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Abstract

The goal of this thesis is .to generalize to elliptic curves a classical formula
of Hecke. This is chiefly achieved through studying p-adic deformation of
certain Shintani cycles attached to a real quadratic field K and an elliptic
curve E/Q of conductor N. Assume that all the prime divisors of IV are split
in K. Also suppose that E has multiplicative reduction at a prime p, and

denote by f, the newform attached to E via Shimura-Taniyama, and finally
fix a quadratic unramified character G of Gal(K/K). We

e construct a p-adic analytic function £,(E/K,G; k) which interpolates a
G-twisted sum of Shintani Cycles associated to the weight-k-specializations

of a Hida family hg arising from Hida’s theory applied to f;

e give a factorization of £,(E/K,G;)?* into the product of two Mazur-
Kitagawa p-adic L-functions. We will prove that £L,(E/K,G; &) van-
ishes at the point k = 2 to order at least two, provided further that
E/Q has at least two primes of multiplicative reduction. Our main
result expresses L3 (E/K,G;2), up to a non-zero rational fudge factor,
as the product of the formal group logarithms of two global points on
E defined over the narrow Hilbert class-field of K

e show finally, in the spirit of Gross and Zagier, that the two points
just alluded to are both of infinite order if and only if the complex
L-function L(E/K,G;s) vanishes to order exactly two at the central

point s = 1.



Résumé

Le but de cette thése est de généraliser aux courbes elliptiques une formule
classique de Hecke. Ceci nécessite principalement I’étude des déformations
p-adiques de cycles de Shintani associés a un corps quadratique réel K et une
courbe elliptique E/Q de conducteur N. Supposons que tous les diviseurs
premiers de N soient.scindés dans K et que E admette réduction multiplica-
tive en p. Notons f, la forme primitive associée & E via Shimura-Taniyama et
choisissons également un caractére quadratique non-ramifié G de Gal(K/K).
Nous

e construisons une fonction analytique p-adique £,(E/K,G; &) qui inter-
pole une somme G-tordue de cycles de Shintani associés aux spécialisations '
de poids k d’une famille de Hida hg provenant de la théorie de Hida
appliquée a f;

e donnons une factorisation de £,(E/K,G; x)? en produit de deux fonc-
tions L p-adiques de Mazur-Kitagawa. Nous prouvons que L,(E/K,G; k)
a un zéro d’ordre au moins deux en k£ = 2, si, de plus, F a réduction
multiplicative en au moins deux premiers. Notre résultat principal ex-
prime L)(E/K,G;2), & un facteur rationnel non nul prés, comme le
produit des logarithmes formels de deux points globaux sur E définis

sur le corps de Hilbert au sens restreint de K

e montrons finalement, dans ’esprit de Gross et Zagier, que les deux
points mentionnés plus haut sont tous deux d’ordre infini si et seule-
ment si la fonction L complexe L(E/K,G;s) a un zéro d’ordre deux au

point central s = 1.



Acknowledgements

I would like to express my deepest gratitude to my supervisor Professor Henri
Darmon. I never returned empty handed asking him a question, and in fact,
after each meeting, I come away with a renewed sense of enthusiasm for
mathematical research. Although he has a lot of duties, from teaching to su-
pervising graduate students and postdoctoral fellows to organising seminars,
conferences and summer schools to even attending administration meetings,
I always found him available. Quite often I just dropped by his office with-
out any scheduled appointment! Prof. Darmon has taken a unique role in
guiding me throughout the preparation of this thesis, and I have no doubt
that he will continue to play such influential role after my Ph.D. He is a true

mentor, in every sense of the word!

I am truly grateful to Prof. Darmon as well as the Department of
Mathematics and Statistics of McGill University for the financial support
that I have received.

During my stay at McGill I have enjoyed the company of my friends
who were a great source of inspiration, mathematically and non-mathematically:
Mahmood and Farzan (my Iranian fellows), Dennis (my office-mate), Daniel,
Matthew, Hugo, Andrew, Gabriel, Marc-Hubert, Yu, Marc, Cameron (num-
ber theory students), and of course many more. I owe them all for making
my years at McGill a very pleasant experience.

My number theory knowledge, except the part that I have directly
learned from my supervisor, has been formed by attending the classes of
the following individuals to whom I feel very much indebted: Professors E.



Acknowledgements , v

Goren, A. lovita, J. Pila, and F. Taine; Postdoctorél fellows P. Clark, M.
Trifkovich, and Y. Tian.

I would also like to take this as an opportunity and thank some of
my old teachers, to every and each one of whom I feel strongly obliged: V.
Javadi, M. Shooshtari, the late M. Rajabi Tarkhorani, R. Zaare-Nahandi,
G.B. Khosrovshahi, and A. Akbary. They, as well as other former teachers
of mine, taught me thousands of good things, mathematically or otherwise.
But perhaps, the most important thing that they tried to teach me, regardless
of whether I was a good student or not, was “to be a human”.

My friend Gabriel translated the abstract of my thesis to French. I
hereby thank him for such a nice job.

At last, but definitely not the least, I would like to take the pleasure
of thanking all members of my extended family. In particular, I very respect-
fully acknowledge the constant support from my parents as well as my wife’s
parents I have had the privilege to enjoy. And finally, I wish to deeply and
heartily express my indebtedness to my wife Noushin for years of patience,
tolerance, and inexplicable willingness to put up with me. If this work is
worth dedicating, it is dedicated to her.!

1This thesis was typeset using I IX.



Contents

Abstract
Résumé
Acknowledgements

1 Prologue
1.1 Motivation . . . . . ... ... .. I
1.2 The Workof Hecke . ... . . ... ... ... ... . .....
1.3 ThisThesis . ... ... ... .. ... ........ .
" 1.4 An OQutline of the Proof . . .. . ... ... ... .......
1.5 The Work of Bertolini and Darmon . . . . . .. ... ... ..

2 Foundations

2.1 Genus Characters . . . . . . .. . . ... ...

2.2 Complex L-Functions . . . . . ... ... .. e
2.2.1 L-Functionsover Q . . .. ... ... ... .......
2.2.2 L-Functionsover K . . . . . .. .. .. ... ......

2.3 Modular Symbols . . . . ... ...
2.3.1 Generalities on Modular Symbols . . . .
2.3.2  Modular Symbols Attached to Modular Forms . . . . .
2.3.3 Modular Symbols and Special Values of L-Functions

24 HidaFamilies . . . .. ... ... ... ...



PN

CONTENTS

vii

2.5 Measure-Valued Modular Symbols . . . . . ... ... .. A
2.6 p-adic L-Functions . . . .. .. . .. ... .. ... . ....
2.6.1 The Mazur-Swinnerton-Dyer p-adic L-Function
2.6.2 The Mazur-Kitagawa p-adic L-Function . .. .. . ..
2.7 Optimal Embeddingsof K . . . . .. ... ... ... .....

3 p-adic Deformation of Shintani Cycles
3.1 Lattice Functions . . . . . .. ... ... . L
3.2 Yet Another p-adic L-Function . . . ... ... . ... ....
3.3 Proof of Theorem A . . . . .. ... ... . ... .. ..., .
3.4 TFactorization of L,(E/K,G;K) . . . . . . .. . ... ...
3.5 Proof of Theorem B. . . . . ... ... ... ... .... D

4 Epilogue: Future Plans

Bibliography

47
54
54
57
59

67
68
71
79
82
84

89

93



Chapter 1
Prologue |

1.1 Motivation

The main objective of this thesis may be regarded as a generalization to
elliptic curves of a ciassical limit formula of Hecke (see the formula (1.5)
below). Hecke’s result is analogous to Kronecker’s solution to Pell’s equation
in terms of special values of the eta-function of Dedekind. It expresses a
sum involving the integral of the logarithm of the eta-function over certain
geodesic cycles—twisted by a character G of special type—as the product of
the natural logarithms of two fundamental units of certain quadratic fields.
Involved implicitly in Hecke’s formula (1.5) is the weight-two Eisenstein series

E,(z) through a line integral called the Shintani cycle.

Our goal is to replace Fy(z) by an ordinary newform f of weight 2 on
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To(N) with integer Fourier coefficients, and study the p-adic variations of G-
twisted sums of the Shintani cycles attached to the weight-k-specializations
of a Hida family interpolating f. It turns out that these Shintani cycles are
interpolated by a p-adic analytic function of k, whose second derivative at
k = 2 gives the product of the p-adic formal group logarithms of two global
points on the elliptic curve attached to the newform f. (See Theorems A and
B stated in Section 1.3.) In order to motivate the reader and also to place
the work done here in a broader picture, we begin by describing the classical
work of Hecke‘ We remark that in preparation of the next section we have

very closely followed Siegel’s exposition in [22].

1.2 The Work of Hecke

Suppose that K is a real quadratic field with fundamentalvdiscm’minant A>0

and write H}; for the narrow Hilbert class-field of K. We shall write

for the non-trivial automorphism of K over Q. A genus character of K is
by definition a quadratic character of the narrow ideal class-group Cj; of
K. By global class field theory one knows that the group Cf is canonically

isomorphic to Gal(H}/K); the isomorphism is the one induced by the Artin
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map
p 0y (1.1)

which sends a prime ideal p of Ok to the associated Frobenius o, € Gal(H%/K)
(For more on genus characters the reader is referred to Section 2.1.) Any non-
trivial genus character G, viewed as a character of Gal(H};/K), cuts out a
quadratic extension Kg = Q(1/91,1/02) of K—biquadratic over Q—where
0; and 09 are two relatively prime fundamental discriminants Whose product
is A. Write x,, x, and X, respectively for the primitive quadratic Dirichlet
characters associated to Q(1/01), Q(1/02) and K. We say that G is even (re-

spectively odd) if the field Ky is totally real (respectively totally imaginary).

From hereafter until the end of this section we assume that the genus
character G is non-trivial and even. Given an element A of Cf, choose a
representative a of A and without loss of generality assume that a las a Z-
basis of the form {1,7}. We fix once and for all an embedding of K into R
and let €, be the fundamental unit of K of positive norm by which we mean
that €, is either the fundamental unit u, > 1 of Kv or the square of that

according as Normg q(u,) > 0 or Normg/g(u,) < 0. On writing

Y, = ,  where 6K7'=a7'+b, €K=C7'+d» ) (1~2)

TN
/
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one readily verifies that the matrix' v, is a hyperbolic element of SLy(Z).

The fixed points of the associated Mobius transformation

az+b
cz+d’

Z
acting on the Riemann sphere P;(C), are easily seen to be 7 and 7.

Let n be the Dedekind eta-function

o
n(z) = g2miz/24 H(l _ 62m’nz),
n=1

defined for z in the Poincaré upper half-plane H. To n and the hyperbolic

matrix v, we associate the integral

Cln,,) = / gV DQu(x) z,  (13)

0

where the base point zp is an arbitrary point on the geodesic joining 7’ to 7

in M, and where

(z=)=7)

Norm(a)

Qa(z) = Qu(z,1) = € Qlzl, (14)

is a quadratic polynomial in z. Since vy, fixes 7 and 7', it follows that the
homogenized quadratic form Q4(X,Y) attached to QA(z) is fixed by the

action of 7, in the sense of (2.13), i.e., we have

QA(aX +bY,cX +dY) = QA(X, Y)

!The assignment A — 7, can be used to set up a bijection between the narrow ideal
classes of K and the set of conjugacy classes of the optimal embeddings of K of level one.

For the definition of an optimal embedding of K of a general level N and the description

~of such bijection, see Section 2.7.
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The complex number C(7,7,), which is independent of the choice of z, is
called the Shintan: cycle asSociated to n and <,. The motivation to bring
up all this is that one has (cf. [22], Chap.II, §3) the following analogue of

Kronecker’s solution to Pell’s equation in the setting of real quadratic fields:

Theorem 1.2.1. (Hecke) Let €; and hy (respectively e and hy) be the fun-

damental unit and the narrow class-number of the field Q(1/01) (respectively

Q(v/3%2)). Then

2h1ha :
G(A)C(n,v,) = —==log e log ez, (1.5)
2 V&

where A runs over all the elements of the narrow ideal class-group of K. O

It is known (cf. [14], Chap. III, §2) that n(z) is intimately related to

the weight-two Eisenstein series
[ 0]
By(z) =1-24)  o1(n)e’™™,
n=1

where o1(n) is the sum of all positive divisors of n. More precisely, Es(z) is,
up to a constant, the logarithmic derivative of n(z), viz.

dlog n(z) := 7777/((22)) dz = %?Ez(z) dz.

1.3 This Thesis

The goal of the present thesis is to replace the Eisenstein series Eo(z) with a

cusp form f(z) of weight 2 and then investigate the p-adic variations of the
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Shintani cycles attached to K and various higher weigh specialisations of a

Hida family interpolating f.

To begin with, let us first spell out what we mean by a Shintani cycle
associated to a cuép form. Thus, to fix ideas assume that f(2) is a cuspidal
modular form of even weight £ > 2 on the congruent subgroup I'o(V) and
let v € T'o(N) be a hyperbolic matrix. The Shintani cycle attached to f and

7 is the integer

C(f,~) = QifReal (zm / ” F(2)Q4(z, 1)¥dz) , (1.6)
where ) is a suitable period? depending only on f (introduced in Section
2.3) and Q,(z,y) is a binary quadratic form that is fixed by v, i.e., the roots
of Q,(z,1) are the fixed points of v (see also (1.4).) The quantities C(f,~)
are known to carry interesting arithmetic information. For instance, they
are related (see §6 of [18]) to central critical values of the L-series of f over
the splitting field of Q(z, 1) (i.e., the real quadratic field generated over Q by
the fixed points of .) This very fact may be exploited to study the p-adic
variation of the quantities C(f,~) as f varies in a “family” (see for instance

[3], in particular Theorem 3.5 therein.) Concretely speaking, we fix a prime

2To be more accurate, we should say that there are two such periods, and as a result,
one can define two Shintani cycles attached to f and 7. See Subsection 2.3.2 for the

details.
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number p and suppose that

0

f2) = aud" (17)

n=1 - .
is a normalised newform of weight 2 on I'¢(/N) whose p-th Fourier coefficient
ap is a p-adic unit. Whenever this latter condition holds one says that f is
ordinary at p. In a canonical way, Hida’s theory associates to f a family {fx}
of normalised eigenforms of varying weight k on I'g(N), for all even integers

k > 2 in a suitable p-adic neighbourhood U of 2 (see Section 2.4 for the

details). In “good” circumstances one can prove that the assignment

ki— C(fr,7)

" extends to a p-adic analytic function® of k € U. It is therefore natural to

consider the special values of the resulting function as well as its successive
derivatives and wonder if one could describe those values in terms of other

arithmetic objects.

We assume henceforward that f arises, via Shimura—Taniyama—Weil
as in Subsection 2.2.1, as the newform attached to an elliptic curve E/Q of
conductor N. For that reason we shall write f, instead of f and remark

that f, has integer Fourier coefficients. We further assume that the prime p

3Throughout the thesis we have consistently used the letter x for a “generic” p-adic

variable; however, if that variable happens to be in Z, we will denote it by the letter k.
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divides N ezactly:
p|N but p* N. (1.8)

This amounts to saying that E has multiplicative reduction at p, and therefore

implies in particular that
We shall write

and remark that p fM, due to the running assumption (1.8). Before stating

the main results, some further notations are to be introduced.
We let ¢ € pZ, be the Tate period* attached to E, and write

Drrate : Q;/qz - E(Qp) . » (19)

for the (p-adic) Tate uniformisation whose existence is guaranteed by the

fact that p is a prime of multiplicative reduction for £. Let

log, : Q) — Q, (1.10).

stand for the branch of p-adic logarithm which satisfies log,(¢) = 0. The two

maps @, and log, are used to define the (p-adic) formal group logarithm

logg : E(Qp) — Qp
4Needles to say that the Tate period has nothing to do with the g appearing in (1.7).
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by therule

log(P) := Ing( Tate(P)) (1.11)

Note that this is well-defined since ¢ C ker(logp), thanks to the chosen
branch of logp. One easily sees that the mapping logg is a group homo-

morphism.

N
For each divisor d|N with ged(d, E> = 1, we let wy denote the eigen-

value of the Fricke involution Wy acting on f,, namely,
0 -1
Wal1)(2) = £l () ) = v £yl (112

For j = 1,2, we write (E(Q(,/9,)) ® Q)% for the subspace of the
Mordell-Weil group E(H};) ® Q on which the group Gal(Q(1/9;)/Q) acts via

the character x;.

By adapting the techniques of [3] and [2] developed by Bertolini and
Darmon and based on ideas and computations of Greenberg and Stevens in

[11], we prove the following as the first main result of this thesis.

Theorem A. Suppose that all the prime divisors of N are split in K. Then
there exists a p-adic analytic function L,(k) of k, defined over a suitable
p-adic neighbourhood U C Z, of 2, which interpolates the G-twisted sums of

Shintani cycles

Zg C(fe,7a)s (1.13)
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for all k € UNZ22.

The mere existence of the function £,(k) is curious enough in its
own, but the more striking fact concerning £,() is that it encodes global

arithmetic information about the elliptic curve E.

Theorem B. In the setting of Theorem A, suppose further that the ellip-
tic curve E/Q has, dpart from p, at least one other prime of multiplicative

reduction, that x,(~N) = w, and that x,(p) = a,. Then:

1. L,(k) vanishes to order at least two at k = 2;

2. There ezist global points Py € (E(Q(1/01))®Q)% and P, € (E(Q(1/02))®

Q)X2 and a non-zero rational number t such that

P el , tlogg(P1)logg(Py); (1.14)

2
L oL(w)]
3. The two points P, and Py are simultaneously of infinite order if and
only if
L"(E/K,G;1) # 0,
where L(E/K,G; s) is the complex L-series of E over K whose defini-

tion is recalled in Subsection 2.2.2.

Remark 1.3.1. Note the strong analogy between (1.14) and (1.5). In fact,
our results illuminate another instance of the close parallel between units of
number fields and points on elliptic curves.‘ The Dirichlet ﬁnit theorem is
analogous to the Mordell-Weil theorem; Stark units are number field counter-

parts of Stark-Heegner points on elliptic curves; to name just a few examples.
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Remark 1.3.2. For a semistable elliptic curve E/Q, the technical condition
of an extra prime of multiplicative reduction is automatically verified if the
sign in the functional equation satisfied by the L-function L(F,s) is minus
one. For, suéh curve must have an even number of prirx;es of multiplicative

reduction; a fact which easily follows from Theorem 3.17 of [8].

1.4 An Outline of the Proof

In this section we sketch the main lines of the proof of Theorems A and B.
Before doing so, however, it will be useful to explain how the Formula (1.5)
is proven. This also makes the analogy between the work of Hecke and ours

more transparent.

The Formula (1.5) is established by piecing together the following four

ingredients.

1. The identity
LK(g7 S) = Z g(A)CK(A7 3)3
Aecy;

which expresses the generalised Dedekind zeta-function Lk (G, s) of K,
as the summation, twisted by G, of the partial zeta-functions C (A, s)s

(cf. Section 2.1 for the details.)
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2. The following limit formula

, 2loge, 1 _4Cloge,,
i ((4,0) - 2o 1) = 2C0E% L agpy o),

concerning a real quadratic field and due to Hecke, which is analogous
to the limit formula of Kronecker in the setting of imaginary quadratic
fields. Here C(n,7,) is the Shintani cycle defined as in Equation (1.3)

and C' is the Euler constant

n—oo 2

11
C:= lim <1+—+---+——logn>.
n

Notice that this limit formula of Hecke together with the expression

'

of Lk(G,s) appearing in Step 1, on account of the earlier assumption

that G be non-trivial, immediately imply that

LK(ga 1) =2 Z Q(A)C("?,VA)

Aecf

3. The factorisation formula (2.4) of Section 2.1, due to Kronecker,

LK(g) 5) = L(XI?S)L(X27 8),

which expresses the G-twisted Dedekind zeta-function Lk (G, s) as the
product of the two Dirichlet L-functions L(y,, s) and L(x,, s) attached

to x, and y, respectively.

4. And finally, the last ingredient is provided by the celebrated Dirichlet
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class-number formula
2h1 10g €1 2h2 log €2
L )= ——— L 1) = —=—,
(Xl? ) \/’D_l H (X2’ ) \/@
where h;, €; and 9, (for j = 1,2) are defined as in Section 1.2.
The Formula (1.5) is an immediate consequence of the four steps
sketched above as follows:
’ 1
A
) .
= §L(X17 1>L(X27 1)
. ’ 12]11 log €1 2h2 log €9
2 Vo Vo,
2h log €1 log €5
= € €.
\/K g €1 l0g €2

We shall now sketch the work done in this thesis and give some details
about the organization of the rest of the text. We hope that the following will
support the assertion that the main steps underlying the proof of Theorems
A and B (to be addressed shortly) run parallel to their counterparts just

described.

‘In Chapter 2, entitled “Foundations”, we summarize the definitions
and basic properties of the necessary tools which will be needed afterwards.
Section 2.1 introduces genus characters (Definition 2.1.1), their as-

sociated zeta-functions in the spirit of Dedekind (as defined in (2.3)), the
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corresponding pairs of Dirichlet chapacters (uniquely characterized by the
relations (2.1)) and the fundamental identity (2.4) already seen in Step 2
above.

Section 2.2 attaches two Atypes of L-series to an eigenform g—one over
Q and twisted by a Dirichlet character (in Subsection 2.2.1), and one over a
quadratic field K and twisted by a genus character (in Subsection 2.2.2)—
and then the‘precise relationship between the two types of L-series will be
spelled out.

In Subsection 2.3.1 we will discuss the general notion of a modular
symbol m{r — s}. The description of the modular symbol Tg{r — s} at-
tached to a cusp form g of weight & (& la Eichler and Shimura) is the subject
of Subsection 2.3.2. These are linear functionals on the space of homogeneous
polynomials of degree k — 2 in two variables with complex coefficients. In
particular, we will record an irﬁportant result of Shimura concerning the al-
gebraicity properties of Tg once modified by a pair of suitable periods. Then,
in the final subsection‘ of the aforesaid section, we see how these quiﬁed
modular symbols I} and I are utilised to give an explicit formula for the
central critical values of the L-series of the form g.

Our task iny Section 2.4 will be to explain how every “ordinary” clas-
sical eigenform of weight 2 gives rise in a canonical way to a family {fx} of

cusp forms, called a Hida family, denoted by hg and indexed by even inte-
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gers k which are p-adically close enough to 2, i.e., indexed by the members
of the set Z22 N U where U C Z, is a suitable p-adic neighbourhood of 2.
Corresponding to each weight-k-specialisation fi of the Hida family hg and

as in the preceding section, we then obtain two modular symbols I and ik.

In the subsequent section, namely Section 2.5, we will take on the task
of surveying the basics of a p-adic integration theory which describes p-adic
measures against which Z,-valued homogeneous functions defined over Z,-
sublattices of Qﬁ can be integrated, with a special emphasis on those measures
p on the Zy-lattice Z, x Z; which are I'o(M)-invariant with respect to a
certain group action. There will be also constructed a family of mappings
Ok, .for each integer k > 2, going from measure-valued modular symbols to
modular symbols with values in the liﬁear dual to the space of homogeneous
polynomials of degree kK — 2 in two variables. The main objective therein
will be to state a crucial result of Greenberg and Stevens, which guarantees
the existence of a certain measure yu, whose image under py is the modular
symbol I up to rescaling by a p-adic non-zero number A(k). Crucial to the
computations of this thesis is also the construction (after Bertolini, Darmon’
and Jovita [4]) of a family of measure-valued modular symbols u, {r — s},
indexed by the Zy-lattices L C Q2, which interact nicely (see the identity

(2.33) for the precise meaning) with a certain group action.

Included in Foundations is also a section concerning those p-adic L-
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functions. which come to play a role in this thesis. In Subsection 2.6.1 we
will reéord the definition an.d some of the basic properties of the Mazur-
Swinnerton-Dyer one-variable p-adic L-function L,(g, s) attached to any or-
dinary eigenfofm g. The task in Subsection 2.6.2 will be to introduces a
two-variable p-adic L-function L,(hg; &, s) constructed first by Mazur and

Kitagawa. This two-variable p-adic L-function associated to the Hida family

hg interpolates, for each k € Z22 N U, the p-adic L-function L,(f%,s) (as in

the relation (2.36)) as well as the special values of the complex L-function

L(fr,s) (as in the relation (2.37)).

The final section of the next chapter will give us a firm handle on the
concept of optimal embeddings (of level N) of a quadratic field K into the
matrix algebra M,(Q) (see Definition 2.7.1). The set of equivalence classes
of such embeddings (under conjugation by elements of GL3(Q)) is endowed
with a transitive action of the narrow ideal class-group of K making it into
a principal homogeneous space. This will make it possible to view G as a
function on the set of such embeddings. To any optimal embedding we will
also associate a Z,-lattice, and hence through that a modular symbol. This
lattice and its associated modular symbol will turn out to play a significant

role in the construction of our p-adic analytic function alluded to in Theorem

A.
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Whereas Chapter 2 collects only the statements of results which are
already in the literature, and hence will contain no proofs, Chapter 3, which
bears the title of this thesis, strives to give complete proofs for almost every-
thing, with a few exceptioﬁs where exact references have been provided. This
being said, let us now go section by section and draw a general picture on
how the proof of the main results of this thesis are achieved.

Inspired by the lattice functions introduced in [2], we will begin Section
3.1 by defining two modular symbols ¢ and é. The former operates as a
function ¢y (L) on the set of Zp-lattices L C Q2, whereas the latter operates as
a function & (L1, Ly) on the set of pairs of Z,-lattices Ly D Ly, one contained
in the other with index p. The Main Identity (3.6) of that section will then
relate these twb lattice functions; an identity which is the key toward the
construction of the desired p-adic analytic function.®

The mai_n object of this thesis, namely the p-adic analytic function
L,(E/K,G; k), will be introduced in Section 3.2. In order to do so, we will
have to first construct another p-adic analytic function £,(¥, /1) attached to
any optimal embedding ¥ of K. We will see (c¢f. Remark 3.2.3) that the

definition of £,(¥, x) depends only on the equivalence class represented by

5Theorems A and B were initially proved under the simplifying hypothesis i =1
The proofs in the general case were achieved by carrying over the technical computations
done in [2] to the current setting. And in doing so, it was the key identity (3.6) that

enabled the author to overcome the obstructions he was facing.
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¥ and not on ¥ itself. Having constructed these p-adic analytic functions,

one for each class, we then define £,(E/K,G; k) as the twisted sum
Ly(E/K,G k)= G(U)L,(T, k).
, v

Note that this identity very much resembles the one which appears in Step 1
in the work of Hecke. Therefore, the “partial p-adic functions £,(¥,«)” are
the building blocks for £,(E/K,G; k) as the partial zeta-functions ¢, (A4, s)
are so for Lk (G, s).

In the section to follow we will prove one of the salient properties of
L,(E/K,G; k), namely an interpolation formula justifying the name “p-adic
L-function”. More precisely, we Wi‘ll see in Proposition 3.3.1 that, for each

k€ Z2>NU and up to an Euler-type factor at p,

L(E/K,G;k) Zg fk, (),

where f, is a newform of the same weight k but lower level M = N /p
from which the form fj arises as in Remark 2.4.5. ‘This, together with.an
important result of Popa [18], will yield a variant (cf. Proposition 3.3.2) of
the interpolation formula which is to be viewed as analogous to the limit
formula which appeared in Step 2 above concerning the “special values” of
the partial zeta-functions at the critical point s = 1. This finishes the proof

of Theorem A.
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The goal of Section 3.4 is to prove the following Factorisation Formula
L(E/K,G; k) = A%ng(bE, X1; Ky K/2)Lp(hE, Xgs Ky £/2). (1.15)

Once again note that this formula—akin to the factorisation of Lg(G,s)
appearing in Step 3 above—displays the analogy bgtween the work of Hecke
and ours.

And finally, the proof of Theorem B will be achieved in the fifth section
of Chapter 3. One of the main ingredients to which we will appeal therein
is a fundamental result of Bertolini and Darmon which for a given Dirich-
let character x of conductor ® and under certain conditions, to be spelled
out precisely in Theorem 3.5.1, asserts that the Mazur-Kitagawa p-adic L-
function restricted to the central critical line kK = 2s vanishes to order at

least two at the point k£ = 2, namely, that

d

Lo(bexi 6 n/2)| = =Ly, xim,k/2)| =0,

and that there exists a global point P, € (E(Q(+/0)) ® Q)X such that

d2

WL;D(E)E,X; K, K/2) = logg(Py),

-
where the symbol = denotes the equality up to aﬁ explicit non-zero fudge
factor. Thié equality plays in our proof of Theorem B the very role played
by Dirichlet class-number formula of Step 4 in the proof of Hecke’s result.

As we shall see the equality (1.14) will be a consequence of the steps thus
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described. We shall also see that the last part of Theorem B follows from

other parts of Theorem 3.5.1.

1.5 The Work of Bertolini and Darmon

In contrast with the present work where the prime p is assumed to split in K,
the earlier work of Bertolini and Darmon [2, 3] is largely concerned with the
case where p is inert in K. In this section we briefly recall the main result of
[3] in order to contrast it with the main results in this thesis.

So, in this section only we assume that the prime p is inert in K
(while we continue to assume that all the prime divisors of M —_-:.% are still
split in K') and also for the sake of simplicity we assume that K has narrow
class-number one. Retaining the other hypotheses as before, Bertolini and

Darmon prove in [3] the existence of a global point P € F(K) such that

d

4 G,

k=2

They also prove that the point P is of infinite order if and only if
L'(E/K,1) # 0.

As is seen, this result differs from our work in that it involves only the
first derivative whereas Formula (1.14) involves the second derivative. This

stems from the fact that if one assumes that p is inert in K (the situation
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explored by Bertolini and Darmon in [3]) then it turns out that exactly one
out of the two Mazur-Kitagawa functions appearing in Bertolini-Darmon’s
factorisation formula stated as Theorem 3.6 in [3]—which is very simila.r to
(1.15) in appearance—vanishes to order at least two at k = 2 and the other
L-function is indeed non-vanishing, whereas if p is supposed to split in K

(our case) then at the point k£ = 2 both of the Mazur-Kitagawa functions

- appearing in (1.15) vanish to order at least two. This discrepancy is reflected

in “looking at the first derivative” in the former case versus “looking at the
second derivative” in the latter case.
In spite of this essential difference, the present work builds on some

constructions, results and ideas borrowed from [3] as well as [2].
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Chapter 2
Foundations

In this chapter we survey the basic concepts and tools that we will need
afterwards. Since a comprehensive survey goes well beyond the scope of this
work, we only discuss those which are closely related to the content of this

thesis.

2.1 Genus Characters

Recall that an integer A is called a fundamental discriminant if it is the
discriminant of the maximal order O i of a quadratic field K. A fundaﬁental
discriminant is called a prime discriminant if it is divisible by only one prime
(e, A= -4, +8, —8, pwithpaprime=1 (mod 4), —p with p a prime
= —1 (mod 4)). It can be shown (cf. [22], p. 59) that every fundamental

discriminant is a product of prime discriminants. For a quadratic number
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field K with fundamental discriminant A, we will denote by X, the primitive

quadratic Dirichlet character modulo |A| satisfying

¢

(%) p an odd prime;

A—1

(-1)"T p=2, A odd;
0 p=2, A even;

sgn A p= -1,

where (—) is the Legendre symbol.
p

Suppose now that x,(—1) = +1 (i.e., that K is real), and let as
before the generator of Gal(K/Q) be denoted by the mapping o — o/. We
shall write Ck (respectively hg) for the ideal class-group (respectively the
class-number) of K.. Two nonzero fractional ideals a and b are said to be

equivalent in the narrow sense if there exists an'
a € K with Normg/g(a) >0

such that aa = b. The equivalence classes equipped with multiplication form
the narrow ideal class-group Cj, of K whose order, denoted by h}, is called
the narrow class-number of K. If K contains a unit of norm —1, this brings

nothing new; but if all the units have positive norm, then each ideal class is

INoté that for a general number field, the condition “c having a positive norm” has
to be replaced by the condition “a being totally positive”. In our setting, however, these

two conditions are equivalent.
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the union of two narrow ideal classes. In other words, one has

hx  if Og has a unit of negative norm;
2hg - otherwise.

Global class field theory canonically identifies C;g—~by means of the Artin

map (1.1)—with the Galois group over K of the maximal abelian extension
Hjz of K in which all prime ideals of K are unramified. The field H} is
called the narrow Hilbert class-field of K.

Definition 2.1.1. By a genus character of K we understand a quadratic

character
g : C;E — {1}
of the narrow ideal class-group C3 of K.

Remark 2.1.2. If a rational prime £ splits in K as {Ox = AN, then since
G s quadratic, it easily follows that G(A) = G(X'). This is true since AN

may represent the identity class in Cf.

By setting
G(aa) = G(A),
where oy €Gal(H}/K) is the’ Frobenius automorphism associated to the
prime ideal A, any such G may as well be viewed as a quadratic character of

Gal(H}/K) or equivalently as a quadratic character of Gal(KX/K) which is

unramified at all finite places of K. Any non-trivial genus character cuts out
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a biquadratic extension Kg = Q(y/91,/3) of Q fitting into the following

diagram:

Kg = Q(v/o1,V/02)
/K T~

=Q(vA) Q(V02)

\/

Q

where A = 0,0,. In fact the genus characters of K are in one-to-one corre-

spondence with the factorisations of A into a product of two relatively prime
fundamental discriminants 9; and 05, or what amounts to the same thing,
in one-to-one correspondence with the unordered pairs (x,, x,) of primitive
quadratic Dirichlet characters of coprime conductors satisfying x, x, = X (cf.
[22], Chap.II, §1.) Under such bijection, the t-rivial genus character Giyivial
corresponds to the factorisation A = 1- A (or equivalently, to the pair

(Xusivias Xx ))- The pair (x,, X,) is uniquely characterised by the relations

Gloa) =GN = x,(O) = xs(0), (2.1)

valid for any rational prime £ which splits in K as Ok = AX'. The analogous

identity at the infinite place is

g(C) = Xl(—]') = Xz(—1)7 (22)
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where ¢ is the image in Gal(H},/K) (by restriction) of the complex con-

- jugation. A genus character is called even (respectively odd) if G(¢) = 1

(respectively G(¢) = —1). Equivalently, G is even (respectively odd) if and
only if it cuts out a totally real (respectively totally imaginary) quadratic
extension of K. It therefore follows from (2.2) that if G is even (respectively
odd), then so are both characters x; and xo. We fix once ‘and for all a genus
character G, giving ourselves a unique pair (x,,X,) of Dirichlet characters

attached to it.

To the character G we now attach the following G-twisted Dedekind

zeta-function

Li(G,s) =) _G(a)(Norm(a)) ™, (2.3)
a
the summation being taken over all the non-zero ideals of Ox. We remark
that, due to the multiplicative nature of G, the function Lk (G, s) acquires
the following Euler product representation

Li(G,s) = [ (1 - G(p)Norm(p)~)"",

p

where p runs over all the non-zero prime ideals of Og. It is also useful to
introduce the partial zeta-function (x(A, s), associated to any (narrow) ideal

class A, by the formula

C (A, s) = Z(Norm(a))“s_

acA
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The significance (one among many!) of these partial zeta-functions stems

from the following identity

= ) G(A),(A;s).

AeC};

Finally we remark that, in light of the Euler product of Lk (G, s) above, one
may exploit the crucial identity (2.1) as the key to the proof of the following

result of Kronecker (cf. page 62 of [22].)

Theorem 2.1.3. (Kronecker) We have

Lk(G,8) = L(x,,8)L(xz, 9), (2:4)

where the two L-functions on the right are the Dirichlet L-functions associ-

ated to the characters x, and x, respectively. a

2.2 Complex L-Functions

In this section we recall the definitions and some basic properties of those

complex L-functions which are pertinent to the considerations of this thesis.

2.2.1 L-Functions over QQ

The (complex) Hasse- Weil L-function of the elliptic curve E of Section 1.3

is defined by the infinite Euler product

L(E,s) = [[(1 = ae(B)e~*) 7 T](1 — ae(B)e™* + €172%) Z ann

N #N
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where?
ag(E)Zag = E+1~E(Fe), if f/{lN

A deep conjecture forfnulated by Shimura, Taniyama and Weil and estab-
lished by Wiles and his school asserts that the L-series L(F, s) is the Mellin
transform of a newform of weight two on I'g(N). To explain what exactly
this means, we need to recall the deﬁnitioﬁ of the L-series of a modular form.

Thus, let

9(2) = Y an(9)q"

be a cusp form of weight k on I'o(N). The L-function L(g, s) of g begins life

as the Dirichlet series

21

Ua o)=Y amlan™ = 275 [~ titpe . (25)

where s is a complex variable. It is originally defined over the half-plane
Re(s) > % However, one knows (cf. [20], Chap. 3) that L(g,s) has an
analytic continuation to the whole cbmplex plane. L(g,s) enjoys an infinite
Euler product represeptation |

L(g,s) = [[(1 — alg)e)* T](1 — aelg)e= + £72-2)"

oN #N

?For the definition of a;(E) in the remanning case ¢|N, the reader is referred to [8],

page 7.
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if and only if ¢ is a normalized' eigenform for all the Hecke operators Tj
where ¢ /N. If g in addition is an eigenvector of the Fricke involution Wi,
then it also satisfies a symmetrical functional equation with respect to the
transformation “s — k — s”.

The Shimura-Taniyama-Weil conjecture simply (well, simply!) states

that
n=1 n=1

is a newform in S3(T'o(N)) whose Mellin transform defined as in (2.5) equals
the L-series of E. In other words, the two objects F and f, correspond® to

one another via the equality of their L-series
L(E,s) = L(fg,s).
Moreover, this L-series satisfies the functional equation
A(E,2 — s) =sign(E,Q)A(E, s), (2.6)
where
A(E,s) := N**(2m)*L(E, s).

The number sign(£, Q) = +1 appearing in the functional equation is known
to be eQual to the opposite of the eigenvalue w,, of the Fricke involution Whn

of (1.12) acting on f,.

3Not in a one-to-one fashion!
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More generally, to a form g € Si(I'o(N)) and a Dirichlet character x

of conductor prime to NV one may associate the y-twisted L-function

o<
L(g,x;8) == »_ x(n)an(g)n"*,
n=1
which enjoys the same properties as L(g, s) does, with of course the appropri-

ate modifications. For instance, the sign in the functional equation satisfied

‘by L(E,x; s) is equal to —w, x(—N).

2.2.2 L-Functions over K

Though defined over Q, the curve E may also be viewed as an elliptic curve
over K, and one may likewise define its L-function L(E/K ,8) over K by
defining the local Euler factors at each prime ideal A of Ok as follows.

For simplicity, we shall denote by |A| the norm of a non-zero prime

ideal A, and then we define the local Euler factor of L(E/K, s) at a prime A

of good reduction? to be
(1= axl A7+ A7) 7,

where ay = [A| + 1 — #E(Fy).

Remark 2.2.1. It is very important that the coefficient ay is associated to

the ideal A and not to its norm |A|. In other words, we would not get the

4The definition of ay is exactly the same is that of a, (albeit not given!) if £ has bad

reduction at A.
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right L-function if we had defined the local Euler factor of L(E/K,s) at X
using the relation “ajx) = |A| + 1 — #E(F)x)”. This would only give the
correct factor(s)—as will be discussed below—if A lies over some rational

prime £ which is split in K.

We now give a second description of the L-series of E over K, which
is more useful for practical purposes, as follows. We first recall the definition
of the twist £’ of E by the quadratic character x,. Choosing a Weierstrass
equation for E/Q of the form y* = p(z) with integer coefficients, the elliptic
curve E’ can be described by the Weierstrass equation

E : Ay? = p(z)).
The regular map

E' — E, (a,b) — (a, VAD),

shows that E' is in fact isomorphic to E over K = Q(v/A). The same is true
over the finite field F, if A is a square mod ¢. That is to say, the reduction
of E' at ¢ is isomorphic to that of F if £ is split in K, i.e., if x,(¢) =1. On

writing
1—ay(EY 4072 = (1 — apl™*)(1 — Bl ™) (2.7)
and

L= ae( B + 072 = (1 - ™) (1 - ft™), (2.8)
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(for primes of good reduction) and examining the relations
HEFp) =1+ —af - 8" and #EFp)=1+0—of -3,
valid for k£ = 1,2, 3, ..., one verifies that
o =xx(l)oe  and By = x,(£)Be (2.9)
It is now an easy matter to check, one prime at a tir.ne, that if £ /NA, then

H(l —ax AT+ ATE) = (1= a(E)C° + £7%) (1 — ag(B)° 4+ £7%),
Al

where the product on the left is taken over the prime ideals A of Ok which

divide £. For, if £0k = AN splits in K, then this is true since
IAl=N|=¢ and aF)=oau+ b=y + 0, = as(E).

And if /O = X'is inert in K, then |A| = ¢2 and by virtue of the relations

(2.7), (2.8) and (2.9) we are done again! So, we infer that®

L(E/K,s) = L(E, s)L(E', s). | (2.10)

Far more generally, to any pair consisting of an eigenform g € S(To(N))
and a genus character G one can attach a complex L-function L(g/K,G;s)
which, similar to the L-series L(E/K, s), admits the factorisation

L(Q/Kvg;s):L(g7X1;5)L(g)X2;S)’ (2'11)

50ne also needs to take care of the bad primes; something which is left to the interested

reader!
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where (x,,x,) are the quadratic Dirichlet characters associated to G. This
last equality, which may be verified likewise at the level of local Euler factors
and one prime at the time, will reduce to the relation (2.10) if g is the

newform f, attached to F and if G is the trivial genus character.

2.3 Modular Symbols

The aim of this section is to introduce modular symbols in general, to define a
special type of modular symbol associated to modular forms, and to address
the rule played by them in expressing the central critical values of L-series

of modular forms.

2.3.1 Generalities on Modular Symbols

We begin with the definition of a modular symbol.

Definition 2.3.1. Let Dy denote the group of degree zero divisors on the
rational projective line P;(Q). For an abelian group A, any element of
Homy(Dy, A) is called an A-valued modular symbol. In other words, a mod-
ular symbol m is an assignment which to any divisor of the form D =
(r) — (s) € Dy, where r,s € P1(Q), attaches an element m{r — s} of A,

and satisfies the relation

m{r — s} +m{s — t} = m{r — t},
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for all r,s,t € P1(Q). We denote by MS(A) the set of all such modular

symbols.
If A is endowed with a left action of a subgroup G of GL2(Q), then
one may let G act on MS(A) on the right by the rule
(m’fY) - ml’%

(m){r — s} =77 m{yr — s},

~ where G is acting on P;(Q) on the left by the usual M&bius transformations.

Thus, MS(A) has the structure of a right G-module.
It is readily seen from the definition that a modular symbol m is G-

invariant (i.e., Stabg(m) = G) if
v m{yr — ys} = m{r — s}, forall veG,
or equivalently,
ﬁ{vr — ys} =ym{r — s}, forall vye€G.

The set of all G-invariant modular symbols will be denoted by MS_(A).

2.3.2 Modular Symbols Attached to Modular Forms

Germane to the investigations of the present thesis are modular symbols

attached to modular forms. Let

9= an0)a” € S(To(N)) (2.12)

n=1
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be a normalized eigenform of even weight & > 2 on I'4(/V), and denote by K,
the field generated over Q by the Fourier coefficients a,(g). It can be proved
that K is a totally real number field (cf. [9], Chapter 6). |
Whenever necessitated by the context, we will regard the field K, as
a complez field (respectively as o p-adic field) by fizring once and for all an

embedding of Ky into C (respectively into C,.)

Let now F be a subfield of C or C,. For a given k > 2, let Py (F) be
the space of homogeneous polynomials of degree k — 2 in two variables with

coefficients in F'. The rule

' a b
(PIV)(X,Y) := P{aX +bY,cX +dY), for v=|. ,  (2.13)

¢ d

endows P (F) with a right linear (i.e., (P, + B)|y = Pi|y + Pa|y) action of

GLy(F).
We also denote by Vi (F) the F-linear dual to Px(F). The rule
(v- @)(P) := @(Ply), (2.14)

where @ € Vi (F),y € GL(F) and P € Py(F), also shows that V(F)

inherits a left linear action by the same group.

The motivation to bring up these spaces is the following well known
construction of Eichler and Shimura which to the form g associates a V(C)-

valued modular symbol Tg by assigning to (r,s) € Py(Q) the functional
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I,{r — s} which takes any homogeneous polynomial P(X,Y) in C[X,Y]

of degree k — 2 to the complex number

1,{r — s}(P) := 2mi / g(2)P(2,1)dz, (2.15)

where the integral is taken along the geodesic in the upper half-plane joining

- 7 to s. One notices that since g is assumed to be a.cusp form, the integral

used to define Tg is convergent. The invariance property of the holomorphic
differential 27rig(z)(dz)% under the group [o(N) also implies, after a simple
change of variables, that the modular symbol Tg enjoys an invariance property
under the action of the same group. That is to say, for any v € I'o(IV), we

have
Ly 'r — 47 s}(Ply) = L{r — s}(P).

In other words, Tg belongs to MS,._ . (Vi(C)).

Ta (V)
One decomposes this latter space as a direct sum of two eigen-subspaces

of the linear involution
MSFO(N)(Vk((C)) - MSFO(N)(Vk(C)>7 meE—m Ly

induced by the matrix
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This is made possible by exploiting the fact that ¢ normalizes the group
[o(N), ie. 17 To(N)e = To(N), and that (2 = 1,. This gives rise to the de-

composition of MS V(C)) as the direct sum of the two eigen-subspabes

1"0(1‘1)(
corresponding respectively to the two eigenvalues +1 and —1. With respect
to this decomposition, we shall write respectively m* and m~ for the plus

and minus eigen-components of any I'g(N)-invariant modular symbol m with

values in V(C). This being done, we have the following theorem of Shimura

(cf. [21]).

Theorem 2.3.2. (Shimura) There exist compler periods QF and Q; with

the property that the modular symbols

1 =~ - 1 ~ . _
I = ﬁI(Ig)+ and I := E(Ig)
g g
belong to MS, ., (Vi(Oy)), where Oy is the ring of integers of the number

field Ky. These periods can be chosen so as to satisfy
Q50 = (9,9).

Here (, ) is the Petersson inner product defined on Sp(To(N)) by the rule

. 1 Rysyony kdmdy
(91,92) TR : To(N)] /I“o‘(N)\’Hgl( J9:(2)y T

where I'(1) = SLy(Z). O

We recall the fixed genus character. G and the corresponding pair of
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Dirichlet characters (,, x,) of Section 2.1, and set

(QF,TF) if G(c) = +1;

(Q,1,) =
(Q7,1;) if G(c) = —1.

2.3.3 Modular Symbols and Special Values of L-Functions

For the duration of this section, let x be a primitive Dirichlet character of
conductor 9. We wish to study, by means of the modular symbol I, the
central critical values L(g,x;7) (1 < j < k — 1) of the Hecke L-function

L(g, x, s) associated to the form g. So, for any integer a, set

Ija = L{co = S}(P(X,Y)),

where P,(X,Y) is the degree k — 2 homogebneous polynomial
J

P(X,Y) = (X . %Y) T ykei-1,

and where the even integer £ > 2 is as before the weight of the form ¢g. By

1 o
0 1) , one readily

verifies that I,[j,a] is d-periodic, i.e., its value, as a function of a, depends

exploiting the invariance property of I, under the matrix <

only on the ciass of a modulo 0.

Before stating the relationship between the critical values of L(g, x; s)
and I, let us recall the deﬁnifnion of the Gauss sum 7(x) attached to x.
it should be pointed out that for the following definition x need not be

primitive; we stick to this assumption, though, because it is needed in the
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proposition below. The Gauss sum associated to y is by definition the quan-

tity

and it satisfies the well known relation
IO = x(=D7(x)7(%) = .

For a proof of the following proposition, known as the Birch-Manin formula,

the reader is referred to [17], Chap. I, §8.

Proposition 2.3.3. The assumptions being as before, the quantity

L*(9,x:7) := %L(g,x;j) (2.16)

or 1 < j < k—1) s related to modular symbol 1, via the formula
9

Foxd)= Y x@Lld (2.17)

a mod 0

If we further assume that x(—1) = (=1)71G(c), then
L*(g,x;7) € K. O
The chosen embedding of K, into C, will allow us, in light of the second

part of the proposition, to view L*(g,x;j), a priori a complex number and

often referred to as the algebraic part of L(g,x;7), as an element of C,.
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2.4 Hida Families

We begin by recalling some standard facts concerning the ring of Iwasawa
functions.

It is a known fact that the group of p-adic units Z,; decomposes canon-
ically as the product of the group of principal units 1 + pZ, and the group

p,_y of (p — 1)st roots of unity®:

ZX = (1+ply) X pyy (2.18)

t = <t>w(t)7

where (-) denotes the projection to principal units and where the projection
to roots of unity is given by the Teichmiiller character w(-). For all t € Z),

one knows that the relations

) = lim t* 7", w(t)=t (mod p)

n—od

hold. Now let

A = Z,[[Z;]) = Um Z((Z/p"Z)*], A = Z,[[(1+ pZy)¥])

denote the usual Jwasawa algebras, i.e., the completed group rings of Z) and

(1 + pZy)* respectively. For each element t € ZX, let [t] € Zy[[Z)]] denote

8Here we need to assume that p > 3. When p = 2, the corresponding decomposition of

Z3 as in (2.18) is slightly different.
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the corresponding element of Z,[[Z)]]. For each continuous character

. X ‘ X
/@.Zp —>Zp

we denote by the same symbol the unique continuous ring homomorphism
%: A — Z, sending [t] to x(t) for all ¢t € Zy. This induces the identification

Z

X = Homct(A,Zp) = Homct(Z;(?Z;;) = (p — I)Z

X ZLp, (2.19)

and makes it possible to regard the elements of A as functions on the weight

* space X. We shall alternatively write A(x) for £()\), where A € A and x € X.

One embeds Z into the space X by the rule
k — xg, xi(t) = t"? fort e ZX.

Reserving the letter « for a generic element of X and following an abuse of
notation, we shall write & in place of its image under the above embedding.
It is noted that under such embedding; the element 2 corresponds to the
augmentation map on A and A. It is also noted that X with its natural
topology contains Z2? as a dense subset. Hence, U N Z2? is dense in U, for
any open subset U of X. For any such open subset U of X, we let A(U) be
the space of p-adic analytic functions defined on U, and remark that A(U)

is a Z,-algebra.
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Definition 2.4.1. Let M be a positive integer prime to p. A p-adic family
of modular forms of level M is a formal power series

> Fulm)g € AU)(a)),

n>0
where each Fn(k) € A(U) is a p-adic analytic function on U, with the
property that for all sufficiently large even integers k € U, its weight-k-

specialisation

> Falk)q

‘obtained by packaging the values at k of all the functions F, into a single

power series in g = e*™* is the Fourier expansion of a classical modular form

.of weight k and level N = pM.

For example, let us recall the definition of the Eisenstein series”

Gi(z) := +Zak 1(n)q" € My(I(1))

n>1

of even weight k > 4 and then remark that the modified Eisenstein series

Gi(2) = Gu(z) — P Galpe) = L= )+ 301,

n>1

of level p and weight k (chosen from now on for technical reasons to be
congruent to 0 (mod p — 1)) are known to live in a family (cf. [5] or [19]).

This means firstly that, given any n > 1, the assignment
Fr i k— 0n_q(n) = Zd"““l

dln
ptd

"Here ((s) (for s € C) is the Riemann zeta-function.
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is a well-defined Zy-valued analytic function on Z,, and secondly that, the

assignment

k=0 (modp—1)+— <1_pk_12)C(1_k)

¢(1—k)

also extends® to an analytic function on Z, (except for a simple

pole at k = 0), where ¢*(s) (for s € Z,) is the celebrated Kubota-Leopoldt

p-adic zeta-function. Hence, the formal power series

1t Z g{#_——%q e AU)lg)

is a level one p-adic family of modular forms whose weight-k-specialisation

gives the g-expansion of the classical eigenform

* k—1 2 . * n
Bi(2) = Bule) =P Bulp) = 1+ 7o g;lok_lm)q

of level p.

Remark 2.4.2. It is fairly easy to show that any modular form of level N
lives in a p-adic family of level M. One can simply multiply the form in

question by the family of Eisenstein series thus constructed.

In contrast to this remark, a much more challenging question is, given
an eigenform f(z) of level N and some weight k > 2, does there exist a p-adic

family of eigenforms of level M whose weight-k-specialisation is f(z)?

8This latter fact is actually a consequence of the former due to a very general result of

Serre in [19] concerning the Fourier coeflicients of p-adic modular forms.
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We should point out that the trick used in the preceding remark (i.e.,
multiplying a eigenform by the family of Eisenstein Series as above) will not
produce a family of eigenforms, for the product of two eigenforms is not
qecessarily an eigenform. Nevertheless, the question stated above has been
affirmatively answered by Hida [13] in the ordinary (i.e., zero slop) case and
by Coleman [6] in the general (i.e., finite slop) case. In‘ below we will be
content to state Hida’s work, since this thesis is only concerned with the
ordinary case, namely, with the case where the p-adic valuation of the p-th

Fourier coefficient of the form in question is zero.

Theorem 2.4.3. (Hida) Fvery ordinary cuspidal eigenform f(z) of weight

k > 2 and level N lives in a p-adic family of eigenforms of level M. O

Recall that the elliptic curve E has been assumed to have multiplica-
tive reduction at p. This implies that the p-th Fourier coefficient a, of f, is
+1, and hence a p-adic unit. Therefore, it follows from Hida’s theorem that

one can attach to f, a formal power series

he = anq" = Z Fu(k)q" ‘(2.2‘0)
n=1 n==1

with the coefficients J,, = F,(x) in the algebra A(U), where U'is an appro-
priate open neighbourhood of 2 € X'. The formal ¢g-expansion hg gives rise
to a family of cuspidal eigenforms and it also interpolate the newform f, at

k = 2. More precisely, we have the following.
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1. For any integer £ > 2 in U, the ¢g-expansion -
o= S Falk)d",  q= e, (2.21)
n=1

is a classical normalized cuspidal eigenform of weight k on I'g(V).

2. fo=f,.

Remark 2.4.4. In Hida’s theorem, we may, and do for simplicity, dassume
that U is contained in the residue disc of 2 modulo p — 1. This is made
possible by the observation that since the weight spacé X is identified with
the direct product of Z/(p — 1)Z (equipped with the discrete topology) and
Zy (equipped with the p-adic topology), it could be viewed as a disjoint union

of p — 1 copies of Zpl.

Remark 2.4.5. As in the case of the family of Eisenstein series discussed

earlier, if £ > 2, then the form
fo=3ank)",  (an(k) = Falk))
n=1 ’

(while being new at all the prime divisors of M = N/p), is old at the prime

p in the sense that it arises from a normalised newform
fo= S aub)e
n==1
of weight k on I'o(M). More precisely, one has
Fol2) = fil2) — Bu(k) fu(p2),

where (,(k) is the non-unit Frobenius root appearing in the factorisation of

the Euler factor at p of the L-series of fk as

1= ay(k)p™ + 717 = (1 — oy (k)p™*) (1 = Bp(k)p™).
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It is possible to order the Frobenius unit and non-unit eigenvalues

ap(k) and B,(k) in such a way that

ap(k) = ap(k),  Bp(k) = p"lay(k) 7",

where a,(k) is the p-th Fourier coefficient of the form f. With this conven-
tions, one can also verify that if p Jn, then é,(k) = an(fi). Therefore, the

relationship between the L-series of fi, and fk, twisted both by x, is

L(fexs) = (1-x@apk)'p*717) Lifexis)  (222)

= (1= x()B(k)p*)L(fr, X 5).

It follows from the preceding discussion that the number field K,

generated by the Fourier coefficients of f} is contained in that of fr; it could

therefore, via the same embeddings, be viewed as a subfield of both C and
G,.

To the form fr are associated fhe Shimura periods Qi (as in Propo-
sition 2.3.2) as well as the modular symbol I;,. One may also use the same
periods Q,f to define the modular symbol I.fk attached to the form fk. In

order to relax the notation, we shall write

O =07, =08, W=0,=09, L=, L:=I.

One uses these periods to define likewise as in (2.16) the algebraic

parts of the special values of L(fi, x;s) and L(fs, x;s). For 1 < j < k —1,
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one then verifies thét
L*(fi, % 4) = (1 = x(p)ap (k)" p" 7 9) L* (fi, x; 9)- (2.23)

To define the algebraic part of the special values of the G-twisted L-
function L(fx/K,G;s) of the form fi over the real quadratic field K, let us

first recall from Subsection 2.2.2 the relation

LUK, Gi8) = Dlfurxe: ) LU xai ) (2.24)

For any 1 < j < k — 1, the algebraic part of L(fy/K, ;) is now defined as

the quantity

VAG=DE

L*(fx/K,G;j) = (Zami)o202 (fu/K,G: 7). | (2.25)

The algebraic part of L(fi/K,G;j) is also defined similarly.

2.5 Measure-Valued Modular Symbols

For a conipact totally disconnected topological space Y we let Cont(Y) de-
note the module of Z,-valued continuous functions on Y and Step(Y") denote
the submodule of locally constant functions. We equip Cont(Y") with the
topology induced by the sup-norm and note that Step(Y') is a dense sub-

module. We define the module of Z,-valued measures on Y to be

Meas(Y') := Homg, (Step(Y'), Zj).
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Every measure u € Meas(Y') is easily seen to have a unique extension to a

continuous homomorphism y : Cont(Y’) — Z,. Hence
Meas(Y') = Cont.Homg,(Cont(Y), Zy).

We endow Meas(Y') with the weak topology dual to Cont(Y). If u € Meas(Y'),

F € Cont(Y) and X C Y is a compact-open set, we will habitually write

/ Fdu (respectively pu(X)) for pu(F) (respectively for p(1x)), where 1x is
Y

the indicator (i.e., chafacteristic) function of X.
Let now®
L=72=7,87, (2.26)

denote the standard Zj-lattice in Q2. For any Z,-lattice L'in Q2, we write
L’ for the set of primitive vectors in L, that is, the set of those vectors v € L

which are not divisible by p in L:
L':=L\pL={velL : v¢gpL} (2.2;7)
Note, for example, that
L, =(Z, % Zy)U(Zy x pLy), (2.28)

which is a simple consequence of the fact that Z, = ZX U pZ,.*°

9The author apologizes for overusing the letter L for too many different purposes:

various L-functions, Zp-sublattices of Q32,...!
10The symbol Li stands for the disjoint union.
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We equip the space of continuous C,-valued functions on L, with the

right action of GL3(Z,) defined by the rule
(Fly)(z,y) := F(az + by, cz + dy), fory= ,

and denote its continuous dual by D, i.e.,
D, := Meas(L.,).

The action of the group ZX on L, given by t(z,y) := (tz,ty) gives rise to a

natural A-module structure on D, by setting

J

forallt € Z;. If X is any compact-open subset of L, we adopt the common

/qu :=/ 1x Fdy.
X L,

Note that the group GL3(Z,) also acts on D, on the left by translation, so

Fa)d([)-wle.9) = [ Flte, t)d(z,),

/
*

notation

that

[ Faern) - / (Pl

Denote by I'g(pZ,) the group of matrices in GL2(Z,) which are upper
triangular modulo p. The space D, is endowed, for all k € Z22, with a

I'o(pZ,)-equivariant homomorphism

pi: D — Vi(Cp), e pilp)
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defined by the rule

pei)(P)i= [ Pleyduta.y).

One easily notes that any mapping p : A — B between abelian groupsr

induces a mapping on modular symbols

MSE(A) — MSE(B), m = p(m),
by the rule

p(m){r — s} := p(m{r — s}).

In particular, the homomorphisms pg, for all k > 2, lift to homomorphisms
on modular symbols. It can also be verified that such lift will send I'o(M)-
invariant D.-valued modular symbols to I'g (N )-invariant Vi (C,)-valued mod-

ular symbols (cf. [12]). That is to say, each pj gives rise to a mapping
Pk - MSI"O(M) (D,) — MSI‘O(N) (Vi(Cp)),
which is, just for simplicity, denoted by the same letter.

We denote by AT D A the ring of power series with coefficients in C,

which converge in some neighbourhood of 2 € X, and set
D! =D, ®4 Af.
It

=M A, with A € AT p; € D,
: 7 J
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is any element of DI, then there exists a neighbourhood U, of 2 € X on
which all the coefficients A; converge. Call such a region U, a neighbourhood

of regularity for p.

Given k € U, a continuous function F(z,y) on L is said to be ho-
mogeneous of degree k — 2 if F(tz,ty) = t"2F(z,y), for all t € Z}. For any
k € Uy, and any homogeneous function F(z,y) of degree x — 2, the function

F' can be integrated against p by the rule

X X

X

for any compact-open X C L.

The space MS D.) is equipped with a natural action of the Hecke

ro(M)(

operator. Up, given by the formula

| Pl — s} —Z / (Flove Ysfr — 05},

where , = (1 a) foreach0<a<p-—1.
: 0p
Let MS?“?M)( «) denote the ordinary subspace of MS,, (D), and
set
MS?“}M)( BIE MS?T(?M)(D ) @A AT C MS,. (M)(D )-

Given u € ./\/15Olrd (D,)f, the measure pu{r — s}, for r,s € P;(Q), may

o(M)

be viewed as an element of DI, and a common neighbourhood of regularity
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U, for all the measures pu{r — s} can be chosen. This makes it possible to
define py () for all k € U, NZ=2. All this being said, we record the following
important result of Greenberg and Stevens [11], [12].

Theorem 2.5.1. (Greenberg-Stevens) There exists a neighbourhood U of

2 € X and a measure-valued modular symbol p, € MS®S (D) which is

Top(M)

regular on U, and satisfies the following two conditions:

1. For each k € UNZ>%, there exists a scalar A(k) € C, such that

P (i) = Ak) 1. (2.29)

In other words, for any r,s € P1(Q) and any homogeneous polynomial

P(X,Y) € Pr(Q) of degree k — 2, we have
| Pt = s =M@t s} (P D). (230)

2. M2) = 1. | O

Remark 2.5.2. According to Proposition 1.7 of [2] the neighbourhood U in

the statement of theorem above may be chosen so as to satisfy
Mk)#0, forallkeUnZ32

We assume, from now on, that this has been done. We should, however,
remark that the assignment k + A(k) need not a priori extend to a contin-
uous, let alon analytic, function on the space X (cf. [2], Remark 1.6). An

understanding of this issue is not germane to the proofs of the theorems in

this thesis.
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It will be important to know what happens if we integrate a homo-
geneous polynomial of degree k — 2 against the measure . over the larger
domain L, = (Z, X Z))U (ZY x pZy). Such identity is furnished by the next
proposition whose proof is explained in [3].

Proposition 2.5.3. For any r,s € P1(Q) and for any homogeneous polyno-
mial P(X,Y) € Px(Q) of degree k — 2, we have

| P@mdnntr = s) = AL apll) )

x I {r — s} (P(z,1)), (2.31)

where I is the modular symbol associated to the form fk defined in the pre-

vious section. v 0
Let D denote the A-module of compactly supported measures on
W=\ {(0,0)} ={veqQ : v#(0,0)},

and put Df := D®, Af. The space D, is contained in D by viewing elements
of D, as measures on W with compact support in L. In Proposition 1.8 of
[2] (see also [4]), a family {u, } of Df-valued modular symbols indexed by the

Ziy-lattices L in Qf, is attached to u. by exploiting the action of the group

b
Z =qy= € GLo(Z[1/p]) : M|ec, det(y)>0,. (2.32)
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Proposition 2.5.4. There ezists a unique collection {u,} of Dt-valued mod-

ular symbols, indezed by the Zy-lattices L C Qg, with the following properties.

1. Forally € 7, all compact-open X C W and all homogeneous functions

F, we have
| Fr 0 tor sy = [ Faudr sy @39)
i

2. Wy = fhye \ ]

2.6 p-adic L-Functions

In this section we recall very briefly the definitions and some basic properties

of various p-adic L-functions which play a role in this thesis.

2.6.1 The Mazur-Swinnerton-Dyer p-adic L-Function

Our goal is to associate to any ordinary!' normalised eigenform g of weight
k =2 and level N a p-adic L-function. We begin with a definition.
Definition 2.6.1. Given any v € Meas(Z)), the one-variable p-adic L-

function L,(v,s) attached to v is a Zy-valued functz’on defined on Z, by the

rule

Ly(v,s) = /Z () Ldu (L),

X
D

1TAs before, “ordinary” simply means that the p-th Fourier coefficient a,(g) of g is a

p-adic unit.
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The next order of business will be to attach to g an appropriate mea-
sure v, which in return gives us the function L,(g,s) sought for. The con-
struction of such measure will not be given in full generality, but rather in

the case where g has rational integer Fourier coefficients.

The first observation to make is that, since g is assumed to be ordinary,
exa_ctly one of the two Frobenius roots in the factorisation of the local Euler
factor of L(g, s) at p is a p-adic unit (See also Remark 2.4.5.) In other words,
if |

1—ay(g)p™° + 9% = (1 - ap(9)p™°)(1 = Bo(9)p™*),

then, we may without loss of generality assume that

ap(g9) €Z, and By(g9) €Z,.

This is true since

ap(g) + ﬂp(g) = ap(g) € Z;; and O‘p(g)ﬁp(g) =peE pr-

Now for each b € Z prime to p and for each n > 0, we set

(b 92y) = T fise = TH(1),

P
where 1 is viewed as the constant '(homogeneous) polynomial 1 of degree
2—2 = 0 in two variables. For one thing, after a straightforward calculation it

follows from the fact that g is an eigenform for the Atkin-Lehner operator U,
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with the eigenvalue a,(g) that v, is a distribution (i.e., an additive function)
on the compact-open subsets of Z;. For another thing, due to the condition
placed on a,(g) and on account of Theorem 2.3.2, it follows that v, takes on
values in Z,. Therefore, v, is a measure on Z,. With this measure in hand
we now give the following definition.

Definition 2.6.2. The p-adic L-function associated to the fOTm‘g is defined

to be the p-adic function attached to the measure vy thus constructed. In

other words, we set

Ly(g,5) = Ly(vy,s) = / (t)* Ly (t).

Z;

More generally, the article [17] (see also [12]), based on ideas of [16],
explains how a one variable p-adic L-function L,(g,x;s) can be attached
to any pair consisting of an ordinary normalised eigenform g € Si(N,¢) of
weight k& > 2 on I'y(N) (with some Nebentypus character € and with no
restriction on the field K,) and a Dirichlet character x of conductor prime to
N, viewed as a character with values in CJ. If x is the trivial character, we
stick to the simpler notation L,(g,s). In particular, since the p-th Fourier
coefficient a, of the newform f, of Section 1.3 is +1, hence a p-adic unit, f,
possesses a p-adic L-function Ly(f,,s) attached to it. We recall L(E,s) =

L(f,,s) and likewise set

Lp(E,s) = Lp(fs, 5)-
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Similar to the L-function L(F, s), the p-adic L-function L,(E, s) also satisfies
a functional equation (of the type (2.6)) with respect to the substitution

s — 2 — s. More precisely, if we let
Ap(E, ) = (M) Ly(E, 5),
then
A(E 2 - 5) = —w, Ap(E, s), (2.34)

where, as before, wy (for d|N and (d, N/d) = 1) is the eigenvalue of the Fricke
involution W, of (1.12) acting on f,. The relationship between w, and w,,

is given by a result of Atkin and Lehner as

Wy = —ApW,,. (2.35)
This relation is indeed equivalent to the equality w, = —a, (cf. [12]). It
follows from this relation together with the interpolation property of L,(E, s)
that if F in particular has split multiplicative reduction at p, that is to say,
if a, = 1, then L,(F, s) trivially vanishes to order at least one at the central

critical point s = 1. This property of L,(E,s) is called (after [17]) the

exceptional zero phenomenon.

2.6.2 The Mazur-Kitagawa p-adic L-Function

The family of Mazur-Swinnerton-Dyer p-adic L-functions L,(fk, s) associ-

ated to the weight-k-specialisations of g can be packaged into a single two-
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variable p-adic L-function. Mazur and Kitagawa were the first to construct
these two-variable p-adic L-functions attached to any ordinary A-adic cusp
form (cf, §3 of [12]). This C,-valued function L,(hg; &, s) is p-adic analytic
on U x Zp, and for each even integer & > 2 in U, interpolates the p-adic

L-function L,(fi,s) in the sense that

L,(%e; k,s) = Mk)Ly(fr,s), (s €Zp) (2.36)
where (k) is as in the equation (2.29).

More generally, one can attach to hg and a quadratic Dirichlet charac-
ter x a p-adic analytic function which likewise interpolates the twisted p-adic
L-functions L,(fx, x; s) as follows.

Let x : (£)* — {&1} be a primitive (quadratic) Dirichlet character

of conductor 9, and as before, let 7() denote the Gauss sum attached to it.

Definition 2.6.3. The Mazur-Kitagawa two-variable p-adic L-function as-
sociated to hg and x is a function of (k,s) € U x Z, defined by the rule
0
Ly(be, X K, 8) 1= ZX(GP) /XXZX (x - ]ﬁy) a yk"s;ldu*{oo — %EL-}
a=1
As alluded to in the first paragraph of this subsection, the function
L,(hE, x; %, s) interpolates the family {L,(fx,x;s) : k € Z=>NU}. For our

later applications, however, it is more convenient to state the interpolation

property of Ly(hg, x; &, s) with respect to the special values of the classical
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L-functions L(fy, x;s). For a proof of the following theorem, the reader is
referred to [2].

Theorem 2.6.4. Suppose that 0 is not divisible by p. Choose any k € UNZ=?
and suppose that 1 < j < k — 1 satisfies x(—1) = (—=1)77G(c). Then, the
equality

Ly(he, X, k, ) = ME)(1 = x(P)ap(k) "0~ )L (frr X, 7) (2.37)
holds. o

Remark 2.6.5. In light of the relation (2.23), Theorem 2.6.4 can also be

rewritten in terms of the special values of the L-series of fk as
Lp(bE,Xa kj) = Ak)(1 - x(p)ap(k)‘lpj‘l) x
X (1= x(0)ap(R) P )L frox, 9):
Note in particglar that, after specialising to j = k/2, one obtains
Lol . k/2) = M8 (1= x(P)ap(k) P57 ) L (foxok/2). - (239)

That the Euler factor appearing in this formula is a perfect square will play

a significant role in later applications.

2.7 Optimal Embeddings of K

Given any quadratic number field K, and any elliptic curve E defined over Q
of conductor NV, one says that the pair (£, K') satisfies the Heegner hypothesis

if all the prime divisors of N are split in K. We recall that the real quadratic
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field K and the elliptic curve E of Chapter 1 satisfy this condition. Notice
that this assumption implies that ged(N,A) = 1 and that the discriminant
A is a square modulo 4N. Another consequence implied by our running

assumption is the equality
sign(E,K) =1, (2.39)

where sign(E, K') denotes the sign in the functional equation satisfied by the
L-function L(E/K,s) of E over K (See [8] or [1] for an explanation of this
relation.) In particular, the Birch and Swinnerton-Dyer conjecture predicts

that the group E(K) has even rank.

Definition 2.7.1. A Q-algebra embedding

U: K — My(Q)

of K into the (indefinite everywhere split quaternion) algebra Mo(Q) is called
an optimal embedding of K (or sometimes an optimal embedding of
Ok ) of level N if \

U(K) N Mo(N) = ¥(Ox),

Mo(N) = (a Z>6M2<Z) ; Nlc}.

That such embeddings exist is a consequence of the Heegner hypoth-

where

esis. In fact, one has the following lemma whose proof may be found for

example in [1],bp. 185.
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Lemma 2.7.2. Suppose that no prime divisor of N is ramified in K. Then

the following are equivalent.

1. The Heegner hypothesis holds for the pair (E, K).
2. Optimal embeddings of K of level N exist.

3. There ezists a cyclic ideal of Ok of norm N, i.e., an ideal N of Ok
such that the quotient ring Ok /N is isomorphic to Z/NZ. ]

We remark that the group Mo(N)*, and hence its subgroup
To(N) = Mo(N)} := {y € Mp(N) : dety =1},

acts on the set of optimal embeddings by conjugation. That is to say, if ¥ is

an optimal embedding, then so is the conjugate embedding
V' =yUy K — Mp(Q), awy¥(a)y (2.40)

for all v € Mgo(N)*. The set of equivalence classes of this action is in

bijection with the ideal class-group of K, where the bijection goes as follows.

One attaches to an ideal class A € Ck of K an optimal embedding ¥ 4
by choosing a representative (i.e., a fractional ideal) a in A of norm prime to

N, a Z-basis {e1, ez} for a such that e; belongs to a N A, and then defining
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U4 as!?

a b ae; = aey + ces;
Uy(a) = , where

c d aey = bep + des.

The resulting embedding is independent of the choice of a and its chosen

basis {e;, €2} up to conjugation by My(N)*, so that the assignment
A— ‘IIA

sets up a bijection between ideal class-group of K and optimal embeddings

of Ok into My(N) up to conjugation by Mg(N)*.

If a represents A € Cf as a narrow ideal class, one may also insist that

the basis of a be oriented, i.e., that!3

€1 611
det > 0.
ey €

Then ¥4 becomes well defined up to conjugation by ['o(/N), and the assign-
ment sets ulp a bijection between the narrow ideal class-group of K and the set
of equivalent classes of the oriented optimal embeddings of O into Mg(N).

In summary, we have the following lemma whose proof may be found either

in [1], page 186 or [7], Proposition. 1.4.

12Note that this definition generalises the assignﬁ)ent A — 74 given in (1.2).
13We recall that for o € K, its Galois conjugate (over Q) is denoted by o'
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Lemma 2.7.3. As before, let hy (respectively hi;) denote the class-number
(respectively narrow class-number) of K. Then there are ezactly hx (respec-
tively hi;) distinct optimal embeddings of K of level N, up to conjugation by
Mo (N)* (respectively by I'o(N)). O

Thanks to the identifications discussed preceding this lemma, the set
of oriented optimal embeddings of Ok into Mg(N), taken up to conjugation
by Mo (N)* (respectively by T'o(NN)) becomes a principal homogeneous space
for the action of Cg (respectively of C}). Note also that the same set could
also be viéwed, through the Artin reciprocity map (1.1), as a principal homo-
geneous space for the action of the Galois group Gal(H};/K). These actions

will be denoted respectively by'*

(p) ‘Ij) — UP and (UPa \IJ) - \I/Up7

and both notations will be used interchangeably.

Remark 2.7.4. If hf; = 1; then it follows from global class field theory that
there exists a p-unit element in K, i.e., an element u, € Og whose norm
Normpg g(up) = p. In such circumstance, one easily shows that the image of
up in M2(Q) under any optimal embedding is of determinant p. We remark
that in thevgeneral case, the rule of this p-unit in the computations of the

next chapter is to be played by a prime ideal p of K lying over p. In fact,

1414 is really the class [¥] represented by ¥ on which the (narrow) ideal class [p] repre-

sented by p acts, etc.
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one can again show that the the image of p is a matrix of determinant p of

the typ.e

P *
01

(2.41)

This remark makes it possible, following an abuse of notation, to write det p =
p. For an explicit description of such matrix representation of p, see [18], page

859, the relation (6.1.11).

Definition 2.7.5. Let ¥ be an optimal embedding of K of level N. Attached

to W is the binary quadratic form
Qu(X,Y) =cX*+ (d—a)XY —bY?, (2.42)

a b .
where = U(vA). Since A > 0, the equation Qy(z,1) = 0 has -
c d

two real roots T and 7. In fact, these are the fized points of the action of

U(K*) on P1(Q) by Mébius transformations. We now set

e = , e = , L\Il = Zpe Ie>) Zpe’. (243)
1 1

Remark 2.7.6. It will be important for later applications to know the varia-
tions under conjugation of the quadratic forms Qg (X,Y’) and the Z,-lattices
Ly associated to optimal embeddings. Such relationships are readily verified

to be given by

Qruy-1(X,Y) = (dety) - (Qulv ) (X,Y), Ly =Ly,  (2.44)
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We should also notice that the Z,-lattice Ly associated to VU is preserved by

‘the action of ¥(K). One may order the two eigenvectors e and €’ of this

action in such a way that for any o € K,

U(a)-e = ae.

We end this section with another lemma whose statement will be of
some use afterwards. Before doing so, however, one more definition is re-

quired.

Definition 2.7.7. Let L be a Z,-lattice in QZ. The generalised index of L,
denoted by |L|, is defined as p° V) where ~ is any element of GL2(Q,)
satisfying y(Z2) = L.

One easily verifies that the generalised index of any lattice L is inde-

pendent of the choice of . It also enjoys the following property
I,YL’ — pordpdet’y]L],’

valid for any lattice L and any matric v € GL2(@,). One may also expect
that the generalised index of the lattice Ly is related to the quadratic form
Q,. Indeed, such relation exists and is descried precisely in the last lemma

of this section whose proof may be found in [2], §3.

Lemma 2.7.8. The function ord,Q, is constant on Zye X Ze'. More pre-

cisely, for any (z,y) € Zye x L)€', the identity

ord,Qu(z,y) - ord,|Ly| (2.45)



66 : Foundations

holds. ) O

This brings us to the end of necessary backgrounds, so that we are
now ready to launch the final chapter the goal of which is to prove Theorems

A and B.



Chapter 3

p-adic Deformation of Shintani

Cycles

This chapter includes five sections Cﬁlminating in the proof of our main
results. In thé ﬁrst section we introduce the lattice functions ¢; and ¢ and
then establish the main identity satisfied by them. The main object of this
thesis, namely the p-adic analytic function L,(E/K,G; k), will be introduced
in the second section. In the section to follow we will finish the proof of
Theorem A by prbving one of the salient properties of £,(E/K,G; k). That
is to say, we will prove an interpolation formula justifying the name “p-adic
L-function”. The objective of the next section, namely Section 3.4, will be
the proof of the Factorization Formula already mentioned in Section 1.4. And
finally, the proof of Theorem B will be demonstrated in the final section of

the present chapter.
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3.1 Lattice Functions

As already explained several times, the main goai of this thesis is to show
the existence of a p-adic analytic function which interpolates a certain G-
twisted sum of Shintani cycles and whose second derivative, evaluated at
k = 2, is intimately related to global points on the elliptic curve E. By way
of providing a context for the construction of such function, and inspired by
the lattice functions in §2 and §3 of [2], we introduce thé following modular

symbols.

Definition 3.1.1. (1) Let (L1, Ly) be a pair of Z,-lattices of Qg where Ly 18
a sublattice of Ly with index p. Forr,s € P1(Q), the Vi(C,)-valued modular

symbol ¢k (Lq, Lq) is defined by the integral formula

oLl —=sHP) = [ Pau,r—sh (1)

where P € Py(C,) is any homogeneous polynomz'a'l of degree k — 2.

(2) Let L be any Zy-lattice in Q2. For r,s € P(Q), the Vi(Cp)-valued

modular symbol ¢x(L) is defined by the integral formula
a(L){r — sHP) = / Pdp, {r — s}.  (3.2)
L/

Using the invariance property (2.33) of Proposition 2.5.4, one imme-

diately verifies that both ¢, and &, are Y _-invariant in the sense that for each
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v € >, we have

cr(yLy, vLa){yr — vsHPIv ™) = c(Ly, La){r — sHP),  (3.3)

G(YL){yr = ysHPly ™) = &(L){r — sH(P). (3.4)

Another simple observation is that ¢; and & are both homogeneous functions

of degree p*~2, namely,

Ck(pthLZ) = pk—2ck(L17 Lz), 5k(pL) = Pkuzék([/)- (3-5)

We now prove a very crucial identity which relates these two modular

symbols.

Proposition 3.1.2. (Main Identity) For any pair (L1, Ly) as in Definition

3.1.1 and for any positive integer k > 2 in U, we have

(1= ap(k) P )er(Ln, La) = &(La) — ap(k) " é(pLy)

= C&(L2) — ap(k) ' ek(L1).  (3:6)

Proof. Recall the standard lattice L, = Z, ® Z, of Section 2.5. Let us also
introduce Lo, := Z, ® pZy, which is a sublattice of L, with index p. It is a

simple matter of computation to see that

1 .
LLOL =Ty X2, LN L, =2 Xy, (3.7)

The usefulness of introducing these lattices arises from the fact that in the

special case where

1 .
L] = ELOO and Lg = L*,
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the statement of the lemma is just a manifestation of the identity

I{r — s}(P) = ik{r — s}(P) — ap(k)_lik{(?_lr — 07 's}(Pl9); (3.8)

an identity which is implicit in the proof of Proposition 2.3 of [3]. Here 6§ is

an element’ in the group Y of (2.32) satisfying

9(=Lo) = L, and 6(L,) = Le,. (3.9)

1
p
The second remark to follow is that the group ) acts transitively on the
set of pairs of latices (L, Ly), where L, is a sublattice of L; with index? p.
This fact is indeed a consequence of the Strong Approximation Theorem (cf.
[8], Chapter 9, in particular Exercise 1 of that chapter.) These two facts
combined will yield the general case. To see this, given an arbitrary pair
(Ly, Lo) with [Ly : Lg] = p, let us choose v € > to satisfy

y (%Lm) L L) = L. (3.10)

Replacing 7, s and P tespectively by v~}

r, v~ s and Plvy in (3.8) and multi-
plying the factor A(k)(1—a,(k)~*p"?) to both sides of the resulting equality,

we arrive at
ME)(L = ap(k) 20 DL {y7Ir — 771} (Ply) =

= ME)(1 = ap(k) 2Dy 'r = 7 LsHPY)

— ap(k) T AK) (1 = ap (k) PP )T e — 071y T sH(P]6).

LOf which there are infinitely many.
?This set is by definition the set of unoriented edges of the Bruhat- Tits tree of the group

PGL3(Q,) (cf. [8], Chapter 5).
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By applying (2.30), the last equality can be rewritten, in light of (3.7), as

(=a(® ) [ Py =7} =
%LQ,OOL;

= [ Pty =07

*

= ay(k)! / (Ply0)du {07 7 — 07197 s}

*

= [ Pduty i = 57s)

/
*

= a0 [ (Ph)du, - s),

[e o)

where the last equality follows from the invariant property of (2.33) under 6.
This last equality can be rewritten in terms of the lattice functions ¢ and ¢,

as
(1= ap(k) 2P ) er (5 Loo, Li){v ' — v 's}H(Ply) =
= & (L )y = v HPlY) = ap(k) ek Loo) {7 'r — v sH(Py).

This will finish the proof once we apply the invariance property of ¢; and ¢

with respect to v as in (3.3) and (3.4). O

3.2 Yet Another p-adic L-Function

The goal of this section is to introciuce the p-adic analytic function £,(FE/K,G; &)
as the main object of interest in our V;/'OI‘k. In order to define it, we first as-
sociate to any narrow ideal class—or equivalently, to any optimal embedding
of K—a p-adic analytic function. Before doing so, however, we prove the

following general lemma.
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Lemma 3.2.1. Let L be a Z,-lattice in Qﬁ, let F' be a homogeneous function,
and let X be a compact-open set in W = Q2 \ {(0,0)}. Also assume that

v € > preserves L, F' and X, i.e.,
yL=1L, X=X, Fly=F
Then for any r, s € P1(Q), we have

/X Fdug{r — r} = /X Fdpr{s — s}. (3.11)

Proof. According to the modular symbol property, we have

[ Pt =y + [ Pdungs = s -
_ /X Fdur{r — s}
= /XquL{T—WTH/XFdﬂL{w—ws}
= [ Pautr—any+ [ (P =)

X

= /quL{r—avr}nL/Fd,uL{r—»s},
bs X

where the penultimate equality follows from (2.33), whereas the last equality
follows from the trivial action of v on L, X and F. A simple cancelation now

completes the proof. : O

For the following definition we recall that ¢, is the fundamental unit

of K of positive norm. And now:

Definition 3.2.2. Let [¥] be o class of optimal embeddings of K of level N

and set v, := Y(e, ). Also choose an arbitrary base point zy € P1(Q) on the
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extended upper half-plane. To this data we associate the function L,(¥, k),

as a function of k € U, given by the rule?

LR [ @) Thda—n) (1)

where, in order to ease the notation, we have written p, (respectively z,) in

place of the measure associated to Ly (respectively in place of v, 20).

Remark 3.2.3. One sees easily that Proposition 2.5.4 together with the
relations (2.44) imply that the integral appearing in the definition of £,(¥, &)
is unchanged if ¥ is replaced by y¥~~!. That the definition of £,(¥, ) is also

independent of the choice of the base point zy follows from the last lemma.

Remark 3.2.4. It follows from Lemma 2.7.8 that the special value of £,(¥, k)

at a positive even integer k € U is given by?

LR = (Ll F [ Q) Tz 2.}

X X 7
ZpexLye

Our next objective is to prove a formula expressing £,(¥, k) in terms
of the lattice function é. Before doing so, however, let us first introduce
some useful notation which will lighten the exposition. We fix once and for

all a prime ideal p of K lying above p. Remark 2.7.4 then implies that®

0Ly =p (Zpe ® 7€) = pP'lpe @ Lye, (3.13)

SRecall that for t € ZX, (t) = tw(t)™!, where w is the Teichmiiller character.
“Recall that |L| is the generalised index of a lattice L defined as in Definition 2.7.7.
5The same relations are also explained in detail (using -an adelic approach) in Lemma

3.10 of [2].
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where the action of p on the lattice Ly is given by the multiplication on
the left of the 2 x 2 matrix (2.41). Therefore, for each j, the lattice p/L,
contains (respectively is contained in) the lattice p/™' L, (respectively the

lattice p/~' L, ) with index p. For any j € Z and any k € U N Z>*, we set

PO o= 9L, |7 T &(p Ly ) {20 — 2, }(Q57).

v

Whenever convenient, we suppress ¥ from the notation F,(cj) [¥] and simply

write TV ), if this results in no ambiguity.

Remark 3.2.5. If the lattice Ly happens to be L,, then one computes

—2 2

F](CJ) — |pJL*|_k_2_ék(pJL*){ZO - \I/(ﬁK)Z()} (Q%)

v

k=2 E=2
= (detp J) 2 WLl Q\p2 d:uij* {ZO_) \I,(EK)ZO}

= /L (Qulp?) ™ dufz0 — 77 (e,)20)
= Ak)(1 — ap(k) 2P )i {z0 — T (e, )20} (prj(z, 1)’%—2) ,

(3.14)

where the penultimate equality follows from (2.33) together with the action
of p/ on ¥. This important calculation will be exploited crucially in the proof

of Theorem A (see the proof of Proposition 3.3.1.)

Before stating the next lemma we remark that if ¢ denotes the order®

of p in the group Cj, since pt is the trivial class, Fij ) as a function of JEZL

61.e., the order of the ideal class containing p.
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is t-periodic. That is to say, for all k € U N Z22, we have
ry+ — ), (3.15)
We now assert that:

Lemma 3.2.6. For any integer k > 2 in U, we have’

1
E,,(\I/,k) = 1— ap(k)_zpk—z X

x [+ ap(k) 2P0 — gy (k) p

k-2
2

Y+ (3.16)

Proof. We should first remark that since the p-th Fourier coefficient a,(k) of
the eigenform f; is a p-adic unit (cf. Remark 2.4.5), the denominator of the
fraction above never vanishes. We now proceed the proof. On account of the

relation (3.13), one readily verifies, for any j € Z, that
PL, = (pZLye x Z)e') U (P'ZY e x pZye).
This in return implies that
pL, ™ML = Ze x ZX€

It is now fairly easy, by setting j = 0 and j = 1 in the last equality, to see

that the domain of integration in Definition 3.2.2 can be expressed as

Zyex Zye' = (p7'L', nL) - (L) npL.).

"For “why not k > 277, please see Remark 3.2.8.
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Hence,

k=2 k-2
L) = [ Qe —n)
ZyexZye .

k=2 k-2 '
= |L\p| 2 (/1 L Q\yz d/"\p{zo—*zw}
piLynLy

) k=2
- / Qq,z d#q, {ZO T 2y }> :
LgnpLy

Now we use the modular symbols ¢, and ¢ to rewrite the above equality as

Lo(¥,k) = ILwl_k_f{Ck(P‘le,Lw){Zo—*zm}(Q?)

- ap(k)_lck(L%PLW){Zo—*%}(Q?—z)}

k-2

k=2 k=2

— ap(k)_lpT (p P) Ck(p_lL\I/) —{-—p—&%’gék(pL\P))} {ZO N ZW}(Q?)

Finally once we observe that (see also the paragraph preceding Lemma 2.7.8)
lp’Ly| = p/|Ly|, for all j € Z,
we may rewrite £,(¥, k) in terms of F,(Cj Ds as
! X
1 —a,(k)—2p+-2
[+ (k)T — g (k) Y + 1)

L,V k) =

The proof is complete. ) O



N

3.2 Yet Another p-adic L-Function 77

The next proposition will pave the way for the proof of the interpola-

tion formula of Proposition 3.3.1 culmihating in the proof of Theorem A.

Proposition 3.2.7. For any j € Z, write ¥; for the action of the j-th power
of p on W. Then, for all k € Z2? N U, we have®

= 1= @a k) p ) =
2 GWL(T5,k) = ( Y e ) Z_;xl(p)”‘ff)

= -1 3 . .
L6 @e®) P T s it (317
p

where as before t is the order of p in the group Ci.

Proof. Firstly, notice that the second equality above is a simple consequence

of the fact that since y, is a quadratic character, x,(p)? = 1, and hence
—2 ke —q k=2 | _1 k=2
1= ap (1) = (1= 0 (D)ap(0) 197 ) (14 X, ()ay (k) 19"

Secondly, we argue that since p splits completely in K as pOg = pp’,

as one of the instances of (2.1), we have

G(p) = x.(p).
Also as noted earlier, F,(Cj ) = F,(Cj ) These two facts combined with Lemma

$In this proposition, '] is still a shorthand for I'}[¥].
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3.2.6 then allow us to write the left hand-side as

1 ! G
Zg PIL(T5 k) = (k) -2ph-2 (1+a,(k) P D xa oY TV
p

Jj= Jj=0

— ap(k)7'pT le (F;(f_l)JrTij“))}

(14 ak)9%) 3 X, (PTY

1 — ap(k)-2pk—2

t—1
= @k ( Y x iV +

7=0
t-1 ‘
+ Zxxp)rlr,?*”)}
=0
Now we note that x,(p)? = 1, and that x,{p) = G(p)* = G(p*) = 1. There-

fore we may write

t—1 t—1
o @Y =Y w ey
7=0 j=0

and

t—1 t—1 t—1

j— 1 ] i+1 j j
S @I =3 x e =3 X, (YT
=0 j=0 §=0

Putting all this together yields

;g(pj)ﬁp(@jak) = 1—a (;) pk — {(1+ap(k) 2pk Q)Zoxl F(J)

) 1k2(ZX1 JI‘ +ZX1 ]F(J)):|

(1+ apk) 242 - 2x1(p)ap(k)“1pk2;2)

— (7
- 1 — a,(k)—2p*—2 ZXl ITE
_ 1552
(0 % Plan(6)”'p ) § oo
1 — ap(k)~?p 3
J=0
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The proof is complete. ’ O

Remark .3.2.8. Note that we excluded & = 2 in the statement of Lemma
3.2.6 as well as in the first equality of the statement of the last proposition.
However, in the equality (3.17) the variable k is allowed to assume the value
2, since the denominator of the right hand-side in (3.17) does not vanish for
k= 2. So, the restriction k£ > 2 was temporary and may be removed from

now on.

We are now ready to define the p-adic analytic function £,(E/K, G; k)

as the main object of interest in this thesis.

Definition 3.2.9. Fiz once and for all an optimal embedding ¥, and without
loss of génemlz’ty, assume that its associated lattice is the standard lattice L,
of (2.26). To the data consisting of the elliptic curve E, the real quadratic
field K and the genus character G we attach the p-adic analytic function
L,(E/K,G; k) of the variable k € U defined by |

L(E/K,G;r) = G(a)Ly(T°, k), (3.18)

aeC

where as before Ci is the narrow ideal class-group of K.

3.3 Proof of Theorem A

As reflected in the terminology, L,(E/K,G; k) enjoys the following interpo-
lation property. We remark that the proposition to follow will also finish the

proof of Theorem A, as stated in Section 1.3.
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Proposition 3.3.1. (Interpolation Formula) For every k € Z2%n U, we

have -~

k—2

A (1, <p>ap<k>—1p—z—)2
Z G(a)C(fi, T¥(c,)

= ) (1 % <p>ap</c>“p7)2

Il

L(E/K,G; k)

X

U (e, )0
27”/ fe(2)Qa (2, 1) T dz

20

X
g
<«
2

2|

Proof. Let T denote a set of representatives for the quotient group Ct/(p).
Therefore, an3.f element a of C; has a unique representation of the form §p,
as & runs through 7 and 0 < j < t — 1. Equivalently, for any 6 € 7, if
we write \I/;-s for the optimal embedding obtained by acting the j-th power
of p on ¥?, then every equivalence class of optimal embeddings of K can be
uniquely written as [\I/;-s], where 0 < j < t—1, and § € 7. Therefore, we

have

LE/K,Gik) = > G(a)L,(T°

aeC+

= > 6(9) Zgw)z k)
6eT

_ 1- :Xl( k i’ 2 ZE::QJ :éii;xl(%ﬂjlﬁén[iya]
1+ x,(p )ap (k)~ seT §=0

The last remark to follow is that, without loss of generality, we may assume
that the Z,-lattice associated to the optimal embedding ¥? is the standard

lattice L,. With this convention, and by invoking Remark 3.2.5, we deduce
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that

L(E/K,G; k) =

k-2

= 20 (1% Pap(k) P x
x> G@edz — Uec)z0} (Quo(21)F).

But this last equality is equivalent to the statement of the proposition, and

we are done. 0O

The next proposition justifies the designation of the term “p-adic L-
function”, since it will give an interpolation formula for the central crit-
ical values of the complex L-functions L(fix/K,G;s). However, it is not

L,(E/K,G; &), but rather its square
LP(E/K7Q)KJ) = ‘CP(E/K>g;K’)27 (319)

which makes an appearance in the interpolation formula. The same phenom-
enon will be observed in the Factorisation Formula of Proposition 3.4.1. We
cannot say much about the factorisation of £,(E/K,G; k), yet we will be able
to decompose its square into the product of two restricted Mazur-Kitagawa

L-functions.
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Proposition 3.3.2. For any k € U N Z2%; we have

CLAB/EGR) = AR (1 x,p)a(R) ) x

AT(E-1)P

WL(fk/K, G: k/2). (3.20)

Proof. The result is a direct consequence of the last proposition together

with the following statement
2
k-l g 1)]2

Ui (e )20 e Z(E— 1) u
So [ a0 e | = I K gk

+ 20
acCy

For a proof of this formula the reader is referred to the page 862 of [18]. O

Remark 3.3.3. By setting

kE _ 2 .
VAG = D2 ik, Giky),

L*(fk/K, G k/2) = (225

the statement of the proposition above can be rewritten as

k-2

MEP (1= 0 (p)ap ()95 A L (o K, G /2)
= A0 (1 X)) 9T ) AT LS/ K, G /2),
(3.21)

Ly(E/K,G; k)

valid for all k € Z=*NU. Notice that the second equality follows from (2.22),
(2.24) and (2.25).

3.4 Factorization of L,(E/K,G; k)

Finally, a crucial ingredient needed in the proof of Theorem B is the fol-

lowing formula which furnishes a factorization for L,(E/K,G , k) in terms of
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restrictions to the central critical line x = 2s of two Mazur-Kitagawa p-adic

L-functions.
Proposition 3.4.1. For all k € U,
LP(E/Ka ga K;) = AE%ELP(‘)E) Xi3 Ky H/2)LP(bE7 Xa2i Ky K/Z)

Proof. Since the two sides are continuous functions of x € U, and since
U NZ2?% is dense in U, it will suffice to prove the statémént for k € UNZ22
Having made such observation, just by comparing the relations (2.16) and
(2.25) with f in place of g and fi respectively, and in light of (2.24), we
deduce that

L*(fo/ K, G k/2) = L*(fr, xu3 K/ 2) L (s Xa3 %/2)- (3.22)

On the other hand, the formula (2.38) with x = x, and x = X, respectively

reads

k=2

L0 01K, 8/2) = A8) (1= x,D)an(0) 9T L i £/2), (3:23)

and

Lo, X014, £/2) = ME) (1= X, (P)ap(k) 95 ) L7 (fo xai £/2). (324

Since p is assumed to be split in K , we have x,.(p) = 1. This in turn implies

that x,(p) = x,(p). The desired result is now an immediate consequence of

(3.21), (3.22), (3.23) and (3.24). O
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3.5 Proof of Theorem B

In this section we shall prove Theorem B as stated in Chapter 1. In the
proof, as we will see shortly, there is crucial role played by the main result

of [2]. For that reason and also for the convenient of the reader, let us state

this result first.

Theorem 3.5.1. (Bertolini-Darmon) Suppose that the elliptic curve E/Q
of conductor N has at least two distinct primes of semi-stable reduction, one
of which being p. Let x be a Dirichlet character of conductor d prime to N,
which satisfies x(—N) = w,,, and x(p) = a,. Then

1. The p-adic L-function L,(9g, X, &, k/2) vanishes to order at least 2 at
k=2

2. There ezits a global point P, € (E(Q(/01)) ® Q)X, and t € Q*, such

that
2

d_/iin(bE’X’ K, H/Q) B = tlog%(PX)

3. The point Py, is of infinite order if and only if L'(E/Q, x, 1) # 0.

4. The image of t in Q*/(Q*)? is equal to that of L*(fy,,1), where ¢

is any quadratic Dirichlet character satisfying

(a) D) = x(€) for all primes £ dividing M = N/p;

(b) ¥(p) = —x(p);

(¢) L(fe,¥,1) #0. O
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Remark 3.5.2. The main result of [15], due to R. Murty and K. Murty,
guarantees the existence of infinity many characters ¢ satisfying the condi-

tions listed above.

We have gathered, by now, all the necessary materials needed to prove
the main contribution of this thesis, namely Theorem B. Before we proceed
with the proof and just for convenience, however, let us first recall its state-

ment.

Theorem 3.5.3. As in Theorem A assume that all the primes £|N are split
in K. Suppose further that, apart from p, the elliptic curve E has at least one
other prime of semistable reduction, that x,(—N) = w,, and that x,(p) = a,.
Then:

1. L,(E/K,G; k) vanishes to order at least two at k = 2;

2. There exist global points P; € (E(Q(y/01))®Q)% and P2 € (E(Q(1/02))®
Q)*2 and a rational number t € Q* such that

d2

d—HzL‘p(E/K,Q; K) , = tlogp(Py)logg(Pe);

e
3. The two points Py and P, are simultaneously of infinite order if and

only if
L'(EJK,G:1) # 0.

Proof. (1) We first remark that since all the prime divisors of N are split

in K and since K is a real quadratic ﬁeld,‘

Xx(=N) = x,(p) = 1.
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We also recall that X:1X: = Xk It follows from this and from the running

assumptions x,(—N) = w, and x,(p) = a, that

Xl(—N):X2("N):wN7 Xl(p)ZXZ(p):aP'

So, the characters x, and x, both satisfy the two conditions of Theorem

3.5.1. In other words, the two L-functions
L,(E,x,;s) and L,(E, x,;s)

have each an exceptional zero at s = 1 in the sense of [2] (see also the closing
paragraph of Subsection 2.6.1), and therefore the two restricted to the line

s = /2 Mazur-Kitagawa p-adic L-functions

Ly(hg, x156,6/2) and  Ly(bg, X,; K, K/2)

vanish to order at least two at &k = 2. It follbws from this and from the
factorisation formula of Proposition 3.4.1 that the function L,(E/K,G;k)
vanishes to order at least four at £ = 2. On account of (3.19), part (1)

follows.

(2) Part 2 of Theorem 3.5.1 also guarantees the existence of two
global points
Py e (EQQ(vo)) @ Q)
and

P € (E(Q(V02)) ® Q)™

and two rational numbers ¢, %, € Q* satisfying
.

d
E—H—z_LP(bEJ X1 i '%/2) f3 =1 long(Pl)
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and

&%LP(bE>X2; Ky K/2) = to logh(Py).

On the other hand, as we just proved, L,(E/K, G; k) vanishes to order at least
four at k = 2, or what amounts to the same thing, £,(E/K,G; k) vanishes to
order at least two at k = 2. It follows from this and the vanishing properties

of the two Mazura-Kitagawa p-adic L-functions at & = 2 mentioned above

that

1
6

- (dd o5 xiinw2)], )
< (08, Xa; Ky 5/2)’ 2>

= {1ty logh(Py) logs(Py). (3.25)

ad_ (E/K,G: n)‘

Next we remark that according to part 4 of Theorem 3.5.1,
ty ="ty =% L*(fz,%; 1) (mod (Q*)?), (3.26)
where ¢ can be any quadratic Dirichlet character satisfying

e ¢(l) =1 for all | dividing M = N/p;

L(fyyi1) £ 0.

It is readily seen from (3.26) that t;2, € (Q*)?. Combining this fact with

(3.25) establishes the proof of part (2).
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(8) The conditions placed on the character x; (j = 1,2) imply that
the sign in the functional equation satisfied by L(E, x;, s) is minus one (see

the closing paragraph in Subsection 2.2.1), and therefore we have
L(E,x;;1)=0 and  L(E,x,;1)=0.

On the other hand, by invoking Theorem 3.5.1 one more time we see that

the point P; (j = 1,2) is of infinite order if and only if
L'(E,x;;1) #0.
However, these last two non-vanishing conditions, namely,
L'(E,x1;1) #£0  together with  L'(F,x2;1) # 0,
in light of the relation
L(E/K,G;s) = L(E, x,; $)L(E, X5; 5),
(see (2.11)) are equivalent to
L"(E/K,G;1) # 0.

This completes the proof. |



Chapter 4
Epilogue: Future Plans

We intend to extend the results of this work in two directions. On the one
hand, we wish to generalize the concept of Stark-Heegner points (cf. for
instance Chapter 9 of [8]) to a setting where there are several inert primes,
and on thé other hand, we aim at extending the main result of {3] to Shimura
curve parametrization situation. It is a known fact that elliptic curves over
Q are equipped with a systematic collection of Heegner points arising from
the theory of complex multiplication and defined over abelian extensions
of those imaginary quadratic number fields fields /' C C in which all the
prime divisors of the conductor N of E are split. If F' is replaced by a
real quadratic field K, however, such construction is no longer available to

systematically produce rational and algebraic points on F, for one needs in

the first place the field F to intersect the Poincaré upper half-plane. There
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are hopes, nevertheless, that by modifying the Heegner hypothesis and by
utilizing p-adic tools, one still would be ablé (at least conjecturally, loc cit,) to
manufacture a host of algebraic points on £ defined over abelian extensions
of K. So, suppose that the conductor of F is of the form N = pM, where

p /M, and that K satisfies the following modified Heegner condition:

1. All the primes dividing M are split in K
2. The prime p is inert in K.

The already quoted reference [8] describes a conjectural recipe for construct-
ing certain canonical points in E(Hg), where Hg is the Hilbert class-field
of K. The idea behind Darmon’s construction is to attach p-adic periods to
[, in a way which formally suggests viewing f, as a “mock Hilbert modular
form” on the quotient space I"\ (ﬁp x M), where H, = P1(C,)\P1(Q,) is the
p-adic counterpart of H, and where I' C SL3(Z[1/p]) is the subgroup of ma-
trices which are upper triangular modulo M. The main ingredient that enters

into the definition of such p-adic periods is the theory of modular symbols

associated to f,, which as seen before, states that the period integrals

I, {r— s} = %Re (/ 27rifE(z)dz> (rs € P(Q))

take integer values, for a suitable choice of a real period Qt € R. Two is-

sues arise immediately. One is what if there are more inert primes in K.
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The other issue is that if the form f_ arises from a Shimura curve parame-
trization (associated to a division quaternion algebra) rather thah a modular
parametrization, such modular symbols cease to be in our dispdsal, for no
pafabolic matfix would arise from such quaternion algebras, and therefore,
the corrésponding Shimura curves have no cusps. In order to handle both
issues at the same time, suppose that N admits a factorization a’s a product

of three relatively prime integers
N=pNtN™,

where N~ is the square-free product of an even number of primes, and let
B be “the” indefinite quaternion algebra ramified exactly at primes { | N™.
That such—unique up to isomorphism—quatefnion algebra exists is a con-
sequence of global class field theory. Now let R be an Eichler Z[1/p]-order
of level N* in B, and also let I" := R; be the group of reduced norm
one elements in R. One can ciiagonally eﬁbed I’ into the direct product
SLy(R) x SL3(Q,), and then make it act on the space H, x H and then
try to carry over the constructions of the “one inert prime” setting to the
“several( inert primes” situation.

We should point out that very recently Matthew Greenberg in [10]
has succeeded in carrying out this program by taking a “cohomological”

approach. We believe that there exists a second approach to this problem
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which utilises Hida families of quaternionic automorphic forms. The evidence
that this program might be fulfilled is that in an alternative approach to
Stark—He‘egnerbpoints Bertolini and Darmon [3] have recently succeeded in a
certain sense to circumvent modular symbols by proving a formula in which

! of Stark-Heegner points are expressed in terms of period

p-adic logarithm
integrals attached to the Hida family {fx} (ibid., in particular Theorem 2.5
and Corollary 2.6 therein.) The advantage of this second approach is that it
allows one (we hope!) to generalize the work done in this thesis as well as
the work of Bertolini and Darmon in [3]. We believe that this approach can
be extended to the setting of Shimura curve parametrisations since there is a
similar theory of Hida families interpolating quaternionic automorphic forms,
and since the special-value-formula of Popa, a key tool used by Bertoloni

and Darmon in [3] and also used in this thesis, has been already proved in

sufficient generality.?

!This might be viewed as a disadvantage(!), comparing to the “cohomological—
integration on H, x H—style” taken by Greenberg in [10] which works directly with

" Stark-Heegner points rather than their formal group logarithms.
2The author has been informed of this issue by Matthew Greenberg.
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