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ABSTRACT

The development of the wire-mesh wheel of the Apollo Lunar Roving Vehicle was

realized through a time consuming trial and error design process, primarily driven

by manufacturability and physical testing. Recent wheel development, motivated by

renewed interest in lunar surface exploration, utilizes more sophisticated numerical

simulation tools. However, many researchers still employ trial and error or paramet-

ric approaches to designing the wheels.

This thesis proposes a systematic approach to the design optimization of compliant

lunar wheels. The problem is decomposed into system and component level analyses.

The system level analysis investigates the effect of elastic wheel behaviour on rover

and mission performance metrics. This is realized by optimizing concept independent

wheel design variables using multi-disciplinary models coupled with optimization al-

gorithms. Wheel concepts are explored by prototyping and physical testing, as well

as numerical modelling. The mobility performance metrics of cellular, segmented and

iRings wheels are compared to a baseline rubber wheel. In the component level anal-

ysis, a multi-objective optimization algorithm is coupled with numerical simulations

of wheel-ground interaction to find optimal cellular wheel designs. The effectiveness

of the methodology to optimize cellular wheel concepts is verified, and the limitations

of the approach examined. Finally, a discussion to extend the proposed methodology

to alternative wheel concepts is provided.
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ABRÉGÉ

Le développement de la roue treillis métallique de l’Apollo Lunar Roving Vehicle

a été réalisé par un processus d’essais et d’erreurs. Les récents développements de

roues flexibles, motivé par un regain d’intérêt pour l’exploration lunaire, ont main-

tenant à leur disposition des outils de simulation numérique plus sophistiqués. Cepen-

dant, la majorité des chercheurs emploient toujours des méthodes expérimentales,

itératives ou paramétriques pour développer leurs roues.

Cette thèse propose une nouvelle approche systématique pour l’optimisation de con-

cepts de roues lunaires flexibles. Le problème est décomposé en deux analyses se

rapportant au niveau du système et celui des composantes. L’analyse au niveau du

système étudie l’effet du comportement de la roue élastique sur des mesures de per-

formance lors dune mission du rover. Ceci est réalisé en optimisant les paramètres

décrivant une roue flexible à l’aide de modèles multidisciplinaires. Différents con-

cepts de roues sont explorés à l’aide de prototypes et d’essais physiques, ainsi que de

modélisations numériques. La performance de chacun des concepts de roues flexibles

cellulaires, iRings et segmentés sont comparées à un pneu standard. L’analyse au

niveau des composantes effectue une optimisation multi-objective afin de déterminer,

par le biais de simulations numériques, le concept optimal de roues flexibles cellu-

laires. L’efficacité de la méthodologie pour optimiser la roue cellulaire est ensuite

vérifiée et les limites de cette approche sont examinées en détail. Finalement, une

discussion sur l’application de la méthodologie proposée à des concepts de roues

arbitraires est abordée.
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CHAPTER 1

Introduction

The history of humanity is shaped by our ability to invent tools. From Homo

Habilis’ development of rudimentary hunting tools to Homo Erectus’ mastering of

fire; our survival and evolution to modern Homo Sapiens would not have been possi-

ble without technology [50]. The wheel is commonly referred to as one of mankinds

most fundamental inventions. The wheel enables movement, the transportation of

load and can perform work in a machine. The wheel was most likely invented in

Mesopotamia around 5000 BCE as a potters wheel, while applications of rotary mo-

tion for transportation were adopted shortly thereafter [29]. Until 1650 BCE, wheels

were still very heavy and bogged down in soft soils, and could not be used on rocky

terrain. It was still much easier to transport goods over long distances on animals,

and wheeled vehicles were not utilitarian rather, they were a sign of social status

[50]. With the development of roads, railways, vehicle suspension and pneumatic

rubber tires, wheels became ubiquitous in transportation technology. Now, their

applications are as diverse as their designs.

1.1 Motivation

In the early 1960s, as mankind left its cradle to explore the solar system, en-

abling technologies to launch mass into orbit, sustain human life off the planet and

explore our solar system were developed. Yet, according to [7], the development

of flexible metallic wheels was the most time consuming and challenging aspects of

1



Apollo 15, 16 and 17’s Lunar Roving Vehicle (LRV) development. The lunar en-

vironment precludes the use of rubber, which deteriorates when exposed to solar

wind, solar cosmic rays and galactic cosmic radiation [33]. The extreme temperature

variation, ranging from 40K in the bottom of shawdowed craters to 254K near the

equator under full sunlight [98], changes the elasticity of rubber. A lunar pneumatic

tire wall would therefore be considerably thinner than terrestrial tires, increasing the

risk of tire puncture. This is considered a single point failure for manned and robotic

vehicles and an unacceptable mission risk.

Apollo LRV engineers were tasked with designing and fabricating a reliable, flexible

metallic wheel replicating the performance of rubber pneumatic tires. The design

was realized through a trial and error design process, primarily driven by manufac-

turability and physical testing [7]. A number of flexible wheel design concepts were

explored during the 1960s and 1970s [15] which led to the selection of the wire-mesh

wheel concept shown in Figure 1.1. The wheel was capable of supporting the weight

of the vehicle and astronauts, provide adequate traction in the lunar soil, add some

suspension capability to the LRV when overcoming obstacles and withstand the en-

vironment and loading conditions over the 3 day missions [15].

The next generation of lunar vehicles will travel further on the lunar surface, explore

permanently shadowed craters and perform a variety of tasks such as transport sen-

sitive payloads, excavate regolith and allow for both robotic and manned operations

[33]. Thus, the optimal design of future rover wheels will depend on a different set

of environmental, mission specific and vehicle design factors.
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Figure 1.1: LRV Wire Mesh Wheel (NASA) [121]

1.1.1 Problem Statement

A framework is required for the design of flexible wheels for lunar surface vehicles

to avoid a time consuming trial and error design process. To date, no methodological

approach for developing or optimizing wheel designs for specific mission objectives

or performance requirements has been addressed. This thesis develops a systematic

approach to the design of compliant wheels for lunar vehicles. The aim being that

such a methodology is used to design wheels for various vehicle or mission types,

thereby avoiding the need to reinvent a wheel for each new planetary exploration

vehicle proposed.

1.2 Research Objectives

This research proposes a two-stage sequential optimization approach to the de-

sign of compliant, non-rubber, non-pneumatic wheels for planetary exploration ve-

hicles. This is achieved by decomposing the wheel design problem into system and

3



component level analyses and exploiting multi-disciplinary mathematical and numer-

ical models with single and multi-objective optimization algorithms. As no preferred

wheel concept for lunar exploration has been identified in the literature, this research

also investigates wheel concepts through prototyping and physical testing. In par-

ticular, wheels composed of a periodic microstructure, dubbed cellular wheels, are

explored. The design methodology is verified by optimizing a cellular wheel con-

cept. In developing and verifying the proposed methodology, the following research

objectives are addressed:

i Define and classify a comprehensive set of mission and rover mobility specific

performance metrics for robotic and manned planetary surface exploration ve-

hicles.

ii Define and propose system level relationships between concept independent

elastic wheels, and mission and rover performance metrics through the use of

multi-disciplinary models.

iii Identify critical wheel design variables for mission success by conducting a

system level optimization.

iv Explore existing and novel wheel concepts through numerical and experimental

analyses.

v Develop a systematic approach to the structural design of compliant lunar

wheel concepts by multi-objective optimization (MOO).

vi Apply and verify the design approach to a cellular wheel concept.

4



1.3 Thesis Outline

The research presented in this thesis is multi-disciplinary in scope hence a broad

literature review of relevant topics is presented first in Chapter 2. Planetary mobility

is described by a review of planetary exploration missions and vehicle concepts, as

well as simulated and experimental mobility performance evaluation methods. An

extensive review of existing wheel concepts and wheel design approaches are also

provided. The literature review is completed by introducing pertinent optimization

theory and material homogenization methods for cellular materials.

The design framework proposed for optimizing compliant lunar wheels is presented

next, in Chapter 3. The decomposition of the design problem is presented in detail,

including a description of the system and component level analyses as well as the

coordination between the two levels.

Chapter 4 describes the system level analysis. First, a classification and description

of a comprehensive set of performance metrics for planetary exploration vehicles are

proposed. Terramechanics, vehicle dynamics and mission scenario models are used

to characterize the relationship between wheel design variables, rover performance,

and consequently, mission performance. Two lunar rover missions are investigated: a

resource prospecting and berm building scenario. Both mission scenarios are consid-

ered for autonomous or tele-operated rovers in preparation for establishing a lunar

outpost in the near future. Resource prospecting consists of traversing long distances

on the lunar surface and searching for in-situ water or ice. Berm building requires

the rover to excavate lunar soil (i.e. regolith) using a scooping tool and transport

it to construct a protective wall between landing sites and a lunar base. Detailed
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mission architectures have not yet been developed, so specific mission priorities are

unknown. Therefore, a set of relevant mission performance metrics for each scenario

are identified by the author. For each metric, an optimization problem is formulated

and solved to determine optimal wheel system design variables.

The development and investigation of promising wheel concepts, presented in Chap-

ter 5, precedes the component level analysis. First, a functional breakdown is pre-

sented by describing the main components of wheel concepts. Then, four distinct

wheel concepts are described and investigated through qualitative and quantitative

physical testing and numerical analyses. In addition to the mobility performance,

the selection criteria of wheel concepts suitable for component level analysis are pro-

posed. A wheel with an internal structure composed of a periodic microstructure, or

cellular material, is identified as the preferred concept and is investigated further in

Chapter 6.

Chapter 6 describes the component level analysis in two main steps: a multi-objective

optimization (MOO) of a homogeneous 3D wheel model and a cellular material op-

timization. The cellular wheel concept is simplified as a homogeneous wheel com-

posed of a 3D orthotropic material. The Non-dominated Sorting Genetic Algorithm

(NSGA-II) [28] is used to solve the MOO problem to yield a non-dominated (or

Pareto) set of optimal orthotropic wheel material properties. The cellular material

optimization is conducted to find periodic unit cells which meet the optimal material

properties while withstanding the imposed loading conditions. A verification of the

two-step approach is performed by direct modelling of cellular wheel concepts. Co-

ordination between the system and component level analyses is investigated through
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an additional error analysis step. A discussion on the results, assumptions and appli-

cability of the component level analysis for alternative wheel concepts is presented.

A review of the research objectives accomplished, and the contributions of this re-

search to the field of planetary surface mobility is given in Chapter 7. This thesis

concludes with a discussion of limitations and proposed extensions of the wheel design

methodology, as well as recommendations for future lunar rover wheel development.
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CHAPTER 2

Literature Review

In this chapter, an overview of planetary surface exploration missions and rover

designs is presented followed by a discussion on methods to evaluate mobility perfor-

mance and a review of existing wheel designs and design methodologies. Section 2.2

introduces some structural, single and multi-objective optimization theory applicable

to this work. Finally, this chapter concludes with a discussion on homogenization

techniques for modelling lattice materials. Homogenization theory is used in Chap-

ters 5 and 6 to model the mechanics of a cellular wheel design.

2.1 Planetary Surface Mobility

The mobility performance of planetary rovers is an essential consideration in

the success of surface exploration missions. The performance of the Apollo LRV

allowed Astronauts to explore a larger area of the lunar surface, return a variety of

regolith samples and conduct more scientific experiments than on foot [7]. More re-

cently, however, the importance of planetary mobility was demonstrated with Spirit’s

inability to traverse a very soft patch of Martian terrain-which proved to be the be-

ginning of the end of the rover’s mission life [55].

With renewed interest in returning to the Moon, international space agencies have

undertaken the development of the next generation of lunar rovers as described in

[117],[83] and [44]. Rovers will be used for a variety of surface mobility tasks, as
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shown in Table 2–1 [33]. Figure 2.1 illustrates terrestrial prototypes of lunar rover

concepts which satisfy a range of tasks outlined in Table 2–1.

Table 2–1: Lunar rover missions as a function of lunar base development [33]

Development phase Rover Type Rover Tasks
Precursor Autonomous or tele-

operated.
Resource assessment,
robotic surface surveys,
robotic site preparation,
sample return.

Pioneering Autonomous, tele-
operated and astro-
naut driven.

Lunar base site preparation,
surface mining/lunar oxy-
gen pilot plant, short-range
surface transportation.

Consolidation Pressurized crew
driven, autonomous,
remote-operated and
astronaut driven.

Extended mining capabili-
ties, lunar oxygen produc-
tion, longer-range surface
transportation.

Settlement Pressurized crew
driven, autonomous,
remote-operated and
astronaut driven.

Large-scale mining/oxygen
production facilities, long-
range surface exploration,
tourism.

Broadly, the mobility system of planetary vehicles can be divided into: motors and

drivetrain, traction system, steering mechanism and suspension system. The rover

mobility system must be designed to meet the specific mission requirements. Au-

tonomous or tele-operated rovers typically employ geometric suspension and explicit

steering on multiple wheels to efficiently negotiate irregular and soft terrain at slow

speeds [6]. The design of rovers driven by on-board astronauts will emphasize sus-

pension and handling to accommodate higher driving speeds, such as the LRV [15].

9



(a) NASA Mars Rovers (NASA/JPL) (b)Apollo LRV [19]

(c) Artemis Jr. Rover (Neptec Design Group) (d)NASA LER [44]

Figure 2.1: Planetary Rovers

Pressurized mobile habitats must provide life support for astronauts for long range

missions [19] [33]. In all cases, however, the traction systems plays a critical role in

rover mobility. The wheels, or tracks, must be designed to minimize sinkage into the

regolith, provide sufficient traction for the vehicle to traverse soft soil and slopes,

conform to surface irregularities, absorb shock, transmit torque and withstand the

dynamic loading of the vehicle-terrain interaction [119].

2.1.1 Modelling and Testing Mobility Performance

Several approaches have been developed to model wheeled and tracked vehicles

in soft soil. M.G. Bekker first introduced the field of terramechanics by developing a

set of semi-empirical relationships which predict the available drawbar pull and mo-

tion resistance of traction systems in deformable soil according to the Mohr-Coulomb

failure criterion [14] [13]. Janosi and Hanamoto presented a semi-empirical model
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(a) Discrete Element Modelling [17] (b) Finite Element Modelling [89]

Figure 2.2: Numerical Modelling of Wheel-Soil Interaction

for plastic soils in [59]. J.Y. Wong [119] extended the semi-empirical formulations

to include the effects of slip and wheel entry and exit angles. In [6] and [57], the

semi-empirical approach was extended for a deformable wheel. Numerical approaches

have also been proposed to study wheel-soil interaction; these include Finite Element

(FEM) [126] [89] [76] and Discrete Element Methods (DEM) [68] [82] [75] illustrated

in Figure 2.2.

Finite Element Analysis (FEA) can be used to model the soil as a continuum body

with homogeneous properties. The deformation in a flexible wheel can be modelled

more accurately in a FEA than in the semi-empirical approach. The dynamic na-

ture and large displacements of the wheel-soil interaction can be captured using a

time-integration in the Finite Element solver, namely explicit or implicit. Implicit

FEA solves for displacements by inverting the stiffness matrix, whereas explicit FEA

solves for accelerations by inverting the mass matrix [2]. Various material mod-

els have been introduced to capture the deformation of the soil under the motion

of the wheel, including: the Mohr-Coulomb failure criterion, Drucker-Prager cap
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model and the Cam Clay critical-state model [119]. Soil compaction can be captured

by pressure-dependent elasto-plastic material models, such as the modified Cam-

clay and Drucker-Pracker with cap plasticity [30] [85]. Soil model parameters can

be found experimentally through direct shear and pressure-plate soil testing [64].

Discrete element analysis provides a more accurate physical representation of the

wheel-soil interaction as soil particles are modelled individually rather than as a con-

tinuum. However, virtual soil properties of the DEM must be calibrated to match

the geotechnical properties of the appropriate soil [18]. Further, attempting to model

individual soil particles becomes computationally expensive unless model calibration

permits a reduction in particle quantity by increasing particle size [18].

Modelling tool accuracy is highly dependent on the geotechnical soil properties used

in the model. These include the soil cohesion (C), soil internal angle of friction (φ)

and soil bulk density (γ), and can be determined experimentally [21] [4]. Character-

izing extraterrestrial soils is achieved by remote sensing, in-situ sensing and direct

measurements [23]. Lunar regolith simulant have also been developed to replicate

lunar wheel-soil mechanics on earth [84]. Extensive physical testing in controlled

environments to validate modelling tools has been undertaken in [121], [68] and [11].

In [120] a parabolic test campaign was undertaken to investigate the effects of grav-

ity on wheel-soil interaction. Figure 2.3 illustrates existing planetary analog single

wheel and rover test facilities.

A challenge in conducting experimental testing is accurately measuring the mobility

performance of the wheel. Typically, load cells, linear and rotational encoders allow
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(a) Oerlikon ExoMars testing [80] (b) NASA GRC Facilities [122]

(c) CMU single wheel test bed [6] (d) McGill-CSA single wheel test bed

Figure 2.3: Planetary Analog Test Sites
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for an accurate depiction of the tractive, torque, speed and slip metrics [106] [122].

In [5], three dimensional pose tracking was achieved using a camera system, which

allowed for validation of a rover modelling tool. Accurately measuring sinkage over

the entire length of the terrain can be challenging. In [80], a laser range finder was

used to manually measure the sinkage at various points along the track. An average

sinkage over the course of the wheel track is then computed. To verify the effect of

multiple passes, however, single wheel testing is preferred over rover testing. This is

due to the fact that the rover’s rear wheels will pass over the same track as the front

wheels. In-situ sinkage measurements would be required to measure the multi-pass

effect of wheels using a rover based testing method.

The terrainability of the rover, or the ability to negotiate terrain irregularities, is

typically evaluated using a quasi-static approach, where semi-empirical terrame-

chanics models are coupled with multi-body dynamics software [10] [109] [70]. In

[8], a numerical soil model is formulated to be compatible with a multi-body dy-

namics (MBD) software. In [97], a MBD and wheel-soil simulation environment is

developed for optimizing the locomotion system of planetary rovers. Multi-body dy-

namics software can be used to capture rover-terrain dynamics, however, rigid wheel

assumptions are prevalent in planetary vehicle modelling. An approach to numerical

modelling of the deformable soil, rover dynamics and flexible wheel is available in [96]

2.1.2 Existing Wheel Designs and Design Methodologies

Three wheels successfully rolled on the surface of the moon during the 1970s.

To satisfy the requirements of three different vehicles, these wheels had significantly
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different structural designs: the push cart of Apollo 14 used stiff rubber pneumatic

tires, the Russian Lunakhod used a rigid spoke wheel while the LRV of Apollo 15,

16 and 17 used a compliant wire mesh wheel [7]. Additionally, a number of rigid and

elastically compliant wheels, shown in Figure 2.5, were explored in the context of

the LRV program as described in [7] and [15]. Flexible wheels are preferred as they

allow for a smaller wheel to achieve similar traction as a larger rigid wheel. They

offer promising obstacle negotiation capabilities, low ground pressure and sinkage,

high traction and improved rider comfort [93].

More recent developments in non-pneumatic, non-rubber flexible wheels have shown

promise for planetary exploration vehicle traction systems. Michelin and Goodyear

Tire Company have investigated non-pneumatic compliant wheels for terrestrial and

potentially extraterrestrial use. The Michelin wheel, aptly named the Tweel, uses a

flexible spoke design working primarily in tension and a shear band to evenly dis-

tribute ground pressure to provide some added suspension and improved traction

characteristics to the vehicle [93]; while the Goodyear lunar wheel uses 800 inter-

woven springs as a carcass to provide a highly elastic tire to conform to surface

features [122]. Employing a flexible internal structure between the hub and outer

rim, compliant wheels increase their effective rolling diameter. In the literature, the

shape and size of the compliant spokes range from hoop springs [15] [56], flexible

metallic carcasses [40] [7] [122] [43], staggered sine-wave spokes [86] [96] or indi-

vidual cantilever-like beams mounted circumferentially about the wheel hub [39].

Individually mounted cantilever-like beam wheel concepts, as shown in 2.4(f), are

dubbed segmented wheels in this work. Various periodic microstructures have been
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investigated for the shear band component of the TWEEL design in [104]. It was

demonstrated that cellular materials, namely regular and re-entrant honeycomb unit

cells, offered low ground pressure at the wheel-soil interface [78]. It should also be

noted that polyurethane honeycomb unit cells were investigated for the structural

design of a terrestrial wheel in [62]. NASA’s Mars Exploration Rovers (MERs) Spirit

and Opportunity utilize spoke compliance to improve obstacle negotiation-however,

the outer rim is rigid limiting tractive performance. A novel class of non-elastic com-

pliant wheels, dubbed iRings, has been developed at McGill University [90] which

does not rely on the elastic properties of the structural elements of the material.

This wheel is described in more detail in Chapter 5. A number of planetary rover

wheel designs are provided in Figure 2.4.

Several approaches to the design and selection of wheel concepts have been proposed.

During the Apollo program, wheel prototyping and testing, as well as engineering

judgement was used to select and refine the wire-mesh wheel design. A summary of

the comparison conducted in [15] is available in Figure 2.5.

More recently, Patel [86] compared wheel prototypes experimentally over a subset

of mobility performance metrics to select the optimal wheel for the ExoMars rover.

In [78] and [62], a parametric approach to the design of hexagonal cellular wheels

was undertaken. In both cases, however, the analysis was limited in scope. In [108]

and [111], an optimization approach was employed to determine the optimal effec-

tive shear modulus of a homogeneous linear-elastic shear band material, shear band

thickness and spoke thickness to reduce rolling resistance of TWEEL. To enable itera-

tive objective function evaluations in the optimization problem, the rolling resistance
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(a) Michelin TWEEL [117] (b) Goodyear Spring Wheel [122]

(c) ESA ExoMars Wheel [86] (d) NASA Mars Rover Wheels (NASA/JPL)

(e) McGill iRings Wheel (f) ODG Wheel (ODG)

(g) CSA Wheel [40] (h) NASA Spiral Wheel [106]

Figure 2.4: Recent Wheel Developments
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Figure 2.5: Lunar Wheel Development and Selection in the 1970s [7]
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simulation was simplified by computing the ground pressure distribution beneath the

wheel during a static FEA. Then, six hexagonal cellular structures with the optimal

effective shear modulus and shear band thickness were modelled in an explicit FEA

of the TWEEL rolling on deformable soil [78]. In [62], six polyurethane hexagonal

cellular wheel spoke designs were selected to meet a target effective uni-axial elastic

modulus, and were compared in a static FEA to evaluate ground pressure distribution

and load carrying ability. A topology optimization of a non-pneumatic terrestrial tire

with polyurethane spokes was performed in [58] to minimize the weighted compliance

on two distinct loading conditions: vertical and tractive loading. However, the analy-

sis used a linear-static FEA and neglected the large deformation of the polyurethane

spokes in order to reduce the complexity of the optimization problem. Most recently,

a systematic approach to the design of elastically compliant lunar wheels was pro-

posed in [20]. This approach considered rover performance objectives by employing

semi-empirical terramechanics models to find the suitable wheel diameter, width and

vertical stiffness. Two distinct wheel concepts, a hoop and spiral spoke configuration,

were investigated and refined using the FEM. Cardile [20] highlighted the importance

in wheel concept selection and mobility performance requirements, however, ignored

complex loading and the multi-objective nature of the wheel’s role in the rover and

mission systems. Further, optimization was not considered in his analysis. Multi-

objective optimization of terrestrial rubber pneumatic tires has been considered in

[25] and [91] to improve maneuverability and durability performance. It should be

noted, however, that terrestrial automotive tires have well defined performance re-

quirements and design constraints. A multi-objective optimization approach to the
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design of a four and six wheeled Martian rovers was been considered in [72] and

[73] respectively. The optimization problem varied the suspension system linkage

lengths, cross-sectional area and wheel dimensions to improve rover mass, power,

accumulated sinkage, dynamic and static stability and driving efficiency. Several

driving scenarios were identified, and objective functions were computed from the

numerical simulations of a rover driving over soft and irregular terrain. A rigid wheel

assumption was used in all cases.

To date, no systematic approach to the structural optimization of a compliant lunar

wheel has been proposed. The analyses have been limited in scope, by employing

parametric numerical or experimental investigations or neglecting the complex and

dynamic loading of the wheel. Furthermore, only a subset of lunar mission relevant

performance objectives have been addressed, and wheel concepts were developed for

specific vehicles and applications in mind. It was demonstrated, however, that the

size and shape of wheel structural components influences mobility performance. A

multi-objective optimization approach provides a means to consider multiple per-

formance objectives, and simplifying the periodic internal wheel structure as a ho-

mogeneous material provides a computationally efficient way to simulate wheel-soil

interaction. As such, an overview of pertinent optimization and material modelling

theory is presented next.
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2.2 Optimization Theory

Optimization theory applicable to this research is introduced here, including:

structural, single and multi-objective optimization. Although not considered ex-

plicitly in this research, multi-disciplinary optimization concepts are also discussed

briefly in this section.

2.2.1 Structural Optimization and Compliant Mechanisms

Typically, structural design optimization problems involve finding the suitable

structural form (i.e. shape, size and/or topology) of a component that minimizes

mass while maintaining the stresses, strains and deflections below the allowable ma-

terial limit [67]. With a known set of loading conditions and geometric constraints of

simple structures, Mitchell developed a set of optimum structures of minimum mass

and maximum stiffness from the mathematical solution of solid mechanics equations

[92]. In particular, Mitchell presented an optimal cylindrical structure to withstand

torsional loading. While his work does not consider the complex loading of a wheel-

soil interaction, it provides insight into rigid lightweight wheel design or optimal

spoke configuration.

In the case of a lunar wheel, however, mobility performance is improved with compli-

ance of wheel structural components. Functional mechanical components which rely

on the elastic deformation of material are typically called compliant mechanisms [60]

[52]. Compliant mechanisms can be designed to maximize mean and mutual compli-

ance [3] or achieve functional specifications such as mechanical advantage, geometri-

cal advantage and work ratios [71]. Three models to describe the design problem of

compliant mechanisms were proposed by Ananthasuresh [3]: force-deflection method,
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spring model and the multi-criteria model [42]. The force-deflection model is similar

to the design of stiff structures in structural optimization, where a prescribed dis-

placement is desired given an input force. The spring model is a generalized model to

describe the relationship between the work piece and compliant mechanism, where

the stiffness of the spring is estimated by the elastic behaviour of the work piece. The

multi-criteria model is characterized by the desired function of the mechanism to first

deform and make contact with a work piece, then resist an output load exerted by

the work piece after contact. This is formulated using multi-criteria which maximize

the output displacement and minimize compliance under two separate loading con-

ditions. The output displacement is quantified by the mutual potential strain energy

(MPE) and compliance by strain energy (SE). MPE and SE can then be combined

in a weighted sum to form a single objective optimization problem, or kept separate

and solved as a multi-objective optimization problem.

Various systematic approaches have been developed to synthesize and design com-

pliant mechanisms in terms of their size, shape and topology. In topology optimiza-

tion, a component is modelled as a homogeneous continuum and the finite element

method is used iteratively to solve for optimal material distribution to satisfy compli-

ance requirements [16]. Alternatively, pseudo-rigid-body methods models compliant

mechanism behaviour by a combination of rigid links and torsional springs [52]. Size

and shape optimization problems lend themselves towards closed-form solutions of

compliance equations derived from solid mechanics for simple geometries [77]. Finite

element methods are required to determine the relationship between geometric design

variables and elastic behaviour for more complex structures [52]. In all cases, the
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optimal component is found through mathematical or numerical structural analysis

which ensures it can withstand the imposed loading conditions while achieving the

desired functionality.

2.2.2 Design Optimization

A design optimization problem is defined by finding the optimal design vari-

ables describing a component or system to satisfy some performance objective(s),

subject to the boundaries and constraints of a well defined problem. The perfor-

mance of the design is evaluated by the objective function, which can be a math-

ematical expression or a numerical simulation. Single objective optimization prob-

lems (SOO) involve minimizing or maximizing a single objective function, whereas

multi-objective optimization (MOO) problems consider several conflicting objectives

simultaneously. Multi-disciplinary optimization involves the simultaneous manipu-

lation of design variables which strongly interact between disciplines [102]. MDO

is widely investigated in the aerospace industry, where coupling between structural

and aerodynamic performance of components is evident.

MDO methods are classified in the way the optimization problem is organized,

how the models are coupled and how the overall optimization problem is solved

[79]. Monolithic architectures describe MDO methods where one single optimization

problem is solved and can be classified on the way feasibility between analyses is

ensured [26], namely: all-at-once (AAO), individual discipline feasible (IDF) and

multidisciplinary feasibility (MDF). In distributed approaches, complex systems are

decomposed into multiple optimization problems [1]. Partitioning the problem into
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separate analyses and coordinating between the analyses is a critical consideration

in decomposition-based optimization. Both hierarchical and non-hierarchical ap-

proaches have been presented in [101], although hierarchical approaches facilitate

optimization by separating analyses at different levels [69]. Classification of dis-

tributed architectures is based on how convergence properties of the partitioning

strategies is addressed.

In MOO problems, no single feasible design exists which simultaneously optimizes

all objective functions, but a set of alternative solutions with different trade-offs can

be found. These solutions are called non-dominated solutions, or Pareto optimal,

and require a decision by the designer to select the single most preferred solution.

The preference of the designer can be used to classify the solution method of MOO

problems into: no-preference methods, posteriori methods, a priori methods and in-

teractive methods [27]. No-preference methods do not assume any information of the

objectives and find one single Pareto optimal solution; posteriori methods use the

information to iteratively generate a set of optimal solutions; a priori methods use

the objective preference to find one preferred Pareto optimal solution, while inter-

active methods use the preference information progressively during the optimization

process.

Closed-form optimization problems lend themselves well to gradient-based optimiza-

tion algorithms, where the first and second derivatives of the objective functions can

be found to satisfy optimality conditions. For non-linear programming problems,

the Karush-Kuhn-Tucker conditions are solved which can account for both equality

and inequality constraints. Gradient-based optimization approaches are based on
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mathematical theory and convergence to an optimal solution is guaranteed. Approx-

imation techniques exist to compute gradients and Hessians for non-linear problems.

However, gradient-based optimization may converge to a local optimum. Evolution-

ary optimization (EO) algorithms use stochastic operators and therefore typically do

not need gradient information. Further, EO’s population-based approach searches a

larger design space at each iteration which helps avoid converging to a local optimum.

This also allows the algorithm to be easily run on parallel computers. However, as

the approaches are stochastic and not based on mathematical theory, optimality can-

not be ensured in the final solution(s). The effectiveness of evolutionary algorithms

is greatly reduced for large optimization problems where many design variables exist.

Nonetheless, EO’s are well suited for non-smooth (or non-convex) optimization prob-

lems. Other heuristic derivative-free methods suited for non-convex problems have

been proposed, which can also solve large-scale problems and provide some conver-

gence properties, such as the Generalized Pattern Search (GPS) method. However,

EO’s, in particular Genetic Algorithms (GA’s) are especially well suited for MOO

problems where finding a wide spread of non-dominated solutions is desired.

2.3 Material Modelling

Homogenization techniques are used to improve computational efficiency of mod-

elling periodic structures, such as composite or cellular materials. This is particularly

relevant, as a cellular wheel is a promising design concept while modelling it is com-

putationally expensive. This section presents an overview of cellular materials and
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homogenization theory.

2.3.1 Cellular Materials

Cellular solids are composed of a combination of voids and solid material in an

ordered or arbitrary pattern, which can be man-made or naturally occurring [45].

Naturally occurring cellular materials have multiple functions in nature as seen in

bones, wood and cork. Stochastic cellular materials are dubbed foams, whereas lat-

tice materials are periodic and hence characterized by ordered patterns of repeating

unit cells. The advantage of such materials is that, with a variation in relative den-

sity, cellular topology, volume and base material, the macroscopic properties can be

tailored to achieve a desired mechanical, thermal, filtration, electrical or other func-

tion [45] [100] [115] [37]. New ultralight materials, such as silica aerogels, carbon

nanotube aerogels, metallic foams and polymer foams are useful for thermal insula-

tion, battery electrodes, catalyst supports and acoustic, vibration and shock energy

damping [95]. The optimization of cellular structures to match material stiffness of

bones in implants has been investigated in [66]. The compliance of lattice materials

have also been used in flexible non-pneumatic wheel designs as described previously.

Cellular structures can be particularly advantageous, as wheel deformation is not

limited to the linear-elastic range. Geometric and material non-linearities can be

exploited through elastic buckling of the cell walls and base material selection: in

[63] by shape memory alloy Nitinol and in [62] by polyurethane.

As such, many unit cell patterns have been investigated to achieve desirable proper-

ties and multiple functions. The effective mechanical properties of two dimensional
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lattices such as square, circular, Kagomé, diamond, triangular and hexagonal pe-

riodic unit cells have been well characterized in [54], [116], [35] and [113]. Three

dimensional lattice structures, including four cubic and nine archimedean polyhe-

dral unit cells have also been investigated in [114]. Unit cell walls deform by ei-

ther stretching or bending yielding different behaviour at the macroscopic scale [31].

Bending-dominated lattices have low nodal connectivity between the cell walls or

struts, resulting in lower stiffness than stretching-dominated lattices [31]. Stretching-

dominated has much higher nodal connectivity and therefore higher stiffness [31].

Cellular foams can be manufactured from liquid metal, solid metal in powdered form,

metal vapour or gaseous metallic compounds, or from a metal ion solution [9]. Lattice

materials require accurate methods to tessellate specific unit cell structures. Novel

processes, such as electron beam melting (EBM), selective laser melting (SLM) or

stereolithography apparatus (SLA) provide accurate, high quality and reliable meth-

ods to generate lattice materials with greater control of mechanical properties or

graded structures [103] [114].

2.3.2 Homogenization of Lattice Materials

In the applications discussed previously, direct modelling of individual cells of

a large structure would be cumbersome. Further, optimization of cellular structures

requires that the structural model be solved iteratively. To reduce computational

efforts, constitutive models have been developed such that the macroscopic proper-

ties of a large cellular structure can be found based on periodic unit cell parameters.
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These models can be developed through closed-form expressions or numerical mod-

els.

Ashby and Gibson’s work in [45] proposed mathematical relationships between hexag-

onal honeycombs and their macroscopic mechanical properties by assuming cell walls

flex like beams under a uniform macroscopic axial and shear stress. To develop

constitutive models for more complex unit cell designs, alternative methods have

been developed. Cellular micro-structures can be modelled as equivalent micro-polar

medium [36], whereby the rotation and displacement of cell walls of the lattice can

be found by the macroscopic displacement of the joints and microscopic rotation

associated with the joint rotation. The structural analysis of a representative vol-

ume element (RVE) of the lattice or an energy approach, based on equating strain

energies of the structure and micropolar continuum, are used to obtain macroscopic

properties. Micro-polar theory has been used to characterize rectangular [12], square,

triangular and regular hexagonal structures [22].

The Cauchy-Born hypothesis is another method which formulates microscopic lattice

nodal deformations in terms of material macroscopic strain fields [53]. The macro-

scopic stiffness properties can then be derived. A limitation was shown for this

method for pin-jointed micro-trusses in [35]. The stiffness matrix of stretching dom-

inated micro-structure stiffness matrices are full rank, however, bending dominated

structures are singular. The Cauchy-Born hypothesis was extended using a Dummy

Node Scheme for arbitrary topologies in [35].

Asymptotic homogenization is a numeric approach based on the asymptotic expan-

sion of field quantities on two length scales: macro (x) and micro (y) [51]. These
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length scales are related through y = x/ǫ, where ǫ relates the unit cell and structure

dimensions. Asymptotic expansion allows for governing equations with oscillating

coefficients to be substituted by the equivalent properties of the periodic material

[49]. For simple unit cell designs, mathematical approaches can be used to solve

for the macroscopic properties, however numerical approaches are required for more

complex topologies [49].

Alternatively, the effective mechanical properties of a periodic structure can be solved

directly from a FEA of a representative volume element (RVE) provided unified pe-

riodic boundary conditions are imposed and the mesh is identical at the boundaries

[124] [110] [81]. For three dimensional lattices, six uni-axial loading conditions are

imposed and the effective stiffness matrix of the lattice is found through the principle

of superposition [123]. The relationship between macroscopic stress fields and the

microscopic distribution within the RVE can also be found [51].

In [114], a general procedure based on a multi-scale approach is developed to find

the macroscopic stiffness, internal forces and buckling loads for open and closed cells

three dimensional lattices. Microscopic displacements of the RVE are expressed as a

function of the macroscopic strain field, and the displacements are found by imposing

equilibrium stiffness. The method presented in [114] can also be extended to account

for both material and geometric non-linearities. For a cellular wheel concept where

large deformations are desired, such a homogenization technique can capture elastic

buckling of polymeric cellular materials.
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2.4 Summary of Literature Review

This chapter presented an overview of the multi-disciplinary topics pertinent

to the optimization of compliant lunar wheels. The design of planetary rovers was

shown to be dependent on the intended function of the vehicle. In particular, the

mobility and reliability performance of the vehicle is of prime interest for the success

of lunar surface exploration missions. A number of methods to characterize the mo-

bility performance were also introduced, with a focus on wheel-soil interaction.

Wheel compliance plays an important role in the mobility performance of the rover,

as such, several flexible wheel concepts have been investigated in literature. However,

no existing wheel concept has been shown to satisfy all rover or mission performance

requirements. Coupling between the structural components of the wheel and wheel

mobility performance is evident, yet trial and error prototyping and physical testing

is still widely used in wheel development. Numerical or mathematical modelling of

flexible wheels has been used primarily to evaluate the performance of existing wheel

concepts. Parametric analysis and optimization of cellular wheels to improve ground

pressure or vertical compliance have been found, however the studies were limited in

scope and ignored complex wheel loading and mission performance requirements.

In sum, a systematic approach to the design and optimization of a flexible lunar

wheel to improve rover mobility and ensure mission success is lacking. It is shown,

however, that structural optimization can be used in the design of compliant mech-

anisms and multi-objective optimization allows for multiple performance criteria to

be satisfied by a single design. Models exist that capture the wheel-soil interaction,

which can be related to rover and mission performance metrics. Additionally, cellular
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solids can achieve a wide range of properties through the design of its microstruc-

ture. Modelling individual periodic unit cells of a large component such as a wheel,

however, is impractical. Homogenization theory simplifies the structural analysis by

modelling the effective properties of lattice materials.

Subsequent chapters will develop a wheel design methodology, employing the con-

cepts introduced in this chapter. It should be noted that although the design of a

flexible wheel is a multi-disciplinary problem, the application of an MDO approach is

considered out of scope of the current work. Future work in compliant wheel design

optimization utilizing MDO methods is discussed in Chapter 7.
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CHAPTER 3

Systematic Wheel Design Methodology

In this chapter, a framework for optimizing compliant lunar wheels is proposed.

This framework is developed and verified in subsequent chapters.

3.1 Design Framework

Designing a flexible wheel is non-trivial given that it must satisfy multi-disciplinary

performance criteria. As discussed in Chapter 2, lunar rovers have been proposed

to conduct surface mission scenarios for various phases of lunar development. The

wheel-soil interaction plays a critical role in the mobility performance of planetary

rovers and therefore mission success. From a structural perspective, the wheel must

deform while withstanding complex loading without failure.

To address the multi-level and multi-disciplinary nature of the problem, a two-step

sequential optimization approach is proposed. The framework is partitioned into

system and component level optimization problems, as well as a wheel concept de-

velopment step. To simplify the analysis at the system level, the structural configu-

ration of the wheel concept is ignored by employing a pseudo-model of an elastically

compliant cylindrical wheel. At the component level, structural modelling of wheel

concepts is considered via FEA. The framework, summarized in Figure 3.1, coordi-

nates the system and component levels by system level design variables describing

the elastic wheel pseudo-model. As this framework was developed for a generalized
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approach to lunar wheel design optimization, wheel concept development is also con-

sidered. An error analysis step is included to verify the component level optimization

results at the system level. It should be noted that the component level optimiza-

tion depicted in Figure 3.1 is a generalized approach for arbitrary wheel concepts.

The detailed component level design methodology is described for a cellular wheel

concept in Section 3.4.

As described in Figure 3.1, at the system level, the optimal wheel design variables

(x∗
sys) are found which maximize rover (zi) and mission (fj) mobility performance

metrics, using multi-disciplinary models (ai, bj) and parameters describing the en-

vironment (cenv), mission (cmission) and rover design (crover). The optimal wheel

which satisfies the rover and mission objectives can be described as a set of concept

independent wheel design variables. The design variables describing the elastic wheel

pseudo-model are independent at the system-level.

Coordination between the component and system level optimization is achieved

through x∗
sys. A sub-set of x∗

sys, dubbed the shared system design variables (x∗
sys,s),

constrain the shape and size of the wheel at the component level. The so-called

local system design variables (xsys,l) describe the linear-elastic deformation of the

wheel. At the component level, the relationship between component level design

variables (xcomp) and linear-elastic deformation is achieved through an explicit FEA

of wheel-terrain interaction. Hence, the elastic behaviour xsys,l of the wheel in the

pseudo-model is approximated by a set k of component level performance metrics (yk)

computed numerically. To illustrate the conflicting nature of yk in achieving x∗
sys,l,

multi-objective optimization is implemented at the component level. A method with
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posteriori articulation of preference is used, such that a Pareto set of optimal wheel

designs are found. Trade-off solutions (x∗
comp) are selected, and the effectiveness

of the design approach can be verified by estimating the error between yk,comp and

x∗
sys using coupling models qk. This error analysis step is conducted outside the

optimization framework, such that convergence between the system and component

levels is not addressed in this research. With additional knowledge of a specific

wheel concept, mission scenario and rover design, the convergence between system

and component level results can be addressed through a design framework based on

multi-disciplinary optimization theory. This is proposed as future in Chapter 7.

By employing a multi-step approach, the surface exploration vehicle performance is

directly related to elastic wheel behaviour, independent of the wheel design concept.

Then, optimizing a wheel to accomplish the required performance can be conducted

in a secondary step, using a defined wheel concept at the component level. The

methodology is applicable to various wheel concepts and gives insight into optimal

elastic wheel design for planetary exploration missions. Subsequent sections in this

chapter provide more details of the system level optimization, wheel concept devel-

opment activities and component level optimization.

3.2 System Level Optimization

The objective of the system level analysis is to investigate the importance of the

wheel on rover (zi) and mission performance (fj) metrics, and determine the values

of the optimal wheel system design variables (x∗
sys) which describe linear-elastic be-

haviour, regardless of the wheel concept. To accomplish this, the wheel is described
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by a linear-elastic pseudo-model parameterized by system level design variables xsys

compatible with closed-form rover (ai) and mission mobility (bj) models. The models

are multi-disciplinary, addressing the rover terramechanics, steering and dynamics

which in turn affect the energy, power and excavation capabilities of the rover. The

system level analysis is described in more detail in Figure 3.2. The performance

metrics (fj , zi) are discussed in more detail in Chapter 4.

The scenario, rover and environmental parameters are described by cmission, crover

and cenv respectively. In this work, two rover mission are investigated: a resource

prospecting and berm building scenario. These missions are of interest for lunar

surface exploration and early lunar infrastructure development. The system level

optimization problem is formulated and solved for a set of user-defined mission pri-

orities. Since detailed mission architecture and requirements are unavailable, the

mission priorities are selected to highlight the importance of the wheel at the system

level. The system level optimization is presented in Chapter 4.

3.3 Wheel Concept Development and Selection

A consequence of the proposed approach is that although optimal elastic wheel

design can be found via the system level analysis, selection and parameterization of a

wheel concept is required to perform the component level analysis. Selecting a wheel

concept will impose constraints on the design space and variable dependence, and

thus can limit the optimal system level performance. As such, a thorough review of

wheel concepts is necessary to select a promising wheel concept for the component

level analysis. This is conducted by reviewing ongoing wheel development activities,
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prototyping, testing and investigating wheel concepts through numerical modelling

in Chapter 5. It should be noted that imposing variable dependence and constraints

at the system level will ensure that the optimal system performance is feasible. How-

ever, the dependence of the elastic wheel design variables can only be found through

a structural model of a wheel concept. This is conducted at the component level

analysis. Additionally, a goal of this work is to recommend optimal elastic wheel

design, irrespective of wheel concepts, in order to guide future wheel development

activities.

3.4 Component Level Optimization

The component level optimization presented in Figure 3.1 is formulated for ar-

bitrary wheel concepts. Although preliminary component level optimization of a

segmented wheel concept was performed, as discussed in Chapter 5, a cellular wheel

is selected to develop the wheel optimization framework. This section presents the

details of the cellular wheel component level optimization which is performed in

Chapter 6.

The objective of the component level analysis is to target wheel system variables

(xsys) and evaluate wheel reliability performance by structural analysis of the wheel

concept. For the cellular wheel concept, the component level analysis is separated

into two scales: macroscopic and microscopic. At the macroscopic scale, the cellular

wheel is modelled using a linear-elastic homogeneous material, described by the ef-

fective material stiffness K̄ and relative density ρ̄, in dynamic FEAs of two driving

scenarios. The component level objectives yk are defined based on the elastic wheel
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pseudo-model. More specifically, the vertical, torsional and lateral stiffness are con-

sidered independent at the system level, whereas they are linked by the material and

structural topology of the wheel concept. Due to the nature of the dynamic loading

conditions in the component level, the wheel effective vertical, torsional and lateral

stiffness are approximated by the average contact area, peak torsional displacement

and peak lateral displacement found in the explicit wheel FEAs. To improve compu-

tational efficiency, the ground is modelled as rigid in the FEA. As such, coordination

between component and system analysis is approximated by coupling models qk.

Given the conflicting nature of yk, an MOO approach is used. A set of trade-off so-

lutions from the Pareto front are selected for further investigation at the microscopic

scale, and verification at the system level.

At the microscopic scale, a cellular material optimization problem is solved to find

feasible cellular materials (xtop, xmat, xcell) which minimize error es between homo-

geneous wheel material properties K̄
∗
and cellular material effective properties K̄cell.

This is achieved by using closed-form expressions of the material constitutive mod-

els. The feasibility is verified by the constraints vector g to ensure buckling and

plastic deformation does not occur in the cell walls. Error analysis to compute the

error between cellular wheels composed of feasible unit cell topologies y∗k,feasible and

optimal effective materials y∗k is achieved by direct modelling the cellular wheel in

the FEA. The component level optimization framework is illustrated in Figure 3.3.

Alternatively, the component level optimization can be combined into a single step,

where cellular material feasibility is ensured by using constitutive models within the

wheel MOO feedback loop. This would require a cellular topology to be selected a
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priori for each MOO simulation. Given the computational effort required to solve

the MOO, running multiple simulations for various cell topologies of interest would

be time consuming. Additionally, the posteriori approach provides insight into the

optimal effective linear-elastic material properties of the wheel first without limiting

the design space, which can be useful in guiding non-cellular wheel designs as well.

Further, a thorough search of all available unit cell designs is out of the scope of this

research and only a limited subset of promising unit cells are investigated herein.

Therefore, finding optimal three dimensional material properties through the homo-

geneous wheel MOO enables future work to more thoroughly investigate optimal

cellular wheel topologies.
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CHAPTER 4

System Level Optimization

This chapter begins by proposing and classifying an inclusive set of mission and

rover mobility performance metrics, followed by a description of the mathematical

models used to evaluate them. System level optimization problems are formulated

for two lunar rover missions: a resource prospecting and berm building scenario. For

each mission scenario, x∗
sys is found for different mission priorities. A parametric

analysis of wheel system variables xsys with respect to rover performance metrics zi

and mission performance metrics fj was performed as well, but is included in Ap-

pendix A for conciseness.

4.1 Performance Metrics for Planetary Exploration Vehicles

To quantify the performance of lunar rover wheels, it is necessary to develop a

set of performance metrics for planetary exploration vehicles. The performance met-

rics for planetary exploration vehicles was first introduced by Bekker [15] to select

the optimal wheel for the Lunar Roving Vehicle. These metrics and associated im-

portance, illustrated in Figure 2.5, were specific to the Apollo 15, 16 and 17 missions

and LRV design. In Bekker’s analysis, mechanical reliability, weight, soft ground

performance and ride comfort were weighted importantly. This was due to the rela-

tively short sortie missions, low travel distances, high driving speeds and importance

of astronaut safety. Robotic missions will place more importance on steerability,
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stability, environmental compatibility and wear resistance given the longer mission

duration and navigation requirements for autonomous operation. Bekker’s approach

favoured qualitative measures of performance through extensive physical testing and

prototyping, as well as engineering judgement to select optimal wheel designs.

In [6], Apostolopoulos identified three indices of performance to synthesize robotic

vehicle configurations and optimize them for improved locomotion. He proposed

analytical relationships to compute the trafficability, maneuverability and terrain-

ability performance of the vehicle. Trafficability is defined as the robot’s ability to

traverse soft soils or hard ground without the loss of traction; maneuverability ad-

dresses the robot’s ability to navigate through an environment; and terrainability

captures its ability to negotiate terrain irregularities [6]. His framework emphasized

closed-form relationships and neglected the numerically computed metrics related

to vehicle-terrain interaction or mechanical reliability. Apostolopoulos’s framework

is extended by the system level analysis presented in Figure 3.2 to accommodate

planetary vehicle and mission performance metrics.

Wong outlines the performance and ride characteristics of off-road terrestrial vehicles

in [119]. The performance is evaluated by criteria depending on the function of the

vehicle. For example, tractors require a high drawbar pull whereas military vehicles

favour maximizing speed between two points of interest in a random environment.

Broadly, however, mobility over unprepared terrain is the defining criterion for off-

road vehicles. He defines this as the vehicle performance in soft terrain, obstacle

negotiation and avoidance, ride quality over rough terrain and water crossing.
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In an attempt to define a comprehensive list of planetary exploration vehicle per-

formance metrics, the metrics proposed by Bekker [15], Apostolopoulos [6], Wong

[119] and others [34] [105] identified through this research are listed in Table 4–1. It

should be noted that redundant metrics or those irrelevant to planetary exploration

were eliminated. In some instances, the metric nomenclature was adapted to suit

planetary exploration vehicles. Table 4–1 includes a classification of the performance

criteria.

The metrics presented in Table 4–1 are exhaustive. At the system level, the rover

performance metrics are limited to trafficability, maneuverability and terrainability.

Reliability performance assessment requires further knowledge of wheel structural

configuration. This is addressed further in Chapter 6. Mission compatibility met-

rics are used here to constrain the system level design variables and identify mission

success criterion such as total mission duration, driving distance, power or energy

consumption. Environmental compatibility becomes important when selecting ma-

terials for wheel designs.

4.2 Multi-Disciplinary Performance Models

Wheel system design variables xsys relate to rover mission performance metrics

fj through the rover performance metrics zi, as shown in Figure 3.2. The multi-

disciplinary mathematical models for rover (ai) and missions (bj) are presented in

this section, as well as a description of the system level design variables.
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Table 4–1: Surface Exploration Vehicle Performance Metrics

Performance Category Metric

Trafficability

Drawbar pull
Motion Resistance
Sinkage
Maximum Gradient
Maximum Speed
Slip
Drive Torque
Driving/Tractive Efficiency
Drive Resolution/Accuracy
Traction Controllability

Maneuverability

Minimum Turning Distance
Minimum Turning Radii
Steering Resistance
Turning Efficiency
Steering Accuracy

Terrainability (quasi-static)

Maximum Surmountable Discrete Obstacle
Maximum Roll-Over Angle
Obstacle Climbing Resistance

Terrainability (dynamic)

Ride Comfort
Road Holding Ability
Suspension Travel

Reliability

Maximum Static and Dynamic Load
Wear Resistance
Lifetime
Mean Time To Failure
Mean Time To Repair
Mechanical Complexity

Mission compatibility

Volume
Mass
Vibration Limits
Power Limitation
Operational Limitations

Environmental compatibility
Radiation Sensitivity
Operating Temperature
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4.2.1 Elastically Compliant Wheel Pseudo-model

A pseudo-model of a linear-elastic wheel which ignores wheel internal structure

is used at the system level. The outer shape of the wheel, however, is important in

determining the contact area with the soil. Three wheel shapes can be considered:

spherical, toroidal and cylindrical. These wheel types result in two contact patch

types: elliptical and rectangular [6]. The contact area with the ground can be

approximated knowing the ground contact length (Lw) and width (bw) [6]:

Aellipse =
π

4
Lwbw (4.1)

Arectangular = Lwbw (4.2)

In this work, a cylindrical wheel is assumed and therefore only Equation (4.2) is used.

The pseudo-model considers the wheel to have a smooth continuous circumferential

tread surface, and an internal wheel structure which behaves as a linear elastic spring

with stiffness KV that deforms vertically under an applied static load (Ww). The

wheel vertical deflection (δw) can be found by Hooke’ s law as shown below.

δw = Ww/KV (4.3)

Similarly, assuming a continuous outer surface, the lateral (δL) and torsional deflec-

tions (θT ) can be computed knowing the lateral (KL) and torsional stiffnesses (KT ),

applied torque (Tw) and lateral resistance (RL) as:

δL = RL/KL (4.4)

θw = Tw/KT (4.5)
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The undeformed wheel width (bw), diameter (Dw) and hub diameter (Dh) are also

required to fully describe the wheel. Defining the hub diameter creates a vertical

deformation limit on the wheel, alternatively this can also represent a mechanical

bumper.

The set of system level wheel design variables xsys used to describe the elastically

compliant wheel pseudo-model are shown in Equation (4.6). The sliding friction

coefficient (µs) between the wheel and soil is included in Equation (4.6) which is

used by the simplified rover steering model. Wheel dynamic rolling stiffness (KD)

and dampening (CD), which are described in more detail in the simplified rover

dynamics model, are also included in xsys.

xsys = [Dw, bw, Dh, KV , KT , KL, KD, CD, µs]
T (4.6)

It should be reiterated that dependence between system level design variables is not

considered at the system level analysis. Structural modelling of wheel concepts is

required to establish such relationships, which is addressed in the component level

analysis in Chapter 6.

4.2.2 Terramechanics Model

A semi-empirical terramechanics model is preferred here to due to its simplicity

and applicability for a concept independent wheel. The parameters of interest in the

deformable wheel-soil model are depicted in Figure 4.1.

From Figure 4.1, the contact length of the wheel (Lw) can be found as [57]:

Lw = 2
√

Dwδw − δ2w (4.7)
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z0

Ww

dW

Figure 4.1: Deformable Wheel-Soil Model

Although Equation (4.7) is used to compute the contact length of the wheel, alter-

native methods to estimate the contact length of a deformable wheel are found in

[6]. Sinkage (z0), traction (H) and motion resistances (Rw) in [118] are found as:

z0 =





Ww/A
(

kc
Lw

)

+ kφ





1/n

(4.8)

H = AC +Ww tanφ(1− e
SLw
k ) (4.9)

Rw = Rc +Rb +Rslope +Robstacle +Rst (4.10)

where kc, kφ, k, C, φ and S are the modulus of cohesion of soil deformation, modulus

of friction of soil deformation, the coefficient of soil deformation due to sinkage,

soil cohesion, internal angle of friction and the wheel slip respectively. The motion

resistance due to terrain slope is computed by:

Rslope = Wroverg sin θ (4.11)
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Closed-form expressions have been proposed to compute the resistance caused by

surmounting an obstacle at low speeds [6]. However, these models do not consider

wheel compliance. Robstacle is ignored in the system level analysis. It should be

noted, however, that passing over obstacles at high speeds is considered in the rover

dynamics model described in Section 4.2.4. The steering resistance (Rst) is addressed

in Section 4.2.3. The compaction resistance (Rc) caused by wheel sinkage can be

computed as follows [118]:

Rc = bw

(

kc
Lw

+ kφ

)(

zn+1
0

(n + 1)

)

(4.12)

Bulldozing resistance (Rb) comes from pushing of soil in front of a wheel. Bulldozing

resistance is described in [118] as:

Rb =
b sin((α+ φ))

(2 sinα cosφ)
(2z0C0kc + γz2okγ)

+

(

πγl20(90− φ)

540
+ (

πC0l
2
0)

180
+ C0l

2
0 tan(45 + φ/2)

)

(4.13)

where the modulus of density of soil deformation (kγ) is found as:

kγ =

(

2Nγ

tanφ
+ 1

)

cos2 φ; (4.14)

Nγ is the coefficient of passive earth pressure, γ is soil density, l0 is the distance of

rupture computed as:

l0 = z tan

(

45−
φ

2

)2

(4.15)

and α is

α = cos−1

(

1−
2z0
d

)

(4.16)
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The dimensionless coefficients for tractive effort (CDP ) and rolling resistance (Cr)

can now be found respectively through [119]:

z1 = CDP =
DP

Ww
=

H −Rw

Ww
(4.17)

z2 = Cr =
Rw

Ww

(4.18)

The tractive efficiency metric (nd) is computed as the ratio of output (Eout) to input

energy (Ein) to drive the wheel:

z3 = ηd =
Eout

Ein
=

(Tw(1− s)ω)− Ev − ET

Twω
(4.19)

where s is wheel slip, ω is wheel rotational velocity, and wheel torque (Tw), vertical

(EV ) and torsional (ET ) energy losses are found respectively through:

Tw =
RrDw

2
(4.20)

Ev =

(

Tw −Rr

(

Dw

2
− δw

))

ω (4.21)

ET =
(Rw(0.5Dw − δw))

2

2KT
(4.22)

4.2.3 Rover Steering Model

The steering resistance (Rst), steering efficiency (ηst) and minimum turning ra-

dius are dependent on steering system design, such as independent, coupled, artic-

ulated or skid steering [6]. The relationship between steering resistance and wheel

design variables can be found through kinematic relationships and soil properties.

The mathematical model used in this analysis considers skid-steering as it also im-

poses the highest lateral loads on rover traction system.
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For steady-state turning at low velocities, the sum of the motion resistances and

tractive forces must be equal as shown in Equation (4.23), where N is the number of

wheels. The parameters relevant to a turning maneuver on a skid-steer vehicle are

depicted in Figure 4.2.

Lrover

Brover

FL

FR

Rl1

Ri

Ri

Rl2

Rl3

Ri

Ri

Rl4

MST

Figure 4.2: Rover Skid-Steer Model

FR + FL ≥
N
∑

i=1

RC,i +Rb,i (4.23)

where the forward motion resistances at each wheel i can be found from the coefficient

of rolling resistance Cr:

RCi +Rbi = Cr(ciWrover) (4.24)

Cr was computed in Equation (4.18) and the vehicle load (Wrover) distribution on

the wheels is accounted for by the coefficient ci:

N
∑

i=1

ci = 1 (4.25)
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The moment of steering resistance Mst, which consists of the sum of lateral motion

resistances (FL) about the centre of gravity of the rover, must equal the total tractive

forces about the same point as shown here:

Mst =
Brover

2
(FR − FL) =

N
∑

i=1

RL,i
Lrover

2
(4.26)

The lateral motion resistance on wheel i (RL,i) is computed below, as shown in [119]:

RLi = µs(ciWrover) (4.27)

where µs represents the coefficient of lateral resistance. A range of values for µs for

various materials and soil type is available Table 4–2.

Table 4–2: Material-Soil lateral sliding coefficients [119]

Material Concrete Hard Ground Grass
Steel 0.50-0.51 0.55-0.58 0.87-1.11

Rubber 0.90-0.91 0.65-0.66 0.67-1.14

A more accurate value of µs can be computed with knowledge of the wheel design,

so that bulldozing resistances occurring along the lateral side of the wheel can be

found. From Equations (4.26) and (4.27), the additional rolling resistances at wheel

i caused by Mst becomes:

Rst,i =
µsciWrover(Lrover/2)

N Brover

2

(4.28)

The coefficient of steering resistance Cst can now be found as:

z4 = Cst = Cr +
Rst,i

Ww
(4.29)
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The turning efficiency of the skid steer maneuver is computed, as in driving efficiency,

as the ratio of the output energy (Eout) to input energy (Ein) to complete the turn,

as shown below.

z5 = ηst =
([Tw(1− s)ω]− Ev − ET − EL)

Twω
(4.30)

The energy loss due to lateral deformation (EL) can now be computed using:

EL =
R2

L

2KL
(4.31)

4.2.4 Simplified Rover Dynamics Model

A simplified quarter-car model of the vehicle and wheel is used here to analyse

the response of the vehicle when travelling at a constant speed over irregular terrain

[47] [112] [74]. Higher fidelity numerical models require additional knowledge of the

terrain, vehicle and wheel designs. In the elastically compliant wheel pseudo-model,

the wheel is simplified as a linear-spring damper system which ignores the rover

suspension system in Figure 4.3.

The excitation of the system is caused by the constant forward velocity (v) of the

vehicle and the surface elevation profile (ζ). The suspension system of the rover is

neglected to represent the design of CSA’s Juno-II [61] and Artemis Jr. rovers. The

single degree-of-freedom (DoF) equation of motion for the wheel is given by:

mwZ̈ + CDŻ +KD(Z − ζ) = 0 (4.32)
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Figure 4.3: Simplified rover dynamics model

Ride comfort and road handling are measured by vehicle vertical acceleration (Z̈)

and normal force acting on the ground (FZ). Suspension travel, also described as a

performance metric in Table 4–1, is restricted in this model to wheel deformation.

In this case, it is directly related to FZ through Hooke’s law. According to [47] and

[46] both ride comfort and road holding performance are computed by finding the

standard deviation of Z̈ and FZ . For ride comfort, the higher the standard deviation,

the higher the discomfort. Similarly, for road holding a higher standard deviation of

wheel radial force will lead to poor handling ability due to the loss of contact with

the ground. From Equation (4.32), the response of the system is found for both Z̈

and FZ below:

H1(jω) =
Z̈(jω)

ζ(jω)
=

−ω2KD

mw(jω)2 + CD(jω) +KD
(4.33)

H2(jω) =
FZ

ζ(jω)
=

−mwω
2KD + (jω)KD

mw(jω)2) + CD(jω) +KD
(4.34)

The imposed displacement, or road irregularity (ζ), can be represented by a random

variable defined by a stationary and ergodic stochastic process with zero mean value
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[119] [125]. The power spectral density (PSD), Sζ, of the process is formulated as:

Sζ =
G0

vNS−1ωNS
(4.35)

The values of used in the PSD function in Equation (4.35) are based on experimental

measurements, where G0 is the roughness constant (in m2/cycles/m), v is vehicle

velocity (in m/s), NS is the slope constant and ω is the circular frequency (in rad/s).

Some typical terrain roughness parameters are provided in Table 4–3, which are

statistical terrain properties found experimentally. It should be noted that the terrain

is modelled as non-deformable, which is not the case for lunar soil. More complex

terrain modelling would be required to accurately model the dampening effects of a

deformable soil.

Table 4–3: Terrain Roughness Parameters [94] [98]

Terrain type G0 NS

Rough mare 0.000835 2
Smooth mare 0.00036 2
Hummocky upland 0.00003 2

For l = 1, 2, the PSD of the output of an asymptotically stable system (Sl) can be

computed as:

Sl(jω) =| Hl(jω) |
2 Sζ(jω) (4.36)

where l = 1 represents the PSD output for vertical acceleration (Z̈) and l = 2

represents the PSD output of the wheel radial force (Fz).

By definition, the variance of a random variable described by a stationary ergodic
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process is given by:

σ2
l =

1

2π

∫ +∞

−∞
Sl(jω)dω =

1

2π

∫ +∞

−∞
| Hl(jω) |

2 Sζ(jω)dω (4.37)

As shown in [87], if the transfer function is in the form:

H(jω) =
(jω)B1 +B0

−ω2A2 + (jω)A1 + A0

(4.38)

then the closed-form solution can be found as:

∫ +∞

−∞
| Hl(jω) |

2 dω = π

(

B2

0

A0

A2 +B2
1

A1A2

)

(4.39)

Inserting Equations (4.33) and (4.34) into Equation (4.37) and manipulating to re-

semble the format of Equation (4.38), the closed-form expressions for both ride com-

fort and road holding can be written respectively as:

z6 = σ2
1 =

G0KD

2mwCD

(4.40)

z7 = σ2
2 =

G0(C
2
D + 3mwKD − 2mwKD)

CDKD
(4.41)

4.2.5 Mission Performance Models

To find optimal wheel designs for two mission scenarios describing a resource ex-

ploration and berm building mission, metrics expressing the available power, mission

duration and driving distance are of interest. The metrics are quantified by mobility

power (b2), energy (b3) and excavation (b1) models described in this section, along

with a set of environmental (cenv), rover (crover) and mission (cmission) parameters.
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Mobility Power and Energy Models

Mobility power requirements of a mission concept can be estimated by knowing

the required wheel torque (Tw) and rotational speed (ω). Although drivetrain, mo-

tor and motor controller design are ignored here, an estimate of mechanical power

required to drive the rover can still be found. This formulation neglects the dynamic

nature of the wheel-soil interaction by assuming a constant slip. Nonetheless, the

computation of power is consistent throughout this analysis allowing for a qualitative

comparison of the mobility power. Further, energy losses from driving over irregular

terrain are ignored as the rover drives at low speed for both missions. As such, the

simplified dynamics model presented in Section 4.2.4 is not considered in the mission

power and energy models. A parametric investigation of the wheel on dynamic ter-

rainability performance is presented in Appendix A as well as by the author in [38].

Mobility related power (Pmob) for a mission composed of four main driving segments:

straight level driving, turning, excavating and climbing a slope, can be estimated by:

Pmob = Plevel + Pturn + Pex + Pslope (4.42)

where

Plevel = (Rb +Rc)vlevel (4.43)

Pturn = MstΩst (4.44)

Pex = (Rb +Rc +Rex)vex (4.45)

Pslope = (Rb +Rc +Rslope)vslope (4.46)
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The total mobility energy for the mission can also be computed when the driving

distances (L) for each segment is known, as seen below:

Emob = Plevel
Llevel

vlevel
+ Pturn

Lturn

vturn
+ Pex

Lex

vex
+ Pslope

Lslope

vslope
(4.47)

The coupling between rover performance metrics zi and energy and power is evi-

dent. The power and energy metrics (fj) in the system level optimization problems

presented later in this chapter are a subset of each driving segment presented here.

Excavation Model

To compute the excavation forces Rex of a rover scooping lunar regolith using

the tool shown in Figure 4.4, the McKyes two dimensional excavation model was

used [118]. The available drawbar pull (DP ) determines the amount of material

which can be excavated by the rover at each scoop.

bT

v
q

dTT
lT

b r

rb

d

X

Y Y

X

Z

flat blade

media surface

external friction
forces

adhesion
forces

weight

inertia
forces cohesion

forces

internal friction
forces

approximate failure
plane

Figure 4.4: 2D Mckyes Excavation Model [118]
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The total excavation force (T ) is given by:

T =

[

γgd cotβ cot ρ

2
+ gq(cotβ + cot ρ) + c(1 + cot ρ cot(ρ+ β))

+Ca(1− cotβ cot(ρ+ β)) +
γv2(tan ρ+ cot(ρ+ φ))

1 + tan ρ cotβ

]

(4.48)

×
wd

cos(β + δ) + sin(β + δ) + cot(ρ+ φ)

For conciseness, the McKyes excavation model parameters are described in Table 4–

6. The resulting horizontal and vertical load on the rover are computed respectively

as:

Rex = T sin(β + δ) (4.49)

wex = T cos(β + δ) (4.50)

To account for the change in rover vertical load during excavation, the excavation

scenario is divided up into three drive segments:

i Unloaded vehicle mobility : where the total vehicle weight is considered in the

traction equations and no excavation occurs. This drive segment is concerned

with driving to the excavation site;

ii Loaded vehicle mobility : where the total vehicle weight and maximum payload

weight are considered in the traction equations and no excavation occurs. This

drive segment is concerned with transporting regolith to the berm site;

iii Excavating mobility (first scoop/last scoop): where the vehicle weight for the

first scoop, and the vehicle weight and maximum payload weight for the last

scoop are considered in the traction equations. The excavation forces that add
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to the motion resistances (Rex) and weight (wex) are considered here. This

scenario is used for excavation tasks.

Accounting for the variation in rover mass caused by wex, the feasibility of excavating

the soil is verified by:

DP − Rex ≥ 0 (4.51)

From Equation (4.51) and some basic mission parameters (cmission), mission per-

formance metrics (fj) such as total driving distance or mission duration can be

computed.

4.3 Wheel Optimization for Lunar Missions

System level optimization problems are formulated here for the resource prospect-

ing and berm building scenarios described in Table 4–4. The prospecting mission

parameters were adapted from ongoing NASA-CSA joint analog mission RESOLVE,

while the excavating scenario was adapted from [99].

In both scenarios, it is of interest to minimize the mobility power and energy con-

sumption for the total mission and individual driving segments. Additionally, given

the nature of the excavation mission parameters, it is also desirable to reduce total

mission duration and driving distance. The lunar environmental parameters cenv

used in this analysis are available in Table 4–5. Finally, the rover parameters (crover)

are obtained from CSA’s multi-purpose Juno-II rover in [61]. They are listed in Table

4–6.
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Table 4–4: Mission Scenario Parameters (cmission)

Prospecting Excavating
Objective Search for water ice in per-

manently shadowed craters
Build a 2.6m high 180◦

berm with 25m berm radius
around landing site.

Target location Lunar polar crater Flat area Lunar polar region
Distance 5km (total) 50m (between excavation

site and drop-off site)

Terrain type

Level: 54% Level: 100%
5◦ slope: 15%
10◦ slope: 10%
15◦ slope: 5%
20◦ slope: 1%

Traverse 15% turning 10% turning
Tasks Identify drilling sites of in-

terest, drive to sites au-
tonomously, extract and
process samples.

Excavate regolith using a
scoop and transport to
berm area, unload, and re-
peat.

4.3.1 Prospecting Mission Optimization

Since the details of the prospecting mission architecture are unknown, a set of

mission priorities are defined by the author. The following equations describe the

objective functions of interest for the prospecting mission scenario.

f1 = Ptotal (4.52)

f2 = Etotal (4.53)

f3 =
LslopePslope + LlevelPlevel + LturnPturn

Ltotal
(4.54)

f4 = Pslope (4.55)
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Table 4–5: Lunar Environmental Properties (cenv)

Parameter Value
Gravity - g (m/s2) 1.63
Soil cohesion - C (Pa) 170
Soil internal angle of friction - φ (◦) 37
Soil exponent - n 1.0
Coefficient of passive earth pressure - NC 1.5
Nγ 25
Soil specific mass - γ (kg/m3) 1680
kc (Pa/mn−1) 1400
kφ(Pa/mn) 820000

Table 4–6: Rover Parameters (Crover)

Rover Parameters Value
Total vehicle mass (kg) - mrover 200
Payload mass (kg) - mpayload calculated
Longitudinal wheel spacing (m) - Lrover 2
Lateral wheel spacing (m) - brover 1
Operating speed (m/s) - v 0.6
Excavation speed (m/s) - vex 0.1
Number of wheels - N 4
Steering mechanism Skid
Scoop width (m) bT 1.5
Digging depth (m) - dT 0.08
Soil-tool adhesion coefficient (Pa) - Ca 1930
Surcharge mass - q 1
Rake angle - β 45◦

External friction angle - δ 10◦

Shear plane failure angle -ρ 30◦
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f5 = Plevel (4.56)

f6 = Pturn (4.57)

A single objective optimization problem is formulated below for each objective fj .

Constraint g1 represents the maximum allowable wheel deformation limited by the

wheel hub diameter, with Dh set to 0.3m. The upper and lower bounds of the design

variable vector xsys, limited by the Juno-II rover design, are contained in g2 and

g3 respectively. Finally, a limit was imposed on the available drawbar pull CDP to

ensure that the rover can climb slopes of 20◦. The dynamic effects of the slow moving

prospecting rover are neglected and therefore KD and CD are ignored here.

Find xsys = [DW , bW , KV , KT , KL]
T

to minimize fj = bj(xsys,Crover,Cmission,Cenv) with j = 1 to 6

subject to g1 =
WW

KV
− (DW −Dh) ≤ 0

g2 : xsys ≤ [0.6096, 0.254, 250, 100, 100]T

g3 : xsys ≥ [0.25, 0.1, 1, 0.5, 0.5]T

(4.58)

Two algorithms were used to solve the optimization problem presented in Equation

(4.58). As the gradients of the objective functions listed in Equations (4.52) to (4.57)

can be found and the Hessians estimated, a quasi-Newton sequential quadratic pro-

gramming algorithm was used with an initial guess. However, to circumvent the

possibility of converging to a local optimum, a genetic algorithm, described in more

detail in [48], was also used to solve the optimization problems. The solution for
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each single objective problem, which were identical for both algorithms used, is con-

tained in Table 4–7. Figure 4.5 plots the normalized objective function values for

each optimum wheel design to highlight the conflicting nature of the objectives.

Ptotal Etotal
Pclimb Plevel Pturn

f1, f f4, 6

f2

f3

f5

Prospecting Mission Optimization Results

Figure 4.5: Prospecting Mission Objective Function Results Comparison

It is interesting to note that for all six objective functions, the maximum values for

wheel diameter (DW ), width (bW ), torsional stiffness (KT ) and lateral stiffness (KL)

were found. The value of vertical stiffness, on the other hand, has different effects on

the mission objectives. A stiffer wheel (KV=4.93kN/m) results in the lowest total

mobility power (min f1), average slope climbing power (min f4) and turning power

(min f6). To minimize the power consumed during straight level line driving (min

f5), however, a softer wheel (KV=2.09kN/m) is preferred. A reduction in wheel stiff-

ness by 58% results in a reduction in level driving power of nearly 80%. However, an
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Table 4–7: Prospecting Mission Optimization Results
fj DW bW KV KT KL Ptotal Etotal Pclimb Plevel Pturn

(m) (m) (kN/m) (kNm/rad) (kN/m) (W ) (kJ) (W ) (W ) (W )
f1 0.61 0.254 4.93 100 100 247.4 135.7 59.1 2.8 8.0
f2 - - 3.35 - - 250.1 133.7 60.0 2.2 8.1
f3 - - 3.87 - - 248 134.0 59.5 2.4 8.0
f4 - - 4.93 - - 247.4 135.7 59.1 2.8 8.0
f5 - - 2.09 - - 262.5 137 63.1 1.7 8.5
f6 - - 4.93 - - 247.4 135.7 59.1 2.8 8.0
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increase in climbing and turning power ensues by 7% and 6% respectively. Minimiz-

ing overall mission energy consumption (min f2), which reduces the power system

requirements of the rover, and minimizing the weighted power consumption (min f3)

yields similar stiffness of 3.35kN/m and 3.89 kN/m respectively. Both these stiffness’

appear to be a good trade-off as the level driving power is reduced by 15% and 21%

for min f3 and min f2 respectively, with an almost negligible increase in climbing

and steering power. With more detailed information on the mission scenario, each of

the objectives may be of equal importance. As such, a multi-objective optimization

problem can be formulated, as presented in [72], to illustrate the conflict between

the mission performance objectives.

4.3.2 Excavation Mission Optimization

The excavation mission scenario outlined in Table 4–4 requires the rover to ex-

cavate and transport regolith to build a berm. In this case, total mission duration

(ttotal) and distance traversed (Ltotal) should be minimized as well as power and en-

ergy during various driving sequences. The following equations describe the objective

functions of interest for the excavation mission scenario.

f7 = Ltotal (4.59)

f8 = ttotal (4.60)

f9 = Ptotal (4.61)

f10 = Etotal (4.62)
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f11 =
LemptyPempty + LfullPfull + LexPex

Ltrip

(4.63)

f12 = Pempty (4.64)

f13 = Pfull (4.65)

f14 = Pex (4.66)

Distance in kilometers (Ltotal) and time in (earth) days (ttotal) are computed as the

first two objectives in Equations (4.59) and (4.60). Then, total mobility power (Ptotal)

and total energy (Etotal) for the mission are also minimized in Equations (4.61) and

(4.62). Given that the mission scenario is defined heuristically, it is of interest to

weigh the importance of each drive segment power consumption. This is achieved

in Equation (4.63) by averaging the mobility power according to the drive segment

distance over entire mission drive distance. The effect of wheel parameters on empty

(Pempty), full (Pfull) and excavation (Pex) power are also addressed in the objectives

listed in Equations (4.64) to (4.66) respectively. An optimization problem is formu-

lated below and is solved for each objective described in Equations (4.59) to (4.66).

Find xsys = [DW , Dh, bW , KV , KT , KL]
T

to minimize fj = bj(xsys,Crover,Cmission,Cenv) with j = 7 to 14

subject to g5 =
WW

KV
− (DW −Dh) ≤ 0

g6 : xsys ≤ [0.6096, 0.254, 250, 100, 100]T

g7 : xsys ≥ [0.25, 0.1, 1, 0.5, 0.5]T

(4.67)
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Similarly to the prospecting mission, a genetic algorithm is used to verify the results

of a modified SQP approach to solve the berm building scenario optimization prob-

lems [48]. The solutions to each optimization problem are outlined in Table 4–8,

while Figure 4.6 plots the objective space of each optimum wheel design.

Ptotal Etotal
Pempty Pfull Pex

ttotalLtotal

f7, f f8, 10, 12f

Excavation Mission Optimization Results

f9

f11

f13

f14

Figure 4.6: Excavation Mission Objective Function Results Comparison

Minimizing the total distance travelled (min f7) yields the same solution as min-

imizing time (min f8), total energy (min f10) and power for empty driving (min

f12). This is because wheel parameters were optimized to excavate and transport

the maximum amount of regolith per trip, thereby reducing the total energy, power

and driving demands of the entire mission. Similarly to the prospecting mission, the

maximum wheel size (DW , bW ), torsional stiffness (KT ) and lateral stiffness (KL)

is preferred for these objective functions. Vertical stiffness is low, allowing for high
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Table 4–8: Excavation Mission Optimization Results
fj DW bW KV KT KL Ltotal Time Ptotal Etotal Pempty Pfull Pex

(m) (m) (kN/m) (kNm/rad) (kN/m) (km) (days) (W ) (kJ) (W ) (W ) (W )
f7 0.61 0.254 2.09 100 100 289.1 6 53.8 7089.5 8.5 15.23 30.1
f8 - - - - - - - - - - - -
f9 0.61 0.15 2.09 100 100 308.9 6.4 52 7855.3 9.5 16.5 26.0
f10 - - - - - - - - - - - -
f11 0.4 0.1 6.51 100 100 701.6 14 60.2 29842 21.8 28.8 9.6
f12 - - - - - - - - - - - -
f13 0.61 0.254 2.20 100 100 291.8 6.1 53.1 7099.3 8.6 15.22 29.3
f14 0.37 0.1 8.1 100 100 1544.4 30.3 63.4 72840 26.3 30.1 6.9
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traction to be developed. The total distance travelled is 289.1km resulting in a mis-

sion lasting 6 earth days.

Interestingly, minimizing total mobility power (min f9) results in a 13.4% decrease

in excavation power, yet in a slight increase in empty and full driving power. This is

achieved by reducing the wheel width to 15.4cm. The total mobility power is reduced

by 4% and travel distance is increased by 19.8km compared to the minimum distance

case (f7).

Minimizing total mobility power as a function of drive segment distances (min f11)

yields significant findings. A smaller, stiffer wheel (DW=0.4, bW=0.1,KV=6.51kN/m)

is found, which reduces the excavation power by close to 70% over the distance min-

imization case. However, solution minimizes the excavation power by reducing the

available drawbar pull, thereby reducing the excavation distance driven per trip. As

the empty and full driving distances remain constant per trip, only the excavation

distance is affected (as well as the total number of trips). Therefore, an increase by

close to 50% for min f11 is seen in the empty and full drive power over the minimum

distance case (min f7,f8,f10,f12). The mission distance and duration is over double,

at 701.6km and 14 days respectively.

Minimizing the full drive power (f13) results in a 5% increase in vertical stiffness over

the minimum distance case. This is because a stiffer wheel provides less deflection

on heavier loads, resulting in improved driving efficiency. The total distance increase

is only 2.7km and approximately 2.5hrs of drive time. The resulting effect on power,

however, is minimal. Full driving power is reduced by less than 1% while empty and

excavating power increase by 1.2% and 2.7% respectively.
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Minimizing excavation mobility power (min f14), much like weighted mobility power

(min f11), favours a decrease in excavation power at the expense of empty and full

driving power. The optimal wheel is even smaller and stiffer than for the weighted

drive segment power minimization case, at DW=0.37, bW=0.1 and KV=8.1kN/m.

This results in a total mission duration of over 30 days to cover a distance of

1544.4km. The excavation mobility power is reduced by close to 80% over the min-

imum distance case, which comes at the cost of a 70% and 50% increase in empty

and full driving power.

For this mission scenario, the minimum drive distance case (min f7) appears to yield

the best trade-off between mission duration, distance, and mobility energy and power

requirements. However, a change in mission priorities, such as more severe mobility

power or energy constraints, will result in a change in the preferred trade-off solution.

4.4 System Level Analysis Discussion

The system level analysis assumes that wheel system design variables are inde-

pendent of one another. The purpose of this assumption was to determine what the

optimal wheel variables are, independent of wheel concept configurations. However,

to achieve the performance described in this chapter, a wheel concept must be de-

signed and fabricated to the prescribed size and stiffness requirements. Inevitably,

vertical, torsional and lateral stiffnesses of the wheel are dependent on the structural

configuration of the wheel. Furthermore, the mechanical reliability of the wheel will

also become an important performance metric. The variable coupling, as well as

reliability performance, are addressed at the component level analysis.
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Nonetheless, the preceding analysis, as well as the parametric analysis presented

in Appendix A, demonstrates the importance of elastic wheel design on rover and

mission performance. Broadly, the following recommendations for developing wheel

concepts and subsequently optimizing them for specific rover and mission scenarios

can be made:

i Wheel system design variables directly affect mission performance and should

be determined as a function of the mission priorities and rover designs.

ii Maximizing the diameter and width of the wheel is always desirable to improve

rover performance, unless a decrease in mobility power is desired.

iii Torsional and lateral stiffness should always be maximized to reduce energy

losses while driving and turning, particularly for inefficient skid-steer maneu-

vers;

iv Wheel vertical stiffness has the most conflicting effect on performance. Al-

though low stiffness improves traction, rider comfort and road holding, it also

serves to increase the power required to drive. A trade-off value is recommended

which considers mission priorities. Excavating scenarios or higher speed opera-

tions favour wheels with more compliance, whereas long range missions where

energy consumption is critical, favour stiffer wheels.

It should be noted that two important wheel parameters were considered out of scope

in the context of this work: tread patterns and the number of wheels of a vehicle.

Details on the effect of tread pattern are available in [17]. The number of wheels

impacts rover design and should be considered in future work.
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CHAPTER 5

Development, Testing and Modelling of Wheel Design Concepts

This chapter describes wheel concepts explored in the context of this research,

both by prototyping and numerical modelling. A functional breakdown of a wheel is

presented first, followed by a presentation of physical and numerical investigations of

wheel concepts. Finally, a discussion on wheel concept selection criteria is presented.

5.1 Wheel Development

Chapter 2 presented a number of existing rover wheel concepts. Most wheels rely

on linear-elastic deformation of the internal structure of the wheel, although some

employ hyper-elastic deformation like the TWEEL [93] or plastic deformation like

iRings [90]. A functional breakdown of the main components of a wheel is illustrated

in Figure 5.1.

Hub

Internal
structure

Tread surface

Rim/tread band

Figure 5.1: Wheel Configuration Functional Breakdown
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The system level analysis presented in Chapter 4 established the importance of wheel

compliance in achieving mission performance requirements. As such, it is of interest

to investigate wheel concepts which employ novel materials, deformation mechanism

and internal structural configurations. The following subsections describe a set of

wheels which were developed in the context of, or concurrently with, this research.

5.1.1 Segmented Wheel Concept

The segmented wheel concept is a variation of the metallic flexible carcass and

relies on linear elastic deformation for compliance. Instead of a continuous outer

tread linking the deformation of the radial bands, each segment behaves like radially

mounted spring legs.

Two distinct prototypes developed concurrently by the author and a team of un-

dergraduate students and all-terrain vehicle manufacturer Ontario Drive and Gear

(ODG) can be described as segmented wheels. The ODG wheel was illustrated in

Figure 2.4(f). The McGill concept uses segments which bear the load of the vehicle,

transmit torque and provide compliance. The shape of the individual segments was

designed to minimize stress concentration yet provide adequate deformation. The

segments themselves were fabricated from one piece of 0.018 inch stainless steel and

formed to the desired shape. They were mounted to a commercial hub for remote

control all-terrain vehicles. The manufacturing method and final prototype is shown

in Figure 5.2.
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Figure 5.2: McGill Segmented Wheel Concept

5.1.2 Cellular Wheel Concept

Cellular materials offer a promising solution to designing flexible wheels as their

microstructure can be tailored to achieve desirable mechanical properties. Hexagonal

and circular cells are advantageous as they expand upon compression. Similarly to

the hoop springs wheel illustrated in Figure 2.5, each individual unit cell provides

elastic compliance to the overall wheel structure, while a continuous outer tread band

distributes the load throughout the cells. Figures 5.3 and 5.4 illustrate examples of

cellular wheels prototyped. Wheels were fabricated from aluminum hexagonal cells

with 0.375 inch and 0.5 inch unit cells, and polypropylene circular 0.275 inch cells.

The polypropylene allowed the cells to recover from cell wall buckling, given the

hyperelasticity of the base material.
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0.375” Aluminum hexagonal unit cells

0.5” Aluminum hexagonal unit cells

Figure 5.3: Cellular Wheel with aluminum Hexagonal Unit Cells

0.275” Polypropylene circular unit cells

Figure 5.4: Cellular Wheel with Polypropylene Circular Unit Cells
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5.1.3 iRings Wheel Concept

The iRings wheel presents a new class of wheels which rely on plastic, rather

than elastic, deformation to provide compliance. The iRings wheel is composed of

three main components: the hub, the outer tread and inner fill material. The outer

tread is made of chain mail fabric, while the inner filler material is polypropylene

balls. The iRings wheel mimics an under-inflated tire, where a filler material replaces

the pressurized air. The filler material supports the vehicle load and provides a

deformable volume to conform to surface irregularities. This deformation allows for

a large contact area to be created between the wheel and ground. Additionally, the

deformation mechanisms results in a overly damped wheel with no visible bounce if

the wheel is dropped from a height.

The performance of the wheel can be modified by changing the fill material, the

volume of the fill material, and the tire thickness to wheel diameter ratio. The

iRings wheel, originally proposed in [90], has been designed to various scales and

vehicles as shown in Figure 5.5.

5.1.4 Baseline Rubber Pneumatic Tire

Rubber pneumatic tires are presented here as they provide a comparison for

physical testing. ODG’s custom amphibious 24 inch (61cm) diameter wheels, seen

in Figure 5.6, were used to compare the performance of compliant wheels on CSA’s

Juno II rover.
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0.7m diameter

0.13m diameter0.2m diameter

Figure 5.5: McGill’s iRings on CSA’s Juno II rover

0.7m diameter Rubber tires

Figure 5.6: ODG Rubber Wheels
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To compare small scale wheel prototypes, the standard rubber wheels provided with a

remote controlled (RC) vehicle were used. Both 5 inch (12.7cm) and 8 inch (20.3cm)

diameter wheels are shown in Figure 5.7. These wheels rely solely on rubber carcass

deformation to achieve compliance as they are not filled with pressurized air.

Figure 5.7: Small scale rubber non-pneumatic tires

5.2 Experimental Performance Investigation

The goal of this section is to compare the performance and identify limitations

of the wheel concepts outlined above. The following subsections describe the results

from three test campaigns undertaken to assess wheel prototype performance. First,

a qualitative assessment of general mobility metrics was conducted on the RC vehi-

cles. Then, quantitative testing was performed to assess the iRings wheel concept

on rover trafficability, maneuverability and terrainability.

5.2.1 Qualitative Performance Comparison

The RC vehicles used for the 5 inch and 8 inch wheel diameter wheel proto-

types are depicted in Figure 5.7. The platforms are commercially available, and are

controlled by a user using a radio-frequency hand-held controller. Because of the

low accuracy control method, the performance assessments using the RC cars were
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qualitative in nature.

Four performance metrics were assessed for the small scale wheels: trafficability, ma-

neuverability, terrainability and reliability. Trafficability testing consisted of driving

on sandy surfaces while pulling a load and climbing slopes. Maneuverability testing

investigated turning behaviour of the RC car using the wheel prototypes. Terrain-

ability was addressed by quasi-static testing of obstacle climbing and driving over

irregular terrain. Reliability was assessed by inspection for any permanent defor-

mation in the wheel after testing. The qualitative comparison of wheel prototype

performance is shown in Table 5–1. Some testing images are available in Figure

5.8. A relative scale of 1 to 5 was used, where 1 indicates poor performance and 5

indicates excellent performance. In Table 5–1, Cell-1, -2 and -3 represent the 0.375

inch 3003 aluminum hexagonal unit cell, 0.5 inch aluminum hexagonal unit cell and

0.275 inch polypropelene circular unit cell wheels respectively.

Table 5–1: Qualitative Wheel Performance Evaluation

Performance Metric Cell-1 Cell-2 Cell-3 Segmented iRings Rubber
Trafficability 3 3 4 3 5 5
Maneuverability 5 5 5 4 2 5
Terrainability (static) 3 4 4 5 5 5
Reliability 3 2 5 3 4 5
Rank 5 5 2 4 3 1

The baseline rubber wheel concept consistently performs well in all four metrics.

However, as described in Chapter 2, rubber compounds are impractical on the lunar

surface. The iRings and polypropylene cellular wheel (Cell-3) have similar overall

performance. Given the low stiffness and high damping, the iRings wheel develops
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excellent traction and conforms well to irregular surfaces and obstacles. This, how-

ever, results in considerable lateral deformation in the wheel during steering thereby

reducing maneuverability. No failures were seen during testing as the wheel does

not rely on elastic deformation of the wheel structural components. Both aluminum

cellular wheels (Cell-1 and Cell-2), however suffered permanent plastic deformation

during testing. The larger hexagonal cells (Cell-2) achieves a lower stiffness and

therefore improved irregular terrain performance over the smaller hexagonal cells

(Cell-2). The stiffer Cell-2 demonstrates less overall plastic deformation but exhibits

considerable vibration during irregular terrain traversal. Cell-3 circumvents plastic

deformation given the hyperelastic behaviour of polypropylene. The lateral stiffness

of the cellular wheel concepts lead to a responsive and highly maneuverable rover.

The segmented wheel also offers a good trade-off between the performance metrics.

The discontinuous outer tread emulates grousers, yielding excellent traction in irreg-

ular terrain, soft soil and obstacle negotiation. The segments deformed permanently,

however, during the testing where high loads were applied. The plastic deformation

which occurred during testing for the segmented and Cell-2 wheels are seen in Figure

5.8(b) and (d).

The wheel cellular and segmented wheel concepts are investigated numerically in

more detail in Sections 5.3.2 and 5.3.1 respectively. The behaviour of the iRings

wheel, however, is difficult to model numerically, as such, this concept underwent

extensive testing as described in Sections 5.2.2 and 5.2.3. Although not presented in

this work, it should be noted that reliability of iRings was assessed by successfully

driving over 200km.
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(a) Slope climbing (b) Segment plastic deformation

(c) Driving (d) Cellular material plastic deformation

Figure 5.8: Wheel Testing

5.2.2 Trafficability and Maneuverability Testing

A quantitative measurement of the trafficability and maneuverability perfor-

mance is presented here. CSA’s Juno II rover [61] was used with two traction sys-

tems: the iRings wheels and the ODG rubber pneumatic tire.

First, the rover is commanded forward to pull an eight-wheeled Argo vehicle, pro-

vided by ODG, and a load cell is used to measure the tension in the cable linking the

two vehicles. The test set-up is shown in Figure 5.9. Sinkage is not measured during

this test campaign. The slip is estimated by averaging the forward velocity of the

rover at 2m intervals and measuring the motor rotational velocity using motor en-

coders. The tests are repeated to compare the drawbar pull coefficient of the rubber

and iRings wheels. The pressure of the rubber wheels was regulated at the nominal

operating condition of 5 psi. The experimental drawbar pull coefficient plotted in

Figure 5.10, as defined in Equation (4.17) of Chapter 4.
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Figure 5.9: Drawbar pull Test Set-up

Typical rover operating scenarios should see slippage between 0-20% [10], therefore,

the CDP of the various traction systems in this range are compared. At 20% slip,

where drawbar pull is typically at its maximum, both traction systems operate at

a CDP ≈ 0.55, which is equivalent to climbing a 28◦ slope. At 100% slip, the ex-

perimentally computed CDP increases to values of 0.7 for iRings and 0.8 for rubber

wheels. This increase is caused by an increase in sinkage, and therefore increase in

ground contact area, when the traction system digs into the ground.

The rolling resistance coefficient (Cr) of each traction system is also estimated, by

dragging the rover using the Argo and measuring the load cell output. This results

in a range of rolling resistances shown in Table 5–2.

To assess the wheel design effect on the tractive efficiency, the rover is driven over a

10m distance using various payload mass, at various speeds and over various terrain

slopes. The results are shown in Table 5–3, where the power required to drive the

rover is compared to a baseline value of the power required to drive the rover using

rubber wheels on level terrain in low and high gear. The results yield a qualitative
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Figure 5.10: Drawbar pull Testing

Table 5–2: Traction system Cr

Wheel Type Cr(lower) Cr(upper)

Rubber wheels 0.03 0.08
iRings wheels 0.2 0.26

84



comparison of the driving and turning efficiency. The level terrain testing was con-

ducted on a sandy terrain, while slope testing was conducted on a clayey loam with

some vegetation. Further, the slopes in a natural environment are not consistent,

and therefore vary in angle throughout the length of the test.

Table 5–3: Driving efficiency ηDP

Case Rubber iRings
0◦, w/payload, low gear - x3
0◦, w/ payload, high gear - x3.3
15-20◦, w/ payload, low gear x2.5 x6.25
18-29◦, w/ payload, low gear x3.75 x6.25

The maneuverability performance is assessed for each traction system type during

the trafficability tests. At the end of each driving sequence, the rover is commanded

to complete a skid-steer maneuver turning the rover in place 180◦. The estimated

relative steering efficiency for each driving scenario is shown in Table 5–4.

Table 5–4: Turning efficiency ηst

Case Rubber iRings
0◦, w/payload, low gear x5 x10
0◦, w/ payload, high gear x5 N/A
15-20◦, w/ payload, low gear x6.25 x10
18-29◦, w/ payload, low gear x6.25 x10

The values shown in Tables 5–3 and 5–4 are approximate, as the power draw through-

out the testing is dynamic due to the user input commands and motor controller

design. Nevertheless, the results demonstrate the inefficiencies of the iRings concept
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over the rubber wheels. Given the large deformations in the wheel, tractive and steer-

ing efficiency is approximately doubled for the iRings. Additionally, skid-steering is

shown to be approximately 5 times less efficient than straight line driving for rubber

wheels on level ground. In high gear, the rover has insufficient torque to skid steer

with the maximum payload mass in sand using the iRings. Figure 5.11 illustrates the

excessive lateral loads on the rubber wheels while conducting a turning maneuver on

a slope, with a payload mass.

Figure 5.11: Lateral Deformation on Under-inflated Rubber Tires

5.2.3 Dynamic Terrainability Testing

As described in Chapter 4 and Appendix A, low stiffness and high dampening

contribute to improved rider comfort and road holding ability. A dynamic terrain-

ability test campaign is presented here to investigate the benefits of the iRings defor-

mation mechanism. The iRings and benchmark rubber wheels suspension properties

were characterized by means of a standard drop test [119] for which the properties

are shown in Table 5–5. Although the iRings wheels achieve compliance primarily

through plastic deformation, some elasticity is observable during the drop test.
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Table 5–5: Wheel Dynamic Properties

Wheel type Stiffness (kN/m) Damping coefficient (Ns/m) Mass (kg)
iRings 5.71 194.5 3.62
Rubber 1.54 15.8 0.91

(a) Grassy Terrain (b) Sandy Terrain (c) Rocky Terrain

Figure 5.12: Terrain Types

The iRings wheels are stiffer, in terms of elastic deformation, than the benchmark

rubber wheels, yet have a higher damping coefficient by an order of magnitude. The

wheels were tested repeatedly over three terrain types: grass (terrain 1), soft sand

(terrain 2), and hard sand/gravel (terrain 3) depicted in Figure 5.12.

An accelerometer was mounted vertically on the axle between the two rear wheels

in order to measure the vertical acceleration of the unsprung mass. This allowed

the evaluation of the rider comfort metric for the various wheels in different terrain

and speed conditions. The road holding ability was not measured here given the

complexity required for measurement of the nominal ground force during driving.

The vehicle was driven over a 10m distance four times on each terrain using both

sets of wheels. A summary of the results for Terrain 1 is shown in Figure 5.13(a). It

should be noted that the speed was controlled by the user input to a joystick, so the

speed average speed is shown here. An increase in speed causes an increase in vertical
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(a)Terrain 1-Grass Testing

(b)Terrain 2-Soft Sand Testing

(c)Terrain 3-Hard sand/gravel Testing

Figure 5.13: Dynamic Terrainability Results
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acceleration. The performance variation between the wheel types at the same speeds

is not clear in Figure 5.13(b), as speed was difficult to control accurately. The iRings

wheels still demonstrate a lower value of standard deviation of vertical acceleration,

which is the rider comfort metric. This is evident in Figure 5.13(a) where at 0.94m/s,

the rider comfort value is improved by 12% for iRings wheels. Peak acceleration seen

by the rover chassis is also measured and results in improvements up to 30%.

Terrain 2 is comparatively a much softer terrain than terrain 1. The terrain slows

the rover, resulting in speeds lower than in terrain 1. Figure 5.13(b) illustrates the

rider comfort metric over rover speed.

In this test, the average speed was more consistent between tests, allowing a bet-

ter comparison between the two wheels. The response of the iRings over terrain 2

shows an improvement of 7% at 0.75m/s. The lower difference in vertical acceleration

between the two wheels is due to two main factors:

1. At a reduced speed, the acceleration will be lower;

2. On a soft soil like terrain 2, a significant amount of damping in provided by

terrain deformation thus reducing the impact load on the wheel.

Unfortunately, only terrain elevation as a function of frequency is considered in the

power spectral density for irregular terrains as described in Equation (4.35). Thus,

for a full characterization on the dynamic performance of wheel suspension proper-

ties, a more detailed consideration of soil properties is necessary.

Terrain 3 results presented in Figure 5.13(c) demonstrate a clear improvement in

rider comfort with iRings wheels, as the terrain is a comparatively more rigid and

rougher than terrains 1 and 2. In terrain 3, the iRings wheels improve rider comfort
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by up to 57%. Shock loads were shown to have been reduced by up to 70% over the

rubber wheels. Thus, it appears that an increase in wheel damping has more benefit

than a reduction of wheel stiffness in rough terrain, which confirms the predictions

in Appendix A.

5.3 Preliminary Numerical Investigation

Preliminary wheel prototyping requires a selection of size, shape and material of

wheel structural components. These structural components determine the load bear-

ing capacity and flexibility of the wheel. For example, the thickness of the segments

in the segmented wheel concept of Figure 5.2 will determine the deformation, and

therefore contact area and tractive properties of the wheel. As such, two distinct

wheel concepts cannot be compared equally unless they are optimized to perform

similarly, even though they may be of similar mass or size. Therefore, the ability

to tailor a given wheel concept to perform as required is an important factor in the

selection of a wheel concept. To optimize the performance of the wheel concept, as

it will be shown in Chapter 6, a wheel must be parameterized into a set of discrete

design variables. Additionally, the ability to simulate the behaviour of a wheel is

important if numerical modelling tools are used to quantify the performance of the

design. This section discusses the numerical investigation of two wheel concepts: the

segmented wheel and cellular wheel.
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5.3.1 Segmented Wheel Structural Optimization

The segmented wheel shown in Figure 5.2 was adapted to accommodate the

heavier loading conditions of a larger scale wheel. The evolved segmented wheel

concept is illustrated in Figure 5.14.

XZ

Y

Figure 5.14: Segmented Wheel Concept

Taking advantage of wheel symmetry, the analysis is simplified to a structural anal-

ysis of the segment. Three Lamé curves are selected to parameterize the wheel

segment, as illustrated in Figure 5.15. The Lamé curves are defined by three inde-

pendent parameters, η, bx and by, as shown in Equation (5.1).

|
x

bx
|η + |

y

by
|η= 1 (5.1)

where bx and by are the x- and y-axis dimensions of the curve. With an exponent of

η = 2 and (bx/by) = 1, Equation (5.1) represents the equation of a circle with radius

bx. An advantage of using Lamé curves is that when η > 2, the curvature vanishes

at the intersection of the axis [32]. This signifies that G2 continuity is ensured along

the curve and at the intersection between the curves, thereby reducing stress con-

centrations. Alternative curve parameterization techniques can be employed here,

however the Lamé curves provide a convenient method for ensuring G2 continuity. A

cross-sectional view of the parameterized segment with various values of η is shown
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in Figure 5.15, where S1 corresponds to the outer segment curve, S2 is the inner

segment curve, and S3 is the bottom surface.

Figure 5.15: Parameterization of Wheel Segment into Lamé curves

Once the wheel segment is paramterized into the set of size and shape design vari-

ables, a finite element model of the segment can be created. The FE model is created

using Altair Hyperworks’ pre-processing software Hypermesh before being solved in

Altair’s RADIOSS solver. The material properties for AISI 1025 carbon steel and

3750 shell elements were used to mesh the wheel segment. Three loading conditions

were considered: a vertical load FN , a lateral load Fst and a horizontal load Fr .

Fst represents the steering resistance seen at the ground interface acting along the

x-axis; and FR is the forward motion resistance along the z-axis; FN is the normal

force from the rover weight along the y-axis. The loading conditions result in torsion

about the x-axis, and a bending moment about the y-axis and z-axis at the hub

interface of the segment. These bending moments translate to the vertical deflection

in the y-axis and twist about the x-axis of the wheel assembly. To investigate the

segmented wheel concept, a structural optimization can now be conducted with a

FE model defined by a set of shape and geometric design variables.
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Structural Optimization

Discontinuities and high curvatures in mechanical shapes cause stress concen-

trations and reduce fatigue life under dynamic loading conditions. Second order

geometric continuity G2 is desired at the blending point between curves to avoid

localized stresses [107]. As a compliant wheel will undergo large deformation, ar-

eas of stress concentration should be minimized to improve reliability performance.

Compliant mechanisms are prone to fatigue failure caused by repetitive loading and

large deformations. In this research, the wheel segment behaves as the compliant

element of the wheel and undergoes large deformations. To improve the reliability

and life of the wheel, the curvature and stress concentrations are minimized using

the single objective shape optimization problem described below.

Minimize ys(xcomp) =
1

n

n
∑

1

wkκ
2
k

where κ(x, y) =
(η − 1)(xy)η−2(xη + yη)

(x2η−2 + y2η−2)3/2

and wk =
σ̄k

σ̄T

(5.2)

Equation (5.2) was first presented in Desrochers, Pasini and Angeles for a shape syn-

thesis problem using Lamé curves in [32]. In Equations (5.2), the objective function

ys(xcomp) represents the sum of squares of the weighted curvature of n supporting

points along the segment. wk and κk represent the normalized weighting factor and

curvature at the kth supporting point respectively. The weighted curvature is min-

imized for the design variable vector xcomp, defined in Equation (5.4) and shown in

Figure 5.15. The values for bx,i and by,i, where the subscript i identifies the curve,

are constrained by the wheel width, diameter and hub diameter. To ensure second
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order geometric (G2) continuity, η must be greater than 2. This allows the blending

points between curves 1, 2, and 3 to have a smooth change in curvature without

causing stress concentrations. In the case of the single objective optimization prob-

lem defined below, the thickness of the segment (t) is fixed to a nominal value of

5mm. The normalized weight factor of supporting point k is computed using the

rms value of the von Mises stress at the kth supporting point (σ̄k) normalized by the

rms von Mises stress along the Lamé curve (σ̄T ). The normalized weighting factor

satisfies the relationship shown below.

n
∑

1

wk = 1 (5.3)

If a purely geometrically optimum segment shape is desired, the weighting factors

can be determined simply by normalizing the curvature with a known number of

supporting points n. The resulting geometrically optimum (yg,1) will minimize the

segment curvature with no consideration on stress distribution. Minimizing the cur-

vature in a compliant mechanism has a direct effect on its fatigue life; however to

estimate life, the resulting stress in the segment cannot be ignored. Therefore, the

FE model must be solved at each objective function evaluation. Using the relation-

ship described in Equation (5.2) to compute the stress related weight factors, solving

the SOO will result in a so-called structurally optimum segment shape (ys,1). This

signifies that the resulting design variable vector xcomp will be found by minimizing

kth supporting point curvature as a function of stress distribution in the segment.

As discussed in Chapter 4, it is also of interest to maximize torsional and lateral

stiffness while minimizing vertical stiffness. The stresses in the component must also
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remain below the yield value to ensure deflection remains in the elastic range of the

material. The multi-objective optimization problem is formulated below. This for-

mulation allows for the system level design variables to be coupled through the FE

model and address wheel reliability performance.

Find xcomp = [ηi, bxi, byi, t]
T where i = 1, 2, 3

to minimize yseg = [
N

∑N
p=1 δY,p

,

∑N
p=1 δX,p

N
,

∑N
p=1 δZ,p

N
]T

subject to σv < σY

ηi > 2

2.5mm ≤ t ≤ 10mm

2bx3 = bx1 − bx2 = Ww = 400mm

by1 = by3 − bx2 =
DW −Dh

2
= 300mm

by1 − by3 = 10mm

(5.4)

The design variable vector xcomp, shown in Equation (5.4), contains the shape vari-

ables describing the three Lamé curves as well as the thickness (t) of the segments.

The three objective functions are selected to be the rms value of the deflection in the

x-, y-, and z-directions at N points along the bottom surface of the wheel segment.

The objective function vector y is described in Equation (5.4). The constraints,

shown in Equation (5.4), limit the material to linear-elastic deformation, while re-

lating the segment design variables to the wheel dimensions Dw, Dh and Ww. These

constraints are imposed by the rover design. The wheel segment material, in this

problem, is carbon steel with a Young’s Modulus of 210 GPa and yield strength of
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250 MPa. The von Mises failure criterion is used to determine the allowable stress

in the segment. The thickness of the segment is constrained between 2.5mm and

10mm. The remaining constraints relate the segment geometry to the wheel geome-

try to achieve a wheel width and diameter of 400mm and 800mm respectively.

To solve the SOO problem, a genetic algorithm (GA) in Matlab is run in a co-

simulation with the finite element solver Altair RADIOSS. The GA is selected as it

avoids computing the gradient of the objective function, which can be cumbersome

for structural analysis requiring a FE model. Additionally, a population based search

that maintains diversity in the solutions avoids converging to a local optimum. The

parameters of the GA were tuned heuristically to enable faster convergence and are

available in Table 5–6, while details on the algorithm itself are available in [24]. For

the structurally optimum shape, a FEA is conducted at each iteration to solve the

stress distribution along the segment and determine the weight factors wk. For the

geometrically optimum case, stress distribution in the segment is ignored and the

FEA is not required in the optimization loop. The SOO described in Equation (5.2)

is solved twice to find the geometrically and structurally optimum segment shape.

To solve the MOO problem, the multi-objective genetic algorithm (MOGA) imple-

mented in Matlab is used to solve for a set of non-dominated solutions. A brief

description of the MOGA algorithm is available here, while further details can be

found in [41]. First, a set of 25 designs are randomly generated using the Matlab

code. The designs are then modelled, pre-processed and solved by the finite element

code. The results of the FEA are interpreted by the Matlab code to evaluate the

objective functions and constraints. A fitness value to each design is assigned based
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on the rank of the respective solutions. In multi-objective problems, non-dominance

is considered in the ranking, and therefore several solutions can be of the same rank.

To avoid an increase in the density of the solutions in the same area of the Pareto

front, a niching count is implemented based on the distance between neighbouring

solutions. This ensures that a wider spread of possible solutions is found. The re-

maining fit solutions are then crossed-over and mutated to generate the offspring to

fill the population size. The optimization loop is then complete, and the solutions

can then be evaluated using the FE solver once again. This process continues until a

pre-determined number of generations have been evaluated. The optimization loop

was allowed to run for 12hours on a 2.40 GHz Core 2 Duo CPU. Table 5–6 out-

lines both the single and multi-objective genetic algorithm parameters which were

tuned heuristically to converge to optimal solutions efficiently. The population sizes

were selected to ensure population diversity during the optimization process, and

the mutation and crossover parameters were tuned to reduce the total number of

generations needed to find optimal solutions.

Table 5–6: Genetic algorithm properties

Property GA values MOGA values
Population Size 20 25
Crossover fraction 0.8 0.8
Elite Count 2 2
Tournament size 4 4
Migration fraction 0.2 0.2
Pareto fraction - 0.35
Maximum Generations 50 30
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The results from the two single objective optimization (SOO) problems are shown

in Table 5–7. Note that the component thickness was fixed at 5mm. To compare

the SOO results, the objective space of the geometrically and structurally optimum

solutions are illustrated in Figure 5.16(a) and (b) along with the MOO results.

Table 5–7: Solution for geometrically and structurally optimum segments

xcomp Geometric Structural
optimum yg,1 optimum ys,1

η1 2.11 2.28
bx1 800mm 580mm
by1 242mm 250mm
η2 2.16 2.07
bx2 605mm 385mm
by2 199mm 222mm
η1 5.05 4.5
by3 58mm 50mm

The MOO objective space for each solution is shown in Figure 5.16(a) and (b). The

objective function values are normalized with respect to the maximum displacements.

It should be noted that the geometrically optimum solution yg,1 yields a result above

100% . This is explained by the nature of the objective function for the geometric

SOO (yg,1), where structural analysis is ignored. The consequence is that the maxi-

mum von Mises stress is above the material yield strength, resulting in an infeasible

design.

After 30 generations, the MOGA was able to find a Pareto front. The conflict be-

tween the deflection in the y-direction and x-and z-directions are apparent in the

distribution of the design variable space, where there is a clear set of non-dominated
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solutions. From the Pareto set, a trade-off design was selected to compare with the

structurally and geometrically optimum segments. This trade-off is selected to have

an equal importance of each objective function. A comparison between the von Mises

stress distribution (in MPa) of the FEA results of the geometrically, structurally and

trade-off solutions are shown in Figure 5.17(a), (b) and (c) respectively. A discernible

difference in the shape of the wheel segments is observed. The undeformed wheel

segment is shown as a mesh to illustrate the resulting compliance.

The trade-off solution of Figure 5.17(c) improves stiffness in the z-axis by 12% in

comparison to the structurally optimum design, while producing a minimal reduction

in compliance in the y-axis of 4%. Further, no noticeable reduction in stiffness is

seen in the x-axis. The maximum von Mises stress in the trade-off wheel segment

is 40% lower than the structurally optimum, even though stress minimization was

not an explicit objective in the MOO. As neither solution dominates the other, both

solutions are considered optimal. Therefore, the structurally SOO found one solution

in the subset of Pareto optimal solutions of the MOO problem. The geometrically

optimum design, on the other hand, will plastically deform under the prescribed

loading conditions.

The segmented wheel numerical analysis demonstrates that a variation in wheel de-

sign variables directly affects wheel compliance. The results are dependent on the

nature of the problem formulation, and careful consideration of the objectives and

constraints is necessary. The nature of the wheel concept itself limits the feasible

design space, whereas the values of wheel design variable determine the performance

of the wheel. Therefore, a concept should be selected based on the deformation
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(a)Geometrically Optimum

(b)Structurally Optimum

c)Pareto Optimal Trade-off

Figure 5.17: Optimal Segments
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mechanism and design parameterizability such that the optimal shape and size of

the structural components can be determined through numerical analysis.

5.3.2 Cellular Wheel Parametric Analysis

Lattice materials offer significant advantages for wheel designs. Unit cell topol-

ogy, size and base material can be tailored to achieve desirable mechanical properties.

Homogenization techniques can also be used to obtain average mechanical properties

of a cellular material, thereby significantly simplifying FE models. As such, a wheel

can be modelled as a homogeneous material.

The cellular wheel prototypes shown in Figures 5.3 and 5.4 were fabricated based on

unit cell size, shape and material availability. Additional unit cell types, for which

constitutive material models for the linear range exist, are illustrated in Figure 5.18.

As discussed in Chapter 2, closed-form expressions for the homogeneous cellular

material properties in the linear range of behaviour are further developed then for the

non-linear range. Therefore, modelling non-linear materials, such as polypropylene

used in Cell-3, is not considered here. The homogeneous material properties of some

2D unit cells for relative cell densities (ρ) below 0.3 in the linear range are available

in Table 5–8. The properties include the Young’s modulus (Ē), shear modulus (Ḡ)

and Poisson’s ratio (ν̄) in the xy-plane defined in Figure 5.18. The relative density

in this case refers to the ratio between the density of the cellular material and the

solid material from which the cells are made. The open faced cubic, face centered

cubic (FCC), body centered cubic (BCC) and open faced cuboctahedron closed-form
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Figure 5.18: Unit Cell Topology Designs

expressions of material constitutive models are available in Appendix B, for the co-

ordinate reference frames illustrated in Figure 5.18.

Figure 5.19(a) and (b) illustrate the material density effect on the mechanical prop-

erties for unit cells illustrated in Figure 5.18. Typical applications of cellular materi-

als warrant high stiffness and low mass. Most of the unit cells available in literature

offer such properties. For flexible wheel designs, however, compliance in the unit cell

is desirable. The elastic and shear moduli of hexagonal cells are shown to be several

order of magnitude below those of the alternative cells. The 3D cuboctahedron and

cubic cells, however, offer lower elastic moduli than the Kagome, Diamond, Mixed

B, body centered cubic (BCC) and face centered cubic (FCC). Both hexagonal and

cubic unit cells offer the lowest shear moduli, while the cuboctahedron yields lower

shear than the remaining unit cells.
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Table 5–8: Unit cell 2D homogenized properties found in [65]
Unit cell type Elastic moduli (Ē) Shear moduli (Ḡ) Poisson’s ratio (ν̄)
Regular hexagons Ē/Es = 0.58ρ1.046 Ḡ/Es = 0.52ρ3.091 ν̄/νs = −6.7ρ2 − 0.54ρ+ 3
Kagome Ē/Es = 0.42ρ1.076 Ḡ/Es = 0.16ρ1.076 ν̄/νs = 1
Diamond Ēxx/Es = 0.35ρ1.1 Ḡ/Es = 0.21ρ1.035 ν̄xy/νs = −0.11ρ+ 1.24

Ēyy/Eb = 0.16ρ1.134 ν̄yx/νb = −ρ+ 3
Mixed B Ē/Es = 0.443ρ1.06 Ḡ/Es = 0.13ρ1.068 ν̄/νs = 0.28ρ+ 0.78
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(a)Elastic Moduli

(b)Shear Moduli

Figure 5.19: Unit cell macroscopic properties
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To investigate the applicability of the design of unit cell topologies in a wheel con-

cept, a parametric analysis of a 2D homogeneous wheel rolling on a rigid surface is

conducted. The homogeneous material properties are defined by the Kagomé, Dia-

mond and Hexagonal material models outlined in Table 5–8. First, a nominal load is

applied to the wheel hub followed by an applied forward velocity at the hub resulting

in a rolling motion of the wheel. The relative density is varied to verify the resulting

contact area created between the wheel and rigid ground. The results are illustrated

in Figure 5.20, where wheel mass and contact area are compared. The simulation

model parameters, derived from the small scale wheel prototyping activities outlined

in Section 5.2.1, are listed in Table 5–9.

Table 5–9: Homogeneous Cellular Wheel Parametric Analysis

Parameter Value
Wheel diameter in mm (DW ) 203.2 (8 inches)
Wheel hub diameter in mm (Dh) 33.3
Hub applied mass in kg (mr) 5
Gravity in m/s2 (g) 9.81
Applied forward velocity in m/s (v) 1
Soil type Rigid ground
Wheel-ground friction coefficient (µ) 0.3

Figure 5.20(a) illustrates that the hexagonal wheel is the most sensitive to relative

density (ρ). Reducing ρ reduces the mass of the wheel and increases the deformation,

resulting in a larger contact with the ground. Both Kagomé and Diamond unit cells

require low ρ to achieve the hexagonal wheel contact length. The ground contact

area achieved by a hexagonal wheel weighing 90kg is produced by a Kagomé or Di-

amond wheel weighing 10kg.
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(a) Cellular wheel unit cell comparison

(d) Cellular wheel base material comparison

Figure 5.20: Cellular Wheel Numerical Investigations
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The base material of the unit cell also effects performance. Figure 5.20(b) illustrates

the results of the hexagonal cellular wheels with three materials: Stainless Steel-304,

Aluminum 3003 and Aluminum-5052.

From Figure 5.20(a) and (b), it is clear that cellular materials can offer a wide range

of elastic wheel behaviour. In particular, hexagonal unit cells offer a good trade-off

between mass and compliance. Reducing ρ will result in thin walls of the unit cell.

To ensure the feasibility of the wheel design, however, the cell wall von Mises and

axial stress must be verified. From the macroscopic constitutive material models,

the macroscopic stresses and strains in the homogeneous material can be related

to the microscopic stresses and strains in the unit cell walls. Although computing

the resulting cell wall deformation in a representative volume element of the cel-

lular material can be time consuming, the homogenization technique still offers a

reduced computational effort compared to direct FE modelling of the cellular wheel

microstructure.

5.4 Selection of Wheel Concepts

This chapter described the wheel concept development and analysis. The results

presented do not identify a single wheel concept which is clearly superior to the oth-

ers. Instead, this investigation has given insight into the selection criteria of wheels

suitable for performance optimization. The selection criteria are listed here:

i Parameterizability: the wheel concept must be described by a set of variables

which dictate the resulting wheel structure. In this work, these variables are

dubbed the component level design variables.
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ii Scalability: the wheel concepts should be scalable to accommodate a variety

of mission and rover concepts, without significant modifications to the baseline

concept.

iii Computational feasibility: to optimize a set of design variables describing the

wheel concept, numerical models simulating wheel behaviour are solved itera-

tively. As such, the computational effort required to solve the numerical models

is of interest.

iv Wide objective function space: the behaviour of the wheel should vary directly

as a function of the component level design variables to achieve discernible

improvements in performance. This is especially useful when the same wheel

concept is optimized for various mission or rover applications.

The iRings wheel, while offering a novel wheel deformation mechanism and promis-

ing performance, is difficult to model numerically. As such, optimizing iRings perfor-

mance at a mission and rover level requires extensive experimental investigations to

develop empirically based surrogate models relating design variables to performance

objectives. It should be noted that significant improvements to the iRings concept

has been achieved through experimental testing beyond the scope of this thesis.

The segmented wheel was shown to be both parameterizable and computationally

feasible. Additionally, experimental investigations presented in Section 5.2.1 and

in yet to be published work by ODG demonstrated good mobility performance.

Through the MOO presented in Section 5.3.1, the relationship between component

level design variables and wheel behaviour was shown. However, the scalability of the

concept required significant modifications to the concept. As such, the component
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level design variables considered for various scales would be different. Nonetheless,

optimization of segmented wheel concept is still possible.

Cellular wheel concepts can achieve a wide range of mobility performance by tailoring

the cellular microstructure. The component level design variables are a function of

unit cell topology, and hence directly scalable to any wheel size. Employing homog-

enization techniques also enables simplification of the numerical models, reducing

overall simulation time. In the context of this research, cellular wheels offer a suit-

able concept for developing a systematic approach for wheel optimization. As such,

the cellular wheel is selected to develop the component level analysis in the following

chapter. The generalized optimization approach presented in Figure 3.1 is applicable

to alternative wheel concept, provided that the wheel is parameterizable into a set

of component level design variables and can be modelled numerically.
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CHAPTER 6

Component Level Optimization

This chapter presents the component level analysis, applied to a cellular wheel

concept. The homogeneous wheel multi-objective optimization and cellular material

optimization problems are solved and verification and discussion of the results are

provided.

6.1 Homogeneous Wheel Multi-Objective Optimization

In the first step, the wheel internal structure is modelled as a homogeneous

material. Employing a homogeneous material over direct modelling of a cellular

microstructure greatly reduces computational efforts, which is of interest when sim-

ulations must be solved iteratively within the optimization problem. To further

reduce computational efforts in solving the MOO, the ground is assumed to be rigid.

This assumption affects the quantitative analysis of the system level objectives, and is

addressed in more detail in Section 6.3.3. To evaluate the wheel trafficability, maneu-

verability and terrainability performance, two separate drive scenarios are modelled

in a time-domain FEA. The first scenario simulates a skid-steering maneuver of a

lunar wheel, where a vertical load is applied to the wheel hub, as well as a rotational

and lateral velocity. The second scenario consists of driving the wheel forward and

surmounting a step obstacle, where a vertical load is applied to the wheel hub along
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with a rotational and forward velocity. The loading conditions and modelling param-

eters of both FE models are summarized in Table 6–1 while Figure 6.1(a) and (b)

depict the drive scenarios in Altair Hyperworks’s HyperView FE pre-processor. The

RADIOSS Block explicit FE solver is used in both cases to compute the resulting

wheel behaviour.

Table 6–1: Wheel Simulation Parameters

Simulation Ww (N) ωw (rad/s) vw (m/s) µ
Maneuverability 490.5 0.29 0.3 (y-axis) 0.3
Trafficability/Terrainability 490.5 0.29 0.1(x-axis) 0.3

Rigid 1D bar elements are used to link the wheel hub attachment point with the inner

structure of the cellular wheel. As described above, the cellular structure is idealized

using 3D BRICK elements with a linear-elastic orthotropic material model. Finally,

the outer surface of the wheel is modelled by a thin steel outer shell, composed of

1548 2D SHELL elements. Two contact interfaces are defined: one between the

wheel shell and rigid ground using the shell nodes as slave nodes to the rigid ground

master surface; and a second between the outer surface of the wheel 3D elements

and the nodes of the outer wheel shell. For the wheel-ground interface, a Coulomb

friction model was used to simplify the rolling resistance coefficient, introduced in

Equation (4.18).

The loading conditions outlined in Table 6–1 were selected based on the resource

prospecting mission and rover design of Chapter 4. The size and shape of the wheel

was defined based on the system level analysis results, i.e. maximum wheel diameter
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Figure 6.1: FE Simulation Models

and width. The vertical, lateral and torsional wheel stiffness found at the system-

level become targets for the component level optimization problem.

6.1.1 Wheel MOO Problem Formulation

Ideally, rover performance metrics zi, introduced in Chapter 4, are directly at

the component level analysis. This is impractical due to the rigid ground assump-

tion used for computational efficiency. Therefore, the system and component level

analyses are linked through a set of shared system design variables (x∗
sys,S) and

component-level objectives (yk). In this case, x∗
sys,S constrains the wheel geometry

through Dw, Dh and bw. The objective functions of the component level MOO, yk,

are defined as wheel-ground contact area (Awheel), lateral deflection (δlat) and tor-

sional deflection (θtors). The component level objectives yk are directly related to the

local system design variables (x∗
sys,l) vertical (KV ), lateral (KL) and torsional stiff-

ness (KT ). To verify the effectiveness of this approach, an additional error analysis

step is conducted using coupling equations qk. Thus, system level objectives (zi and

fj) are implicitly considered at the component level through objectives yk. Although

the stress and strain in the wheel elements are computed in the wheel MOO prob-

lem, mechanical reliability is only considered at the microscopic scale when solving
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for feasible unit cell designs. The wheel MOO problem is formulated as:

Find xcomp = [ρ̄, Ēxx, Ēyy, Ēzz, Ḡxy, Ḡyz, Ḡzx, ν̄xy, ν̄yz, ν̄zx]
T

to minimize y(xcomp) = [δlat,MAX ,
1

Awheel,RMS
, θtors,MAX]

T

subject to ∀ xcomp ∃ K̄
−1

0 ≤ ρ̄ ≤ 0.91

Ēij ≤ 107Pa

Ḡij ≤ 107Pa

− 0.5 ≤ ν̄ij ≤ 0.5

(6.1)

where design variable vector xcomp consists of the homogeneous wheel orthotropic ma-

terial properties, δlat,MAX represents the maximum lateral deformation, Awheel,RMS

is the root mean square value for ground contact area and θtors,MAX is the maximum

torsional deformation. The resulting compliance matrix C̄ of a homogeneous 3D or

2D orthotropic material can be found respectively with [2]:

C̄3D = K̄
−1
3D =














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

1/Exx −νyx/Eyy −νzx/Ezz 0 0 0

−νxy/Exx 1/Eyy −νzy/Ezz 0 0 0
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0 0 0 1/Gxy 0 0

0 0 0 0 1/Gyz 0
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
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(6.2)
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C̄2D = K̄
−1
2D =













1/Exx −νzx/Ezz 0

−νxz/Exx 1/Ezz 0

0 0 1/Gzx













(6.3)

The design variable vector xcomp is normalized to values between 0 and 1. To ensure

material feasibility in the finite element solver, a constraint was imposed such that

the inverse of the orthotropic material stiffness matrix can be solved. The bounds

of the material properties were limited based on the preliminary analysis presented

in Section 5.3.2. Additionally, a large discrepancy between stiffness matrix entries

results in numerical failure in the finite element solver. Auxetic materials, such as

re-entrant honeycombs, are considered in the problem formulation by allowing neg-

ative values for Poisson’s ratio.

6.1.2 MOO Algorithm

To solve the multi-objective optimization problem formulated in Equation (6.1),

the non-dominated sorting genetic algorithm (NSGA-II) was used [28]. NSGA-II is

advantageous over non-evolutionary approaches as it does not require knowledge of

the gradient or Hessian of the objective function, which is difficult to compute when

finite element methods are required to compute the objective function. Additionally,

the population based approach of evolutionary algorithms allow for the Pareto front

to be computed in one single optimization simulation run. NSGA-II has been shown

to outperform other multi-objective evolutionary algorithms (e.g. MOGA) in terms
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of efficiently finding a diverse set of solutions and in converging near the true Pareto-

optimal set [28], as it uses both elitism and crowd distancing. The steps of the

NSGA-II are described below, while more details can be found in [28]:

i A random parent population is created, P0.

ii Each solution of the initial parent population, P0, is assigned a fitness level

based on the non-domination level. Elitism is introduced after the initial gen-

eration.

iii A binary tournament selection, recombination and mutation operators are used

to create the offspring Q0 the size of Np. This gives a new combined population

R0, consisting of P0 and Q0.

iv A fast non-dominated sorting approach is used to: a) find the domination count

np, which is the number of solutions which dominate the solution p; and b) the

set of solutions Sp that the solution p dominates. This step ranks each member

of the population of solutions into dominated fronts.

v Crowding distance is computed to preserve diversity in the non-dominated set

of solutions. An estimation on density of solutions surrounding a particular

solution in the population is made by calculating the average distance between

it and surrounding points.

vi The solutions are then ranked first based on their non-domination fronts, then

based on their crowding distance such that non-domination solutions are pre-

ferred that are located in lesser crowded regions.
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vii Then, a binary tournament selection, recombination and mutation operators

are used to create an offspring population Qt of size Np. This selection operator

is now based both on non-domination and crowding distance.

viii Steps 4-7 are repeated for a specified number of generations.

While NSGA-II offers considerable advantages in terms of simplicity, efficiency and

diversity of solutions; a large number of function evaluations are still required to con-

verge to the Pareto front. Additionally, unlike gradient-based approaches, NSGA-II

cannot prove mathematically that the true Pareto set of solutions have been found.

The parameters outlined in Table 6–2 were used in the wheel MOO NSGA-II al-

gorithm. The parameters were tuned heuristically such that a large population is

searched at each generation, while the optimal solutions are found within 1000 func-

tion evaluations by modifying the mutation and crossover parameters.

Table 6–2: NSGA-II Algorithm Parameters

Parameter Value
Crossover distribution index 20
Mutation distribution index 20
Crossover probability 0.8
Mutation probability 0.2
Tournament size 2
Population size 10
Maximum function evaluations 1000

6.1.3 Wheel MOO Results

Two separate wheel optimization problems were formulated to find the optimal

homogeneous orthotropic material properties. First, a wheel composed of a single

117



Homogeneous Wheel Material Gradient Wheel Material

Figure 6.2: Homogeneous and Gradient Material Wheels

homogeneous material is solved. A gradient internal structure of six distinct material

types are used for the wheel elements in the second problem, however the optimal

solutions were not found given the computational effort required. Figure 6.2 depicts

the homogeneous and gradient material wheel concepts.

Single layer wheel MOO results

The results of the single material wheel MOO, after 1000 function iterations,

are depicted in Figure 6.3. The total simulation time was estimated at 407hrs on a

four core 2.66GHz processor with 4GB RAM, or approximately 17 days. Each point

on the objective function space represents a distinct solution found by the NSGA-II

algorithm. The results shown in Figure 6.3 are normalized according to the largest

value of each objective function. Given the conflicting nature of wheel elasticity,

a set of trade-off solutions are selected for further investigation which achieve the

maximum lateral and torsional stiffness, while minimizing vertical stiffness. Six a

posteriori trade-off solutions are identified by coloured circular markers which repre-

sents the solution of: the minimum lateral displacement (ML), the maximum contact
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area (MA), the minimum torsional displacement (MT) and three trade-off solutions

(TO-1,-2,-3) consisting of a weighted sum of the three objective functions as shown

in Equation (6.4). The values of the weighting factors for each objective function in

the trade-off solutions are outlined in Table 6–3.

TO = min
1

k

3
∑

k=1

wkyk (6.4)

where

3
∑

n=1

wk = 1

Table 6–3: Weighting coefficients for trade-off solutions

Solution w1 w2 w3

Trade-off 1 (TO-1) 1/6 1/6 2/3
Trade-off 2 (TO-2) 1/6 2/3 1/6
Trade-off 3 (TO-3) 0.25 0.5 0.25

The objective space can be gleaned from Figure 6.3. The conflicting nature of maxi-

mizing contact area and minimizing torsional displacement is characterized by a clear

Pareto frontier. All solutions of interest, except ML, lay on the Awheel-θtors objective

space Pareto front. A good spread of solutions in the Pareto front is achieved in

all three objective spaces, which illustrates NSGA-II’s ability to sort based both on

non-dominance and crowding distance.

In the δlat-Awheel objective space, TO-2, TO-3, MA and ML lay on the Pareto front.

TO-3, which favours θtors, and MT are not of interest in the δlat-Awheel objective

space. The conflict between objectives δlat and Awheel not clear. Since properties in
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the material stiffness matrix affect wheel elasticity, this suggests that some stiffness

matrix elements influencing contact area do not affect lateral displacement. The

influence of material properties on elastic wheel behaviour are discussed later in this

section, which gives additional insight into optimal wheel design. It is important to

note that the design variables describing the material properties of a homogeneous

orthotropic material are defined independently here. Invariably, the elements of the

stiffness matrix of a real orthotropic material, such as a cellular or composite ma-

terial, will be coupled by their geometry. This does indicate, however, that three

dimensional cellular materials which can be tailored to achieve directional compli-

ance are of interest for cellular wheel designs.

The conflict between δlat and θtors is also not apparent. Although TO-3, ML and

TO-1 lay on the δlat-θtors Pareto front, the set of solutions appear to form vertical

and horizontal lines at both δlat and θtors minima. Given the evolutionary nature of

NSGA-II, it is possible that with an increase in the number of function evaluations,

a single optimal solution would emerge in the δlat-θtors objective space. However

this would require a significant amount of computational investment. Nonetheless,

a lack of conflict in the objective space indicates the independent or complimentary

behaviour of the design variables. The design variable vectors of the six solutions of

interest are outlined in Table 6–4, while their objective function values are illustrated

in Figure 6.4.

Minimizing lateral displacement results in a lateral deformation of 1.1cm, a tor-

sional displacement of 0.63◦and a contact patch of 0.029m2. MA yields an area
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Table 6–4: Trade-off solutions from single layer MOO

Solution ρ̄∗ Ē∗
xx ν̄∗

xy Ē∗
yy ν̄∗

yz Ē∗
zz ν̄∗

zx Ḡ∗
xy Ḡ∗

yz Ḡ∗
zx

(MPa) (MPa) (MPa) (MPa) (MPa) (MPa)
ML 7.7 0.02 0.09 0.63 0.20 0.82 0.22 0.60 0.04 1.41
MA 51.0 0.02 0.11 1.12 0.23 0.01 0.08 2.33 0.01 1.57
MT 20.3 1.13 0.13 1.67 0.24 0.61 0.08 2.08 1.14 2.01
TO-1 31.7 0.02 0.11 0.63 0.20 0.81 0.10 0.02 0.01 0.26
TO-2 61.7 0.02 0.09 0.29 0.22 0.68 0.04 0.02 0.01 0.01
TO-3 51.5 0.02 0.09 1.1 0.22 0.68 0.04 0.05 0.01 0.01

1.1cm

6.5 cm

2.3 cm

1.7 cm

2.2 cm
1.8 cm

0.029m2 0.053m2

0.028m2
0.033m2 0.044m2 0.042m2

0.63°

2.41°

0.06° 0.11°
0.52° 0.40°

Wheel MOO Trade-off Solutions Objective Function Values

Lateral displacement

Contact area

Torsional displacement

MT TO-1 TO-2 TO-3MAML

Figure 6.4: Trade-off Solutions Objective Function Values
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of 0.053m2, nearly double the ML solution contact area. Consequently, a six fold

increase in lateral displacement (6.5cm) and a fourfold increase in torsional displace-

ment (2.4◦) is seen in the MA solution. The MT solution yields a 0.06◦ torsional

displacement, with a lateral displacement and contact area of 1.7cm and 0.0285m2

respectively. The trade-off solutions offer a compromise between the objectives. The

lateral displacements of the trade-off solutions lay within a 5mm range, while no

torsional displacement exceeds 0.5◦. A more significant variation is apparent in the

contact area, most notably for TO-1. As described previously, TO-1 emphasizes a

lower torsional displacement, which sacrifices contact area by 33% and 27% com-

pared to TO-2 and TO-3 respectively. These results highlight the conflicting nature

of maximizing contact area and minimizing torsional displacement.

The material properties consequence on wheel performance can be gleaned directly

from Table 6–4. The density of the material appears to play a role in minimizing lat-

eral displacements, as seen in the ML solution. Reducing material density generates

a lower load on the wheel. Increasing the contact patch is also directly affected by

an increase in material density, resulting in a larger vertical deformation and there-

fore contact area. A low elastic modulus signifies a reduction in stiffness, which also

benefits contact area. This is clear from Table 6–4, where the optimal elastic mod-

ulus in the z-direction is lowest for the MA solution. An increase in shear modulus

contributes to lowering torsional displacements, as seen in the MT solution. The

trade-off solutions in Table 6–4 give insight into the relationship between objective

functions and design variables as well. TO-1 has the highest Gzx of the trade-off

solutions as it emphasis minimizing torsional displacement. TO-3 has higher Gxy
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and Eyy than TO-2 given the weighted importance on minimizing torsional and lat-

eral displacements over contact area. The most evident conflict is seen in the elastic

moduli and shear moduli in the x-z plane. Minimizing torsional displacement favours

higher values of both Gzx and Ezz , resulting in a stiffer wheel. Conversly, low values

of Gzx and Ezz in a larger wheel-ground contact area. Optimized Poisson’s ratio

does not vary significantly for any solutions of interest. In sum, the wheel MOO

results demonstrate that directional compliance of the orthotropic material dictates

macroscopic elastic wheel behaviour, and implicitly, rover and mission performance.

Multi-layer wheel MOO results

Functionallly gradient lattice materials are widely investigated in cellular ma-

terial design [66]. Given the radial symmetry of the wheel, six layers of different

materials properties were selected arbitrarily for a gradient cellular concept, as de-

picted in Figure 6.2. The resulting multi-layer MOO problem contains 60 design

variables (i.e. 6x10 material properties to define an orthotropic material). The max-

imum number of objective function evaluations set at 1000 was effective at finding

the Pareto optimal solutions for the single material case presented previously. For

comparison, the multi-layer wheel MOO results are depicted by circular markers in

Figure 6.5 along with the single layer MOO results and trade-off solutions, depicted

by black filled and coloured circular markers respectively. The results are normalized

to the single layered wheel MOO results.

The size of the design variable vector reduces the effectiveness of the NSGA-II al-

gorithm. This is evident in Figure 6.5, where no multi-layered wheel MOO solutions

appear to be contained in the Pareto front found in the single layer wheel, with the
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same number of function evaluations. The results shown are inconclusive, and it is

unclear whether a multi-layer composite wheel would yield improved results over a

single layer wheel. Significantly more function evaluations are required to adequately

determine the objective function space. 1000 function evaluations appeared to yield

a Pareto front for the single layered results. With the increase in the design variable

vector size, a total of 6000 function evaluations are estimated to take 1995 hours or

approximately 2 months and 23 days on a platform with similar computational power.

6.2 Cellular Material Optimization

The cellular material optimization problem is described in this section, where

optimal unit cell designs are solved to meet the optimal homogeneous material prop-

erties of the cellular wheel.

6.2.1 Unit Cell Designs

As discussed in Chapter 2, lattice materials microstructure can be related to

their macroscopic mechanical properties by closed-form expressions and numerical

techniques homogenization techniques. The intent of this research is to develop a

methodology to optimize wheel designs given both system and component level re-

quirements. Consequently, developing homogenization techniques to obtain macro-

scopic properties of novel cellular materials is considered out of scope. Nonetheless,

the wheel MOO results presented previously indicate that developing directionally

compliant cellular topologies is of interest for future work in cellular wheel design.
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Figure 6.6: Cellular Wheel Unit Cell Topologies of Interest

To obtain the optimal lattice microstructure, both macroscopic and microscopic prop-

erties are required. Macroscopic material properties of the topologies should match

those found by the wheel MOO, while microscopic stresses and forces acting on the

cell microstructure must be kept below the failure thresholds. Two failure modes are

considered here, yield and buckling of the cell walls. Open cells are considered here

as they achieve lower stiffness than closed-cell topologies, as shown in [114].

The unit cells investigated are limited to those with closed-form expressions of

the micro and macroscopic material properties. These include a hexagonal 2D unit

cell, as well as the 3D open-cell cubic and cuboctahedron unit cells illustrated in

Figure 6.6. As discussed in Section 5.3.2, these cell topologies yield lower values for

elastic and shear moduli than the Kagomé, diamond, mixed B, FCC and BCC. The

closed-form expressions, provided by [45] and [114], which relate unit cell design with

homogeneous mechanical properties and express internal forces in the unit cells in

terms of the macroscopic loading on the homogeneous material are outlined in detail

in Appendix B.

It should be noted that although these closed-form expressions allow for a direct

relationship between unit cell design variables and macro and microscopic material
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properties, they are limited in scope. Directional symmetry is assumed in the for-

mulation for simplicity, where the cell wall thickness’ and lengths are equal in the

unit cell. This need not be true in numerical homogenization techniques. Additive

manufacturing techniques for lattice materials also do not limit variable cell wall

length or thickness. As such, the cellular material optimization presented here does

not provide an inclusive analysis of all possible unit cell configurations. Nonetheless,

as it will be presented in subsequent sections, insight into cellular material design

for cellular wheel concepts is still provided.

6.2.2 Cellular Material Optimization Problem Formulation

The goal of the cellular material optimization is to find the unit cell design vari-

ables such that the macroscopic material properties of the cellular material match

those of the optimal homogeneous wheel MOO results. Additionally, the cellular ma-

terial must withstand the loading conditions imposed on the elements of the homo-

geneous material in the wheel MOO simulation. The cellular material optimization

problem can be formulated as follows:

Find xcell = [tcell, Lcell, θcell, Hcell]
T

to minimize es =
1

|xcomp|

|xcomp|
∑

i=1

(x∗
i,comp − xi,comp)

2

subject to σV M ≤ σY

σaxial ≤ σbuckling

0.35mm ≤ tcell ≤ 8mm

Lcell ≤
DW −Dh

10

(6.5)

128



where xcell is the unit cell design variable vector described in Figure 6.6 for each

combination of base material xmat and unit cell type xtype, es represents the average

error between the optimal (x∗
i,comp) and feasible material properties (xi,comp), and

σVM and σaxial represent the von Mises and axial stress in the cell struts of the unit

cells respectively. σY and σbuckling describe the yield stress and buckling limit of the

base material and cell struts. Cell relative density ρ̄ is not considered in xcomp as

it can be easily computed as a function cell topology. θcell and Hcell are used in

describing the hexagonal unit cell. The closed-form expression of the homogeneous

macroscopic properties described in Appendix B are used to compute the feasible

cellular material properties xi,comp. This permits the objective function es, which is

a least square error between the feasible and ideal wheel material, to be computed.

To verify the failure in the unit cells, the resulting forces in the beam elements of the

unit cell from the homogeneous wheel simulation must be found. The formulation

relating microscopic beam (or strut) forces Fb in beam b for each beam in the cubic

and cuboctahedron unit cells to the macroscopic strain ǫh is available in Appendix

B. In the cellular material optimization routine, Fb is verified to ensure that the

microscopic forces do not exceed the yield (σY ) and buckling stress (σbuckling), for

each beam element b of each unit cell, for each homogenous element h at every

time step of both wheel simulations. For hexagonal unit cells, Ashby and Gibson

developed the equivalent macroscopic stress to ensure buckling and yield in the cell

walls do not occur [45]. This formulation is also available in Appendix B.

A bound on the unit cell design variables was imposed to ensure the micro/macro

scale assumption for homogenization is valid. In this case, a maximum unit cell size

129



of 1/10th of radius composed of the cellular material. For the 2D cellular unit cells,

the objective function was reduced in complexity to account for 2D wheel properties

only: Ēxx, Ēzz, Ḡzx, ν̄zx. The base material properties of the unit cell, in this case

304 Stainless Steel, are available in Table 6–5.

Table 6–5: 304 Stainless Steel Material Properties

Property Value
Density 7804 Kg/m3

Young’s Modulus 210 GPa
Poisson’s ratio 0.33
Yield Stress 860 MPa

The single objective optimization problem formulated in Equation (6.5) is a non-

linear over-determined optimization problem, with inequality constraints. Given

the complexity of the of the material constitutive model formulations, as seen in

Appendix B, the gradient and Hessian of the objective function are not suitable

to provide a priori into the optimization algorithm. The constraints are handled

by solving the Karush-Kuhn-Tucker (KKT) necessary conditions, using Sequential

Quadratic Programming (SQP). SQP is a quasi-Newton method, which is iterative

in nature. The Hessian of the Lagrangian function is estimated by the Broyden-

Fletcher-Goldfarb-Shanno (BFGS) method, which is used to generate a quadratic

programming sub-problem to form a search direction for a line search procedure.

More details on the optimization algorithm can be found in [88].

6.2.3 Cellular Material Optimization Results

The six results of interest from the wheel MOO, presented in Table 6–4, were

used to formulate six optimization problems. For each trade-off solution, the design
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variables describing 3D and 2D unit cells are solved.

For the 3D unit cells, the optimal design variables were identical for each of the six

solutions of interest: tcell = 0.35mm and Lcell = 3cm. The error in the homogeneous

properties for each solution is shown in Table 6–6. Negative error values are used to

highlight cases where the the cellular material optimization result are below that of

the target value from the wheel MOO.

The results in Table 6–6 show a large discrepancy between the target homogeneous

and feasible material properties. The feasible solutions presented are limited by the

unit cells investigated, as well as the material constitutive models. As discussed in

Chapter 5, cubic unit cells achieve low shear stiffness while the axial stiffness re-

mains high. Therefore, the solutions to the cubic unit cell are skewed to minimize

the elastic modulus error, resulting in a shear modulus below the target value. The

cuboctahedron achieves a lower axial stiffness than shear, as such; the error in elastic

modulus is lower than in the shear modulus in Table 6–6.

In [111], an optimization of the TWEEL’s shear band was conducted to determine a

target effective shear modulus for a hexagonal honeycomb. To illustrate the ability

of the 3D unit cells to achieve a single directional stiffness property, the objective

function of the cellular material optimization presented in Equation (6.5) is modified.

The cubic unit cell can be optimized to meet the least square error in shear (Ḡ∗
zx),

while the cuboctahedron unit cell is tailored to match the effective elastic modulus

Ḡ∗
zz. The results for the cubic cell are presented in Table 6–7.
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Table 6–6: Cubic and Cuboctahedron cellular material optimization solutions
Solution eExx

eνxy eEyy
eνyz eEzz

eνzx eGxy
eGyz

eGzx

(%) (%) (%) (%) (%) (%) (%) (%) (%)
Cubic, ML 1.3x105 -100 4459 -100 3408 -100 -100 -95 -100
Cubic, MA 1.4x105 -100 2444 -100 2.4x105 -100 -100 -85 -100
Cubic, MT 2433 -100 1608 -100 4588 -100 -100 -100 -100
Cubic, TO-1 1.4x105 -100 4457 -100 3416 -100 -91 -87 -99
Cubic, TO-2 1.3x105 -100 9716 -100 4109 -100 -92 -85 -86
Cubic, TO-3 1.3x105 -100 2484 -100 4109 -100 -96 -85 -86
Cuboc, ML -63 460 -99 145 -99 123 1580 2.8x104 617
Cuboc, MA -59 354 -99 118 -32 551 334 7.6x104 544
Cuboc, MT -99 299 -100 105 -99 544 385 790 403
Cuboc, TO-1 -61 354 -99 145 -99 417 4.5x104 7.0x104 3754
Cuboc, TO-2 -63 457 -97 124 -99 1287 4.4x104 7.7x104 7.4x104

Cuboc, TO-3 -62 457 -99 124 -99 1287 2.2x104 7.7x104 7.4x104
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Table 6–7: Cubic cellular material solutions for Ḡzx

Solution tcell(mm) Lcell(cm) eGzx

Cubic, ML 1.12 1.85 0.0%
Cubic, MA 1.28 2.05 0.0%
Cubic, MT 1.39 2.09 0.0%
Cubic, TO-1 0.59 1.50 0.0%
Cubic, TO-2 0.35 1.84 0.0%
Cubic, TO-3 0.35 1.84 0.0%

The results indicate that the cubic unit cell achieves the trade-off solution shear

modulus Ḡzx. The results from the cuboctahedron unit cell optimization also show

good agreement with meeting Ēzz as shown in Table 6–8.

Table 6–8: Cuboctahedron cellular material solutions for Ēzz

Solution tcell(mm) Lcell(cm) eEzz

Cuboc, ML 0.5 1.36 0.0%
Cuboc, MA 0.35 2.73 0.0%
Cuboc, MT 0.56 1.65 0.0%
Cuboc, TO-1 0.5 1.35 0.0%
Cuboc, TO-2 0.98 2.79 1.1%
Cuboc, TO-3 1.1 3.00 23.0%

The 2D hexagonal cell is optimized in a simplified cellular material optimization

problem to solve for the 2D material properties shown in Equation (6.3). The so-

lutions are presented in Table 6–9. Negative error values are used in Table 6–9 to

highlight solutions below the target from the wheel MOO.

The hexagonal unit cell is better suited to attain the directional stiffness require-

ments of the cellular wheel. For the MA and MT cases, the axial and shear moduli

errors are relatively low compared to the cubic and cuboctahedron results presented
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Table 6–9: Hexagonal cellular material optimization solutions

Solution tcell Lcell Hcell Angle eExx
eνxz eEzz

eGxz

(mm) (cm) (cm) (◦) % % % %
Hex, ML 0.35 1.23 2.79 35.1 1800% 757% -49% 0%
Hex, MA 0.35 1.17 2.99 37.9 -20% 798% 33% 0%
Hex, MT 0.39 1.36 2.10 33.0 -23% 583% 43% 0%
Hex, TO-1 0.39 3.00 3.00 28.3 1871% 640% -49% 0%
Hex, TO-2 0.35 3.00 3.00 28.0 1501% 772% -48% 1255%
Hex, TO-3 0.35 3.00 3.00 28.0 1537% 772% -48% 1255%

in Table 6–6. The solutions converge to the target homogeneous shear modulus Ḡ∗
zx

for all solutions of interest, except TO-2 and TO-3. The elastic modulus error eEzz

is below 50% in all solutions, whereas Poisson’s ratio error, eνxz , is high in all cases.

The results in Table 6–9 confirm the selection of a hexagonal microstructure in the

design of cellular wheels in [62] and [78].

The wheel MOO results illustrated the importance of the elements of the homoge-

neous orthotropic stiffness matrix K̄ in achieving system level performance. The

material constitutive models limit the complexity of the unit cells investigated here,

as the cell wall lengths and thickness are assumed identical for each cell wall of the

unit cell. Moreover, alternative unit cell designs may offer more suitable directional

stiffness properties. As such, the success of the unit cells investigated are limited

in achieving K̄
∗
. Nonetheless, some wheel designs with cubic cells found here are

modelled subsequently for results validation.
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(a)Hexagonal (b)Cubic (b)Cuboctahedron

Figure 6.7: Cellular Wheels

6.3 Error Analysis

The effectiveness of the proposed approach to optimize wheel structural design

for mission objectives is verified by error analyses between system-component levels

and within the component level. These error analyses, outlined in Figures 3.1 and

3.3 respectively, is presented in this section along with verification of the rigid ground

assumption.

6.3.1 Component Level Error Analysis

At the component level, the cellular material optimization results are verified by

comparing the objective function errors ek between the homogeneous wheel trade-off

solutions y∗k and feasible cellular wheels y∗k,feasible. y∗k,feasible is computed by direct

modelling of the cellular wheel in a FEA of the two wheel drive scenarios described in

Section 6.1. Figure 6.7 presents the cellular wheel concepts generated by the hexag-

onal, cubic and cubocatahedron unit cells. Given the computational effort involved

in modelling and simulating the wheels, only the cubic unit cell results were verified.

The deformed cubic cellular wheel, with tcell = 0.35mm and Lcell = 3cm, at one
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time step of the FE is illustrated in Figure 6.8(a). As discussed in Section 6.2.3,

the unit cell designs are limited by the material constitutive models. As such, the

optimal cubic cellular wheel for all six trade-off solutions of interest is identical, and

identified by es. The objective function values for es, as shown in Table 6–10, are

δlat,MAX = 10.7cm, Awheel,RMS = 0.125m2 and δtors,MAX = 13◦. From the wheel

MOO results presented in Figure 6.4, a large discrepancy is seen between the cellular

material solution and trade-off solution targets. The optimal objective function val-

ues from Figure 6.4 are used in the error estimate of the es case in Table 6–10, since

the cubic cell design is identical for each of the six trade-off solutions from the wheel

MOO. In Figure 6.4, the optimal objective function values are δlat,MAX = 1.1cm,

Awheel,RMS = 0.053m2 and δtors,MAX = 0.06◦. Evidently, an increase in contact area

is attained at the expense of high torsional and lateral displacements. The cubic

cellular material minimizes the total error in the objective function by reducing the

shear stiffness, leading to large deformations. It should be noted, however, that the

von Mises stress remains below the material yield limit ensuring mechanical reliabil-

ity.

To verify the effect of the simplified cellular material optimization problem, the cubic

cell designs shown in Table 6–7 which achieve Ḡ∗
zx were also simulated. The objective

function results from direct modelling of the Cubic-Ḡ∗
zx cases are also shown in Table

6–10. The error, however, is computed for individual trade-off solutions, unlike the

es case discussed previously. Negative errors indicate that objective function values

computed by direct modelling of the cellular wheel are below the target value from
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the wheel MOO. The deformed wheels at one time step of the simulation are illus-

trated in Figure 6.8.

Table 6–10: Cubic Wheel Designs Component Level Error Analysis

Solution δlat,max Awheel,RMS θtors,max ey1 ey2 ey3
(m) (m2) (◦)

Min es 107.0 0.125 13.00 873% 138% 296%
ML-Ḡ∗

zx 0.0 0.013 0.05 -100% -56% -92%
MA-Ḡ∗

zx 0.0 0.020 0.04 -100% -43% -98%
MT-Ḡ∗

zx 0.0 0.015 0.03 -100% -47% -48%
TO-1-Ḡ∗

zx 0.7 0.018 0.40 -96% -47% 249%
TO-2-Ḡ∗

zx 4.0 0.018 3.30 -82% -60% 532%
TO-3-Ḡ∗

zx 4.0 0.018 3.30 -78% -58% 713%

From Table 6–10, it is evident that orthotropic material properties play a significant

role in achieving optimal elastic behaviour yk. Minimizing total material property

error es was poor at meeting yk. A large contact area was achieved at the expense

of high torsional and lateral deformation. Optimizing the cubic unit cell for Ḡ∗
zx

reduces the error in yk, particularly for lateral and torsional displacement. It should

be noted, however, that the Cubic-Ḡ∗
zx wheels were simplified by increasing the hub

diameter to reduce the number of elements, making the simulations computationally

feasible. In all six cubic cellular wheel solutions which minimize Ḡ∗
zx, the lateral

displacement is lower than the target. Therefore, the large negative value for ey1

does not limit wheel performance. Conversly, the contact area achieved by the cubic

wheels is below the target value. Torsional displacement for MA, ML and MT is

below the target value, whereas it is higher for TO-1, TO-2 and TO-3.
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(a) Nominal cubic cell solution: es case (b) ML-G∗
zx case

(c) MA-G∗
zx case (d) MT-G∗

zx case

(e) TO-1-G∗
zx case (f) TO-2/3-G∗

zx case

Figure 6.8: Optimal Cubic Wheel Designs
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The error between the objective functions suggest that the effective orthotropic ma-

terial properties are necessary to meet the target performance. Optimizing unit cells

for axial or shear modulus alone is insufficient for cellular wheel design. As described

above, the cubic unit cell is appropriate when low shear modulus is desired, whereas

cuboctahedron unit cells achieve low elastic modulus. Hexagonal cells have superior

elastic and shear compliance, and are better suited for compliant wheel applications.

Investigating addition unit cell topologies requires more sophisticated homogeniza-

tion techniques than employed here.

6.3.2 System-Component Level Error Analysis

The optimal elastic behaviour of the wheel from the system level was considered

implicitly by the peak lateral deformation, average contact area and peak torsional

deformation metrics at the component level. To verify the effectiveness of the trade-

off solutions found at the component level to achieve system level performance, cou-

pling equations qk are used. In the case of lateral and torsional stiffness, the elastic

wheel pseudo-model in Equations (4.4) and (4.5) presented in Chapter 4 are used

respectively. These equations are modified to account for the component level results

below:

q1 : y
∗
1,sys = δlat = RL/KL (6.6)

q3 : y
∗
3,sys = θtors = Tw/KT (6.7)

The vertical stiffness in the compliant wheel pseudo-model and numerical cellular
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wheel are coupled by the ground contact patch. The ground contact patch is com-

puted directly in the numeric analysis, whereas it can be approximated by combining

Equations (4.2) and (4.7) into:

q2 : y
∗
2,sys = 2

√

Dw(KV /Ww)− (KV /Ww)2bw (6.8)

This method is approximate, as a deformable soil is considered at the system level

and rigid soil at the component level. This implies that qualitative correlation be-

tween the system and component level is achieved. Finite element modelling of a

deformable soil with a compliant cellular wheel is required for adequate system-

component level verification. Preliminary work towards simulating a homogeneous

wheel on a deformable soil is presented in Section 6.3.3. Nonetheless, to verify the

component-system level correlation, the error between the trade-off solutions y∗k,comp

and system analysis y∗k,sys is provided in Table 6–11. The target values from the

system level analysis are y∗1,comp = 5mm, y∗2,comp = 0.151m2 and y∗3,comp = 0.006◦.

Table 6–11: System-Component Level Verification

Solution δlat,max Awheel,RMS θtors,max

(mm) (m2) (◦)
Target (y∗k,sys) 5.00 0.151 0.006
Cubic Min es 107.00 0.125 13.00
Cubic ML-Ḡ∗

zx 0.05 0.013 0.05
Cubic MA-Ḡ∗

zx 0.05 0.062 0.05
Cubic MT-Ḡ∗

zx 0.06 0.015 0.03
Cubic TO-1-Ḡ∗

zx 0.07 0.037 0.40
Cubic TO-2-Ḡ∗

zx 4.00 0.018 3.26
Cubic TO-3-Ḡ∗

zx 4.00 0.018 3.26

140



Since the system level optimization limited the bounds of the lateral stiffness, where

as it was not limited by the component level analysis, the cubic cell achieves a lower

lateral displacement in all Cubic-Ḡ∗
zx cases. Torsional stiffness, on the other hand, is

exceeded by one order of magnitude for ML, MA and MT, two orders of magnitude

higher for TO-1 and over three orders of magnitude in TO-2/3. Convergence to the

target torsional displacement of 0.006◦ is limited as result of a high torsional stiffness

target at the system-level. The resulting component level torsional displacement may

in fact be acceptable.

The cubic unit cell is poor at achieving high ground contact area when optimizing

for the shear modulus. As such, the error is high in Table 6–11. The cubic wheel es

case, which minimizes the effective material properties error at the component level

analysis, results in an error of only 17%. However, the lateral and torsional stiffness

error suffer accordingly, yielding values two and four orders of magnitude higher,

respectively, than the system level targets. In the case of MA-Ḡ∗
zx, where the shear

modulus is optimized, the area error is lower than in other Cubic-Ḡ∗
zx cases at 59%.

The system-component level error analysis demonstrates that although some objec-

tives are met, significant errors exist due to the unit cells considered. As stated

earlier, more sophisticated constitutive material models are required to investigate

alternative unit cell designs capable of meeting the system level target performance.

Since the methodology is a two-step sequential approach, coupling between the com-

ponent and system level analysis is considered only implicitly. Additionally, error

convergence is not addressed within the design framework itself. Extensions of the
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current methodology to address error convergence by means of multi-disciplinary op-

timization methods is discussed in Chapter 7.

6.3.3 Rigid Ground Verification

Modelling deformable soil using the FEM assumes the soil behaves as a contin-

uum, as discussed in Chapter 2. Since the lunar soil behaves like a granular solid,

this assumption is inherently inaccurate and considerable model parameter tuning is

required to ensure simulation results accurately represent physical behaviour. Fur-

thermore, FE modelling of wheel-soil behaviour is computationally expensive.

To verify the applicability of modelling the soil as a continuum in the wheel MOO,

the drucker-prager material model built into the RADIOSS explicit FE solver is used

to model the lunar soil. A reduction in model size is achieved by considering only

1/10th the width of the flexible wheel. The values of lunar soil simulant GRC-1 are

considered, as described in [85]. The soil parameters used in the model are outlined

in Table 6–12, while the pressure-strain relationship of the lunar soil simulant GRC-1

is compared to common sandy soils in Figure 6.9.

Table 6–12: GRC-1 Lunar Regolith Soil Simulant Properties [85]

Parameter Value
Density 1690 Kg/m3

Young’s Modulus 182 MPa
Poisson’s ratio 0.28
Angle of Friction 46◦

Cohesion 900 Pa

In the first step, a gravitational load is applied to the wheel hub and a 5kg mass
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Figure 6.9: Pressure-Strain Relationship for common sandy soils and GRC-1 [85]

was added representing 1/10th the nominal load on the wheel. Once the wheel and

soil reach a steady state, forward and rotational velocities are applied at the wheel

centroid. A depiction of the FE model of the deformable soil case is illustrated in

Figure 6.10. The legend shows the soil displacement in the z direction, or sinkage.

Figure 6.10: Soft soil FE results

Although the results differ considerably between the rigid and soft soil simulations,

some results are compared in Table 6–13, including model size and total simulation
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run time. In Table 6–13, wheel-ground contact lengths are compared since contact

area will differ due to the variation in wheel width.

Table 6–13: Rigid vs. Soft Soil Results Comparison

Simulation No. Elements Time Lw σVM θtors
Rigid ground 3270 3hrs 3.3cm 26.1kPa 0.05◦

Soft Soil 11521 29.5hrs 6.6cm 3.0kPa 0.08◦

The results in Table 6–13 illustrate a large discrepancy between the simulations.

Although both wheels employed identical material properties, the soft soil doubles

the contact length given the sinkage effects. Higher torsional displacement is seen

as a result of increased motion resistance in the soft soil simulation. The maximum

von Mises stress was an order of magnitude larger in the rigid ground case, caused

by poor ground pressure distribution beneath the wheel. Finally, the computational

time is an order of magnitude higher for the soft soil case, making the soft soil model

computationally impractical for the MOO problem. In addition to the large com-

putation time required, accurately simulating physical behaviour requires the soil

parameters to be validated expertimentally.

6.4 Discussion of Component Level Optimization

The component level analysis presents a multi-scale approach to determine op-

timal homogeneous orthotropic wheel material properties for multiple objectives,

investigates the conflicting nature of material properties on wheel performance and

finds feasible cellular material designs which attempt to match the optimal wheel
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design. Separating the component level analysis into a macro and microscopic prob-

lem and employing a rigid ground assumption results in a computationally practical

problem. An error analysis is conducted separately from the optimization framework

to investigated the effectiveness of the multi-scale approach, as well as the sequential

approach of the separate system and component level analyses.

In this work, the cellular materials investigated were limited to bending dominated

with closed-form constitutive material models. This poses a limitation on the results

presented here, as a search of alternative unit cells was not possible. Achieving the

optimal homogeneous wheel properties is therefore limited with the unit cells inves-

tigated. Constraining the design variables in the MOO to feasible properties using

cellular material constitutive models can circumvent the limitations of the solutions.

Although the MOO would yield only feasible solutions, the computational efficiency

of the optimization problem would be greatly reduced. Additionally, only one unit

cell type can be investigated per simulation run.

Alternatively, the MOO results presented here can be employed to design an optimal

cellular material which matches the desired properties. In [111], the objective was

to create a material with an emphasis on achieving a specific shear modulus in 2D

whereas this work demonstrated the importance of orthotropic material properties

in 3D. Directional compliance of cellular materials was shown to be the most critical

factor in achieving optimal wheel performance. Although some cellular materials

attain desirable material properties, cell wall buckling and yield must be verified to

ensure feasibility. As such, cellular materials with closed-form expression of effective

material properties were selected. Investigating more complex unit cells requires the
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use of numerical homogenization methods to relate macro and microscopic material

properties.

Finally, the component level optimization problem presented here is limited to cel-

lular wheel concepts. As discussed in Chapter 5, cellular materials can tailored to

specific material properties and therefore control wheel elastic behaviour. However,

the component level optimization can be extended for alternative wheel concepts,

provided their design can be parameterized into a set of component level wheel de-

sign variables. Preliminary work on the segmented wheel presented in Section 5.3.1

demonstrates the applicability of the MOO approach to alternative wheel concepts.

The segmented or other wheel concepts can be modelled directly in a dynamic FE

environment to evaluate the objective functions described in this chapter. The ho-

mogeneous wheel model would be unsuitable since infinite periodicity of the wheel

internal structure cannot be assumed as was the case for cellular materials. There-

fore, cellular material optimization and component-level error analysis steps would

not be required. The verification step between the system-component level analyses,

however, would still be needed to ensure system-level objectives are met. Applying

this method to non-cellular wheel concept would serve to improve the performance

of an existing wheel concept, whereas the homogeneneous wheel approach presented

here allows for more insight into the desirable mechanical properties of the wheel

internal structure.

146



CHAPTER 7

Conclusions and Recommendations

The research objectives presented in Chapter 1 were satisfied through the devel-

opment of a novel design framework for the multi-objective optimization of compliant

lunar wheels. More specifically:

i An exhaustive literature review of mobility performance measures for off-road,

planetary and robotic vehicles has been conducted. In Chapter 4, a comprehen-

sive list of mobility related performance metrics is presented. Broadly, these

metrics can be classified by the following performance categories: trafficability,

maneuverability, terrainability (quasi-static, dynamic), reliability and mission

and environmental compatibility.

ii The relationship between the aforementioned performance metrics and wheel

design are identified in Chapter 4 through mathematical models describing:

wheel-soil terramechanics, rover steering, rover-terrain dynamics and mission

performance criteria. These models were selected from literature, and in some

cases, modifications were presented to account for the relevant mission or rover

cases.

iii The critical system level wheel design variables are investigated through a

parametric analysis of rover and mission performance metrics. Maximizing the

diameter, width, lateral and torsional stiffness is generally preferred for improv-

ing trafficability, maneuverability and terrainability. Vertical stiffness causes
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conflict, as an increased stiffness serves to improve traction while decreasing

driving efficiency. Wheel damping, for high speed driving, is shown to be criti-

cal for absorbing vehicle-terrain induced vibrations. The optimal wheel system

level design variables for a prospecting and excavating lunar mission scenario

were also found. The mission objectives were shown to influence the value

of the optimal wheel design variables. A change in vertical stiffness changes

the prospecting mission mobility power and energy. The optimal vertical stiff-

ness will depend on the scenario details, such as the travel, slope climbing or

turning distances. For an excavation scenario where the rover must build a

berm, the wheel diameter, width and vertical stiffness, were shown to be crit-

ical. Although maximizing traction will result in lower mission duration and

driving distances, lowering the excavation capacity of the rover can lower driv-

ing power requirements. Driving power requirements influence both rover and

mission architecture design. In both the excavation and prospecting cases, the

wheel design was shown to play a crucial role in achieving mission objectives.

iv As no preferred wheel design concept exists in literature, an investigation of

wheel concepts was presented in Chapters 2 and 5. Reduced scale wheel proto-

types were developed and qualitative testing was conducted on a polypropylene

cellular wheel, two aluminum cellular wheels, a segmented wheel concept and

the iRings wheel. The iRings wheel was further investigated experimentally,

while both the segmented and cellular wheels were investigated numerically. In

addition to exploring novel wheel concepts, selection criteria for wheels suit-

able for optimization were identified. These included: the parameterizability
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of wheel structural designs, the scalability of the wheel design, the computa-

tional feasibility of the wheel concept and the design variable-objective space

relationship. These criteria led to the selection of the cellular wheel concept as

the preferred wheel for component level optimization in Chapter 6.

v A component level analysis for the structural design of a specific wheel con-

cept, where system level design variable dependence is considered, is presented

in Chapter 6. This is achieved by developing two finite element simulation

models of a wheel coupled with a multi-objective optimization (MOO) algo-

rithm, namely the Non-dominated sorting genetic algorithm (NSGA-II). The

MOO algorithm solves the Pareto frontier of wheel optimal structural designs.

vi For verification, the aforementioned methodology is applied to the cellular

wheel concept. To improve computational efficiency, several modifications

are necessary. The ground is modelled as rigid and the cellular structure is

modelled as a homogeneous orthotropic material to improve. Homogenization

of the cellular material requires the addition of a secondary cellular material

optimization step to determine optimal unit cell designs. The MOO results

demonstrate the conflicting nature of objectives, and a set of six solutions of

interest are selected from the Pareto frontier for further investigation. The cel-

lular material optimization is conducted using material constitutive models for

cubic, cuboctahedron and hexagonal unit cells. The assumptions are verified,

and direct modelling of wheels with cubic unit cells is conducted. Ultimately,

the limitations of the material models are shown; however the methodology is

sound for the multi-objective optimization of compliant lunar wheel designs.
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7.1 Contributions

The work presented here provides several contributions, namely:

i A novel systematic approach to the design of compliant wheels for planetary

exploration vehicles is proposed. The approach decomposes the problem into

system and component level analyses and employs multi-objective optimization

to optimize the structural wheel designs to achieve rover and mission objectives.

ii A system level analysis for compliant wheels is presented which demonstrates

the importance of elastic wheel design in mission and rover performance, and

recommends wheel design variables for specific lunar missions and rover designs.

iii Novel wheel concepts are presented and investigated through experimental and

numerical techniques.

iv A multi-objective optimization of a three dimensional wheel-terrain finite ele-

ment analysis is formulated and solved, providing recommendations for homo-

geneous orthotropic wheel material properties.

v A cellular material optimization problem is formulated and solved for several

unit cell types for a cellular wheel. Insight into optimal unit cell designs for

cellular wheels is provided.

7.2 Limitations of Current Methodology and Future Work

Decomposition of the wheel optimization problem succeeded in finding the opti-

mal wheel material properties for a cellular wheel concept. However, by not limiting

the structural multi-objective optimization to feasible cellular materials, a secondary

step, namely the cellular material optimization of unit cell types, is required to

find the final microstructural design of the wheel. The cellular wheels presented
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here are limited by the constitutive material models. Therefore, the cellular ma-

terial optimization results are unsuccessful at matching the optimal homogeneous

material properties. The effectiveness of the proposed methodology, however, was

demonstrated by simplifying the cellular material optimization problem to one ma-

terial property of interest (i.e. shear stiffness for cubic case, and axial stiffness for

cuboctahedron case). Future work should address more complex unit cell designs

by including a numerical homogenization step in the cellular material optimization

problem. Alternatively, a homogenization step can be included within the structural

MOO problem, eliminating the need for a separate cellular material optimization.

Topology optimization of a representative volume element of a periodic structure

can also provide insight into the optimal unit cell design to achieve the prescribed

material properties.

The current approach limits the quantitative analysis of the component level opti-

mization due to the rigid ground assumption. In this work, the lateral, torsional and

vertical wheel stiffness were used qualitatively to couple the component and system

level analyses. Future work should address the deformable wheel-soil case, where

rover performance metrics can be computed directly from the component level anal-

ysis. Computational efficiency of the model must be considered, however, if a finite

element based compliant wheel-soft soil model is to be solved iteratively within the

multi-objective optimization problem.

The component level analysis presented here is limited to cellular concepts. As

discussed in Chapters 2 and 5, a wide range wheel concepts can provide promising

preliminary designs. To apply the proposed methodology, alternative wheel concepts
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must meet the criteria described in Chapter 5, namely: parameterizability, scalabil-

ity, computational feasibility and a large objective function-design variable space.

Preliminary static structural multi-objective optimization of a segmented wheel con-

cept in Chapter 5 was promising, and future work can address applying the proposed

methodology to this wheel concept.

The wheel design methodology presented in this thesis is limited to linear-static de-

formation models. Non-linearity can be introduced at the component level analysis

through the FE model of the wheel, provided it can be modelled accurately. The

iRings wheel is an example of a challenging wheel to model numerically. In this case,

empirically based surrogate models relating iRings design variables to performance

metrics are preferred. Non-linear cellular material behaviour such as elastic buck-

ling can be achieved by employing polymeric materials in the wheel design concept.

This can be especially useful for dynamic loading cases. Future work should address

non-linear behaviour of cellular materials in the constitutive material models.

The gradient cellular MOO results presented in Section 6.1.3 were limited by the

total number of function evaluations. To solve for a multi-layer cellular material

wheel, parallelization of the optimization algorithm can be made to take advantage

of multi-core processors to reduce overall simulation run time. Alternatively, non-

evolutionary optimization algorithms which can solve large problems, such as the

generalized pattern search method, can also be employed.

The error between system and component level analyses demonstrated the limita-

tions of the proposed approach. As discussed in Section 6.3.2, the component level

exceeds or fails to achieve the target by several orders of magnitude. This indicates
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that system level targets may be unrealistic, and error analysis should be included

within the optimization framework. This can be accomplished by adopting a multi-

disciplinary optimization approach, where component and system level optimization

problems are coupled and solved simultaneously. This would allow system-level tar-

gets to be adjusted during the optimization routine. Convergence between the system

and component level solutions ensures that system targets are feasible. Such an ap-

proach is particularly relevant when the mission scenario, rover design and wheel

concept are well developed and specific performance requirements are known.

7.3 Recommendations for Flight Rover Wheels

The work presented here demonstrates the importance of a systematic approach

to wheel design. The wheel plays a critical role in rover performance and therefore

planetary exploration mission success. Wheel design should be taken into account

early in rover design phases, and future wheel development should consider a system

level and multi-objective approach. Deformable soil models, novel unit cell topolo-

gies, non-linear material models and alternative wheel concepts will also serve to

extend the proposed approach to tailor wheel structural design for specific rover and

mission objectives.
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APPENDIX A

Parametric Mission and Rover Mobility Performance Analysis

A parametric analysis on the effect of the system level wheel design variables

on mobility performance is presented here. First, the importance of mobility perfor-

mance metrics on mission scenario indices of performance is investigated, followed

by the investigation on the wheel design on an inclusive set of mobility performance

metrics. The elastic wheel pseudo-model and multi-disciplinary performance models

described in Chapter 4 are used.

A.1 Mission Performance Analysis

This section presents a parametric analysis of rover mobility performance met-

rics (zi) on mission performance metrics (fj). Two missions are investigated in this

section: a lunar resource prospecting and berm building scenario. The mission pa-

rameters cmission are outlined in Table 4–4, while the lunar environmental parameters

cenv used in this analysis are shown in Table 4–5.

A.1.1 Prospecting Mission Scenario

The rover performance metrics zi investigated in the prospecting scenario are

the coefficients of steering (Cst) and rolling resistance (Cr), as shown in Table A–

1. A nominal tractive effort coefficient (CDP ) was used to ensure that the rover

can surmount 20◦ slopes without more than 20% wheel slip. The nominal values of

the steering and rolling resistance were taken from the Juno II rover using rubber

all-terrain vehicle pneumatic tires. It should also be noted that the nominal rolling
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resistance nominal value is equivalent to climbing a 0.57◦ slope. According to [Peters

ASTRO], the LRV wheels rolling resistance Cr = 0.026, or equivalent to climbing a

1.5◦ slope.

Table A–1: Prospecting Scenario Rover Parameters (Crover)

Rover Parameters Nominal Min Max
Total Vehicle mass (kg) - mrover 200 - -
Longitudinal wheel spacing (m) - Lrover 2 - -
Lateral wheel spacing (m) - brover 1 - -
Operating speed (m/s) - v 0.6 - -

Number of wheels - N 4 - -
Steering Mechanisms Skid - -
Coefficient of steering resistance (Cst) 0.15 0.15 0.35
Coefficient of rolling resistance (Cr) 0.01 0.01 0.1
Tractive effort (Ct) @20% slip 0.53 - -
Drawbar coefficient (CDP ) @20% slip 0.53-Cr 0.53-Crmin 0.53-Crmax

The prospecting mission metrics fj of interest here are the energy and power con-

sumption for the total mission duration (Etotal, Ptotal) and each driving mode (Emode,

Pmode). The results of the parametric analysis are presented in Figure A.1.

Increasing the resistance during rolling and steering directly causes an increase

in the power and energy requirements during climbing, driving and turning. The

high power and energy demand during slope climbing is evident, though it should

be noted that in this analysis, a constant speed was used during all driving oper-

ations. Nonetheless, climbing 5◦ and 20◦ slopes require over 20 and 90 times more

power than driving on level ground using the nominal rolling and steering resistance

coefficients. A turning manoeuvre requires approximately 4 times more power than

level driving at the nominal values. Increasing the nominal rolling resistance results
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(a) Pmode vs. Cr

(b) Pmode vs. Cst

(c) Emode vs. Cr

(d) Emode vs. Cst

Figure A.1: Prospecting Mission Performance
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in an increase of the driving power requirements. The increase is most significant in

climbing and flat driving. Increasing steering resistance will affect only the power

required during a turning manoeuvre, as seen in Figure A.1 (b). The power demands

during steering increase from roughly x4 to over x10 times the flat driving power.

Therefore, the turning manoeuvres conducted in a rover mission become important

from both a mission planning and rover design perspective.

Similarly to power, the energy demands of climbing exceed those of level driving and

turning. At Cr = 0.01 and Cst = 0.15, the energy of steering is 20% higher than flat

driving even though it constitutes only 750m of the total 5km traverse. For Cr > 0.1,

however, driving energy demand is higher than turning energy. Steering resistance,

as was discussed previously, only affects the requirements on turning. However as

illustrated in Figure A.1(d), the energy demand increases from x1.2 to x2.7 over

the level driving energy demands. This is worth noting since turning manoeuvres

constitute only 15% of the total mission.

Finally, the total energy Etotal consumed as a function of the two rover performance

metrics, Cr and Cst, is shown in Figure A.2. Energy and the coefficients are normal-

ized to visualize the importance of the two metrics given the prospecting scenario

outlined above. Although both Cr and Cst increase mobility energy linearly, rolling

resistance is more critical.

The prospecting mission scenario demonstrated that:

i Minimizing Cr and Cst will reduce power and therefore energy consumed during

the mission.
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Figure A.2: Prospecting scenario energy

ii The relative importance of Cr and Cst is dependent on mission operations and

path planning.

iii Skid-steer is highly inefficient and careful consideration of of Cr, Cst and path

planning is required if this steering mode mode is employed by the rover.

iv The tractive effort limits the maximum slope climbing ability of the rover but

is otherwise less important that Cr and Cst for prospecting type missions.

A.1.2 Excavating Mission Scenario

The rover parameters Crover used in this analysis listed in Table A–2. The tool

size was designed to fit the rover, whereas the properties were obtained from [118].

A parametric investigation of the role of the coefficient of rolling resistance (Cr),

steering resistance (Cst) and tractive effort (Ct) on mission performance is presented

here. Two additional rover parameters were played a key role in this investigation,

notably: available payload mass (mpayload) and tool digging depth (dT ). The tool
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depth was fixed and the available payload mass was found from Equations (4.17)

and (4.48) describing the available drawbar pull and excavation forces respectively.

A more accurate depiction of the available payload mass must consider available

motor torque.

The excavation task is divided into three main driving modes: driving to the exca-

vation site without a payload, excavating regolith using the scoop and transporting

the regolith to the berm site. The scenario parameters, listed in Table 4–4, assume

a distance of 50m between the excavation site and the berm site. 10% of the driving

distance consists of skid-steer turn manoeuvres, both for the empty and full rover.

As such, the mission metrics of interest for the berm building scenario fj are the

total driving distance (Lmission), mission duration (tmission), total and modal moblity

power (Ptotal, Pmode) and energy consumption (Etotal, Emode) for each driving mode.

Unlike the prospecting mission, the total excavation driving time is not specified and

therefore dependent on rover performance metrics (zi).

With a fixed tool depth, the upper bound of the maximum payload mass is deter-

mined by the the available drawbar pull. Therefore, both excavation and full driving

are directly affected by Ct. According to Figure A.3(a), an increase of Ct from 0.25

to 0.95 yields close to 6 and 1.6 times Pfull and Pex. Ct does not affect empty driving,

since only motion resistance is considered. For Ct < 0.3, the available drawbar pull

is insufficient for excavating at a depth of 8.0cm. At Ct=0.95, the payload mass

corresponds to 178.7kg or 90% of the empty mass of the vehicle.

Increasing the Cr by 10 times, while Ct and Cst remain constant, yields an increase
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Table A–2: Excavating Rover Parameters (Crover)

Rover Parameters Nominal Min Max
Total vehicle mass
(kg) - mrover

200 - -

Payload mass (kg) -
mpayload

calculated calculated calculated

Longitudinal wheel
spacing (m) - Lrover

2 - -

Lateral wheel spacing
(m) - brover

1 - -

Operating speed
(m/s) - v

0.6 - -

Excavation speed
(m/s) - vex

0.1 -

Number of wheels - N 4 - -
Steering mechanism Skid - -
Scoop width (m) bT 1.5 - -
Digging depth (m) -
dT

0.08 - -

Soil-tool adhesion co-
efficient (Pa) - Ca

1930 - -

Surcharge mass - q 1 - -
Rake angle - β 45◦ - -
External friction angle
- δ

10◦ - -

Shear plane failure an-
gle -ρ

30◦ - -

Coefficient of steering
resistance - Cst

0.15 0.15 0.35

Coefficient of rolling
resistance - Cr

0.01 0.01 0.1

Tractive effort - Ct

@20% slip
0.55 0.25 0.95

Drawbar coefficient -
CDP @20% slip

0.55-Cr CT,min − Cr,min CT,max − Cr,max
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(a) Pmode vs. Ct

(b) Pmode vs. Cr

(c) Pmode vs. Cst

Figure A.3: Berm Building Power Mission Performance
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(a) Emode vs. Ct

(b) Emode vs. Cr

(c) Emode vs. Cst

Figure A.4: Berm Building Energy Mission Performance
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of 4.3 times Pempty and Pfull as shown in Figure A.3(b). Pex per trip decreases for

an increase in Cr, since the available drawbar pull decrease results in less excavating

per trip. Cst will only effect the empty and full driving cases, as the rover will not

conduct turning manoeuvers during excavation. However, Cst is less important for

the excavation scenario than the prospecting scenarion presented previously, as an

increase in Cst by 2.3 times results in approximately a 1.8 times increase in mobility

power demand, as seen in Figure A.3(c).

The amount of regolith to transport and the distance between the excavation and

berm site are fixed in the mission investigated here. However, the amount of regolith

transported per trip, and therefore the number of trips, is determined by the avail-

able drawbar pull. As illustrated in Figure A.4(d), an increase in the Ct directly

increases Efull and Eex per trip. At Ct = 0.25, Efull is almost 20 times higher than

Pex; whereas at CT = 0.95, it is only 1.6 times. This is caused by the increase in

excavation distance per trip to fill the heavier regolith payload. Beyond Ct = 0.7,

Eex per trip is greater than the Eempty empty driving energy required for the 50m

traverse. It should be noted that the per trip energy is compared here, as infrastruc-

ture for recharging the rover between trips is assumed. Cr simultaneously increases

Efull and Eempty by over 4 times per trip. Eex is lowered, as discussed previously, due

to a decrease in available drawbar pull, resulting in a lowering of excavated regolith

payload per trip. At Cr = 0.01 the rover can excavate and transport an additional

21.7kg per trip than at Cr = 0.1.

The mobility related energy requirements per trip are important, however, as the

objective of this excavation scenario is to move regolith to build a berm, the total
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(a) Ltotal vs. zi

(b) ttotal vs. zi

Figure A.5: Berm Building Mission Performance

mission duration and distance travelled are also germane. Ltotal, governed by the

number of trips required to build the berm is therefore important in this analysis.

Figure A.5(a) and (b) illustrate the relative importance of zi on total mission driving

distance and time, respectively. The coefficients are normalized to their maximum

value listed in Table 4–4, and the nominal case is identified by a circular marker.

Nominally, the rover must drive a total of 342km to build the berm. The role of the

tractive effort is evident. At the minimum and maximum values of Ct, 0.03 (since
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0.025 has insufficient traction for digging at a depth of 0.08m) and 0.95 respectively,

the total driving distance varies from 1150km to 255km. The increase in Cr causes

an increase from 342km to 408km, whereas steering resistance does not influence the

total distance travelled.

Mission duration is computed in earth days in Figure A.5(b) and consists of the dis-

tance divided by speed of the rover for each driving mode. Ct once again plays the

most significant role in mission duration ranging from 22.6 to 5.4 days. Cr causes an

increase in mission duration from 7 to 8.3 days. Cst has no affect in this analysis.

Although an accurate assessment on rover mobility performance metrics cannot be

made without a more detailed mission scenario or rover design, it is clear that:

i Increasing CT allows the rover to excavate and transport more regolith thereby

reducing total mission time and duration. However, this causes an increase in

the excavation requirements on power and energy.

ii Reducing Cr improves the drawbar pull allowing more regolith to be excavated

and transported. Additionally, it reduces the requirements on power and energy

during empty and full driving.

iii Reducing CST reduces the power and energy demands on the rover mobility

system during empty and full driving. Although this plays no role in total

mission drive distance, it can contribute to lowering mission time if the rover

must recharge less frequently.

A.2 Rover Performance Analysis

This section investigates the effect of the wheel system variables xsys on rover

mobility performance metrics zi. The parametric analysis on rover trafficability and
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manoeuvrability metrics is presented in Section A.2.1, while Section A.2.2 presents

the rover dynamic terrainability parametric analysis.

A.2.1 Rover Trafficability and Manoeuvrability Analysis

Table A–3 describes the nominal and range of the design variables and environ-

mental parameters used in the analysis, and Figure A.2.1 illustrates the results.

Table A–3: Trafficability and Manoeuvrability Analysis Parameters (xsys and crover)

Parameters Nominal Min Max
Vehicle mass (kg) - m 200 - -
Vehicle length (m) - Lrover 2 - -
Vehicle width (m) - brover 1 - -
Forward speed (km/hr) - v 5 - -
Wheel slip (%) - s 20 - -
Number of wheels - N 4 - -
Wheel Coefficient of lateral resistance - µs 0.55 - -
Wheel Hub diameter (m) - Dh 0.3 - -
Wheel Diameter (m) -Dw 0.7 0.05 1.2
Wheel Width (m) - bw 0.4 0.01 1.0
Wheel Vertical stiffness (kN/m) - KV 5 1 10
Wheel Lateral stiffness (kN/m) - KL 15 0.5 5
Wheel Torsional stiffness (kNm/rad) - KT 5 0.5 5

Increasing bw and Dw both reduce Cr until a minimum is achieved, while an increase

of KV negatively affects Cr as seen in Figure A.2.1(a). This is caused by the increase

in wheel sinkage due to the smaller contact area of a stiffer wheel. Neither KT nor

KL plays any role in rolling resistance. The drawbar pull coefficient CDP , similarly

to Cr, is negatively affected by an increase in KV as shown in Figure A.2.1(b). An
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(a)xsys vs. Cr

(b)xsys vs. CDP

(c)xsys vs. ηDP

Figure A.6: Trafficability Performance Analysis
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(a)xsys vs. Cst

(b)xsys vs. ηst

Figure A.7: Maneuverability Performance Analysis
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increase in bw and Dw both increase the CDP , while KT and KL do not play a role.

Tractive efficiency ηDP is increased with Dw, as shown in Figure A.2.1(c). An in-

crease in KV , unlike with Cr and CDP , positively affects ηDP . Increasing the KT and

bw does positively affect ηDP ; however it is hardly distinguishable in Figure A.2.1(c).

Nonetheless, increasing KT serves to reduce energy loss as shown in Equation (4.22).

Like Cr, the steering resistance Cst is reduced by an increase in bw and Dw and a

reduction of KV . It should be noted, however, that µs will be a function of wheel

material, KL, sinkage, and wheel shape. From Equation (4.27), however, it is known

that a reduction in µs leads to a reduction of steering resistance and this should be

considered when selecting wheel configurations. Steering efficiency ηst increases with

an increase in KV , KT and KL, as well as an increase in Dw. bw, on the other hand,

plays a minor role as seen in Figure A.2.1(e).

The findings of the trafficability and maneuverability analysis can be summarized as

follows:

i Wheel diameter : the size of the wheel is the most important parameter in ve-

hicle trafficability in soft soil. Larger diameter wheels provide a longer contact

length, contributing to higher drawbar pull; however the diameter of the wheel

is typically limited by vehicle size. Additionally, larger diameter wheels require

higher torque, thereby increasing the mobility power requirements.

ii Wheel width: a greater width provides a larger contact area, which increases

available thrust. However, it also increases bulldozing resistance, which can

reduce overall drawbar pull performance.
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iii Wheel vertical stiffness : a low stiffness improves contact area and therefore

traction; but also contributes to reducing rolling and turning efficiency. The

vertical stiffness proves to be conflicting with several performance objectives of

the rover.

iv Wheel lateral stiffness : Deflection in the lateral direction while undergoing a

turning maneuver, especially one which involves skid-steering, can significantly

reduce the turning efficiency.

v Wheel torsional stiffness : Much like lateral stiffness, a low torsional stiffness

serves only to reduce tractive efficiency. However, given the relationship be-

tween torsional and vertical stiffness, this parameter is rarely independent from

the other stiffness parameters in explicit wheel concepts.

A.2.2 Rover Dynamic Terrainability Analysis

A parametric analysis using the parameters in Table A–4 was complete to ver-

ify the wheel parameters which affect the dynamic response of the rover to terrain

induced vibrations. It should be noted that the appropriate wheel stiffness used in

the analysis is the dynamic rolling stiffness KD and can be up to 26% lower than the

static wheel stiffness KV [119].

Table A–4: Dynamic Terrainability Parameters (xsys and Crover)

Parameters Nominal Min Max
Quarter vehicle mass (kg) - mw 50 - -
Speed (km/hr) - v 5 - -
Surface roughness constant (m2/cycles/m) - G0 7e−5 - -
Dynamic Vertical stiffness (kN/m) - KD 5 1 20
Dynamic damping coefficient (kNs/m) - CD 1 0.5 2
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(a) KD vs. σ1 and σ2

(b) CD vs. σ1 and σ2

Figure A.8: Dynamic Terrainability Performance Analysis

Each parameter was varied to verify the change in response of the system with re-

spect to the reference value. The non-dimensional performance values for rider com-

fort ( σ1

σ1,N
) and road holding (σ2/σ2,N ) are plotted against non-dimensional stiffness

(KD/KD,N) and damping coefficient (CD/CD,N) in Figure A.8(a) and (b) respec-

tively. From Figures A.8(a) and (b) it can be seen that:

i Decreasing stiffness improves both rider comfort and road handling;

ii Increasing damping improves both rider comfort and road handling;
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Furthermore, speed and roughness cancel out in the computation of the dimension-

less performance metric. This signifies that although speed and surface roughness do

affect the response of the system, their magnitude does not change the wheel design

variable direction of improvement on dynamic terrainability performance.
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APPENDIX B

Closed-form Material Constitutive Models

The closed-form expressions for the constitutive material models for a cubic,

body centered cubic, face centered cubic and cuboctahedron unit cells are presented

in this Appendix. Additionally, the closed-form expression for yield and buckling of

hexagonal unit cells is also provided.

B.1 2D Hexagonal Unit Cell Properties

The closed-form expression for buckling (σbuckling) and yield stress (σyield,cell) of

the hexagonal unit cell walls, as a function of base material elastic modulus Es and

yield stress σyield,base, can be found in [45] as:

σbuckling

Es
= n2π2

24
t3

lh2

1
cos θ

σyield,cell

σyield,base
= t

l

2 1
2(h/l+sin θ) sin θ

B.2 Cubic Unit Cell Properties

The closed-form expression describing the effective stiffness matrix Kcubic of a

cellular material composed of periodic cubic unit cells is found as a function of unit

cell design variables and base material elastic modulus Es in [114] as:
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























AEs
L2 0 0 0 0 0

0
AEs
L2 0 0 0 0

0 0
AEs
L2 0 0 0

0 0 0
6EsIyy

L4 0 0

0 0 0 0
6EsIyy

L4 0

0 0 0 0 0
6EsIyy

L4































The closed-form expression describing the internal forces Fb,cubic in the struts of

the cubic unit cell is found as a function of unit cell design variables and macroscopic

strain vector ǫi, j acting on the homogeneous effective material in [114] as:

Fb,cubic =





































































L2ǫ22 L2ǫ12 L2ǫ23 0
L3ǫ23

2
−

L3ǫ12
2

L2ǫ11 −L2ǫ12 −L2ǫ31 0 −

L3ǫ31
2

L3ǫ12
2

L2ǫ22 L2ǫ12 −L2ǫ23 0 −

L3ǫ23
2

−

L3ǫ12
2

L2ǫ11 −L2ǫ12 L2ǫ31 0
L3ǫ31

2
L3ǫ12

2

L2ǫ11 −L2ǫ12 −L2ǫ31 0 −

L3ǫ31
2

L3ǫ12
2

L2ǫ22 L2ǫ12 −L2ǫ23 0 −

L3ǫ23
2

−

L3ǫ12
2

L2ǫ11 −L2ǫ12 L2ǫ31 0
L3ǫ31

2
L3ǫ12

2

L2ǫ22 L2ǫ12 L2ǫ23 0
L3ǫ23

2
−

L3ǫ12
2

L2ǫ33 L2ǫ31 L2ǫ23 0
L3ǫ23

2
−

L3ǫ31
2

L2ǫ33 L2ǫ31 L2ǫ23 0
L3ǫ23

2
−

L3ǫ31
2

L2ǫ33 L2ǫ31 L2ǫ23 0
L3ǫ23

2
−

L3ǫ31
2

L2ǫ33 L2ǫ31 L2ǫ23 0
L3ǫ23

2
−

L3ǫ31
2





































































B.3 Body Centred Cube Unit Cell Properties

The closed-form expression describing the effective stiffness matrix KBCC of

a cellular material composed of periodic body centred cubic unit cells is found as a

function of unit cell design variables and base material elastic modulus Es in [114] as:

KBCC=





























K11,BCC K12,BCC K13,BCC 0 0 0

K21,BCC K22,BCC K23,BCC 0 0 0

K31,BCC K32,BCC K33,BCC 0 0 0

0 0 0 K44,BCC 0 0

0 0 0 0 K55,BCC 0

0 0 0 0 0 K66,BCC





























where
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K11,BCC =
Es((9+4

√
3)AL2+128

√
3Iyy)

9L4

K12,BCC = K21,BCC =
4Es(AL2−16Iyy)

3
√
3L4

K13,BCC = K31,BCC =
4Es(AL2−16Iyy)

3
√
3L4

K22,BCC =
Es((9+4

√
3)AL2+128

√
3Iyy)

9L4

K23,BCC = K32,BCC =
4Es(AL2−16Iyy)

3
√
3L4

K33,BCC =
Es((9+4

√
3)AL2+128

√
3Iyy)

9L4

K44,BCC =
2Es(2

√
3AL2+(27+16

√
3)Iyy)

9L4

K55,BCC =
2Es(2

√
3AL2+(27+16

√
3)Iyy)

9L4

K66,BCC =
2Es(2

√
3AL2+(27+16

√
3)Iyy)

9L4

B.4 Face Centred Cube Unit Cell Properties

The closed-form expression describing the effective stiffness matrix KFCC of

a cellular material composed of periodic face centred cubic unit cells is found as a

function of unit cell design variables and base material elastic modulus Es in [114] as:

KFCC=





























K11,FCC K12,FCC K13,FCC 0 0 0

K21,FCC K22,FCC K23,FCC 0 0 0

K31,FCC K32,FCC K33,FCC 0 0 0

0 0 0 K44,FCC 0 0

0 0 0 0 K55,FCC 0

0 0 0 0 0 K66,FCC





























where

K11,FCC =
Es((1+

√
2)AL2+24

√
2Iyy)

L4

K12,FCC = K21,FCC =
Es(AL2−24Iyy)√

2L4

K13,FCC = K31,FCC =
Es(AL2−24Iyy)√

2L4
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K22,FCC =
Es((1+

√
2)AL2+24

√
2Iyy)

L4

K23,FCC = K32,FCC =
Es(AL2−24Iyy)√

2L4

K33,FCC =
Es((1+

√
2)AL2+24

√
2Iyy)

L4

K44,FCC =
Es(

√
2A(4ν+5)L2+12Iyy(2(2+

√
2)ν+4

√
2+5))

2L4(4ν+5)

K55,FCC =
Es(

√
2A(4ν+5)L2+12Iyy(2(2+

√
2)ν+4

√
2+5))

2L4(4ν+5)

K66,FCC =
Es(

√
2A(4ν+5)L2+12Iyy(2(2+

√
2)ν+4

√
2+5))

2L4(4ν+5)
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B.5 Cuboctahedron Unit Cell Properties

The closed-form expression describing the effective stiffness matrix Kcuboc of a cellular material composed

of periodic cuboctahedron unit cells is found as a function of unit cell design variables and base material elas-

tic modulus Es in [114] as:

Kcuboc=











































Es
(

AL2+12Iyy
)

√

2L4

Es
(

AL2
−12Iyy

)

2
√

2L4

Es
(

AL2
−12Iyy

)

2
√

2L4 0 0 0

Es
(

AL2
−12Iyy

)

2
√

2L4

Es
(

AL2+12Iyy
)

√

2L4

Es
(

AL2
−12Iyy

)

2
√

2L4 0 0 0

Es
(

AL2
−12Iyy

)

2
√

2L4

Es
(

AL2
−12Iyy

)

2
√

2L4

Es
(

AL2+12Iyy
)

√

2L4 0 0 0

0 0 0
Es

(

A(8ν+9)L2+12Iyy(5ν+6)
)

2
√

2L4(8ν+9)
0 0

0 0 0 0
Es

(

A(8ν+9)L2+12Iyy(5ν+6)
)

2
√

2L4(8ν+9)
0

0 0 0 0 0
Es

(

A(8ν+9)L2+12Iyy(5ν+6)
)

2
√

2L4(8ν+9)











































The closed-form expression describing the internal forces Fb,cuboc in the struts of the cuboctahedron unit

cell is found as a function of unit cell design variables and macroscopic strain vector ǫi, j acting on the ho-

mogeneous effective material in [114] as:

Fb,cuboctahedron =

(

Fx,b Fy,b Fz,b Mx,b My,b Mz,b

)

where
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Fx,b=





















































































































L2
(

−A2(ǫ11−ǫ22−2ǫ23−ǫ33)(8ν+9)L4+12AIyy(48νǫ23+54ǫ23+15ǫ33+13ǫ33ν+3ǫ11(ν+1)+ǫ22(13ν+15))L2+144Iyy2(ǫ11+ǫ22+ǫ33)(5ν+6)
)

√

2
(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)

L2
(

−A2(ǫ11−ǫ22+2ǫ23−ǫ33)(8ν+9)L4+12AIyy(−48νǫ23−54ǫ23+15ǫ33+13ǫ33ν+3ǫ11(ν+1)+ǫ22(13ν+15))L2+144Iyy2(ǫ11+ǫ22+ǫ33)(5ν+6)
)

√

2
(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)

L2
(

A2(ǫ11−ǫ22−2ǫ31+ǫ33)(8ν+9)L4+12AIyy(−48νǫ31−54ǫ31+15ǫ33+13ǫ33ν+3ǫ22(ν+1)+ǫ11(13ν+15))L2+144Iyy2(ǫ11+ǫ22+ǫ33)(5ν+6)
)

√

2
(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)

L2
(

A2(ǫ11−ǫ22+2ǫ31+ǫ33)(8ν+9)L4+12AIyy(48νǫ31+54ǫ31+15ǫ33+13ǫ33ν+3ǫ22(ν+1)+ǫ11(13ν+15))L2+144Iyy2(ǫ11+ǫ22+ǫ33)(5ν+6)
)

√

2
(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)

L2
(

A2(ǫ11+2ǫ12+ǫ22−ǫ33)(8ν+9)L4+12AIyy(13νǫ22+15ǫ22+3ǫ33+3ǫ33ν+6ǫ12(8ν+9)+ǫ11(13ν+15))L2+144Iyy2(ǫ11+ǫ22+ǫ33)(5ν+6)
)

√

2
(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)

L2
(

−A2(ǫ11−ǫ22+2ǫ23−ǫ33)(8ν+9)L4+12AIyy(−48νǫ23−54ǫ23+15ǫ33+13ǫ33ν+3ǫ11(ν+1)+ǫ22(13ν+15))L2+144Iyy2(ǫ11+ǫ22+ǫ33)(5ν+6)
)

√

2
(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)

L2
(

A2(ǫ11−2ǫ12+ǫ22−ǫ33)(8ν+9)L4+12AIyy(13νǫ22+15ǫ22+3ǫ33+3ǫ33ν−6ǫ12(8ν+9)+ǫ11(13ν+15))L2+144Iyy2(ǫ11+ǫ22+ǫ33)(5ν+6)
)

√

2
(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)

L2
(

−A2(ǫ11−ǫ22−2ǫ23−ǫ33)(8ν+9)L4+12AIyy(48νǫ23+54ǫ23+15ǫ33+13ǫ33ν+3ǫ11(ν+1)+ǫ22(13ν+15))L2+144Iyy2(ǫ11+ǫ22+ǫ33)(5ν+6)
)

√

2
(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)

L2
(

A2(ǫ11−ǫ22+2ǫ31+ǫ33)(8ν+9)L4+12AIyy(48νǫ31+54ǫ31+15ǫ33+13ǫ33ν+3ǫ22(ν+1)+ǫ11(13ν+15))L2+144Iyy2(ǫ11+ǫ22+ǫ33)(5ν+6)
)

√

2
(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)

L2
(

A2(ǫ11−2ǫ12+ǫ22−ǫ33)(8ν+9)L4+12AIyy(13νǫ22+15ǫ22+3ǫ33+3ǫ33ν−6ǫ12(8ν+9)+ǫ11(13ν+15))L2+144Iyy2(ǫ11+ǫ22+ǫ33)(5ν+6)
)

√

2
(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)

L2
(

A2(ǫ11−ǫ22−2ǫ31+ǫ33)(8ν+9)L4+12AIyy(−48νǫ31−54ǫ31+15ǫ33+13ǫ33ν+3ǫ22(ν+1)+ǫ11(13ν+15))L2+144Iyy2(ǫ11+ǫ22+ǫ33)(5ν+6)
)

√

2
(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)

L2
(

A2(ǫ11+2ǫ12+ǫ22−ǫ33)(8ν+9)L4+12AIyy(13νǫ22+15ǫ22+3ǫ33+3ǫ33ν+6ǫ12(8ν+9)+ǫ11(13ν+15))L2+144Iyy2(ǫ11+ǫ22+ǫ33)(5ν+6)
)

√

2
(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)




















































































































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Fy,b=




























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


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




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




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12IyyL2(ǫ12+ǫ31)(5ν+6)
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−
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−
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AL2+36Iyy

−
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AL2+36Iyy


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−
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6IyyL3(ǫ23+ǫ31)

A(8ν+9)L2+12Iyy(5ν+6)






















































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


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


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My,b=









































































































−

6
√

2IyyL3
(

A(2ǫ23(ν+1)+ǫ22(8ν+9)−ǫ33(8ν+9))L2+12Iyy(6ǫ23(ν+1)+ǫ22(5ν+6)−ǫ33(5ν+6))
)

(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)

−

6
√

2IyyL3
(

A(2ǫ23(ν+1)−ǫ22(8ν+9)+ǫ33(8ν+9))L2+12Iyy(6ǫ23(ν+1)−ǫ22(5ν+6)+ǫ33(5ν+6))
)

(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)

6
√

2IyyL3
(

A(2ǫ31(ν+1)−ǫ11(8ν+9)+ǫ33(8ν+9))L2+12Iyy(6ǫ31(ν+1)−ǫ11(5ν+6)+ǫ33(5ν+6))
)

(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)

6
√

2IyyL3
(

A(2ǫ31(ν+1)+ǫ11(8ν+9)−ǫ33(8ν+9))L2+12Iyy(6ǫ31(ν+1)+ǫ11(5ν+6)−ǫ33(5ν+6))
)

(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)

−

6IyyL3(ǫ31(4ν+5)+ǫ23(6ν+7))

A(8ν+9)L2+12Iyy(5ν+6)

6
√

2IyyL3
(

A(2ǫ23(ν+1)+ǫ22(8ν+9)−ǫ33(8ν+9))L2+12Iyy(6ǫ23(ν+1)+ǫ22(5ν+6)−ǫ33(5ν+6))
)

(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)

6IyyL3(ǫ23(6ν+7)−ǫ31(4ν+5))

A(8ν+9)L2+12Iyy(5ν+6)

6
√

2IyyL3
(

A(2ǫ23(ν+1)−ǫ22(8ν+9)+ǫ33(8ν+9))L2+12Iyy(6ǫ23(ν+1)−ǫ22(5ν+6)+ǫ33(5ν+6))
)

(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)

−

6
√

2IyyL3
(

A(2ǫ31(ν+1)−ǫ11(8ν+9)+ǫ33(8ν+9))L2+12Iyy(6ǫ31(ν+1)−ǫ11(5ν+6)+ǫ33(5ν+6))
)

(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)

6IyyL3(ǫ23(4ν+5)−ǫ31(6ν+7))

A(8ν+9)L2+12Iyy(5ν+6)

−

6
√

2IyyL3
(

A(2ǫ31(ν+1)+ǫ11(8ν+9)−ǫ33(8ν+9))L2+12Iyy(6ǫ31(ν+1)+ǫ11(5ν+6)−ǫ33(5ν+6))
)

(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)

−

6IyyL3(ǫ23(4ν+5)+ǫ31(6ν+7))

A(8ν+9)L2+12Iyy(5ν+6)









































































































Mz,b=





























































































−

6IyyL3(ǫ12(4ν+5)+ǫ31(6ν+7))

A(8ν+9)L2+12Iyy(5ν+6)

−

6IyyL3(ǫ12(4ν+5)−ǫ31(6ν+7))

A(8ν+9)L2+12Iyy(5ν+6)

6IyyL3(ǫ12(4ν+5)−ǫ23(6ν+7))

A(8ν+9)L2+12Iyy(5ν+6)

6IyyL3(ǫ12(4ν+5)+ǫ23(6ν+7))

A(8ν+9)L2+12Iyy(5ν+6)

−

6
√

2IyyL3
(

A(2ǫ12(ν+1)+ǫ11(8ν+9)−ǫ22(8ν+9))L2+12Iyy(6ǫ12(ν+1)+ǫ11(5ν+6)−ǫ22(5ν+6))
)

(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)

6IyyL3(ǫ31(4ν+5)−ǫ12(6ν+7))

A(8ν+9)L2+12Iyy(5ν+6)

−

6
√

2IyyL3
(

A(2ǫ12(ν+1)−ǫ11(8ν+9)+ǫ22(8ν+9))L2+12Iyy(6ǫ12(ν+1)−ǫ11(5ν+6)+ǫ22(5ν+6))
)

(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)

−

6IyyL3(ǫ31(4ν+5)+ǫ12(6ν+7))

A(8ν+9)L2+12Iyy(5ν+6)

6IyyL3(ǫ23(4ν+5)+ǫ12(6ν+7))

A(8ν+9)L2+12Iyy(5ν+6)

6
√

2IyyL3
(

A(2ǫ12(ν+1)+ǫ11(8ν+9)−ǫ22(8ν+9))L2+12Iyy(6ǫ12(ν+1)+ǫ11(5ν+6)−ǫ22(5ν+6))
)

(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)

6IyyL3(ǫ12(6ν+7)−ǫ23(4ν+5))

A(8ν+9)L2+12Iyy(5ν+6)

6
√

2IyyL3
(

A(2ǫ12(ν+1)−ǫ11(8ν+9)+ǫ22(8ν+9))L2+12Iyy(6ǫ12(ν+1)−ǫ11(5ν+6)+ǫ22(5ν+6))
)

(

AL2+36Iyy
)(

A(8ν+9)L2+12Iyy(5ν+6)
)




























































































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