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The independent cross sections of 139Ba , 140La , 141La , 

141Ce , l43Ce , l39Ce , and the cumulative cross sections of 139Cs , 

140Ba , l4lBa , l43La , l41Ce , and l44Ce produced in the proton-

induced fission of 232Th at energies 28 - 83 MeV have been 

measured radiochemically. The shapes of the excitation functions 

whose maxima gave a curve when plotted vs the neutron-to-proton 

ratios of the products, the most probable charges, the fu1l­

widths of the charge dispersion curves at half-maxima, together 

with their changes with energy, were explained by increasing 

neutron evaporation with increasing energy as weIl as by increased 

contributions from symmetric fission. A prescription for applying 

a charge dispersion correction when the N/~A) function is not 

constant with mass has been presented. It has been suggested 

that the variations of the Zp(A) function with mass are a 1iquid­

drop model feature perturbed primarily by single-parti cIe effects 

following Brandt and Kelson (8) theory and secondari1y by spherical 

shell effects. The phenomenological rules as suggested by Brandt 

and Kelson (8) have been shown to ho Id true for most of the asym-

metrically fissioning nuclei. Calculations of the most probable 

charges using various hypotheses have been performed. 
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A. INTRODUCTION 

1. Historical and General Introduction 

Fission was discovered by Hahn and Strassman (1) in 

1939. Not long after this discovery Bohr and Wheeler's (2) 

Liquid Drop Model, which is still more or less the basis of 

all theories of nuclear fission, was developed. With the advent 

of the Snell Model theory, the asymmetry of the mass distribu­

tion in low-energy fission was considered to be basically a 

shell effect. However, deviations from the relatively simple 

picture given by the liquid-drop model and shell model soon 

appeared. The peculiar character of fission as statistical 

and collective, and as a single-particle process was becoming 

more and more apparent. The availability of computers enabled 

theoreticians to calculate in more detail the potential-energy 

surfaces for deformations leading to fission, and the saddle­

point shapes were established, mostly by Swiatecki (3). Even . 
though many features of fission were thus understood - as 

reviewed in Wilets (4), Hyde (5), Fraser & Milton (6) and 

Huizenga & Gindler (7) - some resisted all attempts at und er­

standing (like asymmetry at low energies). Major contributions 

were made in the late sixties, especially at the Conference of 

Physics and Chemistry of Fission in Vienna in 1969 where the 

details of the single-particle theory of fission were presented. 

In this respect Brandt & Kelson (8) made the most recent and 

thorough contribution at the end of 1969. Another very useful 

approach is based on a double-humped fission barrier. However, 

this hypothesis cannot as yet offer any explanation of the 
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asymmetry of fission except by postulating a third hump in the 

fission barrier (Strutinski (9)). 

It seems though that the ultimate goal of complete 

understanding of nuclear fission may be within reach. 

2. Top1cal Introduction 

This introduction is based on the following sources: 

Nuclear Chemistry, Volumes l and 2, edited by Leo Yaffe (10); 

Physics of the Nucleus, M. A. Preston (11); Theoretical Nuclear 

Physics, Blatt & Weisskopf (12); Quantum Mechanics, A. Messiah (13); 

Nuclear and Radiochemistry, Friedlander, Kennedy & Miller (14). 

2a. Main Properties of Nuclear Matter 

In order to understand a phenomenon as complicated as 

fission, many nuclear models and basic concepts must be employed 

at various stages. A brief outline of some of the features is 

given below. 

(i)' Fermi Gas Model 

This concept of nuclear matter, as a first approxima­

tion, underlies all considerations in nuclear fission. It is 

proposed that the nucleus consists of nucleons moving in a 

potential weIl ( '/!Y 39 MeV deep for neutrons and ~ 31 MeV for 

protons), subject to the Pauli principle, and for a nucleus like 

232Th , having a total kinetic energy of the order of 1200 MeV. 

In the ground-state the available states are filled up to the 

Fermi energy, EF' which depends on the nuclear density only and 

equals E F = ltfm (";'fr1f)Î1 (1) 

where m = mass of nucleon and r = densi ty of nucleons. 
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The energy states in the potential weIl can be - using 

Myers & Swiatecki's (15) term - "bunched" in degeneracies as 

described by shell-model states (2 states for the first closed 

shell, 6 states for the second, etc.) or "unbunched" in varying 

degrees - according to the non-sphericity of the ground-state 

nucleus - up to the smooth completely unbunched level spectrum 

corresponding to the ideal Fermi gas. The idea behind this, 

the more bunching themore stable the nucleus, is also used by 

Vandenbosch (16) and Strutinski (9) to explain dips in the fission 

barriers. It also expresses the fact that non-sphericity dis­

turbs the simple shell structure and removes the shell degenera­

cies. The density, go' of the states around the Fermi energy 

equals sim ply 

(2) 

which for 232Th + n is approximately 10 MeV-l . 

As shown by Ericson (17) the available states r (E*) 

at higher excitation energy, E*, are 

These relationships reflect very important properties 

of nuclear matter showing the exponential increase of possibi­

lities of arrangements of A partiel es at an excitation energy 

corresponding to the raising of a certain number of indistinguish­

able particles to higher states. Essentially the same considera­

tions concerning bunching and unbunching hold for excited states 

up to the energy of the order of 50 to 100 MeV, the region where 

statistical behavior (compound nucleus) prevails. It should be 
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kept in mind that the properties outlined above represent a first 

approximation only and any applicability to fission the ory is 

only a qualitative feature underlying more elaborate ideas. 

(ii) Semiempirical Mass Formula 

To a great degree nuclear matter can be considered to 

be a charged liquid drop having surface tension. An additional 

feature, not found in a classical charged drop, is the so-called 

symmetry energy (also called Wigner term) reflecting the tendency 

of nuclear matter to possess an equal number of neutrons and pro­

tons. One very useful formula, as given by Green (18), is written 

Eh =-a., A + I4Al1 -1- p.-; 2 (2-1) l' t.lS a.JA-l I? A-1 
-J:. rJX' (4) 

where EB = nuclear binding energy 

15.83 

.718 

o = pai~ing energy constant 

= 

= 

17.97 

94.07 

Binee the terms in the above equation play such an 

important role in fission in the mass and charge distribution 

and charge dispersion, it is useful to realize their magnitude -

i. e. the magnitude of the potential energy terms involved in 

fission - for a typical situation encountered in this work. In 

Table 1. the individual terms are listed (neglecting even-odd 

effects). 

From equation (4), if mass A is kept constant, the 

behavior along an isobaric chain can be determined. The equation 
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used in this case (taken from (14» is 
2 A M = k(Z - ZA) (5) 

where k =~.718 x A-I / 3 + 94.07A-1 = kCou1omb + ksymmetry 

and ZA = most stable charge (taken from Coryel1 (19». 

In Table 2 the values calculated from equation (5) using masses 

pertinent to this work are given. The most probable charge of a 

fragment, Zp' was calculated using the Unchanged Charge Distribu­

tion hypothesis, which assumes that the fragments have the same 

charge density as the fissioning nucleus (UCD hypothesis). As 

an average fissioning nucleus 232Pa was taken. This is an approx­

imation based on the calculations of Croal1 & Cuninghame (20). 

In the last two rows the Coulomb and symmetry components 

of the constant k, kcoul .' and ksym . are given. If one takes the 

equation (5) as a potential energy term of a harmonie oscillator, 

the constant k, and its compone~ts kCoul . and ksym • correspond 

to "stiffness" coefficients. The values show that ksym.> kCou1 • 

in all cases. McHugh & Michel (21) point out that if one assumes 

the above stiffness coefficients as describing the restoring force 

of nuclear matter then the statistical and quantum fluctuations 

will result in the observed charge dispersions. 

From Tables l and 2 it can be seen that the energies 

involved are quite large in comparison with fission barriers 

$f~ 5 to 8 MeV) in the heavy mass region, especial1y in cases 

further away from the beta-stability line. 

In conclusion it should be pointed out that even the 

recent calculations of Myers & Swiatecki (15), which go "one step 

beyond the liquid-drop theory of nuclear matter", introduce three 

additional adjustable parameters. 
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TABLE 1 
. 

The Individual Terms of Green's Mass Formula 

A = 230 A = 141 

Evolume +3641 MeV +2233 MeV 

Esurface -675 MeV -486 MeV 

ECoulomb -938 MeV -425 MeV 

Esymmetry -225 MeV -140 MeV 
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TABLE 2 

The Individua1 Terms and Constants of Mass Parabo1a 

A = 141 A = 91 A = 230 

k 0.817 1.21 

Z 
A Cor 58.55 35.7 

Zp(UCD) 55.3 40.1 

E * 8.6 MeV 23.4 MeV 
ZA - Zp 

kCou1omb 0.15 0.165 0.125 

ksymmetry 0.667 1.045 0.41 

* Energy associated with the most probable charges, Zp' given by 

UCD hypothesis, with respect to the most stable charge ZA as given 

by Corye11 (19). 

! 
1 
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(iii). Shell Model 

The shell model has had a great deal of success in the 

description of many properties of various nuclei. The modeLis 
~-;..._. 

based on the assumption that an effective average potential is 

obtained as a result of aIl the nuclear forces for a given number 

of nucleons. In spite of the very high density the Pauli exclu­

sion principle ensures that there is not continuous scattering 

of one particle from another and so it is meaningful to talk 

about an average nuclear potential. Using some form of average 

potential the single-partiele states are ealculated and quantum 

numbers N, n, l and m are assigned, where N is the principal 

quantum number (eorresponding to number of "phonons tf ), n is the 

number of nodes of the radial wave funetion (including that in 

the origin), and l and m are the angular momentum magnitude and 

its direction with respect to the z axis respeetively. As men­

tioned earlier the bunehing, as in the spherical nucleus of 

closed shells, is a convenient extrapolation only and one is free 

to include perturbation terms to modify the potential to get 

better agreement with experiment. For instance, the degenerate 
"'*-; l shells are split into l + t and l - t shells by l.s coupling. 

These finally give the "magic" numbers. In addition to the above, 

s - the spin quantum number - is used to complete the description. 

A more elaborate approach is the Hartree-Fock self­

consistent potential method which takes the approach of a varia­

tional problem where an interparticle potential is found whieh 

will give the best agreement with experiment. In the case of the 

single-particle theory of fission however, it is solved by itera­

tion (in fact by guesswork in the case of Brandt & Kelson (8» 
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because of mathematical difficulties connected with the infinitely 
repulsive core, etc. 

It is important to bear in mind that all nucleons are 
indistinguishable and all the calculations are performed using 
Slater determinants, products of single-particle wave functions 
of the nucleus, properly antisymmetrized to satisfy the Pauli 
principle (i. e. when two particles of different quantum numbers 
are exchanged the total wave function must give an amplitude 
of opposite sign). The Hartree-Fock matrix can be written (as 
given on page 19 in reference (10» for any single-particle 
eigenfunction 'tA.. as 

i-l Tt .. + 6/ (\it.tt - ~tl!g 'fil "- Àk Yi (6) 
where Tlk and Vltkt = kinetic and potential energy matrix elements 
respectively and Â~ = the corresponding energy. 
The matrix itself is in square brackets (it also can be changed 
into diagonal form by a unitary transformation). The potential 
Vijkl is non-local, i. e. its value at a point ~ depends on the 
si tuation at some other point r. For a chosen state Lji the sum 
over all potentials of the other states should give the average 
one-body potential Vo(k). A 

Va (lZ) = 2 (~i - ~It) 
t 

The Hartree-Fock method gives the best results - i. e. 
when just one ground-state determinant describes the nucleus -
if there are no unoccupied states having energies close to some 
of the occupied states. Since this situation is not the case 
with most nuclei however, the unified model must be used. 
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(iv) Unified Model 

The concept of the unified model is based on the 

existence of collective modes of motion where all single particles 

cooperate in a certain manner. For instance nuclear matter 

travelling through the saddle point to scission gives a per-

fect example of collective cooperation. The unified model treats 

simultaneously collective and single particle motions so that 

the total Hamiltonian can be written as 

H = Hcollective + Hparticle + Hinteraction. (8) 

The problem of too many degrees of freedom (more than 

the nucleus has) is not encountered because as far as the particle 

excitation is negligible these degrees of freedom of the particle 

are not used. The condition for this is that the collective 

period of motion be larger than the period of motion of the single 

particle, ( d(; collective> oc- single particle)· 

Collective motion is treated by means of collective 

coordinates R, that determine the position of a point in a uni­

formly charged medium that is incompressible and whose flow is 

irrotational according to 

R ::: Ro [1 + L a.»- 'r;.A-(Bif) ] (9) 
VfJ-( ;tA 

where 1 Ja r9}f) = spherical harmonies of degree,1 and order A 
and aN<- are coefficients. Ro is the equilibrium radius. 

Spherical harmonies are chosen basically because of 

convenience. For instance, if the deformations are small, ~= 1-
is sufficient for a complete description and the collective energy 

can be separated into vibrational and rotational terms. As will 
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be shown later, Brandt & Kelson (8) do not use this kind of 

collective coordinates for a description of the fissioning 

nucleus. The coordinates of equation (9) can de scribe uniquely 

a saddle-point shape; the calculations are, however, very compli­

cated and will not be reviewed here. Even for deformations very 

far away from the spherical shape the degreeÀ is limited by 

the condition ~co" >'èsp , i. e. values more than six are excluded. 

Also the order~ is put equal to zero thus limiting the shapes 

to axially symmetric. 

The unified model is concerned with small deformations 

so that the collective Hamiltonian can be written as 

flCJt( = i i BA ~ +1 2. C~JL;t~ =- kilt. Ë t Pot. E. (10) 
Â,M- ~ 

where BÀrepresents mass transport associated with the motion and 

GJtthe "stiffness" coefficient or effective surface tension (as 

in the semiempirical mass formula). (Â. = l is excluded because 

it represents only translational motion). 

The coefficients~.M- vary with time so that kinetic 

energy can be expressed too. The calculations of the saddle­

point energy represent basically the potential energy in equation 

(10). 

Deformation in ground-state nuclei is caused by several 

extra core nucleons. Whenever there are intrinsic and collective 

modes of motion there is also coupling between them (H. t t. 
~n erac ~on 

in equation (8». If this coupling is weak the intrinsic states 

can be calculated as perturbed-shell spherical states. If the 

coupling is strong the intrinsic wave functions are calculated 

using a non-spherical average potential by means of the Nilsson 
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equation. The Nilsson equation, as given by Wilets (4) is 

(11) 

where 

H"'~ + t/1t! Wo1Ity/- 2(3 'r;./ifJj -c lt - Dl (12) 

where.lé is kinetic energy; C l.;t represents spin-orbi t coupling. 
2m 

The D.12 - term modifies the shape of the weIl (flattens the 

bottom), X.O (e .. ) are spherical harmonies and;; is a term describing 

deformation. 

The second term can also be written as 

Llf ( fA;': .xl+- w; ~l t iJJlL~1 ) = Lit wotlC! {! - 2;3 ~o (Q ij (l3) 

where UJbJW~,W~} W4 are corresponding oscillator frequencies. 

This equation shows the relationship between the 

vibrations in the direction of the x,'y, and z axes and the de­

formations expressed in equation (12) by the term l...fo Yzo (().). 
For future reference it is important to realize that 

the situation described by equation (12) concerns an equilibrium 

state only, or a potential energy term in equation (10) ifd~)t=o 

because even in the case of deformed ground-states of the heavy 

nuclei, the deformation coefficients describe changes around 

certain equilibrium average values, while nuclear matter travelling 

towards scission is not in the equilibrium state. 

The approach outlined above shows that it is always 

possible to express any nuclear state as a linear combination of 

some wave functions which form an orthogonal and complete set. 

If these are, for instance, ground-state single-particle wave 

functions corresponding to a spherical nucleus, and if the state 
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in question is rather far away from any of these single-particle 
states (and calculation of energy spectrum, as stated on page 172 
in reference (11), becomes prohibitively large), a solution in 
the form of a Nilsson treatment can be used so. that the single-
particle character is "restored" again, even though in an average 
potential which is not spherical. 

The calculations themselves are rather complicated for 
shapes far away from spherical and in the case of the single­
particle theory of fission, Brandt & Kelson (8) use difference 
equations. 

(v) Nucleus in Excited state 

Excited states are not stationary and they decay with 
half-lives related to their total width ,- , as follows from the 
Heisenberg uncertainty relation. The half-lives determine the 
time scale, which becomes of basic importance for collectively­
described motions (on the condition that the characteristic per­
iod of collective motion is greater than that of the single par­
ticle) and it is useful to recall the case where the time-dependent 
perturbation is used for describing the time evolution of a system. 

If astate is stationary (the Hamiltonian does not 
depend explicitly on time) the energy of the system can be ex­
pressed as E = h.~ and the time-evolution operator describing the 
change from the state at time to to the state at time t is 

Urt to)=:: 1!.Xp[- LE (t -tu) Iii, 1 
If astate ia not stationary and the Hamiltonian 

depends on time, the time-evolution operator cannot be written 
as above. Its solution can be obtained using time-dependent per-
turbation theory, where the perturbing energy admixtures other 
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states into the state in question. There are two extreme cases 
in the so-called adiabaticity ratio describing the speed with 
which the perturbation is applied. If it is applied slowly -
adiabatically - (adiabaticity ratio goes to zero) the situation 
can be visualised as a succession of many steady states, obtained 
from time-independent perturbation theory, leading to the final 
state at the end of perturbation. If, on the other hand the 
perturbation is applied suddenly, there is no change in the states 
at all, as might be expected from thetime-energy uncertainty 
relations. 

The case for a given adiabaticity ratio is usually des­
cribed in terms of a Hamiltonian H(t) as in equation (15) and in 
Figure 1. 

Energy 

H(t) = (
E.a{t) H' ) 
17'* Eh{tV (15) 

where HI is interaction energy . 
and Ea(t), Eb(t) are the energies 

corresponding to states a and b 

as shown in Fig~ 1. In Fig. l 

the x-axis represents the applied 

perturbation connected with the 

deformation of the nucleus and 
Deformation (t) the y-axis the energy of given 

states. If there is no inter-Figure 1. 

action between states a and b 
the states cross as lines designated by Ea and Eb. This also 
happens when a deformation is applied suddenly, and the states do 
not change. However, if there is an interaction, and if applied 
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adiabatically, the states change into another as shown in Fig. l 

by curved lines. There are also in-between situations when there 

is finite probability of a jump from one curved line to the other, 

so-called "slippage", for medium adiabaticity ratios. 

With respect to the problem of fission it is also impor­

tant to trace out the fate of a single-particle state at higher 

excitation energy (up to 100 MeV), from another point of view 

than as discussed in the unified model section. 

The first estimate is simple. The kinetic energy of 

all nucleons in a Fermi gas as shown in the previous section, is 

for heavy nuclei approximately 1200 MeV. To have substantial 

9xcitation energies of the order of 1000 MeV are needed, which 

are certainly never reached in any fission act. In other words, 

at low excitation energiesthe average potential will have roughly 

the sarne form when a single nucleon with excitation is inserted 

into the nucleus, "it will not greatly affect the self-consistent 

distribution of the largenumber of nucleons already present" 

(page 538 in reference (11». To show this it is useful to recall 

the optical model. This is based on the notion of a "cloudy 

crystal ball" that reflects, refr-acts, and absorbs impinging 

nucleons using real and imaginary potentials. The magnitude of 

the imaginary potential is related to a total single-particle width 

of a compound state and is of the order of units of MeV, which is -

in the resonance region - greater by a factor of 106 than the 

observed widths of the resonance states, which are directly con­

nected with the level density as given by equation (3). The con-

nection is again best explained in terms of unbunching and residual 
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interactions. If there were no residual interactions among 
nucleons the shell model and the optical model would be a com­
plete description of the nucleus and all states would simply be 
single-particle states. The "smearing out" of single-particle 
levels, their unbunching and consequent half-lives increased 
by a factor of about one million are due to residual interactions. 
The quantity that reflects the admixture of single-particle states 
is called a strenth-function. 

There are many theories treating the residual interac­
tion and configuration mixing by means of perturbation theory and 
also nuclear reaction theories like R - matrix, etc. In the case 
of fission, theoreticians are not yet able to apply any rigorous 
treatment due to the enormous complexity of the problem, and the 
single-particle fission theory as used by Brandt & Kelson (8) based 
on the Nilsson treatment seems to be a justifiable approach. 
Before their theory will be reviewed a short synopsis of the most 
relevant experimental data is given in the next section. 

2b. Experimental Facts about Fission 

AlI nuclei having the parameter Z2/A ~18 can fission 
spontaneously. However, most of the experimental data comes from 
a relatively narrow region of approximately 30<z2/A < 40 (a 
value of approximately 50 corresponds to a nucleus unstable towards 
fission in the ground-state). The quantity (Z2/A)/(Z2/AcritiCal) 
is called the fissionability parameter x. The region of experi­
mentally investigated fission was divided by Jensen & Fairhall 
(11) into three regions according to Z: 

1. Z ~ 90. Only in this region can some of the nuclei be caused 
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to fission with thermal neutrons, givlng rise to two unequal 

parts (asymmetric fission). The ratio of the most probable frag­

ments Ah/Al decreases with Z of the target in this region, the 

value of Al increasing faster th an that of Ah. At higher excita­

tion energies the valley between the peaks is continuously filled, 

typically by widening of the peaks, till one obtains a fIat, wide, 

symmetrical mass distribution. The fission barri ers Bf are typi­

cally of the order 5 to 7 MeV. 

2. Z ~ 84. In this region fission is symmetric only and thresh-

olds are much higher than for the previous case (more than 15 MeV), 

so that there is no low-energy fission in the sarne sense as for 

the heaviest elements. The width of the mass distribution is 

markedly narrower as shown by Blann (23) and Karamian et al. (24). 

With increasing excitation energy the width increases. The beha­

vior follows basically the liquid-drop model calculations. 

3. 84< Z ~ 90. In this intermediate region for low-energy 

fission (which has very low cross section) asymmetry is observed, 

at moderate energies symmetric and asymmetric coexist, and at 

high excitation energy (more than 100 MeV) symmetric fission 

prevails entirely. There is a considerable change in mass dis­

tribution within a relatively narrow energy region - an occurrence 

of great importance for explaining asymmetric fission. Recent 

work in this region was performed by Konecny & Schmitt (25). Some 

properties typical of this region "leak" into both neighboring 

regions. 

The total kinetic energy release does not change 

appreciably with excitation energy nor does fissionability. As 

Remsberg et al. (39) point out the mechanism of fission remains 
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basically the same up to an excitation energy of 500 MeV (in the 

case of 238U bombarded by protons at 2.2 GeV). The kinetic 

energy release is lower for symmetric fission as observed by 

Milton & Fraser (26). 

In close relation to the kinetic energy release is the 

neutron yield in dependence on the mass of fragments. It shows 

the characteristic "saw-tooth" shape, as observed for instance 

by Terrell (27), for almost aIl asymmetrically fissioning nuclei. 

Since - according to Vandenbosch (28) - for the approximately 

symmetric fission (within 15 mass units around the mass equal 

to half of the fissioning nucleus) the fragments are not close to 

any closed-up shell structure, the maximum in the "saw-tooth" 

shape of the neutron yield is explained as determined by greater 

"softness" of these fragments with respect to those having a com­

position close to the closed shell. The maximum in the number 

of evaporated neutrons from low-energy fission corresponds to the 

maximum in the excitation energy of the fragments; and that must 

be reflected in lower kinetic energy release for the particular 

fragments. At the same time this behavior shows that the dis-

tance between the charge centers is greater for symmetric fission, 

otherwise the kinetic energy due to Coulomb repulsian could not 

be lower. 

At higher excitation energies the saw-tooth shape dis­

appears as Britt & Whetstone (29) and McHugh & Michel (21) ob-

served and the number of evaporated neutrons becomes more and 

more proportional to mass of the fragment. 

Charge dispersion, as defined by Friedlander et al. (30), 

is measured along an isobaric chain. It i6 dispersed around a 
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Most probable charge, Zp' in an approximately Gaussian distri­

bution. The position of Zp' measured mostly in terms of distance 

from the MOSt stable charge ZA' ZA-Zp' is described approximately 

by one of the following hypotheses: 

1. UCD, unchanged-charge distribution, predicts that the two 

fragments will have the same charge density as the fissioning 

nucleus. 

2. MPE, minimum potential energy, postulat es that the nuclear 

charge distributes itself between fragments such that a minimum 

is achieved between the nuclear potential energy and the Coulomb 

energy. 

3. ECD, equal-charge displacement, is essentially on one hand 

an empirical correlation of low-energy experimental data and on 

the other hand it is an MPE-based postulate. It states that the 

complementary products of the MoSt probable charges Zp lie an 

equal number of charge unita away from ZA and that the distribu­

tion function about the MOSt probable charge Zp ia symmetric and 

the same for aIl mass sp1its. 

The full-width at half-maximum, FWHM, for Most 1ow­

energy fission charge dispersiùns is approximately 1.6 Z units. 

When odd-even effects are taken into account the width becomes 

narrower by approximate1y 10% as reported by Wahl (31). 

At higher excitation energies both widths and Zp change, 

reflecting the increased neutron evaporation and the occurrence 

of mu1tichance fission. ZA - Zp' shifts towards the less neutron-

rich isotopes as reported first by Pate et al. (32) and then by 

other workers of this 1aboratory whose findings have been sum­

marized by Yaffe (33). The individual contributions will be 
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dealt with in great detail in the Results and Discussion sec­
tions. Here it will be stated only that the pattern of the shifts 
to less neutron-ri ch nuclides is mostly a fairly regular one and 
depends on the N/Z ratio of the target. However, slight devia-
tions or "fine structures" do occur and it will be attempted 
later to explain some of them. 

The full-width at half-maximum increases with higher 
excitation, even though the regularity is even more disturbed 
than in the case of ZA - Zp functions. The overall trend is 
again summarized in Yaffe's paper (33). An attempt will be made 
in the Results section to explain some of these deviations. At 
energies between 100 MeV and 2.9 GeV Friedlander et al. (30) 
observed the charge dispersion in the mass region A = 125 - 140 
and observed that the widths increasingly widened up to approxi­
mately 5 Z units and eventually resolved themselves into two 
curves corresponding to low and higher-deposition-energy fission. 
In the symmetric region Panon tin & Porile (34) observed the charge 
dispersion curve at 450 MeV to be distinctly narrower for 208pb 
(1.9 Z units) than for 238U (2.8 Z units). This is not unexpected 
because there should be no low-deposition-energy fission for 208pb • 
Both charge dispersion curves were measured in the region of 
mass A = Ill. At the sarne energy Rogan & Sugarman (35) report 
3.2 Z units FWHM for heavy-mass fragments (A = 139). 

At higher excitation energies multichance fission is 
paralleled in the entire energy region by neutron evaporation. 
The neutron binding energy Bn and fission threshold Bf play an 
important role in determining the ratio of the fission width r; 
to the neutron width ~ , as given by Huizenga et al. (36) 



o 

- 21 -

ff/G ~ up[zaf(E*-si- 2aI(e-Bmij ~ iXp[B1t- BJ<16l 
where E* is excitation energy and af and an are level density 

parameters. 

These estimates would seem to be in disagreement with 

the Harding & Farley (37) experiment, where it is argued that 

most neutrons evaporated are pre-fission. Blann (23) investigated 

a similar problem for fission of gold by 12C ions. He used exci­

tation functions of certain products and also concluded that most 

neutrons in this case were pre-fission. However, experiments 

by Cheifetz et al.(38) with 155 MeV protons on 209Bi and 238U show 

almost 'equal numbers of pre- and post-fission neutrons. It should 

be noted that the values Bn and Bf in relation (16) - which are 

in the exponent - are known only approximately from Myers & Swia­

tecki's (15) calculations and no final conclusion about the 

ratio can be made. (According to the relation (16) and Myers & 

Swiatecki's (15) values the situation where Bn :> Bf will be reached 

rather soon and consequently the fission width should prevail). 

2c. Review of Most Recent Fission Theories, Hypotheses, and 
Conclusions 

First consideration will be given to the time scale of 

the process. The time for an average bound nucleon to cross the 

nucleus is of the order Al / 3;13 x 10-22 sec. If this was the 

duration of the whole fission process no collective description 

would be applicable (for instance the surface harmonics necessary 

for such a description would be of the order of internucleon dis­

tances) and, among other things, the unchanged charge distribu­

tion (UCD) would apply. The compound nucleus has a lifetime of 
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the order of 10-15 sec., assuming configuration mixing, i. e. 

sharing the excitation energy among many degrees of freedom; then, 

if the formation of a compound nucleus is assumed for fission, the 

deformation leading to fission proceeds, at least up to the saddle 

point, cOllectively. Strong support for the assumption that the 

fission process is longer than 10-22 sec. up to very high excita­

tion energies comes from Blann (23) who observed at excitation 

energies of 50 to 100 MeV that the fission products from the 

reaction Au (12C, f) were produced according to the minimum poten­

tial energy (MPE) rule, which assumes a certain minimum duration 

to allow for rearrangements. Similar observations were made by 

Karamian et al. (24) at excitation energies between 40 and 120 MeV. 

Also Remsberg et al. (39), as mentioned before, found the process 

at 500 MeV excitation energy not very much different from low­

energy fission, so that any sudden disruption seems unlikely. The 

seemingly contrary observations made by Saha & Yaffe (40) and 

Yaffe (33) - that UCD better agrees with the observed data - for 

the case of Cs fission products for various targets will be ex-

plained in the Discussion section. 

In the previous section the time scale was shown to be 

of such an order that the collective treatment is justified. With 

this question settled the adiabaticity ratio comes into the pic­

ture, not only with respect to its value for fission as a whole 

but also to its changes during the process itself. Three main 

cases can be described depending on the adiabaticity ratio (ac­

cording to Wilets (4»: if it is low, i. e. the collective 

characteristic passage time is much longer than the periods of 

of particle motion, the process is adiabatic and no crossings of 
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levels take place. If the ratio is moderate, the statistical 

model is valid, and thermodynamic equilibrium sets in and some 

level crossings do occur. This corresponds to a transfer of the 

collective kinetic energy into nucleonic excitation - a process 

somewhat analogous to "viscous heating". This phenomenon is also 

called "slippage". Finally, if the ratio is large the sudden 

approximation applies and the states keep their quantum numbers. 

Griffin (41) argues that the latter is the case for the last stage 

of fission, the plunge from the saddle point to scission when 

the nuclear matter "runs" into asymmetrical scission. He also 

argues that up to the saddle point the process is slow and that 

the residual interactions force the orbits to scatter in such a 

way as to follow the liquid-drop potential surface, which is sym­

metrical. He identifies this as a thermodynamical equilibrium 

and excludes the possibility of introducing asymmetry adiabati­

cally in the potential energy surfaces. Naturally, according to 

Griffin (42), in the final stage of fission the main feature 

determining the final distribution cannot be the available phase 

space and fragment level densities as proposed by the statisti­

cal models (Fong (43». Wilets (4) points out that the statis­

tical model has been only partially successful. Griffin (42) 

admits the possibility of the statistical model being "locally" 

applicable. However, since well-defined quantum states have been 

observed many times in the angular distribution of the fission 

products, he excludes the possibility of the universal applica­

bility of the statistical model. 

Griffin (42) in his latest article reformulates his 

previous approach by using the concept of kinetic energy dominance. 
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This can be seen in equation (10) where simply the kinetic energy 

term becomes so predominant that potential energy can be neglected. 

The sudden approximation is then applied and the corresponding 

changes in the inertial mass parameter B are expressed using the 

complicated treatment of the cranking model. 

Unfortunately there seems to be no evidence for assuming 

any of the time scales and accompanying hypot~eses to be correct. 

The solution for the time being seems first to investigate the 

potential energy term alone, i. e. not putting any explicit re­

quirements on the time scale at aIl (except that which justifies 

the collective treatment, i. e. it is longer than 10-22sec .). 

This approach was adopted by Brandt & Kelson (8) in their Single 

Partiele Theory of Fission. Most of what follows is based on 

their article. It is the most recent and thorough work embraeing 

many facets of fission. However, the authors argue that it "does 

not constitute an independent and self-consistent model of fission. 

Rather it is an attempt to illuminate various aspects and concepts 

in relation to other existing models." 

The first important statement is that an inde pendent­

particle model reproduees the liquid-drop model potentialsurfaces 

if the partieles occupy the lowest available energy states. This 

gives a new justification for the liquid-drop model, which origi­

nally was based on an obviously inadequate assumption of a homo­

geneously-eharged medium with a very short mean free path of the 

constituent hypothetieal particles. The independent-partiele 

model assumes a long mean free path of the nucleons (due to the 

Pauli principle). 

To clarify the above statements one should note first 
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the resemblance to the unified model. Various parameters play 
the role of the collective coordinates. These parameters describe 
the shape of the fissioning nucleus as two spheres joined through a 
neck of parametrized length and width and the point where the 
neck joins the spheres, together with the asymmetry parameter~ • 
(They did not use the spherical harmonies as in the unified model). 
The single-particle states are a direct extension of the Nilsson 
model states with deformation more appropriate to fission, axially 
symmetric and extending, according to estimates by Griffin (42) 
and Krappe and Wille (44), (based on different calculation tech­
niques) deformation up to 0.8 of the deformation parameter 0- . 
The independent particles moving in some average single-particle 
potential can be treated by the Hartree-Fock variational method. 
This approach is extended to other than ground-state shapes, to 
states with subsidiary restrictive conditions, using the method 
of Lagrange multipliers. It can be visualized as external forces 
restricting the single-particle states within a certain shape. 
If these restrictions are maintained long enough and the system 
is allowed to attain as low energy as possible the potential 

. energy of the system is obtained. It is equivalent to putting aÀ~ 
equal to zero in equation (10). It also represents the link to 
the liquid-drop model because the potential reproduces the liquid­
drop model potential. (The liquid-drop model becomes a special 
case of a more general treatment). Clearly, it is the case men-
tioned earlier where there is no equilibrium because the external 
forces are used to keep the nuclear matter in a shape appropriate 
for fission while in the case of Nilsson treatment the nucleus 
is in the ground state. It can happen, as mentioned at the end 
of the section on the shell model, that the result of the Hartree-
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Fock treatment renders the equilibrium shape non-spherical even 

without any external forces, if there are several extra core nuc­

leons present. 

Another justification for investigating the potential 

energy term only (of course, it includes a great deal of kinetic 

energy of the individual nucleons) is that even at the last stages 

of fission when presumably the kinetic energy should be predomi­

nant, Nix (45) argues that the nucleus does follow the potential 

energy valley even though the importance of kinetic energy term 

increases. 

The performance of the self-consistency program was 

avoided by postulating ("guessing") the solution to this problem. 

Brandt & Kelson (8) state that "one must hope that the results 

are not affected considerably and that no appreciable physical 

insight is lost." 

The extension of the Hartree-Fock method to non-equili­

brium highly-deformed shapes is possible because the residual 

interactions are short-range. This has a very important conse­

quence: residual interactions are independent of shape and they 

need only be known in relation to a proportionality constant. 

The sarne that holds for the residual interactions (which are res­

ponsible for "unbunching" mentioned earlier and for level density 

as approximated in equation (2)) holds for the pairing force, so 

that the result of the variational problem is independent of the 

shape. 

This is an important assertion, contrary ta that of 

Griffin (41), who considers these residual interactions as mainly 

responsible for the rearranging of the states during the first 
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slow motion towards the saddle point (so that its liquid-drop 
model potential is maintained). As mentioned earlier, Griffin's 
(41) view excludes the possibility of an adiabatically-introduced 
deviation from the liquid-drop potential and is also in disagree­
ment with Wilets (46) who argues that adiabaticity also leads to 
asymmetry. Brandt & Kelson (8) also argue that the requirement 
that nuclear matter follow the liquid-drop model potential sur­
face amounts to an unjustified assumption that any additional 
kinetic energy imparted to the system (to nucleons) will become 
purely collective kinetic energy, i. e. no particle will be 
allowed to become excited, that nothing will ever happen to dis­
rupt the liquid-drop advancement to the saddle point and to scis-
sion. 

To conclude these considerations one should note that 
if there are no residual interactions (i. e. if they are short­
ranged,H', from equation (15), = 0) there is no level crossing in 
the sense of Fig. 1. and automatically the individual quantum 
numbers are conserved, disregarding the adiabaticity ratio. More 
about this appears in the Discussion section together with some 
experimental evidence. 

The important thing to decide is which quantum numbers 
are going to be conserved. Charge conservation and spatial reflec­
tion symmetry along the z-axis (along which the fission proceeds) 
seem to be suggested by typical paths leading to fission. As 
the last good quantum number, the z-component of the angular 
momentum is chosen. The quantum numbers are labelled by ~/JaI~ . 
Perhaps it should be stressed that these concern a one-body Ham-

~ il tonian; the total Harnil tonian has the angular momentum -:; con-
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served also. It has been observed many times that K, the projec­
tion of total angular momentum along the z-axis (1ft <ft /), is con­
served as shown in experiments which give a typical angular 
distribution pattern (Griffin (42». -fl is the single-particle 
state z-component of the angular momentum. 

AlI solutions of the variational problem satisfy 

(17) 

where ~ differs from ~ by a one-particle state. It reflects 
the relative stability against excitation of partiel es by the 
total Hamiltonian. A similar point about the persistence of the 
single-particle ôtate has been mentioned in previous sections. 
The single-particle character is believed to be preserved. 

Perhaps the most important contribution of Brandt & 
Kelson'~8) theory is the view of single-particle localisation 
during the fission process. The individual-particle model ob­
viously localizes the particle within the entire nucleus. This 
is a consequence of the Pauli principle. On the other hand the 
liquid-drop model, with its short mean free path, highly localizes 
an individual-particle. When the shape of the fissioning nucleus 
reaches the scission stage (one part being labelled as left, the 
other as right) there are states which previously were either 
node or crest on the symmetrical plane. The reflection symmetry 
quantum number ~ which is conserved determines if the state has 
a crest or a node on the symmetrical plane simply because it 
determines which state is symmetrical (gerade) or antisymmetrical 
(ungerade) with respect to the z-axis (see Fig. 4. ) It is not 
identical with parity, which de pends only on the i orbital angular 
momentum. To visualize this, Fig. 2. according to Griffin ( 41) 
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is presented. The extension to states with more nodes is pre­
sented in Fig. 3. according to Kauzman (47). It can be seen how 
symmetrical states of odd number of crests become degenerate with 
respect to antisymmetrical states which had an even number (one 
less) of crests. Perhaps it should be pointed out that the pic­
tures on Fig. 2. and Fig" 3. show the situation schematically only, 
since in spherical harmonies subjected to spatial reflection sym­
metry along the z-axis (which is performed by changing in wave func­
tionr(ft/B-,1) 17f and ff ~--o-) the poles are not nodes as they appear 
in Fig. 2. but places with "plus" or "minus" densities. However, 
the essential point of the behavior with respect to a potential 
wall being built up in the middle of the nucleus and consequent 
changes of nuclear states is shown sufficiently by Fig. 2. 

When degeneracy is introduced by fission (as in Fig. 3.) 
the orbits may be filled by a pair of symmetric and antisymmetric 
states. These two states are indistinguishable and when anti­
symmetrization is performed it is found that such a properly anti­
symmetrized state (the partiel es are, of course, assumed to be 
of one kind) is zero (the 2 x 2 determinant has two identical 
columns), everywhere except in the case when one particle is com-
pletely localized in the left region and the other completely in 
the right. In other words there can be no particles simultaneously 
in both halves. The only states which can be in both halves are 
those that are not paired (i. e. symmetrical with antisymmetrical -
they have the amplitude~). From this arises the main Brandt & 
Kelson (8) phenomenological rule that the ratio of symmetrical to 
antisymmetrical states of the ground-state (spherical) configura­
tion, A+/A_, determines the double-humped mass distribution. 



- 30 -

When the actual calculations of the Nilsson states in a 
deformed nucleus are performed, many level crossings happen (as 
in Figure 1). In the IAEA 1969 Fission conference (48) many 
papers on this subject were presented, however it was not pos­
sible to include them into this introduction in any more systema­
tic degree because of time and space limitations. Undoubtedly 
those calculations are very important for any further development 
of the Brandt & Kelson (8) theory. Brandt & Kelson (8) performed 
calculations for 252Cf but they did not present any details, only 
the observed trends. For instance, if the symmetry of the fis­
sioning fragments is released, many of the above mentioned cross­
ings are eliminated. It has also been observed that symmetric 
levels go down in energy with the asymmetry in fissioning shapes 
introduced, while the antisymmetric levels go up. This can be 
interpreted in a simple way; the symmetric states tend to localize 
in the larger region, the antisymmetric states in the smaller. 
Obviously, the symmetric states "resist" the perturbing potential 
less as shown in Fig. 2. if there is some asymmetry in the fis-
sioning nuclear shape, because the "crests" occurring just in the 
fissioning x-y plane are not "so much in the way". The nodes of 
the antisymmetric states do not resist the perturbing potential 
at all. Another observation made on the basis of the calculations 
was: the lower the magnetic quantum number m the less the wave 
function is affected by the introduction of the asymmetry in 
fission. This can be explained in a simple way uSing Fig. 4. 
taken from Pauling & Wilson (49). One can see the lower the 
quantum number m the more the wave function is centered around 
the symmetry axis and therefore the less it is affected by intro­
ducing the asymmetry in the fissioning shape which occurs in 
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in x-y plane). One more general feature is that the sarne trend 

holds for principal quantum number ~ , the explanation being the 

fact that the more nodes the state has the more evenly it is 

distributed in the nucleus and the less affected by asymmetry 

changes. Brandt & Kelson (8) report that one can see the effect 

of single-particle states - subject to asymmetry in the last 

stage of fission ("pinching" mode) - by taking the energy dif­

ferences between the degenerate states as a measure of localiza­

tion of these symmetrical or antisymmetrical states in either 

region. It shows that extreme localization occurs even at rela­

tively early stages of pinching, the probability of finding the 

lowest symmetric state in the bigger region is almost unity. 

These considerations showed only the trends and do not 

give any real probabilities of finding the particles in the fis­

sion process. 

The problem now is how to incorporate these findings 

into the collective picture of fission. It is obvious that the 

single-particle effects must be a few units of MeV within the 

liquid-drop model calculations (the circumstances of fission in 

terms of individual surface and Coulomb energy contributions are 

given later in the Discussion and in Fig. 28) so that is is 

natural to include the facts mentioned above into the picture 

just as perturbations of the liquid-àrop model. Here again 

Brandt & Kelson (8) chose not to present any detailed calculations, 

only the main features. 

The starting point is the fact that liquid-drop model 

surfaces are reproduced if the lowest energies of the single­

particles are occupied. There are, however, certain deviations 
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1=3 1=4 

a) m = 0 b) m = + 4 

z axis z axis 

Fission proceeds along z axis. It can have fi = l or fh... = -1 

according to 

( )
i-hrl 

fn.= -1 

in a) the state is antisymmetrical (it has node at x-y fission 

plane). 

in b) the state is symmetrical (it has crest at x-y fission plane). 

Figure 4. 
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from the smooth liquid-drop energies because of shell effects. 
The shell effects will be dealt with later. The first choice of 
astate where not aIl the single-particle states are the lowest 
is a configuration in which aIl single particles keep their 
original ground-state configuration. These have always higher 
energy, i. e. even the fission barrier should be higher, and 
the differences are used by the authors to extract surface-
energy coefficients for a given single-particle configuration 
labelled by'lr defined by _1 

C'1l (sMfe) 1 = ( 0 V ('Ir, ~,,) ) (0 ~lJrf lACe areo.{'AlJf'eiJ) ( 18) 
sUl'fa..ce I€i. Jg i ï ut -; 

where ( is the given shape mode (like "pinching", "asymmetrizing", 
etc.). 

Theidea that these "constants" may not be constant 
during fission has been mentioned by sorne other authors (for in­
stance Wilets (4». In the expression above, the first bracket 
shows how the potential of a certain fixed single-particle con­
figuration varies Vlith changes of individual "modes" of collective 
motion. It is understandable that these changes should not be 
the same with respect to aIl possible shape changes, and, indeed, 
it is found that for the asymmetrizing parameter 0( , the surface-
energy coefficient is much higher. Moreover, on reaching a certain 
magnitude of the asymmetry parameter ~ , the coefficient becomes 
much smaller and practically equal to the other coefficients 
associated with other collective modes. l'his has the basic effect 
of shifting the·saddle-point shape from symmetry to asymmetry. 

The question of the actual shape of the potential 
surfaces (and of aIl others which have the single-particle occupancy 
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different) is, according to Brandt & Kelson (8) not too important 

and the se shapes are not mapped in their article because the 

charting is unwieldyand because they differ from the liquid-drop 

potential basically only by addition of the energy difference 

between the pertinent occupied single-particle states and those 

of the lowest occupied ones and because the authors do not want 

to "overprejudice the reader as to its significance". The authors 

mention only the features of the perturbation treatment using 

the potential for the saddle point expanded around the saddle 

point and they then expand this expansion again for small pertur­

bations. 

Shell effects obviously play an important role not only 

in affecting the fission barrier height but, as many researchers 

argue, in causing asymmetry in fission. Here there should be 

discerned several cases of the shell effects: 

1. Those associated with any shapes having more degen­

eraeies than some neighboring shapes. This characterisation is 

the extension of the "bunching" concept of Myers & Swiatecki (15), 

i. e. any bunching, not only that associated with spherical shape, 

is more stable. This theory can explain the existence of fission­

ing isomers for many nuelei as shown by Vandenbosch (16). However, 

asymmetric fission does not follow from the existence of isomeric 

states. A complete understanding of the isomeric states, and, 

as Strutinski (9) points out, a third isomer state, or better 

a third hump in the fission barrier, would have to be discovered 

or inferred to explain fission asymmetry. 

2. Those associated with spherical shapes. 

It seems that Brandt & Kelson (8) concern themselves 

with both kinds of shell effects. In any case, they divide them 
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into two cases, those concerning the total energy and those 

associated with "the response of the system to variations and 

stimuli". Their conclusion is that shell effects in the important 

stages of fission are second-order effects and that they tend to 

average out during the process. Hill & Wheeler (50) point out 

that fine structures in mass distribution, (the small hump around 

A = 130, for instance) are obviously associated with closed shells 

and they are second-order affects. It is very difficult to make 

a strong case that the same causes could make the fission asymmet-­

ric (the first-order phenomenon). Griffin (41) argues, disregard­

ing the possibility mentioned in the previous paragraph 1., that 

the shell effects are so much associated with the spherical shapes 

that they would be unable to cause such enormous changes in saddle­

point shapes that are far from sphericity. 

Brandt & Kelson (8) leave the question of some pre fer-

ential formation of "clusters" open besides concluding that the 

shell effects are of the second order. In the Discussion, a 

method will be suggested which might indicate the strengths of 

shell and other effects. Recent experiments by Glendenin et al. 

(51), as shown in Section 6e, seem to bear out Brandt & Kelson's 

(8) assumption. 

The last point which Brandt & Kelson (8) explain suc­

cessfully is the width of the mass distribution. It is weIl 

known that at the heavy mass region the r.Ë1. coupling is very 

strong because the shape is highly deformed (or as Hyde (52) 

-~ stated, because of the strong l.s coupling there is a prolate 

deformation). This coupling makes j (which is a sum of orbital 

and spin quantum number) a good quantum number and this complicates 

the determination of which state is symmetric and antisymmetric 
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in the procedure as shown in Fig. 4. The answer lies in linear 

combinations of land s wave functions as given by the rules for 

addition of two angular momenta (as given in M. A. Preston (11). 

1 i i t ij j I11tj > Z (1ifil1n;'-i ;fl jit1n;) fl;t1nr i) 1 i i l) + 

(1i fi l1nj +f i -fi ji t1TtJ) Jijmlj +i) 11 j-f) 
(19) 

The states ILi1t; ]innd) are not pure eigenstates with 

respect to spatial reflection along the z-axis, Rz' but mixtures 

of those with {n = l (symmetric) and jiz.. = -1 (antisymmetric) and 

the probabilities of these states are given by the squares of the 

Clebsch-Gordan coefficients. 

Cm. = / < i i { ;"/1Ij'''ti ;, i 1 j tin) r- (20) 

To determine }.4 the expression of Fig. 4. is used 

(- ) 
1--tn:,:t1 (21) JIz-= -j 1 

If aIl possible combinations obtained using the above 

prescriptions are summed one gets the probability of obtaining 

a certain mass division as given by the amount of symmetric 

states A+ and antisymmetric A· A 

P (A+
t 
A_) = -ç -{1f Cri~] {71 C~it} (22) 

fI..~ N: 1 /\:=/ 
summation extends' over aIl possible combinations oL where the 

and /!; The number of these combinations has a Gaussian dis-

tribution around a certain most probable division so that it can 

be written as 

(23) 

where 
A + 

<A )= L CcL + ti={ 

A + _ 
r == 2 CcL . Ct/. 

rL=/ 
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For A can be substituted number of neutrons or protons. 

It is obvious that there are great possibilities in comparing 

these suggestions with experimental data with respect to the 

observed mass and charge distribution and dispersion and state 

assignments for the single-particle states for the ground-state 

fissioning nucleus. An attempt will be made in the Discussion 

section to draw sorne conclusions from the observed data using 

Brandt & Kelson (8) theory. 

It should be mentioned that the "shell structure" theory 

of strutinski (9) and Vandenbosch (16) may weIl be successful in 

all respects concerning the unsolved problems of fission, however, 

it is not worked out in as great detail as the Brandt & Kelson (8) 

theory. Because of that the latter can be used more readily in 

comparing with experimental data than the former. 

It is quite likely that both theories will contribute 

since they are not mutually exclusive. 

2d. General Methods of Determination of Independent Yields 

The independent primary product yields give the basic 

information for the charge dispersion studies. The methods MOSt 

widely used are either radiochemical or physical, like, for instance, 

measurement of the number of ~ particles emitted in the decay of a 

specific mass chain (Armbruster et al. (53), or of the charac­

teristic K X-rays associated with the primary charge (Glendenin 

et al. (54) or by mass spectroscopy (McHugh & Michel (21». 

The main problem is to distinguish between the indep­

endently-formed products and those that are formed cumulatively 

by consecutive ~ decays of their precursors. At moderate and 

higher energy fission the situation is further complicated by a 

multichance fission which results in fragments of varying excita-
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tion energies. 

The physical methods suffer from various factors. For 

instance, most mass spectrometers have relatively poor mass reso-

lution. The K X-ray method is difficult to use because the 

sources of the K X-rays are not uniquely determined. They can 

arise from the disruption of the electron cloud du ring the fission 

process (half-life of the order of 10-16 sec.) and/or from the 

internaI conversion of the prompt ~-rays from the de-excitation 

of the primary fission fragments after neutron emission (half­

life of the order of 10-10 to 10-7sec .). On the other hand, 

these methods are very useful for measurements of short-lived 

precursors where radiochemical methods fail completely and for 

obtaining fragment mass and charge distributions which are never 

directly accessible by radiochemical investigations. 

When the two methods are compared it must be pointed 

out that there are discrepancies, especially between mass spec­

trographie results and the radiochemical ones. The K X-ray 

method seems to give results which are in good agreement with 

the radiochemical ones, especially in the case of the spontaneous 

fission of 252Cf (Glendenin et al. (54». 

The most convenient case for radiochemical measurements 

is to study a nuclide that is shielded by a stable precursor; 

then the obtained cross sections are always the independently 

formed products. Unfortunately, in most cases the nuclides are 

not shielded and "milking" or time-extraction methods must be 

used where as many different separations (or "milkings") must be 

made as there are unknown cross sections which are to be inves-

tigated. The main point of these separations (llmilkings") is to 
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allow for the contributions from the precursor to the nuclide in 

question. The limitation is the half-life of the precursor; no 

meaningful separation can be performed if the precursor's half­

life is less than one minute. 

If the half-lives of the investigated nuclides are known 

as weIl as the separation times it is possible to obtain the 

cross sections of the independently-formed nuclides. In theory 

the number of the cross sections determined can equal the number 

of separations. Since the errors of the radiochemical measure­

ments of half-lives determinations and of Many others are rela-

tively large it is difficult to extend the number of separations 

beyond two. The method is then called "double-time extraction". 

If the case for three separations ("triple-time extraction") is 

to be successfully applied, the half-lives of the isotopes should 

be approximately within one order of magnitude. 

2e. Decay Chains Studied . 

The properties of the nuclides studied are given in 

Table 3 and the genetic connections in Table 4. The nuclides 

in this region lie just outside the closed shells N = 82 and 

Z = 50, so that even 140Ba, a nuclide stabilized by the even-even 

effect, and close to ZA,is unstable. Since the half-life of 140Ba 

is, however, about ten times longer than that of its daughter 

140La it can be considered a case of semi-shielding. The appro­

priate method used for this case to obtain the independent yield 

of 140La is described in the Treatment of Data section. 

In the isobaric chain MOSt thoroughly studied in this 

work, mass A = 141, the half-lives are such that the "triple-

time extraction" method could be used. However, as previously 

mentioned, the data from independently-measured 141Ba , from barium 
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separation samples were essential for obtaining the independent 

yields for 141La as weIl as for 141Ce • The details of the cal-

culations are given also in the Treatment of Data section. 

The properties of 141La and especially 141Ce are weIl 

known. In the case of 141Ba , although the half-life and the energy 

of the 190-keV peak followed in this work were determined recently 

by Carlson and Schick (55) using the most advanced techniques, 

the bran ching ratios were not reported and had to be inferred 

from the 141Ce measurements, the last radioactive member of the 

isobaric chain. 

The chains of mass A = 143 and A = 139 are subject to 

larger error because of the shorter half-lives of 139Cs and 143La• 

In the case of cerium the more time-consuming chemical separation 

also affected to a certain degree the accuracy of the inde pendent 

yield determination of 143Ce • 
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B. EXPERU'iENTAL 

1. Targets and Irradiations 

Thorium metal foil of thickness 0.002" was used as a 

target material. The 65Cu (p,pn) 64Cu reaction was used as a 

proton beam monitor. The copper foils were 0.001" thick. Since 

there were significant variations in the superficial densities 

of both foils it was considered necessary ta weigh the same 

area of both foils before each irradiation in arder to get the 

ratio of superficial densities more accurately. The ratios 

(including the percentage of 65cu ) varied from 0.29 to 0.42. 

The areas were about 0.7 cm2 • 

To eliminate recoil losses three copper and three 

thorium foils were used. The former were placed upstream with 

respect to the thorium foils. For chemical processing only the 

middle foils were used. AIl six foils were carefully sheared 

with scissors to ensure their alignment, wrapped with 0.0008" 

thick aluminum foil and placed inside the cyclotron at a chosen 

radial distance corresponding ta the desired bombarding energy. 

These were determined from the data given by the Foster Radiation 

Group with an uncertainty ! 2 MeV. The energy degradation was 

estimated and found to lie within the above uncertainty limite 

The total superficial density of all foils in front of the target 

was approximately 100 mg/cm2 . The target holder is shown in 

Figure 5. 

2. Chemical Separations 

~ After irradiation the target and foils were dismantled 

and the middle thorium foil was dissolved in 3 - 4 ml of concen-
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trated HCl along with traces of HF. In this process HF served 

as a catalyst and although the amount needed is very small, 

about 10-5 M, howeve~ its presence for fast dissolution was 

essential. If this amount exceeds a certain optimal value, de­

termined by trial and error, there is a tendency for a colloidal 

precipitate to form at a later time in this mother solution. 

After dissolution was complete, the volume was made up 

to 10 ml with H20 and aIl the following separations were performed 

on aliquots from this mother solution. 

The chemical separation procedures for barium were 

taken from "Collected Radiochemical Procedures" (56) and for 

cerium from "lü~pid Chemical Separations" (57). In the case of 

cerium an additional step was added, separating cerium from tho­

rium. A brief description of each of these procedures is given 

below. 

AlI carrier solutions contained 10 mg of carrier per 

ml and were standardized as follows:-

Barium Carrier Standardization 

5 ml of the carrier solution was pipetted into a 250-ml 

beaker and diluted to approximately 100 ml. Then 10 ml of 

6M H~C102 and 3M NH4C2H302. were added, placed on a hot plate, and 

brought to boiling. 5 ml of 1.5M Na2Cr04 were added dropwise 

and stirred, boiled for 1 minute with stirring, cooled to room 

temperature and filtered into a weighed fine sintered glass 

crucible which had been washed and dried previously and dried 

at 110oC. for 15 minutes. The precipitate was washed several 

times with 5-ml portions of H20 and EtOH and dried, cooled and 

weighed in the same way. This standardization procedure was 

repeated three times and the spread in results was about 3%. 
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Cerium Carrier Standardization 

5 ml of the carrier solution was pipetted into a lOO-ml 
beaker and diluted to about 20 ml with H20. Then it was warmed 
slightly and approximately 50 ml of saturated (NH4)2C204 solution 
were added. The solution was cooled in an ice bath for 15 minutes 
and filtered through an ashless filter paper (No. 42 Whatman). The 
precipitate was then ignited in a furnace at 8000 C. for 30 minutes, 
cooled and weighed as Ce02 • Three standardizations were made 
du ring the course of the experimental work and they agreed within 3%. 

The two above standardizations were taken from reference 
(58). 

Barium 

A 2-ml aliquot of the mother solution was pipetted into 
a 40-ml centrifuge tube, 2 ml of standardized barium carrier 
solution added and the tube placed in an ice bath. About 30 ml 
of a mixture of hydrochloric acid and diethylether (5 parts of 
HCl to l part of (C2H5)20) were added and after stirring for one 
minute a white precipitate of BaC12 .H20 was formed. This time 
of the beginning of the precipitate formation was recorded care­
fully because one of the followed isotopes, 139Ba , has a precur­
sor with a 9.5 minute half-life and any larger error in timing 
would affect the cross section determination substantially. This 
separation time was always about 10 to 15 minutes after the end 
of bombardment time. For the double-time extraction procedure 
described in the Introduction one more separation was performed 
40 to 70 minutes later. 

When the precipitation was complete (approximately in 
one minute) the solution was centrifuged and the supernate dis-
carded. The precipitate was dissolved in 2 ml of distilled water, 
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l drop of phenolphthalein and 3 drops of Fe3+ carrier were 

added and the mixture neutralized with 6M NH40H (with 12 drops 

in excess over the equivalence point). Fe(OH)3 acted as a sca­

venger removing most of the insoluble hydroxides. The precipi­

tatior. was repeated, La carrier added and the solution then sca­

venged with La(OH)3. Neutralization was performed again with 

6M NH40H and when the equivalence point was reached 10 drops of 

6M NH40H were added in excess. This mixture was heated. The 

mixture was heated to boiling to complete the precipitation and 

centrifuged. 10 ml of a buffer solution (mixture of 6M CH3COOH 

and 3M NH40H) were added to the supernate. The solution was 

heated to boiling and 2 ml of 1.5M Na2Cr0
4 

were added dropwise. 

The mixture was boiled for one minute and stirred constantly. 

The characteristic dark orange and later light yellow precipitate 

of BaCr04 formed, which was subsequently centrifuged and the 

supernate discarded. In the case of the first separation the 

precipitate was slurried with water and filtered on a fibre glass 

filter paper using a filter chimney and ground-off Hirsch funnel, 

mounted immediately (after washing twice with 5 ml portions of 

EtOH) and measured as soon as possible on the Ge-Li detector. 

This procedure of leaving out the step involving the chemical 

yield determination was followed when the time elapsed from the 

end of bombardment exceeded 70 minutes. As will also be mentioned 

later, there was always the possibility of determining the chemi­

cal yield by comparison with Ba measured directly from the mother 

solution. However, if there was enough time, and in the case of 

the second separation, the following longer procedure was used. 

The glass filter was weighed beforehand, dried, and the filtered 

BaCr04 precipitate dried again at 1100 Centigrade and weighed 
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again and mounted. 

This separation is very reliable and removes all con­

taminating elements so that barium isotopes are in a radiochemi-

cally pure forme Several very thorough checks were made in the 

course of the experimental work and no gamma-emitting impurities 

were ever observed. However, considerable difficulty was found 

in determining the exact separation time, not only in the case 

of the BaC12 _H20 formation after which the 139Cs precursor no 

longer contributes to the 139Ba , but also in the case of the 

La(OH)3 scavenging. At the moment of La(OH)3 scavenging aIl 

lanthanum isotopes are removed and from that time the 141Ba iso­

tope decays ta 14l La and then into 141Ce . The known properties 

of 14lCe were used to infer the branching ratio, I~, for 141Ba • 

Because of the difficulties these measurements were performed 

separately for ~in three separate experiments. The result is 

given in Table 3. The above-mentioned separation-time difficulties 

caused the error to be estimated as between 10 and 15%. 

Cerium 

A 2-ml (or sometimes I-ml) aliquot was removed from the 

mother solution into a 40-ml centrifuge tube and the solution was 

carefully evaporated to dryness. The residue was dissolved in 

l ml of Ce carrier, then 2 ml of 2M NaBr0
3 

added and the solution 

allowed to cool to room temperature before the addition of 5 ml 

of concentrated HN0
3

. The cooling was necessary in order to 

prevent HN03 decomposition (release of nitrogen oXides). This 

oxidizing medium changed all the cerium into the 4+ state, coloring 

the solution a characteristic transparent yellow. It was found 

that if the HCI mother solution is not evaporated to dryness the 

separation does not proceed weIl. The next step was solvent 
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extraction of the cerium by hexone (methyl iso-but yI ketone). 

The extraction was done in 100ml separatory funnel containing 

50 ml of methyl iso-but yI ketone (previously equilibrated with 

50 ml of 9M HN03 and 2 ml of 2M NaBr03). The mixture was shaken 

for exactly one minute and the middle of the shaking time was 

recorded as the time of separation. The organic phase was then 

washed twice with l ml of 9M HN03, with two drops of NaBr03 and 

back-extracted with 5 ml of H20 with two drops of H202 serving 

as a reducing agent. 

The aqueous phase was neutralized by concentrated 

NH
4

0H(1 - 3 ml) until the insoluble hydroxide precipitates just 

appeared and acidified with a small amount of 6M HN0
3 

until the 

solution was clear. The solution was then diluted with water 

to 15 ml and heated to boiling. Then 15 ml of saturated H2C204 
were added and the thorium rapidly formed a colloidal precipitate 

of insoluble oxalate which was followed by the formation of insol­

uble cerium oxalate after the solution was cooled for two minutes 

in an ice bath. It was centrifuged and the supernate discarded, 

l ml of 6M HN03 was added and the mixture heated to boiling if 

necessary depending on the ease with which the' cerium oxalate 

dissolved, the thorium oxalate remaining undissolved. After cen­

trifugation the supernate of pure cerium oxalate was poured into 

a clean test tube and the oxalate precipitation was repeated. If 

the yellowish color and the oxalate precipitates appeared immedi­

ately after addition of saturated H2C204 the whole step of tnorium­

cerium separation was again repeated. Unfortunately this decreased 

the chemical yield to 40 - 50%. However, it was ne ver necessary 

to repeat this purification for the third time. The final mixture 

was cooled in an ice bath, centrifuged, washed with water, and 
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filtered with suction on an ashless filter paper, washed three 
times with EtOH to dissolve any H2C204 and heated in a furnace 
at 8000 for 30 minutes to convert the oxalate into Ce02 • After 
this the yellowish Ce02 was slurried with EtOH and filtered on 
a previously dried and weighed fibre glass filter paper, dried 
and weighed again and finally mounted on cardboard in the usual 
way. 

This chemical procedure was checked for possible thor-
ium contamination by performing a blank chemical separation on 
an unirradiated thorium foil. The activity of the sample was 
then measured and compared to a thorium spectrum (namely thorium 
plus its daughters up to 228Th which reaches an equilibrium in 
several days) and no thorium activity found at all. Another way 
of checking this was by performing the same eXferiment but without 
addition of Ce carrier, in which case no appreciable weight was 
obtained and thus no measurable thorium contamination by weight. 
Copper 

The copper foil was weighed and dissolved in 2 ml of 
concentrated HCI and a few drops of H202 • No carrier for copper 
was necessary because the irradiated copper foil acted as the 
carrier. The solution was evaporated to dryness and then dissolved 
in two ml of 4.5M HCL. The solution was passed through a Dowex­
Ix8 anion-exchange resin column (58). The column was washed with 
4.5M HCI to free it from zinc, cobalt, and irone When the yellow 
copper band appeared at the bottom of the column, the column was 
eluded with 1.5M HCI and the middle fraction of this eluate was 
taken for the copper fraction. The solution was diluted to about 
5 ml and copper was reduced with NaHS0

3 
and precipitated as CuCNS 
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with NH
4

CNS from dilute HCl solution. The precipitate was digested, 
filtered, washed with water and with EtOH, dried at 1100 C. for 
about 15 minutes, weighed and mounted on cardboard. 
3. Radioactivity Measurements 

The activities were measured by gamma spectroscopy 
using a 3" x 3" thallium-activated sodium iodide crystal detector 
and a 2cm3 lithium-drifted germanium semiconductor detector. A 
brief description of each of these detectors is given below. 
3a. Scintillation detector: 

The crystal, hermetically sealed in an aluminum capsule, 
and optically coupled to an RCA A6342-A photomultiplier was shielded 
in a lead box to reduce the background. The inside of the lead 
shi el ding consisted of iron and copper layers to reduce the ~-ray 
backscattering. 

The output pulses from the amplifier were analyzed by 
a 400-channel Pulse Height Analyzer (Nuclear Chicago Corporation, 
Model 34-12B, RIDL). The spectrum of the measured data could be 
displayed on the screen of the cathode ray tube, printed out by 
printer, and plotted with an X-y pIotter. 

The dead-time loss was eliminated by using the timer 
in the "live" mode on the analyzer. The detector efficiency was 
calibrated both with standard gamma sources, 57Co , 203Hg , 22Na , 
88y , 137Cs and 60Co in the form of precipitates on the standard 
cardboards of approximately 4 cm2 area and with more recent solid 
sources (IAEA) in the form of weightless "point" sources sealed 
in plastic holders. The differences between these two calibra­
tions were within the limits of exr3cted error. For liquid samples 
the calibration was performed only with the former standards. 
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3b. Germanium-Lithium Detector: 

The detector with 4.0 cm2 active area was encapsulated 

in a Model 80 Vertical Cryostat, which provides the required 

vacuum and temperature conditions for the detector. The cryostat 

was placed in a 25-1 Dewar filled with liquid nitrogen. A Model 

118 preamplifier was mounted directly on the cryostat. The 

pulses were amplified by an Ortec 440 multimode amplifier, stretched 

in a pulse stretcher (Ortec 411) and fed into a 1600-channel Vic­

toreen SCIPP analyzer. The block diagram is shown in Fig. 6. 

Since the active volume of this detector was only 2cm3 

and consequently the efficiency approximately one tenth that of 

a sodium-iodide detector, the former was used only in cases when 

its superior resolution was essential for separating the ~-rays 

of barium and cerium isotopes. The resolution of this detector 

was 4.5 keV full-width at half-maximum for the 137Cs 662-keV peak, 

while for the sodium-iodide detector the corresponding value was 

50.3 keV. 

AlI the calibration work was in agreement with the cali-

bration curves of other workers from the laboratory and also inter­

calibration between both counters was performed and found to be 

satisfactory. 

The gamma intensity of the 141Ba 190-keV peak was deter­

mined in later experiments on the new Ge(Li) detector of active 

volume 30cm3 with appropriate calibration. This measurement was 

found more reliable than any similar measurement on the 2cm3 de-

tector because of better peak-to-Compton ratio. 

The 1600-channel analyzer could be operated in "live" 

mode and "recycle" plus "destruct" mode. The latter combination 

enabled one to measure short-lived isotopes, for example 14l Ba 
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continuously in short-counting times. If the dead-time losses 
exceeded 2œ~ all resolution was lost. 
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4. Treatment of Data 

A list of all nuclides studied, their gamma rays and 
other pertinent properties are given in Table 3. In this Table 
are also listed the efficiency coefficients for the Ge(Li) and/or 
NaI(TI) detector assemblies. One or the other was used for each 
nuclide depending on the availability of the Ge(Li) counter, 
activity of the isotope, and complexity of the spectra. 

As shown in Table 3, the activities of 139Ba, 141Ba, 
and 139Ce were measured only with the Ge(Li) detector. In the 
case of the first two the energies of the gamma rays were very 
similar, and their activities high enough so that short-counting 
times gave sufficient total accumulated counts. The peak from 
139Ce was completely obscured by other cerium peaks if the 
NaI(Tl) were used. AlI the rest of the isotopes were measured 
on the NaI(Tl) counter. In the case of 14lCe and 144Ce isotopes 
one composite peak was fOllowed, while in all other cases single 
peaks were measured three times per half-life for three half­
lives. If the duration of the measurements on the NaI(T1) detec-
tor exceeded 100 minutes the background was automatically sub­
tracted using the subtraction and addition modes. At bombarding 
energies higher than 70 MeV the l692-keV peak from 124Sb interfered with the measurement of the 1596-keV peak from 140La• However 
it was easy to resolve this composite peak since the 124Sb peak 
was longer-lived (GO-day half-life) and of lower cross section. 

Since escape and backscatter peaks did not constitute 
a problem the spectra were simple. Typical examples are shown 
in Figure 7. The escape peak for iodine formed a small hump on 
the low energy side of the main peak and it was not difficult to 
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include it into the peak area. Also the Compton edge and con­

tinuum did not interfere with the peak area determination. Back­

ground subtraction was done in a simple way by subtracting the 

background trapezoid from the total peak area. 

NaI(TI) 

escape peak 

Ge(Li) 

144Ce 

Figure 7 

The photopeak areas, after background subtraction, repre-

senting the total number of registered counts were subjected to 

CLSQ analysis (59), and in this way the number of counts per minute 

at the end of bombardment, CPMEOB , was obtained. These were then 

converted into disintegrations per minute at the end of bombard­

ment, nEOB , using the equation 

(25) 
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TABLE 3 

List of Nuc1ides and their Pertinent Properties 

Counter E (keV1 Branching Efficiency in (10) ÀLa. - ilh C * Ratio in (%) Ge(Li) Nal(T1) 
ilL.tL 

Ge(Li) c NaI(T1) 

1.39 
166. Ba 23. 1.4 -- 1552.8 --1.41 

Ba 190. 54. 1.1 -- 771.6 ---139 
165. 1.4 446.4 

Ce 80. --- ---140 140 
Ba - La 1596. 96. --- 1.6g .86908 --- 274.2 1 .5 ** 839.5** : 141 
Ce 145. 48. 1.35 1).1 520.8 79.5 2.** 771.** 14) 

293.(493.)50.14*** 121.6 
Ce --- 8.2 --144 
Ce 1)4. 11. 1.58 13.5 2066. 2.2** 2876.** 336.7 64 
Cu 511. 38. --- 3.1 --- 84.89 

-- - --

** for 1iquid samp1es 
*** weighted Branching Ratio 

*C = aliguot x 10~ 
c efficiency (%) x Branching Ratio (%) 

Ct ® 
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where C.Y. = chemical yield, Eff. = counter efficiency, A = aliquot 

and B.R. = branching ratio in %. 

For most of the decay curves the "fit" parameter of 

the CLSQ pro gram , which is a measure of the scatter of the points, 

did not appreciably exceed 1.5; in the case of 14lBa it was 2.5. 

For 144Ce in the composite peak (141Ce - 144Ce ) where its activity 

was mostly very much lower than that of l41Ce it was occasionally 

necessary to discard the measured value as unreliable. The scatter 

of the points was evenly distributed. The decay factor varied 

between 1.5 and 3. in most cases; for 141Ba it was rather large; 

up to 20. However, the fit parameter was satisfactory and dupli­

cate experiments were weIl within the estimated error. 

The fission products studied in this work are {:;iven in 

Tables 3 and 4. AlI dat~ are taken from Lederer et al. (60) and 

the half-life and energy of 14l Ba from (55). 

As mentioned earlier, none of the nuclides studied is 

shielded so that only cumulative cross sections could be obtained 

in straightforward fashion. These were obtained using the well-

known equation 

t = D"'K ~M 1< NA. X 

Th. 

(26) 

where WM and WTh are the superficial the monitor 

and thorium foils respectively, N.S. = natural abundance of the 

65Cu isotope, ATh and AM are atomic weights of thorium and the 

monitor respectively, 

where 1\. and ÀM are the decay constants of the nuclide and of the 

monitor respectively and to = duration of the bombardment. 

and D~OB are as given in equation (25). 

DEOB 
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TABLE 4 

Pertinent Decay Chains 

139Cs 9.5 m~ 139Ba -83.0 m~ 

140Ba -12.8 d~ 140La -40.2 h~ 

141Ba -18.2 m~ 141La 3.9 h~ 141Ce 32.5 d~ 

143La --14.0 m~ 143Ce 33.0 h~ 

144Ce -285.0 d~ 

139Ce -140. 0 d~ 

From this equation the cumulative cross sections for 

139Ba, 141Ce , 143Ce , 140Ba, 144Ce and 139Ce were obtained. In 

order to de termine the best approach for the time-extraction methods 

a reasonably simplified situation, based on rea1 data, is given in 

Figure 8, showing the time dependence of the number of atoms for 

the individual members of mass chain A = 141. Curve 1 shows the 

growth of the total number of 141La atoms and curve 2 gives the 

decay of independently-formed 141La . Curve 3 gives the growth and 

decay of 141Ba . One can see that in 100 minutes all 141Ba is 

changed into 141La, so that, in order to determine the inde pendent 

yield of 141La , the first separation must be performed as soon as 

possible after the end of bombardment, and the second separation 

after about two or three ha1f-lives of the parent i$otope f41Ba), 

since at that time most of the relatione"'bet"ween the genetically 

connected components are still affected by the parent-daughter 

relationship. In this work only barium and cerium chemical sepa­

rations were performed so that there was a choice between two 

possibi1ities in the case of the 141 mass chain: 
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1. To let aIl 141Ba atoms decay into 14l La, perform 
the first separation of cerium and then do the second separation 
about 12 hours later. This approach is typical for radiochemical 
studies and is basically a double-time extraction method. 

2. To separate four times (the fourth separation is 
performed only to obtain the total cumulative yield). The first 
separation is to be do ne as soon as possible, the second a few 
hours later, and the third a day later. In addition the cumula­
tive yields of l41Ba and 141Ce (obtained using equation (26) from 
separate measurements) can be used to obtain two independent yields 
for 141La and 14lCe , a method which we may calI "triple-time 
extraction". 

The second possibility was chosen mainly b~cause the 
cross section for independently-formed 14lCe was very low. This 
method gives better results since the error resulting from sub­
traction of two approximately equal numbers is smaller in the sec­
ond case. From the four separations it was possible to employ 
the double-time extraction method in addition to that of triple­
time extraction. It was found that for the systems studied each 
time extraction method has its own optimum number of separations 
and separation times. Theoretically, all data could have been 
subjected to a weighted least-squares analysis - simply because 
there were more data than unknown cross sections and because the 
data were coupled by measuring the sarne isotope in the barium and 
cerium samples (more detail will be given about this at the end 
of this section). However, a rigorous mathematical treatment of 
this problem would have been extremely laborious and time-con­
suming. To a certain degree it was possible to weight the results 
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of various caIcuIations, namely discard the results when the 

method showed itself to be unstable with respect to small changes 

in the input data which were within the experimental error. (By 

unstable we mean a situation where, for instance, a change of the 

order of 1% in the input data creates a change in the output of 

several orders of magnitude.) 

For the cases of two chemical separations and two 

cross sections (independent and cumulative) another well-known 

equation was used 

DcL=-r(K[~ + ktôa) 
where F::: %/WF x N. A. x ATh/AN X ôM ID; 
K, ::0 [ë" i (I-r?p f,,)_ {Àp/Àr.t Ji Àtlt {/- ,(ÂdtO l] / (i\r Apl 

(27) 

Kt == [r~t(!-e-:tclio)] /À.d 
Dd = activity of the daughter at timet, t= duration of bombard-

ment and ;tp and À d are the decay constants of the parent and 

daughter respectively. The rest of the quantities are as given 

in equation (26). 

From two measurements of Dd two equations of this kind 

were obtained and both cross sections calculated. This method 

was applied in the case of 139Cs and 139Ba with satisfactory re­

sUlts, and in the case of 143La and 143Ce with semi-satisfactory 

results (the error reaching in some cases up to 50%). For the 

141La _ 14l Ce chain the activities in the second and third separa­

tion gave satisfactory results, but in the third and fourth sepa­

ration the method showed itself to be unstable. The derivation 

of equation (27) is included in Appendix B where it is the second 

step in the derivation of a similar expression for the case of 

the triple time-extraction. A FORTRAN program was used in this 
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case as weIl as for the actual calculation. 

In the case of the 140Ba - 140La parent-daughter chain 

the independent yield of 140La was obtained by the simple method 

of following 140La activity in an aliquot of the mother solution. 

The measurements were performed in two sequences. The first 

eight to ten measurements were taken during the second and third 

day after the irradiation (on the first day the peak-to-Compton 

ratio was very unfavorable) to follow the decay of the independ­

ently-formed 140La and in the second sequence after 10 days when 

the equilibrium between 140Ba and 140La was established, an ordi­

nary set of measurements for three half-lives was performed. By 

that time aIl the activity from the independently-formed 140La had 

decayed. Calculations were based on equation (28) for the first 

sequence 

D E08 == DE08 i\_d [ 1 _ ,t {,1tt- À,,)-I: 7 + D fOB ~/lcit (28) 
d P À.p iltt J d 

where t is the time when the measurements were taken and the other 

symbols are as defined in equations (27) and (25) and on equation 

(29) for the second sequence, 

(29) 

where the symbols are as defined in equation (25) and the constant 

Cc is given in Table 3. Equation (28) gives the cross section for 

the independently-formed 140La while equation (29) gives the cumu­

lative cross section for 140Ba • (It was not necessary to convert 

to counts per minute, CPM, because only one peak. was measured in 

both cases). Derivations of equations (28) and (29) are given in 

Appendix A. Count rates giving counts/minute at the end of bom-

bardment in equation (29) were obtained by CLSQ analysis. The 



- 62 -
values for the 140La independently-formed activity were processed 
by a very simple method included in the FORTRAN program used for 
calculations from equation (28), namely by calculating the arith­
metical average. The accuracy of this method was checked by ana­
lyzing the count rates by CLSQ for two cases and it was found 
that the difference was negligible. This was not surprising since 
the measurements were taken during the linear part of the decay 
curve, so that the least-squares analysis and the arithmetical 
average should give the sarne number if done correctly 

Finally the case of the chain 141Ba _141La _ 141Ce 
was treated by the triple time extraction method previously dis­
cussed. It was virtually impossible to arrive at a simple expres­
sion of the type of equations(27) and (28). The derivation is 
given in Appendix B. In the final calculation the following 
equation 

1~/Ce. (~/B 
tr twm o.Ôcwm + + (30) 

/41 Bo.. /It/Ce. 
was used, where t- and ô" were 

CWIn CU1n 
known. 

Besides the expressions shown in Appendix B an expres-
sion for the sarne case, derived, however, in a different way by 
Saha (61) was used for comparison. The results for the case of 
the cerium separation were practically identical using both sets 
of expressions. In the case of the second separation the differ­
ence was slightly greater. In the case of the third separation 
the values differed significantly. This is not surprising if it 
is noted that basically at least three inaccurate numbers are fed 

EOB /It 'e I~I B into these equations (Ît/4/Ba ,A/y/La. ' A'If'(e ' D/~/(e ' eô'"c.M!l.' Q.6C«ttJ..) 
and they are treated in differently arranged expressions (the 
errors are therefore propagated in different ways). 
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In conclusion the nuclides measured in each run 
several times independently are given below: 

140Ba _ measured as 140La in both barium samples 
(labelled by "1" and "II") and in the fission products mother 
solution. In aIl it was measured three times. 

143Ce - measured directly, also could be calculated 
from the two triple-time extraction equations uSing the first and 
second separation samp1es. These resu1ts, however, were not sa-
tisfactory. 

141Ce and 141La - from triple-time extraction and from 
double-time extraction using two pairs of separation samples: 
the pair including the second and the third separation and the 
pair using the third and fourth separations. The triple-time 
extraction method gave very good results, the rest were satisfac-
tory. 

5. Monitor Cross Section 

For the whole energy range the 65Cu (p, pn) 64Cu 
reaction was used to monitor the proton beam. The cross sections 
used in this work are given in Table 5 as measured by Meghir (62). 

TABLE 5 

proton bombardin~ monitor cross energy ( in MeV section (mb) 

28 420 

37 280 

44 220 

59 180 

68 160 

75 150 

83 140 
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6. Errors 

In experimental work two kinds of errors occur, system­

atic or constant and random errors. 

The constant errors are associated with absolute branch-

ing ratios, half-lives, efficiency curves and monitor cross sec­

tions. The random errors are associated with the determination 

of disintegration rates, including determination of peak areas, 

decay curves resolution, chemical yield determinations, weights 

of the targets, and non-uni formi t y of the target foils. 

The statistical errors in counting rates were minimized 

by making sources as active as possible, consistent with safety 

considerations. 

Approximate estimates of the errors are given below: 

Determination of photopeak area gives rise to one of 

the main sources of error and was estimated to be within :4 to ±10% 

depending on the complexity and peak-to-Compton ratio for the 

measured peak. 

The error in chemical yield determination was estimated 

from the duplicate measurements discussed at the end of Treatment 

of Data section, which agreed within *5%. Even though this was 

only a rough estimate where one could not distinguish the chemi­

cal yield error from the statistical photopeak area determination 

errors, it was considered as acceptable that the chemical yield 

error does not exceed ±4%. 

Weighing of the targets was estimated to be accurate 

The uncertainty in the determination of counter effi­

ciencies was estimated to be ~IŒG. 

The error in pipetting aliquots was estimated to be ~l%. 
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The error in the determination of the separation time 

was ±l% in the case of solvent extraction and ±5% error in the 

case of precipitate separation as to the determination of the 

exact moment when the precipitate separates from the solution. 

No attempt was made to evaluate systematic errors arising 

from absolute branching ratios and half-lives reported in liter-

ature and they were not re-checked in this work. 

To make sure the methods used were reliable the runs 

for 28, 37, 59 and 68 MeV were duplicated. In most cases the 

agreement was within ±5%, never exceeding !15% except in the case 

of 144Ce • However, the cross sections obtained using the double­

time extraction method in the case of mass chain A = 143 had 

poorer reproducibility (the values differed in some cases as much 

as 5~fo) showing how the errors listed above can be propagated by 

the exponential relations used in the double-time extraction 

method calculations. The duplicate experiments are considered as 

the main indication of the reliability of the methods used. 

The rigorous total error calculation including the expo­

nential relations would be very time-consuming. It was considered 

sufficient for the purpose of this section to give an indicative 

total error by taking the sum of the squares of the individual 

errors. It was found ta be between :10 and ±20%. 
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c. RESULTS 

1. Excitation Functions 

The measured cross sections of aIl nuclides studied are 
given in Tables 6 to 9. Excitation functions of various products 
are given in Figures 9 to 13. For completeness the results of 
duplicated experiments are also shown. 

From Figures 9 to 13 one can observe the following. 
The cross section for the independent formation of 139Ba reaches 
a maximum, rather poorly defined, at approximately 40 MeV. The 
scatter of the experimental points is probably due to the time­
extraction method difficulties. The cross section for the cumula­
tively-formed 139Ba formation in Figure 9 was obtained by summing 
up the 139Cs cumulative and 139Ba independent cross sections. 
This gives an indication of which errors are due to time-extraction 
problems and which are of different origine For instance the 
deviation at 75 MeV for the independent formation of 139Ba also 
shows up in the cumulative cross section for 139Ba so that it is 
not considered as an indication of a peak. 

The cross sections for the independent formation of 140La 
and 141La , shown in Figures 10 and Il respectively, exhibit maxima 
at 60 HeV and 45 MeV respectively. The cross section for 1410e 
(Figure Il) increases very little with increasing bombarding energy 
and that for 143Ce (Figure 12) shows only a poorly-defined peak 
at bombarding energies around 50 MeV. 

Friedlander et al. (30) were the first to observe a 
correlation between the neutron-to-proton ratios of the fission 
products, N/Z, and their excitation function maxima, Ep(max). 
According to the prescriptions given by these authors, the maxima 
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of different products, Ep(max), have been p10tted against their 

neutron-to-proton ratio, N/Z, in Figure 14. It can be seen from 

Figure 14 that the curves for 233U and also for 232~h disp1ay 

certain deviations from straight 1ines, un1ike the curves for 

238U and 239pu • The basic trend pointed out by Tomita & Yaffe (63), 

that the peak of the excitation function, Ep(max), of a given 

product occurs at a lower energy for a target of lower N/Z was 

again verified. This is discussed in greater 1ength in a 1ater 

section. 
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Figure 9 

Excitation functions for the mass ohain A = 139 
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Figure 10 

Excitation functions for the mass chain A = 140 
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Figure Il 

Excitation functions for the mass chain A = 141 
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Figure 12 

Excitation functions for the mass chain A = 143 
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Figure 13 

Excitation functions for the cumulative 
yields of the last members of the mass 

chains A = 139, 140, 141, and 143 

t:::. 
139Ba cum 

0 
140La cum 

• 141Ce cum 

+ 143Ce cum 

Il 
137Cs cum (taken from Benjamin 

et al. (64» 
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Figure 14 

Energies at which the excitation functions 
of various isotopes reach their maxima 

• 238U 

Il 232Th 

" 232Th measured in this work 
0 239pu 
X 235U 
c 233u 

taken from Yaffe (33) 
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2. Charge Dispersion 

The charge dispersion curves drawn at various energies 
are shown in Figure 15 to 21. The results of repeated experiments 
are also gi ven. 

The construction of the charge-dispersion curves in this 
mass region could not be performed assuming the mass-yield curve 
to be essentially fIat, as other workers have do ne in other mass 
regions. Unfortunately, no reliable data giving the mass yields 
were available so that the measured cross sections had to be changed 
into usable data using corrections summarized in the Discussion 
section. 

The fractional cross sections are given in Tables 6 to 9. 
In Figures 15 to 20 both independent and cumulative cross section 
curves are displayed (note that in this method of presentation all 
cumulative fractional cross section curves must pass through the 
point corresponding to 50% of the yield at a point exact1y half a 
charge unit from the most probable charge, Zp.). The inde pendent 
cross sections of those nuclides not accessible to direct measure-
ments were presented in such a manner that the sum of the independ­
ent yields read from the curves must add up to the measured 
cumulative yields which are also shown. 

For each charge dispersion curve the mass A = 141 was 
used to obtain the most probable charge, Z. The full-widths of p 
half-maxima, FWHH, of the curves in Z units were similarly obtained. 
The ZA-Zp values were calculated using ZA values given by Coryel1 (19). 
The values of Fr/HH and ZA -Zp are given in Table 10 and the values 
of ZA-Zp are plotted, together with other workers' data, in Figure 22. 

" 
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Figure 15 

Charge dispersion curve at 28 MeV based o~ 
independent and cumulative yields 

(The right hand side of the curve has been 
drawn 50 that the sums of the independent 
yields give the measured cumulative yields) 
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Figure 16 

Charge dispersion curve at 37 MeV based on 
independent and cumulative yields 

(The right hand side of the curve has been 
drawn so that the sums of the independent 
yields give the measured cumulative yields) 
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Figure 17 

Charge dispersion curve at 44 MeV based on independent and cumulative yields 

(The right hand side of the curve has been drawn so that the sums of the independent yields give the measured cumulative yields) 
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Figure 18 

Charge dispersion curve at 59 MeV based on 
independent and cumulative yields 

(The right hand side of the curve has been 
drawn so that the sums of the independent 
yields give the measured cumulative yields) 
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Figure 19 

Charge dispersion curve at 68 MeV based on 
independent and cumulative yields 

(The right hand si de of the curve has been 
drawn so that the sums of the independent 
yields give the measured cumulative yields) 
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Figure 20 

Charge dispersion curve at 75 MeV based on inde pendent and cumulative yields 

(The right hand side of the curve has been drawn 50 that the sums of the independent yields give the measured cumulative yields) 
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Figure 21 

Charge dispersion curve at 83 MeV based on 
inde pendent and cumulative yields 

(The right hand side of the curve has been 
drawn so that the sums of the independent 
yields give the measured cumulative yields) 
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TABLE 10 

Parameters of Charge Dispersion Curves 

in 232Th Fission 

Z - Z FWHM 
A P (Z units) 

2.55 1.65 

2.25 1.65 

2.2 1.67 

2.15 1.7 

2.15 1.7 

2.05 1.8 

2.05 1.9 
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Figure 22 

Displacement of most probable charge, 
Zp towards beta stability, ZA 

o this work 

• Pate et al.(3t) 

C Forster et al.(6r) 

+ Benjamin et al.(64) 
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Figure 23 

FuII-width at half-maximum 

othis work 

• Pate et al. (32) 

D Forster et al.(65) 

+ Benjamin et al. (64) 



lJ 
::u 
0 
-f 
0 
Z 

m 
Z 
m 
::u 
0 
-< 
...... 
~ 
Ci> 
< 
'-' 

1\) 

0 

~ 
0 

0) 
0 

00 
o 

d 

0 

( 

--

-

c 

<:: 

( 

- 88a -

z 

• 

+ 

•• 

+ 

+ 

• 
+ 

--. 

+ 

+ 
• 

+ 

+ 
• 



- 89 -

3. Comparisons with other Workers' Data 

Kjelberg et al. (66) measured l40La in 232Th proton fission 

in the same energy range as in this work and the agreement both for 

the independent fractional chain yield for l40La and the cumulative 

fractional yield for 140Ba is excellent - weIl w~thin 10%, although 

different measurement techniques were used. 

Croall & Cuninghame (20) give their results in percent 

yields and the curves in Figure 26 show the mass distribution before 

neutron emission from the fragments. It is not difficult using 

values for total fission cross section for 232Th , as given by Pate 

et al. (32) and McCormick and Cohen (67), to obtain absolute values 

for the fragments. Croall & Cuninghame (20) report the way they 

determined the number of neutrons evaporated from the fragments 

(using the findings of Britt & Whetstone (29) on neutron evaporation) 

so that finally an approximate fission product mass distribution in 

absolute numbers can be inferred. With respect to the error quoted 

for the total 232Th fission cross section (±15%), the agreement is 

good to within 25% if you compare this with data obtained in this 

work and by Benjamin et al. (6~ The disagreement appears in the 

slope of the mass distributions. Croall & Cuninghame (20) report 

less of a slope in the heavy mass side of the mass distribution. 

The total mass chain yields inferred from charge dispersion curves 

and from l40La and 14l Ce cumulative yields give a slope approximately 

twice as large. However, this discrepancy is not as serious as 

Figure 24 suggests. Croall & Cuninghame (20) were much more 

interested in overall tendencies of the mass distribution than in 

very accurate details. 

Certain small deviations are observed in Figure 22 where 
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ZA-Zp' the distance of the most probable charge, zp' from the most 
stable charge for a given mass are given. Forster et al. (65) 
measured in all cases only one pair of isobars for masses 133 and 
135 (obtaining one independent and one cumulative yield) and the 
value of Zp depended on the choice of FWHM of Gaussian dispersion 
used for its determination. Forster does not give data for energies 
higher than 50 MeV. Benjamin et al. (64), as mentioned previously, 
quote for higher energies (E> 50 MeV) and uncertainty of 0.5 Z so 
that the deviations are not significant and there is no serious 
disagreement with their data. It would be helpful if the data of 
Benjamin et al. (64) were evaluated uSing Miller's (68) "CURFIT". 
FORTRAN programme together with more details concerning the N/Z (A) 
function for 232Th so that more certain information be extracted 
from those data. It appears likely that for higher energies their 
values of FWHM will be slightly narrower and Zps slightly higher. 

In conclusion it is stressed that agreement with the data 
of Pate et al. (32) is very good as shown in Figure 22. 
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D. Discussion 

1. Introductory Remarks 

As argued in the Introduction, nuclear matter, even at 

excitation energies of the order of 100 MeV with collective and 

single-particle excitations, is still an assembly of not more than 

260 particles subject to an average potential; situation similar 

to that of the ground state. If one accepts the idea that the 

single-particle effects are responsible for the asymmetry at 10. 

energy fission, then it is natural to assume that the asymmetric 

portion of the mass distributton (asymmetric fission mode) at moder­

ate energies is caused by the same single-particle effects. 

Even at energies higher than 100 MeV where symmetric 

fission prevails, it has been observed (for instance by Karamian 

et al. (24» that the widths of the mass distributions (which are 

symmetrical), of those nuclei fissioning asymmetrically at 10w 

energies, are much wider than those of nuclei that fission symmet­

rically only (Z < B4, as given on page 17). It does not seem un­

reasonable to assume that thi-s may be some form - unknown yet - of 

the single-particle effects. 

There is no doubt about the uniformizing effect of higher 

excitation energy. However, there seems to be no reason to expect 

that this uniformity effect can make, for instance, all higher 

energy fission distributions describable by just one set of para­

meters. 

This work, along with others' in this laboratory, was 

undertaken to investigate further the overall trends in fission 

product formation at moderate bombarding energies and their depend­

ence on the gross characteristics of the target. The data showed 
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the overall trends behaving in a predictable way (for instance the 

most probable charge, Zp' shifts to less neutron-rich nuclides with 

increasing bombarding energy, the widths of the charge dispersions 

increase with energy, etc.), so that the basic characteristics were 

thus determined. Invariably, however, certain small deviations 

appeared - tlfine structures". A comprehensive way of showing these 

is a graph, such as that first introduced by Friedlander et al.(30), 

where the proton bombarding energies at which the cross sections of 

the individual fission products reach their maxima, Ep(max), are 

plotted against the neutron-to-proton ratio, of these fission pro­

ducts (Figure 14). Other such examples of fine structure may be 

seen in graphs showing the displacement of the most probable charge 

from that corresponding to stability, ZA-Zp as a function of the 

ratio of N/Z of the target, for various bombarding energies. One 

example is shown in Figure 15 in reference (33), for the mass region 

A = 130 - 140, where the curves deviate from the straight lines 

quite markedly. 

It is very difficult to obtain reliable data on these 

"fine structures" because they are almost within the experimental 

error. However, because it is hoped that these might give essential 

information with respect to single-particle and/or shell effects 

(including the shell effects in the wider sense of Strutinski (9» 

superimposed on the liquid-drop model features, the data collected 

in this laboratory for several years were investigated in this 

regard. 

In the following discussion the changes of the most pro­

bable charge with mass and energy, Zp(A) and Zp(E), and of the 

curvatures of the curves as given on Figure 14, and their fine 
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structures, are explained using the above expressed ideas together 
with the notion of symmetric and asymmetric fission competition. 

2. Dependence of Ep (max) on N/Z of the Pïssion Product 
for Various Targets 

The kind of graph shown in Figure 14 is typical of the 
fine structure which occurs. If there were no fine structures 
e.g., neutrons would be evaporated in a regular manner depending 
only on excitation E*, carrying away Bn + 2T energy, where T = nu­
clear temperature and 2T = kinetic energy. In the energy region 
of this work this would be approximately 10 MeV. Also if all 
mass distributions of various fissioning nuclei were the sarne and 
kept the sarne shape with energy, these graphs would appear approxi­
mately as a set of parallel straight lines separated by distances 
depending only on N/Z of the target. Also, consequently, the 
excitation functions would have approximately the sarne shape. It 
is not easy to detect all the reasons leading to the observed 
variations from the regular pattern outlined above and thus the 
following argument is therefore going to be qualitative only and 
confined to our energy region. There is, however, one rather 
prominent reason, narnely the differences in the mass distributions 
of the targets and their changes with energy. The wider the mass 
distribution (and the Wider it becomes with increasing energy) 
the more excitation energy is needed in the fissioning act to 
evaporate one neutron for a particular nuclide because there are 
more channels available and the excitation energy per channel is 
correspondingly lower. 

For instance it is not surprising that 238U should have 
a slope in Figure 14 greater than for the other fissioning nuclei 
because the width of mass distribution as given by Stevenson 
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et al. (69) (approximately 23 mass units at the half maximum) is 
distinctly greater than for 232Th at approximately the same 
excitation energies as given by Croall & Cuninghame (20) (approxi­
mately 15 to lB mass units). So in the case of 238U more excita­
tion energy is needed to accommodate the wider distribution es­
pecially with increasing excitationenergy - where the valley 
between the asymmetry peaks is being filled. Unfortunately not 
enough mass distributions are known in the cases of other targets 
and excitation energies. For thermal neutron and low-energy 
fission the full-widths at tenth-maximum were collected by Flynn 
et al. (70) and these show the same trend, i.e. 23BU has somewhat 
wider distribution than 232Th and 233U• 

An equally power fuI reason for the changes in Figure 14 
is symmetric vs. asymmetric fission, i.e. at what energies sym­
metric fission sets in and what the shape of the mass distribution 
curve was. If, as in the case of 232Th , the symmetric fission 
becomes prominent at energies about 45 MeV (see Figure 26) and few 
fissioning nuclei fission asymmetrically, the excitation functions 
as given in Figures 9 - 13 (for the heavy mass region and for the 
complementary light-mass region) fall off and consequently some 
peaks are located at lower excitation energies than they would if 
the mass distribution were widening more "regularlylt and, for 
instance, filling the valley continuously as it is in the case of 
23BU where the symmetric fission plays a much smaller role. Another 
consequence of the symmetric vs. asymmetric fission competition in 
a region where symmetric fission prevails, for instance at energies 
above 45 MeV in the case of 232Th , is that the excitation functions 
at energies more than 50 MeV may receive contributions from sym­
metric fission. The peaks in excitation functions corresponding 
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to contributions from symmetric fission shou1d occur at higher 

bombarding energies than those coming from the "regular" situation. 

In other words the curves in Figure 14 shou1d have small slopes 

first - with respect to 238u for instance - and at higher energies 

they should turn up and have a re1ative1y higher slope as is 

indeed the case with 232Th • For 233U there are no direct data. 

However, Co1by & Cobb1e (71) c1aim to have observed, for moderate 

energy fission 233U (ct, f) the characteristic three-humped mass 

distribution resemb1ing 232Th in Figure 26, so that a simi1ar 

distribution may occur in proton fission. In any case, the curve 

in Figure 14 for 233U has a simi1ar trend as that for 232Th , even 

more curved. 235U shows the sarne trend, if somewhat less pro­

nounced than that for 233U. 239pu shows no curvature and upward 

trend which should indicate very 1itt1e symmetric fission at these 

excitation energies and the mass distribution broadens with 1ess 

speed than that of 238U• 

The trends out1ined above may ref1ect the observed 

tendency for e1ements of lower neutron number N to fission sym­

metrically more readily than the e1ements of the sarne proton num­

ber Z but of higher N. The elements of interest are given in 

the following Table Il. 
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TABLE Il 

VARIOUS PARAMETERS OF SOME FISSIONING NUCLEI 

Z2/A N Z 

239pu + p 38.817 145 95 
238u + p 35.81 146 93 
235u + p 36.65 143 93 
233u + p 36.87 141 93 
232Th + p 36.48 142 91 
237Np + p 37.12 144 94 
232U + ~ 37.28 143 94 
226Ra + p 34.89 138 89 

A 

240 

239 

236 

234 

233 

238 

237 

227 

The last two fissioning nuc1ei are those which fission 
symmetrical1y at energies as 10w as 25 MeV and at 13 MeV respec­
tively as reported by Colby & Cobble (71) and Konecny and Schmitt 
(25). 

From Figure 14 and the table above the following may 
be concluded about the re1ationship between (Ep) max and N/Z of 
the fission product: 

1. The upward trend shown by sorne target e1ements indicates sym­
metric fission as an important ingredient. This agrees with the 
observations by Myers&Swiatecki (15) that the ground-state 
deformation in the heavy-mass region is anomalous and possib1y 
affected more by neutron number and with the observation of Jensen 
and Fairhall (22) that the tendency to symmetric fission decreases 
with increasing deformation. It is possible to write for the 
tendency to symmetric fission (taking the following fissioning 
nuclei) : 

(233U) (232Th ) (235U) 
227 Ac "',7 234Np ? 233pa /' 236NP >- 237pu >- 240 Am "> 239Np 
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One can read:Lly see that ina.eed the upward trend in Figure 14 has 
the sarne order as the underlined isotopes. It is also conceivable 
that 239pu and 238U do not have the symmetric peaks growing in at 
these energies. It is also worth noting that the Z2/A parameter 
does not seem to play any significant role. 
2. A higher slope corresponds to a broader and also possibly a 
mass distribution becoming broader more quickly with excitation 
energy (the valley between the peaks may be beirg filled from the 
sides as weIl as from the middle). 

3. Khan et al. (58) found that (ZA - Zp) varied with bombarding 
energy for A r:::- 96, in a manner véry different from that found 
by others for A ~140 (33). They found that the fission products 
from 235U acted in a manner indistinguishable from 238u, contrary 
to the observations of Yaffe (33) for A ~ 140. However the light 
and heavy peak isotopes would not be expected to fa1l on the same 
curve because of the differences in Bn for complementary fragments 
and because of the irregularities in the mass and proton and neutron 
distributions with energy. Also if the fragments divide according 
to the Minimum Potential Energy (MPE), then the 1ight and heavy 
peaks in the mass distribution have no reason to meet on the same 
curve. However, as will be dealt with later, even falling on the 
sarne curve does not have to Mean that the "sudden rupture hypothesis" 
~ometimes identified with the UCD hypothesis) holds good. 

Some of the conclusions are also shown on Figure 14. 
According to the ideas presented here the products from 

237Np( p, f) fission should gi ve a straight line - the intermediate 
situation between 235U and 239pu • 252Cf should give a straight 
line with a slope greater than238U because it is asymmetrical and 
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of larger width in thermal fission. 

3. Excitation Functions 

The excitation functions are given in Figures 9 to 13. 
The shapes differ substantially from "regular" shapes in the sense 
introduced in the previous section. They reach maxima "too early" 
and the cross sections decrease with the onset of the symmetric 
fission. As mentioned earlier this is in good agreement with the 
mass distributions as given in Figure 26 where at energies above 
45 MeV symmetric fission prevails. On the other hand independent 
yield of 141Ce as shown in Figure Il does not show any increase 
with energy to indicate a peak at 100 MeV if it conformed to the 
"regular" fashion. Presumably the peak will come at higher energies 
as the symmetric fission mass distribution widens enough. Thére 
is also a possibility that the excitation function will show a 
broad and rather small peak because the symmetric fission contri­
bution will not be able to offset the low-deposition energy fission 
which is always present at higher energies. 

In the case of the excitation function for independently­
formed 143Ce as shown in Figure 12 it is hard to determine any 
peak. If the peak as suggested on the Figure 12 is plotted in 
Figure 14 it falls in the expected place with respect to the other 
peaks. 

In the case of 140La and 141La there is no doubt about 
the location of the peaks, (Figures 10, Il) so that the maximum Ep 
energy,Ep(max),is determined reliably. This is reasonably correct 
for the 139Ba peak also. 

4. Variation of the Distance of the Most Probable Charge Zp as a Function of Bombarding Energy 

AlI the pertinent data are given in Figure 25 together 
with data by Benjamin et al. (64), Forster et al. (65) and Pate 
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et al. (32). As discussed briefly previously one can see that 

the agreement with Pate's (32) data is very good; the disagreement 

with Forster's (65) may be due to the fact that he investigated 

only two isotopes of masses 133 and 135 and Benjamin's (64) error 

bars coyer the range observed in this work. It should be remem­

bered that the introduction of the ZA concept introduces shell 

effects. These are not believed to play a large role in higher 

energy fission and thus will not be reflected in the Zp values. 

The behaviour observed in this work is again in complete 

agreement with that found by Croall & Cuninghame (20) Figure 26. 

When a bombarding energy about 45 MeV is reached the symmetric 

fission prevails to such a degree that the contributions for the 

heavy mass peak are minor and consequently the most probable charge 

Zp does not change appreciably. The charge dispersion determining 

Zp comes mostly from low-deposition energy fission. 

The relatively steep beginning up to the energy of 40 

MeV might reflect the relative narrowness of the mass distribution 

and also perhaps low values of neutron binding energies. Any 

further conclusions would be too speculative because the dependence 

of fragment neutron evaporation on mass,V(A),is not known in suf­

ficient detail, as weIl as the changes of Zp' Np, and widths in 

charge and neutron distributions with energy. It is not easy to 

understand the fact that up to 40 MeV bombarding energy the be­

ginnings of the ZA - Zp (E) curves for Cs isotopes are the same for 

all nuclei observed in this laboratory, as shown in Yaffe's paper (33) , 
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5. Charge Dispersion 

Charge dispersion is defined by Friedlander et al (30) 

as changes in formation cross section at a given bombarding energy 

along an isobaric chain. However one must examine the relation 

to plots where, instead of Z units &long the ordinate, the cor­

responding N/Z values are plotted. This way of plotting obviously 

enables one to plot yields from several isobaric chains on one 

graphe However, there are two assumptions implicitly made: 

1. The mass region in question is fIat. 

2. The N/~ ratio ("p" in all cases stands for "most 

probable") does not change appreciably with the mass of the pro­

ducts. 

The correction for the first case is easy to make by 

taking the fractional chain yields (if known) instead of cross 

sections. This has been done in this work. For the second the 

N/Zp(A) function must be known. To obtain Zp in a certain mass 

region most reliably would be to investigate isobars only, however, 

in most cases Zp(A) has been determined on the basis of the iso­

topie charge distributions. Sinee the value of each of the Zps 

was determined on the basis of one or two isotopie yields elosest 

to the Zp value (not integer) and not on extrapolations from iso­

topes of several mass units differing in mass, the determined Zp 

values, as will become apparent in the following pages, are within 

the experimental error. The only quantity which ls not negllgibly 

affeeted by any possible N/Zp changes with A is the full-width at 

half-maximum, FWHM. It has been reported by Hogan & Sugarman (35) 

and partly also by Panontin et al. (34) that corrections have been 

applied in several cases on F'v'ŒM determined from isotopie charge 
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distribution curves and a good agreement is reported with values 
determined from isobaric charge dispersion curves (in the heavy­
mass region). 

It is essential in performing the correction, of course, 
to have a reliable N/Zp(A) function. Fortunately, with the accu­
mulation of data from this laboratory it is possible to draw these 
curves for 238U and partially for 232Th in moderate energy proton 
fission. (if it is necessary to make interpolations then the N/Zp 
functions for all other targets can be inferred from the 238U 
curve). The functions are given in Figure 24, together with N/ZAs 
(ZA ,as given by Coryell (19) and ZA as given by Green (72), Co~ Green 
the most stablè charge for a given mass) and for thermal neutron 
fission of 235U, as weIl as for fission of 238U by protons of 150 
MeV energy using values given by Coryell et al.(73) and Pappas & 
Hagebo, (74) respectively. Several features are apparent. The 
value of N/Zp is changing considerably with A and with the increas­
ing energy the left and right wings tend to level off, as observed 
by Pappas & Hagebo (74) and in this work (combined with the data 
of Benjamin et al. (64) and Pate et al. (32». 

Since with the knowledge of the relations as given in 
Figure 24 it becomes un justifiable not to use the corrections, the 
main rules for applying the corrections for the isotopically 
observed charge dispersions plotted in N/Z type graphs are set 
forth below: 

1. One isotope is chosen as a reference point (naturally 
that closest to Zp for a given mass A.) 

2. Values of N/Zp(A=~1,±2, .. ) - N/Zp(A) are read off the 
proper curve on Figure 25, (corresponding to the given target 
and bombarding energy). 
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Figure 24 

Variation of the ratio of the neutron number to the most probable charge, N/Z~, with mass 
number A for various energies ann targets 
Also variation of the ratio of the neutron number to the most stable charge, N/ZA with A. 
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235U (nth , f) Coryell et al. (73) 

238U (p, f) 170 MeV bombarding 
energy, Pappas & 
Hagebo (74) 

232Th (p, f) Pate et al. (32) 
232Th (p, f) Benjamin et al. (64) 
this work (all ~g~barding energies 

for Th are 28 MeV and 
83 MeV) 
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Figure 25 

Detail of Figure 24 in the heavy mass region 
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3. If d(~Zpl >0, the values read off for isotopes 
A<Achosen are added to the N/Z values corresponding to the given 
isotopes. For A ~ Achosen they are subtracted so that the overall 
effect on the charge dispersion curve will be to narrow it with 
respect to that without the correction. A typical example is the 
charge dispersion of cesium isotopes. 136Cs may be chosen as the 
reference point (i.e. its N/Z value will not be subject to any 
addition or subtraction) of N/Z = 1.4727. The value read off (as 
in point 2 above) for the 130Cs , for example, would typically be 
.02. This value then is added to 130Cs N/Z = 1.3636 and the 
measured cross section is p10tted against the new value 
(N/Z)corr = 1.3836. 

The same is done for all the measured isotopes of cesium. 
For those which have a mass higher than 136, the values read off 
are subtracted. The difference in FWHM, for the isotopie charge 
dispersions spanning more than Il mass units,(like, for instance 
125Cs to 136Cs in Friedlander et al. (30», can be up to 20%. 

If d(N/Zpl « Othe same procedure is followed except dA 
that the corrections are subtracted instead of added. The overall 
effect now is to widen the charge dispersion curve. However, as 
shown in Figure 24, the slope is negative only at low energies 
and in a narrow region past the c10sed shell. The detai1ed figure 
depicting this situation for 232Th is given in Figure 25, from 
which it is obvious that only at a bombarding energy of 28 MeV 
need the correction be made (it is rather small, equal to .003 N/Z 
only, since the change in the N/Zp(A) function of mass A = 141 
and A = 139 is very sma1l) and at all other bombarding energi~s 
the N/Zp function can be considered constant with mass (especially 
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with respect to the error of 0.5 Z units quoted by Benjamin et 

al. (64)). 

It should be added that if the charge dispersion curves 

are constructed in the usual way, i.e. to make the neutron-excessive 

portion of the charge dispersion curves fit to the observed cumu­

lative yields, the corrective values read off as given under 

point 2 are related to one particular mass only and the correction 

is therefore constant for the whole isobaric chain leading to the 

observed cumulative yield (the N/Zp(A) value for given mass is 

constant). 

In the::ase of this work there were no problems with the 

FWHM determination because the charge dispersion was measured ba­

sically isobarically and the mass range was relatively narrow. 

(The only exception is the case of 139Cs and l39Ba at a bombarding 

energy of 28 MeV. The correction, equal to .006 N/Z units, is 

shown in Figure 25). It is very likely that the N/Zp function for 

thorium resembles that of 238U in region A = 130 to A = 138 and 

that corrections applied to the curves of Benjamin et al. (64) 

would narrow their widths, especially at higher energies. However 

with respect to Benjamin's quoted errors the corrected values 

appear to lie within the experimental error. In other words there 

is no essential disagreement in the FWHMs determined by Benjamin 

et al. (64) and those determined in this work. 

The construction of charge dispeI'sion curves as gi ven 

in Figures 15 - 21 had to be done using fractional chain yields 

because, as Figures 6 - 9 show, the mass distribution was not fIat. 

This is also reported by Croall & Cuninghame (20) who investigated 

the mass distribution in 232Th fission with protons of energy 

from 13 to 53 MeV. Their mass distribution curves are given in 
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Figure 26. One can see that at energies around 45 MeV symmetric 

fission prevails. More will be said about this later. If one 

plots the fractional chain yields (independent and cumulative), 

one is dividing one inaccurate number by another one (by the total 

mass yield). On the other hand, since the total mass yield as weIl 

as the individual independent and cumulative yields are in most 

cases measured by means of the sarne r-ray peak of the sarne isotope, 

some errors cancel out. This was the case in this work for masses 

140 and 141 where it is safe to assume the cumulative yields of 

141Ce and 140La represent the total chain yields. (The sarne was 

true in the work on 140La by Kjelberg et al. (66)). In any case 

the charge dispersion curves themselves support this view. For 

mass 139 it cannot be safely assumed that the cumulative yield of 

139Ba represents the total mass 139 yield and more or less accurate 

extrapolations had to be made ~ased on the charge dispersion curves 

as given in Figures 15 21). These are given in Tables 6 to 9 

where aIl the measured yields are given. The sarne holds true for 

mass 143 with the additional fact that the experimental error 

was higher due to errors in the determination of the time of sepa-

ration. 

The mass distribution of Croall & Cuninghame (20) could 

not be used for mass yield determination because the curves were 

determined using rather crude physical methods and the agreement 

between the present results and theirs is only approximate and 

depends on the values used for total fission cross sections. 

One more reason for not trying to apply the charge dis­

persion corrections and perform the extrapolations for determining 

the total mass yield of A = 139 was the finding of Runnals et al 

(75) and Wahl (31) about even-odd effects on charge dispersion. 
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This was not included in this work 50 that any effort to improve 
the accuracy beyond a certain limit would have been meaningless. 

%0 YIELD 

5 

4 

3 

2 

1 

A 

Figure 26 

taken from Groall & Guninghame (20) 

After dealing with the problem of corrections for vari­
ations of N/Zp it is still necessary to investigate the effect of 
energy dependence on the full-width at half-maximum and the shape 
of the charge dispersion curves. 
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It may be useful to introduce the notion of "elementary 

charge dispersion" as that resulting from fission of only one 

kind of fissioning nucleus, as distinct from that arising from 

the fission, in competitive manner of a variety of nuclei. Under 

the former characterization would fall aIl spontaneous, thermal 

neutron, and generally low-energy fission (as long as the excita­

tion energy is not sufficient to cause fission after one neutron 

is evaporated, i.e. second-chance fission). It has been observed 

in this case that the FWHM is fairly constant for most fissioning 

nuclei and equals approximately 1.6 Z units (Wahl (76». This 

charge dispersion is believed to be preceded by the fragment 

charge dispersion which is narrower (Glendenin et al. (51) report 

a FWHM of 1.2 Z units) - the widening is believed to be due to 

Maxwellian distribution of the neutrons evaporated from the excited 

fragments. It is also necessary to keep in mind that certain even­

odd effects are believed to be rèsponsib~e for the final charge 

dispersion (Wahl (31». Obviously, the broadening of the elemen­

tary fragment charge dispersion with the fragment excitation energy 

occurs, due to the statistical nature of the process of evaporation. 

However, since these considerations are only qualitative, they will 

not further be taken into account. 

If at moderate energies multichance fission occurs, then 

it is possible to assume that the resulting charge dispersion is 

a sum of the elementary charge dispersions. A special case would 

be the situation described by Friedlander et al. (30) at very high 

energy fission (0.1 to 6.2 GeV proton bombarding energy) where the 

charge dispersion is essentially a superposition of low-deposition­

energy fission (asymmetric fission) and of high-deposition-energy 

fission (symmetric fission), namely of their corresponding charge 
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dispersions. This situation applies only in cases where the 

fissioning nuclei of wide energy spectrum contribute to the par­

ticular region of products. It does not hold, for instance, in 

the case of 197Au (12C, f) as observed by Blann (23), where low-

energy fission does not contribute at all because the fission bar­

rier Bf is high and allows only high-energy fission. In the case 

described by Blann (23) the charge dispersion width is basically 

the same as the elementary one. 

The elementary charge dispersion can be expressed by 
/ _(Z-ZJ'l 

O(Z) == (c lI)t t c (31) 

where C is a constant determining the FWHM, C = .92 and Zp is the 

most probable charge corresponding to a continuous fractional yield 

charge dispersion. If more fissioning nuclei of differing compo­

sitions and excitation energies are present the resulting charge 

dispersion c;(;~ :rit~e:jas ZPt _ fZZZp)l (32) 

k (C rr)1. 1 W(Zp). d Zp 
Zp, 

where k is some normalization constant, ZPl and ZP2 are charges 

corresponding to the most probable charges of the lowest and the 

highest elementary charge dispersions, and w(Zp) is the weighting 

factor which includes aIl irregularities in contributions from 

various elementary charge dispersions present. 

Even though the weighting factor w(Zp) plays an impor­

tant role in determining the charge dispersion, it is very diffi­

cult to obtain any reliable information concerning this factor. 

Undoubtedly there are many sources contributing to the value of 

w(Zp) of which the most prominent are listed below: 

1. The shape of the cascade nuclei excitation energy spectrum 

generated by the impinging particles. In the energy region in 
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this work the compound nucleus is formed in most cases. 

2. Subsequent competition between fission and neutron evaporation, 

~~r; , as given by equation (16). As mentioned previously this 

ratio is very sensitive to the quantity Bn - Bf where Bn and Bf 

are the binding energy of the neutron and the fission barrier 

respectively. This is especially true at low excitation energies, 

since the neutron binding energy and fission barrier are known 

only approximately; no conclusion can be made as to the distribu­

tion of fissioning nuclei. In the most recent work by Cheifetz 

et al. (38) it is argued that no combination of parameters as 

shown in equation (16) gives a satisfactory agreement with the 

experiment. 

3. Symmetric fission vs. asymmetric fission effects, in the sense 

of the previous sections (in the heavy mass region, for instance, 

at the energies above 45 MeV there are negligible high-energy con­

tributions). 

Without dwelling further on this subject and in the light 

of this qualitative argument the weighting factor w(Zp) was set 

equal to unity. 

The question now arises: can anything be inferred about 

the nature of the contributing elementary charge dispersions from 

the observed charge dispersions? Can the surprising finding that 

the widths are relatively narrow up to the excitation energies of 

40 - 70 MeV be made more plausible? 

An attempt was made to reconstruct the observed charge 

dispersions by means of equation (31). The approximate values of 

the integrals according to equation (32) with varying limits were 

evaluated using probability graph paper where the curves expressing 
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Figure 27 

Area of the Gaussian curve of 
C = 0.92 (0 = 0.62) 
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the cumulative Gaussian distribution form straight lines of a slope 
corresponding to a given width parameter cr When the cross 
section from equation (31) was plotted for various ranges of inte-
gration as shown in Figure 27, it was found: 
1. For the ranges smaller than unit y, Z - Z ~ l, the inte-Pl P2 grated curves gave approximately the elementary charge dispersion, 
i.e. the width was unchanged. 

2. For the ranges of integration larger than unit y, Zp - Z :> l, 
1 P2 the obtained integrated curves reproduced the observed full-width 

at half-maximum if the range of integration equalled the observed 
FWHM. 

The finding in No. 1 could partially account for the fact 
that the FWHMs in this work, as weIl as those given by McHugh & 
Michel (21) for 232Th ( ~ , f) and 238U ( ~ , f) at the excitation 
energies of 40 MeV, are so narrow, or in other words, why there one 
finds practically the elementary charge dispersion widths even 
though multichance fission occurs. 

Finding No. 2 concerns the observed widths from high­
energy fission. At high-energy fission the situation is even more 
complex and the gross simplifications of this argument might be 
even more inadequate. However, a not~on presented by Hogan & Sugar­
man (35) and Sugarman et al. (77) that along an isobaric charge 
dispersion each consecutive element of higher Z comes from more 
excited fissioning nuclei may not hold in the following cases: 
1. If the given mass (isobaric chain) is composed of two distinct 
components from low- and high-energy fission, the former coming 
from low-energy deposition asymmetric fission, the higher from 
highly excited fissioning nuclei (the case described by Friedlander 
et al. (30) as mentioned earlier). 
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2. If the weighting function w(Zp) is not some sort of Gaussian 

curve (i.e. approaching zero very quickly in the limits ZPl and 

Z of the integration) then it is not possible to reconstruct 
P2 

the observed Gaussian charge dispersion curve using the above 

approach. The range of integration must be made narrower, i.e. 

closer to the observed FWHM. In other words it is possible that 

two neighboring isobars can arise from the same kind of fissioning 

nuclei. 

The purpose of this lengthy section ~nd of the previous 

one too) was to reconcile the findings of this work in the values 

of FWHMs and Zp(E) with the works of other workers from this lab­

oratory and also with the interpretations of Hogan & Sugarman (35) 

with respect to the origins of the individual members in the charge 

dispersion curves. Another purpose was to try to get a better 

understanding of the variety of experimental facts in charge dis-

persion at moderate energies now being accumulated. 

6. Interpretation of the Data in a Wider Context 

6a. Estimate of the Energies Involved 

The belief of many theoreticians that fission can be 

described by liquid-drop model potential surfaces and liquid-drop 

dynamics perturbed by single-particle effects is illustrated best 

in Figure 28 (taken from Vandenbosch (16)) and in Figures 29a, 29b, 

29c (taken from Hyde (5)). 

In Figure 28 it can be se en that the fission barrier, 

Bf' is the difference between two large quantities, Esurface and 

ECoulomb. Figures 29 give the detailed pictures of the fission 

barriers for various fissionability parameters "x". The cases 

in Figures band c show the relative flatness and length (or better 
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width) of the fission barriers. Under these circumstances it is 

easy to imagine how the perturbations of single-particle origin, 

(especially in the cases in Figures 29 band 29c) imposed on the 

gross features as the surface energy constant Csurface from equa­

tion (18) or similarly on the Coulomb energy constant may cause 

relatively large changes like asymmetry in low-energy fission. 

E a. b. c. 
E 

E 

deformation deformation deformation 

Figure 29 
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It is natural to add to the above considerations another 
degree of freedom that is of prime concern in this work, namely 
polarizabi1ity or neutron-proton vibrations of the nuclear matter, 
i.e. to relieve the requirement of charge uniformity. This case 
is covered by equation (5) where instead of ZA determined by 
Coryell (19) ZA is substituted as calculated from the liquid-drop 
mass formula of Green (72) and given by 

A O.'txAl 
Z = - 200+A 
A 1-

(33) 

The complete treatment is that of the minimum potential 
energy (MPE) hypothesis, assuming the configuration at scission 
can be represented by two touching spheres, and that fission will 
occur in su ch a manner that the potential energy of the two spheres 
will be at a minimum. The calculation pertinent to this work will 
be performed in the last section of this thesis. As mentioned in 
the Introduction the minimum potential energy treatment was suc­
cessfu1 in the case of Blann's (20) work and it is easy to see 
that it represents a liquid-drop model feature. To obtain some 
feeling for the energies involved two typical cases were chosen, 
protactinium nuclei of mass A = 232 and of A = 228 and it was as­
sumed that they represent the lower and higher energy fissioning 
nuclei (within the energy region of this work). The most probable 
charges for both cases were obtained using the UCD hypothesis (as 
described in the Introduction) and the energies above those cor­
responding to the lowest energy charge ZA were calculated for 
both values of Zp using equation (5). Since the elementary charge 
dispersion spans several units of Z and since the nuclear charge 
in the energy region of this work is not affected by evaporation 
(and neglecting aIl 232Th (p, pxn) reactions) one Z unit was added 
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for the heavy side of the mass distribution and subtracted for the 
light side and the energy differences calculated again. AlI the 
calculations are given in Table 12 and 13. One can see that the 
energies involved for certain divisions in the case of 232Pa are 
quite high (higher than the ordinary fission barriers, for instance). 
On the other hand in the case of 228pa the energies are lower. In 
both cases, however, the argument for MPE seems strong. 

In the next subsection an attempt will be made to esti­
mate first and second order perturbations in the liquid-drop fea­
ture of MPE with respect to n-z vibrations. 

6b. Primary Perturbations in the MPE Model 

The source of the primary perturbations in the MPE model 
is the force responsible for dividing the fissioning nucleus into 
two unequal parts, whose mass ratio is determined by the number of 
the antisymmetric states to symmetric states, as stated in the 
phenomenologj.cal rule given by Brandt & Kelson (8). To perform 
the calculations according to equations (23) and (24) it is neces­
sary to assign the individual states of the single particles pro­
perly. For the case of 233pa (no attempt was made to choose the 
fissioning nucleus more realistically because aIl the following 
considerations are clearly only qualitative) a ground-state de for­
mati on of approximatelyO.3 d was chosen and the states assigned 
using the Nilsson graph as given in Hyde et al. (52) for the heavy 
nuclei. Also the Clebsch-Gordan coefficients we~e calculated and 
the most probable charge (Z±) (with respect to charge distribution, 
not charge dispersion) and the most probable neutron number (N+) 
were determined, together with the appropriate widths, r; and r-N . 
AlI the curves obtained are plotted in Figure 30 together with 
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TABLE l2 

Charges and Relative Energies for Given 
Fission Products 

(Fissioning Nucleus 232pa) 

heavy mass 1ight mass 

mass split 141 91 

k 0.817 1.21 

Z 
ACorye11 

58.55 40.1 

Z 
AGreen 

58.84 39.8 

Zp(UCD) 55.3 35.7 

~ZA - Z~ 8.6 MeV 23.4 MeV 

~ZA - (Z + p - 1)} 14.75 MeV 14. MeV 

~ A - (Zp :!: 1 )} 4.1 }OleV 35.3 MeV 

Ftz
A 

- (Zp :!: 2)} 22.5 MeV 7. MeV 

~ZA - (Zp ± 2)} 1.3 MeV 50. MeV 

total energy 

32. MeV 

28.75 MeV 

39.4 MeV 

29.5 MeV 

51.3 MeV 

* potential energies for comp1ementary fragments for a given 
mass split. In each of these when 1 (or 2) Z units are added 
(subtracted) for 1ight (or heavy) mass it must be subtracted 
(added) from the comp1ementary heavy (or 1ight) fragment 
because the sum must equal 91 Z units~ Zl + Zh = Zr (=91) 
AlI ZA are those given by Corye11 (19) 
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TABLE 13 

Charges and Relative Energies for Given 
Fission Products 

(Fissioning Nucleus 228pa) 

heavy mass light mass 
mass split 141 87 

zA Green 58.84 38.22 

Zp (UCn) 56.27 34.72 

k 0.805 1.24 

~ZA - Zp (MeV~ 5.3 15.2 

~ZA - (Z + p Il 10.2 

Ftz - (Z - 1~ A p 7.7 

total energy 

20.5 

17.9 

* potential energies for complementary fragments for a eiven mass split. In each of these when 1 (or 2) Z units are added (subtracted) for light (or heavy) mass it must be subtracted (added) from the complementary heavy (or light) fragment because the sum must equal 91 Z units, Zl + Zh = Zf (=91) 
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the experimentally observed data by Croall & Cuninghame (20). If 
l.s coup1ing is not taken into account there is no width in the 
mass distribution. However in Figure 30 it seems the value of 
~ is closer to the observed Most probable mass than to the cal­
culated Most probable mass (A+>. 

The charge and neutron distributions are plotted in the 
Most convenient way, namely with respect to N/Z of the fissioning 
nucleus. For instance if the ratio of the Most probable charge 
and Most probable neutron number equalled that of the target, all 
three <~), (N+) and (Z+) would fall on the same line in Figure 30. 

Figure 30 is self-explanatory. It shows clearly that 
sing1e-particle effects - whatever might be the force behind them -
try to form all the nuclides of masses above 128 in a proton-rich 
manner to quite a great degree. On the other hand those of lower 
mass .shou1d be extremely neutron-riche This obvious1y never hap­
pens because of the liquid-drop model feature describing the n-z 
vibrations. The situation depicted in Figure 30 shows the trends of 
the single-partic1e perturbations. As mentioned earlier, the shape 
and location of these distributions depends on the state assign­
ments and the ground-state deformation. For instance that state 
with the highest possible mj quantum number for each j does not 
contribute to the width of the neutron or proton distributions r

N 
/1nd r;, at aIl (due to the properties of the Clebsch-Gordan coef­

ficients) while the states close to mj = 0 contribute by a number 
close to 0.25. 

To obtain a better understanding it May be useful to 
consider three possible cases for the coupling between neutrons 
and protons. The constant k, the "stiffness" coefficient in the 
sense of equation (5) can be used. 
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1. k = o. There is no connection whatsoever and any neutron 

number, N, can be connected (associated) with any proton number, 

Z, and vice versa. The cross section for any nuclide,O(N, Z), 

(for one complement) can be expressed as 

/ _rN-Ni _ flyf! 
Ô (N, Z)= l7r(Ç. .r;f 1 liN. L rz (34) 

where Zp is the most probable Z and Np is the most probable N, 

r N and G. are the corresponding widths parameters . 

2. k = 00 • There is no polarizability in the matter, the n-z 

vibrations are absolutely "stiff" and there would be no charge 

dispersion and all fragments would have the same N/Z equal to that 

of the fissioning nucleus. There also would beonly one distribu­

tion, (N or Z), the one would be just a multiple of the other. 

3. 0 < k<~. Intermediate situation which is the real case. 

The ideal pro gram would use the constant and single-par­

ticle effects described in this section and the liquid-drop model 

potential surfaces (and dynamics) and arrive at a complete solu­

tion for the Zp(A) function. There is also a possibility to eva­

luate the single-particle effects quantitatively using the Zp(A) 

function. 

Very recently, Armbruster (78) published a solution for 

universal charge dispersion in any fissioning nucleus. It dis-

regards the single-particle effects in the sense of Brandt & 

Kelson (8) theory. Unfortunately, for the time being there remains 

a difficulty in the Brandt & Kelson (8) single-particle theory, 

i.e. the fact that in Figure 30 the most probable masses do not 

agree with experimental facto It appears as if the observed mass 

distribution falls in between the phenomenological rule and the 
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Figure 30 

Mass distribution for 232Th bombarded by 
protons as calcu1ated on the basis of 
Brandt & Kelson (8) theory. 

Experimental points taken from Croall & 
Cuningha~e (20) at bombarding energy 20 MeV 

A+, N+, Z+ and 

(AJ, <N}, ~.J, are given in equations (20), (21) 
and (24). 

is the most probable mass experimentally 
observed in the heavy mass region 
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-+ 
mass distribution with the width (with l.scoupling). Could some 

other, more deformed ground state, higher energy and with it 

associated slippage and/or some other single-particle changes in 

states occupations cause the agreement with the experiment to be 

complete? 

In conclusion of this subsection it should be pointed 

out that with respect to the smaller energies in the sense of 

equation (5) for the fissioning nucleus 228pa (corresponding to 

higher bombarding energy) as they are given in Table 13, it is 

~onceivable that the single-particle effects - not more than units 

of MeV in energy - could cause certain nuclides to be formed more 

easily neutron or proton rich than given by the MPE hypothesis so 

that the results might become equal to those predicted by the UCD 

hypothesis, while at lower bombarding energies, where the energies 

given in Table 12 are much higher, the single-particle pertur­

bation has less chance to affect the MPE formation substantially. 

More about this will be given at the end of this section. 

Ge. The Second-Order Perturbation of MPE 

In the preceding section it was argued that the fact that 

the experiments give a more proton-rich Zp(A) function than pre­

dicted by the minimum potential energy hypothesis (liquid-drop 

model feature) may be explained as basically a first-order per­

turbation effect. To show this the neutron, proton, and the 

resulting mass distributions constructed on the basis of Brandt & 

Kelson (8) theory were plotted in Figure 30 in the most convenient 

way. From Figure 30 it is obvious that the right-hand side of 

the heavy-mass distribution is more proton-rich with respect ta 

the left-hand side, so the turn to a more proton-rich Zp(A) func­

tion results. The question of any quantitative evaluation is 
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clearly beyond the scope of this work. The energies involved must 

however be lower than the energies involved in the liquid-drop 

model potential energies. The situation for 235U is shown in 

Figure 28. 

An even more abrupt turn in the observed Zp(A) function -

so that an ECD type of Zp(A) function results - was observed by 

many workers in thermal neutron and low-energy fission, for in­

stance by Wahl et al. (76), Fried et al. (79), Anderson et al. (80) 

and Choppin & Meyer (81) as compiled by Notea (82). Glendenin et 

al. (51) found in the thermal neutron fission of 233U, 235U and 

239pu that the 

t::.Z > 
( Cl AP) 239 Pu 
lower than the 

Z (A) functions have three p 

(~~P)235:;> (~ ~P)233 
U U 

corresponding MPE slopes). 

different slopes 

(aIl three slopes are 

At the same time the 

Zp(A) functions seem to display similar fine structures in regions 

close to the closed shells N = 28 and Z = 50. E~en though Glende­

nin et al. (51) prefer not to draw any final conclusion the data 

seem to suggest that the different slopes reflect three different 

admixtures of the first-order perturbations (single-particle effects 

depend primarily on the fissioning nuclei) while the second-order 

perturbation around closed shells is similar for all three nuclei 

(depend primarily on the fragments). Similar observations were 

made by Notea (82) in the case of 235U• These findings are paral­

lelled by the "saw-tooth" shape in the post-fission neutron evapo­

ration reflecting, according to the Vandenbosch (28) hypothesis 

mentioned in the introduction, the effect of the closed-shell 

fragments. Another corresponding effect is higher kinetic energy 

of the fragments with closed shells and smaller distances of sepa­

ration of the charge centers, due to the fact that one fragment is 

"harder" and less deformed. 
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A very important experimental fact observed by many re­
searchers is that at excitation energies as low as 20 MeV, and at 
aIl higher energies, aIl of the effects mentioned previously disap­
pear. For instance, the fine structure in Zp(A) functions was not 
observed (its occurrence may be somewhat doubtful because the 
experimental error is of the sarne order). Britt & Whetstone (29) 
and McHugh & Michel (21) report that at 20 MeV the saw-tooth shape 
is not observed. Also workers in this laboratory (Saha & Yaffe (40» 
assume that the excitation energy responsible for the neutron evap­
oration is divided proportionally to the mass of the fragment. It 
has also been widely observed that the ECD rule does not hold at 
higher energies, by Benjamin et al. ('614), Yaffe (33), Colbyand 
Cobble (71), McHugh & Michel (21) and in this work. In Figures 24 
and 25 the straightening out of the Zp(A) functions for masses 
higher th an 135 and at energies more than 35 MeV is clearly obser­
vable. One can further see that at 170 MeV Pappas & Hagebo (74) 
observed an almost smoothly increasing function parallel to ZA(A) 
as given by Green (72) with no shell effects included. McHugh & 
Michel (21) in studying the fission of 232Th with alpha particles 
suggest that the Zp(A) function is determined by MPE, which does 
not take into account the shell effects. The same attitude was 
also adopted by Colby & Cobble (71). Finally the last point con-
cerns the kinetic energies, i.e. the distance of the charge centers 
at the moment of scission. At this moment it should be mentioned 

"' briefly that the triple-peaked mass distribution as, for instance, 
is shown in Figure 26, was explained by Fairhall et al. (83) as 
due to two separate symmetric and asymmetric modes. The symmetric 
mode is characterized by a slightly lower kinetic energy release 
(~ 10%) than asymmetric. The nature of the Brandt & Kelson (8) 
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theory prefers the double-fission mode theory since the moment when 

the mode is decided is certainly not in the last stages of the 

fission process, just before scission, as, for instance, the frag-

ment shell theory - the other alternative to the double-fission 

mode theory - assumes. 

Croall & Cuninghame (20) tried to investigate this prob­

lem in the fission of 232Th by protons under circumstances similar 

to this work (only the bombarding energy range was lower, up to 

53 MeV). They observed that the mean total kinetic energyas a 

function of mass split has a peak at A = 132 for 13 MeV energy 

and moves to A = 138 for 50 MeV. The kinetic energy at the same 

time decreases by almost 10%. They also presented another kind 

of kinetic energy distribution as reproduced in Figure 31 (which 

they calI Itprovisional lt ) showing that while the kinetic energies 

of 165 MeV and 140 MeV occur in both modes (the 165 MeV curve 

shows predominance in the asymmetric region, while the 140 MeV 1s 

predominant, in a lesser degr&e, in the symmetric region), the 

kinetic energy 190 MeV, centered around the closed-shell region 

with A = 132, persists only in the asymmetric region. The distri­

bution shown in Figure 31 holds for a bombarding energy of 50 MeV 

where the mass distribution,as shown in Figure 26, is still quite 

asymmetric. 



- 126 -

frequency 

/ 
--\165MeV 

r--en 1 ..... 
c 1 \ ::::JS 1 ,', \ >. 1 i . \ ~ 

cu 1 \ , 
\ ~ 

,190~e\l 
. ..... 

1 , . :.a , \ ~ 

1 \ 1 \ cu . 
1 ~ . , 

1 . , , 
. \ , 

1 \ 1 
\ 1 . , 1 1 

100 150 
A 

Figure 31 

What these data seem to indicate is the possibility of 
three fissioning "modes": 

la. Asymmetric fission at thermal neutron and low bom­
barding energies, which behaves as described by the Vandenbosch (28) 
hypothesis mentioned in the Introduction. This will have an ECD­
type Zp(A) function with a saw-tooth shape neutron distribution 
and may be viewed as a second-order perturbation due to fragment 
shell effects superimposed on the first-order perturbation as dis-
cussed in the previous section. 

lb. Asymmetric fission at higher bombarding energies, 
where the kinetic energy release is somewhat lower than in the 
case under la., but still higher than for the symmetric case. 
The saw-tooth shape disappears and the ECD-type Zp(A) function 
gradually ceases to hold good. In the case of 232Th proton fis-
sion this mode coexists with the symmetric mode, which would ex-
plain, as Croall & Cuninghame (20) argue, the shift of the peak 
of the mean total kinetic energy from A = 132 at 13 MeV to A = 138 
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at 50 MeV. This case (lb.) may be viewed as the first-order per-

turbation as discussed in the previous section, with no fragment 

shell effects. 

2. Symmetric mode, prevailing entirely at still higher 

energies. It also coexists in varying degrees with the asymmetric 

mode in the energy region up to 80 MeV. It has no !irst or second­

order perturbation in the above mentioned sense and the Zp(A) 

function is best approximated by the minimum potential energy 

hypothesis with no shell effects taken into account, as is argued 

by Blann (21) in the case of the fission of 197Au with l2e ions. 

The implication of these suggestions is, for instance, 

that the two explanations for the kinetic-energy dip, as given by 

Vandenbosch (28) and the neutron saw-tooth shape distribution as 

given by Milton & Fraser (84) who argue that the dip is due pri­

marily to the difference between the symmetric and asymmetric 

modes, complementing each other satisfactorily. The former holds 

good for thermal and very low energy fission and the other for 

higher energies. Both are the result of the same primary pertur­

bation - in terms of Brandt & Kelson (8) theory - leading to the 

mass asymmetry and to the deviations from MPE (liquid-drop model 

feature), and one has only the second-order shell effect pertur­

bation. 

If the reasoning proposed in this subsection is true it 

shows ~ow relatively low excitation energy (of tens of MeV in com­

parison to 1200 MeV of the nucleons' kinetic energy in the poten­

tial weIl) uniformizes (homogenizes) effectively the fissioning 

matter. 

It should be added that the evid&nce for the early ( 20 

MeV) dissolution of the low-energy (Vandenbosch (28» pattern and 
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for the persistence of the asymmetric mode without the above­

mentioned pattern at energies from 20 to 60 MeV is not too conclu­

sive. It is quite conceivable that the graduaI disappearance of 

the spherical shell effects of the saw-tooth neutron yield shape 

and of aIl the low-energy asymmetric fission features is just an 

effect of the graduaI increase of the symmetric fission component 

In the case of the fission of 238U with protons Parikh 

et al. (85) observed the downward turn of the Zp(A) function for 

the dispersion for A = 141 up to a bombarding energy of 85 MeV. 

On the other hand McHugh & Michel (21) and Britt & Whetstone (29) 

in 233U, 230Th , 235U and 232Th alpha-fission at energies of approx­

imately 20 - 30 MeV did not observe a similar behavior (not even 

in the case of 235U + ~ ~ 239p~which is very close to Parikh's 

(85) 239Np*). Britt & Whetstone (29) themselves admit that the 

question of an early disappearance of the saw-tooth shape with 

energy (at ~20 MeV) is not settled yet. Both McHugh & Michel (21) 

and Britt & Whetstone (29) used physical methods. 

It may be that the difficulty of concluding at what 

energy the spherical shell effects disappear with increasing energy 

is a reflection of the discrepancies between the radiochemical and 

physical measurements. 

Even though the above section of this subsection is so 

hypothetical, the basic contention, that the low-energy asymmetric 

fission is subject to a second-order spherical shell effects per­

turbation, is not affected, only "mode" lb. would have to be 

omitted. 

The experimental fact reported, for instance, by Hogan & 

Sugarman (35) and by Remsberg et al. (39) that the asymmetric mass 

splits coming from a low-energy deposition events (neutron-rich 



- 129 -

fragments) have higher kinetic energy than the same mass splits 

coming from a high-energy deposition fission (neutron-deficient 

fragments) justifies the assumption of the excitation energy having 

a uniformizing effect. Without this uniformizing assurnption it 

would be incomprehensible that in the same mass region and for 

almost the sarne fragments one would not get the sarne spherical 

shell effects in the region around mass A = 132. 

Gd. Note on the Brandt & Kelson Phenomenological Rules and 
on the Double-Fission Mode Hypothesis in the Light of 
their Theory. 

As mentioned previously, there is a weakness in Brandt & 

Kelson's (8) theory concerning the discrepancy between A+/A_ ratio 

obtained from the ground-state spherical configuration disregarding 

~-l.s coupling and (A+)/(A_) obtained from the deformed states where 

-~ the l.s coupling is taken into account (as Hyde et al. (52) point 

out this coupling is responsible for the prolate ground-state 

deformation for the heavy nuclei). The ratio in the case of 233pa 

is higher in the former case than in the latter. As seen in Fig­

ure 30 the experimentally-determined Ah/Al ratio lies in between 

the two, (closer to the A+/A_ ratio). 

Another difficulty is the existence of symmetric fission 

for the elements of Z<·92 at low bombarding energies, showing it­

self MoSt clearly in 22GRa fission. Brandt & Kelson (8) explain 

this as a consequence of the necessity of greater rearrangement of 

the nuclear matter which, similarly to the effect of the slightly 

increased excitation energy discussed in the previous section, tends 

to uniformize it. The resulting "slippage" between the configura­

tion surfaces is interpreted in terms of coupling between the LDM 

potential (lowest energy states occupied) surfaces and the poten-

tial surface where the original spherical states were kept unchanged. 
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The region where symmetric fission starts to occur is also the 

region of the critical fissionability parameter, xcrit, where, as 

shown in Figure 29a, the barrier height increases and the saddle­

point shape starts to be "necked-in". 

Parallel to these changes are the ground-state deforma-

tions. As shown in reference (52) on page 123 there is a transi-

tion from the spherical shape of the nue lei close to 208pb to the 

prolate deformation of nuclei of A> 224. 

There is no theory yet which would explain satisfactorily 

the most interesting feature of nuclear fission, the sudden occur-

rences of the asymmetric- symmetric fission. Brandt & Kelson (8) 

pOint out that the question of what shape - whether of the ground 

state or of the saddle point - should be taken as determining the 

A+/A_ (or possibly the <~)/<A_»)is not solved yet at aIl. Natur­

ally, it could be any state in between, especially if there are 

some isomer states causing humps in the fission barrier, due to 

certain shape stabilities in the sense of the Strutinsky (9) and 

Vandenbosch (16) approaches. The saddle point A+/A_ ratio is in 

agreement with the case of symmetric fission but does not explain 

the asymmetry while the opposite is true about the ground state 

A+/A_ ratio. 

The situation described in the previous paragraph is 

shown schematically in Figure 32 (taken partially from Griffin (41». 

The curve l shows the decrease of the number of symmetric states 

from the saddle point shape at the fissionability parameter x = 1. 

(it is a sphere) to the saddle point shapes around x = xcrit 

(approximately equal to 0.697) which show the "necking-in". The 

ratio goes from 1.4 to 1.0, which is what one would intuitively 

expect realizing that the symmetric states - having crests in the 
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x-y fissioning plane - are being continuously rlsqueezed out" by 
the more and more prolate deformation and finally by rlnecking-in" 
of the saddle-point shape. (The calculation ls based on Hill & 
Wheeler (50) article and performed by Griffin (41); it does not 

~-take into account the l.s coupling). 

The experimental points in Figure 32 are taken from the 
review article by Pappas et al. (86) and they show no agreement 
whatsoever between the curve l and the experimentally observed 
Ah/Al ratios. Curve 2 shows the A+/A_ ratio as obtained from the 
ground-state spherical configuration for nuclei of given fission­
ability parameter x. No prolate deformation has been taken in~o 
account. Curves l and 2 meet at x = xcrit where the saddle-point 
shape is spherical. If one superimposes curve 1 on curve 2 from 
the point where asymmetric fission behavior first appears (the 
explanation of this is the aim of Brandt & Kelson (8) theory and 
therefore that is the point where phenomenological rules should be 
applied). i.e. from the 226Ra region, one gets curve 3 which is in 
surprisingly good agreement with the experimentally-determined 
ratios. This superimposition is justified because curve l des­
cribes the decrease of the symmetric states with prolate deforma­
tion - the same deformation known to exist for the heavy nuclei 
fissioning in that region. (Odd-even effects are neglected). 

The remarkable agreement found in Figure 31 shows that 
Brandt & Kelson (8) phenomenological rules agree weIl with the 
observed data (this is in disagreement with Pappas et al. (86) who 
state that the rules do not agree with the data). The problems 
arise, however, as mentioned previously, if, for instance, instead 
of 252Cf , which shows remarkable agreement with the experimental 
data in all respects (in Ah/Al ratio and in the width of the mass 
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distribution) 233pa is taken. As one can see in Figure ,30 the 

(A+>/(A_> ratio is smaller than ~/A_ and the observed Ah/Al 

falls in between. Fortunately, there is still a great margin 

for explanations open which hopefully the theo~eticians might fille 

The main areas of the margin are presented below (in a very sketchy 

way):-

1. states assignments; sometimes it is not easy to assign the 

states if two levels of the sarne quantum number mj cross (as shown 

for instance by Bolsterli et al. (87)) 

2. Impossibility to decide what state configuration to take as 

deterrnining the A+/A_ ratio (or(A+)/(A_) ratio). 

-~ The amount of l.s coupling needed. It seems reasonable not to 

take into account in the coupling scheme that determines the width 

and location of the mass some states of low angular momentum (p, 

d, f, ••• ). The agreement with the experimental values in the case 

of 233pa would be much better and also it seems that the coupling 

for low-lying states is not so pronounced as in the case of higher 

lying states. 

4. The dependence on the total number of particles. For instance, 

the surface energy constant as defined in equation (18) (corres­

ponding to the surface energy constant of the Green formula), 

depends to a considerable degree on the number of particles. 

5. The question of the ground-state deformation. Brandt & Kel­

son(8) chose in the case of 232Cf a ground-state deformation r 0.4, 

while in this work only r- 0.3 was taken for 233pa • (Partially 

because there were no data beyond that pOint available). 

In spite of all the various shortcomings it was considered 

worthwhile to concentrate heavily on the Brandt & Kelson (8) Single-

Particle Theory of Fission and therefore much of the work in this 
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thesis was devoted to the various aspects of the theory. 

7. Calculation of the Host Probable Charges Using UCD, ECD, 
and MPE Hypotheses 

For the sake of completeness the UCD, ECD, and MPE 

calculations were performed. The product masses chosen were taken 

as A = 141, the corresponding complementary one depending on the 

energy available. Fortunately, this quite difficult problem was 

substantially simplified by using the values for UCD and ECD as 

calculated by Benjamin et al. (64) with the evaluation of the 

maximum possible error. Since the accuracy of aIl the calcula­

tions of this kind is not tao great, due to the Many assumptions 

introduced for simplification, no attempt was made to develop an 

independent approach ta this problem. 

The error estimate was based on the following considera­

tion. The relation used by Benjamin et al. (64) for finding the 

corresponding fragment mass for a chosen mass A = 136 of a product 

is given by * 
A;..= /36+ I+(t~-t) 

where Ef* = excitation energy of the 

/h. -= 1 f _ Et. 1 37 
qAf'- fi 

fissioning nucleus and Af = 
mass of the fissioning nucleus. 

The the case of mass 141 it is 

A == 1 ~ 1 + 1 + (f1. ~ ~ ') t7l J = / + Et· / ~ L 
IL (9 Af q Af -Et 

difference between the number of neutrons evaporated, The which is 

the main source of error in this procedure, is simply 
l [* !) 1 

/1t -!h:::. {/ . E* ~. J ( 36 ) 
. Af- f 

This error is negligible. The additional error arising from the 

difference in Z for Cs and Ba is also negligible. The v'alues of 

N/Zp(UCD) and N/Zp(ECD) for energies 2~ MeV, 44 MeV, and 57 MeV 
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Figure 32 

The ratios of symmetric to antisymmetric states, !: ' for various fissionabili ty parameters, J( • 

00 ----00--
experimental points showing the ratios of most probable mass of tlle heavy mass peak to that of the light mass peak, Ah , taken from Pappas et al. (86). xr 
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are given in Table 14. The corrections for the ZA(A) function in 

the case of the most probable charge determination via ECD were 

do ne simply by subtracting the difference between the N/ZA ratio 

corresponding to the mass A = 136 region and the N/ZA ratio cor­

responding to the mass of region A = 141. This method i8 not 

rigorous because the shell-affected ZA(A) function is inserted 

after the calculation. However, it is believed that the difference 

is very small. 

The minimum potential energy calculation was performed 

using the formula as given by McHugh & Michel (21). (the units 

used were ergs for the mass formula constants, centimeters for 

the distance of separation of the charge centers and e.s.u. for 

charge) The average fissioning nucleus was taken from Croall & 

Cuninghame (20) who obtained the values using Huizenga & Vanden­

bosch (36) formula (schematically presented in the Introduction 

as equation 16». The corresponding values for the average fission­

ing nucleus, the estimated excitation energy of the fragment and 

assumed number of neutrons evaporated are given in Table 14. The 

same reasoning used by Benjamin et al. (64) was used here. 

It should be :pointed out that the assumption made by 

Benjamin et al. (64) and in this calculation, i.e. that the amount 

of energy taken away by the gamma radiation and by one additional 

neutron for each fragment as given in equation (35) approximately 

equals the energy of the mass deficit of the fragments after sub­

tracting the kinetic energy, seems to be acceptable even though, 

for instance, Hogan & Sugarman (35) take both quantities into 

account. It is expected that the error generated by such a simpli­

fication is not larger than the error of the experimental points. 

In conclusion it can be seen from Table 14 that the 
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experimental values lie, as observed many times in this laboratory, 

in between the results predicted by UCD and ECD hypotheses. Under 

the assumption of regular division of the excitation energy between 

the fragments (i.e. proportional to the mass of the fragment) the 

MPE energy calculations give, as expected, values slightly more 

neutron-rich than the experimental points at low energies. The 

first-order perturbation, due to the single-particle mechanism as 

discussed in the previous sections, would be expected to produce 

more proton-rich most probable charges than predicted by the MPE 

hypothesis (without shell effects). 

No attempt was made to calculate any Zp(A) values in the 

case of higher energies, since there was very little change in the 

Zp experimental values and since there was an increasingly low 

probability of compound nucleus formation. 



['... 
l'l'I 
r-f 

1 

1 

Proton 
enerf 
(NeV 

28 

44 

57 

e 

Approximate 
excitation 

energy 
E* 

(HeV) 

33 

49 

62 

- -

TABLE 14 

The Most Probable Charge oalculations 

Ho. of Neutrons 
assumed evaporated 

Average from fragment in llfi>E 
Fissioning the case of r.:œE N/Zp Nucleus calculation 

231.5 2. 1.538 

231.4 3. 1.52 

231.3 4. 1.50 

- - -

UoD EoD Experimental 
l'I/Zp N/Z N/Z p p 

1.513 1.548 1.52 1 

1 

1.493 1.532 1.502 

1.481 1.522 1.498 

---
-

A 
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E. SUMMARY AND CONTRIBUTION TO KNOWLEDGE 

In this work the independent formation cross sections of 

139Ba, 140La, 141La , 141Ce , 143Ce , 139Ce and the cumulative cross 

sections of 139Cs , 140Ba, 141Ba , 143La , 141ce , and 144Ce produced 

in the proton-induced fission of 232Th at energies 28 - 83 MeV. 

have been measured by radiochemical methods. 

The excitation functions of the independently-formed 

nuclides 140La, 141La , 139Ba, and 143Ce have been found to reach 

their maxima at lower bombarding energies than expected on the 

basis of earlier results. The excitation function maxima plotted 

vs. the corresponding N/Z ratio gave a curve whose shape may re-

flect the increased contribution of symmetric fission. The charge 

dispersion parameters, the shift of the most probable charge, Zp' 

towards the ~-stability line and the full-width at half-maximum 

have been found nOt to change appreciably for energies higher than 

45 MeV. Again, this has been explained by the increased contribu-

tion from symmetric fission which, being concentrated around its 

most probable mass A~ 115, leaves the asymmetric region around 

mass A ~ 141 relatively unchanged and with relatively lower cross 

sections. 

In a wider context the variations of Zp with mass have 

been explained by the minimum potential energy, MPE, mechanism -

a liquid-drop model feature - perturbed by the single-particle 

effects based on Brandt & Kelson (8) theory. It was suggested 

that if proton and neutron distributions are taken as two separate 

distributions tied together by nuclear forces that allow certain 

N-Z vibrations, then, for instance, a higher most probable charge 

than that corresponding to the fissioning nucleus could produce 
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more proton-rich products than predicted by the r<IPE hypothesis. 

It was also suggested that additional finer "ripples" on the Zp(A) 

function ~ay be caused by secondary perturbations due to spherical 

shell effects, as described for instance, by Vandenbosch (28). 

It has been shown that if the phenomenological rules sug­

gested by Brandt & Kelson (8) are complemented by considerations 

of changes of ratio in symmetric to antisymmetric states due to 

the increased ground-state deformation, then the ratios of symmet­

rical to antisymmetric states, A+/A_, agree with the experimentally­

found ratios of the most probable mass of the heavy-mass region to 

the most probable mass of the light-mass region, Ah/Al. 

In conclusion, the most probable charges based on the 

ECD, UCD, and MPE hypotheses have been calculated. 
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F. APPENDICES 

l . Appendix A 

In the case of 140Ba - 140La parent-daughter system the 

counts per minute for 140La , CPM2 , at time t, can be written as 

CPMt= CP M ~ À:-)J[~l~ ~>!It) + CP M~ [~2t (37) 

where CPMî and CPM~ are the counts per minute for 140Ba and 140La 

respectively, at time t = t o , which arG to be determined; and 

are the decay constants. 

Since À. 1» .A.(, a transient equili brium is reached in 

approximately 10 days. The equation (37) can be written then as 

(38) 

Il , Ir 
where 'indicates the measurements in the equilibrium cycle. 

From equation (38)CPM~ can be obtained, substituted into equation 

(37) and CPM~ obtained using the following equation 

CPM O= CPIv! fÀlt - CPM O À: (1_,/:lt-ÀrJt) (39) 
1 l- 1 À2. À, 1 . 

CPM~ from equation (38) gives the cumulatively-formed 140Ba cross 

section and CPM~ from equation (39) gives the independently-formed 

140La cross section. 
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2. Appendix B 

In the case of 141Ba - 141La - 141Ce grandparent-parent-
daughter system where aIl members are genetically connected and 
formed independently, the most convenient way of treating the prob­
lem is to divide the time sequence into two sections, (a) during 
the bombardment and Cb) after the bombardment. 
1. Formation of the first isobar - 141Ba - during the bombardment 
is described by 

d.N l _ lN) (40) !lt - 7<./- {ill 

where NI is the number of atoms of the species and ;t l is the 
decay constant, kl is a constant including numbers of atoms of 
the target 11.-, the flux of protons l , and the function cross section 
~. Using the method of separation of variables one gets for 

the number of atoms at the end of bombardment, NEOB, 

N/OB *(r _fÀ,to) (41) 

where to is the time of the end of bombardment, EOB. 
Formation of the second isobar - 141La - is described by 

(42) 

and at the end of bombardment 

N1
W 

- i, dl (1- .e>J.io)- ~ ({Â,t._ ,{~l~) (43) ;(2. Al Â, 
where the symbols are as in equation (40) and (41). 
For the case of the third isobar _ 141Ce -

(44) 
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The deve10pment from time t = to to the time of separation 

at time t is a situation described by Bateman's formula as given 

(46) 

where N~OB, N~OB and N~OB are given in equations (41), (43) and (45) 

The program based on equations (46) i6 shown on the 

fo11owing page. 
.­

" 
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