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Abstract

This thesis considers homography estimation in a Bayesian filtering framework using rate-gyro
and camera measurements. Homography estimation is a fundamental problem in computer
vision. A homography describes the transformation between two images of a planar scene, and
is typically estimated using a set of corresponding points in the two images. Environments
with planar features are common in many robotics applications, and homography estimation

enables the navigation of robots in these environments.

The use of rate-gyro measurements facilitates a more reliable estimate of homography in
the presence of occlusions, while a Bayesian filtering approach generates both a homography
estimate along with an uncertainty. Uncertainty information opens the door to adaptive
filtering approaches, post-processing procedures, and safety protocols. In particular, herein
an iterative extended Kalman filter, a sigma-point Kalman Filter and an interacting multiple
model (IMM) filter are tested using both simulated and experimental datasets. The IMM
is shown to have good consistency properties and better performance when compared to
the state-of-the-art homography estimator in simulation, while the IMM has comparable

performance when evaluated on experimental data.
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Résumé

Cette thése porte sur I'estimation de I’homographie dans un cadre de filtrage bayésien en
utilisant des mesures de gyroscope et de caméra. L’estimation de I’homographie est un
probléme fondamental en vision par ordinateur. Une homographie décrit la transformation
entre deux images d’une scéne plane et est généralement estimée a I'aide d’un ensemble de
points correspondants dans les deux images. Les environnements avec des caractéristiques
planes sont courants dans de nombreuses applications de robotique, et I'estimation de

I’homographie permet la navigation des robots dans ces environnements.

L’utilisation des mesures de gyroscope facilite une estimation plus fiable de 'homographie
en présence d’occlusions, tandis qu’une approche de filtrage bayésien génére a la fois une
estimation d’homographie et une incertitude. Les informations sur 'incertitude ouvrent la
voie a des approches de filtrage adaptatif, des procédures de post-traitement et des protocoles
de sécurité. En particulier, dans cette thése, un filtre de Kalman étendu itératif, un filtre de
Kalman a points sigma et un modéle multiple interactif (IMM) sont testés a I’aide de jeux de
données simulés et expérimentaux. L'IMM présente de bonnes propriétés de cohérence et de
meilleures performances par rapport a I'estimateur d’homographie de pointe en simulation,
tandis que 'IMM a des performances comparables lorsqu’il est évalué sur des données

expérimentales.

xiil



Contributions

The contributions of this thesis that are original to the author’s knowledge are as follows.
e Chapter 4

— Employing a Bayesian filtering approach to homography estimation using camera

and rate-gyro measurements.

All texts, plots, figures and results in this thesis are original to the author’s knowledge unless

explicitly stated otherwise.

Xiv



Chapter 1

Introduction

Autonomous robots, such as unmanned aerial vehicles (UAVs) and autonomous ground vehicles
(AGVs), present engineers with challenging navigation, guidance, and control problems. The
navigation problem consists of estimating the state of the robot given the sensor readings.
The guidance problem consists of determining a trajectory to follow given the knowledge
about the robot’s state and its environment. The control problem consists of activating the
robot’s actuators to follow the plan as close as possible. Robust and reliable solutions to these
navigation, guidance, and control problems are needed for safe and trustworthy operation of

autonomous robots.

The focus of this thesis is navigation. In many robotics applications, the sensors available are
low quality due to cost limitations, requiring robust navigation algorithms that can extract
information from these low quality sensors. The state of the robot encodes how the robot
evolves in a given physical space. The position and the orientation of the robot are the most

common ways to represent the state, but the state can also be represented with a homography.

A homography is a mapping that relates two views of the same planar scene. It is exploited
in robotics applications when the structure of the environment is sufficiently planar, such as
indoor hallways, man made experimental settings, and aerial coverage. Robotics applications
that have successfully used homography include visual-servoing [1], image stabilization [2],
ego-motion [3, 4], and monocular SLAM initialization [5]. Homographies can better explain
the structure of planar scenes and low parallax compared to using the epipolar constraint [6],

which is commonly employed for unstructured scenes.

Homography is usually estimated using feature correspondences between a pair of images,
such as points, lines, conics or a combination thereof |7, 8]. Direct methods [9] and learning-
based approaches [10, 11] are alternative means to estimate homography. All of these

methods consider camera measurements independently and ignore any temporal correlations,



thus making them susceptible to failures in the presence of occlusions or lack of feature

correspondences.

In [12], temporal information is exploited to estimate homography by designing a nonlinear
deterministic observer. Angular velocity measurements are used to provide a more robust
estimate of the homography, but at the cost of assuming the camera’s velocity is constant
parallel to the plane or exponentially converging towards to the plane. Homography is
parameterized as an element of the special linear group SL(3) and Lie group properties
are exploited in the observer structure to prove local asymptotic stability under various

assumptions.

Nonlinear deterministic observers aim to show a priori stability properties, and they do not
take into account stochastic processes, such as noise in sensor measurements, which is present
in all real systems. This thesis leverages the tools of Bayesian filtering that takes into account
noise statistics to produce an accurate and consistent estimate, with a covariance describing
the error distribution. A Bayesian filtering approach opens the door for procedures such
as smoothing [13, Ch. 8], loop-closure detection [14], adaptive approaches [15, Ch. 11|, or
simply monitor the filter’s quality [15, Sec. 5.4].

1.1 Objectives

This thesis presents a Bayesian filtering approach to homography estimation using rate-gyro
and camera measurements. The same assumption on the camera’s inertial-frame velocity from
[12] is made to enable the use of a simple process model. Because this assumption is violated
from time to time in practice, focus is placed on a specific type of Bayes filter, the interacting
multiple model (IMM) filter. The IMM filter adapts the noise level of the process model
when the velocity assumption of the process model is violated. This approach is similar to
the IMM application found in [16]. The IMM used here is composed of two iterated extended
Kalman filters (EKFs). This thesis clearly demonstrates improved performance, along with
consistency, in simulation, as well as comparable performance in experiments, of the IMM
relative to a nonlinear deterministic observer. As such, the contribution of this thesis is the

combination of
(1) a Bayesian filtering framework,
(2) utilizing the camera velocity assumption of [12] thus providing a simple process model,

(3) considering the IMM structure to account for violations of the camera velocity assump-

tion, and



(4) simulating and experimentally testing the proposed IMM filter.

Deterministic and Bayesian approaches to homography estimation are not mutually exclusive
nor competitors. The choice to use one or the other, or perhaps both in “primary" and
“back-up" roles, or even in synergy, will be application dependent. In situations where a
computationally simple observer is needed, but covariance information is not needed, a
deterministic observer is a natural choice. On the other hand, in situations where covariance
information is needed, and computational resources not so limited, a Bayesian filter is
appropriate. As such, this thesis does not advocate for the displacement of [2, 4, 12| and
similar work. Rather, this thesis build on [12] by providing a means to use both a rate-gyro
and camera to generate a homography estimate along with a covariance in a way that accounts

for the limitations of the assumed process model of [12].

1.2 Organization

This thesis is structured as follows. First, preliminaries related to homography and matrix
Lie groups are presented in Chap. 2. Then, Bayesian filtering is presented in Chap. 3. The
nuances of estimating homography within a Bayesian framework are presented in Chap. 4.
Furthermore, simulated and experimental data are used to validate the proposed algorithm
and compare its performance relative to a state-of-the-art nonlinear deterministic observer are
presented in Chap. 5. Conclusions and future work directions are presented in Chap. 6. The
appendix of this thesis contains a more in-depth explanation of the aforementioned nonlinear

deterministic observer.



Chapter 2

Preliminaries

2.1 Overview

Before introducing the problem of homography estimation, certain topics must be reviewed.
In particular, the concepts of matrix Lie groups and homography will be reviewed in this

chapter.

2.2 Homography

As shown in Figure 2.1, a homography mapping relates features on a plane from two distinct

views. A point p,; lying on a plane has coordinates resolved in the camera frame F, given by

, T
P, = [x Y z] . The normalized image coordinates are

x/z
P.= |y/2| = <Pl (2.1)
1
It is possible to obtain the projection of p’ on the image plane q’ by using the intrinsic

parameter matrix K, written as

0
fv Cv pjl’ (22)
0

where f, and f, are the horizontal and vertical focal lengths and ¢, and ¢, are the optical
center coordinates in pixels. As the camera’s pose changes by T, € SE(3) [17, Sec. 8.1], it

is possible to relate a new observation q; of p; to q’, by a homography matriz H,, [12], To



derive the homography matrix, the plane constraint resolved in F, is utilized,
n, p, +d, =0, (2.3)

where n, is the normalized plane direction resolved in F,, d, is the orthogonal distance from
the origin of F, to the plane and p! is the direction from the origin of F, to p,. Now, the

pixel coordinates of p, seen from the origin of F, are given by

1 %
=4, = —Kp,, (2.4)

a

— e

where z, is the depth of point p,. Substitution of (2.4) into (2.3) and solving for z, yields
d
=——9 2.5
T ThIK 'q; (25)
which means that if the plane parameters are known, depth can be inferred from a single
camera image. Next consider the following question: if the camera’s pose changes by T,
how will p, look from the origin of F,? First, the direction to the point from the origin of F,

resolved in F, is determined considering the previous information,

p, =T, P, (2.6)
= Copl, — Cory’, (2.7)

where C,, € SO(3) is the direction cosine matrix that encodes the orientation of F, relative

to JF, r’® is the position of the origin of F, relative to the origin of F, resolved in F,, and

C rba CT _CT rba
w=| 2 | eSEB), T, =| able | e SE(3) (2.8)
0 0" 1
is the robot pose. In pixel coordinates,
7Kgy = 2,CK g, — Cryt, (2.9)
q, = ﬁKCaTbK_l(lfz - iKCaTera> (2.10)
b “a®p
Using (2.5) in 1/z, in the second term of (2.10) results in
) ) TK—l 7
q, = ﬁKCaTbK_l‘lZ + ﬁKCaTera—na % (2.11)
p b d,
ot T L o T et
=—<KC, (1+—rn, | K 'q, (2.12)
Zp da
= KHbaK_quza (213)



Figure 2.1: A change of perspective from a camera tracking a point on a plane can be
described by homography transformation.

where

1
H,, = -], (1 + d—rgang) , (2.14)
Zb

a
is the homography matrix. As can be observed, by knowing the pose transformation and the

plane parameters, the projection of a point onto the image plane in a new position can be
predicted. Also, since ¢} has homogeneous coordinates, it is common to drop the z,/z, scale
factor and change it by a scalar v = z,/z, since the true pixel coordinates can be readily

recovered by dividing all terms by the bottom entry of the vector.

The homography inverse can be obtained following a similar procedure. It can be verified
that
b

1
H,'=H, = —Cy (1 + d—rgban) : (2.15)
b

a

2.3 Homography Estimation from Point Correspondences

Given a set of pixel points and a set of corresponding points in two different images, obtained

by a camera observing a plane, how is the homography H,, between the two images obtained?

First, as seen in Sec. 2.2, the homography has 8 degrees of freedom, since it is defined only up
to the scalar 7. Since each point correspondence ', > ¢ in pixel coordinates produces two
constraints, coming from the x and y coordinates in the image, a minimum of 4 noncolinear

points are required to define and compute a homography.



The most basic algorithm to compute a homography from 4 points is the Direct Linear

Transform (DLT) algorithm [6]. First, the relation between a pair of points is

Uy, Ug
clv,| =Hy |0, (2.16)
1 1
where in this case
hy hy Ty
H,, =KH, K ' = |h, h; hg (2.17)
he hg hg

is the image homography, and c is a scale factor. Equation (2.16) can be rewritten as

u, hiu, + hov, + hy
clu| = |hyu, +hsv, + hg| - (2.18)

Given that ¢ is unknown and unobservable, it is set equal to 1, and the system of equations

in (2.18) can be rewritten as

0 0 0 wu, v, 1 —vu

a a —Upv

a a

h =0, (2.19)
u, v, 1 0 0 0 —wu, —uwo

-

A;

a

where h is the vectorization of all the elements of H;,,. Given7 = 1,...,n point correspondences

of the form (2.19) results in a larger system of equations,

h =0, (2.20)

which means solving for homography involves finding the null-space of A. If 4 noncolinear
point correspondences are used, A € R¥® which means A has a column rank of 8, and the
null-space is 1-dimensional. To find the null-space of A, the singular value decomposition
(SVD) of A is computed, A = UXVT, and the solution corresponds to the last column of V.
If more than 4 point correspondences are used and the points are exact, then A will still have

a column rank of 8, since the extra points are redundant. A more realistic scenario is when



the points are noisy. In the noisy case, the problem can be set up as a least squares problem,
h* = argmin |Ah]],, (2.21)

h
such that ||h||, =1, (2.22)

where the constraint is applied to avoid the trivial solution of h* = 0. To solve this least squares
problem, let A = USVT. Then, [|Ah|, = |[USVTh||, = [|SVTh]||,. Given |[h||, = |[VTh|,, a
change of variable is proposed, y = VTh, which results in

y'=argmin || Xy, (2.23)
y

such that ||y, = 1. (2.24)

Since X is a diagonal matrix with its entries in descending order, the solution must be

=
y = [0 0o --- 1] . It follows that h* equals the last column of V.

2.4 Matrix Lie Groups

Matrix Lie groups are relevant in many robotics applications because they can better
represent states, such as orientation and poses, and measurement models, achieving thus
better performance, consistency and stability [18]. In this thesis, the focus will be on the

special linear group, SL(3), which is intimately related to the homography estimation problem.

2.4.1 Overview

A Lie group G is a smooth manifold whose elements, given a group operation o : G x G — G,
satisfy the group axioms [18|. A Matrix Lie group is a Lie group whose elements are matrices
and the group operation is matrix multiplication [19]. For any G, there exists an associated
Lie algebra g, a vector space identifiable with elements of R™, where m is referred to as the
degrees of freedom of G. The Lie algebra is related to the group through the exponential
and logarithmic maps, denoted exp : g — G and log : G — g. For matrix Lie groups, the
exponential map is the matrix exponential and the logarithmic map is the matrix natural
logarithm. The “vee” and “wedge” operators are denoted (-)¥ : g — R™ and ()" : R™ — g,

and are used to associate group elements with vectors with
X=exp(€), €= log(X)", (2.25)

where X € G, & € R™. The adjoint operator Ad : G x g — g is defined as

(1

Ad(X)E = XEX | (2.26)



where 2 € g. The adjoint matrix Ad(X) can be obtained by (Ad(X)Z)” = Ad(X)&. The Lie
bracket [-, -] : sl(3) x sl(3) — sl(3) is defined as

(11
(11

—
(o p—
d

2

(11

[517 2]: 1 251> (2~27)

and a little adjoint matrix can be defined also as, [, E,]" = ad(&,)€,. The (1) : R* — R™™

operator is also relevant in this thesis and it is defined as €'p = p“€, where p € R".

The most common Lie groups appearing in robotics are SO(n), representing rotations in
n-dimensional space, and SFE(n), representing poses. In this thesis, the focus is in the special
linear group, SL(3).

2.4.2 TUncertainty Representation

In this thesis, x ~ M (p, X) is used to denote a Gaussian random variable x with mean p
and covariance matrix 3. For a random variable X evolving in a Lie group G, a “Gaussian”

distribution can be represented on a vector space by two different ways,

X = exp(&M)X, (2.28)
X = Xexp(£h), (2.29)

where & ~ N (0,3) [20], and the two uncertainty representations are defined as right and
left-invariant respectively, although it can also be said they are left and right perturbations,
respectively. Note that X is not normally distributed. Also, two additional related uncertainty
definitions can be added,

X = exp(—¢M)X, (2.30)
X = Xexp(—£"). (2.31)

These two additional definitions are also right and left-invariant, respectively.

2.4.3 Linearization
An element of a group G can be represented as
X = exp(&"). (2.32)

The matrix exponential can be written as
/\ - 1
exp(€") =) (€ (2.33)
=0

For a small &, terms of second order or higher can be neglected, yielding

X~ 1+ ¢, (2.34)



which will prove very useful in this thesis when linearizing various functions.

2.4.4 Lie Groups Derivatives

Recall that for a multivariate function g : R — R™, the Jacobian matrix is defined as [18§]

agl x .. agl (x)
. Og(x . o
J(x) = ga(x> = : (2.35)
X gm(x) . Igm(x)
or Oxn X
= [j jn:| ’ (2.36)

where each of the columns j, are defined in turn as

. 0g(x)| A .. X+ he)—gx)
ji= | & fim ERACLER) 2:37)

where e; is the i*" vector of the natural basis of R". These columns j; can be compacted as,

o 8(X+h) —g(x)
Ix) = lim h

, (2.38)

where h € R". This definition is only for compactness, since division by the vector h is
undefined, and the computation of the Jacobian is done utilizing (2.37). Using these facts, it

is possible to present the group Jacobian of a matrix Lie group G,

Y (E) _ dlog (exp (£ —gg )exp (—¢& )) 7 (2.39)
£=0

J (&)= 9log (exp (=4 g?{p (& +¢") , (2.40)
£=0

where J(-), J* are the left and right group Jacobians, respectively. When the function
g : G — R™ takes a Lie group element, using a right-invariant uncertainty representation,
the left Jacobian is defined as

o DgX)| 4 Gg(eXp(EA)X)‘
DX |5 ¢ -0
o B(em(EY)X) — g(X)
£—0 ,f ’

A right jacobian can be obtained by using a left-invariant uncertainty representation.

(2.41)

(2.42)

2.4.5 Special Linear Group

There are 6 degrees of freedom associated with rotation and translation, and 3 degrees of

freedom associated with relative distance. However, a homography matrix only has 8 degrees
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of freedom, and not 9, because it is defined only up to the scalar v. One way to parameterize

homography is by the Special Linear Group SL(3),
SL(3)={H € R*?| detH = 1}.
Any non-singular matrix X € R**3 can be projected to SL(3) by

X

As with any Lie group, there is a Lie algebra associated to SL(3),

s[(3) = {E e R¥? | tr(B) = 0}.

A vector can be uniquely associated to an element of sl(3) by (-)"

defined as [21],
G+& —&+8& &
¢ = E+8&% 6 &s
& €s —2¢,

Given this parametrization, the adjoint matrix can be defined as

Ad(H) = A*B(H)A,

11

(2.43)

(2.44)

(2.45)

: R® — s[(3), which is

(2.46)

(2.47)



where

00 0 1 1 000
00 -1 0 0 100
10 0 0 0 00O
00 1 0 0 100
A=100 0 1 —10 0 0 eR”, (2.48)
01 0 0 0 000
00 0 0 0 010
00 0 0 0 001
00 0 -2 0 0 0 0]
(0 0 10 0 00 0 0]
0 0 00 0 1000
0 -0t 0 0000
A* = % 000 %1 0ol € R¥ (2.49)
10 00 -30000
0 2 02 0 0000
0 0 00 0 0100
0 0 00 0 00 1 0]
H,H™ H,H™ H.H"'
BH)= |[H,H " H,,H T H,HT|. (2.50)
|H; H™" Hgp,HT HgHT

The little adjoint matrix associated with SL(3) is defined as well, that being

354 + 55 _(53 - 56) 52 _351 _51 _52 0 0

&+8&% 3-8 —& 3% & =& 0 0
S N

N T BT
MOTl g sk 00 g g %
A
0 0 & 3% & & 346 (Gt &)
|0 0 & 3% &% & -6 (4 —&)]

(2.51)

The projection matrix B that projects w € R? to R®, such that (Bw)" = w(;4) € sl(3), can be

.
derived by noting that w*" = wy —w; wy; 0 0 0 —wy, w; | . Thus, the projection

12



matrix is

(2.52)

S O O O O =

o O O O O = O O

_ o O O O O

2.5 Homography Kinematics

From [12], it is possible to find an expression for the kinematics of H,,. Consider the frame
F, as an inertial frame, which will serve as reference frame and F; as the body frame. The

body kinematics are given by

C,, =C, w", (2.53a)

i = C,, vy, (2.53b)

a

where w?® is the angular velocity of the body w.r.t. the inertial frame resolved in F;, v}

is the linear velocity of the body w.r.t. the inertial frame resolved in F,, and the operator
()% : R® — s0(3) where s0(3) is the Lie algebra of SO(3) C SL(3). It can be verified that

n, = C:lrbn(v (254)
d, = d, +n]r (2.55)

a“a )

therefore, since the plane parameters relative to the reference frame do not change, meaning
n, =0,d, = 0. It can be deduced that

d, = n] i (2.56)
=1, C;,Cp vy (2.57)
=n] v (2.58)
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With these results in mind, it is possible to find an expression for the kinematics of H,, =
vCup (1 + rgbng)

. . 1 T T d .
Hab = ’}/Cab 1 + rgbn;)r + P}/Cab rb nb - rb nb - brb2nb + zHab (259)
d, dy, dy v
1
= ’yCabwb (1 + d—r‘f’nJ)
b
+AC,, (— wga rgb - VZ“)nb +r; nb ‘-"zl)m rgbnb Zg“nb (2.60)
d, dj
+ zHab
7
C <[1 + rgb“b} ba {1 + rgb"”] vi'm, ) +H (2.61)
=7 w - 1t :
’ dy, ’ dy dy Y ’
X Vb“n ’7
—H ba® _ b b 4 19 2.62
ab (wb a + 5 ) (2.62)
= H,U", (2.63)

where U2 € sl(3) and is referred as the group velocity, which has the interpretation of being
an infinitesimal variation of H,,. The fact that tr (E) = 0 for E € sl(3) can be exploited to
determine the value of the undefined scalar % Noting that tr (Ugb) = 0, it follows that

ba. T :
0=tr (wfj“x L 11> (2.64)
db 8
T ¢,ba :
LA Y
=——" 43—, 2.65
dy, v ( )
which means
basa T
U — (wll))ax I F2a> 7 e — _ Yo n, n n, vp* 1, (2.66)
d, 3d,

where 1 is the identity matrix. As can be noticed, T'?* depends on the plane parameters n,
and d,, which are unmeasurable. A simple kinematic model can be derived if s,, = %: is
assumed to be constant [12|. Using v¢* = C/, 1%,

T Lba T 3ba T sbay; 1 T wba
Clitn] + CTin] + CTLiten]  d,CTib*n]

e = — y 2 (2.67)
b
0] CLie + n] CT i + n] CT e 1_ dyn] CT it 1
3d, Of2
_ Chtomy + Chibin] 4 iy Cay il +ny Co il 1. (2.68)
a 34,
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where the terms eliminated are due to the assumption on s,,. Then, substituting C,, using

(2.53a), and n, using (2.53a) and (2.54),

baX (T LbapT T nbanT, baX T, baX T nba T, baX T uba
e — wy Cyr,'m, — Cor'n, wy) n,w," C,r." —nyw) Cry 1
b d 3d
b b
baX bag T bawT, ba>
Wy VI, — Vi, W,

dy,
= [I‘Za, wgax} :

(2.69)

(2.70)

(2.71)

It can be noted that I',, € sl(3). This simplified process model depends only on angular

velocity, which is easily measured by a rate-gyro. However, assuming s, is constant restricts

the trajectory of the camera to have constant velocity parallel to the plane, or to exponentially

converge towards the plane [12]. Without the assumption that s, is constant, the kinematic

model for T'% is

I’\ba — |:I\ll§a, w[l))ax] + I\ZQQ +

15

T bapn, T TOT ba
Cutam, n,C,rg 1
d, 3d,

(2.72)



Chapter 3

Bayesian Filtering

3.1 Overview

Bayesian inference provides the tools to make optimal decisions when uncertainties are
provided. In the context of state estimation in robotics applications, Bayesian filters are used
to find the optimal state from noisy, uncertain measurements. A probabilistic state space

model is needed, composed of two parts [13].
1. Process model: The process model encodes the prior beliefs of how the state evolves
in time. Markov assumption is used, implying that
X ~ P(XglXp_ 1, 1), (3.1)

where u,_, is a process model input that typically provides information about the

movement of the robot, such as accelerometer and rate-gyro readings.

2. Measurement model: The measurement model encodes the distribution of the

measurements given the state,

Yi ~ P(Y[Xg)- (32)
The measurements provide information of the state of the robot with respect to
the environment, such as camera measurements or Global Positioning System (GPS)

measurements.

The purpose of a Bayesian filter is to estimate the posterior distribution of the current state

given the whole history of measurements and inputs,

(X V1> W15 Xo)- (3.3)

Notation-wise, unless stated otherwise, the indefinite integral sign is taken to be from —oo to
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p(Xk|y1:x, U1k-1,X0)

Prediction Correction
R
. p(Xk|Xp—1, up-1) p(ye|xx)
p(Xo) —> T T
U1 Yk
Figure 3.1: General structure of a Bayesian filter.
w?

/ £(x) dx 2 /_ " f(x) dx, (3.4)

[e.9]

with f(x) representing any integrable function. The structure of a Bayesian filter is shown in
Figure 3.1. It consists of a prediction and correction steps. Initializing the state with a prior

guess p(X,), the exact equations for these steps are

1. Prediction step: Before a new measurement y, arrives, the state’s distribution is

predicted using the process model,
(Xl ¥1p—15Wrp-1, %) = /p(Xk|Xk—1auk—1)p(xk—1|3’1:k—1>u1:k—1a’20)ka—1- (3.5)

2. Correction step: When a new measurement y, arrives, the distribution is updated by

. 1 .
p(Xk |Y1:k7 ul:k717 XO) = Ep(Yk |Xk)p<xk ’ylzk‘fl’ ul:kfla XO)? (36)

where ¢ is a normalization constant.

3.2 Gaussian Filter

In the context of filtering, it is difficult to compute the whole distribution p(X.|y;.x, Wy.6_1,X0),

so a Gaussian filter assumes that the state distribution is Gaussian,

P(Xp Y10 W1, Xg) & N <Xk’§(k>13k:> . (3.7)

Therefore, only a mean and covariance are computed, ignoring higher order moments. This
assumption suffices in many applications, but can be limiting in some cases, especially when
the state distribution is multimodal [13].
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To derive the Gaussian filter and its variants, the process model and measurement models can
be posed alternatively as discrete-time nonlinear state space models, instead of a probabilistic
state space model as in (3.1) and (3.2). In particular, the state-space form of the process and

measurement models, respectively, are

X, =f(x,_w_ W), W ~N(0,Q;_y), (3.8)
Yi = (X, Vi), Vg~ N(O’ R,), (3.9)

where w,_, and v, are zero-mean Gaussian noise processes with covariance matrices Q,_,

and R, respectively.

Consider a Gaussian random variable x ~ N (u,X) that is transformed by a nonlinearity

y = g(x). The mean y and covariance S of such transformation are given by
y= / g(x)N (x|p, X) dx, (3.10a)
S = [ (&x) = 9) glx) - 9)" N(xlpe 2) dx (3.100)

Using the Gaussian assumption that p(X,[y1,,_1, Wy,_1,Xo) & N (x,[X,, P,), it follows that
the prediction step of the Gaussian filter is

X, = /f(xklvuklvwkl)/\/ (Xk71|§(k71713k71> N(0,Q;_y) dx;,_; dw,_y, (3.11)

pk = / (f(Xk—lyuk_pwk_l) - )v(k) (f(xk—huk—hwk_l) . ik)T %

) (3.12)
N (kallikfhpk—l) N(0,Q; ) dx,_, dw,_,.

In the correction step, given that the joint probability density function p(x,,y,) of the state

i -~ (BB (e o)

The posterior p(x,|y,) = N (Xk|§(k,f’k> can be obtained in closed form using the Lemma

and measurement is

Pk Ck
C; S

Y
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5(07 PO .

Prediction

f(Xk—l, Ug—1, Wk:—l)

—»

Correction

g(xkh Vk?)

from [13, Lemma A.2|. Therefore, the correction step is,

Ui—1

X, P

!

Yi

Figure 3.2: General structure of a Gaussian filter.

Yi = /g(xk7vk)N (Xk:‘iknpk) N(0,R;) dx, dv,,
S, = [ (e v) =) (elxv) —5,)"

x N (x;|%,,, P,) N'(0,R,) dx, dv,,
C, = / (f(xk—lvuk—lvwk—l) - ik:) (8(xp, vp) — yk)T

x N (x; /%, P,) N'(0,R,) dx, dv,,

X, =X, + K(y, —¥i),

The structure of the filter is shown in Figure 3.2.
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3.3 Extended Kalman Filter

The Extended Kalman Filter (EKF) is a type of Gaussian filter. In this filter, the approach
taken to compute (3.10&) and (3.10b) is linearization [13],

y= [ BN (e, ) dx (3.19)
(g 8(x) 6x> N(5x]0, ) dox (3.20)
(n), (3.21)

- / (2~ ) (glx) )" N(xlu. 2) dx 3:22

7 { dex) dgo| )

~ / ( 82 “(5)()( g “5x) N (5x0, %) dox (3.23)

dg)| . dg)["

= = Nz |, (3.24)

Given these results, the prediction and correction steps can be easily derived. The prediction
step is given by

of(x;,_ w1, W, )

Fo.= g (3.25)
axk*1 Xg—1=Xg—1,Wr—1=0
of
k-1 Xp—1=Xp_1,W_1=0
ik = f(f(k;—h uk—l? O)a (327)
P, =F_P_F ,+L _,Q L. (3.28)
The correction step is given by
0
G, = —g(;i’ %) : (3.29)
k xk:ik,vk:(l
0
M, = —g%‘i’ %) , (3.30)
k XkZXk,VkZO
P, = (1- KG,)P, (3.34)

For a more in-depth discussion, the reader is referred to [13].
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3.4 Iterated Extended Kalman Filter

The iterated EKF inherits the EKF prediction step, but its correction step is formulated
as a nonlinear least squares solved with Gauss-Newton algorithm [22]. The iterated EKF
evaluates multiple times the correction step of a typical extended Kalman filter, but updating

the evaluation points at each time,

9,
G, = 2% , (3.35a)
axk’ Xk:f(k ,Vk:()
M, = §E¥§ELXEZ : (3.35b)
Vk xk:ik,vkzo
K =P,G,(G,P,G + M;R,M;)"}, (3.35¢)
z=y, — 8(X;,0) + Gy(x;, — X), (3.35d)
ox, = Kz, (3.35¢)

and then updating the current estimate X, < X, + 0x,. Equations (3.35) are continuously
iterated, updating the estimate each time, until convergence. The covariance is updated at
last when the estimate has converged, with f’k = (1 — KG,)P,. The estimate is initialized

with X, < X;. It can be noted that the EKF is an iterated EKF with only one iteration.

3.4.1 Extension of Iterated EKF to Matrix Lie Groups

Thus far the Bayes’ filter and its variants have been derived for states evolving in a vector
space X € R". When the state evolves in a matrix Lie group, some changes are needed to
account for the non-Euclidean geometry of the state space [23]. The changes are applied here
to the iterated EKF', which is relevant in this thesis.

As mentioned in Sec. 2.4.2, the uncertainty in a matrix Lie group element is represented
locally. Using a right-invariant perturbation X = exp(—3d€”)X, and a process model of the
form F : G — G, the prediction step is given by

DF(X
Ay = (”B;““w“J A , (3.36)
k—1 Xk 1=Xg—1,Wr—1=0
OF (X
L, = (hgihhwhﬂ , (3.37)
k-1 Xp—1=X_1,Ws_1=0
Xk = F<Xk—17 uk—17 0)7 (338)
P.=A,_ P Al +L,_,Q. L[, (3.39)
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The correction step is given by

N \
o€, = log (Xngl)

J= _Jf(5€k>
G, = Dg(X, Vi) 7
DXk X =Xp,vp=0
0g(X
Mk — g(a k> Vk‘) ) ,
Vk Xk:Xk,VkZO

K = JP.J'G(GJPJT G + MR, M)~
7, = y;, — (X, 0) + G Jde,,
5£k = KZ:

and the state must be updated at each iteration with
X, < exp(—0€;,)X,.
The covariance is updated at last when the estimate has converged, with

P, = (1-KG,)JP.J".

3.5 Sigma-Point Kalman Filter

(3.40)
(3.41)

(3.42)

(3.43)

(3.44)
(3.45)
(3.46)

(3.47)

(3.48)

The sigma-point transform generates a set of sigma-points &° from a prior distribution, then

passes them through a nonlinearity to then approximate the mean and covariance of the

transformed distribution [13|. The way (3.10a) and (3.10b) are solved is
y= [ BN (xlu, ) ax
— [ elu+ VEON(gl0.1)de
~ Zn: w'g(p+ VLY,
=0

s = / (&%) — 3) (&(x) — 9)" N (xlps, B) dx

—/ (el +VEE) ) (el + VEE) —y) N(elo.1) de

3w (el + VEE) - ) (el +VEE) —y)

=0

(3.49)

(3.50)
(3.51)

(3.52)

(3.53)

(3.54)

Three popular sigma-point transformations are: unscented, spherical cubature, and Gauss-

Hermite [13]. The differences between each transformation lie in which type of functions
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they try to better approximate. For example, Gauss-Hermite computes the exact mean and

covariance when the nonlinearity is a polynomial.

For the prediction step, the sigma-points are then calculated by
13]4—1 = diag<Pk—17 Q. )= LLT,

[5xiT 5wiT}T =L¢,

(3.55)

(3.56)

where &' is the i unit sigma-point generated by one of the three available methods, along

with a corresponding weight w'. The sigma-points are propagated as follows,

< - i i
n
S § 1yl
v‘ -\ T
P, = E W' —Xk X}, —Xk,) .

For the correction step, the sigma-points are calculated by
P, = diag(P;,R,) £ LL,
) 1T )
[(5XZT 5VZT} =L¢".

Propagating and obtaining new estimates,

Vo= Wi ¥i=8gX, +0x o),

=1

S, = sz’ (YZ - yk) (YZ - yk)T7
=1
Cp=Y wox (v, -,
=1

3.5.1 Extension of SPKF to Matrix Lie Groups

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

The SPKF can also be extended to matrix Lie groups [24]. A right-invariant perturbation
X = exp(—06€")X, and a process model of the form F : G — G is used as in Sec. 3.4.1. For

the prediction step, once the sigma-points are computed, they are propagated as follows,

X;C = F(exp(—éxi)f(kfl, u, ,0w').
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The mean Xk is computed in an iterated manner, where the first of the propagated states
is set as the initial mean estimate, Xk — X,i,, and the error with the rest of the propagated
states is computed with a weighted mean. The mean is updated until a convergence criteria
is met,

i —1

0§; = Z w' log (ka(;
i=1

The covariance is computed given the converged mean estimate with

v -~ ~

. -1\ V

3¢ = log (Xka 1) , (3.68)

P = wisgioe. (3.69)
=1

For the correction step, once the sigma-points are computed, the updates are done as

follows,

Vo= Dok vi—g (exp(—ox )X, v ) (3.70)
i=1
- i(oi o i < \T

Sy, = Zw (Yk - Yk) (Yk - Yk) ; (3.71)
i=1
- isei(vi < \ T
i=1

z=K(y,—y,), K= Ckslzla (3.73)
X, = exp(—z")X,, (3.74)
P, =P, —KS, K" (3.75)

3.6 Interacting Multiple Model

An IMM manages multiple models of a dynamic system in estimation tasks. The model at
time step k is assumed to be among n possible models 6(k) = {6,}_,. The model switching

is assumed a Markov chain with known transition probabilities
Py £ P (0(k) = 0,]0(k — 1) = 0;) . (3.76)

In robotics applications, the IMM is used to mix the estimates of multiple filters each with

their own process model of the system, where the i*" process model f,(-) is written

Xi: = fi("i-p“k—l)- (3.77)
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To avoid the exponential complexity of accounting for all possible n* combination of models
at time step k, the IMM runs n process models in parallel at all times, each with a weight
wi 2 P(0(k) = 6,|y,..). When a new measurement y, arrives, the IMM executes the following

three steps.

1. Interaction. Mixing probabilities are calculated by
ng =P (G(k) - 9j|9(k - 1) = 91‘) P (9(k - 1) - ‘91")’1:1@—1) (3-78)
1 .

where ¢ is a normalization constant. The mixing probabilities represent how likely a
switch is to happen given the history of measurements or current knowledge of the
trajectory. Every model 7 computes mixing probabilities with the rest of the models

including itself.

2. Mizing. Since it is assumed the states are Gaussian distributed, a Gaussian mixture

is carried out to update the state and covariance of each filter considering the mixing

probabilities,
Xy > X, (3.80)
J
P, ZM?A (Pi—1 + (’V‘i—1 - Xﬁc—l)(ii—l - ’V‘Z—l)T) : (3.81)
J

3. Weights update. Once each filter has a mixed state estimate, the correction step is
performed within each filter. The likelihood that each filter ¢+ generated the measurement

Yy, is computed to update the filters’ weights,

Ay, = p(¥3lXh—1, 041 (3.82)
i I - j
J

where ¢ is a normalization constant.

Figure 3.3 shows how these previous steps are taken in the case of using two Gaussian filters.
A more in-depth description of the IMM can be found in [15, Sec. 11.6].

3.6.1 Extension of IMM to Matrix Lie Groups

The mixing step is straightforward for states in vector space. To mix distributions in Lie

groups, three steps are carried out [25].
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Filter 1 Filter 1 —>

P(l) - Prediction 5(]1“ P}C Xllcv Pllf Correction ™ —>

Interaction/ A Weights W

Ur—1 Mixing Yk ) Update

P% — Filter 2 — S = Filter 2 Ak > ﬁ

Prediction x;, P Xio» P Correction [ *

f P
Dij Dij

Figure 3.3: General structure of the IMM using two Gaussian filters.

1. Distribution unfolding. For states that evolve in a Lie group GG, random variables are

represented using the tools found in Sec. 2.4.2. For example,
: AN : .
X =oxp (€)X, €~ NO.PL). (3.84)

It can be noticed that the covariance Iv’ifl is defined in the Lie algebra g, and is relevant
only to the tangent space of the mean Xi—r When performing the mixing for filter i, a
reparametrization in vector space or “unfolding" of each estimate’s Xi_l distribution is

needed about the tangent space of Xi_,, as shown in Fig. 3.4b. To this end,

1L, =log (X?;_lXj;_ll)v (3.85)
~ &L () e, (3.86)

€L, = log (VZ—IXjk—l1>v : (3.87)
(3.59)

Pii—l = JT(_ii—1>_1pi—1Jr(_ii—1)_T7 3.88
where éilq and 135;71 are the mean and covariance of (3.86). They define the reparametrized
distribution in vector space of Xi about X} ;. Equation (3.86) is a first-order approxi-
mation of (3.85), with J'(€]" |) being the right group Jacobian of SL(3) about &/’ |,

calculated using a backward finite-difference.

2. Gaussian mizture. Since the reprojected means and covariances &;' | and P’ | describe

a distribution in vector space, as can be seen in Figure 3.4c, (3.81) and (3.80) can be
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applied to produce E,ifl and Iv’}'gfl,
&1 D&l (3.89)
J
Pl D i (P + (8L - & )EL - &.)7). (3.90)
J

3. Distribution folding.To finalize the Gaussian mixture on SL(3), these values are then

projected onto the SL(3) manifold as follows,
Xi—l < exp (_52—1) XZ—la (3.91)
Py < V(&) (€n) (3.92)

3.7 Linearization then Discretization

In this chapter, a process model in discrete time (3.8) is assumed to derive the Bayes’ filter

and all its variants. However, in many cases, the process model is given in continuous time,
x = f(x,u, w), w~N(0,96(t — 1)), (3.93)

where w is a white noise random process and Q is the power spectral density of such signal.
When carrying out a linearization-based prediction step as found in the EKF, to obtain
a discrete-time model, the continuous-time model can be either discretized first and then
linearized, or linearized first about the most recent state estimate X,_;, the input u,_; and
noise w,_; and then discretized. First, the Jacobians of (3.93) are needed to linearize the
process model,

f f f

X,0,W %,0,W

F

which yield a linear continuous-time model,
0x = Féx + Bdu + Low, ow ~ N(0, Qo(t — 7)), (3.95)

which is then discretized. Van Loan’s method [17], [26, Sec.4.7] allows carrying out the

discretization of (3.95) by means of the matrix exponential. First,

F LFLT 0 0
0 —F" 0 0
U= (3.96)
0 0 F B
0 0 00
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is constructed. Then, the matrix exponential is computed using the At time step over which

the discretization is carried out,

M, M, ~ ~x
0 *  x
M = exp(AtD) = * , (3.97)
0 0 ~ M,,
0 0 0 «x
where x denotes irrelevant nonzero entries. The linear discretized model is then
Fd = M11a Bd = M34, Qd - M12M-1r1> (3-98)

The Jacobians needed in the EKF’s prediction step, are then obtained from this linear

discretized model.
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N (0P )
G G
(a) Two distributions evolving in a Lie group (b) The distributions are first unfolded about
G with their means X}g and Xi and their the tangent plane of X}C The distributions
respective covariances. The goal is to mix evolve now in the Lie algebra g.

both distributions.

G G

(c) The Gaussian distributions are mixed in (d) The distribution is folded back into the
vector space. manifold with the exponential map.

Figure 3.4: Gaussian mixture procedure for matrix Lie groups. Figure inspired by [25].
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Chapter 4

Homography Estimation Using the IMM
Filter

4.1 Overview

The states to be estimated are H,, and I ;. An IMM is implemented employing two (iterated)
EKFs. Both EKFs share the same measurement and process model, but have different process
model noise levels, similar to [16]. Although the true noise levels are unknown in this work,
the same principle will be used to manage how confident the filter is in the assumption that
S,, defined in Sec. 2.5, is constant. To implement an EKF, the Jacobians of the process and
measurement models must be obtained. A SPKF is also implemented using the same process

and measurement models.

4.2 Process Model

The process model has access to a rate-gyro measurement u = w?® + w resolved in the
body frame F;. It is assumed that the rate-gyro is unbiased and is only corrupted by white
Gaussian noise w(t) ~ N (0,Q,6(t — 7)). From (2.63) and (2.71), the process model is

Hab = Hab ((u>< - WX) + Fab) ) (41)
Ty = [Topr ™ — W] + wm". (4.2)

ab>

As previously discussed in Sec. 2.5, assuming s, is constant in time comes at the cost of
process model inaccuracies when the assumption is broken. One way to account for modeling
errors is adding a noise term w™(t) ~ N (0, Q,,0(t — 7)) € R®. The power spectral density
(PSD) is modeled as Q,, = 02 1. The size of o2, represents how confident the filter is on the

motion model for I ;.
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The IMM introduced in Sec. 3.6 is a common adaptive method that weights the available
motion hypotheses on a Bayesian framework to produce an estimate. The idea is to have two
similar models, with different values of 02,. Low values accommodate for scenarios where
the assumption that s, is constant is respected, and higher values can deal with scenarios
where the motion violates this assumption. The IMM should provide an estimate with better
consistency properties than using a single filter in cases where the trajectory is more varied,

switching from slow to aggressive maneuvers.

4.2.1 Jacobians of the Process Model
Recalling Sec. 2.4.2, consider the right-invariant error definitions,

6H 2 exp(0¢") = HH (4.3)

oy =T-T, (4.4)
Using (4.3) and (4.4) in (4.1) and (4.2) results in a perturbed process model,
—6H 61 ,0H ' H,, + 6H H,, = 6H'H,, (u* + T, + 0T, — 6w*) , (4.5)
T, + 01y, = [Ty + 6T, w0 — 6W] + 6w™". (4.6)
After algebraic manipulations,
—6H,,0H,, = H,, (6T, — ow*) H,}, (4.7)
0T, = [0T gy u*] — [Ty, oW*] + sW™", (4.8)
where 6T',,0w* ~ 0 has been used. Using 1+ 6¢2" ~ §H® and v =T,
—0&}, (1 —0€),) = Hy, (5Fab - 5WX) H,, (4.9)
550, = (690, w*] — [¥o, W ] + dw™". (4.10)
Assuming 55&55& ~ 0, the linearized process model evolving in the Lie algebra is

0&0, = —Ad (Hy,) 60, + Ad (H,,) 6w, (4.11a)
0Yqy = —ad () 07y, — ad (Vo) W™ + dWy,. (4.11b)

When applying the linear (-)¥ operator on (4.11), dw* has to be addressed. A projection

matrix B can be found such that, sw*" = Béw. As such, the linearized process model is thus

5€ab =—Ad (I:Iab) 5'7(1(, + Ad (I:Iab) B6W7 (412&)
. = —ad (u) 6, — ad (,,) Bow + dw™. (4.12b)
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T T
Setting 0x,, = [(5£abT 57@@ , and dw,, = |:(5WT 5me} , the linearized process model

can be written as

5., 0 —Ad(H,,) 5., + Ad(H,)B 0 Sw.,. (4.13)
0 —ad(u) —ad (v,,)B 1
X Y

At this point, the linearized process model given by (4.13) can be discretized using the matrix
exponential [17, 26], as discussed in Sec. 3.7. The resulting discrete-time Jacobians are then

used in a standard iterated EKF framework.

4.3 Measurement Model

From (2.13), given a point correspondence obtained from camera measurements of a point
feature p; lying on a plane, the pair can be related by a homography transformation H, = H,,

as follows,
¥ = g(H;'pL) + vy, (4.14)
where p’, represents the measurement of p, resolved in F,, in normalized image coordinates,

y, the noisy measurement in pixel coordinates of the same feature resolved in F,, and
v, ~ N (0,R,) € R? models white noise on the pixel measurement. Setting ri = H, 'p} =
v o]

g (r) £ %DKrz, (4.15)
where D = [12X2 OQXJ and K is the previously introduced intrinsic parameter matrix to

model a pinhole camera.

4.3.1 Jacobians of the Measurement Model

The linearized measurement model is,

i 0g(r}) [ ey o} ()
i~ o Zha |, TR ] ot ovi, (4.16)
where
g 1 0o —f%
or} z10 f - U%

To find the Jacobians of rj, a perturbation is again applied to linearize r,

r, + or, = H; '6H,p.. (4.18)
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Using 1 + 0¢R" ~ SHR,

r, + or, ~ H,'p, + H,'6&,p., (4.19)
or, = H'p.”0¢,. (4.20)
Thus, this yields
Dri (Hy,) ori (Ty) —1.,0
|: Dkak i, (gl"kk f‘ij - [Hk 1pa 03><8 : (4'21)

With these derived jacobians, the prediction and correction steps can be determined for an
iterated EKF.

4.4 Robust Loss

Point matching in real applications is subject to outliers even after outlier-removal procedures
like RANSAC. Robust M-estimation is a popular method that downweighs outliers in an
optimization procedure to find the estimate. In a nonlinear least squares formulation,

J(x) = %e(x)Te(x) - %T(X)Z, (4.22)

a robust loss function is added to decrease the influence of outliers,
T(x)=> p(r(x). (4.23)

It can be shown that this redefined optimization problem is equivalent to an Iteratively
Reweighted Least-Squares (IRLS) problem [27],

I =+ 3wl ) %), (4.24)

where X is the current best estimate and w(-) is a weight function associated to the robust
loss function. An iterated EKF’s correction step can be formulated as a weighted nonlinear

least squares problem [22| solved by Gauss—Newton,

e(x)" = (%, —x) B * (v —g(x) R ? (4.25)
J(x,) = %e(xk)Te(xk) (4.26)
= 5 xR (%) 4 O 800) R (v 8(x) (427)
= (07 F (%)% (1.25)
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Figure 4.1: Front view of an Intel Realsense D453i, shown by the red circle, used to obtain
both camera and angular velocity measurements. It is mounted on an T-slot aluminum
profile. The numerous small gray spheres are the markers that the OptiTrack system uses to
track the sensor head and generate ground truth data.

If the robust loss is applied solely on the measurement errors, it is straightforward to modify

the weighting matrix to account for that change,

700 = 5 rior (8 4 (s () (129)
= 5 x0T (% X0 L0 (8) (v~ 806) R (3~ (%)) (4:30)

1 1

= Selx,)" [ e(x). (4.31)

w(rmeas(x))]‘]
The SC/DCS robust loss was picked due to the properties explained in [27]|. Its weight
function is given by

A if r2>c¢

w(r) = { EF°F (4.32)
1 otherwise.

4.5 Experimental Setup

To collect experimental data, an Intel Realsense D435i is used, shown in Figure 4.1. It has

an IMU included, which provides angular velocity measurements at 200 Hz. The left camera
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Figure 4.2: The experimental setup. The Intel Realsense D435i is moved in this space,
observing the pages spread in the floor, employed to generate distinctive features on a plane.
The OptiTrack system tracks the sensor head maneuvering in this space. A close-up of the
tracked plane is shown in the right image.

of the stereo rig is used for camera measurements of 640 x 480 pixels at 30 Hz. Ground truth
data is collected using an OptiTrack optical motion capture system at 120 Hz. The whole

setup is shown in Figure 4.2.

4.5.1 Sensor Calibration

From (4.14), it can be noticed that the intrinsic parameter matrix K from the camera is needed.
Many tools are available to automate obtaining this matrix from camera measurements.
Observations of a checkerboard with known dimensions is a common way to determine the
camera intrinsics. In this thesis, the Kalibr toolbox was used to determine the camera
intrinsics, which has the calibration solution from [28] implemented. The checkerboard shown

in Figure 4.3 was used.

Additionally, from (2.63), it can be observed that the angular velocity measurement needs to
be resolved in the camera’s frame, but this measurement is offered by the IMU and therefore
resolved in the IMU’s frame. To transform the measurement to the camera’s frame, the pose
T,. from the IMU’s frame F;, to the camera’s frame F_, must be known. It can be shown
using (2.53a) that

Cac = Cac C;)rcwll)mxcbc : (433)
X
Again, Kalibr has the tools to perform a Camera-IMU calibration, by implementing the

solution presented in [29]. It requires again camera measurements of a board with known
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Figure 4.3: Checkerboard employed to calibrate the Intel Realsense D435i camera intrinsics
parameters and the pose between the camera and the IMU.

dimensions and features, as well as accelerometer and angular velocity measurements, provided

by the IMU.

4.5.2 Point Correspondences

Homography estimation as proposed in this thesis requires point correspondences from
different camera measurements. To accomplish this task, ORB descriptors are used as

implemented in OpenCV [30]. Descriptor-based feature matching consists of two steps [31].

1. Detection. Keypoints are found in this step, which are usually corners. Corners are
regions in the image with large variation in intensity in all the directions. Many different
methods exist to find corners, but in a descriptor-based approach, a descriptor is assigned
to each detected corner. A descriptor essentially encodes the region surrounding the

extracted keypoint.
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Figure 4.4: Examples of how detected keypoints, denoted with red, in two images with
overlapping features get matched with a descriptor approach. Obtained from [33].

2. Matching. Once keypoints with their descriptors are computed for two images, the
matching procedure consists in comparing the descriptors with a brute force approach
to distinguish which keypoints are present in both images. Those descriptors that are

similar by a norm sense, are considered to belong to the same feature.

After the matches are obtained, the distance ratio test from from [32, Sec. 7.1], is applied
to remove spurious matches. In this thesis, the homography is estimated w.r.t. a reference
frame, so that means all the features are matched against those from a reference image. No
outlier rejection methods are used besides robust M-estimation, used in all filters. No other

procedures are done for point correspondences.
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Chapter 5

Results and Discussion

5.1 Overview

In this chapter, the proposed IMM filter is tested in simulation and on experimental data.
The performance is compared relative to the observer of [2| and two versions of the iterated
EKF. An implementation of the sigma point Kalman filter (SPKF) is also tested in simulation
but not in experimental data since it has undesirable properties, later discussed. More details

about the observer can be found in Appx. A.1 of this thesis.

5.2 Simulation Results

The proposed IMM filter is first tested in simulation. A set of trajectories are generated,
where a camera tracks 4 points on a plane at all times, the minimum number of point
matches to define a homography [6]. The rate-gyro and camera provide data at 90 Hz and
30 Hz, respectively. Gyroscope and camera measurements are corrupted by additive Gaussian
noise, simulated using @, = 0.1, R, = 071, with 0, = 0.01rads™", 0, = 1pixel. Initial
uncertainty is set to P, = le—11. Although an additive Gaussian noise model for pixel
coordinates has shortcomings in real world conditions, such as accounting for outliers in the
point correspondence procedure, it is a typical assumption in the robotics community [34].
Outliers in the point correspondence problem are handled in the experimental case with a

robust loss function, described in Sec. 4.4.

100 Monte Carlo runs with varying initial conditions and noise realizations are performed for
each trajectory to evaluate the filters’ consistency and accuracy when the assumption that s,
is constant is broken in different ways. Among the tested filters are 2 versions of the iterated
EKF. The first is EKF' tight, which is confident in the assumption that s, is constant, by

setting 02, = le—7. The second is EKF loose, with o2, = le—1, which has little confidence in
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Figure 5.1: Simulated trajectories.

the assumption that s, is constant. A SPKF is also included in the tests, with % = 5e—4.
An IMM composed of both versions of the EKFs is also tested, as well as the observer from
2]

To evaluate the accuracy of the filters on each trajectory, the error
N Vv
= lNog (LG |, (5.1)

is used to compare homography estimates to the true homography value at each time step.
In Figure 5.2, it is shown how 7, is distributed across all time steps in all trajectories from
Figure 5.1. The average of r, across all trials and then averaged across all time steps is
displayed in Table 5.1. EKF tight performs the best on this metric when the trajectories
respect the assumption that s, is constant as in trajectories 1 and 2, or closely do, as in
trajectory 3. In the remaining trajectories, the performance of EKF tight degrades. In
general, the IMM offers the best performance when the assumption is less respected. Only in
trajectory 7, when the assumption is severely broken, EKF' loose outperforms the IMM by
a small margin. The SPKF does not offer the best performance in any of the trajectories

but it is still better than the observer of [2| and than the EKF tight when the assumption
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that s, is constant is broken, except in the last one, which might be due to the fact that the
SPKF is not tuned for this trajectory. The observer of [2| has higher homography estimation
error in all trials, since all the filters are characterizing the sensor noise properly and tuned
accordingly. When tuning the observer it was observed that that modifying the gains did not
change the observer’s performance drastically. The observer is, in effect, constant gain, while

the IMM filter changes the gain at each time step. Assessing consistency is done using the

Residual distribution

Trajectory 1 015

Trajectory 5

0.10 0.10
< <
0.05 ! ! ! i 0.05 ‘ ! !
0.00 . 0.00 .
015 Trajectory 2 015 Trajectory 6
0.10 0.10
< <
e ‘-‘ # 53 e # & #
0.00 . 0.00 .
015 Trajectory 3 015 Trajectory 7
0.10 0.10
&« |28
0.05 * * # 0.05
0.00 . 0.00 .
015 Trajectory 4 015 Trajectory 8
0.10 0.10
0.05 I ! ! 0.05 ! I
0.0

0 0.00
EKF tight EKF fat  SPKF IMM  Observer EKF tight EKF fat  SPKF IMM  Observer
Figure 5.2: Violin plots to show distributions of 7, in tested trajectories from simulated data.

EKF tight /loose, IMM, and observer are tested.

normalized estimation error squared (NEES) test [15, Sec. 5.4] on Monte Carlo runs. The
NEES test involves computing a €, ~ x2 statistic using the error trajectory and the predicted

covariance of such error, where 2 is the Chi-square distribution with 8 degrees of freedom,
. % .
&, = log (HkHI;1> ) € = 5111)}7111,1@5@ (5.2)

where Phh’k is the block on the diagonal of Pk corresponding to the homography state. To
assess with 30 ~ 99.73% confidence if the estimator is consistent, ¢, should remain between

an upper and lower threshold [15]. In Figure 5.6, €, is averaged across all 100 trials, and then
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Table 5.1: Performance among the proposed filters and the observer. The metric used is 7,
averaged across all Monte Carlo trials and then timesteps. A 100 Monte Carlo trials were
run for each filter on each trajectory tested.

E[ry]
Traj. EKF EKF SPKF IMM  Observer % Diff.
tight fat IMM
to ob-
server

0.0108 0.0140 0.0184 0.0121 0.0201  39.5%
0.0212 0.0269 0.0316 0.0237  0.0424  44.1%
0.0207 0.0266 0.0294 0.0235 0.0433  45.7%
0.0274  0.0266 0.0272 0.0231 0.0429  46.1%
0.0319 0.0158 0.0194 0.0143 0.0308  53.4%
0.0897  0.0273 0.0290 0.0242 0.0684  64.6%
0.1319 0.0383 0.0442 0.0388 ~ 0.1268  69.4%
0.0501  0.0299 0.1064 0.0272 0.1062  74.4%

0 3 O Ul = W N

plotted as a function of time. EKF tight is a consistent estimator when the assumption that
s, is constant is respected, but as soon as the assumption is broken, the NEES values diverge,
as shown in Figure 5.3. This is expected, since the errors are large. For EKF' loose, the
NEES value is below the lower threshold, producing inconsistent results since the covariance
estimate is too large. However, having a large covariance is preferable to having the error be
too large for the covariance, as shown in Figure 5.4. For the SPKF, the filter is sensitive to
initializations with big error, showing an undesirable transient response in the first seconds
of estimation, as shown in Figure 5.5. Out of the 100 Monte Carlo trials, 1 to 3 were not
completed due to the filter’s estimate diverging. For these reasons, the SPKF was not tested
on experimental data. For the IMM, the NEES value goes below the lower threshold in some
trajectories for the same reasons as FKF' loose does, but stays closer to the lower threshold,
indicating that the covariance is better modulated than EKF loose, as shown in Figure 5.6.

Out of all filters tested, the IMM is the one with the most consistent results.

5.3 Experimental Results

An Intel Realsense D435i is used to collect data. Angular velocity measurements are provided
by a built-in rate-gyro at 200 Hz. The left camera of the stereo rig is used for camera
measurements of 640 x 480 pixels at 30 Hz. Ground truth data is collected using an OptiTrack
optical motion capture system at 120 Hz. The noise parameters used are o, = 0.022rad s,

o, = 1 pixel.
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Figure 5.3: NEES plots for Monte Carlo trials of EKF tight approach.

Nine trials are recorded, all about 1 minute long. In each trial the camera tracks a plane
about 1.5 m away, consisting of magazine pages spread on the floor, so salient features can
be detected by the front-end system, as shown in Figure 5.10. The camera moves above
this plane while rotating, with different paces in all trials to test how well the filters work
when the assumption that s, is constant in time is broken. The camera does not observe the
plane for brief moments of time, and occlusions are also added in some trials to assess the

robustness of the proposed approaches.

All the estimators tested, including the observer from [2], need a front-end to find point
correspondences. ORB descriptors are used in its OpenCV implementation [30], as explained
in 4.5.2. Since the goal is to estimate homography w.r.t. a reference frame, the feature points
from each image are all matched against those from a reference image, which is picked from
the first few frames in the trials. The outlier rejection used on each filter is the robust loss
described in Sec. 4.4.

The state estimate is initialized as Hy = 1,T, = 0 with P, = 10~*1 for all trials since the

reference frame was set as one of the frames recorded and the filter initialized at that same
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Figure 5.4: NEES plots for Monte Carlo trials of EKF' loose approach.

frame, so the initial error is very small. The IMM is composed in this case of two iterated
EKFs, the first one with 02, = 107% and the second with 02, = 1. The robust loss function

implemented to reject outliers is SC/DCS from [27], with ¢ = 9.5, which was obtained
0.9 0.1

heuristically. The transition probabilities are set as I = 01 09l

The error r;, defined in (5.1) is used for performance evaluation. In Table 5.2, it can be seen
that in the recorded trajectories, the observer and the IMM have a comparable performance,
with the observer performing the best in 4 out of 9 trajectories and the IMM in 4 out of 9.

In Trajectory 9, the performance of the observer and the IMM is essentially the same.

To explain the different performance across the recorded trajectories, in Figure 5.7 it can be
observed how in Trajectory 1, where the observer performs better, there is a period going
from 41s to 42s where not enough features are tracked. When the plane is slowly seen again
after that period, the observer is able to recover and maintain a low error, while the IMM
error grows. Nonetheless, the IMM is still able to converge back to a reasonable homography

estimate. Meanwhile in Trajectory 4, where the IMM performs better, in the time frames
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Figure 5.5: NEES plots for Monte Carlo trials of SPKF approach.

where the assumption that s, is constant is violated to a larger degree, the observer’s error is
bigger than the IMM.

Additionally, in time frames where the assumption is violated or where there are not enough
features to track, the IMM relies more on Model 2, which corresponds to the EKF loose,
which is expected. In the first case, the process model is inaccurate, and it cannot be trusted.

In the second case, the IMM grows uncertain of its estimate since it is mostly deadreckoned.

In Figure 5.8, the performance in Trajectories 5 and 6 is shown. Again, in Trajectory 5 there
are many time frames where the observer has more error that the IMM and they align with
time frames where the assumption that s, is constant is violated. The time frames where the

IMM error grows are the ones right after where there are not enough features tracked.

By analyzing also Figure 5.9, with Trajectories 7 and 8, a pattern appears. The IMM
outperforms the observer in the situations where the assumption that s, is constant is
violated, as long as the number of point matches is enough to determine the homography. On

the other hand, the observer performs best when there are not enough point correspondences

44



IMM —— Expected NEES

_____________________________________________________________________ === 3 sigmabound c.i.

NEES

NEES

NEES

NEES

Traj. 4 Traj. 8

00 25 50 75 100 125 150 175 0 2 1 6 8 10 12 14
Time (s) Time (s)

Figure 5.6: NEES plots for Monte Carlo trials of IMM approach.

for a short period of time.

Unlike in simulations, the IMM is not the clear winner over the observer in an experimental
setting. However, even if the observer shows good robustness in an experimental setting,
especially when the estimate drifts away, the IMM offers better performance in varied

trajectories while also offering covariance information.
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Table 5.2: Performance of EKF loose, IMM, and observer using experimental data. The error
;. 1s averaged across all time steps.

E[r]

Traj EKF IMM  Observer % Diff.
loose IM-

M/Obs.

0.0897  0.0896 0.0589 -52.1%
0.1256  0.0982  0.0943 -4.2%
Diverged 0.0785  0.2915 73.1%
0.0912 0.0765  0.1852 58.7%
0.0928  0.0690 0.1043 33.8%
0.0887  0.0634 0.0485  -30.9%
0.0994 0.0801  0.0948 15.6%
Diverged 0.0699 0.0585  -19.6%
0.1434 0.1237 0.1238 0.1%

© 00 3 O UL W N

46



Trajectory 1

ELT Mode 1
—— Mode 2

—— Observer
1.0 —— IMM

. PO il ¥,V P N e

Time (s)

Trajectory 4

—— Mode 1
—— Mode 2

No. matches

—— Observer

0.6
— IMM

204
0.2
0.0

Time (s)

Figure 5.7: IMM model probabilities depending on how the s, is constant assumption is
broken and number of matches in Trajectories 1 and 4. Mode 1 corresponds to o2, = 107°
and mode 2 corresponds to o2, = 1. Evolution of IMM and observer’s error 7, is shown in
bottom plots. Green shaded regions represent time frames where ||$,|| > a = 155. Orange
shaded regions represent time frames where number of tracked features goes below 4. When
I, || > «, the observer performance suffers. When insufficient features are tracked, the IMM

performance suffers.
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Figure 5.8: IMM model probabilities depending on how the s, is constant assumption is
broken and number of matches in Trajectories 5 and 6. Mode 1 corresponds to o2, = 107°
and mode 2 corresponds to o2, = 1. Evolution of IMM and observer’s error 7, is shown in
bottom plots. Green shaded regions represent time frames where ||$,|| > a = 155. Orange
shaded regions represent time frames where number of tracked features goes below 4. When
I, || > «, the observer performance suffers. When insufficient features are tracked, the IMM

performance suffers.
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Figure 5.9: IMM model probabilities depending on how the s, is constant assumption is
broken and number of matches in Trajectories 7 and 8. Mode 1 corresponds to o2, = 107°
and mode 2 corresponds to o2, = 1. Evolution of IMM and observer’s error 7, is shown in
bottom plots. Green shaded regions represent time frames where ||$,|| > a = 155. Orange
shaded regions represent time frames where number of tracked features goes below 4. When
I, || > «, the observer performance suffers. When insufficient features are tracked, the IMM
performance suffers.
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Reference Image Current image

Difference image

Figure 5.10: Experimental method which consisted of tracking features on the ground. The
white square is used to visualize the estimated homography. The frame at the illustrated
timestamp has the pattern, which is partially out of camera view, approximately realigned
with the reference frame by the current homography matrix estimate. The current image is
warped by the homography estimate on the left bottom.

20



Chapter 6

Closing Remarks and Future Work

6.1 Conclusion

In this thesis, the problem of estimating homography using rate-gyro and camera measure-
ments is addressed. This thesis’ novelty lies in the use of the Bayesian filtering framework in
concert with a simplified process model. In particular, two iterated EKFs are used within
an IMM filter. The approach was compared to a nonlinear deterministic observer in both
simulation and experiments where better or comparable performance is realized, depending

on the situation.

The proposed algorithm performs better than the observer in the situations it was designed
for, that is, varied trajectories that may or may not break the assumption used. The observer
on the other hand, shows good robustness in cases where the error between homography

estimate and true value is big, showing good convergence properties.

Reiterating, this thesis does not propose to displace the homography observer, but rather
present an alternative approach to estimate homography. In situations where it is known
that the assumption will be constantly violated, an IMM could be a better choice over the
observer. If it is known that many occlusions will pervade the dataset, with slow-varying

trajectories, the observer could be preferable.

Also, the proposed Bayesian approach offers covariance information, unlike the observer. This
opens the avenue for adaptive filtering, as in this thesis, but also post-processing procedures
such as low-confidence estimate removal, smoothing, loop-closure detection, and quality

control.
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6.2 Future Work

This work can be improved upon in several directions. First, a smoothing algorithm that
takes advantage of the covariance information could be applied for the IMM filter. This
would provide a complete framework for estimating homography in real-time with an IMM

filter and post-processing capabilities to remove outliers from the estimated values.

In this work, feature-based approaches where employed in the front-end to find point corre-
spondences. The approach implemented using ORB descriptors needs to be further validated
and compared to other feature-based approaches. Also, other options exist that were not
explored. Direct methods, that take the whole image into account and not only selected points
to find the best homography estimate can be explored. They have shown promise in texture-
less environments, that is, with few salient features. Underwater or indoor environments are
examples that can tend to have planar features, but not many salient, distinctive features to

track. A direct method could enable homography estimation in those environments.

Another area of improvement is implementing a better robust loss function in the correction
step of the EKF. The robust loss was tuned manually and it is unable to adapt to distinct
distributions of the residuals. An adaptive robust loss function is expected to offer better

robustness.

Another limitation of this work is that no rate-gyro biases are estimated. Biases can degrade
the performance of the estimator. Estimating them and taking them into account could

improve this algorithm.

In this work, the state estimated was homography, and while it has many uses, other states
such as attitude or position have more applications. In the future a Bayesian filter can be
developed to take advantage of homography constraints to estimate a more “standard” state,

such as attitude and position.
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Appendix A

Nonlinear Observer

A.1 Homography Estimation Employing an Observer

In [12], the authors proposed a nonlinear deterministic observer to estimate the homography
including not only point correspondences, but also rate-gyro measurements via the kinematic
model described in Sec. 2.5, with stability properties known a priori. The advantage of this
approach is that it is more robust against occlusions, when not enough point correspondences

are available to compute homography, as in the Direct Linear Transform (DLT) algorithm.

The observer, similar to the Bayesian filter structure, has a prediction step and a correction
step. The observer uses (2.63) and (2.71) to include the rate-gyro measurements in the
prediction step, more frequent, and correct them with point correspondences from a plane,

which are less frequent. The observer is designed as

ﬁab = ﬁab <wZ“X + f‘g“) + kpZabI:Iab (A.1la)
fwz[ﬂﬁw?ﬂ-+@Aaﬂ;mw (A.1b)

where k,, k; are constant gains, Z,, € s[(3) is the innovation term obtained from the point
correspondences. The error in the estimation is going to be defined in a right invariant
manner,

% T [l

IIab = IlabI{ab (f\.2)

b — e — b (A.3)
where flab is the estimated value and H,, corresponds to the true value of homography. The

goal of the observer is to drive H,, — 1 and f‘Z“ — 0. In other words, to drive the error to

Zero.
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A.1.1 Measurement Model

The measurement model employed in the observer uses H,, = KH,_,K™' as well, that is, the

image homography,

‘ H .q
@, = (Ad)
Haqu 9
_ I:IabH;bquz (A.5)
HabH;bqul 9
ﬁ i
= e (A.6)
H. g5,

where (', is the estimated pixel coordinates of the point p, in the image plane resolved in the

camera frame F, and ¢/, is the true value.

A.1.2 Stability Proof of the Observer

The stability of the observer is proven in [12] using the Lyapunov stability tools. An important
definition from [12]| for the subsequent stability proofs is the following.

Definition A.1.1. A set of n > 4 measurements M,, of q’, where i € {1,--- ,n} is consistent
if there is M, C M,, such that any combination of three vectors are linearly independent.
This also implies that any q’, € M, can be written as a linear combination of the remaining

three vectors.

Theorem A.1.1. Consider a camera moving with the kinematic model described in (2.53)
viewing a planar scene where F, is static, wé’“x is bounded and the homography kinematics
are described with (2.63) and (2.71). Consider the observer in (A.1), assume H_, is bounded,

and consider an innovation Z,, defined as
- Al
Z,=) €44, . (A7)
i=1

where g' = (1 - (]Z(];T) Then, if M,, is consistent, the equilibrium point (H,,, T%*) = (1,0)
is asymptotically stable.

Proof. First, a Lyapunov function candidate is defined as

P |
‘C(Halﬁrz ) = 25

=1

~i i 1 rba 2
a -, + 5 HFZ iy
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which is positive definite. Differentiating, the Lyapunov function candidate results in

S A ba - ~i i\ T Ai 1 Fba T Tba
LH,, T => (4, -d.) d,+ ot (FZ I ) (A.9)
i=1 i
- i iNT Ai 1 Cba T baX Tba baX Teba T
= Z (qa - qa) q, + k—tr <Fb ([wb T ] - [wb Ty } - kiAd(Hab)Zab>)

i=1 i

(A.10)
= Zil (a; — QZ)T (Alfl + k%tr <f‘2aT ([wgax’ fga] _ kiAd(I:IaTb)Zab>> (A11)
= Z (6 - a;)" &, — tr (T} AR Z,, ) (A1)

~ T ~ . . ~
where T} <[w£’“x , I‘gaD evaluates to 0 since the products in [w,?“x , I‘Za} are orthogonal to

1:‘2“ . As can be seen, @/, is needed. By using (A.4) and differentiating,

IiIabH;bl q, —+ I:IabH;bl q, HabqanH:zrb <HabH;b1 q, + HabH;blqa)

. L ! (A.13)
|[H 0., Hq.),
_g I:IabH;blqu +H,H,'q, (A.14)
Hepa.
. I:Iab (wll))ax + f\lga) H;blqa + kpZabI:IabH;blqa - I:Iab ("“’ll;a>< + Fll:a) H;blqa
g g (A.15)
[Heq,
- gzz (kpZab - Ad(ﬁab)f‘ga> (ia‘ (A16)

Substituting (A.16) back into (A.12),

n

‘C(I:Iabv f\lga) = Z (qz - qZ)T gz <kpZab - Ad(ﬁab)f2a> (Ala —tr (fgaTAd(I:IIb)Zab> (A17)

i=1
- iT N rba \ A y— rba
= - Z 4, 8. <kpZab - Ad<Hab>F2 > q, — tr (Ad(Habl)Z;LrbI‘ll; ) (A18)
=1
& ~ T g 2 rba — rba
= —tr (Z qaqa ga (kpZab - Ad(Hab)Fg > + Ad(Habl)Z:lerZ ) (Alg)
i=1

. iTgi -
= —tr (kp Z q.9, gaZab + Ad(Habl)

i=1

. ~ T i | fba
Z,-> 4.4, ga] I ) , (A.20)
=1

applying the proposed innovation in (A.7),

L(H,, Ty) = —k, |1Z,]7 (A.21)
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which shows that the derivative of the Lyapunov function is negative semidefinite and equals
0 when Z,, = 0. It can be seen that £(H,,, ") < £(H,,T,). Considering also that wf®™ is
bounded, flab and f’ga are bounded. Therefore, to show by Barbalat’s Lemma that Z,, — 0
as t — 0o, it remains to show that £(H,,, T'*) is bounded,

L(H,,, T0) = —2k tr (2,2, (A.22)
= . g ,L‘AiT i ’L‘LiT
= —2k,tr (Zlb > (gaqaq +2.9.9, )) (A.23)
=1
T - Ziai T A AT a1 i i Ai T
— 9k tr (Zab > ((qaq +aLd ) a4 +gq.q )) (A.24)
=1

From the previous results, Z,, and Z,, are bounded, showing £(H,;, T?*) boundedness and
Z,—0.

Now, to prove that H,, — 1, first consider

- n H qiqiTI:IT> qiqiT
Za, HaT — 1-— ab~a a ab “a a‘ ) (A25)
o ; ( g, /) [Had]l,

Computing the trace,

n

tr (2, Hy') =)

i=1 Hﬁab%Hi

(1P 5 erazas ) - (A0l Hhaial ) (A.26)
- 1 _ : -

=3 ——— (gl e - ((aai)Ta)’). (A.27)
i=1 HHabanQ

When Z,, — 0, the trace equals 0, therefore

e, flacl, = (o) g, (A.28)

which can be rewritten as
H,,q, = \.dq., (A.29)
for a non-zero A\, = HI:Iabqle? This means that \; and ', and the eigenvalues and eigenvectors

of I:Iab, correspondingly. Using the fact that the measurements produce a consistent set, any

57



point measurement can be written as the linear combination of some three point measurements,

3
Akq’é =\ Z 0%‘13 (A.30)
i=1
3 ~ .
= Z a;Hyq, (A.31)
i=1
3
i=1

with a; # 0 such that ||qf§H2
det(H,,) =[], \; = 1, it follows that A\, = A, = 1, so H,, — 1 when Z_, — 0. With this

result in mind, by inspecting the Lyapunov function (A.8), it can be deduced that over time

— 1. Since )\, can be seen as a fourth eigenvalue of H,,, and

T'%* becomes a constant. To prove that it converges to 0, the derivative of H,, is computed,

IiIabH;b1 - I:IabH(;b1 I:IabH;b1 (A33)

H,, (‘*’gax + f?) H, + kpZabI:IabH;bl ~H, (‘*’gax + F?) H, (A.34)

IiIab

ab

since Z,, = 0 and H,, = 1 at the limit,

lim H,, = —Ad(H,,)0} =0, (A.35)
—00
and considering I:Iab is bounded, flga — 0. ]
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