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·Abstract· 

• r 

, J~ this t}y:-SÎs il, is dernon'&tr~tcd that the st.rllC'ture or rcct.ilinl'ar polygolls' CéIlI he 
4.. f tf' ... 

(.xploit<,d t.o solv(' a varic!'y of gcomctric probkms cffiC'i~lJtJy. 1'11('5(' problrlll5 inC'llldr. 
! • \ .' 

. . 
(.1) ~ccognlzlllg polygonal propcrtics, &u~b as star-!>hapcdncss, monotonicity, and edgc-

-
V~Si\itY, 

(2) removmg hidden lines, 
, ' 

constructing the rcctiljn~ar COQVCl( .bull, 
A 

(3) 
\ ~ 

~41 . ~t~mpo,jng r~ct'hn;a: polygo~, into siropler <om;"'ne'nt~,~nd~ .' 

"' . 

\ 

\ 

{5p l!~a'clDg guards III rcctIlwcar polygons. '. 
• • 0 • q . ~ .', 

. A new 1,601 for corriputational'gcomctry i's Ïntroduccd ~hich cxtrac~sïnfo;Jllaijo~ -
" 

abollt thè, windin'g ptopcrtics of rcctdincar polygons: Êmploying ,t'his 1.001 as. a 

prcp;ocessing ste~, cfrident and, conccptualÎy c'Icar algorithms fOf tpe ahon' problrIlls 

have been dcsigncd. 

0' . .,. .-

., 

~ 

. . 
\ , 

Il 

" . 



l ' 

,< 

" 

, . 

/ 
\ 

\ , 

, , 

jl • 

,.. " \-.. i~ 

r 

\4 '"! 

'Résutite' .' 

1 

-

cl. • ..; 
l 

. .' l", 

1 

Dan~ tette t.hèse nous démontrons que 'Ia"structure 'des polygQnes recti!lgo('s. 

, -
'permet de résoudre toute une gamme de probJèJnes gépme'triques assoeiés 

" ' f" ~ 

\ 

a ce" 

poJygones, En particulier" ~ous étud!erons: " 
-, 

, , 

la ;vérificat.ion- de propriité .tetlt's.l\l config~Jrafiorl 't'n étoî!r, là mo'notonicilé et b 

lvisib.ilit~ d'une arête 

{"2) la suppr-ession des lignes cach'ées . '. '" 

t3) .. la'c'onstructJOrl diune régio~ c,onvexe et rf;ctiligne' qui conti~nt I~ pô/yg.onè ch'oisi . 

. . . 

(5 J. "in.,èrtion de. "surveillan'ts" a l'interIeur d'un' polygonè. . ) . ' 
Nous présentons un' outil géométrique qUI accum!lle des, renscignement5 .au sUjet . , 

des- propriéte's "circulalres" des polygones rectihgne~, Plusieurs algorithmes ctalrs et ,. 
, , -

efficaces dnt été -développés en utilisant cet outil COJ;J1me étape'IDltiale. 
1 , ..... • ~ ... - - _ • 
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Chap~er 1 

Introduction 

1.1. Computational Geometry, sorne Terminology' and 
t 

Methodology 

'8e6me'try is a subj~d that has inspired Man for thousands of years. It bas played 

'" an liltrgral role in thr origin of mathrmatics and oth('r related seience~. GromrlrÎral 
< , 

prob)r!!l~ _ari!le in, such arras as comput.er graphies, pat.tem recognit.~n, image ana,lysir" 
- '" ""'-- et 

" ro ~ol,ies an~~'vl.JSI. Consequently, geornrtric.al algorithms havr been. devrloprd in~ t.hrse 
, l. 

'fi('19S': Às a (!isc i pline of, its own corn putationa/ geomctry did not, become recogniz<,d 

. un\iI aft<.'r the dissertation bf M. Shamos in 1978 [Sh77J. Shamos showed t hal, t ht> 

availabl(' know/cdge in é1assica/ g<,omet.ry dors DOt. always provid(' us wit.h 7t.1I(' right. 

, "am munit iOll" to' solve certain prob/rms efficicllt Iy. The aim of comput al ional 

. g<,ometry i!> \.0 desi,gn efficient and.po~sjhly op,t.imal algorit.l,lJn~ .for !'>olvillg ·grolllrlrÎtal 

, .. prohlrols. 

, \ • ,1 

,The efricienc)"" or a sol~t;on for a g;vrn gcomclr;cal problcm iSr'oftclJ <!rpcndcnL ou 
... . ~ 

, ' the specifie .nature of the objects involved. Knowledge or the type of obj('(·t::! ls 

fr~qurltt.ly available whrn :t gr~met.r;c:d probll.'1II ari ... e!> in Il part.icular cllviroll III l'lit .• \ 
~ , ~ , 

rir~t. di ... t illct:ioll 'i!'> wJI(·t i)('J' 1.11(· o'bj('cl:- are ~\'('" .l'" .,eh of poilll~ or a ... Jlolygoll'" .\ 

mo're dctailpC/ analy!>Ïl> IIllght, rpycal st,ruet,ural knowlcdgr to detel'mille 11110 which rla~~ 

of polygoll!>, If any, tllr obj<,cLS fa Il , Oftrll algoritllIlls for' htrudurl.'d pol)'gol~'l are rahier 

to wnte, thus casier to prove correct, and cxhibit, lowcr space/tlIlle complcxit.ies. Wc 

ilJu~trate t.hcse point.s by first con~idrl'ing a prohlem whirh is hardrr for a set of Jloint,~ 

than for a polygon. We then demollstrate that It might he ~asier to design algorithms 

for ~e;tain rr~trictcd classes of polygolls ratht>r tha~l. ror, arbit.rary simple, i~r. nol, s('lr-

.. 1 

, " 
" 

1· 
1 
l 

f 
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interscct.ing polygons. 

j • i , ' 
Considcr -the l.ask of determiqilng the convèx hull oJ a11· arbitrary set ôf p'oints 

v~rsus that of a ~imple POlygWting these p~ints. A polygori is conuex' if- ail its-

internai ,angles are Jess than 1800
• The convex hull of a set points is defined is the 

minimum area convex polygon enclo~ing ail points, 1see Figure 1.1)., Th~-vèrtices of ~h~ 

convcx hull are points of t.he set.. The convex hull of a sim pic polygon is definêd' 

analogously. The ccrnvex hun of a set of'llpoint.s can be determined ID ü(Il'lcig I!1 ~iJÏl(' 

and this is optrmal [Sh77, Ya79, Gr72J. Kirkpi,ltrick and Seidel [l<IS83j haY~ recenl.ly~ : . ' 

,shown that the convcx Lull of a srt. ôf D points ran bc dctel:'mined in' b(n log h) tlln(l,~ - -", --
, , . 

.... ~ -. . 
whf,"re h is th,e number of vcrCices _~n. the convcx huit: lIow,cvér, ljn~ar ti~c a:lgortthm; -' . 

. / .. - ~ ... ~ - .- -
for: computing' tlie çonvcx hul~of,a'SHnple polygon cX.',st IM('A~9, L{>~3a, GrY~3~, fl)lER11~ ._ 

To obtaiu' thes'e beumb, the 'impllot ortler of 'tbi> ve~tl("N! -al?ng .th.e bou~d.ar'y ~of t,b~ " 
,1 ~.. ~~. .. ~ "~ ~ • ~.. '" • 

. '" ,~. 

,Po,lygon has been .cxplo~te·d. "-
. ~ ... 

J - • 

, 
• ~ 1 . 

o • 
, ~ 

• 
" 

. - --. ...... 

, 
• , < 

, 

Figure 1.1 " 

The co'uvc'x huI! of il ~(lt of poiuts, 

" ......... : 

"1 • 
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", Ir not otherwise mentioned, we will assume ail objects considered in this tbesis are 
, " 

..J , \ .1 

simple 'poly.goDS. Furthermore, wc spccify ,3 poJy~on P by its vert'ices (Pl, ... ,f:1n) Iisted in 
~ 1" • ~ 

clockw)s~ order. Èach ve:tex is s~~('ified by its .Cartt'sian eoordinates., An edge e, of P 
. , -

is, the line-segment joilling P.-l to p. (we içlentify, Po with Pi! and use lJlodulo .operations 
, " - - - -

on al'- index operati~nsr Po1ygons' are assumed to be in standard' Torrn, i.e. no 'tbree . , 

-' ,", consecuti've vertices a~e '~9I1fne~r 'and el i~ the ~dge 'wi~h maximum y-val~e. 
. , 

The Jordan Curve The'orem for polygons states that a simple polygon partitions 

\

,}' ~he :~iMe i~!otwo d,;jOi~tregion., -'\~. in'"i.; and the .~,e;;.~, Wh~.Cb a~~ sè~~rated b~ 
~ tlie bounda~y .of tbe polygoD. The Jns,de of the polygon, 1S the \I~terlOr together wlth ~ts _..... _. - . ... 

, "', i;o-ù~dary'.' Similarly we define the out aide. 
~,~ .' " ' 

J' 

" ' , 

Before 1;r:~("-ccdil.lg w.c ?e~iilc sevt'ral strll~tural' prôpert!es of-polyg'ons, iIJ'\lstl'ated.ill 

. J.'ig\!reJ.2. 
• r ' 

;/ _,,",', A po-lygo1lo1 chain C, ,)}s a s,éque'nce 'otr"0!lsec uti,:e vertÎces pt, ... ,p J Of P. A 
, ... p "' ... r ~ • ~ ~. ~~. -.... ,,) - • 

pQ,Iy&,onal,chaip is monotone with re~pect ta a line l, if the projections of Pk' 
- .01' •• 

.... - - k i, ... ,fop. e a~e ordcreq in, exactly the' same way as the ve~tices in C',J', 

A poJygon is 11~O,lloto7Ie if thefc .exists a ~jric e s. t. the bound,\ry of P can be 
~,- 1 • 

. ~ . - " . - . 

part.it.ion~d iota' two chaim" 'c", and C"I ~a~h of whi~h is monotollt' with 

~.cs P,cc t to e . 

, ' . 
" 

• 1 • 1. • 

A point. x in ,p see8'!t point- y i_D P; if tl~{' Opt'll lilié st'gmcnt jdining'~ and y 

lies il1side p, ln case that a',vert~~' PI st'cs :\,VCl'tcx p'",f,h~ Jïne srgmenL 

• "'..JJ P.P" if insertt'd'into,~, i~ call<,d (int<,rnal) diagonal o\,P. In rase tohat th(' 

~I)('II tiJJé t.egilt'Ilt, Pd), IIr,s rornplrt'rl.v,}" ,t/;r '('xt,('rior,~r' P, w{' n,fer 10 1~.11) 
, , ' 

as a,n ,external diago7w{ 'of p, 

. . 

,A pqlygon' P is 8tar-8fia~ed if th('rc cxists 'l1t least ODe poipt, X 'in~idc ,p s';" Il , 

(hat x' can 'src the "Cotire polygon. Thê s~L ~f ail point s x frdlll w hl~ h 't hr -
1 r ~ , , 

., , ~,_ '( .'...' • .J 

" 

. " 

, i 

l ,~ 

'. 

., \ 
: '" , 

1. 
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en~ire polygon' is visible is called tbe kernd. 

'A polygon is weakJlI visible .from an ~dge pq of' P ir for 'every point x 'in P 

there exist,s a point y on pq sud th'at y sees x. A polygon is edge-tlisÎble if 

tbl're exists an edge from whicb the polygo~ Îs wcakly visible. 

A polygon P is rectilinearly contlex if ev-€ry paÎr of points i!J P baving t.he , 
, . 

same y-coorclinate or x-coordinate is visi-ble. It snould be denr th-at evcry 

convex. polygon IS rectilinearly convex but that tbe CODverse 18 Dot 

necc~sarily truc, 

We are :given the task'o( so'lvin~ a ~~~ geQmetri~a) pr;bJ~~ involvillg polygo,ns. 

. If' the polygons have 'specifie structural propertie~'. i~ ~ay oft.en' be possibl~ to exploit 

thesc to obt~in a clearer atgorithm de~Îgn or t~ gâil,l effi('iency, Wc IlO:W iIIusttatc this 

by;considcring the t'riangulatùm problemj whcre the ta.sk i~ to lnsert diagon'als into -a 
l, ' 

givcn n-~cHex polygon P sueh LlJat Jl is pa~tltÎoncd into, tr1anglcs with'IlOip.inter~ccting 

'IIlt,eriorS. ln fiIiear:Ùme one ean tri;ngulatè stJ~r-shaped, monotode, edge-yJsiblc. and " . " '" ,,' , 

'c'1pnv('~ polygons,' (sce thndgorithms' describcd m [QJPT78"ScL80,. ToA82,'To83]). In , . 

,'<,ontrast td t-his: any- simplè polygon can be triangulaï~d in,O(n log n) iimc'IGJPT78, 
, ~ _ l! \ ... .., • 

Ch8.2, ChI83]. llowever, ihis bas Dot y.et DeCD sho'Yn' 1,0 'be' optimal; i.e. no Qon-triv'ïal 
~ '- -, 

lower - bound on this prohlcm eXlsts. Oiher cxamplcs of problem~ for whic'h fast 

algorithms ex!st for restrictcd polygon classes ine/ude point inclusion in convex or star­

s'hapcd, polygons [Shn]" media) axis of à convcx polygort [PI"77J, and intersections 

-betwccll convè'x or star-shaped polygons [Ch80 , MF82], 
- " -' 

NoIr thill allrQJIlpl('xity rt':'~JI~:, ~t.at,rcllïl t~IÎ ... 1h(' ... i~ ar(',wor~t-rasc al1aly~('s with 

the' ~Ilderlyillg, machine mo~lel of';L rèal RAM, a~r des,rrih('d ,in [AHU7,t-j. ,tlnlC'ss' 

- . pt}H'rv.:ise ~,ta.t.cd, ail eomplexitics stated ,in this thl,'sis are fbnttions in t.he numb(>r of_ 
, . 

vC'rt i('('s or the polygons um[('r consideration. 

nnagi/lc ,now an environJJiMl~ in whicll lit,t,le' or no knowledge ah.out t h(' sJ)('ctfic 
1 

, ' , 

1 

1 

, f 

1 
i 
i 
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(a) 
A monotone polygon 

(b) 
A star-shaped pdlygon 

v . 

(c) (d) 
An edge-visible p!>lygon A rectilinearly cc,>Dvex poly~on 

fi 

Figure 1.2 

Various types of polygons. 
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structure of the input ,ta the geometric task 15 aVailahle. ~ven În under thl'se 

circumstances, wc mOly still be a,blc to use-c~e efficient algorithms which work 

correctly .ouly on r.estricted classes of polygons. To achicve this, the usual strategy is 

to dec{)mpose tbe polygon into sim'ple componenW,--J~olV'e the problem on each 

compo~nt using a specialized algorithm, and then <:orp bine the partial solutions 

(GJPT78, ScL80, MF82, ATB'Ij. This strategy IS a primary motivation for tbe , , 

developtncnt of efficiC'nL decompositioll techt:].ïques. 

" .... 
Polygons .are typlcally decomposcd into con;yex, star-shaped, monotone, or edge-

visible polygons. We say that two polygons are, nOT}-overlapp~ng if their Înteriors are 

Don-intersecting. A decoIDp,0sition is called a partitioning if the object is decomposed 

i,nto ·non-overlapping pit'ces. Ir oyerlapping pic'ces are' allowcd, the dccomposition' is 

callcd a rovering. Algorit:hrns ta partitioq arbitrary sim pIe 1>0lygons int.o CODV~X 

pol~gons JFeP75, ChD79, Cb82], star-shaped" polygons [AT81r, monot.one polygons 

[GJPT78], triangles [GJPT78" Ch183] and tr~pczoids [AA83] h~vc appearcd in t.h(' 

literature. Glven an n-verte~ 'simple polygon, thes'e dccompositi<tn t~chniques 'typirally 

èxhibit a w~rsL-case run-Lime' of O(n log Il). For a slIrvey of PQlygon ûccomposit.ion 

techniques ser'[T080"KS84j. ' 

Decomposin.g a. polygonal ob}rct into jimplcr componrnL ,parts ~an be done with or . 
, " 

withouL introducing. additional 'vcl'tices which are calIcd' Steiner points. Whethcr '01' not 
, li '0 

- Striner points arc .allowed o,ften makes a big xliffercllce in the solutl,~n of a probk·m 

Clearly ~ome problems arc only solvable if Steiner point.s arc ~lIowed. 

These decompositiC]D' tcchniquès have also reccived attentioll III such' are as as 

patt.ern recognition and image analysis [Sk70,' FcP75]: hl patte,rn recognition, one 

extrads informal,ion from an abject in' order f,~ ideolify or c1a~sif} it. A dCf>c~iptioD of' 

an objett can° be an enurneration of its simple comp'onents, and a ch'aracteriial ion' of 

the relation among thcm [FeP75,'Pa77]. 

FrÇ>m the practical as weil as thl'orètical poi,nt' of view J the 1 cIass of rcct,ililll'ar 
, -

l' ...... 
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polygo,ns merits attention. Rectilinear po/ygons are dcfin~d as polygons whose edges 

are parallel to either of two given orthogonal directions. In order 1,0 obtain shorter 

l' 

algorithm descriptions, wc assume that in any rectilineàr polygon considered, no two 

bori zontal (vertical) edges have, the same' y-coordinate (x-coordinatej. 1 fi im age 
!, ' • 

proccssing, the boundaries of objects are storcd on a grid wbich usually im plies t hat 

di,gitized' images ar,e rectilinear p,olygons. Other typical domains wbere rcctilinear 

polygons naturally occor are VLSI design and proccssing of satelhte data. We sec 
... ' , l 

rectilin"earity as another ~ource of structure in polygons, which originates from t'he 

specifie hardware being used. We will cali the computationaI geomctry which deals 

wjth rcctil.incar polygons, rectilinear computationa/ geometry (sorne autbors IW68.J] 

prt;fer isothctic instcad of' rcctilinear), 

1.2. Thesis Results Rel~téd to the L.iterat{.,re 

- II} t.his thesis, wc s~ow' h6w to exploi~ the rectilinear struct.ure for tllC design of 
, , . 

efficient àlgoritbms. Most ~r' 'thc r~sults obtained.in thls th~sis are directly o'r indi.rect.Jy 

tiçd 1,0 visibility problc~s III rcctilillcar polygons In ~he ,fir:.!' part of, 1.he t.lie!'!is we 

introducc a new tool in reètilin~ar computational geometry, called the labeli7lg 8elleme. 

We round this 1,001 useful for almost, ail aspects of recÙJincar geoillrtry discussed in this, 

. tbC5is, ln Section 3\1 wc givG a construction for generating rcctdincar polygons 

algorithmically. BC51drs a tbcorctiral aspect, also discusscd in Scction 3.1, thi., bas the 

practieal heneflt of belllg able 1,0 'grncratc n-vcrtex rectilinear polygons for any rhol("(' of 

D. 

As mentioncd above, an important aspect fin the design of cfflcient, algorit.llIl1s 15 

the prcsence or absencc of structure in polygons. In Section 3.2 wc therefore turo our 

attentIOn to the design of efficient algorithms for tcsting rect,linrar polygons for 

structural propert,ics. We can test rectillDeàr polygons for st.ar-shapedness,,' 

monotonicity, r('cttlinear convexity and edge-vislbility in Jinear time. Previou~ly t,h~ 

brst algorithm for trst,ing a polygon for edg('-vi~lbdity h~1(1 heell quadratic in t,hi' 



'" 

( . 

num ber' of vertices [AT8Ia]. Linear-time algorithms for ~csting a "polygon for 

monot~nieity [PrS81] or star-shapcdncss [LcP791 had been known prcyiously. Thr 
. 

rectilinear structure allows us 1.0 dev,elop more rffieien~ algorlthms, Effirienry is of 

particular importuner in rectilinrar grornetry sincr the rcetilinrar imagrs prodllecd by 

• t:oday's-scanning deviees typieally eontain large quantities of pOÎnts. 

ln Chapter 4 we present efficient linear-tlme hidden-line elimination- algorithms for 

se,:cral models of visibiIlty. Prior to the work' dcscribed in this thcsis, th~ bcst 

algorithm for Illddcn-line clirnination in polygans was linear and utillzed three stacks 

IEIAS]]. The hidden-hoc algorithm prrsented hNe rxlllbits the same worst-rase time 

romplrxity but usrs only onc stack and is conceptually ~irnplrr ISa83]. Recently, Lee 

lL.e83] indrpcndcntly obtaine~l a sllnilar algorithm. The newly dcvcloprd 1.001 allow5' for 
1 

a unified, succinct approach 1.0 solving tbcl'>c rectlhnear computati<:>nal geometry 
o 

problcms. In- Chapter 5 'Wc 'Show further applicatl?ns of the labehng-scheme 1.0 a,' 

shortest path ptoblern, and a éonvéx hull problem relevant 1.0 rectilinrar geornetry, the 

drtermination of the rectilinear convex hull. 

) 

T~le_ last. chapter of thÎs thrsl!'.is ocvoted t.a drcomposition problrms in rrdilinrar 

com plItational gromrt.ry. As an applic:ülOn of a p;l1tlcuLlr partitionmg problem, we 

, discu~s the guard-placrment problc'm for re,ct.ilinear polygons -The problrrn drscflpt Ion 

in it.s more 'general form I~ due ta Klee [II07ô] in 1973, II. c~n be st.atcd as follows. 

What is the mlDlmum number of guards always sufflçient 1.0 see the inside of an n-

vertex polygon? Ç;uards are pb'cd on flxed locat.ion'>. The first s~lut ion is dur to V. 

C:~vatal who sho"d that l; j gu,;"b ""- alw.ys ,uf('CI.nt (and s~m.times "er"'.'yJ 

[Ch75]. A si,mpler proof' based on triangulation was later givrn by Fisk [FI78]. Kahn, 

J; law. and K leiLru an JK KK83J ,how<d th.L on the ;.,. o( "cLili":., "J~oiyg~n" l; j 
guârds sufflce. This bound is âlso tlght in thr sensé that for sorne rect.ilinear polygolls, 

, . 
. " 

l 

1 
J 

1 

j 
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1 : 1 guards .• r~ .Iso ncccssary. As .will ~é iIIustr.te~ ID Chapter 6, the main stcp ln 

t'heir ·proof 15 to show that ;ectilin~ar 'polygons Can be partitioned inta convcx 

quadrilaterals. A parLltiomng of a polygon P jut.o cOllvell. quadrilatcrals will be callcel a 

(convex) (jtlodri 1 aleri zollOn of P. Their primary conccrn was to show t he exi~Lellcc of a 

convex quadrilaterization for rectilinear polygons, w hcreas our interest is in developing' 

efficient algonthms to actually perform such a task . 

Th~ basic building units in designing our algorithms''"are a special c1ass of edge~ 

'visible rcc,tilincarly CODVCX polygons, which wc will cali pyramida. First wc demonstrat c 

how to quadrilaterizc pyrarnids Next wc pre sc nt J an algorith'm to quadrilatrrizc 

~ectilinear star-shape~ polygons by flrst partit.ioning theill mto pyramids, thcù' 

qUàdrilàterizing thcsc and sub~cqucntly mcrglng the rcsulting solutions. Wc then show 

pow to extend these rcsults to r('ctilinear polygons which arc monotone in sorne 

dirrction. Wc employ th~ same basic methodology .of parti~io~ing the polygon inta 

pyramids and merging the rc&ulting pyramid quadrdatrrizations. Bot'h al orÎthms \lre 

'optimal, i.e. the rùn-time is lmear III the number of vrrtlces. Subsequentlj wc &how how 

, to partition an arbltrary rectllin,ear polygon, intq monotone plCces, No.tl how.cver, 

, t~at lwt every 'dccomposition of a rcctihncar polygon iuto monotone plcces will producc, 

'~olygo.ns that arc rcctilincar As not every a~bitrary monotone polygon IS 

quadrilaterjzable, the decompositlOn step has to cnsure th;ü only those monotone 

~ompone-nts arc creat.ed, that do admit a qlladrllatel'Ization. The run-time' of 

partitioning an n-vert.ex rcctllinear polygon in~o monotone polygons admlt,Ling 

quadrilatcriiation turns ou~ to be O(n log n). Thùs the cntire task 1.0 quadrtlaterr1,e an 

n-vertex rectdincar polygon can be perf0,rrned III O(n log n) tlme. 

~ 

, Often when dcaling with a decompositiou, one is mLcrestcd in minimizing eitlH'r its 

wcight or the numLer. of picccs creatcd by the dccompositioD. The weight~ of a 

decomposition may be dcfllled as the su1n of the cdge-fengths (usually Eudidcan) of ail' 

., 

" 
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diagonahll Klincse.k [KI80] deseribes 'an 0(u'3)" algorithm for' ~he miùimum-weight 
~ " <-

triangulation of a simple n-vertex polygon. In 'a joint work witL M. lùil, wC' ,showcd ~ 

how to sol've the minimum-weight quadrilaterization problcm in 0(1l~) Liure [I\S81j. , . 
~ 

The algorithms 'prrsentec! i,n this th~sis were i III plcll\ ent ecl in p;~rt. by Shig~o [I\oue 

as a Mast,cr's Projcct undl'r G.'T'. Toussaint at McGilrUniverslt.y, Montrral" and in.jHLrt. 
, . -' " 

,by jamcs' Dean, Kai Ng ancl Mark Waldvogel as course projects in CS-gS-SgO at 
j, • 

Carlcîon University, Ottawa undcr the author's supervision. T-hîsIt1êSis prl'sl'n(.s an,cI 

analyses the algorithms, from a thl'oretical point of VICW. A dis~ ussion of 
il' • 

, . 
implcillentation c,onsidl'rations may bè found in [ln82] and [DNW84J. 

1.3. Suminary of Results 
'. ) . 

The main result8 of the thesis c.an be bri'efly summarized as follow8: 

(1) A new tool, the labeiing scheme, ff!r rectilinear polygons IS introduced and 

analyud. The technique captures information 'abOlit the winding propert.ies of 

,recWinear polygons, makihg processing jn'subsequent algoritbms simpler. 
" ' 

(2) A linear-time algonthm for detecting whelher a gwell recltlillear polygOll' i8 edge- -

visibie ;s preswted. This improves t.he O(~12) algoflthm for arbitrary P91ygons 

suggcsted in [AT81 aJ. A, variety of c1as,ses of l'ectilinear polygons are 

, characte..rized. 

(3) Improvcment Hl the effi~ien'cy of algo'rilhm' for det~rli1lg, mo,lIotonicitll and 

(4) 

rectliillear collvcxi!y of rertiallear pplygOUB. ... 

New, efficie'I,lt algorithms, base~' o~e 
dimination for reclilinear' ,polygon~ have ban 

for hi ddw-Iwe 

l3ased on these 

algorithms, an algorithw_ for t.he co~struction of the convc, hull of a rectilinc:y: 

polygon and. an aigori'iun fm a ,bo,,",,' ri",linc.' path' 4c", h., "cen 

design cd 

(.5) Algorithms for 'quadn'lateralization of rectilinear polygons have been désiglled. 

. , 

1 
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Chapter 2 
. " r' 

A New Tooi for Computational Geometry 

, ! 

In this rhapt,t'r wé inlroduct> a nt>w t.ool for dcsigning rffirirnt algorit 11I1I~ 111 

r('cl ilinral' 'co'mplilat ~cllial g('olllpt ,'y, Th(' ~('Y idr<l i .. 10 r1l.t l'art infor.lIlal Ion al>olll J he 

"wlllding prop(,I,t.i('~ 1\ of a givr'u rrct,ililirar polygo'II, Wc r:,IlI I-C(' t hi" t 001 a~ li 

prrprocrssing st.cp to subsequent algo'rit,hms. This prrproçr<,sing ~tcp s~rvrs a dual 

purpose .. In the presence of structural information, certain algorithms may gain ill 

cffic iencY. Secomlly', a varie t,y of cases and subcasrs are oft en trsl,ecl in!lidr t hr .body of . " 

algoril,hms, which ma)' Irad ta complrx program st.rll('t,uJ'r~ ~s wrll as to ij'iJ\'ol\'rd pl'oor!;l 

of .rorJwt.ncss, jf not. cyrH t,o fault,y alg01'it.hms, IlaYlng knowlrdgc about, t.hr windillg 

f>1'oprrti('~ bf t.hr !mlygon, t,he, IIl1mbn of tlurh ca~('~ ';~Ild ~ubras('~ ma)' br.' fcchlcrd, 

leâd.g ta' ciraI'. and conceptllally simplc solutions, To ill~lstrate this point" ~r will 

prcse.llt a hidden-Ii ne algorithlll whicb lias the sim plicity of a one stack algorit.hm, 
, 

1 similar tu Sklan'5ky's convcx hull algorit hm [Sk70] and whose run-t.irnc is linear, For LI 

dÎ5cus~ioll <:>f Sklan:,ky's .convex hull algorithm, SC<' [ioA82]. The gain in effitirllcy by 

u~ing.thi~ prrprorr!><'Îng sLrp is cvrn grt'at<;,r if st'vt'ral aigorit,lulls subsr<jllrnlly utihzt' 

the structural information 50 extracted. 

2.1. Th,e Labeling-Scheme 

In(ormally, the nrw tool 15 a sprcific way of labcling the t'dgrs of a given rectilinear . 

polygon P, whrre the labris are drpt'ndrnt on the' "turns" cxhibited duJ."Îng a c10rkwise 

tra~crsal of P. I3efore giying a formai drflllit.ioll,' wc wll' .in,t.ro.dure so'me trrmi~ology. 

·Let a, drnotr the clockwisc ~utcr angle from rdgr e, 1,0 cdge c, +1, at a ver,tex 1),. The 

exterior angle 0-
1 

al, PI is ddined as 0',0 - 11'. We s])cak of a right-turn at a vertex p, if 

.. '1? ' 
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. , 

R ., --- ... 

" 

, , 
Figure 2.1 . , . 

Exterior angle 0, al. P, . 

-
0, >.Q·and of a left-lurn·otl1erwbe (s('c Figure 2.1). 

Wr Il'OW grneralize thr nol.ion of Irri,-I.urn and rig!lt,-.I.urn drfill('d at. vèrt.irrs, 1.0 

Ihat. of turll.s of. pol~'gonai chains, c.f ={p"Pt+ 1 ,,,,,p)}: ~he angular t~rn t'l,) of ~ 
)-1 

polygonal chain O',J' ~or i<j is dcfÎncd as EOt. In ~asc that i>.j, t',,) is dcfined as 
k rIa, 

21f-t'J," _ If t"',J>O wc saythat the chain O,,} p'err~rms a right-tum and C,,) perrorms. 

& [eft-turi' in ca.se t',,} <O. l· 

Ext.cr.ior angles al.. vcrtiecs of rectilinear polygons take one of two possiblt> .values: 

; or -. ;. Thcrefore in rrct.ilineur c~mp~ltatjonal geometry Lurns bctwcen c~arc 

integer,multiples of ;. This implics thàt we ean ~ssîgn to each edge e, an integer 'label 

l, as follows: 

·tl:'F 0 (* the edge with 'maximum y-yâl~e is arbitrarily labeléd 0 *) .,. 
D • 2, fI' 1.,:= -t 1" or, <l:5n 

7r ' 

. , 

, , 
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An 'aJterD~tive dcfinitibn ôf .the label'ng.,schcme is giveu be'low: 
, 1.... , t , . ' 

, ... 
f-d1 :== II +,1 i~ PI-l;'P.~, ~: +1 Îs a righ~-tu.rn 

;-

II + l:~ t l :-- 1 otberwise. , , " 

/ 
V' 

This equivalent definitioÎl suggcst.s i~mediatéfy an algori~bm ·to determine 'the 
- ",.' , . .'.', l ",' , 

labels 'of a rN:t'ilin,ear polygon. We define tb1e (int~ger) ittrn t",} bet\yeen e,' a!ld e
J 

as t hf" 
1 \ \ \ f \ ' \ l' """ 2 1 / - " « 

, ! 

af.lgular tu ru ;-t'I,]' \~e will speak-o~ an evCll ttfrll.~c~ween two ('dg~s 6, and e) 'If th<> '}1" 
corr(,spollding i'nu·gel' (J 15 eve,IJ, ,o~her,\vi~e t.he (Urt! i~ 6cÎcl . . Th~ .11~filt.lm bef,wel'41 (\\'0 

1 -- \ ,'" r # .. 1 t" 

cc!gC'1> è, and e) i!i defi"fl as fi ,1' /lIod nlo ~~, We ~!i(, t,h; t ('rln )-edg~ t'o 'delJ~t e ~II cdgt'.'l 
.. . 

lab('led i. Por IInplemcnt,at.i"on considerations, it, is' inierl'sting ,(0 f not.e t'hat 110 
1 ~.. 1 

computations involving anglcs arc n('('d.cù in ord('r (,0 (ft·terininc'tht; 1abcb.,' 
, .. ~ , 

We,rcrall no)\' that the verticr..'l of polygon P àre'givc:n in clockwise order An rdg(' / 

(' of a polygon P is rallC'd il ~OIH!tlge, boIf01rHt!ge, I"Jt-edge, or l'igltt-edlJe, if -the Interior 
, , . 

of P' j<; b~low. abo\'(' , to thr right., <>r't.o t.he I(\f!:of il Jill(' rollill(>:tr with r,';'C'''pcrti\('/Y 
, , " - /" . 

'l'hj ... d('rille~ four type/) of cc!ge'l. ,Wc :qy qwt, t,wo ('dgc~ 'are ~lriel;ted in '1 he :':'lIIr \\',1)' if 

th('y ar(' of thr 5:l1ll(, type. 

2.2. S~me Properties ,of the Labeling-Scheme g,. 

BefOl'r studying the propert,i('~ of t.he lab('ling~sch('m(', it is roriventellt, to stittr'UH> 
~.... , 

foJJowill~ The.orc1Il of !'urnillg TtllIgClI,t8 knowlI III dirr('rrllt,ial geolTletry [Kli7R, Caï{>.I. It, 

i., often rrf('rrC'c! 10 by it.s G('rman namr UmlrwJsClt::. A complt"te c\ockwise travrr~al of 

a simplr polygoll c!escnbcs a 2rr ,revolution. In t,he labrling-schemr, this Îs refler(,rd by . 
the fa~t t~at for a complete tllrn: JI,; +t,,1 =4. An immcdiate co~sequenc~~ abo 

obsrrved by O'Rourke [OR83], is 'that the numb<'T of reflrx vertices'~n aJ1Y n-vertex --
'rectitiucar polygoll is exactly ';' - 2, Wr can simila!ly obs~rv~ thrlt the numb(')' of 
" , 

vertÎces in any rectitinear polygon lB even. 

\ 
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, -,tt-o, 
,-;t~' 

.. -
15 - . - .' -.. -..... 

, ',~ '~';~R~r-ti 2.L,~ La;~8 ~/ho~izontal edge8 are evèn, ~h~le :those of vertical edges are - ~- ... - - ~ ~. ~ , 
- '. 

.. ~ '''' 

odd., - : 

, .' -. -. ~." - -Pj.o~f: Wc ,note tbat in"a' rectilinear pQlygon, horizontal and vertical cdges alternatc. 
1 .; - • '"'<. ....... _ ..... \ .. ,....,. ,J 

. " 

,- . ~ ~ :-- w.crestrict a.\;!fselv!![ ta praving the result for the set of horizontal edges {el' 1: 3, ... , 

Çn -I}" W.e 'will show, by inguction on the index j=f,3, .. :,n- J that fo.r ail horizontal 
~......, ... ~. 

~-~:èoge~;-theVturn.'tI,J,betWcen.el·aDd e
J 

IS evelL 'Let j=3.thcn by inspect.ion verify that 
... ~ ~-.... ., 

~ .. --.... ..... '\ - - ~ 

. : t~.,3 ~s ~ÎLncr~O or 2. Therefor.e" let. ,3 < f S ,n-2. Wè can wr'ire 11,}+2 as 11,1 + tJ,J+2' 
, ~ 

, ' 

.). ....... .. _ :lIIgll''> <'on(,rib~Jt ing _~a'(h ,1. ,or - 1- t:o, t.hl' 1ibding t.hu~ t J,} +~ J~ also even. As the lab('1 l'l 

• ~ -' ~ ';... .. ~~ual t.o tl',J·th~ corr~ctnes~ of Propcrty~2:1 follo,ws .• 
~ .... - - ~ ~ -- - ~ ... -, . - --

.; 

." • • " , -, Q 

_,p.rOp' . .ërty _2~2. ,lïlè--3,lei~tur~, bei~ée1l- par:'al1éL ,eages ori~lI-te_J in ~he same direl'lion is 
- .. 

,~-:- -. '-fero __ 
~. .. ... 

" _ -- ti;eJe .. ul~ folIcrw~. ,!Il - . 
.... - ... ' .. :.. ; .. ' .. . , 

" ~ '- -2.3. Réctiline>ar Cuts, ,,:." - ': ~,- ~_ , .. 

'. ::~. \V e ,defll!~- â }/On.zoll,tal C!~t h t1lr.oi.lgll a r~ct ilJllclII; polygon p. ,a~ a horiwut al liur 

~ ~-.,-. uwÎJic~.I'ir;t~'~(l{'l'i.-(d·1 th~~e-v'('r\.lr;d'-e~l~;~'of~~l,;,ïl~:;"ir~t.it(, ~a!lll'~y,roordillate a .. h. \\'e 

~ . 

.. - .. ~.. .. 
...... ~ :,-. 

, , 
~'II<;~UIII~ thai. no flOriiont.al 'cut..ha<t.lie ~aÏne y-valul' as an,rJ\Oriwntal <'dg<' in P. Oy .. . ~ " 

.-,' (l':.". ; ';'~i)' we,·denot.~, t.b~ sort.èd'Iist ~r al! k edies int.ersccted by h, whcrc el is ttie 
• 1 r _ .! . -. _, _. 1 

'. 'l~ft~o~t- sucl~('dg~ ,~;I.cr ~,; trIC r.igld,~ost c(V~ê. The rorrcspondillg label~liRt, dcnotrd by 
,.. ,. '1 ... 

. (f,'I' ... ,: f,), 15 c~IÎcd _a--h~riz~lltàl c'flt-sequence of length k. In a similarly way wc can 

"', <I-efllrt: (lerlir~l' ~·tji-,~c;Jllcnre.~. 'A ~erti[i7le~r: 'rlll I~ a cu.!. which is rit~~~ikwntal or 
'- _ .... 

~ehiclll. -Slrnilarl;y- il rê~tiliTl"ear Lint; 15 drfilll'd as a hIlc that I~ eit,her ,vert.ical or 
, , 

-
ho.ri1,~IIt.al.' 'j'hr m ai? ~~e _ of :the cu::' cQn_cc-pt is thç- following im portant ProÎ).crty" 2 '03 

-",1 f • . ~ . 

&1 

1 

~ 
\ 
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and Theorem 2.1. 

Let h he a rectilinear li De intcrsecting a. rcctlliIlcar po-lygoll P and let e., e~ he t'\"o 

edges wi~h labels f., e J respectivcly, adjarent in the correspanding recti)inear .cut.' Let 

q.qJ he the open li ne-segment of h connecting' e. and cr 'The function sig~(x) ,tetur~s 

-] if iLs argument x is' negative and +] jf x is positive, 

Prope:r;ty 2.3. 

(a) q. q, ;s inside Pif! l J - e, =+2*slgn(r I)! and 

(6) q. q, i8 outside P iff .e 1-' e.·......:..- 2*sig1I(j-: j) 

Proof: Wc ~u;...[o.g. that th~ line h inteytlng,P is horizontal.. '. 

(a): An implication of the Jord~n Curvc Theorcm is that cdgcs ~ll1ch ~ie aèljar('lI! ,in-

auy rectninpar c ut, have opposit(' ~riclltation. Ta pro~~ ,( a) wt' ,in~rod-lli-p SLein("r point 8,~ • - -, 

q l , .. :,CJk at ~h'(' points of int.crscc'tion' bp\.'wr('11 Il "nel c":, '~J re~pr('t iv;ly l,r-t~. (J) '~~ ~lT; " 
i,n.\.rrllalliJ]('-~rglJ1rllt, cotJn('ct,ing'i] •. a,ndJ/,. \V.l.o.gjr,t, e:'h~ M th(> left, of eJ..' th~n e'. iS 

,a IcCt ec/gc and t:
j 

is a right edge, (Rcrer to Figute 2:2)jhe fillc-seglli~nt:"qICJ, p;;rtrlions 
, , • i' -

P Înt,o tW9 pOlygODS QI={?"p" .. ·,pJ,q,} and Q2={;J)'PJ",,:)p,'-f1Q.}. In QI and.Q~ both 

~xt('rior' a.Dgl('~ a~ q. and q, are içlent.ical, th{IS .1.',1 ' f~:.~2: Wc w"nrlucle t.hat ,(1) ~r 1 <J,. ' ' 
t.h('11 f.,) '- f)-.e , = 2 and ni} ifî::-j tlH'nt),I' ' :~~'':'l) ·,~.lhiIS J)-e , = -2.' lb):: 

If''1I'1)'is' ail r"t('I'nal Jin.('-s('gm~nt joirling fJ, and fJ): ('0 Il Y(,I· ... (,I.\'. t~:(;~') Ih('~ofl.('lItaIIOw, 
_ ';'. T ~ ~ .. ". ~ .. 

, , . 
. or' the C'(I-g~'., el and r. ) are tcv(,l's~d and thu:-. ar(' t he' t WO' C"tlS(''ï, Tht'l'd?I'(' :Li <f ~,h(:.n 

",J=.e,-t,=-.2, ifi>j th('~t),,=e.-~,=-.ZimPI.Yin~.t.Ii:lt.·e.): ~~' i.>· '_ 
, -. 

Theorem 2.1: Let (e'I' ... , .e.) be a "horizontal C~tl'-,~eqlleRce ol.lenfP.~ k, !/I~n, 

fi) 1 II - .el 'f = 2)' and 
J' ,,+1 . 

(ii),e, = 8) II = i, 
1 • k 

, ' .;; " 

.' 

Proof: (i) Fol/owS' rr~m Propcr(,y, 2,3. 
~ ~ • 'Il 

-
" 
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P. 1 _ 

q. ' ! 
1 

R 1 ·1- P-
J 

·°2 

Figure 2.2 
--. --. 

Partitloning of a polygon, by an intC'rnal line segment, 

{ 

rur'h, We now prove that the label fi" of the right.mo~t'~dg(l' illt,efsect,ed by'h is ('quai 
,. • _ #. 1 _, _', 1 

, 1 

, ' 

. .ri~htJî1os.t edgc Înt~rsected by h whose corrcsponding label is e J" Dy tIle Jordan Curve 
•• : ' 1 1 

-Throrèlli ~J and ez have the same oril'ntat,ion t hus by. Property "Z.2. € J mod' 4 =~. If 
, ' ,~ 

" 
-.the- .turn 't~,J fr.om C z t.o e

J 
Îg zero tlteJl the n'suit fol,lowl.; dt.hfrw'ise' C' ::,) descrihes at 

~ra'i( OJH'. full r('volllt.ÎOII be(,wr(,/1 c. and cr 'J'hi" how('v('r coulradirl" eÎt!l('r thl' 
~~ . \ 

.,i!lInli(~i(y~or.l: or (,h(' fact t.,hat. c
J 

,i., t \.te rightllli>~( ('(Ige inU ... ·;(·r('(l Il)' !I. ~('(' Fig li J"(' 2,:~ 

. a~h, r-('~p('<1iv-("ly. Ïn' a similar way we can show (.h:d,tfw Id(l\lo~t, ed~r' in any hori7.0ntal 
, . 

, , 'cuJ ~~;{:(.I-II('1H·(, Îs labe!NÎ 3 .• 
..- .... " . ' 

Wé nbw turn our' atten(,ioll to pattit!oningb of the planr IIlduced by inser( ing 
, F 

)lIt('.rior.or c>.tcrnal linr-srgm<,nt,g into a poJygon r :'iU~ t.hat. poin\.1:l on t h(' boundary of, 
, . 

P ar(' COIIIl('~('d, AllY S\lCll inl('rior lil1e-srgrll{'nl. p:lI·titioll't th~ pob'~oll' P illt~ (wo, 
, ' 

regioll~. hl thr case that cl is an cxtcrllal JillC-~('glll(,llt of P, il dirrL'I'(,Ilt. ~it liaI iO!1 arb·{'~. 
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Figure ,2.3(a) Figure 2,3(b) 

'Figure 2.3 
, , 

, ' ' 

",- If edg~ t:i is 'visible and the turn "from t:2 io edge e~ Îs a full rcvoluttoD, thcn either (a) 
the, simpli~ity is violate'(of (b re, i~ Dot visible. 

We' ('an destribe this aS cl incl~eing a partitioning of ~ plane having a'polygoI!al ho le P. 
, , ' 

One such cO!llponent IS bounded while the ot.her is unbounded. The foll6wing Theorem '. 

chamet<?rlzes wblcb of the two jegions ~is bounded an,cl whieh is unbounded: This is 

illu~tratcd in Figflrc 2.4. 

, ' 

~ ) • • • ' ~ 1 

Theorem 2.2. Let q,q, be 'an e7temâlline-~eg11leTlt co7111ccling the edges ~I o71d eJ ~f 

P. , ' 

(i),{u lite' ((I~-e 'hat e, -e~':""'2: th:; bC'iU1ided regiou ;lIC(ured by fi ;.9 Ibe'po[ygOl.-{CJ,. 
r •• •• • 

(ii) In f hc rasc 1 !lat .el -.e J =~ 2~ t1lC botf11d-etl regio'lI ;8 dcsrribed by the pO/YUOll 
'" 

j 

" 
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l 

" 

Figùre 2.4 
, . 

A boundcd region and an ,unboundccl rcgion 'are crcated by inserting the externar diago-. 
nal q,q,.. . 

Proof: As a consequence of the 'Jordan Curvc Theorcm, the boundcd r~gion IS 

obtaincd by conn~cting q. ta qJ by a polygonal chain of P being, ~riented oppositely" ta, 

the, c10ckwise orientation of P. '1'0 rin(! tbis f:hain, we apply the prcviously derived 

Property 2.3 and obt'ain that, as q, qJ ~s, an external line-segment, e J - f, =;- 2.~ign(j- il· 

~Th(>rrfore, i( f.-fJ=2 thcn sign(j~i)=l, implying that i<j. Th(> bouuc!(>d r(>gion Îs 
~ . 

'thrrrfor(> {q}, P;-J7 PJ -':!, .'" P, +1' l'II q,}. The cOllver:>(' hol(b for tlw·ca'<;(l (Ii) ~hat j<i 

an<i th~IS thr"houllc1ed polygon':is {q" p.-JI P'-2' ... , P1+J1 p}'! qJ}' • ~ 
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We sketch a consequence resulting from Theorem 2,2. Takr any two points p, q 

located in the ex~e'rior of P. By the Jordan Curvc Theorem, p and q can be joined by a 

simply connected polygonal path, path(p,q), which does not intersect the boundary of P 

propçrlY. If DOW exactly one of the points rails within a bounded region as constructed 
, , 

-abov'e, then path(p,q) has te interscct the external line-segment separating, t'he regions. 

This ,result is used in Chapter 5, w hen we consider a sh~rtest path problelIl. 

2.4. (jeneralized Cuts, 

We will DOW gtmeralize the notion of horizontal cut-seq~ences by dcfining 

generalized cul-sequence8. Let .( denote an or~eDted li ne intersecting a r~~tilinear 

pelygon P. Let (e, ,.:.,f, ) dcn,ote the sorted list of edges intersectrd' by f in the arder ,in 
l " , " 

" which' they' are intersected b~:.e. ,Edge 1e"1 is ~h~ first' and <. th~ fast sucb. ed~'e. Th: 

corresponding label-sequence 13 called a (gcneralizcd) ,cut-sequence and IS denoted by 

(i,·, ... ,.e, ). 
1 k 

TheoreIh 2.3., Let (-f'I''''J.e,) be a generalizcd c11!-sequence; then 

, l " 

Proof: Let e be a Üne who'se lnduced eut-sequence with re'spect tu P i$ (e~ ,.' .. ,.f,). For 
" .1 k 

case of notation let e" e) be two rdgcs, which, are a(Jjaccnt ID a genernhzed eut. 

Furthermore let the intersection point of~, with'f be 'denoted by q, arid that of e
J 

be 
. . 

drllot.ed by q\. W.l.o.g. assume that CI is horizont:d. We consider two pùlygons clefined 

as QI: ' (q"PI, .. ·,q;-l1q)) and Qz:=(qj,p)"",PI-I,ql)' Jf c.) is horizontal then, 'the 
. . , 

di~cus1>\on is ana.l~gous to that of Tbeorem 2.1. O'~berwisc. e) is vertical. The SUffi orthe' 

interior angles at q, and q) in cith;r QI or Q2 is ; or ~ 7r In case that i<j we considcr ' 

_ t.he polygoll QI' A ~Iorkwi~r t.raversal of QI rrolll q, to ,q). prrrorms a. 2ir-{0', -n)) _ 
. ~ 

rcvolution,.which is b~' the abovC? 

li) TIl{' point q, IS above c} As the interiot of r 15 abo\'e c
J 

the segment, q,q-; ·of e is 
1 

" 

j 

,j , 
j 
~ 
l 
\ 

j 

1 

, 1 

j 
î 

1 
1 
1 

, 
î , 
j 
i 

~ 
, 
, 

j 
J 

.' 

1 
l , 
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iuside P. In this case if j<i then l} - II =- 3 and if i<j theli .e} - li =1. 

(ii) The point ql is below el' As the exteriol" of P if> bclo'Y'e}, convcr~dy to case (i), we 
- -

corresponding_ lemma for horizontal eut-sequences, the ,simplicity of P forbids, 

, other cases. 

(h) The case that e
J 

is a top-edge is similar-to (a) and is thus omitted. -

Corollary' 2.2. Under the ClssuJnptions of Theorem 2.3, 

(a) Let qlq) be inside P. CI,} i8 a right-turn ifand o1~/1i ;fl<j. 
, 

(6) Let qlq} be outside P. CI J is a left-turn if and only 'if i <f. -
, ~, 

, .,. 

Th,eorem 2.4. The label dijjere:ncè ll-:-.f} ;s positiv~ if an'd only if {q}, p}~;, Pr2' 

.", Pd1' p., ql} is a bounded polygonal region. Simllarly, the la,bel difference el-e) ;S 

negative if and only if {q., PI-l' PI -2' ., PJ +11 p}' qJ}.Îs a, boundcd polygonal rcgiou. 

Proof: The result is a straight forward generalization of th('-rorrc~ponding Throrcm , , 

2.'2 for rectilinc;lr cuts. Wc therefore omit its proof. -

In tbis chapter wc have introduced the labehng-schemc for rectilinear polygons. 

Several properties wbich we ~i11 use throughout the'rctnainder of this thcsis have been 

deriv"d. The ncxt chapter will DOW invrstigat.e structural propcrtics- of the rcctililwar 

polygpns. 

. ' 

. , ", 

-' 
. ' 

" , 



, " 

, - ' 

,'Chapter 3 

Stru,ctural1properties' of Rectilinear Polygons 

In tbis chapter we will .design several efficient' algoritbms 'fo]" te!>ting d ~1;'("tJ!i~('ar 
\ , , , 

p~lyg~n for stru~tural propcrties, The algorithrns 'àl'e ba~~d on U;e labrling-~cLernc as 

. iptroduced in the previous charter. 

3.1. Constru,ction of R:ectilinear Polygons' 

Wc will charactcrizc a. rectilinC'ar polygon P b)' its label-sequence. Thè {a be(-

sequence is' dcfmcd a.s the concatenaL'ion of ail labels eIlcounLrred in a. dQc kwi!>c 

t.raversal of p'startlng with label el' Il" is important, to Ilote that a givcil lahel-sequence 
, ' 

docs Dot uniquel~ characterize a, rcctl,linéar polygoll, Howcvcr two simple rccti/lIlear 

polygons witL the samc label-sequenccs arc somcwhat "simIlar", We tbcrcforc say that 

two sim'ple rectilinear polygQns are 8ir1H1~r if thelr corresponding label-sequences are 

idcntical 
~ 

Givcn an arbitrary' scquc:ncc of inl"egcrs,' a 'rcctilincar polygon, whose lah<.'l. 
, ' 

scquence IS s, 'may not. nert>&sarily ~x ~st. Wc ar<.' thrrefore IIIt er~st("d 1 Tl (' harac t <.'ri1,ing 

thase ,s<.'quc!lces of integcts that ~rc labrl-sequC'ncc for sorne' rertillncar polygon. This 

chararlrrizatlOn will be givcn \Ising a formaI lailguagr-hke approach \Ve will U5r 1.1113 

'characterization 'tü 'gc'Drratc one represeDtativc for e;Lch c1ass of similar r('ctilinear 

" . 'polyg~ns. ,Furthcrmorc a necessary condition for simpljcity of a t<.'ctiliIlcar polygoll IS 
, . 

, ' 

given, whir.h can be dctcrmincd.1Jl hilear tIlTIC. 

ln order to ûescribe ,the label-sequence formally, wc DOW inLroduce some Dotation 

w hich is analogous ta the c haraclcrization of languages in form al language theory, se~ 

[lIoU79L Wc Will estabhsb a corre~ponclence betwc.cn rcctilinear polygons and strIngs 

gen<.'rat.cd by a grammar, Struct.ural propc~Lies. of rect,llllleàr - polygans .can Lhcn be' 

\ 
22 
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'det~cted by parsing the ~orresponding stri.ngs. We define a grammar G=(N, T, P, S),' 

whcrc N={A, S} is the set of Donterminal symbols, T={inLegcrs numbers} is the set of 

l ' ~ • 

terminal sym bols, and S is tbe start-symbol of the grammar. We use i as a variable to . ' 

dcnotc inLegcrs. The production set P of G is dcfi'ned as follows: we have u!>('d the 
, ~" . 

notion fJ!a7~mar i~ a ~ore -general sens~, by alIo.wing an infinite number of terminal 

sym bols as weil as productions. 

(a)S,-->OIA· 

(b)iA--> i i+l A 

( c) i A -- > i i - 1 A 

(d)3,A --> 3 

Wc give an example. The label-sequence for the rectilinear polygon of Figur.e 3.1 is 
, 

o 1 0,1 23. It,is generated by applying the productions (a) (c) (b) (b) (b) (d) in sequence. 

b 

" 

1 

3 
o 

" 

2 
.' 

" 
Figur~ 3.1 

,.Labcl·~('CJlIêl\('e 0 J 0.1 23 genrraLrd hy :LJ;plying JlI'Odllc1ioll~ (~\) (cl (h) (h) (h) (d). 
, . . 

------_._-~ 

,-" 

, , 

, , 



t 

( 
, # 

/ 

/ 

( 

\ 

'Pr<;>perty 3.1. ·Alliabel-sequellrcs for .'1imple rerlili1/'Car pol!lg{)}I:~ ran be''gen;'llfcd by . 

the abol'e grllrll1Ilar G ~ 

Praof: We -sh'ow that for a given 1>imple rectilincar polygon T>, i~s latcl-scqucn~e ~an 

" 'he gcneratrd by the grammar G. The label-'sequ'rnce for any rectangle is Ô 1 2 3. This 

sequence ean be gcherated by applying production rules (a), (b), (b) and (d) in that 
"-\ ", 

arder. Furthcrmore, 'by Theorelll 2.1, we know that label-sequences of simple rectilinC'ar 
- _ \ of 

1 

palygons start with D,l a~d end with 3. Sinee the production (a) and'(a) ~I'e applred the 

initial and final productlOn~, rcspcctively, any worel rreated by the gram mar also has 

this propeJ:ty. B~th these proùuctlOns are applicd exaetly once The difference oetween 

imy two 'Consecutive labels ID the label-sequence is eithèr 1 or - 1 depending on whether 

,the ,turn aL the ycttrx adjacent to both cdgcs is a right-turn or Icft-turn, respcctlycly. 

In the label-sequence tllis corrcspo,nds to applying productions (b) or (e); rcspcctrvely. -, , 

Property 3.2. For e(lt'h word 8· generated bll G there exists a snill'le récit/wear 
oI/l 

l1olygon w/;ose label-sequence is 8. ' 

Proof: Let s be a word generatcd by the gramrriar G., Let l'si dcnotc thc 'Irngth of s ..• 

'fie show by induction ~D 15/ how to generate the rectiline~r polygon whose 'Iabel~ 

sequence is s. We flrst observe tItat tHe Icngth of ~ is t'quaI ta the nurnbe~ of.vertices. in 

the polygon w hase label-sequence is s. The sho)'test ward generaLed by G is '0' 1 2 3.' 

, Any rectangle has thls label-seiJ.llCnçe and thus the e\istence follows for this, case Now 

we assume that for any worù ~' anll evcn Dumber n>4, for wlllch 15'I$n-2, we.ran 

eonstruct a rcctrlincar polygon whose label-sequence is 5'. We have to show that for, 

aDy word 1> wlth 1 si =n, we can ronst.ruct a rrctrlinrar polygon P, s.t. the Iabel-sequcJ!c(, 

of P is s. In a ùcrivat,ion of s, 'sayat steps j-I and j, productIOns (b) and (c) are 
, " 1 

applied cith('r in the .order (b) followrd by (c), ,or (c) follo,~ecl by (b) ·If we DOW apply 

ail prod).l!=t)ons used for s exccpt thosc a.t stcps j, j+ 1 tben a shorter word s'of' lengt.h 

n- 2 Îs gencrated by G. Wc demonstrate how plIS used to cons~ruct the dcsired 

./f , 
. , 

, : , 
'j 

,~ 

1 

J 
i 
l 
j 

1 - . l 
1 
j 
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" polygon P . 

Othrfwise 

W.l.o,.g. assume t,hat, the edg0i~ P' iDserted at step j i~.a right. rc/gr. 

a similar const'ruction cao be givrfl },rt cl drllot(' t.he rnillim'ulIJ 
\. . 

pcrpl'udic ular ·di~t.ancr brt,wl'rn an)', pair of paraI/ri rdgrfo, in pl, !'Iow cOII,1 fUCt. a I~OJll( 

sati~ryihg thr J91lowing, proprr~lcs: 

(i) width=d, h~ight='; ; 

(ii) the edg~s of the ~ccta.nglc ar.e p~ralJ('1 to t.he polygon.al edges, 

(iÙ) the line ~egment p • P J +) is a symmrtry axis of R. 

:\Ye labd thr four corurr points of R III a do('kwi~('· fafo,hion by r, ~, t., u, st,art ing wit li 

the top, rightmo!>t cornN point as r. The COD'ltrurt,Îon i<; I11ustrated in Figure 3.2, 

" 

u 

.. ' 

p 
, J+1 

p 
j 

p •. , 

·R 

Figure 3.2 

r 

s \ 
'.J 

An c.xample 'of the creation of .ncw cdges. Pj-I' PI' P,+l is replac~d bere by Pj-t' p', 
u, ,l, 'Pj + l • ' 

. " ,. 

" 
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As the distance between any two para/lcl edgcs is at Icast cl so.is the length of any 

rdgr rwel no rdgr of P, C'xccpt e, int.{'rsrct~ t.he intrJ'iar of n, EdgC' 'c, and tl\(', bOlllldal'J . 
. 

~t. of H, ar'C' (-olli~)('ai' . W: ouly 'di~clIss t.hC' rase' .1 hall he' tUrll' ~It IJ J in P' is a rig.J.t-t 111'11. 

:\ "Irilil;,,' a;guIIl<'nt, rail br maclr otht>rwl'le'. Next., \\'(' IlIroi'pol'al C' the' 1 \\'0 pr(){";( t iOIl 

rnl('s (h), ·(c). w(' prevlOus!y eliminat,ed. l'wo cases ;trise d('pellding' on the. ord('r ln 

whiclt, in,'the·derivat.io~ of s at steps j-l and j, the productions (h), (c) are applied. 

, . 
: (i) Product.ion (h) is foll?wccl by (c). In t,his case .wc re'placc ~~rle'( IJi by Il', 

. , 

(ii) Prod uétioll (c) is followcd by (b). lu tlus case wc f<'place v.ertex p) by p , , 

, r f s. This has: the erfcct th\lot' the chain Prl' PJI PJ+I 'is replaced ~ Prl' 

\.. 

.. 
Th(' .èo~r~,t.rll("\.i()n of p is com plet.ell by 11\ ak ing ail ol.her v('rl,iccs of p' al~o vert ires of P. 

:The lal)(~rfiequ('nc('s s and s' dirf('r ('xact.ty al t.he ,two posit.ions d('!.('rmi.ning ÙJ{:t.wo new 

vcrl.Îc('s. Th('rrforc the total number of vertices in P is n. As the rectangle n pqss('sses ' 

the intersection properties a.scussed above, -P is a simple rectilillear polygo~ Lastly, 
, , . 

tho right-turn ~L P J is mainLaincd, as a right-turn àt cithcr t or s, drpC'lldillg on w~ct.hcr 

case (i) or (irj'applies. We bave thu~ constructed 'a simple rcctilincar ,pOlygÇD P with n 

vért.ic{"s whosc labrl:-sequênce 'rs s, • 

3.2. A.Igorithms (or Detection of Structure in Rectllinear 

Polygons 

In this' section we will sketch (urthcr applications of the'labeling-scheme in relation 

to dctecting structuraT prope~l,ics of rcrtrline.ar polygon;. We will SilOW in Chapt('r Of 

h9W r('ctilinear polygons with speciflc 'propcrtics can ~c convcxly quadrilatcrizcd in 

I~n('a~ time. Classes of rectilinear polygons which can be quadrilaterir,cd in Irn'{-ar lime 

1 
'j , 

,1.' .• 
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ind uc!e m onot.onc, star~:)hap('d, and cdgr-visi 1>1" polygolls, For nr bi t rilr). si III plI.'. 
, . 

'f~'elilill('a~', n-Yèrl,ex po,lygons f sncb a parl.it.ioning i/lJo cOllve}. <{uadrilat,crab t"k(::; 0111 
~ , ' 

l,og n} ~imc, ln ordrr to apply àny of thrse linrar t.ime algorit,hms, we must fir:!t 

'cst,ablisll that thc 'givcn rectilin~a.r' polygon has ally one of thesr stl'lI('tu~al propertil'S. Ir 
l ' , 

the test took O(n log n} time then clearly litt}" woulcl be gained. We will t lIel-cfore 
-' ' 

pmH'llt efficient liri('ar-tiJ~e algorit,hms for t.t'st.ing a TI'dilillcar pol)'goll fOI' ~t ruel'ural 

proper/i(· ... Tltc~e ~1g(Jril,hllls dr/rÎt ~tilr-:·dlilf)('drj{'~ ... rCÎtilirwar' fQIIYC'.\;/y. 11I()1I()1~)ffiÎil.\ 

alld ('_c1g(·-\ï~ibilit.,Y, \V" st.art b,Y di~(,tl~:,ing a JI('C('<,~ar'y cQlldition for de\('I'lJIilling 

whrth,<'r a given l'cet ilinear Jlolygon is simple or not. 

3.2.1. A Necessary Condition for Simplicity 

A ~rclllingly dirflcult open problcm in comput,aLional g('Omr!.ry i~ to frllel a line:}r­

tiJllt' algorit.h'nl or an n(n log JI) lo,~('r bound l'roof on the proLlelD or c!rcjding wlwth('r 

a giv('lJ polygoD Îs simple. Shamos show('d tbat. for a gin'Il n-vcrt.ex polygon, O(n log li) 

is upper, bound for tbis problem [Sh77]. ,His solution is obtained by considcring eaco 

polygo,n,al edge as aline-segment by it5elf and subscquently testillg w hetber any two 

line-segments 50 obtained inLersect. n(n log n) is lowcr b?und fo~ the problem Dt 

t.('~!.illg whether any two of Il linr-s('gmcnt. int.ersC'ct. lIowcvcr the rdges of a polygon are . , 

not si,mply a collection of linr-segment.s. TherC'forr this lawer' bound doc!> Dot hold for 

the pl'oblcm of te5ting whether a givcn polygon is simple or not. Rather than 

developing another O(n log n) algortthm for LestiI~g a rectilincar polygon for simplicity, 

we present a nec'essary condition for sim plicity. This condition can be veri(jed in linear 
. , 

time, since frOID Property 3.'1 it follows t~at if a rcc.tilincar polygon p. is simple, its labrI 

sequence c~n be generated by G. 

We give an cxample for a rc;,tilinear polygoll which is not. sim piC' and show that,its 

,label-sequence cannat be gcncrated b~ G. Th~' label-sequence s for tbe rectilinear 

polygon show ri in Figure' 3.3 is s = O· 1 2.3 4 5 6 7. As t-his sequence ends with 7, it 

. , ' 

, ;., 
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. cannot possibly }je generated by O. , 
\ -

1 : 

'" o 

4 
1 

7 3 5 
~ 

..---. 

• 
2 

6 

Figure 3.3' 

The polyg~n has label g<'qu<,n('(' 0 1 2 3 1 567" and thus is not ;implr. 

'rh(' fact th" t t hl' la bel-ïi<'CI'H'!l(,<' oLuu arhit.llal·Y l'rc\ i1i 11(';}." polygoll P .') ,g('n~rat <,d by G; 

(/o('~ Ilot nccrssarily imply that P 18 simpf" Figul'" .3.:1 ill.llst/'ates sllcb a situat.ion., We. . . " \ ~ 

will aJ~ays dctcct, in lin('ar time, Lh~L a rrrtillll(>ar t~olygon is not simplt', if a traversai 

of P does not pcrform a 211' revolution and thus Ïts lâbel sequence canuQt be gellerated.,' . 

For exam.plc a 'traversai of the polygou in ~'igurc 3.3 performs a '411' revolution. It 

remain~ an open problem whethcr sitnplicity of él.polygol1 which perfprms a 211'-turn, can 
~ • j .. ,'''' 1 ( .. 

he ! estcd for in liurar time. 

, " 

We will oext dise IISS algoritbms _ to tcsL polygons f.~r ~ta:r-shapcdness, rectiJin.eilt 
l ,r ... 

convex·ity, monotollleity and edge-vi~ibility .. 
' ....... 

3.2.2. Star-Shapedne'Ss Test' 

Recall that the kernel of a simple poly'gon' Pis' tbe:set ~f'an points' in P which can 

each. sec the cntÎre -polygQD, Each cdgç ~I ,?f P splits, tlu;. plallE: inf.o two halr-p1ant:s, a ': 

'If' 
, ' 
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, 
. Fig:ure 3 .. ,* 

Al.though the label &equcnce is legal, t.he p.plygon is Dot.simple'. 

'" , 

'po-sit ivè 'alJ~1 a Degative ~Îll': .1111.' posit.iv{' haU p1ape ('Ol)taill~ ail .points 0.11' t ~l(' niant' 
~- ~ '" 

_" ~\o._ 

!otat'pd t o. t1;~ rig';1 of 't I!r I1n(' .t hrollgh el and orÎrll«'cl in t hl' ~a Ill: wa,r ;i~ CI' ~rl\(· 

'kCFIlc:-1 or a polygon l~ ~an Dl'" ;on .. t.rllç'(.r.d tjy ill(,~r:,(·('tillg alll)()Ait.lV(· llalr- plall(,~ 'dëfi;,('d 

~y.('dg.('~ or P. AIt.ÎlOugh .. lIoi, o,;tim;Ll, this p~o('{'dllr<' drmon.,tra(.es' Lhal, tht' kefu('1 rail 

. bl' :'CO n..,trucLcù by iIït,ërsr'cttn,g' COllvex l'egiolls a.nd i~ th us it ~elf conYCx. li('e and , 

. ~l'~l>arat,a [Lt'P76] dcsè_~j~e' an alg~ritlim wJlich uscs the' arder of the edges as giv~n by 
, , . 
"the, polygoll',t.o" ,('om,tr,u~t t.he krrllrl in linrar time, Thcir procedurr l'an rasil)' br 

. , 

~illtphfied for rectilinrar polygoÎls a~ Wc will drnlOlls(ra(e below, Sec a/so IToE8Ij. 
, ' -

COIl~lôer .t.hc- f-our- 'cx('fclIl,J ('haiu~ Cy '.1 -, 
~ IUAX mt.X 

Cf%- '''' ,'Gy '7 , 
HW!. ;7 mit mn 010 

'"­c - or 'a 
:tnln'1./nhlt 

',reS,tllincal' polygo~ p, Th-ese 'extrema! c~ains are cit,hrr disjomt, 01' meet at. an cdge,. 

Wc cali two extremal, chams adJ(uwt chains if they share a ('ommon edge. Wc say 

ft 
tbat a. c~ain CI,) is empty if j=i+l, othcrwisc CI,) i~ non-('mi>~y'- WC,dcfine a i3lair as a 

- 'tcctilin('~r polygonal chàin mo~olone ID boCh the x-di~cction and y-di~cr.tioll, ln titis 

" 
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section we only consider stairs which are extremal chai'ns of a given 'rectilinear polYgon. 

Recall that an edge e, is completely:visibleJrom:a point p if.each j>oiJ;lL on e, is -

visible from p, Sirnilar1y a polygon~1 c~ain C,,) is said to he 'Cbmp(et~ly~ visible trom a 
, (l - ~ • 

point p if aU cdges Oll 0, ,J are corn plctcly visible 'from p, We conti!~ue by examining 

propertl(,s of st airs: 

Property 3.3. It i8 necessary and sufficùmt lor a stair o",",to 'bi! &ompletêly Vi6tli~ 

fro':' a p~int p,.th~t the endpoints p.., P,+I of the f~r~ edge.and Pr,P P, oft~ l<J.ilt edge 

are I,isible from Il. 

Proof: The 'Il('ces~it,y 18 obvious, '1'0 provf' the:' f,ufflcÎellfY we assume:' that t,ht'I'(';cxi!'>ts 
.' , 

.li point, p wilirh ~('cs t.hc endpoillLS of thc fit'st and last {'dgc ,or C,,}' Wc COlUliH'llre by 

reealling a result by Avis and Toussaint [AT81a}, 'stating that- an edge is coruplctely 
, 

V'i~ible from {l,point if and only if both its cndpoint..s arc visible fro'T!) this poil)!'. We will 
l ' • 

w(' Irt, C,.) be il st.air of ~It ernat.ing t op allcl·righl"{'(lgr~. 'In t hls ('a~c, ('. ,) i~ a chain of 

y.~'rlic('!'> with 1II0.llotollirally d('rr('a~ing ,Y"vahl<'!'> and illrr<'1l!'>1I1g x"\'aluC'~. A ... p ~l'<\S tll<' 
, 

, C'ndppinl, of t,h(' lowefll. t'dge of the stair, P ID US!. he lorat<,d t.o t.he right of \.11'(' right mosl, 
- ~ " q 

'reflex v,ert.ex 'i6 C',J' Simila~ly, p is locatrd above. of t.hr· hi'ghel't. ~èfl('x ver\.c,'(~,1II C,.), 

Wc assume DOW ·that a p'oint 'q ioc;at,ed on sorne edge ek' i:s k:sj,' is not ViS'lblc from p, 
< ' 

tl1en'thér.c"cxist!> sorne erlgc em illtcr!'>ërting \h<'" lil\l'"~('gm,l'nt .pq. 'l'hl' illt(';'~~c;ion point 

of f m with pq III ust 1)(', bct.\vc('n p 'and ct 1'wo ca<;('~ <ll'i"e 1 iL) III> k :Ll:~( (1») ~t, < k" (afp."":'-I 

case t,hat, Ill> k t.hr ('h~lil\ Ck,1h 1:' IlOt. 1lI0Itotol)irall.v IIlrrea. ... illg in t.he:'_ )'"<lil"('ct~).11 
" 

case (h). m<:k, t.hl' chain Cm,k II' not monotonically d(ICPeasing iu the x"dir~c'tiôil ln 

cither case, P is Dot a stair w~ich is ~ contradiction. -

, 
, , 

, ' 



-. 
" 

- l 

'",' -

31 

Property 3.4. The extremal edges of rectilinear star-shaped pO'lygons are c01l1zected 

by stairs. 

_ P:roof: The pl'oor is straight forward and thus omi,ted. • 

In Figuré 3.5 ,wc give an example of a rectilinear star-shaped polygQn'. 

-
~ 

~, 

.. 
" 

Figure 3.5 

,-
A rectilincar star-shapcd pO)ygoD. 

, _ Thr t-tru('(.IIJ'al proJlcl'(~il's of )'('('li/in'eul' polygons; aJ'l:~ now, 1"('liltcd' la label-

1-CCJlH'II<'('S. 'We' sho\v thal la b('I-~('qlle !]('('s ]>l'Ovid(' a cOII,cise 'nolat iOIl, r~I' tlt ru~( ural 

»rop(,l"(.ie~. As s(,rings dcfining labri-s(,()ucl1(,cs cun bc parsed efficiently, we will (,~pl'ess 

stru~tural pl'opcriics using label-scquchces. We use 'the K/ee.lle star,to J'('1]ote ZCI'O 'or 

lIlor~ 1'l'»cÙtiolls of labe/s, 1 e. (trb}·=abababababali ... (:-(,l' IlIollïH]). The \"'11 bol "t" 
, . . ~ , 

"J 

" 

, 
l/ 

; 
1 

\, 

" 
," 

;. 

1 • 

\. 
~ 

\ 
':;~ 

. "~ 



" . 

~...,.~ .' '~":.~"":~"", .. ",t,.";,,, . '"',7''-''''''''' ;;'_'~' """,' 

--~--'----~---
1 

.. 

\ 

c 

( 

, 1 

~ ; ___ - ,32 

Fact: A rectilinear polygon P with label-sequence s is star-&haprd i(f (i) 
l '. ' r 

s=(01)+(21)"(23j+(43)-, and (ii) the Yina.x-edge sees the !lmlD-cdge and the,x mu-cdge sees 

, 
Proof: (i) Edges on C"m»<':Zrrac. have alternating labels 0 or 1; st.arting wit.h. 0 as t he la~l'l 

of Gy .... and ,ending with 1 as label of ex...... The scC]u('ncc (21)' c haract.l'rizcs thl' po~~i!}ly 

cmpty stair C:z 'y . (In case tht t.he stair is empty its descript.ion is thr rIllpty ~trillg, 
""" mn 

, denoted by l). (23)+ descrÎbcs CYrrtIl':Zmn and similarly, (43")" describes the ,possibJy empty 

sLair C:z 'Y . 
mn """ 

(ii) Furt.hcrmore let 

[a,bJ:==[miJ,{y-value of .ft, y-value of rt}, max{y-valu~ of -lb' y-value of rb}] and (c,d}:= 

/m'ax{x-value of te, x-value of he}) min{x-valuc of tr , x-value ~f br}J. Let p#q dcnote t.he 

point with 'horizontal coordinate equal t.o that. of p and vertical coordinat.e equal t.o t.hat 

of q. analogollsly q# p is dcrincd, src Vigllrc 3.0 for illustrat.ion Now cOllsidrr t.he 

rrct.:mgle defilled as )1:,= ('#a, c# b, d#b, d#a. Each point p inside R secs both 

enclpoillts of earh of the four extrema! e<lge. Thus by Property 3.3 p ::.ecs earh st,air 

completcly, implying t.hat Il is illSidc the kernel. Any point q oubidc R will Ilot -be able 

t.o sec al Icast. one of the enclpoints of an extrcm a! edgc, thereforc q cannot be in::.ide 

the krrncl. l'hus wc conclude t.hat the kerncl IS prcciscly the rect,~llgle 'n. a5 drf'înèd 

. above. -

This suggr:-t.s an algorithm to 'tes!. whet,lH'r a )'ecf,ilillear pol)'goll P is sl,ar-bhaprd, 

ser abo IToE81J. On~~ ·wc havr Y('rifi('~ that r is slar-shaped, t.~e kerne! of P is rcadily 

com,tructe(/ using only the extremal edges. II, foJ/ow!:> that the kerllel of a rcC'dlinrar 

pOlygOll is a rcct.angle. The st.eps arc givcn bclow. 

, .. 
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Aigorithm 3.1: Test for Star-Shapedness . 

Input.: A rectilincar polygon P. l 
Output: 'Yes', if P Îs ,star-shapedi 'No', otherwise. 

, 

Construct the labcl-sè~lIence s ror P; 
• if's is or the rorrn ,(Dl) (21( (23)+ (43)" 

then 
, begin 

ronst.rurt. the rectallgular shi\prd krruel R; 
ifB i'illoll-rlllpty ~ 

end 
rrport 'No'. 

then 
rep~'l't 'Yes', exit 

Figure 3.6 

.. . ~ 

33 

,1 

The point with vertical coardinate equal ta that of ct and horizontal caardinate equal to 
tnat of pis deuoted by plq. 

, 
'ï 
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3.2.3. M~notonicity Test 

1 
We will prove a theorcm enabling us to design an algorithm for testing whetber or 

not a simple rectilinear polygon is mont>tone. The existing algorithm for testing a 

simple polygon for monotonicity is due to Preparata and Supowit IPrS81 J. Thrir 

algorithm exhibits the samé' worst case complexity as the algorithm pl'oposed bere. D'ue 

to t,he rectilinear structure, our algoritbm is conccptually simple, and efficient. Both 

algorithm,s arc capable not only of dctecting whethcr a polygon is monotone, but also of 

reporting ail directions of monotonicity for p, Let e be any line and its orientation be 

describcil by the counterclockwisc angle w formcd by .e and the x axis (se,c Figure 3.7).' . 

----------t~--'---- x-axis 

Figure 3.7 , 1 

The count:cr' clockwise angle' is forrncd by IlIlr .e and t.he x-axis, 

Our algoritum will follow immediat.ely once wc have characterizrd monotone 

rcdilincar polygons. To obtain this charact.erizat,ion let us first definc sevcral terms. 

\Ve say that a polygonal chain, CI/;= PI , ... ,p" .. , Pk changea the monotonicit.y wiLh 

rr:-p('ct to a glycn tille .e, at an ('dge e,! if (,he ordt'r of t11(, proJec(lOn" of 
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PrpPJj'Pj+l,Pl+2 onlo .e differ from the polygonal order. An examplc is given in Figure 

3.8. 

/ 

/ 

/ 

/ 

Figure 3.8 

The monotonicity with respect to f changes at edge eJ. 

, ?roperty 3.5. If a rectilinear polygon P i8 monotone with respect ta any one li11e l; -

for which w is in (0, ;), {w in ( ; ,11")}, then P i8 m~notone with respect to ail [incs .e 

will! Cl) i1l [0, ; L {w i71 [; ,11"]}. 

Proof: Let a rectilinear polygon P be monotone with respect to sorne line .e, for which 

• . (11" ) 
W IS ID 2,11" Furthermorl' let Ymax' YmlD denote indices of the edges with maximum 

and minimum y-value, respectively. The monotollicity with respect to i is c1early 

changl'd at the edges cYn ... and c
Ymn 

W.I o.g~ let cYrrnx = PflP 1 and cYnm = PkPk +1. If P is 

monotortr wit.l! rrsprct to e, then both chin"! mu~t be monotone with respect to l. 

The cha;ns can not contain any edges changing the monotonicity. Thercforc, as P is 

, 
1 __ 

l , 
" J 
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1lI(>1I0(OJH' \\,j~h l'(''''pcct t~ e, :dl hO/'il.Olltal Nlg<'l'> 011 the !cft <lhain are hottOl1l (,dg('~ and 

ail ho l'i 7.0 Il ( :ll rdg('!' on the l'ight challl al'(' top-rdge'~ ("rr Flgul'e' 3,0), But pôlygon., 

w}\Osr ext.rC'mal chaln~ lulve t.his pl'Opcl'ty arC' monotOJle with rrspC'c(, t.o any linr e wlt.h 

II) in 1; ,rr], Tbe proot for the case when P is monot.one wlth respect to a hne e with w 

in (D, ; ) is ~irnÙar and can be obt~lin('cl by rotation of the polygon by ;, • 
, . 

\ 
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Figure 3.9 

A pOlygOll monotone. with respcct to aIl lines .e, whosc coùnter' c10èkwise angle formed 

with the x-al\is is in the intrrval 1 ; ,rrJ. 
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W6 rail thr x-axi!> and the .y-axis the two major axes in rect.ililJrar' geolll('!.ry and 

rrrer to thr directiolls dcfined by them, as thr major direrliolltf[ FrolJl ,Proprrty 3 5, It 

rollow!> ·that a. rertiliuear polygon P is llIoIlololH', then Il i~ monotolle wilh re~r}('ct 1o, 

olle or 1 he t wo major a;\e~ Wc will ~(.at e lliit; rrf,ult 1/1 ('orollary ;U ror ~lJh"'equeIlI u~r. 

Furl !termofe, ir ~) is UlOllO~OIle to ally lillr not parallel 10 olle or the two major a'\es, 

tl~rn. Pis monot?lle to ail lines .e ror which eithrr W III [0, fI or W i5 in [; ,71'1 .. 

Corollary . 3.1. Any monotone rectilillt~ar polllgoll is monotone with re8pert to at 

least one of the two major axes. 

Wc can thererorr assume w.Lo.g. that every monotone recWiIlC'ar ,polygon IS 

monotone with respect' to the y-axis Any, rcctillDear polygon monotone in t.he x-

,direction can he rotated in O(n) tlUle to he mono'tone III the y-direction 

Let ail vertical cdgcs be dircct.cd rrom top to bOttOIll, although this is s,tricUy 

spcakmg a dircctcd graph, we maintain thc n6lion polygon. Givcn a rrctJlincai' polygon 
, . 

P and a horizontal cdge e wc can drnote the number of inroming (outgoing) ('dgrs into 

(out off) c hy III(e), (Out(c)), rcspectivrly As P is a f>implr polygoll In(r) + Out(r) = 2, 

- for ail horizo.ntal edges e in P. A bottom-rdge e is called a bottom-peuk, if Out(c) = 2 

and is cal/cd a boUom-valley.if l n( c) = 2 A top-cdgc is calice! a top-peak, jf In( (') = 2, 

and is caUcd a top-valley is Out(c) = 2, sec Figure 3.10 for iUustratioD5. A peak is 

eitbcr a top-peak or a hottom peak. A valley is cÎther a top-valley or a bottom valley. 

Remark 3.1. An edg'e e, -P, _jP, ln a recit/inear polY!Jon is a val/ey if tlte ttlr/l{l·at 

P,-l and at P, are bath rigltt-turns. An ccLge e, ;s a peak if th" tUnlS al P, _1 II7Id P, are 

bath left-tt/nls. Tlws peaks and val/eys can be delecled by examinirg the labels 0'1.. bp/h 
\ 

edges adjacent to e" We define {efl peaks, righl peaks and val/eys, simllarl!f. Top and 

botto7TI peaks are caUed horizontal peaks, [eft and ngM peaks are cal/cd vertical peaJ.·8. 
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Top-Valley' 
: 

Top-Peak 

Figure 3.10 

Top-vallcys and top-peaks, 

'( 

. Property a.6:!j .. et, P bc a rccli/wear polygo71) and I:, Tp ' be the 1I11!nber al top 

valleys and top peaks; respective/y. Del IIp) HV) be the 1It111lber of ,bottom peak.~ and 

bottom valleys, respective/y, thw 

Proof: We will show by induction on the nurnber, n, of vertices in P that Tp=Tv-l, 

the otller part Bp =Dv ~ 1 is sim ilar The c1a~s of r~ctilïncar polygons. with four vert Ices 

is the rectangle, For this polygon obviously Tp=O and Tv=l, thererore TI' ' TfI-l. ' 
,\ 

Now we assume that P has m.ore than four v('rtic('s. Then thcre cxists at least 01\(' 

reflex vertex PI anù we can w.l O.g assume that P. is as dcpic\'t-d in Figure 3.1 l, i.e. PI 

is adjacent ta botb a 1eft and a bottom edge, If the reflex vertex is nd~ of the t.ype aS 

, , 

1 
'1 
l 
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t 

, Figure 3.i1' 

l~arti(i()lIi/lg a rec(ilill~'ar polygoll Ji illla P:, [', (0 ~how' (hal, (h~ 1I1111l!Jer of top.\'illl(''y~ 
'lIli,IIU., 011(' ('quais th(' Ilumb('r of'top-peahR,: ~ , 

" , 

", 

in the Flgurc 3.11 then'a siiniliLr argument cali be givclI. The horiwnt.al c~tension of PI 

towards the interior of P intersects P, the first such int.ersection point will hc callt'd s, 

say locatcd aL edgc éJ • We dcfine two polygOI1R PI = (s, PI +1' PI +zl 1 Prl)' and P'2:= 

(s, Pl' PJ+II ••• ,' PI) Let Tv ()('nol,(' tLe Dumbe)' of top-vallc)'S i., pol.ygolls PI' i=1 ,,2. , , 

Similarly .Tp" Bv, and BpI ar~ detil1ccl. The, newly creatcd cclge PIS is a top edge in P2 

having two 'outgoing edges, thercfore Tv = TV" + Tv -1, and Tp = Tp -t Tp ' Now we 
, Dl 2 1 2 

apply the induction hypothe'sis ta conclude that Tp = Tp1 + T
P2 

= (Tvl - 1) + (T"z -

l)=Tv -1.. 

,l 

1 

. ' , 
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ÇorolIa,ry 3.2 .. The • num6er of horizontal peaks mid the, 11umber ,(Jf horizontal 

t!aI/ells differ 611 e:wctllI two. 7ï,e tot(ll number of ho·rizontal and vertical pf.aks 

cOlllbi7led differs from the lotal number of stlch valleys by exact/y four. 

Theorem 3.1. Lei P be a recti/i'lear po/yuon.' 
, 

(i) P does not contain any horizontal peaks if and, only. if P is monot~ne witlz 

re.~pert to the y-direction. 

" (ii) j) doe!! uot t'outai71 any vert irai peaks if and 01lly if P .;8 l1follo(one u,jtlt 

, re~JJerl 10 the' ;-direc:tiol1. 

Ptoof: (i) We fir:;t notice tbat the monotonicity in tbe "y-direction changes wIJen a 

horizontal peak or horizontal valley is present. The èxtremal edge~ in the y-dlrl'cti~n 

arc ,both horiz~~ltal v.alleys, Thc' Ymax-edge is a top-eclgl' and the Ynllo-l'c!ge a bottom. 

edg(', Thel'l'fo)'e by u:-ing Pl'opel't,y 3.0, th(' two ('xl J'('mal c halll!. ~oIllJ('{"1 ing 1 !t(':-e ('(I~e .. 

ronlain a horiwntal peak ir, !,ncl only if Ihc)' ('olllalll ,il horizontal Yalle)', ,\ .. 0111,\ 

11O/'~/,()nt al peak:- 01' '\'aljt'y ... ran rlJang(' -t,he lIIollo(ôlllrïty in (./Ie y-direction 1l1(' "(' ... IIIt. 

f 0110\\''', 

(ii) Similal'Iy we <;an show t.hat P is monotone ~n, the x-direction if and onJy if P contains 
, ' *' , ' 

'Ir 
no vrr( irai peaks-. Alt.crnat.ively, wc can prove thr r('sult by rotating P by and 

2 

,- applyillg (i) • 

Corollary 3.3. 11 rutilillear polygotl is mono/01le ;71 both 711oJor direîl;01l8 if oud 

only if it lO1'tailIs no peak8. 

Wc continue our investigation of monotone rectilinear polygons by characterizillg 

rcrti.linearly conv('x polygons, Rccall that a polygon P IS cal\ed rectilinearly r07Wf.X if 

evl'ry 'two points i~ P having the same horizontal or vcrtiéal coordinate are visible rr,om 

earh other, ln thr traditlonal sense of cOllvcxity the rla:>s of convex r('('(,II;,,('ar polygo,,'l 

is rcstrÎcted 1.0 contallltng oIlly rectangles The notion Tectilinearly conve~ is more 

appropriate in the context of rcclilincat computational gcometry: 
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Theorem 3'.2. A' rectili'llear polygo'll 18 rectilinearly convex if and on/li 'if it ,i8 

'monotone in both major direction;. 

Proof: "= >" Proof by contradiction. We assume that P is ,not mOQotone in O}1e of , . , 

the major directions Thus P contains a peak, say the èdgc e, , P, ~lP" W.l.o.g. we 

a~~urlle that e, i~ a bottom peak Now we take any pajr of point,s i,1I the interiors of e, - 1 

and e, +1 having the same y-coordinat,e. As thrRe two point,s are not (internally) "isiblC' 

the polygon P is not rectilmcarly convcx. 

"<=" If a' po}ygon is monotone with respect to sorne line .e then any two points with . , 

ident.iC'al projections onto .e are visibl~. Thus as P is m.onotone in both major 

dirertioll~, any two poiDt~ with thC' 8all1r x-roordiJiatr or y-rooJ'(linat(' are vi~ibl(' and 

1 he 1 ('suit: follow!'> .• 

Theorem 3.3. 11 rertilillear lJOrygon P i8 rertili?Ie'arlll rOlwe.t if al/cl ouly j f 

(0)/:;8 71;01l0!01ie uiilh ~e8pcrt to alllilles e, Ulit" (al in {O, ; J or 

. (b) Pis' monoione with respert to aU fines e lL'ith (al i1~ l ; :7I'J 'or 

.. 
(r) JI;8 a 1IIO/lOIOl1e 10 ollly the two major cflrertioll.~ (/lltl'1/o other dircdiim. 

Proof: "<=" Follow~ f.·om Theorem 3.2 and »rop<,rty 3.5 . 

"= > '.'B)' Thror<,m 3.2 and Corollary 3,3, a rrct,rlinrarly conv<,x polygon P contains no 

peaks. By Property 3.6, P contains exactly two horizontal and two ycrtical valleys. 

These valleys are the four extrcm al edges in both major directions. These nlleys arr' 

eithcr adjacent edges in P, or they are connect.cd by 'no'n-rmpty stairs. \Ve distingui:,h 
• 
1 

bet,wrrD thrrr ca~Cf>: (a) TII<, chains'Cx 'y and Cx ,,, are rI'npt.y. III this rasr, ail 
nlu ni"'- nm ::t Inn 

edg(:s. The resulting polygon is monotone with respect to any direction in [;, 11"J, 1 

(h) The cbains GYm.":!""" ·ând Cymn'x nm are empty. '!"C gêt, analogously to (i), that the 

71' 
polygoll is monotone wit'h respect to ail direct,iQns in [0, "2J. , 

.~ 
') .. 
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(c J ln any other case, there exist two adjà.ceD~ e~tr~~~1 chalDs C',i' C1,k which are 

non-empty. W.I.o.g. assume that j=1. The, monot,onicity changes at el for aDy 
, . 

directio~ of mODotonicity. ,Take ~DY direction cl, iD (0, ;) the!}, CI,; is Dot mo'notoDe 

witl! re'lpeet t.o tbat direction. Similarly. for any direction in (;, 71') CI. ,1 Îs not, 

monotone. As P is rectilincarly COllvex we GOIlclude that P is monotone in the t~ 

major direction:! and in no other direction. Scè Figure 3.12 as ilJusLration .• 

"'L 
Corollary 3.4. Rectilinèar siar-shaped po/ygons are rectilillearly corwex. 

As a con~('(lll("n('c of Theorems 3.1 to 3.3 wc obtajn a linl,'ar-t ime a1goTlt.hm fQr 

tcstÎng whct her a, rcct.ilillear polygon It, monot.oI)('., It will ,abu report. all- clin'et iOIl~ of 

mOllotonieit)'. In O(Il)-liIIlC wc 'ean (,{'::.l wl.('(h('1' J> cOlltain'., ally peak:-. If J> doe::, Ilot 

conta;n any horizont.al peaks, t.hen P i~ monotone ih t.he y-direction. If·P does not. 

c'ont.ain ~ny vertkal peaks, then P is monotone in the x-direction. If P is monotolle in 
, 1 ,. • 

tbe x-dir('ct.io~1 and P Îs monotolle in th("y~dÎrcrf,ioll t h<,n P ig frrtililJ('arly iOlIv<,x. In 

tha~ ('a~(?'.t hr algbrit.hm pcrform~ a con"t.anj. (,1 iii e t <,st. t.o dr.! rrm i n(' \\' 1)(·( h('r P 1" 

71' -71" , 
1110110,1011(' t<;> <~lIlilt(·".ror .whirh CI) is in [0, 21 (01' 12 ,71']) ,o.r P i'l Il.IOllotOI\(' (lI~ly tu .bolh 

III ajol' dil'r('t i?Il:'-. 

. . 

-.. 

ri 
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Algorithm 3.2: Test for Monotonicity 

Input,' A rectilinear polygOD P. 

Oui.put: Ali directions with respect to whîch. P is monotone. 

i:= 1; . 
monotonejn_y ;= true; 
monotone_io_x"';= true; 
while i < = n and (monotonc_in_x or monotone_in_y) do 

begin 
if el is a horizontal peak 

then 
mODotone_in_y .= false 

else 
if el is a vertical peak 

then 
mODotonc_in_x := false; 

i := i + 1 
end (. whjle .); 

if monotonc_in_y and monotonc_În_x 
then 

begin 

.. 

if Ymax-edge is adjacent to ~mlD-cdge 

.. 

and ymlD-edge is adjacent to xmax-edge 
then 

.. 

, ·t 

~'P 'is monotone to al! lines e wit.h ~ in [ : ,11'1"; 
if y max·edge is adjacent to x'max-cdgc 1 • • .. 

and !l min-edge is adjacent to x mm-edgc' 
then 

IIp.is monoto~c to alllines e ~ith (1) irr [O,fJ" 
end 

else 
begin 

if monotoncjn_y 
then "P is monot.olle in y"; 

if Illonotonejn..:.x. ~. 

.end. 
then "P is mopôLone in x" 

i..t 
() 

.' . 

Clcarly t.h<, rUIl-t.illl(, of this algorithm 18 lillear in tÏJ{;' Hum her ~r ·<'(Jg~s:',. \Vc' .thet('f~rc 
" .. .' . 

have :;hown that: 

\ 
. " 

r 

c 
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. Theorem 3.4. Ail direction8 of monotonicitv fOT a given rectilinear polygon can be 

founrl in .tin,ear time. 

" 
Similarly to star-shaped polygons, we can Ïl:lso express monotone polygons by their 

label-sequences'; 

(i) P is rectilinèarly,co~vex.ifr:3 is in (0,1)+(2:1f(2,3)+(4,3)". 

(ii) P ÎS; monotone, 'with t'o ail lines between 
7r 

and iff is ln respect - 7r S 
2 

:.;( ) + 
/~r (0,1) .2,3) . 

'-~ ... ~-, 
7r 

(iii) P IS monotone' with respect to ail lines b~tween a d - irf s 18 ID 
2 

(0,1)( 2,1.) '(2,3)( 4,3)'. 

(iv) Pis m,onotone'with respect to the y-direction iff((O,I)(2,I)')+((2,3)(4,3)") 

The monotoni(lity in the x-direction can be expresscd analogously. 

3'~.4·. ~dge-Visibility Test 

, Recall that a polygon P is weakly visible from a specified edge t:. if for each point 

I> in P tbere exists a point q on el tbat sees p. Avis and Toussaint pI:csenL('d a linear, 

-and thus optimal, algorithm for determiIling whether or Ilot a gÎven polygoIl is weakly 
, ' 

visible, fro~ a specified edge (sec IAT81aJ). An intcrcsting probl~m whirh is dircctly 

rclated has been posed by Toussaint [1'080]: Givcn a simple polygon, does there exist. ~n 

edge froUl which the polygon is cdge-visible? ln case that sueh an edge, exists the 

polygon is said to be (weakly) edge-tJisible. 

~ straight forward approaeh for testillg a polygon for I.'dgc-visibility ~to apply the.-
-< JI'_ '" 

algorithm of Avi~ and Tous:,ainl: to e;teh e<lge in tUrII, yiel<ling an O(II~) algorithm. Il. is 
1 

an oprll problell) wl!ether a bett.er upper bound can be achie\'ec!. Here wc present. a 

lincar-timc algorithm to t:est a given reetilincar polygon for edge-vi&ibility. 1'0 achieve. 

\ ' \ / 
tri:, wc will show th~t any edge-visiblc rcctilinear poly'g011 admitg -a partitloning int,o 

reclilinear polygons callad histograms and pyramids, who'se s(.rUt'(.ures wc will UI.'X(. 

, . \ 

" , 

1 
J , 
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Edelsbrunner et al. use the term vertical histogram to denote a rectilinear PO'IygOD 

that has one horizontal edge, called the pase, equal in length to the sum of ,Iengths' of 

ail the ot~er horizontal edges [EOW83J. Analogously; horizontal histograms can be 

. dcfined. A histogram is a rcctilinrar polygon which Îs a horizontal or vert.ical hist.ogram. 

Pyramid~ have been d~fined in [SaT81] as. a rectilinear, edge-visiblc, star-shaped 

polygons with ·two (possibly empty) stairs. Here we give an alf~rnate shortcr definition .• 

A pyramid is a rectilinearly convex histogram. It lS readily verified that the ~wb 

definitioDs are equivalent. 

Property 3.7. Any histogram ;s weak/y visible Jrom-its base. 

Proof: Follows immediately from the definition of histogram .• 

WC DOW give a characterizatioD of edge-visible rectilinear polygons. 
1\ 

Property 3.8. A rectilinear polygon P;s edge-tJisible if and only if tllere ·exists lm 

edge e. such tltat Pean be partitioned into two pyramids, one oJ whicll is complete/y 

visible Jrom P., the otller cO'Tllpletely visible Jrom PI-l' and into a histogram with base 

Proof: "<=" U~illg the t~ssumption, P can Ibe partitioncd iuto threc compollcnts: two 
• 

. pyramids and a histogram. By assumption the two pyramids are completely visible from 

e.. By Property 3.7 the histogram is wcakly vi~ible from c •. • Therefore the entire 

polygon P is weakly visible froID el' 

,1\= >" We a~~Ulne that, the e<lge from whÎch e. l~ weakly visible is a horizont.lil top-

~dge. Exl.eniJ e. to.·thè Icft and right towards the 

points u,r, respcctivcly, This is illustrated in Figure 

~91ygon Pr={P. , ... ,r} or points in P which are not below P. and not to t.he left of P •. III 
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the trivial case Pr={P,}, otberwise we show tbat Pr is a pyramid witb one empty stair. 

For tbis observe that no point in the intcrior of Pr is visible from any point exccpt from 

P.1. As P is weakly visible {rom e., Pr must be completely visible from PI' Pr is therefore 

a rectilinear star-shapt'd polygon. Wc know from~revious sections tbat ·rectilioear 

star-shaped polygoos consist of four stairs each of which may be cmpty. The vertex Pf 

bas minimum y-coordinate and minimum x-coordinate "witbin Pro As it is located inside 

the kerncl of Po three of the f9ur stairs are empty and thus PI +1, ... ,r is a single sLair. 

We summarize the intermediate result that Pr is completely visible from PI and the 

chain PI +1, ,r is a single stair. By an anal?gous argument fol/ows that u, ... ,PI-2 is a 

st air completely visible from P, -1' Now consider the remaining unexamined polygonal 

cbain Gr,u' By Theorcm 2.3, ail borizontal edges on C r ,lI are botLom-edges. Any 

vertical peak, however, contains a top-edge and a bottom-edge. C~scquelltly Gr ,1I 

cannot possibly contain any vertical peaks. By the cbaracterization of monotone 

polygons given in Thcorem 3.1, the chain Gr,u is thereforc monotone in tbe x-direction. 

We DOW extend the edge e. + 1 towards the interior of P and denot.e the intersect.ion 

point with the boundary of P by s, sec Figure 3.13. In a similar fashioD create the 

Steiner point t by extending P.-l' This defincs two (possibly empty) chains, one from r 

to s, callcd Cr 8 and the other from s to u, called Cb,u. By Theorem 2.3 ail vertical 
, , r 

edges in Cr 8 are right-edges. Tbe chain Cr 8 consists of right-edges and bottom-edges , , 

and is thl'rrfore monotone III bath major directions and is thus a stair. ComblIling (,he 
1 

above rc~;ult:; yiclds that {P"Pa+I, ... ,8} i5 a pyramid C'onsisting of two stairs, both 

completely visible from P,' Similarly it can be shawn that {t , ... ,P.-2} 15 a pyramid 

complctl'Iy visible from p. -lIt relllaUlS (,0 he shown that, the \p0lygon 
1 

Il:={P._1 ,PI ,8, ,t} is a bistogram By Theorelll 2.3, CB,t contains no top-edges and 

thu'l> doel> not contains :Vly verLical peak. This im plies thnt Il i~ monotone Îs t,he :\-

direction. In this rase the length of the edge e. is equal to the Icngth of t.he other 

extrema) chain C~,tt implying that H is a histogram. The hist.ogram and t.be two 

.. 
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pyramids covrr P and do not int.ersect each ot.her properly. Thrrefore P is partitiolled 

into t~o pyramids visible from PI and PI-l' respec,tively and a histogram whose base is 

Corollary 3.5. Edge-visible rectilinear polVgons are monotone. 

We now present a linear-time algorithm for te:,t.ing whether a rectilinear polygon is 

edgr-visible. The algorithm is basc~1 on thl' charartrrization of edgc-visiblr polygon~ as 

given above. We saw that rectilinea~ edge-visible polygons are monot.one in a direction 

parallel to the edge from which they are weakly visible. Let us assume that the edge of 

visibility, if. it exists al. ail, i.$ a horizontal cdge In rase that tLi~ edge is vertical, rotate 

rr ~ 
P by 2' Let.e be the index of the edge with minimum x-coordinate and r the Index of 

the edge with maximum x-coordinate. The two rrsulting upper and lower monotone 

cbains are C e,r and Cr,ô respectively. Notice that a rectilinear polygon can be 

,.,., 1 
reconstru~ted jf only.a list of its verticaycdgés is given. 

1 

Algorithm 3.3: Test for Edge-Visibility 

Input: A rectilinear polygon P monotone in the x-direction. Should P be monotone in 

the y-direction, P must fir:,t be rotated by ;. 

\

Output: Ali edges from which P is weakly visible; no edge is printed in case P is not, 
edge-visible. . . 

create a .Iist L of ail vrrtical edges in the upper 
and lower chains C ir and Cr i sorted by x-coordinate; 

scan L from left to right until tl;e first right edge, 
say eJ' is encountcred, 

if {during the scan no edge from the upprr chain 
has been ellcountered} 
then 

catzdidalellP l'=P ( 
else 

if e
J 

is on the upper chain 
then 

candidatellp 1 .=p J 

if {during the scan no edge from the lower chain 
has beeD encountered} 

/ 
'. 
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( 

th en 
(,clIIdidate/owl :=P/-I 

else 
if e J is on the lower chain 

then 
candidate/ow 1 :-;p rI; 

cali the rectiliuear polygou constructcd 
of ail cdgcs seanned so far Pei 

scan !.J from rlght to left until the first left edgc, 
say e

J 
is eucountcred; 

if {eluring the ~ean no cdge from the upper chain 
has bren ('ncolllI(,crcd} 
then 

candidateu1{z:=Pr -1 

else ' 
if e

J 
is on the upper chain 

then 
canclidateup2 :=p J-l 

if {during the scan no edge from the lower chain} 
has been eneountered} 
then i' 

candidatc/ow2 :=Pr 
else 

if e
J 

is on tbe lower ch'\Ïn 
then 

randidate/ow2 :=V J; 
Pr := the rectilinear polygon eonstructed of ail edgcs scanncd; 

for k:=up, low do 
begin 

if candidatekl' candidatek2 are endpoints of the same edge, say el 
then 

end. 

if candidatckl is iu kernel(Pe) 
" and candidatck2 is in kernel(Pr} 

then P is cdgé-visiblc from el; 

50 

Theorem 3.5. In ~inear time, a rectilinear polygon can be tested for edge-visibility. 

Proof: Initially the rectilincar n-vertex polygon P is tested for monotouicity in the x-

direction or y-direction. Dy Theorcm 3.4 this rcquirrs at most O(n) Ume. Assume that 

P is mou,otone in the x-direction. Both the upper c halll as wrll as the lower chain of -d 

vertical edges of Parc sorted by their x-coordinates Merging these c hains to obtaiu L 

requircs therefore O(n) time. To find tbe candidate vertlccs for an edge el from wdh 

P is ed&e-visiblc, this list is seanncel at most twice. Subscquelltly the two pyramids Pe 

é.~' 
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and l', lo,atrd ta tht' left and to the right, of el arr (C'!)ted for complete vi.,ibili() from .' 
1 

(h(' l'e~prct ive rlldpoinh of el' Thi~ (p.,(, i<; pel'fol'III<'cl h)' fi!'!>t, d(·t ('l'III illillg t hl' krl'll(:, of 

(he pyr:~llIid., (M'e Chaptrr 3.2.2). SlIb,,<,<!urlltly (!J(, ellclpoinh cali be t,('!>Ied fol' poillt 

indu~jolJ in the kerne!. noth operations requir<~ al mo!)t !inear timr. The algorit hm 

t!J("rcfore locat.es bot.h pyram ids and also chec kg whet.her t.hey are vi!)jblr from (hr 

reHpect,ivl' rndpoint.s of el' which is performed in O(n) t.ime. By the'initial (l'st, P i~ 

monotone in t.hr x-direction and (,hrrcfore ail \'{'rt.lce~ which are ilOt. local('c! in eit.h('r of 

the pyralllid~, arr verl i('ri', of (,he hi~t,ogl'am II. Thi., (,oIllpkle~ t.he proor. -

3.2.5. Related Concepts 

In tORR2a] O'Rourke introduced thl' rrlat.ed cOllcept of the signature of il rurve r 

as a fimrt.ion as~oriating wit.h caeh point p of r the Irngth of r to the left of or on thc 

line t.angrnt to r at this point.. Ilt' shows that for arbitrary !>implt' dos('d curvrs Ihe 

Hignat,IJ/'r dor~ Ilot, IIl1iqllrl'y d('~crihr t.he ,urve. Ilowevel', for the ca'>e of rrct,llillear 

cun'es t.he c urvr is unlquely deterll1lIlcd by the values of th!' ~ignat ure. Thi~ again 

show~ that reclilinear polygons arc more structured than arbitrary simple polygons. h, 

might be fruitful to test both the signature and the label-sequence of an object as 

corn bincd features in a pattern recognition system. 

Recently Chazelle et al. [CIIlB3j dcfiucd the concept of the sinuosity 8 of a simple 

polygon. We will illustrate the concepts introou('('d by the\]) using the terminology 

developee! in this thesis. They d!'composc polygonal clJains iuto subchains according to 

the following rule, Traverse the polygon and start a ncw chain every time a full 211'-

turn (- 27r-turn) is completcd. Thc s;lluosity of a polygon is dcfined as the number of 

such chains obtained. We now state thcir main result: 

Theorem 3.6. ft is p08.~ible to triew(Ju/llte a .~i7llpie 1h~idecl poil/gon in O{h log Il) 

( . time and O(u) spllee [ChI83]. u. 

'Proof: Thr prdof can bdound in [ChI83],. 
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This- result is nice, since by using their technique very efficient structure dcpendent 
.. 

" 
(,riangulation~ can he obtained. The wor~t-case prrformall(,(' of thrir algoril hm i~ 

1I(,\l'rth('lr~'1 O(n log Il) for Cel'talll polygon~ and tlll!'> the problcIIl of wh('th('r an 

arbitrary simpl(' Il-vertex polygoll ran he triangulated in lin('ar tillle' l'rlllaill'' opeu. Il i., 
.' 

illtl'rl'~tillg t 0 not.e that thcse two concepts arc related. In faet wc ran derive the 

sinuo:-.ity from the label-sequence, since tht' Iabeling-sNI'ICIH'(' contains the sllJuo~it)' , 

illforlJl al Ion 

'l'hl' romplllatiollai grolTl('t.r)' lilerature conlain'> mali)' algol'lt)lrn~ ",hicl! pel'rOnli a 

givPII la~~ erfiriellll) provid<'d t,II(' Input !>olygoll" Il .. \'(, cerI a III ~tl'udlll'al properti<':-,. III 

Ih(' eOllte\1 of thi:. the'>is, quaclrilat,erization algOlilhlll~ di~(,l1"'>cd in Chapt('r 0 :'Cf'\'e a:, ~ 

cxampl('. The main part of this chapl.l'I' tl!el'dol'c ~I('alt, wit,h t he dc~ign of efficient" 

lil)ear-t.illJe algorithm'5 fol' tl'sting a given l'CC t.ilillcar polygon for SIIC h st rllrt ural 

propert.ie~, as ~tar-shap('(lness, monot.onicit.y or edg('-vi~ibilit.y. 

( 

( 

. ..,.. . 
( 

1 

1 
f 

1 

1 
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Chapter 4 

Hidden-Line Removal in Rectilinear Polygons 

-- .... t 

4.1. Literature 
~t .~' f ;~~' il'> 

... '1"1. -1:., ;_ • 
. ~ ~ ',' , 

..... H .. ~,~i'J 

. Proh/em description: For a q:iven ~c;~tJ4.d a given position called the viewpoint 
'.(:J,~. 1 .... 

add a viewing direction of an 0 bsocver ~ one' wants to eliminate ail edges (fcrces) ~r parts , 

of edges (faces) which tbe obscrver can~ot sec. 

... . 
This hidden-Ii ne (surface) elimin'ation problem is of fundamental importance in the 

";) . ' 
.~' . 

. arc a. of computer graphies whcr~ "â' Prequcntly perforllled ta:,k is ta n'nder a realistic . 
pic turc of an object displayed or::. '{ graphies deyicc, The practieal relevance of the 

, 

problem has stimulated the devdolimrnt 'of a large number of hiddcn-linc and hiddcn-. . 
surface elimination algorithms. For survey articles on hidden-line and hidden-surfaeê 

algorithms see [SSS74, OWW82]. 

.... 
From a computational geometry point-of-vlew, the precIsion of any computation 

and thus that of the solution, should Dot depend on th*'e resolutiOI\ or the graphies 

ou~put devlce. We therefore n'strict our attent.ion to obiect-space algorithms, i.e. 

algorithms which perform ail computations in tbe same coordinate-system in which 

objects are stored. We briefly survey the existing results according to the following 

. criteria: 

(a) What is the dilJlensionalit,y of the objects and the objeet-spacc! 

(h) How many objeets are in the given set'neT \ 

(c) What is the specifie nature of the underlying objects! 

. 
We will firs!' sketch resulLs obtailled for 2-dimensionid projections or 3-dimcnsional 

scenes. Ottmann et al. [OWW82] showed how a plane-sweep techniques ran he 

.' 
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employed t.o eliminat.e ail hidden surfaces of a given 3-dirpensional scene of arbitrary 

polybcdra consisting of n edges, If k denotes the num ber of edge intersections in the 

specifie 2-dimensional projection, then their algorithm exhibits an O((n+kJ log n) time-

complcxity using O(n log n) spare, Otbrr object.-space algorit.hms restrirt the rla~s of 

input. pol.rgons con~idrrrd, Yao defiur1> elemwlary objerf8 as the Carte~ian produrt of a 

~illlple POIJgOIl with aIl iutrrval along the z-axis, 'l'hl' ic!{'(l of Yao'!> [Ya80j algorithlll i~ 

t 0 a~~igll priorit y Il 11111 ber!> t.o eac h one of Il give Il fact'~ and ~ubsrquent Iy dcrilling an 

ordering among them, The final step in her solution ta the hidden-surface problem b 

sfm ply t,o display the fares in this order, there by al' hicving the desired overlay erfec t. 

Yao proves t.hat. such an ordering ran be found in O(n log n)-lime, given the rcstrirtioll 

011 t h(' r1a .. ~ of polygolls ron"idrred 

. 
III addition to l'p:>tl'icting thp cla,," of pol'ygoll:>, OIJ(' l'an al:>o l'p:>tl'ict. tll(· 1I111111)('J' or 

('lplJlPI\I~ in t hc ~CCIl(' 10 con~id(,I' Lhl' lIiddcn-linc (lI'obl('1Il fol' singlp obj<'cI'l, Ha!)papol'( 

[HaR2] rOlJsidcr~ ~illglc monotone sla6s as input. polygolls, A mOllol.ollr slab' is 1 he 

~~ilr:trsian product of a mOllotonc polygon a/ong the z-axis. U1'Iing this rcsLr'ictioIl, h(' 
'--

obtain~ a lillrar-time algorithm for rliminating hidden-surfaces in a lJlonotollr slab. 

EIGindy and Avis [I<:IA81J prcsrut.ed a hidden-lill~' ehullnalioll algol'Î'thm fOI' ~inglc 

~illlple polj'gon" in t.1H' plane Their algol'it.hm l'UII'' in linral' t.illlr, but ut ili7('~ t hl'(,c 

s'tacb and i., ralLer comp/iral.cd, ln tLi& thesi'i we present a simple and rrficient 

hidden-linc elimination algorithm for rectilincar polygons, Our algorithm ut.ilizes one 

stack and -exhibits a linear run-timc [Sa83j, It is basccl on the labeling-scheme as 

introduced in Chapt.er 2. Recently, Lee independent.ly obtained a similar algorithm 

[l,r83J. It:~ppaport and Toussaint r<,stl'ict.(·d the problrm furthrr 1.0 finding a simple 

hiddrn-line algorithm for ~tar-shapcd polygons [RaT83j, 

4.2. Models of Visibility 

Following thc tCl'minology of Yao [Ya80j, we characterize visibility of objects by 
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adopting cither a per5pcctive model or a parallel mode\. 

4.2.1. Perspective Model 

In the perspective model, the viewpoint is located anywhere on the plane. A 

solution ta the hiddrn:linc problem consists of fincling ail those points of P .. hat, are 

"bible from the viewpoint. As the vit'wpoint Dtight be loratrd eithrr inside or out5id~ 

• the polygon, we distinguish bctwecn two kinds of visibility: internaI and ext erllal .. 
visibility, 

Internai visibility: Wc say that Cl linc-segmfnt lies inside P if the intrrior of the 

liDe-segment lies in the interior of P. Two.points are said to be i7lternally tlisible if the 

line-srglIlrut. joinillg t hrlll lies im"ide r, Thr ilid<lrll-lillr pl'oblrlll fl'Olll iL point " in .. idr P 

i ... la <I('('l'Il1illC' ail tho~r points of P (,Ital. al'(' ill('I'nally visihl(' fl'olll v, 

Exterualt1isibility: Wr say that a liIlr-segrnen( lies outside P if the illterior of (he 

lillC'-srglllent lir5 ill t hr rxterior of P. 'l'wo poinloH al'(' ~aicl (.0 be eJ'terually t,;,~ible if 1 he 

linC'-srgmen(. joining Ihem lies outsidc p. The 11Ic!c!en-lillr problelll frolll a point v 

out.side P i~ 10 dr(.rrminr ail (.hof.e poill(.5 or P t,hat. ar{' C':\(.C'rnally visible fn)1II Y. . ' 

Il. is kllown (,hat~ t,he internaI and {'xt,ernal hidd('II-lille prohlC'lIls are rC'la(ecl in t hal. ' 

u~lIally ally algol'it.hm rapablr of so\villg olle hidd('I\-lille problrm i~, ill pl'il\ciple, capable 

of solving the otller (ouly minor changes to the algorithms are necessary). 

4.2.2. Parallel Model 

III (,he parellie! mode!, wc aS~lIme l'ays Lo cmanal,e from a sourcr located at, jnfiuity. 

Ali rays form a fixrd, c10rkwisc angle 0 wiLh the x-a:\is The illterior of the ray oop fl'om 

------. 00 to a point p, is defiued as the open half-line from 00 10 Pt excllldillg the point poo A 

point p is ~said to be VI'8i~le Jrom 00 if the ray oop lies olltside P. The hidden-line 

problem in the parallel model is to determine ail those points of P that are visible from 

'00. Alternatively wc rerer 1,0 this problem as the hiddcn-line prohleru form a point at 

• 
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infinity, 

We will say tbat a point is visible if it is cleal' rrom the context whetl!er internai 

visibility, external visibility, or visibility from 00 is meant, Similarlyan edgc 'el is ~aid 

to be visible if, thcre exists a point On el that tS visible, An edge el is com pletrly vi!>ible 

if ea('l! point on e~ is visible. 

As is commonly done, we will give the solution for the hidden-Ii ne problem as li 

polygonal chain, rcf('r1'rd to as the tlisibi/ity chain VC. VC is obtained by conn('('t ing ail 

M."gments on t ht' boulldary of P I.hat cont.ain exrlusivt'Iy vi!>Jble poinh ln VC tht' 

, polYl\onal orclrr is presrrved. 

4.2.:Jl. Overview of Algorithms 

It has been ~hown thal. hidden-line l'liminat.ion in t.he paralld model and 

perspective model arc equivalent. in tbe st'nse that. a solut.ion ohtained for Olle model 

can br t.ran~forlJled int,o a solut.ion for t.he 01 hPI: lI10del [T\JeS7nj. lIo\\'rY<'r t hi:i i~ 1101 the 

ca~e in l'('ctilillear geolllrlry, a~,thp IJ'aIl"forlllation'" appll<'d do Iloi p/'C."(T\'(' thc 

r('clilinrarity, For bolvillg t.}l(' hidd('II-lillr }>robl<'IIl:-' in I,(,(·tilinear groJl\etry, w(' gl\,(' 

efficirnt and conceptually simple algorithm~ in Lhi!> chapter. 

Pirst, wr ~how ho\\, to solve the h<U«tfn:lww problrlll for rect.ilillear polygons in the / 

parallcl mode!. The main points will he illustrat.rd for the case that aIl rays are par~ 

t.o thr x-axis. Wc ('xl.('II<I thrse l'csults to points al. infinil.y Ilot l\~ces~al'iIY--1y.fJ;:.:î:'1 to . / 

OIJ(' of t.he <1XPI>. Theil we show how to :ohvc t.hr hiddell-lill(, PI'OpQl i-;/( h(' prr::.pec\.i\'e 
. ~/ 

moclrl for th" case that the viewpoint is located ill~irt Wc will pla.ce ~ rectilinear 
---

coordinaLf> ~ystem aL the view)loillt and!ct--1,lÎe axes of the coordinatc system be parulie! 
~.-

to the edges of the rectilinear polygon. Hereby an a.rbitrary rectilinear polygon can be 

split iuto four chains. A solution for the hidden-Ii Ile problcm in the perspective model 

ran thus be obtained by determining the visibility for t>ach cha.in. 
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4.3. Al~orit~ni for Hidden-line Elimination:" Parallel 

Model 

4.3.1. Rays Parallel to one of the Major Axes 

Througho~t ttt Sfctioll, we will assume that ail r~ys are parallel to one of the 

major axes. Wé aS5u~e w).o.g. that this axis is the x-axis. Phrased in a different way, 

we say that the point of visibility is locat.cd at infinit.y, 00, on the positiv<.' x-axis. This 

case is llot only attractive for illustrat,ing the malll points nicely, b,ut al"o il. is of 

rr/cvanrr for rc7ti/ilJear geomct.ry, as will he deJllon!'l.ratrd bdow. Th(' foUowing 

Lcm ma ,1: 1 f008 direc tly fr~m the dcfi nition of Yis,i?ihty from (Xl. , 

C' // 

Lem / 4.1. The visibility chain is. rectîlillear if the rays 'of vi8~b;lit!l are parallel to 

01l~Î the a:re.'J. \ 

/. 
/ 

Remark 4.1. Tite rOfwerse of !,W11I1Il 1.1 is 1/vt llt're.<;~lIIril!l Irue a.~ ;lltl~/rated in 
~, 

Hgllre 4.1. 11,e IJol!Jgonal rhain Jrom Ihe Ymaxq.edge 10 the .tmax-edge ;.~ 11Iollo/rJ/le u'iM 

re.~pert to both the 1 and y-dirertion ami ;s tlttlil idwlical to the v;sibilillJ r!Hlill. 
, . 

Wc have defined yisibilit.y of a point with rcspect. to a po/ygon P. This n~l.ion IS 

,. 

. .' 

( 

no~ g('nrrali1,c<1 t.o tlisibilitv of a point witl~ respect. (.0 a polygonal r!will. A point p i~ J 
• 'i 

\'i~ibl(' frolll 00, with r('~p('ct to a polygonal chain CI,II if 1.11(' intcrior of t h(' .Italf-~p('n 

lin('-s<,gIIlPIlt. froll) 00 10 P does not int.CI·sec!, any eclgp in (f 1,1 • 

\\'c now dcfinp when il poill1 i8 bel,illd a p~lygoIlal chain. A point. p is b('hind a 

polygonal chain C if the directed open half-line oop inter~ects C. W(' extend t.his 
f~ 

dcfinition t.o whcn au cc/ge is behi7IC1 a chain C. An edge e. is bchind a chain C if for ail 
~ 

points p on el' p is behinù C. If for a point p the direct~~ open ha~f-linc from CXI Ihrough 

p firsL int.crsccts p before intcrsecting C, wc say thaL Il is Î71 Jrollt of C. An cdg<' e, i~ 
1» • tJ 

in fr~nt oJ a chain C, if for ail points p on ep p Îs in, front of C. The definit.iolls ran be 

canonÎcally extended _ to edgc-scgment,s. In the following Lemma 4.2, we state a 
fi 

.. 

, ( .. 
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neces~ary condition for an edge to be visible. 

'\. ' 

'~ , Lemma. ,~.2., If a verutic,al edge is visible from a point located ~n t!u!,positive x-aûs, 

. ' 

11 - 1 c 

c' then its label ;s )~, . , -, 

Proof: The result follows' directly from Theor;m 2.1 in' Chapter 2. • 

The anJogous results derived for poi~ts of visibility located a~ infipity on the y-

axis or at - 00 on tbe x-axis, are summarized in Figure 4.2., On tbe basis of Lemma 4.2 

::we can design the 8kelcton of ab algorithm for computing the visibility chain from 00 • 

Direction of 
visibility 

+00 on x-axis 
..... 00 on y-axis 
- 00 on x-axis 

,"/ . 
+~ on y-axIs, 

Labels of 
'visible edges 

L., 
2 l' 

3 
4,0 

Figure 4.2 

" , 

-' 

Rclatiollshîp'between direction of visibility and labels of visible edges. 

\ -

,1 

1 
t 
l , 
, 
" 

1 
j 

1 

i 
1 

,. 
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Aigorithm 4.1: Hidden-Linê Problem in the Parallel Model 

Input: A rectilinear polygon P. " 

Output: The visibility chain as seen from a point at infinity. 

VC:= emptYi (* initialize the visibility chain *) . 
for each l-edge e. in P do 

if e, is not behind VC 
then 

begin 
if any portion of VC is obscured bye. 

then remove t,hat portion from VCj 
augment VC by the portion of e .. that is visible 

. with respect to Cl,. 
en,d. 

60 

Aigorithm 4.1 examlD~B the l-edges of P according to their polygonal order. 

Elaboration is requircd on how to implemcnt the step testing whether an edge el_ is 

bchind the visibillty chain so far constructed. Figure 4' 3 illustratcs that a test b-ased 
~-" ~ ~ . 

J exclusi~y on the x-eoordina~es and y-~oordinates of TOP and P._P P. is not sufficient . 
.., 

The t('st of whel,her el, is behind' va can, however, he performed by a binary scare Il on 

VC. This i.., possible becausc at any time during the executiQn of the algorithm, the 

visibility chain VC 'Ls monotone. The proof for the monotoniclty of VC is similar to 
- ~\ 

that of Lemroa 4.4 stated below ~Dd we cap. omit it here. We conclude tb,at the worst 
, 

case rUIl-t.im('~~r. Alg06~hm 4.1, if So impl('mcnted, is 0(0 + k log k), where k is the 
, 

ntlluber of l-edge~ III P. The algorithlll, p('rforlll'i w('11 if k is small 'comparN! to n. 
, 

Ilowen'f, in ca:,e that, k=O(n) the worst-case time romplnity is O(n log n). 

1'0 firicl a wor~t,-case jiJ)rar-ti/TI(' algorithm wc utilize t.he winding informat.ion 

'. 
providrd by tbe labeling scheme. For this purpOSl', we introduèe the concept of an 

allt.~tgolJi::-t, for an edgl'. Con~id(,1" a point, p visible frolll thr viewpoint. v and located 011 

rdgc el Lrt a>i ùCllo\e the ~lIlal1c~t ('<lge-indrx s.t.. thr rdge ea cro:,:,rs thr hllc YI> WC 

rail ca au/agoll;1I1 for CI' W~, Ilote t.ha't, t,hb definit ion of ant agonbl 11' indq)('Jldrlll of 

,1, 

, 
'1 
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t.he model of visibilil.y. Furt.hcrmorc, one edg<' ~ay hayc several antagonisls and 

several cùgcs may sharc the same antagonist (sec Figure 4.4). For a point located on a 

l-edge, we can define a unique antagonist (if it exists at ail). The antagonist of a point 

CI lacatcd on a l-edge el is the ant,agonist of CI with smallest index that has the same y-

coardinate as q. Lemma 4.3 characterizes antagonists . 

Lemma 4.3. A1ltago7ll,~ls for l-edges are -l-edges. 
~ 

Proof: With the properties of the labeling scheme derived in Lemma 4.2 and Tbeorem 

2.1. the result follows Immrdiatcly .• 

Using Lemmas 4.2 and 4.3, we are able ta design a linear-time algorithm, 
, 1 

Algoritbm 4.2, for solving the hidden-line problcm from a viewpoint located at 00 on tbe 

x-axis. The algorit.hm crricient.ly skips ail edges Dot lahelcd either 1 or - 1. For ea~e of . 
descriptIOn, Wc aSbUII1e t,bat cach cdge' CI of P is alrcady labeled' witb fI' "maintai~ a 

st.ack, S, containing the vislbility cham of al) edges sa. far considcred. The points in S 

" are stored in arder of dccrcasing y-coordinates, wher.e the lowest point is at tbe top of 

tllC,stark, rcferred ta as TOP. Wc say tbat a point p is to the right of a point q, if the 

x-coordinate of p is grrater than the x-coordinate of q. Sim îlarly, we use t.he , 

expressions t,o t.he,lefl or, higher tlwD, and IOUler than. For two giyrD points p, q, wc 

have u!:>cd p#q to 'deno(e the poinL whose 'x-coordmate 15 that of p and whose y­

roordinate is t,hat of q (src Figure 3.6). To dctermînc the visibtlity chain from 00 we 

only necd to examine the chain Cl ,m conuecting Pl to the vertex Pm' with minim um y-

coordinatc. 
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Algorithm 4.2: Hidden-Line Problem in Parallel Model 

Inpu/: Thc polygonal rhain Gy' ,Gy = CI m of a rcdilinear polygon P. 
fTtW( mn 1 

OU/]//lI: The \'1:-lbIlit~· rh.lin as :'\C(,II frolll il point, al. infinity. 

(* ~t.lck initlah/.ation *) 
S:= ('Ill pt.Y, 
TOP = PI: 
for i.= 2 te 11\ r,,(ep 2 do 

if f, ±= 1 and p, is br/ow TOP ~nd P,_I is Ilot bc[ow'1'OP 
then 

else 

begin 
(* The visi bic part of e. is pushed *) . 
if TOP < > P, #TOP then PUSII(p. #1'OP); 
PUSII(p, ) 

end 

if f, = - 1 and P. -1 I~ not highrr than TOP 
then (* e, may hc antagoni~t *) 

begin 
while P. is to the right of TOP and abpvc TOP d~ 

begin 

\ 
\. 

(* shrink t.he visibtlit.y chain 1.0 t.he level of P. *) 
LASTTOP:~OP; 
POP; \ 

end \ 
if P. is below 1'0 P 

then PUSH(LASTTOP#p,) 
end. 

(j 1 

.\ 

An example illustrating Algorithm 4.2 i; givi in Figure 4.5. To' praYe the 

correctness of Algorithm 4.2, wc introduce sorne additional notation. VC(i) is defined as 

the visibility chain cOll:'\trùcted by the algorithm afler edge e, has been processed: Wc 

also use at time i 1.0 dellote the execution of the loop-body for edge e,. For case of 
) 

U ' 
notation, /rl. TOP(J) cont.ain t.he value of TOP aft.rr e<lge ~I has brcn processrd. In an 

• 1 

implrmcnlatioI\. of Algorithm 4.2 TOP _ is a single point.er variable P?inting the 

top_oCst.ack. 

. . 
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Figure 4.5 

the hiddcn-linc problcm from a vicw-point locatcd 
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Lemma 4.4. The chain Ve{i) is monotonie in the y-dirertion. 

Proof: Init ially. VC(2) C'ont,ains thr single edge e2 and is t.hus monotone ln t.he y-

-, 
<Iirret ion. Sube hains of monot.onc r hains arc monotonr. Thus if, at any tirnc i, the 

st.ark content is popped, c1early VC(i) remains monotone, Wc assume that for i>3, 

VC(i- 2) is monotone. Wc now examine thc case that thc visibility rh~in is augrnentrd 

at t,ime i. In tbat case, the first operation, PUSJJ(P1 #TOP), is execut.ed. This 

guarantc("; t.hat. \le i~ C'ou!,iguolls. A~ [J\ is bclow TOP(i- 2) t.hc sccolld op('ration. 
,j 

PllSII(I',). cm,urc that VC(i) al:;o rClTlains monotollc • 

Corollarr 4.1. 

and rcrtiliucar, . ~ 

Corollary '1.1 and LCIllma 4.1 illustrat.e that, if the viewpoint is locat,l'd on olle of 

thc axis, t,11cn ail dJains ('fcat.l'd are rcet.ilincar. This visihilit,y probl<'J1I i~ t.hcl'eforc of . 
p:\I,t.icular l'clcvallcc for rcct.ilillcar compuf,;üiollal gc 0 III cf,/'y , ln Chaptcr ri. ",he1l 

di"'clI",,ing rcct ilillcar 111111 proh/cJIIs, wc will r"fcr back ta t.his poillt. 

Lemma 4.5. Lei Il) be the vertex 11Iith lo'West y-value on the chain Cl ,\ 'then 

Proof: Wc claim that PJ is visible with rC'spect 1.0 CI,)' Rcfcr ta Figure 4.6. As PJ is 

t.hc lowcst, vert!.'x in CI,) it is always possible 1,0 complete CI,) to rorm a 1>imple polygon 

{P .... ,[J).Cl.r} by adcling two mor" rdgcs p)q and ~r wit.hout int.crscct.ing any edge 50 far 

ronsid('J'cd. By Propcrt.y 2.3, t.he eclge qr is a 3-rdgc ancI,} Jet is a 2-cclgc, implying that 

e
J 

is a l-edge. Furthcrmore p) is lower than TOP(J- 2) and t.hus Pl is pushed al, time j, 

wbcreby the result follow5 .• 

Wc say that an ('dge-segment is on VC(i), if both its endpoints are on VC(I). ,As an 

edgc-scgment may be the cntirc edge, the definition. cncompasscs edges A point Cl is 

said t.o he on VC(I) if t.here cxists an cdge-segment on VC(i) containing the point. An 
" 

cdgc-segmcnt is rcmoved from VC(I) if both it5 endpoints are popped from the stack. A 
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Il, is alwllys possible to 'compld.c' 11 polygoll from I.h<, low('~t vert('x 1)) (,oJl~id('r('d "10 r~r. 

--

1 , 
•• 
l 
1 , 
~ 

" " 
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t 
point is removed from VC(i) if the edge-segmcnt containing it is removcd from VC(i). 

Lemma 4.6. Let a point q be on VC(k). Then point q i8 popped iff q p08sesses an 

\ ' 
ulIfugotlist. , 1 

1 

Proof: Lrt, q hl' lorat.cd on an edge e.. As q is on VC(k), point q is' pusbed lonto the 

visibility chain at time i. Thus, by Lemma 4.5, TOP(i)=p,. 
< , 

"< =" If e, has an antagonist, e", with y-value as high as q then by 

d{'finit,ioll' of l\ntagonist, c" is the first edge on C, +1 m intersecting the half-line q. OC). 

\l'. ' , 

.. 
~-.- ~ 

Wc want t,o show by induct.ion on the Icngth of the chain C.,k that q is poppcd whclI e" 

Îs ('lIcolJnl('frcl. Trinally, If k=i+2 the-II Ci i~ rC'lIlovC'd from the ~t.ark al, Lime k. 

01 h('rwi~(·, ~jllr(' c" is ant.a~oni81, fOf q, q is not femovc'd from the visibility rhain bdofe 

... e" is ef)rounlcfed. This implies: 
\,. 

(a) TOP(!) is not above q fOf ail j with' i<j<k, and (b) no l-cdgc c
J 

with endpoillt Pj. 

above q is PlIshed bctwccn timcs i and k. Wc show that for any l-cdge em with , 

elldpoint, T'm-\ bdo\~~\L'OP(i) thrrr <>xist,s an ant,agonii>t, ea , st/eh (,hal i<aSk. This IS 

ycrifircl by obsrf\ i ng' t hal for rae h ~lIr Il ] -<>dgr cm 011 C, + l k t hr 1 url! forln em t 0 CI. J~ 
, ' 

t,hr (LlJtagolli~t. ea for Pm-t. If a<k t,hrn by indudion on t.he chain Cm a ail l-cdg<,s em , 

ar<> romplrtrl,v fPlllo\'rd. Suh~equl'lJt.ly al, j,irn(' k, ek will force q 1.0 he frffiovrc!. 

\,­
"= >" Follo\\'s difect.ly from the descript.ion of the algorithm and the 

drfillit iOIl of anl agonr~t,. • 

Lt'lIIl11a ., (j rhar,lrtrJ'iu'cI \)1I<1<>r wlmt, c~~)(litioJl'" il point i~ pOPllrc! fl'olll thC' :;(ark. 

W<> now rhararl rrizl' thl' condit.iolls unc!ef wllich a point is pu"hrd OlltO t.he &t.ack. 

" 

Lemma 4.7. Dcuole by efJ-qr an edge-segmelt..!. 01 an edge e, wjlh mdpoinls q,r. The 

lower elldl'oillt r of e
8 

IS not ptlshed ifl (a) efJ ;8 behind VC(i- 2), or (b) q ;s be/ow 

l'OI'(i- 1]). 

" 
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Pfoof: Recall f~om the algoritbm description that ~ segmenf ea=qr of an edge el IS 

pushed if and only if ris below TOP(i- 2) and q is Dot below rOP(i- 2). 

"<=" If either (a) or (b) is truc then by tbe algorithm r is not pusbcd. 

'.'= >" We assume DOW that ea is not pushed. If q is -below TOP(i -...2) then 

(b) is~ truc and the proof is completed. Thercfore let q be above ~OP(i-2). Sinee r is 

not. pushrd, r must be above TOP(i- 2). We must show that e
3 

is behind VC(i- 2). Wc 

assume the contrari, i.e. es is not behind VC(i-Z). Since TOP(i-2) is a point located 

on a I-{ldge, say et, by Proprrty 2.2. the turn from et toO ea is O. Edge e
3 

is above 

TOP(i- 2) ~Dd thus an antagonist ea' to<a<i, exists whic~ intersects the half-line 

TOP(i- 2) 00. Howcver, by Lemma 4.6 this edge el. would have forced TOP(i- 2) to be 

po p pl"<I brfprr ~8 was encountered, which is a·contradiction ta the choice of TOP(i- 2). 

-
Lemxpa 4.8'. If a segment es-qr of an.edge el is vis!ble then ils (ower wdpoÎnt r Î8 

Pllshed 011 the .stack. 
-: 

Proof: \Ve proye t.his Lemrna by contradiction, showing that if the lower endpoint. r of 

a ... t'glll t' lit. e~ or ail ('(Ig(' t:, i:-. ilOt. pu:-.hed t.11('1I e~ is lIot ... ~hl(': Frolll ],('111111 a 11.7 f~lIows 

1 hal. If an rd gr is nol. pushrd 1 hrn it is (a) eithcr behind YC( i - 2) or (b) q is brlow 

TOP(i- 2). If an rdgr-~rglJl('nt. is behincl a chain thrn by drfinit.iolJ of behilld, it. is IlOt 

visiblr. Considrr t hr!'cfore casr (b) whcn q is brlow TOP(i- 2). !,et TOP(i- 2) be 

cOlllain('c! in sornr rdge et. As q i" not. pushrd t.h<, rndpoillt'lJI_1 or'rdgr el is not 011 t.he 

\i ... ibilil) chain and Ihll" i>I+2. A~ CI i~ brlow TOP(i-21Ih('rr rxi ... ", al Ir";''''1 olle )-

rd gr ~)II 1 hl' chain cOllllrC'lillg Ct alld el Thr lo\\,('sl. ('JI(lpoilll. of 1 hi~. edgl is plI"IJ('c1 \\ 11('11 

\ 

('IICOIIIII (,l'ed a.nd IIIlIsl hay(' br(,11 r('lIIoyed fr.om t.h(· ~t.ack b('forr el -2 was rxamin<'d, 

" J 

1.hus t!Jrrr rxist.s an ant.agonist ek' k<i, s.t. TOP(k)=TOP(i-2). The t'dgr el lies inside, 

t.!tt' polygon ddin('d by {TOP(i- 2), Puoo,Pk} and is thus not visible. Figure 4.7. 
ê 

illust.rates this construction. _ 

..... 
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IIImMatt's that an cdge e. = qr is not visible if its upper ~nd point q 18 below the 
top_oLst,ac k. .. 

Lemma 4.9. If a segment of an edge i8 complete/y visible the" both its wdpoi1JtS 

tire 071 lite t'isilli/ily ('''oill. 

·Proof: B.' ),rmma ,LI{ if an rd?c-srgrnrllt is ~i~ihlr t.l!rll ifJ?wrr t'ndpoint. is pusht'd 

onfo
b 

f h,r ~fark. Thu<, if. n>mains ta be shawn that. in case tllr edgc-srgrnent es=qr is 1 
romplrtrly vi!->ihJt' thrn also the upper cndpoint q is starkcd. Wc assume this ie; not 

1 -

truC'. If <t i~ brhincl YG(i-2) then ,clcarly CI is not visible violating th!' pro pert y t.hat es is 

cOIl)p'lrt'dy vbible. 1'herdorc q is in front of YC'(i- 2). This cas!' is similar to J,rlllm.a 

·I.i i1lld we t !tel'rfol'e omit. ifs di~ru~!->ion h('I·t' .• >- .) 
/ . 

Lemma 4.10. If lite t/lJper euilpo;lIt of all edge-.',eg7llwt ;8 1'0111)ed lhw the wl;re 
./ " \' 

ellgc-8cgmwt ;8 ?lot t';.~ible. 

Proof:' By Lemma -10 a pOlllt q is poppcd from tht' stack if there exi~ts an antagolli~t . . , 

"'" for Cf As P is simply COllllected and tllC turn from tbe segment ta its antagonist is -'TC' 

the cntire edgc-scgmcnt is Dot visible .• ' 
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Lemma' 4.11. If an edge-8egment ee, i8 onJhe visibi/i'lI chal'n VC(m), thtn e, i8 

comp/etely visible. 

Proof: Wc gi,vc a proof by contradictioll assuming that a scgment e,=qr of a l;edge 

e, is Dot complet.e1y visible but located on VC{m). If the segment ee is ~ot visible then 

by Tbcorcm 2.1. thcrc exists a- 'L on e, and a cut-séquence (ek
l
, ••• , 'k-,', e" ... ), j>O. as 

high as 'L. Recall that the edges in the eut-sequence are listed in order or increasing 

distances from the point of visibility and that ek
l 

il' thc edge c10scst to the viewpo.int. If 

thcrc exists a -l-edge ek
t 

such that ke>i and O<.fsj, then there exists a -l-edge ek( 

<-

doser to the vÎcwpoint then e, which is encountered after, el' Thus z posses an 

'ant,agonist a~d by L~mma 04.6 e8 is not o'n'VC(m). Jf there exists DO such -l-c~~c 'then 

by Theorem 2.1. for for ail indices ke, with O<.fsj, and ke>i 'the corresponding edge 

'1 
labels.fk arc' positive. The edgc ek c10sest ta the viewpoint is obV-iously visible along a 

t 1 t 

ray wit,h vertical coordinat.e as high as 7" The point on el. with vértical coordinate cqual 
1 

\'0 t.h\. of z is according to Lcmma 4.8 pushcd ooto VC(k 1). ,By Lcmma 4.10 this point 

is ncver poppcd. COllscquently the edge-segmcnt qz is behind VC(i- 2). By Lemma 4.7 z 

is Ilot pu::.hed on t.he 5tark whirh implies that, it es is Dot on VC(ru). -
1 

Theorem 4.1. .An cdge-8~gment Ca i8 on VC(m) iff ea ;8 complete/y visible. 

o Pr~of: "=>." If an ('dge e" is on VC(rn) then b~Lemma 4.11 il. is romple"tdY,visible. 

11-<=" If e8 is rompletely visi.hle thcn by L('mma 4.8 it ;s push('d on t~e stark S and ~y 

L"mlll a 1. JO 110 port,iQ.1I of CB is ever po ppecl ~rom S. -

Theoretn 4.2. 111 titis paraI/el model of lIisibllily, A/gorithm 4.2 solves the '!ide/e.n-

tine problem for rediti71ear l)olygons in [inear lime. 

Proof: Thr tlllle-romplc:-'Îty of the algorithm is hllcar sinre carIn'dgc ;<; ('xamiJle<! 
, . 

exactly'once. The correctness foHows from the Theorem 4.1. • 

7 

;; 

\ 

, 
) 
i 

l 
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We have shown baw ta desi~p and analyze a simple a~d efficient hidden-line 

algorithm (or removing hidden lines in rectilincar ,polygons. The concept of a visible 

label and of an antagonist. was introduced. Dcpcnding on the model of visibility, th<.>se 

'sets diffrr. Thrrcfore the main step for developing other hidden-line algorithms basrd 

011 the l~beling-schcIIl(, is to deLC'rminr t.he set of ail labels f9r visible edges and their 

antagnnists. \Vc will focus on t.his, since the resulting algoritbms have a s,j,milar basic 

program st,ructure. 

4.3.2. Parallel Rays of Ar.bitrarY Orientation 

We Ilow turu our att.rnt ion to rays that are not parallel to' on of the axes but st.ill 

parallel t,o rach other. Let SI de'hote the unit circle in the x-y ('oordinate-system. A 
, 1 

,. umt veetor can be specified by its c10ckwise angle formed wlth the (positive) x-axis. We 

denot.e t,he half . .opr~ inlerval of unit vectors, OSo:< ;, by Il' simil~rly 12=1;:71'), 

13~ IlT, ~lT), and /4=,1 ~71' ,211"). T~le angle (\'T of an (oricntcd) ray r is definc,as the 

aw~1c 0 of thcc unit \,(,cLor dw.t :s pàrallC'l to hl' and I:as the same orientation as ~~':zo 
ob/aJII 'a rOJirisc notaI-ion, wc say that the point of visibility, ai 00, is in inter\'al I) if the 

• • (> 

anglr of (.he rorrespondJIlg unit vcctor falb in the interval 1]' The direction of vlsibility 

is defined as t.he orientatIOns of the rays. 
,) , . , 

A 'rüct.iliollear polygon P can b~ spliL into iLS four extrema1 chaim; defined as 

CI 1 ~ from t he ~,nllll·('dgr, t 0 t!Jr x nllu-ec!ge, , 

CIl 1 from the 11 max·edgr to th!' x max·cdgc 

Lrt, Vi. c!rrJote thr set. of labels for ,visible rdges locatrd on ('hain, CII", and AI. drnote 

't hl' f'orr(':-poIHhllg ~C't. of antagOJ1I:-,tjr labrl'l An C'c1gr i ... potentin/ly I,i.~ible if ils Ia,h" 1 i'i 
, , 

in Vk • &:>epcnding one the location of the viewpôint v, diffcrcnt edges are visible. 

\ 

~ ... -.................. "-"1 
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Lemma 4.12. For a givetl direction 0] visibility and a chain C!Ik 1 the number 0/ 

lapels in V" i8 'at most tu/o. 
) 

Q 

PFoof: Conslder for any extremal chain CHk the subchain of ail those edges that are 

visible from the viewpoint v. Tbe resulting visibility cIlain is monotone in the direction 

perpendi('ular 1,0 the orientation of tbe r'lYs o,f visibility. In Chapter 3.2 we have seen 

, tbat snch a mon?tone chain contains only cdgcs labclcd with at most thrcc distinct 

labels and these lahrls arc consecutive integers. Sinec no parallel rays can see both a 
r, <. .. 

l.cft :dge and a right edge, or both a top edgc and a bot'tom edge, from any givcn 

vicwpoint al, mos!' two distinctly labekd cdgcs 'arc visible. Thus from each viewpoint 

\ 

We observe that for a given diree'tion of visibility eithrr at least on~ of the 

endpoints of, a ('ham CJJ) IS vi~ible or none of the edges on C(J1) arc visible. More 

prc<'Ïsely, for v in I,., none of the cdges of ClI) arcovisible if lj-kl=2; wbcrca~ both 
, -

c~t "rlllal ,edgr~ of ClI) are visible, in case j=k. For ail other locations of- v exactly one 

of t.he cndpoints of CIl} is visible, For cxample for v in Il' both extremal cdges of CHI 

arr potellt~"vislhlr, exact,ly one of the extremal edges of CHz and Cil.." but non~ of 

~ . 
the cdges,of CIl 3 arc. 
\! 

Lemma 4.13. If the set of visible 

all(lIgolllS11( labcl.'! is AI. ;8 {i-l, j- 2} 

Proof: Lrt t,he pot,ent ially viSible i-edgc~ be horiwnt al. Since in a rect.ilin('ar polygon 

horizont.al anq~~\("rt.lcal edgcs alternatc, it follows that (1+ 1 )-edge~ are vertical. As, by 

a~~\ILon, bot h i-tldgc~ and (i+ 1 )-cdgcs are potentially vi~lble t.he point of visibilit.y is_ 

loratcd elther in 1';'. or 14, Ir the vlcw-point is loca!'('d in J~ then i-rdges arc top-edg('<; 

and atltagolll~t~ arc l'Ither vertical (i-l)-rdgrs or hori7.0ntal (j-2)-edge~, cOJ'r{'~ponding 

, rr 
10 1111 Il'' of - '2 a~1(1 - rr Tr"lj~rt i\'('I~'. Sec Figure 1 R for iIlu~t.rat Ion, Thr"(' ('dge~ ara 

/') 

",JI 
.1 '{f 

,1 

-' 

/ 
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also antagonists for (i+ 1 kedges. In case the view-point is located in /2 the antagonists 

are (.- 1 )-edgrs or (i - 2 )-cdges. The case that i-edges are vertical can he hanc.lled in a 

sirp)lar way .• 

" We have dctcrmincd the sets of visiblq labels and antagonist;;hre kpown for each of 

t,he'Cour extrema} chain. An algorithm similar to Algorithm 4.2 can be developed for 

solving this hidden-linr ptoblem We omit its description. 

Wc summarize the rcsults obtain('d for extremal chains in Figure 4.9, 

4.4. Algorithm ;,for Hidden-Hne Elimination: Perspective 

Model 

Throughout this section, tbe model of visibility is the perspective modrl as 

desrribcd earli('r. Wc will drsrribc an algorithm to solve the hiddcn-line prohlem of a 

r('ctilinear polygon from a vÎew-point locatcd Ulside P. Let h=(x-:r~ )+!I" x2: XI be an 

infînil,..horlZonl.al half-linC' originating ai p with the sarne orientation as the po~itivc x­

axis. I\s pis însidC' P, b inter~('cts P at at Icast onC' point,. The point being cIosest. to p 
n 

Îs rrfrrrcd (,0 as t.ilr cast cdge for p. In an analogolls way the north, south and 111C8t 

cdgrl. arc drfincd. We will refer to these edges as c('a6/' (,north, citou/hI and eW(,8t-cdgcs, 

respccÜvely. 

\Vc drfitîê four ((l11O~,ical c!tains connccting the cdgcs nor't.h to ca~t., ca:-lt. to sout.h, 

sout,h 10 we~t, and w('~t, t.o nort.h, resprcf,ivcly, In c(lch ("hain wc maill\.ain the orcI"r 

glvrll by P, ,e g. t.llr rhalll tonnecLing e'lOrlh and Cea ."! i~ Cnorth,ea81 if nort.h < rast,. 

Otberwisc Il, is Ceast,north For a gÎvcll canolllcal cham CI,] we say t,ilat. CI' e
J 

are the 

drflIllIIg rdgrs. 

Lemma 4.14. If tllC Cea"t 18 {abe{ed i then 

(I)f"'"lh = ;+llfsoullt>ws[ f1l1tlt-j olherUlisc, -11tII 

\ (lI)i UfPI =ï+f! ~fwcsl >cast (lnd ~- 2 otherwise, 

(iii) f RClrlh = 1 +/1 if north>e.asl and i- 1 other11l;se . 

... 

/. 
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j-l, if- 2 edges are antagonists for i, i+l cdges. 
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Illterval Labris Chains 

'Ir 
1(: [0 '2) l-;-Z CIl 1 , CIl'!., CIl ... 

'Ir 
12: [2''Ir) 2, 3 ClI I , C1l2 , ClI3 

3, 4 en:., (,'1l3 
37r 

13: ['Ir, T) 
-1, 0 CIl 4 

3 'Ir 
0, 1 CI/l' C//3 

11: 12 ,27r) 

4,5 ClI~ 

Figure 4.9 
1 

Labels of visible edges for diffcrent viewing directions . . 

P f 1 f . . 1 3 'Ir 'Ir 1 1 roo : T lè turrr rom cmt ta C~orth I~ CIL Irr 2 or - 2 depelJ(hng 011 w let le~, III a 

traversaI of P, ceaet is encountered before fnorth' or aft~r enor/h' respectively. Thus the, 

correspondlllg labeb take on the valucs i+3 or i-}, respectively. An analogous 

" 
argument holds for'the aLlier paIrs of edges • 

, r 
Lemma 4:15. If au edgc /oraled on a canonicat chain C.,) i8 visible theu its /C1belJs 

\ 

dctcrmi7lc(1 by the labels f. or .e). 

Proof: The lillc of vi~ibility origmating at a point p, perr~rms a turn betwecn 0 and ; 

while scanning the canonical cham C.,) for visibihty of its edges. Let C.,) be a 

canollical cham with dcfmmg edges e., c). 

\, (a) i<J: trt CI. be an cdge on chain C.,)' i<ksj The turll,I~,J' from e~\\o el' 15 elther 

0, III ('a&r c}" and c) arr parallrl, or cqual to 1, othrrwise. In particular, for k=j, 
" 

eJ=,e.+l. Tllrrrforr the labris of vl~iblc rdgrs on a canOllleal chain ar", equal to the 

labrb of Its drflIling edgrs 

\ 



\ 

( 

,..,.., 
Il 

(b) i > j: Depe nding on wl!cther k is encountcr"c!' bdore, or after CI' the value of .el; 

direers, i>ince at cI the labeling is restarted .with .f1=O. Using the lIotation of Chapt,er 

2.1, if lsksJ tl~cn f)=t1,k+tk,J = .fk + {Q or n. This implies that .fk=.f
J 

or 

.fJ.=f,-1. Othrrwisr, i.e jSksn, e,. = t",+f"A=e,+{O or l} and t,hus .fA=e; or 

.fI. =e. +1 The labels of the dcfIning r~lg('~.f. and e, arc rclatrd by f,=.f,+3: 
, \ 

Tllu,> iu both ca~cs thr labels of thr dcfllJing edges c!rt,rrmine thl' labri of visiblr cdg<;l> . 

• 
Wc have noticed in the abovc proof to Lemma 4.15 that the labri of any visible 

" edgc located on a chain C,,; takes any one value in {e" .fI +!I e }-l' e;} For at least 

tbree of the four canonical c!tains this reduces to' {.f. If J}' In case tbere exists a chain for 

wl!ich i>j, e
J 

and f, ar~ rrlatcd by f
J
=e,-3. Four labl'Is woulcl have to be cl!erkcd 

for, wben dCi>igning a vislbllity algorithm. 1I0wevcr, if wc dcfine.e; = .e;l;+4 for lsksj 

and f;=.f kl for ISk<=n, then 

.e ;}. This allows fol' a unique 

algoritbm. 

the seL,of vi&lble labels to considcr is rcduced to {.f" 
\ 1 

trcatme~t of ail four chains when prcsenting the .. 

• 
Recall tbat a~ antagoni~t, for an edge CI is an {'dge with srnallc:,t inde:\. k s. t. 1 he 

(\' \) 

orient cd half-liolle from a poin't p, on el' to OC) intersccLs ck' It is an importan)t differcnce 
,< ( 

a bctwccn yisibility from the insidc and visibility frolll t.he outside thal, the antagolli:-t ie 

labels arc greater th an the labels of cdges w?ich they obscure, in case of intcrior 

visibility. Antagoni'ltic labels arc sm aller than visible Iabcls in case of cxtcrlor visibilit.y 

1'0 relate antagonistic labels to visible labels, wc statc the following result· 

L 416 h ',; 1 ~~o ernma . . Let ca C alllflgolllst Jor e, tIen ls{.a-{., 

Proof: 1'llc linc-scgI,1lent of.e connccLing Ca and CilS inside p, 1>Inrc wc are cOllsiclerÎllg 

visibdity from Illside P. By Theorcm 2.2 the label dirferencc between fa and ~. is 

grcatcr tLcn 0 and Icss than or cqual to 3 .• 
'---'r 

1 

j 



( 

( 

\ 

Lemma 4.17. ('orrc,~tJrn/(/il1fJ 10 car" 1Hu'r of ,'i"iblc Irl"~/,~ (fI' 

at/I(I!lolli,~/ .. ; (~, +2, e; +~), 
Proof: Let CI,) be a canonical chain, Antagonists for ~,-cdges are ~,+2-edgc~ and 

t', +'3-('dge~, sincc the corrcspo~ding turns arc 11' ~nd 3
2
11', An\'agoni~y, for ~ j-edg('tI arc 

1 

~ 11' 
t',+l-rdgrs and t'.+2-rdgrs, sincc the cOlTcspollding turns are "2 and 11". Sincr, by 

">h'lIIma III ancl the c!eflllit.lon of e;, the dirfe)'ence t';-~. is r(juallo 1 The re~ult 

follow~, • 

Wc will now cJrscribc thr algorit.hm for hiddr[)-line rliminal ion in t.he perspective 

model. Lrt V be (Jefined as thc set of visible labels V ,= H, ,e ;}. 1 A bc deflDed as 

the set of ant.agoni~tic labels A := {t', + 2,~;+2}. AS~lImc that the pOlllt of visibility, p, , 

is locatrd at (xp , !lp ) L('t ~ bc an infinitc half-hnc orrginating at p. Let t>.fOVE_t'(q) he 
~ 1 

a procedure which mons the half-IJne e tG Ill(,ers~ct. q If tWo hiles or hlle-segment<; il 
, 

and e';! IIItrrsrct at a point wc (]ellotc titis Illtcrsrctioll point hy el@~2' F'urthrrmorr 

" 

let linc(u,L) denote the line-segmcnt jOIlling u ~nd t Notc tllat thc hn; f is oricntrd, \ " 
<'0 

anwth('rrfore we can spcak of the "lcft" of e, and the "rlght" of e. 

/ 
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Algorithm 4.3" Hidden-Line Problem in Perspective Model 
-J 

Input· A rrrlilincar Jlolygon P and a point, of vl~ibility p, insidc P. 

Otlf]Jut: Thr \'i~ibilit.y pôlygoll from p 

find canDuiral rhaID5 C, ,;; 
for each canoniral chain C,,) do 
begin, ! 

t, '= {illfilllir haIC-lint' origlll~1 I.lIg al JI allcl intrl'"ect ing e, prl'Jlt'ndicularly} 
D, := {illflllilr half-lillr ongill;:IÎIIg al JI alld ÎIIIl'I':-.ecting Cl prrJlt'ndlcularlJ} 

end 

f =1" ~ 
PUSJI( e # c, ) , 
for k '= i ta j do 

if C, k inl('rs('cC~ L, an odd num bC'r of t imC'~ 
a'nd Ck does Ilot lie complett'Iy OUbH!C the quadrant formed by L, and L, 
then 

begin 
.. if e; ( V and cI.. intrr~r("'l t 

then 
~ begin 

if TOP < > f@ck 
then PlfSII(e@cd 

if CI.. illt('r1>(,c"~ L) 

/
) then P,VSII(L)@Ck) 

€\Ise 
. PUSJI(p/.) 

end 
else " " 

Of D" , 

end 

1 toI. fA 4-
and CI. intcrsccts linr(p,TOP) 
then 

begin 
while IlDc(p,TOP) is mt('rscctcd by CI. do 

begin 

end 

PREVIOUS_ TOP:= TOP 
POP; , 

end 
MOVE_f(pd 
if TOP is 1.0 the Icft of 

then 
PUSJJ(Li))('(TOI~,PREVIOUS_ TOP)@e) 

else 1 
MOYE_t(TOP) 

join the four visilHlity ('hains construclcd. 

r, 

,J 



( 

( 

\) 

80 

\' 
Theorem 4 . .3. Algorithm 1.9 solves the hiddw-line problem i1l the'persperlit1e tl/otlel 

i 11 l'/lcar. fi me '.> 

Proof: Fc))' a gi\'t'II "ll'W-pOlnt, v, Ih(' algol'ilhm ~plil~ a l'l'('lilin!',l!' pohgoll JI illto Ih(' 
QI' 6 1 .... ( ~ 

rouI' (',llIolllcal ('h,Lill., \\'11 li re"pcr! 1 0 \' Thi:-- op(,l',ll ion (',Ln hc' p<'l'fOll11e<l III lillC.LI' 1 illH' 

:l'he 1ah('l ... of Loth cdg<,~ defllllllg a ('allollicai ch.1I11 "CI'l' 1'('laled in Lt'Illma 1 II. l\'.,lJ\g 
<;;, • 

, , 
1.('01,11\:1 ,j\).15 we CIt'ln con~truet the set of ail vi ... ihl" labl'b for raell canollical cl.:l1">--

U~ing L(,ln'lIIa~ '4.16 aùd, 4.17, wc cali detl'l'lIlillr the alltagoJ\l~t.ic Ia.bel ~ct. can br 

dctcrm,ncd. Thcl'cforc, in liucal' tlllle, the set.s V, of vl'nllle lahel~ and A, of ant agolli"t" 

arc con"trur!('c! III Ihe main loop of the algoI'lllll1l e:lcl. edg(' i ... e\:llIIlIIe<l e\aelly ollce 

Sillcc for cach e<lge al 1110.,1 011(' PUSII-opel'atioll :tlld OIlC POP-OP('I'.LlIOIII" (''\cc\ut('<I, 

t.~I(, ('lItirc procedure Icqulre:" 11IIear time \Vit.h t.he c!c\'rloplIlcllt. of \'i~lole laocb\llù 

a nt agont~b the proof of corr('etllc~s I~ sllIlllar t.o' ThcorcIII .J 2 1 t t om it 1 cd here • 

We have shown how the laoeling-schemc can oc used ID thc deSign of efficicnt 

algorit.hm ... for elimlllallllg hidd('n-lill~~ III rertihllrar polygoll .... For ~ollle applical ion", it 

" mig"t be /I('('c~~ar'y ID ~·,.(]·('rate ll~alJy chffereut vU'w~ of the ~all1(, obJrct. Aigorit hm 1:3 , 

can bc adap(ceJ 10 pelforrn suclt a ta~k cfflcl{'utly A";n iuil ial 5(.ep, perfor/ll{,c1 only 

once, wc will labcl the edg{'f:, of P u~lllg I,hc lal){'llIJg-5chr!llc. ThiS ~t('p will keep, for 

each di~liuct label l, a h'nked Itst of ail eeJg{'s Iaoelcd i 
p 

SubsC'quent.ly, for each vlew-
~ ... fIIMIF' 

point, the algorithrn dctermines the facl/lg cdges of the four canonical chalIls. This 

operat.ion if:, pelforrnec! iu lincar time If we allow 0(11 log Il) prrproc(,~slllg, Lhi:'! la~k 

can be (lcrform{'d lU O(log Il) tilJl{'. (Tllls point-Iocat.ion problC'1Il has bC'en stuclied by 

mally rc~earchers in the area of computat.ional geolllPtry, scc for cx:tmple Klrkpatrlck 

[" 183], Lee and Preparata [LeP79j, or Preparat.a [Pr8)]j. Since wc h.eep IlIIkccl-list for 
1 

ail dl~tinct labels, we have det.crminccl, in O(log n) t imc, ail those edges t.hat are elther 

potcntlally \%Ible or antagonistic. 'l'lIns orteil t.he t.otalnumbrr of cdgcs to oc c>.amlIlec! 

is reuliced. Tills reslIlt,b in sllostantlal :,aV/ng~ III particlilar if the polygoll cont :tIIlS 

ru any spirals 



Chapter 5 

Fur~her ApplicatiO!ls of the Labeling Scheme 

.. 

~ 

5.1. Construction of the Rectilinear Convex Hull 

Olle of the 1II0:-.t extell.,ivPly :-tuchcd prohlelll., in computational geometry i:-. thr 

con.,tl'ucliOll of the rOll\'('\ hull of a ~Ilnple polygoll or of a ~et of poillt~ \Ve rerall tbat 

the C011t1eJ' hull of a set of point~ is defincd a~ the nllllimum'arr;L COIl\'CX ~et conlaining 

the original set. Lowrr bounds of n(n log n) for thc convcx hull of a set of ~ points 

have brell c!crivcd for variolls modrls of rom pllt.al iOIl [Sh77, A v79, EmBO, Y a 79J 

Sinee it cost!, O(n log Il) time to rOJ~.,t.ruct a !->lInple polygon ~from a sct of points, 

polygon" arc 1II00e slruet.urc:d than ~{'h of poillb Th .. has bren ('~ploiled la de\clop 

lillear-tilJl(, eOIlYCX huI! algorilhm~ for ~ilJlple polygon., [t-.1eA79, L('83a, BhE~I, GrY83j. 

The hi:,tory of geoB\et.ric algonlhms revcals the great difflculty- of findlIIg ~I/Ilple, 

clegant, but corrcct solutions for obtaining lillear-t.ime conve\ bull algorit.hms for simple' 

polygolls The simplest algorithm IS duc to Sklan:,ky [Sk70]. lt bas bcen pointed out 

that hi~ algorithm ran fail ta corn'cUy determille the convex hull for arbitrary simple 

polygons Toussalllt and Avis [ToA82] proved, however, t.hat SIJan~ky's algorlthm will 

correctly determine the COllVCX hllll, if the input polygoll is weakly l'xtcrnally vi~iblc. 
, 

Silice visil)(ht,y chalIls arc weakly cxt.ernally vi:'lble, any algorithm capable of comput ing 

the biddcli-ime problcrn can be used, in conJunctlOli wlth Skla~sky's_ algorithm, ta solve 

the convcx hull problcn:!. IEA T83] ln Chapter 4 several efflcil'llt algorithm for hiddcn-

line c1irnmation in rçctIllllear polygon have been presentcd. Thus, in corn bining 

Algorit.hm ·1 2 wlt.h Sklall<;.ky's algorlthm, a l'onl'('pt.ually simplr and dflCI('llt COI\V('X hull 

algorit.hm for r('ctilll1ear polY1~ns I~ obtallled. \Ve now discuss a variant of t.he l'onve\. 

bull problem and mod/fy tbis idea ta folve this varmnt. An alterllatc ~oll/tion \\as 
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pl'rscnt ccl iu [~fF82aJ. 

. 
ln tll<' ronlexl. of rerlili/lc<!1' gl'omet.ry we arr illt.rre~t.ed in detC'rminillg thC' 

rerlilillcar rOllt'c.l-Iit,1l of a rcct.ilinear polygoll, d"fined as the minimum arC'a 

rectilincarly ronv('x polygon e/ldo~illg P. Sec Figure 5.1 for illuslral,ion. In::.lead of 

r~rt.ili~car rOllyeX hull we will fre<jllrnt.1x Uf:>C thC' lerm r~rtif;71C(/r huI!. Similarly Ih<' y-
, 

hu!'1 (or x-IIIIII) of a rert.ihllrar polygoll i~ the 1I11111111um a)'('a r('rtilill<'ar pol.\goll 

IJIOliotolie III tlie y-dirertloll (or \-dll'('ctioll) and ('/lclO<'lIlg l'. '1'11<' .,Ollltioli to tlie 
. , . . . 

hiddell-line probl(,1Il frolll a vlew-j>oillt ('"\Il'rior 10 P i., rallrd thr t'isibilily hull of a 

polygoll. Il ha" beell o!J:;.rrvec! thal. I,h(' ronv(';... hull of a ::.implC' )lolygon 1:-' 1 he unioll of 

vi~ibility hulls over ail dirrrt.ioÎl!:> of visibihty [ToS8'~J. F~r the rectilinC'ar hull t.his 

rrduces. to dei erm illi ng the ulIJon of thr xVh ull and 1 he y- hull· The y- h ull of a rerl ilinrar 

polygon P r:,,'\ be drl erm illl'd 'a:;. f ollowt>. 

Algorithm 5.1: Algorithm for Computing the y-Hull 

Input: A feciilillear' polygon P 

Output: The y-hull of P 

usc Aigonl hm 4 1 to 
'comput.c Cr' I.he visibdit.y bull from +00 00 l,he x-axis, 
comput e Ce, the visibility hull from - 00 on I.he x-axis, 

jain thr chams at the c,<trelllc cdgcs in thc y-di,·crtion. 

Similarly the x-hull can be deterru iocd The x-hull of a rectilinrar polygon P is delloted 

by x-hull(P), ~Îrnilarly Îs the y-hull of P denotpd by y-hull(P). Wc bn now statc the 

algoflthm for computmg the rectilinear hull of a rectilincar polygon. 

o 

, 
" 
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Figure 5.1 

- The rectilinear convcx hull of il rectilinear polygon. 
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Algorithm 5.2: Algorithm for Computing t,he Rectilinear Hull 

l npu.t: A rectihnear polygon P 

Output: The rcrtilinear hull of P 

pY' . y-hull(P); 
rçc t.il i near hull <>f P:===xJhull(Py ) 

o 

i 8·1 

Lemma 5.1. Alg;rilhm 5.f(correôtly determi71es the rectilinear hull of a rec1iÂ'flear 

polygoll, in IÎ71wr lime. 

Proof: By TIJ('oreIII '1.2 comput.ing the x-hull and y;hull t.ah" liuear time, t JIII~ t hl" 

rUIi-lilllC of Argorit hlll !i.2 j., 11Il('ar. \\'r will 1I0W ~h()w t he corrrctrl('~S of thi~ prOf('dufC. 

\\'c ~how 1 halo the Ullion of y-hull(P) and x-hull(P) ran be romputcd by Jrtrrminillg ~-

hull(Y-hull(P)) or altrrnat.ivrly y-hull(x-hull(P». In ord('r to proye that. x-hull(y-llldl(P)) 

·'1 = 'uuion(\-Hull(p), )'-hull(J») we ~how t.he con(.atll\Jnl"ut. in bot.h dirl"(, 1 ion~ \\'l' fir~t. 

~how t hal union(x-hl/lI,-y-hllll(P)) i~ ronlailled in \-hllll(y-hull(P)) The ,-hllll· 01' ,\-111111 , 

j" ln ,-ll\tlIC,-hull(P)J and rOllscCjtJe'/Itly y-hllll(P) i~ III \-htlll(y-hull(P)). \\'c no\\' "ho\\, lit(' 

" 
Ol)po!->ite dlrl'rlion, 'C. ,f Cl pOIUt. P i~ in x-hull(y-hull(P» t.hen p I!-> ID llllion(,-hull(P), y-

hull(P)). Let. a point. p be In x-hull(y-hull(p}) then p is {'it.h{'r in y-hull(P), in which ra~e 

Wr afe dOIl<', or p is in t.he' ~('t cl,rrerrncc J)('tweell x-lrull(y-hull(P») and y-IIull( P) 'l'hl" 

y-a"i~. Tliu!'> P i~ in x-hull(P}, ~l'r Figtire' 5.2 .• 

Wc ha\'(' !->howlI how to apply thr rCbults of Chapter .J for [hr dc~ign of ~ilJlplc 

algorithlJl!-> to dctcrminc hulls of -rcctilmcar polygon~. In dlls tbcsi~ wc focus on 

comput at.iollal gcolllct.ry problcrn::. ror ~illglc rectilillear polygons Several aut hors have 

. recent!y !>tudird thc defmition and construction of the rectJ1111car hull of a srt of points, 
[ 

and of a collrrtron of r{'ctd'lIear polygo',ls [NLLW~t), l\1FR2a, OS\\'83j. :\ dbru"",oll of 

Q 
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Figure 5.2 u 

Point p is in x-hull(P) but Ilot in y-hull(p). 

1 hc J'r~1I1t ing pl'oblCllls alld ~()IIl(' algoril,llIlI~ :trI' 'IIII'\'<',\'<'d III [OS\\'lt~al The !"('ct ilIlW,II' 

!!:COlllrll'\' of ('011('('1 iOIl~ of 1'('('.111111(,:11' ohJe('l~ is I;('rolld 1 !Je ~('0l)(' of 1 hi., t J\('"i" 
~ , " J' 

~I ~ 

u 

5.2. Movement br Robots in a Rectilinear Envitonment 

,ù 
[,rl a floo! plan of a 1'('('t.ihllr;!1' building (tradilional arl-galler)') be 5\.or('<1 as al! u, \~ 

V(,J't('x l'ectilinear polygon p, For \.wo ;)~)inl~ 10cal('<1 :tnywhcl'c 01_ t1IJ plalle, wr a,,1i 
• ? 

w!tet.ll(·l' the." can 1)(' ('01111('('\.('(1 by a !"('clilincflr palh whi,1I do('~ no.\.'inl (,l',,rcl ail,\' e<lge ' , 

. of p, 'l'hi., JlI'obl('1Jl ." rqulval(,lll, 10 a:-.hlllg wll('lhrr ho!.h Iwo pO)lIh lie in Ihe '>amr­

~ollllec('d ('0111 pOlie Il (, wit.h /'e::,prr!, 1'0 P, I.e \Vllclli('/' 1 he j>oilllto (1re either bolb ilJ~ide or 
• ~ .. Il' 

bot h oUbidc P. The problcm has reccivcd· con";,iderablc attcntion from', both 

" 
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mathematicians as weil as computer scientists Jordan has solved this question by 
" 

noting that a pplygon partitions thc plane into two connccted components the inside of 

P and Its exterior. For simple c10sed curves this faet is known as the Jordan Curve 
1 

Theorcm Wc will u,>c his rcsult as expressed for polJgons 

Lemma 5.2. A [Joint p i8 inside P if and ollly ,f for etlery hori'::o71la/ half-/;7Je 
• 

orrglllalillg at ]J the number of intersertio7ls with p,s odd 

Proof: The proof follows directly from the Jordan Gurv;' Tbeorem and the Lemma has 

bren statrd ebewhere e.g. in [Sh77] • 

) \Vhen counting the num ber of Intersections ~ornc precaut Ion has tJ be takrn if the 

\ 
) hn(> h IlIter~erts P al ~ vert.ex or If h colncldes wlt.h an edge e:/ of P. If h intersrrts P at 

a vc/'('\, wc rount t.he Intersection tWlcr, ln ca~c that both edgcs, IIlcident ta tilt' 

\ert<'x, IIr on the same ~mle of h, otherwise, wc count t,he int.crseclion once. If h and uny 

edge e. cOlllcide t.hen wc rount t.his as two intC'rscctlollS Thus a point can~be tested for 

III ri u~lon ln a polygo n in O( n) ti me If the point loral IOn qllcry is 1,0 be pcrform('d 

rC'pcatcdly then Il, might be advant,ag('ous t.o inv('~t prcprorcssing t.imC' in orc!('r to 

ohta"l fa,tcl' qurry limc" Thi ... appl'oarh ha~ h(,(,11 r"ullllINI by a lIlally l·r~C'a/'ch('J'". fOI' 

Th/'oughoul till" rhaplC'r w(' are inlrn'stC'd III 1Il0VCIIH'nls of robols and thu'> our 

modcl of corn putation IS dlffcrrnt from t.he moclcls uscd in t hc abovc point. lorat 1011 

aigorithllls. Wc assume that a ramc)'a i~ att.arbed 10 the robot enabling tI)(' robot to 

!,cc. Fl'om a given location thc l'obot rail drtC'rmillc III cOIl!'>lant lilllc, thr facÎlIg cdgr!'> 

and it~ lallel .. a~ drflllcd III Cllapl(')' 1 Fol' "hol'( \\(' .. ay !hal (h(' robol cali "('(' (0 1(, 

le fI ;IIICI to il:> nghl FurflJ('l'lIloJ'(', wr i1""IIIIJ(" tha( 1 If(' rohol lia .. a "cll'>or tn »1'1'\('111 II 

fl'olll hilling wall". No global knowl('(lge of t.hr pol)'goll will be rrquired hy tllc l'obot. 

If t.he robot is ollt,sidc t,he polygon P, il. may hapi)cll that in on~ of the four rectiliJlcar 

directiolls no edge is visible, in which case wc say that 00 i8 sew, or that this facillU 

edge i.~ 00. Nole that if thC' robot, IR inside t.he l'ccl ilinrar hull or P, at Jll()<;t. O/IC or (he 
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, . \ 
four farlDg edges is 00, Wc now present an easy test for determining )Yhetber a robot R 

'\ 
is insidc or outsldc a polygon P 

Lemma 5.3. Let (UI,e) be the'palr of labels for the 11Iest/ fast edges as sew by Ihe 

robot R, 

(a) R l8 lnslde Pif (w,e) mod 4=(9,1), 

(b) R i8 out;lde PIf (w,e) mocl 4={1,8) 

Proof: R is inslde P If and only If the east-cdge IS a down-edge and the west-edge 15 an 

'- ... 

up-edge R is outslde P ot~erwise By Theorem 2.1 w~btalD that 1 w- cl =2, If R secs 
'\ ' 

the pair (3,1) as (w,e), th('n R is Insld(' P, sinee I-edg('s arc ~wll-('(Iges and 3-edg('<; arc 

up-cdges fJy Property 2 2 the net-turu betwecn parallel edg('s of ('quai orJ<,ntatlon 15 O. 

Wc oblaiu that for ail pam, (w,e) for wlllch (w,e) moc! 4=(3,1), the robot 15 Jnsiù(' p, ln 

a similar way (b) l'an be shown -

Wc will now assume that R i5 locatee! at a point p Inside the rcctilillcar hull of P, 

but ex(erJor to P ,Let p" PJ' j>i+l, be two vcrtices of P. If the edgc P'P
I 

is an edge 

of the' rectllirlf'ar h\l~ P tlJ('1I P'P
j 

IR callecJ a lid~l(, corre'~pon("ng polygonal chain 

[J" ,p) is c a Il ('cl a ~or/.·et \Ve sI udy 1 h!' quc~1 JOli of how 10 cI('1 ('l'III JJlr t hr ~horl l'~1 

rcctJlllIl'aJ' path fl'DIII a point p III tlll' III(.l'l'JOr of a poch.!'(. to the corr('"ponding Iid, Th!' 

• 
pat h may no! interf.ecl any edgrs of P ln o! !t('r ward", we aRk If t.ll<' robot IS wOI'hlllg 

in'>ide thr ma1e defilH·d by the exterior of l', what IS th!' ~hol·test path to Irave the 
~ 

llIitzl' Wlt 110111, "gOlllg" throllgh walb? Thr t111c1rrl,Y1l1g (h~t anc(' nH'j l'ir Il'>ec! h(,l'e b t h(' 

MIl1l/1IIl/IlII A/clrtr, 1 (' for poillh P=(P.l,)Jy ) and q=(fJ.l' qyl thl' ~Iant.attall dl~t.IIlC(, I~ 

H('feJ'lïng la thr notation III Flgur(' .) :3, bolh p, p#q, q and p, q#p, ct ar!' ~Iior!l'st 
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In the "~1anhattan"-metric the sholtest path from p to q IS reahzed by p,q#p, q or 
p,p#q,q It is tlH'refore Dot umquc 

palh", 

Bef 01'(' "ohillg tlll'" qIH'",IIOII \\(' e\.1Il1I1](' an eil',I<'r prohlPIII Let a robot H bC' 

locltrd al a !>oilll p, in:-Idf' tilt' rcrtrlllJ('ar 1.1111. bill in thr t'xt('r1or of a pol)goll p, \\'c 

,1"''''UI1IP that ~oIII('body l'ft'ch a hori7.0Dtal walLfrolll the e:l",t-pdge to thp \\("'I-edge 
• ~r 

1 hrollgh or r10~(' to point p Such a_ wall i" an~""prnal line·<'l'gnH'nt for p, Dy Th('orPIH 

11\ .1 "'111111.11' cOII .... lrllrllOIl a \,prIÎr,d ",dl rOlll<l 1)(' pI'I'clec!. 

!'rob/oll If a w,dl 1': "0 con..,tl'llr'(pc! c!C'(f'rmillC' (h(' mo\plI\cIII of n "'url! 1 h.11 H 1'" fl'(·C'. 

" 
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The solution will be given as an instruction of the form "go up", "go clown", "go left,", 

or "go right", the semantlcs of which is âpp~rent Lcrt (w,e) and (n,s) denote the label-

pair of the (west-edge, east-edge) and (nor~h-edge, south-edge), respectlvely. 

Instruction Bet: .. 
ln case the wall is horizontal do: if w < e "go clown", otherwlse "go up". 

----ln case the wallis verticaf do' If n < s "go I('ft", othcrwisc "go r1ght". 

Lemma 5.4. Whenever a wall l8 constructed, uSlng the instructious the robot u'ill 

correel/" moue to free itself. 

Proof: A wall represents a segment of a rectllinear cut through the location of R at p 

We can thcrefore apply Theorem 2.1 yielding that the Jabel difference between the 

west-edge and the east-edge is aJways two in absolute value, As the segment joining 

th(' wcst-edg(' and the cast-edgc IS an external line-segment the west-cdgc is an down-

edge ancl the east-ed-ge a up-~dge We have 1,0 determinc if the bounclecl rcgion is 

located above or below the wall. Theorem 2.2 in Chapter 2 deals with this situation. 
, 

We get that if w>e, in particular If w- e=2, then the bouncled region is below t~e wall 

The correct move is therefore 'go up', which IS indeed what the instruction says. In 

.. 
case that w<c, III particular if w-e=- 2, the boullded rcgioa~ is, by Theorem 2.2, 

ahovc the wall. Ther('!9r~ the cotr('ct moveIllrnt is to walk 'go clowu' .• 

C 1 

Lemma 5.5. The s/LOrtest reclilillwr path ;8 1Iot unique. 

Proof: The proof follows ProIll the example giyell i.n Figure 5,3 .• 

\Ve solve l,he shor(.rsl, tcctillnear pat,lI problem as dl'scribcd abovr. l'hl' robot 

IIlOY(,:' only in olle of 1 he four r('ct.1I111('ar dlr('r!,ioll~ A c hang(' of dir('r! ion i .. from a 

horlzontaIIllO\/'ment. to a "l'rlkal movclIlcIlI, and \"ICI' ,'Cfsa. 



., 
L 

Algorithm 5.3: Shortest Rectilinear Path 

; Input: Rectilinear polygon and position of robot R. 
, 

Output: Tbe shortest rectilinear path to free R . 
..e _ 

Pick an arbitrary orientation (vertical or hOrIZontal); 
repeat 

ir one or the facing edges is labeled 00 

then 
. go towards that edge and exit. 

eise 
begin 

execute instruction 
move until side edges t;.hange labels or you 'hit' a wall 

then 

end 
until free. 

change orientation - , 

r 

Lemma 5.6. Lt;t R be /ocated i71side a convex deficiency of P. Then al most one of 

the facing edges ;s 00. 

Proof: The tcsult. follows directly from the tact that the rectiljncar bull is the union or 

the x-hulJAand y-hull. • 

Le~ma 5.7. The algorithm Shortest Rertilinear Path corrertlv finds tlte sltortest 

rertilillear palh [rom p to the exterior 0 f the rectilinear hull. 

Proof: If the robot R sees 00 then R moves in the direetion towards 00. By the 

previous Lemma 5.6 the path is, in this case, unique and thus clearly minimal. We 

assume DOW t.haL R is in i\:'. initial position and dors not see 00, ~h~R cannat feaC'h 
\'-'-. . . 

the lui without rhanging the dircrt.ioll of movability at Icast once. Th(' sbortest 

rertilincar pat,h is thrrcfore non-unique and R can ch.oose a.n ar~itrary starti,ng 

orientat,ion, i.e. either horizontal or verti('aJ. No,w let tbe current position of n bl' 

" Pm-I' VVe DOW 'assume that Pp""Pm -1I is a shortest rectilinear path; whirh can be 

cx~end('d to a shortest path (rom p ta the lid. We will show ho~ t,o extend tbis patb to 

. , 

, 

- , ,:.-

., 

'" . 
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a shortest path rorm p to the lid. For this, we construct a wall pcrpendicular ta 

Pm-ZPm-l and intersecting Pm-I' Tbe endpoints of tbe walls are located on the edgrs 

'-'" 
racing R at Pm -1' By Theorem 2,.2, this wall splits "the outside of Pinto two r<'gions 

( one of them is bound.e~, while tbe other is unbounded. As the path frompl to Pm _1 is 

minimal, the robo~i11 not go back into the same dIrection form which it came, i.e it 

will not enter the bounded region. If at Pm -1 the facing edge-Iabels do not change thcn 

the robot continues walking in the same direction since it remains in the unboundt'd 

region. I~ howevt'r, the racing ,d~e-Iabels chànge tben we can int,t'rpret 1 bis sit.uat ion 

as having two parall('I walls, onr of th('m joining I.he previous faclIlg e'dgrs, the' ot hrr 
~ 

on(' joining the new facing edges. Both walls enrlose bounded regions one 10cat.t'cI 

directly.abovc the wall, the other directly bclow the wall. Thus R is forced ta change 

its orientation. By Lemma SA, R will choose the right direction orientation and thus a 

J ,( , 

unique extension of Pl"",Pm-J ta a minimal path from Pl ta Pm extendiblt> ta the lid is 

founJ: The situation when R eDcounters ('hits') a wall can be seeD in exactly the sam~ 

way as a change of label. -
4 

I,!!rthis chapter, wc have discussed an application of the labeling-scheme in tht' area 

of robot,ics. The solut,ion obtained was 'expressed as a simple .set of instructions. Wt' 

hayc used the labeling-scheme ta solve a problem, whenevcr winding propertics and 

visibility aspect.s were relevant' to its solution. A related movability problem has been 

studied by L. Majocchi and G. R. Sechi [MS84]. The task is to free a mouse from .a 

rcctilill<,ar maze by a sequence of l'eetilin('ar Illovrs. In their model tht:> mouse has ollly 

local percept.ion obtailled by using Sensors. The 1I0se and its whiskers are use d' for 

.dct.ccl ing lateral and fronta.l prCS:lurc. Their objective is ta rind a rectilinrar path I.~at 

avoids entering 'bli~d alleys' and loops. Their primary interest is in t.he area ofproblem 
,1 , • 1 

so{ving and learning. This, 1 as thl'Y cali it, 'Mousc in a Mazc'-problcm, apPl'ars to be a 

fruil.ful t.opic ID this contcxt. They study tbc problcm not ulldcr a computational 
. \ • • J. ' 

('olll·"lr\;il.y point of view, but ul1der th(> a~pcct. of learni ng from Pl'l'violls ex }leri<>l\cb" 
~ 

.,.... 
1 
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and th us t.hey do not. include a complexity analysis. 
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. " ) (, Chapter 6 

Decomposition Techniques for Re~tiliJear Polygons 
. \\ 

_. 
/ 

6.1. Guard Placement Problems 

The rernamder of this thesis is devoted to the discussion of sonie deeorn]>os~lon 

problems oreurring ln -rcctilincar geomet,ry, In the introductory chapter, pattern 

recognition and ::.hape analysis ~e~cntioned ~s pos~ible arcas of application of 

dccompositions techniques. ~rimary interest in t.hese techmques is their 

computational geometry aspect, wnere orten il. problem is solved efficiently by 

.. decomposing it into weil ~~efined smâller subprobtems, whicb arc subsequcnLly rnerged 1.0 

obtain a solution ,for the ('nti~g....problem. As we will show, this task occurs w}wn sol"ing 
~ .--.... -----

guard placement problems i~ ~aditional art-galleries, i.e. art-gallcries whosc f100r plan 

ean be described by rectitnear )olygoD:3. This problem, as studied by [KKK83j, is a 

variant of the (general) art-gallery problem due to Victor Klee, mentioned in the 

Întroductory chapter. In iLs gencral form, the question can be posed as follows: how 

many gUtlrds are always sufricient and s?rnE'tirnes necessary to sec the inside of an n­

vertex simple polygon P, whrre guards are assumed ta be located at stationary pOints 
• 

inside P. Guards "sec" in the scnse of internai visibilit,y as dcfined prcyiously . 

. 
V. Chv:lt,il [Ch75j'has shown that t,he answer for an arbitrary simple n-vertex . 

polygon is 1; j. Lat" Fisk Wi781 ga,e a simple~ argument lor the .ul~<iOh<y b.sod 00 

the ract that 'tbe graph obtain~d by triangulating a simple polygon is threr colorable. 

Any triangulation can he secn as a partitioning or the polygon int,o coùvex picccs. Eurh 

t~iangl{' contains vertÎces of each colol'. therefore by placing guards at ail vertices 

1. 
buvmg the sarne color, it is ensured that the entire polygon_ is seen~ Fisk eomplet.es his 
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argument by pirking the color occurring Icast freqllelltly. <-
, 

In a som("what similar way Kahn et al. [KKK83j showed that l '41 j guards are 

always slIfficient and for sorne ('x am pies also n("ceMwry 1.0 gllard any rect.ilinear polygoll. ~ 

'Vr rder 10 this result as t.he Hectilinrar Art Gallery Theorcm The idr3 pursurc! in ~ 

[h:lü':R3j I~ to cOllstr.uct a fou'r-rolorable graph with the property that placing gllar(~ Cl! 

ail vrrtices of any choseo color will solve the guard piaC'ement problem. Theo by picking 

the least r,equ,ntly occu"ing color, the 1: j bound on the ,U(fi'ien,; or th~ 9umber or 

guards is obtained. The four-colorable graph is readlly obtaioed from a (convex) 

• quadrilat.erization of tbe rcctihnear polygon. Wc giv~ the construction: insert a pair of 

intcrsecting diagonals ioto ail convex quadrilaterals as illustrated in Figure 6.1. Witbin 

each quadrilateral, each vertex Îs connected to ail otber vertices, implying that at least 

four colors arc necded. The sufficicDCY oJ four,.".olors follows by a simple inductive 
~ 

argument. Notice tbat the convexity of the quadrilaterals is crucial to ensure that an 

cotire quadrilateral is seen if a guarc]" is placed on any of iLs vcrtices. Wc poin\.ed ou\. ).. 

previously that not every simple polygon admits a' decomposition into 'convex 

quadrilaterals. The bard part of their [KKK83] ratber Icngthy proof is tberefore to show 

the cxbtence of a quadrilaterization for any rectilinear polygon. Quoting from tbeir 

p~per [KKK83 p. 1971: "In many places in our paper our proofs depend on certain 

configurations having particular properties which appear to follow obviously from the ., 
relevant definitions ..... Howevcr, as is orten true i~ geomctrical problems, despite tb('ir 

"0 bvious trutb" is secms both time-consum i~g and tric ky to providc rigorous proofs of 

thesr assertions." .. 
\Ve found another aspect of the quadrilaterization problem rather intrigjg: 

Whercas it is easy to triangulate a simple. polygon 'by band', it is much harder to find a 

convex qU,adrilaterization of rectilinear polygons. Whcre is the problem! Solving the 
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a 

b 
~~----------------

b 

b c 
Figure 6.1 

A four-coloring of a' graph obtamccl by inscrting a pair of intcrsccting diagonals III t'ach 
CODVfX quadriJateraJ. 

problcm manuaHy, cyen for rectilinear polygons with a small number of vertices, we 

ofLen end up with triangles or concave quadrilaterals, in which case we IDight ~~e to 

backtrac k, possibly eyen to the first diagonal inscrtecl. O'R,ourke -[ORB3J compares 

quadrilaterizatioD to a manual gu.ard placement pointinf>out: "It is quite difficult to 

find a convex quadrilaterization by band, whereas it Is a simple procedure to place 

guards by hand and eye on eyen quite large rectilinear polygons". 

'. 
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While Kahn ct. al. mainly proycd t hr ('xi!'t cnfc of a convC'x qlladrilat C'riwt ion for 

rect ilill('ar "olygon .... \\e arC' primarily illt<'rC' ... t('(1 in gi\ illg (·rfifirnt algorit hm" for ~hi,,~ 

thi" probl('In. As a by-product of our dis("us!.ion ~C' \\111 obtain an (').i ... trl\("(' proof. BdorC' 

pr(,~cllt illg our algorit,blD~, w(' will give an oVt'rvi('w of t.heir proof. Thry fir1lt II1t rodll(,,(, 

the ('on('('pt of reducibilit.y: liA (finit,e) rectilint>ar rt>gion R is r('duciblt> if wh('J)r\,('r C\'('fy 

~mallrr fjmt,e rcc(.ilincar rcglOD is conv('xly quadrilatcflzabl(' t.Il1-'n sa i~ n". By '~lIIallt'r' 

tll(') lIlC'an, in tlll<; (,,:I<'C', f('w('r \'crtIC(' .... Nr ... t th(') gl\·('-; ... ('\,('ral rrdll("tlo,,'" for r('("tillJlcar 

pol.\ gOIl" Tllc ... (' rcducllon ... arc bCll1g prrformrd b)' r('("ogni7.ing ("('rI :un configuraI iOIJ<; 

ïr .... idc thc pQlygoll, Thclr proof is cornplrt('d inductivcly hy showing the cxi~t(,I1(,,(, of Olt 

Ica~t. on(' slIcb configurat.ion in any giveD rectilin('ar polygon wit.h more t han four 

v('rticrs. 

6.2. Quadrilaterization 

Polygons \. 

of Rectilinear Star-ShapeQ 

ln lhis section, a linear-t.ime algorithm is prcscnted for decomposing rect.ilincar 

st.ar-shap<,<l polygons (RSP) int.o ("onvex 'quadrilat.('rals. Recall tbat a polygon P is star-

sbaped if there exists at least one point in P which can see the entire po/ygon. 

Arbitrary star-sbaped polygons can be triangulat.ed in linear time ISc~80J. The obvious 

way of </lladrilaterizing RSPs, namely 1,0 triangulat.c the polygon and tben 1,0 r('move 

every olh('r edge, fails. The reason for this is tbat such a decom position may cont ain 

cont'avc quadrilat.erals, as illustrated in Figure 6.2a A correct quadrilaterizat ion or the 

polygon in Figure 6.2a, is illustrat.cd in Figure q.2b. Our approach is to partition the 

polygon . Pinto two simpler componcnLs, I.e. pyramids, botb admitting 

quadrilatcrization. 

\ 

" 
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Only if we allow !>wapping of diagonal", a ronwx CJuadrilatrriwt ion ran h(' ohl aill('d 
from 1 hl' giv('n triangulation 
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6.2.1. Partitioning Rectilinear. Star-Shaped Polygons into 

Pyramids 

Fir~t. wc n'cali sorne propertirs or rcct.illn('ar star-shapcd polygons and introdure 

SOIne- nolation. Denote the. vcrtircs of the exlreme edgc5 as in Figure 6.3, abo Ict y(p) 

denote the y-coordinatc of point p We have dcfined a stalr as a polygonal chain 

monotone ID both the x and y-direction. Furt.hcrmore, wc have shown that the C'xtrcl1lc 

edges of any rcctilincar star-shapcd polygon are ronnectcd by slairs. If _we extend tbe 

horizontal and vertical edgcs at a reflex vertex towards the Int('rior of .the pplygon, we 
. i 

geL the shadcd area in Figure 6.4 Sc hacbter [Sc781 calls tbis area tbe i n1ler ro1le. A 

reflex vertex v IS up-looking, if the inner cone is DOt. below lhe ~oriz~ntal lioe through v, 

cise v is dO'U11l-l0.0king. In Figure 0.'1 (a) v is an up-Iooking rcflex verl.ex, whereas in'(b) 

, 
" 

< 
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Figure 6.2b 

A ('oove" quadriJateraLizaLion of the polygon in Figure 6.2a. 

v is ~ down':looklng r('f1e~ vertex. 

\Vr c1rrillC'c1 a pFarn i-c1 as a rpdiliuC'arly' ('ollvex hi~1 ogl'am ane! ~hO\\'('d 1 hal a 

P) l'amid ha:-. two slair·s. Now w(' illuf,l.raf,r ho\\' to d('rompo~r an HSP rnlo two 

pyl·alllid~. Fir·~1. wc filld Its krrll('I; t.his is sl.raiglll.fol'ward 00('(' 1 hl.' c:,: (.l'rll1r J>oinl.s :"rc 

knowlI, M'C Chapter 32.2. The krrnel rontains at least one point x. Then we comMuct. 

a horizontal linr through x. This line intersecl,g the polygon P at two point,s say p and 

'1. BC'r01usr P is star-sha.p«,d p and q arr locat.rd QII tllr 'J mlD' .r mn cdgcs, \-Vith I.h('s.e . 
two Steiner point.s p and"q wc can split the polygoll inlo two pyramids (s('r Figure, 6.5). 

Thr I,wo pyramidE> arr (p, , .. , te, tr> ... , q) and ('l, .. , br' bf, ... , p). In ChapLrr 3.2.2 'Ye 
, .. 

pre~cntcd a procedure to determine the kerncl of a r('ctilinear polygon in lincar time. To 

compute the intersection poiots p, q is then trivial, sa that the eotire procedure can be 

executccl in linear time. 

, 
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Figure 6.3 

A rectilinear star-shaped polygoD. 
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~igure 6.4 
(' /' 

(a) (b) 
An up·looking reflex vertex , A down-Iookmg refl('x Vl'rlC':\ 
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Figure 6.5 

Partitioning a rectilinear star~shap('d polygon into pyramids. 
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6.2.2. Quadrilaterization of Pyramids 

ln t.hls section wc show how to partit.ion a pyramid into convex qlladrilakrals, 

Withollt. loss of generality wc assume that t.he pyramid is oricnted in sueh a manner 

that pq is the top edge, Let L = .el' ".en and R = rI> '/ ,rm be t\Vo lists of vertices 

wit.h n,m clements, respectiyely, 

Aigorithm 6.1: Pyramid Quadrilaterization 

Ir/P1ft' A pyralDld p, 
\ 

Ou/put' A conve>.. quadrilatematlOn o{P. 1 

Step 1: 

SI cp fJ; 

Starting at the y min cdge rs eonstruct tJwo lista L, R: 
L := aIl reflex yertices on the left st.air 

such that y(ll) < .. ' < y(ln); 
R := Ali reflex vert,ices on the right sLair 

such that y(r l } < .. , < y(rm ), 

1.=1; j:=l; (* initializc *) 
while (i s n and js m) do 

begin 

S'lep 9' 

join l, a.nd r
J

, 

if,y(l,) sy(r]) 
then i:=i+l 

else j:=j+l 
end 

if i>n 
then join ail points r J' .. , r m to p; 

if j>m 
then Join ail point.s e,. ,en to q 

ail 11Oi71 (8 .e" "1 ek are ioilled'to r)+I' as ;Uus(rated in' Hgure r/6, 

Lemma 6.1. !'ym11lirl,q ra11 be qlladrilaterizecl in linear time. 

Proof: If both st.ail's al'e em'pt.,Y, the' polygon is ah'('~~dy a COllVe'X quacll'ilatfl'lll ~1Ic1 t~le 



.. 
Figure 6.6 

Ali reflex vertices between e, and t 11 are joiued 1,0 r 1 +1 . 
~ 
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algorit.bm st.ops. Let the polygon have al, least one non-C'mpty st air. The algorithm 

creat,es polygons, say QI' ... , Q d' 

We have \'0 show that: 
(i) Qi' ... , Qd are quadrilaterals. 
(ii) QI- ... , Qd are convex. 
(iii) No two pofygons QI' Q 1 intersect (properly). 
(iy) The union of ail QI' ... , Qd is ('quai t,o the polygon. 
(v) The algorithm runs in liuear timc. 

(i) From the algorithm il, is clear tbat every pair of consecutive reflex vertices iD the left 

(right) st.air is joined 1,0 a common vertex in the right (Ieft) st air, thcrefore the 

componcnt.s are quadrilaterals 
a 

(Ii) Let v be a reflex vertex on the left stair and refer 1,0 Figure B.7. The roncavity at v 

" is broken by any diagonal located in region B. The algorithm produccs a 

diagonal vw sucll that 

(a) w is locat,ed on the othcr st air; therefore vw is Dot located in regioD A. -
6 

(h) y(v) s y(w); therefore vw is not located in region C. 

Ali ot,hN rC'flex vertÏ<'rs arc handled in a similar way. Sinec ail otht>r angl('<; 10 

the quadrilaterals arc eith('r ; or less, the quadrilat,erals are con~ex. 

, 
• t , 

, J 

,; 
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Figure 6.7 ( 

The roncavity of v is broken bj inserting any diagonal licated in rcglOn n. 

( 
(iii) Since the' vertires arc scanned in order by incrca~ing y·coordinates, it follows 

trivially th1,\t no t,wo quadrilaterals interscct. 

(iv) Each reflex vertex 15 containcd in at least two q)Jadrilaterals. ,Eaèh convex vertex 

(cxrcpt. r, s (p, q) the bottom (top) vertires) is locatcd between t:wo reflex 

ycrtirrs and is therefore cont.ained in the respertive quadrilat.~ral. The yertïces 

li 0 

,r,s (p,q) arc included in the lowest (highest) qultdrilateraJ. Thùrfore' the ,union 

over ail quadriJat.crals is cqual to the ent.ire polygon. 

(v) Thc1funning.t.ime of Stcp 1 is proportional to the sum of thc number of clements in 
, , -

bot.h lists and is thcr~fore O(n). For Step 1 no sorting is nccded as t c staits are 

monotonc . .Adding an cdgc in Stcp 2 and 3 ta~rs' cons 
, 

0(0) times. Thercfore the total run.ti~c is O(n) .• 

, ' 
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Remark 6.2. Let v be the vertex (on the left slair) joined to 'p and let r be t he ,'criez 
, , 

(011 Ihe r;ghl s(air) joined to q. If y(v}> y(r} the algoritltm joins reflex ,'er.tices 10 q. 

Otherwise y(v} S y(r} and the algorithm joins reflex vertices to p. Thi8 folloU'8 
1 

i11l1l}ediately fronf the algorithm. 

Remark 6.3. We 1l0'W describe a gweralizati07J of a pyramid which will be useful in 

the 71ext section for mergi11g decOTn1JOsed pyramids. Let P be a pyramid wilh pq and sr 

as top and boltom edges, respective/y. Let LS(r,p} and RS(q,s} denote the left and right 

stairs, respective/y, of P. ln a pyramid any horizontal edge P.PJ ;s such tltat "Y(P.} = 

y(p J}. lVe wn generalize these pyramids to worn-down pyramids by a/lowing Y(P.} s 

y(p J} in LS(r,p} and letting y(p J} s' y(p.} in RS(q,s) for any top edge P. p J in P. Wc also 

a 110 III Ihe'ba/5e-edge of the pyramid, i.e. the Ymm-ec/ge, t.o be non-horizontal, protlided tltat 

both it·s endpoints remain be/ow the lowest reflex vertex in P. See Figu~e 6.8 for 

ilItI.~tration. To obtaill' a conl'ise notation let us cali the resulting polygonal c;hains 

.w'or.n-down 8tairs. lhs easy to sec that with Algot:ithm 6.1 these worn-down pyramids' 

can also be decamposed into convex quadrilaterals sinee the interior angles that wert 

, '1!' ' • 
previously '2 are still less than 1l' and are therefore convex. It fol/ows thal worn-do1L,t~ 

pyrmr,;ds are reett'linearly cotwex, edge-visible po/yuons 'wilh, an alternating sequetlce, of 

vertical edges and possibly slanted cdges. 

6.2.3., Algorithm and Proof'of Correctness 

In this section wc prescllt an algorithm that soives the problem of'decomposing a 

r('ctilin('~r sta~-shap('d p~lygon Pinto convcx quadriJaterals. This result was the first ~ 

knowll ;Jgorithm (,0 'quadrilatcrizc 'any c1ass of rectilinear polygons. Wc state it in its 

formulat.ion' as givcn in [SaT81]. 

j' 



\ 
\ ' 

~, ,0' 

105 

t 

p __ --~-------------t-.~Q 

r 

Figure 6.8 

A worn-down pyram'ld. 
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Algorithm 6.2: Quadrilaterization of Star-Shaped Rectilinear 

Polygone 

Input: A rectilincar star-shapcd polygon P. 

Output: A convex quadrilaterization of P. 

Step 1: 
, , Decompose the polygon Pinto two pyramids. 

Step 2: 
Decompose the pyramids obtained in Step 1 into convex qua~rila.terals. 

Step 9: 
Merge the decompositions (the details arc giv'en below). 

. " 
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Theorem 6.1. ,The Aigorithm 6.fJ ]Jartitions a git1en rccli/inear n-t/erl,er 8lar-shulJcd 

!Jo/ygon ;"'0 ro1ltl;r quuclri/atera/8 in O(n} time. 

Proof: It was shown prC'viously t,hat the part.itioning st.('p int,o ~ymmid, St(·p 1. can he 

done in O(n) t,ime. In' StC'p 2 w(' apply Algorithm 0.1 t.o bot.h polygons r('~ultillg frorn 

S('p 1. llsing Lrlllllla n.l 1 his I,a~('l\ linrar t.illlC'. According to SIep:} wC' have to lIl('rgC' 

1h(' two drcolllpol\ition'i obtaillC'eJ in SteI> 2. As the l'olJ'gon P is I-ot.ar-slmped tltrrc' arC' 

ollly (,\\'0 cas('s (0 b(' cOllsiclrrrcl: (a) TIl(' int,C'rvals [y(ld: y(lbl] ancl [y(rd. y(rb)} arr 

su'Ch that J1('ithcr is contained in the other, and (h) One '~f the intervals [y(ld. y(lb)]' 

[y(rt ) , y(rb)] is containecl in oth('r. 

~ • ) 0 

(a) Wif.hollt. loss of genC'ralit.y Id. y(ltl > y(rtl and y(eb) > y(rb)' and r<'fer to Figure 

(U). W(' h~w(' not.ic('(1 l'r('viollsly that. in t.his C(lS(' th(' I.op polygon-d('compoc;it.ion 

cont.ains edg('s from IJ, t.o p for som(' vahJ('s ôf i. Similarly t.he bot.tom polygon-

dccomposition contains ('(IgeR from qJ 1,0 q for some j. 
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Figure 8.9 
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The quadrilateralizations or the, top and bottom pyramids. 
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/ l:J,ow repince ail edg" p, p iD the top poly go. by V,l, and "II ,dg., qc 
the bott.om polygon l)y Cf)rt. , 

Figure 6.10 

A quadl'ilaterali7.at ion after J1J('l'ging t,he part ial quadrilaterali7,ation of Figure o.g. 

By doing this 'we rcplace in cad of the conccrncd quadrilatcrals, locatcd abovc 

and, bC'/ow pq, cxacl,ly onC' ,v~rtcx, thus obt.alning a ncw quadrilat.cral. As.eb is 

bl'Io.,w p ancl "t is abov(' CI, t,hl's(l CjullclJ'ilatcl'llls rrmaill ronvex and canllot 

intrrsect.. FurtlH."rmorc, t,h(' hcxagon form('d by delrt.ing pq, narncly (p, v, "t l q, 

u, lb), ('Icarly becomC's a convcx quadrilat.rral, si nec it, C'ontains t,wo parallel cdges 

tbu and vrt • This procedure applicd to the polygon of Figure 0.9 yiclds ,the 

decomposition-of J;igurc 0.1 O. 

(h) Without ,Ioss Qf gcncrality let [y(id, y(eb)] be <:ontaincd in [Y("d, y(rb)J and rcf~ ,t'o 

Figure 0.11. h~ this case y(lt) :s y{rt) and y(lb) > y(rb), and ,vit.h t.he Rrmark 

~-------~-----
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Figure 6.11 

A worn-clown pyram id p., -outlined in bold, is rreat.ed. 

, ' 

ü,2. wc ~('(' that, in ('ad, J>yramid OIlP or 11101'(' r('flrx nrlÏ<'ps :tl'r joill~d ta q. In 

t 1)(' top pol.~goll, kt. t, b(' t.h(: higllrst v("rtrx 'join('() to <J, and leL u he t hl' low(,~t 

yert rx joined t,o t. (u is Ilot ('qllal t,o q). In the bot tom pyram id, kt, w be the 

lowest.vert.ex joincd t.o q, and let. v be tIIl> bighest. vertex join('cl t.o w (v S DOt. 

equal t.o q)., De\C't.e ail d('(·ompoRit.ion-edgC's t.o q. Furthcrmorc dr\clC' p, q and pq. 

'l'lwn ronsidcr the polygoll p'=(u, rI' rb' v, w, ... , t). As vis not \oratrd above 

• • 371" 
w. and Il is Ilot lorat (,d uplow t., l' is a worn-clown pyramid. Hot at.(' f1 bl' -

2 

(clorkwi):le) and qaadrilaterize it. (In practice one woulcl implement Algorit.hm 

6.2 s'urb that tbe rotation Îs avoided), The bottom-to-top approach of Algorithm 

6.2" woulcl bccome a Icrt-t,o-right (or right-to-Idt) approach.) The new 

decom position cdges insidç p' cannot interfcrc with the dccom positions outsidc 

P'. Applying this procedure 1.0 the decomposition of Figure 6.11 yie\cls' tbat 

\ 
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Figure 6.12 

After mergiDg tIte quadr~lateral'lzations of Figure 6.11. 

l'ohown JI1 Figure 6.12. The merging ~(.ep i~, t.hrrrfor<,, <'JI hrr sI raigJ1t forward or 
'. 

applies Le'lllm:l (i.1 to ,,' In hot.h cases thr J'un-time' i ... 0(11). \V(' cali condlld(' 

tl!t'rdore t.hal. t.he t.ol.al time J"('<[uire(\ 10 (kcolJlp~~(' ;~ .. ('("t.ilillcar ~I"r-~haped 

polygoll Înlo convrx qlladrilakrals is O(n) a 

6.3. Q uadrilaterization of Monotone Rectilinear 

Polygons 

/ ln tlll" section we extrlld t.he re~lIlts of S('cLioll 0.1 and Û 2 hy c!e\'elopÎng a IiIlPar-

-
(Jllt(' algorithm for flIIding a ("OllYC:\ quacll'ilatC'rization of a monotone rC'ctili!)par polygon 

P. 1'1)(' following algorit.hm rrsults from rnrrgillg algorithms dcsigned by [E182] and th<, 

. aut.hor. Hecal! from Sect.ion 3.2.3 tbat any monotone rectillDear polygoD is monotone m 

the _ x-direction or the y-direction. W.J.o.g wc assume this direction 1.0 be the y-

dirrdion. The'two rcsult.ing extremal cbaim; are refcrrcd t.o al'i t.hr Icfl chain and right. 
,r 

chain, rrsp('ct.iyely. .An edge pq of ~implc polygon is called a lop-segmeuf if hy 

" 
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replacing pq by pq#p and qq#p one vertical edge and one top-edge are created (s!e 

Figure 6.13'. This generalizes the notion of a top-edge in a rectilinear polygon. In a 

similar fashion, we can define bottom-st!gments. We will refer to bottom-segments and 

top-segments as segments of the polygon. Note that we consider top-edges and 

bottom-edges as top-segment, bottom-segments, respectively, howev~r, a vertical edge 

is not a segment. 

"ure 6.13 

A top-scgmcnt pq; pq# p is a. top-edge and q# pq is a vertical ~dge. 

6.3.1. Algorithm and Proof of Corr~tneBS 

Wc will first sketch the algorithm. The algorithm rreatt"s a li~t, e! .... ,en • of ail 

horizont al <,dgcs in P, sort.cd by dccreasing y-coorclinatcs. The cdgcs in thi~t arc 

exa~ined one by one starting with the edge of maxim um y-value. In case tha~ a top-

edge is encountcred, it is pushcd onto a stack, S. In case that a bottom-edge el i~ 

encountered dcpc,nding on th'C relative position or the top of stack edge and el one or 

two diagonals arc inserted. These diagonals part.ition Pint.o two or t't('c polygon'l. 
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respectively. One such polygon will be shown to be a worn-d?wn p~d. For this 

pyramid a quadrilaterization is obtained by applying Algorithm 6.1. The remalnlUg 

polygon will be shown to be quadrilaterizable, The top_oLstack-edge is either an edge 

of P or a diagonal inserted into p'" at a previous stage. We will store the items in S as 

l'am, of the form [d, fl The first field cl, 15 èlth<.'r an cdgc or a diagonal. The second 

field f, takes a value in {L, R, B}, depending on whcther the enclpoints of the segment 

belong to the fcft, righ~, or both chains rcspectively The fIeld-value of an edge e, IS 

denotcd by J" Let d, d
J 

be two dl!l.gonals wlth rightmost endpomts located on the 

right challl. Then d exte~5 Jurther instde P than d
J 

if its leftmost endpoint IS further 

~? th<.' Irft than the leftmost endpoint of dl' ~imllarly, for diagonafs whose Jeftmo~t, 

<.'nelpoint!, are located on the Idt chain, Wc are now ~Me tb statc 1 he algorithm. 

Algorithm 6.3: Quadrilaterization of M~notone Rectilinear 

Polygons 

Input: A monot.one rert.llinear polygolJ P. 

'Outpllt: A qua<lrJlatcl'lzatlO1l of P , 
sort, t ht> hori7.0nUll edges of P by y-roordlllat<.'~. 
IcI. el' ... , e" be't.he rr~(jlt.ing SOJt.c.d edgC'-hst, 
InitialJze the stark S' '= [l, Hl; 
(* The top edge of the first pyramid 18 pushed *) 
(* its ficld-valuc'illclicates that it bclongs to both challl~ *) 
. 2 ...... (.= , 

while j < > Il or. S < > elTlpty do 
begin 
, if i=n then 

rail p)ramid é1(,COlllpO~I(,ioll a,lgol'ithlll rOI' ~tarl ('olltC'nt and e,. ('\~t. 
if e, I~ a top-~('glTl(,llt, then 

~*ra ... ('(a)*) . 
begin ' 

(* :tugmr!lt t.hr P'\ ramid ront,ailled III S * ~ 
s·= [l, rr~pC'rtlvl' fi('ld-valueJ, 
i,:= 1+1 

end 
else 

if 1:, i::. a bot,\om-spgmcllt. then 
begin 

1('. f] .- POP(S), 

" 

./ 
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-(* the top of stack is popped *) 
if f=b or {e and el are on the same cbain } th en 

(* case (b) *) 
begin 

end 
else 

join e and el by a diagonal d; 
(* A convex quadrilateral Îs oùt off *); 
if e is further insi.ùe P than el 

or e has field value B then 
begin 

S := [d, r~ctive field-value]; 
(. pyramids are wearing down .) 
1 i + 1 

end 

(* case (c) *) 

112 

(* e, e, are on opposite chains *) 
begin 

join e and el to form a convex quadrilateralj t' 
(* Two diagonals, callcd the higher and the lower, are insertl'(l*) 
S := [the higher diagonal, respective field-value]; 
(* (\. pyramid is eut off from tbe 'rcmaining polygon *) 
1 :== i+l, " 
S '= [the lower diagori'al, field-value B] 

~d ~ 
end (* if e, is a bottom sC'grncnt *) 

end (* while loop *). 

Theorem 6.2. Aigonthm 6.2 quadrilaterizes monotone rectilinear po/yuons in 

/inear time. 

Proof: Since Algorithm 63 examines' each edge at most a constant number of times, 

t ht'. linearity of the timc-complexit,Y follows~ We show t'he rorrectncss of the algorithm. 

Wl' firl>t dC'fill(, th(' stark propC'rty, rall('d propC'rt,y (X). Th,t'n Wt' show t hat. aft(',r (,1!ch 

.. ill'raUoll t.hrough thl' main loop of the abovl' algorithm, t,he stark propl'rty is 

maintai',I(,(1. 11'11(' stark prop('rt.y (X) is ddin('d as, 

(i) 'l'hl' stark S contains t.hl' Il'ft and right r hain of a worn-down pyramid and no 

otht'r cdgl's. • 
(II) No two segml'nts in S contain point.s wit.h thl' ~i\me y-value. 

(iii) If c, is thl' n('xt. ('c1g(' (or s('glllt'nt.) ~xafllilJ('(1 in th" whilC'-loop of ,\Igorithm 

0.:3, Ih(,11 e, is rOIlIl('r(,('c1 by a v(,l·tir~d lil1(, to Iht' low(·~t l'c1g(' in S 10('al(;1 OIJ the 
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same chain as e" 

We will motivate the definition of tbe siqck property (X). If (X) bolds then if at 

sorne time during the execution of the algorithm, both endpoints of the two chains 

c~ntained in the stack are joined, a worn-down pyramid Îs compl~led. By Remark 6~3 

. these worn-clown pyramids are quadrilaterizable. A cali to' Algorithm 6.2 has the eqect 

of quadrilaterizillg this pyramid, tbereby cmptylDg tbe stack contents. The last edge 

examined by Algoritbm 6.3, is the edge witb mlllirnum y-coordinate. Smce tbis edge 

jOins the eudpoints of the monotoJ;le chains stored III S, by the above, Algorithrri 63 will 

alway~ be able to terminate with an empty stack The main step of the proof IS to 

show tha.t the stack property holds arter each Iteration of the main while-loop. We glve 

an inductive a~"5'"n the edge number, i, in ~ortcd list of horizontal cdges in r. 

Init.ially, when 1=1, the edge el' with maximum y-coordmate, is pusbcd Ollto S It. 
• ~ ~ J 

shou/c1 Le c1ear that in. this case ~he stack propcrt,y (XtzÈ0lds. Now leI. [or i-l, S 

~a(,l~fy (X) We have to show tltat aft('r e, has been examinrd, (X) is still satisried. For 

this we distlllguish betwcen the cases: case (a): e, is a top-edge; case (b) and Tc): el 'Ïs a 

bottom-edge. The ca~e enumeration corresponds 1.0 the ~fgorithm description. Without .. 
loss of gcncrality let us assume that the current edge e, is located on the right chain. 

(a) Edgr el =[1j-I[1, is a top-('dg~. Conslc!<.>r t.he /owc!St \'('1'(,(' X , PI..' in S whirh is 
• 

loqllrcl on thr righ(, chain. 8y stack ]lrop<.'rty (ill), [1'-1 and /11.. a..re COllllcd.cd ,by a 

\'cI'(ic'1l lin('. The algorif,hm will push th 1." edg(' e, 001.0 S. Ab el is" a t,6p-rdgè and t.l)C 
» 

cdgcs are cX'l>In iDed iD sor(,cd ordcr, properties (i) and (ii) hold. The next horizont al 
e 

t'dgt' on the right chain is e, +2 Ih a rpctilinear polygon horizontal and vertical cdgrs are 

~ 
l ' . , ' 

l '.l, ("') 1 ." a trrnatlllg t,us prpperl,y III a HO rcmallls t.I'UC. 

ho .Iy bol h, p and q hav{' 1J\lIIimurn )-vaiur in S. Ot 1)('/"\\ i ... e, 'hy 

any ol,lI('r vcr(,cx ('urrent Iy ~tO/'cd in S. Jn ru~(' (r). w(' \\iU 

and e, arc /oratrd 011 opposite rhaill"', i c, both rlldpoiflt~ p 

'\ 
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and q are on the Jeft chain. An other placements of p and q onto the chains arc 

ilIustratcd in Figure 6.14. As p and q are on opposite chains, by the initial remark, the 
, , 

stack was empty before pq was ·pushed. Thus after popping pq, S is again empty. The 

diagonal pp. is inserted into P to form a convex quadrilateral p, q, P.-l' p.. The 

algorithm subsequently pushes PP. ànd' thus, similar) to the initialization St('p, (i= 1), 

the stack property ('X) holds. In other words after pu~hing the segment a new pyramid 

is initialized. 

We now examine the case that bath P and q are on the right ohain. By induction, 

pro pert y (iii) holds and thus PI' p" q, Pj _1 farm a convex quadrilateral. The algorithm, 

in this case, correctly inscrts thè diagoiml PP. cuUing of a convex quadril~tc~al. If this 

diagonal is a top-segment, a fad that the 'algorithm detccts by verifying 't:hat P. is to 
l ' ' ...,. 

the righl, of p, then the stack is augmentcd by a push-operation PUSH(pp.) thereby 

sati5fying (i). OtherwIsc, in the case tIraI, PP. ia a bpttom-ségment, the algori~hm does 

Dot push aDY segment or cdge. Furthermore, for tbe next execution of the main while-
• 1 

loop, el is merely rl'placcd by PP •. lt rem~ins tci show that for both situations . , 

pfopcrtil's (ii) and (iii) hold. 
" '{ 

I}y induction, propl'rty (ii), ho'J~s and thus' no point in S ,Iocated 011 a segment or 
__ / r' f' 

:;/ , ' 

vert i:al edge on the Icft chaio has al' y-coo,r.d~:ai:~ j!ctw~e~ that -of P aud '1. , Th: 
,j « , • 1 l , ' ~ 

dia~ollid (edge~ with rnioi"!um .dista~~e' in y-~?or~nQ~t~ to: tj is. pq, thus n'o s('gmer~t 
1 . ' 1 l , 

otber tban PP. cbnl,ains a point with- ~;:'tootdina1.l', h('twl'C'n t.hat of p, and 'PI' PropC'rt,y 
'O',' • • 1 

o 0 • 

,(ii) is tbus satisfied ·either in c~se',that the se,gmcll_t PP. 'is. insertcd into S or th ut Ci IS 
, , 

replaccc! by PP., 'In a rC'ct.ilincar polygoll; bOr'izontal ~~Hl 'Vcrl.ical c'dgcs alt('J'Jlate. In 
1 J, , 

q,1<' C(1.:>(" l.hal: 'PT', ~l:I pUHilCcI, e. +1 sat.isr~·es propl'l·t,~' (iii.): - Ot.hCI~wib(',.110 <,dge ill push<>d1. 

arrd t hll~ in t.he ,rnai~ loop; PP. replacC's ,el' TIf\:s by ir)(.I~\qon, prO~;rl,y (iiir must si ill 

rC'rnain Irut', _ 

r \~ 

(c) Wc now examme the' casl' t.bat bot.h p' and ci hre (ocMet! ou tire f('(t chain, ' 

.' 

, 1 

,1 
1 
f 
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e· 1 

Plaçement of p,q w hen q is on t.he right 
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Figure 6.15 

Both p, q are on the Icft chain. The shadcd are!\s arc empty. 

( 
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(Figure 6.15). By indurtion, proprrty (ii), the quadl'ilatcral p, 1), -I#P, P. _1#</' Ci is 

empty. (J Il case tbat. pq is a horizontal edge the CI uadrilatcral collapscs and is t!trrrforr 

trivially empty). As pq is the top_oLstack segment also P.-t#P, P._I> p#P.-bP is 

cmpty. Since pq is a top-segment the vert.iccs P, -1' PI' p, q for.m a convex quadrilat.eral. 

By inscrting the segment qp, _1 the algorithms completes a worn-down pyra-mid storcd 

in S. This worn-down pyrainid is subsequently quatlrilaterized by calling the pyramid 

quadrilaterization algorithm., As' q, PI-l#q, PI-t' p#p, is empty, PPI is a top-segment 

of a ncw worn-down pyramid to be storcd in S. The validity of Properties (i) and (ii) 

follows. Botb p and p, are linked to the uncxamin(;!d chains of P by ~ertlcal edges thus 

(iii) holds .• 

The following remark is importa~C for Section 0.1. 

Remark 6.4. Ruall that the hqfizontal edge8 of Pare Borted accordi11g to the y-

roor'dinales. Let the resulting 80rtecl List of edges be e tl .", en" Let Ci, edl be two 
, 
Mttom-edge8 consecutive in the list and adjacent on tlie 8ame chain. Algorithm 0.9 

creates conve~ q~adrilaterals, on~ of which contains the ~eflex,-\erùces ~f bot/~ el' and 

r 

Proof: As el fS a bottom-edge, a,dÎagolla.t cl joining' ~I and SOUle vertex PI js jusert.e.d 

by Algorrthm 613, depcnding on w~lethcT cas,?s (b) or (c) apply, respectively. According 

1,0 the description:ur AJgo~ithm 6.3 titis diagonal d is popped a.s soon the next bottoin 
, , 

cdge, el +1' is considcrcd. As el and Cd 1 are'on the same cha.in, (,1 and the edgc e~ +1 arc 

joined by a diagonal to form a convex quadrilateral. Thus the reflex vertices of- e, and 

e, +1 arc IQcat,NI, iJ.l the same quadrilatcral. • 

6.3.2. Polygons with the Alternating Rectilinear PI:operty 
• • 1 

Wc .will ddine a class of monotone polygons, not neçcssarily rcctilinear, whirh 
, i 

admit qU,adrilaterization. A polygon with the alternating rectilinear propertll is defiocd 

as.a monotone polygon wlth these 'propcrtics: .. 
" 
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(1 ) Every cVen edge e2, ••• , en is vertical, 

(2) Let p, q he t wo points lo('ated on the boundary af P s,t. P, q ,are visibl(' (rom 

cath 'othcr along a horizontal line-segment. Ir p is located on a non-rectilinear 
. 

segment then'q is on a vertical eclge of P. 

Lemma 6.2. MotJOf07H~ pO/ygon8 with the alterhatillg rutilinear propuly cau be 

quadrilaterized in linear time. " 

Proof: We show that the Algorithrn 6.3 can be' employed, with only mmor 

modification, 1,0,' quadrilaterize monotone polygons with the alternating, rectilinear 

property. Let m ~ 1 denote the oum ber of bottom-scgments in P. We give a proof by 
1 

induction OD m. In the càse that m=l, P is a worD-down pyramid, since by Property 

~ . .' , 
(2) Eoth endpoints of the' bottom-segment are below aDY reflex vertex and ail other 

edges bclong to the stairs of a ~orn-down pyr~mid. We know that such a pyraiDid is 

quadrilaterizable. The a\gorithm performs the quadrilaterization by stacking ail edgcs , 
until the bottom-segmeDt is encoullteréd 'th,en the 'cali to the Aigorithm 6.2 complet,es 

the procedure iI;J thiâ case. 

Let us now assume thàt aDy mon8tone polygon with the alternat.ing rectilinear 

propcrty' containing . m - 1 ~ 1, bott:~m.segD;l~nts is quadrilaterizable. The highest 

bottom-segment, in ,a monotone polygon with the alternating rcctilinear property and 

with ID bottorD-segments is denoted hy el' Note that the definitioD of a ,....-

quadrilaterizable monotone polygon allows us 1,0 speak of a highést bottom-segment, as 

tbe bottom-segment:s have non-overlapping y-coordiDates. The diS'CussioD is analogo\ls 

to cases (b) and (c) in Theorem 6,2. We only point out that in rase (c), wherc a tçp­

segme,>nt ane! il'>. bottom-scgmtlnt must b" joincd (,0 rorm, a ('ollvex' quadrilateral, il, is 

cruciaJ that, tbe segments have n,on-overlapping y-coordinates. Otherwise, as iIIustrated 

in Fi,gure 6.16, as cOQcavc quadrilateral may:be created. The property (2) forbids sucb 

o 

J , , 
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Figure 6.16 Q 

Ali non-rectilinear s~ments' ID \lst , -have distinct y-val ues o.the~wisc a convcx 
(11J~i()rilatcralizat,ion may not be achievablr. 

a situation .• 

, 

6.4. P artitioning" Rectilinear Polygons 'into Monotone 

'Polygpns 
• e 

In this .section, ;\ dcs~ribe an algo~ithm to par~itipn a rectilinear n-vert.ex polygon 

into monotone polygons àdIUitting qUlldrila.terizatiofl. The run-time or (,br algorit bm 

,will be shown ta be O(n log ~).- R~caJJ thaf, an cdge e is visible from a'point x ir there, 
. . 
exis~s a point y on c, s.t,. x sees y. !'-h edge- e is strongly visible from ~ point x if f0r ail 

- y on e, x sees y.' An edge s is ~trongly visible Jrom an edge t if there exists,a point x on 
, ~ ~) ,,, 

, , 

t from w hich s is strongly visible. An cdge s is completcly vÎsib!e from an, ~dge. t if for 

ail x'on t the edge sis strongly visible, from x. Complete visibility is symmetrical. 

" 

-----------------_---.:..._---...I._~ ____ -' __ ---'_-'-_ ._ 
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Lemma 6.3. [AII;S, Toussaint] Let lJP be /lllV ec/ge oJ a simple IJo[ygon, and let r b,; Il 

po;'1/t ;1/ !). If bail,' q and p see ;r, thm r ;,'1 "isible from 1 he entire et/ge lJP [.'1'r81aJ. 

Lemma 6.4. Let pq be any botlo~k in a rertilinear po/ygon P. The edge œit/' 

minimum di.'Ila1lC',e tmder ail horjZont~1ge8 loralec/ abot'.e pq and t,isible jrom either 1) 

or q, ;8 ralled ab. Th eu, 

(i) If edge ah is a holiom-edge (hm erige qp is 6trougly "isible from one of 

the wc/points oJ ab. 

(ii) If ab ;8 a top-edge then ab and qp are completely visible Jrom eath other. 

'Proof: (i) We first di~cuss the case that ab is a bottom-edge. Dy assumption ab is 

visible from p or q and ab is above pq. Aflsume that the vert.ex from ,whicb ab is vi~jble 

is p. Then exact,ly one point,'an cndpoint of ab, is visible from p. We assume t.bat t.his , , 
('~dpoint is a, otherwise a symmetric argument holds. Dy Lemma 6.3, it: surriC'es t.o 

sho'w that both p and q a;r visible from a. Now cOllsider the tria,ngle T = {a,p,q} and 
~ c ' • 

refer to Figure 6.17. If T lies inside P then p sees a. Othcrwi~e, qa is interserted by a 

polygonal eç)ge and as pq is a bott~m-'peak ,this edge is n~t adjacent to pq. Therefo~e 

(ht're cxists' a vertex PI ioside T. As P is sim pIe T is Intetsectçd by a horizonta.l edgc 

Wj'h)-COO~ bctween tho:. or qp and ab. The low •• ' •• ch ed~e j, vj,jLI. rro~ p, 

cootradicti,ng the choice of ab. ' 

, (b) ~et ab b~ a top-edge being visible from p. Th~n there exists a poin,t x on ab 

that is visibl~ from p. To sh;w that ab and pq a~e comp~etely visible from cach 'other, 

it süffices ta prove that (i) q ;s v;8iblc Irom x and (ii) Jor ail points" on ah, P, secs y. 

(i) can be sllown in ,the same way as (a), wc thererore omit tbis part. For (i)), we 

~how that for ail poiot,s y on ab, p sees y. Assume that y is à point on ~b that is not 
4 ~. ,'.', 

visible from p. The lioc segment py is thus intersected by at Icast one polygonal cdge. 

If tbere is exactly one sucp edge, then t~is edge is ~djacent to ab and by the Jordan 
, .' 

Curve The~rem a~ C.imllot be a top-edge. If more than one edge,s intersect py" tbcn 

there exists, similar to (a), ~'horizontal edge intersccting the tfiangle T={y,p,p}. 'This is 

r. 

: " 

". 
" 
~ 
1 

l 
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Figure 6.17 

Let ab be an edge with ~inimum distance in y-coordinate and visible fro{ll p. If P 18 

v~sible from a then pq is completely visible from â, othcrwi~e a contradiction occurs. 

.1 

1 
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illust.rat,l'd in Figure 6.18. Again the lowest such edge ru ust be visible from p, 

contradicting the choice of ab. Similarly, it can be shown that ab is strongly visiblt> 

from ~~~sult then follows by applying Lem~a 6.3. • 

o 

We conclude that if ab is a bottom-edge, then the edge pq is strongly. visible fr,om 

exactly one endpoint of ab. Otherwise, if ab is a top-edge, then the edges ab ànd pq are 
~ 

complt'tely visible from each oth<'r. 

__ ~a 'y x b 

o 

Figure 6.18 

Let ab he a top--edge with minimum distance in y-coordinate and visible from (1. If ab 
and pq are not completely visible from eath other, a. contradiction occurs. , 

ô 

Remark 6.5. Let the a8~JUmptio1l8 be as i11 L~mma 6,4, The11) ii ab is a bOttOl1~­
J 

edge, ab lies either complete/y to the le[t of q or complete/y 'to· ale right of p and the 

endpoillt c of the adfacenl edge [acing pq, ;·s lower titan PfJ (see Fipure 6.19). 

Remark 6.6. Let IJq be a bottom-peak and ab ail edge Ulith mitlimum distance tUlder 
, , 

(lI( horizou/al eclges tlisible fr(Jfn pq. Then ab i8 t,i8ible from one-of the endpoints of pq. 
, ". , . 

IJ 

i' 
j 

1 

l 

l 
1 
~ 1 

l 



, 1 

( 

q p 

c 

Figure 6.19 

The bottolll e<lge ab with minimum distanre in y-dlrertion visible from pq li<'s either 
rOlllpletely to the Idt'of q or rOlllpletely to the right of p 

Corollary 6.1. Under the rlIIlltl1l1JJtiolls of /,f-11I11l11 û .f, the rcrlallglc.~ (a#q.II,J,!,J· 

al/d (II,J,y,lI#q) are c11I[Jly (Figtlrci~ (j;l{) (a) (ll/cl 6':JO (b)). 

6.4.1. Algorithm and Propf of Correctness 

'Np arr now able to stat e t.he algorithm for d('rom posing a ferl ilinrar polygon P 

into quadl'ilatcl'izablr monotolle polygons. 'l'hl' algorit,hm ut.rs a modirirat ion of t.llC' 

regularization tee hniqllc devclopcd by Lee and Preparata [LeP76J. Let thr horizcMltal 

ecIgr:-, of P he sOl'ted h.v y-rool'<linatrs S.t. (,hl' edgl'!-> are labC'lcd Cl' "'1 em • wh('I'(' el i., 

b 
th(' highest ('<Ige, :tlld em is thC' lowl'st. edgc, {l.ud et is highcr t.han Ct,+I' Wc shtrh tht' 
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a t) a - - x 

R1 " 
R2 

q p , 'q 
y 

(a) (b) 

Figurè' 6.20 

Eclge ab i., ',he clo"l(':-ôt {'<Ige vi.,ibl(' f.-om P't, Tht' ifl!<'!'ior'i of 1 h(' ,'C'clangular' rt'gÎ()fI"l nI' 
/? ~ al'(, ('III pt'y, 

" 

'. ' 

, 
î , 
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idea behind the algorithm. The horizontal list of edges is Beanned in the same, order 

from the highest ta the IQwest edga. When a peak el is eneountered, the edge e with 

r 

minimum distance in y-coordinatf), from which el is visible, is fO\lnd. If e and el are 

corn plctely visible from cach otber, thcn e and e, are joined by connecting their 

endpoints 1,0 form a convex quadrilateral. If e and e, are not eompletely visibl(> from 

eac h other, but el and e are strongly visible, t,ben the cndpoints of el and e baving t hl' 

minimum Euclidean' distance from cach othcr are Joincd. Wc will show that thls 

elim inates ail peaks and leaves quadrilatenzable polygons. 

Algorithm 6.4: Overview of,Partitioning into Monotone Polygons 

Input: A rcct.iliuear 'polygon P with n vertices 

Output: A part.itioning into mondtQ~e polygons admitt,ing qlladrilaterization . , 
Step 1: ~ 

Sort the horizontal edges by y.coordinates, S.t. if el' ... ) e
lll 

~s the ordered 
èdge-sequence, then el = YO:a.il 'III = Umm' and e, is higher tban ed,J' 

Step 2: , 
for eaeh bottom (top)-p<l':!l e, do 

FiDd amohg ail horizont:a1 edgt's above (bclow) e, amI visiblt' from e, 
the one with nünimum distance in y-coordinate; cali t.his l'dge e 

jf e is a' top (bottom) edge. , 
then jolU the end!>oints of e, and e t.o forro a ("OIlV{,~ quadrilateral. 

else . ~ 

Joïn thc endpoïnL ?f e, thaL is visihle from e" to 
the c10sest (Euelidean distance) endpoint of e,. 

1'0 3chievc t.he <ksircd. effic,i<:ncy, w~ 1vill ÎmplemenL Step 2 using a modiflcat.ion of 
'" 

Lee's and Prcpar;~t a.'~' regularizatlOn tf:.C hnit(ul'. 

Th(' data struc(,u,'c u!">ed fOI' the decom:position algm·'t hm is a bal~,Ll}('cd t:rt'c (AVL or 1-3 

!rcc), where node~ arC' ,records c(,)l}(,ai})i~~ a vertin;t and. a horizontal edgt' !or pointe:\, 

. " 
ta thelJl) plu:i a field with values true ot ralsë. L(>t go be a. vertical tine al, '-00. Let 

, .' . 

IIU), VUl ut' t,wo field conLaining ont' h~l'izont al :Llld \'('r( irai C'dgt's, 1"<'''pt'cI i\'dy. 1,('1 

.' 



, '. 

/ 
" 1 

-.J 

~ 

,. 

126 

FU) be a fIeld in record j, then F(j) is true if H(j) i!il a top-peak' and no horizontal edgc 

lowcr than HO) and visible fro~ H(j) has been encountered by the algorithm. FOl tS 
.~ , 

false, otherwise. A node(j) is therefore a triple [V(j), H(j), FO)I. The in-order traversai 

of tbe .trce T always ylelds a scquence node(O), .. ~ node(k) tbought. of as consccut,ive 

array-clements. Betwecn thc vertical edges V(j) and V(j+ 1) the minim um ordinate edge 

is stored in H(j). Each horizontal edge el is adjace~t to two vertical edges, tbe left one,--

e'( e.), the right one, e"( e.). A b@ttom-peak e. is encountered, if In( e.) = 0; for this an " 

insertion into the tree is made. If e. is insertcd bctween H(J) àDd H(j+1) tbcn e
J 

i5 

alislgnC'd the value of max(II(j), H(J+l)). The reader may initially ignore the third field, 

F(J), ~nd conslder bottom-peak and top-peak elimination in two separate passes throngh 
, 

t.he polygon The additional field bas been introduccd to gain effîciency in tbat only ODe 

pass through the polygon is required. As we are scanDing the polygon from top to 

bottom, top·pcaks are encountered before they can be resolved. Therefore aDy , 

unrc~olv('d top-peak is f1aggcd (t.rue) ulltil its c10sest cdge visible from it and bclow it is 

~ncountercd. Then Lhe approp;iate diagon~l(s) ~s (a.re) inserted and tbe ne Id ois res"eL to' 

fal"c. 

AIgorithm 6.5: Details of Partitioning into Mo~otone Polygons 
. , 

Input: 'A sort'çd list of horizontal edg€'s ep ... ,em of polygon ras prpdQred hy Ste))! ID 

Aigorit.hm 6.'1.' 

01l1.1)UI :. A part.it.ioning of P int.~ monotoJl(, polygoll~, adl1lil.t mg qllatrilal.C'riz,,-ti~·ll. 

luil ially' 
lI(O) .- II( 1) .- lit 2) - el; 
V(O) - Uu; ~ 
V( 1) .- c'( el}; 
V(2) := c"(e t }; 

'~ ''"'-

Let The an.initially empty AVldrC'c(or 2-3 f,n'('). inscrt IVJO),H(Ô),n, 1V(1).1{(1).f), 
[V(2),JI{2),f] juto t.he t.ree T u!ling t.~ x-coor{lillat.('!; Vii). -Î=O,I,2 as t.he ,k<,y. " 

(! 

i := 2; 
while i < ln do 

b'egiq 

, , 

i 

. .;. " . 
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j .- smallest integer 50 that el is not to the Icft of V(j); 
e := nili 
if e. is a bottom-peak 

theh e := H(j) 
else -

if F(j) and V(j)=e'(e,) 
then e := H(j) 

el!le 
if F(j+l) and-V(j+l)=c"(e,) 

then e := I1(j+ 1), 
ire <>"nil 

then F(j) := F(rfl) := false; 
if Ci 'is a top (bottom') edge 

a.nd e is a bottom (top) edge 
then 

'. '. 

joïn the endpoints obel and e to form Il convex quadnlateral 
else _ _ 

, , j~in ~he endpoint of e closest to el to the closest endpoint of el; 
if ID~ 2 C!r Out( el )=0 .~, , 

en 
begin 

H(j-l),.= e.; 
H(j+2) ':= el; , 
Delete node(j) and nodeU + 1) in '1'; 

. fi~lr é
l 

is a top-peak J 

- " .' then 

nd 

begin 
. F(j-"I) .- true; 

F(j+2) .- true 
end 

èlse 
'1 In(e,} = 1 

then 

else 

hegin 
HU) := el; 
H(j-I) := e,; 
V(j) := outgoing edge of el 

end 

ir In(e.J ~ 0 
then -

begin 
INS~HT [("~(el ),eJab('] anc,l [<,"( ef ),el ,fals<,J 
bctw(,(,1l noclt'(j) and nod{'(:i+l) in T 

end; - -
1 .- i + 1 

end. 

,l 
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Lemma 6.5. Algorithm, 6.1 'decomposes} an 0(11 log 1l) time, a .simple, .n-~erte;r. 

re,r/i/illeM Iw/ygon ;1Ito monotone polyuons aclmittinu quadrilattrization. 
, ,',' " {;. 

Proof: For ~a~e or not.ation, wc will aSsume ror the remaining 'part or t,bi~ ~c("~ion th:,t. 

tnouotollicit.V stands for moootonicity in the y-directio~. Similarly, c1osest"stands ror 

miJlimum distance in y.:direc.tion. Let. P he a' polygon wit'h the rollowing propcrLy, (X): 

P;s rectilinear exapt for the edges located above the hig1&est horizontal peak ,in P. These' 
/ 

~c1ges are ,monolon,e chaius wit~ alter.n~ting re~tilinear propertll. Wc sho,~ by 

indlldion 00 the number, k", ~r horizont.al p,eaks in P t.h:1\t t\lgorit.hm 0.4 deromposcs P 

iuto monoton<? polygfllls that <fI.rc quadrilaterizabJc., rr k=O tllcn P is' a, monototlc 

" po.lygon wi't.h t.he alt.cr'nating rcctili~car p~opc~ty and thus P 'is q~adrilat~rizablc. Wc 
1> • 

assume t.hat. ail polygons with k- 1. horizontal peaks sat.isfying propcrty (X) c~n '::be 

'pnrt.ft.ioDt<d int.o mono~onc poJy~ons adrriit.ting quadril.at.erizatioll, ,if A}gori.thm 6.4 is 

,a.?pÜccl. No.~v, let P hé a,pofyg90 sati'srying pro pert y .(~) ,c(j~taininK k horÎzontaJ' ~eâks . 
• ' l ' 

Lt't, et'-pq h~ t.lI'('I high<'st sneh pCi\k. W.l.a.g. assumr t.hat I!, ia a hotLom:pcnk. A.srmiJar 

ar~(,Dt "ran b~ 'made otllcrwis~. Algorit.hm 6.4 r!rst ôe~er~ines' tbe elo~est cdgé, t:~, 
vi~ible 'fr?~ ej', Two cases ari~e dCJm,nding on whcth~r. ej=a~ is. a top or h~ttom. ~ 

segment., rcspcct,ivdY. Rcfcr to' Fig~re 0.21 (a), (b)._ The t>ojD~ x,y are obtained by 
, , .. 

~ , 1 i 1 ~ J ---- 1 t 1 

inters~rtiug ,horizolltal lines through both a and. b \Vith the edge op'p~sit.e to ab. The 

:~ltcrllat,illg tcct.i1iilè'ar proper1.y cnsurcs t.bnt both x and y arc on)he 1'I:)1ne verÎical,<'c1gr. . . 
." 

,~tJalogou~ly to Coroll~ry (}'.1 wc can sliow tijat. the arcas R ' (b,x,y,y#p,a#CJ,a) arc· 

, , 

,l'lnpty. 

, ' 

Case (a): Tite segmwt ab is q top-segmwt) s'ce ,Figure O.ila. As a$ is a tO~5c.gmcut, 
" ' ',. , l , ~', \ • ~ , 

and pq ,3. bo'ttom-pcak, ~hc algorithm inscrts t,";o diagolials aq and pb. SilJ('c tllC rcgio'11 

R IS cmpty, nOl1c of thr two ,diagonal!! int.crscrt :my ('dg~ in r. llot.h 1)' :md ct' ar('. ' 
'; 

lora('c! 1>('low ab thll!'! a,b,p,q rorm a ('ollvex CJuadrilat.rral. il)' i!lse;'t illg t.h(' two' 

dja~onah rOl'lllillg t,h<'_CJua(!r'ilat<,rê1, i\lgorit.hm 6..1· ('1·<,al.<,)1 t.wo }lOlygOllli P,:={h, .... p) 
6 

" 
and 1)~:=(CJ •... ,1l). By, t,hl' rhoirr or e, t.o, gC th<, high('st pl'ak, :"1 horizollt,al p('!,ks j',I, 

. " ... ., 

. 
• > 

. " 

" , 



( 

(a) 
ah is a top-segment 

b 

--.------:-
/~-

/ -

Figure 6.21 
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. (h) 
ah is a bot tom segment 

Partitiolling of a"rectilincar polygon int.o monotonc polygolls acJ~itting quadrilateri1,at.ion. 

tll'l'&c polygons are b<,low el' thus PI and P2 preserve pro pert y (X). Since th('s(' polygons 

rontain (ewer horizontal peaks the indùction hypothesis applies and a decomposit.ion 
, 

intoo monotone polygons admitting' quadrila-tcrization IS obtaincd. This rase is 

• 



analogous to one of the partitioning 'steps'in [KKKj. 

t 

C~se (b): The segment ab 18 a bottom~segmçnt, sel' ,Figure 6.21 h. By' an argUlyl'nt., 

similar to that of Remark 6.5, ab lies eithcr cnt.Îrcly t.é> t.~(' left of q, .or entirely to the 

right ir 'p. The algorithm inscrts the diagonal qa or pb~lepcnding on whctbt'r ab it! to 

t.he left <of q or to the right of p, respectively. Assume for this discussion that ab is to 

the Jeft ~r q. B'Y inserting ~he diagonal qa, P is partioned int~ two polyg~ns Pl =;::{a,,,.,q} 

and P2={q,,,.,a}. Bath Pl a~d 'P2 have less than k horizontal peaks. As the region R 
1 

defincd above is empty, pOlygOD Pz satisfies property (X). The 'other polygon PI dot's 
J ' 

Dot immediatcly satisfy pro pert y (X), sinee not cvery other edge in PI 'is vertical. 

However, by a simple transformation this can be realizctl. This transformation convt'rts 

PI=(~.",q) into p' :=(a#q,a,,,.p) a poJygon satisfying praperty' (X). P" differs trom Pi 
, \ 

in that the vertex q is replaced by a#q. ' p' conta.ins, fewer than k horizontal peaks. By 

applying the induction hypothesis to p', P is partitioned into monoton~ piecc$ 

admitting quadrilaterization. It remaiDS to 'show that Dot only p"_ but also PI admits 
" , 

quadrilaterization. The Steiner-point a#q is a concave ve~tex located on a bo~tom­

edge. AH peaks in p' are below pa#q. Thus the parÙtioning stcp of p' into monotope 

components does not introduce any diagonals with endpoint a#q. Therefore p,a#q,a 
, " 

are adjacent vertices· on a monotone chain. No vertex on the right chain is ~~cat('d 
- , 

between p and a, therefore by Remark 6.4, these vertices, w~1 form a conYex 
.. "1 ~ ... ~ _ 

quadrilatcral p,a#q,3,z in a quadrilatcrization of p' as produced by Aigorithm 6.3. 
o 

From this quadrilaterization, a quâilrilaterization of PlIS found, by rcplacing this 

quadrilateral by p,q,a,z. 

Oomple:r.ity-analY8i8: St cp ... 1. the .orting or the horizontal ,dg". ca~ donc in 
f 

O(n log n) time. The algorithm visits, while executing Stcp 2, eacli edge exactly once. 

As there are O(n) edges and the tree depth i5 worst-case O(log n) each update. insert •• 

or dei ete takes O(log n) time and the total complexity is O(n log n) worst ca~e .• 

.- . 
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6.5. Quadrilaterization of Simpl~ Rectilinear Polygons 

We are now able to combine the results derived in Sections 6.2 and 6.3, to solve the 

quadrilat,('rizat.ion problem for simple rectilinear polygons-. 

Theorem 6.3. A simple, tl-vertex rectilinear po/yuon ran be quadri/ater;;;ed in 

O(n log n) time. 

Proof: In Lemma 6.5 il. was shown that a partitionmg of rectilinear polygons into 

monotone po'lygons admitting convex quadrilaterization can be performe~ in O(n log n) 

time. By Theorem 6.2 and Lemma 6.2 thesc polJgons can be quadrilat,rrized in linear 
\ 

time. The total complexity for decomposing an arbitrary simple rect,ilinear polygon 

into convcx quadrilatcrals is tbereforc O(n log n) .• 

In this chapl.cr we have presented several efficient algorithms for solving the 

quadrilateri~a,tion problem for rectilinear polygons. Sinee arbitrary simple polygons do 

Dot necessarily admit quadrilatcrization, this partitioning problem is of partirular 

relevanc;e tet rectilinear geometry. As ""as shown by Kahn, Klawe and Kleitman it. has , , 

direct applications 'while s~lving the Rcctilinear Art Gallery Problem [KI\)(83]. 
" 

Reeently two more proofs of the Reetilinear Art Gallery Theorem have been presented 

by O'Rourke [OR83),and Mannila, Wood IMaW81]. Il. is interesting ta .observe l.ha,t ail 

threc proofs are differertt in nature. Kahn et al. use an argument via quadrilaterization. 

C;>'Rourke's proof is direct except rôr one graph-th~orctieaJ argument. ManniJa and 

Wood'8 proQf is purely geomctrical. 

( 
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6.6. Minimum Weight Quadrilaterization of Rectilinear 

Polygons 

Wc complct,c our discussion of the quadrilateJ'ization probkm hy examining t,lie 

prohlem of finding the minimum weight quadrilatC'l·jzation for rcctilin~ar polygons. In 

f ' 
some applications a decomposition that minimizes tbe totallength of tbe diagonals used 

to form the decomposition is useful. In a joint work with M. Keil, we presented an 

O(n~) Lime algorithm for finding the minimum edge length quadrilaterizatio1J of a 

rectilinear polygon [KSB4]. The result is an extension ~f Ktincsek's approach for finding 

thc minim um weight triangulation of a simple polygon [KIBOJ. Note that, a brute force 

approach would require examining in worst case an exponential number of possible 

quadrilaterizations for a given rectilinear polygon. 

, The mam tool used for solving-minimum edge length polygonal decomposition 

problems is ,dynamic programming IKeB3, LPRSB2};and we make use of it here. ~t let 

~V(i,j) be the weigbt of the minimum weight quadrilaterization of th~ subpolygon Pll of 

P cut off from PI to P; (Le. P"Pdl""'P) The idea is to build up minimum 'weight 

quadrilaterizations of larger and larger 5ubpolygons and solve the problem using 

" 
·dynamie programming. Let Q(i,j) store the, .. vertkes of the quadrilaterization that 
" 

. con'tains 'the' diagonal PIP 1 in the m i,nim UID wcight quadrilaterizatÎon of Pi)' Deline dl; 

ta be the Euclidean distance from PI to P J if PI ànd P J are visible from each other and 

~ J otherwise. 

, 1 

l' 
1 

1 

l 
i , ' 
l ' 
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Algorit~m 6.6: Minimum Weight Quadrilaterization 

Inp'ut: A rectilinear polygon P. 

OIl./.p1~,t : The weight. of tbe mlDlm \lm w('ight,' quadrilat,('rizat ion and t hl' 
<Juadrilat ('rizat.ion its('lr ar(' stor('cl in W( l ,n) and Q rrsp(\ct iVl'ly. 

for k ;= 1 to n-l do 
for i := J ta n-k do 

begin 
j:= i + k 
begin 

if k = 1 
then W(i,j) := 0 

else 
if k is even 

then W(i,j) := +00 
else 

begin 
W(i,j) := dl; + mi~n(W(i,l) + W(f,m) + W(m,j) 
(* whcre thc minimum is Lakcn over ail e and m such ihat 
, i<l<m<j, and Pp Pb Pm' Pi form 

a convcx quadrilat,eral *) 
Q(i,j) := (e,m) 
(* indices of vertjces exhibiting the minimum are storecUn Q *) 

end 
ènd 

end 

T'o print out ail the dia~onals of the miDimum~ wcight quadrill'terization cali t.he 
procedure PRINT(1 ,n) defiDed as follows: 

Procedure PRINT(i,j) 
begin 

if P,Pi is Dot an edge of P 
th en output segment P.P f 

where Q(i,j) = (-t,m) do 

end. 

begin 
cali PRINT(i,f); 
cali PRINT(f,m); 
cali PRINT (m,j) 

end 

. ' , 

" 
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Theorem 6.3. Algorithm 6.6 solt'cs the lIInU1IIUm wcight qWldrilateri:;alld/l 

lJrob(em for rati/i11car po/ygous ;11 0(11 4
) time. 

Proof: Algorit.llIll 6.0 is a straight.·forward application of dYllamÎr programmlllg, wC' 

t,}wr('for(' om it. t.ht' proof of corr('c(.ll('Ss. C07llplexily Al1alysis: The valut's of dl) can b(' 

comput rd in a preproccs~ing strp in 0(n 2 ) limr. 1'hprc arc 0(,,2) valur~ of W(i,j) 10 bp 

rakulalpd. Each of t!t(':,>(' rpquil'(,s pxamining O(n::!) pair~ of candidatps for Pl and !J m • 

Tllp total rOll timp of t.I\(' algol'it.hm i~ thp\'pfo\'(' 0(11') .• 

In thi ... rhapkr wc have pl'p~(,lltcd ~('\'Pl'al algolitllllls to sol\'C' the 

qlJa~lr~latpl'i7,at.ioll probkm for rpct,ilillcar polygolls. Thi~ part.it.ioning probl(,1ll is of 

partindar rt'Ievancc in t.hr cont.ext. of r('ctiliu('ar groIllct.ry, sincc r('ct,iliul'ar polygons, in 

rontra~t, t,o arbit.rary simplr polygons, always admit quadrilat('rizat.ion. Once a 
( , 

qlladl·ilat('l·i7,at.ion of a rC'ct.ihnC'ar polygoll is availahlC', a solution lo the f('('t,ilinl':l1' 

guarcl placement, probleIn IS obt.ailled. Complpxlt,,Y results obt.ained fol' t,riangulat iOIl 

and Cjuadrilaterizat,ion problcms arc comparahle, C'XC<'l~rol' t.11P rp'ippctive IUlIlimulll 

wc}ght, part.it.ioning problrrns. In 0(n 3
) a minirn'ulII weight trian§ulation can be 

o bLainC"d, w hprcas quadrilatcrization tahs O( 11~) time . 

" ! 
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Chapter 7 

ConcJuding Remarks 
J" 

Th(' m a in object,ive of this th('sis has h('rn t.o use t he. in herrnt st ruct.u};t> of f('C 1 ili 11(,:11' 

pol'ygoll~ in the deliign of g!'olflrf.ric algori(hm:;. A p;lrt.icu\;;r elllpha.,Î:; wa~ plarrd 011 

gai~ing simplicit.y and C'ffiC'iency, a.s ('x('mplified in thr algol'it.hms ro~ <!rt('cting \\hrtlH'r 
, 

a given rectilinear polygon is st,ar-shaped, mo'not.ollr or ~dg('-vjsjblr. Furt.hrrlllor(', a 

unifying approacb to many algorit.hms in rectilinrar computational geometry has brcn 

achieved t.hrough t.he labeling-schrme. The lahcling scheme COIl5ists of a prc-procrs~illg 

1 

~tep for manyo algorithms. Basrel on t.he st.rurt.ural informatioll exlraC'ted in thi~ "({"p, 

t>uh~eqll{,lIt, pro('essing hr('omcs sirnp!c and conr(·phl.ally c!eal'. Thl' hrlldit,,. ,of 

unificat.ion bccame appar(·nt. wJrt'1l solviilg visihili(,y probl{'ms (hiddcn-lIl1<' <'liminat'ioIl, 

shortèst rectilinear path and rectilinear CODVCX hull).~' ../ .. 
WhÎle this thesis has restricted itself to describing 'the labeling scheme 'for 

" 
rectilinear polygons, the scheme is DOt rëstricted 1.0 this domain. The Iabcling "sl~heIJlc 

ha, bceq' generali~ arbitrary .impl. ~Iygon., and algorithm. U>lHg the 1001 ar, 

c'urrent Iy under invest.igation by the:' auf,llOr. 

The thesis has presented sol,ut.ions to several guard placement pr?blerns for a . 

variety of classes of ~ectilinear polygons. Since these sol~tions were first prescnted 

-[8aT81], [8a82], a nurnbe~ of other solutions to this and related problems have appeared 

in the 'Iiterature, eg. [OR82], [EOW83], [Wo84]. The entire thesis has cOllcerned Ît.se:'ff .. 
with analyzing algorithms for processing one object modrled by rectilinear, polygons, at 

" -

a time. Sorne work bas been do ne on designing algorithrns for processing more ihan one , 

rcctilinear object, sec for exarnplc [ELOW83], [EOW83a], [NiP82], or [Wo84]. In 
• 

geQéral we observe a growing intere~t in' p'r~blerns in reêtilincar geornctry. 
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\Vhilc solving' sorne problems ln rectilincar computational, geometry, many; 

problcrns still remain open. These include: 

(1) Is n(n log n) Jower bound for quadrilateralization of simple r~cti1inear p~lygons7 

(2) We bave es~ablish~d a necessary condition fgr 'a giv.en rectilinear polygon to b~ 

~imple, wllièb is based on the labrling sclleme. Can a suffident condition for 

simplirily be e~ta~lish('d, which can similarly he testcd in linrar tirut'! Or is 

D( n log" ) lowel' bound for this pro blcm? 

Several aspects of the guard problem remain unsolvcd: 

(3) 

} 

(4) 

The algorit.hm for pla~ing guards in an n-vrrt.rx rect,ilinear polygon as prest'Ilt cd in 

Chaptrr 6 always places l~l guards, rv(>n if ~('ss guards would sufficr for, a gin'Il '1 _ 

poï,Ygon. '1'0 t.lt<' aut.llOr 's kllowledge, 110 ))OlyllOIll ial-tÎm(' algorit 111n i~, kilO'" Il for 

com puting thr. mini III um OUtil h{'r of glltmls n('('Pstl3ry for a glV('ll r('ct ilillenr 

polygon, nor for placing thcse g~nrd8. 

l~l guards" aré somctimes Deccssary îmd always sufficient 'to gUllrd any r('ct.ilinrar 
4 ' .' 

... ,~ ,{,. - 1 ~ \ 

polygon., For foi~Pl(' polyg~~s 'l~'l guarcl~ aJ'('~ always slIrficient and "ROll1pt.illlr!t 
- 3 . 

," 

~('c('ssary. Can one charact.erize the largrst class. of simple polygons .for which 

1 ; l gu.rd,'.r •• Iw.y •• ufficienL! 

"', 

(5) Givcn a convex quadrilateralization of a rect.îliD'ear polygon, a triangulation can 

always be obtaincd .by inserting one diagonal in each convex quadrilat('ral. Dy just 

removing diagona)s from an arbit.rary triangulation of a rectilinear polygon, il. is 

not always' possiblc to form a conyex quadrilaterali:tal.ion: Does there exisl. an 
, 

independent characterization of tria~gulations, for which this wOllld always be 
, 

possible! 

;, 
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