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ABSTRACT

This thesis presents a detailed study of multinomial regression, with a special focus on its
application to high-dimensional datasets. After reviewing the basic properties of the multi-
nomial model, the concept of sparsity - when many of the regression coefficients are zero - is
introduced. This is followed by an overview of several penalized estimators and the distinc-
tion between “grouped” and “ungrouped” penalties. Using the elastic net and adaptive lasso
penalties, the performances of the grouped and ungrouped penalties are compared when ap-
plied to both an artificial dataset as well as a real dataset dealing with voice recognition.

The second part of this thesis deals with post-selection inference - that is, assessing the
significance of covariates that have been selected by a penalized estimator. This thesis
demonstrates the danger of performing classical significance tests on models which had un-
dergone variable selection, and uses simulations to quantify its inaccuracy. Next we describe
a “valid” method of post selection inference, the “desparsified” lasso estimator (first pro-
posed by [24], and extended to general linear models by [2]), which can be used to create true
confidence intervals using models selected using the lasso. Finally, we extend this method

to the case of a multinomial model selected via a grouped lasso penalty.
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ABREGE

Cette these présente une étude détaillée de régression multinomiale, avec un accent par-
ticulier sur son application aux ensembles de données de grande dimension. Apres avoir
examiné les propriétés du modele multinomial, le concept de “sparsité” - quand la plupart
des coefficients de régression sont nuls - est introduit. Cette discussion est suivie par un
apercu de plusieurs estimateurs pénalisés et la distinction entre des penalités “groupées”
et “dégroupées”. Avec les penalités “elastic net” et lasso adaptatif, les performances des
penalités groupées et dégroupées sont comparées lorsqu’elles sont appliquées a un ensemble
de données artificielle ainsi qu'un ensemble de données réelles traitant de la reconnaissance
vocale.

La deuxieme partie de cette these traite de 'inférence post-sélection - I’évaluation de I'importance
des variables qui ont été sélectionnés par un estimateur pénalisé. Cette these démontre le
danger d’effectuer des tests de signification classiques sur les modeles qui avaient subi une
sélection de variables, et utilise des simulations pour quantifier son imprécision. Ensuite,
nous décrivons un méthode de sélection “valide” de poste inférence, le “desparsified lasso”
(d’abord proposée par [24], et étendu & des modeles linéaires généraux par [2]), qui peut étre
utilisé pour créer des intervalles de confiance en utilisant des modeles sélectionnés a 1’aide du
lasso. Enfin, nous étendons cette méthode pour le cas d’'un modele multinomial sélectionné

via une pénalité lasso groupés.
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Part 1

Multinomial Regression



1 Introduction

Logistic Regression, which is used to model a dataset where the response is binary, has been
well-studied. Its “big brother”, Multinomial Logistic Regression or Multinomial Regression,
is used for prediction of a categorical response, where the response falls in one of K > 3
classes (as opposed to logistic regression, where K = 2). For example, multinomial regression
can be used to predict a students course selection, a potential customer’s favourite colour,
or the preferred candidate of a voter (in an election with three or more major candidates).
While similar; in that both use maximum likelihood estimation to perform classification,
multinomial regression has some added complexities.

In spite of its usefulness, multinomial regression has been far less studied than logistic re-
gression. Few have examined how multinomial regression behaves when the predictors are
of large dimension (large p), especially with respect to variable selection.

This thesis begins with an overview of the notation and definitions of the multinomial model.
Next, the concept of sparsity is introduced, where we present an overview of the different
types of sparsity, along with their respective motivations.

Once the reasoning behind multinomial regression has been introduced, a mathematical
overview of the likelihood function is presented, along with the score functions and Hessian
matrix. Naturally, this is followed by a short description of the maximum likelihood esti-
mator, the simplest and most used method of estimating the coefficients of a multinomial
model.

As this thesis focuses on high-dimensional models, more attention is given to penalized esti-
mators, rather than the maximum likelihood estimator. As the number of covariates grows,
the “full model” becomes less and less effective, due to most predictors being “inactive”
(having no effect on the response). Among many problems, prediction power may decrease
due to excessive noise, interpretibility becomes impossible if a human is trying to understand
the effects of thousands of covariates, and computation can become overwhelmingly com-
plex. The need for variable selection has led to the invention of a wide array of penalized

estimators [5].



Specifically, when dealing with a multinomial model, the regression coefficients are in the
form of a matrix, rather than a vector. Therefore, the desire for a row-sparse matrix of coef-
ficients motivates the use of grouped penalized estimators, which perform variable selection
on a row-wise rather than element-wise basis. A detailed mathematical overview of multiple
types of penalized estimators, including the grouped and ungrouped versions of the lasso
[22], elastic net [10], SCAD [4], MCP [23], and Adaptive Lasso [26], is provided, along with
their respective pros and cons.

While the group-lasso [I7] and its application to multinomial regression [6] has been rela-
tively well studied, the grouped version of the Adaptive Lasso is less well-known. Although
it has been discussed and implemented for linear regression ([I1I] and [15]), its application
to multinomial regression has yet to been studied. The implementation is described in this
thesis. The code to implement this algorithm in R is also given in the appendix.

To provide evidence to back up our intuitive reasoning of why a row-sparse matrix is prefer-
able, a simulation study is performed. After creating an artificial multinomial dataset, we
estimate the coefficients using the maximum likelihood estimator, the lasso, elastic net, and
Adaptive Lasso, as well as their respective grouped versions. By computing the misclas-
sification rate, we can confirm whether or not using a grouped method (for the purpose
of outputting a row-sparse estimated matrix of coefficients) is in fact superior to using an
ungrouped penalized estimator. This simulation study is followed by an application of the
described methods to a real-life multinomial dataset, and a comparison of the performances
of the various estimators.

After exploring the empirical performance of grouped and ungrouped versions of the lasso,
it is of interest to study its theoretical properties. Although the Lasso is very useful in
performing regularization and variable selection, its “Achilles heel” lies in the difficulty in
assessing the significance of the lasso-selected parameters, as classical significance tests do
not take the variability inherent in variable selection into account.

First, we demonstrate the danger of performing classical significance tests on models selected

through regularization. For simplicity, this will be demonstrated on linear models. In Section



8.1, we look at what happens when inference is performed on a model selected through for-
ward selection. Although this thesis focuses on the lasso, the simplicity of forward selection
provides an easy “case study” of the effects of variable selection on hypothesis testing. The
experiment is repeated on a linear regression model selected using the lasso, with similar
results.

Next, we begin to quantify the effect of variable selection on classical significance tests
(specifically, the t-score and p-value). In Section 9, the p-values are calculated directly from
the t-scores, despite the warnings of Section 8 that the results will not be accurate. We call
this the “Naive Method” of estimating p-values.

In Section 10, we propose estimating the p-values emperically, rather than via the t-scores
(which are shown to be inaccurate). This method provides us with accurate (or “valid”)
p-values; however, it is often impractical due to its computationally intensive nature.

In Section 11, we describe another method to produce valid p-values via a “desparsified”
lasso estimator, using a method first proposed by Zhang & Zhang [24]. Furthermore, we
describe the contributions of van de Geer et al [2], who showed how to extend this method
to General Linear Models and to applying joint significance tests. Using the results of van de
Geer et al, we extend this method to the Group Lasso and finally to Multinomial Regression,

which is the focus of this thesis.

1.1 Previous Research

There has recently been an abundance of research on penalized estimators for high-dimensional
models. Tibshirani first proposed the Lasso [22] in 1996, and demonstrated how the L,
penalty performs variable selection. Since then, many other penalties have been proposed.
Fan and Li [4] introduced the SCAD penalty. They showed how SCAD has the oracle prop-
erty, meaning that the penalized estimator is optimal in the sense that it performs as if the
active variables are known. This is elaborated upon by Huang and Xie [12]. Zhang [23]
introduced the MCP, which is similar to SCAD.

Zou and Hastie [10] showed how the Lasso performs poorly when there is high correlation



between predictors or when p >> n. They extended the Lasso by adding an L, penalty term
to create the Flastic Net penalty, which performs better than the Lasso in many cases while
maintaining the variable selection property.

Another penalized estimator that posseses the oracle property is the Adaptive Lasso, pro-
posed by Zou in 2006 [26]. Adaptive Lasso has the advantage of being far simpler than the
SCAD and MCP penalties, which is why this thesis will extend it to multinomial regression.
Since the “grouped” versions of penalized estimators for multinomial regression work by
“grouping” sets of coefficients (all of which correspond to the same covariate), they are all
special cases of the Group Lasso [17]. Fortunately, much research has been done on the group
lasso, notably by Simon, Friedman, and Hastie [6], who gave a coordinate descent algorithm
to find the group lasso estimator of a multinomial model. Furthermore, they extended their
algorithm to compute the grouped lasso estimator for multinomial regression. Their methods
have been implemented in R with the glmnet library [7].

The SCAD and MCP penalties have also been generalized to a “grouped” version, although
not in the case of multinomial regression. Breheny and Huang [I] describe how SCAD and
MCP can be extended to a group selection problem, and gave algorithms to compute the
group-penalized estimators. In his 2012 doctoral dissertation, Jiang [I3] proposed a new
algorithm called Majorization Minimization by Coordinate Descent, or MMCD, to compute
the SCAD and MCP penalties. He extended this method to multinomial regression, albeit
not for the case of group-selection.

Finally, the second part of this thesis relies strongly on the research of Zhang & Zhang [24]
and van de Geer et al [2], who introduced methods to produce valid p-values for models

selected using a lasso penalty.

1.2 Original Contributions of this Thesis

This thesis extends the Grouped Adaptive Lasso, Smoothly Clipped Absolute Deviation
(SCAD), and Minimax Concave Penalty (MCP) penalties to multinomial models. This the-



sis also compares the performances of grouped and ungrouped elastic net estimators for
multinomial models, providing empirical evidence that grouped penalties are usually supe-
rior. These experiments are performed on both artificial and real datasets.

In addition to reviewing the concept of post-selection inference and performing simulations
to motivate its use, this thesis extends the desparsified lasso estimator to multinomial re-
gression. This is accompanied by a simulation (performed in R) that verifies the validity of

the desparsified estimator.

2 Sparsity, Likelihood, and Penalization

We will begin this section with a short overview of the notation that will be used throughout

the thesis.

Notation Let X, the predictor matrix, be an n x p matrix, where x; = {z;1, Ti2, ..., Tip }
is the i-th row of X, ie the i-th observation. The response vector Y = {Y; Y5, ...V, } is an
n x 1 vector, where the i-th response Y; is categorical, taking a value y; € {1,2,..., K} for
K > 3.

If there are p variables and K classes, then we require that 3 be a p x K — 1 matrix of

coefficients,
Br1i - Brr-i
Ba1 - Par-1
ﬁ =
Bpi - Bpr-1

We will refer to the j-th row of B by B;. and the the k-th column of 3 by B..

There is also a 1 x K — 1 vector of intercepts,

Bo. = ( Bor - Pox-1 )

Probability Model When performing logistic regression, we model the probabilities by

making the log-odds a linear function of the predictor matrix X . Each row of X, x;, repre-



sents a single observation of p covariates.

Specifically,
P(Y; = 1|z;)
1 PR S R
8B = 0fs)

This form is chosen because the log-odds, unlike P(Y; = 1|;) or the untransformed odds, is

) = fo + ;87 (2.1)

unbounded, allowing a probability to be assigned to any value ;3% € (—o0, 00).

The probabilities for multinomial models can be written in a similar fashion. If there are
K classes, y; € {1, ..., K}, we can allow one of the classes to be the pivot, a role similar to
that of y; = 0 in the logistic model. By convention, the “last” class K is chosen to be the

pivot. Then for k € {1,..., K — 1}, we can use the predictor matrix to model the partial

dds ————~.
T P = K
and therefore K — 1 different vectors of coefficients, 3.1, ..., B.x _1, each of which is a p x 1

This requires the modelling of K — 1 probabilities (rather than K),

vector. Specifically, our probability model will be

- )= Bo1+ xi.Ba (2.2)

P(Y; = K — 1|x;)
P(Y; = K|;)

By taking the exponents, we can solve for the individual probabilities

log(

)= bBork-1+ TiB.x-1

Fork=1,..,K —1.
Using the fact that all the probabilities must sum to one, we can solve explicitly:

efoktxi Bk
P(Y; = Kla:) =

—— k=1, K1 (2.4)

1+ Z eBoetai.Bue
/=1
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P(Y; = K|x;) = 1 (2.5)
1+ Z eBoti.Be
=1
Alternate Form In some cases, the following probability equations are used:
ePoktai. Bk

P(Y; = klz;) = - k=1,..,.K (2.6)

Z ePoetxi.Be

=1

This is the form used (and computed) by the glmnet R package [7] (see [9] for more details).
While simpler, this requires K different p x 1 vectors B.,. Furthermore, the p x K matrix
B will not be of full rank, as a column 3., can be written as a function of the other K — 1
columns.

Therefore, if we are given a p x K matrix 8’ (for example, this can be the output of the
glmnet package), it may be of interest to calculate the corresponding p x K — 1 matrix 3.
We can find these by comparing the two different probability equations.

For k € {1,..., K — 1},

( | ) eﬂ(/),k'i'ﬁ.lkwi 650,k+ﬁ-kmi ( )
- Bo,etB i £ Bo,e+B-0x;
S e I
=1 =1
e/B(l)’K‘FB{Kwi 1
> ePoetPleri 4 3 ePoctBemi
=1 =1
This gives us
_ By 1 +B i
P(Yi = K[®i) _ gy rpams _ e (2.9)
P(}/; = K‘mz) eﬂO,K+ﬁ.Kmi
Or, for k € {1,..., K — 1},
Bok + Brxi = By, + Bl i — By x — B (2.10)
This holds VX and V&, so
Bk = ﬁ;’k — ﬂ;-,K Vi e{0,1,...,p},ke{l,2,... K — 1} (2.11)



Choice of Reference Class When estimating the coefficients using the maximum likeli-
hood estimator, the choice of reference class is irrelevant with respect to prediction. However,
the same does not hold when using penalized estimators [§]. In this case, the choice of refer-
ence class can affect prediction and the “alternate form” should be used [8]. This thesis will

therefore use the alternate form when dealing with models chosen via a penalized estimator.

2.1 Assumptions

Due to its flexibility, multinomial regression is very attractive - Starkweather and Moske
[19] noted that unlike more powerful alternatives such as discriminant function analysis, the

assumption of normality, linearity, and homoscedasticity are not required.

Independence of Irrelevant Alternatives A major assumption is that of “Indepen-
dence of Irrelevant Alternatives” (ITA), which requires that adding a K + 1-th class does not
affect the relative probabilities of the response falling in certain classes.

Specifically, for all k,¢ € {1, ..., K}, the relative probabilities

P(Y; = (| X; = x;) (2.12)

do not change if an additional class is added. One should be aware of this requirement before
performing multinomial regression.

A common example of this requirement being violated is if the response is a person’s pre-
ferred mode of transportation, where the options (categories) are a car or a blue bicycle. Say
the odds ratio of these choices is 1:1. If the option of a red bicycle is introduced (and the
person does not care about the colour), the odds ratio of car to blue bicycle will decrease to
1:0.5 (and the odds ratio of car to red bicycle will also be 1:0.5).

For more information about the ITA and Diagnostic Tests, see [18].



2.2 Sparsity

While the last section provided a theoretical overview of the multinomial model, we failed
to mention its main drawback. As a matrix, 3 is far more difficult to interpret, both from
a human and computational standpoint, than a simple vector of coefficients. Furthermore,
when compared to the case of a binomial response, a model with the same number of covari-
ates has K — 1 times more coefficients when the response is multinomial with K classes.

Therefore, it is natural to try to find patterns in the matrix of coefficients. This is especially
important when p is large. As a matrix with p x K — 1 coefficients, it is relatively difficult

to interpret individual elements of 3. Recall that

B - Bir—1

Boi o Bak-1
ﬁ =

Bpi - Bpr-1

p
Consider f;, = 0. Since P(Y; = k| X; = x;) = P(Y; = K| X; = x;) exp(Box + Y BjkTij),
=1

j
covariate is of no help in distinguishing between the k-th and K-th classes.

this implies that does not depend on z;;. In other words, the j-th
Since this thesis deals with variable selection, it is natural to ask if having elements set to
exactly 0 is a desirable property in the context of multinomial regression. Unlike a linear or
logistic model where 3 is one-dimensional, the concept of sparsity is not as straightforward.
When 3 is a vector, sparsity is defined by having many elements of 3 being zero, or relatively
few coefficients being nonzero.

The simplest extension of sparsity to a matrix setting would be what we call an element-
sparse matrix, where many entries in the matrix are zero. However, we will show that a
row-sparse matrix, where entire rows of 3 are zero, is more desireable. We will also provide a
short description of a column-sparse matrix. While the latter is not as useful as a row-sparse
matrix in most applications to high-dimensional models, it does possess some interesting

properties. These are discussed in more detail in the “Future Work” section of this thesis.
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Element-Sparse Matrix Consider a matrix which is element-sparse. Instead of entire

columns being zero, many individual entries throughout the matrix are zero.

Bl,l 51,]{: 0 617[(_1
52,1 w0 52,@ 52,[(71
0O .. O

Bp1 o Bpk o Bpe o Bpr-a

While there may be few non-zero entries in 3, the model corresponding to 3 is not at all
simple since 3;. # 0 Vi and therefore every covariate x; must be kept in the model. All
we may say is that for certain combinations of j and k, the j-th covariate is of no help dis-
tinguishing the k-th class from the K-th class. Unfortunately, this information is not very
useful in the context of variable selection.

In the case of high-dimensional data, an element-sparse matrix is also unrealistic, since it
implies that all p covariates have an effect on the response. Yet some covariates have zero
effect on the probability of certain classes of the response (but not others) - for example, the
second coveriate has an effect on the probability of the response being in the 5-th class but

not the 6-th class, even though the classes are not independent.

Row-Sparse Matrix A much more desirable outcome is that 3 be row-sparse.

ﬁm /31,1(—1

ﬁQ,l 52,](—1
B=| 0 0
0 .. 0

Bp,l ﬁp,Kfl

Specifically, we have that for certain j € {1, ...,p}, 3;. = 0. This implies that the j-th covari-
ate has no effect whatsoever on the response. In this case, we may perform variable selection
by omitting the j-th covariate from the model. Unlike a column-sparse or element-sparse

matrix, this is of much use when dealing with high-dimensional models.

11



In addition to being of much practical help, since it allows us to greatly simplify the model, a
row-sparse matrix is likely to reflect the reality of the underlying data. When large amounts
of predictor variables are collected, it is likely that many of these are unnecessary and have
zero effect on the response. We may conclude that having 3 be row-sparse is both appropri-

ate and desireable when fitting a high-dimensional model.

Column-Sparse Matrix Lastly, consider a column-sparse matrix where multiple columns

are set to zero.

B 0 0 B,k -1
B2, 0 0 Ba, k-1
/3 =
0 0
Bp,l 0 0 ﬂp,K—l

Recall that P(Y; = k| X; = x;) = P(Y; = K|X; = x;) exp(Box+ B.kxi). Therefore 8., = 0,
implies that P(Y; = k) = P(Y; = K)exp(fox). In other words, the predictor matrix X does
not help distinguish between the k£ and K-th classes. Therefore, it may be desirable to
“merge” these classes (the ones that correspond to the zero columns) into the K-th class.
This allows for a simpler model (when there are more classes, it is much harder to predict
the most likely class - see the simulations) and a smaller (specifically, narrower) (3 matrix, so
there are less coeflicients to estimate. However, it still requires that we keep every variable
j € {1,...p} in the model. Unfortunately, in the common scenario where p is very large but
K is of a reasonable size, a column sparse matrix does not help simplify the model.

However, we must not only think about simplifying the model. Preferably, we would like
that our chosen model reflect reality as much as possible. In the aforementioned case of
high-dimensional data, this scenario implies that each variable has a non-zero effect on the
response - doubtful when p is very high. On the other hand, with so much information
thrown into the predictor matrix (large p) the model is still unable to make any distinction
whatsoever between two different classes. These two features seem unlikely in the case of

high-dimensional data, and we may conclude that a column-sparse 3 matrix is inappropriate

12



in that context.

2.3 Likelihood Function and Maximum Likelihood Estimator

A natural candidate for the loss function of the multinomial model is the log-likelihood.
Specifically, the negative log-likelihood can be used as a loss function, as minimizing the
negative log-likelihood corresponds to maximizing the likelihood. The derivatives (score
function) and double-derivarives (Hessian matrix) of the likelihood also have to be calcu-
lated because they will be useful for optimization (of B) and Post-Selection Inference, which

is described later in this thesis.

Derivation of the Likelihood Assume we are given data (x;.,y;),i = 1,...,n, where

Yi = {¥i1, - Yix—1} and yu = 1(,—p). The likelihood is

=

1
exp(Bok + xi.Buk)V*

—— (2.13)

exp(Boe + xi.B.e)

L.(8) = [ Pat¥: = wlea) = [ |

i=1 i=1 |14

MN

(=1

The log-likelihood function is

n K-1 K-1
GB) = 1D yiwlBos + ®aB) —log(Y_ exp(Bos + xi.Bue) + 1) (2.14)
=1

i=1 Lk=1

Differentiating the Likelihood Equation The derivative of the loss function with re-

spect to one column 3, is

n

(B =" |yewi — PPt 245) (2.15)
=1 k; exp(fok + Ti.Bx) + 1

Note that é(,@.[) is a p x 1 vector. The entire gradient vector is

UB) = {0(Ba), ... {(B.xc—1)}, apx (K — 1) matriz (2.16)

13



“Vectorized” Notation When dealing with score functions and Hessian matrices, it is
often preferable to write 3 in a “vectorized” form 37, instead of as a matrix. Therefore S,
the j-th covariate’s effect of the probability of being in the k-th class, will be the ((k—1)p+j)-
th entry in the vector B, rather than the entry in the j-th row and k-th column of the matrix
3. This is so that the double derivative of the likelihood is a two-dimensional matrix instead
of a three-dimensional matrix.

Furthermore, we will continue to write 3., to represent the coefficients corresponding to the

k-th class. This allows us to rewrite the gradient vector of the log-likelihood as

((B%) = {l(Ba), - {(Br-1)} (2.17)

Now, we can write £(3?) as a vector of length p - (K — 1) instead of a matrix of dimension

px (K —1).

Hessian Matrix For the double derivatives, /(3) is a p * (K — 1) x p * (K — 1) matrix,

using the vectorized notation. On the diagonal, there are K — 1 blocks

; 0*((B)
l = A=1,...,.K—1 2.18
O BB, (21%)
, each of which is a p x p matrix. The off diagonal contains the blocks
; _ 0B
6(/8>f,m = m, (g, m) € {1, ,K — 1} X {1, ,K — 1},£ 7é m (219)
Specifically, the matrix ¢ (B) is given by
£(B)1,1 g(5)1,2 ((B)1,x-1
i} 0 l R _
i(8) = (B)2,2 (B)2,2 (B)2,x-1 (2.20)

g(/B)Kfl,l é(/B)Kfl,Q é(ﬁ)Kfl,Kfl

14



These blocks on the diagonal are given by

) n Yo exp(fox +x:.Bk) +1
{B)ee =~ |&Ta; exp(Bos + xife) s (2.21)
= <kZ exp(Bor + xiBux) + 1)?
=1

The off-diagonal blocks are

i w,TZBz exp(ﬁo,é + w?ﬁ-e) eXp(ﬁo,m + w?ﬁ.m)

g(ﬁ)é,m - K—1
i=1 (kz_:l exp(Bok + x] Bur) + 1)

(2.22)

Maximum Likelihood Estimator

When the dimension is small and no variable selection needs to be performed, the matrix of

~

coefficients 3 is estimated to maximize the log-likelihood ¢,,(3), which was given in equation
(4.2).

This is a transcendal equation and therefore cannot be solved analytically. Instead it must
be computed numerically, often by using iteratively reweighted least squares or IRLS or by
coordinate descent [7] (which is also used to find penalized estimators).

Although the MLE is optimal from a likelihood standpoint, it is not practical when the
model is of high dimension (large p). Since it performs no variable selection (8, # 0 Vj, k),
too many covariates will be in the final model, resulting in a lack of interpretability and

excess noise [o].

2.4 Penalized Estimators

Notation As mentioned in the preliminaries section, when dealing with penalized estima-

tors we will let 3 have dimension p x K instead of p x K — 1.
Recall that for observations {(1, Y1), ++es (€n, Yn)}, where x; = (21, ..., 7;,) and y; =
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(Yixs - Yikc)s Yik = ly,—k, the log-likelihood is given by

n K K
(B =>"1> yilBos + x Ba) — log(>_ exp(Box + 7 Bux))] (2.23)
k=1

i=1 k=1

While in many cases the maximum likelihood estimator (which maximizes the above equa-
tion) is desirable, it is sometimes inadequate. If the goal is to perform variable selection, it
is often necessary to add a penalty term to the likelihood equation. If the tuning parameter
of the penalty function (usually given by \) is large enough, many estimated coefficients will
be set to zero..

In the case of multinomial regression, where each covariate corresponds to a row, our goal
will be to get a row-sparse matrix. Therefore, we would like to perform variable selection on
a row-by-row basis. To do so, each row must be penalized as a group, so the penalty term
will take a row 3;. as an argument.

The penalty term will take the form

p(Bj. N). B €RF N e R (2.24)

By adding the penalty term to the negative log-likelihood equation, we get the penalized

negative log-likelihood equation

(B, ) )+ Zp (1851, ) (2.25)

Note that we apply the penalty to the absolute value of each element of 3, since the goal is

to shrink the coefficients towards zero.

Maximum Likelihood Estimator As previously described, the maximum likelihood es-

timator has no penalty term (or p(5;.) = 0). Therefore

(BN = —LB) ==> D> ylBor + ] Bu) —log(>_ exp(Bos + ] Bi))]  (2.26)
k=1

i=1 k=1
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Ungrouped Lasso Penalty The lasso estimator, which puts an L; penalty on 3 and
results in some elements of B being set to zero [22], can be generalized to the multinomial
model.

In this situation, since 3 is a matrix, the lasso estimator will penalize the sum of all entries

in the 8 matrix

Z Z |B).xl (2.27)

j=1 k=1
Specifically, the penalty term is

K
p(Bjs A) =AD" Bl (2.28)
k=1
The penalized log-likelihood then becomes

18,2 = —8) + 3_p(185-|. V)

== D> yu(Box + =] Bu) —1og(Y_ exp(Bok + 2] Box))] (2.29)

i=1 k=1
P K

A D 1Bl
7j=1 k=1

where the the lasso estimator is given by

A

B(A) = argminﬁg(ﬁ, A) (2.30)

Since the penalty term penalizes each entry in 8 independently, and because the L; penalty
shrinks many entries to zero, B()\) will be an element-sparse matrix. As was previously

mentioned, this matrix is both difficult to interpret and fails to perform variable selection.
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Grouped Lasso Penalty Instead, we would like the penalty term to perform true variable
selection, which can be achived by setting entire rows of 3 to zero. To achieve this, the L,
penalty must be applied on a row-by-row basis; specifically, there should be an L; penalty
on the magnitude of each of the p rows [17].

In this case, we should penalize

p p K
DBl =D 4| D 5%
j=1 j=1 k=1

Specifically, the penalty term is

(2.31)

(2.32)

And the penalized log-likelihood is

p

(B, N) = —B) + > _p(IBj., )

J=1

==Y D vil(Bos + @] Buk) —log(>_ exp(Box + ] Buk))] (2.33)

i=1 k=1 k=1

Note that this is a special form of the Group-Lasso penalty, where each row of 3 forms
a group of coefficients (so either all or none of the coefficients in each group are selected).
With this penalty and a suitable choice of A, B()\) = argminﬁg(ﬁ, A) will be a row-sparse

matrix.

Elastic Net This can also be extended to an elastic-net penalty [I0] by adding an Lo

penalty term.

SN B (2.34)

=1 k=1
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The elastic net penalty has many desireable properties. Importantly, unlike the lasso it is
effective when variables are highly correlated. Furthermore, the L, penalty is much more

“smooth” than the L; penalty, so it allows for easier computation [10].

The penalized log-likelihood equation for the ungrouped elastic-net penalty is given by

K
B\ a)==— Z Zyzk Box + ] Bik) IOg(Z exp(fo +@; B))
k=1

i=1 k=1

NA=a)Y > Ba+ay D> |6l

=1 k=1 j=1 k=1

(2.35)

The penalized log-likelihood equation for the grouped elastic-net penalty is given by

K
((B.\,a) =:—Z Zyzk Box + @} Buk) —log(>_ exp(Box + 7 Bur))]
=1 k=1 k=1

(2.36)

(1-a) ZZ@%MZ Zﬁ?k

=1 k=1

The lasso penalty is equivalent to the elastic-net penalty with o = 1. Setting o = 0
results in ridge regression.
The elastic net or lasso estimate ,3()\, a) can be computed in R using the glmnet package
[7], which uses coordinate descent to minimize the penalized negative log-likelihood. This
package outputs a p x K matrix 3’ instead of a full-rank p x K — 1 matrix, as described
in section 2. We can recover the full rank matrix B by setting B., = B/, — B/} for k =
1., K—1.

Adaptive Lasso Zou [26] introduced the adaptive lasso, which is defined as follows.

Let 3 a1, be the maximum likelihood estimator of 3.
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Next, let the weights w be defined by

1

Wik = — (237)
|ﬁMij‘y
where v > 0 (sometimes chosen by cross validation).
The penalty term is given by
P v, [Bie]) = Awie] Bji (2.38)
Therefore, the penalized negative log-likelihood for the adaptive lasso is given by
~ P K
(B Av)=—LB)+) > phv,[Bikl) (2.39)
j=1 k=1

It is important to understand the intuition behind the adaptive lasso. A major downside
of the lasso is that it is biased; specifically, as A grows so does the bias. This is somewhat
desireable since it sets (or attempts to set) the coefficients corresponding to inactive variables
to zero. However, for active variables, the corresponding non-zero coefficients will be biased
downwards. Adaptive Lasso attempts to mitigate this effect through the use of weights. For
j, k where |BMLj,k| is large, w;;, will be small. This is desireable because having ‘BMLM’ large
implies that the true value coefficient is probably nonzero. Therefore the “effective penalty”
applied to ,@jk, w;r A, will be small, leading to a small bias for [;y.

Conversely, for j, k where | B ML j,k’ is small, wj; is large. This leads to a large downwards
bias being applied, increasing the likelihood of Bjk being set to zero. Since it is likely that
Bjr = 0 (ie, the corresponding variable is truly inactive), this effect is desireable.

Note that the size of the tuning paramater v determines the magnitude of this affect; as v
increases, more importance is places on coefficients with small | B ML ]k]

As with all the previous “ungrouped” penalties, applying this “ungrouped” version of the

adaptive lasso will output an element-sparse matrix 3.
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Grouped Adaptive Lasso As was previously mentioned, we would prefer that the matrix
of coefficients ,B be row-sparse. We can extend the adaptive lasso penalty by penalizing the
coefficients on a group by group basis.

Let the weights w be defined by
1

L (2.40)
HﬁMLJHg

wj

where v > 0.

The penalty term is given by
P, 1B5.) = Aw;||Bj. 12 (2.41)

The penalized negative log-likelihood for the adaptive lasso is given by

U(B, N v) = —(B) + ZP(A’ v,18;.1) = —4(B) + Azwjllﬂj-llz (2.42)

This can be implemented in R through the glmnet package, using the option penalty.factor

to define the weights.

3 Comparison of Grouped and Ungrouped Penaliza-

tion Methods

To assess whether or not a grouped estimator actually performs better than the ungrouped
version, and to compare the performance of various estimators listed above, we use simula-
tions to estimate the misclassification rate by appliyng the estimators to artificially-created
datasets. This is followed by a comparison of the grouped and ungrouped penalties’ respec-

tive performances on a real dataset.
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3.1 Simulations - Artificial Dataset
3.1.1 Methodology

Methods Used The matrix of coefficients, 3, was estimated by minimizing the penalized
negative log-likelihood function #(3,\), so that B()\) = argminﬁg(,ﬂ, A). A was chosen by
cross-validation, and « (the elastic net tuning parameter) is set to 0.9 (to help counter the
effects of covariance between columns of the predictor matrix and smooth out the compu-
tation). When adaptive lasso is used, v is set to 1 and an L, (elastic net) penalty term is
added, using o« = 0.9.

The following penalized likelihood functions were used:
1. Maximum-Likelihood Estimator (Equation 3.15)
2. Ungrouped Elastic Net (3.24)
3. Grouped Elastic Net (3.25)
4. Ungrouped Adaptive Lasso (3.28) (with an Lo penalty term added)

5. Grouped Adaptive Lasso (3.31) (with an Ly penalty term added)

Parameters Used The following parameters were used to construct the predictor and

response matrices.
1. n, the number of observations

2. 7, the rate of divergence of the number of covariates (in the R code, this parameter
is called alpha. In this section, we will use v to avoid confusion with the elastic-net

parameter)
3. p, the number of covariates, given by |n”]
4. s¢, the number of active (nonzero) covariates, set to 5

5. K, the number of classes of the categorical response
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6. p, which determines the correlation between the covariates (columns of the predictor

matrix), set to 0.5

The following range of parameters are used:

n € {50,100,200}

(The simulations run very slowly for large n; n=500 will be added in the future)
v €40.5,0.7,1.0, 1.5}

K € {3,6} for n < 200

K € {3,6,10,20} for n > 200

Details of the Experiment R is used to generate artificial datasets and compute the
estimated matrix of coefficients. For each set of parameters 200 pairs of predictor matrices

and response vectors were created, given by

{(X17 1/71,1)7 (Xla Y1,2>7 RS (Xla lf1,20)>

(X2,Y21), (X2, Y22),.... (X2, Y2,20),

(3.1)
(X105 Y2,1), (X105 Y2,2); -+, (X105 Y2,20) }
Ten instances of B are also randomly generated, given by
{81, B, - B} (3.2)

The predictor matrices X7, Xs, ..., X790 were all generated independently. For each ¢ =
1,2,..,10, Yi1, Y; 2, ..., Y; 20 were generated using X; and B3; and independently of each
other.

Furthermore, each pair (X;,Y; ;) has a corresponding “testing” pair (X/,Y; ), which is
independent of and identically distributed to (X;, Y ;).
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Construction of the Predictor Matrices Given the parameters n,p, p, the predictor

matrix X; follows a multivariate normal distribution given by
X; ~ N (0,, %) (3.3)

fori=1,2,...,10.

The variance-covariance matrix X is a Toeplitz matrix, given by
Zg’m = p|Z—m| (34)

for{=1,...nand m=1,...,p.

X' is independently generated from the same distribution N, (0,, X).

Construction of 8 Given K and s, 8; (a p x K matrix) is given as follows (for i =

1,2,...,10):

Ul,l Ul,K
U271 UQ’K
ﬁ = Uso,l USQ,K (35)
0o .. 0
0o .. 0

where the Uy ,,’s are independent and identically distributed
Upm ~U(—2,2) (3.6)

for{ =1,...,89, m =1,..., K, and where U is the uniform distribution.

The vector of intercepts 3, is set to O.
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Construction of the Response Vectors Given X and 3, the response vector Y must
be generated.

The first step is to (deterministically) determine the probabilities of each observation falling
in a given class, which can be calculated using equation (2.6).

Finally, each element Y; of the response vector Y can be randomly generated from a multi-

nomial distribution.
Y; ~ Multinomial(P(Y; = 1|x;, 8), P(Y; = 2|x;, B), ..., P(Y; = K|z, 3)) (3.7)

Using these equations, the response vector can be simulated using the rmultinom function
in R.

The “test” response vectors Y’ are calculated in the same manner, using X' and 3

3.1.2 Prediction

For each pairing (X}, Y; ;), a model is fit using each of the 5 estimators.

The following R functions were used to estimate the coefficients:

1. For Maximum-Likelihood Estimator, the multinom function from the nnet package

[21] is used.

2. For the Ungrouped Elastic Net Penalty, the glmnet package was used.
Specifically, the function cv.glmnet was used to find an optimal choice of the tuning
parameter A\. The default setting of 10-fold cross validation was used.
The argument type.multinomial was set to "ungrouped"

a was set to 0.9 (using the glmnet option alpha=0.9), adding a small Ly penalty.

3. For the Grouped Elastic Net, cv.glmnet was also used.

In this case, type.multinomial was set to "grouped"
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4. For the Ungrouped Adaptive Lasso, the glmnet package was used. The argument

type.multinomial is set to ungrouped, and the weights w are set using the penalty.factor
option. The weights are set using the maximum likelihood estimator coefficients (cal-
culated using the nnet package), with v set to 1.
For computational simplicity, each “row” wj. of weights is uniform, with w;, =
||lwj.||2 Vk. This still results in each coefficient being penalized seperately, since the
ungrouped elastic net penalty is used. The magnitude of the penalty being applied to
Bjr depends only on the relationship between the j-th covariate and the response, and
is independent of the class k that corresponds to 8.

As with the elastic net penalty, an L, penalty term is added by setting alpha=0.9.

5. For the Grouped Adaptive Lasso, the glmnet package was used. The argument
type.multinomial is set to grouped, and the weights w are set using the penalty.factor
option. « is again set to 0.9. The weights are set using the maximum likelihood esti-

mator coefficients (calculated using the nnet package, , with v set to 1.

After the coefficients B are estimated using one of the methods listed above, the prob-
abilities for the test set are calculated using the following formulas (for all i = 1,...,n,k =

L., K):

eBO,k"!‘Bk“’i
K R . )
> eP0,6+8.e;
/=1

P(Y] = k|X; = 2;, 8= 0) = k=1, K (3.8)

Calculation of Misclassification Rate Using the estimated probabilities

P!  =kX;, =wxq,8=08) fori=1..,10j=1,.,20,a=1,...nk=1..,K, we

i7j7a
can calculate the misclassification rates of the different methods.
First, Y/, is “assigned to” (or predicted to be in) the class m;;, which maximises the

Z?-]?a
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aformentioned probability,

Mija = argmanP(Y;fj’a =k|X;, = x4, 8= B) (3.9)

/

The misclassification rate e; ; can be calculated using the test response Y; ;', by seeing how

often the above prediction was correct.

n

1
Cij =" > Umija # Y,) (3.10)

a=1
The average misclassification rate for a given set of parameters n,p, sg, p, K can be deter-
mined by averaging the misclassification rate e; j over all ¢ = 1,...,10,5 =1, ..., 20.

10 20

i=1 j=1

This is the misclassification rate that is reported in the results.

3.1.3 Results

In preliminary tests, the MLE and the Adaptive Lasso (both the grouped and ungrouped
versions) performed very poorly. Therefore, the detailed simulations will focus on comparing
the respective performances of the grouped and ungrouped elastic net.

Although both the grouped and ungrouped lasso perform somewhat poorly (with misclassi-
fication rates at around 40%) in these simulations, they perform much better when applied
to a real dataset, as shown in the next section. The purpose of this section is to compare
their relative performances, and show how the advantage of the group penalty varies with

the parameters of the model.

Effect of n, p, and K on Misclassification Rates We can study how the difference
in performance between the grouped and ungrouped penalties varies with n,p, and K. If
the grouped penalty was no better than the ungrouped penalty, we would expect that the

difference in misclassification rates between the two penalties, all else being equal, would be
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zero (depicted by the horizontal red line in the boxplots). If the grouped penalty was better
(has a smaller misclassification rate), we would expect that the difference would be positive.
While it is difficult to formally test the statistical significance of these results, the following
data and boxplots will provide strong visual evidence that the grouped penalty is superior,
especially when n, p, and K are large.

For n = 50, the grouped elastic net had an average (across all parameters other than n)
misclassification rate of 45.0% for the grouped elastic net and 46.0% for the ungrouped elas-
tic net. On average, the misclassification rate for the grouped elastic net was 0.95% lower
than the ungrouped elastic net.

For n = 100, the grouped elastic net had an average (across all parameters other than n)
misclassification rate of 40.1% for the grouped elastic net and 42.1% for the ungrouped elas-
tic net. On average, the misclassification rate for the grouped elastic net was 1.98% lower
than the ungrouped elastic net.

For n = 200, the grouped elastic net had an average (across all parameters other than n)
misclassification rate of 48.3% for the grouped elastic net and 50.3% for the ungrouped elas-
tic net. On average, the misclassification rate for the grouped elastic net was 2.00% lower
than the ungrouped elastic net.

We can create graphs to visualize how the difference in misclassification rates between the
grouped and ungrouped estimators depends on p, K, and s, (a positive difference means that
the grouped elastic net performed better than the ungrouped elasic net). Note that in this
case, alpha refers to v, where p = n”.

The graphs for n = 50, 100, 200 are below.
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Figure 1: Effect of p, K on misclassification rate when n = 50
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Figure 2: Effect of p, K on misclassification rate when n = 100
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Figure 3: Effect of p, K on misclassification rate when n = 200
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For n = 50, the grouped and ungrouped penalized estimators performed similarly for
small p. This is to be expected, since when n = 50 and p < 50, variable selection is not
very necessary. However, when p = 50> = 353, the need for variable selection increases.
This is reflected in the above graph - for v = 1.5/p = 353, the grouped estimator has a
misclassification rate that is almost 4 percentage points lower than that of the ungrouped
estimator.

When K = 3, the grouped and ungrouped estimators again performed similarly. This can
also be expected, since 3 is relatively small (only 3 columns), so setting an entire row to
zero is not very important. However, when K = 6, 3 is larger an more complex, and it is
undesireable to have a row containing both zeros and nonzeros. This is also reflected in the
above graph, as the grouped estimator outperforms in this case.

For n = 100, we see similar results, for the same reasons. he grouped estimator performed
slightly better, except in the case of v = 1.5/p = 1000 and K = 6, where the grouped
estimator performed much better.

When we have a high-dimension model with n and p large, feature selection becomes ever
more important. For n = 200, the grouped estimator is consistently better. As p and K in-
crease, so does the difference in misclassification rates, confirming that the need for grouped

variable selection increases as (3 increases in size.

3.2 Experiment - Real Dataset

To test the performance of grouped and ungrouped penalized estimators on a real-life dataset,
we use the “ISOLET” dataset from the University of California, Irvine’s Machine Learning
Repository [16], created by Ron Cole and Mark Fanty [3].

3.2.1 Description of the Dataset

The ISOLET dataset was generated by 150 English-speaking subjects (with different gen-

ders, accents, and dialects), with each pronouncing the name of each letter of the alphabet
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twice, resulting in 2 x 150 x 26 = 7800 total instances. Three instances are missing, so there
is a total of n = 7797. The response is categorical, with its domain in the integers between
1 and 26, each representing a letter of the alphabet (so in the context of multinomial regres-
sion, K = 26).

There are 617 features, which include “spectral coefficients; contour features; sonorant fea-
tures; pre-sonorant features; and post-sonorant features” [16]. All the features are continuous

and scaled to be between —1 and 1. The features are described in more detail in [3].

3.2.2 Prediction

The authors of the dataset split the data into two sets: a testing set with 6238 observations,
and a training set with 1559 observations. We performed two experiments. In the first, we
fit ungrouped and grouped elastic-net models on the training set (the maximum likelihood
estimator and the grouped and ungrouped adaptive lasso estimators performed poorly) and
used these models to predict the responses of the test set to obtain misclassification rates.

Although this is a high dimensional dataset with p = 617 and K = 26, when we have
n = 6238 prediction becomes much easier. Since p << n, variable selection is less important
and the noise from 617 features is less of a concern than in cases where p ~ n or p > n.
To try to emulate a common real-world situation where the number of observations is small
relative to the number of features, we refit grouped and ungrouped elastic-net models using a
training set of only 500 randomly-chosen observations and computed a misclassification rate
by testing on a testing set of another 500 randomly-chosen observations. This was repeated

100 times (using different training and testing sets).

3.2.3 Results

Whole Dataset When using the training set of 6238 observations, the ungrouped elastic
net model had a misclassification rate (when predicting the responses of the test set) of

4.426%. The grouped elastic net actually performed worse, with a misclassification rate of
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5.067%. We would hypothesize that because p is small relative to n, the benefits of variable
selection are outweighed by the fact that the model chosen using the ungrouped penalized

estimator contains more information.

Smaller Training Sets The results were very different when a smaller training set with
n = 500 is used. With p > n, variable selection becomes much more important, both
for the simplicity of the model and for reducing noise from 617 features. The average
misclassification rate was 12.054% when using the ungrouped elastic net, and 9.516% when
using the grouped elastic net. This means that for the smaller training sets of n = 500,

grouping reduced the msiclassification rate by 21%.

4 Generalization to Other Penalties

SCAD Penalty Fan and Li (2001) proposed the SCAD penalty [4], which is defined on
[0,00). In the usual case where the penalty is applied individually to each coefficient, the

penalty is given by

(
)‘|Bj" ’6]| <A
| — 2 2
pu(on) = { DELEBB T ) < an (41
A (a® —1)
(2= 1) 3] > X

For a > 1. Fan and Li suggested using a = 3.7 in most situations [4].
The reasoning behind this penalty can be better understood when looking at its derivative,

which is given by
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A 8] < A
A —|B;.
p:z(ﬁj-a )‘) = %lfﬂ A< ’ﬁ]| < al (42)
0 |B.] > aX

For ;. relatively small (8;. < A), the rate of penalization is given by A - the same penalty as
the lasso. This relatively high rate of penalization strongly “pushes” the coefficient towards
zero. This is desirable so that the SCAD estimator maintains the selection property of the
lasso, since relatively small instances of B will instead be set to zero.

Unlike the lasso, the penalty tapers off as ;. increases. The rate of penalization decreases
N(a® - 1)

———~. Asa
2(a—1)

result, SCAD does not perform shrinkage as strongly as the lasso. Therefore, we can view

until 8;. > a), in which case the penalty term plateaus with a value of

SCAD as a penalty which fully maintains the selection “power” of the lasso, while putting
less emphasis on shrinkage. This may be useful in cases where we would like as little bias as
possible on coefficients which are deemed to be nonzero.

When 3 is a matrix, the penalized log-likelihood is then given by

0B, \) B) + D " palIBikl, ) (4.3)

7j=1 k=1

where p, is given by equation (6.1).
As with the ungrouped Lasso, this penalty will result in an element-sparse matrix of coeffi-

cients.

Grouped SCAD Penalty As with the Lasso, we would like to apply a grouped version
of the SCAD penalty so as to get a row-sparse matrix of coefficients. Therefore we should
apply the SCAD penalty (which performs shrinkage and selection) on a row-by-row basis,
and use an Lo penalty (which performs shrinkage but not selection) within each row.

Therefore we need to introduce the Grouped SCAD penalty, given by
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AlBj.1l2 1Bj.1]2 < A

Pa(Bjs A) = ANzl = 0518+ Xy 1812 < aX (4.4)

a—1
1B5.1]2 > aA

A(a% - 1)
( 2(a—1)

where [[B;.|2 = /32 55

The penalized log-likelihood is then given by
B p
(8.2 = —B) + ) _palIBi-], ) (4.5)
j=1
Where p, is given by equation (6.4).
As with the grouped lasso, B()\) = argmingg(ﬁ, A) will be row-sparse.

MCP Penalty Zhang (2010) proposed the MCP penalty [23], also defined on [0, 00). In

the usual case where the penalty is applied individually to each coefficient, the penalty is

given by
AlBj.l = g—? 185.] < aA
ACVER a (4.6)
5@)\2 |ﬂ]’ > aA
The derivative is given by
B;.
| S g < an
Pa(Bjs A) = a (4.7)
0 |B;.| > aA

The MCP penalty is similar to that of the SCAD penalty, in that the penalty term

increases at a rate of A for §;. = 0, but the penalty “tapers off” as |f;.| increases, plateauing
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at |5;.] > aA.

When 3 is a matrix, the penalized log-likelihood is then given by

(B, +ZZpa Bisl, A) (4.8)

7=1 k=1

where p, is given by equation (6.6).

Like SCAD, this penalty will result in an element-sparse matrix of coefficients.

Grouped MCP Penalty As with SCAD, we can instead extend the MCP penalty to a
matrix of coefficients by grouping each row of the matrix, using an £y penalty within each
TOW.

The Grouped MCP penalty is given by

A
N1l 120y, < 0

Pu(Bi ) =1 | (4.9)
§a/\2 1Bj.1]2 > aA

where [[B;.[|2 = /32 55

As with the group SCAD penalty, the penalized log-likelihood is then given by

0B, A) =—L(B)+ > pallBs.]. V) (4.10)

J=1

where p, is given by equation (6.9).
As with SCAD and the grouped lasso, B(/\) = argmin@g(ﬁ, A) will be row-sparse.
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Part 11

Post-Selection Inference
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5 Naive Methods of Performing Inference
In this section, all experiments will be performed on a linear model, of the form
Y =X3+¢€

where Y is an n x 1 vector, X is an n X p matrix, 3 is a p x 1 vector, and € ~ N, (0, X).

5.1 Forward Selection

Forward selection, when variables are added one at a time to a model in order of their
marginal effect on reducing the sum of squares of the residuals, is a very commonly used
method to perform variable selection. Its popularity is due to a combination of it being very
easy to implement and understand. However, it can be very dangerous when its effects are
not properly understood by the user.

Say we wish to test the significance of a group of covariates {z1,...,z,}, out of the full
model {z1,...,z,}. Let RSSpy be the residual sum of squares of the fitted model containing
all the covariates (the full model), and let RSSgy be the residual sum of squares of the
“restricted” or “reduced” fitted model, where the covariates of interest are not included. Let
pry and pry be the respective number of parameters of the full and restricted model (so

prym — Pru = m), and let n be the number of observations. We can then calculate the F'

statistic:
RSSpu—RSSpy
_ _ PFM—D
R T 61
n—prm
Under the null hypothesis Hy : 81 = ... = 8, = 0, we have that F' ~ F,, ., the I

distribution with m = pryr — pry and n — ppys degrees of freedom.

When the full model is used (no variable selection), using an F or x? test to perform sig-
nificance tests on one or multiple variables is very simple. One may think that we can use
an F' test on the drop in RSS to test the significance of a variable added at a given step
of forward selection. However, the test statistic under the null no longer has the expected

F' distribution. This is due to the “greediness” of the algorithm, which “cheats” at each
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step by choosing the model which maximises the test statistics. In other words, the full and

reduced model are not fixed - rather, they have been selected based on the data.

Experiment Design In this and all future experiments, the following parameters are used.
The design matrix X is multivariate normal with mean Ogg and variance-covariance matrix
3, where 3; ; = 0.8/=71. To generate the vector of responses Y, B3 is set to 0 (ie, Y does not
actually depend on X). The variance ¥ is set to the identity matrix Iy, so each response
observation Y; is therefore normally distributed with mean 0 and variance 1.

For simplicity, the intercept term S is set to 0.

The Experiment We use R to implement simulations of forward selection and study the
results. 10 design matrices X ~ Ngo(0gg, X) are generated, and for each design matrix 100

response vectors Y are generated, for a total of 1000 pairings

{(Xla Yi,l)a ey (X17 Yi,lOO)a (XZ, Yv2,1), eeey (X109 }/10,100)}

For each pairing we found the “best” covariate (out of 60) using forward selection (using
the step function in the stats package [20]). We then fit a linear regression model using
only the “selected” parameter and calculated the F' statistic. Then the F' statistic is used to
decide whether or not to reject the null hypothesis Hy : 5 = 0 at the 5% level, and we record
how often the null hypothesis was rejected. Since the null hypothesis is in fact correct, the
proportion of times when the null is rejected provides an estimate of the true Type I error
of this test. Using the reasoning described in the previous section, we suspect that the true
Type I error will be greater than the desired 5%.

In fact, the null hypothesis was rejected 790 times out of the 1000 iterations of the experiment.
Under these conditions, this corresponds to an estimated Type I error of 79%! We can
attribute much of this horrendous outcome to spurious correlation - when forward selection
has 60 parameters to choose from, one of them is bound to be highly correlated with the

response. By design, this will be the variable chosen by the forward selection algorithm.
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Cross Validation It is possible to perform a valid significance test by using cross valida-
tion. If the data is split into a training and testing set and the model was not chosen using
the test set, we can perform valid inference (using the F' statistic or other methods) using
the data from the test set.

However, in practice this method is not always feasible. Often variable selection is performed
when the number of parameters is very high but the number of observations if low. For ex-
ample, if one has only 50 observations cross validation would require an average of only 25
observations in the training and testing set. Unfortunately, 25 observations is not enough
to get anything useful out of the data. There is too little data to perform accurate model
selection, the only reason forward selection is being used in the first place. However, since
the model was not selected using the data (specifically, the testing data) the significance
tests performed would be valid. Unfortunately, valid and useful are two seperate qualities.
Since the length of the confidence intervals are roughly proportional to the inverse of the
square-root of n, the number of observations, they would be far too wide to be of practical

use.

5.2 Lasso

We can perform similar simulations to those of the previous section using the Lasso. Again,
we simulated the data using 8 = 0 and selecting one variable using the lasso (by using a
large enough A such that only one variable is selected). Then the F statistic is used to
(naively) test the significance of the added variable at the 5% level. This is repeated for
1000 pairings of (X,Y) (as described in the previous section) and we recorded how often
H, was rejected in order to get an estimate of the true Type I error. In the simulations, the
null hypothesis was rejected 44% of the time. While still very bad, the effect is slightly less
dramatic than the results from forward selection. This is due to the fact that when using
the Lasso, variables are not added to the model for the explicit purpose of reducing the RSS

(as they are with forward selection).
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5.3 Naively Estimating P-Values

Rather than deal with individual hypothesis tests, it may be of interest to find the p-value
of all the parameters selected in the model. Classical statistical theory gives us a way
to compute these p-values: If there are p parameters in the model, we have that under
Hoy:3;=0,for 1 <j<p,

B
SE(f;)

where t¢,,_,, follows a Student-t distribution with n — p degrees of freedom.

~ tnp (5.2)

j =

Of course, we should realize that when the model is selected using the data, the standard
errors will not be accurately estimated. However, comparing the p-values estimated using
the above formula to those estimated (in the next section) using Monte Carlo methods gives
us insight into how one can easily be misled.

In this experiment, we used the previously described methods to generate 1000 datasets
(using B = 0). For each response vector, certain covariates are selected using the Lasso
(with A = 0.1), and refit an unpenalized regression model using only these covariates. Then,
every estimated coefficient is recorded - that is, for each response vector we recorded every
Bj,j e{j: Bj(/\ = 0.1) # 0}. The T statistic for each of these coefficients is also recorded,
and used to calculate a corresponding p-value (using the quantiles of the Student-t distri-
bution from equation 3). This gives us a large amount of estimated coefficients and their
(naively estimated) p-values, which we can plot to get an idea of “how large must Bj be to
reject Hy : 8; = 07”7 This question cannot be answered definitively since it fails to take the
standard errors into account. Instead, we can plot the T' statistics and their corresponding
p-values (calculated using equation 3) to get an idea of what significance we can assign to a

given T' statistic using classical statistical theory.
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Figure 4: P-values "naively” assigned to various values of ||
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Figure 5: P-values "naively” assigned to various t-scores
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As we can see, a t-score of > 2 corresponds to a p-value of < 0.05 (In fact, the above
plot is simply a plot of the absolute student-t distribution). Similarly, we see that having
B > 0.2—0.4 would lead us to reject the null hypothesis (this is less exact, since the standard

error estimates are needed for significance testing).
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6 Finding Emperical P-Values

While it is easy to prove that the T statistics will not follow the distribution given in equation

3, it is of interest to find their true distributions. Using equation 3, we have that

where ?,,_, 0975 is the 97.5-th percentile of the student-t distribution with n — p degrees of
freedom.

However, we know that when variable selection is performed the above formula no longer
holds. To estimate the true value of P(|T;| > t,—p0975/8; = 0), we can look at all the
T statistics generated using the methods described in the previous section. Since the null
hypothesis Hy; : 8; = 0 is true for all j, we can study the empirical distribution of the T’
statistics.

This allows us to find the true “a posteriori” (ie, taking the selection step into account)
p-value for T = a. Specifically, under the null hypothesis 5; = 0, what is the probability
that the T > a, given that the j-th covariate was selected? This can be easily estimated

using the quantiles of the observed T statistics.

Calculating Emperical P Values Let M be the number of estimated (non-zero) coeffi-
cients (over all of the iterations) and ¢; be the i-th t-score calculated. Note that A > 1000
since more than one parameter was selected in each iteration. Also note that by definition,
under the null hypothesis a t-score of @ would have a p-value of p s.t. E[% l_%l I(t; > a)] =p.
Therefore, since the null hypothesis does hold in this case, an “empirical p-value” p for a
t-score of a would be p = i g:l I(t; > a). This provides us with an unbiased estimate of
the true p-value p of a t-score a.

Using this formula we can assign an empirical p-value for every t-score. We also found em-
pirical p-values for the estimated coefficients B . These are helpful to compare against the

“naively calculated” p-values, but are not very useful on their own since it is impossible to
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get an accurate estimate without taking standard errors into account.

Results Below is a plot of the M estimated coefficients B (x-axis) with their corresponding
empirical p-values (y-axis), followed by a plot of the M estimated T-scores { (x-axis) with

their corresponding empirical p-values (y-axis)

Figure 6: Empirical p-values assigned to various values of | B[
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Figure 7: Empirical p-values assigned to various t-scores
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We see that in reality, we get a t-score of > 2 about 20% of the time, meaning the naive
tests at the 5% level result in Type I errors of 20%. Instead, these Monte Carlo simulations
tell us that we should only reject the null hypothesis if ¢t > 3.

Specifically, this experiment shows us that the empirical p-value of a T-score of 2 is 0.2, and

a T-score of 3 has an empirical p-value of 0.05.

6.1 Logistic Regression

We can repeat the above simulations using logistic regression instead of linear regression.

The plots of the estimated coefficients and t-scores (x-axis) against the “naive” p-values are:
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Figure 8: P-values "naively” assigned to various t-scores and values of |3
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The plots of the estimated coefficients and t-scores (x-axis) against the “empirical” p-

values are:

Figure 9: Empirical p-values assigned to various t-scores and values of \B\

-
[=e]
@
©
® ©
2 S 7
©
>
a
2 _
=4
(Y]
8
< | 0 O@O o
S M | T T T T
0.0 0.5 1.0 15 2.0 2.5

abs(beta.hat)

e
-

@
<]

©
=]

true.pval.zscore
0.4

0.2

0.0

04
-
o
w
s

Zscore

The results are very similar to those from linear regression.

7 Finding a Valid “Desparsified” Lasso Estimator

While the above algorithm can be used to find p-values, it is a computationally expensive

method. Instead, Zhang and Zhang [24] and Van de Geer et al [2] demonstrated that
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it is possible to find the distribution of the Lasso-estimated coefficients B = B(A) using
the Karush-Kuhn-Tucker conditions. In this section we will explain the theory behind this
method, and in the next section we will explain the approach we took to verify these methods
through simulations.
We have that:

BN = argmin=|[Y = X + 2218, (7.1)

The KKT conditions can be seen by setting the gradient to zero:
0=-X"Y — XB)/n+ Ik (7.2)

For ii; € [—1,1] Vj, &; = sign(f;) if B; #0
Let B° be the true value of 3, so that Y = X3° + €.
Let 3 = XTX /n. Then:
(8- 8% + M = XTe/n (7.3)

~

We will need to invert 3. If instead we use a “reasonable approximation” @, we get:
B-pB"+Ore=0XTe/n—A/Vn (7.4)

where A := /n(O — I)(3 — 8°)

Note that A is zero if © if the true inverse of 3, and small if © is a good approximation.
Van de Geer et al showed that A is asymptotically negligible (op(1)) under “certain sparsity
assumptions” (see Theorem 2.2 in [2]).

Now, we can get a promising “de-sparsified” estimator for 3%
b=B+06) =3+06XT(Y — XB)/n (7.5)

We then get
V(b — %) = ©X"e/Vn-A (7.6)

A T
OpxpX T

T Pte ~ N (0,02(O0XT)(O©XT)T /n) = N, (0,02030 )

Let Q = @367, This gives us our pivot distribution:

Note that € ~ N,,(0,02I) =

V(b = B°) ~ Ny (0,02€) + op(1) (7.7)
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This gives us the 1 — a confidence intervals, P(ﬂjo € Bj + c¢(a,n,0.)) =1 — a, where

cla,n, o) =1 — a/2)oc\/Q,,/n, @ is the cdf of N'(0,1) (7.8)

We can use this method even if € is not normally distributed. In this case,

~

Vb — 8% =W + A

where W = @XTe/\/n,|A;| = op(1) ¥j. Note that unlike in the previous case, W need

not be normal (though the CLT can be used to get a normal approximation).

7.1 Verification

To verify the results claimed in the thesis, we generated (using the methods previously
described) 1000 datasets (X, Y;), where X is a 100 x 60 matrix and Y; ~ X3 4+ € (where
B = 0g0) is a 60 x 1 vector.

The lasso estimator is used to estimate B f], (:), Q2 are calculated and used to find the
desparsified estimator b and its confidence interval. For these experiments, ® is solved
explicitly by inverting 3. Note that in situations where p is very large, inverting 3 directly
cannot be done. Instead we can compute a “reasonable approximation” using a method such
as Node- Wise Regression, which is described in detail in [2]. The null hypothesis Hy; : 5] = 0
is rejected if zero is not contained in the 5% confidence interval l;j + c(a,n, o).

Since Hy; is in fact true for all j, if this test is valid then Hj; should be rejected 5% of
the time (a Type I error of 5%). In the simulations performed in R, the null hypotheses
Hy ;- ﬂ? = 0 were rejected an average of 5.000467% of the time, as expected.

7.2 Desparsified Estimator for GLMs

This method can also be extended to General Linear Models. We will use the notation of
[2]. Let pg := pg(y,x) = p(y, xB3) be the loss function (usually the negative log likelihood)

of a single observation. Keeping with the notation of [2], we let P, be the “mean operator”,
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so P,pg = %iilpg(yi, ;).

Let B = argming(P.ps + Al|B|[1). Also let 3 = PF,p5 (in general, 3 may depend on 3,
although it does not in the case of linear regression).

Let 62 = (éPanpgéT)jvj and b= — OP, ;.

Using a Taylor Expansion and the Central Limit Theorem, we can show that

Vn(b; — 89)/6; = V; + op(1) (see [2] for the proof).

We verified the validity of the desparsified estimator for logistic regression, using the meth-
ods described in section 11.1. In this case it is necessary to compute the loss function and

its derivatives and double derivatives. They are:

ps(y, ) = —(yxTB — log(1 + = #))

zTg3
. T T €
= —(yxw —ax° ——) (a pxl vector
ps=—(y o) (0P )
j —wTwﬂ (a pzp matriz)
) 1Zn T T eoi'P
Pan = _E . (ylwz — wi m) (piﬁ'] U@CtOT)
P.pap —1§(mT xT ext? Vyxl — xF ext? Né triz)
nP,@PBT =0 Yil; i 1+6mg‘ﬁ" YiZ; i 1+€wiTB pxp matrzx

i=1
T4

A 1 — e%i
S=Pjg=-> xTe;— tri
Pa n; Ry (pxp matriz)

When this technique was verified using R (with the methods described in section 11.1), the
Type I error was 4.9%.

7.3 Group Lasso
Let 8 = (B4, ..., Be) where By = (81, .., Bgn,)-

Say we want to select all or none of each group B4 of variables. This situation comes up
often - you may believe (before fitting a model) that certain covariates are highly related

and that it would not make sense to say that some are important and others are not. This
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is also an issue when dealing with categorical variables - in this case, a K-class categorical
variable must be substituted by K — 1 “dummy” variables. Since all these dummy variables
represent the same original classification, they should all be grouped together. It would
make no sense to select some dummy variables but not others, as this would imply that the
variable being in certain classes affects the response while the variable being in other classes
does not. Since there is a direct relationship between the dummy variables (if one of them
is 1 the others must all be 0), it would be difficult to interpret a model where only a few
classes are in the model.

The group lasso estimator is:

n

a
R 1 T
By = argming - ;(yi —x; B) + A ; Vgl Byl (7.9)
Note that within each group, the coefficients are penalized using the Ly norm, so no selection
takes place. Between groups, we use the usual L; penalty, which will shrink some of the

groups of coefficients to zero.

The KKT Conditions are:

0=—-XT(Y — XB)/n+ \s(df,)k, (7.10)
where Kk, € [—1,1]Vg, Kk, = HIB.iH if Bg #0.
If we let & = {s(df1)Rq, ..., s(df:);n}, we can combine the groups to get the same formula as
we had in the ungrouped case: 0 = —XT(Y — X8)/n + Ak
This gives us the same pivotal quantity b where /n(b — 8°) ~ N, (0,02Q) + op(1)
However, unlike in the ungrouped case, when performing inference after group lasso we would
usually want to perform inference on a group by group basis, rather than coefficient by co-
efficient. Therefore we should not study each Bj individually. Instead, we need to find a test
statistic which provides insight into whether the group is important. A natural candidate
would be max;¢, l;j. If one of the coefficients in the group is very large, we should conclude

that this coefficient must be important and therefore its group is important. On the other

hand, if each coefficient in the group is moderately large but there is no obviously significant
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coefficient, we may want to conclude that the magnitude of each of the coefficients can be
explained by noise, and therefore there is not enough evidence to reject the null hypotheis
that the group of variables is significant.

The method to compute joint confidence intervals is slightly more complicated than the
method to compute individual confidence intervals, and involves using Monte Carlo simula-

tions to estimate distributions.

We have .
nlb; — B9 W
P(maXM <z)= P(maxg <z) (7.11)
i€y A i€y A
O¢ de O¢ Qj,j
where W ~ N, (0, 52€2)
Therefore, under Hy : ) = 0Vj € g, we have that
nb?
~ 1 7.12
e g, x; (1) (7.12)
However, the y? variables are dependendent, with
W;|?
X5(1) = | 3| (7.13)
CRUY

This distribution does not have a closed form solution, but Monte Carlo simulations can be

used to create a good approximation.

|
028 ;

S

| 2

To create the confidence intervals we must find the 95-th percentile of max;¢,

Algorithm The algorithm to test the null hypothesis Hy 4:3; =0 Vj € g for the g-th group,
g=1,...,G, is:
1) Generate Wy, ..., Wy, for m large, where each W; ~ N,,(0, O?Q) (a 1 x p vector)

)
W 4
irj
2) Let x7,(1) = 20
4.
3) Calculate m; , = max;eq X7 (1) Vi, g
4) Find §ogs, the 0.95 quantile of m., for each g (using the quantile function from the

stats package in R).
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5) Given our Lasso estimators Bj,j € {1,...,p}, we reject Hy,:3;=0Vjeg if

72

i/ 7.14)
max ——=— > (.95, (7.
€9 o2

Verification To verify the results claimed in the thesis, we generated (using R) 1000

datasets (X;,Y;), where X, is a 100 x 60 matrix and Y; ~ X3 + € (where 3 = 0Og9) is

a 60 x 1 vector.

We tested the null hypothesis Ho g : ) = 0Vj € g forg € {{1,2,...,10},{11,12, ...,20}, ..., {51,52,...,60} }.
Using R, the null hypothesis H , is rejected or accepted using the the algorithm described

above. Since Hy, is in fact true for all g, if this test is valid then Hy , should be rejected 5%

of the time (a Type I error of 5%). In the simulations performed in R, the null hypotheses

Hy, - 52 = 0 were rejected an average of 5.11% of the time.

7.4 Extension to Multinomial Regression

While there is an abundance of literature analyzing logistic regression, multinomial regression
gets less attention, especially in the field of post-selection inference. Having three or more
categories greatly complicates regression - unlike in logistic regression, where the response
is a binary variable y;, a K-class multinomial model requires K responses y; x, k =1, ..., K,

where y;;, = 1 if the i-th observation falls into the k-th class.

Likelihood Functions When performing selection in a multinomial model, we want to
either select a whole row 3;. or none of it.

Let yir, = 1(y; = k). The average negative log-likelihood and its derivatives are

n K K
Popg = — (> yir(x:Bx) — log( Y exp(x;B.i))]
11':111621 xT; exp(zcﬂk:)1
Pnpﬁ.z = _E 1221[%(% - K1 et ]

> exp(x;iB.i)

k=1

P'flpﬂ = (PHIOBl) ceey PanK), a p*K z 1 vector

P,ps is a p*x K x p* K matrix. The blocks on the diagonal are
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> exp(zifBr) +1

. 1z k2t
P,ps, = - Z xlz; exp(z; By) <
= (> exp(wiB))?
k=1

1 K
The off-diagonal blocks are P,pg, = - Z:l x] x; exp(x;3.) exp(wi,@,m)/(; exp(x;03..))>
i= =1

Performing Inference My research focuses on how to perform valid Post-Selection Infer-
ence in Multinomial Regression, where there has been no previous work.

Let QpKXpK = @PanpT@T and V' ~ N, (0, Q)

We want to “vectorize” the matrix 3, so we will write (3, the ((j —1) - K + k)-th element of
the vector 3, to represent the k-th column of the j-th row of the matrix beta, and the same
for Vjj.

Similarly, ij,jk will be the ((7 — 1) - K + k)-th diagonal element of Q.

V(b — 5? W

Similarly to the linear version of the group lasso, we can show that under
0 : nb?k 2
Hoj : B, = 0 Vj, max; = ~ maxj Xjk<1>
Jk.jk
As with the group lasso, we can approximate the distribution of max; x?k(l) using Monte-

=1

Then for a GLM, we have that

Carlo simulations.

Algorithm Since applying the lasso for multinomial regression is a special case of the
group lasso, the algorithm to test for significance is a special case of the algorithm for
grouped lasso (described in the previous section). The key step for multinomial regression
is properly grouping the covariates, so that 3;. is contained in one grouping. This is done
n "step 0”7 of the following algorithm. Steps 1-5 are similar to those of the algorithm for
grouped lasso.

The algorithm to test the null hypothesis Hy ; : /Bjok = 0 Vk for the j-th covariate, j =1, ..., p,
is:

0) Create groups j = 1,...,p, where the j-th group is given by the
{j—-1)-K+1,(j—1)-K+2,....,(j—1)- K+ (K —1),j - K}-th elements of 3.
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Notice that the j-th group represents the j-th covariate, or the j-th row of the matrix 3.
1) Generate Wy, ..., W,,, for m large, where each W; ~ p.K(O,an) (a1 x p- K vector)
2

W:
92) Let \2,(1) = —2
) Let x7,(1) 220,

3) Calculate m; ; = maxye; X?,e(l) Vi, j

4) Find §o.95, the 0.95 quantile of m.; for each j (using quantile function from the stats
package in R).
5) Given our Lasso estimators Bl € {1,..,p- K}, wereject Hy;: fp =0Vl € jif

nb? .
max ——— > oo, (7.15)
Lej USQE,Z

Verification To verify the results claimed in the thesis, we generated (using R) 1000 mul-
tinimial datasets (X, Y;), using B, = 0 Vj, k, where X is a 100 x 60 matrix and Y is a
60 x 1 vector.

For each dataset (X, Y;), we computed the likelihood functions described above. We tested
the null hypothesis Hy; : ;-Jk =0Vk e {l,...,K} for j € {1,...,p}. Using R, the null hy-
pothesis H ; is rejected or accepted using the the algorithm described above. Since Hy ; is
in fact true for all j, if this test is valid then Hy ; should be rejected 5% of the time (a Type
I error of 5%). In the simulations performed in R, the null hypotheses Hy; : ) = 0 were

J

rejected an average of 5.05% of the time.
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Part 111

Conclusion and Future Work
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8 Conclusion

As a flexible model which can be used for prediction in many fields, multinomial regression
should be included in the toolboxes of all analysts interested in classification. Since multi-
nomial regression is often used in high-dimensional situations, including online advertising,
biology, handwriting recognition, and many more, one should be aware of how this will af-
fect the model. Specifically, if one desires to use variable selection to get a more manageable
set of covariates, the properties of multinomial regression with respect to variable selection
should be examined. The simulation-based experiments in this thesis demonstrated the need
to include row-wise grouping in a penalty term to improve both interpretability of the model
and performance of the predictions.

As the prominence of Big Data increases and variable selection is becoming increasingly com-
mon, one must be aware of the dangers involved in using classical techniques of inference.
Unfortunately, many analysts are unaware of (or choose to ignore) the fact that classical
techniques for assessing significance cannot be generalized to models chosen via variable se-
lection. Instead, the techniques introduced by [24] and [2] can be used to perform proper
post-selection inference. In addition, the methods described in this report can be used to
create valid joint confidence intervals for models chosen by the group lasso or multinomial

models.

8.1 Future Work

In addition to performing variable selection by taking advantage of row-sparse B matrices,
we can look at the implications of having a column sparse matrix. Having a column of zeros
in the k-th column implies that the predictor variables cannot help us decide whether to
assign the response to the k-th or K-th class. Therefore we may want to merge classes since
we can’t decide whether to assign an observation to k£ or K, we may as well create a new
larger class which indicates that the response is in either of classes k or K. This can be
useful when we have too many classes, which makes for a complicated model. For example,

this can arise if we want to predict the age interval of a person based on certain covariates.
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Originally we may decide to use shorter, more precise intervals, for example 3-year intervals,
but if it is too hard for the model to distinguish between age groups it may be best to merge
some of them into one. For example, 30-32 and 33-35 may be merged into a new class 30-35.
So our model is a little less precise, but potentially much more accurate. This does get
complicated pretty quickly. For one thing, if we permute the order of the classes (so that
the K-th class is no longer the reference class) our matrix will change, and a column of zeros
will become two identical columns. So if we were to create an estimator which attempts to
perform class-shrinkage, it should look to create not only columns of zeros but also identical
columns, since these too can be merged. For this, one can try to create a special form of
perhaps the fused lasso [14] and see if it is effective.

This thesis shows the importance of grouping when performing multinomial regression, and
uses the elastic net and the adaptive lasso (or adaptive elastic net) to compare the per-
formances of grouped and ungrouped versions. It would be interesting to see if a similar
difference would be observed if the grouped and ungrouped SCAD and MCP penalties were

implemented and compared.
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9 Full Results

Ilnll Ilalphall llpll IlKll "Penalty" "MlSC Ratell

50 0.5 7 3 "UEN" 0.283681592039801
50 0.5 7 3 "GEN" 0.296616915422886
50 0.5 7 6 "UEN" 0.489206349206349
50 0.5 7 6 "GEN" 0.456891191709845
50 0.5 7 10 "UEN" 0.624324324324324
50 0.5 7 10 "GEN" 0.6125

50 0.5 7 20 "UEN" O

50 0.5 7 20 "GEN" O

50 0.7 15 3 "UEN" 0.337313432835821
50 0.7 15 3 "GEN" 0.38

50 0.7 15 6 "UEN" 0.557704918032787
50 0.7 15 6 "GEN" 0.522139037433155
50 0.7 15 10 "UEN" 0.648695652173913
50 0.7 15 10 "GEN" 0.635185185185185
50 0.7 15 20 "UEN" O

50 0.7 15 20 "GEN" O

50 1 50 3 "UEN" 0.364776119402985
50 1 50 3 "GEN" 0.358407960199005
50 1 50 6 "UEN" 0.580648648648649
50 1 50 6 "GEN" 0.585882352941177
50 1 50 10 "UEN" 0.7048

50 1 50 10 "GEN" 0.65625

50 1 50 20 "UEN" O

50 1 50 20 "GEN" O
50 1.5 353 3 "UEN" 0.422388059701493
50 1.5 353 3 "GEN" 0.428159203980099
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50 1.5 353
50 1.5 353
50 1.5 353
50 1.5 353
50 1.5 353
50 1.5 353
100 0.5 10
100 0.5 10
100 0.5 10
100 0.5 10
100 0.5 10
100 0.5 10
100 0.5 10
100 0.5 10
100 0.7 25
100 0.7 25
100 0.7 25
100 0.7 25
100 0.7 25
100 0.7 25
100 0.7 25
100 0.7 25
100 1 100

100 1 100

100 1 100

100 1 100

100 1 100

100 1 100

6 "UEN" 0.643548387096774
6 "GEN" 0.575384615384615
10 "UEN" 0.733214285714286
10 "GEN" 0.714603174603175
20 "UEN" O
20 "GEN" O

3 "UEN" 0.290845771144279
3 "GEN" 0.308009950248756
6 "UEN" 0.438507462686567
6 "GEN" 0.40355
10 "UEN" 0.576489361702128
10 "GEN" 0.519426751592357
20 "UEN" 0.643333333333333
20 "GEN" 0.60625

3 "UEN" 0.294626865671642
3 "GEN" 0.287611940298507
6 "UEN" 0.480746268656716
6 "GEN" 0.457035175879397
10 "UEN" 0.575398773006135
10 "GEN" 0.56491124260355
20 "UEN" 0.59

20 "GEN" 0.59875

3 "UEN" 0.35089552238806

3 "GEN" 0.343880597014925

6 "UEN" 0.540597014925373

6 "GEN" 0.5151

10 "UEN" 0.661666666666667
10 "GEN" 0.59814371257485
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100 1 100 20 "UEN" 0.5

100 1 100 20 "GEN" 0.592

100 1.5 1000 3 "UEN" 0.376467661691542
100 1.5 1000 3 "GEN" 0.36

100 1.5 1000 6 "UEN" 0.597213930348259
100 1.5 1000 6 "GEN" 0.536169154228856
100 1.5 1000 10 "UEN" 0.674655172413793
100 1.5 1000 10 "GEN" 0.628524590163934
100 1.5 1000 20 "UEN" 0.654

100 1.5 1000 20 "GEN" 0.5825

200 0.5 14 3 "UEN" 0.232164179104478
200 0.5 14 3 "GEN" 0.276218905472637
200 0.5 14 6 "UEN" 0.411691542288557
200 0.5 14 6 "GEN" 0.390945273631841
200 0.5 14 10 "UEN" 0.511532663316583
200 0.5 14 10 "GEN" 0.498434343434343
200 0.5 14 20 "UEN" 0.675575221238938
200 0.5 14 20 "GEN" 0.653295454545455
200 0.7 40 3 "UEN" 0.274676616915423
200 0.7 40 3 "GEN" 0.266716417910448
200 0.7 40 6 "UEN" 0.431467661691542
200 0.7 40 6 "GEN" 0.413507462686567
200 0.7 40 10 "UEN" 0.564378109452736
200 0.7 40 10 "GEN" 0.534974489795918
200 0.7 40 20 "UEN" 0.68702479338843
200 0.7 40 20 "GEN" 0.65278947368421
200 1 200 3 "UEN" 0.267985074626866
200 1 200 3 "GEN" 0.281965174129353
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200 1 200 6 "UEN" 0.459502487562189
200 1 200 6 "GEN" 0.412537313432836
200 1 200 10 "UEN" 0.612325

200 1 200 10 "GEN" 0.587213930348259
200 1 200 20 "UEN" 0.718760330578512
200 1 200 20 "GEN" 0.676126126126126
200 1.5 2828 "UEN" 0.319925373134328

3

200 1.5 2828 3 "GEN" 0.322537313432836
6
6

200 1.5 2828 6 "UEN" 0.467810945273632
200 1.5 2828 6 "GEN" 0.485199004975124
200 1.5 2828 10 "UEN" 0.64410447761194
200 1.5 2828 10 "GEN" 0.585124378109453
200 1.5 2828 20 "UEN" 0.767103174603175
200 1.5 2828 20 "GEN" 0.689327731092437
10 R Code

The R code used can be found at https://www.dropbox.com/sh/khy8zuh322pnhqc/AAAKUIdZs30qCkF6u-
d1=0
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