403.7) as 

tr A["'TT + a'aJ = tr (PBP')-1p1TP' + O',2pe 'eP'1 
.~ (1 _ a.)'L-

(4.3.10) 
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= n[o.
2 + a2+ b(a2t _ 0.2)J . 

. 2 ' 
(1 - o.) (1- b)[l +(n -'l)bJ 

(4.3.J2) 

where t = (n - 1)(1 -f) - 1. He must now minimize (4.3.J2)' with 

respect to cr. and b. 11in:imizing l-Tith respect to the conditions of the 

hypothesis ~ 
2 1 [(1 + t)(n - 1 - t)J2 

cr. = -cr (1 + bt)/(l - b), b = - -+ 2 L • 
t t[(n - 1)(1 - a t)J2 

The conditions i) and ii) of the theorem are required so as to insure 

that the roots of the minimizing equation for b are rea1 and that B 

is positive definite. Substituting the values for cr. snd b,resp~ctively, 

in (4.3~J2) we get (4.3.6). 

Example: Let X = (X1, ••• ,Xn) be a random ·vector such that E(X) = 0, 
2 2 

E(Xi ) = ai , i=l, ••• ,n, and E(XiX j ) are unknovm, i t j. By Boole's 

inequality and the univariate one-sided Tchebycheff inequality, 
n 

P(Xl.. ~ 1 for some i) = p(.V (Xl.. ? 1» 
l.=l 

n n 2 2 
= i~lP'<Xi ~ .. 1) ~ i~l 0i /(1 + 0i ). (4.3.13) 

We can obtain this sharp resu1t from Theorem 4.3.1. For if B = I, 

'Wc must minimizo (4.3.7). 
-1 -1 n 2' 2 2 

tr(TL_a) (1T+ a'a)(TL_a)- E (o. + R. )/(1 - a.) • -L -~ i=l l. l. J. 
(4.3.14) 

Hinimizing (4.3.14) with respect to each ai[ai < 1J, 

2(1 - ai)2ai + (oi2+ ai2)2(1 - ai) = 0, i = 1, ••• ,n. 

2 f 2 2 22 
ai = -cri and (4.3.11.!.) = i=loi (1 + 0i )/(1 -1- ai) = (1.J·.3.13). 

4. 1h Arbi trar'Y RectangulaJ:' Reg:i.on in R2 

In equation (L~.2.16) 'HEl obtaine'd P(XET) where T "Tas a closed syrr.t.111etr:i.c 
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set l-Those complement T' loras an open bounded synnnetric rectangle in R2. 

Hot-1ever, in calcu1ating the upper bound we assumed that E(X) ;:: 0 and 

that TI Was sym~netric about the Mean. let Y = (Yl'Y2 ) be a '~andom vector 

such that E(Y) = (.ul'/~) and E(ytY) = E. 

1s1i [54J removes the above two restrictions and considers deter-

mining P(Yc:R) where R' is an open rectangle whose sides ~, ~, are 

paral1el·.to the Y1and Y2 axis and are in. the ratio of al: '02' respectively. 

The new restriction added is that (.u1'll2) lies t·Tithin R' on one of the 

diagona1s of RI. By means of a 1inear trai1sformation Xi = (Yi - /Ili)/ait 

i = 1,2~ we obtain a ne'VT random vector X = (Xl'X2 ) such that E(X) = 0 

and E(X 'X) ~ (! ~)~1f. Our problem is nO-A to deterndne p(X~) "bera T' 

is an open square, obtained front the transforming of R', with sides of 

length (a.+f3) and withvertices (-0.,-0.), (-o.,f3), (f3,f3) and (13,-0.),13 ~a.>O. 

Theorem 4.4.1 [54Jo let X and Tt he defined as above. The upper bounds 

of P(XET) are as fo11o't·rs: 
2 2 . 1 2 

i) P(X(T) ~ À /[À + 1 + ;>J, 13 -cr. ~. 2'2À ,2a. > l -ft (4.4.1) 
1. 2 2 t 2 

where ~ [2 2a.(1 ~) + (2(1 -;0 )(a. +)'» J/[2a. - (1 ";O)J; 
2 2 2 1 

ii) P(XET) ~ [(f3 - a) + 4 + (16(1 -;a ) + 8(1 ~)(f3 - a.) )"2] (4.4.2) 

(a. + f3) 
2 . , 

if the conditions of i) a1'e not satisfied and c$ ~ l, 
222 

2(0.13 - 1) ~2(1 -~ ) + (1 -;o)(B - a.) ; 

iii) in aIl other cases p(xeT) .~ 1. 

Proof: let A be a positive definite matr:bC o By Theorem 2.3.1 wc con-

sider a nonnegative function 
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where··b = (bl,b2) and f(x) ~ IT(x). As sholVll in section 4.3, (4.4.3) 

can be reduced to 
.' 

f(x) = (x - a)A(x - a)', f(x) ~IT(x). (4.4.4) 

Our task is to de termine min tr ALrr+ ara] subject to the condition 

'of (4.4.4). He can similar~ define a function f l (x) = f(Xz ,xl) to 

satisfy (4.4.4). 

Let us introduce a ne1-T function lVhich is a convex combination of 

fl(x) and f(x); g(x) = îCfl(x) + f(x)]. g(x) ~ 0 for all x, g(x) ~l 

for aIl xE T and E~(X) = Eg(X). B,y the symmetry conditions involved, 

we Ctm write 

where a = (m,m) 

g(x) = (x - a)A(x - a)' ~IT(x), 

and A =f:. -ct), c > 0, /t/ < 1. 
~ët c 

/t/ < 1 ascertains that A is positive definite. 

tr A[TT+ a'a] = 2(cm
2
(1-t) + c(l-~» 

2 
= Àlul + À2Uz + Àl} , 

where ÀI = c(l - ~), ~2 = c(l + t), ul = (1 ~), ~ = (1 -j1) and 

1 t = 22m. Sirnilarly (4.l~.5) becollles 

(4.4.5) 

(4.4.6) 

(4.4.7) 

2· 2 
g(x) = CCCXl - m) + (xz - m) - 2t(xl - m)(~ - m)]. (4.4.8) 

By now considering the eÂ"treme points of the square) (4.4.8) can be 

l'eplaced by 

If ,.1t'~ no\-1 rrJ.nimize (4.4.7) ,·rlth l'aspect to the conditions in (4.4.9), 

'\-1e obtnin th~ required results. 

4.5 A Symmetl'ic Convex Polygon in R
2 

He Im011 that the intel'sect:i.on oi' a fi.nite nUl:lher of closed hall planËls 
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is a convex polygone Thus, a convex polygon, symmetric about (0,0), 

can be represe~ted by the intersection of a finite number of strips 

whera the ith strip Si is derived by rotating the strip {/xli < Wi~ 
through an angle aï' ° ~ ai <7f, i=l, ••• ,ne If al = 0, 0.2 = Tf' 12, 
the intersection of two strips t~ll give a rectangle and this problem 

has been solved in section 4.2. In the case when 3 strips intersect 

we obtain a hexagone 
_ n 

let us denote a bounded convex polygon by T' = ir:A Si; by DeMorgan' s 
n 

1aw T = ~lSi. If X = (Xl ,X2 ) is a random vector such that E(X) = 0 

and E(X'X) =11,then' 

Ef(X) = tr Ari, (4.5.1) 

where A is a 2 x 2 positive definite matrix and 

f(x) = xAx' 9 IT(x). (4.5.2) 

cA '~1 A: f(x) ~ 0; f(x) ~ 1 for Ixll ~ w} , (4.5.3) 

By Lemma 4.2.1, A.;cA,iff B =(bU b12\= A-1 
is positive definite 

b12 b22) 

2 
and b1l ~ w. n: i5 knOHn [29, page 26J that the transformation matrix 

used to obtain S2 by rotating Slthrough an angle a i~ of the form 

- sin a. \)' 

cos Ct 
P = 

2 
Thus, by rot::ting SI ' A becomes PAF' and bn ~ 101 becomes 

b1l coi a. + b22 si~'?a + 2b12 sin a cos a ~ vl. 
If ,,~e have m rotations, then, for differollt v1i' we obtain the fol1owing 

set of conditions 10rhich B must satisfy suc:h that A fA 

b11cos
2
a i + b22sin

2
a i + 2b12 sin ai cos ai ~ "Ti

2
, (4.5.4) 

..; " 
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As in section 4.2 we must determine min tr B-lnr, where B,e, the 

closed bounded' and convex set of positive definite matrices ~atisfying 
.' 

(4.5_4). lihat are the extreme points ofrS ? 

Lemma 4.5.1 [82J. If B is an extrema point Of,E , then equality in 

(4.5.4) holds for at least two values of ie Equality in three or more 

values of i determines B and three equations determine at least one 

extreme P9int of B. 

Proof: If equality in (4.5.4) holds for i = 1 only, we would like to 

show that B is not extreme. Let us represen~ B = (~ + ~)/2 as a 

convex qombination of BI' Eze/!> (~ \ Rz), where 

Il]. = (bU - E b]2 \. llz= fil + € 

\ bJ2 ~2 + rI { b12 b22 

b12 

If f.cos2 a. = f;sin2 o., then (4.5.4) holds for i = 1. Also l.re can 

appropriately choose € and~ small enough such that the inequality 

sign in (4.5.4) will hold ror i = 2,~ •• ,m. Thus B is not extreme and 

by the contradiction we see that eqllality in (4.5.4) must .hold for at 

least two values of i. If equality holds for three values of i for 

which the a.i • s are distinct, them \-7e have three equations in three un-

knovms \vhich can be solved by Cramer' s rule. 

If equality in (lj· • .5.4) holds for i = 1,2, then, bll and b22 can be 

written in terms of bU. (1j. • .5.11·) Ctll1 be expressed as a linear equation 

in b12and fOl' sorne value b12 and SO~0 1 e 3,u. ,m equality can be attainecl 

in (/j.. 50 I.j. ) • 

Remétl'k: :If He let ~ = (cos a.i)/1'1i and Vi = (sin o'i)/t'Yi' then, (4.5.4) 

beC0!iî9S 
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The boundar,y line of the strip Si' defined by xl cos ai + XZ sin ai = wi ' 

becomes xl~ + x2'vi = 1. T' is nOloJ' defined by 

T' =f /xlui + x2Vi/ < 1, i = l, ••• ,mf. (4.5.6) 

Ù3tf(S) = {B: xB -1 x' ~ 1 for aIl X€s] for sorne Se~. If Bo satisfies 
-1 -1 

min tr B 1{ = tr Bo ~rr, 

~p(S) 

we call {xBo -1?C, < 1] the "best ellipse. for S' If and we say that Bo 

is best for S'. For T' defined as in (4.5.6) Lemma 4.5.1 tells us that 

for each S1\Sj we must calculate the best B; if for a B.the ellipse 

{XB-
l 
x' '< Illies in T', then this B is used to determine the bound 

. -1 r -1 ] 
tr B 17. If none of the l xB x' < 1 lie in T', 'toTe must, for each 

SinSj~~ find a best B. Among these B we determine the one such 

that th~ ellipse {xB-lx' < 1Jlies in Tt. and l'Te use this m~trix B 

to determine tr B-17: Ù3mma 4.5.1 tells us that there exists a B which 

is best for Tt. A computational procedure to determine tr B-fr is out

lined by l'l2.rshall and Olkin [82J. 

Consider the set T' =[iXIUi + x2vi/ < l, i = 1,:1. If the best 

ellipse for S}'"\S2 is best for Tt, we obta.in the follOiving theorem. 

Theorem 4.5.1 [82J~ If X =(X1,Xz) is a random vector such that E(X) = 0 

and E(X'X) = 0ij , i,j = 1$02, then. 

P(XET) ~ -[cl + c2 + [(cl - 02)2 + q.(on022 - 0122 )(u1v2 - u2vl)2J~J, 

(4.5.7) 
. 2 2 

whel'e Ci = ui 011 + Vi 022 + 2ui vio12 , i=1·,2. 

Proof: Our result ldll be obtained from (4.2~16) by a direct change· of 



.. . 
76 

variable. From section 4.2.1 we know that if Y = (yl ,Y2 ) is a random 

vector such th~t E(Y) = 0 and E(Y'Y). = TIij , then by (4.2.16), 
. 2·' 2 1 

P(XéS)=P(/Yl / ~ 1 or /Y2/ ~ 1) ~ -[1111 + 1122 + [(TIn + 1122 ) - 41112 J2J. (4.5.8) 

By means of the transformation matrix 

'-
we can transform st into T'. let X = YH; the corresponding nonnegative 

function :rB'" yt associated ,dth S becomes x(M'Bl-Ir' x' and (TIij) must be 

replaced by (W) -1 (a. ~ N-l • If we 'calculate the elements of 
'1j) . 

(1-1' rya i~M -1 and respecti vely substi tute them for the elements of 

(TIij )in (4.5.8), we shall ob tain (4.5.7). 

4.6 Convex Sets in Rn 

Until now the matrix A of our nonnegative function f(x) defined 

such that f(x) ~ IT(x) , where T' is an open bounded rectangle in p~, 

has bean positive definite. This, hOvlever, i5 not so when T is a convex 

s~t or the union of blO convex sets, as ,ve shall illustrate. vie knO"t-T from 

chapter two that when examples are given to illustrate the sharpness of 

an inequality, probabi1iti~s are only given to those points xGT and x~ 

where f(x) = 1 and f(x) = 0, respectively. If T is a convex set or the l'of 

2 convax sets, and A ls posi ti va defj.ni te, then f(x) = 0 implies that 

x = 0; also, since{xAx' ::E 1 J is an ellipsoid, fex) = 1 for aIl xeT says 

that x cal1 have at most tHo points 'ln T. Sineo a three point distribu-

tion Hill not generally satisfy E(X'X) =7T, ,·re conclude that A is not 

poSj,tiV0 definit.e. Is there a mat.rix or vector vlhich can replace A? 
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Marshall and OL~in [81J deve10ped a general theorem for determining 

sharp upper bounds when T is ei ther a convex set or the union· of two 
.' 

convex sets. 

Theorem 4.6.1 ~ Let X = (X!' ••• ,Xn) be a random vector with E(X) = 0, 

E(X'X) =7T. Let T = T+Uf: - XG.T1, where T+fRn is a closed convex 

set. If~ = f a = (al"" ,an)!-"R : ax' ~ 1 for a1l XoST+}, then, 

.-
P(X€T) ~ inf a71a' , 

aEA 

P(XET+) ~ inf (a1Ta')/(l + a1Ta'). 
aE.,!J 

Equality in (4.6.1) can be attained whenever p(X€ T) ~ 1; equality in 

(4.6.2) can always be attained. 

We note that (4.6.2) is the one-sided ana10g of (4.6.1). 

If in the conditions of the theorem we on1y knolo1 Remark [88J: 
2 

TTii = TTi , i = l, ••• ,n, then TT can be wri tten as 
n 2 

ïT= (i'I1TTi )Co ,. 

where Co~l:the set of all correlation matrices. (4.6.1) and (4.6.2) 
~ 

are respectively equivalent to 

P(XET) ~ QUp inf. a7Ta', 
C;o~ aE.r3 

P(XE'l'+) < sup inf r. (ai7â' )1(1 + a11â'). 
-. Co)!", a € cf/' 

(4.6.1)' a.'I'ld (4.6.2)' are sha.rpo· 

(4~6.l) 

(4.6.2) 

(4.6.1)' 

Proo!": To prove (ll-.6,,1), let f(x) = (ax,)2. Then, f(x) ~ 0 for aIl x, 

al1d tex) ~ 1 for all :>ET. By 'rheOl'em 2.3.1 

P(XET) .:s Ef(X) ::: inf q aJ1a'. 
a C &J. 

To prave (4.6.2), let f(x) ::: (ax' + al1'a·)2/(1 + aTTâ,)2. f(x) ~O for 

a.11 x 2.nd f(x) 2:-1 for all XêT-I-D By ThE:ox-C1l1 2.3el ue get (4.6.2). 
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vie must nO'VT show' the sharpness of the inequalities. This l'rill be 

done through two examples offered by the authors. 

let q = q(a) = ilTa', q* = q*(a) = q/ (1 + q) and loT = w(a)' = alf/q. 

lemma 4.6.1 [8lJ. There exists an aoGfisuch that inf aTià' == aJTao'; 
a€"lI 

for such an a o' wo = w(ao)~+. 

Proof: Sin ce Tris positive definite, a transformation will makell= l 

and thus there ~xists a unique value aoE,t1such that inf ara' = allâ.o '. 

If wo~ T+, then, by the geometry of convex sets there exists a separat

ing hyperplane; i.e. there exists a vector p~Rn' p \. 0, and a constant 

k such that px' ~ k > pivo ' for ail xéT+. \ole knOi-1 that aowo ' := ao(aoTr/ aJÏao')' 

= 1 and thus [p + (1 - k)ao}10' < 1 and [p' + (1 - k)ao]x' ~ 1 for aIl x&T+ •. 

Thus, if we replace p by [p + (1 - k)aoJ, we can let k = 1. Since pwo' < l, 

i.e. p(ad71a~naot). < 1, we have ao1rp' < ao~ao' and for small € > 0, 

e: (pr7p' - 2aoTrP' + aJTao') < 2(aô!Tao' - adTp'); 

(E p + (1 - (;)ao)TT(6p + ( 1 - ~ )300)' < adTao '. (4.6.3) 

Rowever, (G:p + (1' -f)ao)x' ~ € + (1 -E) = 1; therefore (~p + (1 -t:)ao)€ v~ 

and thus a contradiction by (4.6.3) and the definition of ao• Therefore 

woGT+. 

I~ow to sho't-T that (4.6.1) i5 shal.'p, '\-1e let q = q(ao), q* = q*(ao) and 

loT = i07(aO). 
r 

and . ~ ài :: 1 - Cl.. 
J.=l 1 

let N be an r x n matrix such that WH := 7T- qW'l-T 

and let C := D -z-H be an r x n matrix. let Z be a 1 x n random vector i-Thone 

distl'ibution i5 gi vem by 

p( z= w) = p(Z = ~ w) := q/2, 
(4.6.4) 
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where ci is the ith row of C. 
r. 
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E(Z) = ~1 (c.d./2 - c.d./2) + "Tq/2 - wq/2 = ° 
l.= 3. ]; 3. l. 

E(Z'Z) = C'DC + qw'w = 1-1'11 + qW'lv =-rr. 
By (4.6.1)J P(ZGT) ~ q, hOl-1eVer, by Lennna 4.6.1, "TêT and p(Z~) ~ q. 

Thus P(Z~T) = q and any random vector with distribution (4.6.4) can 

achieve equality in (4.6.1). 

Lennna 4.6.2 [81J rr:. qw'w is positive s'ami definite and -rr - q*w'w 

is positive definite. 

Proof: By Cauc~-'s inequality [5, page 69J, 

(x7Tx' )(wrf1w') :;:.. (xw' /. 
2 2 

ilTx' ~q(Xtv') ':;:' q*(nT') • 

If x ~ 0, one of the two inequalities in (4.6.5) must be strict and 

the resu1t folloi·TS. 

(4.6.5)-

We sha11 now sho't-T that (4.6.2) is sharp. By the above 1emma we knoi'; 

that thera exists a non-singular n x n matrix 11 satisfying l1'H = Tf - q*l·r'il. 

let P be an orthogonal mati'ix such ~hat -q*l'T}r~ > 0, lot. D = dil8.g(dl , ••• ,dn~' 
1 l . 1 

let eDa = -q':C .. l1,c P e.nd let C = D-ap'M. let Z ba a random vector whose 

distribut.ion is given by 

(4.6.6) 
p(Z = loI) = q'::. 

n n 
To satisfy a pl'obability distribution ~ldi + q* = 1. Nm'T1.~ di = 

oDe' = 
2 -1 2 _ -1 / 

(q*) "T(H'M) 1-1' == (q>::) u(TI- q"~i'T'H) loT' = 1 (1 + q). ,Since 
n 

q>:< == q/(l + q), '\oTe have )':."'!1 di + q* == 1. Thol'efore (4.6 0 6) defines a 
l.= 

probabil:i.ty distribution. 
-1 

B(Z) :: eDe + 'Hq>r' := (.~q'~;"T}l p)(p'}1) + 't-Tq* = 0 
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E(Z'Z) = C'DC + q*w'w = M'M + q*w'w ='~ 

,By (4.6.2) P(Zt:T~) ~ q*. HOlvever, by lemma 4.6.1 P(Z~T+!: ~q*. 

Therefore (4.6.2) is sharp. 

Coro11ar,y. If X = (X1, ••• ,Xn) and E(X) = 0 and E(X'X) =7ï , then, 
?'"v 

PCX~T) = PCh.rAi/ > 1 and X > 0 or X < 0) < min a~', (4.6.7) 
!'::II . aEJl 

p(X T+) = p(/rlX./ > 1, X > 0) < min (arra')/(1 + aTJa'). (4.6.8) 
~ 1 ae~ 

'-
4.7 Inequa1ities for Concave Functions 

For ~ concave function f(x), Jensen's inequa1ity ~ays that 

EfCX) ~,fE(X). This property has been utilized by Hudholkar [87J and 

}fudholkar a~d Rao [88J to obtain generalizations of the univariate and 

one-sided univariate Tchebycheff inequa1ities. 

Theorem 4.7.1 [88J" let X = (X1, ••• ,Xn) be a nonnegative random vector 

sueh tha~ E(X) =)-1(1 x n vector). Then, for,any nonnegative,coneave, 

homogeneous function ~ defined on the nonnegative orthant R+n of Rn' 

and é > 0, 

p(~(X) ~é) ~ ~(u)/ tE • 

If ~(u)/é ~ 1, (11-.7.1) is sharp. 

Proof: p(~(X);?- E ) ~ E~(X)/ Œ < ~[E(X)]/6 = ~Çu)/e • 

(4.7.1) 

\'le sho .. : (4.7 .. 1) to be sha:cp by construct.ing a distribution "1hich attains 

eq'lJ:~tl.i. t.y in (!~~ 7.1) • !.et. the distribution of the random vectol" Y be 

given by 
pey = «(./~(;J.) )p) = (J{tu)/~ , 

pey = 0) :: 1 - (J(;u)/ E. • 

E(Y) := (E/(J(rcl»~U{P~1-l)/~J =)1. 

Since P is a homogcncous function, 



Thus ~ random vector X whose distribution is the same as that of Y 

achieves equali ty in (4.7.1). 

Corol.lary. Under the abow conditions the fo;Uowing inequality is sharp. 

. P(~(X) >e) ~ ~(p)/e (4.7.2) 

Proof: Since [X: ~(X) >~],[x:~(X) ~éJ, in~qUality·(4.7.2) ,is ~ 
true. If (4.7.2) is not sharp, then let there exist éo >~, such that for 

each X SU~h that E(X) =}l, p(~(X»E) ~ ~(p.)/Eo and ~~<~ • (4.7.:3) 

~t E 0 >E:!, > E • By the theorem there exists a random vector Y such that 

E(Y) =fl and 
'·~(p.)/E1 = p(~(y) ~ El) ~ P(~(Y) > ~) ~ ~(P)/€o • 
... : 

By (4.7.3) a contradiction exists and thus (4.7.2) is sharp. 

Various inequalities can be obtained trom this theorem by consider-
... 

ing various forms of nonnegatiye random vectors and certain nonnegative, 

~oncave, homogeneous runc~ions on R+n• 

Example: If X1' ••• '~ are jointly distributed random variables sueh 

22· 
that E(Xi )= ai ' i = 1, ••• ,n, th~n, for any nonnegative,homog~neous, 

coneàve funetion ~ on R+n' 
2 2 2 2 

P(~(X1 , ••• ,In ) ~e>.~ ~(a1 , ••• ,an )/i. (4.7.4) 

If in (4.7.1) we let ~ = ~2, i = l~ ••• ,n, (4.7.4) follows immed~ately. 
To show that (4.7.4) is sharp, we consider the joint distribution of the 

random variables ~, i = 1, ••• ,n, gi ven as follows 1 

..l. 
P(Xi = = ai/~2,i = l' ••• 5n) = ~12 
P(~ = 0, i = 1, ••• ,n) = 1 - ~. '. 

2 2 2 2 
If ~ = ~(al , ••• ,a )/~ ~ 1, then P(~(XI , ••• ,X- ) ~E) = ~. Therefore n . n 

(4.7.4) is sharp. 

(4.7.4) ean be rewritten as 
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2 2 2 2 
'. P(~(XI , ••• ,Xn ) ?€, x > ° or X < .0) ~ ~(al , ••• ,an )/G. (4.7.5) 

We nOloi consider a specific example of a nonnegative, homogeneous, 
.' 

concave function on R+n '-Thi.ch will enable us to obtain a sharp inequali ty • 
. n 

If t = (~, ••• ,tn) is a nonnegative rea1 va1ued ~ector and lai l i=l 

are nonnegative 
n 

real numbers such that i~1~ = 

n r 1/r 
(.E o~t.) ,r~ l, 
~=1-:J. ~ 

1, then, 

is a nonnegative, homogeneous, concave fu.nction on R+n• 

Theorem 4.7.2 038J Let X = (XI' ••• '~) be a random vector such that 

(4.7.6) 

. 2 2 
E(X) = 0, E(X'X) =lT and E(X. ) = a. , i = l, ••• ,no ThÈm for any non-

1. l. 

negative numbers al' ••• 'o such that.f a. = 1 and r~ t, 
. Al l.=1 l. . 

(4·.7.7) is sharp. 

Proof: 1 (~ ./x.2/ r )1/2r • ( (1 6» If r ~ "2-, i~1al. 1. ~s a concave funct:i.on by h 7. • 

by Theore;n 4.6 e l equa.tion (4-.6,1)', (u.sing the notation defined t~ere), 

P(X~T) = P(i€I~1/Xi/2r ~ l, X > 0 or X < 0) -:. 

(4.7.8) 

(4.7.8) is sh8.rp. a non-

negative, homogeneou.s~ concave function, the above examp1e (J.f.. 7.5) tells 

us that n 
sup inf aT/â' = CE o-jp i 2r) 1/ r • 
Co~( a~~ ~=1 

If 1-le again consult Theorcm 4.6.1 cquation (/}.6.2) ,then, sine0 -sr.. ......" n,·a ~, 
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(by (4.7.9» 

(4.7.7) follows from (4.7.10). 

To show that (ll-. 7. 7) is sharp, we consider the l'andom variables Xi 

with joint distribution given by 
.!. 

P(Xi = 0i/~2 , i = 1, ••• ,n) = ~/<1 + ~), 
'- 1 

P(Xi = -oi/~2 , i = 1, ••• ,n) = 1/(1 + ~). 

If ~ = (i~l 0i2r)1/r/€1/r, we can see that equality is attaine~ in (4.7.10). 

The sarne arguments that were used in Theorem 4.7.1 can be extended . ' 

to concave functions of symmetric random matrices. 

Theorem 4.7.3 [88 J.. Let Z be a n x n symmetric posi ti ve semi-defini te 

~atrix such that E(Z) = TT and g(z) ~O is à homogeneous, concave function 

of Z. Then, for ~ > 0, 

p(g(Z) ~ é) ~ gG7)/e. • 

If g~/C ~ l, (4.7.11) is sharp. 

Pro of : (4.7 D'11) fo110''t-ls irnrnediate1y from Jensen' s inequall. ty. If 
1 

g(-rr)/e ~ l, let us consider a random matrix Zo __ Those distribution i5 

given by 
p(Zo = (e/g(rf)·m = g(ir)/é. , 

~(Zo = 0) = 1 - g(rrj/r::: • 

E(Zo) = éTT gOT)/g(ïT)é: =1T and p(g(Zo) ~6) = g(rr)/e. Thus (4.7.11) 

(4.7.11) 

Our notation is slightly changed for thé remainder of this section. 

l,rudho1kar [87J has offered an inequa1i ty ,for matrix valued l'andom , 

variables. Let XJ., •• 0 ,Xn b,e joint,ly distributed p x 1 l'andoIn vectors 
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x = (Xl' ••• '~). If cl' ••• ,cp are the characteristic roots of XX' and 

TTl, ••• ,TTp are the characteristic roots oflT, then, for any no~egative 

symrt1etric concave function f on R+p ' MuElholkar has proven the follo1-T

ing result. 

Theorem 4.7.3. Subjeet to the above conditions 

where e >-,-0. 

Proof: Harcus [78J has shm'7n that if cl' ••• ,cp are characteristie 

roots of a positive serni definite symmetric matrix A; then 

min f(YltAyI'Y2'AY2' ••• '~p·Ayp) = f(cI' ••• 'cp)' 

where f is defined as above and the min is taken over all orthonormal 

sets of p x 1 veetors YI' ••• 'yp. 

If XX' = A, then, by }~eus' result 

~ Ef(YI·AyI'···'Yp'Ayp)/~ 

~ f(YI !rrYI'··· ,Yp 'lrYp)/é 

(4.7.12) 

~ f(rrl' ••• ,rrp)/~ • (4.7.12) 

r·fudhol1ç~r and Rao [88J wlsh to know whether (4.7.12) can be derived 

from (4.7.11). '"\'le anm-;rer that question for a specifie case. 

Let the p x n matrix X be defined as above. If Z = XX', E(Z) =rr; 
and Z and7Tcomil'lute, then (4.7.12) loTill follow from (4.7.11). To prove 

this, He note that tHO syrnmetric matrices ean be diagonalized by the 

saroe orthogonal lnatrix iff the two matrices commute. Lei~ e be an or·-

thogonal matri~ such that cize = diag(el' ••• ,cp) a..l1d e'lTe = diag(rrl , ••• ,rrp) , 

Hhe:ce ci, TTi ., i :: 1, 0 e. ,p, are the cha:t'a.·~tel'ist.ic l'oots of Z and TT ~ 
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respectively. Let f be a nonnegative s,ymmetric concave function 

defined on the diagonal elements of any p x p diagonal matrix~ 

By (4.7.11) 

P(f(C'ZC) ~ 6: ) ~ Ef(C'ZC)/e 

~ f(C'nC)/e , 

i.e. P(f(c1, ••• ,c
p

) ~e) ~ f(TT1, ••• ,TTp)/G • 

.' 

'ole note that the condition Z andTr CO!lllllute is too severe a restric-

tion to hold in general. 

4.8 An 'Inequality for a Continuous Stochastic Process 

'Vlhittle [122J and Birnb~\un and Narshall [15J have both offered 

Tchebycheff type inequalities for stochastic processes. Whittle obtains 

his ineq~ality by choosing a certain matrix B and minimizing tr B-~, 

where Tris the variance covariance matri?C of the process. In the 

case of a stochastic process, l'lhittle shoHs that the matrix B as defined 

in Theorem 4.2.1 is not satisfactory since tr B-17T:~Q1as n increases. 

The follo-;-Ting theorem and its pro of are taken from Parzen [92, page 85J; 

the theorem coincides with that of '\,'lhittle. 

Theorem l~.8.l.. let {X(t), a ~ t ~ bJ be a stochastic process l'Thich is 

differentiable in Mean square. Let 

C(t) ={E(/X(t)/2~t <co, 

CI(t) = {E(/X'(t)/2)}t <0;;. 

pC sup /X( t)/ > 
8$t.~b 

l'There k > o. 

(4.8.1) 
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Proof: ~ Markov's inequality, the first inequality is true. For tl[a,bJ, 

2: 2 . rt 
X (t) = X (a) + 2Ja X'(u)X(u)du 

.' 

2 . b 
= X (b) - 2~t X'(u)X(u)du • 

2 2 2 t b 
2X (t) = X (a) + X (b) + 2[~ X'(u)X(u)du -Jlt X'(u)X(u)du] 

~ X2(a) + ~(b) + ~b/X'(u)X(U)/dU 
2··· 2 2 lb 

sup X (t) ~ ~{X (a) + X (b)J + /X'(u)X(u)/du 
2.~~ a 

2 2 2 r b 
E( sUI' X (t» ~ -i[E(X (a» + E(X (b»] +Ja EUX' (u)X(u)/)du 

a~~b . 
-... b 1 

, ~ -KE(X
2(a» + E(X2(b»J +Ja[E(x2(u»E(X,2(u»J2du • (4.8.2) 

(4.8.1) follows directly from (4.8.2). 

Corolla~. If E(X(t» = met), then 

PC/X(t) - m(t)/ > k) ~ Var(X(a» + Var(X(b» 
2k2 

4.9 other Inequalities 

In this section 'l-Te shall briefly mention certain other multivariate 

Tchebycheff type inequalities which are proved by special methods or 

arguments. Historically speaking, we should rJote that it Wns K. Pearson 

[93J \o1ho introo.uced the basic idea behind equation (4.2.11). He con-

sidered an ellipse centered about the origin defined by 
2 2 

f(xp~) = YJXI + NXz -1- Qxlx2 t . 

and a l'egion T such that T' = {(Xl ,x2) : f(x
I 

,x2) < l]. Pearson round 

the upper bonnc1 of P «Xl ~Y"2 )fT) in terms of tho s th ol'del' momont of 
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the fllnction f(xl,x2). If l'Te simplify his idea to the case l'Then 
- " 

s ~ 1, we see that for a random vector X = (X1 ,X2 ) ldth zer~"mean 

and E(X.X.) 
~ J = 0" ij,i, j = 1,2, he sh01-Ted that 

p(Xé'f) ~ '1/al + 1'cr2
2 + 0112. 

The generalizations of Berge [8J and laI [68J are based on 

Pearson' s Methode 
--

Let X = (Xi' ••• ,Xn) be a random vector su ch that E(Xi ) =~ and 

E(XiXj ) = O"ij' i,j = l, ••• ,n, and O"ii = O"i2 • Chapelon [22J considers 

an ellipsoid defined by 

which he calls a quadrique type. Also, he considers a parallelepiped 

which circumscl"ibes (lj·.9.2) in such a "V1ay"that its sides 3!e parallel 

to the ~ axes and touch the ~th roCLS at ±ai' i = l, ••• ,n. He calls 

this parallelepiped a para11'élé'pip~de type. Chapelon proves that for 
A 

t ~ n 2
, the probability that X ldll -fall in a region simiiar in con-

(4.9.1) 

struction and t times as large as eithel' the quadrique 01' paraliél~pipède 

type is greater than 1 - 11/t
2
,t > O. 

Leser [69J offel's a multivG.l'iate inequa.1ity i11 a situation l'Then 

a restriction is imposed 011 the distributiono Let Ài' i = 1,. to,n 

2 n 2 2 n 2 
be positive integers and let Àc = n/[i~l (1/\ ) J and 0"0 = n/[i~l (l/O"i ) J • 

(4.9.3) 

a.nd let A(Ro) be the mean v2.1ue of the density function f(xl, ••• ,xn ) 
n 2 

"Hhen R ass"ù.mes the v3.1ue Ro. Let. P :.:: P(i~l (Xi/"Àio j ) ~ n); i. e. 
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; 1 

P = PCR/n2 ~ ÀOOO). If f(x) causes A(R) to be a non-increasing function 

: t 
of R ~or R ~ kOon , Leser obtains probability bounds for P ~er different 

.' 

ranges of k. The bounds are expressed in terms of n,Ào and k. 

Camp [19J obtains a sharp multivariate inequality in terms of a new 

statistic which he calls the "contour moment" and defines as follOl-1S. 

Let f(t) = f(tl, ••• ,tn ) be a density function defined on a set T~Rn 

such that O~ t(t) ~ L and f(t) is Lebesgue integrable. Let QÀ be the 

set consisting of aIl those points t€T for which f(t) > À:~ is the meaS'ùl:'e 

of Q À. 'x is a unique 'üngle valued function of À and is monotone de-
1 

creasing in À;- is also a monotone decJ:'easing function of x for 

o < x < Xo < CI';> •• He define y(x) =Àx as a single valued monotonic de

creasing function of x.. To insure that y is single valued, l'le define 

y = minÀ if À truces on several values at a point x. If À does not , x 
take on any values in an interval, we define y to take on the value it 

had in the beginning of the interval • 

..... S Xo 

The l'th contour moment is defined by 

ur = 0 rydx. 

If r = 2, t'le obtain the contour val'iance. Camp provas that 

1 -SQÀfd.T ~ [;/(J8)2rJ[2r/(2r + 1)11', 

where À satisfies XÀ = r G: 
"!e shall complet.e this chapter by revielv.lng an inequali ty .for 

minirllu.rn components vrhich is obta:lned fl'om '!'heorem 2.3.1 through an 

appropriate choice of r(x). 

Theorem L:.9.l [8lJ .. If X = (Xl,.:.~Xn) is a random vectol' such that 

E(X) = 0, E(X'X)'::O, thon, for T = T+ V tx: -7.~.T+l, vrhere T+fRn is a 

closed convex set, 

(4.9.4) 
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(4.9.6) 

(4.9.7) 

where the min in the right hand side of the inequalities is taken over 
. -1 

ail principal submatrices 7T s of Ti such that e if > O. 

Proof: Let Xo be a subvector of X "Those components are such that 
-1 2 -1 2 

E(Xg 'Xc) :: TÇ. If we let f(x) = (eTÇ xo') / (err;, e') ,f(x) satisfies 
.- : 

the conditions of Theorem 2.3.1 in the region T and taking E(f(X» "Te 

get (4.9.6). In a similar fashion, by letting 

f(x) = (1 + ert-lxo,)2/(1 + e~le,)2 

we can obtain (4.9.7). 

1 
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CHAPTER FlVE: SUHS OF RANDOH VARIABLES 

5.1 Introduction 

. In this chapter we shall de termine upper pr ob abi lit y bOUnds for 

either a sum of n random variables, Sn , or for some function of Sn, 

e.g. X. Unless otherwise stated, we shall assume the random variables 

to be independent. He shall mainly concentrate on finding probabili ty 

bounds fo"r a finite number of random variables since some classical 

central limit theorems tell us that, as n7co, the limiting distribution 

of 

is a normal distribution; these limit distributions have been thoroughly 

discussed in the books of Gnedenko [36J and Kolmogorov and Gnedenko [66J. 
It is easy to see that the Ma~rkov, Tchebycheff and one-sided Tcheby

cheff inequalities can be extended to X. If Xl, ••• ,Xn are independent 
_ . _ 2

1 random variables such that EeX) =)U, Var(X) = a n, then for k > 0, 

(2.1.2) implies 

pUX -)lI?; k) ~ 0
2/rùl; 

(2.1.8) implies - 2 2 2 
P(X -/ù ~ k) .:f (J 1 (0 + nk' ). 

If Xi > 0, i = l, ••• ,n, then, by Harkov' s inequali ty, 

p (X ~,Al + t) :r: /1)./ (lU + t). 

P{X - /ù. ~ t) ~ Atl V.l + t) 

The above inequalities are shro'p, hOi·rever, to attain equality 

(5.1.1) 

(5.1.2) 

(n - 1) of the random variables must be identically zero and the 1'e

maining Xi must be chosen appropriat.ely. '1'0 attain equality in (5.1.3) 
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we let P(XI = 0) = t/(~ + t), p(Xl = n(~ + t» =M/(~ + t), and we 
'. 

.' 

It·would appear that under general conditions and even more so 

under restricted conditions one .could obtain sharper bounds than the 

three above. In this chapter we shall give improved bounds over 

(5.1.1), (5.1.2) and (5.1.3). 

'-
5.2 Normal Approximation for a Sum of Independent Random Variables 

Let Xl' ••• '~' ••• be a sequence of mutually independent random 

variables satisfying E(~) =)Ui' Var(Xi ) = ai
2

, i = l, ••• ,n, •••• 

2 n 2 Also, let sn = i~lai <oc. \ihen certain moment conditions, to be 

indicated, are fulfilled, then, as n~a), the distribution of some 

linear function of the mL~ of the independent random variables tends 

to the N(O,l) distribution. The conditions under uhich the above 

occurs ,are stated in the classical limit theorems of Lindeberg-I.evy, 

Liapunov and Lindeberg-Feller. The study of limit distriqutions is 

in itself a cO:llplete subject and the results cannot, in a strict sense, 

be classified as Tchebycheff type inequalities. 

In this section 'tve shall state some theorems and the il" consequences 

~dthout proving either; the proofs of the major theorems can be found 

in text books such as Gnedemko [35J and Tucker [114J; comprehensivo 

studies of this subject can be found in Gnedenko [36J and Kolmogorov 

and Gnedel1.1{o [66J. 

Theorem 5.2.1 <" Lindeborg-Levy Central Limit Theorem 

Let Xl, ••• ,X
n

, ••• be a sequence of i.i.d. random variables such tbat 
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E(Xi):=1U and Var(Xi ) = a , i = 1, ••• ,n, •••• Then, as n-7co ,the 

. 1_ 
distribution of n2 (X -1U)/0 tends to the N(O,l) distribution.~ 

Theorem 5.2.2, Liapwlov Theorem 

Let X1, ••• ,Xn, ••• be a sequence of independent random variable such 

that E(Xi) = )\li' Var(Xi ) = CJi2 ~ 0 and E/~ - Mi/3 = v3i exist for 
2 n 2 3 n 

i = 1,2,... • Let sn =.Eloi and En = .Elv~i. If 
~= ~= ~ 

(Liapunov condition) 

then, as n~Go, 
n lX 1 . 2 

P([i~l (Xi-Pi) / sn].S; x)....} -ll:l (2n) -2exp (- x /2)d:x.. 

Theorem 5.2.3. Lindeberg-Feller Theorem 

Let X1' ••• '~' ••• be a sequence of independent random variables such that 
<"j 

E(Xi ) = lI:1i and Var(Xi ) = 0i
2 

<0:>,i=1,2,... • let Gi and Fn be the 

distribution functions of X. and Y = .fl(x.-Al.)/S , respectively, 
~ n . ~= ~ ~ n 

where sn is defined as in Theorem 5.2.2. A necessary and sufficient 

condition that 
a. 

lim lP8.:X .2:. = 0, 
n-)co ~i~n sn f X _.!. '/ lim p(Yn~ x) ~ (2rr) 2exp(-x- 2)dx 

n~lO . 
-c~ 

= O. 

As direct consequences of the above theorem, various people have 

attempted to obtain numerical values for ~" the error or remainc1er 

value resulting from the normal approximation. 

sup / P -CC<X<co 

E 
i=l 

( 

n 
(x. - }J.o ) xl f x _.!. 2 

1Sn 1 ~ ~ -,-CO (2n) 'exp(-x /2)dx 
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i 
Let us assume, ~dthout 105s of generality, that E{Xi) = 0, 

Var{Xi ) = ai 2 and Efxif3 = v3i' i = i,2,'.... Under these conditions 
" 

Cram:r [24,25J has shown that for n > l, 

nn = 3 log nBn3f sn3• (5.2.2) 

In (5.2.2) the term 3 log n loTas changed by Bergstrom [9J to 4.8; this 

new value of nn offers a better bound for n ~ 40. Through the use of 

Fourier transfol"'ms, Berl'jT [12 J shovTed that 

Dn ~ 1.88 max(~l , ••• ,V3n\, (5.2.3) 
. sn \ u1Z CJn2) 

where 0i2 \ 0, i = l, ••• ,n. As pointed out by Hsu [50J, the value 1.88 

in (5.2.3) is incorrect. Takano [l12J and' Stoker [lllJ have replaced 

1.88 by 2.031 and 1.952, respectively. God'\oTin [34, page 82J, through 

an example, shows that the numerical constant cannot be less t~an 0.199 •• 

If the Xi's are identically distributed, then 

f t3 48 ft.3. 2.031v3 n a < • v3 na. 

the Berry-Takano result is superior to Bergstrmn's result~ For i.i.d. 
2 . 

random variables such that (Bn/cr) 1s large, i.e. ~ 5, Ikeda [51J offers 

a smaller approximation error than the Berry··'fakano résulte He shovTs 
213 2 

that for (Bn/a ) ~ 5, Dn~ 1.84076v3/nza : for (Bn/a) ~6, 

/ 
Â 3 

Dn ~ 1.77803v3 n 2a • 

The folloHing theorem loFas proved by Offord [90J. 

'l'heOl'em 5.204. Let Xl'''. ,Xn be mutually independent random variables 

• 
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R kÎ S" ( )1/3 (' ) 118 emar :: J.nce v3i ~ cr i for aIl i Holder s inequali ty , k ~ • 

Though this inequality seems to fulfill the requirements of a 
.' 

Tchebycheff type inequality, it is to be noted that the proof of the 

theorem is dependent upon the result (5.2.2); i.e. the result is ob-

tained through the use of the error term involved in the normal approxi-

mation. 

Simil~r to the problem introduced in (5.2.1) numerical values have 

also been obtained for the absolute difference between the characteristic 
n 

function of the random ,variable (i~lXi/sn) and of a N(O,l) variable. 

Ikeda [~lJ has offered numerical results in the cases when the Xi are 

independent and w'hen they are i.i.d. Kolmogorov and Gnedenko [66, page 

202J also offer a remainder term fOl' the difference of the characterjstic 

functions l-lhen the Xi are i.i.d. Theil' result is inferior to that of 

Ikeda. 

5.3 An Inequality for X 
As seen in chapter blO, 't-Te can obtain certain inequa1ities by appropriately 

choosing lU and N2 in Tchebycheff' s inequali ty • If, f~r example, the Xi 

are i.i.d. for i = l, ... ,n,/U = 0 and Var(Xi ) = lIn, then, by the Tcheby-

cheff inequality 2 2 2 
pC/fI ~ tIn) ~ E(X) 1 (tIn) = lIt • (5.3.1) 

A simi1al" :c"esult to the aboya Has o'Ctained by Robbins [96J. He 

showed tha.t for n > 1, and t > nt , thera exists a function ~n(t) sl1ch 

2 
that t Pn(t)-> J. as t--)co and 

A confidence interva1 for X which i8 a i'unctioll of both tha sample 

and popu1~.tion variances 1·7as obtained by GutbrW.l1 [L~2 J. Let Xp u • ,Xn be 
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a l'andom sample from a population ~r.ith meanJU a~d finite variance 02 • 
. n 

Using the maximum likelihood principle we de fine X = .E Xi/n .and 
. J.=l : 

2 n - 2 
5 = .El(Xi - X) ln. 

J.= 

Theorem 5.3.L Subject to the abo1Te notatj.on, for k > 1, 

P.«X _1U)2 ~ s2/(n - 1) + 02(2(k
2 

- l)/n(n - 1) )tJ:s 1/k
2

• (5.3.3) 
1... • 

Proof: Consider the r. v. Y = (X - JU)2 - i / (n - 1) - ccl , t-1here c is 

a constant. T~ing expectations i'1e see that E(Y) = - c0
2 

and 
2 4 2 

E(Y ) = 0 (2/n(n - 1) + c). By Tchebycheff's inequa1ity, 

p.(/Y/ ?; k(E(I» {-) ~ 1/k2• . 

In particular, 

~ 2 2 2 2 2.!-J 2 . Pl(X -)\1) ~s /(n - 1) + ca + ka (2/n(n - 1) + C)2 ~ 1/k .(5.3.4)' 

Since c is arbitrary, we choose an appropriate c 50 as to minimize the 

l'ight hand side within the brackets. Minimizing we obtain 

c
2
= 2/n(n - 1)(k

2 
- 1) for c < 0; substituting this value into (5.3.4) 

loTe obtain (5.3.3). (5.3.3) can also be re\~ritten as 

f - . [ 2/ 2 2 tJtt / 2 Pl.!X - /11/ ~ S (n - 1) + 0 (2(k - l)/n(n - 1» J ~ 1 k. (5.3.5) 

Similar to (5.3.3),Hidzuno [86J has obtained a confidence interval 

for X in terms of approximate values of higher moments. He considers 

the l'. v. Z = (X - IJ.)2 - s 
2

/ (n - 1) and by means of a 1engthy mu1tinoIJ1.ia1 

expansion and approximation, }!:idzuno shows that 
ra 2 m 

E(Z ) = (cr ln) l~l' 

Hm ~(~~-1)~~) [2{", - h)]:/[2
m

-
h

{m - h)D~' (1 + O{l/n)). (5.3.6) 

By nOH app1yin~ Harlwv's inequality~ ho obta:l.ns 

(/- / 2; 2; A ; 111 P X -)\1 ?! (s (;n-1) + k.;;; n)G) ~ Hz.rl k • (5.3.7) 
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\ 
Midzuno also used another lengthy multinomial expansion to calculate 

EIx - JJ./
2L 

= 1·3· 5" "n·
L

(2. L - 1)a
2Lh + O(l/n~. (5 8 - - l J - .3.) 

If we novr apply Ihrkov's inequality, we obtain 

p(/X - lUI ;;: krJ ln 'i) < 1"2" 50~" (2L - Il [1 + O(l/nf (5.3.9) 

We note that both of }lidzuno's inequalities are not sharp. 

Remark: Since E(X
2L

) for a N(O,l) variate is equal to 1·3· 5 .... (2L - 1), 

we might suspect tb"l.t there is a normal approximation involved when sorne 

terms of ~gher order are neglected in the multinomial expansion. This 

result preceded Aoyama's result [lJ, previously mentioned in this paper. 

5.4 Bounds for the Sum of Independent Nonnegative Random Variables 

Let Xl, ••• ,Xn be independent ~onnegative random variables satisfy

ing E(Xi) = Il.1.i' i = l,,, •• ,no u,t;t den ote the class of r~doIll variables 

n 
Sn' where Sn =ljl~. 1fuen n = 1, Narkov' s inequality offers a sharp 

upper probability bound for p(X ~ t). \'Ihen Harkov's inequality is 

extended to X as in (5.10 ), the resulting inequality is sharp only if 

(n - 1) of the ~andom variables arc identica11y 0; a sharper bound 1s 

desirab1e. 

In this section we shal1 determine a sharp upper bound for 

when n = 2. 

The p1"ob1em in (5.L~ol), fOl~ n :,:' 2, l'TaS so1vecl independently by 

BiL'nbaulll, Raymond and Zucker-man [16J and by Sarouels [100 Jo Samuels 

(5.4.1) 

conjectures a result. for [!.11 n, offel's SOIi,e Gupport for the conjecture~ 
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~d proves the conjecture for n = 2 and n = 3; the proof for n = 3 

is based on a theol'em "-lhich offers support for the conjecture and on 
.' 

some lemmas which we shall use to obtain the result for n = 2. Birn-

baum, Raymond and Zuckermall, on the other hand, find their method too 

complex to extend beyond n = 2. Our proofs and discussion will be 

based upon the works of both authors. 

The problem will be reduced to that of finding an upper probability 

bound for random yariables taking on two values, the lOl-ler value always 

being zero. In the case of arbitrary i.i.d. random variables, Hoeffding 

and 5hr~khande [49J also reduce the problem to that of finding probabi-

lit Y bounds for random variables tru{ing on a finite number of values; 

their method offers the best result only for n = 2. In the case when 

the Xi are nonnegative and i.i.d., they offer a bound for 52 which is 

only sometimes superior to that of 5amuels and Birnbaum, Raymond and 

Zuckerrnan. 

LeWJna 5.4.1 [16J •. Let Xl' ••• '~ be independent nonnegativ~ random 

variables and let Xl take on the values Xli ~ x12 ~ ••• ~ xlml>Tith 

respectiye probabiJities Pl' ••• 'Pmo Let Xlj' xlk' x11 be three possible 

values of Xl such tha.t 0 ~ xlj ~ xl1c ~ x11• Thon, for t > 0, there 

exists a random vari8.ble Xl' which has' the salUe distribution as Xl 

except that t.he values Xlj' xlk' x11 assume the probabili ties p j' , 

Pk" PL" snch that 

E(Xl') = EeXl)' one of Pj', Pk" Pi.: is zero 
n n 

P(Xl' + i~2Xi ~ t) ~ P(Xl + i~2Xi ~ t)o 
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i 
Remar~: We need not worry about the case when the independent random 

variables are continuous for we know [46J that if F(x) is a distribution 
. . 

function of a continuous random variable X, F(x) can be approximated 

uniformly by a distribution function G(x), where G(x) is a step function 

having a fini te number of jumps and satisfying the moment conditions of 

F(x). 

Proof: Fgr any ex.,f3 let us denote the foilowing: 

i. e. P j' + Pk' + PL' = P j + Pk + PL • 

If ex. = (xlL - xlk)/(xlL - Xlj)' then, 

x1jP j' + xlk~' + xlIPL' = xljP j + xlkI1<: + xJ.LPL ' 

and E(Xl ') = E(X1), for ail ~. 

n m n 
P(Xl + E ~ ~ t) = E P(Xl = xlr) p( E Xi~ t. - xir) 

i=2 r=1 i=2 

(5.4.5) vTe ses that 
n n n 

p(XIt + i~2Xi ~ t) - P(XI +i~2Xi ~ t) = ex.~P(i~2Xi ~t - XIj) 

n n 

(5.4.3) 

(5.4.4) 

- ~P(i~2Xi ~ t - xlk) + (1 - Ct)~P(i~2Xi ~ t - xlL) 

= ~c. (5.4.6) 

(5.1~.2) l·Till hold only if f3C is positive. If C is positive, let 

f3 = Pk and thus Pk' = 0 by (5.4.3); if C is negative, let 
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s = m~x(-Pj/a,-prl(l - a» and thus either Pj' 

either case (5~4.2) holds. 

1 
= 0 or PL = O. In, 

.' 
By repeated applications of the above lemma, we can see that our 

problem is reduced to that of detel"mining probability bounds on random 

variables taking on at most t"t-ro values. He must thus determine 

S
sup p(s ~t), 

€. il n n :t/}c' 

't-1here .,10 'is the. set of random variables Sn such that each Xi,i:l, ••• ,n, 

takes on at most t'tvo values. 

Lel7l.ma 5.lf.2 [16J. let the nonnegative l'.V. X take on two values ~ and 

~ vdth probabilities Pl and P2 ,respectively. For a given t such that 

E(X) < t < XZ' there exists an a ~ 0 such that the r.v. X' with values 

Xl' = Xl + a , ~' = t and respective probabili ties Pl' P2 satisfies 

o~~'~Xz' , 

E(X') = E(X). (5.l~.8) 

Proo!': If a. = p (x - t)/p ,then Xl' = X + et, X ' = t·al1d (5.4.8) 
221 l 2 

is satisfiedo Also,~' = (P1X1 + P2Xz - P2t )/Pl =(E(X) - P2t )/P1 

< (t - p t)/p = t = x ' 
" 2 1 2 • 

Relllal'k: The nbove lemme. tells us that. Xi ~ tl) i = 1, ••• ,n, for if the 

largel" of thE: tHO values of X is greatel' than t, the la:r'ger value could 

be replaced by t. 

Lmn.'lW, 5.4.3 [lOOJ. let the rov. ~ Hith mean Pi take on the values ai 

and b. su.:!h th2.t 0 < a. ~]l. < b. ~ t!) i ::: 1, .. e ,n. AJ.zo~ let J. 'J. J. ..... J., 
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If, for some i, .' 

(5.4.9) 

where Sn f:;S" and ai < ~ < bi , then there exists an Sn' c)o such that 

p(Sn' ?; t) > p(~ ~ t). (5.4.10) 

Proof: Let 
b - Al' . 

Y = f(b) = ~ P(Sn ?; t!Xi = ai) + 
b - a. 

~ 

Â1i-~ - __ p(S ~ t!X. = b) 
b - a. n ~ 

~ 

such that f(bi) = p(Sl1 ~ t). If (5.4.9) is true, then there exists a. 

:b> 0 s~ch that p(sn ~ t!Xi = b) i~ constant for be.(bi - f, bi). If 

we differentiate y vTith respect to b, then, for bé.(bi - f, bi ), 

y' = f'(b) = [~ui - ai)!(b - ai)2J{p(Sn ~t!Xi = ai)-P(Sn ?; t!Xi = biiF 

If 

then y' < O. If (5.4.11) is true, then f(b) is a decreasing funct.ion 

and (5.4.10) ho1ds. If (5.4.11) is'false, then let ~ =~i; since 

p(~ ~ t) remains the sarne for Xi :: Jli. 

By the hYp'othesis l'1e lcrlO"t-1 that ai < )1i < bi; thus 

(5.4.11) 

Thus, sinee (5~4.11) is false, (5.4.)2) impl:tes that, p(Sn ~- t!Xi = )li) = 0; 

thel'efore for Xi =}1i' p(Sn = t!Xi = }li' :Xj = b j ) = 0 for a.ll i ri j. Eith0r 

p(Sn ~ t!Xi ~ )Ui' Xj = b) = p(Sn ~ t!Xi = }li,Xj = aj)' (5.4.13) 

fOl' aIl i ~\ j, or (5. l1-.13) j.s false for SOl11E: jo If (5.4.13) is t!'ue~ 
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then iet x. :: p.. for all j: p(S ~ t) remains the saIlle. Also, if 
'. J J n 

n 
i~J!li ~ t, we would have p(Sn ~ t) = l whieh is a trivial bo~dj we 

n .' . 
therefore asmune that i~rui < t. If this is so, P(Sn ~ t) = 0; (5.4.1) 

. . 

. .. 

would not have a satisfactory upper bound if (5.4.13) weré true. If 

(5.4.13) is false, then, as shown above, we ean, by decreasing b j 

inerease p(~ ~ t). Therefore, (5.4.10) is true. 

Rertlark : This lemma tells us to restrict our attention to the Sn 

su(!h that 

Le~na 5~4.4 [100J. If (5.4.1) i5 achieved for Sn' where ~ has ~ 
, n 

as its lower value, i = l, ••• ,n, then for Yi = Xi- a~ and T = i~lYi, 
n 

Tn attains (5.4.1) with t rep1aced by t - .~ ai 
. - ~=l 

n 
by f}.l. - Il.3. • f ~ ~}~=1 

.. n 

and '~l. replaced r ~=l 

Proof: Sinee E(Y ) =}l. - a., the replacements are valid.. Also, 
. ~ ~ 

n 
p(Sn ?!- t) = P(Tn ~ t -i=t ai). 

(5.4.14) 

(5.4.15) 

Lemma 5.4.5 [lOOJ. For ail Sn }5: which ta..l<:e on only ~ne possible value 

in [O,t),p(s.n ~ t) i5 rarodmized only if ~l i5 of the forro 

k 
pey· = 0) = l - p(x. = t - .~)U •• ) 

'''1. ~ J=l J 

!; k 
= l-/v../(t - E)U.), 

~: j=l J 
; 

i = k + 1'.0. ,n, 

Proof: Sincc p(Sn = t/Xi = bi) > 0" for aIl i,- and since Sn takes 011 

only one value in [O,t), 
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\bi - ~ = t - A, for aIl i, C5.4.l7) 
J. 

n 
lo1here A = i~lai. He define the fol10'VTing notation: if PC~ = . .Ali) = 1 

for s~me i, then, ai =}li and bi is defined as in C5.4.l7); .' otherwise 

we let ~ = ° and bi = flï. By the condition of Lemma 5.4.3, 

P(Sn ~ t) = 1 -~Ct - A + ai -)Ui)/(t - A) • (5.4.l8) 

If, for fixed A, we maximize the right ~and side of C5.4.18) subject to 

° ~ ai ~ ui ' i = l, ••• ,n, lie see that the ma.x:i.mum is achieved when at 

most one a. differs from ° or~i and this a. must take on a value some-
1 . 1 

whcre. in [O'JliJ by the ~iven condition above. Thus the maximum i5 at-
, 

tained only if ai = ° or ai = }li. Q.E.D. C5.4.16). 

Le~~a 5.4.6 [lOOJ. If for aIl ~~;6~such that ai = 0, i = l, ••• ,n, 

PCSn ~ t) is maximized by an S * loThich takes on one value in [O,t), and n . 

if this result holds for all t and for alllUï' i = 1, ••• ,n, then 

pC~* .~ t) i5 maximum among aIl Snf,çg • 

Proof: By Lemma 5.4.4, the hypothesis 1ll1d our knol'lledge that when Tn 

takes on only one value in [O,t - A),Sn takes 01'1 only one value in 

[o,t), we can by Lemma 5.4.5 construct a Sn * such that p(Sn * ~ t) is 

a ma:timum fol' aIl SnE.~.· 
Remark: The above lemma tells us that in determining (5.4.1) l'le need 

only to cOl1sidel' those randolil v~iables Xi for lvhich ai = O. 

TheOl'0:ll 5.4.1. Let Xl~X2 be nonl'lega.tive in~epel'ldel1t random variables 

such that E(Xi )== /lli' :1 = 1,2, and IU1 :$-)12 e Then:;for t > 0, 
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l, 

ma:"~ P (Sz ~ t) = ~ / (t -}il)' fol +)lz ~ t ~ t 0" 
~E/.1 

1 - (1 - fUl/t)(l - P2/ t ) , t ~ t 0' 

where to = -i{/Il1 + 2 }l2+ (p.12 + 1)u22)ÎJ. Equality is attained in the 

second case if bl = fol and b2 = t -)Ill; i t is attained in the third 

case if bl = b~ = t. 

Proof: If)l11 + ~ ~ t, the bound i5 obvious1y one and it is attained 

by the rindom variables X. such that p(X. =)U.) = l, i = 1,2. 
~ ~ ~ 

<.5.4.19) 

By the previous 1em.'Tlas 'He rest.rict our attention to random variables 

X. t~~ing on two values a., b. such that ai = 0, i = 1,2. 52 can take 
~ ~ ~ 

ii) bl ~ t > b2 , 

iii) b2 ~ t > bl' 

iV) min(b
l

,b
2

) ~ t. 

By lemma 5.4.3 "iTe can neglect cases ii) and iii). Case i) "lill 

satisfy (5.4.14) only if bl + b2 = ~. 

vie must thus minil1lize bl b2 subject to Pl ~ bl ~ t - P2 CI 5ince 

i.e. the second inequali.ty. 

let us nOH consider case i v) • Since Xi' i = 1,2, has support in 

[09t] the 0111y possiblE.: value::; for b
l 

éil"'lo. b
2 

8.r'0 t and t (Lew.nt~. 50!'}"). 
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i 
By. a calculation one can see that 

iff 
2 2 1 

t < %Vul + ~1\.l2 + Vul + ~ )2]. This completes the proof. 

.' 

Corollary •. 
2 2 2 2 

If Xl = (X - E(X» 15 , ~ = (Y-E(Y» It , s > 0, t = l, 
1>1e ob tain the normally referred to Birnbaum, Raymond and Zuckerman 

inequality. 

He not.; state a result conjectured by Sa."lluels [lOOJ; a proof for 

the case l-1hen n = 3 based on I.emmas 5,,6.1 to 5.6.6 and a theorem to 

support the conjectUl'e is also given by the sarne author. 

Conjecture: If Xl""'Xn are indopendcnt nonnegative random variables 

such that E(Xi) =}li , i = l, ••• ,n, then, . 

where Pl :5 Jl2 ~ ••• ~ Jln and for k = l, ••• ,n-l, 

Po = 1 - n (1 - )l.lt) ; 
i=l ], 
n 

Pk = 1 -. TT [1 - )lil (t -
. J.=k+l 

(5.4-.21) 

The ya1ues PO' 1\ are obtau1ed only if. Sn 1.5 of the forro. (.5.4.16). 

5.5 Inequa.1ities of the Kolmogorov Typ0 

KolmogoroV' type inequalities can be said to occupy a place in the 

ovel:'-.111 frame"rork of Tchebychoff type inequalities. These in0qu~;,li tics 

deal ,·li th the task of obtaining upper probabili ty be:u.nds for pa.:r-t:i.al 

sums~ ~, of indepol1dent r~:mdr;m vru.·iables iV'l?-0se means and variances 

oxist; i.e. upper bound.g for 

p( 
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K~lmogorov origina1ly proved that if X1~"'Xn are independent 

random variables 'Hhose variances exist , then, 
n 2 

p( max I~ - E(Sk)/ ~ €.) ~ E Var XiIE. • 
1~~ i=l 

.' 

(5.5.2) 

If in addition lx 1 ~ k for some constant k, i = 1, ••• ,n, then, 
2 n 2 2 

p( max I~ - E(~)/ ~6) ~ 1 - (E+ k) /[i~lVar(Xi) +(E+ k) -G-J. 
1~~ - (5.5.:3> 

(Proofs ~~r (5.5.2) and (5.5.3) can be found in Tucker [114, page 107J). 

Ha'jek and Rtnyi' [43J have genera1ized (5.5.2) and Birnbaum and Narsha11 

[15J have offered a much more general theorem than the latter. 

Theorem 5.5.1.(Bi~baum and l-Iarshall [15J). Let Xl'.· •• ,~ be random 
1 

".. 
variables such that E/x./ <co, i = 1, ••• ,n, and r > 1. let 

. l. 

a.e. J 

where ~k ~ Os k = 2, .• o. ,ne let ak > 0, '1c = max(ak' ak+l~k+l' 
n 

a. ~ ~ ,.-;.,a 7T ~L)' bl, ••• ,n, b 1 = 0 and-XO = O. Then 
K+2 k+l k+2 ni=k+l . n+ 

n r r r r 
p( max ak/Xkl ~ 1) ~ E (~ - ~+l ~+l )E/xk / 
1~~ k=l . 

(5.5.4) 

n r r r r 
= k~lbk (E/Xkl -'-~k E/xk-ll ). (5.5.5) 

Proof: \·lithout los5 of generality l-re can assume that r = 1 since 

(5.5.4) implies 

Fro;n (5.5.4) a..'rld the definition of conditional expectation 

( /XJ,/dP = E[IA E(/XJ.IIX1,oe~,X~_1)J ~'E[IA ~J./XJ·-l/J )Ak k J. k 

= ~~k/Xj-l/dP. 

(5.5.6) 

(505.7) 
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1 . 
. Continuing this process j - (k + 1) times, we get 

rA IXldP ~ (-f ~i)\ r Ixk!dP. ~Jk ~i-k+l ~Ak (5.5.8) 

Also, by the hypothesis, 

Â(bj - ~j+lbj+l)(itl ~i) = btt ~ ak 

and ~ ~ ~k+l ~+p k = l, ••• ,ne Using these facts l'Te get 

n n 
~lbj[~/Xjl - ~jE/Xj -1 IJ = ~l(bj - ~j+lbj+l)E/Xjl 

by (5.5.8) 

Remark: . By e):hibiting a randorn vectol' whose distl'ibu'tion attains equa-

lit Y in (5.5.5), the authors show that (5.5.5) is sharp. 

The authors also illustl'ate certain semi-ma.rtingale i.nequali tics 

which are consequences of (5.5.5). 

Corollal"'y 1. If Yl' ••• 'Yn a:re random val"iables such that E(Yi ) = 0, 

i = l, ..... tn,and E(Yk/Yl,eeo'Yk_l) = 0 a.e., k = 2, ••• ,11, then, fol' 

k 
ai ::: lié, i ::: l, ... ,n, r = 2$ ~k = land Xk ::: .E Yi' 

. ~=l 
. 2 

P~ln"'-.r lx 1 ..... c) E/xnl 
OU'- "k';::; c: ~ -2 - ; 

(k~ E 

(5.5.10) was proved by both Doob [2G~ page 315J ~!l1d Losve [70, p~.g(~ 386J. 

Corolla.l'Y 20 l.et Xl and X2 b9 r.!tndom variables such that E(Xi )::: 0, 
2 2 

li:(Xi )::: ai~ <CCi, i::: 1, 2, and E(XI X2 ) ::;>Vla2~ If E(X/Xl )::: 1)'1' 
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i 
i.e. '·the regression is linear, then for the nonnegative constants 

Proof: In Theorem 5.5.1 we let n = r = 2. Since 

E(X2/X1 ) = ~ ~ = jJ(J2~/(Jl 

'- )°1=(>°2· 

!JOli' P(mrx ai/Xi/ ~ 1, i = 1,2) = P(~/~/ ~ 1.01" al/Xl' ~ 1); if in 

(5.5.5) loTe let ~ =1 ' b1 = al and ~ = 2z, l-Te get (5.5.11). 

Corollary 3. Let YI' ••• 'Yn be mutua1.1y independent random variables 

each having 0 Mean. If ~ = 1. and Xk ~ YI + ••• + Yk, k = l, ••• ,n, 

then fOl' any non-incl'easing sequence of positive numbers ~, i = ls2, ••• n, 

and for r = 2, loTe obtain a particular case of the Hà'jek-R~~yi inequa.1i ty • 

As stated and proved in Gnedenko' [35J loTe have the follol1ing theol"or.l 

of Ha"jek and Ré'nyi. 

Theorem 5.5.2 .. If Xl' ••• ,Xn are mutually j.ndependent l'andom variables 
2 

such that E(~) = 0 and Var(Xi ) = 0i <~, i = l, ••• ,n, then, for any 

non-incl'easillg sequence of positive constants ais i = 1,2,... and for 

any positi'\Te integers Dl and n such that nl < n, 

p( max ~'sJ ~ E:) ~ ~ a '~lü. ( 
2 m 2 

Il"~~ E. Dl ~- ~ 
(5.5.12) 

lVhero E.. > o. 

Remal'k: If m = l nnd ai :: l for all i '\-le obtllin (5.5.2). 

Until no .... : the il'18quali t.ies 't'Ihich 'tre have dealt 't·li th in this section 

have b~o:'1 of the fOl"m (5 .. 5.1). M9rshall nnd OJJdn [82J give simple 
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i 
inequili ties in terlns of minimum values of partial surns of independent 

random variables. 

Theorem 5.5.3 [82J. If Xl,."'Xn are mutual1y independent rândoDl variables 
2 

sueh that E(Xi) = 0 and Var(Xi) = ai , i= 1, ••• ,n, then, 

P(lIl~n 0\ ~ 1 or ~(-1c) ~ 1) ~ rJ12 , (5.5.13) 

P(~n 0\ ~ 1) ~ rJ1
2

/ (1 + a1
2 ), (5.5.14) 

· .. P(min /~/ ~ 1) ~ rJ1
2

• (5.5.15) 
k . 

Prao!: {"W' SJ.: ~ 1 or "W' (-SJ.:) ~ l]çfw /SJ.:/ ,. iJÇfxll ~ 1] · 
Thus by the univariate Tehebyeheff inequa1ity i·Te obtain (5.5.13) and 

(5.5.15). Similarly, ['1n SJ.: ~ ~ç [xl ~ ~ ; by the one-sidad 

Tehebycheff inequality we get (5.5.14). 

Remark: By exhibi ting three diffel~ent random voetors, eaeh loTi th Dlutually 

independent eomponents, whose distributions attain equality in (5.5.13), 

(5.5.14) and (5.5.15), respectively,. l-farshall and 011dn are able to shm'T 

that the above inequalities are sharp. 

." 
Similar to the one-sided generalizations of the univnriate and mu1ti-

variate Tchebyeheff inequalities~. }L~rshall [79J has proved a one-sidGd 

generalization of Kolmogorov's inequa1ity. 

TheOl'ell'i. 5.5.4 [79J. Let Xl' ... ,~be random variables sueh that E(Xl ) = 0, 

E(Xk/X1,.oe,Xk_1 ) = 0 a.e o , k = 2,ooo,n, and E(Xi
2 )= fJi

2 <CL'i, i = l,oo.,n. 

Thon, for lE > 0, 

P(lmax ~;i € ) ~ snI (E
2 + sn)' (5 .. 5.16) 

~<n 
n 2 

l'There sn = i~l ai· . 

Proof: Let.\: = t Si < E. , i ~ l, .. o,k - l, ~ ~t.], k = 1,uo,n, and 

n 2 2 2 
let f(x) = (€i~l Xi + sn) /(E. + sn) • NOH 9 
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The inequalities which have been dealt v1ith in this section have 

been of the forro P(max(Sl ~ tl ' ~ ~ é2 , ••• ,Sn ~ tn) lihere El = t2= ••• =é n. 

If the (i'; i = l, ••• ,n loTere not aIl equal, i-Tha t would be the re sul ting 

change of form of the inequality? No general inequality is easily obtained 

for aIl n, hot-Tever, Marshall [?9J has offered a bound in the case of n= 2. 

Theorem'S.S.S. If Xl,X2 are random variables su ch that E(Xl) = 0, 

2 
E(X2fXl) = 0 a.e., and Var(~) = ai <00, i = 1,2, then, fore 1 > 0 and 

t.2 > 0, 

2 
where ~ = al + tIti' i = 1,2, and t l = min(€1,E2), ~ =E2 • 

22' 
Proof: Let f(xl':XZ) = clfl (xl) + c2f 2 (xl + :xz), lolhere . . . 

Cl = tl2f~2 - t12(~ + 022)2f(~2 + 022al )2 , c2 = t12~2f(~2 + 022ül)2 , 

2 22' 
fI (x) = (x -1- 01 f t l ) , f 2 (x) = x + al f t l + 02 alftl~ • 

Let us considel' the sets Al = {Xl ~. tl]'~ =[ Xl < tl' Xl + X2 ~ ~] '" 

Since Oz ~ al > 0, we !mOi'l that Cl ~ O. If loTe proceed the same way as :i.l1 

Theol'em S.S04, ive obtain 

·S·A f(x1 9x2)dP ~ P(AI ) , r f(xI,x2)dP~. (A c2f 22 (xI + x2)dP = P(A2)· 
1 )~ j~. 

Dy integl>ation lIe see thn.t the l'ight hand. sido of (S.5.1?) = J~(Xl'~)dP. 

ff(Xp~)dP ~ P(A1 ) -1- P(A2 ) =P(Xl ~ t l 01' Xl -1- X2 ~ t 2 ) 
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. 
Through an example nhich attains equa.lity, 11arshall is able t~ prove 

that the inequality is sharp. 

5.6 Inequalities for Bounded Random Variables 

In this chapter we have not yet revie't'red any l'Tork in which restric-

tions l'Tere imposed on the individual random variables. The restrictioTls 

which we -shall impose on the random variables of this section are 

i) boundedness from above of the absolute moments of the random 

variables, 

ii) boundedness of the random vari-able. 

The impetus for introducing these restrictions has been the work of 

Bernstein [10,11,23J who obtained an inequality for the smn of a finite 

number of independent random variables each of whose absolute 'moments 

are boul1ded from above. 

Theorem 5.6.1. Let X1, ••• ,Xn be mutùally independent random variables 

and let E(Xi ) = 0 , Var(Xi ) = O'i2 , and 
- - 1 2 1'-2 
vri~ ~i \.[ (l'n" i = l, ... ,n, l'?; 2, (5. 6•1) 

n 2 n 2 
l'Thore \l is a constant. Then for Sn =.~ Xi' sn = .Eloi , 

~=1 ~= 

Proor: 

l' l' 
CD c E(Xi ) 

..: .. E --
r=2 _ l': 

(5.6.2) 

(5 0 6.3) 
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\ co !r-2 r li 2) Let us·denote Fi = ~2~c E(Xi) 2 ai l': • 

:E(exp(c~» = 1 + ~2ai2Fi ~ exp(i c2ai2Fi). 

where F = max(Fi ), i = 1, ••• ,no 

where cH < 1. Thus by (5.6.7) 
-1 

F ~ (1 - cH) • 

HOl-Tever, from Theorem 2~1.3 we k.om·T that if h(y) is a nonnegative 

function of a r.v. Y such that h(y) ~ b whenever y ~a, 

pey ~ a) ~ E(h(Y) )/b. 

If h(y) = exp(cy), then for c > 0, 

pey ~ a) ~ E(exp(cY)1 exp(ca). 

If Y = Sn and a = tsn, then 

p(Sn ~ tSn) ~ exp(-}- c2sn
2F - ctsn ). 

We would like to ~~nimize the rieht hand side of (5.6.11) for values 

in c. Uin:i.mizine, 'He get 

c = t/snF; 

p(Sn ~ tSn) ~ oxp(_t
2

/2F) = exp(-t cta) .. 

Cœ11.bining (5.6 0 12) and (5.6.9), 'He obtain 

F = (t/csn) ~ (1 - c\,n-l, 

c >,: t../ (sn .j. uT) and dl >,. tH 1 (Sn + UT). . 

If we put the above value of c in (5.6.13) ue gct 

(5.6.6) 

(5.6.8) 

(5.6.lJ.) 

(5.6.12) 
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\ 2 
~. p(Sn ~ tSn) ~ exp(-t /2(1 + Wt/ sn». (5.6.14) 

p(/Sn/ ~ tSn) ~ 2 exp(-t
2
/2(1 + vTt/sn». 

" 

If 1~e are told that ~ < K, for ail i, then, since i~e know that for' 

each ~ r-2 2 2 r-2 
vri ~ K 0i ~ î 0i rHK/3) , 

we can,by (5.6.1),conclude that W = K/3. 

p(/Sn/ ~ tSn) ~ 2 exp(-t
2
/2(1 + Kt/3sn». (5.6.1.5) 

TI'TO authors', Bennett [6,7J and Hoeffding [.48J , have used variations 

of Bernstein's technique described in equations (5.6.3) to (5.6.11.) to 

obtain impro~velnents over Bernstein' s bound. 
, 

Theorem 5.6.2 [6J. Let us assume that the conditions of Theorem (5 0 6.1) 

prevail and that each Xi is bounded from above by K; i.e. 

(5.6.16) 

• (5 .. 6.17) 

Remark: (5.6.17) ivas also obtained by Hoeffding [48 ,equation (2.9)J. 

Proof: Through the use of (5.6~9) ive can re1'rrite (5.6.11) as 

P(Sn ~ tSn) ~ exp(c2sn
2/(2 - 2cl-1) •. ctsn). (5.6.18) 

Yünimizillg the right hand side of (5.6.18) ~·rith respect 'to c, we obtain 
-} . 

cH = 1 - (1 + 21;lt/ sn) and substitutil'lg this value into (5.6.18), 't·je 

get (5 0 6.16). Again l'le can m~ke the subst.itution vJ = K/} to get. a nevl 

inequality. For givcn values of VTt/ sn , (5.6.16) will ali-rays offe:c lm,rer 

bou.l1ds than (5.6.lh). 
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= E /(cK)r-2/t r:~= 2(e~K - 1 - cK)/(cK)2. 
1'=2\ . . 

cK 2 
Thus F ~ 2(e - 1 - cK)/ (cK) ,a.l'ld (5.6.11) becomes .' 

P(Sn~ tSn) ~ exp ITSn/K)2(eCIC 
- 1 - cK) - ctsJ • 

l<Iinimizing the right ha..."'1d side of (5.6.19) with respect to c, 't'le get 

(5.6.19) 

cK = ln (1 + Kt/sn),and substituting this value into (5.6.19) will give 

Bennett [7 J has also uti1ized this approach to obtain a bound for 

the sum of independent syrometric bounded random variables. 

Bernstein' s tec}1l1ique lTill nmor be used to establish the following 
, 

blo theorems of Hoeffding [lIBJ. The Bernstein technique :l5 presented 

in the folloHing .... Iay similar to the app1"oach used in the proof of 

Theorem (5.6.1). Let C > 0, then 
. . 

p(x - E(X)~ t) = p(S - E(S ) >.nt) < E exp(c(S - E(S ») .. n n,..... n n 
n 

cnt ïT' (" ) = e- J E e)."O(c(X. - EeX.») • i=l ~ l. l. 

/e
cnt 

(5.6.20) 

Theorem 5.6.3 [lI8J. If Xb ••• ~Xn are independent randoTll variables such 

tha:t. 0 ~ Xi ~ l, i = 1, ••• ,n~ and E(Sn)= }~, then for 0 ~ t < 1 - /U, 

p(i[ - }l :;, t) ::: ( (pl (p. + tfHt «1 ~ p) / (1 _ p.' _ t) )l-)1-~n 

't-lhere}l :: HI n, 

~ exp( ... nt2g(,u» 

2 
~ exp(-2nt ) , 

S(l/(l - su»ln«l -~)/p), 0 < F < t, 
g().l) = L 1/2)1(1 - }1), t ~ )l < 1. 

Remark: If vTe Hel'e to say a ~ l:t E. b, i :: 151 ••• ,n, He lvould have to 

(5.6.21) 

(5.6.22) 

(5.6.23) 

(5.6.24) 

rep1ace)l and t by (~. - a) / Cb - a) and t/ (b ~ a), respectively, in tho 

:i.neq1..~ali ties. [ll-8J 0 
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\ 
Proof: He begin by proving the fo11owing 1emma. 

Lemma 5.6.1. If X is a r.v. such that a ~ X~ b, then for any real c, 
ca cb 

E(exp(cX» ~ (b - E(X)~ + (ECX) - a)e 
b-a b-a • (5.6.25) 

Proo!: Let us join the points (a,eÀ~(ca» and (b,exp(cb». The line joining 

these t;t~o points lies above exp(cx) sinee exp(cx) is convexe 
'ca cb 

exp(cx) < .(b - x)e , + (x - a)e 
" b-a b-a 

, a ~ x ~ b. 

Taking expectatiolls vTe get (5.6 0 25). 

\'le retUl"ll to the proof of the theorem. For c > 0, (5.6.20) tells us 
", 

that n 
'p("X -)l ;;: t) ~ ex:p(-cnt - cnp)RIE(exp(cXi ». (5.6.26) 

If E(X.) = IJ.., i = 1, ••• ,n, then for a = 0, b = l, lemma 5.6.1 tells us 
~ ~ 

wo can combine (5 .. 6.26) and (5.6 0 27) to give 

p(i - )J. ~ t) ~ [e),,"P( -ct - ,~u)(l - )l +)1 exp ( c'~ n • 

Ninimizing (5.6.28) 't'iith respect to c W'e get 

c = 1n[ (1 -)tJ.) (~ + t)! (1 - }l - t)).1J , 

a,nd substituting this ïtalue in'/:.o ,(5 0 6.28) 'He get (.5.6.21). 

Let the right hand side of (5.6 .. 21) be of the form 

exp (_nt2G( t ,)1) ), 

(5.6.27) 

(5.6.28) 

2 ' 
where t G(t,p) ~": (p + t)J.n[(? + t)/Jl] + (1 -)1 _·-t)ln[(l -)1 - t)/(l ~. )l)J. 

UOH t
2 2._ G (t,y.) = f( tl (1 - )1») - f( tl (}l + t», (5.6 0 29) 
at . 



.. ' 

li5 

. where~r(b) = (1 - 2/b)ln(1 - b). For Ibl < 1 we can expand f(b); 

f(bl ~ 2 + (t- }y +(~- ~b3 + (~- ~b4 + '" 

Thus, for 0 < b < l, f' (b) > 0 and by calcu1us we knoH that f(b) is an 

increasing function of b. By (5.6.29) dG(t,.u) > 0 iff t/(l -)1) > t/Cp + t), 
a~ 

i.e. t > 1 - ~u. If 1 - 2)l > 0, then G(t,,u) assumes a minimum value 

at t = 1 - 2Ft i.e. min G(t,~) = g(~) as defined in the upper value in 

(5.6.24); if 1 - 2p < 0, then G(t,p) is minimized at t = 0 and 

min G(t,~) = 1/[2)1(1 - )1)J = gCp) as defj.ned in the lOv1er value in 

(5.6.24). Q.E.D. (5.6.22). (5.6.23) fo110l-TS ,immediately since 'gÇu) ~ g( 'Î) = 2. 

~oeffding has extended the above result to'the case when the Xi are not 

bounded by the srone constants. 

Theorem 5.6.4 [48J. Let Xl, ••• ,Xn be independent random variables such 

l-There }1 = E(X). 

Proof: Let}l-l = E( Xi) • By Lennna. 5.,6.1 lie get 

[ J "'C)1' '~(b. - )1') cai (!u. - a~ Cb~~ E(exp(c Xi ?Ui » < e ~ ~ ~ e + ~' ~ e 
........ bi - 3.:i. bi - a' 

lfhere L(~) = -~Pi + ln(l - Pi + Piehi), ~ = c(bi - a) , and 

p. ~ Çu~ - a.)/(b. - a.). 
1 ~ 1 1 1 

Diffcrentiating briee .. re obtain 

[ -hi J L'(hi ) = - Pi + Pil ( 1 - Pi) e + Pi , 

p.' (1 - p,.) e-~ 
Let (hi) = _ 1 _.:1. _. 

[(1 - Pi)e-~ + PiJ2 

(5.6 c 32) i8 of the fOY'm q(l - q) l'lhere 0 < q < land 

(5.6.30) 

L(~) 
= e , 

(5.6.31) 

(5.6.32) 
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Taylol' expansion l'Te get 

L(~) ~ L(O) + Lt(O)~ + ~2/S = c2
(bi - ai)2/S• 

By (5.6.20) l'Te can write 

_. -cnt n r.r J 
p(X ~)l ~ t)~ E;l • l!lJ:t.exp(c(Xi - )li» • 

Combining (5.6.33), (5.6.31) and (5.6.34) He get 

- n' 

.' 

(5.6.34) 

- - 1 2 2 
P(X -}l ~ t) ~ exp(-cnt + '8 c i;l (bi - a.l). ). (5.6.35) 

}finimizi~g (5.6.35) with respect to,c, we get c = 4nt/[i~1(bi - ai)2J • 

Substituting this value of cinto (5.6.35), 'He obtain (5.6.30). 

Corollary. If Yl, ••• ,Ym, Zl' ••• '~ are independen~ rand~m variables 

defined on [a,bJ, thon for t > 0, 

- - [- - l xi 2,·· -1 -1 2J pey - Z - E(Y) - E(Z) J,~ t) ~ e - 2t ,(m + n )(b - a) • 
~. . , . (5.6.36) 

Though Bennett [6J and Hoeffding [48J have bee~ able to construct 

distributions "l'lm ch· attain equality in the:i.r respebtlve theorems, KingIDan 
, 

[65J point.s out that the inequa1ities are in gener~l not t.he best si~ce 

the indopendence of the random variables has not bren fully exploited; 

the il1equalities, ho.·rever, are the shal'pest that c~ be obtained using 

the Bernstein appl'oach. 

5.7 othel' Inequali ties 

In this section we shall brief1y mention some inequa.lities for surns 
; , 

of Nlndom val'iables ,'1ithout offering a.ny pr~ofs. Sindlar to the ideas 
. , 

in section 5c>I~, Birllb~.llm. [14] consïders a ,.'eductio~ of the problemo He 

introduc0s the concept of compal>ab1e peakedness a.s' fol1m-Ts. If Xl and 

and X2 Hl'O random variablos and ~.l and az ara any bl0 l'eal constants, 

.. 
~ 
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then "Xl is more peaked about al than ~ about ~ li if, for t > 0, 

.' 

Let ~, ••• ,Xn be a random sample from a continuous symmetrical 

unimodal (mode at zero) distribution satisfying pC/xil > a) = 0, 

i = 1, •.• ,n. Using the concept of comparable peakedness, Birnbaum 

shows th~t, for a random sample Zl,o •• ,Zn from a uniform distribution 

on [-l,lJ, xl a is more peaked about zero· than Z. The problem of find

ing probability bounds for X is reduced to that of finding probability 

bounds for a sum of uniformly distributed random variables. 
, 

Authors such as Hoeffding [47J and Samuels [99J have offered ine-

qualities for the number of sucesses occuring in n independent trials. 

Romanovski [97J has offered an upper bound for the sum of the deviations 

between the observed and expected frequencies in n independent trials. 

In this chapter we have onntted discussion of the class of martin

gale and semi-martingale inequalities; some results in this field can 

be fou."I1d in Doob [26J. Some recent .col1tributcl'S to this field have 

been BlackvTcll [17J and Dubins and Savage [27J. 'fhey concerned them-

selves 1dth gambling problems, established certain gambling systems for 

a sequence of random variables, and they have found probabili ty bOl.U1ds 

for the SUIn of random variables occuring in some intervals. Dubins 2.nd 

Savage [28J have collected the results il1to a book titled "HOH to Gamblo 

if You Nnst". The title is misleadillg and a subtitle "Inequalities fOl" 

Stochastic Froccsses" is given to the book o .· 

Though the field dcaling uith inequalitie.s for stochastic proc0sses 

can fall under the heading of Tchebycheff type inequalities, He believe 
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i 
i t is· .'Hell enough established so as to occupy a place of i ts own; 

we have thus n'ot deal t wl th the aboye type of inequali ty. 
.' 

.. , 

'-
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CHAPTER SIX: APPLICATION AND CONCLUSION 

" Tchebycheff' s inequali ty is a useful tool in pl'obabili ty' the ory • 

It can be used to establish the l-reak 1aw of lal'ge nurnbel's and Bel'noulli' s 

theol'em; it is often used as a backgl'ound fol' establishing convel'gence 

theol'ems [4,35J. Hany of the inequalities established in chaptel's two, 

thl'ee and five can be applied in pl'actical situations and in industl'ial 
-

situations such as quality contl'ol [125J and po1ymel' l'esearch [41~,45J; 

they can also be used in establishing various tests of hypothesis [109J. 
The inequali ties in chapter tHO can almost alv1ays be" applied and 

1 

those of chaptel' thl'ee can be applied if one verifies that the 1'.V. 

obeys the l'estl'iction ilnposed upon it. In chapter five most of the 

"inequaJ.it.ies can be applied 'Hithout too much difficulty whel'eas the 

l'esults of chaptel' foUl' may be quite difficult to apply ingenel'al 

sinee some probability bounds depend on the solution of a matl'ix 

equation i"rmch has no gener·al solution. 

He no\o1 offer an example to iJJ.ustl'ate one applieationof a Tchoby-

cheff type im:quali ty to a medical pl'oblem.Type A bacterial meningi tis 

and type B bactel'ial meningi tis al'e tHO diseases nM.eh have adverse 

effects on children. Both diseases can be tl'eated by diffel'ent ùrugs, 

hm·revel', the treatment must stal't inunediately so as to pl'event any 

pel'mnnent bî'ain damage. 1-1hon a child suffering fl'om eithel' of the 

dise:-iSE:S is bl'ought to a hospitaJ., it. is quite uncommon for the doctor 

to be able to males an inr;r.ediatc dié'.gnosis; ~he ilnmediate diagnosis of 

the exact t~po oi' men:i.l1g:i:t.is i5 oft.on not possible vTith the available 

clilüeal nlethods 6 Idoally the patient could be tl'eatod ivith an oxcess 
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however, can have negative effects on the patient. Therefol'e an 

"educated guess" is often used by the doctors "V1hen instituting initia,l 

emergenpy thcl'apy. .' 

A survey of both types of disease has shOlm that, when plotted 

against age, the occul'ence o~ both diseases is unimodalJy distributed. 

Type A disease has a mean value of fi ve years ten months and a mode of 

three yeal's one month ivhile type B disease has a mean value of eight 
0-

years seven months and a mode of four years three months. The medical 

directol' of a hospi tal ioTould like to set up cel'tain confidence inter-

vals which would en able his doctol's to make an educated guess as to· 
, 

which disease the child is suffering from. 

We illustrate the technique of making an educated guess through 

the use of Theorem 3.6.1. Let us count the childr:en's ages in mont.hs. 

Let X and Y Y'epresent the distributions of type A and type .B meningit.is, 

respective1y. He shall consider the age group greater or equal to 

sixt y months o Applying Theorem 3.6.1 to the r.v. X, "Te obtain 

p(X ~ 60) ~ 0.65. 

Similarly, if i~e apply Theorem 3.60 1 to the r.voY, He obtain 

pey ~ 60) ~ 0.91. 

If 1-1e 110H consider t.he age gl'oUp gl'cater or equll.l to seventy-tvlO 

months , Theorem 3.6.1 tells us that 

p(X ~ 72) (- 0.50, pey ;:;: 72) ~ 0.81. 

Combining the above i1e see that 

By repeatûd applications of Thnorcm 3.6.J.. the doctol' cCi'J.ld establish 

uppel' probab:i.lity bounds for varions age intel'va1s. These pl'obnbility 

bOUllcls i,;01.J.1d cl1~bJ..c to lllrLk8 lm "educat(~d V-lOSs/i as to the type of bacte:rial 
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. t t. , men~ng=l.- loS. In times of uncertainty when docto:rs are forced to make 

"educated guesses", decisions, based on probabili ty bounds deri ved 

from Tchebycheff type inequalities, would prove 'to be very hê1pfu1. 

He have attempted in this thesis to give resu1ts l-rhich are of 

value to the practising statistician 't-1ithout neglecting the basic 

theory 't-lhich led to these results. 'He have traced the development 

of a genera1 theorem and l'le have shown hOlV' certain inequali ties 

can be established from this general theerem. We have alse given 

other inequalities not obtainable by the general theorem' and we 

have illustrated the val'ious approaches vrhich have lad to the estab-

lisrunent of these sharp Tchebycheff type inaqualities. 

" 1 

1 
1 

1 
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